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A Joy,

On croyait en toi
probablement plus que toi,
Tu croyais en moi

assurément plus que moi.



Abstract

The increasing use of renewable intermittent energy leads to more dependent and volatile
energy markets. Therefore, an accurate electricity price forecasting is required to stabilize
energy production planning, thus reducing the associated carbon emissions. The surge
of more and more powerful statistical algorithms and machine learning offers promising
prospects for tackling this problem. However, these methods provide ad hoc forecasts, with
no indication of the degree of confidence to be placed in them. To ensure the trust of key
actors in energy markets with regard to such decision-support tools, it is crucial to quantify
their predictive uncertainty. This thesis focuses on developing predictive intervals for any
underlying algorithm, including neural networks, without assumptions on the latter. While
motivated by the electrical sector, the methods developed are generic: they can be applied
in many sensitive fields.

Split Conformal Prediction (SCP, Vovk et al., 2005; Papadopoulos et al., 2002; Lei
et al., 2018) is a versatile procedure associating predictive intervals with any prediction
model. Unlike existing probabilistic prediction methods, SCP is highly promising as it offers
theoretical guarantees with finite sample size, under the sole distributional assumption that
the data are exchangeable (i.e. the data distribution is invariant to permutation, a weaker
assumption than independency with identical distribution).

Formally, suppose we have n data

(X;,Y;), € RY x R, where Y is the re-

sponse variable (e.g., electricity price) and 5800 125

X € RY the d covariates (e.g., produc- %600 122

tions). The user sets a miscoverage rate gwo 5021/01 %70 %70

a € [0,1] (typically 0.1 or 0.05). SCP con- 22"

structs a predictive interval C,, o, such that o

P (Vi1 € Coa (Xns1)) = 1 — @i Cpa i 2016 2017 2D0alt8e 2019 2020

said to be marginally valid. Its length must Figure A: predictive intervals for electricity
be as small as possible to be informative prices.

(efficient). An example of such an interval

is given in Figure A.

However, SCP is not applicable on time series (such as electricity prices) as they are
not exchangeable due to temporal dependence. To address this limitation, a first approach
(Gibbs and Candés, 2021) relies on using an adaptive miscoverage rate oy, that is updated
according to previous performances and to an hyper-parameter v > 0, playing the role of a
learning rate. Using Markov Chain theory, the first contribution of this thesis analyzes the

influence of y on the efficiency of the resulting intervals. It allowed to propose a novel method

iii



not requiring the choice of v—and therefore usable in practice—based on online expert
aggregation. Following the electricity prices explosion in 2021, the second contribution of
this thesis investigates the impact of this higher non-stationarity on probabilistic forecasts,
and the improvements brought by different adaptive post-hoc layers such as SCP and online
aggregation.

Still, to improve electricity price point forecasts, one could leverage the emergence of
open data platforms to integrate more explanatory variables such as commodity prices, or
prices from other correlated markets. However, aggregating different data sources comes
with methodological challenges, such as dealing with missing values, as time frequencies
and market horizons may differ. Missing data are common in statistical practice and,
paradoxically, their ocurrence increases with the quantity of data.

A usual way to get point predictions is to replace the missing values (NAs) by plausible
values and then apply any learning algorithm on the completed data. Yet, there was no
method for quantifying predictive uncertainty with NAs. The third and forth contributions
of this thesis show that SCP applied on an imputed data set enjoys the exact same marginal
validity guarantees it would on a complete dataset. The strength of this result lies in its
generality: it implies that the user can choose any imputation, even a naive one, without
affecting the validity of the intervals, even for informative NAs (a complex and rarely studied
scenario). However, The third and forth contributions of this thesis identify that NAs
generate heteroskedasticity: the validity of the intervals depends on which covariates are
observed. They propose the first algorithms to solve this problem, that are extremely
simple to implement. Theoretically grounded, the assumptions on which they rely are

nearly minimal according to hardness results.
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Résumé

L’utilisation croissante d’énergies renouvelables intermittentes rend les marchés de 1’énergie
plus dépendants et plus volatils. Par conséquent, une prévision précise du prix de 1’électricité
est nécessaire afin de stabiliser la planification de la production d’énergie et réduire ainsi
les émissions de carbone associées. L’essor d’algorithmes statistiques et de I’apprentissage
automatique de plus en plus puissants offre des perspectives prometteuses pour traiter ce
probléme. Cependant, ces méthodes fournissent des prévisions ad hoc, sans indication du
degré de confiance & leur accorder. Pour garantir la confiance des acteurs des marchés
de D’énergie & I'égard de ces outils d’aide & la décision, il est crucial de quantifier leur
incertitude prédictive. Cette thése porte sur le développement d’intervalles prédictifs
pour tout algorithme de prédiction, y compris les réseaux neuronaux, sans hypothéses sur
ce dernier. Bien que motivées par le secteur électrique, les méthodes développées sont
génériques : elles peuvent étre appliquées dans de nombreux autres domaines sensibles.

La prédiction conforme par partition (SCP, Vovk et al., 2005; Papadopoulos et al., 2002;
Lei et al., 2018) est une procédure polyvalente associant des intervalles prédictifs a tout
modéle de prédiction. Contrairement aux méthodes de prédiction probabilistes existantes,
CP est hautement prometteuse car elle offre des garanties théoriques a taille d’échantillon
finie, sous la seule hypothése distributionnelle que les données sont échangeables (c’est-a-dire
que la distribution des données est invariante par permutation, ce qui est plus faible que
des données indépendantes et identiquement distribuées).

Formellement, supposons que nous dis-

posons de n données (X;,Y;)"_; € R x R

ol Yest la variable a prédire (e.g., le prix 5800 125

de l'électricité) et X € R? les d covari- §600 122

ables (e.g., les productions). L’utilisateur 5400 5021/01 o0 i
fixe un tauz de non-couverture o € [0,1] 5200

(typiquement 0.1 ou 0.05). SCP con- "0

2016 2017 2018 2019 2020
Date

P{Y,4+1 € Cho (Xn+1)} > 1—a: ondit que Figure B: intervalles prédictifs pour les prix

struit un intervalle prédictif C,, tel que

Cn,o est valide marginalement. Sa longueur de I'électricité.
doit étre la plus petite possible pour qu’il
soit informatif (efficace). Un exemple de tel intervalle est donné en Figure B.
Cependant, SCP n’est pas applicable sur une séries temporelles (telles que les prix de
I’électricité) car elles ne sont pas échangeables en raison de leur dépendance temporelle.

Pour remédier a cette limitation, une premiére approche (Gibbs and Candés, 2021) repose



sur l'utilisation d’un taux de non-couverture adaptatif i, qui est mis & jour en fonction des
performances passées et d’un hyperparamétre v > 0, jouant le role d’un taux d’apprentissage.
En utilisant la théorie des chaines de Markov, la premiére contribution de cette thése analyse
I'influence de ~ sur lefficacité des intervalles prédictifs associés. Cela a permis de proposer
une nouvelle méthode ne nécessitant pas le choix de y—et donc utilisable en pratique—basée
sur l'agrégation d’experts en ligne. Suite a I'explosion des prix de I’électricité en 2021,
la deuxiéme contribution de cette thése étudie I'impact de cette non-stationnarité accrue
sur les prévisions probabilistes, et les améliorations apportées par différentes surcouches
adaptatives telles que SCP et 'agrégation en ligne.

Néanmoins, pour améliorer les prévisions des prix de 1’électricité, nous pourrions
tirer parti de I’émergence de plateformes de données ouvertes pour intégrer davantage de
variables explicatives telles que les prix des matiéres premiéres ou les prix d’autres marchés
corrélés. Cependant, 'agrégation de différentes sources de données s’accompagne de défis
méthodologiques, tels que le traitement des valeurs manquantes, comme les fréquences
temporelles et les horizons de marché peuvent différer. Les données manquantes sont
courantes dans la pratique statistique et, paradoxalement, leur nombre augmente avec la
quantité de données.

Une approche traditionnelle pour obtenir des prédictions ponctuelles consiste & remplacer
(imputer) les valeurs manquantes (NAs) par des valeurs plausibles, puis & entrainer n’importe
quel algorithme d’apprentissage sur les données complétées. Cependant, il n’existe aucune
méthode permettant de quantifier 'incertitude prédictive avec les NAs. Les troisiéme et
quatriéme contributions de cette thése montrent que SCP appliquée & un jeu de données
imputé bénéficie exactement des mémes garanties de validité marginales que sur des données
complétes. La force de ce résultat réside dans sa généralité : il implique que 'utilisateur peut
choisir n’importe quelle imputation, méme naive, sans affecter la validité des intervalles,
méme pour des NAs informatives (un scénario complexe et rarement étudié¢). Cependant,
Les troisiéme et quatriéme contributions de cette thése constatent que les NA générent de
I’hétéroscédasticité : la validité des intervalles dépend de quelles variables explicatives
sont observées. Ils proposent les premiers algorithmes pour résoudre ce probléme, qui sont
extrémement simples & mettre en pratique. Théoriquement valides, les hypothéses sur

lesquelles ils reposent sont presque minimales d’aprés de nouveaux résultats d’impossibilité.
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Chapter 1
Forecasting Electricity Spot Prices

This PhD thesis has been conducted under a CIFRE contract (industrial agreement for
training through research) with EDF (Electricité de France, French main producer and

supplier of electricity).

1.1 Energy and electricity transition

“Who could have foreseen the climate crisis?”

There is no need here to remind that according to IPBES (Intergovernmental Science-
Policy Platform on Biodiversity and Ecosystem Services) in 150 years, 83% of wildlife
biomass and 41.5% of plant biomass have disappeared due to human activities; that the
IPCC (Intergovernmental Panel on Climate Change) was created more than 35 years ago
to ring the alarm; and that despite all of this only insufficient measures have been taken at
the political and governmental levels (HCC-2021). Yet, this question is the tree that hides
the actual forest: what can we actually do to limit the climate crisis, or at least
adapt to it?

Starting from the highest level, a partial natural answer is to reduce anthropogenic
greenhouse gas emissions: this is necessary to meet the Paris Agreement requiring to ensure
that the earth’s average temperature does not increase by more than 2°C before 2100,
compared to 1850. Obviously, reducing our production and consumption would have a
great quick impact on this. However, how to achieve it and whether we want to enforce it
might be beyond the scope of an academic debate and most likely seems to belong to the
citizens’ sphere. Closer to our concrete scope of applications, yet highly relevant, is how we
produce energy and everything that lies around it.

The last decades have witnessed important changes in the energy panorama, with an
increasing integration of non-fossil fuels based energy production. For instance, major
research and operational efforts have been deployed to develop renewable energies (RTE,
2022; IEA, 2022a)!. Especially, France did commit to reach carbon neutrality by 2050, and
in particular by attaining 1/3 of renewable energies in gross final energy consumption by
2030. France also decided to support the development of nuclear plants (France-2023-491)

to attain a decarbonized energy mix. In parallel, many usages have been electrified, or

IRTE is the French Electricity Transmission Network, while IEA is the International Energy Agency.



1.2.  Electricity markets 4

are in their way to be, such as electric vehicles and distributed storages. Self-consumption
(also known as consumer-producer, i.e. consuming the energy we produce) or even demand
response programs (i.e. adapting the demand in concordance with the production, and not
the traditional contrary) are also greatly incentivized (Bakare et al., 2023).

The proliferation of these new uses of electricity and the growing importance of intermit-
tent renewable energies are profoundly changing the energy landscape in Europe, and are
at the root of major transformations in European electricity markets. In particular, they
are becoming more dependent and volatile. Therefore, an accurate electricity price
forecasting is required to stabilize energy production planning and thus reduce
the associated carbon emissions by increasing the investments in renewable

energies and storage solutions. In this thesis, we focus on short-term prices.

1.2 Electricity markets

There are 4 main short-term markets in France, and more generally in Europe.

i) The first one, on which we will focus, is the spot market. The spot electricity market
is a blind auction market in which producers and suppliers offer bids and offers for
each hour, or for a block of hours, of the following day. The market closes at 12am
of the day before the delivery. The 24 hourly prices are defined by a “pay-as-clear”
principle: all players will exchange MegaWatt-hours at the same price, which, at first
glance, can be seen as the cross between global supply and global demand. However,
defining the price is more complex, as it takes into account interconnections between
different countries, as well as so-called “block” offers.

ii) The second one is the intraday market. It is a continuous trading market, offering
hourly, half-hour and quarter-hour products. In contrast to the spot market, the prices
are fixed on the fly in order to match the orders as soon as possible, with a closing
time 5 to 15min before the delivery.

iii) Finally, the last two markets are the system services and balancing markets. These
markets are handled by the transport system operator and are the ones responsible to

ensure the perfect equilibrium between supply and offer at any time.

These short-term markets are impacted by the transition described in Section 1.1. On
the one hand, the need for greater security of electricity supply on different timescales is
leading to an overhaul of system services, with the creation of new markets for these services
at European level, notably in the new “Electricity balancing” regulatory framework adopted
by the European Commission in 2017 (EU-2017/2195). On the other hand, the growing
penetration of renewable energies has accentuated uncertainty over a short-term horizon of
electricity production, affecting the operation of intraday markets, which are becoming the
indispensable tool for managing forecasting errors in renewable production. In the German
market, we are already seeing strong correlations between prices and wind generation, and
it is only a matter of time before these phenomena appear in France. The presence of
storage assets, whose price is steadily falling—even if quite high at the moment—, means

that new market strategies can be put in place to stabilize supply and reduce costs.
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1.3 Electricity price forecasting

In this fast-changing context, it is essential to have high-performance price forecasting
methods for all short-term markets.

Indeed, good price forecasts on successive markets enable us to better anticipate the
financial flows linked to renewable production and optimize the placement of production
on the various markets. It is one of the essential elements for a good valuation of these
production assets, which will encourage investments in these low-carbon assets.

Moreover, an accurate price forecast, both on successive markets and on the different
hourly prices of a same market, enables to optimize the management of flexibilities (physical
battery or short-term consumption effacement contract, upward and downward adjustment
flexibility of thermal power plants, etc.). In particular, raising the value of these flexibilities
will encourage players to tnvest in these assets, leading to a more secure power system.

Yet, forecasting electricity prices is highly challenging due to all the aforementioned
specificities of electricity: matching demand and production at all times, non-storable
nature of electricity, exchanges between different countries via interconnections, the variable
nature of generating facilities, etc. Specifically, these characteristics lead to negative or
extremely high prices of non-negligible occurence (see Figure 1.1). This was before recent
unfortunate fortuitous events that affected trememdously the markets, making them highly
non-stationary, such as Covid-19 pandemic in 2020-2021 (IEA, 2021), the stress corrosion
issue which affected French nuclear power plants in 2022 or the crisis of the gas markets
triggered by Russia’s invasion of Ukraine (IEA, 2022b). Despite the increasing number of
available historical data, state-of-the-art models (Weron, 2014; Lago et al., 2021) (from
classical times series forecasting to deep learning methods), along with internal studies at
EDF R&D?, did not obtain forecasts’ errors lower than 10% of the realized price®. As a

reference, national consumption’s forecasts achieve errors around only 1% of the realized

consumption.
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Figure 1.1: Temporal evolution of the French electricity spot prices between 2016 and 2021.

2We note here that operational forecasting tools available at EDF-Trading may be more efficient but they
are using real time information that are not available as historical data.

3Surprisingly, this holds for forecasts before 2020 as well as after 2020: the errors are more important after
2020, but as the prices are also higher, the relative error stays at the same order of magnitude.
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Leveraging the emergence of open data platforms such as ENTSO-E* Transparency
Platform, or Eco2Mix Platform powered by RTE would likely improve electricity price
forecasts. However, aggregating different data sources introduces a new demanding
setting: the occurrence of that comes along with computational and
statistical challenges. For instance, it can be caused by different time frequencies or
market horizons between fundamentally different explanatory variables. Also, the
quality of the data evolves with time (as processes get consolidated) and anomalies

can be observed.

1.4 Probabilistic electricity price forecasting

Crucially, these forecasting methods provide ad hoc predictions, with no indication of the
degree of confidence to be placed in them. To ensure the trust of key actors in energy markets
with regard to such decision-support tools, it is crucial to quantify their predictive
uncertainty.

Furthermore, trading and energy management decisions (such as the ones mentioned
in Section 1.3) require risk management tools which are based on probabilistic electricity
price forecasting, leading to a rapid expansion of the literature in this area (see the review
of Nowotarski and Weron, 2018). However, traditional probabilistic forecasts are only
valid asymptotically or upon strong assumptions on the data that are typically not met by

electricity prices (Gaussianity, stationarity).

This supports the advancement of adaptive probabilistic approaches for forecasting
prices, which can continuously learn and adjust to the evolving behaviors of electricity
prices, resulting in accurate and reliable probabilistic forecasts even on non-stationary

time series.

In this PhD thesis, we propose to provide theoretically grounded tools able to
quantify predictive uncertainty under light assumptions on the underlying data
distribution and whose guarantees are agnostic to the prediction algorithm. We consider
post-hoc methods, in order to allow their use in a plug-in fashion: any energy markets’
actor could keep its preferred operational pipeline and still turn the resulting predictions

into guaranteed probabilistic forecasts.

4ENTSO-E is the European Network of Transmission System Operators for Electricity.



Chapter 2

Thesis Outline and Main

Contributions

This manuscript is divided in three main parts. The rest of this introductory Part I is
organized as follows. This chapter 2 provides a quick overview of the outline and main
contributions. Chapter 3 is a pedagogical introduction to Conformal Prediction methods
(see Table 2.1 for a reading guide), based on a tutorial designed during the completion
of this PhD. Finally, in Chapter 4 we give a more technical and detailed summary of

our contributions.

Part II studies post-hoc predictive uncertainty quantification for time series. The first
bottleneck to apply conformal methods in order to obtain guaranteed probabilistic
electricity price forecasting in a post-hoc fashion is the highly non-stationary temporal
aspect of electricity prices, breaking the exchangeability assumption. In Chapter 5
(based on a joint work with Olivier Féron, Yannig Goude, Julie Josse and Aymeric
Dieuleveut) we propose a parameter-free algorithm tailored for time series, which
is based on theoretically analysing the efficiency of Adaptive Conformal Inference
(Gibbs and Candes, 2021). To investigate deeper how adaptive post-hoc probabilistic
electricity prices forecast can be obtained, in Chapter 6 (based on the internship of
Grégoire Dutot, co-supervised with Olivier Féron and Yannig Goude) we conduct an
extensive application study on novel data set of recent turbulent French spot prices
in 2020 and 2021.

Another challenge that predictive uncertainty quantification for electricity prices
forecasting faces is the occurence of . Therefore, in Part III (based on
joint works with Aymeric Dieuleveut, Julie Josse and Yaniv Romano) we analyse
the interplay between missing values and predictive uncertainty quantification. In
Chapter 7 we highlight that missing values induce heteroskedasticity, leading to
uneven coverage depending on which features are observed. We design two algorithms
that recover equalized coverage for any missingness under distributional assumptions

on the missigness mechanism. In Chapter 8 we push forwards the theoretical



analysis to understand precisely which distributional assumptions are unavoidable
for theoretical informativeness. We also unify the previously proposed algorithms
into a general framework that demontrastes empirical robustness to violations of the

supposed missingness distribution.

All these contributions are implemented with open source code available on this GitHub.
The tutorial on which Chapter 3 is based has also been made openly available on this
website.

Each chapter is self-contained, thus the notations may slightly vary from chapter to

chapter.

Related contribution ‘ Relevant sections of Chapter 3

Tutorial at:

» MASPIN days 2023 (national),
with C. Boyer

» ENBIS 2023 (European)

» UAI 2024 (international),
with A. Dieuleveut

» ICML 2024 (international),
with A. Dieuleveut
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submitted to JMLR*

Table 2.1: Summary of the scientific production (* denotes equal contribution), with
indications for a parsimonious reading of Chapter 3.

L«Adaptive Conformal Predictions for Time Series’.

2«Adaptive Probabilistic Forecasting of French Electricity Spot Prices”.
3 “Conformal Prediction with Missing Values”.

4«predictive Uncertainty Quantification with Missing Covariates’.
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Chapter 3

Introduction to Conformal Prediction

This chapter is a pedagogical introduction to conformal prediction. Therefore, some proofs
are included in the body of the text as they are informative, and might have been modified

or detailed with respect to the original papers.

3.1 Supervised learning context and predictive uncertainty

The goal of supervised learning is to predict a label Y € Y (also known as response or
target or outcome), given some features X € X (also known as explanatory variables or
covariates). We assume that the features and label spaces are measurable and that X C R4,
where d € IN* is the problem’s dimension, i.e. the number of features. The nature of )

defines the type of supervised learning task at hand.

Example 3.1.1 (regression).

In regression problems, the label to be predicted is continuous, i.e. Y C R.

e.g., electricity prices

Example 3.1.2 (classification).

In classification problems, the label to be predicted is categorical, i.e. the label set

is finite, typically Y C IN or ) = {—1, 1} for the specific case of binary classification.

In other words, predicting Y € Y given X € X corresponds to looking for a measurable
function f € M (X,Y) C V¥ called a predictor, such that f(X) “is close to” Y, in a sense

that remains to be defined.

Definition 3.1.1 (loss function).

A measurable loss function, noted £ : Y x Y — Ry, compares two points of ),
typically by being such that for any (y,y') € Y2, £(y,y') gets smaller as y and 3/
gets more similar. Usually, y and ¢y’ are the prediction of the studied predictor and

the ground truth value.
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Example 3.1.3 (quadratic loss—regression).

In regression, a standard loss function is £ (y,v') = (y — y')°.
Example 3.1.4 (0-1 loss—classification).

In classification, a natural loss function is ¢ (y,y') = 1 {y # v'}.

3.1.1 Probabilistic modeling

Modeling the labels Y and the features X as random variables whose joint distribution
is denoted D, the goal of supervised learning is to find a function f* that minimizes the
expectation of the loss £ over D, referred to as the £-risk.

Definition 3.1.2 (¢-risk).

The ¢—risk of a predictor is the expectation of the loss £ evaluated on the labels and

the predictor outputs under the distribution D:

RZ.{M(X,y) - R,
' [ Ep[l(Y, f(X))].

Any f* minimizing the ¢-risk is a ¢-Bayes predictor and achieves the /~Bayes risk.

Definition 3.1.3 (¢~Bayes predictor).
An (—Bayes predictor is a minimizer of the f-risk:
/¥ € argmin Ry (f).

JEM(XY)

Moreover, the £-Bayes risk is defined as R} := Ry (f*) for any /-Bayes predictor f*.

Example 3.1.5 (quadratic loss Bayes predictor—regression).

In regression, the quadratic-Bayes predictor is f*(X) = E [Y|X].

Example 3.1.6 (0-1 loss Bayes predictor—classification).
In classification, the 0-1-Bayes predictor is f*(X) € arg max;c(_1,1y P(Y = k[ X).

3.1.2 Statistical learning

In practice, the distribution D is unknown. Computing explicitly the ¢-risk and a fortiori
exhibiting the /~Bayes predictor is therefore impossible. However, we typically have access
to n € IN* independent and identically distributed (i.i.d.) random variables drawn from
D, forming a data set (X;, Vi)l € (X x ¥)" ~ D®M. One can leverage this data set in

order to learn a predictor based on the historical /training data.
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_[ Definition 3.1.4 (statistical learning algorithm). ]

A statistical learning algorithm is a measurable function

o0

" nL:Jl(Xxy)” - M(X,Y)

(X5, V), = fa

More generally, a stochastic statistical learning algorithm is a measurable function

U XY x[0,1] — M(X,D)
A: < 21

(X, Vi)l x € = fo,

where £ encodes the randomness of A.

One goal of such a statistical learning algorithm could be to attain a risk close to the
(-Bayes risk Rj. However, again, without information on D the true /-risk of a predictor
can not be computed. Nonetheless, we can use the training data as a surrogate for D to

estimate the ¢-risk by computing the so-called empirical ¢-risk.

(_{ Definition 3.1.5 (empirical /-risk). ]

The empirical £-risk of a predictor is the empirical average of its loss on the training

data set:
7 e,{M(%J}) ~ Ry
" [ 2 YL f (X))

B
\. J

/_[ Remark 3.1.1 (consistency of the empirical ¢-risk). ]

The empirical ¢-risk is a consistent estimator of the ¢-risk.

\. J

Many statistical learning algorithms are built so as to minimize the empirical risk. By
doing so, they aim at using historical/training data to infer a predictor that should provide
accurate prediction on any X € X, even non-observed ones. To ensure this generalization,
the predictor has to be constrained to a fixed family of functions F C M (X,)), called a

model.

/_[ Definition 3.1.6 (empirical risk minimizer). ]

A minimizer of the empirical risk over F C M (X,)) is a statistical learning
algorithm A such that:
[e.9]

A nL:JI(Xxy)” - F

(X3, Vi), — argminfe;]??n,g(f).
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Figure 3.1: Three distinct data distributions with the same quadratic-Bayes predictor
(regression setting).
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Figure 3.2: Three distinct data distributions with the same conditional expectation, and
different conditional quantiles in (regression setting).

3.1.3 On the importance of predictive uncertainty

In the previous sections, we have explored the paradigm where one aims to predict a
stngle value, also referred to as point prediction, without any indication of the degree
of confidence that can be given to these predictions. By leveraging increasingly large
data sets, statistical algorithms and machine learning methods are now frequently used
to support high-stakes decision-making problems such as autonomous driving, medical or
civic applications, among others. Yet, as it can be observed in Figure 3.1, an important
drawback of this approach is that even the Bayes predictor does not allow to characterize
the underlying distribution of Y|X. Therefore, the same perfect predictions cover up
different underlying phenomena. Quantifying uncertainty (e.g., as illustrated in Figure 3.2
through perfect predictive intervals based on the conditional quantiles of Y'|X) conveys
the information of the predictive uncertainty. To ensure the safe deployment of predictive
models® it is crucial to quantify the inherent uncertainty of the resulting predictions,

communicating the limits of predictive performance.

3.1.4 Quantile Regression

In this subsection, we focus solely on the regression setting.

An approach to take the predictive uncertainty into account is to consider the quantiles
of a random variable Y, as they encapsulate the overall distribution of Y. First, let’s
consider the univariate or marginal quantiles, which do not take into account any link

between Y and some features X (i.e. they take the expectation over X).

!By a slight abuse of language, we commonly use “model” instead of “statistical learning algorithm”.
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,_[ Definition 3.1.7 (univariate quantile). ]
The quantile of level 7 € [0,1] of Y, denoted Qy (/7), is defined as:

Qv (7) :==inf{y e R,P(Y <y) > 1}
=inf{y € R, Fy(y) > J}.
Qy (+) is the quantile function, which is the generalized inverse of the cumulative

distribution function Fy .

It can be estimated through the empirical quantile of level [:

qs (Y1,...,Y,) == [ x n] smallest value of (Y1,...,Y,).°

“Similarly, let s inf (Y1,...,Yn) := | X n] smallest value of (Y1,...,Yy,).

Example 3.1.7 (median).

The quantile of level 5 = 0.5 is better known as the median.

— qos (Y1,...,Y,) is the [0.5 x n] smallest value of (Y7,...,Y},), i.e. the smallest
value of (Y1,...,Y,) which is larger than at least half of (Y7,...,Y},), known

as the empirical median of (Y1,...,Y,);
— Qy(0.5) is the median of the distribution of Y.
Just like the expectation is the natural minimizer of the quadratic loss, the quantiles

minimize the pinball loss described below, and widely used to estimate quantiles in practice.

This is formalized in Remark 3.1.2.

/_[ Definition 3.1.8 (pinball loss). ]
The pinball loss of level B € [0, 1] is defined as:

la: y)(y — IR,+
V) = Bly—y{y—y >0+ (1 —B)ly—y1{y—y <0}

_{ Remark 3.1.2 (minimizing the pinball loss retrieves the quantile).

Let 8 € [0,1]. Assume arg min cy, Ep, [¢(5(Y, q)] # 0.
Set g3 € argmingcy Ep, [5(Y,q)).

Then if Fy is continuous and strictly increasing, we have that qg = Iy 1(5)

\. J

Proof. First, as ¢ € argmin ¢y Ep, [05(Y,q)], we have:

0— @ED 0¥, q)]) (@)

co= (& [t w) @)

—0o0
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Then, let ¢ € R. Remark that for any y # ¢, %(y,q’ ) does exist. Furthermore, for
any y # ¢', we have that:

o5,
g (y,q

=[(6-Dl{y <d}+A{y >} < 1.

As Fy is continuous, Y # qg almost surely.

Therefore, by differentiation under the integral sign, we obtain:

oo 9y
0—/ aﬁ(:%Qﬁ)dFY( )
+oo
0=( —1/ dFy (y) + B dFy (y)

a5
0= (8~-1)Fy(qz) + B(1 - Fy(q3))
(1= B)Fy(q5) = B(1 - Fy(q3))
B = Fy(qj)-

Finally, as Fy is also strictly increasing, we get:
a5 = Fy ' (B).
O

Building on the marginal quantiles )y, an interesting notion is the conditional quantiles
Qy|x: it leverages the information of the features X to describe the distribution of Y.
Formally, the conditional quantiles portray the conditional distribution of Y|X. This is
essential when the underlying distribution is heteroskedastic and the predictive uncertainty

varies depending on X, such as in Figures 3.1 and 3.2.

Definition 3.1.9 (conditional quantile).
The conditional quantile of level 7 € [0,1] of Y| X, denoted Qy|x (), is defined as:

Qyix (7) :==inf{y € R,P(Y < y|X) > 7}
1nf{yEIR Fle > }

Armed with this definition of conditional quantiles, one can perform quantile regression
by considering the pinball loss—in place of mean regression based on the quadratic loss—in
order to learn the predictive uncertainty of Y|X.

Definition 3.1.10 (quantile regression).

Quantile regression for the level 8 € [0,1] aims at minimizing the associated pinball

risk, that is solving:

f5 € argmin Ry, (f) := argmin Ep [(5 (Y, f(X))].
FeEM(X,Y) FeM(X,Y)

Such a fj satisfies P (Y </f; (X) |X) = B if Fy|x is continuous.
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Example 3.1.8 (median regression).

Minimizing the risk associated to the absolute error £(y,y') := |y — v'|= Los(y,y)

corresponds to median regression:

median [Y|X] = Qy|x(0.5) € argmin Ep [[Y — f(X)[|X].
femM(x,y)

An illustration of quantile regression for various levels S along with the associated

pinball losses is provided in Figure 3.3.

,_[ Remark 3.1.3 (no theoretical guarantees in general). ]

One may consider building a predictive intervals (such as the ones illustrated in
Figure 3.2) through the conditional quantiles of Y|X. Indeed, using the exact
quantiles, we have for any 3 € [0, 1]:

P (Y c [Qm (g) Qv (1— g)]) —1-5.

However, as discussed in Section 3.1.2, in practice we do not have access to Qyx(-)

and we have to estimate it to obtain a @y| x(+) e.g., by minimizing the empirical risk.

Then, with a finite number of observations n, in general:

(e fon(@) e (-] oo

Consequently, without further assumptions such as consistency and infinite data or

distributional assumptions, quantile regression is not sufficient for providing guaranteed
predictive uncertainty quantification.
3.1.5 Framework of interest, its limits and use cases

Our goal is to predict Y € Y given its covariates X € X with a notion of confidence,

i.e. with a quantification of the predictive uncertainty. Formally, given a miscoverage rate

. . ., 8 =005

4 2] Ca AT B=01
,:;,':‘5/— . \\'::I:: 8=03
~3 I L Y ¥ B=05
- e -

) 0] =25 LN B=07

= - . . S —5=09

=2 ‘.

~ .

—B8=09

Figure 3.3: Illustration of quantile regression for various quantile levels 3 representated by
the colors. Left: pinball losses. Right: estimated quantile regressions.
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a € [0, 1], typically small, we aim at building a predictive set C,, such that:
P(Y elCy (X)) >1—a,
where C,, should be as small as possible in order to be informative. Indeed, the predictive

set given in Example 3.1.9 which outputs ) with probability 1 — a;, and the empty set

otherwise, is exactly valid, yet it is critically uninformative.

Example 3.1.9 (uninformative yet always valid predictive set).

Ca(3€) =VI{E{ <1 —a}+01{{>a},
where & ~ U ([0, 1]).

