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Thèse présentée et soutenue à Palaiseau, le 27 septembre 2024, par

JESSIE LEVILLAIN

Composition du Jury :
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Abstract

The mathematics associated with swimming at the microscopic scale has been an
active research area for about fifteen years, with numerous applications in biology and
physics. Indeed, microorganisms moving in water play a crucial role in the origin and
maintenance of life, and the physical principles governing their movements differ greatly
from those that govern human swimming. Research in this field can also be applied to
the design of micro-robots, paving the way for innovative applications in medicine, such
as non-invasive surgery.

This thesis deals with the study of such microorganisms in a context where inertial
forces are negligible compared to viscous forces in the surrounding fluid, a phenomenon
characterized by a low Reynolds number.

The first two parts present new mathematical models of swimmers, composed of
active arms, spheres, and passive springs. These models circumvent Purcell’s scallop
theorem, which states that a swimmer doing a reciprocal stroke cannot move, as it always
returns to its initial position in the absence of inertia. The first model developed in this
thesis is a four-sphere swimmer with two passive elastic arms. By varying the oscillation
frequency of the active arm, the direction of the swimmer’s displacement can be changed,
making the system controllable with only one active degree of freedom. The model
studied in the second chapter involves a large number of springs. A limiting model
of this swimmer, where the number of springs tends to infinity, was then considered,
transforming the swimmer into an elastic tail that compresses and extends along one
single dimension.

In the third chapter, a proof of the convergence and well-posedness of a discrete
model of an elastic microfilament at low Reynolds numbers is presented. This model
consists of N rigid filaments immersed in a fluid, studied in 3D and whose movement is
in two dimensions.

Finally, in the last chapter, models of activation mechanisms along a flagellum are
introduced. Biologically, these activation mechanisms exist in the flagellum in an internal
structure called the axoneme, in the form of molecular motors arranged in several rows.
Based on a model of these motors from biophysics, two new systems are then studied.
The first one represents a projection of the axoneme with two rows of motors and is
analyzed both theoretically and numerically. The second one takes into account all rows
of motors in the axoneme; its behavior is illustrated by numerical simulations.





Résumé

Les mathématiques associées à la natation à l’échelle microscopique constituent un
domaine de recherche actif depuis une quinzaine d’années, avec de nombreuses applica-
tions en biologie et en physique. En effet, les micro-organismes se déplaçant dans l’eau
jouent un rôle crucial dans l’origine et le maintien de la vie, et les principes physiques
régissant leurs mouvements diffèrent grandement de ceux qui gouvernent la natation
humaine. Les recherches dans ce domaine peuvent aussi être appliquées à la conception
de micro sous-marins, ouvrant la voie à des applications innovantes en médecine, comme
la chirurgie non-invasive.

Cette thèse porte sur l’étude de tels micro-organismes, dans un contexte où les forces
inertielles sont négligeables par rapport aux forces visqueuses dans le fluide environnant,
phénomène caractérisé par un faible nombre de Reynolds.

Les deux premières parties traitent de modèles mathématiques de nageurs, composés
de bras actifs, sphères, et ressorts passifs. Ces modèles permettent de contourner le
théorème de la coquille Saint-Jacques de Purcell, qui garantit qu’un nageur dont la
brassée est un mouvement réciproque ne pourra jamais se déplacer, car il revient toujours
à sa position initiale en l’absence d’inertie. Le premier modèle conçu au cours de cette
thèse est un nageur à quatre sphères avec deux bras élastiques passifs. Faire varier la
fréquence d’oscillation du bras actif permet de changer le signe du déplacement du
nageur, rendant le système contrôlable, tout en n’ayant qu’un seul degré de liberté actif.
Le modèle étudié dans le deuxième chapitre comporte, quant à lui, un grand nombre de
ressorts. Un modèle limite de ce nageur où le nombre de ressorts tend vers l’infini a
ensuite été considéré, transformant le nageur en une queue élastique se compressant et
s’étendant unidimensionnellement.

Au cours du troisième chapitre, on présente une preuve de la convergence et du
caractère bien posé d’un modèle discret de micro-filament élastique à bas nombre de
Reynolds. Ce modèle en trois dimensions est composé de N filaments rigides, dont le
mouvement est en deux dimensions.

Enfin, dans le dernier chapitre, des modèles des mécanismes d’activation le long
d’un flagelle sont présentés. Du point de vue de la biologie, ces mécanismes d’activation
sont présents dans le flagelle dans une structure interne, appelée axonème, sous la forme
de moteurs moléculaires arrangés en plusieurs rangées. En se basant sur un modèle de
ces moteurs issu de la biophysique, deux nouveaux systèmes sont ensuite étudiés. Le
premier représente une projection de l’axonème dans laquelle deux rangées de moteurs
sont présentes, et est étudié aussi bien théoriquement que numériquement. Le second
prend en compte la totalité des rangées de moteurs dans l’axonème, son comportement
est illustré par des simulations numériques.
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1 Introduction

1.1 Contexte de la micro-natation

La natation à l’échelle microscopique est un sujet de recherche qui a de multiples
retentissements dans plusieurs domaines des sciences. En biologie, bien sûr, puisque les
micro-organismes capables de se déplacer dans l’eau (des bactéries qui peuplent notre
système digestif, aux spermatozoïdes qui permettent la reproduction) sont à l’origine
et au maintien de la vie, mais également en physique, ou les principes auxquels sont
confrontés ces organismes sont bien différents de ceux qui gouvernent nos capacités
humaines de natation. Les applications de ces recherches, outre la compréhension
fine des aptitudes de déplacement de micro-organismes, permettraient également de
concevoir des micro sous-marins, ouvrant la voie à de multiples utilisations novatrices en
médecine, comme la chirurgie non-invasive. Quels mécanismes imaginer pour propulser
un micro sous-marin le plus efficacement possible ? La nature répond à cette question de
façons fort différentes. Les bactéries, telles que E. Coli sont équipées de plusieurs flagelles
attachées à la cellule par le biais d’un véritable axe rotatif. Lorsque les flagelles tournent
à l’unisson, ils s’organisent en une structure en forme de tire-bouchon qui propulse la
bactérie. À l’inverse, les spermatozoïdes ont plutôt un flagelle qui se détend comme
un fouet. Encore plus étrange, certaines micro-algues, comme Eutreptiella, illustrée en
Figure 1.2, lorsqu’elles utilisent le mode appelé metaboly adoptent un mouvement ample
de déformation qui peut faire penser à un nageur de brasse. Enfin, les mathématiques
sous-jacentes aux nombreuses questions qui se posent dans ce domaine ont ouvert un
champ de recherche devenu extrêmement actif depuis un peu moins d’une quinzaine
d’années.

Figure 1.1. La micro algue Eutreptiella de la famille des Euglénoïdes. L’image est prise alors
qu’elle effectue un mouvement de type "Metaboly" [99].
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1.2 Modélisation des nageurs

1.2.1 Environnement fluidique et concept de la brassée

L’étude des nageurs de taille microscopique révèle de très nombreuses particularités et a
fait l’objet de nombreux travaux depuis l’article de E. M. Purcell [87]. Tous ces nageurs,
considérés comme des solides déformables, sont traditionnellement dans un milieu
fluide F ⊂ Rd (d = 2, 3) régi par l’équation de Navier-Stokes sur un intervalle de temps
[0, T ] (pour T > 0) {

ρ(∂tu+ (u · ∇)u)− µ∆u+∇p = ρf,

div u = 0,
(1.1)

où ρ > 0 est la densité du fluide considéré, u : F × [0, T ] → Rd sa vitesse d’écoulement,
p : F × [0, T ] → R sa pression, µ > 0 sa viscosité et f : F × [0, T ] → Rd les forces
volumiques externes. Le flux du fluide dans ces équations provient ensuite soit de la
force f qui est prescrite et non nulle, soit de conditions sur le bord ∂F adaptées.

Des paramètres de l’équation (1.1), on peut extraire une grandeur sans dimension
appelée nombre de Reynolds, représentant le ratio des forces inertielles par rapport aux
forces visqueuses dans le système étudié Re = ρuL

µ , avec L une longueur caractéristique
du système. En particulier, pour un micro-nageur, dont la taille est de l’ordre de quelques
micromètres, dans l’eau, Re est de l’ordre de 10−4 à 10−5. Dans cette configuration,
on considère alors que le système est dépourvu d’inertie (Re ≈ 0) et on néglige les
termes correspondants dans l’équation de Navier-Stokes, qui devient alors une équation
linéaire, appelée équation de Stokes{

µ∆u+∇p = ρf,

div u = 0.
(1.2)

À cause de l’absence d’inertie à bas nombre de Reynolds et de la linéarité des
équations de Stokes, les écoulements deviennent réversibles. Purcell est le premier à
énoncer le "Théorème de la coquille Saint-Jacques", qui utilise cette réversibilité pour
déduire l’impossibilité de la natation à cette échelle à l’aide de mouvements réciproques.
La natation se définit alors en mathématiques, comme avancer dans un fluide en se déformant
de manière cyclique en l’absence de propulsion par des forces extérieures. Chaque cycle de
déformation s’appelle une brassée. Une brassée peut donc être caractérisée comme un
chemin fermé γ dans l’espace des formes du nageur [61]. Pour que le nageur avance, il
doit avoir un déplacement non nul sur une période, soit, si sa vitesse est désignée par
u = ẋ:

0 ̸= ∆x =

τ∫
0

ẋ(t)dt (1.3)

où τ > 0 est la durée d’une brassée. Purcell propose également des dispositifs simples
permettant de contourner le théorème, basés sur des brassées périodiques mais non
réciproques. De nombreux autres concepts ont depuis été développés (voir [35], [77] par
exemple), et fonctionnent souvent sur des principes biomimétiques (cf. Le PushMePul-
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lYou d’Avron et al. [16]). Un grand nombre de modèles ont été regroupés dans l’article
de revue [60]. Tous ces systèmes se caractérisent par l’utilisation de deux dispositifs de
contrôle habilement utilisés de façon synchrones.

En parallèle, plusieurs résultats de nature mathématique, faisant le lien entre le
problème de la natation et la théorie du contrôle [6], ont également permis de donner un
autre éclairage, et d’exprimer les concepts sous-jacents (comme par exemple, "Est-ce que
le mécanisme est capable de se propulser à faible nombre de Reynolds ?") en termes
de crochets de Lie de champs de vecteurs décrivant la dynamique du nageur. Même
les notions d’efficacité de la natation, qui apparaissent pour la première fois dans les
ouvrages de Lighthill [64], ont un pendant qui s’exprime en termes de contrôle optimal.
Les trajectoires optimales deviennent ainsi des géodésiques dans des espaces sous-
riemanniens [2], [6]. Cette approche fournit également un cadre pour mieux comprendre
les brassées optimales que doit réaliser le nageur lorsqu’il a plusieurs contrôles à sa
disposition. Ces deux aspects seront principalement explorés dans les deux premiers
chapitres, sur des modèles mathématiques de nageurs.

(a) (b)

Figure 1.2. (a) Un exemple de nageur magnéto-élastique réalisé dans l’équipe de S. Régnier. Il
mesure quelques millimètres de long et est réalisé par impression 3D. Le milieu dans lequel il
évolue, du silicone, assure le cadre à bas nombre de Reynolds. (b) Le nageur réalisé à l’ESPCI
en 2005. La tête est un globule rouge et la queue (située à l’avant) est constituée de particules
magnétiques reliées entre elles par des filaments d’ADN.

1.2.2 Modèles mathématiques de nageurs

Par la suite, on s’intéresse tout particulièrement aux micro-nageurs dotés de flagelles ou
de bras, actifs ou passifs.

Dans le cas d’un cil ou d’un flagelle, on étudie en réalité un filament élastohydro-
dynamique. À faible nombre de Reynolds, les calculs mathématiques du mouvement
et du déplacement de ces modèles de nageurs sont classiquement facilités par une
théorie introduite par Gray et Hancock [46], appelée Resistive Force Theory (RFT). Cette
approximation permet de relier la force de résistance hydrodynamique locale le long
d’un filament du nageur à ses vitesses locales normales en · u et parallèles et · u via des
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coefficients de friction normale c⊥ et parallèle c∥. On l’écrit généralement sous la forme,
pour une tige de longueur L et s ∈ [0, L]

f(s) = −c⊥(en · u(s))en − c∥(et · u(s))et. (1.4)

Figure 1.3. Nageur de A. Najafi et R. Golestanian à trois sphères. Chaque bras i = 1, 2 a
une longueur Li(t) qui oscille en fonction du temps, et la position du centre de chaque sphère
j = 1, 2, 3 est matérialisée par xi le long de l’axe des x.

En ce qui concerne les modèles les plus simples et abstraits de nageurs en une
dimension, on peut citer le nageur à trois sphères de A. Najafi et R. Golestanian [45], [77],
illustré en Figure 1.3. Les trois sphères de rayon a > 0 de ce nageur sont reliées entre
elles par deux bras extensibles de largeur négligeable, qui ont chacun un mouvement
périodique prescrit Li, et sont déphasés l’un par rapport à l’autre. Dans le cadre de
ce nageur à trois sphères, on peut encore simplifier le calcul des équations de son
mouvement, en considérant uniquement la résistance au fluide sur chacune des sphères.
Les forces fluides F = (Fi)i appliquées sur chaque sphère et la vitesse des sphères
V = (Vi)i sont ainsi reliées par ce qu’on appelle le tenseur d’Oseen [48], [81], contenant
les stokeslet, solutions fondamentales de l’équation de Stokes (1.2). Comme l’éqaution
de Stokes est linéaire, la relation entre F et V l’est également et on peut écrire V = RF

avec R que l’on appelle la matrice de résistance. Ici, dans l’approximation des petites
variations a/Li ≪ 1, l’expression de R est simplifiée, elle est symétrique et Rii =

1
6πµa ,

tandis que Rij =

(
4πµ

j−1∑
k=i

Lk

)−1

, pour i ̸= j [24]. Lorsqu’on regarde les brassées de ce

nageur à trois sphères, on observe qu’elles forment des boucles d’aire non nulle dans
l’espace des formes, grâce aux deux contrôles du système, ce qui permet d’avoir un
déplacement du nageur à la fin d’une période.

E. Passov et Y. Or [83] ont ensuite déjoué cette hypothèse comme quoi une boucle
d’aire non nulle ne pouvait être crée qu’avec aux moins deux contrôles en créant un
nageur avec un seul degré de liberté actif. Pour cela, ils ont ajouté un lien élastique
passif sur le premier nageur proposé par Purcell, comme décrit en Figure 1.4. Ils ont
ainsi montré qu’un nageur avec un seul degré de liberté actif pouvait sortir du cadre
du théorème de la coquille Saint-Jacques de Purcell. A. Montino et A. DeSimone [74]
ont adapté ce concept au nageur à trois sphères, en remplaçant un des bras actifs de ce
nageur par un élastique passif, qui se déphase naturellement d’une demie période par
rapport à l’oscillation du bras actif, comme illustré en Figure 1.5.
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Figure 1.4. Nageur de Purcell [83] avec un lien élastique passif. Le nageur est composé de trois
bras rigides, qui peuvent effectuer des rotations. Le bras de droite est ici considéré comme actif
et a une rotation prescrite, tandis que celui de gauche réagit de manière passive au mouvement
du nageur, grâce à un ressort de raideur k placé au niveau de la liaison pivot. Il se déphase
naturellement par rapport à celui du bras actif, permettant ainsi au nageur d’avoir un mouvement
périodique mais non réciproque.

Figure 1.5. Nageur à trois sphères avec un bras élastique passif, comme présenté par Montino
et DeSimone [74].

Cependant, on perd la contrôlabilité du nageur, qui ne peut plus avancer qu’avec
le bras actif derrière. Plusieurs questions naturelles se posent ensuite, qui font l’objet
des deux premiers chapitres de cette thèse. Tout d’abord, peut-on créer un nageur
contrôlable avec un seul bras actif ? Ensuite, que se passe-t-il lorsque l’on rajoute plus
de bras passifs ?

1.2.3 Introduction à la biologie: structure des cils et flagelles

Du côté expérimental, les travaux menés à l’ESPCI ([34], Figure 1.2(a)) ont permis,
déjà depuis une quinzaine d’années, de construire des nageurs artificiels dont la taille
n’excède pas quelques dizaines de microns. Plus récemment, les nageurs fabriqués par
impression 3D par S. Régnier et son équipe ([37], [82], Figure 1.2(b)) ont considérable-
ment simplifié la fabrication de ces micro-nageurs et ouvrent la voie à une réflexion
approfondie sur la mise au point de mécanismes fonctionnels. Les dispositifs dans
ces deux cas sont légèrement différents de ceux envisagés précédemment, puisque le
nageur est propulsé par un champ magnétique extérieur. Ce champ agit sur le nageur
en créant un couple magnétique qui déforme le nageur de façon non-réciproque, de
façon à pouvoir créer un mouvement.
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Les nageurs d’origine biologique, quant à eux, réussissent à se mouvoir et s’orienter
sans être nécessairement propulsé par une force extérieure. On peut notamment observer
que les cils et flagelles présentent tous un mouvement périodique caractéristique, leur
permettant ainsi de nager aussi efficacement que possible dans un fluide visqueux.
Afin de générer ce mouvement, une certaine forme d’activité interne le long du flagelle
est nécessaire, comme l’a très tôt observé K. E. Machin [73]. Du point de vue de la
biologie, cette activation est créée par une structure interne présente tout le long du
flagelle, appelée axonème. Il est composé le plus souvent de neuf paires de microtubules,
disposés en cylindre, et d’une paire centrale dans certains cas, comme illustré en Figure
1.6. En présence suffisante d’un composant chimique, l’AdénosineTriPhosphate (ATP),

Figure 1.6. Vue en coupe simplifiée de la structure d’un axonème avec neuf paires de micro-
tubules, sans paire centrale, avec un pont entre les doublets 5 et 6.

des moteurs moléculaires présents entre deux paires voisines de tubules fournissent
un travail créant un glissement local entre elles, générant ainsi de la courbure le long
du flagelle. Des liens de nexine, représentés par des ressorts de raideur k > 0 et reliant
deux paires de tubules adjacentes entre elles, aident également à la création de cette
courbure. Enfin, un pont reliant les doublets numérotés 5 et 6 est généralement présent,
imposant ainsi un plan de battement préférentiel pour le flagelle.

Un modèle mathématique pour représenter un ensemble de moteurs se déplaçant le
long d’un filament de période ℓ > 0 a été présenté pour la première fois par F. Jülicher et
J. Prost [57]. Il est basé sur deux hypothèses principales:

⋄ Chaque moteur peut être seulement dans deux états; l’état 1 ou l’état 2. Lorsqu’il
est dans un état i, il suit un potentiel physique Wi le long du filament, comme
illustré en Figure 1.7. Le taux de transition d’un état i vers un état j est désigné
par ωi, qui dépend de la position du moteur ξ et de la quantité d’ATP, matérialisée
par Ω;

⋄ On s’intéresse à un grand nombre N de moteurs dans une cellule de périodicité de
taille ℓ le long du filament, et on étudie la probabilité P de trouver le moteur dans
l’état 1 au temps t > 0 et à la position ξ ∈ [0, ℓ].
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Ce modèle s’écrit comme un système composé d’équations de réaction-convection et
d’une équation intégro-différentielle provenant d’un bilan des forces sur le système

∂tP (ξ, t) + v(t)∂ξP (ξ, t) = −(ω1 + ω2)P (ξ, t) + ω2/ℓ

v(t) =
1

η

 ℓ∫
0

dξP (ξ, t)∂ξ∆W (ξ)− kx(t)

 ,
(1.5)

où ωi = ωi(ξ; Ω) et ∆W (ξ) =W2(ξ)−W1(ξ) et v(t) = ẋ(t) représente la vitesse à laquelle
se décale le filament du bas par rapport à celui du haut.

Figure 1.7. Moteurs moléculaire attachés à un filament par le haut, marchant sur un autre
filament. Dans le cas du flagelle, ces moteurs sont des dynéines, comportant deux têtes qui
s’attachent et se détachent alternativement du filament inférieur, créant ainsi cette "marche" à
deux états.

Jülicher et Prost prédisent ensuite que, dans ce modèle, le système présente une
bifurcation de Hopf qui dépend de Ω. Ainsi, il existerait un Ωc critique en dessous
duquel le système ne se mettrait pas en mouvement, et au dessus duquel il se mettrait à
osciller.

1.3 Synthèse des contributions de la thèse

La thèse est divisée en quatre chapitres, organisés autour d’une problématique centrale,
qui est de comprendre, modéliser et simuler efficacement le fonctionnement d’un micro-
nageur flagellé, à toutes les échelles. Les deux premiers chapitres traitent de modèles
mathématiques abstraits en une dimension, avec quelques questions d’optimisation des
paramètres et de contrôlabilité. Le troisième porte sur un modèle discret de filament en
trois dimensions, ayant un mouvement en deux dimensions. Il est plongé dans un fluide
à bas nombre de Reynolds et on prouve la convergence du système d’équations qui
le régissent vers celles d’un filament élastohydrodynamique continu. Dans le dernier
chapitre, on s’intéressera aux mécanismes biologiques qui entretiennent la courbure
d’un cil ou d’un flagelle, et à leur modélisation mathématique.

1.3.1 Nageur bi-directionnel à deux bras passifs

Le premier chapitre traite d’un nageur avec un seul bras actif L2, entouré de deux
ressorts L1 et L3, ayant chacun leur propre rigidité respective k1 et k3, illustré en haut
de la Figure 1.8. Ce chapitre reproduit [63], soumis à ESAIM Proceedings and Surveys.
De la même manière que dans les articles de référence [74], [77], mais cette fois-ci pour
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un nageur à quatre sphères, on obtient le système d’équations différentielles ordinaires
(EDO) régissant le mouvement et le déplacement du nageur en utilisant des bilans des
forces bien choisis ainsi que des approximations liées à la RFT. Enfin, tout cela mène à
une formule analytique explicite au premier ordre donnant le déplacement du nageur
en fonction des paramètres du système, qui a pu être validée numériquement. En
particulier, le cas d’intérêt de ce modèle est lorsque les deux rigidités sont différentes,
k1 ̸= k3. On peut ainsi observer qu’en fonction de la fréquence d’oscillation du bras
actif, l’un ou l’autre des ressorts entre en résonance avec le bras, ce qui change le sens de
déplacement du nageur, et permet donc de contrôler sa direction de propagation avec
un seul contrôle.

Figure 1.8. De haut en bas, trois modèles de nageurs avec un bras actif et un ou des bras
passifs, qui se déplacent et bougent selon seulement une dimension: nageur à deux ressorts
bi-directionnel, chaque ressort a une raideur différente (Chapitre 2); nageur à N ressorts et
modèle limite de ce dernier, étudiés dans le Chapitre 3.

1.3.2 Un modèle de nageur avec N bras passifs

Dans le deuxième chapitre, qui reproduit [11] publié dans AIMS Mathematics and En-
gineering, on étudie cette fois-ci un nageur avec un nombre N ∈ N de ressorts (voir
milieu de la Figure 1.8), et l’on cherche à trouver un modèle limite lorsque N → +∞.
Ce nageur a une longueur fixe au repos L + Λ indépendante de N , et un bras actif
dont les caractéristiques ne dépendent pas non plus du nombre de ressorts, qui a un
mouvement prescrit L0. Tous les paramètres du système sont ensuite mis à l’échelle
en fonction de N . Chaque bras passif Li est ainsi défini pour 1 ≤ i ≤ N et t ≥ 0 par

Li(t) =
Λ

N
+
ℓi(t)

N
, avec ℓi(t)

N
qui représente ainsi une petite variation de longueur. De

même, pour un rayon caractéristique ã et une raideur caractéristique k̃ donnés, on définit
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le rayon de chaque sphère a = ã/N et la raideur de chaque ressort k = k̃N . Ainsi, plus
il y a de sphères et de bras passifs, plus la taille de ces deux dernier réduit, ce qui est
compensé par la raideur des ressorts qui augmente. Dans ce modèle, l’ensemble des
ressorts peuvent individuellement s’étendre et se rétracter, créant une oscillation en une
dimension de la partie passive du nageur. Lorsque N augmente, on peut envisager un
modèle limite du nageur, qui aurait toujours un bras actif, puis une sorte de flagelle
passif qui se compresse et s’étend toujours en une seule dimension, que l’on désigne par
la suite comme le "modèle continu", matérialisé en bas de la Figure 1.8.

On étudie également la dynamique et le déplacement à la fois du modèle àN ressorts,
et de son modèle limite. Dans les deux cas, le nageur arrive à se déplacer, de la même
manière que celui de Montino et DeSimone [74] dans une seule direction, mais l’onde de
compression-dilatation des ressorts ne se propage pas efficacement le long du nageur, ce
qui rejoint les observations de Machin [73] précédemment évoquées. Des mécanismes
d’activation qui pourraient permettre la bonne propagation de cette onde sont présentés
dans le dernier chapitre. Enfin, une preuve formelle de la convergence du nageur discret
vers son pendant continu est présentée, basée sur l’étude du modèle discret comme
une forme particulière de discrétisation éléments finis avec du mass lumping du modèle
continu [88], [100]. Cette preuve constitue déjà un premier pas vers des schémas de
discrétisation rapides et efficaces pour la simulation numérique d’un filament dans un
fluide à bas Reynolds.

1.3.3 Preuve de convergence d’une formulation semi-analytique discrète d’un filament
à bas Reynolds

Le troisième chapitre porte justement sur la convergence de modèles de filaments
discrets, un article à ce sujet est en cours de rédaction. On peut y trouver de nombreuses
applications concrètes pour les nageurs munis de flagelles ou de cils, ou encore les mi-
crotubules ou les faisceaux de filaments. Néanmoins, le couplage de l’élastodynamique
d’un filament inextensible avec les interactions hydrodynamiques impliquant le fluide de
Stokes environnant dans des simulations numériques soulève de nombreuses difficultés,
en raison de divers facteurs tels que la non-linéarité géométrique, l’interaction fluide
non locale ou la prise en compte de l’inextensibilité du filament. Dans la littérature,
on retrouve à la fois des simulations utilisant des méthodes des éléments finis clas-
siques, ainsi que des approches semi-analytiques, mais sans preuve de convergence.
En particulier, on s’intéresse au modèle du nageur N -link [2], [44], [75], une méthode
semi-analytique robuste, qui se comporte visuellement comme un filament élastohydro-
dynamique continu. Le nageurN -link est illustré en Figure 1.9, et comporteN segments
rigides inextensibles qui bougent dans un plan. Au cours du temps, l’angle entre deux
segments peut varier, ce qui change la forme du nageur et peut lui permettre de se
déplacer.
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L’objet de ce chapitre est double: tout d’abord, montrer que le système d’équations
régissant le N -link est bien posé, puis prouver la convergence de ce modèle vers les
équations d’un filament continu lorsqueN tend vers l’infini. Les résultats sont démontrés
pour plusieurs ensembles de conditions aux bords, permettant d’étudier un filament
libre ou attaché à une tête.

Dans tout le chapitre, un résultat clé permet aux deux preuves d’aboutir. Il s’agit
d’une loi de conservation de l’énergie dans le nageur qui, tout en garantissant la per-
tinence du modèle d’un point de vue de la physique, permet dans un premier temps
d’inverser le système linéaire d’équations caractérisant le nageur, et donc d’appliquer
le théorème de Cauchy-Lispchitz au problème. Pour la convergence, la preuve repose
sur des interpolations bien choisies des quantités caractérisant le nageur, que l’on peut
ensuite borner dans un espace garantissant une convergence et une régularité satis-
faisante de la solution. Ces bornes s’obtiennent en partie grâce à l’estimation d’énergie
précédemment mentionnée, mais aussi grâce au Lemme d’Aubin-Lions-Simon [14], [23],
qui fournit un critère de compacité.

s = 0

r(t, s)

s = L

θ(t, s)

(a)
αi(t) = θi(t) − θi−1(t)

ri(t)

Δs = L/N

(b)

ex

ey
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ei,∥

ei,⊥n(t, s), m(t, s), f(t, s)
ni+1(t), mi+1(t)ni(t), mi(t)

Fi(t) = ∫ ri+1
ri

f(t, s)ds

ri+1(t)

ex

ey

Figure 1.9. Diagramme et notations pour (a) un modèle de filament continu élastohydrody-
namique à bas Reynolds et (b) le modèle du nageur N -link.

1.3.4 Modèles mathématiques de mécanismes d’activation le long d’un flagelle

Le dernier chapitre porte sur les mécanismes d’activation le long d’un flagelle, et leur
modélisation mathématique. Un article regroupant les résultats du chapitre est en cours
de rédaction. Tout d’abord, une étude détaillée du modèle de F. Jülicher et J. Prost,
pour une rangée de moteurs moléculaires, est présentée. Des simulations numériques
illustrent notamment les résultats annoncés dans les articles de référence [55]–[58], [86]:
le système n’oscille qu’en présence de liens de nexine, et d’une quantité suffisante d’ATP.
Des considérations concernant la pertinence des hypothèses simplificatrices usuelles
du point de vue de la chimie du modèle sont également présentées en Section 5.8.2.
Cependant, l’oscillation de la courbure créée par ce modèle a lieu autour d’une courbure
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d’équilibre non nulle, ce qui va à l’encontre de ce que l’on peut observer en regardant le
battement d’un flagelle.

Figure 1.10. Modèle à deux couches, constituant une projection simplifiée de l’axonème. La
rangée de moteurs attachée à la paire de tubules 1 marche sur la paire 2, et inversement.

Pour tenter de trouver une oscillation de la structure autour d’une courbure nulle,
et afin de reproduire la structure cylindrique de l’axonème, un deuxième modèle est
présenté. Il consiste en deux rangées de moteurs opposées l’une à l’autre, illustré par
la Figure 1.10. Les précédentes simulations sont adaptées à ce modèle et une preuve
formelle du caractère bien posé de ce modèle a été écrite. Nous avons également pu
prouver, grâce au théorème de la variété centrale [106], que ce système à deux couches
(et également le modèle de F. Jülicher et J. Prost) présentait une bifurcation de Hopf
supercritique en fonction de la concentration en ATP.

