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Résumé : La motilité cellulaire est un phénomeéne
impliqué dans de nombreux processus biologiques
comme la propagation des cancers, la réponse im-
munitaire, la cicatrisation ou le développement em-
bryonnaire. Ce phénomeéne est assuré par la ca-
pacité d'une cellule a se déformer d'une configura-
tion symétrique, non polarisée, a une configuration
asymeétrique, polarisée, et a maintenir cette config-
uration asymétrique. Dans cette thése, nous nous
intéressons plus particulierement au réle du noyau
dans ce phénomeéne. Pour cela, un modele a fron-
tiere libre en dimension 2 est introduit. La cellule
est modélisée par un fluide incompressible compor-
tant une structure rigide modélisant le noyau. Des
marqueurs de polarité sont présents dans le fluide
et ceux-ci transduisent de maniére active les forces
appliquées par et sur le cytosquelette. Le modéle
proposé permet également de modéliser I'effet de
'undercooling et de I'environnement extérieur sur
la motilité cellulaire. Les différentes composantes
du modele sont étudiées de maniére séparée dans
la these.

Nous étudions l'influence du noyau sur la motil-
ité cellulaire. Pour cela nous considérons différents
modeles dont un modeéle déformable, un rigide
et deux modeles jouets. Nous montrons que ces
modeéles admettent des états stationnaires. Via
I'analyse linéaire de la stabilité, nous montrons qu'il
existe un seuil a partir duquel I'état stationnaire ra-
dialement symétrique est instable. Pour chacun de
ces modéles un schéma numérique aux éléments
finis est développé. Les résultats numériques
obtenus permettent de mettre en avant le lien en-
tre la position du noyau dans la cellule et la polari-

sation de la cellule. lls sont qualitativement en ac-
cord avec les observations biologiques. L'analyse
des trajectoires est également réalisée. Un modeé-
le analogue en dimension 1 qui est une équation
non-locale et non-linéaire de Fokker-Planck est in-
troduit. Nous montrons que celui-ci est bien posé.
L'existence d'états stationnaires et d'ondes progres-
sives est également étudiée. Un second modeéle en
dimension 1 basé sur une seconde modélisation est
étudié.

L'effet de 'undercooling sur la motilité cellulaire
est étudié. En montrant I'existence d'ondes progres-
sives et d'états stationnaires, nous illustrons que
celui-ci a un effet stabilisant. L'existence d'ondes
progressives est prouvée via un théoréme de bi-
furcation. Nous montrons également a l'aide de
I'analyse linéaire de la stabilité qu'il existe un seuil
a partir duquel I'état stationnaire est instable.

L'influence de la présence de signaux extérieurs
attractifs sur la motilité cellulaire est aussi inves-
tiguée. Nous montrons l'existence d'un état sta-
tionnaire et I'existence d'une gamme de paramétres
pour laquelle celui-ci est stable et une autre pour
laquelle il est instable. Numériquement, nous illus-
trons qu'il existe une compétition entre forces in-
duites par les marqueurs de polarité et celles in-
duites par le signal extérieur.

Cette thése comporte également un travail ef-
fectué durantl'école d'été CEMRACS 2022. Un mode-
le d'un des mécanismes ayant lieu a la membrane,
I'endocytose, y est présenté. Aprés avoir étudié le
modele, un schéma aux volumes finis est présenté.
Celui-ci permet d'obtenir des résultats en accord
avec les résultats biologiques.
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Abstract: Cell motility is a phenomenon involved
in many biological processes such as cancer prop-
agation, immune response, wound healing and em-
bryonic development. This phenomenon is en-
sured by a cell's ability to deform from a symmet-
rical, non-polarised configuration to an asymmet-
rical, polarised configuration, and to maintain this
asymmetrical configuration. In this thesis, we fo-
cus on the role of the nucleus in this phenomenon.
To this end, a free boundary model in dimension
2 is introduced. The cell is modelled by an incom-
pressible fluid with a rigid structure modelling the
nucleus. Polarity markers are present in the fluid
and these actively transduce the forces applied by
and on the cytoskeleton. The proposed model also
models the effect of undercooling and the external
environment on cell motility. The different compo-
nents of the model are studied separately in the the-
Sis.

We are studying the influence of the nucleus on
cell motility. We consider various models, includ-
ing a deformable model, a rigid model and two toy
models. We prove that these models admit station-
ary states. Using linear stability analysis, we demon-
strate that there exists a threshold above which the
radially symmetric stationary state is unstable. For
each of these models, a finite element numerical
scheme is developed. The numerical results ob-
tained highlight the link between the position of the
nucleus in the cell and the polarisation of the cell.
They are in qualitative agreement with biological ob-

servations. Trajectory analysis is also carried out.
An analogous model in dimension 1, which is a non-
local and non-linear Fokker-Planck equation, is in-
troduced. We show that it is well posed. The ex-
istence of stationary states and travelling waves is
also studied. A second model in dimension 1 based
on a second modelling is studied.

The effect of undercooling on cell motility is
studied. By proving the existence of travelling
waves and stationary states, we illustrate that un-
dercooling has a stabilising effect. The existence of
travelling waves is proved using a bifurcation the-
orem. We also demonstrate, using linear stability
analysis, that there exists a threshold above which
the stationary state is unstable.

The influence of the presence of attractive ex-
ternal signals on cell motility is also investigated.
We prove the existence of a stationary state and
the existence of a range of parameters for which it
is stable and another for which it is unstable. Nu-
merically, we illustrate that there is competition be-
tween the forces induced by the polarity markers
and those induced by the external signal.

This thesis also includes a work carried out dur-
ing the CEMRACS 2022 summer school. A model of
one of the mechanisms taking place at the mem-
brane—endocytosis—is presented. After studying
the model, a finite volume scheme is presented.
This provides results that are consistent with biolog-
ical results.
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Synthése en francais

Cette these porte sur I'étude mathématique de l'influence du noyau sur la motilité cellu-
laire et consiste au développement d'un modéle mathématique de la motilité cellulaire prenant
en compte le noyau et a I'étude de ce dernier de maniére théorique ainsi qu’a l'aide de simula-
tions numeériques. Nous présentons en premier le contexte biologique : la motilité cellulaire.
Nous présentons ensuite le modéle. Enfin nous présentons les résultats obtenus.

Contexte biologique

La cellule est un systéme complexe qui contient de nombreuses molécules interagissant
entre elles et menant a différents phénomenes remarquables tels que le mouvement des cel-
lules. Dans cette thése, nous nous intéressons a la modélisation de la motilité cellulaire. Celle-
ci est impliquée dans différents processus biologiques importants comme le développement
embryonnaire, la cicatrisation, la réponse immunitaire ou la propagation des cancers.

La motilité cellulaire est un processus complexe qui repose sur la capacité d'une cellule a
se polariser. Cela signifie que la cellule est capable de briser sa symétrie interne et d'avoir un
avant et un arriére définis (Danuser et al., 2013; Reig et al., 2014). Une fois que la cellule est
polarisée, la migration cellulaire peut avoir lieu et est décrite par un cycle de quatre étapes
(Abercrombie, 1980) (voir fig. 1).

A

Figure 1: Représentation schématique du cycle de quatre étapes de la migration cellu-
laire. Les événements dépendant de la polymérisation de I'actine sont représenté en rouge et ceux
dépendant de la myosine en vert. Les adhésions au substrat sont représentées en violet. Image tirée
de Reig et al. (2014).

Nous pouvons noter qu'une fois que la cellule est polarisée, le noyau est situé a l'arriere
de la cellule et qu'il y a une accumulation a l'avant ou a l'arriere de marqueurs de polarité. Ces
marqueurs peuvent, par exemple, étre de la myosine ou ses activateurs, des régulateurs de
la polymérisation de I'actine ou des molécules impliquées dans la régulation de la dynamique
des microtubules (Maiuri et al., 2015). La forme de la cellule est également un marqueur de
polarisation de celle-ci. La polarisation et la migration cellulaire peuvent avoir lieu de maniére
spontanée ou en réponse a un stimuli extérieur.

Les forces permettant la motilité cellulaire sont générées par le cytosquelette, un réseau
de protéines présent dans le cytoplasme. Les deux principales sont la force induite par la pro-



trusion de la cellule liée au phénomene de treadmilling de l'actine et la force induite par la con-
traction des fibres d'acto-myosine (voir fig. 1). Le treadmilling de I'actine crée des protrusions
a l'avant ainsi que I'attachement de la cellule au substrat. La contraction des fibres d'acto-
myosine, fibres composées d'actine et de myosine, permet la contraction du cytosquelette
ce qui induit la rétractation de l'arriere de la cellule ainsi que le détachement de la cellule du
substrat a cet endroit.

Le noyau est le plus grand organite de la cellule. Il est entouré de membrane plasmique.
Bien que plus rigide que le reste de la cellule, le noyau est capable de se déformer. Le noyau
est relié au cytosquelette via le complexe LINC, un complexe formé de protéines. Cela permet
la transmission de forces entre le noyau et la cellule (Thiam, 2014). Sa position dans la cellule
est également un marqueur de polarité et influence la polarisation de la cellule.

A la suite de la course mondiale des cellules,Maiuri et al. (2015) ont mis en évidence I'exis-
tence d'un couplage universel entre la vitesse et la persistance des cellules (dit loi de 'UCSP).
La persistance est la capacité d'une cellule a conserver sa direction de mouvement. Celle-ci
est dite conservée tant qu'elle ne dévie pas de plus de 9o° de la direction initiale. Le temps de
persistance est le temps pendant lequel la cellule maintient sa direction initiale de mouvement
et lavitesse de persistance est la vitesse moyenne durant ce temps. La loi de 'UCSP donne que
le temps de persistance est proportionnel a une exponentielle de la vitesse de persistance.

Il a également été mis en évidence que les cellules peuvent avoir trois types de trajectoires.
Premiérement, elles peuvent étre browniennes et sont caractérisées par I'absence d'état po-
larisé et un temps de persistance faible. Deuxiemement, elles peuvent étre persistantes et
sont caractérisées par un long temps de persistance et une longue durée de vie d'un état po-
larisé. Troisiemement, elles peuvent étre intermittentes, dans ce cas les trajectoires alternent
entre des phases browniennes et des phases persistantes (Maiuri et al., 2015).

Présentation du modéle

Afin de modéliser le phénomene de motilité cellulaire en prenant en compte le noyau de la
cellule, nous proposons dans cette thése un modéle a frontiere libre de type interface mince.
Le modéle est dans un cadre deux-dimensionnel. Ce modéle reprend les idées du modeéle de
Lavi et al. (2020) et peut étre vu comme un enrichissementde ce modéle qui est un modeéle ne
prenant pas en compte le noyau de la cellule. Le domaine de la cellule, dépendant du temps,
estnoté Q (t) C R? ou t > 0 désigne le temps. Nous notons Ag, l'aire de la cellule. Le domaine
du noyau est noté N (t) et nous supposons que pour tout ¢t > 0 nous avons N (t) C Q (). Le
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modéle est donné par:

ou

u+VP=0
div(u) =0
Vio=u-n

P = 7’%+chact (C) + Xs9 (VS . 1’1) —

(/ P(t,x)ndo + fBN>
ON(t)

Orc = div (Vc —(1—a)uc— onth>

1
§n11c1 |N‘

U- -1 = Upycl ' N

Unucl (t) =

(Vc + auc — aWth) ‘n=0

c(0,x) = c™(x)

fNB - fobs +Xufund(

Vi)

sur ON (t),
dans Q (¢)\N (¢),

surd (2 (&) \N (1)),

dans 2 (0) \N (0),

(1a)
(1b)
(10
(1d)

(1e)
(1f)
(18
(1h)
(1i)

*+ K estla courbure (positive pour un cercle) de la frontiére libre 992 et v > 0 est la tension

de surface,

+ V, estlavitesse normale de la frontiere libre 92 et n le vecteur normal sortanta Q \ N,

* Xe > 0, fact €St la force active de traction et dépend de la concentration de marqueurs,

cette force modélise I'effet du cytosquelette sur la cellule,

* xs > 0, g est la force qui dépend du signal extérieur s,

* fobs €st la force de contact induite par les obstacles sur le bord de la cellule,

* Xu > 0, funa estla force qui dépend de la vitesse normale du bord de la cellule qui peut
étre vue comme un effet d'undercooling et qui traduit la force induite par la friction du

bord de la cellule,

* fnucl > O:

+ fxp estlaforce induite par le noyau sur le bord extérieur de la cellule et fgy celle induite
par le bord extérieur de la cellule sur le noyau,

*a€]0,1],

« o> 0et W2 le bruit coloré associé & un processus Q-Wiener,

< ", Q(0), N

* o est une mesure sur le bord.

(0) désignent les conditions initiales,

Le cytoplasme de la cellule est modélisé par un fluide qui occupe le domaine 2 (¢t)\ N (¢) et
qui contient des marqueurs de polarité d'arriére ayant pour concentration c. Le fluide satisfait
la loi de Darcy (eq. (1a)) et est incompressible (eq. (1b)). Nous supposons que la membrane,
modélisée par l'interface entre le fluide et I'extérieur de la cellule 992 se déplace a la vitesse
du fluide (eq. (1¢)). Les marqueurs diffusent dans le fluide et sont transportés a la vitesse du
fluide (eq. (1g)). Le terme a représente la proportion de marqueurs attachés et qui ne sont pas
transportés par le fluide. Un bruit coloré en espace W est ajouté au champ d'advection des
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marqueurs. Celui-ci modélise les réorganisations internes du cytosquelette. Nous supposons
également que la quantité totale de marqueurs M est conservée au cours du temps, ce qui
est assuré par les conditions de bord (eq. (1h)).

Comme premiére approche, dans cette thése, nous supposons que le noyau est rigide
et de forme circulaire. Nous avons alors pour toutt > 0, N (t) = b (Xnuel (t) , Rouct). NOUS
supposons que le noyau est relié au bord de la cellule par des liens. Ainsi, le noyau induit une
force sur le bord de la cellule que nous notons fgn. Le noyau induit une force réciproque sur
le bord de la cellule et celle-ci est notée fxp (voir fig. 2 pour une représentation graphique).
L'expression de ces forces est alors donnée par :

VBN - 11

fpn (1) = (5/ ndo,
0Q(t) (”VBNH - Rnucl)ﬁ

et pour tout xp € 9 (t)
VBN ' 1IN

fne (6,x) = =6
(”VBN” - Rnucl)ﬂ

OU VBN = Xpuel — XB €16 > O,B > 1.

Nous supposons qu'au bord du noyau il y a continuité des vitesses normales (eq. (1f)). La
vitesse du noyau (eq. (1e)) est obtenue a I'aide du bilan des forces et en supposant que le noyau
a un mouvement rigide (Lefebvre, 2007). Les forces s'exercant sur le noyau sont la force de
friction sur le substrat, la force induite par le fluide sur le noyau et la force induite par le bord
de la cellule sur le noyau.

Enfin, nous supposons que les marqueurs induisent une force au bord de la cellule. Cela
modélise I'action du cytosquelette sur la cellule. Nous faisons I'nypothése de marqueurs d'ar-
riere, cela signifie qu'une haute concentration en marqueurs définit 'arriere de la cellule. Cette
force a pour expression —x. fact (¢) avec x. > 0 et fat une fonction positive. Nous supposons
également la présence dans I'environnement de la cellule d'obstacles et de signaux extérieurs.
Ces signaux et obstacles induisent des forces sur la cellule. La force induite par les signaux
extérieurs est donnée par —xsg (Vs - n) et la force induite par le contact avec les obstacles
est donnée par fons. Nous supposons aussi que la membrane subit une force de friction dif-
férente du reste du cytoplasme. Cela méne a un effet d'undercooling. Cette force est notée
—Xufuna (V) 00 V;, est la vitesse normale du bord de la cellule. Ainsi en écrivant le bilan des
forces qui s'exercent au bord de la cellule, nous obtenons la condition de bord sur la pression
(eq. (1d)), c'est I'équation de Young-Laplace perturbée.



Figure 2: Hypothéses faites pour la modélisation du noyau. Le domaine du fluide Q) (t)\ N (t)
est représenté en bleu pale et le domaine du noyau N (t) est représenté en bleu un peu plus foncé.
Quelques liens entre le noyau et le bord de la cellule sont représentés par les lignes ondulées bleues
foncées. La force induite par le noyau sur le bord de la cellule fxgp est représentée pour un point
xp du bord. La force induite par le bord de la cellule sur le noyau fgn est représentée en orange.

Résultats de la theése

Dans cette thése les différentes composantes du modéle sont étudiées séparément.

Impact du noyau sur la motilité cellulaire

Un modéle en dimension 1: Dans le chapitre 2 un modeéle en dimension 1 analogue au mo-
dele général est étudié. Dans ce cas, la cellule est représentée par un segment de longueur fixe
[—1,1]. Nous supposons ici que les marqueurs de polarité peuvent s'attacher et se détacher
au bord de la cellule et nous notons p la quantité de marqueurs attachés en 1 et ;s celle en



—1. Dans le référentiel de la cellule, le modeéle est donné par:

ore (t,z) = 02,¢(t,x) + au(t) Ogc(t, ), re]-1,1[, (2a)

Ozc(t,£1) +au (t) c(t,£1) = :F%Mﬂ: t), (2b)
S () = Ko € (1, %1) — ot s (1) (20

w(t) =X (u ()~ e (9) — 5 9 (X (0), (2d)
d

EXN (t) = (fnicl - 1) u(t) + — g (Xn (1)), (2e)

gue nous complétons par la condition initiale suivante :

c(0,z) =’ (v), re[-1,1], (3a)
pe (0) = pd, (3b)
Xn (0) = X%, (30

ot ud > 0et X% € [~1,1]. Alaide de I'étude d’un probléme découplé et d'un argument de
point fixe, nous montrons que, sous certaines conditions sur la condition initiale (3), le modeéle
(2) est bien posé.

Proposition. Supposons que c° est tel que f_ll & (z)log ® (x) dz < +o0. Supposons aussi que
pS, 10 € [0, M] sonttels que Lll & () de+ul +p® = M. Supposons de plus que X§, € [—1,1].
Alors il existe une unique solution (c, 4, u—, X ) au probléme (2) pour tout temps.

Nous montrons ensuite que le modéle admet un état stationnaire non-polarisé et symé-
trique ainsi que des ondes progressives. Enfin, un schéma numérique aux volumes finis est
décrit afin de pouvoir réaliser des simulations numériques du modele. Ce schéma permet
bien de retrouver les états stationnaires et ondes progressives du modéle. Des simulations
numériques sont présentées et permettent de faire de premiéres conclusions sur le réle du
noyau dans la motilité cellulaire et le fait que le modéle donne des résultats en accord avec les
observations biologiques. Celles-ci permettent d'illustrer que le phénomeéne de polarisation
est nécessaire a la migration cellulaire et que la position du noyau a l'arriere de la cellule
permet une polarisation rapide de la cellule.

Etude de deux modéles rigides jouets: Dans les chapitres 4 et 5 deux modéles jouets sont
présentés. Ces deux modeles sont des modeéles pour lesquels la cellule est supposée rigide.
Pour le premier, appelé modéle de la couronne, la position du noyau dans la cellule est fixe.
Dans ce cas le modéle est donné par:

Orc = div (Vc —(1—a)uc— aWth) dans Q (t) \ N (1),
(Vc—i—auc—aWth) ‘n=0 surd (Q(t) \ N (1)),

u(t) = X / Fact () ndo,
Ao Jaaw




avec Q (t) = B (Xcen (t) , Ro) et Q (t) = B (Xnuel (t) , Ruuct ). NOUS avons:

%Xcell (t) =u (t)

et

%xnucl (t) =u(t).

La vitesse de déplacement de la cellule u est obtenue a I'aide du bilan des forces sur la cellule.
Lorsque le bruit est négligé (o« = 0), le modele admet un unique état stationnaire défini par :

M
0 B QO NO
¢’ (x) a0\ N[’ x €O\ N,
u’ (x) =0, x € QV\ N,
QO =B (O,RQ) et NO =B (O,Rnucl) .

Pour le second, appelé modeéle avec une particule, la dynamique du noyau est négligée,
nous supposons que le noyau n'induit pas de force sur le bord de la cellule et que le bord de
la cellule n'en induit pas sur le noyau. Dans ce cas, le modeéle est donné par :

u+VP=0 dans Q(¢t) \ N (t),
div (u) =0 dans Q () \ N (t),
u-n=1uUgy N sur 992 (1),

U n= Uy N sur ON (t),

Upucl (t) 1 P(t,x)n da,

B Enucl |N| ON(t)

Y. N
Ucm (t) = 7X / fact (C) ndo + u (1 - gnucl) Unucl (t) 5

Ao Joow Aq
Ope = div (Vc —(I-a)uc— aWth) dans Q(t) \ N (t),
(Ve+aue—aWfc) -n=0 surd(Q(t) \ N (1)),

Q) = B (0, Ry) + /Ot e (5) ds,

t
N (t) =B (07 Rnucl) +/O Unucl (S) ds.

Nous pouvons noter qu'en général, puisque ucy, # Upyel, e domaine fluide n'est pas un do-
maine rigide mais un domaine déformable. La vitesse u.,, est obtenue a l'aide du bilan des
forces sur la cellule. Lorsque le bruit est négligé, ce modéle admet un unique état stationnaire
radialement symétrique défini par :

u’ (x) =0, x € QY\ N,
P (x) =0, x € QV\ N,
Uyya = 0,

ey, =0,

co(x):ﬁ7 x € QV\ N,
0” = B(0, Ro) et N° = B (0, Ruua) -
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A e 1 . ,
Pour ces deux modéles, nous définissons x; = A (@) et montrons le résultat suivant
ac” faet \C
sous I'hypothese &,,c1 = 1 dans le cas du modele avec une particule ou en toute généralité

dans le cas de la couronne :

Théoréme. Si . < X%, alors I'état stationnaire est linéairement stable. A 'opposé, si x. > X%,
alors I'état stationnaire est linéairement instable.

Nous proposons ensuite un schéma numérique aux éléments finis pour ces deux modéles.
Ces schémas numériques s'appuient, lorsque c'est nécessaire, sur une méthode de décompo-
sition du probléme sur la vitesse et la pression afin de séparer les conditions de bord, une ges-
tion du potentiel contact entre le noyau et le bord de la cellule a I'aide d'un algorithme d'Uzawa
et d'une discrétisation en élements finis du bruit (Boulakia et al., 2015). Aprés avoir vérifié que
les schémas numériques donnent des résultats en accord avec les observations théoriques,
nous simulons des trajectoires. Nous obtenons des observations similaires a celles obtenues
au chapitre 3 lorsque nous ne considérons pas de noyau et que la cellule est supposée rigide.
Les travaux du chapitre 3 sont effectués en collaboration avec Christéle Etchegaray et Nicolas
Meunier. Les trajectoires satisfont la loi de 'lUCSP et des gammes de paramétres sont trouvées
de maniere a retrouver les trois types de trajectoires.

Etude d’'un modéle rigide : Dans le chapitre 6, un modele rigide prenant en compte la dy-
namique du noyau est étudié. Le modele est donné par :

u+VP =0 dansQ(t)\ N (t), (4a)
div(u) =0 dansQ(t)\ N (t), (4b)
1
nucl (1) = ——= P t, do + f y (40)
Wil (t) ot [N] (/aN(t) (t,x)ndo BN)
Ucm (t) = Xe / fact (C) ndo + m (1 - gnucl) Unucl (t) y (4d)
Ao o0(t) Aq
Uu-n=ug,- n sur 992 (¢) , (4e)
U-n =1y N sur ON (t), (4f)
e = div (Vc —(1—a)uc— aWth) dans Q () \ N (t), (48)
(vc + auc — aWth) ‘n=0 surd(Q 1)\ N (1)), (ah)
t
Q(t) = B(0,Ro) —|—/ Ucn (5) ds, (4i)
0
t
N (f) =B (07 Rnucl) +/ Unucl (5) ds. (4j)
0



Lorsque le bruit est négligé, ce modéle admet un unique état stationnaire donné par :

u’ (x) =0, x € QY\ NY, (5a)
PO (x) =0, x € QY\ NY, (5b)
ud,. =0, (59
ul =0, (5d)
A (x) = |QOJ<4NO, x € QY\ NY, (5e)
Q% = B(0,Ry) et N° = B(0, Ruual) - (5f)

Nous posons xi = . Le théoréme suivant est également démontré :

ac® freq ()

Théoréme. Lorsque &,ua = 1, si x. < x5, alors 'état stationnaire (5) est linéairement stable. A
l'opposé, si x. > x=, alors I'état stationnaire (5) est linéairement instable.

Ce théoreme est démontré en trois étapes. Premiérement, nous linéarisons le probléme
(4) autour de 'état stationnaire (5). Nous en déduisons un probléme aux valeurs propres.
Deuxiémement, nous étudions le signe des parties réelles des valeurs propres. L'état station-
naire est stable si toutes les valeurs propres sont de partie réelle négative et instable sinon.
Pour cela, a l'aide de I'analyse de Fourier, nous décomposons le probléme aux valeurs propres
en des problemes plus simples. Enfin, nous dérivons des problémes plus simples, une condi-
tion explicite sur les valeurs propres. Nous montrons alors que lorsque x. > x il existe une
valeur propre dont la partie réelle est positive et que lorsque x. < x toutes les valeurs pro-
pres ont une partie réelle négative. Ce raisonnement est inspiré de ceux menés par Alazard
et al. (2022); Lavi et al. (2020).

Enfin, un schéma numérique aux volumes finis est écrit. Ce schéma s'appuie sur les
mémes éléments que ceux développés pour les modéles de la couronne et avec une particule.
Les simulations numériques effectuées sont comparées avec celles obtenues aux chapitres 4
et 5. Celles-ci mettent en avant que la dynamique du noyau promeut le caractére intermittent
des trajectoires. Ce modele permet également de mettre en avant le lien entre le position-
nement du noyau a l'intérieur de la cellule et la polarisation de la cellule.

Les simulations numériques permettent également de valider une autre approche, plus
heuristique, pour modéliser les forces qui s'appliquent entre le noyau et le bord de la cellule.
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Etude du modéle déformable : Le chapitre 7 est dédié a I'étude du modéle déformable
avec la dynamique du noyau. Le modele étudié est donné par :

u+VP=0 dans Q(¢)\ N (t), (6a)
div(u) =0 dans Q(t) \ N (¢), (6b)
V,=u-n sur o (t), (6c)
P =9k + Xcfact (¢) — INB sur 09 (), (6d)
Upnyel (8) = m (/E)N(t) P(t,x)ndo + fBN> (6e)
U N = Upy - N sur ON (t), (6f)
e = div(Ve — (1 — a) uc) dans Q () \ N (¢), (68)
(Ve+auc) - n=0 surd(Q(t)\ N (t)), (6h)
c(0,x) = " (x) dans Q(0) \ N (0). (6i)

Nous montrons I'existence d'un unique état stationnaire radialement symétrique défini par :

u’ (x) =0, x € 0\ N° (7a)
0R
PO (x :l—i—xcfac ) - ——0 x e 0\ NO (70)
( ) RO ' ( ) (RO - Rnucl)ﬁ \
u(r)lucl = 07 (7C)
M
0 - 0 0 d
¢ (x) T\ N xeQ\N (7d)
Q% = B(0,Ry) et N° = B (0, Rpue) (7€)

. 1 . .
oll Ry = /42, Nous posons xi = ——————— et montrons le résultat suivant :
™ c 0 £/ 0
ac fact (C )

Théoréme. Lorsque &, = 1, si x. < x5, alors 'état stationnaire (7) est linéairement stable. A
l'opposé, si x. > x&, alors I'état stationnaire (7) est linéairement instable.

Pour démontrer ce résultat, premiérement, nous linéarisons le probléme (6) autour de
I'état stationnaire (7) et en déduisons un probléme aux valeurs propres. Ensuite, a l'aide de
I'analyse de Fourier, nous décomposons le probléeme aux valeurs propres en des problémes
plus simples indexés par m € N. Nous montrons que pour les cas m = 0 et m > 2 alors toutes
les valeurs propres sont de partie réelle négative. L'étude du cas m = 1 montre que lorsque
Xe > X5 il existe une valeur propre dont la partie réelle est positive et que lorsque x. < x
toutes les valeurs propres ont une partie réelle négative. Ce raisonnement est inspiré de ceux
menés par Alazard et al. (2022); Lavi et al. (2020).

Nous proposons un schéma numérique pour simuler ce modéle. Ce schéma numérique
est un schéma semi-implicite en temps et avec une discrétisation aux éléments finis en espace.
Ce schéma s'appuie sur une discrétisation implicite de la courbure qui est liée a la minimisation
du périmetre de la cellule (Lavi et al., 2023). Pour éviter les potentiels contacts entre le bord
de la cellule et le noyau, deux méthodes sont proposées. L'une repose sur la projection des
vitesses dans un espace de vitesses admissibles, ce qui est réalisé via un algorithme d'Uzawa
(Lefebvre, 2007). L'autre repose sur l'ajout d'une force répulsive de contact entre le bord de
la cellule et le noyau. Les simulations numériques effectuées via ce schéma permettent de

10



mettre en avant que le modéle permet de reproduire de maniére qualitative le phénomene
de polarisation et de migration cellulaire. En effet, comme illustré par la figure 3, nous obser-
vVONs que pour certains parametres, apres une perturbation de I'état stationnaire, la cellule se
polarise puis migre a une vitesse constante.

@3339

t=01=11=21=3 1=4 t=5 =9 t=10

Figure 3: lllustration du phénomeéne de polarisation suivi de la migration cellulaire. La
cellule est représentée aux tempst € {0,1,2,...,9,10}. Nous observons que jusqu'au tempst = 6,
la cellule se polarise : le noyau de la cellule est placé o I'arriére de la cellule et la concentration en
marqueurs augmente dans cette zone (les zones rouges représentent les zones ou la concentration
en marqueurs est haute). Ensuite, lorsque t > 6, il semble qu'une onde progressive est atteinte.
En effet, nous observons que la forme de la cellule est conservée au cours du temps, que la cellule
semble se déplacer a une vitesse constante et que dans le référentiel de la cellule, la concentration
de marqueurs et la position du noyau sont fixes. Voir fig. 7.9 pour plus de détails.

Un modéle heuristique en dimension 1: Le chapitre 8 est consacré a I'étude d'un modeé-
le heuristique en dimension 1 de la motilité cellulaire avec prise en compte du noyau. Ces
travaux sont effectués en collaboration avec Thomas Lepoutre et Nicolas Meunier. La modé-
lisation choisie pour ce modéle différe du cadre présenté précédemment. Nous supposons
que les marqueurs peuvent s'attacher et se détacher de la membrane de la cellule et que le
taux d’attachement dépend de la position du noyau tandis que le taux de détachement est
constant. Le modéle, dans le référentiel de la cellule est donné par :

Ore(t,x) = 02, c(t,x) + 0y [nop (t) ¢ (t,z)], re]-1,1], (8a)
Duc (1, 1)+ nou (1) e (1, 1) = F -y (1), (8b)
S (6) = 0w (X (0) e (6,1) = fpas (), €
Xy (t) = Xe k1t —ky / t Sp(s) e 5=t ds, (8d)
c(0,2) = (x), ps (0):0,igc, Xy (0) = X%, re€]-1,1], (8e)

avec ¢, 19 et X%, la condition initiale, donnés. Le modeéle considéré est une équation non-
locale, non-linéaire de Fokker-Planck. A l'aide de I'étude d'un probléme découplé et d'un argu-
ment de point fixe, nous montrons que, sous certaines conditions sur la condition initiale, le
modéle (8) est bien posé.

Proposition. Supposons que c° est tel que f_ll & (z)log ® (x) dz < +o0. Supposons également
que pu, u° € [0, M] sont tels que fi1 & (z) do + p + p® = M. Supposons de plus que X3, €
[—1, 1]. Alors il existe une unique solution (c, j1+, 11—, X n) au modéle (8) définie pour tout temps.
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Nous montrons que le modeéle (8) admet un état stationnaire non-polarisé. Nous mon-
trons également que sous certaines conditions, le modéle admet des ondes progressives.
Enfin, a I'aide d'un schéma numérique aux volumes finis, nous présentons des simulations
numériques qui illustrent que cette heuristique permet de retrouver, pour certains parame-
tres, le comportement intermittent des trajectoires. Nous observons que la polarisation de
la cellule s'laccompagne du positionnement du noyau a l'arriere de la cellule. La dynamique
d'attachement modifiée par la présence du noyau semble permettre la dépolarisation de la
cellule et I'observation de comportements intermittents.

Etude de I'effet de 'undercooling sur la motilité cellulaire
Dans le chapitre 9, I'effet de 'undercooling sur le motilité cellulaire est étudié. Le mode-
le étudié ne prend plus en compte le noyau et sa dynamique. Il est donné par I'expression
suivante :

u+VP=0 dans Q (t), (9a)
div(u) =0 dans Q (t), (9b)
V,=u-n sur 9 (t), (90)
P = vk + Xefact (¢) + Xufuna (Vi) sur 9 (t) (9d)
8¢ = div (Ve — (1 —a) uc) dans Q (¢), (9e)
(Ve+auc) - n=0 sur 99 (t), (9f)
c(0,x) = "(x) dans 2 (0) . (98)

Ce modéle peut étre vu comme un enrichissement du modéle de Lavi et al. (2020) qui est
retrouvé lorsque x,, = 0. Nous montrons que ce modeéle (9) admet un unique état stationnaire
donné par:

A (x) = % x e 0, (10a)

p° (x) = Rl + XeSact (co (x)) x e, (10b)
0

w’(x)=0 x e QY (100)

Q% =DB(0,Ry), (10d)

R [A R "o (0 , . )
ou Ry = 79 Nous posons X: = O'FXu—/fund() et montrons le résultat suivant qui permet
™ Roacofact (CO)

de dire que l'undercooling a un effet stabilisant. En effet, le seuil x} est plus grand lorsque
I'undercooling est pris en compte que lorsqu'il est absent.

Xe

*

C
alors I'état stationnaire (10) est linéairement instable.

Xe
*
c

Théoreme. Si < 1 alors I'état stationnaire (10) est linéairement stable. A I'opposé, si > 1,

Pour montrer ce théoreme, en s'inspirant de Alazard et al. (2022); Lavi et al. (2020), dans
un premier temps nous linéarisons le modeéle (9) autour de I'état stationnaire (10). Nous dé-
duisons du probleme linéarisé un probléeme aux valeurs propres. Pour étudier le signe de la
partie réelle des valeurs propres, nous décomposons le probléme aux valeurs propres en des
problémes plus simples a I'aide de I'analyse de Fourier. Nous montrons que lorsque % <1

c
alors toutes les valeurs propres ont une partie réelle négative. Nous déduisons une condition
explicite sur les valeurs propres et montrons que lorsque X—i > 1, il existe une valeur propre

X

(&

de partie réelle positive.
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Ensuite, nous étudions l'existence d’ondes progressives. Nous caractérisons les ondes
progressives du modeéle (9) et montrons que si une onde progressive existe alors elle est de
la forme donnée par le résultat suivant :

Proposition. Soit V' > 0 donné. L'onde progressive associée a la vitesse V' est donnée pour tout
(x,y) € Qpar:

P(z,y)=p1 —Vzx avec p1 € R,

M —aV
clz,y) = ffl e dy’e Ve

avec S} caractérisé par I'équation sur la courbure suivante :

Me—an
f() e—aVa' dq/ dy’

vk (2,y) = p1 — VT = Xcfact ( ) — Xufuna (Vng),

ot (z,y) € 0
Soit X et Y les espaces fonctionnels suivants :

X={peCt(-mm):p0)=p
Y ={peCp(-mmn):p®)=0p

per

(—0),v0 €
(—0),V0 €
En montrant que la fonctionnelle 7 : Rx X xRxR — Y xR xR définie pour tout (x., p, V,p1) €
Rx X xR xRpar:

F (e, Vipr) = (195 (0) + Xefaes (1 (V, p) eV Boto@)e0s8) oy £y (Vi (0))

+V (Ro+p(6)) cosf — py — -
Ry

/7r (Ro+p(9))2—R%d9; " p(@)cos@d@).

—T —T

satisfait le théoréme de bifurcation de Crandall and Rabinowitz (1971), nous montrons l'exi-
stence d'ondes progressives pour le modéle (9) :

Théoréme. Pourtouta € (0,1], v > 0, Ry > 0 et x,, > 0il existe une famille d’ondes progressives
au probléme (9) (QX, VX) paramétrée par x € (x%, +o0) telle que ‘QX’ = 7RZ.

Etude de I'impact d'un signal extérieur sur la motilité cellulaire

Le chapitre 10 est consacré a I'étude de I'impact d'un signal extérieur sur la motilité cellu-
laire. Le modéle étudié est le suivant :

u+VP=0 dans Q (1), (11a)
div (u) =0 dans Q (1), (11b)
P =7k + Xe fact (¢) + x59 (Vs - n) sur 092 (t) , (11¢)
V,=u-n sur 99 (t), (11d)
e = div (Ve — (1 — a) uc) dans Q (1), (11€)
(Ve+auce) - n=0 sur 99 (t), (11f)
c(0,x) = " (x) dans ©(0) . (118)
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Sous I'hypothése que le signal extérieur est radialement symétrique c'est a dire qu'il existe
s : RT — R telle que pour tout x € R?, le signal extérieur s'écrit s (x) = 1, (||x]|), nous
montrons l'existence d'un unique état stationnaire radialement symétrique donné par :

u’ =0 dans Q°, (12a)

PO = Rl + Xefact (%) + X9 (5" (Ro)) dans °, (12b)
0

O W]\ég dans Q°, (12¢)

Q% = B(0,Ry), (12d)

ou Ry = \/%. La stabilité de I'état stationnaire est étudiée dans le cas ou le signal est, en
plus, monotone, cest a dire qu'il existe € R et 1) : RT — R™ fonction monotone telle que
pour tout x € R?, le signal extérieur s'écrit s (x) = nys (]|x||). Nous avons alors le résultat
suivant:

Théoréme. Soit K; = xsg' (s’ (Rp)) s” (Rop) et x: = . Si Ks > 0, alors nous avons :

ac® feq (¢°)

1. Si0 < Xe < 1 alors I'état stationnaire (12) est linéairement stable.

*
c

2. Si X—i > 1+ %KSRO alors I'état stationnaire est linéairement instable.
X

c

La démonstration de ce théoréme s'inspire de Alazard et al. (2022). Dans un premier temps
nous linéarisons le modéle (11) autour de I'état stationnaire (12). Nous déduisons du probleme
linéarisé un probléme aux valeurs propres. Pour étudier le signe de la partie réelle des valeurs
propres, nous décomposons le probléme aux valeurs propres en des problémes plus simples
a l'aide de l'analyse de Fourier. Nous montrons que lorsque 0 < X—i < lalors A = 0 est

(&
une valeur propre de multiplicité 2 et toutes les autres valeurs propres sont de partie réelle
négative. Nous montrons que lorsque X—: >14 %KSRO, il existe une valeur propre de partie

réelle positive. Nous étudions égalemenfle probléme rigide associé.

Nous proposons un schéma numérique aux élements finis pour le probléeme rigide. Les
simulations numériques effectuées permettent d'illustrer qu'il existe un équilibre entre la
force induite par les marqueurs sur le bord de la cellule et celle induite par le signal extérieur.
Enfin, I'étude de l'impact de la présence d'obstacles dans I'environnement de la cellule y est
brievement abordée sous le point de vue numérique. Cette étude sera approfondie dans de
futurs travaux.

Modélisation de la compartimentation au sein de la voie de signalisation intra-
cellulaire
Enfin, le chapitre 11 présente un travail effectué durant I'école d'été CEMRACS 2022 en
collaboration avec Juan Calvo, Erwan Hingant, Saoussen Latrach, Nathan Quiblier et Romain
Yvinec. Ce travail est soumis et accepté. Nous présentons une nouvelle approche de modé-
lisation des voies de signalisation activées par les récepteurs, qui prend en compte la com-
partimentation des récepteurs et de leurs effecteurs, a la fois a la surface cellulaire et dans
des vésicules intracellulaires dynamiques appelées endosomes. Le premier élément consti-
tutif du modéle concerne la dynamique des compartiments. |l prend en compte la création
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d'endosomes de novo, c'est-a-dire I'endocytose, puis le recyclage des endosomes a la surface
cellulaire ou leur dégradation, ainsi que la fusion des endosomes via une dynamique de co-
agulation. Le deuxiéme élément constitutif concerne les réactions biochimiques a la surface
des cellules et dans chaque compartiment intracellulaire. Les deux parties du modéles sont
couplées par le transfert de molécules qui se produit a chaque événement modifiant les com-
partiments.

Le modele est formulé comme une équation aux dérivées partielles avec terme intégrale,
avec des opérateurs de transport, de coagulation et des termes sources, couplée a une équa-
tion intégro-différentielle. Dans ce travail, nous prouvons des conditions suffisantes pour
obtenir une ergodicité exponentielle pour la distribution en taille des compartiments intra-
cellulaires. Nous concevons en outre un schéma de volumes finis pour simuler notre modéle.
Enfin, nous montrons deux cas d'application qui montrent un accord qualitatif avec des don-
nées publiées récemment, prouvant que notre modele peut aider a capturer la complexité
spatio-temporelle de I'activation des voies de signalisation.
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1 - Biological context and modelling

1.1 . Biological context

1.1.1. Cell organisation

The cell is regarded as the fundamental unit of life, as all living organisms are made up
of cells. Although cells can greatly vary in size, shape and function, they all behave according
to the same principles. There are two main types of cells: eukaryotic cells which have nucleij,
and prokaryotic cells which lack nuclei. In this thesis, we focus on eukaryotic cells, which are
animals, plants, and fungi cells. We briefly present here the structure of a cell (see fig. 1.1 for a
schematic view).

intermediate

) filaments
actin

filaments = =N

w7

cell
membrane

N

/
!\ nucleus |
M

microtubules

N A MTOC
Figure 1.1: Schematic representation of a cell. Taken from Kubiak et al. (2020).

The cell is enclosed by the plasma membrane. It protects and separates the contents of
the cell from the external environment. It also enables communication with the external envi-
ronment. It is made up of a lipid bilayer formed from phospholipid molecules and containing
proteins. The plasma membrane contributes to the mechanical properties of cell movement
via membrane tension. Membrane tension induces an opposite force to membrane exten-
sion. It results from the inextensible nature of the bilayer, which creates in-plane tension, and
from the energy derived from adhesion between the cytoskeleton and the membrane. As the
cell is deformed, membrane tension changes rapidly, causing the cell surface tension to vary.
Membrane tension also regulates polarisation between the front and rear of the cell (Thiam,
2014). However, the length of the membrane can vary, particularly as a result of endocytosis,
exocytosis or invagination (Kosmalska et al., 2015).

The cytoplasm and the nucleus are within the plasma membrane. The cytoplasm is made
up of several organelles and the cytosol. The organelles are cell structures separated from
the cytosol and enclosed by the plasma membrane. They carry out many essential functions
for the cell. Mitochondria — which are involved in cellular respiration — are one example.
The cytosol is an aqueous gel containing numerous molecules and proteins, including the
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cytoskeleton—a network of protein filaments. Three types of filament can be distinguished:
actin filaments, intermediate filaments and microtubules. The cytoskeleton plays a very im-
portant role in the cell's shape and ability to move (Alberts et al., 2002).

Actin filaments are the thinnest. They are composed of actin. Actin is present in two forms
in the cell: globular actin in monomeric form and filamentous actin in polymeric form. When
the concentration of monomeric actin exceeds a critical threshold, actin polymerises at the
filament end present in that zone. Conversely, if one end of an actin filament is located where
the concentration of globular actin is below the critical threshold, the filament depolymerises.
Actin filaments are polarised, with a plus end and a minus end. Each end has a different critical
threshold, which allows actin filaments to grow asymmetrically (Asnacios and Hamant, 2012).
Thus an actin monomer moves in the actin filament from the plus end to the minus end —
a process known as treadmilling (see fig. 1.2). This also results in a retrograde flow of actin
monomers from the boundary of the cell towards the interior. The more actin polymerises,
the greater this retrograde flow.

actin
monomer

actin filament [
321
o <

minus plus
end end
@
321
/ (T
321 /.
v 000

(A) TREADMILLING

Figure 1.2: Schematic representation of actin treadmilling. Taken from Alberts et al. (2002).

Actin filaments can assemble with different molecules. For example, by associating with
the Arp 2/3 molecule, actin filaments can form a network and bind to the plasma membrane
to form the cell cortex. Also, by associating with myosin, they create stress fibres that allow
the cell to contract when moving.

Microtubules are the thickest and most rigid filaments. They are composed of tubulin and
are also polarised filaments. One of their ends is always connected to the centrosome (or
MTOC) located near the nucleus. They are particularly essential in the process of cell division
and the internal organisation of the cell.

Intermediate filaments have a thickness between that of actin filaments and microtubules.
They constitute a family of non-polarised filaments and are composed of a wide variety of pro-
teins. Intermediate filaments differ according to cell types. They form a network surrounding
the nucleus and are connected to the cell plasma membrane. Specifically, they create a mesh
around the nucleus called the nuclear lamina which increases the rigidity of the nuclear en-
velope (Lammerding, 2011). These filaments are not polarised and rarely depolymerise. Their
stability allows them to support the structure of the cell (Ndiaye et al., 2022; Cooper, 2000).

The nucleus is the largest organelle in the cell. Like all organelles, itis membrane enclosed.
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Itis composed of a nuclear envelope and contains the organism'’s genetic information encoded
in DNA molecules. The interior of the nucleus is made up of the nucleoplasm which, like the
cytoplasm, is made up of an aqueous gel containing proteins (in particular DNA), including
actin filaments. It is able to deform as the shape of the cell varies. When the cell is com-
pressed, the nucleus shrinks, whereas when the cell contracts, the nucleus becomes rounder.
The nucleus is linked to the cytoskeleton by LINC, a protein complex. This contributes to the
transmission of forces from the nucleus to the cell and from the cell to the nucleus (Thiam,
2014; Lammerding, 2011).

1.1.2. Cell motility

Cell motility is an important mechanism in several biological phenomena such as embryo-
genesis, wound healing, the immune response and the spread of cancer. Itis the ability of a cell
to move by deforming its shape. This movement can be spontaneous or induced in response
to an external cause. To initiate movement, the cell needs to polarise. Polarisation breaks the
symmetry of the non-motile cell resulting in cells with defined front and rear (Danuser et al.,
2013; Reig et al., 2014). Once the cell is polarised, cell migration consists of a four-step cycle
(Danuser et al., 2013; Abercrombie, 1980).

Polarisation. The phenomenon of polarisation enables a cell to switch from a symmetrical
non-polarised state to an asymmetrical polarised one. This phenomenon triggers cell motility.
It can occur spontaneously through the self-reorganisation of the cytoskeleton or in response
to external factors that induce cytoskeletal reorganisation. Polarisation involves three phases
(Yam et al,, 2007). A schematic view of it is represented in fig. 1.3. Phase | is the slow rear
retraction. Self-organisation of the actin cytoskeleton causes fluctuations in the contractility
of actin-myosin filaments. Due to the increased contractility of the actin-myosin filaments at
the prospective rear part of the cell, the actin retrograde flow increases and polarises near the
nucleus in the direction of the potential motion. This causes the rear part to retract slightly
and become thinner whereas there are no significant changes in what results as the front
part. Phase Il is the fast rear retraction. In the rear part, the contractility of the actin-myosin
filaments and the actin retrograde flux increase. The actin filaments depolymerised. All this
induces a loss of adhesion with the substrate and the retraction of the rear part. At this phase,
the shape of the cell is no longer symmetric and the nucleus starts to be located at the rear
part while there are still no significant changes in the front part. Phase Il is the maturation.
During this phase, all the rear collapse and the cell starts to move slowly. At the front part,
the actin retrograde flux decreases, and the polymerisation of actin filaments increases. This
initiate protrusion. The front part creates new adhesive bonds with the substrate. At the
end of this phase, the cell is polarised and motion can be observed. It is important to notice
that polarisation starts with the definition of the rear part (Cramer, 2010) and that the nucleus
positioning at the cell's rear is independent of the cell's elongation and depends on the myosin
(Gomes et al., 2005; Cramer, 2010).

Cell migration. Once the cell is polarised, cell migration can occur. This process is described
by a four-step cycle (Abercrombie, 1980), as depicted schematically in fig. 1.4.

During the first step, actin polymerisation increases at the cell leading edge. This induces
the protrusion of the lamellipodium, which is a thick and very thin layer of actin filaments as-
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Figure 1.3: Schematic representation of polarisation and of each phase involved in the
transition from symmetrical to asymmetrical cell organisation. Taken from Yam et al.
(2007).

sembled in a mesh connected to the cytoplasmic membrane, and filopodia, which form when
actin filaments bundle together in parallel arrays. This allows the creation of new adhesions
with the substrate that are initially unstable. These adhesions mature during the second step,
becoming stable focal contacts. At these points, the cell adheres strongly to the substrate.
These focal contacts associate with stress fibres that are aligned in the direction of the cell's
movement. The other end of the stress fibres is connected to the cytoskeleton in the region
around the nucleus. Some may be linked to adhesion sites at the rear of the cell. During the
third step, the stress fibres contract, pushing the nucleus and the surrounding cytoskeleton
forward. This leads to the release of the old adhesions at the rear of the cell, allowing the rear
of the cell to retract in the fourth step.

1.1.3 . Trajectories and UCSP law
Trajectories. Cell may have different motion behaviour. The trajectories can be very differ-
ent. Cell trajectories can be classified into three groups (Maiuri et al., 2015).
First, cells may have a ballistic behavior even in the absence of external causes (Petrie et al.,
20009; Bosgraaf and Van Haastert, 2009). In this case, the trajectory is said to be persistent. Cells
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Figure 1.4: Schematic representation of the four-step cycle of the cell migration. Actin
polymerisation-dependent events are represented in red, myosin-dependent events in green and
substrate adhesions in purple. Taken from Reig et al. (2014).

with this type of trajectory are characterised by their ability to maintain their direction of mo-
tion. This property is called directional persistence or, when there is no ambiguity, simply
persistence (Maiuri et al., 2015; Loosley et al., 2015). Persistence can be quantified in several
different way, the first one is directionality or tortuosity which is defined as the ratio between
displacement made by the cell and the total migration path length (Loosley et al., 2015; Petrie
et al.,, 2009; Gorelik and Gautreau, 2014). Directionality quantifies the straightness of the tra-
jectory and thus, persistence corresponds to directionality close to 1. The main defect of this
quantity is that it is dependent on the sampling interval so this can lead to persistent trajec-
tories with a directionality close to 0 (Loosley et al.,, 2015). Persistence can also be described
through the properties of persistence time and persistence length. Persistence time is the
time during which the cell maintains its original direction of motion. To quantify it, we con-
sider the persistence time as the time required for the cell to change its original direction by at
least 5 (Maiuri et al., 2015). Other definitions of persistence time can be found in the literature
(see for example (Gorelik and Gautreau, 2014; Selmeczi et al., 2008)). Persistence length is the
length of the path covered during the persistence time. Associated with these two quantities
we can define the mean instantaneous speed as the persistence length over the persistence
time. We can then split a trajectory into sub-trajectories depending on its persistence times.
A persistent trajectory is then a trajectory that can be partitioned into sub-trajectories with
directionality close to 1 on them and a long persistence time. Moreover, when the cell exhibits
ballistic behaviour, the cell is polarised. This means that persistent trajectories are charac-
terised by long-lived polarisation time (Maiuri et al., 2015).

Secondly, cells may have a diffusive behaviour. In this case, the trajectory of the cell is
said to be brownian. Brownian trajectories are characterised by the absence of a stable po-
larised state (Maiuri et al.,, 2015). This type of trajectory has a small persistence time and its
directionality is close to 0.

Finally, cells may switch from a ballistic phase to a diffusive one (Bénichou et al., 2011).
These trajectories are called intermittent because the cells switch between polarised and non-
polarised phases.

UCSP law. Using the data of the first World Cell Race (Maiuri et al., 2012), a coupling between
cell speed and cell persistence (UCSP law) was proved in Maiuri et al. (2015). The UCSP law was

21



first formulated at the scale of a population of cells. In this case, the cell persistence 7 is the
average of the persistence times of all the cells of the population and the cell speed v is the
average of all the mean instantaneous speed of the cell population. Then we have:

o M (UCSP)

with A > 0.

It was also showed that the UCSP law is still valid a the cell scale. This means that there
exists A > 0 such that on each persistent sub-trajectory of a trajectory we have 7 o e** where
7 is the persistence time of the sub-trajectory and v the mean instantaneous speed (Maiuri
et al., 2015). The fastest cells have a more directional movement whereas the slowest cells
have a more diffusive movement. An illustration of the UCSP law is represented in fig. 1.5.

UCSP Law

Advection by actin flow

7 : Persistence
V: Speed

Cell Speed <« Actin flow —> Polarity —> Persistence

L

Figure 1.5: Schematic summary of the UCSP law. Taken from Moaiuri et al. (2015).

1.2 . Existing models

Following the description of cell migration by Abercrombie (1980), various models have
emerged to propose models of this phenomenon. Some models have focused on one of the
steps of cell migration. These models provided a better understanding of the different pro-
cesses involved in cell motility, for example the model of Mogilner and Oster (1996) has pro-
vided a better understanding of the mechanisms involved in actin polymerisation at the cell
membrane (see Danuser et al. (2013) for others examples).

Other models have sought to model the cell by integrating all the mechanisms of cell motil-
ity into a single model. Several approaches have been proposed. These range from continuous
to stochastic approaches. Among the stochastic approaches, we can mention the POTS model
(Scianna and Preziosi, 2012), which allows the nucleus to be modelled. Continuous approaches
are very varied. There is a wide variety of continuous approaches. In particular, the cell can
be seen as a viscous fluid (Blanch-Mercader and Casademunt, 2013; Recho and Truskinovsky,
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2013; Lavi et al., 2020). This view has led to the development of new theories in physics, such as
the theory of active gels (Prost et al., 2015). Other continuous approaches have also been pro-
posed such as viscoelastic material (Gracheva and Othmer, 2004), polarised gel (Kruse et al,,
2005) or phase-field models (Berlyand et al., 2016).

The model studied in this thesis belongs to the models where the cell is seen as a viscous
fluid. Itis a free boundary model where the cell is represented by an incompressible fluid with
surface tension. Similar models without the incompressibility assumption also exist for the
study of tumour growth (Friedman and Reitich, 2000).

1.3 . Modelling

In this section we introduce the model studied in the rest of the thesis. First, we give
its formulation. Then, in the following subsections, we detail the modelling steps that led to
the formulation of the model. The model presented is a free boundary model modelling the
cell motility of a cell on a heterogeneous substrate taking into account its nucleus and in the
presence of external signals and obstacles.

1.3.1. Model formulation

Let Q(t) C R? be a connected open set, where ¢t > 0 denotes time. Let N (t) be a con-
nected open set such that for all ¢ > 0, N (t) C 2 (¢). £ (t) models the domain of the cell at
time ¢ > 0 and N (¢) the domain of the nucleus. The cytoplasm is therefore represented at
time ¢ > 0 by the domain Q (¢) \ N (¢). We assume that this domain Q (¢) \ N () is filled with
an incompressible fluid having velocity u and pressure P. Inside this fluid, there are polarity
markers of concentration c¢. We assume that there are no markers outside the cell or in the
nucleus and that the fluid cannot enter the nucleus. (See fig. 1.6 for the notations.)

As a first approximation, we assume the nucleus to be rigid. The cell can deform and we
assume that the boundary 09 is free. The model we propose is therefore a free-boundary
model with a rigid particle inside. We study a system of equations on a time-dependent do-
main and whose evolution depends on the evolution of the system.

We assume that an external signal, s (¢,x) with ¢ > 0 and x € R?, is present in the envi-
ronment of the cell and that this signal induces a force on the cell boundary. We also assume
that obstacles may be present in the environment of the cell and that these obstacles induce
a contact force fo,s with the cell boundary.
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o
Markers concentration ¢

= Cytoplasm \é\f

Fluid with velocity u and pressure P

Figure 1.6: Notations of the model. /n very light blue is the fluid domain 2 (t) \ N (t) and in
slighty darker is the nucleus domain N (t). In green is the markers concentration c. In orange the
outward normal vector to ) (t) \ N (t) is represented on both domain boundaries.

The model is given by the following system:

u+ EVP =0

div(u) =0

V,=u-n

P =7k + Xcfact (¢) + xs9 (Vs m) — fxs — fobs + Xufund (Vi)

1
Upucl (t) = m </{;N(t) P(t,x)ndcr + fBN)

U1l = Upycl - N
Orc = div (Vc —(1—a)uc— aWth)

(Vc + auc — aWth) ‘n=20

c(0,x) = ¢"(x)

where

inQ(¢)\N (t),
inQ(¢)\N (t),
on 90 (t),
on 9N (t),

on dN (t),
inQ(1)\N (t),

(1.1a)
(1.1b)
(1.1¢)
(1.1d)

(1.1e)

(1.1f)
(1.18)

ond(Q(t)\N (t)), (1.1h)

in 2 (0)\N (0),

(1.1i)

« &y is a function depending on time and space such that for all t > 0 and x € R? we have

€M (t,X) >0,
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*+ K is the curvature (positive for a circle) of the evolving free-boundary 02 and v > 0 is
the surface tension,

+ V,, is the normal velocity of the free-boundary 092 and n the outward normal vector to
Q\ N,

* Xe > 0, fact IS @an active traction force depending on the markers concentration,
* xs > 0, g is a force depending on the external signal s,

* Xu > 0, funa is @ force depending on the normal velocity of the boundary, which can be
seen as undercooling,

* &uual IS @ function depending on time such that for all ¢ > 0 we have &, (¢) # 0,

+ fnp is the force induced by the nucleus on the cell boundary and fgy the force induced
by the cell boundary on the nucleus,

* a€l0,1],

+ a > 0and WS the coloured noise associated with a Q-Wiener process,
« ¢, Q(0), N (0) are the initial conditions,

+ o denotes a measure on the boundary.

1.3.2 . Force balance on the fluid

In this subsection we detail the modelling developed to obtain the fluid dynamics within
the fluid domain (egs. (1.1a) and (1.1b)). To obtain this, we use several approximations for a fluid
confined between two plates. Then, we present the kinematic conditions at the boundaries
(egs. (1.1¢c) and (1.1f)).

1.3.2.1. Confined fluid approach

We consider the 3-dimensional framework. We assume that the cell is confined between
two plates separated by a gap of size h (x) with x € R? (Lavi et al., 2020). We denote by Qy, (¢)
the 3-dimensional fluid domain at time ¢ > 0 and we have:

Q (t) = {(z,y,2) € R?s.t. (z,y) € Q(t) and z € [0,h (2, 9)]} .
Attime t > 0, the nucleus is then modelled by the domain Ny, (t) given by:
Np (t) = {(=,y,2) € R3s.t. (z,y) € N(t) and z € [0,h (z,y)]} -
Finally, at time ¢ > 0, the 3-dimensional fluid domain is defined by Q (¢) given by:
Qr () = )\ Np(t) = {(z,9,2) € R¥sit. (z,y) € Q) \ N (¢) and z € [0, h (z,y)]} .

We denote by u = (u1, uz, uz) the 3-dimensional fluid flow. We assume that the fluid is viscous
with a viscosity of p and that it is incompressible. We denote p the density of the fluid and we
assume it to be constant. The shear tensor is given by:

¥ =u(Vu+(Vu)") - PId,
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where P is the pressure. Moreover, we assume that we can write:

u(t,z,y,2) = u’ (t,2,y,2) + hu' (t,2,y,2) + O (h*), (1.2a)
P(t,x,y,z) = P (t,2,9) + hP" (t,z,y,2) + O (h?), (1.2b)
where h is the typical size gap. Thus, the first two components of the Navier-Stokes momen-
tum equations are given by:
O (pur) + p(u® Vuy) = pAuy — 9, P in Qg (1), (13)
O (pu2) + p (u ® Vug) = pAug — 9y P in Qg (). '
The thin-film lubrication approximation allows us to neglect inertia. Thus, eq. (1.3) reduces to:
0=pAuy — 9P inQy(t), (1.4)
0= pAuy —9,P inQ(t). 4

The Hele-Shaw approximation allows us to neglect the in-plane viscosity terms. Thus, eq. (1.4)

reduces to:
0= pd2u; — 0, P inQy(t),
0= M832U2 — (%P in Qf (t) .

Using assumption (1.2) we deduce that:

0= pdZuf (z,y,2) — 0. P° (x,y) InQy (1), (.5)
0= pd2.u§ (w,y,2) = 0,P° (wy) in Qs (¢). >
Integrating eq. (1.5) and imposing no-slip condition on z = 0 and z = h (z,y) we get:
W (@y,2) = ~2PED 2y poa ) inay ),

2p (1.6)
ud (z,y, 2) = —Z(h(g’i)_z)ayPo (z,y) InQf(t).

In the sequel we omit the exponent -°.
Let u be the gap-average planar flow. For all ¢t > 0 and (z,y) € Q2 (¢) \ N (t), we have:

1 h(z,y)
u(z,y) = m/o (u1 (2,9, 2) ,u2 (v,y,2)) dz
1 /szw@w%w)

=—— ———————=VP(x,y) dz
h(z,y) Jo 2p (@)

_ h(zy)?

. h(alc,y)2 ) .
Setting &v (x) = 12 , we recover eq. (1.1a). In this case &y, represents the mobility (Chap-

lain et al., 2019; Lavi et al., 2020). These approximations allow us to place the problem in the
2-dimensional framework.
Moreover, using the no-slip conditions on z = 0 and z = h (z,y), we have for all t > 0 and

(z,y) € Q) \ N (2):

h(z,y) h(z,y)
div (u(z,y)) = 835/ uy (z,y,2) dz + 8y/ ug (z,y,2) dz
0 0
h(z,y) h(z,y)
:/ Opuy (z,y,2) dz +/ Oyug (x,y,2) dz
0 0
h(z,y)
= / div (u (z,y,2)) dz2=0
0
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We recover eq. (1.1b).

Remark 1.3.1. The equation obtained can also be justified in the two-dimensional framework. We
assume that the cell is on a rigid substrate and is in frictional contact with it (Giverso and Preziosi,
2018; Callan-Jones et al., 2008). We assume that at time t > 0 the cytoplasm is modelled by the
domain §2 (t) \ N (t) and that this domain is filled by an incompressible viscous fluid with density
p, viscosity p, velocity u and pressure P. Thus, neglecting inertia (Danuser et al., 2013), the balance
of forces on the fluid is written as follows:

div(Z) + pfaic =0 inQ(t) \ N (1),
with¥ = p (Vu + (Vu)")— P Id the shear tensor and fii. (t,x) = —k (x) u (¢, x) the friction force
attime t > 0 and at position x € ) (t) \ N (t) where, for all x € R?, k (x) is the friction coefficient.

_
pk(x)

By neglecting the viscous terms and setting &y (x) = , we find the desired dynamics.

1.3.2.2 . Kinematic condition

We assume that the normal velocity of the sharp-interface, V,,, is equal to the normal
velocity of the fluid on 99 (¢):

Vo=u-n ondQ(t). (1.7)

Recall that we assume that the nucleus has a rigid motion and that we denote u,, its velocity.
We then have continuity of velocities on the boundary of the nucleus:

u-n=uy-n onaoN (t). (1.8)
We recover egs. (1.1¢) and (1.1f).

1.3.3 . Nucleus dynamic

In this subsection we detail the modelling developed to obtain the nucleus dynamics (given
by eq. (1.1€)). It is known that the nucleus is stiffer than the cytoplasm (Liu et al., 2014). As a first
assumption, we model the nucleus by a rigid particle and we assume that its motion is rigid.
This means that it does not deform. If it is moving, it can be translating or rotating. Hence, to
model the nucleus and its dynamics, we use the theory of fluid-structure interactions.

We assume that the nucleus is a ball and that we have N (¢) = B (Xxpucl (t) , Raua) Where
Xnucl (t) = (Tnuel (t) , Ynuel () is the nucleus centre at time ¢ > 0, it is also its centre of mass.
The assumption of rigid movement implies that for all ¢ > 0 there exists, Vua (t) € R? and
wWnuel (t) € R such that for all x € N (¢):

Unycl (t, X) = Vnucl (t) + Wnucl (t) (X — Xnucl (t))L .

We also assume that the friction of the nucleus on the substrate is higher. There exists
knuel > 1 such that for all ¢ > 0 the friction coefficient of the nucleus rubbing on the substrate

is given by:
knucl 1
nuel (£) = dX,
et () INT I v (%)

where | N| denotes the nucleus area. We omit to note the time dependence since the nucleus
area is constant over time. We can note that for all ¢ > 0, we have &,ua (t) > 0. The fric-
tion of the nucleus on the substrate, at time ¢ > 0 and at the point x € N (¢), is given by
— et (£) W (£, X).
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The cell boundary induces a force on the nucleus which we note as fgn. We have:
fBN = / fBN (X) dO’,
AN (t)
where for all x € ON (¢t) fan (x) denotes the force induced by the cell boundary at the point
x. We assume that fgy is colinear to n.
The fluid induces a force on the nucleus. Let do be an infinitesimal part of N (¢). On this
infinitesimal part, the force induces by the fluid on the nucleus is given by Pndo (Lefebvre,

2007).
Thus the force balance on the nucleus leads to:

—&nua (1) / Uyl (¢, %) dx + / P(t,x)ndo + fzn =0, (1.0a)
N(t) ON(t)

*gnucl (t) / (X — Xnucl (t))l * Unucl (t, X) dx
N(t)

+ / P (t,x) (X — Xpucl (t))L -ndo (1.9b)
ON(1)

+ / (X - Xnucl)l ’ fBN (X> dx =0,
ON(t)
We observe that we have:

2 Ruucl
( Xnucl dX = " COS 0 * ) rdrdf = 0.
N(t) 0 r sm 9 + )

Thus, we deduce from eq. (1.9a) the following expression for V.

1
Vnucl(t) = m <AN(t) P(t,x)nda + fBN) .

We can also note that for all x € ON (t) we have:

(X — Xnual (t))L Ln(x),

where n (x) is the normal vector to N (t) at point x. Thus, since fpy is colinear to n and:

3
/ (X — Xnucl (t))L * Unuycl (ta X) dx = Whucl (t) 2m RHUC17
N(t) 3
necessarily, we deduce from eq. (1.9b) that:
Whuel (t) =0.
Then the nucleus velocity is given by:
(#) = Vioua (1 1 / P(t,x)ndo + £ (1.10)
Unuc = Vnuc = T~ , X)ndo . .
1 : &nucl (t) ‘N| ON(t) N

The choice of the expression for fpy is detailled in section 1.3.9.
The eq. (1.10) corresponds eq. (1.1e).

28



1.3.4 . Conservation of the domain area

In this subsection, we show that formally, the cell area is constant over time. Let Ag, (¢) be
the surface area of the cell domain at time ¢ > 0. We extend the definition of u to the whole
cell by posing:

u=upg ONN(t).

Thus, we have:
div(u) =0 onQ(t). (1.11)

From the incompressibility constraint (1.11) and the kinematic condition (1.7), we have, for all

L=0 d d d
—Aq(t) = — |Q (¢t :—/ 1dx=/ V, do

/ u-ndaz/ div (u) dx = 0.
a0(t) Q)

Thus, formally, the surface area of the cell domain is constant in time and we denote it by Aq.
For all t > 0, we have:

Ag = [Q ()]

Since the nucleus is assumed to be rigid, we also have that its area is conserved over time
and we denote it [N|. From this we deduce that the area of the fluid domain Q (¢) \ N (¢) is
also constant over time and we denote it A.

1.3.5 . Force balance on the cell boundary

In this subsection, we detail the force balance at the boundary of the cell 992. The boundary
of the cell is subjected to various forces. We begin by describing these forces, then we write
the force balance.

1.3.5.1. Force induced by the markers

The markers induce an active force F, on the boundary of the cell (Lavi et al., 2020). We
assume that the markers are rear markers. This means that the rear part of the cell is defined
by the part where the presence of markers is highest and the front part of the cell by the part
where the presence of markers is lowest (Maiuri et al., 2015). We can therefore say that either
the force induced by the markers inhibits an outward pushing force (e.g. the force induced by
actin polymerisation) or induces an inward pulling force (e.g. the force induced by actomyosin
contraction). Thus, we have for ¢t > 0 and x € 99 (¢):

F, (ta X) = —Xcfact (C (t, X)) )

with x. > 0 and the following assumptions on fact:

fact € CT (RT), (1.12a)
fact is an increasing function, (1.12b)
fact (0) = 07 (1.12C)
xEIfoo fact () = L. < +00. (1.12d)

For example we can choose the following saturation function for f,.:

z(1+c)°

fact (37) = m7
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with ¢, > 0 a saturation parameter. This function follows the four conditions of (1.12) with
2
L=l

1.3.5.2 . Force induced by the friction of the boundary

The cell membrane modelled by the outer boundary of the domain 92 rubs against the
substrate. This induces a frictional force F,, whose intensity depends on the normal velocity
of the boundary. We have for ¢ > 0 and x € 99 (t):

Fu (t, X) = *Xufund (Vn (t7 X)) )

with x,, > 0 and the following assumptions on fynq:

funa € C* (RY), (1.13a)
funa is an odd function and increasing function, (1.13b)
fina (0) > 0. (113¢)

We recall that V,, denotes the normal velocity of the boundary. Note that this force can be
seen as undercooling.

1.3.5.3 . Force induced by the external signals

The environment of the cell may contain external signals (e.g. the presence of pathogens
for a neutrophil). These signals can either be attractive or repulsive. Receptors on the bound-
ary of the cell perceive these signals and the perception of these signals induces a force on the
boundary of the cell. We assume that these signals are given and independent of the cell. We
consider that we can treat these signals as if there were only one. We can then have a signal
with attractive and repulsive zones. We denote s (¢,x) the external signal at time ¢ > 0 and
position x € R2. Let O C R? be an open set. The signal is said to be attractive on O if s has a
local minimum on O and is said to be repulsive on O if s has a local maximum on O.

We assume that the action of the signal on the cell depends on variations in the signal.
This means that the force F; induced by the signal on the boundary of the cell depends on the
gradient of the external signal. Fort > 0 and x € € (¢), we have:

F (t,X) = —Xs9 (VS (t’ X) : Il) )

with g such that:

g€ Ct(R), (1.14a)
g is an odd function and a increasing function, (1.14b)

lim g¢(z) = Ls < +oc. (1.140)
xr——+00

For example we can choose the following expression for g:
g () = tanh (¢.x)

where ¢, > 0is a saturation parameter. This function follows the three conditions of (1.14) with
L,=1.
1.3.5.4 . Force induced by the obstacles

The cell environment contains obstacles. These can have variable geometries and model
the extra-cellular matrix. In particular, they can have the geometry of channels. The cell and

30



these obstacles cannot overlap. The position and geometry of the obstacles are assumed to
be fixed and given. We note A C R? the obstacles domain.

One way of ensuring that the cell and the obstacles do not overlap is to add a non-overlap
constraint to the cell velocity (Lefebvre, 2007; Cucchi et al., 2020). The interaction between the
cell and the obstacles can also be modelled by a contact force, and this is the choice made
here.

We denote f,ps (¢, %) the force induced by the obstacles on the boundary of the cell at the
point x € 9 (t) at time ¢ > 0. We assume that if at time ¢ > 0 the distance between the
cell and the obstacles is greater than the threshold ry > 0 then the cell does not perceive the
obstacles and for all x € 99 (t) we have fos (t,x) = 0. Otherwise, if at time ¢ > 0 the distance
between the obstacles and the cell is smaller than the threshold ry then the obstacle induces
a non-zero force at the point x € 99 (t) given by:

_dx,%) ro

fobs (t,X) = )‘/ ]ld(x,fc)<r0 (6 o= e_ﬁ) ny do ()NC) ‘n,
OA

where A > 0, 79 > 0, 71 > 0, ny is the outward normal vector to A, n is the outward normal
vector to Q2 at the point x, and for all x, x € R?, d (x, X) denotes the euclidean distance between
x and x.

1.3.5.5 . Force induced by the nucleus

The nucleus which is inside the cell induces a force on the cell boundary. We denote it
f~B- This force can be seen as the opposite force to fzy and satisfies

/ fNBIl do + fgn = 0. (1.15)
20(t)

We refer to section section 1.3.9 for the choice of expression for fyg.
1.3.5.6 . Force balance
The Young-Laplace equation on 952 (¢) is perturbed as follow:

P — chact (C) — Xs9g (VS : n) - Xufund (Vn) + fNB + fobs =Tk, (1.16)

where ~v denotes the surface tension and « the curvature.
We can note that x./fact: Xs9 XuSfund: SnB @and fops are forces per unit of length. The
eq. (1.16) corresponds to eq. (1.1d).

1.3.6 . Markers dynamic

In this subsection we detail the modelling developed to obtain the markers concentra-
tion dynamics within the fluid domain (egs. (1.1g) to (1.1i) with a = 0, see section 1.3.7 for the
case a > 0). As a reminder that we assume the presence of ¢ concentration markers inside
the fluid. ¢ denotes here the gap integrated concentration. These markers can either be free
inside the fluid or attached to the plates or the substrate (see section 1.3.2.1). We can con-
sequently define two populations: the population of attached markers with concentration ¢,
and the population of unattached markers with concentration ¢ (Lavi, 2019). We assume that
both populations are diffusing in the domain. The population of attached markers diffuses
within the domain with diffusion coefficient D, while the population of unattached markers
has diffusion coefficient D¢. The population of attached markers is not convected while the
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population of unattached markers is convected at fluid velocity u. The markers have constant
attachment and detachment rates with the plates. We note k,, the rate of attachment and
kog the rate of detachment. The dynamics of the two populations are given by:

O, — div (DpVep) = koncr — koficp inQ () \ N (¢),
O — div (DsVeg —ucr) = kogep — konce  INQ(E) \ N (2).
Leta = koff;coff be the steady fraction of attached markers that are not convected by the fluid

flow. Assuming rapid rates of attachment and detachment, at the steady balance, we obtain
¢p =acand ¢ = (1 —a)ec Let D = aDy, + (1 — a) Dy. Hence we have:

Oic=div(DVe— (1 —a)uc) inQ(t)\N(t). (1.17)
We impose non flux condition on the boundaries:

DVec+auc ond(Q(t)\ N (t)). (1.18)

The problem (1.17)-(1.18) is complemented with an initial condition given by:

c(0,x) = c(x) InQ(0)\ N(0), (1.19)

with ¢ given.
Let M (t) be the total quantity of markers at time ¢ > 0:

M (t) = / c(t,x) dx.
Q\N (1)

Using the boundary condition eq. (1.18) and the kinematic conditions egs. (1.7) and (1.8), we
have for all ¢t > 0:

d
—M(t) = / 3tcdx+/ cV, do
dt QO\N () D(QE\N (1))

:/ div (DVe — (1 — a) uc) dx+/ cu-ndo
Q()\N(t) A(QUH\N (1))

:/ (DVC—(l—a)uc)~nda+/ cu-ndo
QN () I(Q\N (1))

:/ (DVe+ auc) -ndo = 0.
A(QUD\N (1))

Thus, formally, the total quantity of markers is constant in time and we denote it by M. For all

t > 0, we have:
M :/ c(t,x) dx.
Q\N(t)

The three eqs. (1.17) to (1.19) corresponds to eqs. (1.1g) to (1.1i) in the case o = 0 and if we
either take D = 1, or we scale the equations by writing lengths in units of Ry = 1/ A++R2m’d,

2
time in units of % and markers concentration in units of the mean planar concentration ¢,,, =
M

A
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1.3.7 . Adding a noise to the deterministic model

Combining the results of the previous subsections, we obtain a deterministic model. Cell
motility is not fully deterministic and noise is playing a role in it. We distinguish two sources
of noise: extrinsic and intrinsic noise. The stochastic fluctuations in the system under con-
sideration are considered as the intrinsic noise whereas the extrinsic noise is related to the
stochastic processes outside the system under consideration (Tsimring, 2014). To model these
noise sources and their effects on cell dynamics, we choose to add a space coloured noise to
the advection field of the marker transport-diffusion equation. This choice is motivated by the
probabilistic nature of biochemical reactions of the markers.

To add noise to our model, we use a method similar to the one used in chapter 7 of
Etchegaray's thesis. (Etchegaray, 2016). We will use a @Q-Wiener process. A @Q-Wiener pro-
cess and therefore the noise associated with this process are defined on a probability space
associated with a bounded open space independent of time. As we intend to add noise in
the advection field to the marker transport-diffusion equation, we would like to define noise
associated with the current geometry of the cell which depends of the time. This does not
seem trivial. To circumvent this difficulty as the area of the cell is constant over time and the
perimeter of the cell finite, there exists a bounded open O C R? such that for all t > 0 we
have Q () \ N (t) — Xem (t) C O with x¢, (t) the cell centre of mass at time ¢ (see section 1.3.8
for details on the definition and the dynamic of the cell centre of mass). We can then define a
two-dimensional @-Wiener process on this open O and define the coloured noise associated
with this process.

Let us recall the definition of @Q-Wiener process, we use the one of Peszat and Zabczyk
(2007).

Definition 1.3.2 (Q-Wiener process). Let Q be a non-negative symmetric trace-class operator on
L?(O). There exists a probability space (O, F,P) on which we can define a stochastic process

(WtQ, te R+> on L? (O) such that:

« Foreacht € Ry, W2 is a L2 (O)-valued random variable,

+ We have W& =0 r2(0) P-almost surely,

(WtQ, te R+) is a Lévy process: it has independent and stationary increments:
- independent increments: for any sequence t, < - - - < t,, the random variables Wg —
Wt?, cey Wt? — Wfffl are independent,

- stationary increments: for two times s < t, the random variable WtQ — W& has same
law as W2,

(WtQ, te R+) is a Gaussian process: for anyt € R, and any ¢ € L? (O), (WtQ, qS) is a
real centred Gaussian random variable with variance t (Q¢, ¢),

. (WtQ7 te R+) is a L? (O)-valued pathwise continuous process P-almost surely.
The stochastic process (WtQ, te R+) is a Q-Wiener process.

We also recall the definition of non-negative symmetric linear operator on L? (O) admit-
ting a kernel (Boulakia et al., 2015).
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Definition 1.3.3. A non-negative symmetric linear operator Q : L? (0O) — L?(O) is a linear
operator defined on L? (O) such that for all ¢1, ¢ € L? (0O),

(Qo1,¢2) = (Qo2, ¢1), (Qé1,¢1) > 0.

Let q be a non-negative definite symmetric real valued integrable function on O x O. We say that
Q has the kernel q if,

o€ 12 (0) ¥x € O, Q¢<x>=/o¢<y>q(x,y> ay.

Remark 1.3.4. Let Q : L?(O) — L?(O) be a non-negative symmetric operator with kernel q.
Then Q) is a trace class operator, with trace given by:

Tr (Q) = /Oq(x, x) dx.