We remind that in practice we only access a data set (X;,Y;);; € (X x )", and aim
at predicting on an unseen individual X, ;1. Therefore, we build an estimator 6’,1704 of
the predictive sets using a statistical learning algorithm on the training data set, in the
objective that it satisfies Equation (MV) (we then say that éma is marginally valid) while

being as small as possible (we then say that @m is efficient).
P (Yn+1 € Ca (Xn+1)> >1-a (MV)
In this thesis, we study estimators satisfying Equation (MV), to quantify predictive
uncertainty in the statistical learning setting. Yet, several constraints typically arise:

i) The learner generally has access only to a finite number of data points;

ii) Data set from the real world derives from unknown distributions. If large deviations

are sometimes easy to check, smaller ones can still lead to important statistical failure;

iii) The multiplicity and heterogeneity of used models as well as the complexity to finely
analyse some of them ask for generic methods that do not assume any specific learning

algorithm and can be plugged-in on top of any existing pipeline.

To answer these concerns, we focus on methods satisfying Equation (MV) on 4) finite sample
data sets, in opposition to asymptotic guarantees, ii) without relying on distributional

assumptions with respect to D, and #i7) which can be used with any learning algorithm.

~—— On the importance of the post-hoc design
t=)

Let us pause here to underline the importance of the last point iii). We see the
estimation of én,a as an add-on to an existing learning pipeline A, which turns the
(point) predictions of A into predictive sets with guaranteed coverage, irrespectively of
the quality of A on the considered data set. In other words, 6,1@ can be plugged-in
in a post-hoc fashion on top of any A, with no impact of the choice of A
on the validity of Equation (MV). Of course, even if the choice of A does not
affect Equation (MV), it will nonetheless impact the shape of the predictive sets: the
lower the performances of A, the larger the predictive sets will be. This is in fact
a good property of our framework as the final user can analyze the quality of the

predictive sets to understand how reliable A is on the current task at hand.
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Conformal prediction (CP, Vovk et al., 2005) is a versatile framework achieving Equa-
tion (MV) in finite sample with no assumption on the distribution D, and in a post-hoc
fashion. Therefore, we focus in this PhD thesis on CP approaches, and the subsequent
sections of this introductory chapter are devoted to provide a detailed overview of CP.
Before diving into this introduction, let us first pause to highlight exactly the statement of
Equation (MV) and how it should be understood.

,_[ Remark 3.1.4 (no free lunch). J

» What type of predictive uncertainty quantification would we like to have?
Given historical data (X;,Y;);"; and new features X, 1, we would like to find
@W (Xy+1) such that:

P (Yn+1 € Cra (Xns1) | Xns1, (Xi,Yi);L:1> >1-a, (UQ dream)

which means that the coverage does not vary with ) the training sample (X;, Y;);"
(i.e. no under/over-covering depending on the training set draw) nor i) the covariates
Xp+1 (e.g., whether we predict on week end or week day).

» What can we have?

In Equation (MV), the probability is taken not only on the new label Y, 1, but
also on the new features X, 11 as well as on the training set (X;,Y;)" ; (through
éw). In fact, as developed in Section 3.3.2, the previous wish Equation (UQ dream)
is impossible to achieve under our set of assumptions. On the one hand, we will
see that it achieving conditional validity on the covariates X, ;1 in an informative
distribution-free fashion is impossible. On the other hand, we will also see that

some CP approaches still manage to ensure some form of conditional validity on the

training set.

Given Remark 3.1.4, CP predictive sets do not have to be understood as a “magic wand”
to probabilistic prediction and predictive uncertainty quantification. We believe that CP
should be used as a last protective layer to be plugged-in after the best learning pipeline
that can be designed, tailored for the application at hand. The strength of CP is precisely
that it can be used in combination with any learning pipeline and still provide a valid
marginal guarantee, leading to robust prediction if the underlying pipeline is corrupted,
and achieving stronger guarantees than expected otherwise.

However, developing extensions of CP that refines the guarantee is of great interest. It

constitutes a branch of the literature, that we will discuss hereafter.

3.2 Split Conformal Prediction (SCP)

We start this introductive overview of CP by presenting Split CP (SCP, Vovk et al., 2005;
Papadopoulos et al., 2002; Lei et al., 2018). Historically, SCP was introduced after Full
CP, and is in fact a particular case of it. However, we find it more pedagogical to start
with SCP.
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3.2.1 Standard mean-regression case and exchangeability

Let us begin by explaining SCP in the very simple case where the base learning algorithm
A performs mean-regression and outputs a function i based on some training data.

SCP first splits the n points of the training set into two disjoint sets Tr, Cal C [1,n],
to create a proper training set, Tr of size #Tr, and a , Cal of size #Cal.
On the proper training set, a mean-regression model /i (chosen by the user) is fitted, and
then used to predict on the calibration set. Conformity scores s (z,y;f) := |y — ji(z)]
are computed to assess how well the fitted model i predicts the response values of the
calibration points, forming the set S = {(Sz = s (X;, Y ﬂ))iecal} U {+oc}. Finally, the
(1 — a)-th quantile of these scores q1—q (S) is computed to define the size of the predictive
interval: éma () :==[a(") £ q1-a (S)].

,_[ Remark 3.2.1 (& can be independent of Tr). J

When we say that “{ is fitted on the proper training set”, we include the extreme
case where [ is in fact independent of Tr, e.g., when obtaining a model from a third

party. The important point is that { has to be independent of the calibration set.

,_[ Remark 3.2.2 (on the 400 in S). J

When forming the set of scores §, we have cautiously added 4o00. This is crucial to
ensure finite sample guarantees: ideally we would like to use the true quantile of the
scores’ distribution but once again, this quantity is unknown, and to estimate it we ap-
ply a finite-sample correction. See Lemma 3.2.1 for a formal derivation. One can think
of it as including a worst-case scenario for the unknown value of s (X, 11, Y415 /1). In
fact, this is strictly equivalent to taking the ((1 — ) (1 + ﬁ)) empirical quantile
of {(s (X1, Yi: 1))secal }-

An illustration is provided in Figure 3.4 in the case where d = 1, i.e. when there is
only one explanatory variable. We present in Algorithm 1 the pseudo-code of SCP in the
particular case explained above.

Let us now state formally the theoretical guarantees enjoyed by Algorithm 1. As the
calibration set is used to estimate the quantiles of the “errors” made by ji and infer their
order of magnitude at test time, we intuit that if the calibration and test points are i.i.d.
then we could show that this method achieves Equation (MV). In fact, we only need a

weaker notion than i.i.d. which allows for some dependence structure: exchangeability.
Definition 3.2.1 (exchangeability).

(X3, Y;)!, are exchangeable if, for any permutation o of [1,n]:

((Xlﬂ Yi) PR (Xn7 Yn)) g ((Xa(l)a Ycr(l)) D) (Xo(n)’ Ya(n))) .

Toy case: Z1 and Zy are exchangeable if (77, Z2) 4 (Za, Z1).
Exchangeability implies that the (X, Y;)?" ; are identically distributed. Denoting D their
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Step 1 >

e Train e Cal o Test
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» Create a proper training set, a cal-
ibration set, and keep the test set,
by randomly splitting the data set

On the proper training set:

» Learn (or get) /1

On the calibration set:
» Predict with /

» Get the
conformity scores

residuals|, a.k.a.

» Compute the (1—«) empirical quan-
tile of S = {|residuals|},,U {+00},
noted ¢, (&)

On the test set:
» Predict with [

» Build C,y o(2): [1(2) £ 1 o (S)]

Figure 3.4: Schematic illustration of the Split Conformal Prediction procedure. Special case
of a mean-regression task, with the absolute value of the residuals as conformity scores.
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Algorithm 1 SCP in mean-regression using the absolute value of the residuals as conformity
scores

Input: Mean-regression algorithm A, miscoverage rate «, training set (X;,Y;);
Output: Prediction interval C),

Calib. Train

1: Randomly split the training data (X;,Y;): | into a proper training set (size #Tr) and
a (size #Cal)

2: Get /1 (by training A on the proper training set (X, Y:);emy)

3: On the , get prediction values with /i

4: Obtain a set of #Cal + 1 conformity scores :

={5i = s (Xi,Yi;/1) ;i € Cal} U{+o0}, with s (z,y;/1) ==y — /i(z)]
Obtain a set of #Cal conformity scores: S = {5;,i € Cal}
5: Compute the 1 — a quantile of these scores:
Compute the <(l — ) (1 + ﬁ)) quantile of these scores: qi—q (S)
6: For a new point X, |, return

Cra(X1) = [N 1) — () + ]

marginal distribution as earlier, we note D®*M(") the set of exchangeable joint distributions

of marginal D.

Example 3.2.1 (i.i.d.).

An i.i.d. sequence is exchangeable.

Example 3.2.2 (sampling without replacement).

A sequence (Uy,...,U,) obtained through sampling without replacement from

{u1,...,u,} is exchangeable (but not i.i.d.).

Example 3.2.3 (multivariate gaussian).

m o
; - 72
The components of N e 2 with m € R, (o0,7) € RZ,

m 0'2

are exchangeable even when 7 # 0 (thus even when they are not independent).

Equipped with the notion of exchangeability, we can now show that SCP for mean-
regression with absolute value of the residuals as conformity score (Algorithm 1) achieves
Equation (MV) for any sample size, whatever the learning algorithm A is and for any distri-
bution D as long as (X, }Q)?jll ~ DEHD) ¢ pexeh(ntl) (Vovk et al., 2005; Papadopoulos
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et al., 2002; Lei et al., 2018).

_{ Theorem 3.2.1 (marginal validity of SCP—mean-regression, absolute residuals). l

SCP for mean-regression with absolute value of the residuals as conformity score
(Algorithm 1) outputs én,a such that for any distribution D, for any associated
exchangeable joint distribution DE(CalUint1}) ¢ pexch(Calufn+1}).

IPDés(Calu{n+1}) <Yn+1 S Cn,a (Xn+1)> >1-—a.

Additionally, if the scores {S;};cca U {Sn+1} are almost surely (a.s.) distinct:

1
+#Cal—|—1'

\. J

P psccaivgn+iy) (Yn+1 € Cha (Xn+1)> <1l-a

We defer the remarks of Theorem 3.2.1 after its proofs, which relies on the following quantile
lemma 3.2.1 (see also Tibshirani et al., 2019).

Lemma 3.2.1 (quantile lemma).

If (Uy,...,Up,Upt1) are exchangeable, then for any 3 €]0, 1[:
P (Un+1 S Q,B(Uh ey Un; +OO)) 2 5

Additionally, if Uy, ..., Uy, U,41 are almost surely distinct, then:

1
]P n < yur ) YNy S 1
(Un41 < a1, Un, +00)) < B+ =

Proof. Let 3 €]0,1].
First, observe that {Uy 41 < ¢g(Ut,...,Up,+00)} <= {Uns1 < qs(U1, ..., Up,Ups1)}.
By exchangeability, and using Lemma 3.2.2 with the function

U — {01}

g: n>0
Z=(Z)i = 1{Zur <45(2)},

we obtain that for any ¢ € [1,n+1]: {Upt1 < (Ui, ..., Uns1)} < {Us < q(U1,...,Upns1)}
Therefore, for any i € [1,n + 1], it holds that P (Ups1 < qs(Un,- .., Un, Upy1)) =

P (U; <qg(Ui,...,Upn,Ups1)). Thus:

1 n+1
P (Uny1 < qa(Ut, ..., Un,Uny1)) = > P (U; < qs(Uh,- .., Un, Uni1))
=1

n—+14

1 n+1

= E 1{U; < Uy,...,U,, U,
ntl ; { < q3(th +1)}
1

> ——B([8(n+1)]]

_ [B(n+1)]
n+1

=B,
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proving the first statement.

For the second statement, remark that by definition of ggs:
{Uns1 < qg(Un,...,Upn, Ups1)} <= {rank(Up41) < [B(n+1)]}.

By exchangeability and the fact that there are no ties (U, ..., Uy, Up41 are a.s. distinct),
rank(Up+1) ~U ({1,...,n+1}). Thus:

P (rank(U,y1) < [B(n+1)]) = W(:_:_llﬂ
1+B8(n+1) 1
S e e

O

Proof of Theorem 3.2.1. When (X, Y;;)?:Jrll are exchangeable, the scores {S;}iecal U{Sn+1}
are exchangeable, due to Lemma 3.2.2 with the function g ((Xi, YZ)?jll) = (|Y; — o (X))
Therefore, applying the quantile lemma to the scores concludes the proof, as:

{Yn+1 € an,a (Xn+1)} =i (Xnt1) =10 (S) < Va1 < (Xng1) + @1-a (S)}

= {|Yn+1 — [ (Xn+1) |§ 11—« (8)}
= {Sn+1 < G-« (S)} (3'1)

O

Lemma 3.2.2 (function of exchangeable sequences).

Let (Uy,...,Un,Upt1) be exchangeable. Let o be a permutation on [1,n + 1].
For any random function g such that g(-) = h(-;§) with h a deterministic function,

and £ encoding the randomness of g and independent of (Uy,...,U,, U,+1), it holds:

d
g (U17 oy Un,Unt1) = g (UU(1)7 BE) Ua(n)7 Ua(n—i—l)) .

This includes the particular case where g is a deterministic function.

The strength of Theorem 3.2.1 is that the coverage holds for any finite sample size, for
any data distribution D as long as the data set is exchangeable, and whatever the quality of
the fitted model /i is. Again, if i is a bad predictor (e.g., predicting constantly 10 when the
data is distributed as in Figure 3.4) then the length of the predictive interval is critically
large. But precisely, this can be used as a diagnostic tool indicating that the modelisation

is not tailored for the underlying problem.

,_[ Remark 3.2.3 (the upper bound is not sufficient for efficiency). J

Talking about efficiency, the upper bound in Theorem 3.2.1 decreases with the
calibration size. This is a positive result as an efficient predictive interval will achieve
exactly 1 — « coverage, but it is not a sufficient condition for efficiency. Indeed,

again, the naive predictor presented in Example 3.1.9 has a probability of coverage

of exactly 1 — « but is critically unefficient.
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,_[ Remark 3.2.4 (the guarantee is conditional on Tr). ]

Importantly, remark here that the probability is taken over DE(CalU{n+1}) "excluding
the proper training set Tr: the validity is conditional on Tr, thus the validity holds

conditionally on the fitted model /i, regardless of its accuracy.

,—{ Remark 3.2.5 (the guarantee is not conditional on X). ]

However, we insist again here that the probability controlled in Theorem 3.2.1 is not
conditional neither on the training data nor on the test features X, 1. In particular,
for z € X, P (Yn+1 €Cha (XnH)77\777:;\;1}{,4/”—””7') >1-a.

Through SCP with absolute value of the mean-residuals, we move from a situation
where two quantile regressions do not have any form of validity in finite sample and could
under-cover drastically (Figure 3.5a), to a setting where we do achieve marginal validity in
finite sample for any distribution (Figure 3.5b). However, in practice, one usually aims at
X-conditional coverage (Figure 3.5¢), a guarantee that is not achieved by SCP in mean-
regression using the absolute value of the residuals as conformity scores. X-conditionally
valid predictive sets are such that the random variable which is the indicator of coverage is
independent of X, i.e. a point is equally likely to be covered whatever is the X-draw.

While marginal coverage allows the distribution of the indicator of coverage to vary
across regions of the features space, i.e. the predictive sets can be non-adaptive, the stronger
notion of X-conditional coverage ensures that the indicator of coverage is evenly distributed,
i.e. the predictive sets are fully adaptive. These differences are illustrated in Figure 3.5.
Therefore, a X-conditionally valid estimator of the predictive sets is necessarily adaptive
to X.

However, SCP as described in the previous Section 3.2.1 is critically non-adaptive as its
predictive intervals depend on the features x only through the intervals’ location, but their
shape is constant (symmetric and constant length accross the features space). One could
think that a better methodology’s design would then lead to guaranteed X-conditional
coverage. Unfortunately, this is all the more wrong. As shown in Vovk (2012); Lei and
Wasserman (2014); Barber et al. (2021a) and detailed later in Section 3.3.2, it is impossible

to achieve informative X-conditional validity under our set of assumptions.

(a) No nominal coverage (b) Marginal coverage (¢) X-conditional coverage

Figure 3.5: Illustration of various notion of coverage.
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Informal theorem

Without distribution assumption, in finite sample, a perfectly X-conditionally valid

Ch, is such that P {measure (dm(x)) = oo} > 1 — « for any non-atomic .

In practice, as one can not accept to only have marginal coverage even empirically
(see Figure 3.5b), there have been important research effort to get closer to X-conditional
coverage. We can separate this line of work into two different branches: one trying to
achieve some form of approximate conditional coverage in finite sample, i.e. they target
P psnt) (Yn+1 € 6'”704 (Xpt1) X € V(}z*)) > 1 — « with V(z) representing some region
or neighbourhood around z (Romano et al., 2020a; Guan, 2022; Jung et al., 2023; Gibbs
et al., 2023, to name just a few), relying on the fact that the impossibility result naturally
only holds for non-atomic points z, and on any atomic x an instinctive idea is to only
calibrate with calibration points for which X; = z,7 € Cal (this is related to Mondrian
CP which groups data points according to a family of groups G to achieve G-conditional
validity, Vovk et al., 2005); and the other one aiming at asymptotic (with the sample
size) X-conditional coverage based on the intuition that enjoying asymptotic theoretical
guarantees goes hand in hand with enhanced empirical performances, these works are
usually based on estimating the overall c.d.f. or p.d.f. of the data using consistent estimators
(Romano et al., 2019; Kivaranovic et al., 2020; Cauchois et al., 2021; Chernozhukov et al.,
2021; Sesia and Romano, 2021; Izbicki et al., 2022, among others). In the next subsection,
we present one of them (Conformalized Quantile Regression, Romano et al., 2019) as it
played a key role in the growing interest of the machine learning community towards CP,

and is one of the most used CP algorithm in practice.

3.2.2 Conformalized Quantile Regression (CQR)

Conformalized Quantile Regression (CQR, Romano et al., 2019) first splits the n points of
the training set into two disjoint sets Tr, Cal C [1,n], to create a proper training set, Tr, and
a , Cal. On the proper training set, two quantile regression algorithms (chosen
by the user) are fitted (Qﬁlower and Qf\{upper),

—

Conformity scores s (1, 1 QRigners QRupper ) = % (QRigyer () — .Y~ Qypper (1))
are computed to assess how well the fitted interval predicts the response values of the cali-
bration points, forming the set S = {(SZ =5 (XZ-, Yi; Qﬁlower, QﬁuPper))iGCal} U {+o0}.
Finally, the (1 — «)-th quantile of these scores g1_q (S) is computed to define the correction
of the predictive interval: Cy, o () := [Qﬁlower(-) —q1-a (S) ;Qﬁupper(-) +q1-a (5)}

An illustration of CQR is given in Figure 3.6 for d = 1. Contrary to Figure 3.4, we use a

and then used to predict on the calibration set.

heteroskedastic distribution to illustrate the impact and interest of the quantile regressions.
The idea behind the new conformity scores is the following: the score is negative for
any point that belongs to the initial interval, and positive otherwise (see also Step 2 in
Figure 3.6). Hence, if the initial interval is too sharp (resp. overly conservative) then more
(resp. less) than a of the scores will be positive, leading to a positive (resp. negative)
¢1—a (S) and thus the final interval will be enlarged (resp. shrinked) in comparison with

the initial interval, when adding ¢;— (S) to its bound. Finally, the value of the scores
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Algorithm 2 CQR

Input: Quantile regression algorithm .4, miscoverage rate a, training set (X;,Y;)?" ;
Output: Prediction interval C), o

Cdlb) | Tran |

{
\L 4L L KL Y7

1: Randomly split the training data (X;,Y;)!" | into a proper training set (size #Tr) and
a calibration set (size #Cal)
2 Get OR

lower and QR wpper (bY training A on the proper training set (X, Y5);cmy)
3: On the calibration set, get prediction values with QR and QR

upper

4: Obtain a set of #Cal + 1 conformity scores :

S= {SZ =S (Xla Yu (ﬁilm\'urv (ﬁiuppm') 7i € (‘21]} U {+OO}’

with s (.’L’, Y; (ﬁlmww (ﬁnm)(‘r) ‘= max <(2Rln>\v(\1'(m) —YY— tjﬁll])])(‘]'(‘r))
Obtain a set of #Cal conformity scoress: S = {5;,i € Cal}

5: Compute the 1 — « quantile of these scores: ¢, (&)

Compute the <(1 — ) (1 + #(17211>> quantile of these scores: q1—q (S)

6: For a new point X, |, return

aﬂya(){/l f 1) = [(T)«Elo\\'m‘(‘xr/’ f 1) —{ql1-a (S), (EEU])])(‘I'(‘X” f 1) + q1—q (5)]

reflect how far the point is from the initial interval bound, conveying the information of
how much enlargement or shrinkage is required to ensure marginal validity. Algorithm 2
provides a formal description.

Note that, exactly as for SCP for mean-regression with absolute values of the residuals
as conformity scores, Remarks 3.2.1 and 3.2.2 (stating that the fitted model can in fact be
independent of Tr, and explaning the reason behind the +00) apply to CQR. Due to the
very same reason, one can start to feel that in fact SCP in mean-regression with absolute
values of the residuals as conformity scores and CQR share the same construction. We will
formalize this intuition further in Section 3.2.3. For now we state the theoretical validity of
CQR, from Romano et al. (2019).

(_[ Theorem 3.2.2 (marginal validity of CQR). ]

CQR (Algorithm 2) outputs 5’n7a such that for any distribution D, for any associated
exchangeable joint distribution DE(CalUint1}) ¢ pexch(Calufn+1}).

P psccaivgniiy (Yn+1 € Cha (Xn+1)> >1—a.

Additionally, if the scores {S;};ccu U {Sn+1} are almost surely (a.s.) distinct:

R 1
P psccaivgn+iy) <Yn+1 € Cna (X”+1)> sl-a+ m'
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Step 3

o Train o Cal o Test
. .
ve o ..
\" - g % . . ..
. el o 3 .3,
- $ e, 4 .t
~ R e T T e
R ; e
0 2 1
X

» Create a proper training set, a cal-
ibration set, and keep the test set,
by randomly splitting the data set

On the proper training set:

» Learn (or get) Qﬁ,l()\\,er and QR

upper

On the calibration set:
> Predict with QR and QR
» Get the scores S = {5}, U{+o0}
» Compute the (1—a) empirical quan-
tile of &, noted ¢, (&)

—

— 5, :=max {Q/ﬁ’lower (X’L) - Y;;, Y:L - CQR'upper (Xl)}

0 2 4
X
sl
‘J\!\\I -l,_l;;/
0 2 4
X
eassee T T :.\\\.
_____ r’/;"‘:' ) :\
:-'.:-\'\-' . A .
\ﬁ'\ : . ’
0 2 4
X

On the test set:

» Predict with Qﬁ,h)\mr and QI\%

upper
» Build
Cra2) = [QRioner(2) = a1 (5);

—

QRllp}’)m‘("I') + q1-a <S>

Figure 3.6: Schematic illustration of the Conformalized Quantile Regression procedure.
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Proof. First, on any (Xi,}/})?jll exchangeable sequence, CQR builds scores {S;};ccq U
{Sn+1} that are exchangeable due to Lemma 3.2.2. Then, observe that:

{YnJrl §é 6\’n,oz (Xn+1)} = {Yn+1 < Qﬁlower (XnJrl) —(dl—a (S)
or Yn+1 > Qf\{upper (Xn+1) + q1—a (S)}
= {Qﬁlower (XTL+1) - Yn+1 > l-a (S)

or Y’fl-‘rl - Qﬁupper (XTH‘l) > ql-a (S)}

= { max <QRlower (X'IH-I) = Yo, Y7‘L+1 - QRupper (X'IH-I))

> (q1-a (S)}

={Sn+1> q1-a ()}
{Yn—i-l € é\n,a (Xn+1)} = {Sn-i—l < qi-a (S)} .

Note that this last equation is equivalent to Equation (3.1) above. Now, it only remains
to apply the quantile lemma 3.2.1 to conclude the proof.
O

Remarks 3.2.4 and 3.2.5 apply to CQR as well: it is valid conditionally to Tr, and,
importantly, even though it does improve X-conditional coverage in practice, it does
not enjoy theoretical guarantees on this. This is expected given our discussion on the
impossibility of X-conditional coverage in Section 3.3.2. It is even more expected as CQR
is adaptive on X only through the quantile regression, while the conformal scores and
correction are independent of X: the key step that is devoted to retrieving validity is
independent of X, thus there was no hope for finite sample disitribution-free X-conditional
validity by design. However, Sesia and Candés (2020) provides asymptotic guarantees on

X-conditional validity of CQR under consistency of the quantile regression algorithm.

,_{ Remark 3.2.6 (CQR validity holds regardless of the quantile regression levels). L
The marginal validity of CQR holds for any quantile regression algorithm. This

means that in particularly, the levels of these quantile regressions can be picked
arbitrarily. While a natural choice might be lower = a/2 and upper = 1 — /2,
Romano et al. (2019) suggest to choose them via cross-validation as it seems to

enhance the resulting intervals’ efficiency.

3.2.3 Generalization of SCP: going beyond regression

As hinted by the design of Algorithms 1 and 2 and the proofs of the associated Theorems 3.2.1
and 3.2.2, SCP with absolute value of mean-regression residuals and CQR are in fact two
particular instances of a global algorithm, SCP, that is general enough to even tackle the
classification problems. SCP is a wrapper around any learning algorithm A4 (e.g., any mean

regressor for Algorithm 1, or any quantile regressor for Algorithm 2) that is fitted on an
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Algorithm 3 General SCP

Input: Learning algorithm A, conformity score function s, miscoverage rate «, training
set (Xiin)?:l .

Output: Prediction set C,, o

1: Randomly split the training data (X;,Y;): ; into a proper training set (size #Tr) and
a calibration set (size #Cal)

2. Get A (by training A on the proper traiming set (X, Yi)emy)

3: On the calibration set, obtain a set of #Cal + 1 conformity scores :

S={Si=s (XzYzl) Jie Call U {+o0)

» SCP absolute value of the mean-residuals (Algorithm 1): s <.’1ﬁ, Y 4) =y —f(x)]
» CQR (Algorithm 2): s (:I,‘. Y; 21) := max <6\R,10V\.m.(!17) — Y,y — (/gﬁupw(r))

4: Compute the 1 — o quantile of these scores: ¢, (&)
5: For a new point X, , return

~

C’n,a(X,]H) = {y € Y such that s </Y,,+|,y;l/”1) < qi-a (S)}

In particular cases, this set boils down to:
> Cho(Xnt1) = [t (Xnt1) £ q1—a (S)] in SCP absolute value of the mean-residuals

—

> 6117(\ (XIH’]) - (th)wor (XllJr]) —(ql-a (S) 5 Q-ﬁ'uppcr (XIL+1) + d1—a (3)} in (‘QQR

independent training set to produce A: given a conformity score function tailored to the

learning algorithm A (e.g., absolute value of the residuals in Algorithm 1, or the signed

score of Algorithm 2), used to construct S = {(s <Xi, Yi; A)) o 1} U {400} in order to
1€Ca

assess how well the fitted model A predicts the response values of the calibration points, it
builds a predictive set containing only the labels leading to a score on X, 11 which is smaller

than a 1 — o fraction of the calibration scores, i.e. {y € Y such that s(x,y; A) < g1—qa (S)}.
A pseudo-code of SCP is provided in Algorithm 3.

_[ Theorem 3.2.3 (marginal validity of SCP). ]

SCP (Algorithm 3) outputs én,a such that for any distribution D, for any associated
exchangeable joint distribution D&(Caluin+1}) ¢ pexch(Calu{n+1}).

P ps(caivgn+iy) (Yn+1 € Cha (Xn+1)) >1-—oq.

Additionally, if the scores {S;};cca U {Sn+1} are almost surely (a.s.) distinct:

R 1
IPD8(Ca1U{n+1}) <Yn+1 € Cn,a (X”+1)> <l-a+ m‘

\. J

Proof. First, on any (XZ-,Yi)?jll exchangeable sequence, SCP builds scores {S;};cca U
{Sn+1} that are exchangeable due to Lemma 3.2.2. Then, it only remains to apply the
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quantile lemma 3.2.1. OJ

,_{ Remark 3.2.7 (randomized SCP). ]

To ensure that the upper bound always holds, even when ties among scores occur
with non-zero probability, one can add a randomization in SCP algorithm.
Formally, before introducing this tie-breaking randomization, let us first rewrite the

predictive set:

yel,s (w y,A) < qi-a (5)}

yey,s (x Y; A) d(1—a)(14+1/#Cal) ((Si)iGCal)}

)={
{
= {y {s (x,y; fl) > Si} <(l-a)1 —i—#Cal)}

zECal

1+ > ﬂ{s(m,y;fl)ﬁsi}
=Y -

The randomization consists instead in drawing U ~ U ([0,1]) and outputting:

> 1{s(zy;Ad)<Si }+U <1+ ecaln{ s(z, ;A)si}>

=~ 1€Cal
Cha(x)=qy €, ZCalT1 > o

3.2.4 Some examples of SCP in classification

The generalized framework introduced in the previous section does not make any assumption
on the label space J. Indeed, while we have only introduced regression-tailored algorithm
so far, SCP—and more generally CP— is general enough to encapsulate classification tasks.
Let us focus here in presenting two traditional SCP algorithms for classification.

The framework is the following. Assume that the label space is Y = {1,...,C} C IN*
where C' = #y is the number of classes. We consider that the learning algorithm fits a
model A "™ p, which is a function that outputs a vector of estimated probabilities for each
class (e.g., after a softmax layer).

A first idea of tailored conformity scores is s (z,y;p) =1 — p(z),. Indeed, by doing
so the score is large (resp. small) when the model predicts a low (resp. high) esti-
mated probability on the true class. Note that now, the predictive set én,a(x,,ﬁ) =
{y such that s (X, 1,y;p) < } does not boil down to any explicit expression, and
we have to try all the possible y. As Y is finite, unlike in the regression setting, this task is
doable. Examples 3.2.4 and 3.2.5 provide a toy example of how such an algorithm would
work in practice. In these examples, we emphasize that (i) the quality of the fitted model
impacts the size of the predictive set (to see this, compare the predictive set of Example 3.2.4
to the one of Example 3.2.5), as discussed previously; (ii) the level of difficulty to predict
on test point is poorly reflected in the predictive set (to see this, the text in gray shows

that the final predictive sets stay constant on a different prediction). Point (i%) is due to
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the design of the conformity score, see Remark 3.2.8.

,_{ Remark 3.2.8 (efficiency yet non-adaptivity of the simplest classification scores).

While this conformity score function allows to output the most efficient set possible
(i.e. achieving the smallest average set size, Sadinle et al., 2018), it does not allow to
discriminate between “easy” and “hard” test point. In practice, it leads to predictive
sets that under-cover (resp. over-cover) on “hard” (resp. “easy”) subgroups. This is

due to the fact that the same threshold is applied to any test point.

Example 3.2.4 (toy use case of classification SCP with the simplest score).

Let consider a toy use case where we want to classify households according to the
best electricity tariff to propose them in order to align electricity production and
consumption (this is a simplified example of demand-side management). In this
context, assume Y = {“N” “B” “D”} where “N” stands for neutral (constant standard
tariff), “B” stands for bitariff (such as (off)-peak hours, with lower and higer tariffs)
and “D” stands for dynamic (i.e. the price switches between low, standard and high
tariffs depending of the day with 2 days early notice to the consumers).

We want to build predictive sets at the level &« = 0.1, and we have access to a
calibration data set with #Cal = 10 points.

1. Compute the scores on the calibration set using s (x,y;p) =1 — p(z),.

Yi,i € “N” “N” “N” “B” “B” “B” “B” “D” “D” “D”
n(Xi) 0.95 0.90 0.85 0.15 0.15 0.20 0.15 0.15 0.25 0.20
P (X5) 0.02 0.05 0.10 0.60 0.55 0.50 0.45 0.40 0.35 0.45
o (X5) 0.03 0.05 0.05 0.25 0.30 0.30 0.40 0.45 0.40 0.35

0.05 0.1 0.15 0.40 0.45 0.50 0.55 0.55 0.6 0.65

Define & = {5,i € Cal} U {4o00}.
2. Compute their empirical quantile: = 0.65.