Enfin, on introduit un dernier modèle avec N rangées de moteurs moléculaires,
appelé modèle à N couches. N est arbitraire dans la partie théorique, mais lorsque l’on
fixe N = 8, on étudie réellement un axonème à 9 paires de microtubules comme illustré
en Figure 1.6. Pour le modèle N couches, des simulations numériques ainsi que des
pistes pour une étude théorique sont présentées. On peut observer numériquement
différents types de synchronisations spontanées entre les différentes couches, en fonction
des conditions initiales choisies.
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2.1 Introduction

One of the many features of low-Reynolds-number swimming [20], [31], [95] is the Scallop
Theorem stated by Purcell in his celebrated lecture [87], which forbids any net motion
produced by reciprocal shape changes of the swimmer. Several mechanisms have been,
since then, proposed to overcome the scallop theorem (see [60] and the many references
therein), most of them using strategies to create non trivial loops, i.e. closed curves with
non zero surface, in the shape space of the swimmer. Simple examples are given by the
three link swimmer [87], the three sphere swimmer [77], the Push-Me-Pull-You [16] or
Purcell’s rotator [35]. All of these examples use two degrees of freedom in the shape
activated periodically in time with a phase lag in order to produce the loop.

Furthermore, the efficiency of such systems has also been extensively studied in the
literature, and we refer the interested to the examples given in [5], [10], [15], [97].

Strikingly, the constraint of having at least two degrees of freedom can be overcome,
if one considers in the system, a passive elastic link. Indeed, the mechanism, discovered
in [83], consists of a three-link swimmer with only one activatable joint, the other being
a rotational spring. Due to hydrodynamic interactions, a periodic activation of the
controlled parameter induces an out of phase periodic motion of the spring, permitting
to describe a loop in the shape space. So far, two swimmers have been proposed in
that direction: the three-link swimmer [83] and the three-sphere swimmer [74]. The
latter, being an adaptation of the one proposed in [77], is simpler to analyze because, due
to its rectilinear shape, no rotational movement is possible. A careful study, provided
in [74] shows in particular that a displacement of the swimmer is possible depending
on the frequency at which the actuated arm is deformed. At very low or very high
frequency no net motion is possible after a stroke, while at a natural frequency of the
system (which depends on the viscosity of the fluid, the masses and the spring constant)
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a resonant effect takes place which provides an out of phase oscillation of the spring
and, consequently, a net motion.

The present paper explores the situation where another spring is added to the system.
The swimmer is therefore composed of four spheres linked by three arms, one of which
being activated while the two remaining ones are springs. We particularly focus on the
situation where the spring constants are different, leading to 2 natural frequencies of the
system. We show that such systems can offer the interesting possibility of controlling
the direction in which the swimmer moves with the frequency of the activated arm.

After recalling Montino and DeSimone’s results on the three-sphere swimmer [74],
we introduce a two-spring swimmer with a spring on each side of the actuated arm, and
explore the consequences on its swimming motion and direction. We study its dynamics
and displacement, depending on various system parameters.

2.2 The 3-sphere Swimmer with a passive arm

Figure 2.1. Three-sphere swimmer as proposed by Montino and DeSimone in [74]. Two spheres
are connected by a spring with rest length l1 and spring constant k. The third sphere is connected
by an actuated arm. The distances between the spheres are given by L1(t) and L2(t).

Najafi and Golestanian created a swimmer consisting of three spheres, connected
by two actuators [77]. By increasing and decreasing the length of the two actuators
out of phase, the swimmer is able to perform a non-reciprocal motion providing a net
displacement. Based on this, Montino and DeSimone proposed a three-sphere swimmer
with a passive elastic arm [74] mimicking in this context, the mechanism of [83]. As
shown in Figure 2.1, the first and second spheres are connected by a spring with spring
constant k. The equilibrium length is denoted as l1, the distance between the spheres is
L1(t). The length of the actuated arm, which connects the second and third spheres, is
given as L2(t). The radius of the spheres is a. For a periodic activation of L2(t) of the
form

L2(t) = l2(1 + ε sin(ωt)), (2.1)

the passive elastic arm experiences an out-of-phase oscillation, due to hydrodynamic
interactions. The movement L1(t) can be calculated by considering elastic and hydrody-
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namic forces. Indeed, assuming a
L1

∼ a
L2

≪ 1, the velocities vi, i = 1, 2, 3 of the three
spheres are related to the hydrodynamic forces in the following way

v1 =
f1

6πµa
+

f2
4πµL1

+
f3

4πµ(L1 + L2)
,

v2 =
f1

4πµL1
+

f2
6πµa

+
f3

4πµL2
,

v3 =
f1

4πµ(L1 + L2)
+

f2
4πµL2

+
f3

6πµa
.

Here, µ is the fluid viscosity and fi describes the force, which is exerted on the fluid by
the i-th sphere. The above set of equations can also be represented in the matrix form

V = RF (2.2)

where V = (v1, v2, v3)
T is the vector of the velocities of the spheres and F = (f1, f2, f3)

T

the vector of hydrodynamic forces acting on each sphere. The current structure of 3× 3

mobility matrix R takes into account stokeslet interactions [17] by assuming that a≪ Li,
while self-interaction diagonal terms come from the hydrodynamic motion of a sphere
in a fluid.

As it is the case in the low Reynolds number regime, inertial forces are neglected.
Since there are no external forces considered, the force balance equation

f1 + f2 + f3 = 0 (2.3)

must be fulfilled. The elastic force f e = k(L1 − l1) acting on the first sphere is equal and
opposite to f1 due to Newton’s third law, leading to

f1 = k(L1 − l1). (2.4)

Furthermore, the velocities of the spheres and the lengths of the two arms are
connected by

L̇1 = v2 − v1 , L̇2 = v3 − v2 . (2.5)

The time evolution of L2 is controlled by the actuator as given in equation (2.1). The
given system of equations (2.1- 2.5) can be solved to obtain L1(t) and L̇1(t) and this
calculation is done numerically in [74]. It can be observed that loops are formed in
the configuration space (L1, L2). Since the displacement of a swimmer is proportional
to the (algebraic) area enclosed by the curve in shape space, the three-sphere body is
able to swim. Figure 2.2a shows the calculated curves in the shape space for different
values of the actuating frequency ω. The other parameters are set to l1 = l2 = 2 · 10−4m,
a = 0.1 · 10−4m, µ = 8.9 · 10−4 Pa s, and k = 10−7N/m. It can be observed that the area
enclosed by the blue curve (corresponding to an intermediate frequency) is larger than
for the higher frequency (green curve) and for the lower frequency (red curve). This
agrees with the qualitative study of [74], which states that the area enclosed by the curve
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vanishes for Ω → 0 or Ω → ∞, where Ω = ωµ(l1 + l2)/k is a dimensionless frequency
parameter.

From the resulting time evolution of L1(t) and L2(t), the position xi of each
sphere can be calculated from ẋi = vi. The displacement of the swimmer ∆x(t) =∑

i (xi(t)− xi(0)) /3 is shown in Figure 2.2b, with respect to the normalized time
t · ω/(2π). As it can be observed from the area in configuration space, the displacement
of the swimmer after one period with intermediate frequency (blue) is larger than the
one corresponding to a smaller (red) or higher frequency (green).

(a) (b)

Figure 2.2. Numerical results for Montino and DeSimone’s three-sphere swimmer. (A) Curves
in configuration space resulting from numerical solution of equations (2.1 - 2.5). The different
colors correspond to different frequencies ω (in rad s−1) of the actuated arm. Note that the unit
of length is 10−4 m. (B) Displacement ∆x (in 10−4 m) of the three-sphere swimmer with respect
to the normalized time t/T = t · ω/(2π) for different actuating frequencies ω. [74]

It can be concluded that the three-sphere swimmer proposed by Montino and
DeSimone is able to produce a net displacement depending on the dimensionless
frequency Ω of the actuated arm. If Ω becomes too high or too low, the net displacement
of the swimmer becomes smaller or eventually vanishes.

2.3 The 4-sphere swimmer with two passive elastic arms

Montino and DeSimone’s swimmer [74] enabled us to circumvent the Scallop Theorem
while only having one active degree of freedom in the system. However, this three-sphere
swimmer can only swim in one direction. We now propose a new mechanism which,
still with a single degree of freedom, is able to swim in both directions.

The swimmer is composed of 4 spheres where only the middle link serves as the
active arm while the two others are passive springs as shown in Figure 2.3. In other
words,

L2 = l2(1 + ε sin(ωt)), (2.6)

and L1, L3 are the unknowns to be determined.
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Figure 2.3. Four-sphere swimmer where the middle arm connecting spheres 2 and 3 is the
activated part. Springs have rest lengths li and spring constants ki. Distances between the spheres
are given by L1(t), L2(t) and L3(t). In this case, the motion of the middle arm is prescribed as:
L2 = l2(1 + ε sin(ωt)).

As in Section 2.2, we write down the equations for velocity vi’s of the four spheres
similarly to [74]. This yields the following set of equations that govern the velocity of
the spheres:

v1 =
f1

6πµa
+

f2
4πµL1

+
f3

4πµ(L1 + L2)
+

f4
4πµ(L1 + L2 + L3)

,

v2 =
f1

4πµL1
+

f2
6πµa

+
f3

4πµL2
+

f4
4πµ(L2 + L3)

,

v3 =
f1

4πµ(L1 + L2)
+

f2
4πµL2

+
f3

6πµa
+

f4
4πµL3

,

v4 =
f1

4πµ(L1 + L2 + L3)
+

f2
4πµ(L2 + L3)

+
f3

4πµL3
+

f4
6πµa

,

that we again write in the abstract form

V = RF , (2.8)

where V = (v1, v2, v3, v4)
T is the vector of the velocities of the spheres and F =

(f1, f2, f3, f4)
T the vector of hydrodynamic forces acting on each sphere. Furthermore,

the force-free condition becomes

f1 + f2 + f3 + f4 = 0. (2.9)

and we can write the force balance law on spheres 1 and 4 as the balance between the
viscous forces and the elastic forces of the arms:

f1 = k1 (L1 − l1) , f4 = −k3 (L3 − l3) . (2.10)
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and we observe that the rate of change of each of the links obeys

L̇i = vi+1 − vi, for i ∈ {1, 2, 3} . (2.11)

The system (2.6 - 2.11) can be easily written as a differential-algebraic system of 11
equations with 11 unknowns. This system is then solved using standard numerical
techniques.

2.3.1 Computing net displacement over a period

In the four-sphere swimmer described in our model, the net displacement of the swimmer
after a periodic stroke can be computed as follows. Notice that the computation below
does not involve the nature of the links (whether they are springs or rods). Calling X
the position of the first sphere, V can be expressed linearly in terms of Ẋ and the rates
of change of the arms’ length L̇i as

v1 = Ẋ, v2 = Ẋ + L̇1, v3 = Ẋ + L̇1 + L̇2, v4 = Ẋ + L̇1 + L̇2 + L̇3 ,

that we rewrite in the matrix form as

V =M


Ẋ

L̇1

L̇2

L̇3

 with M =


1 0 0 0

1 1 0 0

1 1 1 0

1 1 1 1

 .

Next, using F = R−1V and that the total force vanishes, provides us with a linear
relationship between Ẋ and L̇1, L̇2, L̇3. Namely

1

1

1

1

 ·R−1M


Ẋ

L̇1

L̇2

L̇3

 = 0 . (2.12)

This is an equation that links Ẋ to L̇1, L̇2, L̇3 linearly, that we may rewrite under the
form

Ẋ = ξ(L) · L̇

where ξ is a 3-D vector field. Indeed, an expansion of ξ(L) around the equilibrium
solutionLeq = (l1, l2, l3) in the limit a/l ≪ 1 with l = max(l1, l2, l3) is obtained as follows.
We first notice that, to first order

R−1 = 6πµa Id−9πµa



0
a

L1

a

L1 + L2

a

L1 + L2 + L3a

L1
0

a

L2

a

L2 + L3a

L1 + L2

a

L2
0

a

L3a

L1 + L2 + L3

a

L2 + L3

a

L3
0


+6πµaO

((a
l

)2)
.
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Simplifying by 6πµa, we may thus rewrite (2.12) as

αẊ + β1L̇1 + β2L̇2 + β3L̇3 = 0 ,

where

α = 4− 3

2

(
2a

L1
+

2a

L2
+

2a

L3
+

2a

L1 + L2
+

2a

L2 + L3
+

2a

L1 + L2 + L3

)
+O

((a
l

)2)
,

β1 = 3− 3

2

(
a

L1
+

2a

L2
+

2a

L3
+

a

L1 + L2
+

2a

L2 + L3
+

a

L1 + L2 + L3

)
+O

((a
l

)2)
,

β2 = 2− 3

2

(
a

L2
+

2a

L3
+

a

L1 + L2
+

a

L2 + L3
+

a

L1 + L2 + L3

)
+O

((a
l

)2)
,

β3 = 1− 3

2

(
a

L3
+

a

L2 + L3
+

a

L1 + L2 + L3

)
+O

((a
l

)2)
,

from which we deduce that

ξ = −(β1, β2, β3)
T

α
+O

((a
l

)2)
.

This leads to a formula for the coordinates of ξ, namely

ξ1 = −3

4
− 3

16

(
a

L1
− a

L2
− a

L3
+

a

L1 + L2
− a

L2 + L3
+

a

L1 + L2 + L3

)
+O

((a
l

)2)
,

ξ2 = −1

2
− 3

8

(
a

L1
− a

L3

)
+O

((a
l

)2)
,

ξ3 = −1

4
− 3

16

(
a

L1
+

a

L2
− a

L3
+

a

L1 + L2
− a

L2 + L3
− a

L1 + L2 + L3

)
+O

((a
l

)2)
,

Now, if we consider a closed stroke L(t) in the shape space, the total displacement at
the end of the stroke appears to be the circulation of ξ along the closed curve L(t). In
other words, using Stokes theorem

∆X =

∮
L
ξ(L) · dL =

∫
Σ

curl(ξ) · dS

where Σ is any surface that is bounded by the closed curve L(t).
From the computation above, the leading term of curl(ξ) can be computed near

L = (l1, l2, l3) and we obtain

curl(ξ)(l1, l2, l3) =
3

16


a

l22
+

2a

l23
+

a

(l1 + l2)2
− a

(l2 + l3)2
− a

(l1 + l2 + l3)2

− a

l21
− a

l23
− a

(l1 + l2)2
− a

(l2 + l3)2
+

2a

(l1 + l2 + l3)2
2a

l21
+
a

l22
− a

(l1 + l2)2
+

a

(l2 + l3)2
− a

(l1 + l2 + l3)2

+O

(
a2

l3

)
,

(2.13)
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which enables us to compute an approximation of the displacement of the swimmer
after a stroke around a given shape L = (l1, l2, l3). The validity of this expression to
compute an approximation of the displacement after a stroke will be checked against
the full integration of the system in the next Section.

2.3.2 Numerical results: Swimming dynamics and displacement over time

Numerical integration of the system (2.6 - 2.11) typically yields the 3D trajectories (L1(t),

L2(t), L3(t)) that are plotted in Figure 2.4. The flux of curl(ξ) through the areas enclosed
by the limit cycles represents the displacement of the swimmer per unit cycle. All
simulations are performed with reference parameters l = l1 = l2 = l3 = 2 · 10−4m,
a = 0.1 · 10−4m, µ = 8.9 · 10−4 Pa s, ε = 0.4, ω = 1 rad s−1. As in Section 2.2, Figure
2.4(A) shows the behavior of the system when k1 = 0.1k3 = 10−7N m−1, and for ω = 0.1,
1, and 10. As expected, a periodic limit cycle is quickly obtained whose orientation
changes with ω. As for the swimmer of the previous section, there exists an optimal
frequency that provides the highest displacement per unit cycle, while for very low or
high frequencies the area enclosed by the cycle tends to 0.

(a) (b)

Figure 2.4. Three dimensional trajectories of the four-sphere swimmer depicting limit cycles.
(A) Effect of various frequencies ω (in rad s−1) for a fixed κ = 10. (B) Effect of stiffness ratio
κ = k3/k1 for a fixed ω = 1 rad s−1.

In Figure 2.4(B), we fix the frequency ω = 1 and vary the stiffness of the second
link relative to the first link. Here k3 = 1 · 10−7N m−1 while k1 = 0.1k3, k3 and 10 k3,
characterized by the stiffness ratio κ = k3/k1. We observe that, although the areas
enclosed by the trajectories remain similar, their orientation varies depending on κ. This
can be expected since, when one spring is stiffer than the other one, phase lag will differ
and one side of the swimmer will thus start moving before the other one. This influences
the swimming direction of our model, which is then illustrated when computing the
displacement. Lastly, we can notice that the area enclosed by the curve when κ = 1 is
nonzero, although the swimmer does not have any net displacement, as shown later on
in Figure 2.7, which seems unusual. This can be nevertheless explained. Indeed, when
κ = 1, the swimmer is completely symmetric, falling in the case of the Scallop Theorem
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once again. However, since there is still a phase lag between the springs and the active
arm, the global length at which the swimmer starts each stroke can vary, explaining the
nonzero surface bounded by the curve in the shape space.

Figure 2.5. Average displacement per period (∆X , in m) of the swimmer computed directly by
integration (in red) and using the circulation of the first-order approximation (2.13) of curl(ξ) (in
blue), plotted as a function of ω (in rad s−1), for ε = 0.3.

We calculate the net displacement over a periodic stroke by integrating the average
velocity of the spheres in the permanent regime, i.e. when the initial transient is
terminated. Figure 2.5 shows both the approximation of the displacement computed
using the formula ∆X =

∮
L ξ(L) · dL =

∫
Σ curl(ξ) · dS with the first-order expansion of

curl(ξ) given in (2.13), and the integration of Ẋ giving the exact displacement per period.
Here, a/ℓ = 0.05 and ε = 0.3, and we notice very a very small difference of about 5%
between the approximation with the numerical integration of the system over a wide
range of frequencies.

In Figure 2.6, we plot the swimmer’s displacement as a function of time, in the
permanent regime, when κ = k3/k1 = 10 and when κ = 0.1, for ω = {0.1, 1, 10} rad s−1.
The swimmer exhibits different behaviors depending on the frequency, namely, its
efficiency varies and, more importantly the direction of the motion changes.

To understand the variation of the swimmer displacement with the frequency, we
plot in Figure 2.7, the average (renormalized) displacement per period ∆X/l, as a
function of ω. Roughly speaking, the plot segregates two regimes that are separated by
the κ = 1 curve. In this latter situation, as we have already mentioned, both springs are
synchronized with the same amplitude due to the symmetry of the system. Thus, the
swimmer undergoes a reciprocal shape change and no displacement can be observed.
For κ > 1, ∆X/l has a positive maximum first, followed by a negative minimum, and
conversely for κ < 1. The average displacement per period approaches to zero as ω → 0

and ω → ∞ [74]. The maxima/minima of the curves imply a characteristic resonant
behavior where the displacement is maximum for a given frequency.
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Figure 2.6. The swimmer’s displacement ∆X (in m) plotted as a function of normalized time
t/T = t · ω/(2π) for κ = 0.1 and various ω.

Figure 2.7. Average displacement per period (∆X , in m) of the swimmer, plotted as a function
of ω (in rad s−1) for various κ.

Now, consider the case of κ = 0.1 in Figure 2.7. The displacement over one stroke
∆X is maximum at ω ≈ 0.5 rad s−1 and minimum for ω ≈ 5 rad s−1. Therefore, when
the right spring is much stiffer than the left spring, k3 ≫ k1, the swimmer moves to
the right for small frequencies and moves to the left for moderate frequencies. As k3
reduces and approaches k1, both extrema of ∆X reduce in magnitude and shift to larger
frequencies. For k1 = k3, there is no displacement. For k1 > k3 the scenario is opposite
with the minima of larger magnitude appearing first followed by the maxima of smaller
amplitude.

2.4 Conclusion

We have proposed and studied the dynamics of a four-sphere swimmer with two passive
elastic arms, activated by a central link that elongates and retracts periodically with
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amplitude ε and angular frequency ω. Thanks to interactions between elastic and
hydrodynamic forces, a phase difference between the oscillations of the active arm and
each spring is created, which value depends on the springs’ stiffness. When those are
different, it gives rise to a large range of frequencies at which the swimmer moves with
high efficiency. This phase differences enables the model to undergo non-reciprocal
shape changes, thus circumventing the Scallop Theorem’s obstruction [87].

Moreover, since there are two springs with different stiffnesses on each side of the
activated arm, depending on the driving frequency, the system undergoes a different
behavior. Indeed, playing with the oscillation frequency of the active arm can change the
system’s swimming direction, contrarily to what was shown in earlier works [74]. This
paves the way for controlling complex trajectories with simple artificial micro-swimmers
composed of spheres as in [8], [9], [12].
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3.1 Introduction

As stated by Purcell’s Scallop Theorem [87], reciprocal shape changes in a swimmer never
leads to a net displacement of the system in a low Reynolds number setting. Indeed, a
microscopic scallop opening and closing its valve would be completely unable to swim,
due to negligible inertial forces in this situation [31]. Several simple mechanisms have
then been introduced (see e.g. [60]) to overcome this obstruction, most of them using
two degrees of freedom in order to create closed curves with nonzero surface in the
shape space of the swimmer.

One of the simplest mechanisms introduced in the literature is probably Najafi and
Golestanian’s three-sphere swimmer [77], which consists in three spheres linked by two
extensible arms of negligible thickness, moving along a single direction. This model is
much simpler than Purcell’s original three-link swimmer [87], or Purcell’s rotator [35],
as there is no rotational motion involved. This swimmer has two degrees of freedom,
activated periodically in time with a phase lag in order to produce the loop. Both
Purcell’s and Najafi and Golestanian’s swimmers have been extensively studied in [4]–[7],
[10], [33].
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As an extension of this three-sphere swimmer, Montino and DeSimone then introduced
a three-sphere swimmer with a passive elastic arm [74]. This adaptation has only one
degree of freedom, which is the length of the non-elastic arm. Thanks to a resonant
effect at natural frequency of the system (which depends on the viscosity of the fluid,
the masses and the spring constant), an out-of-phase oscillation of the spring is created,
which ultimately leads to a net motion of the swimmer. However, at very low or very
high frequency, no net motion is possible after a stroke. Having this passive elastic
arm also confines net motion to only one direction on the swimming axis, swimming
direction is thus limited, and the swimmer can only move with its passive arm ahead.
This was also denoted by Passov [83], when looking at Purcell’s three-link swimmer
with a passive elastic tail.

In this paper, Montino and DeSimone’s swimmer is extended by adding a large
number N of passive elastic arms to their one-dimensional swimmer, thus turning it
into an (N + 2)-sphere swimmer. This simple swimmer then leads to a limit model with
an elastic tail resembling a one-dimensional flagella along which compressive waves
propagate.

The paper is organized as follows. In sect. 3.2, we describe the N -spring swimmer,
and its equations of motion, before looking at the limit model, when the number of
springs tends to infinity, in sect. 3.2.3. We prove the convergence of the discrete model
to the continuous one in sect. 3.3, using the fact that it is found to be a non-conventional
mass lumping discretization of the limit model. Sect. 3.4 introduces two formulas in
order to compute the net displacement of both swimmers, discrete and continuous.
Finally, in sect. 3.5 we study numerically the movement and displacement of our
swimmer depending on various system parameters, in order to find optimal swimming
parameters to obtain the largest net displacement possible.

3.2 Problem formulation and study: N -spring discrete model and its
continuous limit

The swimmer studied in this paper is an extension of the three-sphere swimmer with a
single passive elastic arm [74], to a swimmer with N + 2 spheres and N passive elastic
arms, presented in figure 3.1. The first arm of this artificial swimmer is a rod of negligible
thickness, surrounded by two spheres of radius a1. This arm has a prescribed periodic
movement around a length at rest L, of the form L0(t) = L(1+ ε̃ cos(ωt)) where ε̃ ∈ [0, 1)

is a non-dimensional parameter. ε̃ < 1 so that the active arm always has a positive length.
We define ε as ε = Lε̃. The rest of the swimmer has a total length at rest Λ that does
not depend on N . In order to keep a constant length and have an elastic force that does
not depend on N , all the other spheres have a radius a = ã/N , the springs have each a
rest length h = Λ/N ≫ a, and an elastic constant k = k̃N , with k̃ and ã prescribed and
independent of N .
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If the swimmer is able to control the length of the front rod with the prescribed
periodic function L0(t), the length of the N remaining springs are governed by the
balance of viscous and elastic forces. At any time t, the length Lj(t) of the j-th arm, j ≥ 1

is written as Lj(t) =
ℓj(t)
N + h. Let us then denote by µ the fluid viscosity, fFj and fRj the

hydrodynamic and elastic forces on the j-th sphere. We also call xj the coordinate of
its center, so that Vj = ẋj is the velocity of the j-th sphere. The geometry of the system
entails L̇j = Vj+2 − Vj+1 for all j = 0, . . . , N .

In order to effectively swim, ourN -spring swimmer undergoes periodic harmonic but
non-reversible deformations, just like the original swimmers from Najafi and Golestanian
[77], and Montino and DeSimone [74]. However, due to the geometry, we expect a wave
to propagate along the tail. This is the behaviour of this wave that we aim at describing
in the remainder of the paper.

Figure 3.1. Low Reynolds number swimmer with N elastic arms.

3.2.1 First approximations

In a first approximation, we consider the case where the hydrodynamic force on the j-th
sphere only depends on the speed of that same sphere, and neglect interactions between
spheres. This leads to the following set of equations on (fluid) forces and velocities: fFj = −6πµaVj for j ≥ 3,

fFj = −6πµa1Vj for j = 1, 2.
(3.1)

The elastic forces on each sphere can be written as:

fR2 = k(L1 − h) = k
ℓ1
N

fRj = k
(
(Lj−1 − h)− (Lj−2 − h)

)
,

= k
ℓj−1 − ℓj−2

N
for 3 ≤ j ≤ N + 1

fRN+2 = −k(LN − h) = −k ℓN
N
.

(3.2)
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At low Reynolds number, inertial forces are negligible. This, together with the fact
that the artificial swimmer is self-propelled, gives: fF1 + · · ·+ fFN+2 = 0,

fRj + fFj = 0 for j ≥ 3.
(3.3)

Using (3.1), (3.2) and (3.3), we obtain the expression of fluid forces on each sphere
with respect to the length of the adjacent arms. In particular, for the first two spheres:{

fF1 − fF2 = 6πµa1(V2 − V1) = 6πµa1L̇0,

fF1 + fF2 = fR3 + · · ·+ fRN+2 = −kℓ1/N,
(3.4)

which finally leads to: {
fF1 = 1

2(+6πµa1L̇0 − k̃ℓ1),

fF2 = 1
2(−6πµa1L̇0 − k̃ℓ1).

(3.5)

3.2.2 Movement of the spheres

In order to write the equations governing the system, we use equations (3.1-3.5) to find
ODEs on the elongation lj(t) of the j-th arm, for j ≥ 1. We first consider the case j ≥ 2.
Writing L̇j = Vj+2 − Vj+1 =

1
6πµa(f

R
j+2 − fRj+1), one deduces

ℓ̇j = Λ2K
ℓj−1 − 2ℓj + ℓj+1

h2
, 2 ≤ j ≤ N, (3.6)

where we have added a fictitious variable

ℓN+1 = 0 , (3.7)

and with K =
k̃

6πµã
.

To determine the equation for the first elastic arm, we use the fact that L̇1 = V3−V2 =
− 1

6πµa
fF3 +

1

6πµa1
fF2 to obtain, using equations (3.2) and (3.5):

hℓ̇1 = Λ2K
ℓ2 − ℓ1
h

− ΛKã

2a1
ℓ1 −

Λ

2
L̇0. (3.8)

We can easily verify that the ODE problem (3.6,3.7,3.8) is well-posed using Cauchy-
Lipschitz theorem, and provides a unique solution (ℓj(t))1≤j≤N+1 for any initial config-
uration.

Seeking for periodic (complex) solutions to equation (3.6) leads to

ℓj(t) = (αdγ
j−1
+ + βdγ

j−1
− )eiωt, (3.9)

where αd, βd ∈ C and

γ± =
i/(KωN

2) + 2±
√
∆

2
(3.10)
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and ∆ =
−1

K2
ωN

4
+

4i

KωN2
, whereKω =

K

ω
=

k̃

6πµãω
is an adimensional number. Notice

that |γ+| > 1 while |γ−| < 1. The constants αd and βd may be determined through the
boundary conditions. Namely assuming, from the linearity of the problem, ℓ1 = bde

iωt,
with bd ∈ C and recalling lN+1 = 0 enables us to write{

ℓ1(t) = bde
iωt = eiωt(αd + βd),

ℓN+1(t) = eiωt(αdγ
N
+ + βdγ

N
− ) = 0 ,

(3.11)

to finally obtain

αd =
−γN− bd

(γN+ − γN− )
, βd =

γN+ bd

(γN+ − γN− )
. (3.12)

Then, we use (3.8) to determine bd:

bd = − εi/2

i/N +NKω(1− zd) +Kω
ã

2a1

, (3.13)

where zd =
γN+ γ− − γN− γ+

γN+ − γN−
.

3.2.3 Limit model with an infinite number of springs

As we increase the number of springs in our swimmer, a limit model arises, with an
elastic-like tail, as shown in figure 3.2. This elastic tail compresses and dilates itself in
the same way that the springs do, following the active arm, in order to create a global
displacement of our swimmer.

Equations (3.6) and (3.8) can be viewed as a finite element discretization of a PDE,
which describes the continuous version of our swimmer. Limit expressions for this
PDE model are formally derived throughout this section while the convergence of the
N -spring model to the continuous model will be proven in Sect. 3.3.

