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Abstract
Over the past few decades, flexoelectricity has attracted growing interest as a means of con-
verting ambient vibratory energy into electric power. Flexoelectricity is an electromechanical
phenomenon that associates electric fields with deformation gradients, and inversely induces
mechanical deformation for an electric field gradient. This phenomenon is inherent in all di-
electric materials, and can be significant at very small scales. The universality and remarkable
size-effects of flexoelectricity are promising for the design of advanced nano/micro electrome-
chanical systems. However, flexoelectricity is intrinsically weak in natural materials, posing
a major challenge for its practical application to real systems. In this thesis, in order to fully
exploit the potential of flexoelectric properties, we propose techniques for modeling and design-
ing flexoelectric composites, for applications to energy harvesting systems converting vibrations
into electric current.

The methodologies proposed in this thesis are numerical approaches to modeling flexoelec-
tricity in micro and macro structures. We first develop direct and converse flexoelectricity ho-
mogenization models for microstructures composed of heterogeneous piezoelectric constituent
phases. A C1-continuity model for multiple patches is constructed within an isogeometric anal-
ysis (IGA) framework to model the dynamic frequency response of flexoelectric structures with
complex geometries, and where the inertial effect of deformation gradients is included. Next,
we develop a topology optimization framework for microstructures and flexoelectric structures.
These topology optimization and numerical homogenization techniques are then coupled to de-
sign microstructures containing piezoelectric two-phase materials with a view to maximizing
macroscopic direct and converse flexoelectric properties, in both static and dynamic settings.

Finally, we extend the topology optimization method to the nonlinear large deformation
framework to model and design flexible flexoelectric energy harvesting systems, in order to
exploit interactions between size effects and large deformations and increase electromechanical
coupling factors.
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Résumé
Au cours des dernières décennies, la flexoélectricité a suscité un intérêt croissant pour conver-
tir l’énergie vibratoire ambiante en énergie électrique. La flexoélectricité est un phénomène
électromécanique qui associe des champs électriques à des gradients de déformation et induit
inversement une déformation mécanique pour un gradient de champ électrique. Ce phénomène
est inhérent à tous les matériaux diélectriques, et peut être significatif aux très petites échelles.
L’universalité et le remarquable effet d’échelle de l’effet flexoélectrique sont prometteurs pour
la conception de systèmes électromécaniques nano/micro avancés. Cependant, l’effet flexoélec-
trique est intrinsèquement faible dans les matériaux naturels, ce qui pose un défi majeur pour
son application pratique à des systèmes réels. Dans cette thèse, afin d’exploiter pleinement le
potentiel des propriétés flexoélectriques, nous proposons des techniques de modélisation et de
conception de composites flexoélectriques, pour des applications à des systèmes de récupération
dénergie convertissant vibrations en courant électrique.

Les méthodologies proposées dans cette thèse sont des approches numériques pour mod-
éliser la flexoélectricité dans les micro et macro structures. Nous développons d’abord un
modèle d’homogénéisation de la flexoélectricité directe et converse pour les microstructures
composées de phases constitutives piézoélectriques hétérogènes. Un modèle de continuité C1

pour patchs multiples est construit dans un cadre d’analyse isogéométrique (IGA) pour mod-
éliser la réponse dynamique en fréquence des structures flexoélectriques avec des géométries
complexes, et où l’effet d’inertie des gradients de déformation est inclus. Ensuite, nous dévelop-
pons un cadre d’optimisation topologique pour les microstructures et structures flexoélectriques.
Ces techniques d’optimisation topologique et d’homogénéisation numérique sont alors couplées
pour concevoir des microstructures contenant des matériaux biphasés piézoélectriques en vue de
maximiser les propriétés flexoélectriques directes et inverses macroscopiques, dans des cadres
statiques et dynamiques.

Nous étendons enfin la méthode d’optimisation topologique au cadre non linéaire en grandes
déformations pour modéliser et concevoir systèmes de récupération d’énergie souples flexoélec-
triques, afin d’exploiter les interactions entre les effets de taille et les grandes déformations et
augmenter les facteurs de couplage électromécaniques.
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Introduction

In recent decades, wireless sensor network (WSN) technology has found extensive applications
across healthcare, infrastructure monitoring, environmental protection, and various other do-
mains [1, 2]. The primary power source for sensor nodes continues to be chemical batteries.
However, traditional batteries present environmental concerns, limited operational lifespan, and
high maintenance costs [3]. The necessity of battery replacement or recharging within large-
scale sensor networks poses significant challenges and expenses. The quest for minimizing
power consumption in WSNs is paramount, driving advancements in device miniaturization.
Integrating batteries into microsystems is typically challenging, prompting a shift towards self-
powered electronic devices. Harvesting and converting ambient environmental energy stands
as a crucial and efficient method for sustainable green power in wireless and portable devices
[4, 5, 6]. A variety of energy forms abound in the environment, including mechanical en-
ergy, acoustics, wind energy, thermal energy, nuclear energy, solar energy, and chemical en-
ergy, among others. Among these, mechanical energy enjoys the broadest distribution and
can conveniently power most low-consumption applications such as remote sensor networks,
biomedical implants, and portable electronics [7]. Moreover, it boasts benefits of prolonged
sustainability and environmental friendliness. Consequently, the development of vibration en-
ergy harvesters has surged rapidly as an alternative to conventional battery power sources [8],
supplying energy to numerous wireless sensors and low-power consumption devices [9]. Nu-
merous methods exist for converting mechanical vibration energy into electrical power. These
methods adhere to the principle of energy transformation, categorizing vibration energy devices
into three main types: piezoelectric transduction [10, 11], electrostatic transduction [12, 13],
and electromagnetic transduction [14]. When comparing electromagnetic and electrostatic de-
vices, piezoelectric energy harvesters (PEH, as schematically illustrated in Fig. 1) stand out
due to their higher energy density and conversion efficiency, making them particularly adept at
harvesting vibration energy. This superiority arises from the inherent capability of piezoelectric
materials to directly convert applied strain energy into electric power. As a result, such devices
feature compact and simpler architectures compared to their electromagnetic and electrostatic
counterparts. Furthermore, they can be manufactured using micromachining techniques and
seamlessly integrated into monolithic micro-electro-mechanical systems (MEMS).

Piezoelectric energy harvesters leverage the unique piezoelectric effect exhibited by cer-
tain materials, converting vibrational energy into electrical energy. This effect arises from the
electromechanical coupling within piezoelectric materials, where applying mechanical stress
generates electric polarization, and conversely, applying an electric field induces mechanical
deformation, as schematically illustrated in Fig. 2. However, despite its potential, the piezoelec-
tric effect faces several limitations: (1) the piezoelectric effect exists only in dielectric materials
whose crystals are non-centrosymmetric, limiting the selection of suitable materials; (2) piezo-
electric materials are susceptible to electrical fatigue, characterized by a decrease in polarization
after numerous switching cycles [15]; (3) elevated temperatures beyond the Curie point can trig-
ger phase transitions in most piezoelectric materials, diminishing their piezoelectric properties
due to increased lattice symmetry; (4) many high-performance piezoelectric materials incorpo-
rate lead, a hazardous substance harmful to both human health and the environment [16]. These
shortcomings of piezoelectric materials limit their in-depth applications in certain fields, par-
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Figure 1: Schematics of piezoelectric energy harvesters: (a) bimorph structure; (b) unimorph
structure

ticularly in fields where electromechanical systems are advancing toward miniaturization and
integration at nanometer scales. In the process of exploring electromechanical coupling materi-
als with both high polarization properties and high stability, the flexoelectric effect has attracted
more and more attention.

+
-

- -

+

+

-

- -

+ +

+

-
+ P

(a) (b)

Figure 2: Schematics of piezoelectric effect for non-centrosymmetric crystals: (a) undeformed
and unpolarized state; (b) polarization induced by uniform deformation

Flexoelectricity stands out as an electromechanical phenomenon that couples electric fields
with strain gradients and inversely induces mechanical strain by electric field gradients. Non-
uniform deformation (strain gradient) breaks the local symmetry of the material crystal, causing
the positive and negative charge centers of the lattice to shift and produce dipoles, resulting in
the formation of polarization phenomena, as schematically illustrated in Fig. 3. Theoretically,
all dielectric materials are capable of producing flexoelectric effects, and flexoelectric effects
are not limited by Curie temperature and can be used in high temperature applications. Flexo-
electricity can be considered as size-dependent electromechanical coupling due to the fact that
its contribution becomes significant and even dominant at lower scales where the strain gradient
effect becomes more profound as the material dimensions shrink to micro- and nano-levels. The
universality and outstanding scaling effect of the flexoelectric effect made it a desirable prop-
erty for advanced nano/micro-electromechanical systems (N/MEMS). The gradient coupling
property of the flexoelectric effect makes it show a very high sensitivity to the bending strain
or curvature change of the structure, and this property is especially important in signal sensing
and energy harvesting, which is mainly based on bending vibration deformation. One of the
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most important studies and applications of the flexoelectric effect is the flexoelectric energy
harvester, which captures the bending vibration energy and converts it into electrical energy.
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Figure 3: Schematics of flexoelectric effect for dielectric material: (a) undeformed and unpo-
larized state; (b) uniformly deformed but unpolarized state; (c) polarization induced by non-
uniform deformation

The flexoelectric effect is present in all dielectric materials, however, the price of this ubiq-
uity is that the flexoelectric effect is weak in natural materials. Therefore, the intriguing chal-
lenges in the field of flexoelectricity revolve around the exploration of advanced materials fea-
turing heightened flexoelectric properties and the creation of engineered structures that optimize
electromechanical coupling through a synergistic utilization of both flexoelectric and piezoelec-
tric effects. In contrast to the traditional design approach[17, 18, 19, 20], topology optimization
technique [21, 22, 23] is a structural design method based on mathematical optimization the-
ory, aiming at determining the optimal material distribution to maximize specific properties.
Topology optimization can be employed as a powerful tool for the design of fine and com-
plex flexoelectric structures, which provides technical support for the enhancement of material
flexoelectric properties and structural electromechanical coupling efficiency.

Motivation
The universality and outstanding scaling effect of the flexoelectric effect are promising for de-
signing advanced nano/micro electromechanical systems (N/MEMS). However, the inherent
weakness of the flexoelectric effect in natural materials presents a significant obstacle to the
practical application of flexoelectricity. To fully exploit the potential of flexoelectric properties,
we focus on designing high-performance flexoelectric composites and improving the electrome-
chanical coupling efficiency of flexoelectric structures. Flexoelectric effect can be enhanced by
increasing the strain gradients in dielectric materials and leveraging the scale effect of flexoelec-
tricity. These challenges and characteristics of flexoelectric effect serve as primary motivations
for our research in this dissertation. More specifically, the motivations can be summarized as
follows:

• Recent research has brought attention to how flexoelectricity can mimic piezoelectricity.
In this thesis, we explore the potential of leveraging piezoelectric materials to generate
a significantly enhanced flexoelectric response. We investigate the use of architectured
materials comprising diverse piezoelectric phases with the goal of achieving a substantial
emergent flexoelectric effect, potentially surpassing the inherent flexoelectricity of the
materials. At the beginning of the thesis, a computational homogenization framework for
effective flexoelectric materials is lacking. Such a framework is essential for examining
and optimizing the applications mentioned above without the necessity of solving the full
heterogeneous structure.
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• In materials or composites exhibiting an effective flexoelectric response, polarization can
be triggered by local strain gradients. Typically, these effects remain subtle under static
conditions. However, when subjected to dynamic loads, significantly larger effects can
arise, presenting opportunities for energy harvesters that convert mechanical vibrations
into electrical energy. In numerical analyses, a key challenge encountered by traditional
finite element formulations when exploring the flexoelectric effect is the requirement for
C1 continuity to accurately interpolate the strain gradient from the displacement variable.

• The effective direct and converse flexoelectric properties of periodic piezoelectric com-
posites can be tuned to be much higher than the constituents, by creating a heterogeneity
through asymmetric geometric inclusions and multiple constitutive materials, which mo-
tivates our research in optimization designs of flexoelectric properties in piezoelectric
microstructures by combining topology optimization with computational homogeniza-
tion.

• In the realm of flexoelectric composites, research has concentrated on developing piezo-
electric composites using non-piezoelectric materials, driven by earlier work [24, 25].
Traditional piezoelectric composites usually include lead-containing PZT for higher per-
mittivity. Piezoelectric responses can be achieved in these composites made of purely
flexoelectric materials, which are comparable to common single-phase piezoelectrics.

• Soft dielectrics have distinctive capability to produce extensive deformations. This char-
acteristic holds the potential for achieving more significant electric responses, attributed
to the presence of larger strain gradients. Besides, the reduction of structural dimensions
to the micro and nanoscale facilitates nonlinearity, enabling the more accessible produc-
tion of large strain gradients, thereby contributing to the increasing improvement of the
flexoelectric effect.

Objectives
This thesis aims to address these questions described above through the following objectives:

• Establish a computational homogenization framework for periodic composites composed
of heterogeneous piezoelectric phases, taking into account direct and converse flexoelec-
tric effect. The approach should enable the prediction of direct and converse flexoelectric
properties of homogeneous microstructures, whatever their shape and material.

• Develop a C1-continuous Isogeometric analysis (IGA) framework with one or more patches
for the dynamic frequency response of flexoelectric structures with complex geometries,
where the inertial effect of deformation gradients is included. The methodology must
satisfy the requirement for C1-continuity of the approximated displacement field for the
fourth-order PDE of flexoelectricity, for structures with general or even complex geome-
tries.

• Formulate a topology optimization framework for designing periodic piezoelectric mi-
crostructures with larger direct and converse flexoelectric constants.

• Propose a multiscale topology optimization method for designing flexoelectric microstruc-
tures made of non-piezoelectric materials and electromechanical energy harvesting sys-
tems to efficiently convert mechanical vibrations into electrical energy.

• Develop a nonlinear topology optimization framework for flexoelectric soft dielectrics at
finite strains to take full advantage of the interaction between the size effect and large
deformations, and increase the electromechanical coupling factors of structures.
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Outline of the dissertation
The contents of this thesis are organized as follows:

Chapter 1 presents an overview of experimental measurements, microscopic and phenomeno-
logical theory, and computational models for the flexoelectric effect. We then review the the-
ory, methods and applications of topological optimization techniques used in the design of
flexoelectric structures. In Chapter 2, we develop a homogeneous direct/converse flexoelectric-
piezoelectric model for microstructures composed of heterogeneous piezoelectric phases, which
enables the prediction of effective direct and converse flexoelectric coefficients for piezoelectric
composite materials. In Chapter 3, a C1-continuous single/multiple-patch isogeometric analysis
framework for the dynamic frequency response of flexoelectric structures with complex geome-
tries is developed. The inertial effect of deformation gradients is taken into account. In Chap-
ter 4, we propose a topology optimization framework for the design of piezoelectric compos-
ites microstructures to maximize the direct flexoelectric properties of piezoelectric composites.
This framework is then extended to improve the converse flexoelectricity of microstructures.
In Chapter 5, a multiscale topology optimization method for the design of flexoelectric mi-
crostructures made of non-piezoelectric materials in electromechanical systems is proposed for
designing energy harvesting systems that convert mechanical vibrations into electrical energy.
In Chapter 6, we establish a nonlinear topology optimization framework for flexoelectric soft
dielectrics in finite strains to take full advantage of the interaction between the size effect and
large deformations, thereby increasing the electromechanical coupling factors of structures. We
end this manuscript with some conclusions and perspectives



Chapter 1

Literature review

In this chapter, an overview of experimental measurements, microscopic and phenomenological
theory, and computational models for flexoelectric effect is presented. We then sort out the
theory, methods and applications of topology optimization technology, and finally review the
research work on topology optimization employed in the design of flexoelectric structures.

1.1 Flexoelectric effect
Flexoelectricity, which refers to the linear relationship between electrical polarization and strain
gradient, was first predicted by Mashkevich and Tolpygo [26] in the 1950s and then observed
experimentally by Scott [27] and Bursian [28]. Kogan [29] formulated the first phenomeno-
logical theory of flexelectricity and estimated the range of values for flexoelectric coefficients.
The first microscopic description on dynamic flexoelectricity was addressed by Harris [30].
In 1968, Mindlin proposed a phenomenological framework to describe the linear response of
stress (or strain) to a polarization gradient, which was later recognized as converse flexoelec-
tricity [31]. The initial microscopic calculations of the coefficients governing flexoelectricity
were conducted by Askar et al. [32] in 1970 based on a theory of lattice dynamics for the shell
model of cubic ionic crystals. Indenbom et al. [33] were the first to adopt the term "flexoelec-
tricity" for the solid phase, by borrowing it from the liquid crystals community. Earlier work
categorized flexoelectricity as an effect similar to piezoelectricity or simply called it as "non-
local piezoelectric effect". It was not until 1985 that Tagantsev [34, 35, 36] proved through
phenomenological and microscopic methods in his research that the flexoelectric effect has a
more complex mechanism and can exist in non-piezoelectric materials. Since then, the flexo-
electric effect has been completely distinguished from the piezoelectric effect. For an extended
period following that, the observed weak effect resulted in limited interest in bulk flexoelectric-
ity, with only a few studies being relevant to ferroelectric materials [28, 37]. By the turn of the
century, Cross and Ma [17, 18, 38, 39] conducted a series of systematic experimental studies
for the flexoelectric effect in ferroelectric ceramics, pioneered a classical method of measuring
the longitudinal flexoelectric coefficient, i.e. compressed truncated pyramid structure. They
discovered that the flexoelectric effect in certain ferroelectric materials is much higher than the
theoretically estimated magnitudes. These experimental results, in return, revitalized theoretical
exploration of flexoelectricity, especially in developing an advanced first-principles framework
[40, 41, 42] and enhancing the description within continuum mechanics [34, 35].

1.1.1 Experimental studies
Although experimental evidence of the flexoelectric effect in solids dates back to the 1960s
[30], it wasn’t until the early 2000s that Ma and Cross conducted a systematic measurement
of flexoelectricity. The initial approach involves dynamically bending the material within a
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cantilever-beam geometry to induce a transverse strain gradient, as shown in Fig. 1.1(a). This
method has been applied to systematically quantify the transverse flexoelectric coefficient µ12
in a number of perovskite ceramics [17, 38, 39, 43]. Variations of the method involving four-
point bending (Fig. 1.1(b)) and three-point bending (Fig. 1.1(c)) geometries have also been
successfully employed. Quasi-static four-point bending is also designed for the measurement
of the transverse flexoelectric coefficient, while it can produce a significantly larger strain gra-
dient within the sample compared to cantilever bending, enabling the exploration of nonlinear
flexoelectric behaviors under a large load. Another method for measuring direct flexoelectric-
ity involves uniaxial compression of a truncated pyramid-shaped sample [20], as schematically
illustrated in Fig. 1.1(d). Arising from their different areas, the stress disparity between the top
and bottom surfaces of the truncated pyramid establishes a longitudinal strain gradient, leading
to the generation of a flexoelectric polarization. However, in practice, the pyramid-compression
approach is complicated due to the strongly inhomogeneous nature of the strain gradient. In
principle, it is possible to determine efficiently the complete flexoelectric components of a
cubic-symmetric insulator by carefully designed experimental frameworks [19]. However, the
flexoelectric coefficients measured through these macroscopic methods often represent effec-
tive properties which may comprise various flexoelectric contributions or encompass multiple
components of the flexoelectric tensor.
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Figure 1.1: Schematics of experimental setup for measurements of flexoelectric coefficients:
(a) Cantilever beam bending [17]; (b) four-point bending [18]; (c) three-point bending [19]; (d)
truncated pyramid compression [20].

Conversely, a practical method for measuring the flexoelectric property entails utilizing the
converse flexoelectric effect, where applying a bias across the structure results in a non-uniform
electric field distribution that induces strain within the sample. Building on this concept, Cross
and coworkers [44] applied a graded electric field across a truncated pyramid-shaped sample
and thus to estimate the flexoelectric coefficient of (Ba,Sr)TiO3. Zubko [19] utilized a dynamic
mechanical analyzer in a three-point bending (shown in Fig. 1.1(c)) configuration to induce
flexoelectric polarization in non-piezoelectric SrTiO3 single crystals, measuring all three flex-
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oelectric tensor components as µ1111 = 2 nC/m, µ1122 = 7 nC/m and µ1212 = 5.8 nC/m. Re-
cently, a comprehensive comparison of the three bending methods (as schematically illustrated
in Fig. 1.1(a), (b) and (c)) for measuring transverse flexoelectric coefficients was conducted
[45]. Additionally, Shu [46] employed the converse flexoelectric effect to measure the shear
flexoelectricity of (Ba,Sr)TiO3 (BST) ceramics, utilizing a pyramid sample with electrodes on
the two sloping sides.

Numerous studies are dedicated to ferroelectrics due to their significant flexoelectricity,
and this property is directly proportional to the dielectric permittivity [34, 35]. Cross et al.
conducted measurements on the flexoelectric coefficients of various ferroelectrics by different
methods. Based on cantilever bending, they obtained the transverse flexoelectricity µ1122 as:
4 µC/m for Pb(Mg,Nb)O3 (PMN) [17], 50 µC/m for BaTiO3 [39], 100 µC/m for (Ba,Sr)TiO3
(BST) [38], 1.4 µC/m for Pb(Zr,Ti)O3 (PZT) while 1.5 µC/m when using four-point bend-
ing method [18, 47], respectively. They also measured (Pb,Sr)TiO3 as longitudinal µ1111 =
150 µC/m by pyramid compression [20]. The BST was observed to have significantly en-
hanced flexoelectricity. Due to ecological considerations for next-generation electronic devices,
the lead-free nature of BST has attracted substantial research interest in BST-based systems. In
addition to ferroelectrics, polymers and elastomers have also been investigated. The inherent
flexibility of these materials renders them potentially appealing candidates for future flexoelec-
tric devices, thus sparking numerous studies on flexoelectricity in polymers. For instance, in
the case of polyvinylidene fluoride (PVDF), reported flexoelectric coefficients vary between 13
nC/m and 80 µC/m [48, 49, 50, 51].

Despite substantial experimental and theoretical endeavors, accurately quantifying the flex-
oelectric response remains a formidable challenge. A well-known order-of-magnitude discrep-
ancy exists between theoretically estimated and experimentally measured flexoelectric coeffi-
cients. In the paraelectric phase of many perovskite oxides, experimental measurements of the
flexoelectric coefficient reach up to several tens of µC/m and more, whereas theoretical esti-
mations suggest that intrinsic flexoelectricity should not exceed several nC/m. The mechanism
underlying the flexoelectricity of perovskite ceramics remains poorly understood. In response,
recent studies have made efforts to address this issue through both experimental endeavors
[52, 53, 54, 55, 56, 57] and theoretical investigations [58, 59, 60, 61, 62].

Several factors contribute to the disparity in flexoelectric coefficients. In certain scenarios,
macroscopic symmetry breaking can occur and make a substantial contribution to the overall
flexoelectric response [17, 53, 55]. Yurkov and Tagantsev [61] theoretically demonstrated that
the surface contribution, encompassing both surface piezoelectricity and surface flexoelectricity,
to the flexoelectric response is significant and comparable to that of the bulk. Abdollahi [60]
found the flexoelectric effect is sensitive to sample geometry, and the simplification of strain
gradients made in most experimental measurements for flexoelectricity may lead to overestima-
tion of flexoelectric coefficients. Abdollahi [63] also proposed that the asymmetric distribution
of the piezoelectric coefficient could result in an apparent flexoelectric response. Addition-
ally, Morozovska [64] explored the idea that dynamic flexoelectricity might contribute to the
substantial static flexoelectric effect observed in spatially inhomogeneous samples.

1.1.2 Microscopic theory

At micro scale, the bulk flexoelectric response can be separated into the ionic and electronic
contributions [65], attributed to the redistribution of bound and free charges in response to
strain gradient. The former was quantified based on the lattice dynamics of the shell model
[32] and rigid-ion model [34, 35], while the description of the latter was made by Resta [40]
and Hong [66], extending classical piezoelectric theory [67] to the flexoelectric effect. The
microscopic theory quantifies the intrinsic flexoelectric coefficients, facilitates the validation of
experimental measurements, and holds the potential for designing new materials with desired
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flexoelectric properties.
The microscopic theories of flexoelectricity can be categorized into two main types: the

classical microscopic theory, which concentrates on the ionic contribution to flexoelectricity
through lattice mechanics approaches, and the first-principles theories, which explicitly con-
sider both ionic and electronic contributions. To understand the ionic contribution, we briefly
discuss rigid-ion model developed by Tagantsev [34, 35]. For a deformed crystalline lattice, the
i-th component of the displacement wn,i of the n-th atom, can be expressed as:

wn,i = wext
n,i +wint

n,i =
∫ R j

x0
j

ui, jdx j +wint
n,i (1.1)

where x0
j and R j are respectively the coordinates of an immobile reference point and the n-th

atom before the deformation. wext
n,i represents the atomic displacement induced the unsym-

metrized external strain ui, j under the elastic medium approximation. For a material with
centrosymmetric crystals, the external strain alone is adequate to characterize all atomic dis-
placements induced by a uniform deformation. As illustrated in Fig. 1.2, centrosymmetry
is preserved under the homogeneous deformation, and the displacements of the atoms satisfy
w̄ext = δe1. However, for inhomogeneous deformation or non-centrosymmetric crystals, the
actual atomic displacements will include an additional component termed the internal displace-
ment wint (commonly referred to as internal strain) [68]. The internal displacement can be
approximated by the strain tensor and the strain gradient in a linear relationship of lowest order

wint
n,i = B jk

n,iε jk +N jkl
n,i ε jk,l (1.2)

where B jk
n,i and N jkl

n,i are the internal strain tensors with respect to strain and strain gradient,
respectively. They can be calculated by lattice dynamics theory [68]. For a body with point
charge Qn on coordinates Rn,i, its polarization induced by inhomogeneous deformation can be
expressed as

δPi =
1

Vde f
∑
n

Qn(Rn,i +wn,i)−
1
V ∑

n
QnRn,i (1.3)

where V and Vde f are the volume of crystal before and after the deformation, respectively.
Substituting (1.1) into (1.3), we arrive at

δPi =
1

Vde f
∑
n

QnB jk
n,iε jk +

1
V ∑

n
QnN jkl

n,i ε jk,l +δPext
i (1.4)

Then the flexoelectric coefficient µi jkl is written as

µi jkl =
1
V ∑

n
QnN jkl

n,i (1.5)

where the summation is performed over the ions within a unit cell of volume V . The first term
in right of (1.4) is the piezoelectricity, while the last term induced by the external strain and the
volume change of the crystal, is associated with the surface flexoelectric effect.

The rigid-ion model relies on the point-charge assumption, emphasizing the dominant role
of ions in flexoelectric response, while the impact of electronic charge density redistribution is
excluded. Some theoretical work focused on the electronic part, and they suggest a significant
curvature-induced polarization to flexelectric response [69, 70]. Still others considered both
contributions implicitly but did not distinguish them [32, 41].

Two branches have emerged in the development of first-principles flexoelectricity theory:
charge-density response functions and current-density response functions. The first attempt at
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Figure 1.2: Schematic of atomic displacements for centrosymmetric diatomic lattice: (a) unde-
formed state; (b) homogeneous deformation; (c) inhomogeneous deformation.

a first-principles calculation of flexoelectric coefficients for bulk materials was carried out for
BaTiO3 and SrTiO3 by Hong [41], later they developed a general and unified first-principles the-
ory of piezoelectric and flexoelectric tensor with explicit consideration of electronic and ions
contributions [66]. Resta [40] developed a first-principles theory of flexoelectricity toward un-
derstanding the longitudinal electronic contribution to flexoelectricity in bulk crystals. Shortly
afterwards, Hong and Vanderbilt [66] extended this theory to general insulators and imple-
mented it to calculate FECs for a variety of materials, from elementary insulators to perovskites.
Stengel [42] formulated an alternative version of the first-principles theory of flexoelectricity
using density-functional perturbation theory (DFPT). Recently, leveraging electronic-structure
methods, they have uncovered two distinct electronic and one lattice-mediated contributions to
the flexoelectric response in 2D materials, both derived entirely from first principles [71]. Based
on the analytical long-wavelength extension of DFPT, Royo et al. [72] proposed a approach to
calculate the lattice-mediated contributions to the bulk flexoelectric tensor, and validated it on
the representative cubic crystals and the tetragonal low-temperature polymorph of SrTiO3.

1.1.3 Macroscopic and phenomenological theory
The macroscopic or phenomenological theory of the bulk flexoelectric effect in crystals is rooted
in the thermodynamics of a dielectric. It introduces a flexoelectric contribution into the total free
energy to explain the electric polarization induced by bending in non-piezoelectric materials
[34, 35]. The presentation will first adopt the LGD (Landau-Ginzburg-Devonshire) theory of
ferroelectric materials, exploring its applications in predicting and elucidating flexoelectric-
related behaviors across diverse systems. Following this, we will provide a concise summary of
the general continuum mechanics theory of flexoelectricity, originating from Mindlin’s seminal
work on the polarization gradient-strain coupling in elastic dielectrics.

Within the framework of the phenomenological thermodynamic theory for ferroelectrics
(LGD theory), the total free energy, including all the flexoelectric contribution, is expressed as:

W =
∫ (

ai jPiPj +ai jklPiPjPkPl −βi jklεi jPkPl +
1
2

bi jklPi, jPk,l +
1
2

ci jklεi jεkl

− 1
2

ε0κi jEiE j −PiEi +
1
2

fi jkl(Pi, jεkl −Piεkl, j)
)

dΩ
(1.6)
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where the second and fourth order a are the Landau-Devonshire coefficients. Pi is polarization
βi jkl is an electrostrictive tensor. bi jkl is polarization gradient coupling tensor. ci jkl is elastic
stiffness tensor. ε0 is the dielectric permittivity of the vacuum, and κi j is the background relative
dielectric permittivity tensor. fi jkl is the flexoelectric coupling tensor. Ei is the total electric
field. εi j is symmetric strain tensor. The energy related to flexoelectric contribution is obtained
as

f f lexo =
1
2

fi jkl(Pi, jεkl −Piεkl, j) (1.7)

By the variation of the free energy δW
δPi

= 0 and some algebraic operations, we obtain the
relation of flexoelectric tensor and the flexocoupling tensor as

µi jkl =
1
2
(ai j −βi jpqεpq)

−1ε0 fi jkl (1.8)

The dynamic flexoelectric effect [34, 35], a distinct mechanism, showcases the influence of
flexoelectricity on the dynamic behaviors of a dielectric, and can be expressed as

Pi = µdyn
i j

∂ 2u j

∂ t2 (1.9)

where µdyn
i j is the second-rank tensor of dynamic flexoelectric effect. ui and t are displacement

and time, respectively. To consider all the interaction, the kinetic energy K is given as

K =
∫ (ρ

2
(
∂ui

∂ t
∂ui

∂ t
+Li j

∂Pi

∂ t
∂Pj

∂ t
+Mi j

∂Pi

∂ t
∂u j

∂ t

)
dΩ (1.10)

where ρ is density of material. Mi j is the dynamic flexoelectric tensor [73] and Li j is polarization
dynamics tensor. The Lagrangian of the ferroelectric can be written as

L=
∫

dt
(

W −K
)

(1.11)

Then the motion equation can be obtained by the Euler-Lagrange equation

d
dt
(
∂L
∂ q̇

)− ∂L
∂q

= 0 (1.12)

where q represents Pi and ui. ˙(·) is time derivative. Then the relation is obtained as

µdyn
i j =

1
2
(ain −βinklεkl)

−1Mn j (1.13)

The LGD theory of flexoelectricity can be used to explain and predict various phenomena
associated with flexoelectricity. In the LGD phenomenological framework, it has been demon-
strated that flexoelectric coupling significantly impacts various properties of nanoferroics [74].
Catalan et al. [75] and illustrated that the flexoelectric effect contributes to the smearing of the
dielectric constant near the Curie temperature and influences the thickness-dependent coercive
fields and remnant polarization. Additionally, surface stress and surface polarization have also
been incorporated into a theoretical flexoelectricity model for dielectrics [76].

The continuum theory of flexoelectricity is completed by incorporating higher-order and
nonlocal mechanical and electromechanical couplings into the internal energy, as well as defin-
ing governing equations and boundary conditions. The internal energy density U can be defined
as [77]

U =
1
2

ai jPiPj +
1
2

bi jklPi, jPk,l +
1
2

ci jklεi jεkl + f I
i jklPiu j,kl +di jklPi, jεkl +

1
2

gi jklmnui, jkul,mn

(1.14)
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where f I
i jkl and di jkl are direct and converse flexoelectric tensor, respectively. gi jklmn represents

strain gradient tensor. The constitutive equations can be derived as

τi jk =
∂U

∂ui, jk
, σi j =

∂U
∂εi j

, Pi =
∂U
∂Ei

, Qi j =
∂U

∂Ei, j
(1.15)

where σi j and Ei are stress and electric field, respectively. While τi jk and Qi j can be regarded as
hyper-stress and hyper-electric-field. In a body occupying a volume V bounded by interface Γ,
and surrounded by an outer vacuum V ′, the equilibrium equations can be obtained by Toupin’s
variational principle [78] as

(σi j − τi jk,k), j +bi = 0 (1.16)

Ei j, j +Ei −ϕ,i +E0
i = 0 (1.17)

− ε0ϕ,ii +Pi,i = 0 in V (1.18)
ϕ,ii = 0 in V’ (1.19)

where bi and E0
i are the external body force and electric field, respectively. −ϕ,i is the Maxwell

macroscopic field. The boundary conditions on Γ are given by

ni(σi j − τi jk,k) = t j (1.20)
niEi j = 0 (1.21)
ni([[−ε0ϕ,ii]]+Pi,i) = 0 (1.22)

where ti is the surface traction, ni is the normal unit vector of surface, and the symbol [[·]] de-
notes the field jump at the interfaces of V and V ′. The equilibrium equations (1.16)-(1.19) with
the constitutive equations (1.15) and boundary conditions (1.20)-(1.22) complete the continuum
theory of flexoelectricity.

Continuum flexoelectricity theory has been extended to incorporate multiple physical and
chemical couplings. Liu [79] proposed a general energy formulation of continuum electro-
elasticity and magneto-electro-elasticity for various hard and soft functional materials. Gian-
nakopoulos [80] developed a dynamic magneto-flexo-electric theory for dielectric solids by
introducing a new theoretical framework which incorporates both gradients of electric polar-
ization and flexoelectricity due to strain gradients and also includes a weak coupling with the
magnetic field. Another approach involves developing the nonlinear theory of flexoelectricity
tailored for soft materials experiencing large deformations [81]. Additionally, endeavors have
been undertaken to investigate flexoelectric coupling in dynamic effect. Deng examined the out-
put power density and conversion efficiency of flexoelectric energy harvesters [15], and studied
the impact of the flexo-dynamic effects on nanoscale energy harvesters [82]. Baroudi [83] ana-
lyzed analytically the static and dynamic responses of nanobeam with different boundary condi-
tions. The surface and size effects were introduced to the dynamic response of flexoelectric sys-
tems [84, 85, 86]. Nguyen [87] investigated the influence of dynamic flexoelectric effect on the
natural frequency of both the Timoshenko and Euler-Bernoulli beams, where the flexo-dynamic
term and dynamic polarization were both considered. Other studies incorporating nonlinear
effects in dynamic response of flexoelectric systems can be found in [88, 89, 90, 91, 92].

1.1.4 Computational modeling of flexoelectricity
Modeling flexoelectricity involves solving the boundary value problem described in equations
(1.15)-(1.22) within the framework of phenomenological continuum theory. Several investiga-
tions have concentrated on addressing the fourth-order partial differential equations associated
with flexoelectricity in solids. These efforts include analytical models applied to simplified ge-
ometries [24, 76, 77, 93]. Based on beam and plate assumptions, extensive works have studied
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the static and dynamic behaviors on Euler-Bernoulli beams [15, 94, 95], Timoshenko beams
[87], Kirchhoff plates [96, 97]. Approximate solutions under restrictive assumptions may re-
sult in under- or over-estimation of the flexoelectric effect. Furthermore, flexoelectricity tends
to be more pronounced in complex geometries that promote strain gradients, where analytical
solutions are not available. As a consequence, various numerical approaches were developed to
solve the boundary value problems of flexoelectricity in general geometries.

As in strain gradient elasticity, the main difficulty is that the fourth-order nature of the
flexoelectric partial differential equation requires C1 continuity in the approximation of the dis-
placement field. Abdollahi et al. [98] firstly employed the local maximum-entropy (LME)
meshfree method to solve this issue, allowing to interpret the flexoelectric responses in the can-
tilever bending and pyramid compression. In virtue of meshfree method, Abdollahi et al. also
explored the effect of flexoelectricity on mechanical and electromechanical properties in sev-
eral complex structures [60, 99]. However, due to LMS shape functions lack the Kronecker
delta property, it needs additional steps to impose Dirichlet boundary conditions. Therefore,
further research on flexoelectricity using meshfree methods is required. Alternatively, Mao et
al. [100] developed a mixed finite element formulation for both piezoelectric and flexoelec-
tric effects, which allows to use C0-continuous interpolation functions in finite element method
(FEM) instead of C1. The method was then utilized to flexoelectricty in 3D systems [101].
Nanthakumar et al. [102] employed a nine-noded quadrilateral element to solve the flexoelec-
tric PDEs and optimize the electromechanical coupling factor of flexoelectric structures. In
mixed FEM formulation, the mechanical degrees of freedom include both displacements and
relaxed displacement gradients, with kinematic constraints enforced through Lagrange multi-
pliers. The primary advantage of mixed finite element methods lies in their simplicity when im-
posing higher-order Dirichlet boundary conditions, facilitated by the inclusion of displacement
gradient degrees of freedom. Isogeometric analysis (IGA) [103] is robust and suitable approach
for flexoelectric-related problems, whose basis function fulfills the C1-continuity requirement,
as in [104, 105, 106, 107]. Moreover, Yvonnet and Liu [108] modeled flexoelectricity in soft
dielectrics with finite deformation, where the C1 requirement is satisfied by Argyris triangular
elements.

Recently, due to the potential on inducing larger strain gradient, several studies have con-
centrated on tackling the complexities of nonlinear flexoelectric models undergoing large de-
formation. Yvonnet [108] proposed a numerical finite element framework aimed at modeling
and solving the response of nonlinear soft dielectrics, considering the effects of Maxwell stress
and flexoelectricity at finite strains. Tran Quoc Thai [105] presented an isogeometric approach
for flexoelectricity in soft dielectric materials subjected to finite deformations, taking into ac-
count Maxwell stresses on the surface between two different media. After then, a staggered
explicit-implicit isogeometric formulation based on large strain kinematics was proposed for
soft dielectrics [109]. Codony [110] developed equilibrium equations describing the flexoelec-
tric effect in soft dielectrics under large deformations based on isogeometric analysis. Deng
[111] delved into the impact of geometric nonlinearity on flexoelectricity in soft dielectrics
under large deformation by using a mixed finite element formulation.

1.2 Topology optimization

Broadly speaking, structural optimization encompasses three key components: topology op-
timization (TO), shape optimization and size optimization. Among these, TO is considered
the conceptual design phase in structural optimization, and is recognized as an important and
superior optimization approach but with more challenges. The primary objective of TO is to
determine the distribution of material within a specified domain without pre-existing knowledge
in order to achieve the best structural performance.
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The origin of topology optimization can be traced back to the pioneering work of Michell
in 1904 [112], where he established optimality criteria for the least weight design of truss struc-
tures based on a continuum description. Inspired by Michell’s theory, Prager and Rozvany
formulated the minimum-weight analytical solution of elastic and plastic grillages [113, 114].
Cheng and Olhof [115, 116] were pioneers in addressing the numerical structural optimiza-
tion of continuum structures, where they considered the stiffness optimization for solid elastic
plates, with the plate thickness as the design variable. However, the solid-void binary design for
structural optimization is known as being ill-posed, within the continuum framework. Kohn and
Strang [117] demonstrated that achieving optimal material distribution requires relaxing the de-
sign space. They utilized a continuous composite material description to replace the point-wise
material or void description traditionally represented in a single-scale discretized manner. This
continuous composite was characterized by unit cells based on homogenization theory. Follow-
ing this, Bendsøe and Kikuchi [118] extended the problem to optimize the sizes and orientations
of porous microstructures, which formulated the computational framework for homogenization-
based topology optimization of continuum structures. Since then, TO has attracted a growing
attention among researches from academic studies to engineering applications.