3. Predict on a new point X, . : p(X, 1) = (0.05,0.60,0.35).

(or less predictable: p(X,+1) = (0.25,0.4,0.35))

4. For each possible label, evaluate the scores on this new point

— 8 ( n-41, N”,[)) =0.95 (or0.75 “N” ¢ ana (4‘{/1+l)
— s (X, 1,“B”;p) =040 < (or 0.6 < q1_0 (S)) “‘B” e Cn a ()
— S ( n+1 “D”, /3) = 0.65 < (or 0.65 < q1—0a (S)) “D” € Cn « ( /1+I)

5. Form the predictive set associated to X, : én,a (X, ) ={B", “D"}.
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Example 3.2.5 (toy use case of classification SCP with the simplest score).
Let consider again the demand-side management toy use case where ) =
{“*N”,“B”,“D"”}, and we wish to build predictive sets at the level o = 0.1.

Assume we have access to a calibration data set with #Cal = 10 points.

1. Compute the scores on the calibration set (compared to the previous example
above, the subsequent scores are less uniform as we illustrate the case where

the underlying model is more truthfully confident).

Y, i€ “N” “N” “N” “B” “B” “B” “B” “D” “D” “D”
P (Xi) 0.95 0.90 0.85 0.05 0.05 0.05 0.05 0.10 0.10 0.15
i(X;) 0.02 0.05 0.10 0.85 0.80 0.75 0.70 0.25 0.30 0.30
o (Xi) 0.03 0.05 0.05 0.10 0.15 0.20 0.25 0.65 0.60 0.55

0.05 0.1 0.15 0.15 0.20 0.25 0.30 0.35 0.40 0.45

Define & = {5,i € Cal} U {4o00}.
2. Compute their empirical quantile: = 0.45.

3. Predict on a new point X, . : p(X, 1) = (0.05,0.60,0.35).

(or more predictable: p(X,+1) = (0.05,0.9,0.05))

4. For each possible label, evaluate the scores on this new point X, .

= 8 (X1, "N p) = 0.95 (or 0.95) “N" ¢ Cra (V011)
— S ( n4-1 “B”, ])) =040 < (or 0.1 < q1-a (S5)) “B” € Cn «a ( //+I)
— S ( n+1, D”?/)) = 0.65 (or 0.99) “D” ¢ CTLCV( /1+|)

5. Form the predictive set associated to X, : én,a (X)) ={DB}.

Other conformity score functions can be used to alleviate this issue and improve adap-
tiveness. One of them was proposed in Romano et al. (2020b) and is based on the intuitive
idea that one may want to include classes by decreasing order of estimated probabilities until
reaching a theoretically valid threshold, that might be different from 1 — . Formally, given
a predictor of estimated probabilities p(+), for any x € X define o, : {1,...,#Y} — Y such
that p(x)g, (1) > ... = P(T)4,(#y). In other words, o, associates the descending ordering
of the estimated probabilities on . Then, for any given features x € X, and any label
y € ), the conformity score function is s (z,y;p) := lzl ROP P(2)o, (1), that is, the sum of
the estimated probabilities associated to classes at least as large as that of the true class y.
Finally, on a test point X, ;, it returns the set of classes {a_\'” L), o (r*)}, where

* = argmax; <, <¢ {22:1 /)(‘\V”*')U\/, (k) < + 1. An illustration of the scores
and predictive set construction is provided in Figure 3.7, along with a detailed toy use case
example in Example 3.2.6 which highlights that this time the predictive sets adapts to the
complexity of the test point.
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Example 3.2.6 (toy use case of classification SCP with adaptive score).

Let consider again the demand-side management toy wuse case where
Y ={*N",“B”,“D”}, and we wish to build predictive sets at the level & = 0.1.

Assume we have access to a calibration data set with #Cal = 10 points.

—1
1. Compute the scores on the calibration set using s (z,y; ) == > 1%, @) () o, (1)

Yi,i € “N” “N” “N” “B” “B” “B” “B” “D” “D” “D”
P (Xi) 0.05 0.05 0.05 0.10 0.25 0.10 0.15
i (X;) 0.02 0.05 0.10 0.30 0.30
pp(X5) 0.03 0.05 0.05 0.10 0.15 0.20 0.15

0.95 0.90 0.85 0.85 0.80 0.75 0.75 0.75 0.60 0.55

Define & = {5,,7 € Cal} U {+o0}.

2. Compute their empirical quantile: =0.95.

3. Predict on a new point , evaluate r* to reach and obtain the

associated predictive set:

/)( ) = (0057 , ),7,.* =92 — Cna( ) — {MB”’ uDaa}

)

3bis. Predict on a new point , evaluate r* to reach and obtain the

associated predictive set:

[)( ) == (003, ,0.02),7"* =1 = an,a( ) — {MB??}
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Figure 3.7: Illustration of Romano et al. (2020b) predictive sets construction. Figure highly
inspired by Angelopoulos and Bates (2023).



3.8. On the design choices of CP and (empirical) conditional guarantees 33

We have described a simple procedure, coined Split Conformal Prediction—a special
case of the more generic framework of CP described in Section 3.4—, which quantifies
the uncertainty of any predictive algorithm A by returning predictive sets that
enjoy finite sample distribution-free coverage guarantees, as long as the data set
is exchangeable. In the reminder of this introductory chapter, our goal is to discussion
inherent bottlenecks of (split) CP and provide an overview of the current research’
state in addressing them. Namely, Section 3.3 develops on the conditional guarantees,
both empirically and theoretically; in Section 3.4 we present CP approaches that
alleviate the statistical cost of data splitting; and lastly, in Section 3.5 we discuss
extensions of CP when the unique assumption—data exchangeability—is not met.
The research community on conformal methods has been growing quickly in the
recent years. Therefore, these research directions are not exhaustive, the current

research effort including also many branches that develop CP in specific domains.

3.3 On the design choices of CP and (empirical) conditional

guarantees

Intrinsically, CP guarantees hold marginally over the test point (its features and its label)
as well as marginally over the calibration set. They are obtained thanks to the fact that the
conformity scores built by SCP are exchangeable. This is a fundamental point: the key step,
and in a sense the definition, of CP (beyond SCP) is the construction of exchangeable
conformity scores. In this section, we precisely propose to analyse the impact of the
conformity scores definition, and then to study what conditional guarantees can be obtained
by CP (beyond SCP).

3.3.1 What choices for the conformity scores?

The conformity scores are the cornerstone of CP, and their definition is crucial as they are
the random variables that incorporate all the underlying information: the data distribution
along with the fitted model behavior. A badly designed conformity function leads to
predictive sets that are uninformative: taking an extreme case, an uninformed but legit
possibility is to draw the scores i.i.d. from any exogenous distribution, e.g., A/ (0,1).
While the resulting predictive sets do not convey any useful information, this procedure
benefits from the theoretical framework of CP and is valid. A more down-to-earth analysis
is to remember the insights of the previous Section 3.2: while for any score function,
the guarantees are marginal over nearly all the problem’s randomness, yet some score
functions are associated to predictive sets empirically closer to conditional validity (e.g.,
CQR is closer to conditional validity than SCP with absolute value mean-residuals, adaptive
classification (Example 3.2.6) is closer to conditional validity than the simplest classification
case (Examples 3.2.4 and 3.2.5)).
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Focusing temporarily on the regression setting, Table 3.1 illustrates the impact of the
conformity score. All the methods presented in this table enjoy the exact same theoretical
guarantees. However, their empirical performances and uses differ drastically. On the
one hand, SCP with mean-regression and absolute value of the residuals is critically non-
adaptive while CQR benefits from enhanced adaptivity. On the other hand, CQR can
not be plugged in an operational pipeline predicting a mean value (i.e., using CQR, one
can not say “The electricity prices tomorrow should be 90€/MWh + 5€ /MWh.” but only
e.g., “The electricity prices tomorrow should be in between 87€/MWh and 97€ /MWh”?)
unlike for SCP with mean-regression and absolute value of the residuals. In fact, they are
in-betweens, and for example, in this figure, we add another conformity score function that
we did not cover before and which is slightly less adaptive than CQR but is plugged on top
of a mean-regression algorithm. Introduced in Lei et al. (2018), it consists in reweighting
the absolute value of the residuals by an estimation of the dispersion of the exact same
residuals p.

Designing insightful conformity score function might appear intricate. In practice, it can
be easier to think about the desired shape of the predictive sets. Interestingly, Gupta et al.
(2022) shows that SCP’s output can be obtained equivalently through the design of the
predictive sets themselves instead of defining the conformity function s. A model A (chosen
by the user) is fitted on the proper training set as in SCP. Then, a sequence of nested

predictive sets taking their values in ) is built, (Rt (-; A)) . for some 7 C R, such that
te

for any ¢t < t' € T2, for any z € X, R; (x,fl) C Ry (:U; A), and at the limits Ry, ;7 =0
and Rg,p7 = ). For instance, with a mean regression, the parallel of the absolute values
of the residuals conformity scores in terms of nested sets leads to Ry (:; ) = [a(-) £ ]
and T = Ry. Entry radius of y in the sets given by x are then computed on each of the
calibration points as 7 (x,y) := inf {t eT:ye Ry (:U; fl) } Then, under exchangeability

Simplest SCP Locally weighted SCP | CQR
Vovk et al. (2005) Lei et al. (2018) Romano et al. (2019)
A . 1 — max((/g\lq‘)lu\\\‘l'(X) - Y7
s (A(X),Y) | |i(X) Y] et o
Y - (zl:xll)pm (X))
v N [(Vgl:ilu\wl’('[‘) - 5
Culr) | i) £ ) () % e -
(2]{111)|)v|’('[‘) + }
Visu. “ S i R ) .
black-box around a “us- | black-box around a ‘“us- | adaptive
able” prediction able” prediction
X not adaptive limited adaptiveness no black-box around a “us-

able” prediction

Table 3.1: A comparison of some classical regression conformity scores.

2Note that to overcome this, an idea is to apply CQR directly on residuals of a mean-regression model.
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of the data points, (7 (X;,Y;));; are exchangeable and play the role of the conformity
scores. Denote the set of entry radii R = { (X3, Y5) iecal} U {+0o0}. We can finally define
the predictive set as an,a(@ =Ry (R (:U; A) = {y € Y such that 7 (z,y) < q1—a (R)}.
This formalism is appealing as it allows to first design the geometric shape of the predictive
set, and only then deduce the algorithm to be deployed in order to output it. To illustrate
this, we provide below some canonical examples of equivalences between the conformity

score and the nested sets points of view.

Example 3.3.1 (Nested sets for the absolute value of the mean-regression residuals).

S (SU,y?ﬂ) = |y — /l(;r)| — {Rt (,ﬂ) = [[L() :Et]
T=R,

Example 3.3.2 (Nested sets for CQR).

§ (‘T Y5 (@Elowem @upper)) Be <.; (@10“’6“ QP\{llleer))

=max (Qﬁlower(af) —YY- Qﬁupper(x)> = = [@-ﬁlower(') — Qﬁupper(-) + t}
T =R,

Example 3.3.3 (Nested sets for the simplest classification).

b Ri(5p)={ke€Y:p()>1—1t}
s(z,y;p) = 1 — p(z)y {T_[O,l]

Example 3.3.4 (Nested sets for adaptive scores in classification).

Given a predictor of estimated probabilities p(:), for any x € X, define o, :
{1,...,#Y} = Y such that p(x)s, 1y = .. = P(T)g,(#y)- In other words, o,

associates the descending ordering.

Let x € X.
o i (k)
oz W) Ri(wsp)=<keY: > pa)g,q <t
(z,y;p) az(l =1

N
Il
—

3.3.2 On distribution-free X-conditional validity

Some scores allow to get “closer” to X-conditional coverage than others. However, unfor-
tunately, as sketched at the end of Section 3.2.1, it is impossible to achieve informative
distribution-free X-conditional validity. To state this negative result (that traces back
to Vovk, 2012; Lei and Wasserman, 2014), let us first formally defined distribution X-

conditional validity.
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Definition 3.3.1 (distribution-free X-conditional validity).

An estimator C\n,a achieves distribution-free X-conditional validity if for any distri-
bution D, for any associated exchangeable joint distribution D& +1) ¢ pexch(n+1)

Y

we have that:

-~ a.s.
Ppcosn (Yot € Cna (Xni1) [Xn1) = 1-a.

,_[ Theorem 3.3.1 (impossibility of informative X-conditional validity).

Assume 5’n7a is distribution-free X-conditionally valid. Then, for any D, for Dx—

almost all Dx-non-atoms x € X:

» Regression: Ppem) <A (@m (w)) = oo) > 1 — «, with A designing the

Lebesgue measure,

» Classification: for any y € Y, Ppem) (y € C\'nya (:L’)) >1—a.

We provide below a proof which is highly inspired from the ones in Vovk (2012); Lei and
Wasserman (2014), but the former is not constructive and the latter made the additional
strong assumption that C’\n,a is also training-conditional. The remarks on Theorem 3.3.1

are deferred after this proof.

Proof. Assume 6n,a be X-conditionally valid, as defined in Definition 3.3.1.
Let P a distribution on X x ), and let zp € non-atom (Px).

Let € > 0. Let 5n:\/2 <1—( —f)l/n).

Let £ C X such that 29 € £ and 0 < Px(E) < &, (this is possible as a non-atom of a
distribution Px belongs to its support).

Before diving in the details of the proof, let us define the total variation distance between
two distributions P and @ on Z, denoted TV (P, Q):

TV(P,Q) := ;lég_!P(Z) - Q(Z)].

» Classification case.
Let y € ).
Define @ another distribution on X x ) such that for any A C X and for any B C -

Q(Ax B)=P(ANE® x B)+ Py (AN E) S,(B),

with Sy defined on ), which is a dirac on y.

On the one hand, exactly as in the regression case, by construction, TV (P, Q) <
Px (F) < &,. Hence, using Lemma 3.3.1, TV (P®("), Q®(")) < e. Therefore, for any A C X
and for any B C ):

P (A x B)>Q®™ (Ax B)—e. (3.2)
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On the other hand, let x € E. As C\n,a is distribution-free X-conditionally valid, it

satisfies:

l—a< ]PQn+1 (Y(nJrl) c én,a(x)|X(”+1) = a;)

= Egn []EQ []1 {Y(”+1) e én,a(x)} X (D) = x”
= Egn [IE]Q {]1 {y € éna(a;)} | x(+D) — a:”
= Egn []1 {ve én,a(a;)H

Combining with Equation (3.2), we finally get:
P pn (y € én,a(fv)> >l-a-—e,

which concludes the proof for the classification case by letting ¢ — 0.

» Regression case.

Let D > 0.
Define @ another distribution on X x ) such that for any A C X and for any B C -

Q(Ax B):=P(ANE®x B)+ Px (ANE)R(B),

with R defined on Y, uniform on [—D; D].
On the one hand, by construction, TV (P, Q) < Px(FE) < €,. Hence, using Lemma 3.3.1,
TV (P®("), Q®(”)) < e. Therefore, for any A C X and for any B C V:

PP (A x B) > Q®™ (A x B)—e. (3.2)

On the other hand, let x € E. As éma is distribution-free X-conditionally valid, it

satisfies:

1= a < Pgun (YO € Gy a(a) X+ = 2)

/A q(yll‘)dy]
Ch,a(z)

— Bgeom [A (Crala) N [-D: D)) x 22] .

= ]EQ®(n>

Note that A (éna(a:) N [—D; D]) X 755 < 1. Therefore, using Lemma 3.3.2, for any ¢ > 0:

Pgoem (A (Cn,a(:c) N [—D,D]) X % >1- t) - _%
Poem (A (@z,a(w) N[-D; D]) > (1- t)2D) >1— %
= Pgam (A (an,a(ﬂf)> > (1- t)QD) >1-— %

Lett=1— % and obtain Pgem) (A <éna(x)> > 2\/5) >1-— 1_1.
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Combining with Equation (3.2), we finally get:

P pooy (A (@L,a(:c)) > 2\/5) 21— ® e

VD

Letting € — 0 and D — +o0, the result is proven for the regression case.
O

This proof relies on the following Lemmas 3.3.1 and 3.3.2, whose proofs are available in
Section 8.A.

Lemma 3.3.1 (total variation distance between i.i.d. distributions).

For P and @) two probability distributions, and n € IN*, it holds:
®(n) H®®) TV(P,Q)*\"
TV(P o) )g 2(1-(1-—=—5=) ).

Lemma 3.3.2 (concentration for bounded random variable with high expectation).

Let Z be a random variable such that 0 < Z <1 and E[Z] > g with 8 € [0, 1].

Then, for any ¢t > 0, it holds P (Z > 1 —1¢) > 1—#.

/_[ Remark 3.3.1 (distribution-free X-conditional hardness result apply beyond CP). ]

Theorem 3.3.1 proves that if an estimator is X-conditionally valid on all distributions
pexch(ntl) then its predictive sets will necessarily be critically large and thus
uninformative. To put it differently, this result holds for any estimator that is
X-conditionally valid on all distributions D®*°*("+1) regardless on its underlying

construction, which implies that the impossibility result holds beyond CP approaches.

\. J

_[ Remark 3.3.2 (X-conditional estimators are overly large even on easy cases).

Theorem 3.3.1 proves that if an estimator is distribution-free X-conditionally valid,
then under any given D, its predictive sets will necessarily be critically large and
thus uninformative. Crucially, it implies that on any distribution D including the
“nicest” ones (e.g., say Y is constant), the predictive set is useless: this is because in
order to be X-conditionally valid on all distributions D*¢2("+1) it has to be overly
conservative in any situation to ensure X-conditional coverage on more complex

distributions.

\. J

_{ Remark 3.3.3 (the lower bounds in Theorem 3.3.1 are tight). }

Notice that, again, the naive predictor presented in Example 3.1.9—outputting )
with probability 1 — « and the empty set otherwise—is perfectly distribution-free
conditionally valid (on X, on the calibration set, and on Y'). However, the probability
that its regression sets have infinite measure, or that its classification sets include
any given label y, is exactly 1 — a as both events only occur when it outputs ).

Therefore, the lower bound in Theorem 3.3.1 is tight.
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_[ Remark 3.3.4 (interpretation of the classification case). ]

For classification, the result of Theorem 3.3.1 implies that every label is likely to be
included in any distribution-free X-conditionally valid predictive set. Henceforth,
the predictive set is likely to be large: especially, for any D, for Dx—almost all
Dx-—non-atoms = € X, Epgm) [#én,a (m)] > (1—a)#).

\. J

A natural question now is: can we relax the notion of X-conditional validity to make
it a less lofty goal? Some elements of answer are provided in Barber et al. (2021a) in the

regression setting. Their main result studies the following relaxation.

,_{ Definition 3.3.2 (distribution-free (1 — o, 0)—X-conditional validity).

Let § > 0 be a tolerance level.

An estimator é,m achieves distribution-free (1 — «, §)—X-conditional validity if for
any distribution D, for any X' C X such that Pp, (X € X') > 4, and for any

associated exchangeable joint distribution DE(+1) ¢ pexch(n+l) - we have:

P pen+1) (Yn+1 S énva (Xnt1) | Xns1 € X) >1-—a.

The idea behind Definition 3.3.2 is that for any region of the features space that is large
enough (in probability), then validity should be achieved on this region.

_[ Theorem 3.3.2 (hardness of informative (1 — «, §)-X-conditional validity).
Let 6 > 0 be a tolerance level.

Assume dw is distribution-free (1 — «, d)—X-conditionally valid. Then, for any D
such that Dx does not have atoms, it holds:

Epsm+n) [A <@W (Xn+1))} > Ceif(lfu {f:;Aimiréaa} :

where Ainiréaé = inf(l—cac?)fMV estimators {ED®(W+1) |:A (Cn,a (Xn-*-l))} } represents
the smallest possible average measure of any predictive set achieving 1 —cad marginal
validity on the distribution D2+,

\. J

In other words and simplifying, Theorem 3.3.2 shows that an estimator achieving
(1 — o, 0)—X-conditional validity can not be more efficient than an estimator achieving
distribution-free marginal validity at the level 1 —ad. However, in practice we are interested
by the case where § is small, leading to marginally valid estimators at the level 1 — ad that
are particularly inefficient, therefore the same would be true for (1 — «, §)-X-conditionally

valid ones. This calls for further relaxation of X-conditional validity.

3.3.3 Y-conditional validity

Another form of conditional validity that might be desired in practice is to be valid

conditional on Y. Indeed, one might want to cover at the same level whether the electricity
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price is low or high for example. In classification, this is achievable for SCP (Vovk, 2012) by
comparing the score on a given y € ) only with calibration scores obtained by data points
with the same label. This is described more formally in Algorithm 4. While this approach
achieve Y-conditional validity, observe that it comes at the cost of smaller calibration
sets. We have not touched upon this point until now, and will do so in the following
Section 3.3.4, but we can already state that the smaller the calibration set, the higher the
variance of our empirical quantile of the scores. For instance, this is all the most true in
Algorithm 4 if there is important class imbalance in our data set and a class is unfrequent.
To overcome this limitation, a very recent work (Ding et al., 2023) proposed to instead
obtain cluster-conditional coverage, after having clustered the calibration data (therefore,

an additional split is required to learn a mapping between the labels and the clusters).

3.3.4 Impact of the calibration set on the coverage

Let us now focus on the effect of the calibration set randomness in the coverage of the SCP
predictive sets. As mentioned, SCP guarantee is conditional on the proper training set but
marginalized over the calibration random variables. Vovk (2012) show that we can obtain
a coverage guarantee after conditioning on the calibration set. It relies on deriving instead

a probability approximately correct bound. We state one of the results in Theorem 3.3.3.

,_[ Theorem 3.3.3 (calibration conditional validity of SCP). J

SCP outputs én,a such that for any distribution D and any 0 < ¢ < 0.5:

. . log(1/6
P ooy (IPD (Yo+1 # Coa (Xni1) |(Xi, YOIy ) S0+ %) >1-4,

To state it differently, the bound of Theorem 3.3.3 controls the deviation of mis-
coverage with respect to the nominal level a of a predictive set built on a given cal-
ibration set. In particular, this deviation vanished with high probability when #Cal

increases. We refer the interested reader to Vovk (2012) for a complete proof and a tighter

Algorithm 4 SCP in classification with Y-conditional coverage

Input: Learning algorithm A, conformity score function s, miscoverage rate «, training
set (X;,Y5)i,
Output: Prediction set C,, o

1: Randomly split the training data (X;,Y;);" ; into a proper training set (size #Tr) and
a (size #Cal)

2. Get A (by training A on the proper training set (Xs,Y5)emy)

3: for any candidate » € Y do

4:  On the , obtain a set of #Cal, 4+ 1 conformity scores :

={Si=s (XZ- ;J) i€ such that Y; = /} U {+o0}

: end for «
6: For a new point X, |, return Cp, o (X, 1) { such that s (4\',,+|, ;Al) < }

ot
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bound. The proof relies on the observation that IPp (Yn+1 ¢ éma (Xnt1) (X, YZ-)?:J ~

Beta ([(1 — a) (#Cal + 1)],#Cal + 1 — [(1 — a) (#Cal + 1)|) whose variance is approxi-

mately ;(01;% Opverall, these results give precise tools to analyse the influence of (the size

of) the calibration set on the predictive coverage. If fitting a regression or classification
model requires more data point than estimating a univariate quantity such as the 1 — «
quantile of the scores’ distribution, the variance induced by a small calibration should still
be kept at a small enough level in order to output reliable predictive sets. Indeed, we do not
want our predictions to greatly vary if we re-run the procedure on other i.i.d. data. Hence,
there is a trade-off between proper training set (higher model accuracy induces efficient
predictive sets) and calibration set (variability of the predictive sets), which depends on the
target miscoverage level a. This is critically data and machine learning model dependent,
but as an educated rule of thumb, in non-pathological scenarii, keeping between 30% and
10% of the training data for calibration has demonstrated to be a good compromise (Sesia
and Candeés, 2020, which studies extensively CQR and other related methods).

3.4 Avoiding data splitting: full CP and out-of-bags

approaches

Therefore, splitting the training set might not be possible or desirable in practice. Again, to
rephrase, when n is significantly small, one can not afford to throw away some observations
and reduce the actual training size supplied to the learning algorithm A. Generally, keeping
some fresh training data apart for calibration lowers the statistical efficiency (i.e. A gets
poorer accuracy, leading to larger predictive sets) and increases the statistical variability.
However, having access to calibration pointd that are exchangeable with the test point was
key to SCP theory as it allowed the method to treat the test point as if part of calibration
data. The goal of this section is to see if, and how, we can avoid data splitting or at least

alleviate the impact of splitting.

3.4.1 Full Conformal Prediction

Failure of naive approach. A naive idea to avoid data splitting would be to keep all
of training point to fit .A. Then, we could evaluate conformity scores on the exact same
point and obtain a 1 — o empirical quantile of these score. Finally, a predictive set could be
the set of all the y achieving a smaller score on the test features than this 1 — o empirical

quantile. More formally:
1. Get A by training the algorithm A on (X;, Y;)I",.

A n
2. Get the empirical quantile ¢; (&) of the set of scores & = { S (Xi, Yi; A) } 1LJ{oo}.
=

3. Output the set {y such that s ( ,y;;/l) < (/\7“(5)}-

However, /A has been obtained using the training set (X;,Y:);—, but did not use

Therefore we are comparing a test score to train scores. Thus s ( Y3 Al) typically
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stochastically dominates any element of {( S (XZ-, Y:; 4));1}. This in turn implies that
such a set will typically under cover in practice, and can not enjoy any form of theoretical
validity: they lost the backbone of SCP, as the scores are not exchangeable anymore.

In order to recover validity, we have to compare a score on y that is comparable to train
scores. Full CP (Vovk et al., 2005) achieves this by retraining A for any possible y as the
value of Y,,+1. By doing so, the score on each test y is a train score, and when checking
whether it is smaller to the empirical quantile of other training scores, we should be able to
invoke the quantile Lemma 3.2.1 as the training data and the test data have (supposedly)
been treated equally. A rigorous description of Full CP is given in Algorithm 5.

To state the theoretical validity of Full CP, we have to consider an additional assumption
on the learning algorithm A. Indeed, when describing with words Full CP, we justified the
procedure by explaining that the scores are now exchangeable as all the data points have
been treated equally. However, this is not always true: if the algorithm A ignores the last
element of its input data set, then having re-trained by including the candidate y has no
influence and the score on this candidate still stochastically dominate the true training
score. To ensure that exchangeability is preserved, we consider only algorithms A that are
invariant to permutation of their input. This is formally described in Definition 3.4.1, for

both deterministic and stochastic A.

Definition 3.4.1 (symmetrical algorithm).

» A deterministic learning algorithm A is symmetric if for any data set (X;,Y;):" ,

for any permutation o on [1,n]:

ALY ™ A (X, Vo)1)

» A stochastic learning algorithm A is symmetric if for any data set (X;,Y;); |,
for any permutation o on [1,n], there exists a coupling that maps & ~ U([0, 1]) to
¢ ~U([0,1]), which depends only on o, such that®, for a.s. (X;,Y;)! ;:

A Y 56) = A( (Ko o)1y 164

“This is the definition provided in Kim and Barber (2023).

Algorithm 5 Full CP
Input: Learning algorithm A, conformity score function s, miscoverage rate «, training
set (X;,Y;);, test point X, 11
Output: Prediction set 6'”701
1: for any candidate / € Y do
2:  Get A by training A on {(X;, Vi), } U {( )}
3:  Obtain a set of training scores

s (o (s ) Yo (1)
4: end for

5: Output the set Cp o = ( ) { such that s ( s A ) <q_, <S““'i'”> }
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(_[ Theorem 3.4.1 (marginal validity of Full CP). ]

FCP (Algorithm 5) with a symmetric algorithm A outputs 6’,170[ such that for
any distribution D, for any associated exchangeable joint distribution D& +1) ¢
Dexch(n—i—l):

IPDS(n+1) (Yn+1 S C’\n’a (Xn+1>> 2 1—a.

Additionally, if the scores {S;}7*! are almost surely (a.s.) distinct:

~ 1
Ppen+1) (Yn-i-l € Cha (Xn+1)) <l-a+ nil

\. J

Proof. Assume (X, Y;)?:”Lll are exchangeable, and that 4 is symmetric (possibly stochastic).
Let o be a permutation on [1,n + 1].

~ n+1 n+1 n+1

(5 (Xa(i)aya(i);AYn+1>)i:1 = (8 (Xa(i)aYJ(i)QA ((X/mYk)k:l ; )))i:l

n+1 , n+1

by symmetry of A= = (s (Xo), Yo A ((Xot: Yorw) 11 560) ) )

by exchangeability and

gé 1 (Xiv YZ—)?:—’—ll

as & L ¢ = (8 (Xi,Yi;AYnH))

d n+1
— = (8 (Xz', Yi; A ((Xk, i)l ;fé))>i_1
n+1
=1
Therefore, the scores are exchangeable and it only remains to apply the quantile Lemma 3.2.1.

O

,_[ Remark 3.4.1 (SCP is a particular case of Full CP). ]

SCP can be seen as a special case of Full CP where Full CP is only applied on the
calibration data set, and the learning algorithm A is independent of its input and
always output some function A that has in fact been trained only on the proper

training set (this algorithm is indeed symmetric as it is independent of any component

of its input).

Theorem 3.4.1 shows that this cautious treatment of the test point allows to retrieve
validity without having to split the training data set. However, this comes with the need to
fit numerous models. When ) is not discrete, this is even impossible to perform exactly
and it is usually approximated by binning ) (Chen et al., 2016, 2018), but even while doing
so, or when ) is discrete, it can be computationally costly if there are many bins or classes,
or if the learning algorithm A has heavy computational load.

Exact computation is feasible in ridge or lasso regression (Nouretdinov et al., 2001;
Burnaev and Vovk, 2014; Lei, 2019), nearest neighbors or kernel smoothing algorithms
(Cherubin et al., 2021), and approximations can be achieved under smooth and “regular”
(such as convex) regression estimators (Ndiaye and Takeuchi, 2019) or algorithms satisfying
(prediction) stability assumptions (Ndiaye, 2022), or when the predictive set of Full CP is
in fact an interval (Ndiaye and Takeuchi, 2022).
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Example 3.4.1 (standard FCP sets with an interpolating algorithm).

Assume A interpolates. Then, for any candidate y € ), fly is such that:
e Regression: A, (X;) =Y, for i € [1,n] and A, (X,11) = ¥;
o Classification: Ay (Xi)y, =1for i€ [1,n] and Ay (Xn41), =1

Henceforth, Full CP (with standard score functions) with an interpolating algorithm
outputs ) for any new test point.
Note that in this case all the scores are almost surely equals. As such this example

does not contradict the upper bound of Theorem 3.4.1.

3.4.2 Jackknife+ and leave-one-out CP

A natural question that arises now is whether there exist theoretically valid intermediate
methods between SCP and Full CP. An idea is to leverage leave-one-out strategies, in order
to use all of the training data (unlike SCP) but only have n model fits (which often is
smaller than for FCP). The first natural idea based on leave-one-out is to fit » model,
leaving out a different training point to fit each model, and obtain a conformity score on
the left out point. Then, the 1 — o empirical quantile of these scores is computed and
used to correct the prediction made on the test point by a model fitted this time on the n

training points. This is formalized below.

1. For any j € [1,n]: get A, by training A on (X;, Y;)l;.
i#]
2. Get the empirical quantile of the set of scores

={S=s (szY;;j /) i € [1,n]} U {+o0}.

3. Get / by training A on (X;,Y;)" .

W

. Output the set é'na( ) ={y € Y such that s ( Y 4) < 1.

