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Abstract

The construction of string theory relies on a symmetry relating bosons and fermions,
called supersymmetry, which must be broken at low energies. Supersymmetric solutions
of string theory are significantly simpler than their non-supersymmetric counterpart, and
thus populate the vast majority of the literature. However, supersymmetry can be spon-
taneously broken at arbitrarily high energy. In this thesis, we therefore investigate so-
lutions of type II supergravity, a classical low energy limit of string theory, that are
non-supersymmetric. We do so within the framework of generalised complex geometry,
a generalisation of differential geometry which unifies the spacetime coordinate transfor-
mations and the gauge transformations of one of string theory potentials, called the B
field. We first construct new type II supergravity solutions, where the supersymmetry
breaking mechanism is dictated by the generalised notion of stability for extended objects
sourcing the supergravity fluxes. We then derive a generalised geometric expression for
the non-supersymmetric supergravity fluxes, and use it to derive constraints that non-
supersymmetric type II supergravity solutions should satisfy in order for their low energy
effective theories to fall in the well known class of N/ = 1 four-dimensional supergrav-
ity. Finally, we describe non-supersymmetric solutions of type II supergravity within
exceptional generalised geometry, a framework now unifying the spacetime coordinate

transformations and the gauge transformations of all string theory potentials.
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Résumé court en francais

Les travaux présentés dans cette thése portent sur ’étude des solutions de la supergravité
de type II, une limite classique a basse énergie de la théorie des cordes.

Dans ce contexte, nous nous intéressons a des solutions dix dimensionnelles de type
produit : la géométrie qu’ils décrivent est le produit d’un espace quadridimensionel non
compact a symétrie maximale et d’une variété compacte a six dimensions M.

Dans les compactifications de cordes, une telle structure est utilisée pour expliquer
pourquoi nous n’observons que quatre des dix dimensions prédites par la théorie des
cordes : l’espace externe est ’espace que nous observons, tandis que les dimensions sup-
plémentaires déterminent les caractéristiques de la théorie quadridimensionnelle obtenue
en réduisant la supergravité de dimension supérieure.

Un aspect clé des compactifications est le fait que les modules associés a M (par
exemple le volume de l’espace interne) sont associés a des champs scalaires sans masse
dans les théories effectives a basse énergie correspondantes. La phénoménologie dicte
donc la nécessité de stabiliser ces modules par le biais d’un potentiel, par exemple. Au
niveau classique, cela se fait typiquement par I'introduction de flux : des champs décrits
par des formes différentielles vivant le long de cycles de ’espace compact, de telle sorte
qu’ils génerent le potentiel approprié pour les modules.

En raison de la rétroaction des flux, les géométries compactes résultantes sont com-
plexes et ont été étudiées avec succes dans le cadre de la géométrie généralisée. La
géométrie généralisée est une généralisation de la géométrie différentielle ordinaire, ou
les potentiels des flux sont traités de maniére géométrique. Le fibré tangent de M est
étendu a un fibré tangent généralisé dont les fonctions de transition sont dictées par les
difféomorphismes plus les transformations de jauge pour les potentiels des flux. Celles-ci
incluent les transformations de jauge du champ B pour la géométrie complexe généralisée,
et les transformations de jauge du champ B et des potentiels de Ramond-Ramond pour la
géométrie généralisée exceptionnelle. Les travaux présentés dans cette these s’inscrivent

dans le cadre des géométries généralisées, complexe et exceptionnelle.

L’exploration du paysage des compactifications quadridimensionnelles de la théorie

des cordes s’est principalement concentrée sur les espaces préservant au moins la su-

xi
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persymétrie NV = 1. L’une des raisons est pratique : la résolution des conditions de
supersymétrie, qui sont des équations différentielles du premier ordre, ainsi que celle des
identités de Bianchi pour les flux, garantit d’avoir des solutions a l’ensemble des équa-
tions de mouvement de la théorie des cordes ou de la supergravité. Il est tres difficile de
traiter les équations du mouvement sans cette approche, méme dans ’approximation de
la supergravité, puisqu’il s’agit d’équations différentielles du second ordre compliquées.

Des considérations physiques motivent également ’étude des compactifications de
cordes supersymétriques, notamment ’attente que la supersymétrie soit brisée a des én-
ergies inférieures a ’échelle de compactification.

Méme si la brisure de la supersymeétrie a basse énergie est un scénario phénoménologique-
ment motivé, rien n’empéche en principe de briser spontanément la supersymétrie a des
énergies arbitrairement élevées. Dans cette these, nous considérons cette possibilité, et
nous nous concentrons sur cette région du paysage de la compactification des cordes, bien

moins étudiée, et qui vaut la peine d’étre exploré per se.

Une premiere contribution aux compactifications non-supersymétriques de la super-
gravité présentée dans cette theése aborde la construction de nouvelles classes de solutions
de supergravité de type Il non-supersymétriques, ou la supersymétrie est brisée de maniere
controlée: nous déformons les conditions de supersymétrie A' = 1 en ajoutant des termes
de brisure de supersymétrie.

Cette approche est motivée par la volonté de préserver certaines des caractéristiques
pratiques des vides supersymétriques, principalement la possibilité de les caractériser via
des équations différentielles du premier ordre. Comme la supersymétrie est brisée, nous
devons nous assurer que les équations du mouvement sont satisfaites. L’objectif est de
trouver des déformations spécifiques des équations BPS telles que les contraintes supplé-
mentaires a imposer pour résoudre les équations du mouvement soient raisonnablement
tractables.

Nous utiliserons le cadre de la géométrie complexe généralisée, ou les conditions BPS
N = 1 ont une interprétation en termes de conditions de calibration de différentes D-
branes. Les conditions de supersymétrie N = 1 peuvent étre reformulées en un ensemble
de trois équations différentielles sur des polyformes définies uniquement sur ’espace de
compactification interne [1]. Chacune de ces trois conditions peut étre interprétée comme
une condition de calibration pour des D-branes dans la géométrie [2] : des branes remplis-
sant tout l’espace externe et des branes qui sont des murs de domaine ou des "D-cordes"
dans I'espace externe.

Dans ce langage, on peut identifier différents termes de brisure de supersymétrie en
fonction de la condition de calibration déformée.

Dans cette construction, nous souhaitons étendre I’étude des vides non-supersymétriques

violant la condition de calibration des D-cordes. Plus précisément, nous construirons de
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nouvelles solutions non-supersymétriques de type II, ou le courant associé aux D-branes
remplissant tout I’espace externe, présentes dans nos solution, servira d’élément constitutif
pour le terme de brisure de supersymétrie violant la condition de calibrage des D-cordes.

La motivation derriére cette construction est double. La premiere est la simplicité
: définir la brisure de supersymétrie en termes de courant des D-branes de la solution
est un ansatz simple et naturel, qui a son tour réduit les équations du mouvement & un
ensemble raisonnable de contraintes supplémentaires. La deuxiéme raison est la question
de la stabilité de ces vides non-supersymétriques : en géométrie complexe généralisée,
le courant des D-branes peut entrer dans le potentiel effectif associé a un vide de dix
dimensions donné, ce qui est particulierement utile car il permet d’utiliser de puissants
arguments de positivité dérivés des bornes de calibration des branes dans 1’étude du
potentiel effectif.

Nous pouvons montrer que notre nouvelle classe de solutions partage une propriété
intéressante avec les vides GKP [3], & savoir le fait qu’il existe une troncature naturelle de
la théorie a dix dimensions, suggérée par la géométrie, telle que le potentiel effectif hors
couche est semi-défini positif, et qu’il s’annule au niveau des solutions. Cette affirmation
n’est cependant pas tout a fait équivalente & celle de la stabilité de ces nouveaux vides,
puisque nous avons un contréle limité sur cette troncation.

Par ailleurs, nous construisons également une nouvelle classe de vides généralisant les
vides GKP, ou les conditions de calibration des branes murs de domaine et des D-cordes

sont toutes deux violées.

Une deuxieme contribution aux compactifications non-supersymétriques de la super-
gravité présentée dans cette these aborde les vides dont la théorie effective a basse énergie
est une solution de la supergravité quadridimensionnelle N' = 1, avec un superpotentiel
et des F-termes non nuls, et des D-termes potentiellement non nuls.

Construire des solutions de supergravité avec des D-termes est difficile. En effet,
I’exemple prototypique de la brisure de supersymétrie par un D-terme est le terme de
Fayet-Iliopoulos, et la réalisation de son intégration dans la supergravité & une énergie
paramétriquement inférieure a I’échelle de Planck s’avere étre tres compliqué [4, 5].

Nous étudions ici la possibilité d’avoir des solutions de supergravité avec des D-termes
sous un angle différent, en utilisant le cadre de la géométrie complexe généralisée.

Nous nous concentrons sur une classe de solutions qui admet des sources BPS rem-
plissant tout I'espace externe. Cela signifie que la condition BPS associée a la condition
de calibration des D-branes remplissant ’espace externe, appelée condition de BPSité de
jauge, est préservée, tandis que nous permettons que les conditions correspondant aux
calibrations des D-branes de type D-cordes et murs de domaine soient violées.

Dans le cas supersymétrique, la condition de BPSité de jauge a été reformulée dans

[6], en éliminant la dépendance explicite en la métrique, et en introduisant une version
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généralisée de 'opérateur de Dolbeault. Nous généralisons cette dérivation au cas des
vides non-supersymétriques violant les conditions de calibration des D-cordes et des murs
de domaine.

Toujours dans le cas N' = 1, les conditions de BPSité de jauge et des murs de domaine
ont été identifiées avec des conditions de F-termes, tandis que la BPSité des D-cordes a
été interprétée comme une condition de D-terme pour la théorie effective quadridimen-
sionnelle N/ =1 dans [7, g].

Dans notre classe de vides non-supersymétriques préservant la BPSité de jauge, nous
nous concentrerons sur ceux qui peuvent étre dimensionnellement réduits a des solutions
de supergravité quadridimensionnelle N' = 1 avec des F-termes non nuls, et éventuelle-
ment des D-termes. Pour ce faire, nous exigeons que notre ensemble d’équations BPS
modifiées continue & avoir une interprétation en termes de (D-) F-termes ou de conditions
d’annulation des (D-) F-termes. En particulier, la BPSité de jauge, nouvellement dérivée,
doit continuer & étre identifié & une condition de F-terme.

Il est intéressant de noter que cette procédure contraint certains termes de brisure de
supersymétrie entrant dans la condition de calibration modifiée des D-cordes, et donc les
D-termes possibles. Nous explorons ces contraintes pour certains exemples concrets de
compactifications.

Nous donnerons le potentiel effectif et en déduirons les équations du mouvement pour
notre classe de vides se réduisant a des solutions de supergravité quadridimensionnelle
N =1 avec des F-termes et des D-termes non nuls, et pour une sous-classe ou les con-
tributions des D-termes au potentiel effectif sont mises & zéro sur couche, restaurant la
BPSité des D-cordes. Les solutions de ce type correspondent a des vides avec seulement

des F-termes et incluent la classe amplement discutée des vides sans échelle.

Une troisieme et derniere contribution aux compactifications non-supersymétriques
de la supergravité présentée dans cette theése traite du développement du formalisme de
géométrie généralisée exceptionnelle pour les vides non-supersymétriques. Nous étudions
en particulier la torsion associée a une certaines structure généralisée non-integrable, dont
Pobstruction a l'intégrabilité provient de la brisure de supersymétrie. Nous établissons
notamment un dictionnaire entre les termes de brisure de supersymétrie en géometrie
généralisée complexe et la torsion de la structure généralisée en géométrie généralisée

exceptionnelle, que nous explicitons pour certains vides non-supersymétriques connus.
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Introduction

The twentieth century has witnessed the birth of the two pillars of modern physics.
On the one hand, quantum mechanics -or quantum field theory, its special relativistic
version- describes matter and interactions at the microscopic level through the exchange
of fundamental quanta [9]. On the other hand, general relativity, Einstein’s theory of
gravitation, spells the large scale behaviour of massive objects in terms of their interplay

with the curvature of spacetime [10].

Crucially, the efforts to develop a microscopic understanding of the gravitational inter-
action has revealed the profound irreconcilability between these two frameworks. There
are many clues and ideas pointing towards this incompatibility, let us just mention that
gravity is non-renormalisable: applying the usual quantisation technique from quantum

field theory [11, 12] to the gravitational interaction leads to drastically unphysical results
[13].

A microscopic formulation of gravity must therefore go beyond this naive way of
quantising. The most promising candidate to this enterprise is string theory. In string
theory, elementary particles are replaced by excitations on vibrating strings, fundamental
one-dimensional extended objects [11—21]. Not only does the spatial extension of the
strings allows to avoid the usual problems one encounters when applying quantum field
theory techniques to gravity [20], but also in the spectrum of string excitations one finds
a particle with the properties of the mediator of gravity, the so called graviton [19].

String theory stands on an extremely simple postulate, from which spectacular con-

sequences can be drawn:

i) The cancellation of quantum anomalies on the string dictates spacetime to be ten-

dimensional [22].

ii) The construction of string theory relies on a symmetry relating bosons and fermions,

called supersymmetry [23]. Supersymmetry arranges fundamental particles into multi-
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plets, groups of bosons and fermions of the same mass, related with each other through
supersymmetry transformations. However, such multiplets are not observed at low ener-
gies -below the electroweak scale-: if string theory describes our universe, supersymmetry

must therefore be broken somewhere below the Planck scale.

iii) There are five different consistent superstring theories: type I, type ITA and type
IIB, and SO(32) and Eg x Eg heterotic string theories. These are all connected through a
web of dualities [21-28] and are regarded as different limits of a single eleven-dimensional
theory called M-theory [29, 30].

Taken together, these facts have motivated the study of what are called ten-dimensional

1. Indeed, the string spectrum contains in-

type II and heterotic supergravity theories
finitely many massive states, but a finite number of massless states, which at low energy
-much lower than the scale corresponding to the string’s extension- define an effective
field theory: the theory of supergravity. In that sense, these theories of supergravity are
nothing more than supersymmetric field theories, but their field content and sources are

dictated by the corresponding high-energy superstring theory.

Studying solutions of type II supergravity is the main focus of this thesis?. More
precisely, we are interested in ten dimensional backgrounds of type II supergravity of
warped product type: the geometry they describe is the (warped) product of a four-
dimensional maximally symmetric non-compact space, the external space, and a six-

dimensional compact manifold M, the internal space.

Solutions of this type are called string compactifications, and such structures model
the fact that we only observe four out of the ten dimensions predicted by string theory: the
external space is the space we observe, while the extra dimensions determine the features
of the four-dimensional theory obtained by reducing the higher-dimensional supergravity.

A key aspect of compactifications is the fact that the moduli associated to M (e.g. the
volume of the internal space) are associated to massless scalar fields in the corresponding
low-energy effective theories. Phenomenology thus dictates the need for these moduli to
be stabilised via a potential, for instance. At the classical level this is typically done
through the introduction of fluxes: non-vanishing p-form field-strengths along cycles of
the compact space, such that they generate the appropriate potential for the moduli
[32, 33]. Due to the back-reaction of the fluxes, the resulting compactified geometries are
intricate and have been successfully studied within the framework of generalised complex
geometry [34-30] and exceptional generalised geometry [37—12].

Generalised geometry is a generalisation of ordinary differential geometry, where the

potentials for the fluxes are treated in a geometric way. The ordinary tangent bundle

!Supergravity is the theory of supersymmetric Einsteinian gravity [31], and is of interest on its own.
2A self-contained review of type II supergravity is presented in appendix A.



of M is extended to a generalised tangent bundle whose transitions functions are the
diffeomorphisms plus the gauge transformations for the fluxes potentials. These include
the B-field gauge transformations for generalised complex geometry, and both the B-field
and RR potentials gauge transformations for exceptional generalised geometry. Through-
out this thesis, our study of type II supergravity solutions will sit within the generalised

geometry framework.

The exploration of the landscape of four-dimensional string compactifications has been
mostly focused on vacua preserving at least some supersymmetry. One reason is practical:
for the kind of backgrounds we are interested in, solving the supersymmetry conditions, or
BPS conditions, which are first order differential equations, plus the Bianchi identities for
the fluxes, guarantees to have solutions to the full set of string or supergravity equations of
motion. Handling the equations of motion upfront is very hard, since they are cumbersome
second order differential equations.

There are also physical considerations motivating the study of supersymmetric string
compactifications, namely the expectation that supersymmetry should be broken at en-

ergies smaller than the compactification scale.

Even if low energy supersymmetry breaking is a phenomenologically motivated sce-
nario, in principle nothing prevents supersymmetry from being spontaneously broken at
arbitrarily high energies. In this thesis, we consider this possibility, and focus on this

much less studied corner of the string compactification landscape, worth exploring per se.

A first contribution to non-supersymmetric compactifications of type II supergravity
presented in this thesis consists in the construction of new classes of non-supersymmetric
solutions. In these classes of backgrounds, supersymmetry is broken in a controlled way:

we deform the supersymmetry conditions by adding supersymmetry breaking terms.

The motivation behind this approach is to preserve some of the convenient features
of supersymmetric vacua, mainly the possibility to characterise them via first order dif-
ferential equations. Since supersymmetry is broken, in order to find solutions we have
to make sure that the equations of motion are satisfied. The goal is then to find specific
deformations of the BPS equations such that the additional constraints to impose in order

to solve the equations of motion are manageable.

We will use the framework of generalised complex geometry, where the BPS conditions
have an interpretation in terms of stability conditions -called calibration conditions- for
different probe D-branes, extended objects sourcing the supergravity fluxes® [43]. The
supersymmetry conditions for warped compactifications can be recast in a set of three

differential equations on polyforms defined only on the internal space [1]. Each of these

3In the full stringy regime, D-branes are dynamical objects on which open strings end.
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three conditions can be interpreted as the conditions for calibrated D-brane probes in
the geometry [2]: branes filling all the external space and branes that are domain-wall or
string-like.

In this language, one can identify different supersymmetry breaking terms depending
on which calibration condition is modified. In these constructions we will always assume
that space-filling branes are calibrated, while we will allow the calibrations of D-strings

and domain-wall branes to be violated.

A famous example of non-supersymmetric type IIB solutions that violate the domain-
wall calibration condition are the GKP solutions [3], describing flux compactifications
to four-dimensional Minkowski space with D3 and O3 sources, where supersymmetry is
broken by the H(g3) components of the NSNS-flux. The GKP backgrounds have been
described within Generalised Complex Geometry in [14] as specific examples of a general
framework to describe non-supersymmetric solutions.

The generalised complex geometry description of the GKP backgrounds also offers an
insightful geometrical interpretation of the domain-wall supersymmetry breaking term: it
is given by the current of the D-branes in the background, an internal polyform associated

to the internal submanifold wrapped by the D-brane?

In the literature there is another example of non-supersymmetric solution, this time
in type ITA, [15], which in the language of generalised complex geometry corresponds to
the violation of the D-string calibration condition, where supersymmetry is again violated
through additional NS flux components with respect to the supersymmetric case, but there
is no further geometrical interpretation of the corresponding supersymmetry breaking
term. Moreover, the question of stability of such backgrounds remains unaddressed.

The new non-supersymmetric type II solutions presented in this thesis extend the
study of non-supersymmetric vacua violating the D-string calibration condition. More
precisely, we will construct non-supersymmetric type II solutions where the current as-
sociated to the space-filling D-branes present in our backgrounds will serve as a building
block for the supersymmetry breaking term violating the D-string calibration condition.

The motivation behind this construction is two-fold. The first one is simplicity: defin-
ing supersymmetry breaking in terms of the current of the background’s D-branes is a
natural and simple ansatz, which in turn reduces the equations of motion to a reasonable
set of additional constraints. The second reason is that it can be useful to address the
question of stability of these non-supersymmetric vacua: in generalised complex geometry,
D-branes current can enter the effective potential associated to a given ten-dimensional

background, and are particularly useful as they allow to use powerful positivity arguments

4In the fluxless case, the current is simply the Poincaré dual of the corresponding submanifold. Its
generalisation to the case of non-vanishing fluxes will be discussed at length in the text.



from some D-brane calibration bounds in the study of the effective potential.
We will also construct a new class of backgrounds generalising the GKP vacua, where

both the domain-wall and D-string calibration conditions are violated.

Another approach to the study of string compactifications is the analysis of the associ-
ated low-energy effective theories. The results presented in section IV.3 will be devoted to
studying a class of non-supersymmetric solutions of four-dimensional ' = 1 supergravity.

The supersymmetry conditions in A" = 1 supergravity can be split in F- and D-term
conditions which come from the superpotential.

Interestingly, the gauge and domain-wall BPSness conditions have been identified with
F-term conditions, while the string BPSness has been interpreted as a D-term condition
in [7, 8].

In section IV.3 we will look for non-supersymmetric solutions of four-dimensional
N = 1 supergravity, with non-vanishing superpotential and F-terms, and potentially
non-vanishing D-terms.

Constructing supergravity solutions with D-terms is difficult. Indeed, the prototypical
example of D-term supersymmetry breaking is the Fayet—Iliopoulos term, and realising
its (field-dependent) embedding in supergravity at energy parametrically lower than the
Planck scale turns out to be challenging [, 5].

In this work, we investigate the possibility of having supergravity solutions with D-
terms from a different angle, using the framework of generalised complex geometry.

We focus again on a class of vacua that still admit calibrated space-filling sources.
This means that the BPS condition associated to the calibration condition of space-filling
D-branes, dubbed the gauge BPSness condition in [14], is preserved, while we allow for
the conditions corresponding to the calibrations of string-like and domain-wall probe D-
branes to be violated.

In the supersymmetric case, the gauge BPSness condition has been reformulated in [0],
eliminating the explicit metric dependence, and introducing a generalised version of the
Dolbeault operator. We will generalise this derivation to the case of non-supersymmetric
vacua violating the string and domain-wall BPSness conditions.

Within our class of non-supersymmetric backgrounds preserving the gauge BPSness,
we will focus on those who can be dimensionally reduced to four-dimensional N = 1
supergravity solutions with non-vanishing F-terms, and possibly non-vanishing D-terms.
To do so, we require that our set of modified supersymmetry conditions continues to have
an interpretation in terms of either (D-) F-term or (D-) F-term conditions. In particular,
the non-supersymmetric formulation of the gauge BPSness, newly derived, should still be
identified with an F-term condition.

Interestingly, this procedure constrains some supersymmetry breaking terms entering

the modified D-string calibration condition, and therefore the possible D-terms.
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We will give the effective potential and derive the equations of motion for our class of
backgrounds dimensionally reducing to non-supersymmetric solutions of four-dimensional
N = 1 supergravity with non-vanishing F-terms and D-terms, and for a subclass where
the D-term contributions to the effective potential are set to zero on-shell, restoring the
D-string BPSness. Solutions of this kind correspond to vacua with only F-terms, and

include the amply discussed class of no-scale vacua.

A third and last contribution to non-supersymmetric compactifications of type II su-
pergravity presented in this thesis develops the exceptional generalised geometry formal-
ism for non-supersymmetric type II backgrounds. An ambitious goal would be to define a
notion of integrability of a given generalised geometric structure for non-supersymmetric
type II supergravity solutions. This is still work in progress, and for the time being we
investigate in this thesis the torsion associated to a specific non-integrable generalised
structure, with the breaking of supersymmetry obstructing its integrability. We establish
a dictionary between the supersymmetry breaking terms in generalised complex geom-
etry and the torsion associated to the generalised structure in exceptional generalised

geometry.

The outline of this thesis is as follows. In chapter II, we introduce the formalism
of G-structures and apply it to the description of supergravity backgrounds. In chapter
III, we develop the frameworks of both generalised complex geometry and exceptional
generalised geometry, and use them to describe supergravity backgrounds, emphasising
the geometrical interpretation associated to preserving supersymmetry. In chapter 1V,
we present our new classes of non-supersymmetric type II backgrounds, and our results
on backgrounds reducing to non-supersymmetric solutions of four-dimensional N = 1
supergravity, notably the derivation of the generalisation of the gauge BPSness condition.
Finally, in chapter V, we construct the exceptional generalised geometry formalism for

non-supersymmetric type II backgrounds.



Chapter ||

Supergravity flux backgrounds

In this chapter we introduce solutions of type II supergravity that are relevant for string
compactifications.

We are interested in ten-dimensional solutions of (warped) product type: the geom-
etry they describe is the (warped) product of a four-dimensional maximally symmetric
non-compact space, the external space, and a six-dimensional compact manifold M, the
internal space

ds?, = eQA(y)anx“dx” + gmndy"dy", (IL.1)

with =, u =0, ..., 3 the external coordinates on X4, and y™, m = 1,...,6 are the coordi-
nates on M. The external space can be Minkowski or AdS', but for the rest of this thesis
we focus on compactifications to four-dimensional Minkowski space.

It has been shown that when such a background is supersymmetric, and when the
fluxes satisfy their Bianchi identities, the background will automatically satisfy the equa-
tions of motion [14, 416-50]. One can therefore trade the complicated second order equa-
tions of motion of type II supergravity with the simpler first order supersymmetry con-
ditions (and Bianchi identities), rendering the supersymmetric solutions of type II super-
gravity a favoured corner of the string compactification landscape. The physical scenario
behind such constructions is that supersymmetry is then broken below the compactifi-
cation scale, by some four-dimensional effects, such as gaugino condensation for exam-
ple [51, 52]. We will discuss non-supersymmetric backgrounds, where supersymmetry is
(spontaneously) broken at energies higher than the compactification scale in chapter IV.

Crucially, we must set all fermionic fields to zero in order to preserve the maximal
symmetry of the external Minkowski spacetime. A background will be supersymmetric
if all the supergravity fields are invariant under supersymmetry transformations, namely

if their supersymmetry variations vanish. These depend on a choice of supersymmetry

'Here we don’t discuss the possibility of a dS external spacetime, as it doesn’t allow for supersymmetric
solutions.
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parameter ¢, and schematically they take the following form
de(boson) = e(fermion) d¢(fermion) = e(boson). (I1.2)

The variations of the bosonic fields automatically vanish, given that they always contain a
fermionic field, set to zero for maximally symmetric spacetime. The non-trivial conditions
thus come from the variations of the fermionic fields.

As will be discussed in details later, the supersymmetry conditions in supergravity
can be reformulated as differential conditions on the internal geometry. This is done in

the language of G-structure, which we review in what follows.

1.1 G-structures

In this section we introduce the formalism of G-structures, a framework widely used in
the literature to describe supergravity flux backgrounds [18, 53-59]. Most of the concepts
introduced in this section will be generalised in the next chapter, within the Generalised
Geometry framework.

We carry the discussion for a d-dimensional manifold M, before specialising to d = 6

when discussing supergravity compactification manifolds in the next section.

At each point p of a d-dimensional manifold M, one can define a vector space tangent
to the manifold, the tangent space T}, whose elements are vectors. The collection of the
tangent spaces at every point on the manifold defines the tangent bundle T. Picking out
in a smooth way a specific vector at every point on the manifold defines a wvector field,
which is a section of the tangent bundle, denoted I'(T"). At each point p, one can similarly
define the space dual to the tangent space, the cotangent space T)7, whose elements are
one-forms, and the corresponding cotangent bundle T™.

For a given patch Uf; on the manifold, one can define a local frame e, withm = 1,....d,
a collection of d-independent vectors spanning 1" at every point on U;2, forming a local
basis®. One can thus locally expand a vector on such a basis v = v™e!,, and its expressions
on two overlapping patches are related by

vt = (Ml)m vl on U; ﬂZ/{j, (113)

(A n-J

where generically M;; € GL(d,R). The M;; are called the transition functions and contain
all the topological information of the bundle T'.

20One can similarly define a local coframe e, spanning T*.
3The bundle having the set of all frames as fibres is called the frame bundle associated to the vector
bundle T'.
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On a triple overlap they must satisfy the consistency condition
Miijk =M, on U; ﬂu]‘ N U, (114)

together with
M;; Mj; = 1. (IL.5)

The set of transition functions therefore forms a group, called the structure group. For
the tangent bundle, the structure group is GL(d, R).

However one can repeat the above discussion for any vector space V' and its associated
vector bundle, and the transition functions will take values in another group acting on
V. We will do so in the next chapter, introducing several physically interesting vector
bundles.

11.L1.1 Definition and examples

Crucially, if a manifold admits a (or several) globally defined tensor ¢ which is invariant
under a group G, the structure group reduces to G C GL(d,R), and is called the G-
structure of the manifold. One can define a corresponding principal G-bundle Pg — M,
a bundle where the fibres are G itself!. In the literature and throughout this thesis, the
G-structure also refers to the corresponding principal G-bundle.

Indeed, given that £ is globally defined, one can choose a set of frames preserving its
form on the whole manifold. The set of allowed transition functions is then restricted to
the ones preserving said form, which is precisely G.

Note that the converse is also true: in general, tensors on a manifold are representa-
tions of GL(d, R). When the manifold admits a G-structure, the tensors can be written as
irreducible representations of G, and the trivial representations of G form globally defined

trivial bundles, corresponding to the G-invariant tensors.

In supergravity, the physically relevant compactification manifolds will typically admit
globally defined G-invariant tensors, reducing their structure group. We give here a few

examples.
SL(d, R)-structure

The simplest example is the one of orientable manifolds, admitting a globally defined
volume form, invariant under SL(d,R) C GL(d,R).

O(d)-structure

Manifolds admitting a globally defined, symmetric, positive-definite two-tensor g, a

metric, are called Riemannian manifolds. They admit local frames on every patch, to-

“See [60] for formal details about principal G-bundles.
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gether called a wvielbein respecting
e e} gmn = ij- (IL6)

The structure group thus reduces to O(d). If a Riemannian manifold also admits a globally

defined volume form, its structure group further reduces to SO(d).
Almost complex structure
An almost complex structure is a globally defined endomorphism on the tangent bundle
I :T7T—-T, (I1.7)
respecting
I’ =-1. (I1.8)

Only manifolds of even dimensions can admit almost complex structures. A manifold
admitting an almost complex structure is called a almost complex manifold. The presence

of an almost complex structure reduces the structure group to GL(d/2,C).

An almost complex structure induces the decomposition of the complexified tangent

bundle into two maximal eigenspaces®

TeC=Te1" =L iaoL_,, (11.9)

where L4 is the eigenbundle of eigenvalue +i under the action of I. These are com-
plex conjugate L; = L_; and they respect Ly N L_; = 0. This decomposition allows
for the introduction of holomorphic and anti-holomorphic components, not only on the

complexified tangent bundle, but also on the complexified cotangent bundle
T*®C="1"0g1 0!, (I1.10)

This induces the decomposition of k-forms into holomorphic and anti-holomorphic com-
ponents: we denote A*T* as the bundle of k-forms, and QF its global sections, and we

have
AT = @F(NT*10 @ AFTIT00) = @F AR —IT™ (I1.11)

A section of AP4T* is denoted as QP4, and called a (p, g)-form. In particular, A%/20T*

is called the canonical line bundle. One can define a local frame of d/2 independent

5A subspace is maximal if its dimension is half the dimension of the original space.
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(1,0)-forms 0™ € Q19 such that
Q=0"A...AGY? (I1.12)

is a local section of the canonical line bundle, which is decomposable® and non-degenerate

QAQ£0. (IL.13)

SL(d/2,C) structure

Given a GL(d/2,C) structure, if Q is globally defined, the structure group is further
reduced to SL(d/2,C).

Symplectic structure

A manifold admits a pre-symplectic structure if there exists a globally defined non-

degenerate real two-form J € Q2. Its non-degeneracy can be expressed as

JH2 0. (I1.14)
The existence of such a two-form reduces the structure group to Sp(d,R). A manifold
admitting a pre-symplectic structure is called almost symplectic.

U(d/2) structure

A U(d/2) structure on an almost complex manifold is defined by admitting both a
decomposable (d/2,0)-form Q and a pre-symplectic form J, compatible with the almost

complex structure, in the sense that
JAQ=0. (I1.15)

The forms J and € are then simultaneously invariant under the intersection Sp(d,R) N
GL(d/2,C) = U(d/2), reducing the structure group to U(d/2). In terms of the local frame

0™ introduced above, we have

Q=0"A...NOY? (I1.16)
i _
J=—=> 0" A" 11.17
32 (IL.17)
Together, the pre-symplectic and almost complex structure define a metric. In indices,

it is given by
9mn = _JmpIpn . (11.18)

SA form is decomposable if it can be locally written as the wedge product of one-forms.
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This metric is hermitian:
Ipg I’ I = Gmn.- (I1.19)

SU(d/2) structure

If a manifold admits a U(d/2) structure and if the decomposable (d/2,0)-form € is
globally defined, then the structure groups is further reduced to Sp(d,R) N SL(d/2,C) =
SU(d/2).

One can define an SU(d/2) structure in an alternative way. If the manifold admits
a globally defined chiral pure spinor” invariant under SU(d/2), the structure group is
reduced to SU(d/2). One can explicitly construct the pre-symplectic two-form and the
(d/2,0)-form associated with the SU(d/2) structure out of the spinor 7

Jinn = i Ynn) (11.20)

Qinp = nTnymnpn , (I1.21)

where the charge conjugation operator C is defined so that the complex conjugate C~1n*

of a given spinor 7 transforms in the same way as n under the Clifford algebra.

11.1.2 Integrability and torsion

Up until this point, we have organised the geometry of d-dimensional manifolds in terms
of the invariant and non-degenerate tensors they admit, stressing the reduction of their
structure group accordingly. In this subsection, we study the differential conditions that
can be imposed on such tensors. These will be of the utmost physical importance, given
that they will be identified with the conditions one has to impose in order to preserve
some amount of supersymmetry, within the context of supergravity®, as will be made

precise later on.

In order to do so, we introduce connections on the tangent bundle. A connection V
is a map
V. I'(T)-T(TeT (1I1.22)

satisfying the following derivative property”
V(fv) = fVv+ovadf, (I1.23)

with v a section of the tangent bundle and f a smooth function on the manifold.

"A spinor 7 is chiral if Y@n = 1, with (g the chirality operator, defined in Appendix A.3, together
with the gamma matrices conventions. A spinor is pure if it is annihilated by half of the gamma matrices.
8The presence of non-trivial fluxes will spoil this correspondence, as discussed in the next section.

9Here d is the standard exterior derivative d : Q" — Q™!
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One can then define the torsion of a given connection
Ty (v,w) = Vyw — Vv — [v, 0], (I1.24)

where [,] is the usual Lie bracket!C.
For a given G-structure, let £ be an invariant tensor under GG. A connection is said to

be compatible with the G-structure if
VE=0. (I1.25)

A G-structure is then said to be integrable, or torsion-free if there exists a correspond-
ing compatible connection with vanishing torsion.

One can define a notion of torsion associated to a G-structure without resorting to
picking a specific connection. To do so, we start from a given compatible connection V,

and we write any compatible connection V' as V' = V + X where
Y=V -Vel(Kg) with Kg=T"®adPs, (11.26)

and with ad Po the ad Pg-bundle with fibres belonging to the adjoint representation of G.

The torsion of a generic connection will be a section of the bundle
Ty €cT(W)  with W=T®A*T*. (I1.27)
We then define the map

T :Kg—W
¥ — T(E) =Ty —1Tv, (1128)

and denoting the vector bundle associated to the image of 7 by Im7 = W¢, we can define
W& =w/Wg. (I1.29)

W&, does not depend on the choice of compatible connection, it only depends on the

G-structure. WS, is the intrinsic torsion of the G-structure.
It will prove to be useful throughout the thesis to decompose the intrinsic torsion of

a given G-structure into irreducible representations of G

W =P ws. (11.30)

10The Lie bracket is an antisymmetric bracket on T satisfying the Jacobi identity. In coordinates, with

m 0 m 0 . n dw™ nov™Y\ 0
vV=vTgm and w =w By 1t reads [v, w] = (U oym W 8y“) oym
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A torsion-free compatible connection exists if and only if the intrinsic torsion of the G-
structure vanishes.
The requirement for a G-structure to be torsion-free can be formulated as differential

conditions on the G-invariant objects, as we now illustrate for a few examples.

a) Examples

Symplectic structure

For a given connection V compatible with a pre-symplectic structure J: V.J = 0, one

can show that!!
dJ (v, w,u) = J(Ty(v,w),u) + J(Ty(u,v),w) + J(Ty(w,u),v) . (I1.31)
A pre-symplectic structure J will therefore be integrable if
dJ =0, (I1.32)

such that its intrinsic torsion vanishes. This statement depends only on the intrinsic
component of the torsion, since the left-hand side of (II.31) is clearly independent of
the choice of connection. An integrable pre-symplectic structure is called a symplectic

structure.
Complex structure

For a given almost complex structure I, and for any pair v, w of smooth vectors fields,

we introduce the following tensor, the Nijenhuis tensor
Ni(v,w) = I[Iv,w] + Iv, [w] — [Iv, [w] + [v,w]. (I1.33)

Then, introducing a connection V compatible with the almost complex structure: VI = 0,

one can show that
Ni(v,w) = Ty (v,w) — Ty (Iv, [w) + [Ty (Iv,w) + [Ty (v, [w) . (11.34)
The almost complex structure will thus be integrable if and only if
Ni(v,w) =0 Vo,we(T). (I1.35)
Interestingly, this condition is equivalent to

[L1,L1] C Ly, (IL.36)

"Here the three-form and two-forms are taken as the maps T®T ®T — R and T ® T — R respectively.



II.1 G-STRUCTURES 15

with again L; the +i-eigenbundle of I. The integrability of the almost complex structure
is hence equivalent to the stability of the L; bundle under the Lie bracket!?, in this case
we say that the bundle L is involutive.

Spelling the integrability of an almost complex structure as the involutivity of its
eigenbundles will turn out to be a natural formulation to generalise the notion of inte-
grability in the case of two generalisations of complex structures, the generalised complex
structure and the exceptional complex structure, both discussed in the next chapter.

It is then easy to show that the condition (II.36) is equivalent to
wwadQ=0  Vou,wel(TH), (11.37)

which is itself equivalent to

dQ=0AQ  with 6 e (T . (I1.38)

The almost complex structure, or GL(d/2,C) structure, is thus integrable if (II.38) is
respected. It is then called a complex structure.
If we consider again the decomposition (II.11), acting with the exterior derivative on

a (p, q)-form ¢P4 we find generically
dgP? e Qpr2a-typrtlay gratt y gp-lat2, (11.39)
However, if the complex structure is integrable, this decomposition reduces to
dgP? € QPrlhay opatt (11.40)
and the exterior derivative decomposes into the Dolbeault operators 9 and 9
d=0+20, (I1.41)

with
Q QP9 — QPTLa g QP QP (I1.42)
SL(d/2,C) structure

Given an integrable GL(d/2,C) structure, it is straightforward to see that the right-
hand side of (I1.38) actually belongs to the SL(d/2,C) intrinsic torsion. An SL(d/2,C)

structure will therefore be integrable if and only if one imposes the stronger condition

A0 =0. (11.43)

120r equivalently the stability of the L_; bundle under the Lie bracket.
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Just as the integrability of a complex structure can be formulated geometrically, as the
involutivity of its subbundles, the further requirement for an SL(d/2,C) to be integrable

also has a geometrical interpretation, as the vanishing of a moment map'3.

For an SL(d/2,C) structure, a choice of {2 at a point p € M is equivalent to picking a
point in the coset
GL(d/2,C)
Q = _— 1. I1.45
|;D € QSL(d/2,C) SL(d/2, C) ( )
The choice of an SL(d/2, C) structure on M therefore corresponds to a section of the fibre
bundle

Qsv(d/2.c) = DsL/2c) = M (I1.46)

and we can identify the space of SL(d/2,C) structures as Z =~ I'(Qgr,(4/2,c)). One can
also restrict to the space of SL(d/2,C) structures with an integrable associated complex

structure
Z ={Q e Z|Iis integrable} . (I1.47)

Crucially, the space Z inherits a symplectic structure from the symplectic structure on

the coset space Qs (q/2,c)- One can therefore define the following moment map [61]
n Z — Oiff* (11.48)

for the action of diffeomorphisms, where diff is the Lie algebra of diffeomorphisms, and

where

w(V) = /M LyQAQ, (11.49)

with V' € I'(T) and Ly the standard Lie derivative acting on a p-form w as Lyw =
{d,Vi}w. Using the integrability of the complex structure (II.38), one can show that

imposing the vanishing of the moment map (I1.49) results in § = 0 and thus
A0 =0. (I1.50)

The vanishing of the moment map hence imposes the final condition that promotes a
complex structure to a torsion-free SL(d/2, C) structure.
This interpretation of the integrability of an SL(d/2,C) structure as the involutivity

of the complex structure subbundles and the vanishing of a moment map for the diffeo-

3Given a Lie group G, its algebra g and dual algebra g*, with the action of G on a symplectic manifold
M preserving the symplectic form J, the moment map for the G-action is a map

pw:M—g* (11.44)

such that d((u,&)) = p(&)1J, with £ € g, p(€) a vector field on M induced by the infinitesimal action of
&, and here (,) : g* X g — R.
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morphisms action will also turn out to have a natural generalisation when discussing the
integrability of the generalised versions of the complex and SL(d/2,C) structures, as will

be discussed in the next chapter.
SU(3) structure

Given that this is a standard example widely used throughout this thesis, we specialise
here to d = 6 and discuss the case of SU(3) structures.

The intrinsic torsion of an SU(3) structure W&,

‘o can be shown to decompose into SU(3)

irreducible representations as [(2]
Wi ~101)eB8@8) @ (6m6)®23®3). (IL.51)

The intrinsic torsion of an SU(3) structure can thus be represented as 5 tensors W7y, ..., Ws.
W1 € 1@1 is a complex scalar, Wo € 8®8 is a complex primitive (1,1)-form!*, W3 € 66
is a real primitive (2,1) + (1, 2) form, and Wy, W5 are real one-forms. One can show that

they obey

3 _
dJ = ilm(W:lQ) +WyNJT+Ws (I1.52)
dQ=W1JAJ+WaAJ+WsAQ. (11.53)

Hence an SU(3) structure is integrable if and only if
dJ=0 dQ=0. (IL54)

More generally, table I1.1 below describes the possible geometries arising for various tor-

sion class configurations [63].

11.2 Supersymmetric Flux Backgrounds

In this section, we show how supersymmetry conditions for string compactifications are
described in terms of G-structure. We start with fluxless compactifications before treating
flux compactifications, discussing the interplay between physical fluxes and the integra-

bility of the structures on the compactification manifold.