TO approaches can be broadly categorized into two families: density-based methods (DBM)
and boundary-based methods (BBM). Density-based methods encompass the Solid Isotropic
Material with Penalization (SIMP) method [21, 22, 23] and the Evolutionary Structural Opti-
mization (ESO) method [119]. On the other hand, boundary-based methods include the Level-
set method (LSM) [120, 121], the phase field method [122], and the recently introduced Mov-
ing Morphable Components/Voids (MMC/V) method [123, 124]. Several review papers have
delved into specific TO methods, such as SIMP [125], ESO [126, 127], and LSM [128]. A
critical review comparison on various methods, with advantages and drawbacks, can be found
in [129]. A survey on the applications of TO to a broad variety of problems including me-
chanical and thermal loads of structures, fluid flow, dynamics, acoustics and biomechanics can
be referred to [130]. A comprehensive review of educational articles on structural optimiza-
tion is provided in [131]. In addition to structures, TO can also be employed in architected
and multifunctional materials design via combining with multi-scale method [132, 133, 134].
More recently, the development of TO toward additive manufacturing provides an advanced
integrated design and manufacturing technique for innovative and high-performance structures,
which presents a wide prospect in industrial application [135].

1.2.1 Density-based methods
Due to the numerical difficulties introduced by the homogenization approach in earlier efforts
to optimize structural topology, the SIMP method or power-law approach as a robust alternative
was suggested [136, 137]. In this framework, the material distribution in the discretized domain
Ω is represented by a scalar field i.e. relative density ρi per element or node. The solid is
represented by ρi = 1, while void ρi = 0. The local material properties are interpolated with
respect to the local density in a continuous manner, using penalty exponents to enforce local
densities to converge to values close to 0 (void) or 1 (solid), e.g.

E(ρe) = ρ p
e E0 (1.23)

where p is the penalization parameter and E0 is the Young’s modulus of solid phase. The opti-
mization problem with p = 1 corresponds to the "variable-thickness-sheet" problem. However,
when p > 1, it penalizes intermediate thicknesses or densities, favoring 0-1 solutions. If the
value of p is too low or too high, it results in either excessive grey scale or rapid convergence
to local minima. While p = 3 has been proven to exhibit good convergence towards nearly 0-1
solutions in most cases [23]. In the case of complex multiphysics and multimaterial problems,
one can choose suitable penalization factors by considering theoretical material bounds [138].
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A general mathematical model of topology optimization can be described as follows: find the
material distribution ρ that minimizes the objective c, i.e.

Min : c(U(ρ),ρ)

S.t. : Ĉ0 =
∫

Ω ρ(x)dV −V0 ≤ 0, x ∈ Ω
: Ĉ1 = KU−F = 0
: Ĉ j(U(ρ),ρ)≤ 0, j = 2, ...,M

0 < ρi ≤ 1, i = 1,2, ...,N

(1.24)

where the objective function c(U(ρ),ρ), for example, can be the strain energy c = UT KU for
the classic compliance optimization problem. KU = F is the discrete system of the specific
mechanical or physical state equations by the Finite Element Method. V0 is the remaining
material volume. In (1.24), it comprises M + 1 constraints, allowing for the incorporation of
additional design criteria to enhance the alignment of the optimization problem with practical
requirements.

(a) (b)

(c) (d)

Figure 1.3: Illustration of checkerboard and mesh-dependence in an example of half-MBB: (a)
optimized structure with checkerboard, discretized by 20× 60 elements ; (b) optimized struc-
ture by density filter with filtering radius rmin, discretized by 40×120 elements; (c) optimized
structure by density filter with rmin, discretized by 80× 240 elements; (d) optimized structure
by density filter with 1/2rmin, discretized by 80×240 elements

Optimized solutions in the SIMP method are well-known to exhibit numerical artifacts
(shown in Fig. 1.3), such as checkerboards, mesh dependency and zig-zag boundary, attributed
to the strong reliance on finite element discretization (more details refer to [139]). To ensure
well-posed and mesh-independent solutions, one needs to introduce restriction. Restriction
methods for SIMP problems were divide into sensitivity and density filters. The sensitivity or
density filter defines the physical element sensitivity or density as a weighted average of their
neighbors within a circle in 2D or sphere in 3D with specified radius rmin.

∂̃c
∂ρi

=
∑ j∈Ne,i w jρ j

∂c
∂ρ j

ρi ∑ j∈Ne,i w j
(1.25)

ρ̃i =
∑ j∈Ne,i w jρ j

ρe ∑ j∈Ne,i w j
(1.26)
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where Ne,i is the neighbors set of element i within the filter domain. w j is the weight defined as
w j = rmin −|xi −x j|, wherein |xi −x j| is Euclidean distances of two elements. An alternative
to density filter in (1.26) is Helmholtz type partial differential equation [140] defined as

− r2∆ρ̃ + ρ̃ = ρ (1.27)

where r is a length parameter that can be related to the radius rmin. The optimized structures
with the density filter are shown in Fig. 1.3(b)-(d), where the checkerboard pattern is no longer
present. However, it’s important to note that the use of filters introduces a grey zone between
solid and void regions. To address the grey-scale issue related to the discussed filtering strate-
gies, projection schemes, such as various Heaviside projections in (1.28), have been introduced.
Interested readers are referred to the paper [141].

¯̃ρ =
tanh(βη0)+ tanhβ (ρ̃i −η0)

tanh(βη0)+ tanhβ (1−η0)
(1.28)

where η0 is the threshold value to transfer the intermediate density to 1 or 0, while β controls the
slope of the smooth Heaviside function. The impact of these two parameters can be intuitively
seen in Fig. 1.4. The sensitivity of the compliance in (1.24) with respect to the original design
variables is computed by the chain rules as

∂c
∂ρ j

=
∂c
∂ ¯̃ρ j

∂ ¯̃ρ j

∂ ρ̃ j

∂ ρ̃ j

∂ρ j
(1.29)
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Figure 1.4: Heaviside projection with different thresholds

To resolve the optimization problem in (1.24), its Lagrangian equation is formulated as

L = c+λ0Ĉ0 +λ jĈ j, j = 1, ...M (1.30)

where λ are Lagrangian multipliers. For all density-based approaches, a common characteristic
is their representation of smooth and differentiable problems, allowing for efficient solutions
using well-established and gradient-based optimization techniques. For simplicity, we only
consider the compliance with a volume fraction constraint, and give a heuristic updating scheme
for the design variables based on standard Optimality Criteria method [112, 142, 143],

ρ(n+1)
i =


max(ρmin,ρ

(n)
i −m), i f ρ(n)

i Bη
i ≤ max(ρmin,ρ

(n)
i −m)

ρ(n)
i Bη

i , i f max(ρmin,ρ
(n)
i −m)< ρ(n)

i Bη
i < min(1,ρ(n)

i +m)

min(1,ρ(n)
i +m), i f ρ(n)

i Bη
i ≥ min(1,ρ(n)

i +m)

(1.31)
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where m is a positive move-limit, η(= 0.5) is a numerical damping coefficient and the optimal-
ity condition Bi is written as

Bi =
− ∂c

∂ρi

λ0
∂Ĉ0
∂ρi

(1.32)

Optimality Criteria method is easy and efficient optimizer to solve the single-constraint prob-
lem, but may not be suitable for those with multiple constraints. As an alternative, the Method of
Moving Asymptotes (MMA) [144] is effective in tackling multi-constraint optimization prob-
lems.

1.2.2 Level-set method

Level set method (LSM), initially introduced by Osher and Sethian [145] to address moving
interface problems, have since been well-developed and extensively applied across a wide range
of research areas. In Level-set-based topology optimization (LSM-TO) [120, 121], the structure
undergoing optimization is implicitly represented by a dynamic boundary embedded in a scalar
function known as the higher-dimension level set function ψ , where the zero-level set denotes
the structural boundaries. The movement of the design boundaries driven by a relevant speed
function of the embedding space can be tracked to capture changes in the shape and topology
of the structure. The void phase is depicted by the negative level set, while positive values
represent solids within the design domain, i.e. (1.33). Consequently, the level-set model can be
referred to as an implicit boundary representation model.

ρ =

{
0, if ψ(x)< 0 for ∀x ∈ Ω
1, if ψ(x)≥ 0 for ∀x ∈ Ω.

(1.33)

A surface defined by a level-set model can be regarded as an iso-surface embedded in 3D,
and the dynamic model to process structural optimization can be given as a time-varying level
set function, i.e

S = {x(t) : ψ(x(t), t) = a} (1.34)

where a is iso-value. Differentiating (1.34), the Hamilton-Jacobi equation can be obtained as

∂ψ(x, t)
∂ t

+∇ψ(x, t)
dx

dt
= 0 (1.35)

The v = dx
dt denotes the speed function, which can be chosen as the shape derivative of the

augmented Lagrange multiplier formulations for the optimization with constraints [120, 146].
LSM-TO defines precisely the geometry and topology of the structure via a solid-void in-

terface throughout the optimization process. However, these direct methods have limitations as
algorithms are unable to create new holes in the level set function away from free boundaries,
typically outside a design domain. Resulting solutions are highly dependent on the initial state
of the design problem, as noted in previous studies [147, 148]. Additionally, conventional level-
set methods explicitly solve the Hamilton-Jacobi partial differential equation (PDE) to control
structural boundaries, leading to time step restrictions and the need for frequent reinitialization
of level set functions. To overcome these challenges, various alternative formulations have been
suggested [149, 150, 151, 152, 153], with the notable advantage that many of them can handle
the emergence of new holes without relying on a topological derivative.
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1.2.3 Other types

In addition to the methods detailed previously, many other efficient topology optimization
methods have been also developed. Xie and Steven [119] introduced the evolutionary struc-
tural optimization approach, evolving from initial unidirectional "hard-kill" strategies (remov-
ing elements with the lowest sensitivity of compliance) to more flexible bi-directional schemes
[126, 154] where the removed elements can be reintroduced if considered rewarding. While
this method may appear to involve discrete 0-1 design, it actually utilizes gradients derived
from continuous variable assumptions in conjunction with discrete design changes or sharp
projections. In phase field-based TO [122, 155, 156], the optimal design can be updated by
the steady state of the phase transition described by the generalized Cahn-Hilliard equation.
All the previously mentioned methods that depend on finite elements describe structural topol-
ogy to some extent based on elements or nodes, including LSM-TO and phase field-based TO.
In contrast, Moving Morphable Components-based Topology Optimization (MMC) [123, 124]
achieves structural topology optimization by optimizing geometric characteristic parameters of
the pre-existing morphable components, such as the shape, length, thickness, and orientation as
well as the layout (connectivity). Importantly, MMC enables components to overlap, facilitating
the change and optimization of the structural layout. To handle mesh capable of representing
smooth and precise boundaries, researchers have employed diverse generalized and adaptive
finite element schemes in conjunction with level set methods, such as the extended finite el-
ement method (XFEM) [157, 158], local remeshing schemes [159] and isogeometric analysis
[160, 161].

While gradient-based topology optimization techniques have witnessed successful advance-
ments, there is a consistent presence of papers advocating optimization approaches grounded in
non-gradient topology optimization approaches, including Genetic Algorithms, Ant Colonies,
Particle Swarms, and others [162]. In recent years, there has been a significant emphasis on in-
tegrating machine learning/deep learning with topology optimization [163]. In these methods,
the update of the design variables (pseudo-density) in the conventional topology optimization
method is transformed into the update of the parameters of various neural networks.

1.3 Topology optimization in flexoelectric structures
More recently, topology optimization has emerged as a promising method for improving the ap-
parent flexoelectricity and Electromechanical Coupling Factors in piezoelectric and flexoelec-
tric structures. Several works have been dedicated to the optimization of structures and meta-
materials with flexoelectricity and piezoelectricity. At structure level, Ghasemi et al. [104, 164]
proposed an optimization design methodology for piezoelectric/flexoelectric materials, employ-
ing IsoGeometric Analysis (IGA) and the level-set topology optimization approach, and suc-
cessfully applied it to the multi-material design of flexoelectric composites. Nanthakumar [102]
et al. have developed a level-set based topology optimization to maximize the electromechani-
cal coupling factor of flexoelectric nanostructures, by solving the flexoelectric PDEs through a
mixed finite element formulation. López [165] et al. developed a shape and topology optimiza-
tion method based on an isogeometric phase field to improve the effective electromechanical
coupling factor of flexoelectric structures. Zhang [166] et al proposed an explicit topology op-
timization to improve the electromechanical coupling factors and effective electric polarization
of flexoelectric nanostructures, using the Moving Morphable Void and IGA-based approach.
At microstructure level, Chen [167, 168] et al. have developed a topology optimization frame-
work aimed at designing periodic composites comprising piezoelectric constituents, resulting
in an increase in direct and converse flexoelectric constants, where a Representative Volume
Element (RVE)-based computational homogenization was employed to estimate the effective
flexoelectric properties. Greco [169] proposed a computational framework to perform topol-
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ogy optimization of the representative volume element of flexoelectric metamaterials by using
a Cartesian B-spline method. The topology optimization of nonlinear flexoelectric structures is
now beginning to emerge. Zhuang [170] developed a topology optimization procedure to design
optimal layouts of nonlinear geometric flexoelectric structures undergoing large displacement.
Ortigosa [171] introduced an topology optimization approach for designing flexoelectric energy
harvesters at finite strains.

The utilization of flexoelectric effects is linked to the generation of significant strain gradi-
ents in dielectric materials, relying on two fundamental characteristics: the scaling effect and
the symmetry-breaking effect. The flexoelectric effect becomes increasingly prominent at mi-
croscale level, attributed to the strain gradient effect becomes more profound as the material
dimensions shrink to micro- and nano-levels. The symmetry-breaking nature of the flexoelec-
tricity has brought more phenomena or physical properties beyond electromechanical applica-
tions, such as pyroelectricity [172] and bulk photovoltaic effect [173], triggered by a controlled
graded field in the system. The universality and outstanding scaling effect of the flexoelec-
tric effect made it a desirable property for advanced nano/micro-electromechanical systems
(N/MEMS).

Exploiting flexoelectric effects at the microscale enables us to design new flexoelectric
structures. Flexoelectric structures are often made from one single material but with specially
designed shape from which substantial gradients can be generated. There are many interesting
designs of flexoelectric structures include the multilayered cantilevers [174, 175], circular rings
[176, 177], truncated pyramid cantilever [178] and architected structures [179, 180, 181, 182].
At the macroscopic length scale, it is usually difficult to create large strain gradients within a
rigid solid. However, substantial mechanical deformation can be generated through the flexible
material or soft dielectrics. The flexible electronic devices integrate the flexoelectric material
with a soft matrix to realize large electromechanical responses for energy harvesting and con-
verting [183, 184, 185].

In the realm of flexoelectric composites, researches have concentrated on developing piezo-
electric composites using non-piezoelectric materials, driven by earlier work [24, 25]. Tra-
ditional piezoelectric composites usually include lead-containing PZT for higher permittivity
[16]. Piezoelectric responses, achieved in these composites made of purely flexoelectric mate-
rials, can be comparable to common single-phase piezoelectrics. Non-piezoelectric flexoelec-
tric materials can serve as low-cost, lead-free alternatives to traditional piezoelectric materials,
thereby promoting the sustainability of electromechanical applications.

In this thesis, to fully exploit the potential of flexoelectric properties, we focus on design-
ing high-performance flexoelectric composites and enhancing the electromechanical coupling
efficiency of flexoelectric structures. The presented framework involves the following new
contributions: (1) we develop a homogeneous direct/converse flexoelectric-piezoelectric model
for microstructures consisting of heterogeneous piezoelectric constitutive phases, which en-
ables the prediction of effective direct and converse flexoelectric coefficients for piezoelectric
composites; (2) a C1-continuous one/multi-patch Isogeometric Analysis framework for the dy-
namic frequency response of flexoelectric structures with complex geometries has been pro-
posed, where the inertial effect of deformation gradients is included; (3) a homogeneous topol-
ogy optimization framework is proposed for designing microstructures containing two-phase
materials to maximize the effective direct and inverse flexoelectric properties of piezoelectric
composites; (4) a multiscale topology optimization method for designing flexoelectric metama-
terials made of non-piezoelectric materials and electromechanical energy harvesting systems is
proposed to efficiently convert mechanical vibrations into electrical energy; (5) we propose a
nonlinear topology optimization framework for flexoelectric soft dielectrics at finite strain to
fully leverage the interplay between size effect and large deformation, thereby increasing the
electromechanical coupling factors of the structures.



Chapter 2

Apparent direct and converse
flexoelectricity of heterogeneous
piezoelectric composites

Recent research has brought attention to how flexoelectricity can mimic piezoelectricity. In
this chapter, we explore the potential of leveraging piezoelectric materials to generate a sig-
nificantly enhanced flexoelectric response. We investigate the use of architectured materials
comprising diverse piezoelectric phases with the goal of achieving a substantial emergent flex-
oelectric effect, potentially surpassing the inherent flexoelectricity of the materials. Currently, a
computational homogenization framework for effective flexoelectric materials is lacking. Such
a framework is essential for examining and optimizing the applications mentioned above with-
out the necessity of solving the full heterogeneous structure.

We begin by introducing the fundamental concepts of computational homogenization, tak-
ing the elastic problem as an illustrative example. With the computational homogenization
framework, we then establish the effective behavior over a Mindlin strain gradient medium that
is augmented with energetic terms related to the electromechanical coupling characteristic of
direct and converse flexoelectricity. A finite element procedure is then developed to calculate
the various related homogeneous tensors within a Representative Volume Element (RVE), en-
compassing the fourth-order direct and converse flexoelectric tensor and all other higher order
electromechanical coupling terms. By creating a heterogeneity through asymmetric geometric
inclusions and multiple constitutive materials, the direct and converse flexoelectric responses
can be tuned to much higher than the constituents.

This chapter is adapted from the published articles [167, 168, 179].

2.1 Fundamental concepts of computational homogenization
In this section, the fundamental principles of computational homogenization within the frame-
work of linear elasticity are presented: the establishment of the effective elastic modulus for
a heterogeneous medium under steady-state conditions. The notion of Representative Volume
Element (RVE) is introduced. To illustrate, we examine the comparatively straightforward sce-
nario of linear elasticity in order to demonstrate the process of defining effective properties.

An RVE is the minimal material volume which must include a large number of the com-
posite microheterogeneities (grains, inclusions, etc), in order to be representative enough for
determining the effective properties of the homogenized macroscopic model [186] (schemati-
cally in Fig. 2.1). Nevertheless, it should be notably smaller than the macroscopic structural
dimensions, such that the scale separation is enabled. The effective properties are determined
by spatially averaging the associated internal fields over an RVE, wherein the internal fields are
acquired by solving a series of boundary value problems with test loadings [187].

20
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Figure 2.1: (a) Heterogeneous material; (b) Representative Volume Element; (c) Inclusions.

2.1.1 Linear elasticity problem
We consider a volume element Ω ∈ Rd (d = 2,3) made of heterogeneous material, with a
boundary ∂Ω. We assume that the homogeneous strain ϵ across the entire body generates a
homogeneous stress referred to as σ, then the homogenized (or effective) constitutive equations
establish the relationship between ε and σ. σ and ε are respectively the local stress and strain
fields within a volume element. The local strain field is assumed to be the superposition of a
macroscopic strain ε and of a microscopic fluctuation ε̃:

ε(x) = ε+ ε̃(x), ∀x ∈ Ω (2.1)

Taking spatial average of (2.1), we have

〈ε(x)〉= ε+ 〈ε̃(x)〉= ε+
1
Ω

∫
Ω

ε̃(x)dΩ

= ε+
1

2Ω

∫
Ω
(∇ũ(x)+∇T ũ(x))dΩ (2.2)

where 〈·〉= 1
Ω
∫

Ω ·dΩ. ũ is a periodic fluctuating displacement. Thus, the spatial average of ũ is
zero, i.e. 〈ε(x)〉= ε.

There are three types of boundary conditions imposed on ∂Ω to estimate the homogeneous
properties of RVE and for which the Hill condition is satisfied [188].

(1) Kinematic Uniform Boundary Conditions (KUBC): the displacement u(x) is prescribed at
point x ∈ ∂Ω, such that:

u(x) = ε ·x, ∀x ∈ ∂Ω (2.3)

(2) Static Uniform Boundary Conditions (SUBC): the traction is imposed at the boundary,

σ(x) ·n = σ ·n, ∀x ∈ ∂Ω (2.4)

(3) Periodic Boundary Conditions (PBC): the displacement u(x) over ∂Ω takes the form,

u(x) = ε ·x+ ũ, ∀x ∈ ∂Ω (2.5)

where ũ is the periodic fluctuating displacement.
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2.1.2 Average strain and average stress theorems

For simplification, we consider two-phase RVE as shown in Fig. 2.1, defined in a domain
Ω = Ω1 ∪Ω2 . The following procedure can be extended to N-phase heterogeneous body. The
average stain theorem is obtained by the spatial average of local strain field [189], and can be
derived by using divergence theorem and (2.3):

〈ε(x)〉= 1
2Ω

∫
Ω
(∇u(x)+∇T u(x))dΩ

=
1

2Ω

{∫
Ω1

(∇u(x)+∇T u(x))dΩ+
∫

Ω2

(∇u(x)+∇T u(x))dΩ
}

=
1

2Ω

{∫
∂Ω1

(u⊗n+n⊗u)dΓ+
∫

∂Ω2

(u⊗n+n⊗u)dΓ
}

=
1

2Ω
{
∫

∂Ω
(u⊗n+n⊗u)dΓ+

∫
∂Ω1∩∂Ω2

(u1 ⊗n+n⊗u1)dΓ

−
∫

∂Ω1∩∂Ω2

(u2 ⊗n+n⊗u2)dΓ}

=
1

2Ω

{∫
∂Ω

(u⊗n+n⊗u)dΓ+
∫

∂Ω1∩∂Ω2

([[u]]⊗n+n⊗ [[u]])dΓ
}

=
1

2Ω

{∫
Ω
(∇(ε ·x)+∇T (ε ·x))dΩ+

∫
∂Ω1∩∂Ω2

([[u]]⊗n+n⊗ [[u]])dΓ
}

=ε +
1

2Ω

∫
∂Ω1∩∂Ω2

([[u]]⊗n+n⊗ [[u]])dΓ (2.6)

where [[u]] describes the displacement jump at the interfaces of Ω1 and Ω2. Only if the interface
of the material is perfectly bonded, we have

ε = 〈ε(x)〉= 1
2Ω

∫
∂Ω

(u⊗n+n⊗u)dΓ (2.7)

Again we consider a body with SUBC traction t = σ ·n. We give the identity as (f, body
force):

∇ · (σ⊗x) = (∇ ·σ)⊗x+σ ·∇x =−f⊗x+σ (2.8)

Substituting (2.8) into the definition of the average stress, we obtain

〈σ〉= 1
Ω

∫
Ω
{∇ · (σ⊗x)+ f⊗x}dΩ

=
1
Ω

∫
∂Ω

(σ⊗x) ·ndΓ+
1
Ω

∫
Ω

f⊗xdΩ

=
1
Ω

∫
∂Ω

(σ⊗x) ·ndΓ+
1
Ω

∫
Ω

f⊗xdΩ

=
1
Ω

∫
Ω

∇ · (σ⊗x)dΩ+
1
Ω

∫
Ω

f⊗xdΩ

= σ+
1
Ω

∫
Ω

f⊗xdΩ (2.9)

In the case of no body force, f = 0, then

σ = 〈σ〉= 1
Ω

∫
∂Ω

(σ⊗x) ·ndΓ (2.10)
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2.1.3 Hill-Mandel Energy Condition
The Hill-Mandel lemma plays a fundamental role in determining the effective properties of
heterogeneous materials. It states that the spatial average of the microscopic (virtual) internal
work equals the macroscopic (virtual) internal force work:

〈σ : ε〉= σ : ε (2.11)

To prove (2.11), we consider a body with perfectly bonded interfaces among the microscopic
constituents and no body force ∇ ·σ = 0. Multiplying the traction σ · n by the displacement
vector u and integrating over boundary ∂Ω, we have∫

∂Ω
u ·σ ·ndΓ =

∫
Ω

∇(u ·σ)dΩ =
∫

Ω
∇u : σdΩ =

∫
Ω

ε : σdΩ (2.12)

Introducing boundary conditions (2.3), then∫
∂Ω

u ·σ ·ndΓ =
∫

∂Ω
ε ·x ·σ ·ndΓ =

∫
Ω

∇(ε ·x ·σ)dΩ

=
∫

Ω
∇(ε ·x) : σdΩ = ε :

∫
Ω

σdΩ = ε : σ ·Ω (2.13)

From (2.12) and (2.13), we finally obtain

σ : ε =
1
Ω

∫
Ω

σ : εdΩ = 〈σ : ε〉 (2.14)

2.1.4 Effective elastic tensor
(1) Strain approach

We assume the fourth-order elastic tensor C(x) is constant within each phase of the hetero-
geneous body. The local problem where the RVE is subjected to a homogeneous strain field is
defined as

∇ ·σ(x) = 0, ∀x ∈ Ω (2.15)
σ(x) = C(x) : ε(u(x)) (2.16)

The homogeneous strain ε imposed on the RVE boundary can be considered as a thermal strain
and can be decomposed into elementary strain states [190]:

εkl = ε i jI
i j
kl , Ii j

kl =
1
2
(δikδ jl +δilδ jk) (2.17)

where δi j is the Kronecker delta. The solution u can be expanded using the superposition
principle as a linear combination the homogeneous strain tensor as

uk = ε i ju
i j
k (2.18)

then

ε(u) = ε(ε i jui j) = ε(ui j)ε i j (2.19)

Substituting (2.19) into (2.16) and taking the space averaging, we obtain the macroscopic con-
stitutive relationship as

〈σ(x)〉=
〈
C(x) : ε(ui j)

〉
: ε (2.20)
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then we have:

Cε
i jkl =

〈
Ci jpqεpq(ukl)

〉
(2.21)

An alternative definition of Cε can be obtained from Hill-Mandel energy condition. By
using (2.19), it’s derived as

σ : ε = ε : Cε : ε (2.22)

〈σ : ε〉= ε :
〈

ε(ui j) : C : ε(ukl)
〉

: ε (2.23)

Cε
=
〈

ε(ui j) : C : ε(ukl)
〉

(2.24)

(2) Stress approach
The local problem defined in (2.15)-(2.16) can be imposed a homogeneous stress filed on

the boundary. Then the solution can be expressed by a linear combination of the macroscopic
stress components as:

σi j(x) = σ kl
i j (x)σ kl (2.25)

In term of (2.16), we have

ε(x) = C−1 : σ(x) : σ (2.26)

and taking the spatial average over Ω, considering the macroscopic stress-strain constitutive
law, we obtain

Cσ
i jkl =

〈
C−1

i jpqσ pq
kl (x)

〉−1
(2.27)

Similarly to the strain approach, an alternative definition of Cσ can be obtained from the
Hill-Mandel lemma as

Cσ
pqrs =

〈
σ pq

i j C
−1
i jklσ

rs
kl (x)

〉−1
(2.28)

2.2 Micro scale problem of flexoelectricity
In this section, we present an extension of the previous homogenization scheme to electrome-
chanical media with strain gradients, including the effects of electric field gradients (converse
flexoelectric behavior).

2.2.1 Local problem on the RVE
We consider a periodic composite (see Fig. 2.2(a)) assumed to be characterized by a Repre-
sentative Volume Element (RVE) (see Fig. 2.2(c)). The RVE is defined in a domain Ω ∈ Rd

whose external boundary is denoted by ∂Ω. The characteristic size of the RVE is ℓ. The RVE is
assumed to be subjected to four homogeneous fields: a strain ε, a strain gradient ∇ε , an electric
field E and an electric field gradient ∇E, which are prescribed through boundary conditions.
The different phases of the RVE are assumed to be linear piezoelectric and characterized by an
elastic tensor Ck, a dielectric tensor αk and a piezoelectric tensor Ek, k = 1, ...,Np, with Np the
number of phases.

The energy density function (electrical enthalpy density) of a piezoelectric material is de-
fined by:

W =
1
2

ε(x) : C(x) : ε(x)−E(x) · E(x) : ε(x)− 1
2

E(x) ·α(x) ·E(x) (2.29)
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Figure 2.2: (a) Periodic heterogeneous structure; (b) Equivalent piezo-flexoelectric homoge-
neous structure; (c) RVE model.

where C is the fourth-order elastic tensor, α is the second-order dielectric tensor, E is the third-
order piezoelectric tensor and x denotes coordinates. Then the Cauchy stress σ and the electric
displacement d are defined by:

σ(x) =
∂W
∂ε

= C(x) : ε(x)−E(x) ·E(x) (2.30)

d(x) =−∂W
∂E

= E(x) : ε(x)+α(x) ·E(x) (2.31)

A displacement quadratic boundary condition (QBC) has been introduced to prescribe an
effective strain and strain gradient [191]:

u(x) = ε ·x+ 1
2
G : x⊗x+ ũ(x) on ∂Ω (2.32)

where G is the macroscopic second gradient of displacements and the symbol □ represents
homogeneous field,

Gi jk =
∂ 2ui

∂x j∂xk
(2.33)

and ũ(x) is either zero or periodic on ∂Ω.
The effective electric field can be computed by prescribing the following electric potential

quadratic boundary conditions over the RVE:

ϕ(x) =−Ē ·x− 1
2

∇E : x⊗x+ ϕ̃(x) on ∂Ω (2.34)

where ϕ̃(x) is either zero or a periodic fluctuation on ∂Ω.
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The electric field vector E j, the strain tensor εi j and strain-gradient tensor ∇εi jk are defined
as

E j =− ∂ϕ
∂x j

(2.35)

εi j =
1
2
(

∂ui

∂x j
+

∂u j

∂xi
) (2.36)

∇εi jk =
∂εi j

∂xk
=

1
2

(
∂ui

∂x jxk
+

∂u j

∂xixk

)
(2.37)

The strain gradient differs from the second gradient of displacement, their relation can be
derived as:

∇ε(i j)k =
1
2

(
∂ui

∂x jxk
+

∂u j

∂xixk

)
=

1
2
(
Gi jk +G jik

)
(2.38)

Gi( jk) =
∂ 2ui

∂x j∂xk

=
1
2

(
∂ 2ui

∂x j∂xk
+

∂ 2ui

∂x j∂xk
+

∂ 2u j

∂xi∂xk
−

∂ 2u j

∂xi∂xk
+

∂ 2uk

∂xi∂x j
− ∂ 2uk

∂xi∂x j

)
=

1
2

(
∂ 2ui

∂x j∂xk
+

∂ 2u j

∂xi∂xk

)
+

1
2

(
∂ 2ui

∂xk∂x j
+

∂ 2uk

∂xi∂x j

)
− 1

2

(
∂ 2u j

∂xk∂xi
+

∂ 2uk

∂x j∂xi

)
= ∇εi jk +∇εik j −∇ε jki (2.39)

where the notation (··) on the subscript of ∇ε(i j)k and Gi( jk) stands for the minor symmetries. In
this chapter, the theoretical derivation are demonstrated in strain gradient elasticity, whereas the
boundary conditions needed for the homogenization scheme are more natural in formulation for
second gradient of displacements. The macroscopic second gradient of displacements can be
expressed as a function of the homogeneous strain gradient tensor ∇ε:

Gi jk = ∇ε i jk +∇ε ik j −∇ε jki (2.40)

One obvious issue with conditions (2.32) and (2.34) arise when considering a homogeneous
RVE characterized by a elastic, piezoelectric and dielectric tensors C1, E1 and α1. In that case,
and for ε = 0 and E = 0, it is expected that the electric field and local strain solutions within the
RVE should be equal to:

ε(x) = ∇ε ·x, ∀x ∈ Ω. (2.41)

E(x) = ∇E ·x, ∀x ∈ Ω. (2.42)

However generally (2.41) and (2.42) is not a statically admissible solution for boundary
conditions (2.32) and (2.34) since:

∇ ·
(
C1 :

[
∇ε x

]
−E1 ·

[
∇E x

])
6= 0 (2.43)

and

∇ ·
(
E1 :

[
∇ε x

]
+α1 ·

[
∇E x

])
6= 0. (2.44)
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The inequalities (2.43)-(2.44) hold because in the present work ∇ε and ∇E can be chosen
arbitrarily. Therefore, as observed in [192, 193], fluctuations remain even when the local con-
tinuum is homogeneous, leading to persistent non-physical gradient effects. Indeed, when the
local medium is Cauchy homogeneous, there is no dependence on an internal length and the
overall medium cannot be of generalized type. To cure this problem, and following the anal-
ysis conducted in [194, 195], we propose to prescribe body forces in addition to QBC (2.32)
and (2.34) to enforce a constant strain gradient and electric-field gradient within the RVE when
the material is homogeneous. The new localization problem involves solving the equilibrium
equation:

∇ ·σ(x) = f(∇ε,∇E) ∀x ∈ Ω, (2.45)

and

∇ ·d(x) = r(∇ε,∇E) ∀x ∈ Ω, (2.46)

where

f(∇ε,∇E) = ∇ ·
(
C0(x) : (∇ε ·x)−E0(x) · (∇E ·x)

)
(2.47)

and

r(∇ε,∇E) = ∇ ·
(
E0(x) : (∇ε ·x)+α0(x) · (∇E ·x)

)
. (2.48)

In the definition of f and r, C0(x), E0(x) and α0(x) are arbitrary elastic, piezoelectric and
dielectric tensor fields which have to be specified. At this point, and without loss of generality,
we assume a two-phase composite whose elastic properties are described by C1 and C2, and
where piezoelectric properties are defined by E1 and E2, and the dielectric properties are defined
by α2 and α1; in which the phase 1 has the highest volume fraction. The RVE is piezoelectric-
homogeneous if either (a) the volume fraction of phase 2 goes to zero, i.e. f 1 → 1, or (b)
if the contrast between phase properties goes to one, i.e. ‖C2‖ → ‖C1‖, ‖E2‖ → ‖E1‖ and
‖α2‖ → ‖α1‖. For each of these three conditions, the tensors C0(x), E0(x) and α0(x) should
satisfy:

C0(x)→ C1 if
{

f 1 → 1,
or ‖C2‖→ ‖C1‖ (2.49)

and

E0(x)→E1 if
{

f 1 → 1,
or ‖E2‖→ ‖E1‖. (2.50)

and

α0(x)→ α1 if
{

f 1 → 1,
or ‖α2‖→ ‖α1‖. (2.51)

Several choices are possible to respect conditions (2.49)-(2.51), such as (among others):
pointwise body force correction, C0(x) = C(x), E0(x) = E(x), α0(x) = α(x), effective body
force correction, C0(x) = C and E0(x) = E and α0(x) = α, or null body force (standard QBC)
C0(x) = O, E0(x) = O and α0(x) = O. These different choices have been compared in the
elastic case in [195], and there is still no definitive answer to the best choice. The standard
solution is simple but induces the mentioned spurious strain gradient effects in the case of
homogeneous domains, as discussed in [195]. The effective body forces solution is consistent
with asymptotic analysis [194] and removes these spurious effects but induces divergence of
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effective properties in case of infinite contrasts of properties between phases. A more detailed
discussion can be found in [195]. In spite of these remaining issues, we adopt the effective
body forces solution in the present work. Then, defining C0 = C, E0 = E and α0 = α (defined
respectively by Eqs. (2.86), (2.87) and (2.88) ) and introducing them in (2.47) and (2.48), we
obtain the local problem as:

∇ ·σ(x) = f(∇ε,∇E), x ∈ Ω (2.52)

∇ ·d(x) = r(∇ε,∇E), x ∈ Ω (2.53)

where

fi =C0
i jkl∇εkl j −E0

i jk∇Ek j (2.54)

r = E0
i jk∇ε jki +α0

i j∇E ji (2.55)

2.2.2 Finite element discretization of local RVE equation
In the following, we present the Finite Element discretization for localization problem defined
in (2.52)-(2.53). The 2D plane strain condition is considered.

The weak form associated with the coupled problem (2.52)-(2.53)-(2.32)-(2.34) is to find
u ∈ {u = ū∗ on ∂Ωu,u ∈ H1(Ω)} and ϕ ∈ {ϕ = ϕ̄∗ on ∂Ωϕ ,ϕ ∈ H1(Ω)} such that [179]∫

Ω
dk,kδϕidΩ =−

∫
Ω
{E i jk∇ε i jkxk +αk j∇E jkxk}δϕi,idΩ (2.56)∫

Ω
σi j, jδuidΩ =

∫
Ω
{Ci jkl∇εkl jx j −E i jk∇Ek jx j}εi j(δui)dΩ (2.57)

for all δu ∈ {δu = 0 on ∂Ωu,δu ∈ H1(Ω)} and δϕ ∈ {δϕ = 0 on ∂Ωϕ ,δϕ ∈ H1(Ω)}. Sub-
stituting Eq. (2.30) and (2.31) into Eq. (2.56) and (2.57) yields:∫

Ω
(Ei jkεi j(ui)+αk jE j(ϕ))δϕi,idΩ =−

∫
Ω
{E i jk∇ε i jkxk +αk j∇E jkxk}δϕi,idΩ (2.58)∫

Ω
(Ci jklεkl(uk)−Ei jkEk(ϕ))εi j(δui)dΩ =

∫
Ω
{Ci jkl∇εkl jx j −E i jk∇Ek jx j}εi j(δui)dΩ

(2.59)

We adopt the same finite element discretization for the approximation of the displacement
field u and of the electric field ϕ. Using 8-node element, the two finite element approximate
field (uh, ϕh) can be expressed as:

uh(x) = Nu(x)ue; ϕh(x) = Nϕ (x)ϕe (2.60)

δuh(x) = Nu(x)δue; δϕh(x) = Nϕ (x)δϕe (2.61)

and their derivatives as,

∇uh(x) = Bu(x)ui; ∇ϕh(x) = Bϕ (x)ϕi (2.62)

∇δuh(x) = Bu(x)δui; ∇δϕh(x) = Bϕ (x)δϕi (2.63)

Bϕ and Bu are the matrices containing the gradient of the corresponding basis functions Nϕ
and Nu which are given by

Bϕ =

[
∂N1
∂x · · · ∂Nn

∂x
∂N1
∂y · · · ∂Nn

∂y

]
, Bu =


∂N1
∂x · · · ∂Nn

∂x 0 · · · 0
0 · · · 0 ∂N1

∂y · · · ∂Nn
∂y

∂N1
∂y · · · ∂Nn

∂y
∂N1
∂x · · · ∂Nn

∂x

 (2.64)
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By substituting the above discrete approximation in Eq. (2.58) and (2.59), we obtain the
linear system of coupling equations:[

Kϕϕ Kϕu
−Kuϕ Kuu

][
ϕ
u

]
=

[
Fϕ
Fu

]
(2.65)

with

Kϕϕ =
∫

Ω
(Bϕ )

T [α]Bϕ dΩ, (2.66)

Kϕu =−
∫

Ω
(Bϕ )

T [E ]BudΩ, (2.67)

Kuu =
∫

Ω
(Bu)

T [C]BudΩ, (2.68)

Fϕ =
∫

Ω
(Bϕ )

T{[E ][η]+ [α][κ]}dΩ, (2.69)

Fu =
∫

Ω
(Bu)

T{[C][η]− [E ]T [κ]}dΩ, (2.70)

where,

[η] =

 ∇ε111x1 +∇ε112x2
∇ε221x1 +∇ε222x2
∇ε121x1 +∇ε122x2

 (2.71)

and

[κ] =

[
∇E11x1 +∇E12x2
∇E21x1 +∇E22x2

]
(2.72)

2.3 Effective piezo-flexoelectric model

2.3.1 Macroscopic model
We define the total energy density W for an electromechanical system where all couplings
between strains ε , electric field E, strain gradient ∇ε and electric field gradient ∇E are taken
into account:

W =
1
2
Ci jklε i jεkl −

1
2

α i jE iE j −E i jkE iε jk

+
1
2
Gi jklmn∇ε i jk∇ε lmn +Fi jklE i∇ε jkl +Mi jklmε i j∇εklm

−Ti jkE i∇E jk −Ki jklε i j∇Ekl −
1
2
Li jkl∇E i j∇Ekl −Hi jklm∇E i j∇εklm (2.73)

In Eq. (2.73), C, α and E denote the effective fourth-order elastic, second-order dielectric
and third-order piezoelectric tensors, respectively. The term F denotes the effective fourth-order
flexoelectric tensor, while M and G correspond to higher-order strain gradient elastic tensors
(see e.g. [195]). The term K is the so-called converse flexoelectric tensor. Here, we emphasize
that F and K are considered independent tensors, meaning the relation Ki jkl = F jkil does not
hold strictly.

