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Chapter 1

FRENCH INTRODUCTION

1.1 Contexte général

Les océans, en tant que composants essentiels de notre planéte, jouent un role central
dans la régulation du climat, le cycle de I'eau, et la biodiversité marine. La compréhension
des phénoménes océanographiques complexes qui animent ces vastes étendues d'eau est
cruciale pour appréhender les mécanismes sous-jacents et les interactions qui faconnent
notre environnement. Au c+ur de cette compréhension se trouve la modélisation des
écoulements uides, dont la dynamique est régie par des équations fondamentales. Dans
ce contexte, nous introduisons ces équations fondamentales qui décrivent I'évolution des
ecoulements incompressibles hétérogenes sous I'in uence de la gravité

B p ugqrx pv wgB O
pBu pp ugqryxqu pw wqBugq r«P fk u 0
pBw pu uqgqrysw pw wqBwg B,P g O
r« u B,w 0 (1.1.1)
Plz Patm 0;
B pu ug, rx pw wq, 0;
wl, , O

Ici, t et px; zg représentent respectivement le temps et les variables d'espace horizontal-
vertical, et nous utilisonsr 4, r y, «, pour désigner le gradient, la divergence et le
laplacien par rapport ax. Le champ vectorielpu;wg PRY R représente la vitesse
(horizontale et verticale), | O estla densité,P PR est la pression incompressible, tous
étant dé nis dans le domaine spatial.

¢ X;zq: x PRY: H z ri;xq(
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ou pt; xqdeécrit la position d'une surface libre, etH est la profondeur de la couche au
repos. Le champ gravitationnel est supposé constant et vertical, @ 0 est la constante
d'accélération gravitationnelle, la constantd P R et le vecteur constantk représentent
respectivement le parametre de Coriolis et le vecteur unitaire dans la direction verticale.
En n, les termes d'advection associés a la 'vitesse bolysi ;w g PRY R ont été proposés

par Gent et McWilliams [35]. Ces termes sont introduits pour prendre en compte la
contribution e ective des corrélations tourbillonnaires géostrophiques dans les modeles a
grande échelle ne résolvant pas les tourbillons. Leurs formes spéci ques dans le cas le plus
simple avec le paramétre de di usivité constant se lisent comme suit:

I x I x

B, W rx a;

u B i O (1.1.2)

En négligeant les termes e ectifs d'advection (c'est-a-dire en xant  0), on retrouve les
équations d'Euler pour des uides incompressibles hétérogénes sous l'in uence des forces
gravitationnelles verticales ainsi que la force de Coriolis, ou les deux dernieres lignes de
(1.1.1) modélisent respectivement I'équation cinématique a la surface libre et la condition
d'imperméabilité du fond rigide. Dans I'équation (1.1.1), la pressioR peut étre obtenue a
partir de sa valeur (atmosphérique) a la surfac®,;, , en résolvant le probleme aux limites
elliptique induit par la contrainte d'incompressibilité des champs de vitesse a divergence
nulle. Cependant, dans le régime des eaux peu profondes, ou I'échelle horizontale de la
perturbation est grande par rapport a la profondeur de la couchid, les calculs formels
(voir ci-dessous) suggerent que les accélérations verticales peuvent étre négligées et que
la pressionP satisfait approximativement la loi d'équilibre hydrostatique, c'est-a-dire

BP g O (1.1.3)
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En remplacant I'équation de la vitesse verticale dans (1.1.1) par l'identité dans (1.1.3)
cela conduit aux équations hydrostatiques sous I'in uence de la force de Coriolis:

B o uqry pv  wqB 0
pBu ppu uqgr.qu pw wqBuq r«P fk u O
B pu ug, rx pw wgqg, O

»
P Pam ¢ p}qdz}
» z
z
w r umh qdzt
H
(1.1.4)
Il convient de noter que le systeme précédent représente une simpli cation des équa-
tions primitives, lesquelles mettent en jeu des aspects tels que la di usivité, la viscosité,
les équations relatives aux traceurs (salinit& et température ), ainsi qu'une relation
d'état. Cette derniére est une équation exprimant la densité en fonction deS et . Ces
détails sont explicités dans l'article de Titi et Korn [51], de méme que dans l'ouvrage de
géophysique de Vallis [75][section 2.2 et section 10.7].

Les implications de la force de Coriolis deviennent signi catives a grande échelle
océanique. Cependant, malgré cela, dans la suite de I'analyse, nous choisirons de négliger
les e ets de la rotation de la Terre pour plusieurs raisons. D'une part, pour simpli er
les systémes traités dans ce manuscrit. D'autre part, nous nous intéresserons au car-
actére bien posé local de nos systemes d'équations. Nous nous situons dans un régime
ou la rotation de la Terre n'est pas rapide, ce qui signi e que prendre en compte cette
force n'apporte ni avantages signi catifs ni di cultés supplémentaires a notre analyse. De
plus, a travers nos résultats de caractéere bien posé, nous prouvons I'absence d'instabilités
a hautes fréquences qui se développent rapidement. Il est a noter que, dans ce cas, la
présence de la force de Coriolis n'a pas d'impact conséquent.

Nous soulignons que notre étude est de nature théorique et ne vise pas a modéliser
l'océan. Elle se concentre sur des modéles qui ne sont pas précis en termes de représen-
tation physique des océans. Néanmoins, a travers ces modéles, nous abordons des enjeux
pertinents, notamment I'hypothése hydrostatique et la variation de densité.
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La raison physique sous-jacente a l'introduction des vitesses de transport supplémen-
taires, notéesu etw et dé nies dans I'équation (1.1.2), au sein des systéemes d'équations
(1.1.1) et (1.1.4), est que ces vitesses "bolus" agissent comme des ajustements aux équa-
tions d'Euler incompressibles standard qui s'appliquent indépendamment de l'inclusion
ou non de I'hypothése hydrostatique et sont dérivés des principes fondamentaux de la mé-
canigue des uides. Notons que dans ce manuscrit, notre intérét portera sur ces vitesses
de transport supplémentaires qui vont induire une diusion, comme nous pourrons le
voir dans les équations (1.2.11), ci-dessous. La modeélisation déterministe de cette dif-
fusivité e ective résultant de la corrélation tourbillonnaire, que nous mettons en +uvre
dans cette étude, remonte aux années 1990 et est créditée a Gent & McWilliams [35],
comme référencé également dans [39, 40]. Cette approche trouve son origine dans la né-
cessité de modéliser les e ets dissipatifs moyennés des tourbillons méso-échellonnés, qui
étaient alors inabordables sur le plan computationnel a cette époque, sur I'écoulement a
grande échelle au niveau macroscopique. lls considéerent les inconrues ; wg comme
les composantes a grande échelle des champs de densité et de vitesse, respectivement.
L'approche implique l'introduction de correcteurs appropriés dans I'équation de conserva-
tion de la masse et dans les équations des traceurs (comme la salinité et la température).
Plus précisément, ils suggérent d'incorporer des champs de vitesse bolugt w , dé nis
dans I'équation (1.1.2). L'ajout de la contribution de vitesse bolus dans I'équation de
conservation de la quantité de mouvement a été suggeré dans [39, 36]. L'un des princi-
paux éléments conduisant a la forme spéci que des champs de vitesse bolus est que I'e et
dissipatif moyen des tourbillons méso-échellonnés devrait agir principalement le long des
surfaces isopycnales (c'est-a-dire le long, et non pas a travers, des surfaces de densités
egales). Il convient de mentionner que l'advection induite par les tourbillons selon Gent
& McWilliams ne constitue qu'une partie de la paramétrisation sous-maille des tourbillons
méso-échellonnés utilisée dans les modéles généraux de circulation océanique mondiale,
qui incluent également la di usion induite par les tourbillons de Redi [69]. Plus précise-
ment, les équations pour les traceurs, comprenant la paramétrisation des tourbillons de
Gent McWilliams Redi, se présentent comme suit (voir [51] et les références citées)

BC p Uz r 3qC rs ﬂ(Rr 3Cq rs ﬂ(GMr 3Cq, (115)

ou C est un traceur (typiguement la température et la salinité¢ S), Us : p u;wq
représente le champ de vitesse tridimensionnel, et; est le gradient tridimensionnel.
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Ci-dessus, nous dé nissonk r et Kgy par

1 L2 Ly Ly L2 Ly, L,
Ko: K L.L, 1 L2 L Ko 2 L
T LX y L, ILTZ HIEE XLy L 1y
" Y " g (1.1.6)
0 0 L,
L, Ly, O

I x

5 €t les constantes strictement
positifs K, et Kp sont les coe cients de di usivité isoneutre (tangente aux surfaces de
densité neutre) et dianeutre (normale aux surfaces de densité neutre). On remarque que
le tenseurKr est symétrique, tandis que le tenseuK gy est antisymétrique, de sorte
gue l'e et dissipatif d0 a I'advection tourbillonnaire de Gent & McWilliams n'est pas
evident. En fait, il y a eu un débat sur la nature adiabatique de la paramétrisation de
Gent & McWilliams [38]. Comme le montre clairement la formulation des équations en
coordonnées isopycnales (voir équations (1.2.11) ci-dessous), les termes d'advection tour-
billonnaire induits par Gent & McWilliams introduisent une contribution di usive a la
variable d'épaisseur. C'est pourquoi le paramétre est souvent appelé le paramétre de
di usivité d'épaisseur.

ou nous avons utilise la notationL : p Ly;Lyq

Comme on a pu le constater dans I'équation (1.1.5), les termes de Redi-Gent &
McWilliams ont été ajoutés aux équations des traceurs (température et salinité S),
a n de prendre en compte l'e et de ces termes sur les équations d'Euler (1.1.1) et d'Euler
hydrostatique (1.1.4), il est naturel de s'interroger sur I'impact de ces termes additionnels
sur la variable de densité . Il s'avere que, lorsqu'il est appliqué a la variable de densité, la
contribution isoneutre de la di usion induite par les tourbillons de Redi disparait exacte-
ment, tandis que la contribution dianeutre devient un laplacien isotrope tridimensionnel,
et la contribution de Gent & McWilliams peut étre interprétée comme une advection.

r«s Krrs g Kp 3; 13 pKemlrs g pUs r3q:

Ou nous notonsU; : pu ;w gdéni dans (1.1.2). Par conséquent, dans les situa-
tions ou I'équation d'état p; S gest une combinaison linéaire des traceurs (avec des
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parametres de di usivité égaux pour tous les traceurs), les équations (1.1.5) conduisent a

B pUsrsg pUz raq Kp 3:

Etant donné que le coe cient de di usivité dianeutre est généralement choisi beaucoup
plus petit que le coe cient de di usivité isoneutre, 0 & Kp K\, il est raisonnable de
négliger le coté droit de I'équation ci-dessus. Cela conduit aux équations de conservation
de la masse dans (1.1.1) et (1.1.4). 1l est essentiel de souligner que le choix de la variable

en tant que combinaison linéaire des traceurs et S dans le paragraphe précédent
constitue une approche simple et élémentaire du point de vue de la modélisation, visant a
simpli er le cadre d'étude des équations primitives. Cependant, il est possible d'étendre
certains résultats de stabilité des équations primitives avec les contributions des termes
de Redi-Gent & McWilliams (1.1.6), dans un contexte plus général, plus précisément
dans le cas ou est une fonction réguliére des traceurs mentionnés préecédemment. Nous
précisons particulierement les résultats d'existence de solutions faibles, ainsi qu'un résultat
de caractere bien posé global obtenu par Titi et Korn [51] dans ce contexte général.

1.2 Motivation de la these

1.2.1 Equations en jeu

Dans cette section, nous mettons en +uvre les systemes d'équations qui constitueront
le centre d'intérét de ce manuscrit.

La justi cation rigoureuse de I'hypothése hydrostatique dans le régime des eaux peu
profondes, c'est-a-dire lorsque la longueur d'onde horizontale typique de I'écoulement est
grande par rapport a la profondeur verticale de la couche, a été analysée de maniére
approfondie, que ce soit dans des situations de densité homogeéne [7, 57, 34, 58], avec des
distributions de densité lisses [68, 67], ou dans le cadre bi-couches [14, 31, 28]. L'enjeu de
cette thése consiste a établir des ponts entre le cadre a strati cation continue (la densité
est continue) et le cadre a strati cation nette (la densité est constante sur chacune des
couches du uide, plus particulierement nous traiterons le cas bi-couches et multi-couhces),
dans le contexte de I'hypothese hydrostatique.

Dans ce manuscrit, le systeme hydrostatique continument strati € avec les termes
additionnels de Gent & McWilliams occupera une place centrale. Cependant, avant de

12
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le présenter explicitement, nous éclairons dans les paragraphes qui suivent les hypothéses
ainsi que la méthodologie qui nous permet d'extraire ce systéme a partir des équations
d'Euler (1.1.1).

Considérons maintenant des solutions régulieres a I'équation (1.1.1) dé nies sur un
intervalle de tempsl;. En supposant que I'écoulement est stablement strati é , c'est-a-
dire

infpB, qij O (1.2.1)
la densité : z PN p; ;zqgest une fonction inversible dez. Nous désignons son inverse

par :%bPN p; ;% an de dé nir le changement de variable isopycnal suivant

[/ x; fx;%q %, @[Xx; @ X;zqq z: (1.2.2)

Nous supposons également quet; x; Hg 1 B X; @;xqq opourp; xqPl; R
ou g 1 sont deux densités de référence constantes, xes et positives. Ensuite, nous
avons

sl PYNR avec : RY P o 19eth: B o i O; (1.2.3)

I'inégalité précédente tenant compte de I'hypothése de strati cation stable. Nous intro-
duisons maintenant

URG X UPGX; PLXG%6Q WRG X% WRG X; B X %G PR X% PRt X; o x; %

A partir de la régle de la chaine, nous déduisons que le systéme (1.1.1) en coordonnées
isopycnal s'écrit

B Uy W i
h
% Bu u r[_xl f, U P r; BP O (1.2.4)
% Bw U r <h r W B g% O;

h
hr x u P x q pRug By O
P Pam; Wy, ) 0:

% o

Remarquez qu'en di érenciant par rapport a%la premiere équation et en utilisant la
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guatrieme équation (découlant de la contrainte d'incompressibilité), la conservation de la
masse se lit
Bh r 4 phug «h; (1.2.5)

d'ou l'apparition de la di usion mentionné dans la section précédente.

A présent, nous pouvons présenter une version adimensionnée du systéme précédent.
Nous nous intéressons aux déviations par rapport aux solutions stationnaires des équations
d'Euler incompressibles avec densité variable :

Meq ; Ueq s Weq s Peq @ P hp¥ep upty O; P6iq

qui satisfont la condition d'équilibre

BPPOA g%l

Par conséquent, nous considérons des uctuations (non nécessairement petites) de
cette solution stationnaire, de sorte que nos inconnues admettent la décomposition suiv-
ante :

ht; X596 hl hper | X% UG X% U Uper [ X %6
Wi X% 0 Wpenr [ X; % Prt; x;% PO Pper @ X; %

De plus, nous adimensionnalisons les équations avec les variables adimensionnées suivantes
> nous dé nissons

hit; x; 9

o vph a X 0

N hps x; % et

ug; X; %
“H

et » o,

I o DR Pan ot giganh Pyt o

H "~gH gH gH
ou l'on rappelle queH représente la profondeur de la couche au repos. Pounne longueur

horizontale de référence, nous utilisons les coordonnées adimensionnées suivantes

?__
H
5 Lt

X et t (1.2.6)

Introduisant le parametre adimensionné de di usion (€paisseur};, et le paramétre de
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faible profondeur, , a travers

H2

en substituant les coordonnées/variables adimensionnées dans le systéme (1.2.4) et I'équation
qui en découle, et en omettant les tildes et pert pour des raisons de lisibilité, on obtient

Bh rx p hgu uqq «;
r vh ry

% Bu u u — r« u r P h pPoh B oPq O; (1.2.8)
0
% Bw u u r: Xr;] r W hB/Ph h/Ohh 0;

ph hg, u ry ®Byuwqg Byw 0; (div.-free cond.)
»
p; % hp;%qd% Pl, ., O wl, , O (bound. cond.)

%
Le systeme hydrostatique est obtenu en xant 0 dans (1.2.8). Plus précisément, en
introduisant I'équilibre hydrostatique,

BP %h
h h h h

et P|%O 0)

dans la deuxieme équation de (1.2.8), cela implique le systeme hydrostatique continument
strati € avec les termes additionels de Gent & McWilliams qui nous intéresse dans ce
manuscrit.

Bh ry pfh hou uqqg xh; (1.2.9)
r«h
% Bu u u h h ry u My 0;
avec
))% » 1
;X ; % %Whp; x;%qd% % hp;x; %qd% (1.2.10)
% . »°§j0» .
o hp;x;%qd% h gt; x ; %6qd9%6dok
0 o %
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Plus particulierement, nous nous placerons dans le cadre d'une dimension spatiale
px X PRg Donc

#
Bh B.ph homu uqq Bh;

_ (1.2.11)
Bu u u 2% Bu B 0

ou
))% » .
[t X; % %hpt;x;%qd% %  hp;x; %qd%
% ) »°ﬁ;}» )
o hptx; %qd% h ft; x; %6qdo6dok
0 0o %

Il est pertinent de mentionner que le systeme (1.2.8) (respectivement (1.2.9)) obtenu,
n'est qu‘une réécriture du systeme (1.1.1) (respectivement (1.1.4)) sous les hypothéses de
strati cation stable (1.2.1) et de continuité de densité.

A n de faciliter la compréhension pour le lecteur, nous donnons le sens physique
des variables considérées dans (1.2.11). De ce qui a été établi precédemment, quand la
strati cation est stable, c'est-a-dire lorsque la densité augmente avec la profondeur pour
toutes les positions spatiales horizontales P R, la reformulation avec des coordonnées
isopycnals fait appel a l'inverse de la fonction de densi PN p;zg que nous notons
%bN p; %) pour %P py; 1 ol o est la densité (constante) a la surface libre et; est la
densité (constante) au fond plat rigide. Etant donné que le graphe de; %; représente
en coordonnées eulériennes la feuille isopycnale de den%gtéa fonction dé nie comme
h h B ¢ estla profondeur in nitésimale de cette feuille isopycnale. Ensuitej u
est la composante horizontale de la vitesse des particules du uide au niveau de la feuille
isopycnale. Nous décomposons la profondeur et vitesses horizontalee erh etu u ou
h; ugreprésentent I'écoulement de cisaillement de référence et sont des fonctions données
dépendant uniqguement de la variable de densi®#P po; 1g et ph;uqgsont les inconnues
représentant les déviations de I'équilibre et dépendent du tempsde I'espace horizontal
X PR et de la variable de densit&oP po; 16 Enn, estle potentiel de Montgomery
(tel gue mentionné dans l'article de Holm et Long [44]), responsable de l'interaction entre
les feuilles isopycnales.

Il est important de noter que pour obtenir le systeme (1.2.11), I'hypothése de strati-
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cation stable et continue (1.2.1) était nécessaire pour dé nir le changement de variable
isopycnale, qui implique que des feuilles de densités égales réalisent un feuilletage du do-
maine du uide ; voir, par exemple, [44, 13]. Mentionnons également que I'on peut utiliser
le changement de variable isopycnale dans un cadre plus général que celui précédemment
établi (la densité stablement strati € et continue), plus généralement, on peut considérer
% pqavecr bNinq, pas forcément bijective ni méme continue. Nous aurons un
apercu de cela dans le Chapitre 6 ou nous choisirons un cas particulier de cette derniere
fonction, qui s'adaptera & notre étude pour traiter le systéme de Saint-Venant bi-couches.
Par ailleurs, la justi cation rigoureuse de la limite hydrostatique ( N 0 dans (1.2.8)) se
trouve dans le résultat de Duchéne et Bianchini [13].

En analysant attentivement la structure des équations du systeme continument strat-
i € avec les termes additionnels de Gent & McWilliams (1.2.11), nous observons une cer-
taine similitude avec le systeme de Saint-Venant multi-couches avec les termes de Gent &
McWilliams ajoutés d'une maniére analogue (voir I'équation (1.2.12)). Dans ce manuscrit,
nous expliqguons précisément cette similitude, en d'autres termes, nous fournissons le dic-
tionnaire nécessaire qui permet au lecteur de considérer le systéeme a multi-couches comme
une approximation du systéme continument strati € (voir chapitre 5), et au contraire
le systéme continument strati € comme une approximation du systeme bi-couches (voir
chapitre 6).

Le systéme multi-couches que I'on consideére ici est le suivant

$
& BH; B,ppd;, Hiqh); Uqq BH;
N

_ Ptl,:::;Nu
wBU U U &% BU g imeiign o @
LELE] i J 1 i
(1.2.12)
Ce systeme correspond a une situation dé couches de uides immiscibles avec des
densités constantes i, i P t1;:::;Nu Quand 0, en appliquant I'approximation

hydrostatique et I'hypothése d'écoulement en colonne, nous arrivons (voir par exemple [56,

9]) au systéme de Saint-Venant multi-couches (1.2.12) &l H; représente la profondeur

de lai®™ couche H; étant la profondeur au repos eH; la déviation) et U; U, étant

la vitesse horizontale moyenne de la couchd&);( étant la vitesse de référence et; la

déviation), et g 1 sera la constante d'accélération de gravité aprés remise a échelle.
Comme précédemment mentionné, dans (1.2.12) (respectivement (1.2.11)), les termes

proportionnels a ont été introduits par Gent et McWilliams [35] a n de représenter la

contribution & grande échelle des tourbillions non résolus. lls apparaissent sous la forme

17



Introduction générale

de vitesses e ectives supplémentaired, : % (respectivementu : ) et
agissent comme des contributions de di usivité dans les équations de conservation de la
masse. De maniere intéressante, des termes similaires ont été introduits dans le travail de
Duran, Vila, et Baraille [32] an de controler I'énergie discréte d'un schéma numeérique
semi-implicite pour le systeme multi-couches (1.2.12). Du point de vue mathématique,
comme établi dans ce manuscrit, I'e et régularisant des contributions de di usivité est
essentiel pour notre analyse car il fournit des estimations de stabilité appropriées, et nous

supposerons toujours que j O.

Notons que cette approche par des modeéles multi-couches pour approximer les équa-
tions d'Euler et de Navier-Stokes a déja été abordée par plusieurs auteurs, parmi lesquels
on trouve le résultat d'Audusse [4] qui a proposé un modeéle de Saint-Venant multi-couches
en discrétisant en profondeur, ce qui donne un ensemble de systéemes couplés de Saint-
Venant (classique) pour approximer les équations de Navier-Stokes hydrostatique. Con-
trairement au modéle de Saint-Venant classique, ou la vitesse horizontale ne dépend pas
de la variable verticale et implique donc une perte d'informations (car le modéle ne décrit
pas correctement le pro | vertical de cette vitesse), le modéle multi-couches proposé per-
met d'étendre la plage de validité et fournit une description précise du pro | vertical. Pour
justi er (numériqguement) ce dernier, l'auteur utilise une approche couche par couche, en
adaptant des résultats bien connus sur le solveur de volume ni du systéme classique de
Saint-Venant au cas multi-couche (voir également [6]). L'approche précédente di ére de
celle établie dans ce manuscrit en termes de modélisation. En e et, la construction du
modéle multi-couches proposé par l'auteur est réalisée de maniére purement arti cielle
en discrétisant les hauteurs. En d'autres termes, l'interface est déterminée uniquement
par la variation de la surface, ce qui implique un échange de particules de uide entre
ses di érentes couches au | du temps (voir également [5, 33]). Contrairement au modéle
multi-couches traité dans ce manuscrit (1.2.12), qui est obtenu en suivant le pro| de
densité, permettant ainsi de discrétiser le domaine du uide en une série de couches a
densité constante. Dans ce modele, la couche la plus dense se trouve au fond, et aucun
échange de masses entre les couches n'est possible.

D'un autre point de vue, Camassa et Tiron [22] ont proposé un modeéle bi-couches pour
approximer le systeme d'Euler incompressible avec strati cation continue. La construc-
tion de ce modéle ainsi que sa justi cation reposent sur le fait que, de maniére similaire
au systeme continument strati é, celui-ci doit également capturer les ondes de vitesse
d'amplitude in nitésimale et de longueur d'onde in nie en ajoutant la conservation de
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certaines quantités physiques (qui caractérisent une con guration strati ée), notamment

la masse et I'énergie potentielle dans chacune des couches. Cette justi cation représente
une approche physique du probleme d'approximation, qui di ére de I'approche théorique
gue I'on considére dans ce manuscrit. Notre approche se base sur la démonstration du car-
actére bien posé et explicite la vitesse de convergence (qui dépend du nombre de couches
considérées) pour justi er la validité de notre modele multi-couches.

Comme mentionné précédemment, nous examinons l'‘approximation du systéme hy-
drostatique continument strati € par le systeme multi-couches (la densité dans ce dernier
étant constante sur chaque couche). Cela nous conduit naturellement a étudier le prob-
léeme "inverse", qui consiste a démontrer que dans la limite ou la densité (initialement
continue) devient continue par morceaux, le systeme hydrostatique continument strati é
devient une approximation du systeme multi-couches (nous nous concentrons ici sur le
cas a deux couches).

Cela nous ramene naturellement au systeme de Saint-Venant bi-couches (correspond
aN 2dans (1.2.12)) qui est un modéle standard utilisé pour décrire les ondes internes
dans les écoulements a densité strati é, particulierement dans des situations ou la distri-
bution de densité permet une représentation approximative du uide en tant que deux
couches avec des densités presque constantes séparées par une mince pycnocline ; voir par
exemple [42, Chap. 6]. En plus de cette hypothése dtati cation nette , la dérivation
formelle du systéme Saint-Venant bi-couches repose sur deux conditions supplémentaires.
On suppose que la pression interne elsydrostatique c'est-a-dire que la force de gradient
de pression équilibre la force externe due a la gravité (voir (1.1.3)). On suppose également
gue la vitesse d'écoulement esiolonnaire , ce qui signi e que la vitesse horizontale des
particules uides reste constante par rapport a la variable verticale a l'intérieur de chaque
couche.

Naturellement, la validité du systéme Saint-Venant bi-couches dépend de l'attente
gue ces trois hypotheses restent précises sur une échelle de temps pertinente a mesure que
I'écoulement évolue.

Dans le cadre bi-couches et en supposant que la pression est hydrostatique, I'hypothése
d'écoulement en colonne est propagée exactement par le ot. Cela signi e que le systeme
de Saint-Venant bi-couches produit des solutions exactes aux équations d'Euler hydro-
statiques (incompressibles) avec des distributions de densité et de vitesse horizontale qui
sont constantes par morceaux par rapport a la variable verticale.

Dans ce manuscrit, nous examinons les solutions aux équations d'Euler hydrostatiques
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a proximité de telles solutions, c'est-a-dire en relaxant les hypothéses de strati cation
nette ainsi que celle du mouvement en colonne. Nous démontrons que, pour des données
initiales su samment proches du cadre bi-couches, les solutions émergentes des équations
d'Euler hydrostatiques restent proches de la solution prédite par le systéme de Saint-
Venant bi-couches sur une échelle de temps pertinente.

Plus précisément, les équations d'Euler hydrostatiques que nous considérons ont la forme

Bh B.pd hgu uqq Bh;
1.2.13
Bu u u lB‘hh B.u }BK 0; ( )

ou le potentiel de Montgomery est donné par

» r » 0

gx;rq g hp;rigdrt  prichp;rigdr® (1.2.14)
1 r

Le systeme (1.2.14) n'est que la réécriture du systéme (1.2.11) a travers un changement
de variables, plus précisément prendr®%  prqavecr DNﬁgq ou la variabler P p 1;0q
réfere a la profondeur de la ligne isopycnale (remise a échelle). Cela permet de xer la
profondeur in nitésimale de référence des isopycnes a la valdyrq 1. Par ailleurs la
profondeur totale du domaine du uide au repos est xée aolhnqdr 1 par le biais
d'une mise a I'échelle appropriée. Il est a noter que le systéeme (1.2.13) peut étre dérive
du systéme a coordonnées eulériennes (1.1.1), méme dans le cas ou la strati catiotest

pas bijective, en particulier dans le cadre multi-couches. De plus, le systéme (1.2.13) est
moins singulier dans la limite de strati cation nette.

En n, aprés avoir motivé le lecteur sur le passage du systéme discret (Saint-Venant
multi-couches) au systéme hydrostatique continuellement strati €, et inversement, du sys-
téme hydrostatique continuellement strati é au systéeme discret (Saint-Venant bi-couches),
nous nous intéresserons également au systeme de Saint-Venant a une couche, incluant les
termes additionnels de Gent & McWilliams (correspond & 1 dans (1.2.12) et dans le
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cas d'une dimension spatialel).

$
i Bh r pm hgu u uaqq O
& Buppu u ugqra rh o
{ hto hoinfhoj O

Ut o Uo;

(1.2.15)

out j O représente la variable temporelled la dimension spatiale horizontale x
X1; 1 Xqg les coordonnées spatiales horizontalg$; ugq PR RY est un équilibre stable,
h  hp;xqgla déviation deh, u up;xqgla déviation deu. Physiquementh h représente
la hauteur de la couche et u représente le champ de vitesse horizontal moyen de la
h
couche, etu hr—n
Nous attirons l'attention du lecteur sur le fait qu'en dehors des résultats concernant
ce systeme, et ce pour des raisons de simpli cation et de lisibilité, nous considérerons la
dimension spatialed 1.

Comme indiqué précédemment, lorsque 0, nous retrouvons le systéme de Saint-
Venant classique, ce dernier est une approximation d'ordredu systeme des water waves
(systéme de deux équations d'évolution scalaires obtenues a partir du systeme d'Euler fon-
damental (1.1.1), en supposant que le uide est homogene et que le champ de vitéssest
irrotationnel), cette approximation est obtenue en utilisant des propriétés de I'opérateur
de Dirichlet-to-Neumann (cet opérateur est dé ni a travers le potentiel de vitesse, qui
découle de la propriété d'irrotationnalité et qui satisfait un certain probleme de Laplace),
ou représente le parametre de faible profondeur, dé ni précédemment (voir (1.2.7)).
On suppose que est susamment petit pour se situer dans le régime des eaux peu
profondes. Des informations détaillées sur la justi cation rigoureuse ainsi que d'autres
propriétés de ce modele peuvent étre trouvées dans les références suivantes [28, 55]. In-
sistons également sur le faite que dans ce manuscrit, les résultats obtenus proposent une
approche di érente pour la justi cation de ce modéle, en faisant tout d'abord I'hypothése
hydrostatique (qui est valide dans le régime d'eau peu profonde), puis en regardant la
limite de densité constante et d'écoulement en colonne.

Le lecteur a vraisemblablement noté notre intérét particulier pour les systemes de
Saint-Venant a une couche et a deux couches (correspondant a (1.2.12) pHuP t1; 2u).

Il est a souligner que, pour ces deux systemes, nous obtenons des résultats améliorés par
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rapport au cas géenéral. Ceci est attribuable au fait que les conditions d'hyperbolicité du
probleme sans di usivité d'épaisseur ( 0) sont mieux comprises pour ces cas Spéci-
ques.

1.2.2 Aspects de stabilité

Rappelons au lecteur quelques résultats classiques de stabilité connus par la commu-
naute.

En ce qui concerne le systéme de Saint-Venant a une couche, il est établi que la présence
de I'hnypothese de non-cavitationli h j 0) implique la stricte hyperbolicité. De plus,
ce systéme admet un symmetriseur de Friedrich explicite, qui revient essentiellement a
multiplier I'équation sur la vitesse horizontale path  h. L'étude de ce systeme peut étre
retrouvée dans [28], mais également dans un cadre plus général qui traite les systemes
guasi-linéaires du premier ordre, dont fait partie le systtme de Saint-Venant a une couche
[12, 60]. Dans le cas particulier du toit rigide pour le systéme de Saint-Venant bi-couches
des conditions d'hyperbolicité explicites ont été données par Guyenne, Lannes et Saut [43]
et améliorées par Bresch et Renardy [20]. Contrairement au systeme de Saint-Venant a une
couche et au cas particulier précédemment énoncé, la détermination explicite du domaine
d'hyperbolicité du systeme de Saint-Venant bi-couches (a surface libre) n'est pas possible.
Il est a noter que, dans ce cas, méme I'hypothése de non-cavitatiba (h, j Oethy, hy |
0) ne garantit pas I'hyperbolicité de celui-ci. Néanmoins, certaines approches existent
pour clari er cette hyperbolicité, dont I'approche géométrique établie par Ovsjannikov
[65] mais également celle de Barros et Choi [10] ainsi que Virissimo et Milewski [76], que
nous détaillerons d'une maniere claire et concise dans le Chapitre 6.

Comme mentionné précédemment pour le cas du Saint-Venant bi-couches, nous ne
disposons pas également d'une formule explicite pour le domaine d'hyperbolicité du Saint-
Venant multi-couches ( 0 dans le systeme (1.2.12) aved ¥ 2) et il n'existe pas
d'approche géométrique qui permet d'avoir une meilleure compréhension de celui-ci. Cette
di culté découle de la présence de plusieurs variables dans ce systeme, rendant l'analyse
compliquée, voire méme impossible. Néanmoins, dans [27, 62], les auteurs fournissent
des conditions su santes pour une stricte hyperbolicité lorsque le uide est stablement
strati & (c'est-a-dire lorsque ; 2 N ), mais ces conditions sont obtenues a
I'aide d'arguments perturbatifs par rapport a la situation sans vitesses de cisaillement et
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elles dégénérent lorsqull N 8 vers

M, Hi:;U UgPR™ : H, HiOU U U, U Uy UN(;

empéchant toute étude au niveau non linéaire ou incluant des vitesses de cisaillement.
Nous laissons le lecteur se référer a la discussion intéressante dans [70, Y5] concernant les
résultats de stabilité pour les systéemes multi-couches lors de I'augmentation du nombre de
couches, en relation avec les résultats de stabilité pour le systeme continument strati é.
On y rappelle le célébre critéere de stabilité de Miles [61] et Howard [45], empéchant
I'instabilité spectrale des écoulements de cisaillement continument strati és si le nombre

de Richardson local est partout supérieur &{4. 1l est également mentionné explicitement

gue cette notion de stabilité (ainsi que d'autres résultats, obtenus par Holm et Long [44]

et Arbanel et al. [1]) est en général trop faible pour impliquer le contréle des déviations
par rapport aux équilibres, en particulier au niveau non linéaire.

Selon notre compréhension actuelle, le caractére bien posé du probleme a valeur ini-
tiale dans des espaces de régularité nie pour le systeme continument strati € (1.2.11),
en l'absence de diusivité d'épaisseur (  0), avec des données initiales satisfaisant
le critere de Miles et Howard, reste un probleme ouvert. Nous invitons le lecteur a se
référer au travail de Kukavica et al. [52] pour I'existence et I'unicité d'une solution dans
des espaces de fonctions analytiqgues (dans le cadre du toit rigide), et a Cao, Li & Titi
[23] parmi de nombreux autres travaux (voir [58] pour un compte rendu récent) pour la
situation avec des contributions de viscosité horizontale et de di usivité. Alors que les
travaux mentionnés précédemment traitent des équations d'Euler hydrostatiques écrites
en coordonnées eulériennes et ne reposent pas sur I'hypothese de stable strati cation, le
travail de Bianchini et Duchéne [13] est plus proche de notre cadre car il traite spéci que-
ment le systeme en coordonnées isopycnales avec les termes supplémentaires de Gent et
McWillams, c'est-a-dire (1.2.11). lls démontrent que des données initiales su samment
régulieres satisfaisant I'hypothese de non-cavitatigth hq} ¥ h | Oconduisent a une
unique solution sur un intervalle de temps0; TsavecT *A 1 TpulfZ:,, .. 4 M{Q
ou My est la taille des déviations initiales par rapport a I'équilibre.

En n pour cloturer cette section, il est pertinent de mentionner que dans le cas ou

O et en la présence de la force de Coriolis le calcul explicite du domaine d'hyperbolicité
n'est pas possible/connu pour le systeme multi-couches (1.2.12). Néanmoins le résultat
de Stewart et Dellar [71], démontre numériquement que le seuil pour les vitesses de ci-
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saillement, en dessous duquel les équations a trois couches restent hyperboliques, n'est
pas modi é par l'inclusion de la force de Coriolis compléte. Les équations standards
d'eaux peu profondes ne perdent leur hyperbolicité qu'en raison de cisaillements paral-
leles a la direction de propagation des vagues, mais la force de Coriolis compléte introduit
un autre mécanisme de perte d'hyperbolicité en raison de cisaillements dans la direction
perpendiculaire.