11.2.1 Fluxless Compactifications

We first consider type II backgrounds where the supergravity fluxes are set to zero. The

only bosonic fields are thus the metric and the dilaton. As for the fermions, there are two

1A primitive form w obeys w A J = 0.
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Geometry Torsion Classes
Complex Wi=Wy=0
Symplectic Wi=W3=W;=0
Half Flat ImWi =ImWy =W, =Ws =0
Special hermitian Wi=Wo=Wy=W5=0
Nearly Kéahler Wo=W3=W,=Ws5;=0
Almost Kéahler Wi =Ws=W,=Ws;=0
Kéahler Wi =Wy=W3=W;=0
Calabi-Yau Wi=Wo=W3=W,=W5=0
Conformal Calabi-Yau | W = Wy = W3 = 3W, — 2W5 = 0.

Table II1.1: Different geometries of six-dimensional manifolds with an SU(3) structure
depending on their SU(3) torsion classes.

gravitinos ¥4, with M = 1, ..., 10 ten-dimensional indices and two dilatinos A’ of opposite
(the same) chirality for type ITA (IIB). Given two ten-dimensional Majorana-Weyl spinors
€' of opposite (the same) chirality for type ITA (IIB), the supersymmetry conditions are

[64, 65]

Sty = Ve (IL55)
S = (X )él (I1.56)

where Vjy is the ten-dimensional Levi-Civita connection, ¢ is the dilaton and where for

a p-form w the slash symbol denotes

1
¢ = Hle...MpFM“M" , (IL.57)

with I' the ten-dimensional gamma matrices.

We consider the ten-dimensional space-time to be the product of a four-dimensional
Minkowski space X4 and a six-dimensional compact manifold M, with the following metric
ansatz

ds?, = Nuwdztdz” + gmady™dy”, (I1.58)

where z#, u = 0,...,3 are the external coordinates on Xy, and y™, m = 1,...,6 are
the coordinates on M. The supersymmetry parameters decompose accordingly under
Spin(9,1) — Spin(3,1) x Spin(6) as

€1 =(0®m +cc. €2 =(C®@m +cc. (I1.59)
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where ( is a Weyl spinor of positive chirality on X4, and n; and 72 are Weyl spinors on the
six-dimensional internal space. 1; has positive chirality, while 7o has negative chirality in
type IIA and positive chirality in type IIB.

The presence of nowhere vanishing spinor fields on M imposes a reduction of the
structure group of M to a subgroup of Spin(6) ~ SU(4). Seen as four-dimensional Weyl
spinors, each internal spinor has an SU(3) stabiliser group, reducing the structure group
of M to SU(3). The two internal spinors can be parallel, nowhere parallel or a mix of
the two depending on the position on the manifold. If they are nowhere parallel, the
intersection of their SU(3) structures defines an SU(2) structure. We will return to this
case in chapter IV, and we focus here on the case where the spinors are parallel, and M
has an SU(3) structure group. Without loss of generality we consider 11 = 12 = 7 in type
IIB' and normalise it to one. We write the pre-symplectic two-form and the (3, 0)-form

associated with the SU(3) structure in terms of the spinor n

Jmn = i77T’an77 (1160)
anp = 77T7mnp77 . (11'61)

The supersymmetry condition (II.55) then decomposes into
V(=0 Vn=0 (I1.62)

with V the four-dimensional Levi-Civita and V the six-dimensional one. ¢ is hence a
constant spinor on X4 and 7 is constant on M. The constant external spinor { generates
the N = 1 rigid supersymmetry of the effective theory.

The second condition in (I1.62) translates into
dJ=0 dQ=0. (IL.63)

Imposing a fluxless background with parallel internal spinors to be supersymmetric is

therefore equivalent to requiring its SU(3) structure to be integrable.

11.2.2 Compactifications with Fluxes

A key aspect of compactifications is the fact that the moduli associated to M (for ex-
ample the volume of the internal space) are associated to massless scalar fields in the
corresponding low-energy effective theories. Phenomenology thus dictates the need for
these moduli to be stabilised via a potential, for instance. At the classical level this is

typically done through the introduction of fluxes: non-vanishing p-form field-strengths

5n type IIA one would have n; = 13 =7
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along cycles of the compact space, such that they generate the appropriate potential for
the moduli. We are thus led to the investigation of type Il supergravity backgrounds with

non-trivial fluxes.

It is important to recall that type II compactifications to Minkowski space with non-
trivial fluxes must have some negative contributions to the energy momentum tensor
[66, 67], which is typically realised through the introduction of Orientifold Planes [68].
In that context, it is important to note that the discussion below and throughout the
thesis only holds to describe the geometry of the compactification manifold away from

the sources.

We start by quickly reviewing the bosonic content of type II supergravity with fluxes.
The bosonic sector of type II supergravity is composed of the NS sector and the RR
sector, given that the fields originate from states in the String Theory that obey NS-NS
or R-R boundary conditions. The NS sector contains the metric, the dilaton, and the NS

three-form flux, which can locally be written
H=dB (I1.64)

away from the NS sources, with B its two-form potential.
The RR sector contains the RR field-strength: we use the democratic formulation of

[69], where

FPO=%"F/° (IL.65)
q

with ¢ = 0,2,...10 for type IIA and ¢ = 1,3,...9 for type IIB. These fields obey the
following self-duality condition
FY0 =310, (11.66)

with the Hodge operator % defined in Appendix A. Away from the RR sources, we write
the RR fluxes from the RR potentials as

F'=dCc+HAC (11.67)

with C' = Zq Cq—l-
We now specify the compactification ansatz: we consider type II solutions that are the
warped product of four-dimensional Minkowski space X4 and a six-dimensional compact

manifold M, with the following metric
ds?, = eQA(y)anx”dx” + gmndy™dy", (I1.68)

where again z#, u = 0, ..., 3 are the external coordinates on X4, and y™, m =1,...,6 are
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the coordinates on M.
The Poincaré invariance of X, constrains the NS and RR-fluxes: the NS-field-strength
H can only have internal legs, and the ten-dimensional RR-field-strength must take the
form
FIO = F Mol AF, (I1.69)

with voly the volume form on X4 and where F and F are purely internal and are related
by the self-duality of F10 (I1.66) as

F =5%F, (I1.70)

with %¢ defined in Appendix A.

Preserving N = 1 supersymmetry amounts to the vanishing of the following gravitinos

and dilatinos variations

& 10
5617Z}M = <VM + iLMHO'S + % (_O—(OFIO) FO ) FMF(10)> (Z) (11.71)

) o 0 10 .
0eA = (&%4— §HU3 + EFM (_O_(FIO) FO ) 1ﬂMF(10)> <e;> ’ (IL.72)

with o the reversal of all form indices, and where ¢; and e are again ten-dimensional

Majorana-Weyl spinors. The spinors €; and €2 again split in the following way
e =(®n +c.c. e2=C®n+c.c. (IL.73)

where ( is a Weyl spinor of positive chirality on Xy, and 7, and 72 are Weyl spinors on
the six-dimensional internal space. 7; has again positive chirality, while no has negative
chirality in type ITA and positive chirality in type IIB. We focus here on the case where
the internal spinors are parallel, and M has an SU(3) structure group, taking ny = ne =19
in type IIB'6 and normalising it to one.

We then split the supersymmetry conditions (II.71), (I1.72) into internal and external
components. The external spinor again has to be constant, while we get a complicated
set of conditions on the internal spinor.

Crucially, the six-dimensional Levi-Civita connection is no longer compatible with
the internal spinor, and the lack of compatibility precisely comes from the non-vanishing
fluxes, which thus arrange themselves into the torsion classes of the SU(3) structure.

Defining again the pre-symplectic two-form and the (3,0)-form associated with the

SU(3) structure in terms of the spinor 7, as in (I1.60), (II.61), recall from the discussion

1611 type IIA one would have n; = 13 =7
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of SU(3) structures that we generically have

3 _
dJ = SIm(WiQ) + Wa A J + Wi (I1.74)

dQ=WiJAJ+WaAJ+WsAQ. (11.75)

For a given background, the non-vanishing torsion classes are completely defined by the
fluxes. Solutions to these supersymmetry conditions with different fluxes configurations
have been studied in depth in the literature [56, 70-76], while a summary of all possible
N = 1 Minkowski SU(3) flux backgrounds have been presented in [77]. We won’t give
here the different solutions and the expressions of their torsion classes in terms of the
fluxes, since these are rather convoluted. We instead display a few solutions in terms of

their vanishing torsion classes

IIA IIB
Wi=Wo=0,Ws=2W, | Wy =Wy =0W5=2W,
Wi =Ws=W,=0 Wi=Wy=W3=0

Wi, =Wy =Ws =0.

Each line corresponds to the torsion classes configuration for a given class of solutions,
where the non-vanishing torsion classes are defined by the fluxes. Recalling table I1.1, we
see that for type ITA, the compactification manifold is either complex or symplectic. For
type IIB however, the compactification manifold is always complex but it might have a
more refined structure depending on which other torsion classes vanish. It is important
to note that the IIB cases are not exhaustive since there exist solutions that interpolate

between the different cases [78].



Chapter Il

Generalised Geometry and Supersym-
metry

As we discussed in the previous chapter, for a given supergravity background, the presence
of fluxes spoils the integrability of the corresponding G-structure on the compactification
manifold. Studying non-integrable G-structures turns out to be a complicated task: clas-
sifying the torsion classes can be an involved process, and the moduli space of such
structures is largely unknown except for some specific simple cases. The G-structure for-
malism thus suffers from important limitations to draw a complete picture of the geometry
of supergravity backgrounds.

Fortunately, these limitations can be circumvented in the formalism of generalised
geometry, which naturally generalises the concept of G-structures. In generalised ge-
ometry, instead of the tangent bundle, one defines structures on a more general bundle
E — M. The generalised geometry is then organised in terms of an enlarged structure
group GL(d,R) C G € GL(rk E,R), and the generalised structures on E are subgroups of
G.

Crucially, for the appropriate generalised geometry, one can define a notion of integra-
bility for a given generalised structure, even in the presence of fluxes. Roughly speaking,
such generalised geometries "geometrise the fluxes', in a sense that will be made precise
later on. Studying integrable generalised structures has significantly shed some light on
the geometries of flux backgrounds [1, 61, 77, 79, 80].

Two specific generalised geometries are of particular importance to describe type II
supergravity compactification manifolds: G = O(d,d) [31] and G = Eqyq(a41) [37]-

O(d, d) generalised geometry geometrises the NS fluxes, while non-vanishing RR fluxes
obstruct the involutivity of the corresponding generalised structure, and Egyq(q41) gen-
eralised geometry geometrises both the NS and RR sectors, it therefore has integrable

generalised structures describing flux backgrounds. We introduce both generalised geome-

23
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tries in this chapter, before discussing the interplay between the fluxes, supersymmetry,

and the integrability of the generalised structures.

I11.1 O(6,6) Generalised Geometry

In this section we introduce O(d,d) generalised geometry, also referred to as generalised
complex geometry, before specialising to six-dimensional compactification manifolds in
order to connect with supergravity flux backgrounds compactified to four-dimensional
Minkowski spacetime. We then discuss the relationship between supersymmetry and inte-
grability of the generalised structures, and comment on the geometries of non-supersymmetric

flux backgrounds.

111.1.1 Generalised Complex Geometry

In Generalised Complex Geometry, as introduced in [34, 35], one replaces the tangent
bundle of the internal manifold with a generalised tangent bundle, which is the sum of the

tangent and cotangent bundle
E=ToT", (IT1.1)

and whose sections are thus sums of vectors and one-forms
V=v+£el(F). (II1.2)

There is a natural inner product defined on the generalised tangent bundle: for two
generalised vectors V=v 4+ € I'(F) and W =w+ p € I'(E), it is

n(V,W) = %(v_:p + waf). (IT1.3)

Using a two-component notation for the generalised vectors

V=v+¢= (g) , (IT1.4)

we can write it as

n(,) = % ( 2 ;) , (IIL5)

which is clearly invariant under O(d,d), where d is the dimension of the manifold. The
structure group on the generalised tangent bundle is therefore not generic, but reduces to
O(d, d)*.

! Actually the inner product n(,) defines a globally defined volume form on E, so the structure group
further reduces to SO(d, d)
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Considering F as an O(d,d) frame bundle F, one can parametrise the corresponding
adjoint representation of the o(d,d) algebra in terms of gl(d,R) representations as the
following bundle

adF = (T ®@T*) @ A*T @ A*°T*. (I11.6)

It has a natural action on the generalised tangent bundle (and on itself) given in Appendix
B.1.
a) The Dorfman derivative

The bundle F admits a derivative operator, called the Dorfman derivative or Generalised
Lie derivative, as it is the Generalised Geometry analogue of the standard Lie derivative.

It acts on generalised vectors as
LyW = Low+ Lyp — wad€ (IIL.7)

Defining a natural projection a : F — T, commonly called the anchor map, the
collection (E,n, L,a) is a Leibniz Algebroid [32].

One can define an antisymmetric bracket on E as

1
[V,W] = §(LVW — LyV) (IIL.8)
1
= [v,w] + Lyp — L€ — id(zup — w_f) (I11.9)
called the Courant bracket. The collection (E,n,[,],a) is then a Courant algebroid [33].

Crucially, this is not a Lie algebroid, given that the Courant bracket fails to satisfy
the Jacobi identity

Jac(X,Y, Z) =[X,[Y, Z]] + cyclic perms (III.10)
1
= gd(n([[X, Y], Z) + cyclic perms), (III.11)
and is therefore not a Lie bracket.

On another note, using the adjoint action defined in Appendix B.1, we can evaluate

the following derivative
Loy (eB - W)=eP . LyW + wiw.dB, (I11.12)

where B is a two-form and - denotes the adjoint action.
The Dorfman derivative is therefore covariant under such a transformation if B is

closed B € Q4. Moreover, the Dorfman derivative is obviously covariant under diffeo-
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morphism transformations. We call the set of symmetries of the Dorfman derivative the
generalised diffeomorphisms. It is thus given by the following semi-direct product

CDiff = Diff x Q% ~ Diff x Q2

ex?

(111.13)

where the second expression is only valid on local patches. This is exactly the set of trans-
formations generated by Ly in (IIL.7). One can hence think about O(d,d) Generalised
Geometry as a way to locally geometrise the two-form gauge transformations, through
their inclusion in a natural generalisation of the diffeomorphism transformations.
The expression (II1.12) motivates the definition of an alternative derivative, given a
three-form H
LW = LyW + wovoH. (I11.14)

However H must be closed H € Qg’l in order for this derivative to satisfy the required
Leibniz property. We call L the H-twisted Dorfman derivative®. It has the same set of
symmetries as the Dorfman derivative (II1.13).

On a local patch U; C M, one can always write the three-form H as H = dB; with
B; € Q*(U;). The H-twisted Dorfman derivative can then locally be written from the

untwisted one as

LEW = e B L s, 1 (P W), (I11.15)

In order for this picture to be coherent globally we must have, on the overlap of two
patches
V= eBi(vi +&) = eBi (Uj + fj) on U; NU;, (I11.16)

where the two-form potentials are related by an exact two-form B; = B; 4+ dAj;. This

ensures that the sections of F are globally defined. This imposes

T = xj (IIL.17)
& =& + xjodAy. (I11.18)

This means that the V; = v; + &; are local sections of a bundle E'y defined as an extension

of the tangent bundle by the cotangent bundle
0—T*— Ey T —0. (I11.19)

We therefore have two equivalent pictures, corresponding to the two equivalent Leibniz
algebroid
(E, L") <+— (Ey,L), (IT1.20)

2As in (I11.8), one can define an alternative Courant bracket, the H-twisted Courant bracket [,].
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with the isomorphism between them being defined by the three-form flux H.
To be more precise, the two-form potential B actually has the interpretation of a

connection on a gerbe [31], defined by the following condition on a triple overlap

Aji + Ay + Akj = dAkji on U; NU; NU. (I11.21)

b) Generalised Complex Structure

One can define a structure on the generalised tangent bundle which naturally generalises
the complex structure on the tangent bundle. It is called a generalised complex structure.

First, an almost generalised complex structure is an endomorphism on F
J : E—FE, (I11.22)
respecting
J?=-1 (T -V, T -W)=n(V,W). (I11.23)

It is thus simply an almost complex structure on E preserving the O(d, d) structure.
Unlike the ordinary complex structure case, the presence of an almost generalised
complex structure reduces the structure group to U(%,4) cO(d, d).
In the two components notation, (II1.23) implies that we can always write the almost

generalised complex structure as

-1 P
J = ( i 1T> : (I11.24)

where P and L are a two-vector and a two-form respectively. An (almost) generalised
complex structure induces the decomposition of the complexified generalised tangent space
into two maximal eigenspaces

E®C=L,®L_;, (I11.25)

where L1 is the eigenbundle of eigenvalue +¢ under the action of J. They are complex
conjugate Ly = L_; and they respect L1 N L_; = 0. Moreover, it follows immediately
from (II1.23) that

n(L1,L1) =0. (I11.26)

The bundle L, is therefore said to be isotropic.
It is important to note that the subbundle L; (or likewise L_1) and the properties it

respects equivalently define a generalised complex structure.

Indeed, a generalised complex structure is defined by a subbundle L. C E¢ such that
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i) L is maximal and isotropic
i) LN L =0.

A structure satisfying only the first property is called a Dirac structure [31].
In complete analogy with the complex structure case, an almost generalised com-
plex structure is said to be integrable, or simply a generalised complex structure, if the

subbundle L; is involutive under the Courant bracket
[[Ll, Llﬂ C L. (11127)

In that case, one can define the restriction of the Courant bracket on L1, and given that
L is an isotropic space, the Jacobiator (III.11) vanishes and the algebroid (L, 7, [,], a)
is thus a Lie algebroid. One can then naturally define a notion of exterior derivative on
the space of forms of Ly, as shown in [35].

Finally, lets mention that the usual complex and symplectic structures naturally em-
bed as special cases of generalised complex structures. Indeed, an almost complex struc-

ture I defines an almost generalised complex structure as

-1 0

and the almost generalised complex structure is only integrable if the almost complex
structure is integrable.

A symplectic structure J defines a generalised complex structure as

0 J! .
J L1 = 67"] T II1.29
J = ( J 0 ) 1 C ( )

and the almost generalised complex structure is only integrable if the pre-symplectic

structure is integrable.

c) Spinors on Ex

One can naturally define a Clifford algebra on Eyy, as

{T'ne, v} = 20w (I11.30)

where M =1, ...,2d are O(d,d) indices, {I'ps} is a basis on Ey and nyy = n(Car, T'y).
It is therefore a Cliff(d,d) algebra, and one can naturally define spinors on Ep, as the
spinor representation of this algebra.

To do so, we introduce the following Clifford action of sections of Fp on sections of
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A°*T™*, the exterior algebra of T*
VU =00 +EAT VeAEY), Vel (ATY). (I11.31)

Here we denoted this action using the slashed notation in reference to the usual notation

of contraction with gamma matrices.

It immediately follows that this action is compatible with the Clifford algebra
{VWTU =2n(V, W)W YV,W € A(Ey), ¥ € T'(A*T™). (111.32)

It would therefore be natural to identify the spinors on Ey as being sections of A®T™.
However, the spinorial representation of A*T* actually transforms under the gl(d,R) ad-

joint action as

AV =AU+ %TrA\I/ : (I11.33)

where here - denotes the standard gl(d, R) adjoint action on polyforms. As a representation
of Spin(d, d), the spinor bundle S(Ey) is thus isomorphic to A*T* @ (det T')'/2. We can
compensate this det 7" factor by the inclusion of an appropriate RT factor in the structure
group, which physically corresponds to the trombone symmetry of supergravity. The

spinor bundle can hence take the form
S(Eg) ~ A°T™. (I11.34)
The exterior algebra A*T™* can be decomposed into irreducible Spin(d, d) representations
S(Eg) = 8ST(Eg)® S (Ey) ~ AtTT* & A~ T, (I11.35)

where ATT* are the bundles of even/odd forms. The bundles S*(Ey) and S~ (Ey) are

said to be of positive and negative chirality, respectively.

The Spin(d, d) spinor bundle are only locally defined: on the overlap of two patches

U; and U;, where the B-field glues as B; = B; + dAj;, the spinors satisfy the following
gluing condition

U, =i W, on UNU;. (I11.36)

One can define a bilinear form on the space of polyforms, taking value in detT™, the
Mukai pairing
(w, x) = [w A o (x)]top; (I11.37)

for w, x € I'(A*T*), where the top subscript means the projection onto the top form

component, and where o acts as the reversal of all form indices o (w,) = (—1)™P/2,,.
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The Mukai pairing is invariant under O(d, d) actions, and it respects

(VU Wg) = (1) (W, V) (I11.38)

/ (AW, Uy) (—1)d/ (Uy,dWy) , (I11.39)
M M

where the derivative on the spinors is the usual exterior derivative on forms, which maps

spinors with positive chirality to spinors with negative one and vice versa
d : S+ (Ex) — S+(En). (IT1.40)

One can similarly define spinors on the untwisted bundle E. If one locally writes the
three-form H on a patch U; as H = dB;, we define

U(Ey); =ePi - w(E). (I11.41)

We therefore also have
S(E) ~ A*T* (111.42)

and its decomposition into irreducible Spin(d, d) representations
S(E)=StYE)®S (E)~ATT* o A~ T* (I11.43)

As opposed to the twisted spinors, the spinors on E are globally defined. The definition

of a derivative on the untwisted spinors naturally follows from (II1.41)
dg = d+ HA : S+ (E) — S+(E). (IT1.44)

While the exterior derivative d is the differential associated to the untwisted Courant
bracket, dg is the one associated to the H-twisted Courant bracket.

On another note, one can define a natural action of (almost) generalised complex

structures on the space of differential forms®

1
T+ = 5 (Jmn€™ A€ A+2I"0[€"A, em] + P emaen ). (IL.45)

An (almost) generalised complex structure determines an alternative grading of the spinor
bundle

ANT*®C= B S (I11.46)
<k<

d

e,

2

with &k the eigenvalues of the eigenspaces Sy of 7, which are representations of the U(g7 g)

3We introduce here a frame {e,,} of T' and its dual coframe {€™} on T*.
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structure group associated with 7.
For example, in the case of the (almost) generalised complex structure associated to

an almost complex structure, its relation with the standard Hodge decomposition is

Sp = @AF I (I11.47)
p

d d
where Az27P27FP are sections of the (p, q)-forms defined by the standard associated
(almost) complex structure.
Decomposing the action of the exterior derivatives on the twisted and untwisted spinor

bundles gives

d : Sp(Fg) — Sk—3(Ex) ® Sk_1(Eg) ® Skr1(Ey) @ Skis(Er) (T11.48)
dg @ Sk(E) = Sk-3(E) ® Sk—1(E) ® Sk+1(E) & Sk+3(E). (II1.49)

c).1 Pure spinors
One can define a subset of the spinors on Ep (or E), the pure spinors as the vacuum of the
Cliff(d, d) algebra, in the sense that the pure spinors will be annihilated by d independent
generators of Cliff(d,d). We call the subbundle of Fy ® C annihilating a given spinor its
annthilator space

Ly={VeEEy®C: VU =0}, (IT1.50)

which is thus d dimensional for pure spinors. Importantly, given that sections of Epy
acting on spinors obey the Clifford algebra (I11.32), the bundle Ly is isotropic. Moreover,

if a pure spinor is complex and obeys
(U, ¥) #0, (TIL.51)

its annihilator space respects Ly N Ly = 0. Such a pure spinor is called a non-degenerate
pure spinor.
A non-degenerate pure spinor ¥ therefore defines a maximal isotropic bundle obeying

Ly N Ly = 0, it thus defines a generalised complex structure J as
Ly =1L, (I11.52)

with L; the eigenbundle of charge +i with respect to J.

Given that the normalisation of ¥ plays no role in defining Ly, an (almost) generalised
complex structure is hence in one-to-one correspondence with the line-bundle of a pure
Spinor.

It is insightful to reformulate the integrability condition of a given almost generalised
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complex structure J as a differential condition on its associated pure spinor W(E)*. The
condition (II1.27) reads

VW u¥ =0 VV,WeTD(E). (IIL.53)

This is equivalent to
dg¥ =VV forV e I'(E). (IT1.54)

Hence the almost generalised complex structure associated to a pure spinor respecting
(II1.54) is integrable®.
The integrability of the generalised complex structure (II1.54) implies that the H-

twisted exterior derivative behaves as
dy : Sk(E) — Sk_l(E) D Sk+1(E)7 (111.55)

as opposed to the case where the generalised complex structure is non-integrable (I11.49).
This allows for a decomposition of the exterior derivative in terms of the generalised

analogues of the Dolbeault operators
dyg =90y + 5[{ Oy : Sk(E) — Sk+1(E) 5[{ : Sk(E) — Sk,l(E). (111.56)

d) Generalised Calabi-Yau structure

As we mentioned above, a non-degenerate pure spinor ¥ reduces the structure group
on F to U(d/2,d/2). If ¥ is globally defined, the structure group is further reduced to
SU(d/2,d/2). An SU(d/2,d/2) structure is called a generalised Calabi-Yau structure. A

generalised Calabi-Yau structure is integrable if
dg¥ =0. (I11.57)

The relationship between a generalised complex structure and a generalised Calabi-Yau
structure is analogous to the relationship between a complex and an SL(d/2,C) structure,

discussed in the previous chapter.

e) Compatible Generalised Complex Structures

One can consider the case where a manifold admits several generalised complex structures.

In type II supergravity, a physically crucial case is the one where the manifold admits two

4A similar condition could be written on the twisted pure spinor ¥(Eg). We denote ¥(E) as ¥ in the
following.

®Note that (IT1.54) is independent of the specific choice of the local section ¥ of the line bundle defined
by J. The associated condition on the twisted spinor is simply d¥ = YU for V € I'(Eg).
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generalised complex structures, that are said to be compatible. Two generalised complex

structures are compatible if they commute

(J1, 2] = 0. (I11.58)

Each generalised complex structure determines a specific grading of the space of forms

AMT*oC= @ Si= P Sk (I11.59)

d d
<h< —d<k<d

vl
vl

In terms of the associated pure spinors, the compatibility condition translates as
T eD(S3) Wy el(S)), (I11.60)

and two pure spinors respecting (II1.60) are compatible. The presence of two compatible
pure spinors reduces the structure group to U(4)xU(4) cO(d, d), and if the pure spinors
are nowhere vanishing and globally defined, it further reduces to an SU(%) XSU(%) struc-
ture.

The condition (II1.60) implies that the pure spinors share % annihilators, and there is

a double grading of the space of forms as

d
ANT*MxC= é
k=—

2

d
2
B Sk (I11.61)
—_d
2

where k£ and [ denote the eigenvalues with respect to J; and 7>, and for a given value of

k and [, the Sy are irreducible representations of the SU(%)xSU(%) structure.

111.1.2 Generalised structures of supersymmetric backgrounds

In this subsection, we revisit type II solutions that are the warped product of four-
dimensional Minkowski space X4 and a six-dimensional compact manifold M, with the
following metric

ds?y = AWy, datda” + gmpdy™dy", (I11.62)

where again a2, u = 0,...,3 are the external coordinates on Xy, and y™, m = 1,...,6
are the coordinates on M. We will describe such backgrounds using the formalism of
0O(6,6) generalised geometry, specialising the results of the above subsection to the six-
dimensional compactification manifold. The framework of O(6,6) generalised geometry
has been successfully used for example to classify [77, 85] and derive new type II flux
backgrounds [11, 85, 80].

Recall that the Poincaré invariance of X, constrains the NS and RR-fluxes: the NS-
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field-strength H can only have internal legs, and the ten-dimensional RR-field-strength
takes the form
FIO= F 4 e*voly A F, (I11.63)

where F' and F are purely internal and obey
F =%F. (I11.64)
We recall the split of the ten-dimensional spinors €; and €s
e1=(®mn + c.c. €& =(®ny+ c.c. (IT1.65)

From now on we take the internal spinors to be globally defined, such that they each
define an SU(3) structure on M. It is also important to note that the two six-dimensional
internal spinors must have the same norm in order to admit supersymmetric sources® [2],
which we denote |7 2.

In order to make contact with the formalism of generalised complex geometry, we

introduce the following objects

81

Uy =— T ® n (111.66)
8i
Uy = — 7”771 5 5 & 77; (11167)

One should think of these tensor products in terms of the following Fierz identity

6
nOX= % (g ma ) 7™ (ITL.68)
k=0 """

for two spinors 1 and x. The conventions for the internal gamma matrices are given in
Appendix A. These tensor products are then isomorphic to polyforms through the Clifford
map (A.34), so we treat them as such from now on. Through (I11.42), we interpret these
polyforms as spinors on £ = T'@®T™*, the generalised tangent bundle of the six-dimensional
compactification manifold.

The spinors ¥; and ¥y are odd/even and even/odd in type ITA/IIB, respectively
Uy =Ty, Uy=0,, (111.69)
and they are normalised such that

<\I/1, \ifl> = <\Ifg, @2) = —8iV016, (11170)

SSupersymmetric sources of type II supergravity will be discussed in the next chapter.
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with volg the volume form on M in the string frame. Finally, it follows directly from
(I11.66) and (II1.67) that the spinors ¥y and Wy are pure’.

Given that they are non-degenerate pure spinors, they each define an almost gener-
alised complex structure on F, denoted J; and J> respectively. Moreover, given that the
internal spinors are globally defined, the pure spinors ¥; and W5 are also globally defined,
so they each define an SU(3,3) C O(6,6) structure on E. Finally, ¥; and ¥y are com-
patible, so as discussed in the previous subsection, they further define an SU(3) x SU(3)

structure on E.

Crucially, the vanishing of the ten-dimensional supersymmetry variations (II.71),
(IL.72) can be elegantly reformulated as the following set of differential equations on

the pure spinors [1]

dp (3479W,y) = 0 (I11.71)
dp (e247Im¥,) = 0 (I11.72)
dp (e*17PReW) = e*56 F. (I11.73)

Given that the first equation is of the form (II1.54), imposing supersymmetry amounts
to requiring the almost generalised complex structure [J> to be integrable, while the last
supersymmetry condition (II1.73) tells us that the integrability of the almost generalised
complex structure J is precisely obstructed by the RR fluxes.

We illustrate how standard G-structures embed in this formalism with the example of
an SU(3) structure in type IIB, defined by a pre-symplectic two form J and a (3, 0)-form
Q. If we parametrise the proportionality between the internal spinors as 71 = 1, the pure

spinors take the simple form
U, = —iet Wy =Q. (IT1.74)

From the supersymmetry conditions (II1.71) and (III.73), we immediately see that the
almost complex structure defined by €2 is integrable, while the integrability of the pre-
symplectic structure defined by J is precisely spoiled by the RR fluxes.

I11.2 E7(7y X RT Generalised Geometry

We have seen that the formalism of O(d,d) geometry treats the full NS sector in a ge-
ometric way. When doing so, the only obstructions to the integrability of the O(d,d)
generalised structures are the remaining supergravity bosonic degrees of freedom, the RR

fluxes. In this section we introduce another generalised geometry, Egq(q41) X RT gener-

"In six dimensions, every Weyl spinor is pure, so 11 and ny are pure.
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alised geometry, or exceptional generalised geometry, which treats both the NS and the
RR sectors of type II supergravity geometrically.

We first introduce exceptional generalised geometry, before describing type II flux
backgrounds within this framework, emphasising on the relationship between supersym-

metry and the integrability of the relevant generalised structures.

111.2.1 Exceptional Generalised Geometry

On a manifold M of dimension d = 6, the generalised tangent bundle for E;r) x R*

generalised geometry is locally isomorphic to
E ~ Eoe,6 @ St @ (AT* @ Eo.,6)); (IIL.75)

in type IIA/IIB, with S* the spinor bundles (II1.43) on Eoweg ~ T & T*. We write
sections of this bundle as
V=X+w+X, (I11.76)

with X € I'(Ep()), w € T(S%), and X € D(A’T* ® Eps))-
The isomorphism (II1.75) is not unique, as the bundle F is actually defined as an

extension, through the following exact sequence

0= 5" = E' = Eggg — 0 (I1L.77)
0= A°T* @ Epee) — E— E' —0. (IIL.78)

There is thus a non-trivial patching between local sections of the generalised tangent

bundle E: on two overlapping patches U; N, the patching is defined by
V, = e ey for Ve T(U, E), V; € DU, E) (111.79)

in type IIA, where Aij, ;; and Aij are locally a five-form, a polyform of even degree and
a one-form respectively. The action - is the adjoint action, defined in Appendix B.2.

Defining an isomorphism as in (II1.75) is equivalent to locally choosing a two-form, a
polyform of odd degree, and a six form B, C' and B which are patched on overlaps U; NU;
through®

B; = Bj + dAij (HI.80)
C; = Cj + 6Bj+dAij A dQZ‘j (HI.81)
~ ~ ~ 1

B, = Bj + dAZ] + 5 <inj, €Bj+dAij VAN C]> . (11182)

8This is the patching for massless type ITA.
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Then, for a section V € F'(Eoe,6) @ St@ (AT ® Eo6,6))), we can define a local section
of E on the patch U; with the appropriate patching as

V =eBiePieli v, (I11.83)

From the supergravity point of view, the forms B and C correspond to the NS and RR
gauge potentials, and the patching on E allows one to define the following globally defined
forms

H=dB F=dyC, (IT1.84)

and from the supergravity point of view these correspond to the NS and RR fluxes.
Different values of H and F' define different isomorphism classes of £. We thus call the
vectors V € I'(Eoe,6) © St @ (AT* ® Eo(,6))) untwisted vectors, and we say that the
vectors V € I'(E) are "twisted by the fluxes".

A priori, the bundle F has structure group GL(rk E,R). We can introduce invariant
tensors in order to reduce the structure group. We introduce the symplectic and quartic

mvariants
s :A’FE — detT* ¢ :A'E — (detT*)?. (I11.85)

The symplectic invariant is given explicitely in Appendix B.2, and the presence of these
invariants precisely reduces the structure group to Er7) X RT. The generalised tangent
bundle is then an E7(7) x R vector bundle, and it transforms in the fundamental repre-
sentation. We denote the R™ value as the weight, and for example a section of the trivial
representation of Fr(7) x R* with weight p is a section of (det T%)?/2,

The isomorphism (II1.75) is a direct sum of irreducible representations of O(6,6), it
realises the embedding of O(6, 6) in Er(7) x RT. Different isomorphisms of F, realising the
embedding of different Er(7) X R™ subgroups have been used in the exceptional generalised
geometry literature [40, 79]. However, we solely use the embedding O(6,6) C Er) x
R™, since throughout this thesis we will be concerned with the interplay between the
frameworks of O(6,6) x RT and Ez(7y x R* generalised geometry.

We recall that the generalised frame bundle F is an Erey % RT principal bundle
constructed from frames of E. One can define generalised tensors as sections of vector
bundles associated with different E77) x R™ representations. Of particular interest is the

adjoint bundle ad F, corresponding to the adjoint representation of Eq77y % RT
adF ~ R®R @ adFpe ® ST @ (AT ® ST) @ AT* & A°T . (I11.86)
We write sections of this bundle as

R=q+l4+v+s+i+a+a, (I11.87)
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with ¢ € R, l € R, v € T'(adFp(g6)), etc.
Given that the fibres of this bundle are isomorphic to the Lie algebra of E7(7) X RT,

its sections have a natural action on F which is given in Appendix B.2. Let us mention
that the NS and RR gauge potentials B and C' are sections of this adjoint bundle.

Another important bundle is the space of generalised torsions. This will be relevant
when we introduce generalised connections shortly. For now we will just state the prop-

erties of the bundle.

The torsion bundle K ¢ E*®ad F can locally be written in terms of O(6, 6) irreducible

representations as

K ~ Eo6) @ (Eoss) ® A°T) @ S* & (A°T ® %) & (A°T* © S7)
& [Eo.e) ® S0 © A (Eo,,) ® (AT @ A*(Eg ) (II1.88)

where &4 € L([Eo,e) ® S*]g) respects T 4®4 = 0. The fibres of this bundle transforms
in the 912; representation of E7(7) X RT, where the subscript denotes the RT weight.
The NS and RR fluxes are sections of the torsion bundle H € T'(A*(Eg))) € T'(K)
and F € T'(S*) € T'(K).
Let us mention one more E7 7y X RT bundle N, a subbundle of the symmetric product
S?E. The fibres of N belongs to the 133, representation of Eq 7y x RT, and N is isomorphic

to

N ~R&AT* & (AT* ® A°T*) & ST & (A°T* © ST) @ (ad Fp(e6) ® AOT™) . (I11.89)

a) The Dorfman derivative

As was the case in O(6, 6) generalised geometry, the bundle E admits a derivative operator,
generalising the Lie derivative. We call it the Dorfman or generalised Lie derivative, and

on a local patch U; it acts on generalised vectors as

Lv.V] = Lx, X! + (d(Xw}) + X;dw! — dw; - X7)
+ (L, X{ + (0, X3) - X{ — dw; - ) , (II1.90)

with V; = X; + w; + X; € I'(U;, E), and similarly for V'. Here LxX' is the standard
O(6,6) Dorfman derivative (II1.7). We also introduced

LxX' = L, X'+ §(¥ wvol) AdA (I11.91)
(0, X) = d(dvol). (I111.92)
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with j defined in Appendix A.1 and with the following GL(6) decomposition of sections
of the O(6,6) generalised bundles Eo, ¢ and AT* ® Eo 4.6

X=v+A (I11.93)
X = (9 + ) ®@vol. (II1.94)

Defining an anchor map a : F — T the collection (E, L, a) is a Leibniz Algebroid.

As was argued in the O(6, 6) generalised geometry case, the Dorfman derivative along
X € I'(Eo,6)) generalises the diffeomorphisms to also include the NS gauge transforma-
tions, and from (II1.90) we see that the another part of the action of the E7 ) Dorfman
derivative is generated by the action of the exact differential forms dw. These are precisely
the RR gauge degrees of freedom of the type II backgrounds.

The Dorfman derivative thus generates the gauge transformations of the supergravity
background.

One can locally define an antisymmetric bracket on U; patches of F, the Courant
bracket
1

Vi, Wi = 5

(Ly,W; — L, Vy) . (I11.95)

The collection (E, [, ], a) is then a Courant algebroid.
Crucially, this is not a Lie algebroid, given that the Courant bracket fails to satisfy
the Jacobi identity. Indeed, the Jacobiator reads’

Jac(X,Y, Z) = [X,[Y, Z]] + cyclic perms
=d xg ([X,Y] xn Z + cyclic perms), (II1.98)

and doesn’t vanish generically.

Let us stress here that without choosing an isomorphism (I11.75), we cannot define a
global expression for the Dorfman derivative and (II1.90) is a local expression. Choosing
an (II1.75) picks out the gauge potentials B and C' with field-strengths H and F. We
can then define a global Dorfman derivative for untwisted generalised vectors, the twisted

Dorfman derivative

LIV = LyV+ (X0 H+HAw+ XF + (Fw) -V, (I11.99)

9The projections x g and X y are the maps

xg: NxE - E (I11.96)
xy: ExE— N (I11.97)
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where V= X +w+ X € L'(Eoe,6) © S* @ (AT ® Eo(s,6))) is a global section, and
similarly for V’/. We introduced X @ H := v.H.

Here we see that the Dorfman derivative is twisted by the fluxes while the generalised
tangent bundle remains untwisted. As already discussed in the O(6,6) generalised ge-
ometry framework, this is an equivalent formulation of generalised geometry and we will
mainly make use of this approach in the following of this thesis.

The twisted Dorfman derivative (II1.99) can be rearranged as
LIV = LIV + (XF + (F,w))- V', (I11.100)
with

LIV = LEX' + (dg(Xw') + Xdgo' — X'dgw)
+ (LxX' +(0,X)- X' —dpgw - u'),

where L X' is the twisted O(6, 6) Dorfman derivative (I11.14). Here we simply expanded
the contributions involving the NS field-strength H and repackaged them into the twisted
exterior derivative dg. This form of the Dorfman derivative will turn out to be convenient
to make contact with the O(6,6) formalism later on.

We can similarly define a global twisted Courant bracket

1
[V, W+t = 5(L5+F W — LIV, (I11.101)

which of course also isn’t a Lie bracket, as it also fails to satisfy the Jacobi identity.

b) Generalised connection and generalised torsion

One can naturally generalise the notion of connection on the generalised tangent bundle.

A generalised connection D is a map
D :T(E)—-T(E*"®E) (I11.102)
such that
D(fV)=dfe®V + fDV (111.103)

for all f € C>*(M), V € I'(E). We used here the identification df N I'(E*). The
generalised torsion of a generalised connection D is then some tensor T € T'(E* ® adF)
defined by

T(V)- V' = LoV — LyV’ (I11.104)

where L{? is the Dorfman derivative (I11.90), where every instance of the exterior deriva-
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tive d is replaced by the generalised connection D10,

From the torsion definition (II1.104), we can see the torsion as the map
T: E — adF. (I11.106)

One may think that the torsion fills out the whole of E* ® adF. However, due to the
precise form of the Dorfman derivative, the torsion can only live in K @ E* C E* ® adF,
highlighting the importance of the bundle K defined above.

One can similarly define a generalised connection and its associated torsion in the

untwisted picture. We denote the untwisted generalised tangent bundle as

E = Epe ® ST 6 (AT*® Egp))- (I11.107)
A generalised connection D then defines a map

D :T'(E) - T(E*®E) (I11.108)
which respects (I11.103) for V € T'(E). Its corresponding generalised torsion is

T(V)- V' = LDAH+Fy _ pHe Py (ITL.109)
where L‘I?’HJrF is the twisted Dorfman derivative (I11.99), where every instance of the

exterior derivative d is replaced by the generalised connection D.

c) Generalised G-structures

One can naturally generalise the notion of G-structures on the tangent bundle, to define
generalised G-structures on the generalised tangent bundle. The generalised G-structure
G is again a subgroup of the (now generalised) structure group Er(7), and defines a
principal G bundle, with fibres transforming in the fundamental representation of G.

As in conventional geometry, the existence of a G-structure is equivalent to the exis-
tence of some globally defined non-vanishing generalised tensors that are preserved by G.
We denote such a generalised tensor as €.

This allows us to naturally generalise the notion of integrability of the G-structure:
for a given G-structure, we define the generalised connections D that are compatible with
G as

D¢E=0. (I11.110)

10The generalised connection D has a natural action on any generalised tensor bundle X induced by
(111.102):
DX ->T(E"®X). (111.105)
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The G structure is then integrable if there exists a torsion free compatible generalised

connection. From the generalised torsion definition (II1.104), this corresponds to

LY =Ly. (ITL.111)

On can similarly define generalised G-structures on the untwisted generalised tangent
bundle E. Then, if € is some globally defined non-vanishing generalised tensor preserved

by G, a generalised connection D is compatible with the G-structure if
(D+ H+ F)¢=0. (IT1.112)
Given (II1.109), the integrability of the G-structure then translates into

LDHHE — pHAF, (I11.113)

Lets come back to the twisted picture and discuss further the integrability of the

G-structure.