We note that there are several new coupling tensors in the above energy density expression,
whose interpretation is as follows: T denotes the relation between an additional polarization
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(electric field) and an electric field gradient; L denotes the relation between a polarization gra-
dient (or electric field gradient) and an electric field gradient and H denotes the relation between
a polarization gradient (or electric field gradient) and a strain gradient.

The effective stress tensor σ , effective electric displacement d, effective hyperstress tensor
S and hyper-electric displacement P associated with energy density function (2.73) are defined
as:

σ i j =
∂W
∂ε i j

, di =−∂W
∂E i

, Si jk =
∂W

∂∇ε i jk
, Pi j =− ∂W

∂∇E i j
(2.74)

The corresponding expressions for the stress σ , the electric displacement d, the hyperstress
S and hyper electric displacement P are provided by:

σ i j =Ci jklεkl −Eki jEk +Mi jklm∇εklm −Ki jkl∇Ekl (2.75)

di =E i jkε jk +α i jE j −Fi jkl∇ε jkl +Ti jk∇E jk (2.76)

Si jk =Mlmi jkε lm +Fli jkE l +Gi jklmn∇ε lmn +Hlmi jk∇E lm (2.77)

Pi j =Kkli jεkl +Tki jEk −Hi jklm∇εklm +Li jkl∇Ekl (2.78)

Taking the spatial average of (2.29) we obtain:

〈W 〉= 1
2
〈Ci jklεi jεkl〉−〈Ei jkεi jEk〉−

1
2
〈αi jEiE j〉 (2.79)

where 〈·〉= 1
Ω
∫

Ω ·dΩ denotes the volume average over Ω.
Solving the linear localization problem (2.52)-(2.53)-(2.32)-(2.34) by using the superposi-

tion principle, the local strain field ε(x) and the local electric field E(x) can be obtained as:

εi j = A0
i jklεkl +B0

i jkEk + Ã1
i jklm∇εklm + B̃1

i jkl∇Ekl, (2.80)

Ei = D0
i jkε jk +h0

i jE j + D̃1
i jkl∇ε jkl + h̃1

i jk∇E jk (2.81)

where

Ã1
i jklm = A1

i jklm −A0
i jklxm (2.82)

D̃1
i jkl = D1

i jkl −D0
i jkxl (2.83)

B̃1
i jkl = B1

i jkl −B0
i jkxl (2.84)

h̃1
i jk = h1

i jk −h0
i jxk (2.85)

are corrected terms to remove local spurious fluctuations in the case of homogeneous RVEs
[179, 195].

The strain solutions and electric field solutions are calculated by:

i) A0
i jkl , B0

i jk, A1
i jklm and B1

i jkl are the strain solution εi j(x) obtained by solving the problems
(2.52)-(2.53)-(2.34)-(2.32) with εkl =

1
2(ek ⊗ el + el ⊗ ek), Ek = ek , ∇εklm = 1

2(ek ⊗ el +

el ⊗ ek)⊗ em, ∇Ekl = ek ⊗ el + el ⊗ ek, respectively.
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ii) D0
i jk, h0

i j, D1
i jkl and h1

i jk are the electric field solution Ei(x) obtained by solving the problems
(2.52)-(2.53)-(2.34)-(2.32) with ε jk =

1
2(e j ⊗ ek + ek ⊗ e j), E j = e j, ∇ε jkl =

1
2(e j ⊗ ek +

ek ⊗ e j)⊗ el ,∇E jk = e j ⊗ ek + ek ⊗ e j, respectively.

The terms ei are unitary basis vectors. The Finite Element discretization procedure is used to
solve (2.52)-(2.53)-(2.34)-(2.32) is recalled in Section 2.2.2.

Substituting Eq.(2.80) and (2.81) into Eq.(2.79). According to Hill-Mandel lemma, the
volume average of microscopic energy over the RVE could be identified with a strain gradient
macroscopic elastic energy, i.e. 〈W 〉=W , the effective operators are obtained as:

Ci jkl =〈A0
i jpqCpqrsA0

rskl −2A0
i jpqEpqrD0

rkl −D0
i jpαpqD0

qkl〉 (2.86)

E i jk =〈−A0
i jpqCpqrsB0

rsk +A0
i jpqEpqrh0

rk +D0
i jpEpqrB0

qrk +D0
i jpαpqh0

qk〉 (2.87)

α i j =〈−B0
ipqCpqrsB0

rs j +2h0
ipEpqrB0

qr j +h0
ipαpqh0

q j〉 (2.88)

Fi jkl =〈B0
ipqCpqrsÃ1

rs jkl −h0
ipEpqrÃ1

qr jkl −B0
ipqEpqrD̃1

r jkl −h0
ipαpqD̃1

q jkl〉 (2.89)

Mi jklm =〈A0
i jpqCpqrsÃ1

rsklm −D0
i jpEpqrÃ1

qrklm −A0
i jpqEpqrD̃1

rklm −D0
i jpαpqD̃1

qklm〉
(2.90)

Gi jklmn =〈Ã1
i jkpqCpqrsÃ1

rslmn −2D̃1
i jkpEpqrÃ1

qrlmn − D̃1
i jkpαpqD̃1

qlmn〉 (2.91)

Ti jk =〈B0
ipqCpqrsB̃1

rs jk −h0
ipEpqrB̃1

qr jk −B0
ipqEpqrh̃1

r jk −h0
ipαpqh̃1

q jk〉 (2.92)

Ki jkl =〈−A0
i jpqCpqrsB̃1

rskl +D0
i jpEpqrB̃1

qrkl +A0
i jpqEpqrh̃1

rkl +D0
i jpαpqh̃1

qkl〉 (2.93)

Li jkl =〈B̃1
i jpqCpqrsB̃1

rskl −2h̃1
i jpEpqrB̃1

qrkl − h̃1
i jpαpqh̃1

qkl〉 (2.94)

Hi jklm =〈−B̃1
i jpqCpqrsÃ1

rsklm + B̃1
i jpqEpqrD̃1

rklm + h̃1
i jpEpqrÃ1

qrklm + h̃1
i jpαpqD̃1

qklm〉
(2.95)
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2.3.2 Numerical calculation of the effective tensors
The 2D vector form associated with the components of strain ε , strain gradient tensor ∇ε and
electric strain gradient ∇E can be defined respectively as:

[ε] =

 ε11
ε22
ε12

=


∂u1
∂x1
∂u2
∂x2

1
2(

∂u1
∂x2

+ ∂u2
∂x1

)

 (2.96)

[∇ε] =


∇ε111
∇ε221

2∇ε122
∇ε222
∇ε112

2∇ε121

=



∂ 2u1
∂x2

1
∂ 2u2

∂x1∂x2
∂ 2u1
∂x2

2
+ ∂ 2u2

∂x1∂x2
∂ 2u2
∂x2

2
∂ 2u1

∂x1∂x2
∂ 2u1

∂x1∂x2
+ ∂ 2u2

∂x2
1


(2.97)

[∇E] =

 ∇E11
∇E22

2∇E12

=


∂E1
∂x1
∂E2
∂x2

∂E1
∂x2

+ ∂E2
∂x1

 (2.98)

where the symmetries of effective tensors α, E , C, F, M, G, T, K, L and H are taken into
account,

α i j = α ji,E i jk = E ik j,Fi jkl = Fik jl (2.99)

Mi jklm =M jiklm =Mi jlkm (2.100)

Ci jkl = Ckli j = C jikl = Ci jlk (2.101)

Gi jklmp =Glmpi jk =G jiklmp =Gi jkml p (2.102)

Ti jk = Tik j (2.103)

Ki jkl =K jikl =Ki jlk (2.104)

Li jkl = Lkli j = L jikl = Li jlk (2.105)

Hi jklm =H jiklm =Hi jlkm (2.106)

The above effective tensors are written in matrix form as,

[α] =

[
α11 α12
α21 α22

]
(2.107)

[C] =

C1111 C1122 C1112
C1122 C2222 C2212
C1112 C2212 C1212

 (2.108)

[E ] =
[
E111 E221 E121
E112 E222 E122

]
(2.109)
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[F] =
[

F1111 F1221 F1122 F1222 F1112 F1121
F2111 F2221 F2122 F2222 F2112 F2121

]
(2.110)

[M] =

M11111 M11221 M11122 M11222 M11112 M11121
M22111 M22221 M22122 M22222 M22112 M22121
M12111 M12221 M12122 M12222 M12112 M12121

 (2.111)

[G] =



G111111 G111221 G111122 G111222 G111112 G111121
G221111 G221221 G221122 G221222 G221112 G221121
G122111 G122221 G122122 G122222 G122112 G122121
G222111 G222221 G222122 G222222 G222112 G222121
G112111 G112221 G112122 G112222 G112112 G112121
G121111 G121221 G121122 G121222 G121112 G121121

 (2.112)

[T] =
[

T 111 T 122 T 112
T 211 T 222 T 212

]
(2.113)

[K] =

K1111 K1122 K1112
K2211 K2222 K2212
K1211 K1222 K1212

 (2.114)

[L] =

L1111 L1122 L1112
L2211 L2222 L2212
L1211 L1222 L1212

 (2.115)

[H] =

H11111 H11221 H11122 H11222 H11112 H11121
H22111 H22221 H22122 H22222 H22112 H22121
H12111 H12221 H12122 H12222 H12112 H12121

 (2.116)

After discretization, the local strain and electric fields defined respectively in Eqs. (2.80)
and (2.81) can expressed as:

ε(x) = A0(x) : ε+B0(x) ·E+{A1(x)−A0(x)⊗x} ... ∇ε+{B1(x)−B0(x)⊗x} : ∇E,
(2.117)

E(x) = D0(x) : ε+h0(x) ·E+{D1(x)−D0(x)⊗x} ... ∇ε+{h1(x)−h0(x)⊗x} : ∇E
(2.118)

We define the above displacement and electric fields matrices as:

Uu = [u1,u2,u3];Vu = [u4,u5];Wu = [u6,u7,u8,u9,u10,u11];

Zu = [u12,u13,u14] (2.119)

Uϕ = [ϕ1,ϕ2,ϕ3];Vϕ = [ϕ4,ϕ5];Wϕ = [ϕ6,ϕ7,ϕ8,ϕ9,ϕ10,ϕ11];

Zϕ = [ϕ12,ϕ13,ϕ14] (2.120)
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Table 2.1: Elementary solution corresponding to the activated strain, electric potential and strain
gradient components

Field (ε11,ε22,ε12) (E1,E2) (∇ε111,∇ε221,∇ε122,∇ε222,∇ε112,∇ε121) (∇E11,∇E22,∇E12)
u1,ϕ1 (1,0,0) (0,0) (0,0,0,0,0,0) (0,0,0)
u2,ϕ2 (0,1,0) (0,0) (0,0,0,0,0,0) (0,0,0)
u3,ϕ3 (0,0,1

2 ) (0,0) (0,0,0,0,0,0) (0,0,0)
u4,ϕ4 (0,0,0) (1,0) (0,0,0,0,0,0) (0,0,0)
u5,ϕ5 (0,0,0) (0,1) (0,0,0,0,0,0) (0,0,0)
u6,ϕ6 (0,0,0) (0,0) (1,0,0,0,0,0) (0,0,0)
u7,ϕ7 (0,0,0) (0,0) (0,1,0,0,0,0) (0,0,0)
u8,ϕ8 (0,0,0) (0,0) (0,0,1,0,0,0) (0,0,0)
u9,ϕ9 (0,0,0) (0,0) (0,0,0,1,0,0) (0,0,0)

u10,ϕ10 (0,0,0) (0,0) (0,0,0,0,1,0) (0,0,0)
u11,ϕ11 (0,0,0) (0,0) (0,0,0,0,0,1) (0,0,0)
u12,ϕ12 (0,0,0) (0,0) (0,0,0,0,0,0) (1,0,0)
u13,ϕ13 (0,0,0) (0,0) (0,0,0,0,0,0) (0,1,0)
u14,ϕ14 (0,0,0) (0,0) (0,0,0,0,0,0) (0,0,1)

and

Wx
u = [xu1,yu1,xu2,yu2,xu3,yu3]

Wx
ϕ = [xϕ1,yϕ1,xϕ2,yϕ2,xϕ3,yϕ3]

Zx
u = [xu4,yu5,xu5 + yu4]

Zx
ϕ = [xϕ4,yϕ5,xϕ5 + yϕ4] (2.121)

The displacement fields ui and the electric potential fields ϕi are the vector columns con-
taining respectively the nodal displacement and electric potentials solution of the localization
problems Eq. (2.52)-(2.53)-(2.34)-(2.32) with the boundary conditions described in Table 2.1.

In terms of the above definition and finite element discretization, we obtain:

A0(x) = Bu(x)Uu; B0(x) = Bu(x)Vu; B1(x) = Bu(x)Zu (2.122)

A1(x) = Bu(x)Wu; A0
x(x) = Bu(x)Wx

u; B0
x(x) = Bu(x)Zx

u (2.123)

D0(x) =−Bϕ (x)Uϕ ; h0(x) =−Bϕ (x)Vϕ ; h1(x) =−Bϕ (x)Zϕ (2.124)

D1(x) =−Bϕ (x)Wϕ ; D0
x(x) =−Bϕ (x)Wx

ϕ ; h0
x(x) =−Bϕ (x)Zx

ϕ (2.125)

and

Ã1(x) = A1(x)−A0
x(x); B̃1(x) = B1(x)−B0

x(x) (2.126)

D̃1(x) = D1(x)−D0
x(x); h̃1(x) = h1(x)−h0

x(x) (2.127)

By introducing Eqs. (2.122)-(2.127) into Eqs. (2.86)-(2.95), we can obtain the discretization
forms of the effective tensors.

[C] =〈(A0)T [C]A0 −2(A0)T [E ]D0 − (D0)T [α]D0〉 (2.128)

[α] =〈−(B0)T [C]B0 +2(h0)T [E ]B0 +(h0)T [α]h0〉 (2.129)
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[E ] =〈−(A0)T [C]B0 +(A0)T [E ]h0 +(D0)T [E ]B0 +(D0)T [α]h0〉 (2.130)

[F] =〈(B0)T [C]Ã1 − (h0)T [E ]Ã1 − (B0)T [E ]D̃1 − (h0)T [α]D̃1〉 (2.131)

[M] =〈(A0)T [C]Ã1 − (D0)T [E ]Ã1 − (A0)T [E ]D̃1 − (D0)T [α]D̃1〉 (2.132)

[G] =〈(Ã1)T [C]Ã1 −2(D̃1)T [E ]Ã1 − (D̃1)T [α]D̃1〉 (2.133)

[T] =〈(B0)T [C]B̃1 − (h0)T [E ]B̃1 − (B0)T [E ]h̃1 − (h0)T [α]h̃1〉 (2.134)

[K] =〈−(A0)T [C]B̃1 +(D0)T [E ]B̃1 +(A0)T [E ]h̃1 +(D0)T [α]h̃1〉 (2.135)

[L] =〈(B̃1)T [C]B̃1 −2(h̃1)T [E ]B̃1 − (h̃1)T [α]h̃1〉 (2.136)

[H] =〈−(B̃1)T [C]Ã1 +(B̃1)T [E ]D̃1 +(h̃1)T [E ]Ã1 +(h̃1)T [α]D̃1〉 (2.137)

2.4 Numerical examples

2.4.1 Direct flexoelectricity of composite with piezoelectric phases
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Figure 2.3: Unit cell with: (a) triangular inclusion; (b) asymmetric inclusion.

In this first example, we investigate the effective flexoelectric properties of a two-phase pe-
riodic composite comprised of piezoelectric materials. The Representative Volume Elements
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(RVEs) are constructed using periodic unit cells. The RVEs with two distinct geometric in-
clusions are examined: one featuring triangular inclusion (Fig. 2.3(a)) and another exhibit-
ing a fully asymmetric design as illustrated in Fig. 2.3(b). The geometric description of the
different inclusions in Fig. 2.3 is given as: Q1 = (−aℓ,aℓ), Q2 = (aℓ,0), Q3 = (−aℓ,−aℓ),
Q4 = (−bℓ,bℓ), Q5 = (bℓ,bℓ), Q6 = (bℓ,0), Q7 = (0,0), and Q8 = (−bℓ,−bℓ). Here, the pa-
rameters a =

√
0.8/2 and b = 0.4 are selected such that the inclusions of both unit cells are of

the same volume fraction f = 0.4. Both geometries are chosen to confine symmetrical number,
thereby enhancing the influence of gradient effects. The RVE is assumed to be composed of
N ×N periodic unit cells, and the length of the RVE is L = Nℓ, where ℓ= 1mm.

Figure 2.4: d2(x) electric displacement field in deformed (×0.2) configurations for RVE with
triangular inclusions: (a) ε = [1;0;0], ∇ε = 0, E = 0; (b) ε = [0;1;0], ∇ε = 0, E = 0; (c) ε =
[0;0;1], ∇ε = 0, E = 0; (d) ε = 0, ∇ε = [1;0;0;0;0;0], E = 0; (e) ε = 0, ∇ε = [0;1;0;0;0;0],
E = 0; (f) ε = 0, ∇ε = [0;0;1;0;0;0], E = 0; (g) ε = 0, ∇ε = [0;0;0;1;0;0], E = 0; (h) ε = 0,
∇ε = [0;0;0;0;1;0], E = 0; (i) ε = 0, ∇ε = [0;0;0;0;0;1], E = 0; (j) ε = 0, ∇ε = 0, E = [1;0];
(k) ε = 0, ∇ε = 0, E = [0;1].

It is assumed that both phases consist of the same piezoelectric material, but there is a
rotation mismatch between the main directions of the crystal in two phases by an angle θ .
Thus, the different mechanical, dielectric, and piezoelectric tensors are assumed to be com-
pletely anisotropic, which results in a material heterogeneity. The matrix (phase 1 in Fig. 2.3)
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is supposed filled by a transversely anisotropic ceramic (lead zirconium titanate) whereby an
orientation of the piezoelectric crystal main direction is along x1. The material parameters are
given in (2.138)-(2.140) in 2D form.

[C1] =

131.39 83.237 0
83.237 154.837 0

0 0 35.8

(GPa), (2.138)

[α1] =

[
2.079 0

0 4.065

]
(nC ·m−1 ·V−1), (2.139)

[E1] =

[
−2.120582 −2.120582 0

0 0 0

]
(C ·m−2). (2.140)

The main orientation of crystal in the inclusion differs from that of the matrix phase by an
angle of θ , thus the properties of the inclusion are defined according to

α2
i j = RipR jqα1

pq (2.141)

e2
i jk = RipR jqRkre1

pqr (2.142)

C2
i jkl = RipR jqRkrRlsC1

pqrs (2.143)

with the rotation matrix:

R =

[
cos(θ) −sin(θ)
sin(θ) cos(θ)

]
(2.144)

For illustration, the local electric displacement states in the deformed configurations corre-
sponding to the elementary loads are depicted in Fig. 2.4. We proceed to examine the conver-
gence of the effective flexoelectric properties concerning the number of unit cells N along each
direction within the RVE. The triangular unit cell (Fig. 2.3(a)) is chosen here and the mismatch
angle θ = π . Results for the components F1221 and F2112 are provided in Fig. 2.5. We can
observe a rapid convergence of the effective flexoelectric properties as the number of unit cells
increases.

Next, we only compute the evolution of the coefficients F1221, F2221, F1112 and F2112 with
respect to the mismatch angle for both triangular and asymmetric unit cells, due to these co-
efficients represent the polarization induced by bending. Other coefficients are associated with
polarization induced by more intricate strain gradient modes, which can be challenging to prac-
tically acquire.

From Fig. 2.6(a) (triangular unit cell), our first observation is that, when θ = 0 (representing
a homogeneous medium), the flexoelectric effects naturally vanish as expected. In this scenario,
the components F1221 and F2112 reach their maximum values when θ = π , aligning both crystal
phases in the same main direction but with coefficients of opposite signs. Conversely, the other
components F2221 and F1112 exhibit significantly smaller values in comparison to F1221 and
F2112, displaying local minima. Moving on to Fig. 2.6(b) (asymmetric unit cell), we note
that the components F1221 and F2112 exhibit two extrema, with F1221 reaching its maximum at
approximately θ ≈ 1.2π .

Comparing the two cases, we observe a noteworthy difference in the maximum value of the
coefficient F2112, which signifies the change in polarization along the x2 direction induced by
bending around an out-of-plane axis x3 (illustrated in Fig. 2.4(j)). Specifically, the triangular
inclusion exhibits a higher value of 0.124×10−3 C/m, surpassing the 0.090×10−3 C/m found
in the asymmetric case. This comparison illustrates the potential for a significant increase in
flexoelectric effects by judiciously selecting a directional mismatch between crystal orientations
and shapes. Additionally, it is noteworthy that these obtained values are considerably higher
when compared to naturally occurring flexoelectric materials like BaTiO3, whose flexoelectric
coefficients typically fall within the order of 10−5 C/m.
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Figure 2.5: Convergence of effective flexoelectric properties with the number of unit cells in
the RVE
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Figure 2.6: (a) Evolution of effective flexoelectric components with respect to the mismatch
angle for the RVE with: (a) triangular inclusions and (b) asymmetric inclusions.

2.4.2 Converse flexoelectricity of composite with piezoelectric phases

In this example, we investigate the significance of the converse flexoelectric and other higher
order electromechanical coupling terms in a piezoelectric composite. Only the RVE with tri-
angular inclusion (depicted in Fig. 2.3 (a)) is considered. Each phase is made of PZT (lead
zirconium titanate ceramics), but the main orientation of the crystal in both phase is rotated by
a mismatch angle θ ∈ [0,2π] to create a heterogeneity. The mechanical, dielectric and piezo-
electric properties of the PZT matrix phase are same as the previous example and given in
(2.138)-(2.140). Similarly, the inclusion phases are obtained by the material rotation formula
(2.141)-(2.144).

In Fig. 2.7(a), we compute the evolution of the components of the converse flexoelectric
tensor K with respect to the mismatch angle θ . The values are normalized with respect to the
flexoelectric component F1221 of PZT to evaluate their significance. We can notice that the
components K1111, K1112, K2211 and K1212 are of the same order (or higher) than the direct
flexoelectric coefficients of its constituents for almost all mismatch angles. The components
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(a) (b)

(c) (d)

Figure 2.7: Evolution of the components of the effective converse flexoelectric tensor K and of
higher order electromechanical coupling term T, L and H with respect to the mismatch angle
in the piezoelectric composite with triangular inclusions: (a) K; (b) T; (c) L; (d) H.

K1111, K2211 and K1212 exhibit an extremum of 0.1860× 10−3 C ·m−1, 0.1181× 10−3 C ·
m−1 and 0.0504× 10−3 C ·m−1, respectively around θ = π , while for K1112 this extremum is
0.111× 10−3 C ·m−1 around θ = π

2 ,
3π
2 . These results clearly demonstrate that the converse

flexoelectric coefficients in piezoelectric composites can make an important contribution to the
electromechanical response of the structure and cannot be ignored.

The evolution of the components of the other higher order electromechanical terms T, L
and H with respect to the mismatch angle θ are computed and shown in Figs. 2.7(b), 2.7(c)
and 2.7(d), respectively. Here again, these values are normalized with respect to the flexo-
electric properties of PZT to evaluate their significance. The extremum of components T 111,
T 222, T 112 and T 212 are comparable to the direct flexoelectric coefficient of PZT. For H, the
extrema of the components H11221 H12112 H22112 and H12221 are close to the half of the di-
rect flexoelectric coefficient of PZT. However, the effective tensor L has much smaller compo-
nents values as compared to local flexoelectric properties and only plays a negligible role here.
Therefore, these results demonstrate that the higher order electromechanical terms H and T can
make a significant contribution to the electromechanical response of piezoelectric composites.
More specifically, the coefficients T i jk are associated with additional polarization/electric dis-
placement induced by the electric field gradient, and thus characterize the importance of these
additional effects on the flexoelectric behavior. Taking these new terms into account in the
modeling and simulation of flexoelectric structures may help to design new flexoelectric-based
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sensors and actuators based on the mechanical and electrical gradient effects.

2.5 Conclusion
In this chapter, we have proposed a computational homogenization framework for composites
made of piezoelectric phases and having an apparent flexoelectric behavior. The effective model
takes into account both direct and converse flexoelectric effects, as well as all other higher order
electromechanical coupling terms related to electric and electric gradient fields. In contrast to
previous works, the present framework allows evaluating the full anisotropic direct and converse
flexoelectric tensors and all other higher order electromechanical coupling tensors associating
with electric and electric gradient fields, by means of finite element numerical calculations over
RVEs, and this for morphologies of phases having arbitrary local geometries. Additionally, we
have devised an effective mechanical and electric body forces correction which goal is to elim-
inate the spurious effects that were inherent in strain gradient and electric gradient numerical
homogenization schemes.

Numerical investigations have been conducted to evaluate the evolution of direct and con-
verse flexoelectric coefficients with regards to the local material properties and geometry of
the composite phases. The results show that the apparent converse flexoelectric coefficients
in a composite made of periodic triangular inclusions have the same order of magnitude as
the direct flexoelectric properties of the local constituents. We demonstrate that a significant
enhancement in flexoelectric effects can be achieved by appropriately selecting a mismatch
in crystal directions and shapes, showing the potential of the approach for optimization-based
design of efficient flexoelectric systems and concomitant applications in fields such as energy
harvesting, sensors and actuators etc, that will be discussed in the next chapters. Furthermore,
we have shows that the other higher order coupling terms, i.e., that relate the electric field to an
applied electric field gradient and the strain gradient (bending) to the electric field gradient have
non-negligible values as compared to the flexoelectric coefficients, and can make a significant
contribution to the electromechanical response of piezoelectric composites.



Chapter 3

Dynamic analysis of flexoelectric effects in
complex geometric structures

In materials or composites with an effective flexoelectric response, a polarization can be induced
by local strain gradients. In general, these effects are small in the static regime. However, larger
effects may be induced by dynamic loads, and can be used in energy harvesters converting me-
chanical vibrations into electrical energy. In this chapter, we developed an isogeometric analysis
(IGA) framework to solve the dynamic response of flexoelectric energy harvesters for arbitrary
geometries, in the frequency domain, including strain gradient inertial effects. As compared to
the previous related works available in the literature, the IGA discretization is proposed here for
the first time to solve dynamic flexoelectric problems in the frequency domain. The conditions
of both open and close-circuits are formulated. The numerical methodology is used to evaluate
the sensitivity of different parameters such as load resistors, flexoelectric coefficients and dy-
namic scale parameter on the frequency response of output voltage, power and displacements of
a beam-like structure with structural geometrical features, to evaluate the potential of the pro-
posed IGA approach, and its advantages for h- and p-refinements when considering complex
geometries.

Isogeometric analysis offers an effective and flexible method for achieving high-smoothness
approximations, which guarantee C1 continuity of the physical domain to tackle the 4th-order
flexoelectric partial differential equations. However, the tensor product structure of the param-
eter space of a patch makes it poorly suited for representing complex, multiple connected do-
mains. These multi-patch constructions in isogeometric analysis are at most C0-continuity. To
construct C1-continuity among patch common interfaces, the concept of geometric continuity
of surfaces is introduced. The C1-continuity of isogeometric functions is achieved by ensuring
that their geometric smoothness of the same order as that of their graph surfaces. We present the
construction of a C1 continuous isogeometric functions for multi-patch domains based on the
approaches of [196, 197, 198]. Finally, a beam with 4 circular voids, comprised of 18 patches,
is fabricated to ensure C1 continuity. The dynamic effects of the beam with flexoelectricity are
also examined. A part of this chapter is adapted from our published article [107].

3.1 Static flexoelectricity
The equations governing the static flexoelectric equilibrium are first reviewed. An open domain
Ω⊂R2 is considered, with boundary ∂Ω. The boundary is composed of Dirichlet and Neumann
parts, which are denoted by ∂Ωu and ∂Ωt for the displacement problem, respectively, and ∂Ωϕ
and ∂ΩD for the electric problem, respectively, such as ∂Ωu ∪∂Ωt = ∂Ω, ∂Ωu ∩∂Ωt = /0 and
∂Ωϕ ∪∂ΩD = ∂Ω, ∂Ωϕ ∩∂ΩD = /0. In the following, bold symbols denote vectors or tensors,
while non-bold symbols denote scalars or tensor components.

The electric enthalpy density h∗ of a linear electromechanical system, where piezoelectricity

41
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and flexoelectricity are both taken into account, is expressed by [15, 98, 199]:

h∗ =
1
2
Ci jklεi jεkl −

1
2

αi jEiE j − ei jkEkεi j −µi jklEi∇ε jkl +
1
2
Gi jklmn∇εi jk∇εlmn (3.1)

In Eq. (3.1), C, α and e denote the fourth-order elastic, second-order dielectric and third-
order piezoelectric tensors, respectively, µ denotes the fourth-order flexoelectric tensor, while
G is the sixth-order strain gradient elastic tensor. Note that in this chapter, for the sake of
simplicity, we did not include converse flexoelectric terms. The reader can refer to Chapter 2
for the complete converse flexoelectric model.

The strain tensor ε, the strain-gradient tensor ∇ε and the electric field vector E are defined
in (2.35)-(2.37) of Chapter 2.

Then the constitutive equations are obtained by:

σi j =
∂h∗

∂εi j
= Ci jklεkl − eki jEk (3.2)

di =−∂h∗

∂Ei
= αi jE j + ei jkε jk +µi jkl∇ε jkl (3.3)

τi jk =
∂h∗

∂∇εi jk
=Gi jklmn∇εlmn −µi jklEl (3.4)

where the σ, d and τ denote stress, electric displacement and hyperstress tensors, respectively.
The equations of the dielectric problem without free charge and mechanical problem without
body force are given by [24]

di,i = 0 in Ω (3.5)
σi j, j − τi jk, jk = 0 in Ω (3.6)

The problem is completed by boundary conditions for the electric problem as

ϕ = ϕ d on ∂Ωϕ (3.7)

dini =−Dd
n on ∂ΩD (3.8)

where ϕ d and Dd
n are the prescribed electric potential and surface charge density and n is the

unitary normal vector to the boundary ∂Ω. The mechanical boundary conditions are given by
(see e.g. [98]):

ui = ud
i on ∂Ωu (3.9)

tk = n j
(
σ jk − τi jk,i

)
−D j

(
niτi jk

)
= Fd

k on ∂Ωt (3.10)

where ud and Fd are the prescribed mechanical displacements and tractions, and D j(.) =
∂ (.)
∂x j

−

n jnq
∂ (.)
∂xq

. Due to strain gradients, additional boundary conditions are considered:

ui, jn j = vd
i on ∂Ωv (3.11)

nin jτi jk = rd
k on ∂Ωr (3.12)

with ∂Ωv ∪∂Ωr = ∂Ω, ∂Ωv ∩∂Ωr = /0. Here, we assume natural boundary conditions on ∂Ωv
and ∂Ωr, i.e. vd = rd = 0.
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3.2 Dynamic flexoelectricity
The total electric enthalpy H, the kinetic energy K, the Rayleigh dissipation R̃ and the external
work W ext are expressed by [98, 200] .

H =
∫

Ω
h∗dΩ (3.13)

K =
∫

Ω
{1

2
ρ u̇iu̇i +

1
2
ℓ2

d u̇i, ju̇i, j}dΩ (3.14)

R̃ =
∫

Ω

1
2

Vi ju̇iu̇ jdΩ (3.15)

W ext =
∫

∂Ωt

Fd
i uidS−

∫
∂ΩD

Dd
nϕdS (3.16)

Above, ρ is the density, ˙(.) indicates time derivative, ℓd is dynamic scaling parameter (micro
inertia characteristic length). The term ℓ2

d u̇i, ju̇i, j is a dynamic term associated with the strain
gradient problem [200, 201] and V denotes viscous damping coefficients. Let us group all
unknown quantities, respectively the displacement vector u and the potential ϕ in a vector q.
From the Hamilton’s principle, the following Lagrangian equations are obtained, taking into
account dissipation due to viscous damping terms:

d
dt

(
Dδ q̇L

)
−DδqL+Dδ q̇R =W ext (3.17)

where Dδv f (u) is the directional derivative, expressed by

Dδv f (u) =
[

d f (u+αδv)
dα

]
α=0

(3.18)

and Dq = Dδu +Dδϕ , Dq̇ = D ˙δu and

L = K −H (3.19)

We have, using (3.14):

Dq̇L = Du̇L =
∫

Ω
Du̇KdΩ =

∫
Ω
{ρ u̇iδ u̇i + ℓ2

d u̇i, jδ u̇i, j}dΩ (3.20)

Then,

d
dt

(Dq̇L) =
∫

Ω
{ρ üiδ u̇i + ℓ2

d üi, jδ u̇i, j}dΩ (3.21)

and
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DδL =−DδuH −Dδϕ H . (3.22)

We have, using (3.1)-(3.13):

DδuH =
∫

Ω
{Ci jklεi jδεkl − ei jkδεi jEk −µi jklEiδ∇ε jkl +Gi jklmn∇εi jkδ∇εlmn}dΩ

(3.23)

Dδϕ H =
∫

Ω
{αi jEiδϕ, j + ei jkεi jδϕ,k +µi jklδϕ,i∇ε jkl}dΩ (3.24)

and

Dδ q̇R̃ = Dδ u̇R̃ =
∫

Ω
Vi ju̇iδu jdΩ (3.25)

We finally obtain the weak forms:

∫
Ω
{σi jδεi j + τi jkδ∇εi jk +ρ üiδui + ℓ2

d üi, jδui, j +Vi ju̇iδu j}dΩ =
∫

∂Ωt

Fd
i δuidS (3.26)∫

Ω
diδϕ,idΩ =

∫
∂ΩD

Dd
nδϕdS (3.27)

with δεi j =
1
2

(
δui, j +δu j,i

)
and δ∇εi jk =

1
2

(
δui, jk +δu j,ik

)
.

3.3 IGA discretization of dynamic flexoelectric equations

3.3.1 Concepts of IsoGeometric Analysis (IGA)
The flexoeoectric problem requires at least C1 continuity of displacement fields due to the strain
gradient terms in (3.26). Different approaches have been proposed in the literature, as described
in the introduction. In this work, we use Isogeometric Analysis (IGA) [103] for the discretiza-
tion of the dynamic flexoelectric problem in the frequency domain. In isogeometric analysis, the
NURBS (Non-Uniform Rational B-Spline) are used to construct curves, surface and solid, and
NURBS basis functions are employed to approximate the physical fields like the displacements
(see e.g. [103, 202, 203]). The geometry and physical field construction of NURBS surfaces is
illustrated in Fig. 3.1.

The fundamental concept of Isogeometric Analysis is the utilization of NURBS not only as a
technology for discretizing geometry but also as a tool for discretizing the analysis. NURBS are
built from B-splines. To construct a B-spline, a knot vector in one dimension must be specified
and is defined as a non-decreasing set of parameter values ξ = {ξ1,ξ2, ...,ξn+p+1}, where ξi ∈R
is i-th knot index, p is the polynomial order, and n is the number of basis function. The knot
vector partitions the parameter space into intervals usually referred to as knot spans. Knot
vectors can be uniform when knots are evenly distributed in the parameter space. Conversely
they become non-uniform when the spacing of knots is non-uniform. Knot values may be
repeated, and the repeated number of a particular knot value is referred to as a knot with a
certain multiplicity k. Typically, an open knot vector is utilized where its first and last knots
appear k = p+1 times.

B-Spline basis functions are recursively defined using the Cox-de Boor formula [204] and
start with piecewise constants functions (p = 0):
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Figure 3.1: Schematic illustration of NURBS surface model. Open knot vectors and high order
continuous basis functions are used.

Ni,0 =

{
0, i f ξi ≤ ξ ≤ ξi+1
1, otherwise. (3.28)

For p = 1,2, ..., we have

Ni,p(ξ ) =
ξ −ξi

ξi+p −ξi
Ni,p−1(ξ )+

ξi+p+1 −ξ
ξi+p+1 −ξi+1

Ni+1,p−1(ξ ) (3.29)

NURBS are formed through rational functions of B-spline. The projective transforma-
tion of a B-spline curve yields a rational polynomial of the form CR(ξ ) = f (ξ )/g(ξ ), where
f (ξ ) and g(ξ ) are piecewise polynomials. We get the NURBS curve C(ξ ) by performing ex-
actly the same projective transformation to the B-spline curve Cw(ξ ). Given a knot vector
ξ = {ξ1,ξ2, ...,ξn+p+1}, and a control net of points Bi ∈Rd (d is dimension), the control points
Bi are derived from the projective control points Bw

i in Rd+1 by the following relations:

(Bi) j = (Bw
i ) j/wi, j = 1, ...,d (3.30)

wi = (Bw
i )d+1 (3.31)

where (Bi) j is the j-th component of the vector Bi. wi is referred to as the i-th positive weight
and the subscript d +1 means the (d +1)-th component of projective control points.

We define the weighting function W (ξ ):

W (ξ ) =
n

∑
i=1

Ni,p(ξ )wi (3.32)

The NURBS curve obtained as:

C(ξ ) =
Cw(ξ )
W (ξ )

=
n

∑
i=1

Ni,p(ξ )wiBi

∑n
j=1 N j,p(ξ )w j

(3.33)
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The NURBS basis functions are given by

Ri,p(ξ ) =
Ni,p(ξ )wi

W (ξ )
=

Ni,p(ξ )wi

∑n
j=1 N j,p(ξ )w j

(3.34)

It is worth noting that when all the weights are equal, the NURBS basis degenerate to the B-
Spline basis. With this procedure, NURBS surfaces S(ξ ,η) and solids V (ξ ,η ,ζ ) can be defined
analogously by extending the rational basis functions to 2D and 3D as:

S(ξ ,η) =
n

∑
i=1

m

∑
j=1

Rp,q
i, j (ξ ,η)Bi, j (3.35)

and

V (ξ ,η ,ζ ) =
n

∑
i=1

m

∑
j=1

l

∑
k=1

Rp,q,r
i, j,k (ξ ,η ,ζ )Bi, j,k (3.36)

where Bi, j and Bi, j,k are respectively the 2D and 3D coordinates of the control points. The
rational terms Rp,q

i, j and Rp,q,r
i, j,k are provided by

Rp,q
i, j (ξ ,η) =

Ni(ξ )M j(η)wi, j

∑n
î=1 ∑m

ĵ=1 Nî,p(ξ )M ĵ,q(η)wî, ĵ
(3.37)

and

Rp,q,r
i, j,k (ξ ,η ,ζ ) =

Ni(ξ )M j(η)Lk(ζ )wi, j,k

∑n
î=1 ∑m

ĵ=1 ∑m
k̂=1

Nî,p(ξ )M ĵ,q(η)Lk̂,q(ζ )wî, ĵ, ĵ
(3.38)

where Ni,p(ξ ) and Mi,q(η), Lk,r(ζ ) are univariate B-Spline basis of order p, q and r correspond-
ing to knot vectors ξ, η and ζ, respectively.

In the previous content, we appreciate how NURBS construct geometry. We then proceed
to introduce the use of NURBS as a discretization tool for structural analysis, so called Isoge-
ometric Analysis. A schematic illustration of Isogeometric Analysis is presented in Fig. 3.1
for a NURBS surface. Parameter space schematically shown in Fig. 3.1 is formed by consid-
ering only the non-zero intervals between knot values. The regions bounded by knot lines with
non-zero knot values subdivide element domains. The NURBS mapping of Eq. (3.35) trans-
form coordinates in the parameter space to the physical space. For analysis to be performed we
require the definition of a parent space Ω̃ = [−1,1]d, d = 1,2,3, where the use of numerical
integration routines are often defined over the interval [−1,1] for each direction. The fields in
physical questions (e.g., displacement, temperature, electric potential, etc.) are represented in
terms of the same basis functions as the geometry. The coefficients of the basis functions are
the degrees-of-freedom, or control variables.