However, without stability assumptions on A, there is absolutely no guarantee on the
prediction of A with scores based on (A ;); (Barber et al., 2021b). Indeed, this naive
algorithm is comparing a score on the test point obtained through an algorithm that has
seen n points, while the reference “calibration” scores rely on learning on n — 1 data points.
To circumvent this issue, Barber et al. (2021b) introduce the Jackknife+ algorithm that
treats the training points and the test point similarly: the idea is, that for each i € [1,n],
the algorithm learns a model leaving the i-th point out to evaluate conformity on it, while
also assessing the conformity of potential test points with this fitted model. Jackknife+ is

written only for mean-regression and scores that are the absolute value of the residuals, but
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Gupta et al. (2022) have shown that a tighter leave-one-out set can be built in a general
setting. The core idea is exactly the same, hence we present here only the generalized
and tighter version formalized in Gupta et al. (2022) but in terms of conformity scores, in
Algorithm 6 (we recall that Gupta et al., 2022, work in their novel nested sets framework).

Again, the predictive set is built by looping over all possible y € ) which can be tricky
in practice. We refer the reader to Gupta et al. (2022) for an efficient implementation (linear
time in n) of this algorithm, when each of the 1 { S <Xi7Yi; AA,,') <'s (X,IA],y; 4,,-)}
takes value 1 only on an interval. In this case, it is possible to derive a Jackknife-+ version
of the algorithm, whose predictive sets include the ones of leave-one-out CP. This is a
generalization of Jackknife+, which was written only for mean-regression and absolute value
of the residuals scores, suggested again in Gupta et al. (2022). We rephrase it in terms
of conformity scores in Algorithm 7 (recall from Definition 3.1.7 that ¢gin¢(Ui, ..., Uy) :=
| 3 x n] smallest value of (Uy,...,U,).). Theorem 3.4.2 specifies the theoretical guarantees
that this algorithm obtain.

,_[ Theorem 3.4.2 (marginal validity of leave-one-out-CP and JK+).

Algorithms 6 and 7 with a symmetric algorithm A output @W such that for any dis-

tribution D, for any associated exchangeable joint distribution D& +1) ¢ pexch(n+1).

IPD8(n+1) (Yn+1 € an,oz (Xn+1)) > 1-2a.

Proof. We prove the result for Algorithm 6, as its predictive sets are included in the ones
of Algorithm 7 (when those are well-defined).

Algorithm 6 Leave-one-out CP

Input: Learning algorithm A, conformity score function s, miscoverage rate «, training
set (X;,Y;)! , test point X, 41
Output: Prediction set C,, o

1. for j € [1,n] do

2. Get A_; by training A on (X, Y;)iq
i#£]

3: end for

4: For a new point X, |, return

n
Cn,a(‘Yn—l) = {y ey Z]l { S (Xw}/z; ;—A‘,,') <'s (Xwny; j,,-)}
i=1

<<1—a><n+1>}
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Algorithm 7 Generalized Jackknife+

Input: Learning algorithm A, conformity score function s, miscoverage rate «, training
set (X;,Y;);, test point X, 11

Output: Prediction set 6,“,( )

—_

: for j € [1,n] do
2. Get A_; by training A on (X, Y;)iq
i=1

#J
3:  For a new point , build

(g (V) suga ()] = {pevis (Yonmd ) <8 (X554 )}

end for
: Return

én,a( ) = [QOz,inf ((ffi,a( ))?:1 U {_OO}) yd1—a ((U—z‘,a ( ))?:1 U {—I-OO})]

AN~

Step 1. Remark that:

{Yn+1 ¢ é\n,a (Xn+1)}

=31 {s (%5, ¥5545) <5 (X Yo dy) b 2 (1= a)(n+ 1)

=1

— zn:]l {S(j)vnﬂ < S(”‘H)J} >(1—a)(n+1)
j=1

=0 Cor1y = (1—a)(n+1)
j=1

with SMJ .= g (X(i), y @, fl,(i’j)) is the score on data point ¢ of the predictor that has
been fitted without seeing nor data point i nor data point j, for (,5) € [1,n + 1]? and

extending A_; to /Al_(m-) = A (X, Y])n}gil , where the n + 1 data point is added.
kg {i.j}
Denote by C4 the function building the comparison matrix C € {0, 1}(*+1)x(n+1).

Cy <<Xk>Yk)Zii>. .

=t {SW > SW} = Cij.

n+1
Step 2. Deterministically, Barber et al. (2021b) shows that #{i € [1,n+1]: > C;; >
j=1
(1—a)(n+1)} <2a(n+1). This is shown for any comparison matrix.

Step 3. The last (and crucial) step of leave-one-out conformal predictors is to show that

thanks to the algorithm symmetry and data exchangeability, for any permutation o on

. d
[[1,77, + 1]] it holds: (Ca(i)’g(j))i,j = (Civj)i,j'

Consider the general case where A is a randomized algorithm and let o a permutation
on [1,n+ 1], and (i, ) € [1,n + 1]>.
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Coti).oi) = Ca ((Xpl@)ﬁ)a(i) o)
= 1 {s (Yo Xotr A (X5 YD b0 7€) )
> S( o(i) Xo(j): <(X Vi)t 11k¢{a(z )0 (i f))}
A is symmetric — = ]l{ ( () Xo(i)» < oty Yol Z-&-i i) ’€C,T>>
(x )

> 5 (Yo Xt A (Yot Yool a0y 160)) }
Cotirotiy = Ca (Kot Youn) 1y )]

This holds for any (i,j) € [1,n + 1]?, hence, denoting II, the matrix permutation
associated with o (i.e. (H;";CHG)U = Cy(i),0(j) for any (i,7) € [1,n + 1]?):

n+1
HTCHU =Cy <(Xa(k)7 Yn(k))kil)

d n
= Lea (i) =c
and e:ccha,ngeabzhty

This concludes the proof as therefore each element of [1,n + 1] is equally likely to
n+1

belong to {i € [1,n+1]: > Ci; > (1 —a)(n+1)}. O
j=1

,—{ Remark 3.4.2 (on the lost factor 2). }

The theoretical guarantee of leave-one-out-CP and JK+ presents a loss of coverage:

the lower bound on the coverage is now in 1 — 2«.. Empirically, it achieves approxi-
mately 1 — « coverage, a bound also obtained in theory under algorithmic stability
assumptions. However, this factor 2 is not an artefact of the proof, and Barber et al.
(2021b) derive an example in which the lower bound is attained (asymptotically
with n). This example relies on a highly non-stable learning algorithm due to its
intrinsic design as well as due to the data distribution on which it is applied. In
other words, to suffer from this loss of coverage, the combination of data distribution
and algorithm should provoke important prediction unstability. In particular, it
should be the case that some of the (fl_z) Zl, say for ¢ € bad, would be associated
to higher scores than the rest of the models (i.e. for i ¢ bad), but that between all

the ¢ € bad there is no clear ranking between the <.

3.4.3 CV+

For cases where n is already too large, an analogous of the corrected leave-one-out predictive
sets can be defined for k-fold cross-validated scheme. The idea traces back to Vovk (2015),
but we present here the version generalized by Gupta et al. (2022) from the suggested CV+
algorithm of Barber et al. (2021b). As in the previous subsection, we rephrase it in terms of

conformity scores in Algorithm 8. We provide its theoretical guarantees in Theorem 3.4.3.
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Algorithm 8 K-fold CP

Input: Learning algorithm 4, conformity score function s, miscoverage rate a;, number of
fold K € IN*, training set (X;,Y;)!" ,, test point X, 1

Output: Prediction set 6,17&

1: Randomly split (X;,Y;);" , into K folds F1,..., Fx (we denote k(i) the subset that
includes 1)
for k € [1, K] do
Get A, by training A on (Xi,Yi)k(i)#k
end for
For a new point X, |, return

n
na(X01) = {?J ey:y 1 { s (XiaYi§ A /.'('/‘J) <8 (‘\711+|ay; A /..(/,1)}
i=1

<(1—04)(n+1)}

S

,_{ Theorem 3.4.3 (marginal validity of K-fold CP CV+). ]

Algorithm 8 with K € IN* folds and with a symmetric algorithm A outputs dm

such that for any distribution D, for any associated exchangeable joint distribution
pé(n+1) c pexch(n+1).

~ 20l-1/K) 1- K
Ppscn+1) <Yn+1 € Cha (Xn+1)> >1—2a — min ( ( /K) /n>

n/K+1  K+1
>1—2a—+/2/n.

In summary (Figure 3.8), there is a vast range of methods going from no splitting to a
single split, passing through K-fold/CV+ approaches, enjoying finite sample distribution free
marginal validity with any (symmetric) algorithm. While distribution-free X-conditional

validity can not be attained by any of these methods, distribution-free Y-conditional

Statistical ePPiciency

v

Computational eP-(:iciency

<
<

[I sCP J ( CV+ J Qdackknulm] ! ==

(S )
¥

Nested Conformal Prediction

Figure 3.8: Range of CP frameworks in the spectrum of splitting strategies.
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coverage is achievable at least in theory, and, finally, training-conditional coverage is
obtained through PAC bounds for SCP (for which training-conditional coverage refers
to calibration-conditional), but also K-fold CP/CV+ whose bound emphasizes that the
controlling quantity is n/K which should be large, however Full CP and leave-one-out
CP/Jackknife+ do not benefit from any training-conditional coverage unless stability
assumptions are made on the learning algorithm A (Vovk, 2012; Bian and Barber, 2023;
Liang and Barber, 2023).

3.5 Beyond exchangeability

The last issue that we consider in this introductory chapter is how to extend CP to non-
exchangeable settings? This is particularly challenging as it the one and only assumption
required by conformal. Yet, it is an important direction to explore as exchangeability does

not hold in many practical applications. Indeed, it can be broken by:
e Shifts between the training data and the test data, and in particular:

i) Covariate shift, i.e. DE™ 2 DY while DI = DYY;

if) Label shift, L.e. D™ 2 DI while DI = DIY:

iii) Arbitrary distribution shift on both the label and the covariates;
e Possibly many shifts, not only one, not necessarily a finite number;
e Temporal dependence, distributional drifts and non-stationarity.

This line of research has been especially active in the recent years. In this section, we
focus on the main common ideas giving only some reference points that should allow an
interested reader to navigate the overall literature more easily afterwards.

Under additional assumptions on the data distribution, such as strongly mixing noise, or
on the quality of the fitted model that should be close to the generative model, theoretical
results can be obtained in the data dependent context (see, e.g., Chernozhukov et al., 2018).
Otherwise, there are two main settings: one in which we can rely on weighting strategy with
a priori knowledge or estimation, and one in which we use feedback on the fly to understand
(with a delay) how to adapt the predictive set estimator. The underlying assumption in
all these methods is that even though data is not exchangeable anymore, there is some
information from the historical data that we can leverage cautiously to build enhanced
(in comparison with subsampling the historical data set) yet robust and not corrupted

predictive sets.

3.5.1 Weighting strategies

The idea of weighting approaches is to assign more importance to the data points that we
trust more or are closer in distribution to the test point. Until now, we have formalized CP
as evaluating an empirical quantile of scores {q1_q ({(Si)i_q} U {+oc}) :=[(1 — a)(n+1)]

smallest value of {(S;)7"_;} U {+oo}}. In order to introduce weighting strategies, it is useful
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to note that in fact this is equivalent to considering Qp4(1 — «), with Dg the empirical
distribution of the scores, i.e. Dg := n%rl Yor b + %H5+w-

Tibshirani et al. (2019) introduced first the concept of weighted exchangeability (we
refer the interested reader to the original paper for details) justifying weighted CP. They
consider a setting in which the training data is drawn i.i.d. from some distribution D,
(X3, Vi), ~ (DX x Dy|x) (n), and we aim at predicting Y, 1 observing X, 1, with
(Xnt1, Yng1) ~ DX x Dy|x for some distribution DX # Dx. The key idea is that if we

know the ratio Sgi Ei% := w(x), then the normalized/probability weights defined by:
: w (X)
for any i € [1,n],w;(x) :=
Z 21 w(XG) + w(z)
w (x)

wn+1(x) = Z?:l 'u)(Xj) + w(x) ’

ensure that the data points are weighted exchangeable. Therefore, outputting the set

Cro (Xny1) ={y €YV : s (Xns1, Yarr; A((Xi, Y ))) < Qag (1 —a)},

with Qg := > " | wi (Xn41)ds, + wnt1 (Xnt1) 0400, is a marginally valid procedure.
Similarly, Podkopaev and Ramdas (2021) suggest to use this idea in situation where
there is a label shift. Precisely, suppose again that the training data is drawn i.i.d. from
some distribution D, (X;,Y;);, ~ (DX\Y X Dy)®(n), and we aim at classifying Y1
observing Xy 11, with (Xy11,Yn11) ~ Dxpy X Dy for some distribution Dy # Dy. The
challenge here is that the actuel test label is unknown, unlike the test features X, 4.

However, in classification we can loop over all possible classes. Therefore, based on the

ratio w(y) := dDYEyg, one can constructs normalized /probability weights for each possible
class y € V:
w (%)
for any ¢ € [1,n],wi(y) =
2w (Y)) +w(y)
w (y)

wn-i—l(y) = Z LW ij) ( )7

for any i € [1,n]. Then, the predictive set is

~

Cn,a (Xn+1) = {y €)V:s (Xn+17y;A((Xi7}/i)?:1)) < QQ% (1 - Of)}

with QF := 37" | wi (y) ds, + wn+1 () 0400, is a marginally valid procedure.

In practice, both these likelihood ratio (for covariate and for label shifts) have to be
estimated and the guarantees do not go through directly, even though improved empirical
performances are obtained. Jin and Candés (2023) provide some theory on the loss of
coverage incurred by an estimation.

Similar reweighting approaches have been further developped in the context of causal
inference (Lei and Candeés, 2021; Gui et al., 2023b), survival analysis (Candeés et al., 2023)
and active learning (Fannjiang et al., 2022).

What if the rupture point was unknown, the estimation of the likelihood ratio is not

possible, or the data distribution is slightly drifting?
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If we still can assume an access to some i.i.d. data points, but do not want to suppose
estimation of the likelihood ratio is possible (possibly because different shifts are in fact
plausible), it is possible to leverage tools from the distributionally robust optimization
literature. In particular, Cauchois et al. (2024) provide predictive sets that are valid for any
distribution shift (both on Y and X) as long as the shift remains bounded in f-divergence
(e.g., Kullback-Leibler divergence) with respect to the train distribution.

If instead we cannot assume i.i.d. data points even in the training set, Barber et al.
(2023) proposes to apply weights (w;)?_; pre-defined by the user to each data point, relying
on the same weighted quantile function than in Tibshirani et al. (2019); Podkopaev and
Ramdas (2021). For example, in a time series context, one could apply exponential weights
decaying in time (oldest points would receive lower weights) at a speed depending on the
memory we consider representative. Importantly though, these weights can not be chosen
in a way that depends on (Xj, Yl)?jll The main theoretical result provided in the paper
bounds the coverage loss due to the violation of exchangeability in the data set. Particularly,
denoting again (wi)?ill the normalized weights associated to the chosen weights (w;)}";,

their main result proves the following control on the coverage loss, which we state informally.

— Informal theorem

Running weighted-CP with data independent normalized weights (wi)?;“ll achieves:
P (YnH € Cra (Xn+1)) >1-a-Y wIV (3,30')) ,
i=1

where S = (S1,...,5i-1,Sn+1, Sit1,...,5i), i.e. the set of scores when the test

score Sp,+1 and the i-th score S; have been swapped.

This result highlights that if we can choose the weights adequatly, then coverage can be
recovered. Maybe most importantly, it also sheds lights on the standard CP framework under
violation of exchangeability. Indeed, taking uniform weights we recover the standard CP
setting, and the result provides a characterization on the coverage deterioration depending

on the strength of violation of exchangeability.

3.5.2 Online setting

Generalizing the time series framework, let us consider now that we have access to an
initial data stream, (X¢, Yt)tTil, and that we aim at building predictive sets (Z,a for some
Ty subsequent observations. Our goal is that the predictive sets sequence enjoy theoretical
guarantees without making any assumption on the data stream. This is highly challenging
as it includes adversarial sequences. However, in this setting, we assume that at any
prediction step ¢ € [Ty +1,To +T1], Yi—7, - - -, Ys—1 have been revealed®. For example, this
typically represents electricity prices forecasting where we have access to historical data
on which to fit a model, and when predicting sequentially the next prices, any previous

outcomes have already been revealed.

3This setting can be generalized to encapsulate forecast horizons h > 1.
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In this setting, our ideal goal remains to control the probability of coverage with respect

to the data distribution, that is building the smallest predictive set such that:
P (Yt €Cra (Xt)> >1-a, forte[Tp+1,Ty+Ti]

However, when considering any data stream without restrictions, including adversarial
ones, this goal appears to be lofty. Therefore, in general, we focus on achieving realized
frequency type guarantees, averaged over all the sequence, which we write as:

To+T
1 o+11

— Z ]1{1@6@,@()(75)} ~1—aq,
1 t=To+1

or asymptotically:

To+T

> ]1{1qeét,a(xt)} — 1-a.
Ty —+o00
t=Tp+1

1

T

The key difference here is that the guarantee we target is not in probability anymore, and

it allows to use strategies whose theory rely on deterministic arguments. The pioneer work
in this framework is that of Gibbs and Candés (2021). They propose Adaptive Conformal
Inference (ACI) that adapts iteratively the quantile level of the scores’ quantile, depending
on the coverages of the previous steps. Precisely, let ap,+1 = « and fix some v > 0, which
controls the speed of reaction to previous iterates. It can also be understood as playing the
role of learning rate in an online gradient descent algorithm with respect to the pinball loss.

The update scheme can be written as follows:

at,at (Xy) = {y €lV:s (Xt7y§~/4 ((Xk7Yk)2;11>) < Q- (St)}
ar+ 7y (04 -1 {Y% ¢ Cta, (Xt)}> ;

where the set of scores is now indexed by the time that passes, S;, to incorporate any

41

pipeline such as re-training on the current data stream.

In other words, if ACI does not cover at time ¢, then a;11 < oy, and the size of the
predictive set increases; conversely when it covers. Importantly, nothing prevents ay < 0 or
ap > 1. While the later is rare (as « is typically small), the former can happen frequently
for some ~, producing by convention @mt =).

ACI, and some later extensions of it, enjoy an asymptotic valid frequency for any data

sequence.

— Informal theorem

For any sequence of data, we have with probability one that:
To+T1
1 ~ 1l—a+
= > 1{VieCia (X)) -(1-0) < —=7
Lttt v
0
In particular, it follows that:
To+T1
1 -~ a.s,
— E 1 {Y;g S Ct,at (Xt)} — 1—-q.
1 Th—+oo
t=Top+1
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Crucially, this long-term frequency result does not provide guidelines on how to pick ~,
or even the contrary as it favors large v that are associated to more frequent uninformative
sets (i.e. outputting )) as well as more instalibility. In Chapter 5, based on Zaffran et al.
(2022), we propose deeper theoretical analysis on the influence of  on the efficiency of the
resulting predictive sets. This allows us to provide a practical algorithm, AgACI, based on
online aggregation based on expert advice, which is parameter-free and does not require to
choose .

More recent developments include: Gibbs and Candés (2023) improving on ACI by
online aggregation on a grid of different ~, similarly to what we propose in Chapter 5
through AgACI, at the crucial difference that the aggregation is on the value of oy and not on
the lower and upper bounds independently, which permits to derive theoretical guarantees
on the regret of the proposed method; Bastani et al. (2022) which achieves stronger coverage
guarantees (conditional on the effective level, and conditional on specified subsets of the
explanatory variables); Bhatnagar et al. (2023) enjoying anytime regret bound, by leveraging
tools from the strongly adaptive regret minimization literature; Angelopoulos et al. (2023)
which extends upon ACI ideas by relying on control theory to add more information on
the temporal structure, notably on the scores; Angelopoulos et al. (2024) proposing to use
adaptive learning rates v in ACI, and even retrieving asymptotic control in probability
when the data points are in fact i.i.d., i.e. limp 4o P (YT1 € @_pha (XTl)) — 1—a.
A very recent work (Yang et al., 2024) takes the counterpoint of most of these works by

explicitly optimizing for efficiency of the intervals, while preserving long-term coverage.



Chapter 4

Technical Summary of the

Contributions

This chapter detail each contributions of this manuscript. While motivated by the task of
forecasting electricity prices, the methods developed are generic: they can be applied in

any sensitive fields.

4.1 Contributions’ summary of Part Il — Time Series

Chapter 5 detailed summary. Our approach is to illustrate the usefulness of ACI on
time series with general dependency and non-stationarity, as it was initially developed for
distribution shifts.

We start by studying theoretically, using Markov Chain theory, the impact of v on
the length of the predictive intervals, in order to describe not only the wvalidity but also
the efficiency of ACI. This is critical as the convergence rate of ACI favors large -, which
are associated to frequent uninformative predictive sets. Moreover, ACI is usually applied
without knowing the type of data it will encounter. If the scores are actually exchangeable,
ACT’s walidity would not improve upon SCP (known to be wvalid), thus assessing ACI’s
impact on efficiency is necessary. Thereby, we first provide an analysis in the exchangeable
case, then in the auto-regressive one (time series). Define L (o) the length of the interval
predicted by ACI at time ¢ (dependence in + is hidden), and Lg the length of the interval
predicted by the non-adaptive algorithm (or equivalently, v = 0).

Theorem 4.1.1. Assume that: (i) o € Q; (ii) the scores are exchangeable with quantile
function Q; (iii) the quantile function @Q is perfectly estimated at each time; (iv) the quantile

function Q is bounded and C*([0,1]). Then, for all v > 0, (ou);sq, forms a Markov
To+T1

Chain, that admits a stationary distribution m, and & Y. L(cy) iy Er, L] not.
1 t=Tp+1 T1—+o00

Eg~r, [L(&)]. Moreover, asy — 0, Ex [L] = Lo+ Q"(1 — a)3a(l — o) + O(~3/2).

For standard distributions, @”(1 — a) > 0, and Theorem 4.1.1 implies that ACI on
exchangeable scores degrades the efficiency linearly with v compared to CP: v = 0 (standard
SCP) is better.

o4
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A second theorem along with numerical analysis prove that, if the residuals are auto-
regressive of coefficient ¢ (the higher the more important the temporal dependence) and
the calibration is perfect, then there exists an optimal v* > 0 minimizing the average length
for high ¢, and its value depends on the time dependence strength.

These results stress that choosing v is crucial but its optimal value, with respect to
efficiency, depends on the unknown data distribution. Therefore, we design AgACI, a

parameter-free method using online expert aggregation (Cesa-Bianchi and Lugosi, 2006).
2
expert is a version of ACI with some ) depending on their previous performances in order

Based on the pinball loss of level 1 — § (resp. &), AgACI assigns weights to each expert (an
to output a unique upper bound (resp. lower bound) which is the weighted mean of the
experts upper (resp. lower) bounds.

Finally, we compare ACI with various 7, AgACI and benchmark methods, on extensive
synthetic experiments of increasing temporal dependence and on the task on forecasting

French electricity prices in 2019. These experiments highlight that:
e Benchmark methods are not robust to the increase of the temporal dependence;
e ACI is robust to this increase, maintaining validity in all settings with a well-chosen ~;

e AgACI is robust to this increase without choosing -, at the cost of not being the

smallest.

Chapter 6 detailed summary. To go further on the application to electricity prices
forecasting, we conduct extensive experiments on a novel data set containing the French
electricity spot prices during the turbulent 2020-2021 years. First, we build a new explana-
tory variable revealing high predictive power, namely the nuclear availability. Then, we
benchmark state-of-the-art probabilistic electricity prices forecastings methods, showcasing
that picking a model a priori is complex as i) they all behave very differently, and i) none
of them maintains coverage on the most hazardous period of late 2021. Therefore, we study
the performance of operational fixed prediction models that can be made adaptive through
a plugged-in layer, useful when facing non-stationarity without completely retraining the
underlying model. We consider two post-hoc layers: i) online CP through a proposal
of novel conformalization that respects the forecast horizon during calibration, coined
0SSCP-horizon, as well as AgACI, and i) online aggregation of individual forecasts. Both
approaches enhance the coverage of the resulting predictive intervals, and combining them
through the aggregation of various AgACI appears to be the best strategy, on this particular
task at least. Moreover, analysing this specific aggregation sheds light on many domain
phenomena thanks to the aggregation weights interpretability: we are able to observe
ruptures on 2020 Easter’s day (significantly lower prices due to Covid19 lockdown on top
of Easter’s day) or on early October 2021 (corresponding to the increase in gas and carbon
emission prices), and to showcase the importance of aggregating the lower and upper bounds

independently as they model very distinct phenomena.
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4.2 Contributions’ summary of Part III — Missing Values

To encode missing values, we define the mask, or missing pattern, M € M C {0,1}¢
as the binary random vector such that, for any ¢ € [1,d], M; = 1 if and only if X; is
missing. Therefore, there exists at most 2¢ masks: this number grows exponentially in the
problem’s dimension, posing statistical and computational challenges. One of the most
popular strategies to deal with missing values in a supervised learning framework suggests
imputing the missing entries with plausible values to get completed data, on which any

analysis can be performed (Le Morvan et al., 2021). This is called impute-then-predict.

Chapter 7 detailed summary. We study CP with missing covariates, aiming to build
predictive sets that now depend on the mask, i.e. E*W (X, M). Specifically, we study
downstream Quantile Regression (QR) based CP, like CQR (Romano et al., 2019), on
impute-then-predict strategies. Still, the proposed approaches also encapsulate other
regression algorithms, and even classification.

We show that CP on impute-then-predict is marginally valid regardless of the model,
missingness distribution, and imputation function. We describe how different masks (i.e. the
set of observed covariates) introduce additional heteroskedasticity: the predictive uncertainty
strongly depends on the set of covariates observed. We therefore focus on achieving valid
coverage conditionally on the mask, coined MCV — Mask-Conditional-Validity. MCV is
desirable in practice, as occurrence of missing values are linked to important attributes.

Traditional approaches such as QR and CQR fail to achieve MCV because they do not
account for this core connection between missing values and uncertainty. Figure 4.1 shows
on a toy example with only 3 features — thus 23 — 1 = 7 possible masks — how the coverage
of QR and CQR varies depending on the mask. Both methods dramatically undercover

when the most important variable (X2) is missing, and the loss of coverage worsens when

QR (no guarantee) CQR (marginal validity)
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Figure 4.1: Coverage of the predictive intervals depending on which features are missing,
among the 3 features. Evaluation over 200 runs.
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additional features are missing.

We show how to form prediction intervals that are MCV, by suggesting two conformal
methods sharing the same core idea of missing data augmentation (MDA): the calibration
data is artificially masked to match the mask of the test point.

The first one, CP-MDA with exact masking, relies on building an ideal calibration set
whose data points have the exact same mask as of the test point. We show its MCV under
exchangeability and Missing Completely At Random.

The second one, CP-MDA with nested masking, does not require such an ideal calibration
set. Instead, it builds a calibration set in which the data points have at least the same mask
as the test point, i.e., this artificial masking results in calibration points having possibly
more missing values than the test point. We show the latter method also achieves MCV, at
the cost of an additional assumption: stochastic domination of the quantiles.

Figure 4.1 illustrates CP-MDA’s MCV, as their lowest mask coverage is above 1 — a.
We strengthen the empirical validation of our algorithms through more complex synthetic
experiments than in Figure 4.1, along with semi-synthetic experiments where only the
distribution of M given (X,Y) is controlled but not the distribution of (X,Y"). And finally,
we conduct experiments on real critical care data. All of these experiments confirm that
MDA achieves MCV while CQR fails to ensure MCV.

Chapter 8 detailed summary. Following the introduction of MCV criterion in Chapter 7,
our objective in this chapter is to deepen the discussion on when and how it is possible to
achieve MCV. Notably, we are interested in understanding 7) what assumptions are necessary
to ensure informative MCV is achievable, ii) how to design a MCV-tailored methodology
with general probabilistic models, and ii7) what happens when these assumptions are
not satisfied.

First, we provide hardness results on (distribution-free) MCV.

Theorem 4.2.1. If any C’\n,a is distribution-free MCV then for any distribution P, for any
mask m such that Ppr(m) > 0, it holds:

» Regression: P pgn+1) (A (@m (Xn+t1, m)) = oo) >1—a—Apn,

» Classification: for any y € Y, Ppomi) (y € C*n,a (Xn+t1, m)) >1—a— Ay,

where Ap, n, < Pp(m)y/n+ 1.

In other words, any distribution-free MCV estimator outputs uninformative predictive
sets on any mask that does not represent a high enough proportion of the training data.
We deepen the analysis and show that this remain true ) if we suppose that the estimator
is MCV only when M and X are independent, and ii) if we suppose that the estimator
is MCV only when M is independent of Y given X. Therefore, to hopefully construct an
estimator that provides meaningful MCV, it has to be MCV only on distribution such
that the dependence between M and the pair (X,Y) is constrained. Importantly, this
theoretical analysis brings new insights on the achievability of X-group-conditional validity
(i.e. conditioning on the event X € V(x)), beyond MCV.
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Second, we investigate the interplay between missing values and quantile regression.
Characterizing it is hard in general, but becomes explicit under a multivariate Gaussian
setting or linear model. We show that ¢) predictive uncertainty often increases with more
missing values: we provide formal statements of this idea (in terms of conditional variance,
inter-quantile distance and predictive interval length) and exhibit assumptions under which
these properties are satisfied; ii) when one aim at estimating quantiles, it is crucial that
the learner is able to retrieve the mask to construct intervals, in contrast to classic mean
regression where the mask is not as essential; i) especially, data dependent imputation
might not be the best choice for predictive uncertainty quantification that is adaptive to
the mask.

Third, we unify the algorithmic framework of Chapter 7 into a unique methodology,
coined CP-MDA-Nested”, that explicitly allows for the classification setting. It bridges the
gap between the precision of strict subsampling to obtain the exact same mask (associated
with high coverage variance), and the variance reduction of keeping all of the observations
(associated with overly conservative predictive sets), by allowing any subsampling scheme,
as long as it is independent of the calibration and test features and labels. Moreover,
we draw an important analogy between CP-MDA-Nested* and leave-one-out or K-fold CP
approaches. This enables us to provide theoretical guarantees on CP-MDA-Nested* in terms
of MCV, under exchangeability and Missing Completely At Random assumptions.

Lastly, we conduct broader experiments than in Chapter 7 showcasing that CP-MDA-Nested*
is empirically robust to strong dependence between M and X, as it maintains MCV un-
der various Missing At Random and Missing Non At Random scenarios. However, when
Y LM |X is not satisfied, CP-MDA-Nested* does not ensure MCV experimentally, unless
the imputation is accurate enough. Overall, these numerical experiments emphasize the

robustness of CP-MDA-Nested* beyond its theoretical scope of validity.



Part 11

Time Series
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Chapter 5

Adaptive Conformal Predictions for

Time Series

Uncertainty quantification of predictive models is crucial in decision-making problems.
Conformal prediction is a general and theoretically sound answer. However, it requires
exchangeable data, excluding time series. While recent works tackled this issue, we
argue that Adaptive Conformal Inference (ACI, Gibbs and Candés, 2021), developed for
distribution-shift time series, is a good procedure for time series with general dependency.
We theoretically analyse the impact of the learning rate on its efficiency in the exchangeable
and auto-regressive case. We propose a parameter-free method, AgACI, that adaptively
builds upon ACI based on online expert aggregation. We lead extensive fair simulations
against competing methods that advocate for ACI’s use in time series. We conduct a real
case study: electricity price forecasting. The proposed aggregation algorithm provides
efficient prediction intervals for day-ahead forecasting. All the code and data to reproduce

the experiments are made available on GitHub.
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5.1 Introduction

The increasing use of renewable intermittent energy leads to more dependent and volatile
energy markets. Therefore, an accurate electricity price forecasting is required to stabilize
energy production planning, gathering loads of research work as evidenced by recent
substantial reviews (Weron, 2014; Lago et al., 2018, 2021). Furthermore, probabilistic
forecasts are needed to develop risk-based strategies (Gaillard et al., 2016; Maciejowska
et al., 2016; Nowotarski and Weron, 2018; Uniejewski and Weron, 2021). On the one hand,
the lack of uncertainty quantification of predictive models is a major barrier to the adoption
of powerful machine learning methods. On the other hand, probabilistic forecasts are only
valid asymptotically or upon strong assumptions on the data.

Conformal prediction (CP, Vovk et al., 1999, 2005; Papadopoulos et al., 2002) is a
promising framework to overcome both issues. It is a general procedure to build predictive
intervals for any (black box) predictive model, such as neural networks, which are valid
(i.e. achieve nominal marginal coverage) in finite sample and without any distributional
assumptions except that the data are exchangeable.