Let @ be the non-negative symmetric linear operator with kernel ¢ given by

L eyl

q(x,y):@e ac? ;
wherex,y € Oand ¢ > 0is a parameter that controls the spatial correlation. This choice is the
same as the one done in Boulakia et al. (2015) or Etchegaray (2016). Let WtQ be a bidimensional

Q-Wiener process associated to the operator Q. Let WtQ be the coloured noise associate to this
. Q _we
Q-Wiener process. WtQ can be interpret as the limit of u when ¢ tends to 0 (Kloeden
and Platen, 1992).
Then we modify the deterministic markers dynamics egs. (1.17) to (1.19) as follows:

Orc = div (Vc —(1—a)uc— aWth) inQ )\ N (), (1.20a)
(Vc + auc — aWth) n=0 ond (L) \ N (1)), (1.20b)
c(0,x) = ™ (x) inQ(0)\ N (), (1.200)

with a > 0 and W evaluated at the point x — X, (t) with x € Q (¢) \ N (t). Noise is added so
that the total quantity of markers remains constant over time. In fact, we have:

i/ cdx:/ 8tcdx+/ cV, do
dt Jounn ) QH\N () D(RH\N (1))

:/ div(Vc—(l—a)uc—aWth) dx+/ cu-ndo

QO\N(?) D(QM\N (1))

:/ (ch(lfa)ucfonth>~nda+/ cu-ndo
B(Q\N (1)) B(Q\N (1))

= / (Vc + auc — onth) -ndo = 0.
A(QUN\N (1))

In this way, a space-correlated noise is added to the deterministic model. We choose to
do it instead of a white noise in order to avoid non trivial effects that can appear when we
discretize our model (Walsh, 2005; Hairer et al., 2012).
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1.3.8 . External force balance

In this section, by deriving the dynamic laws governing the first momentum of Q (¢), we
obtain an insight into the behaviour of the model in the case where the substrate is homoge-
neous, i.e. &y is independent of time and space. We assume that for all t > 0 and x € Q (),
&um (t,x) = 1. We deduce from this computation the velocity of the cell's centre of mass and
the external force balance.

Let M, be the first momentum of Q2 (¢). For all ¢ > 0, we have:

My (t) = /Q(t)xdx.

Using the incompresisbility constraint (1.1b), the darcy law (1.1a), the boundary condition
(1.1d) and the nucleus velocity expression (1.1e), we have that for all ¢t > 0:

d
—/ xdxdy:/ andU:/ zu-ndo
dt Jaow 290() o0(t)

= / div (zu) da dy + / div (zunye) dedy
Q(t)\N(t) N(t)

= / Vz -udzdy + upye - Vazdzdy
Q(H)\N(t) N(t)
= —/ div (va) dzx dy + |N‘ Unucl,z
QH\N(t)
:—/ PVm~nda—/ PVz-ndo + |N|upyel o
a0(t) ON(t)
= _/ (’7’% + chact (C) + Xs9 (VS : l’l) - fNB - fobs + Xufund (Vn)) n, do
aQ(t)
— / Pn, do + |N| upyel z
AN (t)

= —/ o (’W{ + chact (C) + Xs9 (Vs . Il) — fNB — fobs 4 Xufund (Vn)) n, do
a0t
— &nuel [N Unuete + fBne + | N] Unuel.z-
Anagously, for all t > 0, we have:

d

4 / ydedy = — / (7h 4 XSt (€) + 109 (V5 11) = fxp — fobs + Yufund (Va)) 1y do
dt Jou 80(%)

- gnucl |N‘ Unucl,y + fBN,y + |N| Unucl,y-

Using the fact that fm(t) kndo = 0 and eq. (1.15), it follows that for all ¢ > 0:

d
—M; (t) = _/ (chact (C) + Xs9 (VS ' 1’1) - fobs + Xufund (Vn)) ndo
de a0(t)
+ (1 - gnucl) |N| Unucl-
Let x., (t) be the centre of mass of 2 (¢) at time ¢ > 0. We have:

1

Xem (t) = TQ

1
/ (z,y) dedy = AiMl (t).
Q) Q
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We also define the velocity of the centre of mass ucn,. For all ¢ > 0, we have:

Uen (1) = %xcm (t).

Thus we have:
1 d

= TgaMl (t) .

Uen (1)

It follows that for all ¢ > 0:

1
Ucm (t) = T / (chact (C) + Xs9 (VS : Il) - fobs + Xufund (Vn)) ndo
Aq oQ(t)
+ % (1 - €nucl) Unucl- (1-21)

We recognise that eq. (1.21) is the balance of external forces on the cell.

1.3.9 . Modelling of the forces between the cell boundary and the nucleus

In this section, we detail the modelling choices made in sections 1.3.3 and 1.3.5.5 concern-
ing the forces acting between the nucleus and the boundary of the cell and give an expression
of these forces.

First approach. We recall that the nucleus and the boundary of the cell interact with each
other via the cytoskeleton and in particular via the intermediate filaments. We propose here
a simplified approach to these interactions by assuming that the nucleus is connected to the
boundary of the cell via links and that each point x 5 on the boundary of the cell is connected by
alink to a single point x ;v on the boundary of the nucleus where x  is the point of intersection
between the segment [xy,x 5] and the boundary of the nucleus ON. We assume that each
link induces a force at xy and at xg. We then note gp and gy the forces induced by the link
at the point xp and x, respectively. By the action-reaction principle, we have gz + gn = 0.

Naturally, we are tempted to assume that the forces gg and gy are directed along the
vector xpxy. This choice seems in accordance with physics. Nevertheless, we choose the
forces gg and gy as directed along the vector normal to 90X in xg (see fig. 1.7). This choice,
although less intuitive, allows us to retain the formalism of Hele-Shaw cells with a Darcy fluid.
The tangential velocity at the outer boundary of the cell remain zero. If we take the first choice,
which seems more in accordance with physics, we have to consider a Stokes fluid.

Finally, we assume that the smaller the distance between xp and xy, the greater the in-
tensity of the forces gx and gg.

Let xp € 0f) be a point of the cell boundary. We set vgny = Xpua — Xp Which is colinear
vector with the vector xgx . We can note that vgy -n < 0. Since the nucleus is a ball of radius
Ry, the distance between x g and x  is then given by || vex || — Ruuci- A way of ensuring these
two assumptions is to set:

VBN ' 11
9B = —
(HVBNH - Rnucl)ﬁ
and
VBN ' 1N
gN = n,

(Ve = Ruuct)”
with 8 > 1 and ¢ > 0 and n the outward normal vector to 2 at xg.
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Figure 1.7: lllustration of the modelling for the forces between the nucleus and the
boundary of the cell. The links between the nucleus and the cell boundary are represented by
the dark blue wavy lines. An example of the forces induced by a link is shown. The dark blue ar-
rows represent these forces. The lilac arrows represent the forces with the more in accordance with
physics hypothesis, when the forces induced by the link are directed along the axis of the link.

Next we establish the link between fgy, fng and the forces gg and gy . fgn represent the
force induced by the cell boundary on the nucleus. Consequently, we sum up all the forces
induced by the links on the nucleus and we have for all ¢t > 0:

VBN - 11
fn (t) =9 / ndo. (1.22)
oQ(t) (”VBNH - Rnucl)ﬂ

fxB corresponds to the normal coordinate of the force induced by a link at the point xp
and we then have for all t > 0 and x € 99 (¢):

VBN ' 1N

faB (t,x) = =0 (1.23)

(”VBN || - Rnucl)B

Heuristic approach. We suggest another more heuristic approach to model the fgx and
fng forces. In this approach, the nucleus is connected to the cell's centre of mass by a spring
(see fig. 1.8).

In this case, the elastic potential energy is given by:

k(1 1 2
J</ xdx — — xdx) ,
2 \192] Jaq IN| Jan
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Figure 1.8: lllustration of the model using the heuristic approach. The nucleus is connected
to the cell’s centre of mass by a spring.

1
with £ > 0 the spring constant and — xdx —

1
N € Jon [Nl Jon , .
sition of the nucleus centre. We derive the energy with respect to the velocity of deformation

of the domain and for all velocity v admitting V' as trace on 992 and 0N, we have:

oJ
e (v)

x dX = X¢m — Xnuel the relative po-

1 1
= o (em — Xauat) - (m/m"v‘“d‘”m aN"V'“d">’

with n the outward normal vector to Q \ N.
We deduce that the force induced on the nucleus gy at the point xy € dN is given by:

—k (Xcm - Xnucl) XN
n

gN (XN) = |N| )

where n is the outward normal vector to Q2 \ N at the point xy. Similarly, the force induced
on the boundary g at the point xp € 0f is given by:

—k (Xcm - Xnucl) *XB

n7
jtl

9B (XB) =
Thus, at time ¢ > 0, the force induced on the whole nucleus fgy (¢) is given by the sum of

all the forces induced at the points of the nucleus and we have:

_ —k (Xcm (t) — Xnucl (t)) . XNn o= — x _x
fen (1) = /8N(t) ] d k (Xnuet (£) — Xem (1)) - (1.24)
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This force corresponds to the restoring force of a spring.
Moreover, attimes ¢ > 0, fxp corresponds to the normal coordinate of the force induced
by a link at the point xp and we then have for all x € 992 (¢):

—k (Xcm (t) — Xnucl (t)) X
1€ '

fas (t,x) = (1.25)

The forces fgnx and fxp defined by egs. (1.24) and (1.25) satisfy eq. (1.15).

1.4 . Outline of the thesis

In chapters 2 and 4 to 7, the impact of the nucleus on cell motility is studied. In chapter 2,
a one-dimensional model analogous to the general model is studied. Numerical simulations
provide initial conclusions about the role of the nucleus in cell motility and illustrate that the
model produces results consistent with biological observations.

In chapters 4 and 5, two toy models are presented. For these two models, the stationary
states and their stability are studied. These two models produce observations similar to those
obtained in chapter 3 when the nucleus is not considered and the cell is assumed to be rigid.
The trajectories satisfy the UCSP law, and parameter ranges are found to reproduce the three
types of trajectories.

In chapter 6, a rigid model that takes the nucleus dynamics into account is studied. Nu-
merical simulations, compared with those obtained in chapters 4 and 5, highlight that the
dynamics of the nucleus promote the intermittent nature of the trajectories. This model also
highlights the positioning of the nucleus within the cell and its link to polarisation.

Chapter 7 is dedicated to the study of the deformable model with nucleus dynamics. The
stationary states and their stability are studied. A finite element numerical scheme is pro-
posed. Numerical simulations obtained via this scheme highlight that the model qualitatively
reproduces the phenomena of polarisation and cell migration. This illustrates the role of the
nucleus in cell motility.

Chapter 8 is devoted to the study of a heuristic one-dimensional model of cell motility
that takes the nucleus into account. Using a finite volume numerical scheme, numerical sim-
ulations illustrate that this heuristic can reproduce, for certain parameters, the intermittent
behaviour of the trajectories.

In chapter 9, the effect of undercooling on cell motility is studied. The stationary state
is studied. Using a bifurcation argument, the existence of traveling waves is demonstrated.
These results also illustrate the stabilizing effect of undercooling.

Chapter 10 is dedicated to studying the impact of an external signal on cell motility. Using
numerical results, it is illustrated that there is a trade-off between the force induced by the
markers on the cell boundary and the force induced by the external signal.

Finally, chapter 11 presents work carried out during CEMRACS 2022. A model of one of
the mechanisms occurring at the membrane—endocytosis—is presented. After studying the
model, a finite volume scheme is presented. This scheme yields results consistent with bio-
logical observations.

Note that some of the elements previously presented in the model are not studied in this
thesis. Indeed, throughout this thesis, we assume that the substrate is homogeneous and
therefore that for all x € R? we have &, (x) = 1. This will be the subject of future work.
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Additionally, the study of the presence of obstacles in the cell's environment is briefly covered
in chapter 10. This study will be further explored in future work.
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2 - Analogous model in dimension 1

In this chapter, in collaboration with Nicolas Meunier, we introduce a one-dimensional
model analogous to the general model (1.1) when considering the forces induced by the nu-
cleus on the cell boundary and by the cell boundary on the nucleus, given by (1.22) and (1.23).
This model is enriched by a dynamic of attachment and detachment of markers to the cell
membrane. Here, we assume that the substrate is homogeneous and that there are neither
obstacles nor external signals. We also neglect the effects of undercooling and noise. The
one-dimensional model considered is a non-local, non-linear Fokker-Planck equation. After
modelling the problem in one dimension, we prove that it is well-posed. We also study the
stationary states of the model. Then, we construct a finite volume numerical scheme in order
to simulate it. The study of the numerical results indicates that the model produces behaviours
consistent with the biological context, highlighting the importance of positioning the nucleus
at the rear of the cell for polarisation and the initiation of cell migration.

2.1. Modelling

In this section, we write an analogous model in dimension 1 to the model (1.1) when the
substrate is homogeneous, there is no external obstacles or signal and the effects of under-
cooling and noise are neglected. We recall that in dimension 2 the model of interest is then
given by:

u+VP =0 inQ )\ N (¢), (2.1a)
div(u) =0 inQ )\ N (t), (2.1b)
P = Xcfact (c(t,x)) — fng + 9K on 9N (), (2.10)
Vpo=u-n on 90 (¢), (2.1d)
U N = Uy N on dN (t), (2.1€)
Unucl (t) = m (/8]\](15) P(t,X)l’l do + fBN> R (2.1f)
Orec = div (Ve — (1 — a) ue) inQ )\ N (¢), (2.18)
(Ve+auc) - n=0 ond(Q(t)\ N (t)), (2.1h)
¢(0,x) = °(x) in Q(0). (2.1i)

In dimension one, the cell domain is modeled by a segment [b_ (t), b (t)]. As in the two-
dimensional case, we assume the cell to be filled with a fluid. This fluid is assumed to be
incompressible. Then the length of the cell domain b (¢) — b_ (¢) is constant in time. Initially,
we assume to have [b_ (0),b4 (0)] = [-1,1]. Thus for all t > 0, we have by (t) — b_ (t) = 2.
We also assume that the fluid has a velocity v and a pressure P. Inside the fluid, markers of
concentration c are present. We denote X the nucleus position. Analogous to the model
(2.1), for all ¢t > 0, we have:

u+0,P=0 in b (t),b4 ()], (2.2a)
Opu =0 in Jb_ (t),b4 (1)[, (2.2b)
P = Xcfact (¢) — fnB on {b_ (t),by (1)}, (2.20)
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where we recall that x.fact is the active force of coupling between the markers and the fluid
and fxp is the force induce by the nucleus on the cell boundary.

Thus from eq. (2.2b) we have that there exists a function K; depending only on the time
such that forall z € [b_ (¢) , b4 (¢)[:

u(t,x) =Ky (t).

Combining it with eq. (2.2a), there exists a function K, depending only on the time such that
forallz € ]b_ (t), b4 (O)[:
P(t,x)=—-K; (t)x+ K2 (¢).

Using the boundary conditions eq. (2.2c) we deduce that:

u(t) = Xe (fact (¢ (£, 0 () = fact (¢ (L, b4 (1)) + fwm (L, b4 (£)) = fnp (1,0 (1))
5 .

In dimension 2, fxg, the force per unit of length exerted by the nucleus on the cell bound-
ary, was defined by eq. (1.23). To find an equivalent in dimension 1, we project it on the z-axis.
Thus we have:

Xn (t) = b= (1)
X (t) = bx ()] + ¢

Ing (t,0+ (1) = F6

where £ > 0 small.
In dimension 1, analogously to egs. (2.1g) and (2.1h), the dynamic on the concentration
writes:
e = 02,c— (1 — a)udyc in Jb_ (¢),b4 (1),
Ozc+auc=0 on {b_ (t),b4 (t)}.

To write the dynamic of the nucleus position, we project the two-dimensional expression
on the z-axis. Then, for all t > 0, we have:

dy 1 15< Xy () =be(t) ,  Xn()—b_() )

énuclu(tHfm Xy () —be )P +2 | Xn(t)—b_ (1) +¢

Forall z,z,,z_ € R, we set:

R (P s =i

lz—ay’+e Jz—z_|"+¢

The model is then given by:

Pct) = O 03) - (L= () B 0.9 in 1b- (6),5: ().
e (ty2) + au t) e(t,2) =0 on {b- (¢).bs ()}
(0) = 5 e (e (80 () = e (e (8.0 ()
— Son (X (0), 5 (1), b (1),
N 0 = 20+ oo (X ()b (0,0 (1),
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In the frame of reference of the cell, the model writes:

Ope (t,x) = 02,¢(t,x) +au( ) Ozc(t,x) in|-1,1[, (2.3a)
Opc(t,x) + au (t) c(t,x) = on {-1,1}, (2.3b)
u (t) = Xelact (b = 1)2> - fa“ (@) _ %gN (Xn (1),1,-1), (2.30)
d 1 1

Xy (0)= ( - 1) u(t) + £ ox (Xn (). 1.-1). (2.3d)

The model is complemented with an initial condition given by:

c(0,2) =c%(x) in[-1,1],

with X§ € [-1,1].

In order to avoid blow-up phenomena, as in Etchegaray et al. (2017) or in Calvez et al.
(2012), we enrich the model (2.3) with dynamical exchange of markers at the cell boundary.
We denote p4 (t) the quantity of markers at the membrane at location by (t) and at time ¢.
We assume that the markers can attach and detach from the membrane. Unlike in the case
of the model (2.3), where the concentration of markers at the cell boundary exerts a feedback
effect on the fluid velocity and therefore on the velocity of the cell, the feedback effects on the
fluid comes from the markers attached to the membrane. In the frame of reference of the
cell, the exchange dynamic at the membrane is given by:

d

aui (t) = konc (t,£1) — ko i+ (),

where k., > 0 is the rate of attachment and k,g > 0 the rate of detachment.
Setting fact (1) = 1, we have:

Xe B 5 Xn(t)—1 Xy () +1
u (t) (= () = 14 (1) + 3 <XN ) -1 +¢ " | XN (1) + 1|5+€> '

For all z € [-1, 1], we also set:

r—1 r+1
g(x)=19 5 + 5 :
le—=1"+¢ |z+1" +¢
The equivalent model in dimension 1 of the model (2.1) in the cell frame of reference with the
dynamical exchange at the membrane is given by:

Ore (t,x) = 02,c(t,x) + au (t) Opc(t, z), xe]-1,1], (2.4a)
Ope (t,£1) +au(t) c(t,£1) = F c?t'ui (t), (2.4b)
s (1) = Ko (1, £1) — ho s (1), (2.4

(1) = 2 (o ()~ s (1)) — 5 9 (X (1) (2.49)

thN(t)=< ! —1)u(t)+

gnucl

g (Xn (1)) (2.4€)

1
gnucl
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The model is complemented with an initial condition given by:

c(0,2) = (), xe€[-1,1], (2.5a)
pe (0) = (2.5b)
Xy (0) = X}, (2.50)

with % > 0and X% € [-1,1].
The total quantity of markers M is constant over time and for all t > 0 we have:

M:/_lc(t,x) o+ (£) + g (1)

2.2. Well-posedness of the model

In this section we prove that, under some assumptions on the initial condition (2.5), the
model (2.4) is well-posed.

Proposition 2.2.1. Assume that c° is such that f_ll & (z)log ® (z) dz < +oc. Assume moreover
that 19, u° € [0, M] are such that f_ll & () dz+ pb +pu® = M. Assume also that X$ € [—1,1].
Then there exists a unique solution (c, piv, u—, X n) to the problem (2.4) for all time.

To prove proposition 2.2.1, as in Lepoutre and Meunier (2022), we will first study an uncou-
pled model associate to (2.4) and then use a fixed point argument.

2.2.1. Useful result
In this subsection, we prove a useful lemma which is inspired from Calvez et al. (2012).

Lemma2.2.2. Let f € L} (—1,1). /ff_l1 flog f < +oothen flog f € L' (—1,1) and forallv > 0
the following inequality holds:

1 1 5
[ s@ogr@lars [ poss @) aesq+ 2,

Proof. We denote f = flj<; and m = f_ll f (z) dz. The relative entropy between f and
x — ye 7" is given by:

1
/ () (log f (x) + yz) dz = ~—log ( - ) ve " dz +mlogy
-1

b (@)

e "

~ye 7 d:v) + mlog~y

We also have:



Since:

L[Jf@ﬂbgfundx=:[lfu»bgf@»dx—2/¥fcwbgf@»da

we have:

/_1f(96) |log f ()] dxg/_lf(x)logf(x) dx+7+%.

2.2.2. An uncoupled PDE

In this subsection, we study the following uncoupled PDE system where, for all ¢t > 0, u4,
41— and v are given:

Ore (t,x) = 02,¢(t,x) + v (t) Opc(t, 2) ze]|-1,1], (2.6a)
Ozc(t, 1) +v(t)c(t,1) = — (konc(t,1) — kogr put (1)), (2.6b)
Ope(t,—1) +v () c(t,—1) = kon c(t, —1) — kogt p1— (t) , (2.60)
c(0,z) = () xze[-1,1]. (2.6d)

We assume ¢, 4 and p_ to be such that:
1
/ & (2) dz + ji (0) + s (0) = M.
-1
We want to prove that this problem admits a global solution.

For smooth py, u_, oy, a_, v and ¢°, (2.6) is a parabolic problem and then there exists a
local solution ¢ defined over [0, 7] with T' > 0.

Lemma 2.2.3. Assume ¢® > 0 and for all t > 0, u (t) > 0. Let c be a solution of (2.6) define on
[0,T] x [—1,1]. Then c is nonnegative.

Proof. Let ¢ be a solution of (2.6). We denote ¢_ = min (¢,0). We want to prove that c. = 0.
Using the Stampacchia argument, we have :

sl Ol = [ aetta) e (o) ar

= —[konc(t,1) = kot ps ()] c— (t,1) — [kon ¢ (t, =1) — Ko p— ()] c— (t,—1)
_ /_1 (Bpc— (t,3))° + v (t) ¢ (t, ) Oye_ (t,2) dx

= —kon (c— (£,1))% = kon (c— (t,—1))?
+ ko pig (8) e— (¢, 1) + kogr po— () c— (¢, —1)

1
— [|0zc— )|[32 —llv(t) c_ (t,x) Ope (t,z) da

IN

— |0wc_ ()32 —/_lv(t) e (t, @) Dpe_ (t,2) da

1

< o @F fle- 1)1 -

We also have ||c_ (O)||2LQ = 0. Using Gronwall's lemma, we have that for all ¢ € [0,T],
le— (#)|[3. = 0. Thus for all t € [0,7] and z € [1, 1], we have ¢ (t,z) > 0. O
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Lemma2.2.4. Assumethatc® € L' (—1,1) is a positive function such that fil A (z)log? (x) do <
+00. Assume also that py € C° (Ry) satisfy forallt > 0, 0 < px (0)e kot t < iy (t) < M. As-
sume moreover thatv € C° (R )N L™ (R..). Then the solution of the uncoupled system (2.6) exists
globally in L% (R, Llog L (—1,1)) N Li,. (R4, Wh (=1,1)). In addition, for all t > 0, we have:

1 1
/ c(tyz) de < / & (z) do + 2kog M t.

-1 -1

Proof. First, for all t > 0, we have:

1

d 1
— c(t,z) de = / e (t,x) dx
~1

dt J_4
- (kon C(t’ 1) — ko pi4 (t)) - (konc(ta 71) — Ko pu— (t))
< kot (p4 (1) + p— (1))
< 2kog M.

Thus, for all ¢ > 0, we have:

1 1
/ c(t,z) de < / & (x) dz + 2kog Mt.
-1 ~1

Using the convexity of the function z — (kon « — kogt pt+ (t)) log z, we have that forallt > 0
andz € [-1,1]:

(kon ¢ (t,x) — ko g () loge (t,x) — (kon — ko i+ (t)) log (ZOH ot (t)) > 0.

We also have:

d 1
— c(t,z)loge(t,x) — c(t,x) da
dt J_,

= /1 Oe (t,x)loge (t, z) do
—1
= —(konc(t,1) — kogt p+ (t)) logc(t, 1) — (kon ¢ (t, —1) — kogr pu— (t)) log c (¢, —1)

_ / (c(t,2) dulog e (t,2) + v (t) ¢ (£, 7)) Dy log ¢ (+, ) dx

-1

< (hon — kot 04 (1)) log <Z‘ju+ <t>) ~ (kon — kogt i (1)) log ( o (t))

—/ c(t,z) |0z loge (¢, z)? dx—/ c(t,x)v (t) Oz loge(t,x) do

—1 —1

1
S Cl +2kont_ 5/

-1

1 1
c(t,x) |0, loge (t,)|* da + % v (t)|2/ c(t,z) dx
-1

1 1
< 1+ 2kont + 5 HUHiM </ CO (I’) dzr + QkoffMt) s (2.7)
—1

with Cy > 0.
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Then, integrating the previous inequality, we have:

1 1
/ c(t,x)loge (t,z) de < / & (z)log c® (z) do + Oyt + kont?

—1 -1

1 1
+3 [0]]3 <t/ & () dx+k0ffMt2>
-1

<C (1+17),

with Cy > 0.
We can apply the lemma 2.2.2 and we have:

1
/ ¢(t,2) [log e (t,0)] dx < Cs (1 +£2),

-1

with C3 > 0.
Then, integrating (2.7), we also have:

1
// (s,2) |0z loge (s,2))* deds < Cy (1+¢%) / c(t,x)loge(t,z) do

1
1

<Cy(1+¢%) +/ c(t,z)|loge(t,x)| da
1

<C5(1+t2

with C4 > 0and C5 > 0.
Thus, finally, we have:

/Ot/11 |8zc(5,x)|d:cds/Ot/llc(s,xﬂarlogc(i,x”dxds
< </t/1 c(s,x) d:cds>2
</ / (s,2) |0, log e (s, )| dxds>

< Cg (1+1¢%)
with Cs > 0 and this leads to the global existence of c. O

2.2.3 . Fixed point mapping
2.2.3.1. Useful results
Let ¢; and ¢, be two solutions of (2.6) with two different inputs given by (ul, X}, v') and
(13, X%,v?). Asin Lepoutre and Meunier (2022) to compare these two solutions, we introduce
the Gajewski metric:

de (c1,¢2) = /1 h(cr) + h(c) — 2h (Cl ;Q) dz,

-1

where h is the following function:

h(a) =aloga—a+1.
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We define the function Aj by:

A (e1,¢2) = h(c1) + b (cs) — 2h <01 ;Cz> :

We recall the following lemma from Lepoutre and Meunier (2022).

Lemma 2.2.5. Forall a,b > 0 and ¢, co positive functions, the following inequalities hold

)2

1 (b—a)? 1 (b—
4 min (a, b)

1
il < =
4 a+b ~ 4max(a,b)

< Ap(a,b) <

and

(fllcldx—f1102d$)2.

dg (c1,¢2) >
= 4 f161d$+f162d$

. . . c1+c c c
We introduce the following notations ¢, = ! 2, Q= 2 and g = =2,
2 Cm, Cm

Lemma 2.2.6. For all t > 0 the following inequality hold:

%dG (017 02) (t) < koff (Ah (,u}r (t) ’ /J%r (t)) + Ah <M£ (t) ,,U,% (t)))

— kon (A (c1(¢,1),¢2 (t,1)) + Ay (e1 (¢, —1) ,e2 (¢, —1)))
3

1
- 1/ c1 (t,2) |0, log g1 (t,2) | + 2 (t,2) |9, log ga (¢, 2)|* da
—1

1

n % (vl (t) — 02 (t))Q/ em (tyx) d.

-1

Proof. We have

d 1
L (er,e2) (1) = / s () 0gay (1,) + Dhes (1,7) log g ()

—Zkoﬁ g (8)1og g; (t,1) + p’ log g; (¢, —1)]

—kon e (t,1)1og gy (¢,1) + 2 (¢,1)log ga (¢,1)]
= kon [c1 (t, —1)log g1 (t, =1) + c2 (t, —1) log g2 (¢, —1)]

,Z/ cm (t, ) 810gc,(tx)+v())8,q,( x) dz.

We notice that the function ¢ — p4 loggq + p—log (2 — ¢) reaches its maximum for the
2y
Mt p

value ¢* = . Then we have:

Zkoff U+ IOg% (t 1) +/~L log% (t _1)]

< ot (A (4 (1), 63 (1) + An (ud (1), 42 (1)) -

We remark that:

¢y (t, 1) logqy (¢, £1) + c2 (¢, £1) logga (¢, £1) = Ap (1 (¢, £1) , o (¢, £1)).
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We also have

- / e () (0 (£) — 02 (1)) Do (£, 2) o

-1

-3 / er (1,2) (01 (1) = 0% (1)) D log s (1, ) da

1
s / e (1) () (1) = 02 (1)) Oy log gz (1, @) da

-1

IN

1/ At 0= 0) dot o (to) @clogar (1) da

+ i /_1 co (t,z) (v' (t) —v? (t))2 dx + 302 (t,) (O log gz (t, 2))” da

1

(! (1) —? (1)) / e (t2) dz

-1

IN
DN | =

1 1
+ 1 / c1 (t, ) |0, log q1 (t, 2)° + ez (t,7) |0, log g2 (t7$)|2 dz
-1

and et e
T ) 0,q1]” = 110, log 1] + ¢2 [0, log o] .

n(2—q
By combining all this, the desired result is obtained. O

2.2.3.2 . The fixed point mapping
For a fixed T' > 0, we define the following space X

Y (g, p—, Xn) € C(0,T),¥t € (0,T)
0<ple ot <py ()< Mand —1< Xy () <1

c 1 .
We want to study (2.6) with v (t) = X? (- (t) — py (1) — 59 (Xn (t)). From the previous
section, we know that, with this choice of velocity, (2.6) admits a global solution.
We also define:

t
v (t) = pdeForrt —|—/ koneFet =8 (s, £1) ds
0
and the truncation function x,, such that for all € R:
0 ifz<0,
Xp(z)=q z if0O<z< M,
1 ife> M.

Then we define:

"xe [ 1 1+ &nuc
Vo) =X+ [ 3 (1) (9 )+ g (i () s

and the truncation function yy such that for all z € R:
-1 ifz< -1,
Xx () = T if —1<2<1,
1 ifx > 1.
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Let F' be the mapping defined by:
F X — X
(e XN) 7 O (1) 5 X (V=) xx (V) -

We denote by F'™ the function composed n times with itself, thatis F” = FoFo---oF. We
assume that the two solutions ¢; and ¢ of eq. (2.6) obtained with different inputs (n}, X3, v")
and (p%, X%, v?) are obtained with the same initial conditions %, u9, x® and XJ,.

Proposition 2.2.7. Forall (4, pt, X}, (13, 12, X%) € X, there exists C (T) such that:

c(@mn)”

n!

Proof. Let (u}, pt, X}), (12, 1%, X% ) be two elements of X. We have:

17 (s X) = P (12, X5 < kot X8) = (2, XR) -
IF (ho i, X5) = F (12,12, X3) |5
T
:/O (e (v (1) = xu (2 (1)) dt
g 2
+/0 (X (V2 (1) = xu (V2 (1)) at
g 2
+/ O (Y (1) = xx (YA (1)) dt
0

First, since xx is a 1-lipschitz function, we have, for all t € [0, T]:

(x (Vi (8) = xx (Y2 ()7 < (Vi (8) = YR (1)

Using the expression of Y and the Cauchy-Schwarz inequality, we have:

(0 (Y (1) = xx (Y2 ()
() ([ ) s [ o ) )
( +§nucl) /0 ( (X]lv (s)) —g (XJ2V (S)))2 ds.

nucl
g is a differentiable function and its derivative is continuous, then g is a lipshitz function over
[—1,1]. There exists C; > 0 a constant such that:

(o (Vi (D) = xx (YE (1))

<yt / (1 (3) = 12 ()" + () (5) = 12 ()" + (X (8) — X3 (9))” ds.

Secondly, since yx, is a 1-lipschitz function, we have, for all t € [0, T7:

(X (V1 (1) = xu (V3 (t)))Q + (xu (V2 () = xu (2 (t)))2
(vh 2 1)+ (W (1) -2 (1)

I/\A

We have:

(V:II: (t) - szt (t))Z - (/ konekoff(‘qit) (Cl (57 il) —C2 (Sa :t]-)) ds)

0
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Using Cauchy-Schwarz inequality, we have:

¢ 2
</ Fone®ot =8 (¢ (s, 4£1) — ¢o (s, £1)) ds)
0
2

t
< (/ Kopetort(s=1) ler (s,£1) — o (s, £1)] ds)
0

t 2 t
< k2 / [e1 (5, 1) — c2 (s, 1) ds / kot (s—1) (c1(s,£1) +co(s,£1)) ds
=\ (s, £1) 4o (s,£1) o ’ ’

¢ +1) — ¢5 (s, +1))? ¢
< )2 e (5, 215 / +1 +1 .
>~ kon < 0 e (8,:‘:1) T s (S,:l:l) dS . C1 (37 ) + C2 (57 ) dS

Using lemma 2.2.5, we have:

2

(/Ot kone®™ (=8 (1 (s, £1) — 3 (s, £1)) ds)
< 4k2, (/Ot Ay (e (s,%1) ¢ (s,%1)) ds> (/Ot o1 (5.41) + ¢ (5, 1) ds) |

Using the boundary condition of (2.4) and the constraint on the total quantity of markers, it
follows:

t 2
(/ one®et =8 (¢ (s, 4£1) — ¢a (s, £1)) ds)
0
¢
< 8konkosr M (1 + t)/ Ap(c1 (s,£1),c2(s,£1)) ds.
0

Integrating the inequality of lemma 2.2.6, we have:
dg (c1,¢2) (t) — dg (c1,c2) (0)

< / Foft (A (1 ()22 (5)) + A (L (s), 22 (5))) ds
- /0 Eon (Ap (c1(8,1),¢2(8,1)) + Ap (e1(s,=1),¢2(s,—1))) ds
3 [t 1
3] [ eGaiotona (0 + o (5.0) s oga (5. 0) s
+ %/0 (v! (s) —v? (s))2 /_1 em (8,2) dzds.

Since the initial conditions are the same, we have d¢ (c1, ¢2) (t) > 0and dg (c1, ¢2) (0) = 0.
It leads to:

k/ A (e (5,1), 05 (5,1)) + Ap (e (5, -1) s 3 (5,~1)) ds
0
<o [ (B (i 6142 (9) + 0 i (5) 2 () s

+;/Ot (0! (s) — o2 (3))2/1 em (5, 2) da ds.



Using the result of lemma 2.2.5, we have:

A (1 ()3 () < Lo (e (9) = 1 (5)

Using the expression of v, we have:

/ (v* (s) —v? (8))2 /_1 Cm (s,x) dzds
<M / — 12 )"+ (uh (9) — 42 (5))°)
+2(g (XN< ) — (X3 ()" ds
<, / (1L (5) = 12 ()" + (h () = 12 () + (XK () = X3 () ds,

Hence:

kon/ Ah (Cl (87 1) ) C2 (51 1)) + Ah (Cl (Sv _1) y C2 (Sv _1)) ds
0

<Cs (1) / (1 (3) — 12 ()% + (2 () — 12 () + (XL (5) — X2 (5))° ds,

with C () = max (koﬁv ot S5 02).
T o
We thus have:

Finally, we have:
[ (uho il XN) = F (03 02, X3) ||

T ¢ 2 2 2
<K@ [ [ 6= 0)+ () = (9)"+ (X o) = X (9)° st

which leads to the result. O

2.3 . Stationary solutions

In this section, we compute the stationary states of the model (2.4). To do this, we set
de =0, Lp = 0and £ Xy = 0and solve the associated spatial ODE. We find that there
exists one to three stationary states that are not in motion and up to six that are steadily
moving.

Proposition 2.3.1. The model admits a stationary state which is non-polarised, symmetric and not
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in motion given by:

M
™ (z) = , xe[-1,1], (2.8a)
Kon
2 (1 + koff)
o o , 8b
:U'+ K- 9 (1 iﬂff) (2 )
X =0 (2.80)

If e is sufficiently small, then the model admits two additional stationary states.

Proof. The stationary problem associated with eq. (2.4) is as follows:

From egs. (2.9a) and (2.9b) we deduce that cis constant over [—

c(x) = c.
It follows from eq. (2.9¢) that:
__ kon
/“L-‘r - /“L— - koﬂcl'

Using the total mass constraint (2.9f), we deduce that:

M

2 (1 + ,’jg;f)

Cc1 =

" (x) =0 ze]-1,1[, (2.9a)
d (£1) =0, (2.9b)
konc (£1) — kofrps = 0, (2.90)
fie = fig, (2.9d)
Xy €e-1,1] st.g(Xn) =0, (2.9e)
M = / ) dz +p_ +p_. (2.9f)

1,1]. Wesetforallz € [1,1]:

Finally, g is an odd function. Then X = 0is solution of g (X ) = 0. Moreover, graphically

for e small enough and 8 > 1, there exists x); € ]-1,0[ and z,,
that we have:

€10, 1] with z,,, = —x s such

x -1 Tn 0

Tm 1

>0

<0

>0

g / \0\ /

<0

then the equation g (X ) = 0 admits three solutions zg € |z, 1],

—x0 and 0 and there exists

three stationary states with a non-polarised distribution of the markers. Otherwise, for £ not
small enough, g is an increasing function and the equation g (Xy) = 0 admits an unique

solution X = 0.
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Proposition 2.3.2. The model (2.3) admits up to six stationary solutions that are steadily moving

1 nuc kO
if M is such that M > 1 Couat (1 + H).
axe Kon

For the sequel we introduce the following notations. Let n = %. Let @ be the
nucl

function defined for all z € R by:

ko (1 — 6_27””) + Nkon T (1 + 6_2”1‘)

— if x # 0,
Q) =4 | /1 Nkon (1 — e=217) (2.10)
(°“+1> if 2 = 0.
N \ Kon
Sketch of the proof. A travelling wave of the model (2.3), if it exists, satisfies:
" (z) +auc (z) =0 re]-1,1], (2.ma)
¢ (£1) + auc(z) = 0, (2.11b)
konc (£1) — kogpix = 0, (2.110)
1
= Yo - , (2.11d)
U= X e (- — py)
]- ~ Snuc
X € [-1,1] 5.t g (Xn) = —xer—2 (. — 1), (2me)
1+ gnucl
1
M = / c(z)de+ p_ + p—, (2.11f)
—1

with u # 0.
We deduce from egs. (2.11a) and (2.11b) that for all z € [-1, 1], we have:

d (x) + auc(z) = 0.
Thus for all z € [—1, 1], we have:
c(z) = c(—1) ezt

We also have:

kOl’l
= +1
s kOHC( )
Thus setting 0 = u_ — uy, it follows:
k k
Sp=-—2(c(=1)—c(1) = 2¢c(-1) (1 —e 2
b= e (1) () = e (1) (1),
which gives:
6:ukof'f

c(—1) = m.

Using the expression of u given by eq. (2.11d) and the definition of n, we then have for all
x € [-1,1] that:

¢ (ZE) _ 6/”‘ kOff e~ dp(z+1)
 kion (1 — e2101) '

on

Thus the constraint on the total quantity of markers eq. (2.11f) rewrites:
M =Q(0u).
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It leads that a travelling wave solution of eq. (2.3), if it exists, is characterised by:

c(x) = lme‘”‘w”” re[-1,1], (2.12a)
Hy = %, (2.12b)
W = %, (2.120)
M=Q(@u), (2.12d)
g(Xn) = me’ (2.12€)

with du # 0. Therefore, it is sufficient to determine whether such a §u exists.
Q is an even function. Studying the sign of the derivative of @, we have:

x —00 0 “+00

+00 00

S (k)
Thus, if M > % (1 + %) there exists exactly two solutions §u® and —du® such that @ (0p®) =

Q (—6p®) = M with §u® > 0.
We recall that g is an odd function and that graphically, we have:

T -1 T M 0 Tm

’ _— \0\ _—

>0 >0

<0 <0
Xe (gnucl - 1) s . .
If S —— op® < min (g (z), g (—1)), then there exists no X € [—1,1] such that
nucl
c nucl — 1 . . . .
g(Xy) = Xl(igl)éus and eq. (2.9) admits no travelling waves solutions. Otherwise, as-
nucl

7Xc (gnucl - 1)5 s

sociate to du®, there exists up to three solutions to the equation g (Xy) = e
nucl

and then up to three stationary states associated to —du®.
Remark 2.3.3. We note, in particular, that there exists travelling waves where the markers are
polarised towards the rear of the cell with the nucleus at the front of the cell.

2.4 . Numerical study

2.4.1. Numerical scheme

In this section, we detail the numerical scheme used to simulate the model (2.4). This
numerical scheme is obtained after a semi-implicit discretization in time and a finite volume
approximation in space.
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Grids definition We want to simulate eq. (2.4) over the time interval [0, T], where T' > 0. Let
At > 0 be the time step. We discretize [0, 7] by the set of points {t" = nAt, n € {0,...,N}},
where N = | L |.

Let J € N. We discretize the space interval [-1, 1] into J + 1 intervals of the same length

Ax. We denote by (xj_%)je{o . a regular mesh of [—1,1] and we set:

r_1=—1,
2
Ar=x1 —x_1,
2 2
T, 1+ X1 1
r; = - 22 its :—1+(j+2>Am jed{0,...,J}.
Finite volume approximation Foralln € {0,...,N} andj € {0,...,J}, we denote c7 an

approximation of the function c at the time ¢™ and at position z;. We set:

n 1 n
c; —M/Ajc(t ,x) da.

Similarly, we denote by p’f an approximation of i ("), u” an approximation of p_ ("),
X7 an approximation of Xy (¢") and u™ an approximation of u (¢*) .

First, we write the semi-implicit Euler scheme in time associate to (2.4).

Foralln € {0,...,N — 1}, we have:

¢ (t"+1, x)At_ c(t",) =0, [QEC (t"+1,x) + au”c(t",x)] x € [-1,1], (2.13a)
Oz (t"'H, :tl) + au”c (t”'H, :tl) = :FMZHA*;N?:’ (2.13b)
’“‘TA; L e (17 41) — b, (2130)
u" = % (" —plt) — %g (X%, (2.13d)

Then integrating eq. (2.13a) over A, for j € {1,...,J — 1} and using an upwind approxi-
mation for the transport term we get:
At

G =4 0 [ -2 ] ba e (A (07 ) — A (a7 ey

where
vey  ifv >0,

AW (v,21,2-) = { ve_ ifv<O.

For j = 0and j = J, we also integrate eq. (2.13a) and we use the boundary conditions
(2.13b) to obtain:

At At 1

Cg = Cg + 71.2 [C;l - Cg 1] + aixAup (u",cg,c?) - 71_ (/ﬁ - ,U/7_l) 5
t At 1

n+1 n [ n+1 n+l] a " 4up (un,cr}_hc’r}) " ( .
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Moreover we have:

pttt = T AThn (1™ + At koncly) (2.14a)
pitt = m (W2 + At koncTy) (2.14b)
u" = x? (p™ =) — %g (XN, (2.14¢)
Xyttt = X3 + At <£nud — 1) u” + %g (X%). (2.14d)

Towards a matrix formulation We store the approximate value of cin [—1, 1] at time ¢" in
a vector C™, withn € {0,..., N}. We have

Cc" =
7
Ccy

We introduce the following notations. Let D be the following diffusion matrix:

1 1 0 e eee 07
1 -2 1
_at o
Ax? 0
: Lo 91
o - - 0 1 -—1]

Foralln € {0,..., N — 1}, let A™ be the following transport matrix:

10 .. 0
-1 1 0 0
At
A" = a—max (u",0) | 0
T
.10
0 0 -1 0
0 1 0 0
0 -1
At
JraA—xmin(un,O) S ()
O --- 0 -1 1

Foralln € {0,..., N — 1}, let B” be the following vector:
prtt—
0

n+1
Py =k
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Then, in the matrix formulation, eqgs. (2.14a) to (2.14¢) rewrites:
C71,+1 — Cm + D- C71,+1 + An . Cn _ Bn7
which leads to:

Cn+1 _ (Id . D)fl (Cn FAT.C" — Bn) ) (2.15)

Numerical scheme The numerical scheme to simulate eq. (2.4) is given by the following
algorithm:

Algorithm 2.1 : Numerical scheme to simulate eq. (2.4) using a semi-implicit Euler ap-
proximation in time and a finite volume approximation in space.

1. Initialisation.

1 0
.cg:M/Ajc (2) dz,

© pY = px (0),
. XY = Xy (0).

2. Time iteration. Forn € {0,..., N — 1}, do:
(a) Computation of ™ using eq. (2.14¢):

n XC n n 1 n
ut = (- ) = 59 (XR).

(b) Computation of " using eq. (2.14a):

1
n+1 _ n Atk ny
H= 14 Atkog (2 + At konct)

(c) Computation of ;/fr“ using eq. (2.14b):
/~Ln+1 _ # (Mn + At koncn) )
+ 1+ Athkog ¥ T 7

(d) Computation of X}\‘,“ using eq. (2.14d):

1 At
Xt = X3+ At <1> u" + g (Xn).

gnucl gnucl

(e) Computation of the matrix A™ and the vector B™ in order to compute C"*! using
eg. (2.15):
C"t = (Id— D)"' (C" + A" . C™ — B").

Remark 2.4.1. We can remark that this scheme preserves the conservation of the mass. Indeed,
foralln € {0,...,N}, we have

J J
Zc?—&-//l +u =ch+u9 +ul.
j=0 7=0
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2.4.2 . Numerical results

By implementing the algorithm 2.1 in Python, we can run numerical simulations of the
model (2.4). In this section we present the numerical results obtained. First, we illustrate that,
using the numerical scheme, we can find stationary states and solutions moving at constant
velocity in accordance with proposition 2.3.1 and proposition 2.3.2. Once these verifications
have been carried out, we show that the model allows us to highlight the action of the nucleus
in cell polarisation and migration.

Numerical verifications. To begin, we verify that the numerical scheme captures the un-
polarised stationary state (2.8). To do this, we fix the discretization by fixing the time step At
and the space step Az and take the following initial condition:

M

)= —F—< jeio,...,J}, (2.16a)

kon
2 (1 + k—)
M

ug =ud = — (2.16b)
2 (1 )

X% =0, (2.16¢)

which corresponds to the discretization of the stationary state (2.8).

Whatever the value of the other parameters, we observe that (2.16) is a stationary state
of the numerical scheme (see fig. 2.1 for an example). We observe that the velocity of the cell
remains constant over time and is equal to zero. The position of the nucleus remains stable
and stays at the center of the cell. The initial quantity of markers on the membrane is also
maintained over time.

We also verify that when ¢ is sufficiently small the numerical scheme captures the others
unpolarised stationary states. After setting the discretization and parameter values, we use a
dichotomy algorithm to solve the equation g (y) = 0 with y € [—1,0). We then set the initial
discrete condition with:

M

02:7 j€{0,...,J}, (2.17a)
k

2 (1 + k—)
M

po = = e (2.17b)
2 (1 k—ff)

X% =y (2.170)

We observe that (2.17) is a stationary state of the numerical scheme (see fig. 2.2 for an
example). Indeed the velocity of the cell remains constant over time and is equal to zero. The
position of the nucleus remains stable and stays at its initial position. The initial quantity of
markers on the membrane is also maintained over time. We can note that the scheme also
capture the third stationary state where the initial nucleus position is defined by X% = —y.

Next, we check that the numerical scheme accurately captures the steady motion solutions
(2.12). To do this, first we set the discretization by fixing At and Az and choose parameters.
Then we use a dichotomy algorithm to find v such that @ (v) = M and we find y € [—1, 1] such
that g (y) = —% We then choose as initial condition for the numerical scheme the
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(b) Evolution of the nucleus position in the cell

(a) Evolution of the cell velocity. frame of reference.

0.10 _ 0.050 A o
= cell velocity nucleus position
0.05 1 ===+ initial cell velocity 0.025 4 = initial nucleus position
g S
8 0.00 - %, 0.000 o *ereersecsarenennnrnensnnnnnnnns
© o
> e
—0.05 - —0.025 -
—0.10 - T T T T T —0.050 1 T T T T T T
0 10 20 30 40 50 0 10 20 30 40 50
time time
(c) Evolution of the markers quantity at the mem-
brane. (d) Evolution of the total quantity of markers.
0.60 2.10
& &
g - g
= 0.55 — s = 2.05
1S 1S
"'6 0.50 = = n m—— — — — — — "'6 2.00 4
> >
= =
S 0.45 - € 1,95 -
© ©
3 3
o o
0.40 - T T T T T 1.90 —— T T T T T
0 10 20 30 40 50 0 10 20 30 40 50
time time

Figure 2.1: Example of capturing the unpolarised stationary state with the numerical
scheme. The graph on top left (figure (a)) represents the time evolution of the cell velocity. The
velocity is constant and equal to zero. The graph on the top right (figure (b)) represents the time
evolution of the nucleus position in the cell frame of reference. The nucleus remains at the centre
of the cell. The graph on the bottom left (figure (c)) represents the time evolution of the markers
quantity at the membrane. We can see that at both ends of the cell the quantity of markers is
constant over time and equal. The cell therefore remains unpolarised. The graph on the bottom right
(figure (d)) represents the time evolution of the total quantity of markers which remains conserved
over time.

The results presented here are obtained with the parameters At = 0.00001, Az = 0.004, the initial
condition given by (2.16), M =2, a =1, x. =2 8=20=1,¢ =0.1, koy = 1, kog = 1 and
fnucl =1L
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(b) Evolution of the nucleus position in the cell

(a) Evolution of the cell velocity. frame of reference.
0.10 _ —0.900 A =
= cell velocity nucleus position
0.05 1 ==+« initial cell velocity —0.925 A ===+ initial nucleus position
z S
§ 0.00 - %, —0.950 o srresesssssssssessr s
o o
> o
—0.05 A —0.975 o
—0.10 - T T T T T —1.000 = T T T T T
0 10 20 30 40 50 0 10 20 30 40 50
time time

(c) Evolution of the markers quantity at the mem-

brane. (d) Evolution of the total quantity of markers.

0.60 2.10

2 2

g K- g

= 0.55 —_— = 2.05

€ €

"'6 0.50 = = n m—— — — — — — "'6 2.00 4

> >

4 4

T 0.45 1 € 1.95 -

© ©

35 35

o o
0.40 == T T T T T 1.90 1 T T T T T

0 10 20 30 40 50 0 10 20 30 40 50
time time

Figure 2.2: Example of capturing the other stationary state with the numerical scheme.
The graph on top left (figure (a)) represents the time evolution of the cell velocity. The velocity is
constant and equal to zero. The graph on the top right (figure (b)) represents the time evolution
of the nucleus position in the cell frame of reference. The nucleus remains at its initial position.
The graph on the bottom left (figure (c)) represents the time evolution of the markers quantity at
the membrane. We can see that at both ends of the cell the quantity of markers is constant over
time and equal. The graph on the bottom right (figure (d)) represents the time evolution of the total
quantity of markers which remains conserved over time.

The results presented here are obtained with the parameters At = 0.00001, Az = 0.004, the initial
condition given by (2.17), M =2, a=1,x. =2 8=290=1¢ =0.1, kon = 1, kog = 1 and
&l = 1. With the parameters chosen, we have that the solutions of the equation g (x) = 0 are
approached by x € {0, —0.94868,0.94868}, we choose for the initial condition X% = —0.94868.
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following one:

X} =y, (2.18a)
1 k Vefnz/(:z‘ukl)

0 off .

T Ax T o= 4 .. 2.18b
E Az /A]- kon (1 - 6_2"/”) t JE {07 7J} ) ( )
0 _ 1%
N g T (2.18¢)

—2nv

o _ vt
H-= 1— 6—27)1/’ (218d)

which corresponds to the discretization of eq. (2.12).

We observe that as soon as there exists v such that Q (v) = M and y € [—1, 1] such that
g(y) = 7% then (2.18) is a steady motion solution of the numerical scheme (see
fig. 2.3 for an example). We observe that the cell's velocity remains constant over time and is
equal to its initial value. The nucleus position is maintained over time. Additionally, the initial
quantity of markers on the membrane is preserved, the cell remains polarised. Moreover the
scheme also capture the second steady motion solution associate to —v. We can also note
that the nucleus is place at the rear of the cell.

Thus, the numerical scheme algorithm 2.1 proposed to simulate the model (2.4) produces

results consistent with the study of the model.
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(b) Evolution of the nucleus position in the cell

(a) Evolution of the cell velocity. frame of reference.
. —0.900 A —
3.05 - = cell velocity nucleus position
= initial cell velocity —0.925 4 ===« initial nucleus position
2 3.00 s
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time time

Figure 2.3: Example of capturing the polarised steady motion solutions with the numer-
ical scheme. The graph on top left (figure (a)) represents the time evolution of the cell velocity. The
velocity is constant and equal to its initial value. The graph on the top right (figure (b)) represents
the time evolution of the nucleus position in the cell frame of reference. The nucleus remains at its
initial position. The graph on the bottom left (figure (c)) represents the time evolution of the mark-
ers quantity at the membrane. We can see that at both ends of the cell the quantity of markers is
constant over time. The cell therefore remains polarised. The graph on the bottom right (figure (d))
represents the time evolution of the total quantity of markers which remains conserved over time.
The results presented here are obtained with the parameters At = 0.00001, Ax = 0.004, the
initial condition given by (2.18), M = 4, a =1, x. = 2 5 =20 =1, ¢ = 0.1, koy, = 1,
kog = 1 and &nue = 1. With the parameters chosen, we have that the solutions of the equa-
tion Q (v) = M are approached by v € {—2.9847,2.9847}, we choose for the initial condition

v = 2.9847. With this value of v, the solutions of the equation g (y) = fw are ap-

proached by y € {0, —0.94868}, we choose for the initial condition X% = —0.94868.
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Numerical illustration of the role of the nucleus. We intend now to highlight the impact
of the nucleus on the trajectories. First, we illustrate that a perturbation of the symmetric
stationary state can lead to cell polarisation and motion. In this case, we illustrate that the
polarisation phenomenon seems to be initiated by the displacement of the nucleus out of the
centre of the cell, in the area that will become the rear of the cell. Secondly, we illustrate that
the position of the nucleus at the rear of the cell is not always necessary for the cell to be in
motion. We illustrate this using a numerical result where, although the nucleus is at the centre
of the cell, the cell is moving.
We therefore consider a perturbation of the symmetrical stationary state given by:

0 M M
G S my T Yty e o\ oy <0 (2.192)
2(1+ fo) (et 2(1+ fon) ()
M M
pr=| st X |1 w v sot 1wy o (219b)
2 (14 ) 2o+ bt 2 (14 ) 2(iel)
X% =0, (2.190)

with j € {0,...,J}, X, arealisation of the random variable Y ~ N (0,0.01), and X a realisa-
tion of the random variable Z ~ A (0,0.001).

We choose two ranges of parameters. We observe that for the first choice of parameters,
illustrated in fig. 2.4, the cell polarises and becomes in motion. First, we observe that the
nucleus moves away from the centre rapidly. This leads to the definition of the front and
rear of the cell. We observe that the velocity of the cell increases. At the front of the cell the
quantity of markers decreases and at the rear of the cell it increases. Once the cell is polarised,
it retains its polarisation and moves at a constant velocity. We then observe the migration of
the cell. Itis interesting to note that we can clearly see the polarisation phases in this numerical
simulation.

For the second choice of parameters, shown in fig. 2.5, we can see that the cell is initially
unpolarised. After a certain time, the velocity of the cell increases. At the same time, the
quantity of markers at the rear of the cell increases and the quantity at the front of the cell
decreases. The nucleus remains in the centre of the cell. We can therefore see that the cell
may be polarised and moving even if the nucleus remains at the centre of the cell. However,
we illustrate in fig. 2.6 that if the nucleus is initially located outside the centre of the cell, then
the polarisation of the cell takes place faster and the initial position of the nucleus defines the
rear of the cell.
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(b) Evolution of the nucleus position in the cell

(a) Evolution of the cell velocity. frame of reference.
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(c) Evolution of the markers quantity at the mem-

brane. (d) Evolution of the total quantity of markers.
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Figure 2.4: lllustration of cell polarisation leading to migration. The graph on top left (figure
(a)) represents the time evolution of the cell velocity. We observe that the velocity increases and
then becomes constant. The graph on the top right (figure (b)) represents the time evolution of
the nucleus position in the cell frame of reference. The nucleus moves to the rear of the cell to a
position, after a certain time the nucleus maintains its position. The graph on the bottom left (figure
(c)) represents the time evolution of the markers quantity at the membrane. The quantity at the rear
of the cell increases and the quantity at the front decreases. The graph on the bottom right (figure
(d)) represents the time evolution of the total quantity of markers which remains conserved over
time. We can split the dynamic into two phases: until t = 60 the cell polarises and then moves at
constant velocity.

The results presented here are obtained with the parameters At = 0.0001, Az = 0.004, the initial
condition given by (2.19), M =3, a=1,x.=2 =36 =036 =0.1, kon = 1, kog = 1 and
gnucl =15
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(a) Evolution of the cell velocity.
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Figure 2.5: lllustration of cell migration with the nucleus located at the cell centre. The
graph on top left (figure (a)) represents the time evolution of the cell velocity. The velocity increases
and then becomes constant. The graph on the top right (figure (b)) represents the time evolution
of the nucleus position in the cell frame of reference. The nucleus remains at the cell centre. The
graph on the bottom left (figure (c)) represents the time evolution of the markers quantity at the
membrane. The quantity at the rear of the cell increases and the quantity at the front decreases.
The graph on the bottom right (figure (d)) represents the time evolution of the total quantity of

markers which remains conserved over time.

The results presented here are obtained with the parameters At = 0.00001, Az = 0.004, the initial
condition given by (2.19), M =4, a=1,x. =2 8=290=1¢ =01, kon = 1, kog = 1 and

gnucl =1L
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(a) Evolution of the cell velocity.

(b) Evolution of the nucleus position in the cell

frame of reference.
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(c) Evolution of the markers quantity at the mem-
brane.
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Figure 2.6: Illustration that the position of the nucleus outside the centre of the cell
allows rapid polarisation of the cell. The graph on top left (figure (a)) represents the time evo-
lution of the cell velocity. The velocity increases rapidly and then becomes constant. The graph on
the top right (figure (b)) represents the time evolution of the nucleus position in the cell frame of
reference. The nucleus returns to the centre of the cell. The graph on the bottom left (figure (c))
represents the time evolution of the markers quantity at the membrane. The quantity at the rear
of the cell increases and the quantity at the front decreases. We observe that the nucleus initial
position defines the rear of the cell. The graph on the bottom right (figure (d)) represents the time
evolution of the total quantity of markers which remains conserved over time.

The results presented here are obtained with the parameters At = 0.00001, Az = 0.004, the initial
condition given by ¢ = o M )forj € {0,....J} pd = pb = 2(1”7) and X% = 0.5,

1+ koff 1+ kon

M=4a=1,x.=208=26d=1,e=01komn=1 kog =10and {nuc1 = 1.
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Conclusion. The numerical results highlight that the model illustrates the phenomenon of
polarisation is necessary for cell migration. They also show that the position of the nucleus at
the rear of the cell enables rapid polarisation. However, the existence of steady motion solu-
tions with the nucleus positioned at the centre of the cell that seems stable suggests that the
position of the nucleus outside the centre of the cell does not alone ensure cell polarisation.
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3 - Numerical simulations of the cell migration problem on a
disk with space-homogeneous advection velocity

In this chapter, in collaboration with Christéle Etchegaray and Nicolas Meunier, we enrich
the rigid model analogous to the model developed in Lavi et al. (2020) by adding coloured
noise in space to the advection field of the transport-diffusion equation concerning the mark-
ers. We develop a finite element numerical scheme to simulate it. After verifying that the
numerical scheme gives results in agreement with the theoretical results shown by Lavi et al.
(2020) and Meunier and Souplet (2023), we illustrate that numerically the simulated trajecto-
ries satisfy the UCSP law and also that we capture the three trajectory regimes. This work will
be supplemented in the future by a finite-volume numerical scheme.

3.1. Modelling

In this section, we derive from the cell motility model introduced in Lavi et al. (2020) a model
of cell motility where the cell is rigid. The model introduced in Lavi et al. (2020) corresponds
to model (1.1) when the nucleus and its dynamics are not specifically taken into account in the
modelling, the substrate is homogeneous and the environment presents neither obstacles nor
external signals and the effects of undercooling and noise are neglected. Before deducing a
rigid model analogous to the model of Lavi et al. (2020), we recall it.

The cell domain is described by the connected open set Q (t) C R?, where ¢ > 0 denotes
the current time. The cell is filled with an incompressible fluid of velocity u and pressure P.
Inside this fluid, there is the presence of rear markers of density ¢. The dimensionless model
is given by:

u+VP=0 inQ(t), (3.13)
div (u) =0 inQ(t), (3.1b)
P =7k + Xefact (€) on 99 (t), (3.10)
Vio=u-n on 9N (t), (3.1d)
O = div (Ve — (1 — a) ue) inQ(t), (3.1€)
(Ve+auc) - n=0 on 99 (t), (3.1f)

where x. > 0and f, satisfies the assumptions (1.12). The problem (3.1) is complemented with
an initial condition given by

c(0,x) = ¢™(x) InQ(0), (3-2)
where ¢ is given. The total quantity of markers is constant in time and we denote it by M:
M = c(t,x) dx.
Q(t)

The force balance on the system reads:

—Xe
em (E) = ac tv d 5 .
B T e 2

where u.y is the velocity of the center of mass.
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We now assume the cell to have a circular shape: Q(t) is a disk of radius R > 0. We
assume that the cell moves at the velocity of the centre of mass eq. (3.3) and in this case, the
rigid model analogous to the deformable model (3.1) is given by:

Orc = div (Ve — (1 —a) ue) inQ(t),

(Ve+aue) n=0 on o9 (1),
= X ¢(t,x))ndo.

=T S T I

Changing of frame of reference to the one of the cell we rewrite the rigid model in the
following way:

Ore = div (Ve + auc) in Qg, (3.43)

(Ve+aue) n=0 on 09y, (3.4b)

u(t)= = [ faale(t,x)ndo, (349
|QO| o0Q(t)

where Qy = Q (0) = B (0, R).

In addition to this modelling, we take into account stochastic fluctuations in cell motility
by proceeding as in section 1.3.7 (see also Boulakia et al. (2015)) and adding a coloured noise
to the advection field of the marker transport-diffusion equation. Thus, in the cell frame of
reference, we have:

Oic = div (Vc + auc — aWFc) in Qq, (3.5a)

(VC + auc — aWth) n=0 on 0%, (3.5b)

u(t)= =2 [ fae(c(t,x))ndo, (3.50)
0] Jaq,

with o > 0 and WtQ a Q-Wiener process on ) (see definition 1.3.2 for a definition) which is a
space-correlated noise. This choice is motivated to avoid non trivial effects that can appears
when we discretize our model (Walsh, 2005; Hairer et al., 2012).

3.2. Finite element scheme

In this section, we write a finite element scheme. This scheme will be implementin FreeFem
++ (Hecht, 2012).

3.2.1. Discretization of the deterministic part

First we discretize in time the deterministic model (3.4). Let At be the time step. For
n € {0,...,Ns} with Ny € N, we denote t" = nAt, ¢" (-) an approximation of the function ¢
at time ¢ and u™ an approximation of the cell velocity at time ¢". We use a semi-implicit Euler
scheme in time and we have:

Cn+1 —c" . n+1 n n+1 f
Al = div (Vc +au”c ) in Q, (3.6a)
(V" +auc"™) n=0 on 9%, (3.6b)
ut = —Xe face (¢ (%)) ndo. (3.60)
1] Jaa,
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To discretize in space our problem, we use a finite element approximation. Let 7; be a tri-
angulation of Q. We denote by PP, the set of polynomials of R? of degrees less or equal to
2. Let V, = {¢ € H' (Q) | VK € T, d| € P2} be a finite element set. The finite element
discretization of eq. (3.6) is given by:

n+l _ .n
(/ Elgggfiwdx:: Vet Vg + act um - Vi dx, VoeVi,  (373)
Qo t Qo
w = I_K;ZI face (¢ (x)) ndo. (3.7b)
Qg

3.2.2. Discretization of the noise
We want to run numerical simulations of the model defined by egs. (3.2) and (3.5) taking
into account the noise. To do so, we will enrich our deterministic scheme (3.7) with the dis-
cretization of the noise done by Boulakia et al. (2015). We denote by W% an approximation

of the coloured noise attime t”, n € {1,..., Ny}. We set:
Q Q
Wwen — Wi — I/Vt"*1 )
At

. 1
From the definition of W2, we know that W®" is equal in law to —thQ and that the

VAL

{WQ’”} are independent.
1<n<N;

Thus we have that the semi-implicit time discretization and finite element discretization in
space of eq. (3.5) reads:

vt —en B ntl ntl (Y 1Qn
/QOAtcde— QOVC -V +ac (u —&-EWl )-Vg@dx, Yo € Vp,
untl = —Xe Sact (C”+1 (X)) ndo,
Q0] Jaq,
where (WIQ’”) o is a sequence of independent Q-Wiener processes evaluated at time 1.

From Boulakia et al. (2015), we know that a way to approximate the noise and to compute
W™ = (Wi, wy) relies on the computation of a covariance matrix. Indeed, let {P;,1 < i < Ny}
be the set of all the nodes of the triangulation 7,, where N}, is the number of nodes of the
triangulation, and {¢;,1 <i < N} be a basis of the Lagrangian P1 finite element. ¢ is a
continuous affine function on Qg such that for all 1 < ¢,j < N, we have ¢; (P;) = 6;;. For
k € {1,2}, the P1 discretization of w}} is given by

Ny

n __ n
Wy = E ;.
i=1

with {z',1 <14 < N} a realisation of a centred Gaussian vector of covariance matrix . We
have X = (¢ (P, F;)) . Let X be a centred Gaussian vector of covariance matrix X. We
have

1<i,j <Ny,

X = SY,

with Y a Gaussian vector such that for all 1 <i < N, Y; ~ N (0,1) and S such that ¥ = SS7.
Thus to compute W 2", we just have to simulate a realization of a standard Gaussian vector
and to compute the Cholesky decomposition S of the covariance matrix X.
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3.2.3. Numerical scheme
The numerical scheme to simulate model (3.5) is given by:

Algorithm 3.1 : Numerical scheme to simulate the model eq. (3.5) obtained after time
discretization and space discretization with a finite element method.

1. Initialisation: ¢® = ¢ the given initial condition and definition of the mesh.
2. Computation of S the Cholesky decomposition of the covariance matrix 3.

3. Time iteration:
+ Computation of WlQ’" = (Sy1, Sy2) where y; and y, are two independent
realisations of a standard Gaussian vector.

+ Computation of ¢"*! by solving the weak formulation: searching ¢"*! such that
for all ¢ € V}, we have:

/ Mg& dx = [ V"™ Vo4 ac™tt (u" + aWQm) Vipdx
% At Qo VAL 1 |
« Deduction of u™*1;
antl — —Xec Fact (Cn-‘rl (X)) ndo. (3.8)

Qo Qo

3.3 . Simulation outputs

Simulations provide both the molecular concentration in the domain and the cell velocity
over time. In the deterministic case, the time to reach a stationary state is also informative. In
the following, we define two polarization indices that are monitored in the general case. Then,
we introduce characteristics of single and multiple trajectories in the stochastic case.

3.3.1. Polarization indices

The indices are based on the molecular concentration at the boundary. More precisely,
let (0x)1<r<n, be the angular discretization, with 0 := kA6 and N, = %. Let ey, be the unit
vector of direction 6. We define:

e the Relative Standard Deviation (RSD) given by the ratio between the standard devia-
tion of {¢} ,}1<k<n, and its mean, normalized by the boundary's perimeter. More
precisely, writing C' = N%, S X, x We have that

N.

1 1 _

RSD:= ——.| = |&y , - CP. :
2nRC \| N, &~ 2N, k= C (3.9)

e the normalized Mean Resultant Vector of the sample, given by

N,
1 Y
-— =n
RV = 7]\% . E CNmkek 5
>oih N,k i=1
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as defined in circular statistics (Jammalamadaka and SenGupta, 2001). Its norm, the
Resultant Vector Length (RVL), provides a polarization index.

3.3.2. Single trajectory

In the case of a stochastic simulation, both the pace and directionality of trajectories are
informative. First, descriptive plots can be shown : the velocity norm over time, velocity norm
histogram, 2D velocity histogram and cell trajectory. When a bimodal velocity norm distribu-
tion is observed, a threshold can be established to separate slow and fast velocities. The 1D ve-
locity histogram and the trajectory can be colored accordingly to emphasize on both regimes.
The directionality of trajectories can be further investigated from the following items:

+ the scatter plot or histogram of the A¢-turning angles with respect to the corresponding
mean velocity normes,

+ the Time-Averaged Squared Displacements (or TASD) defined for cell j and for 1 <n <
Nf by
Nf—n

LS i+ nan - 560, Gao0)
1=0

that is the average of squared displacements over time intervals of nAt (Loosley et al.,
2015),

+ the data of Persistence Times (T},.) and Persistence Velocities (V). It is obtained by
splitting the trajectory based on the direction of displacement : a new subtrajectory
is defined each time the direction of displacement differs from the initial direction by
at least /2. Then, each path is associated with its duration and a mean velocity. The
whole trajectory can now be shown split by persistent paths, and one can plot 7}, values
versus V. values. The UCSP (Maiuri et al., 2015) proposes an exponential relationship
between both quantities. Therefore, such a fit is performed.

3.3.3 . Multiple stochastic trajectories

+ The MSD (Mean Squared Displacements) is the average of TASD over the cell population
:for1 <n < Ny, one has

Neenr

> TASD;(nAt). (3.11)
j=1

MSD(nAt) :=

cell

+ The EASD (Ensemble-Averaged Squared Displacements) is defined from the Squared
displacements between each position and the initial position by

Neeur

37 (lz;(nAt) — 2;(0)[?) (3.12)

j=1

1

EASD(nAt) :=

cell

+ The Ergodicity is defined as the ratio between TASD of the j-th cell and the EASD.

3.4 . Numerical verifications
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When a = 0, the model has been studied in various papers. In this section we recall
various theoretical results on the model and illustrate that our numerical scheme gives results
in agreement with these results. The numerical scheme is implemented using FreeFEM++
(Hecht, 2012).

3.4.1. Saturation force prevents from blow-up

The study of the linear stability analysis in the rigid case (Lavi et al., 2020) proved that we
can observe blow-up in the case of a linear active force fa: when 1 — x.afiq (¢)é < 0 with
c = ngg, the rest state. It also showed that choosing a saturation force for f..; prevents
from the blow-up; in this case we observe convergence to a stable traveling wave. Moreover
it proved that while 1 — x.af!(¢)é > 0 there is no blow up in the case of the linear and
saturation force.

Let x* be the critical value of x., we have:

. 1
AT MEE 213

The criteria 1 — xcafie (¢) ¢ < 0is equivalent to x. > x3.

Time evolution of the velocity norm

1e6 in the case of the linear force
— Xc=x.+0.3
47 — Xc=x.+0.1
Xe=X¢
3+ —#— xc=x.-01
— Xc:Xc* -03
3
=
1 -
(I R e - s e e e e R e s S e R L S S S
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Time t

Figure 3.1: lllustration of the blow-up criteria in the case of the linear force f..: (c) = c.
We observe that when x. > x the velocity norm increases rapidly towards infinity. On the con-
trary, when x. < x%, the velocity norm is bounded over time. This illustrates that when x. > x&
with the linear force, blow-up occurs.

Simulations done with Qo = B (0, 1) with the initial condition ¢™ (x) = K (1 + X (x)) 114 x(x)>0
where for all x € Qo, X (x) ~ N(0,1) and K such that [, ¢™(x)dx = M and uy =
I%ET faszo fact (¢™ (x)) do and the parameters M =, a = 1, At = 0.005 and T = 30.

Numerically, we recover well the blow-up criteria in the linear force case and the fact that
saturation force prevents from blow-up. Indeed, once x. > x} and the force is linear then
the velocity norm tends toward infinity while if x. < xZ the velocity norm remains bounded
over time (see fig. 3.1). The saturation force prevents from blow-up. Indeed, in the case of the
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Time evolution of the velocity norm
in the case of the saturation force

3.0 A
— Xc=x.+0.3
2.5 — Xc=x.+0.1
Xc:Xc*
2.0 1 «
== xc.=x. —0.1
5 1.5 4 Xe=x,—03
1.0 A
0.5
0.0 e S L S S ¢
T T T T T T T
0 5 10 15 20 25 30
Time t

Figure 3.2: lllustration that the saturation force prevents blow-up. Unlike when the active
force is the linear force, we can observe that when we choose as active force a saturation force that
even when x. > x we have no blow-up and the velocity norm is bounded over time. The saturation

force is given by f.. (c) = i(l(jjc); with cg > 0.

Simulations done with Q = B (0, 1) with the initial condition ¢™ (x) = K (1+ X (x)) 114 x(x)>0
where for all x € Q, X (x) ~ N(0,1) and K such that fQo At (x)dx = M and ug =
rﬂ—’zfi faag fact (¢™ (x)) do and the parameters M =, a = 1, ¢, = 0.5, At = 0.005 and Ty = 30.

saturation force, we observe that the velocity norm remains bounded over time even when
Xe > X5 (see fig. 3.2).
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3.4.2 . Motility phase diagram

By performing the analysis of the linear stability of the deformable model (3.1), Lavi et al.
(2020) showed thatin the case of a rigid cell with the saturation force for the active force we can
observe three phases of motility: rest, bistable and traveling. The rest phase is characterised
by the stability of the rest state and no traveling wave. The traveling phase is characterised by
the instability of the rest state and the existence of stable traveling waves. The bistable phase
is characterised by the stability of the rest state and the existence of stable traveling waves.
Taking M =7, R =1and a = 1, we have that x* = 1 and the traveling phase is parameterised
by x. > 1, the rest phase by x. < 1&c¢s > 0.5 0or x. < x*(¢s) & ¢s < 0.5 and the bistable
phase is parameterised by x* (¢s) < x. < 1 and ¢; < 0.5, where x* (¢s) is the saddle-node
bifurcation point and depends of c¢;.

X — ¢ diagram

2.0 T T
1.9 8
J 1.0 5
Traveling
o5l Rest ]
| ble ,
0.0 0.5 1.0 1.5 2.0

Figure 3.3: Motility phase diagram. The thick black line represents the pitchfork bifurcation
taking place at x. = x?. To the right of this line, shown in blue, the rest state is unstable and there
exists a stable travelling wave. To the left of this line, shown in white and cyan, the rest state is
stable. The black line with dots represents the saddle-node bifurcation. Above this line, shown in
white, there exists no stable travelling wave. Below this line, shown in cyan, there exists a stable
travelling wave.

Taken from Lavi (2019).

We want to ensure that our numerical scheme retains these properties. We show it on
some examples.

For the rest of this section K will be a normalization constant ensuring fQo AM(x)dx =7
and for all x € Qy, X (x) ~ N (0,1).

Rest phase Inthisparagraphwewantto find parameters x. and ¢, such that the motility isin
the rest phase. We choose x. = 0.5 and ¢; = 0.1. First we want to illustrate the stability of the
rest state. The rest state is given by ¢ (x) = 1 and . = 0. We perturbed the rest state by taking
as initial condition ¢ (x) = K (1 + X (x)) Li4 x>0 and o = 15 [oq fact (¢ (x)) do.
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Time evolution of || U |
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Figure 3.4: lllustration of the stability of the rest state for y. = 0.5 and ¢, = 0.1. On top,
evolution of the velocity norm over time for 50 cells. On bottom, evolution over time (t = 0, t = 1
and t = b5) of the markers concentration inside a cell. The red zones correspond to areas of high
marker concentration and the blue zones to areas of low marker concentration.

The initial condition is given by ™ (x) = K(1+X(x))liixeso and ug =
ﬁ /. b6y fact (™ (x)) ndo. The others parameters are M = m, R = 1, a = 1, At = 0.005 and
Ty =5.

markers concentration

Numerically, the rest state is stable, after a perturbation of it, we can see that the velocity
is constant in time and has for value 0 (see fig. 3.4 top) and that the markers concentration is,
after a small time, uniformly distributed as in the rest state (see fig. 3.4 bottom).

Secondly we want to illustrate the non-existence of steadily moving solutions. We know
that if a steadily moving solution exists then it should be of the form ¢ (x) = Ke™*"* with u
the velocity. Thus to numerically illustrate the non-existence of traveling wave we choose as
initial condition ¢ (x) = Ke~%“* where u ~ U ([-5, 5]) and ug = (u, 0).

Numerically, we observe that whatever the choice of «, the norm of the cell velocity de-
crease to 0 (see fig. 3.5 top). It seems that (¢, u) converges to the rest state (¢, u1) (see fig. 3.5
bottom). Without proving that there are no steadily moving solutions with this choice of x. and
cs, We can assume that we will not find, numerically, uy such that we have a steadily moving
solution and that every polarised cell will tends to the rest state, which is unpolarised.
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Time evolution of || U |
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Figure 3.5: lllustration of the non-existence of steadily moving solutions for y. = 0.5 and
¢s = 0.1. On top, evolution of the velocity norm over time for 50 cells. On bottom, example of
evolution over time (t = 0, t = 1 and t = 5) of the markers concentration inside a cell. The red
zones correspond to areas of high marker concentration and the blue zones to areas of low marker
concentration.

The initial condition is given by ¢ (x) = Ke~%“® where u ~ U ([-5,5]) and ug = (u,0). The
others parametersare M = m, R =1,a =1, At = 0.005 and Ty = 5.

1ol

markers concentration

Bistable phase Inthis paragraph we wantto find parameters x. and ¢, such that the motility
is in the bistable phase. We choose x. = 0.9 and ¢; = 0.1. Thus we want to illustrate for
these parameters that the rest state is stable and there exists a stable traveling wave. First
we illustrate the stability of the rest state. To do it, we use the same procedure as in the
case of the rest phase. We perturbed the rest state by taking as initial condition ¢ (x) =
K (14X (x)) Litxeo>0 and ug = 155 [o fact (" (x)) ndo.

Numerically, the rest state is stable, after a perturbation of it, we can see that the velocity
is constant in time and has for value 0 (see fig. 3.6 top) and that the markers concentration is,
after a small time, uniformly distributed as in the rest state (see fig. 3.6 bottom).

Secondly we want to illustrate the existence of a stable traveling wave. We observe that
¢ (x) = Ke™®* with u = 6.51498 is a steadily moving solution. We perturbed it by taking as ini-
tial condition ¢ (x) = K (™" 4+ X (X)) 1e—aus 4 x(x)>0 and ug = 1655 Jag, fact (™ (x)) ndo.
Then we study the evolution of the norm velocity and concentration over time. The results are
in fig. 3.7.

