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Résumé

Notre objet d’étude est la topologie, en particulier ’homologie, des T-hypersur-faces.
Ces espaces topologiques construits de maniére combinatoire sont une généralisation
des patchworks combinatoires d’O. Viro. Ils sont naturellement plongés dans les lieux
réels de variétés toriques et sont nés d’un besoin en hypersurfaces algébriques réelles
ayant une topologie riche. En effet, dans le cas particulier des patchworks, les hyper-
surfaces affines par morceaux obtenues sont isotopes a des lieux réels d’hypersurfaces
algébriques. L’espoir placé dans cette construction combinatoire est de pouvoir con-
troller la topologie des hypersurfaces qui en sont issues. Les T-hypersurfaces se
situent a l'intersection de la géométrie algébrique réelle, de la géométrie torique, de
la géomeétrie des polytopes et de leurs subdivisions, et de la géométrie tropicale. Au-
jourd’hui I'outil le plus avancé dans 1I'étude de leur homologie est la suite spectrale
d’A. Renaudineau et K. Shaw. Elle découle de I'action du tore algébrique unitaire
sur le lieu réel d'une variété torique. Elle s’interpréte aussi localement comme une
suite spectrale de Kalinin. A. Renaudineau et K. Shaw calculérent la premiére
page de cette suite spectrale et montrérent qu’elle correspond a I’homologie trop-
icale d’'une hypersurface tropicale de méme degré. Ce théoréme leur a permis de
majorer individuellement les nombres de Betti d'une T-hypersurface, raffinant ainsi
I'inégalité de Smith-Thom pour les patchworks.

Dans un premier chapitre (rédigé en frangais) nous présentons le context dans
lequel nous menons notre étude des T-hypersurfaces. Il s’agit d’un exposé introductif
succinct des différentes théories qui menérent a la définition de ces objets et au
travers desquelles nous les envisageons. Il y est notamment question de topologie des
variétés algébriques réelles, de géométrie torique, de géométrie projective complexe,
de géométrie tropicale, et du patchwork de Viro.

Dans un second chapitre nous abordons la théorie des faisceaux et cofaisceaux
cellulaires. Nous y portons une attention particuliére a une certaine subdivision des
CW-complexes que nous nommons (pseudo)-subdivision dihomologique. Elle est
déja présente dans les travaux de E. C. Zeeman et R. Forman. Il se trouve qu’elle
est particuliérement adaptée a 'homologie tropicale mais offre également un cadre
canonique dans lequel étudier le produit cohomologique de maniére cellulaire.

Le troisiéme chapitre traite de 'homologie tropicale des polytopes subdivisés.
Nous y généralisons le théoréme de Lefschetz tropical. Afin de décrire ici nos ré-
sultats nous allons poser quelques notations. Désignons par P un polytope entier,
simple, de dimension n, et muni d’une subdivision K en polytopes entiers. Soit
X T’hypersurface duale a K. Nous pouvons noter que lorsque la subdivision K est



convexe, ’hypersurface X correspond a une hypersurface tropicale associée a la sub-
division. Nous introduisons une nouvelle famille (FPX )p>0 de cofaisceaux cellulaires
sur X. Ils sont les saturations des cofaisceaux usuels de ’homologie tropicale tels
que définis par I. Itenberg, L. Katzarkov, G. Mikhalkin, et I. Zharkov. De plus, ils
coincident avec ces derniers dés que K est une triangulation primitive. Nous définis-
sons également une mesure §(P) des singularités de la variété torique associée a P,
et étendons le théoréme de Lefschetz tropical a ces cofaisceaux moyennant quelques
hypothéses sur I’anneau de coefficients.

Theorem 3.2.14. Soit R un anneau dans lequel §(P) est inversible. Les mor-
phismes homologiques :

Hp,q<X3 R) — Hp,q(P3 R),

Ipg:
induits par les inclusions de cofaisceaux i, : I:_’pX — Fpp sont :
— des 1somorphismes, pour tous p+q <n —1;
— surjectifs, pour tous p+q=n — 1.

Dans le quatrieme chapitre nous nous restreignons aux polytopes non-singuliers
P, muni d’une triangulation primitive K. On désigne par RP le lieu réel de la
variété torique associée & P. Dans ce contexte nous donnons la définition d’une
T-hypersurface RX, associée a une distribution de signes ¢ € C°(K;F,y). Nous
introduisons également la suite spectrale de Renaudineau-Shaw d’un tel objet. On
la note (EP?(RX.)),.4+>0.- Nous démontrons que cette suite spectrale est symétrique
grace a la dualité de Poincaré.

Theorem 4.2.28 (Symétrie). Pour tout r > 1, la page d’indice v de la suite spec-
trale de Renaudineau-Shaw calculant la cohomologie de RX. satisfait la dualité de
Poincaré. C’est a dire :

1. L’espace vectoriel EP4(RX.) est nul dés quep>n—1oug>n—1;
2. L’espace vectoriel E"'""Y(RX.) est de dimension 1 ;

3. Le couplage bilinéaire U : EPY(RX,) @ EP-1=Pn=1=(RX,) — E"~ 1" 1(RX,)
est non-dégénéreé.

En particulier, EP4(RX.) est isomorphe o EM~'1"P"1=4(RX,) et d»? a méme rang

et méme dimension nucléaire que d7 1Pt =274,

Ensuite nous parvenons a établir un critére d’annulation de ’ensemble des dif-
férentielles de la page d’indice r > 2 de la suite spectrale de Renaudineau-Shaw de
RX..

Theorem 4.2.31 (Critére d’annulation). Soit r > 2 un entier congru a n modulo 2.
L’ensemble des différentielles de la page E,.(RX.) s’annulent toutes si et seulement

si 19 : H(RP;Fy) — HYRX.;Fy) est injective lorsque q égale "5

vi



Nous en déduisons le critére de dégénérescence suivant :

Corollary 4.2.32 (Critére de dégénérescence). Soit ro > 2 un entier congru a n
modulo 2. Les différentielles A2 de la suite spectrale de Renaudineau-Shaw calculant
la cohomologie de RX, s’annulent pour tous p,q > 0, et tout r > rq, si et seulement
si les inclusions cohomologiques 19 : H1(RP;Fy) — HY(RX,;Fs) sont injectives pour
tout ¢ < "5, En particulier, toutes les différentielles A sont triviales pour tout
r > 2 si et seulement si les morphismes i1 : H1(RP;Fy) — HY(RX,;Fy) sont injec-
tives pour tout ¢ < |5 — 1.

Ce corollaire peut étre reformulé comme une comparaison entre des quantités
associ¢es a RX.: son «rang» ¢/(RX.) et son indice de dégénérescence r(RX,) :

((RX.) = max {q >0 | i : H”(RP;Fy) — H?(RX.;Fy) est injectif V0 < p < ¢}
r(RX.) =min{r>0|d?*=0,Vs >, V0<p,g<n-—1},

ot les (d2?),, >0 sont les différentielles de la suite spectrale de Renaudineau-Shaw

de RX..

Corollary 4.2.35. Nous avons les inégalités suivantes :
—r(RX,
(RX,) > [%J ,

avec égalité des que r(RX.) > 3+ %, et :

r(RX;) <max(2;n—2((RX.)—1),
avec égalité des que (RX,) < 255

Par la proposition suivante nous pouvons conclure a la dégénérescence de la
suite spectrale pour toute distribution de signes sur certaines triangulations, e.g.
les triangulations de simplexes non-singulier de taille impaire (i.e. les hypersurfaces
projectives de degré impair).

Définition 4.2.36. Soit Y une variété topologique et o € H*(Y';Fy) une classe de
cohomologie. On désigne par ¢(a) le minimum des entiers ¢ > —1 pour lesquels il
existe une classe non-nulle 3 € H(Y;F,) pour laquelle a U 3 s’annule.

La classe duale de Poincaré de la classe fondamentale de RX. dans I’homologie
de RP est indépendante de la distribution de signes ¢, on la note [wgx].

Proposition 4.2.40. Nous avons linégalité suivante :
é(RXg) Z L[WRX] .

En particulier, il découle du corollaire 4.2.35 que si twrx] > L%J — 1 alors toutes
les différentielles de (EP4(RX.)), >0 $’annulent pour tout r > 2.
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Notons P" un simplexe non-singulier de dimension n. Sa variété torique est
I'espace projectif. En toute généralite, si RX, C RP" est de degré impair /(RX.)
égale n—1 et si RX. est de degré pair ((RX.,) est inférieur a [”T_l] Nous démontrons
que, pour une certaine famille de triangulations du simplexe P", le rang est aussi
maximal en degré pair.

Theorem 4.3.9 (Maximalité du rang). Soit K une triangulation de Viro de P".
Les inclusions homologiques :

iy Hy(RX.;Fy) — H,(RP™F,),

sont surjectives pour tout ¢ < [%5t] et tout ¢ € C°(K;F,). En d’autres termes,
le rang d’une hypersurface projective obtenue comme patchwork primitif sur une

triangulation de Viro est toujours mazximal.