Figure 3.2. Continuous model of the low-Reynolds-number elastic swimmer. Color variations
in the tail indicate compression and expansion of the swimmer.
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First, as h → 0 (N → ∞), ℓj−1 − 2ℓj + ℓj+1

h2
formally converges to a second order

derivative. More precisely, we introduce a new space variable yj = (j − 1)h for
1 ≤ j ≤ N + 1. The points yj are equally spaced and thus different from the previous
xj . Since y1 = 0, the y variable can be seen as a local space coordinate attached to the
second sphere, and we assume ℓ(yj) = ℓj for a smooth enough function ℓ. Passing to the
formal limit in (3.6) leads to a heat equation:

∂tℓ(y, t) = KΛ2∂yyℓ(y, t), ∀(y, t) ∈ [0,Λ]× R⋆
+. (3.14)

Concerning the boundary conditions, we first notice that ℓN+1 = 0 leads to ℓ(Λ, t) = 0

for all t > 0. As h→ 0, the equation (3.8) on ℓ1 formally becomes a Fourier-type boundary
condition:

Λ2K∂yℓ(0, t)− ΛK
ã

2a1
ℓ(0, t) =

Λ

2
L̇0(t), ∀t > 0.

Therefore, we finally obtain the following continuous problem:
Find ℓ ∈ C2([0,Λ]× R∗

+) such that ∀(y, t) ∈ (0,Λ)× R⋆
+,

∂tℓ(y, t)− Λ2K∂yyℓ(y, t) = 0,

Λ2K∂yℓ(0, t)− ΛK
ã

2a1
ℓ(0, t) =

Λ

2
L̇0(t),

ℓ(Λ, t) = 0.

(3.15)

3.2.4 Well-posedness of the problem

Equation (3.15) belongs to the class of problem for which the classical theory of parabolic
equations applies. Namely, calling

V =
{
u ∈ H1((0,Λ))|u(Λ) = 0

}
,

which is a Hilbert space with the scalar product (u, v)V =
∫ Λ
0 ∂yu ∂yv dy, the variational

formulation reads:
Let T > 0, find ℓ(y, t) ∈ L∞

t (0, T ;L2
y((0,Λ))) ∩ L2

t (0, T ;V) such that for all t ∈ (0, T )

and for all v ∈ V

d

dt

∫ Λ

0
ℓv dy + Λ2K

∫ Λ

0
∂yℓ ∂yv dy (3.16)

+
ΛKã

2a1
ℓ(0, t)v(0) = −Λ

2
L̇0(t)v(0)

with ℓ(y, 0) = ℓ0(y) ∈ L2((0,Λ)) a given initial data.
Defining the bilinear form κ in V × V as:

κ : (u, v) 7→ Λ2K

∫ Λ

0
∂yu(y)∂yv(y) dy +

ΛKã

2a1
u(0)v(0), (3.17)
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which is symmetric and coercive on V , well-posedness of the problem (3.16) follows
from standard results on parabolic equations (see e.g. [88]). Moreover, it is well known
that the solution ℓ(·, t) is of class C∞([0,Λ]) for any time t > 0.

3.2.5 Analytical periodic solutions

Let us now solve the system (3.15) using the following ansatz ℓ(y, t) = ℓ(y)eiωt. From
(3.14) we deduce the following equation:

iℓ = Λ2Kω∂yyℓ . (3.18)

The characteristic polynomial associated to (3.18) has two roots, r := 1 + i

Λ
√
2Kω

and

−r, which leads to the following solutions:

ℓ(y) = αery + βe−ry, (3.19)

with α, β ∈ C.
We then determine α and β using boundary conditions:

−(α+ β)
ã

2a1
+ Λr(α− β) =

iε

2Kω
,

αerΛ + βe−rΛ = 0,

i.e., 
α =

iε

2Kω

( ã

2a1
(e2rΛ − 1) + Λr(e2rΛ + 1)

) ,
β = −e2rΛα.

(3.20)

We notice that rΛ =
1 + i√
2Kω

only depends on Kω.

3.3 Convergence of the discrete model towards the continuous one

We first notice that the discrete problem (3.6) is a kind of non conventional mass-lumped
version of a finite element discretization of the continuous one (3.15). In order to clarify
this statement, we introduce the finite element setting. LetVh ⊂ V the space of continuous,
piecewise linear functions g on the one-dimensional partition Th = {y1, · · · , yN+1} of
(0,Λ), and that verify the Dirichlet boundary condition g(Λ) = 0. Let {Φj}j=1, N be
the standard basis for Vh consisting of the hat functions defined by Φj(yk) = δj,k for
1 ≤ j, k ≤ N .

Let ℓh ∈ Vh be the continuous, piecewise linear function such that for 1 ≤ j ≤ N + 1,
t > 0, ℓh(yj , t) = ℓj(t). Using the basic semi-discrete Galerkine method would lead to
the discretization of (3.21) in the matrix form:

d(MhLh)

dt
+KhLh = f̃(t), (3.21)
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withLh(t) = (ℓ1(t), · · · , ℓN (t))T . Similarly, f̃ = (−Λ
2 L̇0, 0, · · · , 0), (Mh)i,j =

Λ∫
0

Φi(y)Φj(y)dy

and (Kh)i,j = κ(Φi,Φj), where κ is defined in equation (3.17).
Computing explicitly the coefficients of the matrices Kh and Mh gives

(Kh)ij =


−Λ2K/h for |i− j| = 1,

2Λ2K/h for i = j ≥ 2 ,

Λ2K/h+ ΛKã/(2a1) for i = j = 1 ,

and

(Mh)ij =


h/6 for |i− j| = 1,

2h/3 for i = j ≥ 2 ,

h/3 for i = j = 1 .

The key observation is that Eqs. (3.6) and (3.8) are nothing but a mass-lumped dis-
cretization of (3.15) where the mass matrix Mh has been replaced by the diagonal
version

M̃h =

h 0
. . .

0 h

 .

Hence, ℓh actually solves

d(M̃hLh)

dt
+KhLh = f̃(t) , (3.22)

together with the initial condition

ℓh(0) = ℓ0,h ∈ Vh . (3.23)

The classical mass-lumped method, on the other hand, would have consisted in replacing
the tridiagonal mass matrix Mh by a diagonal matrix M̄h using an integration formula

on the vertices of the partition. Namely, using the trapezoidal formula
Λ∫
0

g ∼
(
1
2g(y1) +

N∑
j=2

g(yj)+
1
2g(yN+1)

)
h =

(
1
2g(y1)+

N∑
j=2

g(yj)
)
h, for a function g satisfying g(Λ) = 0 leads

to the mass-lumped matrix

M̄h =


h/2 0

h
. . .

0 h

 (3.24)

which differs from M̃h.
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We shall then study the ODE (3.22), (3.23) using the method presented in [100] which
provides us with a convergence result for the mass-lumped method with M̄h.

We introduce the two following inner products on Vh associated with M̄h and M̃h

respectively. Namely, for (uh, vh) ∈ Vh

⟨uh, vh⟩h =
h

2
uh(y1)vh(y1) + h

N∑
j=2

uh(yj)vh(yj)

and

(uh, vh)h = h
N∑
j=1

uh(yj)vh(yj) .

We also call ∥ · ∥h the norm associated to (·, ·)h, while the L2 norm and inner products
are denoted by ∥ · ∥ and (·, ·) respectively. Gerschgörin Theorem applied to Mh shows
the equivalence of the norms ∥ · ∥ and ∥ · ∥h on Vh uniformly in h, and, more precisely, we
have the estimate, valid for all vh ∈ Vh

1

6
(vh, vh)h ≤ (vh, vh) ≤ (vh, vh)h ,

from which we also deduce

hvh(y1)
2 ≤ ∥vh∥2h ≤ 6∥vh∥2 . (3.25)

Finally, we introduce, for uh, vh ∈ Vh, δh(uh, vh) = (uh, vh)h− (uh, vh) the quadrature
error.

Lemma 3.3.1 (First estimates).

Let uh, vh ∈ Vh. We have, for h sufficiently small:

|δh(uh, vh)| ≤ Ch∥∂yuh∥∥∂yvh∥, (3.26)

|δh(uh, vh)| ≤ C
√
h∥∂yuh∥∥vh∥ (3.27)

for a constant C that does not depend on uh, vh or h.

Proof. In all what follows, C denotes a constant that may vary from line to line, being
always independent of h. Let uh, vh ∈ Vh. We write |δh(uh, vh)| ≤ |(uh, vh)h−⟨uh, vh⟩h|+
|⟨uh, vh⟩h − (uh, vh)|. Thomée [100] provides us with an estimate of the error between
⟨uh, vh⟩h and (uh, vh), namely,

|⟨uh, vh⟩h − (uh, vh)| ≤ Ch2∥∂yuh∥∥∂yvh∥

and
|⟨uh, vh⟩h − (uh, vh)| ≤ Ch∥∂yuh∥∥vh∥
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for some constant C > 0 that does not depend on uh, vh or h. The latter estimate is
obtained by an inverse inequality.

It remains to estimate the term δ̃h(uh, vh) = (uh, vh)h − ⟨uh, vh⟩h.
We notice that:

|δ̃h(uh, vh)| =
h

2
|uh(y1)vh(y1)| (3.28)

=
h

2

∣∣∣∣∫ Λ

0
∂yuh(y) dy

∣∣∣∣ ∣∣∣∣∫ Λ

0
∂yvh(y) dy

∣∣∣∣
≤ hΛ

2
∥∂yuh∥∥∂yvh∥ . (3.29)

Similarly, (3.28) together with (3.25) gives:

|δ̃h(uh, vh)| ≤ C
√
h∥∂yuh∥∥vh∥. (3.30)

This yields (3.26) and (3.27).

theorem 3.3.1 · Convergence in L2 norm

If ℓ and ℓh are solution to (3.16) and (3.22), (3.23) respectively, and ℓ0 ∈ H2((0,Λ)),
we have, for all t ≥ 0,

∥ℓh(t)− ℓ(t)∥ ≤ C∥ℓ0,h − ℓ0∥+ Ch2(∥∂yyℓ0∥+ ∥∂yyℓ(t)∥)Ch
(

t∫
0

∥∂ytℓ∥2ds
)1/2

.

Proof. Let Rh be the Ritz projector from V on Vh, associated with κ(·, ·). Namely, for
g ∈ V , Rhg is defined by

κ(Rhg, vh) = κ(g, vh)

for all vh ∈ Vh. We write ℓh − ℓ = (ℓh −Rhℓ) + (Rhℓ− ℓ) = θh + ρ (Notice that θh ∈ Vh).
Standard estimations show that ρ(t) satisfies ∥Rhℓ−ℓ∥ ≤ Ch2∥∂yyℓ∥. In order to estimate
θh, we write, for all χh ∈ V

(∂tθh, χh)h + κ(θh, χh) = (∂tℓh, χh)h + κ(ℓh, χh)− (∂tRhℓ, χh)h − κ(Rhℓ, χh)

= (f, χh)− (∂tRhℓ, χh)h − κ(ℓ, χh)

= (∂tℓ, χh)− (∂tRhℓ, χh)h

= −(∂tρ, χh)− δh(∂tRhℓ, χh). (3.31)

Setting χh = θh, we obtain

1

2

d

dt
∥θh∥2h + κ(θh, θh) = − (∂tρ, θh)− δh (∂tRhℓ, θh) .
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Here, we have at once, using Cauchy-Schwarz and Poincaré inequalities:

|(∂tρ, θh)| ≤ ∥∂t(ℓ−Rhℓ)∥ ∥θh∥
≤ Ch ∥∂ytℓ∥ ∥θh∥
≤ Ch ∥∂ytℓ∥ ∥∂yθh∥.

Using the first equation of lemma 3.3.1, and the fact that ∥∂yRhu∥ ≤ C∥∂yu∥, we also
obtain

|δh (∂tRhℓ, θh)| ≤ Ch ∥∂ytRhℓ∥ ∥∂yθh∥
≤ Ch ∥∂ytℓ∥ ∥∂yθh∥ ,

from which we deduce that

1

2

d

dt
∥θh∥2h + κ(θh, θh) ≤ Ch ∥∂ytℓ∥ ∥∂yθh∥

≤ κ(θh, θh) + Ch2 ∥∂ytℓ∥2 ,

using the coercivity of κ(·, ·) on V . We therefore infer

∥θh(t)∥2h ≤ ∥θh(0)∥2h + Ch2
∫ t

0
∥∂ytℓ∥2 ds .

We now recall that ∥ · ∥h and ∥ · ∥ are equivalent norms on Vh, uniformly in h, and hence

∥θh(t)∥ ≤ C∥θh(0)∥+ Ch

(∫ t

0
∥∂ytℓ∥2 ds

)1/2

.

Here ∥θh(0)∥ = ∥ℓ0,h −Rhℓ0∥ and

∥ℓ0,h −Rhℓ0∥ ≤ ∥ℓ0,h − ℓ0∥+ ∥ℓ0 −Rhℓ0∥
≤ ∥ℓ0,h − ℓ0∥+ Ch2∥∂yyℓ0∥,

whence θh(t) is bounded as desired.

theorem 3.3.2 · Convergence in H1 norm

If ℓ and ℓh are solution to (3.16) and (3.22), (3.23) respectively we have, for t ≥ 0,

∥∂y(ℓh − ℓ)(t)∥ ≤ Ch(∥∂yyℓ0∥+ ∥∂yyℓ(t)∥) + C∥∂y(ℓ0,h − ℓ0)∥

+C
√
h

 t∫
0

∥∂ytℓ∥2ds

1/2

.

Proof. We now set χh = ∂tθh in equation (3.31) for θh to obtain:

∥∂tθh∥2h +
1

2

d

dt
κ(θh, θh) = −(∂tρ, ∂tθh)− δh(Rh∂tℓ, ∂tθh).
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Here, as in the proof of theorem 3.3.1,

|(∂tρ, ∂tθh)| ≤ ∥∂t(ℓ−Rhℓ)∥∥∂tθh∥ ≤ C
√
h∥∂ytℓ∥∥∂tθh∥.

Further, by the second line of lemma 3.3.1,

|δh(∂tRhℓ, ∂tθh)| ≤ C
√
h∥∂ytRhℓ∥∥∂tθh∥

≤ C
√
h∥∂ytℓ∥∥∂tθh∥.

Using again the equivalence between the norms ∥ · ∥h and ∥ · ∥ on Vh, we conclude:

∥∂tθh∥2h +
1

2

d

dt
κ(θh, θh) ≤ C

√
h∥∂ytℓ∥∥∂tθh∥h

≤ ∥∂tθh∥2h + Ch∥∂ytℓ∥2 ,

so that, after integration, and using the coercivity of κ(·, ·) on V

∥∂yθh(t)∥ ≤ C∥∂yθh(0)∥+ C
√
h

 t∫
0

∥∂ytℓ∥2ds

1/2

≤ ∥∂y(ℓ0,h − ℓ0)∥+ Ch∥∂yyℓ0∥+ C
√
h

 t∫
0

∥∂ytℓ∥2ds

1/2

.

This, together with the standard estimate for ∂yρ(t) completes the proof.

We proved the convergence of the discrete N -spring swimmer to the continuous
model we formally derived in the previous section. Note that we obtain only a first-
order (resp. half order) convergence in L2 norm (resp. H1 norm) while the standard
estimations for the mass-lumping method leads to a second-order (resp. first order)
convergence . This is due to the Fourier-type boundary condition at 0 which differs from
the classical Dirichlet boundary condition used in [100].

3.4 Mathematical expression of the displacement

3.4.1 Net displacement of the N -spring swimmer

We seek the swimmer’s displacement by looking at the displacement of the first of the
largest sphere, meaning we only compute V1 = ẋ1, and integrate over a period (0, 2π/ω).

Taking into account the hydrodynamic interactions due to the ith-sphere with
i ∈ {2, · · · , N + 2} on the first sphere, we have

V1 =
1

6πµa1
fF1 +

1

4πµL0
fF2 +

1

4πµ

N+2∑
i=3

fFi
L0 + L1 + · · ·+ Li−2

Using expressions (3.2) and (3.5), we obtain



MATHEMATICAL EXPRESSION OF THE DISPLACEMENT 55

V1 =
1

2
L̇0 −

ã

2a1
Kℓ1 −

3a1L̇0

4L0
− 3Kãℓ1

4L0
+

3ãK

2

N∑
j=1

ℓj − ℓj+1

j∑
i=0

Li

, (3.32)

where we recall that, by convention, ℓN+1 = 0.
Finally, by integrating over one period, and noticing that both ℓ2 and L̇1/L1 have a

vanishing time-average, we obtain, for any value of h = Λ/N , the displacement of the
corresponding N -spring swimmer:

∆hx1 =

2π/ω∫
0

[
− 3Kãℓ1

4L0
+

3ãK

2

N∑
j=1

ℓj − ℓj+1

j∑
i=0

Li

]
dt (3.33)

3.4.2 Net displacement of the limit model

We may find an expression for the displacement of the limit model as h tends to 0, by
passing to the limit in the preceding expression.

Indeed, for h and y given, we define jh(y) the unique integer such that jh(y)h ≤ y ≤
(jh(y) + 1)h. Then, defining χh the function

χh(y, t) =
1

L0(t) + · · ·+ Ljh(y)+1(t)
,

we may write

∫ 2π/ω

0

N−1∑
j=0

ℓh(jh, t)− ℓh((j + 1)h, t)
j+1∑
i=0

Li

dt = −
∫ 2π/ω

0

∫ Λ

0
∂yℓh(y, t)χh(y, t) dy dt ,

where ℓh is the piecewise linear function defined in the previous section.
Finally, the displacement ∆hx1 of the N -spring swimmer during one time period

can be rewritten as

∆hx1 =

2π/ω∫
0

[
− 3Kãℓh(0, t)

4L0(t)
− 3ãK

2

∫ Λ

0
∂yℓh(y, t)χh(y, t) dy

]
dt .
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Now, using the fact that jh(y)h → y when h → 0, together with the L2 and H1

convergence of ℓh to ℓ, we obtain that, for any y and t,

χh(y, t) =
1

L0(t) + (jh(y) + 1)h+
h

Λ

j∑
i=0

ℓh(ih, t)

−→
h→0

1

L0(t) + y +

y∫
0

ℓ(t)

Λ

=: χ(y, t)

Moreover 0 ≤ χh(y, t) ≤ maxt
1

L0(t)
= 1

L(1−ε̃) , shows that χh is uniformly bounded.
Therefore, using dominated convergence theorem, we deduce that χh converges to χ in
L2(0, 2π/ω; (0,Λ)) as h tends to 0.

Using the convergence theorems proven in the preceding section, we may pass to the
limit h→ 0 in ∆hx1, and obtain the following expression for the displacement during
one period for the limit model

∆x1 =

2π/ω∫
0

Λ∫
0

−3Kã

2
∂yℓ(y, t)

(
L0(t) + y +

y∫
0

ℓ

Λ

)−1

dy dt−
2π/ω∫
0

3Kãℓ(0, t)

4L0
dt .

(3.34)

3.5 Numerical experiments

In this section, we numerically study the discrete model’s convergence towards the
continuous one. Then, we investigate the influence of the two parameters ω and ε̃ on
the system and on its displacement, while the rest of the swimmer is determined by the
values in table 3.1. All simulations are achieved using Matlab. We consider here that
the default length L of the active arm is small compared to the rest of the swimmer. The
first sphere thus acts like the head of a sperm cell, and the active arm like a link between
the head and the flagella, which gives a signal so that the rest of the system oscillates.

Table 3.1. Values of the parameters used in the numerical simulations, matching those of [74].
We have taken for µ the dynamic viscosity of water at 25◦C.

ã 1 · 10−5m
a1 1 · 10−5m
Λ 4 · 10−4m
L 3 · 10−5m

k̃ 1 · 10−8Nm−1

µ 8.9 · 10−4 Pa s
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3.5.1 Convergence of the discrete models to the continuous one

We investigate numerically the convergence estimations obtained in section 3.3. We
recall that the continuous solution ℓ solves the heat equation PDE with the Fourier-type
boundary conditions (3.15). We consider, in this section, periodic forcing for which
explicit solutions are given by (3.19, 3.20).

Convergence of the N -spring discrete model · We recall that the discrete solution ℓh is the
P 1 discrete function based on the (ℓi)i solution to the N -spring ODE system (3.6,3.7,3.8).
This discrete system corresponds to a semi-discretization in space of the continuous
model, based on a non conventional mass-lumping method. The solution (ℓi)i of the
discrete problem in the periodic setting is given in equations (3.9,3.10,3.12,3.13).

The space step h (or equivalently the number of springs N ) being given, the discrete
error is defined as the error between ℓh and the P 1 interpolation of ℓ. We plot in figure 3.3,
the L2 (resp. H1) error denoted by eh,L2 (resp. eh,H1).
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Figure 3.3. L2 and H1 errors between the N -spring discrete model and the continuous one
as a function of the number of springs in log scale, in the (2π/ω)-periodic case, for ε̃ = 0.7 and
ω = 1 rad · s−1.

We observe that the L2 error converges with order one, as expected from theo-
rem 3.3.1. Concerning the H1 error, we observe a superconvergence phenomenon: as
the L2 error, it converges at order 1, while theorem 3.3.2 predicts a convergence at order
1/2. This can be explained by the regularity of the considered periodic solution.

Influence of mass-lumping · As mentioned earlier, the N -spring model turns out to be a
discretization in space of the continuous problem (3.15), based on an unconventional
mass-lumping method. The convergence proof that we proposed in section 3.3 is
based on the results of Thomée [100]. He shows that, for a standard mass-lumping
discretization, the usual order of convergence for finite elements is obtained: convergence
of order 2 for the L2 error and 1 for the H1 error.

We investigate here the influence of the space discretization, by comparing the
N -spring model (3.22), solved numerically this time, to the classical mass-lumping
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method (3.24) and the standard Galerkin finite element method (3.21). Again we
consider the periodic framework for which the exact solution is available. The time
discretization of the three ODE systems is achieved using a Crank-Nicolson scheme
for which the time step is chosen to be small enough so that the error due to the time
discretization is negligible.

The corresponding L2 (resp. H1) error is given on figure 3.4 (resp. figure 3.5). We
can see that, as expected, the L2 error converges at order 1 for the N -spring model,
while it converges at order 2 for both the classical mass-lumping method and the
standard Galerking discretization. Again, due to the regularity of the solutions, a
super-convergence phenomenon of the H1 error is observed for all three methods: as
the L2 error, it converges at order 1 for the N -spring model and order 2 for the other two
discretizations.
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Figure 3.4. L2 error between the continuous model and our mass-lumping method, as a function
of the number of springs, in log scale.
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Figure 3.5. H1 error between the continuous model and our mass-lumping method, as a
function of the number of springs, in log scale.
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3.5.2 Swimming strokes

In this section, we investigate the swimming ability of theN -spring swimmer. The stroke
being periodic, we use the explicit solutions given in section 3.2.2. The computations are
achieved for N = 2, 000 springs.
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Figure 3.6. Movement of the whole 2, 000-springs swimmer during a full stroke, at different
time stamps T , for ω = 1 rad · s−1 and ε̃ = 0.7.

Deformation of the swimmer · Figure 3.6 shows a full stroke of the swimmer, in which we
notice that a wave is propagating along its tail. Remember that this wave is a contraction
wave along the horizontal tail. This tail appears to be oscillating fairly efficiently for the
side close to the head, while the amplitude of the contraction decays considerably on the
second half of the tail.

The movement shown corresponds to the stretch of ℓj , and not to the actual defor-
mation which would be ℓj/N , for all 1 ≤ j ≤ N . We thus remark that this deformation
is relatively small compared to the size of the artificial swimmer, which matches the
approximation of small deformations that we made in the first place.

Displacement · In this section, we study the influence of the parameters ε̃ and Kω on the
swimmer’s displacement (3.33), in order to maximize its absolute value.

In figure 3.7, we plot the displacement of the swimmer as a function of time, for
different values of ε̃. The displacement is computed through numerical integration of
equation (3.33). The graph shows that the swimmer globally swims backwards, and we
recognize the back and forth motion which is characteristic of low Reynolds number
artificial swimmers. A larger amplitude ε̃ of the forcing leads to a larger displacement
and we observe (see figure 3.8), that ∆x1 is proportional to ε̃2, which is what is expected
in theory (similar behaviors are observed, e.g., in [15], [16], [35] and explained as the
surface of loops in the space of shapes [5]).

As we want to maximize ∆x1 while having ε̃ < 1, we choose a fixed value ε̃ = 0.7

which, although arbitrary, allows for an easier comparison to Montino and DeSimone’s
results [74], as they made a similar parameter choice.



60 A LIMITING MODEL FOR A LOW-REYNOLDS NUMBER SWIMMER WITH N PASSIVE ELASTIC
ARMS

0 5 10 15 20 25 30 35
-12

-10

-8

-6

-4

-2

0

2
10

-4

Figure 3.7. Displacement of the 2, 000-spring swimmer against time t, for different values of ε̃.
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Figure 3.8. Displacement of the 2, 000-spring swimmer depending on ε for an arm oscillating
frequency ω = 1 rad/s compared to y = ε̃2, in log-scale.
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Figure 3.9. Displacement of the 2, 000-spring swimmer depending on Kω , for different values
of ε̃.

Figure 3.9 shows ∆x1 depending on Kω, for different values of ε̃. At any fixed
Kω, we observe once again that larger ε̃ leads to larger ∆x1. We first observe that, if
Kω → ∞, the net displacement of the swimmer vanishes. According to the expression
of Kω, this is the case for example when ω → 0: the oscillation disappears, immobilizing
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the artificial swimmer. This can also happen when k̃ → ∞: the springs become so
rigid that the tail of the swimmer can no longer deform. In that case, the swimmer
has only one degree of freedom left to deform and faces Purcell’s Scallop theorem’s
obstruction. Similarly, letting Kω → 0 immobilizes the swimmer. An optimal value
K

opt
ω for the non-dimensional parameter is reached between these two limiting cases,

in order to maximize the displacement on one time period. According to the figure,
K

opt
ω ≃ 0.3765. A complete mathematical expression of Kopt

ω does not seem available,
due to the largely nonlinear nature of the problem contrarily to the final expression
obtained in [74]. A pair of optimal values for ω and k to obtain thisKopt

ω are ω = 1 rads−1

and k̃ ≃ 6.207 · 10−8Nm−1. Moreover, the expression of Kω guarantees that ω must
vary proportionally to k̃ for the pair (k̃, ω) to remain at the optimum. Indeed, the softer
the spring, the slower the first arm needs to oscillate in order to generate a large movement.

Looking at the other parameters separately, we can also clearly see from equation
(3.33), that the displacement depends linearly on ã, which is predictable. However, this
parameter has a direct consequence on the size of the artificial swimmer and must stay
in a reasonable range (in our case no more than 1e−5m) so that the swimmer stays at
microscopic scale.

Finally, we notice that the value of Λ and the ratio a1/ã has little to no influence on
the previous analysis. We therefore keep for those parameters values that seem coherent
with the scale we are working at, and that match with numerical experiments provided
in [74].

3.6 Conclusion

We analyzed the dynamics of two low-Reynolds-number swimmers. The first one,
which is an extension of [74], is made of N passive springs, and the second one is the
corresponding limit model with an elastic tail. Both are activated by an active arm that
elongates and retracts periodically with amplitude ε and angular frequency ω.

Noting that theN -spring swimmer is a non-conventional mass lumping discretization
of the limit model, we proved its convergence, whenN tends to infinity, to the continuous
model, by extending the results of Thomée [100] to the case of a Fourier-type boundary
condition. For both swimmers, a phase difference between the oscillations of the active
arm and the tail is created by the interaction between elastic and hydrodynamic forces.
Then, both models undergo non-reciprocal shape changes and thus circumvent Scallop
Theorem’s obstruction [87]. Numerical simulations indeed show a wave propagating
along the swimmers’ tails. Similarly to what was shown in [74], our models are able to
swim but there is no control over the swimming direction.

Then, we focused on computing the net displacement over a time period of the
swimmer in both cases, in view of its optimization. We obtain explicit formulae for this
displacement as a function of the local elongation during the stroke. We numerically
recover the classical back and forth swimming and the second-order scaling of the
displacement as a function of the maximum elongation of the forcing active arm.
Moreover, we highlight a dimensionless parameter Kω, driving the movement of the
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swimmer when its geometry (Λ, a, a1) is given. Some optimal values for this parameter
can be estimated by numerical experiments.

Lastly, we noticed that, similarly to the behavior of Machin’s swimming rod [73], the
deformations of both our swimmers is rapidly attenuating along their passive parts,
which suggests that some form of activation is needed in order to mimic the type of
behavior observed in nature.



Bravo !



Tiny currents swirl,
Microswimmers drift and dive,
Life in silent waves.

ChatGPT



4 The N -link model for slender rods in a viscous
fluid: well-posedness and convergence to classical
elastohydrodynamics equations

This chapter reproduces a paper in preparation, written in collaboration with François
Alouges, Aline Lefebvre-Lepot and Clément Moreau.
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4.1 Introduction

Flexible fibers are ubiquitous in nature, particularly at microscale, playing key roles as
flagella and cilia for microbiological locomotion [59] and structural components of cell
membranes, polymer chains [25], and micro-robotics [21].

The dynamics of a slender filament in a fluid is governed by the intricate coupling
between mechanical properties of the deformable filament, and hydrodynamic interac-
tions between the filament and the fluid. In addition, internal or external effects such
as gravity, magnetic field or internal activity can yield a broad range of behaviors like
undulating, twisting or knotting.

Casting this fluid-structure interaction problem as a set of equations requires various
modeling assumptions [36], [72], going from a full 3D description of both filament and
fluid to simplifications pertaining to the filament slenderness and the specificities of
low-Reynolds number hydrodynamics. In the slender limit, for planar motion, and
neglecting effects of internal shear, elastic restoring torque is linearly related to local
curvature and bending stiffness according to Euler-Bernoulli beam theory [13], [101].

For the treatment of hydrodynamics, Resistive Force Theory (RFT) [46], first developed
in the 1950s and which approximates the local drag as a linear anisotropic operator
related to the local velocity, remains to this day a prominently popular choice as a simple
approximation with satisfying accuracy [111]. Non-local models, often termed as slender
body theory (SBT), and regularized Stokeslet methods typically provide higher accuracy
in cases where it is warranted [78], [101].

