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What is weird? [...] T want to arque that the weird is a particular
kind of perturbation. It involves a sensation of wrongness: a weird
entity or object is so strange that it makes us feel that it should not
exist, or at least that it should not exist here. Yet if the entity or
object is here, then the categories that we have up until now used to
make sense of the world cannot be valid. The weird thing is not
wrong after all: it is our conceptions that must be inadequate.

Mark Fisher, “The Weird and the Ferie”
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English Introduction

In the present dissertation we study how we can extract information about
Hamiltonian diffeomorphisms of surfaces using braids obtained from Hamilto-
nian trajectories. We are going to approach this problem from two very different
perspectives: a global point of view, in which we use braids to find estimates
of Hofer distance between diffeomorphisms in a given class, and a local one, in
which we focus on a specific Hamiltonian diffeomorphism. The tools we use are
a new flavour of Lagrangian Floer homology, recently developed by Cristofaro-
Gardiner, Humiliére, Mak, Seyfaddini and Smith in [21] for the former, and
for the latter generating functions for Hamiltonian diffeomorphisms (with its
relations to Hamiltonian Floer homology). The results contained here will come
from [51], from a joint work with Ibrahim Trifa [52] and from a yet unpublished
work by the author.

0.1 Overview: setting and methods

The braid group of a surface is the fundamental group of its configuration space.
Let X4, be a surface with genus g > 0 and p > 0 boundary components different
from the sphere. Consider the natural action of the permutation group on n
letters &,, on the n cartesian power of X, ,, deprived of the fat diagonal

A={(@1,.,wn)|Fi # 2 = 25}

The quotient is called n-th configuration space, and we may define the braid
group By, 4. by
Bugw =1 (S5, \ B)/6,)

When g = 0,p = 1, i.e. in the case of the disc, we recover the usual braid group,
described by the classical presentation

Bn = <Ula'-~70nl

The linking number of a braid, also called “exponent”, is the group homomor-
phism

0;0i410; = 044100441 1 < 1 <n— 2

oio; =00 i —j|>1 >

Bn,O,l — 7

xi



xii ENGLISH INTRODUCTION
which sends the generators to 1.

In this work we study Hamiltonian diffeomorphisms using the braids formed
by their orbits. A Hamiltonian diffeomorphism is the flow at time 1 of a Hamil-
tonian vector field, which in turn is a gradient vector field of a function with
respect to a symplectic form. Ultimately, the linking numbers carry information
about Hamiltonian diffeomorphism because of a variational principle describing
its fixed points. This principle states that critical points of the action functional,
defined on the loop space of a symplectic manifold, are precisely closed Hamilto-
nian orbits. A Morse-like theory may be defined for the action functional: this
is, philosophically, how Floer theory is defined. The generators of the Floer ho-
mology groups are then closed Hamiltonian loops, and the differential is defined
counting perturbed pseudoholomorphic cylinders with asymptotics at Hamilto-
nian loops. It turns out that pseudoholomorphic curves (in our case, the graphs
of Floer curves) in 4-manifolds intersect positively, and this fact admits a braid
theoretical interpretation: the linking numbers of braids formed by Hamiltonian
orbits increase along the Floer differential.

In the direction of research described in the paragraph “A linking filtration”
below, we discretise the variational problem to finite dimensions using gener-
ating functions: their critical points are in bijection with the fixed points of
the diffeomorphisms they represent. From infinite dimensional Floer theory, we
pass to Morse theory on a non-compact space.

A work of Patrice Le Calvez [44] shows that, for a specific choice of generat-
ing function, linking numbers of orbits still increase along the Morse differential.
We define the self-linking number of a fixed point in a way that is consistent
with the linking numbers of all the possible pairs of orbits, to obtain a filtration
on the tensor product complex. Such filtration also exists for other generating
functions, and we prove its existence using a theorem of uniqueness for gen-
erating functions due to Viterbo. After this, we go back to the Floer setting
and study the behaviour of the filtration we defined under the higher homology
operations between Floer complexes. The tool here is explicitly the positivity of
intersections between holomorphic curves, which in the more general setting of
punctured holomorphic curves in 4-dimensional symplectisations is translated
into the positivity of the Siefring intersection product. The main element of
novelty is given by the structural results we obtain via generating functions.
We report that in the literature similar filtrations have already been observed,
for instance see [35], [55] and [54], but that these works use an approach based
on asymptotic analysis of pseudoholomorphic curves, which is the backbone of
the definition of the Siefring product. We expect that in the future the fil-
tration we construct here will bear dynamical applications, possibly using its
Floer-theoretical definition.