Thereby, CP has received increasing attention lately, favored by the development of split
conformal prediction (SCP, Lei et al., 2018, reformulated from inductive CP, Papadopoulos
et al., 2002). More formally, suppose we have n training samples (z;, ;) € RIxR, i € [1,n],
realizations of random variables (X1, Y1), ..., (Xp, Yn), and that we aim at predicting a new
observation y, 1 at x,41. Given a miscoverage rate « € [0, 1] fixed by the user (typically
0.1 or 0.05) the aim is to build a predictive interval C, such that:

P {Yn+1 € Cq (Xn+1)} >1—a, (51)

with C, as small as possible, in order to be informative. For the sequel, we call a valid
interval an interval satisfying equation (5.1) and an efficient interval when it is as small as
possible (Vovk et al., 2005; Shafer and Vovk, 2008).

To achieve this, SCP first splits the n points of the training set into two sets Tr, Cal C
[1,n], to create a proper training set, Tr, and a calibration set, Cal. On the proper training set
a regression model [ (chosen by the user) is fitted, and then used to predict on the calibration
set. A conformity score is applied to assess the conformity between the calibration’s response
values and the predicted values, giving Sca1 = {(8;)iccal}- In regression, usually the absolute
value of the residuals is used, i.e. s; = |fi(x;) —y;|. Finally, a corrected! (1 —@&)-th quantile of
these scores @1_@(5031) is computed to define the size of the interval, which, in its simplest
form, is centered on the predicted value: Cy, (zp41) = a&(xnﬂ) = [ xpy1) £ @1,&(5'@&1)].
These steps are detailed in Section 5.A, and illustrated in Figure 5.9. More details on
CP, including beyond regression, are given in Vovk et al. (2005); Angelopoulos and Bates
(2023).

The cornerstone of SCP walidity results is the exchangeability assumption of the
data (see Lei et al., 2018, and Section 5.A.3). However, this assumption is not met in time

series forecasting problems. Despite the lack of theoretical guarantees, several works have

'The correction a — & is needed because of the inflation of quantiles in finite sample (see Lemma 2 in
Romano et al. (2019) or Section 2 in Lei et al. (2018)).
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applied CP to time series. Dashevskiy and Luo (2008, 2011) apply original (inductive)
CP (Papadopoulos et al., 2002) to both simulated (using Auto-Regressive Moving Average
(ARMA) processes) and real network traffic data and obtain valid intervals. Wisniewski
et al. (2020); Kath and Ziel (2021) apply SCP respectively to financial data (e.g. markets
makers’ net positions) and to electricity price forecasting on various markets. In order to
account for the temporal aspect, they consider an online version of SCP. In both studies,
the validity varied greatly depending on the markets and the underlying regression model,
suggesting that further developments of CP and theoretical guarantees for time series are
needed.

To this end, Chernozhukov et al. (2018) extend the CP theory to ergodic cases in order
to include dependent data. Xu and Xie (2021) improve on that theory and propose a
new algorithm, Ensemble Prediction Interval (EnbPI), adapted to time series by adding a
sequential aspect.

Another case that breaks the exchangeability assumption is distribution shift, which
allows for example to deal with cases where the test data is shifted with respect to the
training data. Tibshirani et al. (2019) consider covariate shift while Cauchois et al. (2024)
tackle a joint distributional shift setting (that is, of (X,Y")). In both studies, a single shift
in the distribution is considered, a major limitation for applying these methods to time
series. In an adversarial setting, Gibbs and Candés (2021) propose Adaptive Conformal
Inference (ACI), accounting for an undefined number of shifts on the joint distribution. It
is based on refitting the predictive model, as well as updating online the quantile level used
by a recursive scheme depending on an hyper-parameter v (a learning rate). Furthermore,
they prove an asymptotic validity result for any data distribution.

We argue in this work that the design and guarantees of ACI can be beneficial for
dependent data without distribution shifts.

Contributions. We propose to analyse ACI (Gibbs and Candés, 2021) in the context
of time series with general dependency and make the following contributions:

e Relying on an asymptotic analysis of ACI’s behaviour for simple time series distri-
bution, we prove that ACI deteriorates efficiency in an exchangeable case (closed-form
expression) while improving it in an AR setting (numerical approximation) with a well-
chosen 7 (Section 5.3).

o We introduce AgACI, a parameter-free method using online expert aggregation, to
avoid choosing 7, achieving good performances in terms of wvalidity and efficiency (Sec-
tion 5.4).

e We compare ACI to EnbPI and online SCP on extensive synthetic experiments and
we propose an easy-to-interpret visualisation combining validity and efficiency (Section 5.5).

e We forecast and give predictive intervals on French electricity prices, an area where
accurate predictions, but also controlled predictive intervals, are required (Section 5.6).
To allow for better benchmarking of existing and new methods, we provide (re-)implementations
in Python of (all) the described methods and a complete pipeline of analysis on GitHub. As
explained in Section 5.4, the code for AgACI is, for now, the only one available only in R.

Notations. In the sequel, the following notations are used: [a,b] := {a,a+1,...,b};
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Figure 5.1: ACI on one simulated path ¢, ¢t = 1,...,1000, from an AR(1) process (in black).
The first 500 values form the initial calibration set (left subplot), and predicted interval
bounds are computed on the last 500 points (right) for ) and

Q refers to the set of rational numbers; C*(]0, 1]) refers to the set of 4-times continuously

differentiable functions on [0, 1]; not. defines a notation; #A is the cardinal of the set A.

5.2 Setting: ACI for time series

In this section, we introduce ACI and our framework. We consider Ty observations
(x1,v1),- -, (@m, Y1) in R¢ x R. The aim is to predict the response values and give
predictive intervals for T} subsequent observations z7,+1, ..., Z7,+7, sequentially: at any
prediction step t € [Ty + 1,7y + T1], Y¥+—7y, - - -, yt—1 have been revealed. Thereby, the data
(T, Yt—13) 5 - - - » (Te—1,ye—1)) are used for the construction of the predicted interval.
Adaptive Conformal Inference. Proposed by Gibbs and Candés (2021), ACI is
designed to adapt CP to temporal distribution shifts. The idea of ACI is twofold. First, one
considers an online procedure with a random split?, i.e., Try and Cal; are random subsets
of the last Ty points. Second, to improve adaptation when the data is highly shifted, an
effective miscoverage level oy, updated recursively, is used instead of the target level a.. Set

a1 =, and for t > 1

Cos (w0) = [1(24) £ Q1—a, (Scar)]

Q1 =a;+7 (a —1{y; ¢ C, (%ﬁ)}) ’ (5.2)

for v > 03. If ACI does not cover at time ¢, then g1 < oy, and the size of the predictive
interval increases; conversely when it covers. Nothing prevents a; < 0 or o > 1. While the
later is rare (as o is small) and produces by convention Cy, (-) = {i(-)} (i.c. Q1—a, = 0) ,
the former can happen frequently for some =, giving éat =R (@1—% = +00).

How to deal with infinite intervals. A specificity of ACI’s algorithm is thus to often
produce infinite intervals. Defining the average length of an interval is then impossible. In
order to assess the efficiency in the following, we consider two solutions: (i) imputing the
length of infinite intervals by (twice) the overall maximum of the residuals, or Q(1) if the
residual’s quantile function is known and bounded?; (ii) focusing on the median instead.

ACI on time series with general dependency. As highlighted by Wisniewski et al.
(2020); Kath and Ziel (2021), the first step to adapt a method for dependent time series

2Figure 5.5(a) with and part shuffled randomly.

3ACI actually wraps around any CP procedure, here the definition is given using mean regression SCP.

4This happens in practice when the response and prediction are bounded, e.g., thanks to physical /real
constraints as for the spot prices presented in Section 5.6.1, that are bounded by market rules.
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is to work online which is the case for ACI. Moreover, the update of the quantile level
according to the previous error implies that ACI could cope with a fitted model that has
not correctly caught the temporal evolution, such as a trend, a seasonality pattern or a
dependence on the past. Therefore, ACI is a perfect candidate for CP for time series with
general dependency. To account for the temporal structure, we change the random split to
a sequential split.?

To gain understanding on ACI in the context of dependent temporal data, we analyse a
situation where a fitted regression model { produces AR(1) residuals, thus y; — fi(z;) = &4,
where &, is an AR(1) process: €141 = 0.99¢; + &1, with & ~ N(0,0.01). We plot this toy
example in Figure 5.1, for Ty = T7 = 500. Three versions of ACI are compared: ,
the quantile level is not updated but the calibration set Caly is; and
To obtain an insightful visualisation®, we represent the interval [:l:@l—at (Scal, )] instead of
60% (z¢). When no intervals are displayed, ACI is predicting R. Here and in the sequel, we
use o = 0.1.

In this toy example, the coverage rate among many observations is valid for v €
{0.01,0.05} (90% and 92% of points included) but not for v = 0 (72.6%). Moreover,
Figure 5.1 shows that the type of errors depends on «y. For v = 0, ACI excludes consecutive
observations (e.g. for ¢ € [810,860], zoomed-in plot). For v € {0.01,0.05}, ACI manages
to adapt to these observations, and the higher the ~y, the less the adaptation is delayed.
Furthermore, when the residuals are small and far from both interval bounds, ACI quickly
reduces the interval’s length and produces more efficient intervals. Consequently, ACI may
also not cover on points for which the residuals have a relatively small values compared to
the calibration’s values (e.g. for t € [760, 785]).

5.3 Impact of v on ACI efficiency

The choice of the parameter v strongly impacts the behaviour of ACI: while the method
always satisfies the asymptotic validity property, i.e. %Z::F:l Wy ¢ Co, (z0)} T%o a
(Proposition 4.1 in Gibbs and Candés, 2021), this property does not give any insight on
the length of resulting intervals. Besides, this guarantee directly stems from the fact that
+ ST 1y ¢ Cas (1)} — @ < 2/(4T). This tends to suggest the use of larger 7 values,
that unfortunately generate frequent infinite intervals. Here, we thus analyse the impact
of v on ACI’s efficiency in simple yet insightful cases: in Section 5.3.1, focusing on the
exchangeable case, then in Section 5.3.2, with a simple AR process on the residuals.
Approach. Our focus is on the impact of the key parameter 7. Analysing simple
theoretical distributions allows to build intuition on the behaviour of the algorithm for more
complex data structure. In order to derive theoretical results, we thus make supplementary
modelling assumptions on the residuals, and do not consider the impact of the calibration
set: we introduce () the quantile function of the scores and assume, for all & and ¢,
@1_@(50%) = Q(1 — &). This corresponds to considering the limit as #Cal — oco. This

®As in Figure 5.5(a). This is also consistent with OSSCP (Sec. 5.5.3).
5We suggest focusing the visualisation on the scores to analyse the behaviour of CP methods, as they are
at the core of the validity proof. A detailed discussion on this is given in App. 5.A.5
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allows to focus on the impact of recursive updates in (5.2) and describe their behaviour by

relying on Markov Chain theory.

5.3.1 Exchangeable case

ACI is usually applied in an adversarial context. If the scores are actually exchangeable,
ACT’s walidity would not improve upon SCP (known to be quasi-exactly walid), thus
assessing ACI’s impact on efficiency is necessary. Define L(ay) = 2Q(1 — o) the length of
the interval predicted by the adaptive algorithm at time ¢, and Lo = 2Q(1 — «) the length
of the interval predicted by the non-adaptive algorithm (or equivalently, v = 0).

Theorem 5.3.1. Assume that: (i) a € Q; (ii) the scores are exchangeable with quantile
function Q; (iii) the quantile function is perfectly estimated at each time (as defined above);
(iv) the quantile function Q is bounded and C*([0,1]). Then, for all v > 0, (at) s forms a

Markov Chain, that admits a stationary distribution m, and

not.

= L(ay) “—+> E. [L] "= Eger, [L(a)).

Moreover, as v — 0,

Er, [L] = Lo+ Q"(1 - a)Ja(l —a) + O(*/%).

Interpretation of assumptions. Assumption (i) is weak since a practitioner will
always select o € Q while assumption (ii) describes the classical exchangeable setting.
The main assumptions are (iii) and (iv): (iii) can be interpreted as considering an infinite
calibration set while (iv) is necessary” in order to define E, [L]: here, we extend Q(1 — &)
by Q(1) for & < 0. When Q = Qt is the empirical quantile function on a calibration
set Cal, the convergence in Theorem 5.3.1 holds conditionally to Cal. Finally, the regularity
assumption on () is purely technical.

Interpretation of the result. For standard distributions, Q”(1 — a) > 0,® and
Theorem 5.3.1 implies that ACI on exchangeable scores degrades the efficiency linearly
with v compared to CP. This is an important takeaway from the analysis, that underlines
that such adaptive algorithms may actually hinder the performance if the data does not
have any temporal dependency, and a small v is preferable. For example, if the residuals
are standard gaussians, for a = 0.01, setting v = 0.03 (resp. v = 0.05) will increase the
length by 1.59% (resp. by 3.38%) with respect to v = 0.

5.3.2 AR(1) case

We now consider the case of (highly) correlated residuals, which happens in many practical

time series applications.

V>0, Pr (& < 0)>0: we need |Q(1)|< oo to define E. [L].

8as Q'(z) = m with f the scores’ probability density function, Q’(z) increases locally around x if and
only if f decreases locally around Q(z) (Q is increasing). Thus, Q" (x) > 0 if and only if f decreases locally
around Q(z). Thereby, for z = 1 — « high (usually the case), Q" (1 — ) > 0 for standard distributions.
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Definition 5.3.1 (AR(1) clipped). €141 = wer + &1 with (&) i.i.d. random variables
admitting a continuous density with respect to Lebesgue measure, of support S clipped at
a large value R, and [-R,R| C S

Theorem 5.3.2. Assume that: (i) a € Q; (i1) the residuals follow an AR(1) process clipped
at R of parameter ¢ (Definition 5.3.1); (iii) the quantile function Q of the stationary
distribution of (g¢); is known. Then (a4, e¢_1) is a homogeneous Markov Chain in R? that

admits a unique stationary distribution m . Moreover,

% t; L(er) =% Br (L]

We numerically estimate v = argmin, Er _[L] in Figure 5.2. To do so, AR(1) processes
of length T' = 106 are simulated for various ¢ and asymptotic variance 1. ACI is applied
on each of them, with 100 different v € [0,0.2]. Figure 5.2 (left) represents the average
length depending on « for each ¢, and (right) the values of 7 minimizing this average length
for each ¢ (for 25 repetitions of the experiment). The average length is computed after
imputing all the infinite intervals’ length by the maximum of the process, as explained in
Section 5.2. A similar study using instead the median length is provided after the proofs in
Section 5.B.

Interpretation. We make the following observations:

1. For high ¢, ACI indeed improves for a strictly positive v upon v = 0. This proves that
]

decreases until 77, then increases again, as expected because very large y cause the algorithm

ACT can be used to produce smaller intervals for time series CP. The function v — Er_
to be less stable and produce numerous infinite intervals.

2. In Figure 5.2 (left), zoomed-in plot, the black line represents asymptotic result of
Theorem 5.3.1. We retrieve here that the expected length is minimal for v = 0 and grows

linearly with v around 0. This behaviour is very similar for ¢ = 0.6.
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Figure 5.2: Left: evolution of the mean length depending on ~ for various . Right: ~*
minimizing the average length for each ¢ (each cross has a size proportional to the number
of runs for which v* was the minimizer).
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3. For any v, the function ¢ + I [L] is decreasing (Figure 5.2, left). Indeed, stronger
correlation between residuals (i.e., a higher ¢), allows to build smaller intervals. This
confirms that ACI’s impact strengthens with the strength of the temporal dependence.

4. Surprisingly, the function ¢ — 77, that corresponds to the optimal learning rate for
a given signal, is non-monotonic, (Figure 5.2, right). As v = 0 is optimal for ¢ = 0, the
function first increases. However, the optimal learning rate then diminishes as ¢ increases.
This sheds light on the complex intrinsic tradeoffs of the method: for small values of ¢,
using v > 0 simply degrades the efficiency; for “moderate” values of ¢ using a larger « is
necessary to quickly benefit from the short-term dependency between residuals; finally, for
larger values of ¢, the process exhibits a longer memory, thus it is crucial to find a smaller
learning rate that produces more stable intervals, even if it means that the algorithm won’t
adapt as quickly.

What if Q # Q? While our analysis provides a first step by comparing ACI to CP
in the ideal case where the quantile distribution is known (for both methods), the impact
of the finite-Cal is of interest. Indeed, if Cal is small, ACI can help to attain coverage
conditionally to a given Cal even in the i.i.d. case. Yet intuitively, marginally, the
randomness induced by ACI in the i.i.d. case would negatively impact efficiency w.r.t. v = 0,
even in the finite-Cal case. Finite sample trade-offs and general analysis of the case @ # Q
is an important open direction.

Overall, these results highlight the importance of the choice of «, as not choosing v* can
lead to significantly larger intervals. In addition, they provide insights on the corresponding
dynamics. Yet the choice of v in more complex practical settings remains difficult: this

calls for adaptive strategies.

5.4 Adaptive strategies based on ACI

To prevent the critical choice of v an ideal solution is an adaptive strategy with a time
dependent . We propose two strategies based on running ACI for K € IN values {(vx)r<x }
of 7, chosen by the user. Overall, this does not increase the computational cost because
Tr; and Cal; are shared between all ACI; thus the only additional cost is the computation
of the K different quantiles. For any x;, denote C'\at’k (z¢) the interval at time ¢ built by
ACI using Y.

Naive strategy. A simple strategy is to use at each step the ~ that achieved in the past
the best efficiency while ensuring validity. For stability purposes, consider a warm-up period
T, < Ty—1. Foreacht > To+Ty,, we select kj, | € argming, 4, {t_l St length(aasyk (xs))}
with A, = {k € [1,K] |t 7' 30, Lyetu, (o)

t=1 22:1 ]lysea%k(xs)]} if A; = (). For the first T, steps, an arbitrary strategy is applied

>1—a}orkf € argmingep g{|1 —a—

(in simulations, v = 0 for t < T, = 50).

Online Expert Aggregation on ACI (AgACI). Instead of picking one 7 in the grid,
we introduce an adaptive aggregation of ezperts (Cesa-Bianchi and Lugosi, 2006), with expert
k being ACI with parameter ;. This strategy is detailed in Algorithm 9, and schematised in
Figure 5.3. At each step t, it performs two independent aggregations of the K-ACI intervals
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~ ~

é%k(') not. [b%(),bﬁ)()], one for each bound, and outputs Cy(-) not. [BE”(),&”()]
Aggregation computes an optimal weighted mean of the experts (Line 11), where the
weights wt(fk):, wﬂ) assigned to expert k depend on all experts performances (suffered losses)
at time steps 1,---,¢ (Line 9). We use the pinball loss pg, as it is frequent in quantile
regression, where the pinball parameter J is chosen to «/2 (resp. 1 — a/2) for the lower
(resp. upper) bound. These losses are plugged in the aggregation rule ®. Finally, the
aggregation rule can include the computation of the gradients of the loss (gradient trick,
see Cesa-Bianchi and Lugosi, 2006, for more details). As aggregation rules require bounded
experts, a thresholding step is added (Line 5).

Note that the pinball loss helps to avoid large intervals (e.g. it strongly penalizes infinite
or very large intervals).

We chose ® to be the Bernstein Online Aggregation (BOA, Wintenberger, 2017, see
Section 5.C.1 for a brief description), that was successfully applied for financial data
(Berrisch and Ziel, 2023; Remlinger et al., 2023). We rely on R package OPERA (Gaillard
and Goude, 2021), which allows the user to easily select among many other aggregation
rules (EWA (Vovk, 1990), ML-Poly (Gaillard et al., 2014) or FTRL (Shalev-Shwartz and
Singer, 2007; Hazan, 2019), etc.) that give similar results in our experiments. We use the
gradient trick in the simulations. In the sequel, AgACI refers to AgACI using BOA and
gradient trick.

Algorithm 9 Online Expert Aggregation on ACI (AgACI)

Input: Miscoverage rate a, grid {y, k € [1, K]}, aggregation rule ®, threshold values
MO MW,
1: Let B = /2 and B =1 — /2
2: fort € [[T() + 1,7y +T1]] do
3:  for k€ [1,K] do

4: Compute IA)EI)C(xt) using ACI with .

50 if b{)(z¢) ¢ R then set b)) (z;) = M)

6: end for » .

7. Set Ci(zy) = [0 (24), 5™ ()]

8: for k € [1,K] do

o e =g (v b)) s € [T+ 1,11,
le[1,K]})

10:  end for 00

11:  Define B%_,?_l(.%') = Zk:lwt’kbtﬂ’k(x) for any z € R?

El}il We i
12: end for

5.5 Numerical evaluation on synthetic data sets

In this section we conduct synthetic experiments on a wide range of data sets presented in
Section 5.5.1. The goal of this section is twofold. First, in Section 5.5.2, comparing our

proposed adaptive strategies to ACI with a wide range of + values. Second, in Section 5.5.4,
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Figure 5.3: Scheme of AgACI algorithm, upper bound u only, for a forecast at time ¢ + 1.
A similar procedure is performed independently for the lower bound ¢ in parallel.

comparing performances of AgACI and ACI to that of competitors — namely EnbPI and

online sequential SCP, described in Section 5.5.3.

5.5.1 Data generation process and settings

We generate data according to:
Y; = 10sin (7‘(th1th2) + 20 (Xt73 - 05)2 + IOXtA + 5Xt’5 + OXt,G + &¢, (53)

where the X; are multivariate uniformly distributed on [0, 1], and X;¢ represents an
uninformative variable. The noise &; is generated from an ARMA(1,1) process of parameters
v and 0, i.e. g4 = pep + &1 + 0, with & a white noise called the innovation (see
Section 5.C.2 for details). When the noise is i.i.d., one retrieves the simulations from
Friedman et al. (1983). The temporal dependence is present only in the noise in order to
control its strength and its impact on the algorithms’ performance.

Given the non-linear structure of the data generating process, we use a random forest
(RF) as predictive model, with the same hyper-parameters through all the experiments
(specified in Section 5.C.3).

To assess the impact of the temporal structure, we vary ¢ and 6 in {0.1,0.8,0.9,0.95,0.99}.
To focus on the impact of the dependence structure, the value of the innovation’s vari-
ance is selected so that the asymptotic variance of e; is independent of ¢, 0: here we
choose lim;_,o Var(e;) = 10. For each set of parameters, we generate n = 500 samples
(et)teq1,my+11] With Tp = 200. In the sequel we display the results on an ARMA(1,1) which
are representative of all the results obtained. For the sake of simplicity, we consider ¢ = 6.
Complementary results (i) for an asymptotic variance of 1 (corresponding to a higher signal
to noise ratio), (ii) for AR(1) and MA(1) models are available in Section 5.D.

Joint visualisation of validity & efficiency. In order to simultaneously assess

validity and efficiency, in Figures 5.4, 5.6 and 5.8, we represent on the same graph the
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empirical coverage and average median length (used for efficiency as imputing the infinite
bounds by the maximum of the whole sequence is not always feasible in practice). In
those three figures, the vertical dotted line represents the target miscoverage rate, « = 0.1.
Consequently, a method is valid when it lies at the right of this line, and the lower the
better.

5.5.2 Impact of v, performance of AgACI

Figure 5.4 illustrates the behaviour of ACI (with multiple values of 7), the naive strategy
(empty triangles) and AgACI (black stars) for increasing (from left to right) values of ¢,
0, with T7 = 200. In particular, the top row shows the joint validity & efficiency and, for
this figure only, we add in the bottom row the same graph using the average length after
imputation (see details in Section 5.D) to assess efficiency in another way.

When 7 is small, one observes an undercoverage, which increases when the temporal
dependency of € increases. Increasing v enables ACI to increase the interval’s size faster
when we do not cover, and thus to improve validity, which is achieved for high values of ~;
however this also increases the frequency of uninformative (infinite) intervals, as deduced
from the bottom row of Figure 5.4, where the average length after imputation grows with
~. Remark that these results do not contradict the validity result recalled at the beginning
of Section 5.3, which is only asymptotic while we predict on 200 points. For ¢, 8 small,
we observe that similarly to Theorem 5.3.1, the efficiency does not improve with . For
moderate values of ¢, 6 € {0.8,0.9,0.95}, we observe that the average median length is
decreasing with v for v > 0.01. This effect is observable on average but not present in all
the 500 experiments. One possible explanation is that the shrinking effect of ACI on the
predicted interval enables to significantly reduce the predicted interval when + is large, and
this effect is, on average, more important than the number of large intervals.

Moreover, the naive strategy is clearly not valid: indeed it results in greedily choosing a

~ that achieved good results in the past, and is consequently slightly more likely to fail to
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Figure 5.4: ACI performance with various 6, ¢ and v on data simulated according to equa-
tion (5.3) with a Gaussian ARMA(1,1) noise of asymptotic variance 10 (see Section 5.C.2).
Top row: average median length w.r.t. the coverage. Bottom row: average length after
imputation w.r.t. the coverage. Stars correspond to AgACI, and empty triangles to the
naive choice.
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cover in future steps. Thereby, we do not consider it anymore. Finally, AgACI achieves
valid coverage without increasing the median length with respect to each expert, and even
improves the coverage. Overall, it appears to be a good candidate as a parameter-free
method.

5.5.3 Description of baseline methods

We consider as baseline online sequential split conformal prediction (OSSCP), a generali-
sation of SCPY. The other competitor is EnbPI (Xu and Xie, 2021), specifically designed
for time series. Pseudo-codes and details are given in Section 5.C.4. Offline SCP (for
which Try = Trg and Caly = Calp) is not considered as a competitor because it is unfair to
compare an offline algorithm to one that uses more recent data points. This corresponds
to comparing a prediction at horizon Tj,ge to one at horizon Tynyan. This is a limitation of
the comparison in Xu and Xie (2021).

OSSCP. We consider an online version of SCP by refitting the underlying regression
model and recalibrating using the newest points. Moreover, to appropriately account for
the temporal structure of the data, we use a sequential split as in Wisniewski et al. (2020):
at any t, the time indices in Try are smaller than those of Cal;. Not randomizing aims
at excluding future observations from Try, which may lead to an under-estimation of the
errors on Calg, thus eventually to smaller intervals with under-coverage. We compare both
splitting strategies on simulations in Section 5.D.4. OSSCP procedure is schematised in
Figure 5.5(a).

Original EnbPI. EnbPI, Ensemble Prediction Interval (Xu and Xie, 2021), works by
updating the list of conformity scores with the most recent ones so that the intervals adapt
to latest performances, without refitting the underlying regression model. Thereby, the
predicted intervals can adapt to seasonality and trend. In EnbPI, B bootstrap samples
of the training set are generated and the regression algorithm is fitted on each bootstrap
sample producing B predictors. Finally, the predictors are aggregated in two ways: first,
for each training point of index ¢ < Ty, EnbPI aggregates only the subset of predictors
trained on bootstrap sample ezcluding (x,y;). This way, EnbPI constructs a set of hold-out
calibration scores. Second, for test points of index ¢ > Ty EnbPI aggregates all the B
predictors. A sketch of EnbPI is presented in Figure 5.5(b). Note that in Xu and Xie (2021)

they use a classical bootstrap procedure, not dedicated to time series.

(7 Unused data Y Proper training set [ Calibration set (&) Test point

I o } D
0 7 0 S B
( i Y I I Y ]
( I Y 78 = ] B
t=0 T, Ty+T t=0 T, To+Th
(a) OSSCP (b) EnbPI

Figure 5.5: Scheme of the two baselines: OSSCP and EnbPI. In (a), Tr and have equal
size, but it can be changed.

9Recall here that inductive CP and SCP are equivalent methods.
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They show empirically that it leads to valid coverage on real world time series, such as
hourly wind power production and solar irradiation, while offline SCP fails to attain valid
coverage.

EnbPI V2. Xu and Xie (2021) used the mean aggregation during the training phase
and the (1 — «)-th quantile of the predictors for the prediction. We consider using the mean
aggregation all along the procedure as mixing both aggregations may hurt the performance
of the algorithm (as shown in the following simulations). Note that simultaneously to our
work, authors released an updated version on ArXiv (Xu and Xie, 2021), incorporating a

similar change.

5.5.4 Experimental results: impact of ¢, 0

Figure 5.6 presents the results for data generated as in Section 5.5.1, for various (¢, 6).
Each sample contains 300 observations, with Ty = 200 and 77 = 100. We compare AgACI
(with K = 30 experts), ACI (with v € {0.01,0.05}), OSSCP, EnbPI and EnbPI V2 (with
mean aggregation). To assess the impact and interest of an online procedure, we also add

offline SCP. Finally, to ensure the robustness of our conclusions each experiment is repeated

n = 500 times, and Figure 5.6 includes the standard errors (given by %, where &, is the

empirical standard deviation).

Each color is associated to a set (¢,0), each marker to an algorithm. To improve
readability, we often link markers of the same method. There are thus two ways of analysing
Figure 5.6: for a given method, the lines highlight the evolution of its performance with
(p,0); for a given data distribution, the set of markers of its color allows to compare the
methods. Figure 5.6, and results on AR(1) in Section 5.D.2.1, highlight that in an AR(1)
or ARMA(1,1) process:

e Refitting the method (OSSCP vs Offline SCP) brings a significant improvement, that
increases with higher dependence (higher values for ¢ and ).

e All methods produce smaller intervals for ¢ = 6 = 0.99.

e EnbPI loses coverage while producing shorter intervals when the dependence increases.
The performance of EnbPI depends significantly on the type and strength of dependence.

e EnbPI V2 is closer to the target coverage than EnbPI.

o OSSCP loses validity & coverage as ¢ and 6 increase.

e While ACI with v = 0.01 also struggles for high values of ¢ and 6 such as 0.99, we
observe that it still attains valid coverage with a well chosen . Most importantly, ACI
performances are robust to the increase of the dependence strength: except for the
p =60 =10.99, its markers are really close to each other.

e AgACI always nearly attains validity (coverage is over 89.8% for all ¢), and achieves the
best efficiency performance among valid methods.

Note that ACI’s valid coverage with some v comes at the price of predicting more infinite

intervals. A more detailed analysis on this phenomenon is conducted in Section 5.D.3. This

can also be observed in graphs obtained with the average length after imputation, which are
similar to Figure 5.6 and Section 5.D.2.1. In these graphs, the validity remains unchanged
as expected, but the efficiency is more degraded for ACI with v = 0.05 and for AgACI,
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= OSSCP (adapted from Lei et al., 2018) ¢ ACI (Gibbs & Candes, 2021), v = 0.01
o Offline SSCP (ad. from Lei et al., 2018) ¢ ACI (Gibbs & Candes, 2021), v = 0.05
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Figure 5.6: Performance of various CP methods on data simulated according to equation (5.3)
with a Gaussian ARMA(1,1) noise of asymptotic variance 10 (see Section 5.C.2). Results
aggregated from 500 independent runs. Empirical standard errors displayed.

since they produce more often uninformative intervals, as observed in Figure 5.4.
Summary. We highlight the following takeaways:

1. The temporal dependence impacts the validity.

2. Online is significantly better than offline.

3. OSSCP. Achieves valid coverage for ¢ and 6 smaller than 0.9, but is not robust to the
increasing dependence.

4. EnbPl. Its validity strongly depends on the data distribution (it is valid on a MA(1)
noise, not in AR(1) and ARMA(1,1) noise). When the method is valid, it produces the
smallest intervals. EnbPI V2 method should be preferred.

5. ACI. Achieves valid coverage for every simulation settings with a well chosen ~, or for
dependence such that ¢ < 0.95. It is robust to the strength of the dependence.

6. AgACI. Achieves wvalid coverage for every simulation setting, with good efficiency.

5.6 Forecasting French electricity spot prices

In this last section, the task of forecasting French electricity spot prices with predictive
intervals is considered in order to assess the methods on a real time series, and most
importantly to show the relevance of ACI and AgACI in practice for time series without
distribution shifts.