Le cinquiéme chapitre traite de la premiére page de la suite spectrale. On y cal-
cule ses opérateurs de bord explicitement. Ces calculs nous ménent & une général-
isation du théoréme de B. Haas pour les T-courbes. Notre résultat caractérise les
distributions de signes et les triangulations menant a une T-hypersurface ayant un
nombre maximal de composantes connexes au sens de l'inégalité de Renaudineau-
Shaw. A. Renaudineau et K. Shaw montrérent la majoration suivante :

dim Ho(RX.;Fo) < 1+ A" 10(X),

ott A" 19(X) est le nombre de points entiers contenus dans I'intérieur du polytope P.
Nous disons alors que RX, a un nombre maximal de composantes connexes lorsque
cette borne est atteinte. Afin d’énoncer notre resultat nous définissons la notion
de p-uniformité d’une triangulation primitive. Il s’agit d’une propriété technique
concernant les parités relatives des coordonnées des sommets de deux simplexes
maximaux partageant une face de codimension 1.

Theorem 5.3.14 (Théoréme de Haas généralisé). Soit P un polytope non-singulier
de t*(R) muni d’une triangulation primitive K. Pour toute distribution de signes
e € C%K;Fy), la T-hypersurface RX. a un nombre mazimal de composantes con-
nexes si et seulement si :

1. La triangulation K est p-uniforme ;
2. Le rang {(RX.) est au moins égal & min(n — 2;1) ;
3. La distribution de signes € satisfait [’équation :

D% = p dans H,_,(K;B,K;N).

4. Pour tout simplexe 0"~ % de B1K, non contenu dans ByK, (ap(c™?);0"2).
est nul.

viil



Une triangulation bidimensionnelle est toujours p-uniforme, ainsi cette nouvelle
hypothése est automatiquement satisfaite pour les T-courbes. Cependant, ce n’est
pas toujours le cas a partir de la dimension 3. On définit un nombre x(K) qui mesure
le défaut de p-uniformité de la triangulation K. Cette quantité peut étre utilisée
pour raffiner I'inégalité d’A. Renaudineau et K. Shaw sur le nombre de composantes
connexes de RX..

Proposition 5.3.24. Soit K une triangulation primitive d’un polytope non-singulier
P. Pour toute distribution de signes e € C°(K;Fy), le rang de la matrice Mo, _o(¢)
est toujours supérieur a k(K). Il s’en suit la majoration suivante :

dim Hy(RX,;Fy) < 14 A" (X)) — k(K).

Pour conclure nous utilisons nos calculs afin de déterminer la vitesse de croissance
de l'espérance du nombres de composantes connexes de RX,. On considére un
polytope non-singulier P et une suite de triangulations primitives (K;)s>; des dilatés
dP. Ensuite, nous montrons que si € est choisie uniformément au hasard dans
C°(Ky;TFy) alors on a la proposition suivante.

Proposition 5.3.27. Pour toute suite (K4)g>1 de triangulations primitives des di-
latés (AP)g>1, on a :

> liminf E

d—~+00

RX
1> limsupE bo(RX:(d)) ] > 0.

dtoo |1+ h"HO(X(d)) [

1+ h=10(X(d))
On rappelle que h" (X (d)) = volz(P)d™ + o(d").

On en déduit que bien qu’obtenir une hypersurface avec un nombre maximal de
composantes connexes puisse s’avérer impossible, le nombre de composantes reste
toujours substantiel par rapport a la borne supérieure d’A. Renaudineau et K. Shaw.

*
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Chapter 1

Introduction

L’objet de cette présente thése est I’étude topologique des T-hypersurfaces des var-
iétés toriques. Ces objets, dérivés des travaux d’O. Viro, se situent a la confluence
de la géométrie algébrique réelle, de la topologie algébrique et de la géométrie trop-
icale. Elles sont nées de la méthode, dite de Patchwork, d’O. Viro qui répond a un
besoin de construction d’hypersurfaces algébriques réelles ayant une topologie riche.
Le point de départ dans notre étude des T-hypersurfaces est la suite spectrale! d’A.
Renaudineau et K. Shaw. Cette suite spectrale calcule I’homologie a coefficients dans
le corps a deux éléments d'une T-hypersurface. Sa premiére page est isomorphe a
’homologie tropicale? de I'’hypersurface duale a la triangulation & partir de laquelle
est construite la T-hypersurface. C’est d’ailleurs comme ceci qu’A. Renaudineau
et K. Shaw démontrérent leurs inégalités® sur les nombres de Betti individuels des
T-hypersurfaces. Il s’agit alors pour nous d’essayer d’aller plus loin dans cette suite
spectrale. La premiére page contient un unique complexe de chaines non trivial.
Ce complexe médian fait 'objet du cinquiéme chapitre de cette thése. Seules les
pages suivantes d’indice ayant la méme parité que la dimension de la variété torique
ambiante peuvent a priori posséder des opérateurs de bord non-triviaux. Il a été
conjecturé que la suite spectrale dégénere a la deuxiéme page. Cette conjecture im-
pliquerait que l'intégralité de I'information homologique de la T-hypersurface serait
concentrée dans le complexe median de sa premiére page. Dans le quatriéme chapitre
nous démontrons plusieurs résultats allant dans le sens de cette conjecture. Nous
y établissons un lien entre la dégénérescence de la suite spectrale de Renaudineau-
Shaw et la surjectivité d’applications induites en homologie par l'inclusion de la
T-hypersurface dans sa variété torique. Le critére de dégénérescence que nous en
tirons nous permet de conclure que la suite spectrale dégénére a la deuxiéme page
dans certains cas. Par exemple, cette dégénérescence a toujours lieu a la seconde
page pour les T-hypersurfaces de degré impair de ’espace projectif. Nous éten-
dons méme ce résultat aux T-hypersurfaces de degré pair construites sur certaines
triangulations. Le troisiéme chapitre traite de 'homologie tropicale des hypersur-
faces duales aux subdivisons de polytopes. Nous y établissons une généralisation du

le.f. [RS23].
Ze.f. [IKMZ19].
3c.f. [RS23.



CHAPTER 1. INTRODUCTION

théoréme de Lefschetz* tropical. De cette généralisation nous déduisons une famille
(quasi)-génératrice de I'homologie tropicale de I'hypersurface duale a la triangula-
tion. Cette famille génératrice nous permet, dans le cinquiéme chapitre, d’insérer le
complexe médian de la suite spectrale de Renaudineau-Shaw dans une suite exactes
de complexes. En particulier, ceci nous permet d’en calculer les opérateurs de bord.
Ces calculs nous ménent a une généralisation du théoréme de B. Haas. Cette général-
isation nous permet de mettre a jour une propriété géométrique que la triangulation
doit nécessairement satisfaire pour pouvoir posséder une distribution de signes dont
la T-hypersurface posséde un nombre maximale de composantes connexes au sens
des inégalités de Renaudineau-Shaw. Les triangulations satisfaisant cette propriété
possédent un classe d’homologie canonique p a valeurs dans un cofaisceau partic-
ulier. Trouver les distributions de signes € dont la T-hypersurface associée a un
nombre maximal de composantes connexes revient alors & déterminer les solutions
d’un systéme différentiel discret. Ce sytéme est constitué d’une E.D.O. D% = p qui
doit étre satisfaite a « l'intérieur » de la triangulation et « d’équations au bord ».
Il est intéressant de noter que toutes les triangulations bidimensionnelles satisfont
notre propriété géométrique. Dans ce cas I'équation D?e = p et méme bien définie
sur la totalité de la triangulation. Les solutions de cette équation renforcée sont les
distributions de signes quadratiques et les T-courbes associées sont précisément les
courbes de Harnack simples.

Dans cette introduction nous présentons quelques points des différentes théories
dans lesquelles s’inscrivent nos objets d’étude. Dans une premiére partie nous don-
nerons quelques points sur la topologie des variétés algébriques réelles. L’article
Topological Properties of Real Algebraic Varieties: Du Cote de chez Rokhlin, par V.
Kharlamov et A. Degtyarev, [DK99|, donne un trés large panorama de ces derniéres.
Nous évoquerons le théoréme de Bézout ainsi que les inégalités de Harnack et Smith-
Thom. Ensuite nous présenterons les variétés toriques, en insistant sur celles qui
sont projectives. Puis nous introduirons la géométrie tropicale par l'intermédiaire
des amibes. Enfin nous conclurons cette introduction par I’énoncé du théoréme de
Patchwork de Viro, la définition des T-hypersurfaces ainsi que le plan des chapitres
suivants.

1.1 Géométrie Algébrique Réelle Projective

Définition 1.1.1 (Espace projectif). Soit K un corps et n un entier naturel. L’es-
pace projectif sur K de dimension n, noté P"(K), est 'ensemble des droites vecto-
rielles de ’espace K™*!. En d’autres termes, il consiste en 1’espace des orbites de
'action homothétique du groupe multiplicatif K sur Pensemble K"\ {0}. Ainsi,
chaque point de I'espace P"(K) est représenté par un (n+ 1)-uplet de nombres défini
a un facteur multiplicatif non-nul prés. Si p est 'image de (zo, ..., z,) € K™™' dans
P*(K), on note p = (xg : ... : x,) et on dit que (zq, ..., z,) sont des coordonnées
homogenes de p. Lorsque K est un corps topologique, I'espace projectif P"(K) est

4c.f. [ARS21].



1.1. GEOMETRIE ALGEBRIQUE REELLE PROJECTIVE

naturellement muni de la topologie quotient. Une extension de corps K — L induit
une inclusion de P"(K') dans P™(L).