1.2.3 Reésultats principaux

Notre premier résultat concerne le systeme de Saint-Venant (shallow water) a une
couche avec les termes additionnels de Gent & McWilliams (3.1.1). Nous présentons un
résultat de caractere bien posé dans des espaces de régularité nie et en temps court pour
ce systeme. La référence a un temps "court" provient du fait que le temps d'existence et
d'unicité obtenu dépend du parametre de ces termes additionnels. Ce résultat est obtenu
en se basant fortement sur la di usion induite par ces termes en ce qui nous permet
d'utiliser les théorémes généraux bien établis pour le caractére bien posé des équations
de transport et de transport-di usion. De maniére analogue et en employant la méme
stratégie que précédemment sur le systeme a multi-couches (1.2.12), nous obtenons un
caractére bien posé de celui-ci, avec un temps d'existence qui dépend du nombre de couches
N et du parameétre . En un second temps, nous changeons de stratégie en utilisant la
méthode d'énergie. Nous démontrons que l'on peut améliorer le temps d'existence et
d'unicité de la solution du systéme a une couche, en un temps qui est indépendant du
parameétre . Toujours dans le méme esprit et avec la méme stratégie, nous améliorons ce
résultat sur le systéeme a multi-couches, en montrant que sous des hypothéses naturelles et
en particulier I'hypothese de strati cation stable (en fait, nous supposons pour simpli er
gue les densités sont équidistribuées, c'est-a-dire; (1 i -etg—=ut) et 'hypothese
de non-cavitationpH; Hiq: o ¥ h j O, les solutions du systeme multi-couches (1.2.12)
sont uniforme, uniques et existent sur un intervalle de temps analogue a celui du systeme
continument strati € (obtenu dans [13]), qui est en particulieruniforme par rapport a N
et avec une meilleure dépendance en nous y ferons référence par caractéres bien posés
en temps long {e Large time well-posedness) (contrairement au caractére bien posé en
temps court (ie small time well-posedness) quand le temps d'existence a priori dépend de
N). Ceci repose sur I'exploitation des propriétés de symétrie du systéme qui proviennent
du dernier terme de I'équation (1.2.12) que I'on peut voir comme le terme permettant
de transmettre les informations entre les couches du uide. Grace a ce terme, on obtient
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des compensations naturelles qui apparaissent au cours de notre raisonnement avec la
méthode de I'énergie. En n et pour cette premiére partie nous montrons qu'en présence
des termes de Gent & McWilliams, I'énergie des deux systemes (3.1.1) et (1.2.12) est
décroissante.

Notre deuxieme résultat principal énonce que pour toute solution su samment réguliére
du systéme continument strati é (1.2.11) satisfaisant I'nypothése de non-cavitation et des
bornes appropriées, les solutions des systemes multi-couches (1.2.12) avec des densités
convenablement choisies;, des profondeurs de référendd;, des vitesses de fontl; et
une déviation initiale pH;; U,gf 0 sont a une distanceOpl{N 2qde la solution continu-
ment strati ée.

A n d'atteindre ces objectifs, nous nous appuyons principalement sur deux éléments :

1. un résultat de cohérence qui a rme que les solutions su samment réguliéres du
systeme continument strati € peuvent étre projetées en des fonctions a valels
dimensionnelles satisfaisant le systeme de Saint-Venant multi-couches a un terme
de reste de tailleOpl{N 2q

2. une estimation destabilité appropriée sur le systeme linéarisé du Saint-Venant multi-
couches, qui est uniforme par rapport & .

Le résultat de cohérence revient a contréler la di érence entre la projectidh-dimensionnelle
de la contribution du potentiel de Montgomery, %A)B( dans (1.2.11), et la contribution
correspondante dans (1.2.12) lorsqueHigp:..n €St la projection N -dimensionnelle de
h. L'estimation Opl{N ?qest obtenue en exploitant des développements de Taylor a des
valeurs appropriées de densités dans I'esprit de la regle du point milieu dans les quadra-
tures numeériques.

L'estimation de stabilité sur (1.2.12) repose sur la méthode d'énergie, pour une fonc-
tionnelle d'énergie soigneusement construite. A n d'obtenir des bornes appropriées sur la
bonne échelle de temps, nous utilisons une structure partiellement symétrique du systeme
hyperbolique (lorsque 0) et nous nous appuyons sur I'e et de régularisation de la
di usivité uniquement lorsque c'est nécessaire. Cette structure partiellement symétrique
et la construction de la fonctionnelle d'énergie associée reposent sur une décomposition

de l'opérateur linéaire

N .
~ > 1lminp;; |
N :r-Hithl;:::;Nu PN NMH

i i iPt1;:;Nu
j 1
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qui fait écho directement a une décomposition analogue de I'opérateur continu

ot >0 pott

surf hﬁ’/&ﬂ% h[f%(ﬂ%d%

surf suf %

~1
M :h PN-
%
et qui est un ingrédient clé dans I'étude de Bianchini et Duchéne. Plus généralement, nos
estimations d'énergie re etent celles de [13] apres avoir introduit un dictionnaire entre les
opérateurs continus et les opérateurs discrets analogues, avec plusieurs adaptations pour
gue cela corresponde a notre cadre.

En ce qui concerne le probléme "inverse" (approximation du systéme bi-couches par le
systeme continument strati €) , nous remarquons que les solutions du systéme de Saint-
Venant bi-couches (6.2.6) (ou (1.2.12) aveld  2) fournissent des solutions exactes a
(1.2.13). Plus précisément, si hous notons

o9 slp e d b1y 1 PG
Uyrg  Uslp nod@d Uplp 1o 1 @G
UpiP;rd  Uslp pog@d Uslp 1, 1 o G

H Hyp
b e s - Lp s o
Ilg LELE

(1.2.16)
hpp;rq

ou Hsg; Us; Hy,; Uy sont des solutions du Saint-Venant bi-couches avec les termes addition-
nels de Gent & McWilliams (6.2.6) (ou (1.2.12) avetN ~ 2), alors p ,; Uy; hoi; Up g est

une solution de (1.2.13)-(1.2.14). Dans ce travail, nous comparerons ces solutions avec
celles provenant de données satisfaisant (1.2.16) seulement de maniere approximative.
Plus précisément, nos résultats sont de deux types.

1. Nous démontrons que des solutions fortes du systeme Saint-Venant bi-couches (6.2.6)
émergent a partir de données initiales su samment réguliéres satisfaisant certaines
conditions d'hyperbolicité.

2. Nous démontrons que des solutions fortes aux équations d'Euler hydrostatiques

(1.2.13) émergent a partir de données proches des pro Is constants par morceaux
donnés par (1.2.16), et que ces solutions restent proches des solutions a deux couches.

Notez que pour atteindre notre objectif de comparer des solutions avec une distribution
de densité constante par morceaux avec une solution ayant une distribution de densité
continue, nous souhaitons considérer des déviations qui peuvent étre importantes dans
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de petites régions autour de la pycnocline. Cela exige de sélectionner soigneusement la
topologie mesurant la taille des déviations dans (2). De plus, notre stratégie repose sur
la construction d'une solution intermédiaire approximative, qui est démontrée comme
etant proche de la solution correspondante aux équations d'Euler hydrostatiques dans
une topologie forte, et proche de la solution du bi-couches dans une topologie plus faible.
Ainsi, cette solution intermédiaire approximative améliore la description de la solution
exacte dans la pycnocline.

Une deuxieme remarque importante est que bien que la contribution de la di usion
d'épaisseur soit essentielle pour nos estimations de stabilité, nous souhaitons contréler
et comparer les solutions sur un intervalle de temps qui est uniforme par rapport au
parametre de di usion d'épaisseurQ o 1. La dépendance par rapport au parametre
d'épaisseur n‘apparaitra que comme une restriction sur la taille des déviations admissibles.
En ce qui concerne (1), cela est rendu possible par le fait bien connu que le systéme de
Saint-Venant bi-couches est bien posé (sous certaines conditions d'hyperbolicité) lorsque

0 [65], cependant, obtenir le résultat correspondant pour j 0 n'est pas direct et
nécessite une utilisation ne de la structure des parametres de di usion d'épaisseur. En ce
qui concerne (2), nous utilisons I'existence de la solution du bi-couches et par conséquent
I'existence de la solution approximante améliorée pour utiliser un argument de bootstrap
sur le contréle de solutions susamment proches des équations d'Euler hydrostatiques
sur I'échelle de temps pertinente. A cet égard, I'e et régularisant des contributions de
di usion d'épaisseur est fortement utilisé.

Notons que le deuxiéme résultat (2) s'applique aimporte quelle solution donnée
(su samment réguliére) des équations d'Euler hydrostatiques. Ainsi, notre travail fournit
les mémes estimations de stabilité autour d'autres solutions, construites par exemple dans
le cadre multi-couches ou d'ondes simples.

1.2.4 Travaux connexes

A notre connaissance, c'est la premiére fois que la convergence entre les solutions
des systémes multi-couches et les équations continument strati ées est rigoureusement
démontrée (alors que des liens formels sont discutés, par exemple, dans les travaux pio-
nniers de Benton [11], Su [72], Killworth [50]), a I'exception notable du travail de Chen et
Walsh [24]. Dans ce dernier travail, les auteurs examinent le cadre des ondes progressives
périodiques sans l'approximation hydrostatique (et sans contributions de di usivité). lls
démontrent que pour des ondes progressives périodiques su samment petites et solutions
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aux equations continument strati ées satisfaisant des hypotheses naturelles (en particulier
gue la strati cation est stable), une régularité su sante de la densité de ligne de courant

et I'absence de points de stagnation), il existe des solutions d'ondes progressives corre-
spondantes associées a n'importe quelle fonction de densité de ligne de courant lisse par
morceau (d'ou, en particulier, des solutions aux systémes multi-couches qui correspon-
dent a des fonctions de densité de ligne de courant constantes par morceaux, le champ
de vitesse étant irrotationnel a l'intérieur de chaque couche), dans un voisinapé , et

gue l'application des fonctions de densité de ligne de courant aux ondes progressives cor-
respondantes est Lipschitz continue dans des espaces fonctionnels appropriés, la distance
entre deux densités de ligne de courant étant mesurée a travers la norife,

Ce résultat, qui est assez robuste et polyvalent, ne se compare pas directement au
notre. Plus important encore, le cadre des ondes progressives est bien sir tres di érent
de notre cadre permettant des dynamiques non triviales. En résumé, le probleme d'ondes
progressives peut étre reformulé en un probleme de nature elliptique, alors que nos sys-
temes d'équations sont hyperboliques/paraboliques. De maniere cohérente, les outils util-
isés dans notre travail, a I'exception d'un changement de coordonnées semi-lagrangien
pour xer le domaine du uide (appelé transformation Dubreil-Jacotin dans le contexte
des ondes progressives , équivalent au changement de coordonnées isopycnale), sont tres
di érents des outils utilisés dans [24]. De plus, I'approximation hydrostatique modi e
€galement la nature du probleme, car elle élimine les e ets dispersifs. En tant que tels,
les ondes non linéaires progressives sont inexistantes dans le cadre de l'approximation
hydrostatique, et pourraient étre remplacées si I'on souhaite étudier des dynamiques
simpli ées par des ondes simples [25, 64].

En n, comme discuté dans [24], la limite dite "inverse", consistant & approcher une
situation a bi-couches (ou multi-couches) avec des problemes en continument strati € ,

a éeté éetudiée (dans le cadre des ondes progressives) en particulier par James [47], apres
Turner et Amick [74, 3].

1.3 Plan de la these

Dans la premiére partie du Chapitre 3 nous nous intéressons en premier lieu au sys-
téeme de Saint-Venant (shallow water) a une couche avec les termes additionnels de Gent
& McWilliams précédemment annoncés (voir I'équation (1.1.2)). Nous présentons un ré-
sultat de caractere bien posé dans des espaces de régularité nie et en temps court (le
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temps dépend du paramétre de ces termes additionnels) voir Théoreme 3.2.4. Nous
montrons dans la Proposition 3.2.7 que ce systéme a une énergie décroissante. Ensuite on
améliore ce temps d'existence et d'unicité de la solution de ce systéme en un temps qui
est indépendant du parametre (voir Proposition 3.2.9).

Dans la seconde partie de ce chapitre, et a partir de tout ce qui va suivre, nous
considérerons une dimension d'espaceé ( 1) an de ne pas alourdir la lecture et pour
obtenir de maniéere plus simple les résultats du chapitre 7 qui généralisent les résultats
connus sur les espaces de régularité nie. Dans cette partie, nous examinons le systeme de
Saint-Venant (shallow water) multi-couches pour la propagation d'ondes de gravité dans
les écoulements a densité strati é, avec les termes additionnels de Gent & McWilliams
(1.2.12). Dans le méme esprit que précédemment, nous établissons un caractere bien posé
de ce systeme dans les espaces de régularité nie avec un temps non uniforme par rapport
aux parametres et le nombre de couchehl (voir Théoreme 3.3.1). En n nous cléturons
ce chapitre en établissant que I'énergie associée a ce systeme est également décroissante
(voir Proposition 3.3.2).

Dans le chapitre 4, nous améliorons le temps d'existence et d'unicité pour le systeme
de Saint-Venant multi-couches obtenu précédemment en recourant a la méthode d'énergie
(voir Théoreme 4.5.1). La mise en +uvre de cette méthode requiert une étape cruciale
de quasilinéarisation, permettant d'obtenir les estimations de stabilité nécessaires pour
conclure l'argument de continuité utilisée. L'amélioration de ce temps d'existence et
d'unicité vise a obtenir un temps présentant une meilleure dépendance eret qui est
uniforme par rapport au nombre de coucheN .

Dans le chapitre 5, nous abordons la question de la convergence du systeme multi-
couches (1.2.12) vers le systeme continument strati € (1.2.11) lorsque le nombre de couches
N tend vers I'in ni et nous fournissons un taux de convergence explicite qui est d'ordre
1{N? (voir Theorem 5.4.1).

Dans le chapitre 6, dans la Section 6.2, nous étudions le systeme de Saint-Venant bi-
couches. Nous rappelons d'abord certains résultats connus sans di usion d'épaisseur, puis
nous examinons le systéme avec des contributions de di usion d'épaisseur. Le résultat
principal est la Proposition 6.2.8, qui donne, pour des données initiales su samment
réguliéres satisfaisant un critére d'hyperbolicité, I'existence et le contrble de solutions
fortes au systeme de Saint-Venant bi-couches sur un intervalle de temps uniforme par
rapport a 0 a 1, tandis que la Proposition 6.2.9 énonce la convergence forte attendue
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quand N 0. Dans la Section 6.3, nous étudions les équations d'Euler hydrostatiques.
Nous fournissons d'abord des estimations de stabilité par rapport aux perturbations des
éqguations et des données en utilisant des distances appropriées. En deuxieme étape, nous
introduisons des solutions approximatives associées a une solution exacte de référence
donnée et a des données voisines. En nous appuyant sur ces solutions approximatives, nous
démontrons la Proposition 6.3.8, qui contréle la di érence entre la solution de référence et
les solutions exactes des équations d'Euler hydrostatiques émergeant de données voisines.
Ensemble, la Proposition 6.2.8 et la Proposition 6.3.8 fournissent la justi cation rigoureuse
annoncée selon laquelle, pour des données initiales su samment proches du cadre a deux
couches et satisfaisant un critére d'hyperbolicité limitant notamment la taille admissible
des vitesses de cisaillement, les solutions émergentes des équations d'Euler hydrostatiques
restent proches de la solution prédite par le systéme de Saint-Venant bi-couches sur une
échelle de temps pertinente. Le résultat rigoureux est présenté dans le Théoreme 6.3.1.
Le chapitre 7 représente une boite a outils pour les chapitres 4 et 5, car il regroupe la
généralisation au cadre des fonctions a valeurs daR8 tous les lemmes et propositions
classiques (de produits, composition, injections...) que l'on retrouve pour les fonctions
numeérique dans les espaces de régularité nie, notamment les espaces de Sobolev.
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Chapter 2

ENGLISH INTRODUCTION

2.1 General context

The oceans, as essential components of our planet, play a central role in regulating
climate, the water cycle, and marine biodiversity. Understanding the complex oceano-
graphic phenomena that animate these vast expanses of water is crucial for grasping the
underlying mechanisms and interactions that shape our environment. At the heart of this
understanding lies the modeling of uid ows, whose dynamics are governed by fundamen-
tal equations. In this context, we introduce these fundamental equations that describe
the evolution of heterogeneous, incompressible ows under the in uence of gravity

B pu uqrx pw wqgb 0;
pBu ppu uqryqu pw wgBug r«P fk u O
pBw pu uqrw pw wqBwqg B,P g 0
r« u B,w G0 (2.1.1)
Plz Patm 0;
B pu ug, rx pw wq, 0;
wl, , O

Here,t and px; zqrepresent respectively time and the horizontal-vertical spatial vari-
ables, and we use «, r y , and  to denote the gradient, divergence, and Laplacian
with respect to x. The vector eld pu;wq PRY R represents the velocity (horizontal
and vertical), j Ois the density,P PR is the incompressible pressure, all de ned in the
spatial domain.
¢ pzq: xPRY O H oz |d;xq(

where p; xgdescribes the position of a free surface, artdl is the depth of the resting
layer. The gravitational eld is assumed to be constant and vertical, withg j 0 as the
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gravitational acceleration constant,f P R as the Coriolis parameter, and the constant
vector k representing the unit vector in the vertical direction. Finally, the advection

terms associated with the 'bolus velocity'pu ;w g PRY R were proposed by Gent

and McWilliams [35]. These terms are introduced to account for the contribution of
geostrophic eddy correlations to the e ective transport velocities in non-eddy-resolving
(large-scale) models. Their specic forms in the simplest case of constant di usivity
parameter read as follows:

rx B I’.X

B

u B ; i O (2.1.2)
Neglecting the e ective advection terms (i.e., setting  0), we recover the Euler equa-
tions for heterogeneous, incompressible uids under the in uence of vertical gravitational
forces and the Coriolis force, where the last two lines of (2.1.1) model respectively the
kinematic equation at the free surface and the impermeability condition of the rigid bot-
tom. In equation (2.1.1), the pressuré® can be obtained from its (atmospheric) value
at the surface,Pym, by solving the elliptic boundary-value problem induced by the in-
compressibility constraint of divergence free velocity elds. Yet, in the shallow water
regime, where the horizontal scale of the perturbation is large compared with the depth
of the layerH, formal computations (see below) suggest that vertical accelerations can be
neglected and that pressurd® approximately satis es the hydrostatic balance law, that

is

BP g O (2.1.3)

By replacing the equation for the vertical velocity in (2.1.1) with the identity in (2.1.3),
this leads to the hydrostatic equations under the in uence of the Coriolis force:

B pu uqgqrx pw wqb 0
pBu ppu uqryqu pw wgBug r«P fk u O
B pu uag, rx pw wg, O

»

P Pam ¢ % qdz}

z
» 7

w r o up: qdz:

H
(2.1.4)
It is worth noting that the previous system represents a simpli cation of the primitive
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equations, which involve aspects such as di usivity, viscosity, tracer equations (salinify
and temperature ), as well as an equation of state. This latter is an equation expressing
density as a function ofS and . These details are elaborated in the paper by Titi and
Korn [51], as well as in Vallis's geophysics textbook [75][section 2.2 et section 10.7].

The implications of the Coriolis force become signi cant at large oceanic scales. How-
ever, despite this, in our analysis, we choose to neglect the e ects of Earth's rotation for
several reasons. On one hand, to simplify the systems treated in this manuscript. On the
other hand, we focus on the local well-posedness of our systems of equations. We operate
in a regime where Earth's rotation is not rapid, meaning that accounting for this force
brings neither signi cant advantages nor additional di culties to our analysis. Further-
more, through our well-posedness results, we demonstrate the absence of rapidly growing
high-frequency instabilities. It is noteworthy that in this scenario, the presence of the
Coriolis force has no substantial impact.

We emphasize that our study is theoretical in nature and does not aim to model the
ocean. It focuses on models that are not precise in terms of the physical representation
of oceans. Nevertheless, through these models, we address relevant issues, notably the
hydrostatic assumption and density variation.

The underlying physical reason for introducing additional transport velocities, denoted
by u andw and de ned in equation (2.1.2), within the systems of equations (2.1.1) and
(2.1.4), is that these "bolus" velocities act as adjustments to the standard incompressible
Euler equations that apply independently of whether the hydrostatic assumption is in-
cluded or not, and are derived from the fundamental principles of uid mechanics. Note
that in this manuscript, our interest will focus on these additional transport velocities
which induce di usion, as we will see in equations (2.2.11) below. The deterministic mod-
eling of this e ective di usivity induced by eddy correlation, which we implement in this
study, dates back to the 1990s and is credited to Gent & McWilliams [35], as referenced
also in [39, 40]. This approach originates from the necessity to model the averaged dis-
sipative e ects of mesoscale eddies, which were computationally infeasible at that time,
on the large-scale ow at the macroscopic level. They consider the unknowmsu; wgas
the large-scale components of the density and velocity elds, respectively. The approach
involves introducing suitable correctors to the mass conservation equation and equations
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for tracers (such as salinity and temperature). More precisely, they suggest incorporating
bolus velocity elds u and w, de ned in equation (2.1.2). The addition of the bolus
velocity contribution in the momentum conservation equation was suggested in [39, 36].
One of the main ingredient leading to the specic form of the bolus velocity elds is
that the averaged dissipative e ect of mesoscale eddies should act predominantly along
isopycnals sheets (that is along and not across surfaces of equal densities). It should
be mentioned that the Gent & McWilliams eddy-induced advection is only part of the
subgridscale parametrization of mesoscale eddies used in global ocean general circulation
models, which also include Redi's eddy-induced di usion [69]. Speci cally, the equations
for tracers including the so-called Gent McWilliams Redi eddy parametrization read (see
[51] and references therein)

BC pUs rsqC r 3 pKrr3Cq r s pKewr 3Cq; (2.1.5)

whereC is a tracer (typically the temperature and the salinity S), U3 : p u;wg) denotes
the three-dimensional velocity eld, andr ; the three-dimensional gradient. Above, we
de ne Kgr and Kgy by

1 L;‘; LyLy Ly L2 LyLy Ly
Kn: - LyL, 1 L2 L Ko LyLy, L2 L
R - 1| L xby X y 1| LJ] xby y y
L L L|? L L
X y | | X y (2.1.6)
0 0 Ly
KGM . 0 0 Ly
Ly Ly O
where we used the notatiorL : p Ly;Lyq %, and the non-negative constant¥

and Kp are the isoneutral (tangent to neutral density surfaces) and dianeutral (normal
to neutral density surfaces) di usivity coe cients. Notice that the tensor K is symmet-
ric, while the tensorK gy is skew-symmetric, so that the dissipative e ect due to Gent &
McWilliams eddy-advection is not obvious. In fact, there has been some debate about the
adiabatic nature of the Gent & McWilliams parametrization [38]. As it is evident from
the formulation of the equations in isopycnal coordinates (see equation (2.2.11) below),
the Gent & McWilliams eddy-induced advection terms introduce a di usive contribution

to the thickness variable. This is why the parameter is often referred to as the thickness
di usivity parameter.
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As observed in equation (2.1.5), the Redi-Gent & McWilliams terms have been added
to the tracer equations (temperature and salinity S) to account for their e ect on
the Euler equations (2.1.1) and hydrostatic Euler equations (2.1.4). It is natural to
guestion the impact of these additional terms on the density variable. It turns out
that, when applied to the density variable, the isoneutral contribution of Redi's eddy-
induced di usion vanishes exactly, while the dianeutral contribution becomes an isotropic
three-dimensional Laplacian, and the Gent & McWilliams contribution can be interpreted
as advection.

rs MKers g Kp 35 13z pKemlrs g pUs r3q;

where we denotdJ; : p u ;w qde ned in (2.1.2). Consequently, in situations where the
equation of state p;Sqis a linear combination of the tracers (with equal di usivity
parameters for all tracers), the equations (2.1.5) yield

B pUsrsg pU; req Kp 3:

Since the dianeutral di usivity coe cient is typically set much smaller than the isoneutral

di usivity coe cient, 0z Kp K|, it makes sense to neglect the right-hand side of the
above equation. This results in the mass conservation equations in (2.1.1) and (2.1.4). It
is essential to emphasize that the choice of the variableas a linear combination of the
tracers and S in the preceding paragraph constitutes a simple and elementary approach
from a modeling perspective, aiming to simplify the framework of the primitive equations.
However, it is possible to extend certain stability results of the primitive equations with
the contributions of the Redi-Gent & McWilliams terms (2.1.6), in a more general context,
speci cally in the case where is a smooth function of the aforementioned tracers. We
particularly specify the results of existence of weak solutions, as well as a global well-
posedness result obtained by Titi and Korn [51] in this general context.
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2.2 Motivation of the thesis

2.2.1 Equations at play

In this section, we implement the systems of equations that will be the focus of this
manuscript.

The rigorous justi cation of the hydrostatic assumption in the shallow-water regime,
l.e, when the typical horizontal wavelength of the ow is large compared to the vertical
depth of the layer, has been thoroughly analyzed in situations of homogeneous density [7,
57, 34, 58], with smooth density distributions [68, 67], or in the bi-layer framework [14,
31, 28]. The challenge of this thesis is to establish bridges between the continuous strati-
cation framework (where density is continuous) and the sharp strati cation framework
(where density is constant on each layer of the uid, particularly focusing on the bi-layer
and multi-layer cases), in the context of the hydrostatic assumption.

In this manuscript, the continuously strati ed hydrostatic system with the additional
Gent & McWilliams terms will occupy a central place. However, before explicitly pre-
senting it, we clarify in the following paragraphs the assumptions and methodology that
allow us to extract this system from the Euler equations (2.1.1).

Let us consider smooth solutions to equation (2.1.1) de ned over a time interval.
Assuming that the ow is stably strati ed, i.e.

infpB; qij O (2.2.1)

the density : z PN p; ;zqis an invertible function of z. We denote its inverse by
: %bN p; ;%; in order to de ne the following isopycnal change of variable:

X, X, %q %;  @x; | X;zqq  z: (2.2.2)

We also assume that pt; x; Hq 1 pXx; p;xqgq o for pg;xq Pl;  RY where
0 1 are two xed and positive constant reference densities. Then we have

1y PYNR with : R%p o 1gandh: B o j O; (2.2.3)
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the latter inequality accounting for the stable strati cation assumption. We now introduce

U, x;% up;x; [x;%q wax; % wix; fx;%q Ppx; % Pa;x; @;Xx; %9

From the chain rule, we infer that system (2.1.1) in isopycnal coordinates reads

B ury w X )
% Bu u rﬁh r« u r P rI: BP O (2.2.4)
% Bw U r;h r W B?‘]P g% O
hrx u pryx q pBug Bow O
P% i Pam; Wy, O

Notice that di erentiating with respect to %the rst equation and using the fourth equa-
tion (stemming from the incompressibility constraint), the mass conservation reads

Bh r phuq <h; (2.2.5)

hence the emergence of the di usion mentioned in the preceding section.

At this point, we are ready to introduce a dimensionless version of the previous system.
We are interested in deviations from steady solutions to the incompressible Euler equations
with variable density:

Meq ; Ueq ; Weq ; Peqd POy upfy 0; PG
which satisfy the equilibrium condition
BPPA g%

Therefore, we consider (non-necessarily small) uctuations of that steady solution, so that
our unknowns admit the following decomposition:

ht; X590 h hper 16 X5% UG X% U Uper [ X; %6
WG X% 0 Wpenr [5G X% PREX; % PP Pper B X; %
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Furthermore, we non-dimensionalize the equations through the following scaled variables:

we set
v -0 1X: 9
hFI’HX’/q hpA  Apsx; % and u.’;_"/ﬁ] spa X %)
and
»,
W ; X5 9% .0 P x; % Pam /00 0 -0
TR WL X % oH oH O/ﬂﬂF%ild/% Pt x; %%

where we recall thatH represents the depth of the resting layer. For a reference

horizontal length, we use the following dimensionless coordinates
I)

x X and t -9 (2.2.6)

Introducing the dimensionless (thickness) di usion parameter;- and the shallowness pa-
rameter, , through

H2
~ % and — (2.2.7)

substituting the scaled coordinates/variables in system (2.2.4) and the subsequent equa-
tion and dropping the tildes for the sake of readability yields

Bh rx ph hgu uqq xh;
r vh ry
h h
r yh BP %h 0
h h h h ’

ph hg, u ry mBuwg Byw 0; (div.-free cond.)
»

Peh BoPq O; (2.2.8)

p; %I hp;%qd% Pl, ., O wl, , O (bound. cond.)

%

The hydrostatic system is obtained by setting  0in (2.2.8). Speci cally, plugging the
hydrostatic balance

and P, . O

into the second equation of (2.2.8), this yields the continuously strati ed hydrostatic sys-
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tem with the additional Gent & McWilliams terms, which is of interest in this manuscript.

Bh rx pm hgu uqq xh; (2.2.9)
r «h
% Bu u u h X F Tk ry 0;
with
»% » 1
;X ; %) %hp; x;%d% % hp; x; %qdo% (2.2.10)
% . »ng» .
o hp;x;%qd% h gt; x ; %6qdo%8dok
0 o %

More speci cally, we will consider the framework of one spatial dimensigm ~ x PRq
Thus,

#
Bh B.pt hogu uqq Bh;
1

_ (2.2.11)
Bu u u &% Bu } 0;

where
» % »

[ X; % o%h t; x; %9d% % "h [t X; %60d%

% » 25
% 1

o hp;x; %qd% h @; x; %6qdo6do%k
0 o %
It is pertinent to mention that the system (2.2.8) (respectively (2.2.9)) obtained is merely
a rewriting of the system (2.1.1) (respectively (2.1.4)) under the assumptions of stable
strati cation (2.2.1) and density continuity.

In order to facilitate understanding for the reader, we provide the physical interpreta-
tion of the variables considered in (2.2.11). As established previously, when strati cation
Is stable, i.e., when density increases with depth for all horizontal spatial positiomsP R,
the reformulation with isopycnal coordinates involves the inverse of the density function
z PN p;zqg which we denote agoPN p;%jfor %P po; 10 where , is the (constant)
density at the free surface and; is the (constant) density at the rigid at bottom. Given
that the graph of p;%represents, in Eulerian coordinates, the isopycnal sheet of density
%the functionde nedash h B o represents the in nitesimal depth of this isopycnal
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sheet. Then,u u represents the horizontal component of the uid particle velocity at the
isopycnal sheet. We decompose the depth and horizontal velocities ifto h andu u
where ph; uq represent the reference shear ow and are given functions depending only
on the density variable%P po; 10 and ph;uqare the unknowns representing deviations
from equilibrium and depend on timet, horizontal spacex PR, and the density variable
%P po; 10 Finally, is the Montgomery potential (as mentioned in the paper by Holm
and Long [44]), responsible for the interaction between isopycnal sheets.

It is important to note that to obtain the system (2.2.11), the assumption of stable and
continuous strati cation (2.2.1) was necessary to de ne the isopycnal change of variable,
which implies that sheets of equal density form a foliation of the uid domain; see, for
example, [44, 13]. It is also worth mentioning that the use of the isopycnal change of
variable can be applied in a more general framework than the one previously established
(stable and continuous density strati cation). More generally, we can considét g
with r bNﬁprq, not necessarily bijective or even continuous. We will have an overview of
this in Chapter 6 where we will choose a particular case of this latter function, which will
suit our study to deal with the bi-layer Saint-Venant system. Furthermore, the rigorous
justi cation of the hydrostatic limit (N 0in (2.2.8)) is found in the result by Duchéne
and Bianchini [13].

By carefully analyzing the structure of the equations in the continuously strati ed
system with the additional Gent & McWilliams terms (2.2.11), we observe a certain
similarity with the multi-layer shallow water system with Gent & McWilliams terms added
in a similar manner (see equation (2.2.12)). In this manuscript, we precisely explain this
similarity, in other words, we provide the necessary dictionary that allows the reader to
consider the multi-layer system as an approximation of the continuously strati ed system
(see Chapter 5), and conversely, the continuously strati ed system as an approximation
of the bi-layer system (see Chapter 6).

The multi-layer system considered here is as follows

$

& BH; BypH; Hiq; Uaqq BH;

% BU U U 2 B, QN LMUPLI9BH; O

H; Hi . N
j 1
(2.2.12)
This system corresponds to a situation d layers of immiscible uids with constant

densities i, 1 P t1;:::;Nu When 0, by applying the hydrostatic approximation and
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the columnar motion assumption, we arrive (see for example [56, 9]) at the multi-layer
shallow water system (2.2.12) wher;, H; represents the depth of theé™ layer (H; being
the resting depth andH; the deviation) andU; U; is the average horizontal velocity of
the layer (U; being the reference velocity andJ; the deviation), andg 1 will be the
gravitational acceleration constant after rescaling.
As previously mentioned, in (2.2.12) (respectively (2.2.11)), the terms proportional to
were introduced by Gent and McWilliams [35] to represent the large-scale contribution
of unresolved eddies. They appear in the form of additional e ective velocitidg;
ﬂBi(H}‘i{i (respectively u DBK—T]) and act as di usivity contributions in the mass
conservation equations. Interestingly, similar terms were introduced in the work of Duran,
Vila, and Baraille [32] to control the discrete energy of a semi-implicit numerical scheme
for the multi-layer system (2.2.12). From a mathematical perspective, as established in
this manuscript, the regularization e ect of di usivity contributions is essential for our
analysis as it provides appropriate stability estimates, and we will always assume that
i O

Note that the approach of using multi-layer models to approximate the Euler and
Navier-Stokes equations has been addressed by several authors. Among them, Audusse
[4] proposed a multi-layer shallow water model by discretizing in depth, which leads to
a set of coupled classical shallow water systems to approximate the hydrostatic Navier-
Stokes equations. Unlike the classical shallow water model, where the horizontal velocity
does not depend on the vertical variable and thus implies a loss of information (as the
model does not accurately describe the vertical pro le of this velocity), the proposed
multi-layer model extends the validity range and provides an accurate description of the
vertical pro le. To justify this numerically, the author uses a layer-by-layer approach,
adapting well-known results on the nite volume solver of the classical shallow water
system to the multi-layer case (see also [6]). The previous approach diers from the
one established in this manuscript in terms of modeling. Indeed, the construction of the
multi-layer model proposed by the author is done purely arti cially by discretizing the
heights. In other words, the interface is determined solely by the variation of the surface,
which implies an exchange of uid particles between its di erent layers over time (see also
[5, 33]). In contrast to the multi-layer model treated in this manuscript (2.2.12), which
is obtained by following the density pro le, thereby discretizing the uid domain into a
series of layers with constant density. In this model, the densest layer is at the bottom,
and no exchange of mass between the layers is possible.
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From another perspective, Camassa and Tiron [22] proposed a bi-layer model to ap-
proximate the incompressible Euler system with continuous strati cation. The construc-
tion of this model, as well as its justi cation, relies on the fact that, similar to the contin-
uously strati ed system, it must also capture in nitesimal amplitude velocity waves with
in nite wavelength in addition to conserving certain physical quantities (which character-
ize a strati ed con guration), including mass and potential energy in each of the layers.
This justi cation represents a physical approach to the approximation problem, which
di ers from the theoretical approach considered in this manuscript. Our approach is
based on demonstrating well-posedness and explicitly stating the convergence rate (which
depends on the number of layers considered) to justify the validity of our multi-layer
model.

As mentioned earlier, we are examining the approximation of the continuously strati-
ed hydrostatic system by the multi-layer system (with density constant on each layer).
This naturally leads us to study the "inverse" problem, which is to demonstrate that in
the limit where the density (initially continuous) becomes piecewise constant, the contin-
uously strati ed hydrostatic system becomes an approximation of the multi-layer system
(we focus here on the two-layer case).

This naturally brings us back to the bi-layer shallow water system (corresponding
to N 2 in (2.2.12)), which is a standard model used to describe internal waves in
density-strati ed ows, particularly in situations where the density distribution allows
an approximate representation of the uid as two layers with nearly constant densities
separated by a thin pycnocline; see, for example, [42, Chap. 6]. In addition to ttsbarp
strati cation assumption, the formal derivation of the bi-layer shallow water system relies
on two additional conditions. It is assumed that the internal pressure is hydrostatic,
meaning that the pressure gradient force balances the external force due to gravity (see
(2.1.3)). It is also assumed that the ow velocity iscolumnar, which means that the
horizontal velocity of uid particles remains constant with respect to the vertical variable
within each layer.

Naturally, the validity of the bi-layer shallow water system depends on the expectation
that these three assumptions remain accurate over a relevant timescale as the ow evolves.

In the bi-layer framework and assuming hydrostatic pressure, the columnar assump-
tion is exactly propagated by the ow. This means that the bi-layer shallow water system
produces exact solutions to the hydrostatic (incompressible) Euler equations with den-
sity and horizontal velocity distributions that are piecewise constant with respect to the

42



Introduction générale

vertical variable.

In this manuscript, we examine solutions to the hydrostatic Euler equations near
such solutions, i.e., by relaxing the assumptions of sharp strati cation and columnar
motion. We demonstrate that for initial data su ciently close to the bi-layer framework,
the emerging solutions of the hydrostatic Euler equations remain close to the solution
predicted by the bi-layer shallow water system over a relevant timescale.

More precisely, the hydrostatic Euler equations we consider take the form:

Bh B.pd hgu uqq Eh;
2.2.13
Bu u u 1B‘hh Bu B O (2.2.13)

where the Montgomery potential is given by:
» r » 0
pix;rqg  pgq  hp;rigdrt prchp;rigdr® (2.2.14)
1 r
The system (2.2.14) is merely a rewriting of the system (2.2.11) through a change of vari-
ables, speci cally by taking%  prqwith r DNﬁnghere the variabler P p 1;0qrefers
to the depth of the isopycnal line (scaled). This allows xing the in nitesimal reference
depth of the isopycnals to the valuehprq 1. Additionally, the total depth of the uid
domain is set to Olnpqdr 1 through appropriate scaling. It is noteworthy that the
system (2.2.13) can be derived from the system in Eulerian coordinates (2.1.1), even in
cases where the strati cation is not bijective, particularly in the multi-layered frame-
work. Moreover, the system (2.2.13) is less singular in the limit of sharp strati cation.

Finally, after motivating the reader regarding the transition from the discrete system
(multi-layered shallow water) to the continuously strati ed hydrostatic system, and vice
versa, from the continuously strati ed hydrostatic system to the discrete system (bi-
layered shallow water), we will also investigate the single-layer shallow water system,
including the additional terms of Gent & McWilliams (correspondingtoN  1in (2.2.12)

43



Introduction générale

and in the case of spatial dimensiod).