The positivity of intersections between holomorphic curves appears in the
paragraph “Braids and Hofer estimates” as well, hidden in the definition of the
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action for generators of the complex. The theory we describe is a Lagrangian in-
tersection Floer homology in the symmetric product. It also admits a variational
principle, and critical points of the action functional now are (capped) paths
between a Lagrangian torus in the symmetric product to itself. The differential
will be defined by counts of perturbed pseudoholomorphic discs with Lagrangian
boundary conditions in the symmetric product. The positivity of intersection we
have here is between the pseudoholomorphic discs and a holomorphic divisor® of
(real) codimension 2. This phenomenon is crucial in the proof of the existence
of an action filtration in our Floer theory, and in the monotonicity of the action
along Floer continuation maps. The specific shape the action functional takes
in this setting, together with Hofer Lipschitz properties of spectral invariants of
this Floer theory, allows us to perform Hofer measurements based on braid type
of Hamiltonian diffeomorphism in a specific class, which we define below. The
result is an estimate of the Hofer norm of Hamiltonian diffeomorphisms based
on the complexity of the braid they draw: loosely speaking, the more complex
the braid is, the more energy it takes to draw it.

0.2 Main results and sketch of the proofs

Braids and Hofer estimates The content of this section will be presented
in Chapter 2.

We work on an arbitrary compact surface 3, , with genus ¢ > 0 and p > 1
boundary components. A collection L of k+ g circles is said to be pre-monotone
if it satisfies certain geometric conditions (detailed in Definition 2.2.1): we are
interested in the group of compactly supported Hamiltonian diffeomorphisms
that fix L as a set. To every such diffeomorphism ¢ we may associate an
element b(p) of the braid group of the surface. It turns out, as we shall see in
Theorem 2.2.3, that the Hofer norm of ¢ may be estimated from below by a
function that encodes the complexity of the braid b(y). From now on in this
introduction we assume that 3, , = D, since the main result is considerably
easier to state in this setting.

Theorem 0.2.1. If L is pre monotone in the unit disc D, and if @ fizes L, then

el = (L) |k(b(e))]

where ¢(L) is a constant which only depends on L.

The definition of the invariant lk, the “linking number”, may be found in
Section 1.1, and the one of the Hofer norm in Section 1.2. An analogous result
for general surfaces with boundary still holds, and its proof is contained in the
above-mentioned joint work with Trifa [52]. The statement in full generality
may be found in Theorem 2.2.3.

SThe discs counted by the differential are not really pseudoholomorphic, because of a
Hamiltonian perturbation term. In the construction of the homology theory however one has
to change the Hamiltonian to a time-dependent constant in a neighbourhod of this divisor,
thus forcing holomorphicity of the discs there.



xiv ENGLISH INTRODUCTION

A corollary of the Theorem is that we may estimate from below the distance
between Hamiltonian diffeomorphisms preserving a common L in terms of their
braid types. We use this to define, following an idea of Frédéric Le Roux, a
family of norms on the braid group (or a proper subgroup, when necessary), for
which we provide estimates from below.

We wish to highlight that it is the first time, at least at the best of our
knowledge, that this a Hofer estimate of this kind is given without relying on
non-trivial homotopy of the surface. It is indeed possible to see our results as a
generalisation of those in [46, Section 1.2] and of [41, Theorem 1]. In the former,
Le Roux considers the standard annulus

A:=(0,1) x S!
and a smaller one
A= (a,b) xS'CA 0<a<b< 1

The group of compactly supported Hamiltonian diffeomorphisms of A preserving
A admits a morphism to Z, the rotation number rot. This function measures
how many times A turns around following the generator of the homotopy of
A, along any compactly supported isotopy between the identity and ¢. Using
the Energy-Capacity inequality in the universal covering, Le Roux then finds
a lower bound for the Hofer norm of such a diffeomorphism in terms of the
rotation number only:

el = O (Jrot(e)])

Khanevsky then, answering to a question of Le Roux’s from [46], considers a
non displaceable disc D in A and provides a solution to an analogous problem:
to each compactly supported Hamiltonian diffeomorphism ¢ of A such that
©(D) = D we associate its rotation number rot(p). In this larger context,
Khanevsky proves a similar inequality as above, using the Entov-Polterovich
quasimorphisms defined in [22].