Numerically, we observe that we found a stable traveling wave. Indeed after a small per-
turbation the norm of the velocity is constant and we have ||u|| = 6.51498 (see fig. 3.7 top).
Moreover we can observe that the markers concentration is steadily in time (see fig. 3.7 bot-
tom). Then we observe that the cell does not change direction over time.
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Time evolution of || U |
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Figure 3.6: lllustration of the stability of the rest state for y. = 0.9 and ¢; = 0.1. On top,
evolution of the velocity norm over time for 50 cells. On bottom, evolution over time (t = 0, t = 1
and t = 5) of the markers concentration inside a cell. The red zones correspond to areas of high
marker concentration and the blue zones to areas of low marker concentration.

The initial condition is given by c¢™(x) = K(1+X(x))1liixeso and uy =
ﬁﬁ J. 90, fact (™ (x)) ndo. The others parameters are M = m, R = 1, a = 1, At = 0.005 and
Ty =5.
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Time evolution of || U |
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Figure 3.7: lllustration of the stability of a steadily moving solutions for x. = 0.9 and
c¢s = 0.1. On top, evolution of the velocity norm over time for 50 cells. On bottom, example of
evolution over time (t = 0, t = 1 and t = 5) of the markers concentration inside a cell. The red
zones correspond to areas of high marker concentration and the blue zones to areas of low marker
concentration.

The initial condition is given by ¢™ (x) = K (e™ %" 4+ X (X)) 1e—aus 4 x(x)>0 With u = 6.51498 and
ug = (u,0). The others parametersare M =, R=1, a = 1, At = 0.005 and Ty = 5.
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Traveling phase In this paragraph we want to find parameters x. and ¢, such that the
motility is in the traveling phase. We choose x. = 1.1 and ¢; = 0.1. Thus we want to illus-
trate for these parameters that the rest state is unstable and there exists a stable traveling
wave. First we illustrate the instability of the rest state. To do it, we use the same procedure
as in the case of the rest phase. We perturbed the rest state by taking as initial condition

™ (x) =K (1+X (x)) 114 x>0 and ug = ﬁ IBQO fact (™ (x)) ndo.

Time evolution of || U |
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Figure 3.8: lllustration of the instability of the rest state for x. = 1.1 and ¢, = 0.1. On top,
evolution of the velocity norm over time for 50 cells. On bottom, evolution over time (t = 0, t = 1
and t = b5) of the markers concentration inside a cell. The red zones correspond to areas of high
marker concentration and the blue zones to areas of low marker concentration.

The initial condition is given by ¢ (x) = K (1 + X (x)) 114 x(x)>0 Where for all x € Qg, X (x) ~
N(0,1) and ug = 5[40, fact (€™ (x)) ndo. The others parameters are M =, R =1, a = 1,
At =0.005and Ty = 5.

Numerically, the rest state is unstable. Indeed after a perturbation of it, we can see that
the velocity norm increases over time (see fig. 3.8 top) and that the markers concentration is,
after a small time, no more uniformly distributed as in the rest state (see fig. 3.8 bottom). We
see that after a small perturbation of the rest state, the cell starts to polarize and to move.

Secondly we want to illustrate the existence of a stable traveling wave. We observe that
c(x) = Ke™** with v = 7.85613 is a steadily moving solution. We perturbed it by taking as
initial condition ¢ (x) = K (7" + X (x)) Le-aus 4 x(x)>0 and ug = (u,0).

Numerically, we observe that we found a stable traveling wave. Indeed after a small per-
turbation the norm of the velocity is constant and we have ||u|| = 7.85613 (see fig. 3.9 top).
Moreover we can observe that the markers concentration is steadily in time (see fig. 3.9 bot-
tom). Then we observe that the cell does not change direction over time.

Thus we found three different set of parameters to illustrate the three phases of motility
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Figure 3.9: Illlustration of the stability of a steadily moving solutions for y. = 1.1 and
¢s = 0.1. On top, evolution of the velocity norm over time for 50 cells. On bottom, example of
evolution over time (t = 0, t = 1 and t = 5) of the markers concentration inside a cell. The red
zones correspond to areas of high marker concentration and the blue zones to areas of low marker
concentration.

The initial condition is given by ¢ (x) = K (™% + X (X)) 1e-aus 4 x (x)>0 With u = 7.85613 and
ug = (u,0). The others parameters are M =, R=1,a = 1, At = 0.005 and Ty = 5.

in accordance with the motility phase diagram.

86



3.4.3 . Long-time behaviour

In Meunier and Souplet (2023), the long-time behaviour of the model is studied for differ-
ent expressions of f,.;. Three theorems are proved. First, the following theorem is proved for
the case wherea =1 and x. = 1:

Theorem 3.4.1. Let 1 < m < p < co and assume fa.i(c) = |c|™ tcand ™ € LP(Q).
(i) Problem (3.4) admits a unique maximal classical solution

c e O x (0,77)) N C([0, T*); LP(Q)).

(ii) If ™ >0, ™ £ 0, then ¢ > 0in (Qy U Q) x (0,T%).
(iii) If p>mand T* < oo, then limy_, 7«

c(t)|lp = oo

To illustrate theorem 3.4.1, after choosing m, p and c'® which satisfy the assumptions of
the theorem, we plot the minimum of c over time on Qy U8, as well as that of the L¥ norm of
c. As illustrated in fig. 3.10 for m = 1.1, p = 4 and ¢ (z,y) = Ke® with K > 0, we observe that
the minimum of ¢ on Q¢ U 99y is positive for all t € [0, 7*) and so ¢ > 0in (Qy U 9Q0) x (0,T*).
We also observe that lim;_, 7« ||c(t)]|, = co. These observations agree well with theorem 3.4.1
and so the numerical scheme allows us to find the result of the theorem.

Time evolution of the minimum of ¢ Evolution of the LP norm of ¢
(8]
(o] E 10 -
€ S
=] c
E a
= ~
g 57

T T T T T T
0.00 0.01 0.02 0.03 0.04 0.05 0.00 0.01 0.02 0.03 0.04 0.05
Time t Time t

Figure 3.10: lllustration of the theorem 3.4.1. On the left is represented the time evolution on
the time interval [0, T*) of the minimum of c over Qy U0, we observe that this minimum is always
strictly positive then we have ¢ > 0 in (29 U 9€g) x (0,T*). On the right is represented the time
evolution of the LP norm of c over the time interval [0, T*). We observe that this norm is increasing

and tends to oo.
Simulations done with Q = B (0, 1) with the initial condition ¢™ (z,y) = Ke® where K such that
fﬂo ¢ (x) dx = M and the parameters m = 1.1, p=4, M =, a = 1, At = 0.005 and Ty = 10.

Secondly, the following theorem is proved for the case where ¢ = 1 and x, = 1. Let
" = g7 Jo ¢ dx denote the average of ¢,

Theorem 3.4.2. Let f satisfy
0< f(s)<Cs™, s>0, forsomem € (0,1) (3:14)

with some C > 0, and also assume that f is globally Lipschitz continuous. Let ¢ € L(€y), with
cin Z 0.
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(i) Problem (3.4) admits a unique global, nonnegative classical solution
ce C*(Q x (0,00)) NC([0,00); L (). (3.15)

Moreover, c is uniformly bounded for t > 0 bounded away from 0. Also, if ¢™ # 0, then ¢ > 0
in (2 U 9Qg) x (0, 00).
(ii) There exist ng, A > 0 such that if ||c™||; < no, then

le(t) — @|oo < Ce™™, t>1 (3.16)
for some constant C' > 0.

To illustrate theorem 3.4.2, after choosing m and ¢ which satisfy the assumptions of the
theorem, we plot the minimum and maximum of ¢ over time on g U 09)y. We also show the
evolution over time of ||c(t) — ¢™||« and illustrate that it decreases exponentially towards 0.
As illustrated in fig. 3.1 for m = 0.3 and ¢ (z,y) = Ke® with K > 0, we observe that the
minimum of ¢ on Qg U 99y is globally lower bounded by the minimum of ¢ > 0. Also, the
maximum of ¢ on Qg U 9% is globally upper bounded by the maximum of ¢ > 0. Thus
c is uniformly bounded for ¢t > 0, away from 0. We observe that ||c(t) — &"||,, decreases
exponentially towards 0. These observations are in good agreement with theorem 3.4.2 and
so the numerical scheme allows us to recover the result of the theorem.

Time evolution of the minimum Exponential convergence to the
and the maximum of ¢ stationary state - C= 1.26, A=0.19
—minimum ! te Cexp(—At)
2 maximum 10 -
g b
© 2
1 B e e L
7 8, 0.5
0] == ————— 0.0 4 S—emmmmmmmmmcmmmsmsemem—aa
T T T T T T T T T T T T
0 20 40 60 80 100 0 20 40 60 80 100
Time t Time t

Figure 3.11: lllustration of the theorem 3.4.2. On the left is represented the time evolution of
the minimum and the maximum of c over Qy U 0. We observe that c is uniformly bounded for
t > 0, way from 0. We also observe that ¢ > 0in (o U 0€Qg) x (0,Ty) where Ty is the final time
of the numerical simulation. On the right is represented the time evolution of ||c(t) — &||... We
observe that this norm is exponentially decreasing towards 0. In dash light blue is represented an
exponential function such that ||c(t) — || < Ce=* fort € [0, Ty].

Simulations done with Qy = B (0, 1) with the initial condition ¢ (z,y) = Ke® where K such that
Ja, ¢™ (x) dx = M and the parameters m = 0.3, M = 7, a = 1, At = 0.005 and Ty = 100.

Finally, the following theorem is proved for the case wherea = 1 and x. = 1.

Theorem 3.4.3. Let f(c) = ¢, ™ € LY(Qp), ¢™ > 0 and set M = ||c™|;.
(i) If M <1, thenT* = co and c is uniformly bounded for t > 0 bounded away from 0.
(ii) Morever, if M < 1, then
lim [le(t) — &l =0, (317)

t—o0
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To illustrate theorem 3.4.3, after choosing M and ¢ which satisfy the assumptions of the
theorem, we plot the minimum and maximum of ¢ over time on Qg U 9€y. We also show the
evolution over time of ||c(t) — &/ and illustrate that if M < 1 then we have lim;_; ||c(t) —
&"||o = Owhereasif M > 1we do not. As illustrated in figs. 3.12and 3.13 for M = 0.9and M =
1 respectively and ¢ (z,y) = Ke® with K > 0, we observe that in both cases the minimum
of ¢ on Qg U 99y is globally lower bounded by the minimum of ¢* > 0. Also, the maximum
of ¢ on Qg U 09 is globally upper bounded by the maximum of ¢ > 0. Thus c is uniformly
bounded for ¢t > 0, away from 0. We observe that when M = 0.9, lim;_, ||c(t) — &"||oc = 0
whereas when M = 1 we have lim;_, ||c(t) — & = 0.447288 # 0. These observations are
in good agreement with theorem 3.4.3 and so the numerical scheme allows us to recover the
result of the theorem.

Time evolution of the minimum

and the maximum of ¢ Evolution of the L® norm of ¢ — ¢
o 0.4 +
0.6 —Mminimum
maximum 0.3 -
S
0.4 =
I 2 0.2
.............. ‘
0.2 / 0.1 1
00 === — === 0.0 4 =
T T T T T T T T T T T T
0 20 40 60 80 100 0 20 40 60 80 100
Time t Time t

Figure 3.12: lllustration of the theorem 3.4.3 when M < 1. On the left is represented the time
evolution of the minimum and the maximum of c over £y U 0€)y. We observe that c is uniformly
bounded fort > 0, way from 0. We also observe that ¢ > 0in (o U 08) x (0,T) where T} is the
finaltime of the numerical simulation. On the right is represented the time evolution of ||c(t) —&™|| -
We observe that it decreases towards 0.

Simulations done with Q = B (0, 1) with the initial condition ¢™ (z,y) = Ke® where K such that
fQo ¢ (x) dx = M and the parameters M = 0.9, a = 1, At = 0.005 and Ty = 100.

These numerical results, in agreement with theoretical results from Lavi et al. (2020); Me-
unier and Souplet (2023), validate our numerical scheme. We can then study our model nu-
merically by simulating it using algorithm 3.1.
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Time evolution of the minimum
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Figure 3.13: lllustration of the theorem 3.4.3 when M = 1. On the left is represented the time
evolution of the minimum and the maximum of ¢ over Qy U 9. We observe that c is uniformly
bounded for t > 0, way from 0. We also observe that ¢ > 0in (U 9Qq) x (0,T¢) where T} is the
finaltime of the numerical simulation. On the right is represented the time evolution of ||c(t) —&"| -
We observe that it is constant equals to 0.447288 and thus lim;_, ||c(t) — &/ # 0.
Simulations done with Q = B (0, 1) with the initial condition ¢ (z,y) = Ke® where K such that
Ja, ¢™ (x) dx = M and the parameters M =1, a = 1, At = 0.005 and Ty = 100.

3.5. Numerical result and capturing the UCSP law

In this section, we investigate whether the model satisfies the UCSP law and whether we
can capture the three types of trajectory that cells can have. By choosing a range of suitable
parameters, we are able to exhibit a situation where the trajectories are Brownian, a situa-
tion where they are persistent and a situation where they are intermittent (see figs. 3.14, 3.18
and 3.22). In all three cases, the trajectories satisfy the UCSP law.

By fixing all the model parameters and varying only x., we observe Brownian trajectories
when x. < xZ, intermittent trajectories when x. = x} and persistent trajectories when y. >
Xe-

In this section, for the numerical results presented, R = 1, M = w and a = 1. As an initial
condition ¢ for the concentration of markers, we choose the function defined for all x € Q

by ¢ (x) = R The noise parameters are set to « = 0.3 and ¢ = 0.2. Finally, the numerical

simulations are performed over the time interval [0, 15] with At = 0.005. Here are the results
when x. = x} — 0.3, x. = x& and x. = x} + 0.5 with x defined in eq. (3.13).

lllustration of the case where trajectories are Brownian. In this subsection, we present
the results when x. = x¥ — 0.3. We then observe that the trajectories are Brownian. This can
be seen visually in fig. 3.14 and is confirmed by the study of the EASD and MSD, which are close
to 1 (see fig. 3.16). In addition, we can see that the trajectories satisfy the UCSP (see fig. 3.15).
We also observe that the cells have a low velocity: the mean norm is close to the intensity «
of the noise (see fig. 3.17). These observations are in good agreement with those made about
Brownian behaviour in Maiuri et al. (2015).
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Trajectories in polar space
90°

180°

270°

Figure 3.14: Trajectories in polar coordinates in the case where x. < x}. Each curve repre-

sents, in polar coordinates, the trajectory of one cell simulated by algorithm 4.1 on the time interval

[0, 15]. Visually, the trajectories seem to be Brownian. Fifty cells are represented.

The results presented here are obtained with the parameters At = 0.005, R=1, M =m,a =1,
M

dn = R Xe = X5 — 0.3 with x given by (3.13), fact (¢) = i(l(jjc)j with ¢, = 0.5, « = 0.3 and
¢(=0.2
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UCSP - a= 0.01, b=5.88
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Figure 3.15: Verification that the trajectories in fig. 3.14 satisfy the UCSP law (case when
Xe < X1). The persistence time of a locally persistent trajectory portion is plotted as a function of
the persistence velocity. Each black dot corresponds to a datum. In red is plotted an interpolation
of the points, of form v — ae®, which corresponds to the UCSP law. We can see that the data
corresponds well to the interpolation and that the trajectories satisfy the UCSP law.

The results presented here are obtained with the parameters At = 0.005, R=1, M =, a =1,

in M * i * gl (14-c,)2 :
"= i Xe T Xo 0.3 with x* given by (3.13), fact (¢) = Zi(cicz) with cs = 0.5, « = 0.3 and
=02
EASD - B=1.19 TASD and MSD - MSD 8=1.25
— EASD _ — MSD
1.0 - Fit tr c th 521 Fit t+>c t8
= %)
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Q =
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Figure 3.16: Verification that the trajectories in fig. 3.14 are Brownian (case when y. <
X5). On the left is shown in blue the EASD associated with the trajectories in fig. 3.14 and in orange
the interpolation of the EASD, in the form t — ct’. By the properties of the EASD, as 3 close to 1,
the trajectories in fig. 3.14 are indeed Brownian. This is confirmed by the study of the MSD, which
is shown in blue on the right. Also shown on the right are the TASD of each cell in yellow and the
interpolation of the MSD in form t — ct? in orange.

The results presented here are obtained with the parameters At = 0.005, R=1, M =, a =1,
M (e

= —, Xe = X5 — 0.3 with x* given by (3.13), fact (¢) = cte)® \ith cs = 0.5, a = 0.3 and
TR2 c c cs(ctes)

0.2.
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Time evolution of || U |
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Figure 3.17: Time evolution of the norm of the velocity of the cells whose trajectories
are shown in fig. 3.14 (case when x. < x?). The blue lines show the evolution over time of the
norm of the velocity of each cell and the black line shows the evolution of the mean of the norms of
the velocities of the cells. We can see that the value of the mean of the norms of the cell velocities
corresponds to the choice of .

The results presented here are obtained with the parameters At = 0.005, R=1, M =m, a =1,

M
=~ Xe = XC — 03 with X given by (3.13), fact (¢) = elltea)l with ¢, = 0.5, 0 = 0.3 and

Ci1r1
=02
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lllustration of the case where trajectories are persistent. In this subsection, we present
the results when x. = x} + 0.5. We then observe that the trajectories are persistent. This can
be seen visually in fig. 3.18 and is confirmed by the study of the EASD and MSD, which are equal
or close to 2 (see fig. 3.20). In addition, we can see that the trajectories satisfy the UCSP (see
fig. 3.19). We also observe that the cells have a high velocity (see fig. 3.21). These observations
are in good agreement with those made about persistent behaviour in Maiuri et al. (2015).

Trajectories in polar space
90°

180° 0°

270°

Figure 3.18: Trajectories in polar coordinates in the case where x. > x}. Each curve repre-

sents, in polar coordinates, the trajectory of one cell simulated by algorithm 4.1 on the time interval

[0, 15]. Visually, the trajectories seem to be persistent. Fifty cells are represented.

The results presented here are obtained with the parameters At = 0.005, R=1 M =m, a =1,

: M

A= g Xe = X& + 0.5 with x? given by (3.13), fact (¢) = i(l(jﬁﬁ with ¢ = 0.5, « = 0.3 and
T s(cFes

(=02
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Figure 3.19: Verification that the trajectories in fig. 3.18 satisfy the UCSP law (case when

Xc > X5). The persistence time of a locally persistent trajectory portion is plotted as a function of

the persistence velocity. Each black dot corresponds to a datum. In red is plotted an interpolation

of the points, of form v — ae®, which corresponds to the UCSP law. We can see that the data

corresponds well to the interpolation and that the trajectories satisfy the UCSP law.

The results presented here are obtained with the parameters At = 0.005, R=1, M =, a =1,
M c(14-c5)?

An = —r Xe = X5 + 0.5 with x} given by (3.13), fact (¢) = 5 ) with ¢, = 0.5, a = 0.3 and
- (ctes
¢ =02
EASD - 3= 1.84 TASD and MSD - MSD f=1.84
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Figure 3.20: Verification that the trajectories in fig. 3.18 are Brownian (case when y. >
X5). On the left is shown in blue the EASD associated with the trajectories in fig. 3.18 and in orange
the interpolation of the EASD, in the form t — ctP. By the properties of the EASD, as (3 equals to 2,
the trajectories in fig. 3.18 are indeed persistent. This is confirmed by the study of the MSD, which
is shown in blue on the right. Also shown on the right are the TASD of each cell in yellow and the
interpolation of the MSD in form t — ct? in orange.
The results presented here are obtained with the parameters At = 0.005, R=1, M =, a =1,
= ﬁz Xe = X + 0.5 with = given by (3.13), fact (¢) = 2(1(?;5)3 with ¢ = 0.5, o = 0.3 and

¢ TR
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Time evolution of || U |
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Figure 3.21: Time evolution of the norm of the velocity of the cells whose trajectories are
shown in fig. 3.18 (case when x. > x}). The blue lines show the evolution over time of the norm
of the velocity of each cell and the black line shows the evolution of the mean of the norms of the
velocities of the cells.

The results presented here are obtained with the parameters At = 0.005, R=1 M =m,a =1,
: M
" = g Xe = X5 + 0.5 with x* given by (3.13), fact (¢) = f,(l(;fz)j with ¢ = 0.5, o = 0.3 and
a -8 s
¢=0.2.
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Illustration of the case where trajectories are intermittent. In this subsection, we pre-
sent the results when x. = x:. We then observe that the trajectories are intermittent. This
can be seen visually in fig. 3.22 and is confirmed by the study of the EASD and MSD, which are
between 1 and 2 (see fig. 3.24). In addition, we can see that the trajectories satisfy the UCSP
(see fig. 3.23). We also observe that the cells have a intermediate velocity: the velocity norm
is between the velocities of the case x. = x¥ — 0.3 and x. = x} + 0.5 (see fig. 3.25). These
observations are in good agreement with those made about intermittent behaviour in Maiuri
et al. (2015).

Trajectories in polar space
90°

180° 0°

270°

Figure 3.22: Trajectories in polar coordinates in the case where . = x}. Each curve repre-
sents, in polar coordinates, the trajectory of one cell simulated by algorithm 4.1 on the time interval
[0, 15]. Visually, the trajectories seem to be intermittent. Fifty cells are represented.

The results presented here are obtained with the parameters At = 0.005, R=1 M =m, a =1,

ct = R Xe = X5 with x given by (3.13), fact (¢) = Zil(j% with c¢s = 0.5, « = 0.3 and ( = 0.2.
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Figure 3.23: Verification that the trajectories in fig. 3.22 satisfy the UCSP law (case when
Xc = X5). The persistence time of a locally persistent trajectory portion is plotted as a function of
the persistence velocity. Each black dot corresponds to a datum. In red is plotted an interpolation
of the points, of form v — ae®, which corresponds to the UCSP law. We can see that the data
corresponds well to the interpolation and that the trajectories satisfy the UCSP law.

The results presented here are obtained with the parameters At = 0.005, R=1, M =, a =1,

in __ M Lk i * i _ (3(1+(1s>2 i _ — —
¢ = R Xe = X with x;; given by (3.13), fact (¢) = with c¢s = 0.5, = 0.3and { = 0.2.
Y

s(ctes)
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Figure 3.24: Verification that the trajectories in fig. 3.22 are intermittent (case when
Xe = X:). On the left is shown in blue the EASD associated with the trajectories in fig. 3.22 and
in orange the interpolation of the EASD, in the form t +— ct®. By the properties of the EASD, as 3
between 1.and 2, the trajectories in fig. 3.22 are neither Brownian neither persistent. This is confirmed
by the study of the MSD, which is shown in blue on the right. Also shown on the right are the TASD
of each cell in yellow and the interpolation of the MSD in form t — ct? in orange.

The results presented here are obtained with the parameters At = 0.005, R=1, M =, a =1,

in __ M ok i * orf _ (3(1+(1s>2 i _ — —
¢t = R Xe = X with x; given by (3.13), fact (¢) = with c¢s = 0.5, = 0.3 and { = 0.2.
s

s(ctes)
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Figure 3.25: Time evolution of the norm of the velocity of the cells whose trajectories
are shown in fig. 3.22 (case when x. = x}). The blue lines show the evolution over time of the
norm of the velocity of each cell and the black line shows the evolution of the mean of the norms of
the velocities of the cells. We can see that the value of the mean of the norms of the cell velocities
corresponds to the choice of .

The results presented here are obtained with the parameters At = 0.005, R=1, M =m, a =1,

. M :
¢ =~ Xe = X2 With X given by (3.13), fuct (¢) = <1(++>) with ¢, = 0.5, « = 0.3 and { = 0.2.
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Thus, numerically, we find three ranges of parameters for which the trajectories are either
brownian, persistent or intermittent. Moreover, for these three ranges of parameters, the
trajectories satisfy the UCSP law.
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4 - The crown model

In this chapter, we introduce a first toy model which will be useful for highlighting the
properties of the nucleus in chapter 6. This model is a simplification of the general model (1.1)
obtained when we consider the environment of the cell to be homogeneous, with no obstacles
or external signals, when we neglect the friction of the cell boundary and when the links be-
tween the nucleus and the membrane are rigid. Informally, this means that ¢ tends to infinity
if we consider fgx and fxg defined by egs. (1.22) and (1.23). We then obtain a model whose
fluid domain is rigid and has the shape of a crown. After presenting the modelling leading to
this model, we study its stationary states. We then give a numerical scheme for the model,
enabling numerical simulations to be performed. Analysis of the numerical results shows that
the model captures the three types of trajectories and that these satisfy the UCSP law.

4.1. Modelling

In this section, we derive from the general model eq. (1.1), the crown model. We keep
the same notations as the one from the chapter 1. We assume that the cell's environment is
homogeneous, with no obstacles or external signals. We neglect the friction at the boundary
of the cell. We assume that fgx and fxp are defined by egs. (1.22) and (1.23). We assume that 6,
the parameter of the force between the cell boundary and the nucleus, tends towards infinity.
This amounts to assuming that the links connecting the nucleus to the boundary of the cell
are rigid and of the same length (see fig. 4.1 for an illustration of the model). Then necessarily,
forall ¢ > 0, Q(t) is a ball of radius Ry > Ruual.

Moreover, the nucleus cannot move in the cell, and the geometry of the cell is fixed. We
therefore assume that the cell moves at the velocity of the centre of mass. Thus the model is
given by:

Orc = div (VC —(1—-a)uc— onth) inQ(t)\ N (¢), (4.1a)
(Vc + auc — aWth) n=20 ond(Q(t)\ N (t), (4.1b)
u(t) = Xe / fact (¢) ndo, (4.1¢)
Ao o0(t)
with €2 (t) =B (Xcell (t) ’ RO) and (t) =B (Xnucl (t) ) Rnucl)- We have:
d
axceu (t) =u (t)
and
d

g Kol (t) =u(t).

Note that the geometry of the cell is fixed over time, and the cell is translated at velocity u.
Thus, W is a coloured noise resulting from a Q-Wiener process defined on € (0) \ NV (0).
We can note that the total quantity of markers M is conserved over time and we have:

M = c(t,x) dx. (4.2)
Q)\N(t)
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Nucleus N

T Xyel
Rnucl

Figure 4.1: lllustration of the crown model. The links between the nucleus and the cell boundary
are represented by the dark blue lines. These are rigid and of equal length. So the cell is circular
and rigid. The nucleus is at the centre of the cell and, in the cell’s frame of reference, is fixed.

4.2 . Study of the model

In this section, we study the rigid model in the case where noise is neglected. This amounts
totake a = 0inthe model (4.1). Inthis case, in the frame of reference of the cell, the rigid model
is written:

Orc = div (Ve + auc) inQ\ N, (4.33)
(Vchauc n=20 ond(2\N), (4.3b)
¢)ndo, (4.30)

with Q@ = B(0, Ry) and N = B (0, Ry« ). First we study the stationary states of the model and
their linear stability. Then we show the existence of travelling waves.

4.2.1. Stationary state
4.2.1.1. Stationary state and linear stability

Proposition 4.2.1. The model (4.3) admits an unique stationary state given by:

{CO (x) = x € Q\N, (4.4a)

u’ =0. (4.4b)
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Proof. In the cell frame of reference, the stationary problem associated with the rigid model
(4.3) is as follows:

Ac=0 inQ\ N,
Ve-n=0 ond(Q\ N),
u=_0.

Then we have:
Ve=0 inQ\ N.

This leads to the conclusion that ¢ is constant over Q \ N and so, using the constraint on the
total quantity of markers eq. (4.2), fQ\N ¢ (x) dx = M, we deduce the result. O

The following theorem gives a criterion for the stability of the stationary state (4.4). We
introduce the following notation:
. 1

Xe = ad T () (4.5)

Theorem 4.2.2. If x. < xi, then the stationary state (4.4) is linearly stable. On the opposite, if
Xe > X5, then the stationary state (4.4) is linearly unstable.

4.2.1.2 . Proof of theorem 4.2.2

The theorem is proved in three steps. The first consists of calculating the linearised prob-
lem of problem (4.3) around the stationary state (4.4) and deducing an eigenvalue problem.
The stationary state will then be stable if and only if all the eigenvalues of the eigenvalue
problem have a negative real part. The second step consists to establish that the eigenvalue
problem admits a positive real part eigenvalue, is equivalent to the fact that a simpler prob-
lem admits a real part eigenvalue. This step is based on the radially symmetric nature of the
problem and Fourier analysis. The third step consists in studying this simpler problem. We
can then exhibit a positive real part eigenvalue of it when x. > x%. Also, using a graphical
argument, it consists in illustrating that if x. < x then the eigenvalues of this problem have
a negative real part. The arguments used are inspired by those of Lavi et al. (2020); Alazard
et al. (2022).

Step 1. The following lemma gives the expression for the linearised problem around the
stationaty state (4.4).

Lemma 4.2.3. The linearised problem associated to eq. (4.3) around the stationary state (4.4) is
given by:

oic = Aé inQ\ N, (4.6a)
(Vé+auc’) n=0 ond(Q\N), (4.6b)
_ / 0
at) = “Xefier () / &(t,x)ndo. (4.60)
Aq 20

Proof. We perform a formal expansion of the solution (¢, u) of eq. (4.3) around the stationary
state (c”,u’). Lete > 0 small. Forallt > 0 and x € Q\ N, we set:

c(t,x) = +eé(t,x)+ O (%),
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and
u(t)=u’+ea(t)+0(?).

Using the fact that ¢” satisfies eq. (4.4a) and c satisfies (4.3), we deduce that in Q\ N:
0i¢c = Ac.
We also have on 9 (Q\ N) that:

(Ve+auc) -n = (Ve +eVe+ au’c® + cau’é + eanrc”) - n + O (£?)
ZE(VE—i—aﬁcO) -n+(9(€2),
which leads to:
(Vé+aac”) - n=0  ond(Q\N).

We also have:

u(t) = ;;;C /89 fact (CO +ec+0 (52)) ndo

_ TXe / (Fact (%) + 2811, (%) + O (%)) ndo
o0

=i

/ 0
u0+6_xcﬂm(c)/ éndo + O (2),
Aq a0 7 ()

which leads to:

_ / 0
a(t) = “Xefaer () / én do.
Aq 090
O
The eigenvalue problem associated with eq. (4.6) is given by:
A = Aé inQ\ N, (4.7a)
(Vé+auc’) n=0 ond(Q\ N), (4.7b)
N f! 0
at) = “Xefaer () / &(t,x)ndo, (4.79)
Ag o9

where X € C.

Step 2. Using Fourier analysis and the radially symmetric nature of the problem (4.7), we
prove the following lemma, which reduces the spectral study of eq. (4.7) to that of a simpler
eigenvalue problem.

Lemma 4.2.4. The problem (4.7) admits an eigenvalue with a positive real part is and only if the
following problem admits one.

1 1
e = (@fT + =0, — 2) c r € (Ruucl, Ro) , (4.8a)
T r
axec®fl. (¥
drc (Ro) = XRit()c(Ro) : (4.8b)
0
0p (0
a/XCC ac c
arc (Rnucl) = Fiot()c (RO) . (48C)
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Proof. Since the problem (4.7) is radially symmetric, we can use the Fourier analysis. Let A € C
and let (¢, 1) be an eigenfunction associated with A. In polar coordinates, for all r € (Ruua, Ro)

and 0 € (—m, ], we set:

é(r,0) = Z Cem (1) cos (ml) + Z Csm () sin (m#) .

meN

meN

For all m € N with m # 1, we have:

.
.

and

We also have:

and

Thus we have:

~ o Cel (Ro)
/aQ éndo = TRy (681 (Ro)

which leads to:

ﬁ:

cos (m#) cos (0) = /

cos (mf) sin ()

/.

! sin (m#)sin (6) =0

/.
cos? () = /_T;
.

sin (m#) cos (6) = 0.

sin? (0) = m

cos (6) sin (8) = 0.
).
—XeSher (°) ) _

= (Ccl (Ro)

Cs1 (RO)

By linearity of eq. (4.7) and independence of the cosine and sine modes, we deduce that

for all m # 1, ce, and cg,y, satisfy:

1
Ay = (c’)fr + =0, —
T

arC (R()) = 0,
6,,0 (Rnud) = 0.

2
T:?) o r € (Rauet, o), (4.93)
(4.9b)
(4.90)

Similarly when m = 1, using the expression of the cell velocity, the functions ¢.; and ¢y

satisfy:
, 1 1
Ace= (0, +-0r—— |c r € (Ruuct, Ro) , (4.10a)
T T
0 ¢/ 0
aXCC ac c
drc(Ry) = = al )c(RO), (4.10b)
)
axec® fl (°
Orc (Rpual) = X;;Ot()c (Ro) . (4.10C)

From the independence of the

cosine and sine modes, we also deduce that studying the

spectrum of problem (4.7) is equivalent to study the spectrum of problem (4.9) for all m # 1

and (4.10).

As for m # 1 the functions (r,8) — cep, (1) cos (m#) and (r, ) — cg, (1) sin (m@) satisfy:

e = Ac

{

Ve-n=0

inQ\ N,
on 9N UON,

the eigenvalue problem associated with the heat equation, the problem (4.9) only admits

eigenvalues with negative real part.

O
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Step 3. We study the spectrum of problem (4.8). The solutions of (4.8) are expressed using
Bessel functions. We have:

1 (r) = B (—iﬁr) FY (—iﬁr) ,

where J; and Y; denote respectively the Bessel function of the first kind of order 1 and that
of the second kind of order 1, A € C is an eigenvalue of the problem and 3,7, € C. From
eqs. (4.8b) and (4.8c), we deduce that:

=iV (B3] (<iVARo) + Y] (~iVAR) )

aXcCO /

_ 1;()“(00) (mjl (—iﬁRo) + 1Y (—iﬁRo))

and
— iV (6,\J{ (—iﬁRnuCI) + Y, (—iﬁRnud))

_ C%(pj;%t(&) <5AJ1 (—i\ﬁ)\R()) +nY (*1\5\]%)) :

Thus we have that A satisfies the following eigenvalue equation:
G () = A (J{ (—n&RO) Y/ (—i\FARnucl) _ (—i\FARnucl) Y (—iﬁRo))
n iﬁaxcc}; et () [Jl (—iﬁRo) Y (-iﬁRo) _J (—i\fARo) Y (—iﬁRo)
+J! (—iﬁRnucl) Y (—iﬁRO) s (—iﬁRo) v{ (—iﬁRnuclﬂ —0.

Using the properties of the Bessel functions, for A close to zero, we have:

Jy (—1\530) = @ Yo,

1 3R2\
J! (—iﬁRO) =5+ e Fol,

16
. -2 i(1-2y)VARy 2 , —iv ARy
Yy (—1\/XRO> = R + 5 + ;Jl (—1\F/\Ro) log — +o(N),
e =2 142y RA(11-12y) 2,/ . —ivARy
Y ( “FARO) “ R on 327 e h ( I‘ARO) log 2 +oN,

where 7 denotes the Euler's constant. Thus for A close to zero, we have:

1 1
G0 = (- 1) (e~ 7 )

3 (Rﬁucl - Ré) (Y] 0 3 (R% B Rﬁucl)
STRIRE X fact (") sz

0 ¢/ 0
AXcC Jact (C ) -1 RO
1 A A

+ 2m n(-Rnucl +0( )’
=g(A)+o(N).
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The function g admits A\; € R as root with \; defined by:

(1 — aXcCO éct (CO)) <R%7T B Rzl )

nucl ™

) A1) | X e ()1 ln( Ro )

A= —
! 3(I%illucl R4)

8TRZR2

nucl

_ 0 £/ 0
ax e fact (C 8w R2 Ruyel

We have:

1 1
(1 —axcc Of! (CO)) (R%ﬂ' 2 171_) >0 <= axec’fl (CO) > 1.

We also have:

(Rﬁucl R%) 0 p/ 0 3 (RO R?lucl) ax.cc fd,Ct (CO) -1 RO
WREMI X facn (C ) 81 R2 + 2m = <Rnucl> <0
(RO Rﬁucl) + 4R0Rr211101 (RRO 1)
<~ |ax.c faCt (CO)
R0 (3(R2,q — RE) + 4R3In (7))

R
and 3 (R%,; — R3) +4R21n (0

nucl

R
) }ori&(Rnucl R§)+4R§1H<R0><o.

nucl

3 (R4~ RY,.) +4RIRZ I (le;’d)

RIZIUCI ( (erlucl R%) + 4R% In (R}jl?c] ))
1. Thus A\ changes sign from negative to positive as x. exceeds x. We can note that \; ap-
proximates well a root of G; and that we have:

Moreover, if 3 (R2

nucl

~ RB3)+4R3In () > 0then

AL = (ax ,cof’ (CO) _ 1) 8 (Ro erlucl) ‘o (’ax .cof’ (co) B 1’) .
‘ o 3axccolexct (CO) (Ré + R2R121ucl 2Rﬁucl) ¢ act

This eigenvalue is associated with a non-trivial eigenfunction:
L o4
c(r)=pPxh (—1)\12 r) + Y (—1)\12 r) ,

with ) § .
By, = INTY/ (4A§RO) + Xy, (fi)\fRo) :
%

Yay = — <1A%J{ (—irfRo ) + %Jl (—iA%RO)> .

To conclude the proof of the theorem, we need to show that when x. < x} all the eigen-
values associated to (4.8) have negative real part. We give only a graphical illustration here.
For several values of Ry, Ry, and )’g we represent the function G; by representing its real
part, its imaginary part and its modulus (see fig. 4.2 for an example). We then observe that
the root of G; with the largest real part seems to be a real root of G, which is confirmed by
studying the imaginary part of G;. Indeed, we notice that if A € R then G; (\) € R.

We can therefore restrict the graphical study of G; to the graphical study of G; when
A € R. For Ry and R, fixed and for different values of X , we plot G; as a function of A € R
(see fig. 4.3). This allows us to observe the largest real root of G; and we notice that when
Xe < X& then this one is negative.

and

107



Representation of G; when Rg =1, Rpu = 0.3 and 2 = 0.8

Imaginary part

Real part

40

20

=20

—40

c

Modulus

-50

Figure 4.2: Representation of GG; in the complex framework for Ry = 1, R,,c; = 0.3 and
X—i = 0.8. Plots of the real part (left), the imaginary part (middle) and the modulus (right) of the
X

fu%ction Gy for A = z + iy € Cwith z,y € [—40,40]. We observe that the root of G, with the
greatest real part is a real root.

Representation of G; when Rg =1 and Ry =0.3

- :
4 — " -"—\‘ \N:\\:
i INTSINN
24 A7257 RPN axcCOf aci(c®) = 0.2
/ //; . NANS
/;;/ \\\ \\\\ a)(L'C()f,act((:()) =04
0 - ’ ................................................. \_\\\ \\\\ ............. aXCCOf,act(Co) =06
—2 ‘\ \\ \\\\ aXcCOf,act(Co) =0.8
'\ ANS N Y — aXcCOf/act(Co) =1.0
-4 . \\ \\\\ aXcCOf/act(Co) =12
6 \. \\ \\\ == axcfau(c®) =14
\ A\ aXcCOF at(c®) = 1.6
-8 \\ \\ \ — = aYcCfaut(c®) =1.8
LA - Of t(c®) = 2.
-10 T T T T T T A \\I Xe€ Taal) °
-20 -15 -10 =5 0 5 10
A

Figure 4.3: Graphs of A — G; (\) for A € R when Ry = 1 and R, = 0.3 for different
values of ig— = ax.c’ " (). Each curve corresponds to a different value of x.. The solid yellow-
orange curves correspond to the case where x. < xZ, the dashed blue curves correspond to the
case where x. > x and the dark dashdotted curve corresponds to the case where x. = 1x5. The
grey dotted lines are the lines of equation A\ = 0 and y = 0. In the case where x. < x% we notice
that G1 seems to admit no positive root.
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4.2.2 . Travelling waves

Travelling waves correspond to the cell moving by translation with a constant velocity in a
given direction. Without loss of generality, we can assume that the velocity of a travelling wave
is given by uy,, = (V,0) with V' > 0. In the substrate frame of reference, using the travelling
wave ansatz :

C(t7 (.’E,y)) = C(:E - Vtay) y
we have that, in the cell frame of reference, a travelling wave solution of eq. (4.3) is solution
of the following problem:

div(Ve+a(V,0)c) =0 inQ\ N, (4.11a)
(Ve+a(V,0)c) - n=0 ond(Q\N), (4.1b)
V= ~Xe / Jact (¢) ng. (4.11¢0)
Aa Joq
Proposition 4.2.5. If c is a solution of eq. (4.11), then c is of the form:
c(z,y) = - eV,

B fQ\N e~aVa' dg’ dy’
with (z,y) € Q\ N.
Proof. Any non-negative solution of egs. (4.11a) and (4.11b) is given by:
é(x,y) = cre Ve, (x,y) € Q\ N,

with ¢; > 0. Indeed, as for all (z,y) € Q\ N, Vé(z,y) = —a (V,0) ¢ (z,y), then ¢is a solution
of egs. (4.11a) and (4.11b). Moreover, if we assume that for all (z,y) € 2\ N we have ¢ =
c1 (w,y) e~2V® then, multiplying eq. (4.11a) by ¢; (z,y) and integrating by parts, we have:

Ve (z,y) - (Ve(z,y) +a(V,0) e(x,y)) dedy =0,
QN
and it follows that:
/ Ve (z,9)° eV dady = 0.
Q\N
Then, necessarily, we have for all (z,y) € Q\ N that:

Ve (x,y) =0.

Finally, using the condition on the total number of markers, we have that:

M

€1 efaVz’ dz’ dy' :

a fQ\N

4.3 . Finite element scheme of the model

In this section we write a finite element scheme to run simulations of the rigid model
eqg. (4.1). This scheme is obtained after an implicit time discretization and a finite element
discretization in space.

109



4.3.1. Time discretization
We discretize in time our model eq. (4.1). Let At be the time step. For i € {0,..., Ny} with
Ny € N, we denote ¢ = iAt, u’ = u(¢') and ¢* = ¢(¢,-). We also denote x| = Xpua (t%)
and x’;; = xcen (t%). Moreover, we denote by W< an approximation of the coloured noise
at time ¢*.
The implicit discretization of the problem is given by:

i+1 %

¢ At_ c _ div (Vc”l + auitlett — onQ’iHcH'l) inQ\ N, (4.12a)
(Vc”l + quttteit! — aWQ’”lciH) n=0 on 9Q U ON, (4.12b)
i_ —Xec i
u = TQ o0 fact (C ) ndO' (412C)
with
Xl = Xean + At U, (4.13a)
xtl = x! o+ Atul (4.13b)

4.3.2 . Spatial discretization

We discretize in space our time-discrete model egs. (4.12) and (4.13). We use a finite el-
ement discretization. Let 7 be a triangulation of Q \ N. For all triangle K € T we note
(M, A5 ML) the barycentric coordinate functions of K. First we define the functional spaces
needed. Let P, be the set of polynomials of R? of degrees less or equal k. Let H,. be the
functional space define by:

He={ € H' (Q\ N)| VK € T, 9|, € P1 & Span { M, M M}

4.3.3 . Discretization of the noise

To discretize the coloured noise, we use the one done by Boulakia et al. (2015). We recall

that W denotes an approximation of the coloured noise at time %, i € {1,..., N;}. We set:
Q Q
WQ’i _ Wti - Wti—l
At '

1

W€ and that the
VAL !

From the definition of W2, we know that W®- is equal in law to
{WW} are independent.
1<i<Ny

From Boulakia et al. (2015), a way to approximate the noise and to compute WlQ’i =
(wi,w}) relies on the computation of a covariance matrix. Indeed, let {P;, 1 < j < N} be the
set of all the nodes of the triangulation 7, where N}, is the number of nodes of the triangula-
tion, and {¢;,1 < j < N}, } be a basis of the Lagrangian P1 finite element. ¢, is a continuous
affine function on Q\ N such thatforall 1 < j,k < N3, we have ¢ (P;) = d,x. Form € {1,2},
the P1 discretization of w?, is given by

Np
i i
Wy, = E mjz/zj.
j=1
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with {a:;, 1<5< N;L} a realisation of a centred Gaussian vector of covariance matrix 3. We

have ¥ = (¢ (P}, Pr)), < r<n,- L€t X be a centred Gaussian vector of covariance matrix . We
have o

X = SY,

with Y a Gaussian vector such thatforall 1 < j < N, Y; ~ N (0,1) and S such that ¥ = SST.
Thus to compute W, we just have to simulate a realization of a standard Gaussian vector
and to compute the Cholesky decomposition S of the covariance matrix X.

4.3.4 . Variational formulation of the discrete problem on the concentration
The variational formulation of eq. (4.12) is given by:

Find ¢t € . such that for all ¢» € ., we have:

il Ci)

— | ¢dx (4.14)

/Q\N ( At
i QX Qi+l i+l i+1
+/ ((au“— WQJF)CJr + Ve )-dex:o,
Q\N N/
where (Wf"”) ien is a sequence of independent Q-Wiener processes evaluated at time 1.
SIS INF

4.3.5 . Numerical scheme

After initialization with ¢ given, a time iteration of the numerical scheme to simulate the
problem (4.1) is given by the following algorithm:

Algorithm 4.1 : Numerical scheme to simulate the model eq. (4.1) obtained after time
discretization and space discretization with a finite element method.

1. Initialisation: ¢ = ¢ the given initial condition and definition of the mesh.
2. Computation of S the Cholesky decomposition of the covariance matrix 3.
3. Time iteration:

(a) Compute u*t! = ;f;c Joq, fact (¢) ndo.

(b) Compute V'Vf*—')”'le = SY, where Y is a realisation of a standard normal gaussian
vector.

(c) Computation of the markers concentration ¢! using u*! and W2+ by
solving the variational formulation eq. (4.14).

(d) Update of the domain:
i+1
cell

N} [
X —xcell+Atu s

i+l i %
Xnuel = Xnucl + Atu’.

4.4 . Numerical results

4.4.1 . Numerical verifications

In this section, we check that the numerical scheme proposed in algorithm 4.1is consistent
with the mathematical study of the model in the deterministic case @ = 0. We therefore check
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that if & = 0 then we recover numerically the stationary state (4.4) as well as the result on the
stability of the latter stated in theorem 4.2.2.

First, we check that the numerical scheme captures the stationary state. We then set a
time step At, then Ry and R, in order to define the geometry of the cell, and we choose as

the initial condition for the markers concentration ¢ (x) = N

In this case, we observe that whatever the values of Ry, Ruuc and x., we find a stationary
state (see fig. 4.4 for an example). Indeeed, we observe that the velocity of the cell remains
zero over time. We also observe that the distribution of markers is well conserved over time.
Moreover, we can observe that the quantity of markers is well conserved over time (see fig. 4.4

right), which is in agreement with eq. (4.2).

Time evolution of the total

Time evolution of the velocity norm quantity of markers
3.3
0.04 -
0.02 3.2 1
S 0.00 A =
-0.02 317
—-0.04 A 304
T T T T T T T T T T T T
0 20 40 60 80 100 0 20 40 60 80 100
time time

Figure 4.4: Example of capturing the stationary state using the numerical scheme. The
curve on the left represents the evolution of the velocity norm over time. We can observe that this
remains zero throughout the study interval [0, 100]. The curve on the right represents the evolution
of the total quantity of markers over time. We note that this remains constant over time.

The results presented here are obtained with the parameters At = 0.00005, Ry = 1, Ryue = 0.3,

M (x) = %, M=ma=1x.=1.5 fact (c) = i(tjfc)j with ¢, = 0.5 and oo = 0.

Secondly, we check that the numerical scheme gives results in accordance with theo-
rem 4.2.2. We therefore study the linear stability of the stationary state numerically. To do
this, we choose a perturbation of the stationary state as the initial condition and observe,
depending on the value of x., whether the system returns to the stationary state.

The chosen stationary state perturbation is given by:

™ (x) = K (14X (x)) L1y x(x)>0 (4.15)

where for all x € Q \ N we have X (x) ~ N (0,1) and K such that fQ\N A" (x)dx =M.

As illustrated in fig. 4.5 for the case where Ry = 1 and Ry, = 0.3, we correctly find the
criterion on the linear stablity of the stationary state. Indeed, when x. < x%, we have that
the norm of the velocity decreases very quickly towards 0 then is constant equal to 0. This
illustrates that when . < x the stationary state is stable. Also, when x. > xZ, we observe
that the norm increases rapidly towards a strictly positive value and then becomes constant.
This suggests that when x. > x7 there are stable travelling waves.

The trajectory study confirms that we are indeed capturing travelling waves (see fig. 4.6).
Each cell maintains its orientation over time, which, coupled with the fact that the norm of
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Time evolution of the velocity norm

Xe=xZ —0.5

Xe=x; =03

Xe=xZ—0.1
—_— X=X

Xc=x. +0.1
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19y —= Xc=x. +0.3
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Figure 4.5: Numerical illustration of theorem 4.2.2. Fach curve represents the evolution of the
norm of the velocity of a cell for different values of x. (see legend on the right). When x. < xi the
norm of the velocity decreases very rapidly towards 0 (dashdotted curves in overlapping shades of
orange), whereas when x. > x it increases rapidly towards a non-zero value (dashed curves in
shades of blue) . The critical case x. = X2 is also represented (dark curve), here the velocity is close

to zero.

The results presented here are obtained with the parameters At = 0.005, Ry = 1, Rpua = 0.3,
. 2
M = m, a =1, ¢™ given by eq. (4.15) and x? given by (4.5) and fact (¢) = Z(l(jijc)) with ¢, = 0.5

and o = 0.

the velocity is constant, leads to a progressive wave. The result is not surprising and is in
agreement with Lavi et al. (2020) results in the case of a rigid cell.

13



Trajectories
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Figure 4.6: Trajectories associated with the cells in fig. 4.5 in the case where x. > x}.
Each curve represents the trajectory of one of the cells studied in fig. 4.5. Only those where x. > x?
are represented, keeping the same colour coding (see legend on the right). We can therefore see
that here the cells do not change orientation over time.

The results presented here are obtained with the parameters At = 0.005, Ry = 1, Ryuea = 0.3,

M =, a =1, c™ given by eq. (4.15), X given by (4.5), fact (¢) = 2(1(210); with cs = 0.5 and oo = 0.

4.4.2 . Verification of agreement with the UCSP law and capture of the different
types of trajectory

In this section, we illustrate that although the rigid crown model is only a toy model, it
exhibits rich behaviour. Indeed, we illustrate that the trajectories obtained via algorithm 4.1
satisfy the UCSP law. Also, there exists a range of parameters in order to find the three types
of trajectories: Brownian, intermittent and persistent.

By fixing all the model parameters and varying only x., we observe Brownian trajectories
when x. < xZ, intermittent trajectories when x. = x and persistent trajectories when x. >
Xe-

In this section, for the numerical results presented, Rg = 1, Ryuet = 0.3, M = manda = 1.
As an initial condition ¢ for the concentration of markers, we choose the function defined for

. M
allx € Q\ N by ™ (x) = N The noise parameters are setto a = 0.3 and ¢ = 0.2. Finally,

the numerical simulations are performed over the time interval [0, 15] with At = 0.005. Here
are the results when x. = x} — 0.3, x. = x& and x. = x} + 0.5 with x} defined in eq. (4.5).

4.4.2.1. lllustration of the Brownian trajectories

In this subsection, we present the results when x. = x} — 0.3. We then observe that
the trajectories are Brownian. This can be seen visually in fig. 4.7 and is confirmed by the
study of the EASD and MSD, which are close to 1 (see fig. 4.9). In addition, we can see that the
trajectories satisfy the UCSP (see fig. 4.8). We also observe that the cells have a low velocity:
the mean norm is close to the intensity a of the noise (see fig. 4.10). These observations are in
good agreement with those made about Brownian behaviour in Maiuri et al. (2015).
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Trajectories in polar space
90°

135°

{
AR
‘_‘ ?—"

180°

. e
R

270°

Figure 4.7: Trajectories in polar coordinates in the case where . < x}. Each curve repre-
sents, in polar coordinates, the trajectory of one cell simulated by algorithm 4.1 on the time interval
[0, 15]. Visually, the trajectories seem to be Brownian. Fifty cells are represented.

The results presented here are obtained with the parameters At = 0.005, Ry = 1, Ry = 0.3,

. M
M=ma=1:0"=———, Xc =
|2\ N
cs =05 a=03and(=0.2

X5 — 0.3 with x% given by (4.5), fact (¢) = z(l(jfc)j with
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UCSP - a= 0.01, b=5.52

o @ Numerical Data
= v aexp(bv)

1.0 1

Persistence Time

0.1 0.2 0.3 0.4 0.5 0.6 0.7
Persistence Velocity

Figure 4.8: Verification that the trajectories in fig. 4.7 satisfy the UCSP law (case when
Xe < X5). The persistence time of a locally persistent trajectory portion is plotted as a function of
the persistence velocity. Each black dot corresponds to a datum. In red is plotted an interpolation
of the points, of form v — ae®, which corresponds to the UCSP law. We can see that the data
corresponds well to the interpolation and that the trajectories satisfy the UCSP law.

The results presented here are obtained with the parameters At = 0.005, Ry = 1, Rpua = 0.3,

M=ma=1 " = L, Xe = X5 — 0.3 with x* given by (4.5), fact (¢) = 2(1(;?6)? with
Vv Gt

cs =05 a=03and (=02

EASD - 3= 0.97 TASD and MSD - MSD 3 =1.27
— EASD 31— wmsp
1.0 Fit t>cth 5 Fit t>cth
) Q2
a _— =
I 057 o 514
< ——
0.0 - / o 7/
T T T T T T T T
0 5 10 15 0 5 10 15
Time t T

Figure 4.9: Verification that the trajectories in fig. 4.7 are Brownian (case when x. < x?).
On the left is shown in blue the EASD associated with the trajectories in fig. 4.7 and in orange the
interpolation of the EASD, in the form t s ct®. By the properties of the EASD, as 3 close to 1, the
trajectories in fig. 4.7 are indeed Brownian. This is confirmed by the study of the MSD, which is
shown in blue on the right. Also shown on the right are the TASD of each cell in yellow and the
interpolation of the MSD in form t — ct? in orange.

The results presented here are obtained with the parameters At = 0.005, Ry = 1, Rpuel = 0.3,

. 2

M=ma=1c = Q]&\H Xe = X& — 0.3 with x; given by (4.5), fact () = S{E2) with
cs =05 a=03and( =0.2

116



Time evolution of || U |
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Figure 4.10: Time evolution of the norm of the velocity of the cells whose trajectories
are shown in fig. 4.7 (case when x. < x}). The blue lines show the evolution over time of the
norm of the velocity of each cell and the black line shows the evolution of the mean of the norms of
the velocities of the cells. We can see that the value of the mean of the norms of the cell velocities
corresponds to the choice of c.

The results presented here are obtained with the parameters At = 0.005, Ry = 1, Ryue = 0.3,

. 2

M=ma=1c"= % Xe = X5 — 0.3 with x* given by (4.5), fact (¢) = z(l(jic)) with
cs =05 a=03and  =0.2
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4.4.2.2 . lllustration of the persistent trajectories

In this subsection, we present the results when x. = x} + 0.5. We then observe that the
trajectories are persistent. This can be seen visually in fig. 4.1 and is confirmed by the study of
the EASD and MSD, which are equal or close to 2 (see fig. 4.13). In addition, we can see that the
trajectories satisfy the UCSP (see fig. 4.12). We also observe that the cells have a high velocity
(see fig. 4.14). These observations are in good agreement with those made about persistent
behaviour in Maiuri et al. (2015).

Trajectories in polar space
90°

180° 0°

270°

Figure 4.11: Trajectories in polar coordinates in the case where x. > x}. Each curve repre-

sents, in polar coordinates, the trajectory of one cell simulated by algorithm 4.1 on the time interval

[0, 15]. Visually, the trajectories seem to be persistent. Fifty cells are represented.

The results presented here are obtained with the parameters At = 0.005, Ry = 1, Ryuel = 0.3,
. 2

M=ma=1c"= m\MN' Xe = X + 0.5 with x* given by (4.5), fact (¢) = igl(jjgi) with

cs =05 a=03and( =0.2
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UCSP - a= 0.08, b=1.63

12 4 @ Numerical Data [ )
— v aexp(bv)
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0.5 1.0 1.5 2.0 2.5
Persistence Velocity

Figure 4.12: Verification that the trajectories in fig. 4.11 satisfy the UCSP law (case when
Xe > X&) The persistence time of a locally persistent trajectory portion is plotted as a function of
the persistence velocity. Each black dot corresponds to a datum. In red is plotted an interpolation
of the points, of form v +— ae®®, which corresponds to the UCSP law. We can see that the data
corresponds well to the interpolation and that the trajectories satisfy the UCSP law.

The results presented here are obtained with the parameters At = 0.005, Ry = 1, Rpua = 0.3,

M=mxa=1 " = L Xe = X5+ 0.5 with x* given by (4.5), fact (¢) = i(l(jjz)j with
2\ N] (e

cs =05 a=03and (=02

EASD - B= 2.00 TASD and MSD - MSD 8=1.92
1500
1000 4 — EASD . —— MSD
Fit tr> £ g Fit t> c tB
. @ 1000 -
1 / =
9 590 4 ’/,/ = /
) : ?;’ 500
7))
/ = /
0 4 0 4
T T T T T T T T
0 5 10 15 0 5 10 15
Time t T

Figure 4.13: Verification that the trajectories in fig. 4.11 are Brownian (case when y,. >
X:). On the left is shown in blue the EASD associated with the trajectories in fig. 4.1 and in orange
the interpolation of the EASD, in the form t — ct”. By the properties of the EASD, as /3 equals to 2,
the trajectories in fig. 4.11 are indeed persistent. This is confirmed by the study of the MSD, which
is shown in blue on the right. Also shown on the right are the TASD of each cell in yellow and the
interpolation of the MSD in form t — ct? in orange.

The results presented here are obtained with the parameters At = 0.005, Ry = 1, Ryuel = 0.3,

. 2

M=ma=1c" = QJ&V' Xe = X + 0.5 with x* given by (4.5), facs (¢) = zil(jjzz) with
cs =05 a=03and( =0.2
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Time evolution of || U |
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Figure 4.14: Time evolution of the norm of the velocity of the cells whose trajectories are
shown in fig. 4.11 (case when x. > x}). The blue lines show the evolution over time of the norm
of the velocity of each cell and the black line shows the evolution of the mean of the norms of the
velocities of the cells.

The results presented here are obtained with the parameters At = 0.005, Ry = 1, Rpua = 0.3,

. 2

M=ma=1c" = % Xe = Xi + 0.5 with x} given by (4.5), faet () = 22 with
cs =05 a=03and ( =0.2
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4.4.2.3 . lllustration of the intermittent trajectories

In this subsection, we present the results when . = x¥. We then observe that the trajec-
tories are intermittent. This can be seen visually in fig. 4.15 and is confirmed by the study of
the EASD and MSD, which are between 1 and 2 (see fig. 4.17). In addition, we can see that the
trajectories satisfy the UCSP (see fig. 4.16). We also observe that the cells have a intermediate
velocity: the velocity norm is between the velocities of the case x. = x5 —0.3and x. = x5 +0.5
(see fig. 4.18). These observations are in good agreement with those made about intermittent
behaviour in Maiuri et al. (2015).

Trajectories in polar space
90°

180° 0°

270°

Figure 4.15: Trajectories in polar coordinates in the case where . = x}. Each curve repre-
sents, in polar coordinates, the trajectory of one cell simulated by algorithm 4.1 on the time interval
[0, 15]. Visually, the trajectories seem to be intermittent. Fifty cells are represented.

The results presented here are obtained with the parameters At = 0.005, Ry = 1, Rpua = 0.3,

e with ¢, = 0.5,

. M
M=ma=1 " = m Xe = X5 with x given by (4.5), fact (¢) =
a=0.3and (=0.2.

121
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Figure 4.16: Verification that the trajectories in fig. 4.15 satisfy the UCSP law (case when
Xe = X&) The persistence time of a locally persistent trajectory portion is plotted as a function of
the persistence velocity. Each black dot corresponds to a datum. In red is plotted an interpolation
of the points, of form v +— ae®®, which corresponds to the UCSP law. We can see that the data
corresponds well to the interpolation and that the trajectories satisfy the UCSP law.

The results presented here are obtained with the parameters At = 0.005, Ry = 1, Ryuel = 0.3,

. M
M=ma=1c"= , Xe = X With X given by (4.5), fact (¢) = ST with ¢, = 0.5,

2\ N
a=0.3and (=0.2.
EASD - B=1.45 TASD and MSD - MSD f=1.45
—— EASD ~30d MSD
10 ~ Fit to cth = Fit to cth
= 0
5 ~| 7
< 51 _~ E
- _— S 10 -
— <
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Figure 4.17: Verification that the trajectories in fig. 4.15 are intermittent (case when y. =
X:). On the left is shown in blue the EASD associated with the trajectories in fig. 4.15 and in orange
the interpolation of the EASD, in the form t — ct®. By the properties of the EASD, as 3 between 1
and 2, the trajectories in fig. 4.15 are neither Brownian neither persistent. This is confirmed by the
study of the MSD, which is shown in blue on the right. Also shown on the right are the TASD of each
cell in yellow and the interpolation of the MSD in form t — ct? in orange.

The results presented here are obtained with the parameters At = 0.005, Ry = 1, Ryuel = 0.3,

. 2

M=ma=1d" = Q]&w Xe = X; with X} given by (4.5), faet () = (ks with ¢, = 0.5,
a=0.3and (=0.2.
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Time evolution of || U |
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Figure 4.18: Time evolution of the norm of the velocity of the cells whose trajectories
are shown in fig. 4.15 (case when y. = x?). The blue lines show the evolution over time of the
norm of the velocity of each cell and the black line shows the evolution of the mean of the norms of
the velocities of the cells. We can see that the value of the mean of the norms of the cell velocities
corresponds to the choice of c.

The results presented here are obtained with the parameters At = 0.005, Ry = 1, Ryue = 0.3,
M=ma=1d"= L Xe = X& with X given by (4.5), fact (¢) = 2(1(::0)3 with ¢, = 0.5,

[\ N
a=0.3and (=0.2.
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We have therefore highlighted the fact that the model allows all three types of trajectory
to be found. We note that if the nucleus is fixed in the cell, then the results are similar to
those obtained when we do not consider the nucleus (see chapter 3). The results obtained
numerically in this chapter will be analysed in comparison with those obtained in chapter 6
when the dynamics of the nucleus are taken into account.

Conclusion and perspectives. The model allows all three types of trajectory to be found.
The results obtained seem similar to those obtained when considering a rigid cell with a fluid
domain having a disk domain (see chapter 3). However, the study of the linear stability of

the stationary state proves that, for the choice of fa.: (¢) = (c(l(jfc)j the crown geometry of
the fluid domain tends to stabilise the model. Indeed, as soon as ¢, < %, we have that for
0

the same choice of parameters, the threshold above which the stationary state is unstable is
greater in the case of the crown model. Let us denote ¢ (r) the stationary concentration asso-
ciated with the domain where the inner disk of the crown domain has radius r € (0, Ry) and
X5 (r) the associated critical threshold. We know that ¢ is an increasing function on [0, Ry].
Also, as we have assumed that ¢, < ﬂj‘% = ¢ (0) and that the function z — m is increas-
ing on [cs, +00), we obtain that x} is an increasing function on [0, Ry]. The results obtained
numerically in this chapter will be analysed in comparison with those obtained in chapter 6
when the dynamics of the nucleus are taken into account.

In a future project, we aim to study the long-term dynamics of the model. We pursue the
characterisation of travelling waves initiated in section 4.2.2. An explicit expression for the
travelling wave velocity shall be given. We will show the existence of travelling waves and the
convergence in long time to a travelling wave or the stationary state. Finally, we aim to show a
bifurcation result from the stationary state to a travelling wave when y. becomes larger than

Xe-
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5 - Rigid cell model with a particle

In this chapter, we present a second toy model which will be useful for highlighting the
properties of the nucleus in chapter 6. This model is a simplification of the general model (1.1)
in which the cell is assumed to be rigid and has a rigid particle which is transported by the
fluid contained in the cell. This makes it possible to study the impact of the presence of the
nucleus in the cell when its dynamics are neglected and thus to highlight the impact of the
dynamics of the nucleus on the trajectories of the cells (see chapter 6). First we present the
model studied. We then study the stationary states of the model and their stability. Finally,
we discretise the model in order to write a numerical scheme based on finite element method
for simulating the model. Contrary to the model presented in chapter 4, the fluid domain is a
deformable domain. The particle can move inside the cell. The numerical scheme takes this
into account. In order to handle the different boundary conditions, a decomposition method
is proposed. Potential contacts between the cell boundary and the nucleus are avoided using
an Uzawa algorithm. We then study the trajectories obtained by simulating the model. We
illustrate that the model can simulate Brownian, intermittent and persistent trajectories.

5.1. Modelling

In this section, we aim to derive a cell motility model from the deformable model, taking
into account a rigid particle transported by the fluid and assuming that the cell is rigid. Con-
sidering a rigid particle transported by the fluid means neglecting the forces characterising
the nucleus fxg and fgn by assuming them to be zero. First, we define the deformable model
with a rigid particle. Next, we study the dynamics of the centre of mass of the cell given by the
deformable model. Finally, we derive a rigid model analogous to the deformable model.

5.1.1. Deformable model

We restrict ourselves to the case where the cell's environment presents no obstacle and
where there is no external signal. We neglect the effects of undercooling and assume that
the substrate is homogeneous, i.e. that & is independent of space and we set for all x € R?,
&u (x) = 1. Then we have &, independent of time. We also assume that fxg and fgy to
be zero. Under these assumptions and keeping the notations from chapter 1, the deformable
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model (1.1) is written as follows:

u+VP=0 inQ )\ N (), (5.13)
div (u) =0 inQ(t)\ N (t), (5.1b)
Ve,=u-n on 09 (), (5.10)
P =k + Xefact (€) on 9N (t), (5.1d)
1

nuel (1) = ———— P t, d (5.1€)
Hel ( ) gnucl |N| ON(t) ( X)n 7 >
U-N=1Uy N on oN (t), (5.1f)
Orc = div (Vc —(1—a)uc— aWth) inQ () \ N (¢), (5.18)
(vc +auc — aWth) ‘n=0 ondQH\N@®),  (51h)
c(0,x) = ™ (x) in Q2 (0)\ N(0). (5.1i)

5.1.2. Force balance
Let X (t) be the centre of mass of Q (¢) at time ¢ > 0. We have:

1
Xcem (t) = 7/ (:va) dz dy
Aa Jaow

We also define the velocity of the centre of mass u.y,. For all ¢ > 0, we have:

Uen (1) = %xcm (t).

For all t > 0, we have:
d

— zdxdy:/ IVnd(f:/ zu-ndo
dt Jaw 29(t) 20(t)

= / div (zu) dz dy + div (zunye) dzdy
Q(\N(t) N(t)

=/ Vm~udxdy—|—unucl-/ Vadzdy
Q(H\N(t) N(t)

= —/ div (PVIE) dz dy + Unucl,z
Q)\N(t)

= —/ PVx'ndJ—/ PVz-ndo + upel
o0(t) ON(t)

= / (’-YH =+ chact (C)) n, do — / Pnac do + Unucl,z
o0(t) o0(t)

= / (’Y"Q + Xefact (C)) n, do — {nua |N| Unucl,z T Unucl,z
290(t)

where we used the incompresisbility constraint (5.1b), the darcy law (5.1a), the boundary con-
dition (5.1d) and the nucleus velocity expression (5.1e). Analogously, we have:

d
T Yy dz dy = - / (’Y”f + chact (C)) n, do — fnucl ‘N| Unucl,y + Unucl,y-
dt Jou 29(t)
Since [y, kndo = 0, it follows:
1 [N
Ucm (t) =T Xefact (C) ndo 4+ — (1 - €nuc1) Upucl (t) . (5.2)
Aq Jaar) Ao
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5.1.3 . Rigid formulation

We want to write the rigid model associated with the deformable model egs. (5.1) and (5.2).
We assume the cell to be rigid and the cell to have a circular shape: € (¢) is a disk of radius
Ry > 0. We assume that the velocity of the centre of mass in the rigid case is the same as
in the deformable case. Thus, the external boundary of the cell moves at the velocity of the
centre of mass. As in the deformable case, the cell is filled by a Darcy fluid with velocity u and
pressure P. Thus, with the assumption that the cell boundary normal velocity is equal to the
inside fluid normal velocity and with velocities continuity at the nucleus boundary, we have:

u+VP=0 inQ(t)\ N (¢),
div(u) =0 inQ )\ N (¢),
u-n=1ue,- h on 90 (t),
U -n=uy n on dN (t),

Q(t) :B(O,Ro)+/0 Uem (5) ds,

t
N (£) = B (0, Ruer) + /0 o (5) ds.

The rigid particle is modelled as in the deformable case. We assume it to have a rigid
movement. The force balance on the nucleus leads to the following expression for the particle
velocity:

1

—_— P (t,x)ndo.
gnucl |N| ON(t)

Unpucl =

Finally, as in the deformable case, we assume that rear markers are inside the cell, that
they can diffuse inside the cell and be transported by the fluid or attached to the plate, and
that in addition they are subject to stochastic fluctuations (modelled as in the section 1.3.7),
which leads to:

Oic = div (Vc —(I—a)uc— aWth) inQ(t)\ N (¢),

(vc +auc — onth) ‘n=0 on 9 (Q(t) \ N (1)).
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Thus, the rigid cell model with a rigid nucleus inside the cell that can move is given by:

u+ VP =0 inQ(¢) \ N (t), (5.32)
div(u) =0 inQ(t)\ N (t), (5.3b)
u-n=1ug, n on 90 (t), (5.30)
U-n=u,-n on dN (t), (5.3d)
1
nuc t) = P t; d s (536)
et (1) Enuct IN| Jon () (t:x)ndo
Ucm (t) = —Xe / fact (C) ndo + m (]- - £nuc1) Unucl (t) , (5.3f)
Aa Jao) Ao
Orc = div (Vc —(1—a)uc— on'Vth> inQ(t)\ N (¢), (5.38)
(vC + auc — aWth) ‘n=0 ond(Q (1) \ N (1)), (53h)
t
Q) = B(0, Ry) + / e (s) ds, (5.30)
0
t
N (t) =B (07 Rnucl) +/ Unucl (3) ds. (53])
0

We can note that, in general, since ucy # upyq, the fluid domain is not a rigid domain
but a deformable domain. In accordance with the modelling of noise in section 1.3.7, the
space coloured noise WtQ is defined on a probability space associated with the open 2 (0) =
B (0, Rp).

As in the deformable case, the total quantity of markers M is conserved over time and we
have:

M = c(t,x) dx. (5.4)
Q\N (1)

Remark 5.1.1. In the model (5.3), P is defined up to a constant. Indeed, if (P, u,c) is a solution
of (5.3), then for all Py € R, (P + Py, u,c) is also a solution of (5.3). Thus, in order to define a
form of uniqueness of solutions, we can define an equivalence class and state that (Py,uy,c1) and
(P2, g, ca) are equivalent solutions if and only if uy = us, ¢1 = co and there exists Q € R such
that P, = P, + Q.

5.2 . Study of the model

In this section, we study the stationary state of model (5.3) in the case where we neglect
the noise and take o = 0 in eqs. (5.3g) and (5.3h). First, we prove that the model admits
a stationary state. Secondly, we study its linear stability and give a criterion for its stability.
There exists x} such that if x. < x} then the stationary state is stable and unstable otherwise.
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Considering oo = 0, the model under study in this section is as follows:

u+VP=0
div(u) =0
U -n=1uUy- h
U N = Uy N

1
Unuycl (t)

Ucm (t) = TQ

; €nucl |N| ON(t)

P(t,x)ndo,

V]

O =div (Ve — (1 —a) ue)
(Ve+auc) - n=0

Q(t)=B(0,Ry) + /0 Uer (8) ds,

t
N (t) =B (0, Rnucl) +/ Upucl (S) ds.

0

5.2.1. Stationary state

inQ(H)\N (1),
Q) \ N (t),
on 9N (t),
on dN (t),

—Xe / fact (C) ndo + Af (1 - gnucl) Upucl (t) s
29(t) Q

inQ(t) \ N (1),
ond(Q(t)\ N

2

(5.5a)
(5.5b)
(5.50)
(5.5d)

(5.5€)

(5.5f)

(5.58)

(t)), (5.5h)

(5.510)

(5.5))

Proposition 5.2.1. The model eq. (5.5) admits an unique radially symmetric stationary state given

by:
u’ (x) =0,
P’ (x) =0,
Uy =0,
uly, =0,
Y09~ ]
Q% = B(0,Ry) and N° = B (0, Ryuel) -

Uniqueness is defined according to the remark 5.1.1.

x € Q" \ N,
x € QY\ N9

XEQO\NO,

(5.6a)
(5.6b)

(5.60)
(5.6d)

(5.6€)

(5.6f)

Proof. We are looking for a radially symmetric stationnary state. Thus necessarily the cell
geometry is given by Q° = B (0, Ry) and N° = B (0, Ryua).-
With this geometry, the stationary problem asssociated with the model (5.5) is given as

follows:

u+VP=0
div(u) =0
u-n=20

Ac—(1—a)u-Ve=0
(Ve+auc) - n=0

Thus the problem on P reads:

—AP=0
—VP-n=0
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in Q%\ N°,
on 90° U ON".

inQ°\ N,
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which leads to the fact that P is such that VP = 0 over Q° \ N° and thus P is constant over
Q0 \ N°. Moreover, we deduce that u = 0 over Q° \ N°.
Substituting the value of u into the dynamics of concentration ¢, we obtain:

—Ac=0 in Q%\ N°,
—~Ve-n=0 on 90° U AN,

and cis constant over Q° \ N°. Using the constraint on the total quantity of markers (5.4), we

deduce that forallx € Q°\ N9, ¢ (x) = W- =

Remark 5.2.2. We can note that for all x,,q € R? such that N = B (Xnucl, Ruucl) iS 0 Subset of
Q = B(0, Ry) then

u’ (x) =0, x€Q\ N,
P%(x) =0, x € Q\ N,
Uy =0,
uly, =0,
pO(X)_|Q]<4N|7 x € Q\N,

is a stationary of the problem (5.5).

In the sequel we denote:
P (5.7)
e T G o (@) >’

Theorem 5.2.3. In the case where &, = 1, if x. < X, then the stationary state (5.6) is linearly
stable. On the opposite, if x. > X, then the stationary state is linearly unstable.

5.2.2 . Proof of theorem 5.2.3

The theorem is proved in three steps. The first consists of computing the linearised prob-
lem of problem (5.5) around the stationary state (5.6) and deducing an eigenvalue problem.
The stationary state will then be stable if all the eigenvalues of the eigenvalue problem have
a negative real part. The second step consists to establish that the eigenvalue problem ad-
mits a positive real part eigenvalue, is equivalent to the fact that a simpler problem admits a
real part eigenvalue. This step is based on the radially symmetric nature of the problem and
Fourier analysis. The third step consists in studying this simpler problem. We can then exhibit
a positive real part eigenvalue of it when x. > x}. Also, using a graphical argument, it consists
in illustrating that if x. < x} then the eigenvalues of this problem have a negative real part.
The arguments used are inspired by those of Lavi et al. (2020); Alazard et al. (2022) and are
similar to those of section 4.2.1.2.

Step1. Thefollowing lemma gives the expression for the linearised problem associated with
problem (5.5) around the stationary state (5.6).
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Lemma 5.2.4. The linearised problem associated to eq. (5.5) around the stationary state (5.6) is
given by:

—~AP=0 in Q°\ N°, (5.8a)
— VP -n=1y n on 99Q°, (5.8b)
— VP -n=1, n on ON?, (5.8¢)
o = NG in Q°\ NY, (5.8d)
(VE + aﬁcmco) -n=20 on 90°, (5.8e)
(Ve + atpyac®) -n=0 on N, (5.8f)
with
o (1) = Xeae () / &(t,x)ndo, (5.9)
Ag 5020
e () = — [ P(t,x)ndo, (5.9b)
IN[ Jano

Proof. We perform a formal expansion of the solutions of model (5.5) around the stationary
state (5.6). Let e > 0 small. For all ¢ > 0, we set:

Q(t) = B (xcen (t),Ro) and N (t) = B (Xnuel () , Ruual) ,

with
Xcell (t) - Eiccll (t) +0 (52)
2

Xnucl (t) = 5ilﬂucl (t) + O (6 ) .
Thus we can set for all ¢t > 0:

Ucm (t) = u(c)m + elem (t) + O (EQ) )
Unucl (t) = ugucl + Eﬁn‘ld (t) + O (52) :

Moreover, for allt > 0and x € Q% \ N°, we set:
P(t)=P’+eP(t)+0 (%),

and
c(t,x) =c"+eé(t,x)+ 0O (?).

As P, satisfies eq. (5.6b) and P satisfies egs. (5.5a) and (5.5b), we have that in Q0 \ N°:
—AP =0.

In addition, since P satisfies eq. (5.5b) and u satisfies the boundary conditions egs. (5.5¢)
and (5.5d), we deduce that P satisfies the following boundary conditions:

— VP -n=1tu, n on 90,

— VP -n=1lua-n on ON°.
Using the fact that ¥ satisfies eq. (5.6e) and c satisfies (5.5g), we deduce that in Q0 \ N°:

0ic = Ac.



We also have on 990 that:

(Ve+ auepe) -n = (Vco +eVé+ aud, ® +ecaul &+ Eaﬁ_cmco) ‘n+0 (52)
=¢(Vé+atemc”) n+0 (%),

which leads to the boundary condition:
(Vé+ atiemc”) n=0  onoQ’.
Similarly, we obtain the boundary condition on N°:
(Vé + aﬁnuclco) -n=0.
Moreover, we have:
/ fact (c)ndo = / fact () +eéflee (") ndo + O (€7)
o0(t) 0Q(t)
=cefl () / éndo + O (&)
a(t)
=cefl () / éndo + O (7).
el
Thus we deduce that

o ! CO
flCm = Xe act \7 J ( ) / cndo.
AQ 500

Similarly, we have:

/ Pndaza/ ]5nda—|—(’)(52)7
ON(t) AONO

which leads to:

Tpuel = T Pndo.
IN| Jano
O
The eigenvalue problem associated with egs. (5.8) and (5.9) is given by:

—AP=0 in %\ N°, (5.10a)
— VP -n=1i, n on 99°, (5.10b)
— VP -n=1iy-n on N, (5.100)
A= AC inQ°\ N, (5.10d)
(Vé+ atigme”) -n =0 on 9Q°, (5.10€)
(Ve + atiguac®) -n=0 on ON°, (5.10f)

where )\ € C and t.y,, U,y defined by eq. (5.9).

Step 2. Using Fourier analysis and the radially symmetric nature of the problem (5.10), we
prove the following lemma, which reduces the spectral study of eq. (5.10) to that of a simpler
eigenvalue problem.

132



Lemma 5.2.5. The problem (5.10) admits an eigenvalue with a positive real part if and only if the
following problem eq. (5.11) admits one.

