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CHAPTER 1

FRENCH INTRODUCTION

1.1 Contexte général

Les océans, en tant que composants essentiels de notre planete, jouent un réle central
dans la régulation du climat, le cycle de 1’eau, et la biodiversité marine. La compréhension
des phénomenes océanographiques complexes qui animent ces vastes étendues d’eau est
cruciale pour appréhender les mécanismes sous-jacents et les interactions qui fagonnent
notre environnement. Au cceur de cette compréhension se trouve la modélisation des
écoulements fluides, dont la dynamique est régie par des équations fondamentales. Dans
ce contexte, nous introduisons ces équations fondamentales qui décrivent 1’évolution des

écoulements incompressibles hétérogenes sous I'influence de la gravité

Op+ (u+ uy) - Vep + (w +w,y) 0.p =0,
pGu+ (u+u.) Vi) u+ (w+w,)d,u) + Vo P+ fk x u =0,
p (Ow + (u+ u,) - Vew + (w + w,) d,w) + 0,P + gp =0,
Vet + dyw =0, (1.1.1)
Pl._— Pum =0,
¢+ (u+u)|,_ Vol = (w+w.)|,_ =0,

w|z:fH = 0.

Ici, t et (x, z) représentent respectivement le temps et les variables d’espace horizontal-
vertical, et nous utilisons V,, V.-, A,, pour désigner le gradient, la divergence et le
laplacien par rapport a x. Le champ vectoriel (u,w) € R? x R représente la vitesse
(horizontale et verticale), p > 0 est la densité, P € R est la pression incompressible, tous

étant définis dans le domaine spatial.
O ={(z,2): zeR —H <z <((t,z)}

7



Introduction générale

ou ((t,x) décrit la position d’'une surface libre, et H est la profondeur de la couche au
repos. Le champ gravitationnel est supposé constant et vertical, et g > 0 est la constante
d’accélération gravitationnelle, la constante f € R et le vecteur constant k représentent
respectivement le parametre de Coriolis et le vecteur unitaire dans la direction verticale.
Enfin, les termes d’advection associés a la "vitesse bolus’ (u., w.) € R xR ont été proposés
par Gent et McWilliams [35]. Ces termes sont introduits pour prendre en compte la
contribution effective des corrélations tourbillonnaires géostrophiques dans les modeles a
grande échelle ne résolvant pas les tourbillons. Leurs formes spécifiques dans le cas le plus

simple avec le parametre de diffusivité constant x se lisent comme suit:

B Vap . Vap
u*—/{@(ﬁzp), W, = =KV, (az ), k>0 (1.1.2)

En négligeant les termes effectifs d’advection (c’est-a-dire en fixant £ = 0), on retrouve les
équations d’Euler pour des fluides incompressibles hétérogenes sous 'influence des forces
gravitationnelles verticales ainsi que la force de Coriolis, ou les deux derniéres lignes de
(1.1.1) modélisent respectivement 1'équation cinématique a la surface libre et la condition
d’imperméabilité du fond rigide. Dans I’équation (1.1.1), la pression P peut étre obtenue a
partir de sa valeur (atmosphérique) a la surface, P,y , en résolvant le probleme aux limites
elliptique induit par la contrainte d’incompressibilité des champs de vitesse a divergence
nulle. Cependant, dans le régime des eaux peu profondes, ou I’échelle horizontale de la
perturbation est grande par rapport a la profondeur de la couche H, les calculs formels
(voir ci-dessous) suggerent que les accélérations verticales peuvent étre négligées et que

la pression P satisfait approximativement la loi d’équilibre hydrostatique, c’est-a-dire

0,P +gp=0. (1.1.3)
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En remplagant ’équation de la vitesse verticale dans (1.1.1) par l'identité dans (1.1.3)

cela conduit aux équations hydrostatiques sous l'influence de la force de Coriolis:

op+ (u+u) Vep+ (w+ws)dop=0
pOu+ (u+u.) Vy)u+ (w+w.)d,u) + VoP+ fkxu =0
A+ (u+tu)l,_ Vol — (wtw)|,_ =0

¢
P = Patm—i—gf p (7, ) ds,

4
4
w = —f Ve -u(2,-)dz.
—H
(1.1.4)
Il convient de noter que le systeme précédent représente une simplification des équa-
tions primitives, lesquelles mettent en jeu des aspects tels que la diffusivité, la viscosité,
les équations relatives aux traceurs (salinité S et température 6), ainsi qu'une relation
d’état. Cette derniere est une équation exprimant la densité p en fonction de S et 8. Ces
détails sont explicités dans l'article de Titi et Korn [51], de méme que dans 'ouvrage de

géophysique de Vallis [75][section 2.2 et section 10.7].

Les implications de la force de Coriolis deviennent significatives a grande échelle
océanique. Cependant, malgré cela, dans la suite de 'analyse, nous choisirons de négliger
les effets de la rotation de la Terre pour plusieurs raisons. D’une part, pour simplifier
les systeémes traités dans ce manuscrit. D’autre part, nous nous intéresserons au car-
actere bien posé local de nos systemes d’équations. Nous nous situons dans un régime
ou la rotation de la Terre n’est pas rapide, ce qui signifie que prendre en compte cette
force n’apporte ni avantages significatifs ni difficultés supplémentaires a notre analyse. De
plus, a travers nos résultats de caractere bien posé, nous prouvons ’absence d’instabilités
a hautes fréquences qui se développent rapidement. Il est a noter que, dans ce cas, la

présence de la force de Coriolis n’a pas d’impact conséquent.

Nous soulignons que notre étude est de nature théorique et ne vise pas a modéliser
I'océan. Elle se concentre sur des modeles qui ne sont pas précis en termes de représen-
tation physique des océans. Néanmoins, a travers ces modeles, nous abordons des enjeux

pertinents, notamment ’hypotheése hydrostatique et la variation de densité.
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La raison physique sous-jacente a 'introduction des vitesses de transport supplémen-
taires, notées u, et w, et définies dans I’équation (1.1.2), au sein des systémes d’équations
(1.1.1) et (1.1.4), est que ces vitesses "bolus" agissent comme des ajustements aux équa-
tions d’Euler incompressibles standard qui s’appliquent indépendamment de l'inclusion
ou non de 'hypothese hydrostatique et sont dérivés des principes fondamentaux de la mé-
canique des fluides. Notons que dans ce manuscrit, notre intérét portera sur ces vitesses
de transport supplémentaires qui vont induire une diffusion, comme nous pourrons le
voir dans les équations (1.2.11), ci-dessous. La modélisation déterministe de cette dif-
fusivité effective résultant de la corrélation tourbillonnaire, que nous mettons en ceuvre
dans cette étude, remonte aux années 1990 et est créditée a Gent & McWilliams [35],
comme référencé également dans [39, 40]. Cette approche trouve son origine dans la né-
cessité de modéliser les effets dissipatifs moyennés des tourbillons méso-échellonnés, qui
étaient alors inabordables sur le plan computationnel a cette époque, sur 1’écoulement a
grande échelle au niveau macroscopique. Ils considérent les inconnues (p, w,w) comme
les composantes a grande échelle des champs de densité et de vitesse, respectivement.
L’approche implique I'introduction de correcteurs appropriés dans 1’équation de conserva-
tion de la masse et dans les équations des traceurs (comme la salinité et la température).
Plus précisément, ils suggerent d’incorporer des champs de vitesse bolus u, et w,, définis
dans ’équation (1.1.2). L’ajout de la contribution de vitesse bolus dans 1’équation de
conservation de la quantité de mouvement a été suggéré dans [39, 36]. L’un des princi-
paux éléments conduisant a la forme spécifique des champs de vitesse bolus est que 'effet
dissipatif moyen des tourbillons méso-échellonnés devrait agir principalement le long des
surfaces isopycnales (c’est-a-dire le long, et non pas a travers, des surfaces de densités
égales). Il convient de mentionner que ’advection induite par les tourbillons selon Gent
& McWilliams ne constitue qu'une partie de la paramétrisation sous-maille des tourbillons
méso-échellonnés utilisée dans les modeles généraux de circulation océanique mondiale,
qui incluent également la diffusion induite par les tourbillons de Redi [69]. Plus précisé-
ment, les équations pour les traceurs, comprenant la paramétrisation des tourbillons de

Gent-McWilliams—Redi, se présentent comme suit (voir [51] et les références citées)
0.C + (Us-V3)C =V;3- (KgV3C) + Vs - (KeuVsC), (1.1.5)

ou C' est un traceur (typiquement la température 6 et la salinité S), Us := (u,w)

représente le champ de vitesse tridimensionnel, et V3 est le gradient tridimensionnel.

10
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Ci-dessus, nous définissons Kr et Kgu par

1+ L2 —L,L, L, L* L,L, —L,
Kn=—t | pp, 12 on, |+—2 | L, 12 -1
B R T W R A R R N A
L, L, |L|? -L, —-L, 1
(1.1.6)
0 0 —L,
KGM =K O O —Ly
L, L, O
ou nous avons utilisé la notation L := (L, L,) = _EZ :p , et les constantes strictement

positifs K; et Kp sont les coefficients de diffusivité isoneutre (tangente aux surfaces de
densité neutre) et dianeutre (normale aux surfaces de densité neutre). On remarque que
le tenseur Ky est symétrique, tandis que le tenseur Kgy est antisymétrique, de sorte
que l'effet dissipatif di a I'advection tourbillonnaire de Gent & McWilliams n’est pas
évident. En fait, il y a eu un débat sur la nature adiabatique de la paramétrisation de
Gent & McWilliams [38]. Comme le montre clairement la formulation des équations en
coordonnées isopycnales (voir équations (1.2.11) ci-dessous), les termes d’advection tour-
billonnaire induits par Gent & McWilliams introduisent une contribution diffusive a la
variable d’épaisseur. C’est pourquoi le parametre k est souvent appelé le parametre de

diffusivité d’épaisseur.

Comme on a pu le constater dans 'équation (1.1.5), les termes de Redi-Gent &
McWilliams ont été ajoutés aux équations des traceurs (température 6 et salinité S),
afin de prendre en compte l'effet de ces termes sur les équations d’Euler (1.1.1) et d’Euler
hydrostatique (1.1.4), il est naturel de s’interroger sur I'impact de ces termes additionnels
sur la variable de densité p. Il s’avere que, lorsqu’il est appliqué a la variable de densité, la
contribution isoneutre de la diffusion induite par les tourbillons de Redi disparait exacte-
ment, tandis que la contribution dianeutre devient un laplacien isotrope tridimensionnel,

et la contribution de Gent & McWilliams peut étre interprétée comme une advection.
V3 (KrV3p) = KpAszp, Vsz-(KauVsp) = (U; - Vs)p.

Ou nous notons U3 := (u.,w,) défini dans (1.1.2). Par conséquent, dans les situa-

tions ou 'équation d’état p = p(f,.S) est une combinaison linéaire des traceurs (avec des

11
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parametres de diffusivité égaux pour tous les traceurs), les équations (1.1.5) conduisent a
6{;p + (Ug : v?,) P + (Ug . Vg) P = KDA;),,O.

Etant donné que le coefficient de diffusivité dianeutre est généralement choisi beaucoup
plus petit que le coefficient de diffusivité isoneutre, 0 < Kp << Ky, il est raisonnable de
négliger le coté droit de I’équation ci-dessus. Cela conduit aux équations de conservation
de la masse dans (1.1.1) et (1.1.4). II est essentiel de souligner que le choix de la variable
p en tant que combinaison linéaire des traceurs 6 et S dans le paragraphe précédent
constitue une approche simple et élémentaire du point de vue de la modélisation, visant a
simplifier le cadre d’étude des équations primitives. Cependant, il est possible d’étendre
certains résultats de stabilité des équations primitives avec les contributions des termes
de Redi-Gent & McWilliams (1.1.6), dans un contexte plus général, plus précisément
dans le cas ou p est une fonction réguliére des traceurs mentionnés précédemment. Nous
précisons particulierement les résultats d’existence de solutions faibles, ainsi qu’un résultat

de caractere bien posé global obtenu par Titi et Korn [51] dans ce contexte général.

1.2 Motivation de la theése

1.2.1 Equations en jeu

Dans cette section, nous mettons en ceuvre les systémes d’équations qui constitueront

le centre d’intérét de ce manuscrit.

La justification rigoureuse de I'hypothese hydrostatique dans le régime des eaux peu
profondes, c¢’est-a-dire lorsque la longueur d’onde horizontale typique de I’écoulement est
grande par rapport a la profondeur verticale de la couche, a été analysée de maniere
approfondie, que ce soit dans des situations de densité homogene [7, 57, 34, 58], avec des
distributions de densité lisses [68, 67], ou dans le cadre bi-couches [14, 31, 28]. L’enjeu de
cette these consiste a établir des ponts entre le cadre a stratification continue (la densité
est continue) et le cadre a stratification nette (la densité est constante sur chacune des
couches du fluide, plus particuliéerement nous traiterons le cas bi-couches et multi-couhces),
dans le contexte de I'hypothese hydrostatique.

Dans ce manuscrit, le systéeme hydrostatique continument stratifié avec les termes

additionnels de Gent & McWilliams occupera une place centrale. Cependant, avant de

12
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le présenter explicitement, nous éclairons dans les paragraphes qui suivent les hypotheses
ainsi que la méthodologie qui nous permet d’extraire ce systéme a partir des équations
d’Euler (1.1.1).

Considérons maintenant des solutions régulieres a 1'équation (1.1.1) définies sur un
intervalle de temps I;. En supposant que I’écoulement est stablement stratifié , c¢’est-a-
dire

inf (—0.p) > 0, (1.2.1)

la densité p : z — p(+,-, 2z) est une fonction inversible de z. Nous désignons son inverse

par : 0 — (-, -, 0), afin de définir le changement de variable isopycnal suivant

p(t,x,n(t,x, 0) =0, n(t,x pt x z2)) =2 (1.2.2)

Nous supposons également que p(t, &, —H) = p1, p(t,x,((t,x)) = py pour (t,x) € I, x R
ou py < p1 sont deux densités de référence constantes, fixes et positives. Ensuite, nous
avons

n: I x Qs RavecQ := R x(pg, p1) et h := —8,m > 0, (1.2.3)

I'inégalité précédente tenant compte de ’hypothese de stratification stable. Nous intro-

duisons maintenant

a(t,z, 0) = u(t,z,nt, x,0), Wtz 0 =wtzntex o), Ptz o) =Ptzntmzo).

A partir de la régle de la chaine, nous déduisons que le systéme (1.1.1) en coordonnées

isopycnal s’écrit

om+u-Ven—w= kA,

) v ) ) + VP Vh””"agﬁ —0, (1.2.4)

o (52) )

—hVg -t — (Vgn) - (0,u) + 6,00 = 0,
P

=)
N

RS

S«

+
N
N

S«

|

N
-~ <|
;“

Il
e

= Patm7 w|g:p
0=p0

Remarquez qu’en différenciant par rapport a o la premiere équation et en utilisant la
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quatrieme équation (découlant de la contrainte d’incompressibilité), la conservation de la
masse se lit

Oth + Vg - (h) = kAh, (1.2.5)
d’ou l'apparition de la diffusion mentionné dans la section précédente.

A présent, nous pouvons présenter une version adimensionnée du systeme précédent.
Nous nous intéressons aux déviations par rapport aux solutions stationnaires des équations

d’Euler incompressibles avec densité variable :

(heq s Ueq » Weq » Poq ) = (R(0),u(0),0, P(0)),

qui satisfont la condition d’équilibre

0,P(0) = goh(o).

Par conséquent, nous considérons des fluctuations (non nécessairement petites) de
cette solution stationnaire, de sorte que nos inconnues admettent la décomposition suiv-

ante :

h(tu Z, Q) = h(@) + hpert (t, Z, Q)7 ’ﬁ’(tu €, Q) = @(Q) + Upert (t7 Z, Q)u
uv](ta €, Q) =0+ Wpert (ta Z, Q)) P(t7 €T, Q) = B(Q) + Ppert (t> €, Q)

De plus, nous adimensionnalisons les équations avec les variables adimensionnées suivantes

: nous définissons

M2l g +ita e MUE0 - at)+ade.0),

et

g Pt ) Pam ¢ 7 /7 ~
= w(t, Z, o), (;I o _ 9;1 + | dh(d)dd + P(t, ),
PO

ou ’on rappelle que H représente la profondeur de la couche au repos. Pour A une longueur

horizontale de référence, nous utilisons les coordonnées adimensionnées suivantes

VoHt (1.2.6)

Toat = VI,
UL W

j:

Introduisant le parametre adimensionné de diffusion (épaisseur), &, et le parametre de
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faible profondeur, u, a travers

K H?
t = — 1.2.7

en substituant les coordonnées/variables adimensionnées dans le systéme (1.2.4) et 1’équation

/’%:

qui en découle, et en omettant les tildes et pert pour des raisons de lisibilité, on obtient

Oh + V- ((h+ h)(u+u)) = kAL,

xh xr
Q(&tqu (<u+u—/<av > -Vw> u) + VP + V) (oh + 0,P) =0, (1.2.8)

h+h h+h
0,P oh

Vh
ug(&tw+<u+u—mh+h)-Vmw)—h+h+h+h—0,

—(h+h)Vy-u—Van- (U + dyu) + d,w =0, (div-free cond.)

p1

n(-, 0) = f h(-0)dd, Pl,_,, =0 wl,_, =0 (bound. cond.)
0
Le systéme hydrostatique est obtenu en fixant g = 0 dans (1.2.8). Plus précisément, en
introduisant I’équilibre hydrostatique,

0,P oh

— t p —
ih nrh O Plew =0

dans la deuxiéme équation de (1.2.8), cela implique le systéme hydrostatique continument
stratifié avec les termes additionels de Gent & McWilliams qui nous intéresse dans ce

manuscrit.

Oth + Vg - (b + h)(u+ u)) = kAh, (1.2.9)

V.h
g(&tu+((u+u—ﬁh+h)-vm)u) + V=0,

avec

o P1
1Mtww)=f dhww¢ﬁdd+gf ht,x, o) do (1.2.10)

Po e

P1 e e
=pOJ h(t,x, o) dg'—i—f J h(t,x,0")do"de.

PO po J o
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Plus particulierement, nous nous placerons dans le cadre d'une dimension spatiale
(x =z € R). Donc

(1.2.11)

{ Oh + 0, ((h + h)(u + u)) = kd>h,

oy + (g +u— /-cgi’;) O,u + %axw =0,

ou

4 P1

oh(t,z,o)do + QJ h(t,z,0)do

4

¥(t,z, 0) =J

PO

P1 e p1
= pof h(t,x,o)do + J J h(t,z,0")do"dd.
00 po v
Il est pertinent de mentionner que le systeme (1.2.8) (respectivement (1.2.9)) obtenu,
n’est qu'une réécriture du systéme (1.1.1) (respectivement (1.1.4)) sous les hypotheses de

stratification stable (1.2.1) et de continuité de densité.

Afin de faciliter la compréhension pour le lecteur, nous donnons le sens physique
des variables considérées dans (1.2.11). De ce qui a été établi précédemment, quand la
stratification est stable, c¢’est-a-dire lorsque la densité augmente avec la profondeur pour
toutes les positions spatiales horizontales = € R, la reformulation avec des coordonnées
isopycnals fait appel a l'inverse de la fonction de densité z — p(-, z), que nous notons
0+ 1(-, 0) pour g € (pg, p1), ol po est la densité (constante) a la surface libre et p; est la
densité (constante) au fond plat rigide. Etant donné que le graphe de n(-, 0) représente
en coordonnées eulériennes la feuille isopycnale de densité p, la fonction définie comme
h + h = —d,n est la profondeur infinitésimale de cette feuille isopycnale. Ensuite, u + u
est la composante horizontale de la vitesse des particules du fluide au niveau de la feuille
isopycnale. Nous décomposons la profondeur et vitesses horizontales en A + h et u + u ou
(h, u) représentent ’écoulement de cisaillement de référence et sont des fonctions données
dépendant uniquement de la variable de densité g € (pg, p1), et (h,u) sont les inconnues
représentant les déviations de 1’équilibre et dépendent du temps ¢, de 1’espace horizontal
z € R et de la variable de densité ¢ € (pg, p1). Enfin, ¢ est le potentiel de Montgomery
(tel que mentionné dans I'article de Holm et Long [44]), responsable de 'interaction entre

les feuilles isopycnales.

I1 est important de noter que pour obtenir le systeme (1.2.11), I'hypotheése de strati-
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fication stable et continue (1.2.1) était nécessaire pour définir le changement de variable
isopycnale, qui implique que des feuilles de densités égales réalisent un feuilletage du do-
maine du fluide ; voir, par exemple, [44, 13]. Mentionnons également que ’on peut utiliser
le changement de variable isopycnale dans un cadre plus général que celui précédemment
établi (la densité stablement stratifié et continue), plus généralement, on peut considérer
o = p(r) avec r — p(r), pas forcément bijective ni méme continue. Nous aurons un
apercu de cela dans le Chapitre 6 ou nous choisirons un cas particulier de cette derniere
fonction, qui s’adaptera a notre étude pour traiter le systéme de Saint-Venant bi-couches.
Par ailleurs, la justification rigoureuse de la limite hydrostatique (1 — 0 dans (1.2.8)) se
trouve dans le résultat de Duchéne et Bianchini [13].

En analysant attentivement la structure des équations du systeme continument strat-
ifié avec les termes additionnels de Gent & McWilliams (1.2.11), nous observons une cer-
taine similitude avec le systéeme de Saint-Venant multi-couches avec les termes de Gent &
McWilliams ajoutés d’une manieére analogue (voir I’équation (1.2.12)). Dans ce manuscrit,
nous expliquons précisément cette similitude, en d’autres termes, nous fournissons le dic-
tionnaire nécessaire qui permet au lecteur de considérer le systeme a multi-couches comme
une approximation du systéme continument stratifié (voir chapitre 5), et au contraire
le systéeme continument stratifié comme une approximation du systéme bi-couches (voir
chapitre 6).

Le systeme multi-couches que 'on considere ici est le suivant

O H; + 0,(H; + H;)(U; + U;)) = w02 H,;

N (0 0 Vie{l,...,N
atUi+ (Ql"i‘ UZ — K Oz H; )@Uz—i-g ZI%%5$HJ = 0, ‘ { }
J:

H,+H;

(1.2.12)
Ce systeme correspond a une situation de N couches de fluides immiscibles avec des
densités constantes p;, i € {1,...,N}. Quand £ = 0, en appliquant approximation
hydrostatique et ’hypothese d’écoulement en colonne, nous arrivons (voir par exemple [56,
9]) au systeme de Saint-Venant multi-couches (1.2.12) ou H; + H; représente la profondeur
de la i®™¢ couche (H; étant la profondeur au repos et H; la déviation) et U, + U; étant
la vitesse horizontale moyenne de la couche (U, étant la vitesse de référence et U; la

déviation), et g = 1 sera la constante d’accélération de gravité apres remise a échelle.
Comme précédemment mentionné, dans (1.2.12) (respectivement (1.2.11)), les termes
proportionnels a k ont été introduits par Gent et McWilliams [35] afin de représenter la

contribution a grande échelle des tourbillions non résolus. Ils apparaissent sous la forme
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i (respectivement u* := —k;e) et

agissent comme des contributions de diffusivité dans les équations de conservation de la

de vitesses effectives supplémentaires U := —k

masse. De maniere intéressante, des termes similaires ont été introduits dans le travail de
Duran, Vila, et Baraille [32] afin de controler I’énergie discréte d’un schéma numérique
semi-implicite pour le systéme multi-couches (1.2.12). Du point de vue mathématique,
comme établi dans ce manuscrit, 'effet régularisant des contributions de diffusivité est
essentiel pour notre analyse car il fournit des estimations de stabilité appropriées, et nous

supposerons toujours que k > 0.

Notons que cette approche par des modeles multi-couches pour approximer les équa-
tions d’Euler et de Navier-Stokes a déja été abordée par plusieurs auteurs, parmi lesquels
on trouve le résultat d’Audusse [4] qui a proposé un modele de Saint-Venant multi-couches
en discrétisant en profondeur, ce qui donne un ensemble de systemes couplés de Saint-
Venant (classique) pour approximer les équations de Navier-Stokes hydrostatique. Con-
trairement au modele de Saint-Venant classique, ou la vitesse horizontale ne dépend pas
de la variable verticale et implique donc une perte d’informations (car le modele ne décrit
pas correctement le profil vertical de cette vitesse), le modele multi-couches proposé per-
met d’étendre la plage de validité et fournit une description précise du profil vertical. Pour
justifier (numériquement) ce dernier, 'auteur utilise une approche couche par couche, en
adaptant des résultats bien connus sur le solveur de volume fini du systeme classique de
Saint-Venant au cas multi-couche (voir également [6]). L’approche précédente differe de
celle établie dans ce manuscrit en termes de modélisation. En effet, la construction du
modele multi-couches proposé par l'auteur est réalisée de maniere purement artificielle
en discrétisant les hauteurs. En d’autres termes, l'interface est déterminée uniquement
par la variation de la surface, ce qui implique un échange de particules de fluide entre
ses différentes couches au fil du temps (voir également [5, 33]). Contrairement au modéle
multi-couches traité dans ce manuscrit (1.2.12), qui est obtenu en suivant le profil de
densité, permettant ainsi de discrétiser le domaine du fluide en une série de couches a
densité constante. Dans ce modele, la couche la plus dense se trouve au fond, et aucun

échange de masses entre les couches n’est possible.

D’un autre point de vue, Camassa et Tiron [22] ont proposé un modele bi-couches pour
approximer le systeme d’Euler incompressible avec stratification continue. La construc-
tion de ce modele ainsi que sa justification reposent sur le fait que, de maniere similaire
au systeme continument stratifié, celui-ci doit également capturer les ondes de vitesse

d’amplitude infinitésimale et de longueur d’onde infinie en ajoutant la conservation de
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certaines quantités physiques (qui caractérisent une configuration stratifiée), notamment
la masse et 1’énergie potentielle dans chacune des couches. Cette justification représente
une approche physique du probleme d’approximation, qui differe de 'approche théorique
que 'on considere dans ce manuscrit. Notre approche se base sur la démonstration du car-
actere bien posé et explicite la vitesse de convergence (qui dépend du nombre de couches

considérées) pour justifier la validité de notre modele multi-couches.

Comme mentionné précédemment, nous examinons ’approximation du systeéme hy-
drostatique continument stratifié par le systeme multi-couches (la densité dans ce dernier
étant constante sur chaque couche). Cela nous conduit naturellement a étudier le prob-
leme "inverse', qui consiste & démontrer que dans la limite ou la densité (initialement
continue) devient continue par morceaux, le systéme hydrostatique continument stratifié
devient une approximation du systéme multi-couches (nous nous concentrons ici sur le

cas a deux couches).

Cela nous ramene naturellement au systeme de Saint-Venant bi-couches (correspond
a N =2 dans (1.2.12)) qui est un modele standard utilisé pour décrire les ondes internes
dans les écoulements a densité stratifié, particulierement dans des situations ou la distri-
bution de densité permet une représentation approximative du fluide en tant que deux
couches avec des densités presque constantes séparées par une mince pycnocline ; voir par
exemple [42, Chap. 6]. En plus de cette hypothese de stratification nette, la dérivation
formelle du systéme Saint-Venant bi-couches repose sur deux conditions supplémentaires.
On suppose que la pression interne est hydrostatique, ¢’est-a-dire que la force de gradient
de pression équilibre la force externe due a la gravité (voir (1.1.3)). On suppose également
que la vitesse d’écoulement est colonnaire , ce qui signifie que la vitesse horizontale des
particules fluides reste constante par rapport a la variable verticale a I'intérieur de chaque

couche.

Naturellement, la validité du systéme Saint-Venant bi-couches dépend de 'attente
que ces trois hypotheses restent précises sur une échelle de temps pertinente a mesure que
I’écoulement évolue.

Dans le cadre bi-couches et en supposant que la pression est hydrostatique, I’hypothese
d’écoulement en colonne est propagée exactement par le flot. Cela signifie que le systeme
de Saint-Venant bi-couches produit des solutions exactes aux équations d’Euler hydro-
statiques (incompressibles) avec des distributions de densité et de vitesse horizontale qui

sont constantes par morceaux par rapport a la variable verticale.

Dans ce manuscrit, nous examinons les solutions aux équations d’Euler hydrostatiques
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a proximité de telles solutions, c’est-a-dire en relaxant les hypotheses de stratification
nette ainsi que celle du mouvement en colonne. Nous démontrons que, pour des données
initiales suffisamment proches du cadre bi-couches, les solutions émergentes des équations
d’Euler hydrostatiques restent proches de la solution prédite par le systeme de Saint-
Venant bi-couches sur une échelle de temps pertinente.

Plus précisément, les équations d’Euler hydrostatiques que nous considérons ont la forme

Oih + 0, ((1 + h)(u+ u)) = kd2h,

Ozh 1 1.2.13
8tu—|— Uu+u—~K axu‘i‘*axq]:o? ( )
1+h P
ou le potentiel de Montgomery ¥ est donné par
T 0
U(t,z,r) = p(r) J h(-, 7"y dr' + f p(r")h(-,r") dr'. (1.2.14)
-1 r

Le systeme (1.2.14) n’est que la réécriture du systéme (1.2.11) a travers un changement
de variables, plus précisément prendre ¢ = p(r) avec r — p(r) ou la variable r € (—1,0)
réfere a la profondeur de la ligne isopycnale (remise a échelle). Cela permet de fixer la
profondeur infinitésimale de référence des isopycnes a la valeur A(r) = 1. Par ailleurs la
profondeur totale du domaine du fluide au repos est fixée a S(il h(r)dr = 1 par le biais
d’une mise a 1’échelle appropriée. Il est a noter que le systeme (1.2.13) peut étre dérivé
du systéme a coordonnées eulériennes (1.1.1), méme dans le cas ot la stratification p n’est
pas bijective, en particulier dans le cadre multi-couches. De plus, le systeme (1.2.13) est

moins singulier dans la limite de stratification nette.

Enfin, aprés avoir motivé le lecteur sur le passage du systéme discret (Saint-Venant
multi-couches) au systéme hydrostatique continuellement stratifié, et inversement, du sys-
téme hydrostatique continuellement stratifié au systéme discret (Saint-Venant bi-couches),
nous nous intéresserons également au systeme de Saint-Venant a une couche, incluant les
termes additionnels de Gent & McWilliams (correspond a N = 1 dans (1.2.12) et dans le
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cas d’'une dimension spatiale d).

Oh+V - ((h+h)(u+u+u*)) =0,
u+ ((u+u+u*) -V)u+ Vh =0,
h|t:0 = ho, inf hg > 0,

Ujt=0 = U0,

(1.2.15)

ou t > 0 représente la variable temporelle, d la dimension spatiale horizontale, & =
(21, ..., 24) les coordonnées spatiales horizontales, (h, u) € R x R? est un équilibre stable,
h = h(t,x) la déviation de h, u = u(t, z) la déviation de u. Physiquement h+ h représente
la hauteur de la couche et u + wu représente le champ de vitesse horizontal moyen de la
_ Vh

couche, et u* = —Kht-

Nous attirons 'attention du lecteur sur le fait qu’en dehors des résultats concernant
ce systeme, et ce pour des raisons de simplification et de lisibilité, nous considérerons la

dimension spatiale d = 1.

Comme indiqué précédemment, lorsque x = 0, nous retrouvons le systeme de Saint-
Venant classique, ce dernier est une approximation d’ordre u du systéme des water waves
(systeme de deux équations d’évolution scalaires obtenues a partir du systéme d’Euler fon-
damental (1.1.1), en supposant que le fluide est homogene et que le champ de vitesse U est
irrotationnel), cette approximation est obtenue en utilisant des propriétés de 'opérateur
de Dirichlet-to-Neumann (cet opérateur est défini a travers le potentiel de vitesse, qui
découle de la propriété d’irrotationnalité et qui satisfait un certain probléme de Laplace),
ou pu représente le parametre de faible profondeur, défini précédemment (voir (1.2.7)).
On suppose que p est suffisamment petit pour se situer dans le régime des eaux peu
profondes. Des informations détaillées sur la justification rigoureuse ainsi que d’autres
propriétés de ce modele peuvent étre trouvées dans les références suivantes [28, 55]. In-
sistons également sur le faite que dans ce manuscrit, les résultats obtenus proposent une
approche différente pour la justification de ce modele, en faisant tout d’abord I'hypothese
hydrostatique (qui est valide dans le régime d’eau peu profonde), puis en regardant la
limite de densité constante et d’écoulement en colonne.

Le lecteur a vraisemblablement noté notre intérét particulier pour les systemes de
Saint-Venant a une couche et a deux couches (correspondant a (1.2.12) pour N € {1,2}).

Il est a souligner que, pour ces deux systemes, nous obtenons des résultats améliorés par
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rapport au cas général. Ceci est attribuable au fait que les conditions d’hyperbolicité du
probléme sans diffusivité d’épaisseur (k = 0) sont mieux comprises pour ces cas Spéci-

fiques.

1.2.2 Aspects de stabilité

Rappelons au lecteur quelques résultats classiques de stabilité connus par la commu-

nauté.

En ce qui concerne le systeme de Saint-Venant a une couche, il est établi que la présence
de I'hypotheése de non-cavitation (h + h > 0) implique la stricte hyperbolicité. De plus,
ce systeme admet un symmetriseur de Friedrich explicite, qui revient essentiellement a
multiplier I’équation sur la vitesse horizontale par h + h. L’étude de ce systéme peut étre
retrouvée dans [28], mais également dans un cadre plus général qui traite les systémes
quasi-linéaires du premier ordre, dont fait partie le systéeme de Saint-Venant a une couche
[12, 60]. Dans le cas particulier du toit rigide pour le systéme de Saint-Venant bi-couches
des conditions d’hyperbolicité explicites ont été données par Guyenne, Lannes et Saut [43]
et améliorées par Bresch et Renardy [20]. Contrairement au systéme de Saint-Venant a une
couche et au cas particulier précédemment énoncé, la détermination explicite du domaine
d’hyperbolicité du systeme de Saint-Venant bi-couches (a surface libre) n’est pas possible.
Il est & noter que, dans ce cas, méme I’hypothese de non-cavitation (hy+hy > 0 et hg+hy >
0) ne garantit pas 'hyperbolicité de celui-ci. Néanmoins, certaines approches existent
pour clarifier cette hyperbolicité, dont I'approche géométrique établie par Ovsjannikov
[65] mais également celle de Barros et Choi [10] ainsi que Virissimo et Milewski [76], que

nous détaillerons d’une maniere claire et concise dans le Chapitre 6.

Comme mentionné précédemment pour le cas du Saint-Venant bi-couches, nous ne
disposons pas également d’une formule explicite pour le domaine d’hyperbolicité du Saint-
Venant multi-couches (£ = 0 dans le systeme (1.2.12) avec N > 2) et il n’existe pas
d’approche géométrique qui permet d’avoir une meilleure compréhension de celui-ci. Cette
difficulté découle de la présence de plusieurs variables dans ce systéme, rendant l'analyse
compliquée, voire méme impossible. Néanmoins, dans [27, 62], les auteurs fournissent
des conditions suffisantes pour une stricte hyperbolicité lorsque le fluide est stablement
stratifié (c’est-a-dire lorsque p; < ps < -+ < py), mais ces conditions sont obtenues &

I’aide d’arguments perturbatifs par rapport a la situation sans vitesses de cisaillement et
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elles dégénerent lorsque N — oo vers
{(H; + H;, U; + Ui) e R*N 0 Hi+ H; >0, Uy + Uy = Uy + Up = -+ = Uy + Uy},

empéchant toute étude au niveau non linéaire ou incluant des vitesses de cisaillement.
Nous laissons le lecteur se référer a la discussion intéressante dans [70, §5] concernant les
résultats de stabilité pour les systémes multi-couches lors de ’augmentation du nombre de
couches, en relation avec les résultats de stabilité pour le systéme continument stratifié.
On y rappelle le célebre critere de stabilité de Miles [61] et Howard [45], empéchant
I'instabilité spectrale des écoulements de cisaillement continument stratifiés si le nombre
de Richardson local est partout supérieur a 1/4. Il est également mentionné explicitement
que cette notion de stabilité (ainsi que d’autres résultats, obtenus par Holm et Long [44]
et Arbanel et al. [1]) est en général trop faible pour impliquer le contrdle des déviations

par rapport aux équilibres, en particulier au niveau non linéaire.

Selon notre compréhension actuelle, le caractére bien posé du probléeme a valeur ini-
tiale dans des espaces de régularité finie pour le systéme continument stratifié (1.2.11),
en l'absence de diffusivité d’épaisseur (k = 0), avec des données initiales satisfaisant
le critere de Miles et Howard, reste un probleme ouvert. Nous invitons le lecteur a se
référer au travail de Kukavica et al. [52] pour l'existence et 'unicité d’une solution dans
des espaces de fonctions analytiques (dans le cadre du toit rigide), et a Cao, Li & Titi
[23] parmi de nombreux autres travaux (voir [58] pour un compte rendu récent) pour la
situation avec des contributions de viscosité horizontale et de diffusivité. Alors que les
travaux mentionnés précédemment traitent des équations d’Euler hydrostatiques écrites
en coordonnées eulériennes et ne reposent pas sur I’hypothese de stable stratification, le
travail de Bianchini et Duchéne [13] est plus proche de notre cadre car il traite spécifique-
ment le systéme en coordonnées isopycnales avec les termes supplémentaires de Gent et
McWillams, c’est-a-dire (1.2.11). Ils démontrent que des données initiales suffisamment
régulieres satisfaisant I’hypotheése de non-cavitation (h+ h)|i—o = hs > 0 conduisent & une
FAR2)

unique solution sur un intervalle de temps [0, 7 avec ™" < 14K (14721 poor)

ou M est la taille des déviations initiales par rapport a 1’équilibre.