Bh r ph hgu u udqq O
Bu ppu u ugqraq rh G
! h|t 0 ho, inf ho i O

%

RTTTTH

(2.2.15)
Ut o Uo;

wheret | O represents the time variable,d is the horizontal spatial dimension,x
X1 ::: Xqq the horizontal spatial coordinates,ph;uq PR RY is a stable equilibrium,
h  hp;xqis the deviation fromh, u  up;xqis deviation fromu. Physically h h
represents the layer height andi  u represents the average horizontal velocity eld of
h

the layer, andu hr—n

We draw the reader's attention to the fact that, apart from the results concerning
this system, for the sake of simpli cation and readability, we will consider the spatial
dimensiond 1.

As previously mentioned, when 0, we recover the classical shallow water system.
The latter is an approximation of order of the water waves system (a system of two
scalar evolution equations derived from the fundamental Euler system (2.1.1), assuming
the uid is homogeneous and the velocity eldU is irrotational), this approximation
is achieved by exploiting properties of the Dirichlet-to-Neumann operator (this operator
is de ned through the velocity potential resulting from irrotationality and satisfying a
speci ¢ Laplace problem). Here represents the shallowness parameter de ned earlier
(see (2.2.7)). We assume that is su ciently small to be in the shallow water regime.
Detailed information on the rigorous justi cation as well as other properties of this model
can be found in the following references [28, 55]. It's also worth emphasizing that in this
manuscript, the obtained results propose a di erent approach for justifying this model.
We rst make the hydrostatic assumption (which is valid in the shallow water regime),
and then look at the limit of constant density and columnar motion.

The reader likely noticed our particular interest in the single-layer and two-layer Saint-
Venant systems (corresponding to (2.2.12) foN P t1;2u). It is worth noting that for
these two systems, we obtain improved results compared to the general case. This is
attributable to the better understanding of the hyperbolicity conditions of the problem
without thickness di usivity ( 0) for these speci c cases.
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2.2.2 Stability aspects

Let's remind the reader of some classical stability results known to the community.

Regarding the single-layer shallow water system, it is established that the presence of
the non-cavitation assumption i hj 0) implies strict hyperbolicity. Furthermore, this
system admits an explicit Friedrich symmetrizer, which essentially consists in multiplying
the equation for horizontal velocity byh h. The study of this system can be found
in [28], but also in a more general framework that deals with quasi-linear rst-order
systems, including the single-layer shallow water system [12, 60]. In the particular case of
the rigid lid for the bi-layer shallow water system, explicit hyperbolicity conditions have
been provided by Guyenne, Lannes, and Saut [43] and improved by Bresch and Renardy
[20]. Unlike the single-layer shallow water system and the previously stated particular
case, determining the explicit hyperbolicity domain of the bi-layer shallow water system
(with a free surface) is not feasible. It is worth noting that, in this case, even the non-
cavitation assumption b, h; j Oandh, hy i 0) does not guarantee its hyperbolicity.
Nonetheless, several approaches exist to clarify this hyperbolicity, including the geometric
approach established by Ovsjannikov [65], as well as those of Barros and Choi [10] and
Vir' ssimo and Milewski [76], which we will detail in a clear and concise manner in Chapter
6.

As mentioned earlier for the case of the bi-layer shallow water system, we also lack
an explicit formula for the hyperbolicity domain of the multi-layer shallow water system
( 0 in the system (2.2.12) withN ¥ 2), and there is no geometric approach that
provides a better understanding of it. This di culty arises from the presence of multiple
variables in this system, making the analysis complicated, if not impossible. However, in
[27, 62], the authors provide su cient conditions for strict hyperbolicity when the uid is
stably strati ed (i.e., when 2 n ), but these conditions are obtained using
perturbative arguments with respect to the situation without shear velocities, and they
degenerate adN N 8 towards

M, Hi:;U UgPR™ : H, HijOU U U, U Uy UN(;

preventing any study at the nonlinear level or including shear velocities. We refer the
reader to the insightful discussion in [70, Y5] regarding stability results for multilayer
systems as the number of layers increases, in relation to stability results for continuously
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strati ed systems. The famous stability criterion of Miles [61] and Howard [45] is recalled
there, preventing spectral instability of continuously strati ed shear ows if the local
Richardson number is everywhere greater thab{4. It is also explicitly mentioned that
this notion of stability (along with other results, obtained by Holm and Long [44] and
Arbanel et al. [1]) is generally too weak to imply control of deviations from equilibrium,
especially at the nonlinear level.

According to our current understanding, the well-posedness of the initial value problem
in nite regularity spaces for the continuously strati ed system (2.2.11), in the absence of
thickness di usivity ( 0), with initial data satisfying the Miles and Howard criterion,
remains an open problem. We invite the reader to refer to the work of Kukavica et
al. [52] for the existence and uniqueness of a solution in spaces of analytic functions
(within the rigid lid framework), and to Cao, Li & Titi [23] among many other works (see
[58] for a recent overview) for the situation with contributions from horizontal viscosity
and di usivity. While the previously mentioned works deal with the hydrostatic Euler
equations written in Eulerian coordinates and do not rely on the assumption of stable
strati cation, the work of Bianchini and Duchéne [13] is closer to our framework as it
speci cally addresses the system in isopycnal coordinates with the additional terms of
Gent and McWillams, i.e., (2.2.11). They demonstrate that su ciently regular initial
data satisfying the no-cavitation assumptiongh hqg} o ¥ h | 0 lead to a unique
solution over a time interval rO; Tswith T 1 A 1 MY 2 o s qa MGG WhereMo
is the size of the initial deviations from equilibrium.

Finally, to conclude this section, it is pertinent to mention that in the case where

0 and in the presence of the Coriolis force, the explicit calculation of the hyperbolicity
domain is not possible/known for the multi-layer system (2.2.12). However, the result by
Stewart and Dellar [71] numerically demonstrates that the threshold for shear velocities,
below which the three-layer equations remain hyperbolic, is not altered by the inclusion of
the full Coriolis force. The standard shallow water equations only lose hyperbolicity due
to shears parallel to the wave propagation direction, but the full Coriolis force introduces
another mechanism of hyperbolicity loss due to shears in the perpendicular direction.

2.2.3 Main results

Our rst result concerns the single-layer shallow water system with the additional
Gent & McWilliams terms (3.1.1). We present a well-posedness result in nite regularity
spaces and small time for this system. The reference to "small" time comes from the fact
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that the existence and uniqueness time obtained depends on the parameteof these
additional terms. This result is achieved by relying heavily on the di usion induced by
these terms in , which allows us to use well-established general theorems for the well-
posedness of transport and transport-di usion equations. Similarly, employing the same
strategy as before for the multi-layer system (2.2.12), we obtain a well-posedness result
for it, with an existence time depending on the number of layefd and the parameter .
Secondly, we switch strategies and utilize the energy method. We demonstrate that we
can improve the existence and unigueness time of the solution for the single-layer system,
to a time that is independent of the parameter . Continuing in the same spirit and with
the same strategy, we enhance this result for the multi-layer system, showing that under
natural assumptions and particularly the assumption of stable strati cation (in fact, we
assume for simplicity that the densities are evenly distributed, i.e.( 1 T

and the non-cavitation assumptionpgH; H;iq: o ¥ h | 0, the solutions of the multi-layer
system (2.2.12) are uniform, unique, and exist over a time interval analogous to that of the
continuously strati ed system (obtained in [13]), which is particularlyuniform with respect

to N and with a better dependence on. We will refer to it as Large time well-posedness
(as opposed tosmall time well-posedness where the a priori existence time depends on
N). This relies on exploiting the symmetry properties of the system stemming from the
last term of equation (2.2.12), which can be seen as the term facilitating information
exchange between the uid layers. Through this term, natural compensations emerge
during our reasoning with the energy method. Finally, in this rst part, we demonstrate
that in the presence of the Gent & McWilliams terms, the energy of both systems (3.1.1)
and (2.2.12) is decreasing.

Our second main result states that for any su ciently regular solution of the continu-
ously strati ed system (2.2.11) satisfying the non-cavitation assumption and appropriate
bounds, the solutions of the multi-layer system (2.2.12) with suitably chosen densitieg
reference depthd;, background velocitiesU; and an initial deviation pH;; Uigk 0 are
at a distanceOpl{N qto the continuously strati ed solution.

In order to achieve these goals, we rely mostly on two ingredients:

1. a consistencyresult, stating that su ciently regular solutions to the continuously
strati ed system may be projected intoN -dimensional valued functions satisfying
the multi-layer shallow water systems up to a remainder term of siZ@pl{N ?q

2. a suitable stability estimate on the linearized multi-layer shallow water systems,
which is uniform with respect toN .
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The consistency result amounts to controlling the di erence between thd -dimensional
projection of the contribution of the Montgomery potential, %A) in (2.2.11), and the

corresponding contribution in (2.2.12) whemH;gp1::::.n o IS the N -dimensional projection

of h. The Opl{N 2gestimate is obtained by exploiting Taylor expansions at suitable values
of densities ; in the spirit of the midpoint rule in numerical quadratures.

The stability estimate on (2.2.12) relies on the energy method, for a carefully con-
structed energy functional. In order to obtain suitable bounds on the correct time scale,
we make use of a partial symmetric structure of the hyperbolic system (when 0) and
rely on the regularization e ect of di usivity only when necessary. This partial symmetric
structure and the construction of the associated energy functional relies on a decomposi-
tion of the linear operator

" 1minp ; jq.

j 1N i

which echoes directly an analogous decomposition of continuous operator

ot >0 pott
1

6/0 surf hp)/ﬂqj% hﬁ%qj%d%

surf suf %

M :h PN

and which is a key ingredient in the study of Bianchini and Duchéne. More generally,
our energy estimates mirrors the ones in [13] after introducing a dictionnary between
continuous operators and analogous discrete operators, with several adaptations to t our
framework.

Regarding the "inverse" problem (approximation of the bi-layer system by the contin-
uously strati ed system), we note that the solutions of the bi-layer shallow water system
(6.2.6) (or (2.2.12) withN  2) provide exact solutions to (2.2.13). More precisely, if we
denote

P d slp Hoog@d blp 1 1 G

Uyrd  Uslp nog@q Uplp 1, 1 g G

UpiP;Td Uslp bo@d Uplp 1 1 @G (2.2.16)
H H

hoip;rg Hile) Hq:0aT G Hib]-p LH g G
LELIX Hy

whereHs; Us; Hyp,; Uy are solutions of the bi-layer shallow water system with the additional
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Gent & McWilliams terms (6.2.6) (or (2.2.12) with N 2), then p ;Uy; hoi;Unigis @
solution to (2.2.13)-(2.2.14). In this work we shall compare these solutions with the ones
emerging from data satisfying (2.2.16) only approximately. Speci cally, our results are
twofold.

1. We prove that strong solutions to the bi-layer shallow water system (6.2.6) emerge
from su ciently regular initial data satisfying some hyperbolicity conditions.

2. We prove that strong solutions to the hydrostatic Euler equations (2.2.13) emerge
from data close to the piecewise constant pro les given by (2.2.16), and that these
solutions remain close to the bi-layer solutions.

Notice that to accommodate our aim of comparing solutions with a piecewise constant
density distribution with a solution with a continuous density distribution, we wish to
consider deviations that can be large in some small regions around the pycnocline. This
demands to carefully select the topology measuring the size of deviations in (2). Addi-
tionally, our strategy relies on the construction of an intermediate approximate solution,
which is proved to be close to the corresponding solution to the hydrostatic Euler equation
in a strong topology, and close to the bi-layer solution in a weaker topology. Hence this
intermediate approximate solution improves the description of the exact solution in the
pycnocline.

A second important remark is that while the contribution of thickness di usivity is
essential to our stability estimates, we wish to control and compare solutions on a time
interval which is uniform with respect to the thickness di usivity parameter O a 1.
The dependency on the thickness parameter will appear only as a restriction on the size
of admissible deviations. Concerning (1), this is made possible by the well-known fact
that the bi-layer shallow water system is well-posed (under some hyperbolicity conditions)
when 0 [65], yet obtaining the corresponding result for j 0 is not straightforward
and demands to use nely the structure of the thickness di usivity parameters. Con-
cerning (2), we use the existence of the bilayer solution and consequently the existence
of the improved approximate solution to bootstrap the control of su ciently close solu-
tions to the hydrostatic Euler equations on the relevant timescale. For that matter the
regularizing e ect of thickness di usivity contributions is strongly used.

Let us point out that the second result (2) applies toany given(su ciently regular)
solution to the hydrostatic Euler equations. Hence our work provides the same stability
estimates around other solutions, constructed for instance in the framework of multiple
layers or simple waves.
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2.2.4 Connected results

To the best of our knowledge, this is the rst time that the convergence between
solutions to multi-layer systems and continuously strati ed equations is rigorously proved
(while formal connections are discussed for instance in the pioneering works of Benton [11],
Su [72], Killworth [50]), with the notable exception of the work of Chen and Walsh [24]. In
the latter work, the authors consider the framework of periodic traveling waves without the
hydrostatic approximation (and without di usivity contributions). They prove that for
su ciently small periodic traveling wave solutions to the continuously strati ed equations
satisfying natural assumptions (in particular that the strati cation is stable, su cient
regularity of the streamline density, and the absence of stagnation points), there exist
corresponding traveling wave solutions associated with any piecewise smooth streamline
density function (hence in particular solutions to multi-layer systems which correspond
to piecewise constant streamline density functions, the velocity eld being irrotational
within each layer), in anL® neighborhood, and that the mapping from streamline density
functions to the corresponding traveling wave is Lipschitz continuous in suitable functional
spaces, the distance between two streamline densities being measured throughlthe
norm.

This result, which is quite strong and versatile, does not directly compare with ours.
Most importantly, the framework of traveling waves is of course very di erent from our
framework allowing non-trivial dynamics. Roughly speaking, the traveling wave prob-
lem can be recast into a problem of elliptic nature, while our systems of equations are
hyperbolic/parabolic. Consistently the tools used in our work, with the exception of a
semi-Lagrangian change of coordinates to x the uid domain (called the Dubreil-Jacotin
transformation in the context of traveling waves, which is equivalent to the isopycnal
change of coordinates) are very di erent from the tools used in [24]. Moreover, the hy-
drostatic approximation also modi es the nature of the problem, as it discards dispersive
e ects. As such, nonlinear traveling waves are inexistent within the hydrostatic approxi-
mation framework, and could be replaced if one desires to study simpli ed dynamics
with simple waves [25, 64].

Finally, as discussed in [24], the "reverse" limit consisting in approaching a bi-layer
(or multi-layer) situation with continuously strati ed problems has been studied (in the
framework of traveling waves) in particular by James [47], after Turner and Amick [74,
3].
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2.3 Plan of the thesis

In the rst part of Chapter 3, we rst focus on the single-layer shallow water system,
with the additional Gent & McWilliams terms as previously introduced (see Equation
(2.1.2)). We present a small-time well-posedness result in nite regularity spaces (the time
depends on the parameter of these additional terms), see Theorem 3.2.4. We demon-
strate in Proposition 3.2.7 that this system has decreasing energy. Then, we improve the
existence and unigueness time of the solution to this system to a time independent of the
parameter , as shown in Proposition 3.2.9.

In the second part of this chapter, and throughout the following, we consider the
spacial dimension to be one-dimensional i.ed (1) for the sake of readability and to more
straightforwardly derive the results of Chapter 7, which generalize known results in nite
regularity spaces. In this part, we examine the multi-layer shallow water system for gravity
wave propagation in strati ed density ows, with the additional Gent & McWilliams terms
(2.2.12). Following a similar approach as before, we establish a well-posedness of this
system in nite regularity spaces with a nonuniform time with respect to the parameters

and the number of layersN (see Theorem 3.3.1). Finally, we conclude this chapter by
demonstrating that the energy associated with this system also decreases (see Proposition
3.3.2).

In Chapter 4, we improve the existence and uniqueness time for the multi-layer shallow
water system obtained previously by employing the energy method (see Theorem 4.5.1).
The implementation of this method requires a crucial step of quasilinearization, which
allows obtaining the stability estimates necessary to conclude the continuity argument
used. Improving this existence and uniqueness time aims to achieve a time that has a
better dependence on and that is uniform with respect to the number of layeraN .

In Chapter 5, we address the convergence of the multi-layer system (2.2.12) towards
the continuously strati ed system (2.2.11) as the number of layersl tends to in nity,
providing an explicit convergence rate of ordet{N? (see Theorem 5.4.1).

In Chapter 6, in Section 6.2, we study the bi-layer shallow water systems. We rst
recall some known results without thickness di usivity, and then consider the system with
thickness di usivity contributions. The main result is Proposition 6.2.8, which provides
for any su ciently regular initial data satisfying some hyperbolicity criterion the existence
and control of strong solutions to the bi-layer shallow water system on a time interval
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which is uniform with respect to0 a 1, while Proposition 6.2.9 states the expected
strong convergence as N 0. In Section 6.3, we study the hydrostatic Euler equations. We
provide rst some stability estimates with respect to perturbations of the equations and
of the data using suitable distances. As a second step we introduce approximate solutions
associated with some given reference exact solution and close-by data. Building upon
these approximate solutions, we prove Proposition 6.3.8, which controls the dierence
between the reference solution and exact solutions to the hydrostatic Euler equations
emerging from close-by data. Together, Proposition 6.2.8 and Proposition 6.3.8 provide
the announced rigorous justi cation that for initial data suitably close to the bi-layer
framework and saisfying some hyperbolicity criterion limiting in particular the admissible
size of shear velocities, the emerging solutions to the hydrostatic Euler equations remain
close to the solution predicted by the bilayer shallow water system on a relevant timescale.
The rigorous statement is displayed in Theorem 6.3.1.

Chapter 7 serves as a toolbox for Chapters 4 and 5, as it generalizes classic lemmas
and propositions (such as those regarding products, compositions, injections, etc.) found
for scalar functions in spaces of nite regularity, notably Sobolev spaces, to the framework
of functions with values inRN.
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Chapter 3

THE REGULARIZED SHALLOW WATER
SYSTEM

3.1 Introduction

In this chapter, we examine a model describing wave motion in oceanography, which
Is motivated by the work of Peter R. Gent and James C. McWilliams. The model is
represented by the following system:
$
i Bh r ph hgu u uqq O
&Bu ppu u uqgraq rh O
i hyo hoinfhyi O

% .
Ut o Uo;

(3.1.1)

wheret j O is the time variable, d the horizontal spacial dimensionx p Xi;::i; Xqq
the horizontal spatial coordinates,ph;uq PR RY is an equilibrium, h  hpt;xqis the
deviation from h, u  up;xqis the deviation fromu. Physically h h represents the
layer height andu u represents the average horizontal velocity eld of the layer. We
notice that if u 0 the system corresponds to the shallow water (Saint-Venant) system
which is a hyperbolic symmetrizable system and is well known and studied for example
we give the book of Sylvie Benzoni-Gavage and Denis Serre [12] as a reference.

The main focus of this chapter is the choice of % where O is the
thickness di usivity. This choice is motivated by the work of Peter R.Gent and James
C.McWilliams on isopycnal mixing and eddy viscosity (see [35] equatigii®g). It is a
natural and suitable choice for them for many reasons for example in the case wheris
a positive constant a Laplacian will appear irnp3:1:1q which will have a smoothing e ect
on h.

We show that the initial value problem is in fact well-posed locally in time in regular
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Sobolev spaces for a single layered uid and we establish that its corresponding system
has decreasing energy. Moreover, in a natural way we extend the previous well-posedness
result to the case of a uid with nite number of layers. Finally, relying on energy methods
found in the book of Sylvie Benzoni-Gavage and Denis Serre [12] we improve the well-
posedness result for the case of a single layered uid by extending the time existence
compered with the parameters considered in this problem.

3.2 The single layered shallow-water system

3.2.1 Small-time well-posedness

In this sub-section we begin by giving classical results on transport equations and
transport di usion equations which will be the ingredient to prove the small-time well-
posedness of the single-layered shallow water system (3.2.1).

The following theorem results from combining [8, Theorem 3.19] and [8, Theorem
3.14].

Theorem 3.2.1. LetTj 0,dPN, j 1 g LetfoPH pRi gPLYW;T;H pRYqq
and v be the time-dependent vector eld such that PL 0; T;HSpRYqfor some | 1,
andr vPLY0; T;H !pRYqg The transport equation

#
Bf pvrd g

fir o fo

has a unique solutiorf PCpi0; TsH pRYqqg Moreover there existsC j 0 such that
M }L$p|4 q @ VP Moty } g}L%;ﬂ q

whereVizg: } r vpgl .

Theorem 3.2.2. Let § O0dPN, T 028 =8, {1 9 andv and
V be de ned as in Theorem3:2:1. If g PL?p0;TsH !pR%qgand VpTqis nite with
fo P H pRYqthere exists | O (which depends only ord and s) and a uniquef P
L pO;TsH g;quqXCpIO;Ts;H pRYqgsuch thatf is solution to the transport di usion
equation

Bf v rf f o
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3.2. The single layered shallow-water system

Moreover it satis es :
1 W T g vpr 1 11
}f}LloH L TS L Talolw Pl Ta 2z Z}ghem g
T

Remark 3.2.3. The estimates in the previous theorem are found in [8, Theorem 3.38],
the existence part follows using properties of the heat equation's semi-group and Duhamel's
formula.

Theorem 3.2.4. LetdPN,sj 1 % h i OOM;M i 0 andO a 1. There exists
T SRR VE R pvith Cps;h ;M;M ;dg j 1 and non-decreasing function oM g such
that for all ph;ug PR R? with

h¥h; |hl | ule M;
for any pho; uoq PH SRt ¢ with

Mo : } holus } Uotgisqe @ M;
ho h¥ 2h;

there exists a uniqugh; uqsuch that

h PL2pi0; TS H® *pR%q XCpi0; Ts HpR%(q
u PCpi0; Ts H°pR%f'q XC'pi0; TS H® 'R%f'g

and ph; uqis solution to

$

i Bh pu ugrhph hg u h;

& )

' Bu ppu u gfgra rh 0 (3.2.1)
i heo ho

ou|to Uo;

moreover
Ih}ie oy hsg® 2M o) 2 h ey e 1@ 2M o) Ul oty msiq @ 2Mo; (3.2.2)
andh h¥ h onr0:Ts RY where is a universal constant.
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Proof. For Toj O, we de ne the following set

ef

Arys Bros ™ L%p0;TosH® 'pR%qq XCpio; Tos HR%q  Cpi0; Tos H 3R g

The system is viewed as a system of a transport-di usion equation and a transport
equation, coupled only through order-zero source terms. We pat! 0,u ! 0and
we de ne the sequencegh”; u"¢,py by the following Picard iterative scheme:

Bh" * pu"” ugrh"?! ph" hg u" h" 1,
& Bu" ' ppu” u  gpqoraut b orht G
iy hy inf h"! h¥h;

1

0

(3.2.3)

r0;Ths RA

g-----

n .

Step 1: We begin to show inductively that for anyn P N, there existsT,, j 0, such

that ph";u"qisin At,.s Bt,sandthat inf m" hqg¥h.
r0;Tns Rd

It is immediate that pgh ';u !q PAts Brs, and that oinfdeh ' hg h¥h,
ro;l's
@i o
We suppose thatDT,, j O such thatpgh";u"q PAT,s Br,s,and inf h" h¥ h for

ro;Ths Rd

acertainn PN. Letfo ug;v u" u g r h".

We de ne #
1

. WD when x h¥h
n P4 wpXq elsewhere

(=]

wherew can be chosen such tha, PCg pRq
We notice that F, g0g 0 hence by [8, Theorem 2.8%, ph"q PHSpR%and

YFn ph"glys @ Cps;h ;M r W™} ys 1gh"}ys;
whereCps; h ;M;}r h"}ys 1qdepends non-decreasingly ojr h"}$, . Hence

}roveahs 1 Adupaks  Phpals sCpsih MGTh e pisq@h"hie misq PTG 1
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3.2. The single layered shallow-water system

Sinceu™ ! satis es the following transport equation

n 1

Bu" ! v ru o}

and moreover by what proceeds one can easily check tHat v; g satisfy the hypothesis

of Theorem 3.2.1, then there exists a unique" * P B+, .s which satis es the equation
p3:2:3¢ in a distributional sense, and the following estimate:

»

Tn r hn
Hu” 1}L$anSq° Yuobws } r Wb sq exp C - Jr u" u T
0 n

nqh s 1dt

In the same way we putfy hg;v u" u;g p h" hg u"thenh" ! satises the
following transport di usion equation:

Bhnlpvrchnl hnl 91

and moreover one can easily check thdb;v; g satisfy the hypothesis of Theorem 3.2.2
then there exists a uniqueh” ! P At such that it satis es the equation 3:2:3g, in a
distributional sense and the following estimate:

))T

%}hn 1}L$ans g8 exp pl an% i }rupqlys adt
Pl Tnq %}phn hg un}l_%anS q p1 an%}ho}Hs

It remains to show that inf dhn 1 h¥ h foraconvenientT, ;.
r0;Th 18 R

Let us assume thatT, ; & T,. We know that

} Un r hn L hn L p hn hq Un gqhs 1 A}Un}Lgnms 1q}hn l}LﬁanSq
} h" 1}L§;anS lq M}UH}L$np|48q

} hn}L?n pHSa}Un}L$n pHsq

which implies that Bh" (in a distributional sense) is inL2; T,;H® pRYqqtherefore
h" 1 PHp0; T,sHS 'pRIqol Cpi0; T,sH® pRYq consequently it satis es the funda-
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mental theorem of calculus:

))t

@P10;T, s h" ;g h hepg h Bh" 'p; od;

0

and by Sobolev injection there exist& ¢m;Mqg j 0 (which may increase if necessary
throughout the proof), such that

))t

a___
Bhn 1p; qj ac T, 1}Bhn 1}L$ pHs 1g-
0 n 1
. ? .
ChoosingT, ; suchthatc T, 1}Bh" 1}L$ Hs 1@ h we obtain:

@PIO;T, ;s h" ', g h¥ h;

thereforeph™ L;u™ qPAr, ,s Br, ,sandh™! h¥ h onrQ;T, ;s RY

The iterative scheme is well de ned at least in small time which at this point depends
on n. To overcome this dependency using the fact that the initial data is bounded we are
going to bound the sequencgh"; u"g,py iN @ certain space of its regularity.

Step 2. We are going to nd an appropriate timeT  Tps;d; ;h ;M;M g such that
@ PN, h";u"qg PBrpgandh” h¥ h onr0;Ts RYwhere

B+p0g“tp h;ug PAT:s Bris; thhegisq® 2e M g; %}h}L$pHS 1q@ 2e M g;

Juis pisq @ 2eMol

We suppose that fom PN, ph";u"q PBrpOgand h"gt; g h¥ h ,forallt P10;Ts Using
the estimates of the previous step of the proof we have:

W e psqaexp Cpr 2eM @eM Cps:h :M;MdTz  22e MT 2

Mo, 2e 2T:M,
Moreover

}h" s pisqe exppT  2eMqg pl p T ¢q zpReMd derMoTé Mo ;
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3.2. The single layered shallow-water system

and,

1 1
2}hn l}L$pHS 1q0 eplp T 02q®T eM

pl Tq z@ced dReMoTz Mo p T Mo

On the other hand@P 10; Ts

))t

Bh" p;:qd o c pReM¢ 2eMd p2eM@Edgl  22eM T :
0
Hence there existCps;h ;M;M ;dqg i 1 such that for the choice of0 T =& SRR VE R
and by using the previous estimates and by induction we hava";u"q P B+p0q and
h" h¥ h;inr0;Ts RY.

Step 3: We now prove thatph"; u"g,py is @ Cauchy sequence iAo Br.o.

We put Sy 1:m gn m 1 oyn 1’f0 ov u"™ u %1
g Fun m un hrhnh”mmh r:"hnh qr u” 1 r th m hnq

HenceS, 1., satis es the following transport equation
Bsn 1m \" rSn 1;m g;

sinceS, 1m P Cpi0; Ts L2pRYf'qg and satis es the transport equation in a distributional
sense, by Theorem 3.2.1 the solutio8, ;. IS unique and it satis es the corresponding a
priori estimate.

We put Wy, ¢y h" ™1 h" 16y Ov ut™ u,
g pun m unq r hn 1 hn mr Fun m unq phn m hnq- un r pJn m unq
HenceW, 1. satis es the following transport di usion equation
BWn Im v r V\/n 1m VVn 1;m 9:
sinceW, 1.m PL?M0; T;HpRYggXCpi0; Ts L?pRYggand it satis es the transport di usion

equation by uniquenessV, 1., satis es the corresponding a priori estimate.
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Consequently using the functionF,, de ned in Step 1 and [8, Theorem.2.89] and
the product estimates in estimates in Sobolev spaces to boung g (in both cases of
transport and transport-di usion equations) we can deduce from the a priori estimates of
both W, 1., and S, 1., that there exists, ps;d;h ;M;M g Osuch that :

}Wn 1;m}L$pL2q %}Wn 1;m}L$leq } Sh 1;m}L.8r pL2q @ : }Wn;m}L$ pL2q

1 1
2}Wn:m}L$p|-|lq } Sn:m}L$ p2q T2

Finally with T as in Step 2 by augmentingCps; h ;d; Mgsuch that:

1 1
YW 1;m}L$pL2q 2}Wi, 1;m}L$leq } Sn 1;m}L$ pL2q @ 2 }Wn;m}L$ pL2q

1
2}Wn;m}L$leq } Sn;m}L$ pL2q -

Implies that ph";u"g,py iS @ Cauchy sequence i\t Bt endowed with the norm
I}epzg  ZH}zgig b UbLe pzg therefore there existsh;ug PAT,o By such that
ph"; u"q YN ph; ug

Step 4. Passing to the limit.

Using the classical argument of weak convergence of a subsequence in Sobolev spaces
and from what proceeds by using an interpolation argument we can pass to the limit in the
equations (one can see for example [8] as a reference of this argument) and consequently
ph; ug satis es (3.2.2),(3.2.1).

Step 5: Regularity of the solution.

Sinceh PL2m; Ty ; HS *pRYq XL 8 p0; Ty ; H $pRYqqis solution to the transport di u-
sion equationp3:2:1¢p, by Theorem 3.2.2 it is the unique solution hende P L?@0; T; HS pRYqgX
Cpi0; Ts HSpRqq
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Using the fact that h” N hin L8 pi0; Ts RYq it follows that
@pxgPBO;Ts RY h"m;xqg h¥ h ofA@pt;xqP0:Ts RY hp;xq h¥ h:

Sinceu PL8 m; Ty ; HSpRYf'gand satis es the transport equationp3:2: 1, by Theorem
3.2.1u is the unique solution andu P Cpi0; Ts H3pRYd'q again using the equation we
can con rm that u PC*pi0; TsHS *pRflq O

De nition 3.2.5. LetdPN,h j 0,si 1 ¢, phojuog PHSpR ¢ and ph;uqas in
Theorem 3.2.4. Denote forT j O

Ers: L%p0;TsHS RIgCp0; TsHSRYqq  Cp0; Ts HSRf'q Clpi0; TsHS pRq ;
and de ne

Thmax © SuptT j O;there existgh; uq PE+.s; with ph; ugsolution top3:2:1q
and inf h h¥ hu

r0;Ts Rd
We say thatph; ugis a maximal solution of the systenp3:2:1q if

h PLE.PIO; Tmax G H® *pR%q  CpI0; Tmax G H *pR%qQ
U PCpO; Tmax G HpR'q  C'pi0; Tmax g H® *pR%f'q

and inf h h¥h.

r0;Tmax q Rd o

From the previous theorem it follows that the systenp3:2:1q has a unique maximal
solution. Consequently we state the following theorem.

Theorem 3.2.6. Let O o1, dPN,h j O sj 1 ¢, hgueqPH R ¢ and
ph; ugas in Theorem 3.2.4 such thahF?df ho hij O, there exists a uniquél.x | 0 and a
unique ph; uq with

h PLZ.PIO; Tmax G H® *pR%qq XCpI0; Tmax G H *pR%qQ
u P CpI0; Tmax G H°pRYd'q X Cpi0; Trax G H® *pR%'g

such thatph;uqgis a maximal solution of the systenm3:2:1g and it satis es the non cavi-
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tation assumption, forpt; xq P 0; Tnaxq R
hp; xg h¥ h:

Moreover we have
If moreover pho; Uog PHS' PR 4 with st s, thenph; uq PCpI0; Tmax G HS PRAGE 9q
(propagation of regularity).
pho; Uoq PH SRt @ PYN p; ug PCpI0; Tmax G H SR g is continuous (ow map
continuity).

Proof. The rst part of the theorem derives naturally from Theorem 3.2.4, as for the
continuity of the ow map and the propagation of regularity this is classical and well
known in literature one can check [8] for these type of results. ]

3.2.2 Decreasing total energy

Applying the scalar product of (3.2.1) with h and the scalar product of3:2:1¢ with
ph  haqu, integrating by parts and combining the two equations we naturally de ne the
energy of the systenp3:2:1q by the following functional

»

@POTS Eta , hitixd ph hobpxaix (3.2.4)

Rd

In the following proposition we will prove that in fact this energy is decreasing.

Proposition 3.2.7. LetdPN,sj 1 g h i 00Ti O ph;ugPR RYandph;uq
solution of the system@B:2:1qde ned onr0;Ts RY, whereh h¥ h onr0;Ts RY,
such thath; u are smooth enough. Then the enerdy de ned in (3.2.4) is decreasing.

Proof. Omitting to write the variable f;xqin what follows to lighten the text, and dif-
ferentiating with respect to the timet the energy functional we consequently have

» » »
(;thrtq pBhaohdx ; Bhlul?dx  ph hgBu udx:

Rd Rd Rd
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Integrating by parts we obtain the following identities.

» » » »

pBhchdx pp ug r hohdx hph  hgp  ucdx p hohdx
Rd »Rd Rd » Rd
ph ho h pu ucgx Ir h|?dx:
Rd Rd
1)) 1))
> BhluPdx 5 pp ugrph hqg ph hg pioug  hgplPdx
Re @g » »
1 2 1 2 24y
5 Pm o ugrhabPdx > ph hap ugbPdx 5 p hghldx;
Rd Rd Rd
and
» » »
ph  hgBu udx pfh hgm ug r u udx prh raqu udx
Rd R);i Rd
ph hg h udx;
Rd
where
» 1)) 1))
h hgp ugr u udx > phpu ugqyPdx 5 ph hap  ughl*dx
Rd Rd Rd
and

» »
rh ro udx 5 b hqu|?dx:

Rd Rd

Gathering the above equalities we obtain

» »

Oclthldq h  hg h udx Ir h|?dx;

Rd Rd

using the fact that »
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we have q »
—E h|2dx;
Rd
therefore the energ\E of systemp3:2:1qis decreasing. ]

3.2.3 Large-time well-posedness

In this sub-section we improve the result obtained in Theorem 3.2.4 and this is done
by using the energy method. We start by obtaining energy estimates on the linearization
of system (3.2.1), using these estimates we give the large-time wellposedness of the single-
layered shallow water system (3.2.1).

We consider the system

i B® pu ugr®ph hg © R K
& B® ppu u {"qrg? rR R;
i%ﬁno IQO;

@ 0 @

(3.2.5)

Lemma 3.2.8. Leth ;M;M j 0. There existsC CpM;M ;h q i 0 such that for all
0 a 1, for any h;u PR such that

|hj =& M;

and for any T j 0 such thatph;uqis solution to the systenp3:2:1qon r0; Tswith ph;uq P
Clp0; Ts HSpRYG g XCpi0; TsHS pRI¢f g satisfying for almost everyt P 10; Ts the
upper bound

trhgs gl }oroums qhg }ohpt gl o M

and the lower bound
irg;{hp;;xq h¥ h; (3.2.6)
X

and for any p?; ©q PCpi0; Ts pL2pRad dqwith @ P L2p0; T; H lpRqgsatisfying (3.2.5) with
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R;R PL2?M; T;?pRqd Yg the following estimate holds

1 >
Ecpfgang 31 B}z ERROMG C }Rp: a); } Rp: q);d
0

exp Cph ,Md ;

where we denote

»

1
@PI0;Ts EpY; Sopq: > 1812t; xq phpt;xq  hgl9?pt; x ox: (3.2.7)

Rd

Proof. Omitting to write the variable p;xqin what follows to lighten the text, and dif-
ferentiating with respect to the timet the energy functional we consequently have

» » »

Secfogps  paRfc  BNGPAC o hoBe wdc

Rd Rd Rd
Integrating by parts we have
» » » » »
pBRdx pu ugr Bfdx  ph hgp  @gfdx Ir §2dx  RRAdx;

Rd Rd Rd Rd Rd

and

» »

pu uqg r Bofdx ; o ugfiPdx;

Rd Rd

» » »

h hap Ofdx  Brh @px o hg @ Gdx;

Rd Rd Rd
hence
» 1 » » »
pBRGYdx 5 ugfPdx B h @px pth hg B @dx (3.2.8)
Rd Rd » » Rd Rd
Ir B27dx  RSdx
Rd Rd
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» » »

ph  hgB® @dx pgh  hgpp uqg r g9 @dx prhor g9 @dx
Rd F\;;i » R
m hg B @x ph hR @dx;
Rd Rd
moreover
» 1)) l))
th happ uq r g9 @&x > ph pu uggP’dx S ph hap  ugi9’dx
Rd Rd Rd
» »
rhora® &x 5 p hq|9|*dx;
Rd Rd
consequently
» 1)) 1)) »
h hgB® &dx > ph pu uqal’dx S h hgp uqidPdx 5 p hqlddx
Rd Rd Rd Rd
(3.2.9)
» »
h hg @ @x ph hR Gdx;
Rd Rd
1)) 1))
5 Bh|@|%dx 5 Pmouqr h ph hg:u hq)@|%dx: (3.2.10)
Rd Rd

Gathering (3.2.8), (3.2.9) and (3.2.10) we have

» » » »

;Eds?;@qp)q ; o ugf?dx B h @gpx Ir §2dx  RAdx (3.2.11)

d d d d
R» R R R

ph hoR  @dx;

Rd
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consequently

»

Seftegpg I APrabaCrh Y Jrohit ) roupt a),  Ed9 Sapo

Rd

Cph *q }Req}, }hps s | hl }Rptq), EZpf Gapg

Hence

»

;Epﬁ; @qpbq Ir BI?padx o Cph ;M cEp; 8apq

Rd

Cph ;M;M apRpta); } Rpq},cE2p?: Gopg
The proof is then a consequence of Gronwall lemma. O

Proposition 3.29. Letsj 1 ¢ h § 00dPN,M j 0,0 g 1, tho;ueq P

21

HspRIGt @ and ph;uq PR RY such that

Mo: Ep °h; °ug@q o M;
infhoy h¥ 2h:
Rd

|h| & M;

then there existsCph Y M;M qij 0,0 T 8 such that forTya; h; u as in Theorem
3.2.6 with ph; uq the maximal solution to(3.2.1) with ph;uq; o P ho;uoG Then Tpay is

as follows
1

T ¥T ¥ :
max CFh 1;M;Mq\/l%

Moreover for allp; xqP 6;T s R

Ep °h; Suqpq & My;
hp; xg h¥ h:

Where E is de ned as in Lemma 3.2.8, andCpM; M ; h qis a non-decreasing function
of M.