00 00
o0
R C F2
(a) La droite projective (b) La droite projective (c) La droite projective du
réelle. complexe (ou sphére de corps a deux éléments.
Riemann).

Figure 1.1: Les droites projectives de trois corps.

Lorsque n est au moins égal a 1, 'ensemble K"\ {0} s’écrit toujours comme
'union disjointe des ensembles (K™ x {0})\ {0} et K™ x K, tous deux stables pour
laction de K*. Le quotient de K™ x K* par 'action de K* est canoniquement
en bijection avec 'espace affine K". Ainsi, pour tout entier naturel n, 'espace
projectif de dimension (n + 1) s’écrit comme 'union disjointe de l'espace affine de
dimension (n 4+ 1) et de l'espace projectif de dimension n. Cet espace projectif
de codimension 1 est traditionnellement nommé ’hyperplan & l'infini, de sorte que
I’espace projectif puisse se décrire comme ’adjonction d’un hyperplan & l'infini &
un espace affine. Lorsque K est le corps des réels ou des complexes, munis de leur
topologie euclidienne, cette adjonction résulte en une compactification de ’espace
affine. La Figure 1.1 dépeint les droites projectives associées aux corps de réels, des
complexes, et au corps a deux éléments. La procédure découpant 1’espace projectif
en un espace affine et un hyperplan & l'infini peut étre répétée. Cette répétition
nous permet d’écrire, pour tout entier naturel n, la formule suivante :

PM(K)=K"TT K" 11...11 K 11 K°, (1.1)

ou K° désigne un point unique. Soit p un entier naturel. Chaque sous-espace
vectoriel V' C K™ de dimension p + 1 définit un sous-ensemble P(V) de P"(K),
isomorphe & PP(K). On appelle de tels sous-ensembles des sous-espaces projectifs
de P"(K). L’action du groupe linéaire GL,;(K) sur K" descend en une action
sur 'espace projectif P"(K) dont le noyau est constitué des homothéties. Ainsi, le
groupe projectif PGL,.1(K), quotient de GL,,1(K) par K*, agit fidélement sur
I'espace projectif. Cette action preserve les sous-espaces projectifs de P"(K) et est
méme transitive sur les ensemble de sous-espaces projectifs de méme dimension.

Chaque point de lespace projectif réel P*(R) admet exactement deux relevés
dans la sphére unité S” de R"*'. Ces deux relevés sont antipodaux, et P*(R) se
réalise comme le quotient de S" par l'action de Z /27 par I'involution antipodale
[z — —x]. Cette représentation muni naturellement P*(R) d’une structure de variété
différentielle compacte de dimension n. De plus, 'homéomorphisme [z — —z| de S"

3



CHAPTER 1. INTRODUCTION

Q. l k ]Pal (FZ)

Figure 1.2: Les sept droites de P?(F,), la droite a I'infini est en gras.

préserve 'orientation de cette derniére si et seulement si n est impair. Il en résulte
que P*(R) est orientable si et seulement si n est impair. La projection quotient
7w S" — P"(R) est un revétement double et comme S™ est simplement connexe
pour n > 2, il s’agit dans ce cas du revétement universel de 1’espace projectif réel.
L’image par m d’un seul hémispheére de S™ suffit a recouvrir P*(R). On peut ainsi
voir P"(R) comme une boule fermée dont on a identifié les points antipodaux de son
bord. On utilisera souvent cette représentation. La decomposition (1.1) appliquée a
I’espace projectif réel en fourni une décomposition cellulaire. Les opérateurs de bord
du complexe cellulaire associée sont tous divisibles par deux. Ainsi on en déduit que
les nombres de Betti a coefficients Fy de P*(R) valent 1 en dimensions inférieurs
a n et 0 sinon. On peut méme montrer que 'anneau de cohomologie de P"(R)
est isomorphe a Fa[h] /(1) ot h est la classe duale de Poincaré de 'hyperplan a
I'infini. En utilisant action de PGL,,11(R), h est méme la classe duale de n’importe
quel hyperplan projectif.

La decomposition (1.1) permet également de montrer que I’anneau de cohomolo-
gie a coefficients entiers de P"(C) est isomorphe a 'anneau Z[h] /(p7*+1), ou h a
dimension 2 et est la classe duale de Poincaré de n’importe quel hyperplan projectif
de P*"(C). La conjugaison complexe, induit une involution antiholomorphe de la
variété complexe P"(C). Son lieu fixe est P"(R).

Courbes réelles planes. Dans ce qui suit on se concentre sur les corps des réels
et des complexes.

Définition 1.1.2 (Polynémes Homogenes). Un polynéme F € K[X,Y, Z] est ho-
mogeéne de degré d € N, si pour tout nombre A € K, le polynome F(AX,\Y,\7)
est égal au polynome A F(X,Y,Z). Pour un tel polynéme F il existe des nombres
fape € K, pour tout a, b, c € N tels que a + b + ¢ = d, satisfaisant :

F= > fuXY'Z°
a+b+c=d

Définition 1.1.3 (Courbes Planes). Pour tout polynéme homogeéne F de K[X,Y, Z]
et toute extension L de K, on définit la courbe d’équation F' dans P?(L) comme
étant ensemble des points p de P?(L) pour lesquels F(z,y, z) s’annule pour tous

4
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choix de coordonnées homogenes (x : y : z) de p. On note cet ensemble Cr(L). On
définit la courbe associée a F' comme le foncteur Cr : L — Cp(L). On identifie ainsi
la courbe au foncteur des points de son schéma.

La Figure 1.3 représente quelques courbes algébriques de P?(R). On remarquera
que la droite a l'infinie a pour equation Z = 0.

On définit une courbe réelle plane comme la courbe associée & un polynéme ho-
mogene réel F' € R[X,Y, Z]. On dit que Cr est irréductible dés que F' l'est. On dit
que la courbe Cr est non-singuliére lorsque Cr(C) est une sous-variété différentielle
de P?(C). Cela implique en particulier que Cr(R) est également une sous-variété
différentielle de P?(R). Ainsi Cr(R) est constituée d’une union disjointe de cercles
plongés dans P*(R). D’un point de vue homologique, le cercle peut étre plongé
de deux maniéres dans P?(R). Lorsque I'image de la classe fondamentale du cercle
s’annule dans I’homologie de P?(R), on dit que ce cercle plongé est un oval de P?(R).
Dans le cas contraire on dit que le cercle est une pseudo-droite. Un oval déconnecte
le plan projectif réel en deux parties, I'une d’entre elles est un disque et 'autre un
ruban de Mobius. Une pseudo-droite est homologue & une droite projective et son
complémentaire est connexe. C’est un disque. On dit qu'un oval O, est contenu dans
un oval O, s’il est contenu dans la composante connexe contractile du complémen-
taire de O,. Un peu d’homologie permet de montrer que si C'r est une courbe réelle
non-singuliére, alors Cr(R) est uniquement constitué d’ovals (possiblement aucun)
lorsque le degré de F' est pair et d’exactement une pseudo-droite, éventuellement
accompagnée d’ovals, lorsque le degré de F' est impair. Le seiziéme probléme de
Hilbert consiste en partie & caractériser les arrangements d’ovals et pseudo-droite
que 'on peut obtenir & partir de courbes réelles d’un certain degré. Ou encore, en
suivant la reformulation de G. Wilson®, & caractériser les ensembles ordonnés réal-
isables comme ensembles d’ovals de courbes réelles. L’inégalité de Harnack donne
une borne supérieure optimale du nombre de composantes connexes de Cr(R). La
preuve d’A. Harnack repose sur le théoréme de Bézout.

Théoréme de Bézout Considérons F,G € C[X;Y; Z] deux polynémes complexes
homogeénes.

Définition 1.1.4 (Nombres d’intersection. [Ful08|, §3.3 Intersec. Numb. pp.36-41).
On pose A le localisé de 'anneau C[X; Y] en l'ideal maximal (X,Y"). Il s’agit des
fractions rationnelles de C(X;Y) dont le dénominateur n’appartient pas a l'idéal
(X,Y). Soit p un point de Cr(C) N Cq(C) et g un élément de GL3(C) qui envoie p
sur (0:0:1). Le nombre :

L(F N G) = dim A [(F(g(X: V1)), Glo(X:Y:1))) € [1i o).

ne dépend pas du choix de g, et est fini dés que Cp(C) et Cg(C) ne posseédent
pas de composante irréductible commune passant par p. On 'appelle le nombre

Sc.f. [Wil78], p.54.
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D1

X+Y+7=0

(a) Quatre droites projectives réelles.

P
P2 D2

b1
(b) La conique d’équation (c) La conique d’équation XY = %Z 2,
X24Y%= 22

b1 Do
D3
b1
4
ps3
D1 P2
(d) La cubique d’équation Y Z% = X3. (e) La cubique d’équation

YZ?2 = X3 -2XY?2+Y3.
Figure 1.3: Quelques courbes algébriques de P?(R).
d’intersection de Cr et Cq en p. Il vaut 1 dés que C'r et Ci sont non-singuliéres et
que leur lieux complexes s’intersectent transversalement en p.