3.3.2 Discretization of flexoelectric equations
In this work, the IGA discretization for the problem defined in (3.26)-(3.27) is presented with
2D plane strain assumption. The displacement u and electric potential ϕ fields are both approx-
imated using NURBS according to

u(x) =
n

∑
i=1

m

∑
j=1

Rp,q
i, j (ξ ,η)ue

i j = Nuue (3.39)

ϕ(x) =
n

∑
i=1

m

∑
j=1

Rp,q
i, j (ξ ,η)ϕ e = Nϕ ϕe (3.40)
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defining the following vectors:

ue =
[
u1

x ,u
2
x , ...,u

n
x ,u

1
y ,u

2
y , ...,u

n
y
]

(3.41)

ϕe =
[
ϕ 1,ϕ 2, ...,ϕ n] (3.42)

[ε] = [ε11,ε22,2ε12] (3.43)

[∇ε] = [∇ε111,∇ε221,2∇ε122,∇ε222,∇ε112,2∇ε121] (3.44)

and the different following quantities are obtained from the shape function derivatives by

[ε] = Buue (3.45)
E =−Bϕ ϕe (3.46)
[∇ε] = Huue (3.47)

where Bu, Bϕ and Hu are shape function derivative matrices, given by

Bϕ =

∂N1
ϕ

∂x · · ·
∂Nn

ϕ
∂x

∂N1
ϕ

∂y · · ·
∂Nn

ϕ
∂y

 , Bu =


∂N1

u
∂x · · · ∂Nn

u
∂x 0 · · · , 0

0 · · · 0 ∂N1
u

∂y · · · ∂Nn
u

∂y
∂N1

u
∂y · · · ∂Nn

u
∂y

∂N1
u

∂x · · · ∂Nn
u

∂x

 (3.48)

Hu =



∂ 2N1
u

∂x2 · · · ∂ 2Nn
u

∂x2 0 · · · 0

0 · · · 0 ∂ 2N1
u

∂x∂y · · · ∂ 2Nn
u

∂x∂y
∂ 2N1

u
∂y2 · · · ∂ 2Nn

u
∂y2

∂ 2N1
u

∂x∂y · · · ∂ 2Nn
u

∂x∂y

0 · · · 0 ∂ 2N1
u

∂y2 · · · ∂ 2Nn
u

∂y2

∂ 2N1
u

∂x∂y · · · ∂ 2Nn
u

∂x∂y 0 · · · 0
∂ 2N1

u
∂x∂y · · · ∂ 2Nn

u
∂x∂y

∂ 2N1
u

∂x2 · · · ∂ 2Nn
u

∂x2


(3.49)

and ue and ϕe denote the nodal displacements and potentials, respectively.
When only static equilibrium is considered, substituting (3.2)-(3.4) and (3.39)-(3.47) into

(3.26)-(3.27) yields a discrete system of algebraic equations in the form:∫
Ω
(δue)T{(BT

u CBuue +HT
u GHuue)+(δue)T (BT

u eBϕ ϕe +HT
u µBϕ ϕe)}dΩ

=
∫

∂Ωt

(δue)T NT
u Fd

i dS (3.50)∫
Ω
(δϕe)T (BT

ϕ αBϕ ϕe +BT
ϕ eBuue −BT

ϕ µHuue)dΩ =−
∫

∂ΩD

(δϕe)T NT
ϕ Dd

ndS

(3.51)

We write the discrete system by the matrix form as:[
Kuu Kuϕ
−KT

uϕ Kϕϕ

][
u
ϕ

]
=

[
fu
fϕ

]
(3.52)
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with

Kuu =
∫

Ω
[BT

u CBu +HT
u GHu]dΩ (3.53)

Kuϕ =
∫

Ω
[BT

ϕ eBu +BT
ϕ µHu]dΩ (3.54)

Kϕϕ =
∫

Ω
[BT

ϕ αBϕ ]dΩ (3.55)

fu =
∫

Ω
NT

u FddS (3.56)

fϕ =−
∫

Ω
NT

ϕ Dd
ndS (3.57)

Moreover, the material parameters C, e, α, µ and G can be defined in the matrix form
[60, 179] as

C=

c11 c12 0
c12 c22 0
0 0 c44

 , e =

[
e111 e122 e112
e211 e222 e212

]
, α =

[
α11 0
0 α33

]
(3.58)

µ =

[
µ1111 µ1221 µ1122 µ1222 µ1112 µ1121
µ2111 µ2221 µ2122 µ2222 µ2112 µ2121

]
(3.59)

For the sake of simplicity, we assume the matrix G is in the form:

G= ℓ2


c11 0 0 c12 0 0
0 c22 c12 0 0 0
0 c12 c11 0 0 0

c12 0 0 c22 0 0
0 0 0 0 c44 0
0 0 0 0 0 c44

 (3.60)

3.3.3 Discretization of dynamic flexoelectricity in the frequency domain
When dynamic terms are taken into account, introducing (3.39)-(3.47) into (3.26)-(3.27) yields
the following discrete set of time-differential equations:

{
Mü+Du̇+Kuuu+Kuϕ ϕ = fu

−KT
uϕ u+Kϕϕ ϕ = fϕ

(3.61)

where the mass matrix M and damping matrix D are defined by

M =
∫

Ω
ρ{NT

u Nu + ℓ2
dB̃T

u B̃u}dΩ (3.62)

D =
∫

Ω
NT

u VNdΩ (3.63)

with

B̃u =


∂N1

u
∂x · · · ∂Nn

u
∂x 0 · · · , 0

0 · · · 0 ∂N1
u

∂y · · · ∂Nn
u

∂y
∂N1

u
∂y · · · ∂Nn

u
∂y 0 · · · 0

0 · · · 0 ∂N1
u

∂x · · · ∂Nn
u

∂x

 (3.64)
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Following classical approaches, the matrix D is approximated by

D = β1M+β2Kuu (3.65)

Above, β1 and β2 are constants computed by [15]:[
β1
β2

]
=

2ω1ω2

ω2
1 −ω2

2

[
−ω2 ω1

1
ω2

− 1
ω1

][
ξ1
ξ2

]
(3.66)

where ξ1 and ξ2 are two damping ratios, and ω1 and ω2 are the first two resonance frequencies
of the structure.

The displacement field, the potential and the external forces are assumed to be in the form:

u = ũe jωt , ϕ = ϕ̃e jωt , fu = f̃ue jωt (3.67)

where j is the complex number and ω is the frequency. In the case of an open circuit, fϕ = 0.
Introducing (3.67) in (3.61), we obtain:[(

Kuu + jωD−ω2M
)

Kuϕ
−KT

uϕ Kϕϕ

][
ũ
ϕ̃

]
=

[
f̃u
0

]
(3.68)

In this work, boundary conditions associated with a close circuit, as illustrated in Fig. 3.4(b),
are considered. Following [102], we have:

ḟϕ =
ϕ̂

R
(3.69)

where R is the resistor value and ϕ̂ is the vector of nodal potentials where the resistor is con-
nected. The vector ϕ̂ is related to the global unknown vector ϕ̃ through a matrix T such that
ϕ̂ = Tϕ̃ and which contains mainly zeros and ones. Deriving the last equation of (3.61) with
respect to time we obtain:

−KT
uϕ u̇+Kϕϕ ϕ̇ = ḟϕ (3.70)

Then, using (3.67) and (3.69), it yields:

− jωKT
uϕ ũ+ jωKϕϕ ϕ̃ =

ϕ̂

R
(3.71)

The new linear system to be solved for a given frequency ω is given by:[
Kuu + jωD−ω2M Kuϕ

−KT
uϕ Kϕϕ− T

jωR

][
ũ
ϕ̃

]
=

[
f̃u
0

]
(3.72)

3.4 C1-continuous Isogeometric analysis on multiple patches
It is crucial to guarantee C1 continuity of the physical domain when tackling the 4th-order
flexoelectric partial differential equations. Isogeometric analysis offers a valuable method for
achieving high-smoothness approximations. Nevertheless, the tensor product structure of the
parameter space of a patch makes it poorly suited for representing complex, multiply connected
domains. On these geometries, multiple parameter spaces (patches) are used to describe the
physical domain, resulting in a loss of continuity occurring at the patch interfaces. This reduc-
tion in smoothness is primarily governed by the geometric representation, where sharp turns
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and corners within the domain and the connection among multiple subdomains (patches) are
conventionally handled by C0 parameterizations. An alternative strategy to ensure desired con-
tinuity requirements involves constructing a basis for the corresponding C1 isogeometric space.

We focus on the complete space of C1-smooth isogeometric functions on any given two-
patch (or multi-patch) parameterization and construct a basis for the associated C1 continuous
isogeometric space while keeping the geometric parametrization unaltered. These basis func-
tions are formulated by means of minimal determined sets for the Bézier coefficients, ensuring
that they possess a local support and are well conditioned. After then, the C1 continuous multi-
patch isogeometric space can be employed to solve 4th-order flexoelectric PDEs.

3.4.1 C1-continuous isogeometric functions
For simplification, we restrict the cases to 2D domains, schematically shown in Fig. 3.2(a). We
consider n bilinear, regular mappings

G(k) : [0, 1]2 → R2, k ∈ {1, ...,n} (3.73)

We assume G(k) as a NURBS surface, and its coordinates and parametric representation is
written as:

(ξ (k),η(k)) 7→ (G(k)
1 ,G(k)

2 ) =
m

∑
i=1

B(k)
i R(k)

i (ξ ,η) (3.74)

where B(k)
i = [x(k)i ,y(k)i ] is the control points and R(k)

i is the corresponding basis. Each geometry
mapping G(k) defines a quadrilateral subdomain, i.e. patch.

Ω(k) = G(k)([0,1]2) (3.75)

and there is no intersection among interiors of these patches.
The physical domain Ω∈R2 is defined as Ω=∪Ω(k). The space of isogeometric function of

each patch Ω(k) is given as S(k) ◦ (G(k))−1, wherein S(k) is a NURBS space of degree p defined
on the parametric domain [0, 1]2. The space of C1 continuous isogeometric functions defined
on the physical domain Ω can be written as:

Z = {z ∈C1(Ω) : z|Ω(k) ∈ S(k) ◦ (G(k))−1 for all k ∈ {1, ...,n}} (3.76)

We consider an isogeometric function w ∈ Z on each patch, and it is represented as

w(k) = (N(k) ◦ (G(k))−1)(x),x ∈ Ω(k) (3.77)

with N(k) ∈ S(k). N(k) is a basis function defined on the local parameter domain [0,1]2. w(k) is
the associated segment of the isogeometric function defined on Ω(k), and its associated graph
surface F(k)(ξ ,η) possesses the form

F(k)(ξ ,η) = (G(k)(ξ ,η), N(k)(ξ ,η))T = (G(k)
1 (ξ ,η), G(k)

2 (ξ ,η), N(k)(ξ ,η))T (3.78)

We consider two neighboring patches Ω(k1) and Ω(k2) with the common interface Γk1k2 =
Ω(k1) ∩ Ω(k2). Since w ∈ C1(Ω), the first derivatives of the functions w(k1) and w(k2) at the
common interface have to satisfy:

∂w(k1)(x)

∂ξ
=

∂w(k2)(x)

∂ξ
,

∂w(k1)(x)

∂η
=

∂w(k2)(x)

∂η
, x ∈ Γk1k2 (3.79)

where x are the global coordinates on Ω.
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[0, 1]2

Ω(1)

Ω(2)

G(1)

G(2)

ξ(1)

η(1)

ξ(2)

η(2)

Γ(1,2)

[0, 1]2

(b)

Γ(1,2)

c1     c2 c3

cn-2  cn-1 cn

c4     c5 c6

c7     c8 c9

c10   c11 c12

(Basis order p=q=3)

(a)

Figure 3.2: (a) The geometric mapping G(1) and G(2) defined on [0,1]2, and elements on the
common interface Γ(1,2) ; (b) The Bézier coefficients for four neighboring pairs of spline seg-
ments along the associated common interface Γ(1,2) of the two patches

3.4.2 C1 continuity on two-patch geometries
We assume that both patches are bilinearly parameterized, and represented as B-spline patches
of degree (p, p), as shown in Fig. 3.2(a). We first construct isogeometric basis functions on
Ω, which span the space Z of all C1 geometrically continuous isogeometric functions. Con-
sequently, we choose the B-spline basis function N(k) ∈ S(k) possessing the form of a degree
p Bernstein-Bézier basis function defined on a particular element eℓ (i.e. each non-zero knot
interval) as follows:

N(k)|eℓ(ξ ,η) =
p

∑
i=1

p

∑
j=1

c(k)i j β (k)
i,p (u)β

(k)
j,p(v) (3.80)

where c(k)i j are the scalar Bézier coefficients, while β (k)
i,p (u) and β (k)

j,p(v) are the Bernstein basis
function. These functions are calculated on the reference interval u,v ∈ [−1,1] as

β (k)
i,p (u) =

1
2p

(
p

i−1

)
(1−u)p−(i−1)(1+u)(i−1), u ∈ [−1, 1] (3.81)

where
(

p
i−1

)
= p!

(i−1)!(p+1−i)! , 1 ≤ i ≤ p+ 1. For the particular knot-spans [ξi,ξi+1] and

[ηi,ηi+1], the mapping is given such as fe : u ∈ [−1,1]→ ξ ∈ [ξi,ξi+1], i.e. ξ = u
2(ξi+1 −ξi)+

1
2(ξi+1 +ξi). The graph surface of w(k) can be written as

F(k)(ξ ,η) = (G(k)
1 (ξ ,η), G(k)

2 (ξ ,η), N(k)(ξ ,η))T (3.82)

An isogeometric function w has C0-continuity across the constructed common edge Γ(1,2) =
Ω(1)∩Ω(2) parallel to η-direction, if and only if

G(1)(1,η) = G(2)(0,η) and N(1)(1,η) = N(2)(0,η) on Γ(1,2), η ∈ [0,1] (3.83)
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The tangent planes of the graph surfaces F(1) and F(2) at points along the common interface
Γ(1,2) are calculated respectively by their first derivative vectors:

∂F(1)(1,η)

∂ξ
,
∂F(1)(1,η)

∂η
and

∂F(2)(0,η)

∂ξ
,
∂F(2)(0,η)

∂η
(3.84)

The C1-continuity of the isogeometric function w is guaranteed when their formed 3×4 matrix

has rank 2 only. Due to the C0 continuity condition (3.83) implies the identity ∂F(1)(1,η)
∂η =

∂F(2)(0,η)
∂η , thus the C1 geometric continuous condition between two patches can be expressed as

det

(
∂F(1)(1,η)

∂ξ
,
∂F(1)(1,η)

∂η
,
∂F(2)(0,η)

∂ξ

)
= 0,η ∈ [0,1] (3.85)

or

det

(
∂F(1)(1,η)

∂ξ
,
∂F(2)(0,η)

∂ξ
,
∂F(2)(0,η)

∂η

)
= 0,η ∈ [0,1] (3.86)

Substituting (3.82) into (3.85), and expanding the determinant in (3.85) gives

α̃(1,η)
∂N(1)(1,η)

∂ξ
+ β̃ (1,η)

∂N(1)(1,η)

∂η
+ γ̃(0,η)

∂N(2)(0,η)

∂ξ
= 0 (3.87)

with

α̃(1,η) =
∂G(1)

1 (1,η)

∂η
∂G(2)

2 (0,η)

∂ξ
−

∂G(2)
1 (0,η)

∂ξ
∂G(1)

2 (1,η)

∂η

β̃ (1,η) =
∂G(2)

1 (0,η)

∂ξ
∂G(1)

2 (1,η)

∂ξ
−

∂G(1)
1 (1,η)

∂ξ
∂G(2)

2 (0,η)

∂ξ

γ̃(0,η) =
∂G(1)

1 (1,η)

∂ξ
∂G(1)

2 (1,η)

∂η
−

∂G(1)
1 (1,η)

∂η
∂G(1)

2 (1,η)

∂ξ

When the common edge is parallel to ξ -direction, i.e. Γ(1,2) = G(1)(ξ ,1)∩G(2)(ξ ,0), the
C1 continuous condition is rewritten as:

det

(
∂F(1)(ξ ,1)

∂ξ
,
∂F(1)(ξ ,1)

∂η
,
∂F(2)(ξ ,0)

∂η

)
= 0,ξ ∈ [0,1] (3.88)

or

det

(
∂F(1)(ξ ,1)

∂η
,
∂F(2)(ξ ,0)

∂ξ
,
∂F(2)(ξ ,0)

∂η

)
= 0,ξ ∈ [0,1] (3.89)

The expansion of (3.88) is given by:

α̃(ξ ,1)
∂N(1)(ξ ,1)

∂ξ
+ β̃ (ξ ,1)

∂N(1)(ξ ,1)
∂η

+ γ̃(ξ ,0)
∂N(2)(ξ ,0)

∂ξ
= 0 (3.90)

with

α̃(ξ ,1) =
∂G(1)

1 (ξ ,1)
∂η

∂G(2)
2 (ξ ,0)
∂η

−
∂G(2)

1 (ξ ,0)
∂η

∂G(1)
2 (ξ ,1)
∂η

β̃ (ξ ,1) =
∂G(2)

1 (ξ ,0)
∂η

∂G(1)
2 (ξ ,1)
∂ξ

−
∂G(1)

1 (ξ ,1)
∂ξ

∂G(2)
2 (ξ ,0)
∂η

γ̃(ξ ,0) =
∂G(1)

1 (ξ ,1)
∂ξ

∂G(1)
2 (ξ ,1)
∂η

−
∂G(1)

1 (ξ ,1)
∂η

∂G(1)
2 (ξ ,1)
∂ξ
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To ensure C1-continuity across the common boundary, we select enough collocation points
along the common edge to obtain a set of continuity constraints. As the geometries are ex-
pressed by the finite-dimensional space of Bernstein-Bézier basis functions (3.80), these con-
straints can be equated to many linear constraints on the Bézier coefficients c(1)i and c(2)i , which
can be constructed as a homogeneous linear system

H ·c = 0, c = (c(k)i )k=1,2 (3.91)

Followed by the construction of the homogeneous linear matrix H. There are two kinds of
basis function in Z, i.e. the first kind only have support in one patch, while the second kind
have support in both patches. Only the second kind are relevant to the common boundary, thus
they are the focus here. The two bilinear patches are represented as B-spline patches of degree
(p, p) in [0,1]2 and p = 3, the knot vector in each direction is inserted t equidistant inner knots
of multiplicity p− 1. There will be t + 1 pairs of segments (i.e. common edge of neighboring
elements between two patches) along the associated common edge, shown as the red line in Fig.
3.2(a).

Since all the 2D basis functions are formed by the tensor products of 1D basis functions,
we discuss the basis functions in 1D. It is straightforward to extend the conclusions to 2D
cases. The B-spline basis functions of degree p = 3 are given in Fig. 3.3(a). We note that,
the derivatives of the first two basis functions (N1,3 and N2,3) are non-zeros at edge ξ = 0. In
contrast, the derivatives of the last two basis functions (N7,3 and N8,3) are non-zeros at ξ =
1. With these basis functions, the common edge between both patches is only C0 continuity.
Consequently, they are labeled as removed functions, and will be replaced by new basis. The
interior knots of the knot vector have p−1 multiplicity, it implies that the basis functions on the
edge (such as ξ = 1/3 and ξ = 2/3) of two neighboring elements within a patch have p−(p−1)
continuous derivatives, i.e. C1-continuity. There are two purposes using the repeated interior
knots: decreasing the support area of each basis function while preserving at least C1-continuity,
and the removed basis functions only support edge elements (i.e. elements on ξ = 0 and ξ = 1).

Here the B-spline basis functions are element-wise constructed by Bézier coefficients and
Bernstein functions, i.e. equation (3.80). The modified and new B-spline basis functions are
achieved by operating Bézier coefficients. The 1D cubic Bernstein functions (β1,3(u), β2,3(u),
β3,3(u), β4,3(u)) are shown in Fig. 3.3(b). We can see that at u =−1, the derivatives of β1,3(u)
and β2,3(u) are non-zero. Therefore, the coefficients associated with these functions will in-
fluence the derivatives at the edge u = −1. Analogously, β3,3(u) and β4,3(u) will impact the
derivatives at edges u = 1. Since we consider functions of the second kind, only the Bézier co-
efficients along the common edge and in the neighboring columns are relevant. The coefficients
influencing the common edge continuity are marked by red dots in Fig. 3.2(b), and numbered
from bottom to top along the common interface. In total we obtain nc = 3p(t + 1)+ 3 coeffi-
cients ci.

Another important issue is to select suitable number of constraint conditions for the ho-
mogeneous linear system H where the nullspace determines the values of the relevant Bézier
coefficients. It can be obtained by calculating the constraint equations (3.87) or (3.90) at the
uniformly distributed collocation points on each segments (the red and blue lines shown in Fig.
3.2). To construct a determined system, the number of distributed collocation points should be
larger than nc (the number of undetermined Bézier coefficients), and they are uniformly selected
on each segment.

When solving a homogeneous linear system H ·c= 0, the null space is not uniquely defined.
If not select the nullspace carefully, it would result in basis functions with support over all the
boundary elements associated with the common interface, and possibly lead to ill-conditioning
and non-banded stiffness matrices with a large number of non-zero entries. We thus construct
a sparse basis of the nullspace of H by finding a minimal determined set of the coefficients.
Minimal determined set is a set of coefficients, where the Bézier coefficients can be chosen
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Figure 3.3: (a) 1D B-spline basis, degree p = 3 and knots ξ =[0, 0, 0, 0, 1/3, 1/3, 2/3, 2/3, 1, 1,
1, 1]; (b) 1D Bernstein basis of degree p = 3;

arbitrarily while preserving C1-continuity. To understand minimal determined set, we begin by
using Gaussian elimination to transform H into a block matrix

H =

[
Dr×r,Ar×m
0n×r,0n×m

]
(3.92)

where Dr×r is r× r nonsingular diagonal matrix and Ar×m is an r×m matrix. r is the rank of
A and m is the number of active points in a minimal determining set, i.e. the number of new
second kind basis. Thus, we obtain an initial minimal determining set containing all the points
corresponding to the columns of A, which form a basis of the null space c. Minimal determined
set is in general not uniquely defined. Here, we use the approach shown in Algorithm 1 [205] to
obtain the minimal determining set. This procedure also performs some kind of normalization
for the spline coefficients, which ensures that the resulting basis functions are well conditioned.

Algorithm 1 Computation of minimal determined set of homogeneous matrix
Input: H - homogeneous system
Output: MDS - minimal determined set of Bézier coefficients ci

1: Initialize MDS column index IMDS=[];
2: Bézier coefficients index Ī = [1,2, ...,nc];
3: for i = 1 to nc do
4: solve H ·c = 0 with condition ci = 1 and c j = 0 for j ∈ IMDS ∪ (Ī\[i])
5: if a solution c∗ exists then
6: find k such that |c∗k |=max(|c∗|)
7: IMDS = IMDS ∪ [k]
8: end if
9: Ī = Ī\[i]

10: end for
11: return MDS=[ci]i∈IMDS
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Figure 3.4: Electromechanical coupling cantilever beam with (a) open circuit boundary condi-
tions; (b) close-circuit boundary conditions.

3.5 Numerical examples
In this section, we first validate the present IGA formulation for dynamic flexoelectric calcu-
lations. Then, we use the present numerical model to discuss the influence of parameters in
vibrating flexoelectric systems. Finally, we construct a multi-patch C1-continuous complex ge-
ometry and analysis its dynamic effects.

3.5.1 Validation of the IGA flexoelectric model
3.5.1.1 Static flexoelectric benchmark

First, we validate the present IGA framework on a static flexoelectric benchmark. A beam
made of a flexoelectric material is considered, as shown in Fig. 3.4 (a). Displacements are
fixed on the left-end, and a static force F = 1 N is prescribed on the top-right corner along the
y−direction. On the right end, zero electric potential is prescribed to mimic an open circuit.
The beam has dimensions h×L. The length of the beam is L = 20h and the thickness h varies.
It is assumed that only the stress component σ11 and electric field component E2 are non-zero.
The analytical solution of the energy conversion de f f for a 1-D flexoelectric beam model was
provided in Majoub et al. [206] as:

de f f =
χ

1+χ

√
α
E
(e2 +12(

µ
h
)) (3.93)

where χ is electric susceptibility, α = α33 is dielectric coefficient, E is the Young’s modulus,
e = e31 is the transversal piezoelectric coefficient, and µ = µ12 is the transversal flexoelectric
coefficient. Then the analytical expression of the normalized effective piezoelectric constant
(NEPC) d∗ for this problem was provided as [206]

d∗ =
de f f

dpiez
=

√(
1+12

(µ12

eh

)2
)

(3.94)

To simulate the one-dimensional analytical model in [206], we simplify our model by neglecting
the Poisson’s ratio (i.e. ν = 0) and considering only the transversal piezoelectric and flexoelec-
tric constants e13 and µ12 to be non-zero. The numerical values of the coefficients are provided
in Table 3.1. For numerical calculations, the rectangular domain corresponding to the beam is
discretized with Nx ×Ny B-spline elements of order 2. Considering plane strains, the matrices
Kϕϕ and Kuu in (3.52) are assembled using the values of C, α, e in (3.58) as:

C=
E

(1+ν)(1−2ν)

1−ν ν 0
ν 1−ν 0
0 0 1

2 −ν

 , α =

[
α33 0
0 α33

]
(3.95)
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Table 3.1: Material parameters.

E ν µ12 α33 e31
100 GPa 0 10 nC/m 1nC/Vm -4.4 C/m2

0 2 4 6 8
Normalized thickness

1

2

3

4

5

6

7

d
*

Analytical
IGA

Figure 3.5: Normalized effective piezoelectric coefficient (NEPC) with respect to nomalized
thickness h′.

µ =

[
0 µ12 0 0 0 0
0 0 0 0 µ12 0

]
e =

[
0 0 0

e31 0 0

]
(3.96)

and G= 0 in (3.60). The NEPC is evaluated from the numerical IGA calculations by:

d̃∗ =

√
1
2 ϕ1·Kϕϕ ·ϕ1
1
2 u1·Kuu·u1√

1
2 ϕ2·Kϕϕ ·ϕ2
1
2 u2·Kuu·u2

(3.97)

where ϕ and u are the vector solutions of the linear system (3.52), and the subscript 1 and 2
correspond to piezo-flexoelectric effects and only piezoelectric effects, respectively. A com-
parison between the analytical and the numerical NEPC solutions are provided in Fig. 3.5 for
a fixed 240× 24 B-Spline elements of order 2 and varying values of the normalized thickness
h′ =−eh/µ . A very good agreement between both solutions can be appreciated.

3.5.1.2 Dynamic benchmark

In this next example, we consider the free vibration of a cantilever beam with square section
where the left end is fixed and the other boundaries are free. The objective is to validate the IGA
scheme in the dynamic case. Here, the electromechanical coupling is not taken into account.
The analytical expression of the natural frequencies fr are given by [207]:

fr =
λ 2

r
2πL2

√
Eh2

12ρ
(Hz) (3.98)

where r is the frequency number, I = bh3/12 (b = h is width) is the moment of inertia for a
square section, ρ is the density, and λr are the roots of the characteristic equation:
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Figure 3.6: Natural frequency of an elastic beam: comparison between exact and present IGA
solutions.

1+ cosλr coshλr = 0 (3.99)

Here, λ1 is found numerically as λ1 = 1.875. The other parameters are the same as in the
previous example. The first natural frequency is computed from the IGA calculation by solving
the eigenvalue problem

Kuu −ω2
r M = 0, f1 =

ω1

2π
. (3.100)

A comparison between the present IGA and the exact solution is provided in Fig. 3.6,
showing a very good agreement.

3.5.2 Frequency response of a flexoelectric beam
In this example, the effects of flexoelectricity on dynamic voltage, power and displacement re-
sponses of a beam are investigated. The voltage and displacement responses are defined as the
absolute value of voltage and and displacement at the top right corner of the structure. The
power is obtained as P = Φ̄2

R , where Φ̄ is the potential at the top right corner of the structure.
Both open and close-circuit boundary conditions, as depicted in Fig. 3.4 (a) and (b), are consid-
ered. The dimensions of the beam are h = 200 nm and L = 2000 nm. The left end is clamped
and an excitation force F(ω) = Fye jωt is prescribed on the top right corner in the y-direction
with Fy = 1 N. The effect of the resistor R is taken into account through Eq. (3.72). The ma-
terial parameters of the material composing the beam are taken from [167] and correspond to
a PZT/PZT composite. The corresponding coefficients are provided in (3.101)-(3.105). The
density is taken as ρ = 7500 kg ·m−3.

To define the matrix G, we follow [208], and use the definition Gi jmkln = Ci jklLmn, where
we use Lmn = ℓδmn. There is no general agreement on the choice of the length scale ℓ. In
[200], it is recommended that ℓ should be of the order of L, L being the typical characteristic
length of heterogeneities. Then, we have chosen here ℓ = 10−8 m. Other authors have used
such values, see e.g. [60]. In [200], Askes et al. suggested the heuristic rule for the dynamic
length parameter ℓd > ℓ. In their work, they employed a gradient elasticity model to fit wave
dispersion results of carbon nanotubes based on molecular dynamics (MD) obtained by Wang
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et al. [209], and found a good agreement with the MD results when ℓd is in the range 3ℓ - 35ℓ.
Then, in this work, ℓd was chosen as ℓd = 10ℓ. The modal damping ratios in (3.66) are found
as ξ1 = ξ2 = 0.01. For the close-circuit of Fig. 3.4 (b), the potential on the top and bottom
surfaces is enforced to be equal using a penalty method and the penalty parameter is taken as
102 (see e.g. [210]).

The evolution of the voltage, y−displacement and power frequency responses is shown in
Fig. 3.7, when the value of the resistor R varies. First, we can notice that the use of a flex-
oelectric material instead of a purely piezoelectric creates a voltage response while the purely
piezoelectric material creates zero voltage (see Fig. 3.7). On the contrary, the displacement
response is significantly larger when considering non-flexoelectric material, and a small differ-
ence in the resonance frequency can be noticed. In Fig. 3.7(c), the amplitude of the output
power decreases with respect to the increasing resistors, while the increase of output voltage is
not significant.

C1 =

132.1 84 0
84 155.6 0
0 0 35.8

(GPa) (3.101)

µ =

[
1.365 1.365 0 0 0 0

0 0 0 2.641 2.641 0

]
(×10−4C ·m−1) (3.102)

e =

[
−0.5217 −0.5217 0

0 0 0

]
(C ·m−2) (3.103)

α1 =

[
2.102 0

0 4.065

]
(nC2 ·N−1 ·m−2) (3.104)

g = ℓ2


132.1 0 0 84 0 0

0 132.1 84 0 0 0
0 84 132.1 0 0 0

84 0 0 132.1 0 0
0 0 0 0 35.8 0
0 0 0 0 0 35.8

×109 (3.105)

In this last test, we evaluate the variation of the dynamic response of the system with respect
to the dynamic length scale parameter ℓd , which is varied from 5ℓ to 30ℓ (ℓ= 10−8 m). Results
are presented in Fig. 3.8. We can note that changing ℓd has no influence on the amplitude of
voltage and displacement responses, and only small influence on the resonance frequency.

3.5.3 Dynamic behavior of a flexoelectric beam with periodic wavy shape
In this example, the dynamic response of a flexoelectric beam with periodic wavy shape is
investigated, to illustrate the present numerical framework for more complex structural geome-
tries. The geometry of the beam is described in Fig. 3.9. The beam geometry is defined by
4× 1 patterns of dimensions H1 ×H2 as described in Fig. 3.9 (b) and parameterized by a pa-
rameter h. The dimensions of the rectangular domain containing the patch are H1 = 200 nm
and H2 = 300 nm. The geometric data, i.e. the coordinates of the control points defining the
different NURBS curves of one cell, are provided in Table 3.2. Both open and closed circuit



59 3.5. Numerical examples

26 27 28 29 30 31

Frequency (MHz)

0

0.02

0.04

0.06

0.08

0.1

0.12
F

re
qu

en
cy

 r
es

po
ns

e 
of

 v
ol

ta
ge

 (
V

) R=0.1 , with flexo
R=1 , with flexo
R=10 , with flexo
R=50 , with flexo
open circuit, with flexo
R=50 , without flexo

(a) Voltage frequency response

26 27 28 29 30 31

Frequency (MHz)

500

1000

1500

2000

F
re

qu
en

cy
 r

es
po

ns
e 

of
 Y

-d
is

pl
ac

em
en

t (
nm

)

R=0.1 , with flexo
R=1 , with flexo
R=10 , with flexo
R=50 , with flexo
open circuit, with flexo
R=50 , without flexo

(b) y-displacement frequency response

28 28.5 29 29.5 30 30.5 31 31.5 32

Frequency (MHz)

0

0.02

0.04

0.06

0.08

0.1

F
re

qu
en

cy
 r

es
po

ns
e 

of
 P

ow
er

 (
W

)

R=0.1 , with flexo
R=1 , with flexo
R=10 , with flexo
R=50 , with flexo

(c) Power frequency response

Figure 3.7: (a) Voltage, (b) displacement and(c) power frequency responses for varying values
of the resistor R in the open and close-circuit conditions.
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Figure 3.8: (a) Voltage and (b) displacement frequency responses for varying values of the
micro inertial ℓd in the open circuit conditions.
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Figure 3.9: Flexoelectric beam with periodic wavy shape: (a) geometry and boundary condi-
tions; (b) initial IGA discretization of a periodic pattern.

Table 3.2: Control points Bi, j and weights wi, j for the geometry shown in Fig. 3.9.

i Bi,1 (nm) wi,1 Bi,2 (nm) wi,2
1 (0,0) 1 (0 300) 1
2 (100-6h/5,0) 1 (100-6h/5,300) 1
3 (100-h,0) 1 (100-h,300) 1
4 (100-4h/5,h)

√
2/2 (100-4h/5,300-h)

√
2/2

5 (100,h) 1 (100,300-h) 1
6 (100+4h/5,h)

√
2/2 (100+4h/5,300-h)

√
2/2

7 (100+h,0) 1 (100+h,300) 1
8 (100+6h/5h,0) 1 (100+6h/5,300) 1
9 (200,0) 1 (200,300) 1
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Figure 3.10: (a) Voltage and (b) displacement frequency responses with respect to the geomet-
rical h parameter in the open-circuit conditions.

conditions are considered, but only the open circuit boundary conditions are depicted in Fig.
3.9. The closed circuit conditions are the same than in Fig. 3.4(b). The material parameters are
the same than in the previous example and are provided in (3.101)-(3.105) while the dynamic
length parameter is chosen as ℓd = 20ℓ.

First, the variations of voltage and y-displacements frequency responses are studied for a
variation of h in the open-circuit conditions. Results are shown in Fig. 3.10. It can be seen that
a larger h increases displacement response while a small increase on voltage response, and with
a significant decrease of the resonance frequency.

In Fig. 3.11, voltage, y−displacement and power frequency responses are presented for
the close-circuit, for different values of resistor R and fixed value of the parameter h = 50 nm.
We can note that in this configuration, the voltage and displacement responses monotonically
increase while increasing resistors decreases the power response. This suggests that an optimal
resistor value must be chosen to maximize the effects in the application of flexoelectricity to
energy harvesters.

The results associated with the same configuration but for the close-circuit with R = 0.01
Ω are shown in Fig. 3.12. In that case, increasing the parameter h increases the voltage and
power responses, but still increases the displacement response. In all cases, increasing h slightly
decreases the resonance frequency. It is worth noting that in this example, varying h was done
easily by simply moving the control points in the present IGA framework.

3.5.4 h-p refinement effects on flexoelectric beam with complex geometry

In this example, we investigate the effects of mesh refinement (h−refinement) and high-order
approximation (p−refinement) of IGA to the dynamic analysis of flexoelectric structures with
complex geometry, which could arise e.g. from CAD (Computer Aided Design). The geometry
and boundary conditions of the beam are shown in Fig. 3.13. The geometric data, i.e. the
control points defining the different NURBS curves, are provided in Table 3.3. The material
parameters are listed in (3.101)-(3.105).

The maximum voltage frequency response is defined as the absolute value of voltage on
the first resonance frequency at the top right corner of the structure. The convergence of the
maximum voltage frequency response with respect to h− and p−refinements is presented in
Fig. 3.14. We can appreciate the convergence of the solution using either h− or p−refinement.
We can also observe from Fig. 3.14(a) that increasing the order of approximation p may be
advantageous to quickly reach convergence, as compared to mesh refinement, which converges
more slowly (see Fig. 3.14(b)). This constitutes an advantage over classical FEM, as increasing
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Figure 3.11: (a) Voltage, (b) displacement and (c) power frequency responses with respect to
resistor R for a fixed radius h = 50 nm in the close-circuit conditions.
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Figure 3.12: Voltage and displacement and power frequency responses with respect to geomet-
rical parameter h for resistor R = 0.01 Ω in the close-circuit conditions
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Figure 3.13: Flexoelectric beam with complex geometry: (a) geometry and boundary condi-
tions; (b) initial IGA discretization.

Table 3.3: Control points Bi, j and weights wi, j for the geometry shown in Fig. 3.13

i Bi,1(×10 nm) wi,1 Bi,2(×10 nm) wi,2
1 (0,0) 1 (0,6) 1
2 (2,0) 1 (2,6) 1
3 (5,0) 1 (3,6) 1
4 (5,2) 1/

√
2 (6,6) 1

5 (7,2) 1 (9,6) 1
6 (9,2) 1/

√
2 (9,4) 1/

√
2

7 (9,0) 1 (11,4) 1
8 (11,0) 1 (13,4) 1/

√
2

9 (16,0) 1 (13,6) 1
10 (16,2) 1/

√
2 (17,6) 1

11 (18,2) 1 (20,6) 1
12 (20,2) 1 (20,4) 1/

√
2

13 (22,2) 1 (22,4) 1
14 (24,2) 1 (24,4) 1

the order in FEM, especially considering C1 continuity, introduces an intractable complexity.
As is shown in Fig. 3.14(a), the maximum voltage frequency response converge to a con-

stant value for each mesh when order p ≥ 3. It is due to C1 continuity requirement for flex-
oelectricity, where the strain gradient is calculated by second derivative of displacement basis
functions. For p = 2, the IGA elements are exactly ’constant strain gradient states’, and it is
possible to be discontinuous strain gradient values among elements, especially for coarse mesh.
While for order p ≥ 3, it guarantees the smooth strain gradient variation among elements, and
the influence of higher order elevation won’t be as pronounced as the first one. It is worth to
mention that, the knot insertion on knot vector ξ is done when construct the initial IGA geom-
etry, although p-refinement is performed, the continuity of the basis function at internal knots
remains unchanged, as is said in [103]. In addition, different number of degree of freedom for
each mesh will lead to different converging maximum voltage frequency responses.

3.5.5 C1 continuous multi-patch beam with circular voids
In this example, we consider a beam with four circular voids, where the beam geometry is
constructed by 18 NURBS patches, as shown in Fig. 3.15. There are 21 common edges marked
in blue and 30 vertices. We also note 10 extraordinary vertices [v3, v4, v5, v8, v13, v15, v17, v20,
v25, v27], and each is contained in 3 or 4 patches. For multiple patches (more than 2) coupling,
the main idea is similar to the two-patch case. We then construct C1-smooth geometrically
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Figure 3.14: Voltage frequency response on the first resonance with respect to (a) h-refinements
and (b) p−refinement for open-circuit conditions.
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Figure 3.15: Beam with 4 circular voids, constructed by 18 patches

continuous isogeometric functions as described in section 3.4. The derivatives of several new
basis across the common edges among patches are shown in Fig. 3.16. In Fig. 3.16, (a) and (b)
present a typical derivatives of new basis across patch interface parallel to ξ -direction, while
in (c) and (d), (e) and (f), however there are extraordinary new basis supporting the multiple
interconnected interfaces among patches. All of them are local support.

With C1 continuous isogeometric functions constructed on multi-patch domain, we then
investigate the dynamic effects of this flexoelectric beam with circular voids. The height of
beam is H̃ = 0.1µm and length 0.5µm. The beam is made of centrosymmetric flexoelectric
(non-piezoelectric) material SrTiO3 (STO), whose parameters are given in (3.106)-(3.109). The
density is ρ = 5120 kg ·m−3. The length scales are ℓ = 1× 10−8 m and ℓd = 10ℓ. The open
circuit conditions are considered where the left edge (v1 − v2) is fixed and grounded, while the
excitation force F(ω) = Fye jωt is imposed on the down right corner (v30) in the y-direction with
Fy = -1 N. The degree of isogeometric function is set as p= q= 3 and the beam is discretized by
17608 control points, wherein the number of new basis of second kind is 680 which construct
the C1 continuous isogeometric functions across the common interfaces of 18 patches.