Proof. We supposemh; uqsu ciently regular to justify the computation done in proof of
Lemma 3.2.8. Leth; ®q: p °h; °Sug and applying the operator S to system (3.2.1),
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we obtain system (3.2.5) with the corresponding rest terms

R r Susghr Shy u;

S S

1
ug U ——r 5;r hsru ;—— p hgp ug

=

wherev u

=

h h

In order to obtain a di erential inequality on Epﬁ; @q it remains to estimate the rest
terms R; R in L? spacial norm.

Sincesj 1 % by using commutator estimates in Sobolev spaces (see [53]) there
existsC; j 0 such that

JRRtq); = Crhopta);}ta) ;-

Moreover one has for angy j % ¥ 0, using classical product estimates and compaosition

estimates in Sobolev spaces (see [53]) we have

' 1 rh . Q i 1 h
h h Hy Fh hqz Hy *2 Hy *2 Fh hqz Hy
R 1 1
Aph f|r h — r h
p qzl |Hx HIZ* m hqz Hsol |H .

1 1
= Ir Al
h* mohd oy, i So

o C h %}h}ys }r h}y

Hence sinces | 1 % , using commutator estimates in Sobolev spaces there exists
Cph %}R}..qi Osuch that

JRtgh; o} @af,  Cph;} 08} .qteal; }r Rg), } Saaf, : (3212
Furthermore we have the following estimates:
Yot; qff, o ;Ed*?;@qmq
M, a0 26708 Gopg
Hence, by using Cauchy Schwarz inequality and the previous estimates in addition to
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3.2. The single layered shallow-water system

the continuous injection H® 'pRYq & L8 pRYq equation (3.2.11) and by augmenting
Cmh 1;}I9}L§q, we have using Lemma 3.2.8 the following estimate

»

Sefogpg I APrakaCih a 1) i al, | bl B eang  (3213)

Rd
2
Cpm %}R}.q }hpt g}, | bl E*d? Gapg
Cpm L1R}.q }hpt g}, | hl E*d9 @opg
Once we established inequalityg3:2:13qthe goal now is to obtain a control on the energy

Ed? @q Let

*

T : sup 08T Toa;@PM®Ts pERY @opg = 2Mo; and infhpt; g h¥ hq

By continuity in time of the solution we deduce thatT | 0. Lett P ®; T g using
inequality (3.2.13) we have

d 1
aEds?;LSquq aCph %Mo, MM ER? @qpg  C ph L Mo; M gV oEpf; 8qpg
thus
d 1
g EA% Gapg = Ceh Mo Madg M ocEpR: Bapg

where Cps;h ;Mg;Mq | 0 is a non-decreasing function oM,. By using Gronwall's
inequality, we have

Ep?: Gopq oEp®, OqBgexp Cph LMo Ma¢ M odf (3.2.14)

using the fact that O 1 and augmentingCph 1;Mg; M gwe nd that there exists
C, ¥ 1 depending only onM ; M; h such that

Cth ‘Mo MaMdta C,* i Eff 9ang = Mo
Sinceph; h; u; ug satisfy the following heat equation

Bh u rh h g;
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Part , Chapter 3  The regularized shallow water system

whereg: p ur hph hg ug by positivity of the heat kernel and sinceu is constant
we have

inf hpt; xq ¥ Xipgdhm;xq } 9 ioie oo

xPRd

Using product estimates in Sobolev spaces (see [53]) and the fact that 1 g we have

Yopaks Alhl}ug; gk, } ups alys }hes alys
o Cph %Mo MaM¢d:

Hence augmentingC; if necessary we nd that
Cph 1;Mo;Mq\/Io%tm C,! ofh @xPRY% hp;xq h¥ zh ;

Hence by continuity in time of the solution we nd that for all t P ®; T g satisfying
1

Cph L, Mg;MgMit & C, 1, there exists | O such thatrt ;t s€p;Tg Bya

continuity argument we consequently have

1 .
Cph 1;M0;Mq\/|o%

This estimate onT . is obtained forph; ugat least in Cpi0; Ts HSpRYf' 1gXCpi0; Ts HS R4 g
we deduce the same estimate Ofa if the initial data pho; ugqwere only in HSpRt ¢
(consequentlyph; ugwill have the same regularity as given in Thoerem 3.2.6) and it is ob-

tained by regularizing these initial dataphg; uggand using the continuity of the ow map

and the propagation of regularity found in Theorem 3.2.6, the proof is then concluded(]

Thax ¥ T ¥

Remark 3.2.10. The previous result is an improvement of the result found in Theorem
3.2.4 since there is no more dependency onfor the lower bound on the time existence

Tmax .
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3.3. The multi-layer shallow-water system

3.3 The multi-layer shallow-water system

Let us remind the reader that, as stated in the introduction, besides the results con-
cerning the previous chapter on the one-layer shallow water system, and for simplicity
and readability reasons, the dimension will be set as 1.

3.3.1 The nonuniform well-posedness

As it has been seen in sub-section 3.2.1, the shallow-water system with the additional
Gent & McWilliams terms is well-posed with a time of existence that isn't uniform with
respect to (see Theorem 3.2.4). We can easily adapt the proof of Theorem 3.2.4 (with
some minor modi cations) to the case of a nite number of layer of the uid where the
time T in addition to the dependency on will also depend on the number of layers
and hence we state following theorem.

0 a 1, there existsT S MINM G pvhereCps;h ;M;M g i 1 and non-decreasing
function of M and M _q such that for allpH;Uq: ppH,; HyagpJ;  ;Uyaqq RR™
with

inf H;¥h; sup [Hi| | Uj|= M; (3.3.1)

iPtL::Nu iPt1;::Nu
for any pHo; UoQ: ppH10;  ;Hn.0G o, Un:odq PHSpRN with
Mon @ sup }Hiotns } Uiolns @ M;
Hio Hi¥2h; @PtL:::Nu
There exists a uniqugH; U q with

N
H pH: ;HnQP L2%p0; TsSHS pRgg XCpi0; TsSHSpRgq  and

N
U pU; ;UygP Cpi0;TsHSgRqg XClpi0; TsHS pRaq
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such thatpH; U qis solution to

$
& BH; B,pM; Higl); Uqq BEH;
N N PtL:::;Nu
%BUi U, U % B U NLMB(H] 0; @ ; TN U
i 1 J 1 i
(3.3.2)

with initial data pH;Uq: o p Ho; UoG

Moreover
Hitis wT:Hsq® 2€ M o ; %}Hi}LZFO;T;HS 192 2e M on;  Uitis oriHsq @ 2€Mon;

andH; H;¥ h onr0;Ts R, foralliPtl:::Nu where is the same as in Theorem
3:.2:2.

Proof. We will give a sketch of the proof since it follows the same steps as in Theorem 3.2.4.
xed, system (3.3.2) is viewed as a system of a transport-di usion equation and a transport

equation, coupled only through order-zero source terms. We ptt, * 0, U, *  0Oand
we de ne the sequencgH"; U"g,py by the following Picard iterative scheme:

{3 BH" ' pU; U"gBH! ' pH; HPgBU" BH®
SRyt U our BoBurt  pmwiisghn g
' o i1 | (3.3.3)
% Hij; 5 Hioo HM' Hi¥h
Uiﬂ é Ui;oZ

For Step 1 by applying the same procedure and relying on the estimates 3.3.1 we easily

depend oni), such that pH"; U"qis in Ar,.s Br,.s and that OTinf de—li” Hig ¥ h.
ro;Ins

The major change is the estimate obtained ob" .

N .
UM e mieqn HWiobns NL}JC‘}BXH{'}LWHSq (3.3.4)
i1 :
» 1 BHP
exp C }B( Uin Qi ﬁ th}HS 1dt
0 i L]
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3.3. The multi-layer shallow-water system

For Step 2 using the induction argument in addition to estimates orH" * and relying on
(3.3.4) we easily deduce that there existSps; N; h ;M;M ;dq j 1 such that for the choice

of0 Tam Ceh WM g We havepH";U"q PBrOgand H" H; ¥ h inr0;Ts R and

For Step 3 we show thatppd;;U'g ;pHT; U dgen is @ Cauchy sequence ipAr.o
Br.0d' endowed with it's natural norm de ned as follows,

forpH;Ugq ppH:;  HnGPJ:,  ;Unaq

N
s 1
PHIUG o srogr © MHikepza  FMHikzpige } Uhenze

i1

hence de ning fori Pt1;Nu

nm 1 n 1.

Sn 1;m;i Ui Ui y
n m 1 n 1.
Wn 1;m;i Hi Hi ’

and using the exact same estimates found Btep 3 of the proof of Theorem 3.2.4 with
the correspondingf;v; g and by following the same procedure we easily show that by
augmentingCps; N;h ;M; M ;dg pp7;U'g  ;pHE; UL agen is @ Cauchy sequence in
PAro  Brod'.

Finally Step 4 and Step 5 are easily deduced by adapting the last two steps of the proof
of Theorem 3.2.4. m
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3.3.2 Decreasing total energy
Based on (3.2.4) we de ne naturally the energy functional of system (3.3.2) fbr PN

andt P 10; Tshy
2

» N 2 »N 1 N
1 5 1 5 5
Epq N Hjpt;xg dx N Pk1 «kQ Hig;xg dx (3.3.5)
R j 1 R k 1 j k1
1)) N » N
5 jPH; Hj ot xagl; [Pp; x o jUipH;  Hjptxad); pt xox:
i 1 R 1

In the following proposition we will prove that in fact this energy is decreasing.

Proposition 3.3.2. LetNPN,sj 1 1 h j 0 T;j O,

MH;Ug: ppHy;  sHygpd;  ;Uyag FR™,andforH pHi  HyGU pU;  ;Ung
smooth enough such thgH; Uqis solution to system(3.3.2) de ned onr0; Ts R, where

o iE - Hi Hit; g ¥ h for t P10;Ts moreover supposing thaty i i 1i O
Then the energyE de ned in (3.3.5) is decreasing.

Proof. Omitting to write the variable p;xqin what follows to lighten the text, and dif-
ferentiating with respect to the timet the energy functional we consequently have

d 1» N N 1 » N 1 N N
aEﬂq N BH; H; dx N Pk1 «kQ BH; H; dx

R 01 i1 R k1 i k1 i ko1

l)) ’N » >N

> i PBH; gl |*dx jH;  HjgpBJ;dJ; dx

R I R 1
» N » N
jgj[jl HjC]BUjdX ijBHjUjdX:
RI11 RI11
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3.3. The multi-layer shallow-water system

Integrating by parts we obtain the following identities.

BHJ‘ Hj dx B( Fiij HjC]Mj qu Hj dx
R 1 i1 R 1 i1
’ BEHJ ’ Hj dx
! i1
» N N » N 2
M Hjay; Ug BH; dx BH, dx;
R 1 i1 R 1
we automatically have
?N 1 N N
Pk1 «Q BH; H; dx
R k 1 j k1 j k1
PN 1 N N
Pki1 «kQ MH; Hjak; Uqg BH; dx
R kK1 i k1 i k1
N 1 » N 2
Pki1 «Q BH;  dx;
k 1 R k1
moreover
1)) N 1)) N » ,N
5 BH;|U|* jdx 5 B pH;, Hjah; Uq |Y|* jdx > BH; Ui jdx;
R 1 R 1 R 1
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furthermore
» N » N
i HjgpBY;dJ; dx H; Hjog; UagRy U
rRI1 rRI11
» N
PRH;BU;qy; jdx
Rj 1
» N N
N Hp H U minp;
N rR1 1 i1
1)) N
5 B H; Hjan; Uq Y
R 1
» N
> BiH; |U* dx
R 1
17N N
N Hy Hp U minp ;;
N rR1 1 i1
in the same way
» N » N

5

j 1

jdX
jgpRHigq dx
jdX
jgPBHiq dx;

jUipH; HjgBUdx ~ B fH; Hjqh Ugq Uy jdx

R/ R 1
» N
BEHJ' Ujgj jdX
R1 1
1 » N N
N Hy H; Uy minp i jqpRHiq dx;
Rl 1 i1
and
» N » N
jU; BH; U dx B« H; Hjat); Ug YU; jdx
rR1 1 R 1
» N
BEHJ' Uy, jdx
rR1 1
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3.3. The multi-layer shallow-water system

Gathering the above equalities we obtain

d . N
aEp;q Nl M, Hjagl; Uq BH; dx
R 11 i1
1 ” N1 N N
N Pki1 «kQ H;, Hjad;, Uq BH, dx
rR K1 i k1 i ko1
1”7 N N
N Hp H Y Yy minp i; jgpBHiq dx
r1 1 i1
» N 2 N 1 » N 2
1 , : .
N BH;  dx N Prx1 o A BH; dx
R j 1 k 1 R I k1
1
—S —S;
NSl N2
where
» N N
St 1 My Hia, Uag  BH; dx
R 11 i1
» N 1 N W
Pk 1 kg M, Hjgr); Uqg B(H; dx
R K1 i k1 i ko1
» N N
H; H} U Uy minp i; ;gpRHiq dx:
Rl 1 i1
» N 2 N 1 » N 2
S 1 BH d  py:i g  BH dx
R J 1 k 1 R J k 1

For the sake of readability and in order to deal withS;, we introduce the following
notations

g : Hj Hj;
Qj Uj;
BXHj7
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hence using the fact that | i 1i O, we have
» N N N 1 N N
S 1 i hq G dx Pk1 «kQ By hq G dx
R j 1 j 1 Rkl j k1 j k1
» N N
ah minp i; ;o6 dx
R J 1 i1
» N N PN 1 N N
1 Pyl q g dx Pki1 O Bhq G dx
R j 1 j 1 Rkl i k1 j k1
”» N N minpi;j q 1
ah 1 Pxi1 0 G dx
R 1 i1 k 1
N 1 N N » N N minpjqg 1
Prxi1 «Q g G dx Pk 1 «kOgbcdx;
R K1 i k1 i k1 R il k1

by exchanging the order of summation in the second term we have

»1\1 1 N N »l\£ 1 N N
St Pki1 «d e2e]e G dx Pki1 «gahcdx
R k1 i k1 i k1 R K 1j k1i k1
Consequently
d
—E —S
at [xq N 2
» N 2 N 1 » N 2
~ | BH d o pua @ T BH dx
R 1 k 1 R I k1
since v i 1i 0, the energyE of system (3.3.2) is decreasing. ]

3.4 Conclusion

In this chapter the small-time well-posedness of the single layered shallow-water system
with additional Gent & McWilliams terms (3.1.1) is obtained, its large-time well-posedness
(when the time of existence and uniqueness is independent of the parametgris then
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obtained by the energy method. Moreover we proved that the former system had a
decreasing energy.

We showed the well-posedness of the multi-layer system (3.3.2) with a lower bound on
the time of existence that depend®l and , this result is obtained relying strongly on the
results of transport and transport-di usion equations found in [8]. In the strategy of the
proof we neglected the structure of the equations and the fact there is a correspondence
between the layers of the uid, this correspondence can be seen through the last term
of (3.3.2),, which morally represents an exchange of information between ti¢ layers
of the uid. Finally we showed that this system has a decreasing energy. Note that in
the small-time well-posedness result Theorem 3.3.1, we didn't assume any hypotheses on
stable strati cation nor impose any regularity on the density pro le as opposed to the
result of the following chapter, mainly Theorem 4.5.1. Here, we impose regularity on the
density pro le in addition to stable strati cation that can be seen in equation (4.1.1). In
addition to these assumptions and exploiting the symmetric structure of the multi-layer
system, we obtain a time of existence that is independent &f and that has a better
dependency on the parameter.
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Chapter 4

LARGE-TIME WELL-POSEDNESS OF THE
MULTI-LAYER SHALLOW WATER SYSTEM

4.1 Notations and conventions

In what follows, we use as convention that 1 and o suf 1. This choice
can be enforced without loss of generality through a suitable rescaling of the variables and
unknowns. We also sep iQptr::nu @S

.....

@PtL:::Nu . et P %qw (4.1.1)

This choice is motivated by the following chapter, where we approach a continuous distri-
bution in an equidistributed manner.

We shall use matrix and vector formulations when dealing with the multi-layer system
(2.2.12). We then use capital letters without indices foN -dimensional vectors, sans serif
fonts for N -by-N matrices, and indices to denote each components.

ForF pFy; Fnd, G p Gy, ;Gund two vectors, we de ne the productFG :
pF1Gy; FnGnd, and for a function' :RN R,' pFq: p' pFiG ;' pPFn Q6.

With these conventions, (2.2.12) reads

#
BH pU UgRH pH HgRU  BH;

BU U U & BU BH 0

(4.1.2)

withH pH;;  SHyd,U pUy; Uyd,H pHiHz JHed,U pUiUy; UG,
and j @ A™Pi9 forall 1o ij o N.
We now introduce matrix operations which will be used in our proofs.

Denote Id P My pRq the identity matrix, P : Diagdl;0; ;09 P MypRq the

projection onto the rst component, andC Id P.
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?_
We de ne the operator T : NP P My pRqg which can be interpreted as the

discrete analogue of the trace operator on the surface (acting on the density variable
in the continuously strati ed case).

Let SPMypRgbe the discrete integration operator de ned as

1 1 1

S i 0 LT
N g

0 0O 1

We also de neS PMy.n  1PRQto be the matrix S without the last column.
Let D PMy 1npRQgbe the discrete di erentiation operator de ned as

1 O 0
O 1 1
D: N
. 0
0 O 1 1

With an abuse of notation we will write D? DD P My 2npRqthe second
order discrete di erentiation operator, whereb is the matrix D without the last

line and last column. This matrix is used in order to de ne} },.. (see below).
Moreover we will use the conventio®®  Id.

Let MPMy 1nPRgbe dened as

1 1 O 0

M : } 0 1
2 0
0 0O 1 1

With an abuse of notation we will write M2 MM PMy .n ARG WhereM is the
matrix M without the last line and last column, hence it is in the matrix space
My 2n 1PRG  Moreover we will use the conventioriv® Id. The operator M
appears naturally in the Leibniz formula that is described in Appendix 7, and will
be particularly useful to obtain sharp estimates in that chapter.
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We denote R,;Ry P My 1.npRQthe upwards and downwards reduction operators
denedfor F pFy; ;Fnd PRY, by

RF pFs; ;Fnd and RyF pFy; Py 1d:

These operators are used in the Appendix 7, they appear naturally due to the
de nition of the norm } },. down below.
Forany q¥ 1we de ne endowR" with the following normalized |9 norms:

1

AT
Fi
|Flo: —*—— and |[Fls: sup |F]

N a iPtl;::;Nu

Moreover forp; g¥ 1, we introduce the following functional spaces
LPd% tF pFy;  ;FnaPpPRYE ;I F el 8u

1%Lfq t F pFi;  ;FngPRPRYE;| }Fide ooy e 8U

endowed with the following norms

}F}Lgpmq: H Fllq}LQ;
}F}mpLQq: | }Fi}LQ 1oian Mo

NotiBe tEat }F }Lgrqu } F },zr,_iq.
Let Lo be the scalar product of the Hilbert space?p.2pRqgsuch that for
F:G PIZFLX)Z(quqwe have

D E » N ?

1.
F. G : FoxGOma iz dx o Fi X oG xaolx:
R i 1R

For F PRN and fork P t0; 1; 2u we de ne the following norm
k

ID'F |6 :
1 0

|F |

Wk;8 .
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Let sPR, k P1t0;1;2u, wherek & s, we de ne the functional space
HRgqg F:RW RY; @PN; jak; DF PHSJ’de\'(;

endowed with the topology of the norm

k
YR e YDIF g g
j 0

Note that the functional spaceH S¥pRq coincides with HSpRd' and their corre-
sponding norms are equivalent (although not uniformly with respect ttN). More-
over in this article we chose to work with this norm in order to obtain estimates
uniform with respect to N (see section 4.3). We recall that each power Bf when
applied to a vector reduces its size.

We use standard notations for functions depending on time. For instance, fok PN
and X a Banach space as abov€*pi0; Ts X qis the space of functions with values
in X which are continuously di erentiable up to orderk, and LP0; T; X qthe p-
integrable X valued functions. All these spaces are endowed with their natural
norms.

4.2 Introduction

This chapter is dedicated to the proof of Theorem 4.5.1, concerning the well-posedness
of the initial-value problem for the multilayer system (2.2.12). Let us for convenience
rewrite the system here, using conventions and notations introduced in Section 4.1.

#
BH pU UgRH pH HqBU BH;

BU U U 2L BU BH 0

(4.2.1)

where we recall that for alli Pt1;:::;N - 1u, o 3 and Niw

The goal in this section is to improve the nonuniform well-posedness result of the
multi-layer shallow water system (see Theorem 3.3.1) by obtaining a time of existence
uniform with respect to N. In order to achieve this goal we shall rely on the energy
method. We extract the quasilinear structure of the equations in Section 4.3 and provide

useful estimates on the extracted linearized equations in Section 4.4, while the completion
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of the proof of Theorem 4.5.1 is achieved in Section 4.5.
A crucial ingredient in our energy estimates, dictating our choice of the energy func-
tional, is the following decomposition

ITS4TS  SCS (4.2.2)

(recall Section 4.1 for the de nition of the matricesC, S and T). This decomposition
mimics an analogous one of the operator

Mott >0 wett
W :hPNgys  hphd% hPbgi%d%

surf suf %

used by Bianchini and Duchéne in [13] to obtain the analogous well-posedness result for
the continously strati ed system (2.2.11).

4.3 Quasilinearization

In this subsection we focus on linearizing system (4.2.1), this is done by applying the
operatorsS; T; B(; D to the equations so as to obtain linear equations satis ed by the
derivatives of our unknownsH; U.

Once we obtain these equations, in the following Lemma (Lemma 4.3.1) we estimate
the remainder terms in thel?pL2gnorm. The main di culty is to obtain an upper bound
of the remainder terms which has a regularity that doesn't exceed the regularity of the
unknownsH; U found in (4.5.2).

Note that in point 1 of this Lemma the termpH  HQRB U (respectively BB H)
in equation (4.3.1) (respectively equation (4.3.2)) is not included in the remaind& . o
(respectivelyR . o) this is due to the fact that we will use the structure of the system and
take advantage of the appearing symmetry which will allow us to have some important
compensations of these terms in the energy method (see Lemma 4.4.2), where we will
control the variable SH in 12pL2gnorm. As for the other points of the Lemma where the
operator D' intervenes and in order to prepare the control of the variablel and higher
derivatives of the variableSH (see energy (4.5.2)) we will view our system as a coupling of
transport and transport-di usion equations and where we will rely heavily on the e ects
of the diusion when estimating as in the previous chapter. Finally we emphasize the

85



Part , Chapter 4 Large-time well-posedness of the multi-layer shallow water system

fact that the strategy of point 1 which is relying on the structure of the system and less
on the diusion will enable us to obtain a better time dependency (with respect to the
constant ) in the large time well-posedness result (see Theorem 4.5.1).

Lemma 4.3.1. Let s P N such thats | 2 % and M;M:h j 0. There exists
C Cps;M;M;h qi O, such that foranyN PN, | O0and anypH;Uqg Pw?® such
that

| s | l||8 | Hlpzs | DUlue @ M;

and anypH; Uq PCpi0; Ts HS2pRqgsolution to p4:2:1qwith someT | 0 and satisfying

YHE qhys 14 3 SHE qlyss } TSHE glyso 3 U Qlyse 2YHE qlyso @ M

forall t P10; Tsand

_ inf H, Him;xq¥ h ; the following holds.
pixi gP®;Tg Rt 1;:5Nu

1. Forall PN withOa o s, we have

BBH pU UggBH pH HgRBU BBH R.o (4.3.1)

H
BBEU U U " BBU BBH R (43.2)

where for everyt P 10; Ts PSR, oft; G TSR, oft; GR ; oft; qq A?ALRad  1°p*pRaq
and

}SRZOFI; q}lzp_)z(q } TSR,OFI’ q}|2p_§q } R;OFI; q}IZIj_iqn CMpl }B(H }HS§2q

2. Forall PN,jPtOluwithOa w©s 1 | ,wehave
BB DH pMpJ UqqBBDH BBDH R; (4.3.3)
where for everyt P 10; Ts R j pt; g Pl?pL?pRggand

PR A Qlepq® CM:
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3. Forany PN, j Ptl;2u, such thatOa = s |, it holds

BD'SBH RypW 'gJ UqqR D' SBH BpD'SBHg Ry (4.3.9)

H .
5% gwiBUq R (4.3.5)

D! M
BD B U QUHH

where for everyt P10; Ts pR; i gR ;j i qq A?pL?pRaq  1%pL*pRggand
PRy B Qlepzq } Ry B Ohepzq® CMpL  }BH }yys2G
4. Forany PN, Pt0;1;2u, 00 w©s | ,itholds
BDBH Mp UqB@PBHgq BDBHq ry Byrj (4.3.6)
where for everyt P10;Ts pr @ Gr p; qq A%pl?pRqq  1?pl?pRggand
2}0y M OQlegzq b P4 P Olegzq® CM:

Proof.
In this proof we remind the reader that we intensively and without mentioning use the
de nition of the commutators found in Section 7.1 as well as other notations for our
estimates found in this section as well.
Estimates forSR. o, TSR. o with O =& s.

We haveR., 1B ,;UsBH rB,;HsBU andR ., B;U U 2% BU.
We notice that B

SR.0  STrB;UBHs pB,UgpBHgq S rB;H;BUs pB,HgpRUQ:

On the other hand using Lemma 7.2.1 and sinc®; S; R;; D commute with B, we have

SB;UBHs SB pUBHg SpUBBHQ SppBUgpBHqq
B pUBSHg B, pSp® pJqgR.BSHqqq UBSB H

Sop> PUaR.BSBHQq pB UgpRSHq  Spi pR UqaR.BSHaq
B ;U;BSHs &rB ;D pdgR,B(SHs
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and

SppBH gpBUQq pRUgEBB Hg S D pRUaR.PSB HQg

and nally we nd

SR.0 B ,;U;BSHs pBUqBBHG & rB;D pUgR,BSHs pD pRUQR,SBHQ

S pBUqgpRBHqg rB,;H; BUs :

?_
Since NPrB ;U;BSHs rB,;U;BTSHs we immediately recover a similar equation

for the trace case

TSR.o rB ,;U;BTSHs pB,UgA@SBHg TS, rB ;D pUgR,BSHs pD pRUqgR.SB H(q

TS pBUgpRHq rB,;H; BUs :

Using Lemma 7.2.3 and sincej 3 3, we have

IPBUQqSB H q}|2p|_§q o }ByxU}s pLe at S °H }|2p|_§q A} SH }s0tUlysns
and
PBUAASB HO} 2y 22 }BxU e s g} TS °H hepzq A}TSH }ie0}Ulysn:

Using Lemma 7.2.56qand sinces 2 j % we obtain

}er;UaB(SFIS}Rg_%qA} U}Hmaxps 2 %;s %q;l}a(SH }HmaXpS Lis 2 190
A} U}Hs;l}SH}Hs;O;

and

}er ; U; B(TSH 5}|2p|_§q A} U }Hmaxps 2 ¥ Lar }B«TSH }H maxps 1 2 1g;0
A} U}Hs;l}TSH }HS;O :
Moreover using Lemma 7.2.2, and estimate (7.2.5) and sinse 1; i 1 we have

2
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4.3. Quasilinearization

}HrB ;D pUGRBSHS |}, A} ° ' pUddky .ol ° 2 'PBRSHA)z,z,
}o°? i PJad ey 2t ° lp35|'|q}|2p|_§q
A} U}Hs;1}8|_| }HS;O;

and

HrB  H BlUS |}, A} *'H hep zq} °? 1p3UQ}|2p|_§q
} S 1p3UQ}|2p|_§q} s 2 1H }|2Fj_§q
A} H }HS l;O}U}HS;O:

Using Lemma 7.2.2 and classical product estimates in Sobolev spaces and the fact that

and sinces 1 1 we have

1
2

HPBUApBHA|: b A} *pUa)zu ) ° 2PBH ANy 24
A}U}HS;O}H }Hs 1;0;

and

}HpD pExUQQRUSBkHQh}Lg A} * 2D Uq}|2p|_§q} *SH }|2p|_§q
A}U} s} SH }so:

Using the previously established estimates and the fact thatSo }.iq 2 @ 1, } TSo b2 @
1, }S}ige @ 1 (Lemma 7.2.2), we have

}SR: 0}|2p|_)2(q } TSR; 0}|2Fj_>%qD p} H }Hs 1;0 } SH }HS;O } TSH }HS;Oq}U}Hs;l:

(4.3.7)
Estimate for R . o with Oa @ s,

R.o rB ,;UsRU

B ; B(HsRU B

pRHapRUq

H H H H
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Using Lemma 7.2.5M4qand sinces g i % we have

WB USBU }op 0 AIBU s 14 }B U}y 1
AYUY ai:

Using Lemma 7.2.54gand sinces 2

R 1
. H A s 3 s 1 H
Biqg—R PB quUqlzpL§q * By q . pqu} PPRH apRUA Ly ¢
1
} o PpBHOPBUAGR uzq ' Big
— 12pL2q
Moreover one has for anysg j % ¥ O0and anyi P tl1;:::;Nu, using classical product

estimates and composition estimates in Sobolev spaces, and recalling the notations found
in Section 7.1, we have

1 BH; BH; 1 1
B, L a = = BH,
Hi Hi, ™ H¢, Hf,,  H M Hc "
X 1 1
A ph cf |BH; = @ — H;
1 1
= o |BHilys
ﬂ? M Hiq2 Hy e i So

@ C h 1;}Hi}Hf0 }BxHi}HX;

and therefore

AC h l;} S 2H }|8p|_§q | %&H }lsld-%q;
18 pLzg

and

AC h5} ®3HYe o0 b % BBeH bopog:
HoH g " "
Using classical product estimates in Sobolev spaces we have

3
2

} S 2 pBHAPBUAA} 5 2qAYBe * tH e oql  FBUNe woqATH Bysa JUBen
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4.3. Quasilinearization

By Lemma 7.2.5 (2qand p4g) and sinces 1 3 3

} ° 'ppBHAPBUAG iy 2q AT H hysi JU bsa

and

1
H H

rB ;B(HsBU Ah P IBH},e w}BUL s s
12pLZq
A h lp}aH }Hs;l}U}Hs;lq:

Consequently, using Lemma 7.2.3,

JR:o}og2qA UYasr Cph B H e 100 JH Mer 3B (Hbyer }Ulan: (4.3.8)

Estimates forR., B ,;U UsBH B, ppd HgRUqg with 0a =©s 1

Sinces 1j % % and using Lemma 7.2.5@g and p3g) and Lemma 7.2.3 we have

}Bk Ij'| B<Uq}|2p|_§qA} H }Hs l:O}U}HS:l } H }Hs 1:1}U}Hs;0;

and
B, ; UsBH }szquA} Ulysi b H Tys o
moreover
1B pinUQ}ppquA |H |z }U}yso:
Hence

IR 0}|2p|_§qA PIH|s } H}ys ta@P U}y (4.3.9)

Estimates forR . ; JBD;U UKH B,DpMH HgRUg with Oa =©os 2

91
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By Lemma 7.2.1 we have

B.D ppi HgRUq B, p® HqgMBUqq B, p® HgMBUqq B, pMHg® B.Uqq
B, pMHQg® BUqq

Using Lemma 7.2.50lqand sinces 2 % we have

}BX p@ HqMB(qu}er_qu} D H }HS 2:0}MB(U}HS %;l
A}H}Hs 1;1}U}Hs;1;

and

}Bx pPMH q B(qu}ZpquA} MH }Hs %:1}D &U}Hs 2,0
A}H}Hs 11U e

Using Lemma 7.2.72qand sinces 2 % we have
}9B D JUKBH }iz gAY Ubyse JH by v
once again with Lemma 7.2.1
HNBD ;UKBH }2p 2 1B P UaMBH 2y 2 | D Uls }H }ys w0

We immediately have

1B pi® HQMB(qu}Zpqunl D Hls }U}ys 10;

and

}B, PMHOD BUM g 2 | H o }U}yen:

Hence

}R ; 1}|2p_)%qA plﬂlwl:B } H }HS 1:1Q}U}Hs;z | D th }H }HS 1.0 - (4310)

Estimates forR ; forj Ptl;2u, with 0Oa =©s j.
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4.3. Quasilinearization

Forj 1lusing the factthatD S Ry, we have

R;l Rd er l;UQ—l BxppiquUCﬂ

Using Lemma 7.2.504gand sinces 1 1 we have

1
2
}er l;Ug_| }|2p|_§qA}BXU}Hs 1;1}H }Hs L1
A}U}Hs;l}H}Hs 1;1:

and

}Bx ppiququ }Z;j_)z(q a | dll8 }U }HS;O :

Forj 2, using Lemma 7.2.1 and the fact thaD?S RyD , we have

R, Ry JBD:;U UKH B,D ptd HqRUqq :

1

Using Lemma 7.2.72q Lemma 7.2.6 (1) and sincs 2 3, we have

}B.D ;UKBH }op 2 g A} Ubyso YH hyo 1
and

}B.D HHQPBUQQ}ZpquA} Hlys tatUbgse
Moreover we have
}9BD ;UKBH }og 7481 D Ul FH b 1o
and
}B,D papBUAQ }y 2q AT H e }U e
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Hence

}R;j }|2,j_§qu}H}Hs 1;1 | ﬂlwl:s | Dghs qp}U}Hs;z } H}HS 1;0q

r y4
Estimates for R BD;U U B BU B, D pBHqg, with j P t1;2u
and0e w©os |.

(4.3.11)

By means of Lemma 7.2.1 and Lemma 7.2.4, we easily infer

BH

¥ o Cph %D H s ;|D?*H |s q}BH }ys2

Hs;2

Sinces 3 1, by Lemma 7.2.7 we have

}B D ;UKBU by 2q A} Udysz JBU s 10

By Lemma 7.2.1, we have

}J@Dj;QFG(U}lszqu |DQ||8 | nghs }U}Hszl'

Moreover using Lemma 7.2.7, Lemma 7.2@qand Lemma 7.2.8 it follows that

. H
BU A T 3BUL.