Let us now describe the strategy of the proof of our result on the disc. The
proof for general compact surfaces with boundary relies on roughly the same
idea, but with some extra technical difficulties to overcome.

The homology theory constructed by the authors in [21] is an invariant of
a collection of circles L which has to satisfy certain geometric assumptions,
and of a Hamiltonian diffeomorphism . In particular, Hofer-Lipschitz spectral
invariants

cL(p) €R

are defined. We embed symplectically our discs I into spheres S?(1 + s) of
different areas. Each embedding gives rise to a different homology theory, and
with it different Hofer-Lipschitz spectral invariants. We cannot compute the
spectral invariants directly, as often is the case outside very specific examples,
but can instead compute their difference. In order to provide a more precise
description of the proof, we need to give a basic description of the Floer complex.
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Let L be a pre-monotone collection of k circles in D, and denote by L, its
image in S2(1 + s). We consider the symmetric product Sym”S2(1 + s): it can
be given the structure of a symplectic manifold. The collection L, defines a
Lagrangian torus

Sym”L,

in the quotient, and for s in a certain interval this torus is monotone. Given
a Hamiltonian diffeomorphism ¢ € Ham.(D) generated by a Hamiltonian H,
denote by ¢, the extension by the identity to S? and by H, the extension of H
by 0. The complex

CF(H, L,)

we are interested in is generated by capped Hamiltonian paths from SykaS
to itself. A capping is a homotopy between such Hamiltonian path and the
constant path at a point in Symk’LS. The differential will be defined counting
holomorphic discs in SymkS2(1 + s) with Lagrangian boundary conditions. The
homology, as per [21, Lemma 6.6], is well defined, and by [21, Lemma 6.10] it
is non zero: to define spectral invariants, we now only need to have an action
filtration. We now recall from [21] that there are two monotonicity constants
associated to Sykas, a strictly positive A > 0 and a positive or null n > 0.
Denote now by A the fat diagonal in the symmetric product:

A= { (1, ..., 2] € Sym"S?(1 4 8)|3i # j, z; = z; }

and let § be a generator of the Floer complex. Its action is defined to be

1
AL (§) = / SymH, (y(t)) dt — / G wx — i) - A
0 [0,1]x[0,1]

It is also shown in [21] that changing capping shifts the action by an integer
multiple of A, and that the action is monotone along the differential (strictly
increasing or decreasing depending on the conventions).

We can now explain how to compute the difference of spectral invariants
announced above. Let us consider s; and ss parameters for our embeddings.
The Floer complexes

CF(Hs,, Ly,), CF(Hs,, Ly,)

are in fact isomorphic as chain complexes: to prove this point, choose any
biholomorphism
S%(1+ s1) = S*(1 + s2)

and it will descend to a biholomorphism
Sym”"S%(1 + s1) — Sym*S?(1 + s2)

This biholomorphism induces a chain complex isomorphism, as it is easy to see.
This chain complex isomorphism will not however respect the action filtration,
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but it turns out that it will simply shift it uniformly. In order to show this
we use an interesting consequence of the definition of pre-monotonicity: for
embeddings in S?(1 + s;) with different area parameter s, the two constants A,
associated to Sym" (L,,) will coincide, while the two 7, will be different. Now,
we mention that the spectral invariants cp_(¢s) satisfy a (Spectrality) axiom:

3y € CF(Hs, L,) such that AF; (9) = cp_(vs)

This implies that the difference of spectral invariants will be equal to this action
shift. Because this action shift is uniform, moreover, we may choose any pair
of generators related by the isomorphism to compute it. Another property we
obtain is that the difference we want to compute