The evolution of the maximum voltage and y−displacement frequency responses are shown
in Fig. 3.17, when the value of the radius r̃ varies. We can see from Fig. 3.17 that both the
first resonant displacements and voltages increase with the radius of voids increasing, since
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(a) (b)

(c) (d)

(e) (f)

Figure 3.16: The new basis of the second kind, x and y derivatives across the patches’ common
edges, wherein first row v3 − v4, second row (v3 − v4, v3 − v10, v4 − v6 ), third row (v5 − v7,
v5 − v8, v5 − v12, v8 − v9, v8 − v16): (a) (c) (e) dR

dx ; (b) (d) (f) dR
dy
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Figure 3.17: (a) Voltage and (b) y-displacement frequency responses with respect to radius r̃ of
circular void in the open-circuit conditions

the larger voids induce greater areas of heterogeneity, resulting in the improvement of resonant
voltages. However, the first resonance frequency increase then decrease as the radius of voids
changes from 0 to 0.4H̃. It should be note that the case of r̃ = 0 is calculated by one-patch
NURBS surface. It indicates that the constructed C1 continuous multi-patch beam is consistent
to the computation of one-patch cases. We can also observe from Fig. 3.18 that the maximum
voltages of the first resonance converge with mesh refinement.

C1 =

319 100 0
100 319 0
0 0 110

(GPa) (3.106)

µ =

[
0.2 0 7 0 0 5.8
0 7 0 0.2 5.8 0

]
(nC ·m−1) (3.107)

α1 =

[
2.656 0

0 2.656

]
(nC2 ·N−1 ·m−2) (3.108)

g = ℓ2


319 0 0 100 0 0
0 319 100 0 0 0
0 100 319 0 0 0

100 0 0 319 0 0
0 0 0 0 110 0
0 0 0 0 0 110

×109 (3.109)

3.6 Conclusion
In this work, we developed an isogeometric analysis (IGA) framework to solve the dynamic
response of flexoelectric energy harvesters for arbitrary geometries, in the frequency domain,
including the inertial effect of deformation gradients. As compared to the previous related
works available in the literature, the IGA discretization was proposed here for the first time
to solve dynamic flexoelectric problems in the frequency domain. The conditions of both open
and close-circuits were formulated. The potential of the present formulation has been applied to
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Figure 3.18: Voltage frequency responses on the first resonance with respect to h-refinements
for open-circuit conditions.

evaluate the sensitivity of different parameters such as load resistors, flexoelectricity, dynamic
scale parameter and geometric features on the frequency response of output voltage, power and
displacements of beam-like dynamic energy harvesters, possibly including structural geometri-
cal features. It was shown that using a flexoelectric material instead of a piezoelectric material
has a critical influence on the voltage response of the energy harvester in open circuit condi-
tions, showing the optimal resistive loads in the close-circuits. We also observe that the dynamic
length parameter related to the gradient inertial term has only a small influence on the numerical
results. Then, we could conclude that creating large holes in a beam-like structure made of a
flexoelectric material can significantly increase voltage, power and displacement responses in
a dynamic energy harvester. Finally, the advantages of IGA for h− and p−refinement in the
present flexoelectric context with applications to dynamic loads have been demonstrated for
complex geometries.

As another contribution, we proposed the construction of C1 continuous isogeometric func-
tions for multi-patch domains. The C1-continuity across the common interfaces of multi-patch
domains is constructed by considering geometric continuity of surfaces where the C1-continuity
of isogeometric functions is achieved by ensuring that their geometric smoothness are of the
same order as that of their graph surfaces. Finally, a beam with 4 circular voids, comprised
of 18 patches, was constructed to ensure C1 continuity. The numerical results showed that the
constructed C1 continuous multi-patch beam is consistent to the one of one-patch cases. The
first resonant displacements and voltages of the flexoelectric beam with circular voids increase
with the radius of voids increasing, while the solution of the multi-patch beam converges with
mesh refinement.



Chapter 4

Topology optimization of direct and
converse flexoelectric composites using
computational homogenization

As concluded in previous chapter, the effective direct and converse flexoelectric properties of
periodic piezoelectric composites can be tuned to be much higher than the constituents, by
creating a heterogeneity through asymmetric geometric inclusions and multiple constitutive
materials. This serves as a motivation for our research in optimization designs of flexoelectric
properties in piezoelectric microstructures.

In this chapter, we present a topology optimization framework to design periodic compos-
ites comprised of piezoelectric constituents that exhibit large direct and converse flexoelectric
constants, respectively. This methodology leverages a representative volume element (RVE)-
based computational homogenization approach that enables the analysis of periodic composites
where the characteristic dimensions of the microstructure are significantly smaller than those
of the structure, and as such requires only the optimization of a single RVE rather than that
of the entire structure. We utilize this approach to formulate two topology optimization prob-
lems to enhance respectively direct and converse flexoelectric constants of micro structure for
piezoelectric composites, and then analyze the enhancement in direct and converse flexoelectric
constants that can be achieved in different types of PZT-based composites, including hard-hard
(PZT-PZT), and hard-soft (PZT-polymer composite, and porous PZT) structures. We show that
it is theoretically possible to obtain optimized designs of composites with apparent direct and
converse flexoelectric properties 1-2 orders of magnitude larger than ones obtained with naive
guess designs. We also identify different mechanisms governing the enhanced electromechan-
ical couplings, which can arise either from an enhancement of effective piezoelectricity in the
RVE for PZT-PZT composites, or from a more subtle interplay involving the enhancement of
effective piezoelectric and dielectric properties coupled with a reduction in mechanical compli-
ance for PZT-polymer and porous PZT RVEs.

This chapter is adapted from the published articles [167, 168].

4.1 SIMP topology optimization for direct flexoelectric com-
posites

In this section, we propose a topology optimization framework to design periodic composites
comprising piezoelectric constituents that exhibit large direct flexoelectric constants. The ap-
proach leverages the computational homogenization framework for effective flexoelectric ma-
terials developed in Chapter 2 of this thesis that enables the estimation of the (apparent) effec-
tive flexoelectric properties of a periodic composite made of piezoelectric phases. The adjoint
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sensitivity expressions are derived in this context and a SIMP (Solid Isotropic Material with Pe-
nalization) topology optimization framework is developed. This approach allows us to restrict
the analysis to a single representative volume element (RVE) that describes the microstructure,
and importantly does not require the optimization of the fully detailed structure. This presents
significant advantages when there is scale separation, i.e. when the characteristic dimensions of
the heterogeneities are negligible as compared to those of the structure.

4.1.1 Topology optimization problem formulation
Here we formulate the topology optimization problem to maximize the absolute values of the
flexoelectric tensor components in (2.89) and (2.110) in Chapter 2. First, the periodic unit cell is
discretized into Ne finite elements which match the mesh used for solving the electromechanical
problem defined in the previous section. We define the material density ρe in each element
e, e = 1,2, ...,Ne such that ρe = 0 is associated with the inclusion/void phase and ρ = 1 is
associated with the matrix phase. The topology optimization is formulated as follows:

Maximize : |F̄i jkl(ρ)|
subject : KU = F

: ∑Ne
e=1 ρeve/(∑Ne

e=1 ve) = f
0 ≤ ρe ≤ 1, e = 1,2, ...,Ne

(4.1)

The discrete system KU = F is defined in Eqs. (2.65)-(2.70) in Chapter 2. Above, ve is the
volume of an element e and f is the inclusion volume fraction.

We use the SIMP method [21, 22, 23] to solve the problem. In this framework, the local
material properties are interpolated with respect to the local densities in a continuous manner,
using penalty exponents to enforce local densities to converge to values close to 0 or 1. Selection
of exponents has been investigated in [211]. For composites made of two phases, we use the
following expression:

[Ci jkl(ρ)] = ρ pc[C1
i jkl]+ (1−ρ pc)[C2

i jkl]

[αi j(ρ)] = ρ pa[α1
i j]+ (1−ρ pa)[α2

i j]

[Eki j(ρ)] = ρ pe[E1
ki j]+ (1−ρ pe)[E2

ki j] (4.2)

where the superscript 1 and 2 are associated with phase 1 and phase 2, respectively and pc,
pa and pe are penalty exponents. In most of the numerical examples, these values are chosen
as pc = pa = pe = 3, except in a few cases where pe = 4 is sometimes used to improve the
convergence. For the optimization of porous materials, a fictitious material with small values of
the (stiffness, dielectric, piezoelectric) properties is used to mimic the void phase.

The above problem (4.1) requires evaluating the gradient of the objective function with
respect to the local densities (subsequently referred to as sensitivities). The objective function,
i.e. the effective flexoelectric tensor, is written in matrix form as (see section 2.3.2):

[F̄(ρ)] =〈(B0)T : C : Ã1 − (h0)T · E : Ã1 − (B0)T : ET · D̃1 − (h0)T ·α · D̃1〉 (4.3)

where we have omitted the dependence to the coordinates x and design variable ρ to alleviate
the notations. The developed expressions for the sensitivities are given the next section. The
optimization problem (4.1) is solved by the Conservative Convex Separable Approximations
(CCSA) optimizer [144].

A useful parameter to compare different piezoelectric and flexoelectric materials is the elec-
tromechanical coupling coefficient denoted as K. The coupling coefficient is a measure of the
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conversion efficiency between mechanical and electrical energy using the piezoelectric material.
It takes the same indices as the piezoelectric coefficient E and is formulated as [212]

K̄iJ =
D̄iJ√
ēiiS̄JJ

(4.4)

with

[D̄] = [Ē ] : [C̄]−1, [ē] = ([Ē ] : [C̄]−1 : [Ē ]T +[ᾱ]) : [C̄]−1, [S̄] = [C̄]−1, (4.5)

where D̄, ē and S̄ denote the piezoelectric coefficient, dielectric constant and compliance matrix,
respectively.

4.1.2 Numerical analysis of sensitivity

The gradient of flexoelectric tensor [F̄] with respect to ρ , is expressed as:

∂ [F̄]
∂ρ

=〈∂ ((B0)
T
[C(ρ)]Ã1)

∂ρ
− ∂ ((h0)

T
[E(ρ)]Ã1)

∂ρ
− ∂ ((B0)

T
[E(ρ)]T D̃1)

∂ρ
− ∂ ((h0)

T
[α(ρ)]D̃1)

∂ρ
〉

=〈∂{(VT
u )BT

u [C(ρ)]Bu(Wu −Wu
x)}

∂ρ
+

∂{(Vϕ
T )BT

ϕ [E(ρ)]Bu(Wu −Wu
x)}

∂ρ

+
∂{(VT

u )BT
u [E(ρ)]T Bϕ (Wϕ −Wϕ

x)}
∂ρ

−
∂{(Vϕ

T )BT
ϕ [α(ρ)]Bϕ (Wϕ −Wϕ

x)}
∂ρ

〉

(4.6)

Expanding Eq. (4.6), we have

∂ [F̄]
∂ρ

=〈∂ (VT
u )

∂ρ
BT

u [C(ρ)]Bu(Wu −Wu
x)+(Vu)

T ∂ (BT
u [C(ρ)]Bu)

∂ρ
(Wu −Wu

x)

+(VT
u )B

T
u [C(ρ)]Bu

∂ (Wu −Wu
x)

∂ρ
+{

∂ (Vϕ
T )

∂ρ
BT

ϕ [E(ρ)]Bu(Wu −Wu
x)

+(Vϕ )
T ∂ (BT

ϕ [E(ρ)]Bu)

∂ρ
(Wu −Wu

x)+(Vϕ
T )BT

ϕ [E(ρ)]Bu
∂ (Wu −Wu

x)

∂ρ
}

+{∂ (VT
u )

∂ρ
BT

u [E(ρ)]T Bϕ (Wϕ −Wϕ
x)+(Vu)

T ∂ (BT
u [E(ρ)]T Bϕ )

∂ρ
(Wϕ −Wϕ

x)

+(VT
u )B

T
u [E(ρ)]T Bϕ

∂ (Wϕ −Wϕ
x)

∂ρ
}−{

∂ (Vϕ
T )

∂ρ
BT

ϕ [α(ρ)]Bϕ (Wϕ −Wϕ
x)

+(Vϕ )
T ∂ (BT

ϕ [α(ρ)]Bϕ )

∂ρ
(Wϕ −Wϕ

x)+(Vϕ
T )BT

ϕ [α(ρ)]Bϕ
∂ (Wϕ −Wϕ

x)

∂ρ
}〉

(4.7)

After rearranging Eq. (4.7), we obtain
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∂ [F̄]
∂ρ

=
∂ (VT

u )

∂ρ
〈
BT

u [C(ρ)]Bu(Wu −Wu
x)+BT

u [E(ρ)]T Bϕ (Wϕ −Wϕ
x)
〉

+
∂ (Vϕ

T )

∂ρ

〈
BT

ϕ [E(ρ)]Bu(Wu −Wu
x)−BT

ϕ [α(ρ)]Bϕ (Wϕ −Wϕ
x)
〉

+
〈
(VT

u )B
T
u [C(ρ)]Bu +(Vϕ

T )BT
ϕ [E(ρ)]Bu

〉 ∂ (Wu −Wu
x)

∂ρ

+
〈
(VT

u )B
T
u [E(ρ)]T Bϕ − (Vϕ

T )BT
ϕ [α(ρ)]Bϕ

〉 ∂ (Wϕ −Wϕ
x)

∂ρ

+(Vu)
T
〈

∂ (BT
u [C(ρ)]Bu)

∂x

〉
(Wu −Wu

x)+(Vϕ )
T

〈
∂ (BT

ϕ [E(ρ)]Bu)

∂x

〉
(Wu −Wu

x)

+(Vu)
T
〈

∂ (BT
u [E(ρ)]T Bϕ )

∂ρ

〉
(Wϕ −Wϕ

x)− (Vϕ )
T

〈
∂ (BT

ϕ [α(ρ)]Bϕ )

∂ρ

〉
(Wϕ −Wϕ

x)

(4.8)

The adjoint method has been widely used for sensitivity analysis of gradient-based opti-
mization algorithm [213], also employed here. The corresponding Lagrangian function of opti-
mization problem (4.1) is formed by introducing an adjoint vector λ as:

L =F+λ (KU−F) (4.9)

Due to KU−F = 0, then λ = [λi,µi](i = 1,2,3) can take arbitrary values. Differentiating
the Lagrangian function L with respect to the design variable ρ , it gives,

∂L
∂ρ

=
∂F
∂ρ

+λ
∂ (KU−F)

∂ρ
(4.10)

The KU = F is defined in Eqs. (2.65)-(2.70) in Chapter 2. Substituting these equations into
(4.10), then dividing the expression (4.8) as 4 parts, denoted by I, II, III, IV , we have:

∂ [FI
]

∂ρ
=

∂ (VT
u )

∂ρ
〈
BT

u [C(ρ)]Bu(Wu −Wu
x)+BT

u [E(ρ)]T Bϕ (Wϕ −Wϕ
x)
〉

+
∂ (Vϕ

T )

∂ρ

〈
BT

ϕ [E(ρ)]Bu(Wu −Wu
x)−BT

ϕ [α(ρ)]Bϕ (Wϕ −Wϕ
x)
〉

+

{
∂ (Vϕ

T )

∂ρ
Kϕϕ +(Vϕ

T )
∂Kϕϕ

∂ρ
+

∂ (VT
u )

∂ρ
KT

ϕu +(VT
u )

∂KT
ϕu

∂ρ

}
λ1

+

{
−

∂ (Vϕ
T )

∂ρ
Kϕu − (Vϕ

T )
∂Kϕu

∂ρ
+

∂ (VT
u )

∂ρ
Kuu +(VT

u )
∂Kuu

∂ρ

}
µ1

=
∂ (VT

u )

∂ρ

{
〈BT

u [C(ρ)]Bu〉(Wu −Wu
x)+ 〈BT

u [E(ρ)]T Bϕ 〉(Wϕ −Wϕ
x)+KT

ϕuλ1 +Kuuµ1

}
+

∂ (Vϕ
T )

∂ρ

{
〈BT

ϕ [E(ρ)]Bu〉(Wu −Wu
x)−〈BT

ϕ [α(ρ)]Bϕ 〉(Wϕ −Wϕ
x)+Kϕϕ λ1 −Kϕuµ1

}
+

{
(Vϕ

T )
∂Kϕϕ

∂ρ
+(VT

u )
∂KT

ϕu

∂ρ

}
λ1 +

{
−(Vϕ

T )
∂Kϕu

∂ρ
+(VT

u )
∂Kuu

∂ρ

}
µ1

(4.11)
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As Eq. (4.11) holds for arbitrary vectors λ1 and µ1, the adjoint vectors λ1 and µ1 can be
chosen as the solution of the following adjoint equation to eliminate the implicit terms ∂ (Vu

T )
∂ρ

and ∂ (Vϕ
T )

∂ρ . Then the corresponding adjoint problem is defined as,

∂ (VT
u )

∂ρ

{
〈BT

u [C(ρ)]Bu〉(Wu −Wu
x)+ 〈BT

u [E(ρ)]T Bϕ 〉(Wϕ −Wϕ
x)+KT

ϕuλ1 +Kuuµ1

}
= 0

∂ (Vϕ
T )

∂ρ

{
〈BT

ϕ [E(ρ)]Bu〉(Wu −Wu
x)−〈BT

ϕ [α(ρ)]Bϕ 〉(Wϕ −Wϕ
x)+Kϕϕ λ1 −Kϕuµ1

}
= 0

(4.12)
and written in matrix form, gives

[
Kϕϕ −Kϕu
KT

ϕu Kuu

][
λ1
µ1

]
=−

[
〈BT

ϕ [E(ρ)]Bu〉(Wu −Wu
x)−〈BT

ϕ [α(ρ)]Bϕ 〉(Wϕ −Wϕ
x)

〈BT
u [C(ρ)]Bu〉(Wu −Wu

x)+ 〈BT
u [ξ (ρ)]T Bϕ 〉(Wϕ −Wϕ

x)

]
(4.13)

Part II of (4.11) is given by

∂ [FII
]

∂ρ
=
〈

VT
u BT

u [C(ρ)]Bu +VT
ϕ BT

ϕ [E(ρ)]Bu

〉 ∂Wu

∂ρ

+
〈

VT
u BT

u [E(ρ)]T Bϕ −VT
ϕ BT

ϕ [α(ρ)]Bϕ

〉 ∂Wϕ

∂ρ

+λT
2

{
∂Kϕϕ

∂ρ
Wϕ +Kϕϕ

∂Wϕ

∂ρ
+

∂Kϕu

∂ρ
Wu +Kϕu

∂Wu

∂ρ
−

∂Fϕ

∂ρ

}
+µT

2

{
−

∂KT
ϕu

∂ρ
Wϕ −KT

ϕu
∂Wϕ

∂ρ
+

∂Kuu

∂ρ
Wu +Kuu

∂Wu

∂ρ
− ∂Fu

∂ρ

}

=
{

VT
u 〈BT

u [C(ρ)]Bu〉+Vϕ
T 〈BT

ϕ [E(ρ)]Bu〉+λT
2 Kϕu +µT

2 Kuu

} ∂Wu

∂ρ

+
{

VT
u 〈BT

u [E(ρ)]T Bϕ 〉−VT
ϕ 〈BT

ϕ [α(ρ)]Bϕ 〉+λT
2 Kϕ ,ϕ −µT

2 KT
ϕu

} ∂Wϕ

∂ρ

+λT
2

{
∂Kϕϕ

∂ρ
Wϕ +

∂Kϕu

∂ρ
Wu −

∂Fϕ

∂ρ

}
+µT

2

{
−

∂KT
ϕu

∂ρ
Wϕ +

∂Kuu

∂ρ
Wu −

∂Fu

∂ρ

}
(4.14)

The derivatives of body forces with respect to ρ must also be evaluated. Using the same
method as for Part I, after eliminating the displacement derivatives, the adjoint problem for Eq.
(4.14) reads:

[
Kϕϕ −Kϕu
KT

ϕu Kuu

][
λ2
µ2

]
=−

[
〈BT

ϕ [E(ρ)]Bu〉Vu −〈BT
ϕ [α(ρ)]Bϕ 〉Vϕ

〈BT
u [C(ρ)]Bu〉Vu + 〈BT

u [E(ρ)]T Bϕ 〉Vϕ

]
(4.15)

Similarly:
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∂ [FIII
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∂ρ
=
〈
(VT

u )B
T
u [C(ρ)]Bu +(Vϕ

T )BT
ϕ [E(ρ)]Bu

〉(
−∂Wx

u
∂ρ

)
+
〈
(VT

u )B
T
u [E(ρ)]T Bϕ − (Vϕ

T )BT
ϕ [α(ρ)]Bϕ

〉(
−

∂Wϕ
x

∂ρ

)
+λT

3

{
∂Kϕϕ

∂ρ
Uϕ +Kϕϕ

∂Uϕ

∂ρ
+

∂Kϕu

∂ρ
Uu +Kϕu

∂Uu

∂ρ

}
+µT

3

{
−

∂KT
ϕu

∂ρ
Uϕ −KT

ϕu
∂Uϕ

∂ρ
+

∂Kuu

∂ρ
Uu +Kuu

∂Uu

∂ρ

}

=
{
−VT

u 〈BT
u [C(ρ)]Bux〉−Vϕ

T 〈BT
ϕ [E(ρ)]Bux〉+λT

3 Kϕu +µ3Kuu

} ∂Uu

∂ρ

+
{
−VT

u 〈BT [E(ρ)]T Bϕ x〉+(Vϕ
T )〈BT

ϕ [α(ρ)]Bϕ x〉+λT
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(4.16)

The adjoint problem for Part III is written as:

[
Kϕϕ −Kϕu
KT

ϕu Kuu

][
λ3
µ3

]
=−

[
−〈BT

ϕ [E(ρ)]Bux〉Vu + 〈BT
ϕ [α(ρ)]Bϕ x〉Vϕ

−〈BT
u [C(ρ)]Bux〉Vu −〈BT

u [E(ρ)]T Bϕ x〉Vϕ

]
(4.17)

From Eq. (4.8), we can obtain Part IV , which is explicit and can be easily calculated in
terms the interpolation function Eq. (4.2).

∂ [FIV
]

∂ρ
=(Vu)
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(4.18)

After solving all the above adjoint problems, we can get the whole explicit sensitivity of
flexoelectric tensor with respect to density ρ as:
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4.1.3 Numerical investigation

In this section, the proposed computational homogenization framework is applied to optimize
the components of the effective flexoelectric tensor of a two-phase composite. More specifi-
cally, we investigate the optimization of the F̄1221, F̄2221, F̄1112 and F̄2112 coefficients, as these
coefficients characterize polarization under the action of bending. The other coefficients of the
flexoelectric tensor, i.e. F̄1111, F̄2111, F̄1222, F̄2222 are not investigated here, as they correspond to
polarization under more complex strain gradient modes. The homogenization and optimization
is performed on a periodic heterogeneous material composed of piezoelectric phases. We con-
sider three cases: (1) a composite made of two stiff piezoelectric phases; (2) a composite made
of a stiff piezoelectric matrix and soft polymer inclusion; (3) a porous piezoelectric material. In
all numerical examples, the RVEs are discretized by 60×60 8-node quadratic finite elements.

4.1.3.1 Ceramic/ceramic piezoelectric composite

We first consider a two-phase composite made of piezoelectric phases. Each phase is made with
PZT (lead zirconium titanate ceramics). To induce a heterogeneity, the crystal lattice is oriented
by a mismatch angle of θ = π in the inclusion phase. The related properties of the matrix and
inclusion are indicated in matrix form in (4.20)-(4.23), in which the subscripts m and i refer to
the matrix and inclusion, respectively [214].

[Cm] = [Ci] =

131.39 83.237 0
83.237 154.837 0

0 0 35.8

(GPa), (4.20)

[αm] = [αi] =

[
2.079 0

0 4.065

]
(nC ·m−1 ·V−1), (4.21)

[Em] =

[
−2.120582 −2.120582 0

0 0 0

]
(C ·m−2). (4.22)

[E i] =

[
2.120582 2.120582 0

0 0 0

]
(C ·m−2). (4.23)

We perform the topology optimization of the inclusion shape with respect to the flexoelectric
coefficients F̄1221 and F̄2112, and set the inclusion volume fraction to f = 0.4. As a first guess,
the design variables are uniformly set to ρe = 0.4 (e = 1,..., Ne = 3600). The guess design with
triangular shape which is illustrated in Fig. 4.1a has been investigated in [179] and will serve
as a comparison solution with respect to optimized topological designs.
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A
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P

(a)
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θ

P

(b)

Figure 4.1: Unit cells with triangular inclusions with inclusion volume fraction of f = 0.4,
polarization P and the mismatch angle θ between matrix and inclusion phases; (a) guess design
used for computing F1221 and F2112; (b) guess design used for computing F1112 and F2221.

The final optimized unit cell topologies are shown in Figs. 4.3a and 4.6a, where the opti-
mization process converges in about 60 iterations for F̄1221 and F̄2112. In all figures, the copper
and black colors refer to the inclusion and matrix phases, respectively. Iteration histories are
shown in Fig. 4.2. In current paper, the words ’Normalized Flexoelectric F’ showed in all the
iteration figures is defined as ’F i jkl/FRe f

i jkl ’, the FRe f
i jkl means the reference solution obtained by

unit cell with triangular shape inclusion.
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Figure 4.2: Topology optimization process with respect to normalized flexoelectric components
and volume fractions for the PZT/PZT: (a) F̄1221, 1× 1 cells; (b) F̄2112, 1× 1 cells; (c) F̄1221,
2×2 cells; (d) F̄2112, 2×2 cells.

The final values for the optimized microstructures are F̄1221 = 1.365× 10−4 C·m−1 and
F̄2112 = 2.689×10−4 C·m−1, which represents a significant improvement of the values as com-
pared to the reference triangular solutions of 79.61% and 83.55% for F̄1221 and F̄2112, respec-
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tively. It should be noticed that the obtained values are higher than naturally flexoelectric ma-
terials, such as BaTiO3 and PMN-PT [215] whose flexoelectricity is reported as of the order of
10−5 C·m−1. It is worth noting that in the present procedure, the initial design is homogeneous,
which explains that the flexoelectric coefficients are initially zero.

(a) (b)

(c) (d)

Figure 4.3: Optimal topology for F̄1221: (a) PZT/PZT, 1×1 cells; (b)PZT/PZT, 2×2 cells; (c)
PZT/polymer, 1×1 cells; (d) PZT/void, 1×1 cells.

We consider the optimized RVE of Fig. 4.3a and we use the same material parameters as in
(4.20)-(4.23). Here again, the RVE is composed of 1×1 unit cell. The dimensions of the RVE
are varied according to ε0 = ℓ/ℓ0, where ℓ0 = 1 mm and ℓ is the length of the RVE. It appears
clearly from Fig. 4.4 that F varies according to ε0.

The electromechanical coefficients for the reference RVE with triangular inclusion are K̄re f
31 =

0.0929 and K̄re f
32 = 0.0736. For the optimized F̄1221, the coupling coefficients are found as

K̄31 = 0.1141 and K̄32 = 0.0903, increasing respectively by 22.8% and 22.7%. Similarly, for
the optimized F̄2112, the coupling coefficients are found as K̄31 = 0.1183 and K̄32 = 0.0937,
with each increasing by 27.3%.

To gain more insight into the mechanisms driving the increase in the flexoelectric constants,
we plot in Fig. 4.5 the local electric field component E2 and local strain gradient component
∇ε112 within the optimized F2112 unit cell shown in Fig. 4.6(a) for a prescribed strain gradient
∇̄ε112 = 1 m−1. This is done as the value of the flexoelectric constant Fa jkl depends on the
polarization direction a, and the strain gradient ∇ε̄ jkl . We can observe that both the electric field
and strain gradient are localized within the microstructure, roughly at the interface between the
PZT matrix and PZT inclusion. Furthermore, the electric field is asymmetric with respect to the
polarization direction, which is required to obtain non-zero flexoelectric constants. While the
strain gradient and electric field are both localized at the interface, the enhancements are not as
large as for later examples using a hard/soft interface, and thus the enhancement in the optimized
F̄2112, while excellent at 83.5%, is smaller than the later optimized hard/soft structures.
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10-3 10-2 10-1 100
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Figure 4.4: Size-dependent effective strain-gradient properties F1221 for RVE with topology of
Fig.4.3a

(a) E2(x) (b) ∇ε112(x)

Figure 4.5: Electric field (E2-component) and strain gradient (∇ε112-component within the PZT-
PZT-optimized microstructure corresponding to the optimized F̄2112 in Fig. 4.6(a).
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To understand the enhancement in electromechanical coupling coefficient K̄, we examine
the different terms contributing to it in Table 4.1. There, we find that for the PZT/PZT case,
because the matrix and inclusion are comprised of the same material, the compliance S̄ and
dielectric matrices ē have the same values. Therefore, the increase in electromechanical cou-
pling K̄ for the hard/hard composite is entirely driven by the enhancement in effective RVE
piezoelectric constants D̄.

(a) (b)

(c) (d)

Figure 4.6: Optimal topology for F̄2112: (a) PZT/PZT, 1×1 cells; (b)PZT/PZT, 2×2 cells; (c)
PZT/polymer, 1×1 cells; (d) PZT/void, 1×1 cells.

Next, we investigate the influence of the volume fraction f on the obtained geometries
obtained by optimizing F̄1221 and F̄2112 in Figs. 4.7 and 4.8, respectively. We first note that the
volume fraction has a direct influence on the obtained geometry. When f is around 0.5, a simple
layered structure is obtained. However, more asymmetric geometries with respect to the y−axis
are induced for other volume fractions. In addition, the corresponding values of the optimized
coefficients do not increase monotonically with the volume fraction, but reach the largest value
around f = 0.5, leading to F̄1221 = 1.43 (×10−4 C ·m−1) and F̄2112 = 2.767 (×10−4 C ·m−1).
When the unit cell is homogeneous ( f = 0 and f = 1), the flexoelectric coefficients vanish.

It has been in shown in [179, 195] that in the present computational framework, the effective
flexoelectric properties quickly converge with respect to the number of unit cells. Next, a 2×2
periodic repetition of unit cells is investigated to determine the influence of using more cells
within the RVE for the calculations. Each unit cell is composed of 60× 60 elements, thus
4×60×60 elements are used in the 2×2 unit cells.

The optimized structures of the 2 × 2 periodic unit cell are obtained in Fig. 4.3b and
Fig. 4.6b for f = 0.4. In that case, the maximum values of the flexoelectric coefficients are
F̄1221 = 1.616 (×10−4 C ·m−1) and F̄2112 = 3.298 (×10−4 C ·m−1). The coupling coefficients
are obtained as K̄31 = 0.1449 and K̄32 = 0.1147 for optimized F̄1221, and K̄31 = 0.1169 and
K̄32 = 0.0925 for optimized F̄2112. Then, a notable change is obtained as compared to the 1×1
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Figure 4.7: Optimal values of flexoelectric coefficient F̄1221 and corresponding topologies with
respect to volume fraction of inclusion.

unit cell. However, the obtained topologies are very similar, which suggest that the topology op-
timization can be conducted on a single unit cell, while the effective properties can be estimated
using more repeated unit cells.

4.1.3.2 Ceramic/doped piezoelectric polymer composite

In our second example, we replace the misoriented and mechanically stiff PZT inclusion with
a soft, dielectric, polymer inclusion (polyvinylidene fluoride, PVDF). The elastic, piezoelectric
and dielectric properties for the polymer are given below. In comparison to the PZT properties in
Eqs. (4.20)-(4.23), all of the polymer properties are 1-2 orders in magnitude lower than for PZT.
Despite this, we shall demonstrate in this example that the potential of increased strain gradients
that may be possible by using hard/soft composites can lead to effective flexoelectric constants
and electromechanical coupling constants that can exceed those of the PZT/PZT composite in
the previous example. The material parameters of matrix PZT are expressed in (4.20)-(4.22),
while the material properties of PVDF are described in (4.24)-(4.26) [216].

[Ci] =

6.066 3.911 0
3.911 6.066 0

0 0 1.078

(GPa) (4.24)

[αi] =

[
0.025 0

0 0.084

]
(nC ·m−1 ·V−1) (4.25)

[E i] =

[
0.1272 0.0873 0

0 0 0

]
(C ·m−2). (4.26)
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Figure 4.8: Optimal values of flexoelectric coefficient F̄2112 and corresponding topologies with
respect to volume fraction of inclusion.

(a) (b)

Figure 4.9: Optimal topology for F̄2221: (a) PZT/polymer; (b) PZT/void.

(a) (b)

Figure 4.10: Optimal topology for F̄1112: (a) PZT/polymer; (b) PZT/void.

We perform topology optimization of the PVDF inclusion with respect to the flexoelectric
coefficients F̄1221, F̄2221, F̄1112 and F̄2112. To ensure that these results can be compared against
the previous PZT/PZT results, we set the volume fraction of the PVDF inclusion to be f =
0.4 for all cases. Similarly, the initial guess is set by ρe = 0.4, e = 1,2, ...,Ne = 3600. The
periodic density conditions are considered here. The final optimal unit cells of the flexoelectric
coefficients F̄1221, F̄2221, F̄1112 and F̄2112 are obtained in Figs. 4.3c, 4.9a, 4.10a and 4.6c. In these
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Figure 4.11: Topology optimization process with respect to normalized flexoelectric compo-
nents and volume fractions for the PVDF/PZT: (a) F̄1221; (b) F̄2221; (c) F̄1112; (d) F̄2112.

figures, the cyan and black colors refer to the inclusion PVDF and matrix PZT, respectively.
Iteration histories are shown in Fig. 4.11. The reference solutions calculated by a triangular
PVDF inclusion as in Fig. 4.1 are shown in all cases.

We obtained four different optimized unit cells, and a significant improvement can be found
compared to the reference triangular solutions. The optimal absolute values are F̄1221 = 1.484×
10−4 C·m−1, F̄2221 = 3.49×10−5 C·m−1, F̄1112 = 7.33×10−5 C·m−1 and F̄2112 = 2.006×10−4

C·m−1, which imply increases by 1462%, 113%, 254% and 1431%, respectively. Interestingly,
despite being comprised of a polymer inclusion whose (elastic, piezoelectric, and dielectric)
properties are all about two orders of magnitude smaller than the PZT matrix, the flexoelectric
constants are quite similar to those obtained for the optimized PZT/PZT composites discussed
previously, with significantly larger percentage enhancements. We compare the optimal topol-
ogy configurations of the PZT/PVDF composites by F2221 with regular and irregular meshing
in Fig. 4.12. The two similar topologies with regular and irregular meshing present that the
obtained optimal topology doesn’t depend on the meshing. In Fig. 4.13, we present the bending
deformation of unit cell optimized by F̄2112, induced by electric fields.

The mechanism for this can be seen in Fig. 4.14, where the electric field and strain gradient
of the optimized unit cell for F̄2112 previously shown in Fig. 4.6(c) are shown. In comparing
the magnitudes of the electric field and strain gradient for the PZT/polymer RVE in Fig. 4.14
and the PZT/PZT RVE in Fig. 4.5, both the electric field and strain gradient for the hard/soft
PZT/polymer case are 1-2 orders of magnitude larger than in the PZT/PZT case, which is rea-
sonable given the curved hard/soft material boundary that exists within the RVE. Because the
flexoelectric constants are dependent on the product of the electric field and strain gradient, this
explains how the flexoelectric constants of the PZT/polymer case can rival and/or exceed those
of the PZT/PZT case, as summarized in Table 4.2, despite being comprised of constituents with
smaller physical properties.

The electromechanical coupling coefficients are also improved in the optimized designs.
We obtain K̄31 = 0.409 and K̄32 = 0.2694 for optimized F̄1221, K̄31 = 0.1059 K̄32 = 0.2444
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(a) (b)

Figure 4.12: Optimal topology for F2221 on PZT/polymer: (a) with regular meshing; (b) with
irregular meshing

Figure 4.13: Deformation and strain ε22 of optimized unit cell in Fig. 4.6c induced by electric
filed E2

for optimized F̄2221, K̄31 = 0.4981 and K̄32 = 0.3226 for optimized F̄1112, while K̄31 = 0.0337
and K̄32 = 0.3136 for optimized F̄2112. In contrast with K̄31 = 0.3151 and K̄32 = 0.067 for
triangular PVDF, the values of K̄32 for the optimal unit cells are improved by 302.1%, 264.8%,
381.5%, 368.1%, respectively, while K̄31 for the optimal unit cells increases by 29.8%, -66.4%,
58.1% and -89.3%. We can note that the value of K̄31 for optimized F̄2221 and F̄2112 decrease.
However K̄32 for all other optimized unit cells increase. For optimized F̄1221 and F̄1112, both
electromechanical coefficients can be improved.

The mechanisms underlying the enhancement in electromechanical coupling coefficients
corresponding to the PZT/polymer composites that maximize F̄2112 differ from those previ-
ously discussed for the PZT/PZT composites. In examining the contributions to the coupling
coefficient K̄ in Table 4.1, we see that due to the multiple materials that comprise the RVE, all
of the effective properties, i.e. compliance S̄, dielectric ē and piezoelectric D̄ change during the
RVE optimization. For the K̄31 constant, a significant decrease during optimization is found,
which is driven by the significant decrease in the corresponding piezoelectric D̄31 constant.

For the K̄32 constant, a nearly four-fold increase is observed during optimization. Some of
this is due to the doubling of the D̄32 piezoelectric constant. However, the optimization also
leads to an increase in the dielectric properties ē, and a decrease in the compliance S̄, as shown
in Table 4.1. The increase in effective piezoelectric and dielectric properties are related to the
enhanced localized electric field shown in Fig. 4.14, while the enhanced strain gradient shown
in Fig. 4.14 is connected to the reduction in compliance. Thus, for the PZT/polymer RVE, it is
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(a) E2(x) (b) ∇ε112(x)

Figure 4.14: Electric field (E2-component) and strain gradient (∇ε112-component) within the
PZT-PVDF-optimized microstructure shown in Fig. 4.6(c).

this subtle interplay between the electrical, mechanical, and electromechanical properties that
leads to the increase in electromechanical coupling.
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4.1.3.3 Heterogeneous porous microstructure

In our final example, we consider a unit cell composed of a piezoelectric material with properties
described by Eqs. (4.20)-(4.22), while the second phase is void. The flexoelectric coefficients
F̄1221, F̄2221, F̄1112 and F̄2112 are considered. To model the void phase, soft properties are chosen
for the void as [Cvoid] = 10−9 × [Cm], [Evoid] = 10−9 × [Em] and [αvoid] = 10−9 × [αm].

The optimization is performed with respect to the different flexoelectric coefficients inde-
pendently. In each case, the optimization process converges in roughly 80 iterations. Here,
the volume fraction of the solid phase is constrained to f = 0.6, such that the void (inclusion)
volume fraction is 0.4, the same as for the PZT/PZT and PZT/polymer composites. The initial
design is a homogeneous unit cell with densities ρe = 0.6 (e = 1,..., Ne = 3600). Periodic den-
sity conditions are used here. The final optimal design for the coefficients F̄1221, F̄2221, F̄1112
and F̄2112 are summarized in Figs. 4.3d, 4.6d, 4.10b and 4.9b, while their iteration histories
are shown in Fig. 4.15. The reference solutions obtained by a triangular void as in Fig. 4.1
are reported in each case. We can see that four different optimized design are obtained for the
different coefficients. It is interesting to note that the obtained geometries obtained by optimiz-
ing F̄1221 and F̄2112 have the same symmetry, as well as F̄2221 and F̄1112. In addition, we can
note that even though the materials are different, the topologies obtained for the same optimized
component can show significant similarities (see e.g. Figs. 4.9a and 4.9b).
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Figure 4.15: Topology optimization process with respect to normalized flexoelectric compo-
nents and volume fractions for the PZT/void: (a) F̄1221; (b) F̄2112; (c) F̄1112; (d) F̄2221.