HS;Z

>
0 |T
=g

1 1
U s; U s; H s; T
Hs;z} }H 2 } }H 2 }B( }H 2 ﬂ H ﬂ s 1

1 1
et} BHbe 0 g 1L

A Cph %D H]|,ueq}BH }ys2 U yso
}Uls23BH Hys2 Coh S MM AIH by 0a
}U}HS:Z}H}HS:ZCFh l;M;MQ}H }Hs;z:

Using (4.2.2) we have

B DpBHq B, D ; !pISdBTSH B, D

X

s'’cB SH
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4.3. Quasilinearization

consequently using Lemma 7.2.1 and the fact thdd p 1 ;1d,D*> pO0O, ;0d,
D pISqdprSqg OandD S Ry, D S Ry, one has

a< DJ 1 1pTSdB<TSH |2‘j_§qA 1C ! |8 }a< 1TSH }IZFL)%C]

A 1C ', }TSH}s0
and

B D 'SCBSH .,;,AC ' }B "SH}uzg

AC Yo FSH e

Hence

IR bl }Iszqu C 4 ! 18 p}TSH }HS;O } SH }Hs;oq p| D Qlwl;s } U}Hs;2Q}U}HS;2
Cph 5H |2 H bys 110 YH Yoo 3B xH byse YUlgse:
(4.3.12)

Estimates forr., B , ;U;Hs pB,UgpRBHg r.o, pB ,Ugiq B, pHUqg with
Om @ s
Using Lemma 7.2.5 with Lemma 7.2.3 and since 2 1 we have

}I’BX 1; U; Hs}lzﬂ_qu} H }Hs;l } U}Hszl;

and

}PBUAPBH A}z 2o A} H }si } U bysos
and

IPBUAH A dzp g A H hys 10U by
Finally,

}Bx pqu}IZpLiquﬂhB }U}HS:O:
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Part , Chapter 4 Large-time well-posedness of the multi-layer shallow water system

Estimates forr ; ; r; forj Ptl;2usuch thatOa w©os j.
We have

ry  JB 'D;U;HK pB,D UgM BHg
ryj  JD;UKH B, DiHUq pB,DUgMHg

Using Lemma 7.2.1, we have
}D UK H 2 oo AID Ulis YH s 1o | D®Ufs JH s 20;
and

}Bx Dlpqu }|2p|_§qA|ﬂ||8 }U}HS:Z | D ﬂhS }U}Hs 11 | DzﬂhS }U}Hs 2,0 -

3

Moreover using Lemma 7.2.3 and sincej 3

 we have

}OB D UG HO g ;g AT H Jie 10} Ulypscs
and

}0B D UG BH G dop 2q AT H hyss FU Bysce

Since 1ms 1 jands 1¥2s 1 2 ZthenbylLemma 7.2.70q

}B D UiHK} . 2 A} U yee JH dyee:
Hence forj P t0;1;2usuch thatOa o s |

3 hepzqAYH B YU b (4.3.13)
}r;j }|2p|_§qu|H|W2;8 | Dglwl;s } H}Hs 1:1qp}U}Hs;2 } H}Hs 111G

Collecting estimatesp4:3:9q p4:3:13qthe lemma is proved. ]
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4.4. Energy estimates

4.4 Energy estimates

In this section we give some energy estimates of linear equations arising in Lemma
4.3.1. We rst recall some energy estimates of transport and transport di usion equations:

B UBH EBH¥ R B,R: (4.4.1)
B UBH R (4.4.2)

Lemma 4.4.1.
1. There exists a universal constanC, i 0 such that for anyN PN, | 0 and

T 0 forany 9 PL8;T;I8 pL8 praqqwith B P L1p0; T;18 o8 pRaqg for any
R;Rq PL2W0; T;12p.2pRaqgand for any ¥ P Ci0; Tq 12pL2pRaqawith BH P
L2p0; T; 12 2pRqqapuch thatpd:4:1q holds in L20; T; pH 1°pRqdg we have

1
} I'SP}Ls OT1%02qq }B(FQ}LZFD;T;Izn.iqq
1
a Co }H ohirpzq b R}z 2aq 2 IR }emrizn gaq
2. There exists a universal constan€y j 0 such that for anyN PN , T j 0, and any

H PL8 p0; T; 120 2pRaqasolution of p4:4:2q with initial data F], o P12pL2q with
R PL'p0; T; 1%pL fpRaqqwe have

}"Q}LSpo;T;IZpLiqu } I, ohiepzq + RlLipriepzgq €XP CO}BX@}Llpo;T;IBpLﬁqq :
(4.4.4)

B¥ 8BH EBH¥ R BR:
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Part , Chapter 4 Large-time well-posedness of the multi-layer shallow water system

It is standard (see Chapter3 in [8]) that we have the estimate

}F%}LBW;T;Liq %}BXF% }LZDO;T;L?(q
Q CO }|-9||t 0}|_)2( } RI }le;T;L)Z(q %}Ri}sz;T;Liq
exp Co}l?b(@}um;“s pLfqq

Taking the 1?-norm of this estimate and using triangular inequality we infer (4.4.3).

In the same way (4.4.4)) is obtained using standard energy estimates for the transport
equation (see Th. 3.14 in [8]).

O
We now consider system
BY pUu UggH pH Hqgd BH¥ R (4.4.5)
BH .
B BH U U TR BY R;:

where we recall that satis es the decomposition (4.2.2).

The following Lemma provides an energy estimate for the previous system, the main
challenge in this Lemma is to rely as minimum as possible on the di usion (term) in
order to obtain sharp estimates with respect to . We overcome this di culty by relying

on the structure of the system and using a thoughtfully picked symmetrizer which will
enable us to take advantage of natural compensation that will then appear.

Lemma 4.4.2. Leth ;M; ;i 0. There existsC CpM; 1;h g O pndependent of
Ngsuch thatforall j 0,N PN andanyH;U PR and anyT j 0andpH;Uqsolution
to the systemp:2:1qon r0; Tswith pH; Uq PCpi0; Ts HS?pRofg H PL2m; T; HS ?pRaq
satisfying for almost everyt P 10; Ts the upper bound

}BHR; q}ngzq 1B xUg; gle oo gl M;

and the lower bound
pirx thllr:]:]f;N u Rﬂi Hip;xq ¥ h | (4.4.6)

and for any p¥; 9q PCpI0; Ts 12pL2pRe?q with H P L2p0; T; 12pH tpRqggsatisfying (4.4.5)
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4.4. Energy estimates

with R; R PL?m; T;12p.2pRqqgthe following estimate holds.

NI

E%H-Q; @qmq 7}B’<CS_9}L2p0;t;|2u-§qqp 1 q%}BxTSI_Q}LZpO;t:IZﬂ-%qq
3
o E:ip¥Ggqfq C E:pR;Rapod
0
P

exp C 1 }DJ Ugp ¥sp d
0

where we denote

»

|_\

D E
Ept?: Oqpq: ;}CS-Q}IZZpLiq ;}Tsﬁ}ﬁmq 9; H Hq9|2dx:

2 q

Proof. In this proof we considerp—Q; l9q to be a su ciently regular solution to the system
(4.4.5) so that the following computations and integration by parts hold true. The case
of p# Yqwith the regularity mentioned in the Lemma is then done by the classical argu-
ment of regularization and passing to the limit.

By applying CSto p4:4:5¢, and then testing it againstC3¥, and using Abel's summa-
tion of Lemma 7.2.1 we obtain

1d D E D E
54t C8% ;e W URCSPCS? . CS DU UgaRpBSHg ;CSP

D E D E
CSHH HggY ;c¥? ) }BCH}y .y CRiCH )

2]2 2)2°
X X

In the same way by applyingTS to p4:4:5q, and then testing it against . TSH and
using Abel's summation of Lemma 7.2.1 we obtain

d 5 _ ) ]
St TSz 1 IBTSE ., 1T U UdRS? (TsH L TSRITSH |

2|2 2|2
X X

D E D E
1 TSO FD Fil quRUB(SFQq 'TSW L2]2 1 TS pi an@ 'TSFQ L2|2:

By testing p4:4:5¢, against pH  Hd9 and using the identity (4.2.2) and the fact that
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pH; Ugsatis es (4.2.1) we have

1d D E D E D
sq O HA L (TSBRTS H HAY |, CBH.CSpH HA

D E
R; H Ha9

L212°

Collecting the above,Eg¥: Yqsatis es the following di erential equation:

d
G EA% Oang  }BCSYyz, 1 IBTSHN,

D E D E
pU UgRCSY. cey . T pJ UgBSH ;TsSH (4.4.7)

212 212
L2 L2

D E D E
C$ DU UqgRpBSPq ;CSP . 1 TS DU UqaRBSHq ;TS

X

(4.4.8)
D E D E
L TSBH, TS H  Hd9 Lo CHBHCSMH HQY Lo (4.4.9)
D E” D E”
1 TS H HggY® ;17s¥ ., CcS @ HqgY ;cs? (4.4.10)
D E D L g D g
CRics? ,, R H HA T TSR; TSH e (4.4.11)

Before estimating all the terms in the previous equality we notice that
11 ca9y2 =1 TsH)? LT IE RN
2 I?pia o I?pga 9 12 % q » vapg

Hence we can now begin the estimating process to establish a di erential inequality.

We estimate the terms ofp4:4:8qusing Lemma 7.2.2 and Cauchy Schwarz inequality

D E »
CS P UqgR.pRSHg ;CS? g © I UqaR.,pBCS¥q|. | CSP|. dx

a} D pJ Uq}L§ dzq}B(CS-Q}ppqu}Cs'?}ﬂpqu
o] E}BXCS_9}|22FL§Q l} DpJ Uq}ﬁg p2q E“_Q; @qmq

In the same way we have
D E )
1 TSy O U UqaRBSHq TSH = 21BCSP}, .,

2 1 1}DpJ UaXs u2oE®; Oapg
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4.4. Energy estimates

We estimate now the terms in (4.4.7). Using integration by parts, we have

D E D E
U udgcs®cs? . pBUGEStgCSd

)
L212

and consequently
D E 1 5
U UGRCSP CSY .. 8 S}BU s g o} CSPHop 02 1BxU e g 4 ERY: Gapg
In the same way

D E
1 T UaRS® (TS, 8 3B ULe e o} TSR, 502 1BxU o o 5 o ERP: ag

L212

Let us now consider the terms (4.4.9) and (4.4.10). Integrating by parts it follows that

D E D E D E
CSH HggY ;c¥¥ ] CS pBHgpdq ;CH? ] CSH HJY ;BCH

212 212 L2]2

and

D E D E
1 TS 1 HqgY ;TsH | 1 TS pBHqpdg ;TSH

212 L212

D E
. TS H H4I ;BTSH i
Hence,

D E D E
(4.4.9) (44.10) Cs pBHqpdq ;CS? . 1 TS pBHapdg ;TSH

212 212"
¢zl Lzl

Using Lemma 7.2.2 it follows that
»

D E
CS pgHapdq ;CS? o R'B‘H 219, |CSP2

L212

@ }BxH }L§ plzq} L9}Izrﬂ-%q} CS—Q}IZDLEqu
1
a %}&H }L)fj p2q EU'9; @qmq
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and similarly,

»

D E
a 1 |B(H ||2|@||2|TSI’9||2dX
R

1 TS pBHgpdq ;TSH

L212

1
8 2= }BH }i g g ER; Gang
The terms of p4:4:11g are easily controlled using Cauchy-Schwarz inequality.

D E D E D E
CRicx ., R; H Hdd 1 TSR;TSH

212
L2]

o Ep?; O peER; R g

2]2
X

Gathering all the above estimates we have

d
G B Gang SIBCSPH .0 1 IBTSH,

1 1
o 2 1q }ID P UaKypeq 2}BUs e P P B AYBH b e Ept?: Gapqg
Ep® Oor poErR; Rz ptg

and hence there exist€C Cph !; 1;Mqgsuch that
d
G EPP Gapa S1BCSPHey ., 1 1BTSHY,
aC 1 '}IDp Uq¥, e, Ep® Gapq CEp? O pdEmR; Reepg

We conclude by using Gronwall's inequality. O

4.5 Large time well-posedness of the multi-layer sys-
tem

In this subsection we state and prove the main result of this chapter, that concerns
the well-posedness of system (4.2.1) with a time of existence uniform with respect to the
number of layersN .

Theorem 4.5.1. Let sPN be such thatsj 2
existsC j 0 such that for anyN PN and any

andM:;M ;h ;h j 0. Then, there
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4.5. Large time well-posedness of the multi-layer system

forany p ;H;UqPR® such that
| ||8 | 1||8 | ﬂ'wz:s | Q|W2;8 a M;

for any initial data  pHo; Upgq PH $?pR¢f with

|\/IO: } HO}HS 11 } SHO}HS:Z } TSHO}HS:O } UO}HS:Z %}HO}HS;Z a M

and

inf ~H; pHoqmxg¥h; sup  H; pHogmxgeah;

pGigRR t 15N u pcigR t LN U

.....

the following holds. Denoting

T! c1 '}DUB M2 ; (4.5.1)

there exists a unique strong solutiopH; Uq PCpi0; Ts HS2pRafq to (4.2.1) with initial
data pH;Uq}l ¢ p Ho;Upg Moreover, H P L?0; T;HS %?pRggand one has, for any
t P 10; Ts the lower and upper bounds

inf H; Hipt;xq¥h—; sup H, Hig;xge 2h;

pi;x gPtL;N U Rd 2 X QPN U R

and the estimate
kpH; U cksptg & CMo;

where we de ne

KPH; Udkspta: } Hpt lye 1a } SHEG Qlyse } TSHEG qlyso } Upt Qlgse 23HPG Qlyes
(4.5.2)

%}B(H }Lzrﬂ;t;HS Lilg %}BXSH }szO;t;Hs;zq %}BXTSH }LZpO;t;HS?Oq }BH }Lzm;t;HS?zq:
(4.5.3)

Proof. Let us denoteT P [@®; 8s the maximal time of existence and unigueness of
pH;Uq PCpO; T gHS?pRFq H P L?m; T ;HS Y?pRggas provided by Theorem 3.3.1,
and
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n *

T sp0 T T :@P®Ts honi Hixq e 2h and kpH; Udksptq @ oMo

wherecy i 1 will be determined later on. By continuity in time of the solution we deduce

that T | 0. Lett P ®; T g By Lemma 4.3.1 and Lemma 4.4.2 and using the fact

that [ S| ,2 & %|TS||2,;I 2 | CSl25,2, Wwe nd that there exists c i 1 depending on
1; n;h;h and Cj 0 depending additionally onM ; Mg such that

b SHmE, Ohepzq } TSHE; Ohopzq b “U; 9 hzpzq
%}B"S °H }sz;t;lszqu %}B‘ "TSH }LZpO;t:Isziqq ?
o ¢} “SHolppzq} “Uoliepzg b “TSHolige, CooMopt  tg

>

exp C 1 '}DpJ Ugp; qXs e, d
0
(4.5.4)

For all j P t1;2uand applying Lemma 4.3.1 and Lemma 4.4 dlq it follows that

}DJSHFL q}Hsj;O %}B(DjSH}LZFD;t;HSj:Oq
) ¥
8 Co }D'SHolys jo CaoMopt  tgexp Co }BUP; Qlsygqd
0
(4.5.5)

and moreover using Lemma 4.4.fi2qwe have
. . ?_
}DJUII; q}Hsj:OQ }DJUO}HSj:O CCOMOII tq
>
exp Co B U U
0

BH
H H
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4.5. Large time well-posedness of the multi-layer system

For j P t0; 1u, and using Lemma 4.3.1 and Lemma 4.4(dlqwe have

}DJHFI, q}Hs 1350 %}B(DJH }sz;t;HS 1 j;Oq
s

@ Co }D'Holys 150 CoMot exp Co  }BUP; Qs s 4d
0

Finally, for any | P t0O; 1; 2u using Lemma 4.3.1 and Lemma 4.4 glqwe have

l . .
Z}DJ H[I; q}Hs iio }BXDJ H }LZg);t;Hs ji 0g

. 2 >
8 Co Z}DHolys o CooMopt  tg exp Co }BUP; Qe s
0

(4.5.7)
Sincesj 2 % by using Lemma 7.2.3, and the continuous injectioh } s p|_gqu} }HS 3.1
and the fact that
}B(Up’ q}|8p_§q°} Up1 q}HS %;1;
and
B.H BH BH °
B P g a p: q pP: 4
H H ppgq H H pugq  HoH 1® 6L g
o Crh 'gp}BHp; d}.. 3. }BxHp; a¥. 3.4
we have then
BH . 1 : : L
BoU U p; a Cth “qpUp; Olys2  }BHP; akys: PHPS afis20
H H 1Bpgq
and

}D P UgisqAYD UM } Ulise 2} D UYE p coMoff:

Hence gathering estimates (4.5.4) (4.5.7) we nd that

2 2 P>
kpH;Uckspgec Mo CeMopt  tq exp €t t 1 'p}D U} p cMocfq d
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where we recall thatcj 1 depends orh andh ,andC j O0depends orM;h ;h ;cMy.
Hence choosingy, 2c, we nd that there exists C,; ¥ 1 depending only onrM ;M ;h ;h
such that

. 3
t 1 11D U}, MZ = cCtn KpH; U dksptg & 2 coMo:

BH; BHi g; with g B.pHU HU UHg;
by the positivity of the heat kernel we have

inf Hip; xq ¥ inf Hip0;Xa } 9} 10108 e og

pi;x gPtL;Nu Rd pi;x gPtL;;Nu Rd
Sup Hln’xq a Sup HIFO1Xq } g}le;t;Is pL8 qq:
pi;x gPtL;;Nu Rd pi;x gPtL;;Nu Rd

By Lemma 7.2.3 and by Lemma 7.2.6

}g}|8p_§qA|ﬂ|W1;8 }U}Hs;l | Qlwl;B }H}HS:l } U}Hszl}H}Hs;l
o CpMad  ‘Mgg

Hence augmentingC; if necessary we nd that

: 2
t 1 M2 & C,' A @pi;xqPt;:::;Nu R §h g H, Hip:;xqozh:
Hence by continuity in time of the solution we nd that for all t P ®; T g satisfying that
t 1 11D Q},Zz MZ wa C;! there exists | Osuchthatrt ;t SE€P;Tg
By a continuity argument we deduce thatT | C; 1 11D U}, Mg ' which
completes the proof. ]

4.6 Conclusion

In this chapter, we showed the Large time well-posedness of the multilayer shallow
water system. We have overcome the dependency on the number of laydr®f the time
of existence and uniqueness obtained in the previous chapter (see Theorem 3.3.1) by fully
exploiting the structure of the equations, and the assumption of stable strati cation. This
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4.6. Conclusion

was achieved by relying less on the di usion induced by j 0 and by taking advantage of
the compensations resulting from the symmetry properties of system (3.3.2). Using the
energy method, we obtained a time of existence and uniqueness uniform with respect to
N with a better dependency on the parameter. Furthermore, this time is the discrete
analogue of the one obtained in [13], within the continuous strati cation framework.
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Chapter 5

APPROXIMATION OF THE CONTINUOUSLY
STRATIFIED HYDROSTATIC SYSTEM BY
THE MULTI-LAYER SYSTEM

This chapter is dedicated to the proof of our second main result, Theorem 5.4.1.
We prove that considering a su ciently regular solution of the hydrostatic continuously
strati ed system (5.2.1) satisfying the non-cavitation assumption and appropriate bounds,
the solutions to the multi-layer systems (2.2.12) with suitably chosen densities, reference
depthsH;, background velocitiedJ; and initial data pH;; U;q} o are at a distanceOpl{N 2q
to the continuously strati ed solution.

This convergence result is deduced from a consistency result obtained in Section 5.2,
and on stability estimates derived in Section 5.3. The proof of Theorem 5.4.1 is then
completed in Section 5.4.

5.1 Introduction

As seen in the previous chapter, through the following gure 5.1 we represent the
choice we made to discretize a continuous streamline density with a piecewise constant
function with equidistributed values (e throughout the chapter ; satises (4.1.1)), it is
relevant to mention that this choice does not convey a restriction on admissible density
pro les.

We shall map functions de ned oIt gf; bott S (@Ssociated with the continuously strat-

i ed framework) to N-dimensional vectors (associated with the multi-layer framework)
with the following operator:

i Cpf surf » bottsq N RN

Py -
f PN @ p igQuian
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Figure 5.1 A density pro le and its piecewise constant approximation

Let us now describe some functional spaces we use in this chapter.

In order to describe tensored functional spaces for functions with variables in the
strip © R P suf; bott § We use the equivalent notations °*pRq  H; (the usual
L2-based Sobolev space &) and WX8 pRq W8 (the L8 -based Sobolev space
on R), and similarly L2ppsuf; o d L2 and W8 ppeus; bor g W8 . We
denote for instance

Lokl L2Psuti bon;L°pRAQ tf PLicp; RQ:ess supe |fp;xq| PLZPPsut; bor qqu
Let sPR, kPN, wherek & s, we de ne the functional space
X®%p g Xgi* fPLip; Rg @PN; j =k Bf PLjPH® j|0Rq<§;

endowed with the topology of the norm

k
}f }é :s:k }E’/J }igo f jq:
j 0
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5.2. Consistency

5.2 Consistency

Let ot i sufi Oand j 0. Let ph;ugand ph;uqgbe a su ciently smooth solution
to the continuously strati ed system

$
i Bh Byph hou uqq Bh;
&Bu u u B Bu IMBh O

, h (5.2.1)
: hg o ho
%
Ut o  Uo,
bt % B
wherepgM  qp; %] sur p; Yod% p; %d%d%

surf suf %

Let N PN and recall (see Section 4.1) the de nition of the linear operatoPy

- Oprosurf; bosSq N RN

Py N
f PN Pp igQuian

where | g pi oot
Notice thatPypfgq Py pf Py pgg Hence applyingPy to (5.2.1), we see thapPy h; Py uq
satisfy
{ BPnvh BypPnph hPvpu uqa  BPyh;
“BPyu Py u u &% BPyu  BPyh Ry;

' (5.2.2)
: Pnhie o Pnphog
%
PuUe o Pnpuog
with H NLM and
1

The following Lemma determines the size &\ previously de ned, by providing an upper
bound that depends on the variable and vanishes when the number of layels tends to
in nity. The main challenge is to estimate carefully such that the latter property remains
true, moreover imposing as minimal as possible regularity dnthroughout the process of
estimating.

Lemma 5.2.1. Forany o i sufi O, there existsC j O such that for anyN PN ,
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and any su ciently regular function h : R p sut; botd N R, Ry dened by (5.2.3)
satis es

C
}RN }Hs;2 o m }B)/!B( sh}Lg%Ij_)%q }B 02/(5( sh}L&ﬂ_gq

Proof.
: 1
We recall that the densities ; are de ned foralli P t1;2;:::;Nuas ; surf 'Tfp bot
surrG and in this proof we extend this de nition toi P t3;3;:::;N  Zu. In this proof,
we denote byCp surf; bot i O @ constant that depends only on g, and o and which

everyp; xq P 0; Ts R with T the time of existence and uniqueness of the solutigh; ug
integration by parts yields

Pott »i o Mot
v B<hqp(1 ig surf Bxhp(, O/ﬁﬁ% B(hp(, O/(kﬂ%ﬂ%
surf surf %
»i Bott
wBhp; %%  Bchpk; %ed%

surf i
Pett

mingo; iqBhpx; Yed%:

surf

This yields the following identites.

Firstly, one has

b)%
Ry a minpo; iq& °hp;% minp i; ;B °hp; ;%
j 1,- 1
1 b2 N b2
P8 Shp;% ;B hp; ja@i% PR °hp;% By °hp; jq@i%

j 1,- ; i 1,- ;
»i H 3

P8 °hp;% B °hp; q@% ; pR °hp;% By °hp; iqqi%:

i3
Hence by numerical integration midpoint rule (applied to the rst two terms) and the
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rectangle rule (applied to the last two terms) we infer
C ;
1p SRNq}LZdeq‘”w1 }1BBc °h; ; q}l_&,j_gq }B ZB °hpt; ; q}Lgup_gq :
(5.2.4)

Secondly, one has

Dp ®*'Rng N * Ry * Ry

i1
N~ gP6B ° 'hp;% gpjaB ° *hp; ;qi%

whereq : %bNming%; jq minp%; ; 1g After simple computations we infer

» 1
Dp *'Ryg N pi %R °‘hp;% 2Np; 108 ° hp; i 1%
b3
Np i 10 B ° 'hp;%8 By ° 'hp; i 190%
N by 7
’ B ° 'hp;% By ° ‘hp; ;g% :
ji 2

Consequently, using the Taylor expansion o%PN B S hp;%jup to the rst order in
the neighborhood of ; ; and up to the second order in the neighborhood of; for
j Pti 2;:::;Nu, we obtain

C
pr;ttq }BDAB( s 1h[1; : q}L&poq }B 02/(B< s 1hf1; ; q}Laijfq :

} D s:I-RN i}L)%o

Using Lemma 7.2.1 (2) and the fact thatD p 1L :1d PR !in addition to the
previous estimate (5.2.4), we infer

C ;
} D * Ry} Qw }BBc ° thp s adgpeg 3B B ° T s adgpeg ¢
(5.2.5)
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multi-layer system

Lastly, one has

D’p °*?Rng N Dp °?Rnyg; Dp °?Ryq;,
N b 3
NZ° kiaiB ° *hp; % kip ja& ° *hp; % ;
i3

wherek; : %bNming6; iq 2ming%; ; 1q minp%; ; .0 After simple computations we
infer

» 1 » 2

D?p ° 2Ryq N2 pi %R °*hp;%d% p; 21 %B ° *hp;%d%

|
i i1

1
ﬁpi i 10B S %hp; ; 19 :

Consequently, using the Taylor expansion dfbN B S 2hp; % up to the second order in
the neighborhood of ; 1, we obtain

C
}D%p  ° *Ryq); @ pN*’;’“q }BB ° Phits 5 O)ppaq 1B SB S PN S Og e

Using Lemma 7.2.1 (3) and the fact thatD?> p0; :0d PRN 2 in addition to the
previous estimates (5.2.4), (5.2.5), we infer

Cp surfs  bott q

}BB ° *ht 5 Algnzg BB ° PRt 5 Algagg ¢

The proof is complete. m

5.3 Stability

In this subsection we will provide the key ingredients towards stability estimates on the
di erence between the solutions to the continuously strati ed syste(b.2.1) (after applying
the projection operator Py) and the corresponding solutions tq4.2.1). These stability
estimates are obtained by considering the linearized system satis ed by the di erence and
their derivatives, carefully estimating the remainders that result from this linearization.
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In the following Lemma we estimate these remainder terms.

Lemma 5.3.1. LetsPN, s 2 % there existsC j 0, such that for anyN P N ,
i 0, and any pH; H; Uqg and ph; h; ug su ciently smooth respectively onR and
P surf; bott 9 R, Setting

R! p U PyugBPyvh pH PyhgBPyu;

BH Py Bh

1
R U Pyuq T hoh

B(Pn U;

the following estimates hold.
1.

}Rl}Hs 11 B C}U PNU}HS 1:1}Bxh}8;s 1.1 C}H PNh}Hs 1:1}3(u}8;s 1;1:

}SRl}Hs;O } TSRl}Hs:O a C}U PNU}HS;O}Bxh}s :s;0 C}SU_| PNhQ}Hs:O}Bxu}g s 11
C}TSFH Pth}Hs;o}Bxu}g s 11 C}H PNh}Hs 1;0}Bxu}8 ;s;O:

3.
BH Bh
}Rl}Hs;O a C}U PNU}Hs;o}BxU}g :5:0 C H H Pn h h HS;o}BXU}S 50 -
4.
H h
}Rl}HS:Z m ClU PNU}HS;Z}BXU}8 5:2 C HB( H Pn B h . }3(”}8 52 -

= H

Proof. The proof of 1., 3., and 4. follows immediately from Lemma 7.2.1, Lemma 7.32q
and Lemma 7.2.9. For 2. we use Lemma 7.2.1 (1) to infer the identity valid fora o s

B SR' SB, pU PyugpBPyhg pB«PyugiB pH  Pyhgq

S p® pBPyuqgR,SB pH  Pnhgaq Sprg;BiPnuspd  Pyhag

The estimate on} SR}, follows from Lemma 7.2.2, Lemma 7.2 g and Lemma 7.2.9.
The estimate for} TSR}, follows in the same way from the analogous identity. [
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The following Lemma is the follow-up of the previous one. In order to close the
bootstrap argument (see Theorem 5.4.1) we estimate the terpffl. Py 2%

- Hsi2
The main challenge is to provide careful estimates such that the upper bound has at most
the size ofjpH Pyh;U  Pyuqg), where} }. is dened in (4.5.2).

Lemma 5.3.2. Let h ;M;M M § 0, s PN such thats | 2 % There exists
Cph LM ;M Mg O such that for anyN PN , and anyh PW?28 ppsus; bor 09 H.
Pn phg and anyh and H su ciently smooth respectively onR and : p suf; botd R,
satisfying
|H |y2e @ M; }H} s a8 M) }hlgg 108 M
ri;qutilr;?:f;N u RHi Hia ¥h ; P %R gnfsm; bott qmj)/q hpc; %61 h 5

one has

BH Bh 1.pf -0 -
ﬂ H PN 7h Ls2 a Cm 1M1M01Mq

}BJH F)N hQ}Hs;z } H PNh}Hs;Zp}H }Hs;z }B xh}8 'S 1;1C|

} H I:)Nh}HS 1§1}B(h}8;s;2 } H PNh}HS l:l}a(h}s;s 1;1p}H }HS;Z } h}g;s;zq .

Proof. We notice that

BH Bh 1 1 BpH Pnhg
H H Pn h h BxpH Pxhg H H H T H
B.Pyh 1 1
H2 Pnh  Hg ByPyh H Hal Pyhq HZ Pvh Hg
and
1 i 1 i 1 i
pH HgH Pyhg H? H H H H Pyh H
11 1 11
H H H H H Pyh H

Sincesj 2 % using Lemma 7.2.6 (2), Lemma 7.2.8 and Lemma 7.2.9 we obtain the
desired estimate. O

We can now collect all estimates on remainders which will be used in the proof of
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our second main result, namely Theorem 5.4.1. The following Lemma is the analogue of
Lemma 4.3.1 except this time instead of focusing on the variabldsU, the focus will be
on the variablesH Pyh;U Pyu. By means of Lemma 5.3.1 and Lemma 5.3.2, we
obtain remainder terms which are controlled bypH Pyh;U  Pyuq), where} } is

de ned in (4.5.2).

Lemma 5.3.3. Let ot i suti O, SPN,si 2 31 h;M;M;M i 0. Then there
exists C j 0 such that for anyN PN, P @®;1s and any ph;uq solution to (5.2.1)
with h;u PW?28 ppgus; worr ggand pH; U g solution to (4.2.1) with H ~ Pyh;U  Pyu,
assuming that these solutions both exist on a time interv& Tqwith T j 0, and that the
following estimates hold for any P 10; Tq

| ||8 | 1||8 | ﬂlwz;s | Qlwz;s | thZ?S | Q|W2;8 a M;
YHI q}HS o} U q}H532 %}Hp:; q}HS:Z a M;
}hg’ q}8 s 1,2 }B XUFI’ q}8 512 a Mc,

i . . - - - . . 0 .
pi;x thlli;:]:]c:;N u Rﬂl HIFI, X9 ¥h 1 px; % I’Inturf ) bott Shp)/q hp:’ X; /q ¥h !
then the following holds.

1. Forall PN with0Oa ®© s, we have

BBpH Pynhg pU UgRB M Pyhg pH HgBBpJ Pyuq

BB Pyhg R
(5.3.1)

BBAJ Pyug BBpH Pyhg Ry
(5.3.2)

BH
H H

BBpPpJ Pyug U U

where for everyt P 10; Ts, pSR? optg TSR? qptg R optqq A%pL2pRad and

FSRYGR: Qlopzq b TSRY ot Glepzq @
CplU  Pnulyss } SH Pyhalyeo } TSH Pyhalyso } H o Puhlys wog

}Rl;O}IZpquQ}RN}HSQ Cpl }&H}Hsuq}u PNU}Hs;l
C}H Pyh}yew 2}H Pyhlye:  IBH  Pyhglye: :
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2. Forall PN,jPt0luwithOa =s 1 j,we have

BBDpH Pyhg pMpU UqqRBD'pH Pyhg BBDpH Pyhg RY
(5.3.3)

where for everyt P 10; Ts R pq PI?p.*pRggand
YRY B Qlepzq@CPIU Pyulys: } H o Pyhlye g
3. Forany PN, j Ptl;2usuchthatOa o s j, it holds
BD'SBH Pyhg RypM 'oJ  Uqd SpBRBH  Pyhag

BpRD'SH Pyhagq Ry (5.3.4)

H .
5P BB Pyugg R} (5.35)

H H

BRD'BpJ Pyug M U U

where for everyt P 10; Ts (RY; g Rl;j pqq A?pl?pRag  12pl?pRaggand

}Rl;j [ q}lszquCp}U PvUulys: } H  Pyhlys g

}Rl;j }IszﬁqO} R }H532 Cp]- }B(H }Hs;zq}u PNU}Hs;z
Cp}TSpH  Pyhglyso } StH  Pyhgly..q
C}H Pyh}yew 23H Pyhlye:  IBH  Pyhglys. :

4. Forany PN, Pt0;1;2u, 00 w©s | ,itholds

BD'BH Pyhg MpJ UgBED'BpH Pyhag BpBDpH Pyhgg r} B,r
(5.3.6)

where for everyt P 10; Ts pr; pgr pgq A*pL?mRag  1°pl?pRagand

}rl] }|2¢§qa C}H PNh}Hs;Z;
}rl;j }e CplU  Pnulys. } H  Pyh}lys g

Above, we denote bir the term de ned in (5.2.3).
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Proof. Under the hypothesis of the LemmapPy h; Py uqis a solution to pb.2.23 conse-
quently pH Py h;U  Pyuqgsatisfy the following system

#BpH Pvhg pU  UgBpH  Pyhg pH HgBRpJ Pyug  BpH  Pyhg RY
BoU Pyug U U 25 BpU Pyug BpH Pyhg Ry RY

(5.3.7)
where

1
Rn BiPnh Py E/Ey ;

R p U PyugBPyh pH PyhgBPyu;

BH , Bh
H H " h h

R? pJ  Pyug B[Py u:

The contribution from Ry is trivial in this proof. We have estimatedR*and R in Lemma
5.3.1 and Lemma 5.3.2. The remaining contributions are estimated following the same
steps as in Lemma 4.3.1.

EstimatesforRl;j,foraII PN,j Pt0;luwith O = s 1 j,we have
R} B,D'R' JBD;U UK Pyhg B,D'pH HaRp Pyudq

we obtain an estimate of the above by using the same estimatesRg (adapted to our
case) in Lemma 4.3.1 and then applying Lemma 5.3.1 and Lemma 7.2.9, consequently we
have

}le [ q}IZpL)Z(qu}B(h}S s 11 | ﬂlwli8 } H }HS 1;1Q}U I:)NU}HS?2
p}BXu}s;s 1.1 I DQhB } U}Hs;Zq}H PNh}HS 11 -

Estimates for SR! ;,, TSR',; and R! j with 0= = s
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Forall PN with 0= = s, using Abel's summation Lemma 7.2.1 we have

SR, B,SR* 1B, ;U;BSH Pyhgs pBpJ PyuqgpBSH(q
S B ;D U R B(SH Pyhgs pD pRpJ  PnuqqaR,SB HQ

S pRUgpRBH  Pyhaqg rB,;H; BpJ Pyugs ;

TSR!, B, TSR 1B, ;U;BTSH Pyhgs pBpJ PnuqapBTSHq
TSy ;D U;RBSH Pyhags pD pRpJ  Pyuqqa,SBHq
TS pRUQpRpH  Pyhag rB,;H; BipJ  Pyugs ;

and

Ry B Ry B,R'IB,;UBpJ Pyuq

H 5 "B BHSRpU - Pyug
B

1 .

We obtain an estimate using the previous identities by using the same estimatesS& . o,

TSR ., andR . ( (adapted to our case) in Lemma 4.3.1. Moreover, applying Lemma 5.3.1
we nd

}SRY ol Adepzq b TSRY oft Gliopzg
Ap}B(h}g ;S;O } TSH }HS:O } g_|}Hs;0 } H}HS 1;oq}U PNu}Hs;l

PIBxUlg.s 11 } Ulys:ap}SH  Pyuhglyso 3} TSH Pyhglysoq
PIBxU}g.so } UlysoOQtH  Pyhl}ys so:
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In the same way, and using additionally Lemma 5.3.2, we nd

}Rl;O}Iszqu} Rn }Hs:z
Cm 1;}H }HS qup}u }HS?l }B XU}S i$;0 p}H }|%|S:l }B xH }HS:qu } u PNU}Hs;l
Cph “M;Mc;Mq }Bulg o

}&FH Pth}HS:Z } H PNh}Hs;Zp}H }Hs;z }B Xh}g S 1;1q
} H PNh}HS 121}B(h}8;5;2 } H PNh}Hs 1;1}B)<h}3;3 1;1p}H }HS;Z } h}8;s;2q .

Estimates for Rl;j ,] Ptl;2u, forany PN, suchthatOe ®©s j.
RecallingthatD S Ry and D?S RyD we have

R'; RBR' Ry rB, U UsBmH Pyhg B, pH HgRpJ Pyuqq
RiBR' RypBppRUqH Pyhag B, ppiapRpU  Pyugqqq
Ry B, “Uspd  Pyhg B,ptHopBpU Pyugq

and
R', RdDBR' Ry JBD;U UK Pyhg B,D pH HapBU Pyuqgq :

Using Lemma 7.2.501qto estimate the second and third term o1R1; 1, and Lemma 5.3.1
to estimate the contributions of R! and the same estimates aR . ;, R . , (adapted to our
case) in Lemma 4.3.1 for the remaining contributions, we nd

YRY B QlepeqAPIBNYg ¢ 10} HYps 1o | Hlus @YU Pyulyse
p}Bxu}g;s 1:1 } U}Hs;Z | DQhS C]}H I:)Nh}Hs 11

Estimates forRl;j ,forany PN,j Ptl;2usuchthatOa o s j, we have

s {

Ry B ,DRy B,DR* BD;U U HB‘H

BpJ  Pnuqg
B,D pBm Pyho:

Where is asin (4.2.2). Again we use the corresponding estimates fr; (adapted to
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our case) in Lemma 4.3.1, Lemma 5.3.1 and Lemma 5.3.2 for the contributionRf, and
deduce

}Rl;j }IsziqA}RN}HS:Z p}BXU}s;s;z } Ulyse | DUusg } U Pnulyse
Cp 1] 1||8 apiTSpH  Pyhglyso } SfH Pyhglysoq
Crh %IH |yes i} H }ys 120 PHH Hisz 3B xH 1520 3 U Puudyeo
Cph M;McMq }Bulg ¢,

}BJH I:)N hq}Hs;Z } H PNh}Hs;Zp}H }Hs;z }B Xh}8 'S 1;1C|

} H I:)Nh}HS l?1}3<h}8 52 } H PNh}HS 131}Bxh}8 s 1;1p}H }HS?2 } h}S 520 -
Estimates forrl;j andrl;j ,forany PN,j P1t0;1;2u,0c =& s j,we have

rh JB D;U;H PyhK pB,DUgM BpH Pyhqq

r D ;UK H Pyhg B,D'HpJ Pyuqq pB D UgM pH  Pyhag
B,Dpp) PyudPyhaq

The estimate of the last term ofr’; is obtained using Lemma 7.2.1 and Lemma 7.2.9.
The remaining contributions are obtained using the estimates of; andr, (adapted to
our case) in Lemma 4.3.1, and we obtain

}r].-J }Izﬂ_qu}U}HSJZ}H PNh}Hs;Z
}ri YAPIH |y2s } hlg o0}V Pyulyse
pl Dglwl;B } U}Hs;zq}H PNh}Hs 1;1:

This concludes the proof. O

5.4 Convergence

In this subsection we state and prove our second main result. Speci cally, we show that
considering any su ciently regular solutions to the continuously strati ed system(5.2.1)
that is bounded and satis es the non-cavitation assumptions on a given time interval, we
can construct corresponding solutiongH; U gto the multi-layer system(4.2.1) on the same

122



5.4. Convergence

time interval provided that the number of layer®N is su ciently large, and we quantify
the convergence rate between the continuously strati ed and multi-layer solutions lds
goes to in nity.