Enfin pour cloturer cette section, il est pertinent de mentionner que dans le cas ou
k = 0 et en la présence de la force de Coriolis le calcul explicite du domaine d’hyperbolicité
n’est pas possible/connu pour le systéme multi-couches (1.2.12). Néanmoins le résultat

de Stewart et Dellar [71], démontre numériquement que le seuil pour les vitesses de ci-
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saillement, en dessous duquel les équations a trois couches restent hyperboliques, n’est
pas modifié par l'inclusion de la force de Coriolis complete. Les équations standards
d’eaux peu profondes ne perdent leur hyperbolicité qu’en raison de cisaillements paral-
leles a la direction de propagation des vagues, mais la force de Coriolis complete introduit
un autre mécanisme de perte d’hyperbolicité en raison de cisaillements dans la direction

perpendiculaire.

1.2.3 Résultats principaux

Notre premier résultat concerne le systéeme de Saint-Venant (shallow water) a une
couche avec les termes additionnels de Gent & McWilliams (3.1.1). Nous présentons un
résultat de caractere bien posé dans des espaces de régularité finie et en temps court pour
ce systeme. La référence a un temps "court" provient du fait que le temps d’existence et
d’unicité obtenu dépend du parametre k de ces termes additionnels. Ce résultat est obtenu
en se basant fortement sur la diffusion induite par ces termes en k, ce qui nous permet
d’utiliser les théorémes généraux bien établis pour le caractére bien posé des équations
de transport et de transport-diffusion. De maniére analogue et en employant la méme
stratégie que précédemment sur le systéme a multi-couches (1.2.12), nous obtenons un
caractere bien posé de celui-ci, avec un temps d’existence qui dépend du nombre de couches
N et du parametre x. En un second temps, nous changeons de stratégie en utilisant la
méthode d’énergie. Nous démontrons que l'on peut améliorer le temps d’existence et
d’unicité de la solution du systéme a une couche, en un temps qui est indépendant du
parametre x. Toujours dans le méme esprit et avec la méme stratégie, nous améliorons ce
résultat sur le systeme a multi-couches, en montrant que sous des hypotheses naturelles et
en particulier I'hypothése de stratification stable (en fait, nous supposons pour simplifier
que les densités sont équidistribuées, c’est-a-dire (p;1 — p; = Prettzfaut) et I'hypothese
de non-cavitation (H; + H;)i—o = h+* > 0, les solutions du systéme multi-couches (1.2.12)
sont uniforme, uniques et existent sur un intervalle de temps analogue a celui du systéme
continument stratifié (obtenu dans [13]), qui est en particulier uniforme par rapport a N
et avec une meilleure dépendance en k, nous y ferons référence par caractéres bien posés
en temps long (ie Large time well-posedness) (contrairement au caractére bien posé en
temps court (ie small time well-posedness) quand le temps d’existence a priori dépend de
N). Ceci repose sur l'exploitation des propriétés de symétrie du systéme qui proviennent
du dernier terme de I'équation (1.2.12),, que I'on peut voir comme le terme permettant

de transmettre les informations entre les couches du fluide. Grace a ce terme, on obtient
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des compensations naturelles qui apparaissent au cours de notre raisonnement avec la
méthode de I'énergie. Enfin et pour cette premiere partie nous montrons qu’en présence
des termes de Gent & McWilliams, 'énergie des deux systémes (3.1.1) et (1.2.12) est
décroissante.

Notre deuxieme résultat principal énonce que pour toute solution suffisamment réguliere
du systeme continument stratifié (1.2.11) satisfaisant I'hypothese de non-cavitation et des
bornes appropriées, les solutions des systémes multi-couches (1.2.12) avec des densités
convenablement choisies p;, des profondeurs de référence H,, des vitesses de fond U, et
une déviation initiale (H;, U;)[t = 0 sont a une distance O(1/N?) de la solution continu-

ment stratifiée.

Afin d’atteindre ces objectifs, nous nous appuyons principalement sur deux éléments :

1. un résultat de cohérence, qui affirme que les solutions suffisamment régulieres du
systeme continument stratifié peuvent étre projetées en des fonctions a valeurs N-
dimensionnelles satisfaisant le systéme de Saint-Venant multi-couches a un terme
de reste de taille O(1/N?)

2. une estimation de stabilité appropriée sur le systeéme linéarisé du Saint-Venant multi-

couches, qui est uniforme par rapport a V.

Le résultat de cohérence revient a controler la différence entre la projection N-dimensionnelle
de la contribution du potentiel de Montgomery, %@ﬂﬂ dans (1.2.11), et la contribution
correspondante dans (1.2.12) lorsque (H;);e1,.. v est la projection N-dimensionnelle de
h. Lestimation O(1/N?) est obtenue en exploitant des développements de Taylor & des
valeurs appropriées de densités p; dans I’esprit de la regle du point milieu dans les quadra-
tures numériques.

L’estimation de stabilité sur (1.2.12) repose sur la méthode d’énergie, pour une fonc-
tionnelle d’énergie soigneusement construite. Afin d’obtenir des bornes appropriées sur la
bonne échelle de temps, nous utilisons une structure partiellement symétrique du systeme
hyperbolique (lorsque x = 0) et nous nous appuyons sur Ueffet de régularisation de la
diffusivité uniquement lorsque c’est nécessaire. Cette structure partiellement symétrique
et la construction de la fonctionnelle d’énergie associée reposent sur une décomposition

de l'opérateur linéaire

N
1 min(p;, p;)
N (Hi)iE{l,..‘,N} Z N 5 ’ Hj)ie{l,...,N}

7=1

25



Introduction générale

qui fait écho directement a une décomposition analogue de 'opérateur continu

1 Pbott @  Pbott
M :h— 5 Dsurt J h(o")do' + J J h(o")do"do'
Psurf Psurt o'

et qui est un ingrédient clé dans 1’étude de Bianchini et Duchéne. Plus généralement, nos
estimations d’énergie refletent celles de [13] apres avoir introduit un dictionnaire entre les
opérateurs continus et les opérateurs discrets analogues, avec plusieurs adaptations pour

que cela corresponde a notre cadre.

En ce qui concerne le probleme "inverse' (approximation du systéme bi-couches par le
systéme continument stratifié) , nous remarquons que les solutions du systeme de Saint-
Venant bi-couches (6.2.6) (ou (1.2.12) avec N = 2) fournissent des solutions exactes a

(1.2.13). Plus précisément, si nous notons

Py (r) = 1,0)(r) + pL—1,-m (1),
uy(r) =U 1( a,.0)(r) +Upla—uy(r),
r) =
) =

Ub]( (7") + Ubl(_L_ES)(T), (1216)
Hs

hbl( T H

H,
m,0)(r) + Fbl(—l,g)(?”),

=S

ou H,, U, Hy, Uy sont des solutions du Saint-Venant bi-couches avec les termes addition-
nels de Gent & McWilliams (6.2.6) ( ou (1.2.12) avec N = 2), alors (p, , up1, w1, ) est
une solution de (1.2.13)-(1.2.14). Dans ce travail, nous comparerons ces solutions avec
celles provenant de données satisfaisant (1.2.16) seulement de maniére approximative.

Plus précisément, nos résultats sont de deux types.

1. Nous démontrons que des solutions fortes du systéme Saint-Venant bi-couches (6.2.6)
émergent a partir de données initiales suffisamment régulieres satisfaisant certaines

conditions d’hyperbolicité.

2. Nous démontrons que des solutions fortes aux équations d’Euler hydrostatiques
(1.2.13) émergent a partir de données proches des profils constants par morceaux

donnés par (1.2.16), et que ces solutions restent proches des solutions a deux couches.

Notez que pour atteindre notre objectif de comparer des solutions avec une distribution
de densité constante par morceaux avec une solution ayant une distribution de densité

continue, nous souhaitons considérer des déviations qui peuvent étre importantes dans
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de petites régions autour de la pycnocline. Cela exige de sélectionner soigneusement la
topologie mesurant la taille des déviations dans (2). De plus, notre stratégie repose sur
la construction d’une solution intermédiaire approximative, qui est démontrée comme
étant proche de la solution correspondante aux équations d’Euler hydrostatiques dans
une topologie forte, et proche de la solution du bi-couches dans une topologie plus faible.
Ainsi, cette solution intermédiaire approximative améliore la description de la solution
exacte dans la pycnocline.

Une deuxieme remarque importante est que bien que la contribution de la diffusion
d’épaisseur soit essentielle pour nos estimations de stabilité, nous souhaitons controler
et comparer les solutions sur un intervalle de temps qui est uniforme par rapport au
parametre de diffusion d’épaisseur, 0 < k < 1. La dépendance par rapport au parametre
d’épaisseur n’apparaitra que comme une restriction sur la taille des déviations admissibles.
En ce qui concerne (1), cela est rendu possible par le fait bien connu que le systéme de
Saint-Venant bi-couches est bien posé (sous certaines conditions d’hyperbolicité) lorsque
k = 0 [65], cependant, obtenir le résultat correspondant pour x > 0 n’est pas direct et
nécessite une utilisation fine de la structure des parametres de diffusion d’épaisseur. En ce
qui concerne (2), nous utilisons I'existence de la solution du bi-couches et par conséquent
I'existence de la solution approximante améliorée pour utiliser un argument de bootstrap
sur le controle de solutions suffisamment proches des équations d’Euler hydrostatiques
sur Iéchelle de temps pertinente. A cet égard, Peffet régularisant des contributions de
diffusion d’épaisseur est fortement utilisé.

Notons que le deuxiéme résultat (2) s’applique & n’importe quelle solution donnée
(suffisamment réguliere) des équations d'Euler hydrostatiques. Ainsi, notre travail fournit
les mémes estimations de stabilité autour d’autres solutions, construites par exemple dans

le cadre multi-couches ou d’ondes simples.

1.2.4 Travaux connexes

A notre connaissance, c’est la premiére fois que la convergence entre les solutions
des systemes multi-couches et les équations continument stratifiées est rigoureusement
démontrée (alors que des liens formels sont discutés, par exemple, dans les travaux pio-
nniers de Benton [11], Su [72], Killworth [50]), a I’exception notable du travail de Chen et
Walsh [24]. Dans ce dernier travail, les auteurs examinent le cadre des ondes progressives
périodiques sans 'approximation hydrostatique (et sans contributions de diffusivité). Ils

démontrent que pour des ondes progressives périodiques suffisamment petites et solutions
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aux équations continument stratifiées satisfaisant des hypotheses naturelles (en particulier
que la stratification est stable), une régularité suffisante de la densité de ligne de courant
et 'absence de points de stagnation), il existe des solutions d’ondes progressives corre-
spondantes associées a n’importe quelle fonction de densité de ligne de courant lisse par
morceau (d’ou, en particulier, des solutions aux systémes multi-couches qui correspon-
dent a des fonctions de densité de ligne de courant constantes par morceaux, le champ
de vitesse étant irrotationnel a 'intérieur de chaque couche), dans un voisinage L*, et
que l'application des fonctions de densité de ligne de courant aux ondes progressives cor-
respondantes est Lipschitz continue dans des espaces fonctionnels appropriés, la distance
entre deux densités de ligne de courant étant mesurée a travers la norme L.

Ce résultat, qui est assez robuste et polyvalent, ne se compare pas directement au
notre. Plus important encore, le cadre des ondes progressives est bien siir tres différent
de notre cadre permettant des dynamiques non triviales. En résumé, le probléeme d’ondes
progressives peut étre reformulé en un probléme de nature elliptique, alors que nos sys-
témes d’équations sont hyperboliques/paraboliques. De maniére cohérente, les outils util-
isés dans notre travail, a I’exception d’un changement de coordonnées semi-lagrangien
pour fixer le domaine du fluide (appelé transformation Dubreil-Jacotin dans le contexte
des ondes progressives , équivalent au changement de coordonnées isopycnale), sont trés
différents des outils utilisés dans [24]. De plus, 'approximation hydrostatique modifie
également la nature du probléme, car elle élimine les effets dispersifs. En tant que tels,
les ondes non linéaires progressives sont inexistantes dans le cadre de 'approximation
hydrostatique, et pourraient étre remplacées—si l'on souhaite étudier des dynamiques
simplifiées— par des ondes simples [25, 64].

Enfin, comme discuté dans [24], la limite dite "inverse', consistant a approcher une
situation & bi-couches (ou multi-couches) avec des problémes en continument stratifié |
a été étudiée (dans le cadre des ondes progressives) en particulier par James [47], apres
Turner et Amick [74, 3].

1.3 Plan de la these

Dans la premiere partie du Chapitre 3 nous nous intéressons en premier lieu au sys-
téme de Saint-Venant (shallow water) a une couche avec les termes additionnels de Gent
& McWilliams précédemment annoncés (voir I'équation (1.1.2)). Nous présentons un ré-

sultat de caractére bien posé dans des espaces de régularité finie et en temps court (le
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temps dépend du parametre x de ces termes additionnels) voir Théoreme 3.2.4. Nous
montrons dans la Proposition 3.2.7 que ce systéme a une énergie décroissante. Ensuite on
améliore ce temps d’existence et d'unicité de la solution de ce systéme en un temps qui

est indépendant du parametre s (voir Proposition 3.2.9).

Dans la seconde partie de ce chapitre, et a partir de tout ce qui va suivre, nous
considérerons une dimension d’espace (d = 1) afin de ne pas alourdir la lecture et pour
obtenir de maniere plus simple les résultats du chapitre 7 qui généralisent les résultats
connus sur les espaces de régularité finie. Dans cette partie, nous examinons le systeme de
Saint-Venant (shallow water) multi-couches pour la propagation d’ondes de gravité dans
les écoulements a densité stratifié, avec les termes additionnels de Gent & McWilliams
(1.2.12). Dans le méme esprit que précédemment, nous établissons un caracteére bien posé
de ce systéme dans les espaces de régularité finie avec un temps non uniforme par rapport
aux parametres s et le nombre de couches N (voir Théoreme 3.3.1). Enfin nous cléturons
ce chapitre en établissant que 1’énergie associée a ce systeme est également décroissante

(voir Proposition 3.3.2).

Dans le chapitre 4, nous améliorons le temps d’existence et d’unicité pour le systéme
de Saint-Venant multi-couches obtenu précédemment en recourant a la méthode d’énergie
(voir Théoreme 4.5.1). La mise en ceuvre de cette méthode requiert une étape cruciale
de quasilinéarisation, permettant d’obtenir les estimations de stabilité nécessaires pour
conclure l'argument de continuité utilisée. L’amélioration de ce temps d’existence et
d’unicité vise a obtenir un temps présentant une meilleure dépendance en x et qui est

uniforme par rapport au nombre de couches V.

Dans le chapitre 5, nous abordons la question de la convergence du systeme multi-
couches (1.2.12) vers le systeme continument stratifié (1.2.11) lorsque le nombre de couches

N tend vers I'infini et nous fournissons un taux de convergence explicite qui est d’ordre
1/N? (voir Theorem 5.4.1).

Dans le chapitre 6, dans la Section 6.2, nous étudions le systéme de Saint-Venant bi-
couches. Nous rappelons d’abord certains résultats connus sans diffusion d’épaisseur, puis
nous examinons le systeme avec des contributions de diffusion d’épaisseur. Le résultat
principal est la Proposition 6.2.8, qui donne, pour des données initiales suffisamment
régulieres satisfaisant un critere d’hyperbolicité, 'existence et le controle de solutions
fortes au systéme de Saint-Venant bi-couches sur un intervalle de temps uniforme par

rapport a 0 < k < 1, tandis que la Proposition 6.2.9 énonce la convergence forte attendue
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quand Kk — 0. Dans la Section 6.3, nous étudions les équations d’Euler hydrostatiques.
Nous fournissons d’abord des estimations de stabilité par rapport aux perturbations des
équations et des données en utilisant des distances appropriées. En deuxieme étape, nous
introduisons des solutions approximatives associées a une solution exacte de référence
donnée et a des données voisines. En nous appuyant sur ces solutions approximatives, nous
démontrons la Proposition 6.3.8, qui contréle la différence entre la solution de référence et
les solutions exactes des équations d’Euler hydrostatiques émergeant de données voisines.
Ensemble, la Proposition 6.2.8 et la Proposition 6.3.8 fournissent la justification rigoureuse
annoncée selon laquelle, pour des données initiales suffisamment proches du cadre a deux
couches et satisfaisant un critere d’hyperbolicité limitant notamment la taille admissible
des vitesses de cisaillement, les solutions émergentes des équations d’Euler hydrostatiques
restent proches de la solution prédite par le systeme de Saint-Venant bi-couches sur une
échelle de temps pertinente. Le résultat rigoureux est présenté dans le Théoreme 6.3.1.
Le chapitre 7 représente une boite a outils pour les chapitres 4 et 5, car il regroupe la
généralisation au cadre des fonctions & valeurs dans R™ tous les lemmes et propositions
classiques (de produits, composition, injections...) que 'on retrouve pour les fonctions

numérique dans les espaces de régularité finie, notamment les espaces de Sobolev.

30



CHAPTER 2

ENGLISH INTRODUCTION

2.1 General context

The oceans, as essential components of our planet, play a central role in regulating
climate, the water cycle, and marine biodiversity. Understanding the complex oceano-
graphic phenomena that animate these vast expanses of water is crucial for grasping the
underlying mechanisms and interactions that shape our environment. At the heart of this
understanding lies the modeling of fluid flows, whose dynamics are governed by fundamen-
tal equations. In this context, we introduce these fundamental equations that describe

the evolution of heterogeneous, incompressible flows under the influence of gravity

op+ (U +u.) - Vep + (w4 w,) 0,p = 0,
pOu+ (u+u.) Vi) u+ (w+w,)d,u) + Vo P+ fk x u =0,
p(Gw + (u + u,) - Vew + (w + wy) d,w) + 0,P + gp =0,
Vet + dow =0, (2.1.1)
P|,_ = Pum =0,
¢+ (u+u)|,_ Vol — (w+w.)|,_ =0,

w|z:fH = 0.

Here, t and (x, z) represent respectively time and the horizontal-vertical spatial vari-
ables, and we use V., V.-, and A, to denote the gradient, divergence, and Laplacian
with respect to . The vector field (u,w) € R? x R represents the velocity (horizontal
and vertical), p > 0 is the density, P € R is the incompressible pressure, all defined in the
spatial domain.

O ={(z,2): zeR? —H <z <((t,z)}

where ((t,x) describes the position of a free surface, and H is the depth of the resting

layer. The gravitational field is assumed to be constant and vertical, with ¢ > 0 as the
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gravitational acceleration constant, f € R as the Coriolis parameter, and the constant
vector k representing the unit vector in the vertical direction. Finally, the advection
terms associated with the 'bolus velocity’ (u.,w.) € R? x R were proposed by Gent
and McWilliams [35]. These terms are introduced to account for the contribution of
geostrophic eddy correlations to the effective transport velocities in non-eddy-resolving
(large-scale) models. Their specific forms in the simplest case of constant diffusivity

parameter  read as follows:

u, = KO, (ijp) , We=—KVy- (ij) ., k>0 (2.1.2)

Neglecting the effective advection terms (i.e., setting x = 0), we recover the Euler equa-
tions for heterogeneous, incompressible fluids under the influence of vertical gravitational
forces and the Coriolis force, where the last two lines of (2.1.1) model respectively the
kinematic equation at the free surface and the impermeability condition of the rigid bot-
tom. In equation (2.1.1), the pressure P can be obtained from its (atmospheric) value
at the surface, P, by solving the elliptic boundary-value problem induced by the in-
compressibility constraint of divergence free velocity fields. Yet, in the shallow water
regime, where the horizontal scale of the perturbation is large compared with the depth
of the layer H, formal computations (see below) suggest that vertical accelerations can be
neglected and that pressure P approximately satisfies the hydrostatic balance law, that
is

0,P +gp=0. (2.1.3)
By replacing the equation for the vertical velocity in (2.1.1) with the identity in (2.1.3),

this leads to the hydrostatic equations under the influence of the Coriolis force:

op+ (u+u.) Vep+(w+we)dep=0
pOu+ (u+u.) Vi) u+ (w+w.)d,u) + Vo P+ fk xu =0

¢+ (u+tu)|,_ - Vol — (w+tw),. =0

¢
P:Patm""gj p(zlv')dzla

w = —J Ve u(Z,)ds.
—H
(2.1.4)

It is worth noting that the previous system represents a simplification of the primitive
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equations, which involve aspects such as diffusivity, viscosity, tracer equations (salinity S
and temperature 0), as well as an equation of state. This latter is an equation expressing
density p as a function of S and 6. These details are elaborated in the paper by Titi and

Korn [51], as well as in Vallis’s geophysics textbook [75][section 2.2 et section 10.7].

The implications of the Coriolis force become significant at large oceanic scales. How-
ever, despite this, in our analysis, we choose to neglect the effects of Earth’s rotation for
several reasons. On one hand, to simplify the systems treated in this manuscript. On the
other hand, we focus on the local well-posedness of our systems of equations. We operate
in a regime where Earth’s rotation is not rapid, meaning that accounting for this force
brings neither significant advantages nor additional difficulties to our analysis. Further-
more, through our well-posedness results, we demonstrate the absence of rapidly growing
high-frequency instabilities. It is noteworthy that in this scenario, the presence of the

Coriolis force has no substantial impact.

We emphasize that our study is theoretical in nature and does not aim to model the
ocean. It focuses on models that are not precise in terms of the physical representation
of oceans. Nevertheless, through these models, we address relevant issues, notably the

hydrostatic assumption and density variation.

The underlying physical reason for introducing additional transport velocities, denoted
by u, and w, and defined in equation (2.1.2), within the systems of equations (2.1.1) and
(2.1.4), is that these "bolus" velocities act as adjustments to the standard incompressible
Euler equations that apply independently of whether the hydrostatic assumption is in-
cluded or not, and are derived from the fundamental principles of fluid mechanics. Note
that in this manuscript, our interest will focus on these additional transport velocities
which induce diffusion, as we will see in equations (2.2.11) below. The deterministic mod-
eling of this effective diffusivity induced by eddy correlation, which we implement in this
study, dates back to the 1990s and is credited to Gent & McWilliams [35], as referenced
also in [39, 40]. This approach originates from the necessity to model the averaged dis-
sipative effects of mesoscale eddies, which were computationally infeasible at that time,
on the large-scale flow at the macroscopic level. They consider the unknowns (p, u, w) as
the large-scale components of the density and velocity fields, respectively. The approach

involves introducing suitable correctors to the mass conservation equation and equations
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for tracers (such as salinity and temperature). More precisely, they suggest incorporating
bolus velocity fields w, and w,, defined in equation (2.1.2). The addition of the bolus
velocity contribution in the momentum conservation equation was suggested in [39, 36].
One of the main ingredient leading to the specific form of the bolus velocity fields is
that the averaged dissipative effect of mesoscale eddies should act predominantly along
isopycnals sheets (that is along and not across surfaces of equal densities). It should
be mentioned that the Gent & McWilliams eddy-induced advection is only part of the
subgridscale parametrization of mesoscale eddies used in global ocean general circulation
models, which also include Redi’s eddy-induced diffusion [69]. Specifically, the equations
for tracers including the so-called Gent—-McWilliams—Redi eddy parametrization read (see

[51] and references therein)
8,C + (Us - V3) C = Vs - (KrV30) + Vs - (KanV3CO) (2.1.5)

where C is a tracer (typically the temperature 6 and the salinity S), Uz := (u, w)) denotes
the three-dimensional velocity field, and V3 the three-dimensional gradient. Above, we
define KR and KGM by

1+ Lf, —L,L, L, L: L,L, —L,
K'zL ~L,L, 1+L?> L —i—& L,L L2 —L
v 1+ |L|? Y r v 1+ |L|J? Y v 4
L, L, |L|? L, —L, 1
(2.1.6)
0 0 -—L,
KGM =K 0 0 —Ly
L, L, 0
where we used the notation L := (L., L,) = *Z ;p , and the non-negative constants K7

and Kp are the isoneutral (tangent to neutral density surfaces) and dianeutral (normal
to neutral density surfaces) diffusivity coefficients. Notice that the tensor Ky is symmet-
ric, while the tensor Kqy is skew-symmetric, so that the dissipative effect due to Gent &
McWilliams eddy-advection is not obvious. In fact, there has been some debate about the
adiabatic nature of the Gent & McWilliams parametrization [38]. As it is evident from
the formulation of the equations in isopycnal coordinates (see equation (2.2.11) below),
the Gent & McWilliams eddy-induced advection terms introduce a diffusive contribution
to the thickness variable. This is why the parameter s is often referred to as the thickness

diffusivity parameter.
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As observed in equation (2.1.5), the Redi-Gent & McWilliams terms have been added
to the tracer equations (temperature # and salinity S) to account for their effect on
the Euler equations (2.1.1) and hydrostatic Euler equations (2.1.4). It is natural to
question the impact of these additional terms on the density variable p. It turns out
that, when applied to the density variable, the isoneutral contribution of Redi’s eddy-
induced diffusion vanishes exactly, while the dianeutral contribution becomes an isotropic
three-dimensional Laplacian, and the Gent & McWilliams contribution can be interpreted

as advection.
Vs - (KRvsp) = KpAsp, Vj- (KGMV3P) = (U; 'V3) Py

where we denote Uj := (u., w,) defined in (2.1.2). Consequently, in situations where the
equation of state p = p(6,S) is a linear combination of the tracers (with equal diffusivity

parameters for all tracers), the equations (2.1.5) yield
8t,o + (Ug : V3)p + (Ug : V3) p = KDAgp.

Since the dianeutral diffusivity coefficient is typically set much smaller than the isoneutral
diffusivity coefficient, 0 < Kp << K7, it makes sense to neglect the right-hand side of the
above equation. This results in the mass conservation equations in (2.1.1) and (2.1.4). It
is essential to emphasize that the choice of the variable p as a linear combination of the
tracers 6 and S in the preceding paragraph constitutes a simple and elementary approach
from a modeling perspective, aiming to simplify the framework of the primitive equations.
However, it is possible to extend certain stability results of the primitive equations with
the contributions of the Redi-Gent & McWilliams terms (2.1.6), in a more general context,
specifically in the case where p is a smooth function of the aforementioned tracers. We
particularly specify the results of existence of weak solutions, as well as a global well-

posedness result obtained by Titi and Korn [51] in this general context.
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2.2 Motivation of the thesis

2.2.1 Equations at play

In this section, we implement the systems of equations that will be the focus of this

manuscript.

The rigorous justification of the hydrostatic assumption in the shallow-water regime,
i.e, when the typical horizontal wavelength of the flow is large compared to the vertical
depth of the layer, has been thoroughly analyzed in situations of homogeneous density [7,
57, 34, 58|, with smooth density distributions [68, 67], or in the bi-layer framework [14,
31, 28]. The challenge of this thesis is to establish bridges between the continuous strati-
fication framework (where density is continuous) and the sharp stratification framework
(where density is constant on each layer of the fluid, particularly focusing on the bi-layer

and multi-layer cases), in the context of the hydrostatic assumption.

In this manuscript, the continuously stratified hydrostatic system with the additional
Gent & McWilliams terms will occupy a central place. However, before explicitly pre-
senting it, we clarify in the following paragraphs the assumptions and methodology that

allow us to extract this system from the Euler equations (2.1.1).

Let us consider smooth solutions to equation (2.1.1) defined over a time interval I;.

Assuming that the flow is stably stratified, i.e.
inf (—0.p) > 0, (2.2.1)

the density p : z — p(-,-,2) is an invertible function of z. We denote its inverse by

n:ow— (- 0),in order to define the following isopycnal change of variable:

p(t,x,n(t,x, 0) =0, nt,z plt z z2)) ="z (2.2.2)

We also assume that p(t,x, —H) = py, p(t,z,((t,x)) = po for (t,z) € I, x R? where

po < p1 are two fixed and positive constant reference densities. Then we have

n: I x Q> R withQ := R x(pg, p1) and h := —0,n > 0, (2.2.3)
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the latter inequality accounting for the stable stratification assumption. We now introduce

a(t,®,0) = ult,®,n(t,x,0), Wtz 0 =uwt,zntz0), Pt o) =Ptaznltmeo).
From the chain rule, we infer that system (2.1.1) in isopycnal coordinates reads

om+ - Ven—w = kAN,

0 <ata + <<u - anh> : vw> u> +V,.P+ Vh”””agﬁ — 0, (2.2.4)

v

= Latm; w|,— .
0=p0 e=s

Notice that differentiating with respect to o the first equation and using the fourth equa-

tion (stemming from the incompressibility constraint), the mass conservation reads
Oth + Vg - (ht) = kAgh, (2.2.5)
hence the emergence of the diffusion mentioned in the preceding section.
At this point, we are ready to introduce a dimensionless version of the previous system.

We are interested in deviations from steady solutions to the incompressible Euler equations

with variable density:

(heq y Ueq y Weq Peq ) = (ﬁ(g)7Q(Q)a 0>B(Q))>

which satisfy the equilibrium condition

0oP(0) = goh(o).

Therefore, we consider (non-necessarily small) fluctuations of that steady solution, so that

our unknowns admit the following decomposition:

h(ta &€, Q) = h(@) + hpert (ta Z, Q)7 'ﬁ’(ta €, Q) = @(Q) + Upert (t> Z, Q)a
uv)(t7 €T, Q) = O + wpert (ta €, Q)v P(t7 €T, Q) = B(Q) + Ppert (t7 Z, Q)
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Furthermore, we non-dimensionalize the equations through the following scaled variables:

we set
h(t . . (1 -
(’Z;’Q) = h(o) + h(t,Z,0) and W =u(o) +u(l, Z, 0),
and
A d)(t,w,g) s p(t,w,Q) Piatm ¢ 170 / D(F 4
- =w(t,x, o), = + Qﬁ@ dQ —{—Pt,m,g,
N ( ) o o "), (o) ( )

where we recall that H represents the depth of the resting layer. For A a reference

horizontal length, we use the following dimensionless coordinates

i = % and =Yt (2.2.6)

Introducing the dimensionless (thickness) diffusion parameter, & and the shallowness pa-

rameter, u, through
K H?

d _
el YT
substituting the scaled coordinates/variables in system (2.2.4) and the subsequent equa-

tion and dropping the tildes for the sake of readability yields

(2.2.7)

/’%’;:

Oth + V- ((h+ h)(u + u)) = KA,

V.h Van B
0 <6tu+ <<u+u—mh+h> -Vw) 'u,) + VP + e h (oh + 0,P) =0, (2.2.8)

Vh 0,P oh
ug(&tw+<u+u—nh+h)-Vmw>—h+h+h+h—0,

—(h+ h)Vg-u—Van- (U + dyu) + 0w =0, (div.-free cond.)

p1

n(, o) :f h(-0)dd, P|g:pO =0, w|9:p1 =0. (bound. cond.)
o

The hydrostatic system is obtained by setting p = 0 in (2.2.8). Specifically, plugging the

hydrostatic balance
0,P oh
= and

= P
h+h h+h lo=0o
into the second equation of (2.2.8), this yields the continuously stratified hydrostatic sys-
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tem with the additional Gent & McWilliams terms, which is of interest in this manuscript.

Oth + Vg - (b + h)(u + u)) = kAh, (2.2.9)

V.h
Q(@tu-l—((U-l—u—/{h_i_h)-Vw)u) + Va0 =0,

p1

4
P(t,x,0) = J oh(t,x, o)dd + QJ h(t,x,o)dd (2.2.10)
PO

e

with

01 e rp1
=pof h(t,w,g’)dg”rff h(t,x,0")do"do.
po Jo'

PO

More specifically, we will consider the framework of one spatial dimension (x = z € R).
Thus,

{@h+@«h+mw+UDzﬁyh (2.2.11)

6m+(g+ )au+la¢—o

h+h

where
o P1
U(t, z, 0) =J o'h(t,x,0)do + Qf h(t,x,0)do
0

p1
ZPOJ ht,z, o) dg—i—fj (t,z,0")do"do.
po
It is pertinent to mention that the system (2.2.8) (respectively (2.2.9)) obtained is merely
a rewriting of the system (2.1.1) (respectively (2.1.4)) under the assumptions of stable
stratification (2.2.1) and density continuity.

In order to facilitate understanding for the reader, we provide the physical interpreta-
tion of the variables considered in (2.2.11). As established previously, when stratification
is stable, i.e., when density increases with depth for all horizontal spatial positions x € R,
the reformulation with isopycnal coordinates involves the inverse of the density function
z — p(-, z), which we denote as ¢ — 7(-,0) for o € (po, p1), where py is the (constant)
density at the free surface and p; is the (constant) density at the rigid flat bottom. Given
that the graph of (-, o) represents, in Eulerian coordinates, the isopycnal sheet of density

0, the function defined as h+h = —0J,n represents the infinitesimal depth of this isopycnal
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sheet. Then, u+ u represents the horizontal component of the fluid particle velocity at the
isopycnal sheet. We decompose the depth and horizontal velocities into h + h and u + u
where (h,u) represent the reference shear flow and are given functions depending only
on the density variable g € (pg, p1), and (h,u) are the unknowns representing deviations
from equilibrium and depend on time ¢, horizontal space x € R, and the density variable
0 € (po, p1). Finally, ¢ is the Montgomery potential (as mentioned in the paper by Holm

and Long [44]), responsible for the interaction between isopycnal sheets.

It is important to note that to obtain the system (2.2.11), the assumption of stable and
continuous stratification (2.2.1) was necessary to define the isopycnal change of variable,
which implies that sheets of equal density form a foliation of the fluid domain; see, for
example, [44, 13]. It is also worth mentioning that the use of the isopycnal change of
variable can be applied in a more general framework than the one previously established
(stable and continuous density stratification). More generally, we can consider ¢ = p(r)
with 7 +— p(r), not necessarily bijective or even continuous. We will have an overview of
this in Chapter 6 where we will choose a particular case of this latter function, which will
suit our study to deal with the bi-layer Saint-Venant system. Furthermore, the rigorous
justification of the hydrostatic limit (¢ — 0 in (2.2.8)) is found in the result by Duchéne
and Bianchini [13].

By carefully analyzing the structure of the equations in the continuously stratified
system with the additional Gent & McWilliams terms (2.2.11), we observe a certain
similarity with the multi-layer shallow water system with Gent & McWilliams terms added
in a similar manner (see equation (2.2.12)). In this manuscript, we precisely explain this
similarity, in other words, we provide the necessary dictionary that allows the reader to
consider the multi-layer system as an approximation of the continuously stratified system
(see Chapter 5), and conversely, the continuously stratified system as an approximation
of the bi-layer system (see Chapter 6).

The multi-layer system considered here is as follows

OH; + 0.((H; + H;)(U; + U)) = kd2H,

N intonps vie{l,....N
U+ (Ui + Ui = wofeli) 0,Us 4+ g 3, ™o o,y — o, tho N
j=1 '

H,+H; N
(2.2.12)

This system corresponds to a situation of N layers of immiscible fluids with constant

densities p;, i € {1,..., N}. When k = 0, by applying the hydrostatic approximation and

40



Introduction générale

the columnar motion assumption, we arrive (see for example [56, 9]) at the multi-layer
shallow water system (2.2.12) where H; + H; represents the depth of the i*! layer (H; being
the resting depth and H; the deviation) and U, + Uj is the average horizontal velocity of
the layer (U, being the reference velocity and U; the deviation), and g = 1 will be the
gravitational acceleration constant after rescaling.

As previously mentioned, in (2.2.12) (respectively (2.2.11)), the terms proportional to
r were introduced by Gent and McWilliams [35] to represent the large-scale contribution
of unresolved eddies. They appear in the form of additional effective velocities U :=
h‘fsz (respectively u* = —k ;ff,i

conservation equations. Interestingly, similar terms were introduced in the work of Duran,

—K ) and act as diffusivity contributions in the mass
Vila, and Baraille [32] to control the discrete energy of a semi-implicit numerical scheme
for the multi-layer system (2.2.12). From a mathematical perspective, as established in
this manuscript, the regularization effect of diffusivity contributions is essential for our
analysis as it provides appropriate stability estimates, and we will always assume that

k> 0.

Note that the approach of using multi-layer models to approximate the Euler and
Navier-Stokes equations has been addressed by several authors. Among them, Audusse
[4] proposed a multi-layer shallow water model by discretizing in depth, which leads to
a set of coupled classical shallow water systems to approximate the hydrostatic Navier-
Stokes equations. Unlike the classical shallow water model, where the horizontal velocity
does not depend on the vertical variable and thus implies a loss of information (as the
model does not accurately describe the vertical profile of this velocity), the proposed
multi-layer model extends the validity range and provides an accurate description of the
vertical profile. To justify this numerically, the author uses a layer-by-layer approach,
adapting well-known results on the finite volume solver of the classical shallow water
system to the multi-layer case (see also [6]). The previous approach differs from the
one established in this manuscript in terms of modeling. Indeed, the construction of the
multi-layer model proposed by the author is done purely artificially by discretizing the
heights. In other words, the interface is determined solely by the variation of the surface,
which implies an exchange of fluid particles between its different layers over time (see also
[5, 33]). In contrast to the multi-layer model treated in this manuscript (2.2.12), which
is obtained by following the density profile, thereby discretizing the fluid domain into a
series of layers with constant density. In this model, the densest layer is at the bottom,

and no exchange of mass between the layers is possible.

41



Introduction générale

From another perspective, Camassa and Tiron [22] proposed a bi-layer model to ap-
proximate the incompressible Euler system with continuous stratification. The construc-
tion of this model, as well as its justification, relies on the fact that, similar to the contin-
uously stratified system, it must also capture infinitesimal amplitude velocity waves with
infinite wavelength in addition to conserving certain physical quantities (which character-
ize a stratified configuration), including mass and potential energy in each of the layers.
This justification represents a physical approach to the approximation problem, which
differs from the theoretical approach considered in this manuscript. Our approach is
based on demonstrating well-posedness and explicitly stating the convergence rate (which
depends on the number of layers considered) to justify the validity of our multi-layer

model.

As mentioned earlier, we are examining the approximation of the continuously strati-
fied hydrostatic system by the multi-layer system (with density constant on each layer).
This naturally leads us to study the "inverse" problem, which is to demonstrate that in
the limit where the density (initially continuous) becomes piecewise constant, the contin-
uously stratified hydrostatic system becomes an approximation of the multi-layer system

(we focus here on the two-layer case).