Combining these fundamental modeling assumptions, we thus focus on a 1D, planar,
inextensible Euler-Bernoulli rod in a viscous fluid modeled through RFT. The equations
for the dynamics of the position and shape of the filament form a fourth-order nonlinear
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partial differential equation (PDE) system, which is considered as standard in the
filament elastohydrodynamics literature [13], [49], [59].

The nonlinear terms arising from the inextensibility constraint make the filament
elastohydrodynamics equations notoriously tricky to solve numerically with reasonable
levels of accuracy and computational efficiency [41]. To avoid the computational burden
of solving PDEs, a range of approximate models for the elastic filament have been
developed, sharing the idea of reducing system dimension by replacing the continuous
elastic body with a collection of rigid parts connected by elastic junctions. Commonplace
examples include the N -beads formulation, for which the filament is seen as a chain
of spheres, and the N -link, for which it is seen as a chain of slender, straight rods. It is
worth noting that these models not only constitute approximations of a flexible fiber,
but also exactly describe the structure of some flexible micro-robots built as an assembly
of magnetic parts [3], [75], [84].

The N -link model relies on analytic integration of the hydrodynamic force density
carried on individual segments. Then, the dynamics are reduced to those of a first-order
differential algebraic system, considerably reducing the computational cost for numerical
simulation and allowing further refinements on dealing with hydrodynamics [103] and
obstacles [38], [93].

Whether it is on the PDE formulation or its discrete N -link approximation, mathe-
matical analysis of elastohydrodynamics is relatively scarce, with the first well-posedness
(existence and uniqueness of the solution for a given initial data) result in the continuous
case having been stated only recently by Mori & Ohm [76]. Relying on the Banach
fixed point theorem, the authors establish global existence of solutions in L2 for small
initial data and local existence of solutions for arbitrary initial data. On the other hand,
justification of existence and uniqueness of the solutions of theN -link system is currently
lacking. Furthermore, despite the reasonable physical grounds for approximating a
flexible fiber by a collection of small rigid segments and the observable and quantifiable
numerical convergence of the N -link system’s solution towards that of the continuous
model [75], no formal proof of convergence between both models as N approaches
infinity is available to the best of our knowledge.

In this paper, we address both these questions and rigorously establish the well-
posedness of theN -link equations (Theorem 4.2.1), and the convergence (up to extraction
of a subsequence) of this solution in suitable functional spaces towards the solution of
the continous elastohydrodynamics equations (Theorem 4.2.2).

Both proofs follow classical blueprints. Theorem 4.2.2 for free boundary conditions
is an application of the Cauchy-Lipschitz theorem, which requires verifying that
the hydrodynamic resistance matrix is invertible. An extension to other standard
boundary condition is then derived using bounds obtained from a key energy dissipation
formula (Lemma 4.3.1). For Theorem 4.2.2, in order to connect the finite- and infinite-
dimensional variables of both systems, we define piecewise-affine and piecewise-
continous interpolates of the N -link system variables (position, orientation, force and
moments) and derive uniform bounds in N for each of them. In most cases, these
bounds are a direct consequence of the energy dissipation estimate. Interestingly, the
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discrete tangent vector e∥, which encapsulates the inextensibility condition, requires
strong convergence inL2((0, T );L4(0, L)), where T > 0 is any fixed time andL stands for
the length of the filament, which we obtain as an application of the Aubin-Lions-Simon
lemma [14].

The paper is structured as follows. In Section 4.2, we describe the continuous
model, its coarsed-grainedN -link companion and state both Theorems mentioned above.
Section 4.3 is dedicated to establishing the energy dissipation formula. Relying on this,
the proofs of Theorems 4.2.1 and 4.2.2 are conducted respectively in Sections 4.4 and 4.5.
Finally, we discuss the results and list a few open problems in Section 4.6.
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Figure 4.1. Diagram and notations for (a) the continuous elastohydrodynamic flagellum model
and (b) the N -link model.

4.2 Problem formulation and main results

4.2.1 Continuous model

We consider a passive inextensible elastic filament of length L > 0 undergoing planar
deformations in a fluid at a low Reynolds number, parametrized by

r :

{
R+ × [0, L] → R2

(t, s) 7→ r(t, s)

where s is the filament arclength and t the time, as shown in Figure 4.1(a). Two types
of forces are experienced by the filament: contact forces n(t, s) inside the filament, and
external forces, characterized by a force density f(t, s), along with contact moments
m(t, s). The filament is then classically defined by the following system of equations [13]

ns + f = 0,

ms + rs × n = 0,

m = Eθsez = Erss × rs,

|rs|2 = 1,
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where θ(t, s) is defined as the angle between the x axis and the tangent vector to the

filament e∥, with e∥ = rs(t, s) :=
∂r

∂s
(t, s), and contact moments are linked to the angle

via a bending stiffness E > 0. The first two equations are the force and torque balance
on the system, and external moments are neglected. The filament is supposed to
be inextensible, unshearable and hyperelastic. The bending moment is thus linearly
related to the local curvature, hence the third equation, while the fourth one models the
inextensibility.

Using Resistive Force Theory, the density of external forces can be expressed as:

f(t, s) = −c⊥(e⊥ · ṙ)e⊥ − c∥(e∥ · ṙ)e∥ = C(θ(t, s))ṙ, (4.1)

with e∥ = (cos(θ), sin(θ))⊺, e⊥ = (− sin(θ), cos(θ))⊺ and where c∥ > 0 and c⊥ > 0

such that c∥ ̸= c⊥ are the parallel and perpendicular drag coefficients, respectively,

ṙ(t, s) :=
∂r

∂t
(t, s). Finally,

C(θ) = −

[
c⊥

(
− sin θ

cos θ

)(
− sin θ , cos θ

)
+ c∥

(
cos θ

sin θ

)(
cos θ , sin θ

)]
(4.2)

is a negative definite 2× 2 matrix, depending regularly on the variable θ.
To end the description of the model, it remains to choose the boundary conditions

at s = 0 and s = L for any time t > 0. While the filament remains free in s = L (i.e.
n(t, L) = 0 and m(t, L) = 0), we investigate various configurations for the other end
s = 0 :

⋄ Either the filament is free, i.e. n(t, 0) = 0 and m(t, 0) = 0;
⋄ Or the filament is pinned, meaning m(t, 0) = 0 and ṙ(t, 0) = 0. In this case, the

extremity is fixed but the filament is free to rotate around it;
⋄ Or it can also be clamped, i.e. ṙ(t, 0) = 0 and θ̇(t, 0) = 0. The extremity has a fixed

position and orientation.
The following system of equations is presented for a filament free at both ends but can
then be adapted accordingly, by changing the third and fourth lines of equations. The
continuous model thus finally reads

ns +C(θ)ṙ = 0,

ms + rs × n = 0,

n(0) = n(L) = 0,

m(0) = m(L) = 0,

m = Eθsez = Erss × rs,

|rs|2 = 1.

(4.3)
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4.2.2 N -link model

We now introduce the discrete filament model, the N -link swimmer [2], [75], shown
in Figure 4.1(b). The swimmer, embedded in the fluid, is composed of N discrete
segments of size ∆s = L/N , and can be interpreted as a coarse-grained version of
Figure 4.1(a). The extremities of the i-th segment, for 1 ≤ i ≤ N , are at positions
ri(t) and ri+1(t). The unit vector parallel to the i-th segment is then defined by

ei,∥(t) =
ri+1(t)− ri(t)

∆s
= (cos θi(t) , sin θi(t))

⊺, calling θi the angle between ex and ei,∥.
At each point ri(t), we define a contact momentmi(t) and a contact force (on the (i−1)-th
link) ni(t). The relation between the angles and the elastic torque, and the inextensibility
condition, then read

mi+1(t) = κ(θi+1(t)− θi(t))ez, 1 ≤ i ≤ N − 1,

|ri+1(t)− ri(t)|
∆s

= 1, 1 ≤ i ≤ N,

where the elastic constant is defined as κ = E/∆s in order to be consistent with the
previous continuous model. Here, although in ei,∥, the θis are defined modulo 2π, in the
equation on mi+1, the choice of a representative for θi modulo 2π is essential.

We call fext,i(t) the external fluid force exerted on the i−th segment. In order to
compute it using the Resistive Force Theory (see (4.1)), we parametrize the swimmer
using its arclength coordinate as

rh(t, s) = ri(t) + (s− (i− 1)∆s)
ri+1(t)− ri(t)

∆s
, (4.4)

for s ∈ Li = [(i− 1)∆s, i∆s] and 1 ≤ i ≤ N , which is the linear interpolate between ri(t)
and ri+1(t) on the i-th segment. Then, fext,i is given by

fext,i(t) =

∫
Li

C(θi) ṙ
h(t, s) ds

= ∆s C(θi) ṙi+ 1
2
(t) ,

where we used the notation ri+1/2 =
ri + ri+1

2
, and the force balance on the i-th segment

reads
∆sC(θi) ṙi+ 1

2
(t) + ni+1(t)− ni(t) = 0. (4.5)
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Similarly, the external fluid torque can be computed as (omitting the dependence in
time for brevity)

mext,i =

∫
Li

rh ×C(θi) ṙ
h ds

=

∫
Li

(rh − ri+1/2)×C(θi) (ṙ
h − ṙi+1/2) ds+∆s ri+1/2 ×C(θi) ṙi+1/2

=

∫
Li

(ri+1 − ri)×C(θi) (ṙi+1 − ṙi)

(
1

2
+
s− (i− 1)∆s

∆s

)
ds+∆s ri+1/2 ×C(θi) ṙi+1/2

= −∆s3

12
c⊥θ̇iez +∆s ri+1/2 ×C(θi) ṙi+1/2

and the torque balance equation on the i−th segment then reads

−∆s3

12
c⊥θ̇iez +∆s ri+1/2 ×C(θi) ṙi+1/2 +mi+1 −mi + ri+1 × ni+1 − ri × ni = 0 .

Using the force balance equation (4.5), together with the definition of ei,∥, this simplifies
to

mi+1 −mi +∆s ei,∥ ×
ni+1 + ni

2
− ∆s3

12
c⊥θ̇iez = 0 .

To complete the system, there remains to choose the boundary conditions for the
N -link swimmer at any time t > 0. We always consider the swimmer free at one end,
more specifically, mN+1(t) = 0 and nN+1(t) = 0. As for the continuous filament, we
investigate three types of boundary conditions for the N -link swimmer

⋄ Either the swimmer is free, i.e. n1(t) = 0 and m1(t) = 0;
⋄ Or the N -link swimmer is pinned, meaning m1(t) = 0 and ṙ1(t) = 0;
⋄ Or it can also be clamped, i.e. ṙ1(t) = 0 and θ̇1(t) = 0.
Finally, collecting the preceding equations, the complete system for the N−link

swimmer reads as, for free boundary conditions at both ends

ni+1 − ni +∆sC(θi) ṙi+1/2 = 0, 1 ≤ i ≤ N,

mi+1 −mi +∆s ei,∥ ×
ni+1 + ni

2
− ∆s3

12
c⊥θ̇iez = 0, 1 ≤ i ≤ N,

n1 = nN+1 = 0,

m1 = mN+1 = 0,

mi+1 =
E

∆s
(θi+1 − θi)ez, 1 ≤ i ≤ N − 1,

|ri+1 − ri|
∆s

= 1, 1 ≤ i ≤ N.

(4.6)

The system of equations (4.6) can easily be written for pinned or clamped boundary
conditions, by replacing the third and fourth lines of equations.
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Using the definitions of (θi)i and (ei,∥)i, one can also rewrite the N -link system in
matrix form, which will be useful in Section 4.4. Indeed, for 2 ≤ i ≤ N + 1, let us notice
that ri can be explicitly written in terms of r1 and (θj)j as

ri = r1 +∆s
i−1∑
k=1

(
cos θk
sin θk

)
=: Ri((θj)j , r1). (4.7)

The functions Ri depend analytically on their parameters which entails in particular

ṙi = ṙ1 +
i−1∑
k=1

∂Ri

∂θk
θ̇k, or, in other words, that ṙi depends linearly on ṙ1 and (θ̇j)j , with

coefficients that are still analytic in r1 and (θj)j .
The system (4.6) with free boundary conditions can then be rewritten as

ni+1 − ni +∆sC(θi) ṙi+1/2 = 0, 1 ≤ i ≤ N,

(mi+1 −mi) · ez +∆sei,∥ ×
ni+1 + ni

2
· ez −

∆s3

12
c⊥θ̇i = 0, 1 ≤ i ≤ N,

n1 = 0,

m1 · ez = 0,

mi+1 · ez =
E

∆s
(θi+1 − θi), 1 ≤ i ≤ N − 1,

(4.8)

where the inextensibility condition is enforced by (4.7), and n1 and m1 · ez can be
replaced with any other chosen boundary condition. Supposing that ri, i > 1 are
given by (4.7), they can be removed from the unknowns in (4.6). Similarly, since
nN+1 = mN+1 · ez = 0, they are also removed from the unknowns, and the remaining
unknowns in system (4.8) are thus r1 ∈ C1(R+)

2, (θi)i ∈ C1(R+)
N , (ni)i ∈ C1(R+)

2N+2

and (mi · ez)i ∈ C1(R+)
N+1. This final form of the system of equations characterizing

the N -link clearly looks like a discrete version of the continuous system (4.3), although
it does not directly arise from a discretisation of (4.3).

To finish this section, let us rewrite system (4.8) in matrix form. This is done here for
free boundary conditions, but can easily be adapted to the other two presented in this
paper. We first introduce the vector collecting the unknowns X = (θ1, . . . , θN , r

x
1 , r

y
1)

⊺

where (rx1 , r
y
1)

⊺
= r1 projected along ex and ey. The middle points’ coordinates therefore

satisfy ṙi+1/2 = (GẊ)i where for any X = (Xi)i ∈ RN+2 and 1 ≤ i ≤ N , the matrix G is
of size (2N,N + 2) and defined as

(GX)i =

(
XN+1

XN+2

)
+∆s

i−1∑
k=1

(
− sin θk
cos θk

)
Xk +

∆s

2

(
− sin θi
cos θi

)
Xi ∈ R2. (4.9)

Setting N = (nx1 , n
y
1, . . . , n

x
N , n

y
N )⊺, M = (m1 · ez, . . . , mN · ez)⊺, and recalling that

Ẋ = (θ̇1, . . . , θ̇N , ṙ
x
1 , ṙ

y
1)

⊺, the system (4.8) can be rewritten as the following differential-
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algebraic system of linear equations, using the fact that for any u ∈ R2 and 1 ≤ i ≤ N ,
ei,∥ × u · ez = ei,⊥ · u. A11 A12 02N,N

A21 A22 A23

0N,2N 0N,N+2 IN


 N

Ẋ

M

 =

 F1

F2

F3

 , (4.10)

where

A11 =



−I2 I2 · · · · · · 02
02 −I2 I2 · · · 02
... . . . . . . . . . ...
... . . . . . . . . . ...
02 · · · · · · 02 −I2


, A12 = ∆sCG ,

A21 =
∆s

2


e⊺1,⊥ e⊺1,⊥ 02 · · · 02

02 e⊺2,⊥ e⊺2,⊥ · · · 02
... . . . . . . . . . ...
02 · · · · · · e⊺n,⊥ 02

I2 02 · · · · · · 02

 , A22 = −∆s3

12
c⊥


1

. . .
1

0

0

 ,

A23 =


−1 1 0 · · · 0

0 −1 1 · · · 0
... . . . . . . . . . ...
0 · · · · · · −1 0

0 · · · · · · · · · 0

 ,

and
F1 = 02N , F2 = 0N+2, F3 =

E

∆s
(0, θ2 − θ1, · · · , θN − θN−1)

⊺ .

4.2.3 Statement of the main results

Obviously, the discrete system (4.8) resembles the continuous one (4.3). The goal of
the paper is to show that the dynamics of the discrete system converges as ∆s tends
to 0 (or equivalently N tends to +∞) to the one of the continuous one. In order to
formalize the result, let us first introduce the interpolates in space associated to all
relevant quantities in the N -link swimmer, in order to formally state its convergence
towards the continuous filament. The first interpolates are built using continuous and
piecewise linear functions ϕi, defined in H1(0, L) = {u ∈ L2(0, L) |us ∈ L2(0, L)} by
ϕi(j∆s) = δi−1,j for i = 1, · · · , N + 1 and j = 0, · · · , N . We thus place ourselves in
Vh = Span((ϕi)1≤i≤N+1) = {vh ∈ C0(0, L) | vh affine on [(i − 1)∆s, i∆s] for 1 ≤ i ≤ N},
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with h = ∆s. We then introduce the following linear interpolates, for T > 0 and
(t, s) ∈ QT = [0, T ]× [0, L]

rh(t, s) =
N+1∑
i=1

ri(t)ϕi(s), (4.11)

mh(t, s) =

N+1∑
i=1

mi(t)ϕi(s), (4.12)

nh(t, s) =
N+1∑
i=1

ni(t)ϕi(s), (4.13)

θh(t, s) =
N∑
i=1

θi(t)ϕi+1(s) + θ1(t)ϕ1(s). (4.14)

Notice that (4.11) is nothing but a rewriting of (4.4). Notice also that rhs (t, s) =
ri+1(t)− ri(t)

∆s
for s ∈ [(i − 1)∆s, i∆s], from which we deduce that |rhs (t, s)|2 = 1

by construction. Lastly, we also define the piecewise constant interpolates

θ̄h(t, s) =
N∑
i=1

θi(t)1Li(s), (4.15)

m̄h(t, s) =
N∑
i=1

mi(t)1Li(s). (4.16)

From these definitions, we recover in particular m̄h = Eθhs ez . The two following
theorems constitute the main results of this paper, guaranteeing both the well-posedness
of the N -link equations, as well as its convergence towards the system of equations
characterizing a continuous filament.

theorem 4.2.1 · Well-posedness for the N -link swimmer

The discrete system (4.8), given a set of initial conditions r01 ∈ R2, (θ0i )1≤i≤N ∈ RN

admits a unique solution r1 ∈ C1(R+)
2, (θi)1≤i≤N ∈ C1(R+)

N .

Let r1 ∈ C1(R+)
2, (θi)1≤i≤N ∈ C1(R+)

N , (mi)1≤i≤N+1 ∈ C1(R+)
2N+2, (ni)1≤i≤N+1 ∈

C1(R+)
2N+2 be a solution to system (4.8), with initial conditions r01 ∈ R2, (θ0i )1≤i≤N ∈

RN . This solution exists thanks to Theorem 4.2.1, and r1, (θi)1≤i≤N , (mi)1≤i≤N+1 and
(ni)1≤i≤N+1 can be interpolated using definitions (4.11 – 4.16) and equation (4.7). Its
interpolates are then denoted as (rh, mh, nh, m̄h).

theorem 4.2.2 · Convergence

If (θhs (0, ·))h is bounded uniformly h in L2(0, L), then the interpo-
lates (rh, mh, nh, m̄h)h is bounded in H1(QT ) × L2((0, T );H1(0, L))2 ×
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L2((0, T );BV (0, L)). Moreover, when h → 0, we have that, up to extraction
of a subsequence,

rh ⇀ r weakly in H1(QT ),

mh ⇀m weakly in L2((0, T );H1(0, L)),

nh ⇀ n weakly in L2((0, T );H1(0, L)),

m̄h ⇀m weakly in L2(QT ),

where (r, m, n) are solutions to the equations of an elastic filament (4.3).

Remark 4.2.1. Theorem 4.2.2 gives a solution to (4.3) without any initial condition.
Therefore, it does not guarantee the existence of a solution to the continuous system
given a set of initial conditions.

Remark 4.2.2. The result given by Theorem 4.2.2 is only up to extraction of subsequences
for each sequence of interpolates, as the uniqueness of the solutions to System (4.3) is
not guaranteed.

Remark 4.2.3. The hypothesis from Theorem 4.2.2 on (θhs (0, ·))h means that its limit θs(0, ·)
in L2(0, L) is at least bounded in L2(0, L). At the level of the interpolates, if (θhs (0, ·))h
is uniformly bounded in h in L2(0, L), then (θhs )h is also uniformly bounded in h in
L2(QT ).

4.3 Energy dissipation

The following result materializes energy dissipation in the N -link system of equations
(4.8). This result is the key to proving both theorems, as well as a warranty that the
N -link swimmer is consistent from the point of view of physics, as it provides some
natural bounds on relevant quantities in the system, first introduced in Section 4.4, when
proving Lemma 4.4.1.

Lemma 4.3.1 (Energy dissipation law).

Any solution (ri)1≤i≤N+1 ∈ C1(R+)
2N+2, (θi)1≤i≤N ∈ C1(R+)

N , (mi)1≤i≤N+1 ∈
C1(R+)

2N+2,(ni)1≤i≤N+1 ∈ C1(R+)
2N+2 to the discrete system (4.8), also satisfy

the following energy dissipation equation

1

2

d

dt

[
E

N−1∑
i=1

∆s

(
θi+1 − θi

∆s

)2
]
+

N∑
i=1

∆s3

12
c⊥θ̇

2
i−

N∑
i=1

∆sC(θi) ṙi+ 1
2
·ṙi+ 1

2
= 0 . (4.17)
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Proof. Multiplying the force balance equation (4.5) by the velocity ṙi+ 1
2
, and summing

over i = 1, · · · , N leads to

∆s

N∑
i=1

C(θi) ṙi+ 1
2
· ṙi+ 1

2
= −

N∑
i=1

ṙi+ 1
2
· (ni+1 − ni) ds

=

N∑
i=1

(ṙi+1 − ṙi) ·
ni+1 + ni

2
,

using a summation by parts and the boundary conditions n1 = nN+1 = 0 (notice that
this remains true if we use the boundary condition ṙ1 = 0 instead of n1 = 0). But, since
ri+1 − ri = ∆s ei,∥, we have ṙi+1 − ṙi = ∆s θ̇iei,⊥, from which we deduce

∆s

N∑
i=1

C(θi) ṙi+ 1
2
· ṙi+ 1

2
= ∆s

N∑
i=1

θ̇iei,⊥ · ni+1 + ni
2

= ∆s
∑
i

θ̇iez · ei,∥ ×
ni+1 + ni

2

=
N∑
i=1

θ̇iez ·
[
mi −mi+1 +

∆s3

12
c⊥θ̇iez

]

=
N∑
i=1

∆s3

12
c⊥θ̇

2
i +

N∑
i=1

θ̇iez · (mi −mi+1)

=

N∑
i=1

∆s3

12
c⊥θ̇

2
i +

N∑
i=2

(θ̇i − θ̇i−1)ez ·mi ,

thanks to the moment balance equation (4.8), and the boundary conditions m1 =

mN+1 = 0 (notice that this also remains true if we use the boundary condition θ̇1 = 0

instead ofm1 = 0). Now, observing that we havemi · ez = E
∆s(θi− θi−1) for i = 2, · · · , N ,

we deduce

E

∆s

N−1∑
i=1

(θ̇i − θ̇i−1)(θi − θi−1) +

N∑
i=1

∆s3

12
c⊥θ̇

2
i −∆s

N∑
i=1

C(θi) ṙi+ 1
2
· ṙi+ 1

2
= 0

which directly leads to equation (4.17).

Remark 4.3.1. Recalling from (4.9) that ṙi+ 1
2

depends linearly on Ẋ =
(
θ̇1, . . . , θ̇N , ṙ

x
1 , ṙ

y
1

)⊺
,

the energy estimate can also be rewritten in matrix form, using the definition of G from
equation (4.9)

1

2

d

dt

[
E

N−1∑
i=1

∆s

(
θi+1 − θi

∆s

)2
]
+ Ẋ⊺M((θi)i, r1)Ẋ = 0, (4.18)
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where M :=M1 +M2 with

M1 =
∆s3

12
c⊥


1

. . .
1

0

0

 , M2 = −∆sG⊺CG, (4.19)

and C is the block diagonal matrix defined by C = diag(C(θ1), . . . , C(θN )).

4.4 Proof of Theorem 4.2.1 (Well-posedness for the N -link swimmer)

We first present a proof of local in time well posedness of the system of equations (4.8)
for an N -link swimmer with free boundary conditions at both ends, before globalizing
the results in time. The other boundary conditions are then discussed.

Local in time existence and uniqueness for free boundary conditions. Let N ∈ N∗, and
let us prove that, for a set of initial conditions (θ01, . . . , θ

0
N , r

x,0
1 , ry,01 ) ∈ RN+2, System

(4.8) admits a unique solution (θ1, . . . , θN , r
x
1 , r

y
1) in C1([0, T ])N+2 for T > 0 sufficiently

small. Setting nN+1 = 0 and mN+1 · ez = 0 for all time, we recall the matrix formulation
of the N -link system from equation (4.10) A11 A12 02N,N

A21 A22 A23

0N,2N 0N,N+2 IN


 N

Ẋ

M

 =

 F1

F2

F3

 .

In order to proceed, and show existence and uniqueness of solutions locally in time,
we notice that the time derivatives only appear in Ẋ. Since (4.10) is an algebro-differential
system, in order to be able to use Cauchy-Lipschitz Theorem, we rewrite the system in a
fully differential way

B(X)Ẋ = F̃ (X) (4.20)

where B is invertible and Lipschitz continous in X = (θ1, · · · , θN , rx1 , r
y
1)

⊺, and F̃ is also
Lipschitz continuous in X. Then, Cauchy-Lipschitz theorem applied on equation (4.20)
enables us to conclude. The proof follows two steps:

Step 1. We first notice that the matrix
(

A11 02N,N

0N,2N IN

)
is block diagonal and clearly

invertible. Therefore,

B = A22 − (A21A23)

(
A11 02N,N

0N,2N IN

)−1(
A12

0N,N+2

)
= A22 −A21A

−1
11 A12

and
F̃ = F2 −A23F3 −A21A

−1
11 F1 = −A23F3
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are well defined and are indeed Lipschitz continuous in X.

Step 2. The matrix B is invertible if and only if A = (Aij)1≤i,j≤3 is invertible. But A is a
square matrix of size (4N + 2)× (4N + 2), and it is enough to prove that the matrix is
one-to-one.

Hence, we consider X ∈ R2N , Y ∈ RN+2 and Z ∈ RN such that A11 A12 02N,N

A21 A22 A23

0N,2N 0N,N+2 IN


XY
Z

 = 04N+2 , (4.21)

and prove that, necessarily, X = 02N , Y = 0N+2 and Z = 0N . First of all, the last line
directly gives Z = 0N . Then, using the first and second lines, we have{

A11X +A12Y = 02N ,

A21X +A22Y = 0N+2 .
(4.22)

Since A11 is invertible, this can also be rewritten as (A22 −A21A
−1
11 A12)Y = 0. Writing

the coefficients as X = (Xi)i ∈ R2N and Y = (Yi)i ∈ RN+2, we first notice that the
(N + 1)th and (N + 2)th lines of A21X + A22Y = 0N+2 read X1 = 02. Then, since
(A22 −A21A

−1
11 A12)Y = 0N+2, we have

0 = Y ⊺(A22 −A21A
−1
11 A12)Y

= Y ⊺(A21X +A22Y )

=
N∑
i=1

∆s Yi

(
− sin θi
cos θi

)
· Xi+1 +Xi

2
+

∆s

2
YN

(
− sin θN
cos θN

)
·XN −

N∑
i=1

∆s3

12
c⊥Y

2
i .

Hence, using the properties of the vector product, G as introduced in equation (4.9),
and once again that X1 = (0, 0)⊺, one has, by summation by parts,

0 =
∆s

2

N∑
i=2

Xi ·

(
Yi−1

(
− sin θi−1

cos θi−1

)
+ Yi

(
− sin θi
cos θi

))
−

N∑
i=1

∆s3

12
c⊥Y

2
i

=

N∑
i=2

Xi · ((GY )i − (GY )i−1)−
N∑
i=1

∆s3

12
c⊥Y

2
i

= −
N∑
i=1

(Xi+1 −Xi) · (GY )i −
N∑
i=1

∆s3

12
c⊥Y

2
i .

Using A11X + A12Y = 0, we also have that for 1 ≤ i ≤ N , Xi+1 −Xi = −∆s(CGY )i
and we recover equation (4.18)

0 =

N∑
i=1

∆s(CGY )i · (GY )i −
N∑
i=1

∆s3

12
c⊥Y

2
i .
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By construction, −∆sG⊺CG is symmetric definite positive, since C is block diagonal with
negative definite blocks. The preceding equation thus leads to Yi = 0 and (GY )i = 0 for
all i ∈ {1, · · · , N}. But, from (4.9), we deduce that

0 = (GY )1 =

(
YN+1

YN+2

)
+

∆s

2

(
− sin θ1
cos θ1

)
X1 =

(
YN+1

YN+2

)
,

which finishes to proves that Y = 0N+2. Finally, using A11X +A12Y = 02N in (4.22), we
deduce that X = 02N , A is injective and, eventually, that B is invertible.

In conclusion, the Cauchy-Lipschitz theorem can be applied to equation (4.20) and the
system (4.8) with a set of initial conditions admits a unique C1 solution (θ1, . . . , θN , r1)

locally in time.

Global existence and uniqueness. The solution (θ1, . . . , θN , r1) to system (4.8) can be
extended to R+ as long as they stay bounded at any time t > 0. The boundedness in
time of (θ1, . . . , θN , r1) is ensured by the following lemma.

Lemma 4.4.1 (Bounds on (ri)i and (θi)i).

Let N ∈ N∗. For any T > 0, as long as all (ri)1≤i≤N+1 and (θi)1≤i≤N exist on [0, T [,
they stay bounded in [0, T ] in the following sense:

|ri(t)− ri(0)| ≤ C1T
1/2, (4.23)

|θi(t)− θi(0)| ≤ C2T
1/2, (4.24)

for all 1 ≤ i ≤ N , for all t ∈ [0, T ], and where C1, C2 > 0 are constants that do not
depend on T .