Theorem5.4.1. Let por i sufi O, SPNsuchthats 2 % andM;Mqh :h; j O
Moreover, considerh; u PW?28 ppsui; bor qgsuch that

|h|w2;8 | gle;S e M;

and ph;ugq PCpi0; Ts X§:¢ %q solution to (5.2.1) on a time interval r0; Tswith T j 0
such that for allt P 10; Ts

inf hpl  hp;x; % ¥ h ; sup hpga hg;x;%geh  (5.4.1)

PGYERR P surt 5 bott d PCYERR P osurt ; bott 0

and

}hr‘t’ q}8 s 12 } ur‘ti q}8 s 1:2 }B O/IB( shu’ q}L§/D|:j_§q }B °2/(B< Shr‘t’ q}L%ﬂ_)z(qo MC:
(5.4.2)
Then there existsc | 0 and No P N such that for allN ¥ Ny and any initial data

pHo; Upg PH SR satisfying
kpHo  Pnhpd; gUp Py up; qdkspOg & cMc;

the solution to (4.2.1) with H  Pyh, U  Pyu and satisfyingpH; Ug o p Ho; Uoq
de ned in Theorem 4.5.1 is well-de ned on the time intervalQ; Ts and satis es for any
tPI0;Ts

_inf H; pHgpxqg¥ h—; ~sup  H; pHagp;xgqe2h; (5.4.3)
pGigiR t 15N U 2 pGigR t 1N u
and "
kpH; Udkspgq & pl t M (5.4.4)
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with  a universal constant, and the di erence between the two solutions satis es

C
kpH  PyhiU - Pyudkspiga CkpH - PyhiU PyuckspOgexp —pl 1p}D U}% p CM o

»
Cc ex
Nz &P

0

N O

Pl 'p}D U} pCMcfap g d;
(5.4.5)

wherek ks is de ned as in Theorem 4.5.1, andC depends only onpett; surf; S;M; M¢;h ;h
(while No and c depend also ol and ).

Proof. From Theorem 4.5.1 (or Theorem 3.3.1) we sty j O the maximal time of exis-
tence and uniqueness of the solutigid; U g PCpi0; Ty g HSpRoPN qwith H P L2p0; Ty ; HS 52pRqq
to the system (4.2.1) withpH; Ug o p Ho; Uog We setT P 10; Ty sthe larger value such

that for all t P 10; T gwe have (5.4.3) and

kpH; U cksptg = oM;

where ¢y | O will be determined below. We can choose j 0 su ciently small such
that, by continuity of the energy functional we have thatT ; 0, and we consider below
tP®Tgsuchthatta T.

Notice that the control of the dierencepH Pyh;U  Pyugpqginduces a control of
pH; Ugpq by triangular inequality: using Lemma 7.2.9, there exists | 0 a universal
constant such that

kpH; Udksptg e kpH - Pyh;U - Pyudksptg  kpPy h’;)PN ucksptq
o kpH Pyh;U Pyuckspg pl t oM

In the following, we prove the estimate (5.4.5) fot P ®; T g that is assuming (5.4.3) and
kpH; Udksptq & M. From (5.4.5) we infer that under the assumptions

M C
kH PyhiU Pyudkspge SSexp  —pl  'p}D UM p oMcFdl ; (5.4.6)

2C 2
1 exp Spl Ip}D U}: p coMccfgT 1 5 M (5.4.7)
NE . 1p}D U2 p Mg 2’
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where j 0is arbitrary, we have

?

kpH;Udksptgep  pl t gdMc:

Similarly, choosing su ciently small, we can infer (5.4.3) with h {2 (respectively 2h )
replaced witg 3h {4 (respectively 3h {2) from (5.4.5)-(5.4.6)-(5.4.7). Hence settingy
2p pl Tqq the usual continuity argument implies that Ty ¥ T ¥ T, and the
conclusions of the Theorem hold.

Let us now establish (5.4.5), assuming (5.4.3) argH; U ksptgq @ oM. To this aim
we follow the proof of Theorem 4.5.1, using the stability estimates analogous to Lemma
4.4.1 and Lemma 4.4.2 together with the estimates on remainders of Lemma 5.2.1 and
Lemma 5.3.3. We use below the results and notations of Lemma 5.3.3.

Following the proof of Lemma 4.4.2 and integrating in time the di erential inequality
instead of using Gronwall's lemma (and using the fact thgtS|.5 . @ % | TS|i2512 | CSl2g 12)
we obtain

}SH  Pyham; q¥s0 } TSH  Pyham; q¥so Jp U Pyuap; ¥ o
} 3(&1_' I:)N hq }52[ﬂ;t;H si0q }B(TSFH I:)N hq }52[0;t§H si0q
oc}SH Pyha®; q¥so JpU Pyug®; q¥se } TSH  Pyha®; q¥so

»

t 2
C CpsutihicoMcql  '}DpJ Udp; q¥s e, kpH PyhiU Pyudkspq d
0
))t
c PYSRY oP; Alopzq } TSRYoPS Qlepzq } RYoP: Az
O ©os

kpH Pyh;U  Pyudksp q d;
(5.4.8)

wherecij 1dependsorh ; h; gu and po .-

Similarly, integrating in time the di erential inequalities that yield Lemma 4.4.1 and
recalling that, by de nition,

}pH I:)N hqm q}HS 1,1 }p U I:)N qu? q}HS:Z %}DH I:)N hqm q}HS:Z
a kpH Pyh;U  Pyudkspg
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we nd that for j P t1;2u,

}D'SH  Pyham; a¥: 5o IBDISH  PyhgFogs iog
»t 2
A} DJSﬂ“' Pth@Q}as i 0 }Up, q}Hs;Z km F)N h1U PNuq(Sp q d
0

))t

YR Pi Qlepzq P OkpH  PyhiU  Pyucksp o ; (5.4.9)
0 0o os j
forj P t1;2u,

}D U Pyugl; ¥ ;o AYDIpU Pyug®g s so
»t B(H 2

B U p; q keH  Pyh;U  Pyudksp g d
0 H H R q
))t
}Rl;j P; Q}|2p|_§q kpH  Pyh;U  Pyudksp q d; (5.4.10)
0 oo nos |
for j P t0; 1u,

}ID'H Pyham qFe i wo IBDPH Pyha ¥ g i o
»t 2

A}DjFH Pth@q}asj 1,0 }Up; q}Hs:Z kpH Pyh;U  Pyudkspq d
0

))t

JRY P; Qlenzq kiH  PyhiU Pyucksp g d; (5.4.11)

0 o;m msj 1

forj Pt0;1;2u,

. 2 .
1D pH Pthm;q}ﬁsj;o f}B'xDjld" Pth}Ezpﬂ;t;HSi?oq
»t 2
A }D'pH  Pyha®g ¥ ;o }Up; glys2 kpH  Pyh;U  Pyudkspq d
0

»t

: © 3P Qe KAH O Pyh;U - Pyudksp o
0 0o os j
))t 2
}rh P Aegeq d (5.4.12)
0 0o os j

where we used Cauchy-Schwarz and Young inequalities for the contribution rd}‘ .
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Moreover as seen in the proof of Theorem 4.5.1 we have

BH

B, U p; ¢ o CpYUp; Alysz  IBHP; ks JHP; q¥is2G
H H 1Bpfq
(5.4.13)
with C  Cph % ¢gMcgand
}D U Uq¥eoqAID UM } UM, o} DU p oMo (5.4.14)

Hence gathering estimates (5.4.8)-(5.4.12) with (5.4.13) and (5.4.14), together with the
remainder estimates obtained in Lemma 5.2.1 and Lemma 5.3.3, and using the control of
ph; ugin (5.4.2) and that for all P 10;ts kpH; Udksp g & cgM, we obtain

2 2
kpH Pyh;U  Pyudksptg © C2 kpH  Pyh;U Py udkspOq

» 2
c A 'p}D U} p coMcfg kpH  Pyh;U - Pyudksp g d

))t
,\(|:2 oka Pvh;U Pyudksp od

» 2 142

Cig;ﬁ)s kpH  Pyh;U  Pyudksp q ) kpH  Pyh;U  Pyudckspq d ;

whereC :  CPp pott ; sulrf;h ‘h 1;M;cMcg j 1 and the last term stems from the use
of Cauchy-Schwarz inequality in contributions involving either}B,oH  Pyhq},s. or
}BcH },, 2. Using Young inequality and augmentingC, this contribution can be absorbed
in terms of the other ones, and we have simply

2 2
sup kpH Pyh;U  Pyuckspg = C* kpH  Pyh;U Py uckspog
Pro;ts »t ,
C M 'PDUMN paMfqsup kit PuhiU Pyudsp’y d
))t
< supkpH Pyh;U  Pyudksp 'od :
N2 0 PO; s

By Gronwall's lemma we infer thatsup pokpH Pnh;U  Pyudksptf @ Zptgfor all
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t P10; T g whereZ is the solution to

i
Zpq Cpl  pDUY: poMFEZpa &Zipg PIOT g
Zwq C%kpH  Pyh;U  PyudkspOcf;

whose explicit solution is

C
Zptq  CkpH  Pyh;U  Pyucksigexp —pl  'p}D U}: p CMcGd

2
c” ¢ °
= exp —pl  'p}DU}: pCMfgp g d
2N 2
0
Consequently we obtain (5.4.5), and the proof is complete. ]
Remark 5.4.2. The existence of T j 0 and ph; ugsu ciently smooth solutions to

the system(5.2.1) over the time interval rO; Ts satisfying (5.4.1) and (5.4.2), as
considered in the previous theorem, results from Theorem 1.1 in [13].
The dependency of cand No on T and is expressed in(5.4.6) and (5.4.7).

Remark 5.4.3. We used the operator

i Cpr surfs  bott SU N RN

Pn -
f PN Dp icﬂlninN

to map functions de ned onr gf; bot S t0 N-dimensional vectors because it enjoys the
property Pnpfgq Py dPn g However we can adapt the proof of Theorem 5.4.1 so as
to replacePy with

Pi ) Cpf surfy bott SC] N 3 RN
N - ;1 i 0
f PN P12 012 i 12 f Fp/ﬁﬂ & loja N

In this case the physical meaning of the discretized objects is more explicit. For instance,
Py ug, is the i th layer-averaged horizontal velocity, whereasPyph  hqq
Npi 1 iqis the rescaled layer depth; see Figure 5.1.
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5.5 Conclusion

In this chapter we showed that for a su ciently regular solutiorgh; uqto the contin-
uously strati ed system that exists and is controlled over a time intervaD; Ts where
T i O, under the assumption that the density is stably stratiedpot | suf | O, the
solution pH;Uqgto the multi-layer system exists on the same time interval, with a size
of Opl T g Moreover, the size of the error between the two solutions, fiir large
enough, is of sizeOpl{N2q as long as the initial data remain close (in the sense that
the di erence is also of sizeOpl{N2g). Note that in the latter result, the multiplicative
constant of 1{N? depends on the parameter. As in the previous chapter, the stable
strati cation of density plays an important role, this enabled us to close and conclude our
energy method. To establish the comparison between the solutions, we used the projection
operator Py (see de nition in the beginning of the introduction 5.1) to project the con-
tinuous solution pgh; ug into an N -dimensional valued function, but other choices could be
made; see Remark 5.4.3 . Our results rigorously justify the multi-layer strategy to ap-
proximate solutions to the continuously strati ed system, at least in the stably strati ed
situation.
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Chapter 6

SHARP STRATIFICATION

6.1 Introduction

This chapter is the natural follow-up to the previous chapters. Our main interest is to
rigorously justify the "inverse" limit, by which we mean the convergence of the hydrostatic
Euler equations (Equationg2.2.13) (2.2.14)), towards the bi-layer shallow water system
(6.2.6) in the sharp strati cation limit.

We begin this chapter by announcing well-known results on the bi-layer shallow water
system (in both the presence and absence of thickness diusivty @ 1). Then, we
provide a rigorous justi cation of the limit of the former system when vanishes. This
result was made possible since we showed that for su ciently regular initial data satis-
fying certain hyperbolicity conditions, the time interval of existence obtained is uniform
with respect to the thickness di usivity . This enables us to obtain stability estimates
uniform with respect to and conclude the convergence result.

In the second part of the chapter, and in order to prove the sharp strati cation limit, we
begin by establishing sharp stability estimates for the hydrostatic Euler equations. Then,
we construct an approximating solution to the latter system that is close in a strong
topology.8 g such that it remains also close to the reference solution in a weak topology
pLlg This then enables us to conclude the argument and justify the limit(see Proposition
6.3.3).
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6.2 The bi-layer shallow water system

6.2.1 The system without thickness di usivity

We consider the system

BHs B.pt, Hsade Usqq O
BH, Bxptl, Hoaly, Usqq O;

| BUs pU, UqBUs B,Hs BiHy O
PBU, pU, UQBU, —=BHs B H, O:

RTTTTTH

(6.2.1)

We shall also always assumeg ¥ Oand ,j 0. Through rescaling and Galilean invariance
we can assume without loss of generality thet, H, landU; U, O.
In compact form, the system reads

BU ApJ UgBU O

with U : p Hq;Hp Us;Upg U @ p Hg; Hy Ug; Upg and where we introduce the matrix-
valued function

U 0 Hs O
. 0 U, 0 H,
A “Hp; Us; U,g PR* PN 6.2.2
FHS b S bq 1 1 Us 0 ( )
= 1 0 U,

o

The following Lemma concerning the hyperbolicity domain of the bilayer shallow water
system is proved in [65, 10, 76].
Lemma 6.2.1. Let O s b and U : p Hs Hp; Us;Uyg PR?* be such that that
Hs:Hp i 0. There exist two value® Fr Fr such that the following holds:
1. If Uy U] ?WbFr , then there exist four distinct real eigenvalues of the matrix
e )
2. If HpFr | Uy U] Hy, Fr , then there exist two distinct real eigenvalues of
the matrix A;ig)q and two distinct complex conjugate eigenvalues.

3. 1f|U, Usi HpFr ,then there exist four distinct real eigenvalues of the matrix
ApJ g
Moreover, Fr and Fr depend only and smoothly orls{H, P ®; 89 and { , P ®;1q
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Remark 6.2.2. Ovsjannikov [65] revisited by Barros and Choi [10] and then by Viris-
simo and Milewski [76] provided a nice geometrical approach to the critical valuebr
and Fr . The characteristic polynomial associated té&\pJ qis

Ppq U q2 Hy pUs q2 Hs iHsHb:

Notice that P R is a real root of P if and only if ps;ppg: p QSHTS 9‘3Hjbq satis es the
following identities:

a ___ a
X Ps HS US Po Hb Ub: (623)

pE 1 1

The rst equality describes a fourth-order curve parametrized by{ , having four axes of
symmetry and consisting of an inner closed curve and four hyperbolic branche,s> and the
second equality describes the straight line with slopeH{H, and interceptpJ, Usq{ Hy.
In this geometrical approach,Fr and Fr (a%d their opposite) are the intercepts of the
tangents to the fourth-order curves with slope Hs{Hy.

Figure 6.1 reproduces the aforementioned curves and straight lines for several param-
eter values.

@ s{p 01 (b) s{p 05 (c) {p 09

Figure 6.1 Solutions to (6.2.3) with Hg 13, Hy, 2{3, and diernet values for

s{ b Solutions to the guartic equation are in black (plain}, Solutions to the linear
equation with gJ, Usg{ Hp 1{2 (green, plain),pJ, Usg{ Hp 3{2 (red, dashed)
andpJ, Usg{ H, 5{2 (blue, dot-dashed).

In this work we restrict our analysis to the hyperbolic domain described by Lemma
6.2.1(1). While standard theory for strictly hyperbolic systems guarantees the existence of
a symmetrizer to(6.2.1) by using spectral projections, the following Lemma provides an
(almost) explicit expression for such a symmetrizer.
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Lemma 6.2.3. Let 0 s b and U : p Hs Hp; Us;Uyg PR?* be such that that
Hs;Hpi O0and a
|Us Ul HpFr (6.2.4)
whereFr Fr fHs{Hpu, s{ bgi O has been de ned in Lemma 6.2.1.
There exists P minptUs; Usug maxptUs; Usugssuch that, denotingU. : U P
ri U Usl;|U, Uglsfor ™ P ts; k), the matrix

s = =l 0
b b b
= 1 0 U
SpJq: b b
=U, 0 =H, 0
0 U, 0 Hp

satises (i) S A is symmetric; and (ii) S is symmetric, de nite positive.
Moreover, can be chosen so thaf% (for * P ts; hu) depends only and smoothly on
H{Hoi O, { vP®1gandp), Usa{ HyPp Fr ;Fr g

Proof. It is straightforward to check that S and S A are symmetric (and real-valued) for
any value of PR. In order to prove that S is de nite positive for a suitable choice of
, we rely on Sylvester's criterion. We obtain the requirements

Hyi O stHba 0; —ZHsHb stpchfi 0

and
s 2

U, Hp pU,f  Hs —ZHSHb i O

o

The last inequality is equivalent toPp g i OwhereP is the aforementioned characteristic
polynomial. By Lemma 6.2.1, under the condition (6.2.4) there are four distinct real roots
to P, which we can denote , 2 3 sandPp gij Oforany P p,; 3 Moreover
forall Ppa2 30 m:Pq: P "?ST; “?bﬁq belongs to the domain delimited by the inner
closed curve, and in particular we havgp. ¢ 1. Hence we nd that forall P p,; 3q
all principal minors are positive, and hencé& is de nite positive.

By the standard perturbation theory [49],p- for ~ P?ts; buand Pt ,; sudepend
smoothly onHs{Hp, j O, { p, P ®;1gand pJpy Usqg{ Hy P p Fr ;Fr g What is
more, we can always choose (smoothly) P p,; 3gso thatp, i Oandp, 0 when
Up Us, or pg Oandp, i OwhenU, i Us, which corresponds to enforcing P
rminptUs; Upougq maxptUs; Upugs This concludes the proof. ]
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The following proposition follows from the standard theory on strictly hyperbolic sys-
tems (seee.g. [12]). For convenience, we de ne for& P ®; 1qg a compact subset of the
domain of strict hyperbolicity as

p%:  ps b Hs Hp Us;Uyg PR® (
&2n {ho 1l &2 & H{Hpm &% Hs Hp¥ & R [Blyv g
(6.2.5)

where Fr Fr p < byHs{Hpgis de ned in Lemma 6.2.1.

Proposition 6.2.4 (Well-posedness)Let s¥ sy 3{2, & O0andMgi 0. There exist
Cj OandT O such that the following holds.

For all ps; v;Hs Hy Ug;Uyg PR® such thatH, H, landU; U, 0and
pH2HP; U2; UPq PH SR such that

@PR; ps nHs HIXgH, HpxgUs UJmxqU, UPpxqq Rp*

and
}pHg;HS;US;USq}HsO a Mg

there exists a uniqueHs; Hp; Us; U,g PCpI0; T ¢ HSpRfgXCpi0; T g H*S *pRafgmaximal-
in-time (classical) solution to (6.2.1) emerging from the initial datapHs; Hp; Us; Usd,
pHg: Hp: Ugh Upag

Moreover, one hasl | T{Mg and for anyt P 10; T{Mgys one has

@PR; ps nHs HstxgH, HytxgUs UsixgU, U xaq Rp%?

and
JoHsE g He; 6 Uspts 6 Uppt; qghis @ ClpH 2 HE U UPghys:

Moreover, the maximal existence time (resp. the emerging solution@pi0; T g H SpRdtq)
is a lower semi-continuous (resp. continuous) function of the initial data it SpRof and
if T 8 then

JoHs[; G Hoft; G Uspt; 6 Uppt; qghise N8 astN T :
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6.2.2 The system with di usivity

We now consider the system

$
BHs Byptds HsqlJs Usqq BEHS;

&BH, B,pt, Hughy Uqq BHy

, (6.2.6)
EBUS pgs Us HB:HﬁquUS B xHs B xHp 0;
P#BU, pUs, Uy  2-0BU, =BHs BiH, O

Proposition 6.2.5 (Small time well-posedness)Let s ¥ so i 3{2, &P ®;1g Mo j O
andcij 1. There existsT j 0 such that the following holds.

Forall j O forall ps; nHsHy: U Upg PR® such thatH, H, 1and
Us Uy, Oand for all pH2; HY; U2; U2g PHSpRdf such that

0o {pe &' and @PR;, H, HI)Xq¥&, H HXq¥&

and
IHY He; U Ugase @ Mo

there exists a uniqueHs; Hy; Us; Uyq PCpI0; T ¢ H SpRof'gmaximal-in-time strong solution
to (6.2.6) emerging from the initial datapHs; Hp; Us; Upg, , P HZ Hp; UJ; Udg
Moreover, T j T and for anyt P 10; T sone has

@ PR; Hy Hsmxg¥&c, H, Hpxqg¥&c
and
maxpt}pH s; Hp; Us; UsQh e pormisg - 23PBH s; BAHpG) 2ok squg @ chpH & HY; U2, UGy s

Moreover, the maximal existence time (resp. the emerging solution@p0; T g HSpRd'0)
is a lower semi-continuous (resp. continuous) function of the initial data it SpRef and
if T 8 then

YoHs; G Holt; G Ust; o Upit; qghiso N8 astN T

Proof. The proof has been given in Theorem 3.2.4, but we sketch it here for convenience.
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We view (6.2.6) as a system of two transport-di usion equations and two transport equa-
tions, coupled only through order-zero source terms:

$
i BHs pUs UsqBHs BHs p Hs HsqBUg;

&BH, pU, UQBH, EH, p Hy, HyqRUp,
BUS st Us %q&us B st Bbe;
%BU, pU, U 0BUs  <BHs ByHy

The standard theory on transport and transport-di usion equations (see [8]) allows to
bootstrap the standard xed-point strategy through Picard iterates

i BHY ' pUs UJgRH? ' BH{ ' p Hs H{qRUY;
“BH) " pU, UlgBHp ' EH)® PARUD;
{BUD ' pUs U @2NaBUN T B (HI BLHP:

PBUS T pU, UP prOBUR ' SBHD BLHE

T ©
T
o

which de nes a sequence satisfying the following estimates (whexgis a non-essential

constant depending ors)

maxptipH? S HY 5 UD L UD Tohe pnsq CCIPBHY N BHE ok 20 squd
o JpHY HIqM- Y2 H o} HI e poensgdU b zpomsq P Hp b HE s e s@UG b zpoisg
o U Ugk: p 1l fq}paHQ;&HQthm;t;qu

_ DL OBH]
exp ColpUl; Upahspoumsq o IPr iyt i, mr Ok ok g

and converging inCp0; t; H®gprovidedt P ®; T swhereT is chosen su ciently small.
The proof of the continuity of the ow map can be obtained along the same lines,

using the continuity with respect to the initial data and Lipschitz-continuity with respect

to source terms of the transport-di usion and transport equations. O

Remark 6.2.6. The terminology Small time well-posedness in Proposition 6.2.5 refers
to the fact that the time of existence and control of solutions of the above result is limited
to T A , and in particular may vanish as x 0. Notice that, dierently from the
statement of Proposition 6.2.4, we do not assume that the ow is stably strati ed, namely
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s b Assuming additionally that the ow is stably strati ed, we recall that we improved
this result in situations with small shear velocities and small deviations from the shear
equilibrium, and obtained in Theorem 4.5.1 the existence and uniform control of solution
up to timesT A 1 bU, Ug? Méq ' In the following results, we complete
the picture by showing that, in the situation where the shear velocity is small enough to
guarantee that the ow is in the hyperbolic domain of the non-di usive equation, then
the time of existence is uniform with respect to P ®;1s In fact we shall prove the
expected property that solutions to the di usive systeift.2.6) converge as x 0 towards
corresponding solutions to the non-di usive systenf6.2.1), as long as the non-di usive
solution is bounded.

In order to obtain stability estimates that are uniform with respect to P @®; 1s, we rely
on two main ideas. Firstly, we shall use energy estimates using the explicit symmetrizer
adapted to the non-di usive system introduced in Lemma 6.2.3 (while the strategy in
Chapter 4 precisely in Lemma 4.4.2 and Theorem 4.5.1 we used only its block-diagonal
component). Because the non-diagonal components of the symmetrizer behave poorly with
respect to the di usive contributions, we need another ingredient. Speci cally, we notice
that the total velocitiesV- : U % (" P ts;hu) associated to solutions tg(6.2.6)
satisfy the system N

EBHS BxptHs HsqlJs Vsqgq O;
&BH, B p, Huos Veqq O;

, ) (6.2.7)
i BVs pUs Vs ﬂ% ﬁquVs B xHs B xHyp %Vs;
BV, pU, Wb -aBVe  <BHs B.H,  BW

We observe that di usive terms act as e ective viscosity contributions on the total veloc-
ities. The last two equations read equivalently

$
&BV, pUs VsGBVs B yHs B yHp m T, Pl HsqRVsq

PBVo pU, WOBW —BHs B,Hy 5 Bpbls HqBVeg

and we recognize the shallow-water equations with degenerate viscosity contributions which
were advocated by Gent in [37] and derived from the Navier Stokes equations in [41, 19].
In their analysis of such systems (and generalizations thereof), Bresch and Desjardins
introduced the so-called BD entropy in [17, 15, 16] (see also [18] for a re ned analysis),
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6.2. The bi-layer shallow water system

which is based precisely in the reformulation 0f6.2.7) as (6.2.6) (in dimensiond  1).

In the same spirit, we combine the regularizing e ects of the e ective di usivity and
viscosity terms with aforementioned energy estimates, which allows us to obtain suitable
stability estimates presented in Lemma 6.2.7, below.

Applying Lemma 6.2.7 to (the derivatives of) solutions t¢6.2.6)-(6.2.7), we nd a
time of existence which is uniform with respect to. We state the result in forthcoming
Proposition 6.2.8.

Applying Lemma 6.2.7 to (the derivatives of) the di erence between solutions(.2.6)
(6.2.7) and corresponding solutions to the non-di usive syster(6.2.1) ( 0) yields the
aforementioned convergence of the former towards the latter ax 0, on a time interval
de ned by the solutions without di usivity. We state the result in forthcoming Proposi-
tion 6.2.9.

Lemma 6.2.7 (Stability). Let &P ®;1gand M j 0. There existscj 0 depending only
on &and C j 0 depending also oM such that the following holds.

let P ®;1s O s pand U @ pHgHuUs;Ug V @ pHg Hp Vs; Vg P
Cp0; Ts W8 pRefq X Clpi0; Ts L8 pRefq be such that for allt P 10; Ts the hyperbolic-
ity condition holds:

@ PR; P b Hsxg Hut xg Uspt; X Uit xgg P,
wherep®is de ned in (6.2.5), and

Wi gwee } VS Qwee IPBHsE gBHo; gate  IpU Vam ghe 3B U gl o M:

Let 9 : p K. H9; O Ggand \2 ¢ p H; H9,; W W be su ciently regular solutions to
the linearized equations with remainders

B® Apggd® DEY Ry;
BY Ap/gRY DBV Ry;
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where we denote

U O He 0
~OUb 0 Hb
A :Hs Hp Us: Upsg PN :
mequ 11Us &H:'S 0
= 1 0 Uy Bgle
and
1 000 0 00O
0100 0O 0O00O
D, ; D,
0O 00O 0010
0O 00O 0 001

S

Then, for any t P 10; Ts one has the estimate

Y Ox; ah2 } VPt gk MABNPRG Ohzprizg ¢t 3P 0 gk } P
C ) JRupth ghz } Rypth gh: MIRpS gl expplCM pt tigeplt:

Proof. Denote

_s _s AUS 0

b b b
S :Hs; Hp; Us; Upyg PR 5o b0
e I T =U; 0 =2Hs 0
0 U, 0 Hy

(6.2.8)

0; gh2 exppC M tq

whereU. : U (for * P ts; u) with  provided in Lemma 6.2.3. Using thatS p gand
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6.2. The bi-layer shallow water system

S p A% gare symmetric, and integration by parts, we have the energy identities

1d _ _
S SR . spwadV

SpaBY;® |, SR\ |, ;rBt;Spqu@;L?L2 ;rB;Sp\/qéﬂ;\?Lz
SpA g Y |, SpUA BV |, spUdDiBYY |,
SWBYY |, SWRLY . SWRGY
;rB;Spquﬁ’;@Lz ;rB;qusﬂ;\?Lz

L 1BS pUApU giF; 9 g ; rB;S PV A%V gsf; VP,

Spgh pug ApUqqR; P |, Spval pvg A%V qaRV;\ |,

ISpJg Spvad pvoBV; P, ;rB;SFUqﬁ?;L?Lz ;rB;Squsﬂ;\?Lz

SR ., SR |, SUDEBIY .,  SUDEPY
A Splap g A’paaRd Y . SpUPBRY |, SpUPEVY

NI

By means of Cauchy Schwarz inequality we nd that
Al C }®}. } W}  MIP}. MIB}o M BV} } Rube } Rube;

where C denotes a multiplicative constant depending only o&and M, and which may
change from line to line. We now focus on the remaining terms. We rst notice that defects
of symmetry inS pU g\ pJq A°pJ qaarise only in the rst two rows, and that the rst
two components oftY equal the rst two components of\2. Hence using integration by
parts and Cauchy Schwarz inequality we infer

| SpuagA pug A’pUqaB; @ ,le CM 19} 19} 1B, P}

Then, again making use of the identityD,B2Y pB2H;; B2H,;0;0q D.B\P we infer
that

SPUPBEF; Y |, SUdBVYVY ,  SpiqD; DBV,
S FUC‘:)]_BE\g,L? \9 |_2:
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After integration by parts, and sinceD; D, Id, we nd that
Spual; DgB\?;\P |, & SPABVY;B\ |, CM BV} :}\P} 2

Then, using from (6.2.8) that B} H-pp? g R-q(where" P ts;hl), we obtain
the identities

SPUPEEY VP, | U B8 ¢,
"Pts;bu
‘U BpH-pd ¥ Raqg® W,
“Pts;bu
- L BH HBU ¥ Wg@ W ,
‘Pts;bu2
- UBMHRgE V2
"Pts;bu

where we used integration by parts in the last line. We infer

2

SUDER; P VY ,o0CM 0. } Wh: " CM 0. } WP IR}y

Combining all these estimate and denoting

E: spd?® , spal\?@
one has

;ﬁE SPBWY;BVY o CM 10 } Whe  1BWH. 19 } WP

C}Ruhz } Ryl MIRM: M} } W)@ (6.2.9)

By using that S pUJ gqis de nite positive, we nd that there exists cj 0 depending only
on &such that

E¥ A2, A, SpUaBYBY |, ¥ B}

Hence we nd (using the Peter Paul inequality and augmenting) that

~JE 1BV a CME CIRul: } Ruk: MR} B
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6.2. The bi-layer shallow water system

and the result follows by Gronwall's Lemma. O

Proposition 6.2.8 (Large-time well-posedness)Let s ¥ soi 32, &P ®;1gandMgj O.
There existsC j Oand T j O such that the following holds.

Llet P®1s ps; on;He:Hp U Uyg PR® such thatH, H, 1andU; U, O,
and letpH?; HP; U2; U2q PHS pR?  HSpRef such that the hyperbolicity condition holds:

@PR; ps nHs HIXgH, HgmqU, UJmgU, Ugpxaqg %
wherep® is de ned in (6.2.5), and
JoH S Hes Ui Ugs BHS; BHGMso & M:

DenotepHs; Hp; Us; Upq PCp0; T g HSpRofqthe maximal-in-time solution to(6.2.6) emerg-
ing from the initial data pHs;Hp Us;Upg, , P HS; HE; U, UJq as de ned in Proposi-
tion 6.2.5.

One hasT | T{Mg and for anyt P 10; T{Mgs
@PR; ps nHs HspixgH, HotxgUs U xgU,  Upt xaq R

and

JHs Hp; Us; Uy, BcHs; BcHpa; qius 1B (Hs; BHp; BUs; BUsdp; s
o ClpHY HO U US BHY BHOqMs:

Proof. We assume that the initial data is smooth, so thatpHs; Hp; Us; Up; Vs; Vg are
smooth on their domain of existence. The general case is obtained by regularizing the
initial data and passing to the limit, thanks to the persistence of regularity and continuity

of the ow map stated in Proposition 6.2.5.

DenoteV:: U 2B (CPts;l), S: pld B Z¢ and

s o 0 W Wa: p SHs, SHy, SUs; SUy Ve SVig
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Applying the operator *°to (6.2.6) and (6.2.7), we obtain

$
i B, pH, HBY, pU, UgeH, BH, Ryt Ug

&R, pHy, HwBY pU, UgBH, BH, RupHyUg
E B@s pgs Us ﬁqa@s Bxl'Qs Bx|'9b RUFHs;Usq
7B pU, Uy 2HaBS =B B, RupHu Usg

and

$
i B pH, HaBW pUs VeaRH:  RypHs Veg

&BH, pH, HwaBW pU, VoaBH: RupHu Vig
B pU; Ve 2HgBW B B, BV RupHsi Vg
B pU, Vo 2-aBV B B, B RupHy Vig

with remainders Ry and Ry de ned as
RupH;Vg: r %HsSRV r %VsBH and RypH;Va: r 5V BZHsBv:
Moreover, applying the operator S to the identity V- U ;‘—HH ( P ts; ) yields

B

@@H\Hx

RpH-q
with
RpHQ r ° g SBH:

Standard commutator estimates and composition estimates in Sobolev spaces;esgd54,
Appendix B] yield

JRapH;Vahz 8 C JHins } Vikso Hiws 3 Ve
JRUPH:VGhz 8 C JBHIuwo } Vinse  JBcHIus } Vi
JREHGh: & C MHinso  BHuso MHIue  JBHIus

where C is a positive constant depending only 08; sy, }H}qso andinfrkgH Hq i O.

Moreover, notice that by using the equations (6.2.6), (6.2.7) and the identity
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6.2. The bi-layer shallow water system

BH pH- H. gt WVgfor Pts;k, we have

}oBH; BHp; BUs; BUplys 1+ }pBHs; B(HpGhs pUs  Ve;Up  VoQhs
a C}pHs; Hp; Us; Up; Vs; VoQas;

where the multiplicative constantC depends or}pHs; Hp; Us; Up; Vs; VbQso and infgrpH -
H-gi O (for * P ts; k).

We may thus apply Lemma 6.2.7, and infer that we can s& depending onsg; Mo; &
and c depending only ong& so that as long as

@PR; ps nHs HsptixgHp, HemxgUs Usp;xgU, U xag P%%; (6.2.10)

and
YoH s; Hp; Us; Up; Vs Vot Qlso @ 2CMo (6.2.11)

one has (using the standardHs € W8 continuous embedding and the fact that0 o
H;H,e landU, U, 0)

}pHs; Hi; Us; Up; Vs; Vo, Qliso @ ¢ Mg exppC Mo tq

))t

CMo }pHs; Hp; Us; Up; Vs; Vbqp’L, Q}H so eXppC Mo pt t]qq:]t:
0

Applying Gronwall's Lemma, we nd that if CMyt is smaller than a universal constant,
then
3c
YpH s Hi; Us; Us; Vs; Vot Qs 2 — Mo

What is more we have (augmentingC if necessary)

»t

IHsp o HYHup g HY Usp g U2 Upt; g Ugl e JpBHs; BHp BUs; BUpgh e @ CMot:
0

Hence lowering furtherCMgt, we infer that p s; u; Hspt; XG Hppt; X g Uspt; X G Uppt; Xqq P
pX4 for all x PR. By the usual continuity argument we infer that the assumptions (6.2.10)
and (6.2.11) do hold fort P 10; T{Myswith T depending ons; sy; Mo; & This yields the
lower bound on the maximal time of existence and the claimed upper bound on the
solution follows from the above estimates replacingy with s. m

Combined together, Proposition 6.2.5 and Proposition 6.2.8 yield a time of existence
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for solutions to (6.2.6) emerging from su ciently regular initial data which is independent
of P ®;1s The following result describes the behavior of these solutions as 0.

Proposition 6.2.9 (Convergence) Let s¥ sqj 3{2, &P ®;1gand My O.