This naturally brings us back to the bi-layer shallow water system (corresponding
to N = 2 in (2.2.12)), which is a standard model used to describe internal waves in
density-stratified flows, particularly in situations where the density distribution allows
an approximate representation of the fluid as two layers with nearly constant densities
separated by a thin pycnocline; see, for example, [42, Chap. 6]. In addition to this sharp
stratification assumption, the formal derivation of the bi-layer shallow water system relies
on two additional conditions. It is assumed that the internal pressure is hydrostatic,
meaning that the pressure gradient force balances the external force due to gravity (see
(2.1.3)). It is also assumed that the flow velocity is columnar, which means that the
horizontal velocity of fluid particles remains constant with respect to the vertical variable
within each layer.

Naturally, the validity of the bi-layer shallow water system depends on the expectation
that these three assumptions remain accurate over a relevant timescale as the flow evolves.

In the bi-layer framework and assuming hydrostatic pressure, the columnar assump-
tion is exactly propagated by the flow. This means that the bi-layer shallow water system
produces exact solutions to the hydrostatic (incompressible) Euler equations with den-

sity and horizontal velocity distributions that are piecewise constant with respect to the
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vertical variable.

In this manuscript, we examine solutions to the hydrostatic Euler equations near
such solutions, i.e., by relaxing the assumptions of sharp stratification and columnar
motion. We demonstrate that for initial data sufficiently close to the bi-layer framework,
the emerging solutions of the hydrostatic Euler equations remain close to the solution
predicted by the bi-layer shallow water system over a relevant timescale.

More precisely, the hydrostatic Euler equations we consider take the form:

Och + 0, ((1 + h)(u+ u)) = Kd2h,

O,h 1 2.2.13
ou+ lu+tu—=k Ot + —0, ¥V =0, ( )
1+h P
where the Montgomery potential ¥ is given by:
T 0
U(t,xz,r) = p(r) J h(-, ")y dr' + f p(r" (-, ") dr'. (2.2.14)
-1 T

The system (2.2.14) is merely a rewriting of the system (2.2.11) through a change of vari-
ables, specifically by taking o = p(r) with 7 — p(r) where the variable r € (—1,0) refers
to the depth of the isopycnal line (scaled). This allows fixing the infinitesimal reference
depth of the isopycnals to the value h(r) = 1. Additionally, the total depth of the fluid
domain is set to Sgl h(r)dr = 1 through appropriate scaling. It is noteworthy that the
system (2.2.13) can be derived from the system in Eulerian coordinates (2.1.1), even in
cases where the stratification p is not bijective, particularly in the multi-layered frame-

work. Moreover, the system (2.2.13) is less singular in the limit of sharp stratification.

Finally, after motivating the reader regarding the transition from the discrete system
(multi-layered shallow water) to the continuously stratified hydrostatic system, and vice
versa, from the continuously stratified hydrostatic system to the discrete system (bi-
layered shallow water), we will also investigate the single-layer shallow water system,
including the additional terms of Gent & McWilliams (corresponding to N = 1 in (2.2.12)
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and in the case of spatial dimension d).

Oh+V - ((h+h)(u+u+u*)) =0,
du+ ((u+u+vu*) -V)u+ Vh =0,
h‘t:() = ho, inf ho > O,

Ujt=0 = U0,

(2.2.15)

where ¢ > 0 represents the time variable, d is the horizontal spatial dimension, x =
(21, ...,24) the horizontal spatial coordinates, (h,u) € R x R? is a stable equilibrium,
h = h(t,z) is the deviation from h, w = u(t,x) is deviation from w. Physically h + h
represents the layer height and u + wu represents the average horizontal velocity field of

* Vh

the layer, and u* = —K -
We draw the reader’s attention to the fact that, apart from the results concerning
this system, for the sake of simplification and readability, we will consider the spatial

dimension d = 1.

As previously mentioned, when x = 0, we recover the classical shallow water system.
The latter is an approximation of order p of the water waves system (a system of two
scalar evolution equations derived from the fundamental Euler system (2.1.1), assuming
the fluid is homogeneous and the velocity field U is irrotational), this approximation
is achieved by exploiting properties of the Dirichlet-to-Neumann operator (this operator
is defined through the velocity potential resulting from irrotationality and satisfying a
specific Laplace problem). Here p represents the shallowness parameter defined earlier
(see (2.2.7)). We assume that p is sufficiently small to be in the shallow water regime.
Detailed information on the rigorous justification as well as other properties of this model
can be found in the following references [28, 55]. It’s also worth emphasizing that in this
manuscript, the obtained results propose a different approach for justifying this model.
We first make the hydrostatic assumption (which is valid in the shallow water regime),
and then look at the limit of constant density and columnar motion.

The reader likely noticed our particular interest in the single-layer and two-layer Saint-
Venant systems (corresponding to (2.2.12) for N € {1,2}). It is worth noting that for
these two systems, we obtain improved results compared to the general case. This is
attributable to the better understanding of the hyperbolicity conditions of the problem

without thickness diffusivity (k = 0) for these specific cases.
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2.2.2 Stability aspects

Let’s remind the reader of some classical stability results known to the community.

Regarding the single-layer shallow water system, it is established that the presence of
the non-cavitation assumption (h+ h > 0) implies strict hyperbolicity. Furthermore, this
system admits an explicit Friedrich symmetrizer, which essentially consists in multiplying
the equation for horizontal velocity by A + h. The study of this system can be found
in [28], but also in a more general framework that deals with quasi-linear first-order
systems, including the single-layer shallow water system [12, 60]. In the particular case of
the rigid lid for the bi-layer shallow water system, explicit hyperbolicity conditions have
been provided by Guyenne, Lannes, and Saut [43] and improved by Bresch and Renardy
[20]. Unlike the single-layer shallow water system and the previously stated particular
case, determining the explicit hyperbolicity domain of the bi-layer shallow water system
(with a free surface) is not feasible. It is worth noting that, in this case, even the non-
cavitation assumption (hy +hy > 0 and he + hy > 0) does not guarantee its hyperbolicity.
Nonetheless, several approaches exist to clarify this hyperbolicity, including the geometric
approach established by Ovsjannikov [65], as well as those of Barros and Choi [10] and
Virissimo and Milewski [76], which we will detail in a clear and concise manner in Chapter
6.

As mentioned earlier for the case of the bi-layer shallow water system, we also lack
an explicit formula for the hyperbolicity domain of the multi-layer shallow water system
(k = 0 in the system (2.2.12) with N > 2), and there is no geometric approach that
provides a better understanding of it. This difficulty arises from the presence of multiple
variables in this system, making the analysis complicated, if not impossible. However, in
[27, 62], the authors provide sufficient conditions for strict hyperbolicity when the fluid is
stably stratified (i.e., when p; < py < --- < py), but these conditions are obtained using
perturbative arguments with respect to the situation without shear velocities, and they

degenerate as N — oo towards
{(EZ+HZ,Q1+UZ)ER2N : ﬂz+H1>O, Q1+U1:Q2+U2::QN+UN},

preventing any study at the nonlinear level or including shear velocities. We refer the
reader to the insightful discussion in [70, §5] regarding stability results for multilayer

systems as the number of layers increases, in relation to stability results for continuously
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stratified systems. The famous stability criterion of Miles [61] and Howard [45] is recalled
there, preventing spectral instability of continuously stratified shear flows if the local
Richardson number is everywhere greater than 1/4. It is also explicitly mentioned that
this notion of stability (along with other results, obtained by Holm and Long [44] and
Arbanel et al. [1]) is generally too weak to imply control of deviations from equilibrium,
especially at the nonlinear level.

According to our current understanding, the well-posedness of the initial value problem
in finite regularity spaces for the continuously stratified system (2.2.11), in the absence of
thickness diffusivity (k = 0), with initial data satisfying the Miles and Howard criterion,
remains an open problem. We invite the reader to refer to the work of Kukavica et
al. [52] for the existence and uniqueness of a solution in spaces of analytic functions
(within the rigid lid framework), and to Cao, Li & Titi [23] among many other works (see
[58] for a recent overview) for the situation with contributions from horizontal viscosity
and diffusivity. While the previously mentioned works deal with the hydrostatic Euler
equations written in Eulerian coordinates and do not rely on the assumption of stable
stratification, the work of Bianchini and Duchéne [13] is closer to our framework as it
specifically addresses the system in isopycnal coordinates with the additional terms of
Gent and McWillams, i.e., (2.2.11). They demonstrate that sufficiently regular initial
data satisfying the no-cavitation assumption (h + h)l;—g = h. > 0 lead to a unique

solution over a time interval [0, 7] with 7 < 1+ s !(Ju/[75 + MZ) where M,

(Psurt:Pbott))
is the size of the initial deviations from equilibrium.

Finally, to conclude this section, it is pertinent to mention that in the case where
k = 0 and in the presence of the Coriolis force, the explicit calculation of the hyperbolicity
domain is not possible/known for the multi-layer system (2.2.12). However, the result by
Stewart and Dellar [71] numerically demonstrates that the threshold for shear velocities,
below which the three-layer equations remain hyperbolic, is not altered by the inclusion of
the full Coriolis force. The standard shallow water equations only lose hyperbolicity due
to shears parallel to the wave propagation direction, but the full Coriolis force introduces

another mechanism of hyperbolicity loss due to shears in the perpendicular direction.

2.2.3 Main results

Our first result concerns the single-layer shallow water system with the additional
Gent & McWilliams terms (3.1.1). We present a well-posedness result in finite regularity

spaces and small time for this system. The reference to "small" time comes from the fact
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that the existence and uniqueness time obtained depends on the parameter x of these
additional terms. This result is achieved by relying heavily on the diffusion induced by
these terms in x, which allows us to use well-established general theorems for the well-
posedness of transport and transport-diffusion equations. Similarly, employing the same
strategy as before for the multi-layer system (2.2.12), we obtain a well-posedness result
for it, with an existence time depending on the number of layers N and the parameter .
Secondly, we switch strategies and utilize the energy method. We demonstrate that we
can improve the existence and uniqueness time of the solution for the single-layer system,
to a time that is independent of the parameter x. Continuing in the same spirit and with
the same strategy, we enhance this result for the multi-layer system, showing that under
natural assumptions and particularly the assumption of stable stratification (in fact, we
assume for simplicity that the densities are evenly distributed, i.e.(pj11 — p; = Lrotigfout)
and the non-cavitation assumption (H; + H;)j;—o = h+ > 0, the solutions of the multi-layer
system (2.2.12) are uniform, unique, and exist over a time interval analogous to that of the
continuously stratified system (obtained in [13]), which is particularly uniform with respect
to N and with a better dependence on k. We will refer to it as Large time well-posedness
(as opposed to small time well-posedness where the a priori existence time depends on
N). This relies on exploiting the symmetry properties of the system stemming from the
last term of equation (2.2.12),, which can be seen as the term facilitating information
exchange between the fluid layers. Through this term, natural compensations emerge
during our reasoning with the energy method. Finally, in this first part, we demonstrate
that in the presence of the Gent & McWilliams terms, the energy of both systems (3.1.1)
and (2.2.12) is decreasing.

Our second main result states that for any sufficiently regular solution of the continu-
ously stratified system (2.2.11) satisfying the non-cavitation assumption and appropriate
bounds, the solutions of the multi-layer system (2.2.12) with suitably chosen densities p;,
reference depths H;, background velocities U; and an initial deviation (H;, U;)|t = 0 are

at a distance O(1/N?) to the continuously stratified solution.

In order to achieve these goals, we rely mostly on two ingredients:

1. a consistency result, stating that sufficiently regular solutions to the continuously
stratified system may be projected into N-dimensional valued functions satisfying

the multi-layer shallow water systems up to a remainder term of size O(1/N?);

2. a suitable stability estimate on the linearized multi-layer shallow water systems,

which is uniform with respect to N.
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The consistency result amounts to controlling the difference between the /N-dimensional
projection of the contribution of the Montgomery potential, %@v?ﬂ in (2.2.11), and the
corresponding contribution in (2.2.12) when (H;);eq1,..ny is the N-dimensional projection
of h. The O(1/N?) estimate is obtained by exploiting Taylor expansions at suitable values
of densities p; in the spirit of the midpoint rule in numerical quadratures.

The stability estimate on (2.2.12) relies on the energy method, for a carefully con-
structed energy functional. In order to obtain suitable bounds on the correct time scale,
we make use of a partial symmetric structure of the hyperbolic system (when x = 0) and
rely on the regularization effect of diffusivity only when necessary. This partial symmetric
structure and the construction of the associated energy functional relies on a decomposi-
tion of the linear operator

J7ie{l,...,N}

N
1 min(p;,
FN : (H i€{l,..,N} — Z N p pJ)H)

which echoes directly an analogous decomposition of continuous operator

1 Pbott Q  Pbott
M:h— 5 Dsurf J h(o")do' + J J h(o")do"do'
Psurf Psurt o'

and which is a key ingredient in the study of Bianchini and Duchéne. More generally,
our energy estimates mirrors the ones in [13] after introducing a dictionnary between
continuous operators and analogous discrete operators, with several adaptations to fit our

framework.

Regarding the "inverse' problem (approximation of the bi-layer system by the contin-
uously stratified system), we note that the solutions of the bi-layer shallow water system
(6.2.6) (or (2.2.12) with N = 2) provide exact solutions to (2.2.13). More precisely, if we

denote

Po(1) = psl—m 0)(r) + ppl—1,-m,)(r)

up (r) = U, 1( m,0)(r) + U1 m,)(r),
upi(-,7) = o)+ ULty (r) (2.2.16)
) = f;msm( )+ L ().

where Hy, U, Hy, Uy, are solutions of the bi-layer shallow water system with the additional
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Gent & McWilliams terms (6.2.6) (or (2.2.12) with N = 2), then (p,, upi, ho1, uni) is a
solution to (2.2.13)-(2.2.14). In this work we shall compare these solutions with the ones
emerging from data satisfying (2.2.16) only approximately. Specifically, our results are
twofold.

1. We prove that strong solutions to the bi-layer shallow water system (6.2.6) emerge

from sufficiently regular initial data satisfying some hyperbolicity conditions.

2. We prove that strong solutions to the hydrostatic Euler equations (2.2.13) emerge
from data close to the piecewise constant profiles given by (2.2.16), and that these

solutions remain close to the bi-layer solutions.

Notice that to accommodate our aim of comparing solutions with a piecewise constant
density distribution with a solution with a continuous density distribution, we wish to
consider deviations that can be large in some small regions around the pycnocline. This
demands to carefully select the topology measuring the size of deviations in (2). Addi-
tionally, our strategy relies on the construction of an intermediate approximate solution,
which is proved to be close to the corresponding solution to the hydrostatic Euler equation
in a strong topology, and close to the bi-layer solution in a weaker topology. Hence this
intermediate approximate solution improves the description of the exact solution in the
pycnocline.

A second important remark is that while the contribution of thickness diffusivity is
essential to our stability estimates, we wish to control and compare solutions on a time
interval which is uniform with respect to the thickness diffusivity parameter 0 < x < 1.
The dependency on the thickness parameter will appear only as a restriction on the size
of admissible deviations. Concerning (1), this is made possible by the well-known fact
that the bi-layer shallow water system is well-posed (under some hyperbolicity conditions)
when k = 0 [65], yet obtaining the corresponding result for £ > 0 is not straightforward
and demands to use finely the structure of the thickness diffusivity parameters. Con-
cerning (2), we use the existence of the bilayer solution and consequently the existence
of the improved approximate solution to bootstrap the control of sufficiently close solu-
tions to the hydrostatic Euler equations on the relevant timescale. For that matter the
regularizing effect of thickness diffusivity contributions is strongly used.

Let us point out that the second result (2) applies to any given (sufficiently regular)
solution to the hydrostatic Euler equations. Hence our work provides the same stability
estimates around other solutions, constructed for instance in the framework of multiple

layers or simple waves.
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2.2.4 Connected results

To the best of our knowledge, this is the first time that the convergence between
solutions to multi-layer systems and continuously stratified equations is rigorously proved
(while formal connections are discussed for instance in the pioneering works of Benton [11],
Su [72], Killworth [50]), with the notable exception of the work of Chen and Walsh [24]. In
the latter work, the authors consider the framework of periodic traveling waves without the
hydrostatic approximation (and without diffusivity contributions). They prove that for
sufficiently small periodic traveling wave solutions to the continuously stratified equations
satisfying natural assumptions (in particular that the stratification is stable, sufficient
regularity of the streamline density, and the absence of stagnation points), there exist
corresponding traveling wave solutions associated with any piecewise smooth streamline
density function (hence in particular solutions to multi-layer systems which correspond
to piecewise constant streamline density functions, the velocity field being irrotational
within each layer), in an L® neighborhood, and that the mapping from streamline density
functions to the corresponding traveling wave is Lipschitz continuous in suitable functional
spaces, the distance between two streamline densities being measured through the L%

norm.

This result, which is quite strong and versatile, does not directly compare with ours.
Most importantly, the framework of traveling waves is of course very different from our
framework allowing non-trivial dynamics. Roughly speaking, the traveling wave prob-
lem can be recast into a problem of elliptic nature, while our systems of equations are
hyperbolic/parabolic. Consistently the tools used in our work, with the exception of a
semi-Lagrangian change of coordinates to fix the fluid domain (called the Dubreil-Jacotin
transformation in the context of traveling waves, which is equivalent to the isopycnal
change of coordinates) are very different from the tools used in [24]. Moreover, the hy-
drostatic approximation also modifies the nature of the problem, as it discards dispersive
effects. As such, nonlinear traveling waves are inexistent within the hydrostatic approxi-
mation framework, and could be replaced —if one desires to study simplified dynamics—

with simple waves [25, 64].

Finally, as discussed in [24], the "reverse' limit consisting in approaching a bi-layer
(or multi-layer) situation with continuously stratified problems has been studied (in the
framework of traveling waves) in particular by James [47], after Turner and Amick [74,
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2.3 Plan of the thesis

In the first part of Chapter 3, we first focus on the single-layer shallow water system,
with the additional Gent & McWilliams terms as previously introduced (see Equation
(2.1.2)). We present a small-time well-posedness result in finite regularity spaces (the time
depends on the parameter x of these additional terms), see Theorem 3.2.4. We demon-
strate in Proposition 3.2.7 that this system has decreasing energy. Then, we improve the
existence and uniqueness time of the solution to this system to a time independent of the

parameter k, as shown in Proposition 3.2.9.

In the second part of this chapter, and throughout the following, we consider the
spacial dimension to be one-dimensional i.e. (d = 1) for the sake of readability and to more
straightforwardly derive the results of Chapter 7, which generalize known results in finite
regularity spaces. In this part, we examine the multi-layer shallow water system for gravity
wave propagation in stratified density flows, with the additional Gent & McWilliams terms
(2.2.12). Following a similar approach as before, we establish a well-posedness of this
system in finite regularity spaces with a nonuniform time with respect to the parameters
k and the number of layers N (see Theorem 3.3.1). Finally, we conclude this chapter by
demonstrating that the energy associated with this system also decreases (see Proposition
3.3.2).

In Chapter 4, we improve the existence and uniqueness time for the multi-layer shallow
water system obtained previously by employing the energy method (see Theorem 4.5.1).
The implementation of this method requires a crucial step of quasilinearization, which
allows obtaining the stability estimates necessary to conclude the continuity argument
used. Improving this existence and uniqueness time aims to achieve a time that has a

better dependence on x and that is uniform with respect to the number of layers V.

In Chapter 5, we address the convergence of the multi-layer system (2.2.12) towards
the continuously stratified system (2.2.11) as the number of layers N tends to infinity,

providing an explicit convergence rate of order 1/N? (see Theorem 5.4.1).

In Chapter 6, in Section 6.2, we study the bi-layer shallow water systems. We first
recall some known results without thickness diffusivity, and then consider the system with
thickness diffusivity contributions. The main result is Proposition 6.2.8, which provides
for any sufficiently regular initial data satisfying some hyperbolicity criterion the existence

and control of strong solutions to the bi-layer shallow water system on a time interval

51



Introduction générale

which is uniform with respect to 0 < k < 1, while Proposition 6.2.9 states the expected
strong convergence as Kk — 0. In Section 6.3, we study the hydrostatic Euler equations. We
provide first some stability estimates with respect to perturbations of the equations and
of the data using suitable distances. As a second step we introduce approximate solutions
associated with some given reference exact solution and close-by data. Building upon
these approximate solutions, we prove Proposition 6.3.8, which controls the difference
between the reference solution and exact solutions to the hydrostatic Euler equations
emerging from close-by data. Together, Proposition 6.2.8 and Proposition 6.3.8 provide
the announced rigorous justification that for initial data suitably close to the bi-layer
framework and saisfying some hyperbolicity criterion limiting in particular the admissible
size of shear velocities, the emerging solutions to the hydrostatic Euler equations remain
close to the solution predicted by the bilayer shallow water system on a relevant timescale.
The rigorous statement is displayed in Theorem 6.3.1.

Chapter 7 serves as a toolbox for Chapters 4 and 5, as it generalizes classic lemmas
and propositions (such as those regarding products, compositions, injections, etc.) found
for scalar functions in spaces of finite regularity, notably Sobolev spaces, to the framework

of functions with values in RY.
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CHAPTER 3

THE REGULARIZED SHALLOW WATER
SYSTEM

3.1 Introduction

In this chapter, we examine a model describing wave motion in oceanography, which
is motivated by the work of Peter R. Gent and James C. McWilliams. The model is

represented by the following system:

oth+V - ((h+h)(u+u+u*)) =0,
6tu+((u+'g+ u*) - V)u+ Vh =0, (3.1.1)
h|t:0 = ho, inf h() > 0,

Ult=0 = U0,

where ¢t > 0 is the time variable, d the horizontal spacial dimension, x = (z1,...,24)
the horizontal spatial coordinates, (h, u) € R x R? is an equilibrium, » = h(t,z) is the
deviation from h, w = w(t,x) is the deviation from wu. Physically h + h represents the
layer height and u + wu represents the average horizontal velocity field of the layer. We
notice that if 4* = 0 the system corresponds to the shallow water (Saint-Venant) system
which is a hyperbolic symmetrizable system and is well known and studied for example

we give the book of Sylvie Benzoni-Gavage and Denis Serre [12] as a reference.

_ - NVh
Kusn

thickness diffusivity. This choice is motivated by the work of Peter R.Gent and James

The main focus of this chapter is the choice of u* = where x > 0 is the

C.McWilliams on isopycnal mixing and eddy viscosity (see [35] equation (15)). It is a
natural and suitable choice for them for many reasons for example in the case where k is
a positive constant a Laplacian will appear in (3.1.1); which will have a smoothing effect

on h.

We show that the initial value problem is in fact well-posed locally in time in regular

23



Part , Chapter 3 — The reqularized shallow water system

Sobolev spaces for a single layered fluid and we establish that its corresponding system
has decreasing energy. Moreover, in a natural way we extend the previous well-posedness
result to the case of a fluid with finite number of layers. Finally, relying on energy methods
found in the book of Sylvie Benzoni-Gavage and Denis Serre [12] we improve the well-
posedness result for the case of a single layered fluid by extending the time existence

compered with the parameters considered in this problem.

3.2 The single layered shallow-water system

3.2.1 Small-time well-posedness

In this sub-section we begin by giving classical results on transport equations and
transport diffusion equations which will be the ingredient to prove the small-time well-

posedness of the single-layered shallow water system (3.2.1).

The following theorem results from combining [8, Theorem 3.19] and [8, Theorem
3.14].

Theorem 3.2.1. Let T > 0, de N*, 0 > 1 + %, Let fy € H°(R?), g € L'(0,T; H°(R?)),
and v be the time-dependent vector field such that v € LP(0,T; H*(RY)) for some p > 1,
and Vv e LY(0,T; HY(R%)). The transport equation

{ f +(v-V)f=g
Jit=0 = Jfo

has a unique solution f € C([0,T]; H°(R%)). Moreover there exists C > 0 such that

|z ey < D (I follae + lgliscrey),

where V'(t) := |V u(t)| go-1.

Theorem 3.2.2. Let k > 0, d e N, T > 0,2 < p < 0, 0 > 1+g, and v and
V' be defined as in Theorem 3.2.1. If g € L*([0,T]; H ' (R%)) and V(T) is finite with
fo € H°(RY) there exists v > 0 (which depends only on d and s) and a unique f €
Lr([0,T7]; H”%(Rd)) nC(|0,T]; H°(R?)) such that f is solution to the transport diffusion
equation

of+v-Vf—rAf =g,
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3.2. The single layered shallow-water system

Moreover it satisfies :
1 1 1 1,1 1
K1y ey S TETHDVD (14 RT) follam + (1 4+ 6T)5 2 g g o ).

Remark 3.2.3. The estimates in the previous theorem are found in [8, Theorem 3.38],
the existence part follows using properties of the heat equation’s semi-group and Duhamel’s

formula.

Theorem 3.2.4. Let de N*, s > 1+ g, hy >0, M,M >0, and 0 < k < 1. There exists
T = m (with C(s,h*, M, M,d) > 1 and non-decreasing function of M), such
that for all (h, uw) € R x R with

h=hy  |b]+ |y < M,
for any (ho,uo) € H* (R with

M() = Hh0|

Hs + H’UOH(HS)d < M,

there exists a unique (h,u) such that

he L2([0,T); H*TY(RY) ~ C([0, T]; H*(RY)),
we C([0,T); H*(RDY) A CL([0, T]; H* 1 (RY)),

and (h,w) is solution to

Oth+ (u+w) - Vh+ (h+ h)V - u= kAh,

ou+ (u+u— /ﬂ%) -V)u+ Vh =0, (3.2.1)

moreover
1
|l Lo o, ragsmsy < 297Mo,  K2| R L2015y < 29Mo, | ul| e 0, 105(m0)2) < 2Mo, (3.2.2)

and h+h = h* on [0,T] x R, where v is a universal constant.
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Part , Chapter 3 — The reqularized shallow water system

Proof. For Ty > 0, we define the following set
def [ 12 . Irs+1/md . 78 (Td . 17s(od\d
Ay B (LD, Ts £ (R9) 0 €O 1 (RY) ) 0. Taf (R,
The system is viewed as a system of a transport-diffusion equation and a transport

equation, coupled only through order-zero source terms. We put At = 0, v ! = 0 and

we define the sequence (A", u"),en by the following Picard iterative scheme:

([ 0hn ! 4 (W + w) - VR 4 (h° 4 W)V -t = kAR
Su T+ (U + u— /{hv’fﬁ) -V)urtt + VA" = 0, 193
) Wb =he, inf B4 bz b (3.2.3)
[0,T3,] xR¢
\ uﬁié = Uo-

Step 1: We begin to show inductively that for any n € N, there exists T,, > 0, such

that (h™, u") is in Ar, s x Br, s and that inf (h™ + h) = h,.
[0,T,] xR

It is immediate that (b~ ', u ') € Ars x Brs, and that inf (h™' +h) = h = h,,

[0,7] xRd
VT > 0.
We suppose that 37, > 0 such that (h", u") € Ap, s x By, s, and : %rﬁf Rdh” + h = h, for
0,1, ]%
a certain n € N. Let fo =up; v=u"+u— /ﬁ;}fh; g=—Vh".
We define

z+h  h

Py (2) L _ 1 when x+h=h,
X =
" w(z) elsewhere

where w can be chosen such that Fy, € Ci°(R).
We notice that Fj, (0) = 0 hence by [8, Theorem 2.89] Fj,, (h") € H*(R?) and

[ ()]

s < C(s,hy, M, | VA"

a1

Hs»

where C(s, hy, M, |Vh"||zs-1) depends non-decreasingly on |[VA™|% . Hence

Hs+1.

[Vv(®)|

a1 3wt (1))

s + KR (t)]

1 O (8, b, M B[z (o)) [R" [ L (1) + £[R"(0)]
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3.2. The single layered shallow-water system

n+1

Since u"*" satisfies the following transport equation

ou"t + v VUt = g,

and moreover by what proceeds one can easily check that fy, v, g satisfy the hypothesis

+1

of Theorem 3.2.1, then there exists a unique u""* € Bp, ; which satisfies the equation

(3.2.3)2 in a distributional sense, and the following estimate:

T
[|w +1||L%H(HS) < (||UOHHS + |Vh HLlTn(Hs)) exp (CL |V (u +u— Kh" " h) (t)Hs_ldt) )

In the same way we put fo = ho,v = u" + u; g = —(h" + h)V - u" then h"*! satisfies the

following transport diffusion equation:
"t + (v V)R = kAR + g,

and moreover one can easily check that fy, v, g satisfy the hypothesis of Theorem 3.2.2
then there exists a unique h"*!' € Ap . such that it satisfies the equation (3.2.3); in a

distributional sense and the following estimate:

Tn
H%”thrl“L%n(HsH) <y exp (7(1 + KT,)? J- [V (1) Hs_ldt)
0

x ((1 + KTk 2|(R" + R)V - Wz sy + (14 KT)% ol

It remains to show that inf  A"*! 4+ h = h, for a convenient T, .
[0,Tp41] xR

Let us assume that T,,1 < T,,. We know that

|| (u” VA" — kAR 4 (hn + Q)V : u") (t)HHs—l 5||'U'n||L%n(HS—1)”thrl”L%n(HS)

+ ||hn+1||L%‘n(Hs+1) + MHU”HL%TL(HS)

which implies that d;2"™(in a distributional sense) is in L2(0,T,; H*~'(RY)) therefore
e HY([0, T,]; HS Y(R)) — C([0, T,,]; H**(R%)), consequently it satisfies the funda-
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Part , Chapter 3 — The reqularized shallow water system

mental theorem of calculus:
t
Vt € [O, Tn+1] thrl(t, ) + h = ho() + h + J @gh”H(T, ')dT,
0

and by Sobolev injection there exists ¢ = ¢(s, M) > 0 (which may increase if necessary

throughout the proof), such that

t
f O (7, )dr < C\/ﬂ\\ﬁthnH”L; L HY:
0 n

Choosing T}, such that c\/TnHH@th”HHL% (ms-1) < hy we obtain:
n+1

Vte [0, Thi1] R"THE, ) + b = h.,

therefore ("1, w"*') € Ap, . s x Br,,, s and h"*' + h = h, on [0,T;,41] x R%

1+1,8

The iterative scheme is well defined at least in small time which at this point depends
on n. To overcome this dependency using the fact that the initial data is bounded we are

going to bound the sequence (A", u"),ey in a certain space of its regularity.

Step 2: We are going to find an appropriate time T = T'(s, d, k, hy, M, M), such that
VneN, (h*, u") € Br(0) and k™ + h > h, on [0,T] x R? where

BT(O) = {(h, ’lL) € AT,s X BT,s; ”hHL%(HS) < 26’}/M0, R%Hh||L2T(H5+1) < ZG’YM(),

[ ey < 2 Mo}

We suppose that for n € N, (", w"*) € By(0) and h™(t,-) +h = h,, for all t € [0,T]. Using

the estimates of the previous step of the proof we have:

||u"+1HL%a(Hs) <exp (C’(T x2eM + H%(QG’YM)QC(S,h*,M, M)T% + R%QG’)/MT%)

x (MO + 2ew—%T%MO) .

Moreover

[N

||h"+1HL%(Hs) <vyexp (YT x 2e M) ((1 + (kT )K_%(QG’YMd +d)2e MTy; + Mo) ;

o8



3.2. The single layered shallow-water system

and,
1 prtl < 'y(l-‘r(nT)%))QTeM
K2 HLQT(HsH) e

X ((1 + kT)k 2 (2ceyd + d)2e MyT? + M, + (/ﬂT)éMQ).
On the other hand Yt € [0, T]
¢
J Oh" (7, )dT < ¢ (((QeM)ny +2eMd+ (2e M)*yd)T + H%QeM’yT%) :
0

Hence there exists C(s, hy, M, M, d) > 1 such that for the choice of 0 < T' < m

and by using the previous estimates and by induction we have (A", u") € Br(0) and
h" 4+ h = hy, in [0,T] x R%

Step 3: We now prove that (A", u"),en is a Cauchy sequence in Aro x Brp.

+m+1 +1 _ _ + Vhntm
P — " fo=0, v=1u" "+ u— Ky

—g = ((u”*m —u' — K ( VhTT VAT )) . V) w4+ V(R — p7).

We put Spy1m =

h}zn+7n+ﬁ h"+h

Hence S,,+1,, satisfies the following transport equation
atSn—H,m +v- VSn+1,m =9,

since Sp1.m € C([0,T]; L*(R%)?) and satisfies the transport equation in a distributional
sense, by Theorem 3.2.1 the solution S,41,, is unique and it satisfies the corresponding a

priori estimate.

We put Wn—i-l,m = hrmtl — hn+17 fo=0,v= u"t" + w,
—g = (W — ") - VA" 4 BV (w T — ) 4 (BT = RVt + V- (T — ).

Hence W, 41, satisfies the following transport diffusion equation
atm/vn—&-l,m + v VVVn+1,m = 'KJAWn+1,m + g,
since W41, € L2(0,T; HY(R?)) n C([0, T]; L?(R?)) and it satisfies the transport diffusion

equation by uniqueness W, ., satisfies the corresponding a priori estimate.
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Consequently using the function F},, defined in Step 1 and [8, Theorem.2.89] and
the product estimates in estimates in Sobolev spaces to bound v, g (in both cases of
transport and transport-diffusion equations) we can deduce from the a priori estimates of
both W, 11, and S, 11, that there exists, 8 = 5(s,d, hy, M, M) > 0 such that :

1 _1
(Wistm|rz @2 + 62 [Wasimliz gy + St mlliz ey < 8572 (||Wn7mL%(L2)

1

1 1
+ K2 HWn,m||L2T(H1) + ||Sn,m||L'T£(L2)>T2-

Finally with 7" as in Step 2 by augmenting C(s, h*, d, M) such that:

1 1
Warimllzzee + 62 [Wasiml iz () + [Snsimlz@e) < 5 (||Wn,m||L;(L2)

1
§ R Wl ey + ||sn,mL;<Lz>).

Implies that (A", u")ney is a Cauchy sequence in Arg x Bro endowed with the norm
1A a2y + m%HhHLzT(Hl) + |ulLz(z2), therefore there exists (h, u) € Arp x Bryg such that
(h", u") — (h, u).

Step 4: Passing to the limit.

Using the classical argument of weak convergence of a subsequence in Sobolev spaces
and from what proceeds by using an interpolation argument we can pass to the limit in the
equations (one can see for example [8] as a reference of this argument) and consequently
(h,u) satisfies (3.2.2),(3.2.1).

Step 5: Regularity of the solution.

Since h € L?(0, Ty; HST1(RY)) n L®(0, Tyr; H¥(R?)) is solution to the transport diffu-
sion equation (3.2.1);, by Theorem 3.2.2 it is the unique solution hence h € L(0,T; H*™(R%))n
O ([0, 7]: H*(R).
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3.2. The single layered shallow-water system

Using the fact that A" — h in L=([0,T] x R?), it follows that
V(t,z) e [0,T] x R? A™(t,x) +h = h, = VY(t,z) € [0,T] x R? h(t,z) + h > h,.

Since w e L®(0, Tys; H*(R?)?) and satisfies the transport equation (3.2.1),, by Theorem
3.2.1 w is the unique solution and w € C([0,T]; H*(R%)?), again using the equation we
can confirm that we C'([0,T]; H*~*(R%)9). O

Definition 3.2.5. Let d € N*, hy > 0, s > 1 + % | (ho, wg) € H*(RY)'" and (h, w) as in
Theorem 5.2.4. Denote for T > 0

Er = (Lz([O>T]; H*H(RY))nC([0,TT; HS(Rd))) X (C([O, TY; H*(RY)?) = CH([0, T]; Hs_l(Rd)d)),
and define

Tinaz := sup{T > 0; there exists (h, u) € Er g, with(h, u) solution to(3.2.1)

and inf h+h=h}.
[0,T]xR4

We say that (h,w) is a mazimal solution of the system (3.2.1) if

I € Lioe([0, Tonao); " (RY)) x C([0, Tnaa); H*(R7)),

w € C([0, Taz); H*(RY)?) x CH([0, Trnaa); H*H(R?)Y)

and inf  h+h=h,.
[0,Tmaz)xR4

From the previous theorem it follows that the system (3.2.1) has a unique maximal

solution. Consequently we state the following theorem.

Theorem 3.2.6. Let 0 <k < 1,de N*, hy, >0, s> 1 _|_g . (ho, u) € Hs(Rd)l—i-d and
(h, w) as in Theorem 3.2.J such that indf ho + h > 0, there exists a unique T, > 0 and a
R

unique (h,w) with

he L ([0, Trnaw); HTHRY)) A C([0, Thiaa); H*(R?)),

ue C([0, Trae); HS (RN A C'([0, Trnao); HH(RY)Y),
such that (h,u) is a mazimal solution of the system (3.2.1) and it satisfies the non cavi-
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Part , Chapter 3 — The reqularized shallow water system

tation assumption, for (t,z) € [0, Tjnae) X R?
h(t,xz) + h = h,.

Moreover we have
— If moreover (hg, ug) € H¥ (R4 with s' > s, then (h, ) € C([0, Tpaz); H* (RY)1+9)
(propagation of reqularity).
— (ho, u) € H¥ (RN s (h,u) € C([0, Thnaw); H* (RO is continuous (flow map

continuity).

Proof. The first part of the theorem derives naturally from Theorem 3.2.4; as for the
continuity of the flow map and the propagation of regularity this is classical and well

known in literature one can check [8] for these type of results. O

3.2.2 Decreasing total energy

Applying the scalar product of (3.2.1), with h and the scalar product of (3.2.1), with
(h + h)u, integrating by parts and combining the two equations we naturally define the
energy of the system (3.2.1) by the following functional

vte[0,T], E(t) - ; j h(t,2) + (h+ B)|ul(t, 2)de. (3.2.4)

Rd

In the following proposition we will prove that in fact this energy is decreasing.

Proposition 3.2.7. Let de N*, s > 1+ % h, >0, T >0, (h,u) € RxR? and (h, u)
solution of the system (3.2.1) defined on [0,T] x RY, where h + h = hy on [0,T] x R,
such that h, w are smooth enough. Then the energy £ defined in (3.2.4) is decreasing.