Proof. Let us take T > 0 and assume that the solution (ri)1≤i≤N+1 and (θi)1≤i≤N exist
on [0, T [. First of all, integrating equation (4.17) over time t ∈ [0, T ], we obtain

1

2

[
E

N−1∑
i=1

∆s

(
θi+1(T )− θi(T )

∆s

)2
]
+

T∫
0

N∑
i=1

∆s3

12
c⊥θ̇

2
i (t) dt

−
T∫
0

N∑
i=1

∆sC(θi) ṙi+ 1
2
(t) · ṙi+ 1

2
(t) dt = C,

(4.25)

where the integrals on the left-hand side are all positive, andC = 1
2

[
E

N−1∑
i=1

∆s
(
θi+1(0)−θi(0)

∆s

)2]
>

0 is a constant. We thus deduce that

T∫
0

N∑
i=1

∆s3

12
c⊥θ̇

2
i dt ≤ C. (4.26)
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Similarly, using the fact that C(θi) is always negative and can be bounded from below
for all i independently of N , leads to the following estimate

T∫
0

N∑
i=1

∆s |ṙi+1/2|2 ≤ C̃, (4.27)

where C̃ = C/min(c∥, c⊥). Moreover, using the inextensibility condition as in (4.7), one
can write ṙi+1 − ṙi = ∆s θ̇iei,⊥. Hence,

T∫
0

N∑
i=1

∆s |ṙi+1 − ṙi|2 =
T∫
0

N∑
i=1

∆s |∆s θ̇iei,⊥|2 =
T∫
0

N∑
i=1

∆s3θ̇2i ≤ 12

c⊥
C. (4.28)

Combining equations (4.27) and (4.28) on the ṙis finally leads to

T∫
0

∑
i

∆s|ṙi(s)|2 ds ≤ 4C̃ +
12

c⊥
C. (4.29)

Finally, let us look at ri(t) for 1 ≤ i ≤ N + 1 and t ∈ [0, T ]. We have that, using

Cauchy-Schwarz inequalities, as well as equation (4.29) along with
T∫
0

|ṙi(s)|2 ds ≤

T∫
0

∑
j

|ṙj(s)|2 ds :

|ri(t)− ri(0)| =

∣∣∣∣∣∣
T∫
0

ṙi(s) ds

∣∣∣∣∣∣ ≤
T∫
0

|ṙi(s)| ds

≤ T 1/2

 T∫
0

|ṙi(s)|2 ds

 1

2
≤ T 1/2 1

∆s
1
2

(
4C̃ +

12

c⊥
C

) 1
2

,

which gives (4.23).
Let us now focus on the (θi)i. Similarly, let t ∈ [0, T ], we have that, using triangular

inequality

|θi(t)− θi(0)| =

∣∣∣∣∣∣
t∫

0

θ̇i(s) ds

∣∣∣∣∣∣ ≤
T∫
0

∣∣∣θ̇i(s)∣∣∣ ds. (4.30)
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Using equation (4.26), the fact that ∆s
12 c⊥ is fixed and

T∫
0

∣∣∣θ̇i(s)∣∣∣2 ds ≤
T∫
0

∑
j

|θ̇j(s)|2 ds,

along with Cauchy-Schwarz inequality, we obtain for all t ∈ [0, T ]

|θi(t)− θi(0)| ≤ T 1/2

 T∫
0

∣∣∣θ̇i(s)∣∣∣2 ds


1
2

≤ T 1/2

(
12

∆s3c⊥
C

) 1
2

. (4.31)

This gives (4.24) and concludes the proof.

Lemma 4.4.1 thus guarantees that the solution (θ1, . . . , θN , r1) to system (4.8) can not
blow up in finite time. The system (4.8) with initial conditions (θ01, . . . , θ0N , r01) ∈ RN+2

therefore admits a unique solution for all time (θ1, . . . , θN , r1) in C1((R+)
N+2), which

concludes the proof of Theorem 4.2.1 in the case of free boundary conditions.

Remark 4.4.1. So, far, no assumptions have been made on the values the angles θi can take,
meaning that the N -link could auto-intersect itself, just as a the continuous filament can.

Existence and uniqueness for pinned or clamped boundary conditions. When the
N -link swimmer is pinned or clamped, for t > 0, ṙ1(t) = 0, meaning that r1 is no longer
an unknown in the system. The proof of theorem 4.2.1 can thus be adapted by removing
a set of two unknowns (i.e. rx1 (t) and ry1(t)) and by looking at the new matrix A of size
4N × 4N . The proof can then be carried on as above.

4.5 Proof of theorem 4.2.2 (Convergence)

We first recall the next two results, whose detailed proofs can directly be found in the
associated references, and which will be used to prove Theorem 4.2.2.

Lemma 4.5.1 (Aubin-Lions-Simon [14], [23]).

Let H1 ⊂ H2 be two Banach spaces, and T > 0. Take a sequence (un)n bounded in
L2((0, T );H1) such that (u̇n)n is bounded in L2((0, T );H2). Then, for any Banach
space H such that H1 ⊂ H ⊂ H2, with H1 compactly embedded in H and H

continuously embedded in H2, (un)n is relatively compact in L2((0, T );H).

Lemma 4.5.2 (Embedding in one dimension of functions with bounded variations –
BV [39]).

Let BV (0, L) be defined as the space of functions of bounded variation, equipped
with the norm ∥u∥BV = |u(0)| + TV (u), for u ∈ BV (0, L), where TV (u) is the
total variation of u. Then, for all 1 ≤ p <∞, BV (0, L) is compactly embedded in
Lp(0, L).
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In this section, we now fix a T > 0. The proof is decomposed into three propositions.
We introduce the first proposition, which aim is to bound the interpolates in space and
time rh, θ̄h, nh and mh defined in equations (4.11-4.16) independently of h = ∆s in the
relevant function spaces. Then, we would like to ensure, using the next two propositions,
the convergence of each of these interpolates as h goes to zero, towards a set of functions
that is a solution to a weak form of system (4.3).

proposition 4.5.1 · Bounds on interpolates

If (θhs (0, ·))h is bounded uniformlyh inL2(0, L), the interpolates defined in equations
(4.11-4.16) satisfy the following bounds, uniformly in h = ∆s

1. (rh)h is bounded in H1(QT );
2. (ṙhs )h is bounded in L2((0, T );H−1(0, L));
3. (rhs )h is bounded in L2((0, T );BV (0, L));
4. (nh)h is bounded in L2((0, T );H1(0, L));
5. (mh)h is bounded in L2((0, T );H1(0, L));
6. (∆s ˙̄θh)h is bounded in L2(QT );
7. (θhs )h is bounded in L2(QT ).

Proof. 1. Bounding (rh)h in H1(QT ). We are looking for bounds of the L2(QT ) norms
of (rh)h, (ṙh)h and (rhs )h. Since rh is the piecewise linear interpolate of the (ri)1≤i≤N+1,

rhs (t, s) =
N∑
i=1

ri+1(t)− ri(t)

∆s
1Li . The inextensibility conditions immediately gives over

each segment Li the equality |rhs | = | ri+1−ri
∆s | = 1, which ensures (rhs )h is bounded

in L2(QT ) norm. In the proof of Lemma 4.4.1, using the energy estimate (4.17), we
previously obtained some bounds on the discrete quantities ṙi in equation (4.29) and θ̇i
in equation (4.26), independently of N . Using those bounds, we obtain the following
result on ∥ṙh∥2

∥ṙh∥2L2(QT ) =

∫ T

0

N∑
i=1

∫
Li

∣∣∣∣ṙi + s
ṙi+1 − ṙi

∆s

∣∣∣∣2 ds dt

≤ 2

∫ T

0

N∑
i=1

∫
Li

|ṙi|2 ds dt+ 2

∫ T

0

N∑
i=1

∫
Li

s2
(ṙi+1 − ṙi)

2

∆s2
ds dt

≤ 2

∫ T

0

N∑
i=1

∆s |ṙi|2 ds dt +
2

3

∫ T

0

N∑
i=1

∆s3θ̇2i ds dt , (4.32)

which is bounded uniformly in h = ∆s from (4.26) and (4.29).

Lastly, we write rh as rh = r̄ + δr, where r̄(t) =
1

L

L∫
0

rh(t, s) ds and δr = rh − r̄

variations around r̄ and thus naturally of zero average. We will find some bounds on
(rh)h by bounding separately both terms. Indeed, as we only have a bound for the
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derivatives of (rh)h in time and space, and no boundary condition, finding a bound for
(rh)h is not immediate. Using Poincaré-Wirtinger inequality, along with the bound on
(rhs )h from equation (4.32)

∥δr∥2 = ∥rh − r̄∥2 ≤ C∥rhs ∥2,

which is bounded uniformly in ∆s, and where C > 0 is a constant.
Moreover, differentiating in time gives ṙh = ˙̄r + δ̇r. As ˙̄r (average speed) and δ̇r

(small speed variation) are orthogonal to each other, ∥ṙh∥22 = ∥ ˙̄r∥22 + ∥δ̇r∥22. We already
know that ṙ is bounded in L2, and both right-hand-side terms are positive, they are
also bounded. As ˙̄r is the mean speed, it does not depend on s ∈ [0, L], so one has
L∫

0

| ˙̄r|2 ds = L| ˙̄r|2. This last quantity is bounded at any time t > 0 by some C̄ > 0. For

some T > 0 and t ≤ T

|r̄(t)− r̄(0)| ≤
∫ ⊺

0
| ˙̄r| ≤ T 1/2

(∫ ⊺

0
| ˙̄r|2
)1/2

≤
√
C̄T.

Finally, since r̄(0) <∞, r̄ is bounded in [0, T ] and so (rh)h is bounded in L2(QT ).

2. Bounding (ṙhs )h in L2((0, T );H−1(0, L)). Since (ṙh)h is bounded in L2(QT ), ac-
cording to 1., (ṙhs )h is also bounded in L2((0, T );H−1(0, L)), as for all u ∈ L2(0, L),
∥us∥H−1(0,L) ≤ ∥u∥L2(0,L).

3. Bounding (rhs )h in L2((0, T );BV (0, L)). Let us compute ∥rhs (t, ·)∥BV , recalling that
ei,∥(t) =

ri+1(t)−ri(t)
∆s , we obtain

∥rhs (t, ·)∥BV = |rhs (t, 0)|+ TV (rhs (t, ·)) = |e1,∥(t)|+
N−1∑
i=1

|ei+1,∥(t)− ei,∥(t)|. (4.33)

Then, since ei,∥ = (cos(θi), sin(θi))
⊺, we have that, also using Cauchy-Schwarz inequality

∥rhs (t, ·)∥BV ≤ 1+
N−1∑
i=1

|θi+1(t)−θi(t)| ≤ 1+
√
N − 1

(
N−1∑
i=1

|θi+1(t)− θi(t)|2
)1/2

. (4.34)

Finally, from the energy estimate (4.25), we get that
N−1∑
i=1

∆s |θi+1(t)−θi(t)|2
∆s2

decreases over

time and we deduce
∥rhs (t, ·)∥BV ≤ 1 +

√
LC, (4.35)

where C =
N−1∑
i=1

∆s |θi+1(0)−θi(0)|2
∆s2

, which is uniformly bounded in ∆s by hypothesis.

Integrating its square over time in [0, T ] concludes the proof.
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4. Bounding (nh)h in L2((0, T );H1(0, L)). First, we notice that

∥nhs (t, ·)∥22 =
N∑
i=1

∆s

∣∣∣∣ni+1(t)− ni(t)

∆s

∣∣∣∣2

=
N∑
i=1

∆s
∣∣C(θi)ṙi+1/2(t)

∣∣2
using the force balance in (4.8).

Summing over i, and integrating over [0, T ], we get

∥nhs∥2L2(QT ) = =

T∫
0

N∑
i=1

∆s
∣∣C(θi)ṙi+1/2(t)

∣∣2 dt. (4.36)

Using equations (4.2) and (4.27) gives that (nhs )h is bounded in L2(QT ) uniformly in
h = ∆s. Finally, using the boundary condition nh(t, L) = 0, we deduce that (nh)h is also
bounded in L2((0, T );H1(0, L)).

5. Bounding (mh)h in L2((0, T );H1(0, L)). As for nh before, since, for all t > 0,
mh(t, L) = 0, it is sufficient to prove that (mh

s )h is bounded in L2(QT ). Let us write

∥mh
s (t, ·)∥22 =

N∑
i=1

∆s

∣∣∣∣mi+1(t)−mi(t)

∆s

∣∣∣∣2 . (4.37)

Then, using the moment balance from the system of equations (4.8), we also have that∣∣∣∣mi+1(t)−mi(t)

∆s

∣∣∣∣ ≤ ∣∣∣∣ni+1(t) + ni(t)

2

∣∣∣∣+ ∆s2

12
c⊥|θ̇i(t)|. (4.38)

Combining equations (4.37) and (4.38) leads to

∥mh
s (t, ·)∥22 ≤ 2

N∑
i=1

∆s

∣∣∣∣ni+1(t) + ni(t)

2

∣∣∣∣2 + 2

N∑
i=1

∆s
∆s4

144
c2⊥|θ̇i(t)|2. (4.39)

Moreover, one can notice that

∥nh(t, ·)∥22 =
N∑
i=1

∆s/2∫
−∆s/2

∣∣∣∣ni(t) + ni+1(t)

2
+

2s

∆s

ni+1(t)− ni(t)

2

∣∣∣∣2 ds
≥

N∑
i=1

∆s

∣∣∣∣ni(t) + ni+1(t)

2

∣∣∣∣2 .
(4.40)
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Using equation (4.40) into equation (4.39) and integrating over time then gives

T∫
0

N∑
i=1

∆s

∣∣∣∣mi+1(t)−mi(t)

∆s

∣∣∣∣2 dt ≤ 2

T∫
0

∥nh(t, ·)∥22 dt+
T∫
0

2∆s2

144
c2⊥

N∑
i=1

∆s3|θ̇i|2 dt, (4.41)

which is bounded uniformly in∆s, since, from 4., (nh)h is bounded inL2((0, T );H1(0, L))

and

 T∫
0

N∑
i=1

∆s3|θ̇i|2 dt


h

is bounded uniformly in h = ∆s, according to equation (4.26).

6. Bounding (∆s ˙̄θh)h in L2(QT ). Using the energy estimate from Lemma 4.3.1,
integrating it over time and following the same reasoning as in the proof of Lemma 4.4.1,
we obtain

T∫
0

N∑
i=1

∫
Li

(∆s ˙̄θh(s))2 ds dt =

T∫
0

N∑
i=1

∆s3 θ̇2i dt, (4.42)

which is bounded uniformly in ∆s. Finally, (∆s ˙̄θh)h is bounded in L2(QT ).

7. Bounding (θhs )h in L2(QT ).

First, let us write θhs (s, t) =
N−1∑
i=1

θi+1−θi
∆s 1Li+1 . Using the integrated energy estimate

(4.25), we get

∥θhs ∥22 =
T∫
0

N−1∑
i=1

∫
Li+1

∣∣∣∣θi+1(t)− θi(t)

∆s

∣∣∣∣2 ds dt

=

T∫
0

N−1∑
i=1

∆s

∣∣∣∣θi+1(t)− θi(t)

∆s

∣∣∣∣2 dt
≤ T

N−1∑
i=1

∆s

∣∣∣∣θi+1(0)− θi(0)

∆s

∣∣∣∣2 dt.
By hypothesis,

(
N−1∑
i=1

θi+1(0)−θi(0)
h

)
h

is uniformly bounded in h = ∆s in L2(QT ), and

then so is (θhs )h.

Using the bounds from Proposition 4.5.1 on the interpolates rh, nh, mh and θ̄h,
the following proposition guarantees that, up to extraction of subsequences, all the
aforementionned quantities converge towards a limit, each in their relevant spaces, as
specified below.
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proposition 4.5.2 · Extraction of convergent subsequences

Up to the extraction of a subsequence, and if (θhs (0, ·))h is bounded uniformly h
in L2(0, L), the interpolates defined in equations (4.11-4.16) all converge, when
h = ∆s→ 0, in the following sense:

1. (rh)h converges to r weakly in H1(QT ) and strongly in L2(QT );
2. (rhs )h strongly to rs in L2(0, T ;Lp(0, L)) for all 1 ≤ p <∞;
3. (nh)h weakly converges to n in L2((0, T );H1(0, L));
4. (mh)h weakly converges to m in L2((0, T );H1(0, L));
5. (m̄h)h weakly converges to m in L2(0, T ;Lp(0, L)) for all 1 ≤ p <∞;
6. (∆s2 ˙̄θh)h strongly converges to 0 in L2(QT );
7. (θhs ez)h weakly converges to α in L2(QT ).

Proof. 1. Convergence of (rh)h in H1(QT ) and in L2(QT ). From 1. in Proposition
4.5.1, (rh)h is bounded in H1(QT ). Classically, there exists a subsequence of (rh)h that
converges to a limit r, weakly in H1(QT ) and strongly in L2(QT ), thanks to Rellich
Theorem.

2. Convergence of (rhs )h in L2((0, T );Lp(0, L)) for all 1 ≤ p < ∞. We know from
Proposition 4.5.1, that (ṙhs )h is bounded in L2((0, T );H−1(0, L)) and (rhs )h is bounded
in L2((0, T );BV (0, L)). Thanks to Lemmas 4.5.1 and 4.5.2, for any 1 ≤ p < ∞, we can
deduce that (rhs )h is relatively compact in L2((0, T );Lp(0, L)).

3. Convergence of (nh)h in L2((0, T );H1(0, L)). From 4. in Proposition 4.5.1, (nh)h
is bounded in L2((0, T );H1(0, L)) so, up to the extraction of a subsequence, it weakly
converges towards a limit n in L2((0, T );H1(0, L)).

4. Convergence of (mh)h in L2((0, T );H1(0, L)). It follows similarly from 5. in Proposi-
tion 4.5.1.

5. Convergence of (m̄h)h in L2(QT ). Let us prove that (m̄h)h weakly converges towards
m in L2(QT ), by computing the norm of the difference between m̄h and mh, as follows

T∫
0

∥m̄h(t)−mh(t)∥22 dt =

T∫
0

N∑
i=1

∆s∫
0

(mi(t)(1− s/∆s) +mi+1(t)s/∆s−mi(t))
2 ds dt

=

T∫
0

N∑
i=1

∆s∫
0

1/E2(mi(t)−mi+1(t))
2(s/∆s)2 ds dt

≤ ∆s

3
∥mh∥2L2((0,T );H1(0,L)).

(4.43)
Since lim

h=∆s→0
∆s∥mh∥2L2((0,T );H1(0,L)) = 0 from 5. in Proposition 4.5.1, this concludes the

proof for (m̄h)h.



86 THE N -L INK MODEL FOR SLENDER RODS IN A VISCOUS FLUID: WELL-POSEDNESS AND
CONVERGENCE TO CLASSICAL ELASTOHYDRODYNAMICS EQUATIONS

6. Convergence of (∆s2 ˙̄θh)h in L2(QT ). It follows from 6. in Proposition 4.5.1.

7. Convergence of (θhs ez)h in L2(QT ). It follows from 7. in Proposition 4.5.1.

Eventually, it is important to notice that the extractions of subsequences may be done
in a row so we can assume that the abovementioned convergences are obtained for all
sequences with the same indices (hn)n∈N with hn → 0 as n→ +∞.

In order to prove Theorem 4.2.2, it now remains to establish that the limits obtained
in Proposition 4.5.2 are solutions of the continuous system (4.3). We will do so by first
introducing a weak form of the system of equations (4.8), and passing to the limit as h
(actually hn) tends to 0. Let φ ∈ C∞

c (0, L), and ψ ∈ C∞
c (0, T ), we notice that can rewrite

the N−link equations (4.8) as



T∫
0

L∫
0

(
C(θ̄h)ṙh(t, s) + nhs (t, s)

)
φ(s)ψ(t) ds dt = 0, (4.44a)

T∫
0

L∫
0

((
−∆s2

12
c⊥

˙̄θh(t, s)ez +mh
s (t, s)

)
φ(s) +

(
rhs (t, s)× nh(t, s)φ̄h(s)

))
ψ(t) ds dt = 0, (4.44b)

T∫
0

L∫
0

m̄h(t, s)φ(s)ψ(t) ds dt =

T∫
0

L∫
0

Eθhs (t, s)ezφ(s)ψ(t) ds dt, (4.44c)

∣∣∣rhs (t, s)∣∣∣ = 1, for a.e. (t, s) ∈ QT , (4.44d)

nh(t, 0) = 0, for a.e. t ∈ [0, T ], (4.44e)

mh(t, 0) = m̄h(t, 0) = 0, for a.e. t ∈ [0, T ], (4.44f)

where φ̄h is defined by, for s ∈ [0, L]

φ̄h(s) =

N∑
i=1

1

∆s

∫
Li

φ(u) du

1Li(s). (4.45)

The next proposition then shows that the solutions of the system of equations (4.44)
converge towards the solutions of a weak form of equations (4.3) when ∆s goes to zero.
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proposition 4.5.3 · Equations verified by the limits of the interpolates

Assume (θhs (0, ·))h is bounded uniformly h in L2(0, L). Then, the limits (r, n, m) ∈
H1(QT )×L2((0, T );H1(0, L))2, introduced in Proposition 4.5.2, of the interpolates
defined in equations (4.11-4.16) satisfy the following system of equations, for
φ ∈ C∞

c (0, L) and ψ ∈ C∞
c (0, T )



T∫
0

L∫
0

(C(θ)ṙ(t, s) + ns(t, s))φ(s)ψ(t) ds dt = 0, (4.46a)

T∫
0

L∫
0

(ms(t, s) + rs(t, s)× n(t, s))φ(s)ψ(t) ds dt = 0, (4.46b)

T∫
0

L∫
0

m(t, s)φ(s)ψ(t) ds dt =

T∫
0

L∫
0

Erss(t, s)× rs(t, s)φ(s)ψ(t) ds dt, (4.46c)

|rs(t, s)| = 1, for a.e. (t, s) ∈ QT , (4.46d)

n(t, 0) = 0, for a.e. t ∈ [0, T ], (4.46e)

m(t, 0) = 0, for a.e. t ∈ [0, T ]. (4.46f)

Proof. Force balance. First of all, notice that

C(θ̄h) = −
(
c∥r

h
s

(
rhs

)⊺
+ c⊥

(
I − rhs

(
rhs

)⊺))
.

and since (rhs )h strongly converges to rs in L2(0, T ;L4(0, L)), according to Proposition
4.5.2, we deduce that C(θ̄h) strongly converges in L2(QT ) to

C(θ) = −
(
c∥rs (rs)

⊺ + c⊥ (I − rs (rs)
⊺)
)
.

Moreover, Proposition 4.5.2 also states that (ṙh)h weakly converges towards ṙ in L2(QT ),
and (nhs )h weakly converges towards ns in L2(QT ). This is sufficient to pass to the limit
in equation (4.44a) and obtain (4.46a).

Moment balance. From 6. in Proposition 4.5.2, we have that ∆s2 ˙̄θh strongly converges
towards zero when ∆s → 0, in L2(QT ). Then, from 4. in Proposition 4.5.2, mh

s also
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weakly converges to ms in L2(QT ). Let us then express the rightmost term in (4.44b)
with φ̄h in terms of φ as

T∫
0

L∫
0

(rhs (s)× nh(s))φ̄h(s) dsψ(t) dt =
N∑
i=1

T∫
0

∫
Li

(rhs (s)× nh(s))φ(s) dsψ(t) dt

+
N∑
i=1

T∫
0

∫
Li

(rhs (s)× nh(s))(φ̄h(s)− φ(s)) dsψ(t) dt .

(4.47)
We now want to go to the limit in both terms on the right-hand side. Looking at the first
one, we know from 2. and 3. in Proposition 4.5.2 that rhs strongly converges towards rs
in L2(QT ) and nh weakly converges towards n in L2(QT ). This leads to

lim
h=∆s→0

T∫
0

L∫
0

(rhs (s)× nh(s))φ(s) dsψ(t) dt =

T∫
0

L∫
0

(rs(s)× n(s))φ(s)ψ(t) ds dt. (4.48)

For the second term, using (4.45) and Poincaré-Wirtinger inequality on each segment Li,
we have, on the whole filament and for some constant C > 0 independent of ∆s,

∥φ− φ̄h∥L2(0,L) ≤ C∆s∥φs∥L2(0,L). (4.49)

Combining (4.47) and (4.49), with (4.44d), it comes, for a constant C̃ > 0

N∑
i=1

T∫
0

∫
Li

(rhs (s)× nh(s))(φ̄h(s)− φ(s))ψ(t) ds dt ≤ C̃∆s∥nh∥L2(QT )∥φs∥L2(0,L)∥ψ∥L2(0,T ).

Since, from 4. in Proposition 4.5.1, nh is bounded independently of ∆s in L2(QT ),
the right-hand side converges to zero when ∆s → 0. In conclusion, the limits
(r, n, m) ∈ H1(QT )× L2((0, T );H1(0, L))2 satisfy (4.46b).

Inextensibility constraint. The limit rs ∈ L2((0, T );L4(0, L)) of rhs automatically verifies
the inextensibility constraint (4.46d), according to 2. in Proposition 4.5.2.

Boundary conditions. We notice that both (nh)h and (mh)h are in L2((0, T );H1
0 (0, L))

which is closed with respect to the weak L2((0, T );H1(0, L)) convergence. Therefore the
weak limits n and m satisfy the boundary conditions (4.46e) and (4.46f).

Relation between m and θ. First, we have from Proposition 4.5.2 that (m̄h)h weakly
converges towardsm, and that (θhs )h weakly converges towards α, both in L2(QT ). Then,
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we would like to identify α to the curvature in the continuous system recalling that, in
System (4.3), m is also characterized by m = Erss × rs. To do so, we define

r̂h(t, s) = rh(t, 0) +

s∫
0

(cos θh(t, u), sin θh(t, u))⊺ du, (4.50)

such that r̂hs = (cos θh, sin θh)⊺. As θh is continuous and piecewise linear, this last
expression is differentiable in s and we have

r̂hss = θhs (− sin θh, cos θh)⊺, (4.51)

and
m̄h = Eθhs ez = Er̂hss × r̂hs . (4.52)

Using Proposition 4.2.2, we know that (θhs )h weakly converges towards an α ∈ L2(QT ).
We now want to identify α with a product of derivatives of r in s, provided they are
well-defined. Looking at the left hand-side of equation (4.52), we have, similarly to the
computation from equation (4.43)

∥θ̄h − θh∥2L2(QT ) =

T∫
0

N∑
i=2

∆s∫
0

(θi − θi−1)
2
(
1− s

∆s

)2
ds dt

=

T∫
0

N∑
i=2

∆s3

3E2
m2

i+1 dt

≤ ∆s2

3E2
∥m̄h∥2L2(QT ).

From Proposition 4.5.1, (m̄h)h is uniformly bounded in L2(QT ), hence ∥θ̄h − θh∥L2(QT )

goes to zero when h→ 0. Then, this also means that

lim
h→0

∥r̂hs − rhs ∥L2(QT ) = lim
h→0

∥(cos θh, sin θh)⊺ − (cos θ̄h, sin θ̄h)⊺∥L2(QT ) = 0. (4.53)

Since, from Proposition 4.5.2, (rhs )h strongly converges towards rs in L2(QT ), we also
have that (r̂hs )h strongly converges towards rs in L2(QT ). Using Proposition 4.5.1, (θhs )s
is uniformly bounded in h = ∆s in L2(QT ), from which we get that (r̂hss)h is uniformly
bounded in h in L2(QT ) as well, so it weakly converges towards a limit (up to extraction
of a subsequence). Remembering that r̂hs ∈ L2((0, T );H1(0, L)) converges towards rs
in L2(QT ), by uniqueness of the limit, rs is differentiable in s and r̂hss weakly converges
towards rss in L2(QT ). Finally, combining the weak convergence of r̂hss and the strong
convergence or r̂hs in L2(QT ), we get

lim
h→0

T∫
0

L∫
0

r̂hss(t, s)×r̂hs (t, s)φ(s)ψ(t) ds dt =

T∫
0

L∫
0

rss(t, s)×rs(t, s)φ(s)ψ(t) ds dt. (4.54)



90 THE N -L INK MODEL FOR SLENDER RODS IN A VISCOUS FLUID: WELL-POSEDNESS AND
CONVERGENCE TO CLASSICAL ELASTOHYDRODYNAMICS EQUATIONS

In conclusion, rss is well defined and m, r satisfy equation (4.46f).

Notice that Propositions 4.5.1, 4.5.2 and 4.5.3 use no assumptions on boundary
conditions in s = 0. They are all thus valid for either a free, pinned or clamped filament.
This concludes the proof of Theorem 4.2.2.

4.6 Discussion

In this paper, we have addressed mathematical validity of theN -link formulation for the
elastohydrodynamics of a filament in a viscous flow. Theorems 4.2.1 and 4.2.2 provide a
rigorous proof of convergence (up to extraction) of the N -link model (4.8) towards the
classical filament elastohydrodynamics formulation (4.3), which is a first step towards
showing that the N -link swimmer is a well-founded discretization of a continuous
elastohydrodynamic filament.

The proofs of both theorems rely on energy dissipation formula (4.17). The fact
that this formula holds and precisely leads to convergence underlines, in particular, the
superiority of the N -link model over other possible discretized versions of equation
(4.3), such as a finite difference scheme on the filament arclength. As an important
consequence, when numerically implementing the filament dynamics, Theorem 4.2.2
fully justifies the use of an N -link filament as an equivalent system.

Several extensions to the framework of the present study can be envisioned. We
discuss the most prominent of them in the following and provide insights on the
difficulties they would likely raise, leaving fuller analysis to future works.

Hydrodynamics. It is worth recalling that the elastohydrodynamics equation (4.3) as
well as the N -link model (4.8) are built on coarse approximations of hydrodynamic
interactions, namely local resistive force theory. Inclusion of nonlocal effects in the
elastohydrodynamics equation is of course challenging from the functional analysis
point of view, as it requires to deal with integral terms in the equation.

On the other hand, the N -link model can handle the inclusion nonlocal terms within
the hydrodynamic matrix [103], and establishing invertibility of the resistance matrix to
extend the results of Theorem 4.2.1 may still be tractable.

Non-Newtonian fluids also constitute and important avenue of research for future
extensions of this study, with many biological fluids exhibiting viscoelastic behaviors or
complex rheologies [93]. Well-posedness for continuous elastohydrodynamics featuring
an additional coupling modeling linear viscoelasticity was tackled by Ohm in [79], whilst
rigorous treatment of corresponding coarse-grained versions remains an open problem.