‘L, (¢s1) — ‘L., (©s,)

is additive under concatenation of Hamiltonian diffeomorphisms preserving L.
Because of this last property, we can focus our attention on Hamiltonian dif-
feomorphisms of particularly simple braid type, generators of By for instance.
Consider a pair of capped Hamiltonian paths ¢; from Symk(Lsi) to themselves
related by this isomorphism, and we assume that the two cappings, up to ho-
motopy, are entirely contained in

Sym"(D) ¢ Sym"(S?(1 + s,))

Recall the definition of the action given above: in this context we easily see
that

CL,, (¢s1) — ‘L., (psy) = Afol (0h) — AUHZ (92) = (s, — msy) 1] - A

Such capping are homotopies between the braid type of ¢, b(¢), and the
trivial braid: if we can compute the term [g1]- A from above we are done. This
computation is carried out in Section 2.4.2; after describing a class of inter-
sections of cappings with A which are guaranteed to be transverse. Given the
Hofer Lipschitz property of the difference of spectral invariants, the intersection
number we find (up to multiplication by a known constant) bounds from below
the Hofer norm of .

A linking filtration The content of this section is the object of Chapter 3.

Let us consider a compactly supported Hamiltonian diffeomorphism ¢ of
R2. Let H be any Hamiltonian generating it. Any diffeomorphism of this kind
admits a generating function

h:R2xRF 5 R

which is quadratic at infinity. After perturbing the generating function, for
generic g close to the standard metric on R2xR*, the Morse complex C M (h, g; Z)
is defined. The generator of the Morse complex being critical points of h, they
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are in bijection with the set of fixed points of . It is known that the homology of
this complex is isomorphic to the homology of the Floer complex CM (H, J;7Z)
of ¢, defined for a generic choice of almost complex structure J. The Floer com-
plex is generated by fixed points of ¢, and its differential is defined counting
cylinders

u:R xSt — R?

satisfying the Floer equation
Osu + J(Ou — X (u)) =0
It is a classical fact that the graph of u,
T:RxS" = RxS!xR?

is pseudoholomorphic, and pseudoholomorphic curves in 4-manifolds intersect
positively. Consider now four distinct fixed points x4, y+ of ¢, such that there
are two Floer cylinders, u and v, asymptotic to these generators:
Seeing the pair of cylinders (u, v) as a homotopy from the braid (z_,y_) to the
braid (z4,y4+ ), and using the positivity of intersections of holomorphic curves
we conclude that

k(z_,y-) <Ik(z4,y4)

It is possible to obtain a similar result using generators functions: Patrice Le
Calvez in [44] proves it decomposing ¢ as a product of twist maps, and con-
structing a generating function for which the linking number between orbits has
a Lyapunov property. Using this and a dominated splitting of R? x RF (still
defined in [44]), we prove the following:

Theorem 0.2.2. Let ¢ a compactly supported Hamiltonian diffeomorphism of
the plane with its standard symplectic form dx A dy. Then for any generating
function quadratic at infinity S : R2 x R¥ — R for ¢, there exists a non-
degenerate quadratic form @ on R!, a Riemannian metric g on R2T*+l such
that the pair (S ® Q, g) is both Palais-Smale and Morse-Smale, and making (an
extension of ) the function

I:CM(S8Q,g:Z)® CM(S & Q,g:Z) = Z,
3k(ve,7y) P#4
Ip®q):= {2 [czwq B
—|7= | P=4q
into an increasing filtration of the tensor complex.

The number CZ(v,) in the Theorem is the Conley-Zehnder index of v,,
which coincides, up to translation, with the Morse index of p. The multiplicative
factor of % appears in light of our normalisation of the linking number.
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The proof of the Theorem is divided into two parts: we show the existence
of this kind of filtration for generating functions of Le Calvez type, and then
push it forward to all other generating functions.

The proof on the generating functions defined by Calvez relies on the an-
nounced Lyapunov property for the linking number, and on the study of the
asymptotics of different gradient lines 71, 72 approaching the same critical point
x. There is in fact an interplay between the dominated splitting at x and the
asymptotic linking of curves represented by points ~v1(t) and o (¢) for ¢ > 0
(it is not clear for general generating functions how points in the vector bundle
R? x RF are associated to loops in R?, but the construction that Le Calvez uses
makes this relation apparent).