Proof. Omitting to write the variable (¢,x) in what follows to lighten the text, and dif-

ferentiating with respect to the time ¢ the energy functional we consequently have

ie(t) _ f (@uhyhz + J oyhluld + J (h+ h)dvu- ude.
Rd

R4 R4
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Integrating by parts we obtain the following identities.

j(&th)hdx __ f((u+ w) - Vh)hdz — jh(h L)Y - w)dz + J(Ah)hdx
_ J(h - B)Vh - (u+t w)dr — /{J Vh|da.

R4

: J&th|u|2dm - f (wtw)-V(h+h) + (h+ 1)V - (ut ) — kAR) |uPde

R4 R4

- _; J((u—i—u) - Vh)|ul*dz — ; f(h +B)(V - w)|ul*dz + g J(Ah)WIQd:v:

R4 R4 Rd
and
f(h—i—h)@tu- udr = — f (h+h)(u+w) V)u- udm—i-/iJ(Vh-V)'u,- udx
R? Rd R
_ J(h W)V - ude,
]Rd
where

—J((h+h)(u+u)-V)u-ud:c=;J(Vh-(u+u))|u|2dx+;J(h+h)(v-u)|u|2da:

R4 R4 R4

and

HJ(Vh-V)u- udz = —g J(Ah)|u|2da:.

R R4
Gathering the above equalities we obtain

jté'(t) = J(h + h)Vh-udr — K f |Vh|*dz,
R4 R4
using the fact that
J(h + h)Vh - udx =0,

Rd
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we have J
%E(t) = —K J |Vh|dz,
R4
therefore the energy £ of system (3.2.1) is decreasing. O

3.2.3 Large-time well-posedness

In this sub-section we improve the result obtained in Theorem 3.2.4 and this is done
by using the energy method. We start by obtaining energy estimates on the linearization
of system (3.2.1), using these estimates we give the large-time wellposedness of the single-

layered shallow water system (3.2.1).

We consider the system

Oh+ (u+w) - Vh+ (h+h)V - 4= R + kAR,
O+ (u+u—rZl) V)it Vh =R,
h|t=0:h07

Ujt—0 = Up-

(3.2.5)

Lemma 3.2.8. Let hy, M, M > 0. There ezists C' = C(M, M, h,) > 0 such that for all
0< k<1, for any h,u € R such that

|h| < M,

and for any T > 0 such that (h, u) is solution to the system (3.2.1) on [0,T] with (h,u) €
CH[0,T]; H* (R A C([0, TT; H (R satisfying for almost every t € [0,T] the

upper bound
| VA(t,-) ”L;f +|V - ult, ) ”L;f + | At ) ”L;g < M,

and the lower bound
irel]gh(t, x)+ h = hy, (3.2.6)

and for any (h, &) € C([0, T]; (L2(R))*4) with h € L2(0, T; H*(R)) satisfying (3.2.5) with
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3.2. The single layered shallow-water system

R,R e L2(0,T; (L*(R))*9), the following estimate holds

1
1

1., K2 . 1
E2(h, u)(t) + 5 IV 2002y < E(h, w)2(0) + Of | R(7, ) 2 + | R(7, ) [ 2 d7
X exp (C’(h*l,M) ) ,
where we denote

Ve [0,T], E(h,w)(t) := ;J|h|2(t,:p)+(h(t,x)+h)|il,|2(t,:):)dx. (3.2.7)

R4
Proof. Omitting to write the variable (¢,z) in what follows to lighten the text, and dif-
ferentiating with respect to the time t the energy functional we consequently have

d

< eh (1) = J(at Vi + - fath|u| dx+J(h+h)8tu iz,

R R4
Integrating by parts we have
f(&th)hdx = - J((u+ w) - Vh)hdz — f(h + h)(V - whdz — k f IVh|2dx + Jthw
R4 R4 Rd Rd

and

- j((quu) Vi hda — ;J(v w)|h|2de,

R4 R4

_ J(h + h)(V - w)hdx = Jh(Vh - u)dr + J(h + h)Vh -z,

R4 R4 R4
hence
J(&th)hdx - f(v w)|h|2de + fh(w i)z + J(h CRVh-ade (328
R4 R4 R4 R4
— Iij \Vh[dz + thdx
Rd
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J(thh)é‘t'u-udxz—f(h+h)((u+u)-V)i:,-uder/fJ(Vh-V)u-fudx

R4 Rd Rd
—J(thh)Vh-i/,derJ(thh)R-udx,
Rd R4
moreover

—J(h+h)((u+u)-V)iL-udx :”(w.(wu))wdﬁ”(mh)(v-u)wdx

R4 R4 R4

p J(Vh Vit e =~ J(Ah)|u|2dm,

R4 R4

consequently

J(h+h)&m-udx - J(Vh-(u+u))|u|2d:c+;f(h+h)(v-u)|u|2dx—SJ(Ah)|u|2dac

Rd Rd R¢ Rd
(3.2.9)
- J(thh)Vh-uderf(thh)R-ud:c,
R R
1 ) 1 .2
5 Och|u|*de = —3 ((u+w) - Vh+ (h+ h)V.u— kAh)|ul*dz. (3.2.10)
R4 R4

Gathering (3.2.8), (3.2.9) and (3.2.10) we have

jtg(h, )(t) :; f(v ) |h|2de + fh(wz i) — & J ViPdz + fRizda; (3.2.11)

R4 R4 R4

+ J(h + h)R - udx,

Rd
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3.2. The single layered shallow-water system

consequently
d -1 .
900 [ViF 0 <co) (1900 g + 19wt ) ) € )0

+ ) (IR Lz + (1A Ly +A]) IR |z ) €3 Gh i) (e).
Hence
d _ .
CEGh i) + f IVh2(t)de <C(ht, M)E(h, (1)

+ C(hy ', M, M)(|R(D) |2 + [ R() [ 12)€2 (B, ) (0):

The proof is then a consequence of Gronwall lemma. O

Proposition 3.2.9. Let s > 1—|—d he >0,de N, M >0,0<&k <1, (hy,up) €
H* (RN and (h, u) € R x R? such that

My = E(A°h, A*w)(0) < M,
inf hg +ﬁ Z Qh*,
Rd

|h| < M

then there exists C(h;*, M, M) > 0,0 < T* < oo such that for Tpae, b, w as in Theorem
3.2.0 with (h, w) the maximal solution to (3.2.1) with (h, w)—o = (ho, o). Then Tpqy is

as follows
1

>T* .
C(hit, M, M)M

Tmaz =

A\

N

Moreover for all (t,z) € [0,T*] x R?

E(Ah, M u)(t) < My,
h(t,z) + h = h,.

Where & is defined as in Lemma 5.2.8, and C(M, M, h,) is a non-decreasing function
of M.

Proof. We suppose (h, u) sufficiently regular to justify the computation done in proof of
Lemma 3.2.8. Let (h, u) := (A®h, A®u), and applying the operator A® to system (3.2.1),
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Part , Chapter 3 — The reqularized shallow water system

we obtain system (3.2.5) with the corresponding rest terms

R = —[A°, u]Vh — [A® R]V - u,

S * _ S K S s 1
R = —[A°,v*|[Vu = —[A°, u]Vu+ h—i—h[A ’Vh]vu+K[A’h+h] (Vh)(Vu),

£ . Vh
where v* = u+ u Khih-

In order to obtain a differential inequality on £(h, %) it remains to estimate the rest

terms R, R in L? spacial norm.

Since s > 1 + %, by using commutator estimates in Sobolev spaces (see [53]) there
exists Cy > 0 such that

Rz < Cola®lz ()] sz

Moreover one has for any s > %, o = 0, using classical product estimates and composition
estimates in Sobolev spaces (see [53]) we have

1 Vh Vh 1 1
Vi =lo—s| <|7z| t\;z- o) VR
‘h+hHg ‘(h+h)2Hg ‘hQ He ‘(hz (h+h)2) H
1 1
<h712 h , e h i
< 90 + (g~ )| 7P
1 1
|G - ), )
W (Rt 2P/ g s
< C (h;la H h‘H;O) H Vh ||Hg7

Hence since s > 1 + % , using commutator estimates in Sobolev spaces there exists
C(h,",| h|,) > 0 such that

R(O)zz < | ()72 + £C(h, | | 2) | alt) 22 (H VA(t) |z + | fi(t)H%g) - (3212)

Furthermore we have the following estimates:

Jut, )z < —E(h, w)(®),

2
.
1(t, )2 < V2E7(h, n)(t).

Hence, by using Cauchy Schwarz inequality and the previous estimates in addition to
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3.2. The single layered shallow-water system

the continuous injection H*~}(R?) — L*(RY) equation (3.2.11) and by augmenting

C(h;, | I |;2), we have using Lemma 3.2.8 the following estimate

C‘;ts(h, ) (t) + g J IVh[2(t)de <C(hY) (1 [ Rt ) | +|h|> X h,w)(t)  (3.2.13)
4RO N lg) (10 4 +1B1) €2k, (1)

RO i) (100 | +IA]) €200, @),

Once we established inequality (3.2.13) the goal now is to obtain a control on the energy

E(h,u). Let
T* := sup {O ST < Thaa; VE€ (0,T],  (E(h, w)(t) < 2M,, and iﬂgldfh(t, V+h= h*)} .

By continuity in time of the solution we deduce that T* > 0. Let ¢t € (0,7%), using
inequality (3.2.13) we have

(jtg(iz, w)(t) <C(h,", My, M)M(%g(h, w)(t) + kC(h, ", My, M)MoE(h, w)(t),

thus

ng(h, W)(t) < Chy", My, MY(Mg + rMy)E (b, i) (1),

where C(s, h*, My, M) > 0 is a non-decreasing function of M,. By using Gronwall’s

inequality, we have
E(h, @)(t) <E(h, w)(0) exp (C(h7", My, M)(Mg + KMo)t) (3.2.14)

using the fact that 0 < x < 1 and augmenting C'(h; !, My, M) we find that there exists
C7 = 1 depending only on M, M, h, such that

3

Chy' My, M)MGE < Ot = E(h,)(1) < 5 M.

Since (h, h, u, u) satisfy the following heat equation

Oh +u-Vh = kAh + g,
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where g := —(u-Vh+ (h+h)V-u), by positivity of the heat kernel and since w is constant

we have

inf A(t, 2) > inf5(0,2) = |9 | pyoraz)-

zeR4

Using product estimates in Sobolev spaces (see [53]) and the fact that s > 1+ ¢ we have

lg@) e < TR||w(t, )]z + [ ult )|
1
< O(h;t, My, M)Mg .

Hs h(tv ) |H5

x x

Hence augmenting C if necessary we find that

C(hTY, Mo, M)MEt < C = Vo e RY,  h(t,z) + h > “h,.

DN W

Hence by continuity in time of the solution we find that for all ¢ € (0,7T,) satisfying
C(h;t, My, M)Mgt < Oy, there exists > 0 such that [t — 6, + 6] < (0,T%). By a
continuity argument we consequently have
1
C(h*_17 M07 M)]\40E

Tmaa: Z T* Z

[un

This estimate on T}, is obtained for (h, u) at least in C1([0, T'|; H*(RY)*)C([0, T]; H*+H(R)4+1),
we deduce the same estimate on T}, if the initial data (h, uy) were only in H*(R%)*4
(consequently (h, u) will have the same regularity as given in Thoerem 3.2.6) and it is ob-
tained by regularizing these initial data (hg, ug) and using the continuity of the flow map
and the propagation of regularity found in Theorem 3.2.6, the proof is then concluded. [

Remark 3.2.10. The previous result is an improvement of the result found in Theorem
3.2./ since there is no more dependency on k for the lower bound on the time existence
Tmax'
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3.8. The multi-layer shallow-water system

3.3 The multi-layer shallow-water system

Let us remind the reader that, as stated in the introduction, besides the results con-
cerning the previous chapter on the one-layer shallow water system, and for simplicity

and readability reasons, the dimension will be set as d = 1.

3.3.1 The nonuniform well-posedness

As it has been seen in sub-section 3.2.1, the shallow-water system with the additional
Gent & McWilliams terms is well-posed with a time of existence that isn’t uniform with
respect to k (see Theorem 3.2.4). We can easily adapt the proof of Theorem 3.2.4 (with
some minor modifications) to the case of a finite number of layer of the fluid where the
time T in addition to the dependency on k will also depend on the number of layers N

and hence we state following theorem.

Theorem 3.3.1. Lets > 1+1, NeN*, h, >0, M,M >0, p; >0 forallie {1,...,N},
0 <k <1, there exists T = m (where C(s, hy, M, M) > 1 and non-decreasing
function of M and M ), such that for all (H,U) := ((H,,--- ,Hy),(U;--- ,Uy)) € R*
with

inf H, > hy; sup |H;| + |U;| < M, (3.3.1)

ie{l,...N} i€{1,...N}

for any (Ho,Uo) := ((Hu0,-++ , Hnpo), (U, -+ ,Unp)) € H*(R)*N with

M()?N = sup ||Hz,0‘

i€{l,...,N}

Hi70+ﬂi>2h*, VlE{l,N}

Hs + ||UZ7()|

e < M,

There exists a unique (H,U) with

H = (i, ) (D0, 4 (®) 0 COTRH(R)) - and

U= (U, Uy e (0([0,T]; H*(R))  C([0., T HH(R») |
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Part , Chapter 3 — The reqularized shallow water system

such that (H,U) is solution to

Viel{l,...,N
5tUi+(U + U, — 5U+Z 1m1n(5lpjaH_ ief{l,...,N},

H e )
with initial data (H,U)j—o = (Ho, Up).

Moreover
1
|Hillzoorm9) < 2evMon, K2 |Hi| 20mms+1y < 2evMon,  |Ui|reorme) < 2e Mo,

and H;+ H; = h, on |0, T] xR, for allie {1... N}, where v is the same as in Theorem
3.2.2.

Proof. We will give a sketch of the proof since it follows the same steps as in Theorem 3.2.4.
The main idea is to adapt the proof of Theorem 3.2.4 for each layer. Let i € {1,..., N}
fixed, system (3.3.2) is viewed as a system of a transport-diffusion equation and a transport
equation, coupled only through order-zero source terms. We put H; ' = 0, U;' = 0 and

we define the sequence (H, U]")nen by the following Picard iterative scheme:

(O H!' + (U; + UM H™ + (H; + H)o, Ul = k2H]'™

%
N

o UinJrl + (Uz +Un — ) Un+ imin(ﬂi,Pj)aan =0,

T T =R l (3.3.3)
Hlﬁﬂl} H;y, Hﬁ“ H; > h,

\ UiiZo = Uio.

For Step 1 by applying the same procedure and relying on the estimates 3.3.1 we easily
show inductively that for any i € {1,..., N} fixed, n € N, there exists T,, > 0 (which can

depend on i), such that (H},U) is in Ar, s x By, s and that : Tln]f Rd(HZ-” + H;) = h,.
0,1 | %

The major change is the estimate obtained on U/***.

N
n 1 min(p;, p;) n
U7 ez (e <||Uzo|Hs 2 N o =0, H; LlTn(Hs)> (3.3.4)

Tn 0. H!'
0 A EEN)
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3.8. The multi-layer shallow-water system

For Step 2 using the induction argument in addition to estimates on H*"! and relying on
(3.3.4) we easily deduce that there exists C(s, N, hy, M, M, d) > 1 such that for the choice
of 0 < T < grmararwa We have (H',U") € Br(0) and H*+ H; = h, in [0,T] x R and
that is for all fixed i € {1,..., N}.

For Step 3 we show that ((H,U7),- -, (Hpy, Uy))nen is a Cauchy sequence in (Arg X

Bro)N endowed with it’s natural norm defined as follows,

for (H,U) = ((Hy,--- , Hyx), (U, ,Uy))

N

1
[CH, U g ooy = D, (||Hi||L;(Lg) + 62| Hil 2.1y + HUi”L%‘(L%)) ,

i=1
hence defining for i € {1-, N}
S +1 C Uﬂ+m+1 _ Un+1

n+m-+1 n+1
WnJrl,m,i = Hl - Hz )

and using the exact same estimates found in Step 3 of the proof of Theorem 3.2.4 with
the corresponding fy, v, g and by following the same procedure we easily show that by
augmenting C(s, N, h,, M, M, d), (H?,U}"),---, (H¥,UR))nen is a Cauchy sequence in
(AT,O X BT,O)N-

Finally Step 4 and Step 5 are easily deduced by adapting the last two steps of the proof
of Theorem 3.2.4. |
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3.3.2 Decreasing total energy

Based on (3.2.4) we define naturally the energy functional of system (3.3.2) for N € N*
and t € [0,T] by

(Z Hj(t,x)> dx+2ivf Y (pss — pr) D Hj(t,x)> dr  (3.3.5)

# 5 | Do+ B U+ [ 3 oo, + H(00) U 1)

In the following proposition we will prove that in fact this energy is decreasing.

Proposition 3.3.2. Let N e N*, s > 1+ %, hy>0,T >0,
(ﬂug) = ((ﬂla e 7EN)7 (Ql e 7QN)) € R2N7 andforH = (H17 e 7HN)7 U= (Ulu e aUN)
smooth enough such that (H,U) is solution to system (3.3.2) defined on [0,T] x R, where

o in]fv} H, + H(t,") = hy fort € [0,T], moreover supposing that py > -+ > p; > 0.
ief{l,...,

Then the enerqy € defined in (3.3.5) is decreasing.

Proof. Omitting to write the variable (¢,x) in what follows to lighten the text, and dif-

ferentiating with respect to the time t the energy functional we consequently have

d (Za,gar) (2 >dx+f]\21(pk+1—pk)<i atHj) (i Hj> dx

j=k+1 j=k+1
JijﬁtH |U|d:c+f2p] )(6.U;)U;dx
R =1

le
N N
Z U, (H; + H) atde+fZ U,;0,H,Ujdx.

%%
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Integrating by parts we obtain the following identities.

H! (Jil atHj> (i >da: = —f <§; 0. ((H; + H;)(U; + Uﬂ))

R

we automatically have

f " (P — o) (}Z atHj> (_2 Hj> dz
= J 2 (Pri1 — Pr) (Z ((H; + Hj)(U; + Uj))) (Z @ch) dx
— K 2 (pk+1 — pk)J (Z &xH]> d$,

moreover

1 N 1 N N
QJZ 0 H;|U;|* pjd = —2JZ 0, ((H; + Hy)(U; + Uy)) U pydee + J 0, H;|U;1* pjde,

R =1 j=1 R I=1

N | =
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furthermore
N N
JZ pi(H; + H;)(0,U;)Ujdx = — J > ((Hy + Hy)(U; + U;)o.Uy) Uspjdz
R J=1 R I=L

N
+ KJZ (é‘xHﬁmUJ) Ujpjdx
R

J=1

_ ;JZ (H; + H;) U; (Z min(p;, pj)(axHi)> dx

5 =1 i=1
N
f o, (H, + H)(U, + U,) U, pyde
R

J=1

N[ —

b | =

L,
7=

I
—

' (02H;) |U;*pjde

J

N JZ (H; + H;) U; (Z min(p;, pj)(ﬁzHD) dz,

B J=1 i=1

—_

in the same way

N N
JZ p;iU;(H; + Hj)o,Ujdr = JZ 0 ((H; + H;)(U; +Uy)) U;Uspjde
R I=1 R 7

j=

1
N
— I{J (53]‘.[]) Uijpjdx
R J=1
1| (& N
- JZ (H; + H;) U, (Z min(p;, pj)(ﬁxHi)> dx,
2 j=

j=1 i=1

and

JZ p;U;0H;Ujda = — f 2.0 ((Hy + Hy) (U + Uy)) UyUypyda
R R

J=1

Jj=1

N
th J 2, (G2H;) UjU, pjd.
R

7j=1
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Gathering the above equalities we obtain

d P N N
750 =5 | | 2 + H)(U; + Uj) )(Z )

R VL
1 A= N
N (Pk+1_pk)<2 ((H; + Hy)(U; + Uy)) ><Z 5H>
ﬁé k=1 j=k+1 Jj=k+1
1 & N
- Z(Hj—l—H)(U +Uj) (me pi, p;)(0 H))d
J -
R J=1 i=1
kP N 2 o N
_NJ<Z@EH]> dx NZ(pkH—pkf(Z §H> T
R Jj=1 k=1 R Jj=k+1
1 K
== NSI + NSQ,

where

Jj=1

+J 2 (Pr+1— Pr) ( Z ((H; + Hy)(U,; + Uj))) ( Z chj) dx

= PIJ <.N ((H; + H;)(U; + Uj))) (i afij) dx

B

=1 j=k+1 j=k+1

_J N (H; + H;) (U; + Uy) (imin(pi,pj)(aw}]i)> d

]=

—p1 J (i ) - Jg (Pr+1 — Pr) f (il axHj> 2 dx.

‘7= R

—_

For the sake of readability and in order to deal with &), we introduce the following

notations

CLj = ﬂj + Hj,
Cj = 6xHj,

77



Part , Chapter 3 — The reqularized shallow water system

hence using the fact that py > --- > p; > 0, we have

Si=pi ; ( (%‘@')) (Z Cj) dx + J > (prer — pr) (Z (%@')) <Z Cj) dx
[ (Z min(p;, p;)c ) dx

i=1

(ajbj)> (Z Cj) dx + J 2 (P11 — Pr) (Z (ajbj)> (Z Cj) dx

L=

|
M =

= -
<
Il

I
S
iy
> L
1=

Il
—

J j=k+1 =k+

<.
Il
_

|
%% 5 e
1=
b@
b@‘
TN
1=
N
2
+
E
=8
[z
iR
>
Bl
x
|
e
T
N—_
N—_
QL
s

I
L
= =
\

(Pr+1— Pr) < Z (ajbj)> ( C]) dx — JZ Z Z (Pk+1 — pr) ajbjcidz,

1 j=k+1 R 7

by exchanging the order of summation in the second term we have

_JNZ (Prs1 — pr) < i (ajbj)> < i c]> d:p—JNZ: i i (Prs1 — pr) ajbjcide

5 j—ht1 j=k+1 —1 jek+1i—k+
= 0.
Consequently
d K
—E&(t) = =8
aft =y
f€p1 o V=l N 2
(Z& H) dx — N Z (Pr+1 —pk)f (Z &EHJ-) dz,
k=1 R j=k+1
since py > --- > p; > 0, the energy &£ of system (3.3.2) is decreasing. O

3.4 Conclusion

In this chapter the small-time well-posedness of the single layered shallow-water system
with additional Gent & McWilliams terms (3.1.1) is obtained, its large-time well-posedness

(when the time of existence and uniqueness is independent of the parameter ) is then
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obtained by the energy method. Moreover we proved that the former system had a
decreasing energy.

We showed the well-posedness of the multi-layer system (3.3.2) with a lower bound on
the time of existence that depends N and &, this result is obtained relying strongly on the
results of transport and transport-diffusion equations found in [8]. In the strategy of the
proof we neglected the structure of the equations and the fact there is a correspondence
between the layers of the fluid, this correspondence can be seen through the last term
of (3.3.2)
of the fluid. Finally we showed that this system has a decreasing energy. Note that in

5, Which morally represents an exchange of information between the N layers
the small-time well-posedness result Theorem 3.3.1, we didn’t assume any hypotheses on
stable stratification nor impose any regularity on the density profile as opposed to the
result of the following chapter, mainly Theorem 4.5.1. Here, we impose regularity on the
density profile in addition to stable stratification that can be seen in equation (4.1.1). In
addition to these assumptions and exploiting the symmetric structure of the multi-layer
system, we obtain a time of existence that is independent of N and that has a better

dependency on the parameter k.
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CHAPTER 4

LARGE-TIME WELL-POSEDNESS OF THE
MULTI-LAYER SHALLOW WATER SYSTEM

4.1 Notations and conventions

In what follows, we use as convention that g = 1 and ppott — pswt = 1. This choice
can be enforced without loss of generality through a suitable rescaling of the variables and

unknowns. We also set (p;)ieq1

-----

Vief{l,..., N}, pizpsurf—l—(i—%)w. (4.1.1)

This choice is motivated by the following chapter, where we approach a continuous distri-

bution in an equidistributed manner.

We shall use matrix and vector formulations when dealing with the multi-layer system
(2.2.12). We then use capital letters without indices for N-dimensional vectors, sans serif
fonts for N-by-N matrices, and indices to denote each components.

For F = (Fy, -+ ,Fyn)', G = (Gy,--- ,Gn)" two vectors, we define the product FG :=
(F1Gy, -+, FNGy)', and for a function ¢ : R > R, p(F) := (¢(F1), -, p(Fn))"

With these conventions, (2.2.12) reads

(4.1.2)

o0H+ (U+U)o,H+ (H+ H)o,U = kd2H,
o,U + <Q+U—/<:‘3IH>6IU+F6IH=0,

H+H

with H = (H,,-+- , Hy)',U = Uy, ,Ux)', H = (Hy, Hy, -+, Hy)', U = (U, Us, -+, Uy,
and [ = %W forall 1 <i,j < N.

We now introduce matrix operations which will be used in our proofs.

— Denote Id € My(R) the identity matrix, P := Diag(1,0,---,0) € My(R) the

projection onto the first component, and C = Id — P.
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Part , Chapter 4 — Large-time well-posedness of the multi-layer shallow water system

— We define the operator T := VNP € My(R) which can be interpreted as the
discrete analogue of the trace operator on the surface (acting on the density variable
in the continuously stratified case).

— Let S € My(R) be the discrete integration operator defined as

1 1 1
110
S:= —
N 1
0 0 1

We also define So € My y—1(R) to be the matrix S without the last column.
— Let D, € Mn_1 n(R) be the discrete differentiation operator defined as

1 -1 0 0
0o 1 -1
D,:=N
0
0 0 1 -1

With an abuse of notation we will write Di = f)pr € My_on(R) the second
order discrete differentiation operator, where 5p is the matrix D, without the last

line and last column. This matrix is used in order to define |- |

s (see below).
Moreover we will use the convention Dg = |d.

— Let M e My_1 n(R) be defined as

1 1 0 0
110 1 1
M:=—
0
0 0 1 1

With an abuse of notation we will write M2 = MM ¢ Mny_s n(R), where M is the
matrix M without the last line and last column, hence it is in the matrix space
My_5 ny-1(R). Moreover we will use the convention MY = Id. The operator M
appears naturally in the Leibniz formula that is described in Appendix 7, and will

be particularly useful to obtain sharp estimates in that chapter.
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4.1. Notations and conventions

— We denote R,,Rq € My_; n(R) the upwards and downwards reduction operators
defined for F = (F,--- ,Fy) € RY, by

RuF = (Fy,-++ ,Fy)'  and  RaF = (Fy,--, Fya)"

These operators are used in the Appendix 7, they appear naturally due to the

definition of the norm | - |

sk down below.

— For any ¢ > 1 we define endow R with the following normalized ¢ norms:

N q
(Z1mr)
| F 321:1—; and | F'[, = | £

1=

Moreover for p,q = 1, we introduce the following functional spaces
L(19) = {F = (Fy, -+, Fx) € (PN F Lol < o0}

F(LY) = {F = (Fy,--  Fy) e (PR (1 F ) < oo}

1<i<N |lq

endowed with the following norms

| F ey = I F Lo [l e
I iy = | (1F ) sy b
Notice that || F HL%(ZQ) = H F ||l2(L%)

— Let <-, ->L212 be the scalar product of the Hilbert space I?(L2(R)) such that for
F,G € 2(L2(R)) we have

(F.G),,. = f < F(),G(z) >p dz — ;Z f Fi(2)Gi(x)dz.

R

— For F e RN and for k € {0,1,2} we define the following norm
k

[Pl = Y| DLF .

=0
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Part , Chapter 4 — Large-time well-posedness of the multi-layer shallow water system

— Let se R, k€ {0,1,2}, where k < s, we define the functional space
s,k _ . N, . . j s—j N
H**R)={F:R—R"; VjeN, j<k, DJFeH 7 (R)"},

endowed with the topology of the norm

k
| F [Frer = D3I DAF liagrrssy -
j=0

Note that the functional space H**(R) coincides with H*(R)" and their corre-
sponding norms are equivalent (although not uniformly with respect to N). More-
over in this article we chose to work with this norm in order to obtain estimates
uniform with respect to IV (see section 4.3). We recall that each power of D, when
applied to a vector reduces its size.

— We use standard notations for functions depending on time. For instance, for k € N
and X a Banach space as above, C*([0, T]; X) is the space of functions with values
in X which are continuously differentiable up to order k, and L?(0,T; X) the p-
integrable X valued functions. All these spaces are endowed with their natural

norms.

4.2 Introduction

This chapter is dedicated to the proof of Theorem 4.5.1, concerning the well-posedness
of the initial-value problem for the multilayer system (2.2.12). Let us for convenience

rewrite the system here, using conventions and notations introduced in Section 4.1.

oH + (U +U)o,H + (H + H)o,U = kd2H, o1
6tU+<Q+U—K£17{>5IU+F5IH=O, (42.1)
1 min{p;,p;)

where we recall that for all i€ {1,...,N —1}, pjy1 — p; =  and [ = LB

The goal in this section is to improve the nonuniform well-posedness result of the
multi-layer shallow water system (see Theorem 3.3.1) by obtaining a time of existence
uniform with respect to N. In order to achieve this goal we shall rely on the energy
method. We extract the quasilinear structure of the equations in Section 4.3 and provide

useful estimates on the extracted linearized equations in Section 4.4, while the completion
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of the proof of Theorem 4.5.1 is achieved in Section 4.5.
A crucial ingredient in our energy estimates, dictating our choice of the energy func-

tional, is the following decomposition
pl = pi(TS)'TS + S'CS (4.2.2)

(recall Section 4.1 for the definition of the matrices C, S and T). This decomposition

mimics an analogous one of the operator

Pbott Q@  Pbott
oM h = pout J h(g')do" + f f h(e")do"dd,
Psurf Psurt o

used by Bianchini and Duchéne in [13] to obtain the analogous well-posedness result for

the continously stratified system (2.2.11).

4.3 Quasilinearization

In this subsection we focus on linearizing system (4.2.1), this is done by applying the
operators S, T, d,, D, to the equations so as to obtain linear equations satisfied by the
derivatives of our unknowns H, U.

Once we obtain these equations, in the following Lemma (Lemma 4.3.1) we estimate
the remainder terms in the [*(L2) norm. The main difficulty is to obtain an upper bound
of the remainder terms which has a regularity that doesn’t exceed the regularity of the
unknowns H, U found in (4.5.2).

Note that in point 1 of this Lemma the term (H + H)0,02U (respectively 0,02 H)
in equation (4.3.1) (respectively equation (4.3.2)) is not included in the remainder R, g
(respectively R, o) this is due to the fact that we will use the structure of the system and
take advantage of the appearing symmetry which will allow us to have some important
compensations of these terms in the energy method (see Lemma 4.4.2), where we will
control the variable SH in [2(L2) norm. As for the other points of the Lemma where the
operator Df) intervenes and in order to prepare the control of the variable H and higher
derivatives of the variable SH (see energy (4.5.2)) we will view our system as a coupling of
transport and transport-diffusion equations and where we will rely heavily on the effects

of the x diffusion when estimating as in the previous chapter. Finally we emphasize the
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Part , Chapter 4 — Large-time well-posedness of the multi-layer shallow water system

fact that the strategy of point 1 which is relying on the structure of the system and less
on the x diffusion will enable us to obtain a better time dependency (with respect to the

constant k) in the large time well-posedness result (see Theorem 4.5.1).

Lemma 4.3.1. Let s € N such that s > 2 + %, and M,M,h, > 0. There exists
C =C(s,M,M,h,) >0, such that for any N € N*, k > 0 and any (H,U) € w>> such
that

[Pl + |/f1 e + 1 H [ yoe + [DpU [ 10 < M,

and any (H,U) € C([0,T]; H*(R)) solution to (4.2.1) with some T > 0 and satisfying

1
| H () [ promra +ISHE ) o + 1 TSHE ) [ oo + 1 U ) [ o +62 [ HE ) |z < M
for allte [0, T] and
inf H, + H;(t,x) = hy, the following holds.

(t,2,§)€(0,T) xR x{1,...,N}
1. For all o e N with 0 < o < 5, we have

0:0°H + (U + U)0,0°H + (H + H)0,0°U = k020“H + R (4.3.1)

le% aiEH « « _
005U + (U—i— U—- Hﬂ-ﬁ- H) 0,0, U +10,00H = R, (4.3.2)

where for everyt € [0, T], (SRao(t, ), TSRao(t, ), Rao(t,-)) € P(L*(R))*xI*(L*(R))

and

ISRa0(t: ) li2cr2y + | TSRao(t, ) 22y + | Raolt, o) li2gr2) € CM(1+ K[| Qo H [|g72.2)-
2. ForallaeN, je{0,1} with0<a<s—1—7, we have
003D H + (M/(U + U))0,05D) H = kd205DVH + R (4.3.3)

where for every t € [0,T], Ra;(t, ) € *(L*(R)) and

” Ra,j(ta ) ||l2(L%) < CM
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4.3. Quasilinearization

3. For any a € N, j € {1,2}, such that 0 < a < s — j, it holds

0:DISOTH + Ra(M (U + U))0, (DISOTH) = kd2(DISO H) + Ra, (4.3.4)

. , 0. H .
DI + <|v|a (U HU = H)) 2,(DI°U) = R, (4.3.5)

where for every t € [0,T], (Ra(t,-), Ra;(t,-)) € P(L*(R)) x I*(L*(R)) and
| Boj(t ) a2y + [ Bai(ts ) lizgray < OM(L+ £ || 0o H | pye2)-
4. Forany aeN, j€{0,1,2},0<a<s—j, it holds
ODIOTH + (W(U + U)) 0,(DI02H) = k0% (DI0SH) + o + Opraj  (4.3.6)
where for every t € [0,T], (ro;(t, ), ra;(t,-)) € *(L*(R)) x *(L*(R)) and
55 gt ) gy + Dt ) gy < OM.

Proof.
In this proof we remind the reader that we intensively and without mentioning use the
definition of the commutators found in Section 7.1 as well as other notations for our
estimates found in this section as well.
Estimates for SR, 9, TSRy with 0 < v < 5.

We have Rao = —[0%,U]0,H — [0%, H]0,U and R = — [ag,g+ U Hgfg{] a,U.
We notice that

SRao = —S([02;U, 0, H) + (02U (0, H)) — S([02; H, 0,U] + (02 H)(0,U)).

On the other hand using Lemma 7.2.1 and since Sy, S, Ry, D, commute with 0, we have

S0 U0, H] - — (sa:; (Ua,H) — S(UG,HT) — S (E2U) (0, 1)) )
__ <a§; (U,SH) — & (So((D,(U))(RudsSH))) — Ud,SaH

+Su(DU)RASEH)) — (2U)(OSH) + Su(D, (20 R0, H)) )
= —[03;U,0,SH| + Sol0y; D, (U), Ru0,SH]|
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Part , Chapter 4 — Large-time well-posedness of the multi-layer shallow water system

and
S(EH)(0,0)) = — (@U)(sagm - So((Dp(ﬁmU))(Ru(S@?H))),
and finally we find
SR, = —[ﬁﬁ; U, @ESH] — (ﬁxU)(SagH) + S ([@?; Dp(U), RuﬁxSH] + (Dp(ﬁxU))(RuS@?H))

s ((dﬁU)(&wH) + [0 H, @cU]).

Since v NP[8%; U, 0,SH]| = [0%; U, 6, TSH], we immediately recover a similar equation

for the trace case

TSRa0 = —[03: U, 0, TSH]| — (0,U) (TS5 H) + TSO<[5§; D,(U),Ru0,SH] + (Dp(aIU))(RuS@“H))
~TS ((&g‘U)(&xH) + [0 H, 6xU]> :

Using Lemma 7.2.3 and since s > £ + 2, we have

1(QU) (SO H) llizr2y < | 02U ey | SAH [ 212y < [|SH |

oo [ U]

Hs1»

and

oo | U]

Hs)1 -

1(CUNTSH) 1222y < 110U ey | TSAH {22y < | TSH |
Using Lemma 7.2.5 (6) and since s —2 > 1 we obtain

H [a;‘)é? U? a.Z’SH] ||l2(L%) S || U ||Hmax(572+%,sf%),1 H aJ?SH HHmax(sfl,572+1),0
S U Nger |SH]

Hs0

and

11025 U, 0 TSH] [l 1op2) < [ U |
< |U]

1 || 0 TSH |

Hmax(s—2+%,s—% Hmax(s—1,5s—2+1),0

po | TSH |

Hs:0 -
Moreover using Lemma 7.2.2, and estimate (7.2.5) and since s — 1 > % + 1 we have
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4.3. Quasilinearization

11102 Dp(U), RudeSHY |1 [ 12 < NAT DW(U)) liarzy | A7 (S H) [l
I ATEOLU)) [i2rz) [ A0S H) iz rz)
S U lgen ISH]

Hs:0)

and

111025 2, 0:U1 i e < [ A H oz [ A7 (00U) iare
+ A (0.0) liz(z2) | AP H l2(z2)
<[ H|

w10 | U]

Hs0 -

Using Lemma 7.2.2 and classical product estimates in Sobolev spaces and the fact that

and since s — 1 > % + 1 we have

@U@ H) [ [z < 1A (U) gy 1 A2 (0 H) o2

S U oo | H [l 510,
and

D)) (RaSFTH) [pn ll 2 < [ A2 HDLU) pozzy | A'SH Iz

S| U g [|SH || oo -
Using the previously established estimates and the fact that | So |12 < 1, [| TSo [z <
L S| <1 (Lemma 7.2.2), we have
[ SRao 22y + I TSRao li2z2y < (1H | ggaro + [ SH [ goo + [ TSH [ go0) [ U [ or -
(4.3.7)

Estimate for Rq o with 0 < a <'s.

R.o=—[0),U]o.U +k

1
o :EH T a77 xH xU
ol e ot | @)
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Using Lemma 7.2.5 (4) and since s — 2 > 1, we have

107, U10:U llpo ) = 102U |
< U]

o | %V |

Hs—1,1

2
Hs1 -

Using Lemma 7.2.5 (4) and since s — 3 > 1, we have

1
R(2) aA+H

+ | A2 (G H) (@) e 12y

| A (e H) (@) o2

1(L3)
1
A <ax ) )
E+H ZQ(L%)

Moreover one has for any sy > %, o > 0and any ¢ € {1,..., N}, using classical product

oo g | e

estimates and composition estimates in Sobolev spaces, and recalling the notations found

in Section 7.1, we have

1

H; + H; B

Hg (ﬂz + Hi)2

Ox I’

~

1 1 )
He He ‘ (H? (H; + H,)?