Active filament. Modeling internal activity within the curvature dynamics of the
filament is a crucial step to fully describe the dynamics of biological filaments such as
microswimmer flagella and cilia, rather than that of a passive elastic fiber for the present
study. Activity is typically represented as an internal torque forcing, say τ , which would
appear in the moment equation (fifth line of System (4.3)). By perturbative arguments, it
is very likely that well-posedness and convergence are preserved in the case of “small
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enough” τ , following the proofs of Theorems 4.2.1 and 4.2.2 and including suitable
assumptions on the norm and regularity of τ . The general case for arbitrary τ is trickier,
and probably does not admit more than local existence in time, as noted by Mori & Ohm
for continous elastohydrodynamics [76].

Three-dimensional motion. As we can observe in many filaments, flagella in sperm
cells or bacteria [22], [109], it is essential to then extend our well-posedness and
convergence results to an analogous model in 3D. A possible extension could be
envisioned by formally studying either a bead-and-segment model introduced by
Fuchter and Bloomfield-Gadêlha [40], or the direct 3D equivalent of theN -link model, as
presented by Walker, Ishimoto and Gaffney in [103]. For the latter, both the continuous
equations and their discretization seem very similar to those of the N -link, except for
the angles between segments which is now characterized by a three-dimensional twist
vector. This then modifies the constitutive equation for the contact torque. However,
the final matrix-vector system has a similar structure to that of the N -link, so similar
mathematical methods may be of use.

Multiple filaments. In nature, for example when looking at swimming bacteria,
multiple filaments are often present in the studied setting. As pointed out by Du Roure
et al. [36] and Young [110], in this case, hydrodynamical interactions between filaments
need to be taken into account, thus adding another layer of complexity to the problem.
In particular, these interactions are deemed to have an important impact on swimming
speed and filament motion in general.

In conclusion, we have shown the validity of the N -link model as a mathematically
rigorous coarse-grained version of an elastic filament. This original approach bridging
two physically relevant models could inspire future contributions to a more complete
mathematical theory of microswimming and fluid-structure interaction at microscopic
scale.
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5 Mathematical models for flagellar activation
mechanisms

In this chapter, Sections 5.1 through 5.7 reproduce a submitted paper [1], written
in collaboration with François Alouges, Irene Anello, Antonio DeSimone and Aline
Lefebvre-Lepot. The last section, 5.8.2, presents some additional unpublished results on
a comparision between the usual assumptions used in our models and some equaitons
arising from the system’s chemistry.
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5.1 Introduction

Cilia and flagella are active appendages-like organelles employed by numerous eukaryotic
cells to swim inside viscous fluid [102]. They exploit hydrodynamic friction to induce
cellular self-propulsion, and show a characteristic periodic motion in their dynamics [42],
[43], which enables them to swim as efficiently as possible at a low Reynolds number
[87].

However, as first noticed by Taylor [98] and Grey and Hancock [46], initiating a
movement at the beginning of an elastic rod, in a setting similar to flagellar swimming,
is not sufficient to propagate a wave along the appendage and match the type of periodic
motion that is observed in practice. Machin [73] then observed that some form of internal
activity is necessary to sustain the oscillations. The first numerical simulations with
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active components were then conducted by Brokaw [26]–[28], by matching parameters
values in order to reproduce a flagellum’s beating pattern [85].

We now know that all cilia and flagella have a common internal structure, their
cytoskeleton called the axoneme, which is composed of pairs of A and B filaments, called
microtubules. An axoneme is composed of nine microtubule pairs arranged in a cylinder
and, in some cases, a central tubule pair. All filaments have a periodic structure and are
polar with the same polarity, their minus end being attached to the basal corpuscle, a
complex structure linking the filament to the swimmer’s body. Interconnection proteins
then link tubules together; nexin forms elastic links between two adjacent microtubule
doublets, while radial spokes go from tubules A towards the center.

Figure 5.1. Simplified axoneme with 9 microtubule doublets and no central pair [108]. Note
the presence of a bridge between rows 5 and 6.

This is indeed an active structure due to the work done by molecular motors, which
are protein macro-molecules that move along periodic and polar filaments. In the
axoneme, molecular motors are called dyneins and are situated between neighbouring
microtubule pairs. They are attached to one of the microtubule pair and walk along the
opposite pair creating local sliding between neighbouring microtubules, similarly to
what can be observed in muscles with the sliding filament model [94]. This structure
directly creates bending along the filament [96].

This complex three dimensional structure has first been modeled in [29] as a pair
of filaments that bends on a plane; throughout this paper we will call this model the
one-row model. This kind of projection of the axoneme, well represented in [89], implies
a great simplification on the study of the hydrodynamics of the system, while still
detecting the typical oscillatory behaviour of cilia and flagella. This was made possible
by coupling the dynamics of active filaments together with the stochastic equations that
regulates the molecular activity of the dyneins. Our focus is going to be on this last
part, suggesting a new filament structure and adding motors rows using the stochastic
model presented in [54]–[58], [62] and [86], where motors are attached to one of the two
filaments of the projection, and walk on the other one. This model has no additional
components regulating sliding, and nevertheless prove that dyneins can synchronize
and thus auto-regulate themselves to create a form of alternating sliding on both sides
of the axoneme. This matches, in particular, with the curvature regulation hypothesis
called steady dynein loading [19], [52], [107] in which axonemal curvature is created
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without any inhibition mechanism transmitted along the system. Note that this question
is controversial as many other curvature regulation models, using additional mechanical
signaling to provide some form of inhibition have been proposed in the literature [50],
[65]–[71].

Figure 5.2. Two states of a motor walking along a microtubule in a periodicity cell.

Let us focus on one dynein: its motion can be described with a stochastic two-state
model. The idea is that the motor can be found only either in state 1, where one
head is bound to the filament and the other is not, or in state 2, where the opposite
configuration holds (see Fig. 5.2). Each state i = 1, 2 is defined by its potential energy
Wi(ξ) at position ξ ∈ [0, ℓ] on the filament, as shown in Figure 5.2. The necessary energy
for the motor to change its state is provided by a hydrolysis transformation involving
Adenosinetriphosphate (ATP).

We introduce two transition rates, ω1(ξ) and ω2(ξ), that measure the probability per
unit of time for one motor to go from state 1 to state 2 and vice versa. The transition
rates depend on Wi as well as on the chemical quantities. One way to model this last
dependence is to define the local deviation from the chemical equilibrium of the system
as a non negative quantity, Ω, which is proportional to the ATP concentration. A full
treatment of this is present in [55]. When Ω is zero, the system does not have energy to
consume, it is in chemical equilibrium and the molecular motors remain still.

The filaments have periodic structures, and it is common to assume that both poten-
tials W1 and W2, and transition rates ω1 and ω2 are periodic functions with the same
period ℓ. In practice, we use explicit expressions for them.

Microtubules are therefore linked together by a large number of molecular motors
obeying the two-state model. In the limit of an infinite system, one can then introduce
densities P i(ξ) ≥ 0 with i = 1, 2 which give the probability to find a motor at position
ξ in state i, as suggested in [57], [105]. These densities are not independent but obey
P 1(ξ) + P 2(ξ) = 1/l, reflecting the fact that a motor is always either in state 1 or in state
2. The moving filament is at position x(t), with velocity v(t) = d

dtx(t), given by the
collective work of all motors attached to it. The one-row model, given in [56], expresses
this motion as a transport equation on P = P 1, namely:

∂tP (ξ, t) + v(t)∂ξP (ξ, t) = −(ω1 + ω2)P (ξ, t) + ω2/ℓ

v(t) =
1

η

 ℓ∫
0

dξP (ξ, t)∂ξ∆W (ξ)− kx(t)

 ,
(5.1)
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where ωi = ωi(ξ; Ω) and ∆W (ξ) =W2(ξ)−W1(ξ).
This system has a non moving and stationary solution:

Peq(ξ; Ω) =
ω2

ℓ(ω1 + ω2)
, veq = 0, xeq =

1

k

∫ l

0
dξ Peq(ξ; Ω)∂ξ∆W (ξ).

Depending on the chosen expressions for transitions rates ωi and potentials Wi, a
threshold value Ω = Ω0 may exist, above which this solution becomes unstable and
oscillates.

Notice that, in the one-row model, even without any external force, there is a non-
zero equilibrium displacement xeq leading to a bending of the tail at rest. Jülicher and
Camalet mentioned this issue in [29], solving it by choosing symmetrical potentials and
transition rates when modeling chemistry. Instead, in this work, we keep the chemistry
in its general formulation and introduce a second row of molecular motors, as in Figure
5.3(a), 5.3(b). The two-row model is a simplified version of the axoneme, which forms a
cylinder with only two microtubule pairs linked by two motor rows, as shown in Figure
5.3(a). This simplification acts like Sartori’s two-dimensional projection of the axoneme
[89], and enables the simplified axoneme to create a curvature in both directions, as
motors on opposite sides of the axoneme generate bends in opposite directions [91].

This two-row model is also a first step to the real model, which we study via an N -row
model in section 5.4 (whereN corresponds here to the quantity of motor rows), as shown
in Figure 5.1.

(a) (b)

Figure 5.3. (a) Cross section of the partial axoneme with two opposite microtubule pairs. (b)
Side view of the partial axoneme with two opposite microtubule pairs.

As one can see in Figure 5.3(b), we call x(t) the relative displacement of the tubule
pairs. Following the same principles as for the one row of molecular motors, we introduce
Pi as the probability that a motor attached to tubule pair i is in state 1.

Let P (ξ, t) = P1(ξ, t) and Q(ξ, t) = P2(ξ + x(t), t). Then, we obtain (see section 5.3)
the following system of equations, for ξ ∈ [0, ℓ] and t > 0:
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∂P

∂t
(ξ, t) + v(t)

∂P

∂ξ
(ξ, t) = −(ω1(ξ; Ω) + ω2(ξ; Ω))P (ξ, t) +

ω2(ξ; Ω)

ℓ
,

∂Q

∂t
(ξ, t)− v(t)

∂Q

∂ξ
(ξ, t) = −(ω1(ξ; Ω) + ω2(ξ; Ω))Q(ξ, t) +

ω2(ξ; Ω)

ℓ
,

v(t) =
1

2η

 ℓ∫
0

(P (ξ, t)−Q(ξ, t))∂ξ∆W (ξ)dξ − 2kx(t)

 ,

P (0, t) = P (ℓ, t), Q(0, t) = Q(ℓ, t),

(5.2)

with ℓ-periodic ωi and ∆W .
The goal of this paper is twofold. On the one hand, we rigorously prove an existence

and uniqueness result for the solution of (5.2). Furthermore, we show the existence of a
Hopf bifurcation for that same system when reasonable formulas are taken for potentials
Wi and transition rates ωi, depending on the ATP concentration via Ω.

On the other hand, we provide the reader with numerical simulations of (5.2). An
upwind scheme is considered to handle both transport equations. Theoretical results
are illustrated numerically, and simulations with more general potentials are also given.
Moreover, the numerical method extends to the more realistic N -row model described
in Figure 5.1.

Before stating the theoretical results, we point out thata we assume (see [29], [47]),

ω1(ξ; Ω) + ω2(ξ; Ω) = a0(Ω), (5.3)

where a0(Ω) > 0. The first theorem reads as follows:

theorem 5.1.1 · Existence and uniqueness

Let us fix ℓ > 0. Assume ω1(ξ; Ω) and ω2(ξ; Ω) as in (5.3). Moreover, assume
ω2 and ∆W to be at least C1([0, ℓ]). If the initial data P (ξ, 0) and Q(ξ, 0) are
C1([0, ℓ]) and x(0) = 0, then the system of equations (5.2), admits a unique solution
P, Q ∈ C1([0, ℓ]× R+) and x ∈ C1(R+).

For the second result we define ∆W (ξ) = U cos

(
2πξ

ℓ

)
, as in [29]. Moreover, since

the two motor heads are identical, then ω2(ξ) = ω1(ξ + ℓ/2). Taking the transition rates’
periodicity into account, we use the following Fourier expansion

ω2(ξ; Ω) =
a0(Ω)

2
+

∑
n=2k+1, k≥0

(
an(Ω) cos

2nπξ

ℓ
+ bn(Ω) sin

2nπξ

ℓ

)
, (5.4)

with an(Ω) and bn(Ω) real coefficients.
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theorem 5.1.2 · Hopf bifurcation

In addition to the hypothesis above, assume that a0(Ω) = a00Ω
α0 , a1(Ω) = a01Ω

α1 ,
b1(Ω) = a01Ω

α1 for a01 ∈ R and α0, α1, a
0
0,Ω ∈ R+. Furthermore, let us define

τ(Ω) := −1

4
(2a00Ω

α0 +
ζℓ

π
+ 2λ

a01
a00ℓ

Ωα1−α0), (5.5)

with ζ = 2πk/ηℓ and λ = 2π2U/ηℓ. Suppose there exists Ω0 ∈ R+ such that
τ(Ω0) = 0 and τ ′(Ω0) > 0, then the solutions P (ξ, t; Ω), Q(ξ, t; Ω) and x(t; Ω) of the
system (5.2) show a super-critical Hopf bifurcation in time near the bifurcation
value Ω0 and near the fixed point

(Peq(ξ; Ω), Qeq(ξ; Ω), xeq(Ω)) =

(
ω2(ξ; Ω)

a0(Ω)l
,
ω2(ξ; Ω)

a0(Ω)l
, 0

)
.

In particular, the fixed point is asymptotically stable for Ω < Ω0, and unstable for
Ω > Ω0. Moreover there exists an asymptotically stable periodic orbit for Ω > Ω0

with radius

ρ =

√
−(Ω− Ω0)τ ′(Ω0)

τ̃
+ o

(√
Ω− Ω0

)
, (5.6)

where τ̃ = −3πζ

4ℓ

(
πa00Ω

α0
0 + ℓζ

πa00Ω
α0
0 + 2ℓζ

)
.

The methods introduced to prove the theorems can be also used to demonstrate
similar results for the one-row model, and might prove useful to consider the general
N -row structure.

The paper is organized as follows. In the first section we give a brief overview on
the one-row model, describing the chemistry and outlining the main properties of the
model. We are going to do so through numerical simulations achieved by an upwind
numerical scheme, also explained in this section. The second section is entirely dedicated
to the two-row model, where we prove theorems 5.1.1, 5.1.2 and perform numerical
simulations to confirm the theoretical results. In the third and last section, we open new
questions by extending our model to the N -row structure.

5.2 Numerical simulations of the one-row model

In this section, we describe the numerical scheme used throughout the whole paper. It is
used here to compute the solution to the one-row model (5.1) but can easily be extended
to N -row models, for N > 1. We also show that well-known results for the 1-row model
are recovered using our numerical scheme.
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5.2.1 Numerical method

For numerical simulations of the whole 1-row PDE system (5.1), we write a first-order
upwind scheme for the density P where, after each step, we update the velocity v.
Let us take ∆x such that ℓ = J∆x for J ∈ N∗, and ∆t the time step. We define
Pn
j := P (j∆x, n∆t), for n ≥ 1 and 1 ≤ j ≤ J . Being ℓ-periodic, we may extend Pn

j for
all j ∈ Z by setting Pn

j+J = Pn
j for all j ∈ Z and all n ∈ N. At a fixed time step t = n∆t,

n ≥ 1, the velocity vn of the central tubule pair being known, we compute, for j ∈ Z
Sn
j = −a0Pn

j + ω2(j∆x)/ℓ,

Pn+1
j =

(
1− vn

∆t

∆x

)
+ vn

∆t

∆x
Pn
j−1 +∆tSn

j if vn > 0,

Pn+1
j =

(
1 + vn

∆t

∆x

)
− vn

∆t

∆x
Pn
j+1 +∆tSn

j if vn < 0.

(5.7)

and (xn+1, vn+1) are ηvn+1 = ∆x
J∑

j=1

(
Pn+1
j ∂ξ∆W (j∆x)

)
− kxn,

xn+1 = xn + vn+1∆t.

(5.8)

Notice that, in (5.7), only one of the two updates is used for all j. Moreover, due to the

stability of the upwind scheme, we need to check at each iteration that
∣∣∣∣vn ∆t

∆x

∣∣∣∣ < 1.

5.2.2 Numerical results

All simulations are carried out defining the model functions that satisfy the hypotheses
from theorem 5.1.2: ∆W (ξ) = U cos(2πξ/ℓ), a0(Ω) = a00

√
Ω, a1(Ω) = b1(Ω) = a01Ω and

an(Ω) = bn(Ω) = 0, if n > 1, with α0 = 1/2 and α1 = 1. All parameters values used for
all simulations (unless specified otherwise) are shown in Table 5.1, matching F. Jülicher’s
[29]. We have taken for kBT the value at 36◦C (human body temperature). We compute
a01 such that the threshold of value of the system remains Ω0, which is given. These
choices will be justified in section 5.3.

Table 5.1. Values of the parameters used in numerical simulations.

Parameter Value
ℓ 10nm

kBT 4.2668 · 10−3 nN · nm
η 1.0 · 10−7 kg/s

k 9.5 · 10−5 kg/s2

U 10kBT

a00 1.0 · 103 s−1

Ω0 15kBT
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As written above, in [29], the transition rates were taken symmetric to reflect the
symmetry of the three dimensional body. Namely, ωis are symmetric in the sense of
[29] if |ωi(ξ + l/2)| = |ωi(−ξ + l/2)|. To point out what happens if the system is not
symmetric we choose b1 ̸= 0, as in [47].
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Figure 5.4. One-row model. On the left ((a), (c), (e)) we observe P (ξ, t), x(t) and v(t) when the
ATP concentration Ω is less then Ω0, the system reach its non moving equilibrium. On the right
((b), (d), (f)), we see the same quantities with Ω > Ω0, all of them oscillate in time.

The system needs a specific ATP concentration Ω0 to start moving. This can be
observed in Figure 5.4. Here, we plot the graphs of P (ξ, t) in the periodicity cell [0, ℓ]
for the space variable ξ. When Ω < Ω0, the system quickly goes to its equilibrium state.
The filament does not move and maintains a non-zero displacement, x0 ̸= 0, as shown
in Figures 5.4(a), 5.4(c) and 5.4(e). In this regime, the quantity P (ξ, t), which is the
probability of finding a motor with the right head attached to the filament and the left
head detached from it, is constant in time. Lastly, due to our choices for the transition
rates, the natural equilibrium configuration of the motor’s heads is not independent
from the position in space.
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As soon as the system with elastic links attains enough chemical energy (namely,
Ω > Ω0), the position of the filament, together with the motor density P , oscillate around
their equilibrium positions, as in Figures 5.4(d) and 5.4(f).

Notice that, since the transition rates are not symmetric, the equilibrium displacement
for the one-row model is different from zero (Figures 5.4(c) and 5.4(d)).

It is also known that the dynamical behavior of the filament depends on the presence
of elastic elements. They are defined through the elastic force −kx(t), with k ̸= 0. If
enough chemical ATP is given to the system, namely Ω > Ω0, then the filament is
expected to deviate from its equilibrium position. If no elastic elements are present,
i.e. k = 0, then the motors walk and the filament slides, with v(t) ̸= 0, in one arbitrary
direction. In this case, |x| keeps growing until both filaments are not connected to one
another (through the motors) anymore. Instead, if k ̸= 0, the filament starts to oscillate.

5.3 Introducing the two-row model

5.3.1 Model structure

We now derive in detail the system (5.2), which is depicted in Figure 5.3(b). We consider
three pairs of filaments, numbered from 0 to 2. The pairs 0 and 2 are identical, and fixed,
while the (central) pair 1, may move. We call x(t) its displacement, and v(t) = d

dtx(t) its
velocity. We define P1(ξ, t) and P2(ξ, t) as the probabilities for the motors to be in state
one at position ξ and time t, when attached to the pair 1 (bottom row) or to the pair 2
(top row), respectively. We obtain for ξ ∈ [0, ℓ] and t > 0, two transport equations (still
assuming (5.3)):

∂P1

∂t
(ξ, t) + v(t)

∂P1

∂ξ
(ξ, t) = −a0(Ω)P1(ξ, t) +

ω2(ξ; Ω)

ℓ
,

∂P2

∂t
(ξ, t) = −a0(Ω)P2(ξ, t) +

ω2(ξ − x(t); Ω)

ℓ
.

(5.9)

Moreover, the force balance equation reads:

fext − 2ηv − 2kx+ fmot = 0,

where fext is the external force applied on the central filament and fmot is the force
exerted by the motors on it, which is defined as

fmot(t) =

ℓ∫
0

(P1(ξ, t)∂ξ∆W (ξ)− P2(ξ, t)∂ξ∆W (ξ − x(t)))dξ. (5.10)
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For the purpose of our work, we do not consider any external forcing, which means
fext = 0. Let P (ξ, t) = P1(ξ, t) and Q(ξ, t) = P2(ξ + x(t), t). Then, (5.9) becomes

∂P

∂t
(ξ, t) + v(t)

∂P

∂ξ
(ξ, t) = −a0(Ω)P (ξ, t) +

ω2(ξ)

ℓ
,

∂Q

∂t
(ξ, t)− v(t)

∂Q

∂ξ
(ξ, t) = −a0(Ω)Q(ξ, t) +

ω2(ξ)

ℓ
.

(5.11)

The periodicity of P1 and P2, enables us to rewrite the motor force as

fmot(t) =

ℓ∫
0

(P (ξ, t)−Q(ξ, t))∂ξ∆W (ξ)dξ ,

and obtain

v(t) = ẋ(t) =
1

2η

 ℓ∫
0

(P (ξ, t)−Q(ξ, t))∂ξ∆W (ξ)dξ − 2kx(t)

 . (5.12)

Finally, we recover the system of equations (5.2), which will then be studied both
theoretically and numerically, before generalizing it to an arbitrary number of layers N .

5.3.2 Proof of Theorem 5.1.1 (existence and uniqueness)

The proof follows a classical scheme in two steps: we first show local existence of the
solutions in time, and then extend it globally in R+.

Step 1: local existence. Let T > 0 be a time to be chosen afterwards and define the map

ψ : C0([0, T ]) → C0([0, T ]) as ψ[x(·)](t) =
∫ t

0
F [x(·)](s) ds, where

F [x(·)](s) = 1

2η

 ℓ∫
0

(Px(ξ, s)−Qx(ξ, s))∂ξ∆W (ξ)dξ − 2kx(s)

 , (5.13)

and the functionsPx(ξ, t) andQx(ξ, t) are defined as the solutions of (5.11) and v(t) = ẋ(t).
Notice that Px and Qx are explicitly given in their integral form by

Px(ξ, t) = e−a0tP (ξ − x(t) + x(0), 0) +
e−a0t

ℓ

∫ t

0
ea0sω2(ξ + x(s)− x(t)) ds. (5.14)

and

Qx(ξ, t) = e−a0tQ(ξ + x(t)− x(0), 0) +
e−a0t

ℓ

∫ t

0
ea0sω2(ξ − x(s) + x(t)) ds, (5.15)

which remain well-defined when x is only in C0([0, T ]).
Notice that (x̃, Px̃, Qx̃) is a solution of the system (5.11, 5.12) if and only if x̃(t) is a

fixed point of ψ, i.e. ψ[x̃(·)] = x̃(·). In order to proceed, we prove that ψ : C0([0, T ]) →
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C0([0, T ]) is a strict contraction for T sufficiently small.

Let us take two functions x1 and x2 in C0([0, T ]), with x1(0) = x2(0) = 0 and
with the corresponding Px1 , Qx1 and Px2 , Qx2 defined by the integral formulations
(5.14, 5.15). The initial conditions are identical Px1(ξ, 0) = Px2(ξ, 0) = P (ξ) and
Qx1(ξ, 0) = Qx2(ξ, 0) = Q(ξ). We want to estimate the quantity

ψ[x1(·)](t)− ψ[x2(·)](t) =
∫ t

0
F [x1(·)](s)− F [x2(·)](s) ds. (5.16)

Using (5.13), we get

F [x1(·)](s)− F [x2(·)](s) =
1

2η

( ℓ∫
0

(
Px1(ξ, s)− Px2(ξ, s)

−
(
Qx1(ξ, s)−Qx2(ξ, s)

))
∂ξ∆W (ξ)dξ

)
− k

η
(x1(s)− x2(s)).

(5.17)

Now, we have from (5.14)

Px1(ξ, t)− Px2(ξ, t) = e−a0t(Px1(ξ − x1(t), 0)− Px2(ξ − x2(t), 0))

+
e−a0t

ℓ

∫ t

0
ea0s(ω2(ξ + x1(s)− x1(t))− ω2(ξ + x2(s)− x2(t)) ds.

(5.18)

We have the estimate

∥Px1(t, ξ)− Px2(t, ξ)∥L∞
t L∞

ξ

≤ ∥∂ξP∥L∞
ξ
∥x1(t)− x2(t)∥L∞

t

+
1

ℓ

∥∥∥∥∫ t

0
ea0(s−t)∥∂ξω2∥L∞

ξ
|x1(s)− x1(t)− x2(s) + x2(t))| ds

∥∥∥∥
L∞
t

≤
(
∥∂ξP∥L∞

ξ
+

2

a0ℓ
∥∂ξω2∥L∞

ξ

)
∥x1(t)− x2(t)∥L∞

t
,

The same goes for the difference Qx1(ξ, t)−Qx2(ξ, t), and we deduce

∥Px1(t, ξ)− Px2(t, ξ)−Qx1(t, ξ) +Qx2(t, ξ)∥L∞
t L∞

ξ
≤ C1∥x1(t)− x2(t)∥L∞

t
. (5.19)

with C1 = 4max
{
∥∂ξQ∥L∞

ξ
, ∥∂ξP∥L∞

ξ
, 2
a0ℓ

∥∂ξω2∥L∞
ξ

}
.

We now deduce from (5.17)

∥F [x1(·)]− F [x2(·)]∥L∞
t

≤
(
C1ℓ

2η
∥∂ξ∆W∥L∞

ξ
+
k

η

)
∥x1(t)− x2(t)∥L∞

t
, (5.20)

and obtain
∥ψ[x1(·)]− ψ[x2(·)]∥L∞

t
≤ C2T∥x1 − x2∥L∞

t
, (5.21)

with C2 =
C1ℓ
2η ∥∂ξ∆W∥L∞

ξ
+ k/η.
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Taking T = 1
2C2

, this proves that ψ is a contraction, as claimed. Then, there exists a
unique fixed point x̃(·) ∈ C0([0, T ]) which satisfies (5.12).

Step 2: global solutions. The previous construction can be extended as long as Px and
Qx remain bounded in C1([0, ℓ]), as shown by the formulas for C1 and C2. But from
(5.14, 5.15) we have

∥Px(·, t)∥C1
ξ
≤ e−a0t∥P∥C1

ξ
+ (1− e−a0t)

1

a0ℓ
∥ω2∥C1

ξ
,

which shows that
∥Px∥C1

ξ ,L
∞
t

≤ max

(
∥P∥C1

ξ
,
1

a0ℓ
∥ω2∥C1

ξ

)
,

and the same goes for Qx. We thus obtain that there is a unique global solution
(x, Px, Qx) to (5.11, 5.12) for all time t ≥ 0.

In fact, x ∈ C1(R+) and Px, Qx ∈ C1([0, ℓ]×R+) as shown by the following bootstrap
argument: From equations (5.14, 5.15), we know that Px and Qx are continuous in time,
which enables us to deduce that F [x(·)] ∈ C0(R+). Therefore, ψ[x(·)] ∈ C1(R+). But,
since x = ψ[x(·)], we deduce that x ∈ C1(R+). Re-using equations (5.14, 5.15), we may
then deduce that Px and Qx are in fact C1 in time (and they actually have the minimal
regularity of the initial conditions P, Q and of ω2).

5.3.3 Proof of Theorem 5.1.2 (Hopf bifurcation)

The functions ξ 7→ P (ξ, t) and ξ 7→ Q(ξ, t) are periodic with period l, and they can be
then expanded in Fourier series

P (ξ, t) =
p0(t)

2
+
∑
n>0

(
pcn(t) cos

2nπξ

ℓ
+ psn(t) sin

2nπξ

ℓ

)
,

Q(ξ, t) =
q0(t)

2
+
∑
n>0

(
qcn(t) cos

2nπξ

ℓ
+ qsn(t) sin

2nπξ

ℓ

)
.

(5.22)

We insert this expansion and the one for the transition rates (5.4) into the system (5.2). By
matching same order terms, we get an infinite number of ordinary differential equations
for the coefficients of P and Q. Namely, for n = 0 we get two decoupled equations for p0
and q0:

ṗ0(t) = −a0(Ω)p0(t) + a0(Ω)/2ℓ, q̇0(t) = −a0(Ω)q0(t) + a0(Ω)/2ℓ. (5.23)

For n ̸= 0 we obtain:
ṗcn(t) +

2πn
ℓ v(t)psn(t) = −a0(Ω)pcn(t) + an(Ω)/ℓ ,

ṗsn(t)− 2πn
ℓ v(t)pcn(t) = −a0(Ω)psn(t) + bn(Ω)/ℓ ,

q̇cn(t)− 2πn
ℓ v(t)qsn(t) = −a0(Ω)qcn(t) + an(Ω)/ℓ ,

q̇sn(t) +
2πn
ℓ v(t)qcn(t) = −a0(Ω)qsn(t) + bn(Ω)/ℓ ,

(5.24)
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together with the force balance equation

2ηẋ(t) + 2kx(t) + πU(ps1 − qs1) = 0 . (5.25)

Note that the coupling between the probabilities evolution and the force equilibrium
equation takes place only for the first order coefficients. We are going to prove the
existence of a Hopf bifurcation by treating order n = 0 first, then n = 1 and lastly n > 1.
Combining all three results will complete the proof.

Step 1. Zeroth order coefficients. It is clear that (5.23) gives

p0(t) = e−a0t

(
p0(0)−

1

2l

)
+

1

2ℓ
, q0(t) = e−a0t

(
q0(0)−

1

2l

)
+

1

2ℓ
,

and both converge to 1
2ℓ exponentially fast.