Théoréme 1.1.5 (Théoréme de Bézout. [Ful08|, Bézout’s Theorem p.57). Pour
tous polynémes homogénes complexes F,G € C[X;Y;Z], sans facteur irréductible
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commun, ’ensemble Cp(C) N Cq(C) est fini. De plus on a :

Z L(PNQ)=degF-degG.
peCr(C)NCe(C)

En particulier on en déduit que si F' et GG sont a coefficients réels et ne possedent
pas de composante irréductible commune alors Cr(R) N C(R) posseéde au plus
deg F'- deg G éléments. Si G est de degré 1, alors Cg(R) est une droite projective et
Cr(R) ne peut couper cette droite qu’en deg F' points, comptés avec multiplicité. Ce
cas particulier du théoréme de Bézout est un écho du fait qu'un polynéme réel non-
nul ne peut avoir plus de racines que son degré. Un corollaire directe du théoréme de
Bézout permet de proscrire certaines configurations d’ovals comme réalisables par
des courbes réelles. Un nid d’une configuration d’ovals est une chaine totalement
ordonnée d’ovals. La profondeur d’un nid est le nombre d’ovals qu’il contient.

Théoréme 1.1.6 (D. Hilbert, [Wil78|, Theorem 1.2 p.54). La profondeur d’un nid

d’ovals d’une courbe réelle de degré d ne peut excéder |2|. De méme si une courbe

réelle de degré d posséde deux nids alors la somme de leurs profondeurs ne peut
d

excéder | §].

Inégalité de Harnack. A. Harnack utilisa le théoréme de Bézout de concert avec
d+2

5 ) — 1 points, afin

la propriété qu’il passe toujours une courbe de degré d > 1 par (
de montrer I'inégalité suivante :

Théoréme 1.1.7 (Inégalité de Harnack. A. Harnack, [Har76|). Une courbe réelle
(d—1)(d—2)
2
connexes. De plus, cette borne est optimale. Lorsqu’une courbe réelle atteint cette

plane non-singuliere de degré d ne peuzr avoir plus de 1 + composantes

borne on dit qu’elle est maximale.

Il démontra 'optimalité en construisant par induction une suite de courbes max-
imales en perturbant des courbes singulieres. Cette inégalité, le théoréme de Bézout,
ainsi que la méthode de construction par perturbations suffisent a répondre au prob-
léeme de Hilbert jusqu’au degré 5. L’allure des arrangements de courbes réalisables
en degré inférieur a 5 est décrite dans la Figure 1.4. Les arrangements des courbes de
degré 6 et 7 ont aussi été caractérisés, cependant cette caractérisation demande des
techniques plus avancées. C’est en particulier O. Viro qui classifia ces arrangements
en degré 7. Pour ce faire il utilisa sa méthode de Patchwork que nous évoquerons
plus loin.

L’espace des courbes de degré d forme un espace projectif de dimension (d;rQ) -1,
le projectivisé de I'espace vectoriel des polynémes homogénes de degré d. Dans cet
espace le determinant est I’hypersurface formée par toutes les courbes singuliéres.
Ainsi I'espace des courbes complexes non-singuliéres est connexe et le premier lemme
d’isotopie de Thom® nous assure que pour deux courbes non-singuliéres Cr et Cg,
leur lieux complexes Cr(C) et Cu(C) sont homéomorphes. Ce sont des variétés

6¢.f. [Tho69], Théoréme 1.G.1 p.258, ou [Mat12], Proposition 11.1 p.499.
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RS ONSO

) Droite. b) Coniques. ¢) Cubiques.

SCINe)
Ve &
GG

(d) Quartiques. e) Quintiques.

Figure 1.4: Allure des arrangements de courbes réalisables jusqu’au degré 5.

différentielles complexes de dimension 1 et donc des surfaces orientables. Leur genre
g(Cr(C)), la moitié de leur premier nombre de Betti, ne dépend que de leur degré et
les caractérise topologiquement. La formule d’adjonction et le théoréme de Riemann-
Roch permettent de calculer que g(Cr(C)) vaut 3(deg F' —1)(deg F' — 2). Ainsi,
I'inegalité d’Harnack énonce que le nombre de composantes connexes de Cr(R) est
inférieur & 1 plus le genre de Cr(C). F. Klein donna une autre preuve’ de I'inégalité

(d’léﬂ, Sa démonstration

de Harnack utilisant cette interprétation du nombre
se base sur l'inclusion de C'r(R) dans Cr(C). Dans cet ordre d’idées, 'inégalité de
Smith-Thom permet de généraliser 'inégalité de Harnack aux variétés algébriques

réelles de plus grande dimension.

Inégalité de Smith-Thom. L’inégalité de Smith-Thom est un théoréme général
sur la topologie des lieux fixes d’involutions.

Théoréme 1.1.8 (Inégalité de Smith-Thom. [DK99|, Theorem A.1.1 et Corollary
A.1.3 p.59). Soit X la réalisation géométrique d’un complexe simplicial muni d’une
involution simpliciale o, on note F' le lieu fixe de o. Si I’homologie totale de X a
coefficients dans Fy est de dimension finie, on a l’inégalité suivante :

> dim Hy(F;Fp) <) dim Hy(X;Fy),

qeN qeN

Te.f. [KleT3].
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et le nombre 3y dim Hy(F;F2) a la méme parité que Y o dim Hy(X; Fa).

Lorsque X est une variété algébrique réelle projective, son lieu complexe est muni
d’une involution canonique : la conjugaison complexe. Son lieu réel correspond alors
au lieu fixe de cette involution et I'inégalité de Smith-Thom se réécrit sous la forme
suivante :

> " dim Hy(X(R);Fy) <) dim Hy(X(C);Fy). (1.2)

qeN @\

Dans le cas des courbes non-singuliéres (1.2) se spécialise en 'inégalité suivante :
2dim Ho(Cp(R); Fa) < 2+2¢(Cr(C)).

On retrouve bien 'inégalité de Harnack. Une varié¢té X pour laquelle (1.2) est une
égalité est appelée une variété mazimale ou M -variété. De maniére générale on dit
que X est une (M — k)-variété lorsque le nombre de Betti total de son lieu complexe
> qen dim Hy (X (C); F2) est 2k unités supérieur au nombre de Betti total de son lieu
réel . dim Hy(X(R); Fy).

1.2 Variétés Toriques Projectives

Les espaces projectifs font partie de la famille des variétés toriques, on donne ici leur
définition ainsi que certaines propriétés que ces derniéres satisfont.

Définition 1.2.1. Soit K un corps. Pour tout monoide abélien (S;+), on note
K[S] lalgebre associée. Cette algebre est librement engendrée par les éléments de
S en tant qu’espace vectoriel. Pour tout s € S, on note x° le générateur associé. La
multiplication de K[S] est définie par les formules x°x*" = x*** pour tous s, s’ € S.

Définition 1.2.2 (Tore algébrique réel). Un tore algébrique réel est un groupe
algébrique réel T isomorphe au produit GL; xg ...xgGL; ot GL; est le groupe
Spec(R[Z]).

En d’autres termes un tore algébrique réel 7" est isomorphe a Spec(R[Z"]) pour un
certain entier n € N, appelé dimension de T. Le groupe t(Z) des sous-groupes a un
parameétre de 7', Homg,p alg. (GL1; 1), est un groupe abélien libre. Son groupe dual
t(Z) = Hom(4(Z); Z) est naturellement isomorphe a Homg,p a15.(1'; GL1), le groupe
des caractéres de T. De plus, T est naturellement isomorphe a Spec(R[t*(Z)]), et
t*(Z) est de rang n. Si K est une extension de R, le groupe des K-points de T est
naturellement isomorphe & Hom(t*(Z); K*). Lorsque K est le corps des réels ou des
complexes, T'(K) est un groupe de Lie dont I'algébre est donnée par t(K) = t(Z)® K.

Définition 1.2.3 ([KKMSD73|, Lemma 1 p.5). Soit 7" un tore réel de dimension n.
Soit S C t*(Z) un sous-monoide saturé®, finiment engendré, et qui engendre t*(Z)
en tant que groupe. Une variété torique affine normale Y de tore T est une variété
affine de la forme Spec(R[S]). Une telle variété est équipée d’une immersion ouverte

8i.e. tel que na € S implique o € S pour tout entier n € Z.
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T — Y et d'une action T' Xg Y — Y qui étend 'action par translations de 1" sur
lui-méme.

Définition 1.2.4. Une partie C' C t(R) est appelée un cone polyhédral rationnel si
elle est de la forme suivante :

k
C == {Z)\ZUZ . )\1,...,)\k S R+} s
=1

ou les v; sont des vecteurs de t(Q). On dit que C est fortement convere si 'unique
sous-espace vectoriel qu’il contient est origine {0}. Un hyperplan d’appuie H de C
est un hyperplan de la forme ker(a) ot a € t*(R) est une forme dont la restriction
a C est positive. Une face de C est I'intersection de ce dernier avec un hyperplan
d’appuie. C’est encore un cone polyhédral, il est fortement convexe si et seulement
si C lest. Le dual C* de C est 'ensemble des formes a € t*(R) positives sur C.
C’est un cone polyhédral rationnel de t*(R). Il engendre t*(R) si et seulement si
C' est fortement convexe. De plus Ct N t*(Z) est un monoide saturé et finiment

engendré de t*(Z). Un tel monoide est toujours de cette forme®.