1 1
Ac = (83,,, + *a,,« — 2) C e (Rnu017 RO) ) (5.113)
T T
Orc(Ro) + alieymc® = 0, (5.11b)
arc (Rnucl) + wanuclcO = 07 (5.11C)

with / .

lem = TUnucl = %‘”(C)C(Ro) : (5.12)

0
Proof. Since problem (5.10) is radially symmetrical, we can use Fourier analysis to study its
spectra. Let A € C and let (1375, Uem, ﬁnud) be an eigenfunction associated with \. In polar
coordinates, for all r € (Ryuc1, Ro) and 6 € (—m, 7], the Fourier decomposition of Pis given
by:
P(r,0) = Z P, () cos (mb) + Psp, (r) sin (m#) ,
meN

and the one of ¢ by:

¢(r,0) = Z Cem (1) cos (mb) + Z Csm (1) sin (m#) .
meN meN
For all m € N with m # 1, we have:
/ cos (mf) cos (0) = / sin (m@) sin (6) =0

and

/ " cos (mf) sin (8) = / " sin (mé) cos (8) = 0.

—Tr —T

/_:COSQ ) :/_T;snﬁ ) = =

/ " cos (8) sin (6) = 0.

—T

We also have:
and

Thus, in particular, we have:

Pndo = —7Ryual (gci EgnuciD

ONO

/(9Q éndo = TRy (21 Eggg) .

By linearity of eq. (5.10) and independence of the cosine and sine modes, we deduce that
for all m # 1, (Pem, Cem) @and (Psm, csm) satisfy:

and

- <a,’%,. + %ar - T;) P,=0 7 € (Ruual, Ro) (5.13a)
- 0Py, =0 r € {Ruua, Ro} (5.13b)
e = (afr + %ar — T;) Cm 7 € (Ruual, Ro) (5.13¢)
Orem =0 r € {Rpuct; Ro} - (5.13d)
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Moreover, in the case where m = 1, we have that (P,1, ¢.1) satisfies:

5 1 m?2
- 8rr + ;a'r - 7'72 Pcl = 0 e (Rnucla RO) 9 (5143)
- ar-Pcl (RO) = ﬁcm,:m (514b)
arPcl (Rnucl) = lP:'lnucl,r; (514(:)
9o 1 m?
)\ccl = arr + ;87‘ - ’)”T Cel (S (Rnucla RO) ) (514d)
aT'Cc’l (RO) + CLﬁcm,at;co = 07 (5.14€)
8rccl (Rnucl) + aﬁnucl,ncc0 = 07 (514f)

and similarly, (Ps1, cs1) satisfies:

9 1 m?
- 8rr + 7ar - T2 Psl =0 T e (Rnucb RO); (5153)
T T
- arljsl (RO) = ﬁcm,y; (515b)
arPsl (Rnucl) = ﬁnucl,ya (515(:)
9 1 m?
>\Csl = 87~7~ + ;ar - 7’72 Cs1 re (RnuchRO)a (515d)
Orcs1 (Ro) + aliem yc” = 0, (5.15€)
8’!‘081 (Rnucl) + aﬁnucl,ycO = 07 (515f)

where a1, and Gnyer,, denotes the two coordinates of Gipye and tem, » and Gem , the ones
of t.,. We can note that u.,, and ay,. depends only on the mode m = 1 which allows us to
use the independence of the cosine and sine modes.

From the independence of the cosine and sine modes, we also deduce that studying the
spectrum of problem (5.10) is equivalent to study the spectrum of problem (5.13) for all m # 1,
(5.14) and (5.15).

Form # 1, as ¢,,, and P, satisfying eq. (5.13) are not coupled and the functions (r,0) —
Cem (1) cos (mf) and (r, 0) — cspm, (r) sin (M) satisfy:

{/\CZAC inQ\ N,
Ve-n=0 on QU ON,

the eigenvalue problem associated with the heat equation, the problem (5.13) only admits non
positive eigenvalues.

By symmetry, we see that problems (5.14) and (5.15) are analogous. We therefore restrict
our spectral study of problem (5.10) to the spectral study of the problem (5.14).

Finally, since P satisfies the laplacian equation (5.10a), we have that for all m € N, there
exists A,,, By, Cr, @and D, € R such that for all 7 € (Rpyyel, Ro):

Pem (’I“) = Apr™ + Cmr_ma
P, (T) = erm + Dm’rim-

—1
nucl

In particular, we have P.; (Ruucl) = A1 Ruua + C1R_ ., and thus:

l~lnucl,ar: = - (Al + ClR_2 ) .

nucl
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From the boundary conditions egs. (5.14b) and (5.14c¢), it follows that:

C — Xc zic CO
_ <A1 _ 1) - Lt()ccl (Ry),
Cl Cl
— (A - = (A + 2.
( ! R?xucl) ( o R?luCl)

el (@)

We thus have:

A C R )
1 Ro Cel ( 0)
Ci=0
We can conclude that:
/ 0
ﬁnucl,;p = —XCfago(C )Ccl (RO) .

O

Step 3. We study the spectrum of problem (5.11). The following lemma gives the form of the
eigenfunctions of eq. (5.11).

Lemma 5.2.6. Let A € C. The eigenfunctions of eq. (5.11) associated with the eigenvalue A € C are
given by:

c(r) = B (—inkr) + i (—iabr) (5.16)
where r € (Rpnuc1, Ro), J1 and Y7 denote respectively the Bessel function of the first kind of order 1
and that of the second kind of order 1 and (3, ~vx) € C? solution of:

i o (i) ot ()

_ W (B3 (ZiMFRo) + Y (<iAPRo ) ), (5:7)

and
—iad (BAJ{ (fiA%Rme + Y, (fiA%RnudD

_ ‘%C()Rict(co) (5»]1 (—i)\%Ro) + 1Y (—i/\%RO)) - (518)

Proof. From the definition of the Bessel functions, there exists 5, and v, € C such that the
solutions ¢ of eq. (5.11a) are given, for all r € (Ryuc1, Ro), by:

c(r)=BrJ1 (fi)\%r) +v\Y (fi)\%r) .

Then the boundary condition eq. (5.11b) reads eq. (5.17) and the boundary condition eq. (5.11c)
reads eq. (5.18). O

From the previous lemma we derive the following lemma giving an explicit condition on
the eigenvalues of eq. (5.11).
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Lemma 5.2.7. Let A\ € C be an eigenvalue of eq. (5.11). Then X is such that G (\) = 0 with G,
defined for all z € C by:

G (2) =2 (J{ (—iz%Ro) Y/ (—iz%Rnucl) 7 (—u%Rm) Y/ (—12%30))
/

+ iz%axcco act (CO) {Jl (—iz%R()) Y/ (—iz%Ro) - Ji (—iZ%R()) Y1 (—iZ%RO)

R
+J! (—iZ%Rnucl) Y; (—iz%Ro) - J1 (—iz%Ro) Y/ <_iz%Rnucl):| .

Lemma 5.2.8. If x. > x}, then the eigenvalue problem defined by eq. (5.11) admits an eigenvalue
with a positive real part.

Proof. Let A € C be an eigenvalue of the problem (5.11) From lemma 5.2.7, we have that \ is
such that Gy (\) = 0. We perform the expansion of G; around 0. Using the properties of the
Bessel functions, for A close to zero, we have:

I (—iA%Ro) - = o(N),

J! (—iA%Ro) - % 3?? o\,

Vi (xR, ) = ﬂ;;;o $ 1022 MPo | 271 (1rERo ) tog (‘iAjR(J) +o(N),
() - s B2 ot () o,

where ~v denotes the Euler's constant. Thus for A close to zero, we have:

1 1
0= o2 (35~ 7 )

3 (Rﬁucl - Ré) A —ax C()f/ (CO) 3 (R% B R121uc1) A
87TR(2)Rr21uc1 ‘ act 87TR%
0 ¢/ 0
axcC fact (C ) -1 Ry
1 A A
* 2m . Rnucl * 0( ) ’
=g\ +o(}).
The function g admits A\; € R as root with \; defined by:
A (1= oxhr () (7 = )
1= - )
3 Rﬁuc 7R4 3 RziR?}uc a cco !wt CO —1
g”Rg;Q”?mc?) —axc foe () ( gng ) + X fén( : In (lescl)
We have:

1 1 .
(1= axec® foer (<)) (R(Q)W - Rﬁ;a”) >0 <= Xe> Xe-
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We also have:

3 (foucl - Ré) 0 g/ 0 3 (R(2) — R121ucl) aXCCOf;ct (CO) -1 RO
SWR%RIQMCI — axcC fact (C ) 87TR(2) + o In (Rnud) <0
3 (RY = Rir) + ARRR2 o In ()

=[x fi () < ;
B2, (3(R2,q — B3) + 4R3I (52

and 3 (RZ,. — R3) + 4R In (RR“ > > 0} or 3 (R%, — R2) +4R%In ( Fo ) <0.

nucl nucl

3 (Rg - Rﬁucl) + 4R3R121uc1 In (le\?cl)

R
Rr2mcl (3 (R121ucl - Rg) + 4R% In <Rnl?cl ))
1. Thus A\; changes sign from negative to positive as x. exceeds x:. We can note that A\, ap-
proximates well a root of G; and that we have:

Moreover, if 3 (R2,, — R3)+4R} ln( Fo ) > 0then

nucl Ryuct

V

S (B2~ R2,.)

nucl

3ax.Ofl (V) (R} + RZR? 2R4

act nucl nucl)

A= (axec® fle (°) = 1) + 0 (|axec® fle (¢”) = 1]) .

This eigenvalue is associated with the non-trivial eigenfunction:

c(r) = Ba,Tn (fn% r) Fn i (—i)\%r) ,

with 0 10
Br, =AY (—AfRo ) + ‘%(:Rwyl (-ixi Ro)
0
1 1 0 g/ 0 1
= — (i,\fj{ (~iri Ro) + axccj;%‘m(c)[h (i)\fRo)> .
0

O

From the lemma 5.2.8, we deduce that when x. > xZ, the eigenvalue problem defined by
eg. (5.10) admits an eigenvalue with a positive real part and thus the stationary state is linearly
unstable.

To conclude the proof of the theorem, we need to show that when x. < x; all the eigen-
values associated to (5.11) have negative real part. We give only a graphical illustration here.
For several values of Ry, Rnuc and —i we represent the function G, by representing its real

part, its imaginary part and its modulus (see fig. 5.1 for an example). We then observe that
the root of G; with the largest real part seems to be a real root of G, which is confirmed by
studying the imaginary part of GG;. Indeed, we notice that if A € R then G; (\) € R.

We can therefore restrict the graphical study of G; to the graphical study of G; when
X € R. For Ry and R, fixed and for different values of X—i we plot G; as afunctionof A € R

(see fig. 5.2). This allows us to observe the largest real réot of GG; and we notice that when
Xe < X& then this one is negative.

Moreover, we observe numerically that as soon as x. < x; then the stationary state is
stable, this will be illustrated in section 5.4.1.
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Representation of G; when Rg =1, Rpu = 0.3 and 2 = 0.8

Imaginary part

Real part

40

20

=20

—40

c

Modulus

-50

Figure 5.1: Representation of GG; in the complex framework for Ry = 1, R,,c = 0.3 and
X—i = 0.8. Plots of the real part (left), the imaginary part (middle) and the modulus (right) of the
X

fu%ction Gy for A = z + iy € Cwith z,y € [—40,40]. We observe that the root of G, with the
greatest real part is a real root.

Representation of G; when Rg =1 and Ry =0.3

- :
4 — " -"—\‘ \N:\\:
i INTSINN
24 A7257 RPN axcCOf aci(c®) = 0.2
/ //; . NANS
/;;/ \\\ \\\\ a)(L'C()f,act((:()) =04
0 - ’ ................................................. \_\\\ \\\\ ............. aXCCOf,act(Co) =06
—2 ‘\ \\ \\\\ aXcCOf,act(Co) =0.8
'\ ANS N Y — aXcCOf/act(Co) =1.0
-4 . \\ \\\\ aXcCOf/act(Co) =12
6 \. \\ \\\ == axcfau(c®) =14
\ A\ aXcCOF at(c®) = 1.6
-8 \\ \\ \ — = aYcCfaut(c®) =1.8
LA - Of t(c®) = 2.
-10 T T T T T T A \\I Xe€ Taal) °
-20 -15 -10 =5 0 5 10
A

Figure 5.2: Graphs of A\ — G ()\) for A\ € R when Ry = 1 and R,,,q = 0.3 for different
values of ig— = ax.c’ " (). Each curve corresponds to a different value of x.. The solid yellow-
orange curves correspond to the case where x. < xZ, the dashed blue curves correspond to the
case where x. > x and the dark dashdotted curve corresponds to the case where x. = 1x5. The
grey dotted lines are the lines of equation A\ = 0 and y = 0. In the case where x. < x% we notice
that G1 seems to admit no positive root.
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5.3 . Finite element scheme of the rigid model

In this section we write a finite element scheme to run simulations of the rigid model
eq. (5.3). The proposed scheme is based on a semi-implicit discretization in time and a dis-
cretisation in space using a finite element method.

5.3.1. Time discretization
We discretize in time our model eq. (5.3). Let At be the time step. Fori € {0, ..., Ny} with
Ny € N, we denote t' = iAt, u’ = u(t!,), P' = P(t',") and ¢' = ¢ (t*,-). We also denote
Qf = Q(t") and N* = N (¢'). In addition, we denote ff the force induced by the boundary
onto the nucleus associated with the cell geometry at time ¢* and anagously we denote fip
the force induced by the nucleus on a point of Q¢ at time ¢'.
The implicit discretization of the problem about velocities is given by:

ui+1 T VP’H—l — 0 in Qz \NZ, (519a)
div (u"*') =0 inQ’'\ N, (5.19b)
ut™ n=ulln on 99, (5.190)
ut.n=u"tl.n on N, (5.19d)
) 1 )
wtl = — P ndo, (5.19€)
mucl gnucl |NZ| ON'
i+1 —1 i ‘Nz’ i+1
Yem = 763 Xefact (C ) ndo + i (1 - gnucl) U els (5.19f)
€] Jaq: €]
and
¢ : i+1 i+1 i+l irQui it N i
T:dlv (Vc —(1—a)u" " —alWs'c ) inQ*\ N, (5.20a)
(Vc”l + quttteit!t — aWQ’iciH) ‘n=20 on 9N UON®, (5.20b)
with
Q= (Id+Atulfl) (27), (5.21a)
Nt = (Id+Atuth) (N). (5.21b)

5.3.2 . Decomposition of the fluid problem

We focus on the fluid velocity and pressure eq. (5.19). Instead to solve numerically this
problem (5.19), we solve the following:

_APHl =g in Q'\ N, (5.22a)
—~ VP .n=ulfln on 99, (5.22b)
—VP* . n=ulln on ON', (5.220)
with .
+1 i+1
u = P'"'ndo
nucl gnucl ‘N1| oNi
and | |
) -1 ) N* )
41 7 i+1
cm T ; efact (¢') ndo + — (1 — &nuel u -
|Q'L‘ 00 X f t ( ) |Ql| ( 5 ) 1
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We then set u’t! = —V P+l We decompose eq. (5.22) in four independent problems to
separate the boundary conditions on 92’ and dN*. We define as follows the four problems:

— AP, =0 in Q\ N, (5.23a)
VP -n=n, on 99, (5.23b)
VP -n=0 on ON?, (5.23¢)
— AP, =0 inQ\ NY, (5.24a)
VP -n=n, on 9%, (5.24b)
VP, -n=0 on ON?, (5.24¢)
—AP;=0 in Q\ N, (5.25a)
VP;-n=0 on o0 (t), (5.25b)
VP;-n=n, on ON’, (5.250)
—~ APy =0 inQ\ N, (5.26a)
VP -n=0 on 09 (t), (5.26b)
VP, n=n, on ON’, (5.26C)

where n, and n, are the coordinates of the normal outward vector of O\ NE

We want to find 1, po, pt3 and py € R such that P+ = Py + poPo + psPs + pa Py
with Py, ps, P3 and Py respectively solutions to egs. (5.23) to (5.26). This is equivalent to find
p = (p1, o, pis, )’ such that A,p = B, where A, is the following matrix

1—&nuel pz 1—8nua pz 1—&nual pz 1—&nuel pz
1 + f llﬂlly}) Snuil‘Qq | P y glrmcl|91 I Py Elnucllgl‘ Py
nucl nucl nucl nucl
A'u frnd §nucl|£21‘ P 1 + gnucl‘(zzl P Enucl‘gzl‘ R gnucl‘ﬂll P (5'27)
Y R S 1  px €T €T
&ml\Nqu 5nu011\Nt|P2y 1+ smuN’\P smluvlwp ,
gnucllNi‘ Pl &xnlcllNl‘ P gnucllNll 1 fnucl‘Nl‘ P4
and B the following vector
1 %
‘971” fasli Xefact (Cl) Ny jo'
B/L — | @7 faﬂi XeJact (C ) ny ao (5.28)
0
0

with P? = f.aN’i Pjn,doand P} = [, . Pjn,do for j € {1,2,3,4} and fhy ., fiy , the coor-
dinates of f}.

5.3.3 . Spatial discretization

We discretize in space our time-discrete model egs. (5.19) to (5.21). We use a finite element
discretization. Let 7 be a triangulation of '\ N*. For all triangle K € T we note (AX, A, AK)
the barycentric coordinate functions of K. First we define the functional spaces needed. Let
PP;. be the set of polynomials of R? of degrees less or equal k. Let Hp be the functional space
define by:

Hp={Q e H' (A'\N')|VK € T,Q|x €P1}.

Let H. be the functional space define by:

He={y e H (2 \ N')| VK € T,9|x € Py @ Span { A\, A ALY
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5.3.4 . Variational formulation of the fluid problem

Instead of writing the variational formulation of eq. (5.19), we use the decomposition result
and write the variational formulation of the four independent problems egs. (5.23) to (5.26).
The variational formulation of the problem eq. (5.23) is given by:

Find P, € Hp such that for all Q € Hp, we have:

/ VP -VQdx— | Qn,do=0. (5.29)
QI\N Qi

The variational formulation of the problem eq. (5.24) is given by:

Find P, € Hp such that for all Q € Hp, we have:

/ VP, -VQdx — / Qnydo = 0. (5.30)
QI\N? Qi
The variational formulation of the problem eq. (5.25) is given by:

Find P; € Hp such that for all Q € Hp, we have:

/ VP;-VQdx — Qngdo = 0. (5.31)
Qi\Ni AN

The variational formulation of the problem eq. (5.26) is given by:

Find P; € Hp such that for all Q € Hp, we have:

/ VP; - VQdx — Qny do = 0. (5.32)
QI\N? ON'

5.3.5 . Discretization of the noise
The discretization of the noise is based on the method developed in Boulakia et al. (2015).
Instead of simulating W over its entire domain of definition, we want to restrict its simulation
to the current fluid domain. We recall that W@ denotes an approximation of the coloured
noise at time ¢*,i € {1,..., N;}. We set:

Q Q
WQ,i _ Wti _ Wtifl
At '

P 1
From the definition of W2, we know that W®- is equal in law to —thQ and that the

VAL

{WW} are independent. Therefore, to simulate W+, we simulate Wle For all 3,
1<i<Ny

W is a realisation of the Q-Wiener process at time ¢’ restricted to the discrete current fluid
domain Q¢\ Nt

A way to compute W' = (wi,wi), the discrete noise, relies on the computation of a
covariance matrix (Boulakia et al., 2015). The computation of the covariance matrix is restricted
to the computation of the covariance matrix restricted to the current domain. At time ¢¢, let
{P},1 <j < Nj} bethe set of all the nodes of the triangulation 7,/ of Q*\ N’, where N is the
number of nodes of the triangulation, and {w;, 1 < j < Nj} be a basis of the Lagrangian P1
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finite element. ¢§- is a continuous affine function on Q*\ N such thatforall 1 < j,k < N}, we
have ¢i (P}) = d;x. For m € {1, 2}, the P1 discretization of w}, is given by

Ni,
i i
Wy, = g T,
Jj=1

with {z%,1 < j < N} } arealisation of a centred Gaussian vector of covariance matrix X%. We
have ©' = (¢ (Pj, P/i))gj,kg]v;;' Let X be a centred Gaussian vector of covariance matrix .
We have

X = 8%,
with Y a Gaussian vector such that for all 1 < j < N}, Y; ~ N (0,1) and S* such that ¢ =
St (Si)T. Thus to compute W, we just have to simulate a realization of a standard Gaussian
vector and to compute the Cholesky decomposition S* of the covariance matrix ¢, Note that

since the domain is deformable, the space-dependent ¢ matrix is time-dependent and must
be computed along with its Cholesky decomposition S¢ at each time step.

5.3.6 . Discretization of the concentration problem

At each step of the numerical simulations, the mesh is propagating with the velocity upesn
which satisfies:

Aumesh =0 in Q° \ Z\/vl7
i1 .
Umesh = ué; on 8927
__ g0t i
Umesh = W, on oN".

Thus the mesh propagation induces advection at velocity uy,s;, Of the markers concentra-
tion. Taking it into account leads to modify the discrete concentration problem eq. (5.20) as
follows:

Gl _ i . ‘ a o
T 4 (1-a)utt vt - @it
At ( ) \/E 1
— Wpesh - VT — ATt =0 in Q°\ N°, (5.33a)
(VCH_l + acttluit! — aWQ’chHl) -n=20 on 9O U ON*. (5.33b)

The variational formulation of eq. (5.33) is given by:

Find ¢! € H. such that for all v» € H., we have:

Gt _
/ () Pdx + / div (Upmesn) ¢y dx (5.34)
Qi\N At QiI\N

— / ((1 —a)u™et —upeanc ™t — VcH'l) -V dx
Qi\N

« . .
+/ ——MWE . Yy dx = 0.
oi\N: VAL !

5.3.7 . Avoid contact between cell boundary and particle

The discretization steps described above can be used to simulate eq. (5.3). However, these
steps do not ensure that the particle remains inside the cell. To ensure this, we add a step to
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the computation of the cell and nucleus velocities. Using a Uzawa algorithm, we project the
velocities of the cell and the nucleus onto a space of so-called admissible velocities, chosen to
ensure that the nucleus and the boundary of the cell are not in contact. The numerical scheme
used to simulate eq. (5.3) is given by the following algorithm.

Algorithm 5.1: Numerical scheme to simulate eq. (5.3) obtained after time discretization
and space discretization with a finite element method.

1. Initialisation: ¢V = ¢ the given initial condition and definition of the mesh with Q° and
NO given.

2. Time iteration:

(@) Compute u‘tt and P! using ¢ and the decomposition method:

i. Solve the variational formulation eq. (5.29) to compute P;.
ii. Solve the variational formulation eq. (5.30) to compute P.
iii. Solve the variational formulation eq. (5.31) to compute Ps.
iv. Solve the variational formulation eq. (5.32) to compute P;.
v. Compute p = (u1, 2, U3, u4)T by solving A,u = B,, with A, given by
eq. (5.27) and B, given by eq. (5.28).
vi. Deduce Pt = iy Py + po Py + psPs + pg Py and compute u't! = —vpitl,

i+ 1 1 X
(b) Computation of the a priori nucleus velocity: u/ 2 = ——— P*lndo.
fnucl |N2| ON'i
(c) Computation of the a priori cell veIocity:
i+l -1 . N* .
uémz = |Ql‘ /{j)Qi XeJact (CL) ndo + |Ql|| (1 - gnucl) U—;tél'
(d) Using a Uzawa algorithm, computation of u’!! and u’;! which are the projection

1 1

of the a priori velocities u:;jl and uch? on an admissible velocities space (see
algorithm 5.2 for more details).

(e) Computation of the mesh velocity uy,esh.

(f) Computation of the covariance matrix X* and S* its Cholesky decomposition and
deduction of the discrete noise W*"* = $?Y where Y a realisation of a standard
normal Gaussian vector.

(g) Computation of the markers concentration ¢i*+1 using w2, W2 and umesn by
solving the variational formulation eq. (5.34).

(h) Update of the domain:
QL = (Id + At Upesty) (Ql) ,
N = (Id +At Uesn) (NY)

Next, we give details concerning Uzawa's algorithm for handling the potential contact be-
tween the cell boundary and the nucleus. Leti € {0,..., Ns}. Wedenote by X = (x¢ ;. xi.,)
the vector with the coordinate of the particle and cell centres at time ¢*. The distance D (X)
between the particle and the cell boundary is given by:

D (X) = Ro — Ruual — |Xf1ucl - Xéell .
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The gradient GG of the distance D is given by:

i+3 i
X — X i1 i1l - ape
where e (X) = H Let V = (“:1:51 : ufjﬂ"‘) be the vector containing the velocities
X — X
nucl cell

i+ 1
of the particle and the cell. The vector V is said to be admissible if the velocities u;tgl and

i+ L
ush? ensure that, at the next time step, the nucleus and the boundary of the cell are not in
contact. This condition is expressed as:

D(X+ AtV) >,
with € > 0 small. By linearising this condition, it can be approximated by:
D(X)+ AtG(X)-V > e.

From this linearized condition and the expression of the gradient G, we derive a space of
admissible velocities defined by:

K(X) = {(vn,ve) € R x R?s.t. At (e(X) - vy, —e(X) - v,) <D (X) —¢}.

Let (uf) . uitl) be the projection of V onto K (X). Then (u’t}, uit!) satifies the following

nucl ? nucl ?

minimisation problem:

(it w2 wzd uit?) (ulid )

3 2 »H_l i+1
= min Vo, Ve)|© —2( (vn, Ve ,(u 2 7ucm2)
(v, ve)EK(X) <|( )l <( ) nucl >>

It follows that there exists A > 0 such that (u’"},, uifl) satisfies (Lefebvre, 2007):

nucl ? cm

nucl » “'cm nucl ’

2 (uith uith) + X (Ate(X) , —Ate (X)) =2 (uH% ui?;%) )
At (e (X) . uf:lil — € (X) : uij;l) S D (X) — &,

AAt(e(X)-uith —e(X)-ull') — D (X)+¢) =0.

nucl

To solve this dual problem, we use a Uzawa algorithm, which is a projected fixed-step gradient
descent algorithm. The algorithm used is described in algorithm 5.2.
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Algorithm 5.2 : Uzawa algorithm for projecting particle and cell velocities to ensure
no contact between the cell boundary and the particle.

i1 il
Assume u. 2 and ucn? given.
1. Letv2 € R? and v? € R2. Let \° > 0. Let » > 0 small and p > 0 a projection step.

2. While [(vEH1 vEFL) — (vE vE)| > por MM — AF| > p do:

(@) vETl = u'"2 — 1aFAte (X),
(b) Vi1 = ulh? + LAFAte (X).
(@ ML =TI, [A+p (At (e(X)-vET —e(X)-vET) — D(X) +¢)].

3. Update of the particle and the cell velocities:

i+1 k41
Upuel = Van
and
i+1 _ L k+1
ucm = Ve .

5.4 . Numerical results

In this section, after checking that the proposed numerical scheme is consistent with the
study of the model, we illustrate that numerically the model makes it possible to obtain the
three types of trajectories: persistent, Brownian and intermittent. The numerical scheme is
implemented using FreeFEM++ (Hecht, 2012).

5.4.1 . Numerical verification

In this section, we check that the numerical scheme proposed in algorithm 5.1 is consis-
tent with the mathematical study of the model. We therefore check that if &« = 0 then we
recover the stationary state (5.6) as well as the result on the stability of the latter stated in
theorem 5.2.3.

First, we check that the numerical scheme captures the stationary state. We then set a
time step At, then Ry and R,,q in order to define the geometry of the cell, and we choose as

the initial condition for the markers concentration ¥ (x) = N

In this case, we observe that whatever the values of Ry, Ruuc and x., we find a stationary
state (see fig. 6.5 for an example). Indeed, the velocity of the cell remains zero over time
and the position of the nucleus at the centre of the cell is maintained. We also observe that
the distribution of markers is weel conserved over time.Moreover, we can observe that the
quantity of markers is well conserved over time (see fig. 5.3 right), which is in agreement with
eq. (5.4) (see fig. 5.4).

Secondly, we check that the numerical scheme gives results in accordance with theo-
rem 5.2.3. We therefore study the linear stability of the stationary state numerically. To do
this, we choose a perturbation of the stationary state as the initial condition and observe, de-
pending on the value of x., whether the system returns to the stationary state. In accordance
with remark 5.1.1, we only consider stationary state perturbations where only the marker dis-
tribution is perturbed and not the position of the nucleus.

145



Time evolution of the cell's Time evolution of the particle position

centre of mass velocity norm in the cell frame of reference
0.04 0.04 x coordinate
= =y coordinate
0.02 -~ 0.02 1
T i i I I S N AN R
K 0.00 0.00
-0.02 - -0.02 1
-0.04 1 -0.04 1
T T T T T T T T T T T T
0 20 40 60 80 100 0 20 40 60 80 100
time time

Figure 5.3: Example of capturing the stationary state using the numerical scheme. The
curve on the left represents the evolution of the velocity norm over time. We can observe that this
remains zero throughout the study interval [0, 100]. The curves on the right represent the evolution
over time of the coordinates of the nucleus position. We can see that the position of the particle is
preserved over the study interval.

The results presented here are obtained with the parameters At = 0.005, Ry = 1, Ryuel = 0.3,

xn = (0;0), " (x) = 777(33%32 yM=ma=1xe =05 fu (o) = <1(++)) with ¢, = 0.5.

The chosen stationary state perturbation is given by:
¢ (x) = K (14 X (x)) 14 x(x)>0 (5.35)

where for all x € Q\ N we have X (x) ~ N (0,1) and K such that fQ\N " (x) dx = M.The
nucleus position is perturbed by choosing:

x2 = (0;0).

nucl —

As illustrated in fig. 5.5 for the case where Ry = 1 and Ry, = 0.3, we correctly find the
criterion on the linear stablity of the stationary state. Indeed, when x. < xZ, we have that
the norm of the velocity decreases very quickly towards 0 then is constant equal to 0. This
illustrates that when x. < x} the stationary state is stable. Also, when x. > xZ, we observe
that the norm increases rapidly towards a strictly positive value and then becomes constant.
This suggests that when x. > x7 there are stable travelling waves.

The trajectory study confirms that we are indeed capturing travelling waves (see fig. 5.6).
Each cell maintains its orientation over time, which, coupled with the fact that the norm of
the velocity is constant, leads to a progressive wave. The result is not surprising and is in
agreement with Lavi et al. (2020) results in the case of a rigid cell.
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Time evolution of the total quantity of markers

3.3 1

3.2

3.1

3.0
T
0 20 40 60 80 100
time

Figure 5.4: lllustration of the conservation of the total quantity of markers. The curve rep-
resents the evolution of the total quantity of markers over time. We note that this remains constant

throughout the study interval [0, 100].
The results presented here are obtained with the parameters At = 0.005, Ry = 1, Rpua = 0.3,

in (0;0), ¢ (x) = W, M=ma=1,xc=0.5 fact (¢c) = i(l(j_ii) with ¢ = 0.5.

nucl —

X

nucl

Time evolution of the velocity norm

, *
| [ [ R [ SR Xc=x: —0.5
3 (AN A ©
1 Xe=Xc —0.3
- i Xc=x.-0.1
E2+4—f+H ok
1 1 —_— X=X
N :,' Xe=xI +0.1
14 i —— Xc=X.+0.3
;’ - Xc=x.+0.5
04 ¢
T T T T T T
0 20 40 60 80 100
time

Figure 5.5: Numerical illustration of theorem 5.2.3. Each curve represents the evolution of the
cell’s centre of mass velocity norm of a cell for different values of x. (see legend on the right). When
Xe < X& the norm of the velocity decreases very rapidly towards 0 (dashdotted curves in overlapping
shades of orange), whereas when x. > x it increases rapidly towards a non-zero value (dashed
curves in shades of blue) . The critical case x. = x? is also represented (dark curve), here the norm

of the velocity is close to zero and decreases.

The results presented here are obtained with the parameters At = 0.005, Ry = 1, Rpua = 0.3,
. . . )2

n 0;0), M =7, a =1, c™ given by eq. (5.35) and x* given by (5.7), fact (c) = clltes)” yith
c cs(ctes)

Xpuel =

cs =05 B8=15and § = 0.5.
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Trajectories

200
100
0 -
>
~100 -
=200 7 Xe=Xc +0.1
— X=X, +0.3
-300 - Ao =X
—_— Xc=X. +0.5
T T T T T T T T
-100  -50 0 50 100 150 200 250
X

Figure 5.6: Trajectories associated with the cells in fig. 5.5 in the case where x. > x}. Each
curve represents the trajectory of one of the cells studied in figure 3. Only those where x. > x are
represented, keeping the same colour coding (see legend on the right). We can therefore see that
here the cells do not change orientation over time.

The results presented here are obtained with the parameters At = 0.005, Ry = 1, Rpua = 0.3,

xin (0;0), M = 7, a = 1, ¢™ given by eq. (5.35), X given by (5.7), fact (¢) = f(l(jjc)) with

nucl T

cs = 0.5.
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Figure 5.7 illustrates the evolution of the organisation of the cell of the trajectory shown
in fig. 5.6 when x. = x + 0.1. We can see that the particle is at the rear of the cell at the end
of the simulation. Note also that the shape of the fluid domain changes over time.

t=0 l t=10 u t=15 u
t=20 u t=50 ! t=100 !

Figure 5.7: Snapshots of the cell organisation for the case x. = x’ + 0.1 of the fig. 5.6.
Snapshots at timet = 0,t = 10, t = 15, t = 20, t = 50, and t = 100 of the cell organisation of the
cell whose trajectory is represented in fig. 5.6. The red area represents the area with high markers
concentration and the area in dark blue the one with low markers concentration. We can observe
that the particle moves inside the cell.

The results presented here are obtained with the parameters At = 0.005, Ry = 1, Rpua = 0.3,

Xpua = (0;0), M =ma=1, c™ given by eq. (5.35), x. = X + 0.1 with x} given by (5.7),
Fact (€) = SEees with ¢y = 0.5.

5.4.2 . Verification of agreement with the UCSP law and capture of the different
types of trajectory

In this section, we illustrate that although the rigid crown model is only a toy model, it
exhibits rich behaviour. Indeed, we illustrate that the trajectories obtained via algorithm 5.1
satisfy the UCSP law. Also, there exists a range of parameters in order to find the three types
of trajectories: Brownian, intermittent and persistent.

By fixing all the model parameters and varying only x., we observe Brownian trajectories
when x. < xZ, intermittent trajectories when x. = x% and persistent trajectories when x. >
Xe-

In this section, for the numerical results presented, Ry = 1, Ryyel = 0.3, M = manda = 1.
As an initial condition ¢ for the concentration of markers, we choose the function defined for

allx € Q\ N by ¢ (x) . The noise parameters are setto o = 0.3 and ¢ = 0.2. Finally,

M
2\ N
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the numerical simulations are performed over the time interval [0, 15] with At = 0.005. Here
are the results when x. = x} — 0.3, x. = x& and x. = x; + 0.5 with x} defined in eq. (4.5).

5.4.2.1. lllustration of the Brownian trajectories

In this subsection, we present the results when x. = x} — 0.3. We then observe that the
trajectories are Brownian. This can be seen visually in fig. 5.8 and is confirmed by the study
of the EASD and MSD, which are close to 1 (see fig. 5.10). In addition, we can see that the
trajectories satisfy the UCSP (see fig. 5.9). We also observe that the cells have a low velocity:
the mean norm is close to the intensity « of the noise (see fig. 5.11). These observations are in
good agreement with those made about Brownian behaviour in Maiuri et al. (2015).

Trajectories in polar space
90°

180° 0°

270°

Figure 5.8: Trajectories in polar coordinates in the case where . < x}. Each curve repre-
sents, in polar coordinates, the trajectory of one cell simulated by algorithm 5.1 on the time interval
[0, 15]. Visually, the trajectories seem to be Brownian. Fifty cells are represented.

The results presented here are obtained with the parameters At = 0.005, Ry = 1, Ryuel = 0.3,

: . M

xhy = (00, M =ma =1 " = ——— xec = X — 0.3 with x} given by (5.7),
. . |2\ N

Fact () = UEe) with ¢, = 0.5, a = 0.3, ¢ = 0.2 and Epuer = 1.

Cs (C+Cs)
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UCSP - a= 0.01, b=5.94

@ Numerical Data o
14 4 — v aexp(bv)

1.2 A

Persistence Time

0.1 0.2 0.3 0.4 0.5 0.6
Persistence Velocity

Figure 5.9: Verification that the trajectories in fig. 5.8 satisfy the UCSP law (case when
Xe < X5). The persistence time of a locally persistent trajectory portion is plotted as a function of
the persistence velocity. Each black dot corresponds to a datum. In red is plotted an interpolation
of the points, of form v + ae®®, which corresponds to the UCSP law. We can see that the data
corresponds well to the interpolation and that the trajectories satisfy the UCSP law.

The results presented here are obtained with the parameters At = 0.005, Ry = 1, Ry = 0.3,

. . M . .
X, =000, M=ma=1c"= 7\Q\N|' Xe = X& — 0.3 with x; given by (5.7), fact (¢)
c cs)? .
kel with ¢, = 0.5, a = 0.3, ¢ = 0.2 and &uua = 1.
EASD - b= 1.22 TASD and MSD - MSD b=1.31
1.5 4 —— EASD _ —— MsD
Fit to> c tb % 4 Fit to> c tb
Z 1.0 - g
: —|
< / k24
W05 H Q
/// E . 77/
00 —" 0] ——
T T T T T T T T
0 5 10 15 0 5 10 15

Time t T

Figure 5.10: Verification that the trajectories in fig. 5.8 are Brownian (case when x. < x?).
On the left is shown in blue the EASD associated with the trajectories in fig. 4.7 and in orange the
interpolation of the EASD, in the form t — ctb. By the properties of the EASD, as b close to 1, the
trajectories in fig. 5.8 are indeed Brownian. This is confirmed by the study of the MSD, which is
shown in blue on the right. Also shown on the right are the TASD of each cell in yellow and the
interpolation of the MSD in form t — ct® in orange.

The results presented here are obtained with the parameters At = 0.005, Ry = 1, Ry = 0.3,

. : M

X = (0,0, M =ma=1c"= VN Xe = Xi — 0.3 with x} given by (5.7), fact (¢)
2

el with ¢y = 0.5, 0 = 0.3, ¢ = 0.2 and &uua = 1.
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Time evolution of | ucm ||

1.25 + o
o . Individual cells
" § ¥ ¥ @ & s
1.00 : $ e o . AR Average
= 0.75
g
>
= 0.50 -
0.25 1
0.00 +
T T T T T T T T
0 2 4 6 8 10 12 14
Time t

Figure 5.11: Time evolution of the norm of the velocity of the cells whose trajectories
are shown in fig. 5.8 (case when x. < x}). The blue lines show the evolution over time of the
norm of the velocity of each cell and the black line shows the evolution of the mean of the norms of
the velocities of the cells. We can see that the value of the mean of the norms of the cell velocities
corresponds to the choice of .

The results presented here are obtained with the parameters At = 0.005, Ry = 1, Ryuea = 0.3,

) . M
X, =000, M=ma=1c"= WI Xe = X& — 0.3 with x} given by (5.7), fact (¢) =
etee with ¢, = 0.5, 0= 03, ¢ = 0.2 and e = 1.
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5.4.2.2. lllustration of the persistent trajectories

In this subsection, we present the results when x. = x} + 0.5. We then observe that the
trajectories are persistent. This can be seen visually in fig. 5.12 and is confirmed by the study of
the EASD and MSD, which are equal or close to 2 (see fig. 5.14). In addition, we can see that the
trajectories satisfy the UCSP (see fig. 5.13). We also observe that the cells have a high velocity
(see fig. 5.15). These observations are in good agreement with those made about persistent
behaviour in Maiuri et al. (2015).

Trajectories in polar space
90°

180° 0°

270°

Figure 5.12: Trajectories in polar coordinates in the case where x. > x}. Each curve repre-
sents, in polar coordinates, the trajectory of one cell simulated by algorithm 5.1 on the time interval
[0, 15]. Visually, the trajectories seem to be persistent. Fifty cells are represented.

The results presented here are obtained with the parameters At = 0.005, Ry = 1, Rpua = 0.3,

. . M

xhy = (00, M =ma=1c" = N Xe = Xi + 0.5 with x} given by (5.7),
2

Fact (0) = L5 with ¢ = 0.5, 0 = 0.3, ¢ = 0.2 and &uuar = 1.
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UCSP - a= 0.07, b=1.68

12 4 @ Numerical Data o
— v aexp(bv) o

Persistence Time

0.5 1.0 1.5 2.0 2.5
Persistence Velocity

Figure 5.13: Verification that the trajectories in fig. 5.12 satisfy the UCSP law (case when
Xe > X5). The persistence time of a locally persistent trajectory portion is plotted as a function of
the persistence velocity. Each black dot corresponds to a datum. In red is plotted an interpolation
of the points, of form v — ae®, which corresponds to the UCSP law. We can see that the data
corresponds well to the interpolation and that the trajectories satisfy the UCSP law.

The results presented here are obtained with the parameters At = 0.005, Ry = 1, Ry = 0.3,

. ‘ iy . '
Kot = (050) M= m a =1, ™ = 1o5mg Xe = X + 0.5 with X, given by (5.7) faci (c)
c(l+cs)? | .

Cgl(j-‘cm) with Cg — 05, o= 03[ C =0.2 and gnucl =1
EASD - b= 2.00 TASD and MSD - MSD b=1.9
1000 4 —— EASD R E——
. - !
. 750 1 Fit o ct? , 5 1000 Fit ts ct?
5 =
a
@ 500 / =
g : & 500 - /
250 - / 2 /
0 - 0

T T T T T T T T
0 5 10 15 0 5 10 15

Time t T

Figure 5.14: Verification that the trajectories in fig. 5.12 are Brownian (case when y,. >
X5). On the left is shown in blue the EASD associated with the trajectories in fig. 5.12 and in orange
the interpolation of the EASD, in the form t — ct®. By the properties of the EASD, as b equals to 2,
the trajectories in fig. 5.12 are indeed persistent. This is confirmed by the study of the MSD, which
is shown in blue on the right. Also shown on the right are the TASD of each cell in yellow and the
interpolation of the MSD in form t — ct® in orange.

The results presented here are obtained with the parameters At = 0.005, Ry = 1, Ryya = 0.3,

. ‘ M

xit =00, M =71, a=1c"= N Xe = X& + 0.5 with x;; given by (5.7), fact (c)
2

el with ¢y = 0.5, 0 = 0.3, ¢ = 0.2 and &uua = 1.

154



Time evolution of | ucm ||
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Figure 5.15: Time evolution of the norm of the velocity of the cells whose trajectories are
shown in fig. 5.12 (case when x. > x}). The blue lines show the evolution over time of the norm
of the velocity of each cell and the black line shows the evolution of the mean of the norms of the
velocities of the cells.

The results presented here are obtained with the parameters At = 0.005, Ry = 1, Ry = 0.3,

. . M
xit = (00, M =71, a=1c"= W Xe = X5 + 0.5 with x} given by (5.7), fact (¢) =
<1(++>) with ¢; = 0.5, a = 0.3, ¢ = 0.2 and Epuel = 1.
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5.4.2.3 . lllustration of the intermittent trajectories

In this subsection, we present the results when . = x¥. We then observe that the trajec-
tories are intermittent. This can be seen visually in fig. 5.16 and is confirmed by the study of
the EASD and MSD, which are between 1 and 2 (see fig. 5.18). In addition, we can see that the
trajectories satisfy the UCSP (see fig. 5.17). We also observe that the cells have a intermediate
velocity: the velocity norm is between the velocities of the case x. = x5 —0.3and x. = x5 +0.5
(see fig. 5.19). These observations are in good agreement with those made about intermittent
behaviour in Maiuri et al. (2015).

Trajectories in polar space
90°

180° 0°

270°

Figure 5.16: Trajectories in polar coordinates in the case where . = x}. Each curve repre-
sents, in polar coordinates, the trajectory of one cell simulated by algorithm 5.1 on the time interval
[0, 15]. Visually, the trajectories seem to be intermittent. Fifty cells are represented.

The results presented here are obtained with the parameters At = 0.005, Ry = 1, Rpua = 0.3,

C(1+Cs)2

: ; M o
Xpuet = (050), M =m, a =1, ¢ = 1=5—=, Xe = X¢ With x¢ given by (5.7), fact (¢) = T 755

|Q\ N
with c, = 0.5, « = 0.3, { = 0.2 and e = 1
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UCSP - a= 0.01, b=4.46

2.00 1 @ Numerical Data o
— v aexp(bv) ®
1.75 A
1.50 o
1.25 A
1.00

0.75 A

Persistence Time

0.50 A

0.25 1

0.00

0.2 0.4 0.6 0.8 1.0
Persistence Velocity

Figure 5.17: Verification that the trajectories in fig. 5.16 satisfy the UCSP law (case when
Xe = X2). The persistence time of a locally persistent trajectory portion is plotted as a function of
the persistence velocity. Each black dot corresponds to a datum. In red is plotted an interpolation
of the points, of form v — ae®, which corresponds to the UCSP law. We can see that the data
corresponds well to the interpolation and that the trajectories satisfy the UCSP law.

The results presented here are obtained with the parameters At = 0.005, Ry = 1, Ryue = 0.3,

_ . M L (14c.)?
Xihat = (0:0), M =7, a = 1, ¢ = 5o, Xo = X With x; given by (5.7), fuet () = el
with cs = 0.5, « = 0.3, { = 0.2 and e = 1
EASD - b= 1.30 TASD and MSD - MSD b=1.48
—e e T
- S 20 +
a = =
) n —
5 0 // 5 10 1
0 - / 0 - ,,,/
T T T T T T T T
0 5 10 15 0 5 10 15
Time t T

Figure 5.18: Verification that the trajectories in fig. 5.16 are intermittent (case when y. =
X%)- On the left is shown in blue the EASD associated with the trajectories in fig. 5.16 and in orange
the interpolation of the EASD, in the form t — ct. By the properties of the EASD, as b between 1 and
2, the trajectories in fig. 5.16 are neither Brownian neither persistent. This is confirmed by the study
of the MSD, which is shown in blue on the right. Also shown on the right are the TASD of each cell in
yellow and the interpolation of the MSD in form t — ct® in orange.
The results presented here are obtained with the parameters At = 0.005, Ry = 1, Ryue = 0.3,
. . 2
X = (00, M =7 a=1c"= % Xe = X with x; given by (5.7), fact (¢) = Sk
with cs = 0.5, « = 0.3, { = 0.2 and e = 1
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Time evolution of | ucm ||

2.0 Individual cells )
- Average .
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0 2 4 6 8 10 12 14
Time t

Figure 5.19: Time evolution of the norm of the velocity of the cells whose trajectories

are shown in fig. 5.16 (case when y. = x?). The blue lines show the evolution over time of the

norm of the velocity of each cell and the black line shows the evolution of the mean of the norms of

the velocities of the cells. We can see that the value of the mean of the norms of the cell velocities

corresponds to the choice of c.

The results presented here are obtained with the parameters At = 0.005, Ry = 1, Ryue = 0.3,
M

c(14c,)?
cs(ctes)

xn =00, M=ma=1c"= 7& N Xe = X5 with x% given by (5.7), fact (¢) =

with cs = 0.5, « = 0.3, { = 0.2 and e = 1
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Conclusion and perspectives. The model allows all three types of trajectory to be found.
The results obtained seem similar to those obtained when considering a rigid cell without
particle (see chapter 3). Nevertheless, the study of the linear stability of the stationary state
proves that, for the choice of f.. (¢) = z(l(jjc)j the presence of a particle tends to stabilise
the model. Indeed, as soon as ¢, < ~rzr e have that for the same choice of parameters, the
threshold above which the stationary state is unstable is greater when the particle is present.
Similarly, the larger the particle, the more stable the stationary state. Let us denote ¢ (r)
the stationary concentration associated with the domain where the particle has radius r €
(0, Ro) and x (r) the associated critical threshold. We know that ¢ is an increasing function

on [0, Ry]. Also, as we have assumed that ¢; < Wj‘gg = % (0) and that the function = + %
0

x f! x
is increasing on [c;, +00), we obtain that x is an increasing function on [0, Ry]. The réascﬁ(lt)s
obtained numerically in this chapter will be analysed in comparison with those obtained in
chapter 6 when the dynamics of the nucleus are taken into account.

Finally, in future work we aim to study the impact on trajectories of the parameter &,,q1.
The results presented in this chapter are obtained with &,,.; = 1. Numerically, when £, # 1,
the particle initially positioned at the centre of the cell moves further away from the centre
of the cell when &,,a = 1 (see fig. 5.20). This justifies the addition of the Uzawa algorithm to
the numerical scheme to manage potential contacts between the nucleus and the boundary
of the cell. Investigating the case of Zi,athrmnuct # 1 Will enable us to understand the impact
of the particle’s position on trajectories and cell motility. This will be done in a future work.
We will also study the impact of this parameter on the stability of the stationary state.

We also plan to demonstrate a bifurcation result from the stationary state to travelling
waves when x. > x; and to study the convergence in long time to a travelling wave.
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Nucleus position inside the cell Nucleus position inside the cell

0.6 1
0.06
0.4 1
0.04
> >
0.2 1
0.02
= &nua=1.75 0.0 1 = &nua =175 ),
0.00 1 Enua =1 Enua =1
T T T T T T T T T
-0.15 -0.10 —-0.05 0.00 -0.50 -0.25 0.00 0.25 0.50
X X

Figure 5.20: Representation of nucleus position in the cell frame of reference for dif-
ferent value of y. and &,..1. On the left is represented the nucleus position in the cell frame of
reference when x. = x} — 0.3 and on the right when x. = x} + 0.5. The curves in dark blue
correspond to &, = 1.75 and the one in turquoise correspond to &,,c1 = 1. We observe that in
the case where £,,c1 = 1.75, the particle moves away from the centre of the cell.

The results presented here are obtained with the parameters At = 0.005, Ry = 1, Ryya = 0.3,
. . M 2
m =00, M=ma=1c"= _—"—, f, = dlred) with ¢, = 0.5, a = 0.3, and
X (0;0) T a c N fact (€) e leteq With c. o
(=02
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6 - Rigid cell model with a rigid nucleus

In this chapter, in the first section we introduce an analogous two dimensional rigid model
to the model (1.1) in the case where we assume the substrate to be homogeneous (& is in-
dependent of the space and time) and there is no external signal. In the second section, we
design a finite element scheme to simulate our model. In the third one, we present some nu-
merical results. By comparing the results obtained with those obtained in chapters 4 and 5,
we show that taking the nucleus into account enables intermittent trajectories to be recov-
ered. We also study numerically the heuristic approach proposed in section 1.3.9 to model the
forces induced by the nucleus on the cell boundary and by the cell boundary on the nucleus.
We show that the heuristic approach yields results similar to the former.

6.1. From deformable to rigid model

In this section, we aim to derive a model of cell motility from the deformable model, taking
into account the nucleus and assuming that the cell is rigid. First, we recall the deformable
model. Then we study the dynamics of the cell's centre of mass given by the deformable
model. Finally, we derive a rigid model analogous to the deformable model.

6.1.1. Deformable model

We restrict ourselves to the case where the cell's environment presents no obstacle and
where there is no external signal. We neglect the effects of undercooling and assume that
the substrate is homogeneous, i.e. that & is independent of space and we set for all x € R?,
&u (x) = 1. Then we have &, independent of time. Under these assumptions and keeping
the notations from chapter 1, the deformable model (1.1) is written as follows:

ut+VpP=0 inQ(t)\ N (t), (6.13)
div(u) =0 inQ )\ N (t), (6.1b)
Ve,=u-n on 90 (1), (6.1¢)
P = YK+ chact (C) - fNB on of) (t) , (61d)
1

nucl (1) = ——— P ﬁ, d f (6.16)
UWnual (1) et IN] (/mv(t) (t,x)ndo + BN)
U-n=ug-n on N (t), (6.1f)
Oic = div (Vc —(1—-a)uc— onth> inQ )\ N (t), (6.1g)
(Vc + auc — onth) n=0 ond )\ N (1)), (6.1h)
c(0,x) = c0(x) inQ(0)\ N (0). (6.1)

6.1.2 . Force balance
Let x., (t) be the centre of mass of Q (¢) at time ¢ > 0. We have:

1
Xon (1) = 5 [ (@) dod.
Agq Q(t)
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We also define the velocity of the centre of mass ucn,. For all ¢ > 0, we have:

d
Ucm (t) = axcm (t) .

For all t > 0, we have:

d
— xdxdy:/ J?VndO':/ rzu-ndo
dt Jaw 20(t) a9(t)

= / div (zu) dx dy + div (zugye) dedy
Q(\N(t) N(t)
= / Vz-udzdy 4+ upye - Vzdzxdy
QH)\N(t) N(t)
= — / div (PVz) dz dy + unyel o
Q)\N(t)

= —/ PV:r~ndJ—/ PVz - -ndo+ ugelz
aQ(t) AN (t)

7/ (’Y’{ + chact (C) - fNB) ng; do — / Pnr do + Unucl,z
oQ(t) oQ(t)

= _/ (’Y"f + Xefact (C) - fNB) n, do — &uual |N‘ Unycl,z + f]3N,gc + Unucl,z
290(t)

where we used the incompresisbility constraint (6.1b), the darcy law (6.1a), the boundary con-
dition (6.1d) and the nucleus velocity expression (6.1€). Analogously, we have:

d

. ydx dy = - / (Fyn + chact (C) - fNB) ny do — gnucl ‘N| unucl,y + fBN,y + unucl,y~
dt Jaw 29(t)

Since fan(t) kndo = 0, it follows:

Ucm (t) = —ALQ /BQ(t) (XCfact (C) - fNB) ndo + ALQ (|N| (1 - fnucl) Unucl (t) + fBN) .

Recalling that / fnpndo + fpy = 0, we have:
a(t)

Ry
Aq

N
/ chact (C) ndo + u (1 - gnucl) Upucl (t) . (6.2)
290(t)

Uen () = o

6.1.3 . Rigid formulation

We want to write the rigid model associated with the deformable model egs. (6.1) and (6.2).
We assume the cell to be rigid and the cell to have a circular shape: € (¢) is a disk of radius
Ry > 0. We assume that the velocity of the centre of mass in the rigid case is the same as
in the deformable case. Thus, the external boundary of the cell moves at the velocity of the
centre of mass. As in the deformable case, the cell is filled by a Darcy fluid with velocity u and
pressure P. Thus, with the assumption that the cell boundary normal velocity is equal to the
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inside fluid normal velocity and with velocities continuity at the nucleus boundary, we have:

u+VP=0 inQ(t)\ N (),
div(u) =0 inQ(t)\ N (¢),
U -n=uUg N on 0N (t),
U -n=uy- n on dN (),

Q(t) = B(0, Ro) + / e (5) ds,

t
N (t) =B (07 Rnucl) +/ Upucl (S) ds.
0

The nucleus is modelled as in the deformable case. We assume it to have a rigid move-
ment. The force balance on the nucleus leads to the following expression for the nucleus

velocity:
i
Unyel = ————— P(t,x)ndo + fan | -
&nuel |N| ( ON(t) ( ) )

Finally, as in the deformable case, we assume that rear markers are inside the cell, that
they can diffuse inside the cell and be transported by the fluid or attached to the plate, and
that in addition they are subject to stochastic fluctuations (modelled as in the section 1.3.7),
which leads to:

Orc = div (Vc— (l—a)uc—aWth) inQ(t)\ N (¢),
(Ve+aue—aWgc) -n=0 ond(Q(t)\ N (¢)).

Thus, the rigid cell model with a rigid nucleus inside the cell that can move is given by:

u+VP =0 inQ(t)\ N (t), (6.3a)
div (u) =0 inQ )\ N (@), (6.3b)
1
Upyel (2) = P(t,x)ndo + f , (6.30)
(0= (/Wt) (t,%) BN>
Y. N
Ucm (t) = 7X / fact (C) ndo + u (]- - gnucl) Upucl (t) ) (63d)
Aq Jaat) Ag
Uu-n=1ug,- h on o0 (t), (6.3€)
U N = Upye - N on dN (t), (6.3f)
Orc = div (Vc —(1—-a)uc— aWth> inQ () \ N (¢), (6.38)
(Vc + auc — aWth) n=0 ond(Q(t)\ N (1)), (6.3h)
t
Q(t) = B(0, Ry) +/ Uen (8) ds, (6.3i)
0
t

N (t) = B(0, Ryuel) +/ el (5) ds. (6.3))

0
We recall that fzy is defined by eq. (1.22) in this case we have for all t > 0:

VBN - 11
fen (t) = 6/ ndo, (6.4)
20(t) ([ven]l = Roua)”
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with 8> 1, > 0 and vgN = Xuuel — X Where xg € 9Q ().

We also recall that fg can also be defined by eq. (1.24) and we recall that in this case, for
all ¢ > 0 we have:

fBN (t) =—k (Xnucl (t) — Xcm (t)) 5 (65)

with k& > 0 and x.,, the centre of the cell.

We can note that, in general, since ucy # upya, the fluid domain is not a rigid domain
but a deformable domain. In accordance with the modelling of noise in section 1.3.7, the
space coloured noise V'VtQ is defined on a probability space associated with the bounded open
2 (0) = B(0, Ryp).

Moreover, the total quantity of markers M inside the cell remains constant over the time
and we have:

M = c(t,x) dx. (6.6)
QM\N (1)

Remark 6.1.1. In the model (6.3), P is defined up to a constant. Indeed, if (P, u,c) is a solution
of (6.3), then for all Py € R, (P + Py, u,c) is also a solution of (6.3). Thus, in order to define a
form of uniqueness of solutions, we can define an equivalence class and state that (Py,uy,c1) and
(P2, ug, co) are equivalent solutions if and only if u; = s, ¢; = co and there exists Q € R such
that P, = P> + Q.

6.2 . Study of the model

In this section, we study the stationary state of model (6.3) in the case where we neglect
the noise and take o = 0 in eqgs. (6.3g) and (6.3h). First, we prove that the model admits
a stationary state. Secondly, we study its linear stability and give a criterion for its stability.
There exists x} such that if x. < x¥ then the stationary state is stable and unstable otherwise.

6.2.1. Stationary state

Proposition 6.2.1. The model eq. (6.3) admits unique stationary state given by:

u’ (x) =0, (6.7a)

P (x) =0, (6.7b)

w ., =0, (6.70)

w) =0, (6.7d)
M

< (x) = QN (6.7€)

Q% = B(0,Ry) and N° = B (0, Rpual) - (6.7f)

Uniqueness is defined according to the remark 6.1.1.
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Proof. The stationary problem asssociated with the model (6.3) is given as follows:

u+VP=0 inQ\ N,
div(u) =0 inQ\ N,
un=>0 on 9Q U ON,
/ Pndo + fgy =0,

ON
Ac—(1—a)u-Ve=0 inQ\ N,
(Ve+auc) n=0 on 9Q U IN,
Q= B(0,Ry) and N = B (Xpucl, Rouel) -

Thus the problem on P reads:
{ —AP=0 inQ\ N,
—VP-n=0 on 0N U ON,
which leads to the fact that P is such that VP = 0 over 2\ N and thus P is constant over
1\ N. Moreover, we deduce that u = 0 over Q \ N.
Substituting the value of u into the dynamics of concentration ¢, we obtain:
{ —Ac=0 inQ\ N,
—Ve-n=0 on 0Q U ON,
and cis constant over 2\ N. Using the constraint on the total quantity of markers, we deduce
thatforallx € Q\ N, ¢ (x) M

~Q\NT
As P is constant over Q\ N, then necessarily fgx = 0. For both possible choices for fgny = 0
given by egs. (6.4) and (6.5), it follows that x,,uc; = 0 and N = B (0, Ryu1) for. O

In the sequel we denote:
1

ac® fiei (0)
Theorem 6.2.2. Let fgn be defined either by eq. (6.4) or by eq. (6.5). In the case where &, = 1,
if xc < X%, then the stationary state (6.7) is linearly stable. On the opposite, if x. > x, then the
stationary state is linearly unstable.

*

Xe = (6.8)

6.2.2 . Proof of theorem 6.2.2

To study the linear stability of the stationary state (6.7) and proof theorem 6.2.2, we pro-
ceed in three steps. First, we linearise the problem (6.3) around this stationary state. From
the linearisation of the problem, we derive an eigenvalue problem. Secondly, we study this
eigenvalue problem. We study the sign of the real part of the eigenvalues: when there is an
eigenvalue with a positive real part, the stationary state is linearly unstable, whereas when all
the eigenvalues have a negative real part, the stationary state is linearly stable. To do this,
we use Fourier analysis to decompose the eigenvalue problem into simpler problems. Finally,
we derive an explicit condition on the eigenvalues. We exhibit an eigenvalue with a positive
real part when x. > x% and with a graphical argument, we illustrate that when x. < x} all
the eigenvalues have a negative real part. The arguments used are inspired by those of Lavi
et al. (2020); Alazard et al. (2022) and are similar to those of sections 4.2.1.2 and 5.2.2. The
proof is detailed for fzn defined by eq. (6.4). For the case where fgy is defined by eq. (6.5) see
remark 6.2.9.
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Step 1. The linearised problem associated with the model (6.3) around the stationary state
(6.7) in the following lemma. Then we deduce an eigenvalue problem associated to this lin-

earised problem.

Lemma 6.2.3. The linearised problem associated to eq. (6.3) around the stationary state (6.7) is

given by:
—AP=0 in Q0\ N°,
— VP -n=1iy, n on 99°,
—VP-n =l n on ON?,
0,6 = Aé in Q°\ N°,
(Vé+ atemc®) n=0 on 997,
(VE + aﬁnuclco) n=0 on ON°,

with

o / 0
T (1) = —elact ) o () /dQ &(t,x)ndo,

§Rom (Ro (1 — B) — Ruual)
(RO - Rnucl)B—H

1 .
Unuel () = P t, d
Unuc (%) |N|<8N0 (t,x)ndo +

and >~(cell = (jcelly ?jcell) and inucl = (-i?nuch gnucl) such thatfor all Z 0:

d d
aicell (t) == 1~1cm (t) and ainucl (t) = lP:'lnucl (t) .

(6.9a)
(6.9b)
(6.90)
(6.9d)
(6.9e)
(6.9f)

(inucl (t) - icell (t))> ’

(6.10a)

(6.10b)

Proof. We perform a formal expansion of the solutions of model (6.3) around the stationary

state (6.7). Let e > 0 small. For all ¢ > 0, we set:

Q (t) =B (Xcell (t) N Ro) and N (t) =B (Xnucl (t) s Rnucl) R

with
Xcell (t) - Eiccll (t) +0 (52)
2

Xnucl (t) = £Xnucl (t) +0 (6 ) .
Thus we can set for all ¢t > 0:

Ucm (t) = ugm + gﬁCm (t) + O (62) ?
unucl (t) = uIOIHCI + €flnucl (t) + 0 (62) °

Moreover, for all ¢t > 0 and x € Q°\ N°, we set:
P(t)=P’+eP(t)+0 (%),

and
c(t,x) =c"+eé(t,x)+ 0 (?).
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As P, satisfies eq. (6.7b) and P satisfies egs. (6.3a) and (6.3b), we have that in Q°\ N°:
—~AP =0.

In addition, since P satisfies eq. (6.3b) and u satisfies the boundary conditions egs. (6.3¢e)
and (6.3f), we deduce that P satisfies the following boundary conditions:

—VP-n=1iy n on 99°,
— VP -n=1lua-n on dN?.
Using the fact that ¥ satisfies eq. (6.7e) and ¢ satisfies (6.3g), we deduce that in Q0 \ N°:
0i¢ = Ac.
We also have on 99 that:
(Ve+ aueme) -n = (V¥ +eVe+ aud, c” + caul é + catien”) -n+ O (%)
=¢(Vé+ate,c”) n+0 (%),
which leads to the boundary condition:
(VE + aﬁcmco) n=0 on 90°.
Similarly, we obtain the boundary condition on N°:
(Ve + atpyac®) -n = 0.

Moreover, we have:

/ fact (C) IldO' = / fact (CO) + Eéfz/wt (CO) ndO’ + O (52)
oQ(t) o0(t)

= efl () / tndo + 0 ()

aQ(t)
= efl () / éndo +0 (2.
o000

Thus we deduce that

0
Uy = 7_Xc‘f;‘3t (C ) / éndo.
cm AQ (,)QO

Finally, as fgn = 6/ VBN 1 5nda and for all § € (—m, ], in polar coordi-
oQ(t) (”VBN” - Rnucl)

nates, we have:

VBN - D _ —Ry
(Ivex]l = Ruwe)®  (Ro — Rowal)”
RO - Rnucl - 5RO

(RO - Rnucl)ﬁ—i_1

+e

((jnucl - i'cell) cos + (gnucl - gcell) sin 9) + @) (52) .

Thus it follows that:
RO - Rnucl - ﬂRO

(RO - ‘Rnucl)/@Jrl
RO - Rnucl - BRO

(RO - ]%nucl)ﬁ-i_1

fBN = de / ((inucl - jcell) cos ) + (gnucl - gcell) sin 9) <(S:?I? z) do +0 (52)

= J¢e

(inucl - icell) + o (52) .
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Finally we have:

Rnucl )

N

) 1 5 SRom (Ro (1 — B) —
el (1) ( /W P(tx)ndo + — (ROO— Ruet) "

The eigenvalue problem associated with egs. (6.9) and (6.10) is given by:

—~AP=0 in Q%\ N9
— VP -n=1u, n on 90,
— VP n=1lu n on ON?,
A\ = Aé in %\ NO,
(Vé+ atienc®) n=0 on 9Q°,
(VE + aﬁnudco) -n=20 on N,
with
_ / 0
Ao = Xelaer () / &(x) ndo,
Agq 90
B 1 ~ 5R07T (RO (]. - 5) - Rnucl) ~ s
Myl = —— / P (x)ndo + Xnucl — Xce )
1 |N‘ ( ON® ( ) (RO - Rnucl)ﬂ+1 ( 1 H)
where )\ € C.

(inucl (t) - icell (t))> :

(6.11a)
(6.11b)
(6.110)
(6.11d)
(6.11€)
(6.11f)

(6.12a)

(6.12b)

Step 2. Using Fourier analysis and the radially symmetric nature of the problem (6.12), we
show the following lemma, which reduces the spectral study of eq. (6.12) to a simpler problem.

Lemma 6.2.4. The problem (6.11)-(6.12) admits an eigenvalue with a positive real part if and only

if the following problem egs. (6.13) to (6.15) admits one.

1 1
Ac = (83T + -0, — 2) c
T r
Orc(Ro) + alieymc® = 0,

arc (Rnucl) + C”:Lnuclco =0,

)\i'cell = 7:zcma

)\mnucl = Unucl,

e (Rnucla RO) )

with
~ _XCf;,c CO
Tom = 7}2; ( )C<R0)
and
~ —Xefte (° §(RE—R?,) (Ro(1—B)— Ruual) .
U/nuclzit( )C(RO)+ ( 0 l)( O( )5+1 l)
Ry QROR?,ud (Ro — Ruual)
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(xnucl - jjcell) .

(6.13a)

(6.13b)

(6.130)
(6.13d)
(6.13€)

(6.14)

(6.15)



Proof. Since problem (6.11) and (6.12) is radially symmetrical, we can use Fourier analysis to
study its spectra. Let A € C and let (]5,5, Uem, ﬁnud) be an eigenfunction associated with A.

In polar coordinates, for all r € (Ryue, Ro) and 8 € (—m, «], the Fourier decomposition of Pis
given by:

P(r,0) = Z P, (1) cos (mB) + Psy, (1) sin (m#) ,
meN

and the one of ¢ by:

E(r,0) = > com (r) cos (mB) + > com (r)sin (m).

meN meN

For all m € N with m # 1, we have:

/ " cos (mf) cos (6) = / " sin (m0) sin (6) = 0

— T — T
and

/7T cos (m#) sin (0) = /Tr sin (m#) cos (6) = 0.

—T —T

/:COSQ ) :/:sin2 0) =

/7T cos (A) sin (0) = 0.

—T

We also have:

and

Thus, in particular, we have:

Pndo = —7 Ryl (Pd (Rnud))

ONO Psl (Rnucl)

[ mae=mmo (10

By linearity of eq. (6.11) and independence of the cosine and sine modes, we deduce that
forallm # 1, (Pem, Cem) and (Psm, Csm ) Satisfy:

and

9 1 m2
— 8,M. + ;&« — 7‘72 P7n =0 re (Rnu017 RO) s (6.163)
—8,P, =0 7 € {Rouet, Ro} (6.16b)
1 2
Ay, = (afr + -0, - 7?2) em r € (Rouets Ro) (6.16¢)
S ap— r € {Ryual, Ro} - (6.16d)
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Moreover, in the case where m = 1, we have that (P,1, ¢.1) satisfies:

9 1 m?
- 8rr + ;ar - TT Pcl =0 re (Rnucla RO) ) (6173)
- a’r’-Pcl (RO) = ﬁcm7z7 (617b)
ar]Dcl (Rnucl) = l~1nucl,ac; (617C)
o 1 m?
)\Ccl = ('37,,. + ;87 — TT Cel rec (Rnucla RO) s (6.17d)
OrCe1 (RO) + CLﬁcm,gr,co =0, (6.17€)
arccl (Rnucl) + a/ﬁnucl,:cc0 =0, (617f)

and similarly, (Ps1, cs1) satisfies:

1 m?
- (a?ﬁ,. +-0, — ﬂ) Py =0 r € (Ruuets Ro) (6.18a)
- 87"1{:)31 (RO) = ﬁcm,y, (618b)
87‘P51 (Rnucl) = 1Tlnu(:17y7 (6.18¢)
1 2
Acs1 = <83T + ;&« — :Z) Cs1 re (Rnucl, Ro), (6.18d)
arcsl (RO) + aﬁcm,yCO =0, (6.18¢e)
arcsl (Rnucl) + CLﬁnucl,yCO = 0, (618f)

where Upyel,» and Gnyer 4, denotes the two coordinates of Gyyer and Gem  and Gem , the ones
of U¢m. We can note that G, and i,y depends only on the mode m = 1 which allows us to
use the independence of the cosine and sine modes.

We then have that studying the spectrum of problem (6.11) is equivalent to studying, for all
m # 1, the spectrum of problem (6.16) and those of problems (6.17) and (6.18). We note that
for all m # 1, the eigenvalues of problem (6.16), which corresponds to the heat equation, have
negative real parts. Thus, if problem (6.11) has a positive real part eigenvalue, then problem
(6.17) or problem (6.18) has a positive real part eigenvalue. By symmetry, we see that problems
(6.17) and (6.18) are analogous. We therefore restrict our spectral study of problem (6.11)-(6.12)
to the spectral study of the problem (6.17).

Finally, since P satisfies the laplacian equation (6.11a), we have that for all m € N, there
exists A,,, By, Cr, and D,,, € R such that for all 7 € (Rpuyel, Ro):

P (r) = Apr™ + Cpr™ ™,
Py, (r) = Bypr™ + Dppr™ ™.

In particular, we have P.; (Ruue1) = A1 Ryl + C1 R

5R0 (RO (1 - 6) - Rnucl)
R2 (RO - Rnucl)ﬂ+1

nucl
From the boundary conditions egs. (6.17b) and (6.17¢), it follows that:

_ / 0
) (Al - Cl) = e () (my),

C1 \ Ch dRo (Ro (1 — ) — Rpuel) - _
- (Al TR ) T (Al TR > TR (o — Runa) ! (et = ).

nucl nucl nucl

, and thus:

1wlnucl,ac = - (Al + ClR_2 ) +

nucl

(i’nllcl - icell) .
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We thus have:

_ cha/‘ct (CO) d (RO (1 - ﬁ) - Rnucl)
RO 2—RO (RO - —Rnucl)5+1

RO (R() (]- - B) - Rnucl) ~ ~
Cl = (xnucl - mcell) .
2 (RO - j‘znucl)ﬂ-"_1

Ay Cel (Ro) +

(i'nucl - jcell) )

We can conclude that:

S 0 § (R2 — R? Ry (1—p)— Rug
ﬁnucl,m _ 7X fzgo(c )Cc1 (RO) + ( 0 nucl) ( 0( ﬁ) Cl) ~

Tnucl — jcell .
2R0 R,y (Ro — Rowe)™ ( )

nucl

O

Step 3. We study the spectral problem (6.13) and show with a graphical argument that when
Xe < X5 then all the eigenvalues of eq. (6.13) are of negative real part and that if x. > x} then
there exists an eigenvalue of eq. (6.13) of positive real part.

Lemma 6.2.5. Let A € C. The eigenfunctions of egs. (6.13) to (6.15) associated with the eigenvalue

A € C are given by:

c(r) By (—iA%r) Y (—iA%r)

Teell = icell,)\ ; (6.19)
Tnucl ‘%nucl,)\

where r € (Ryuc1, Ro), J1 and Y7 denote respectively the Bessel function of the first kind of order 1
and that of the second kind of order 1 and (Bx, Y, Zcell s Znuc,x) € C* solution of:

ik (ﬁAJ{ (—i)\%Ro) RN (—i)\%Ro))
ax.c’ f!

_ ];;t(co) (5,\J1 (—i)\%Ro) +nN (—i)\%RO)) , (6.20)

Y (m.f{ (—iA%Rnucl) + Y, (—iA%Rnucl))

0 £/ 0
= W (BAjl (—iA%Ro) + (—iA%RO))
0 (R(2) B R?lucl) (RO (1 - 6) - Rnucl)

2R0R2 (RO - ‘Rnucl)ﬁJrl

nucl

0 N N
—ac (xnucl,/\ - xcell,)\) (6.21)

and

g (R% - R2 ) (RO (]- - B) - Rnucl)

nucl
2RyR2 (R — Ruua)” ™

nucl

A (-’fcnucl,)\ - -'icell’/\) = (i'nucl,)\ - jcell,A) . (6-22)

Proof. From egs. (6.13d) and (6.13e), we deduce that:

Lcell = jcell,)\ eC and Tnucl = ‘%nucl,)\ eC

satisfy

A (-rnucl - xce]l) = anucl - ﬂ/cm-
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Combining it with egs. (6.14) and (6.15), the expressions of yyc and .y, we deduce that:

o (R% B ermcl) (RO (1 - 6) - Rnucl)
2R0R2 (RO - Rnucl)6+1

nucl

A (i'nucl)\ - i‘cell)\) = (inucl,)\ - fcell,/\) .

From the definition of the Bessel functions, there exists 8y and v, € C such that the
solutions c of eq. (6.13a) are given, for all r € (Ryuc1, Ro), by:

c(r) = BrJy (—i)\%r) + 7Y (—i/\%r) .

Then the boundary condition eq. (6.13b) reads eq. (6.20) and the boundary condition eq. (6.13¢)
reads eq. (6.21). O

Lemma 6.2.6. Let ) € C be an eigenvalue of egs. (6.13) to (6.15). Then either

Y (R% - R2 ) (RO (1 - 6) - Rnucl)

nucl

2RoR2 (R — Ryua)” ™

nucl

A=

or X\ is such that Gy (\) = 0 with G, defined for all z € C by:

Gi(2) =2 (J{ (—iz%Ro) Y/ (—iz%Rnud) —J (—1Z%Rm) Y/ (—u%RO))
+ iZéaXCC; hct (CO) {Jl (—iz%Ro) Y/ (—iz%Ro) —Ji (—iz%Ro> Y1 (—iZ%RO)

+J! (_iZ%Rnucl) Y, (—iz%Ro) —J1 (—iz%Ro) Y/ (_iz%Rnucl)} .

Proof. Let A € C be an eigenvalue of egs. (6.13) to (6.15). Then by lemma 6.2.5, \ is associate
with an eigenfunction (¢, cen, Tnuci) Of the form (6.19). In particular it satisfies eq. (6.22). Then
either we have
0 (R2 B R?lucl) (R (1 - B) - Rnucl)
2RoR%,; (R — Rywet)*

nucl

and Tnucl — Leell # Or or

Tnucl — Teell = 0

and XA # 0 such that

—iA? (ﬂAJ{ (*M%RO) Y] (*M%RO))
_ M (@’)\Jl (—i/\%Ro) + Y1 (—D\%RO)) ;
_iAD (ﬁ,\,]{ (-i/\%Rnucl> + 1Y, (_i/\%Rn“d»
GJX(:CO /

_ Tﬁ“(co) (b’,\Jl (—iA%RO) F Y (—iA%RO)) .

Combining these two conditions leads to the condition G (\) = 0. O

6 (R2 B R121ucl) (R (1 - ﬂ) - Rnucl)
2RoR2. (R — Roua)’ ™!

nucl

Remark 6.2.7. Since > 1, we can note that < 0.

Lemma 6.2.8. If x. > xi, then the eigenvalue problem defined by eqs. (6.13) to (6.15) admits an
eigenvalue with a positive real part.
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4 (R Rnucl) (R (1 - ﬂ) - Rnucl)
2R0Rnuc1 (R - I%nucl)ﬁ—i_1
eqs. (6.13) to (6.15) From lemma 6.2.6, we have that X is such that G; (A) = 0. We perform the
expansion of Gy around 0. Using the properties of the Bessel functions, for A close to zero,

we have:

Proof. Let \ #

be an eigenvalue of the problem defined by

—1)\ RO

+o(N),

( 1)\2R0)
(lAz 0) L 3RO +o(N),
)

—2i (1—27))\%]%0 2 1 —iAZ R,
= 2 (- 1
( iA? Ry 7T)\2R0 5 + 7TJ1( 1/\2R0) og 5 +o(N),
bl ip ) —2 142y RAA(11-12y) 2,/ s —iAZR
Y ( WRO) “R2n T om 321 A ( WR) log | —5— |+,

where v denotes the Euler's constant. Thus for A close to zero, we have:

1 1
C“'vl (>\) (1 - a’XC act (CO)) <R% R2 7T>
nucl

(Rnucl Ré) 0 (R(z) Rnucl)
STRIRE N Xee i () SRz
axcC fact ( ) -1 RO
+ o In (RMCI)/\Jro()\),

=g(A)+o(N).
The function g admits A\; € R as root with \; defined by:

(1 - axe o () (s~ )

)\1 _ nucl ™
R* R4 R§—R axccOf! —
WP 0 (¢0) ) | e f ey ()
We have:
1 1
1—axec® & ( >>0<:>xc>x’f.
( aCt ( )) R% R?lucl ¢
We also have:
RY Rt 3(R2 - R2 c ) -1 R
3P~ B5) R ) _ vttt (") 5 2““1) p XCha (@) 21, (Fo )
8TR{R .1 ‘ 8TR; 2 Roua
0 (R4 Rﬁucl) + 4R()Rr21ucl In (R}j‘(jcl)
< axcC fact (C ) 2 2 2
Rnucl ( (Rnucl R ) + 4R0 In ( nucl ))

R
and 3 (R%,; — R3) +4R21n (0

nucl

) }orS(Rnud R3)+4Rgln(RRo ><0.

nucl
3 (RO Rﬁucl) + 4R0R121ucl In (R}f‘?cl)

R121ucl ( (Rrglucl - R%) + 4R% In (lel?c] ))
1. Thus A\; changes sign from negative to positive as x. exceeds x. We can note that \; ap-
proximates well a root of G; and that we have:

8 (R Rnuc )
- 1) 3aXcCOf;Ct (CO) (1’24 R2];L2 2R4 (‘CLXC act ( 0) - 1‘) .

nucl nucl)

Moreover, if 3 (R2

24— R3)+4R21In (ngd) > Othen

/\1 (aXc fd,Ct (CO)
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This eigenvalue is associated with the non-trivial eigenfunction:

c(r) B, J1 (—i)\%r) + v Y (—i)ér)
p | = 0 ;
Tnucl 0
with
0 ¢/ 0
By, = (iA% v (—irf Ro) + C”‘“C;O“(C)Yl (-ixi Ro)> ,
1 1 0 ¢/ 0 1

Yoy = — <i>\fJ{ (—irf Ro) + %Cgt(c)h (-int Ro)> :

O

From the lemma 6.2.8, we deduce that when x. > x}, the eigenvalue problem defined
by equations egs. (6.11) and (6.12) admits an eigenvalue with a positive real part and thus the
stationary state is linearly unstable.