Whether or not a generalised connection D satisfying (I11.111) exists depends on the
intrinsic torsion associated to the G-structure. It is the component of the torsion which is
independent of the specific choice of connection. Once again, it can be defined in complete

analogy with the conventional geometry case.

To define the intrinsic torsion, we start from a given connection D, compatible with

the G-structure, and we write any compatible connection D’ as D' = D + X where
=D —-Del(Kg) with Kg=FE*®adPg , (IT1.114)

and with ad Po the ad Pg-bundle with fibres belonging to the adjoint representation of G.

As mentioned above, the torsion of a generic connection will be a section of the bundle

Tp € (W) with W~ K@ E*. (I11.115)
We then define the map
T :Kg—W
¥ — T(E) = TD’ — TD R (111116)

and denoting the vector bundle associated to the image of 7 by Im7 = W¢, we can define

W& =w/Wg. (I11.117)
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I/Vifft does not depend on the choice of compatible connection, it only depends on the
G-structure. W&, is the intrinsic torsion of the G-structure.

It will prove to be useful throughout the thesis to decompose the intrinsic torsion of

a given G-structure into irreducible representations of G

Wis = B w. (I11.118)

A torsion-free compatible connection exists if and only if the intrinsic torsion of the G-
structure vanishes.
Indeed, given a compatible connection D with non-vanishing torsion 7', we can con-

sider its projection onto WG, which corresponds to the intrinsic torsion 7 € T'(WS,).

int>»
As explained above, this part of the torsion is unchanged by the shift D — D' = D + X.
It is therefore possible to find a ¥ such that that the torsion 7" of D’ vanishes if and only

if the intrinsic torsion 7™ vanishes.

d) RT x U(7) and SU(7) structures

We introduce here two important generalised structures, the RT x U(7) structure and the
SU(7) structure.
As we have done in the case of conventional geometry and O(6, 6) generalised geometry,

we define these structures through their corresponding invariant generalised tensors [(1]

J € T(adF) : stabilised by G = C* x SU(7) = R* x U(7) (I11.119)
¥ € I'(K) : stabilised by G = SU(7), (IT1.120)

with K = (det T*)> @ K. We denote .J as the almost exceptional complex structure and
1 as the generalised SU(T) structure.

They are stabilised by the same SU(7), but J is invariant under an extra C* action.

As we will see, these structures are the exceptional analogues of the complex (GL(3,C))
and SL(3, C) structures of conventional geometry introduced in I1.1.1, or of the generalised
complex (U(3,3)) and generalised Calabi-Yau (SU(3,3)) structures of O(6,6) generalised
geometry discussed in I11.1.1.

In order to define the exceptional complex structure, we introduce a globally defined
nowhere vanishing SU(8) spinor 7, transforming in the fundamental representation 8 of
SU(8). The stabiliser of n is SU(7), and as such it defines a generalised SU(7) structure.

Thereisa U(1) € SU(8)/Z3 which commutes with this SU(7) subgroup. It is generated
by an element of the SU(8) Lie algebra conjugate to the diagonal matrix

a = diag(—1/2,-1/2,...,7/2) € SU(8) C E7(7) ©®R. (TI1.121)



44 CHAPTER III. GENERALISED GEOMETRY AND SUPERSYMMETRY

The normalisation is chosen so that exp(i6.J) with 0 < 6 < 27 generates a U(1) subgroup
of SU(8)/Z3. The commutant of this U(1) is then a R x U(7) subgroup of Er7) x RT.
This leads us to the following definition.

A generalised RT x U(7) structure, or almost exceptional complex structure, is a
section J € I'(adF) that is conjugate at each point p € M to the element o € SU(8) in
(I11.121).

The exceptional generalised structure J lies within a particular orbit of the 133 rep-
resentation space of Ey(7) . Decomposing the adjoint E7(7) representation into irreducible

SU(8) representations, we have
133 = 63 70 3 (13, Hapns) » (I11.122)

where we introduced SU(8) indices.
We can then write the exceptional complex structure J in terms of the spinor n as

I
J%% = 4% — 5 ()%, Japys =0, (I11.123)

where we set 77 = 1. We can further decompose the 133 E;(7) representation space into
irreducible SU(7) x U(1) representations

133=1,048)® (T4 D T4) ® (352 ® 35_2), (111.124)

where now the subscripts denote the U(1) charge. The exceptional complex structure J

lies in the singlet 1¢ representation.

Given J, in analogy with a conventional almost complex structure, we can decom-
pose the complexified generalised tangent bundle into J eigenbundles, through its adjoint

action. The eigenbundles are irreducible representations of SU(7) x U(1), and we find

Ec=Ls®dL_ 19 L1pL_j3 (111.125)
56c =73®21_1 921, D T_3, (111.126)

with L_g ~ Ly and L_q ~ L;.

We can similarly decompose the untwisted complexified generalised tangent bundle

Ec=L30L &L &L 3 (IT1.127)
56c =73®21_1 921, D T_3, (I11.128)

also respecting L g~ I:/g, and L_q ~ I:q.

As we will see, L3 can be seen as the analogue of T in conventional complex geometry
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and of L in generalised complex geometry. This thus leads to the following alternative
definition of the exceptional complex structure.

An almost exceptional complex structure is a subbundle L C E¢ such that

i) dimc L3 =7

ii) Ly xy L3z = 0.

iii) L3y N L_3 = {0}

iv) The map h : L3 x Lz — (detT*)c defined by h(V,W) = is(V,W) is a definite
hermitian inner product valued in detT™.

The second condition is the analogue of the isotropy condition for a generalised com-
plex structure.

Again in analogy with the generalised complex structure case, we call a subbundle L3
satisfying the first two conditions a (complex) exceptional polarisation.

The L3 bundle similarly defines an untwisted version of the almost exceptional complex
structure.

We now define the generalised SU(7) structure. To do so, we write down the decom-
position SU(7) x U(1) C SU(8)/Zy C Ey(7) of the 912 E7(7) representation space

912 =36 © 420 D c.c. (I11.129)
=17 73P28_1D21_1D35_5D 1403 D 224_; P c.c. (I11.130)

From now on we consider the generalised tensor bundle K transforming in the 9123
representation of Erepy X RT. The presence of an SU(7) singlet in the decomposition
(I11.130) implies that each almost exceptional complex structure J defines a unique line
bundle U; C K¢, satisfying

Vey=0 VVeI(Ls), s(1h, ) #0, (IT1.131)

where v is a local section of U, the product V e is defined by the projection map E® Kc
where C' is the generalised tensor bundle transforming in the 86454 representation of
Er 7y X RT, and s is the symplectic invariant on the 912 bundle K ¢ F® E ® E induced
from the symplectic invariant on E. We are thus led to define a generalised SU(7) structure
in the following way.

Given an almost exceptional complex structure J with trivial line bundle Uy, a gen-
eralised SU(7) structure is a global nowhere-vanishing section ¢ € I'(Uy).

We stress again that this is in complete analogy with the almost complex and almost
generalised complex cases: the SU(7) structure naturally generalises the holomorphic
(3,0)-form €2 and the pure spinor ¥ defining the SL(3,C) and SU(3, 3) structures respec-

tively. The second condition in (III.131) simply generalises the non-degeneracy condition
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of the tensors () and V.
One can again define an untwisted version of the generalised SU(7) structure, from

the untwisted almost exceptional complex structure J: it indeed defines a unique line
bundle U5 C Kc as

Vep=0 VVel(Ly), s(¥,v)#0, (IT1.132)

where 1) is a local section of U.

The generalised SU(7) structure again lies within a particular orbit of the 9123 rep-
resentation space. Concretely, decomposing the 912 space in terms of irreducible repre-
sentations of SU(8)

912 = 36 & 420 & 36 @ 420 > (v, k5, Fag, Fapy ) (I11.133)
we can write the generalised SU(7) structure in terms of the spinor 7 as
P = A(volg)**nn’ 5 = hag = 1es," =0, (111.134)

with volg the E7(7)-invariant volume defined by the generalised metric G [36, 39] and A

a non-vanishing complex number.
d).1 Rt x U(7) and SU(7) intrinsic torsions and integrability

We now discuss the integrability of the Rt x U(7) and SU(7) structures.

As mentioned above, a generalised structure is integrable if its intrinsic torsion van-
ishes. Regarding the SU(7) structure, the 7 map (II11.116) has been explicitly constructed
and the corresponding vector bundle Wgy7) has been given in [42, 87]. One can do the

same for the R x U(7) structure, and the resulting intrinsic torsions WiV - W/Wsu

int

and I/Vfl: UM - W/Wgr+ xu(r) are, in terms of SU(7) irreducible representations:
WitV 117 0T_3@21_1 ®35_5 c.c. (IT1.135)
WiV 1 e85 s ce. (I11.136)

where again, the subscript denotes that U(1) charge under the action of J.

Let us first investigate the integrability of the Rt x U(7) structure. It is integrable
if the intrinsic torsion components 1_7 and 35_5 vanishes. This can be reformulated in
a convenient way, naturally generalising the integrability conditions of the complex and
generalised complex structures.

To do so, we consider a connection compatible with such a structure J: DJ = 0.
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Evaluating (II1.104) with V, V' € T'(Ls3), we have
LyV' =LV —1(v). V' vV, V' € T'(Ls). (I11.137)

It is important to note that since the left-hand side of (II1.137) doesn’t depend on
the choice of connection D, the non-vanishing sections of E in the right-hand side only
involve the intrinsic R™ x U(7) torsion.

The compatibility of the connection with .J ensures L%/) V' C L3. The second term then
generates the following sections of the generalised tangent bundle, in terms of SU(7)x U(1)

representations
1 730 73D21_4 (T11.138)
35 5B T3D 73D 21;. (111.139)
This is equivalent to
VvV, V' e I'(Ls) : 1740 LyV'NL_1#0 (I11.140)
35 5 £0<= LyV'NL #0. (111.141)

This motivates the following equivalent definition of the integrability of the exceptional

complex structure.

A torsion-free R™ x U(7) structure J or exceptional complex structure is one satisfying

involutivity of L3 under the generalised Lie derivative:
LyV' C Ls vV, V' e T'(Ls) . (I11.142)

One can then define the restriction of the Dorfman derivative on L3. Given that the Ls
bundle respects L3 x y Lz = 0, the Jacobiator (II1.98) vanishes and the algebroid (L3, L, a)

is actually a Lie algebroid.

The integrability of the exceptional complex structure J can similarly be spelled in
the untwisted picture: J is integrable if Ls is involutive under the twisted generalised Lie
derivative

LIV c Ly YV, V' eD(L3). (I11.143)

This definition of the integrability is in complete analogy with the complex and gener-
alised complex structures cases, where the integrability of a (generalised) complex struc-
ture can be recast as involutivity of eigenspaces of the (generalised) complex structure

under the (generalised) Lie bracket.
Furthermore, the analogy carries through to the integrability of the SU(7) structure.
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Indeed, the complex geometry analogue of the SU(7) structure is the SL(3,C) structure.
We have seen in section II.1 that the integrability of the SL(3, C) structure can be recast
as the vanishing of a moment map for the diffeomorphisms action. We now discuss the
generalisation of this reformulation of the integrability for the SU(7) structure, as the

vanishing of a moment map for the generalised diffeomorphisms action.

For an SU(7) structure, a choice of ¢ at a point p € M is equivalent to picking a point

in the coset
E7(7) X R+

1/)|P € QSU(7) SU(?)

(I11.144)

The choice of an SU(7) structure on M therefore corresponds to a section of the fibre
bundle
QSU( — QSU — M (111145)

and we can identify the space of SU(7) structures as Z ~ I'(Qgy(r)). One can also
restrict to the space of SU(7) structures with an integrable associated exceptional complex
structure

Z ={Q e Z| Jis integrable} . (I11.146)

Crucially, the space Z inherits a Kihler metric from the Kihler metric on the coset space

Qsu(r), picked out by supersymmetry, with the following corresponding Kéhler potential

K= / std)))l/g (I11.147)

From the symplectic structure defined by this Kéahler potential, one can define the corre-
sponding moment map [(1]
w2 — goiff* (IT1.148)

for the action of generalised diffeomorphisms, where goiff is the Lie algebra of generalised

diffeomorphisms, and where

= ;/MS(LV¢7 ?)
_ % /Ms(va,qz)(is(w,z/?))—z/?’, (I11.149)

with V € T'(E) and ¢ = (is(1,v))" /3¢ which transforms in the 912; representation.
Going to the second line we used [y, Ly (...) = 0.

Let us introduce a generalised connection D compatible with the SU(7) structure
Dy = D¢ = 0. Using the definition of the torsion (II1.104), we have

V=g [ s(L06.6) - s(T(V)6.)
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_ 1 s(T(V)o, ), (IT1.150)
3Jm

where the first term in the right-hand side of the first line vanishes from the compatibility
of the generalised connection D.

Since the definition of the moment map is independent of any choice of connection,
only the SU(7) intrinsic torsion can contribute in the last expression.

Crucially, given that the vector V' € T'(E) transforms in 7 & 21 @ c.c. representations
of SU(7), and since ¢ is an SU(7) singlet, only the 7 and 21 SU(7) representations of the
intrinsic SU(7) torsion enter the moment map (II1.150).

From (II1.135) and (II1.136), we see that these are precisely the extra components of
the SU(7) torsion, relative to the Rt x U(7) torsion, which must vanish in order for the
SU(7) torsion to be integrable.

This leads to the following reformulation of the integrability of the SU(7) structure.

A torsion-free generalised SU(7) structure is one where L3 is involutive and the mo-
ment map (II1.149) vanishes.

The involutivity of Ls kills the 1 and 35 components of the SU(7) intrinsic torsion
(I11.135), while the vanishing of the moment map kills the remaining 7 and 21 irreducible
representations.

One can define an untwisted version of the moment map, to define the integrability
of the untwisted generalised SU(7) structure 1

F7) = 5 [ BT, ), (151)

and the untwisted generalised SU(7) structure will be integrable if this moment map

vanishes.

Finally, let us mention the moduli space of integrable generalised SU(7) structures.
Two SU(7) structures that are related by generalised diffeomorphisms are equivalent, so
the moduli space of SU(7) structures M, should be viewed as the space of torsion-free
SU(7) structures quotiented by the action of these transformations. Given that Z admits
both a symplectic structure and a Kéhler structure, there are two ways to view this
quotient, namely as a symplectic quotient by GDiff or as a standard quotient by the
complexified group GDiffc:

My, = { € Z|p = 0}/Gdiff = Z J GDiff ~ Z/GDiffc. (I11.152)

We will see in the next subsection how the SU(7) moduli space M, is related to the
physical moduli space of N’ = 1 type II supergravity backgrounds compactified to four-

dimensions.
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111.2.2 Generalised structures of supersymmetric backgrounds

In this subsection, we apply the exceptional generalised geometry formalism developed

throughout this chapter to four-dimensional N' = 1 flux backgrounds.

a) RT x U(7) and SU(7) structures of four-dimensional N/ = 1 backgrounds

In this subsection we show how the RT x U(7) and SU(7) structures defined above are
well suited to describe the geometry of NV = 1 type II supergravity flux backgrounds
compactified to four-dimensions.

We described the RT x U(7) and SU(7) structures in terms of a globally defined
nowhere vanishing SU(8) spinor 1. In the context of type II supergravity, such a spinor
can be naturally constructed from the two internal type II Killing spinors.

To do so explicitly, we recall our compactification ansatz: we consider here type II
solutions that are the warped product of four-dimensional Minkowski space X4 and a

six-dimensional compact manifold M, with the following metric

ds?, = eQA(y)anx”dx” + gmndy™dy", (I11.153)
where again z#, u = 0, ..., 3 are the external coordinates on X4, and y™, m =1,...,6 are
the coordinates on M.

The ten-dimensional type II Killing spinors are then two ten-dimensional Majorana-
Weyl spinors € of opposite (the same) chirality for type IIA (IIB).

They decompose accordingly under Spin(9,1) — Spin(3,1) x Spin(6) as

e1=C(®mn +c.c € =(®ny + c.c. (IT1.154)

where ( is a Weyl spinor of positive chirality on X4, and n; and 72 are Weyl spinors on the
six-dimensional internal space. 1; has positive chirality, while 7o has negative chirality in
type IIA and positive chirality in type IIB.

Writing the Spin(6) spinors as SU(4) spinors, we can construct the following SU(8)

spinor

n= eA/2=¢/6 (771) in type TIA, n= eA/2-0/6 (T) in type IIB, (I11.155)
2 2

where 71 2 are seen here as four-dimensional Weyl-spinors, and 7 hence transforms in the
8 representation of SU(8).

Even though 7 must be nowhere vanishing, the individual Spin(6) spinors 7; 2 may
vanish while still properly defining a generalised SU(7) structure. Backgrounds with such
Killing spinors are thus well defined in E7(7) generalised geometry, even if they don’t define



II1.2 Eq(7) X R™ GENERALISED GEOMETRY 51

conventional or O(6, 6) generalised (global) G-structures [87, 88]. This is for instance the
case of type II backgrounds with NS5-branes wrapping a Calabi-Yau, described in E77)
generalised geometry in [79].

Throughout this thesis, we focus on the subclass of type II backgrounds having
nowhere vanishing globally defined Killing spinors 71 2. In the N’ = 1 case, this class
of backgrounds, which we refer to as the GMPT family, has been studied within the
context of O(6, 6) generalised geometry in [1, 6, 85].

We first briefly introduce the key aspects of the GMPT class within the O(6,6) gen-
eralised geometry framework, before embedding it into the E;(7) generalised geometry
formalism, following [61].

As we will discuss in the next chapter, note that the two six-dimensional internal
spinors must have the same norm in order to admit supersymmetric sources, which we
denote |72

In this section we need a slightly different definition!! of the pure spinors introduced

in (IT1.66) and (II1.67):

o3A—0

_ i

P = ™ @ ) (I11.156)
e3A—0

Dy = oo™ ®n. (IT1.157)

The pure spinors ®; and ¥y are again odd/even and even/odd in type IIA /IIB, re-
spectively
Q) =04, Pyp=Py, (I11.158)

and their normalisation is such that
By, By) = (Do, By) = ~ A2yl 111.159
8

with volg the volume form on M in the string frame.
The resulting pure spinor equations, equivalent to preserving ten-dimensional ' = 1

supersymmetry, read

dp®y =0 (IT1.160)
dpr (e “Re®;) = 0 (I11.161)

1 The reason for these two set of conventions is that we use the two formalism to do different things. In
0O(6,6) generalised geometry, among other things, we will derive the equations of motion of new type II
backgrounds in chapter IV, requiring the scalar fields to be factorised out of the pure spinors to vary the
type II action. In Er(7) generalised geometry, we will study the generalised structure and its associated
generalised torsion for non-supersymmetric type II flux backgrounds in chapter V. To do so, it is most
natural to incorporate some physical fields into the pure spinor definition, themselves embedded into an
all encompassing generalised structure.
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F
A (e Imd,) = -5 (I11.162)

where we wrote here an equivalent form of the pure spinor equations (II1.71), (II1.72) and
(IT1.73), derived by Tomasiello [6], with d} = [dg, Ji]-

We now show how to embed these solutions into the framework of E7(7) generalised ge-
ometry, first introducing an exceptional complex structure. We work here in the untwisted

picture, and define

[y = eSie e (1 gy (I11.163)
Here L{? C Eoe,6)c =~ (T @ T*)c is the +i-eigenspace of J2, and Uy, is the pure spinor
line bundle defined by J». It is relatively straightforward to check that this L3 satisfies

the necessary and sufficient conditions to define an almost exceptional complex structure.

The corresponding untwisted generalised SU(7) structure is
P = eBie M m®1 g (I11.164)

where here @, is to be understood as a section of the untwisted K¢ bundle.

We now study the integrability condition of the almost exceptional complex structure,
in order to see how it relates to the supersymmetry conditions (I11.160), (III1.161), and
(IT1.162). Requiring the almost exceptional complex structure to be integrable amounts

to imposing the involutivity of Ls under the twisted generalised Lie derivative
LIy c Ly vV, V' eT(L3). (IT1.165)

We write a section of Ly as €™ -V = e> - (W +a®dy), with W € T'(L{?), a a non-vanishing
complex number, and ¥ = 8ie 34Im®;. We then evaluate the twisted Dorfman derivative

on elements of the L3 bundle

Lf{‘f(ez VY =X [LEV 4+ (W(F +dpX) 4+ o (F +dgs, &) - V'], (IT1.166)

with V, V' € F(L{2 ©®Uz,). The involutivity of L3 then requires the term in brackets to
be an element of LY> @ Uy, for all V,V’ € T(L{? ® Uz,). Given that the first term in
(IT1.166) is differential, and the remaining terms are algebraic, involutivity requires that

these are sections of LY @ Uz, independently:

L{/IV/ c F(Li'b @ ujg) (111.167)
(W(F +duX) +a(F +dgX, &) - V' e (L2 @ Uzy,). (I11.168)
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We start with the first condition. Requiring

L e, (W +d/'®2) € (LY @ Us,) (I11.169)
implies first that
AW eT(L??) vW,W' eD(L{?), (II1.170)

that is, the generalised complex structure 7> associated to ®s must be integrable. Recall

that this is equivalent to
dp®y = Xy  for some X € I(L%2). (I11.171)

From this condition, and from I} &, = W’@g = 0, we immediately have

L (/' ®y) = n(W,dd + 2X)®y € T(Uz,) (IT1.172)
LI, W' = —n(W',da +2X)®s € T(Usg,), (IT1.173)

as required. Here 7(,) is the O(6,6) inner product (II1.3). Finally, using (I11.171) again,

we have

LE, (a/®y) = —a/[(dd + X)Dy] - Dy =0, (IT1.174)

CY<1>2

identically, as can be seen by counting the J> charges.

The integrability of the generalised complex structure 7> is therefore enough to ensure
the condition (II1.167). Turning to the second condition (III.168), it first imposes

W'W(F +dyS) € Uy, (ITL.175)

which is satisfied if
(F+dpY)y , = (F +duX)y , =0, (I11.176)

where the subscript V,, denotes the projection onto the in-eigenspace of J,. Combining

these conditions with their complex conjugates is equivalent to

F
A7 (e 34 m®y) = —

1177
8 ? ( )

which precisely corresponds to the supersymmetry condition (II1.162). Moreover, (I11.176)

implies

[W(F +dpX)] - @2 =0 (II.178)
(F+dp%, ;) =0. (IT1.179)



54 CHAPTER III. GENERALISED GEOMETRY AND SUPERSYMMETRY
Every other terms in the involutivity condition (III.168) therefore vanish identically.

The integrability of the exceptional complex structure is hence equivalent to

F
dp®y = X0y A (e 3 Imdy) = ——

I11.180
3 (I11.150)

which is not equivalent to the full set of supersymmetry conditions (II1.160), (II1.161),
and (II1.162).

Lets now investigate the integrability condition of the generalised SU(7) structure.
We thus specify the untwisted version of the moment map (III.151) for the untwisted
generalised SU(7) structure (II1.164), which reads

f(e” V) = é / s(L§+F+dHE¢2,e—QE.éQ)(is(qz,zZ))—W?’. (IIL.181)
M

The integrability of the exceptional complex structure ensures that F' + dg3 stabilises
LY? ©Uy,, and hence the singlet ®, € I'(Kc). We thus have

LIS g, = LEd,. (I11.182)

The remaining terms in the moment map are then of the form

fi(e® - V) ~ const/ (LE®y, @y) + const/ (dA4, e “Red;) , (111.183)
M M

Where we wrote V = Z 4+ Ay + Z. This form of the moment map follows from keeping
track of the U(1) C SL(2,R) charge in the O(6,6) x SL(2,R) C Ey(y decomposition,
noting the R, weight to get the correct e? factor [61].

The two terms in this moment map must vanish independently in order for the gener-
alised SU(7) structure to be integrable. Plugging the involutivity condition dy®s = X @
into the first term, it can then only vanish if X = 0, yielding

dy®s = 0. (IIL.184)
Integrating by part the second term, it vanishes if
dp (e “Re®;) = 0. (I11.185)
The integrability of the generalised SU(7) structure (II1.164) is therefore equivalent to

dp®y =0 (111.186)
dg(e “Re®;) =0 (IT1.187)
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A (e Imd,) = —g : (I11.188)
which precisely corresponds to the supersymmetry conditions (II1.160), (III.161), and
(111.162).

We can therefore conclude that a type II flux background compactified to four-
dimensional Minkowski space and preserving A/ = 1 supersymmetry defines an integrable
generalised SU(7) structure 1, and the integrability conditions for i) are equivalent to the

supersymmetry conditions of said background.

b) Equations of motion

We conclude this section by reformulating the equations of motion of N' = 1 type II
supergravity flux backgrounds compactified to four-dimensions, within the framework of
exceptional generalised geometry.

To do so, we briefly introduce the notion of generalised metric. It is well known [39, 90]
that the bosonic fields of reduced supergravity parametrise a coset (Eg(q) X R')/Hyg, with
H, the maximal compact subgroup of Ey(g). In the case of type II supergravity reduced
to four-dimensions, the bosonic fields parametrise a coset (E7(7y x R*)/(SU(8)/Zs), that

is, at each point p € M
E7(7) X R+

~ + Loy X R T
{g7B7B7¢7C aA}E SU(S)/ZQ’

(I11.189)

with B the six-form potential dual to B and C* the RR potentials in type IIB/IIA.

The group SU(8)/Z5 is the maximal compact subgroup of E7(7y, and it is the analogue
of the orthogonal group O(d) C GL(d,R) in standard Riemannian geometry. As such, it
defines a generalised version of the metric G [39], invariant under SU(8)/Z9, and (I11.189)
means that giving the bosonic fields is thus equivalent to specifying a generalised metric
G.

We now introduce a generalised connection D compatible with SU(8)/Zs, that is
DG = 0. Crucially, it is always possible to find such connections that are torsion-free,
but they are not unique in general [39] (unlike the case of ordinary Riemannian geometry
which singles out the Levi-Civita connection).

Indeed, writing the bundle Kgyg) = E* ® adPgyg), in terms of SU(8) irreducible

representations, we have
KSU(S) = (2_8 +28) x 63 = 28 + 36 + 420 + 1280 + c.c.. (I11.190)
The map 7 in (II1.116) then splits Kgys) into

Im 7 = 28 + 36 + 420 + c.c. = Wyy(g) (I11.191)
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ker 7 = 1280 + c.c.. (I11.192)
Then, given that the SU(8) decomposition of the torsion bundle W reads
W = 28 + 36 + 420 + c.c. (IT1.193)
we are left with the following intrinsic torsion

Wal® = W/ Weye =0, (IT1.194)

int
implying that every SU(8)/Zy structure is torsion-free, and the space of torsion-free,
compatible connections is given by 1280 + c.c..

Turning to the equations of motion, it is remarkable that the dynamics are simply the

generalised geometrical analogue of Einstein gravity: the bosonic action is given by [39]
Sp = / volGR., (ITL.195)

where volg is the volume form associated to the generalised metric and R is the analogue

of the Ricci scalar. The corresponding equations of motion are simply
Ruyn =0, (I11.196)

where Rjsn is the analogue of the Ricci tensor.

Remarkably, one can reformulate the generalised Ricci tensor naturally in terms of
generalised objects. To do so, we introduce two real SU(8) bundles S and .J, which
we refer to as the “spinor” bundle and the “gravitino” bundle respectively, since the
supersymmetry parameter and the physical gravitino field in supergravity are embedded

in exceptional generalised geometry as sections of them [12]. These are
S=8+8=5t+S" J=56+56=J"+J". (IT1.197)

Then, the SU(8) spinor 7 defined by the two internal supersymmetry parameters (I11.155)
is naturally a section of S: n € I'(S). A gravitino 1) would then be a section of J: ¢ € I'(J).

One can then rewrite the generalised Ricci tensor as

Dxy(Dxyn)+2Dx;(Dxsn) =R’ (IT1.198)
Dxg(Dxyn)+Dxg(Dxsn)=Rn, (IT1.199)

where R and R?M n Provide the scalar and non-scalar parts of Ry/n respectively. The

projections xg and X ; are unique, and in terms of SU(8) indices, projections with the
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generalised connection D = (D8, D[am) read

(D xn)*" = DleFpl e T(JY) (I11.200)
(D x5m)a = Diagn’ €T(S7) (I11.201)
1 ! _
(D XjvY)apy = _Eea5755/910293D[55 lyp01020s < (™) (II1.202)
1_
(D x5 9)* = =5 Digy™”" € I(S7). (II1.203)

The existence of the expressions (II1.198) and (I11.199) is a non-trivial statement. It
can be shown that the left-hand sides are linear in 7, and since 1 and the left-hand sides
are manifestly covariant, these expressions define a tensor. This generalised Ricci tensor
has been calculated explicitly in the M-theory case in [39] for instance.

The resulting equations of motions are therefore

Dxj;(Dxyn)+2Dx;(Dxgn) =0 (I11.204)
Dxg(Dxyn)+Dxg(Dxgn)=0. (I11.205)

Interestingly, it is immediate in this formalism to read off the fact that preserving super-
symmetry implies that the equations of motion are satisfied. Indeed, one can reformulate

the supersymmetry conditions as

S =D xy1m=0 (I11.206)
m=Dxgn=0. (II1.207)

If these are satisfied, the equations of motion (I11.204) and (II1.205) are trivially obeyed.
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Chapter IV

Non-supersymmetric flux vacua and

Generalised calibrations

In this chapter, we will discuss the results derived in [91, 92]. These concern non-
supersymmetric type II supergravity flux vacua. More precisely, a class of NV = 0 flux
vacua which are thought of as supersymmetric backgrounds deformed by some pertur-
bations which break supersymmetry in a controllable way, in a sense that will be made
precise throughout this chapter.

In section IV.2, we present a new class of non-supersymmetric flux vacua [91], gener-
alising the GKP vacua [3] in a sense that will be made precise later on. We derive the
corresponding equations of motion and solve them for various explicit examples. We also
discuss the stability and the effective theories associated to this class of backgrounds.

On another note, the supersymmetry condition involving the RR fluxes (II1.73) has
been reformulated by Tomasiello [(], eliminating the explicit dependence on the metric.
We generalise this derivation in section IV.3 for non-supersymmetric backgrounds violat-
ing the other supersymmetry conditions (III.71) and (II1.72). We use this reformulation
to derive constraints that the ten-dimensional solutions satisfying (II11.73) must respect in
order to dimensionally reduce to solutions of four-dimensional N' = 1 supergravity with
non-vanishing F-terms and potentially non-vanishing D-terms [92]. We give the equations
of motion for the class of type Il vacua satisfying these constraints in the language of pure
Spinors.

The physical motivation to study non-supersymmetric backgrounds which still respect
(IT1.73) relies on the theory of generalised calibrations, which provides an interpretation
of the supersymmetry conditions in terms of stability conditions for certain probe D-
branes [2, &, 93]. Moreover, regarding the class of solutions discussed in IV.2, both its
general construction and the discussion of its stability heavily relies on the generalised

calibration theory. We therefore start this chapter by briefly reviewing the theory of

59
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generalised calibration in section IV.1, following mainly [2].
Finally, let us mention that throughout this whole chapter, we adopt the generalised

complex geometry conventions introduced in subsection III.1.1.

IV.1 Calibrations in generalised complex geometry

The N = 1 supersymmetry equations for type II flux backgrounds compactified to four-
dimensional Minkowski space, written in the pure spinor formalism, (II1.71), (II1.72) and
(IT1.73), have a clear interpretation as being calibration conditions in the generalised sense,
for a certain type of D-branes in the geometry. This interpretation turns out to provide
great tools to understand the geometry and discuss the stability of both supersymmetric

and non-supersymmetric backgrounds.

Generalised calibrations are natural extensions of ordinary calibrations.! For super-
symmetric compactification on a spin manifold M, where there are no non-trivial bulk
and world-volume fluxes, there is a nice relation between branes wrapping cycles in M
and ordinary calibrations. The calibration forms can be built as bilinears in the covari-
antly constant spinors on the manifold. As these spinors are the internal supersymmetry
parameters, the closure of the calibration form follows supersymmetry. In this case, the
energy of a brane wrapping a cycle in the manifold is given by its volume. Supersymmet-
ric configurations are energy mininimising, and therefore correspond to branes wrapping
calibrated cycles in the spin manifold.

In flux compactifications, the energy of the static branes gets contribution both from
the volume and the fluxes. Generalised complex geometry provides a natural extension
of this construction to flux backgrounds, which takes into account the contribution to the

energy of both RR background fluxes and world-volume degrees of freedom.

We consider D-branes in the warped geometry (II11.62). They can wrap a cycle ¥ in the
internal manifold M and they can be string, domain-walls or space-filling in the external
Minkowski space. As discussed in [2], one can show that a static brane wrapping a cycle
¥ in the internal manifold of an N/ = 1 warped flux backgrounds is supersymmetric if it
wraps a calibrated generalised submanifold.

To make these statements precise, we need to introduce the technology required to

!A calibration form w is a p-form on M that satisfies an algebraic and a differential condition. At
every point ¢ € M and for every p-dimensional oriented subspace 7 of the tangent space Ty

w|r < 4/det g|- dr = vol,, (IV.1)

where dr = t* A ... AP, with t* a basis for 7* (the dual of 7) and det g|~ := det(gag), With gas the
components of the pulled-back metric g|- in the coframe ¢t*. At every point there must exist a subspace
7 such that the above bound is saturated. Then the form w must be closed dw = 0.
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describe D-branes in generalised geometry: a generalised submanifold (3, F) and a gen-
eralised calibration form w.

A generalised submanifold is a pair (X, F) with ¥ C M a submanifold and F a

two-form, which for a D-brane is a two-form on its world-volume, such that
dF = H|y, (IV.2)

with H|y the pullback of the NS-field-strength on . The generalised submanifold is a
generalised cycle if 90X = 0.

As shown in [2], one can construct polyforms of definite parity in terms of the pure
spinors defining the SU(3)x SU(3) structure of the N' =1 background

wsting — 24=9rm Y, (IV.3)
WwPW = 349y, (IV .4)
W = eM9Rel, (IV.5)

which satisfy the properties of a generalised calibration. They first satisfy an algebraic

condition corresponding to the minimisation of the D-brane energy
EM,R) > (wln Ae™)(ID) (IV.6)

for any point p C M and any generalised submanifold (I, R)?. Here for p a form, p(II)
is the coefficient of the top form on II of p|. The energy density corresponds to the
following DBI contribution

E(IL,R) = e8%, /det(g|n + R), (IV.7)

where ¢ is the number of external dimensions. Moreover the differential conditions that
must be respected by the above generalised calibration forms correspond to the super-
symmetry conditions (II1.71), (II1.72), and (II1.73)

dg(WPWV) = 0 domain-wall BPSness (IV.8)
dy(wst8) = 0 D-string BPSness (IV.9)
dp (™) = MF gauge BPSness. (IV.10)

A calibrated generalised cycle is a generalised cycle saturating the calibration bound

2Strictly speaking for any point p C M there must exist a generalised submanifold (II, R) such that
the above bound is saturated.
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(IV.6). A D-brane in a N' = 1 backgrounds is supersymmetric, or BPS, if it wraps a
calibrated generalised cycle. This is why we refer to the A/ = 1 supersymmetry conditions
as the domain-wall, D-string and gauge BPSness respectively. The above generalised
calibration forms are associated to space-filling, domain-wall, and string-like D-branes,

which wrap respectively four, three, and two non-compact dimensions.

Another useful characterisation of D-branes is in terms of their generalised current.

The generalised current j(x; 7) can be seen as the Poincaré¢ dual of the generalised
submanifold (X, F):

/M {90z, 7)) = /Eqﬁ!z d (IV.11)

with ¢ any polyform on M. Loosely speaking, as a distribution jis, 7) is a localised real
pure spinor proportional to e/ A 6(d_k)(2), with X of rank k& and with 5(d_k)(2) the
standard Poincaré dual of the submanifold . One can also consider the smeared version
of this current, that we call j, proportional to e=” Avol,| with vol| the transverse volume

to 2.

We can define the generalised tangent bundle of the foliation associated to the gener-
alised submanifold (X, F) as

—{(V=v4+EeTS®T" | &g = F}. (IV.13)

This is a real maximally isotropic subbundle of the generalised tangent bundle E.
As discussed in [2], the calibration condition (II.73) implies that T(5, r) is stable
under the generalised complex structure Jo and hence (X, F) is a generalised complex

submanifold.

Finally, it is easy to prove that the generalised current associated to a generalised
cycle (X, F) is dg-closed. From (IV.11), we have:

/M (0, dulis, 7)) = /M (Ao, i, 7)) = /EdH¢|z NeF = /az plos net,  (IV.14)

where we used both the property of the Mukai pairing (B.13) and Stoke theorem. There-

fore we have

dujs, 7) = J(05,Flox)s (IV.15)

which reduces to

if (3, F) is a generalised cycle.

Note that, as the generalised tangent bundle T(x, ) is a real maximally isotropic
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sub-bundle of T @ T, it also defines an almost Dirac structure [35]. From (IV.12) and
Frobenius theorem it follows that dpjs, 7) = 0 implies that the almost Dirac structure

is actually integrable.

IV.2 New non-supersymmetric flux vacua from generalised cali-

brations

The exploration of the landscape of four-dimensional string compactifications has been
mostly focused on vacua preserving at least AV = 1 supersymmetry. One reason is prac-
tical: solving the supersymmetry conditions, which are first order differential equations,
plus the Bianchi identities for the fluxes, guarantees to have solutions to the full set of
string or supergravity equations of motion. Without this way out, handling the equations
of motion upfront is very hard, even in the supergravity approximation, since they are
cumbersome second order differential equations.

There are also physical considerations motivating the study of supersymmetric string
compactifications, namely the expectation that supersymmetry should be broken at en-

ergies smaller than the compactification scale.

Even if low energy supersymmetry breaking is a phenomenologically motivated sce-
nario, in principle nothing prevents supersymmetry from being spontaneously broken at
arbitrarily high energies. In this section, we consider this possibility, and focus on this
much less studied corner of the string compactification landscape, worth exploring per se.

More precisely, we construct new classes of non-supersymmetric type II supergravity
solutions by breaking supersymmetry in a controlled way. We deform the conditions for
N = 1 supersymmetry by adding supersymmetry breaking terms, which are controlled

by some parameters, whose vanishing would restore supersymmetry.

The motivation behind this approach is to preserve some of the convenient features
of supersymmetric vacua, mainly the possibility to use first order differential equations.
Since supersymmetry is broken, in order to find solutions we have to make sure that the
equations of motion are satisfied. The goal is to find specific deformations of the BPS
equations such that the additional constraints to impose in order to solve the equations

of motion are manageable.

We will use the framework of generalised complex geometry, where the A" = 1 BPS
conditions have an interpretation in terms of calibration conditions of different probe
D-branes. As we have discussed in the previous chapter, the N/ = 1 supersymmetry con-
ditions for warped compactifications can be recast in a set of three differential equations
on polyforms defined only on the internal compactification space (II1.71), (II1.72), and

(IT1.73). Each of these three conditions can be interpreted as the conditions for calibrated
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D-brane probes in the geometry [2]: branes filling all the external space and branes that
are domain-wall or string-like.

In this language, one can identify different supersymmetry breaking terms depending
on which calibration condition is modified. In this section we will always assume that
space-filling branes are calibrated?, while we will allow the calibrations of D-strings and

domain-wall branes to be violated.

A famous example of non-supersymmetric type IIB solutions that violate the domain-
wall calibration condition are the GKP solutions [3], describing flux compactifications
to four-dimensional Minkowski space with D3 and O3 sources, where supersymmetry
is broken by the H(g3) components of the NS-flux. The GKP backgrounds have been
described within generalised complex geometry in [11] as specific examples of a general
framework to describe non-supersymmetric solutions.

The generalised complex geometry description of the GKP backgrounds also offers an
insightful geometrical interpretation of the domain-wall supersymmetry breaking term: it

is given by the current associated to the D3-branes in the background®.

In the literature there is another example of non-supersymmetric solution in type ITA,
[15], which in the language of generalised complex geometry corresponds to the violation
of the D-string calibration condition, where supersymmetry is again violated through
additional NS-flux components with respect to the supersymmetric case, but there is no
further geometrical interpretation of the corresponding supersymmetry breaking term.
Moreover, the question of stability of such backgrounds remains unaddressed.

In this section, we want to extend the study of non-supersymmetric vacua violating the
D-string calibration condition. More precisely, we will construct new non-supersymmetric
type II solutions, where the current associated to the space-filling D-branes present in our
backgrounds will serve as a building block for the supersymmetry breaking term violating
the D-string calibration condition, in a sense that will be made precise later on.

The motivation behind this construction is two-fold. The first one is simplicity: defin-
ing supersymmetry breaking in terms of the current of the background’s D-branes is a
natural and simple ansatz, which in turn reduces the equations of motion to a reasonable
set of additional constraints. The second reason is that it can be useful to address the
question of stability of these non-supersymmetric vacua: in generalised complex geometry,
D-branes current can enter the effective potential associated to a given ten-dimensional

background, and are particularly useful as they allow to use powerful positivity arguments

3Let us stress here that the interpretation of the BPS conditions in terms of D-brane calibrations
doesn’t mean that the backgrounds have to have D-string, domain-wall or space-filling D-branes, but we
impose the presence of space-filling D-branes for model building considerations.

4Strictly speaking it is the smeared version of the generalised current associated to the D3-branes, as
we will discuss in the text.
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from the branes calibration bounds in the study of the effective potential.

We can show that our new class of vacua shares one interesting property with the GKP
backgrounds, namely the fact that there is a natural truncation of the ten-dimensional
theory, suggested by the geometry, such that the off-shell effective potential is positive
semi-definite, and vanishes at the solutions. This statement is however not quite equiv-
alent to claiming the stability of these new vacua, since we have limited control on the
aforementioned truncation, as we will discuss at length.

On another note, we will also construct a new class of backgrounds generalising the

GKP vacua, where both the domain-wall and D-string calibration conditions are violated.

The outline of this section is as follows. In subsection IV.2.1 we review the generalised
complex geometry description of the GKP-like backgrounds and we introduce our two new
classes of non-supersymmetric backgrounds, with pure D-string supersymmetry breaking
and mixed Domain-wall and D-string supersymmetry breaking. In subsection IV.2.2,
we write the effective potential for these compactifications and derive the equations of
motion in the generalised complex geometry formalism, first for completely general D-
string supersymmetry breaking, and then for the two new classes of backgrounds we
found. We also address the question of the stability of these new solutions. Finally, in
subsection IV.2.3, which can be read (almost) independently, we present different explicit

examples of new non-supersymmetric vacua with SU(2) and SU(3) structures.

IV.2.1 N = 0 flux vacua in generalised complex geometry

The goal of this subsection is to construct and study new non-supersymmetric back-
grounds. To do so we will focus on situations where supersymmetry breaking occurs as a
perturbation around some supersymmetric backgrounds and it is controlled by parameters
whose vanishing would restore supersymmetry.