5.6.1 Presentation of the price data

The data set contains the French electricity spot prices, set by an auction market, from
2016 to 2019. Each day D before 12 AM, any producer (resp. supplier) submit their orders
for the 24 hours of day D + 1. An order consists of an electricity volume in MWh offered
for sale (resp. required to be purchased) and a price in € /MWh, at which they accept to
sell (resp. buy) this volume. At 12 AM, the algorithm “Euphemia” (EUPHEMIA) fixes
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the 24 hourly prices of day D + 1 according to these offers and additional constraints.
Thereby, it is an hourly data set, containing (3 x 365 + 366) x 24 = 35064 observations.
Our aim is to predict at day D (before 12 AM) the 24 prices of day D + 1. Given the
prices’ construction, we consider the following explanatory variables: day-ahead forecast
consumption, day-of-the-week, 24 prices of the day D — 1 and 24 prices of the day D — 7.

An extract of the considered data set is presented in Section 5.E.1.
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Figure 5.7: French electricity spot prices, from 2016 to 2019. Predicted intervals on the
25th of January 2019, using AgACI.

These prices exhibits medium to high peaks, as illustrated in Figure 5.7 where the French
prices had reached 800 €/MWh in fall 2016, compared to an average price of approximately
40 €/MWh in 2019. These extreme events are mainly due to the non-storability of electricity
and the inelasticity of the demand: when the demand is high compared to the available
production, production units with expensive production costs must be called, leading to a

huge market price.

5.6.2 Price prediction with predictive intervals in 2019

Since the 24 hours have very distinct patterns, we fit one model per hour, using again RF.
We predict for the year 2019, using a sliding window of 3 years, as described in Figure 5.5(a),
using one year and 6 months as proper training set and the most recent year and a half for
calibration. The results are represented in Figure 5.8.

OSSCP over-covers but to a lesser extent than the offline version. This can be explained
by a low presence of peaks during the test period. Indeed, by updating the whole procedure,
the high peaks are “forgotten" which leads to small intervals while it is not the case for
the offline version which leads to too large intervals. Thereby, online versions can help to
improve efficiency, in addition to validity. EnbP1I attains a valid coverage by over-covering.
The under-coverage observed in the simulation study is not systematic, as in Xu and Xie
(2021). ACI gives the smallest intervals with a correct coverage, for v = 0.01 and v = 0.05.
The update of the quantile level enables to shrink the intervals. While the simulation in
Section 5.5.4 study outlines that ACI improves validity, this application illustrates that

it can provide efficient interval. AgACI is more efficient than v = 0 while maintaining
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Figure 5.8: Performance of different CP methods on hourly spot electricity prices in France,
trained from 2016 to 2018 and forecasted on 2019. Median length with respect to empirical
coverage.

validity. Yet it slightly over-covers, and is slightly less efficient than ACI with a well
chosen 7.

An illustration of the predicted intervals is given in the inset graphic of Figure 5.7, for
AgACI, to highlight the practical relevance of such an approach on the spot prices.

However, as expected, these intervals only enjoy a marginally valid frequency. They do
not have conditional guarantees. Especially, in this forecasting task, the predicted intervals
cover the true prices around 88% of the time on week ends and Mondays, and 93% of
the time on Tuesdays to Fridays (see Section 5.E.2). Further developments are needed to

improve this unbalanced coverage.

5.7 Conclusion

This article shows why and how ACI can be used for interval prediction in the context of
time series with general dependencies. We prove that ACI deteriorates efficiency compared
to CP in the exchangeable case and analyse the dependency on v in the AR case with
the support of numerical simulations. We propose an algorithm, AgACI, based on online
expert aggregation, that wraps around ACI to avoid the choice of «v. We conduct extensive
experiments on synthetic time series for various strengths and structures of time dependence,
demonstrating ACI’s robustness and better performances than baselines, with well chosen
~ or using AgACI. Finally we perform a detailed application study on the high-stakes
electricity price forecasting problem in the energy transition era. Future work includes
theoretical study of the proposed aggregation algorithm, including whether it preserves the
asymptotic validity observed experimentally or to quantify its efficiency with respect to

the performances of each expert.



Appendix to Adaptive Conformal

Predictions for Time Series

The appendices are organized as follows. First, Section 5.A provides details about the Split
Conformal Prediction procedure. Second, Section 5.B proves the results of Section 5.3 and
conducts the numerical analysis of Section 5.3.2 in the case where the efficiency is computed
using the median length. Then, Section 5.C contains details on the experimental setup (brief
description of BOA, hyper-parameters, settings, pseudo-codes of competing algorithms).
Finally, Sections 5.D and 5.E contain complementary numerical results, respectively on

synthetic data sets and on the French electricity spot prices data set.

5.A Details on Split Conformal Prediction

In this section, we introduce and review the simplest theoretical properties of Split Confor-
mal Prediction (SCP). More specifically, we present the whole algorithm, the theoretical

guarantees and discuss the visualisation challenges arising when visualising a CP procedure.

5.A.1 Split Conformal Prediction Algorithm

Algorithm 10 Split Conformal Algorithm, with absolute value residuals scores

Input: Regression algorithm A, significance level o, examples z1, ..., zp with z; = (x4, y¢).
Output: Prediction interval C, (z) for any = € R
: Randomly split {1,...,T'} into two disjoint sets Tr and Cal.
Fit a mean regression functlon. ) < A({z,t € Tr})
for j € Cal do
Set s; = |y; — fi(x;)|, the conformity scores
end for
Set Scal = {SJ,] € Cal}
Compute Q1 ascp (Scal), the 1 — aSCP-th empirical quantile of Scyy, with 1 — aSCF :=
(1 — a) (1 + 1/4Cal).
8: Set Cu(z) = {/l(:z) + Q,_oscp (Scal) |, for any z € R?.

5.A.2 Illustration of the SCP procedure

Figure 5.9 provides a visualisation of the SCP procedure in a regression task. The conformity

scores are taken to be the absolute value of the residuals.

7
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Figure 5.9: Schematic illustration of the Split Conformal Prediction procedure. Special
case of a regression task, where the conformity scores are the absolute value of the residuals,
as it is standard.
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5.A.3 Theoretical guarantees of Split Conformal Prediction

Conformal prediction relies on the assumption that the data is exchangeable.

Definition 5.A.1 (Exchangeability). (X, Yt)thl are exchangeable if for any permutation

o of [1,T] we have:

L ((Xl, 1/1) N (XT, YT)) =L ((Xg(l), Ya(l)) yeeey (XO'(T)7 YO‘(T))) ,
where £ designates the joint distribution.
Lei et al. (2018) proves the following Theorem 5.A.1 about SCP quasi-exact validity.

Theorem 5.A.1. Suppose (Xt,Yt)?jll are exchangeable, and we apply algorithm 10 on

(Xt, Y});‘F:l to predict an interval on X741, C, (X74+1). Then we have:

P {YT+1 ey (XTH)} >1-a.

If, in addition, the scores Sca have a continuous joint distribution, we also have an upper

bound:

A 1
< — -
]P{Yl+1 ECa (X/l+]_)} 1 o+ Cal 1

5.A.4 Examples of dependent scores when data noise is exchangeable

In this subsection, we provide two examples that highlight the importance of adapting CP
to time series. In these examples, the scores are non exchangeable while the true noise of

the data is exchangeable.

Example 5.A.1 (Endogenous and not perfectly estimated). Assume X; =Y; 1 € R and
that
Yi = a)/;f—l + &4,

where ¢; is a white noise. This corresponds to an order-1 Auto-Regressive (i.e. AR(1)).
Assume that the fitted model is ft(aﬁ) = ax, with @ # a. Then, for any ¢, we have that:
=Y, -Y = (a—a)Yi—1+ ¢
gt =aé—1+ &
with ft =&t — &Et_l.
The residual process (£¢),, is an ARMA(1,1) (Auto-Regressive Moving-Average, see
section 5.C.2) of parameters ¢ = a and 0 = —a.

Thus, we have generated dependent residuals (ARMA residuals) even though the

underlying model only had white noise. O

Example 5.A.2 (Exogenous and misspecified). Assume X; € R? and that:

Yi =aXi; +bXo; + &,
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with &; 'Nd N(0,1), Xoy11 = 0oXotr + &, & ;vd N(0,1) and X;; can be any random
iid. iid.
variable.

Assume that we misspecify the model so that the fitted model is ft(x) = ax; for any
t > 0. Then, for any t > 0, we have that

ét:n_fft:bXZt‘f’et-

Thus, we have generated dependent residuals (Auto-Regressive residuals) even if the

underlying model only had i.i.d. Gaussian noise. O

5.A.5 How should we visualise CP predicted intervals?

We propose to have a closer look at how are constructed the prediction of this method. In

this aim, we introduce model 5.A.1.

Model 5.A.1.
2 )+ s 2 ¢+ t
Ty = cos [ — sin | — —
! 180 180 100
eer1 = 0.99¢¢ + &1, &~ N(O, 0.01)
Y = fi(zy) + e =2 + &4

In this model 5.A.1, the explanatory variables are deterministic. A generation from this
model is represented in Figure 5.10. The first subplot, Figure 5.10a, represents x; across
time. The second subplot, Figure 5.10b, represents the noise £; across time. Finally, the

last subplot, Figure 5.10c, represents the whole process Y; across time.
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Figure 5.10: Representation of data simulated according to model 5.A.1.

The aim is to predict intervals of coverage 0.9 for values of Y;, at ¢t > 500, that is to say
Ty = 500 here. For simplicity, we assume ft = f; at each time step ¢ and we do not represent
the points used to obtain this perfect regression model. There are two ways of visualizing
the predictions, that are represented in each row of Figure 5.11. If the focus of the analysis
is on a specific application with the aim of analysing the whole prediction, it is relevant
to represent the response y; itself and the associated intervals. This is represented in the
first row of Figure 5.11. Nevertheless, to better understand a CP method, it is relevant to
represent the scores and the corresponding intervals, rescaled. This is represented in the
second row of Figure 5.11 (even if the residuals are displayed and not their absolute value,

i.e. the scores).
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Figure 5.11: Visualisation of OSSCP on simulated data, from model model 5.A.1. 1000
data points are generated. The 500 first ones form the initial calibration set, displayed
on the first subplot of each row. The 500 last ones are the ones the algorithm tries to
predict. They are displayed on the right subplot of each row. Observed values are in black,
predicted intervals bounds are displayed in orange

To better understand the difference between the two visualizations, let’s look specifically
at some observations. In the first line of the Figure 5.11, we can see that the intervals
widen for ¢ € [801;900], while struggling to include the observations. Nevertheless, it is
difficult to understand the underlying phenomenon on such a plot. Indeed, the points seem
very similar to those for ¢ € [660;720]. What considerably influences the CP are the scores
and not the observed values. Thus, in the second line, at times ¢ € [801;900], we observe
more clearly that the values go out of the previous range of values, being around 1.5 in
absolute value. This explains why the intervals widen: the calibration set contains more
and more high values, which increases the value of the quantile and, therefore, the length
of the interval. To conclude, to analyse and assess the performances of CP procedures,
we recommend representing the intervals around the conformity scores (or the residuals,
depending on the score function) rather than the observed values. This is because the

scores are what truly determine the conformal behaviour.

5.B  Proof of the results presented in Section 5.3 and

additional numerical experiments

5.B.1 Proof of Theorem 5.3.1

We recall here Theorem 5.3.1.

Theorem 5.3.1. Assume that: (i) a € Q; (ii) the scores are exchangeable with quantile
function Q; (i1i) the quantile function is perfectly estimated at each time (as defined above);
(iv) the quantile function Q is bounded and C*([0,1]). Then, for all ¥ >0, (a),, forms a

Markov Chain, that admits a stationary distribution m., and
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Moreover, as v — 0,
Er,[L] = Lo+ Q"(1 = a)Fa(l —a) + O(*/%).

To prove Theorem 5.3.1, we rely on the following lemmas, that will be proved after the
theorem. We denote B a Bernoulli random variable of parameter 8 and P(x) designates

the projection of = onto [0, 1]. Finally, for v > 0, define the following Markov Chain:
Qg1 =+ (a - Bp(at)) for t > 0, (5.4)

We introduce (p,q) € N x IN* p < ¢, s.t. a = %, and:
cd(qg — p,
A= {aﬂg@qmz}m (e —1),1 + yal. (5.5)

Lemma 5.B.1 (Finite state space). Assume that o € Q. Then, for any v > 0, the Markov
Chain defined by a; € A and agp1 = ap + 7y (a — Bp(at)), fort > 0 has a finite state space
A.

Lemma 5.B.2 (Irreducibility). Assume that a € Q. Then, for any v > 0, the Markov
Chain defined by Equation (5.4), fort >0 and oy € A, is irreducible.

Thereby we will prove that the chain admits a unique stationary distribution 7., we now
compute the first four moments of the stationary distribution in Lemmas 5.B.3 to 5.B.6.

The final proof relies on a Taylor expansion, that requires to control these four moments.

Lemma 5.B.3 (Expectation). Let v > 0 and consider again the Markov Chain defined in
equation (5.4). We have:
E., [(P(&) - a)] = 0.

Lemma 5.B.4 (Second order moment). Let v > 0 and consider again the Markov Chain

defined in equation (5.4). As vy — 0, we have:

Er, [(P(d) — )?] = %a(l —a)+0(7?).

Lemma 5.B.5 (Third order moment). Let v > 0 and consider again the Markov Chain
defined in equation (5.4). As vy — 0, we have:

Ex, [(P(8) — a)*] = 0(*).

Lemma 5.B.6 (Fourth order moment). Let v > 0 and consider again the Markov Chain
defined in equation (5.4). As vy — 0, we have:

E., [(P(@) - a)'] = 0(+?).
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The proofs of these Lemmas are postponed to Sections 5.B.2 and 5.B.3. Here, we first

give the proof of the main theorem.

Proof of Theorem 5.3.1. Let v > 0. For any t > 0 we have, for the recursion introduced in
Equation (5.2), that

Q] = oy + 7 (a - ]lytéaat(mt)> = o4+ (a - ]lSt>Q1_P(at)) R

where S; is the conformity score at time ¢. Noting that ﬂst>Qt(1—P(at)) 4 BP(St>Qt(1_P(at))),

we obtain:
a1 L ar 47 (04 - BP(St>Qt(1_p(at)))>
£ 0y +7 (0= Be(s;>qu-r(a)
Lo+ (- Bp(ay))
where the second line results from assumption (ii) and (iii), and the last equation from
assumption (iii) only. Consequently, by induction, the chain defined by Equation (5.2) and
a1 = ar+7 (@ = Bpay) (5.6)

with a1 = «, have the same distribution.

Using assumption (i), Lemma 5.B.1 ensures that the state space A of the Markov
Chain defined in equation (5.6) is finite. Furthermore, Lemma 5.B.2 also ensures that
the chain is irreducible. Therefore, the chain is irreducible on a finite state space, thus it
admits a unique stationary distribution, noted 7., and for any positive function f such that
J fdm, < oo, we have (Meyn and Tweedie, 2012, Theorem 17.1.7):

T
72l 25 [ fam,
t=1

Remark that L(8) = 2Q(1 — P(8)) for any . Therefore, combined with previous result
we get the first result of Theorem 5.3.1:

T
1 a.s, ~
0 ; L(ar) | =% o, [L(G)].

We now need to characterize Egr, [L(&)] = 2Eg~r, [Q(1 — P(&))] as v — 0. Assume
that Q € C*([0,1]). Using Taylor series expansion, for any & € A, there exists 8(&) € [0, 1]:

Q1 - P(E) =Q(1 - ) + @1 - a)fa - P@) + TL=Da — p(a)? -
CLO s @O e
To conclude, we take the expectation under 7, of equation (5.7), which gives:
E.. [Q(1 - P(@))] = Q(1 ~ ) + Q'(1 - )Ex, [(a — P(@))
+ L0 p (- p@)) + Vg, (o - P@)]
+ B, W(a — P(a))].
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Injecting results of Lemmas 5.B.3 to 5.B.5 in equation (5.8), we obtain:

E., [Q( - P@)] =Q(1 - o) + L= s0(1 - a) + 01772 .
me_ B(& 5.9
+Er, W(a — P(a))*| .

Finally, we can control the last term since Q € C*([0, 1]) by assumption, thus there exists
M > 0 such that for any z € [0,1], |Q""(1 —x)|< M. Hence, using Lemma 5.B.6 we obtain:

|Exr, [Q"(1— B(&))(a — P(&))"]] < Ex, [|[Q" (1~ B(a))] (a — P(a))"]
< ME., [(a — P(a))*]

< MO(y*/?)
Ex, [Q"'(1 - B(@)(a — P(a@)'] = 0(*/?). (5.10)
Finally, combining equations (5.9) and (5.10) to conclude the proof by obtaining:
E., Q0 - P@)] = Q0 - )+ TL =00 0y 10672, (51)

O

This concludes the proof of Theorem 5.3.1.

Remark: is it possible to use only 3 moments? The proof here relies on the
control of the first four moments. It is not clear that the same result could be obtained using
only a third order Taylor expansion, as we would then require a bound on E[|P(&) — 3],
which is not guaranteed to be O(y%/2), contrary to E[(P(&) — a)3].

5.B.2 Proof of Lemmas 5.B.1 and 5.B.2

Proof of Lemma 5.B.1. Let v > 0 and denote o = % with 0 < p < ¢ and (p, q) € IN?2. We

denote E the state space of the Markov Chain defined by equation (5.6), starting from
a € A. We show that £ = A.
First, (ay) is stritcly bounded by v(aw—1) and 1+~«a. Thus E C]y(a—1),~va]. Secondly,
for any starting point a; € A, we can observe that:
{ag,t > 1} Car+ {ky(a — 1) + nya, (k,n) € N?}
C ar + {ky(a — 1) + nvya, (k,n) € Z*}

=ap + {k’yl% + n’yg, (k,n) € Z*}
=+ %{(q —p)Z + pZ}

=+ gged(q —p,p)Z

=a+ %gcd(q —p,p)Z

where ged(a, b) is the greatest common divisor of @ and b. We have used at the last line
that oy € A writes as a + %gcd(q — p,p)k, for some k € Z. Combining both results, we get
that:

EC {a + ggcd(q —p,p)Z} N Jy(a—1),7al.
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This shows that the state space is finite and a subset of A. The reciprocal implication is

proved in the following Lemma, together with irreducibility. O

Proof of Lemma 5.B.2. Our objective is to show that there is a path of positive probability
going from any point of the state space A to any point of the same state space A. Note
that the chain always has at most two options when on a state x: make a step vya, with
probability 1 — P(x), or a step y(a — 1), with probability P(x).

Let (x,y) € A2. Thereby, there exist (k,n), (I, m) € IN? such that:

x=a+kya+nyla—1)
y=a+lya+my(a—1).

Thus, starting from x, to attain y, the chain has to make the path y —x = (I — k)ya +
(m — n)y(a - 1).

Noting that for any h € IN we have ya(q — p)h + v(a — 1)hp = 0, we can equivalently
write that:

y—x=uya+vy(a—1), (5.12)

with (u,v) € IN?\ {(0,0)}.

Thus, for any (z,y) € A? there exists (u,v) € IN? \ {(0,0)} such that y — x = uya +
vy(a —1).

Let’s show by induction on u + v that for any (u,v) € IN?, and (z,y) € A? satisfying
Equation (5.12) there exists a path of strictly positive probability between = and y.

Initialization. Suppose first that u 4+ v = 1. Then, there are two options: v = 1 and
v = 0 or the reverse. Assume the former: Equation (5.12) gives y = 2 + vy and necessarily
x < 1 since y < 1+ ya because y € A. Thereby the step ya has a probability 1 — P(z) > 0
to occur. Thus the chain can attain y starting from z, i.e., P(ag = ylay = x) > 0. The
second case works similarly, by observing that necessarily x > 0.

Heredity. Let m € IN. We assume that for any (u,v) € IN? such that u + v = m, and
(z,y) € A? satisfying Equation (5.12) there exists a path of strictly positive probability
between x and y, or formally there exists t € IN such that P(a; = y|ay = z) > 0.

Suppose now that u+v =m+1 with m € IN*. If v = 0, then y = x + uya and similarly
than for v = 0 and u = 1, the step «y« is probable. Let z = x 4+ ya. We have:

e Plag =zl =) =1— P(x) > 0.

e By our induction hypothesis, (y, z) satisfy Eq. 5.12 with u + v = m, thus there exists
t such that P(ay = ylag = y) > 0.

Overall, P(ay = ylag = x) > 0.

If instead u = 0, then y = x + vy(a — 1) and as for u = 0 and v = 1, the step ya is of
strictly positive probability and we conclude similarly.

Finally, if both « and v are non-null, then we can make the step y(a — 1) if z > 0 and
the step va otherwise, before using our induction hypothesis.

This shows that we can build a path of strictly positive probability for any (x,y) € A2,
and thereby that the chain is irreducible. O
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5.B.3 Control of the first four moments: Lemmas 5.B.3 to 5.B.6

In the following Lemmas, to compute the first order moments of 7., we consider the chain
Q1 = Qp + 7y (a — Bp(at)) for t > 0, launched from the stationary distribution a; ~ 5.

Thanks to the stationarity property, for all t > 1, oy ~ 5.

Proof of Lemma 5.B.3. Let v > 0. To derive E,_ [(P(a1) — a)] we start by equation (5.6)
with ¢t = 1:

az = a1+ 7 (a = Bp(ay)
Eloo) =E[ai] +v (- E [Bp(al)]) taking expectation

0=~y (a - E’ﬂ'—y [BP(al)]) using  Efa] = E[ag] = Ewy [a]
Er, [ [Bp(ay)la]] = a
Er [Pla1)] = a.
0

Proof of Lemma 5.B.4. Let v > 0. To derive E_ [(P(a1) — a)?] we start by equation (5.6)
with ¢t = 1:
(a2 — @) =(a1 — a)* +7*(a = Bp(a,))* + 27(a = Bp(a,))(a1 — @)
Er, [(a2 = a)’] =Bx, [(01 = @)?] +7°Exr, [(a = Bp(a,))’]
+ 2B, [(a = Bp(ay))(a1 — @))]
0 =2E,., [(@ — Bp(ay)?] + 2Ex, [(@ — Plar))(a1 — )

Consequently,

29Er, [(P(o) — a)(aa— P(oa) + P(on) — )] =
Y’Er, [(0 = Bp(ay) + Plo1) — P(n))?]
— 7B, [(P(a1) — @)?] = 29Ex, [(a — P(a1))(e1 — P(ar))] =
VEx, [(a = Bpay) + P(a1) — P(1))?]
= (2= 7)Ex, [(P(a1) — @)?] =vEx, [P(a1)(1 — P(n))] (5.13)
+ 2Ex, [(0 = P(an)) (o — P(a1))] .

We can compute Er [P(a1)(1 — P(a1))]:

Er, [Pe1)(1 —P(a1)) — a1 — a)]
=Er, [(P(a1) — a)(1 = P(a1)) + (1 = P(a1)) — (1 — )]
=Er, [(P(a1) — a)(1 = P(a1)) + e = P(a1))]
=Er, [(P(a1) — a)(1 = P(a1) — )]
=E., [(P(a1) — a)(a — P(ar) + 1 — 2a)]
~ En, [(P(ar) — )] + En, [(P(a1) — a)(1 — 20)]
=—E, [(P(m)— a)g]
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= E, [P(a1)(1— P(ay))] = a(l — a) — Er, [(P(a1) — a)?] (5.14)
Reinjecting equation (5.14) in equation (5.13):
i
Ex, [(P(a1) — )] = gl —a)+Er [(a— Pla1))(ar = P(a1))] (5.15)
We are now going to derive an upper and lower bound of E, [(P(a) — «)?]. Note that

sign(a — P(a1)) = —sign(aq — P(az1)), thus B [(a — P(a1))(a1 — P(a1))] < 0. Hence we
obtain the following upper bound:

Er, [(P(a1) — )?] < %a(l —a). (5.16)

Furthermore, using again this observation, and additionally that | — P(ay)|< 1 and

lan — P(aq)|< «v and from equation (5.15), we can obtain:

Er, [(P(a1) = )’] >Za(l - a) =Py (a1 #]0,1)

z%au —a) = 7C; By, [(P(an) — )]
E,. [(P(a1) — )?] zuicglga(l —a), (5.17)

where the second inequality holds by observing that:
Er, [(P(oq) — oz)Q] >(1- a)QIPM(Oq >1)+ onIPM(oq <0)
Er, [(P(on) — )?] > CoPr (a1 ¢ [0,1])
= Pr (a1 €10,1]) < C(;l]EM [(P(c) — a)2]
with C, = min(a?, (1 — a)?).
Gathering equations (5.16) and (5.17), we obtain:

1 la(l —a) <Eg, [(-’D(al) - a)Q] <

(1+7C5")2

1 ol -
(Gagm 1) 30— ) < e, [(Ploy) — )] = Jal1 —a) <0

— B, [(P() — @)?] — %a(l —a) = 0(?). (5.18)
]

Proof of Lemma 5.B.5. Let v > 0. We start again by using equation (5.6) and removing the
first terms as B, [(a2 — )] = Er, [(cq — @)®]. Then we will isolate Er, [(P(a1) — @)?]

and finally we will dominate each term obtained.

0 =37Er, [(oq —a)’(a— Bp(al))] + 3’)/21[*]7T7 [(al —a)(a— Bp(al))2:|
+7°Ex, [(@ = Bp(ay)’]

0 =37Er, [(a1 — a)*(a = P(1))] + 37°Ex, (a1 — a)(a — P(a1))?)]
+6v°Ex, [(a1 — @) (a — P(a1))(P(o1) — Bp(ay))]
+39°Exr, [(a1 — @) (P(o1) = Bp(ay))?] + 7*Ex, [(a@ = Bp(ay))?] -
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Hence,

HEr, [(Plar) - 0)*] =39Ex, [(a1 — Plar)*(a - Pla))]
+ 67Ex, [(a1 — P(on))(P(on) — a) (o — Pon))]
+377Ex, [(1 — a)(a — P(a1))?)]
+37°Er, [(a1 — a)P(ar)(1 = P(a1))]
+7°Er, [(a = Bp(ay))’]

3Ex, [(P(a1) — @)°] =3Ex, [(a1 — P(a1))*(er = P(en))]

— 6Ex, [(a1 — P(a1))(P(en) — )’]
+3Exr, [(a1 — a)(a — P(a1))?)]
+3Enr, [(a1 —a)P(ar)(1 = P(on))]
+7°Er, [(@ = Bp(ay))’]

3 |EM [(P(al) — a)3] } <3 ‘EM [(al — P(al))Q(a — P(al))] ‘
+6 ‘EM [(al — P(a1))(P(ay) — a)z] |
+ 37 }EM [(al —a)(a— P(oq))2)] ‘
+37 [Br, [(a1 — @) P(a1)(1 = Plaw))]|
+9%|Er, [(a@ = Bpn))?]] - (5.19)

To conclude, we can bound each term of the right hand side of equation (5.19). In order

of appearance we obtain:

|Ex, [(a1 = P(a1))*(e = P(en))]| < Ex, [(a1 = P(a1))*|a — P(a1)]]
|EM (1 — P(a1))*(a — P(a))] ’ <~2 (5.20)

|Ex, [(a1 = P(a1))(P(a1) = a)?]| < Ex, [Jar = Pa1)| (P(a1) = )]
<AEr, [(P(a1) — @)’

2
gl
|Ex, [(a1 — P(o))(P(oy) — a)?] | < ?04(1 —a)+0(?), (5.21)
where the last equality is obtained by using Lemma 5.B.4.

Y[ Br, [(a1 — a)(a = P(a1))*)]| < 1Er, [lor — af (o — P(an))?)]
< YD50Ex, [(a — P(a1))?)]

7 |Br, [(01 = a)(a = P(a1))*)]| < D%a%a(l —a)+0(+%), (5.22)

again using Lemma 5.B.4, and with D, , = max(1 +ya,v(1 — a)) — a = O(1).
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Y [Er, (1= @)P(a1)(1 = P(a))]]
<y |Ex, [(a1 — P(a1)) P(a1)(1 = P(a1))]]
+7 |En, [(P(c1) = @) Par)(1 = P(c))]|

1 1
<71 Er, llor = Pla)[ + 77

<4 1\/1% [(P(a1) — a)?]

Er, [|P(a1) — o]

= 7[Ex, [(1 = @)P(a1)(1 = P(a))]| £ O(*?), (5.23)

where the last inequality comes from Lemma 5.B.4 a third time.

2 B, [(o— Bp(al))?’] | < v max(a?, (1 — a)?). (5.24)

Gathering equations (5.20) to (5.24) together with equation (5.19), we obtain the

following upper bound:

3|Ex, [(Pla1) — a)®]| <37* +37%a(1 — a) + O(v*) + 3D%a722a(1 —a)
+0(7*) + 0(7*?) + v’ max(a®, (1 — )?),
which leads to:
E., [(P(a1) —a)®] = O(y%?). (5.25)
O

Proof of Lemma 5.B.6. Let «v > 0. For the fourth order moment, the proof works in the

same way for the third order moment, Lemma 5.B.5.

0 =4y, [(al — a)3(a — Bp(al))] + 672]E7w [(al — a)2(a — Bp(al))2:|
+47°Er, [(041 — a)(a = Bp(a,))’] +7'Ex, [(@ = Bp(a,))’]

0 =47E., [(a1 — P(a1) + P(a1) — @)’ (a = P(ar))]
+67°Ex, [( —a)*(a P(Oél) + P(a1) = Bp(ay))?]
+47°Er, [(a1 — a)(& = Bp(ay))’] +7'Bx, [(& = Bp(ay)']
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HE, [(P() — a)'] =47Eq, [(a1 — P(a1))* (e = P(c1))]
+ 127, [(041 P(a1))*(P(en) — a)(a — P(an))]
+129Ex, [(a1 — P(en))(P(en) — a)* (e = P(cv1))]
+67°Exr, [(1 — a)*(a = P(1))?]
+0+467°Ex, [(01 — a)*(P(a1) = Bp(ay))?]
+ 47°Er, [(o1 — @) (o — BP(al)) 1 +9'Er, [(o = Bpay)']
4B, [(P(a1) — )] =4E,, [(a1 — P(a1))*(a — P(n))]
a1))?(P(en) — 04) ]

)3 =+ ’YSEM [(a - BP(a1))4]
4[Er, [(Plar) — )] <4|Ex, [(a1 — P(on))*(e = P(an)
)

+49% |Ex, [(a1 — a)(a = Bp(ay))?]]
+’7 ‘Eﬂ-W [ BP(oq)) ” (526)

We are now going to dominate each term of the right hand side of equation (5.26) in order

of appearance.

[Ex, [(1 = Per))*(@ = P(an))]| < Br, [lor = Plan) o~ Play)]]

|Ex, [(a1 = P(a1))*(a = P(an))]| < 7° (5.27)
[Exr, [(1 = Pen)(Pa1) = a)?]| = B, [(en = P(en))*(P(a1) - a)?]
|Er, [(a1 — P(a1))*(P(en) — a)?]| <47 (5.28)

[Ex, [(1 = P(ar))(P(ar) = )] | < Br, [lar = Plen)|[P(a1) = o]

< 9By, [|P(en) - af|
E., [(a1 — P(a1))(P(a1) — )*]| < O(+*3). (5.29)
where the last inequality holds using Lemma 5.B.5.

7 [Bxr, [(a1 = 0)*(a = P(an))?]] =

%a(l —a)+0(). (5.30)
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again where we've used Lemma 5.B.5, and re-used its notation

D, o =max(1+va,v7(1 —a)) —a=0(1).

Y [Ex, [(1 = @)? Plar)(1 = P(en))]| =7 [Er, [(a1 = P(a1))*P(a1)(1 = P(en))]
+ 2B, [(a1 = Plen))(P(ar) = @) P(ar)(1 = Pan))
+ Er, [(Plar) = @) Plar)(1 = Plaw))]|
<TEr, [(a1 = P(a1))?] + 3Er, [l = P(ar)| |P(an) = af]

+ 1B, [(Plo1) —a)]

Hence we have
Y|Ex, [(1 = @)?Pla)(1 - Pla))]| < -+ L+ Lol —a) +0(?).  (5.31)

Again where we’'ve used Lemma 5.B.5.