Une variété torique affine normale Y de tore T est donc nécessairement de la
forme Y¢ = Spec(R[CT Nt*(Z)]), ot C est un cone polyhedral rationnel fortement
convexe de t(R). Si K est le corps des nombres réels ou complexes, Yo (K) est
homéomorphe a I’espace des morphismes de monoides de C*Nt*(Z) dans le monoide
multiplicatif (K; x). Le monoide C™ Nt*(Z) est finiment présenté. On peut I’écrire
multiplicativement comme ayant N € N générateurs X,..., Xy qui commutent et
qui observant [ € N relations HZ]\LI X" = HZN:1 Xibi’j, ou j appartient a {1,...,1}
et les a; ;,b; ; sont des entiers naturels. Ainsi Y est isomorphe a la sous-variété de
'espace affine A% définie par les équations polynomiales Hf\il X;“’j = Hfil X;i’j,
pour tout j € {1,...,l}. La Figure 1.5 représente comment obtenir le plan affine
comme une variété torique affine. La Figure 1.6, quant a elle, représente comment
obtenir le cone quadratique X7 = X; X, comme une variété torique affine.

Ct Nt (Z)

Yo (R)

(a) Le cone C dans t(R). (b) Le monoide du dual C*. (c) Le lieu réel de Y¢.

Figure 1.5: Le plan affine comme variété torique affine.

9c.f. [KKMSD73], Lemma 2 p.7.
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Lorsque C' est un cone tout élément av € Ct Nt*(Z) définie une fonction réguliére
x* sur Yo, Si @ est un point de Yo (K), o K est une extension de R, on note
x® € K I'image de x par x“. Ces fonctions permettent de définir le lieu positif de
Yo(K). 11 est noté Yo(R,) et correspond aux points z de Yo (K) pour lesquels les
nombres x® appartiennent tous & Ry, pour tout a« € C*t Nt*(Z). Cet espace est
homéomorphe a I’espace des morphismes de monoides de CTNt*(Z) vers (Ry; x). Si
K est le corps des nombres réels ou des nombres complexes, le module || : K — R
est une rétraction de I'injection du monoide (Ry; %) dans (K; x). Ce morphisme
de monoide induit une retraction continue de l'inclusion de 'espace Yp(R; ) dans
Yo (K). On la note aussi par le symbole |- |.

(a) Le cone C dans t(R). (b) Le monoide du dual C'* (c) Le lieu réel de la variété
dans t*(R). Ye, ici la surface définie par
I’équation X§ = X1 Xs.

Figure 1.6: Une surface de I'espace affine réalisée comme variété torique affine.

Définition 1.2.5. Un cone polyhedral rationnel fortement convexe C' de t(R) est
dit simplicial s'il est engendré par les éléments d’une base de t(Q). Si de plus ces
éléments sont issus d'une base de t(Z) on dit que C' est non-singulier. Un cone
simplicial posséde un sous-réseau distingué dans son espace tangent. Il s’agit de la

somme des réseaux contenus dans ses rayons'.

Théoréme 1.2.6 (|Ful93], §2.1 Local Properties of Toric Varieties pp.28-31, et §2.2
Surfaces ; Quotient Singularities pp.31-36). La variété torique affine Yo est non-
singuliere si et seulement si C' est non-singulier. Dans ce cas Yo est isomorphe
au produit d’un tore réel et d’un espace affine réel. Si C est seulement simplicial,
Yo xr C a une singularité quotient. Elle est le produit d’un tore complexe avec le
quotient d’un espace affine A% par Uaction d’un groupe fini Ac. Ce groupe est le
quotient du réseau TC N(Z) par son sous-réseau distingué.

Considérons C' un codne simplicial fortement convexe de dimension n et notons
L le sous-réseau distingué de T'C'. On note L* le réseaux dual dans t*(R). Ce
dernier contient t*(Z) et 'anneau C[CT N t*(Z)] est naturellement contenu dans

10Un rayon est un cone polyhedral fortement convexe de dimension 1.
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I'anneau C[CT N L*]. Comme C est engendré par une base de L, ce dernier anneau
C[C™ N L*| est isomorphe & un anneau de polynémes a n indéterminées. Le groupe
fini Ag ==4tZ) /[ agit sur C[CT N L*] par morphisme d’algébres de la maniére
suivante. Pour tout v € A¢ et tout x* € C[CT N L*], on a :
v x® = eZrelv)ge

L’anneau C[CT N t*(Z)] est le sous-anneaux des invariants de cette action. Ainsi,
Yo xg C est bien le quotient de AZ par l'action de Ax. En général, si C est de
dimension k < n, Yo xg C est un fibré trivial en tores algébriques au dessus d’un
quotient d’'un espace affine par le groupe A¢s. Si nous revenons au cas ou C' est de
dimension maximale n. L’action de A¢ sur 'anneau C[CT N L*] préserve 'anneau
R[C*T N L*] si et seulement si L*(¢(Z)) est contenu dans $Z. Dans ce cas Yo est elle
aussi le quotient de AR par Ag. L’exemple donné dans la Figure 1.6 est de cette
espéce, Iapplication quotient envoie (u;v) € C? sur (u?;v?;uv) € C3. 1l est a noté
cependant que, bien que Y¢(C) soit toujours homéomorphe au quotient topologique
de C™ par Ag, Yo(R) n’est en général pas le quotient de R™ par Ag. L’exemple
de la Figure 1.6 illustre ce phénomeéne. Dans ce cas Ag est isomorphe a Z /27 et
agit par multiplication par (—1) sur R%. Le quotient topologique obtenu consiste en
une seule moiti¢ de Yp(R). L’autre moitié est obtenue comme image de (iR)? par
'application quotient C* — Y (C). La variété Y est le quotient de AL par Ac au
sens de la théorie géométrique des invariants.

En dimension 2 tous les cones sont simpliciaux donc les singularités des surfaces
toriques affines sont toujours du type quotient. A partir de la dimension 3 ca n’est
plus le cas. Les singularités peuvent étre plus compliquées. Si t(R) est l'espace
R3? muni de son réseau Z3, alors la variété torique du cone défini par les quatre
inéquations z > 0, z+2 >0, z+y > 0, et x+y—+2z > 0, correspond a I’hypersurface
de A} définie par I'équation X; X3 = XX, Il s’agit du cone affine sur 'image de
Py xr Py par le plongement de Segre dans P§.

Définition 1.2.7. On appelle éventail de t(R) tout ensemble non-vide ¥ de cones
polyhédraux rationnels fortement convexes satisfaisant les deux propriétés suivantes :

1. Si C est un cone de ¥ alors chacune de ses faces est également un cone de X ;
2. Deux cones de ¥ s’intersectent toujours le long d’une face commune.
Un éventail dont la réunion des cones recouvre t(R) est dit complet.

Soit ¥ un éventail de t(R). Si C; € X est une face de Cy € ¥ alors R[Cy N t(Z)]
est une sous-algebre de R[C]” N t(Z)]. De plus, il existe toujours’! o € Cf N t*(Z)
pour lequel l'algebre R[C;" N(Z)] corresponde a lalgebre R[CS N ¢(Z)][x]. Ainsi
l’application duale Yo, — Y, est une immersion ouverte, équivariante pour ’action
de T

He f. [Ful93], Proposition 2 p.13.

12



1.2. VARIETES TORIQUES PROJECTIVES

Définition 1.2.8. Soit ¥ un éventail de t(R). La wariété torique Ys est définie
comme la limite inductive suivante :

Ys :=lim ind Y. .
Cex

Comme les applications de recollements sont équivariantes, Yy, est munie d’une ac-
tion de T'. Lorsque K est le corps des nombres réels ou complexes, les applications
induites entres les points K-rationnels préservent les points positifs, il nous est donc
possible de définir le lieu positif Y5 (R, ) de Y5 et la retraction | - | : Ys(K) — Ys(Ry)
de l'inclusion de Y5 (R, ) dans Y5 (K).

Proposition 1.2.9 ([Ful93|, §2.4 Compcatness and Properness pp.39-42). L’espace
Y5 (C) est compact si et seulement si 3 est complet.

Définition 1.2.10. Un polytope entier de t*(R) est 'enveloppe convexe d’un nom-
bre fini de points de t*(Z). Sa dimension est la dimension de l'espace affine qu’il
engendre. Son espace tangent TP étant rationnel il contient un réseau T'P(Z). Ainsi
son cotangent en contient également un, noté 7*P(Z). Une face d’un polytope est
I'intersection de ce dernier avec un hyperplan dont 1’équation est de signe constant
sur celui-ci. Si P est un polytope entier et () est une face de P, noté () < P, alors
() est également un polytope entier. Chacune des faces de P determine un cone
polyhédral rationnel fortement convexe de son cotangent T*P :
Cpg={veT"P|(a—p)(v) >0, V(a; B) € P x Q}.

L’ensemble Yp = {Cpg : Q < P} est un éventail complet de 7*P. On l'appelle
I’éventail dual de P. On dit que P est simple si son éventail dual est simplicial et
que P est non-singulier si son éventail dual est non-singulier.

Cpr

Cpro
(a) Un polytope P de dimension t*(R). (b) Son éventail dual dans t(R).

Figure 1.7: Un polytope et son éventail dual.