Once we obtain the existence of the filtration for a Le Calvez generating
function, we extend it to arbitrary generating functions using Viterbo’s Unique-
ness Theorem (73], [69]. In order to apply it, we have to show that the ones
defined by Le Calvez are generating functions quadratic at infinity in the classi-
cal sense, up to gauge equivalence: this is one of the three elementary operations
on generating functions as defined by Viterbo, and it induces an isomorphism of
Morse complexes. Filtrations may also be pushed forward along these elemen-
tary operations, so that an application of the Uniqueness Theorem then proves
the main result.

We prove a folklore theorem about the relation between the Hofer metric
on Ham,(R?) and the supremum norm of generating functions. If two diffeo-
morphisms ¢, are Hofer-close, then there are two generating functions, one
for ¢ and one for 1, which are ¢°-close: this is the content of Lemma 3.4.5.
We also show that the filtration I defined above increases along continuation
maps between generating functions. With these elements we are able to prove
a simple case of [3, Theorem 2]: for small Hofer perturbations, linking numbers
of orbits persists (see Proposition 3.4.6).

We now go back to the Floer perspective: let ¢ be a Hamiltonian diffeomor-
phism of a closed oriented surface ¥, of genus g > 1 or of R? (in which case we
also assume ¢ is compactly supported). We denote by ¥ the surface on which
@ is defined. Some classical results of Hofer, Wysocki and Zehnder show that,
near critical points of the action functional of ¢, there is an infinite dimensional
analogue of the dominated splitting defined by Le Calvez. Choose a fixed point
x of ¢. They show, as a start, that each eigenfunction of the linearised Floer
operator at = has a well-defined linking number with respect to the z itself. If
two different eigenfunctions share the same eigenvalue moreover, then they have
the same linking number with x. For each integer n, the space of eigenfunctions
having linking number n with  has dimension 2, and the function associating
to an eigenvalue the corresponding linking number is monotone increasing.

Much like in the Morse case, a cylinder

u:RxS' =32

negatively (resp. positively) asymptotic to a fixed point x will locally be rep-
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resented by a sum of eigenfunctions with positive (resp. negative) eigenvalues,
and by the above facts about eigenfunctions and linking numbers there are a
priori bounds on the linking number between the curves

us: St =%, t > u(s,t) and x: St — Bt — x(t)

for s = —oo (resp. s — +00). These estimates are used to define the Siefring
product between Floer cylinders, and its positivity gives us the Floer analogue
of the main result we have in the Morse setting:

Theorem 0.2.3. Let ¢ € Ham(X) (compactly supported if X = R?) be non
degenerate (if ¢ is compactly supported, we only require non degeneracy on the
interior of the support) and generated by a Hamiltonian H. Then for generic
almost complex structure J, we have an increasing filtration I on

CM(H,J;Z) @ CM(H,J,Z)
defined on generators by

L1k(x,1 T #£1
I(z®y):= {2{22(;/3} x_;
e =

We immediately see that the filtrations obtained via Floer and Morse theo-
retical methods, perhaps unsurprisingly, coincide.

We finish Chapter 3 studying how the filtration I behaves with respect to
the pair of pants product in Floer homology. We define the pair of pants with
p+1 legs

Sy i=S*\{a1,...,apy1} with i # j = a; # a;
as the two dimensional sphere with p + 1 punctures, of which one positive and
the remaining p ones negative. The pair of pants product is a map

P, : CF(H,J; )% — CF(H*?, J;7)

that to p fixed points of ¢ associates a fixed point of P. Remark that C F(H#?, J;7Z)%?
may be endowed with the filtration I as above, while we may define I, on the
source space of Pp:

p
L@l ®ap) ® @i ©al) = I} o))
j=1

The operation P, is defined counting curves
u:Sy =%

which are pseudoholomorphic far from the punctures, and which satisfy Floer
equation near them. Their graphs

U: Sy — S x X

in this case as well turns out to be pseudoholomorphic. We aim to show the
following
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Theorem 0.2.4. For 2},... ,:z:;\l,7 x3,. .. ,xf, fized points of v, we have

L((@i® - 0)0 @@ ®22) <I(Pp(r] @ ®2,) @Pp(2] ® -+ @)