The idea is to modify the Killing spinor equations (I1.71) and (I1.72) while still assum-
ing that the internal spinors n; and 7, in (I1.59) are globally defined. This means that the
internal manifolds are still characterised by an SU(3) or SU(2) structure, and, in the gen-
eralised geometry language, by an SU(3)xSU(3) structure. The modified Killing spinor
equations are then equivalent to adding supersymmetry breaking terms to the right-hand
side of the A/ = 1 pure spinor equations (II1.71), (II1.72), and (II1.73). From now on, we
will call these new equations modified pure spinor equations.

As discussed in section IV.1, the supersymmetry conditions (IIL.71), (IIL.72), and
(IT1.73) correspond to the calibration conditions for supersymmetric domain-wall, string-
like and space-filling probe branes, respectively. Thus we will call the corresponding
supersymmetry breaking terms, domain-wall (DWSB), string-like (SSB) and space-filling

supersymmetry breaking.
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DWSB non-supersymmetric backgrounds have been studied in the framework of GCG
in [14], which also gave the general expression for the non-supersymmetric deformations
of the Killing spinor equations and of the associated modified pure spinor equations.

In this section we will review a simple subclass of the DWSB discussed in [11] and we
will discuss its geometrical properties, a discussion that we will then extend to our new
classes of solutions describing SSB supersymmetry breaking, with and without DWSB
breaking.

However, in contrast with the supersymmetric case, there is no reason to expect the
solutions of the modified pure spinor equations and the Bianchi identities to be solutions of
the equations of motion. So the supersymmetric breaking terms have to satisfy additional

constraints in order to have a real vacuum, which we will discuss in subsection IV.2.2.

a) The DWSB vacua

Non-supersymmetric solutions corresponding to DWSB have been studied in [14]. The
parametrisation of the most general DWSB deformation can be found in Appendix B of
[14]. As it is hard to find solution in such general context, [11] focuses on a subset of
solutions that only depend on a single supersymmetry breaking parameter.

For the one-parameter DWSB class, the modified Killing spinor equations are®

1 1

5¢£1) = 56‘4’3/“( X (TT/T) + c.c. 5¢£2) = ieA’s/MC ® (T’I’/;) + c.c. (IV].?)
1 1
Aeg = (@ (—rn)) + c.c. Aey = (@ (—rn3) + c.c. (IV.19)

As suggested by its name, the one-parameter DWSB subclass only depends on a single
supersymmetry breaking parameter, r, as the O(6) matrix A is completely defined by the
background geometry:

m = iUns UrmU ™t = A n, (IV.20)

where U is a unitary, point-dependent operator acting on six-dimensional spinors.

The corresponding domain-wall BPSness violation is then
1
dp (34720, =ire’A=2((—1)%2lIm¥, + 5 Amny " ImW17"). (IV.21)
where 4™ are Cliff(6) gamma matrices acting on a form w as

A = (gann + dym/\)w wy™ = (_1)|w|+1(gmnbn _ dym/\)w. (IV.Q?)

SHere we write the modified dilatino variation defined in (C.4).
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The modified domain-wall condition (IV.21) can be rewritten in a way that makes
explicit its implications for the geometry of the internal background [11].

We suppose that the internal manifold M admits a generalised submanifold (3, F),
where X is a subbundle of odd/even dimension n in type IIA/IIB. Since the space-filling
calibration condition (III.73) still holds for this class of backgrounds, we can choose (3, F)
to be calibrated by w*f = e?47?ReW;, such that the BPS space-filling branes of our
backgrounds will wrap the calibrated generalised submanifold (X%, F).

We can then split the tangent bundle as

T=TYaTYt, (IV.23)

with T¥+ the orthogonal completion of TS, and define a local vielbein {e%} on TE @ TE+

and its associated gamma matrices
A% = (6% 4 e™A)w wA® = (=1)H (5%, — @A) (IV.24)

One can then express the operator U in (IV.20) as

€01--an—2kb1...bog

U=
o) 2 (n — 2k)!K12F\/det(g]s + F

)/yaln-anf2kfb1b_2 . ']:b2k71b2k7 (IV'25)
and the corresponding O(6) matrix as
A=11— (gl +F)gls - F), (IV.26)

where 1, is the projection onto TS+
Then (IV.21) becomes

dp (e*4700y) = irj, (IV.27)
with
j=a(—1)VeledA-e VT2 vdetgls -7 o(voly), (IV.28)
det(gls + F)

where vol | is the volume form on the space orthogonal to the cycle ¥ such that volg =
voly; A vol) , and |Ws| is the degree mod 2 of Ws.
The polyform j is a smeared version of the Poincaré dual to the generalised cycle

Y. F). and therefore it is a (smeared) generalised current for (X, F)®. Moreover, the
( b ) g ) b

5To illustrate, let’s consider the simple cases where F = 0. We have
j=4(-1)"21*4 %5 (vol L), (IV.29)

which is the ordinary smeared Poincaré dual to the cycle ¥, and T(x,0) = TX @ T"|g1 is the null space of
7, which is a defining property of the generalised current.
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right-hand side of (IV.27) is dg-exact and so dpg-closed and, by Frobenius’s theorem, it
follows that the generalised sub-bundle (X, F) is integrable and that dF = H|y. This
means that the manifold M is a foliation with leaves (X, ), which are calibrated gener-
alised submanifolds, thanks to (II1.73).

Note that solving (IV.27) for a given generalised foliation (3, F) constrains the pos-
sible choices for r. Indeed, it has to be chosen such that the right-hand side of (IV.27) is
dg closed. The supersymmetry parameter can therefore not be multiplied by arbitrary
complex functions, and these backgrounds truly depend on one parameter only.

It is also important to note that the sources of these backgrounds are taken to be
parallel, so their internal manifolds admit a unique generalised calibrated cycle (3, F)

wrapped by all the sources.

The one-parameter DWSB class includes the GKP vacua [3] as well as vacua with
D4, D5 or D6-brane sources that can be obtained by T-dualising the GKP solution.
Non-supersymmetric GKP vacua [3] are solutions of type IIB compactifications, with
D3-branes and O3-plane sources, and non trivial NS and RR three-form fluxes.

GKP-like vacua correspond to particularly simple representative of the one-parameter

DWSB class of vacua, where we have
A=1 (IV.30)

and (X, F) is the trivial foliation whose leaves are points of M. In this case, the D-branes
sitting on such leaves are D3-branes, and the failure to calibrate the would-be domain-wall

branes originates purely from the H(3 ) components of the NS-flux’:
dp (21790, = 479 H A Uy = dire4~%vols. (IV.31)

Backgrounds with D5 and D6-branes have been explicitly constructed in [11], and we

will revisit them when turning to the examples of our new backgrounds in section 1V.2.3.

Let us consider again the generalised tangent bundle to the foliation with the gen-
eralised submanifold (3, F). We saw that for supersymmetric backgrounds, (X,F) is
a complex generalised submanifold due to the integrability of the complex structure.
Thanks to this property it is possible to study deformation (X, F) and then of D-branes
in the background [2].

For the one-parameter DWSB backgrounds [J> is not integrable anymore and one
might wonder what can be said about (3, F). Recall from section IV.1 that the generalised
tangent bundle T(5; r) associated to the foliation with the generalised submanifold (%, F)

Twith respect to the almost complex structure defined by the internal spinor, for which U5 is a (3,0)-
form.
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is an almost Dirac structure. As pointed out in [14], for DWSB vacua (IV.27) implies
the (conformal) closure of the associated generalised current and therefore Tx; r) is still
integrable: it remains closed under the twisted Courant bracket.

The integrability of the Dirac structure associated to (3, F) has the important
consequence that one can define a differential d(x 7) acting on the graded complex
@2:0 AkT(*E’ ) It also allows to preserve some notion of "generalised holomorphicity".
Let Ly C E be the subbundle with +i-eigenvalues with respect to the generalised almost
complex structure Jo. Lo defines an almost Dirac structure, which is not integrable as

Jo is not. However, we can consider the complex bundle
L(Z, F) :T(E, ]:)ﬁLQ = {V - (T@T*)Q@C ’ V-\IJQ ZV-jZO}, (IV.32)
which, in contrast to Lo, is stable under the twisted Courant bracket:

[ViWlg-j=-W-V-dgj=0 (IV.33)
[V.W]g - 34700 = —W -V - dg(e347%0y) = —irW -V - j =0 (IV.34)

precisely because® of the modified pure spinor equation (IV.27) and because of the in-
tegrability of the Dirac structure associated to T(x; 7). The collection (La, [, ] ,a)? is
therefore a Lie algebroid and one can thus define a differential that we call 9x r) on
@i:o AkLZ‘X ]_-)10, and thus even though J5 is not integrable, the structure of the one-
parameter DWSB class allows one to have a notion of holomorphic differential dx; r), at
least with respect to the foliation with (X, F).

It has been speculated in [141] that the first cohomology group of this differential

1
s, 7

backgrounds, much like in the case of supersymmetric compactifications [93]. The authors

might define the moduli-space of the D-branes in the one-parameter DWSB

also postulated that the non-integrability of the structure J> might result in a closed
string moduli space that is not a complex manifold, since it is what happens for the GKP

construction. We refer the reader to [11] for more details on this matter.

b) The SSB vacua

We consider here another class of non-supersymmetric backgrounds where supersymmetry
is broken by deforming the D-string calibration condition (III.72). We refer to this way

of breaking supersymmetry as SSB, D-string or string-like supersymmetry breaking.

An example of SSB solution has been discussed in type IIA [15]. It is obtained by

8Here we considered e34~?W, for convenience but of course one finds the same result for Ws.

9We recall that a is the anchor map.

10The subbundle L¢s, 7) is guaranteed to be three-dimensional from the compatibility of the pure
spinors Wy and j, see for instance [35].
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adding to a supersymmetric solution new components to the NS-field-strength, carefully
chosen for the background to keep on respecting the equations of motion. The modified

pure spinor equations read

dp (3470Wy) = 0 (IV.35)

dp (4 7Im¥y) = 242 H A TmW; = ¢ 547 2%v0lg (IV.36)

dp(e**~?Rel) = e*56F, (IV.37)

where ¢ is a supersymmetry breaking parameter. We refer the reader to [15] for the

explicit form of the solutions and the details of the construction.!!

It is important to note that the supersymmetry breaking term ¢ e54=2%volg has no
given geometrical interpretation'?, and then that no conclusion has been reached regard-

ing the stability of these backgrounds.

This is in stark contrast with the situation of the one-parameter DWSB class, where
the supersymmetry breaking term j is understood as the (smeared) generalised current
associated to the background sources and is a key ingredient in the discussion of the

stability of the one-parameter DWSB class.

It would therefore be interesting to construct non-supersymmetric backgrounds with
string-like supersymmetry breaking, but this time with a supersymmetry breaking term

that has a given geometrical interpretation.

In this section, we will introduce a new class of SSB backgrounds, which relies on the
same ingredient as for one-parameter DWSB solutions, namely the foliation structure of
M by a generalised calibrated submanifold (3, F).

More precisely, its supersymmetry breaking term will depend again on the (smeared)
generalised current associated to the calibrated space-filling D-branes present in the back-
ground, much like the one-parameter DWSB case. The main motivation is that we can

then benefit from the same kind of arguments when addressing the question of stability.

Our starting point is the following assumption: the internal manifold admits a gener-
alised foliation by the generalised cycle (3, F). More precisely, we consider backgrounds
that admit calibrated parallel space-filling sources and we introduce a polyform j which

plays the role of a (smeared) generalised current for our sources, which therefore wrap

UNote that our pure spinors, volume form and NS-flux conventions differ to the ones in [15]: Wours =
_Si\IItheirm Hours = _cheir57 VOIG ours — _V016 theirs -
2The backgrounds considered in [45] are intersecting NS5-D6-D8 models: the geometrical understand-

ing of intersecting branes in GCG is fairly limited, and the literature on the subject is scarce, with the
exception of [94].
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(3, F), as in the DWSB case

\/det
j= 4(—1)"1’2‘63A_¢e—g’26_‘r Aao(voly), (IV.38)

Vdet(gls + F)

where vol | is the transverse volume to the cycle 3. The current j is by construction dg
closed as (3, F) is a generalised cycle (see section IV.1).

The decomposition of the generalised current j on the SU(3)xSU(3) structure is again
j=eA0((=1)Yelimw, + %Amwmlm\pwn) (IV.39)

with, as in the previous section,
A=1, —(gls+F)gls — F). (IV.40)

However, in contrast with the DWSB construction, the domain-wall and the gauge BP-

Sness conditions are both obeyed

dp (e3472Wy) = 0 (IV.41)
dp (e* 7 PRel) = 36 F, (IV.42)
and we consider the following violation of the D-string BPSness'?
Ay (47T ) = aun [y + (= 1)1y (IV.45)
= 2ap,, dy™ N 7, (IV.46)

where the gamma matrices are defined in (IV.22) and dy™ span the directions transverse
to the covolume of 3. The coefficients {a,, } are real and are the supersymmetry breaking
parameters.

As for DWSB, imposing that the manifold is a generalised foliation constrains the
possible choices for the «,,. Indeed, it has to be chosen such that the right-hand side of
(IV.46) is dy closed. Therefore the oy, can’t be multiplied by arbitrary complex functions,
and these backgrounds depend on dim(X) parameters only.

The supersymmetry breaking term in (IV.45) can also be expanded on the SU(3)xSU(3)
structure defined by the two pure spinors Wy and Wo, it is given in (C.33). As it is not

131t is also useful to consider a local formulation in terms of the vielbein basis, which we will use when
discussing concrete constructions of backgrounds:

A (e ImWn) = aa[§"5 + (—=1)V'59°] (IV.43)
= 28qe* N j. (IV.44)
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a particularly insightful expression we will keep on using the parametrisation in terms of
the generalised current from then on.

Note also that this ansatz is simply one of the different possibilities to write down
an SSB term in terms of the generalised current. Our choice is dictated by simplicity:
it is natural to construct backgrounds with such a supersymmetry breaking term and it
requires only relatively reasonable additional constraints in order to find solutions to the

equations of motion, as we will discuss at length in subsections IV.2.2 and 1V.2.3.

As for the one-parameter DWSB, the closure of the generalised current j implies that
the generalised bundle T(x, r) associated to the generalised submanifold (%, F) defines a
Dirac structure which is integrable. Then, it is again possible to define the differential
d(s, 7) acting on the graded complex @k o NPT (E -

However, in contrast with the one-parameter DWSB situation, the generalised almost
complex structure Jo is integrable, because of the conformal closure of the pure spinor

o (IV.41). Therefore, one can define a differential 07, acting on the graded complex
@2:0 AFL3%, where Lo is the 44 eigenbundle of J». The differential 7, is the generalised
Dolbeaut differential, introduced in III.1.1.

Moreover, as the foliation (X, F) is an almost generalised complex foliation, we can

consider the three-dimensional complex sub-bundle
L, 7y =Tz, ;)N L2 = {(VeTaoT)C|V -Uy=V-j=0}, (IV.47)
which is stable under the twisted Courant bracket:

[ViWlg-j=-W-V-duj=0 (IV.48)
VW] - 4720y = —W - V - dy(e*A%0,) = 0. (IV.49)

As in the one-parameter DWSB case, one can therefore define a differential that we call
5(2 7) on the graded complex @2 -0 A’“Lz‘Z 7y It is then reasonable to postulate that
the first cohomology group of this differential H 1 . might define the moduli-space of
the D-branes present in our backgrounds, like 1n the supersymmetric case. Note that
the complex bundle L(x 7) and thus the cohomology group H 1 » clearly depend only
on one of the pure spinors, W5. This fact has a clear 1nterpretatlon for supersymmetric
backgrounds, when described from the four-dimensional perspective, see [93], whereas we
do not have access to an analogous explanation, since we have much less understanding
of the four-dimensional theories associated to our backgrounds (see subsection IV.2.2).
Moreover, the fact that this way of breaking supersymmetry preserves the integrability
of the generalised complex structure [J> seems to suggest that the closed string moduli

space could still be a complex manifold. It could be useful to turn to the exceptional
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generalised geometry formalism [39] to address these questions, for instance by performing
a non-supersymmetric analogue analysis of the one developed in [61]. However, even if we
will further comment on such questions in chapter V, making precise statements about

these problems is beyond the scope of the present work.

Finally, from now on, we consider generalised foliations with F = 0. The form degree
of the supersymmetry breaking term is therefore codim(X) 4+ 1. Then (IV.43) can only
be respected if

type(¥1) < codim(X), (IV.50)

where the type of a pure spinor is its lower form degree. For instance backgrounds with
an SU(3) structure in type IIA have type(¥;) = 3 so dim(X) < 3, which corresponds to
D4 or D6 branes only. We will explicitly construct some backgrounds with such sources
in section IV.2.3.

c) Vacua with both DWSB and SSB contributions

The two classes of symmetry breaking described so far correspond each to the failure to
respect one specific differential calibration condition, either the domain-wall or the string-
one. Here, we would like to discuss more general cases where supersymmetry is broken
by violating both the domain-wall and string-like calibration condition, while keeping
calibrated space-filling sources in the background.

In the light of the previous discussion, it is natural to consider non-supersymmetric
backgrounds which combine the specific DWSB and SSB contributions discussed in the

previous sections

dp (3470Wy) = irj (IV.51)
A (€A PIm¥,) = ap[y™j + (=1)1j4™ (IV.52)
dp (e* 7 PRel) = 56 F. (IV.53)

Here again the internal space is taken to be a generalised foliation (X, F), and j is its
smeared generalised current, while the sources wrap the calibrated generalised cycle X.

The main geometric properties of the one-parameter DWSB class will be preserved by
the additional SSB contribution: the subbundle T{x, ) also defines an integrable Dirac
structure, the generalised complex structure 7 is not integrable, and the foliation (X, F)
is an almost generalised complex foliation, so one can still define the following complex
bundle

L ry=Ts »Nl={Ve(TaT)@C|V - U=V j=0}, (IV.54)
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which is stable under the Courant bracket. One can therefore again define the differential
5(27 F) on @%zo AkL’("27 F) which provides a notion of a holomorphic differential, at least
with respect to (3, F).

We will come back to this class of vacua later on, write down its equations of motion
in subsection IV.2.2 and construct some explicit backgrounds solving these equations in
subsection IV.2.3.

IV.2.2 Effective potential and equations of motion from pure spinors

In the previous subsections, we presented different classes of non-supersymmetric back-
grounds in terms of the modified pure spinor equations they obey. However, unlike the
supersymmetric case, the solutions of the modified pure spinor equations (plus Bianchi
identities) are not guaranteed to solve the full set of equations of motion and thus to
describe true vacua of type II supergravity.

In order to check that the solutions of the modified pure spinor equations are actual
supergravity backgrounds, we will follow the strategy of [11]: write the most general four-
dimensional ‘effective potential’ from the ten-dimensional type II supergravity action,
and use the fact that the extremisation of the four-dimensional action is equivalent to
satisfying the ten-dimensional type II supergravity equations of motion.

The term ‘effective potential’ is a bit misleading since it does not come from a trun-
cation of the ten-dimensional theory to a finite set of four-dimensional modes.

However, the reason behind this choice (instead of just tackling the ten-dimensional
equations of motion upfront) is two-fold. First of all, the effective potential can be written
as an integral over the internal space of expressions involving the pure spinors and, by
varying it, one can express the equations of motion as some tractable differential equations
on the pure spinors. Secondly, the effective potential allows us to discuss the potential
presence of closed string tachyons from the four-dimensional perspective and thus (par-
tially) address the question of stability of our different backgrounds. For our Minkowski
backgrounds, this translates into the requirement that the effective potential must be
positive semi-definite.

Indeed, even though we do not perform a complete reductions to the four-dimensional
effective theories, we will be able to find natural ‘truncations’ suggested by the geometry
for our new classes of backgrounds such that the effective potential will be positive semi-
definite, therefore excluding the potential presence of closed string tachyons. The semi-
definite positiveness will be argued through the use of calibration bounds such as (IV.6)

rewritten in the pure spinor formalism.

The equations of motion in terms of pure spinors are hard to obtain in full generality,

and they have not been derived yet. However, they have been written down in [11] for
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the case of the one-parameter DWSB family, using the specific forms of the modified
pure spinor equations discussed in IV.2.1.a). In these cases it has been shown that the
equations of motion reduce to relatively mild additional constraints to add on top of the

modified pure spinor equations.

We start this section by recalling the general expression of the effective potential
in terms of the pure spinors derived in [11]. In subsection IV.2.2.b) we summarise the
results for the one-parameter DWSB case, presenting its effective potential and equations
of motion. The subsection IV.2.2.c) then contains our new results on the effective potential
and equations of motion for both purely SSB constructions and mixed SSB and DWSB
constructions. We first derive the equations of motion for the most general violation of
the D-string calibration condition, and we then specify them to our two new classes of

backgrounds.

a) The type II effective potential from pure spinors

In this section, we recall the derivation of the ‘effective’ potential of [11]. We are interested

in configurations where the space-time is warped
ds?y = eQA(y)ngx“d:cV + gmndy™dy", (IV.55)

with g, now a generic four-dimensional metric, and with non-trivial NS and RR-fluxes.
We assume that the metric g,, depends only on the external coordinates, while all the
other fields, warp factor, internal metric and fluxes depend only on the internal coordi-
nates.

The effective four-dimensional action for such configurations takes the form
1
Sef = / d4l'\/ —g4 <2NR4 — 277Veﬂ‘) , (IV.56)
Xy

where Ry is the four-dimensional scalar curvature, N is the warped volume of the internal

space
N =d4r / e?472% yolg (IV.57)
M

and the effective potential density is given by
1 1~
Vet = / volge*{e 2 [—R + 5H2 — 4(de)? + 8VZA +20(dA)?] — 5F?} (IV.58)
M

+ Z Ti </Z =9 [det(gls, + Fi) — /E Clsg, A B‘Fi> , (IV.59)

i€loc. sources

with R the six-dimensional scalar curvature.

The first line in Vg corresponds to the closed string sector, while the second line is the
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contribution from localised sources. We follow the conventions of [44] where 27vo/ = 1,
so that the tensions of all D-branes are equal 7p, = 1 and for O-planes 7o, = —2075,
Notice that we are also omitting the internal field kinetic terms, since they are taken to be
constant along the external directions'?. The sources couple to the RR potentials defined
by dyC = e*AF.

As argued in [11], the variations of the four dimensional action (IV.56) exactly repro-
duce the ten-dimensional equations of motion (see Appendix A for the expression of the
equations of motion). Moreover, from the variation of the four-dimensional action with

respect to gu,,15, one gets that the external space is Einstein, with
Ry = 81Vegt/ N. (IV.60)

Notice also that the variation of the effective action with respect to the electric RR

potentials reproduces the Bianchi identities
dgF = —jiot = — Zﬂ‘ju (Iv.61)

where, as described in section IV.1, j; are the (smeared) generalised current associated to
the D-branes wrapping cycles on the internal manifold.

In the following discussions it will be convenient to consider the external component
of the modified Einstein equations (A.29). This can be obtained by combined variations

of (IV.56) L
eff eff
9 —
5A 750

0. (IV.62)
A central result of [11] is the fact that the effective potential (IV.58) can be expressed in
term of the pure spinors. The general expression is

Vet :% / (F6[dg (e 2Im¥y)], d gy (e*4~¢Im ¥y ))
M

1 _ 5 _ =
45 [ e Feldu (e 0w, da (0 E))
1
+ 5/ volg e kg F — e *d g (e~ ?Rely)|?
M

[ (r (U1, (@00 P | |0, da(7700,) \2>

V016 VO]G

- /M volge™ ™2 [(ug)? + (uk)?]

" As in [14] we neglect anomalous curvature-like corrections to the sources contribution and, for O-
planes, we take F = 0, as they are not seen as dynamical objects in the compactification.

15which from the ten-dimensional perspective is equivalent to the internal space integral of the external
ten-dimensional Einstein equation’s trace.
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+ > 0T /M e (volg p}*° — (ReWy, ji))

iCD-branes

+ / (e 9ReW| — C,duF + jiot) (IV.63)
M

where the square of a polyform is defined in Appendix A, and

U’ = updy™ = (ug + )y, (IV.64)
with

i (Y U 2A=Tm P U 34-oy

ub =L ¥ (@) | ¥, dig(*4700y)) (IV.65)
e2A=¢ (W, Wy) 263470 (W5, Uy)

o (=DMl (W, dy (247 0Im ¥y ) (1) (Tay,, d g (3470 03))
ul = g ¢ (IV.66)
e2A=0 (U, Uy) 2e34-9 (Uy, Wy)

We have also introduced the Born-Infeld density plioC associated with a source wrapping

a generalised submanifold (X;, F;)

det gl + Fi
Joc l s,
Vdetg

With this definition, it’s insightful to rewrite the algebraic inequality (IV.6) in terms

loc.

(IV.67)

of p
<RQ\I]1 ) jl>
VOIG

loc
i

(IV.68)

where the division by the volume form means that we remove the volg factor in the numer-
ator. We take the sources to be calibrated as boundary conditions, which corresponds to
the saturation of this bound. This bound also implies that the sixth line in the expression

(IV.63) of Veg is always positive.

Varying the effective potential (IV.63) with respect to the dilaton, the NS and RR-
fields, and the warp factor, one should obtain the ten-dimensional equations motion di-
rectly in terms of the pure spinors. However, so far this has not been done in the general
case.

In the following, we derive the equations of motion for the most general violation
of the D-string calibration, and we specify them for the cases of our DWSB and SSB

constructions presented in subsections IV.2.1.b) and IV.2.1.c).

b) DWSB effective potential and equations of motion

We can now turn to the case of the one-parameter DWSB construction, and extremise

its effective potential to find out what are the additional constraints to impose on the
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one-parameter DWSB solutions to promote them to actual supergravity vacua. We briefly

present the results, since they have been derived in [11].

Given that the D-string and gauge BPSness conditions (II1.72) and (II1.73) are re-
spected for the one-parameter DWSB class, the first and third line of the effective potential
(IV.63) vanish. Then, combining D-string BPSness (II1.72) and the modified DWSB con-
dition (IV.27) one can show that the terms proportional to u! and u? in (IV.63) are also
zero. Finally, the saturation of the calibration bound (IV.68) and the Bianchi identities
(IV.61) imply that the last two lines of (IV.63) vanish, leaving

1 B _ =
Ver =3 /M =24 (6 dp (BA70T,)], dpr (¥4~ T)

1 Uy, dg(e3420,)) |2 Uy, dy(e342W,)) |2
_,/ o—24 (Y1, du(e ) I°, [(¥1da(e 2D ) (IV.69)
4 Jm volg volg

The effective potential (IV.69) is sufficiently simple to derive the corresponding equa-
tions of motion [11]. We simply give the main results of the analysis and we refer to [14]
for more details. Vg depends explicitly on the warp factor, the dilaton and the NS-field-
strength, and it depends implicitly on the internal metric through the Hodge operator,
the pure spinors and the volume form. One should therefore vary it with respect to these
fields to find the equations of motions.

The dilaton equation is obtained by varying Vg with respect to the dilaton and it is
satisfied identically by imposing the modified domain-wall BPSness equation (IV.27).

As we will also discuss in the next subsection, the external modified Einstein equation

can be written as

(eMF — Ay (e*PReWy), F + dpr¥g(e *ReWy))
+et=0 3 nlpvols — (ReWy, i) | =0, (IV.70)

i€loc. sources '
which is identically satisfied when the gauge BPSness is obeyed and the calibration bound
(IV.68) is saturated. The external components of the modified Einstein equations are
satisfied not only for the one-parameter DWSB class, but for any background preserving
the D-string and gauge BPSness and violating the domain-wall calibration condition.
For the internal Einstein equation, the variation of the effective potential with respect

to the internal metric gives
1
T { (gyndy® Aty 2, dig [ 790" (3ReWs + 3 (— 1) AP Re®17)]) | =0, (IV.71)

which imposes some non-trivial constraints the DWSB configurations must satisfy to be

true supergravity solutions.
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Another set of constraints comes from the variation of Veg with respect to the NS-field

d{64A72¢ <III1(T*\I/2), 3ReV; + %(_1)|W2‘Amn7mRe\Ij17n> ] =0. (IV'72)
3

Interestingly, the NS-field equation of motion and the internal Einstein equation can

be unified into the following condition:
1
/M eI {r* (3, pldn (>0 Vo)), BReWy + o (—1)V2 Ay "Re®17") } =0, (IV.73)

where d, g denote a generic deformation of internal metric and B-field. Given that the

one-parameter DWSB backgrounds satisfy
1
(dp(e3479W,), 3ReW; + 5(—1)\%IAm,ﬂmeym =0, (IV.74)

the conditions (IV.73) can be seen as a stability condition of (IV.74) under deformations
of dy(e34=9W,), thus providing a four-dimensional interpretation of these equations of
motion, in terms of a stability condition for some F-flatness condition under such defor-

mations, see [11] for more details.

Finally, note that the effective potential (IV.69) vanishes when evaluated on the one-
parameter DWSB background. This can be seen by directly expanding the effective
potential (IV.69) on the SU(3)xSU(3) structure: we find that the terms in the two lines

compensate exactly, as expected for backgrounds with Minkowski, external spaces.

Alternatively we can also use (IV.27) to rewrite the effective potential in terms of the

generalised current j associated to the generalised foliation (3, F)

1 g2 s o (L) P
Ve =5 [ e M Fadog) - B (1V.75)

which will turn out to be an insightful formulation when considering the off-shell one-
parameter DWSB potential in subsection 1V.2.2.d).

The vanishing of the one-parameter DWSB effective potential can here be interpreted
as the saturation of a calibration bound. Indeed, if j ) is the generalised current of
a submanifold (I, R), which is not necessarily calibrated, the following bound can be
derived from (IV.6)

(W1, ) 2

o (IV.76)

(*6J11,R)> JOL,R)) =

This bound gets saturated if the generalised submanifold is calibrated, which is the case

for the one-parameter DWSB backgrounds, and the effective potential therefore vanish.
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c) SSB effective potential and equations of motion

We consider now the SSB configurations introduced in subsection IV.2.1.b). Since SSB
backgrounds haven’t been studied in details in the literature, we discuss this case in more
details.

We consider the most general violation of the D-string BPSness, without any non-
calibrated sources in the backgrounds. We also assume that the Bianchi identities are
respected.

We first discuss how the effective potential simplifies. The domain-wall and gauge
BPS conditions, (II1.71) and (II1.73) set the second, third and fourth line in (IV.63) to
zero. Also in this case, the last two lines of (IV.63) vanish due to the saturation of the
bound (IV.68) and the Bianchi identities (IV.61). Then the effective potential is

1 - _ _
Vet =5 /M <>k6[dH(e2A ¢Im\111)],dH(ezA ¢’Im\111)>

4 / volee 29[ (uh)? 4 (ud)?, (IV.77)
M

where {ul:?} reduce to

L i (P, dg (247 9ImTy))

Uy = 2A=0 (W, 0 ) (IV.78)
i, =D e S ) av.ro
Varying Veg with respect to the dilaton gives the dilaton equation of motion
(dp (24~ °Im¥,), E) = 0, (IV.80)
while the variation with respect to NS-field B is
d[e*A7¢ (Im¥y, =), ] = 0. (IV.81)

The polyform = is defined as
2 = fdp (2 ImW,) + 224 %0k AMReW; + 2(—1)¥20e24792 Rel 4™, (IV.82)

We are left with the Einstein equations. To derive the internal component of the
Einstein equations, one needs the following rules for the variations with respect to the

internal metric

1
0y/detg = — §6gm”gmn\/detg (IV.83)
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o mnr /3 1 >
8 (kex1,x2) = 09™" [ (*6tmX1s tnX2) — 59mn (*6X1, x2) | (IV.84)

1
oU; = — §5gm"gk(mdyk AW i=1,2. (IV.85)
Then, we find that the internal Einstein equations read
(gk(mdyl’C A Ln)(ezA_¢Im\I!1), dyZE) — (gk(mdyl’C A Ln)dH(eQA_‘bIm\I/l), E)=0. (IV.86)

It would be interesting to further develop = by plugging in the general SU(3)xSU(3)
decomposition of dg (e24~?Im¥ ) with only D-string BPSness violation (C.24). One could
then use the fact that the %g operator eigenstates are also eigenstates of the SU(3)xSU(3)
structure'® to write these equations of motion on the generalised Hodge diamond, as first
order differential equations on the supersymmetry breaking parameters introduced in
Appendix C. One could then search for more general non-supersymmetric solutions of
type II supergravity with SSB-like supersymmetry breaking. We won’t do this here, as
we will focus on our ansatz in IV.2.1.b).

To study the external component of the modified Einstein equation we will follow [14].

We first reduce the ten-dimensional equation (A.29) on our warped configurations
V(e 20V et) = AR . F 4 4490 Z TP, (IV.87)
i€loc. sources

and rewrite it in terms of pure spinors as

—d(e7% xg de) = (36 F, e F) — (dgeF, e ~*Rel)
+eth? 3 5| ptvols — (ReWy, ji) | (IV.88)

i€loc. sources

by using the Bianchi identity (IV.61) together with the RR-field-strength self-duality
(I11.64).

At this point we see the difference between the DWSB configurations of [11] and the
SSB ones. For DWSB, using D-string and gauge BPSness, one can prove the identity

d(e™2? g de*) = d (k6d g (e* PReWy), e PRely ), (IV.89)
which in turn allows to rephrase (IV.88) as

(eMF — dy(e*~PReW)), F 4+ dy¥g(e ?Rely))
+64A_¢ Z T {p%OCVOI(; - <Re\111,]1>} =0. (IVQO)

i€loc. sources

'6ee for instance [6].
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However, for generic SSB configurations the identity (IV.89) does not hold and therefore,
neither does (IV.90).

For generic SSB configurations without non-calibrated sources, the external compo-

nent of the Einstein equation therefore can’t be reduced further than
—d(e7% xg de?) = (5 F, e F) — (dgFeF, e ?Rel) . (IV.91)

We can now specify the equations of motion we found above to the SSB class intro-
duced in subsection IV.2.1.b), where the pure spinor equations are (IV.41), (IV.42), and
(IV.45).

Let’s first discuss further the external components of the modified Einstein equations.
Interestingly, using the gauge BPSness and our specific ansatz for the D-string BPSness
violation (IV.45), we can show that once again the identity (IV.89) holds. The external

modified Einstein equations are therefore again

(eMF — dp(e**PReW), F + dp¥g(e *Rel))
+€4A_¢ Z Ti [p,lL-OCV016 — <R6‘1’1,jl>} =0, (IV92)

i€loc. sources

which are satisfied for our class of backgrounds, thanks to the gauge BPSness and the

calibration of our space-filling sources.

Moving on to the other equations of motion, the {u}zfn} terms in = reduce to!”

:(_1)|\I’2‘€A(am - Amnan) (IV93)

uk
u%m :(_1)|\D2‘€A(O‘m - Anman) (IV94)

Then, the dilaton equation of motion is automatically satisfied, once the specific form of
the D-string BPSness violation (IV.45) is used. The NS-field equation of motion doesn’t

get simplified further, while the internal Einstein equations reduce to
(Ge(mdy® A 1y Im¥y, dg =) = 0. (IV.95)

We will construct different concrete examples of backgrounds in section IV.2.3, and
we will see then that the equations of motion presented here can indeed be satisfied by
such vacua.

Note also that, as in the one-parameter DWSB case, one can unify the equations of

motion for the NS-field and the internal Einstein equations, into the following integrated

"We could also further specify = by expanding on the SU(3) x SU(3) structure the specific ansatz (IV.45)
in the %6dg (e>*~?ImW¥,) term, but the resulting expression is neither compact nor enlightening.
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condition.

/ (6,8[da (€4~ ?Im¥y)], E) = 0. (IV.96)
M
However, we don’t have access to a four-dimensional interpretation of this condition.

Finally, it is important to realise that for our class of SSB backgrounds, the effective
potential Vg can also be rewritten in terms of the generalised current associated to the

generalised foliation. Indeed, it is straightforward to show that'®

(%6[d g (24 °ITm¥)], d (247 °Im ¥y )) = 464,6™ (%67, 5) (IV.97)
Uy, 7) 2

(uh)? = (u3)? = 4 pame-1a-20) [P T 1’*;> " (IV.98)
volg

Using these two equations, the effective potential of our SSB class can be brought to

w50 |2}. (IV.99)

VOlG

Var =2 [ ™| (36 g) -
M

Given that the bound (IV.76) is saturated for our SSB class, the effective potential van-
ishes again, as expected for Minkowski backgrounds.

However, even though this expression is interesting to highlight a common structure
between the one-parameter DWSB backgrounds, with effective potential (IV.75), and
our SSB class, it is also important to remember that the two expressions come from
different terms in the effective potential, and these have drastically different physical

interpretations in terms of the effective theory, which we will make more precise later on.

We can now turn to configurations having both SSB and DWSB contributions, with
the modified pure spinor equations (IV.51), (IV.52) and (IV.53).

The effective potential is

Vet = 2/ (%6[dp (3479Wy)], dgr (347 2Wy))
_ ,/ 24 (U1, dp(e*420y)) |2 n | (U1, dp (e*4790y)) |2
4 VOIG VOlG

+3 / %6[dg (e 7Im¥))], d gy (€24~ Im¥,))

4 / volee =2 (uh)? + (u2)?], (IV.100)
M

where the first two lines are the contributions from the violation of the domain-wall

calibration condition, while the last two lines correspond to the contributions from the

8We prove these equalities using vielbein, since it gives more compact expressions and allows to make
the connection with the one-parameter DWSB class in the most natural way, but similar equalities can
be derived in the coordinate basis.
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D-string one.
The potential (IV.100) is nothing but the sum of the two effective potentials for the
one-parameter DWSB backgrounds and our SSB ansatz from IV.2.1.b). It can thus be

written as

_ s oam Lo oa oNTe o (P 4) P
Vefr—/M (204ma +§e 7| )[<*6J7J>—T16} (Iv.101)

where the two terms in the bracket still compensate through the saturation of (IV.76),

such that these backgrounds again have vanishing effective potentials.

The equations of motion for these backgrounds simply bring together the contributions
from the variations of the two effective potentials presented above.

The dilaton equation of motion and the external modified Einstein equation are there-
fore automatically obeyed given that the modified pure spinor equations are respected.

Then the NS-field equation of motion is
d|(—1)"2 M2 (Im (5 B), ©); — €247 (ImWy, Z)y | =0, (IV.102)
and the internal Einstein equations are

Im{(—l)'qj?leA <gk(mdyk Aty Wo, dy [eA=%r0)]) } — <gk(mdyk Aty Im¥y,dgE) = 0.
(IV.103)

For compactness, we introduced here the polyform
1
O = 3Re¥; + 5(—1)|“1“2‘A,,mfymf{eqm” . (IV.104)

When discussing concrete background examples, the following relationship between

the polyforms © and = will prove to be useful

= :(*1)|\P2|63A_¢0Aéa(’ya@ + (71)|\Il1|+1@,ya) (IV.105)
=2(—1)I¥2le34-949,,0. (IV.106)

In contrast with the previous situations, both the NS-field equation of motion and the
internal Finstein equations could in principle have non-vanishing DWSB and SSB con-
tributions, that could cancel each other out. However, we won’t explore this possibility
and the background examples that we will present in section IV.2.3 will have both their

DWSB and SSB contributions vanishing independently.

d) Stability and generalised calibrations

In the previous sections we showed how to find classes of non-supersymmetric backgrounds

by solving modified supersymmetry variations and then considering the additional con-
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straints the configurations must satisfy to be solutions of the equations of motion.

An important question to address is whether these non-supersymmetric backgrounds
are stable. There are two kinds of instabilities one could face: under small perturbation
or by quantum tunnelling,.

We will try here to address the first, namely the potential presence of tachyonic
directions. As discussed in [11], a possible way to answer this question in again looking
at the four-dimensional effective potentials for the ‘off-shell’ fields of ten-dimensional
supergravity around the given configurations.

Notice that the effective potentials obtained this way are not genuine potentials asso-
ciated to four-dimensional theories, since we didn’t choose an appropriate truncation for
the ten-dimensional modes and we didn’t perform the actual reduction. To do so would
require the knowledge of the light modes of the theory, which is complicated to access for

19 This is beyond the scope of this work. However we will see that

general flux vacua
their are still some interesting things one can say about our solutions from this approach.
We start by reviewing the analysis of [14] for the one-parameter DWSB backgrounds

and then discuss how to extend it to SBB backgrounds.

The idea of [11] is to go off-shell, which is a way to look at fluctuations around a given
solution, and to see whether, under minor constraint on the ten-dimensional supergravity
fields, it is possible to derive an effective potential that is positive semi-definite.

From the general expression for Veg, it is clear that a first constraint to impose is the
Bianchi identity (IV.61) so that the last line of (IV.63) vanishes. The second condition
is to assume that the parameters {ul:?} in the modified pure spinor equations are zero.?
These terms correspond to vector-likes modes of the SU(3)xSU(3) structure group, and
should correspond to massive modes from the perspective of the reduced N/ = 1 and
N = 2 four-dimensional supergravity theories.

This is particularly clear for reductions to the N = 2 four-dimensional supergravity. In
this case, the vector-like modes correspond to massive spin %—multiplet degrees of freedom
for the four-dimensional theory, see for instance [3%], and these are seen as non-physical
degrees of freedom of N' = 2 four-dimensional supergravity, that should be truncated
away.

Anyway, these vector-like modes are not expected to give rise to light or tachyonic

contributions to the effective theories. Therefore by ‘truncating’ them away one is not

9Gee for instance [95] for a discussion of the dimensional reduction of general SU(3)xSU(3) type II
supergravity backgrounds to N = 2 gauged four-dimensional supergravity. It is also worth mentioning here
recent work where the full Kaluza-Klein spectrum have been worked out for a variety of flux backgrounds
using techniques from Exceptional Field Theory [96, 97].

2In term of deformations of the ordinary supersymmetry variations these terms appear in the mod-
ified dilatino variations. This condition means that the only allowed deformations of this equation are
SU(3)xSU(3) singlets.
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discarding potential instabilities of the reduced effective theory.

In order to go off-shell, we still consider an internal geometry that is a generalised
foliation, but we do not require the associate generalised submanifold, (II,R), to be
calibrated. This means that the violation of the domain-wall calibration condition now

takes the more general form
dH(egAf(b\IfQ) = Z'fj(an), (IV.107)

where jr,r) is now a generalised current associated to the submanifold (I1, R), which
isn’t necessarily calibrated away from the solution, and 7 is just a parameter, eventually
identified with the DWSB supersymmetry-breaking parameter mentioned above.

The ‘off-shell’ potential is then?!