Définition 1.2.11. Soit P un polytope entier de t*(R) de dimension n. La variété
torique associée a P est la variété torique de tore T' associée a son éventail dual. On

13
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la note Yp. Pour chaque face () de P, on note Upg l'ouvert affine de Yp associé au
cone Cpg. On notera que I'application [Q <P~U P7Q:| est décroissante. Lorsque
P est de dimension strictement inférieure & n, la variété torique de P est la variété
de tore Tp := Spec(R[T'P(Z)]) associée a son éventail dual. Dans ce cas le tore T
agit toujours sur Yp mais son action n’est plus fidéle. Son noyau est le sous-tore

Spec (R [t'(Z) /TP(7)]).

S

<>

Figure 1.8: Le lieu réel de la variété torique associée au carré de la Figure 1.7 et ses
diviseurs toriques.

Soit P un polytope entier et () une face de ce dernier. Pour toute face R de @, le
cone Cp p est envoyé surjectivement sur le cone Cq g par la projection 7% P — T%Q).
Ainsi le cone 05, r C T'Q est inclus dans C’E r C TP. Cest une face propre de ce
dernier. Il vérifie la propriété suivante : pour tout a, 3 € C},, o + 3 appartient
a 6’57 r Si et seulement si a et § y appartiennent. Ainsi, I’application qui envoie le
générateur x* de R[C , N TP(Z)] sur :

~ le méme élément si o appartient a Cjj p ;
— Pélément nul de R[CY) , N'T'P(Z)] sinon,

définie un morphism d’algébres surjectif. On obtient alors une immersion fermée
Upr — Ugr. Ces immersions se recollent en une immersion fermée de Yy dans
Yp. L’ensemble des images de ces variétés sont les diviseurs toriques de Yp. Ils sont
représentés dans la Figure 1.8.

Théoréme 1.2.12. Une variété torique est projective, i.e. se plonge dans un espace
projectif, si et seulement si elle provient d’un polytope.

En utilisant le Théoréme 1.2.6 et la Définitin 1.2.10. La variété torique d’un
polytope P est non-singuliére si et seulement si P l'est. Si P est seulement simple
alors Yp pourra avoir des singularités quotients. Plusieurs polytopes peuvent définir
la méme variété torique. Si P’ s’écrit comme dP + « avec d > 1 entier et a € t*(Z)
alors P et P’ auront les mémes éventails duaux et donc des variétés toriques iden-
tiques. Si P’ est obtenu en transformant P par un automorphisme de t*(Z) leurs
variétés toriques seront également isomorphes. On pourra utiliser 'automorphisme
g € GL(t"(Z)) pour construire explicitement I'isomorphisme.

Définition 1.2.13. Un simplex de t*(R) est I'enveloppe convexe de (k + 1)-points
de t*(R) qui engendrent un espace affine de dimension k. Lorsque ses sommets sont

14
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tous dans t*(Z) on dit que le simplex est entier. Un simplex primitif de t*(Z) est
I'enveloppe convexe de (k + 1)-points entiers ap, ..., ag de t*(Z) qui engendrent un
espace affine de dimension k et dont les ensembles B; = {o; — «; : i # j} sont
inclus dans des bases de t*(Z) pour tout 0 < j < k. Un simplex entier o de t*(Z)
est primitif si et seulement si les différences de ses sommets engendrent son réseau
tangent T'o(Z). Un simplex est non-singulier si et seulement si c¢’est un multiple
d’un simplex primitif. On appelle la taille de ce dernier I’entier naturel par lequel il
faut multiplier un simplex primitif pour I'obtenir.

Si P est un simplex non-singulier dont les sommets sont «y, ..., ap on peut tou-
jours trouver une base :

0 0

Oxy 7 Oy’

de T*P(Z) dans laquelle son éventail dual est donné par les cones engendrés par les

o .
{axi.zel},

ensembles de vecteurs :

pour tout I C {0,...,k}, ou :

La variété Yp est recouverte par les ouverts affines Up,, = AI’?&. Les ouverts Upq,,
0 <1 < k, peuvent étre munis de coordonnées xy, ..., ;_1, Tii1, ..., T, dans lesquels
les intersections Upq, N Upq,, pour 4 différent de j, correspondent a {z; # 0} dans
Upa,; et a {x; # 0} dans U Pa,- De plus le changement de cartes de Upq, vers Upq,
s’écrit comme suit :

Zo o 1 Zo Tj—1 Tj41 T
(x()v"'73:@'7171‘14*17"'73:/6) = (_7"'7 y JERED) ’ yreey )
Z; Ti—1 Tj Ti41 X X X
Il s’agit de ’atlas par deshomogénéisation de ’espace projectif de dimension k. Ainsi
Yp est isomorphe a Pk.

Définition 1.2.14. Soit 7" un tore réel. Le groupe T'(K) est naturellement isomor-
phe & Hom(t*(Z); K*). Lorsque K désigne le corps des réels ou des complexes, la
valeur absolue et le module permettent de définir le sous-tore unitaire. On note
T(+1) le sous-tore unitaire de T'(R) et T'(S") le sous-tore unitaire de 7(C). Le pre-
mier est isomorphe au groupe t(Fs) et le second a H(R) /¢(Z). Le lieu positif Yp(R. )
est homéomorphe aux quotients des lieux réel et complexe de Yp par 'action des
sous-tores unitaires.

Définition 1.2.15 (Application moment. [Ful93|, §4.2 Moment map pp.81-83).
Soit P un polytope entier de t*(R). L’application suivante :

up : YP(C) — P
P aerne(z) 1T

2acpneez) [T 7

\

15
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est bien définie, continue et induit un homéomorphisme entre Yp(R,) et P. On
I’appelle application moment de P. On note sp la section de up & valeurs dans

Yp(R,).

Définition 1.2.16. Soit P un polytope entier de t*(R). On note N P(Z) ’ensemble
des vecteurs de t(Z) annulés par les formes tangentes & P. Soit p un point d'un
polytope entier P. On note Sed(p) le groupe NQ(Z) ou @ est la plus petite face de
P qui contient p et on appelle la sédentarité de p. Le stabilisateur de sp(p) pour
l'action de T'(+1) correspond a Sed(p) ® Fy. Le stabilisateur de sp(p) pour 'action
de T(S") correspond, quant a lui, a Sed(p) @ R /7.

Définition 1.2.17. On appelle 'application :

PR T x P = Yp(R)
(v;p) = v-sp(p),

la carte de Yp(R).

La carte de Yp(R) le représente comme le recollement de 24™ ¥ copies de P. Les
deux copies, (v;p) et (w;p), de p € P sont collées I'une sur 'autre si et seulement si
v — w appartient & Sed(p) ® Fy. Cette application nous fournit une décomposition
cellulaire réguliére de Yp(R). En l'utilisant on trouve que la caractéristique d’Euler

de Yp(R) vaut :

dim P
V(R = 3 (<2) (P,

i=0
ou f;(P) est le nombre de faces de dimension i de P. Les figures 1.9 et 1.10,
illustrent cette construction dans les cas de deux simplexes. Dans la premiére on
part d’un simplexe primitif et on obtient le plan projectif. Dans la seconde on part
d’un simplex dont I'un des cotés est de longueur 2. La variété obtenue s’appelle un
espace projectif pondéré. 11 s’agit de P(1,1,2).

(a) Un simplex primitif P. (b) Le recollement des qua- (c) Le lieu réel Yp(R) ainsi
tre copies de P. que ses diviseurs toriques,

ici il s’agit du plan projectif

dans son modé¢le du disque.

Figure 1.9: Le lieu réel du plan projectif et sa décomposition cellulaire induite par
I’action du tore unitaire.

16



1.3. HYPERSURFACES ET FIBRES EN DROITES

L[] L[] <_>
. . 0 0
. . >

(a) Un simplex non- (b) Le recollement des qua- (¢) Le lieu réel Yp(R)

primitif P. tre copies de P. et ses diviseurs toriques.
Le point singulier corre-
spond au sommet opposé a
I’arréte de longueur 2.

Figure 1.10: Le lieu réel du plan projectif pondéré P(1,1,2) et sa décomposition
cellulaire induite par I'action du tore unitaire.

1.3 Hypersurfaces et Fibrés en Droites

Définition 1.3.1 (Morphisme de Veronese). Soit P un polytope entier de t*(R).
Notons A 'ensemble des points entiers de P. L’espace vectoriel R4 posséde un
réseau canonique Z*. Le simplexe S = {(2a)aca € R} | 3 04 %o = 1} est primitif
et s’envoie surjectivement sur P via la projection linéaire 7 : R4 — t*(R) qui envoie
le générateur associé a « sur o. Notons pour toute face @@ de P, S(Q) la face
de S engendrée par les points entiers de (). La projection 7 envoie le monoide
Cés0)NTS(Z) sur Cf o NTP(Z) et définie un morphisme de 'ouvert affine Us 5(g)
sur I'ouvert affine Up . Ces morphismes se recollent et définissent le morphisme de

Veronese de P :
Vp:Yp — Pi,

ot P4 est l'espace projectif associé & S. Les coordonnées homogenes de P4 sont
indexées par les éléments de A et pour toute extension K de R et tout x € Yp(K),
Vp(z) correspond au point (z%),ca € PA(K). Ainsi Yp est équipée d'un fibré
en droites réel Lp, tiré en arricre de O(1) par Vp, pour lequel H°(Yp; Lp) est
isomorphe & R%. On notera que H°(Yp; Lp) est isomorphe & un sous-espaces des
fonctions réguliéres O(Tp) du tore de Yp. Chacune de ses sections sera notée sous
la forme Zaepm*(z) anx®. Si X est le lieu d’annulation d’une section F' de Lp
alors l'intersection de X avec le tore de Yp correspond au lieu d’annulation de la
fonction réguliére correspondante. De maniére générale pour tout sommet o de P,
I'intersection de X avec l'ouvert affine Up, correspond au lieu d’annulation de la
fonction x*F € O(Up,).