1 1
< (hy 1?0, Hy 1o — - O Hi| o
s () g + ‘(H? (H; + Hi)2> HLO | 1

*<\(%‘M)

i20) | 0 | g

HZ

HO >

Hz g>50

< C (h, ', | H;|

and therefore

3 1
N2 d,——
( H+H>

s—1 1
'A <@H+H>

Using classical product estimates in Sobolev spaces we have

_ s—3 s—3
<O (B A3 H gy ) N A3 0H e rz,
PH(L2)

and

_ 3 o
< C (W2 TN H Jguay ) TN 0 H ey

12(L3)

woa [ U]

Hs)1 -

| A2 (0 H)(@aU)) N2y S 1 0D 2 H [l 12y | A2 00U | g2y < | H |
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By Lemma 7.2.5 ((2) and (4)) and since s —1 > £ + %

| A () (0:U)) Niaqrzy < WH [l ggea [ U N
and
1
0%, 0, H\0,U < kR (| 2H | ocia | 02U | e
I{E_I_H[ T ] l2(LV2') K * (H x ‘H 1,1 H ‘H 1*1)
< khy (10 H | gea [ U o) -
Consequently, using Lemma 7.2.3,
| Raolizgrzy £ U [ea +6C | H o) (L [poa + 1 00H [ gea) |U o - (4:3.8)

Estimates for Rn g = —[0%,U + U)o, H — 0% (H + H)0,U), with 0 < a < s — 1.

Since s —1 > £ + 1, and using Lemma 7.2.5 ((2) and (3)) and Lemma 7.2.3 we have

102 (H 0U) lprzy S 1 H [ gomro [ U | ot + 1 H | o1 [ U]

Hs:0»
and
Iloz, U0zl | 2y < U e [ H [ -0,
moreover
| % (H 0:U) 22y < | H | | U | oo -
Hence
| Raco liogzzy S (1H Lo+ [ggacsa) [ U e (43.9)

Estimates for R, = —[0¢D,,U + U], H — d¢D,((H + H)0,U), with 0 < o < s — 2.
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By Lemma 7.2.1 we have

7 Dp((H + H)0,U) =0 ((D,H) M2,U)) + 77 (D, H) (M2, U)) + 07 (MH) (D,0.U))
+0; (MH) (D,0.U)) .

Using Lemma 7.2.5 (1) and since s —2 > £ we have

|92 (B H) (MO,U)) 212y < | DpH [l ggs-20 [ MU

S H [ gom1a 1U o

sfé,l
H° 2

and

5, D,0,U |

H°™2

o1 | U]

Hs—2,0

| o2 (MH) (D, 0:U)) 1212y < [|MH |
S| H|

Hs1 -

Using Lemma 7.2.7 (2) and since s —2 > £ we have

11020,, U0 H |l1212) < | U |

woa | H |

Hs—1,1,

once again with Lemma 7.2.1

Hs—1,0 -

11920, UI0uH [ 212y = | 92 ((DpU) (MO H) [ 1212y < [DpU |, | H |
We immediately have

| 92 (Do) MO,U)) 1212y < [DpHL |, [ U]

Hs—l,O 9

and

| 07 (MH) (Dy0:U)) [l 212y < [H |y [ U]

Hs)1 -

Hence

po-11) [ U]

o2 T DU | | H |

| Rt lisrzy < (LH Lypor + 1 H poso- (4310)

Estimates for R, ; for j e {1,2}, with0<a<s—j.
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4.3. Quasilinearization

For j = 1 using the fact that D,S = Ry, we have
Roy = Ra (=[03", UIH = 07 (H)(0:.U))) -
Using Lemma 7.2.5 (4) and since s — 1 > 1 + 1 we have

02 UMH [r2) < 10U lppara [ H |
< |U]

Hs—1,1

o | H | o
and

|02 ((E)(0U)) lizqrzy < TH [ [U s

For j = 2, using Lemma 7.2.1 and the fact that Df,S = R4D,, we have
R sz(— [62D,, U+ Ulo.H — 5D, ((H + H)o,U)) )

Using Lemma 7.2.7 (2), Lemma 7.2.6 (1) and since s — 2 > 1, we have

119700, U0xH 212y S [ U]

woa | H |

Hs—1L1
and
16, () (@:0)) gy < 1 H Lo 1 U gen
Moreover we have
108D, U0:H lhagizy < | Do |y | H s

and

| 920, (E)(%U)) 212y < [ H | [ U]

Hs)1 -
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Hence

| Bojlizeay < (W [ gromsa + [H |y = 1DU i) (VU ll oz + [ H [ go10). - (4:3.11)
Estimates for R,,; = — [[ﬁf:Di,Q—% U— mﬂa’ﬂ{ﬂ 0,U — 0% (D (To,H)), with j e {1,2}

and 0 < o < s — 7.

By means of Lemma 7.2.1 and Lemma 7.2.4, we easily infer

0. H _
H < C(h* 1’ | Dpﬂ |l‘"f-7 | Diﬂ |lT~‘) ” al‘H | Hs:2 -
2L HS,Z
Since s > % + %, by Lemma 7.2.7 we have
116205, U10uU liaqr2y < 11U ez | 0 lgecra

By Lemma 7.2.1, we have

116705, UN0uU [ z2) < (ID,U |y +1D5U ) [ U]

Hs)1 -

Moreover using Lemma 7.2.7, Lemma 7.2.6 (2) and Lemma 7.2.8 it follows that

. O0.H O.H
Foied Dy p—— o.U < 2 OxU || o1
" |[m pH+Hﬂ 12(L2) " ﬂ+H Hs,zH ‘H ’
0. H 1 1
§ R ﬂ oo || U | Hs2 +/€ || U | Hs.2 || 5xH ‘ Hs:2 W - E
1 1
+ 6| U | o2 | OcH || 5s1n || —= — =
H ‘HQH |H 1 E+H ﬂHsz
< KC(hy ' | DpH | yro) | OH [ ggo2 | U |l pgece

+ 65 U oo 0o H oo C(hy ' M M) | H | gyocan
+ 6| U oz | H || oz C (0 ', M M) | H

Hs2 -+
Using (4.2.2) we have
g (D) (To.H)) = 0 (D) (prp '(TS)'0, TSH)) + 03 (D) (p 'S'Ca,SH)) ,
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4.3. Quasilinearization

consequently using Lemma 7.2.1 and the fact that D,p = —(1--- ,1)", Df)p = (0,---,0)",

D,(TS)(TS) = 0 and D,S = Ry, D,S" = —R,, one has

122 (D5 (prp  (TS)' TS H) ) |o 1) < p1C ([P 7|1 ) 105 TSH Jiaqus

Hﬂ(Lg)

<piC([p7H ) I TSH | e
and
Hﬁg (Di (p_IStCé’xSH)) Hz?(Lg) sC (‘p_l z"fs) ” 5§+ISH HlQ(L%)
<C (‘P_l‘l-f,‘) | SH 71
Hence

| Rejlliozy = € (p1, p_l‘rﬁ) (I TSH |l o0 + [ SH |
+ kC(h' | H | oy | H |

#o0) + (1D |1 +[ U]
1) (1H ez + 1 0:H | o) | U |

we2) [ U]

Hs2 -
(4.3.12)

Hs.2

Estimates for ro0 = —[00™ U, H| + (02U) (0. H), tao = —(02U)(H) — 0% (HU), with
0<a<s.

Using Lemma 7.2.5 with Lemma 7.2.3 and since s — % > % we have

102 U H] o zay < | H | gan 1U | e
and
[ (020) (0 H) Nl 212y S 1 H [ o [U [ o
and
[COZUYH) 22y S [ H [ gromra [ U g0 -
Finally,
16 (HU) lpzy < | Lo 10 Lo

95
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Estimates for 7, j, ro ; for j € {1,2} such that 0 < a < s — .
We have

raj = —[027'DL; U, H] + (02DIU) (M4, H),
r; = —[D3,UJoH — &% (DI(HU)) — (62DIU) (M H).

xT

Using Lemma 7.2.1, we have

s T DU | | H

00, U132 H lisay) < 1D, | | H I
and

| 8% (DI(HU)) [ 212y < | H | | U |

o2+ [ DpH |1 | U

prs—11 T | Diﬂ |zw |U |

Hs—2,0 -

Moreover using Lemma 7.2.3 and since s > % + % we have

w1 | U]

[(OSDLUY M H ) o0y < | H | o2
and

|G DU) (Mo H) [ 2p2) < | H |

wo [ U]

Hs:2 -

Sincea+1<s+1—jands+12>2 s+1>2+ 2 then by Lemma 7.2.7 (3)

112200 Uy HY lgrzy S MU g |1 H 72
Hence for j € {0,1,2} such that 0 S a < s—j
[0 liezy S 1H |2 [ Ul g2, (4.3.13)
ITalliwsy S (H |y +1D0U |y + [ H [ gros) U oz + 1 H  gre10)-
Collecting estimates (4.3.9) — (4.3.13) the lemma is proved. O
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4.4 Energy estimates

In this section we give some energy estimates of linear equations arising in Lemma

4.3.1. We first recall some energy estimates of transport and transport diffusion equations:

OH + U d,H = kd*H + R + 0,R. (4.4.1)

0H + U d,H = R. (4.4.2)

Lemma 4.4.1.

1. There exists a universal constant Cy > 0 such that for any N € N*, k > 0 and
T > 0, for any U € L*(0,T;1°(L2(R))) with 0,U € L'(0,T;1°(L2(R))), for any
(R,R) € L*0,T;12(L(R))) and for any H e C°([0,T):2(L2(R))) with ,H e
L0, T;1*(LA(R))) such that (4.4.1) holds in L*(0,T; (H"*(R))") we have

. ) .
(l ||L~f~(o,T;12(Lg)) +r2 | 0. H HL?(O,T;zz(Lg))
: _1
< Co (|| Hli=o li2(r2y + | Bl prorgeqrzy T2 [ R HL?(o,T;p(Lg)))
exp (Coll U s oranuey) - (443)
2. There exists a universal constant Cy > 0 such that for any N € N*, T' > 0, and any
H e L0, T;I2(L2(R))) solution of (4.4.2) with initial data H|,_o € 1*(L2), with

Re LY0,T;1*(LA(R))), we have

I H ||L'f»(o,T;z2(Lg)) < (H Hi=o ||z2(Lg) +| R HLl(o,T;P(Lg))) exp (OO 10U ||L1(0,T;l°(7‘(L;C‘))> :
(4.4.4)

Proof. Let i € {1,..., N} fixed, then H; satisfies the following equation

O:H; + U; 0,H; = k0*H; + R; + 0,R..
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It is standard (see Chapter 3 in [8]) that we have the estimate

. . .
W Hillpoo.r.n2) 62 | 0o || oo pore)

. _1
< Gy <|| Hili=o ||Lg + | R HLl(o,T;Lg) +r72 | Ry ||L2(07T;L%))
exp (CO | .U ||L1(O,T:l‘"’~’(L§§’))> ‘

Taking the [?>-norm of this estimate and using triangular inequality we infer (4.4.3).

In the same way (4.4.4)) is obtained using standard energy estimates for the transport
equation (see Th. 3.14 in [8]).

O
We now consider system
OH + (U +U)d,H + (H + H)o,U = k0°H + R, (4.4.5)
o,U + T, H + <U+ U-— R;ZHH) 0,U =R,.

where we recall that I satisfies the decomposition (4.2.2).

The following Lemma provides an energy estimate for the previous system, the main
challenge in this Lemma is to rely as minimum as possible on the diffusion (k term) in
order to obtain sharp estimates with respect to k. We overcome this difficulty by relying
on the structure of the system and using a thoughtfully picked symmetrizer which will

enable us to take advantage of natural compensation that will then appear.

Lemma 4.4.2. Let h,, M, p; > 0 . There exists C = C(M, p1,hs) > 0 (independent of
N) such that for all k > 0, N € N* and any H,U € RY and any T > 0 and (H,U) solution
to the system (4.2.1) on [0, T] with (H,U) € C([0,T]; H**(R)?), H € L*(0,T; H*™'*(R)),
satisfying for almost every t € [0, T] the upper bound

|0 H(t,) HL;@(P) +]0:U(t,) ||l‘f~‘(L;f~‘) < M,

and the lower bound

inf  H,+ Hi(t,z) > h,, (4.4.6)
(i,x)e{l, .. N} xR

and for any (H,U) € C([0,T]; 12(L2(R)?) with H € L2(0,T;12(H*(R))) satisfying (4.4.5)
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with R, R € L*(0,T;1*(L*(R))), the following estimate holds.

1

1 . . K2 . 1 .
EX(H,U)(t) + 5 | 0xCSH || 120 4a2(r2y) + (P16)2 | O TSH | 120 12(12))

<|&:(H +CJ€5
0
t
<oxp [ € (14K 1D+ D)) o) i |
0

where we denote

.. 1

Proof. In this proof we consider (H,U) to be a sufficiently regular solution to the system
(4.4.5) so that the following computations and integration by parts hold true. The case
of (H , U ) with the regularity mentioned in the Lemma is then done by the classical argu-

ment of regularization and passing to the limit.

By applying CS to (4.4.5); and then testing it against CSH, and using Abel’s summa-

tion of Lemma 7.2.1 we obtain

1d

57 | CSH [auzy + (U + U)O,CSH, CSH) ,, — (CSo ((Dp(Q + U))(Ru((?ISH)) (CSIT)

1212

+{cs ((ﬂ 4 H)ach) (CSH) =~ 0,CSH %12 +(CSR,CSH)

L212 1212

In the same way by applying TS to (4.4.5); and then testing it against plTSH and

using Abel’s summation of Lemma 7.2.1 we obtain

d . . .
p21 | TSH |32y +p15 | 0 TSH 12y = —pa(T ((Q + U)&xSH) ,TSH)W + p1 (TSR, TSH)

212

+ p1<TSO ((Dp(g + U))(RuaxSH)) TSH) ,— p(TS ((ﬂ + H)&xU) TSH)

L212°

By testing (4.4.5) against p(H + H)U and using the identity (4.2.2) and the fact that
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(H,U) satisfies (4.2.1) we have

; c(iit (0ot + 1)) ) + pr(TSOHTS ((H+ H)U) ), +(CS0H.CS (H+H)U) ) .

= (R, p(H + H)U)

1212

Collecting the above, S(H U ) satisfies the following differential equation:

d . . . )
$5(H7 U)(t) + k| 0.CSH ||z22(Lg) +p1t | 0, TSH ||z22(Lg)

~((W +v)a,CSH,CSH) |, — pi(T ((Q + U)ast) TSH) (4.4.7)

212

(€S0 (DU + UN(Ru(@.SH)) , CSHT) ., + p1(TSo (DU + U))(R2,SH)) , TSH)

(4.4.8)@2
~ p(TSOH,TS ((H + H)D) )y — (CS0.H1,CS (¢ + m)07) ) (4.4.9)
~ pu(Ts (L + H)2,0) Tsit) - (Cs (e + m)a.0), CSHY, . (4.4.10)
+(CSR.CSH) , .+ (R.p(H + H)U) ,, + p(TSR.TSH) . (4.4.11)

Before estimating all the terms in the previous equality we notice that
1 T2 P1 P1 S
S ICSI [y + 2 TSH g + 2502 1 U [z, < £, D))
Hence we can now begin the estimating process to establish a differential inequality.
We estimate the terms of (4.4.8) using Lemma 7.2.2 and Cauchy Schwarz inequality

(50 (0,1 + )RS C51)

< j (DU + U))(Ru(@,CSH) | | CSH |
R

<UD+ U) sy | 92CSH lpz(rz) | CSH Jpzzz)
/{/ .
<5l CSH |i2gyzy ++ [ Dp(U + U) [ 02y ECH, U) ().

In the same way we have

p1(TSy ((Dp(g + U))(RuégSH)) TSH)

K 2
e ST | 0xCSH (212

+ 2067y | DU+ U) [ o) ECHL D))
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We estimate now the terms in (4.4.7). Using integration by parts, we have

—((U +U)2,CSH,CSH) , = ;<(6IU)(CSH), CSH)

L212 L212’

and consequently

1 ) .
S 10U ey [ CSH 2y < 102U lpngrey ECHLU)().

121

‘ —{((U +U)a,CSH,CSH) , |

In the same way

‘ —pu(T ((Q + U)(?xSH) TSH)

P1 . <
S5 102U 110y | TSH [12) < | 02U [ (10 E(H, U)(2)

1212

Let us now consider the terms (4.4.9) and (4.4.10). Integrating by parts it follows that

~(cs (@ + m)a,07) . CS i),,, = (Cs ((@.m)(@)). CSH) ., +(CS ((z+ mv) 2CSH) .

and

—pi(TS (L + H)2,U) Tsi) ., = pi(TS ((2.H)()) , TSH)

+pu(TS ((ﬂ + H)U) [0, TSH)

L2012
L2012

Hence,

22’

T

(4.4.9) + (4.4.10) = (CS ((axH)(U)) (CSH) . +pi(TS ((amH)(U)) TSH)

Using Lemma 7.2.2 it follows that

‘<cs ((@EH)(U)) (CSH)

< [ 10,810 0| CSE
R

L212
< N0l ey | U lizcray | CSH llpz(z2) do

1 ..
< g x w0 (]2 9 3
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and similarly,

(TS ((a H)(U )) T5H>L2ﬂ

P1 J | Out |2 | U 2 | TSH |2 da
R

1 . .

The terms of (4.4.11) are easily controlled using Cauchy-Schwarz inequality.

(CSR,cSH) , . +(R,p(H+H)U) , , +pi(TSR,TSH)

1212

< E(H,U)2(HE(R,R)2(L).

Gathering all the above estimates we have

d

dt
< (2(1 o) DU+ U)oy 42107 e

. . K . .
E(H,U)(t) + 5 | 0.CSH ||122(L3) +pi1 | 0, TSH ||522(Lg)
1 1 ..
e i)t | ) )0

%M1

’I
z
1
2

+E(H,U)2()E(R,R)% (),

and hence there exists C' = C(h, !, p1, M) such that

d ., . K
%5(1{7 U)(t)+ 5 | 0.CSH [ (r2y TP15 | Ox TSH Hz?(L2

<O (148 VDU +U) [}y ) EGL D)) + CE(H, D) DR, R)* 1)
We conclude by using Gronwall’s inequality:. ]

4.5 Large time well-posedness of the multi-layer sys-

tem

In this subsection we state and prove the main result of this chapter, that concerns
the well-posedness of system (4.2.1) with a time of existence uniform with respect to the

number of layers V.

Theorem 4.5.1. Let s € N be such that s > 2 + f, and M, M*, h,,h* > 0. Then, there
exists C' > 0 such that for any N € N* and any k > 0,
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4.5. Large time well-posedness of the multi-layer system

— for any (p, H,U) € R*" such that
|p |lf‘ + |p_1 |lf‘ + |ﬂ |w2’f‘ + |Q |w2,ﬂ[ < M;

— for any initial data (Hy, Uy) € H*?(R)? with
J y :

Mo i= | Ho lyos 4 SHo lgoss + | TSHo oo + | Uo o +#% | Ho | gos < M®
and
inf H, + (Hp)i(x) = hy, su H, + (Hy)i(x) < h*,
(z,1)eR x{1,...,N} (Ho)i(x) (w,i)Rx{Il) ..... N} (Ho)i()
the following holds. Denoting
T =C 1+ (|DU |z +M3)), (4.5.1)

there exists a unique strong solution (H,U) € C(|0,T]; H**(R)?) to (4.2.1) with initial
data (H,U)|i=o = (Ho,Upy). Moreover, H € L*(0,T; H**?(R)) and one has, for any
t € [0,T], the lower and upper bounds

h.
inf H;,+ H(t,z) > —, sup H, + H;(t,z) < 2h*,
27 (iw)e{l,. ,N}xRd

and the estimate
|(H, U)||s(t) < C Mo,

where we define

yon FRE | H(E, )]
(4.5.2)

I (H, U)|s(8) := [ H(E, ) |

o+ SH(E, ) |

g2+ TSH(E, )|

aeo HUE )]

Hs.2

1 1 1
+ K2 ” o0, H ”L?(O,t;HS—Ll) +K2 ” 0,SH ‘|L2(07t;Hs,2) +K2 ” 0, TSH HLQ(O’t;Hs,O) +K ” 0. H ”LQ(O,t;HS’?) .
(4.5.3)

Proof. Let us denote T* € (0,+o0] the maximal time of existence and uniqueness of
(H,U) € C([0,T*); H**(R)?), H € L*(0,T*; H**'2?(R)) as provided by Theorem 3.3.1,

and
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Part , Chapter 4 — Large-time well-posedness of the multi-layer shallow water system

he
T*zsup{0<T<T* : Vte (0,7, ?<ﬂi+Hi(t,x)<2h* and ||(H,U)||S(t)<coM0},

where ¢y > 1 will be determined later on. By continuity in time of the solution we deduce
that T, > 0. Let t € (0,7). By Lemma 4.3.1 and Lemma 4.4.2 and using the fact
that |S|z_p < ﬁ | TS |22 +|CS |22, we find that there exists ¢ > 1 depending on
P1, PN, hy, h* and C > 0 depending additionally on M, ¢o M, such that

H ASSH(ta ) ”l?(L%) + ” ASTSH(tv ) HZQ(L%) + ” ASU(tv ) ||l2(L§)
1 s 1 s
+ 62 | O:SAH || 20 2(22)) TE2 | QoA TSH || 120 12(12))
sc (H A*SHy [lpz(z2) + | A°Uo [l2r2y + | A"TSHo [ 22y +CoMo(t + \/E))

t

X exp (Jf (1 + k71D, (U + U)(r,") Hiw)) dr
0
(4.5.4)

For all j € {1,2} and applying Lemma 4.3.1 and Lemma 4.4.1 (1) it follows that

[ DZSH(tv I sso +67 | 6xD£SH ||L2(O,t;H5*j,0)

< Co (| DISHo |

t
sreso FCeoMo(t + V1)) exp | Co f 10U () e ey dr |
0

(4.5.5)
and moreover using Lemma 4.4.1 (2) we have
DU (t, ) lgeso < (IDJU0 [ ges0 +CeoMo(t + V1))
t
0. H
X exp COJ O (U—l— U—-k ) (1,-) dr |. (4.5.6)
J H+H 1 (L)
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4.5. Large time well-posedness of the multi-layer system

For j € {0,1}, and using Lemma 4.3.1 and Lemma 4.4.1 (1) we have

. 1 ;
IDLH(E, ) | ppo-1-s0 +62 | 0DLH (1200 4,510y

t
< Co (|03 | gemr-s0 +CeoMat) exp  Co [ 107 ) s dr
0

Finally, for any j € {0, 1,2} using Lemma 4.3.1 and Lemma 4.4.1 (1) we have

l . .
k2 H DJpH(tJ ) ”HS—J‘,O Tk ” axDin ”L?(o,t;Hs—j,O)

t
<@@ﬂmmm%m%mmﬁ+ﬁ»m)@f@w@)ﬂwﬂf
0

(4.5.7)
Since s > 2+ 3, by using Lemma 7.2.3, and the continuous injection | - e ey < - oz
and the fact that
H amU(Tv ) ”l‘f-(Lgf) < ” U(Ta ) ‘Hsfé,lv
and
O:H \ () am() 6H2()
(75 m) 0 < (@) o, ) -
H+H 12 (L) H+H 12 (Lg) g+H (L)

< C(h,)(| 0H (7, )|

_ya [ 0H(T,0) |

2 b
Hs H57%,1)7

we have then

0. H
Ox (U+U—KH+H(T,-))

<ChH(IU(T,)

1o(LF)

3{5,2)

poz T | O H (T, )|

poz [ H(T, ) |

and
DU+ U) oy < [ DU I+ U [ < DU [ +(coMo)

Hence gathering estimates (4.5.4) — (4.5.7) we find that

t

[|(H,U)||s(t) < C<M0+CCOM0(t+\/E)) exp | C | t+Vt+ J (1 + 17| D,U ||l22 +(COM0)2)) dr |1,
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where we recall that ¢ > 1 depends on h, and h*, and C' > 0 depends on M, h,, h*, co M.
Hence choosing ¢y = 2¢, we find that there exists C'; > 1 depending only on M, M*, h,, h*
such that

1w (DU +M)) < Gt = (D)) < SeoMy,
Moreover we notice that since for all i € {1,..., N}
OH; = k0:H; + g;, with g; = 0, (H;U; + H;U; + U, H;),
by the positivity of the heat kernel we have

(z’,z)e{1if.1.f,N}deHi(t’ r) 2 (i,z)e{ff.l.f,N}deHi(O’x) —lg HLl(U:t;l“‘(L“‘))’

sup Hi(t,z) < sup Hi(0,2) + [ 9 10,0 (12 -
(i,2)€{L,.... N} xR (i,2)€{L,.... N} xR

By Lemma 7.2.3 and by Lemma 7.2.6

19 liorzy S TH |proe [ Ul gen + U | oo | H |
<C(M)(1+ rx71ME).

wer U]

poa | H |

Hs,l

Hence augmenting C if necessary we find that
1772 -1 ~ i 2 34
t(1+r'MJ) <Cr' = V(i,z) e{1,...,N} x RY, gh*éﬂi+Hi(t,x)<§h.

Hence by continuity in time of the solution we find that for all ¢ € (0, T}) satisfying that
t(1+ £ (DU I% +M§3)) < C;', there exists 6 > 0 such that [t — d,¢ + 6] < (0,7T%).
By a continuity argument we deduce that Ty > (Cy (14 ' (|| D,U I% —i—MS)))_l, which
completes the proof. n

4.6 Conclusion

In this chapter, we showed the Large time well-posedness of the multilayer shallow
water system. We have overcome the dependency on the number of layers N of the time
of existence and uniqueness obtained in the previous chapter (see Theorem 3.3.1) by fully

exploiting the structure of the equations, and the assumption of stable stratification. This
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was achieved by relying less on the diffusion induced by x > 0 and by taking advantage of
the compensations resulting from the symmetry properties of system (3.3.2). Using the
energy method, we obtained a time of existence and uniqueness uniform with respect to
N with a better dependency on the parameter x. Furthermore, this time is the discrete

analogue of the one obtained in [13], within the continuous stratification framework.
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CHAPTER 5

APPROXIMATION OF THE CONTINUOUSLY
STRATIFIED HYDROSTATIC SYSTEM BY
THE MULTI-LAYER SYSTEM

This chapter is dedicated to the proof of our second main result, Theorem 5.4.1.
We prove that considering a sufficiently regular solution of the hydrostatic continuously
stratified system (5.2.1) satisfying the non-cavitation assumption and appropriate bounds,
the solutions to the multi-layer systems (2.2.12) with suitably chosen densities p;, reference
depths H;, background velocities U; and initial data (H;, U;)|i=o are at a distance O(1/N?)
to the continuously stratified solution.

This convergence result is deduced from a consistency result obtained in Section 5.2,
and on stability estimates derived in Section 5.3. The proof of Theorem 5.4.1 is then

completed in Section 5.4.

5.1 Introduction

As seen in the previous chapter, through the following figure 5.1 we represent the
choice we made to discretize a continuous streamline density with a piecewise constant
function with equidistributed values (ie throughout the chapter p; satisfies (4.1.1)), it is
relevant to mention that this choice does not convey a restriction on admissible density
profiles.

We shall map functions defined on [psut, poots] (associated with the continuously strat-
ified framework) to N-dimensional vectors (associated with the multi-layer framework)

with the following operator:

C ( [psurfa pbott] ) - RN

Py :
" f = (f(pi))i<isn
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>0

Figure 5.1 — A density profile and its piecewise constant approximation

Let us now describe some functional spaces we use in this chapter.

— In order to describe tensored functional spaces for functions with variables in the
strip £ := R X (psut, Poott ), We use the equivalent notations H*(R) = HS (the usual
L%-based Sobolev space on R) and W*®(R) = Wk (the L®-based Sobolev space
on R}; and Similarly LQ((pSurfapbott)) = Lé and Wkpo((psurfapbott)) = W{f’oo- We

denote for instance

LZL?CO = LZ(psurfa Phbott; LOO(R)) = {f € Llloc(Q;R) €58 SUPyer | f(,&?) | € LQ((psurf; pbott))}'

— Let se R, ke N, where k < s, we define the functional space

loc

XPHQ) = Xgo* = {f € Ll (BR); VjeN, j<k, d)f e LY(H/(R))},

endowed with the topology of the norm

s

k
2 ; 2
0,5,k = Z ” aéf HL‘Q’?‘(Hj*j) .
j=0
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5.2 Consistency

Let pooty > psurt > 0 and k > 0. Let (h,u) and (h,u) be a sufficiently smooth solution

to the continuously stratified system

Oth + 0 ((h + h)(u + u)) = kO2h,
oy + (u +u— /s,fif;l) O, u + é/\/laxh =0,
h|t:0 = hOa

Ult=0 = U0,

(5.2.1)

Pbott Pbott

o
where (Mn)(+,0) = psut § n(,0)dd"+ § § n(-, 0")do"do.

Psurf Psurt o'

Let N € N* and recall (see Section 4.1) the definition of the linear operator Py

C ( [psurfa pbott] ) - RN

Py :
" f = (f(pi))1<i<n

where Pi = Psurf T (Z — %)W
Notice that Py(fg) = Pn(f)Pn(g). Hence applying Py to (5.2.1), we see that (Pxh, Pyu)

satisfy
atPNh + 6I(PN(Q + h)PN(Q + u)) = mﬁgPNh,

0,Pyu + Py (g fu—k aavh) 0, Pyt + T0,Pyh — Ry,

heth (5.2.2)
Pyxhji—o = Py (ho),
PNU|t=0 = PN(U0)7
with T ; = %min(;i’pj) and
1
Ry = [0, Pyh — Py <QMﬁxh) . (5.2.3)

The following Lemma determines the size of Ry previously defined, by providing an upper
bound that depends on the variable h and vanishes when the number of layers N tends to
infinity. The main challenge is to estimate carefully such that the latter property remains
true, moreover imposing as minimal as possible reqularity on h throughout the process of

estimating.

Lemma 5.2.1. For any pyoiy > pswt > 0, there exists C' > 0 such that for any N € N¥,
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and any sufficiently regular function h : R X(pswt, Poott) — R, Ry defined by (5.2.3)

satisfies

C

1B Lo < 7 (1000 R g ) + 1 020A D | 13))

Proof.

.1
We recall that the densities p; are defined for alli € {1,2,..., N} as p; = psurr+ %(pbott —
5, 2,...,N + 3}. In this proof,
we denote by C(psurt, Prott) > 0 a constant that depends only on pgyr and ppete and which

psurt), and in this proof we extend this definition to i € {

will increase if necessary throughout the proof. For i € {1,..., N} fixed and for almost
every (t,x) € [0, T] x R with T" the time of existence and uniqueness of the solution (h, u),

integration by parts yields

Pbott Pi  Pbott
(ML) (z, pi) = pourt f d.h(z, 0)do + f f d:h(z, 0")dd' do

Psurf Psurf 0
Pi Pbott

= J 00, h(z, 0)do + p; J dzh(x, 0)do

Psurf Pi
Pbott

- f min(o, ps)osh(z, 0)do.

Psurf

This yields the following identites.

Firstly, one has

N
(PARy), = - > | min(e,p)0:AR(, @) — min(ps, p)0:AK(:, p;)de

=1,
Pyl Pl

i—1 "2 N 2

= - (00.M°h(-, 0) = p;@uA°h(-, p;))do — pi ), J (0o Ah(-, 0) — O AR(-, pj))do
jzlpi; J=itl, Ty
pi Pivy
- f (00:A°h(:, 0) — pi0A°h(-, pi))do — p; J (0xA°R(-, 0) — O AR(-, ps))do.
Pi,% Pi

Hence by numerical integration midpoint rule (applied to the first two terms) and the
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rectangle rule (applied to the last two terms) we infer

s C Psurfs Pbo s s
| (A*Rx), [ gty <w (H 0,0, \°h(t, -, ") ||Lg a2t 020, \°h(t,-, ") HL;“(L%)) :

N2
(5.2.4)
Secondly, one has
<Dp(pAS_1RN)) =N ((PAS_IRN)i _ (pAS_lRN)iH)
Z Pl
N 2
=—NY, | 6(2:N"h(-, 0) — ai(p;) N h(-, pj)do
=7y

where ¢; : 0 — min(p, p;) — min(g, p;+1). After simple computations we infer

Pit+1
(Dp(pASlRN)) = N( J (pi — Q)ax/\sflh(w 0) = 2N(pi — pi1)0:A° "' A, Pi+1)dQ>

1
Pi

Piy3
— N(p; Pz’+1)< J axA31h('7Q)_axAslh('api+1)dQ>
Pi+1
N 74
- ( f ﬁxA31h(-,Q)—(9xAs1h(-,pj)dg>.
j=1i+2 o1
i—3

Consequently, using the Taylor expansion of ¢ — 0,A*'h(-, 0) up to the first order in
the neighborhood of p;;1 and up to the second order in the neighborhood of p; for
jel{i+2,..., N}, we obtain

S— C(pbO ) S— S—
” (Dp (pA 1RN))Z< ”L% < N2tt (H agaxA 1h(t7 " ) ”L;f‘(L_?E) + ” azazA 1h(t> " ) ”L;f‘(Li)) :

Using Lemma 7.2.1 (2) and the fact that D,p = —(1,---, 1)’ € RV~! in addition to the

previous estimate (5.2.4), we infer

s— C(psurfapbo ) Ss— s—
| (D, 'Ry, |2 <Tw(“a@m Wt ) gy + | 200N () Hmm).
(5.2.5)

113



Part , Chapter 5 — Approzximation of the continuously stratified hydrostatic system by the
multi-layer system

Lastly, one has

(Di(pAszRN))_ =N ((Dp(PAkQRN))i - (DP(pA872RN))i+1)

)

N e
=D | [ @2 o)~ ko)A e |,

=1 P._1

I72

where k; : o — min(o, p;) — 2min(g, pi+1) + min(g, p;42). After simple computations we

infer
Pi+1 Pi+2
(Di(pAS‘QRN)> = — N2< f (pi — 0)0:N*"2h(-, 0)do + f (pi — 2pis1 + 0)0:A°R(-, 0)do
¢ pPi Pi+1

1

- N(pi — Pit1) 0N 2R, Pz‘+1)> :

Consequently, using the Taylor expansion of g — 0,A* 2h(-, p) up to the second order in

the neighborhood of p;,1, we obtain

C(pbott)

|D2(pA°*Ry)| 12 < Nz

(H 0o0aN () | o rzy + | G20A 2Rt -, ) ||L?(L%)> ‘
Using Lemma 7.2.1 (3) and the fact that Df)p = (0,---,0)" € RY"? in addition to the

previous estimates (5.2.4), (5.2.5), we infer

C (psurf ) pbott)

ID2(A* *Ry)| 2 < e

(H 0oCe N 2h(t, ) g 2y + | G20A° 2h(t, -, ) HL;(L%)) '

The proof is complete. O

5.3 Stability

In this subsection we will provide the key ingredients towards stability estimates on the
difference between the solutions to the continuously stratified system (5.2.1) (after applying
the projection operator Py) and the corresponding solutions to (4.2.1). These stability
estimates are obtained by considering the linearized system satisfied by the difference and

their derivatives, carefully estimating the remainders that result from this linearization.
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In the following Lemma we estimate these remainder terms.

Lemma 5.3.1. Let s e N, s > 2 + %, there exists C' > 0, such that for any N € N*,
k>0, and any (H, H,U) and (h, h,u) sufficiently smooth respectively on R and ) :=
(psurfvpbott) X R; settmg

R/ = —(U - PNu)é’xPNh - (H - PNh)ﬁxpNU,

, 0. H Ouh
R ——<(U—PNU)—/~€(H+H—PN<h+h))>6xPNu,

the following estimates hold.

1.
| R go1a < C|U = Pyu| o || 0:h Hoo,s—l,l +C | H = Pyh | go-1a || Oru Hoo,s—m :
2.
|| SR ‘ 0 T || TSR ‘ Hs0 S ¢ || U— Pyu ‘ Hs0 || Ozl Hoo,s,O +C H S(H - PNh) |st0 H Ozl ||oo,s—1,1
+C TS = P [ |0t g 4L = Pt | st
3.
0. H Ozh
R | ,.<C|U-P 50 || Oz C - - P, - Oz .
IR Lo < C1U = Prlyo |0t +C [ g5 = Py (205 )| 1001
4.
0. H Ozh
R |,..<C|U-P s2 || Op C = - P, ° Oz .
R e < CTU = Pl | 24O | 750 = P (250) ] 10t

Proof. The proof of 1., 3., and 4. follows immediately from Lemma 7.2.1, Lemma 7.2.5 (2
and Lemma 7.2.9. For 2. we use Lemma 7.2.1 (1) to infer the identity valid for 0 < a < s

5§SR/ =S@§‘ <(U — PNu)(ﬁxPNh)> — (chNu)(Sé‘;(H — PNh))

+ S0 ((D, (0, Pyu)) (ReSA%(H — Pyh))) — S (|62, &y Pxul(H — Pyh)).