To conclude the proof of the theorem, we need to show that when x. < x} all the eigen-
values associated to (5.11) have negative real part. We give only a graphical illustration here.
For several values of Ry, Ruuc and —i we represent the function G, by representing its real

part, its imaginary part and its modulus (see fig. 6.1 for an example). We then observe that
the root of G; with the largest real part seems to be a real root of G, which is confirmed by
studying the imaginary part of G;. Indeed, we notice thatif A € Rthen G; (\) € R.

Representation of G; when Rg =1, Ry = 0.3 and X —-08

c

Real part Imaginary part Modulus
40 50
20
> 0 0
-20
-40 -50

Figure 6.1: Representation of GG, in the complex framework for Ry = 1, Ryua = 0.3 and
X—i = 0.8. Plots of the real part (left), the imaginary part (middle) and the modulus (right) of the
X

fuchction Gy for \ = z + iy € Cwith z,y € [—40,40]. We observe that the root of G, with the
greatest real part is a real root.

We can therefore restrict the graphical study of G; to the graphical study of G; when
X € R. For Ry and R, fixed and for different values of —i we plot G; as afunctionof A € R

(see fig. 6.2). This allows us to observe the largest real r(;ot of G; and we notice that when
X < Xi then this one is negative.

Moreover, we observe numerically that as soon as x. < x; then the stationary state is
stable, this will be illustrated in section 6.4.2.

174



Representation of G; when Rg =1 and Ry =0.3

4 - = ".'i-:s‘\tt\
/)’/"‘, '\\\\:i\
27 ‘//‘;;’ ‘\\ :\\\ aXCCOf,act(Co) =0.2
///;/ N \\ \\\ o .
237 NIV axcC flact(c®) = 0.4
0 %N _\;‘\ \\\\ ............. AP as(C0) = 0.6
AL S axeCOFat(c®) = 0.8
-2 \ \ VAN Xc . /act .
‘\\ N = aXcC fact(c”) =1.0
7 X \\ \\\\ aXcCOf/act(Co) =12
6 : \‘ \\ \\\\ == axcfaq(c®) =14
\ ARANY axcCOf act(c®) =1.6
B * \ \
—87 \ \ \\ \ - aXCCOf,act(CO) =1.8
H o\ \ \ —— aXCCOf,act(CO) =2.0
-10 T T T T ; \ 111y
-20 -15 -10 -5 0 5 10
A

Figure 6.2: Graphs of A\ — G ()\) for A € R when Ry = 1 and R,,,q = 0.3 for different
values of ig— = ax.cf’ (co). Each curve corresponds to a different value of x.. The solid yellow-

orange curves correspond to the case where x. < x*, the dashed blue curves correspond to the
case where x. > x and the dark dashdotted curve corresponds to the case where x. = 1x5. The
grey dotted lines are the lines of equation A\ = 0 and y = 0. In the case where x. < x} we notice
that G1 seems to admit no positive root.

Remark 6.2.9. If for the force fzNn we choose the expression eq. (6.5) given by the heuristic ap-
proach, we then have for all t > 0:

fon (1) = —k (Xnuet () — Xem (1)) -

To proof the result on the stability of the stationary state of theorem 7.2.4, we can use the same the

proof as the one in the case where fgn defined by eq. (6.4). It suffices to follow the same procedure
57TR0 (RO (1 - ﬂ) - Rnucl)

(RO - ‘Rnucl)/@Jrl

as that detailed in this section with —k =

6.3 . Finite element scheme of the rigid model

In this section, we write a numerical scheme to simulate model (6.3). The procedure for
obtaining this is very similar to that developed in section 5.3 for the model with a rigid particle.
The proposed scheme is based on a semi-implicit discretization in time and a discretization in
space using a finite element method.

6.3.1. Time discretization

We discretize in time our model eq. (6.3). Let At be the time step. Fori € {0, ..., N} with
Ny € N, we denote t' = iAt, u’ = u(t’,), P' = P(t',") and ¢’ = ¢ (t*,-). We also denote
Q' = Q(t) and N = N (¢'). In addition, we denote ff the force induced by the boundary
onto the nucleus associated with the cell geometry at time ¢* and anagously we denote fip
the force induced by the nucleus on a point of Q' at time ¢*. Moreover, we denote by W@
an approximation of the coloured noise at time #*.
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The implicit discretization of the problem about velocities is given by:

. 1 / ) L
+1 i+1 1| p1
u = o P ndo + |N*|f ),
! fnucl |N1| ( ON‘ ‘ ’ BN

, -1 , | VY| ,
i+1 i i+1
cm i chact c¢')ndo + A (1 - gnucl) Ul
1] Joqi (“) |€2°| :
and
Ci+1 — ci . . . . . . .
A = div (VCZ'H —(1—a)u"Tt — aWQ”cl'H) inQ"\ N,
(Vc“'1 + qutttet! — aWQ’iciH) n=0 on 9N U (“)Ni,
with

cm

N = (Id+Atulth) (NY).

nucl

{QH1::Ud+Atw+ﬂ(Qﬂ,

6.3.2 . Decomposition of the fluid problem

utt L vpitl =0 in Q' \ N?,
div (u'*) =0 in QF\ N7,
ut n=uln on 99,
utl.n= ufltél ‘n on dN*,

(6.23a)
(6.23b)
(6.230)
(6.23d)

(6.23€)

(6.23f)

(6.24a)

(6.24b)

(6.25a)
(6.25b)

We focus on the fluid velocity and pressure eq. (6.23). Instead to solve numerically this

problem (6.23), we solve the following:

—APT =0 in Q' \ N, (6.26a)
—VP*l.n=ulll-n on a9, (6.26b)
—VPH . n=ul!'n on N, (6.26¢)
with .
RIS S S
nucl fnucl |N1‘ oNi | | BN
and ‘ |
. —1 , i .
UZ}E = i chac c¢)ndo + - (1 — fnucl) u”l .
|QZ‘ o0 b ( ) |Qz| nucl
We then set u*t! = —V Pl We decompose eq. (6.26) in four independent problems to

separate the boundary conditions on 9Q and ON*. We define as follows the four problems:

— AP =0 in Q' \ N,
VP -n=n, on 99,
VP -n=0 on ON?,
—~ AP, =0 in Q\ NY,
VP -n=n, on 9,
VP, -n=0 on dN?,
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(6.27b)
(6.270)

(6.28a)
(6.28b)
(6.28¢)



—AP; =0 in Q' \ N, (6.29a)
VP;-n=0 on 9%, (6.29b)
VP -n=n, on ON?, (6.29¢)
—AP; =0 in Q" \ N’ (6.30a)
VP-n=0 on 99, (6.30b)
VPi-n=n, on ON?, (6.300)

where n, and n, are the coordinates of the normal outward vector of O\ N

We want to find uq, pe,

3 and e € R such that Pit!l = /,Llpl + ILL2P2 + /,L3P3 + /.L4P4

with Py, P», P; and P, respectively solutions to egs. (6.27) to (6.30). This is equivalent to find
p = (p1, o, pis, )’ such that A,p = B, where A, is the following matrix

1—€nucl px 1—&nucl px 1—&nucl px 1—&nuel px
H gl H em,insgﬂp s mdmp 3 sm,%nmp 1
nucl nucl nucl nucl
AN = gnu(‘l‘Ql‘P 1 + fnucl‘Ql P gnucl‘ﬂllp - EnucllQ |P = (6'3’])
a7 Pr 7Py 1+ 7Py 7 Py
fnuc1|N\ fnuc1|N\ Y §n1uc1|N ‘y §nuc1|N| Y
et e G ls It gl
and B the following vector
. . Nt .
2 (3 | 1
; (chact (C ) - fNB) ngdo — 7£nucl‘.ﬂi|fBN7x
. . N? )
1 f i 7 7
7 i chact c)— fNB Ty do — 7 fBN
BH — |Q | oN ( ( ) o ) gnucl‘Q | Y (6.32)
_ Iene
ginucl
_ BN,y
Enucl

with P} = faN'i Pjn,do and Pjy = faN’i Pjn,do forj e {1,

dinates of fiy.

6.3.3 . Spatial discretization

2,3,4} and fgy ,, fiy , the coor-

We discretize in space our time-discrete model egs. (6.23) to (6.25). We use a finite element

discretization. Let 7 be a triangulation of Q¢ \ N (see fig. 6.3). For all triangle K € T we note
(M, A5, ML) the barycentric coordinate functions of K. First we define the functional spaces
needed. Let P, be the set of polynomials of R? of degrees less or equal k. Let Hp be the
functional space define by:

Hp={Q e H' (A'\N)|VK € T,Q|x € P1}.
Let H. be the functional space define by:

He = {¢€H1 (Qi\NiHVKGTﬂMK GIPHEBSpan{)\{(

MO
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Figure 6.3: lllustration of the initial mesh of the fluid domain when the nucleus is at the
cell centre.
6.3.4 . Variational formulation of the fluid problem

Instead of writing the variational formulation of eq. (6.23), we use the decomposition result
and write the variational formulation of the four independent problems egs. (6.27) to (6.30).

The variational formulation of the problem eq. (6.27) is given by:

Find P; € Hp such that for all Q € Hp, we have:

/ VP -VQdx — Qngydo = 0. (6.33)
Qi\Ni

Qi
The variational formulation of the problem eq. (6.28) is given by:

Find P, € Hp such that for all Q € Hp, we have:

/ VP, -VQdx — Qnydo = 0. (6.34)
Qi\Ni

Qi
The variational formulation of the problem eq. (6.29) is given by:

Find P; € Hp such that for all Q € Hp, we have:

/ VP -VQdx — / Qngzdo = 0. (6.35)
Qi\Ni ONi

The variational formulation of the problem eq. (6.30) is given by:

Find P; € Hp such that for all Q € Hp, we have:

/ VP VQdx— [ Qnydo=o. (6.36)
Qi\N

ON*
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6.3.5 . Discretization of the noise

The discretization of the noise is based on the method developed in Boulakia et al. (2015).
Instead of simulating WtQ over its entire domain of definition, we want to restrict its simulation
to the current fluid domain. We recall that W< denotes an approximation of the coloured
noise at time ¢!, i € {1,..., Ny}. We set:

Q Q
WQ@‘ _ Wti — Wti—l
At '
. 1
From the definition of W2, we know that W®- is equal in law to EWlQ and that the

{WW} are independent. Therefore, to simulate W%, we simulate WIQ’i. For all 4,
1<i<Ny

W2 is a realisation of the Q-Wiener process at time 1 restricted to the discrete current fluid
domain Q¢\ Nt

A way to compute WlQ’i = (w},w}), the discrete noise, relies on the computation of a
covariance matrix (Boulakia et al., 2015). The computation of the covariance matrix is restricted
to the computation of the covariance matrix restricted to the current domain. At time ¢¢, let
{P},1 <j < Nj} bethe set of all the nodes of the triangulation 7,/ of 2’ \ N’, where N is the
number of nodes of the triangulation, and {wj-, 1 < j < Nj} be a basis of the Lagrangian P1
finite element. +} is a continuous affine function on Q*\ N* such thatforall 1 < j,k < N;, we
have ¢i (P}) = d;x. For m € {1, 2}, the P1 discretization of w}, is given by

i
Nh

i i
Wy, = ijwj.
j=1

with {:z:;, 1 < j < Nj} arealisation of a centred Gaussian vector of covariance matrix £¢. We
have X' = (q (Pj?, Plz))gj,kgjv;' Let X be a centred Gaussian vector of covariance matrix 3°.
We have

X = S,

with Y a Gaussian vector such that forall 1 < j < N}, Y; ~ N (0,1) and S° such that ' =
St (Si)T. Thus to compute W; i we just have to simulate a realization of a standard Gaussian
vector and to compute the Cholesky decomposition S* of the covariance matrix X*. Note that
since the domain is deformable, the space-dependent X! matrix is time-dependent and must
be computed along with its Cholesky decomposition S* at each time step.

6.3.6 . Discretization of the concentration problem

At each step of the numerical simulations, the mesh is propagating with the velocity uyesh
which satisfies:

AUpesy = 0 in Q°\ N,
Umesh = ui;;l on 8927
Umesh = u;til on ON".

Thus the mesh propagation induces advection at velocity umesn Of the markers concentra-
tion. Taking it into account leads to modify the discrete concentration problem eq. (6.24) as
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follows:

c —C . . I} .
11— i+1 i+l WQ,Z i+1
ot (1—a)u Ve T c
— Upesh - VT — At =0 in Q\ N, (6.37a)
(Vc”l + ac”lui“) ‘n=20 on N UON". (6.37b)

The variational formulation of eq. (6.37) is given by:

Find ¢! € . such that for all ¢ € H., we have:

. At _ g ,
/ () Pdx + / div (Wmesh) Ay dx (6.38)
Qi\Ni At Qi\Ni

- / ((1 - CL) ui+1ci+l - urneshciJrl - VCiJrl) . V¢ dX
QI\N?

6% ) .
+ / ——MWE vy dx = 0.
i\Ni VAL !

6.3.7 . Avoid contact between cell boundary and nucleus

The discretization steps described above can be used to simulate eq. (5.3). However, these
steps do not ensure that the particle remains inside the cell. To ensure this, we add a step to
the computation of the cell and nucleus velocities. Using a Uzawa algorithm, we project the
velocities of the cell and the nucleus onto a space of so-called admissible velocities, chosen to
ensure that the nucleus and the boundary of the cell are not in contact. The numerical scheme
used to simulate eq. (5.3) is given by the following algorithm.
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Algorithm 6.1: Numerical scheme to simulate eq. (6.3) obtained after time discretization
and space discretization with a finite element method.

1. Initialisation: ¢V = ¢ the given initial condition and definition of the mesh with Q° and
NO given.

2. Time iteration:

(@) Compute u‘tt and P! using ¢ and the decomposition method:
i. Solve the variational formulation eq. (6.33) to compute P;.

ii. Solve the variational formulation eq. (6.34) to compute P5.

iii. Solve the variational formulation eq. (6.35) to compute Ps.

iv. Solve the variational formulation eq. (6.36) to compute Py.

v. Compute p = (u1, 2, U3, u4)T by solving A,u = B,, with A, given by

eq. (6.31) and B,, given by eq. (6.32).

vi. Deduce Pt = iy Py + po Py + p3Ps + pg Py and compute u't! = —vpitl,

(b) Computation of the a priori nucleus velocity:

ity _ 1 i+1 i
unu021 = [ |N’L‘ <AN1 P 'ndo + ’N |fBN>-

(c) Computation of the a priori cell velocity:

i+ 1 i V| i+3
Uecm™ = |Q'L‘ 5 chact (C ) ndo + ‘Ql| (1 - Sl’lucl) unucl‘
(d) Using a Uzawa algorithm, computation of u‘*! and u’t! which are the projection
g g p nucl cm p .J

i1 i+ 1

of the a priori velocities uf]tjl and uih? on an admissible velocities space (see
algorithm 6.2 for more details).

(e) Computation of the mesh velocity u,esh.

(f) Computation of the covariance matrix X* and S* its Cholesky decomposition and
deduction of the discrete noise W*"* = 5y where Y a realisation of a standard
normal Gaussian vector.

(g) Computation of the markers concentration ¢i*+1 using w2, W2 and umesn by
solving the variational formulation eq. (5.34).

(h) Update of the domain:

Q’i+1 = (Id +At umeSh) (Q’L) ’
N = (Id +At Upesn) (NZ)

Next, we give details concerning Uzawa's algorithm for handling the potential contact be-
tween the cell boundary and the nucleus. Leti € {0,..., Ns}. We denote by X = (x ., x{.)))
the vector with the coordinate of the particle and cell centres at time ¢*. The distance D (X)
between the nucleus and the cell boundary is given by:

D (X) = RO — Ryua — |X:‘1ucl - Xécll| .
The gradient G of the distance D is given by:
G(X) = (-e(X),e(X)),

i+t i
X - X i+1 i+ 5 e it
where e (X) = —2ud el et V = (uiltgl : ué}‘) be the vector containing the velocities
|Xnuc1 - Xcell|
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of the nucleus and the cell. The vector V is said to be admissible if the velocities u_. 2 > and

nuc
it 1
uLh? ensure that, at the next time step, the nucleus and the boundary of the cell are not in
contact. This condition is expressed as:

D(X+AtV)>¢
with € > 0 small. By linearising this condition, it can be approximated by:
D(X)+ AtG(X)-V > e.

From this linearized condition and the expression of the gradient G, we derive a space of
admissible velocities defined by:

K(X) = {(vn,ve) ER?xR*s.t. At (e(X) v, —e(X) v.) <D (X)—e¢}.

Let (u’t}, uifl) be the projection of V onto K (X). Then (u’7}, uifl) satifies the following

nucl ’ nucl » Yem

minimisation problem:
|(uitL i+1)‘2 — o (uit], uith) ity ity
Wuel » Yem (unucl » Uem )5 | Upyel » Uem

2 i+ L i+
_ min Vi, V)" = 2( (Vn, Ve), (u 2 ucmz)
(Vn , Ve) EK(X) <|( )| <( ) nucl >>

It follows that there exists A > 0 such that (u’f}, uifl) satisfies (Lefebvre, 2007):

ucl ’

2 (il wil) + A (Ate (X) , ~Ate (X)) =2 (uh, ui?),

nucl ’
At (e(X) - uig —e(X) -ugl!) < D(X) — ¢,
AAt(e(X)-uith —e(X)-ull') —D(X)+¢) =0.
To solve this dual problem, we use a Uzawa algorithm, which is a projected fixed-step gradient
descent algorithm. The algorithm used is described in algorithm 6.2.

nucl

Algorithm 6.2 : Uzawa algorithm for projecting nucleus and cell velocities to ensure
no contact between the cell boundary and the nucleus.

Assume u' 2 2 and uCm given.

nuc

1. Letv? € R? and v? € R2. Let \° > 0. Let » > 0 small and p > 0 a projection step.
2. While [(vEH1 vEFD) — (vE vE)| > por A — AF| > p do:

() Vi = u't2 — 1akAte (X).

nucl
(b) Vi1 = ulh? + LAFAte (X).
(@ ML =TIg, [M+p (At (e(X) - v —e(X)-vET) — D(X) +¢)].
3. Update of the nucleus and the cell velocities:

i+1 k+1
l‘lnucl =V,
and
z+1 k+1
Cl'l’l c '
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6.4 . Numerical results

Using FreeFEM++ (Hecht, 2012), the algorithm 6.1is implemented in order to run numerical
simulations of the model (6.3). Firstly, considering fgx defined by eq. (6.4), we check that the
proposed algorithm is in agreement with the results obtained during the analysis of the model.
We therefore check that the scheme enables to recover the model's stationary state (6.7) and
its stability according to the criterion given in the theorem 6.2.2 (see section 6.4.2). We also
show that the modelling of the force between the boundary of the cell and the nucleus is in
good agreement with the fact that the nucleus returns towards the centre of the cell (see sec-
tion 6.4.1). We then investigate the role of the nucleus in cell motility (see section 6.4.3). Finally,
we illustrate that if fgy is defined by eq. (6.5) then we obtain similar results (see section 6.4.4).
This allows us to justify numerically the heuristic we have developed concerning the forces
between the cell boundary and the nucleus, and to say that it is a good approximation to the
case where fgy is defined by eq. (6.4).

6.4.1. lllustration of the action of the restoring force on the nucleus

In this subsection, we illustrate, numerically, the effect of the restoring force on the nu-
cleus. This force is supposed to return the nucleus to the centre of the cell. We also aim to
verify that the nucleus represents a system isolated from the cell. This means checking that
the action of the nucleus alone does not modify the cell centre of mass's velocity. To verify
these two points, we remove the coupling between marker concentration and fluid dynamics
by assuming that x. = 0 and study the evolution of the nucleus position in the cell reference
frame as well as the evolution of the cell velocity.

To ensure this, for different values of Ry and Ry, § and ¢, we initially place the nucleus
outside its equilibrium position and plot the evolution over time of the position of the nucleus
in the cell reference frame. Whatever the initial position of the nucleus xI% ,, whatever Ry

nucl’

and Ryyq such that B (x|, Ruua) C B (0, Ry), we observe that as long as 8 > 1 and § > 0,

the nucleus returns to its equilibrium position and the cell's centre of mass velocity is equal to
zero (see fig. 6.4). This confirms the modelling assumptions.
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Time evolution of the nucleus position Time evolution of the cell's

in the frame of reference of the cell centre of mass velocity norm
041 x coordinate 0.04
] = = y coordinate
03 0.02 -
0.2 17 S 0.00 A
|
01 - || —0.02
‘ —004 =
00 === —————
T T T T T T T T T T T T
0 20 40 60 80 100 0 20 40 60 80 100
time time

Figure 6.4: lllustration of the nucleus dynamic without coupling with the markers con-
centration. On the left is the time evolution of the nucleus position in the cell frame of reference.
We can observe that the nucleus quickly returns to the centre of the cell, as desired. On the right is
the time evolution of the norm of the velocity of the centre of mass of the cell. We can note that this
is constant and equal to zero, which means that the cell is not moving.

The results presented here are obtained with the parameters At = 0.005, Ry = 1, Ryuel = 0.3,
x = (0.4;0.2), xo =0, = 1.5, 6 = 0.141372 and &ye1 = 1.

nucl —

6.4.2 . lllustration of the theorem 6.2.2

In this section, we check that the numerical scheme proposed in algorithm 6.1 is consis-
tent with the mathematical study of the model. We therefore check that if « = 0 then we
recover the stationary state (6.7) as well as the result on the stability of the latter stated in
theorem 6.2.2.

First, we check that the model captures the stationary state. We then set a time step At,
then Ry and Ryuq in order to define the geometry of the cell, and we choose as the initial

condition for the markers concentration ¢ (x)

Q\ N|’

In this case, we observe that whatever the valu|es E)f bl“{o, Ryue and x., we find a stationary
state (see fig. 6.5 for an example). Indeed, the velocity of the cell remains zero over time
and the position of the nucleus at the centre of the cell is maintained. We also observe that
the distribution of markers is weel conserved over time. Moreover, we can observe that the
quantity of markers is well conserved over time, which is in agreement with eq. (6.6) (see
fig. 6.6).

Secondly, we check that the numerical scheme gives results in accordance with theo-
rem 6.2.2. We therefore study the linear stability of the stationary state numerically. To do
this, we choose a perturbation of the stationary state as the initial condition and observe,
depending on the value of x., whether the system returns to the stationary state.

The chosen stationary state perturbation is given by:

A" (x) = K (14 X (%)) L1y x(x)>0 (6.39)

where for all x € Q \ N we have X (x) ~ N (0,1) and K such that fQ\N " (x) dx = M. The
nucleus position is perturbed by choosing:
xn (0.1;0).

nucl —
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Time evolution of the cell's

centre of mass velocity norm Time evolution of the nucleus position
0.04 0.04 x coordinate
= = y coordinate
0.02 1 0.02 1
E i 44
K 0.00 0.00
-0.02 1 -0.02 1
-0.04 1 -0.04 1
T T T T T T T T T T T T
0 20 40 60 80 100 0 20 40 60 80 100
time time

Figure 6.5: Example of capturing the stationary state using the numerical scheme. The
curve on the left represents the evolution of the velocity norm over time. We can observe that this
remains zero throughout the study interval [0, 100]. The curves on the right represent the evolution
over time of the coordinates of the nucleus position. We can see that the position of the nucleus is
preserved over the study interval.

The results presented here are obtained with the parameters At = 0.005, Ry = 1, Ryuel = 0.3,

xt = (0;0), ¢" (x) = W M =7 a =1, = 0.733956, fact (c) = ‘;“(j jgj with

cs = 0.5, 8 =1.50=0.5 and &1

As illustrated in fig. 6.7 for the case where Ry = 1 and Ry, = 0.3, we correctly find the
criterion on the linear stablity of the stationary state. Indeed, when x. < xZ, we have that
the norm of the velocity decreases very quickly towards 0 then is constant equal to 0. This
illustrates that when x. < x} the stationary state is stable. Also, when x. > x, we observe
that the norm increases rapidly towards a strictly positive value and then becomes constant.
This suggests that when x. > x7 there are stable travelling waves.

The trajectory study confirms that we are indeed capturing travelling waves (see fig. 6.8).
Each cell maintains its orientation over time, which, coupled with the fact that the norm of
the velocity is constant, leads to a progressive wave. The result is not surprising and is in
agreement with Lavi et al. (2020) results in the case of a rigid cell.

185



Time evolution of the total quantity of markers

3.3

3.2 1

3.1 A

3.0

0 20 40 60 80 100
time

Figure 6.6: lllustration of the conservation of the total quantity of markers. The curve rep-
resents the evolution of the total quantity of markers over time. We note that this remains constant

throughout the study interval [0, 100].

The results presented here are obtained with the parameters At = 0.005, Ry = 1, Ryue = 0.3,
. . y 2
xn = (0;0), ¢ (x) = W M=ma=1xe =05 fa(c) = L{E5 with ¢y = 0.5,

nucl

B =1.56 =0.141372 and &pue = 1.

Time evolution of the cell's centre of mass velocity norm

I
3 : R N R ) B Xc=x. =05
h Xe=x: —0.3
Xe=xS —0.1

1

|

|

t *
1 —_— Xc=Xc
|

1

lucmll

Xe=xl +0.1
—-— Xc=x.+0.3
I - Xc=x.+0.5

T
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Figure 6.7: Numerical illustration of theorem 6.2.2. Each curve represents the evolution of the
cell's centre of mass velocity norm of a cell for different values of x. (see legend on the right). When
Xe < X&the norm of the velocity decreases very rapidly towards 0 (dashdotted curves in overlapping
shades of orange), whereas when x. > X} it increases rapidly towards a non-zero value (dashed
curves in shades of blue) . The critical case x. = x7 is also represented (dark curve), here the norm

of the velocity is close to zero and decreases.

The results presented here are obtained with the parameters At = 0.005, Ry = 1, Ry = 0.3,
. . 2
x™ 1 =(0.1,0), M ==, a =1, ™ given by eq. (6.39) and x given by (6.8), fact (c) = ‘é(l(jfc))

with c; = 0.5, 8 = 1.5, § = 0.141372 and &pper = L.
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Trajectories

50 Xe=x +0.1
— Xc=X. +0.3
—_— Xc=X. +05
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—200

—250 A
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Figure 6.8: Trajectories associated with the cells in fig. 6.7 in the case where x. > x}. Each
curve represents the trajectory of one of the cells studied in figure 3. Only those where x. > x are
represented, keeping the same colour coding (see legend on the right). We can therefore see that
here the cells do not change orientation over time.

The results presented here are obtained with the parameters At = 0.005, Ry = 1, Rpua = 0.3,

xin (0.1;0), M = m, a = 1, ¢™ given by eq. (6.39), X given by (6.8), fact (c) = clltea)® iy

nucl = Cs (c+c3)

cs = 0.5, 8= 1.5 = 0.141372 and &uuer = 1.
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6.4.3 . Role of the nucleus

In this section we numerically study the impact of the nucleus on cell motility. To do this,
we highlight the properties of the nucleus and show that our model gives results in line with
biological observations. First, we verify that the trajectories simulated via algorithm 6.1 satisfy
the UCSP law. By comparing the results obtained with the crown model (see section 4.4.2)
and the model with a rigid particle (see section 5.4.2), we highlight the effect of the nucleus on
the trajectories. Finally, we highlight the link between cell polarisation and the dynamic of the
nucleus

6.4.3.1. Impact of the nucleus on the trajectories

In this section, we want to illustrate the impact of the nucleus on trajectories. In order to
be able to compare with the results of sections 4.4.2 and 5.4.2 obtained respectively in the
case of the crown model and the model with a rigid particle, we follow the same procedure.
We fix all the parameters and vary only x.. We thus set for the numerical results presented,
Ro =1, Ryya = 0.3, M = mand a = 1. The initial position of the nucleus is set to x» , = (0;0).

As an initial condition ¢ for the concentration of markers, we choose the function defined for

. M
allx € Q\ N by ™ (x) = QN The noise parameters are setto o = 0.3 and { = 0.2. The
nucleus dynamic parameters are setto &nuer = 1, « = 0.3, ( = 0.2, 3 = 1.5 and § = 0.141372.
Finally, the numerical simulations are performed over the time interval [0, 15] with A¢ = 0.005.
Here are the results when x. = x% — 0.3, x. = x and x. = x% + 0.5 with x* defined in

eq. (6.8).

Case where . = xi — 0.3 In this paragraph, we present the results when x. = x& — 0.3.
Visually, and unlike the cases of the crown model and the model with a rigid particle, the
trajectories do not seem Brownian. We can observe trajectories with parts that appear to be
persistent. The trajectories look intermittent (see fig. 6.9). This is confirmed by the study of
the EASD and MSD, which are between 1 and 2 (see fig. 6.11). The UCSP law is always satisfied
by the trajectories (see fig. 6.10).

As in the case of the crown model and the rigid particle, we observe that the velocity of the
centre of mass is low (see fig. 6.12). However, we can observe that the dynamics of the velocity
of the centre of mass is different. It seems that the mean of the norms of the velocities of the
centre of mass increases over time and is no longer equal to the intensity of the noise. This
means that the cell is not moving just because of the noise.

It seems that, with this choice of parameter x. = x} — 0.3, the nucleus makes the tra-
jectories more directional than when its dynamics are not taken into account. One possible
explanation is that as soon as the nucleus is no longer located at the centre of the cell, the cell
starts to polarise, which induces directional movement until the nucleus is once again located
at the centre of the cell. As the noise is present all the time, the position of the nucleus, via
the coupling between the markers and the fluid, is permanently perturbed, leading to these
intermittent trajectories.
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Trajectories in polar space
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Figure 6.9: Trajectories in polar coordinates in the case where . < x}. Each curve repre-
sents, in polar coordinates, the trajectory of one cell simulated by algorithm 6.1 on the time interval
[0, 15]. Visually, the trajectories seem to be intermittent. Fifty cells are represented.

The results presented here are obtained with the parameters At = 0.005, Ry = 1, Ryya = 0.3,

. . M

= (00, M = 1 a =1 = ———, x. = x: — 0.3 with x: given by (6.8),
Xhucl ( ’ ) ) T, a c |Q\N| Xe Xe wi Xe 8iv y ( )
Fact (€) = s with ¢ = 0.5, 0 = 0.3, ¢ = 02, B = 1.5, 6 = 0.141372 and &uyer = 1.
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UCSP - a= 0.02, b=2.55

1.0 [ ] Y @ Numerical Data
L = v aexp(bv)
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0.2 0.4 0.6 0.8 1.0 1.2 1.4
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Figure 6.10: Verification that the trajectories in fig. 6.9 satisfy the UCSP law (case when
Xe < X5). The persistence time of a locally persistent trajectory portion is plotted as a function of
the persistence velocity. Each black dot corresponds to a datum. In red is plotted an interpolation
of the points, of form v + ae®®, which corresponds to the UCSP law. We can see that the data
corresponds well to the interpolation and that the trajectories satisfy the UCSP law.

The results presented here are obtained with the parameters At = 0.005, Ry = 1, Ryya = 0.3,
. ) M
X, =000, M=ma=1c"= 7\Q\N|' Xe = X& — 0.3 with x} given by (6.8), fact (¢) =

el with ¢, = 0.5 0= 03,( = 0.2, f = 1.5, 5 = 0.141372 and &uua = 1.

EASD - b=1.76 TASD and MSD - MSD b=1.42
6 -
= EASD —
Fittmct 5 Fittmct
S 47 g 77
5 / £ 5.0 7
§ 2 = g
~ 2 25 —]
0 1 0.0 - ]
T T T T T T T T
0 5 10 15 0 5 10 15
Time t T

Figure 6.11: Verification that the trajectories in fig. 6.9 are Brownian (case when x. < x?).
On the left is shown in blue the EASD associated with the trajectories in fig. 6.9 and in orange the
interpolation of the EASD, in the form t — ct®. By the properties of the EASD, as b between 1 and
2, the trajectories in fig. 6.9 may be intermittent. This is confirmed by the study of the MSD, which
is shown in blue on the right. Also shown on the right are the TASD of each cell in yellow and the
interpolation of the MSD in form t — ct® in orange.

The results presented here are obtained with the parameters At = 0.005, Ry = 1, Ryya = 0.3,
. ) M
x = (0,0, M =ma=1c"= N Xe = X& — 0.3 with x* given by (6.8), fact (¢) =

el with ¢, = 0.5, 0= 03,( = 0.2, f = 1.5, 5 = 0.141372 and &uua = 1.
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Figure 6.12: Time evolution of the norm of the velocity of the cells whose trajectories are
shown in fig. 6.9 (case when x. < x}). The blue lines show the evolution over time of the norm
of the centre of mass velocity of each cell and the black line shows the evolution of the mean of the
norms of the velocities of the cells.

The results presented here are obtained with the parameters At = 0.005, Ry = 1, Ryya = 0.3,
. ) M
Xiﬁlcl = (O, 0), M = T a = 1, = W’ Xe = Xi - 03 Wlth Xi glven by (68), fact (C) =

Ul with ¢, = 0.5, 0 = 0.3, = 02, § = 1.5, 8 = 0.141372 and &per = 1.
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Case where x. = x} + 0.5 In this paragraph, we present the results when x. = x% + 0.5.
Visually, the trajectories seem intermittent (see fig. 6.13), which is in agreement with the EASD
and MSD study, which is between 1and 2 (see fig. 6.15). This observation is very different from
that made for the same parameters in the case of the crown model or the model with the rigid
particle, where the trajectories were persistent. In addition, we can see that the trajectories
satisfy the UCSP (see fig. 6.14).

Trajectories in polar space
90°

180° 0°

270°

Figure 6.13: Trajectories in polar coordinates in the case where x. > x}. Each curve repre-
sents, in polar coordinates, the trajectory of one cell simulated by algorithm 6.1 on the time interval
[0, 15]. Visually, the trajectories seem to be intermittent. Fifty cells are represented.

The results presented here are obtained with the parameters At = 0.005, Ry = 1, Ryue = 0.3,

. . M
X;lrll,lcl = (070), M = T, a = 1, Cln = W, Xe — XZ + 05 Wlth XZ given b_y (68),
fact (¢) = LS with ¢, = 0.5, 0= 03,¢ = 0.2, f = 1.5, 8 = 0.141372 and &y, = 1.

Finally, we can observe that, with these parameters, the mean velocity of the centre of
mass is high (see fig. 6.16). This is higher than in the case of the crown model and the model
with the rigid particle. In addition, it is interesting to note that, although they move faster, in
the case of the model with the nucleus the cells move less far from their initial position. In fact,
we can see in fig. 6.13 that on average the cells have moved away from their initial position by
a distance of 20, whereas in the case of the crown model they have moved away by a distance
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Figure 6.14: Verification that the trajectories in fig. 6.13 satisfy the UCSP law (case when
Xe > X5). The persistence time of a locally persistent trajectory portion is plotted as a function of
the persistence velocity. Each black dot corresponds to a datum. In red is plotted an interpolation
of the points, of form v — ae®, which corresponds to the UCSP law. We can see that the data
corresponds well to the interpolation and that the trajectories satisfy the UCSP law.

The results presented here are obtained with the parameters At = 0.005, Ry = 1, Ryuea = 0.3,
XinI:lCl = (070)1 M=ma=1, an = W]\%/ Xe = XZ + 0.5 with XZ given by (6.8), fact (C) =

<1(++>) with c; = 0.5, = 0.3, ( = 0.2, B = 1.5, § = 0.141372 and &puer = 1.

of 25. This is consistent with the intermittent behaviour observed and with the capture of the
stop-and-go phenomenon.

It seems that, with this choice of parameter x. = x} + 0.5, the nucleus makes the tra-
jectories less directional than when its dynamics are not taken into account. One possible
explanation for this is based on the fact that the dynamics of the nucleus bring it back to the
centre of the cell. If the cell is polarised, with the nucleus at the back, then this dynamic de-
polarises the cell. Fluctuations due to noise disturb the position of the nucleus, leading to
polarisation of the cell and again to persistent movement. Note that this explanation is the
same as that proposed for the case x. = x} — 0.3. This means that the dynamics of the nu-
cleus tends to make the dynamics of the cell intermittent, which is interesting from the point
of view of observing the stop-and-go phenomenon.
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Figure 6.15: Verification that the trajectories in fig. 6.13 are Brownian (case when . >
X5). On the left is shown in blue the EASD associated with the trajectories in fig. 6.13 and in orange
the interpolation of the EASD, in the form t — ct®. By the properties of the EASD, as b between 1 and
2, the trajectories in fig. 6.13 may be intermittent. This is confirmed by the study of the MSD, which
is shown in blue on the right. Also shown on the right are the TASD of each cell in yellow and the
interpolation of the MSD in form t — ct® in orange.

The results presented here are obtained with the parameters At = 0.005, Ry = 1, Rpua = 0.3,
xn o =(0;0), M =ma=1c"= WMM Xe = X + 0.5 with x given by (6.8), fact (¢) =

Ul with ¢y = 0.5, 0= 03,¢ = 0.2, f = 1.5, 5 = 0.141372 and &uua = 1.

Time evolution of || U |

1ol
N
1

Individual cells
- Average

0_ —— —

T T T T T T T T
0 2 4 6 8 10 12 14

Figure 6.16: Time evolution of the norm of the centre of mass velocity of the cells whose
trajectories are shown in fig. 6.13 (case when y. > x[). The blue lines show the evolution
over time of the norm of the velocity of each cell and the black line shows the evolution of the mean
of the norms of the velocities of the cells.

The results presented here are obtained with the parameters At = 0.005, Ry = 1, Ryye = 0.3,
Xt = (00), M =m0 = 1, " = % Xe = X¢ + 0.5 with X given by (6.8, fuct (¢) =

% with ¢, = 0.5, 0 = 0.3, ¢ = 0.2, § = 1.5, & = 0.141372 and Epner = 1.
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Case where x. = x; In this paragraph, we present the results when x. = xJ. Visually,
and like the cases of the crown model and the model with a rigid particle, the trajectories
seem intermittent (see fig. 6.17). This is confirmed by the study of the EASD and MSD, which
are between 1 and 2 (see fig. 6.19). The UCSP law is always satisfied by the trajectories (see
fig. 6.18).

Trajectories in polar space
90°

180° 0°

270°

Figure 6.17: Trajectories in polar coordinates in the case where x. = x}. Each curve repre-

sents, in polar coordinates, the trajectory of one cell simulated by algorithm 6.1 on the time interval

[0, 15]. Visually, the trajectories seem to be intermittent. Fifty cells are represented.

The results presented here are obtained with the parameters At = 0.005, Ry = 1, Ryue = 0.3,
in in M * . * c(l+cs 2

X = (0,0), M =7 a=1,c"= Q] Xe = X with x* given by (6.8), fact (¢) = Ci(cﬂz)

with c; = 0.5, a = 0.3, ( = 0.2, B = 1.5, § = 0.141372 and &puer = 1.

As in the case of the crown model and the rigid particle, we observe that the velocity of
the centre of mass is intermediate (see fig. 6.20) but is higher than in the case of the crown
model and the model with the rigid particle.
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Figure 6.18: Verification that the trajectories in fig. 6.17 satisfy the UCSP law (case when
Xe = X2). The persistence time of a locally persistent trajectory portion is plotted as a function of
the persistence velocity. Each black dot corresponds to a datum. In red is plotted an interpolation
of the points, of form v — ae®, which corresponds to the UCSP law. We can see that the data
corresponds well to the interpolation and that the trajectories satisfy the UCSP law.

The results presented here are obtained with the parameters At = 0.005, Ry = 1, Ryue = 0.3,

in in M * : * g c(1+cg)2
XN =00;0)M=ma=1c"= N Xe = X5 with x% given by (6.8), fact (¢) = P
with cs = 0.5, a = 0.3, ( = 0.2, B = 1.5, § = 0.141372 and &puer = 1.
EASD - b= 1.38 TASD and MSD - MSD b=1.37
100
30 - —— EASD _ —— MSD
Fit t ct 5 75 Fit ts cth
= 0
£ 20 4 =
Q . 50 A
) 4 =
< r
W 10 / 2 254
0 o p
T T T T T T T T
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Figure 6.19: Verification that the trajectories in fig. 6.17 are intermittent (case when y. =
X%)- On the left is shown in blue the EASD associated with the trajectories in fig. 6.17 and in orange
the interpolation of the EASD, in the form t — ct. By the properties of the EASD, as b between 1 and
2, the trajectories in fig. 6.17 are neither Brownian neither persistent. This is confirmed by the study
of the MSD, which is shown in blue on the right. Also shown on the right are the TASD of each cell in
yellow and the interpolation of the MSD in form t — ct® in orange.
The results presented here are obtained with the parameters At = 0.005, Ry = 1, Ryue = 0.3,
. . 2
X = (00, M =7 a=1c"= % Xe = X with x; given by (6.8), fact (c) = Sk
with cs = 0.5, = 0.3, ( = 0.2, 8 = 1.5, 6 = 0.141372 and Epper = 1.

106



Time evolution of || U |

Individual cells
- Average

1ol
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Time t

Figure 6.20: Time evolution of the norm of the velocity of the cells whose trajectories are
shown in fig. 6.17 (case when x. = x7). The blue lines show the evolution over time of the norm
of the velocity of each cell and the black line shows the evolution of the mean of the norms of the
velocities of the cells.
The results presented here are obtained with the parameters At = 0.005, Ry = 1, Ryue = 0.3,
. . 2
xn = (0;0), M =7, a=1c"= % Xe = X with x given by (6.8), fact (¢) = 2(1(;:6))
with ¢s = 0.5, = 0.3, ¢ = 0.2, 8 = 1.5, 6 = 0.141372 and Eppe = 1.
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Thus, the comparison with the results obtained with the crown model and the model with
a rigid particle shows that taking into account the dynamics of the nucleus allows us to accu-
rately capture the intermittent behaviour of the cells. The cells alternate between phases in
which they are polarised and phases in which they are not. This shows that the nucleus and
its dynamics play a very important role in cell polarisation and depolarisation. We investigate
this in the next section.

6.4.3.2 . Cell polarisation is linked with the dynamic of the nucleus

In this section, we illustrate that the dynamics of the nucleus are linked to the polarisation
of the cell. Since the model is rigid, a polarised cell is characterised by an asymmetric distribu-
tion of markers and the nucleus located at the rear of the cell. The more asymmetrically the
marker concentration is distributed, the greater the norm of the velocity of the cell's centre of
mass. Our model therefore shows that a cell is polarised if its velocity is high and its nucleus
is at the rear.

In order to highlight the effect of the nucleus on the intermittent nature of a cell's trajec-
tory, we represent the trajectories by subdividing them according to the relative position of
the nucleus and the cell's velocity. An example of this is shown in fig. 6.21.

We observe that before a change of direction, the velocity decreases. Then, the nucleus
moves closer to the centre of the cell. This leads to depolarisation of the cell. When the cell
takes a new direction, it polarises again. The nucleus moves away from the centre of the
cell and towards the back of the cell (see fig. 6.22). The cell's velocity increases again. We
also observe that before taking another direction, the cell stops. We then observe a diffusive
movement with a very low velocity. We can see that in the areas where the cell is polarised, it
maintains its direction. This accurately illustrates the intermittent nature of a trajectory.

This suggests that the positioning of the nucleus at the rear of the cell is important in the
phenomenon of polarisation. It also indicates that the positioning of the nucleus is crucial in
the phenomenon of depolarisation. For the cell to be in a depolarised state, the nucleus must
be at its center.

We note that the presented result is obtained when the friction of the nucleus on the
substrate is higher than that of the cytoplasm. We obtain a similar result when assuming the
frictions are the same ({,uc1 = 1), though it is less apparent that the nucleus moves to the rear
of the cell, as it remains very close to the center.

These results are interesting because the considered model, despite its simplicity, high-
lights the role of the nucleus in cell motility. This role is clearly highlighted by the numerical
results concerning the polarisation of the cell and the positioning of the nucleus within the
cell. Additionally, we note that when the cell migrates, the nucleus maintains its position at
the rear of the cell.
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Splitting according to the distance between
the nucleus centre and the cell centre
and to the cell centre of mass velocity norm
Distance threshold: 0.3 & Velocity threshold: 2.5

—-10 4

—15 +

_20 -

—25 4

—30 4

—35 4

T T T T T
-5 0 5 10 15

= Nucleus far from the cell centre and fast velocity
= Nucleus close to the cell centre
Slow velocity

Figure 6.21: Representation of the trajectory of cell split according to the relative position
of the nucleus and the cell’s velocity. A trajectory of a cell is represented. The part shown in
dark blue corresponds to the moments when the nucleus is positioned at the back of the cell and
the cell velocity is high. The sky-blue area corresponds to moments when the nucleus is no longer
positioned at the back of the cell and is close to the centre of the cell. The part shown in cyan
corresponds to moments when the cell velocity is low. We observe that before a change of direction,
the velocity decreases. The nucleus then moves closer to the centre. This leads to depolarisation of
the cell. When the cell takes a new direction, the nucleus moves towards the rear of the cell and the
cell velocity increases. The cell becomes polarised. We can see that in the areas where the cell is
polarised, it maintains its direction.

The results presented here are obtained with the parameters At = 0.005, Ry = 1, Ryuel = 0.3,
xn = (0;0), M =ma=1c"= |Q\]\/[N|, Xe = X& + 0.5 with x} given by (6.8), fact (¢) =
ctea)® pith oo — 0.5, 0 = 0.3, ¢ = 0.2, f = 1.5, § = 0.141372 and Euue = 1.75. The time interval

cs(ctcs)
of study is [0, 50].
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Trajectory
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Figure 6.22: Representation of the trajectory of cell with snapshots of the cell evolution.
Snapshots of the cell evolution of the cell whose ttrajectory is represented in fig. 6.21 are added to
the trajectory. Snapshots of the cell are shown at time ¢t € {0,5,10,15,...,45,50}. The red area on
the cell represents the area with high markers concentration whereas the dark blue area represents
the area with low markers concentration. We can observe that the nucleus position inside the cell
evolves with time. Moreover, once the cell is polarised, the nucleus position is at the rear part of the
cell.

The results presented here are obtained with the parameters At = 0.005, Ry = 1, Ryya = 0.3,
xn = (0;0), M =ma=1c"= W Xe = X5 + 0.5 with x given by (6.8), fact (¢) =
Ul with ¢y = 0.5, 0= 03,( = 0.2, f = 15,8 = 0.141372 and &y, = 1.75. The time interval
of study is [0, 50].
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6.4.4 . Validation of the heuristic approach

In this section, we aim to study numerically the heuristic approach proposed in section
section 1.3.9 for modelling the forces induced by the cell boundary on the nucleus and by the
nucleus on the cell boundary. We therefore assume that fgy is defined by eq. (6.5) which we
recall here:

fen (t) = —k (Xnuel () — Xem (2)) -

First, we check that this expression for fgx does indeed act on the nucleus to bring it back
to the centre of the cell. Next, we check that the stationary state is indeed recovered with the
numerical scheme and that we numerically recover the criterion on its stability. Finally, we
study the trajectories obtained for different values of x. and compare the results obtained
with those of section 6.4.3.1.

6.4.4.1 . Numerical verifications

In this subsection, we illustrate, numerically, the effect of the restoring force on the nu-
cleus when we consider the heuristic approach. We aim to check that with this choice of force,
the nucleus effectively returns to the centre of the cell. To verify this, we remove the coupling
between marker concentration and fluid dynamics by assuming that x. = 0 and study the
evolution of the nucleus position in the cell reference frame.

To ensure this, for different values of Ry and Ry, and k, we initially place the nucleus
outside its equilibrium position and plot the evolution over time of the position of the nucleus
in the cell reference frame. Whatever the initial position of the nucleus xI* ,, whatever Ry

nucl’

and R,uq such that B (xir;}ml, Rnucl) C B(0, Ry), we observe thatas longas 8 > 1and é > 0,
the nucleus returns to its equilibrium position (see fig. 6.23). This confirms that the heuristic
approach is in accordance with the biological context.

In fig. 6.23, we have choose k in order to compare it with the result of fig. 6.4. Ry and
67TRO (RO (1 - 6) - Rnucl)
(RO - ]%nucl)ﬁ—i_1

returns slower to the centre of the cell with the heuristic approach.

Secondly, we check that, with the heuristic choice of the force, the numerical scheme pro-
posed in algorithm 6.1 is consistent with the mathematical study of the model. We therefore
check thatif « = 0 then we recover the stationary state (6.7) as well as the result on the stability
of the latter stated in theorem 6.2.2.

We observe that with this choice for the boundary force on the nucleus, the scheme still
captures the stationary state well. Indeed, as illustrated in fig. 6.24 if the initial condition is
the stationnary state, then the velocity of the cell remains zero over time and the position of
the nucleus at the centre of the cell is maintained. We also observe that the distribution of
markers is weel conserved over time. Moreover, we can observe that the quantity of markers
is well conserved over time, which is in agreement with eq. (6.6) (see fig. 6.25).

We also check that, with this choice of force, the numerical scheme gives results in ac-
cordance with theorem 6.2.2. We therefore study the linear stability of the stationary state
numerically. As previously, we choose a perturbation of the stationary state as the initial con-
dition and observe, depending on the value of x., whether the system returns to the stationary
state. We choose the same perturbation of the initial condition defined by eq. (6.39).

As illustrated in fig. 6.26 for the case where Ry = 1 and Ry, = 0.3, we correctly find the
criterion on the linear stablity of the stationary state. Indeed, when x. < x, we have that
the norm of the velocity decreases very quickly towards 0 then is constant equal to 0. This

. The nucleus

Ry are equals in both cases and & is such that —k =
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Time evolution of the nucleus position in the frame of reference of the cell

0.40 x coordinate

= = y coordinate
0.35

0.30
0.25
0.20
0.15
0.10
0.05

0.00 4 B N T,

time

Figure 6.23: lllustration of the nucleus dynamic without coupling with the markers con-
centration. The time evolution of the nucleus position in the cell frame of reference is represented.
We can observe that the nucleus quickly returns to the centre of the cell, as desired.

The results presented here are obtained with the parameters At = 0.005, Ry = 1, Ryya = 0.3,
xin 1 =(0.4;0.2), x. = 0, k = 0.866677, and &pyer = 1.

illustrates that when x. < x the stationary state is stable. Also, when x. > x, we observe
that the norm increases rapidly towards a strictly positive value and then becomes constant.
This suggests that when x. > x7 there are stable travelling waves.

The choice of the parameters allows to compare the results obtained in fig. 6.26 with the
result obtained in fig. 6.7. We can see that for the same choice of x. the cells simulated with
fen defined by eq. (6.4) and those where fgy is defined by eq. (6.5) go at the same velocity.
It also seems that in both cases, the cells converge towards a travelling wave at the same
velocity.
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Time evolution of the cell's Time evolution of the nucleus position

centre of mass velocity norm in the frame of reference of the cell
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Figure 6.24: Example of capturing the stationary state using the numerical scheme. The
curve on the left represents the evolution of the velocity norm over time. We can observe that this
remains zero throughout the study interval [0, 100]. The curves on the right represent the evolution
over time of the coordinates of the nucleus position. We can see that the position of the nucleus is
preserved over the study interval.

The results presented here are obtained with the parameters At = 0.005, Ry = 1, Rpuel = 0.3,

= (0;0), M (x) = =M~ M = m a =1 x. = 0.733956 — elre)” pirp
Xnuel = ( ) )/ c (X) - Tr(R?J—R2 1)' =ma=1L Xc=U d fact <C) T cs(ctes)

cs = 0.5, k = 0.866677, and &,ua = 1.

Time evolution of the total quantity of markers

3.3 1

3.2 1

3.1 4

3.0

0 20 40 60 80 100
time

Figure 6.25: lllustration of the conservation of the total quantity of markers. The curve
represents the evolution of the total quantity of markers over time. We note that this remains con-
stant throughout the study interval [0, 100].

The results presented here are obtained with the parameters At = 0.005, Ry = 1, Ryya = 0.3,
. . 2 .
xn = (0;0), ¢ (x) = W M=ma=1xc =05 fa (c) = L5 with ¢, = 0.5,

nucl
k = 0.866677, and &yuel = 1.
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Time evolution of the cell's centre of mass velocity norm

XC=X: -0.5
H Xe=x;-0.3
I Xe=x; —0.1
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Figure 6.26: Numerical illustration of theorem 6.2.2. Each curve represents the evolution of
the cell’s centre of mass velocity norm of a cell for different values of x. (see legend on the right).
When x. < x} the norm of the velocity decreases very rapidly towards 0 (dashdotted curves in
overlapping shades of orange), whereas when x. > x} it increases rapidly towards a non-zero
value (dashed curves in shades of blue) . The critical case x. = x is also represented (dark curve),

here the norm of the velocity is close to zero and decreases.

The results presented here are obtained with the parameters At = 0.005, Ry = 1, Rpua = 0.3,
in  _ c(1+cs)?
X

in 1 =10(0.1;0), M =7, a =1, ¢ given by eq. (6.39) and x; given by (6.8), fact (¢) = PN
with c¢s = 0.5, k = 0.866677 and &pue = 1.

204



6.4.4.2 . Impact of the nucleus on the trajectories

In this section, we want to illustrate the impact of the nucleus on trajectories. In order to
be able to compare with the results of sections 4.4.2 and 5.4.2 obtained respectively in the
case of the crown model and the model with a rigid particle, we follow the same procedure.
We fix all the parameters and vary only x.. We thus set for the numerical results presented,
Ro =1, Ryuet = 0.3, M = wand a = 1. The initial position of the nucleus is set to x;‘}ld = (0;0).

As an initial condition ¢ for the concentration of markers, we choose the function defined
forallx € Q\ N by ¢ (x) = ———.
. |2\ N| , _
The nucleus dynamic parameters are set to £,,c1 = 1 and k& = 0.866677. Finally, the numerical
simulations are performed over the time interval [0, 15] with At = 0.005.
Here are the results when x. = x& — 0.3, x. = x& and x. = x& + 0.5 with x} defined in
eg. (6.8).

The noise parameters are setto o = 0.3 and ¢ = 0.2.

Case where x. = x} — 0.3 In this paragraph, we present the results when x. = x% — 0.3.
Visually, and like in the first case (see section 6.4.3), the trajectories do not seem Brownian. We
can observe trajectories with parts that appear to be persistent. The trajectories look inter-
mittent (see fig. 6.27). This is confirmed by the study of the EASD and MSD, which are between
1and 2 (see fig. 6.29). The UCSP law is always satisfied by the trajectories (see fig. 6.28). We
observe that the trajectories obtained are similar to those obtained in section 6.4.3, the EASD
and the MSD are similars. The average velocity of the cells is similar (see figs. 6.12 and 6.30). A
minor difference is that the persistence times are higher when we consider that fzy is given
by the heuristic approach (see figs. 6.10 and 6.28).
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Trajectories in polar space
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Figure 6.27: Trajectories in polar coordinates in the case where x. < x?. Each curve repre-
sents, in polar coordinates, the trajectory of one cell simulated by algorithm 6.1 on the time interval
[0, 15]. Visually, the trajectories seem to be intermittent. Thirty cells are represented.

The results presented here are obtained with the parameters At = 0.005, Ry = 1, Rnua = 0.3,
M

o= (00, M = ma =1 ¢c" = T y. = x&— 03 with x: given by (6.8)
Xhucl ( ’ ) ) T, a c |Q \ N| Xe Xe wi Xe 8ivi Yy ( )
Fact (€) = s with ¢y = 0.5, 0 = 0.3, ¢ = 0.2, k = 0.866677, and &uye = 1.
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UCSP - a= 0.01, b=2.71

o @ Numerical Data
1.4 4 = v aexp(bv)

Persistence Time

0.2 0.4 0.6 0.8 1.0 1.2
Persistence Velocity

Figure 6.28: Verification that the trajectories in fig. 6.27 satisfy the UCSP law (case when
Xe < X5). The persistence time of a locally persistent trajectory portion is plotted as a function of
the persistence velocity. Each black dot corresponds to a datum. In red is plotted an interpolation
of the points, of form v + ae®®, which corresponds to the UCSP law. We can see that the data
corresponds well to the interpolation and that the trajectories satisfy the UCSP law.

The results presented here are obtained with the parameters At = 0.005, Ry = 1, Ryuea = 0.3,

. . M
Xiﬁlcl = (O, 0), ]\/j =T a = 1, 't = W’ Xe = X: — 03 Wlth X:’j glven b_y (68), fact (C)
cUteell with ¢, = 0.5, 0 = 0.3, ¢ = 0.2, k = 0.866677, and Eper = L.
EASD - b=1.73 TASD and MSD - MSD b=1.44
—— EASD — MsD
7.5 1 =
Fit tr> c b g Fit tr c b
= %)
= 5.0 = -
Q A - 10
")) —
S 25 4 / 5 5 -
0.0 o e
T T T T T T T T
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Time t T

Figure 6.29: Verification that the trajectories in fig. 6.27 are Brownian (case when y. <
X5). On the left is shown in blue the EASD associated with the trajectories in fig. 6.27 and in orange
the interpolation of the EASD, in the form t — ct®. By the properties of the EASD, as b between 1 and
2, the trajectories in fig. 6.27 may be intermittent. This is confirmed by the study of the MSD, which
is shown in blue on the right. Also shown on the right are the TASD of each cell in yellow and the
interpolation of the MSD in form t — ct® in orange.

The results presented here are obtained with the parameters At = 0.005, Ry = 1, Ryya = 0.3,
. ) M
x" = (0,0, M =ma=1c"= N Xe = X& — 0.3 with x* given by (6.8), fact (¢) =

cUteell with ¢, = 0.5, 0 = 0.3, ¢ = 0.2, k = 0.866677, and Epyer = L.
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Figure 6.30: Time evolution of the norm of the velocity of the cells whose trajectories
are shown in fig. 6.27 (case when x. < x}). The blue lines show the evolution over time of the
norm of the centre of mass velocity of each cell and the black line shows the evolution of the mean
of the norms of the velocities of the cells.

The results presented here are obtained with the parameters At = 0.005, Ry = 1, Ryuea = 0.3,

. : M
x2 =00, M =ma=1c"= N Xe = X5 — 0.3 with x} given by (6.8), fact (¢) =
Ul with ¢, = 0.5, 0 = 03, ¢ = 0.2, k = 0.866677, and e = 1.
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Case where x. = x} + 0.5 In this paragraph, we present the results when x. = x% + 0.5.
As with the first modelisation of fgy, visually, the trajectories seem intermittent (see fig. 6.31),
which is in agreement with the EASD and MSD study, which is between 1 and 2 (see fig. 6.33).
We can see that the trajectories satisfy the UCSP (see fig. 6.32). We observe that the trajectories
obtained are similar to those obtained in section 6.4.3, the EASD and the MSD are similars. The
average velocity of the cells is similar (see figs. 6.16 and 6.34). A minor difference is that the
persistence times are higher when we consider that fzy is given by the heuristic approach (see
figs. 6.14 and 6.32).

Trajectories in polar space
90°

180° 0°

270°

Figure 6.31: Trajectories in polar coordinates in the case where x. > x}. Each curve repre-
sents, in polar coordinates, the trajectory of one cell simulated by algorithm 6.1 on the time interval
[0, 15]. Visually, the trajectories seem to be intermittent. Thirty cells are represented.

The results presented here are obtained with the parameters At = 0.005, Ry = 1, Rpua = 0.3,

. . M
x2, = (0,0, M =mma=1c" = N Xe = X + 0.5 with & given by (6.8),
Fact (€) = <1(++)) with ¢, = 0.5, a = 0.3, ¢ = 0.2, k = 0.866677, and Epue = 1.
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UCSP - a= 0.01, b=1.35

3.0 7 @ Numerical Data .. [
— v aexp(bv)

Persistence Time

0.5 1.0 1.5 2.0 2.5 3.0 3.5
Persistence Velocity

Figure 6.32: Verification that the trajectories in fig. 6.31 satisfy the UCSP law (case when
Xe > X5). The persistence time of a locally persistent trajectory portion is plotted as a function of
the persistence velocity. Each black dot corresponds to a datum. In red is plotted an interpolation
of the points, of form v + ae®®, which corresponds to the UCSP law. We can see that the data
corresponds well to the interpolation and that the trajectories satisfy the UCSP law.

The results presented here are obtained with the parameters At = 0.005, Ry = 1, Ry = 0.3,

. . M
X, =000, M=ma=1c"= 7‘9 N Xe = X& + 0.5 with x; given by (6.8), fact (¢)
cUteell with ¢, = 0.5, 0 = 0.3, ¢ = 0.2, k = 0.866677, and Epyer = 1.
EASD - b=1.41 TASD and MSD - MSD b=1.48
— EASD 8009 — wmsD
300 Fit to> c b & 600 - Fit to> c tb
= %)
= 5
g 200
a — = 400
§ —~ | i
100 o g 200 - e
04 — 0 ,7/
T T T T T T T T
0 5 10 15 0 5 10 15
Time t T

Figure 6.33: Verification that the trajectories in fig. 6.31 are Brownian (case when y. >
X5). On the left is shown in blue the EASD associated with the trajectories in fig. 6.31 and in orange
the interpolation of the EASD, in the form t — ct®. By the properties of the EASD, as b between 1 and
2, the trajectories in fig. 6.31 may be intermittent. This is confirmed by the study of the MSD, which
is shown in blue on the right. Also shown on the right are the TASD of each cell in yellow and the
interpolation of the MSD in form t — ct® in orange.

The results presented here are obtained with the parameters At = 0.005, Ry = 1, Ryuea = 0.3,

. ‘ M
X, =000, M=ma=1c"= Rk Xe = X5 + 0.5 with x% given by (6.8), fact (¢)
cUteell with ¢, = 0.5, 0 = 0.3, ¢ = 0.2, k = 0.866677, and Epyer = L.
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Time evolution of | ucm ||

4 -
3 -
=
3 2
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Individual cells
- Average
0 e}
T T T T T T T T
0 2 4 6 8 10 12 14

Figure 6.34: Time evolution of the norm of the centre of mass velocity of the cells whose
trajectories are shown in fig. 6.31 (case when x. > x}). The blue lines show the evolution
over time of the norm of the velocity of each cell and the black line shows the evolution of the mean
of the norms of the velocities of the cells.

The results presented here are obtained with the parameters At = 0.005, Ry = 1, Ryya = 0.3,
. . M
X, =1(00,M=ma=1c"= WI Xe = X5 + 0.5 with x} given by (6.8), fact (¢) =

Ul with ¢, = 0.5, 0 = 03, ¢ = 0.2, k = 0.866677, and e = 1.
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Case where x. = x? In this paragraph, we present the results when x. = x%. Visually, and
like when we consider the first modelisation of fgy, the trajectories seem intermittent (see
fig. 6.35). This is confirmed by the study of the EASD and MSD, which are between 1and 2 (see
fig. 6.37). The UCSP law is always satisfied by the trajectories (see fig. 6.36). We observe that
the trajectories obtained are similar to those obtained in section 6.4.3, the EASD and the MSD
are similars. The average velocity of the cells is similar (see figs. 6.20 and 6.38).

Trajectories in polar space
90°

180° 0°

270°

Figure 6.35: Trajectories in polar coordinates in the case where x. = x. Each curve repre-

sents, in polar coordinates, the trajectory of one cell simulated by algorithm 6.1 on the time interval

[0, 15]. Visually, the trajectories seem to be intermittent. Thirty cells are represented.

The results presented here are obtained with the parameters At = 0.005, Ry = 1, Rpua = 0.3,
. . 2

X = (0,0, M =ma=1c"= MQIN Xe = X; with x; given by (6.8), fact (¢) = S

with ¢, = 0.5, « = 0.3, { = 0.2, k = 0.866677, and Epue = 1.
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UCSP - a= 0.02, b=1.65

1.75 1 @ Numerical Data [ ]
— v aexp(bv) [ ) .. )
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Figure 6.36: Verification that the trajectories in fig. 6.35 satisfy the UCSP law (case when
Xe = X2). The persistence time of a locally persistent trajectory portion is plotted as a function of
the persistence velocity. Each black dot corresponds to a datum. In red is plotted an interpolation
of the points, of form v — ae®, which corresponds to the UCSP law. We can see that the data
corresponds well to the interpolation and that the trajectories satisfy the UCSP law.

The results presented here are obtained with the parameters At = 0.005, Ry = 1, Ryue = 0.3,

in in M * : * g c(1+cg)2
xm = (0;0), M =ma=1c"= o\ N X T X with x; given by (6.8), fact (¢) = ¢ Torer
with ¢ = 0.5, « = 0.3, { = 0.2, k = 0.866677, and &,y = 1.
EASD - b= 1.25 TASD and MSD - MSD b=1.25
30 +
= EASD = 60 = MSD
Fit tect? 5 Fittectb
= 20 - @
5 S 40 A
@ g =
'jl<.l 10 7 //// — é’ 20 -
0] — = Ce———
0 :
T T T T T T T T
0 5 10 15 0 5 10 15
Time t T

Figure 6.37: Verification that the trajectories in fig. 6.35 are intermittent (case when
Xc = X.). On the left is shown in blue the EASD associated with the trajectories in fig. 6.35 and in
orange the interpolation of the EASD, in the form t — ct®. By the properties of the EASD, as b between
1.and 2, the trajectories in fig. 6.35 are neither Brownian neither persistent. This is confirmed by the
study of the MSD, which is shown in blue on the right. Also shown on the right are the TASD of each
cell in yellow and the interpolation of the MSD in form t s ct® in orange.
The results presented here are obtained with the parameters At = 0.005, Ry = 1, Ryue = 0.3,
. . 2
X = (00, M =7 a=1c" = % Xe = X with x; given by (6.8), fact (c) = Sk
with ¢ = 0.5, « = 0.3, ¢ = 0.2, k = 0.866677, and Epue = 1.
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Time evolution of | ucm ||

Individual cells
- Average

luem

T T T T T T T T
0 2 4 6 8 10 12 14

Time t

Figure 6.38: Time evolution of the norm of the velocity of the cells whose trajectories
are shown in fig. 6.17 (case when y. = x?). The blue lines show the evolution over time of the
norm of the velocity of each cell and the black line shows the evolution of the mean of the norms of
the velocities of the cells.
The results presented here are obtained with the parameters At = 0.005, Ry = 1, Ryue = 0.3,
. . 2
xn = (0;0), M =7, a=1c"= % Xe = X with x given by (6.8), fact (¢) = 2(1(;:6))
with ¢ = 0.5, « = 0.3, ¢ = 0.2, k = 0.866677, and Epue = 1.
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We therefore observe similar results with the two choices for the expression of forces in-
duced by the nucleus on the cell boundary and by the cell boundary on the nucleus. This
suggests that our heuristic approach can be seen as an approximation of the first modelling.
We have therefore developed a model that allows the dynamics of the nucleus to be taken
into account. Numerical simulations of the model highlight the role of the nucleus in cell po-
larisation and its impact on cell migration. The study of the model is continued in the next
chapter with the study of the associated deformable model.

Conclusion and perspectives. The proposed model and the numerical simulations carried
out highlight the role of the nucleus in cell motility and, in particular, in cell polarisation. The
numerical simulations also validate the heuristic approach chosen to model the forces exerted
between the cell boundary and the nucleus. We aim to continue investigating this heuristic in
the context of both a deformable cell and a deformable nucleus. We also intend to continue
studying this model by investigating the influence of the parameter &, on the trajectories.
In a future work, we aim to study the existence of travelling waves for the model as well as its
long-time behaviour. We wish to prove the existence of stable travelling waves when x. > x?
and the convergence towards them. Finally, we hope to establish a bifurcation result from the
stationary state to a travelling wave when x, becomes larger than x.
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7 - Deformable cell model with a rigid nucleus

In this chapter, in collaboration with Nicolas Meunier and Raphaél Voituriez, we study the
free-boundary model (1.1) in the case where the substrate is assumed to be homogeneous, the
cell environment has no osbstacle or external signal, and we neglect the effects of undercool-
ing and noise. After recalling the model of interest, we study its stationary states. We give a
criterion for the stability of the radially symmetric stationary state. We then write a numerical
scheme for the model. This scheme is obtained after semi-implicit discretisation in time and
discretisation in space using a finite element method. The curvature is discretised implicitly.
Two methods are proposed for handling potential contacts between the cell boundary and
the nucleus. Finally, we present numerical results to highlight that the model gives qualitative
results in line with the biological context. The simulations allow us to observe the different
phases of polarisation followed by cell migration.

7.1. Presentation of the model

In this section, we recall the general model (1.1) in the case where the substrate is homo-
geneous (£ = 1) and the environment outside the cell presents neither an external obstacle
nor an external signal. We also neglect the effect of undercooling and noise. Under these
assumptions, keeping the notations of chapter 1, the model studied is then given by:

u+VP =0 inQ )\ N (t), (7.13)
div (u) = 0 in () \ N (1), (7.10)
V,=u-n on 90 (t), (7.10)
P = 3+ Yofuct (€) — frn on 921, (7.1
Unyel (8) = m (/6N(t) P(t,x)ndo + fBN> (7.1€)
U N = Uy N on dN (t), (7.1f)
e = div(Ve — (1 — a) uc) inQ )\ N (¢), (7.18)
(Ve+auc) - n=0 ond )\ N (1), (7.1h)
c(0,x) = ¢ (x) in Q(0)\ N (0). (7.10)

We recall the expressions for fgn and fyp defined by egs. (1.22) and (1.23). Forall¢t > 0
and x € 99 (t), we have:

VBN ' 11
fo (1) = | ndo, (7.2)
o00(t) (”VBNH - Rnucl)B

and
VBN ' 11

InB (t,x) = =6 ) (7.3)

(”VBN” - Rnucl)B

with 5> 1,§ > 0 and vN = Xpuel — Xp Where xp € 9Q ().
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We also recall that fgx and fxp can also be defined by egs. (1.24) and (1.25) and we recall
that in this case, for all ¢t > 0 and x € 9} (¢), we have:

fBN (t) =—k (Xnucl (t) — Xcem (t)) 3 (74)

and
—k (Xem (t) — Xnuel () - x
Aq

fas (t,x) = (7.5)

with £ > 0 and x.., the centre of the cell.
We recall that the model is such that the total quantity of markers M is conserved over
time and we have:

M = c(t,x) dx. (7.6)
Q(\N(t)

We also recall that the volume of the cell Aq, is constant over time and we have:

Aq = Q1) (7.7)

7.2 . Study of the radial stationary state

In this section, by defining a stationary state, we prove the existence of stationary states
and study the stability of the radially symmetric stationary state. In all this section, we consider
that fgy and fyp are defined by the expressions (7.2) and (7.3).

The results presented here holds true when we consider fgx and fxp defined by the ex-
pressions (7.4) and (7.5), details are given in remarks 7.2.3 and 7.2.9.

7.2.1 . Definition of the stationary state
The following proposition defines and demonstrates the existence of stationary states.

Proposition 7.2.1. A stationary state of the model defined by eq. (7.1) is characterised by:

u(x)=0 x € Q%\ NO, (7.8a)

P(x)=P'cR x € QY\ N9 (7.8b)

Unucl = Oa (78C)
M 0 0

= a8d

c(x) yP— x € QY \ N, (7.8d)

with N° = B (0, Ryua) and Q° a convex such that for all x € 990 it holds:

TR (X) = fNB (X) - chact (C) + PY. (7.9)

Proof. The stationary problem asssociated with the model (7.1) is given as follows:

u+VP =0 inQ\ N,
div (u) = 0 nQ\ N
P =K + Xcfact (¢) — fnB on 89,
un=0 on QU ON,
Ac—(1—a)u-Ve=0 inQ\ N,
(Ve+auc) n=0 on 9Q U IN,
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with Q and N given. Without loss of generality we can assume that N = B (0, Ruua)-
Thus the problem on P reads:

—AP=0 inQ\ N,
—VP-n=0 on 9N U ON,
P =k + Xefact (¢) — fnB on 99.

The two first lines leads to the fact that P is such that VP = 0 over Q\ N and thus P is constant
over )\ N. We thenhaveu =0
Substituting the value of u into the dynamics of concentration ¢, we obtain:

{ —Ac=0 inQ\ N,

—Ve-n=0 on 9N UON,

and c is constant over Q \ N. Using the constraint on the total quantity of markers (7.6), we
deduce thatforallx €e Q\ N, ¢c(xX) = ———.

Finally, we deduce that 2 and N are such that for all x € 99, we have:

P =k (X) + Xefact (C) — InB (X) :

We recognize the condition eq. (7.9). We prove by contradiction, thatitimplies that Q2 is convex.

By contradiction, assume that there exists 2 # B (0, Ry) satisfying eq. (7.9). By assump-
tions on fyg, the closer x € 99 is to the nucleus, the greater fyp (x) is and for all x € 9Q we
have fxp (x) > 0. Then, necessarily, {2 is convex.

Indeed, assume by contradiction there exists a point xncs € 9 such that & (xneg) < 0. We
assume that x,e; minimises the distance between the cell boundary and the nucleus among
the points of negative curvature. As we assume the curvature to be positive for a circle and
00 defined a close curve around N, there exists x,0s € 02 such that x (xpes) > 0 and such
that the distance between x,s and the nucleus is greater than the one between x,., and the
nucleus. Then in particular we have:

7Y (K (Xpos) — K (Xneg)) = fNB (Xpos) — INB (Xneg) ;
With & (Xpos) — £ (Xneg) > 0 and fxB (Xpos) — fuB (Xneg) < 0 Which is absurd. O
The following proposition immediatly follows.

Proposition 7.2.2. The model eq. (7.1) admits an unique radially symmetric stationary state given

by:
u’ (x) =0, (7.10a)
0Ry
P (x) = e + Xefac &) — —_—, (7.10b)
( ) RO ’ ( ) (RO - Rnucl)ﬁ
u),q =0, (7.100)
M
0 _ .10d
Q% = B(0,Ry) and N° = B (0, Ryua) (7.10e)
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Remark 7.2.3. We can note that if fgx and fxp are defined by the expressions (7.4) and (7.5),
then eq. (7.10) is a radially symmetric stationary state of the model.

In the sequel we denote:

1
ac® fie (0)
Theorem 7.2.4. In the case where &0 = 1, if x. < X7, then the stationary state (7.10) is linearly
stable. On the opposite, if x. > x, then the stationary state is linearly unstable.

*

Xe = (7.11)

7.2.2. Proof of theorem 7.2.4

The theorem is proved in five steps. The first consists of computing the linearised prob-
lem of problem (7.1) around the stationary state (7.10) and deducing an eigenvalue problem.
The stationary state will then be stable if all the eigenvalues of the eigenvalue problem have
a negative real part. The second step consists in establishing that the study of the spectrum
of the eigenvalue problem can be decomposed into the study of the spectrum of simpler (Pr)
problems indexed by m € N. This step is based on the radially symmetric nature of the prob-
lem and Fourier analysis. The third step consists in proving that for m = 0, the eigenvalues
of (P,) have all negative real parts. The fourth consists in showing that for m > 2, if x. < x%
then the eigenvalues of (P,) are all negative real parts. The fifth consists in studying the case
m = 1. We can then exhibit a positive real part eigenvalue of (P,) when x. > x}. Also, using a
graphical argument, it consists in illustrating that if x. < x* then the eigenvalues of (P,) have
a negative real part. The arguments used are inspired by those of Lavi et al. (2020); Alazard
et al. (2022) and are similar to those of sections 4.2.1.2, 5.2.2 and 6.2.2.

Step 1. The following lemma gives the expression for the linearised problem around the
stationary state (7.10).

Lemma 7.2.5. The linearised problem associated to eq. (7.1) around the stationary state (7.10) is

given by:
_AP=0 in Q0\ NY (7.12a)
dip (t,0) = —0,P (t, Ry, 0) with 6 € (-, 7], (7.12b)
P= % (0300 + ) + Xefler (0) €
(5 ]- - - nuc ~
(](%]O%( Rﬂ) )/il ) (Xnuel -1 — p) on 90°, (7.120)
0 — {lnucl
VP n= i n on ON°, (7.12d)
0,6 = A¢ in Q°\ N°, (7.12€)
(v& - avPco) ‘n=0 on 90° UANO, (7.12f)
with

6Ry (Ro (1 — B) — Ronet) [ - o
PRLY ((RO( Rﬁ))ﬁﬂ ) (Wxnud (t) — /0 p(t,0) (‘;fjg) d9)>, (7.13)
0 — {lnucl
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and Xpuel = (Znuel, Ynuct) SUCh that for all t > 0:

d _ .
—7Xnucl (t) = Unucl-

dit

Proof. We perform a formal expansion of the solutions of model (7.1) around the stationary
state (7.10). Let e > 0 small. For all t > 0, we set:

Q) ={(rcosf,rsinf) st.0<r < Ry+e¢ep(t,0) and § € (—m,7]}.

We also set:
N (t) =B (Xnucl (t) 7Rnucl) y

with
Xnuel (t) = eXnua () + O (£2)

and thus we set for all ¢t > 0:
Ul (£) = Wye + Tl () + O (%) -
Moreover, forallt > 0 and x € QY \ N°, we set:
P (t,x) = P° +eP (t,x) + O (%),

and
c(t,x) =c" +eé(t,x)+ 0O (?).

As P, satisfies eq. (7.10b) and P satisfies egs. (7.1a) and (7.1b), we have that in Q% \ N°:
—~AP =0.