Lorsque la variété torique projective Y correspond a la variété Yp d'un polytope
P on dit que P est un polytope moment de Y. Plusieurs polytopes entiers de t*(R)
peuvent conduire & la méme variété torique. Cela arrive lorsque deux polytopes
ont le méme éventail dual. Se donner un polytope particulier fixe un certain fibré
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en droite sur la variété. Dilater ce polytope par un facteur entier d > 1 revient a
tensoriser d fois le fibré en droites initial.

Définition 1.3.2. Un polytope entier P de t*(R) est dit trés ample lorsque pour
chacun de ses sommets « le monoide C;’a NTP(Z) est engendré par les différences
B — a pour tout 5 € PNt(Z).

Proposition 1.3.3 (|CLS11], Proposition 3.1.6 p.108). Les trois assertions suiv-
antes sont équivalentes :

1. Le fibré Lp est trés ample;
2. Le polytope P est trés ample;
3. Le morphisme de Veronese Vp est un plongement.

Lorsque le polytope P est trés ample et K désigne le corps des réels ou des
complexes, la variété Yp(K) peut aussi se définir comme 1'adherence de Zariski de
I'image du tore Tp(K) par le morphisme de Veronese Vp.

Proposition 1.3.4 (|CLS11|, Corollary 2.2.18 p.87). Le fibré Lp est ample, i.e. il
eziste toujours une entier d > 1 pour lequel dP est trées ample. On peut toujours
prendre d égale ¢ min(1;dim P — 1). De plus tout polytope non-singulier est tres
ample!?.

Toute section globale F' de Lp définie une hypersurface réelle X de Yp. On
dit que F' est I’équation de X. Quand le polytope est fixé on se restreindra a ces
dernieres. Fixer un polytope moment d’une variété torique projective revient a
fixer le degré des hypersurfaces considérées. Par exemple, un polytope moment de
I’espace projectif est toujours un simplex non-singulier. Ce dernier est de taille d si
et seulement si son fibré associé est isomorphe & O(d). Une hypersurface de 1’espace
projectif, vu comme la variété torique d’un simplex non-singulier de taille d, est une
hypersurface de degré d au sens usuel. Considérons a présent que Y est un variété
torique réelle projective non-singuliére de tore T et que le polytope non-singulier
P C t*(R) est un polytope moment de Y. Soit X une hypersurface non-singuliére
de Y associée au polytope moment P. Le théoréme d’isotopie de Thom assure que
les lieux complexes de deux telles hypersurfaces sont homéomorphes. Le théoréme
des sections hyperplanes de Lefschetz exprime comment la topologie de X (C) est
influencée par celle de Y (C).

Théoréme 1.3.5 (Théoréme des sections hyperplane de Lefschetz. [Lef50], Théo-

rémes p.89, [Bot59], Corollary of Theorem I p.212; [KS53], Theorem 1 p.1275, et
[AN54], Theorem 2 p.270). Soit Y une sous-variété algébrique de dimension n de PN
et X une section hyperplane de Y, c’est a dire l’intersection de Y avec un hyperplan
de PY. Si Y \ X est non-singuli¢re alors :

12¢.f. |CLS11], Proposition 2.4.4 p.87.
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1. L’application de restriction H*(Y(C);Z) — H*(X(C);Z) est un isomorphisme
pour tout k < n — 1 et injective pour k =n — 1;

2. L’application induite par Uinclusion Hy(X(C);Z) — Hp(Y(C);Z) est un iso-
morphisme pour tout k <n — 1 et surjective pour k =n — 1;

3. L’application induite par l'inclusion m(X(C)) — m(Y(C)) est un isomor-
phisme pour tout k < n — 1 et surjective pour k =n —1;

Si de plus X et'Y sont non-singuliéres et que le fibré en droites Oy (X) est ample
alors Uapplication de restriction H?1(Y (C)) — HPY(X(C)) est un isomorphisme
pour tous p+q <n — 1 et injective pour tous p+q=mn — 1.

Ce théoréme peut en particulier s’appliquer aux variétés toriques projectives Y
et a leurs hypersurfaces X associées a des polytopes moment trés amples. En effet,
X est dans ce cas une section hyperplane de Y quand on la voit plongée par le
morphisme de Veronese et Oy ,c(X xg C) est isomorphe a la complexification de
Lp, en particulier trés ample.

1.4 Cohomologie des Variétés Toriques Projectives

On rappelle certaines des propriétés satisfaites par la cohomologie des variétés
toriques projectives non-singuliéres ainsi que de celles de certaines de leurs hyper-
surfaces. Dans un premier temps on introduit quelques notions sur les polytopes qui
nous permettrons d’exprimer les nombres de Betti et de Hodge des objets considérés.

Polytopes simples et polytopes simpliciaux. Lorsque nous avons défini les
variétés toriques nous avons introduit les polytopes simples. Nous abordons ici
la notion duale, celle des polytopes simpliciaux. Nous donnons les définitions de
certaines quantités inhérentes a ces objets, telles que le f-vecteur ou bien encore le
h-vecteur.

Définition 1.4.1. Soit P un polytope de dimension k de t*(R). Le f-vecteur de
P le (k + 1)-uplets d’entiers naturels (f_1(P),..., fx(P)) dont la i-éme coordonnée,
fi(P), est le nombre de i-faces de P pour tout —1 < i < k. Par convention f_;(P)
vaut 1 et correspond a la face vide de P. On note fp le polynéme Zf:_l fi(P)X*¢

Définition 1.4.2. Soit P un polytope de t*(R). L’intérieur relatif de P est I'intérieur
topologique de P vu comme sous-ensemble de ’espace affine qu’il engendre.

Définition 1.4.3. Soit P un polytope de t*(R) et o un point de son intérieur relatif.
Le polaire de P relativement a « est le polytope suivant de son cotangent TP :

P, ={veT*P|(f—a)(v)>-1,V5€ P}.
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Ce polytope a la méme dimension que P. Chaque face () de P induit une face de
Py via la formule :

Qo ={veF|(B-a)v)=-1,V8ec}.

De plus ) — Q7 est une bijection décroissante de l’ensemble des faces de P vers
I’ensemble des faces de P;. Pour toute face () de P on a la formule :

dim @, +dim@ +1=dimP.

Ainsi, pour tout —1 < i < dim P, f;(Pg) vaut fr_i_;(P), ou k est la dimension
de P. De maniére plus concise on a la relation fpo(X) = X4 PH f,(X~1). D'un
point de vue combinatoire, le polytope P; est unique, il correspond a l’ensemble
ordonné opposé a P. On le notera souvent P°, sous-entendant qu’on considére le
polaire relativement & un point arbitraire de l'intérieur relatif de P.

Certaines propriétés de P peuvent directement se traduire en terme de propriétés
de son polaire.

Définition 1.4.4. Un polytope P est simplicial si chacune de ses faces propres
@ < P est un simplex.

Proposition 1.4.5. Un polytope est simple si et seulement si son polaire est sim-

plicial.
(a) Le cube est un polytope simple et non (b) L’octaédre est un polytope simplicial
simplicial. et non simple.

Figure 1.11: Un polytope et son polaire.

Définition 1.4.6. Soit P un polytope simplicial. Un effeuillage du bord de P
est une numérotation o, ..., Qyx de ses faces de codimension 1 telle que pour tout
1<i<N,Q;N U;;ll (); est une réunion non vide de faces de codimension 1 de Q);.
Pour tout 0 < j < dim P, on note h;(0P) le nombre de faces @; dont I'intersection
Q; N U;;ll (); est la réunion de j faces de codimension 1 de ;. On dit que @Q); est
une face d’ordre j.

Théoréme 1.4.7 (H. Bruggesser et P. Mani, [BM71], Corollary p.203). Tout poly-
tope simplicial posséde un effeuillage.
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Proposition 1.4.8. Les nombres (hj(OP))o<j<dim p ne dépendent pas de ’effeuillage
choisi. De plus st on note hyp le polynéme Z?IZHSP hi(OP) XYM P=3 glors on a :

Fo(X) =1+ Xhop(1 + X).

Le vecteur (hq(OP))o<q<dim p S appelle le h-vecteur de OP.

Théoréme 1.4.9 (Relations de Dehn-Sommerville, [Som27|). Pour tout polytope
simplicial P on a :

hop(X) = X4mPh p(X71).

Définition 1.4.10. Soit P un polytope entier simple de t*(R). Son anneau de
Stanley-Reisner est le quotient SR(P) de l'algeébre Z[Xg : @ < P, codim@ = 1] par
'ideal engendré par les monomes Xg, - -- Xg,, pour tout ensemble Qq,..., Q) de k
faces distinctes de P dont I'intersection est vide. C’est un anneau gradué car quotient
par un idéal homogene. Par convention on dit que les générateurs X ont degré 2.
Pour chacune des faces @ de codimension 1 de P, le monoide Cj, N T*P(Z) est
isomorphe a N. Il posséde un unique générateur vg. On note J(P) I'idéal homogeéne
de SR(P) engendré par les polynomes »_,_p a(vg)Xq pour tout a € TP(Z).