1
Vg = = / volg|dg (€24~ ?Tm W, )|?
2 m

1
+ 3 /M volg e* |56 F — e~ dy (e*~?Rel))|?

| {(®1, Ji,r)) |2]

1 —241~2[ /=~ 5
+§/Me |7| [(*GJ(H,R)J(HR)> N volg

+ Y n [ Mol gl - (Rew ) (IV.108)
iCD-branes 7 M
The terms in the first two lines are trivially positive, and the last two lines are positive
because of the calibration bounds (IV.68) and (IV.76). The potential is therefore positive
semi-definite, and vanishes precisely for the one-parameter DWSB solutions.

As discussed at length in [14], notice that this implies that, under the previous as-
sumptions, the effective potential can naturally be interpreted as being of the no-scale
type. This is not a surprise, given that the one-parameter DWSB class contains the GKP
solutions and all its T-duals, which are of the no-scale type [3].

Let us stress that this is an interesting property of the one-parameter DWSB class,
but it is only an argument for the stability of this class with the caveat that we assumed

a specific truncation, that we don’t have precise control over.

A somewhat similar construction can be found for the backgrounds with SSB discussed
in sections IV.2.1.b) and IV.2.1.c). Here we discuss the backgrounds with SSB and DWSB
contributions of IV.2.1.c), but the backgrounds of IV.2.1.b) with only SSB contributions
exhibit the same behaviour.

We also impose that the Bianchi identities are satisfied away from the solutions and
that the internal manifold is still a generalised foliation. However we do not truncate

away the vector-like modes, as they are fundamental for the SSB constructions. This

2'Here we wrote the first line of (IV.63) as the square of a polyform, for clarity.
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(IV.110)

means that the off-shell violations of the D-string and domain-wall BPSness are

dH(egqub\Ifg) = 1TJIL,R)

dg (e ™?Im¥1) = Gm A" imr) + (—1)70R) gy 2)4™]

Here R is again a generalised current associated to the submanifold (I1, R), which
isn’t necessarily calibrated away from the solution, and {&m} and 7 are just parameters,

eventually identified with the SSB and DWSB supersymmetry-breaking parameters.

The ‘off-shell’ potential is then
/ volg e*|56F — e~ dy (e ?Rel)|?
(W1, JarR)) ’2}

V016

Veff = 5 o
X Zm 1 ~ .7 5
+/ (2ama +§e 2A|r|2)[<*6j(n,n) Jmry) —
) (IV.lll)

M
+ > Ti/ "% (volg pi°° — (ReWy, ji))
iCD-branes M

The first line is again trivially positive, and the last two lines are positive because of
the calibration bounds (IV.68) and (IV.76). The potential (IV.111) is therefore positive

semi-definite, and vanishes precisely for the solutions introduced in IV.2.1.c).

However, the situation differs from the one-parameter DWSB case, by the fact that

we purposely keep the vector-like modes {ul?}, that are believed to be massive modes

from the effective perspective.
Therefore, we stress that we present this truncation as an interesting property of

our backgrounds: there is a ‘truncation’ naturally suggested by the geometry such that

the effective potential is positive semi-definite, but this doesn’t constitute a proof of
perturbative stability, since we have no way to conclude whether we can truncate the
ten-dimensional modes in this way or not, and no way to reflect on the relative effective

masses between the vector-like modes we kept, and the modes we discarded.

Moreover, it might not even be sensible to talk about effective theories associated to

these ten-dimensional backgrounds, given the presence of these massive vector-like modes,
or it could be that their effective theories are non-supersymmetric with the field content of

N =1 or N = 2 supergravity with additional massive multiplets, or non-supersymmetric
solutions of four-dimensional supergravity theory with higher supersymmetry. Singling

out one option among these scenarios would require a rigorous prescription to truncate

and reduce the ten-dimensional theory, so we won’t address further these questions.
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IV.2.3 Examples of vacua with SSB supersymmetry breaking

Up until here we made a rather abstract presentation of our non-supersymmetric back-
grounds. The purpose of this section is to present concrete examples of our classes of
vacua with SSB contributions. We will focus on internal geometries admitting an SU(3)-
or a static SU(2)-structure, and we will discard the possibility to have a non-trivial two-
form F such that the generalised foliation (X, F) will be entirely defined by the cycle
3.

Throughout this section, we revisit the examples of one-parameter DWSB vacua con-
sidered in [14], adding SSB contributions to the pure spinor equations and removing or
keeping the DWSB one, to construct examples of the class of backgrounds introduced in
IV.2.1.b) and IV.2.1.c) respectively. We will therefore specify the following set of modified

pure spinor equations

dp(e*47%W,y) =0 or irj (IV.112)
A (A7 ImW) = o [y™5 + (—1)19154™)] (IV.113)
dp(e*~?Rel) = e* % F (IV.114)

for our different concrete cases.

We consider the generalised foliations of our internal manifolds to be fibrations
¥ =< M — B (IV.115)

with B the base manifold and ¥ the fibre.
As discussed in IV.2.1, the fibres will be calibrated by w* and will be wrapped by the

space-filling sources.

a) Type IIB SU(3)-structure backgrounds with D5-branes

The internal manifolds admitting an SU(3)-structure have parallel internal spinors n; and

72, and in type IIB they have the following pure spinors
U =%’ v, =0, (IV.116)
We can introduce a local vielbein to write the Kéhler form J and the (3,0) form Q as

J=—(e'Net +e2ne® +e3ned) (Iv.117)
Q =(e! +ie*) A (€ +ie®) A (e +ied). (IV.118)



IV.2 NEW NON-SUPERSYMMETRIC FLUX VACUA FROM GENERALISED CALIBRATIONS 89

Then, following [2, &] one can show that for D5 space-filling branes the algebraic calibra-
tion condition (IV.6) imposes both that the fibre ¥ is almost-complex with respect to the

almost-complex structure defined by €2, and
0= —g. (IV.119)

We consider constructions with 2* O5-planes wrapping a two-cycle in the internal geom-
etry, at the fixed point of the Z, involutions on the orthogonal four-dimensional space,
and we allow for nps D5-branes, taken to be parallel to these orientifolds.

We will now specialise the discussion to the case of backgrounds with and without
DWSB contributions.

a).1 Backgrounds with only SSB contributions

We can here specify the pure spinor equations (IV.41), (IV.42) and (IV.44) satisfied by
type IIB SU(3) backgrounds with space-filling D5-branes and with an SSB contribution
of the type presented in IV.2.1.b). They yield

H=0 e?4=? = const. (IV.120)
Fi=Fs=0 w6 F3 = —e 2%d(e?)) (IV.121)
d(e?Q) =0, (IV.122)

with the first line coming from the specific violation of the D-string calibration (IV.43),
and the second and third line coming from gauge and domain-wall BPSness respectively.
One condition from (IV.43) is missing here: for now these conditions are the same as the
ones one would impose to have a supersymmetric background. If for instance we take the
fibres to be along the directions e' and e?, we have volg = voly, Avolg, with voly, = el Net
and volg, = €2 A e3 A e’ A e, and we can write the last condition from (IV.43), which

introduces the breaking of supersymmetry, as
AT A J) = 4(aret + aget) A, (IV.123)

with

j = 4e*1%volg,. (IV.124)

Finally, we can specify the equations of motion. The NS-field, dilaton and external
modified Einstein equations are trivially respected, and to rewrite the internal Einstein

equations, it is useful to notice that in the case where F = 0, we have

O = 4(Re\I/1 — Re\Ifl‘z). (IV.125)
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Using this identity and (IV.106), the internal Einstein equations can be shown to reduce
to
(Gemdy" A vy I AT d[@%G(JANTAT))) =0  a=1,4 (IV.126)

which is identically satisfied. We conclude that this family of SSB SU(3) backgrounds with
calibrated D5-branes automatically solves its equations of motion, without any further

constraints.
We now turn to the construction of an explicit example of background from this class.

We begin by choosing the following metric:

ds? :ezAds%1 s T ds%, (Iv.127)

dsi; =a’(2m)*{ A [RY()? + R + 72 > RA(dy)?), (IV.128)
j=2,3,5,6

where the warp factor A only depends on the base direction By = {y?,v3, 4%, 4%} and n!,
n* are non-closed one-forms satisfying
dn® = fidy' Ady! a=1,4 i,j=23,5,6. (IV.129)

In the constant warp factor limit, this is nothing else then the geometry of a twisted
torus. To ensure the compactness of M we take the structure constants {f;} to be
integer constants, while the radii {R,, R;} can take any real value. The Kéhler form J
and the (3,0) form 2 are

J=—a'(2n)%[e?AR1Ryn* At + e A (RyRsdy? A dy® + R3Redy® AdyS)]  (IV.130)
Q =a/%2(2m)3e A (Rin' + iRan*) A (Rody? + iRsdy®) A (Rsdy® + iRgdy®).  (IV.131)

The domain-wall BPSness (IV.122) now takes the form

fagR1R3Rs — fosRoR3Ry — fi-R1RyRs + fas R4Rs R =0 (IV.132)
f§6R3R4R5 + f§6R1R2R3 — f§15R2R4R6 — f213R1R5R6 =0, (IV.133)

and the RR-fluxes (IV.121) read

Fy =*4%[x5,de 44 — o/ (27)2 (R%nl A xpdn' + Rin* A *3d774)}, (IV.134)
=479 wp, de M + o/ (2m) 2 FPE (IV.135)

with *p, the four-dimensional Hodge operator on the unwarped base. The first term

comes from the back-reaction of the D5-branes and O5-planes, while the second term
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should be thought as a properly quantised background flux, so it must be an integer

valued three-form, which constrains the radii R; and the value of €24,

The generalised current associated to the sources is
j = 4a(2m) e AP Ry R Rs Redy® A dy® A dy® A dyb, (IV.136)
and the D-string BPSness violation (IV.123) is
A2A(J A J) = 8mVal e (Riain' + Radun®) A j, (IV.137)

which is satisfied for the following supersymmetry breaking parameters

R f4 f4
N 2A 4 36 25
a1 =e + IV.138
! 167 <R3R6 RQR5> ( )
R fl fl
N 2A 1 36 25
Gg=—¢€ + . IV.139
4 167yl (RgRﬁ RQR5) ( )

Finally, we can specify the Bianchi identities (IV.61), which in this case are only non
trivial for F322

Y

By =0 [ = Ve M+ s vel IV.14
dF3 =e [— Vi,e —1-40/(2@2}\7054 (IV.140)
Q24— 16 oy
- m(zég‘l (yl) - Z 584 (yj))V()lBu (IV141)
=1 j=1

where volg, is the unwarped volume form on By, the charges of the O5 and D5 sources

have been normalised to —1 and 1 respectively, and with
_ (w)?® () () | () (F3e)? | (fs)”
v= (R2Rs)? | (RaRsP | (ReRe)® ' (RsRs)? | (RsRo)? | (RoRo)?
GhP | UEP L U L R R P
(R2R3)?  (RaRs5)?  (R2Rg)?  (R3Rs)?  (R3Re)?  (RsRg)?

_|_

(IV.142)

The corresponding tadpole condition connects the sources to the radii and structure
constants:

nps + % = 16. (IV.143)
a).2 Backgrounds with both SSB and DWSB contributions
One can construct a similar class of SU(3) backgrounds with space-filling D5-branes, with
an additional supersymmetry breaking contribution from the violation of the domain-wall

BPSness. Considering again the fibres to be along the directions e and e*, the pure spinor

#2Note that the current (IV.137) and the one in (IV.11) differ by an overall factor.
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equations (IV.51), (IV.52) and (IV.53) take the form

H=0 e?4=% = const. (IV.144)
Fil=F5=0  xF;=—e2%d(e’)) (IV.145)
and
A0A(J A J) = 4(Gret + duet) A j (IV.146)
A0d(e1Q) = irj (IV.147)
with again
j = 4> "%volg,. (IV.148)

Turning to the equations of motion, the NS-field equation is still trivially satisfied, such
as the dilaton equation, and the external modified Einstein equations. Therefore only the
internal Einstein equation has an additional non-trivial contribution. From (IV.125), we

see that it reduces to
Re (gy(mdy® A 1y, d(e" 77 J|,)) = 0. (IV.149)

Since gk(mdyk A 1)€Y is either a (3,0) or a primitive (2, 1) form, imposing

3,0 2,1

= [derals)] " =0 (IV.150)

prim

[d(erJ]s,)]

is enough to satisfy (IV.149). If we consider r and the warp factor to be constant along the
fibre, as is usual when the localised sources wrap the fibres, and if we have dJ|z, = fAJ|5,

with f a real function on the base, then the conditions (IV.150) amounts to

[de=rp)] " =0. (IV.151)

Let us construct an example of these backgrounds, which will respect this condition.

We start off with the same metric ansatz as for the case with only the SSB contribution

ds? :eMds%L3 +ds3, (IV.152)

ds?, :O/<27T)2{62A[R%(771)2 + Ri(n4)2} +e 24 Z R?-(dyj)z}, (IV.153)
§=2,3,5,6

with the one forms 7' and n? respecting again (IV.129). The Kihler form .J and the (3, 0)



IV.2 NEW NON-SUPERSYMMETRIC FLUX VACUA FROM GENERALISED CALIBRATIONS 93

form 2 are once more

J=—a'(2n)%[e?AR 1 Ryn* At + e A (RyRsdy? A dy® + R3Redy® A dyS)]  (IV.154)
Q =a/*2(2m)3e A (Rin' + iRan*) A (Rody? + iRsdy®) A (Rsdy® + iRgdy®).  (IV.155)

The gauge BPSness (IV.145) yields the following RR-flux

Py =474, de 44 — o/ (27)2 (R%nl A xpdn' + Rin* A *Bdn4)], (IV.156)
=479 wp, de M + o/ (2m) 2 FPS (IV.157)

Even though the form of the RR-flux is similar to the background with only an SSB
contribution (IV.134), we stress that their components differ, since the structure constants
{f5;} are different. Indeed, here we don’t respect the conditions (IV.132) and (IV.133)

since we have a DWSB contribution. Besides, the values of 24~ and the radii R; should

be chosen appropriately such that the background fluxes are integer-valued.

The generalised current is again
j =402 2n)%e A" RyR3Rs Redy? A dy® A dy® A dyS, (IV.158)
and the D-string (IV.146) and domain-wall (IV.147) BPSness violations are

2A70d(J A J) =87Valed (Ridun' + Raduun®) A j (IV.159)
e2A=2d(e2Q) =irj (IV.160)

which are satisfied if

3A 1 . 4 1 . 4
oo (le56 +iRyf5s  Rifo3 +iRafp3 (IV.161)
87-‘-\/& R5R6 R2R3
iRy f35 — Rafss B iR f5 — R4f§6> (IV.162)
R3R5 R2R6 '
Ry ¢ f4 fa;
N 24 4 36 25
&1 — e + IV.163
' 16mvo/ (R3RG 3235) ( |
Ri [ f3 fs
~ 2A 1 36 25
Gn— — e + ) IV.164
! 167/ (RsRﬁ 3235) ( |
Turning to the equations of motion, we have
d(e—A,rJ|B4) =0 (IV165)

so (IV.150) are obeyed and the internal Einstein equations are satisfied. As discussed

above, every other equations of motion are satisfied.
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Finally, we can write down the only non-trivial Bianchi identity, the one for the RR-

flux
dFy = 47 ?[ - Vg et + M,E/W]valm (IV.166)
2A—¢ 16 nps
= @ (2 0h, ) = 3 08, () )vola, (IV.167)
=1 =
with
_ (f)? (f25)° (f26)° (f35)° (f36)° (f36)°
Y= (R2Rs)? | (RaRs? ' (RaRe)® ' (RsRs)? | (RsRe)? | (RsR)?
(f33)° (f35)° (f36)° (f35)° (f36)° (f36)°
T RaeRs)? T (RoRs)? T (RaRe)? | (RsRs)® | (RsRo) | (RsR)® (IV.168)

Once again, this expression is similar to the one for the background with only SSB con-
tribution presented in a).1, but the addition of the DWSB contribution actually modifies
the structure constants { f{;} upon releasing the constraints (IV.132) and (IV.133), which

also alters the corresponding tadpole condition

Y
nps + 5 = 16. (IV.169)

b) Type ITIA SU(3)-structure backgrounds with D6-branes

Type ITA SU(3) backgrounds have the following pure spinors
U =Q Uy =e e (IV.170)

Then, following [2, 8], one can show that the algebraic calibration condition (IV.6) for D6

space-filling branes wrapping an internal cycle ¥ imposes
Jx=0 ImQ|y, = 0. (Iv.171)

We consider constructions with 23 O6-planes wrapping a two-cycle in the internal geom-
etry, at the fixed point of the Zy involutions on the orthogonal three-dimensional space,
and we allow for npg D6-branes, taken to be parallel to these orientifolds.

We again introduce a local vielbein and express the Kéhler and (3,0) form as

J=—(e'net +e2ned +ed Aneb) (IV.172)
Q =(e! 4 iet) A (€2 4ie®) A (€3 +ie®), (IV.173)

and we consider the fibres wrapped by the sources to be along the e!, e? and e? directions.
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We then have volg = volx, A volg, with voly, = el Ae? Ae? and volg, = et Aed Aeb. We
can now write the pure spinor equations obeyed by these backgrounds, for the cases with
and without a DWSB contribution.

b).1 Backgrounds with only SSB contributions
The pure spinor equations (IV.41), (IV.42) and (IV.44), which correspond to having only

an SSB contribution, read

e34% = const. " = const. (Iv.174)
H=0 dJ =0 (IV.175)

for the domain-wall BPSness,

Fy=F,= F; (IV.176)
xFy = — e d(e?ReQ) (Iv.177)
for the gauge BPSness, and
479d(eMmQ) = 2(are! + age® + azed) A j (IV.178)
with
j = —4e*4%volp, (IV.179)

for the violation of the D-string BPSness.

Turning to the equations of motion, the internal Finstein equations are
<gk(mdyk A tpyImQ, d[6%,(ReQ — ReQ[x)]) =0 a=1,2,3. (IV.180)
It is natural to construct fibered backgrounds respecting
d[a@%q(ReQ — Ref|y)] =0 a=1,2,3 (IV.181)

and thus satisfying the internal Einstein equations. We will now construct such a back-
ground.

We start with the following metric ansatz

ds? :eQAds,_%L3 +ds%y (IV.182)
dsi; =a/(2m)* e 3 RAn)?+e Y RI(dy')?) (IV.183)
a=1,2,3 J=4,5,6

where as in the type IIB case, the warp factor A only depends on the base direction
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B3 = {y* 4°,4%} and n', n? and n? are non-closed one-forms satisfying

A = fedy' Ady’ a=1,2,3 4,j=4,5,6. (IV.184)

In the constant warp factor limit, this again corresponds to the geometry of a twisted
torus. To ensure the compactness of M, the structure constants {f{;} have to be integer
constants, and the radii {R,, R;} can take any real value. The Kéhler form J and the
(3,0) form 2 are

J = —a/(2m)?[R1Run* A dy* + RaRsn* A dy® + R3Ren® A dyf) (IV.185)
Q =a’*?2m)3 (A Rint + ie A Rydy?) A (e Ron® + ie A RsdyP) (IV.186)
A (e Ry 4 ie A Redy®). (IV.187)

The domain-wall BPSness (IV.175) reduces to
R1R4f3s + RaRs f§y + RsRe fis = 0, (IV.188)
and the RR-fluxes (IV.177) read
By =[x, de ™ —d/(2m)? D R2n® A sp,dn”] (IV.189)
a=1,2,3

Fy =470 sp, de 4 + o/ (27)2 FP8, (IV.190)

with #p, the three-dimensional Hodge operator on the unwarped base. As in the type
IIB case, the background RR-fluxes must be integer-valued, constraining the values of the
radii R; and of e34—¢.

The generalised current is
j=—403%(27)3e " RyRs Redy* A dy® A dyS, (IV.191)
and the D-string BPSness violation (IV.178) is
e47%d(e~MmQ) = dnvo/e (Ridan' + Rodon® + Radisn®) A j (IV.192)

which gives

24 Ry .5 R 2)
= ———— = fis + =2 IV.193
" 16nval Ry (R(sf46 R5f45 ( )
24 Ry 5 Ry 1)
fg= ——— [ =2 f3, — = IV.194
2 167V o/ R (Rﬁf56 R4f45 ( )
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2A

N € Ry 2 Ry 1)
by =———— (22 + = fl ) - IV.195
s= o (Rt et (1V.195)

With these &’s, one can show that
d[ad%,(ReQ — Refx)] =0 a=1,2,3, (IV.196)

and the internal Einstein equations (IV.180) are therefore satisfied.

Finally, the Bianchi identities reduce to

Z
_ 3A- 2 —dA =
dF2 =€ ¢[—VB3€ +W}VOIBS
e3A—=¢ 8 A D6 .
= TGP (Z; 0, (i) — Zl 0, (y;) ) vols,, (IV.197)
1= Jj=

with volg, the unwarped volume form on Bs, the charges of the O6 and D6 sources have

been normalised to —1 and 1 respectively, and with
g UkP UkP Uk URR L, URP (R
(R4R5)* ~ (RaRe)?  (R5Re)>  (R4R5)*  (RaRe)?  (R5Re)?

() () | (f5)
(RakoP " (aBo? * (RoRe (IV.198)

+

The corresponding tadpole condition connects the sources to the radii and structure
constants:

Z
npe+ 5 =8. (IV.199)

b).2 Backgrounds with both SSB and DWSB contributions

One can construct a similar class of SU(3) backgrounds that has space-filling D6-branes,
with an additional supersymmetry breaking contribution from the violation of the domain-
wall BPSness. In this case, the pure spinor equations (IV.51), (IV.52) and (IV.53) take

the form

e34=% = const. e = const. Fy=Fs=0 (IV.200)
x Fy = —e_4Ad(e4A_¢ReQ) * Fy = e ?H A ReQ (IV.201)

and
A0 (H +idJ) = irj (IV.202)

47%d(e~MmQ) = 2(dret + age® + aze®) A j (IV.203)
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with again
j = —4e34"%volg,. (IV.204)

Turning to the equations of motion, the internal Einstein equations are

Re{eAe_w <gk(mdyk AtnyJ,dg [6_2‘47“*@]) } + <gk(mdyk A tpyImQ, dgr (6%1,09)) = 0,

(IV.205)

with a =1,2,3 and again
O = 4(Re2 — ReQ]y). (IV.206)

It is sufficient to obey
dg[e”24*0] = 0 (IV.207)
dg(6%,®) =0 a=1,2,3 (IV.208)

to satisfy the internal Einstein equations, and we will shortly turn to the construction of
an example background respecting (IV.207) and (IV.208). As for the NS-field equation
of motion, it reduces exactly to (IV.207).

We start the construction of an explicit background belonging to this class with con-

sidering the following NS ansatz

ds® =e*ds, , +dsiy (IV.209)
ds?, :0/(27r)2{62A > R2(n?)? e 4 > R?(dyj)Q} (IV.210)
a=1,2,3 §=4,5,6
H =d/(27)? (Ndy AP AdyS+ ST Badn® A dya+3) (IV.211)
a=1,2,3

where N € Z, B, € Z and again the warp factor A only depends on the base direction
Bz = {y*, 45, 4%} and n', n?® and n? are non-closed one-forms satisfying (IV.184). The
Kahler form J and the (3,0) form 2 are again

J = —a/(2m)?[R1Run* A dy* + RaRsn® A dy® + R3Ren® A dyf) (IV.212)
Q =a"*?2m)3 (A Rin* + ie A Rady?) A (A Ron® + ie A RsdyP) (IV.213)
A (e Rgn® 4 ie ™ Redy®). (IV.214)

The RR-fluxes (IV.201) read

_ R1RyR3
Fo=—eA "2 N4 B fi — Byf2 + Bsfs IV.215
0 /ool (M >[ 1.f56 2/16 3.f15) ( )
Fy = 347 x5, de 4 — Z R2n® A #,dn”] (IV.216)

a=1,2,3
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Fy =479 wp, de * + o/ (2n)?F)%, (IV.217)

with the internal manifold volume Vol(M) normalised in o/ units. Both Fy and F2b § are
background fluxes and must be integer-valued, constraining the radii and e*4~% again.

As before, the generalised current is
j=—4a"22m)3e ?RyRs Redy* A dy® A dy°, (IV.218)
and the domain-wall and D-string BPSness violations are

AP (H +idJ) = irj (IV.219)
479d(e A mQ) = 4rva'e (Ridun' + Radion? + R3asn®) A j (IV.220)

and are satisfied if

eSAefiG

" SV RaRRe {i(N + B f3 — Bafis + B fis) (Iv.221)

+ f36R1Ra — f246R2Rs + f345R3R6} (IV.222)
ay = 165\/27& (ngi’ﬁ + gifir,) (IV.223)
6z = 167r2¢2735 (52f% - ) (1Iv.224)
a3 = — wf\/jm (nggﬁ + g}lfiﬁ) : (IV.225)

With these supersymmetry breaking parameters, one can show that (IV.207) and (IV.208)
are satisfied, and therefore the NS-field and internal metric equations of motion are

obeyed.
Finally, the Bianchi identities for the RR-fluxes read

Z

— p3A- 2 —4A -
APy = 17— Vg 4 vl
63A_¢ 8 4 npe A )
- O/(27‘(‘)2<Z§:1 684 (yz) o szl 584 (yj))VOIB47 (IV226)
with again
g URP Uk R OB R (R

(RaRs?2  (RaRe)2 ' (BsRo)®  (RaRs)? ' (RaRe)2 | (RsRo)?

(f35)*  (fRs)? | (f)? (IV.227)

T RaR)? T (RaRe)? T (RsRe)
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This expression is similar to the one for the background with only SSB contribution pre-
sented in b).1, but the addition of the DWSB contribution actually modifies the structure
constants { f{;} upon releasing the constraint (IV.188), which also alters the corresponding
tadpole condition p

npe + 5 = 8. (IV.228)

c) Type IIB SU(2)-structure backgrounds with D5-branes

We now turn to the discussion of type IIB backgrounds admitting a static SU(2) struc-
ture and having space-filling D5-branes. The two internal spinors n; and 7y of such
backgrounds are everywhere orthogonal, which means that one can specify a one-form
0 = 0,,dy™ such that .

o = _%gm,ym,ﬁ_ (IV.229)

It is natural to parametrise the two SU(3) structures defined by 7, and 72 as

J1:—%9A0_+j U =—0Aw (IV.230)

ng—%ew—j O =0Aw (IV.231)

with 19) = 15 = tpw = 1yw = 0. The corresponding pure spinors are

Uy = w A e (IV.232)

Ty = O Ael. (IV.233)

Following [3], one can show that the calibration of the space-filling D5-branes wrapping
a cycle X imposes

Ol =0 ils F=0 Imw|y, = 0. (IV.234)

We will now specify the pure spinor equations and the equations of motion for both the

cases with and without a DWSB contribution.

c).1 Backgrounds with only SSB contributions
We start by discussing the class of backgrounds having only an SSB contribution. The
domain-wall BPSness (IV.41) first imposes

d(e347%9) = 0. (IV.235)

This means that locally, one can introduce a complex coordinate z such that dz = e34-%6.

Then, the hypersurface D defined by z = constant admits an SU(2) structure defined by



I1V.2 NEW NON-SUPERSYMMETRIC FLUX VACUA FROM GENERALISED CALIBRATIONS101

the pair (j|p,w|p), and (IV.234) means that the fibre ¥ defines a Slag fibration of the

leaves D.

We can choose a local basis such that e!, e?, e?, e® are along D, and el, e

to the fibre ¥. We also take

2 are tangent

j=—(e!Aet 42 Aed) (IV.236)
w = (e! +iet) A (e? +ied) (IV.237)
0= e+ iel. (IV.238)

The domain-wall BPSness also imposes

djlp =0 H|p=0, (IV.239)

so one can expand dj and H as
dj = (f/\é+c.c.)+%u/\¢9/\§ (IV.240)
H=(gN0+ce)+ %h/\ﬁ/\é (IV.241)

with f and g complex two-forms, and u and h real one-forms which can be decomposed

purely along D. The last condition imposed by domain-wall BPSness is then
g+if =0. (IV.242)

The gauge BPSness yields the following RR-fluxes

e?* Fy = H ARew — id(24 — ¢) AImw AO A G (IV.243)
xF3 = — e 4 d(e* " ?Rew) (IV.244)
Fs =0, (IV.245)

and the violation of the D-string BPSness takes the form

d(e*~?Imw) = 0 (IV.246)

AT H A Tmw — %d(Rew AOAB)] = dnvaleA(Rybudy + Rodady®) G (IV.247)

with
j = —4e34"%volg,. (IV.248)
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Turning to the equations of motion, the NS-field equation is
d[e‘r’A*%’ (Imw, &%14(Rew — Rewlg)” =0 a=1,2 (Iv.249)
while the internal Einstein equations reduce to
<gk(mdyk A tpyImw, d(e3472a%, (ilmw A 0 A 6)) =0 a=1,2. (IV.250)

We now turn to the construction of a concrete background satisfying these conditions.

To do so, we consider a factorisable warped six-torus
ds® =e*Adsg, | + dsiy (IV.251)

6
ds3; =a/(2m)2{ P [RY(dy")? + R3(dy?)?] + e 24 Y R3(dy/)?}, (IV.252)
j=3

and we take the two-torus spanned by y' and y? to be the fibre ¥ over the four-torus base
spanned by v3, %, 45,45, We also consider the fibre to be wrapped by 2* O5-planes and
nps D5-branes. The SU(2) structure is then

j = — o/ (2m)%(R1Rydyt A dy* + RoRsdy? A dy®) (IV.253)
w = o' (2m)2 (e Ridy" + ie A Rydy*) A (e“ Rody? + ie 4 Rsdy®) (IV.254)
0 = 2nv /e (Rsdy® + iRedy®). (IV.255)

Let us now see what the domain-wall BPSness imposes on the background. First of all
(IV.235) sets
e?4=% = const. (IV.256)

Then, if we consider the following NS-field ansatz
H = (2m)%a/ [Nnsidy® A dy* A dy® + Nnsady® Ady® Ady®]  Nusio €2,  (IV.257)

we see that (IV.239) and (IV.242) are satisfied, with ¢ = f = 0, and we have u = 0 and
h = —% [Nns1dy* + Nnsady®].

The generalised current is
j = —4a"(2m) e AP R3R 4 R5 Redy® A dy* A dy® A dyP. (IV.258)

The violation of the D-string BPSness (IV.246) is identically satisfied, while (IV.247)
reduces to
A0 H Amw = 4nvVole? (Ria1dyt + Radady?) A j (IV.259)
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which is satisfied with

2A
N
p=— & NS (IV.260)
16mva’ R3R4 R
2A
Gp—— & TVNsz (IV.261)
16mvo/ R3R5 R

joN

The gauge BPSness constrains the RR-fluxes to be
RyN R5 N
£ :ezA_¢[ 441VNS2 dy4 _ *W54VNS1
R3R5Rg R3R4Rg
F3 =e?A7% g, de™*4 (IV.263)

dy®] (IV.262)

with xp, the four-dimensional Hodge operator on the unwarped base.

The RR-flux quantisation implies that we must have

RsN, R4N,
2405 M _ Nprez 2AERR ez 1V.264
© RsRyRy S © RsRsR, 2 (1V.264)

so the RR Bianchi identities reduce to

N 1
—VZ e = [Nns1Nr1+ NnsaNra + 40, (yi)] (IV.265)
4 €2A_¢(27T)205’H223Ra ieDE%:,OE)’s VI Bg \ I
with again ¢ps = —qos = 1. Integrating this condition on the base yields the following
tadpole condition
Nns1 NVr1 + NnsaNre + nps = 16. (IV.266)

Turning to the equations of motion, the NS-field equation (IV.249) is identically satisfied,

and we have
d(e347%a%,, (ilmw A O A §) = 0 (IV.267)

so the internal Einstein equations are satisfied.

c).2 Backgrounds with both SSB and DWSB contributions
We now consider SU(2) backgrounds with space-filling D5-branes with both SSB and
DWSB contributions. The internal manifold geometry is similar to the one of the back-
grounds with only an SSB contribution. Indeed, the domain-wall BPSness violation
(IV.51) keeps on imposing

d(e34790) = 0, (IV.268)
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2

so we can similarly define the hypersurface D along e',e?, e*, e®, which admits a Slag

fibration with fibres ¥. We keep the same parametrisation of the SU(2) structure

j=—(e!Aet 4 e Aed) (IV.269)
w = (e! +iet) A (e +ied) (IV.270)
0= e+ il (IV.271)
and (IV.51) also imposes
djlp =0 H|p =0. (IV.272)

However, using the same expansion of dj and H (IV.240), (IV.241), the domain-wall

BPSness violation now imposes

g+if = —2ret Ae’. (IV.273)

The gauge BPSness sets the RR-fluxes to be

e?+ F| = H ARew —id(2A4 — ¢) ATmw A O A6 (IV.274)
xF3 = — e 4 d(e* " ?Rew) (Iv.275)
Fs =0, (IV.276)

and the violation of the D-string BPSness takes the form

d(e24?Imw) =0 (IV.277)
AP H A Tmw — %d(Rew AO A D) = dnvalet(Riardyt + Rodody®) NG (IV.278)

with
j = —4e34"%volp,. (IV.279)

Turning to the equations of motion, the NS-field equation is

AA%Tm (0, d[e9r*0]) + 2d [P 72 (Imw, 4%,0) | =0 a=1,2, (IV.280)

with © = Rew — Rew|y. Specifying the internal Einstein equations (IV.103) to this case
gives a rather long and not particularly enlightening expression, so we just give here the

following conditions

d[e3472a4% . (ilmw A O A §)] = 0 (IV.281)
d[eA?r*ilmw A O A 0] = 0 (IV.282)
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d[e*~?r*6] =0 (IV.283)

which are stronger than the internal Einstein equations, but are reasonable conditions
to impose on such SU(2) backgrounds, and which guarantee that the internal Einstein
equations are satisfied. The example background that we construct below will satisfy

these conditions.
We consider here again a factorisable six-torus
ds® =e*Adsg, | + dsi, (IV.284)

6
dsi; =a/(2m)2{e* [RY(dy")? + B3(dy)?] +e 24 Y R3(dy')?}, (IV.285)
j=3
and as before we take the two-torus spanned by y' and y? to be the fibre ¥ over the

four-torus base spanned by 2, y*, 4%, 4°. We also consider the fibre to be wrapped by nos
Ob5-planes and nps D5-branes. The SU(2) structure is again

j = — o/ (21)%(R1 Rydy* A dy* + RoR5dy® A dyP) (IV.286)
w = o/ (2m)2 (e Rydy! + ie A Rydy*) A (e Rody? + ie 4 Rsdy®) (IV.287)
0 = 2V o/e A (Rady® + iRgdy"). (IV.288)

From (IV.268), we see that the domain-wall BPSness violation sets again
e*4=% = const. (IV.289)
However, we now consider the following NS-field

H = (2m)%a/ [Nxs1dy® A dy* A dy® + Nxsady® A dy® A dy®
+ Nngdy4 A dy5 N dyG] Nns1,2.3 € Z, (IV.290)

and we see that (IV.272) are still satisfied. We now have f = u =0and g = %eANngdy‘lA
dy®, and the domain-wall BPSness violation (IV.273) now reads

g+if = —dnrvVae X RyRsdy* A dy® (IV.291)
with Ca
87V o' RyR5Rg

The additional DWSB contribution, which happens through the new components of the
NS-flux in (IV.290), doesn’t modify the violation of the D-string BPSness: (IV.277) is
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again identically satisfied, while (IV.278) reduces to
A7 H A Tmw = 4nva'e (Rya1dyt 4+ Rodody?) A j (IV.293)

which is satisfied with

24
Gy = — — & _nst (IV.294)
16mva/ R3 R4 R
2AN
Gp=— — S NS2 (IV.295)
16mva/ R3R5 Rg
The gauge BPSness sets the RR-fluxes to
_¢r aNNs2 R5Nns1 R3Nnss3
Fy =702 222 gyt — dy® — dy? IV.296
= R R ke ™ T Bk T RaRshe Y ( )
Fy =e?47% 43, de™44 (IV.297)
The RR-flux quantisation implies that we must have
R5N; R4V, R3V;
A9 Z5ONSL o 24-g fUlINSE 2A-0 8 NS oo (IV.208)

RsR.Rs RsRsRg R4R5Rs

with Ngr1, Nr2, Nr3 € Z. The RR Bianchi identities then reduce to

. 1 3
—V% e~ = Y- 3 5 [Z Nnse Nre + Z qléé (yl)] (IV.299)
! 24022/l 3 Ra (= i€D5'5,05's !
with again ¢ps = —qos = 1. Integrating this condition on the base yields the following

tadpole condition
3

Z NnsipNrE: + nps = 16. (IV.BOO)
k=1

Turning to the equations of motion, the conditions (IV.280)—(IV.283) are obeyed, pro-
vided that e24~? = constant. The NS-field equation and internal Einstein equations are

therefore satisfied, as discussed above.

1V.2.4 Discussion

In this section, we investigated some corners of the landscape of non-supersymmetric flux
vacua, in the light of generalised complex geometry. In generalised complex geometry
the conditions for warped backgrounds with N' = 1 supersymmetry can be expressed as
differential equations on polyforms, called pure spinors, which, in turn, are seen as gener-
alised calibration conditions for various types of D-branes wrapping cycles on the internal

manifold: D-string, domain-wall, or space-filling branes, from the four-dimensional per-
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spective.

This interpretation provides different controlled ways of breaking supersymmetry in
ten-dimensions by violating the BPSness of D-string, domain-wall, or space-filling probe
branes. The philosophy is to look at non-supersymmetric solutions via a two-step proce-
dure: one first solves the deformed supersymmetry equations, which are still first order
equations, and then look at the extra constraints that the equations of motion impose.

This approach was first used in [14], where non-supersymmetric solutions were found
by deforming the domain-wall calibration condition. Our work extends [14] to new classes
of solutions obtained by deforming the D-string BPS condition or both the domain-wall
and D-string ones.

To solve the ten-dimensional equations of motion, it proves convenient to use an effec-
tive four-dimensional potential obtained by integrating the ten-dimensional supergravity
action on the internal manifold. The effective potential can be expressed in terms of pure
spinors as an integral over the compact space. Then the equations of motion are obtained
by varying it with respect to the physical fields and are also given in terms of the pure
spinors. The equations of motion are rather convoluted in the general case and are still
to be studied. However, by choosing specific classes of supersymmetry breaking, they
become tractable. We were able to solve them for a variety of concrete type II SU(2) and
SU(3) backgrounds respecting (IV.45).

When studying the effective potential for the SSB backgrounds, we witnessed the
presence of some terms belonging to vector representations of the SU(3)xSU(3) structure,
which are believed to be massive modes from the effective point of view. In that sense, our
classes of backgrounds describe a set of fully ten-dimensional non-supersymmetric solu-
tions of type II supergravity. It is not clear weather they admit a proper four-dimensional
interpretation. It would be interesting to apply the recently developed exceptional gen-
eralised geometry techniques [30] to study potential consistent truncations of such back-
grounds.

However, we showed that our class of background shares a property with the one-
parameter DWSB class introduced in [14], namely the existence of a ‘truncation’ dictated
by the geometry such that the ‘off-shell’ effective potential is positive semi-definite, and
vanishes at the solutions. By ‘truncation’” we meant that we only consider the off-shell
deformations of the potential which are compatible with the generalised foliation of the
internal space, so it is by no mean a rigorous truncation to a finite set of mode. We
therefore present this as an interesting property of our class of backgrounds, but this is
a weaker statement than arguing for the perturbative stability of our backgrounds, since
we have no control over the modes we are ‘truncating’ away and keeping in our ‘off-shell’
potential.

We carried the same analysis, from the effective potential and the derivation of the
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equations of motion, to the construction of concrete backgrounds, for another class of
vacua, which have the same supersymmetry breaking term violating the D-string BPSness,
but supplemented with the one-parameter DWSB contribution violating the domain-
wall BPSness. Each supersymmetry breaking term brings different contributions to the
effective potential and therefore to the equations of motion, which can be solved separately,

which we did for several explicit SU(2) and SU(3) background constructions.

One obvious extension of this work would be to consider different patterns of the
D-string BPSness violation, depending on the generalised current associated to the back-
ground D-branes or not, and to look for explicit solutions.

Another natural extension of the present work is to carry the constructions of the
analogous Heterotic backgrounds, where the building block of the supersymmetry break-
ing term entering the modified D-string condition could now be, for instance, the base
volume-form of some elliptically fibered internal manifolds like the ones discussed in [98].

Another interesting direction would be to consider solutions of ten-dimensional su-
pergravity violating the D-string BPSness, but without any vector modes under the
SU(3)xSU(3) structure, for which it would probably be possible to get a deeper un-
derstanding of their associated effective theories. In the case of vacua with an external
space being Minkowski, such a D-string BPSness violation should be accompanied by a
domain-wall BPSness violation, otherwise there would only be positive contributions to
the effective potential. One could then hope to interpret the associated effective theories
as, for instance, solutions of four-dimensional N/ = 1 supergravity with non-vanishing
D-terms, F-terms and superpotential, extending the supersymmetric analysis of [7]. We
will come back to these questions in the next section.

Finally, the techniques from exceptional generalised geometry can shed a different
light on the study of non-supersymmetric equations of motion: by classifying the possible
supersymmetry breaking terms in terms of different representations of the torsion of an
appropriate generalised SU(7) structure, one can reformulate the equations of motion as
first order differential conditions on these torsion representations. We will come back to

this idea in the next chapter.

IV.3 Generalised calibrations and D-term supersymmetry-breaking

Constructing supergravity solutions with D-terms is difficult. Indeed, the prototypical
example of D-term supersymmetry breaking is the Fayet—Iliopoulos term, and realising
its (field-dependent) embedding in supergravity at energy parametrically lower than the
Planck scale turns out to be challenging [4, 5].

In this section, we investigate the possibility of having supergravity solutions with D-

terms from a different angle, using the framework of generalised complex geometry. We
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consider again solutions that are warped products of four-dimensional Minkowski space
and an internal six-dimensional compact manifold, and we again break supersymmetry in
a sort of controlled way: we consider first order differential equations which correspond to
deformations of the pure spinor equations via the introduction of supersymmetry breaking
terms, and then we impose some further requirements from the equations of motion which
guarantee that we have actual solutions of supergravity.

We keep on focusing on the class of vacua that still admits BPS space-filling sources.
This means that the BPS condition associated to the calibration condition of space-filling
D-branes is preserved, while we allow for the conditions corresponding to the calibrations
of string-like and domain-wall probe D-branes to be violated.