In addition, using the parametrization of 2 boundary, we have that for allt > 0 and 0 €
(—m, 7], the expansion of fxp, the outward normal vector n to 2 and the x curvature are given

by:

Ry
fag (60) = —————
(RO - Rnucl)ﬂ
§(Ro(1=5)— Ruuel) (- 0
A0 10 (58) ) 01,
_ (cosb Opp (t,0) (—sind 9
n(t0) = (sin@) _ETO cos 6 +0(e)
and 02 0 0
K (£,6) = Ri . hop (¢, ;;‘P(L‘, ) +0 ().
0 0

Since, we also have:
fact (C) = fact (CO) + 56fe;ct (CO) +0 (62) ’
thus as P satisfies eq. (7.1d), it leads to the following boundary condition for P on 90°:

ééﬁRQ (Ro (1 —=0) — Ruual)

nucl

5 -
P=— (839/) + p) + chz;ct (CO) (Ro B Rnucl)ﬁ—H

R

(inucl ‘n— P) )
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where in this case n denotes the outward normal vector to 02°.
Also, we have that the expansion of the normal velocity of the boundary is given for all
t>0andf e (—m, x| by:
Vo, =¢e0ip (t,0) + O (7).

As P satisfies eq. (7.1¢), we have that P satifies for all t > 0and 6 (—m,m):
dup (t,0) = —0,P (t, Ry, 0).
In addition, as P satisfies eq. (7.1f), we have that P satisfies on 9N©:
~VP-n =1 n

Furthermore, we deduce from the expansion of fxp the one of fgx and for all t > 0 we
have:

6R (R (1 - ﬁ) - Rnuc ) ~ 2 COSG
fon (t) = ¢ O(Rz_Rnud)ﬁ“ 1 [med (t) 7/0 p(t,0) <Sin9> de] +0 (%).

Thus we have:

1 .
Tl (1) = ——— P(t,x)ndo
l( ) 71—]—zﬁucl ( ONO ( )
Ry (Ro (1 — ) — Ruuer) | 2 cos @
T (Ro— Bua)™ et 8 _/0 P00 \sing) 1) |-
Using the fact that ¢ satisfies eq. (7.10d) and c satisfies eq. (7.1g), we deduce that in 2°\ N°:

0:¢ = Ac.
We also have on 9Q° that:
(Ve+ aueme) -n = (Ve +eVe+ auld,  + caul, & + catiemc”) -n+ O (¢2)
=¢(Vé+atemc®) n+0 (%),
which leads to the boundary condition:
(Ve+ atenc”) n=0  onaQ’.
Similarly, we obtain the boundary condition on N°:

(Vé+ atipuac®) -n = 0.

O
The eigenvalue problem associated with egs. (7.12) and (7.13) is given by:
~AP=0 inQ%\ N, (7.14a)
Ap (0) = —0,P (R, 9) with 0 € (—m, 7], (7.14b)
P= % (por + p) + Xefact ()
1- - nuc ~
+ 0(Ro (1= 5) ﬁl ) (Xnuel - 1 — p) on 9Q°, (7.14¢)
(RO - Rnucl)
VP ‘n = 7ﬁnuc1 'n on 6N0, (714d)
Aé = Upya = AC in Q%\ N9 (7.14€)
(Vé—avPe) n=0 on 9Q° U ON®, (7.14)
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with

1 .
il = —— p
AXnucl N (/8N0 (x)ndo

27
+5R0 (RO (1 - 6) - Rnucl) <7T)~(nucl — / p (9)) <COS 0> d9> ) (715)
0

(RO - Rnucl)6+1 sin 6

where \ € C.

Step 2. Since problem (7.14) and (7.15) is radially symmetrical, we can use Fourier analysis
to study its spectra. Let A € C and let (1375, 0, inucl) be an eigenfunction associated with \.
In polar coordinates, for all r € (Ryue1, Ro) and 0 € (—m, «], the Fourier decomposition of Pis
given by:

P(r,0) = Z P, () cos (mb) + Z Py () sin (m#) ,

meN meN
the one of ¢ by:

é(r,0) = Z Cem (1) cos (ml) + Z Csm () sin (m#) ,

meN meN
and the one of p by:

p(0) = Z Pem €08 (M) + Z Psm sin (ml)

meN meN

with Py =0,¢c50=0 and Ps0 = 0.

Thus we have: ( )
D Pcl Rnucl
Pndo = — Rnuc ’
/(’)NO nao T ! (Psl (Rnucl)>

and also:
o cos Pel
/0 p(0) (Sin@) do = (ps1> .
It leads to:
- _ P, (Rn 1) 0Ry (RO (1 - 6) - Rnucl) ~ Pcl
A el = —R 1 cl uc el — c )
* : nuel (PSl (RHUCI)) * R2 (RO - Rnucl)ﬁ+1 * 1 Ps1

nucl
Using the independence between the cosine and sine modes and due to the the linearity
of the problem (7.14), we have that studying the spectrum of problem (7.14) is equivalent to
studying, for all m # 1, the spectrum of the problem associated to each cosine and sine mode.
By symmetry, we note that, without loss of generality, we can study only the cosine modes.
As P satisfies the laplacian equation (7.14a), we have that for all m € N, there exists A,,,
B,,, C,, and D,,, € R such that for all » € (Rpuc1, Ro):

Py (r) = Apr™ + Cpr ™™,
Psp (1) = Bir™ + Dy ™™,
with By = CO =Dy =0.

Thus by linearity of the problem (7.14) and the independence of the cosine and sine modes,
we obtain that Ay is such that:

Y 6(R0 (1 _ﬁ) _Rnucl)
Ag=— |5+
(R% (RO - ]%nucl)ﬁJrl

) Peo + Xsz;ct (CO) Cco (RO) .
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Thus the mode m = 0 satisfies:

)\Pco =0,

1
/\CCO (T) - 837« + Tar) Cc0 (T) re (Rnucla RO) 3 (PO)
arCcO (T) =0 re {Rnucla RO} .

As P satisfies the boundary conditions egs. (7.14b) to (7.14d), we deduce that 4, C; and
Pel SatiSfy:
Aper = — (A1 — C1Ry?)
5 (RO (1 - ﬁ) - Rnucl)
(RO - Rnucl)ﬁle

ORy (Ro (1 — — Rnuc ~
0 ( 0 ( 5> 11) (Inucl - pCl) .

A1Rg + C1Ry ™ = xefier () car (Ro) + (Zuuel — Pe1) 5

~C\R 2, =C1R 2 —
1 mucl 1 nucl Rfmcl (RO _ Rnucl)ﬂ+

Thus we deduce that:

 Xefher (%) e (Ro) 6 (Ro (1 — B) — Ruyel)
N + B+1
RO 2R0 (RO - Rnucl)
5R0 (RO (1 - 6) - Rnucl) ~
C = (xnucl - pcl) s
2 (RO - ]%nucl)ﬂJrl

l 0
)\pcl _ _chact (CR) Cel (RO) .
0

Al (jjnucl - pcl) P

It follows that:

chz;ct (CO) C(RO) 1 om (R% - Rr21ucl) (RO (1 - B) - Rnucl) (f o )
nucl — Pel) -
Ro 2RoR2. , (Ry — Roua)’

nucl

Ai’nucl = -

For the remaining part of the demonstration, we introduce the following notation:

K = 0 (R(2) B Rr21ucl) (RO (1 - ﬁ) - Rnucl) 6
- 2 B+1 . (7.16)
2ROR (RO - Rnucl)

nucl

We note that K < 0.
Thus the mode m = 1 satisfies:
Apot — Xefact (CO) ce1 (Ro)
Pcl = — R, ’

1 1
ACe1 = 537, + ;87“ - 7“2) Cel e (Rnucla RO)v

87~CC1 (R()) — acO&»Pcl (Ro) = 0,

arccl (Rnucl) - acoarpcl (Rnucl) = 07

el () ¢ (Ro)
Ry

with P.; defined for all » € (Rpuc1, Ro) by:

o chelxct (CO) c (RO) o (RO (]- - ﬁ) - Rnucl)
Fer (r) = l Ry * 2R (Ro — Rune)” ™

6R0 (RO (1 - B) - Rnucl) ~ 1
+ Tnucl — - (717)
2 (Ry — Rowa)” ™ (Pt =0)

(P+)

)\‘%nucl == + K (-%nucl - pcl) )

(:Enucl - P) r
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Finally, when m > 2, without using the expression of P.,, we have that the mode m satis-
fies:

m2

1

((fr + *87 — 2> Pcm =0 re (Rnucla RO) )
T T

Apcm = *arpcm (RO) )

P (Ro) = (v (m*=1) §(Ro(1-5)— Rn;d)) .

R(z) (RO - Rnucl)ﬁ-‘r
+ch;ct (CO) Cem (RO) ) (Pm)
arPcm (Rnucl) = Oa

m2

1
)\Ccm = 62 + 7ar — —5 | Cem (S (RnuCh RO) P
T r r2

87"Ccm (Ro) — acOBTPcm (R()) = 07
8rccm (Rnucl) =0.

Step 3. Here we study the eigenvalues associated to (P,). Let A € C be an eigenvalue of
(Po). There exists (px, cx) eigenfunctions satisfying (P,). If A # 0 thus p, = 0 and setting for all
r € (Ryua;, Ro) and 8 € (—m, m,], ¢ (r,0) = cx (r) we have that ¢ satisfies:

{)\CZ Ac in %\ NO,
Ve-n=0 on 90° U ON®.

We thus have:

)\/ lef® dx :/ Acedx = 7/ IVe|* dx
QO\NO© QO\NO QO\NO

and then necessary the real part of A is negative.

Step 4. Letm > 2. We demonstrate that when x. < x} then all the eigenvalues of (P)
have negative real part. Let A € C be an eigenvalue of (Pn,). There exists (Py, px,cy) eigen-
functions satisfying (Pn). For all » € (Ryua, Ro) and 8 € (—m, w,], we define the function P,
by P, (r,0) = Py (r) cos (m#), the function p,, by p,, (r,0) = py cos (mf) and the function ¢,,
by ¢, (r,0) = ¢y (1) cos (mB). As (P, px, cx) satisfies (Pr), we have (P, pm, ¢ ) satisfies the
following one:

AP, =0 in Q°\ N°,
Apm = —VP,,-n on 99Q°,
2
P, = (7 (mR%— 1) 0 (]féél_RiicﬂﬂIin{lCl)) P+ Xe St () €m on 99,
VP, n=0 on ON?,
Aem = Ac in Q%\ NO,
(Vem —ac®VPy) =0 on 99°,
Ve, -n=0 on ONP.
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The function Q,,, defined by Q,,, = ¢,,, — ac’ P,, satisfies the following problem:

AQy = Ay in 00\ N°,
VQn -n=0 on 90°,
VQ, -n=0 on N,

<1 - ii) Pm = ch;lxct (CO) Qm

+<7<m21) 5(R0(1—5>—Rnud)>pm on 9.

R(Q) (RO - erucl)6+1

Thus we have:

)\/ lem|? dx :/ EmAQ, dx :/ (@ + a®Py) AQy dx
QO\NO QO\NO QO\ NO

= —/ IVQ|? dx — acO/ VP, - VQ., dx
QO\NO QO\ NO

= —/ |VQm|2 dx — aco/ QmVP,  -ndo.
QO\ O

800

Since:

QmVP,  -ndo

890
1 Xc) __
=—|[1-—= P,VP,, -ndo
Xefact (€0) K xe /) Joqo
2-1) §(Ro(1—PB)— Ruue —
_ 7<m2 )_ (Ro(1-5) _ 1) / pmV P -ndo
R (Ro — Ruual) Q0
-2,
=—|[1-—= P, VP, -ndo
Xefact (€0) K Xe/ Joqo
- m?—1)  §(Ro(1—B) — Ruuc
+A 7( 2 )_ (o B) Br1 ) / |/0m|2 do|,
RO (RO - Rnucl) 000
we have;:
_ 2_q _B)—
QO\NO Rj (Ro — Ruuel) 900
ac® Xe —
= VOul? dx — ————— (1 - ) / P,V P, -ndo.
/QO\NO | | Xefact () Xe/ Joqo

As 3 > 1, then LR (1=58) - Rnlud) > 0 and it follows that when m > 2 and . < x} then

(RO - Rnucl)ﬁ-i_
A has a negative real part.

Step 5. Lastly, we study the eigenvalues associated with the (P,) problem. When x. > xZ,
we want to exhibit an eigenvalue of (P,) with a positive real part. Conversely, when x. < xZ,
we want to show that all the eigenvalues of (P,) have negative real parts. To do this, we first
characterise the eigenfunctions associated with the eigenvalue X (see lemma 7.2.6). Secondly,
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we derive an explicit condition on the eigenvalues of (P,) (see lemma 7.2.7), which allows us to
exhibit a positive real part eigenvalue when x. > x (see lemma 7.2.8) and to give a graphical
argument on the fact that all the eigenvalues of (P,) are negative real part when x. < x3.

Lemma 7.2.6. Let A € C. The eigenfunctions of eq. (P,) associated with the eigenvalue A € C are

given by:
(c (7")) By (—iA%r) Y (—iA%r)
p = P , (7.18)

Tnucl Znucl,A

where r € (Ryual, Ro), J1 and Y7 denote respectively the Bessel function of the first kind of order 1
and that of the second kind of order 1 and (Bx,Vx, px, Enuci,n) € C* solution of:

i (B () i (<inE o))

_ W (@\Jl (—i/\%Ro) + 1Y (—iA%RO)) , (7.19)

_i\g (5/\J{ (—i)\%Rnucl) + Y/ (_i)‘%Rnucl))

aXcCO /

- }ggt(co) <5>\J1 (—iA%Ro) + Y (—iA%RO))
00 (R — R2, 1) 7 (Ro (1 — ) — Ruucl)

nucl ~

— ac (xnucl)\ - ﬁ/\) (7-20)
2RO (RO - Rnucl)ﬁ+1

and
A (Znuerx — Pr) = K (Zouci,x — Ar) (7.21)

where K is defined by eq. (7.16).
Proof. From the first line and the last line of eq. (P,), we deduce that:
P = ﬁA c€C and Tnucl = i‘nucl,k cC

satisfy
A (Znuetx — pr) = K (Toucix — P) -

From the definition of the Bessel functions, there exists 8y and v, € C such that the
solutions ¢ of eq. (P,) are given, for all r € (Rpue1, Ro), by:

c(r) =B (—i)\%r) + Y1 (—i)\%r) ,
Since
Ore(r) = —ixE (Brgf (=indr) +nyf (—indr))
the boundary conditions read eq. (7.19) and eq. (7.20). B
Lemma 7.2.7. Let A € C be an eigenvalue of eq. (P,). Then either

A=K
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or \is such that Gy (\) = 0 with G, defined for all z € C by:
Gr(2) =2 (J{ (—iz%Ro) Y{ (—iz%Rnud) .y (—iz%Rnud) Y (—iz%Ro))

f 0 £/ 0
A et () [ (23 Ro) Vi (=¥ Ro ) = T} (—i23 Ro ) Vi (123 o)
0

y (—iz%Rnud) Yi (—iz%Ro) s (—u%Ro) ! (—iz%Rnucl)} .

Proof. Let A € C be an eigenvalue of eq. (P,). Then by lemma 7.2.6, X is associate with an
eigenfunction (¢, p, nua) Of the form (7.18). In particular it satisfies eq. (7.21). Then either we
have

xnucl_p#o and A=K,

or

Touel — =0 and X #0

with X\ such that

- ) ()
axec fhe (CO)

= R fp ) (ﬁeAJ1 (—iA%RO) Y (—iA%Ro)) :

— il (mjl <fi/\%RnuC1> + Y, (fiA%RnudD

— (%CO;;%(CO) (5AJ1 (—D\%RO) + <_1A%RO)) '

Combining these two conditions leads to the condition G; (\) = 0. O

Lemma 7.2.8. If x. > X}, then the eigenvalue problem defined by eq. (P.) admits an eigenvalue
with a positive real part.

Proof. Let A € C be an eigenvalue of the problem defined by eq. (P,). From lemma 7.2.7, we
have that either A = K or X is such that G; (A\) = 0. Since K < 0 and we are looking to exhibit
an eigenvalue with a positive real part, we assume A # K and thus A such that G; (A\) = 0.
We perform the expansion of G; around 0. Using the properties of the Bessel functions, for A
close to zero, we have:

i (—iA%Ro) _ XA o(A)7

1 ( ) = o(A),
v (~ini R ) = — ;0 1 ZZTWRO + %Jl (-ix* o ) log <_M5RO> +o(N),
) g I 2 ()
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where 7 denotes the Euler's constant. Thus for A close to zero, we have:

1 1
Gl ()\) (1 - aXC act (CO)) (Rg R2 7T>
nucl

(Rnucl Ré) 0 (RO Rnucl)
87rR2RI2md A= axee et () 2
aXC act (CO) -1 RO
+ . In (Rnucl> A+o(N),
=g(A\)+o(N).

The function g admits A\; € R as root with \; defined by:

(1= axe e (<)) (Réﬂ - R?l. )

nuct ™
3( R —Ro) (A Riu) | axecfley(c0)=1 ln( Ro )

TRQC] - CLXCCOf;Ct (CO) 8TR2 27 Ruucl

A= —

With the definition of x given by eq. (7.11), we have:

1 1
(1= 00l @) (o~ 2

nucl

>>0<:> Xe > X

We also have:

3 (Rﬁucl Ré) 0 p/ 0 3 (RO R121ucl) aXCCOf;LCt (CO) -1 RO
“semmE, e e ) T () <0
0 3 (R4 Rﬁucl) + 4R2R121uc1 In (R}j:\)cl)
<~ axcc dct (c ) < 5 5 5
Rnucl ( (Rnucl Rj ) + 4R In <Rnu(‘l ))

R
) }or3(RnuCl R2) +4R31H<R 0 ) <0.
nucl

3 (Ré - Rnucl) + 4R0R12111C1 (lefcl)

2,0 (3(R2,q — RE) + 4R3In ()
1. Thus Ay changes sign from negative to positive as x. exceeds x. We can note that When Xe
close to x* then A; approximates well a root of G; and that we have:

R
and 3 (R%,, — R3)+4Rgln( 0

nucl

2 2 2 R,
Moreover, if 3 (R, — R%)+4RZIn (Rnfd) > 0, then

nucl

8 (RS — Rp)
D Saed P @) (R T W e —2r oy O (e f () =1)).

nucl nucl)

A = (axec® fley ()
This eigenvalue is associated with the non-trivial eigenfunction:
1 1
¢(r) By (ZiAFr) + Y (<inr)
p = 0
Tnucl 0

with
0 ¢/

0
o= (b (cnd )+ 2K (i),

Yoy = — <1A%J{ (-ixiRo ) + Wcoﬁ‘oﬁ(co)h (iA%Ro)> :
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To conclude the proof of the theorem, we need to show that when x. < x} all the eigen-
values associated to (P,) have negative real part. We give only a graphical illustration here. For

C

several values of Ry, R, and X—* we represent the function G; by representing its real part,

its imaginary part and its modulus (see fig. 7.1 for an example). We then observe that the root
of G with the largest real part seems to be a real root of G, which is confirmed by studying
the imaginary part of G;. Indeed, we notice that if A € R then G; (A) € R.

Representation of G; when Rg =1, Rpyo = 0.3 and X -0.8

c

Real part Imaginary part Modulus
40 50
20
> 0 0
-20
-40 -50

Figure 7.1: Representation of G, in the complex framework for Ry = 1, Ry = 0.3 and

Xe _ .8. Plots of the real part (left), the imaginary part (middle) and the modulus (right) of the

function G, for A = z + iy € C with xz,y € [—40,40]. We observe that the root of G with the
greatest real part is a real root.

We can therefore restrict the graphical study of G; to the graphical study of G; when
A € R. For Ry and R, fixed and for different values of X—i we plot G; as a functionof A € R

c
(see fig. 7.2). This allows us to observe the largest real root of G; and we notice that when
Xe < X& then this one is negative.

Remark 7.2.9. Ifforthe forces fgn and fnp we choose expressions eqs. (7.4) and (7.5), the result of
57TRO (RO (1 — ﬁ) - Rnucl)

B+1
(RO - Rnucl)
It suffices to note that the centre of mass of the perturbed domain is given for all t > 0 by:

- 1 [ cos
Xem () = ;/ p(t,0) (sin9> deé.

—T

the theorem 7.2.4 is still valid. Indeed, the proof is the same with —k =

Using the Fourier decomposition of p, we then have:

%o (0= (217).
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Representation of G; when Rg =1 and Ry =0.3

T
4 /’.,—‘/ gfﬁ-\s \\:\\
//; SUNNN

24 2257 RN axcc¥f acr(c®) = 0.2

Z,27% '\i N \ 0 0
/;;/ \ \ \\\ axcC fact(c’)=0.4
0 - ’ ................................................. \_\\\ \\\\ ............. aXCCOf,act(Co) - 06
—2 - AN axXcCOfact(c?) = 0.8
: ‘\ ARRNY — - axcCOfaet(c®) =1.0
—4 7 ° \\ \\\\ axcCOf aet(c®) =1.2
_6 \. \\ \\\\ — aXcCOf,act(CO) =1.4
: \ A\ aXeCOF acr(c®) = 1.6
-8 \\ \\ \ — = aYcCfaut(c®) =1.8
: \ \ \ -_—— aXcCOf,act(Co) =2.0

_10 T T T T T T \ L \I
-20 -15 -10 -5 0 5 10

Figure 7.2: Graphs of A\ — G (\) for A € R when Ry = 1 and R,,,q = 0.3 for different
values of ig— = ax.cf’ (co). Each curve corresponds to a different value of x.. The solid yellow-

orange curves correspond to the case where x. < x*, the dashed blue curves correspond to the
case where x. > x and the dark dashdotted curve corresponds to the case where x. = 1x5. The
grey dotted lines are the lines of equation A\ = 0 and y = 0. In the case where x. < x} we notice
that G1 seems to admit no positive root.

7.3 . Finite element scheme

In this section, we write a finite element scheme of the model eq. (7.1) in order to be able
to run some simulations of our model. This scheme will be implement in FreeFem ++ (Hecht,
2012). First, using a semi-implicit Euler scheme, the prolem eq. (7.1) is discretized in time. The
curvature is discretised implicitly (Lavi et al., 2023). Secondly, the discrete problem on the fluid
velocity and pressure is decomposed in three problem in order to separate the boundary
conditions. Third we write the variational formulation of the discrete problem. Finally, using
a Uzawa algorithm (Lefebvre, 2007) or a force the velocities are corrected to avoid potential
contacts between the nucleus and the cell boundary.

7.3.1. Time discretization

We discretize in time our model eq. (7.1). Let At be the time step. For ¢ € {0,..., Ny} with
Ny € N, we denote ¢ = iAt, u’ = u(t',-), P* = P(t',) and ¢! = ¢(t*,-). We also denote
Q' = Q(t") and N* = N (), fip and iy the discrete forces between the nucleus and the
cell boundary. We will use an implicit treatment of the curvature (Lavi, 2019). Let Hi*! be an
approximation of the vector curvature of 9Qi*+! expressed back in 9€2°.
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The implicit-curvature discretization of eq. (7.1) is given by:

Wit vpitl — in Q\N?, (7.22a)
div (u't1) =0 in Q\N?, (7.22b)
P = yH™ 4 X face () n— fipn on 9%, (7.22¢)
uwtl.n=utl.n on ON*, (7.22d)
) 1 ) )
wtl = ( / P*ndo + f} ) : (7.22€)
nucl gnucl |N1| ON'‘ BN
and
At — ¢ : it+1 i+l i+1 i i\ N
— = div (V' — (1 —a)u'td ™) in Q"\N*, (7.23a)
(vci+1 + aui+1ci+1) ‘n=20 on 9N U (“)N"l, (7.23b)
with
Q' = (Id+Atu'™) (@), (7.24a)
N = ([d+Atu™) (N7). (7.24b)

Let o1 = Id +At u’*!. We denote t* and t'+! the tangent vectors of respectively 992¢ and
0Qi*1, Let T+ be the tangent vector of 9Qi*! pulled back on Q. We have:

. . , I+ AtVu'*!) ¢
Tz+1 — tz+1 7+1 — ( i _ .
oY T T ANV ¢ (7.25)

Let N'*! be the normal vector of 921+! pulled back on 99 then we have Ni+! = (Ti+1)"
and we have (Lavi et al., 2023):

HT = — (¢ V) T (7.26)
Note that the discretization chosen separates the resolution of the fluid velocity and pres-
sure at the current time from the marker concentration at the current time.

7.3.2 . Decomposition of the fluid problem
We focus on the fluid velocity and pressure problem defined by eq. (7.22). We decompose
it in three independent problems to separate the boundary conditions on 99 and ON*. We
define as follows the three problems:

u, + VP =0 in Q\N?, (7.27a)
div(u;) =0 in Q\N?, (7.27b)
Pon = 7 4 e fues () — fiig on oY, (7:279)
u =0 on ON?, (7.27d)
—~ AP, =0 in Q\NY, (7.28a)
Py=0 on o9, (7.28b)
VP, = ey on N, (7.28¢)
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—AP;=0 in Q\N?, (7.29a)
P;=0 on 99", (7.29b)
VP; =ey on ON, (7.29¢)

where ex = (1,0) and ey, = (0,1). We setuy = -V P and ug = —VPs.
Lemma 7.3.1. /f (w1, P1), P> and P; are respectively solutions of egs. (7.27) to (7.29) then there

exists (/Ll,,ug,,ug) S R? such that P = ,ulPl + ‘LLQPQ + ‘LL3P3 and u = piug + poug + pgug are
solution of eq. (7.22).

Proof. Let Pf = [,\: Pinydo and P} = [, Pjn, do for j € {1,2,3}. Finding i1, p12 ans pu3
satisfying the lemma is equivalent to solve a linear problem. A solution is given by:

=1, (7.30a)
G [N[ (P + i) + ((PF + i) P — P (PY + fiy) (7.30b)
~E2ua INT” = Guuct [N°| (P + PY) + (P§ Py — P§ PY)
_ Gna [N (P + fign) + (P (P + fib) — (P + f53) PY). (:300)
~&ruat IN'I” = & INT] (5 + PY) + (P§ P — P3 PY)
O

7.3.3 . Spatial discretization

We discretize in space our time-discrete model egs. (7.22) to (7.24). We use a finite element
discretization. Let 7 be a triangulation of Q*\ N*. For all triangle K € 7 we note (A{, A5, A¥)
the barycentric coordinate functions of K. First we define the functional spaces needed. Let
P, be the set of polynomials of R? of degrees less or equal k. Let H,, be the functional space
define by:

Ha={veH" (A\N')|VK € T,vix € Py & Span {\{, A5 A\ }}
and let H,,¢ be the functional space define by:
Huo = {v € Hu| v =0 on ON* a.e.} )
Let H p be the functional space define by:
Hp={Q e H' (V\N')|VK € T,Q|x € P, }
and let #p o be the functional space define by:
Hpo={Q € Hp|Q=00n0Q" ae.}.

7.3.3.1. Variational formulation of the fluid problem

Instead of writing the variational formulation of eq. (7.22), we use the decomposition result
and write the variational formulation of the three independent problems eq. (7.27)-eq. (7.28)-

eqg. (7.29).
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The variational formulation of eq. (7.27) is given by:
Find (uy, P1) € HZ  x Hp suchthatforallv € H2,and Q € Hp, we have :

/ ul.vdx—/ Py div (v) dx+/ yHT! . vdo
Qi\Ni Qi\N' oQi

+ Xefact (¢) v -ndo — / S v -ndo =0, (7.31)
Qi o0
/ Qdiv (uy) dx = 0.
Qi\Ni
The variational formulation of eq. (7.28) is given by:
Find P, € Hpo such thatforall Q € Hpo, we have:
/ VP, -VQdx — Qn,do = 0. (7.32)
Qi\Ni AN
The variational formulation of eq. (7.29) is given by:
Find P; € Hp, such that for all Q € Hp(, we have:
/ VP VQdx— [ Qnydo=0. (7:33)
Qi\N? AN

7.3.3.2 . Implicit treatment of the curvature

The challenging point to solve the problem defined by eq. (7.31) is to compute H**+!. We
note u’*t! = uy + pous + pzuz where uy is solution of eq. (7.31), u, of eq. (7.32), uz of eq. (7.33)
and po and ps given by eq. (7.30). Denoting I the perimeter of the domain in the deformed
configuration, we have:

F(ut!) = P (¢71(@) = / (I + AtTu) ] dor
le19X

Assuming up and ug given, we see F as a function of u;. We note it G and we have:
G () = / |(I+ AtV (u; + pous + pzug)) t' do = F (')
o
Using a Taylor expansion to the order 2, we have that for all v € H! (Qi\Bi)Q:

G’ (u)) (v) = At Vvt -THdo=At [ H* .vde
o0t Nt
and we also have that for all v,w € H' (Q’i\Bi)Q:
(Vvti- N - (Vwit? - N
(I + AtV (U1 + H2U2 + ,U3U3)) ti|

G" (1) (v, w) = At? /

o0

We also remark that:

o A2 (Vvt) - (Vvt)
G(u) <G At [ Vvt T do + —- ‘
() <G (u) + v g (I + AtV (uy + pous + pgus)) t|

o0 2 Jaqi
~ Vvti) - (Vwit?
and we denote G (u) (v,w) = AtQ/ (Vi) - (Vwit) ,
oai |(I 4+ AtV (u+ pous + pzus)) t
Thus, we use a Newton like method to approximate the solutions of eq. (7.31). We want

to construct a sequence of functions (uf, Pf"), such that this sequence converges to (uy, P,).
This sequence of functions is constructed as follows:
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1. Letu =0and P =0.
2. While [u}™ — uf| > n with 5 > 0 a small threshold, do:

(a) Compute p5 and ps3 associate to PF, P, and P using the expression of eq. (7.30).
(b) Solve the following variational problem:

Find (uf™, P{*™") e H2 , x Hp st.forallve HEgand Q € Hp

/ ubtlvdx — / PM1div (v) dx + / Qdiv (u]fﬂ) dx
Qi\N# Qi\N#

QiI\ N
G (uh) (V) + G (uf) (b - b v) (7.3
+/ chact (Ci)V'ndO'— fliIBV'l’ldO':O.
o0t Qi

3. Set (ug, Pp) = (uf*!, PFFY).

We assume our method to converge.
We can remark that in a certain sense the variational problem defined by eq. (7.31) is equiv-
alent to the following minimization problem:

d (UI> - veVr(nS%in\Nz:) J (V)
where
1 ) )
J(v)= f/ lv|? dx+lG(v)—|—XC/ fact (¢) v-ndo — fxgv - ndo
and

V (Q\NY) = {V € H* (Q"\Ni)2 such that div(v) =0and V x u =0 in Q"\N* a.e.} .

7.3.3.3 . Discretization of the concentration problem

At each step of the numerical simulations, the mesh is propagating with the velocity umesh
which satisfies:

Aupesh =0 in Q\N?, (7.35a)
Upesh = u' on 9%, (7.35b)
Umesh = uf;;il on 8N1 (7.350)

Thus the mesh propagation induces advection at velocity u,,esn Of the markers concentration.
Taking it into account leads to modify the discrete concentration problem eq. (7.23) as follows:

i+1 _ 1 . . ) ) . )
% F(1—a)u™ Vet —upen - Vet — At =0 in QI\NY, (7.36a)
(VciJrl + ac”lu”l) ‘n=0 on &N UAN®. (7.36b)

The variational formulation of eq. (7.36) is given by:

Find ¢'*! € H,. such that for all ¢ € H,, we have:

A+l i "
_ dx—l—/ div (Upmesh) € dx
/Qi\Ni ( At >¢ Qi\Ni (mea) €740 (7.37)

- ((1 —a)u e —upen et — Vc”l) -Vydx =0,
Qi\ N

where H, = {¢p € H' (Q\N?) | VK € T,9|x € P1 @ Span { A\, A5, AF} .
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7-3.3.4 . Numerical scheme without taking care of the potential contacts be-
tween cell boundary and nucleus

The numerical scheme to solve the problem egq. (7.1) without taking care of the potential
contacts between cell boundary and nucleus is given by the following algorithm:
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Algorithm 7.1: Time iteration of the numerical scheme obtained after time discretization
and space discretization with a finite element method and an implicit curvature treat-
ment.

1. Compute u**! and P*! using ¢! and the decomposition method:

(a) Solve the following variational formulation to compute P, and deduce from it
u, = —VDh:

Find P, € Hpo such that forall Q € Hpo, we have:
/ VPg-Vde—/ Qn,do = 0.
Qi\Ni dNi

(b) Solve the following variational formulation to compute P; and deduce from it
us = —VPFPs:

Find P; € Hpo such that forall Q € Hpo, we have:

/ VP;-VQdx — Qny do = 0.
Qi\Ni ONi

(¢) Using the Newton like method, compute u; and P;.
i. Setu=0and P =0.
ii. While \u’f“ —uf| > 5, compute y3 and p3 associate to Pf, P, and P; using
the expression of eq. (7.30) and solve the following variational problem:
Find (uf™, P{*") e H2 , x Hp st.forallve H2 jand Q € Hp
/ ui o vdx — / P div (v) dx + / Qdiv (uj™) dx
Qi\N?

N 2N QiI\N
+KG/ (uf) (v) + KtG (uf) (u’lﬂ'1 —uf,v)

+/ Xefact (Ci)v~nd0—/ figv-ndo =0.
ot o

iii. Set (uy, Pr) = (ujt, Pf*).
(d) Compute pus and ug associate to Py, P, and Ps using the expression of eq. (7.30)
and deduce u't! = u; + pouy + psus and P = Py + po Py + 113 Ps.

, 1 . .
. TR A 1
2. Computation of the nucleus velocity: u} ., = TN (/ P"'ndo + féN).
gnucl | | ON'
3. Computation of the mesh velocity uyesh.
4. Computation of the markers concentration ¢! using u'*! and u,.s, by solving the
following variational formulation:

Find ¢**t! € . such that for all v € H., we have:

At i _
/ () Ydx + / div (Wpmesn) ¢ 1) dx
Qi\N? At QiI\ N

— ((1 —a) u et — oy ettt — Vc”l) -V dx = 0.
Qi\Ni

5. Update of the domain: } A
Q! = (Id +At upesn) (),

Nitl — (Id +At upnesh) (Ni)

237




7-3.4 . Contact between cell boundary and nucleus: utilization of a Uzawa algo-
rithm

Numerically, there may be contact between the nucleus and the cell boundary. To avoid
them, we use a contact algorithm based on a Uzawa algorithm. By projecting the fluid velocity
and the nucleus velocity on an well suited space, the velocities are corrected (Lefebvre, 2007).

7.3.4.1. Notations

In this subsection, we introduce the notations needed for the Uzawa algorithm. We fix
the time and we assume to be at time ¢* with i € {0,..., N¢}. We recall that we assume the
nucleus to be circular and we denote by x,,q € Q' the position of the nucleus center and
Ruua > 0 the nucleus radius such that N* = B (xpucl, Ruuel) C Q.

We cover 9Q¢ with N,, € N circular particles. We call them j3; where j € {1,...,N}. For
all j € {1,..., N}, we assume there exists x; € 9" and r; > 0 such that when we denote

) Np
B; = B(x;,r;) we have Q" C |J ;. We note X = (Xpucl, X1, - - -, X, ) the vector with all the
i=1

particles’ positions.
The distance between the nucleus and the boundary particle j is defined by:

Dj (X) = ‘Xnucl - le — Ruuel — Tj.
The gradient G of this distance D; is defined as follow:

G,(X) = (e;(X),0,...,0,—e;(X),0,...,0)

where e;(X) = Xouel 7 X5
|Xnuc1 - Xj‘
These notations are summerized in Figure 7.3.
1 ; . .
Forallj € {1,...,N,}, letv,; = ) u’™! dx be the velocity of the boundary particle
J Jpnie

j. Let 'V be the vector with all the particle velocities:

— i+1
V= (unucl7v1’v27 T ’VNP) :

We remark that V depends only of u’"! and u’t!. Let ¢ be the function:

nucl

g RZx H'(Q\N))? — RANetD
1 1
(v,u) — U,—Q/ udx, ..., — / udx
’/TT‘l Bani ’/T’I"Np ﬁanQi

suchthat V = g (ulf), ut?).

nucl?’

7-3.4.2 . Uzawa algorithm

We want to find an admissible velocity space for the nucleus velocity and the fluid velocity.
This space will be the space of the velocities ensuring that the nucleus is inside the cell and
not in contact with the cell boundary. Thus for all j € {1, ..., N, }, we want to have:

D;(X + AtV) > 0.

This condition means that at the next time the nucleus is always inside the cell at least at a

distance  min r; from the cell boundary.
Je{l, s Np}
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Figure 7.3: Notations for the Uzawa algorithm.

By linearizing this condition, we have:
D;(X)+ AtG;(X)-V >0
and thus we deduce that an admissible velocity space is given by:

K(X) = { - (vw) eRx H! (21\N%)? such that }
Vie{l,...,Np}, D;(X)+AtG;(X) - g(v,u) >0
We want ensure that (ul), ui*!) € K (X). To do it, we project the a priori velocities
(computed without taking care of the potential contact) in the admissible velocity space K (X).
We deduce the corrected velocities.
Let (u”% u”%) be the a priori velocities of the nucleus and the fluid. Thus we search

nucl’

(uihl, utt) such that:

nucl’

i1 il i+3 i) | : i+: 1|2
(unud’ u ) - unucl’ u 2 = i (’U, V) - unuc17 u 2 . (738)
(v,v)eK(X)

From the appendix A of Lefebvre (2007), we know that if (u’t] ui*!, \) € R2 x H* (21\N1)* x

R is solution of the following problem (7.39) then (u’t!, u*!) is a solution of the minimiza-
tion problem (7.38).
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xX€PB; i+d a1
() + AtZ( Aej(X ]{E?}eﬂx)) = (umgw™). 73909

7T7°j
i+ ui+1
- At e]( ) unucl ej (X') ' 2 dX S D] (X) ) (7'39b)
B;NQ 7T7"j
i+1
o [ e uzh ey (X) - [ ke DX ) =0, (7390
BN T(-Tj

forallj e {1,...,N,}.

To solve eq. (7.39) and find the corrected velocities u’t! and ui*!, we use the following
Uzawa algorithm:

Algorithm 7.2 : Uzawa algorithm to correct the nucleus velocity and the fluid velocity
in order to avoid contact between cell boundary and nucleus.

i L .
Assume u'! 2 and ui*2 given.
1. Letv® e R?and v? € H! (Qi\Ni)Q.
Let \° € RM»,
Let » > 0 small and p > 0 a projection step.

2. While | (vF+!, vF1) — (vF vF)| > nor [AFF! — A*| > 5 do:
k41 it L
(@ vl =u, 2+ iAt >, Aej(X).
j=1

L1 1 Np 1 XEB;
(b) VA = u'td — ZAr Y Nre, (X)—xE01
j=1 7T7”j

k+1 _
() AMFL =

k+1
[Ie, [ +p (—Atej(X) R 4 Ate;(X) - //3 L - Dj(X)ﬂ.

MO 7T’I“j

3. Update of nucleus and fluid velocities:

1+1 k+1
S
and
uz—i—l _ Vk+1

7.3.5 . Numerical scheme

Finally, a time iteration of the numerical scheme to run simulations of the model eq. (7.1)
is given by:
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Algorithm 7.3 : Time iteration of the numerical scheme obtained after time discretization
and space discretization with a finite element method and an implicit curvature treat-
ment, with an Uzawa algorithm to manage potential contacts between the cell boundary
and the nucleus.

1. Compute the a priori velocity uitz and the pressure Pi! using the decomposition
method:
(a) Compute P, and us by solving a variational formulation.
(b) Compute P; and ujs by solving a variational formulation.

(c) Compute P; and u; using the Newton like method and solving variational
formulations.

(d) Compute uo and ug associate to Py, P» and Ps using the expression of Equation
eq. (7.30) and deduce u'tz = uy + pouy + pguz and P = Py + s Py + 3 Ps.
(See Algorithm 7.1 for more details)

2. Computation of the a priori nucleus velocity:

ity 1 (/ i+1 i )
T e p— Ptndo + fiy ).
! gnucl ‘Nl‘ ON‘ BN

3. If the distance between the cell boundary and the nucleus is small then projection of
i1 .
the a priori velocities u_\ 2 and u*2 in an admissible space via a Uzawa algorithm to

compute the corrected velocities u’t! and u'*! (see Algorithm 7.2 for more details),
i+l _ it i+l gitd
elseu;; " =u dandu ™ =u'"z,

4. Computation of the mesh velocity uyesh.

5. Computation of the markers concentration ¢! by solving a variational formulation
(see Algorithm 7.1 for more details).

6. Update of the domain: computation of Qi+ and N#*1,

One drawback of this numerical scheme 7.3, which uses an Uzawa algorithm to manage
potential contacts between the cell boundary and the nucleus, is that it does not preserve
the symmetry of the problem (7.1). If the initial data is symmetrical about an axis, then this
symmetry is preserved over time. For this property to be preserved numerically, at each time
iteration the mesh must be symmetrical with respect to this axis and also the balls covering
the boundary of the cell used for the Uzawa algorithm must be arranged symmetrically. This
is restrictive and we choose another approach to manage potential contacts between the cell
boundary and the nucleus using a repulsion force.

7.3.6 . Contact between cell boundary and nucleus: utilization of a repulsion
force

Based on a repulsive force, we present another way of avoiding potential contact between
the cell boundary and the nucleus. We assume that the interaction between the cell bound-
ary and the nucleus when they are close induces a force on both the nucleus and the cell
boundary.

Let fb . (xp) and f . (xx) be the force induced by the interaction between the cell

boundary and the nucleus at the point xg € 99 and the point xy € 9N, respectively. We
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have:

b _ d(xp:%) g
fcont (XB) = . )‘]ld(XB,fc)<To € m —e ™ |ndo) - n,

and

n _d(xN,fc) g
fcont (XN) = / Aﬂd(xN,f()<r0 € "1 —e ™ |ndo | -n,
o

with A > 0, rg > 0, 71 > 0, and for all x,x € R?, d (x,x) the euclidean distance between x and
%x. We could say that the cell boundary perceives the nucleus as an obstacle and the nucleus
perceives the cell boundary as an obstacle (see section 1.3.5.4).

This modifies the model by changing the boundary condition on the pressure (7.1d) and
velocity of the nucleus (7.1e) as follows:

P =7k + Xcfact (C) — fxB — fcbont on 092 (t) ,

and

1 /
Upyel () = —————— P(t,x)ndo + fan + £, | »
1 ( ) gnucl |N‘ ( ON (D) ( ) BN t)

Wlth fg)nt = fBN f(:z)nt (X) ndo.

Let f,

cont cont

boundary condition (7.22¢) is then given by:

b4 and £, be an approximation of the forces f> . and f"_ attime t. The discrete

(o}

PHn = yH™* 4 xofae ()0 — fign—f20n onaQ.
The discrete nucleus velocity (7.22e) is given by:

. 1 / . . .
+1 i+1 7 7,7
T —— Ptlndo +f, +fcon>.
: fnucl |N2| ( ON' BN ¢

Following exactly the same procedure as the one described in sections 7.3.2 and 7.3.3,
we obtain that with this repulsive force to take care of the potential contact between the cell
boundary and the nucleus, the numerical scheme to solve the problem eq. (7.1) is given by the
following algorithm:
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Algorithm 7.4 : Time iteration of the numerical scheme obtained after time discretization
and space discretization with a finite element method and an implicit curvature treatment
with a repulsive force to prevent potential contact between the cell boundary and the
nucleus.

1. Compute u**! and P*! using ¢! and the decomposition method:

(@) Solve the following variational formulation to compute P, and deduce from it
u, = —VDh:

Find P, € Hpo such thatforall Q € Hpo, we have:

/ VP, -VQdx — Qn,do = 0.
Qi\Ni ONi

(b) Solve the following variational formulation to compute P; and deduce from it
ug = —VP;:

Find P; € Hpo such thatforall Q € Hpo, we have:
/ VP3~Vde7/ Qnydo = 0.
Qi\Ni AN

(¢) Using the Newton like method, compute u; and P;.
i. Setul=0and P =0.

ii. While [uj*! —uf| > 5, compute p; and 5 associate to Pf, P, and P using
the expression of eq. (7.30) and solve the following variational problem:

Find (uf™, P{*") e H2 , x Hp st.forallve HZ jand Q € Hp

/ ui L vdx — / P div (v) dx + / Qdiv (uj™) dx
Qi\N? Qi\N? Qi\ N’

i YA
+KGI (uf) (v) + KtG (uf) (0t —uf,v)

+ Xefact (¢) v -ndo — fip v -ndo
Qi o0

o
—fam fonev-ndo = 0.

iii. Set (uy, Pp) = (uft, Pft).
(d) Compute s and ug associate to Py, P, and Ps using the expression of eq. (7.30)
and deduce u't! = u; + pouy + psug and P = Py + ps Py + 113 Ps.

. o 1 , A :
2. Computation of the nucleus velocity: u’t!, = ———— P ndo + iy + fr, ).
nuc fnucl |N1‘ ON'

3. Computation of the mesh velocity uyesh.

4. Computation of the markers concentration ¢'*! using u'*t! and up,csn, by solving the
following variational formulation:

Find ¢*! € H,. such that for all ¢ € H., we have:

Gt g . )
/Q"\N‘ (At )1/1dx+/QV\N_ div (Wpmesn ) ¢ dx

— ((1 —a) u et — g ettt — Vci'H) -V dx = 0.
Qi\ N

5. Update of the domain:

D= (A ) () ppgnd - N7 = (A ) (V)




7.4 . Numerical results

7-4.1 . lllustration of the action of the restoring force on the nucleus

In this section, we illustrate the action of the forces induced by the nucleus on the cell
boundary and the cell boundary on the nucleus. We aim to illustrate that the force induced
by the boundary on the nucleus brings the nucleus back towards the centre of the cell. To do
this, we consider the model without coupling with the markers concentration, i.e. with x. = 0.

Time evolution of the cell's
centre of mass velocity norm

Time evolution of the nucleus position
in the frame of reference of the cell

x coordinate 0.04
0.3 = =y coordinate
0.02 A
0.2 1 E J
\\ i 0.00
014 -0.02
\\
0.0 - e e——— —0-047
T T T T T T T T T T T T
0 2 4 6 8 10 0 2 4 6 8 10

Figure 7.4: lllustration of the nucleus dynamic without coupling with the markers con-
centration and surface tension. On the left is the time evolution of the nucleus position in the
cell frame of reference. The cell frame of reference is centered on the cell centre of mass. We then
observe that after a certain time, the position of the nucleus coincides with that of the cell’s centre
of mass. On the right is the time evolution of the cell’s centre of mass velocity norm. We observe
that is constant and equal to zero.

The results presented here are obtained with the parameters At = 0.00005, Ryyer = 0.3, xI2 | =
(0.4;0.2), 8 = 1.5, 6 = 0.141372 and &,uc1 = 1. See fig. 7.5 for the initial cell domain.

We then observe that the nucleus indeed returns to the centre of the cell. We also observe
the action of the force induced by the cell boundary, which deforms the initial shape of the
cell domain into a disk. We can note that the surface tension has also this effect on the cell
domain.
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Figure 7.5: lllustration of the time evolution of the domain without coupling with the
markers concentration and surface tension. On the left is the initial cell domain. On the right
is cell domain at time t = 10. We observe that at the final time the cell domain is a disk. The pink
lines indicate the axes and the point (0,0).
The results presented here are obtained with the parameters At = 0.00005, Ry = 0.3, xiﬁlcl =
(0.4;0.2), B = 1.5, 6 = 0.141372 and &,y = 1.

7-4.2 . lllustration of the theorem 7.2.4

In this section, we check that the numerical scheme proposed in algorithm 7.4 is consistent
with the mathematical study of the model. We therefore check that we recover the stationary
state (7.10) as well as the result on the stability of the latter stated in theorem 7.2.4.

First, we check that the model captures the stationary state. To this aim, we choose as
initial condition the stationary state. The initial geometry of the cell is given by Q™ = B (0, Ry)
and N'® = B (0, Ryua) With Ry > Ruua > 0 and the initial marker concentration is given

11 j—
by ¢ (x) = W
stationary state. The velocity remains zero over time, and the position of the nucleus and the
geometry of the cell remain unchanged over time.

We check that the numerical scheme gives results in accordance with theorem 6.2.2. We
therefore study the linear stability of the stationary state numerically. To do this, we choose
a perturbation of the stationary state as the initial condition and observe, depending on the
value of ., whether the system returns to the stationary state.

The chosen stationary state perturbation is given by:

As illustrated in fig. 7.6, the numerical scheme captures well the

" (x) = K (1+ X (x)) L4 x(x)>0 (7.40)

where for all x € 2\ N we have X (x) ~ A (0,1) and K such that [, ¢ (x) dx = M.

As illustrated in fig. 7.7 for the case where Ry = 1 and Ry, = 0.4, we correctly find the
criterion on the linear stablity of the stationary state. Indeed, when x. < xZ, we have that
the norm of the velocity decreases very quickly towards 0 then is constant equal to 0. This
illustrates that when x. < x} the stationary state is stable. Also, when x. > xZ, we observe
that the norm increases rapidly towards a strictly positive value and then becomes constant.
This suggests that when x. > x7 there are stable travelling waves.
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Time evolution of the cell's
centre of mass velocity norm

Time evolution of the nucleus position
in the frame of reference of the cell

0.04 0.04 1 x coordinate
= =y coordinate
0.02 A 0.02 A
E
i 0.00 A 0.00 | fr=e—————————————————)
—0.02 A —0.02 1
—0.04 A —0.04 A
T T T T T T T T T T T T
0 2 4 6 8 10 0 2 4 6 8 10
time time

Figure 7.6: Example of capturing the stationary state using the numerical scheme. The
curve on the left represents the evolution of the velocity norm of the cell’s centre of mass over time.
We observe that this remains zero throughout the study interval [0,10]. The curves on the right
represent the evolution of the coordinates of the nucleus position over time. The nucleus position
is preserved over the study interval.

The results presented here are obtained with the parameters At = 0.00005, Ry = 1, Ryue = 0.4,

i — (0 _ _ in _ _ _ _oc(l4cs)? _
xn = (0,0, M =ma=1c"= oY T L Xe = 0.5, fact (¢) = Coqey With ¢s =
0.5,6 =1.5,§ = 0.141372 and &,y = 1.

Time evolution of the cell's centre of mass velocity norm
P mag YO R g o e -
- /¢ *
4 1 Xe=Xc —0.5
3 / ST - D Xe=x. =03
II [, Xc:Xc* -01
E / —_—
i 5 II / Xc=Xc
] II Xe=x. +0.1
1 ,' ,/ —= xc=x.+0.3
/, // -= Xc:Xc*+0'5
[P
0 -

10
time

Figure 7.7: Numerical illustration of theorem 7.2.4. Fach curve represents the evolution of the
cell’s centre of mass velocity norm of a cell for different values of x. (see legend on the right). When
Xe < Xi the norm of the velocity decreases very rapidly towards 0 (dashdotted curves in overlapping
shades of orange), whereas when x. > x it increases rapidly towards a non-zero value (dashed
curves in shades of blue) . The critical case x. = x is also represented (dark curve), here the norm
of the velocity is close to zero and decreases.

The results presented here are obtained with the parameters At = 0.00005, Ry = 1, Ryuc = 0.4,

m J—

xn  =(0;0), M =ma=1=1,c"given byeq. (7.40) and x} given by (7.11), fact () z(l(jfc)j
with c; = 0.5, 8 = 1.5, § = 0.141372 and &pper = 1.
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7.4.3 . Capture of travelling waves

The numerical illustration of theorem 7.2.4 on the stability of the stationary state suggests
that when x. > x}, the model admits progressive waves which are captured by the numerical
scheme. We verify and illustrate this in this section.

As a remainder, a travelling wave is characterised by the cell moving at a given velocity.
The geometry of the cell and the distribution of the marker concentration in the cell reference
frame are conserved over time.

First, we plot the trajectories associated with the x. = x% + 0.1, x. = xZ + 0.3 and x. =
X% + 0.5 cases in the fig. 7.7. Each cell maintains its orientation over time, which, coupled with
the fact that the norm of the velocity is constant, leads to a travelling wave (see fig. 7.8).

Trajectories

30 1

20 1

10 -+

_10 -

-10 0 10 20

Figure 7.8: Trajectories associated with the cells in fig. 6.7 in the case where x. > x!. Each
curve represents the trajectory of one of the cells studied in figure 3. Only those where x. > x are
represented, keeping the same colour coding (see legend on the right). We can therefore see that
here the cells do not change orientation over time.

The results presented here are obtained with the parameters At = 0.00005, Ry = 1, Rpuel = 0.4,

. B . . C C 2
X0 =1(0;0), M =7 a=1~v=1 c™" given by eq. (7.40), x}: given by (7.11), fact (c) = cff(LZi)

with ¢, = 0.5, 8 = 1.5, § = 0.141372 and &yl = 1.

It remains to be verified that, when the velocity of the travelling wave is reached, the shape
of the cell and the distribution of the markers within the cell are unchanged. To this end, we
represent the cell at different times. We can see that initially the cell polarises, the nucleus
moves to the area that will be the rear and the concentration of markers increases in this area.
Then, once polarised, the cell maintains its shape and the distribution of the concentration
of markers inside (see figs. 7.9 to 7.11). What we see is a travelling wave. We can see that,
depending on the parameters, the shape of the cell, although similar, is different.

These observations are very interesting because they are in accordance with biological
observations. They clearly show that the model allows us to reproduce in a qualitative way
the polarisation and cell migration phenomena. Indeed, the numerical results in the figs. 7.9
to 7.1 highlight that, for a range of parameters, a perturbation in the stationary distribution
of markers leads to cell polarisation and movement in a travelling wave regime.
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The initial condition models a reorganization in the cytoskeleton. The cell geometry is
symmetric, and the homogeneous distribution of markers is perturbed, leading to cell po-
larisation. Initially, the cell geometry is few altered, and the quantity of markers in the area
that will become the rear of the cell increases, this can correspond to the slow rear retraction
phase. Then, the geometry changes, defining the front and rear of the cell. It is challenging to
assert that the model captures the fast rear retraction phase. Nevertheless, the nucleus and
the rear edge of the cell move in the same direction, which will be the direction of the cell,
and the rear edge of the cell moves faster than the nucleus. This results in the nucleus being
positioned at the rear of the cell when it becomes polarised. Until the cell starts moving at a
constant speed, the quantity of markers continues to increase at the cell rear. There are few
markers at the cell leading edge. Since the markers are rear markers, they can model an in-
hibitor of actin polymerisation. The absence of markers in an area thus models a zone where
actin is polymerised. This indicates that we indeed observe actin polymerisation at the front
and the creation of the lamellipodium, which corresponds to the maturation phase. Thus the
model reproduces well the polarisation phenomenon.

By considering that the four steps of the cell migration cycle occur simultaneously, obtain-
ing a travelling wave indicates that the model accurately reproduces the phenomenon of cell
migration.

Conclusion and perspectives. The proposed model and the numerical simulations per-
formed allow us to qualitatively reproduce the phenomenon of polarisation and cell migra-
tion. In future work, we aim to define the travelling waves solutions of the model and study
their existence. By continuing this study, we aim to characterise the long-term behaviour of
the model. Finally, we hope to establish a bifurcation result from the stationary state to a
traveling wave when x. becomes greater than x.

Another perspective is to pursue the numerical study of the model to highlight the influ-
ence of each parameter on the model and the trajectory obtained. We also yearn to numeri-
cally study the heuristic approach concerning the forces acting between the nucleus and the
edge of the cell and compare the results obtained via this heuristic with those presented here.
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Figure 7.9: lllustration of the convergence to a travelling wave when x = x} + 0.1. Snap-
shots of the cell are shown at time t € {0,1,2,...,9,10}. We can see that for t < 6, the cell
polarises: the nucleus is placed at the rear of the cell and the concentration of markers increases
in this zone. Then, when t > 6, the travelling wave velocity is reached (see fig. 7.7 ) and we observe
that the shape of the cell no longer changes, the position of the nucleus in the cell reference frame
is fixed as is the distribution of the marker concentration. The cell retains its polarisation.

The snapshots corresponds to the case x. = x:+0.1 of the fig. 7.7. The red area represents the area
with high markers concentration whereas the dark blue area represents the area with low markers
concentration. For ease of reading, the travelling wave is represented along the axis defined by its
direction. The two lines are normally aligned.
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8 t=9 t=10

t=7 t

Figure 7.10: lllustration of the convergence to a travelling wave when y = x} + 0.3. Snap-
shots of the cell are shown at time t € {0,1,2,...,9,10}. We can see that for t < 4, the cell
polarises: the nucleus is placed at the rear of the cell and the concentration of markers increases
in this zone. Then, when t > 4, the travelling wave velocity is reached (see fig. 7.7 ) and we observe
that the shape of the cell no longer changes, the position of the nucleus in the cell reference frame
is fixed as is the distribution of the marker concentration. The cell retains its polarisation.

The snapshots corresponds to the case x. = x:+0.3 of the fig. 7.7. The red area represents the area
with high markers concentration whereas the dark blue area represents the area with low markers
concentration. For ease of reading, the travelling wave is represented along the axis defined by its
direction. The two lines are normally aligned.
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Figure 7.11: lllustration of the convergence to a travelling wave when x = x* + 0.5. Snap-
shots of the cell are shown at time t € {0,1,2,...,9,10}. We can see that for t < 2, the cell
polarises: the nucleus is placed at the rear of the cell and the concentration of markers increases
in this zone. Then, when t > 3, the travelling wave velocity is reached (see fig. 7.7 ) and we observe
that the shape of the cell no longer changes, the position of the nucleus in the cell reference frame
is fixed as is the distribution of the marker concentration. The cell retains its polarisation.

The snapshots corresponds to the case x. = x:+0.5 of the fig. 7.7. The red area represents the area
with high markers concentration whereas the dark blue area represents the area with low markers
concentration. For ease of reading, the travelling wave is represented along the axis defined by its
direction. The two lines are normally aligned.
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8 - A1dimensional model of cell motility taking into account
the nucleus

In this chapter, in collaboration with Thomas Lepoutre and Nicolas Meunier, we present
a heuristic model of cell motility that includes the nucleus. The modelling of this model is in-
spired by the approach taken in chapter 1. The aim of this model is to highlight the properties of
the nucleus and its impact on cell motility. We derive a one-dimensional model from the two-
dimensional modelling. We study this one-dimensional model and proof that it is well-posed.
The one-dimensional model considered is a non-local, non-linear Fokker-Planck equation. We
then examine its stationary states. Finally, we write a finite volume numerical scheme for the
model, which, once implemented in Python, allows for a numerical study of the model. The
model reproduces behaviours consistent with the biological context. We emphasize that the
model captures intermittent trajectories.

8.1. Modelling

In this section, we aim to develop a model of cell motility that includes the nucleus in
dimension 1. This model is derived from a two-dimensional model obtained through a heuris-
tic approach. We simplify the nucleus to a point and model its influence on the cell and its
boundary by acting on the markers attached to the boundary. Although different, the ideas
of modelling are similar to the modelling approach taken in chapter 1.

8.1.1. Model in dimension 2

Let Q (¢) be a subset of R? which models the cell. We assume the cell to be filled by a
fluid with velocity u and pressure P that models the cytoskeleton. Let Xy (¢) € Q(t) be the
position of the nucleus at time ¢ > 0.

We assume that the cell contains some markers of concentration c¢. These markers are
polarity markers. We assume them to be rear markers. This means that the rear part of the
cell is defines as the part with the most markers. We assume the markers to be transported
by the fluid and to diffuse inside the cell. Thus for ¢t > 0 and x € Q (¢), we have:

Orc (t,x) = Ac(t,x) — (1 —a)div[u(t,x) c(t,x)] (8.1)

with0 <a <1.

We also assume these markers can attach and detach to the membrane. Let x (t,x) be
the concentration of markers at the point x € 9 (¢) at time ¢t > 0. The rate of attachment
to the membrane at the point x € 992 () depends on the position of the nucleus. We denote
a (X n,x) this rate. We assume that the closer x and X are the smaller a (X y,x) is. We
also assume that there exists A > ¢ > 0 such that for all x € 9Q(¢) and Xy € Q(t), ¢ <
a(Xy,x) < A. We do this assumption in order to model the fact that the nucleus acts on
the cell boundary. The rate of detachment of the membrane is constant over 99 (¢) and we
denote it 5. Thus for ¢ > 0 and x € 99 (t), the dynamic of the markers concentration at the
membrane is given by:

O (t,x) = a (X () ,x) c(t,x) — Bu(t,x). (8.2)
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We also assume the total quantity of markers to be constant in time. Thus we impose:

/ c(t,x) dx+/ w(t,x)do=M
Q(t) a9(t)

with M independent of the time. The following border condition ensures it:
[Ve(t,x) +au(t,x)c(t,x)] -n=—0u(t,x), x€d(t),t>0. (8.3)

We want to write the problem for the fluid velocity and pressure. As in Lavi et al. (2020), we
assume there is a coupling between the fluid and the marker concentration and the markers
to be rear markers. Thus we have:

u+VP=0 inQ(t), (8.4a)
div (u) =0 inQ(t), (8.4b)
P =9k + Xefact (1) on 90 (t), (8.4¢)
Vo=u-n on 9N (t). (8.4d)

To ensure the assumption of rear markers we assume that f,; is such that . (zo) = 1 with
1o the markers concentration at the membrane associated to the mean planar concentration
steady state.

Finally, we write the dynamics on X . We assume the nucleus to rubs against the sub-
strate, that the fluid acts on it and that the cytoskeleton imposes a restoring force to its equi-
librium position X.q. We assume to have X.q = Xcm the position of the center of mass. Thus
with the force balance, we have for all ¢t > 0:

d

dt

with k. > 0 and ky > 0.
Thus, combining egs. (8.1) to (8.5), the model in dimension 2 is given by:

Xy (£) = —hy (Xiy (1) = Xeq (1)) — kyu (£, X (1)) (8.5)

u+VP=0 inQ (1), (8.6a)
div (u) = 0 inQ (1), (8.6b)
P =k + Xefact (1) on 90 (1), (8.6¢)
Vpo=u-n on 90 (¢), (8.6d)
e (t,x) = Ac(t,x) — (1 —a) div [u (¢, %) ¢ (¢, x)] inQ(t), (8.6e)
[Ve(t,x) 4+ au (t,x) ¢ (t,x)] -n=—0u(t,x) on 99 (t), (8.6f)
Oupt (%) = o (X (1) ,5) ¢ (£,%) — By (1,%) ondQ (). (869
EthN (t) = =k (X (t) = Xeq (1)) — kpu(t, Xy (1)), (8.6h)
c(0,x) = (x), px (0,x) = puk (x), Xn (0) =X, x € 09(0), (8.6i)

with %, 19 and X given.

8.1.2. Model in dimension 1

We want to write an analogous problem in dimension 1 to the model (8.6). We keep the
notations of the previous section. The cell is modeled by a segment [b_ (t) , b (t)]. The incom-
pressibility constraint impose that the length of the cell domain b, (¢) — b_ (¢) is constant in
time. We assumeto have [b_ (0), b, (0)] = [-1,1]. Thusforall¢ > 0, we have b (t)—b_ (t) = 2.
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Weset u_ (t) = p (b— (1)), pv (t) = o (by (¢)) and dp (t) = p— (t) — po (). We also denote
ot (X (£) = a(Xx (£),bs (1)) and a (Xy (1)) = @ (Xy (£) b (1)).

Moreover, we assume there exists 0 < d < 1 such that a is a continuous non increasing
function such that for x < by (t) — d, ay (z) = A and for z > by (t), ay () = e. On the
contrary, we assume «_ to be a continuous non decreasing function such that for z < b_ (¢),
a_ (z) =eandforz > b_ (t) +d, a_ (x) = A. We also assume that the dynamic at the two
cell border is the same, then for all z € [b_ (t),b1 ()] a— (z) = ay (b4 (1) +b_ (t) —z). We
assume a4 and a_ to be Lipschitz functions. An example of such functions is given in fig. 8.1.

b_(t) b_(t)+d bi(t)—d be(t)

Figure 8.1: Examples of the functions o, and o_.

In dimension 1, the problem on the fluid writes as:

u+ 0, P =0 in Jo_ (t),b4 (t)[, (8.7a)
dpu =0 inb_ (¢), by (8)[, (8.7b)
P = Xcfact (1) on {b_(t),by (1)}, (8.70)
db- _ dbs _

i il &7

From eq. (8.7b), there exists a function K; depending only of the time such that for all z €
[b— (t),bs (t)] and t > O:
u(t,z) = Ky (¢).

Thus from it and eq. (8.7¢), there exists a function K> depending only of the time such that for
allz € [b_ (t),by (t)) and t > 0:

P(t,z)=—-K;,(t)z+ K» (¢).
Thus we deduce from eq. (8.7¢), that forallt > 0and x € [b_ (t), by (¢)]:

u (t $) = chact (/147 (t)) - chact (,U/Jr (t))
’ b (£) — b (1)

Assuming that fact (1) = p, we have forallt > 0and z € [b_ (¢),by (¥)):

u(t,x) = 3ou(t).

Then in dimension 1, the problem on the concentration of markers is given by:

orc (t,x) = 02,c(t,x) — (1 —a)d, %(M (t) c(t,x)} x€]b_(t),bs (D),
Duc (t,by (1) + X5 (1) (t,by (1) =~ (1),

Dec (t,b- (1) + X5 (1) (1,0 (1) = < (1),
s (1) = o (X (1) e (t,2) — s (1) re{b(1).bs ()}
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a;@' we have in the frame of reference of the cell:

Thus, by setting n =

Ore (t,x) = 02, c(t,x) + Op [n S (t) e (t, x)] xe]-1,1[,
Duc (1, 1) +np (1) e (1, £1) = F-oops (1),
s (1) = o (X () e (6, £1) — By (1)

Finally, in the frame of reference of the substrate, the dynamic on the nucleus position

writes:

d by (t) —b- (1)

EXN (t) = -k (XN (t)—2> _k2éu(t)’

with k1 = k. and ky = %kf. Then, in the frame of reference of the cell, the dynamic on the

nucleus writes:

%XN (t) =—kXn (t) - k25:u (t) :

We can solve it explicitly and we have:
t
Xn (1) = Xy (0)e Mt — kg/ Sp (s) eFr 570 g,
0

Finally the model studied in dimension 1 is the following:

Ore(t,x) = 02, c(t,x) + 0y [nop (t) ¢ (t, z)], re]-1,1[, (8.8a)
Duc (£, 41) + 1 641 (1) ¢ (¢, £1) = ;%Ni ), (8.8b)
s (1) = s (X () (1, £1) — By (1) (8.8
Xy (t) = XQe Rt — &y / t S (s) e ds, (8.8d)
c(0,2) = (2), ps (0)=0ui7 Xy (0) = X%, zel-1,1[, (8.8¢)

with %, 19 and X$ given.

8.2. Well-posedness of the model

In this section we prove the following result.

Proposition 8.2.1. Assume that c° is such that f_ll & (z)log c® (z) do < 4o00. Assume moreover
that p9., u° € [0, M] are such that fil & (z) doz+ pY + p® = M. Assume also that X§, € [1,1].
Then there exists a unique solution (c, ui, u—, X 5) to the problem (8.8) for all time.

To prove proposition 8.2.1, as in Lepoutre and Meunier (2022), we will first study an uncou-
pled model associate to (8.8) and then use a fixed point argument. We use ideas similar to

those in chapter 2.
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8.2.1. An uncoupled PDE

First, we study the following uncoupled PDE system where p, p— and v are given and for
allt >0, ay (t) = ax (Xn () with Xy given:

ore (t,x) = 02,¢(t, ) + 0z [v(t) c(t,2)] xz € [-1,1] (8.9a)
Buc (1) + v (1) (1) = — (as (B (6, 1) — By (1) (8.9b)
Opc(t,—1) + v (t)c(t, —1) =a_ (t)e(t,—1) — Bu_(t) (8.90)
c(0,2) = ¥ () z € [—1,1] (8.9d)
pt (0) = pl. (8.9¢)

We assume ¢°, 19 and p to be such that:

1
/ A (z) do+ p +pd = M.
—1

We want to prove that this problem admits a global solution.
For smooth py, pi—, oy, a—, v and %, (8.9) is a parabolic problem and then there exists a
local solution ¢ defined over [0, T).

Lemma 8.2.2. Assume c® > 0 andforallt >0, uy (t) > 0, ax (t) > 0. Let ¢ be a solution of (8.9)
define on [0, T] x [—1, 1]. Then c is nonnegative.

Proof. Let c be a solution of (8.9). We denote ¢_ = min (¢, 0). We want to prove that c. = 0.
Using the Stampacchia argument, we have :

2dt|| I = / e (tz) - (t,3) do
—lay () e(t,1) = Buy )] e— (t,1) — [a— (H) c(t,=1) = Bu— (t)] c- (¢, —1)

_/_ (Ouc (t,2))% + v (8) ¢ (t, 7) Dpe_ (1, 2) da

1

o () (= (6,1))” — o (8) (e (6 —1)) + Bps (B (1, 1)
B (e (6=1) = e (O = [ v(®e () (t.0) do

We also have ||c_ (0)||2L2 = 0. Using Gronwall's lemma, we have that for all ¢ € [0,T],
le— (#)][3. = 0. Thus for all ¢ € [0,7] and z € [~1, 1], we have ¢ (t,z) > 0. O

Lemma 8.2.3. Assumethatc® € L' (—1,1) s a positive function such that fil A (z)log? (x) dz <
+00. Assume also that uy € C° (Ry) satisfy forall t > 0, 0 < p9e™P* < py (t) < M. Assume
moreover that v € C° (Ry) N L*> (Ry). Then the solution of the uncoupled system (8.9) exists
globally in L% (R, Llog L (—1,1)) N Lj,. (R4, WHE (—1,1)).
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Proof. First, for all t > 0, we have:

1

1
T _1c(t,x) dxz/_latc(t,x) dz

— (e (B et 1) = By (1) = (- (B) (8, 1) = Bp— (1))
< B (g () + p— (1))
< 2BM.

Thus, for all ¢ > 0, we have:

1 1
/ c(t,z) doe < / & (x) dz + 28Mt.
-1 —1

Using the convexity of the function = — (a4 (t) x — Bu+ (t)) log x, we have that forall¢ > 0
andz € [-1,1]:

(ax () c(t,x) = Pz () log e (t, x) — (ax (t) — Bpx (1)) log (()f(t)ﬂﬁ: (t)) > 0.

We also have:

d 1
dt /.y

1
= [1 Oe (t,z)loge(t, ) dz
—(ag () e (t,1) = Buy () loge (t, 1) — (a— (t) e (t, —1) — Bu— (1)) log e (t, —1)

— [1 (c(t,z) 0z loge(t,z) +v (t)c(t,x))dploge (t,x) dz

c(t,x)loge(t,z) —c(t,x) de

< (ay (1) — By (D) log ( e (t)) (o (1) — By (1)) log (aﬂ(t) " <t>)

B
oy (1)
_[1c(t,m) 10, log ¢ (£, )| da:—/ c(t,2) v () Oy log e (1, 7) do

—1

1
gCl+2A6t7%/ ¢(t,z) |0, loge (t, z)|* dx+ |/ (t,x)
~1
1 1
§C’1+2Aﬂt75/ ¢(t,z) |0, loge (t,z)|* da (8.10)
-1

1 1
45 ol (/ & (@) dm+2Mﬁt) ,
1

with Cy > 0.
Then, integrating the previous inequality, we have:

1 1
/ c(t,z)loge (t,x) de < / & (z)log ® () d + C1t + ABt?
~1 —1

1
+ % ]2 (t/ & () dx+M6t2)
1

<G (1+17),

with Cy > 0.
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We can apply lemma 2.2.2 and we have:

1
/ c(t,z)loge(t,x)| de < C5 (1 +2),
~1

with Cs3 > 0.
Then, integrating eq. (8.10), we also have:

1
/ / (s,x) |0z log e (s,2)|* dzds < C4 (1+¢2) / c(t,x)loge(t, ) de

< Cy(1+¢%) —|—/ c(t,z)|logc(t,x)| do
1

< Cs (1+1¢%),

with C4y > 0and C5 > 0.
Thus, finally, we have:

/Ot /_11 [0z (s, 2)] dods = /t /_1 c(s,x) |0z logc (s, x)| dzds
(] i) (] msats)

< Cg (1+1¢%),
with Cs > 0 and this leads to the global existence of c. O

Remark 8.2.4. This prooff generalizes the one made in section 2.2.2 to attachment rate that depend
on time.

8.2.2. Fixed point mapping
8.2.2.1. Useful results

Let ¢; and ¢ be two solutions of (8.9) with two differentinputs (x4, X3, v') and (43, X3, v?).
We denote al. = ay o X} and o} = ay o X%. Asin Lepoutre and Meunier (2022) or in sec-
tion 2.2.3 to compare these two solutions, we introduce the Gajewski metric:

dg (c1,c2) = /1 h(c) + h(cs) — 2h <C“2”2> dz

—1

where £ is the following function:
h(a) =aloga—a+1.

We define the function Aj by:

A (e1,¢2) = h(c1) + b (cs) — 2h (01 ;02> .

We recall the following lemma from Lepoutre and Meunier (2022).

Lemma 8.2.5. Forall a,b > 0 and c1, ¢ positive functions, the following inequalities hold

0<




and

<f_11 crdx — f_ll Co dx)2

1
dG (61762) 2 1

1 1
‘];1 C1 dll?+f71 CQdI
. . . c1+co C1 C2
We introduce the following notations ¢,, = ——, ¢t = — and ¢ = —.
2 Cm Cm

Lemma 8.2.6. Forall ay,as suchthat0 < ¢ < ay,as < A and ¢y, co positive functions, there exists
a constant C (e, A) > 0 such that:

—[are110g @1 + agealog ga] < —Ap (arcr, ages) + C (A, €) (are1 + ages) |ag — ay|”

Proof. We introduce the following notations for i € {1,2}:

2&1‘61'

Qi = 9

aici + azce

a;C;

p=—"

" arer + aze
and thus for j # ¢ we have:
¢;  aiC1 +ascy a;

q¢  ailcite2)  aopr +aips’

where we recall that ¢; = ijicz. We can also notice that p; + po = 1.
We have:
_ a q1 a q2
aicilogqr + azcalogga = aicy logqf + log m + azcy ( log gy + log o)
1 2
= Ap(aic1,a2¢2) + (a1c1 + age2) (p1logas + palogar — log(aspr + a1p2)) .

Denoting A\ = logas — log ay, we have:

log(aspi + aip2) — p1logas — p2logay = log(e*p1 + pa) — 1.

By studying the derivative the function x ~ log(e*z + 1 — x) — 2\ we found that this function

admits a maximum in z = } - qu € [0,1]. Thus we have:

ed—1 A
log(azp1 + aip2) — p1logas — paloga; < log ) it

Using a Taylor-Lagrange inequality, it follows that:

log(aspy + arpa) — p1logas — palogay < C (A,€) |ag — ay|”

Hence the result. O
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Lemma 8.2.7. There exists C (A, e) > 0 such that for all t > 0 the following inequality hold:

%dc (c1,02) (8) < B (An (1h (), 62 (1) + An (u1 (1), 12 (1))
—Ap (ol ) e (t,1),0% () ez (8,1))
— Ay, (al (t) e (2, —1),a2 (t)ea (t,—1))
(ozfr Yer (6,1) + o (t) ez (1)) |a? (¢) — ol ()
(L (t) 1 (t,—1) + @ (t) ez (t, 1)) [a2 (1) — oL (1)

| 2

\_/\_/

+C(Ae

3 1
- Z/ C1 (ta I) |8$ log q1 (t,l‘)|2 + c2 (t,:l?) |6T IOg g2 (tvgj)‘Q dx
—1

«

1

i % (1)1 (t) — 02 (t))z/ Cm (t,x) dx.

-1
Proof. We have

d 1
EdG (c1,e2) (t) = / ey (t,x) log qu (¢, ) + Opea (t,x) log go (¢, ) dx

—ZB wh ()loggi (t,1) + p' log g; (¢, —1)]

— [e1 (£, 1) o () logqu (¢, 1) + 2 (t,1) oF (t) log g2 (t,1)]
— [er (t,=1) ol (t)logqr (t,—1) + ¢z (t,—1) o (t)log g2 (t, —1)]

_Z/ em (8, ) (9p1oge; (¢, @) + ' (1)) D2 (t,2) da.
We notice that the function ¢ — py logg + p—log (2 — ¢) reaches its maximum for the

24
M+

value ¢* = . Then we have:

Zﬂ i ()logqi (£, 1) + p' log i (t,—1)] < B (An (n} (8), 1% (1) + A (1 (8), 12 (1)) -
We also have

1
- / em (1) () (1) = 02 (£)) B (£, ) da

1
- _%/,161 (t,2) (v' (t) = v* (1)) O log qu (t,2) d
2 [ e 000 -2 0) losan 0.0 d
Si e (t,z) (v' (t) —v* (1)) dx+icl (t,2) (Ozlog g1 (t,2))" du
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and

c1 + ¢
— 2 0,q1|” = c1 [0z log @1 * + c2|0; log ga” .
@ (2—q)

Finally, using the result of lemma 8.2.6, we have the following upper bound:
— [er (1, 1) @} (D)logar (t,1) + ¢z (t,1) oF (t) log gz (. 1)]
— [er (t,=1) ol (t)log a1 (t, —1) +ea (t,—1) a2 (t)log gz (1, —1)]
<=Ap (ol W) e (t1),0% ) ea (1) — Ap (ol () e (¢, —1), 02 (t) ca (¢, —1))
C(Ae) (o (t)er (t,1) +af (t) e2 (t,1)) [oF (t) — ok (t)|2
C(Ae) (ol (D er (t,=1) + a2 (1) ez (1, ~1)) [ (1) — ol (1)

By combining all this, the desired result is obtained. O

8.2.2.2. The fixed point mapping
For a fixed T' > 0, we define the following space X

— (u+7u—aXN) € C(O,T),Vt€ (OaT)
Tl o< e Pt <pr(t)<Mand —1< Xy (t) <1

We want to study (8.9) with v (t) = n (u— (t) — u4 (t)). From the previous section, we know
that, with this choice of velocity, (8.9) admits a global solution.
We also define:

t
v (t) = ple Pt +/ ot (Xn (s) e?CDe (s, £1) ds
0

and the truncation function x,, such that for all z € R:

0 ifz<O,
Xp(z)=q = f0<z< M,
1 ifxz> M.

We define the truncation function x4 such that for all x € R:
-1 ifz < -1,
(@ =48 z if-1<x<1,
1 if x> 1.
Finally we define the mapping F by:

F X — X
(:U’Jra;U'*vXN) — (XH(VvL)’X#(V*)vXX(XN))'

We denote by F'™ the function composed n times with itself, thatis F” = FFo Fo---0o F.
We assume that the two solutions ¢; and ¢, obtained with different inputs (ul, X} ,v') and
(14, X%, v?) are obtained with the same initial conditions ¢”, x9., u° and Xy (0).