Step 2. First order coefficients. We now prove the onset of oscillatory patterns for the
first order coefficients pc,s1 (t), qc,s1 (t), and for the position x(t).

From (5.24) and (5.25) we obtain a first-order five-dimensional ODE:

ṗc1 = −a0(Ω)pc1 +
(
ζx+

λ

2
(ps1 − qs1)

)
ps1 +

a1(Ω)

ℓ
,

ṗs1 = −a0(Ω)ps1 −
(
ζx+

λ

2
(ps1 − qs1)

)
pc1 +

b1(Ω)

ℓ
,

q̇c1 = −a0(Ω)qc1 −
(
ζx+

λ

2
(ps1 − qs1)

)
qs1 +

a1(Ω)

ℓ
,

q̇s1 = −a0(Ω)qs1 +
(
ζx+

λ

2
(ps1 − qs1)

)
qc1 +

b1(Ω)

ℓ
,

ẋ = − ℓ

2π

(
ζx+

λ

2
(ps1 − qs1)

)
,

(5.26)

where ζ = 2πk/ηℓ and λ = 2π2U/ηℓ.
We linearize the system around its equilibrium point

peq = (pc1,eq(Ω), p
s
1,eq(Ω), q

c
1,eq(Ω), q

s
1,eq(Ω), xeq(Ω)),

where
pc1,eq = qc1,eq =

a1(Ω)

a0(Ω)ℓ
, ps1,eq = qs1,eq =

b1(Ω)

a0(Ω)ℓ
, xeq = 0 .

We observe that the Jacobian matrix has five eigenvalues: three of them are equal to
−a0(Ω) < 0 while the other two are of the form τ(Ω) ± 1

2
√
π

√
−2ζℓa0(Ω) + π τ2(Ω) ,

where τ(Ω) is given by (5.5). Since, by hypothesis, there exists a real and positive Ω = Ω0

such that τ(Ω0) = 0, then −2ζℓa0(Ω0) + π τ2(Ω0) < 0, and we deduce that the pair of
complex eigenvalues can be written as τ(Ω)± iω(Ω) where

ω(Ω) := − 1

2
√
π

√
2ζℓa0(Ω)− π τ2(Ω), (5.27)
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and they cross the imaginary axis at Ω = Ω0.
In the following proposition, we are going to study the non-linear behavior of

the vector field solution to (5.26) by exploiting the center manifold theorem; the orbit
structure near the fixed point and Ω0 is determined by the restriction of the non linear
system to the center manifold. In particular, system (5.26) restricted to the center
manifold will show a super-critical Hopf bifurcation near peq and Ω0.

proposition 5.3.1 · First order coefficients

With the hypothesis of Theorem 5.1.2, the non-linear system (5.26) has a supercritical
Hopf bifurcation near (peq,Ω0).

Proof. Change of variables.
In the first part of the proof we restrict the dynamical system to the center manifold. To
compute the latter, we bring the system to a more suitable formulation.

Let us first transform the fixed point of (5.26) to the origin. We define the new
variables as

δpc1 = pc1 − pc1,eq, δp
s
1 = ps1 − ps1,eq, δq

c
1 = qc1 − qc1,eq, δq

s
1 = qs1 − qs1,eq.

We then use the following linear and invertible change of variables

r = a1
b1
δpc1 + δps1, s = a1

b1
δqc1 + δqs1, z = 1

2(δp
s
1 + δqs1), y = 1

2(δp
s
1 − δqs1).

This choice for the change of variables and the various steps to reach this result are
justified in more detail in the Appendix 5.7. We now shorten the notation by taking
X = (r, s, z)T , and Y = (y, x)T to transform the system (5.26) into

d

dt

(
X

Y

)
= M(Ω)

(
X

Y

)
+

(
G(X,Y )

F (X,Y )

)
, (5.28)

where

M(Ω) =

(
B(Ω) 0

0 A(Ω)

)
is a block diagonal matrix, with

B(Ω) := −a00Ωα0Id3,3 ,

A(Ω) :=

 −a00Ωα0 − λ
ℓ
a01
a00
Ωα1−α0 −a01

a00

ζ
ℓΩ

α1−α0

− λℓ
2π − ζℓ

2π

 ,
(5.29)



INTRODUCING THE TWO-ROW MODEL 107

and the non linear part is defined as

G(X,Y ) = (ζx+ λy)



a01
b01

(y + z) +
b01
a01

(−r + y + z)

a01
b01

(y − z) +
b01
a01

(s+ y − z)

− b
0
1

a01

(r − s− 2y)

2


,

and

F (X,Y ) = (ζx+ λy)

 − b
0
1

a01

(r + s− 2z)

2

0

 . (5.30)

Computation of the center manifold.
The center manifold can then be computed by using standard techniques reported,

for example, in [106]. We start by rewriting the system in such a way that Ω0 is moved to
the origin through the change of variable δΩ = Ω− Ω0. As it is classical, we treat δΩ as
a variable of the system. This means that we add the equation ˙δΩ = 0 to the dynamical
system and that the non linear part of the system includes all the products δΩ r, δΩ s,
δΩ z etc.

Since the terms in the matrix M are nonlinear in Ω, we expand them defining

(Ω0 + δΩ)α = Ωα
0 + c(α) δΩ +O(δΩ 2),

where c(α) = αΩα−1
0 .

The system becomes

d

dt

 X

Y

δΩ

 = M(Ω0)

 X

Y

0

+

 g(X,Y, δΩ)

f(X,Y, δΩ)

0

 , (5.31)

with
g(X,Y, δΩ) = −a00c(α0)δΩX +G(X,Y )

and

f(X,Y, δΩ) = −


(
a00c(α0)y +

λ

ℓ

a01
a00
c(α1 − α0)

)
δΩ y +

ζ

ℓ
c(α1 − α0)δΩx

0

+F (X,Y ).

We can define a center manifold as

W c(0) = {(X,Y, δΩ) : X = h(Y, δΩ), |Y | < ε, |δΩ | < ε̄,h(0, 0) = 0, ∇h(0, 0) = 0},

for ε and ε̄ sufficiently small and h = (h1, h2, h3) smooth enough.
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In order for h to be the center manifold for the system (5.31), the graph of h(Y, δΩ)
has to be invariant under the dynamics generated by (5.31). Hence, by plugging h into
the system and compute its derivative, we get the following quasilinear differential
equation

∇Y h · (A(Ω0)Y + f(h, Y, δΩ)) = B(Ω0)h+ g(h, Y, δΩ). (5.32)

The solution h(Y, δΩ) of (5.32) can be approximated with a power series expansion
up to any desired degree of accuracy (see [106]). In our case we expand them up to order
two defining

hi(Y, δΩ) := ai1y
2 + ai2yx+ ai3yδΩ + ai4x

2 + ai5xδΩ + ai6δΩ
2 +O(Y 3, δΩ 3). (5.33)

To completely determine (locally) the center manifold, we have to compute the coefficients
aij knowing that the functions defined in (5.33) must solve (5.32). For the detailed
computations, we refer the reader to Appendix 5.6.

Restricted to the center manifold, the original system (5.28) has the following form:

d

dt
Y = A(Ω)Y + f(h(Y ), Y ) +O(Y 3, δΩ 3) . (5.34)

A complete formula for f(h(Y ), Y )) in terms of Y = (y, x)T follows from our
computations and reads

f(h(Y ), Y ) = 2πa00ℓ(λy + ζx)
(
πa01Ω

α1−α0
0

(
λ2y2 + ζ2x2

)
+ ζa00ℓ(πa

0
0Ω

α0
0 − ζℓ)yx

)(
2πa01λΩ

α1−α0
0 + ζa00ℓ

2
) (

2πa01λΩ
α1−α0
0 + a00ℓ(πa

0
0Ω

α0
0 − ζℓ)

)
0

 .

Observe that τ(Ω)± iω(Ω) is the pair of conjugated eigenvalues of A(Ω) and therefore
we are in the hypothesis of the existence of a Hopf bifurcation for a two-dimensional
system.

Normal form.
The next step is to bring system (5.34) into its normal form, from which we deduce

the type of Hopf bifurcation that the system is attaining.
In order to proceed, we apply a further change of coordinates, such that A(Ω) is

transformed to its real Jordan form. Namely, we define the transformation matrix

P =

(
P11 P12

1 0

)
,

where
P11 =

π

λℓ

(
a01λΩ

α1−α0
0

a00ℓ
+ a00Ω

α0
0

)
− ζ

2λ
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and

P12 = − 1

λℓ

√
πζℓ

(
a00Ω

α0
0 − a01λΩ

α1−α0
0

a00ℓ

)
−
(
πa01λΩ

α1−α0
0

a00ℓ
+ πa00Ω

α0
0

)2

− ζ2ℓ2

4
.

The matrix P defines the new coordinates Y = PỸ thanks to which equation (5.34) can
be expressed in its normal form

d

dt
Ỹ =

(
τ(Ω) −ω(Ω)
ω(Ω) τ(Ω)

)
Ỹ + P−1f(h(PỸ ),PỸ ) +O(Y 3, δΩ 3). (5.35)

To compute key properties of the system, such as the amplitude of the limit cycles,
we change coordinates to the polar ones Ỹ T = ρ(sin(θ), cos(θ)), and get{

ρ̇(t) = τ ′(Ω0)δΩρ(t) + τ̃ ρ3(t) +O(δΩ2ρ, δΩρ3),

θ̇(t) = ω(Ω0) + ω′(Ω0)δΩ+ ω̃ρ2(t) +O(δΩ2, δΩρ2).
, (5.36)

that is the normal form of (5.34) in polar coordinates around Ω0.
The non linear part P−1f(h(PỸ ),PỸ ) determines the constants τ̃ and ω̃. The first

one is involved in the expression for the limit cycle amplitude, and we compute it using
a formula given in [106]. We obtain

τ̃ = −3πζ

4ℓ

(
πa00Ω

α0
0 + ℓζ

πa00Ω
α0
0 + 2ℓζ

)
Since τ̃ is negative and

τ ′(Ω0) = −1

2

(
a01λα1 − α0Ω

α1−α0−1

a00ℓ
+ α0a

0
0Ω

α0−1

)
,

is positive by hypothesis, the reduced system (5.34), and hence, the whole system (5.28),
shows a supercritical Hopf bifurcation near the bifurcation parameter Ω0.

In particular, for Ω sufficiently near and greater then Ω0 there exists an asymptotically
stable periodic orbit with radius as in (5.6). This finishes the proof of Proposition
5.3.1

Step 3. Higher order terms. Lastly, we are going to prove that, after large times, the
solutions of (5.24) pc,sn (t) and qc,sn (t), with n > 1 are periodic with the same period as x(t).
We remark again that, since the dynamics of x (5.25) is independent of pcn, psn, qcn, qsn for
n > 1, we may assume that x(t) is given and periodic, and split the system into pairs of
coupled equations as stated in the following Proposition.
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proposition 5.3.2 · Higher order coefficients

For n > 1 consider the infinite system of four equations:
ṗcn(t) +

2πn

ℓ
ẋpsn(t) = −a0(Ω)pcn(t) + an(Ω)/ℓ,

ṗsn(t)−
2πn

ℓ
ẋpcn(t) = −a0(Ω)psn(t) + bn(Ω)/ℓ.

(5.37)

and 
q̇cn(t)−

2πn

ℓ
ẋqsn(t) = −a0(Ω)qcn(t) + an(Ω)/ℓ,

q̇sn(t) +
2πn

ℓ
ẋqcn(t) = −a0(Ω)qsn(t) + bn(Ω)/ℓ.

(5.38)

Suppose that, for t ≥ 0, the function t 7→ x(t) is periodic of period T . Then, the
solutions to the systems (5.37) and (5.38) may have two behaviors: they either
converge in time to periodic solutions of the same period T if n is odd, or they go
to zero for large times when n is even.

Proof. We introduce zn = pcn + ipsn. The first two equations of (5.37) then become:

żn +

(
a0(Ω)−

2inπ

ℓ
ẋ

)
zn = cn (5.39)

with cn =
an(Ω) + ibn(Ω)

ℓ
is constant. We thus deduce the following expression for zn(t)

zn(t) = cn

t∫
0

e
−

t∫
u
(a0(Ω)−iv̄(s))ds

du+ zn(0)e
−

t∫
0

(a0(Ω)−iv̄(s))ds
, (5.40)

where v̄ = 2nπ
ℓ ẋ.

Let us first notice that the second term, zn(0)e
−

t∫
0

(a0(Ω)−iv̄(s))ds
goes to zero when t

goes to infinity. This, together with the fact that an = bn = 0 if n is even (see (5.4)), gives
cn = 0 and the solutions pc,sn go to zero for large times when n is even.

Let us now focus on the case where n is odd. We want to prove that, when v̄ is
periodic of period T , zn converges towards a T -periodic solution after a transitory regime.
We again notice that the second term of (5.40) converges to 0, and the result will follow
by studying only the first term.
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We thus denote by z̃n(t) =
t∫
0

e
−

t∫
u
(a0−iv̄(s))ds

du, and compute

z̃n(T + t)− z̃n(t) =
t+T∫
0

e
−

t+T∫
u

(a0−iv̄(s))ds
du−

t∫
0

e
−

t∫
u
(a0−iv̄(s))ds

du

=

T∫
0

e
−

t+T∫
u

(a0−iv̄(s))ds
du+

t+T∫
T

e
−

t+T∫
u

(a0−iv̄(s))ds
du

−
t∫

0

e
−

t∫
u
(a0−iv̄(s))ds

du .

(5.41)

Using the fact that v̄ is T -periodic, the last two terms cancel and we obtain

z̃n(T + t)− z̃n(t) =

T∫
0

e
−

t+T∫
u

(a0−iv̄(s))ds
du

= e−(t+T )a0

T∫
0

e
ua0+

t+T∫
u

iv̄(s)ds
du

which goes to 0 when t goes to infinity.
We therefore proved that zn converges to a T -periodic function. The same result

holds for (qcn, qsn) solution to (5.38).

Finally, if we have initial conditions that are close to the equilibrium point of system
(5.2), and an amount of ATP Ω, which is close to Ω0, we know exactly how the solution of
the system evolves in time. The first order coefficients of (5.22) go quickly to the constant
term 1/l, the first order coefficients starts to oscillate in a limit cycle, and the higher order
terms either go to zero or have the same patterns as pc,s1 and qc,s1 with same period of
oscillation. Globally, the solution of (5.2), shows a supercritical Hopf-bifurcation in time,
close enough to the parameter Ω0.

Remark 5.3.1. We remark that, up until the computation of the center manifold, the
coefficients a0, a1 and b1 may remain general: there is no need for the power laws to
obtain three negative eigenvalues and two complex eigenvalues in system (5.26). To
facilitate the application of center manifold techniques, we have opted to explicitly
express the dependence of a0, a1, and b1 on Ω. The selection of power laws is somewhat
intuitive, as it extends previous findings ([29],[47]) and proves to be advantageous for
our analysis.

Remark 5.3.2. It is worth mentioning the role of b1 in the dynamics of the two-row system,
since we introduce it to point out that xeq for the two-row model is always zero, while
for the one-row model this is not the case. First notice that b01 does not appear in M.
Moreover, after the restriction to the center manifold, the non linear part f(h(Y ), Y ) is
independent on b01 too, at least up to third order expansion. Since ẋ(t) only depends on
Y , the effect of b1(Ω) on the displacement solution and its velocity is negligible.
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We also remark how the two systems (5.37) and (5.38) depends on x(t) and therefore
won’t depend on b1(Ω), but rather on a0(Ω), on an(Ω) with n > 0 odd, and on bn(Ω)

with n > 1 odd. On the other hand, we expect the probabilities P and Q to be sensitive
to b1(Ω), through their first order coefficients.

5.3.4 Numerical simulations

Conditions on α0 and α1 · In order to implement the numerical simulations, we have to
characterize ω1 and ω2 by fixing their coefficients. We first set the values for a00 and Ω0.
For simplicity, we impose that an = bn = 0 for n > 1 since, as observed in Theorem 5.1.2,
they have no significant influence over the system’s oscillations. We now want to find
some a01, α0, α1, that verify τ(Ω0) = 0 from equation (5.5) and τ ′(Ω0) > 0. Starting with
α0 and α1, we search for sufficient conditions such that τ ′(Ω0) > 0. This inequality reads

1

2
a00α0Ω

α0−1
0 − (α0 − α1)

λa01
2a00ℓ

Ωα1−α0−1
0 < 0,

Substituting a01 into it we get

a00(2α0 − α1)Ω
α0
0 + (α0 − α1)

ℓζ

2π
< 0. (5.42)

The condition (5.42) is fulfilled with different choices for α0, α1. A particularly simple
solution that we will use hereafter is α0 = 1/2 and α1 = 1. Then, to recover a01 = a01(Ω0),
we solve τ(Ω0) = 0, from equation (5.5), which leads to

a01 = − a00ℓ

2πλ
Ωα0−α1
0 (2a00Ω

α0
0 π + ℓζ). (5.43)

Finally, using the parameter values presented in Table 5.1, we compute a01 at the instability
a,d get a01(Ω0) = −56.4588 s−1.

Complete PDE simulations · We adapt the numerical scheme presented in section 5.2.1 to
the two-row system (5.2). The behaviour of the two-row model with respect to the ATP
concentration is comparable with the one for the one-row model.
When the ATP concentration Ω is lower than Ω0, the central pair does not move from its
zero equilibrium position. On the contrary, when the ATP concentration is enough, we
observe an oscillatory displacement between microtubules and in the probabilities, as in
Figure 5.5.
The main difference between the one-row model and the two-row one concerns the
equilibrium position around which the solution x(t) oscillates, as expected. This is
clearly illustrated in Figure 5.5(b), where the displacement takes place around zero. The
equilibrium position does not create any curvature, meaning it has the potential to bend
equally in both directions.
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Figure 5.5. Two-row model: (a) Probability density P1(ξ, t) of the top layer of being in state 1
over time in a periodicity cell, in steady-state regime. (b) Relative tubule shift x (in nm) over time
(in s). The probability density P2(ξ, t) of the bottom layer of being in state 1 is similar to P1(ξ, t).

Illustrating Theorem 5.1.2 · In the following section, we are going to test the results
of Theorem 5.1.2 against numerical simulations of the ordinary differential equations
system (5.26) and the partial differential equations system (5.2).

All constants are chosen as described in Table 5.1, and in Section 5.3.4. The parameter
δ indicates the relative distance from the instability Ω0; therefore, the point where the
simulations is performed is Ω0(1 + δ).

We compute solutions to (5.26) and (5.2) for Ω = Ω0(1 + δ), δ > 0 and focus on the
amplitude of oscillations for the displacement. From (5.6), the asymptotic expansion of
the theoretical amplitue is

ρ(Ω) =

√√√√δ
ℓ2

6π2

(
πa00Ω

1/2
0 + 2ℓζ

πa00Ω
1/2
0 + ℓζ

)
+ o

(√
Ω− Ω0

)
. (5.44)

The numerical amplitude is computed by taking the maximum and minimum values of
the solution, subtracting them and dividing the result by two. The values are taken after
some time t̄, when the numerical solution enters in its limit cycle.
In Figure 5.6(a), we observe the amplitude of x(t) computed with the PDE, taken as a
reference, the ODE, and the analytical result. In Figure 5.6, simulations only start after
δ = 0.05. This is related to the fact that the closer we are to Ω0, the slower the solution
enters into its limit cycle. For this reason, we should have taken a time t̄ = t(δ) after
which evaluating the amplitude of x(t). In this case, when δ goes to zero, t̄(δ) → ∞.
In the simulations this was not reasonable, so we chose a time t̄ independently from
δ, but large enough so that the solution enters in its steady-state regime for all δs. As
expected, the last loses its prediction capability the more we go away from the instability;
and subsequently, the relative error between the truncated formula (5.44) and the one
measured from the PDE increases, as we can see in Figure 5.6(b). This is due to the
contribution of the non linear terms, which play a role in determining the amplitude of
oscillations even when the system is close to Ω0.
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Figure 5.6. Two-row model. (a) Displacement amplitude depending on relative distance to the
instability. In blue, the one computed by numerically solving the ODE (5.26) and, in red, the one
computed by numerically solving the PDE (5.2) while, in black, the one described by formula
(5.44). (b) Relative error between theoretical displacement amplitude and the one measured by
the ODE (5.26) in red, and in black between theoretical one and measured one from PDE (5.2).

Comment on the amplitude · The expansion (5.44) of the amplitude ρ can also be adapted
to the ODE formulation of the one-row model (5.1). In Figure 5.7, the two-row model
does not only center the equilibrium point for the oscillations around zero, but it also
influences important physical quantities such as the amplitude of oscillations.

0.05 0.1 0.15 0.2 0.25 0.3
0.2

0.4

0.6

0.8

1

one-row

two-row

Figure 5.7. Theoretical amplitude for the 2-row model computed with formula (5.44) in black
and its equivalent for the 1-row model, in green, against the distance from instability δ.

5.4 Towards modeling the axoneme: N-layer model with fixed
extremities

Starting from two rows of molecular motors, we extend the model from section 5.3 to
N ≥ 2 rows of molecular motors, without any explicit form of inhibition in the system.
The system is then composed of N + 1 microtubule doublets on the outside, arranged in
a circle, and no central pair. All filaments have the same polarity, meaning that between
two microtubule pairs, motors move towards the base. To take the bridge of an axoneme
into account (as shown in Figure 5.1) in our N -layer model, filament pairs 0 and N are
considered to be the same pair. They have no shift between each other, as shown in the
split view Figure 5.8. Moreover, all microtubule pairs are assumed inextensible, rigid
and at a constant distance from each other. They are held together by elastic and viscous
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Figure 5.8. Motors and tubule shift in the N -row model (here the horizontal axis x shows
absolute tubule displacement instead of motor position ξ in a periodicity cell).

elements that do not permit infinite sliding between them. We look at molecular motors
in a periodicity cell of an N -axoneme, of length ℓ.

5.4.1 Full mathematical model

For i ∈ {1, . . . , N}, we denote by Xi the horizontal shift of the i-th tubule, as shown in
Figure 5.8. We measure displacement with respect to the 0-th filament: X0 = XN = 0.
For 1 ≤ i ≤ N , we introduce ∆i = Xi − Xi−1, the relative displacement between
filaments i and i − 1. It follows that

∑N
i=1∆i(t) = 0. The shifting speed of the i-th

filament is defined by Vi = Ẋi − Ẋi−1 = ∆̇i, and we have

N∑
i=1

Vi =

N∑
i=1

∆̇i(t) = 0. (5.45)

Once again, the variable ξ ∈ [0, ℓ] represents the local variable along one pair, as in the
two-row model. We denote by Qi(ξ, t) the density of molecular motors at position ξ and
time t attached to the i-th filament and who are in state 1, walking on the (i−1)-th filament.

As for the two-row model, in section 5.3, (Qi, ∆i) are solution to, for ξ ∈ [0, ℓ] and
t > 0

∂tQj(ξ, t) = −(ω1(ξ −∆j(t), t) + ω2(ξ −∆j(t)))Qj(ξ, t)

+ ω2(ξ −∆j(t)))/ℓ, for j ∈ {1, . . . , N},

η(Vi(t)− Vi+1(t)) =

ℓ∫
0

(Qi(ξ, t)∂ξ∆W (ξ)−Qi+1(ξ, t)∂ξ∆W (ξ −∆i(t)))dξ

− k(∆i(t)−∆i+1(t)), for i ∈ {1, . . . , N − 1}.

(5.46)
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Where the first equation is a Fokker-Planck equation for the motors, and the second one
is the force balance on the i-th filament. Shifting speed is measured by looking at the
current filament, as well as the one above. We thus obtain the second equation in system
(5.46) by writing the force balance on the i-th filament with the motors and springs
around it. We then have N − 1 force-balance equations that determine the filaments’
motion, in which we impose the external forces to be zero.

Following again section 5.3, for j ∈ {1, . . . , N}, t > 0 and ξ ∈ [0, ℓ], we define Pj

as Pj(ξ, t) = Qj(ξ +∆j(t), t). We then observe that ∂tPj(ξ +∆j , t) = Vj(t)∂ξQj(ξ, t) +

∂tQj(ξ, t), and we finally obtain the system at any t > 0 and ξ ∈ [0, ℓ]

∂tPj + Vj∂ξPj = −(ω1 + ω2)Pj + ω2/ℓ, for j ∈ {1, . . . , N},

η(Vi − Vi+1) =

ℓ∫
0

(Pi − Pi+1)∂ξ∆W − k(∆i −∆i+1), for i ∈ {1, . . . , N − 1},

N∑
i=1

∆̇i(t) = 0 and Ẋn = 0.

(5.47)

Like in previous models, the equilibrium state is, for all 1 ≤ i ≤ N − 1 and 1 ≤ j ≤ N
Vi = 0,

Xi = 0,

Pj = P 0 =
ω2

ℓ(ω1 + ω2)
.

5.4.2 Theoretical considerations

In this situation we want to investigate the existence of a Hopf bifurcation in time, as it
was done with the two-row model. To do so, we consider a linearized system arising
from the N -row model (5.47), in order to have a general idea of the system’s dynamics,
as in (5.22). We expand in Fourier series P1, . . . , PN and treat order by order the Fourier
coefficients of the probabilities. For the first order coefficients, we obtain a 3N − 1

dimensional ODE system with unknowns:

pc,sj , j = 1, . . . , N, xi, i = 1, . . . , N − 1.

We then perform some linear change of variables, similarly to (5.54), in order to write
the Jacobian of the system as a block matrix. The first block is a N + 1 diagonal matrix
with real and negative entries −a0(Ω). The rest of the linearized system is defined by
the following equations(

q̇i
ẇi

)
=

(
−2π2

ℓη Upe − a0 −2π
ℓη kpe

−πU/η −k/η

)(
qi
wi

)
(5.48)
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for i = {1, . . . , N − 1}, where pe = a1/(a0ℓ), qi = psi − psi+1 for i = 1, . . . , N − 1, and

 w1

...
wN−1

 =


2 −1

−1 2 −1
. . .
−1 2 −1

−1 2


 x1

...
xN−1

 . (5.49)

It follows that the Jacobian has N + 1 real and negative eigenvalues −a0(Ω), and
N − 1 identical pairs of complex and conjugated ones µi(Ω) for i = 1, . . . , N − 1 which
come from (5.48). We observe that the µi(Ω) = τ(Ω) + iω(Ω), with τ and ω defined as
in Theorem 5.1.2 by equations (5.5) and (5.27). Then, if there exists Ω = Ω0 such that
τ(Ω0) = 0 and τ ′(Ω0) > 0, then the eigenvalues cross the imaginary axis all at the same
bifurcation parameter. Thus, there is a suggestion of a bifurcation in the dynamics at Ω0,
indicated by the linear part of the complete dynamical system. We won’t investigate the
theoretical aspects of this model further in this paper, as the Central Manifold Theorem
used here was only of a 3D system. However, numerical simulations still suggest a
potential pattern in the oscillations and hint that there is indeed a bifurcation.

5.4.3 Numerical results

In the following section, the N -layer model was tested for N = 8, to match the 8 motor
rows of an axoneme with a bridge and nine microtubule doublets, as in Figure 5.1. We
used the same parameter values as for the previous systems, as specified in Table 5.1.
The initial conditions are such that Pi(t = 0) = P 0 for all i, and we destabilize the Xis
randomly in [−x0, x0], where x0 = 0.01nm.

Using the same notations as before, i.e. Ω = (1 + δ)Ω0, we measure distance to
bifurcation point Ω0 using δ.

Figure 5.9(a) shows the absence of oscillations before instability (Ω = 0.9Ω0), exactly
as expected. Even though the system is put out of equilibrium by the initial conditions,
since some tubule shifts are nonzero, they all quickly go back to zero and stop moving.

In Figure 5.9(b), we look at the system past the instability point, for Ω = 1.1Ω0.
Here, the system clearly reaches a steady-state oscillating regime after a short amount of
time. All oscillations also remain centered in zero. As expected from the linear study
in section 5.4.2, all ∆is have the same amplitude and oscillation frequency, but their
phase difference varies depending on initial conditions. In the particular case shown in
Figure 5.9(b), one group of tubule pairs is synchronized with pair 7, and the other group
with pair 8. In fact, when looking at all layers separately, one can see that odd layers
(respectively even layers) oscillate in sync. The other possible outcome when running
the simulation with random initial conditions was groups {1, 2, 7, 8} and {3, 4, 5, 6}
oscillating together, as shown in Figure 5.9(c). This influence of the initial conditions
is understandable since there is no external force taking the whole axonemal structure
and filament into account, resulting in limited coupling between layers at this level. The
layers thus tend to keep their original phase difference. The synchronization shown in
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Figure 5.9. N -row model (N = 8). Relative tubule displacement (in nm) with respect to time
(in seconds) for random initial conditions (a) before bifurcation point, for δ = −0.1 (Ω = 0.9Ω0)
and (b) and (c) after bifurcation point , for δ = 0.1 (Ω = 1.1Ω0), for two iterations of random
initial conditions.

Figure 5.9(c) was predicted by Howard et al. [51], and proves the importance of having a
bridge around which the system alternates between positive and negative displacement.
In the general case, since there is no theory behind the bifurcation of this system of
3N − 1 equations, formally understanding the coupling between phase difference and
initial conditions remains an open question.

A similar problem has recently been numerically studied in Kuramoto oscillators
[18]. The Kuramoto model is fairly different from ours, by the fact that each oscillator has
its own velocity, whereas all of our layers have one common velocity value. Our system
of equations cannot thus be easily reduced to a Kuramoto model, but the behaviors of
the two systems in terms of synchronization and dependence on initial conditions are
very much alike. Some first steps, only modelling individual motors along a single row,
have been presented in [32].