To prove this Theorem we are lead to compute Siefring intersection products

@ * v between graphs of pairs of pants u, v involved in the definition of P,. We
need to distinguish two possibilities: either u = v or u # v. The former case is
very simple to deal with: a simple degree count is enough, because both I and I,
1,2 2

are functions of Conley-Zehnder indices of the fixed points z1, ... s Tps Ty e vy Ty

In the other case, it turns out that @ * © bounds from below the difference
L((1® - 0r)@ @ e ©1)) —I(Py(z]® - 01,) @ Pp(z] ® - ®3))

so that it is enough to prove w * v > 0. Pseudoholomorphicity is enough to
conclude this, and proves the Theorem.
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Dans cette thése, nous étudions comment nous pouvons extraire des informa-
tions sur les difféomorphismes hamiltoniens de surfaces en utilisant des tresses
obtenues a partir de trajectoires hamiltoniennes. Nous allons aborder ce prob-
léme depuis deux points de vue trés différents : un point de vue global, dans
lequel nous utilisons les tresses pour trouver des estimations de la distance
d’Hofer entre les difféomorphismes d’une classe donnée, et un autre, local,
dans lequel nous nous concentrons sur un difféomorphisme hamiltonien spé-
cifique. Les outils que nous utilisons sont un variant de I’homologie de Floer
lagrangianne, récemment défini par Cristofaro-Gardiner, Humiliére, Mak, Sey-
faddini et Smith dans [21] pour le premier point de vue, et pour le deuxiéme
les fonctions génératrices pour les difféomorphismes hamiltoniens (avec ses re-
lations avec I'homologie de Floer hamiltonienne). Les résultats contenus ici
proviendront de [51], d’un travail avec Ibrahim Trifa [52], et d’un travail pas
encore publié¢ de 'auteur.

0.3 Un apercu: contexte et méthodes

Le groupe de tresses d’une surface est le groupe fondamental de son espace de
configuration. Soit ¥, différente de la sphére, avec genre g > 0 et p > 0 com-
posantes de bord. Considérons l'action naturelle du groupe des permutations
sur n lettres &,, sur I'n-iéme puissance cartésienne de ¥, privée de la grande
diagonale

A={(z1,...,¢0)|F # jiai=a;}

Le quotient est appelé n-iéme espace de configuration, et nous pouvons définir
le groupe de tresses By, 4 par

Br.gp =T ((E;ﬁp \ A)/G"’)

Lorsque g = 0,p = 1, c’est-a-dire dans le cas du disque, on retrouve le groupe
de tresses habituel, décrit par la présentation classique

Bn = <0’1,...,O’n_1

005 =050 [i—j| > 1
0i0i410; = 0410041 : 1L <1< n—2

xxi
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Le nombre d’enlacement d’une tresse, également appelé "exposant" dans la lit-
térature de la topologie de la basse dimension, est I’lhomomorphisme de groupes

Bn,O,l — 7

qui envoie les générateurs sur 1.

Dans ce travail, nous étudions les difféomorphismes hamiltoniens en util-
isant les tresses formées par leurs orbites. Un difféomorphisme hamiltonien est
le flot au temps 1 d'un champ de vecteurs hamiltonien, qui & son tour est un
champ de vecteurs de gradient d’une fonction par rapport & une forme symplec-
tique. En définitive, les nombres d’enlacement contiennent des informations sur
le difféomorphisme hamiltonien en raison d’un principe variationnel décrivant
ses points fixes. Ce principe stipule que les points critiques de la fonctionnelle
d’action, définie sur I'espace des lacets d’une variété symplectique, sont précisé-
ment des orbites hamiltoniennes fermés. Une théorie de type Morse peut étre
construite pour la fonctionnelle d’action : c’est ainsi, philosophiquement, que la
théorie de Floer est définie. Les générateurs des groupes d’homologie de Floer
sont alors des lacets ha<ns1:XMLFault xmlns:ns1="http://cxf.apache.org/bindings/xformat"><ns1:faultstring xmlns:ns1="http://cxf.apache.org/bindings/xformat">java.lang.OutOfMemoryError: Java heap space</ns1:faultstring></ns1:XMLFault>