The estimate on | SR’ | ;.0 follows from Lemma 7.2.2, Lemma 7.2.5 (2), and Lemma 7.2.9.
The estimate for | TSR’

s.0 follows in the same way from the analogous identity. m
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The following Lemma is the follow-up of the previous one. In order to close the

Oz H Ozh

H+H PN(h+h) " .
The main challenge is to provide careful estimates such that the upper bound has at most
the size of |(H — Pnh,U — Pyu) ||, where ||-||, is defined in (4.5.2).

bootstrap argument (see Theorem 5.4.1) we estimate the term

Lemma 5.3.2. Let hy, M, M., M > 0, s € N such that s > 2 + % There exists
C(h;t, M, M., M) > 0 such that for any N € N*, and any h € W**((psut, poost)), H =
Pn(h), and any h and H sufficiently smooth respectively on R and Q := (psurt, Poott) X R,

satisfying
(Hlpo <M, [ Hllgors <M. [h]y,y, < M.
inf H, + H;(x) = h,, inf h(o) + h(x, 0) = h,,
(i,:t)e{l 7777 N}XRi ( ) (xvg)ERX(psurfapbott) (Q) ( Q)
one has
Ozh
- < C(ht, M, M, M
‘H+H (h+h) .2 (h", M, Me, M)
(II Or(H — Pxh) oo + | H — Pnb | oo (| H |2 + 11 0P llp -1 1)
+ 1 H = Pyh o1 | Och |l oo + | H = Pnb | gpoeia | Och ooy s (VH [ o + [ R oo,s,g)>-

Proof. We notice that

0, H O,h 1 1\  0,(H — Pyh)
a+a (h+h) O(H = PNh)(H+H_H) H
0, Pyh 1 1
Pyh— H Pyh — ) (Pyh—H
T B )+ 0P <(H+H><H+PNh) H?)( N )

and

1 1 1 1 1 1
(H+H)(H+PNh)_H2_(H+H_H><H+PNh_H)
L1 Ay 11
HI\H+H H H+Pyh H)|

Since s > 2 + %, using Lemma 7.2.6 (2), Lemma 7.2.8 and Lemma 7.2.9 we obtain the

desired estimate. O
We can now collect all estimates on remainders which will be used in the proof of
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our second main result, namely Theorem 5.4.1. The following Lemma is the analogue of
Lemma /.53.1 except this time instead of focusing on the variables H,U, the focus will be
on the variables H — Pyh,U — Pyu. By means of Lemma 5.3.1 and Lemma 5.5.2, we
obtain remainder terms which are controlled by |(H — Pyh,U — Pyu) |, where ||-|, is
defined in (4.5.2).

Lemma 5.3.3. Let poots > pourt > 0, s€N, s > 2+ 1 hy M, M, M > 0. Then there
exists C' > 0 such that for any N € N*, k € (0,1], and any (h,u) solution to (5.2.1)
with h,u € W2®((psuwt, prots)) and (H,U) solution to (4.2.1) with H = Pyh,U = Pyu,
assuming that these solutions both exist on a time interval [0,T) with T > 0, and that the

following estimates hold for any t € [0,T)

[P lie + 17 e 1 H [ o + Ul yoin + [ 2 lyprae + |2 |y < M,
1

VHE ) [ psmra + [ U@ ) ez +62 [ H(E ) e < M,

” h(tv ) ||oo,s+1,2 + H amu(tv ) ||oo,s,2 < MC’

inf H; + Hi(t,z) = hs, inf h(o) + h(t,z,0) = h.,
(i’m)e{l """ N}XRi ( ) (mvg)ERX[psurhpbott] (Q) ( Q)

then the following holds.

1. For all « € N with 0 < a < s, we have

0,0%(H — Pyh) + (U + U)0,0%(H — Pyh) + (H + H) 0,0%(U — Pyu)
= k0202 (H — Pyh) + R,
(5.3.1)
0. H
H+H

d@@ﬁJ%m+<U+U—m )@@@w4mm+r@@&pJ%m:R@,

(5.3.2)
where for every t € [0,T], (SR, o(t), TSRy, (1), R;7O(t)) € *(L*(R))? and

ISR o, ) lizcrzy + [ TSELo(E ) lizgrz) <
C(IU = Pyullger + [|S(H = Pyh) || oo + [ TS(H = Pyh) || oo + | H = Py | ga-i0).

| R lizra) < | Ry s +C(1+ k| 0:H |
+ C(| H — Pyh| o1 +5% | H — Pyh|

Hs,l) || U - PNU | Hs,l
ez 6| 0x(H — Pyh) |

o2 )-
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2. ForallaeN, je{0,1} with0 < a<s—1-—j, we have

0:03D!(H — Pyh) + (M(U + U))0,05D)(H — Pyh) = £0205D) (H — Pyh) + Rl ;
(5.3.3)

where for every t € [0,T], R}, ;(t) € *(L*(R)) and

I R,a,j(t7 ) Hz2(Lg) <C(|U = Pyu|

wor + | H = Pyh|

Hsfl,l)-
3. For any a € N, j e {1,2} such that 0 < a < s — j, it holds

0,D3S02(H — Pyh) + Ra(M' (U + U))DIS(620,(H — Pyh))
— k02(03DIS(H — Pyh)) + R,,;  (5.3.4)

- | 0. H
DI (U — Pyu) + W (U+ Uk

L (5.3.5)

) 200U - Pvw) - R

where for every t € [0,T], (R, ;(t), R, ;(t)) € ’(L*(R)) x I*(L*(R)) and

H572+HH_PNh|

H R;,j(t’ ) ”l?(Lg) <C((” U — Pyu | Hsfl,l)-
I R, ||l2(Lg) < | Ry || gse TC(1 + k|| 0o H || jyo2) | U — Pyu |
+ C(| TS(H — Pxh) | ggs0 + | SCH — Pyh) |
+C(”H—PN}L‘H571,1 ‘Hi% ||H—PNh‘

Hs2

met)
pre HH || 00 (H — Pyh) |

Hs,2)‘
4. Forany aeN, j€{0,1,2},0<a<s—j, it holds

0:D}0% (H — Pyh) + M(U + U) 0,(D}03(H — Pyh)) = k02(00D)(H — Pyh)) + 1), ; + 0u,
(5.3.6)

where for every t € [0,T], (r}, ;(t), 7, ;(t)) € P(L*(R)) x I*(L*(R)) and

’ a?]

H r;,j ||l2(L§,) <C || H— PNh‘
|l ;| < C(| U= Pyul

Hs:2»

oz + | H = Pyh|

Hsfl,l)-

Above, we denote by Ry the term defined in (5.2.3).
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Proof. Under the hypothesis of the Lemma, (Pyh, Pyu) is a solution to (5.2.2), conse-
quently (H — Pyh,U — Pyu) satisfy the following system

O(H — Pyh) + (U + U)0,(H — Pyh) + (H + H)0,(U — Pyu) = k0*(H — Pyh) + R/,
8,(U — Pyu) + (Q U — el ) 8.(U — Pyu) +T0,(H — Pyh) = —Ry + R/,

H+H

(5.3.7)

where

Ry — [0, Pyh — Py (%w) ,
Y

R, = —(U — PNU)&CPNh — (H — PNh)ﬁxPNU,

The contribution from Ry is trivial in this proof. We have estimated R’ and R’ in Lemma

5.3.1 and Lemma 5.3.2. The remaining contributions are estimated following the same

steps as in Lemma 4.3.1.

Estimates for R’

a?],

forall « e N, j € {0,1} with 0 < a < s — 1 — j, we have
R, = 00DIR' — [02D7, U + U] 0,(H — Pyh) — 05D ((H + H)0,(U — Pyu))

we obtain an estimate of the above by using the same estimates as R, ; (adapted to our
case) in Lemma 4.3.1 and then applying Lemma 5.3.1 and Lemma 7.2.9, consequently we

have

| R () lizrzy SU0eh g oy g + TH |y + [ H | gromsn) | U = Prvu]
+ (1 0ett g ooy 0 + DU | +[ U]

Hs2
pe2) | H = Prh]

0,s—1, Hs—1,1-

Estimates for SR’

a,0”

TSR, and R ; with 0 < a < s.
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For all @ € N with 0 < a < s, using Abel’s summation Lemma 7.2.1 we have

SR, =0;SR = [07,U,0:S(H — Pyh)] — (0(U — Pyu))(0;SH)
,0

+So <[a;;; D,U, Rud,S(H — Pyh)] + (D, (0,(U — PNU)))(Rusa;;H)>

_ s(@;m(ax(ff ~ Pyh)) + (3 H,2,(U — Pw)]) |

TSR, , =0, TSR' — [03,U, 0, TS(H — Pyh)] — (0.(U — Pyu))(0; TSH)

+ TS, ([ag; D,U, Ru@:S(H — Pyh)] + (D,(8,(U — PNu)))(RusagH)>

TS ((astax(H ~ Pyh)) 4 [0 H, (U — PNu>]),

and

K
H+H

R,,=—0;Ry + 0y R — [05,U]0,(U — Pyu) + [0S, 0. H)0.,(U — Pyu)

T x [ o H1+H] (0. H)(@, (U — Pyu)).

We obtain an estimate using the previous identities by using the same estimates of SR, o,
TSR, and R, (adapted to our case) in Lemma 4.3.1. Moreover, applying Lemma 5.3.1
we find

ISR ot ) lizrzy + | TSRGo(E: ) 22y
S (102h oo 50 + I TSH [l ggs0 + [ SH [| a0 + | H | rei0) [ U = Pyt [ e
+ ([ 0210 T IU |t )(| SCH = Pyh) | oo + [ TS(H — Pih) |
+ (| Ovttllg 0 + 1 U [ poo) | H = Prh | jgaeso -

Hso)
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In the same way, and using additionally Lemma 5.3.2, we find

||R:1,0 Hﬂ(Lg) 3 H Ry ‘ Hs:2
+ O T H | gesn)(1U
+C(h;Y M, M., M)k || Opu

frea + [ O H |

g w0+ (] H |

1)) X |U = Pyul

Hs1

0,s,0

H372+HH_PNh‘

w2 (| H |

» ( |6,(H — Pyh) | or 10k i)

+ | H — Pyh|

(1]

st |0l oo oo + [ H = Prh | i | 01 |

T w,s,2>).

00,5s—1,1

Estimates for R, ;, j € {1,2}, for any a € N, such that 0 < a < s —j.
Recalling that D,S = R4 and D2S = R4D, we have

Rl = R4O%R + Ry (=[00T",U + U0 (H — Pyh) — 8% (H + H)2,(U — Pyu)))
= R40y R’ + Ra (05 ((0,U)(H — Pxh)) — 03 ((H)(0:(U — Pyu))))
+Ra (=02, UI(H — Pyh) = 03 ((H)(0:(U — Pyu)))

and
R’Ol’2 szDpﬁﬁR' + Rd< — [[ijDp,Q—l— Ulo.(H — Pyh) — 0, D, (H+ H)(0,(U — PNu))))

Using Lemma 7.2.5 (1) to estimate the second and third term of Ry, ;, and Lemma 5.3.1
to estimate the contributions of R' and the same estimates as R, 1, R, 2 (adapted to our

case) in Lemma 4.3.1 for the remaining contributions, we find

Hs:2

wo2 T DU ) | H = Prh|

| Re () lharzy SUOeh g amry + [ H | ggssn + 1 H [ ) | U = Pyul
+ ([ G2t oy + U

00,5—1, Hs-1.1-

Estimates for R’

ahj’

for any a € N, j € {1,2} such that 0 < a < s — j, we have

0. H
H+H

R, ;=—0;D,Ry + ;DR — H@‘ZDJ,Q,U +U -k ﬂ 0,(U — Pyu)

— 02D2 (T3, (H — Pyh)).

Where I is as in (4.2.2). Again we use the corresponding estimates for R, ; (adapted to
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our case) in Lemma 4.3.1, Lemma 5.3.1 and Lemma 5.3.2 for the contribution of R’, and

deduce

| Ry lizizy < | B | w2+ DU |y10) X [ U = Pru
+Clp1,|p 1) (| TS(H = Pyh) [l eo + | S(H = Pxh) | 20)
+ C(h, ' | H oo | H | ggoman )| H |
+C(ht, M, M, M)k || 0,u |

Y (n 00 (H = Puh)|

oz (| Ot o0 + [ U]

Hs»2

o2+ | OoH || o) % | U — Prte| e

00,5,2

H‘572+HH_PNh|

w2 ([ H |

PEERN L) PR

+ | H — Pyh|

w1 | Gl oo+ | H = Pyh|

s | Ol oy 1 (1|

ez + | 1]

/

: /
Estimates for 7/, ; and 1, ;,

for any a« € N, j € {0,1,2}, 0 < oo < s — j, we have

vl = —[0°"'DI; U, H — Pyh] + (62DLU) (M8, (H — Pyh))
v/, = —[D},U]J0%(H — Pyh) — 02DI(H(U — Pyu)) — (05DJU) (M (H — Pyh))
— 6§‘D]p((U — PNU)PNh))

The estimate of the last term of r/ . is obtained using Lemma 7.2.1 and Lemma 7.2.9.

a?]

The remaining contributions are obtained using the estimates of r, ; and r, ; (adapted to

our case) in Lemma 4.3.1, and we obtain

Hs:2

00,5,2) H U — Pyu ||Hs,2
+ (| DPQ |w1,q, + || U |

I 7oy ez S WU g2 | H = Pyh|
Ira; I < (| H ]y + 1A

we2) | H — Pyh

Hs—1,1 -

This concludes the proof. O

5.4 Convergence

In this subsection we state and prove our second main result. Specifically, we show that
considering any sufficiently reqular solutions to the continuously stratified system (5.2.1)
that is bounded and satisfies the non-cavitation assumptions on a given time interval, we

can construct corresponding solutions (H, U) to the multi-layer system (4.2.1) on the same
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time interval provided that the number of layers N is sufficiently large, and we quantify
the convergence rate between the continuously stratified and multi-layer solutions as N

goes to infinity.

Theorem 5.4.1. Let ppoy > Psuct > 0, s € N such that s > 2—1—%, and M, M., hy,h*, k> 0.

Moreover, consider h, u € W ((psurt, Pott)) such that

|b|W2x<ﬁ + |H|W2,fx: < M,

and (h,u) € C([0,T]; X3°*1?) solution to (5.2.1) on a time interval [0,T] with T > 0
such that for all t € [0,T]

inf h(o) + h(t,x,0) = ha, sup h(o) + h(t,z,0) <h* (5.4.1)

(JJ,Q)ER X (psurf;pbott )7 (:E,Q)ER X (psurfvpbott)

and

12t ) o siro + 1 Ut ) o giro + 11 0O NRAE ) | p 2y + | 50 AR, ) o) < M
(5.4.2)
Then there exists ¢ > 0 and Ny € N* such that for all N = Ny and any initial data
(Ho, Up) € H*(R)?N satisfying

”(HO - PNh(()? ')7 UO - PNU(07 ))”S(O) < CMC7

the solution to (4.2.1) with H = Pyh, U = Pyu and satisfying (H,U)—o = (Hoy, Up)
defined in Theorem J.5.1 is well-defined on the time interval [0,T] and satisfies for any
te[0,T]

inf  H,+ (H)i(t,2) >

. . < *
(24)€R X{1,....N} sup  H; + (H)i(t,z) <2h*,  (5.4.3)

and

|(H,U)|s(t) < a(1 + vkt) M., (5.4.4)
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with o« a universal constant, and the difference between the two solutions satisfies

C
I(H = Ph, U — Pya)||o(t) < CII(H = Pxh,U — Pyu)1o(0) exp (2<1 £ (DU +<0Mc>2>t)

+os o (G0 UDLIE M~ 1) )i
(5.4.5)

where ||-||s is defined as in Theorem 4.5.1, and C' depends only on pyott, Psurt, Sy M, Me, by, B
(while Ny and ¢ depend also on T and k).

Proof. From Theorem 4.5.1 (or Theorem 3.3.1) we set Ty > 0 the maximal time of exis-

tence and uniqueness of the solution (H,U) € C ([0, Tx); H*(R)*) with H € L?(0, T; H*"12(R))
to the system (4.2.1) with (H,U)i—o = (Ho, Up). We set T} € [0, Tiv] the larger value such

that for all t € [0, T,) we have (5.4.3) and

I (H, D) ls() < coMe,

where ¢y > 0 will be determined below. We can choose ¢ > 0 sufficiently small such
that, by continuity of the energy functional we have that T, > 0, and we consider below
t € (0,T,) such that ¢t < T.

Notice that the control of the difference (H — Pyh,U — Pyu)(t) induces a control of
(H,U)(t) by triangular inequality: using Lemma 7.2.9, there exists o > 0 a universal

constant such that

I(H, U)N|s(8) < I(H = Pyh, U = Pyu)lls(t) + || (Pyh, Pyu)|s(f)

<l
< |[(H — Pyh, U — Pyu)||s(t) + a(1 + vVkt) M.

In the following, we prove the estimate (5.4.5) for t € (0, T), that is assuming (5.4.3) and
||(H,U)||s(t) < coM. From (5.4.5) we infer that under the assumptions

M, C _
|(H — Pxh,U — Pyu)||s(0) < €50 OXP (—2(1 + &7 DU |% +(cOMC)2)T) , (5.4.6)

1 exp (S0 + s (DU R+ (@M)DT) 1 _ M,
N (e (DU ) 2

(5.4.7)
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where € > 0 is arbitrary, we have
|(H, U)||s(t) < (e + a1 4+ Vkt)) M..

Similarly, choosing e sufficiently small, we can infer (5.4.3) with h,/2 (respectively 2h*)
replaced with 3h,/4 (respectively 3h*/2) from (5.4.5)-(5.4.6)-(5.4.7). Hence setting ¢y =
2(¢ + a1l + +/T)), the usual continuity argument implies that Ty > T, = T, and the

conclusions of the Theorem hold.

Let us now establish (5.4.5), assuming (5.4.3) and ||(H,U)||s(t) < coM,. To this aim
we follow the proof of Theorem 4.5.1, using the stability estimates analogous to Lemma
4.4.1 and Lemma 4.4.2 together with the estimates on remainders of Lemma 5.2.1 and

Lemma 5.3.3. We use below the results and notations of Lemma 5.3.3.

Following the proof of Lemma 4.4.2 and integrating in time the differential inequality
instead of using Gronwall’s lemma (and using the fact that |S|._ . < TIN | TS |22 +1CS|2p2)

we obtain

|S(H — Puh)(t,-) o0 + | TS(H = Puh)(t,-) [geo + (U = Pyu)(t,-) oo
4| 0S(H = Pyh) [120 4700y 51 0 TS(H = Prh) | Lo gipgeoy
< ¢ (| S(H = Pxh)(0,) 00 + (U = Pyu)(0,-) [ o0 + | TS(H — Pxh)(0, -) |

)

t 2
e [ Clp ) (U6 1D, + 00 g oy) (10 = Py, U = L))
0

t
" CJ ( Z (ISRLo(T, ) lizcray + I TSRL (7 ) lizrzy + | R o(7, ) 12(Lg)))

0 \o<axs

X (||(H — Pyh,U — PNU)HS(T))dT,
(5.4.8)

where ¢ > 1 depends on hy, h*, psur and ppott-

Similarly, integrating in time the differential inequalities that yield Lemma 4.4.1 and

recalling that, by definition,

ypoz FRE |(H — Pyh)(t,-) | e
< ||(H = Pxh,U — Pyu)||s(t),

|(H — Pyh)(t,-)]

o1 + (U = Pyu)(t, )|
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we find that for j € {1, 2},

| DJS(H — Pxh)(t.-) |

?{sfjo +K/ H 6 D]S(H - PNh) ||i2(0,t;H57j*0)
2
st [ 106 s (102 = Pab.0 = P o

+J ( Z | R (7) ZQ(L%)>(T)||(H — Pyh,U — Pyu)l|s(7)dT, (5.4.9)

0 o<a<s—j

< | DIS(H — Pyh)(0

for j e {1,2},
| DIU — Pyu)(t,-) [fge-s0 < | DH(U — Pru)(0) [
! o H
+ | ||0: (U — K ) T,
fo g+a) ") (1)

v ( S IR, ||m3)> (100 = Pon.v = Pyl ). G410)

0 oas—)

Hs—3,0

(10— Pt~ el ) )

for j € {0, 1},
IDI(H — Pxch)(t, ) [ro-s10 +5 | 82D5(H — Pyh) 120 1510510

t 2
< [ DY(H — Prh)(0) [fo-s-10 +L 1T, ) | sz (||(H — Pyh,U — PNU)HS(T)) dr
t
+] ( S IR ||ZQ(L3)> (11 = b0 = Pyall0)Jar, G
0 0<a<s—j—1
for j € {0,1,2},

k[DL(H — Pyh)(t,-) I

HSJO+ HéD](H PNh)||L20tHSJO)

H“o+f||U

t
f < D) e >||(H—PNh,U—PNu>||S<T>dT
0 osass—)

2
t
+J< D I ) e ) dr, (5.4.12)
0 \ 0ga<s—j

where we used Cauchy-Schwarz and Young inequalities for the contribution of rf, ;.

< k| DI(H — Pyh)(0

| o2 (Il(H — Pyh,U — pNu)ns(T))QdT

NI

+ K
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5.4. Convergence

Moreover as seen in the proof of Theorem 4.5.1 we have

O H 2
— . < ) " 5,2 xH 5 " 5,2 H 5 " 5,2/
@QJHH+H@J)WH)cwvw>h,wza<TnHumn<T>H»
(5.4.13)
with C' = C(h;!, coM.) and
1D,(U +U) ey S UL + U e < 1D,U s+ (coMo)* (54.14)

Hence gathering estimates (5.4.8)-(5.4.12) with (5.4.13) and (5.4.14), together with the
remainder estimates obtained in Lemma 5.2.1 and Lemma 5.3.3, and using the control of

(h,u) in (5.4.2) and that for all 7 € [0,¢], ||(H,U)||s(7) < coM., we obtain

2

(MH—mmv—mwmmf<O{MH—mmU—mmm@)

+0La+x*meé+@w@%@@w4wmv—mmmw0df

C t
+ ]\[2J;)”(H—PNh,U—PNU)HS(T)dT

+C sup | |[(H — Pyh,U — Pyu)l|s(7) t |(H = Pxh, U = Pyu)|ls(7) sz 1/2,
i ) (1€ )

T€[0,t

where C' := C(ppott, ponss B, ht, M, coM,) > 1 and the last term stems from the use
of Cauchy-Schwarz inequality in contributions involving either | 0,(H — Pyh) | g2 or
| 0:H |

in terms of the other ones, and we have simply

s.2- Using Young inequality and augmenting C', this contribution can be absorbed

2

sw(MH—mmU—mmmwf<o{MH—mmU—mmm®)

T€[0,¢]

t 2
+ CJ (1 + &7 (I DU [ +(coMc)?) sup <||(H — Pyh, U — PNu)IIS(T’)) dr

0 7'€[0,7]

C t
+ NQJD s[lép]H(H — Pyh,U — Pyu)||s(7")dT.
T€[0,7/

By Gronwall’s lemma we infer that sup, ¢ q||(H — Pxh, U — Pyu)||s(t)* < Z(t) for all
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t € [0,T), where Z is the solution to

{ Z'(1) = C(L+ k(| DU 5 +(coM)?Z(r) + & Z3 (1) 7€ [0,Th),
Z(0) = C2||(H — Pxh, U — Pyu)||(0),

whose explicit solution is

2() = <0||<H - Pl = PellO)esp (G 01+ D, [ +HCMP))

o | o ((5(1 + 17 (DU [ +(C M) ¢~ T))dT> |

Consequently we obtain (5.4.5), and the proof is complete. ]

Remark 5.4.2. — The existence of T > 0 and (h,u) sufficiently smooth solutions to
the system (5.2.1) over the time interval [0,T] satisfying (5.4.1) and (5.4.2), as
considered in the previous theorem, results from Theorem 1.1 in [13].

— The dependency of ¢ and Ny on T and k is expressed in (5.4.6) and (5.4.7).

Remark 5.4.3. We used the operator

C ( [psurfa pbott] ) I RN

Pn
" f > (F(p))i<ien

to map functions defined on [psut, Poott] to N-dimensional vectors because it enjoys the
property Py(fg) = Py(f)Pn(g). However we can adapt the proof of Theorem 5.4.1 so as

to replace Py with

Po C([psurfa pbott]) - RN
N 1 fPit1)2
/ i (F’i+1/2—f’z‘—1/2 Pi-1/2 f(g)dg) 1<i<N

In this case the physical meaning of the discretized objects is more explicit. For instance,
(Pn(u + u))l is the i—th layer-averaged horizontal velocity, whereas (Py(h + h)); =
N(ni—1 — ;) is the rescaled layer depth; see Figure 5.1.
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5.5. Conclusion

5.5 Conclusion

In this chapter we showed that for a sufficiently reqular solution (h,wu) to the contin-
uously stratified system that exists and is controlled over a time interval [0,T], where
T > 0, under the assumption that the density is stably stratified poots > pswt > 0, the
solution (H,U) to the multi-layer system ezists on the same time interval, with a size
of O(1 + VkT). Moreover, the size of the error between the two solutions, for N large
enough, is of size O(1/N?) as long as the initial data remain close (in the sense that
the difference is also of size O(1/N?)). Note that in the latter result, the multiplicative
constant of 1/N? depends on the parameter k. As in the previous chapter, the stable
stratification of density plays an important role, this enabled us to close and conclude our
energy method. To establish the comparison between the solutions, we used the projection
operator Py (see definition in the beginning of the introduction 5.1) to project the con-
tinuous solution (h,u) into an N-dimensional valued function, but other choices could be
made; see Remark 5.4.3 . Our results rigorously justify the multi-layer strategy to ap-
prozimate solutions to the continuously stratified system, at least in the stably stratified

situation.
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CHAPTER 6

SHARP STRATIFICATION

6.1 Introduction

This chapter is the natural follow-up to the previous chapters. Our main interest is to
rigorously justify the "inverse" limit, by which we mean the convergence of the hydrostatic
FEuler equations (Equations (2.2.13) — (2.2.14) ), towards the bi-layer shallow water system
(6.2.6) in the sharp stratification limit.

We begin this chapter by announcing well-known results on the bi-layer shallow water
system (in both the presence and absence of thickness diffusivity 0 < k < 1). Then, we
provide a rigorous justification of the limit of the former system when k vanishes. This
result was made possible since we showed that for sufficiently reqular initial data satis-
fying certain hyperbolicity conditions, the time interval of existence obtained is uniform
with respect to the thickness diffusivity k. This enables us to obtain stability estimates

uniform with respect to k and conclude the convergence result.

In the second part of the chapter, and in order to prove the sharp stratification limit, we
begin by establishing sharp stability estimates for the hydrostatic Euler equations. Then,
we construct an approximating solution to the latter system that is close in a strong
topology (L), such that it remains also close to the reference solution in a weak topology
(LY). This then enables us to conclude the argument and justify the limit(see Proposition
6.3.3).
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6.2 The bi-layer shallow water system

6.2.1 The system without thickness diffusivity

We consider the system

(O, + 0.((H, + H)(U, +U) =0,

< Oy + 0, ((Hy + Hp)(Uy, + Up)) = 0,

oUs + (U, + Us)0,Ug + 0, Hs + 0, Hy, = 0,
0:Us + (Up + Up) Uy + 220, H, + 0,1y, = 0.

(6.2.1)

We shall also always assume ps = 0 and pp > 0. Through rescaling and Galilean invariance
we can assume without loss of generality that H,+ Hy =1 and U, + U, = 0.

In compact form, the system reads
oU+AU +U)o,U =0

with U := (Hg, Hy, U5, Uy), U = (H,, H,,U,,Uy,) and where we introduce the matriz-

valued function

U 0 H, 0
0o U, 0 H,
A:(H, Hy, U, U,) e R* - 6.2.2
(H,, H,y ) 1 1 U 0 (6.2.2)
=10 U,
Pb

The following Lemma concerning the hyperbolicity domain of the bilayer shallow water

system is proved in [65, 10, 76].
Lemma 6.2.1. Let 0 < p, < py and U := (H,, Hy,,U,,U;) € R* be such that that
Hg, Hy, > 0. There exist two values 0 < Fr_ < Fry such that the following holds:

1. If |Up — Ug| < VHy Fr_, then there exist four distinct real eigenvalues of the matriz
AU).

2. If VHyFr_ < |Uy — Ug| < VHyFr,, then there exist two distinct real eigenvalues of

the matriz A(U) and two distinct complex conjugate eigenvalues.

3. If |Uy — Us| > v/Hy Fr, then there exist four distinct real eigenvalues of the matriz
AU).

Moreover, Fr_ and Fr, depend only and smoothly on Hs/H, € (0,400) and ps/py € (0,1).
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6.2. The bi-layer shallow water system

Remark 6.2.2. Ouvsjannikov [65] —revisited by Barros and Choi [10] and then by Viris-
stmo and Milewski [76]— provided a nice geometrical approach to the critical values Fr

and Fr_. The characteristic polynomial associated to A(U) is

PO\ = (U, = \)? = H,) (U, — N)? — H,) — g:HsHb.

-

Notice that X € R is a real oot of P if and only if (ps,ps) = (%22, Y22) satisfies the

following identities:

5

-1 -1) =2, p/H ~U =p/H U, (6.2.3)

Po

The first equality describes a fourth-order curve parametrized by ps/py having four azes of
symmetry and consisting of an inner closed curve and four hyperbolic branches and the
second equality describes the straight line with slope n/H,/H, and intercept (Uy—Us)//Hy.
In this geometrical approach, Fr_ and Fr, (and their opposite) are the intercepts of the
tangents to the fourth-order curves with slope \/m

Figure 6.1 reproduces the aforementioned curves and straight lines for several param-

eter values.

(a) ps/pp=0.1 (b) ps/pp = 0.5 (c) ps/pp = 0.9

Figure 6.1 — Solutions to (6.2.3) with Hy, = 1/3, H, = 2/3, and differnet values for
ps/p- Solutions to the quartic equation are in black (plain). Solutions to the linear
equation with (U, — U)/v/H, = 1/2 (green, plain), (U, — Uy)/v/Hy, = 3/2 (red, dashed)
and (U, — U,)/v/Hy = 5/2 (blue, dot-dashed).

In this work we restrict our analysis to the hyperbolic domain described by Lemma
6.2.1(1). While standard theory for strictly hyperbolic systems guarantees the existence of
a symmetrizer to (6.2.1) by using spectral projections, the following Lemma provides an

(almost) explicit expression for such a symmetrizer.
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Lemma 6.2.3. Let 0 < p, < py and U := (H,, Hy,,U,,U;) € R* be such that that
H, Hy, >0 and
Uy — Uy| < A/Hy Fr_ (6.2.4)

where Fr_ = Fr_(Hs/Hy, ps/pp) > 0 has been defined in Lemma 6.2.1.
There exists A € [min({Us, Up}), max({Us, Up})] such that, denoting U} := U, — \ €
[—|Uy — Usl|, |Up — Usg|] for €€ {s,b}), the matrix

Ps Ps. LsUA 0
Pb Pb Py S
Ps A
SNU) := Po ! 0 U
X0 2H, 0
po S py S

0o U} 0 H,

satisfies (i) S*A is symmetric; and (ii) S* is symmetric, definite positive.

Moreover, X can be chosen so that /:_FZIJZ (for € € {s,b}) depends only and smoothly on

H,/Hy, > 0, ps/py € (0,1), and (U, — Uy)/v/Hp € (—Fr_,Fr_).

Proof. 1t is straightforward to check that S* and S*A are symmetric (and real-valued) for

any value of A € R. In order to prove that S is definite positive for a suitable choice of

A, we rely on Sylvester’s criterion. We obtain the requirements

>0, Zom>o, o -2H0MN? >0
P Po Po

and

(2 (@92 = ) (W2 = 1) = P2 11.11) > 0

The last inequality is equivalent to P(\) > 0 where P is the aforementioned characteristic
polynomial. By Lemma 6.2.1, under the condition (6.2.4) there are four distinct real roots
to P, which we can denote \; < Ay < A3 < Ay and P(\) > 0 for any A € (A2, A3). Moreover
for all A e (Ag, A3), (p), ) := (%2, %e22) belongs to the domain delimited by the inner

VH;? VH,
closed curve, and in particular we have (p})? < 1. Hence we find that for all X € (Ao, \3)

all principal minors are positive, and hence S* is definite positive.

By the standard perturbation theory [49], p} for £ € {s,b} and X € {\y, A3} depend
smoothly on H/H, > 0, ps/pp € (0,1) and (U, — Us)/vVH, € (—Fr_,Fr_). What is
more, we can always choose (smoothly) A € (A2, A3) so that p} > 0 and p} < 0 when
U, < U, or p) < 0 and p; > 0 when U, > U,, which corresponds to enforcing \ €
[min({Us, Up}), max({Us, Up})]. This concludes the proof. O
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6.2. The bi-layer shallow water system

The following proposition follows from the standard theory on strictly hyperbolic sys-
tems (see e.g. [12]). For convenience, we define for ¢ € (0,1) a compact subset of the

domain of strict hyperbolicity as

p< = {(psapba H57Hb7 US7 Ub) € R6 :
/2 < pofpp <1—c/2, < < H.JHy <o\, Ho+H,>c, Fr. —‘ULJFZS' > ¢}
(6.2.5)

where Fr_ = Fr_(ps/pp, Hs/Hy) is defined in Lemma 6.2.1.

Proposition 6.2.4 (Well-posedness). Let s = sg > 3/2, ¢ > 0 and My > 0. There exist
C >0 and T > 0 such that the following holds.

For all (ps, py, Hy, H,, Uy, Uy) € R® such that Hy + Hy, = 1 and U, + U, = 0 and
(H?, HY, U2, UY) € H*(R)* such that

Ve eR, (ps,po. H,+ H)(z),H, + Hy(2), U, + U(z),U, + Uy (2)) € p°

and

|, 1y, UL, UY)

o < My

there exists a unique (Hy, Hy, Uy, Uy) € C([0, T*); H¥(R)Y)nC ([0, T*); H¥1(R)*) maximal-
in-time (classical) solution to (6.2.1) emerging from the initial data (Hg, Hy, Us, Ub)‘t:o =
(HY, 1y U, Uy).

Moreover, one has T* > T /My and for any t € [0, T/M,] one has
Vz e R, (ps7pb7ﬂs + Hs(taaj)aﬂb + Hb(tam)ags + Us(ta x)7Qb + Ub(t7 .I')) € p§/2

and

”(Hs(tu ')7 Hb(tv ')7 Us(ta ')7 Ub(tv ))HHS < C”(Hg, Hl?v Us?a Ul?)|

Hs-

Moreover, the mazimal existence time (resp. the emerging solution in C([0, T*); H*(R)*))
is a lower semi-continuous (resp. continuous) function of the initial data in H*(R)* and
if T" < oo then

H(Hs(tv ')7 Hb(ta ')7 Us(t7 ')7 Ub(t7 ))| Hso — 0 ast — T".
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6.2.2 The system with diffusivity

We now consider the system

OH, + 0,((Hy + Hy)(Uy + Uy)) = “agHm
) atHb + ﬁx((ﬂb + Hb)(gb + Ub)) = /ﬁ@iHb,

(6.2.6)
OUs + Uy + Uy = kgl )0,Us + 0. Hy + 0, Hy = 0,
|00y + (U + Uy — w0 3)0uUs + 20, H + 0, Hy = 0.

Proposition 6.2.5 (Small time well-posedness). Let s = so > 3/2, ¢ € (0,1), My > 0
and ¢ > 1. There exists T' > 0 such that the following holds.

For all k > 0, for all (ps, pp, Hy, H,,, U, U,) € R® such that H, + H, = 1 and
U,+ U, =0 and for all (H?, HY,U?,UY) € H*(R)* such that

0<ps/pp<s ' and VeeR, H,+HX(x)>s, H,+H)(x)>¢

and

H(‘H§)7H37U£7U£)‘HSO < M()

there exists a unique (Hg, Hy, Uy, Uy) € C([0,T*); H*(R)*) mazimal-in-time strong solution
to (6.2.6) emerging from the initial data (Hg, Hy, Us, Ub)‘t:o = (H?, HY, U2, UY).

Moreover, T* > KT and for any t € [0,kT| one has
VeeR, H,+ Hi(t,z) =>¢/c, H,+ Hy(t,xz)>=¢/c
and

max({|(Hy, Hy, Us, U= .m0y, 67 (90 Hy, 0o Hy) | 2060y }) < el (HY, H, UL, U

Hs-

Moreover, the mazimal existence time (resp. the emerging solution in C'(|0, T*); H*(R)*))
is a lower semi-continuous (resp. continuous) function of the initial data in H*(R)* and
if T < oo then

[(Hs(t, ), Hy(t, ), Us(t, ), Up(t, )| so — 0 ast — T".

Proof. The proof has been given in Theorem 3.2.4, but we sketch it here for convenience.
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6.2. The bi-layer shallow water system

We view (6.2.6) as a system of two transport-diffusion equations and two transport equa-

tions, coupled only through order-zero source terms:

O Hs + (U, + Ug)o, Hy — K@iHs = —(H, + H,)0,Us,
) 8tHb + (Qb + Ub)ébe — m@iHb = —(ﬂb + Hb)é‘xUb,
oUs + (U, + U, — k:280,U, = —0,H, — 0, H,,

( H s+ Hs
\@Ub + ( + U, — Ry aTHb )5 U, = ﬁ@st — 0. Hp.

The standard theory on transport and transport-diffusion equations (see [8]) allows to

bootstrap the standard fixed-point strategy through Picard iterates

O HMY + (U, + UM, HM ' — kO2HM Y = —(H, + HMo,U?,
HIY 4 (U, + U)o, H"+1 — kO = —(H, + Hy')0, Uy,
atUnH + (U, + U — H i) UNT = —0,HY — 0, HY,
+ (U, + U — a )a Uyt = —L20,H} — 0, Hy',

n+1

which defines a sequence satisfying the following estimates (where ¢q is a non-essential

constant depending on s)

max({[| (23 Hy L USS U ) ey, 57200 HY T 0 HY ) 20,0049 )
< (H(HB,Hz?)HHSH’”((ﬂﬁHH?Hm(o,t;Hs))||U?||L2<o,t;Hs>+(ﬂb+HH£Hm<0,t;Hs>)IIU5||L2<o,t;Hs>)
ps n n
+ (UL O) s + (1 + E)H(%Hs , O Hj )HL1<o,t;Hs>)
O HY Oz H,

x exp (co|(UZ, UP) | om) + corl| (7577 @, +Hn)||L1(0,t;HS))

and converging in C(0,¢; H®) provided ¢ € (0, kKT'| where T is chosen sufficiently small.
The proof of the continuity of the flow map can be obtained along the same lines,

using the continuity with respect to the initial data and Lipschitz-continuity with respect

to source terms of the transport-diffusion and transport equations. O

Remark 6.2.6. The terminology “Small time well-posedness”™ in Proposition 6.2.5 refers
to the fact that the time of existence and control of solutions of the above result is limited
to T* =z kK, and in particular may vanish as k N\, 0. Notice that, differently from the

statement of Proposition 0.2./, we do not assume that the flow is stably stratified, namely
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ps < pp. Assuming additionally that the flow is stably stratified, we recall that we improved
this result in situations with small shear velocities and small deviations from the shear
equilibrium, and obtained in Theorem /.5.1 the existence and uniform control of solution
up to times T* 2 (1 + x71(|U, — U,* + Mg))_l. In the following results, we complete
the picture by showing that, in the situation where the shear velocity is small enough to
guarantee that the flow is in the hyperbolic domain of the non-diffusive equation, then
the time of existence is uniform with respect to k € (0,1]. In fact we shall prove the
expected property that solutions to the diffusive system (6.2.6) converge as k \, 0 towards
corresponding solutions to the non-diffusive system (6.2.1), as long as the non-diffusive

solution is bounded.