5.5 Conclusion and outlook

In this paper, we presented a new model for the axoneme, the cytoskeleton of cilia and
flagella, focusing on the presence of spontaneous oscillations and potential synchroniza-
tion of microtubule doublets under varying ATP concentrations. We called this model
N -row model, where N represents the number of rows of motors walking between
two microtubule doublets that are arranged in a circular configuration. Molecular
motors are put into motion thanks to a chemical reaction involving ATP, thus inducing
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microtubule sliding. This specific structural arrangement results in all microtubule
doublets having a zero equilibrium position. The dynamic is governed by N transport
equations, coming from a stochastic two-state model, and N − 1 force balance equations,
collectively forming a PDE system with 2N − 1 equations. We analyzed this model
using both theoretical methods and numerical simulations. Our first studies focused on
the N = 2 configuration, revealing the existence and uniqueness of the displacement
solution. Moreover, under sufficient chemical energy, the middle microtubule doublet
exhibits spontaneous oscillations, corresponding to the existence of a super-critical
Hopf-bifurcation in the dynamical system. Theoretical results are corroborated by
numerical simulations. Subsequently, we conduct numerical analysis of the N -row
model, focusing particularly on the case N = 8. Here too, we observe that the system
starts to oscillate once the ATP concentration surpasses a critical threshold. Remarkably,
under appropriate initial conditions, we note the emergence of two out-of-phase groups
among the microtubules, oscillating around the zero position with opposite shifting
directions.

The first result on our model can be appreciated starting from the N = 2 case. The
cylindrical structure answers the problem of the axonemal symmetrization proposed
in [29], previously solved by choosing symmetric transition rates. Instead, in of this
paper, asymmetric transition rates have been used all along. More in general, even in
the N -row model, we observed that the equilibrium displacement with null external
force was zero, independently from the potentials and the transition rates. This means
that the desired symmetry of the axoneme is always preserved: at equilibrium, with
no external forces, each microtubule has the same role and there is no initial shifting in
the structure. We underline that this is made possible in our model without imposing
specific symmetry for the potentials.

From a more theoretical point of view, both Theorem 5.1.1 (well-posedness) and
Theorem 5.1.2 (existence of a Hopf bifurcation) give a complete mathematical description
on the two-row model. The same results can be proven for the one-row model as well,
formalizing the work done in [47]. With the N -row model with fixed extremes, we
set up a framework that is useful to gain insights on the microscopic structure of the
axoneme. In particular, we comment on the specific case N = 8, which is the closest
representation of the real axoneme in terms of number of microtubule doublets. With
the aid of the numerical scheme presented in the first section, we observed the onset of
oscillations at a critical value of ATP. To perturb the system we tried several random
initial conditions. We then noticed that imposing an opposite shift on each half of the
model immediately led to robust and realistic patterns, potentially leading to planar
flagellar beating patterns, as discussed in [71].

A natural extension to our work would be to take into account the presence of the
central microtubule pair and, therefore, of the radial spokes coming from outer doublets
towards the axonemal center. Moreover, this model can be thought of as a building block
that, coupled with mechanics of an elastic flagellum, gives the feedback that generates
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oscillatory patterns following in the footsteps of [30], [80] and [104] for the planar case
and of [90] for the three dimensional case.

5.6 Appendix: Center manifold computation

In practice, equation (5.32) is a system of three equations. With the first equation below
we aim to find the coefficients a1j , with j = 1, . . . , 6

(2a11y + a12x+ a13δΩ )

(
−a00Ω

α0
0 y − λ

ℓ

a01
a00

Ωα1−α0
0 y − a01

a00

ζ

ℓ
Ωα1−α0
0 x

−a00c(α0)δΩ y − λ

ℓ

a01
a00
c(α1 − α0)δΩ y − ζ

ℓ
c(α1 − α0)δΩ x

− b01(r + s− 2z)

2a01
(ζx+ λy)

)
+ (a12y + 2a14x+ a15δΩ )(−βℓ

2π
y − αℓ

2π
x)

+ a00Ω
α0
0 h1 + a00c(α0)δΩ h1

− (ζx+ λy)

(
(a01)

2(y + z) + (b01)
2(−r + y + z)

a01b
0
1

)
= 0.

Since we only need terms x, y and δΩ up to order two, we get rid of all the third order
terms, getting

(2a11y + a12x+ a13δΩ )

(
−a00Ω

α0
0 y − λ

ℓ

a01
a00

Ωα1−α0
0 y − a01

a00

ζ

ℓ
Ωα1−α0
0 x

)
+ (a12y + 2a14x+ a15δΩ )(−βℓ

2π
y − αℓ

2π
x)

+ a00Ω
α0
0 h1 − (ζx+ λy)

(
(a01)

2y + (b01)
2y

a01b
0
1

)
= 0.

(5.50)

We then proceed by matching the terms x, y and δΩ with same order, and solve the
resulting system of equations for a1j . Notice we could have kept only the zero order
term in the Taylor expansion, since all the higher order terms disappear during this
approximation.

We do the same for the second and third equation, solving for the power series of h2
and h3.

For i = 1, 2, we obtain

ai1 = −
2π2λ2a00ℓ

(
(a01)

2 + (b01)
2
)
Ωα1−α0
0

b01
(
2πa01λΩ

α1−α0
0 + ζa00ℓ

2
) (

2πa01λΩ
α1−α0
0 + a00ℓ(πa

0
0Ω

α0
0 − ζℓ)

)
ai2 =

2πζ(a00)
2ℓ2
(
(a01)

2 + (b01)
2
)
(ζl − πa00Ω

α0
0 )

a01b
0
1

(
2πa01λΩ

α1−α0
0 + ζa00ℓ

2
) (

2πa01λΩ
α1−α0
0 + a00ℓ(πa

0
0Ω

α0
0 − ζℓ)

)
ai3 = 0, ai4 = −

2π2ζ2a00ℓ
(
(a01)

2 + (b01)
2
)
Ωα1−α0
0

b01
(
2πa01λΩ

α1−α0
0 + ζa00ℓ

2
) (

2πa01λΩ
α1−α0
0 + a00ℓ(πa

0
0Ω

α0
0 − ζℓ)

)
ai5 = 0, ai6 = 0.
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For i = 3 we get

a31 = − 2π2λ2a00b
0
1ℓΩ

α1−α0
0(

2πa01λΩ
α1−α0
0 + ζa00ℓ

2
) (

2πa01λΩ
α1−α0
0 + a00ℓ(πa

0
0Ω

α0
0 − ζℓ)

)
a32 =

2πζc2b01ℓ
2(πa00Ω

α0
0 − ζℓ)

a01
(
2πa01λΩ

α1−α0
0 + ζa00ℓ

2
) (

2πa01λΩ
α1−α0
0 + cℓ(πa00Ω

α0
0 − ζℓ)

)
a33 = 0, a34 = − 2π2ζ2a00b

0
1ℓΩ

α1−α0
0(

2πa01λΩ
α1−α0
0 + ζa00ℓ

2
) (

2πa01λΩ
α1−α0
0 + a00ℓ(πa

0
0Ω

α0
0 − ζℓ)

)
a35 = 0, a36 = 0.

5.7 Appendix: Change of variables

ṗc1 = −a0(Ω)pc1 +
(
ζx+

λ

2
(ps1 − qs1)

)
ps1 +

a1(Ω)

ℓ
,

ṗs1 = −a0(Ω)ps1 −
(
ζx+

λ

2
(ps1 − qs1)

)
pc1 +

b1(Ω)

ℓ
,

q̇c1 = −a0(Ω)qc1 −
(
ζx+

λ

2
(ps1 − qs1)

)
qs1 +

a1(Ω)

ℓ
,

q̇s1 = −a0(Ω)qs1 +
(
ζx+

λ

2
(ps1 − qs1)

)
qc1 +

b1(Ω)

ℓ
,

ẋ = − ℓ

2π

(
ζx+

λ

2
(ps1 − qs1)

)
,

(5.51)

First step: shift to the origin

δpc1 = pc1 −
a1
a0ℓ

, δps1 = ps1 −
b1
a0ℓ

, δqc1 = qc1 −
a1
a0ℓ

, δqs1 = qs1 −
b1
a0ℓ

, δx = x, (5.52)

the system becomes

˙δpc1 = −a0δpc1 +
(
ζx+

λ

2
(δps1 − δqs1)

)
(δps1 +

b1
a0ℓ

),

˙δps1 = −a0δps1 −
(
ζx+

λ

2
(δps1 − δqs1)

)
(δpc1 +

a1
a0ℓ

),

˙δqc1 = −a0δqc1 −
(
ζx+

λ

2
(δps1 − δqs1)

)
(δqs1 +

b1
a0ℓ

),

˙δqs1 = −a0δqs1 +
(
ζx+

λ

2
(δps1 − δqs1)

)
(δqc1 +

a1
a0ℓ

),

˙δx = − ℓ

2π

(
ζδx+

λ

2
(δps1 − δqs1)

)
,

(5.53)

Second step: change of variable

r = a1
b1
δpc1 + δps1, s = a1

b1
δqc1 + δqs1, z = 1

2(δp
s
1 + δqs1), y = 1

2(δp
s
1 − δqs1). (5.54)
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In matrix form we have
r

s

z

y

 =


a1
b1

1 0 0

0 0 a1
b1

1

0 1
2 0 1

2

0 1
2 0 −1

2




δpc1
δps1
δqc1
δqs1

 , (5.55)

and its inverse 
δpc1
δps1
δqc1
δqs1

 =


b1
a1

0 − b1
a1

− b1
a1

0 0 1 1

0 b1
a1

− b1
a1

b1
a1

0 0 1 −1




r

s

z

y

 . (5.56)

δpc1 =
b1
a1
(r − z − y), δps1 = z + y, δqc1 =

b1
a1
(s− z + y), δps1 = z − y. (5.57)

Third step: sum equations to easily obtain the change of variable. For example, let us
sum the first two equations in this way a1

b1
δpc1 + δps1, we get

ṙ = −a0r +
(
ζx+

λ

2
(δps1 − δqs1)

)(a1
b1
δps1 − δpc1

)
, (5.58)

the same can be done for a1
b1
δqc1 + δqs1 and the system becomes

ṙ = −a0r +
(
ζx+

λ

2
(δps1 − δqs1)

)(a1
b1
δps1 − δpc1

)
,

ṡ = −a0s+
(
ζx+

λ

2
(δps1 − δqs1)

)(
− a1
b1
δqs1 + δqc1

)
˙δps1 = −a0δps1 −

(
ζx+

λ

2
(δps1 − δqs1)

)
(δpc1 +

a1
a0ℓ

),

˙δqs1 = −a0δqs1 +
(
ζx+

λ

2
(δps1 − δqs1)

)
(δqc1 +

a1
a0ℓ

),

˙δx = − ℓ

2π

(
ζδx+

λ

2
(δps1 − δqs1)

)
,

(5.59)

Now let us do the same with z and y, getting

ṙ = −a0r +
(
ζx+

λ

2
(δps1 − δqs1)

)(a1
b1
δps1 − δpc1

)
,

ṡ = −a0s+
(
ζx+

λ

2
(δps1 − δqs1)

)(
− a1
b1
δqs1 + δqc1

)
ż = −a0δz −

(
ζx+

λ

2
(δps1 − δqs1)

)1
2
(−δpc1 + δqc1),

ẏ = −a0δy −
(
ζx+

λ

2
(δps1 − δqs1)

)1
2
(δpc1 + δqc1 + 2

a1
a0ℓ

),

˙δx = − ℓ

2π

(
ζδx+

λ

2
(δps1 − δqs1)

)
,

(5.60)
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Fourth step: Complete with the change of variables and its inverse

ṙ = −a0r +
(
ζx+ λy

)(a1
b1

(z + y)− b1
a1

(r − z − y)
)
,

ṡ = −a0s+
(
ζx+ λy

)(
− a1
b1

(z − y) +
b1
a1

(s− z + y)
)

ż = −a0δz −
(
ζx+ λy

)1
2
(
b1
a1

(−r + 2y + s)),

ẏ = −a0δy −
(
ζx+ λy

)1
2
(
b1
a1

(r − 2z + s) + 2
a1
a0ℓ

),

˙δx = − ℓ

2π

(
ζx+ λy

)
,

(5.61)

5.8 Additional chemistry considerations

The following section is an unpublished work investigating the accuracy of our models
in terms of the chemical structure of the problem.

5.8.1 Changing potentials

In this section, we highlight the influence of our choice for the potentials Wi and
transition rates ωi. To do so, let us consider once again the one-row model. In Jülicher’s
first models [54], transitions rates are directly derived from chemical considerations, by
looking at reaction speed in ATP hydrolysis. In the case of a two headed motor, the
reactions can be written as:

M1 +ATP
k1
⇌
k−1

M2 +ADP + P

M1 +ADP + P
k2
⇌
k−2

M2 +ATP

Which leads to the following reaction speed, where µi represents the chemical
potential of a chemical component i

d[M1]

dt
= −k1[M1] + k−1[M2]− k2[M1] + k−2[M2]

= −δ(x)e
W1(x)+µATP

kT [M1] + δ(x)e
W2(x)+µADP+µP

kT [M2]

− δ(x+ ℓ/2)e
W1(x)+µADP+µP

kT [M1] + δ(x+ ℓ/2)e
W2(x)+µATP

kT [M2]

= −ω1[M1] + ω2[M2],

where {
ω1(ξ) = [δ(ξ)e

µATP
kT + δ(ξ + ℓ/2)]eW1(ξ)/kBT

ω2(ξ) = [δ(ξ) + δ(ξ + ℓ/2)e
µATP

kT ]eW2(ξ)/kBT
(5.62)

which directly and explicitly depend on both ATP and physical potentials. Here, δ is a
Gaussian centered around the minimum of W1, which helps favor transition at a specific
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point in the periodicity cell. For W1, we chose an arbitrary periodic potential that was
highly nonlinear in ξ, so as to ensure it was not symmetric around ℓ/2:{

W1(ξ) = U cos
(
2π/ℓ(0.6ξ3 + 0.4ξ)

)
W2(ξ) =W1(ξ + ℓ/2)

(5.63)

We also introduce, as previously done by [57], the local deviation from the chemical
equilibrium of the system Ω̃(ξ), to model the dependence of the system on ATP
concentration, depending on our parameter Ω:

Ω̃(ξ) =
ω1(ξ)

ω2(ξ)
− exp[(W1(ξ)−W2(ξ))/kBT ], (5.64)

where kB is the Boltzmann constant and T is the temperature of the system. We use
the amplitude of this function, defining it as Ω := supξ∈[0,ℓ] |Ω̃(ξ)|.

In practice, we will only work with ∆W and its usual assumptions, as well as the
ones we originally made on ω2 in the introduction. Moreover, using both our previous
conditions and our chemical expressions (5.62), we can arrive to a series of equations on
both Ω and α, which could eventually prove that there exists a solution that combines
all our assumptions. The system is explained in further detail in 5.8.2.
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Figure 5.10. One-row model for potentials (5.63) and transition rates (5.62). (a) Probability
density and (b) displacement of the filament over time.

We can thus clearly observe in Figure 5.10 our choice has had an influence on the
solution, as displacement x becomes highly nonlinear, and of much larger periodicity in
time.

5.8.2 Conditions on transition rates to match chemical reaction speeds

The goal of this section is to match chemical transition rates (5.62) with our classic
assumptions on our transition rates, i.e. uniformity (5.3) and expansion in Fourier series
(5.4), knowing potentials W1 and W2.
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Let us first denote by Fi(ξ) = e
Wi(ξ)

kT , and δ̄(ξ) = δ(ξ + ℓ/2) for ξ ∈ [0, ℓ]. Moreover,
we also know that ξ 7→ δ(ξ) is ℓ-periodic, from microtubule structure. We can then
rewrite our local deviation from equilibrium (5.64) as:

Ωθ(ξ) =
F1

F1

(
δ(ξ)e

µATP
kT + δ̄(ξ)

δ(ξ) + δ̄(ξ)e
µATP

kT

− 1

)
.

From this last equation, since for all ξ ∈ [0, ℓ], |θ(ξ)| ≤ 1, we can define:

Ω = sup
ξ∈[0,ℓ]

∣∣∣∣∣F1

F1

(
δ(ξ)e

µATP
kT + δ̄(ξ)

δ(ξ) + δ̄(ξ)e
µATP

kT

− 1

)∣∣∣∣∣ ,
θ(ξ) =

1

Ω

F1

F1

(
δ(ξ)e

µATP
kT + δ̄(ξ)

δ(ξ) + δ̄(ξ)e
µATP

kT

− 1

)
.

Then, at fixed Ω, ω1 + ω2 = a0 is constant. We can thus write:

0 = ∂ξa0 = ∂ξ

[
δ(ξ)

(
e

µATP
kT F1(ξ) + F2(ξ)

)
+ δ̄(ξ)

(
F1(ξ) + e

µATP
kT F2(ξ)

)]
.

Expressing δ as a function of δ̄, W1 and W2, we finally arrive to the following
differential equation:



δ′ +G(ξ)δ = F (ξ),

G(ξ) =
F1e

µATP
kT W ′

1+W ′
2F2

kT

(
F1e

µATP
kT +F2

) ,
F (ξ) = −

(
F1
F2

(
W ′

1
kT δ̄ + δ̄′

)
−
(
W ′

2
kT δ̄ + δ̄′

)
e

µATP
kT

)
H(ξ),

H(ξ) =
(
F1
F2
e

µATP
kT + 1

)−1
.

(5.65)

We can thus express δ in terms of G and F as:

δ(ξ) =

A+

ξ∫
0

F (s)e−G(s)ds

 eG(ξ),

with G = −
ξ∫
0

G(u)du and A = δ(0)e−G(0) ∈ R.

We can then observe that only F depends on δ̄. Moreover, by definition we also have
that:

δ̄(ξ) =

A+

ξ+ℓ/2∫
0

F (s)e−G(s)ds

 eG(ξ+ℓ/2).

By re-inserting the expression for δ in the equation, we finally obtain an integro-
differential equation on δ̄ in both ξ and ξ + ℓ/2, only depending on W1 and W2:
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δ̄′(ξ)+G(ξ+ ℓ/2)δ̄(ξ) = H(ξ+ ℓ/2)

[
−F1

F2

(
W ′

1

kT
δ̄ + δ̄′

)
−
(
W ′

2

kT
δ̄ + δ̄′

)
e

µATP
kT

]
(ξ+ ℓ/2).

This equation is not studied in more detail here. However, tools from Floquet theory
might lead to additionnal results.



Bonus: I am no bird; and no net ensnares me: I am a free human being with an
independent will.– Charlotte Brontë, Jane Eyre



Essayons de converser sans nous exalter, puisque
nous sommes incapables de nous taire.

Samuel Beckett, En Attendant Godot



6 Conclusion et perspectives

Au cours de cette thèse, nous avons modélisé des micro-nageurs dotés de bras ou de
flagelles, à différentes échelles. Nous nous sommes à la fois intéressés à des considéra-
tions purement mathématiques, et nous avons fait de la modélisation directement basée
sur la structure biophysique d’un flagelle.

Dans les deux premiers chapitres, nous avons présenté des modèles mathématiques
de nageurs à un bras actif et plusieurs bras passifs, qui vivent en une dimension. Nous
avons réussi à rendre un de ces modèles à un seul bras actifs contrôlable, et nous avons
étudié la propagation d’une onde le long de la queue du nageur avec N ressorts, ainsi
que son modèle limite quand N tend vers l’infini. Ensuite, dans le troisième chapitre,
nous avons pu prouver la convergence du modèle du N -link vers les équations d’un
filament élastohydrodynamique passif, et son caractère bien posé, constitutant ainsi un
premier pas vers la justification de ce modèle discret d’un point de vue à la fois physique
et mathématique. Cela apporte un outil robuste et simple à mettre en œuvre du point
de vue des simulations numériques. Enfin, dans le dernier chapitre, on a modélisé la
structure de l’axonème, qui garantit la présence d’activation le long d’un flagelle, et crée
le battement caractéristique que l’on observe en biologie.

Les perspectives liées à l’ensemble de ces chapitres sont multiples, mais suivent
toutes une même ligne directrice, à savoir modéliser de manière complète un spermatozoïde,
voire construire un micro-robot flagellé pour des applications médicales. On pourra ainsi
s’intéresser à:

⋄ Introduire de l’activation dans les modèles de nageurs discrets. Une première
idée serait d’inclure une forme d’activation dans les ressorts passifs du nageur
à N ressorts, de manière à avoir une composante active qui entretiendrait le
mouvement et propagerait l’onde de long de la queue du nageur plutôt que de la
laisser s’atténuer. Tout en se basant sur des valeurs de forces liées aux moteurs
moléculaires comme présenté dans le chapitre 5, on pourrait ajouter un élément
actif défini comme la partie odd-elastic du ressort, comme introduit par K. Ishimoto,
C. Moreau, et K. Yasuda [53]. En d’autres termes, la raideur k du ressort deviendrait
une matrice, dans laquelle les termes diagonaux resteraient sa raideur classique k,
et les termes anti-diagonaux auraient une valeur non nulle représentant le terme
d’activation. Cette première étape permettrait d’avoir de bonnes bases pour insérer
ensuite une forme d’activation dans un modèle directement issu de la physique.
Pour ce qui est du N -link, l’ajout d’une force d’activation pose de nouveau des
questions du côté du caractère bien posé du modèle, ainsi que de sa convergence
vers les équations continues. En effet, la preuve était basée sur une conservation de
l’énergie dans le système, qui devient une dissipation d’énergie lorsqu’on y apporte
une force d’activation. Mettre cette force sous forme odd-elastic uniquement dans
les ressorts à la jointure entre deux segments pourrait donc peut être permettre
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d’adapter les preuves précédentes.

⋄ Prendre en compte une tête à une extrémité du filament ou du N -link, comme
dans les nageurs biologiques ou le micro-nageur de S. Régnier [37]. L’ajout d’une
tête à l’extrémité proximale du N -link soulève de nombreuses interrogations. Tout
d’abord, comment modéliser le corps basal, qui représente le lien entre le filament et
la tête ? En dehors de l’influence sur les conditions au bord proximal, déjà étudiées,
quel serait l’impact de la présence d’une tête dans les potentielles modifications
du battement du flagelle ? De nouveau, comme dans le point précédent, cette
tête change également le bilan des forces et des moments du système complet. Il
faudrait donc à la fois de nouveau s’intéresser à la pertinence de l’utilisation d’un
modèle N -link doté d’une tête pour représenter un filament continu, et étudier les
équations discrètes et continues des points de vue théorique et numérique. Enfin,
du point de vue des micro-robots, cette tête pourrait également être magnétique,
afin de guider le nageur grâce à un champ électromagnétique, ce qui rajouterait
un aspect de théorie du contrôle au problème.

⋄ Raffiner et étendre le modèle d’axonème à N couches. La structure interne
des flagelles est beaucoup plus complexe que ce que nous avons traité dans
cette thèse. Des filaments, appelés rayons (ou, en anglais, radial spokes) dans la
littérature, ainsi que les deux tubules centrales de l’axonème, pourraient avoir une
importance cruciale dans le mécanisme de déformation. Pour traiter ce genre de
dispositif, une première idée serait de compléter le modèle présenté en chapitre
5 en y incluant les composantes mentionnées ci-dessus, qui n’ont pas été prises
en considération ici. Le premier enjeu, avant d’étudier un système d’équations
final, serait de comprendre comment modéliser ces composantes de l’axonème.
Par exemple, représenter les rayons comme des ressorts s’attachant à chaque
paire de tubules favorise les derniers modes d’oscillation de l’axonème dans le
modèle à N couches, et ne fournit donc pas un modèle pertinent. On pourrait
également étudier d’un point de vue théorique et numérique l’influence des
rayons et tubules centrales sur le comportement du système, et le comparer aux
études expérimentales telles que celle d’E. F. Smith et P. Yang [92], qui observent
notamment des changements dans l’amplitude de battement du flagelle. Le second
aspect serait de modéliser l’axonème dans toute sa longueur, et non plus seulement
dans une cellule de périodicité de taille ℓ > 0. Il faudrait donc réussir à relier
plusieurs cellules de notre modèle N couches côte à côte, en prenant en compte les
diverses forces résultant de potentielles interactions entre les cellules de périodicité.

⋄ Coupler le modèle d’axonème et le N -link dans une simulation fluide-structure
multi-échelle. Après avoir étudié les trois points précédents, on aura d’une
part, un modèle d’axonème pour tout un flagelle, et d’autre part, un modèle
discret et robuste de filament attaché avec une tête, dont le caractère bien posé
et la convergence seront garantis pour une bonne définition de l’activation. On
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voudrait ensuite réussir à intégrer tout le modèle d’axonème dans le nageur
N -link avec une tête, plutôt que d’utiliser une valeur de force approximative. Il
faudra donc réussir à inclure, à N fixé, le bon nombre de cellules de périodicité
dans un segment du N -link, et coupler les deux systèmes d’équations. D’un
point de vue des simulations, on voudra s’assurer d’utiliser un N assez grand
pour garantir une précision suffisante de nos résultats, et notamment trouver une
méthode d’estimation de l’erreur adaptée. On pourra par exemple comparer le
comportement du nageur à celui reproduit par E. A. Gaffney, K. Ishimoto et B. J.
Walker [43] à partir de données expérimentales.
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Titre : Modèles de filaments pour la natation à l’échelle microscopique

Mots clés : Micro-nageurs, Equations aux dérivées partielles, Simulation numérique, Théorie du Contrôle

Résumé : Les mathématiques associées à la natation à
l’échelle microscopique constituent un domaine de recherche ac-
tif depuis une quinzaine d’années, avec de nombreuses applica-
tions en biologie et en physique. En effet, les micro-organismes
se déplaçant dans l’eau jouent un rôle crucial dans l’origine et le
maintien de la vie, et les principes physiques régissant leurs mou-
vements diffèrent grandement de ceux qui gouvernent la natation
humaine. Les recherches dans ce domaine peuvent aussi être ap-
pliquées à la conception de micro sous-marins, ouvrant la voie à
des applications innovantes en médecine, comme la chirurgie non-
invasive.
Cette thèse porte sur l’étude de tels micro-organismes, dans un
contexte où les forces inertielles sont négligeables par rapport
aux forces visqueuses dans le fluide environnant, phénomène ca-
ractérisé par un faible nombre de Reynolds.
Les deux premières parties traitent de modèles mathématiques de
nageurs, composés de bras actifs, sphères, et ressorts passifs.
Ces modèles permettent de contourner le théorème de la coquille
Saint-Jacques de Purcell, qui garantit qu’un nageur dont la brassée
est un mouvement réciproque ne pourra jamais se déplacer, car
il revient toujours à sa position initiale en l’absence d’inertie. Le
premier modèle conçu au cours de cette thèse est un nageur à
quatre sphères avec deux bras élastiques passifs. Faire varier la
fréquence d’oscillation du bras actif permet de changer le signe du

déplacement du nageur, rendant le système contrôlable, tout en
n’ayant qu’un seul degré de liberté actif. Le modèle étudié dans le
deuxième chapitre comporte, quant à lui, un grand nombre de res-
sorts. Un modèle limite de ce nageur où le nombre de ressorts tend
vers l’infini a ensuite été considéré, transformant le nageur en une
queue élastique se compressant et s’étendant unidimensionnelle-
ment.
Au cours du troisième chapitre, on présente une preuve de la
convergence et du caractère bien posé d’un modèle discret de
micro-filament élastique à bas nombre de Reynolds. Ce modèle en
trois dimensions est composé de N filaments rigides, dont le mou-
vement est en deux dimensions.
Enfin, dans le dernier chapitre, des modèles des mécanismes d’ac-
tivation le long d’un flagelle sont présentés. Du point de vue de
la biologie, ces mécanismes d’activation sont présents dans le fla-
gelle dans une structure interne, appelée axonème, sous la forme
de moteurs moléculaires arrangés en plusieurs rangées. En se ba-
sant sur un modèle de ces moteurs issu de la biophysique, deux
nouveaux systèmes sont ensuite étudiés. Le premier représente
une projection de l’axonème dans laquelle deux rangées de mo-
teurs sont présentes, et est étudié aussi bien théoriquement que
numériquement. Le second prend en compte la totalité des rangées
de moteurs dans l’axonème, son comportement est illustré par des
simulations numériques.

Title : Filament models for swimming at the microscopic scale

Keywords : Control theory, Numerical simulation, Partial differential equations, Micro-swimmers

Abstract : The mathematics associated with swimming at the
microscopic scale has been an active research area for about fif-
teen years, with numerous applications in biology and physics. In-
deed, microorganisms moving in water play a crucial role in the
origin and maintenance of life, and the physical principles gover-
ning their movements differ greatly from those that govern human
swimming. Research in this field can also be applied to the design
of micro-robots, paving the way for innovative applications in medi-
cine, such as non-invasive surgery.
This thesis deals with the study of such microorganisms in a context
where inertial forces are negligible compared to viscous forces in
the surrounding fluid, a phenomenon characterized by a low Rey-
nolds number.
The first two parts present new mathematical models of swimmers,
composed of active arms, spheres, and passive springs. These mo-
dels circumvent Purcell’s scallop theorem, which states that a swim-
mer doing a reciprocal stroke cannot move, as it always returns to
its initial position in the absence of inertia. The first model develo-
ped in this thesis is a four-sphere swimmer with two passive elastic
arms. By varying the oscillation frequency of the active arm, the
direction of the swimmer’s displacement can be changed, making

the system controllable with only one active degree of freedom.
The model studied in the second chapter involves a large num-
ber of springs. A limiting model of this swimmer, where the num-
ber of springs tends to infinity, was then considered, transforming
the swimmer into an elastic tail that compresses and extends along
one single dimension.
In the third chapter, a proof of the convergence and well-posedness
of a discrete model of an elastic microfilament at low Reynolds num-
bers is presented. This model consists of N rigid filaments immer-
sed in a fluid, studied in 3D and whose movement is in two dimen-
sions.
Finally, in the last chapter, models of activation mechanisms along a
flagellum are introduced. Biologically, these activation mechanisms
exist in the flagellum in an internal structure called the axoneme, in
the form of molecular motors arranged in several rows. Based on a
model of these motors from biophysics, two new systems are then
studied. The first one represents a projection of the axoneme with
two rows of motors and is analyzed both theoretically and numeri-
cally. The second one takes into account all rows of motors in the
axoneme; its behavior is illustrated by numerical simulations.
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