In the supersymmetric case, the gauge BPSness condition has been reformulated in [0],
eliminating the explicit metric dependence, and introducing a generalised version of the
Dolbeault operator. We will generalise this derivation to the case of non-supersymmetric
vacua violating the string and domain-wall BPSness conditions.

Still in the NV = 1 case, the gauge and domain-wall BPSness conditions have been
identified with F-term conditions, while the string BPSness has been interpreted as a
D-term condition for the dimensionally reduced four-dimensional A" = 1 theory in [7, 8].

Within our class of non-supersymmetric backgrounds preserving the gauge BPSness,
we will focus on those who can be dimensionally reduced to four-dimensional N = 1
supergravity solutions with non-vanishing F-terms, and possibly non-vanishing D-terms.
To do so, we require that our set of modified pure spinor equations continues to have an
interpretation in terms of either (D-) F-term or (D-) F-term conditions. In particular,
the gauge BPSness should still be identified with an F-term condition.

Interestingly, this procedure constrains some supersymmetry breaking terms entering
the modified D-string calibration condition, and therefore the possible D-terms. More
precisely, we will see that the supersymmetry breaking terms set to zero by this require-
ment belong to vector representations of the SU(3)x SU(3) structure defined by the pure
spinors, just like the massive spin %—multiplet degrees of freedom of the four-dimensional
theory [38, 40].

On another note, we will give the effective potential for our class of backgrounds,
written as an integral over the internal compactification space, in the language of pure
spinors. We will see that the requirement to interpret the gauge BPSness condition as an
F-term condition results in the vanishing of some negative semi-definite contributions to
the effective potential, which naturally fits within the four-dimensional A/ = 1 picture,
given that these contributions do not originate from the superpotential.

We derive the equations of motion for our class of backgrounds dimensionally reducing
to four-dimensional A/ = 1 supergravity solutions with non-vanishing F-terms and D-

terms, and for a subclass where the D-term contributions to the effective potential are set
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to zero on-shell, restoring the D-string BPSness. Solutions of this kind correspond to vacua
with only F-terms, and include the amply discussed class of no-scale vacua [99-108]. The
relative simplicity of these equations of motion compared to the general ten-dimensional
type II equations of motion could be used to find new non-supersymmetric flux vacua.
Finally, the requirement to interpret the gauge BPSness condition as an F-term con-
dition turns out to be rather restrictive on the possible D-terms, and we investigate this
in a more concrete way for a class of SU(3) backgrounds with parallel BPS O5-planes.
The outline of this section is as follows. In subsection IV.3.1, we reformulate the
calibration condition associated to space-filling sources in the non-supersymmetric case.
In subsection 1V.3.2, we briefly review the four-dimensional N’ = 1 interpretation of the
BPS conditions in the GCG framework, and we introduce the general type II effective
potential in the language of pure spinors. In subsection IV.3.3, we derive the constraint
that the gauge BPSness should obey in order to be interpreted as an F-term condition, and
we derive the equations of motion for backgrounds satisfying this constraint. In subsection
IV.3.4, we apply this constraint to SU(3) backgrounds with parallel BPS O5-planes, and

study the restriction it imposes on their possible D-terms.

IV.3.1 Reformulating the gauge BPSness

Throughout this section, we consider non-supersymmetric solutions of type II supergrav-
ity, and we use first order differential equations on the pure spinors to describe them.
These equations can be thought as modifications of the pure spinor equations (III1.71),
(IT1.72) and (II1.73), to which we add supersymmetry breaking terms, which is a stan-
dard procedure in the GCG literature [14, 15, 92]. Unlike the supersymmetric case, these
modified pure spinor equations are not equivalent to the equations of motion, and one
has to also consider additional constraints to have genuine N' = 0 backgrounds.

In this section, we will again only consider the case of N/ = 0 backgrounds which still
respect the gauge BPSness (I11.73), therefore admitting stable (BPS) space-filling sources.

We therefore consider generically

dp (3472Wy) # 0 (IV.301)
dp (247 Im¥y) # 0 (IV.302)
dp(e*1~?ReW;) = e*5F, (IV.303)

It is more convenient to consider a different reformulation of the space-filling calibra-
tion condition (IV.303), which eliminate its implicit dependence on the metric coming
from the Hodge operator, and express the RR field-strength itself in terms of the pure

Spinors.
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In the supersymmetric case, this reformulation was derived in [0]:
F = —dJ?(e ?Rel,) (IV.304)

with the introduction of the following differential operator

47 =e 27 d ez

, (IV.305)

where - denotes the action of the (almost) generalised complex structure on polyforms
(II1.45) . When 75 is integrable, which is the case for N' = 1 backgrounds, this differential
reduces to

d7 =[d, 7. (IV.306)

It is worth stressing that the derivation of (IV.304) relies on (II1.72) being satisfied.
Still in the supersymmetric case, a second reformulation of the gauge BPSness has

been presented for instance in [7], and requires the introduction of the following complex-
ification of the RR field-strength:

G = F +idg(e ®Re¥y). (IV.307)

Decomposing (I11.73) on the generalised Hodge diamond, and using again (I11.72), it
can be shown that (IT1.73) is equivalent to

Glv.,=0 Gly,=0, (IV.308)

where the subscript V,, denotes the projection onto the in-eigenspace of J». The second
equation is actually just
Fly , =0, (IV.309)

since the second term in G is the derivative of a polyform of null charge under 75, which
cannot have V_3 components, from (II1.55). This reformulation is particularly useful to
interpret (II1.73) as an F-term condition in the four-dimensional theory, as discussed in
7.
Let us now derive similar reformulations of the gauge BPSness (IV.303) in the non-
supersymmetric case, where the domain-wall and D-string BPSness conditions are relaxed.
We generalise the derivation of [6] in this case, and after some long but straightforward

calculations we find
F = —df?(e ®Rely) + e 247, - A2 (2479 Tm Ty ). (IV.310)

The second term in this expression explicitly shows the relationship between the additional
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RR flux components and the violation of the D-string BPSness (IV.302). Moreover, the
supersymmetry breaking terms that appear in (IV.301), which are in the Vj bundle,
prevent the generalised complex structure [J> from being integrable. As a consequence,

recall that the exterior derivative property (II1.55) is generalised to
dp: D(Vi) = L(Vi—s) @ D'(Vi—1) @ T(Viy1) © T'(Viss), (IV.311)

which also results in additional RR field-strength components compared to the supersym-

metric case.

From this reformulation of (IV.303), one can derive the non-supersymmetric analogue
of (IV.308), by decomposing (IV.310) on the generalised Hodge diamond.

Looking first at the V|_3 component, we now have

Fly_, =idg(e ®Re¥y)|y_,. (IV.312)
The V|_; component is
Fly , = —idg (e ®ReW)) |y, +ie 2471 - dy (e~ 2Im¥y)|y, . (IV.313)
These can be rearranged into
Gly, = ie 2 J1 - d (>4 Tm¥y)|y, (IV.314)
Gly; = 0, (IV.315)

which again is the most convenient form to make contact with the four-dimensional N' = 1
effective theory. Indeed, an advantage of reformulating the gauge BPSness in this way
for non-supersymmetric backgrounds is that it highlights the relationship between the
complexified RR flux and the D-string BPSness violation (IV.302). This is particularly
interesting to discuss solutions dimensionally reducing to solutions of four-dimensional
N = 1 supergravity, since the former enters in the corresponding on-shell superpotential,
and the latter has been identified as the D-term contribution in four-dimensional ' = 1
supergravity [7]. We will address the four-dimensional N' = 1 supergravity interpretation

in more details in subsection IV.3.3.

Finally, these derivations of the non-supersymmetric version of the gauge BPSness
will prove to be insightful when we will turn to the study of the intrinsic torsion of the
generalised SU(7) structure associated to non-supersymmetric flux backgrounds. Indeed,
these will highlight the interplay between different irreducible representations of the SU(7)

intrinsic torsion, in a sense that will be made precise in chapter V.
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IV.3.2 4D structure and effective potential from pure spinors

In this section we briefly review A/ = 1 Minkowksi solutions of type II supergravity dis-
cussed in [7]. More precisely, we discuss the interpretation of the pure spinor equations
(II1.71), (II1.72) and (II1.73) as the vanishing of some D-terms, F-terms and superpoten-
tial.

We then write again the most general four-dimensional ‘effective potential’ from the
ten-dimensional type II supergravity action, following [11]. Recall that calling these scalar
functions ‘effective potentials’ is a bit misleading, since we write them as integral over
the internal space, without choosing a specific truncation for the ten-dimensional modes
and performing the actual dimensional reduction to write down a genuine scalar potential
for the associated effective theories. However, in doing so we are able to interpret the
different terms in the closed string sector of this effective potential as contributions from
F-terms, D-terms and a superpotential.

In the next section, a similar interpretation in the non-supersymmetric case will moti-
vate some constraints that the modified pure spinor equations should obey in order to be
compatible with a four-dimensional N' = 1 supergravity description with non-vanishing

F-terms and D-terms.

a) Four-dimensional N' = 1 supergravity

We briefly review here the work of [7], which provides ten-dimensional expressions for
the four-dimensional A" = 1 supergravity superpotential, D- and F-term conditions. The
expression obtained in [7] for the superpotential can be thought as the generalisation of
the well-known Gukov-Vafa-Witten superpotential [109] in the GCG formalism.

We review these notions in order to then move on to the description of the effective
potential for non-supersymmetric solutions of four-dimensional N' = 1 supergravity, with

non-vanishing D- and F-terms. We introduce the following rescaled pure spinors
t=e00; Z=e700,, (IV.316)
as well as
T = Ret —iC, (IV.317)

with F = F"® 4+ dgC and F"8 some fixed non-trivial background flux. Both Z and T
are chiral fields of the associated four-dimensional A/ = 1 description. The polyform T is

defined such that the complexified flux G is its field-strength G = idgyT.

We can now define the following superpotential and conformal Kéahler potential den-
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sities )
W=n(-1)EH+(z,q) N= %T (2, 2" 4,023 (IV.318)

where |Z| is the degree (mod 2) of Z, which depend on both chiral fields Z and 7, and

the associated superpotential and conformal Kéahler potential

W:/MW N:/MN. (IV.319)

Consider now a chiral field X on which the superpotential and the conformal Kéahler

potential depend. Under a holomorphic variation X of X we define
(OW)x = dxW — 3(dx log N)W. (IV.320)

We evaluate the variations associated to the two chiral fields at our disposal, Z and
T. First for Z, we distinguish two contributions coming from two distinct holomorphic

deformations of Z

5Z € (Vi & W), (IV.321)
which we denote
(OW)z,, and (OW)z,, (Iv.322)
respectively. They yield
(OW)z,, :(—1)\z\+1ﬂ/M <5Z(1),G|V,1> (IV.323)
31 W -
Z —4A
(W)z, =— w/M <5Z(3), (-1)ZG|y, + 2N Z> . (IV.324)
For T, we find
(OW) = m/ <5T, (-1)Fldgz + Bixe%lmt> : (IV.325)
M

Imposing the vanishing of the variations (IV.323)-(IV.325) reproduces the Anti de
Sitter version of the supersymmetric pure spinor equations (II1.71) and (IV.308). If we
also impose that the superpotential itself vanishes, they reduce to the corresponding

equations in flat space
dgZ =0 Gly.,=0 Gly_, =0. (IV.326)

One can therefore interpret the two N = 1 supersymmetry conditions (II1.71) and
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(IV.308) as F-term conditions and the vanishing of the superpotential
W=20 (5W)Z<1) =0 (51/\))3(3) =0 (W) = 0. (IV.327)

On another note, the parametrisation in terms of the chiral fields 7 and Z has some
redundancy, due to the the RR gauge transformations §,C = dgA resulting in §,7 =

—idgA. These symmetries are gauged in the effective theory, and their associated D-terms

have been worked out in [7], yielding
D(\) = 27 / (A, D) (IV.328)
M
with
D = dy (e mt), (IV.329)

the D-term density. The last N' = 1 supersymmetry condition (II1.72) can thus be

interpreted as the vanishing of these D-terms
D =0, (IV.330)

completing the four-dimensional picture.

One can also write down the corresponding covariant derivatives of the superpotential
density. For a chiral field X

DXW = an — 3(8){ log N)W (IV.331)

In the case of A/ = 1 Minkowski solutions, they are??

Dz, W =n(-1)Z*'G|y (IV.332)
Dz, W =r(-1)#*qy (IV.333)
DWW =in(-1)Fldg Z. (IV.334)

b) The type II effective potential

In this subsection, we recall the four-dimensional effective action for backgrounds with

ten-dimensional space-time of the form X4 x M with the metric

ds?, = ezA(y)ngm“dx” + gmndy™dy", (IV.335)

235We deliberately give the expressions with vanishing superpotential in order to make contact with the
on-shell N' = 1 Minkowski effective potential discussed in the next subsection.
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where g, is for now a general four-dimensional metric depending only on the external
coordinates, and all the other fields depend only on the internal coordinates.

The effective four-dimensional action is?4

Seft = / d*z —ga <1NR4 — QWVQH) , (IV.336)
X4 2

where Ry is the four-dimensional scalar curvature, and
1 1 -~
Vett :/ volge*{e 2[R + 5H2 — 4(d¢)? + 8V?A +20(dA)?] — §F2}
M

+ Y 0w (/2 =2, [det(gls, + Fi) — /2 C%s, A efi> (IV.337)

i€loc. sources

is the type Il effective potential density, with R the six-dimensional scalar curvature.
Its first line corresponds to the closed string sector, while the second line is the localised
sources contributions. For the O-planes, we set /' = 0, and we have p, = 1, 70, = —2075,
The sources couple to the RR potentials defined by dyCe = e*AF.

The variations of the four dimensional action (IV.336) exactly reproduce the ten-
dimensional equations of motion, as argued in [11]. They are given in Appendix A.
Moreover, from the variation with respect to g,,, one gets that the external space is
Einstein, with

Ry = 87Vt /N, (IV.338)

as expected. From the ten-dimensional perspective this is equivalent to the internal
space integral of the external ten-dimensional Einstein equation’s trace. As we consider
Minkowski backgrounds, we focus on the cases where the effective potential vanishes at
the solutions.

Finally, the RR equations of motion reproduce the usual Bianchi identities
duF = —jiot = — Y _ Tidis (IV.339)
i

where, as described in [11] for instance, the j; are the generalised currents for the localised
sources.
From now on we will use the rewriting of the effective potential in terms of the pure

spinors, derived in [14]:

1 _ _ _
Ve =5 /Mv016[|dH(e2A ImWy)[? + =24 dgg (3 0W,) 2]

24We use the convention 27v/a’ = 1, so that all D-brane tensions are equal. We are also neglecting
anomalous curvature-like corrections to the sources contribution: they can be easily added without affect-
ing the results of the discussion. Finally we are also omitting the internal field kinetic terms, since they
are taken to be constant along the external directions.
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1
+ 3 /M volg e*A|F3F — e dy (e ?Rew ) ?

_1/ 24 ({01, dp(P1700,)) 2 N | (U1, dp(e¥70Wy)) |2
4 Jm volg volg

- / M volge™ "> (up)® + (uf)?]

+ Z TZ-/ €4A_¢(V016 pioc — (ReWy, 7))
iCD-branes M

+ / <e4A_¢Re\I/1 — Cel, dHF + jt0t> . (IV340)
M

The square of a polyform is defined in Appendix A, and we have

u}éz = u};fndym = (uy? + b dy™, (IV.341)
with
Ul :i<’ym\il17dH(62A__¢Im\I’1)> + <rym\ij2’dH(63A__¢\112)> (IV 342)
m €240 (U1 Uy) 26346 (W, W) '
(—D)Y2l (U0, d g (€242 Tm W — DVl (Wyry,,, dgg (e34-2T
u2 =D (Wi, dp (€70 mWn ) (=) (Woym, drr (e 2 (1v.343)
e24=¢ (U, WUy) 2e34-9 (Uy, Uy)

The gamma matrix conventions are given in Appendix A. We also introduced here the

loc

Born-Infeld density p;

¢ associated with a source wrapping a generalised submanifold
(%, Fi)

loc
= 2%). 1v.344
p (=) (1V 344)
It is useful to rewrite the algebraic inequality (IV.6) in terms of p'°¢:
ReWy, j;
joc 5, {ReW1, 7i) (IV.345)
V016

where the division by the volume form means that we remove the volg factor in the
numerator.

Therefore, if one considers the effective potential of a (non-)supersymmetric back-
ground with calibrated sources, the above inequality is saturated and the fifth line of
(IV.340) vanishes. Similarly, the last line of (IV.340) will vanish for solutions of ten-
dimensional supergravity satisfying the Bianchi identities (IV.339).

In the case of an N’ = 1 Minkowski background, the closed-string sector of the on-shell

effective potential can be rewritten as

1 —2A+2¢

Vet =5 /M (G +1G-s) + e dn(2) -

[(2.6)

2 8V016
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1
+3 / Ay (242 TmWy)|2. (IV.346)
M

Though this is simply the A" = 1 on-shell effective potential, this is the natural formulation
to interpret each term as the vanishing of some D-terms, F-terms and superpotential.

The first three terms in the first line of (IV.346) can be identified with the covariant
derivatives of the superpotential density (IV.332), (IV.333) and (IV.334) respectively,
while the last term in the first line of (IV.346) can be identified with the superpotential
density (IV.318). Finally, the last line of (IV.346) can be identified with the D-terms
(IV.329).

We do not intend to make a rigorous identification with the usual four-dimensional
N = 1 scalar potential here, we simply stress that each term in the closed-string sector of
the effective potential of ten-dimensional N' = 1 type II supergravity Minkowski solutions

fits into the four-dimensional N/ = 1 supergravity description.

IV.3.3 D-terms in generalised complex geometry

In this subsection we investigate the on-shell effective potential of non-supersymmetric
solutions of type II supergravity with external Minkowski space. We identify some
conditions that the modified pure spinor equations must satisfy in order for the non-
supersymmetric solutions to have a clear interpretation in terms of four-dimensional
N =1 supergravity.

We also derive the equations of motion, in the language of pure spinors, associated to

these backgrounds, with and without D-terms.

a) Effective potential and F-term conditions

Let us recall that we focus on non-supersymmetric solutions having only space-filling
sources, in order to preserve the Poincaré symmetry of the external space, and that we
consider only BPS sources. We also consider that our backgrounds satisfy the Bianchi
identities (IV.61).

In this case, the type II effective potential is

1
Vi =3 [ vola [din (¢4~ L)+ €24y (¥
e (L B LR Gt
4 Jas volg volg

1
+ 3 /M volg e*A|F3F — e dy (e ?Rew ) |?

4 / volge 429 [(ul)? + (u)2]. (IV.347)
M
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For non-supersymmetric Minkowski solutions, this potential still vanishes, but each term
does not necessarily vanish identically.

We now want to restrict ourselves to the study of a subclass of backgrounds dimen-
sionally reducing to a solution of N' = 1 four-dimensional supergravity, in the sense that
their scalar potential can be written as F-terms, D-terms, and superpotential contribu-
tions. From the ten-dimensional perspective, this means that we focus on backgrounds
where each terms in the on-shell scalar potential (IV.347) has an interpretation in terms
of the aforementioned contributions.

At this point the most pressing question to address is therefore the superpotential
expression for such backgrounds.

As mentioned above, we consider backgrounds where supersymmetry is broken in a
controlled way, as a perturbation around a certain supersymmetric backgrounds. For
instance, we could think of the right-hand side contributions of the pure spinor equations
(IV.301) and (IV.302) as controlled by some supersymmetry breaking parameters, whose
vanishing would restore supersymmetry. The question now becomes: how is the superpo-
tential in (IV.319) affected by switching on right-hand side contributions in (IV.301) and
(IV.302).

In the supersymmetric case, the complexification of the RR potentials entering the
superpotential is suggested by the coupling of a BPS space-filling D-brane to magnetic
background fields [7, &]. Indeed, the action of a space-filling D-brane wrapping a gener-

alised cycle (X2, F) can be written as?®

SD-brane = / e4A_¢\/det(g]g + F)voly — ie4AC'\g el (IV.348)
b

with voly, the volume form on the cycle ¥. The calibration of the space-filling D-brane

4%, [det(g|s, + F)voly = e*"?Rely A e”, (IV.349)

so the resulting action is

imposes that

SD-brane = / e4A(e_¢Re\IJ1 —iC)Neh = / AT AT, (IV.350)
2 2

putting in evidence 7 as the natural complexification of the RR potentials.

We now consider the breaking of supersymmetry through switching on right-hand
side contributions in (IV.301) and (IV.302). Crucially, the complexification of the RR
flux entering the superpotential is unaltered. Indeed, this is because the supersymmetry
breaking perturbations are such that the calibration of the space-filling D-branes (IV.349)
is preserved, and thus the expression of the BPS space-filling D-brane action (IV.350)

25The standard space-filling D-brane action is here Wick rotated to Euclidean space.
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holds. The superpotential expression thus remains as in (IV.319), although it must be
non-vanishing on-shell for non-supersymmetric Minkowski backgrounds, as it is the only
negative contribution to the vanishing effective potential. The associated F-terms might

not be vanishing either.

Non-supersymmetric backgrounds with BPS space-filling sources have been studied
in the GCG literature, and the contributions to the scalar potential of these vacua have
indeed been interpreted as F-terms and a superpotential contribution with the superpo-
tential (IV.319) [14]. It is also interesting to mention that backgrounds respecting the
algebraic calibration condition (IV.349) but not the differential one (IV.303) are success-
fully described using the superpotential (IV.319) in [110].

Generically we have no way to control the superpotential expression for non-supersymmetric
backgrounds with non-BPS sources dimensionally reducing to solutions of four-dimensional

N = 1 supergravity. We thus don’t further address this case.

Coming back to the scalar potential (IV.347), the BPSness of the space-filling sources
(IV.303) implies that its third line must vanish on-shell. In the supersymmetric case,
this corresponds to the F-term conditions resulting from the vanishing of the variations
(6W)z,, and (0W)z _, .We investigate these conditions when the supersymmetry break-
ing contributions are switched on. Given that the BPSness of the space-filling sources is
preserved on-shell, the third line of the effective potential (IV.347) vanishes and thus the
F-term conditions from (6W)z,, and (6W)z _, should still vanish.

Recall from the previous subsection that the variation of the superpotential with

respect to Z(;) reads
(OW) 2, = (=1)\Z+1g /M (621Gl ). (IV.351)
The resulting F-term condition is therefore
Gly_, = 0. (IV.352)

However, in the case of generic domain-wall and D-string BPSness violation, (IV.303) is

equivalent to

Glv_, = ie " Jy - dg (e Im¥y)|y., (IV.353)
Gly, = 0. (IV.354)

The F-term condition (IV.352) thus results in

T - dg(e*40Im¥y)|y , = 0. (IV.355)
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This is equivalent to
Ay (24 °Im¥y )]s, , = dp(e*¢Im¥)[s_, , =0, (IV.356)

where the sub-spaces S), , are defined in (IT1.61). Given that the polyform dy (e24=¢TmW )
is real, it implies
dg(e*4=2Im¥,) C Uy, (IV.357)

where U, is the in-eigenspace of J;. Backgrounds which don’t respect (IV.357) fall off
of the class of solutions dimensionally reducing to solutions of four-dimensional N = 1
supergravity with the superpotential (IV.319). The effective theories associated to such
solutions could be described as solutions of four-dimensional N' = 1 supergravity with
a different superpotential®®, or could be described with a fake superpotential. Alter-
natively, it might not even be sensible to talk about effective theories associated to
these ten-dimensional backgrounds, or it could be that their effective theories are non-
supersymmetric with the field content of N' =1 or N’ = 2 supergravity with additional
(massive) multiplets, or non-supersymmetric solutions of four-dimensional supergravities
with higher supersymmetry. We don’t address these possibilities further and for the rest
of this section we focus on the backgrounds respecting (IV.357).
Interestingly, imposing the condition (IV.357) makes the last line of the potential
(IV.347) vanish?7
up =uh = 0. (IV.358)

This last condition turns out to be crucial for the associated four-dimensional N = 1
supergravity, given that the last line of the potential (IV.347) is negative semi-definite
and is not a superpotential contribution, so it must indeed vanish on-shell, which is
guaranteed by (IV.358).

The modes set to zero by (IV.357) belong to vector representations under the SU(3)xSU(3)
structure, just like the massive spin %—multiplet degrees of freedom that appear when
reducing the ten-dimensional theory to four-dimensions [38, 10], which are seen as non-
physical degrees of freedom in the four-dimensional N/ = 1 supergravity and should be
gauged away. It is then reasonable to interpret our condition (IV.357) as the requirement
to keep only the four-dimensional N' = 1 multiplets in the low-energy effective theories.

On another note, the violation of the domain-wall BPSness condition (IV.301) results
in a non vanishing variation of the superpotential (IV.325). The corresponding contri-
bution to the superpotential (the second term of the first line of (IV.347)) is therefore

naturally interpreted as an F-term.

26 And therefore not admitting BPS space-filling D-branes.
2"This can be seen by imposing (IV.357) on the SU(3) xSU(3) decomposition of the pure spinor equations
given in Appendix C.2.
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The condition (IV.357) ensures the vanishing of the F-term corresponding to the cali-
bration of space-filling D-branes, but of course it does not guarantee that non-supersymmetric
ten-dimensional solutions respecting this condition will have a four-dimensional N' = 1
low-energy effective theory.

The type II supergravity solutions actually reducing to four-dimensional N' = 1 models
with vanishing D-terms automatically obey (IV.357), since then dg(e?*4A=?Im¥;) = 0.
This is the case for the GKP-like solutions of [3, 11] for example, but more generally
it is true for backgrounds which reduce to no-scale models with non-vanishing F-terms
and superpotential. In the GCG literature, the non-supersymmetric type Il supergravity
solutions with a supersymmetry breaking term violating the D-string BPSness (IV.302)
do not respect the condition (IV.357), and therefore do not reduce to solutions of four-
dimensional N' = 1 supergravity [15, 92]. In the next section, we will investigate the

constraint (IV.357) in a more concrete setting.

b) Equations of motion

In this subsection we derive the equations of motion in the language pure spinors for the
class of backgrounds discussed above, admitting BPS space-filling sources and respecting
the condition (IV.357) as well as the Bianchi identities. We do so by requiring the van-
ishing of the variations of the effective potential with respect to the internal fields, which
is equivalent to the ten-dimensional equations of motion given in Appendix A, (see [11]).

We consider the following potential?®

1 _ _ =
Ve = 5 [ €7 (Goldu (0], da (e 0))
1 - _ _
+5 [ Goldn (e~ Tmt)], dn (e~ Tmt))

_1/ 24 | (@1, dr (P4 20y)) |2+ (W1, dp (340 Wy)) |2
4 Jm volg volg

) . (IV.359)

We introduce the polyforms

0 =e 2A%6d g (3470Wy) 4 2i(—1)WMileA=0 (1,0 + £, 7)) (IV.360)
2 =%¢d g (>~ Im¥,), (IV.361)
with
3A=0,), ¥ 3A-0,), ¥
b= (o A ETT2), W) o e dE (), Ta) -y )
(U, W) (W, W)

28The other terms in the effective potential give trivial contributions to the equations of motion since
they are quadratic in quantities vanishing for the considered backgrounds.
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The decompositions of © and = on the SU(3)xSU(3) structure are given in Appendix
C.2.

Then, varying the potential (IV.359) with respect to the dilaton, we find the following

dilaton equation of motion
Re{(e3179Wy, dy0)} + (24~ ?Im ¥y, dyE) = 0. (IV.363)

Note that, in our case, the solutions of the dilaton equation have an identically vanishing

effective potential. The B-field equation of motion is
d[Re{(c™ W5, 0)} + (2 ~“Im¥y, B), | = 0. (IV.364)
We derive the internal component of the Einstein equation by varying the effective

potential with respect to the internal metric. Given that the Hodge operator and the

pure spinors depend implicitly on the metric, we use the following rules

1
Jy/detg = — §5gm”gmn\/detg (IV.365)

~ mnf /3 1 o
0 (Fox1s x2) = 0g™" [ (Fetmx1, tnx2) = 59mn (Fox1, x2)] (IV.366)
1
SV, = — 5(sgfrmgk(mdyk AW i=1,2. (IV.367)

We find the following internal Einstein equations

0 ZRG{ (Gr(mdY" A 1) (e3470T2), drO) — (gr(mdy® A 1y du (e 9T3),0) }
+ (GrmdY" A 1y (€A70ImT1), dBZ) — (gr(ndy® A 1oy dg(e*4¢ImPy), E) . (IV.368)

These are equations of motion of backgrounds compatible with a four-dimensional super-

gravity solutions with non vanishing F-terms and D-terms.

A subclass of these backgrounds are those compatible with a four-dimensional super-
gravity solutions with non vanishing F-terms and vanishing D-terms. In this class we

have

dg(e*4=9Im¥,) = 0, (IV.369)
so obviously = = 0.

However, the last equation of motion, the external component of the modified Einstein

equation, must be discussed separately for the cases with and without D-terms.

The external component of the modified Einstein equation is equivalent to the van-
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ishing of the following variation of the effective potential

O Vet Vet
oA T, T

0, (IV.370)

and it is identically satisfied for backgrounds with calibrated sources, preserving the D-

string BPSness (i.e. without D-terms) and satisfying the Bianchi identities, as shown in

[+4]-

For backgrounds with non-vanishing D-terms, thus violating the D-string BPSness,

we simply reduce the ten-dimensional equation (A.29) on our warped configurations

V(e 2Vmetd) = e*F - Fetde ™ gplc (IV.371)

i€loc. sources

and rewrite it in terms of pure spinors as

—d(e72 xg de??) = (36 F, e F) — (A6 F, e* " ?Rel))
+ etA=9 Z Ti |:,0£OCV016 — (Re¥y, jz>} (Iv.372)

i€loc. sources

by using the Bianchi identity (IV.339) together with the RR-field-strength self-duality
(I11.64). For backgrounds admitting only calibrated sources, the second line in (IV.372)

vanishes, and we are left with the external components of the modified Einstein equation
—d(e72 xg de*?) = (36 F, e F) — (g E, e*A"?Rel)) . (IV.373)

These equations of motion are drastically simpler than the ones one would obtain by
varying the effective potential (IV.347). Considering the case where = = 0, the complete

set of equations of motion

Re{(e3479Wy,dyO)} = 0 (IV.374)
d[Re{(¢* =905, 0),}] = 0 (IV.375)

Re{ <gk(mdyk A ln) (63A—¢\I;2)’ dH®> - <gk(mdyk A Ln)dH(e3A_¢\IJ2)a @> } =0 (IV376)

is simple enough to hope to solve them for new ten-dimensional type II flux vacua
with BPS space-filling sources, which would dimensionally reduce to solutions of four-
dimensional N' = 1 supergravity with non-vanishing F-terms, like no-scale models for

example.
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IV.3.4 The example of type IIB SU(3)-backgrounds with BPS O5-planes

In this section, we investigate again the condition (IV.357) we have to impose in order
to interpret our solutions as dimensionally reducing to N' = 1 four-dimensional super-
gravity. In particular, we want to determine how restrictive the condition (IV.357)
can be. Concretely, we would like to consider the possibility of having non-zero D-
terms dp(e?4~?Im¥;) # 0, and see how constrained their expression is from requiring
dg (e*4~*Im¥y) € Uy.

We focus on type IIB warped backgrounds with a four-dimensional Minkowski external
space, admitting calibrated parallel space-filling O5-planes, and possibly D5-branes, and
we restrict to internal manifolds with SU(3) structure. Introducing a local unwarped
vielbein {&%}, we choose the directions é! and é* to be tangent to the unique two-cycle

wrapped by the sources. Our metric ansatz is thus

ds® =e*Adsg, | + dsi, (IV.377)

dsfy =M (@) + (@) +e 3 (@) (1V.378)
§=2,3,5,6

For SU(3)-structure manifolds, the pure spinors (I11.66) and (I11.67) reduce to
Uy =% W, =eQ, (IV.379)

where 6 is the relative phase between the two parallel internal spinors n; = e, the
Kaéhler form J and the (3,0) form €2 take the form

J=— (2 net + e A2 N 4 e 283 A ed) (IV.380)
Q =e A&l +iet) A (@2 +ie®) A (& +ied). (IV.381)
As discussed in [111], the orientifold projection sets
T

0= —5 (IV.382)
Notice that, combining the dilaton equation of motion with the appropriately traced
external components of the Einstein equations, as done in [112], one can show that?

V2(2A — ¢) = 0. Harmonic functions being constant on compact spaces, we set
A= =g, (IV.383)

As shown in Appendix C.2, imposing that the gauge-BPSness condition still holds

2Note that both the Bianchi identities and the BPSness of the space-filling sources (TV.303) are crucial
in this derivation.
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already constrains the allowed non-supersymmetric deformations of the pure spinor equa-

tions to
dp(e?479Q) = —i 340K (IV.384)
dp(e?A"?Ree') = 24707 (IV.385)
dg(e*~?Ime'’) = 56 F (IV.386)
with
K = [~tae — t1e7 4 (ul, + pR)A"Q = (ud + ph) O™
+ A" A™ + g A 4™ (IV.387)
and
( * * K\ 2AM 1 * iJ om
T =3 [+ 8)2 = (upy + )" = (W) + ph)e's
() AT — cec. (IV.388)

The gamma matrices {4} are defined in the local vielbein, and their action on poly-
forms is given in Appendix A. Imposing our condition (IV.357) further constrains the
supersymmetry breaking terms Y:

T = [} + )2+ (gh) 9" 25"] = c.c. (IV.389)

N | .

Expending T on the local vielbein yields

1 1 1
T=3 | (w52 — wa) € + S€ AT J| + e Mg — ) [ + S5ENTA J| (v.390)

1 1
+ eiA(xgl — (L‘lg) [ég + 553 ANJ A J} + GA(ygg — ygg) [é4 + 554 ANJ A J}
1 1
+ B_A(ygl — y13) [55 + 5(55 ANJ A J} + e_A(ylg — y21) [56 + §é6 ANJ A J” + X
(IV.391)

with z;;, y;; some real functions on the compact manifold, whose expressions are given in
terms of the supersymmetry breaking parameters in Appendix C.2, and X a three-form
specified in (C.46).

Moreover, the one-form components of Y is set to zero by (IV.383). The supersym-

metry breaking parameters must therefore respect

Tij =T Y =Yio 6 =1,2,3. (IV.392)
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It is then interesting to note that this requirement makes the five-form components of T

vanish, which imposes
d(J*) =o0. (IV.393)

We already see at this stage that the condition (IV.357) highly constrains the possible
D-terms for vacua with space-filling BPS-sources.

The only remaining possibility in order to have non-vanishing D-terms is through the
NS flux. However, the most general NS field-strength compatible with (IV.357) and the

orientifold projection?’ is also highly constrained

H = yp(ee A3 net —e 342 N3 N eP)
+x3(eE NETNE 43BN A D)
—zg(etet NEt A ES — 342 A Ed A eb)

—yis(etE A et e e ae). (IV.394)

For these backgrounds, the Bianchi identity for the NS flux and the B-field equation of
motion (IV.364) read
dH =0 d(*¢H) =0, (IV.395)

and together with the NS flux quantisation condition they would further constrain the
possible NS flux, upon specifying some internal geometry.

Finally, it is also important to note that the orientifold projection sets
HAQ=0. (IV.396)

Since the F-terms from (IV.384) cannot be vanishing?!, this means that the breaking of
supersymmetry cannot originate purely from NS flux components.

Constructing ten-dimensional supergravity solutions with D-terms is difficult, and
in this illustrative example we see that the mere requirement of consistency with the
four-dimensional A/ = 1 description highly constrains the possible D-terms expression,
potentially ruling out the possibility for non-vanishing D-terms for the whole class con-

sidered.

1V.3.5 Discussion

In this section, we studied non-supersymmetric solutions of type II supergravity within
the framework of generalised complex geometry. The interpretation of the supersymmetry

conditions in terms of calibration conditions for different types of probe D-branes led us to

39The NS field-strength must be odd under the orientifold projection.
31There cannot be pure D-term breaking of supergravity in Minkowski space.
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consider a subclass of non-supersymmetric solutions partially preserving supersymmetry,
in the sense that the calibration condition for space-filling D-branes remains satisfied and
such backgrounds admit only space-filling BPS sources. This calibration condition has
been dubbed the gauge BPSness condition in [11]. On the other hand, the calibration
conditions for string-like and domain-wall probe D-branes are allowed to be violated,
which is encoded through the introduction of some supersymmetry breaking terms in
these conditions.

The gauge BPSness condition has been interpreted in [7] as an F-term condition,
making the connection with the four-dimensional N' = 1 description.

We derived a generalisation of the gauge BPSness for our class of non-supersymmetric
vacua. We then investigated under which conditions the gauge BPSness can still be
interpreted as an F-term condition. Interestingly, this is the case when (IV.357) is re-
spected, i.e. when some terms violating the string-like calibration condition are set to
zero. These terms belong to vector representations of the SU(3)xSU(3) structure, just
like the modes identified with four-dimensional massive spin % multiplets degrees of free-
dom in [38]. Given that the violation of the string-like calibration condition has been
interpreted as D-terms of the associated effective theory in [7], our condition (IV.357)
restricts the possible D-terms for our class of backgrounds.

On another note, the vanishing of these vector-like modes results in some negative
semi-definite contributions to the effective potential being set to zero on-shell (the last
line of the effective potential (IV.347)). This is in agreement with the four-dimensional
N =1 picture, given that these contributions do not originate from the superpotential.

We derived the equations of motion for this class of backgrounds, and they are signif-
icantly simpler than the ones one would derive without imposing the constraint (IV.357),
and an obvious extension of this work would be to search for such non-supersymmetric
solutions.

A subclass of these backgrounds is the one containing vacua which would dimensionally
reduce to four-dimensional N" = 1 supergravity solutions with non-vanishing F-terms, and
vanishing D-terms, like the abundantly discussed no-scale vacua. We also presented the
remarkably simple general equations of motion for such backgrounds, and one could again
look for new solutions of this type.

Finally, to illustrate this discussion we analysed how constraining it is to require
(IV.357) for the class of SU(3) backgrounds with space-filling BPS O5-planes. We showed
that non-vanishing D-terms could only arise through NS flux components, while the NS
flux expression is itself highly constrained by (IV.357). It would then be interesting to
investigate further the consequences of imposing our condition (IV.357) on different source
configurations, and possibly rule out completely the possibility for D-terms in these cases,

or find some new supergravity solutions with non-vanishing D-terms.



Chapter V

Non-supersymmetric flux vacua in Ex-

ceptional Generalised Geometry

In this chapter we discuss the E7(7) X RT generalised geometry of non-supersymmetric
flux backgrounds. We focus on type II supergravity backgrounds with a four-dimensional

Minkowski external space.

As we have discussed at length in chapter III, an N’ = 1 type II supergravity back-
ground which has a four-dimensional Minkowski external space is in one-to-one corre-
spondence with an integrable generalised SU(7) structure, and the integrability of the
structure is a set of differential conditions equivalent to preserving N = 1 supersym-
metry. The integrability of the generalised SU(7) structure amounts to the vanishing
of the generalised intrinsic torsion associated to connections compatible with the SU(7)
structure, the SU(7) intrinsic torsion. For a type II supergravity background compacti-
fied to four-dimensional Minkowski, if supersymmetry is broken, its corresponding SU(7)

intrinsic torsion will thus be non-vanishing.

In this chapter we investigate the SU(7) intrinsic torsion of non-supersymmetric flux
backgrounds. As we have discussed in chapter III, we can organise the SU(7) intrinsic
torsion in terms of different irreducible representations of SU(7).

This is useful because it allows one to rewrite the supergravity equations of motion in
terms of the components of the associated intrinsic SU(7) torsion, as is done in section
V.2. The hope is then to be able to identify no-go theorems for supersymmetry breakings

associated to certain components of the SU(7) torsion.

We focus on the class of non-supersymmetric type II backgrounds which still admits
two globally defined internal spinors. While not completely general!, this is still a broad

class of backgrounds, which can be classified in O(6,6) generalised geometry in terms of

!This class of solutions doesn’t contain the case of an NS5-brane wrapping a Calabi-Yau for instance.

129
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the different supersymmetry breaking parameters entering in the modified pure spinor
equations, as introduced in chapter IV.

For this class of backgrounds, we provide a direct dictionary between the supersym-
metry breaking parameters and the non vanishing irreducible SU(7) representations of the
intrinsic torsion in section V.1. As such, this provides a bridge between the O(6,6) x RT
and Eq(7) X R™ generalised geometry frameworks, and this thus allows to describe the

known N = 0 backgrounds [3, 44, 45, 91] within E7(7y x R* generalised geometry.

Another goal, which is still work in progress, is to associate non-supersymmetric type
II solutions with the integrability of a smaller generalised geometric structure.

For a given non-supersymmetric type II solution, this could be done by defining the
common stabiliser G C SU(7) of its SU(7) structure and its intrinsic torsion. This would
also allow one to define deformations of said background and calculate its corresponding
classical moduli space. Such deformations would be cast in terms of irreducible represen-

tations of G. We briefly initiate this discussion in section V.3.

Throughout this chapter, we use the conventions of section III.2, notably the pure
spinors (II1.156) and (II1.157).

V.1 The SU(7) torsion

In this section, we study non-supersymmetric type II backgrounds with a four-dimensional
Minkowski external space, and with the following general domain-wall and D-string su-

persymmetry breaking

dg®s = wo + wp (Vl)
dp(e ™ Re®)) = wy 4+ w_1 + w3 +w_3, (V.2)

with w; polyforms of charge ¢ under Js, and with wy, = ©w_1 and w3 = w_3.
We focus on the subclass of backgrounds which satisfies the gauge BPSness, in order
for the physical space-filling sources of the considered backgrounds to be BPS2. The non-

supersymmetric reformulation of the gauge BPSness derived in section IV.3 now reads
F = —8d72 (e 3 m®,) + 8ie 247 -w_y . (V.3)
Let us rearrange this equation into

(F+dgX)_y = 8ie A7 -w_; (V.4)

2Recall that Minkowski flux backgrounds must have space-filling Orientifold sources to evade the no-go
theorem from [66, 67], further discussed in [113].
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(F+dpX)-3 = 2duX|-s, (V.5)

where we introduced ¥ = 8ie 34Im®,. It is important to note that dyX|_s is non-
vanishing only if wy # 0, it should hence be thought of as depending on wy. We denote it
dgX|-3 = Y0 in the following.

This reformulation of the gauge BPSness seems quite arbitrary for now but this will
be the most natural formulation in order to connect with the exceptional generalised
geometry framework, as we will discuss below.

The goal of this section is to derive expressions for the different irreducible SU(7)

representations of the intrinsic torsion in terms of the supersymmetry breaking forms

{wi}.