In order to obtain stability estimates that are uniform with respect to k € (0, 1], we rely
on two main ideas. Firstly, we shall use energy estimates using the explicit symmetrizer
adapted to the non-diffusive system introduced in Lemma 6.2.3 (while the strategy in
Chapter 4 precisely in Lemma /.4.2 and Theorem 4.5.1 we used only its block-diagonal
component). Because the non-diagonal components of the symmetrizer behave poorly with
respect to the diffusive contributions, we need another ingredient. Specifically, we notice
that the total velocities Vy := U, — k728 (1 € {s,b}) associated to solutions to (6.2.6)

H,+H,
satisfy the system

(0,H, + 0,((H, + H)(U, +V2) =0,

< OcHy + 0. ((H, + Hy) (U, + V) = 0,

oVs + (U, +V—RH+H)8V+8H + 0, Hy = k0%V,
OV + (Uy + Vo — k" “54)0: Vi + 220, H + 0, Hy = K03V,

(6.2.7)

We observe that diffusive terms act as effective viscosity contributions on the total veloc-

ities. The last two equations read equivalently

at% + (Qb + ‘/b)am‘/b + ﬁamHs + abe = am((ﬁb + Hb)(ax‘/b);

ﬁbiHb
and we recognize the shallow-water equations with degenerate viscosity contributions which
were advocated by Gent in [37] and derived from the Navier—Stokes equations in [/1, 19].

In their analysis of such systems (and generalizations thereof), Bresch and Desjardins
introduced the so-called BD entropy in [17, 15, 16] (see also [18] for a refined analysis),
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6.2. The bi-layer shallow water system

which is based precisely in the reformulation of (6.2.7) as (6.2.6) (in dimension d = 1).

In the same spirit, we combine the reqularizing effects of the effective diffusivity and
viscosity terms with aforementioned energy estimates, which allows us to obtain suitable

stability estimates presented in Lemma 6.2.7, below.

Applying Lemma 6.2.7 to (the derivatives of) solutions to (6.2.6)-(6.2.7), we find a
time of existence which is uniform with respect to k. We state the result in forthcoming

Proposition 6.2.8.

Applying Lemma 0.2.7 to (the derivatives of) the difference between solutions to (6.2.6)-
(6.2.7) and corresponding solutions to the non-diffusive system (6.2.1) (k = 0) yields the
aforementioned convergence of the former towards the latter as k ™\, 0, on a time interval
defined by the solutions without diffusivity. We state the result in forthcoming Proposi-
tion 0.2.9.

Lemma 6.2.7 (Stability). Let ¢ € (0,1) and M > 0. There exists ¢ > 0 depending only
on s and C' > 0 depending also on M such that the following holds.

Let k € (0,1], 0 < ps < pp and U := (H,s, Hy, U5, Uy), V = (Hs, Hy, Vs, V) €
C([0, T]; WE(R)*) ~ CL([0, T]; L*(R)*) be such that for all t € [0,T], the hyperbolic-
ity condition holds:

Vo € Ra (psa Pb; Hs(tv I')a Hb(ta l‘), Us(tv .Z'), Ub(t> 'CE)) € pga
where p° is defined in (6.2.5), and

(U lwroe+[V (& ) lwroe +6[ (G H (¢, ), G (¢, ) e +17 [(U=V)(E, )| e+ QU ()| e < M.

Let U := (Hs, Hb, Us, Ub) and V := (HS, Hb7 V;, %) be sufficiently reqular solutions to

the linearized equations with remainders

U + A*(U)o,U = kD,0°U + Ry,
OV +AYV)0,V = kDy*V + Ry,
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where we denote

Us 0 H, 0
0 Ub 0 Hb
A" : (Hs, Hy, Us, Up) — )
(B, Hy, U, Ur) 1 1 U, —ris 0
s 2 H,
ﬁ 1 0 Ub K be
and
1 000 0000
0100 0000
Dl = ) D2 =
0 00O 0010
0 00O 0 0 01
Moreover, denote R := (Rs, Rp) such that
— J— — — . .2.
Vi=Us—kK i + Ry, Vo=Uy,—k 7, + Ry (6.2.8)

Then, for any t € [0, T], one has the estimate

IO ez + [V () ez + es10.V (8 20unny < ¢ (U= 0,22 + [V (E=0,)]z2) exp(C M t)

+ CL (|Ru(t', )2 + |Ryv (¢, )] 2 + M| R, )| ) exp(C M (t —t')) dt.

Proof. Denote
Ps Ps &U)\ 0
Pb Po pPp S

s 0o o
S>\ . (HsyHbyUS’ Ub) — &p&A O p—SH (;7

py S Pb

o U} 0 H

where U} := U, — \ (for £ € {s,b}) with )\ provided in Lemma 6.2.3. Using that S*(-) and
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6.2. The bi-layer shallow water system

S*(-)AY() are symmetric, and integration by parts, we have the energy identities

1d
2dt
= (SMU)aU,U),, + (SNU)aV, V), + ;([&t,SA(U)]U, U),,+ ;([&t,SA(V)]V, V),

~(SNU)A*(U)2,U,U) ,, — (SNU)A*(V)2,V, V), + k(SNU)D,3?U,U),,
(SMU)D232V, V), + (SNU)Ry,U),, + (S*(U)Rv, V),

(B @U.0), + (O, V),.)

+
+

N — X

(12, S O)T. 1), + ;([at, SO)V.V),,
= (2 SOAWNT. ) 2+ 1 ([0S VIAWVIV. V),
— (SNU)(A"(U) - A(U))o, U, U),, (SA(V)(A”(V) ~A' V)3, V., V),
— (SMU) =SN(V)A (V)2 V., V), ([d,S*(U)]U,U)LQ + ;([(%,SA(U)]V,V)LQ
+ (SMU)Ry,U) ,, + (S*(U)Ry, V), + 6(SNU)D132U, U) ,, + k(SNU)D:82V, V) ,,
= A— (SNU)(A*(U) — A°(U))8,U,U) ,, + k(SNU)D, 82U, U) ,, + k(SMU)D:2V, V),
By means of Cauchy—-Schwarz inequality we find that

A< C (102 + I1V]12) x (MU 2 + M|V 12 + £M[0.V |12 + |Rulli2 + | Ry 12),

where C' denotes a multiplicative constant depending only on ¢ and M, and which may
change from line to line. We now focus on the remaining terms. We first notice that defects
of symmetry in SM(U)(A®(U) — A°(U)) arise only in the first two rows, and that the first
two components of U equal the first two components of V. Hence using integration by

parts and Cauchy—-Schwarz inequality we infer

(SNO)A*(U) = A(U))0U.U) | < 6CM U2 x (U2 + 10:V | 2)

2l

Then, again making use of the identity D;02U = (82H;, 82H,,0,0) = D12V we infer
that

k(SNU)D12U . U) ,, + k(SMU)D232V, V), =x(S*(U)(Dy + D2)d2V, V),
+k(SNU)D2V,U - V),
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Part , Chapter 6 — Sharp stratification

After integration by parts, and since D; + Dy = Id, we find that
K(SNU)(Dy + D2)2V, V), < —k(SNU)V,8, V), + 6C M [0,V | 12| V| 2.

Then, using from (6.2.8) that k@, H, = Hy(U; — V;) + Ry) (where € € {s,b}), we obtain
the identities

R(NUDWEV,U -V, =k > (pUpd2H, U — Vi),

Le{s,b}
= Z (PeUgA@x(Hz(Ue —Vi+ Ry)),Us — Ve)Lg
Le{s,b}
= Z %((Uﬁﬁszz — Hd,UN(Up — Vy), Uy — Ve)Lg
Le{s,b}
+ K Z (U0, (HyRy), U, — Vz)Lw
Lefs,b}

where we used integration by parts in the last line. We infer
K(SMU)DV,U ~ V), < CM (U] g2 + |V |22)" + C M (|U] 12 + |V |12) | R] -
Combining all these estimate and denoting

£:= (SNU)U,U),, + (SNU)V,V)

L2 )
one has

1d . . . . . . .

+ C(|Rolie + Ryl + MIR] ) ([0 + [V 2). (629

By using that S*(U) is definite positive, we find that there exists ¢ > 0 depending only
on ¢ such that

Ez AU+ AV, (SNU)V,8,V),, = Ea. V]2

Hence we find (using the Peter Paul inequality and augmenting C') that

1d .
5&5 + %CQHHawV”%Q < CME + C(”RUHLZ + ||RV||L2 + M”R”Hl) 81/2,
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6.2. The bi-layer shallow water system

and the result follows by Gronwall’s Lemma. n

Proposition 6.2.8 (Large-time well-posedness). Let s = so > 3/2, ¢ € (0,1) and My > 0.
There exists C > 0 and T > 0 such that the following holds.

Let € (0,1], (ps, py, Hy, Hy, U, U,) € RS such that Hy + Hy, = 1 and U, + U, = 0,
and let (H?, HY , U%, UP) € H*TH(R)? x H*(R)? such that the hyperbolicity condition holds:

Vr e R7 (p57,0b7ﬂ5 + HS(ZE),ﬂb + Hl?(x)vgs + Ug(x)’gb + Ul?(x)) € pg’
where p° is defined in (6.2.5), and

\(H, ], U, U, ko, HY, k6, HY)|

oo < M.

Denote (Hy, Hy, Uy, Uy) € C([0, T*); H*(R)*) the mazimal-in-time solution to (6.2.6) emerg-
ing from the initial data (Hs, Hy, Uy, Uy)|,_, = (HQ, Hy, U2, UY) as defined in Proposi-

tion 6.2.5.

One has T* > T'/My and for any t € [0,T/My],
Va € R? (p87pb7ﬂs + Hs(t>x)7ﬂb + Hb(t,l'),gs + US(ta x)>Qb + Ub(ta :U)) € p§/27

and

H(HS) Hba Us; Ub, "fﬁme ’fa:ng) (t7 )‘

Hs + ||(atHS7 6tklln 5tUs7 6tUb)(t, )‘ Hs—1
< C|[(H?, HY, U, UY, k6, H, ké, Hy)|

HS.

Proof. We assume that the initial data is smooth, so that (Hj, Hy, Us, Uy, Vi, V3) are
smooth on their domain of existence. The general case is obtained by regularizing the
initial data and passing to the limit, thanks to the persistence of regularity and continuity

of the flow map stated in Proposition 6.2.5.

Denote V; := U, — m% (L e {s,b}), A* := (Id —02)*/? and

(H,, Hy, Uy, Uy, Vi, Vi) = (A*Hy, A*Hy, AU, AUy, AV, A*V3).
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Applying the operator A® to (6.2.6) and (6.2.7), we obtain

OH, + (H, + Hy)0,U, + (U, + U,)0, H, = k62H, + Ry (H,, Uy),
) O Hy + (Hy + Hy)o,Uy + (Uy + U)o, Hy = k2H, + Ry (Hy, Uy),

U, + (U, + U, — s )0.Us + 0, H,y + 0, H, = Ry(H,, Uy),
katUb + Uy + Uy — gt )0uUy + 220, H, + 0, H, = Ry (H,, U),

and

(081, + (H, + H)o,Ve + (U, + V)., = Ry (H,,Va),

) O Hy + (Hy + Hy)0,Viy + (Uy + Vi) Hy = Ry (Hy, V),

OV + (Uy + Vi — el ) 0s Vi, + 0uH, + 0, Hy = k02V, + Ry(H,, Vs,),
katvb (Up + Vi — 9wa 1o)0: Vi + 220, H, + 0, Hy = £02V, + Ry(H,y, Vp),

with remainders Ry and Ry defined as

Ru(H,V):= —[A°,H|0,V — [A°,V]0,H and  Ry(H,V):= —[A%,V — x{=]0,V.

Moreover, applying the operator A* to the identity Vi = U — k7" 1 a“”H’f - (L€ {s,b}) yields

) ) 0, H,

Vi=Uy— k———— + R(H,),

¢ YA Hﬂg—i—Hg (L’)
with

R(H) = —k[A®, 110, H.

’H+H

Standard commutator estimates and composition estimates in Sobolev spaces; see e.g. [54,

Appendix B] yield

|Re(H,V)l|z2 < C(|H]moo + [V
|Ry(H, V)2 < C(x]0,H|
|R(H)|m < C(|H]

o) (|1 H s + [Vas),
#0) (60 H | s + |V | 15),
weo) (1H | s + K0 H] 15,

meo and infg(H + H) > 0.

Heo + ||V
Hso + l€||5mH‘

where C'is a positive constant depending only on s, sq, | H|

Moreover, notice that by using the equations (6.2.6), (6.2.7) and the identity
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6.2. The bi-layer shallow water system

kO Hy = (H, + Hy)(Uy — Vp) for £ € {s, b}, we have

|(0:H, 0;Hy, 0:Us, 0:Up)| 1151 + #[(0n H, O Hy)|| s + £ [(Us = Vi, Uy — Vi) o1

< C ||(H87 Hb? US7 Ub; VS7 ‘/b)”Hs7

where the multiplicative constant C' depends on |(Hs, Hy, Us, Uy, Vs, Vi) | gso and infr (H,+
Hy) > 0 (for £ € {s,b}).
We may thus apply Lemma 6.2.7, and infer that we can set C' depending on sg, My, s,

and ¢ depending only on ¢, so that as long as
VeeR, (ps,py, Hy+ Hy(t,x), Hy+ Hy(t, ), U, + Uy(t, x), Uy + Uy(t, ) € p*/?, (6.2.10)

and
|(Hs, Hy, Us, Uy, Vs, Vi) (8, )]

o0 < 2¢M (6.2.11)

one has (using the standard H*® < W1 continuous embedding and the fact that 0 <
H,H,<1and U, +U,=0)

|(Hs, Ho, Us, Uy, Vi, Vi) (2, )|

o < ¢ Myexp(C Myt)

t
+CMof [(Ho, Hy, U, Uy, Vi, Vi) ()
0

Hso eXp(C MO (t — tl)) dt.

Applying Gronwall’s Lemma, we find that if C'Myt is smaller than a universal constant,

then
3¢

H(HS’ Hb7 U87 Uba ‘/87 %)(t, )‘ Hs < 5 MO.

What is more we have (augmenting C' if necessary)
t

|(Hy(t,)—H?, Hy(t,)—Hy, Us(t, ) =U2, Up(t, ) =Up)| < f 1(0:Hy, 0 Hy, 0:Us, U)o < C Mot
0

Hence lowering further C'Myt, we infer that (ps, py, Hs(t, z), Hy(t, x), Us(t, ), Up(t, z)) €
ps/* for all 2z € R. By the usual continuity argument we infer that the assumptions (6.2.10)
and (6.2.11) do hold for t € [0,7/M,] with T" depending on s, so, My,s. This yields the
lower bound on the maximal time of existence and the claimed upper bound on the

solution follows from the above estimates replacing sy with s. O]
Combined together, Proposition 6.2.5 and Proposition 6.2.8 yield a time of existence
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Part , Chapter 6 — Sharp stratification

for solutions to (6.2.6) emerging from sufficiently regular initial data which is independent

of k € (0,1]. The following result describes the behavior of these solutions as k \, 0.

Proposition 6.2.9 (Convergence). Let s = so > 3/2, ¢ € (0,1) and M, > 0.

Let k € (07 1]7 (psapbaﬂsaﬂbagmgb) € R6 such that Hs + ﬂb =1 and Qs + Qb = 07
and (H?, HY, U2, UY) € H***(R)* be such that the hyperbolicity condition holds

Ve eR,  (ps po, M, + HJ(2), H, + Hy(2), U, + UJ(2), U, + Uy (2)) € p°,
where p° is defined in (6.2.5), and

|(HJ, Hy, U, Uy, k02 HY, k0, Hy)|

oo < M.

Denote

— (Hg, Hy, Us, Uy) the maximal solution to the non-diffusive system (6.2.1) emerging

from the initial data
(H57 Hb> Usa Ub)‘t:o = (H£> Hl?? Uga UI?)

as defined in Proposition 6.2./;
— for all k > 0, (HE, HF, U, UF) the mazimal solution to system (6.2.6) emerging

from the initial data
(H:7H57U:7U;)‘t:0 = (H27H37U£7U£)

as defined in Proposition 6.2.5;
— Ty > 0 and ¢y > 1 such that for all t € [0, Tp],

Ve eR, (ps, po, Hy + Hy(t,x), Hy + Hy(t,2),U, + Uy(t,2), U, + Up(t, x)) € p/

and

H(H87 Hb; US7 Ub)(t7 )‘ Hs+2 < COMO’

Then there exists kg > 0 and C > 0, both depending only on s, sg, <, My, Ty, co, such that
for all k € (0, ko|, (HE, Hf, UE, UF)(t,-) is well-defined for all t € [0,Ty] and satisfies the
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6.2. The bi-layer shallow water system

hyperbolicity condition
VeeR, (ps,pp, Hy + HE(t,x), Hy + HE(t,2), Uy + US(t, x), Uy + U (t, ) € po/30)

and the upper bound

< QCoMo.

Moreover, one has for all t € |0, Tp]

”(H: - H57Hllf _Hva: - USleT - Ub)(t7')|

Proof. Denote V; := Uy and Vf := Uf — (6 e {s,b}), A* := (Id —0?)*2, and

(H,, Hy, Uy, Uy, Vi, V) := (N (HE—H,), N*(HF—Hy), NS(UF=U,), A (U —U), A3(VE=V,), A*(ViF=V4)

S

Substracting (6.2.6), (6.2.7) and (6.2.1) we obtain

OH, + (H, + Ho,U, + (U, + U)o, Hy = ké2H, + kAN 02H, + Ry (H®, Ur, H,, U,),
O, + (Hy + HE)o,Uy + (U, + UF)o, Hy = k02H, + kA02H, + Ry (HE, U, Hy, Uy),
<

o.U, + (U, +U*’~—H;ZHR)@ Us + 0, Hy + 0, Hy = kA (75 0,U) + Ru(HS, US, H,, U),
U, + Uy +Up — & Vi +Hﬁ)a Ub+ L9, H, + 0, H, = K;As(H +Hﬂa Uy) + Ry (HE, UE, Hy, Uy),
and

(0,01, + (H, + HY)HF0,V, + (U, + V5o, H, = Ry (H, VE, H,, V2),
OcHy + (Hy + H)HE0, Vi + (Uy + Vi) 0 Hy = Ru(HE, Vi, Hy, V),
OV + (U + VE = k= B)0,V, + O, H, + 0,1,
— kO2V, + KNSV, + ms(; =i 0:V) + Ru(HE VE Hy, V5,
- )0,V + 20, H, + 0, H,
= /{(92% + kAP, + /@As(

oV + Uy + Vi —

H +H”

0. Vi) + Ry(Hg, Vit, Hy, Vi),

JrH’i
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Part , Chapter 6 — Sharp stratification

where, for any ¢ € {s, b}, we denote

Ry(Hy,UF, Hy, Up) = —N°((H) — Hy)0,Up + (U — Up) 0, Hy)
- [Asa Hﬂ (axU; - axUK) - [Asv U;] (accH? - 6wa)v
Ry(Hf,Up, Hy, Up) = =N ((UF = Up)a,Uy) — [N, UF — kgt i 1(0,UF — 0,U0).

H,+Hy

Moreover, one has by definition

0, H,

V= O — el
¢ ¢ HﬂngHE

+ R(HF', Hy)

where

0. \°Hy

R(H; , Hy) = — A, L 0. HF — k—— .
(e 12) “[ ] ¢ Hﬂg-l—H;

P H,+Hf

Standard commutator estimates and composition estimates in Sobolev spaces; see e.g. [54,

Appendix B] yield

|Ra(H7 Ve Hi Vi)l < C10uHel e + 10 Villws + 10, HE |1zos + 10,V o) (| 2 + IVel22).
|Ru(HE, Ve, He, Vi) o < C(10.Ville + R0, HE Ls + 10,VE Lo 1) Vi o
|RCHE, Ho) | < Cr(16:H e + 105 Hol o),

where C' is a positive constant depending only on s, sg, |Hf||g=0 and infg H, + Hf > 0
for any ¢ € {s, b}.
Moreover notice that by the equations (6.2.6) and (6.2.7) and using the identity

kO Hf = (H, + H})(U} — V) we have

[(0HT 0 Hy, 0UY QU | momr + Kl (0o Y, O Hy) s + (U = VI, Uy = Vi)l

< C|(HS, 7y, UF, UF, VE V)

Hs»

where the multiplicative constant C' depends on |(H?, Hf, US, UF, VE ViF)| g0 and

infg H, + H; > 0 for { € {s,b}.
We may thus apply Lemma 6.2.7, and infer that we can set C' depending on s, sg, My, ¢,

and ¢ depending only on ¢, so that as long as

Ve eR, (ps,po, Hy + HE(t,2), Hy + HE(t,2), Uy + US(t, ), Uy, + U (t, ) € p/ 30,
(6.2.12)
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6.2. The bi-layer shallow water system

and
H(H:, Hll;bv U:7 Ulfv ‘/sﬁa ‘/;)H)(ta )|

Hs < 200M0 (6213)

. . . . . . . s - f s azHK/
one has, usimg that (HS7 Hb7 Usa Uba ‘/?97 %)|t:0 = (07 Oa 07 07 —kA (;SfH?HtZOa —KA (Eb+1}}g)|t:0)a
|(Hy, Hy, Uy, Uy, Vi, Vi) (&, )| 22| (0 H, 0 Hy, 02V, 0V3) | 12(0:2) < £C Mo exp(Cg M)
t
- CJ (COMOH(HSJ th US: Ub7 Vv& ‘/ba ﬁamHS? Iiasz) (t,7 ')HL2
0

+k|[(0HE, 0, HY, 02 Hy, 0> Hy, 02V, 02Vyy, 0,Us, 0,Uy, 0.V, 0.V3) (T, )||H§) exp(C coMy (t—t")) dt.
Now, we use in the integrand the triangle inequality

[(0:HE, 0 HE) (', Wiz < (0o He, 0 H) ()12 + (0 He, 0. HB)(E', ),

Hs-

The first contribution may be absorbed by the left-hand side if x is sufficiently small
(depending on ¢, C, coMy, Tp), and the second contribution is estimated, as other terms,

using the assumption

sup ({[|(Hs, Hy, Us, Up)(t, -)|

Hs+2 . LE [O,To]}) < C()Mo.
Applying then Gronwall’s Lemma, we find that
|(EL,, Hy, Uy, Uy, Vi, Vo) (L, |2 < 6Cco MoK (6.2.14)

where K depends only on C'coMyTy.

By using again the triangle inequality, we can lower further x (depending on ¢j) so
that (6.2.14) implies

VeeR, (ps,pp, HE(t, ), HF (t,2), U (t, x), U (t,x)) € pQC/(?’CO)

and
3

||(H§7 Hllfa Usﬂv U;, ‘/sﬂ7 ‘/E)H)(ta )‘ Hs < §COMO‘

Hence by the usual continuity argument we infer that (HF, Hf, US, Uf)(t, -) is well-defined
for all ¢ € [0, Tp], and (6.2.12)-(6.2.13)-(6.2.14) hold. This concludes the proof. O
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Part , Chapter 6 — Sharp stratification

6.3 The hydrostatic Euler equations

In this section we study the stability of the hydrostatic Fuler equations for stratified
flows:
Oth + 0, (1 + h)(u+ u)) = Kd2h,
(6.3.1)

h 1
O + Q—i—u—,‘i&m Oyt + —0, ¥ = 0,
1+ h P

where the Montgomery potential U is given by

T

U(r) = plr) JZ B o) dr’ + J o) A = (M) (). (6.3.2)

We recall that our stability results must accommodate with solutions generated by the
bilayer system that are piecewise constant and allow the comparison with continuously
stratified flows. Hence we must allow for deviations that can be large pointwise, while
smallness stems from integration (with respect to the r-variable). In practice we shall
manipulate simultaneously the pointwise as well as the L) topologies depending on the need.
This is the case for instance in the following Lemma, measuring the Lipschitz continuity

with respect to the density variable of the Montgomery operator M|p| defined (6.3.2).

Lemma 6.3.1. Let M > 0. There exists C > 0 such that for any p, (€ € {1,2}) such that

(o Dlaswrs < M,

eo]
r o’

and for any h € L¥, one has for almost any r € (—1,0),

Klmmm—émeyws(M%fmmm+Mm—%L9Mm:

Py
Proof.
1 1 1 1 0 ) w1 0 N
(le[Pl]h—le\/l[PQ]h) (r) = (p1(r)_pz(r))£ p,(r")h(r') dr +82(7") L (p,(r")=p,(r")h(r") dr".

Note also that we are seeking stability estimates for the system (6.3.1)-(6.3.2) with
respect to perturbations of the equations —in particular through p =~ p,, and u ~ u,—

and with respect to perturbations of the initial data.
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6.3. The hydrostatic Euler equations

In Section 6.5.1, we first state a local well-posedness result associated with the initial-
value problem for the system (6.3.1)-(6.3.2), and then provide some stability estimates.
These two results by themselves are not sufficient to bootstrap in a standard manner the
strong convergence of solutions as the size of deviations shrink, because the topology in-
volved in the first result, namely L°, is stronger than the topology used in the second result,
which is roughly speaking L.. For that matter we introduce and study in Section 0.3.2 a
refined approximate solution which, compared with the original reference solution, im-
proves the description of solutions associated with nearby profiles. Specifically, the refined

approximate solution satisfies the following three properties:

1. it is well-defined and controlled on a time interval which is uniform with respect to
ke (0,1];

1. the difference with respect to the nearby solution is controlled for the strong norm

associated with L°;

1. the difference with respect to the reference solution is controlled for the weak norm

associated with L.

The resulting convergence result, Proposition 6.5.8, is stated and proved in Section 6.5.35.

6.3.1 Stability estimates

Proposition 6.3.2 (Well-posedness). Let s = sg > 3/2, ¢ € (0,1), M, My > 0 and ¢ > 1.
There exists T > 0 such that the following holds.
For all k € (0,1], all (p,u) € L*((—1,0)) such that

H(@a P, %)HLTf < M,

and all (h°;u°) € L*((—1,0); H*(R)?) such that for almost all r € (—1,0),
VeeR, 1+4+h’>cq,

and

|(R°, UO)HLZJHio < Mo

there exists a unique (h,u) € C([0,T*); L*((—1,0); H*(R)?) mazimal-in-time strong solu-
tion to (6.3.1)~(6.3.2) emerging from the initial data (h,u)|,_, = (h°,u°).
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Part , Chapter 6 — Sharp stratification

Moreover, T* > KT and for any t € |0,xT] and almost all r € (—1,0) one has
VeeR, 1+h(t,z,r)=¢/c

and

max({[|(h, w)|p=uzzp ), 872 10:h] L2051 ) }) < (B, 0|y

Moreover, the mazimal existence time (resp. the emerging solution in C'([0,T*); L*((—1,0); H*(R)?))
is a lower semi-continuous (resp. continuous) function of the initial data in L*((—1,0); H*(R)?
and if T* < oo then
[(A(t, ), ults ) pzo — 00 as t =T

Proof. The proof is very similar to the proof of Proposition 6.2.5, using estimates for
transport and transport-diffusion equations pointwisely with respect to the variable r €
(—1,0). The essential arguments are that L®((—1,0)) is a Banach algebra and that
differentiation with respect to the space variable ¢, as well as the Fourier multiplier
A* = (Id —0?)*/? commute with the operator %M[B], and that the linear operator %M[B] :
L¥L% — L¥L2 is bounded for any p € L*((—1,0)). O

Proposition 6.3.3 (Stability). Let s > 3/2, ¢ € (0,1) and M, My, My > 0. There ezists
C > 0 such that the following holds.
Let k€ (0,1] and T > 0 be such that

Let (hg,ug) be solutions to (6.3.1)-(6.3.2) (with p = p, and u = u,) defined on the interval
[0, T] and satisfying

| (Ouhr, Opun)|| Lz pe s < M, | (P, ua) |z ny g + 7% [0chal e 12,4 < M,
and
ess inf 1+ hi(t,z,r) =, ess inf 1+ ho(t,z,7) =5,
(t,z,m)e[0,T] xR x(—1,0) (t,x,r)e[0,T] xR x (—1,0)
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6.3. The hydrostatic Euler equations

Then one has

max({[[(hy — ha, ur — ua) |z g, 572100 (hy — h2) |12 01ms )

< 2|(h) — hy, uy — wp) ey + CT [ — pyr s — up) |y (6.3.3)

and for almost any r € (—1,0),

max({[|(hy — he,ur — u2) (1) gz, 6% 0c (h = h2) (1) |2 rs )
< 2([[(h) = b3, — ) () g + N(BY = ha,uy — u3) |y

+OT ((p, = pytts —w) ()| + I(p, = ppts — ws)ly). (6.34)

Proof. Let us denote hi= hy — ho, % := Uy — Uz, U 1= U — Uy and p = Py — Py We have
on the time interval [ := [0,7]

&J'L + (QQ + Uz)axh - Kﬁ%h =1y + o,
Ot + (ug + ug + ul) 0,0 = 13,

where we denote uj := —lifj_};fg,

Py = — (4 + W) 0phy — hoyuy, 1o = —(1 + he)d,tt

and

r3 = — (Q +Uu—K Ouh + liil( Ouhy ) Optly — (LM[Pl] - éM[BQD Ozh1 — éM[ﬁg]ﬁxh'

14+hg 14+h1)(14+h2) p B

We can now use standard estimates and transport-diffusion and transport equations ([8])
to infer that there exists ¢y depending only on s such that for almost any r € (—1,0), one

has

. . . L
max({| (-, 7z, 672 10:h (1) }) < (Ilh(t =0, ) ag +r () |y g +5 QHTQ('vr)HLQTH;’l)

x exp(co| Oruz (-, )| 11 prs1)

and

JiC ) gme < (it = 0, ) oz + s )y s )  expleoldatialc, )+ s, )] gz ).
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Using that H* (R) is a Banach algebra for all s’ > 1/2, we find that for any ¢ € [0, T]

AL, 7))

s < Mo ([t - )

||T’1(t,-,7“)| H;)’ ||T2(t7'7r)|Hfj1 < (1+M2)||u(t7'77ﬂ)|H£7

and, making additionally use of standard composition estimates in Sobolev spaces ([54

Appendix B|) and Lemma 6.3.1,

’

e h(t, )]

i < Cls, M, My, My, o) (Jar) |+ (e, -, )

s p+ ol ) My
+ M2, (t, ) .

Irs(t, )l

Finally, using product and composition estimates on uy = —k0,he + ﬁlf—ﬁné‘zhg, we have

|25 (, - 7)]

Hi! < C(M2> §71) K ”ath(t? E T)HH_S

Collecting these estimates we infer that there exists C' > 0 depending only on s, M, My, M,
such that

max({|A(, ), () g 521000, 1) 120 }) < exp(CM(T + £12TY2))
X (||(h(t = 0,-,7), it = 0, r)us + Cx™ 2T, ) gms + 52100 1z 111z)

+OMT x (|a(r) |+ |p(r) |+ plos + A, ) g s il r) g +wT 2[00 T)||L2TH;))‘

Hence there exists C' > 0, depending only on s, M, My, M5, < such that for any T suf-
ficiently small so that one has M,T < (36C)~!, (k=2 + x¥2M)T"? < (18C)~! and
MyT + Myr'2TY? < C~'1n(3/2) one has

Zmax({(h(-, r), i) gz 672100 h (-, )| 2 s )

< ;((h(t = 0,-,7),4(t = 0,-,7))|

s+ 1200l g )+ OMIT (J(r) |+ |+ 1ol )
(6.3.5)

Integrating this inequality with respect to the variable r and using Minkowski’s inequal-
ity, we infer the first stability estimate, (6.3.3). Plugging (6.3.3) in the right-hand side
of (6.3.5), the second stability estimate, (6.3.4), follows immediately. O

Remark 6.3.4. The restriction T' < k in Propositions 6.5.2 and 6.3.3 is quite stringent.
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6.3. The hydrostatic Euler equations

In [13], some improved stability estimates concerning the system (6.3.1)-(6.3.2) were de-
rived by the authors. The latter estimates exploit a partial symmetric structure of the
equations, and demand some extra reqularity with respect to the variable r. Because we
cannot afford such reqularity since our stability estimates will be used with piecewise con-
stant functions, we use in the proof of Proposition 6.5.3 in a stronger way the parabolic
reqularization of thickness diffusivity.

In order to obtain a final result on a timescale which is independent of the parameter
Kk € (0, 1] we shall exploit some a priori control on a reference solution and restrict to initial

data as well as shear velocity and density distributions that are close to the reference data.

6.3.2 Refined approximation

In this section we consider a given reference solution to the hydrostatic Fuler equa-
tion (6.3.1)-(6.3.2) and build from it a refined approximate solution associated with nearby

profiles. Specifically, let p_ ., Urer, Pret, Uret be a solution to

athref + 5:2((1 + href) (@ref + uref)) = ’fazhref;

Collut ! (6.3.6)
/{1 + href) aa:uref + 7M[Bref]axhref = O,

Eref

aturef + <uref + Uref —

where we recall that the operator M is defined in (6.3.2). Considering profiles (p,u) which
are in some sense close to (p, ., Urs) we construct approzimate solutions (happ, Uapp) as

the solutions to

Orhapp + Ou (1 + happ) (@ + Uapp)) = KO happ,

Ouh, 1 (6.3.7)
&guapp + (u + Uapp — Hthzp) &‘zuapp = —;M[B]axhref.

Notice first that (Rapp, Uapp) Satisfies approzimately the hydrostatic Euler equations asso-

ciated with profiles (p,w).

Proposition 6.3.5. For any s = 0 the refined approzimate solution (h*P, u®PP) satisfies

athapp + aﬂ?((l + happ)(ﬂ + Uapp)) = Kﬁihapp,

0l 1 (6.3.8)
/‘iHhZEp> ﬁxuapp + EM[p]ﬁxhapp = Trem

Opllapp + (u + Uapp —
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with
I7eem(t, Mgz < loloe 151z [ (hoet = happ) (£ ) Lz
Proof. We have
1
Trem('a T) = (pM[p](a’ch’app - aJ:href)> ('7 T)

T

r 0
_ f (uhany — Ouliet) (-, 1") i + p(lr) j () (Buhany — Duhrer) (-, 7") .
1 P

and the result follows since 1 < sup({p(r')/p(r) : (r,r") € (=1,0)%}) < ||BHL2(||%HLZ O

That the above remainder term 14y, s small is a consequence of the subsequent Proposi-
tion 6.5.7. We first prove that for any initial data (Rapp, Uapp)|t=0 = (", u®), the emerging
solution (happ, Uapp) s well-defined and controlled on a time interval uniform with respect
to k€ (0,1].

Proposition 6.3.6. Let s > 3/2, ¢ € (0,1), M, My, Myt > 0 and ¢ > 1. There ezists
C >0 and T > 0 such that the following holds.

Let hyet € C([0, Tre); L'((0,1); HETH(R))) be such that
”axhref”L,}r Ligs S M
ref v

For all k € (0,1], all (p,u) € L*((—1,0)) such that

and all (h°,;u®) € L*((0,1); H*(R)?) such that for almost all r € (—1,0)
VeeR, 14+h’>¢

and

UO”LZ‘H;}) < My,

there exists a unique (happ, tapp) € C([0, T*); L*((0,1); H:(R)?)) mazimal solution to (6.3.7)
emerging from the initial data (happ, Uapp)|i=0 = (h°,u°). Morcover one has T* = T,y :=

min({Tyer, T'}) and for any t € [0, Topp] and almost any r € (—1,0) one has the upper

max({”hO”L,@H;*» HI/QHhOHLgOH;,
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6.3. The hydrostatic Euler equations

bound

maxX({lapp () g gzt B2 Whapn () e, s Kl Ouhapn (o r)le, s+ [ttapn ()

Tapp
< cmax({[h°C, )] o1, £2RO(E = 0, 7) g, [0 ) s }) + C Moer.

S
Hs

Proof. The existence and uniqueness of (Rapp, Uapp) € C([0, T*); L%((0,1); H:(R)?)) maxi-
mal solution to (6.3.7) is obtained as in Proposition 6.3.2. We set T € [0,7™). By standard

estimates on transport and transport-diffusion equations ([8]) applied to (6.3.7) we have

max ({[ fapp (-, 7) ||L%‘H;*17 “1/2||5xhapp('a r) ||L2TH§’1 }) < (Hho('7 7)| gt I7app (- 7) HLlTH;*)

x exp(co||Oattapp (-, 7)| Ly 112-1));

s ({apo (), 5200 (o) g 1) < (100G ) s 72 g () .00 )

% exp(Co| Oz Uapp ()| L1 o1y
and

ltapp (-5 7) [ s < (Iluo(-,T)HH;JrH?“ref(-,T)\\L;H;) X exp(Co||Onttapp (1) +Catipy (5 ) £y rg=1)

) dzh . 1
where we denote u}, = TR, Tapp = —(1 4 happ) xllapp, Tret = —;M[p]0zhrer, and

the constant ¢y depends only on s.