7 [Ex, [(01 = @)(a = Bra,))’]| € 7°Bx, ||on — af [a = Bpga ]
<Dy oEr, [\a ~ Bp(ay) \3}

2 |Ex, [(a1 — o) (o — Bp(al))g] | < ?D, omax(a?, (1 — a)?). (5.32)

~3 B, [(o— Bp(al))4] | < v max(a?, (1 —a)b). (5.33)

Gathering equations (5.27) to (5.33) together with equation (5.26), we obtain finally:
Er, [(P(a1) — a)'] = O(v?). (5.34)

O

5.B.4 Proof of Theorem 5.3.2

In this section, we prove Theorem 5.3.2. Recall the theorem:

Theorem 5.3.2. Assume that: (i) o € Q; (it) the residuals follow an AR(1) process (i.e.,
etr1 = per + &1 with (&)t i.i.d. random variables admitting a continuous density with
respect to Lebesque measure, of support S) clipped at a large value R, and [-R,R] C S;
(#ii) the quantile function @ of the stationary distribution of (g¢); is known. Then (ay,e4—1)
is a homogeneous Markov Chain in R? that admits a unique stationary distribution Ty -
Moreover,

T
1 a.s.
T2 M) 23 Bl
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We consider Z; = (ay,e¢—1) defined in the state-space Z = A x [—R, R| by

Q1 =0+ 7Y (Oé — 1{|es|> QlfP(at)}) )
Et =—RV (905t71 + ft) AR

That is, (a¢)¢>0 is the recurrence defined by Equation (5.2), and (&¢)¢>0 is an AR(1) process
with parameters ¢ clipped at some large value R. Finally, (&) is a sequence of i.i.d.
r.v. admitting a continuous density with respect to the Lebesgue measure, of support
SO I[-R,R].

This chain is defined for parameters «, R considered as fixed, and we focus on the
influence of 7, ¢. The main difference w.r.t. the previous section is that the state space is
not countable anymore. More precisely, the state space is a product of a finite discrete set
and an interval of R.

The state-space Z is A x [—R, R|, where A is defined in the previous Section 5.B.1,
equation (5.5). We equip Z with the o-algebra F = P(A) x B(R), where P(A) is the
power-set of the finite set A and B(R) is the borel set of R.

Lemma 5.B.7. The sequence (Zt)i>0 is a Markov chain. Moreover, the chain is Harris-

recurrent, and admits a stationary distribution . .

Proof. We observe that

7, — ( Q41 ) _ ( o+ (= Uf|per—1 + &> Ql,p(at)})

= F, (Zi_1,&).
°t —RV (per—1+&) AR > %80( t—1,&)

(5.35)
For a function F , : R? x R. Consequently, Z; follows a Non-Linear State Space model
(Meyn and Tweedie, 2012, Section 2.2.2 and Chapter 7). We denote P, the probability

kernel or Markov transition function, that is, for any z = (a,e) € Z, and F € F:
P, (2, F)=1P(Z € F|Zy = z).

Remark that relying on Equation (5.35), we have an explicit formula for P, ,. Defining the

sequence of functions (Fi)¢>1 such that

Frin (20561, 1) = Fryp (Fy (20561, -+ - 6t) , 1)

where zg and (§;) are arbitrary real numbers. By induction we have that for any initial
condition Zy = zg € Z and any t € IN,

Zt:Ft (207517""€t)7

which immediately implies that the t-step transition function may be expressed as

P! (2, F) =P (F(z,£,...,&) eF):/~--/]I{Ft(z,§1,...,§t) € F}p(d&)...p(d&)

where p is the distribution of &.
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We first prove that the chain is iy-irreductible, for ¥ = u ® Aren, with g the uniform
probability measure on A and Apep the Lebesgue measure on [—R; R). 10
For any zp = (ag,e0) € Z and F = {a’} x O, with O open set, such that ¢(F) # 0 we

have that, for some t large enough
]P(Zt S F|Z0 = Zo) > 0.

Indeed,

1. There exists a path (ag,...,a; = a') in A from ag to a’ such that for all s €
{1,...,t—1},0<as < 1; and asy1 —as € {y(a — 1), ya} similarly to the proof of
Lemma 5.B.2 since o € Q.

2. Let Esy1 be the event such that we obtain ag1q from as. Technically, if

a. if agy1 —as =y(a—1), Es11 = {& such that |pes_1 + &|> Q1-a.}
b. conversely, if as11 — as = ya, Fsp1 = {&s such that |pes_1 + &< Q1—q. }-

3. Then if 0 < @’ < 1, we can directly conclude, as we have that for all s € {1,...,t},
IP(ZS_H S {as+1} X Es—&-l‘Zs = (as,zs)) = IP(ES_H) > 4§ > 0.

Indeed (for case a.):

P(Es11) = P{& such that |pes_1 + &> Q1-a.}
> min <IP{§S such that & > QlfminAU]Rj_}v
P{¢s such that & < *Q1_minAu1Rj;}> =: 90,

with § > 0 by the assumption (ii) (esp. the fact that the support S of &, includes
[—R, R]).
The proof is similar for case b.
Consequently, P(Z, € F|Zy = zp) > §' > 0.
4. The argument extends to the case where a’ < (0,1), relying on the fact that ¢(F') > 0.
Moreover, the argument can be extended to show that for any a’, O, there exists ¢’ such

that for all ag, eg, there exists t < Cq  (e.g., Coy = o%) such that
P(Z, € F|Zy = z) > §'.

Which proves that the chain will visit infinitely many times any Borel set F' with probability
1, and is consequently Harris-recurrent (Meyn and Tweedie, 2012, Chapter 9). Using
Theorem 10.0.1 in Meyn and Tweedie (2012), we conclude that the chain admits a unique
stationary distribution 7 .

Finally, applying (Theorem 17.1.7 Meyn and Tweedie, 2012) to the later result gives:

T
1 a.s.
— L - k£ L
T; (at)T—H—oo oL

O

YMoreover 1 is transformed to remove mass from the sets that cannot be reached by the chain (Z;)y, i.e.,
if B is such that P(Z; € B) = 0 for all t. This only concerns extremely marginal points, possible only
a > 1 or a = min A, for which we assign a zero mass to o x U for some U.
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5.B.5 Numerical study of ACI efficiency with AR(1) residuals, with

respect to the median length

We here reproduce the same experiment as in Section 5.3.2, but focus on the efficiency as
the median of the intervals’ lengths instead of the average (after imputation). Results are

given in Figure 5.12.

0 =0 0 =085 * =098 ¢ ¢ =0.997
©=06 - ©=095 « ©=099 ° ¢=0.999
3.5] 0.20 X xx oy
} .
= 3.0 0.151 * i
'ED *
=25 0.10 i
= 2.01 0.051 *
15 o000 *
0.0 0.6 0.85 0.950.98.99 0.9970.999
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Figure 5.12: Left: evolution of the median length depending on ~y for various ¢. Right: 7+

minimizing the median length for each .

Observations are very similar to the average length case, especially regarding (i) the
monotonicity of the median interval length w.r.t. ¢, (i) the existence of a minimum fy:g
to the function v — Medﬁﬁ7,[ﬁl] = argminy, IEBHHIEF — m|] (iii) the non-monotonicity of

Q=Yg

5.C Experimental details.

5.C.1 Details on the BOA procedure

The Bernstein Online Aggregation (BOA) procedure (Wintenberger, 2017) is a type of
aggregation rule ®. The weights outputted by BOA have an exponential form. In the
exponent is plugged the difference between the loss suffered by the last aggregated forecast
and the current squared loss suffered by the expert, instead of plugging the losses suffered
by the experts (this would be Exponential Weighted Aggregation, Vovk, 1990). As stated
in Wintenberger (2017), “this procedure favors online learners that predicted accurately
and which past predictions losses are close to the loss of the last aggregative online learner,
ensuring the stability in time and a small quadratic variation”. For more details, we refer

the reader to the original paper Wintenberger (2017).

5.C.2 Details ARMA(1,1) processes

Definition 5.C.1 (ARMA(1,1) process). We say that ¢; is an ARMA(1,1) process if for
any t:
Et41 = per + &1 + 08y,

with:
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e 0+ #0, |p|<1and |0|< 1;

e & is a white noise of variance o2, called the innovation.

The asymptotic variance of this process is:

51— 200 + 02
ot

Var(e) = T

(5.36)

An ARMA(1,1) is thus characterised by three parameters: the coefficients ¢ and 6 and
the innovation’s variance 0. The larger the coefficients, in absolute value, the greater the
time dependence and variance. Note that when ¢ = 0, the ARMA(0,1) process corresponds
to a MA(1) and when 6 = 0, the ARMA(1,0) process corresponds to an AR(1).

To fix the asymptotic variance of an ARMA(1,1) of parameters ¢ and 6 to v, we fix

2 1—¢?

_ —p
7= V500102

5.C.3 Random forest parameters

All the random forests model have the same parameters, that are the following:
e Number of trees: 1000
e Minimum sample per leaf: 1 (default)
e Maximum number of features: d (default)

Furthermore, for EnbPI, as there is already an individual bootstrap in the algorithm,

the random forest regressors do not bootstrap them again.

5.C.4 Details about the baselines and comparison
5.C.4.1 ENBPI FULL ALGORITHM

In order to be self-contained and precise the modifications done in EnbPI V2, the EnbPI
algorithm from Xu and Xie (2021) is recalled in the following. In we precise the
difference in EnbPI V2.

Remark on the bootstrap approach. The bootstrap scheme is not adapted to time
series, even if such strategies have been developed (Héardle et al., 2003; Kreiss and Paparoditis,
2012; Cai and Davies, 2012), and could be used to improve the adequation of EnbPI with
the time series framework. Furthermore, recent works have proposed modifications of RF in
the dependent setting (Goehry, 2020; Goehry et al., 2021; Saha et al., 2021). Generalizing
these improvements to any ensemble method and use it for EnbPI could also enhance its

performance, but is out of the scope of this paper.
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Algorithm 11 Sequential Distribution-free Ensemble Batch Prediction Intervals (EnbPI)

Input: Training data {(z;, yi)}iTzl, regression algorithm A, decision threshold «, aggre-
gation function ¢, number of bootstrap models B, the batch size s, and test data
{(z¢, yt)}tT:JFTTi17 with y; revealed only after the batch of s prediction intervals with ¢ in
the batch are constructed.

Output: Ensemble prediction intervals {Cy (x¢) Eﬁil

1: forb=1,...,B do

2:  Sample with replacement an index set S, = (i1, ...,ir) from indices (1,...,T)

3. Compute f* = A({(xi,y:) | i € Sp})

4: end for

5: Initialise e = {}

6: fori=1,...,7 do

n ) =e ({FP@)ligs))

Compute ¥ =
: e=cU{er}
10: end for
11: fort=T+1,..., T+ 1T do

N N T
12: Let f%, () = (1 — a) quantile of {ffz (wt)}'—l

13:  Let wf = (1 — ) quantile of ¢
14:  Return C7 (z4) = [fft (x¢) £ wﬂ
15:  if t =T =0 mod s then

16: forj=t—1,...,t—1do

17: Compute £ = ‘yj - ffj (:ct)‘

18: e= (e —{&7}) U{&7} and reset index of €
19: end for

20:  end if

21: end for

5.C.4.2 DETAILS ON THE IMPLEMENTATION

We conclude this section by summarizing computational aspects of the methods. One of the
contributions is to provide a unified experimental framework. Therefore, in Table 5.1, we
display the current available code for these methods, and what is available in the proposed
repository.

Table 5.1: Summary of available code online for each method and the proposed code in the
repository. The programming language is specified, and, when relevant, the nature of the

code.
Currently available Contribution
Methods Language Details Language Options
CP R Python
OSCP not available Python randomised split
EnbPI Python Python same aggregation function

ACI R script no general function Python randomised split
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5.D Additional experiments on synthetic data sets

In this section, we provide supplemental results on the synthetic data sets presented in
Section 5.5.1.

First, in Section 5.D.1 the sensitivity analysis of ACI v as well as the comparison to
the naive strategy and AgACI is extended to AR(1) and MA(1) processes of asymptotic
variance 10.

Then, in Section 5.D.2; the comparison of all the CP methods for time series (initiated
in Section 5.5.4) is also extended to these noises, that is AR(1) and MA(1) processes of
asymptotic variance 10 (Section 5.D.2.1), and to ARMA(1,1), AR(1) and MA(1) processes
of asymptotic variance 1 (Section 5.D.2.2).

Next, we discuss in Section 5.5.4 that the improved wvalidity for v = 0.05 in comparison
to v = 0.01 comes at the cost of more infinite intervals. This analysis is detailed in
Section 5.D.3.

Finally, we compare randomized and sequential split in Section 5.D.4.

Imputation. The rationale to impute the infinite intervals is the following. We take the
maximum of the absolute values of the residuals on the test set, noted ||pmax. Then, for
any t € [To + 1,Tp + T1], if the predicted upper (resp. lower) bound éﬁu) (x¢) is such that
be(e) > fie(xe) + elmax (vesp. B (21) < fie(2e) — [elmax) We impute it by fie(2e) + |e|max

(resp. fit(zt) — |€]|max)-

5.D.1 Additional experimental results of ACI sensitivity to 7, presented

in Section 5.5.2

In this subsection, we provide similar results to those of Section 5.5.2, for different models
on the noise. Especially, we consider AR(1) and MA(1) processes.

Observations. The behaviour of the AR(1) process is very similar to the one of
ARMA(1,1). On the other hand, for the MA case, the dependence structure is too weak
to observe a significant effect of v. All ACI methods produce nearly valid intervals, with
coverage above 89.25%.

Results are given in Figures 5.13 and 5.14.

5.D.2 Comparison to baselines, extension of Section 5.5.4
5.D.2.1 ASYMPTOTIC VARIANCE FIXED TO 10.

Figure 5.15 displays the results on data generated according to Section 5.5.1, for an
asymptotic variance of the noise of 10 (as in Figure 5.6), when this noise is an AR(1) or
MA(1) process.

Observations. As in the previous section, the methods’ performances are greatly
impacted by the type and strength of dependence structure. Figure 5.15 shows that while
ARMA(1,1) and AR(1) noises lead to similar patterns, it is not the case for an MA(1) noise.
In the latter, € has little influence: the five performances (one for each 6) are similar within

each method. In addition, offline sequential SCP is very close to OSSCP. This is expected
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Figure 5.13: ACI performance with various 6, ¢ and + on data simulated according to
equation (5.3) with a Gaussian AR(1) noise of asymptotic variance 10 (see Section 5.C.2).
Top row: average median length with respect to the coverage. Bottom row: percentage of
infinite intervals. Stars correspond to the proposed online expert aggregation strategy, and
empty triangles to the naive choice.
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Figure 5.14: ACI performance with various 6, ¢ and v on data simulated according to
equation (5.3) with a Gaussian MA(1) noise of asymptotic variance 10 (see Section 5.C.2).
Top row: average median length with respect to the coverage. Bottom row: percentage of
infinite intervals. Stars correspond to the proposed online expert aggregation strategy, and
empty triangles to the naive choice.

as a MA(1) process has very short memory, and the temporal dependence is thus small
even for § = 0.99.

5.D.2.2 ASYMPTOTIC VARIANCE FIXED TO 1.

We now fix the asymptotic variance of the noise to 1. The results are plotted in Figure 5.16.
Note that this is an easier setting than previously, as the signal to noise ratio is higher for
this asymptotic variance.

Observations. Similarly to Figure 5.15, 6 has little influence when the noise is a
MA(1). On AR(1) and ARMA(1,1) noises (left and middle subplots), the patterns are
similar. First, we observe again the improvement thanks to the online mode (empty squares
versus solid ones), which increases when the dependence increases. Second, all the methods
achieve validity or are significantly closer to achieving it than when the asymptotic variance

is set to 10 (this is related to the high signal to noise ratio mentioned at the beginning of
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= OSSCP (adapted from Lei et al., 2018) ¢ ACI (Gibbs & Candes, 2021), v = 0.01

o Offline SSCP (adapted from Lei et al., 2018) OACIéGibbs & Candes, 2021), v = 0.05

x EnbPI (Xu & Xie, 2021) * AgACI

+ EnbPI V2
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Figure 5.15: Performance of various interval prediction methods on data simulated according
to equation (5.3) with a Gaussian AR(1) (left) and MA(1) (right) noise of asymptotic
variance 10 (see Section 5.C.2). Results aggregated from 500 independent runs. Empirical
standard errors are displayed.

this section). Third, EnbPI V2 is valid for ¢ = 6 < 0.95 and provides the most efficient
intervals for theses values. Nevertheless, its performances, as well as those of EnbPI, follow
a clear trend (similar to that of Figure 5.6): when the dependence increases, the coverage
decreases, as well as the length. EnbPI does not seem to be robust to the increasing

temporal dependence in these experiments.

= OSSCP (adapted from Lei et al., 2018) ¢ ACI (Gibbs & Candes, 2021), v = 0.01
o Offline SSCP (adapted from Lei et al., 2018)  ® ACI (Gibbs & Candes, 2021), v = 0.05

x EnbPI (Xu & Xie, 2021) + AgACI
+ EnbPI V2
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Figure 5.16: Performance of interval prediction methods on data simulated according to
equation (5.3) with an ARMA(1,1) (left), AR(1) (center) and MA(1) (right) noise with
a N(0, 11712;%) innovation. Results aggregated from 500 independent runs. Empirical
standard errors are displayed.

5.D.3 Closer look at infinite intervals

In this subsection, we investigate further the infite intervals generated by ACI for ARMA(1,1),
AR(1) and MA(1) noise models. We report the results in Table 5.2. The central two columns
present the percentage of infinite intervals, for v = 0.01 and v = 0.05. A first obvious
observation is that the number of infinite intervals is orders of magnitude smaller for
v = 0.01 than for v = 0.05. The last column represents the proportion of points for which
v = 0.05 predicts R and that are not covered for v = 0.01. This suggests that for those

intervals, predicting an infinite interval was somehow justified in the sense that the point
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Table 5.2: Percentage of infinite intervals for ACI, on an ARMA(1,1) noise (first five rows),
on an AR(1) noise (# = 0, next five rows) and a MA(1) noise (¢ = 0, last five rows). The
central two columns present the percentage of infinite intervals, for v = 0.01 and v = 0.05.
The last column represents the proportion of points for which v = 0.05 predicts R and that
are not covered for v = 0.01.

Noise parameters ‘ v =0.01 ‘ v =0.05 ‘ Intersection

p=606=0.1 0 1.12 53 out of 562 (9.43%)
0=0=08 0 2.76 | 263 out of 1381  (19.04%)
0=60=09 0 3.72 | 425 out of 1862  (22.83%)
w=0=0.95 0.03 4.45 514 out of 2224  (23.11%)
¢ =0=099 0.04 6.22 | 554 out of 3109 (17.82%)
v =0.1 0 1 37 out of 500 (7.40%)
=038 0 2.75 212 out of 1373 (15.44%)
¢ =09 0 324 | 359 out of 1622 (22.13%)
o = 0.95 0.03 432 | 488 out of 2160  (22.59%)
»=0.99 0.06 6.15 560 out of 3073  (18.22%)
=01 0 1.03 | 38 out of 516 (7.36%)
0 =08 0 1.42 | 49 out of 710 (6.90%)
=09 0 1.54 | 47 out of 772 (6.09%)
6 = 0.95 0 1.54 | 45 out of 770 (5.84%)
0 =0.99 0 1.56 53 out of 781 (6.79%)

was seemingly challenging to cover (as v = 0.01 failed to cover). For example, in the first
line (¢ = 0 = 0.1) we read that there are 562 points that result in infinite intervals for
v = 0.05, among which 53 lead to finite predictions for v = 0.01 failing to cover on that
point. This means only 9.43 % of 562 infinite intervals that can be considered as “somehow
justified”. This analysis highlights that v = 0.05 seem to predict more infinite intervals

than necessary, to compensate for easy errors as explained in Section 5.2.

5.D.4 Randomised, sequential and other splits.

In Figure 5.17, we compare the sequential split strategy (dark markers) used in our
experiments to the randomised version (clear markers), on online SCP. We observe that the
intervals produced by the randomised version are significantly smaller than the sequential
one, while covering slightly less.

Another splitting strategy would consist in calibrating on the first points and training
on the last ones. Up to our knowledge, this has not been used in practice. This way, we
could hope to obtain a better model for the point prediction task. Nevertheless, we would
be calibrating on really different data than the test ones. Thereby, the impact of this
scheme regarding the interval prediction task performance is not straightforward. This is
why we focus here on the sequential split, which is the most intuitive approach. Analysing
further all of these effects theoretically or with extensive numerical experiments would be

beneficial to the time series conformal prediction domain.

5.E Forecasting French electricity spot prices
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= Online Sequential SCP (OSSCP, adapted from Lei et al., 2018)
= Online Randomised SCP (Online SCP, adapted from Lei et al., 2018)
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Figure 5.17: Performance of interval prediction methods on data simulated according to
equation (5.3) with a Gaussian ARMA(1,1) (left), AR(1) (middle) and MA(1) (right) noise
of asymptotic variance 10 (see Section 5.C.2). Randomised methods are displayed. Results
aggregated from 500 independent runs. Empirical standard errors are displayed.

5.E.1 Details about the data set

Table 5.3 presents an extract of the French electricity spot prices data set used in Section 5.6.
In this table, 2 x 23 columns are hidden for clarity and space: the 24 prices of D — 7 and

the 24 prices of D — 7 are used as variables.

Table 5.3: Extract of the built data set, for French electricity spot price forecasting.

Date and time ‘ Price Price D-1 Price D-7 For. cons. DOW

11/01/16 OPM | 21.95 15.58 13.78 58800 Monday
11/01/16 1PM | 20.04 19.05 13.44 57600 Monday
12/01/16 OPM | 21.51 21.95 25.03 61600 Tuesday
12/01/16 1PM | 19.81 20.04 24.42 59800 Tuesday
18/01/16 OPM | 38.14 37.86 21.95 70400 Monday
18/01/16 1PM | 35.66 34.60 20.04 69500 Monday

5.E.2 Forecasting year 2019

In Figure 5.18 we observe that on January 25, 2019, the forecasts are very different from the
actual values. Nevertheless, the prediction intervals manage to include these observations
for almost all hours (except after 5 pm) and almost all methods (EnbPI does not include

points earlier, starting at 11 am).
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Figure 5.18: Representation of predicted intervals around point forecasts on the 25th of
January of 2019.

In Figure 5.19 we observe that the four algorithms suffer from an unbalanced coverage
depending on the day-of-the-week (each algorithm in a different extent). That is, they cover
more than 90% of the observations on Tuesdays to Fridays, but less than 90% on Mondays
and week-ends (Saturdays and Sundays).
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Chapter 6

Adaptive Probabilistic Forecasting of
French Electricity Spot Prices in 2020
and 2021

Electricity price forecasting (EPF) plays a major role for electricity companies as a funda-
mental entry for trading decisions or energy management operations. As electricity can not
be stored, electricity prices are highly volatile which make EPF a particularly difficult task.
This is all the more true when dramatic fortuitous events disrupt the markets. Trading
and more generally energy management decisions require risk management tools which are
based on probabilistic EPF (PEPF). In this challenging context, we argue in favor of the
deployment of highly adaptive black-boxes strategies allowing to turn any forecasts into a
robust adaptive predictive interval, such as conformal prediction and online aggregation, as
a fundamental last layer of any operational pipeline.

We propose to investigate a novel data set containing the French electricity spot prices
during the turbulent 2020-2021 years, and build a new explanatory feature revealing high
predictive power, namely the nuclear availability. Benchmarking state-of-the-art PEPF on
this data set highlights the difficulty of choosing a given model, as they all behave very
differently in practice, and none of them is reliable. However, we propose an adequate
conformalisation, 0SSCP-horizon, that improves the performances of PEPF methods, even
in the most hazardous period of late 2021. Finally, we emphasize that combining it with
online aggregation significantly outperforms any other approaches, and should be the

preferred pipeline, as it provides trustworthy probabilistic forecasts.
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6.1 Introduction

Electricity price forecasting (EPF) plays a major role for electricity companies as a funda-
mental entry for trading decisions or energy management operations. As electricity can not
be stored, electricity prices are highly volatile which make EPF a particularly difficult task
(Weron, 2014; Lago et al., 2021).

The increase of renewable production in many countries (RTE, 2022; IEA, 2022a), the
development of storage devices or more generally demand response programs (e.g., electrical
vehicle smart charging (Nassar et al., 2022), electric water heater management (Amabile
et al., 2021; Moreno et al., 2023)) simultaneously entails a need for good EPF and generates
more complexity for price modelling. Furthermore, prices can be affected by fortuitous
events such as Covid-19 pandemic in 2020-2021 (IEA, 2021), the stress corrosion issue which
affected French nuclear power plants in 2022 or the crisis of the gas markets triggered by
Russia’s invasion of Ukraine (IEA, 2022b). Trading and more generally energy management
decisions require risk management tools which are based on probabilistic EPF (Bunn et al.,
2016). This supports the advancement of adaptive probabilistic approaches for forecasting
prices, which can continuously learn and adjust to the evolving behaviors of EP, resulting
in accurate and reliable probabilistic forecasts.

The literature on EPF is growing rapidly and most papers deals with point forecasts
(Weron, 2014; Lago et al., 2021). We focus on short term (day-ahead) EPF as the mainstay
of short-term power trading in Europe is the day-ahead market. As proposed in (Lago et al.,
2021), models used for forecasting electricity prices can be categorized as either statistical,
machine learning or hybrid models.

Statistical models are dominated by auto-regressive models and their variants, in
particular the state ot the art Lasso Estimated AutoRegressive (LEAR) model proposed by
Uniejewski et al. (2016) and recently used as state of the art benchmark in (Lago et al., 2021;
Tschora et al., 2022). It consists in a high dimensional ARX model where the fitting process
is done by minimizing an elastic net regularization. The high dimension (arround 250
parameters) comes from a large number of lags of prices and forecasts of variable of interests
(generation, zonal prices, consumption). As highlighted by Lago et al. (2021) pre-processing
of EP such as log transformations or more generally variance stabilizing transformations
(Uniejewski et al., 2018) are a common practice to deal with heavy tailed distribution.
Regarding non-stationarity of the prices, regime switching ARX models are proposed in
(Nitka et al., 2021). Marcjasz et al. (2018) propose to average a set of point forecasts
obtained from learning with different time windows to derive probabilistic forecasts.

The utilisation of machine learning tools including deep learning approaches for
electricity price forecasting (EPF) has grown over the past decade. Recent studies (Tschora
et al., 2022; Jedrzejewski et al., 2022) reveal that complex ML methods such as deep neural
networks can achieve better forecasting performances than the LEAR model at the cost of
significantly higher computational cost. The relatively important dimension of these models
require a significant amount of data for their calibration, making them poor candidate to
adapt to abrupt changes in price distribution (Cagatay Berke Bozlak and Yasar, 2024).

Yang et al. (2023) show how graphical neural network could be used to model spatial
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dependency to forecast the day-ahead electricity prices of the Nord Pool market.

Probabilistic price forecasting is progressively becoming more popular in the
forecasting literature following the GEFCom2014 energy forecasting competition (Hong
et al., 2016). This is a natural goal as the final objective EPF is to optimize a financial
risk criteria (Bjorgan et al., 1999; Deschatre et al., 2021). Most of the previous parametric
statistical models are based on statistical assumptions and could be naturally extended
to produce probabilistic forecast (more or less accurate as we will explore in this paper).
Relaxing distributional assumption, non parametric regression models such as quantile
regression have been investigated (Uniejewski and Weron, 2021). In Loizidis et al. (2024),
machine learning models coupled with boostrap methods are compared with classical time
series models for German and Finnish day-ahead market. Marcjasz et al. (2023) recently
proposed a distributional network that outperforms state-of-the-art benchmarks. Nickelsen
and Miiller (2024) present a Bayesian forecasting framework for the German continuous
intraday market and show that orthogonal matching pursuit methods can outperform LEAR.
Cornell et al. (2024) propose quantile regression with varying training-length periods and
model averaging to forecast prices of the South Australia region of the Australian National
Electricity Market.

PEPF models face many pitfalls: extreme price spikes, non-stationarity due to exogenous
factors inducing time-varying mean and/or volatility. Conformal methods (Vovk et al.,
1999; Papadopoulos et al., 2002; Vovk et al., 2005) and more specifically adaptive conformal
methods, proposed for example by Gibbs and Candeés (2021); Zaffran et al. (2022), are a way
to adapt PEPF models in a very general way. It can be applied to any of the previously cited
PEPFs to improve them. We propose to extend the work of Zaffran et al. (2022) to forecast
electricity prices in France during the turbulent period 2020-2022. Another framework
allowing to adapt PEPF models is online aggregation under expert advice (Cesa-Bianchi
and Lugosi, 2006), which was successfully used in financial non-stationary environments
(Remlinger et al., 2023; Berrisch and Ziel, 2024a). Our aim is to investigate if and how it is
possible to make adaptive an existing probabilistic forecasting algorithm. This approach
is driven by an operational concern: proposing a plug-in tool that can be applied to any

underlying model eases its integration in the current pipeline.

Contributions We list below our main contributions:

e New data: we study the recent turbulent period 2020-2022 and we add a new feature,

the nuclear availability

¢ Benchmark: we consider state-of-the-art PEPF methods, their windowed versions

(rolling window estimation) and benchmark them on this new dataset
e Analysis of the improvements (or not) of existing online conformal methods
e Suggestion of novel online conformal strategy coined 0SSCP-horizon

e Unified framework of sequential aggregation of all these probabilistic forecasting
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e Understanding the benefits of these 2 frameworks of probabilistic post-processing
(i.e. CP and aggregation) and how they can help each other: sequential aggregation

with conformalized expert is the best

6.2 Data presentation and insightful new explanatory

variables

6.2.1 Dataset’s description

The considered dataset spans approximately 6 years of observations at a hourly frequency,
from January 11th, 2016 to December 31st, 2021, and is decomposed of a training set (from
January 11th, 2016 to December 31st, 2018) to estimate the parameters of the models, a
validation test (year 2019) to estimate the hyperparameters, and a test set (years 2020 and
2021) to evaluate the performances (see Figure 6.1). We consider the task of forecasting
day-ahead (DAH) prices on the French EPEX market. As the 24 hours of day d are fixed
from EUPHEMIA!’s market clearing at 12:00pm of day d — 1, the features considered to
predict each of them are selected so that they are available before 12:00pm of day d — 1.

More precisely the dataset contains the following features, for a target at day d, hour h:

e the 24 French DAH prices at days d — 1 and d — 7,

Training set Validation set Test set
><

Spot price
(EUR/MWh)

2016 017 018 219 2020 2021 2022

q A A e g ,
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216 217 218 1 2022

16 217 18 019 2020 2021 2022
Time

Coal price forecast at M-1 ™= Oil price forecast at M-1 ™= Gaz price forecast at D-1

Figure 6.1: Evolution of the Spot prices (first panel), Residual Load (second panel), Nuclear
availability (third panel) and commodity prices (last panel) from 2016 to 2021 (z-axis).

'EUPHEMIA is the algorithm that solves the market coupling problem for the Central West European
region, used by EPEX to compute the day-head power prices
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e the observed daily price of Gas on the French PEG market at d — 1 and the month-
ahead futures prices for Oil (Brent) and Coal (CIF ARA Argus-McCloskey);

e the forecasted residual load signal built with data available before 12pm at d — 1: the
load forecasts for the 24 hours of day d, estimated on day d — 2, minus the renewable
production forecasts (i.e., wind and solar forecasts estimated on day d — 2, and the

observed run-of-river electricity on d-2);

e the availability of French nuclear electricity on day d, i.e. the announced available

capacity of nuclear generation;

e the observed electricity generation from all production types at d — 2 and d — 7 (in

the case of nuclear energy, the production is divided by the nuclear availability);
e the EUR vs. GBP and EUR vs. USD exchange rate (last observed at d — 1);

e the total electricity volume exchanges between France and all its neighbors (observed
at d — 2);

e the specific electricity volume exchanges between France and Germany (observed at

d—2);

e dummy variables, including dummy variables for French holidays (as a percentage of

the total population concerned), holiday bridges, weekends, and weekdays;

e the time of year as a sine and cosine function, as well as a clock variable to capture a

possible trend.

6.2.2 First point forecast and feature importance

The proposed dataset comprises features classically used to forecast electricity prices, and
also a new feature, the nuclear availability, for we intuit that nuclear availability has a
significant impact on DAH prices due to the French energy mix.