Let P 1S ps; b HsHp Us;Upg PR such thatH, H, landUs U, O,
and pH2; HY; U2; UPq PH® 2pRdf be such that the hyperbolicity condition holds

@PR; ps nHs HIXgH, HexgUs UdxqU, UPpxaq Pp%
wherep%is de ned in (6.2.5), and
JoHJ HY U Uy BHY BHPohso @ Mo:

Denote

pPHs; Hyp; Us; Upg the maximal solution to the non-di usive systen(6.2.1) emerging
from the initial data

PHs;Hu Us; Una, P H HE US Udg

as de ned in Proposition 6.2.4;
for all i 0, pHg;Hy;Ug; Uy gthe maximal solution to system(6.2.6) emerging
from the initial data

He Hp U Upa, o p HYHY; U2 Ulg

as de ned in Proposition 6.2.5;
Toi Oandcyi 1 such that for allt P 10; Tgs

@PR; ps nHs HsxgHp, HetxgUs U xg U, Uppt; xgg Fp%®

and
}pHs; Hi; Us; Ut Qlys 2 @ GoMo:

Then there exists o j 0and C j 0, both depending only ors; S; &; My; To; Co, such that
forall P®; os pHe;H,; Us; Uyqp; qis well-de ned for allt P 10; Tos and satis es the
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6.2. The bi-layer shallow water system

hyperbolicity condition
@ PR, ps nHs HimxgHy, HyptixgUs UspixgUs Uy ptixgg Rt

and the upper bound
JoH Hy Ug s Uy g Qs @ 2c0Mo:

Moreover, one has for alt P 10; Tgs

}pHS HS;Hb Hb1 Us US;Ub qum, Q}Hs o CM o

Proof. DenoteV-: U andV. : U HE%H,;I‘ ( Pts;l), s: pld B 2¢%?, and

P O O Wa: p SpH, Hsg SpHy HeG SpUs UsG SpUy UG SV, VeG SpV, VO

Substracting (6.2.6), (6.2.7) and (6.2.1) we obtain

$
{ B pHs H.,oBS pU; U.qgH:, B, SBHs  RupH,;Ug; Hs; Usg

&BH, pHy, H,qBY pU, U,qeH, B9,  SBH, RupH,;U,:HpUg
i B0, pU, U P 0BG B BiH, P -BUs RupHg ;Ui Hsi Usq

! S ﬂs Hs

#BG pUy, Uy p-aBG B Bu 2By RupHpiUpiHi Usg
and

$

BHs pHe H.H,BW pU, V,qBH:s RupH V. iHs Vg
BHb pHy, HyH,BYW pU, Vo aBH,  RupHpi Vi He Vig
4BV pUs V., 5-aBW B B
B BV, @BV RupHoi Vo iHs Vg
BW pU, Vo o dB% =B By
v BV, BV SﬂB:H,_’ibE&Vb RupHp: Vp s H, VoG
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where, for any” P ts; bu, we denote

RupH- ;U jH-; Uq *pH. HagRU pU  UqgRH:

r % H.spRU. B,Uqg r 5;UspBH. B,H-g

Rup ;U H UG Spl UdBU 1 SU f-spBU. B,Ug

Moreover, one has by de nition

B .
where B SH
RpH- ;H-q re L_sRH. I ——

Standard commutator estimates and composition estimates in Sobolev spaces;esgg54,
Appendix B] yield

JRupH Ve H Vgl 8 C 3BHbns 1B xVdns 3B xH bus o 3B (Vo bns o MR} } W)
WRupH- Ve JHVeghz @ C B Vs IBH: Jus 1B WV Fgs 1 V) 2;
JRH-;H Q8 C 3BH-Jus IB (Hodus 1

where C is a positive constant depending only o8, sg, }H- }yso and infgrH-  H. j O
for any * P ts; bu.
Moreover notice that by the equations (6.2.6) and (6.2.7) and using the identity
BH- pH.- H.gl V. qwe have

IPBHs;BH,;BUg ;BUL Qlys + JpBHG BiH Olys oU; Ve Up Vo Ohs s
a C}pHs;Hb;Us;Ub;Vs ;Vb q}HS;

where the multiplicative constantC depends onpH;H,; Us; Uy Vs 5V, Qluso and
infkH- H. j Ofor  Pts;hku

We may thus apply Lemma 6.2.7, and infer that we can s& depending ors; Sp; Mg; &
and c depending only ong&, so that as long as

@ PR, ps nHs HmxgH, HypixgUs UspixgUy, Uy ixag RS2,
(6.2.12)
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6.2. The bi-layer shallow water system

and
WoH; Hy  Ug s U Vo 5V Qs Os @ 26M g (6.2.13)

one has, using thapt¥s; s &; &; 2 Wal o p 0;0;0;0; Spﬁ‘%ssql 0; SPEZLH:Ql 0%

YorPs; H; O B W VAa; bz © H21pBiHs; BiHb BOR; BWGh 20122 CM o @xppCaoMotg
C  coMopHs; Fy s 8, W\, BHY:; BHgpt e

0

BH,; BHy; BiHs; BiHp; BYVs; BV BcUs; BUy; BVs; B\VLAIY Qs €xppC oMot tigeplt:

Now, we use in the integrand the triangle inequality

BH;BH,an: glys 2 }pB,Hs; BHqp% qlz 1B xHs; BHuam: qhys:

The rst contribution may be absorbed by the left-hand side if is su ciently small
(depending onc; C; gMyg; Tp), and the second contribution is estimated, as other terms,
using the assumption

sup }pHs; Hp Us; UpQih; Qlus 2 - tPfO;ToS( a cMy:
Applying then Gronwall's Lemma, we nd that
YoHPs; F 9s; 8, W2 WAap; ghz & CeoMoK (6.2.14)

whereK depends only onCcgMT.

By using again the triangle inequality, we can lower further (depending oncy) so
that (6.2.14) implies

@ PR psi o Hs o XGH, I xG Us i XQ Uy It x g R4

and 3
IHs Hp Ug s Uy Vs oV, ait glys @ QCOMO:

Hence by the usual continuity argument we infer thapH; H, ; U ; U, qp; qis well-de ned
for all t P 10; Tos and (6.2.12)-(6.2.13)-(6.2.14) hold. This concludes the proof. O
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6.3 The hydrostatic Euler equations

In this section we study the stability of the hydrostatic Euler equations for strati ed

OWS.
Bh Bxpd hqu uqq Bh;
6.3.1
Bu u u ]_B(hh Bu }Ei (0 ( )

where the Montgomery potential is given by

»I' » 0

p;rq  mq 1h|o;r]qdr1 r _prichp;rigdrt o pgMIr shopg (6.3.2)

We recall that our stability results must accommodate with solutions generated by the
bilayer system that are piecewise constant and allow the comparison with continuously
stratied ows. Hence we must allow for deviations that can be large pointwise, while
smallness stems from integration (with respect to thevariable). In practice we shall
manipulate simultaneously the pointwise as well as the topologies depending on the need.
This is the case for instance in the following Lemma, measuring the Lipschitz continuity
with respect to the density variable of the Montgomery operathtr s de ned (6.3.2).

Lemma 6.3.1. LetM j 0. There existsC j 0 such that for any . (" P t1;2u) such that

o ;tah: s B M;

and for anyh PL8, one has for almost any P p 1;0q

1 1
7Mr71§1 7|\/|r72§’1 gq a M3|71 72|p’.q M}fl 72}Lr1 }h}L?
-1 2
Proof.
1 1 11 0 L, 10 )
—Mr sh =Mr _sh dr dr=
— M oM, g ~F9 g r71|or”dﬁ|or]q T r|071|0r1q Lrgdpg

]

Note also that we are seeking stability estimates for the syst¢f3.1)(6.3.2) with
respect to perturbations of the equations in particular through andu Uy
and with respect to perturbations of the initial data.

—bl
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6.3. The hydrostatic Euler equations

In Section 6.3.1, we rst state a local well-posedness result associated with the initial-
value problem for the systen(6.3.1)(6.3.2), and then provide some stability estimates.
These two results by themselves are not su cient to bootstrap in a standard manner the
strong convergence of solutions as the size of deviations shrink, because the topology in-
volved in the rst result, namelyL 8 , is stronger than the topology used in the second result,
which is roughly speaking.l. For that matter we introduce and study in Section 6.3.2 a
re ned approximate solution which, compared with the original reference solution, im-
proves the description of solutions associated with nearby pro les. Speci cally, the re ned
approximate solution satis es the following three properties:

I. it is well-de ned and controlled on a time interval which is uniform with respect to
P®ls

ii. the dierence with respect to the nearby solution is controlled for the strong norm
associated withL8 ;

iii. the di erence with respect to the reference solution is controlled for the weak norm
associated withL .

The resulting convergence result, Proposition 6.3.8, is stated and proved in Section 6.3.3.

6.3.1 Stability estimates

Proposition 6.3.2 (Well-posedness)Let s¥ spi 32, &P ®;1g M;Myj Oandcj 1.
There existsT | 0 such that the following holds.

For all P ®;1s all p;;uq PL®pp 1;0qgsuch that
ou; ;tads | M
and all ph®; u®q PL8 pp 1;0q H SpRcfg such that for almost allr P p 1;0q,
@ PR; 1 h%°¥&;

and
}pho;uoq}l_§ neo @ Mo

there exists a uniquegh; ug PCpi0; T g L8 pp 1;0q H SpRfq maximal-in-time strong solu-
tion to (6.3.1) (6.3.2) emerging from the initial dataph; uq, , p h°% uq
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Moreover, T j T and for anyt P 10; T sand almost allr P p 1;0gone has
@ PR; 1 hpg;x;rq¥ &c

and
maxpt}ph; U s w18 Hsa 1{2}3(h}L2p0;t;L? HgqUQ @ c}pho; UOQ}L§ Hg-

Moreover, the maximal existence time (resp. the emerging solution@pi0; T ¢ L8 pp 1;0q HSpRcf9)
is a lower semi-continuous (resp. continuous) function of the initial data ih® pp 1; 0 H SpRA
andif T 8 then

Joht; Gupt; qats o N8 astN T

Proof. The proof is very similar to the proof of Proposition 6.2.5, using estimates for

transport and transport-di usion equations pointwisely with respect to the variabler P

p 1,00 The essential arguments are thal ® pp 1;0qqis a Banach algebra and that

di erentiation with respect to the space variable B, as well as the Fourier multiplier
S pld B 2¢f2 commute with the operatoreris and that the linear operator 1Mrﬁs:

LEL2N L8 L2 is bounded for any PL®pp 1;0qq O

Proposition 6.3.3 (Stability) . Let sj 3{2, &P ®;1gand M ;M1; M, i 0. There exists
C i O such that the following holds.
Let P®;1sand T j O be such that

CTuwo :
Let ., u- (for ° P t1;2u) be such that
o tahy 8 M:
Let th-; u-gqbe solutions to(6.3.1}(6.3.2) (with . andu u-) de ned on the interval

r0; Ts and satisfying

PBN1; Beuighe gy @ My; IO PHIVPT) ENERTE 1z 1Biho}is L2ps B Mp;
and

e PGS R sogt TS B, st MERXTA¥E
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Then one has

maxptiph;  houp  UpQhe Ling; 2By hoh 2 25uq
a 2lph?  hju uahm; CTIp, iUy Ul (6.3.3)

and for almost anyr P p 1;0q

maxptiphy  ha;u;  Uaprade mg; “¥IBhs hagp;rg)z s ug
o 2)ph} hjuf udgmals o h?  h3iu}  udqhing
CT [p, Ui Uqpal }p_, ;U UOh; @ (6.3.4)

Proof. Letus denote®: hy hp, @: up u,©®: u; uw,and9 . We have
on the time intervall : r O;Ts

$
&Btﬁ p u, u2q3|9 Bfﬁ i ro;

%BO pu, u, U,qRO® r3;

where we denota, : 2,

rn:p 9 @Bh, 8Bu; r.: p 1 h,gR®

and

®

B9 Bchy 1 1 1 :
R |9p1 e By 71Mrils 72Mr723 B.h; 72Mrizslal9.

rs:

We can now use standard estimates and transport-di usion and transport equations ([8])
to infer that there exists ¢y depending only ons such that for almost anyr P p 1;0qg one
has

maXpt}IQp;rq}L$H§; 1{2}3(|9p;rqh$H§qu }IQH 0; ,TQ}H>§} rlp;rQh%Hg %}r2p;rq}L$Hf 1
eXpco}BcUzP; rah 1 s 14
and
Y@piraheny @ }EX O rqig } rap;rQhing  €XpRCo}BiUap;rq ByUnpirdhiyg 1G
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Using that HS'pRqis a Banach algebra for alk'j 1{2, we nd that for any t P 10;Ts

Frop rahs AMo o [@mal} Ot rades b Bt srakes 5 bram sralys  Apl Mgl rohs;

and, making additionally use of standard composition estimates in Sobolev spaces ([54,
Appendix B]) and Lemma 6.3.1,

ap s @ Cps;M; My Mo & Qg @ srads M8 sralys o | 9ral} G My
M 2B fit; gy

Finally, using product and composition estimates o, B.h, 1hf]za(h2, we have

By srahys 1@ CpMo; & Yq }Bchot; Qs

Collecting these estimates we infer that there existS ;| 0depending only ors; M ; M; M»; &
such that

maxpt}8p;rq @;raks wg; “21BAp;rg)zsuq mexpCMopT  H2TH2qq
ot O ;rg@x 0 iragky C YPTM2 }@pirhswy  MAIBM2in;
CM:T  |@oql| 9ral} Fis )} Boirdhens } @irahen; T Y3B8p;rghzy;
Hence there existsC | 0, depending only ons; M ;Mj; M,; &such that for any T suf-

ciently small so that one hasM.T = p36Cq?t, p *?  2M,gr? o p18Cq?! and
M,T M, ¥2TH2 o C Inm{2qone has

5
¢ maxptipfp;rq @p;ragks v B rakzu;ug
3
o S ot O irqet O irqak: g5 Bz CMIT |@mal| Sral} Gy

(6.3.5)

Integrating this inequality with respect to the variabler and using Minkowski's inequal-
ity, we infer the rst stability estimate, (6.3.3). Plugging (6.3.3) in the right-hand side
of (6.3.5), the second stability estimate, (6.3.4), follows immediately. ]

Remark 6.3.4. The restriction T A in Propositions 6.3.2 and 6.3.3 is quite stringent.

154



6.3. The hydrostatic Euler equations

In [13], some improved stability estimates concerning the systeg®.3.1)(6.3.2) were de-
rived by the authors. The latter estimates exploit a partial symmetric structure of the
equations, and demand some extra regularity with respect to the variableBecause we
cannot a ord such regularity since our stability estimates will be used with piecewise con-
stant functions, we use in the proof of Proposition 6.3.3 in a stronger way the parabolic
regularization of thickness di usivity.
In order to obtain a nal result on a timescale which is independent of the parameter

P ®; 1swe shall exploit some a priori control on a reference solution and restrict to initial

data as well as shear velocity and density distributions that are close to the reference data.

6.3.2 Re ned approximation

In this section we consider a given reference solution to the hydrostatic Euler equa-
tion (6.3.1)(6.3.2) and build from it a re ned approximate solution associated with nearby
pro les. Speci cally, let ot Uref; href; Urer DE @ Solution to

Bhrer B xpAd  NerQ@er  Urerqq thref;

h 1 (6.3.6)
B( ref B(Uref 7MI’7 fsahref O;
1 href re

—ref

B Uref Qref Uref

where we recall that the operatoM is de ned in (6.3.2). Considering pro les p ; ugqwhich
are in some sense close tp _; U.sq We construct approximate solutionghapp; Uappd as
the solutions to

Bhapp B xPA  NappO  UappGd  Bhapp;

6.3.7
M B(Uapp }Mr Sahref: ( )

B uapp Q uapp

Notice rst that phapp; Uappd Satis es approximately the hydrostatic Euler equations asso-
ciated with pro les p ;uqg

Proposition 6.3.5. For any s ¥ 0 the re ned approximate solutionph?"?; u?"Pq satis es

Bhapp B xpd  happQi  Uappdq thapp;

h 1 (6.3.8)
M B(Uapp —Mr 53 happ I'rem
1 Napp B

B. uapp Q uapp
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with
}rremg; q}L? He D }7}L$3 }%}L? }phref happqm; q}LrleS 1

Proof. We have

1
lNemP;rQ *Mristhapp B xhrefq p,rq
» » g

1
pghapp B xhrefqp; r]qdrl ﬁ 7p’]quhapp B xhrefqp; I’JCIdI'L,
1

r

and the result follows sincel @ suppt prlog{ prq : p;r'gPpLofuge} hetthe. O

That the above remainder ternm,p, is small is a consequence of the subsequent Proposi-
tion 6.3.7. We rst prove that for any initial data phapp; Uappdl o P h% u®q the emerging
solution phapp; Uappd is well-de ned and controlled on a time interval uniform with respect
to Pm®1ls

Proposition 6.3.6. Letsi 3{2, &P ®;1g M;Mo;Ms i Oandci 1. There exists
Cj OandT j O such that the following holds.
Let hyer PCpI0; TrerG L1p®; 1g HS pRggdpoe such that

}Bxhref}qrefLrlHXs 8 Myes:
For all P ®;1s all p;uqPL®pp 1;0qgsuch that

Yooy & M;

and all ph®; uq PL® p®; 1g H SpRcfq such that for almost allr P p 1;0q
@PR; 1 h'¥&

and
maxpt}hO}L§ He L) 1{2}h0}L§ hs; JU%ie nsug B Mo;

there exists a uniqugh,pp; Uappd PCPI0; T ¢ L8 p®; 1g H SpRfggmaximal solution to(6.3.7)
emerging from the initial dataphapp; Uappdl o P h% u®g Moreover one hasT ¥ T, :
minptT.e; Tugand for any t P 10; T,5s and almost anyr P p 1;0q one has the upper
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6.3. The hydrostatic Euler equations

bound

Maxptapop;rals e i "“HhappPirahs wzi }BNapopirahe neud} Uapppirahs g

Tapp

o cmaxptth®p;ralys 15 3% 0; ;rahis;u’piralisug CMie:

Proof. The existence and uniqueness @fiapp; Uappd PCPI0; T ¢ L8 p®; 1 H $pRFqgmaxi-
mal solution to (6.3.7) is obtained as in Proposition 6.3.2. We s&tP 10; T g By standard
estimates on transport and transport-di usion equations ([8]) applied to (6.3.7) we have

maxpt}h,.,lppp;rq}LgHXs 1 1{2}3(happp;rq}L%H§ wuq @ }hop;rq}Hf 1} rappp;rq}L%Hf 1
eXPPCo}BUappP; Fah 2 s 140k

maXpt}happp; I’Q}L§ H 1{2}&happp; rq}L%Hfuq a }hop; rq}Hf l{z}rappp; rq}L$H§ 1
eXPPCo} B UappP; rQIh_%HS e

and

FappP; TG e ks @ JUPiTQs } FrerP;TOling  €XPPCo}BUappP; 0 BxlUappPir Gl 1ys 1G

) Bch . 1
where we denoteuapIO : ﬁ Fapp © P 1 NappQBUapp, e =Mr_sBh, and

the constant ¢, depends only ors.
Now we notice that for almost anyr P p 1;0q

IBcUapplti 51 0ys 1+ 8 Cplapplt 5Talys & *q IBchapplt; 5T Qs;
}rappFI; ;rq}HXS 1 a Cp}happn; ;rq}HXS 1Q}Uappp:; ;rq}Hf;
MretPi irahiz @ Cp}die }he qiBNert; olpus:

From this we infer that there existsC, depending only ors; }hap,P; rq}L_? he 1 & L} b }ihes
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such that

maxptthappP; rak s s 17 “HappP;rake ng; IBcNappP; Tk 2 1g: HUappP; Tk e HzUG
o maxptth®p;rahs 1; %t 0; srods; u®p;raksug
Cpl TqMappPiraheny  CIBchrer}iiiing
eXpRC T appP; Fals vy CTH? }BchappP;iralzp;s

By the standard continuity argument, we nd that

maxpt}happp;rq}LﬁappHxs . 1{2}happp;rq}L_srappHxs; }Bxhappp;rqh%ﬁppHi;}Uappp;rth HsUQ

Tapp

o ¢ maxptth®p;ra}s 1; 3%t 05 srods; u®p;ralisug CMper
for almost all r P ®; 1qand for all T,pp P 10; Ts such that

pTapp Talés o®l C !

where C depends only ors; &; M cMg. This concludes the proof. ]

We conclude this section by investigating the di erence between the reference solution
and the re ned approximate solution.

Proposition 6.3.7. Lets| 3{2, &P ®;1gand M ;M ;Mg i 0. There existsC | 0
such that the following holds.
Let P®;1s T Oand let Uer; ;U PLE be such that

—ref’ =

P f;f; ighs o M:

re —_

Let phyer; Uretg PCPIO; TS L8 pp 1;0g HS pRefg be a solution to(6.3.6) (that is (6.3.1)
(6.3.2)with p ;ugq p ;U0 de ned on the time interval r0; Ts and satisfying

—ref’

HPNrer ; Ur«efq}L?r LeHg 1 @ M ref:

Let phapp; Uappd PCPI0; TS L8 pp 1;0g H® *pRefqbe solution to(6.3.7) de ned on the time
interval rO; Ts and satisfying

}phapp; Uapr}L.? LEHS w2 }Bxhapp}L? L2Hg a Mapp;
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6.3. The hydrostatic Euler equations

and such that for allt P 10; Tsand almost allr P p 1;0q
)I(I"lgl Rrett; X; 1 ¥ &; )I(Ingl Nappld; X; 1 Q ¥ &:

Then one has

UappQit  O; ;1 s

gk; expCT{ g (6.3.9)

UappgP; rQ}Lf? Hy B N rer happ; Uref

o0t Napp; Urer
C P, _Uer ugpal }p

have on the time intervall : r O; Tsfor which both function are well-de ned
$
&Btlg pu uappq3IQ Bfﬁ i ro;
0,
PRO U Uspp Ugyp BO T3
. B happ
whereu,,, : T happ
ri: p @ @Ry IQB(Llref; rz: p 1 hgyppgB@®
and
. 9 B« hre 1 1 .
rs: 9 9 1%1@;, IQpl e Beles EMrirefs IMrs Biher:

We can proceed as in the proof of Proposition 6.3.3 with some straightforward adjustments

as for the contributions ofr; since the contribution erﬁsEﬁIQ iS nonexistent.

We infer that there exists C depending only ons; &; M, M 4py; M(er such that for all
P ®;1sand To P ®; Tssuch that CTo @ , one has for almost any P p 1;0q,

maxptip, @op; raks ng; *A1Bpirak: weug e 2pfiep O jrah; C7To |9ral| @ral} G

Iterating this control on T, : minptn {C; Tuq we nd that

of @p;rahe wg o 2" JpR@p O sraly C2' |9ral | @oal } G

which yields the claimed estimate.
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6.3.3 Convergence

We now conclude our analysis with the following stability result for solutions to the
hydrostatic Euler equations.

Proposition 6.3.8 (Convergence) Let s 3{2, M;M;Mpj 0, and P @®;1s Then
there existsC; T independent of and i O (depending on ) such that the following
holds.

Let p ;U@ PL® pp 1,09G and phrer; Urerq PCpI0; Ts L8 pp 1,06 H® *pRafq be a
solution to (6.3.6) (that is (6.3.1)}(6.3.2) with p ;uq p U:9 de ned on the time

interval rO; Ts such that

—ref’

}piref;jq}L? a M; }phref;urefCI}Lg L8 HS 2 1B thEf}L%L}HXS 2 8 Mg

Let p ;uq PL® pp 1;0q¢ and ph% u®q PL® pp 1;0qH*® ?pRcfqbe such that

toitake m M 3ph®% MEBR%ghs s 1 } Uy 2 ® Mo

and

}pfref 3 Ures QQ}L} 1P hretlt o ho;ureflt 0 UOQ}L}HS 18 ol

Thenph;ug PCpi0; T g L8 pp 1;0gH® 2pRcfgthe maximal-in-time solution to (6.3.1)
(6.3.2) emerging from initial dataph; uq} o p h° u°qis de ned on the time intervalrQ; Ts
and we have for almost alt P p 1;0q

oher NUer ugpraheng @ Jphrer hilrer ugp  O; ;radus 3P hrer hiUrer ugp O Qg5 2
P o _Uer uamal }p ., U Ugh; CexpCT{ g (6.3.10)

Proof. We rst recall that Proposition 6.3.7 provides an estimate on the di erence be-
tween the reference solutionphes; Ut PCpPI0; TS L8 pp 1;0gHS 2pR?q and the corre-
sponding approximate solution de ned as the solution to the system (6.3.7) with initial
data fhapp; Uappdl o P h% u®g Phapp; Uappd PCpPI0; TS L8 pp 1,0 HS 2pRefqq whose ex-
istence and control on the time intervalrO; Ts (lesseningT if necessary) is provided by
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6.3. The hydrostatic Euler equations

Proposition 6.3.6. Speci cally we have for almost any P p 1;0q

PNt Napp; Urer Uappqp;rq}l_ﬁg_ pe 1 0@ PNt Napp; Urer UappQpd O ;rq}Hf 1
C Ip,, _iUe ugeqgl }p . dh: expeCT{ g

where C depends only ors; &; M, M and My.

We then consider the di erence between the exact solution
ph;ug PCpi0; T g L8 pp 1;0g HS 2pRePqgwhose existence is provided by Proposition 6.3.2
and the approximate solution. By means of the consistency result, Proposition 6.3.5, we
can adapt the proof of Proposition 6.3.3 and we nd that under the assumptions that

. . 142 . ; iy
Yoh; udhe e ug Behbpizn @M oand - essinf 1 hixirq¥ &
(6.3.11)

there existsC | 0 depending only ons; &; M Ms; M such that for all P ®;1s and
t P ®; minptT; T uqgsuch that Ct @ and for almost anyr P p 1;0qone has
maxptiph  happ; U Uappdp; rahs ws; H2)B,ph NappdP; I Q2145 UG
g 2lph  hgpp; U Ugppdd O ;rahsns  Ctlphrer  happaph; q}Lng 1
Iterating the stability estimate on T,, : minptnTy; Tugwe deduce that (augmentingC if

necessary)

maxptiph  happ; U UappQle L8 Hs; H2)B, th NappQ) 8 L2HgU]
o exppCT{ aih  happ;U  UappQit  O; Gheng C exppCT{ qJrer happ}LﬁLrleS 1.

Since by constructionphapp; Uappdl o P h;uq} o and using the above control oMnyer  happ
we infer (augmentingC if necessary)

maxptiph  happi U UgppQls Lo vgs 1B happ@he L2nUd
o0 C expCT{ glfver hjUer ugp O; g} .ys 2 C  expaCT{ qz}lczref 3 Urer UQh

Notice that this estimate implies by triangle inequality an upper bound ofph; ug} s s ns
Y2 1Bch} s L2Hs which (choosingM su ciently large and o su ciently small) enforces
strictly the condition (6.3.11), so that by the standard continuity argument the above
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holds without restriction on t P ®; minptT; T uqq By the persistence of regularity stated
in Proposition 6.3.2 we infer thatT | T and the above holds for angt P ®; Ts The
estimate (6.3.10) then immediately follows from the triangle inequality. O

Thanks to Proposition 6.2.8 (concerning the well-posedness and control of solutions
to the bilayer system) on one hand and Proposition 6.3.8 (concerning the control of the
deviations of nearby solutions to some given reference solutions) on the other hand, one
infers immediately the announced rigorous justi cation of the propagation in time of the
columnar motion and sharp strati cation assumptions in near-bilayer situations (within
the hydrostatic framework). Speci cally, we have the following result.

Theorem 6.3.1. Lets¥ spj 3{2, M O0,Mpj O, &P ®;1g and P @®;1s Then there
existC i 0;T i Oindependent of and i O (depending on ) such that the following
holds.

Let p ;uq PL® pp 1;0q¢ and ph% u®q PL® pp 1;0qH*® ?pRcfqbe such that

o take & M Jph% MPBha), s 0 } U s 2 @ Mo

and there existsp s; b, H<:Hy; Us;Upg PR® such thatH, H, l1andU; U, O
as well aspH2; HY; U2; U%q PHS 4pR¢?  H*S 3pR¢f such that the hyperbolicity condition
holds:

@PR; ps nHs HmxgH, HimgUs U/mgU, Ugmaqg Ao
wherep%is de ned in (6.2.5), and
IPHJ HE U  US BHY BHJghs s 8 Mo

and such that denoting 2; up; hgj; up g through (2.2.16) we have

Johor  h%up Walapst P, iUy udh:i® o

then

1. there existspHs; Hp; Us; U,q PCpI0; Ts HS 3pRoffq solution to (??) emerging from
the initial data
PHs; Ho Us; Una, P HS Hp: UG Ugg

162



6.4. Conclusion

2. there existsph;ug PCpi0; Ts L8 pp 1;0g HS ?pRcfq solution to (2.2.13) emerging
from initial data
t;ual o p h%u’g

3. denotingp ,; Uy; hui; Up g through (2.2.16) we have for almost alt P p 1;0q,

oho hiup ugpiralewg @ Jphp h%up uOgpirads dp hp h%up WOg)sys
P, _iUs ugpal }p iUy ugh: CexpeCt{ g

Remark 6.3.9. Proposition 6.3.8 is not limited to the bilayer framework and applies to
any suitably regular reference solution. Hence it can be combined with results analogous
to Proposition 6.2.8 to provide results analogous to Theorem 6.3.1 in the one-layer and
multi-layer frameworks.

We recall that the result analogous to Proposition 6.2.8 in the one-layer framework
(that is associated with the standard shallow water equation with thickness di usivity that
was discussed for instance in [37]) is stated and proved in Proposition 3.2.9. Notice it
requires neither the discussion on the hyperbolicity domain of the non-di usive equations
(since the standard non-cavitation assumption guarantees hyperbolicity) nor the discussion
on the parabolic regularization of the total velocity (since the natural symmetrizer behaves
well with di usivity contributions).

A result analogous to Proposition 6.2.8 in the multi-layer framework follows from
combining the result of [27] with the analysis of Section 6.2.2. In the former, it is proved
that assuming su ciently small shear velocities is a su cient condition for the (strict)
hyperbolicity of the multi-layer system in the stably strati ed situation. Notice however
that this smallness condition is implicit, and not uniform with respect to the number of
layers.

6.4 Conclusion

In this chapter we recalled some known results of the bi-layer shallow water system with
and without thickness di usivity p ¢ We showed that for any su ciently regular initial
data satisfying some hyperbolicity criterion, strong solutions to the bilayer shallow water
system(6.2.6) exist and are controlled on a time interval which is uniform with respect to
0 o 1, moreover we rigorously proved the expected strong convergence &k 0 (see
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Proposition 6.2.9). Furthermore we studied the hydrostatic Euler equations. We provided
some stability estimates with respect to perturbations of the equations and of the data using
suitable distances. As a second step we introduced approximate solutions associated with
some given reference exact solution and close-by data. Building upon these approximate
solutions, we proved Proposition 6.3.8 which controls the di erence between the reference
solution and exact solutions to the hydrostatic Euler equations emerging from close-by
data. Together, Proposition 6.2.8 and Proposition 6.3.8 provide the announced rigorous
justi cation that for initial data suitably close to the bilayer framework and satisfying
some hyperbolicity criterion limiting in particular the admissible size of shear velocities,
the emerging solutions to the hydrostatic Euler equations remain close to the solution
predicted by the bilayer shallow water system on a relevant timescale (independent of
)(see Theorem 6.3.1).
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Chapter 7

TECHNICAL TOOLS

In this section we provide several preliminary results that will be used throughout this
paper. In particular, we provide embeddings, product and commutator estimates adapted
to our functional framework, and which mostly follow from standard estimates in Sobolev
spaces.

Before stayting these results we introduce notations.

7.1 Notations

For any a; bPR, we use the notatiora A b if there existsC j 0, independent of
relevant parameters, such thaa o Ch

We generically denote by Cp gsome positive function that has a non decreasing
dependence on its arguments.

We set #
) 0O ifan b;
I’Balai b

B, otherwise

We denote pld B2¢g? sothat foralls¥ 0, HSpRq tf PL?pRg Sf P
L2pRqu
Let | be an interval andX a Banach space equipped with the norfn}, then we
de ne the following spaces
For 1o p 8 , the spacelLPp ;X gconsists of all strongly measurable functions

f :1 N X, such that »
M 8
|
equipped with the norm

»

}f}Lpp;xq I}f}?(

=l
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Whenp 8 , the spaceL® g ;X g consists of all strongly measurable functions
f :1 N X such that

H Hepxg sxglp}fmq}x:

where sup denotes the essential supremum.
The spaceCp ; X g consists of all functionsf : 1 N X, that are continuous at
every point ofl .
Where f is said to be continuous aixo P I, whenfpxg N f poqin X as
x N Xo.
When useful, we provide insights on the variables at stake in aforementioned func-
tional spaces by means of subscripts. For instance for: pi;rq PR p  1;0q PN
f px;rq PR we may denote

Hlsng esssup }Hp;rgks; r Pp 1,0quq

We sometimes also use subscripts to provide information on the interval at stake in
functional spaces. For instance foiTf j Oandf :p;xqP 0;Ts R PRfp;xq PR
we may denote

Hlens esssup MHpt ghs; t P10, Tsug

Let A P AjGeijen andU p U ;Uvd whereAj ;U are in a suitable func-
tional spaces such that the linear operatd? is well de ned on that space (most of
the time P *withs¥ Oor P B, with PN) we de ne the commutators

re; Al : PPAUQ APpUq
rP;A;Us: PpAUqQq APpUgq PpAQU:

For the de nition of the operators (D' ; M!...) and other de nitions used in this manuscript
one can return to section 4.1 and section 5.1.

We conclude this section by introducing a new type of commutator adapted to the
Leibnitz formula displayed in Lemma 7.2.1 below.
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De nition 7.1.1. Let A;B PR, j P t0;1;2u, we de ne, the following commutators:

JB D;AKB : B, [D'pABqq pM AgpBD Bg
JB.D;A;BK: B ,pD' pABqgq pM' AgpBD'Bq pM BgpBD Ag

7.2 Adapted classical results

Recalling the convention thaM® Id, we have

JB D% AKB B, ;ASB;
JB D% A;BK rB,;A;Bs

Lemma 7.2.1. LetN PN , F;G PR", we have the following identities:
1. (Abel's summation)

SEGq  FpSGg  Spi FqiRuSGaq
2. ('rst order Leibnitz formula)
D pFGg pD FgMGq pMFgD Gg
3. (second order Leibnitz formula)
D’(FGq pD’Fqpi’Gg pM?Fq’Gq  2pvMD FapD Gg

Proof. 1. LetF pF;; FyvdPRY,G pGi; ;:Gud PR, the identity results
from the fact that

N N N 1 N

5 5

FG F Gk T Fig G, @Ptl, N 1u

wml Giq ugzl Fig
| | 2 | |

3. It results directly from multiplying the rst order Leibnitz formula by D and reap-
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plying this formula a second time using the fact thatb M MD .

Lemma 7.2.2. Let N PN, F PR". For any p;qP 11;8s the following estimates hold
true:

|F | 2| Flq whenpa q:

}T}|8N|2 a 1; }S}|pN|q a 1

The same continuity estimates hold fo&, instead of S.

The following Lemma provides a continuous embedding for the spate ¥21pRqwith
a continuity constant that is uniform with respect to the dimension parametéd. This es-
timate will be very useful and frequently used throughout this paper in order to obtain sharp
estimates when using the energy method. In the proof of this Lemma we mimic the proof
of Lemma A.1 in [13] which provides the analogous result in the (in nite-dimensional)
continuous setting. Moreover the proof relies on the use of the opera®D which has
an almost Identity like behavior, in addition to an auxiliary function carefully chosen
such that it can receive the unwanted discrete derivative and enables us to have a sharper
estimate, and nally the proof is achieved by the use of Parseval equality.

Lemma 7.2.3. LetN PN ,sPR, F PH? %?H:Rq There existsC j 0 independent of
N such that

} °F Hepzq® CIF},s ga:

hkikikkkj
Proof. Let us assume thatN is even, anddene : p 1, ;L%:2 ;2;2:0d PRY,
hkikkikkkj
henceD pq Np;, ;0;2%; ;Zd. Furthermore we notice that

| e 21 |Dpqls a2
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Leti P 1, ;%(. Using Lemma 7.2.2 with Parseval equality we have
»
} R }fg | SFi?
»R
S Dpp °Foq
»R »
. S pM oD pp Fdq ] S pMp *Fa p gq
D »
2 S PM gp° :D pgFqaM ° :Fq S PMp SFa p aq
R » »' R
o 2| | |p° ZpD PFaqgp® 2Fq|. IMp *F | 1D p qle
R R
A} F }ﬁs 1
Let F,: Fn 1 fori Ptl; ;N u and from what proceeds and for P 1, ;%(
we have

}OSFiNAY S EFMhae. ) S T FaRg

Hence the result follows immediately sincg S %rD F“q}lszgq }oo® %FD Fq},szgq and
} oS %P}Izp_gq } s :F hep e We can easily adapt this proof wherN is odd. O

We rst collect some useful facts concerning the discrete derivation operator.

Lemma 7.2.4. Let N PN, F PRY, h § 0andH PR" such thatmian H, ¥ h.
| o SNU
Then there existsCph !gindependent ofN such that
1. |D &ls 8 Cph gD H|e and|D?L |, o Cph g |[D?H | | DH A

Proof. 1. We have fori P t1; ‘N 2u

2 1
Hi 1 H;i»
2H; , H; .g¥; ; Hig H; ;H; », 2H; ; Hiq
HiH; 1H;

1 1
D?— N2 —
H . H;

NZ

and the result follows immediately.
0

The upcoming Lemma 7.2.5 and Lemma 7.2.6 are generalization of the classical product
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and commutator estimates in Sobolev spaces adapted in the case of the Sobolevdpéce
for N dimensional vector elds.