The obtained absolute values are F̄1221 = 7.99×10−5 C·m−1, F̄2112 = 3.85×10−5 C·m−1,
F̄1112 = 2.36×10−5 C·m−1 and F̄2221 = 1.15×10−5 C·m−1. In contrast with the flexoelectric
properties of the unit cell with triangular void, we get a very large gain in the optimized struc-
tures for the components of F̄1221, F̄2112 and F̄1112, which are improved by 924%, 293% and
145%, respectively. However, only an increase by 15% for F̄2221 is obtained, and it has the sim-
ilar topology as the reference triangular unit cells. We obtain K̄31 = 0.4175 and K̄32 = 0.2226
for optimized F̄1221, K̄31 = 0.2086 and K̄32 = 0.2064 for optimized F̄2221, K̄31 = 0.3038 and
K̄32 = 0.1657 for optimized F̄1112, while we have K̄31 = 0.2940 and K̄32 = 0.2833 for optimized
F̄2112.
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We show in Fig. 4.16 the electric field and strain gradient for corresponding to the optimized
PZT/void microstructure in Fig. 4.6 that maximizes F̄2112. Similar to the PZT/polymer case in
Fig. 4.14, the electric field and strain gradient are largest around the PZT/void interface, though
the magnitude of each is smaller than in the PZT/polymer case. For that reason, the resulting
flexoelectric constants for the PZT/void RVEs are smaller than the PZT/polymer and PZT/PZT
RVEs, as summarized in Table 4.2. The mechanism for the changes in electromechanical cou-
pling are also similar to the PZT/polymer case. Specifically, localized electric field-driven in-
creases along the PZT/void boundary lead to enhancements in the effective piezoelectric and
dielectric properties, while the enhanced strain gradient is related to the reduction in compli-
ance, with the interplay resulting in an increase in K̄31 and an increase in K̄32.

(a) E2(x) (b) ∇ε112(x)

Figure 4.16: Electric field (E2-component) and strain gradient (∇ε112)-component within the
PZT-void-optimized microstructure in Fig. 4.6(d).

We summarize in Table 4.2 the optimal values for flexoelectric coefficients found in the
different composites. For reference, the values are compared with the flexoelectric coefficient
of BaTiO3 [39]. As can be seen, the RVE-based topology optimization approach leads to unit
cells whose effective flexoelectric constants can exceed, by significant amounts, the flexoelec-
tric properties of BaTiO3, as driven by the different electromechanical mechanisms discussed
previously.

Table 4.2: Optimized flexoelectric coefficients for PZT/PZT, PZT/PVDF and porous PZT com-
posites.

F̄1221 F̄2112 F̄2221 F̄1112
PZT/PZT 136 µC/m 268 µC/m
PZT/PVDF 148 µC/m 200 µC/m 35 µC/m 73 µC/m
Porous PZT 80 µC/m 38 µC/m 11 µC/m 23 µC/m
BaTiO3 [39] 10-50 µC/m

4.2 SIMP topology optimization for converse flexoelectric com-
posites

In this section, we combine the homogenization approach with topology optimization to obtain
tailored microstructures with converse flexoelectric properties, aiming to enhance the converse
flexoelectric constants of periodic piezoelectric composites. The sensitivity expressions of the
converse flexoelectric tensor with respect to design variables are derived based on a SIMP (Solid
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Isotropic Material with Penalization) model. We show in the numerical examples that it is theo-
retically possible to obtain optimized designs of composites with apparent converse flexoelectric
properties 1-2 orders of magnitude larger than ones obtained with naive guess designs.

4.2.1 Topology optimization problem formulation
In this section, we formulate the topology optimization problem to maximize the absolute values
of the converse flexoelectric tensor components in (2.93) in Chapter 2. First, the periodic unit
cell is discretized with a regular mesh of Ne 4-node quadrilateral finite elements. We define the
inclusion material density ρe in each element e, e= 1,2, ...,Ne such that ρe = 1 is associated with
the inclusion phase and ρe = 0 is associated with the matrix phase. The topology optimization
is formulated as follows:

Maximize : |Ki jkl(ρ)|
subject : KU = F

: ∑Ne
e=1 ρeve/(∑Ne

e=1 ve) = f
0 ≤ ρe ≤ 1, e = 1,2, ...,Ne

(4.27)

We still use the SIMP method to solve the problem. The local material interpolation scheme
is same as those in (4.1). In the numerical examples, the penalty exponents are chosen as
pc = pa = pe = 3.

4.2.2 Adjoint sensitivity
The above problem (4.1) requires evaluating the gradient of the objective function with respect
to the local densities (subsequently referred to as sensitivities). The adjoint method is also
employed here to obtain the numerical sensitivity. The objective function, i.e. the effective
converse flexoelectric tensor, is written in matrix form as:

[K] =〈−(A0)T [C]B̃1 +(D0)T [E ]B̃1 +(A0)T [E ]h̃1 +(D0)T [α]h̃1〉 (4.28)

The corresponding Lagrangian function for the optimization problem (4.27) is formed by
introducing 3 adjoint vectors λ1, λ2 and λ3 as:

L =K+ ·(KU−F)T ·λ1 +λT
2 · (KZ−F)+λT

3 · (KV−F) (4.29)

where KU−F = 0, KU−F = 0 and KV−F = 0 holds respectively for arbitrary adjoint vectors
λ1, λ2 and λ3. Differentiating the Lagrangian function L with respect to the design variable ρ ,
we have:

∂L
∂ρ

=
∂K
∂ρ

+
∂ (KU−F)T

∂ρ
·λ1 +λT

2 · ∂ (KZ−F)
∂ρ

+λT
3 · ∂ (KV−F)

∂ρ
(4.30)

The detailed expression is presented in the following:

∂ [K̄]

∂ρ
=〈∂ (−(A0)T [C]B̃1)

∂ρ
+

∂ ((D0)T [E ]B̃1)

∂ρ
+

∂ ((A0)T [E ]h̃1)

∂ρ
+

∂ ((D0)T [α]h̃1)

∂ρ
〉

=〈∂{−(UT
u )BT

u [C(ρ)]Bu(Zu −Zx
u)}

∂ρ
+

∂{−(Uϕ
T )BT

ϕ [E(ρ)]Bu(Zu −Zx
u)}

∂ρ

+
∂{−(UT

u )BT
u [E(ρ)]T Bϕ (Zϕ −Zx

ϕ )}
∂ρ

+
∂{(Uϕ

T )BT
ϕ [α(ρ)]Bϕ (Zϕ −Zx

ϕ )}
∂ρ

〉

+
∂{K(ρ) ·U(ρ)}T

∂ρ
·λ1 +λT

2 · ∂{K(ρ) ·Z(ρ)}
∂ρ

+λT
3 · ∂{K(ρ) ·V(ρ)}

∂ρ

(4.31)
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After some algebraic manipulations, we finally obtain the explicit sensitivity as:

∂ [K]

∂ρ
=

{
(Uϕ

T )
∂Kϕϕ

∂ρ
+(UT

u )
∂KT

ϕu

∂ρ

}
λ1ϕ +

{
−(Uϕ

T )
∂Kϕu

∂ρ
+(UT

u )
∂Kuu

∂ρ

}
λ1u

+λT
2ϕ

{
∂Kϕϕ

∂ρ
Zϕ +

∂Kϕu

∂ρ
Zu −

∂Fϕ

∂ρ

}
+λT

2u

{
−

∂KT
ϕu

∂ρ
Zϕ +

∂Kuu

∂ρ
Zu −

∂Fu

∂ρ

}

+λT
3ϕ

{
∂Kϕϕ

∂ρ
Vϕ +

∂Kϕu

∂ρ
Vu

}
+λT

3u

{
−

∂KT
ϕu

∂ρ
Vϕ +

∂Kuu

∂ρ
Vu

}

+(Uu)
T
〈

BT
u

∂ [C(ρ)]
∂ρ

Bu

〉
(Zu −Zu

x)+(Uϕ )
T
〈

BT
ϕ

∂ [E(ρ)]
∂ρ

Bu

〉
(Zu −Zu

x)

+(Uu)
T
〈

BT
u

∂ [E(ρ)]T

∂ρ
Bϕ

〉
(Zϕ −Zϕ

x)− (Uϕ )
T
〈

BT
ϕ

∂ [α(ρ)]
∂ρ

Bϕ

〉
(Zϕ −Zϕ

x)

(4.32)

where the adjoint vectors [λ1ϕ ; λ1u], [λ2ϕ ; λ2u] and [λ3ϕ ; λ3u] can be calculated by solving
the following adjoint equations:[

Kϕϕ −Kϕu
KT

ϕu Kuu

][
λ1ϕ
λ1u

]
=−

[
〈BT

ϕ [α(ρ)]Bϕ 〉(Zϕ −Zϕ
x)−〈BT

ϕ [E(ρ)]Bu〉(Zu −Zu
x)

−〈BT
u [C(ρ)]Bu〉(Zu −Zu

x)−〈BT
u [E(ρ)]T Bϕ 〉(Zϕ −Zϕ

x)

]
(4.33)

and [
Kϕϕ −Kϕu
KT

ϕu Kuu

][
λ2ϕ
λ2u

]
=−

[
〈BT

ϕ [α(ρ)]Bϕ 〉Uϕ −〈BT
ϕ [E(ρ)]Bu〉Uu

−〈BT
u [C(ρ)]Bu〉Uu −〈BT

u [E(ρ)]T Bϕ 〉Uϕ

]
(4.34)

and [
Kϕϕ −Kϕu
KT

ϕu Kuu

][
λ3ϕ
λ3u

]
=−

[
−〈BT

ϕ [α(ρ)]Bϕ x〉Uϕ + 〈BT
ϕ [E(ρ)]Bux〉Uu

〈BT
u [C(ρ)]Bux〉Uu + 〈BT

u [E(ρ)]T Bϕ x〉Uϕ

]
(4.35)

The optimization problem (4.27) is solved by the Conservative Convex Separable Approxi-
mations (CCSA) optimizer [144] based on the adjoint sensitivity.

4.2.3 Numerical examples
4.2.3.1 Topology optimization of the ceramic/ceramic piezoelectric composite

In the previous chapter, having established that the converse flexoelectric effect makes a sig-
nificant contribution to the overall flexoelectric response of the PZT/PZT composites, we now
perform topology optimization to determine topologies that maximize the converse flexoelec-
tric contributions. We thus consider the topology optimization of a two-phase composite made
of piezoelectric phases. Each phase is made with PZT (lead zirconium titanate ceramics) as in
the previous example. Here, the crystal lattice is oriented by a mismatch angle of θ = π in the
inclusion phase. Then via (2.141)-(2.143) in Chapter 2, the properties of the inclusion phase
can be obtained as [C2] = [C1] given by (4.20), [α2] = [α1] given by (4.21) and [E1] given in
(4.22).

We perform the topology optimization of the inclusion shape with respect to the converse
flexoelectric coefficients K1111, K2211 and K1212 and set the inclusion volume fraction to f =
0.4. As a first guess, the design variables are uniformly set to ρe = 0.4 (e = 1,..., Ne = 6400).
The guess design with triangular shape which is illustrated in Fig. 2.3 has been investigated in
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(a) (b) (c)

Figure 4.17: Optimal topology for K for the PZT/PZT composite: (a) K1111; (b) K2211; (c)
K1212.

section 2.4.2, recalling that the reference solutions are taken as the extremum values of K1111,
K2211 and K1212 for the triangular microstructure at θ = π in Fig. 2.7 (a), and will serve as a
comparison solution with respect to optimized topological designs, i.e. Kre f

1111 = 0.1860×10−3

C ·m−1 Kre f
2211 = 0.1181× 10−3 C ·m−1 and Kre f

1212 = 0.0504× 10−3 C ·m−1. However, for
the components K1112, K2222 and K1222, the reference solution obtained by microstructure with
triangular inclusion are all zero at θ = π , as shown in Fig. 2.7(a). Therefore, we do not consider
topology optimization for those components in the present case of PZT/PZT composites.

The final optimized unit cell topologies are shown in Figs. 4.17, where the copper and black
colors refer to the inclusion and matrix phases, respectively. The iteration histories for K1111,
K2211 and K1212 are shown in Fig. 4.18. It is noted that the present optimization procedure leads
to stable and convergent optimal solutions. The final values for the optimized microstructures
are K1111 = 0.3525×10−3 C ·m−1, K2211 = 0.2241×10−3 C ·m−1 and K2112 = 0.0955×10−3

C ·m−1, which represents a significant improvement as compared to the reference triangular
solutions by a factor of 1.89 for the components K1111, K2211 and K1212. From Fig. 4.17, we
can see that the three optimized unit cells obtained by K1111, K2211 and K1212 have similar
topologies. Finally, we note that the optimized microstructures are similar to the ones obtained
by optimizing the direct flexoelectric constants F1221 and F2112 for the PZT/PZT case [168].

4.2.3.2 Topology optimization of the ceramic/doped piezoelectric polymer composite

In this example, we replace the stiff PZT inclusion with a soft, dielectric, polymer inclusion
(polyvinylidene fluoride, PVDF). The elastic, piezoelectric and dielectric properties for the
polymer are given below. In comparison to the PZT properties, all of the polymer proper-
ties are 1-2 orders in magnitude lower than for PZT. The material parameters of matrix PZT
are expressed in (4.20)-(4.22) [214], while the material properties of PVDF are described in
(4.36)-(4.38) [216].

[C2] =

6.066 3.911 0
3.911 6.066 0

0 0 1.078

(GPa) (4.36)

[α2] =

[
0.025 0

0 0.084

]
(nC ·m−1 ·V−1) (4.37)

[e2] =

[
0.1272 0.0873 0

0 0 0

]
(C ·m−2) (4.38)
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Figure 4.18: Topology optimization process with respect to normalized flexoelectric compo-
nents and volume fractions for the PZT/PZT composite: (a) K1111; (b) K2211; (c) K1212.
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(a) (b) (c)

(d) (e) (f)

Figure 4.19: Optimal topology for K for the PZT/PVDF composite: (a) K1111; (b) K2211; (c)
K1212; (d) K2222; (e) K2212; (f) K1211.

We perform topology optimization of the PVDF inclusion with respect to the converse flexo-
electric coefficients K1111, K2211, K1212, K2222, K2212 and K1211. To ensure that these results can
be compared against the previous PZT/PZT results, we set the volume fraction of the PVDF in-
clusion to be f = 0.4 for all cases. Similarly, the initial guess is set by ρe = 0.4, e= 1,2, ...,Ne =
6400. The final optimal unit cells of the converse flexoelectric coefficients K1111, K2211, K1212,
K2222, K2212 and K1211 are shown in Fig. 4.19. In these figures, the cyan and black colors
refer to the inclusion PVDF and matrix PZT, respectively. The reference solutions calculated
by a triangular PVDF inclusion as in Fig. 2.2(b) of Chapter 2 are shown for each case. The
reference values obtained are K1111 = 0.0432×10−3 C ·m−1, K2211 = 0.0139×10−3 C ·m−1,
K1212 = 0.0073×10−3 C ·m−1, K2222 = 0.0262×10−3 C ·m−1, K2212 = 0.0033×10−3 C ·m−1

and K1211 = 0.0004×10−3 C ·m−1 for the PZT/polymer composites with triangular inclusion.
We obtained six different optimized unit cells, and a significant improvement can be found

as compared to the reference triangular solutions. The optimal absolute values are K1111 =
0.3420×10−3 C ·m−1, K2211 = 0.2054×10−3 C ·m−1, K1212 = 0.0923×10−3 C ·m−1, K2222 =
0.1218× 10−3 C ·m−1, K2212 = 0.3267× 10−3 C ·m−1 and K1211 = 0.0821× 10−3 C ·m−1,
which represents increases by factors of 7.92, 14.78, 12.64, 4.65, 99 and 205.25 times, re-
spectively. Interestingly, despite being comprised of a polymer inclusion whose (elastic, piezo-
electric, and dielectric) properties are all about two orders of magnitude smaller than the PZT
matrix, the flexoelectric constants are quite similar to those obtained for the optimized PZT/PZT
composites discussed previously, with significantly larger percentage enhancements.

In Figs. 4.20 and 4.21, we depict the local electric gradient and strain components of the
optimized microstructures that are associated with the converse flexoelectric coefficients K2222
and K1211, respectively. In the different cases, we can note that the optimized geometry favors
the localization of these fields near the interfaces, which may be expected due to the problem
being one of a soft inclusion within a stiff matrix.

The numerical investigations revealed that the apparent converse flexoelectric coefficients
in a composite made of periodic triangular inclusions have the same order of magnitude as the
direct flexoelectric properties of the local constituents. We show that optimized designs can lead
to effective converse flexoelectric properties which can be improved by 1-2 orders of magnitude
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(a) Electric gradient ∇E22-component (b) Strain ε22-component

Figure 4.20: Electric field gradient component ∇E22 and strain component ε22 within the PZT-
PVDF microstructure corresponding to the optimized coefficient K2222.

(a) Electric gradient ∇E11-component (b) Strain ε12-component

Figure 4.21: Electric field gradient component ∇E11 and strain component ε12 within the PZT-
PVDF microstructure corresponding to the optimized coefficient K1211.
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as compared to guess designs for ceramics/ceramics or polymer/ceramics composites.

4.3 Conclusion
In this chapter, a topology optimization framework has been proposed to maximize the effec-
tive direct flexoelectric properties of composites made of piezoelectric phases, then extended
to enhance the converse flexoelectric properties. The original contribution here is to combine
computational homogenization for flexoelectric materials with Toplogy Optimization of mi-
crostructures. We use a homogenization method to estimate the direct and converse flexoelec-
tric properties from the distribution of local phases in a Representative Volume Element (RVE),
which precludes the necessity of optimizing the entire structure. The electromechanical cou-
pling computational homogenization framework to estimate the effective direct and converse
flexoelectric tensors of periodic piezoelectric composites was already formulated in Chapter
2. A SIMP (Solid Isotropic Material with Penalization) method was used to interpolate the
material constitutive properties of phases with spatially varying densities. The adjoint numeri-
cal sensitivities of direct and converse flexoelectric coefficients were respectively derived. The
topology optimization problems were performed to maximize the absolute values of the flexo-
electric tensor under the constraint of a constant volume fraction of inclusion. Results show that
on several cases (piezo-piezo, piezo-polymer and porous piezo-composites), the present scheme
allows increasing the effective direct and converse flexoelectric properties up to 1-2 orders of
magnitude as compared to a naive "guess" design.

We found different mechanisms to enhance the flexoelectric properties, and the electrome-
chanical coupling. Specifically, piezo-piezo (hard/hard) composites generated an enhanced
electromechanical response through enhancement of their effective piezoelectric properties. In
contrast, piezo-polymer (hard/soft) composites generated an enhanced electromechanical re-
sponse through an interplay of enhanced electromechanical (piezoelectric) and electrical (di-
electric) properties, and reduced mechanical compliance, which result from significantly en-
hanced local electric fields and strain gradients along the hard/soft interface. We believe that
the present framework has the potential to design high-performance flexoelectric components
for use e.g. in energy harvesting systems, sensors or actuators without the need for materials
exhibiting intrinsically high flexoelectricity, that will be further discussed in the next chapters.



Chapter 5

Multiscale topology optimization of an
electromechanical dynamic energy
harvester made of non-piezoelectric
material

In the realm of flexoelectric composites, research has concentrated on developing piezoelec-
tric composites using non-piezoelectric materials, driven by earlier work [24, 25]. Traditional
piezoelectric composites usually include lead-containing PZT for higher permittivity. Piezo-
electric responses, achieved in these composites made of purely flexoelectric materials, can be
comparable to common single-phase piezoelectrics. Non-piezoelectric flexoelectric materials
can serve as low-cost, lead-free alternatives to traditional piezoelectric materials, thereby pro-
moting the sustainability of electromechanical applications.

In this chapter, a multiscale topology optimization method has been proposed for the design
of electromechanical energy harvesting systems converting mechanical vibrations into electric
currents made of non-piezoelectric materials. At the microscopic scale, the material is assumed
to be periodic, porous and flexoelectric, although not piezoelectric. A first step of topology opti-
mization is performed, in order to maximize the effective (homogenized) flexoelectric properties
of the material. As a result, the effective material, although made of a non-piezoelectric mate-
rial, has apparent piezoelectric properties. In a second step, these properties are used to model
the behaviour of a dynamic electromechanical energy harvesting system structure. A second
topology optimisation step, this time performed at the structural scale, aims to maximize the
system Electromechanical Coupling Factor (ECF) for a given forced vibration frequency. At
both scales, an Isogeometric Analysis (IGA) method is employed to solve the strain-gradient
problems numerically. We show that the optimized structure obtained offers significant gains in
terms of ECF compared with non-optimized structures of the same volume, over a wide range
of excitation frequencies. The procedure could open up new possibilities in the design of energy
recovery systems without the use of piezoelectric materials.

This chapter is adapted from the published articles [217].

5.1 Homogenization of heterogeneous flexoelectric materials

5.1.1 Micro RVE problem
We first present a framework to perform the homogenization of microstructures made of flex-
oelectric materials. We consider a periodic composite (see Fig. 5.1(a)) characterized by a
Representative Volume Element (RVE) defined in a domain Ωm ∈ R2 whose boundary is de-
noted by ∂Ωm, as shown schematically in Fig. 5.1(b). The phases within the RVE are assumed

95
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∂Ωm

Ωm

Phase 1

Phase 2

ℓ

(b)(a)

Figure 5.1: (a) Periodic flexoelectric structure and (b) Representative Volume Element (RVE)
made of two phases.

to be linearly flexoelectric and characterized by an elastic tensor C, a dielectric tensor α and
a flexoeletric tensor µ . The energy density function of a purely flexoelectric material (non-
piezoelectric) at the microscale is defined by:

W1 =
1
2

Ci jklεi jεkl −
1
2

αi jEiE j −µi jklEi∇ε jkl (5.1)

where ε denotes strain tensor, E denotes electric field vector, related to the electric potential ϕ
by Ei =−ϕ,i, and ∇ε denotes the third-order strain gradient tensor.

The local equilibrium equations are given by

σi j, j − τi jk, jk − fi = R1i = 0, in Ωm (5.2)
di,i = R2 = 0, in Ωm (5.3)

with:

σi j =Ci jklεkl (5.4)
di = αi jE j +µi jkl∇ε jkl (5.5)
τ jkl =−µi jklEi (5.6)

where σ denotes the stress tensor, f is body forces vector, d is the electric displacement, and
τ denotes the couple stress. The RVE is assumed to be subjected to macroscopic loads, i.e. a
macroscopic strain ε , a macroscopic electric field E and a macroscopic strain gradient ∇ε which
are defined at the scale of the structure. They are transferred to the RVE through the quadratic
boundary conditions:

ui = ε i jx j +
1
2

gi jkx jxk + ũi on ∂Ωm (5.7)

with

gi jk = ∇ε i jk +∇ε ik j −∇ε jki (5.8)

and

ϕ =−E ixi on ∂Ωm (5.9)



97 5.1. Homogenization of heterogeneous flexoelectric materials

The forces f in (5.2) have been introduced to induce purely uniform fields of derivatives
when the RVE is homogeneous. Their expression is given by:

fi =Ci jkl∇εkl j (5.10)

Using superposition, the local strain field ε(x), local electric field E(x) and local strain
gradient field ∇ε(x) at a point x ∈ Ωm can be expressed in the form:

εi j(x) = A0
i jpq(x)ε pq −B0

i jp(x)E p −A1
i jpqr(x)∇ε pqr (5.11)

Ei(x) = D0
ipq(x)ε pq −h0

ip(x)E p −D1
ipqr(x)∇ε pqr (5.12)

∇εi jk(x) = J0
i jkpq(x)ε pq −Q0

i jkp(x)E p − J1
i jkpqr(x)∇ε pqr (5.13)

where the local fields A0, B0, A1, D0, h0, D1, J0, Q0 and J1 are obtained by solving Eqs. (5.2)
and (5.3) on the RVE by the Isogeometric Analysis method (IGA). More details are provided in
Section.5.1.2). Substituting (5.11)-(5.13) into (5.1), the effective (homogenized) flexoelectric
tensor is obtained as:

µ i jkl =
〈
−B0

pqiCpqrsA1
rs jkl +h0

piαpqD1
q jkl +Q0

pqriµpqrsD1
s jkl +h0

piµpqrsJ1
qrs jkl

〉
(5.14)

where 〈·〉 = 1
V
∫
(·)dV . In the above, the dependence to x has been ommitted to alleviate the

notations. The 2D matrix form of the effective flexoelectric tensor can be written as:

µ =

[
µ1111 µ1112 µ1221 µ1222 µ1121 µ1122
µ2111 µ2112 µ2221 µ2222 µ2121 µ2122

]
(5.15)

5.1.2 Calculation of effective flexoelectric tensor
The strain and electric fields solutions, strain gradient fields solutions of the problem (5.3) can
be expressed as the functions of the effective strain, electric and strain gradient fields as

εi j = A0
i jpqε pq −B0

i jpE p −A1
i jpqr∇ε pqr (5.16)

Ei = D0
ipqε pq −h0

ipE p −D1
ipqr∇ε pqr (5.17)

∇εi jk = J0
i jkpqε pq −Q0

i jkpE p − J1
i jkpqr∇ε pqr (5.18)

We define the displacement and electric fields matrices:

U = {Uϕ ;Uu}, V = {Vϕ ;Vu}, W = {Wϕ ;Wu} (5.19)

Uu = [u1,u2,u3], Vu = [u4,u5], Wu = [u6,u7,u8,u9,u10,u11] (5.20)

Uϕ = [ϕ1,ϕ2,ϕ3], Vϕ = [ϕ4,ϕ5], Wϕ = [ϕ6,ϕ7,ϕ8,ϕ9,ϕ10,ϕ11] (5.21)

The displacement fields ui and the electric fields ϕi are the vector columns containing re-
spectively the nodal displacement and electric potentials solution of the localization problems
Eqs. (5.3) with the boundary conditions described in Table 5.1.

The matrices associated with the tensors A0, B0, A1, D0, A0, h0, D1, J0, Q0 and J1 in (5.16)-
(5.18) can be computed according to

A0(x) = Bu(x)Uu, B0(x) = Bu(x)Vu, A1(x) = Bu(x)Wu; (5.22)

D0(x) =−Bϕ (x)Uϕ , h0(x) =−Bϕ (x)Vϕ , D1(x) =−Bϕ (x)Wϕ (5.23)

J0(x) = Hu(x)Uu, Q0(x) = Hu(x)Vu, J1(x) = Hu(x)Wu (5.24)

Substituting (5.22)-(5.24) into (5.14), we have the effective flexoelectric tensor in matrix
form as

µ =−
〈

VT
u BT

u CBuWu −VT
ϕ BT

ϕ αBϕ Wϕ +VT
u HT

u µBϕ Wϕ +VT
ϕ BT

ϕ µHuWu

〉
(5.25)
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Table 5.1: Elementary solution corresponding to the prescribed macroscopic strain, electric
potential and strain gradient components

Field (ε11,ε22,ε12) (E1,E2) (∇ε111,∇ε221,∇ε122,∇ε222,∇ε112,∇ε121)
u1,ϕ1 (1,0,0) (0,0) (0,0,0,0,0,0)
u2,ϕ2 (0,1,0) (0,0) (0,0,0,0,0,0)
u3,ϕ3 (0,0,1

2 ) (0,0) (0,0,0,0,0,0)
u4,ϕ4 (0,0,0) (1,0) (0,0,0,0,0,0)
u5,ϕ5 (0,0,0) (0,1) (0,0,0,0,0,0)
u6,ϕ6 (0,0,0) (0,0) (1,0,0,0,0,0)
u7,ϕ7 (0,0,0) (0,0) (0,1,0,0,0,0)
u8,ϕ8 (0,0,0) (0,0) (0,0,1,0,0,0)
u9,ϕ9 (0,0,0) (0,0) (0,0,0,1,0,0)

u10,ϕ10 (0,0,0) (0,0) (0,0,0,0,1,0)
u11,ϕ11 (0,0,0) (0,0) (0,0,0,0,0,1)

5.2 Dynamic flexoelectricity at the macro scale
We consider a structure defined in an open domain Ω ⊂ R2, with boundary ∂Ω, and associated
with the macro scale problem. At this scale, the composite is modeled by a homogeneous
material whose effective properties have been defined with respect to a given microstructure
geometry in section 5.1. Over the boundary of the domain ∂Ω, mechanical displacements and
tractions are prescribed over parts of the boundary denoted respectively by ∂Ωu and ∂Ωt , as
well as electric potential and surface charge density over portions ∂Ωϕ and ∂ΩD, respectively.
In addition, the strain gradients are associated with other types of boundary conditions defined
over portions of the boundary ∂Ωv and ∂Ωr. The boundary conditions are imposed such that
∂Ωu∪∂Ωt = ∂Ωϕ ∪∂ΩD = ∂Ωv∪∂Ωr = ∂Ω and ∂Ωu∩∂Ωt = ∂Ωϕ ∩∂ΩD = ∂Ωv∩∂Ωr = /0.
We define the electric enthalpy density ĥ for a linear electromechanical system as:

ĥ =
1
2

Ci jklεi jεkl −
1
2

α i jEiE j − ei jkEkεi j −µ i jklEi∇ε jkl +
1
2

Gi jklmn∇εi jk∇εlmn (5.26)

where C, α , e and µ are the effective (homogenized) elastic, dielectric, piezoelectric and flex-
oelectric tensors, respectively, while G corresponds to the higher-order strain gradient elastic
tensor (see a complete definition of these tensors in Chapter 3). For the sake of simplification,
we assume here G in the form: Gi jklmn =Ci jlmℓkn, where ℓkn is material length parameters. Note
that in this section, we do not use special notation to differ the quantities from microscopic ones
in the previous section, to avoid burdening the notations.

The constitutive equations are derived as:

di =− ∂ ĥ
∂Ei

= α i jE j + ei jkε jk +µ i jkl∇ε jkl (5.27)

σi j =
∂ ĥ

∂εi j
=Ci jklεkl − ei jkEk (5.28)

τi jk =
∂ ĥ

∂∇εi jk
= Gi jklmn∇εlmn −µ i jklEl (5.29)

By integrating over Ω we obtain the electrical enthalpy as

H =
1
2

∫
Ω
(σi jεi j + τi jk∇εi jk −DiEi)dΩ (5.30)
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The work W of external mechanical and electrical forces is given as

W ext =
∫

Ωt

td
i uidS−

∫
ΩD

Db
nϕdS (5.31)

The Rayleigh dissipation can be written as

R̃ =
1
2

∫
Ω

Vi ju̇iu̇ jdΩ (5.32)

where Vi j is viscous damping coefficients and ˙(·) is time derivative.
The kinetic energy taking into account micro-inertial effect is defined by

K =
1
2

∫
Ω

ρ0(u̇iu̇i + ℓ2
d u̇i, ju̇i, j)dΩ (5.33)

where ρ0 is the density, ℓd is a dynamic scaling parameter (micro inertia characteristic length).
The acceleration gradient term is generally introduced to obtain physically acceptable dispersive
wave velocity [200] in strain-gradient models.

The governing differential equations for the electromechanical system are derived from the
Hamiltons principle:

δ
∫ t2

t1
(H −W −K)dt = 0 (5.34)

After algebraic manipulation, the weak form of balance equations are obtained as:∫
Ω

(
ρ0üiδui + ℓ2

d üi, jδui, j +σi jδεi j + τi jkδ∇εi jk +Vi ju̇iδu j
)

dΩ−
∫

∂Ωt

td
i δuidS = R3

(5.35)∫
Ω

diδϕ,idΩ−
∫

∂ΩD

Dd
nδϕdS = R4 (5.36)

The problem is completed with boundary conditions:

ϕ = ϕ d on ∂Ωϕ (5.37)

dini =−Dd
n on ∂ΩD (5.38)

ui = ud on ∂Ωu (5.39)

tk = n j
(
σ jk − τi jk,i

)
−D j

(
niτi jk

)
= td

k on ∂Ωt (5.40)

ui, jn j = vd
i on ∂Ωv (5.41)

nin jτi jk = rd
k on ∂Ωr (5.42)

where ϕ d , Dd
n , ud , td , vd and rd

k are the prescribed electric potential, surface charge density,
displacements, tractions, normal derivative of the displacement and the higher-order traction,
respectively. n is the unitary normal vector to the boundary ∂Ω and D j(.) =

∂ (.)
∂x j

− n jnq
∂ (.)
∂xq

.

Here, we assume vd = rd
k = 0 on ∂Ωv and ∂Ωr.

5.3 Topology optimization of flexoelectric micro and macro
structures

We formulate a two-scale topology optimization of an electromechanical energy harvester made
of non-piezoelectric material. At the microscale (see Fig. 5.2 (a)), the periodic microstructure of
the material is optimized to maximize its flexoelectric effective properties. Then, homogeniza-
tion is performed to obtain the corresponding coefficient of the macroscopic electromechanical
properties. At the structural level (macro scale, see Fig. 5.2 (b)), a second topology optimiza-
tion step is performed to maximize the electromechanical coupling factor (ECF) of the harvester
under dynamic conditions. The overall procedure is summarized in Fig. 5.2.
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Microstructure
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Figure 5.2: Multiscale topology optimization strategy for the design of the electromechanical
energy harvester made of a non-piezoelectric material: (a) micro scale topology optimization
problem; (b) macro scale topology optimization problem

5.3.1 SIMP framework with IGA

A SIMP topology optimization is adopted, where the geometry is defined within a design do-
main by means of densities ρ defined over the nodes of a mesh. In the present work, an Iso-
geometric Analysis (IGA) scheme is used both for solving equilibrium equations at micro and
macro scales, but also to define the interpolation of densities within the topology optimization.
The main advantage of IGA in the present framework is to allow C1 continuity, which is re-
quired to solve the equations of the strain-gradient flexoelectric problems at both micro and
macro scales. A complete description of the IGA discretization scheme can be found in Chap-
ter 3. The density design variables are defined on control points, i.e. nodal densities. These
densities are used to interpolate the material properties in a continuous manner, using penalty
exponents to enforce local densities to values close to 0 or 1. In SIMP, the material properties:
elastic tensor, flexoelectric tensor, dielelctric tensor and mass, are interpolated as follows:

Ci jkl(ρ) =Cmin
i jkl +ρ pc(C0

i jkl −Cmin
i jkl) (5.43)

µi jkl(ρ) = µmin
i jkl +ρ pµ (µ0

i jkl −µmin
i jkl ) (5.44)

αi j(ρ) = αmin
i j +ρ pa(α0

i j −αmin
i j ) (5.45)

m(ρ) = mmin +ρ(m0 −mmin) (5.46)

where the symbol □min represents small numerical values assiated with void (no material).
The same interpolation scheme is used to interpolate the other material tensors, at both micro
and macro scales. The coefficients pc, pµ , pa are a numerical penalty exponents. Different
coefficients can be used for the other material properties.

5.3.2 Microstructure topology optimization problem

At the micro scale, the objective is to obtain the largest effective flexoelectric coefficients by
designing the microstructure of the periodic flexoelectric composites. The topology optimiza-
tion problem is then formulated so as to maximize one specific component of the effective
flexoelectric tensor in (5.47).
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Max
ρ

: µ i jkl

Subject to :


R1(ρ) = 0
R2(ρ) = 0∫

Ωm
ρdV ≤ f m

0 ≤ ρ ≤ 1,

(5.47)

where f m is the micro volume fraction constraint, or density of the material.

5.3.3 Macroscopic dynamic electromechanical topology optimization
Once the microstructure is optimized from the previous section description, the obtained ho-
mogenized properties are used as material properties in the macro equations describing the
behavior of the energy harverster in Eqs. (5.27)-(5.29), (5.35)-(5.36). Then, a second Topology
Optimization step is performed at the macro structural level. Here, the objective is to maximize
the dynamic electromechanical response of the structure. More specifically, the electromechan-
ical coupling factor (ECF) of an electromechanical systems under harmonic excitation for a
given frequency is defined as:

k2
e f f =

Πe(ω)

Πm(ω)
(5.48)

Πe(ω) =
1
2

∫
Ω

E∗
i (ω)α i jE j(ω)dΩ (5.49)

Πm(ω) =
1
2

∫
Ω

ε∗i j(ω)Ci jklεkl(ω)dΩ (5.50)

where the Πe(ω) and Πm(ω) are electric and mechanical energies, respectively, and E∗
i =

−ϕ∗
,i , with ϕ∗ is the complex conjugate to ϕ , and ε∗i j =−∇s

i u
∗
j , with u∗j is the complex conjugate

to u j.
The topology optimization problem is formulated so as maximizing the ECF k2

e f f at a given
excitation frequency, under volume and compliance constraints:

Min
ρ

: J(ρ) = 1
k2

e f f (ρ)
= Πm(ω,ρ)

Πe(ω,ρ)

Subject to :



∫
ΩM

ρdV ≤ V max

V 0

R3(ρ) = 0
R4(ρ) = 0

Ĉ(ρ)≤ Ĉmax

0 ≤ ρ ≤ 1,

(5.51)

In the above, V 0 is the design domain volume and V max is the maximum volume of the
structure. In Eq. (5.51), Ĉ(ρ) = Πm(0) is the static average compliance, which it is expected
to eliminate disconnected domain by ensuring a minimal stiffness to the structure.

5.4 Sensitivity analysis
To solve the effective flexoelectric coefficients enhancement problemn (5.47) for microstructure
and the electromechanical coupling efficiency optimization problem (5.35)-(5.36) for energy
harvester based on the gradient-based mathematical programming method, The adjoint method
is employed to derive both the numerical sensitivities.
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5.4.1 Microstructure analysis
The effective flexoeletric tensor can be wirtten by compact form as

µ =− 1
Ωm

[
Vϕ
Vu

]T [Kϕϕ Kϕu
KT

ϕu Kuu

][
Wϕ
Wu

]
(5.52)

We define

KG =

[
Kϕϕ Kϕu
KT

ϕu Kuu

]
(5.53)

By using the adjoint method, the corresponding Lagrangian Lm for the effective flexoelectric
tensor components optimization problem (5.47) is formed by introducing adjoint vectors λ m

1 and
λ m

2 as:

Lm = µ− (VT KG −FV
T )λm

1 − (λm
2 )

T (KGW−FT
W ) (5.54)

Where VT KG−FV
T = 0 and KGW−FW

T = 0 are the IGA discrete forms of (5.11) with bound-
ary condition shown in Table 5.1, and they hold for arbitrary vectors λ m

1 and λ m
2 . Differentiating

the Lagrangian Lm with respect to the design variable ρm gives:

∂Lm

∂ρm =
∂µ

∂ρm − ∂ (VT KG −FV
T )

∂ρm λm
1 − (λm

2 )
T ∂ (KGW−FW

T )

∂ρm (5.55)

We finally obtain the adjoint sensitivity of effective flexoelectric components with respect
to the density as

∂µ

∂ρm =
1

Ωm

[
Vϕ
Vu

]T

· ∂
∂ρm

([
Kϕϕ Kϕu
KT

ϕu Kuu

])
·
[

Wϕ
Wu

]
(5.56)

5.4.2 Energy harvester analysis
For the energy harvester in dynamics, the first derivative of the objective function J with respect
to the nodal design variable ρi, j is calculated as

∂J
∂ρi, j

=

∂Πm
∂ρi, j

Πe −Πm
∂Πe
∂ρi, j

Π2
e

(5.57)

The terms ∂Πm
∂ρi, j

and ∂Πe
∂ρi, j

are derived by chain rules, respectively

∂Πm

∂ρi, j
=

∂Πm

∂ ¯̄ρi, j
·

∂ ¯̄ρi, j

∂ ρ̄i, j
·

∂ ρ̄i, j

∂ρi, j
(5.58)

∂Πe

∂ρi, j
=

∂Πe

∂ ¯̄ρi, j
·

∂ ¯̄ρi, j

∂ ρ̄i, j
·

∂ ρ̄i, j

∂ρi, j
(5.59)

Furthermore, ∂Πm
∂ ¯̄ρi, j

and ∂Πe
∂ ¯̄ρi, j

is explicit calculated by introducing an adjoint vector λc and λe,
respectively. The corresponding Lagrangian equations are constructed as:

LΠm = Πm −λc
1(KtotUtot −Ftot)−λc

2(KtotUtot −Ftot) (5.60)

LΠe = Πe −λe
1(KtotUtot −Ftot)−λe

2(KtotUtot −Ftot) (5.61)



103 5.5. Applications

where the discrete system of coupling equilibrium equation KtotUtot = Ftot is defined in (5.35)
and (5.36), while KtotUtot = Ftot is the corresponding conjugate counterpart. Both equilibrium
equations hold for arbitrary λc and λe. The sensitivities of the Lagrangian equations with
respect to ¯̄ρi, j are written as

∂LΠm

∂ ¯̄ρi, j
=

∂Πm

∂ ¯̄ρi, j
+

∂Πm

∂Utot
· ∂Utot

∂ ¯̄ρi, j
+

∂Πm

∂Utot
· ∂Utot

∂ ¯̄ρi, j
−λc

1
∂ (KtotUtot −Ftot)

∂ ¯̄ρi, j
−λc

2
∂ (KtotUtot −Ftot)

∂ ¯̄ρi, j
(5.62)

∂LΠe

∂ ¯̄ρi, j
=

∂Πe

∂ ¯̄ρi, j
+

∂Πe

∂Utot
· ∂Utot

∂ ¯̄ρi, j
+

∂Πe

∂Utot
· ∂Utot

∂ ¯̄ρi, j
−λe

1
∂ (KtotUtot −Ftot)

∂ ¯̄ρi, j
−λe

2
∂ (KtotUtot −Ftot)

∂ ¯̄ρi, j
(5.63)

We finally obtain the sensitivities of mechanical and electrical energy w.r.t ¯̄ρi, j,

dΠm

d ¯̄ρi, j
=

1
2

UT ∂Kuu

∂ ¯̄ρ
U−Re

{
(λc

1)
T ∂Ktot

∂ ¯̄ρ
Utot +(λc

2)
T ∂Ktot

∂ ¯̄ρ
Utot

}
(5.64)

dΠe

d ¯̄ρi, j
=

1
2

ΦT ∂Kϕϕ

∂ ¯̄ρ
Φ−Re

{
(λe

1)
T ∂Ktot

∂ ¯̄ρ
Utot +(λe

2)
T ∂Ktot

∂ ¯̄ρ
Utot

}
(5.65)

where Re{·} means the real part of the complex. The adjoint vectors are calculated by the
following adjoint equations

Ktotλ
c
1 =

∂Πm

∂Utot
(5.66)

Ktotλ
c
2 =

∂Πm

∂Utot
(5.67)

Ktotλ
e
1 =

∂Πe

∂Utot
(5.68)

Ktotλ
e
2 =

∂Πe

∂Utot
(5.69)

To solve the adjoint equations, we can use the same mechanical and electric boundary con-
dition as the problem (5.35)-(5.36). The derivatives of material density distribution field ¯̄ρ with
respect to nodal density field ρ presented in (5.58)-(5.59) can be obtained as

∂ ¯̄ρi, j

∂ ρ̄i, j
= Rp,q

i, j (ξ̄ , η̄) (5.70)

∂ ρ̄i, j

∂ρi, j
=

w(rī, j̄)

∑ns
î=1 ∑ms

ĵ=1
w(rî, ĵ)

(5.71)

Substituting (5.64)-(5.65)-(5.70)-(5.71) into (5.58) and (5.59), finally into (5.57), the ex-
plicit sensitivity of objection function with respect to nodal density variable ρ can therefore be
obtained. The micro and macro optimization problems in (5.47) and (5.51) are solved by the
conservative convex separable approximations (CCSAs) optimizer [144] based on the adjoint
sensitivity.