Proposition 8.2.8. Forall (i, pt, X}), (pd, %, X3) € X, there exists C (T') such that:

c(mn)"
27 ot R) = P (2 80 | < S ot XK = G R
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Proof. Let (ph,put, X%), (02, p%, X% ) be two elements of X. For all ¢ > 0 and i € {1,2}, we
denote o, (t) = ot (XY (t)). We have:

1P (e XE) = F (2 X3) 2

= [ 00 0 ) =30 02 )+ (0 02 ()~ 02

[N}
—~
~
~—
~
~—
&)

Integrating the inequality of lemma 8.2.7, we have:
dg (c1,¢2) (t) — dg (c1,¢2) (0)

< [ )0 0 B (91,2 4)
[ A e (5100 () ea 5:1) ~ B 0k (e (5, 1) 02 (5) s 5, 1) s
#0090k G (1) 40 () ea 1) fod ()~ (0] s
/tc Aye) (@l (s)er (s,—1) + a2 (s) ea (s,—1)) |2 (s) — L (s)|* ds
77/ / (5,2) |90 log g1 (5,2)% + ¢ (5,2) |9 log s (5, 2)|? dz ds

4 5/0 (vl (5) —v* (s))2 /11 cm (8,7) dxds.

Since the initial conditions are the same, we have dg (¢1,¢2) (t) > 0and dg (c1,¢2) (0) = 0.
It leads to:

/0 Ap (ol (s)er (s,1), 0% (s)ca(s,1)) + Ay (ol (s)er (s,—1), a2 (s) e (s,—1)) ds

< / B (A (1L (3), 42 (3)) + A (1 (5) .12 () ds

+ ; C(Ae) (o (s)er (s, 1) +aF (s) 2 (s,1)) |oF (s) — al (s)f2 ds

+ ; C(A,e) (al (s)er(s,—1) +a? (s)ca(s,-1)) |02 (s) —al (8)|2 ds

+;/Ot (0! (s) — v? (s))2/1 Cm (5, 2) dzds.

-1
Using the result of lemma 8.2.5, we have:
efs

Ah (/Jit (5) 7/~"3: (s)) < 4#9:

(1k (s) = pZ (5))"
Using the border condition (8.8c), we have:

% LY (5,2) + 2 (5,) dz < B (i (5) = pl () + 413 (5) = 2 (5))

< 48M.
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This leads to:

lok ()er (1) + 0 () e2 ()| o 0.4

a4
< sup 5(/~LI+ (8) — pt (s) + pd (s) — p2 (s))—a/_lcl (s,x) + ca (s,2) dz

o s€[0,t]

1 1 2 2 d !
= S [Vi (14 (s) = ul (s) + 13 (s) — 12 (5))| + ‘dt /_1 ci(s,2) + e (s, ) do

< 88M.

|

Thus using Holder inequality, we have:
[ (e 50+l (e (5,210 fod ()~ aL )] s
< SBM/Ot o (s) — a2 (s)| ds.
Hence:
/0 "B (0} () er (5.1),02 () ex (5,1)) + A (o (s)cr (5, —1) 0 (s) e (s, 1)) di

<O [ (=i 6+ (e ()= ()" ds

+88MC (A,e) /t (o (s) — o} (s))2 + (ol (s) —a? (s))2 ds, (8.11)
0
with C (t) = max(455,45;’ 2f )dx+27725Mt>.

Then using a Cauchy-Schwarz inequality, we have:

2

(/Ot (ai (s)ci (s, £1) — ai (s)ea (s, ﬁ:l)) eBls—t) ds)

P ak (s)er (s, £1) —aZ (s) ea (s, £1
<),

)2
al (s)er (s, £1) +af (s ) (s, £1)
)
)

(oW

5 /o (ak (s)e1 (s, £1) + a2 (s) ez (s, £1)) 267D ds

< al (s)a (s,:l:l)faisc (s, £1) ?

"
N /0 al (s)er (s, £1) + a3 (s)ca (s, 1

< 45Mt/0 Ap (al (s)er (s,£1), 03 (s) ez (s, £1)) ds.

ds - /0 al (s)er (s, 1) +ak (s)ea (s, 1) ds

Which combined with eq. (8.11) leads to:

2

</0t (al (s)er(s,1) — a2 (s) ez (s,1)) P2 ds> + (/Ot (al (s)e1(s,—1) — a2 (s) ez (s, —1)) (7% ds)

_|_
2
—~
~—
O\ﬁ
—
Q
+ =
=
I
Q
ERN
—
S~—"
~
N
_|_
—
Q
-
=
I
Q
o
@
=
N
o,
[V

where Cs (t) = C1 (t) - 46Mt and C5 (t) = 8BMC (A, ¢).
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Then we have:

(h () = xu (2 ) + (xu (1 1) = xu (2 (1))
(

< Wk ()~ (0) + (v (1) — 2 (1)

2

(Xu (l/-l‘r (t)) — Xu (V—Qk (t))) + (Xu (Vi (t)) — Xu (Vz (t)))

Thus we have:
17 (sl X)) = F (62, X3 |

T 1 2 2 1 2 2 1 2 2
<K (@) [ [ )= @) (e (9= (9)*+ (X ()= ¥ ()" dsr

which leads to the result. O

8.3 . Stationary solutions

In this section, we compute the stationary states of the model (8.8). To do this, we set
the time derivative to zero and solve the associated spatial ODE. We obtain that there exists
one stationary state that is not in motion. Moreover, there exists mi, ms € R such that when
M € |mq, mg] there exists two stationary solutions that are in steady motion.

For the remainder of this chapter, we introduce the following function @) defined for all

x e {—%, Z—ﬂ by:

B(1—e2m) 4z (a_ (7%:[) +ag (*%:ﬂ) 37277:”) ifz 40
x )

Q(z) = n (a_ (_%33) — oy (—Z—jx) 6—27]37)
- if 2 = 0.
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Proposition 8.3.1. The model (8.8) admits a non-polarised stationary state given by:

(g = MB
c’(z) = 2(A+B) (8.12a)
s s MA
X3 =0. (8.12¢)

In addition, if M € }A% +5.0Q (%)} then there exists v° € }0, ’,;—ﬂ such that Q (v°) = M
and the model (8.8) admits two steady motion solutions given by:

v _ ﬁl/e_ml(m—i_l)

@)= (X%) — oy (X§)e 2w’ (8.13a)
v o_ a4 (XK[) V€_277V

By = o (XK[) — a4 (XK[) e—2nv’ (813b)

a_ (XX)v

-= 8.

M= T () —ay (Xg) e (8.130)

k
K= (8.13d)

withv € {v°, —v*®}.

Proof. If it exists, a stationary state of the model (8.8) is solution of the following problem:

" (x) +nopd (x) =0, re]-1,1], (8.14a)
d (£1) +nduc(£l) =0, (8.14b)
ar (Xn)c (1) = Busr =0, (8.140)
XN = 7@5% (8.14d)
ky
1
M = / c(x) de + p_ + pg. (8.14€)
-1

If 6 = 0, then Xy = 0and a4 (Xn) = A. We deduce from egs. (8.14a) and (8.14b) that
forall z € [-1, 1] we have:

c(z)=c(-1).

Thus, using eq. (8.14¢) it leads to:

= Ac(ﬁ—l)

From the mass constraint (8.14¢e), we deduce that

__Mp
and then
_ MA
M= 5B A)
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If dp # 0, if it exists, a solution of eq. (8.14) should be of the form:

Bope " op(z+1)
c(z) = )
a_ (XN) —oq (XN) e—2nép
_ ay (Xy) dpe 2o
Pt = s (Xy) — ag (Xn)e—2non’
_ a_ (Xn) ou
M= = o (Xn) — ay (Xy) e-2non’
1
M= [ c(z)de+p +pg,
—1
k
Xy = ——6p e [~1,1]
ko

We remark that:

1
[ @) dos s = Qn).

J—1

We also remark that @ is an even function and, graphically, we have:

_ k1 k1
x ko 0 +

Q(k Q(k
, e

Ly

no

3=

and the equation @ (6u) = M admits exactly two solutions if M € } n% + %, Q (2—;)} O

8.4 . Numerical study

8.4.1. Numerical scheme

In this section, we detail the numerical scheme used to simulate the model (8.8). This
numerical scheme is obtained after a semi-implicit discretisation in time and a finite volume
approximation in space. The numerical scheme is analogous to the one obtained in section 2.4.

Grids definition We want to simulate eq. (8.8) over the time interval [0, T], where T > 0. Let
At > 0 be the time step. We discretize [0, 7] by the set of points {t" = nAt, n € {0,...,N}},
where N = [ L.

Let J € N. We discretize the space interval [-1, 1] into J + 1 intervals of the same length

Az. We denote by (;z:j_%) Ot} aregular mesh of [—1,1] and we set:
jefo,..., +1



Finite volume approximation Foralln € {0,...,N}andj € {0,...,J}, we denote ¢} an
approximation of the function ¢ at the time ¢ and at position x;. We set:
= =S c(t™, z) dz
J Ax A, ’ '
Similarly, we denote by p/t an approximation of u (t"*), u” an approximation of p_ (™)
and X7} an approximation of Xy (t"). We also denote 6p™ = pu” — pu’t.
First, we write the semi-implicit Euler scheme in time associate to eq. (8.8). For alln €
{0,...,N — 1}, we have:

c(t" ) —c(t", )

N7 =0 [(%c (t"“w) +ndéu"c (t",x)] xe[-1,1], (8.15a)
n+1 n n+1 _ /’Li—i_l - :u?t
Ozc (t 7:I:l) +nou c(t ,:I:l) = :FT, (8.15b)
pitt —
S = o (XR) e, 1) - pult (8.15¢)
Xt — X3
NTtN =~k X — kg opmtL (8.15d)

Then integrating eq. (8.15) over A; for j € {1,...,J — 1} and using an upwind approxima-
tion for the transport term we get:
n At n n . At m 7
G =G g [T 2T T g [AY (O ) = AW (O )]
where
vy ifv >0,

AW (v, 24,2-) = { ve_ ifv<O.

For j = 0 and j = J, we also integrate eq. (8.15a) and we use the boundaries condition
(8.15b) to obtain:

At At o 1 ,
o =+ g [ = T e AT (O ) — o (T )
n+1l _ n+l At

At 1o
i) =i A (On" oy eh) = Ao (W =)

s o7

_.n
CJ = CJ —
Moreover we have:

1

n+1 __ n n n
n 1 L Y
pnt = TTAG (1} + Atog (X)), (8.16b)
1
Xn+1 — no_ n+1 . .
N = e (YR = RAtan ) (8.16¢)

Towards a matrix formulation We store the approximate value of con [—1, 1] at time ¢ in
avector C™, withn € {0,..., N}. We have

'
€o

cn =

n
cy
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We introduce the following notations. Let D be the following diffusion matrix:

Foralln € {0,...

Foralln € {0,...

-1 1 0
1 -2 1
At o
Ax?
0 0

0 1
0 -1
A
+ nA—; min (6u™, 0)
0
0

— 1}, let B" be the following vector:

pt =
) 0
B = :
Az .
0
Pt —

o O

o

Then, in the matrix formulation, egs. (8.15) and (8.16) rewrites:

which leads to:

Cn+1:Cn+D'Cn+1+An'Cn—Bn7

C™tl = (Id- D) (C"+ A" -C" — B").

(8.17)

Numerical scheme The numerical scheme to simulate eq. (8.8) is given by the following

algorithm:
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Algorithm 8.1 : Numerical scheme to simulate eq. (8.8) using a semi-implicit Euler ap-
proximation in time and a finite volume approximation in space.

1. Initialisation.

1
L O = — 0
c . /A_,» ¢’ (z) dz,

© pd = ps(0),
* X?V ZXN (0)

2. Time iteration. Forn € {0,..., N — 1}, do:

(a) Computation of " using eq. (8.16a):

1
n+1 — n At _ Xn n )
7 T+ AL (W2 + Ata_ (Xy)cp)

(b) Computation of /™! using eq. (8.16b):

n 1 n N) €y
pitt = 1+AtS (W + Aoy (XF)cf) -

(c) Computation of X}\lﬁl using eq. (8.16¢):

1
Xl — = (X — ko AtSu”Th).
N 1+Atk1(N 2008 6u™)

(d) Computation of the matrix A™ and the vector B™ in order to compute C"*! using
eq. (8.17):
C"t' = (Id— D)™ (C" 4+ A" . C" — B").

Remark 8.4.1. We can remark that this scheme preserves the conservation of the mass. Indeed,
foralln € {0,..., N}, we have

J J
S utpt =)+t + ol
=0 =0

8.4.2 . Numerical results

Using numerical simulations, we aim to show that this dimension 1 model illustrates the
role of the nucleus in cell motility. First, we check that the discretisation and its implementation
allow us to find the stationary states described in the proposition 8.3.1. Next, we investigate
the role of the nucleus.

For all the numerical illustrations in this section, the functions «, and «_ are defined for
all z € R by:

A— -1

Q4 (37) = A]1$<d + |:(d€)—(5][f) + 5:| ]ldgwgl + EIL$>17 (8.18)
A— 1

a_ () =clyzeq + [(f)%—’—) + 5] 1 1<g<—a+ Algs_g. (8.19)

To begin, we verify that the numerical scheme captures the unpolarised stationary state
(8.12). To do this, we fix the discretisation by fixing the time step At and the space step Ax
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and take the following initial condition:

o_ _MB :

Cin(A—f—ﬂ) jed{o,...,J}, (8.20a)
o o _ MA

By =H- =55 (A+3) (8.20b)
X% =0, (8.200)

which corresponds to the discretisation of the stationary state (8.12).

Whatever the value of the other parameters, we observe that (8.20) is a stationary state
of the numerical scheme (see fig. 8.2 for an example). We observe that the velocity of the cell
remains constant over time and is equal to zero. The position of the nucleus remains stable
and stays at the center of the cell. The initial quantity of markers on the membrane is also
maintained over time.

Next, we check that the numerical scheme accurately captures the steady motion solutions
(8.13). To do this, first we set the discretization by fixing At and Az and choose parameters.
Then we use a dichotomy algorithm to find v such that Q (v) = M withv € }0, ﬁ—ﬂ We then
choose as initial condition for the numerical scheme the following one:

X9 = v (8.213)
1
1 Bre=mie+) |
0= — d 0,...,J 8.21b
& Ax /Aj a._ (XR]) —ay (XJOV) e—2nv € J e { ’ ) }a (8.21b)
XO —2nv
pl = aa”( x)ve 5 , (8.21C)
a_ (X3) — o (X)) e
0 a_ (XX)v
e . 8. d
M= ) —ar (X 7 (821

We observe that as soon as there exists v such that Q (v) = M with v € }0, %} then
(8.21) is a steady motion solution of the numerical scheme (see fig. 8.3 for an example). We
observe that the cell's velocity remains constant over time and is equal to its initial value. The
nucleus's position is maintained over time. Additionally, the initial quantity of markers on the
membrane is preserved, the cell remains polarised. Moreover the scheme also capture the
second steady motion solution associate to —v. We can also note that the nucleus is place at
the rear of the cell.

Thus, the numerical scheme algorithm 8.1 proposed to simulate the model (8.8) correctly
reproduces the results of the equation. We now aim to illustrate the role of the nucleus in cell
motility. To this end, we find a range of parameters for which the cell exhibits intermittent
behaviour, meaning that it has phases where it is polarised and phases where it is not. We
can discern two different types of behaviour.

The first corresponds to a cell that polarises and moves in one direction, then stops, po-
larises again to move in the same direction, stops and so on. It seems that after a certain
time, the cell becomes polarised and maintains its polarisation. The fig. 8.4 illustrates this. In-
deed, we observe that, initially, the cell polarises, in absolute value the velocity increases and
the nucleus moves backwards. As soon as the nucleus reaches the boundary of the cell, the
cell depolarises, the nucleus returns towards the centre of the cell and the velocity becomes
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(b) Evolution of the nucleus position in the cell

(a) Evolution of the cell velocity. frame of reference.
0.10 0.10
= cell velocity nucleus position
0.05 - ===+ initial cell velocity 0.05 - ===+ initial nucleus position
> c
S 0
§ 0.00 - %: 0.00 o =esssssssssssanannnnnnnnannnnnnn
4 8
—0.05 4 —0.05 4
—0.10 = T T T T T —0.10 = T T T T T
0 10 20 30 40 50 0 10 20 30 40 50
time time

(c) Evolution of the markers quantity at the mem-

brane. (d) Evolution of the total quantity of markers.

1.10 4.10

i M- 5

(] (]

< 1.05 - — U < 4.05 -

© ©

€ €

"'5 1.00 - s — — — — — —— '46 4.00

9 9

< 4 = 4

S 0.95 S 3.95

35 35

o o
0.90 - T T T T T 3.90 - T T T T T

0 10 20 30 40 50 0 10 20 30 40 50
time time

Figure 8.2: Example of capturing the unpolarised stationary state with the numerical
scheme. The graph on top left (figure (a)) represents the time evolution of the cell velocity. The
velocity is constant and equal to zero. The graph on the top right (figure (b)) represents the time
evolution of the nucleus position in the cell frame of reference. The nucleus remains at the centre
of the cell. The graph on the bottom left (figure (c)) represents the time evolution of the markers
quantity at the membrane. We can see that at both ends of the cell the quantity of markers is
constant over time and equal. The cell therefore remains unpolarised. The graph on the bottom right
(figure (d)) represents the time evolution of the total quantity of markers which remains conserved
over time.

The results presented here are obtained with the parameters At = 0.0001, Az = 0.004, the initial
condition given by (8.20), M =4, a=1,x.=1,8=1A=1¢=0.001,d = 0.9, ay and a_
given by egs. (8.18) and (8.19), ky = 0.2 and ks = 0.7.
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(b) Evolution of the nucleus position in the cell

(a) Evolution of the cell velocity. frame of reference.
3.05 4 = cell velocity —0.35 A nucleus position
' = initial cell velocity ===+ initial nucleus position
> c —0.40 -
g 3009 2| e
:
> 2.95 A 8 045 7
2.90 A =0.50 1
T T T T T T T T T T T T
0 10 20 30 40 50 0 10 20 30 40 50
time time

(c) Evolution of the markers quantity at the mem-

brane. (d) Evolution of the total quantity of markers.
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Figure 8.3: Example of capturing the polarised steady motion solutions with the numer-
ical scheme. The graph on top left (figure (a)) represents the time evolution of the cell velocity. The
velocity is constant and equal to its initial value. The graph on the top right (figure (b)) represents
the time evolution of the nucleus position in the cell frame of reference. The nucleus remains at its
initial position. The graph on the bottom left (figure (c)) represents the time evolution of the mark-
ers quantity at the membrane. We can see that at both ends of the cell the quantity of markers is
constant over time. The cell therefore remains polarised. The graph on the bottom right (figure (d))
represents the time evolution of the total quantity of markers which remains conserved over time.

The results presented here are obtained with the parameters At = 0.0001, Az = 0.004, the initial
condition given by (8.21) with v = 1.4925228058, M =2, a=1,x.=1, =1, A=1,¢ =0.001,
d=0.9, ay and a_ given by egs. (8.18) and (8.19), ky = 0.2 and ks = 0.7.
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zero. Since the velocity is zero, the cell stops. The cell then polarises again and starts moving
again. Once the nucleus reaches the boundary of the cell, the cell depolarises once again. This
highlights a stop-and-go phenomenon.

The second corresponds to an oscillating cell. The cell polarises, stops very briefly and then
polarises again in the opposite direction. The fig. 8.5 illustrates this. Initially, the cell becomes
polarised, the velocity increases in absolute terms and the nucleus moves backwards. As soon
as the nucleus reaches the boundary of the cell, the cell depolarises, the nucleus moves back
towards the centre of the cell and the velocity decreases. The cell then immediately polarises
in the other direction. We can note that the nucleus is located at the rear of the cell.

These numerical simulations highlight a particular limitation of this model: the nucleus
can exit the cell. However, this is not necessarily a defect. In fact, in the reference frame of the
cell, Xy = 1and Xy > 1 convey the same information and result in the same dynamics. This
is because we assume thatforallz > 1 and z < —1, the functions oy and a_ are constant, and
that 6« depends on the position of the nucleus through the functions a4 and a_. Moreover,
the position of the nucleus is determined solely by its initial position and .

Conclusion. The numerical study of the model highlights that the proposed heuristics for
the dynamics of the nucleus give results that are consistent with the biological context. We
spontaneously observe the polarisation of the cell with the nucleus at the rear of the cell. The
attachment dynamics modified by the presence of the nucleus seem to allow the depolarisa-
tion of the cell and the observation of intermittent behaviour.
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(b) Evolution of the nucleus position in the cell

(a) Evolution of the cell velocity. frame of reference.
0.0 4 1.00
> —0.2 - c 077
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Figure 8.4: Example of capturing an intermittent behaviour. The graph on top left (figure
(a)) represents the time evolution of the cell velocity. We observe the velocity suddenly decreases
and then increases to zero, a pattern that repeats multiple times before stabilising at a constant
value. The graph on the top right (figure (b)) represents the time evolution of the nucleus position
in the cell frame of reference. Before stabilising to a position at the rear of the cell, the position
of the nucleus oscillate. The graph on the bottom left (figure (c)) represents the time evolution of
the markers quantity at the membrane. We can observe the polarisation and depolarisation. The
graph on the bottom right (figure (d)) represents the time evolution of the total quantity of markers
which remains conserved over time.

The results presented here are obtained with the parameters At = 0.0001, Az = 0.004, the initial

condition given by c; = <72(A+5) + X]) ]12&[453) 4X, >0+2(A+/3)]12(ffﬁ>+Xj<0 with X; a realisation

of the random variable Y ~ N (0,0.01), X% = X]lXe[ 1 1] with X a realisation of the random
i 0 _ (_MmA
variableY and i} = (m + Xi) 1 S A T E)) 2(A+B) LA £ X2 <0 with X + a realisation

of the random variable Z ~ N (0,0.001), M =4,a=1,x.=2 8=1 A=1¢=0.001, d = 0.9,
a4 and a_ given by egs. (8.18) and (8.19), k1 = 0.2 and ky = 0.7.
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(a) Evolution of the cell velocity.

velocity

19— cell velocity
= initial cell velocity

T T
0 20

T T T
40 60 80

time

100
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Figure 8.5: Example of capturing an intermittent behaviour. The graph on top left (figure (a))
represents the time evolution of the cell velocity. We notice that the velocity alternately decreases
and increases, exhibiting an oscillatory pattern. The graph on the top right (figure (b)) represents the
time evolution of the nucleus position in the cell frame of reference. The nucleus position oscillate.
The graph on the bottom left (figure (c)) represents the time evolution of the markers quantity at the
membrane. We can observe the alternance of polarisation in one direction and in the other. The
graph on the bottom right (figure (d)) represents the time evolution of the total quantity of markers
which remains conserved over time.

The results presented here are obtained with the parameters At = 0.0001, Az = 0.004, the initial
condition given byc? = (2<A+5) + X ) 1 Y ot 30415 2(A+5) 1 A X, <0
of the random variable Y ~ N (0,0.01), X% = X1 x¢[_1,1) with X a realisation of the random
variable Y and p9. = (2(%1‘6) + Xi) L ana +Xa0Tapagy LAy x, <oWith X arealisation
of the random variable Z ~ N (0,0.001), M =4, a =1, x. =25 =1 A =1, ¢ = 0.001,
d=0.9, as and «a_ given by egs. (8.18) and (8.19), ky = 0.2 and ke = 0.7.

with X; a realisation
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9 - Deformable cell with undercooling effect

In this chapter, we present and study a deformable model to investigate the effect of un-
dercooling on cell motility. This model is a specific case of the general model (1.1), where we
do not consider the dynamics of the nucleus, we assume the substrate is homogeneous with-
out obstacles or external signals and, we neglect the effect of the noise. We first present the
model under study. Then, we study the stationary states of the model and their stability. This
analysis highlights the stabilizing effect of undercooling. We prove the existence of non-trivial
traveling waves using a bifurcation argument. Finally, we present a numerical scheme in order
to simulate the model.

9.1. Modelling

In this section, based on the general model eq. (1.1), we derive a model of cell motility when
we neglect the effects of the nucleus but take into account the friction of the cell boundary. We
assume that the substrate is homogeneous and that the cell's environment has no external
signals or obstacles. Keeping the notations of chapter 1, the model is given by:

u+VP =0 inQ(t), (9-1a)
div (u) =0 inQ(t), (9.1b)
V,=u-n on 90 (t), (9.10)
P =7k + Xcfact (€) + Xufund (Vn) onoN(t), (9.1d)
Orc = div (Ve — (1 —a) uc) inQ(t), (9.1€)
(Ve+auc) -n=0 on 90 (t), (9.1f)
c(0,x) = ™ (x) inQ(0). (9.18)

We recall that f,nq satisfies assumptions 1.13, i.e.

fund S Cl (R+) ’ (9.23)
funa is @an odd and increasing function, (9.2b)
floq (0) > 0. (9.20)

Let u., be the velocity of the centre of mass. For all ¢ > 0, we have:

1

m 1) = ———
tem (1) Aa Joaw

(XeSact (€) + Xufund (Vi) ndo. (9.3)

The model under study can be seen as an enhancement of the model of Lavi et al. (2020):
the model of Lavi et al. (2020) is recovered when x,, = 0. In Alazard et al. (2022), it is shown
that the model admits a unique stable radial stationary state if x. < x* = W where
Y is the stationary concentration, and is unstable otherwise. The existence of traveling waves
when x. > x* is also demonstrated.

9.2. Study of the stationary state
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In this section, we study the radially symmetric stationary state of the model. First, we es-
tablish the existence of a stationary state and give its expression, then study its linear stability.

9.2.1. Stationary state and linear stability
Proposition 9.2.1. The model (9.1) admits an unique stationary state given by:

A (x) = % x e QY (9.4a)
P (x) = Rlo + Xefact (0 (%)) x € QP (9.4b)
u’(x)=0 x e Q0 (9.4¢)
Q% = B(0,Ry), (9.4d)

[ A
where Ry = | =. This stationary state is radially symmetric.
m

Proof. The stationary problem associated with the model (9.1) is given by:

u+VP=0 in Q, (9.5a)
div (u) =0 inQ, (9.5b)
un=0 on 09, (9.50)
P =7k + Xcfact () on 99, (9.5d)
div(Ve—(1—a)uc) =0 in Q, (9.5€)
(Ve+aue) - n=0 on 092, (9.5f)
From egs. (9.5a) to (9.5¢) P satisfies:
—AP =0 in Q,
{VP ‘n=20 on 99.

Then we have that P is constant over ) and therefore u = 0.
It follows that ¢ satisfies:
Ac=0 in Q,
{Vc -n=0 on 0f).
So cis constant over €2 and usign the constraint on the total quantity of markers, we have that:

M
c(x):@, x e

Thus, using eq. (9.5d), we deduce that necessarily the mean curvature must be constant
on 99 and therefore Q = B (0, Ro), where Ry is the radius preserving the area of the cell
domain. We then have:

B

P(X) = Ri() +chact (C(X))7 x € €.

Let x* be defined by:
* RO + Xuf/ d (0)
= ——~—sund s .6
* = Roac [, (&) 00
Theorem 9.2.2. If X—i < 1 then the stationary state (9.4) is linearly stable. On the opposite, if
Xe
Xe
Xe

> 1, then the stationary state (9.4) is linearly unstable.
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9.2.2. Proof of theorem 9.2.2

To prove the theorem 9.2.2, inspired by Alazard et al. (2022), we first linearise the prob-
lem (9.1) around the stationary state (9.4) (see lemma 9.2.3). We derive an eigenvalue prob-
lem from this linearised problem and study its spectrum. To this end, we prove that, using
Fourier analysis, we can decompose the study of the spectrum into the study of the spectrum

C

of simpler problems (see lemma 9.2.4). Next, we demonstrate that when X—* < 1 then the

Xe
eigenvalues are all negative real parts (see lemma 9.2.6 and remark 9.2.7). Finally, from the
decomposition of the spectrum study, we derive an explicit condition on the eigenvalues (see
lemma 9.2.9). Thus, when Xe 1, we can exhibit a positive real part eigenvalue. This shows

*
C

the theorem 9.2.2.

Lemma 9.2.3. The linearised problem associated to eq. (9.1) around the stationary state (9.4) is
given by:

_AP =0 in Q°, (9.7a)
dp (t,0) = —0,P (t, R, 0) 6c(—mnl, (9.7b)
P= —Rl(g) (9300 + p) + Xebfrcy (°) = Xu0r P frna (0) on 99°, (9:70)
O = Aé in Q°, (9.7d)
(va —aVP CO) ‘n=0 on 9Q°. (9.7€)

Proof. We perform a formal expansion of the solution (c, u) near the stationary state (c”,u).
Let e > 0 small. For all t > 0 we set:

Q(t) ={(z,y) = (rcosf,rsinf) st.0 <r < Ry +ep(t,0) and 0 € (—m, 7|}, (9.8)

and for all x € Q (¢):
c(t,x)=c"+ec(t,x)+ 0 (),
P (t,x) = P° +eP (t,x) + O (%),

Using the fact that PV satisfies eq. (9.4b) and P satisfies egs. (9.1a) and (9.1b), we deduce
that:

—~AP =0, in Q°.

From eq. (9.8), we can parameterise the boundary of the domain Q and thus we obtain
that, for all @ € (—m, 7] and r € Ry such that (rcosf,rsinf) € 99 (t), the outward normal
vector is expressed as:

89/7 t,@) .
V(r—(Ro+ep(t,60) _ ! cosf 4= "—"dinf
IV (r = (Ro+ep(t,0) [V (r—(Ro+ep(t,0)))

n(t,r0) =

P te I

sinﬂstp ! )c050
r

which leads to the fact for all § € (—=, 7] we have:

~ [cos® Opp (t,0) (—sinb 9
n(t’e)(sinﬁ)E Ry cos 0 +0(e).
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Thus, on 99 (t), we have:
VP-n=VP’ n-¢9,P+0(?)

and also:
Vi, = e0ip (t,0) + O () .

Using eq. (9.1¢), we can therefore deduce that, for all § € (—m, ] and ¢ > 0, we have:
dup (t,0) = —0,P (t, Ry, 0)

The linearisation of the curvature is given for all § € (—m, 7] and ¢t > 0 by:

K (00) = 5~ 2 (Thop (1) +9(10)) + O ().
Since
fact (C) = fact (CO) + Eéfalmct (CO) + O (52)
and

fund (Vn) = €atP (t7 0) f{md (0) + o (62) ’
we have that eq. (9.1d) leads to that on 9Q° we have:

P=- % (9300 + ) + Xe@face (¢°) + XuOepfina (0) -
0

Moreover, using the fact that c° satisfies eq. (9.4a) and c satisfies egs. (9.1€) and (9.1f), we

deduce that in Q0:

We also have on 990 that:
(Ve—aVPe)-n=¢(Ve-aVP) n+0(2),

which leads to:
(VE —aVP co) -n=0 on 90V.

O

As the problem (9.7) is radially symmetric, the spectral analysis can be performed using

Fourier analysis.
The eigenvalue problem associated with the linearized problem (9.7) is given by:

—AP=0 in Q°,

M (0) = =8, P (Ry, 0) 0 ¢ (—m, ],

P= leg (0209 + ) + XeCfrer (%) = XuDr P Flna (0) on 99,

A\ = Aé in Q°,

(VE —aVP co) -n=0 on 90Y,
where \ € C.
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Lemma 9.2.4. Let A € C. The eigenfunctions, satisfying eq. (9.9) associated with the eigenvalue \
are of the form:

p(0) = Z Pem cos (mb) + Z Psm sin (md) ,

meN meN
c(r,0) = Z Cem (1) cos (mb) + Z Csm (1) sin (m#) |
meN meN
P(r,0) = Z P, () cos (mb) + Z Py () sin (m#) ,
meN meN
with for all m € N, (pem, Cems Pem) (r€Sp. (psms Csm, Psm ) Satisfying:
1 2
- (Bfr + -0, — mQ> P, =0 r € (0,Ro), (9.10a)
r r
>\pcm = —0,Pem (RO) ) (910b)
Per (RO) = % (m2 - 1) Pem + XcCem (RO) f;ict (CO) (9.10¢)
0
- Xuarpcm (RO) flllnd (0) )
1 2
ACem = (83r + -0, — 7712) Cem re (O, RQ) s (910d)
r r
OrCem (Ro) — a0y Peyy (Rp) ® = 0. (9.10€)

Proof. The result follows from the linearity of eq. (9.9), the independence of the cosine and
sine modes and the fact that for all m € N:

2 2
OgoPmr = =M Pm-

O

Remark 9.2.5. We deduce from lemma 9.2.4 and the independence of the cosine and sine per-
turbations that studying the eigenvalues of eq. (9.9) is equivalent to the study, for all m € N, of
those of eq. (9.10). Indeed, if A € C is an eigenvalue of eq. (9.10) associated with the eigenfunctions
(pa, cx, Py) then X is an eigenvalue of eq. (9.9) associated with the eigenfunctions:

p(8) = p cos (mh),

c(r,0) = ¢y (r) cos (mb) ,

P (r,0) = Py (r) cos (m#).
Lemma 9.2.6. [fm > 1land 0 < x, <
non-positive real parts.

then all the eigenvalues of eq. (9.10) have

1
act fle, (c)’

Proof. Letm > 1. Let A € C be a eigenvalue of eq. (9.10). Let p,,, ¢, and P, satisfy eq. (9.10).
Forallr € (0, Ry) and 6 € (—m, 7], we set:

p(0) = pp, cos (mb),

c(r,0) = ¢y (1) cos (mh) ,

P (r,0) = P, (r) cos (m#0).

We also set Q = ¢ — ac’ P. Thus Q follows the following problem:

~AQ = Ac inQ%  (9.ma)

(1 —axec® foe (¢°)) P = % (m® = 1) p+ xefret () Q + AxXuflwa (0)p 0N 900, (9.11b)
0

VQ -n=0 on 9Q°. (9.10)
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Thus using egs. (9.10) and (9.11) we compute:
A lc|® dx = / cAcdx = / (Q + ac’P) AQ dx
Qo Qo Qo

= —/ IVQ[? dx — aco/ VP-VQdx
Qo Qo

= —/ IVQI? dxfaco/ QVP -ndo.
Qo 200

Since

QVP -ndo = 1

- [ . 0 ! 0 D .
oo @ L, (e () PYP ndo

—(”2( 2—1>+Axuf;nd<o>) / pVP-ndg}
R Q0
Lo
= — v | (1 —ac’Xefi (")) /Qo VP dx

chact (C ) L
+5\12 (mZ—l)/ p|? do
RO oNo

Xuflua ©) [ 9P 0 do] |
o000

We deduce that for all A € C eigenvalue of A,, we have:

A Y 2
A fPax+ ——— L (m*-1 / p|” do
Qo i Xefact (€) R% ( ) 00 7

1—ac®xefle () 2 Xufimg (0) 2
=— VO dx — aé ac / vP dx—%/ VP -nl| do.
/,ve Tt (@) Joo VIV =) Jo IVE R

The result follows from this equality. O

Xe

Remark 9.2.7. It seems that the result holds for all x. > 0 as long as < 1. We do not prove this

here. However, the study of travelling waves in section 9.3 and the b/furcccrtion result of theorem 9.3.3
suggest that the result may indeed extend to all x. such that X—i <L

C

Lemma 9.2.8. Let m € N. The eigenfunctions of eq. (9.10) associated with the eigenvalue A € C

are given by:
ﬁm)\
p 1
C(’I") = éWL)\-[m (_r)\i) 3
P

(T) pm)\rm

where 0 < r < Ry and (ﬁmk, Emrs Pm,\) € C? solution of:

ANoma = —mRI Py, (9.12a)
R Py = ( zzg (m? = 1) + Auflna (o)) prr + Xe et () Im (—ROA%) émr,  (9.12b)
)\l

22 (Im—l (_RO)\%) + Im+1 <_RO>\%)) émA = /\acof)m)\, (9'12(:)
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Proof. From lemma 9.2.4, we deduce that for all 0 < r < Ry that:

p=pmr €C
and since P satisfies eq. (9.10a), the laplace equation:

P(r) = Ppyr™,
tions, we have:

with P,,, € C. Moreover, as c satisfies eq. (9.10d) and thus, by the definition of Bessel func-

c(r) = émrlm (—7“)\%) ,

where 0 < r < Ry, émx € Cand I,,, is the modified Bessel function of the first kind of order m.
As p and P satisfy eq. (9.10b), it follows that:

Ao = —mPZRTL.
Likewise, since p, c and P satisfy eq. (9.10c), we have that:
PupRI = ng (m2 = 1) pmr + XeFret () Emalm (fRO/\%) — xS (0) R Py
Combining this with the previous equality, we obtain that:

RaanA = (];’% (m2 - 1) + )\Xuf(lnd (0)> ﬁm)\ + Xsz;ct (CO) Im (_ROA%) ém)\'

Finally as p, c and P satisfy egs. (9.10b) and (9.10e), we have:

AT (—ROA%) Emx + Aac®ppr = 0.
Using the properties of Bessel functions, we deduce that:

A

2

W=

(Im,l (—ROA%) T (—ROA%)) Emx = A frmx.-

O
From the previous lemma, we derive the following result on the eigenvalues of eq. (9.10).

Lemma 9.2.9. Letm € N. Let A € C be an eigenvalue of eq. (9.10), then \ is such that
H,, (\) =0,
with H,, defined for all z € C by:
23 m Y
02 =5 [+ (14 bl @) +

—m
3
Ry

Proposition 9.2.10.

(2 = )| [Fnes (~Ro5) + D (<o )]
+2zm axclif;“ I, (—Roz%) )

1. If0< X—i < 1, then eq. (9.9) admits A = 0 as an eigenvalue of multi-
plicity three and all its other eigfenva/ues have a negative real part.
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2. If X—i > 1, then eq. (9.9) admits a positive eigenvalue.
Xec

Proof. When m =0, for all z € C, we have:
HO (Z) = 2%11 (—Rozé) .

z = 0is a solution of Hy (z) = 0. This eigenvalue is associated with the eigenfunctions defined

forall r € [0, Ry) by:
7o h o 0
o0 (r) | = v and €00 (r) | = 1
Pro (1) _37(2) Pgo (1) Xefact (CO)
_ % where z1r € Ris the k™ root of .J;, the

The other roots of Hy are given by Ao, = — 35
0
Bessel function of the first kind of order 1. We have that the eigenvalue Ay, < 0 is associated

with the eigenfunction defined for all » € [0, Ry) by:
Pok
Jo (v

ok (r) | =
For (r) Xefaer (¢°) Jo(21x)

When m = 1, for all z € C we have:
0 ¢/
aXCC act ( l)
222 —Ryz2
RO 1 0

Xufima (0)> {Io (—Rozé) + 1 <_R02%>} +

22 1
H =— |14 =
1 (Z) 5 ( + Ro
Thus z = 0 is a solution of H; () = 0. This eigenvalue is associated with the eigenfunction
defined for all r € [0, Ry) by:
P10 1
610 (’I“) =10
0

plO (7“)
If m > 2then z = 0 is solution of H,, (z) = 0. Nevertheless, since v > 0, from eq. (9.12)
and I, (0) = 0, we deduce that A = 0 is associate to the zero eigenfunction defined for all

/A)mo
éAmO (r)
Pro (T)

re [0, Ro) by
and A = 0 is not an eigenvalue of eq. (9.10) when m > 2. We can therefore conclude about

o O O

item 1 using remark 9.2.7.
In order to exhibit a positive eigenvalue, we expand H; around 0. For all z close to 0, we

have:
Hy(z) = ? <1 + 7Xufg§ ©) — acOchéct (CO)
3XuSina (0) 4o fls (CO)>) Lo (M%)

Rz
— |3
+8(+ i
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o’ 2 o/
The function z — 1+ %‘;‘1(0) —a®Xe fle () + % (3 + %’gd(o) —ac®eflt (CO)> admits
z1 as root, with z; defined by:

0

B3 (3 (1+ 22390 ®) — acox fie, ()

(oot () 1 )

zZ1 =

Ry + Xufllmd (O)
Roac fie, (V)
more, z; approaches a true root \; of Hy. Indeed, when ac®x. f.. (c°) close to 1 + %’zﬁm),

we have:

z1 € R changes sign and becomes positive when x. exceeds = x}. Further-

/
A (ozcoxcfa’wt (CO) -1+ Xuf“nd(o)) +o0 ( ac®xefl e (co) -1+

Ry

XuJima (0) D

:-Ri8 RO

associated with the eigenfunction defined for all » € [0, Ry) by:

1
~Xefiet (~RoA})
RO + Xuflimd (O)
pA1>\1
él>\1 (T) = M ( %)
A 141 —T)\
P1>\1 (T) !
/ 3
XeFiorTt (=RoAT ) A
r
RO + Xufllmd (0)
Thus when x. > xZ, eq. (9.9) admits A\; as positive eigenvalue. O

9.3 . Existence of travelling wave

In this section, we define and characterise the travelling wave solutions of the model. Using
a bifurcation argument, we prove that such solutions exist.

9.3.1. Definition and characterisation of the travelling waves

A travelling wave is characterised by a domain with a fixed shape € moving at a constant
velocity V € R in a fixed direction w € R?. We then have:

Q) =Q+tVw.

Without loss of generality, assume that V' > 0 and w = (1, 0). In this case, the normal velocity
at the boundary of the cell satisfies V,, = Vn,.
Using the travelling wave ansatz:

c=c(x—Vty), P="P(z—-Vty), Q(t) = Q+ (Vt,0),

we obtain that a solution of model (9.1), which is a travelling wave for this model, is defined as
follows in definition 9.3.1.
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Definition 9.3.1. A travelling wave of the model (9.1) is given by a domain Q@ c R?, V > 0 a real
velocity and two functions P and c satisfying:

_AP =0 in Q, (9.13)
P =7k + Xcfact (€) + Xufuna (V) on 99, (9.13b)
—VP-n=Vn, on 95, (9.130)
div ((V,0)c+ Ve + (1 —a) VPe) =0 inQ, (9.13d)
(Ve+a(V,0)c)-n=0 on ON. (9.13€)

Proposition 9.3.2. Let V' > 0 be given. If c and P are solutions of eq. (9.13) associated with V
then c and P are of the form:

P(z,y)=p1 —Vx with p; € R,
M —aVzx

C(J?,y) = f@ e—a‘/x’ dz’ dy,e ’

where (z,y) € Q and we recall that M > 0 is the total quantity of markers.
Furthermore, XY is characterised by the curvature equation:

MefaVa:
ff) e—aVa' dqp! dy/

TR (m,y) =p—Vzx— chact ( > - Xufund (Vnm) s (%y) € aQ (9.14)

Proof. We setu = —V P — u., Where u., is defined by eq. (9.3). The travelling wave assump-
tion implies that ue,,, = (V,0). Thus, setting ¢ = —P — Vx we have:

i =Vo.

Moreover, from eq. (9.13a), we deduce that ¢ satisfies —A¢ = 0 in Q and from (9.13¢) we
deduce that ¢ also satisfies V¢ - n = 0 on 8. On the one hand, we have that:

[ 1w ax=~ [ s8ax+ [ 6%onds—0

On the another hand, we have that:

/|V¢>|2 dx:ﬁ la)® dx.
Q Q

Thus we have that @ = 0 on Q. It follows that for all (z,y) € Q:
P(l’,y) =P — V‘Tv

with p; € R.
By substituting VP = — (V,0) in egs. (9.13d) and (9.13e), the concentration of markers
satisfies the following problem:

div (Ve +a(V,0)c) =0 inQ, (9.15a)
(Ve+a(V,0)c) - n=0 on 9. (9.15b)
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The non-negative solutions of eq. (9.15) are given by:

c(x,y) = cre” V", (9.16)

with ¢; > 0 and (z,y) € Q. Indeed, we can see that functions of the form (9.16) are solutions
of eq. (9.15). If we assume that ¢ (z,y) = ¢; (z,y) e~*V* is a solution of eq. (9.15), then we have
that:

0= / ¢1 (z,y) div (Ve (2, 9) + a (V;0) ¢ (z,y)) dzdy

Q
_ /Q Ver (2,y) - (Ve (@,9) +a (V,0) ¢ (1)) dody

= [IVe @)l e dray,
Q
from which we deduce that |V¢;| = 0 on €. Finally, remember that the total number of mark-
ers M is constant, so ¢; must be such that fQ cre” Ve dzdy = M. This leads to

B M
o JocremaVe da' dy'”

C1

To find the curvature equation (9.14), we inject the expressions found for P and c into
equation (9.13b). O

Theorem 9.3.3. Assume that fa..; satisfies assumptions (1.12). For all a € (0,1}, v > 0, Ry > 0
and x,, > 0 there exists a one parameter family of travelling wave solutions (QX, VX) of eq. (9.1),

parametrized by x € (X, +o0) such that ‘QX’ = 7TR3.

9.3.2. Proof of theorem 9.3.3

Since the disc of radius Ry with V' = 0 is a solution of (9.13), we seek other solutions of
eq. (9.13) such that the domain  is a perturbation of the disc. We therefore look for Q such
that:

Q= {(rcos(f),rsin(0)) st. 0 <r < Ry +p(0) and § € (-, 7]}

with p: R — (—Rg, +00) a 2r-periodic function satifying:

/ﬂ (Ro+p(0))* — R2d6 = 0.

This latter condition ensures that ‘Q‘ = 7R2. The boundary of domain Q is parametrized by:
{(Ro+p(0))cos,(Ry+ p(0))sind} forb e (—m,x].
For all § € (—m, 7], the outward normal vector to 9Q is given by:

n(6) = Zl @)\ _ 1 1 (R0+,0(9));0§9—_|—p/’ (H)CsiI;Q
( 2(9)> ((Ro+p(0))2—|—p’ (9)2)2 <(RO+P(9)) 0 — p' (0) co 9)

and the mean curvature by:

k(0) =

(Ro + p(0))* + 20" ()° — (Ro + p (9)) p" () _ (917)

((Ro+p(0)° + 7 (6)°)
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The condition on the boundary domain eq. (9.14) can be expressed as:
7 (8) + V (Ro + p(8)) 0080+ Xefacr (e1 (V) eV FAPOI 0} oy fuog (Vi (6)) = pa,
(9.18)
M

f:rﬂ foR0+p(a) e—aVreostpdrdl

As we are looking for travelling waves in the z-direction, we restrict ourselves to domains
2 symmetrical about the z-axis. We then introduce the functional spaces:

X={peCpi(-mm):p(0)=p(=0),¥0 € (-7, 7)},
Y ={peCs(—mm):p(0) =p(-0),V0 € (—m,m)}.

where § € (—m,w] and ¢; (V, p) =

Therefore, the existence of a boundary 1Y) solving eq. (9.14) is equivalent to the existence of a
function p € X solving eq. (9.18).

Let F : Rx X xRxR — Y xR xR the functional defined for all (x., p, V,p1) € Rx X xRxR
by:

]:(Xw P ‘/7])1) = (’YH (9) + chact (Cl (‘/7 P) e—aV(Ro+p(0)) cos&) + Xufund (V’I’Ll (9))

+V (Ro+p(0)) cosf —p1 — -
Ry
/ (Ro + p(9))2 — R2d6; p(0) cos@d@) . (9.19)

Lemma 9.3.4. The functional F defined by (9.19) satisfies the following properties:
1. F(Xe,0,0,0) = 0 forall x. € R.
2. Ker 0, vp)F (x5,0,0,0) is a one dimensional subspace of X x R x R spanned by (0, 1,0).
3. Ranged(,,vp)F (X5,0,0,0) is a closed subspace of Y x R x R of codimension 1.
4. Oy 0p,vp)F (X5,0,0,0)[0,1,0] ¢ Range 9, v,p,)F (X5,0,0,0).

Proof. Item 1. When p = 0, using the expression of the mean curvature (9.17), we have for all
0 € (=7, 7, k(0) = 7. Thus for all x. € R, we have F (x.,0,0,0) = 0.
Item 2. Let x. € R. Let L, be the linear operator defined by:
Ly, + XxRxR — Y xRxR
(p,Vip1) = Fp(xe0,0,0) [p] + Fv (xe,0,0,0) [V] + Fp, (Xe, 0,0,0) [p1] .

Forall (p,V,p1) € X x R x R we have:

R? Ro
+ RoV cosO — p1 + Xufina (0) V cosO;

2R0/7T p(0) d@;/7r p(@)cos@d@)

—T —T

—T

" 0 g/ 0 T
Ly, (p,Vip1) = (—Vpﬂ) _ xS () / p(0) A8 — ac®xcfle (°) RoV cosf

and thus in particular for x. = x} we have:

p+p"  Ro+ Xufina (0) /”
R2 aR3

p(0) do —p1;

21130/7r p(6) da;/ﬂ p(a)cos9d9> .

—T —T

Ly (p,V,p1) = <v

—T
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The elements (p, V,p1) of Ker 9, v,,,) F (xi,0,0,0) are therefore such that

R2
P = —70191, (9.20)

[ s a-o

—T

with the conditions

/ p(0)cosfdd =0,

—T

p even function.

As p even, necessarily the condition ffﬂ p (0)sinddf = 0 holds. The solutions to the differen-
tial equation (9.20) are given, for all 6 € (—x, 7], by

R2
p(0) = Acos + Bsinf — TOpl

where A, B € R.
We have:

T 2
| o®) a0 =22,

—T

and thus necessarily p; = 0. This leads to:
/ p(0)cosfdl = Am,

/ p(0)sinfdd = Br

—T

which implies A = 0 and B = 0. We then have p = 0 and
Ker 0, v,p)F (x2,0,0,0) = Span {(0,1,0)} .

Item 3. To prove this property, we demonstrate that:

Range 9, v,p,)F (x¢,0,0,0) = {(h,Cl,Cg) €Y xR xRs.t. /

—T

h(0)cosfdf = O}.

Let (h, C1,C2) € Range 0, v,p,)F (X5, 0,0,0). Thus there exists p € X and p; € R such that:

+0" Ro+ Xuf{na (0) [T
_’yp P’ Ro Xfund()/ p(6) d9 — p, = h. (9.21)

R2 aR32

—T

By multiplying it by cos 6 and integrating it over [—m, w| we obtain that necessarily h is such
that:

/ h(0) cos6df = 0.

Reciprocally, let h € €% (—m,7) and p; € R. The eq. (9.21) admits a soution in C2.% (—m, )

ifand only if [*_h(0)cos0d = [* h(6)sinfdd = 0. The general solutions are of the form:
p(0) =7(0) + k1 cos (0) + ko sin (6),
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where p is an even particular solution.

Let (h,C1,C3) € Range 9, vp) F (x5,0,0,0). As h € Y, necessarily [* 1 (0)sin6df = 0.
Assume that [*_h () cosfdf = 0. There exists p € X solution of eq. (9.21). Taking the even
part of the general solutions, we have that:

[7(6) + 5 (~0)] + k1 cos (0).

We choose k1 such that [*_p(6) cosfdf = Ca.
Integrating eq. (9.21) with respect to ¢ yields to:

(_7 _ 27 (Bo + Xufina (O))> /W p(6) 6 — 2mp; = /7r h(0) a9,

2 2
Ry alg -7 -7

We thus choose p; suchthat [*_p(0) d§ = C.
Item 4. For all (x,p,V,p1) € R x X x R x R we have:

Ofly () [
Ox.Ly. (p,Vip1) = <—§/ p(0) d — ac® fl, (°) R()Vc059;0;0;0> .
0 -7

In particular, we have for x. = x* and (p, V,p1) = (0,1,0):
O Ly (0,1,0) = (—ac’ fie; (°) Rocos6;0;0;0).

act

By contradiction, assume that 9,0, v,p,)F (X5,0,0,0)[0,1,0] € Ranged(, v,p,)F (xi,0,0,0).
Then there exists (p, V,p1) € X x R x R such that:

p+p” 4 Bot Xu/tna (0) /7T
R2 aR32

p(0) A0+ p1 = ac® fl; (c°) Ro cosd

—T

/7r p(0) d¢9:/7r p(G)cosOdO:/w p(0)sinfdd = 0.

—T —T —T

By multiplying by cos (#) and integrating the first line over [—x, 7], we obtain:

7/ p(9)cos€d9+fy/ p" (0) cos6do

—T —T

’ ™ ” 4
+(RO+><ufund(m/ 0 (6) d9+p1>/ cosfdf = ac®f, () Rg/ cos® 6 df.

a —T —T —T

Since p € X, pis 2m-periodic and thus [ p" (6) cos§d8 = [ p (6) cos 6 df. Then we have:
ac® flo, (") Rym =0,
which is a contradiction as a > 0, fi.; (c°) > 0,® > 0and Ry > 0. O

We can therefore apply the Crandall-Rabinowitz bifurcation theorem (Crandall and Rabi-
nowitz, 1971) to the functional F around the bifurcation point (x,0,0,0). Then for any com-
plement Z = Z; x Zy x Z3 of Ker F (x},0,0,0) in X x R x R, there exists a neighborhood N
of (x%,0,0,0) inR x X x R xR, aninterval I = (—¢,¢) for some ¢ > 0 and four continuous
functions g : I - R, ¢y : [ — Zy, %9 : I — Zyand 3 : I — Z3 such that forall s € I:

]:(<P (S) ¥1 (S) s P2 (S) s ¥s3 (3)) = (0,0, 0,0)
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and
©(0)=xc, ¥1(0)=0, 92(0)=0, ¢3(0)=0.
We can note that for all s € (—¢,¢), ¢1 (s) denotes a function.
In particular, the Crandall-Rabinowitz bifurcation theorem implies that the solutions (x., p, V, p1)
of the equation F (x., p,V,p1) = (0,0,0,0) are of the form:

Xe (8) = p(s), (9.22)
p(s,0) = s (s)(0), (9.23)
V(s) =s+sa(s), (9-24)
p1(s) = s3(s), (9.25)

where s € I and 6 € (—m, «]. In addition, they satisfy for all § € (—m, 7]:

XC (0) = XZ?
p(0,0) =0 and 9:p(0,6) =0,
V(0)=0 and V'(0)=1,
pi(0)=0 and p (0)=0.
Thus we have for all s € I:
V(s)=s+o(s).
As (xe¢, p, V, p1) is solution of the equation F (., p, V,p1) = (0,0,0,0), we have forall s € I:

/p(s,@)cos@dG:O and /(R0+p(s,0))2fR3d6:O.

—T —T

Thus we deduce that for all n € N we have:

97 p(0,0) cos§db = 0,

and -
92p (0,60) do = 0.

—T

Lemma 9.3.5. Assume
9y p(0,0) =040sp(0,0) =0, VYneN,Vle (—m, .
Then, we have x.. (0) = 0.
Proof. Foralls € Iand@ € (—m,n], we set
2(5,0) = c1 (V(s),p(s,0)) eV (&) Fotr(s0)) cosd,

We thus have:
2(0,6) = €1 (V(0),p(0,8)) e~V O Urotp00) cost — (0,

We differenciate with respect to s the first component of F and we have for all s € I and
0 € (—m, x|
0= 70st (5,0) + Xe (5) fact (2 (5,0)) + Xe (8) faei (2 (s,0)) D52 (s,0)
+ Xufina (V ()11 (5,0)) (V' (s) n1 (5,0) + V (5) Dsna (s,0))
+V'(s) (Ro+ p(s,0))cos +V (s)Osp(s,0) cos — py (s). (9.26)
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Evaluating it at s = 0, it leads to:
0 =705k (0,0) + X. (0) fact () + X5 free (%) D52 (0,0) + Xufima (0) 11 (0,60) + Ry cos .

As Opp (s,0) = s0gt)1 (s,0), we have 9pp (0,0) = 0. We then have:

1
n1 (0,60) = T (Rocosf + 9pp (0,0) sinf) = cos .

Moreover, as for all s € T and 6 € (—x, 7| we have:

057 (5,0) = (D1e1 (V (5),p(5,0)) V' (5) + Dac1 (V (), p (5,6)) Dyp (s, 0)) e~V () Hokpls:0) cost
—a(V'(s) (Ro+ p(5,0)) +V (s)Bsp (5,0)) cosOcy (V (), p (s,0)) e~V () Fote(s,0)cosd

As 01¢1 (0,0) = 0, it follows that:
D52 (0,0) = —aRg cos Oc°.
Finally, using the definition of x* (cf eq. (9.6)), we have for all § € (—m,7]:

0 =795 (0,0) + X (0) fact (¢”) + (Xufuna (0) + Ro — xzaRoc” freq (<)) cos @
=705 (0,0) + X, (0) fact (°) -

As for all 8 € (—=, w] we have 95k (0, 60) = 0, it follows that necessarily x.. (0) = 0. O
Lemma 9.3.6. Assume
9 p(0,0) = 830sp (0,0) = 95 2p(0,0) =0, VneN,V0 e (—m,m].

Then, we have

" _ (RO+Xuf1/m (0))@30 7 " Xu 1/111/1 (0)
10 = R T () g ) + e oy

Proof. We differenciate twice with respect to s eq. (9.26). We thus have for all s € I and
0 € (—m, )

0 =78555h (5,0) + X2 (5) fact (2 (5,0)) + 3X2 (5) facy (2 (5,0)) Dsz (5,6)
+3X% (5) frer (2 (5,0)) 02,2 (5,0) + 3X. (5) futy (2 (5,0)) (952 (5,6))?
+3Xc () frt (2 (5,0)) 02 (,0) 02,2 (5,0) + Xe () fir (2 (s, 0)) (952 (5,0))°
+ Xe (8) fact (2 (5,0)) 952 (5, 6)
+ Xufina (V ()1 (5,0)) (V' () ma (5.0) + V() D (5,6))”
+ 3Xufiina (V ()11 (5,0)) (V' (5) n1 (5,0) + V (5) Osna (5,0)) V" (s) na (s, 0)
+ 3xu Sl (V (s)n1(s,0)) (V' (s)ny (5,0) +V (s5) Dsna (s,0)) 2V (s) Dsny (s,0)
+3Xu flina (V (8) 11 (5,0)) (V' (5) 11 (5,0) + V (5) Dsm1 (5.0)) V (5) 9Zym (5. 0)
+ Xufuna (V ()11 (5,0)) (V" (s) a1 (s,0) + 3V" (5) Osma (5,0))
+ Xufina (V (5) 11 (5,0)) (3V7 (5) 92,1 (5,0) + V (5) Byuma (5,6))
+ V" (5) (Ro+ p(s,0)) cos 0 +3V" (5) sp (5,60) cos + 3V’ (s) 92,p (s,0) cos 0

V (5) 85550 (s,0) cos — py’ (s).
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Using the fact that for all § € (—=, 7] we have 952 (0,6) = —ac® Ry cos § and the result of
the previous lemma, it follows that:

—’Yassb (0,0) + X/c// ) fact (CO) - 3a'COROX (0 )fact ( )0059
3xtac’ Ry cos 002,z (0,0) fii, ()

- X:f;/c/t (CO) (aCORO COS 9)3 + Xc act (C ) 8?35 (O 9) + Xuf/// ( )COS3 9

+ 3Xuf nd ( ) COS2 QV// ( ) + Xufund (0) (V”I ( )COS 0 + 38?5711 (O’ 0))
+ V" (0) Ry cos 0 + 30%,p (0,0) cos 8 — p//’ (0).

We multiply the previous equality by cos 6 and integrate in 6 over (—m, 7), we thus have:

0=y 83

SSS

K (0,0) cos 0 df — 3mac® Rox? (0) fie: (°)

a
—T

—3xiac®Ro fu, (¢ / 2(0,0) cos® 0 do

— szf;’ét (CO) 7r (aCORO) + XS (co) 8?58 (0,0) cos 0 do

—T

+ Xuf’” (0) 7 + Xufima () V" (0) 7w + V™ (0) Romr.

From Alazard et al. (2022) (appendix C), we have for all § € (—m, 7]:

T 2
02,2(0,0) cos> 0 df = a4 2]\/[,

—T

/ .52 (0,0) cosfdf = — R V”’( ) — 2?;[3 8555;) (0,0) cos 6 de,

0

and

/ sk (0,0) cos6dd = 0.

It follows that:

3
0 = —3mac’Rox¥ (0) fiee () — 2Xca 3" Ro fll () M
1 N 3 . 3
b () V0 = e 2 () o
+ Xufina (0) 7 + Xufina (0) V" (0) m + V" (0) Ror,

3xiadM? M 3
= —3mac®Rof. ., (CO) X (0) — TRy <fact (CO) + 7R fact ( )) + 477Xufm (0).

It leads to:

* 2 "
" . X0 M 1" 0 " XuJund (O)
O S @ (f ()% o RQf S )> T Ry flo (D)

We conclude using the expressions of x* and of c°. O
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Conclusion and perspectives. By studying the model with the undercooling effect, we have
proved that this effect stabilises the model. Indeed, we can compare the threshold at which
the bifurcation towards a travelling wave occurs with and without this effect (see Alazard et al.
(2022) for the case without the undercooling effect). We have shown that this threshold is
higher when the undercooling effect is taken into account.

In a work in progress, in collaboration with Nicolas Meunier and Olivier Pantz, we are
studying different approaches for discretising the model with an implicit time discretisation
of the curvature and the undercooling effect. Finite element methods are used for the spatial
discretisations. The term added by the undercooling effect requires precautions to be taken
regarding the functional spaces chosen to discretise the model. The velocity trace on the
domain boundary must always be well defined. This work is an extension of Lavi et al. (2023).
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10 - Model in dimension 2 with an external signal

In this chapter, in the first section we introduce a model of cell motility in presence of an
external signal. This model is deduce from the general model (1.1) in the case where we assume
the substrate to be homogeneous (¢, is independent of the space), there is no obstacles
and we neglect the nucleus. We define the stationary states of the model and prove their
existence. We then study their stability. Secondly, we study the associated rigid model. We
study its stationary states and their stability. We then write a numerical scheme to simulate
the rigid model and show using numerical simulations that there is a trade-off between the
force induced at the cell boundary by the polarity markers present in the cell and the force
induced at the cell boundary by the external signal.

10.1. Modelling

In this section, we introduce the model under study. This model is a special case of the
general model (1.1). We assume that the substrate is homogeneous, i.e. that £y is independent
of space and we set for all x € R?, &y (x) = 1. We neglect the effect of undercooling. We also
assume that there are no obstacles in the cell's environment. Next, we neglect the dynamics of
the nucleus. We then assume that the fluid domain coincides with that of the cell. The effects
of noise are initially neglected. The model studied is given by:

u+VP =0 inQ(t), (10.1a)
div(u) =0 inQ(t), (10.1b)
P =~k + Xcfact (€) + x5 (Vs - n) on 9Q (1), (10.1c)
Vo=u-n on o9 (t), (10.1d)
Opc = div (Ve — (1 — a) ue) inQ(t), (10.1€)
(Ve+auc) n=0 on 90 (1), (10.1f)
c(0,x) = "(x) inQ(0). (10.1g)

We recall that f,. statisfies the following assumptions eq. (1.12):

fact € Cl (R+> )
fact is an increasing function,

fact (0) = Oa
ngoo fact () = L. < 400,

and g satisfies the following one eq. (1.14):
geC'(R),
g is an odd function and a increasing function,
lim g(z)= L < +oo.

T—+00

We can observe that we retain the properties of preservation over time of the area of cell
Agq and the total quantity of markers M. We thus have for all t > 0:

AQ:/ 1dX,
Q(t)
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and

M = c(t,x) dx. (10.2)
Q)

Let X (t) be the centre of mass of Q (¢) at time ¢ > 0. We have:

1
Xcm (t) = 7/ (557:1/) dz dy
Aa Jow

We also define the velocity of the centre of mass u.,. For all ¢ > 0, we have:

Uem () = %xcm (t).

For all > 0, we have:

d

— xdxdy = / 2V, do = / zu-ndo = div (zu) dz dy
dt Jo a(t) a0(t) Q(t)

= V- -udxdy =— V:L‘-Vdedyz—/ div (PVz) dzdy
Q(t) Q(t) Q(t)

= —/ PVz-ndo = —/ (7% + Xefact (€) + X9 (Vs - n))n, do,
a0(t) o0(t)

where we used the incompresisbility constraint (10.1b), the darcy law (10.1a) and the boundary

condition (10.1¢). Analogously, we have:

d
— / ydrdy = — / (V& + Xefact (¢) + Xs9 (Vs - n))ny do.
dt Jow aQ(t)

Since [y, kndo = 0, it follows:

1

/ (Xefact (€) + xs9 (Vs -n))ndo. (10.3)
aQ(t)

10.2 . Stationary state

This section is devoted to the search of the stationary radially symmetric states of the
model (10.1). We restrict our study to the case where the external signal is radially symmetrical.
Thus, we assume that there exists a function 1, : Rt — R such that for all x € R?, the
external signal is given by:

s (%) = s ([[x[]) - (10.4)
In the sequel, for all x € R?, s (x) is denoted simply by s (r) where » = ||x||. We also assume
that s is differentiable.

Proposition 10.2.1. Under the assumption (10.4), the model (10.1) admits an unique stationary
radially symmetric solution. This solution is given by:

u’=0 in Q°, (10.5a)
PO - Rl + chact (CO) + ng (S, (RO)) in QO? (105b)
0
M
0_ in Q° 10.5C
¢ e in Q°, (10.5¢)
Q% = B(0,Ry), (10.5d)
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where Ry = /22,

Proof. We are looking for radially symmetric solutions. Thus, necessarily, for all ¢t > 0,  (t) =
B (0, Ry) = Q0. Moreover, stationary radially symmetric solutions of the model (10.1) are char-
acterized by:

u+VP=0 in Q°, (10.6a)

div(u) =0 in Q°, (10.6b)

P= Rl + XeSact (€) + X5 (8" (Ro)) in Q°, (10.6¢)
)

Vo=u-n=0 on 90°, (10.6d)

0=div(Ve— (1 —a)uc) in Q°, (10.6e)

(Ve+auce) n=0 on 90Q°. (10.6f)

From egs. (10.6a), (10.6b) and (10.6d) we deduce that:
—AP=0 in Q°,
—VP-n=0 on 99°.
Thus, we have:
VP=0 inQ°

it follows that u = 0 in 2° and P is constant over Q°.
Using this, egs. (10.6e) and (10.6f) can be rewritten as follows:

{ACZO in Q°,
Ve-n=0 on 9Q°.

This leads to ¢ being constant over Q°. Using the constraint on the total quantity of markers
eq. (10.2), we have:

M
TRE
From the assumption (10.4), we have that g (s) is constant over 9Q°. Then we deduce from
eq. (10.6¢) the value of P. O

10.3 . Linear stability analysis

In this section, to characterise the stationary state (u’, P%, <, Q%) given by (10.5), we per-
form a linear stability analysis. We restrict our analysis to the case of monotonic external
signal. We assume that there exists a function 9, : Rt — RT and n € R such that for all
x € R? we have:

s (x) =ns ([x]]) -
Moreover 15 is assumed to be an non-decreasing function. Thus if > 0, the signal is said to
be attractive in 0 whereas if < 0, the signal is said to be repulsive in 0. Therefore, in the case
of an attractive signal in 0 for all » > 0 we have s’ (r) > 0 and in the case of a repulsive signal
in 0 for all » > 0 we have s’ (r) < 0. Moreover, we assume that s is two-times differentiable.

In the remainder of this section, we prove the following theorem concerning the stability
of the stationary state when the signal is attractive.
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Theorem 10.3.1. Assume that K, > 0. We then have:
1. If0 < Xe

- < 1then A admits A = 0 as eigenvalue with multiplicity two and all the others
eigenva/ﬁes have non-positive real parts.

2. If X—i > 1+ 3K Ry then A admits at least a positive eigenvalue A > 0.

Where K is defined by:
Ky = xs9'(s' (Ro)) s” (Ro) , (10.7)

and x} by:
N 1
T a0 fre ()

The proof follows the ideas of Alazard et al. (2022); Lavi et al. (2020).

(10.8)

10.3.1. The linearized problem
Proposition 10.3.2. The problem linearised around the stationary radially symmetric state (10.5)

associated with model (10.1) is given by:
d (p\ _ ,(r
£0-40)
where A is the operator defined on H?® (09°) x H? (Q°) by

A:CQF%(IL%(%W+p%<ﬁﬁawx—pK4)

Ac

with the boundary condition
orc=—ac’T [1;3 (9300 + P) — Xefher (e — sz] on 99°. (10.10)

In proposition 10.3.2, Z denotes the Dirichlet-to-Neumann operator. We recall from Evans
(2010) that this operator is defined as follows:

Definition 10.3.3. For ¢ € H'(90°), the Dirichlet-to-Neumann operator T is defined by:
I[Y] = Vq-n,
where q denotes the harmonic extension of 1 to the disk QY, that is
—Ag=0 inQ° qg=1v onodQ°.

Proof. Let e > 0. We consider the following perturbation of the free boundary stationary
domain (10.5d):

Q(t) ={(z,y) = (rcosb,rsinf) st.0 <r < Ry +ep(t,0) and b € (—m,7|}. (10.11)

We formally develop the solution (P, ¢) of the model (10.1) close to the radially symmetrical
solution (P, ) given by (10.5):

P(t,r,0) = P* +¢P (t,r,0)+0O (52) in Omega (t) ,
c(t,r,0) = +eé(t,r0)+ 0 (%) inQ(1).
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From egs. (10.1a) and (10.1b) we deduce that for all t > 0, we have:

AP =0 inQ° (10.12)

From eq. (10.11), we deduce that for all ¢ > 0, the perturbed domain boundary 92 (t) can
be parametrized by:

p: (=m7n] — 00Q()
0 — ((Ro+ep(t,0))cost, (Ry+ep(t,0))sing).

Therefore, for all t > 0, the outward normal vector to 99 (¢) at the point x = ¢ (#) with
0 € (—m, ], is given by:

(Ro +ep(t,0))cos8 + €dgp (t,0) sin b

n(0) =

S
T (10.13)

cos O + e gp (t,0)sin
= }fo O (g%).
sinf — e-0pp (t,0) cos 0

Forallt > 0,60 € (—m, 7] and r € [0, Ry + €p (t,0)], we have:
1
VP (t,r,0) =0,.P(t,r,0) e, + ;3917 (t,r,0)eq, (10.14)
. cos sin 0 - .
with e, = (sin 9> andey = (_ cos 0>. Then, combining egs. (10.13) and (10.14), we obtain that

on 99 (¢):
1
" Ro+ep(t,0)
+0,P(t,Ry+ep(t,0),0)+0 (*).

VP n 89 P (t, Ry +ep(t,0),0) Rioagp(t,o)

Using
1 _1 9
Ro + ep (t, 9) o Ry R%

+0 (%),
we derive that:
VP.-n=09,.P(tRy0) +ep(t0)02.P(t Ro,0)+ %&)P (t,Ro,0) Ogp (t,0) + O (£7)
0
which leads to
VP-n=¢d,P(tRy,0)+0(?). (10.15)
We denote V the boundary velocity. We have:

_d ((Ro+ep(t,0))cosb
V=1 ((Rg+zf)(t,9))sin6>

_ (€0p(t,0)cosb
" \ebp (t,6)sinb ) -

Then, using eq. (10.13), we have:
Vo=V -n=cedp(t0)+0(?). (10.16)
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Combining egs. (10.1a), (10.1d), (10.15) and (10.16) yields for all ¢ > 0 and 0 € (—, 7]:

Ap (t,0) = —0,P (t,Ro,0) . (10.17)

Using again the fact that 992 (¢) can be parametrized by ¢, we have that for all ¢ > 0 and
6 € (—m,m], the curvature at the point x = ¢ () is given by:

(Ro -+ 2p (1,6))° — €03, (,0) (Ro + £p (1,6)) + 2% (op (1,6))°

3

((Ro+2p (1.6))° + (00 (.6))°)

r(0) =

Thus we have:

1
5 (0) = 5~ Rig (020 (£,0) + p (,0)) + O ().
Since
fact (C) = fact (CO + ec + O (52)) = fact (CO) + Eéf;‘ct (CO) + O (52)
and

g(s' (Ro+ep(t,0)) = g (s' (Ro)) +ep (t,0) 5" (Ro) g’ (s (Ro)) + O () ,

it follows from eq. (10.1c) that for all ¢ > 0 and 6 € (—=, 7] we have:

P(t,Ry,0) = —% (9500 (£,0) + p (t,0)) + XcC (¢, Ro, 0) fre (°) + p K. (10.18)
0

We have:
Opc (t,r,0) = 0,° (t,7,0) + €9y (t,1,0) + O (%) = €Dy (t,1,0) + O (?)
and
div(Ve— (1 —a)uc) = div (Ve + (1 — a) VPe)
=div (Ve 4+ (1 — a) VPO) + cAé+ O (7).
Thus, using eq. (10.1e), it follows that:
oé=A¢ inQ°, (10.19)
We also have:
(Ve+auc) -n=(Ve—aVPc) -n= (Ve —aVP’") n+e (VE - aVPcO) ‘n+0 (7).

Using eq. (10.1f) we deduce that:

(Vé - aVPcO> n=0 onadQP. (10.20)

The linearised problem of model (10.1) around stationary state (10.5) is therefore given by
egs. (10.12) and (10.17) to (10.20). Using the definition of the Dirichlet-to-Neumann operator, we
deduce that the linearised problem can be rewritten in the form eq. (10.9) with the boundary
condition eq. (10.10). O
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10.3.2 . The eigenvalue problem for A

In this section we study the eigenvalue problem for .A. To do this, as the problem is radially
symmetric, we can use Fourier analysis.
The eigenvalue problem for A is given by the search of A € C such that:

(-0

Lemma 10.3.4. Given with Fourier series, then egs. (10.9) and (10.10) describes a closed dy-

p
Cc
namical system for the cosine (resp. sine) perturbations.

Proof. Let

(0?7{9 z>> -2 (écif?r)) cos (m8) + 3 (éﬁ?@)) sin (m0)

me meN
be the Fourier mode decomposition of (g) By linearity of the operator A we have:

A (’g) =3 A, <ajf7?r>) cos(mt) + 3 A (cfn”(r)) sin(mé),

meN meN

with A,,, defined by
- T2 A I O0VA A
Am <é Za)) — I |: R2 (m 1)p chact(c )C pKS:| . (10.21)
583,, +r719, — r_2m2) é(r)

Furthermore, the boundary condition (10.10) on 9Q° is

8,¢(Ro) = —ac® T [}%(mQ —1)p — Xeflp (0)e — sz] .
0

Remark 10.3.5. Without loss of generality, by symmetry of the problem around the z-axis, we can
deduce from lemma 10.3.4 that if X is an eigenvalue of A, then the eigenfunctions associated with

A are of the form A
(c%%)) - % (éﬁ?r)) cos (mf),

me

such that for all m € N, (g"“) satisfy

mA
Am (A >\> ——)\<A /\)
Cm\ Cm\

2

and

arém)\(RO) = _aCOI |:_ 7 (m - l)ﬁm)\ - chéct(co)é7rzk - ﬁvnA K|,

R}
with A,, defined by eq. (10.21).
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Using the definition of the Dirichlet-to-Neumann operator, we deduce the following usefull
lemma.

Lemma 10.3.6. Let m € N. The eigenvalue problem on A,,:
Anm (?) — A (?)
C C

8,é(Ro) = —a T [—%W S xSl @) — K

and

is equivalent to the following problem:

Ap=—0.P on 99°, (10.22a)

—AP=0 in Q°, (10.22b)

p= % (m? = 1) p+ Xefies () ¢+ p Ko on 99, (10.22¢)
0

e = Ac in Q°, (10.22d)

8¢ = ac’d,. P on 90°. (10.22€)

10.3.3 . Spectrum of A
In this section, we study the spectrum of the operator A. Thanks to remark 10.3.5, this
study can be reduced to the study of the spectrum of A,, for all m € N.
Proposition 10.3.7. Assume
« K, >0,
+0< X—i < 1 where x definded by eq. (10.8),

c

* Xe >0,
* Xxs >0,

then, for all m > 1, all the eigenvalues of A,, have non-positive real parts.

Proof. Letm > 1. Let XA € C be a eigenvalue of A4,,.
We set Q = ¢ — ac’P where P and c satisfy eq. (10.22). Thus Q follows the following
problem:

- AQ = Ac in Q°, (10.23a)

<1 - X:) pP= % (m? —1) p+ Xefie () Q + p K, on 90°, (10.23b)
Xe 0

VQ -n=0 on 9Q°, (10.23¢)

where P, ¢ and p satisfy eq. (10.22).
Thus using egs. (10.22) and (10.23) we compute:

)\/ EE dx:/ EAcdx:/ (Q + ac’P) AQ dx
QO QO QO
z—/ IVQ|? dx—aco/ VP -VQdx.
Qo Qo
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Since

VP-Vde:/ QVP -ndo
o000

@ 173
= 1—— PVP -ndo
Xefact (CO) 8900 Xe
1

+7/ ( m?—1 ,0—|—pK>/\pdcr
Xefact (€9) Jogo Ro( )

_ Xe

. ik
=" VP|” dx
chzltct (CO) [20
A Y 2 )/ 2
+—>2 (L (m?>-1)+K, o? do.
Xefhet (€9) (R(Q) ( ) 3520‘ |

We deduce that for all A € C eigenvalue of A,,, we have:

A vy 2
A c2dx+( m2—1 K>/ do
/QU | | chz;ct (CO) RQ ( ) 00 |p|

_ Xe

/ |VQ| dX*ClC M/ |VP| dx.

The result follows from this equality. O

0o

Lemma 10.3.8. For m € N, the eigenfunctions of A, associated with the eigenvalue A € C are

(cf()ﬁfgg)) - (émk]mﬁgn_/\r)\l/2)> cos(mf),

with 0 < r < Ry, 0 € (—m, 7] and (é,,x, pmxr) € C? solutions of

()\ + ngm (m2—1) + ;ZJKS> Br = —mR—?f;m(cO) I, ( RoAV/2 ) s
g (Im,1 (—Ro)\l/2) T (—Ro)\l/2)) Emx = A prm.

Proof. In what follows, we consider only the smooth solutions at » = 0. Let A € C be an eigen-
value of A,,, and let ( p(0) ) be the eigenfunctions associated. Thanks to the lemma10.3.6, we

c(r,0)

can use the representation (10.22) of the eigenvalue problem. P therefore satisfies Laplace’s
equation. There exists A,,\ € Csuch thatforall0 < r < Ry and 0 € (—n, w] we have:

P (r,0) = Apar™ cos (m@) .
For all § € (—m, 7], we set p (8) = pmx cos (mb). Using eq. (10.22a), we get that:
Mma = —mRY ™ Ay

We also set for all » € [0, Ry) and 6 € (—m, @], ¢ (r,0) = émn (1) cos (m@). From eq. (10.22¢),
we deduce that:

AR = L

7 (m? — 1) prma + Xefaer (%) Emnr (Ro) + prr K,
0

which leads to

()\ + Lo (m? — 1) + mK) prr = — X2 1 () Emn (Ro) -



Since c satisfies equation (10.22d), we deduce that ¢é,,, satisfies the following equation for

re [O,Ro)I )
1 m=\ .
(&i + ;ar - 77”2 ) Cm\ (T’) = >\Cm)\ (’I‘) .