V.1.1 Connection, torsion and Dorfman derivative

In this subsection, we start by evaluating the SU(7) intrinsic torsion of non-supersymmetric
type II flux backgrounds in terms of irreducible representation of the SU(3,3) group as-
sociated to the almost complex structure 7.

We will reorganise this intrinsic torsion in terms of the irreducible representations of
the SU(7) group associated with the generalised SU(7) structure in the following subsec-
tion.

Recall that the exceptional complex structure Ly C Ec and generalised SU(7) struc-
ture ¢ € F(f('c) for type II backgrounds with a four-dimensional Minkowski external

space read

Ly=e"- (L1 ®Uyg,) (V.6)
=€ Dy, (V.7)

We introduce the following seven-dimensional complex bundle
Lg =L1®Uy,, (VS)

which we refer to as the untwisted exceptional complex structure.
We consider a generalised connection D. Recall from section II1.2 that we can define

the corresponding generalised torsion T : I'(E) — I'(adF) in the untwisted picture via
Litta=10a —T(V) - a, (V.9)
for a any tensors. We consider D to be compatible with the generalised SU(7) structure

(D+H+F))=0. (V.10)
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The compatibility of the generalised connection with the SU(7) structure ensures
LIty = —T(V).-¢p VYV eT(Ls). (V.11)
Introducing V = e* - V0 with V0 € T'(LY), the above relation is equivalent to
L anEg, = —10(v0). 0, Wy en(L)), (V.12)
with
™ =e>.T, (V.13)
the untwisted SU(7) torsion.

Writing VO = W + a®, € I'(LY) with a € C°(M), the left-hand side of (V.12) reads

LI 20, = Wdyp®s — ady®s - 0o
+ (W(F +dgX) + a(F +dg%, @) - ®2. (V.14)

The terms in the first line of this Dorfman derivative can be read off from the modified
pure spinor equation (V.1), while the ones in the second line only depend on the modified
pure spinor equations (V.4), and (V.5). We can therefore access T°(V°) € adF through
(V.12). However, given that this section of the adjoint bundle acts on the untwisted
generalised SU(7) structure ®; € T'(K¢) in (V.12), its expression will be up to the kernel

of the adjoint action on the untwisted generalised SU(7) structure.
In order to do so, we introduce Z*2 € T'(L_1), Z“° € T'(A3(L_1)), and SU(3, 3) gamma

matrices I'¥ with indices ¢ = 1, ..., 6 such that

wy = ZPT Py wy = Z5 TR D, . (V.15)

We then evaluate the above Dorfman derivative, using (V.1), (V.4), and (V.5):

LR D, = (n(242, W) + 2 © W - aw

+ 8ie AW (Jr - w 1) + 2 Y 4 20 (Y40, 8,) ) - @, (V.16)

with (Z @ W);; = W*Zy,;; € T(A%(L_1)).
We therefore have

T°(VO) = —[n(Z2“2, W) + Z*° & W — awp
+ 8ie 2 (J1 - w_1) + 2WY™0 + 20 (Y0, ®y)] + ker, (V.17)

with ker a section of the adjoint bundle sitting inside the kernel of the adjoint action on
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the untwisted generalised SU(7) structure.

The terms entering T°(V) depend explicitly on the supersymmetry breaking forms
{w;}, but they are irreducible representations of the SU(3,3) group associated with the
pure spinor ®2. We make the connection with the different irreducible SU(7) representa-

tions in the following subsection.

V.1.2 The SU(7) torsion from the adjoint bundle

We calculated the section of the adjoint bundle corresponding to the action of the un-
twisted SU(7) torsion on the LY bundle T°(V?). We therefore start by analysing further
the adjoint bundle. In particular, we will parametrise the subspace of the adjoint bundle
which acts non-trivially on the untwisted SU(7) structure in terms of irreducible SU(7)
representations. Given that these are eigenstates of the exceptional complex structure,
this will allow us to match the SU(3,3) representations entering in (V.17) with SU(7)

representations by rearranging them into the corresponding eigenstates.

To do so, we consider the complex embedding SL(7,C) C SL(8,C) C FErc and its

corresponding complex decomposition of the generalised tangent and adjoint E7c bundles

56c ~7®21 92147 (

Ec~ LY@ AS(LY)* @ A*(LY)* @ [A"(LY)* @ (LY)*] (V.19
133c ~ 1048 (35@®35) D (T T) (
adFc ~ C @ [LI ® (L3)*)o ® AL @ A3(L3)* @ ASLY @ AS(LY)*, (

where [L ® (L3)*]o is a traceless 7 x 7 complex matrix, corresponding to the SL(7,C)
algebra. The SL(7,C) C E7c adjoint action on the generalised tangent and the adjoint
bundle are given in appendix B.2.1. From this adjoint action, we have that the following

subspace g of the adjoint bundle

91~1®48335d7 (V.22)
g~Ca[Li® (L)o@ ALY @ A°LY (V.23)

stabilises the untwisted almost exceptional complex structure Lg. The stabiliser group G
of the untwisted almost exceptional complex structure LI is therefore G = ((SL(7,C) x
C3%) x C7) x C. This group can be thought of as the complex analogue of the RT x U(7)
group defining the exceptional complex structure.

The SL(7,C) subgroup corresponds to the complexification of the compact subgroup
SU(7) € SU(8)/Z2 C Eqz x RY, while the groups C%, C7, and C complexify part

of the non-compact part of Ery x RT. In the following we will thus parametrise the
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adjoint bundle in terms of irreducible representations of SL(7,C) C Erc, and these should
be thought of as the complex analogues of the irreducible representations of the SU(7)
subgroup of the real E7(7y x R algebra.

The group stabilising the untwisted generalised SU(7) structure ® is the same as the
one stabilising the untwisted exceptional complex structure, with the exception of the
complex scalar part which rescales ®3. We denote it H and we have H = (SL(7,C) x
C3%) x C7. Its algebra, as a subspace b of the adjoint bundle is

90 ~48®35® 7 (V.24)
b~ [LI® (L9)*]o @ A*L @ ASLY. (V.25)
This leaves
133/90 ~19350 7 (V.26)
erc/bh ~ C @ A3(LY)* @ AS(LY)* (V.27)

as the subspace of the adjoint bundle acting non-trivially on the untwisted generalised

SU(7) structure. We denote its sections as
R=R'+R¥»4+R". (V.28)
In terms of irreducible SU(3, 3) representations, it reads

133/90 ~ 1015363206 1 (V.29)
erc/h~Cd A2(L,1) DS 2B SyP AGTC* . (V.30)

The parametrisation of the generalised tangent and adjoint E7c bundles in terms of
SU(3, 3) representations is given in appendix B.2.2. As we have the expression (V.17)
for TO(VY) as a section of (V.30), the goal is now to connect it with the SL(7,C) repre-
sentations in (V.27).

To do so, we make use of the fact that each SL(7,C) representation entering (V.27)
is an eigenspace of the almost exceptional complex structure. Indeed, as an SL(8,C)

representation, the exceptional complex structure J reads [01]
J = diag(—1/2,-1/2,...,7/2) € s1(8,C) C Erc. (V.31)

One can explicitly decompose J into irreducible SL(7,C) representations, following ap-

pendix B.2.1. Acting on the different irreducible SL(7,C) representations of e7c/h, we
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have
J-R'=0 (V.32)
J-RT = —4iR" (V.33)
J-R¥ = —2iR%. (V.34)

The 1-, 7-, and 35-dimensional SL(7,C) representations living in e;c/bh are therefore
eigenspaces of the exceptional complex structure J with eigenvalues 0, —4i, and —21¢

respectively.

We can now turn to evaluating the adjoint action of the exceptional complex structure
J on irreducible SU(3,3) representations of erc/h, and then construct the eigenstates
corresponding to R, R7, and R3®.

First of all, in terms of SU(3,3) representations, we have?
J=To+i(X - %%, (V.35)

with $f = —3e34((®,, ®2))"'Re®;. The corresponding untwisted exceptional complex

structure J, equivalent to Lg, is
JV = e EJe" = Jp — 20 — iXF, (V.36)

where the scalar piece corresponds to a section ! of the adjoint space in (B.89). We now

write a section of e7c/h in terms of irreducible SU(3, 3) representations as
X=p+vo+so+sy+a, (V.37)

where each term matches with the ones in (V.30) in the obvious way. We can evaluate
the adjoint action of the untwisted exceptional complex structure J° on X from appendix
B.2.2.
From
JO X = —2i(v_og +50) —4i(s_g+a) —iXF - (so+5_24a), (V.38)

we can construct eigenstates of J 0 agt

R'=p (V.39)

1 1
R7:a+§Eu-a+s_2+§Zﬁ-s_2 (V.40)

3This expression for J can be calculated from requiring .J - Ly = 3iL3 for instance.
4We didn’t expand some adjoint actions for the sake of simplicity, but it can be done following appendix
B.2.2.
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35 | 1y
R>® =v_9— 52 - S_9+ 8y — 52 -a, (V.41)

where R', R7, and R3® have eigenvalues 0, —4i, and —2i respectively, under the action
of JV. We now have a concrete link between the SU(3,3) and SL(7,C) representations
entering in e7c/h. The final step to complete the dictionary between the irreducible
SU(7) representations of the SU(7) torsion and the non-vanishing SU(3, 3) representations
involved in the modified pure spinor equations of a given non-supersymmetric background,
is to connect TY with the 1, 7, and 35 SU(7) representations in erc/b.

We denote as T, T9, T9,, and T3, the sections of the torsion bundle K¢ corresponding
to the 1, 7, 21 and 35 representations of the SU(7) intrinsic torsion (II1.135).

From SL(7,C) group theory, we have®

V=10 V0 e T(AS(LY)*) (V.42)
wvH=120Vv?cr(C) (V.43)
T (VO = T4 o VO e T(A3(LI)*) (V.44)
TRV =T o VY e T(A3LY), (V.45)
for all V0 € T'(LY), and with
® : Kc ® Ec — adF¢ (V.46)

given in appendix B.2.1.

We conclude that TP(V?), T9(V9), and T35 (V") correspond to sections Ry, Ry, and
R3s5 of erc/b, respectively, while 79, (V?) is a section of b, and as such it belongs to the
kernel of the adjoint action on the untwisted generalised SU(7) structure. Its contribution
to (V.12) hence vanishes.

V.1.3 Backgrounds with non-vanishing SU(7) intrinsic torsion

We can now come back to discussing non-supersymmetric type II backgrounds with the

following general domain wall and D-string BPSness violations:

dg®s = wo + wp (V.47)
dH(e_AReq)l) =w) +w_1+wst+w_3, (V.48)

5 Alternatively, the sections T, T2, T9;, and T% of the torsion bundle Kc can be written in terms
of SL(7,C) indices following [42]. One can then evaluate these expressions explicitly, with ® given in
appendix B.2.1.
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with w; = @w_1 and w3 = w_3. These background satisfy the following gauge BPSness

(F+dpX) 1 =8ie A7 - w4 (V.49)
(F + de)_g =2Y%0, (V50)

Recall that for such backgrounds, we have

TV = —[n(Z2°2, W) + Z°° &0 W — awg
+ 8ie AW (1 - w_1) + 2WY*° 4+ 20 (Y*0, )] + ker . (V.51)

We introduce the following notation:

TO(VO) =p+v_o+8+5_2+a+ker (V.52)
with
p=-—n(Z?W) (V.53)
V_9 = —ZWO © w (V54)
50 = awy — Sie AW (Jh - w_1) (V.55)
s_p = —2W Y0 (V.56)
a=—2a(Y* dy) , (V.57)

which are irreducible representations of the SU(3, 3) group associated with the pure spinor
Ds.

The different irreducible SU(7) representations of the SU(7) intrinsic torsion, acting
on V¥ =W + a®, € T'(LY), are then

(V% =p (V.58)
1 1
VY =a+ §zﬁ ca+s_g+ izﬁ 5.9 (V.59)
1 1
TV =v_y — izﬁ - 5_9+ 80— izﬁ ‘a. (V.60)

There are several lessons to draw from these expressions for the SU(7) intrinsic torsion

of non-supersymmetric type II flux backgrounds with calibrated space-filling sources.

i) As we discussed in chapter III, only the 7 and 21 components of the SU(7) intrinsic
torsion enter the moment map (II1.150).
We see here that the 7 component of the SU(7) torsion is solely dictated by ws. From

(IT1.183) we can thus conclude that a non-vanishing 21 component of the torsion purely
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results from

dp(e 4 Red1) #0. (V.61)

ii) As we just discussed, the supersymmetry breaking form w_; violating the D-string
BPSness (V.48) generates some non-vanishing 21 torsion. We now learn from (V.60) that
it also results in a non-vanishing 35 component of the SU(7) intrinsic torsion.

This ultimately comes from the non-supersymmetric expression of the gauge BPSness
derived in chapter IV. In the O(6,6) generalised geometry context, it highlighted the
interplay between the D-string BPSness violation and the gauge BPSness, while here in
the Er(7) generalised geometry framework, it shows the relationship between the 21 and

35 components of the SU(7) intrinsic torsion.

iii) The supersymmetry breaking forms w_3 and w3 don’t appear in the 1, 7, and 35
components of the torsion, they hence correspond to pure 21 torsion. They are precisely
the modes that are allowed for type II flux backgrounds with D-term supersymmetry

breaking and calibrated space-filling sources, as discussed in chapter IV.

iv) Let us consider backgrounds with BPS space-filling sources, non-vanishing F-terms
and superpotential. As discussed in chapter IV, they require a non-vanishing wg # 0, as
it generates the F-terms, as well as a non-vanishing Y“°, which is proportional to the
superpotential. We learn from (V.59) and (V.60) that such backgrounds will hence always
have non vanishing 1 and 35 components of the SU(7) torsion.

As already mentioned, backgrounds with non-vanishing D-terms must have non-vanishing
supersymmetry breaking forms w_3 and w3, but they also need a non-vanishing Y“°, since
it generates the required non-vanishing on-shell superpotential. Y*“° can be non-vanishing
only if 75 is non-integrable, i.e if wy # 0. These backgrounds will hence also always have

non vanishing 1 and 35 components of the SU(7) torsion.

v) Finally, let us mention that there can be backgrounds where supersymmetry is
broken via only a w_; supersymmetry breaking form, as in [15, 91]. As was discussed in
the previous chapter, these do not dimensionally reduce to solutions of four-dimensional

N =1 supergravity with F-terms, D-terms and superpotential.

Before giving the explicit construction of the intrinsic SU(7) torsion for a few concrete
examples, let us briefly discuss relaxing the gauge BPSness condition.

We hence discuss non-supersymmetric type II flux background which now have non-
BPS space-filling sources. We consider the following completely general® breaking of

supersymmetry

dg®s = wy + wy (V.62)

SWith the usual caveat that only geometries admitting two globally defined internal spinors are con-
sidered.
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dp(e™®Re®)) = w1+ w_1 + w3 +w_3 (V.63)
(F+dpY)-1=uw', (V.64)
(F+dpS)_s = w4, (V.65)

with again w; = w_; and wg = w_3. Evaluating (V.14) now yield

TO(VO) = —[n(Z2, W) + Z*° © W — awy

+ W i+ Ww g+ a{w 4, ®2)] + ker. (V.66)

Introducing
TV =p+v_ o+ so+s_o+a+ker (V.67)

with

p=-n(Z2W) (V.68)
Vo= 20 QW (V.69)
so = awg — Wuw' 4 (V.70)
S_9 = _WWL3 (V?].)
a=—aw 5 ), (V.72)

we have the following irreducible SU(7) representations of the SU(7) intrinsic torsion
acting on V9 =W + a®, € T'(LY)

(V% =p (V.73)
1 1
(V% =a+ iﬁﬁ ca+s_o+ iEﬁ “S_9 (V.74)
1 1
To(VO) = v g — 52’1 -5 9+ 80 — Qzﬁ “a. (V.75)

There are fewer lessons to draw from these expressions for the SU(7) intrinsic torsion of
non-supersymmetric type II flux backgrounds with non-BPS space-filling sources. How-

ever, we note that:

i) The 7 component of the SU(7) torsion is again solely dictated by we. From (II1.183)
we can thus still conclude that a non-vanishing 21 component of the torsion purely results

from
dg(e ™ Re®1) £0. (V.76)

ii) The supersymmetry breaking forms w_3 and ws don’t appear in the 1, 7, and 35
components of the torsion, they hence still correspond to pure 21 torsion. However, as

opposed to the case where the sources are BPS, it is now also the case for the w_q and
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w1 supersymmetry breaking forms. The 21 and 35 components of the torsion can then

be independent in principle.

iii) The supersymmetry breaking form w’ 5 can be non-vanishing only if wy # 0. We

thus find again that the 1 and 35 components of the SU(7) torsion are not independent.

We now illustrate the results found above to examples of non-supersymmetric type 11

flux backgrounds from the literature.

a) GKP backgrounds

The type IIB GKP backgrounds [3] are non-supersymmetric flux backgrounds with an
SU(3) structure and BPS D3-branes and O3-planes, where supersymmetry is broken by
a (0, 3)-component of the NS flux H_3, with respect to the underlying complex structure

of the background. They obey the following pure spinor equations

dp®_ = H 5 A d_ (

dp(e Re®,) =0 (
(F+dgX)_1=0 (V.79

(F+dyX) 3 =2ie °H 3. (

Using these, we evaluate the Dorfman derivative of the untwisted generalised SU(7) struc-
ture along VO =W + a®_ € LY

LI aEg  — Wdyd_ — dy(ad_) - o

Vo
+(W(F +dgS) + a(F +dy3, @ )) - &_ (V.81)
= (UJH_g —aH_3sNd_
+ 2ie YW H_3 + 2ie %a (H_3,®_)) - d_ . (V.82)
From (V.12), we have
TV = —viH 34+ aH 3 A®_ —2ie " *WH_5— 2ie ®a (H 5,®_) , (V.83)

up to the pieces acting trivially on ®_. We decompose this expression in terms of the

different irreducible SU(7) representations of the SU(7) intrinsic torsion

(V9 =0 (V.84)
T9(VO) = aH 3 A®_ +iae ®%F - (H 3,®_)

—vaH 3 +ie %% (WH_3) (V.85)
(VO = —2ie %o (H_3,®_)
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— aie ®%F . (H 3, ®_)
— 2ie *WH_3
—ie ®SF . (WH_3), (V.86)

where each line corresponds to a given SU(3, 3) representation. These backgrounds there-
fore have non-vanishing 1 and 35 contributions to the intrinsic torsion, while the 7 and
21 contributions vanish, from (V.84) and (V.78). This is a first example of a non-
supersymmetric background dimensionally reducing to a solution of four-dimensional

N =1 supergravity with non-vanishing F-term and superpotential.

b) LMMT backgrounds

A family of backgrounds T-duals to the original GKP construction has been introduced
in [44], the LMMT backgrounds. They have been discussed at length in chapter IV. In
type IIB, they obey the following pure spinor equations

dag®_ = iry (V.87)
dg(e ™ Red,) =0 (V.88)
(F+dpX)-1=0 (V.89)
(F4+dgX)_3 =2dgX|_3 (V.90)
with
j=(=1)*IRed, + %Amn’ymReq)yy", (V.91)

and r a complex supersymmetry breaking parameters. A, and the gamma matrices
conventions are discussed in chapter IV.

Using these, we evaluate the Dorfman derivative of the untwisted generalised SU(7)
structure along VO =W + a®_ € LY

LI+ = Wwdpd_ — dg(a®_) - &_ + (W(F +dpl) + o (F +duS, @ ) - &
= (ZOW —iarj + 2W(duY|-s) + 20 (dy%|3,9) ) &, (V.92)

with, in SU(3,3) indices: (Z © W);; = W¥Zy,; € T(v_2), and Z;jT7*®_ = irj.
From (V.12), we have

TV = —-Z oW +iarj — 2W (dg3|_3) — 2o (dpX|_3,®_) , (V.93)

up to pieces acting trivially on ®_.

We decompose this expression in terms of the different irreducible SU(7) representa-
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tions of the SU(7) intrinsic torsion

(V)
Tys(V?)

0 (V.94)
~ZOW + 3t (W(duX|-s)]

+iarj +aXf - (dgX|_3, _) (V.95)
TPV = —2a (dy2|_3,®_)

—aXt (dgX| 3, @)

—2W (dgX|_3)

— X W (dux]-s)], (V.96)

where each line corresponds to a given SU(3,3) representation.

These backgrounds therefore have non-vanishing 1 and 35 contributions to the intrin-
sic torsion, while the 7 and 21 contributions vanish, from (V.94) and (V.88).

c) Legramandi-Tomasiello backgrounds

Legramandi-Tomasiello backgrounds [15] are massive type ITA backgrounds with a static
SU(2) structure and have been discussed in chapter IV. Their supersymmetry breaking

comes from a violation of the D-string BPSness

dg®y =0 (V.97)
dp (e ®Red_) = geGA_2¢V016 (V.98)
(F+dpX)_1 = ice*®"207_ . (volg|_1), (V.99)

with the subscript now denoting the charge under 74, and ¢ a supersymmetry breaking
parameter. As such, they are an example of string-like supersymmetry breaking back-
grounds (SSB). These backgrounds also respect F_3 = dyg¥|_3 = 0, which is imposed by
(V.97).

Using these, we evaluate the Dorfman derivative of the untwisted generalised SU(7)
structure along V0 =W + a_ € LY

LETFHn2g = wdpd_ —dp(a®_) - &_ + (W(F +dpX) + a(F +dg%, @_)) - &_
= ice® " 2W[T_ - (volg|_1)] - ®_ . (V.100)

From (V.12), we have

TO(VO) = —ice*® 2 [T_ - (volg|_1)] . (V.101)
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We decompose this expression in terms of the different irreducible SU(7) representations
of the SU(7) intrinsic torsion

(V9 =0 (V.102)
Tgs(VO) = —ice>2PW [T - (volg| _1)] (V.103)
V% =0. (V.104)

The 1 and 7 representation of the intrinsic torsion therefore vanish for these back-
grounds, whereas the 35 representation is non-vanishing, as well as the 21 representation,

from (V.98).

d) Other SSB Backgrounds

Focusing on the type IIB case, the family of backgrounds from [92], discussed at length

in IV.2, obeys the following pure spinor equations

dg®_ = irj (V.105)

dp(e ®Re®y) = am[y™j + (1)1 jy™] (V.106)
(F+dgX) 1 = 8ie 22 a1 - [v") + (—1)1®+j5m) (V.107)
(F+dp¥)_3 =2dg%|_3 (V.108)

where «, are real supersymmetry breaking parameters that are responsible for the D-
string BPSness violation, while r is a complex supersymmetry breaking parameter gen-
erating the domain-wall supersymmetry breaking contribution.

Using these modified pure spinor equations, we evaluate the Dorfman derivative of
the untwisted generalised SU(7) structure along V' = W + a®_ € L3

LI+ e_ = Wwdpd_ —dp(a®_) - &_ + (W(F +dpl) + o (F +duS,@_)) - &
= (ZoW —iarj + 8ie AW (amJi - [y + (~1)+jy™] 1)
+ 20 (du¥| -s) + 20 (dn%] 3,9-) ) - D, (V.109)
with, in SU(3,3) indices: (Z ® W);; = W*Zy,;; € T(v—2), and Z;; 7k ®_ = irj.
From (V.12), we have

TV = ~Z oW +iarj — 8ie 2 W (anJi - [v"5 + (=1)/P+jy™] )
= 2W(du2|-3) — 20 (dpX[-5,2-) , (V.110)

up to pieces acting trivially on ®_.
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We decompose this expression in terms of the different irreducible SU(7) representa-

tions of the SU(7) intrinsic torsion

(V9 =0 (V.111)
TH(VO) = -Z oW + 38 [W(duS|-3)]
+iarj — 8i6_2AW(amJ1 Y™+ (—1)|¢+|jvm],1) +axt. (dgX|_3,®_)

(V.112)
(V) = =20 (dpX|-3,®-)
—aXf (dy¥| s, @)
— 2 (dg%|-3)
—SF W (duS|-s)], (V.113)

where each line corresponds to a given SU(3, 3) representation.
These backgrounds therefore have non-vanishing 1 and 35 contributions to the in-
trinsic torsion, and the supersymmetry breaking term in (V.106) also results in a non-

vanishing 21 representation of the intrinsic torsion.

Note that the subfamily of backgrounds with vanishing supersymmetry breaking pa-

rameter 7 obey the following set of pure spinor equations

dg®_ =0 (V.114)
du(e ®Re®y) = am[y™) + (—1)1*+1jy™] (V.115)
(F+dpX)_1 = 8ie 2amJi - [Y") + (=1)I®+1jym 4 (V.116)

with F_3 = dgX|_3 = 0, which is imposed by (V.114). In this case, the intrinsic torsion

is decomposed as

(V%) =0 (V.117)
T35(VO) = =8ie *2W (amJ1 - [V + (=11 ljy™] 1) (V.118)
(V% =0. (V.119)

Therefore only the 35 and 21 representations of the intrinsic torsion are non-vanishing

for this subfamily of backgrounds.

V.2 The equations of motion

Throughout this chapter, we discuss non-supersymmetric type II Minkowski flux back-

grounds described through modified pure spinor equations. In V.1, we kept the super-
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symmetry breaking forms entering these modified pure spinor equations as general as
possible. However, a crucial question remains to be addressed: given that the supersym-
metry conditions are violated, what is the subset of supersymmetry breaking forms such

that the equations of motion are satisfied?

This is a very complicated question to answer in the general case, and it has been
partially addressed in the O(6,6) generalised geometry formalism [14, 15, 91, 92] (see also
chapter IV). We now investigate this problem from the E;(7y x R™ generalised geometry

perspective.

We will derive here the equations of motion in the Er) X R generalised geometry
framework, and we will see that they can be spelled out in terms of the non-vanishing

SU(7) representations of the SU(7) intrinsic torsion.

Given that, in the above section, we established a dictionary between the supersym-
metry breaking forms entering the modified pure spinor equations and the corresponding
non-vanishing SU(7) representations of the SU(7) intrinsic torsion, these E7(7) x RT equa-
tions of motion will translate the complicated conditions to impose on the supersymmetry

breaking forms into conditions on the SU(7) representations of the SU(7) intrinsic torsion.

To do so, we start by recalling the two following real SU(8) bundles S and J, the

spinor and gravitino bundles respectively. These are
S=8+8=S5tT+S5" J=56+56=J"+J". (V.120)
We then recall the equations of motion, discussed in section II1.2:

Dxj;(Dxyn)+2Dx;(Dxgn) =0 (V.121)
D xs(Dxyn)+Dxg(Dxgn) =0, (V.122)

with 7 the SU(8) spinor defined from the two internal supersymmetry parameters (I11.155),

and D a generalised connection.

We consider D to be compatible with the SU(8)/Z; structure, that is we have DG =
0, with G the generalised metric introduced in section III.2. If one considers another

SU(8)/Zs compatible generalised derivative, D’, by definition it can be written as D' =
D+ 3, and

=D —-D S F(KSU(S))a with KSU(S) =F*® adPSU(g). (V123)
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In SU(8) indices, sections X of Kgyg) are given by
S = (Sap”s, 2*75) € (28 + 28) x 63 = Kgy s). (V.124)

We can write down the 7 map discussed in section II1.2, 7 : Kgqyg) — W explicitly using
SU(8) indices, where W is the space of generalised torsions W ~ K @& E*:

7(X)=Tp —Tp € (W), (V.125)
with the usual torsion definition
Tp(V)- V' =LV — LyV' vV, V' e I(E). (V.126)
It gives

T(E)aﬁ = Zav’yﬁa € 28+ 36 (V.127)

T(D)as,’ = z?a557 € 420, (V.128)

]’
where the 0 superscript means that it is completely traceless. The 36 and 28 SU(8)
representations correspond to the symmetrised and antisymmetrised two-forms of SU(8)

respectively.

We now consider a specific torsion-free SU(8)-compatible generalised covariant deriva-
tive such that
D=D-%, (V.129)

with D a SU(7)-compatible connection. Since it is SU(7)-compatible, it’s also SU(8)-
compatible and therefore > € T'(Kgys)). The compatibility of D with the generalised

SU(7) structure is equivalent to
Dxgn=0 Dx;n=0. (V.130)

We now decompose all our SU(8) objects into irreducible SU(7) representations, intro-
ducing SU(7) indices a,b, ... = 1,...,7. Recall from section I11.2 that the SU(8) spinor 7
defines the generalised SU(7) structure. As such, it is a singlet representation of SU(7),

and as a section of the ST bundle, it reads
n=n®, n"=0, (V.131)

where we used again a dead SU(8) index to highlight the SU(7) C SU(8) embedding.
We choose D such that & € WSV, Following [12], we decompose X € T'(Kgy(g)) into

int
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irreducible SU(7) representations. In SU(7) indices, this gives:

S =(28y"g, Diav" > Sarg» z[abBS], c.c.) (V.132)

c]’
1 & 35 @7 & 21 @cec.. (V.133)

Similarly, we decompose the SU(7) compatible connection D into SU(7) representations.
It reads, in SU(8) indices, D = (DI*#, D[am), which results in

A

D = (Dl D8, 5[ab], Das) , (V.134)

in SU(7) indices. Finally, we decompose the S and J SU(8) bundles into SU(7) represen-

tations:

St = Stes JT = I e Jf (V.135)
8§ > 7ad1 56 — 35 @ 21 (V.136)
ST —=S;e8] JT = Jis® Jy (V.137)
8—>Tdl 56 — 35 ® 21. (V.138)

We calculate the equations of motion (V.121) and (V.122), considering the connection D
in (V.129), and the SU(7) projections given in appendix B.3, (B.136)-(B.152). This yields

Ala A [8a 1 a
DI (Sap’y) — DI (8ar75) + 5 By 55 (V.139)

N =N

+ E[efgg]z[efg]s; + 2877828778 + 30757 =0 (V.140)

for the projection onto the bundle S, and

. A 1A

- D[ab](zbvys) - D[as}(g%vs) B §D[b6}(2[abc]8) (V.141)
1
2

1
) (25) + 27, 85 7 + 52177782[@6818 =0 (V.142)

for the component of the bundle S;r .

Then we find

1 Ao i N
TgCaserghi DI (S1977) + 2Di0 (4, 7) (V.143)

+2D1a8) (Z8y75) = 25 (ay” s Zjo " — 25fan gy Zsy g = 0 (V.144)
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for the projection onto the bundle J5;, and

1 A ] N
EeabcdSEng[dS](E[efBg ) + 2D[ab(zc]"/78) - 22[ab8d28’yvg =0 (V'145)

for the component of the bundle J35.

This formulation of the equations of motion has the advantage that these are fairly
simple first order partial differential equations. However, a few difficulties remains to be

addressed in order to be able to try and solve these equations explicitly:

i) We only have the explicit expression for T°(V?) (V.66) in terms of SU(3, 3) represen-
tations, and extracting the exact expressions of the SU(7) torsion components 79 € T'(K¢)

would require the use of the cumbersome decomposition of the action
® : Kc ® Ec — adFg (V.146)

in terms of irreducible SU(3, 3) representations.

ii) Establishing the expression of the SU(7) compatible generalised connection D in

terms of irreducible SU(3, 3) representations is a non-trivial task.

Investigating further these equations of motion is still a work in progress.

V.3 Deformations of non-integrable SU(7) structures

We conclude this chapter by initiating the investigation of the classical moduli space of
non-supersymmetric Minkowski type IT flux backgrounds within the framework of E7(7) x
R™ generalised geometry.

This discussion is intended as pointing toward an example of applications of the results

derived in section V.1, and doesn’t contain any definitive results.

In the supersymmetric case, the classical moduli space of N' = 1 Minkowski type II
flux backgrounds has been calculated in [61].

To do so, the authors introduced the following fibre bundle Qg+, (7

Qr+xu(r) = Qrtxu) = M (V.147)

with
Eryxr+

Qr+xU(N) = BT » U(7) GR (V.148)

One can then consider the space of deformations of the Rt x U(7) structure as the principle

adjoint bundle ad(Qr+xu(7))-
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The integrable deformations of the RT x U(7) structure are then the ones preserving
the integrability of said structure.
As we have discussed in section II1.2, the integrability of the untwisted almost excep-

tional complex structure LY is equivalent to
LArEy cry vy, v ern(l). (V.149)
We therefore define a general deformation of the L} bundle as
L§=e"- 1§  with ReT(ad(Qr+xu(m)) . (V.150)

and the subset of integrable deformations correspond to the section R € I'(ad(Qr+ xu(7)))
such that
LIy <Ly vV, V' eD(LY). (V.151)

In order to calculate the moduli space of the integrable SU(7) structure, one should impose
the vanishing of the moment map (II1.151) and mod out by the trivial deformations
between SU(7) structures, which correspond to the generalised diffeomorphisms GDiff, as
discussed in section III.2.

However, given that
{¢) € Z| = 0}/GDiff ~ Z/GDiffc, (V.152)

where Z is the space of SU(7) structures with an integrable associated exceptional com-
plex structure, this is equivalent to simply modding out by the complexified generalised
diffeomorphisms GDiffc. This allows to spell out the moduli space of N' = 1 backgrounds

in terms of generalised cohomologies, as discussed at length in [61].

In the non-supersymmetric case, we can’t select the deformations preserving the in-
tegrability of the generalised structures, since these aren’t integrable anymore. Instead,
to define deformations, we can select the deformations preserving the value of the non-
vanishing SU(7) intrinsic torsion.

To do so, we need to consider deformations that are irreducible representations of a
group P C SU(7) such that both the SU(7) structure 1) and the SU(7) intrinsic torsion
live in trivial representations of P. In that case, the deformations will preserve the value
of the SU(7) intrinsic torsion.

Moving to the complex picture presented in section V.1, we must have
Pc C Heomp = SL(7,C) € H = (SL(7,C) x C¥) x CT, (V.153)

such that the complexification of P sits within the compact subgroup of H, denoted Hcomp,
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with H the group stabilising the untwisted generalised SU(7) structure, as discussed in

section V.1.

A convenient way to define P¢ is through its corresponding complex subalgebra p
p Ch suchthat (p-[T°%(VO])/heT°(V?  vWeTl(LY). (V.154)

This ensures that p stabilises T°(V?) and hence TV since p is a subgroup of h which
stabilises the untwisted generalised SU(7) structure ¢ and thus V° € T'(LY).

This approach circumvents the complications which would result from directly search-

ing for the group which stabilises 79 as a section of the torsion bundle Kc.

We can define the following complex bundle

Qu —Qu - M (V.155)
with 5
Qu = ?7‘3 (V.156)

Recall that for a given non-supersymmetric background, we have
LHFHnEg, — _70(v0). 0, WV e T(LY). (V.157)

We define the following deformations

LY =R I Py = et @, (V.158)
Si=effyn 70 =eft. 70, (V.159)

with
ReT(ad(Qy)). (V.160)

Crucially, we decompose R into irreducible representations of P, such that
T0 = aT", (V.161)

with 77° the section of Kc deformed by R, and a a complex constant which remains

constant under the deformations.

We thus define the “integrable” deformations associated to a given non-supersymmetric
background as the section R € I'(ad(Qp)) such that

LHEHAnSG, = _FO(70) .y V0 e T(LY). (V.162)
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Although this approach allows to define the deformations preserving a given non-integrable
exceptional complex structure, defining the method to calculate the moduli space of SU(7)
structures is still work in progress. The missing piece is a definition of the trivial deforma-
tions of our backgrounds -the non-supersymmetric analogue of modding out by GDiffc-.
We conclude this section with a speculative comment about how to construct such defor-

mations.
For a non-supersymmetric background and its associated non-integrable SU(7) struc-
ture v, one could define a deformed twisted Dorfman derivative

LIHE = L L 7(Vv) . YV eT(E), (V.163)

with T € K¢ the SU(7) intrinsic torsion of .
This would allow for a notion of integrability for the exceptional complex structure,

spelled out in terms of the deformed Dorfman derivative:
LIV c Ly vV, V' eT(LY). (V.164)
The associated deformed moment map would read”

(V)i 5 [ S0 50 9) 2. (V.165)

Using this deformed moment map, we could define the trivial deformations of non-
supersymmetric backgrounds in complete analogy with the supersymmetric case. Indeed,
crucially, the integrability of the exceptional complex structure is necessary for the equiv-
alence (V.152) to hold (see for instance [111]). It could therefore still hold through the

introduction of the deformed Dorfman derivative. In this case, it reads
{¢) € Z|m = 0}/GDiff ~ Z/GDiffc. (V.166)

The modified complexified generalised diffeomorphisms GDiffc are then generated by the
deformed Dorfman derivative L, and encode the trivial deformations of the corresponding

non-supersymmetric background.

"Recall the moment map (II1.151), untwisted by the fluxes.
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Chapter VI

Discussion

In this thesis, we set out to deepen the understanding of non-supersymmetric type
IT supergravity flux vacua. We focused on solutions compactified to four-dimensional
Minkowski space, which we explored within the framework of generalised geometries,

both complex and exceptional.

The results derived in the first part of the thesis, presented in chapter IV, all relied on a
central feature: the generalised complex geometric description of the background sources -
the D-branes and orientifolds-. For a given source, this description mainly revolves around
the introduction of two objects: the generalised calibration and the generalised current
associated to the source.

Generalised calibrations are natural extensions of ordinary calibrations: they are poly-
forms of given degree associated to submanifolds. If such a calibration obeys the calibra-
tions conditions -a differential and an algebraic condition-, the corresponding submanifold
is said to be calibrated. A D-brane wrapping a calibrated submanifold is then supersym-
metric, it hence minimises its energy!. Crucially, the differential calibration conditions
associated to sources extended in two, three, and four non-compact dimensions are exactly
equivalent to preserving NV = 1 supersymmetry for the corresponding ten-dimensional
background.

Then, the generalised current associated to a given source is simply a generalisation
of its ordinary current, the Poincaré dual to the calibrated submanifold, now calibrated

by the generalised calibration form.

In this thesis, describing the sources in terms of their generalised calibrations and

currents has allowed to establish the following results:

!The difference between ordinary and generalised calibrations stems from the definition of the D-brane
energy: in the ordinary case it is proportional to its volume, while the generalised case takes into account
non-vanishing RR potential contributions.
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i) We derived new classes of non-supersymmetric type II supergravity flux vacua
compactified to four-dimensional Minkowski space. A key aspect to these constructions
has been that supersymmetry was broken via the introduction of supersymmetry breaking
terms into the supersymmetry conditions, and the generalised current associated to the
background sources served as a building block for these supersymmetry breaking terms.
This proved out to be a simple and natural ansatz, drastically simplifying the study of
the corresponding equations of motion, that are very hard to solve in this formalism for

general supersymmetry breaking terms.

ii) We partially addressed the question of perturbative stability for our newly intro-
duced classes of non-supersymmetric flux backgrounds. Indeed, within the framework
of generalised complex geometry, the generalised current associated to the background
sources can enter the effective potential associated to a given ten-dimensional background,
which is particularly useful as it allows to use powerful positivity arguments for the effec-
tive potential from the calibration bound, one of the calibration condition. We were able
to prove that for a given truncation suggested by the geometry, the effective potential
associated to our classes of solutions is positive semi-definite, and vanishes at the solu-
tions. However, this is not quite equivalent to proving that our classes of solutions are

perturbatively stable, given that we have little control over the aforementioned truncation.

iii) For a given non-supersymmetric background with BPS space-filling sources, we
derived conditions on the supersymmetry breaking terms entering the corresponding de-
formed supersymmetry conditions such that this background dimensionally reduces to a
non-supersymmetric solution of four-dimensional ' = 1 supergravity.

The motivation to study such backgrounds comes from the fact that type II flux
backgrounds compactified to four-dimensional Minkowski space must admit some space-
filling orientifold sources in order to evade the no-go theorem of [66, 67]. We therefore focus
on the case of well-behaved backgrounds with stable space-filling sources. In that regard,
the formalism of generalised complex geometry is very helpful, as it allows to identify the
supersymmetry condition associated to preserving the BPSness of such sources, which
must be satisfied.

In order to derive the aforementioned constraints, we generalised to the non-supersym-
metric setting the reformulation of the BPSness condition associated to space-filling
sources derived in [6]. We then required that this condition is an F-term condition, com-
ing from one of the variations of the superpotential, even when supersymmetry breaking
terms are switched on. Interestingly, this procedure constrained the possible supersym-
metry breaking terms generating D-terms in the corresponding effective theory.

We then derived the equations of motion for such backgrounds, and for the subclass of

backgrounds having vanishing D-terms on shell. Solutions of this kind correspond to vacua
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with non-vanishing superpotential and F-terms, and include the amply discussed class of
no-scale vacua. These equations of motion were significantly simpler than the equations
of motion associated to the most general supersymmetry breaking ansatz, sparking the

hope to solve them for new non-supersymmetric solutions.

The above results further extend the generalised complex geometry literature on non-
supersymmetric type II flux backgrounds, initiated in [11]. However, non-supersymmetric
type II flux backgrounds were never studied within the exceptional generalised geometry
framework. We set out to initiate this line of work in chapter V. Supersymmetric type II
flux backgrounds were described within exceptional generalised geometry in [10, 12] and
in [61], where a given N' = 1 background was proven to be equivalent to a torsion-free
generalised SU(7) structure. We argued in this thesis that a non-supersymmetric back-
ground is entirely defined by a generalised SU(7) structure, and its non-vanishing SU(7)
compatible intrinsic torsion. We arranged the SU(7) torsion of a given A = 0 background
into irreducible representations of SU(7), the generalised structure group, and established
a dictionary between these intrinsic torsion components and the supersymmetry breaking
terms entering the modified supersymmetry conditions in the generalised complex geom-
etry formalism, bridging the two frameworks. Such a dictionary was then spelled out for

different concrete examples of non-supersymmetric flux backgrounds.

Another line of work developed in chapter V concerns the reformulation of the su-
pergravity equations of motion within the exceptional generalised geometry framework.
These were written as first order differential conditions on the different irreducible SU(7)

representations of the intrinsic torsion.

V1.1 Future directions

There are many directions of work extending or completing the results derived in this
thesis. First within the generalised complex geometry framework, the new classes of non-
supersymmetric type II flux backgrounds presented in chapter IV must have heterotic
analogues which would be interesting to study within O(6,6 + n) generalised geometry,
with n the rank of the heterotic gauge group. It would also be interesting to look for
other N' = 0 backgrounds with different patterns of supersymmetry breaking, still using

the current associated to the space-filling sources of the background as a building block.

Another direct extension of the results presented in chapter IV would be to look
for concrete ansatz for internal geometries within which one could solve the relatively

simple equations of motion for the class of backgrounds with BPS space-filling sources
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and dimensionally reducing to non-supersymmetric solutions of four-dimensional N’ = 1

supergravity.

From a broader perspective, there are other applications where the formalism of gen-
eralised calibrations must be insightful.