5.5 Applications
In the following examples, we first design the microstructure of a periodic porous material
made of a non-piezoelectric material, but possessing flexoelectric behavior, so as to maximize
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its apparent flexoelectric properties. The resulting material has homogenized (apparent) non-
zero piezoelectric properties. In a second step, we optimize the design of structures serving
as energy harvesters in a dynamic regime and made with this material. The objective is to
show that energy harversters using electromechanical transduction can be designed using fully
non-piezoelectric materials.

5.5.1 Topology optimization of a non-piezoelectric microstructure made
of a flexoelectric material

We first conduct the Topology Optimization (TO) of a microstructure made of a non-piezoelectric
material, but having flexoelectric behavior. Since the energy harvester structures considered in
this work mainly involve bending, we perform the TO of the microstructure so as to maximize
the effective flexoelectric coefficient µ2112, which characterizes the polarization under bending.
The flexoelectric microstructure is made of centrosymmetric flexoelectric (non-piezoelectric)
material SrTiO3 (STO) [215], whose parameters are given in Table 5.2. The second phase is
void (air). For this material, µ2112 ≡ µ12 = 7 nC/m and here, all penalty exponents used in the
TO numerical procedure (see Eq. (5.43)-(5.45)) are chosen as equal to 3.

Table 5.2: Material properties of SrTiO3 (STO)

Density Elastic coefficients Dielectric coefficients Flexoelectric coefficients
ρ0 = 5.12 g/cm3 c11 = c22 = 319 GPa α11 = 300ε0 µ11 = 0.2 nC/m

c12 = 100 GPa α33 = 300ε0 µ12 = 7 nC/m
c44 = 110 GPa ε0 = 8.854×10−12C/V·m µ44 = 5.8 nC/m

The microstructural optimized topologies are provided for different volume fractions in Fig.
5.3. The optimized values of the flexoelectric component µ̄2112 corresponding to the volume
fractions f1 =0.5, f2 =0.6, f3 =0.7 and f4 =0.8 are respectively obtained as 7.14 nC/m, 9.19
nC/m, 10.10 nC/m and 12.15 nC/m, which represent a significant improvement as compared
to STO of 2.00%, 31.29%, 44.29% and 73.57%, respectively. Note that even though non-
piezoelectric, the material with optimized microstructure actually exhibits an apparent piezo-
electric behavior due to local flexoelectricity. The respective values of the effective piezoelectric
coefficient ē211 corresponding to the volume fractions f1, f2, f3 and f4 are respectively obtained
as 0.0032 nC/m2, -0.0850 nC/m2, -0.0201 nC/m2, 0.3061 nC/m2 . The piezoelectric coefficients
ē111, ē211 and ē222 of the microstructures for the different volume fractions are summarized in
Table 5.3.

In the following, we will use the optimized microstructure corresponding to the volume
fraction f4 = 0.8 (see Fig. 5.3d) as a constitutive material for energy harvesters designs. The
effective parameters corresponding to this optimized microstructure are provided in Eqs. (5.72)-
(5.74). Note that such microstructures are complex, but may be fabricated with the recent
advances in additive manufacturing, including 3D printing of ceramics (see e.g. [218]).

Table 5.3: Piezoelectric coefficients ē111, ē211 and ē222 (unit: nC/m2) of microstructures with
different volume fractions

Volume fraction ē111 ē211 ē222
f1 =0.5 0.0163 0.0032 -0.0271
f2 =0.6 -0.4471 -0.0850 -0.1472
f3 =0.7 0.0318 -0.0201 -0.0584
f4 =0.8 -0.0209 0.3061 0.1456
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(a) (b)

(c) (d)

Figure 5.3: Optimized microstructure with respect to the apparent flexoelectric coefficient µ̄2112
for different volume fractions: (a) f1 = 0.5; (b) f2 = 0.6; (c) f3 = 0.7; (d) f4 = 0.8.
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Figure 5.4: Beam-like energy harverster with open circuit boundary conditions: design domain

C =

72.83 22.68 0
22.68 103.21 0

0 0 29.91

(GPa), α =

[
0.804 0

0 1.121

]
(nC/V ·m) (5.72)

e =

[
−0.0209 0.0512 −0.0697
0.3061 0.1456 −0.0608

]
(nC/m2) (5.73)

µ =

[
−0.16 −0.18 0.64 0.06 −0.05 2.38
0.07 12.15 −0.05 1.37 0.62 −0.05

]
(nC/m) (5.74)

5.5.2 Design of a dynamic beam-like energy harvester
In this example, we use the proposed methodology to design a dynamic beam-like energy har-
vester in open circuits boundary condition as shown as Fig. 5.4. The beam material is the
one obtained from the optimized microstructure in the previous section, whose coefficients are
provided in (5.72)-(5.74). The size of the beam is h = 200 nm, with an aspect ratio L/h = 6
and the micro inertial length ℓd = 10ℓ in Eq. (5.33). The density of the optimized microstruc-
ture is ρ0 = 4.096 g/cm3. The internal length scale of higher-order elastic tensor (3.60) is
ℓ = 1× 10−8 m. The modal damping ratios are taken as ξ1 = ξ2 = 0.01. The excitation fre-
quency is F(ω) = F0e jωt and F0 =−1 N, applied along the x2-direction on the top-right corner.
The dynamic topology optimization is carried out for the excitation frequencies 0 MHz (static),
10 MHz, 12 MHz, 15 MHz and 16 MHz. The volume fraction constraint, defined as the quantity
of material as compared to the design domain volume L×h, is set as f =0.6 for all frequency
cases. The compliance constraint is set as Ĉmax = 8Π1(0), where Π1(0) is the static strain en-
ergy of the undesigned flexoelectric beam. Here the undesigned structure means that the relative
densities in the whole rectangular design domain are equal to 1. For comparison, a guess de-
sign consisting into a rectangular beam with 6 holes as depicted in Fig. 5.5(a) is analyzed. The
holes radii are R = 0.3568h corresponding to a volume fraction equal to 0.6. This structure will
serve as a reference to be compared with the optimized designs. The penalty exponents used in
the TO numerical procedure (see Eqs. (5.43)-(5.45)) are chosen here as pc = pe = 3, pa = 1.
These coefficients are different in this example for convergence reasons.

The dynamic topology optimization of the flexoelectric cantilever beam is performed for
different excitation frequencies. Initialization of the densities is performed by setting them
uniformly to ρe = 0.6 in the rectangular design domain defined in Fig. 5.4. The final optimized
geometries, obtained respectively for the excitation frequencies 0 MHz, 10 MHz, 12 MHz, 15
MHz and 16 MHz, are depicted in Fig. 5.5. The corresponding electromechanical coupling



107 5.5. Applications

(b)(a)

(d)(c)

(e) (f)

Figure 5.5: (a) Reference design for the beam-like energy harvester; Optimized designs corre-
sponding to excitation frequencies: (b) Static conditions; (c) 10 MHz; (d) 12 MHz; (e) 15 MHz;
(f) 16 MHz

factors (ECFs) are listed in Table 5.4. The ECFs of the optimized structures for excitation
frequencies 0 MHz, 10 MHz, 12 MHz, 15 MHz and 16 MHz increase by factors of 20.18, 20.07,
20.04, 19.99 and 19.97 times, respectively, as compared to the reference design in Fig. 5.5(a).
The influence of different upper limit values of the compliance constraint on the optimized
structure and electromechanical coupling factors of the flexoelectric beam are also studied under
static loading conditions, as presented in Fig. 5.6. It can be observed that the electromechanical
coupling factors of the optimized structure firstly increase rapidly with the increase of the upper
limit of the compliance constraint and finally tend to be stable. Meanwhile, the rods close to
the load end in the optimized structural configuration are gradually getting longer.

The ECF frequency responses for the optimized geometries are compared to the reference
response in Fig. 5.7, where the frequency ranges from 0 to 143 MHz. It is observed that the
ECF frequency responses of all optimal designs obtained by different excitation frequencies are
much larger (about 20 times) than the reference in a large frequency range (roughly between
0 and 100 MHz), while it drops for frequencies larger than 100 MHz. Using different excita-
tion frequencies in the toplogy optimization does not modifiy significantly the ECF response
of the otpimize structure. In conclusion, it is shown that the obtained optimized energy har-
vester structures have good performances both with respect to the reference (guess design) and
considering that the constitutive material is not piezoelectric.

Table 5.4: electromechanical coupling factors (ECF) of optimal designs for flexoelectric nano
beam under different excitation frequencies

Excitation ECF ECF Gain:
Frequency (optimized) (reference) ECFopt /ECFre f

0 MHz 0.03420 1.6149×10−3 21.18
10 MHz 0.03406 1.6165×10−3 21.07
12 MHz 0.03402 1.6171×10−3 21.04
15 MHz 0.03397 1.6184×10−3 20.99
16 MHz 0.03395 1.6189×10−3 20.97
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Figure 5.6: Influence of upper limit value of compliance constraint on optimized structures and
electromechanical coupling factor of flexoelectric beams
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Figure 5.7: ECF frequency responses of reference and optimized designs for flexoelectric beam
for different excitation frequencies
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Figure 5.8: Energy harvester with truncated pyramid-shape under compression and open circuit
conditions: design domain

5.5.3 Design of dynamic truncated pyramid-like energy harvester

In this example, we consider the design of an energy harvester with truncated pyramid shape
and open circuit conditions, as shown in Fig. 5.8. This shape is often chosen in flexoelectric
systems as inducing strain gradient in compression [93]. The initial design domain is defined by
the geometrical parameters a1 = 400 nm, a2 = 1200 nm and h0 = 400 nm. A spatially uniform
and oscillating pressure p0(ω) =−1e jωt N is applied on the top surface along the x2−direction
and the displacement DOFs on the bottom surface are fixed. The material parameters and
length scale ℓ, ℓd are same as in the previous example. The volume fraction constraint is here
set as f = 0.7. The compliance constraint is set as Ĉmax = 4Π2(0), where Π2(0) is the static
strain energy of the truncated pyramid design domain with ρ = 1. A reference guess design
is defined in Fig. 5.9(a), consisting into a truncated pyramid including a circular void with
radius R′ = 0.437h0. The penalty exponents used in the numerical TO procedure (see Eqs.
(5.43)-(5.45)) are chosen as pc = pe = 3, pa = 1.

We perform the topology optimization of the flexoelectric truncated pyramid under the ex-
citation frequencies 0 MHz (static), 200 MHz, 600 MHz, 800 MHz and 1000 MHz. The final
optimized structures obtained for the excitation frequencies mentioned above are presented in
Fig. 5.9. We can see that the vertical lengths of the voids in the topologies of the optimized
structures become shorter and the material is concentrated more towards the middle domain of
the structures, with the increasing frequencies of excitation in optimization. The ECFs of the
reference and optimized structures are summarized in Table 5.5. The ECFs of the optimized
structures designed for excitation frequencies 0 MHz, 200 MHz, 600 MHz, 800 MHz and 1000
MHz increase respectively by 4.044, 3.293, 2.846, 2.403 and 2.089 times with respect to the
reference design solutions. The ECFs frequency responses of reference structure and optimized
designs obtained for the different excitation frequencies are shown in Fig. 5.10, where the fre-
quency ranges from 0 to 3.16 GHz. Obviously, the ECF is improved by the optimized energy
harvester as compared to the reference design, and this for the whole frequency range. As
another observation, the designs obtained by the dynamic topology optimization (taking into
account nonzero excitation frequencies), mainly improves the ECF as compared to the ones ob-
tained by static TO. Finally, it seems that increasing the excitation frequency decreases the ECF
at low frequencies, but for larger frequencies there is not clear trend. Globally, the dynamic TO
leads to a clear ECF improvement as compared to the reference of static designs, showing the
potential of this framework.
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(b)(a)

(d)(c)

(f)(e)

Figure 5.9: (a) Reference design for the truncated pyramid-like energy harvester; Optimized
design corresponding to excitation frequencies: (b) Static conditions; (c) 200 MHz; (d) 600
MHz; (e) 800 MHz; (f) 1000 MHz
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Figure 5.10: ECF frequency responses of reference and optimized designs for truncated pyramid
for different excitation frequencies
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Table 5.5: electromechanical coupling factors (ECF) of optimized designs for truncated pyramid
obtained by different excitation frequencies

Excitation ECF ECF Gain:
Frequency (optimized) (reference) ECFopt /ECFre f

0 MHz 7.4203×10−3 1.4712×10−3 5.044
200 MHz 6.3395×10−3 1.4766×10−3 4.293
600 MHz 5.9021×10−3 1.5346 ×10−3 3.846
800 MHz 5.4302×10−3 1.5956×10−3 3.403

1000 MHz 5.2058×10−3 1.6852×10−3 3.089

5.6 Conclusions
A multiscale topology optimization method has been proposed for the design of electromechan-
ical energy harvesting systems converting mechanical vibrations into electric currents made of
non-piezoelectric materials. At the microscopic scale, the material is assumed to be periodic,
porous and flexoelectric, although not piezoelectric. A first step of topology optimization is
performed, in order to maximize the effective (homogenized) flexoelectric properties of the
material. As a result, the effective material, although made of a non-piezoelectric material,
has apparent piezoelectric properties. In a second step, these properties are used to model the
behaviour of a dynamic electromechanical energy harvesting system structure. A second topol-
ogy optimization step, this time performed at structure scale, aims to maximize the system
Electromechanical Coupling Factor (ECF) for a given forced vibration frequency. We show
that the optimized structure obtained offers significant gains in terms of ECF (by factors up to
20 times) compared with non-optimized structures of the same volume, over a wide range of
excitation frequencies. The procedure could open up new possibilities in the design of energy
recovery systems without the use of piezoelectric materials.



Chapter 6

Nonlinear topology optimization of
flexoelectric soft dielectrics at large
deformation

Macroscopic materials, typically rigid solids, face limitation in creating large strain gradients.
Soft dielectrics have become a key focus of research due to their distinctive capability to un-
dergo extensive deformations. This characteristic holds the potential for achieving more sig-
nificant electric responses, attributed to the presence of larger strain gradients. The resulting
mechanical deformations induced by applied electric fields create opportunities for applica-
tions such as flexible electronics, soft robotics, and sensing and actuation in various fields
[219, 220, 221]. The reduction of structural dimensions to the micro- and nanoscale facili-
tates nonlinearity, enabling the more accessible production of large strain gradients, thereby
contributing to the increasing improvement of the flexoelectric effect.

In this chapter, we propose a novel nonlinear topology optimization framework tailored for
flexoelectric soft dielectrics undergoing large deformation. A numerical method based on Iso-
geometric analysis (IGA) is introduced to nonlinear soft dielectrics at finite strain, ensuring the
C1-continuity for flexoelectric problems. We outline the process of consistent linearizations
and IGA discretizations. Additionally, we introduce an innovative and efficient Strain Den-
sity Function (SDF) interpolation scheme for optimizing electromechanical coupling factors,
where the electromechanical and hyper-elastic energy terms are respectively interpolated based
on SIMP model but the linear density model is employed on dielectric one. An energy remedy
scheme [222] for void region is extended to optimization of soft dielectrics to avoid the distor-
tion deformation in low-stiffness elements. The optimization solely based on the objective of
the electromechanical coupling factor may lead to the formation of disconnected structures due
to the neglect of mechanical stiffness considerations. To ensure the design of physically viable
optimized structures, we incorporate a compliance constraint to regulate mechanical stiffness,
thereby preventing the occurrence of disconnected domains. The influence of size effect on the
optimization of flexoelectric soft materials is studied.

This chapter is adapted from the published articles [223].

6.1 Flexoelectricity for soft materials at finite strains
A solid domain Ω0 ∈Rd is considered in the reference (undeformed) configuration, as schemat-
ically illustrated in Fig. 6.1. The boundary ∂Ω0 of Ω0 is composed of mechanical and elec-
trostatic boundary. The mechanical boundary includes Dirichlet and Neumann portions, repre-
sented respectively by ∂Ω0u and ∂Ω0t , where the displacement and traction are imposed such
that ∂Ω0u ∪ ∂Ω0t = ∂Ω0 and ∂Ω0u ∩ ∂Ω0t = /0. While the electrostatic one is composed of
electric Dirichlet boundary ∂Ω0ϕ and Robin boundary ∂Ω0D, which are prescribed such that
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Figure 6.1: A solid domain: (a) reference (undeformed) configuration; (b) current (deformed)
configuration

∂Ω0ϕ ∪∂Ω0D = ∂Ω0 and ∂Ω0ϕ ∩∂Ω0D = /0. The solid domain in current (deformed) configu-
ration is denoted as Ω, and the counterparts of quantities are defined similarly by omitting the
index 0. The deformation map χ : Ω0 → Ω maps every material point (or Lagrangian coordi-
nate) X ∈ Ω0 to the spatial point (or Eulerian coordinate) x, i.e. x = χ(X).

Here, the relevant quantities and notations are defined. The deformation gradient is defined
as F = ∇X(χ) and ∇X(·) denotes gradient with respect to reference configuration. C = FT F
is the right Cauchy-Green strain tensor. The Jacobian is defined as J = det(F). The diver-
gence operator Div = ∇X · (·) is related to reference configuration. The electric field, electric
displacement, polarization and the first Piola-Kirchhoff stress in current configuration are de-
noted respectively as E, D, P and Σ, while their counterparts in the reference configuration are
expressed as Ẽ, D̃, P̃ and Σ̃, respectively. These quantities are related according to [79]:

D̃ = JF−1D, Ẽ = FT E, (6.1)

Σ̃ = JΣF−T , P̃ = JP (6.2)

and

Ẽ =−∇X ϕ (6.3)

F = I+
∂u
∂X

(6.4)

with electric potential ϕ and unit matrix I.
In this work, isotropic bulk flexoelectricity at finite strain is assumed, and surface effects

are neglected. The total internal energy density of the system, encompassing contributions
from elastic, flexoelectric, dielectric and linear gradient elastic portions, is provided as [108]:

Ψ = Ψelast +Ψ f lexo +Ψdiel +Ψgrad
elast (6.5)
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In this work, the Ψelast is considered as Mooney-Rivlin hyper-elastic model, and all the
energy terms are given as

Ψelast =
µ
2
(J−

2
3 Σαλ 2

α −3)+
κ
2
(J−1)2 (6.6)

Ψdiel =
1
2J

(RT · P̃) ·A · (RT · P̃) (6.7)

Ψ f lexo = fi jklP̃iG jkl (6.8)

Ψgrad
elast =

gi jklmn

2
Gi jkGlmn (6.9)

where µ and κ are the Lame’s constants such that µ = E
2(1+ν) and κ = E

3(1−2ν) , with E is

Young’s modulus and ν is Poisson’s ratio. λ 2
α (α = 1,2,3) is the eigenvalue of right Cauchy-

Green tensor C. G is second order gradient of displacement and G = ∇X(∇X(u)). R is rotation
tensor with the property of R ·RT = I. f is the flexoelectric coefficient and g is the couple strain
gradient constant. A is second order dielectric tensor. For an isotropic dielectric medium, it is
defined as

A =
1

ε − ε0
I (6.10)

and ε0 is the vacuum electric permittivity.
By the principle of frame indifference, the energy functions Ψ f lexo and Ψgrad

elast satisfy [79]:

Ψ f lexo(G, P̃) = Ψ f lexo(RG,RP̃),∀R ∈ So(3) (6.11)

Ψgrad
elast(G,G) = Ψgrad

elast(RG,RG),∀R ∈ So(3) (6.12)

where So(3) ⊂ R3×3 is the group consisting of all rigid rotations. Then using the property of
the material symmetry, we have

Ψ f lexo(G, P̃) = Ψ f lexo(RG′,RP̃′),∀Q ∈ G (6.13)

Ψgrad
elast(G,G) = Ψgrad

elast(RG′,RG′),∀Q ∈ G (6.14)

where G′
i jk = GimnQm jQnk and P̃′

i = P̃ jQ ji. Let G ⊂R3×3 be the material symmetry group. For
isotropic medium, i.e. G = So(3), any isotropic tensor, as well as higher-order tensors such as
fi jkl and gi jklmn, can be represented as linear combinations of some isomers [224]. The general
bilinear forms that fulfill the above identity (6.11)-(6.14) have been systematically derived in
[224]. For simplicity, special forms for Ψ f lexo and Ψgrad

elast with a single parameter, employed in
[79] are used here:

Ψ f lexo = f P̃iGikk (6.15)

Ψgrad
elast =

g
2

GikkGill (6.16)

The first Piola-Kirchhoff stress Σ̃ is expressed by:

Σ̃ =
∂Ψelast

∂F
=−µ

3
J−

2
3 F−T Σαλ 2

α +µJ−
2
3 F+κ(J−1)JF−T (6.17)

The third-order hyperstress S is defined as

Si jk =
∂Ψ

∂Gi jk
=

g
2

δmiδk jGmll +
g
2

Gmnnδmiδk j + f P̃mδmiδ jk

= gGillδ jk + f P̃iδ jk (6.18)
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where δi j is Kronecker delta.
The mechanical and electric equilibrium equations for flexoelectricity with boundary con-

ditions are defined as [79]


F−T ∇X ϕ + ∂Ψ

∂ P̃ = 0 in Ω0

Div D̃ = ρ̃e in Ω0, D̃ =−ε0JC−1∇Xϕ +F−1P̃
Div(Div∂Ψ

∂G)−Div∂Ψ
∂F − f̃e = 0 in Ω0

(6.19)

with{
(∂Ψ

∂F )N− (Div ∂Ψ
∂G)N− τ − t̃e = 0 on ∂Ω0

(∂Ψ
∂G)N⊗N = 0 on ∂Ω0

(6.20)

where N is the unitary normal vector to the boundary ∂Ω0. f̃e and t̃e denote body force and
traction, respectively. The components of the vector field τ are given by [79]:

τk = [Ski jN j(δim −NiNm)],m − [Ski jN j −NiNm],nNnNm (6.21)

Here, τ = 0. According to (6.7), we can obtain that

∂Ψ
∂ P̃

=
1
J

RART P̃ (6.22)

Substituting (6.10) and (6.22) into the first formula of (6.19), we have

P̃ =−J(RART )−1[ f Gikk +F−T ∇X ϕ ] =−J(ε − ε0)( f Gikk +F−T ∇X ϕ) (6.23)

From the second row of (6.19) and (6.23), we arrive at

D̃ =−JεC−1∇X ϕ − J f (ε − ε0)F−1Gikk (6.24)

The strong forms of the boundary values problems are provided as follows. The dielectric
problem with Dirichlet and/or Robin boundary conditions is defined as:

∇X · D̃ = ρ̃e in Ω0

ϕ = ϕ e on ∂Ω0ϕ

Ñ · D̃ = Db on ∂Ω0D

(6.25)

The mechanical problem with Dirichlet and Neumann boundary conditions is expressed as:
∇X · Σ̃−∇X · (∇X · S)+ f̃e = 0, in Ω0

Σ · Ñ− (∇X · S) · Ñ− t̃ = 0 on ∂Ω0t

SÑ⊗ Ñ = 0 on ∂Ω0

u = ub on ∂Ω0u

(6.26)

6.2 Weak forms of flexoelectric equilibrium equations
To be handled by discrete numerical methods, such as IGA method employed here, the above
boundary values problem defined in (6.25)-(6.26) must be recast into weak forms. The weak
formulations for electric and mechanical equilibrium are derived by employing the principle of
virtual work. The electric potential is defined as ϕ ∈ {ϕ = ϕ̄∗ on ∂Ω0ϕ ,ϕ ∈ H1(Ω0)} and its
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corresponding test function as δϕ ∈ {ϕ = 0 on ∂Ω0ϕ ,ϕ ∈ H1(Ω0)}. Multiplying the first row
of (6.25) by the test function δϕ and integrating over Ω0, we obtain the dielectric problem as∫

Ω0

∇X · D̃ ·δϕdΩ0 =
∫

Ω0

ρ̃e ·δϕdΩ0 (6.27)

By divergence theory, we have∫
Ω0

−D̃ ·∇X(δϕ)dΩ0 =
∫

Ω0

ρ̃eδϕdΩ0 −
∫

∂Ω0

D̃ ·NδϕdΩ0 (6.28)

As ϕ = 0 on ∂Ω0ϕ , introducing the last two rows of (6.25), we obtain∫
Ω0

−D̃ ·∇X(δϕ)dΩ0 =
∫

Ω0

ρ̃eδϕdΩ0 −
∫

∂Ω0D

DbδϕdΩ0 (6.29)

Substituting (6.24) into (6.29), we arrive at∫
Ω0

JεC−1∇X ϕ ·∇X(δϕ)dΩ0 +
∫

Ω0

J f (ε − ε0)F−1Gikk ·∇X(δϕ)dΩ0

=
∫

Ω0

ρ̃eδϕdΩ0 −
∫

∂Ω0D

DbδϕdΩ0 (6.30)

In the mechanical problem, we assume the displacement u∈{u= ū∗ on ∂Ω0u,u∈H2(Ω0)}.
Multiplying the first equation in (6.26) by the test function δu ∈ {u = 0 on ∂Ω0u,u ∈ H2(Ω0)},
integrating over Ω0, we have∫

Ω0

∇X · Σ̃ ·δudΩ0 −
∫

Ω0

∇X · (∇X · S) ·δudΩ0 +
∫

Ω0

f̃δudΩ0 = 0 (6.31)

Using integral by part, we obtain∫
Ω0

∇X · (Σ̃δu)dΩ0 −
∫

Ω0

Σ̃ : ∇X δudΩ0 −
∫

Ω0

∇X · ((∇X · S)δu)dΩ0

+
∫

Ω0

(∇X · S) : ∇X δudΩ0 +
∫

Ω0

f̃ ·δudΩ0 = 0 (6.32)

By Gauss’s theorem and ∇X δu = δF, we have∫
Ω0

Σ̃ : δFdΩ0 −
∫

Ω0

(∇X · S) : δFdΩ0 =
∫

Ω0

f̃ ·δudΩ0 +
∫

∂Ω0

(Σ̃N−∇X · SN) ·δudΩ0

(6.33)

Considering the boundary condition defined in the second row of (6.26), it can be obtained
as:∫

Ω0

Σ̃ : δFdΩ0 −
∫

Ω0

(∇X · S) : δFdΩ0 =
∫

Ω0

f̃ ·δudΩ0 +
∫

∂Ω0t

t̃ ·δudΩ0 (6.34)

The third-order tensor U and second-order tensor V have the property of ∇ · (U : V) =

(∇ · U) : V+U ...∇V. By introducing the property into the second term of (6.34), we arrive at∫
Ω0

Σ̃ : δFdΩ0 +
∫

Ω0

S ...δGdΩ0 −
∫

∂Ω0

SN : δFdΩ0 =
∫

Ω0

f̃ ·δudΩ0 +
∫

∂Ω0t

t̃ ·δudΩ0

(6.35)

We assume the boundary condition SN = 0 on ∂Ω0, we finally obtain the weak form of the
mechanical equilibrium equation as:∫

Ω0

Σ̃ : δFdΩ0 +
∫

Ω0

S ...δGdΩ0 =
∫

Ω0

f̃ ·δudΩ0 +
∫

∂Ω0t

t̃ ·δudΩ0 (6.36)
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6.3 Consistent linearization of flexoelectric weak-form equa-
tions

The linearization is as follow. The residuals are calculated by,{
Rϕ (u,ϕ) = q(u,ϕ)−qext = 0
Ru(u,ϕ) = f(u,ϕ)− fext = 0

(6.37)

where

q(u,ϕ) =
∫

Ω0

−D̃ ·∇X(δϕ)dΩ0

=
∫

Ω0

JεC−1∇X(δϕ) ·∇X ϕdΩ0 +
∫

Ω0

J f (ε − ε0)F−1Gikk ·∇X(δϕ)dΩ0 (6.38)

f(u,ϕ) =
∫

Ω0

Σ̃ : δFdΩ0 +
∫

Ω0

S ...δGdΩ0 (6.39)

qext =
∫

Ω0

ρ̃eδϕdΩ0 −
∫

∂Ω0D

DbδϕdΩ0 (6.40)

fext =
∫

Ω0

f̃ ·δudΩ0 +
∫

∂Ω0

t̃ ·δudΩ0 (6.41)

Their Taylor expansions are respectively given as{
Rϕ (u+∆u,ϕ +∆ϕ) = Rϕ (u,ϕ)+D∆uRϕ (u,ϕ)+D∆ϕ Rϕ (u,ϕ) = 0
Ru(u+∆u,ϕ +∆ϕ) = Ru(u,ϕ)+D∆uRu(u,ϕ)+D∆ϕ Ru(u,ϕ) = 0

(6.42)

The solution for the next increment in an iterative Newton-like procedure consists in solving the
linearized problems for ∆u and ∆ϕ and to update the field variables for the next iteration through
uk+1 = uk +∆u and ϕ k+1 = ϕ k +∆ϕ . For the sake of clarity, the superscript k is omitted. Let
us group all unknown quantities, respectively the displacement vector u and the potential ϕ in
a vector v. The directional derivatives of f (v) in the direction of ∆v is defined as:

D∆v f (v) =
[

d
dα

{ f (v+α∆v)}
]

α=0
(6.43)

We obtain ∆F = ∇X(∆u) and ∆G = ∇X(∇X(∆u)). Thus, the directional derivatives of the
residuals R(u,ϕ) = [Rϕ (u,ϕ);Ru(u,ϕ)] with respect to ∆ϕ and ∆u are calculated, respectively,
as{

D∆ϕ R(u,ϕ) = ∂R
∂ϕ ∆ϕ = ∂R

∂∇X ϕ
∂∇X ϕ

∂ϕ ∆ϕ =
∂Rϕ

∂∇X ϕ ∇X(∆ϕ)
D∆uR(u,ϕ) = ∂R

∂u ∆u = ∂R
∂F

∂F
∂u ∆u+ ∂R

∂G
∂G
∂u ∆u = ∂R

∂F ∆F+ ∂R
∂G∆G

(6.44)

Substituting (6.37)-(6.42) into (6.44) and assuming constant external forces (dead load), we
obtainD∆ϕ Rϕ (u,ϕ) =

∫
Ω0

∇X(δϕ) · ∂ (−D̃)
∂∇X ϕ ·∇X(∆ϕ)dΩ0

D∆uRϕ (u,ϕ) =
∫

Ω0
{∇X(δϕ) · ∂ (−D̃)

∂F : ∆F+∇X(δϕ) · ∂ (−D̃)
∂G

...∆G}dΩ0

(6.45)

andD∆ϕ Ru(u,ϕ) =
∫

Ω0
δG

... ∂S
∂∇X ϕ ·∇X(∆ϕ)dΩ0

D∆uRu(u,ϕ) =
∫

Ω0
δF : ∂Σ̃

∂F : ∆FdΩ0 +
∫

Ω0
δG

...∂S
∂F : ∆FdΩ0 +

∫
Ω0

δG
... ∂S
∂G

...∆GdΩ0

(6.46)
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Here, we recall the derivatives of deformation gradient F, inverse deformation gradient F−1

and the right Cauchy-Green strain with respect to the deformation gradient that will be used in
the following formulas:

Fi jkl =
∂F−1

i j

∂Fkl
=−F−1

ik F−1
l j (6.47)

F̃i jkl =
∂F−T

i j

∂Fkl
=−F−1

li F−1
jk (6.48)

Ãi jkl =
∂C−1

i j

∂Fkl
=−F−1

ik C−1
jl −C−1

il F−1
jk (6.49)

For the polarization defined in (6.23), its derivatives with respect to the deformation gradient
F, electric potential gradient ∇X ϕ and the second-order gradient of displacement G can be
obtained as:

∂ P̃i
∇mϕ =−J(ε − ε0)F−1

mi
∂ P̃i
∂Fkl

=−J(ε − ε0)( f F−1
lk Gipp +F−1

lk F−1
mi ∇mϕ + F̃imkl∇mϕ)

∂ P̃i
∂G jkl

=−J(ε − ε0) f δi jδkl

(6.50)

The electric displacement in (6.24) with respect to the three fields F, ∇X ϕ and G, is derived
as:

∂ D̃i
∂∇mϕ =−JεC−1

im
∂ D̃i
∂Fkl

=−Jε(F−1
lk C−1

im −F−1
ik C−1

ml −C−1
il F−1

mk )∇mϕ − J f (ε − ε0)(F−1
im F−1

lk +Fimkl)Gmpp
∂ D̃i

∂G jkl
=−J f (ε − ε0)F−1

i j δkl

(6.51)

We obtain the derivatives of hyperstress given in (6.18) about the F, ∇X ϕ and G, as:
∂Si jk
∂∇lϕ

=−J f (ε − ε0)F−1
li δ jk

∂Si jk
∂Flm

=− f δ jkJ(ε − ε0)( f F−1
ml Gipp +F−1

ml F−1
ni ∇nϕ −F−1

mi F−1
nl ∇nϕ)

∂Si jk
∂Glmn

= gδilδ jkδmn − J f 2(ε − ε0)δilδ jkδmn

(6.52)

While the first Piola-Kirchhoff stress defined in (6.17) is only related to the deformation
gradient F, then we have

∂ Σ̃i j

∂Fkl
=

2µ
9

J−
2
3 F−1

ji F−1
lk Σαλ 2

α +
µ
3

J−
2
3 F−1

li F−1
jk Σαλ 2

α

− 2µ
3

J−
2
3 F−1

ji Fkl −
2µ
3

J−
2
3 F−1

lk Fi j +µJ−
2
3 δikδ jl

+κ(2J−1)JF−1
ji F−1

lk −κ(J−1)JF−1
li F−1

jk (6.53)

6.4 IGA Discretization
The fundamental concept of Isogeometric Analysis is the use of NURBS not solely as a means
of discretizing geometry, but also as a tool for discretizing the analysis itself [103, 202]. The
NURBS basis functions with higher continuity are employed here to solve the fourth order
flexoelectric PDEs. For the sake of simplicity, we restrict the developments to 2D, even though
extension to 3D is straightforward. The basis function for NURBS surfaces has been defined in



119 6.4. IGA Discretization

(3.37). The polynomial orders of NURBS mesh are chosen as p= q= 3 here. The discretization
of the electric potential ϕ and displacement u can be defined as

ϕ(x) =
n

∑
i=1

m

∑
j=1

Rp,q
i, j (ξ ,η)ϕ e = Nϕ ϕe (6.54)

u(x) =
n

∑
i=1

m

∑
j=1

Rp,q
i, j (ξ ,η)ue

i j = Nuue (6.55)

The test function, potential increment and their corresponding gradient are approximated by

δϕ = Nϕ δϕe, ∆ϕ = Nϕ ∆ϕe

∇X(δϕ) = Bϕ δϕe, ∇X(∆ϕ) = Bϕ ∆ϕe (6.56)

Similarly, the test function, displacement increment and their corresponding gradient are
obtained as:

δu = Nuδue, ∆u = Nu∆ue

δF = Buδue, ∆F = Bu∆ue (6.57)

The vector forms of deformation gradient tensor and strain gradient are given as, respec-
tively

[∆F] =


∆F11
∆F21
∆F12
∆F22

=


∂∆u1
∂X1

∂∆u2
∂X1

∂∆u1
∂X2

∂∆u2
∂X2

 (6.58)

and

[G(∆u)] =


G111(∆u)
G112(∆u)
G211(∆u)
G122(∆u)
G212(∆u)
G222(∆u)

=



∂ 2∆u1
∂X2

1
∂ 2∆u1

∂X1∂X2
∂ 2∆u2
∂X2

1
∂ 2∆u1
∂X2

2
∂ 2∆u2

∂X1∂X2
∂ 2∆u2
∂X2

2


(6.59)

Then the discrete form of the strain gradient are obtained as:

[G(∆u)] = Hu∆ue, [δG] = Huδue (6.60)

Above, Nϕ = Nu are the discrete interpolation shape functions, their gradients Bϕ and Bu,
and second gradient Hu. These matrices are defined as (n is the number of control points for
every element):

Bϕ =

∂N1
ϕ

∂X1
· · ·

∂Nn
ϕ

∂X1
∂N1

ϕ
∂X2

· · ·
∂Nn

ϕ
∂X2

 , Bu =


∂N1

u
∂X1

· · · ∂Nn
u

∂X1
0 · · · , 0

0 · · · 0 ∂N1
u

∂X1
· · · ∂Nn

u
∂X1

∂N1
u

∂X2
· · · ∂Nn

u
∂X2

0 · · · , 0

0 · · · 0 ∂N1
u

∂X2
· · · ∂Nn

u
∂X2

 (6.61)
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Hu =



∂ 2N1
u

∂X2
1

· · · ∂ 2Nn
u

∂X2
1

0 · · · 0
∂ 2N1

u
∂X1∂X2

· · · ∂ 2Nn
u

∂X1∂X2
0 · · · 0

0 · · · 0 ∂ 2N1
u

∂X2
1

· · · ∂ 2Nn
u

∂X2
1

∂ 2N1
u

∂X2
1

· · · ∂ 2Nn
u

∂X2
1

0 · · · 0

0 · · · 0 ∂ 2N1
u

∂X1∂X2
· · · ∂ 2Nn

u
∂X1∂X2

0 · · · 0 ∂ 2N1
u

∂X2
2

· · · ∂ 2Nn
u

∂X2
2


(6.62)

Introducing the approximation (6.54)-(6.57) and (6.60) into (6.45)-(6.46), then substituting
into (6.42), we finally obtain the discrete form of the linearized equations:[

Kϕϕ (ϕ ,u) Kϕu(ϕ ,u)
Kuϕ (ϕ ,u) Kuu(ϕ ,u)

][
∆ϕ
∆u

]
=−

[
Rϕ (ϕ ,u)
Ru(ϕ ,u)

]
(6.63)

where

Kϕϕ (ϕ ,u) =
∫

Ω0

BT
ϕ

∂ (−D̃)

∂∇ϕ
Bϕ dΩ0 (6.64)

Kϕu(ϕ ,u) =
∫

Ω0

{
BT

ϕ
∂ (−D̃)

∂F
Bu +BT

ϕ
∂ (−D̃)

∂G
Hu

}
dΩ0 (6.65)

Kuϕ (ϕ ,u) =
∫

Ω0

HT
u

∂S
∂∇ϕ

Bϕ dΩ0 (6.66)

Kuu(ϕ ,u) =
∫

Ω0

{
BT

u
∂ Σ̃
∂F

Bu +HT
u

∂S
∂F

Bu +HT
u

∂S
∂G

Hu

}
dΩ0 (6.67)

6.5 Nonlinear topology optimization formulation for soft di-
electrics with flexoelectricity

6.5.1 Strain Density Function (SDF) interpolation scheme by SIMP method
and linear material interpolation model

Topology Optimization (TO) is to seek the optimal material distribution in a given structural do-
main and maximize the specific physical properties. The structural topology can be represented
by the local material densities. In the employed SIMP framework, the material properties are
interpolated with respect to the local density in a continuous manner, and penalty exponents are
used to push the local densities to converge to 1 or 0 (so called ’black-white designs’). Then,
the following interpolation scheme is adopted:

Ψ(ρ) =[min +(1−min)ρ pc ](Ψelast +Ψgrad
elast)+ [min +(1−min)ρ p f ]Ψ f lexo

+[min +(1−min)ρ]Ψdiel (6.68)

It is worth noting that in the above, the interpolation related to the term Ψdiel is linear.
We have observed that this linear term improves the convergence of the topological optimiza-
tion scheme in the present context. On the other hand, larger values of this exponent are not
necessary to define a material density between zero and 1, as this property is provided by the
exponents of the other terms.