The solutions of this equation are known and depend of the modified Bessel function of the
first kind of order m, denoted by I,,,. Thus we have for r € [0, Ry):

Emx (1) = émrIm (—rﬁ) ,

where ¢, € C.
Using the boundary condition eq. (10.22€), we get that:

arém)\ (RO) = 7)\@00[)7”)\.

Thus, thanks to the property of the Bessel function, we deduce that:

? (Im—l (_RO/\1/2> + Im—i—l (_RO/\l/Z)) émA = )\CLCO[)m/\.
O
For m € N, let H,,, be the function defined by:
_ vz gl 2 m 1/2 1/2
Hy (2) = 5 (z tgm (m® 1) + oK. (Bt (=Ro2"2) + Ly (—Ro2'/?)) oo
+ zac® n;;? fret (co) L, (—R021/2> ,

for z € C.
We deduce from the previous lemma 10.3.8 that the eigenvalue equation is given by

H,, (z)=0.
Hence we have the following result on the spectrum of A,,.
Lemma 10.3.9. The spectrum of A,, is
sp(An) ={reCs.t H, (A) =0}.
Finally, we prove Theorem 10.3.1, which we recall here:

Theorem 10.3.10. Assume that K, > 0. We then have:

1. If0 < X—i < 1 then A admits A = 0 as eigenvalue with multiplicity two and all the others
X

&
eigenvalues have non-positive real parts.

2. If X—i >1+ %K sRo then A admits at least a positive eigenvalue \ > 0.
Xe

Proof. From remark 10.3.5, we recall that to study the spectrum of A it is sufficient to study
the spectrum of A,, for allm € N. We also recall that the eigenfunction of A,,, associated with
the eigenvalue X is given by:

ﬁm)\

U (1,6) = (ém)\lm (—rﬁ)) cos (md) . (10.25)
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Proof of 1.
First we study the case m = 0. In this case we have:

Hy(\) = A31, (—Roﬁ) .

We have that A = 0 is solution of the eigenvalue equation Hy (A) = 0. Using the result of
lemma 10.3.8 we deduce that A = 0 is associated with the two followings eigenfunctions:

vy (r,0) = (é) and o2y (r.0) = (‘D

The other roots of Hy are given by \gx = —% where z, is the k-th root of J; the Bessel
0

function of the first kind of order 1. Thus, since x1; > 0 for all k£, we have Ao < 0 and A\g is

associated to the following eigenfunction:

vok (1,0) = (JO (21#)) .

Secondly we study the case m > 1. We observe that A = 0 is solution of H,, (A\) = 0. The
eigenfunction associated to A = 0 is the zero function:

Voo (1, 0) = (8) cos (mf).

Indeed, from the result of lemma 10.3.8, we deduce that j,,0 = 0. Moreover we have I, (0) =
0. Thus A = 0 is not an eigenvalue of A,, form > 1.

Since K, > 0and 0 < )’g— < 1, we deduce from the proposition 10.3.7 that all the other
eigenvalues of A,, have non-positive real parts.

Proof of 2.
We want to find a strictly positive eigenvalue of 4. To do this, we expand H; around A = 0.
Using the properties of Bessel functions, we have:

Hi(\) = ? (II; n <1 n SKSRO — ac®xefl, (co)) >\> o (|/\|3) .

The function A —

II—%S + (1 + %KSRO - GCOch;ct (CO)) A admits

K,
Ro + %KSR% — %RO

A=

as its root. Under the assumption K > 0, we have:

c 3
A >0 = X—*>1+§KSRO.

c
when ig— iscloseto 1+%K5R0, we can note that \; tends to not be close to 0. We use a graphical
argument to conclude. For a value of K, we plot the function H; for different values of ;(‘—
(see figs. 10.1 to 10.3). We plot its real part, its imaginary part and its modulus. We see that
when ;g— > 14 %KSRO then thereis a root of H; with a positive real part. The fig. 10.2 suggests
that i— > 14 %KSRO is indeed the criterion from which we can exhibit a positive real part
eigenvélue. Thus, when )’g— >1+ %KSRO the stationary state is unstable.

O
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Representation of H; when Rg =1, Ks=0.5 and )’((— =0.975

c

Real part Imaginary part Modulus
0.50
2 2 2

0.25

>~ 0 >~ 0 ~ 0 0.00
—2 -2 ) -0.25
-2 0 2 2 0 2 2 0 2 ~0.50

X X X

Figure 10.1: Representation of H; in the complex framework for Ry = 1, K, = 0.5 and
X—i = 0.975. Plots of the real part (left), the imaginary part (middle) and the modulus (right) of the
X

(&
function Hy for A\ = z + iy € Cwith z,y € [—3, 3]. We are in the case where ;g— <1+ %KSRO, we
observe that the root of H, with the greatest real part have negative real part.

Representation of H; when Rg =1, Ks = 0.5 and j(f_ =1.175

c

Real part Imaginary part Modulus
0.50
2 2 2

0.25

>N 0 >~ 0 >~ 0 0.00
-2 -2 > -0.25
-2 0 2 -2 0 2 -2 0 2 —0.30

X X X

Figure 10.2: Representation of H; in the complex framework for Ry = 1, K; = 0.5 and
X—: = 1.175. Plots of the real part (left), the imaginary part (middle) and the modulus (right) of the
X

C
function Hy for A = + iy € Cwith z,y € [-3,3]. We are in the case where 3 =1+ 3K Ry, we
observe that the root of Hy with the greatest real part seems to have zero as real part.
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Representation of H; when Rg =1, Ks=0.5 and )’((— =1.375

c

Real part Imaginary part Modulus
0.50
2 2 2

0.25

>~ 0 >~ 0 >~ 0 0.00
-2 -2 2 -0.25
-2 0 2 -2 0 2 -2 0 2 ~0.50

X X X

Figure 10.3: Representation of /H; in the complex framework for Ry = 1, K; = 0.5 and
X—:‘ = 1.375. Plots of the real part (left), the imaginary part (middle) and the modulus (right) of the
X

(&
function Hy for A\ = x + iy € Cwith z,y € [—3, 3]. We are in the case where ;g— > 1+ 2K Ry, we
observe that the root of H, with the greatest real part seems to have positive real part.
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10.4 . Study of the associated rigid model

In this scetion we study the rigid model associated with model (10.1). Informally, this is
obtained when the surface tension tends towards infinity. We assume the cell to be rigid and
to have a circular shape: €2 (t) is a disk of radius Ry > 0. We assume that the the velocity of the
centre of mass in the rigid case is the same as in the deformable one. Thus the cell boundary
moves at the velocity of the centre of mass. The rigid model associated with the deformable
model (10.1) is then given by:

Orec = div (Ve — (1 — a) uc) inQ(t), (10.26a)
(Ve+auc) n=0 on 99 (t), (10.26b)
u(t) = —L/ (Xefact (€) + Xsg (Vs -n))ndo, (10.26¢)
Aa Jaa)
t
Q(t) = B(0, Ro) +/ u(s) ds. (10.26d)
0

The eq. (10.2) remains true in the rigid case.
Under the assumption of radially symmetric signal eq. (10.4), we prove that the model
eq. (10.26) admits a unique stationary state and study its stability.

10.4.1 . Stationary state

Proposition 10.4.1. Under the assumption eq. (10.4), the model (10.26) admits an unique station-
ary radially symmetric solution. This solution is given by:

M
0 _ i QO )
c ) R% in -, (10.273a)
u’ =0 in Q°, (10.27b)
Q% =B(0,Ry). (10.27¢)

Proof. The stationary problem associated with the model (10.26) is given as follows:

Ac=0 in Q°,
Ve-n=0 on 90Y,
u’ =0 in Q°,
Q% = B(0,Ry).

Necessarily c is constant over QY. Using the constraint on the total quantity of markers

0 _
eq. (10.2), we deduce that forx € Q°, ¢(x) = TR O

We study the stability of the stationary state when the signal is attractive (K > 0).

Theorem 10.4.2. In the case where K defined by eq. (10.7) is positive, if : <1+ %KSRO the
stationary state (10.27) is linearly stable. On the opposite, i ig— > 1+ gK s Ro the stationary state

(10.27) is linearly unstable.
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10.4.2 . Proof of theorem 10.4.2

To study the linear stability of the stationary state (10.27) and proof theorem 10.4.2, we
proceed in three steps. First, we linearise the problem (10.26) around this stationary state.
From the linearisation of the problem, we derive an eigenvalue problem. Secondly, we study
this eigenvalue problem. We study the sign of the real part of the eigenvalues: when there is
an eigenvalue with a positive real part, the stationary state is linearly unstable, whereas when
all the eigenvalues have a negative real part, the stationary state is linearly stable. To do this,
we use Fourier analysis to decompose the eigenvalue problem into simpler problems. Finally,
we derive an explicit condition on the eigenvalues. We conclude with a graphical argument.
The arguments used are inspired by those of Lavi et al. (2020); Alazard et al. (2022) and are
similar to those of sections 4.2.1.2, 5.2.2 and 6.2.2.

Step1. Thelinearised problem associated with the model (10.26) around the stationary state
(10.27) in the following lemma. Then we deduce an eigenvalue problem associated to this
linearised problem.

Lemma 10.4.3. Thelinearised problem associated to eq. (10.26) around the stationary state (10.27)
is given by:

0y¢ = AC in Q°, (10.28a)
(Vé+auc®) -n=0 on 99°, (10.28b)
o / 0
a(t) = “xefier (<) / é(t,x)ndo — &icen (), (10.28¢)
Ag 890 Ry

where X1 = (Zcenls een) SUCh that for all t > 0:

d . -
axceu (t) =u (t) .
K is defined by eq. (10.7).

Proof. We perform a formal expansion of the solutions of model (10.26) around the stationary
state (10.27). Let e > 0 small. For all ¢ > 0, we set:

Q(t) = B (xcen (t) , Ro) ,

with
Xeell (t) = eXeen (t) + O (€7) .

Thus we can set for all ¢ > 0:
u(t)=u’+ea(t)+0 ().
Moreover, for all t > 0 and x € Q, we set:
c(t,x) =c"+ecé(t,x)+ 0O (?).
Using the fact that ¢ satisfies eq. (10.27a) and ¢ satisfies (10.26a), we deduce that in QV:

o0ic = Ac.



We also have on 990 that:

(Ve+auc) -n = (VA +eVe+ au’c® 4 cau’c + eanc’) -n+ O (£7)
za(Vé—f—aﬁcO) -n+(9(52) ,

which leads to the boundary condition:
(VE + aﬁco) -n=20 on 90°.

Moreover, we have:

/ faet (¢)ndor = / fae () + €6l (P) ndo + O ()
o0(t) oQ(t)
=efl () / éndo + O (&)
a9(t)
=cefl () / éndo + O (7).
00
We also have:
/ g(Vs(x) -n)ndo
aQ(t)
27
/ g Ry cosf 0959 CQSH a0
0 Rosiné sin 0 sin 6
27
Ry cosf cos Rocosf\ cos
5/0 g ( <R0 sin0> ' (me)) H(s) (Ro sine> Feell (bme) 10+ 0(%)
=g (s (Ry)) 8" (Ro) mkcen + O (£°)

Thus we deduce that

1 0
—XcJac ~ Ks ~
Xf t(c)/ indo — Ro’/T
000 A

u= AQ Xcell -
O
The eigenvalue problem associated with eq. (10.28) is given by:
\é = Aé in Q°, (10.29a)
(Vé+auc®) n=0 on 9Q°, (10.29b)
! 0
_ ! Ks B
i = Ay = Xefaa () / E(x)ndo — =2 Keer. (10.29¢)
AQ 500 Ro

where X € C.

Step 2. Using Fourier analysis and the radially symmetric nature of the problem (10.29), we
show the following lemma, which reduces the spectral study of eq. (10.29) to a simpler prob-
lem.
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Lemma 10.4.4. The problem (10.29) admits an eigenvalue with a positive real part if and only if
the following problem egs. (10.30) and (10.31) admits one.

1 1
Ae = <6f,, + -0, — 2) c r € (0, Ro), (10.30a)
T T
drc(Ry) + atic® = 0, (10.30b)
AZcenl = U, (10.300)

with
_ / CO )
= Xefaer (F) ( )C(RQ) — =T Tcell- (10.31)
RO
Proof. Since problem (10.29) is radially symmetrical, we can use Fourier analysis to study its
spectra. Let A € C and let (¢, a) be an eigenfunction associated with \. In polar coordinates,

forallr € (0, Ryg) and 6 € (—m, x|, the Fourier decomposition of ¢ is given by:

é(r,0) = Z Cem (1) cos (ml) + Z Csm () sin (m#) .

meN meN

~ Cel (Ro)
do=nR .
/(mcn T O(Csl (Ro>>

—Xefact (CO) <Cc1 (RO)) _ &5& 1
Ry Cs1 (RO) Ry e
By linearity of eq. (10.29) and independence of the cosine and sine modes, we deduce that

for all m # 1, ¢ce and cgyy, Satisfy:

Thus, we have:

It follows that:

u=

1 m2
ACpy, = <8,2,T + ;GT — T2> Cm r € (0,Ryp), (10.32a)
Orem =0 r = Rg. (10.32b)
Moreover, in the case where m = 1, we have that c.; satisfies:
1 2
>\Ccl = (837« + ;a’r‘ - r:é) Cel re (07 RO)) (10.333)
Orce1 (Ro) + atiyc® = 0, (10.33b)
and similarly, ¢4 satisfies:
1 m?
ACs1 = <8§r + -0, — 2) Cs1 r € (0,Ryp), (10.34a)
T T
dres1 (Ro) + atiyc® =0, (10.34b)

where 1, and @, denotes the two coordinates of 4. We can note that t depends only on the
mode m = 1 which allows us to use the independence of the cosine and sine modes.

We then have that studying the spectrum of problem (10.29) is equivalent to studying, for
all m # 1, the spectrum of problem (10.32) and those of problems (10.33) and (10.34). We
note that for all m # 1, the eigenvalues of problem (10.32), which corresponds to the heat
equation, have negative real parts. Thus, if problem (10.29) has a positive real part eigenvalue,
then problem (10.33) or problem (10.34) has a positive real part eigenvalue. By symmetry, we
see that problems (10.33) and (10.34) are analogous. We therefore restrict our spectral study
of problem (10.29) to the spectral study of the problem (10.33). O
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Step3. Westudythe spectral problem (10.30) and show with a graphical argument thatwhen
Xe < Xi then all the eigenvalues of eq. (10.30) are of negative real part and that if x. > x then
there exists an eigenvalue of eq. (10.30) of positive real part.

Lemma 10.4.5. Let A € C. The eigenfunctions of eqs. (10.30) and (10.31) associated with the

eigenvalue \ € C are given by:
(C (7')> - (o () (10.35)
Leell JE'cell,)\ ,

wherer € (0, Ry), Hy denotes the modified Bessel function of the first kind of order 1and (8, Zcen,x) €
C? solution of:

YN (—A%RO) = Aac®Zeon (10.36)
and ( )
Ks N _ _chéct CO 1
(A + Ro) Beanp = S By (~2iho). (10.37)

Proof. From eq. (10.30c), we deduce that:
Teell = Zeell,n € C

satisfy
AZcel = U

Combining it with the expression of @, we deduce that:

_chzg‘ct (CO)

Aol = R
0

K
B)\Il (—)\%T’> — ;chell- (1038)
Ry
From the definition of the Bessel functions, there exists 3, € C such that the solutions ¢
of eq. (10.30a) are given, for all » € (0, Ry), by:

c(r) =061 (f)\%r) .
Then, using eq. (10.38), the the boundary condition eq. (10.30b) reads eq. (10.36). O
The following lemma follows:

Lemma 10.4.6. Let A € C be an eigenvalue of egs. (10.30) and (10.31). Then X is such that Hy (\) =
0 with H, defined for all z € C by:

Hi(z) = % (z+ ];OKS> (IO (,Rozl/z) s (7R021/2)>

+ zacoé—‘;féct () L (—Rozl/2> .

We find the same function H; as in the deformable case (see eq. (10.24)). By carrying

out the same graphical study as in the deformable case (see figs. 10.1 to 10.3), we observe
that the roots if i— <1+ %KSRO the roots of H; have negative real parts whereas when

c

)’g >1+ %KSRO, there exists a root of H; with a positive real part.

314



10.5 . Numerical study of the rigid model

In this section, we first design a finite element numerical scheme to perform numerical
simulations of the rigid model. Secondly, using numerical simulations, we illustrate that there
is a trade-off between the cell that listens to its polarity and the cell that is attracted by an
attractive signal source. We also show that there is a range of parameters for which the cell is
able to follow a moving attractive signal source.

10.5.1 . Numerical scheme

In this section we write a finite element scheme to run simulations of the rigid model
eq. (10.26). This scheme is obtained after an implicit time discretization and a finite element
discretization in space.

10.5.1.1. Time discretization
We discretize in time our model eq. (10.26). Let At be the time step. Fori € {0,...,N;}
with Ny € N, we denote ¢! = iAt, u’ = u (t), ¢ = ¢ (t!,-), and Q'Q (). We also denote by s’
the external signal at time ¢°.
The implicit discretization of the problem is given by:

il _ i ) ) ) )
—xy = div (V! + a1t in (10.39a)
(Vc”l T aui+1cz’+1) n=0 on 99, (10.39b)
-1 , .
llZ = 79 ) chact (CZ) n -+ Xs9 (vsZ : Il) nda, (10.39C)
o
Q! = (Id+Atu'™) (QF). (10.39d)

10.5.1.2 . Spatial discretization

We discretize in space our time-discrete model eq. (10.39). We use a finite element dis-
cretization. Let 7 be a triangulation of Q'. For all triangle K € T we note (A, A5, AX) the
barycentric coordinate functions of K. Let P, be the set of polynomials of R? of degrees less
or equal k. Let H,. be the functional space define by:

He={y € H' () |VK € T,¥|x € Py & Span {A\[", \F, A} ).

10.5.1.3 . Variational formulation of the discrete problem on the concentra-
tion
The variational formulation of eq. (10.39) is given by:

Find ¢! € . such that for all b € H., we have:

P B
/Qi (At) P dx (10.40)

+ / (au"t 4 Vet L Vipdx = 0.
(913
10.5.1.4 . Numerical scheme
After initialization with ¢ given, a time iteration of the numerical scheme to simulate the

problem (10.26) is given by the following algorithm:
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Algorithm 10.1: Numerical scheme to simulate the model eq. (10.26) obtained after time
discretization and space discretization with a finite element method.

1. Initialisation: ¢ = ¢ the given initial condition and definition of the mesh.
2. Time iteration:
. -1 . .
(a) Compute u'*" = Ao Joqi Xefacs (") n+ x5 (Vs' -n) ndo.
Q

(b) Computation of the markers concentration ¢'*! using u**! by solving the
variational formulation eq. (10.40).

(c) Update of the domain:

Q! = (Id+Atu™) (Q) .

10.5.2 . Numerical results

We implement the numerical scheme using FreeFEM++ (Hecht, 2012). Using numerical
simulations, we want to highlight that despite the presence of an attractive signal source, the
cell does not always find the signal source. To illustrate this, we assume that the cell is initially
located at (0, 0) and that a signal source is located at (4, 0). The cell is initially unpolarised. We
simulate trajectories for different values of y. and xs.

We observe that for small values of x., whatever the value of x;, the cell finds the signal
source. These are the values for which the stationary state is stable. Once the signal source is
found, the cell stops (see figs. 10.4 and 10.5).

Time evolution of the cell's
Trajectory of the cell velocity norm

= cell position 0.4 7
signal position
0.0010 0.3 1
E
> Eu 0.2 1
0.0005 + =
0.1
0.0000 + 0.0
T T T T T T T T T T T
0 1 2 3 4 0 20 40 60 80 100

time

Figure 10.4: Trajectory and cell velocity evolution in presence of an attractive signal
source in the case where x. = 0.5 and x, = 0.5. On the left is represented the trajectory
of the cell and position of the signal source. On the right is represented the time evolution of the
cell’s velocity norm. We observe that the cell rapidly finds the signal source. Once this is found, the
cell stops.
The results presented here are obtained with the parameters At = 0.005, Ro =1, M =7, a =1,
. 2
in — AN e = 0.5, fact () = g‘il(jj;z) with ¢, = 0.5, xs = 0.5, 5 (x) = 0.25 X — Xaignal|*»
With Xgignal = (0,4), g (x) = tanh () with ¢ = 0.25.

When x. is large, we see that the cell is initially attracted towards the signal source. How-
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Time evolution of the cell's

Trajectory of the cell velocity norm
0.6 -
0.004
E 0.4
> El
0.002 =
. 0.2 1
= cell position
signal position
0.000 il 0.0 4
T T T T T T T T T T T
0 1 2 3 4 0 20 40 60 80 100
X time

Figure 10.5: Trajectory and cell velocity evolution in presence of an attractive signal

source in the case where x. = 0.5 and x; = 1. On the left is represented the trajectory of

the cell and position of the signal source. On the right is represented the time evolution of the cell’s

velocity norm. We observe that the cell rapidly finds the signal source. Once this is found, the cell

stops.

The results presented here are obtained with the parameters At = 0.005, Ry =1, M =7, a =1,
M

cn — N Xe = 0.5, fact (¢) = C(l(jﬁz with ¢, = 0.5, x5 = 1, 5 (%) = 0.25 |X — Xgignal|*» With

Xsignal = (0,4), g () = tanh (¢sx) with ¢, = 0.25.

ever, it does not stop and continues on its way. While remaining polarised and listening to its
own polarisation, the cell remains attracted by the signal. We observe a trade-off between the
two forces, that induced by the cell's polarisation and that induced by the external signal. The
cell rotates around the signal source at a constant velocity. We can see that the larger x is,
the closer the cell is to the signal source (see figs. 10.6 and 10.7).

These observations highlight the existing trade-off between the force induced by the ex-
ternal signal and the force induced by the markers. It also highlights the fact that the chosen
modelling implies that the signal source has an influence on the cell whatever the position of
the cell. In order not to have this second effect, one possibility is to restrict the action of the
signal source to a certain area.

Conclusion and perspectives. We have thus presented a model that takes external signals
into account. We aim to continue the observations made on this model. Initially, we wish to
study the impact of the external signal when its action is restricted to a certain area. We also
aim to perform numerical simulations in the deformable case to characterise the influence of
the external signal on the shape of the cell.

Additionally, we aim to pursue an ongoing work when the cell is in the presence of an
obstacle and a source of an attractive signal. We aim to characterise the cases where the cell
finds the signal source. Numerically, we obtain situations where the cell finds the signal source
(see fig. 10.8), others where the cell stays behind the obstacle, and finally situations where the
cell bypasses the obstacle but does not find the signal source.
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Time evolution of the cell's
Trajectory of the cell velocity norm

151 - cell position 4
10 - signal position
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5 - =
€
> 04 ;u 2 4
—5 - 14
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Figure 10.6: Trajectory and cell velocity evolution in presence of an attractive signal
source in the case where y. = 1.5 and x, = 0.5. On the left is represented the trajectory
of the cell and position of the signal source. On the right is represented the time evolution of the
cell’s velocity norm. We can see that the cell is first attracted in the direction of the signal source.
The cell does not stop once it has reached the source of the signal. We observe a balance between
the forces induced by the external signal and the polarity markers on the boundary of the cell. The
cell has a circular movement around the signal source. We can see that the cell is farest to the signal
source in the case illustrated here than in the case illustrated in fig. 10.7.

The results presented here are obtained with the parameters At = 0.005, Ry =1, M =7, a =1,

. 2

" = Q]<4N|' Xe = 1.5, fact (¢) = i(l(j_fc)) with cs = 0.5, xs = 0.5, s (x) = 0.25 |x — xsignal\Q,
With Xgignal = (0,4), g (z) = tanh (,z) with ¢; = 0.25.

Time evolution of the cell's

Trajectory of the cell velocity norm
5.0 - 4
2.5 1
3 -

0.0 =
-25 4 =2
5.0 A = cell position 1

signal position
-7.5 T T T T T T T T T
0 5 10 0 20 40 60 80 100
X time

Figure 10.7: Trajectory and cell velocity evolution in presence of an attractive signal
source in the case where x. = 1.5 and x, = 1. On the left is represented the trajectory of
the cell and position of the signal source. On the right is represented the time evolution of the cell’s
velocity norm. We can see that the cell is first attracted in the direction of the signal source. The
cell does not stop once it has reached the source of the signal. We observe a balance between the
forces induced by the external signal and the polarity markers on the boundary of the cell. The cell
has a circular movement around the signal source. We can see that the cell is closest to the signal
source in the case illustrated here than in the case illustrated in fig. 10.6.

The results presented here are obtained with the parameters At = 0.005, Ry =1, M =m, a =1,

. 2

= |Q\JWN|' Xe = 1.5, fact (¢) = i(l(:rfc)) with c; = 0.5, xs = 1, s (x) = 0.25 |x — xsigna1|2, with
Xsignal = (0,4), g () = tanh (ssx) with ¢, = 0.25.
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Figure 10.8: Snapshots of the evolution of the cell position in presence of an external
obstacle and external attractive signal. Snapshots at timet =0, ¢t = 0.25, ¢t = 0.375, ¢t = 0.5,
t = 0.625, and t = 0.75 of the cell organisation in presence of an external obstacle and an external
signal. The red area of cell represents the area with high markers concentration and the area in
dark blue the one with low markers concentration. The gray shape represents the obstacle and the
dark dot represent the position of the attractive signal. We can observe that the cell bypasses the
obstacles and finds the signal source. The contact between the cell and the obstacle is managed by
a Uzawa algorithm.

The results presented here are obtained with the parameters At = 0.005, Ry = 1, M =7, a =
1, ¢™(x) = K(1+ X (x)) 111 xx)>0 Where for all x € Q we have X (x) ~ N (0,1) and K
such that [, ™ (x) dx = M, xc = 1, fact (¢) = % with ¢ = 0.5, xs = 1, and s(x) =
0.25 |x — xsigna1|2, With Xsigna1 = (0,4), g (z) = tanh (¢,z) with ¢, = 0.5.
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11 - Modeling Compartmentalization within Intracellular Sig-
naling Pathway

In this chapter, we present a work done during the summer school CEMRACS 2022 on
Transport in Physic, Biology and Urban traffic. This work was done in collaboration with Juan
Calvo, Erwan Hingant, Saoussen Latrach, Nathan Quiblier and Romain Yvinec. This work is
submitted and accepted.

In this work, we present a novel approach to modeling receptor-activated signaling path-
ways that take into account the compartmentalization of receptors and their effectors, both
on the cell surface and in dynamic intracellular vesicles called endosomes. The first building
block of the model concerns compartment dynamics. It takes into account creation of de novo
endosomes, i.e. endocytosis, and further recycling of endosomes to the cell surface or degra-
dation, as well as fusion of endosomes via coagulation dynamics. The second building block
concerns biochemical reactions on the cell surface and within intra-cellular compartments.
Both building blocks are coupled by the transfer of molecules that occurs at each event that
modifies the compartments.

The model is formulated as a integro-partial differential equation, with transport and co-
agulation operators, and source terms, coupled to an integro-differential equation. In this
work, we prove sufficient conditions to obtain exponential ergodicity for the size distribu-
tion of intracellular compartments. We further design a finite volume scheme to simulate our
model. Finally, we show two application cases that show qualitative agreement with recently
published data, proving that our model can help capture the spatio-temporal complexity of
receptor-activated signaling pathway.

11.1. Introduction

G Protein Coupled Receptors (GPCR) are a large class of transmembrane receptors: they
are proteins located at the cell surface (plasma membrane) that are specialized in receiv-
ing (binding to) extracellular molecules, called ligand. The ligand-bound receptor will sub-
sequently affect biochemical changes through the plasma membrane towards intracellular
molecules. GPCR thus play a key role in the signal transduction, which allows long range cell
communications mediated by ligand (e.g. hormones, cytokines, growth factors etc) and leads
to major changes in the metabolism and activity of a cell (Lefkowitz, 2013; Roth et al., 2015). In
addition, GPCR form an important class of targeted pharmaceutical agents in many different
physiological contexts.

A receptor-activated signalling pathway, or biochemical cascade, is a chain of biochem-
ical events activated by a receptor upon ligand binding. A series of signal transducers, or
effector molecules, are activated within a reaction network (with typically many feedbacks
and/or feedforward loops) and ultimately leads to a cell response, e.g. changes in gene ex-
pression, cell growth, metabolism (Kholodenko, 2006). Recently, it has been shown that GPCR
are pleiotropic: they are able to selectively activate different signalling pathways. Distinct bio-
chemical events can indeed be modulated by the nature of the ligand (either native physiolog-
ical ligand or pharmaceutical agent) and the specific 3D conformational structured adopted
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by the ligand-bound receptor. This pleiotropy sheds light into important cell regulation mech-
anisms that need to be taken into account to design efficient therapeutic strategies (Kenakin,
2019).

GPCR do not permanently stay at the plasma membrane. Rather, an important desensiti-
zation mechanism of signaling pathways is receptor endocytosis. Receptor endocytosis is the
internalization inside the cell of a vesicle surrounded by an area of cell membrane which con-
tains receptor (and other) molecules. Endocytosis is an active form of transport of molecules.
The vesicles, called endosomes, and their molecular content, can further be degraded by cell
machinery through hydrolytic enzymes, or be partly recycled back to the plasma membrane.
These spatial movements induce, upon ligand binding, an heterogeneous population of re-
ceptors spread out between plasma membrane and a dynamic population of endosomes with
distinct micro-environment. Within the context of receptor-activated signalling pathways, the
processes of endocytosis, degradation and/or recycling are commonly referred to receptor
trafficking, and provide further cell regulation mechanisms of signaling pathways (Birtwistle
and Kholodenko, 2009). Key evidence have indeed shown that the intra-cellular traffic of in-
ternalized receptors has a major impact in cell response to a given stimuli (Jean-Alphonse and
Hanyaloglu, 2011; Vilardaga et al., 2014).

In this work, we will focus our applications on a specific class of receptors that share in
common the activation of the same effector molecule, the cyclic adenosine monophosphate
(cCAMP). For a number of GPCR among this class, including the Beta-2 Adrenergic Receptors
(62AR) (Kim et al., 2021), the parathyroid hormone receptor (PTHR) (Jean-Alphonse et al., 2014),
the luteinizing hormone receptor (LHR) (Lyga et al., 2016), or the follicle-stimulating hormone
receptor (FSHR) (Sayers and Hanyaloglu, 2018), after ligand binding, the production of cAMP
occurs first at the plasma membrane and later on from a highly dynamic pool of endosomes
following internalization of the receptor by endocytosis. This spatio-temporal dimension of
signaling has been found to have a significant impact on physiological functions, such as the
control of serum calcium by PTHR signaling (White et al., 2021), or the resumption of meiosis
by LHCGR signaling (Lyga et al., 2016).

Thus, to faithfully represent the complexity of signalling pathways, we need to take into
account the dynamic of the transient pool of specialised endosomes (Sorkin and von Zastrow,
20009; Birtwistle and Kholodenko, 2009; Villasefior et al., 2016) following receptor stimulation,
and its role on the reaction networks involved in the signalling pathways. The current biolog-
ical hypothesis is that the endosomal compartments provide a dynamic and heterogeneous
compartmentalised structure that allows specialised effector molecules to be separated from
the bulk cytoplasm (physically separated through a lipid bilayer) in order to have a proper
function of the cell response.

Classical ways to model the dynamic behaviour of signalling pathways use Chemical Re-
action Networks (Ingalls, 2013), either in a deterministic formalism using ordinary differen-
tial equations (Feinberg, 2019), or in a stochastic formalism (typically when few molecules are
present) using continuous-time Markov chains (Anderson and Kurtz, 2015). Both approaches
typically assume the law of mass action and an idealised homogeneous environment. When
spatial dynamics is important to take into account, one may use reaction-diffusion models
to represent for instance spatial gradients (Kholodenko, 2006), or compartmental models,
to physically represent segregation between static compartments (Weddell and Imoukhuede,
2017). Note that in most applied literature, like in the field of epidemiology (e.g. SIR model),
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compartmental models refers to finite-dimensional dynamical systems where one variable is
associated to each compartment, and the model described fluxes between compartments.

Up to our knowledge, relatively few works have addressed the issue of representing ex-
plicitly the segregation of molecules in a dynamic environment. The peculiarity of receptor
trafficking at play within signalling pathways is that the endosomal compartments are created
upon receptor activation, and their number, their size and their molecular content evolved
dynamically, within a similar time scale than that of the signalling pathways activation. A
first attempt of defining such models, within the context of signalling pathways, dates back
to Foret et al. (2012) and uses a deterministic population dynamics formalism to follow a pop-
ulation of compartments, structured by their size and molecular content, and which undergo
coagulation-fragmentation like dynamics, representing endocytosis, fusion, fission, recycling
and degradation. Recently, a stochastic counterpart has been proposed by Duso and Zech-
ner (2020); Pietzsch et al. (2021); Anderson and Howells (2023). To the best of our knowledge,
a model that represents the chemical reactions that take place both at plasma membrane
and within a dynamic population of endosomal compartment has never been considered and
represents a novelty of our current work.

In this work, we define and study the long-time behavior and numerical schemes of min-
imal deterministic models that can represent compartmentalised signalling pathways, taking
inspiration from Foret et al. (2012). Furthermore, we provide two simple examples of our model
that show that this model is able to represent qualitatively main experimental observations
on cAMP signaling from Jean-Alphonse et al. (2014); White et al. (2021).

In section 11.2, we describe two minimal models, structured with respectively one or two
variables, that can represent the size-distribution of the endosomal compartment population
and their molecular content. In section 11.3, we study the long time behavior of the model
structured with a single variable. In section 11.4, we present a numerical scheme for the more
general model, structured with two variables. In section 11.5, we present some numerical sim-
ulations that provide qualitative comparisons with experimental observations.

11.2 . Modelling compartmentalised signalling pathways

The first objective is to be able to define a model to simulate the endosomal compart-
ment dynamics from their size structure perspective only. We adopt a deterministic popula-
tion dynamic approach, where individuals are structured by a single positive variable (their
size). From biological observations, the main processes that shape the size distribution of the
endosomal population include:

+ Endocytosis: creation of a de-novo compartment from the cell membrane;

+ Removal of compartment: either recycling back to the cell membrane, or degradation
through lysosomal pathways;

+ Fusion: binary coagulation of compartments.

Let g = g(¢,7) be the population density of endosomal compartments at time ¢ € R and size
(volume) r € R*. The evolution equation for g, that takes into account the three mechanisms
above is given by, forall ¢ > 0 and r > 0:
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dg(t,r)

= Qlg,9)(t,r) +  alr)  —q(r)glt,r), (M1)
ot N———— N~ N———
‘ coagulation ‘ ’ endocytosis ‘ removal
where
Qo.(tr) = 3 [ wtr—ragter =gt ar' = [ gt ngle
0 0

In the sequel, we denote ¢(0,7) = go(r) the initial condition of Eq. (M1). A similar equa-
tion may be found in Foret et al. (2012); Alexandrov et al. (2022). The coagulation operator is
quadratic: two compartments of respective size r,r’ fuse in one compartment of size r + r/
at rate x(r,7’). One obtains Eq. (11.1) by considering all compartments that reach size r and
all that leave size r. The kernel k > 0 is symmetric (x(r,r’) = k(r’,r)), such that the coagu-
lation operator Eq. (11.1) preserves mass (f rQ(g, g)(r)dr = 0). In particular, we have (at least
formally),

d oo o0 o0

— rg(t,r)dr = / ra(r)dr — / y(r)rg(t,r)dr. (1.2)

dt 0 0 0
Endocytosis is a zero-order process at rate « (source term), compartment removal is a first-
order process and occurs at a rate . In the sequel, model (M1) will be referred as our 1D
model.

The second modelling step is to include molecular content into Eq. (M1). One may first
think as an additional one dimensional structure variable'. The first example we have in mind
is the quantity of (active) receptor within each compartment, which is of primary interest to
represent receptor trafficking within cells (see application in subsection 11.5.1). The second
example we have in mind is the production of cAMP effector molecules, both at the plasma
membrane and within each endosomes (see application in subsection 11.5.2). Thanks to this
second structuring variable, besides compartment dynamics, we aim to represent:

+ Biochemical reactions inside each compartment. Reaction rates are dependent on local
abundances of molecular species, as well as the size (and more generally other physical
variable like pH) of the compartment.

+ Biochemical reactions that occur at the plasma membrane.

* Molecular conservation laws that may hold at each event that modifies the compart-
ments, in particular between membrane and compartments. Hence we will now distin-
guish between compartment degradation and compartment recycling.

Let f = f(t,r,a) be the population density of compartments at time ¢ € R¥, size (volume)
r € RT and molecular content a € RT. Let also M = M (t) € R* be the molecular quantity at
the plasma membrane. The joint evolution equation for f, M is, forallt > 0, > 0and a > 0,

"In future work, this additional structure variable could be an arbitrary finite dimensional variable to
represent other molecular actors of signalling pathways that are either physically located at the plasma
membrane, in the endosomal compartments or at the vicinity of those.
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of(t,r,a) " O (V(r,a)f(t,r,a))

a1 Da = Q(f, )t,r,a) + alr,a, M(t))

‘ coagulation ‘ ’ endocytosis ‘

reactions
—(ra)f(t,r,a) = Alr,a) f(t,7,a) , (M2a)
’ degradation ‘ ’ recycling‘
dj\gt(t) _ JM / / ac(r,a, M (t dadT—F/ / aX(r,a) f(t,r,a)dadr, (M2b)
0 0
reactlons
where

Q(f, (t,r a) / / k(r—r' 7 ft,r —r';a—ad)f(t,r',a")da’dr’
- /OC /°° k(r, ) f(t,rya) f(t, v, a')da'dr’ . (11.3)
o Jo

In the sequel, we denote f(0,r,a) = fo(r,a) and M(0) = M, the initial conditions of
Egs. (M2a)-(M2b).

In Eq. (M2a), the extension of the coagulation and endocytosis processes to include the
second structuring variable « is clear. Note that we chose the coagulation kernel to be depen-
dent on the size of the compartments (not their molecular content), for the sake of simplicity.
The removal terms are now splitted in two: the degradation occurs at rate ~, and the recy-
cling occur at rate A. The transport term represents the biochemical reactions that modify the
molecular content within each compartment, and which occur at rate V (r, a). Also, the endo-
cytosis rate « is necessarily dependent on the molecular content of the plasma membrane M,
to avoid negative values for M, e.g. a(r,a,0) = 0. In Eq. (M2b), Ja; represent biochemical reac-
tions that occur at the plasma membrane, and the two integral terms represent the molecules
that are lost or gained at the plasma membrane through respectively the endocytosis or re-
cycling processes. The Eq. (M2b) on the scalar variable M was not present in Foret et al. (2012)
and, to the best of our knowledge, it is a novelty of our model. Still interpreting the molec-
ular content as a quantity of receptors, it allows to represent conservation laws of receptors
between plasma membrane and endosomal compartments, giving a satisfactory representa-
tion of the biological concept of receptor trafficking: receptors (together with other molecules)
undergo directed movement back-and-forth between plasma membrane and intra-cellular
endosomal compartments. In particular, we have (at least formally),

i(/ooo/ooor tradrda) / / a(r,a, M(t))drda
_/0 /0 y(r,a)rf(t,r, a)drda—/ooo /000 Ar,a)rf(t,r,a)drda, (11.4)

nd
% </Oo /OO af(t,r, a)drda—i—M(t)) =Ju(M / / V(r,a)f(t,r,a)drda
o Jo
— drda. .
/0 /0 ~y(r,a)af(t,r)drda. (11.5)
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The choice of the rate functions «, v, A and x mainly governs the compartment size dynamics.
In Foret et al. (2012); Alexandrov et al. (2022), the authors consider a one-dimensional model
(M1) with constant coagulation kernel, constant first-order rate v, and exponentially decaying
source rate a(r) = Ce~"/%_ The choice of the rate functions V and J,; will mainly impact
the molecular content at the plasma membrane and within compartments. Its choice may
be guided by the underlying chemical reactions that take place at the plasma membrane and
within compartments. Linear or polynomial functions may thus be suitable to represent mass
action kinetic law.

In the sequel, the model given by Egs. (M2a)-(M2b) will be referred as our 2D model.

In the remaining, in Eq. (M1), Egs. (M2a)-(M2b), all rate functions and initial conditions are
nonnegative. Further, we do not address in this paper the well-posedness of solutions of either
Eqg. (M1) or Egs. (M2a)-(M2b) and rather take for granted that a unique sufficiently smooth
nonnegative solution is given.

11.3 . Long time behavior of the 1D model (M)

In this section we provide sufficient conditions so that Eq. (M1) exhibits a unique glob-
ally stable steady state. The large-time behaviour of this equation -also known as coagulation
equation with source and efflux (Chae and Dubovskii, 1995), has been studied first in Gajewski
(1983) with drift, in Dubovskii (1994); Laurencot (2020) without efflux, in Vasquez (2015) with
a bounded coagulation kernel and in Ghosh et al. (2023) with a singular coagulation kernel.
Here, we limit ourselves to give a self-contained proof of exponential stability of the steady
state in L' with bounded coagulation kernel. We mainly use a contraction argument, taking
inspiration from Collet and Goudon (1999).

Theorem 11.3.1. Let go, «, k,7y nonnegative. Assume « is integrable, x and ~ are bounded and
morevover inf v =~y > 0. If
llallellall <1, (11.6)
then there exists a unique nonnegative stationary solution in L*(R ) of Eq. (M1), denoted by g...
Moreover,
lgoollr < 1olir |

and for every solution g € C(R, L' (R )) we have

Jlimlg(t) — guollir = 0.

2
. . . -3 )
The convergence is at least exponential with rate % > 0.

We do not expect condition (11.6) to be optimal. See the discussion in Section 11.4.2. We as-
sume here that well-posedness of a unique nonegative solution g € C(R, L*(R,)) of Eq. (M)
is given. We note that this implicitly imposes conditions on the rate functions and the initial
condition, which will at least need to be nonnegative and integrable. See Canizo (2006) for
more details.

Proof. First we prove existence and uniqueness of a stationary solution g., thanks to a Banach
fixed point argument. Let us define

x={oeri®) g0 ol < 1224
0
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lleell

Consider a constant K > ||| e + ||| g =2

For g € X we define

1
Tkg = ?(a—vg+Q(g,g)+K9)~

The operator Tk is well-defined since Q(g, g) is also well-defined for any integrable g provided
that x is bounded (Collet and Goudon, 1999, Lemma 3). We aim to apply Banach'’s fixed point
theorem for Tk on X -which is a closed subset of the Banach space L(R, ); this will give a
stationary solution of Eq. (M1). Let g € X, we have that

1
Tkg 2 2 (K = [lle= — I6llz=llgllz1) - (11.7)

Indeed, g and « are positive and & is bounded, thus
Q9.9) = ~(r) [ wr.1)g0s") = el gl19(r).
0

which leads to Eq. (11.7) thanks to the boundedness of ~. The fact that ||g||;: < ”Oﬁy% and the
condition on K entail the positivity of Tk f. Then, because

/0°° Qlg,g)dr = _% /OOO /000 K(r',r)g(r)g(r)dr'dr <0,

we deduce that

sl = [ 5 (@) = 19(r) + QLo 0)(r) + Kg(r)ar < 12 4 £ 201

But K > ||v||= > 70, thus, forg € X,

Q|1 aflra
KTicglor < s+ (5 — o[22t < pellaler,

Yo

and we conclude that Tx g belongs to X. We now show that Tk is a contraction on X. Let g
and hin X. Itis straightforward to check that

o 1
1Txg — Tch|lp < (1— go)llg —hllzr + 2 1Q(9, 9) = QA 1)1 -

By a simple computation (see e.g. Collet and Goudon (1999, Lemma 3) or Vasquez (2015);
Canizo (2006)),

3
19(g, 9) = QR h)llzr < Slsllz=(llgllzs + 1Rllz2)llg = hllzs

(0% 1
< 3|kl L mﬂg —h|z1. (11.8)
Yo

Thus, we have
1 ol
ITics = Tl < (14 @12 50)) g = hles
7o

Then the hypothesis Eq. (11.6) allows us to conclude that there exists a unique fixed point to
Tk in X. Moreover, this is the unique stationary solution which is positive and belongs to
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L'. Indeed, assume we have a positive stationary solution g ¢ X i.e. in L' satisfying vy [ g >
||| 1. Then

oo

0= /000 (a(r) —y(r)g(r) + Q(g,9)(r)) dr < [l — 70/0 g(r)dr <0,

which is a contradiction.

We now turn to the proof of asymptotic stability. Let g € C(R, L*(R)) be a nonnegative
solution to Eqg. (M1) in the sense of distributions and let g, € L!(R. ) be the stationary solution.
We first provide a bound on g. We have

oo

d o0 o0 o0
g(t,r)dr = ||| 1 —70/ g(t,r)dr —|—/ Q(g,9)(t,r)dr < |laf|pr — fyo/ g(t,r)dr.
0 0 0

dt Jo
Thus,

_ a1
lg(t, Mz < Nlg(0,-)llzre™" + V|(|)

It is a classical computation that

§t|g gl = (g — gl + (Q(9: 9) — Qgoer go0) signlg — goc)-

Thus, using Eq. (11.8),

d 3 - el

il D) < | = = - . Yot 4 NZHELT

906 = gl < =20+ Sl (a0 Mase+ 1L g
X Hg(tv') 7gooHL1

aflr1 3 _
< (3= 202 ot Dt 90,9l Y e = gl

We conclude that

3llsllreo Yo =3llllzoe llell 1
llg(0,)]l 1 ——————+1=

l9(t,) = goollr < [1g(0,°) — goollzre 20 Y0 ;

which ends the proof. O

11.4 . Numerical scheme for 1D and 2D models

In this section, we detail our Finite Volume numerical scheme used to simulate our models,
and numerically illustrate their properties. In order to tackle the complexity of the model, we
decided to construct a conservative scheme that preserves moments of the solution. To that,
we use of the finite volume scheme framework, after reformulating the coagulation operator
in a divergence form in the spirit of Bourgade and Filbet (2007); Hingant and Sepulveda (2015).
The transport term is treated by an up-wind scheme. Remaining terms are approximated in a
standard way. Time is treated by a first order Euler explicit approximation.

11.4.1. Finite volume scheme

We want to write a numerical scheme of the 2D model, Egs. (M2a)-(M2b) using a finite
volume method.
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First we can remark that, for r > 0 and a > 0, we can rewrite our Eq. (M2a) in the following
conservative form Bourgade and Filbet (2007)

o f (t,r,a) :%&GGC (Ht,rya) — 0, (V (r,a) f(t,r,a))
+a(r,a,M(t) = A(r,a) f(t,r,a) = (r,a) f (t,7,a),

(11.9)

where

C(f) (tra) = /0 /0 'O (f, f) (1,1 a')da'dr’.

From Eq. (11.9), we will first detail the truncation we use (step (i)) and the discretization (step
(ii)). Then, we detail the finite volume approximation of the coagulation and first-order trans-
port operator in the right-hand side of Eq. (11.9) (step (iii)). We finally sum-up the numerical
scheme in the last step (step (iv)).

(i) Truncation Asin Hingant and Sepulveda (2015); Bourgade and Filbet (2007), to study our
equation, we will truncate the size variable to a maximal value R > 0 and the quantity of
reactants variable to a maximal value A > 0 and we will choose a truncation of the functional
C. We chose the following truncation, given by, forany r < Rand a < A4,

CEA(f) (t,r,a) //ra// (r' =" ") ...

ya' —a’) f(t,r" a")da" dr"da’dr’
R—r" rA-a’
// af(t,r', a / (' ") f (¢, 7", a")da” dr" da’dr".

(11.10)

The truncation in Eq. (11.10) ensures that no cluster of size larger than R and molecular
content larger than A arise. It can be obtained from Eq. (11.3) using the truncated kernel
K(r, ") 14 <Rlata <4 instead of x(r,r"). The equation we will numerically approximate is
a truncated version of Eq. (11.9) on the time interval [0, T], where T > 0. We then look at the
equation, forany0 <t <T,0<r<Rand0<a < A4,

o, f1A (t,r,a) :%&«QLCCRA (fRA) (t,r,a) — Oq (V (r,a) i (t,r, a))
+a(r,a, M (t)) — A(r,a) i (t,r,a) —v(r,a) i (t,r,a).

(11.11)

Heuristically, we expect 74 to be close to f as long as the mass of f outside [0, R/2] x [0, A/2]
is small (so that coagulation that leads to compartment of size larger than R and molecular
content larger than A are unlikely). We call Eq. (11.11) a conservative truncation of Eq. (11.9)
because the choice of the truncation of the coagulation operator does not lead to a loss of
mass in the first moments. In particular, f#4 satisfies, at least formally, (compare to Egs. (11.4)-
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(11.5)),

(//rfRAtradrda> // ofr,a, M)drda

f/ / ~(r, a)rfRA(t,r, a)drda (11.12)
o Jo
— /OO /OO M, a)r fRA(t,r,a)drda,
o Jo
and
4 (/OO /OO afRA(t,T, a)drda + M(t)) =Jp(M(t))
/ / (r,a) fRA t,r,a)drda (11.13)

7/0 /0 y(r,a)af4(t,r)drda.

We choose to use a conservative truncation for our scheme in order to construct a scheme
that preserves the conservation properties (11.12)-(11.13), as we will verify it in the case of pure
coagulation.

(ii) Grids definition Let I” € N. We discretize the size interval [0, R] into I" intervals. We

denote by (r,_1 a regular mesh of [0, R] with size step Ar and we set
i ie{l,...,I"+1}
i1+ Tl 1
7“12%: (z’—2> Ar, ie{l,...,I"}.

Let I* € N. We discretize the size interval [0, A] into I* intervals. We denote by( ) o ,
FE{1,. To+1

a regular mesh of [0, A] with step Aa and we set

a;_ 1+ a; 1 1
ajzij 5 jJrz(j2>Aa,7 jef{1,...,1%}.

Forallie {1,...,I"}and j € {1,...,I%}, we set

Aij = [Tiié,TiJr%} X [ajié,ajJr%}.

Let At > 0 bethetime step. We discretize [0, T'] by the set of points {t" = n At, n € {0,...,N}},
where N = | £ |.

(iii) Finite volume approximation Foralln € {0,..., N}, i e {l,...,I"}andj € {1,...,1%},
we denote f'; an approximation of the function A atthe point (¢", r“aj) We will recurswely
calculate f7'; such that

1 RA (4n
ArAa /A7 (", ra) dadr.
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Similarly, we denote by M™ an approximation of M (¢™). First, we write the explicit forward
Euler scheme in time associated to the Eq. (11.11). For all n € {0,

A n n
R e a)At_ fRA @, a) 3 0,C7A (fRA) (", r, a)
_3a( (r,a) R4 (", 7 a)) + a(r,a, M™)

_)‘(r7a)fRA(tnv ) ’V( )fRA(t 7T7a)
+O(AD).

N — 1}, we have

(11.14)

Foreachi e {1,...,I"}and j € {1,...,1%}, we will integrate Eq. (11.14) over A;;. We first

deal with the coagulatlon operator. ApprOX|mat|ng ra by the constant 7;_1a;_1 on A;;, and
integrating, we obtain

/A %araacfA (74 (", 7, a) dadr

ij

~
~

1
a

(e ) () - (P )

.
_CCRA (fRA) (t Tipds Qi 7)+CRA (fRA)< Ti—;’aj—;)) (11.15)

i-3%-3
Using a change of variable ' — v — 7/ in Eq. (11.10), and decomposing the first two integrals
in telescopic sums we have,

CEA (FR4) (t",ri+;,aj+;) =

*ZZ/ /m+2/ / (@ +a")(r" +r") k(' 1) ...

k=1m=1
...fRA( ,r,a)fRA( ?or' a")da”dr"da’dr’

—Z Z / / Sl fRA ()

k=1m=1 m—
R—r’
/ / fRA ( // a//) da”dr”da/dr'.

1 Kty
Further, setting k. » = p/ / * k (r,7") dr'dr, and approximating again prod-
r
Te_1

2
uct terms ra by their left value on A;;, we approximate Cf*4 by:

RA RA
CC (f ) (tnyri+l7aj+l>
7 i—k+1j—m+1

5 (Arda) Z Z Z Z ( Am—4 +am/—%> (Tk—l RS *) b b fiem i (11.16)

k=1m=1 k’'=1 m’'=1
i J I"—k4+1I1%—m+1

2
— (ArAa) Z Z Oy 1T 1 K 7 Toem e mrs

Plugging this latter approximation (11.16) into Eq. (11.15), we finally define the approximation
of the coagulation operator, as
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i

1 J
’Zj (fv f) = (ATACL)2 <2 Z K‘k,i—k-&-lf/?,mfzn—k-i-l,j—m—i-l

k=1m=1
I"—i+11%—j+1
NI mfﬁm) (11.17)
k=1 =1

Note that the approximation Qr'; of @ (ff4, f14) is conservative (in the sense that it pre-
serves the first moments in r and a), as we will show in the next section. Then, we use an
upwind approximation for the transport term, together with an integration of transport veloc-
ity over r using the midpoint rule:

/ Oq (V (r,a) fEA (t,r, a)) dadr

Aij

~ RA R
~ Wi)j+%f (t,TZ,a]+1> Ar — Wi’j_%f (t,rz,aj 1) Ar
~ Ar - {Aup <Wi,j+é7'f{’bj’f;}j+1> _ AP <Wi,j—§’fﬁj1’ Z"jﬂ , (11.18)

<

1
Where Wi,j*% == 5 (
AP is

(ri+%,aj,1) +V (ri,%,aj,%)), fi'o = f'r+41 = 0, and the operator

if
wrtapr={ 1120

(iv) Finite volume scheme Finally, the scheme of the model (M2a)-(M2b) is given by:

+ Initialization fori € {1,...,I"}and j € {1,...,I%} we set

1
0 _ [
i T ArAa /A7 f(0,7,a)dadr.

« Timeiteration: foralln € {1,...,N},i € {1,...,I"}andj € {1,...,I*}, using Egs. (11.17)-
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(11.18), and using an explicit forward Euler scheme in time for M, we set:

n n At n
f = A'+ATAa z,j(fvf)

At [,
p _Aup
~ Aa [A <Wi,j+é7 iT,Lj’ iT,Lj+1> A (Wi7j_éafi7fj17 leﬂ

At
M =
+ AoAG /U a(r,a, M™) dadr ”/U A (rya) dadr

SN

Ml :M"—|—AtJM(M")—At/ / ada(r';a, M")dad' dr’

+AtZZf / aX (r,a) dadr.

=1 j=1

(11.19)
v (r,a) dadr} .

ij

The remaining integrals in Eq. (11.19) are calculated using an automatic adaptive numer-
ical integration method, detailed in Genz and Malik (1980) and implemented in the Julia
package HCubature?.

Remark 11.4.1. With the same tools, we can write a scheme in dimension 1 for model (M1), noticing
that if we set h (t,r) = rg (t,r) we have

Oph (t,1) = =0rJ (g) (t,r) +roc(r, M (1)) =~ (r) h(t,7),

where J (g) is defined as follows

(t,7) / / "NYg(t,r") g (t, ") dr"dr’.

A conservative truncation is then given by the following:

r R—r'
TR (g) (t,7) = / / e (7" g (£,17) g (¢, 7) dr” .
0 r—r/

11.4.2 . Numerical tests
In this section, we will investigate the behavior of the numerical scheme given by Eq. (11.19)
in some particular cases. We aim to verify the conservation laws satisfied by the numerical
scheme, the consistency and convergence properties of the numerical scheme, as well as to
illustrate the long-time behavior we proved in Theorem 11.3.1.

Conservation laws and consistency. First, we will evaluate the numerical scheme in the
case of a pure coagulation model (&« = v = A = V = Jy = 0). We consider the pure
coagulation equation:

ouf (t,ra) =Q (f(t),f () (r,a), witht>0,7>0anda > 0. (11.20)

https://github.com/JuliaMath/HCubature.jl
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The discrete equation associated to Eq. (11.20) is given by, as a special case of Eq. (11.19)
whena=y=A=V=Jy =0,

" " At ‘ . , a
ffl— it A ri(ff),ne{l,...,N},ie{l,....,I"} andj € {1,..., I}, (n.21)

and where Q7 is defined in Eq. (11.17). We remark that we keep the same properties on the
moments dynamlcs for the two Egs. (11.20) and (11.21). For some test function ¢, we define
H (p,t) the moment of f associated with the function ¢ attime ¢ > 0,

/ / f(t,r,a)dadr,

and H™ (i) its discrete analogue moment, associated with the function ¢ at time ¢t with n €
{1,...,N},

= ArAa ZT: Za: ") ( ,) f{’j (11.22)

i=1 j=1

St L[ [ ot rayaat]

:/ / o (r,a)Q(f (1), f (1) (r,a) dadr

/ / / / o(r+ra+ad)—p(ra)— (', ad)

k(r, ") f(t,r,a) f(t,7,a") da’dr'dadr,

Then

and similarly

I" I% I"—i4+11%—j+1

H"H(@)At—Hn( ATAG ZZ Z mz: { (i+k—1—%v“j+m—1—%)

=1 j=1 k=1

R R R R, Y

Thus choosing ¢ (r,a) = r or ¢ (r,a) = a, we have that the first-order moments are con-
stant in time both at the discrete and continuous levels, consistently with Egs. (11.4)-(11.5) and
Egs. (11.12)-(11.13) for the pure coagulation case. We also have that the zeroth-order moments
are non-increasing functions of time in both cases.

For the pure coagulation model given by Eq. (11.20), choosing an affine kernel « (r,r’) =
Ko+ Ky (r+ ') leads to a closed moment equation in the form of an ODE system. Indeed, in
such case, it is easy to see that we have the following ODE system for the moments of order o
and 1

%H(l t) = —%Ko (H (1,8))° — K H (1,t) H (r,1),

%H (r 1) = 0, (11.23)

d
&H (a, t) =0.

Eqg. (11.23) is of the form of a Bernoulli differential equation, and its analytical solution
can be computed. The pure coagulation case with an affine kernel is thus an appropriate
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setting to compare analytical solutions with moments associated to our numerical scheme
(11.21) calculated by Eq. (11.22). For this purpose, we introduce the following notation, for 2 > 0:
1 _1(z—p)?
Na(p,0) = o (%) 1,00 (11.24)
We approximate the pure coagulation Eq. (11.20) using the scheme Eq. (11.21) with the following
numerical parameters:

T=1,At=10"*, R=A=10,Ar=Aa=0.25. (11.25)

We study two cases. The first one is the case of a constant kernel with the following model
parameters:

fo(r,a) =05 [N, (1.5,0.15) x N, (0.5,0.3) + N, (0.5,0.3) x N, (1.5,0.15)] ,

.26
Kk (r,r") =0.5. (1.26)

The second one is the case of an affine kernel with the following model parameters:
fo(r,a) =0.5- [N, (1.5,0.15) x N, (0.5,0.3) + N, (0.5,0.3) x N, (1.5,0.15)] , (127)

k(r,r’)=05+01(r+7").

As expected, we recover from our numerical scheme (11.21) that the moment of order o is
a nonincreasing function and the moments of order 1 are constant (Figure 11.1). Moreover, we
also observed that these numerical results are very close to the analytical solutions directly
computed from Eq. (11.23) (Figures 11.2 and 11.3). Relative error of moments of order 0 are
increasing through time, as expected from the fact that the size-truncation of the numerical
scheme (11.21) implies more and more error as compartments gets bigger in pure-coagulation
dynamics.

Moments of order 0 and 1 Moments of order 0 and 1
0.95 |- 0.95
——order 0 ——order 0
——order 1 with respect to r ——order 1 with respect to r
0.90 order 1 with respect to a 090 | order 1 with respect to a
2 2
S $ 0.85
g 0.85 g
€ £ 0.80 |-
0.80 [~ 0.75 |-
1 1 1 1 0.70 1 1 1
0.00 0.25 0.50 0.75 1.00 0.00 0.25 0.50 0.75 1.00
time time

Figure 11.1: Time evolution of the moments of order 0 and 1 (see inserted legend) computed from
our pure coagulation numerical scheme (11.21), with the constant kernel and the model parameters
(11.26) for the left picture and with the constant kernel and the model parameters (11.27) for the right
one. The results are obtained with the numerical parameters (11.25). In both cases, the moment of
order 0 is a nonincreasing function and the moments of order 1 are constant. With the choice of
our initial condition, both moments of order 1 in r and a superimposed.
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Relative error of the moment of order 0 Relative error of the moments of order 1

3.0x107° |-
1.08250x10° %% -
6l .
_ 2:0x10 . —order 1 with respect to r
2 2 order 1 with respect to a
[J] [J]
1.0x107° |-
1.08000x10° %3 |-
0 1 1 1 1 1 1 1 1 1
0.00 0.25 0.50 0.75 1.00 0.00 0.25 0.50 0.75 1.00

time time

Figure 11.2: Relative error of the moments of order o (left panel) and 1 (right panel) between moments
computed from our pure coagulation numerical scheme (11.21) and from the analytical solution of
the ODE system Eq. (11.23), in the case of a constant kernel (11.26) with the same parameters as in
the left panel of Figure 11.1.

Relative error of the moment of order 0 Relative error of the moments of order 1

0.008

1.08250x10” 3 |-
0.006

—order 1 with respect to r
order 1 with respect toa

error
error

0.004

0.002

1.08000x10” %3 |-

0.000

0.00 0.25 0.50 0.75 1.00 0.00 0.25 0.50 0.75 1.00
time time

Figure 11.3: Relative error of the moments of order o (left panel) and 1 (right panel) between moments
computed from our pure coagulation numerical scheme (11.21) and from the analytical solution of
the ODE system Eq. (11.23), in the case of an affine kernel (11.27) with the same parameters as in the
right panel of Figure 11.1.

Convergence. We now investigate the convergence property of our numerical scheme given
by Eq. (11.19) in a more general setting. We want to illustrate the convergence of the numer-
ical scheme as the size steps Ar and Aa decreases to 0. Regarding stability, we expect the
numerical scheme to be conditionally stable for small enough A%a as our scheme is a first-
order finite volume scheme, but the proof of stability is out of the scope of this paper. See for
instance Bourgade and Filbet (2007) for stability results on the coagulation part. We thus fix
a small enough time step At and choose Ar = Aa = h with linearly decreasing h in a log2

scale, namely h,, = 57‘1 for integers m from 0 to 11 and hy = 3. The finite volume size is then

. 2 , . .

decreasing from h3 to (2%‘{) . We choose the finest solution as reference solution and com-
pare the solutions defined on the coarser grids to this reference solution with the following
different norms, defined for a function f and k,! € N as follows:

R (A
o= [ [l 1f ()l dadr
0 0
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Those moment-based norms are natural within the context of coagulation equations, see e.g.
Egs. (11.12)-(11.13). The fact that the grids are nested allows to compute the following errors, for
m € {0,...10},

R/h11 A/h11

Jhm h
[P ES Y Z YIS S (11.28)
=1 =

where the value of f{f}hm are extended from the coarser grid to the finer grid by taking its
value constant over the subdomains defined by the finer grid. We compute the errors defined
in Eq. (11.28) up to second order moments (0 < k + [ < 2) in two different cases as we detail
now. For that aim, we introduce the notation, for x > 0,

Pu(z,€) = (“6”’) (f) . (11.29)

T+ e

(i) Case1 We approximate the pure coagulation case Eq. (11.20) (Figure 11.4) with the numer-
ical parameters

At =0.0006, R=A=3,Ar=Aa=hy, (11.30)

and the model parameters

fo(r,a) =0.5- [N, (1.5,0.15) x N, (0.5,0.3) + N, (0.5,0.3) x N, (1.5,0.15)] ,

k(r,r')=0.5. (137

(ii) Case 2 We approximate the general case Eqgs. (M2a)-(M2b) (Figure 11.5), with the model
parameters

fo(r,a) = 0.5 [N, (1.5,0.15) x N, (0.5,0.3) + N (0.5,0.3) x N (1.5,0.15)] ,
My = 20,
k(r,r") =05,
a(r,a, M) =0.1-M- [N, (0.6,0.01) x N, (0.3,0.05) + N, (0.3,0.05) x N, (0.6,0.01)],
v (r,a) =20 (r —5)* 1,55 + 1077, (n32)
A(r,a) =107%-P,.(10,0),
V(r,a) =0,
Ju (M) =0,

and the same numerical parameters as in Eqg. (11.30). In both cases, we observe that the error
decreases linearly (in log-log scale) when the size of the discretization step h does. For both
cases, the order of the scheme appears to be 1.

Long-time behavior. Finally, we we illustrate the long-time behavior of the numerical solu-
tions and test the optimality of the conditions from the long time behavior given in Theorem
11.3.1 for the one dimensional model (M1), with the numerical parameters

At=005, R=5,I"=301, (11.33)
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Figure 11.4: lllustration of the convergence of the numerical scheme (11.21) in the case of the pure
coagulation (case 1, numerical and model parameters given by Eqs. (11.30)-(11.31)) . We plot the error
as a function of the grid size h, in log-log scale, using the six different norms || E(hy,,t™)||,. , defined
in Eq. (11.28) for 0 < k + [ < 2 (see inserted legend). ’

| EC Aoy t")||U.U, slope = 1.009

-2 I E(h,,,,t”)||1.0, slope = 1.021
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Figure 11.5: lllustration of the convergence of the numerical scheme (11.19) in case 2 (numerical and
model parameters given by Egs. (11.30)-(11.32)). See legend of Figure 11.4.

and the model parameters
fo(r,a) =0.5-N;(0.2,0.15),
k(r,r') =1, (11.34)
a(r,M)=M -N.(0.6,0.1).

We show in Figure 11.6 two cases. In the first one (left hand-side), we use 7 (r) = V3.1 together
with Eq. (11.34), for which the condition Eq. (11.6) of Theorem 11.3.1 is satisfied. In the second
one (right hand-side), we use ~ (r) = 0.7 together with Eq. (11.34), for which the condition
Eg. (11.6) is not satisfied. In both cases, the curves for ¢ = 10 and ¢t = 50 are superimposed,
and we observe that the solution seems to converge to a stationary state. Numerically, while
we verify the conclusion of Theorem 11.3.1 holds true, it seems that the condition Eq. (11.6)
is too restrictive since the scheme stays stable in a wider range of parameters such that the
condition Eq. (11.6) is not satisfied.

338



Population density of endosomal compartment Population density of endosomal compartment

25 e timet=0 25 ‘\ rrrrrrr timet=0
time ¢ = 0.2 I, time ¢ = 0.2
20 | time ¢ — 0.4 20 \ """" time ¢ = 0.4
> time ¢t = 0.6 > time ¢t = 0.6
215k —--timet=038 215k —--time¢=038
@ S v —--timet=1 @ S —--timet=1
] 5N time ¢ =10 ] raN ,'»I time ¢ =10
IRIL) PR A ——time t = 50 T 1.0 '_'llll_‘\“‘ i -“ ——time t = 50
X ) ‘:‘{I" ““ u', N - ‘I
R K.
ooé. R S — | ooﬁ e |
0 1 2 3 1 2 3

size size

Figure 11.6: Size-distribution of the population density g of endosomal compartement for model
(M1) at different times (see inserted legend) and parameters given by Egs. (11.33)-(11.34). On the
left hand-side the condition Eq. (11.6) is satisfied (v (r) = \/3.1) whereas on the right hand-side the
condition Eq. (11.6) is not satisfied (y (r) = 0.7). In both cases, the curves for t = 10 and t = 50 are
superimposed.

11.5 . Applications

In this section we provide two applications of our 2D model given by Egs. (M2a)-(M2b), that
show good qualitative agreement with published experimental data on receptor-activated sig-
naling pathways. Our simulations also provide additional insight, which calls for new experi-
ments.

11.5.1. Receptor trafficking

The 2D model given by Egs. (M2a)-(M2b) is ideally suited to model receptor trafficking from
plasma membrane to endocytic comparments. As detailed in the introduction, the GPCR are
typically located at the surface of the cells, on the plasma membrane. Upon ligand binding,
the GPCR activate several signalling pathways as well as their own internalization through en-
docytosis. The vesicles still carry the internalised receptors on their surface. Endosomes are
then sorted thanks to complex processes which are not yet fully understood, but that depends
both on the nature of the receptor and the ligand. Internalized receptors can indeed commit to
several endosomal compartments of different kinds, and be recycled at the cell surface, which
could impact on the kinetic profile of the receptor and its signalling pathways. Consequently,
endocytosis regulate receptor cell surface density and signaling profile, and endosomal tar-
geting of receptors may produce specificity in the signaling pathways. In particular, it has been
shown (Jean-Alphonse et al., 2014) that the LHR and the B2AR are two GPCR that undergo diver-
gent trafficking to distinct endosomal compartments. B2AR traffics mostly to early endosomes
(EEs) and LHR to pre-early endosomes (pre-EEs). In short, the authors in Jean-Alphonse et al.
(2014) demonstrate that LHR endosome sizes increased over time quickly before reaching a
plateau, producing a small endosome population (400-500 nm of diameter). The mean B2AR
endosome sizes are bigger (1200-1400 nm of diameter). They also see that B2AR was more
internalized than LHR in percentage but both receptors are equally recycled. The objective of
this section is to provide numerical simulations of our model (M2a)-(M2b) that can reproduce
these two distinct scenarios.

In order to compare qualitatively our model with the experimental results presented in
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Jean-Alphonse et al. (2014), we choose the following parametrization (we recall definitions in
Egs. (11.24)-(11.29)):

fo(rya) =0,
My=72x10""%,
k(r,r") = Ko,
a(rya, M) =aN;(200,10) x N,(r,0.5) x M,

r — 1950 (11.35)

4
Y (7”'7 (1) = 1075 + 2 X 101 X <50) 1{7.>1950} s

which we interpret as follows. Endosomes fuse at a constant coagulation kernel x, whose
rate will depend on the receptor. Endosomes are created with a size following a Gaussian
law and with a quantity of reactant proportional to their size, and the rate @ > 0 will depend
on the receptor. Small endosomes are degraded at constant (low) rate, and degradation rates
quickly increases for endosomes large enough. Endosomes recycling increase with the surface
of endosomes and decreases with their volume ( A rs — r). We don’t consider reactions,
e.g. V and J,, are taken as null functions.
For the numerical scheme, we take

T =30,At=10"", I"=1I°=30,R= A= 2000. (11.36)

To explain the qualitative differences between LHR and B2AR trafficking observed in Jean-
Alphonse et al. (2014), we tested two hypotheses here.

* (H1) In the first hypothesis (Figure 11.7), we modify only the internalization rate @ > 0
between LHR and B2AR, with a higher internalization rate for the B2AR, keeping all the
remaining parameters the same. This hypothesis is in line with Jean-Alphonse et al.
(2014). LHR and B2AR affect only the endocytosis rate as follows (refer to Eq. (11.35)):

Parameters Ky o
LHR 5% 1071 | 8 x107° (11.37)
B2AR 5x 1071 [ 3x 1074

* (H2) In the second hypothesis (Figure 11.8), both the internalization rate and the coagu-
lation rate are higher for the B2AR compared to the LHR (H2). LHR and B2AR affect the
internalization and the coagulation rate as follows:

Parameters Ky @
LHR 5x 1073 [ 8 x 107° (11.38)
B2AR 5x 1071 [ 3 x 1077

In Jean-Alphonse et al. (2014), mean and variance of the size of the endosomal populations are
measured at different time after ligand stimulation, as well as the internalization ratio, which
corresponds to the fraction of internalised receptors among the total number of receptors
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initially present at the plasma membrane. Consistently, we define in the model the internal-
ization ratio as W In both hypotheses the internalization ratio is well reproduced by the
model, compared to Jean-Alphonse et al. (2014). The major discrepancy of the first hypoth-
esis with the experiments is the variance in size of the endosomal population, which seems
too high compared to experimentation. Furthermore the production of large endosomes with
LHR seems too high and similar to the ones of B2AR (Figure 11.7). In the second hypothesis,
however, these two discrepancies are not present anymore (Figure 11.8). These results indi-
cate that the differences in endosome dynamics between LHR and B2AR signaling pathways
seem not only due to a difference in internalization rate, but probably also to the coagulation
dynamics inside cells. Difference in coagulation dynamics may be explained by differences
in endosomes sorting and/or differences in molecular composition of endosomes, which are
believed to be of different nature between LHR and B2AR vesicles (Jean-Alphonse et al., 2014).

Mean endosomal size Internalization ratio
0.6
GN’ 2000 o
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Figure 11.7: Time evolution of the endosomal size (left panel) and internalization ratio (right panel).
We numerically simulate the 2D model given by Eqs. (M2a)-(M2b) with parameters given by. (11.35)-
(11.36)-(11.37) (LHR and B2AR affect only the internalization rate). On the left panel, the dashed blue
(resp. dotted purple) line represents the mean endosomal size for B2AR (resp. LHR), that corresponds
to |flly0 @)/ I flloo (t), and the shaded light area represents its standard deviation. On the right
panel, the dashed blue (resp. dotted purple) line represents the internalization ratio for B2AR (resp.

LHR), that corresponds to Hf\l]\% (t).

11.5.2 . Second effector signaling

The second application of our model we present here concerns the efficacy of second
messenger molecules production as a function of the localization of the active receptor. We
focus on the production of cAMP induced by the activation of the PTHR. Recent discoveries find
that the PTHR may engage cAMP signaling not only at the cell's plasma membrane but also
in early endosomes after receptor internalization through endocytosis (Vilardaga et al., 2014).
Furthermore, the full-length parathyroid hormone (LA-PTH) induces through the activation of
PTHR an augmentation of production of cAMP in the endosomes, whereas the ligand PTH 7D
(PTHR peptide ligand through amino acid epimerization at position 7 of PT H'~3%) induces
the production of cCAMP at the plasma membrane. In White et al. (2021), the authors show that
even if the production place is different, the total amount of cCAMP stays the same after some
time, a phenomenon that could be named location-biased, and that can have implications for
the cellular response. The objective of this section is to provide numerical simulations of our
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Figure 11.8: Time evolution of the endosomal size (left panel) and internalization ratio (right panel).
We numerically simulate the 2D model given by Eqs. (M2a)-(M2b) with parameters given by. (11.35)-
(11.36)-(11.38) (LHR and B2AR affect the internalization and the coagulation rate). See legend of
Figure 11.7 for details.

model (M2a)-(M2b) that can reproduce these two distinct scenarios.
We could reproduce qualitatively these observations with our model following this parame-
trization:

fo(r,a) =0,
My =0,
k(rr')=2x10""1,
a(r,a, M) = N;(200,10) x M,(0,0.1)) x M,

4
r — 1950
7 (7, a) = P,(2000,100) 1, <1950y + 2 X 10% x <50> 1519500 (11.39)

A (r,a) = 1072 x P,(2000, 100) ,
Vv (7", (L) = ('US].{GSTSF} + Ull{,:<r}) X <1 — ;) , €= 10/3,’17 =500,
M — M

Iy (M) = vy X <M> ,

which we interpret as follows. Endosomes fuse via a constant coagulation kernel, and are cre-
ated with a size following a Gaussian law and with a quantity of reactant, independently of the
size, taken as a positive fraction of the quantity M present at the plasma membrane. Endo-
somes recycling and degradation increase with the surface of endosomes and decrease with
their volume (A and v « rs— r). CAMP is produced at the plasma membrane at constant rate
and linearly degraded, where both the saturation M, and the production rate v,; may depend
on the ligand. cAMP is produced in endosomes at two different rates, v,, for the endosomes
smaller than 7 and v;, for larger endosomes. Also the amount of saturation depends linearly
on the size of the endosomes (caracterized by a portion p of r). Here v, v; and p may depend
on the ligand.
For the numerical scheme, we take

At =372 I"=1%=30,R=2000,A =30. (11.40)
We have two different hypotheses to explain the different qualitative behaviour of the two

ligand LA-PTH and PTH 7D described above:
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* (H1) Suppose LA-PTH and PTH 7D differs in cAMP production kinetics only in terms of
rate (Figure 11.9), with a higher rate for LA-PTH at the plasma membrane (v} 770 <

vEA=PTH) and a higher rate for PTH 7D in the endosomes (vEA—FPTH < PTHTD gnd
vlLAprH < Ul]DTH’?D)-

Parameters Vg U p UM M
LA-PTH 0.05 | 0.02 | 1/20 3.5 10 (11.41)
PTH 7D 5 2 1/20 | 0.035 | 10

* (H2) Suppose LA-PTH and PTH 7D differs in cAMP production kinetics not only in terms

of rate but also in terms of saturation (Figure 11.10) with M/LA=PTH ~ JNfPTH™ gnd

PTH™P LA—PTH
p >Dp .

Parameters | v, ) P oy | M
LA-PTH 0.5 0.2 1/200 | 3.5 | 10 (11.42)
PTH 7D 5 2 1/20 | 035 | 1

With both hypotheses, we observe a much more efficient cAMP production at the plasma
membrane with LA-PTH and a much more efficient cAMP production in the endosomes with
PTH 7D (Figures 11.9 and 11.10). Consistently with the observation in White et al. (2021), both
total responses have similar magnitude for the time period of the numerical simulation.

However, from the numerical simulation presented in figures 11.9 and 11.10, the cAMP pro-
duction has already reached a "stable" state at T = 20 for LA-PTH, while it keeps increaseasing
for PTH 7D. Therefore, a longer time measurement could discriminate between both ligands.

Also we could notice a fine kinetic difference between the responses induces by LA-PTH
and PTH 7D with the two hypotheses. Indeed, PTH 7D leads to a convex kinetic production of
cAMP during the early dynamics, which switches to a concave kinetic at later time. Whereas
with LA-PTH the production stays concave all time long. Of course this behaviour may be quite
complicated to observe experimentally due to the accuracy of the measures.

Evolution of cCAMP quantity (LA-PTH) Evolution of cCAMP quantity (PTH 7D)
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Figure 11.9: Time evolution of the cAMP production for the LA-PTH ligand (left panel) and the PTH-7D
ligand (right panel). We numerically simulate the 2D model given by Eqs. (M2a)-(M2b) with parame-
ters given by. (11.39)-(11.40)-(11.41) (CAMP kinetic parameters differ between PTH 7D and LA-PTH only
by the production rate). In both panels, the dotted blue line shows the endosomal quantity of cAMP,
given by || f ||y, (t), the dashed blue line shows the cAMP quantity at the plasma membrane, given
by M(t), and the dashed-dotted purple line shows the total cAMP quantity (|| f||, ; (t) + M(t)).
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Evolution of cCAMP quantity (LA-PTH) Evolution of cAMP quantity (PTH 7D)
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Figure 11.10: Time evolution of the cAMP production for the LA-PTH ligand (left panel) and the PTH-7D
ligand (right panel). We numerically simulate the 2D model given by Eqgs. (M2a)-(M2b) with parame-
ters given by. (11.39)-(11.40)-(11.42) (CAMP kinetic parameters differ between PTH 7D and LA-PTH both
by the production rate and capacity of production.). See legend of Figure 11.9 for details.
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