Now we notice that for almost any r € (—1,0),

Hy! < C([happ(t; -, )HH;—1,§_1)/<;||0'3xhapp(t,-,r)\

”6 uapp( T)| H3
”rapp(t’ ) T)| H: ! < O(Hhapp( » )‘ H5*1)|‘uapp(t7 '>T)| H»
Ires (8, )y < C ol |52 ) | Onhoer (£, <)

From this we infer that there exists C', depending only on s, |[Aapp (-, 7) ||L%‘H;_1 s el % [r2
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such that

uapp('aT)HL%‘Hﬁ})

u () g}

maX({ ”happ('7 T) ”L%‘Hj_la 51/2 ”happ('a T) ||L§H§7 H”axhapp(H 7“) ||L2TH§>
< (max({IR°C, ) gz, K2R = 0, 7)

+ C(T + TY) | ttap (-, 7)1 + CuémhrefupTL;H;)

S
H3

X exp(CT |vapp (1) [ Lpm; + OTI/Q"G”@:happ('v T)“LQTH;)

By the standard continuity argument, we find that

Uapp T)“L%;WH‘;})

H }) + C1]\4ref

maX({ ||happ(-, 7") ||L%;ppH§_1’ /11/2 ||happ(-, 7“) ||L"Tf;ppHg, /€||(9xhapp(-, 7’) ”LQTappH;’

< e max({|R0(, )| o1, #7210 = 0, 1) ass, [0, )|

H3,
for almost all € (0,1) and for all T,,, € [0, 7] such that

(Topp + THH My < C 1

app

where C' depends only on s, ¢, M, cM,. This concludes the proof. O

We conclude this section by investigating the difference between the reference solution

and the refined approzimate solution.

Proposition 6.3.7. Let s > 3/2, ¢ € (0,1) and M, Myes, Moy, > 0. There exists C > 0
such that the following holds.
Let k€ (0,1], T'> 0 and let p_;, U, p,u € L be such that

(g 7o )l < M.

) ;
Lref Pret’ &

Let (hyet, uret) € C([0,T]; L*((—1,0); H1(R)?) be a solution to (6.3.6) (that is (6.3.1)-
(6.3.2) with (p,u) = (p, ;s Ure)) defined on the time interval [0, T] and satisfying

H (href7 uref) HL%‘LZ“H;ZH < Mref*

Let (Rapp, Uapp) € C([0, T]; L®((—1,0); H*T1(R)?) be solution to (6.3.7) defined on the time
interval [0,T] and satisfying

H(hapmuapp)”L”T’“‘L%‘H% + "31/2 HazhappHL;LLQTH; < Mappv
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6.3. The hydrostatic Euler equations

and such that for all t € [0, T] and almost all r € (—1,0)

}Crelﬂg 1+ hyet(t, 2,7) =6, giclgﬂgl + happ(t, z,7) = .

Then one has

H(href - happ> Uref — uapp)('7 71)||L§H_; < (H(href - happ: Uref — uapp)(t 07 >T)||H§
+ Ok ([P = £y et = w0+ (2 — B)HL;)) exp(CT/k). (6.3.9)

—p. We

= U —uand p=p .

Proof. Let us denote hi= hyet — Papp, U = Uyef — Uapp, U
have on the time interval I := [0, 7] for which both function are well-defined

Orh + (U + Uapp)Ouh — KO2h = 11 + 19,

oy + (g + Uapp + u;pp) Ol = T3,

where uy = — fﬁ‘:‘;‘;,
11 = (U 1) Ophrer — hOytirer, T 1= —(1 + happ) 0yl
and
rs = — (Q +U— Hl_fiilpp + “h(uhrf:)}(lﬁhapp)) Oplyef — <iM[Bref] — iM[BD OpPyef.

We can proceed as in the proof of Proposition 6.3.3 with some straightforward adjustments

as for the contributions of r3 since the contribution _%M[B] d,h is nonexistent.
We infer that there exists C' depending only on s,¢, M, My, M.t such that for all
k€ (0,1] and Ty € (0,7 such that C'Ty < &, one has for almost any r € (—1,0),

1 +C*To (1p(r) [+ |a(r) [+ 2] ).

wax({]| (o, @) (-, )z, 11z 51210001 g, p}) < 20(h i) (8= 0,-,7)]

[terating this control on T, := min({nkx/C,T}), we find that
iz + C2°k (Ip(r)] + ()] + 2]z).

[y i) (), s < 2" (R i) (t = 0,-,)]

which yields the claimed estimate.
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6.3.3 Convergence

We now conclude our analysis with the following stability result for solutions to the

hydrostatic Euler equations.

Proposition 6.3.8 (Convergence). Let s > 3/2, M, My, My > 0, and k € (0,1]. Then
there ezists C,T independent of k and 6y > 0 (depending on k) such that the following
holds.

Let (p, ;> Urer) € L®((—1,0))* and (hyet, urer) € C([0,T]; L*((—1,0); H*"2(R)?) be a
solution to (6.3.6) (that is (6.3.1)-(6.3.2) with (p,u) = (p,; Uwer)) defined on the time
interval [0,T] such that

[ 5 Mee < My (oot tret) | g prze2 + [0 Tretll g 1y pgee < M
—Te

Let (p,u) € L*((—1,0))% and (h°,u’) € L*((—1,0); H***(R)?) be such that

[p, e < M, (00, 67200 | e ravr + Nl e < Moy

r

and

H(Qref = P Upef — u) L+ ||(href|t=0 - ho, Uref|t=o - UO)HL}.HSH < do.

Then (h,u) € C(]0,T*); L*((—1,0); H*"?(R)?) the mazimal-in-time solution to (6.3.1)-
(6.3.2) emerging from initial data (h,u)|=o = (h°, u®) is defined on the time interval [0, T
and we have for almost all r € (—1,0),

H(href_hv uref_u)('7 T)HL;’;H; < (”(href_h,uref_u) (t = 07 ) T)|

| (Prep = £ tret = W) ()] + (P = 5 Urer — @)HL;) x Cexp(CT/k). (6.3.10)

1 | (Pret =hs rer =) (8 = 0, )| s

Proof. We first recall that Proposition 6.3.7 provides an estimate on the difference be-
tween the reference solution (Arer, tret) € C([0,T]; L®((—1,0); H**%(R)?) and the corre-
sponding approximate solution defined as the solution to the system (6.3.7) with initial
data (happ, tapp)lt=0 = (h°, 1), (happ, tapp) € C([0,T]; L®((—1,0); H;"*(R)?)), whose ex-

istence and control on the time interval [0, 7] (lessening 7T if necessary) is provided by
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6.3. The hydrostatic Euler equations

Proposition 6.3.6. Specifically we have for almost any r € (—1,0)

| (Pret — Papp, Uret — uapp)('>r)||L“§H;+1 < (H(href — Napps Uref — Uapp)(t = 0,-,7)] HEt!

O (D = et — )]+ (0, = Pl2) ) exD(CT /),

where C' depends only on s,¢, M, Mo and M,.

We then consider the difference between the exact solution
(h,u) € C([0,T*); L*((—1,0); H:™%(R)?)) —whose existence is provided by Proposition 6.3.2—
and the approximate solution. By means of the consistency result, Proposition 6.3.5, we

can adapt the proof of Proposition 6.3.3 and we find that under the assumptions that

0 J,00 s 1/2 T2 s < i 2
I(hsu)llezrzm; + 577 |Oohl| L2y < M and comes St o1t Mt x,r) =<
(6.3.11)

there exists C' > 0 depending only on s,¢, M, M,e, M such that for all x € (0,1] and

t € (0, min({7",7*})) such that Ct < k and for almost any r € (—1,0) one has

max({[[(h = Papp, u = tapp) (-, 7) [ 1155 5[0 (B = Papp) (-, 7) | 2122 })
< QH(h — happa u — uapp)(t = 0, ' r)“LZ“H; + Ct ||(href — happ)(t; ')HL}H;JA'

Iterating the stability estimate on 7T}, := min({nTy, T'}) we deduce that (augmenting C' if

necessary)

max({|(h — happ, & — wapp) |27 Lz 5172100 (h — happ)|p 12112 })

< exp(CT/R)[(h — happ, u — Uapp) (t = 0, )| 221z + Crexp(CT/k) || hrer — happ”L%‘L}Hﬁ“'

Since by construction (happ, Uapp)|t=0 = (h, u)|t=o and using the above control on hyer —Rapp

we infer (augmenting C' if necessary)

max({[(h — happ, u — uapp)||L§”L;“H£7 “1/2”60601 - happ)”L;f-‘LfH;})

< Crexp(CT/) || (rrer—h, ther=u)(t = 0,)] 1z +C (5 exp(CT/5))” [ (0,0 = P threr—0) |-

Notice that this estimate implies by triangle inequality an upper bound on ||(h, u)| L Lz s +
el e 1253 Which (choosing M sufficiently large and dy sufficiently small) enforces

strictly the condition (6.3.11), so that by the standard continuity argument the above
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holds without restriction on ¢ € (0, min({7,7*})). By the persistence of regularity stated
in Proposition 6.3.2 we infer that 7% > T and the above holds for any t € (0,7]. The
estimate (6.3.10) then immediately follows from the triangle inequality. O

Thanks to Proposition 6.2.8 (concerning the well-posedness and control of solutions
to the bilayer system) on one hand and Proposition 6.5.8 (concerning the control of the
deviations of nearby solutions to some given reference solutions) on the other hand, one
infers immediately the announced rigorous justification of the propagation in time of the
columnar motion and sharp stratification assumptions in near-bilayer situations (within

the hydrostatic framework). Specifically, we have the following result.

Theorem 6.3.1. Let s = so > 3/2, M >0 ,My>0,c€(0,1), and k € (0,1]. Then there
exist C' > 0,T > 0 independent of k and &y > 0 (depending on k) such that the following
holds.

Let (p,u) € L*((—1,0))? and (h°,u°) € L*((—1,0); H***(R)?) be such that

r

”(Ba E)HLI‘ < M, H(hov’fl/Qaa:hO)||L;ﬁ‘H;“ + ”uO”L;ﬁ‘Hj*Z < Mo
and there exists (ps, po, Hy, Hy,, Uy, Uy) € RS such that H, + Hy, = 1 and U, + U, = 0
as well as (H?, HY, U2, U?) € H**4(R)? x H**3(R)? such that the hyperbolicity condition
holds:
Vo e R? (Ps:pb,ﬂs + Hg(m)’ﬂb + H£($),QS + USO(Z'),QI, + Ul?(x)) € pga

where p¢ is defined in (6.2.5), and

|(H, 1y, U], Uy, ko, HY, k0, 1))

Hs+3 < MO

and such that denoting (p), upy, hiy, upy) through (2.2.16) we have

|(hay — RO, upy — UO)”L;H;“ + (py, = P>y — )| 21 < o,

then

1. there emists (Hg, Hy, Uy, Uy) € C(|0,T]; H*T3(R)*) solution to (??) emerging from
the initial data

(HS7 Hb7 U87 Ub)‘tzo = (H27 Hl?? US’ Ul?)7
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2. there erists (h,u) € C([0,T]; L*((—1,0); H*"2(R)?) solution to (2.2.13) emerging
from initial data

(hv u)|t=0 = (h()? UO);

5. denoting (p,, upl, ho1, unt) through (2.2.16) we have for almost all r € (—1,0),

o=, un=) () < (1=, =) ()

+ (o = £y um = w)(r)] + [y, — pr e — u)HL;) x Cexp(Ct/k).

Hy T H (hgl—ho, UIO)I_UO) HL}HiH

Remark 6.3.9. Proposition 6.5.8 is not limited to the bilayer framework and applies to
any suitably reqular reference solution. Hence it can be combined with results analogous
to Proposition 0.2.8 to provide results analogous to Theorem 6.5.1 in the one-layer and
multi-layer frameworks.

We recall that the result analogous to Proposition 6.2.8 in the one-layer framework
(that is associated with the standard shallow water equation with thickness diffusivity that
was discussed for instance in [37]) is stated and proved in Proposition 3.2.9. Notice it
requires neither the discussion on the hyperbolicity domain of the non-diffusive equations
(since the standard non-cavitation assumption gquarantees hyperbolicity) nor the discussion
on the parabolic regularization of the total velocity (since the natural symmetrizer behaves
well with diffusivity contributions).

A result analogous to Proposition 0.2.8 in the multi-layer framework follows from
combining the result of [27] with the analysis of Section 6.2.2. In the former, it is proved
that assuming sufficiently small shear velocities is a sufficient condition for the (strict)
hyperbolicity of the multi-layer system in the stably stratified situation. Notice however
that this smallness condition is implicit, and not uniform with respect to the number of

layers.

6.4 Conclusion

In this chapter we recalled some known results of the bi-layer shallow water system with
and without thickness diffusivity (k). We showed that for any sufficiently reqular initial
data satisfying some hyperbolicity criterion, strong solutions to the bilayer shallow water
system (6.2.6) exist and are controlled on a time interval which is uniform with respect to

0 < k < 1, moreover we rigorously proved the expected strong convergence as k — 0 (see
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Proposition 6.2.9). Furthermore we studied the hydrostatic Euler equations. We provided
some stability estimates with respect to perturbations of the equations and of the data using
suitable distances. As a second step we introduced approximate solutions associated with
some given reference exact solution and close-by data. Building upon these approrimate
solutions, we proved Proposition 6.5.8 which controls the difference between the reference
solution and exact solutions to the hydrostatic Euler equations emerging from close-by
data. Together, Proposition 6.2.8 and Proposition 0.5.5 provide the announced rigorous
justification that for initial data suitably close to the bilayer framework and satisfying
some hyperbolicity criterion limiting in particular the admissible size of shear velocities,
the emerging solutions to the hydrostatic Euler equations remain close to the solution
predicted by the bilayer shallow water system on a relevant timescale (independent of
k)(see Theorem 6.3.1).
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CHAPTER 7

TECHNICAL TOOLS

In this section we provide several preliminary results that will be used throughout this
paper. In particular, we provide embeddings, product and commutator estimates adapted
to our functional framework, and which mostly follow from standard estimates in Sobolev

Spaces.

Before stayting these results we introduce notations.

7.1 Notations

— For any a, b € R, we use the notation a < b if there exists C' > 0, independent of
relevant parameters, such that a < Cb.
— We generically denote by C(---) some positive function that has a non decreasing

dependence on its arqguments.

— We set
0 ifa<b,
<Ba>a>b = {

B, otherwise,
— We denote A = (Id — 0%)"2, so that for all s = 0, H*(R) = {f € L*(R); A°f ¢
L2(R)}.
— Let I be an interval and X a Banach space equipped with the norm | - |y then we
define the following spaces

e Forl < p< oo, the space LP(I; X) consists of all strongly measurable functions
f:1— X, such that

L||f§(<oo,

equipped with the norm

”f”Lp(];X) = (J; |f||§<)p
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When p = o, the space L*(1; X) consists of all strongly measurable functions
f I — X such that

£ 1) = sup ] £@)

where sup denotes the essential supremum.
e The space C(I; X) consists of all functions f : I — X, that are continuous at
every point of 1.
Where f is said to be continuous at xo € I, when f(x) — f(x¢) in X as
T — xg.
— When useful, we provide insights on the variables at stake in aforementioned func-
tional spaces by means of subscripts. For instance for f : (z,r) € R x(=1,0) —

f(z,7r) € R we may denote

[l = esssup ({[£C.r)m= . 7€ (=1,0)}).

— We sometimes also use subscripts to provide information on the interval at stake in
functional spaces. For instance for T > 0 and f: (t,z) € [0,T] x R — f(t,x) e R

we may denote

|fllzzm; = esssup ({1 (£, )| m= , t€[0,T]}).

— Let A = (Aij)i<ijen and U = (Uy,--- ,Uy)" where A;;,U; are in a suitable func-
tional spaces such that the linear operator P is well defined on that space (most of
the time P = A with s =2 0 or P = 0% with o € N) we define the commutators

[P,AJU :
[P;A U] :

(AU)
(AU)

AP(U)

=P
=P AP(U) — P(A)U.

For the definition of the operators (D), M...) and other definitions used in this manuscript

one can return to section 4.1 and section 5.1.

We conclude this section by introducing a new type of commutator adapted to the

Leibnitz formula displayed in Lemma 7.2.1 below.
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Definition 7.1.1. Let A, Be R”Y, j € {0,1,2}, we define, the following commutators:
[07D;, Al B := 07 (D,(AB)) — (M A)(0;D;B),

[[8§Df;; A, B] := é‘g‘(Df,(AB)) - (MjA)(ﬁg‘Df)B) - (MjB)(é‘g‘Df,A).

7.2 Adapted classical results

Recalling the convention that M° = Id, we have

[0°D°, A] B = [0°, A]B,

x = p

[02D0; A, B] = [03; A, B.

Lemma 7.2.1. Let N € N*, F,G € RY, we have the following identities:

1. (Abel’s summation)
S(FG) = F(SG) — So((D,F)(R,SG)).
2. (first order Leibnitz formula)
D,(FG) = (D,F)(MG) + (MF)(D,G).
3. (second order Leibnitz formula)
D2(FG) = (D2F)(M*G) + (M*F)(D2G) + 2(MD,F)(MD,G).

Proof. 1. Let F = (Fy,--- ,Fy)'eRY, G = (Gy,---,Gy)" € RY, the identity results
from the fact that

N N N-1 N
ZF}G]_EZG’C:_Z(FJ_FJJFI) 2 Gk, VZE{l,,N—l}
J=i k=i j=i k=j+1

2. It results from the fact that

(FGQ)iy1 — (FG); = (2+1) (Giy1 — Gy) + <2+1> (Fip1 — F).

~

3. It results directly from multiplying the first order Leibnitz formula by D, and reap-
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plying this formula a second time using the fact that [N),JM = MD,.

Lemma 7.2.2. Let N € N*, F e RY. For any p,q € [1,0] the following estimates hold

true:

| F |, <|F|,, whenp <gq.

I Tl

042

<1l; |S Hlp_m < L.

The same continuity estimates hold for Sy instead of S.

The following Lemma provides a continuous embedding for the space H*tY/21(R) with
a continuity constant that is uniform with respect to the dimension parameter N. This es-
timate will be very useful and frequently used throughout this paper in order to obtain sharp
estimates when using the energy method. In the proof of this Lemma we mimic the proof
of Lemma A.1 in [13] which provides the analogous result in the (infinite-dimensional)
continuous setting. Moreover the proof relies on the use of the operator SoD, which has
an almost Identity like behavior, in addition to an auziliary function ¢ carefully chosen
such that it can receive the unwanted discrete derivative and enables us to have a sharper

estimate, and finally the proof is achieved by the use of Parseval equality.

Lemma 7.2.3. Let N e N*, se R, F e H5+%’1(R). There exists C' > 0 independent of
N such that

|AF ”l‘f(L%) <C|F] HetEL
%
. K_M —
Proof. Let us assume that N is even, and define ¢ := (1,--- , 1, %, e ,%, %,O)t e RV,
y
2
—
hence D,(¢) = N(0,---,0, %, e %)t Furthermore we notice that

[¢li <1, [Dp(@) ] < 2.
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Let i e {1, R %} Using Lemma 7.2.2 with Parseval equality we have

INF 1, = [ AR
- | (sa(outotaFy))
= | (so(Mo)0,aF)) + [ (So(MAFI(D,(00))

JR i @

_ 2JR (so((qu)(As—%DP(F))(MAS+§F)))Z N JR (so((MAFP)(D,(0)))

<2(0 f (A (D, (F)) (A F) [ + j IM(A®F)2 | |D,(6) |ir

2
HS-%—%J :

7

%

< [ F

Let F} := Fy_;4; for i € {1,--- N} and from what proceeds and for i € {1,--- ,%}

we have
s 12 s+i 2 s—% oy 12
[ NF [ S TAT2E [iagrg) + 1 A2 (D, F) l s -

Hence the result follows immediately since || AS_%(DpF) Ly = | AS_%(DPF) li2(z2) and
| As*+3 F 22y = | AS*FIF li2(12)- We can easily adapt this proof when NV is odd. O

We first collect some useful facts concerning the discrete derivation operator.

Lemma 7.2.4. Let N e N*, F e RN h, > 0 and H € R such that {lian}ﬂi > h,.
1€{1, -,
Then there exists C'(h,') independent of N such that

1. |Dyg |y < C(h")|DH |, and | D24 |, < C(hyY) (|D2H |, +[D,H 1)
Proof. 1. We have for i € {1,--- | N — 2}

1 1 2 1
D2— ) =N?[ — —
( H) <Hi 7 +Hi+2>

_ N2 (2(H1+2 B ﬂi-&-l)(ﬂi-&-l B ﬂz) — ﬂi+1(ﬂi+2 B 2ﬂi-ﬁ-l + Hz))
HiH; 1 Hio

and the result follows immediately.
0

The upcoming Lemma 7.2.5 and Lemma 7.2.6 are generalization of the classical product

169



Part , Chapter 7 — Technical tools

and commutator estimates in Sobolev spaces adapted in the case of the Sobolev space H>*

for N dimensional vector fields.

Lemma 7.2.5. Let N € N*, t5 > %

1. For any s, s1, So € R such that s1 = s, ss = s, s+ S2 = 0 and s1 + s9 = s + 1o,
there ezists C' > 0 independent of N such that for any (p,q) € {(2,0),(0,2)}
and any F = (Fy,--- ,Fy)' € (Hsl(Rd))N and G = (G1,--- ,Gy)' € (H2(R?) N
FG e ’(H*(RY)) and

C || F | Hsl+%,1 H G | H52,0
| FG ey < CIF ligasny | G lliaqusy < 3 or
ClF oo lG 1 opszn

2. For any s = —ty, there exists C > 0 independent of N such that for any (p, q), (p,q) €
{(27 OO), (OO, 2)} and any F = (F17 T 7FN)t € (HS(Rd))N and G = (G17 o 7GN)t €
(H\®RH) A (H(RD)Y, FG € 2(H*(RY)) and

| FG sy < C 1 F lgrgoy | G liagizy +C {1 F iy | G o),

| F| x40 | G
<C<K or
| F|

Hs,0

2a 1G]

Hmax(t0+% Hmax(t0+%,s),1

3. For any s € R and s1, so € R such that s; = s, ss = s —1 and s1 + s = s + tp,
there exists C' > 0 independent of N such that for any (p,q) € {(2,0),(w0,2)}
and any F = (Fy,--- ,Fy)' € (Hsl(Rd))N and G = (Gy,--- ,Gy)' € (H®
[A*, F1G e (L2RY))" and

N
—~
s
ISH
~—
N—

C|F|
ITA% F1G liaqrz) < CIAE [ingag) | A% G liaquzy < 4 or
C|F|

Fe1+El | G 20

PO [€F IS

4. For any s = 0, there exists C' > 0 independent of N such that for any (p,q), (p,q) €
{(2,00), (00,2)} and any G = (Gy,--- ,Gy)' € (Hs_l(Rd))N andany F = (Fy,--- ,Fy)t €
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(L2(RY)™ with 0,F; € HY(R?) ~ H°(RY), one has [A*, F1G e (L2R%)" | and

A%, F1G |2 12 < C A (0F) [pngay | A7 lagrey
+ C (| A Y8 F) lipry | AG haray )

H 6Z‘F |‘Hmax(t0+%,57%),l || G ‘

s>to+1

Hs—1,0
<CA{ or
H aCEF HHmax(t0+%,s—1),l || G HHmax(s—l,t0+%),1

5. For any s = 0, there exists C' > 0 independent of N such that for any (p,q), (p,q) €
{(2700)’ (0072)} and fO?" any F = (Flu e 7FN)t7 G = (Gla' o aGN)t with -Fsz €
H*(RY) n HoTY(RY) for allie {1,--- N}, one has [A*; F,G] € (LQ(Rd))N and

1A% F,GTle e < CIA M F lngray AT G llauay + TA T F iagray TAFG o)

| F L scor oo |G mecmtiorns
<C< or

| £ |G

Hmax(t0+% Hmax(t0+%,571),1

The result holds true if we replace A* by 0% for 0 < o < s.

Proof. 1. The proof results immediately from the following classical product estimate

in Sobolev spaces for scalar function f, g

| fg

T (72,1

ws <C|f]
then conclude with Lemma 7.2.3.

2. The proof results immediately from the following classical tame estimate for prod-

ucts in Sobolev spaces and for scalar function f, g

1£91ms < C1F lgto |19z +C(UF s 1910 ) (7.2.2)

)
s>tg

then conclude with Lemma 7.2.3.

3. We fix (p, q) € {(2,0), (20, 2)} and we have [A*; F|G = ([A®, F;]G;),, hence the proof

results immediately using the following classical commutator estimate in Sobolev
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spaces for scalar functions f, g

ITA® flglle < TA Iz 1A™g | 12, (7.2.3)

then conclude with Lemma 7.2.3.

4. The proof results immediately from using the following classical tame estimate for

commutators in Sobolev spaces for scalar functions f, g

1A f1g |2 < LA @ef) |2 1A g Nz +C (I A0 f) 2 1A ] 2)

s>to+1 ’

(7.2.4)
then conclude with Lemma 7.2.3.
5. We have [A®; F, G| = (A*(FG;) — A*(F;)G; — FiA*(G;)),, the result follows imme-
diately by using the following classical estimate for the symmetric commutator and
for scalar functions f, g, where [A%; f, g] := A*(fg) — fAg — gA*f € L*(R)

A% foglle < CLF Lo [ 91— +C T Tz 119 o, (7.2.5)

then conclude by Lemma 7.2.3.

Lemma 7.2.6. Let N € N*, t; > % then we have the following

1. Let s € N such that s = tg + %, then there exists C' independent of N such that for
any F,G € H* ke {1,2} we have

| FG

ok < O F|

won | G

Hs:k +

2. Let s € N such that s > tg + %, then there exists C' independent of N such that for
any F,G € H*? it holds

| FG e < CUF | gon | G llgemrn + 1 Fllga-ra | Gl o) -
Proof. 1. Let F,G € H*! then by Lemma 7.2.1

| FG

o = | A°(FG) H122(Lg) +[ A*TH(D,(FG)) H122(Lg)
S [ A(FG) [aggzy + [ A7 (MF)(D,G)) llpzy + | A7 (MG)(D, ) [y
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Since s = tg + 3, and using Lemma 7.2.5 (2) we have

| A*(FG) liprzy = 1 F

o [ G

Hs:1»

and

[AHME)D,G) [l ray S I F [17en |1 G

Hs.1 -
Symmetrically | A*~'((MG)(D,F) li2(zay < | F | goa | G llggen. Consequently H>' is

a Banach algebra.

Let F,G € H*? then | FG 3.0 = | FG |3on + | A2(D2(FQ)) ||122(L2). Using the fact

that H*! is a Banach algebra we have

| FG

aor S| F

poa | G

Hs2 -
By Lemma 7.2.1

D2(FG) = (M*F)(D2G) + (M?G)(D2F) + 2(MD,F)(MD,G).
Then by Lemma 7.2.5 (2)

| A2 ((MPF)(D;6)) g2y < I F|

o | G

Hs:2 -

Symmetrically we deduce that | A*~*((M*G)(D2F)) 22y < | F]

over by Lemma 7.2.5 (1) we have

o2 |G

s1- More-

| A*72((MD,G)(MD,F)) [22) < | F g2 | G

Hs2 -

2. The proof follows the steps seen previously in 1 with this time using Lemma 7.2.3
and Lemma 7.2.5 and choosing the convenient values of p, ¢, p, ¢, in addition relying
on the fact that s > tg + % when estimating.

m

The following Lemma is an adaptation of the classical commutator estimates in Sobolev

spaces to the case of N dimensional vector fields, contrary to the previous Lemmas the
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derivation operator includes spacial derivatives represented by 05 and discrete derivative

represented by Df;.

Lemma 7.2.7. Let N € N*, to > 1, then the following holds

1. Let s e N with s >ty + %, then there exists C' > 0 independent of N such that

— ForanyaeN, with ) <a <s
107, F1G |2y < CNE oz | Gl gorir -

The result holds true if we replace 0 by A°.
— Forany je {1,2} and a € N such that 0 < a < s —j

[[63D5, FIG g2y < C'| F|

woo | G

Hs—17 -

The result holds true if we replace 0% by AS77.

2. Let s € N with s > 2 + %, then there exists C' > 0 independent of N such that for
ae N with 0 < a < s—2 we have

11920, F1G 212y < C[ F'|

woe |G

Hs—2,1 -

The result holds true if we replace 0% by A*~2.

3. Let s € N with s = ty + g, then there exists C' > 0 independent of N such that for
any j € {1,2} and o € N such that 0 < o < s — j then

w1z | G

Hs—1,2 -

110205, F. G |22y < C'|| F|
The result holds true if we replace 0¢ by A*77.

Proof.

1. Using Lemma 7.2.5 (4) we have

4G

w0+ | 0 F|

I[85, F1G liqugy < € (| :F | P el e

Ht0+%
For j =1and 0 < o < s — 1, we have by Lemma 7.2.1 and Lemma 7.2.5 ((2) and
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(4))

[02D,, FIG = 37(D,(FG)) = (MF)(7; (D, ()
= 07 (MF)(D,G) + (MG)(D,F)) — (MF)(2; (D,G))
= [2,MFID,G + 77 (MG)(D,F))

S [ MF| 3 [ DG [ om0 +[ D F| wna MG

Hmax(t0+%,s Hmax(to#»% Hmax(to#»%,sfl),l .

For j =2 and 0 < a < s —2, we have by Lemma 7.2.1 we have by Lemma 7.2.1 and
Lemma 7.2.5 ((2) and (4))

[0:D}, FIG = 07 (Dy(FG)) — (M*F)(95(D;G))
= [05, M?F|D2G + 205 (MD,G)(MD,F)) + 03 ((D2F)(M*G))
S NOMF || i om 1 [ D56 lpromso + IMDLF | ascig oo a [MD,G |
+ | DoF [ jga20 [ M*G |

Hs—2,0

Hmax(t0,372)+%,1 .

. The result follows from the fact that
02D, FIG = [0, MFID,G + 22 ((MG)(D,F))

and using Lemma 7.2.5 (2) and (4) and choosing the corresponding (p, ¢) € {2, 0}

with ) = s — %, then using Lemma 7.2.3.

. For j =1and 0 < a < s — 1,we have by Lemma 7.2.1 and Lemma 7.2.5 (4)

62D, F,G] = 22(D,(FG)) ~ (MF)(@:D,G)) — (MG)(:D, F)
= & ((MF)(D,G)) + & ((MG)(D,F)) — (MF)(5D,C) — (MG)(@5D, F)
= [0%,MF]|D,G + |03, MG]|D,F
< |aMF| R TS el T

£ MG

Hmax(to + %

a2 | Do F |

Hmax(to—}-% Hmax(to—}-%,s—Z),l .

For j =2 and 0 < o < s — 2, we have by Lemma 7.2.1 and Lemma 7.2.5 ((2) and
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(4))

[02D%: F,G] = 03(DA(FG)) — (M*F)(02D2G) — (M*G)(0;D2F)
=%ﬂ( F)(M*G) + (D3G)(M?F) + 2(MD,F)(MD,G))
— (M*F)(05D2G) — (M’G)(62D2F)
= [03, M*G]D2F + [03, M*F]D2G + 205 ((MD,F)(MD,G))
< [ 0M?G || axcrg g omnn | DO F | ggemso + || 0:M?F'|
+||MD,F|| MD,G |

DiG ||Hs—3,0

Hmax(t0+%,s—3),1 H

Htrlax(t0+%,s—2),l H Hmax(t()+%,s—2)’1 .

This concludes the proof. O

Difficulties arise when estimating nonlinear and non-polynomial quantities in the space
1

1
H+H H

H**_ In the following Lemma we tackle the problem specifically for the quantity

which arises naturally in several places.

Lemma 7.2.8. Let h,, M,M* > 0, tg > % and s € N such that s = ty + %, there exists

C(h,', M, M*) > 0, such that for any N € N* and any H € w>*, H € H**(R), satisfying
|ﬂ|w2,q, <M7 ||H||Hs—1,1 < M*,

inf H, + Hi(x) = hy,
(z,i)eR x{1,--- ,N}

the following holds

1 1

- — <CMhL M, MY | H| .o 7.2.6
TR |, <O M) | H 726)
G < C(ho', M, M*) | H| (7.2.7)

H+H H Hs—1.1 h o Hem bt o
Proof. Forie {1,---, N} fixed, since s is sufficiently large we notice by Sobolev injection
that H; vanishes at infinity as a consequence we have H;, > h,. Let ( Hi = = %) =
HiH — HL = ¢i(H;), where p; € C*(R;R) such that ¢;(x) = H_IH — Hi when H, +

x > h,, moreover we notice that there exists C(a,h;!')(independent of i) such that
| o' | (st +oop < Clas hi), using the fact that H € w*® we can choose ; in such
a way that there exists C'(, h,!) (independent of i) such that | |,.. (= h—H.)) S

C(a,h;'). Hence using the composition Lemma in Sobolev spaces (see Lemma A.4 in
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[13]) and Lemma 7.2.3 we have
< O N H o) | H

1 1
(i n)
H+H H 12(L2)
1 1
Asfl .
(e n)

By Lemma 7.2.1 and Lemma 7.2.4 we find that

(7.2.8)

Hs0 -

oo (7.2.9)

< C(h;17 ” H ”l“fJ(H;O)) ” H‘
12(L2)

1 1 H
— = <CONH|e0) :
ﬂ+H ﬂ Hs:2 E+H Hs:2
1 1 H
- — <ChIYLH| ) |—— .
‘H+H H| o1 (s H ) H+H|po

We have for i e {1,--- /N — 1}

(O (vm)), = [ (B2 ) eovon e (55
1

X )
(H; + Hi)(H; o + Hiyr)

then

00 (g g7) = =@M + OMTR (57 )Re (5357

We have for i e {1,--- N — 2}

<D” <Rd <H i H) R (Hi H))) T (H+ H)zfl(l\?[ip(lf:)(@)w + Hita)

and hence

D? (H[jH) :[ —(D2H)(MPH) + (D§H)(M2H)]M (Rd (HiH) R, (HiH))
—2[-M((D,H)(MH)) + M((D,H)(MH))] (MD,(H + H))

1 1 1
X RaRaq (H T H) RaRy <H+H> RuRy (H T H> :

Using the previous equalities and the following arguments
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— The spatial derivatives commute with the operators Rq, Ry, , M, D, D/QJ.
— The operators Rq, Ry, M are bounded in [? and [*.
— Lemma 7.2.6 and estimates (7.2.8) and (7.2.9).

We obtain . )
- rr <Ch71 H 2,00 4 H s—1,1 H 5.2 -
| S O H e H e )
1 1 B
H+H - E et < O(h* 7|ﬂ|w1,w7 ||H|H571,1) ||H|HS*1’1'

Hence the proof is then completed since the constant C'is increasing in its arguments. [

We conclude this section by collecting continuity estimates on the operator Py defined
by
C([psurfa pbott]) I RY

Py :
" f o (F(pi))1<ien

Lemma 7.2.9. Let s € N, s = 2 there exists C > 0 such that for any N € N* and any
f e X©*2(Q) the following holds

| Pxfl

o0 SO flogsor PN

wor SO lpsn 1PNF]

o2 SO sz

Proof. Tt is immediate that

| Pnfl

2 2
R A TP

For i € {1,--- N}, using the mean value theorem

| 1N ) = A ) e < 100 g,
R

hence || A*7'D, Py f ||12(Lg) < | 0of HL;[‘(Hj*l)v and || Py f | rea < (]| HL;@(H;) + | 0o f HL;“(H;’l))'
Using the Taylor expansion for the map o —> A*"2f(-, o) we have

J | N> (A2 f (2, pi) — 20572 f (2, pig1) + N2 f (0, piya)) |2 dr < 2| aiAS_Qf Hiéw(L%)’
R
consequently,

IADRPY ey < 200N F gz -
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This concludes the proof. O
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Résumeé : Dans cette thése, nous établissons
rigoureusement des ponts entre les écoule-
ments continument stratifies et les écoule-
ments multi-couches. Dans une premiére par-
tie, nous considérons le systéme de Saint-
Venant multi-couches avec un terme supplé-
mentaire diffusif qui a un effet régularisant,
dont la motivation provient des travaux des
océanographes Gent & McWilliams sur le
mélange isopycnal et la diffusivité des tour-
billons, et qui pourrait étre interprété comme
un terme de turbulence. En exploitant la struc-
ture de ce systeme, nous obtenons un dic-
tionnaire qui nous permet d’interpréter ce sys-
teme multi-couches comme une discrétisation
de la formulation en coordonnées isopycnales

du systéme hydrostatique continument strati-
fié avec le terme diffusif de Gent & McWilliams
ajouté de maniere similaire. Nous montrons
la convergence de la solution discrete vers
la solution continue a mesure que le nombre
de couches tend vers l'infini, et nous fournis-
sons un taux de convergence explicite. Dans
une deuxieme partie, dans cette these, nous
abordons la limite "inverse", nous montrons ri-
goureusement que, sous certaines conditions
d’hyperbolicité et dans un cadre topologique
bien choisi, la solution du systeme continu-
ment stratifié converge vers le systeme de
Saint-Venant bi-couches dans la limite de stra-
tification nette.

Title: Continuously stratified models and multi-layer systems for geophysical flows

Keywords: Non-linear PDEs, oceanography, density stratification, Hydrostatic models, shallow

water systems, Gent & McWilliams parameterization

Abstract: In this thesis, we rigorously es-
tablish bridges between continuously stratified
flows and multi-layer flows. In the first part,
we consider the multi-layer shallow water sys-
tem with an additional diffusive term that has
a regularizing effect, motivated by the work of
oceanographers Gent & McWilliams on isopy-
cnal mixing and eddy diffusivity, which can be
interpreted as a turbulence term. By exploiting
the structure of this system, we derive a dictio-
nary that allows us to interpret this multi-layer
system as a discretization of the formulation
in isopycnal coordinates of the continuously

stratified hydrostatic system with the Gent &
McWilliams diffusive term added in a similar
manner. We demonstrate the convergence of
the discrete solution to the continuous solution
as the number of layers tends to infinity, and
we provide an explicit convergence rate. In
the second part of this thesis, we address the
"inverse" limit. We rigorously show that, un-
der certain hyperbolicity conditions and within
a well-chosen topological framework, the solu-
tion of the continuously stratified system con-
verges to the bi-layer shallow water system in
the limit of sharp stratification.
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