While the electric displacement D̃ defined in (6.24) is interpolated as:

D̃(ρ) =−[ε0 +(ε − ε0)ρ]JC−1∇X ϕ −ρ p f J f (ε − ε0)F−1Gikk (6.69)
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where the small value min = 1× 10−9 is employed to mimic the properties of void phase, ε
is electric permittivity of solid material. ε0 is the vacuum electric permittivity. pc and p f are
penalty exponents, and taken as pc = p f = 3 in the following numerical examples.

6.5.2 Energy remedy for void region
To circumvent the numerical instability induced by distorted deformations in low stiffness re-
gions, an energy remedy scheme proposed by Wang [222] is extended to nonlinear electrome-
chanical system. The energy density is interpolated between the nonlinear energy density and
the linear energy density. The energy remedy form can be defined as:

Ψ̂(ϕ,u) = ΨNL(ϕ,θu)−ΨL(ϕ,θu)+ΨL(ϕ,u) (6.70)

where ΨNL is defined in terms of (6.5)-(6.9), and

ΨL(ϕ,u) =
1
2

λε2
kk +µεi jεi j︸ ︷︷ ︸

linear elast

+
1
2

Ai jPL
i PL

j︸ ︷︷ ︸
dielectric

+
g
2

GikkGill + f PL
i Gikk︸ ︷︷ ︸

f lexoelectric

(6.71)

λ = Eν
1−ν2 . By linear form of the first equation in (6.19), i.e. ∇X ϕ + ∂ΨL

∂ P̃L = 0, we obtain the PL
i

as

PL
i =−(ε − ε0)( f Gikk +∇iϕ) (6.72)

then

DL
i =−ε∇iϕ − f (ε − ε0)Gikk (6.73)

ΣL
i j = λεkkδi j +2µεi j (6.74)

SL
i jk = gGippδ jk + f P̃L

i δ jk (6.75)

The interpolation parameter θ = 1 for solid region and θ = 0 for void region. It suggests that
the stored electromechanical energy corresponds to the non-linear one for solid phase (θ = 1)
and the linear one for void phase (θ = 0). To ensure differentiability, θ in (6.70) is defined by
a smoothed Heaviside projection function,

θ =
tanh(β1α)+ tanh(β1(ρ̃ −α))

tanh(β1α)+ tanh(β1(1−α))
(6.76)

when β1 → ∞, θ = 1 if ρ̃ > α , θ = 0 if ρ̃ < α . We state that the symbols with subscript ’L’ cor-
respond to linear terms, while the symbols with subscript ’NL’ correspond to non-linear ones,
and the symbols with subscript ’θ ’ represent the terms where the displacement is interpolated
by θ defined in (6.76).

Using (6.70), the flexoelectric boundary values problems are given:{
∇X · D̂ = ρ̂e in Ω0,

∇X · Σ̂−∇X · (∇X · Ŝ)+ f̂e = 0, in Ω0
(6.77)

and

D̂ = DNL,θ −DL,θ +DL (6.78)

Σ̂ = ΣNL,θ −ΣL,θ +ΣL (6.79)

Ŝ = SNL,θ −SL,θ +SL (6.80)
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where ΣNL,θ , SNL,θ and DNL,θ are respectively defined in (6.17), (6.18) and (6.24) with the
displacement u interpolated by θ . DL,θ , ΣL,θ and SL,θ are respectively given in terms of (6.73),
(6.74) and (6.75) with the displacement interpolation parameter θ .

The residuals are calculated by

{
R̂ϕ (u,ϕ) = q̂(u,ϕ)− q̂ext = qNL,θ (u,ϕ)−qL,θ (u,ϕ)+qL(u,ϕ)− q̂ext = 0
R̂u(u,ϕ) = f̂(u,ϕ)− f̂ext = fNL,θ (u,ϕ)− fL,θ (u,ϕ)+ fL(u,ϕ)− f̂ext = 0

(6.81)

where

qNL,θ (u,ϕ) = q(θu,ϕ) (6.82)

fNL,θ (u,ϕ) = f(θu,ϕ) (6.83)

qL(u,ϕ) =
∫

Ω0

−DL ·∇X(δϕ)dΩ0 (6.84)

fL(u,ϕ) =
∫

Ω0

ΣL : δudΩ0 +
∫

Ω0

SL...δGdΩ0 (6.85)

We obtain the following discrete system associated with the linearized problem in the New-
ton algorithm:

[
K̂ϕϕ (ϕ,u,θ) K̂ϕu(ϕ,u,θ)
K̂uϕ (ϕ,u,θ) K̂uu(ϕ,u,θ)

][
∆ϕ
∆u

]
=−

[
R̂ϕ
R̂u

]
(6.86)

where

K̂ϕϕ (ϕ,u,θ) =
∂qNL,θ

∂ϕ
− ∂qL,θ

∂ϕ
+

∂qL

∂ϕ
= KNL,θ

ϕϕ −KL,θ
ϕϕ +KL

ϕϕ (6.87)

K̂ϕu(ϕ,u,θ) =
∂qNL,θ

∂u
− ∂qL,θ

∂u
+

∂qL

∂u
= KNL,θ

ϕu −KL,θ
ϕu +KL

ϕu (6.88)

K̂uϕ (ϕ,u,θ) =
∂ fNL,θ

∂ϕ
− ∂ fL,θ

∂ϕ
+

∂ fL

∂ϕ
= KNL,θ

uϕ −KL,θ
uϕ +KL

uϕ (6.89)

K̂uu(ϕ,u,θ) =
∂ fNL,θ

∂u
− ∂ fL,θ

∂u
+

∂ fL

∂u
= KNL,θ

uu −KL,θ
uu +KL

uu (6.90)

KNL,θ
ϕϕ =

∫
Ω0

BT
ϕ

∂ (−D̃NL,θ
i )

∂∇mϕ
Bϕ dΩ0 (6.91)

KNL,θ
ϕu =

∫
Ω0

{
BT

ϕ
∂ (−D̃NL,θ

i )

∂Fkl
Bu +BT

ϕ
∂ (−D̃NL,θ

i )

∂G jkl
Hu

}
θdΩ0 (6.92)

KNL,θ
uϕ =

∫
Ω0

HT
u

∂SNL,θ
i jk

∂∇lϕ
Bϕ dΩ0 (6.93)

KNL,θ
uu =

∫
Ω0

{
BT

u
∂ Σ̃NL,θ

i j

∂Fkl
Bu +HT

u

∂SNL,θ
i jk

∂Flm
Bu +HT

u

∂SNL,θ
i jk

∂Glmn
Hu

}
θdΩ0 (6.94)
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KL
ϕϕ = KL,θ

ϕϕ =
∫

Ω0

BT
ϕ εδi jBϕ dΩ0 (6.95)

KL
uϕ = KL,θ

uϕ =−
∫

Ω0

HT
u f (ε − ε0)δilδ jkBϕ dΩ0 (6.96)

KL
ϕu =

∫
Ω0

BT
ϕ f (ε − ε0)δi jδklHudΩ0 (6.97)

KL
uu =

∫
Ω0

{
BT

u [λδi jδkl +µ(δikδ jl +δilδ jk)]Bu +HT
u [g− f 2(ε − ε0)]δilδmnδ jkHu

}
dΩ0

(6.98)

KL,θ
ϕu =

∫
Ω0

BT
ϕ f (ε − ε0)δi jδklHuθdΩ0 (6.99)

KL,θ
uu =

∫
Ω0

{
BT

u [λδi jδkl +µ(δikδ jl +δilδ jk)]Bu +HT
u [g− f 2(ε − ε0)]δilδmnδ jkHu

}
θdΩ0

(6.100)

After solving the linearized equation (6.86), the nodal electric potentials and displacements
are updated through

ϕk+1 = ϕk +∆ϕ

uk+1 = uk +∆u (6.101)

until a convergence criterion is reached. The algorithm for solving the nonlinear problem (6.81)
is illustrated in Algorithm 2. It is important to note that the equations for the optimization model
are calculated using the final converged state variables of the structural equilibrium residual
vectors defined in (6.81).

Algorithm 2 The algorithm for nonlinear problem (6.81)

Initialize: [u(0);ϕ(0)] = 0, tol = 10−8;
for n = 1 to N (Loop over all load increments) do

Initialize: err = 1, k = 0;
u(k,n) = u(n−1), ϕ(k,n) = ϕ(n−1);
while err > tol do

Compute tangent stiffness K̂tan(ϕ
(k,n),u(k,n)) from (6.87)-(6.100);

Compute residual R̂(ϕ(k,n),u(k,n)) from (6.81);
Compute ∆u(k,n) and ∆ϕ(k,n) from (6.86);
Update u(k+1,n) = u(k,n)+∆u(k,n), ϕ(k+1,n) = ϕ(k,n)+∆ϕ(k,n);
err = ‖R̂(k,n)‖;
k = k+1;

end while
u(n) = u(k,n), ϕ(n) = ϕ(k,n);

end for
return u = u(k,N), ϕ = ϕ(k,N);
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6.5.3 Optimization problem formulation

Here we formulate the topology optimization problem to maximize the electromechanical cou-
pling factor (ECF) of non-linear flexoelectric structures:

Minimize : J = 1
k2

e f f
= Πm

Πe

Subject to :


1
|Ω|

∫
Ω

ρ̄dΩ− v f ≤ 0

R̂(ϕ,u) = 0
Ĉ(ρ)≤ Ĉmax

0 ≤ ρe ≤ 1,

(6.102)

where

Πm = (̂fext)T u (6.103)

Πe =
1
2

ϕT K̂ϕϕ ϕ (6.104)

and R̂(ϕ,u) = [R̂ϕ ; R̂u] is the residual vector of the structural equilibrium defined by (6.81).
Ĉ(ρ) = Πm is the average compliance of the structure, which it is expected to eliminate discon-
nected domain by ensuring a minimal stiffness to the structure.

The continuous density design variable ρ in optimization formulation (6.102) yields a ill-
posed problem, such as checkerboard and mesh-dependence. In order to enforce its well-
posedness (smoothness and mesh-independence), a projection filter [143, 225] is defined by
a convolution of the density ρ with a non-negative smooth kernel h(x, x̄), such that ρ can
inherit the smoothness characteristics of the kernel.

ρ̄(x) =
∫

Ω
h(x, x̄)ρ(x̄)dx̄,

∫
Ω

h(x, x̄)dx̄ = 1 (6.105)

The discretization of projection in (6.105) can be expressed as:

ρ̄ j =
ns

∑̄
i=1

ψ(ρī)ρī =
∑ns

ī=1 w(rī)ρī

∑ns
î=1

w(rî)
(6.106)

and the weight function w(r) can be defined as a compactly supported radial basis functions
(RBFs) with the higher-order continuity and the non-negativity [226],

w(r) = (1− r)6
+ · (35r2 +18r+3), r = d/rmin (6.107)

where the symbol (1− r)+ = max(0,1− r). d is the Euclidean distances between the current
nodal density and the neighborhood nodal density lying within the local support domain, and
rmin means the specified radius of the local support domain.

A smoothed Heaviside projection is used to map the intermediate density to 1 or 0 by a
prescribed threshold value, and it’s defined as:

ρ̃ =
tanh(βρ0)+ tanh(β (ρ̄ −ρ0))

tanh(βρ0)+ tanh(β (1−ρ0))
(6.108)

where β controls the sharpness of the projection, and ρ0 is the threshold value.
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6.5.4 Sensitivity analysis
The adjoint method is employed to derive the sensitivity of electromechanical coupling factor
with respect to local densities ρ̃ .

dJ
dρ̃

=
1

Π2
e
(
dΠm

dρ̃
Πe −Πm

dΠe

dρ̃
) (6.109)

We construct the Lagrangian equations for mechanical and electric energy, respectively as:

Πm = Πm −λT R̂ (6.110)

Πe = Πe −µT R̂ (6.111)

As the residual vector R̂ = 0 holds, the adjoint vectors λ and µ are arbitrary vectors.
The derivatives of the Lagrangian equations with respect to density can be obtained as:
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(6.112)
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where Z = [ϕ;u] and

∂ R̂
∂Z

=

[
K̂ϕϕ K̂ϕu

K̂uϕ K̂uu

]
(6.114)
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=
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ϕu −KL,θ
ϕu

KNL,θ
uu −KL,θ

uu

]
u (6.115)

The adjoint vectors can be calculated by the following adjoint equations, in order to elimi-
nate the implicit term ∂Z

∂ ρ̃ in (6.112) and (6.113):

λT ∂ R̂
∂Z

= fT (6.116)
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(6.117)

where
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and

∂ 2(−D̃NL,θ
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ik C−1
jl −C−1

il F−1
jk )∇l (6.119)
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6.6 Numerical examples

6.6.1 Bending cantilever beam

In this first example, we consider a cantilever beam subjected to bending deformation, as shown
in Fig. 6.2. The left end is fixed and the bottom is grounded, while the force is imposed on the
top-right point. The dimension of the beam is h1 ×L1 = 0.2µm× 0.8µm. The material of the
beam is polyvinylidene fluoride (PVDF), which is a widely studied polymer in soft dielectrics
and nonlinear flexoelectricity [81, 88, 111, 170]. Its parameters are [81]: Young’s modulus
E = 3.7 GPa, Poisson’s ratio ν = 0.3, dielectric permittivity ε = 9.2ε0, flexoelectric coefficient
f = 179 V. Here, the couple strain constant is taken as g = 4× 10−6 N. The vacuum electric
permittivity is ε0 = 8.854× 10−12 F/m. The isotropic material assumption is taken account.
The IGA discretization for beam is 124×31 control points. The variation of electromechanical
coupling factors (ECFs) for bending cantilever beam with respect to the mesh refinement is
analyzed in Fig. 6.3. We can note a tendency to convergence, even though this one is quite
slow, in view of the low difference between the initial and final values.

h1

L1

F1

X1

X2

Figure 6.2: Bending beam-like soft dielectrics with open circuit boundary conditions: design
domain

The topology optimization of the cantilever beam is performed under the force magnitudes
F1=-0.1 N, F1=-1 N, F1=-2 N, F1=-2.5 N and F1=-3 N, respectively. The volume fraction
constraint, defined as the quantity of material as compared to the design domain volume h1×L1
is set as v f =0.6 for all load cases. The parameters of Heaviside projection function (6.76) in
energy remedy formulation are chosen as α = 0.1 and β1 = 500. The compliance constraint in
(6.102) is set as Ĉmax = 4Π1, where Π1 is the strain energy of the undesigned flexoelectric beam,
i.e. the beam with all the relative densities ρ = 1. For comparison, a guess design consisting
into a rectangular beam with 4 holes as depicted in Fig. 6.4(a) is analyzed. The holes radii are
R = 0.3568h1 corresponding to a volume fraction equal to 0.6. This structure will serve as a
reference to be compared with the optimized designs. The penalty exponents used in the TO
numerical procedure (see Eqs. (6.68)-(6.69)) are chosen here as pc = p f = 3.
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Figure 6.3: Electromechanical coupling factors (ECFs) for bending cantilever beam with respect
to the mesh refinement

(a) (b)

(c) (d)

(e) (f)

Figure 6.4: Reference structure and optimized designs for beam-like soft dielectrics by different
loads, with beam size h1×L1 = 0.2µm×0.8µm: (a) reference structure; (b) optimal design by
load F1 =−0.1 N; (c) optimal design by load F1 =−1 N; (d) optimal design by load F1 =−2
N; (e) optimal design by load F1 =−2.5 N; (f) optimal design by load F1 =−3 N

We carry out the optimization of the cantilever beam, where the initialization of the densi-
ties is performed by setting them uniformly to ρi = 0.6, (i = 1, ...,Ncp) in the rectangular design
domain defined in Fig. 6.2. Ncp denotes the number of control points in IGA. At the initial opti-
mization stage, the uniform structural densities lead to a significant deterioration in the overall
mechanical behavior of the material, making it prone to excessive deformation or rendering it
incapable of optimization as the force increases. To address this issue, a heuristic continuation
scheme is implemented on the mechanical penalty factor pc. In this study, the updating scheme
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for the mechanical penalty factor pc is set as pc = min(pc +∆p,3) every 3 steps after the itera-
tion surpasses 10, with ∆p = 0.1 and initial pc = 1 . The final optimized geometries, obtained
respectively for the force magnitudes F1=-0.1 N, F1=-1 N, F1=-2 N, F1=-2.5 N and F1=-3 N,
are depicted in Fig. 6.4. Observing the topology figures, we can see that there is no hole feature
in the optimal structures, and their material distribution is more concentrated, resembling the
characteristics of shape optimization. Different initializations have been tested: uniform densi-
ties and circular voids. Both finally converged to the same topology. The optimization process
of electromechanical coupling factors (ECFs) for different forces is given in Fig. 6.5. All the
iteration curves present that the optimization process is stable. The corresponding electrome-
chanical coupling factors (ECFs) are listed in Table 6.1. The ECFs of the optimized structures
for forces F1=-0.1 N, F1=-1 N, F1=-2 N, F1=-2.5 N and F1=-3 N increase by factors of 9.2638,
9.4201, 9.1106, 8.9157 and 8.7066 times, respectively, as compared to the reference design in
Fig. 6.4(a). It can be seen that the optimal electromechanical coupling factors first increase and
subsequently decrease as the external forces applied for optimization escalate.
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Figure 6.5: Iteration process of Electromechanical coupling factors (ECF) for bending beam-
like soft dielectrics under different loads

Table 6.1: Electromechanical coupling factors (ECF) of optimal designs for flexoelectric nano
beam under different loads

Force ECF ECF Gain:
(optimized) (reference) ECFopt /ECFre f

-0.1 N 0.07007 6.8272×10−3 10.2638
-1 N 0.07072 6.7865×10−3 10.4201
-2 N 0.06754 6.6801×10−3 10.1106

-2.5 N 0.06550 6.6056×10−3 9.9157
-3 N 0.06329 6.5200×10−3 9.7066

The distribution of electric potentials and deformed configurations for optimal structures
under different forces is illustrated in Fig. 6.6. We can intuitively see that the optimized struc-
ture produces very large deformations under the increased loads. Notably, the potential in the
upper left part of the beam is more pronounced. Furthermore, it is evident that the magnitudes
of the distributed electric potentials increase with the escalating applied forces.
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(a) (b)

(c) (d)

(e)

Figure 6.6: Distribution of electric potentials and deformed configuration for optimal structures
of flexoelectric nano beam under different forces, with beam size h1 ×L1 = 0.2µm× 0.8µm:
(a) optimal design by load F1 = −0.1N; (b) optimal design by load F1 = −1 N; (c) optimal
design by load F1 =−2 N; (d) optimal design by load F1 =−2.5 N; (e) optimal design by load
F1 =−3 N

(a) (b)

Figure 6.7: Optimal designs of flexoelectric nano beam with size h1 ×L1 = 1µm× 4µm, op-
timized by different loads: (a) optimal design by load F1 = −3 N; (c) optimal design by load
F1 =−5 N
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The influence of size effect on the topology optimization of nonlinear soft dielectrics under
large deformation is also examined in the context of a flexoelectric cantilever beam. We per-
form the optimization for the flexoelectric beam under the same boundary conditions, but the
dimension of the beam is changed as h1 ×L1 = 1µm×4µm. The optimal designs achieved by
forces F1 = −3 N and F1 = −5 N are depicted in Fig. 6.7. There are some holes in the opti-
mal topology, and they present a significant geometric difference from the optimal structures of
beam with size h1 ×L1 = 0.2µm× 0.8µm. The electromechanical coupling factors (ECFs) of
optimal structures by the forces F1 =−3 N and F1 =−5 N are obtained as 0.04641 and 0.04887,
respectively. Compared to the previously mentioned smaller-sized beam, the ECFs are smaller
for this larger-sized beam, which shows size effect of the optimization for flexoelectric energy
harvesters.

(a) (b)

Figure 6.8: Distribution of electric potentials and deformed configuration for optimal structures
of flexoelectric nano beam with dimension h1 ×L1 = 1µm× 4µm, under different forces: (a)
optimal design by load F1 =−3 N; (c) optimal design by load F1 =−5 N

The distribution of electric potentials and deformed configuration for optimal structures of
beam with size h1 × L1 = 1µm× 4µm is illustrated in Fig. 6.8. We observe that the mag-
nitudes of electric potential for both sizes of beams are similar when the imposed loads are
the same. A beam with a smaller size can produce deformations that are significantly larger
in magnitude compared to the structural dimensions. The size effect in continuum mechanics
imparts increased stiffness to structures at the micro scale to some extent. However, in flexo-
electricity, the size effect plays a beneficial role in enhancing the electromechanical response.
Striking a balance between both the effects is essential for optimal performance. Soft materials
capable of large deformations can serve as a bridge in achieving this equilibrium. Larger defor-
mations contribute to the enhancement of electromechanical coupling factors. Consequently,
the improvement in electromechanical coupling factors for optimized structures stems from the
interplay of size effects and large deformations.
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6.6.2 Bending double-clamped beam

h2

L2

F2

X1

X2

Figure 6.9: Bending double-clamped beam-like soft dielectrics with open circuit boundary con-
ditions: design domain

In this example, the double-clamped beam undergoing bending deformation is investigated, as
illustrated in Fig. 6.9. The size of beam is h2 ×L2 = 2µm×8µm. Both the ends are fixed, the
load is imposed in the middle three points while the bottom surface is connected to the ground.
The material is same as the previous example, i.e. PVDF. The volume fraction constraint is
here set as f2 = 0.6. The compliance constraint in (6.102) is set as Ĉmax = 4Π2, where Π2 is
the strain energy of the double-clamped beam design domain with all ρ = 1. The parameters
for energy remedy formulation are set as α = 0.2 and β1 = 500. It is worthwhile noted that an
increase in α to 0.2 enhances the load-carrying capacity of control points characterized by weak
densities, thereby enabling optimization under larger deformations without excessive distortion.
A reference guess design is outlined in Fig. 6.10(a), comprising a double-clamped beam with
four circular voids each having a radius R = 0.3568h2, equivalent to a volume fraction of 0.6.
The penalty exponents for the SDF interpolation scheme in Eqs. (6.68)-(6.69) are also chosen
as pc = p f = 3.

Table 6.2: Electromechanical coupling factors (ECF) of optimal designs for flexoelectric
double-clamped beam under different loads

Force ECF ECF Gain:
(optimized) (reference) ECFopt /ECFre f

-1 N 0.02420 0.01441 1.6806
-10 N 0.02820 0.01367 2.0630
-20 N 0.03278 0.01220 2.6878
-25 N 0.03325 0.01146 2.9005
-30 N 0.03290 0.01079 3.0496
-35 N 0.03274 0.01018 3.2166
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(a) (b)

(c) (d)

(g)

(e) (f)

Figure 6.10: Reference structure and optimized designs for flexoelectric double-clamped beam
under different forces: (a) reference structure; (b) optimal design by load F2 =−1 N; (c) optimal
design by load F2 =−10 N; (d) optimal design by load F2 =−20 N; (e) optimal design by load
F2 =−25 N; (f) optimal design by load F2 =−30 N; (g) optimal design by load F2 =−35 N

We perform the topology optimization of the double-clamped beam under the forces F2=-1
N, F2=-10 N, F2=-20 N, F2=-25 N, F2=-30 N and F2=-35 N, respectively. As an initial step
in the optimization algorithm, the design variables are uniformly assigned values of ρi = 0.6
(i = 1, ...,Ncp). The same continuation scheme of the mechanical penalty factor pc is utilized.
The final optimal designs obtained by the forces F2=-1 N, F1=-10 N, F2=-20 N, F2=-25 N,
F2=-30 N and F2=-35 N, respectively, are presented in Fig. 6.10. We can observe the varia-
tion of topology, where the holes in the optimal designs decreases in size, and the rods at the
bottom-left and right become thinner as the force increases. The electromechanical coupling
factors (ECFs) of optimal structures under different forces are presented in Table. 6.2. Notably,
the ECFs of the reference structure in Fig. 6.10(a) increase with the increase of force mag-
nitude. Specifically, for the forces F2=-1 N, F2=-10 N, F2=-20 N, F2=-25 N, F2=-30 N, and
F2=-35 N, the ECFs improve by factors of 0.6806 1.0630, 1.6878, 1.9005, 2.0496, and 2.2166,
respectively, compared to the reference design. The gain in ECFs raises with the increase in
force.

We also illustrate the distribution of electric potentials and deformed configuration for op-
timal structures of flexoelectric double-clamped beam obtained by different forces in Fig. 6.11.
We can see that the local large deformation or strain occurs, due to the concentration force im-
posed on the top-mid area. The localized nature of the strain typically gives rise to substantial
deformations and significant strain gradients occurring within the specific region. It also results
in the concentrated distribution of large electric potentials. Similarly, an increase in the force
applied on optimization will elevate the amplitude of the distributed electric potentials.
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(a) (b)

(c) (d)

(e) (f)

Figure 6.11: Distribution of electric potentials and deformed configuration for optimal struc-
tures of flexoelectric double-clamped beam under different forces: (a) optimal design by load
F2 =−1 N; (b) optimal design by load F2 =−10 N; (c) optimal design by load F2 =−20 N; (d)
optimal design by load F2 =−25 N; (e) optimal design by load F2 =−30 N; (f) optimal design
by load F2 =−35 N

To further investigate the mechanism behind the improvement in the electromechanical cou-
pling factors (ECFs) of the flexoelectric double-clamped beam, we depict the variation of ECFs
for the optimized structures in relation to the volume fraction. This analysis is conducted for
the case of the force F2 = −10 N, as shown in Fig. 6.12, where the topology configuration,
distribution of electric potentials and deformations are illustrated. We observe an increase in
the ECFs for the optimized structures of the flexoelectric double-clamped beam as the volume
fraction rises. Significant local deformation and electric potential are concentrated near the load
sites. When the volume fraction is minimal, the support configuration near the loading site on
the optimized structure takes on a triangular shape, leading to challenges in generating large
deformations at that specific site. As the volume fraction increases, the hole of support struc-
ture adjacent to the loading site approximates a polygonal shape (quadrilateral or hexagonal),
facilitating the generation of substantial local deformations.
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Figure 6.12: Electromechanical coupling factors for optimized structures of flexoelectric
double-clamped beam with respect to the volume fraction, and the force F2 =−10 N

6.6.3 Compressed truncated pyramid

a1

a2

h3

V
p3

X1

X2

Figure 6.13: Compressed truncated pyramid-like soft dielectrics with open circuit boundary
conditions: design domain

In this example, we consider the design of a truncated pyramid-like soft dielectrics, as shown in
Fig. 6.13. This particular shape is frequently selected in flexoelectric systems to induce strain
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gradient in compression [93]. The size of the truncated pyramid is h1 = 2µm, a1 = 2µm and
a2 = 6µm. A spatially uniform pressure is applied on the top surface along the X2−direction
and the displacement DOFs on the bottom surface are fixed. The material parameters of PVDF
are also employed here. The volume fraction constraint is set as f3 = 0.7. The compliance
constraint defined in (6.102) is here chosen as Ĉmax = 3Π3, where Π3 is the strain energy of
the truncated pyramid design domain with all ρ = 1. The parameters for energy remedy formu-
lation in (6.70) are set as α = 0.2 and β1 = 500. A reference guess design is depicted in Fig.
6.13(a), representing a truncated pyramid with semi-circular voids on the bottom surface, with
a radius R = 0.6180h3, corresponding to a volume fraction of 0.7. The penalty exponents for
the SDF interpolation scheme in Eqs. (6.68)-(6.69) are set as pc = p f = 3.

(a) (b)

(c) (d)

(e)

Figure 6.14: Reference structure and optimized designs for truncated pyramid obtained by dif-
ferent loads: (a) reference structure; (b) optimal design by load p3 = −0.5N; (c) optimal de-
sign by load p3 = −1N; (d) optimal design by load p3 = −2N; (e) optimal design by load
p3 =−2.5N

We perform the topology optimization of the truncated pyramid-like soft dielectrics under
the forces F3=-0.5 N, F3=-1 N, F3=-2 N and F3=-2.5 N, respectively. As an initial step in the
optimization algorithm, the design variables are uniformly assigned values of ρi = 0.7 (i =
1, ...,Ncp). The same continuation scheme of the mechanical penalty factor pc is also utilized
here. The final optimal designs obtained by the forces F3=-0.5 N, F3=-1 N, F3=-2 N and F3=-
2.5 N, respectively, are presented in Fig. 6.14. It is observed that the height and area of the
holes in the optimal designs decreases as the force increases. The electromechanical coupling
factors (ECFs) of optimal structures under different forces are summarized in Table. 6.3. In this
example, the ECFs of the reference structure in Fig. 6.14(a) decrease when the magnitude of
the force increases. The ECFs of the optimized structures increase by factors of 6.3446, 6.0646,
6.1426 and 4.7234 for the forces F3=-0.5 N, F3=-1 N, F3=-2 N and F3=-2.5 N, respectively,
compared to the reference design.

We notice that in some situations (beam problem, Table 6.1, and truncated pyramid, Table
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6.3), the gain increases then decreases in Table 6.1 and decreases in Table 6.3 as the magnitude
of the force increases, while we observe an opposite trend for the double-clamped beam problem
(Table 6.2).

Table 6.3: Electromechanical coupling factors (ECF) of optimal designs for flexoelectric trun-
cated pyramid under different loads

Force ECF ECF Gain:
(optimized) (reference) ECFopt /ECFre f

-0.5 N 0.01877 2.5551×10−3 7.3446
-1 N 0.01970 2.7881×10−3 7.0646
-2 N 0.02108 3.4313×10−3 6.1426

-2.5 N 0.02242 3.9178×10−3 5.7234

The distribution of electric potentials and deformed configuration for optimal structures of
flexoelectric truncated pyramid achieved by different forces are presented in Fig. 6.15. It is
evident that localized large deformations occurring on the top surface of the holes leads to a
concentrated distribution of large electric potentials. An increase in the force applied during
optimization will amplify the amplitude of the distributed electric potentials.

(a) (b)

(c) (d)

Figure 6.15: Distribution of electric potentials and deformed configuration for optimal struc-
tures of truncated pyramid under different forces: (a) optimal design by pressure p3 =−0.5N;
(b) optimal design by pressure p3 = −1N; (c) optimal design by pressure p3 = −2N; (d) opti-
mal design by pressure p3 =−2.5N

6.7 Conclusion
In this study, we proposed a nonlinear topology optimization framework for flexoelectric soft
dielectrics undergoing large deformation. We start by deriving a numerical framework for non-
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linear dielectrics at finite strain, ensuring C1-continuity for flexoelectric fourth-order partial
differential equations using Isogeometric analysis (IGA). We outlined the procedure for consis-
tent linearizations and IGA discretizations. At the topology optimization stage, we formulate
an innovative and efficient Strain Density Function (SDF) interpolation scheme. In this scheme,
the electromechanical and hyper-elastic SDFs are interpolated based on the SIMP model, while
a linear density interpolation model is employed for the dielectric component. The mechanical
stiffness penalization is sufficient to guarantee the convergence of the final topology to 1 or 0.

Throughout our numerical analysis, we showcased the good performance of the proposed
Strain Density Function (SDF) interpolation scheme in nonlinear electromechanical optimiza-
tion scenarios. We extend an energy remedy scheme [222] for void regions, to the optimization
of soft dielectrics, preventing distortion deformations in low-stiffness elements. Additionally,
optimization solely based on the electromechanical coupling factor objective may lead to the
formation of disconnected structures due to the oversight of mechanical stiffness considera-
tions. To ensure the generation of physically viable optimal structures, we introduce a com-
pliance constraint to regulate mechanical stiffness, preventing the occurrence of disconnected
domains. Finally, the electromechanical coupling factors (ECFs) of the optimized structures
in all the aforementioned cases exhibit improvements up to 9 times compared to the reference
guess designs.

The influence of large deformations on the optimization of flexoelectric soft materials has
been demonstrated, as well as their effects on the gains obtained. Size effects have also been
shown in this context. The topology optimization framework we have proposed for nonlinear
flexoelectric soft materials takes full advantage of large deformations, resulting in a signifi-
cant improvement in the electromechanical coupling factors in the optimized structures. The
electromechanical coupling factors (ECF) of optimized structures in all the above cases show
improvements of up to 9 times over those of reference designs. It has been shown that in some
situations, non-linear effects, i.e. the magnitude of the prescribed load, can increase the gains
in electromechanical coupling factors, while they can reduce them in other cases. Proposing a
framework for generally improving ECFs as a function of applied forces is an interesting avenue
to explore in future studies.



Conclusion and Perspectives

Contributions and conclusion

In this thesis, several developments have been made for the modeling and design of energy
harvesting systems based on flexoelectric materials. The main contributions are summarized as
follows:

In Chapter 2, we have proposed a computational homogenization framework for compos-
ites composed of piezoelectric phases with apparent flexoelectric behavior. The effective model
takes into account direct and converse flexoelectric effects, as well as all other higher-order
electromechanical coupling terms related to electricity and the electrical gradient. In contrast
to previous work, the present framework allows the evaluation of direct anisotropic flexoelec-
tric tensors associated with electric fields and electric gradients. We show that the apparent
converse flexoelectric coefficients in a composite of periodic triangular inclusions are of the
same order of magnitude as the direct flexoelectric coefficients. We have shown that a signifi-
cant improvement in flexoelectric effects can be achieved by appropriate selection of inclusion
shapes and orientations. In addition, we have indicated that other higher-order coupling terms,
i.e. those linking the electric field to an applied electric field gradient and the deformation
(bending) gradient to the electric field, have non-negligible values compared to the flexoelectric
coefficients and can contribute significantly to the electromechanical response of composites
electromechanical composites.

In Chapter 3, we have developed a C1-continuous isogeometric analysis (IGA) framework
with one or more patches for the dynamic frequency response of flexoelectric structures with
complex geometries. The inertial effect of deformation gradients was taken into account in the
isogeometric analysis. The IGA method was used to satisfy the C1 continuity requirement of
the approximate displacement field for the fourth-order PDE. Next, the flexoelectric dynamic
response with the inertial effect of the deformation gradient was solved under open and closed
circuit conditions. Multi-patch constructions for complex geometries in isogeometric analysis
are at most C0-continuity between common patch boundaries. By ensuring that the graph sur-
faces corresponding to the isogeometric functions have the same order of geometric smoothness,
the C1 continuity of the isogeometric functions at the common boundary of the multiple patched
has been ensured. The method of constructing the C1 continuous multi-patch structure has then
been validated. Finally, the sensitivity of different parameters (e.g., load resistance, geometrical
parameters, flexoelectric coefficients, and dynamic scaling effects) to the frequency response of
the output voltage, power, and displacement of beam-like structures with complex geometrical
features has been evaluated. The advantages of the C1-continuous one/multi-patch isogeometric
analysis framework for solving flexoelectric dynamic problems of complex structures has been
demonstrated.

In Chapter 4, a topology optimization framework has been proposed to maximize the ef-
fective, direct and converse flexoelectric properties of composites composed of piezoelectric
phases. The original contribution here is to combine computational homogenization for flex-
oelectric materials with topological optimization of microstructures. We have develop a ho-
mogenization method for estimating direct and converse flexoelectric properties from the local
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phase distribution in a representative volume element (RVE), avoiding the need to optimize the
whole structure. We show that in several cases (piezo-piezo, piezo-polymer and porous piezo-
composites), the present topology optimization scheme increases direct and converse properties
by up to 1-2 orders of magnitude compared with a "naive" design. We have highlighted various
mechanisms for improving flexoelectric properties, and electromechanical coupling. Specifi-
cally, piezo-piezo composites (hard/hard) generated a better electromechanical response thanks
to improved effective piezoelectric properties. On the other hand, piezo-polymer composites
(hard/soft) generated a better electromechanical response thanks to an interplay between piezo-
electric and polymer properties. The result is a better electromechanical response thanks to
the interaction between electromechanical (piezoelectric) and electrical (dielectric) properties,
improved electromechanical (piezoelectric) and electrical (dielectric) properties, and reduced
mechanical compliance, resulting from local electric fields, a significant increase in local elec-
tric fields and deformation gradients along the hard/soft interface.

In Chapter 5, a multiscale topology optimization method for designing flexoelectric meta-
materials made of non-piezoelectric materials and electromechanical energy harvesting systems
has been proposed to efficiently convert mechanical vibrations into electrical energy. First,
based on computational homogenization, we have developed a representative volume element
(RVE) model for the flexoelectric microstructure made of non-piezoelectric materials, which
enables the estimation of the effective flexoelectric tensor of microstructures containing arbi-
trarily shaped inclusion phases. The microstructures were optimized by topology optimization
combined with homogenization, in order to maximize the effective flexoelectric properties of
the materials. Periodic, porous, and non-piezoelectric flexoelectric metamaterials have been
obtained. The flexoelectric metamaterials with optimal electromechanical coupling properties
were used to model the behavior of a dynamic electromechanical energy harvesting system
structure. Then, a second topology optimization step was performed at the structural scale,
aiming to maximize the system Electromechanical Coupling Factor (ECF) for a given forced
vibration frequency. We showed that the optimized structure obtained offers significant gains
in terms of ECF (by factors up 20 times) compared with non-optimized structures of the same
volume, over a wide bandwidth of excitation frequencies.

In Chapter 6, a nonlinear topology optimization framework for flexoelectric soft dielectrics
at finite strain has been established. A numerical computational framework for nonlinear flex-
oelectric soft dielectrics under finite strain was firstly derived, and the linearization process of
the nonlinear electromechanical coupled equilibrium equations as well as the IGA discretiza-
tion approach were detailed. In the topology optimization stage, a novel and effective energy
interpolation scheme was proposed. In this scheme, the electromechanical coupling and hy-
perelastic energy terms employ penalty interpolation based on the SIMP model, while the di-
electric term is interpolated by linear density model. An energy remedy scheme is applied to
void regions to eliminate the instability of nonlinear optimization, effectively preventing distor-
tion deformations in low-stiffness elements. To ensure the design of physically viable optimal
structures, we incorporated a compliance constraint to regulate mechanical stiffness, thereby
avoiding the occurrence of disconnected domains. Our proposed topology optimization frame-
work for nonlinear flexoelectric soft materials fully leverages the interplay between size effects
and large deformation, thereby increasing the electromechanical coupling factors (ECFs) of the
optimized structure up to 9 times.

Perspectives
To extend this dissertation, some research works could be developed:

1. In the present thesis, the multiscale topology optimization was performed sequentially,
first optimizing the microstructure, then the macro structure. A concurrent approach, i.e.
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performing the topology at both scales and allowing different local microstructures, could
be investigated.

2. We established a topology optimization framework for the electromechanical coupling
factors of flexoelectric structures under single-frequency excitation. However, the next
step could be to consider the topology optimization of the electromechanical coupling
factors of flexoelectric structures in a certain frequency domain, so as to design flexo-
electric structures with wider bandwidth.

3. Finally, a dynamic analysis model for nonlinear flexoelectric structures could be pro-
posed, as well as a nonlinear topology optimization framework for designing nonlinear
flexoelectric structures under dynamic loads.
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