At first we proceed a point forecast exercise, with Lasso CV and Random forest models,
to detect the most important features and highlight the relevance of the proposed new
variables. Here, the meaning of the term “feature importance” varies according to the model:
in the case of Lasso CV, it refers to the value of the coefficient associated to a given feature,
whereas for Random Forest it refers to the Mean Decrease in Impurity (MDI).

In Figure 6.2, we observe the top 20 mean feature importances over both models trained
in 2020. Spot price at H-23 of the previous day is the “most important” feature for the
Lasso CV model. This is coherent with what is found in (Maciejowska et al., 2022; Ziel
and Weron, 2018). The MDI-based importances computed for the Random Forest suggests
the same conclusion, even though high correlation between all d-1 spot prices makes the
interpretation harder. The Lasso CV model, which allows for a better modelisation with
highly correlated features, suggests that gas prices and nuclear availability have a high
explanatory power. This speaks in favour of an inclusion of these features in EPF prediction

models, at least in the case of the French market.
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Figure 6.2: Feature (y-axis) importance (z-axis) for Lasso CV (left panel) and Random
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and Random Forest (right panel) models over the whole test period (z-axis). The colors
are associated with the features.

We also compute the feature importance of both model over every days in the test
period and observe the evolution in the predominance of the various feature groups. To do
so, we first aggregate features into groups: “Change” for all exchange rates, “Commodity
price” for gas, coal and oil prices, “Exchange” for all hourly power volumes exchanges,
and the rest of features groups are hourly features aggregated at a daily level. The group
aggregation consists in summing up the absolute importance value of all features belonging
to this group, then normalize these values by the total sum over all groups. Figure 6.3
represents the evolution we obtain. We observe a considerable change in the relative group’s
explanatory power: for both the Random Forest and Lasso model, we observe a significant
increase in the aggregated explanatory power of the commodity prices, at the expense of
the residual load forecast. This indicates an important distribution shift in the relationships

between the times series by September 2021.

6.3 Probabilistic forecasting methods

Notations Given the nature of the data and in particular the hourly patterns, we will
build one model per hour, as explained in Section 6.5.1. From now on, the temporal index
t is used and it elapses at a daily rate (i.e., for a given hour h). ¢t = 1 corresponds to
the beginning of the training data, ¢ = Ty marks the end of the training data and t = T}
refers to the last test observation to be predicted. In other words, we aim at predicting the

French spot prices between Ty + 1 and 77, corresponding to the years 2020 and 2021 (see
Figure 6.1).
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6.3.1 Framework

One objective of probabilistic forecast is to build Prediction Intervals (Pls) for a variable
Y; depending on the covariates X;. Let a € [0, 1] be a miscoverage rate. A PI at the 1 — «
level is expected to contain at least 1 — «v of the realisations: P (Y; € PI1_4 (X)) > 1 — «,
while being as small as possible. In order to retrieve as much information as possible about
the distribution of Y}, one can consider multiple values of the miscoverage rate «.

A PI can be characterized by two “point forecasts”™: its lower (£(X)) and upper (u(X))
bounds. A natural choice for the PIis £(X) = Q,/2(X) and u(X) = Q1_q/2(X), where Qg
is the 8-th quantile of the cumulative function distribution (c.d.f.) of the price conditionally
to the covariates used to forecast.

However, in practice, these true @) are never known and we have to estimate them, e.g.,
using quantile regression (Koenker, 2005). This approach is detailed in Section 6.3.2.

Another path is to post-process individual predictors (see Section 6.3.3). The individual
predictors can either estimate the mean as in point forecasting and the post-processing
step will turn them into PI, or directly estimate a conditional quantile (as described in
Section 6.3.2).

6.3.2 Quantile regression methods

We present here the quantile regression methods that we retained for our benchmark study.
These methods were chosen for their good performance on time series data, and in particular
on electricity related data. They are all quite easy to fit automatically and have a relatively
low computational cost (this is a key asset due to the intensive benchmark including rolling

window estimation).

6.3.2.1 DESCRIPTION OF THE METHODS

Basics on Quantile Regression (QR) QR (Koenker, 2005) replaces the usual quadratic
loss by the pinball loss to forecast a conditional quantile of the distribution of Y (i.e. the
price) given the features X:

min E [p(Y — g(X))|X =],

&Y
for any x, with pg the pinball loss of level B: pg(y—9) = (1-0)|y—y|1{y < 9}+Lly—9/1{y >
7}, and G the class of regressors considered, e.g. linear models, Lasso (QLR-Lasso), additive

non-linear models (QGAM) or gradient boosting regressors (QGB).

Quantile Linear Regression (Linear QR) and Quantile Lasso (Lasso QR) The
class of regressors G is restricted to linear models. For Lasso QR, We perform a Lasso
selection process (Tibshirani, 1996) to deal with the pretty high number of covariates, the

class of regressors is thus the linear models on all possible subsets of covariates.

Quantile Generalized Additive Models (QGAM) Generalized Additive Models
(GAMs) (Hastie and Tibshirani, 1986) consists in explaining the conditional expectation
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u(X) of Y over X with a semi-parametric additive structure. The estimation of GAMs
is based on a (regularized) mean squared error (MSE) criterion. Our objective is to use
GAMs for a QR problem. One could replace the MSE by the pinball loss function in the
estimation process as described in the previous paragraph. However, Fasiolo et al. (2020)
demonstrate that the pinball loss is statistically sub-optimal in this framework and proposes

a procedures based on the smooth Extended Log-F loss instead.

Quantile Random Forests (QRF) Meinshausen (2006) adapts Random Forests to
the QR task. The same forest is built than for mean-regression, that is a forest grown
in order to minimize the mean squared error. However, to adapt to the quantile task at
hand, the final decision rule for prediction now corresponds to evaluating an empirical
conditional quantile (conditional on the fact that the features of the test point belongs to

the corresponding leaves).

Quantile (tree based) Gradient Boosting (QGB) Gradient boosting machine (Fried-
man, 2001) are widely used in the forecasting community where it has demonstrated
excellent performance for different applications on tabular data (Grinsztajn et al., 2022) or
time series (Makridakis et al., 2022). As for the Random Forests, the regressors are here
regression trees. The boosting algorithm consists in adding a sequence of simple models
(called weak learners and trained on a subsample randomly selected of the training set)
obtained by sequentially fitting a quantile regression tree to the residuals by minimizing
the pinball loss, which is a key difference with QRF.

6.3.2.2 OPERATIONAL PIPELINE

We explore these prediction methods through their implementation in the Python package
scikit-learn package (Pedregosa et al., 2011) for linear quantile regression, Lasso and
QGB. QRF are implemented through scikit-garden. The QGAM are implemented in the
R package (Fasiolo et al., 2021).

All of these models depend on hyper-parameters, and QGAM additionally requires an
exact formula. In particular, we optimized for the regularizer (Lasso), the number of trees
and their maximum depth (QRF and QGB), as well as the learning rate and fraction of
samples (QGB), and the formula (QGAM). Their estimation is based on grid-searching
on the validation set after estimation of mean-regression models on the training set, as
illustrated in Figure 6.1. Therefore, the formula of the QGAM is the same for all quantiles.

It includes:
e linear effects: for the indicator of the week days;

o univariate non-linear terms: the announced French nuclear availability, the lagged 2
days of the fossil hard coal and observed nuclear productions, the square root of the

lagged one day of the Gaz prices, cosin and sin of the time of year;

e functional smooth effects: as proposed in Amara-Ouali et al. (2023) in the context of

electricity load forecasting, we model the lagged (one day and one week) prices and
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the load forecast effects via a functional smooth effect. It allows to capture the effect
of these functional (in function of time) covariates over the price at a given instant of
the day.

In this paper we do not consider online re-estimation of the hyperparameters, which in
practice is very time consuming and statistically challenging. We study the performance of
operational fixed prediction models that can be made adaptive through a plugged-in layer,
useful when facing non-stationarity without completely retraining them.

Also, as illustrated in the preliminary results of Figure 6.4, before September 2021, only
QRF and QGAM achieved validity. We explore strategies to recover validity in Section 6.3.3.
What is more, none of the probabilistic methods attain the target coverage level after
September 2021. Indeed, the high explosion of the prices after this date, both in average
and in variability, calls for more adaptive strategies, that we discuss in Section 6.4. Note
that the standard rolling training procedure did adapt to this change as illustrated by
the lengths of the Pls after September 2021, but more adaptiveness is required given the
strength of the shift and variability.

6.3.3 Conformal methods: add-on to traditional probabilistic

approaches

Conformal Prediction (CP) (Vovk et al., 1999; Papadopoulos et al., 2002; Vovk et al.,
2005) builds PI around any kind of prediction models. These intervals are valid (achieving
marginal nominal coverage) in finite samples under the only assumption of exchangeability of

the data. Therefore, CP has to be seen as an add-on protective layer to existing probabilistic
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Figure 6.4: PlIs’s performance of individual probabilistic forecasts at test time, before
September 2021 (top row) and after September 2021 (bottom row), for various target
coverage levels (z-axis). The left column represents the average empirical coverage: the
closest to the y = x line the better, and above it is best. The right column represents the
average interval width: the lower the better. The colors and shapes are associated with
the models. The shaded regions correspond to the 5% and 95% empirical quantiles after
bootstrapping 500 times the test time series, see Section 6.5.1 for details.
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(or not) forecasts, that is able to robustify them in terms of validity but whose efficiency
and shape will always rely on the quality of the underlying forecast.
Suppose that we have Ty random variables {(X, Yt)}zEI For a given miscoverage rate

a € [0,1], we aim at building a marginally valid PI C,, of Y741, Le. C., should satisfy:

P (YT()-H € éa(XTo-i-l)) >1—a. (6.1)

To achieve this, Split Conformal Prediction (SCP) (Papadopoulos et al., 2002; Lei
et al., 2018) randomly splits the T data points into a training set Tr and a calibration
set Cal. A regression model fi is then fitted on Tr and used to predict on Cal to obtain
a set of conformity scores Sca1 = {St := s (X4, Yi; 1), t € Cal}. These scores assess the
conformity between the calibration’s observed values and the predicted ones: the smaller
the better. In the case of regression, they are usually computed using the absolute value
of the residuals, i.e. S; := s (Xy,Ys; ) = |a(Xy) — Y|. A corrected? (1 — &)-th empirical
quantile of the conformity scores @1_4(Scal) is obtained, to finally build the prediction
interval Cy = {y : s(X7y+1, ¥ ft) < Q1—a(Sca1)}- In the standard regression case, it boils
down to @(XTOH) = [(X1y+1) £ Q1-4(Sca1)]. This procedure is guaranteed theoretically
to satisfy Equation (6.1) for any model [, any sample size Tp, as long as the calibration
and test data are exchangeable.

Proposed by Romano et al. (2019), Conformalized Quantile Regression (CQR) benefits
simultaneously from the adaptiveness of classical QR methods and from the theoretical
guarantees ensured by CP. Instead of training a mean regression model on the training set Tr,
CQR requires to fit two conditional quantile regression models Gy(-), ¢, (-)3. In this context,
the conformity scores now quantify the error made by the fitted PI C(z) = [go(), Gu(2)]-
Precisely, Sy := s (X4, Yi; e, Gu) = max {Ge(Xy) — Y 5 Vi — Gu(Xy)}. Accordingly, the PI
becomes Co (X1 41) = [G(X1011) — Q1-6(Scar)s Gu(X1o1+1) + Q1-(Sca))].

To account for the temporal aspect of time series, an online and sequential version of
SCP is usually considered, in which the split leading to Tr and Cal is not random, but
constrained so that any point in Tr occurs before any point in Cal (Wisniewski et al., 2020;
Zaffran et al., 2022). See Figure 6.5 for an illustration.

6.4 Adaptiveness as a wrapper around individual forecasts

The online setting—in which the environment reveals the true value before the next
prediction—allows to post-process individual predictors to adapt to previous errors (e.g.,
as done in CP). This approach demonstrates all its interest when stationarity — and
consequently neither exchangeability — does not hold, as in our case study. One way to

implement such a post-processing, coming from the online literature, is online aggregation

2The correction 1 —& = (1 —a)(1+ ﬁ) is needed to ensure finite sample validity, because of the inflation
of the quantiles.

3Usually £ = /2 and u = 1 — /2, but this is not necessary. Romano et al. (2019) suggest to choose these
values by cross-validation, to improve PI’s efficiency.
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of predictors, as described in Section 6.4.1%. Another strategy, within the CP framework, is
to modify the calibration step of CP (see Section 6.4.2) and make it adaptive.

6.4.1 Online aggregation based strategies

Adaptive aggregation of ezperts (Cesa-Bianchi and Lugosi, 2006), with K € IN* experts
denoted ( ft(k)(-)>k€[[1 X1 being various individual forecasters for the prices at time ¢ (that
is a corresponding da7y d on a given hour h) such as the ones introduced in Section 6.3.2,
computes an optimal weighted mean of the experts. At each time ¢ (i.e., day d, for a given
hour h), the weights w§k) assigned to expert k depend on all experts’ suffered losses, i.e.
their performances on the previous time steps until ¢ — 1. In our case, these performances
are evaluated through the pinball loss pg, standard in quantile regression, with the pinball
parameter 5 being the target quantile level. These losses are plugged in the aggregation
rule ®, outputting the aggregation weights. Finally, the aggregation rule can include the
computation of the gradients of the loss (gradient trick, see (Cesa-Bianchi and Lugosi, 2006)
for more details). As aggregation rules require bounded experts, a thresholding step is

added. Concretely, the aggregated predictor at time ¢, ff’ (+), is defined by

K
) =Y wP M (X)),
k=1

In our experiments, the different forecasts obtained are aggregated quantile by quantile,
using the appropriate pinball loss as a score. The aggregation rule ® is set to be the
Bernstein Online Aggregation (BOA) (Wintenberger, 2017) algorithm, along with the
gradient trick.We use the R package OPERA (Gaillard and Goude, 2021) to perform such
an aggregation, and reorder the quantiles predicted by the aggregation models to avoid
quantile crossing.

Recently, Berrisch and Ziel (2023) proposed an approach that jointly aggregates every
quantile forecasting model together and gives directly a probabilistic prediction as an
output, instead of performing independent aggregation for each quantile level. Berrisch
and Ziel (2023)’s method reduces the number of aggregation parameters to be computed,
while yielding preferable probabilistic performances. It is available in the R-Package profoc
(Berrisch and Ziel, 2024b), compatible with the BOA method with the gradient trick and
automatically reordering the predicted quantiles. It has to be noted that we did not explore
the full range of tuning possibilities allowed by this method. In our experiments, both
approaches performed similarly. Therefore, to avoid overloading the analysis, we present in

this paper only the first method.

6.4.2 Adaptive conformal approaches

In addition to online aggregation, we consider another post-processing of individual fore-

casters which consists in adding a conformal layer on top of them, adaptively. As explained

4This does not include Quantile Regression Averaging (QRA) (Nowotarski and Weron, 2014) as it is an
offline averaging, thus non-adaptive.
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in Section 6.3.3, CP requires exchangeable data, an assumption clearly not satisfied in a
time series setting, and even less in our highly non-stationary case study.

The first theoretically grounded result on CP for dependent data is given by Cher-
nozhukov et al. (2018): it shows that when the data is strongly mixing and the learned
model is close “enough” to the underlying data generation process then CP guarantees still
hold, along with proposing an extension for full CP® under which the previous theorem
holds. Again, this is not sufficient to encapsulate our setting.

In practice, Online Sequential Split Conformal Prediction (OSSCP) is often used to
take into account the temporal structure, introduced in Wisniewski et al. (2020); Zaffran
et al. (2022). The idea is (i) to enforce a sequential split where all the training observations
are temporally consecutive, and preceding the ones of the calibration set and (ii) to update
this split in order to incorporate the newly observed data points at each prediction step
t + 1, forgiving the oldest ones, leading to adaptive sets Tr; and Cal;. See Figure 6.5 (a)
for an illustration. Note that OSSCP does not enjoy any form of theoretical guarantees
beyond the exchangeable setting, despite its good empirical performances in the time series
framework, as highlighted in (Zaffran et al., 2022).

6.4.2.1 IMPROVING CP ONLINE ADAPTIVENESS: 0SSCP-HORIZON

One drawback of OSSCP is that the set on which the models were fitted can be far from the
points on which it will be applied (either calibration or test points). If the temporal data
suffers from a strong distribution shift, this may hinder the accuracy of the base learner,
and therefore the performances of the PI, both in terms of coverage (the exchangeability
assumption is not satisfied anymore) and in terms of efficiency, i.e. interval’s length (as
large errors cause large intervals).

In order to avoid high errors on the calibration and test points, we propose a new
approach, coined 0SSCP-horizon. The idea is to ensure that the underlying model is
trained on the data just preceding each calibration point: in other words, to only compute
test errors of horizon one, as is the forecast horizon. More generally, for any forecasting
task at horizon h, 0SSCP-horizon computes calibration errors of horizon h. See Figure 6.5
(b) for an illustration. Formally, at prediction time 7"+ 1, 0SSCP-horizon thus builds the

calibration set as follows:

e For each X; € Calp, fit quantile regression estimators (je_(t), Gu ® onb

{(Xeom Yeemy) - -+ (X1, Y1) s

e Compute the calibration score Sy = s (Xt, Yy Qz(t), q;(t)> and add it to the set of

scores Scaly -

5Full CP is a version of CP that does not require to split the data, at the cost of a bigger computational
burden. This is the reason why we do not consider it in this work, along with the fact that full CP can
be plugged in on an existing pipeline, making it particularly appealing for operational purposes. The
interested reader on full CP can have a look at (Vovk et al., 2005)

5For a horizon h # 1, then (j;(t), qf(” are fitted on {(Xt_‘Tr‘, Yt_|Tr|) yeooy (Xeon, Y}_h)}.
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Figure 6.5: Scheme of OSSCP (a) and our proposal (b), 0SSCP-horizon, when the horizon
is 1.

After having built Scal, = {S7—|calj+1, - - -, 5T}, 0SSCP-horizon computes the PI for the
test point Xp41:

Co(Xrs1) i= [@Z(TH) (X741) — Qi-a (Scaly) ;
Gy T (Xr1) + Q1—a (Scaiy) | -

Again, while demonstrating empirical improvements upon standard OSSCP in the
temporal setting, 0SSCP-horizon does not enjoy any form of theoretical guarantees. To
theoretically account for the online setting, a popular method is Adaptive Conformal

Inference (ACI) (Gibbs and Candes, 2021).

6.4.2.2 ADAPTIVE CONFORMAL INFERENCE (ACI)

Proposed in (Gibbs and Candes, 2021), ACI adapts CP to an arbitrary online setting,
including temporal distribution shits. To do so, ACI recursively updates the effective
miscoverage rate & := a; used in the computation of the PI. Set ay = . For t > T}, and

for a chosen v > 0 the ACI update formula is:

{ Con (X1) = [G0(X1) — Q10 (Scaly ) Gu(X2) + Q1o (Scal,)]

Q41 = O + 7y (Oz - ]l{Ytgaat(Xt)})

The underlying idea is the following. If the PI does not cover at time ¢, then az41 < ay
which increases the size of the PI. Conversely, the size of the interval decreases gently at time
t+1 when it covers at time t. As noted in (Zaffran et al., 2022), it is possible to have a; > 1
or a; < 0: the former case is quite rare and produces by convention Ca, = [G¢(-), Gu(-)];

however, the latter can happen frequently, especially for a high v, giving a prediction

interval of infinite size (éat =R).
The main theoretical result on ACI is that for any sequence (X, Y;)s,
1 i 2

N el 2
T, e GalXi} (1) ~ (0~ T)
t=Tp+1
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It shows the asymptotically valid frequency of ACI intervals for any arbitrary (possibly
adversarial) distribution.

Note that the convergence rate is in 4!, hence favoring large v which are the ones
leading to more variability and in the extreme case to infinite PIs (discussed previously).
This illustrates the need for guidance on how to choose properly «, and even avoid having
to choose it and being able to switch between different v depending on the current data

distribution’s evolution.

6.4.2.3 AGACI

The goal of AgACI, proposed in (Zaffran et al., 2022), is precisely to provide a parameter-
free method based on ACI, that can adapt to temporal changes in the data distribution
adaptively. Given a list of K ~ values {7} ﬁil, AgACI works as an adaptive aggregation of
experts (Cesa-Bianchi and Lugosi, 2006) (see also Section 6.4.1), with expert k being ACI
with parameter ;. At each prediction step ¢, it performs two independent aggregations of
the K ACI intervals é%k(-) not. [Z)ge,z(), Z;IEIZ)()], one for each bound, and outputs Cy(-) not.
[5§Z)(_)’ Z;gu)()] According to Zaffran et al. (2022), the standard different aggregation rules
gave similar results. In this work, we restrict ourselves to the setting of (Zaffran et al.,

2022), that is BOA, with the gradient trick.

6.4.2.4 LATEST RELATED WORKS

Since the analysis presented in this paper was performed, the line of research on adaptive
and online conformal approaches has been expanding fast. Recent developments include:
Gibbs and Candeés (2023) improving on ACI by online aggregation on a grid of different
v, similarly to AgACI, at the crucial difference that the aggregation is on the value of oy
and not on the lower and upper bounds independently (Section 6.5.2 highlights why we
argue in favor of different aggregations); Bastani et al. (2022) who achieve stronger coverage
guarantees (conditional on the effective level, and conditional on specified subsets of the
explanatory variables); Bhatnagar et al. (2023) enjoy anytime regret bound, by leveraging
tools from the strongly adaptive regret minimization literature; Angelopoulos et al. (2023)
who extend upon ACI ideas by relying on control theory to add more information on the
temporal structure; Angelopoulos et al. (2024) proposing to use adaptive learning rates 7,
in ACIL.

Our goal in this analysis is to deeply investigate the improvements, or not, brought by
conformal as one of the layers for probabilistic forecasts with an operational lens. Therefore,
we restricted the study to OSSCP, 0SSCP-horizon, and AgACI as it has already shown
benefits on electricity prices and does not require to select any hyper-parameter (Zaffran
et al., 2022). Indeed, it allows us to easily understand what is the cause of the improved or
declined performance. Furthermore, the most recent works are either complex structures
(thus less interpretable) or depend on hyper-parameter tuning, making them more costly to

implement in operational use.
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6.5 Application and results

6.5.1 Setting and evaluation

Experimental details In order to span a wide range of the price distribution function,
we vary the PIs’ miscoverage level 1 — o« > 0.6. For the final probabilistic forecasts, the
overall training set comprises 4 years of data, from 2016 to 2019 included (i.e. merging the
training and validation sets).

Due to training time constraints, we trained and evaluated the considered models on
hours 3, 8, 13, 18, and 23 of every day. These 5 hours encompass best the different phases
of hourly electricity prices in a given day, while uniformly covering the 24 hours of the day.

Finally, due to the high non-stationarity, we trained each of the base models presented
in Section 6.3.2 on different window sizes: approximately 4 years, 3 years, 2 years, 1 year,
270 days, 180 days, and 90 days. For the sake of clarity, for each analysis performed, the
largest window size will be selected and presented in this paper. In the same vein, the
calibration size of the conformal approaches (Sections 6.3.3 and 6.4.2) varies among 25%,
50% and 75% of the overall windowed training set. Again, to ease interpretation of our
results, we present here only the results for a calibration set of proportion 50% (except if
stated otherwise) as it allows for an intermediary adaptation speed, hence being a good
trade-off between up-to-date quantile regression models and calibration set large enough to
perform the estimation of the highly non-stationary conformal correction. We recall that in
the i.i.d. setting a general rule of thumb for the calibration size is around 25% (Sesia and
Candeés, 2020). In our study, the impact of non-stationarity induces a need for a trade-off

between adaptivity and the calibration window length.

Evaluation procedure The main challenge of evaluating a probabilistic forecast is that

the true distribution of the underlying process cannot be observed. Hence, it is impossible
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Figure 6.6: Pls’s performances with different levels of conformalisation on the quantile
linear model, before September 2021 (top row) and after September 2021 (bottom row),
for various target coverage levels (z-axis). The colors and shapes are associated with the
conformalisation layers. The shaded regions correspond to the 5% and 95% empirical
quantiles after bootstrapping 500 times the test time series.
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to compare the estimated distribution with the actual distribution of the true spot prices.
This is not the case for a sequence of Pls ([IA)(E)(-), 3(“)()]> that can be evaluated through:
t

e empirical average coverage,

Ty . .
ﬁ o1 {yt € [b“) (z¢), b (a:t)] }, that should be close and above to the target
t=To+1

level 1 — « for validity (also known as reliability),

I, A
e empirical average length, ﬁ St bW (z4) — 0O (ay), for efficiency” (also
t=To+1
known as sharpness).

For each of these metrics, confidence intervals are constructed by time series boot-
strapping (non-overlapping moving block bootstrap) (Kunsch, 1989; Politis and Romano,
1994).

Results on the CRPS are provided in 6.A. Indeed, our goal is really to compare Pls and
not predictive distributions. Therefore, the forecasts’ objective is truly to be as sharp as

possible while satisfying validity.

6.5.2 Results

Impact of the conformalisations In Figures 6.6 and 6.7 we represent the performance
of Linear Quantile Regression and Quantile Random Forest respectively, with various layers
of conformalisation. The display choice of these two base models is motivated by the fact
that they represent a diverse range of modelisation.

In both cases, we observe that a naive conformalisation — in the form of OSSCP — does
not allow to achieve the nominal coverage level, neither before nor after September 2021.

Yet, our proposal 0SSCP-horizon does improve drastically the coverage level: before
September 2021 it manages to reach the target level while improving the lengths of the Pls,
and after September 2021 it allows to reduce the gap with the target considerably (linear
model), while recovering the approximatively satisfactory performances of the individual
QRF that was deteriorated by OSSCP.

Finally, making the conformalisation even more adaptive through the use of AgACI
especially enhances validity after September 2021. Yet, it has to be noted that it seems to
be insufficiently adaptive to perfectly reach the target level.

Analysis of various aggregations Therefore, we go further and add another adaptive
post-processing layer by performing online aggregagation. In Figure 6.8 we compare the
performances of various aggregations, each of them considering a different set of experts
(individual forecasts, 0SSSCP-horizon forecasts, AgACI forecasts, and all of them). As a
baseline, we add the uniform average of all of these experts. For each of the aggregation,
we compared aggregating forecasts with a unique window size for training with aggregating

forecasts with multiple training window size (hence augmenting the number of experts in

"Indeed, achieving exactly 1 — o coverage can be trivially done by outputting 1 — o of the time R and the
empty set otherwise, which is critically uninformative. Thus, one wants to attain validity while minimizing
the size of the resulting intervals, that is maximizing efficiency.
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Figure 6.7: Same caption than Figure 6.6 but for the quantile random forest model.

the set). This latter strategy is usually referred to as windowing (Marcjasz et al., 2018). We
selected the best aggregation (namely aggregating AgACI forecasts with windowing) and,
for the sake of readability and for coherence, we displayed in Figure 6.8 all the aggregations
with windowing. It has to be noted that there is a lot of variability, as it can be seen in
Figure 6.8, and that for some aggregation the best choice was in fact without windowing.

Figure 6.8 highlights that online aggregation improves considerably the robustness to
non-stationarity in terms of validity. Furthermore, after September 2021, online aggregation
on AgACI forecasts enhances the sharpness of the forecasts with respect to the uniform
average, that has similar coverage. This can be explained by the fact that the individual
performances degrade in this non-stationary environment, leading to aggregation’s weights

close to uniform so as to minimise the risk (as we will also see in the next analysis).
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Figure 6.8: Pls’s performances of online aggregation on multiple set of experts with
windowing, before September 2021 (top row) and after September 2021 (bottom row), for
various target coverage levels (z-axis). The colors and shapes are associated with the set
of experts. The shaded regions correspond to the 5% and 95% empirical quantiles after
bootstrapping 500 times the test time series.
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Analysis of aggregation of various AgACI: applying the best conformalisation
possible (AgACI) on each model and then aggregating them In Figure 6.9 we
represent the evolution of the weights associated to each of the AgACI (the color representing
the base model, and the shade of it indicating the calibration percentage) with time z-axis,
for various coverage level (columns). To improve readability, we display these weights for
the aggregation without windowing.

The first striking observation is the presence of temporal ruptures in the weights’
distribution. They are informative as they are associated with domain phenomena, which
depend on the considered bound (lower or upper). Particularly, the first one happening
is the big negative spike in Easter 2020 (April 13, 2020, see top row of Figure 6.1) due
to both the public holiday and the Covid-19 lockdown. This especially affects the lower
bound. The second one occurs in the second fortnight of September 2020 when the first
extreme positive peaks take place, impacting the upper bound. These positive spikes are
mainly due to a very low wind generation in France (less than 1 GW) and more generally
in Europe, along with a French nuclear production well below its level of previous years
at the same time. The last significant rupture is around October 2021, when spot prices
start to rise drastically and get more and more volatile, corresponding to the increase in
level and volatility of gas and carbon emission prices. This one affects both the lower and
upper bounds. In particular, the weights’ distribution becomes uniform after this rupture,
which is expected in a setting where the aggregation tries to minimize the risk with experts
performing poorly.

The second observation is that the methods on which the aggregation places the most
of the weights is different depending on the bound: remarkably, at the levels 0.95 and
0.98, the lower bound places high mass on quantile random forests, while the upper bound
relies more on gqgam. This can be explained by the fact that the various methods depend
differently on the provided features: additive models such as qgam or linear ones have a
great extrapolation ability, while random forests and gradient boosting benefit from more
flexibility on features’ interaction modeling. This idea is also reflected in Figures 6.2 and 6.3
comparing the feature importance in Lasso with the one of Random forest.

Lastly, for high levels of coverage such as 0.95 and 0.98, the aggregation also places
weights on different training size depending on the bound. While the upper bound favors
small training size, the lower bound encourages large training size. This might be due
to the effective sample size which is required to appropriately learn the lower quantiles
of the prices, which are less impacted by the non-stationarity; while the upper bound is
particularly complex to model, and having more data points correct the predictive model
through conformalisation might be a better usage of the available data.

These three key observations argue in favor aggregating independently the upper and

lower bounds.

6.6 Conclusion and perspectives

In this study, we have analysed the performances of a wide range of probabilistic methods

in a particularly challenging task: forecasting electricity spot prices in France in 2020 and



6.6. Conclusion and perspectives 123

QRF (75 %) QGB (75 %) Lasso QR (75 %) Linear QR (75 %) QGAM (75 %)
QRF (50 %) QGB (50 %) Lasso QR (50 %) Linear QR (50 %) QGAM (50 %)
= QRF (25 %) QGB (25 %)  mmE Lasso QR (25 %) W Linear QR (25 %) W QGAM (25 %)
l1—a=06 l—a=09 1—a=095 1—a=098
10| pree 1.0 1.0 1.0
1 ERETY | —— e
§ ’w“w\ ‘v,_.:/‘-'\'\“ —:-—.—-/ = / \
05 =~ : /'S 05 = 0.5 N\/‘ 0.5 \.\ky/
& o oy Ee
=) \ , o \ | \ ‘ p ‘ ‘ ‘
0.0 0.0 0.0 . : == 0.0
1.0 1.0 —————— | 1.0 =1 1.0 [y 42 E—
2 e Pk Y [ ]
3 A3 ! ‘ ‘
2 X L M il ’—\‘ 0 \-
=0.5 T ) ' D ki)
b ‘
= \»MM : et B M
0 Ox S > Am o0 S > Q 0 Ux ) o Q O‘Ox ) > &
N 6\9) o @’Q N 6\9' AR ’ N 6\9) N @’B N 6\9’ & @”Q
& & ¢ & & & & & & & & & & & &
P P P P P D R S S P P

Figure 6.9: Temporal evolution (z-axis) of the weights associated with each expert in the
online aggregation, for different values of (columns). The top row (resp. bottom row) shows
the weights assigned for the upper (resp. lower) bound forecast. The colors correspond to
the base model on which AgACI is applied to, and the transparency to the proportion of
training data kept for actually fitting these base models.

2021. On the design, we have highlighted the importance of including the new explanatory
variable corresponding to the nuclear plants’ availability. We were also able to bring
new insights into the post-processing of indivi