For instance, it would be interesting to develop the generalised calibration theory for
backgrounds with a three-dimensional Minkowski and AdSj3 external space, where the
N =1 supersymmetry conditions consists in two differential conditions and an algebraic
one, the "pairing condition" [115, |. Supersymmetry thus wouldn’t be quite equivalent
to the calibrations of the different possible D-branes, given that the pairing condition has
nothing to do with a calibration condition.

Additionally, this would prove to be very useful to study the non-supersymmetric
solutions of [117], the massive type IIA AdS3; analogues of the DGKT solutions [115],
which are poorly understood. These solutions are particularly interesting given that they
provide one of the very few example of scale separated AdS vacua [119]. Reformulating
such backgrounds within the O(7,7) generalised geometry framework -as it has been
done in [120], but only for the supersymmetric solutions- would spell the breaking of
supersymmetry in terms of the violation of a calibration condition, providing insights

into the stability of the sources present in these backgrounds.

Finally, there are many directions in which to extend the results derived within the
exceptional generalised geometry framework, given that we have merely initiated the
construction of the formalism suited to describe non-supersymmetric type II flux back-
grounds.

The most obvious one is to exploit the equations of motion derived in section V.2.
Solving them upfront will be a difficult task, but they can surely teach us interesting
things about the different possible supersymmetry breaking, by highlighting the interplay
between the different irreducible SU(7) representations of the intrinsic torsion, and thus

the corresponding supersymmetry breaking terms.

Casting the N = 1 supersymmetry conditions in terms of integrability conditions for
a generalised SU(7) structure has allowed the authors of [(1] to calculate the classical
moduli space of general A" = 1 type II flux backgrounds?.

An interesting extension of the work presented in chapter V would be to set a deforma-
tion problem for non-supersymmetric type II flux backgrounds, and eventually calculate
(part of) the classical moduli space of some of these backgrounds, if they exist. To define

the deformations of these backgrounds, we cannot rely on requiring their integrability,

2With the caveat that the two type II internal spinors must be globally defined.
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as in the supersymmetric case. Instead, one could consider deformations that are irre-
ducible representations of a group G C SU(7) stabilising both the SU(7) structure and
the non-vanishing intrinsic torsion. The well behaved deformations would then be the

ones preserving the intrinsic torsion.

Finally, let us mention the recent reformulation of consistent truncations within the
exceptional generalised geometry framework [30), —125]. The key to these construc-
tions -see [30]- is that the intrinsic torsion is stable under a specific group G within a
given consistent truncation. This suits particularly well within the formalism developed
in chapter V, and could allow one to naturally construct explicit non-supersymmetric

consistent truncations.
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Appendix A

Supergravity Conventions

A.1 Notations

Given a p-vector v € APT and a g-form A € AYT*  we write them in components as

1 m m

v = ﬁ’” Tee paml A A 6mp (Al)
1 m m,

A= a)\mlmquy A« Ady™e. (A.2)

For v/ € A TM and X € AYT*M, the wedge products and contractions are given by

(v AV )T = (pp—:_pﬁ/)!v[ml“'af’v'mp“'”mp“’/], (A.3)
AAN s,y = (q;!zl,q!,)!A[ml,._qu’mw,._mqﬂ,] (A4)
(0 = Mgy = 0™ A .. itp<q (A5)
(v o \)MTema = ql!vml"'pqnl“‘"q)\mmnq ifp>q. (A.6)

We also use the “j-notation” from [35]

, d!
(.])‘ A p>m,m1...md = (q _ 1)'(d 11— q)!)\m[mL..mqflpmq...md} (A7)
: Sy \ M 1 mri..rp—
(jo —gA)™, = = 1)!1) TP N ey - (A.8)

Given a basis {é,} for T and a dual basis {e®} for T, there is a natural gl; action on

tensors of any rank. For a vector and a three-form, for example, this action gives
(r-o)™=r"p" (A.9)
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(T‘ : )\)mlmgmg = _Tmln)\nmgmg - TmZn)\mlnmg - Tm3n)\m1m2n . (AlO)

We introduce the following ten- and six-dimensional Hodge operators

>T<10 = %109 OO (A].].)
¥6 = *¢g 00 (A.12)

with o the reversal of all form indices, and with, for a p-form w

1
7'(10 )'\/Tg eMl,_MlowM“—p“'Mloda:Ml A ... AdgMio-» (A.13)
p: —Pp)

1
pi'(G ) V=9 €my . mgw"TPOdY™ A LA dyO (A.14)

*10 Wp = —

*6wp:

A.2 Bosonic sector

Our supergravity conventions are identical to the ones of [11].

The bosonic sector of type II supergravity is composed of the NS sector and the RR
sector. The NS sector contains the metric g, the dilaton ¢, and the NS three-form flux
H, which can locally be written

H=dB (A.15)

away from the NS sources, with B its two-form potential.

The RR sector contains the RR field-strength: we use the democratic formulation of

[69], where
FO=%"F)° (A.16)
q

with ¢ = 0,2,...10 for type IIA and ¢ = 1,3,...9 for type IIB. These fields obey the
following self-duality condition
FY = xpl0, (A.17)

Away from the RR sources, we write the RR fluxes from the RR potentials as
FY=dC+HANC (A.18)
with C' =3, Cy1.

The type II pseudo-action in democratic formalism is

1

S —
2&%0

/ dl%\/fg{e—%[}z + 4(dg)? — %HQ] - i(FlO)Z} + glloe), (A.19)
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2

where 2x3, = (27)7a’* and for any real p-form w we define w? = w - w with - defined as

1
w-x = ];le...M,,le'“MP. (A.20)

If w is complex, we consider
Wl =w-@. (A.21)

5(o¢) corresponds to the contributions of the localised sources to the action. Varying this
action and imposing the self-duality condition (A.17) we find the following equations of

motion.

The dilaton equation

1 1 1 k2,e2¢ §5loc)
2, 2, 1 Lo LRy _
V3¢ — (do) +4R 8H TR 0, (A.22)

the B-field equation

5s(loc)
—d(e *10 H) [*10F10 Flo] + 2,‘-{,10 =0, (A23)
2 0B
the Einstein equation
e ¥ [gun + 2gnunde - do — 29Mn V3P + 2V VN e (A.24)
1 1 1
— §//MH'LNH+ZQMNH'H)] —ZLMFlo Flo—/ﬁloT]E/l[(}f/) —0 (A.25)
with (loc)
] 2 gStoc
and the RR-fluxes variation gives the Bianchi identities
dH-F10 ]source (A27)

Combining the dilaton equation of motion with the Einstein equations, one can write the

modified Einstein equations

1
Ryn + 2V VNg — iy H - iy H — Ze%’LMFlo NG A (A.28)
(loc)
. 2¢ (n(loc) IMN 0S5 .
K2e (T 5 ) = 0. (A.29)

We now specify the compactification ansatz: we consider type II solutions that are the

warped product of four-dimensional Minkowski space X4 and a six-dimensional compact



162 APPENDIX A. SUPERGRAVITY CONVENTIONS

manifold M, with the following metric

ds?y = eQA(y)anx“dx” + gmndy™dy", (A.30)
where again z*, u = 0, ..., 3 are the external coordinates on X4, and 4™, m =1,...,6 are
the coordinates on M.

The Poincaré invariance of X4 constrains the NS and RR-fluxes: the NS-field-strength
H can only have internal legs, and the ten-dimensional RR-field-strength must take the

form
F10 = F 4+ e*voly A F, (A.31)

with voly the volume form on X, and where F and F are purely internal and are related
by the self-duality of F0 (A.17) as

F =%F. (A.32)

A.3 Gamma matrices

We use a real representation of the ten-dimensional gamma matrices I'y;. The ten-

dimensional chiral operator is

Iy =T (A.33)
with flat ten-dimensional indices. For any p-form w, we denote its image under the Clifford
map ¢ with

1 1
w= ﬁlemMpdle”'Mp — Y= HlemMpFMl“'MP. (A.34)

We define the splitting of the ten-dimensional gamma matrices into four- and six-

dimensional gamma matrices 4* and v as

W= 4@l I™=qy4y™ (A.35)

The 4# are associated to the unwarped four-dimensional metric, and ) = 40123 s
the usual four-dimensional chiral operator. The six-dimensional chiral operator is ) =
123456

The chirality of the internal spinors is then

so we have I'(10) = v(4) ® V(6)-

Ye)m =M V)2 = F2 in type ITA/IIB. (A.36)
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Algebra Conventions

B.1 O(6,6) x R* Algebra

The O(6,6) x Rt generalised tangent and adjoint spaces are

E=ToT* (B.1)
adF=R® (T ®T*) @ A>T @ A*T*, (B.2)

and we write their sections as

V=uv+é (B.3)
R=Il+r+B+5, (B.4)

where each term matches with the expressions above in the obvious way.

The adjoint action on a section of the generalised tangent space is R -V = V'’ with

vV =1lv+r-v—pBi€ (B.5)
g =1+r-£+viB (B.6)

The adjoint action on a section of the generalised adjoint space is [R', R] = R" with

"=0 (B.7)
" =[r',r) = (jB'2jB — jBajB') (B.8)
B'=¢.B-r-B (B.9)
ﬁ//:T/'B_T',BI. (B]_O)
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We define the Mukai pairing for a pair of polyforms w and x

(w,x) =wAa(x)le, (B.11)

and more generally, we use throughout Chapter IV

(W, x) =w A o(X)k- (B.12)

In the case of a six-dimensional manifold M, the Mukai pairing satisfies the following
property

[ i) = [ Godany). (B.13)

B.2 E;7) X RT Algebra in type IIB

In type IIB, the decomposition into O(6,6) generalised bundles of the Ery % RT gener-

alised tangent and adjoint spaces takes the form

E~Eop,, ®S™ & (AT ® Eo,) (B.14)
adF ~R®R@adFp,, & ST @ (AT ®ST) @ AT & A°T. (B.15)

We write sections of these bundles as

V=X+w+X (B.16)
R=q+l+v+s+5+tata (B.17)

respectively, with X € EO(&G), w € 57, etc.
We recall the GL(6) decompositions of the O(6,6) bundles Eq g 6) and AT ® Eo6,6)

AT* ® Ege) ~ AT* @ (T & T*) (B.19)

with the following sections
X=v+A (B.20)
X = (+ ) ®vol, (B.21)

with v, @ € T, X\, X € T*, and vol the volume form in the string frame.
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We introduce O(6,6) indices A =1, ...,12 and O(6,6) gamma matrices, such that
(Va4 Mw = XAT 4w = Xw, (B.22)

with w a form.

The adjoint action on a section of the generalised tangent space is R -V = V'’ with

X = gx4 —IXA + 045X 4 (5,T4W) (B.23)

X = ¢ XA 41X + 45X P 4 (5,T4W) (B.24)
1 N

W = qw+ EI/ABFABM + XAT 45 — XAT45. (B.25)

The adjoint action on a section of the generalised adjoint space is [R/, R] = R” with

1
¢ = §(V’ABVB A —vAprB o+ (s, TA45) — (3, T4 48)) (B.26)
I"=ad —da+ (s,35) — (s,&) (B.27)
Vg =140 — v/ Yp + (s, T4R8) — (§,Tps) (B.28)
1 1
s"=1Us—1s"+ 5 —§a+ ZV'ABFABS - ZZ/ABFABS, (B.29)
1 1
§'=-Us+13+ds—as + EVABFAB§ - ZUABFABg’ (B.30)
a" =2l'a—2ld" — (s, s) + (s,) (B.31)
@' =2 —2a+ (5,8 — (5,) . (B.32)

The torsion bundle K C E* ® ad F can locally be written in terms of O(6,6) irreducible

representations as

K ~ Egs6) @ (Eose) ® A°T*) @ S* @ (AT @ S%) & (A°T* ® S%)
@ [Eo.e) ® STl @ AN (Eg, ) @ (A°T* @ A*(Eos)) » (B.33)

where ®4 ¢ L([Eoge,e) ® S*]g) respects T 4®4 = 0. The fibres of this bundle transforms
in the 912; representation of E7(7) X RT, where the subscript denotes the RT weight.

The bundle N is a subbundle of the symmetric product S?E. The fibres of N belongs
to the 1332 representation of Er(7y X RT, and N is isomorphic to

N ~R®AT* & (AST* @ A°T*) @ ST @ (AST* @ SF) @ (ad Fpg6 ® A°T*).  (B.34)
The Dorfman derivative reads

LyV' = Ly X' + (d(Xw') + Xdo' — dw - X7)
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+ (Lx X' +(0,X)- X' —dw - ), (B.35)

with Lx X’ the standard O(6,6) Dorfman derivative, and - the adjoint action.

We also introduced

LxX' = L,X'+ j(@ wvol) AdX (B.36)
(0, X) = d(vvol). (B.37)

We define a flux-twisted Dorfman derivative as
LIV =Ly V' + (HOo X+ HAw+ XF + (Fw))- V', (B.38)

with H ® X = vJH, and where the NS and RR fluxes are sections of the torsion bundle
H € T(A*(Ep())) € T(K) and F € I'(S%) € I(K).

The symplectic invariant reads
s(V,V') = qapXAX'B —napXAXE 4 (w,u) (B.39)

where n4p is the natural O(6,6) inner product in indices.

B.2.1 SL(7,C) C SL(8,C) C E7(r)c embedding for type IIB

The complex generalised tangent, adjoint and torsion E77)c bundles can be decomposed

into irreducible representations of SL(8,C)

Fc~28328 (B.40)
adFc ~ 63 ® 70 (B.41)
Kc ~ 36 @ 420 & 36 & 420. (B.42)

In SL(8,C) indices o, = 1,...,8, the decomposition of sections of the generalised

tangent, adjoint and torsion spaces are written respectively

V= (VY V,p) (B.43)
R = (R%, Rapys) (B.44)
¢ = (¢aﬁ7 ¢a,3767 (Ea[% (Z_Saﬁfyé) ) (B45)

with Vo8 = —yBe R, = 0, Rop+s fully antisymmetric, p*P = @b, ¢a575 = ¢[aﬁv]57
and (;50‘/374Y = 0, and similarly for the barred object.

The adjoint action on a section of the generalised tangent space is then R -V = V'
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with

Vil = RV 4 R VET xR0V, (B.46)
VO’éB = _R’YO‘V’}’B - R’Yﬁva"/ - Raﬁ'y&‘/’yg ) (B47)

where % is the eight-dimensional Hodge operator.

The adjoint action on a section of the generalised adjoint space is [R’, R] = R” with

1
R"5;=R° R'5— R* R"5 — g(*R’WERWG — *xRR) 5) (B.48)

Rigys = MR o Rayse — R o Rjog) - (B.49)

We also need the action

® :912c ® 56¢c — 133¢ (B.50)
POV — R, (B.51)
wihch reads
R = (V1% + Vopd™®) + (Vo567 5 = V%6, 55%) (B.52)
n €Y/ 1 €
Ropys = _4(¢[aﬁv V5]€ - jeaﬁﬁmmmwﬁbmuwgevm ). (B.53)

We now give the decomposition of the generalised tangent, adjoint and torsion bundles
in terms of SL(7,C) € SL(8, C) irreducible representations

Ec~7®2162107 (B.54)
adFc~10482 (72 7) @ (35 35) (B.55)
Ke~197021$®28®35®140$ 224 @ c.c.. (B.56)

Introducing SL(7,C) indices: a,b =1, ...,7, we write the corresponding sections as'

V= (Va87 Vaba Vaba VaS) (B57)
1
R = (R% + ?R“al, Ry, R3, R®q, Raped; Rabes) (B.58)
¢ —_ (¢887 ¢a87 ¢ab887 ¢ab, ¢ab087 ¢ab8d7 ¢abcd7
&887 éa& <Z_)ab88a éam &abcsa &abSda &abcd) ) (B'59)

where each term matches with the expressions above in the obvious way, with 1 the

'We use the notation of a dead SL(8,C) index "8", in order to see the SL(7,C) C SL(8,C) embedding
explicitly.
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seven-dimensional identity matrix, and with

yab — yrba

b — b

R, =0

Rabed = Raped)s Rabes = Riabds

gabe — oS — g

(Z)abcd _ ¢[abc]d’ (Z)abcs _ ¢[abc}8’ (Z)abSd _ ¢[ab]8d’ ¢ab88 _ ¢[ab]88 )

and similarly for the barred objects.

The adjoint action on a section of the generalised tangent space is then R -V = V'

with
Vlab (RO(ZC + 7Re 5@ )Vcb + Ra V8b

+*Rab0d‘/;;d + g *Rabc8v'68

1 1 1
V/a8 — §(RO(J,C + ?Reeé‘ac)vd + §RSS‘/aS + RSCVac +

_ 1 _ 1 _ 1 _
Vip = =(R%0 4 SR e0%) Ve = 5 R Viy — (R™ + 2 R e0%) Vae
1 _ 1
— §R%Vas — gllzabcsvc8 — RapeaV
7/ 1 Oc 1 e SC \1/ C Y/ 1 8 1/ 1 cd
VaS = —§(R at ?R e0 a)VZ:S — R%Vae — §R 8Vas — ZRGSCdV :

The adjoint action on a section of the generalised adjoint space is [R’, R]

1
ﬁ (*R/S(szRga

1 1 1
+ ?[(RIOfC + ?R/eeéfc)(Rocf + §Ree5cf) + R/aSRSf

1
RS+ SRY1 = RPR% — RS R - be = R Ry.)

_ (ROaC + %Reedf )(RIOC + %R/e 5¢ ) _ Rf8R/Sb
; % R'fcedep fode — — * R/deSRfcds
+ é * RdeeR}cde + E « Rfcdstc JJ1
R™y = (R™ + %R’eeéach"% + %R%é%) + RR,
— (R%, + %Reeéa )(R/OC n %R/e 5%) — RO R,
1

= /acde
3 * R Rpcde — 16

1 _
Z * RaSCd‘/Cd

1 1
(RObc + ?Ree5bc)vac + ingvaS

(B.66)

(B.67)

(B.68)

(B.69)

= R" with

(B.70)

(B.71)

1
i R/acdS R beds _|_ " Racde Rbcde 4+ — % RacdS R;) ods
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1 1 1
_ ?[(R/Ofc + ?Rfeeéfc)(ROCf + ?Reeécf) + R/aSRSf
1 1
_ (ROac + ?Ree(gfc)(R/ch + ?R/eeécb) . RfSRIBb

1 1
o g * R/fcdeRfcde o E * R/fcd8Rfcd8

+ % * RICC R e + 1—16 * RICB R 1s16% (B.72)
R = (R% 4 SRS R + R RS — (R + ZRE 0" R — R R
- %( R Rg o — xR R .0) (B.73)
R"™, = R®.(R", + %R@eaca) + R%R®%, — R%.(R", + %R’%(SCQ) — R%R,
— %(*R’SCdeRacde — *R¥“ R, 4.) (B.74)
med = (4(R°, + %le £6%1a) Rocde + 3R (o Ryears
AR+ 2R 1) R, — 3R i) (B.75)
Rjpes = (3(R™, + %R/f £6%a) Riegje + R®sRabes
3Ry L R 1) Rl — R i) (B.76)
The action
® :912¢ O 56¢ — 133¢ (B.77)
OV =R (B.78)
reads

1 1o a7 o f 5
R88 + ?Raal = 1(Va8¢a8 + Va8¢a8) + (Vabéabss B Vab¢ab88)

1 S B 1-
+ ?[(Vce(ﬁce + szenge + ‘/;egbce + Zvéegbse)

_ 1- - 1 -
+ (V;JdQZ)Cdee + 6‘/08¢6866 - ‘/Cdgbcde8 - 6V08¢0868)]1 (B79)

S T
Ry = (Ve + V>0 + Vo™ + 4 Vind™)

_ 1- _ 1 _
+ (‘/cdqscdab + 6‘/;28¢C8ab o VCd¢cdba o évcggchba)

1 . 1-
_ ?[(Vce¢ce + ZV86¢86 + Vce¢ce + Zv&a(ﬁse)

_ 1- - 1 -
+ (‘/Cd¢0d65 =+ 6‘/:28¢686e - V6d¢cdee - EVCS(chee)]éab (BSO)

1 _ _ _ 1- 1 -
Rg = §(Vca¢c8 + Vegd™) + (Vead™s + EVcséf)C&ls - gVCdﬁﬁcdsa) (B.81)
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1 e 1- 1. - 1 -
R8a - 5(V68¢ca + V;:agbcg) + (ngCd¢Cd8a - §V0d¢cda8 - 6V68¢08a8) (BSQ)

S 1
Rabcd = _4(¢[abc EVd]e + §¢[abc Bvd}g) - ﬁﬁabcdm1m2m38¢mlm2m3evge
1
- meabcdm1m28m3¢mlngevm36
o 1 € ¢m1m28 Vm38 (B 83)
S 3! abedmima8ms 8 .
- _ 1
Rach = _4(§¢[abc eVYS]e - Eeabc8m1m2m3m4¢m1m2mgevm4e
1 .
- mﬁab08m1m2m3m4 ¢m1m2m38vm48) . (B84)

B.2.2 The SU(3, 3) parametrisation

We can parametrise the complexified generalised tangent and adjoint E7(7c bundles in
terms of representations of the SU(3,3) structure associated to the generalised complex
structure J3 = J+ in type ITA/IIB. We focus on type IIB in the following

EcLi L 1®S; &Sy @S85 ;8 (AT ® (L& L)) (B.85)
adFc ~CoCo (L1 ®L_1)o®A* (L) @ A*(L_1)® Sy & Sf @ ST,
O (AT ® (ST @Sy @Sh,)) e ATE @ AT, (B.86)

where the subscript denotes the charge under J_, and with
L1 ~ I_/,1 Sl ~ S,i. (B87)
We write sections of these bundles as

V=X1+X1+ws+w +w +w,3+)~(1 JrXfl (B.88)
R=1+p+104+wm+votsstsgt+sotéts+sastata (B.89)

respectively, with X; € T'(L1), X_1 € I'(L_1), etc, and with € C, p € C, vy € T'((L1 ®
L_1)p), etc. We introduce SU(3,3) indices 4,5 = 1,...,6 and in index notation we omit
the subscript denoting the charge under J_. We have p = éuii and

Wi =vh — v k77‘j (B.90)
z/k,—gnzj (B.91)

where 7 is the O(6,6) metric, with nini = X;.

The adjoint action on a section of the generalised tangent space is then R -V = V'
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with
= (=1 + )Xl + Y X XJ (5_9,Tw3) + (80, T?w1) + (59, T'w_1) (B.92)
= (1 +p)X" + (°)5X7 + v ;X7 + (322, T'w1) + (30, T'w_1) + (52, T'w_3) (B.93)
=+ p)XZ + Y X XJ (5_9,T"w3) + (50, Tw1) + (59, T%w_1) (B.94)
= (I +P) X"+ (75X + 03X + (59, T'wn) + (0, "wo1) + (s, T'w-3)  (B.95)
1 - . y 1 - 1 .
wé = Zy;l“”wl + X'T;s0 — X'T;59 + Zplﬂgw;g -+ Zﬁl"iwg (B96)
1 . 1 - 1 . 1 . - . -
Wy = ZyijF”wg + Zlfzjf‘”w,l + ZV%F”(,ul + ZV%FWWI + X'T'isp + X'I5s2 (B.97)
. - 1 - 1
— XZFi§0 — erzgg + Zpl“’;wl + Zﬁfziwl (B98)
1 .. 1 b 1 . 1 _ R - .
w’_l = 1 ijf”wl + ZZ/Z‘-EFZ]CU_:; =+ ZV%FUW—I =+ ZV%FUW—I =+ XngS() + XlFiS_Q (B99)
— X'Ti5_9 — X'T;80 + Zpl“;w_l + Zﬁl“liw_l (B.100)
1 ;o 7 ~ 1 ~ 1 .
w5 = zyijr%_l + X'Ts_90 — X'T;5_0 + Zprlgw_g + Zﬁf’iw_g : (B.101)

The adjoint action on a section of the generalised adjoint space is [R’, R] = R” with

l// = da' — d’a + <S/2, §_2> — <82, §’,2> + <S6, 50) - <80, §6>

+ (5! 9, 52) — (s_2, ) (B.102)
1 .. » . .

p' = 6(’/””]'1' - V”V;i + (55,15 9) — (85, "5 _9)
+ (819, T7i82) — (8.5, T"is9)) (B.103)

noi o 0i . Ok ri_ k. 0i 10k i Ik
A I A T A I o A 2 R Y 2 Bl R

+ (85,17 j8-2) — (85, T"js-2) + (s5,T"j80) — (35, T"js0)
. . 1

+ (SI_Q,FZJ'§2> — <§l_2, I._‘Zj$2> 6 (V’klljlk I/klljllk + <5,2,I‘kk§,2> — <§/2, FkkS,2>

+ (9, TF152) — <§L27rkk52>) ' (B.104)
V”ij _ V/Oikykj + plyij + V/i]; (130)123 + ﬁV'ij . VOikV/kj o pl/ij . Vifc (on)l’% - ﬁlyzj

+ (SIQ, F13§0> — <§/2, F1380> + <86, FZE§2> — <§6, 1_‘2352 (B.105)
V//Ej _ V/EkVij +pylij + (D/O)Ekykj + ﬁlyij . l/ngIij . pll/{j _ (I;O)EEV/ i — 151//;]'

+ (50, "j8-2) — (3, "js-2) + (579, T;80) — (879, T";50) (B.106)

) 3 1 . - 1 0 - 1 1 o -
sy =1'sg — Ish + §ya' — 8ha + 11291“”32 + ZV{QFZ]SQ 1V 9 I‘” 5 — ZV%PZ]SIQ

1 1 1 1_ ;
+ 4V T — 1V F”so + 4p FZ 59 + 4p T ;59 — 4pI‘Zis’2 — ZpF’;s’Q (B.107)
1 o 1 -
so =1"so — lsy + Soa’ — §ja + 1Y OF”s + 4I//OPZ] ZV%F”Sf) - Zﬁ%F”s’O
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]_ .. ]_ == ]_ .. 1
+ v T sy + *V;{EFUS—Q — il/ijPZ]SQ -~V T "5

44 4 4"
[ |- L [ J—
+ 1P 550 + 1P Iisp — zpF 750 — ZpF iS50 (B.108)
5 - 1 1
=1's_g—1s g+ 35 9d — 5 ya+ ~ 1Y /OF”s_ + 4V/§]F7’JS_
1 4 = 1 o = 1 g 1
- ZV%FUS’_Q - ZV%F”SI_Q + Zygjf‘”so - Zuijf‘”s{)
L, | | [
+ 1P s 9+ 1P s o — pr iS_g — pr =S o (B.109)
§y = —l'5y + 155 + a'sg — ash + 1/ OF” 9+ yOF” Zufjfgjé’z — 717?—.Fi5§’2
1 1 1 1 1 1
+ 4% T35 — 1 I‘”so + 1P Flgég + 1]3’1”1'52 — 4pF i85 — 1P I" 55 (B.110)
- - - - - 1 _.<~ 1_ ._.~ 1 _..~ 1_ 4_4~
5 = —1'30 + 15, + d'sg — asy + ZV;{?FUS() + ZV%?F”SO — Zz/?jl“”sg - ZV%FUSE)
1 1 T T
+ 4V T3, + 41/- TH5_ 5 — EI/Z']'PZ]SIQ - ZV;;F”SLQ
- P S B
+ ZPTZ;SO + ZPTZz‘So - Zplﬂisf) - ZPFZiSf) (B.111)
=/ 1 101, 1 101,
§y =15 94158 5y +ad's_o—as_ 2+41/— T5_, +41/ Tiig
1 1 1 1
-4 OFW ’OF”” o+ 1/ T35, — ZVUF]
1, - 1 1 1 -,
—|—4pI‘ iS_9+ pfzs Q—ZpI‘zs Q—ZpF;S_Q (B.112)
a’" =2l'a —2la" — (sh, s_2) — (s(, 50) — (s_9,52) + (52,5"5)
+ (50, 5b) + (5-2,5)) (B.113)
a" = 2la" —2l'a + (55,5_2) + (3, 30) + (59, 52) — (52,5 5)

B.3 SU(7) and SU(8) bundles and projections

We introduce two real SU(8) bundles S and J, which we refer to as the “spinor” bundle

and the “gravitino” bundle respectively. These are
S=8+8=85T+S" J=56+56=J"+J, (B.115)
with sections

n* € T'(S™) Na €T(S7) (B.116)
PP e T(J) Yapy €T(J7), (B.117)
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in terms of SU(8) indices a, 3, ... = 1, ..., 8. In terms of SU(8) representations, we introduce

the following generalised connection
D = (D', Dy,g)) (B.118)

and throughout the text we use the following projections onto the S and J bundles

between the generalised connection and sections of the S and J bundles

(D x;m)* = Dlefrpl e T(TH) (B.119)
(D x5m)a = Djagn’ €T(S7) (B.120)
(D xXj¥)apy = —%Eaﬁws(s'el@ogD[&s/]lb@le?e‘"’ eT(J) (B.121)
(D xg)* = %DWWW e(ST) (B.122)
(D % N)agy = Diagny € T(J7) (B.123)
(D xgm)* = DI*lpg e T(ST) (B.124)
(D x s )™ = —%e‘“ff”“"’l%%DM/wng% er(Jh) (B.125)
(D x5 1)a = —%DW%M eT(S). (B.126)

We now decompose the S and J SU(8) bundles into irreducible SU(7) representations:

St = Ste st JT = I e g (B.127)
8—->T7a1 56 — 35 @ 21 (B.128)
ST =S, eS87 JT = I3y @ Jyy (B.129)
871 56 — 35 @21, (B.130)
with sections
n® € T(S7) e € T(S7) (B.131)
n® € T(S)) ng € T'(Sy) (B.132)
) € T(J55) Yabe € T(J35) (B.133)
Y™ e D(J5) Yavs € T(J51), (B.134)
in terms of SU(7) indices a, b, ... = 1, ..., 7. Similarly, we decompose the SU(7) compatible

connection D into SU(7) representations. It reads

A

D = (D), D%, Dy, Das) , (B.135)
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Throughout the text we use the following projections onto the Sfc, S;E, J3i5, and J2i1

bundles between the generalised connection and sections of the said bundles

(D% n)be = Dlabyd e T(JF) (B.136)
(D x g ) = DI¥y® 4 Dl € T (g3)) (B.137)
(D % 4= m)a = Djayn® + Das® € T(S7) (B.138)
(D g m)s = Dsar € T(ST) (B.139)
(D X gz ¥V )abe = _ﬁfabcdd’eleQSD[ddq¢61628
—3%%M£qwﬁﬁﬁwﬂ@%elx@9 (B.140)
(D % 1 B)uts = ~ s Cansdeseses DI € T () (B.141)
(D x g2 )" = —5 Dpgu™ — 2 D™ € T(57) (B.142)
(D x g+ )" = —5 D™ € T(57) (8.143)
@x%mm:ﬁmm6nﬂ@ (B.144)
(D X g Mabe = Diang € T'(Js5) (B.145)
(D x5 Mavs = Dyayj1is + Dsjary) € T(J31) (B.146)
(D x g n)® = DIy, + D € T(S7) (B.147)
(D % g+ m)® = D € T(SF) (B.148)
(D - pyabe — _%Eabcdd'elezsb[dd/]%1628
—i%a“%“@%ﬁwwﬁw%elwxg) (B.149)
(Dx%ywwz—%&mhquwwmmerum (B.150)
(ﬁx$¢%=—éﬁwmm—%5“%werwm (B.151)

1z _
(D xg-w)s = =5 D1"pus € T(ST). (B.152)



Appendix C

Supersymmetry breaking and pure spinors

We consider a ten-dimensional SU(3)xSU(3) background with a Minkowski four-dimensional
space and a ten-dimensional bispinor ¢ = (ej,e2)? as in (IL.59). We give here the
parametrisation of the most general supersymmetry breaking, and we start by writing

down the non-vanishing supersymmetry variations

1 1
sy = 5&@5 @Vi+ce P = ieAM ®Vy + c.c. (C.1)
s =coul +ee. WP =CcoU? + (C.2)
Aep = (® S1 + c.c. Aeg = (® Sy + c.c., (03)

where V1 o, U2 and 81,2 are internal spinors parametrising the supersymmetry breaking

Vi = JAn + ie%)m
Vo = JAn, — ie“”y(g)wm
§1 = (V— o +20A+ L H)m
§2= (¥~ 96+ 204+ LH)m

1 1
u%@ = (Vm + meH)m + §€¢F7m’7(6)772

1 1
Uz = (Vi — ZLmH)n2 - §6¢F7m7(6)771. (C.4)
Following [11], we expand them in terms of supersymmetry breaking parameters in the
following way
Vi=rui sy m Vo =rans + siy"m (C.5)
Si=tn} uby™m So = tanh +ud ™ (C.6)

175
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Uy, = prt + GV 05 Upy = D22 + Gy 13- (C.7)

It has been shown in [11] that these parameters do not mix under T-duality. One can
now rewrite the most general non-supersymmetric pure spinor equations, expanded on

the generalised Hodge diamond, in terms of these supersymmetry breaking parameters

e HH0d (e247%0) + 2dA A Rely — %6 F = T (C.8)
e 3T dy (34700,) = K (C.9)
with
1 L 1 VI | _
T 25(—1)‘%'(7’1 +13) s + 5(—1)“1“'(7”2 +t1)Wa + 5(871,1) Yy + 5(—1)””‘331‘1’177"
1 1
+ 5l + (7)1 + 5(—1)‘%'[(%)* + P Wy
1 . 1 -
+ 5 (@) YY" = Sy 2™
1 1 1 1
K 25(—1)‘q]1|t2‘1’2 - 5(—1)|%‘t1‘1’2 + Q(U}n + P2 )" Ws + 5(—1)|\I}2|(U3n + ) Toy™
_‘_11 nij m_12 My, AT (ClO)
2qmn’7 17 2an’7 17 - .

C.1 String-like supersymmetry breaking

Let us now specify this expansion to the most general case of pure string-like supersym-

metry breaking. We first impose domain-wall BPSness, namely
K =0, (C.11)

which gives the following constraints on the supersymmetry breaking parameters

ti=1ty=0 (C.12)
ul = —%(1 +iJ1)* i (C.13)
w2 = —%(1 +ida)E ph (C.14)
(14iJ)k qh, =0 (C.15)

(1 +iJ1)" ,qkn =0, (C.16)
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then we impose the gauge BPSness, which amounts to requiring Y to be purely imaginary,

which yields

r=-rg=r (C.17)
G = G = G (C.18)
she= 5+ ) — () (©19)
B = S ih) ok~ ()" (C.20)

Imposing these constraints, the internal spinors describing the pure D-string super-

symmetry breaking read

Vi =i+ (ph, — (02) )™ Va= =105 + (0, — (Pr) )Y ™02 (C.21)
S1=-pry"m  Sa=—ppy"ne (C.22)
Up, = phom + @Y™ 05 U = pEne + @um "5 (C.23)

The most general D-string supersymmetry breaking term is therefore

1 S Lol
T 25(—1)|%|(T*‘1’2 —rWs) + (1(1 —iJ)* L (Ph)* — §p3n)W 0y

F I+ i)k — S () )T

— (%(1 +i1)",pk — %(pfn)*)vm\lfl

— (OG0 = i)k — Spk)w”

+ %(qmn)*vm%’v" - %an’ym‘i’Z’Yn- (C.24)

The non-supersymmetric backgrounds presented in IV.2.1b) have the following supersym-

metry breaking parameters

r=20 (C.25)
1 _ A [Pq]+1 1 k n 1 n 1 qn
3i 1 : .
0+ A man + I A 2] (C.27)
1 1
= e [0, g 37 = (1) ()AL, (C28)
) 1
_3i(_1)|\yl|AmnO‘qJ2nq N %me((—l)‘%'ﬂ + (_1)‘W1|§Akn)an (C.29)
eA

G = = 5 [(_1)|¢/1|Amq(ggpn)* a Aqngflﬂqm} , (C.30)
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where Jj o are the (almost) complex structures defined by 7 and 7

i
T2 =0 Y™ a2, (C.31)

and € 2mnp are the (3,0)—forms with respect to the (almost) complex structures
defined by 711 and 7s:
1

Ql,2mnp = Hi

)

T Y 2- (C.32)

In order to write down the supersymmetry breaking parameters of the non-supersymmetric
backgrounds with both SSB and DWSB contributions presented in c¢), one just have to
add the pure DWSB parameters given in Appendix B of [11] to the one above.

The above supersymmetry breaking parameters correspond to the following decom-
position of the supersymmetry breaking term in (IV.45) on the SU(3)xSU(3) structure
defined by the two pure spinors

i

. a1
A (@4t =472 (370 (<D A a5 = Jan((-1)57 + (<113

A"
2 )}
T _ . ; W1
7 [T A B 4 ()5 + (1)1 34,7

+ \Ill")/ -—ZAanijl — ian(—dm + §A m)

- M1 7 1
+ Uy™ —ZAnmapJ{m + ian(—éz + 2Anm)]

i m n j *
+ ZPY \1127 Qp [(_1)‘]‘Amq(Qgpn> - AanIl)qm}

i MATy T i *
_Z'Y \1127 Qp [(_1)IJ|Aquan - Aqn(Q]fqm) }) . (C-33)

C.2 Pure spinors and D-term supersymmetry-breaking

In this Section we write down the most general pure spinor expansion of the modified
pure spinor equations respecting (IV.357).
We first impose the gauge BPSness (IV.303), which gives

r1+to=— (ro+ 1) (C.34)
S = — [ + (P5,)"] (C.35)

s = — [up, + (p)"] (C.36)
Gn = Tom (C.37)
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Then, imposing the condition (IV.357) is equivalent to

wp == 5L+, 00" s = =50 —in)*, ()

1 . . 1 ) .
ug, =— 5(1 +iJ2)k,, (pr) Sy = —5(1 — i) (Ph)*,

where Jj o are the (almost) complex structures defined by n; and 7

7

Ji2™, = Wﬂ{ﬂmnmg-
This results in
=5 () + )0 — () + 1)
+ %(qim)*vm\lfﬂ" — %qimvmi'ﬂ"
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(C.38)

(C.39)

(C.40)

(C.41)

1 1 -
K 25(—1)|\p1|t2‘112 - 5(—1)@%1‘1’2 +iIm(p2, )y Ws + (—1)¥2liIm(pl, ) Toy™

1 : 1
5V VY™ = Sy 1™

The polyforms © and Z in (IV.360) and (IV.361) then take the form

O =LA [(~1) (1 + 415) 0 + (~1)¥1 (11 + 485) T
— 2iIm(p},)y" ¥y + (—1)1"22im(p},) U2y™
+ GtV + Gy 1Y

= = [+ )T + (<) 4+ 12) s
— " U™ = Gl

(C.42)

(C.43)

(C.44)

Plugging the supersymmetry breaking expansion (C.42) in (IV.341) and using (C.38) and

(C.39) gives
up = uh = 0.

(C.45)

Specifying the supersymmetry breaking terms violating the D-string BPSness condition

(C.41) to the case of Subsection IV.3.4 gives

1 ~ _ N _ ~
T == [eA(—x23 + 3332)61 +e A(:Clg — x31)€2 +e A(—LL’12 -+ 1’21)63

2
+ eMyaz — y32)et + e N~z +y31)8 + e (Y12 — y21)é

+ e_A(a — 11 — T2 — $33)él ANEENE — e_A(ygg + ygg)él ANEXAE

6



180 APPENDIX C. SUPERSYMMETRY BREAKING AND PURE SPINORS

+e M=b+yi + 2 —ys3)E AENE + e b —y11 + Y22 — yz3)E A& AE
+ e~ —A(
+e

— (3 Fyz) (e AN 4 eBANBNAES) + e N a4 w11 — 220+ 33) AEAES

Y23 +y32)E AEBAES — e (a — w11 + wag + w33)Et A EONES

A=b—y11 +yo2 + y33) B ANENE 4 (y1o + 1) (et AN Nt —e P2 NS A0
— (z1g + xo1) (e NN — e P2 NSP NES) — e A (a4 1y + 2op — x33)E3 ANEENE
+ (x93 + z32)(e A2 N et A& —e A3 A et A eb)

+ (213 + z31) (e N A + e B NS NES) + e A b+ y11 +yoo +yz3)Et AP N ES
+e Moy —ao)e NENSBANENES +e A (3 —x3)Et AEEAE NENES

+e 3 (w93 —x32)E NENSB NSNS 4 e A (—yia+ya1)et ANEEAE AE A ES

Fe A (—yi3 +ys)E NS AN AES

e (—yas + ys) @ A E NE NS N, (C.46)
with
[Py : .
Tij 2562 ¢Re{zqil,j+3 + Z%‘1+3,j - Qilj - Qi1+3,j+3} (C.4T)
L oa- . .
Yij 2562 “Im{+ajj + Giys s — 6543 — 0y ;) (C.48)
a=—2e*""9Re(r; + t2) (C.49)

b =2e24"%Tm(r; + ). (C.50)
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Sujet : Géometrie Généralisée (Exceptionnelle) des vides

non-supersymétriques avec Flux

Résumé : La construction de la théorie des cordes repose sur une symétrie reliant les bosons
et les fermions, appelée supersymétrie, et qui doit étre brisée a basse énergie. Les solutions
supersymétriques de la théorie des cordes sont nettement plus simples que leurs homologues non-
supersymétriques et peuplent donc la majorité de la littérature. Cependant, la supersymétrie
peut étre spontanément brisée a une énergie arbitrairement élevée. Dans cette theése, nous étu-
dions donc des solutions de supergravité de type II, une limite classique a basse énergie de la
théorie des cordes, qui sont non-supersymétriques. Cette étude se place dans le cadre de la
géométrie complexe généralisée, une généralisation de la géométrie différentielle qui unifie les
transformations des coordonnées spatio-temporelles et les transformations de jauge de 'un des
potentiels de la théorie des cordes, appelé le champ B. Nous construisons d’abord de nou-
velles solutions de la supergravité de type II, ou le mécanisme de brisure de la supersymétrie
est dicté par la notion généralisée de stabilité pour les objets étendus qui sourcent les flux de
supergravité. Nous dérivons ensuite une expression généralisée pour les flux de supergravité non-
supersymétriques, et 1'utilisons pour dériver les contraintes que les solutions de supergravité de
type II non-supersymétriques doivent respecter afin que leurs théories effectives a basse énergie
appartiennent & la classe bien connue de la supergravité quadridimensionelle N’ = 1. Enfin, nous
décrivons les solutions non-supersymétriques de la supergravité de type II dans le cadre de la
géométrie généralisée exceptionnelle, un formalisme qui unifie les transformations des coordon-
nées spatio-temporelles et les transformations de jauge de tous les potentiels de la théorie des

cordes.

Mots clés : Théorie des cordes, compactification avec flux, géometrie généralisée, brisure de

supersymétrie, calibrations.
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