Lemma 7.25. LetN PN, toj 1.

1. Forany s; s;; S, PR such thats; ¥ s, s, ¥ 5,517 S, ¥ 0ands; s, ¥ s o,
there existsC | O independent ofN such that for anym;oqg P t12;8q;p8;2qu
and anyF pFy; Fyd P HoRY" andG p Gy ;Gud P H2RY ",
FG PI?pH spRYggand

$
I& C}F}Hsl %;1}G}H82;0
}|:G}|2F‘_|'sq0 C}F}lpmilq}e}lqmizqu ,0/0 or
C}F}H51:0}G}Hsz 1

2. Foranys¥ tg, there existsC | Oindependent ofN such that for anymp; o pp; 6q P
tp2;8q;p8;2quand anyF p Fy; ;Fnd P HSpRY N and G pGiy;, ;GundP
HsRYg " X HYRYg ", FG PI2pH spRYqgand
D E
}FG}Izﬁqu o] C}$F }IPDHQOCI} G}|q,j—|>§q C }F }IﬁpHiq} G}lql;H}(Oq sj to
'8( } F }Hmax pto;sq %;1 } G}HS;O
a C, or

%
} F }H maxptg  %isql } G }H max ptg  5:sq1

3. ForanysPR ands;, s, PR such thats; ¥ s, s, ¥ s lands; s, ¥ s to,
there existsC | O independent ofN such that for any ;g P ti2;8q;p8;2qu
and anyF pFi; Fyd P H%RY" andG pGy; :Gnd P HZRY ",
r SSFGP L2R% " and

$
I& C}F}Hsl %;l}G}HSZ;O
% FGhagzq® C} "Flipzql “Gliapze® % G
0
C}F}HSLO} }HSZ 31

4. For any s ¥ 0, there existsC | 0 independent ofN such that for anypm; og pp; 69 P
tp2;8q;p8;2quand anyG p Gy; ;Gyd P HS YR " andanyF pFy; Fyd P
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L8 R%G " with BF, PH® 1R XH R one hasr %FsGP L4R% " , and

}|I’ s;Fg-?"hz}Lg Q C} topDanhppqu} ° lG}|qp|_§q
C } ° lpanhppqu} tOG}lqrpL

$
& }&F}Hmaxpto s %q;l}G}Hs 10
a C, or

%
}B(F}Hmaxpto 1 1q:1}G}Hmaxps 1ito %q;l

2

E

£9 sito 1

5. For any s ¥ 0, there existsC | 0 independent ofN such that for anypp; og ;69 P
tp2:8q;p8;2quand for anyF pF;; ;Fnd, G pGi; ;Gnd with Fi: G, P
HspRIgXH™ YRigforall i Ptl; ;Nu, one hasr S;F;Gs P L2pR% " and
Hr SFGsk e © C}$ " F bopzal lG}WpL%q } C°F hepzql o lG}mpL%q

& }F}Hmaxpto 3 %q;l}G}Hmaxps Lty 1g0
a C, or

%
}F}Hmaxpto 3is 1q;1}G}Hmaxp10 3is 1g1

The result holds true if we replace ® by B, for 0= & s,

Proof. 1. The proof results immediately from the following classical product estimate
in Sobolev spaces for scalar functioh g

119 bas @ CH bysi }9bpses (7.2.1)
then conclude with Lemma 7.2.3.

2. The proof results immediately from the following classical tame estimate for prod-
ucts in Sobolev spaces and for scalar functidng

D E
g }H; o C}H }H;O}g}H; C }f }Hg}g}Hio s (7.2.2)

Sj to

then conclude with Lemma 7.2.3.

3. We x mp; o P t2; 8q; p8;2quand we haver °;FsG pr °;FisGiq, hence the proof
results immediately using the following classical commutator estimate in Sobolev
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spaces for scalar function§ g
JroSif @hg A} =f }Lg} Szg}Lg; (7.2.3)

then conclude with Lemma 7.2.3.

4. The proof results immediately from using the following classical tame estimate for
commutators in Sobolev spaces for scalar functiofsy

D E
o %fg} e C} t°prq}L3} > 19}|_)2( c}t>® 1p3fq}|_§} g},

X sito 1’

(7.2.4)
then conclude with Lemma 7.2.3.

5. We haver *;F;Gs p °pgFiGig °pFidGy Fi °pGiqgq, the result follows imme-
diately by using the following classical estimate for the symmetric commutator and
for scalar functionsf; g, wherer S;f;gs: Sdggq f g g Sf PL?pRq

o s;f;gs}Lg a C}f }H;O 139k 1 CHf by 1}g}H;O 1 (7.2.5)

then conclude by Lemma 7.2.3.

Lemma 7.2.6. LetN PN , tgj % then we have the following

1. Let s PN such thats ¥ t, % then there existsC independent ofN such that for
any F; G PHSk, k P t1; 2u we have

}FG}HS?k a C}F}Hs;k }G}Hs;k :

2. Let s PN such thats ¥ tg % then there existsC independent ofN such that for
any F; G PH%?2 it holds

}FGlys2 @ CPIF }s2} Glys 10 b F hys 10} GlyseO
Proof. 1. LetF;G PHS! then by Lemma 7.2.1

}FGHier } °FGAYeyzq b ° D FFGAqh
A} Sﬂ:Gq}|22ri_§q } ° ‘pMFqD qufqu }o® pMGaD qu?zri-%q:
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Sinces ¥ t; 1, and using Lemma 7.2.52qwe have
} SFFGq}ﬂp_qu} F s} Glysa;
and
} ° 'PMF D Galey gAY F hys1} Glyen:

Symmetrically } ° 'pMGQD Fq}zy 24 A} F }s1} Glysa. ConsequentlyHs? is
a Banach algebra.

Let F;G PHS2then}FG}}.. } FG}ia } ° 2D?pFGaqfy ., Using the fact
that HS? is a Banach algebra we have

}FGhysa A} F hys2} Glyse
By Lemma 7.2.1
D*(FGq pM°FaD’Gq pM*Ga°Fq 20MD FqiD Gg
Then by Lemma 7.2.52q
b ° PpMPFaD?GA0 kg 2qAY F s} Glyse:

Symmetrically we deduce tha} ° *pM*GaD*F qq k., -, A}F},s2}Glysi. More-
over by Lemma 7.2.51lqwe have

} ° ?pMD GaD Faaly2qA}F }iso} Glyse:

2. The proof follows the steps seen previously thwith this time using Lemma 7.2.3
and Lemma 7.2.5 and choosing the convenient valuesiofq; p; &, in addition relying
on the fact that s ¥ tg % when estimating.

O

The following Lemma is an adaptation of the classical commutator estimates in Sobolev
spaces to the case dfl dimensional vector elds, contrary to the previous Lemmas the
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derivation operator includes spacial derivatives represented By and discrete derivative
represented byD' .

Lemma 7.2.7. LetN PN, tgj % then the following holds

1. Let sPN with s ¥ tg g then there existsC j 0 independent ofN such that
For any PN, with 0a  ©'s

}rBX;FQ}IZﬂ_?(qO C}F }HS?Z}G}HS 1:1 -

The result holds true if we replac&, by 3.
Forany j Ptl;2uand PN suchthat0e o s |

}Ja(DJ,FIGhzn_%qD C}F}HS:Z}G}HS 1 -

The result holds true if we replac®, by S .

2. letsPNwithsi 2 % then there existsC j 0 independent ofN such that for
PN withOe ®©'s 2we have

}Ja(D ;Fl‘G}lszqu C}F}Hszz}G}Hs 21 -

The result holds true if we replac®, by S 2.

3. Let s PN with s ¥ tg g then there existsC j 0 independent ofN such that for
anyj Ptl;2uand PN suchthatOa © s | then

}B D ;F;GKoy oq® CHF bys 12} Glys 12
The result holds true if we replac®, by S .

Proof.

1. Using Lemma 7.2.5p4qwe have
}er?FSG}FpL%qD C }BXF}HIO %:1}G}Hs vo }B xF }ys 1?°}G}H‘0 il
Forj 1andO= w© s 1 we have by Lemma 7.2.1 and Lemma 7.2.%2( and
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pia)

JBD ;FK& B, prGaq pMFgpBpD Gqq
B, pMFa Gg pMGq® Faq pMFgpBmD Gaq

B,;MFD G B, pMGqD Fqq
A}BXMF }Hmaxpto 1is %q;l}D G}HS 2,0 } D F}Hmaxpto ls 1q;l}MG}HmaxptO 1is 1g1 -

2

Forj 2andO= = s 2, wehave by Lemma 7.2.1 we have by Lemma 7.2.1 and
Lemma 7.2.5 f2gand p4g)

JB D’ FKG B,m’f=Gqq pM?FopBED*Gqq
B ;M’FD?’G 2B, pMD GqMD Fqq B, pD?FgM?Gq
A}BM?F ) nocy s 501} D?Glus 50 } MD F ) nacgs 20 323 MD Glys 2o
} D%F }ys 20} M?G}

Hmaxpio;s 2q %;l .

. The result follows from the fact that
JBD;FK B,;MFED G B, pMGq Fo;

and using Lemma 7.2.52q and p4g and choosing the correspondingp; qg P 2;8u
with to s 2, then using Lemma 7.2.3.

. Forj l1andO& ®©s 1we have by Lemma 7.2.1 and Lemma 7.2[8q

JB D ;FGK B, p-Gqq pMFgpBD Gaqq pMGqpBRD Fq
B« pMFa> Gqq B, pMGqi® Faqq pMFgpBD Gg pMGapBD Fq
B, ;MFD G rB,;MGD F

A}BXMF }Hmaxpto %;s 2q;1}D G}Hmaxpto %;s 2qg;1
}B XMG}Hmaxpto ls 2q;1}D F}Hmaxpto %;s 2q;1:

2

Forj 2andO=& w©s 2 we have by Lemma 7.2.1 and Lemma 7.2.52( and
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pAa)

JB D’ F;GK B ,pD’pFGqq pM*FgpBD°Gq pM*GgpBD?*Fq
B, pD’FgM°Ggq pD’GgqM’Fq 2pvID FgMD Gg
p M?FqpBD°Gq pM*GgpBD*Fq
B ,;M?°GD’F rB ,;M*FD?G 2B, pMD FqD Gqq
AYBM?G} iy 3o 201} D°F hus 50 3B xMPF } vy 3 201 }D?Glys 5o

} MD F }Hmaxpto %;s 2q;1}MD G}

Hmaxpto %;s Zq;l:
This concludes the proof. H

Di culties arise when estimating nonlinear and non-polynomial quantities in the space

K . : il 1
H*%%. In the following Lemma we tackle the problem speci cally for the quantipFm &
which arises naturally in several places.

Lemma 7.2.8. Leth ;M;M j O, tg i % and s P N such thats ¥ tg % there exists
Cph L, M;M g O, such that foranyN PN and anyH Pw?® |, H PHS?pRq satisfying

|H|W2:8 e M; }H}Hs 11 Q M 1

p(;iqml?fl; N uﬂi Hip(q ¥ ;

the following holds

1 1 .
— M; M H},sz: 7.2.

H H ﬂHs;zDCm MM aiH by (7:2.:6)

1 1 g Cph LM:M ql}H} : (7.2.7)
ﬂ H ﬂ Hs 11 T q He nie o

Proof. Fori Ptl; ;Nu xed, sinces is su ciently large we notice by Sobolev injection
that H; vanishes at innity as a consequence we havd; ¥ h . Let 1t =
— — 1
L g 'ipHig where'; PC pR;Rgsuch that ' iq 5+ g whenH;

o
X ¥ h ,7moreover we notice that there existCp;h 1qindepeindent of i) such that
P s o noag @ Cp;h 'q using the fact that H Pw”® we can choose ; in such
a way that there existsCp;h !q (independent ofi) such that }' ! q}L8 ps8 h H,qq 2
Cp;h g Hence using the composition Lemma in Sobolev spaces (see Lemma A.4 in
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[13]) and Lemma 7.2.3 we have

. 11
H H H
1

@ Cph % }1H s pyi0@3H dyso (7.2.8)
12pL2q

1
H H H

s 1

a Cm 11} H }|8 FH;qu}H }Hs 1,0 + (729)
12pLzq

By Lemma 7.2.1 and Lemma 7.2.4 we nd that

1
H

1
H

a Cph Y |H]|.. :
Hs2 m |7|W2Y8q ﬂ H Hsi2

o Cph Y |H |,

Hs 11 ﬂ H Hs 11

T

Tl E[e

T

We have fori P t1; ‘N 1u

H H H; H
D H H NpH; H; 1q ITIl NpHi Hi 1g — 27I !
1 .
H;, HigH; ; Hi g
then
D rp D HgMH D HgMH qsRy ! R, !
H H p Hq aqanp aqwinq H H H H
We have fori P t1; ‘N 2u
1 1 2pMD H Ho
D :
Ra H H Ry H H i Py Higdy o Hiogid; 0 Hi 2q
and hence
pz " p DPHQM?HG pD’HQMPHQM Ry -+ R, _ *
H H o — H H H H
2r Mp® HgMHqgq Mp® HgMHAqgseD pH  Haq
1 1 1
R4Ryd H H RiRy H H RuRy H H

Using the previous equalities and the following arguments
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The spatial derivatives commute with the operators Ry; Ry; ; M; D ; D2.
The operators Ry; R,; M are bounded inl? and I8 .
Lemma 7.2.6 and estimates (7.2.8) and (7.2.9).

We obtain
1 1

H H H Hs2

11
ﬂ H ﬂHsl;l

Hence the proof is then completed since the consta@tis increasing in its arguments. [

o Cph 1;|ﬂ|W2:8 PH s waQH Hyso

a Cm 1;|H|Wl;8 1}H }HS 1;1Q}H }HS 1;1:

We conclude this section by collecting continuity estimates on the operaRy de ned

by
. Cpr surfs  bott SC N RN

Pn -
f PN Pp iqQaian

Lemma 7.2.9. LetsPN, s ¥ 2 there existsC j 0 such that for anyN PN and any
f PX8$s2p qthe following holds

}F)Nf}Hs;On C}f}S;s;O; }PNf}Hs;ln C}f}g;s;l }PNf}Hs;ZQ C}f}S;S;Z:
Proof. It is immediate that

FPuT Faeo 01 F Kz

Fori Ptl; Nu, using the mean value theorem
»

INp * p; g °pg i 1qfdx o }Bof }ﬁgupHXs Ly

R

hence} * 1D I:)N]c }|2p|_§qA}B°/zf }L%pr g and}PNf }Hszl Ap}f }Lg%pH;q }B 0/«]c }|_§/Dp|-|§ qu-
Using the Taylor expansion for the mapbYN S 2f p; % we have

»
F{|N2|o SApG g 2 °%pG ag °fpG g paqfdxm 23B% 3, o
consequently,

} s 2D2PNf }Iszqu Z}BOZA) S 2f }LéupLiq:
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This concludes the proof. ]

179






BIBLIOGRAPHY

[1]

[2]

[3]

[4]

[5]

[6]

[7]

[8]

H. D. I. Abarbanel et al., Nonlinear stability analysis of strati ed uid equilibria ,
in: Philos. Trans. Roy. Soc. London Ser. A3181543 (1986), pp. 349 409,issn:
0080-4614doi: 10.1098/rsta.1986.0078

M. Adim, Approximating a continuously strati ed hydrostatic system by the
multi-layer shallow water system , arXiv preprint:2307.11426, July 21, 2023, arXiv:
2307.11426v1 [math.AP].

C. J. Amick and R. E. L. Turner, A global theory of internal solitary waves in
two- uid systems , in: Trans. Amer. Math. Soc. 2982 (1986), pp. 431 484,issn:
0002-9947doi : 10.2307/2000631, url : https://doi.org/10.2307/2000631

E. Audusse, A multilayer Saint-Venant model: derivation and numerical valida-
tion , in: Discrete Contin. Dyn. Syst. Ser. B5.2 (2005), pp. 189 214,issn: 1531-
3492,1553-524Xdoi : 10.3934/dcdsb.2005.5.189 , url : https://doi.org/10.
3934/dcdsb.2005.5.189 .

E. Audusse et al., A multilayer Saint-Venant system with mass exchanges for shal-
low water ows. Derivation and numerical validation , in: ESAIM: Mathematical
Modelling and Numerical Analysis45.1 (2011), pp. 169 200.

E. Audusse et al.,, Approximation of the hydrostatic Navier-Stokes system for
density strati ed ows by a multilayer model: kinetic interpretation and numerical
solution , in: J. Comput. Phys.2309 (2011), pp. 3453 3478jssn: 0021-9991,1090-
2716,doi: 10.1016/}.jcp.2011.01.042 , url : https://doi.org/10.1016/].
jcp.2011.01.042 .

P. Azérad and F. Guillén, Mathematical justi cation of the hydrostatic approxi-
mation in the primitive equations of geophysical uid dynamics ,in: SIAM J. Math.
Anal. 334 (2001), pp. 847 859jssn: 0036-1410doi : 10.1137/S0036141000375962
url : https://doi.org/10.1137/S0036141000375962

H. Bahouri, J.Y. Chemin, and R. Danchin,Fourier analysis and nonlinear partial
di erential equations, vol. 343, Springer, 2011.

181



Part ,

BIBLIOGRAPHY

[9]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

P.G. Baines, A general method for determining upstream e ects in stratied ow
of nite depth over long two-dimensional obstacles ,in: J. Fluid Mech. 188 (1988),
pp. 122, issn: 1469-7645doi: 10.1017/S0022112088000618

R. Barros and W. Choi, On the hyperbolicity of two-layer ows , in: Frontiers
of applied and computational mathemati¢dNVorld Sci. Publ., Hackensack, NJ, 2008,
pp. 95 103, doi: 10.1142/9789812835291 0009

G.S. Benton, A general solution for the celerity of long gravitational waves in a
stratied uid , in: Fluid Models in Geophysics: Proceedings of the First Symposium
on the Use of Models in Geophysical Fluid Dynamiced. by Robert R. Long, 1953,
pp. 149 162.

S. Benzoni-Gavage and D. Serréjultidimensional hyperbolic partial di erential
equations. First-order systems and application®©xford Mathematical Monographs,
Oxford: The Clarendon Press Oxford University Press, 2007, pp. xxvi+50&bn:
978-0-19-921123-4; 0-19-921123-X.

R. Bianchini and V. Duchéne, On the hydrostatic limit of stably strati ed uids
with isopycnal di usivity , arXiv preprint:2206.01058.

J. L. Bona, D. Lannes, and J.C. Saut, Asymptotic models for internal waves |,
in: J. Math. Pures Appl. (9) 896 (2008), pp. 538 566,issn: 0021-7824.

D. Bresch and B. Desjardins, Existence of global weak solutions for a 2D vis-
cous shallow water equations and convergence to the quasi-geostrophic modai:,
Comm. Math. Phys.2381-2 (2003), pp. 211 223,issn: 0010-3616doi: 10.1007/
s00220-003-0859-8, url : https://doi.org/10.1007/s00220-003-0859-8

D. Bresch and B. Desjardins, Some di usive capillary models of Korteweg type ,
French, in: C. R., Méc., Acad. Sci. Paris 33211 (2004), pp. 881 886,issn: 1631-
0721,doi: 10.1016/j.crme.2004.07.003

D. Bresch, B. Desjardins, and C.K Lin, On some compressible uid models:
Korteweg, lubrication, and shallow water systems ,in: Comm. Partial Di eren-
tial Equations 28.3-4 (2003), pp. 843 868,issn: 0360-5302doi: 10.1081/PDE-
120020499 url : https://doi.org/10.1081/PDE-120020499

182



BIBLIOGRAPHY

[18]

[19]

[20]

[21]

[22]

[23]

[24]

[25]

D. Bresch, B. Desjardins, and E. Zatorska, Two-velocity hydrodynamics in uid
mechanics: Part Il. Existence of global -entropy solutions to the compressible
Navier-Stokes systems with degenerate viscositiesin: J. Math. Pures Appl. (9)
1044 (2015), pp. 801 836,ssn: 0021-7824doi : 10.1016/|.matpur.2015.05.004
url : https://doi.org/10.1016/j.matpur.2015.05.004

D. Bresch and P. Noble, Mathematical justi cation of a shallow water model ,
in: Methods Appl. Anal.142 (2007), pp. 87 117,issn: 1073-2772doi : 10.4310/
MAA.2007.v14.n2.al, url : https://doi.org/10.4310/MAA.2007.v14.n2.al

D. Bresch and M. Renardy, Well-posedness of two-layer shallow-water ow be-
tween two horizontal rigid plates , in: Nonlinearity 244 (2011), pp. 1081 1088,
issn: 0951-7715,1361-6544loi: 10.1088/0951-7715/24/4/004 , url : hitps:
//doi.org/10.1088/0951-7715/24/4/004

D. Bresch, A.F. Vasseur, and C. Yu, Global existence of entropy-weak solutions to
the compressible Navier-Stokes equations with non-linear density dependent viscosi-
ties , in: J. Eur. Math. Soc. (JEMS) 245 (2022), pp. 1791 1837jssn: 1435-9855,
doi: 10.4171/jems/1143, url : https://doi.org/10.4171/jems/1143

R. Camassa and R. Tiron, Optimal two-layer approximation for continuous density
strati cation , in: J. Fluid Mech. 669 (2011), pp. 32 54,issn: 0022-1120,1469-
7645,doi: 10.1017/5002211201000489,L url : https://doi.org/10.1017/
S0022112010004891

C. Cao, J. Li, and E.S. Titi, Strong solutions to the 3D primitive equations with
only horizontal dissipation: nearH ! initial data , in: J. Funct. Anal. 27211 (2017),
pp. 4606 4641,issn: 0022-1236doi: 10.1016/}.jfa.2017.01.018  , url : https:
/ldoi.org/10.1016/}.jfa.2017.01.018

R.M. Chen and S. Walsh, Continuous dependence on the density for strati ed
steady water waves ,in: Arch. Ration. Mech. Anal. 2192 (2016), pp. 741 792,
issn: 0003-9527doi: 10.1007/s00205-015-0906-6, url : https://doi.org/10.
1007/s00205-015-0906-6.

L. Chumakova et al., Shear instability for strati ed hydrostatic ows , in: Comm.
Pure Appl. Math. 622 (2009), pp. 183 197,issn: 0010-3640doi: 10.1002/cpa.
20245

183



Part , BIBLIOGRAPHY

[26] B. Cushman-Roisin, Introduction to geophysical uid dynamics , in: (No Title)
(1869).

[27] V. Duchéne, A note on the well-posedness of the one-dimensional multilayer shal-
low water model , Preprint, available at https://hal.science/hal-00922045 ,
2013,url : https://hal.science/hal-00922045

[28] V.Duchéne, Many Models for Water Waves , Open Math Notes, OMN:202109.111309,
2021.

[29] V. Duchéne, On the rigid-lid approximation for two shallow layers of immiscible
uids with small density contrast , in: J. Nonlinear Sci. 244 (2014), pp. 579
632, issn: 0938-8974,1432-146dpi : 10.1007/s00332-014-9200-2 , url : https:
//doi.org/10.1007/s00332-014-9200-2

[30] V. Duchéne, The multilayer shallow water system in the limit of small density
contrast , in: Asymptot. Anal. 98.3 (2016), pp. 189 235,issn: 0921-7134,1875-
8576,doi : 10.3233/ASY-161366 url : https://doi.org/10.3233/ASY-161366

[31] V. Duchéne, Asymptotic shallow water models for internal waves in a two- uid
system with a free surface ,in: SIAM J. Math. Anal. 425 (2010), pp. 2229 2260,
issn: 0036-1410doi: 10.1137/090761100.

[32] A. Duran, J.P. Vila, and R. Baraille, Semi-implicit staggered mesh scheme for the
multi-layer shallow water system ,in: C. R. Math. Acad. Sci. Paris 35512 (2017),
pp. 1298 1306,issn: 1631-073X,doi: 10.1016/j.crma.2017.09.011

[33] E.D. Fernandez-Nieto, E.H. Koné, and T. Chacén Rebollo, A multilayer method
for the hydrostatic Navier-Stokes equations: a particular weak solution in: Journal
of Scienti c Computing 60 (2014), pp. 408 437.

[34] K. Furukawa et al., Rigorous justi cation of the hydrostatic approximation for
the primitive equations by scaled Navier-Stokes equations in: Nonlinearity 33.12
(2020), pp. 6502 6516,issn: 0951-7715doi: 10.1088/1361-6544/abas509, url :
https://doi.org/10.1088/1361-6544/aba509

[35] P.R.GentandJ. C. McWilliams, Isopycnal Mixing in Ocean Circulation Models
in: J. Phys. Oceanogr20.1 (1990), pp. 150 155,url : https://doi.org/10.1175/
1520-0485(1990)020<0150:IMIOCM>2.0.CO;2

184



BIBLIOGRAPHY

[36]

[37]

[38]

[39]

[40]

[41]

[42]

[43]

[44]

[45]

[46]

[47]

P.R. Gent, Parameterizing Eddies in Ocean Climate Models in: IUTAM Sympo-
sium on Advances in Mathematical Modelling of Atmosphere and Ocean Dynamics:
Proceedings of the IUTAM Symposium held in Limerick, Ireland, 2 7 July 20Q0
Springer, 2001, pp. 19 30.

P.R. Gent, The energetically consistent shallow-water equations in: Journal of
the atmospheric science509 (1993), pp. 1323 1325.

P.R. Gent, The Gent McWilliams parameterization: 20/20 hindsight , in: Ocean
Modelling 39.1-2 (2011), pp. 2 9.

P.R. Gent and J.C. McWilliams, Eliassen Palm uxes and the momentum equa-
tion in non-eddy-resolving ocean circulation models in: Journal of Physical Oceanog-
raphy 2611 (1996), pp. 2539 2546.

P.R. Gent et al., Parameterizing eddy-induced tracer transports in ocean circula-
tion models , in: Journal of physical oceanographg54 (1995), pp. 463 474.

J.F. Gerbeau and B. Perthame, Derivation of viscous Saint-Venant system for
laminar shallow water; numerical validation , in: Discrete Contin. Dyn. Syst. Ser.
B 1.1 (2001), pp. 89 102,issn: 1531-3492doi: 10.3934/dcdsh.2001.1.89 , url :
https://doi.org/10.3934/dcdsb.2001.1.89

A.E. Gill, Atmosphere-ocean dynami¢sol. 30, International geophysics series, Aca-
demic Press, 1982isbn: 0122835204.

P. Guyenne, D. Lannes, and J.C. Saut, Well-posedness of the Cauchy problem for
models of large amplitude internal waves jn: Nonlinearity 232 (2010), p. 237.

D.D. Holm and B. Long, Lyapunov stability of ideal stratied uid equilibria in
hydrostatic balance , in: Nonlinearity 2.1 (1989), pp. 23 35,issn: 0951-7715url :
http://stacks.iop.org/0951-7715/2/23

L.N. Howard, Note on a paper of John W. Miles ,in: J. Fluid Mech. 10 (1961),
pp. 509 512,issn: 0022-1120.

T. Iguchi, N. Tanaka, and A. Tani, On the two-phase free boundary problem for
two-dimensional water waves ,in: Math. Ann. 3092 (1997), pp. 199 223,issn:
0025-5831doi: 10.1007/s002080050110Q

G. James, Internal travelling waves in the limit of a discontinuously strati ed
uid , in: Arch. Ration. Mech. Anal. 1601 (2001), pp. 41 90, issn: 0003-9527,
doi: 10.1007/s00205010016Q url : https://doi.org/10.1007/s002050100160

185



Part ,

BIBLIOGRAPHY

[48]

[49]

[50]

[51]

[52]

[53]

[54]

[55]

[56]

[57]

V. Kamotski and G. Lebeau, On 2D Rayleigh-Taylor instabilities , in: Asymptot.
Anal. 421-2 (2005), pp. 1 27,issn: 0921-7134.

T. Kato, Perturbation theory for linear operators Classics in Mathematics, Reprint
of the 1980 edition, Berlin: Springer-Verlag, 1995, pp. xxii+619sbn: 3-540-58661-
X.

P.D. Killworth, On hydraulic control in a stratied uid , English, in: J. Fluid
Mech.237 (1992), pp. 605 626issn: 0022-1120doi : 10.1017/S0022112092003549

P. Korn and E.S. Titi, Global Well-Posedness of the Primitive Equations of
Large-Scale Ocean Dynamics with the Gent-McWilliams-Redi Eddy Parametriza-
tion Model , in: arXiv preprint arXiv:2304.03242 (2023).

I. Kukavica et al., Local existence and uniqueness for the hydrostatic Euler equa-
tions on a bounded domain ,in: J. Di erential Equations 2503 (2011), pp. 1719
1746,issn: 0022-0396doi: 10.1016/}.jJde.2010.07.032 , url : https://doi.
0rg/10.1016/j.jde.2010.07.032

D. Lannes, A Stability Criterion for Two-Fluid Interfaces and Applications
in: Arch. Ration. Mech. Anal. 2082 (2013), pp. 481 567,issn: 0003-9527 doi :
10.1007/s00205-012-0604-6 .

D. Lannes,The water waves problemvol. 188, Mathematical Surveys and Mono-
graphs, Mathematical analysis and asymptotics, Providence, RIl: American Mathe-
matical Society, 2013, pp. xx+321jsbn: 978-0-8218-9470-5.

D. Lannes,The water waves problem: mathematical analysis and asymptatics. 188,
American Mathematical Soc., 2013.

J. D. Lee and C. H. Su, A Numerical Method for Strati ed Shear Flows Over a
Long Obstacle , in: J. Geophys. Res823 (1977), pp. 420 426.

J. Li and E.S. Titi, The primitive equations as the small aspect ratio limit of the
Navier-Stokes equations: rigorous justi cation of the hydrostatic approximation
in: J. Math. Pures Appl. (9) 124 (2019), pp. 30 58jssn: 0021-7824doi : 10.1016/

j.matpur.2018.04.006 , url : https://doi.org/10.1016/j.matpur.2018.04.

006.

186



BIBLIOGRAPHY

[58]

[59]

[60]

[61]

[62]

[63]

[64]

[65]

[66]
[67]

[68]

[69]

J. Li, E.S. Titi, and G. Yuan, The primitive equations approximation of the
anisotropic horizontally viscous ® Navier-Stokes equations ,in: J. Di erential
Equations 306 (2022), pp. 492 524jssn: 0022-0396doi: 10.1016/j.jde.2021.
10.048, url : https://doi.org/10.1016/j.jde.2021.10.048

A. Majda, Introduction to PDEs and Waves for the Atmosphere and Oceawol. 9,
American Mathematical Soc., 2003.

G. Métivier, Para-di erential calculus and applications to the Cauchy problem for
nonlinear systems ,in: (2008).

J.W. Miles, On the stability of heterogeneous shear ows ,in: J. Fluid Mech. 10
(1961), pp. 496 508,issn: 0022-1120.

R. Monjarret, Local well-posedness of the multi-layer shallow-water model with
free surface , arXiv preprint;:1411.2342.

R. Monjarret, Phd thesis , 2014, pp. 420 426.

L. A. Ostrovsky and K. R. Helfrich, Strongly nonlinear, simple internal waves in
continuously-strati ed, shallow uids , in: Nonlin. Processes Geophysl8 (2011),
pp. 91 102, doi: 10.5194/npg-18-91-2011 .

L. V. Ovsjannikov, Models of two-layered shallow water , in: Zh. Prikl. Mekh.
i Tekhn. Fiz. 2 (1979), pp. 3 14, 180,issn: 0044-4626.

J. Pedlosky,Geophysical uid dynamics Springer Science & Business Media, 2013.

X. Pu and W. Zhou, On the rigorous mathematical derivation for the viscous
primitive equations with density strati cation , in: Acta Math. Sci. Ser. B (Engl.
Ed.) 433 (2023), pp. 1081 1104,issn: 0252-9602doi: 10.1007/s10473-023-
0306-1, url : https://doi.org/10.1007/s10473-023-0306-1

X. Pu and W. Zhou, Rigorous derivation of the full primitive equations by the
scaled Boussinesq equations with rotation in: Bull. Malays. Math. Sci. Soc.46.3
(2023), Paper No. 88, 23issn: 0126-6705doi: 10.1007/s40840-023-01482-6,
url : https://doi.org/10.1007/s40840-023-01482-6

M.H. Redi, Oceanic isopycnal mixing by coordinate rotation ,in: Journal of
Physical Oceanographyt2.10 (1982), pp. 1154 1158.

187



Part ,

BIBLIOGRAPHY

[70]

[71]

[72]

[73]

[74]

[75]

[76]

P. Ripa, General stability conditions for a multi-layer model , in: J. Fluid Mech.
222 (1991), pp. 119 137jssn: 0022-1120doi : 10.1017/S0022112091001027url :
https://doi.org/10.1017/S0022112091001027

A.L. Stewart and P.J. Dellar, Multilayer shallow water equations with complete
Coriolis force. Part 3. Hyperbolicity and stability under shear ,in: J. Fluid Mech.
723 (2013), pp. 289 317jssn: 0022-1120,1469-7648pi: 10.1017/jim.2013.121
url : https://doi.org/10.1017/jfm.2013.121

C. H. Su, Hydraulic jumps in an incompressible stratied uid , English, in: J.
Fluid Mech. 73 (1976), pp. 33 47jssn: 0022-1120¢oi : 10.1017/S0022112076001225

C. Sulem and P.L. Sulem, Finite time analyticity for the two- and three-dimensional
Rayleigh-Taylor instability , in: Trans. Amer. Math. Soc. 2871 (1985), pp. 127
160,issn: 0002-9947doi : 10.2307/2000401.

R. E. L. Turner, Internal waves in uids with rapidly varying density , in: Ann.
Scuola Norm. Sup. Pisa Cl. Sci. (48.4 (1981), pp. 513 573,issn: 0391-173Xurl :
http://www.numdam.org/item?id=ASNSP_1981 4 8 4 513 0

G.K Vallis, Atmospheric and oceanic uid dynamics Cambridge University Press,
2017.

F de Melo. Virissimo and P.A. Milewski, Nonlinear stability of two-layer shallow
water ows with a free surface , in: Proc. A. 4762236 (2020), pp. 20190594, 20,
issn: 1364-5021doi: 10.1098/rspa.2019.0594 .

188






COLLEGE

DOCTORAL | INFORMATIQUE, SIGNAL
BRETAGNE | SYSTEMES, ELECTRONIQUE

—
N

—

Titre : Modéles continument strati és et systémes multi-couches pour les écoulements géo-

physiques

Mot clés :

EDP non-linéaires, océanographie, strati cation de densité, modeéles hydrosta-

tiques, systémes de Saint-Venant, paramétrisation de Gent & McWilliams

Résumé : Dans cette thése, nous établissons
rigoureusement des ponts entre les écoule-
ments continument strati és et les écoule-
ments multi-couches. Dans une premiére par-
tie, nous considérons le systéme de Saint-
Venant multi-couches avec un terme supplé-
mentaire diffusif qui a un effet régularisant,
dont la motivation provient des travaux des
océanographes Gent & McWilliams sur le
mélange isopycnal et la diffusivité des tour-
billons, et qui pourrait étre interprété comme
un terme de turbulence. En exploitant la struc-
ture de ce systéeme, nous obtenons un dic-
tionnaire qui nous permet d'interpréter ce sys-
teme multi-couches comme une discrétisation
de la formulation en coordonnées isopycnales

du systéme hydrostatique continument strati-
é avec le terme diffusif de Gent & McWilliams
ajouté de maniére similaire. Nous montrons
la convergence de la solution discréte vers
la solution continue a mesure que le nombre
de couches tend vers I'in ni, et nous fournis-
sons un taux de convergence explicite. Dans
une deuxiéme partie, dans cette thése, nous
abordons la limite "inverse", nous montrons ri-
goureusement que, sous certaines conditions
d'hyperbolicité et dans un cadre topologique
bien choisi, la solution du systéme continu-
ment strati € converge vers le systeme de
Saint-Venant bi-couches dans la limite de stra-
ti cation nette.

Title: Continuously strati ed models and multi-layer systems for geophysical ows

Keywords: Non-linear PDEs, oceanography, density strati cation, Hydrostatic models, shallow

water systems, Gent & McWilliams parameterization

Abstract: In this thesis, we rigorously es-
tablish bridges between continuously strati ed
ows and multi-layer ows. In the rst part,

we consider the multi-layer shallow water sys-
tem with an additional diffusive term that has
a regularizing effect, motivated by the work of
oceanographers Gent & McWilliams on isopy-
chal mixing and eddy diffusivity, which can be
interpreted as a turbulence term. By exploiting
the structure of this system, we derive a dictio-
nary that allows us to interpret this multi-layer
system as a discretization of the formulation
in isopycnal coordinates of the continuously

strati ed hydrostatic system with the Gent &
McWilliams diffusive term added in a similar
manner. We demonstrate the convergence of
the discrete solution to the continuous solution
as the number of layers tends to in nity, and
we provide an explicit convergence rate. In
the second part of this thesis, we address the
"inverse" limit. We rigorously show that, un-
der certain hyperbolicity conditions and within
a well-chosen topological framework, the solu-
tion of the continuously strati ed system con-
verges to the bi-layer shallow water system in
the limit of sharp strati cation.

§\§

s

—



	French Introduction
	Contexte général

	English Introduction