Cohomologie des variétés toriques projectives non-singuliéres. Soit P un
polytope non-singulier de t*(R) de dimension n. Le lieu complexe Yp(C) est une
variété différentielle complexe, elle est donc canoniquement orientable et satisfait la
dualité de Poincaré a coefficients entiers. On note [Yp(C)] € Ha,(Yr(C); Z) la classe
fondamentale associée & l'orientation complexe. Pour toute face () de codimension
1 de P on note wg € H*(Yp(C);Z) la classe duale de Poincaré de I'image de [Yg(C)]
dans Ho, o(Yp(C);Z).

Théoréme 1.4.11 (|Ful93], §5.2 Cohomology of Nonsingular Varieties pp.101-108).
L’application :
SR(P) — @D H(Y»(C);Z)
q20
XQ — wQ,
définie un morphisme d’algébres surjectif dont le noyau est lidéal IJ(P). De plus,

lanneau de cohomologie de Yp(C) est sans torsion et, pour tout 0 < q < n, le groupe

H*(Y(C);Z) est de rang h,_,(0P°).

Corollaire 1.4.12. Pour tout p,q € N, le groupe H?(Yp(C)) s’annule dés que p
est différent de q.

Théoréme 1.4.13 (F. Bihan et al., [BEMvHO06|, Theorem 1.1 p.218). La variété
Yp est maximale au sens de l'inégalité de Smith-Thom. De plus l'anneau gradué
Bo<ycn HI(Yp(R);F2) est isomorphe a l'anneau gradué @y, H**(Yp(C);Fy).

P. McMullen proposa une liste de propriétés'® qu'un vecteur d’entiers naturels
(hg)o<g<n doit satisfaire si et seulement s’il s’agit du h-vecteur d'un polytope sim-

B3¢ f. [McMT71], Conjecture p.561.
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t14 & réaliser le

plicial. L. Billera et C. Lee démontrérent que ces propriétés suffisen
vecteur d’entiers comme h-vecteur d’un polytope simplicial. C’est R. Stanley qui
proposa la premiére preuve!® de nécessité. Pour ce faire, il s’appuya en particulier
sur 'interprétation du théoréme 1.4.11 du h-vecteur d’un polytope simplicial et sur

des résultats concernant la cohomologie des variétés complexes.

Série d’Ehrhart et formules de Danilov-Khovanskii. Le théoréme des sec-
tions hyperplanes de Lefschetz ainsi que la dualité Poincaré permettent de connaitre
presque intégralement les nombres de Hodge d’un hypersurface non-singuliére d’une
variété torique projective non-singuliére. Les seuls nombres que nous ne pouvons
pas déduire des résultats précédemment énoncés sont situés sur le niveau médian du
diamant de Hodge de I'hypersurface. Ces nombres sont calculés par les formules de
Danilov-Khovanskii. Avant de pouvoir les énoncer nous avons besoin d’introduire
de nouvelles quantités associées a un polytope.

Définition 1.4.14. Soit P un polytope entier de t*(R). On note Ehp sa serie
d’Ehrhart. Elle est définie par la formule suivante :

Ehp(t) = Z card(¢P Nt (Z))t9.

q=>0

Par le théoréme d’Ehrhart!S, cette série est une fraction rationnelle qui s’écrit sous
la forme suivante :

Mo hy(P)te
(1 — ¢)dimP+1 >

et permet de définir les nombres (h(P))o<p<dim p- Le nombre hg(P) vaut toujours
1 et le nombre A}, p(P) correspond au nombre de points entiers contenus dans
I'intérieur relatif de P.

Définition 1.4.15. Soit P un polytope non-singulier. Un hypersurface X de Yp
associée a P est dite non-dégénérée si elle intersecte transversalement les diviseurs
toriques de Yp. C’est a dire que X NYy est une hypersurface non-vide non-singuliére
de Yy pour toute face de dimension au moins 1 de P et X évite les points Y, pour
tout sommet o de P.

Théoréme 1.4.16 (Danilov-Khovanskii, [DK87|, §5.5 p.293). Soit P un polytope
non-singulier de dimension n et X wune hypersurface non-dégénérée de Yp asso-
ciée 4 P. Pour tout p,q € N, on note h?%(X) la dimension de l’espace vectoriel
HP4(X(C)). On a alors les propriétés suivantes :

1. Pour tous p,q distincts et dont la somme n'est pas égale a n — 1, h»1(X) est
nul;

e f. [BL81].
15¢.f. [Sta80].
16¢.f. [Ehr62], Théoréme 1 p.616.
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2. Pour tout p < 251, hPP(X) égale "1 "P"17P(X) et ces deuz nombres égalent

h,(OP°);

3. Pour tous p,q distincts dont la somme égale n — 1, le nombre h?1(X) égale :

W) = D2 (1)L Q).

Q<P
4. Pour p= ”T’l, le nombre hPP(X) égale :

(X)) = hy(0P°) + 3 (~1)" s Q).
Q<P

Les formules des troisieme et quatrieme points s’appellent les formules de Danilov-
Khovanskii.

Théoréme 1.4.17 (|[Wel07], Corollary 4.13 p.195, ou [Voi02], §6.2 pp.137-155). Soit
P un polytope non-singulier de dimension n et X une hypersurface non-dégénérée de
Yp associée a P. On note wy la classe de H*(Yp(C); Z) duale de Poincaré de image
de la classe fondamentale de X (C) dans Ha,_o(Yp(C);Z). Pour tout 0 < k <mn, le

cup produit :
wh U—: H"*(Yp(C); Q) = H"™(Yp(C);Q),

est un isomorphisme.

1.5 Amibes et Géométrie Tropicale

Définition 1.5.1. Le semi-corps tropical est 'ensemble T = R IT {—oco} muni des
deux opérations suivantes :

1. L’addition tropicale -+, définie par la formule a +7 b := max(a;b). Elle est
commutative, associative, posséde un élément neutre —oo, idempotante i.e.
a +1 a = a pour tout a € T, et le seul nombre tropical & posséder un opposé
est I’élément neutre —oo;

2. La multiplication tropicale -1, définie par la formule a -p b = a + b. Elle est
commutative, associative, distributive par rapport a +r, posséde un élément
neutre 0, —oo en est I'unique éléments absorbant, et chaque nombre tropicale
différent de —oo posséde un inverse.

En particulier le groupe multiplicatif T* correspond au groupe (R; +) et pour tout
n € N, espace T" est homéomorphe a R .

Le semi-corps tropical peut s’interpréter comme la structure algébrique des ordres
de grandeur. Pour étre plus précis on note © ’ensemble des classes d’équivalence
de fonctions continues f : R, — Ry pour la relation d’équivalence f = 0(g). La
fonction f est un 6(g) s'il existe A € R, et deux constantes cj,co € R, pour
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lesquelles on a c1g9(z) < f(z) < cog(x) pour tout z > A. On peut montrer que
I’addition et la multiplication des fonctions induisent deux opérations sur ©. Ce
faisant, 'application qui associe a a € T la classe d’équivalence de la fonction [t +— %]
est injective et respecte les structures algébriques de T et ©. En ce sens le nombre
tropical a représente le comportement asymptotique de la fonction [t — t¢].

Définition 1.5.2. Comme on construit 'anneau des polynémes d’un corps on peut
construire le semi-anneau des polynémes tropicaux T[W]. Chaque élément de T[]
correspond a une combinaison linéaire formelle des puissances de 'indéterminée W :

k )
F(W) = g oIV

L’addition est donnée par I'addition tropicale coefficients par coefficients et la mul-
tiplication par les formules de convolution des coefficients. Le polynome P définit
une fonction polynomial, notée par le méme symbol P : T — T. Pour tout nombre
w € T la valeur de P en w est donnée par la formule suivante :

F(w) = orgz%c(ai +iw) .

Les fonctions polynomiales tropicales correspondent au fonctions convexes, affines
par morceaux, et & pentes entiéres positives.

V= —O&

Figure 1.12: Le graphe de F' = 0 41 OW +r (—1)W?

Supposons que F' est un polyndéme tropical différent de —oo. Pour tout ¢ > 1,
on peut lui associer un polynome réel Fy(X) :== S %X’ Notons Log, : R? — T?
I’homéomorphisme qui a (x;y) associe (log,(z);log,(y)). Dans ces coordonnées, le
graphe I'; de F; restreinte a R, s’exprime comme le graphe de la fonction :

e
" tlerU
fi tu— F(u) + log, (EL) :

' (u)

k a;+iu
© ot e . . )
Pour tout u € T, le nombre % est inférieur a k. Ainsi la fonction f; converge

uniformément vers F et I'image Log,(I';) converge au sens de la distance de Hausdorff
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vers le graphe de F. D’une certaine facon un polynome tropical représente un
polynéme dont on ne se rappelle que les ordres de grandeur des coefficients. Ce
phénomeéne de convergence s’inscrit de celui de la convergence des amibes et motivera
la notion d’annulation des polynémes tropicaux en faisant le pont entre géométrie
algébrique complexe et géométrie tropicale.

Figure 1.13: Convergence de Log,(T;) vers le graphe de F' = 0 +1 OW +1 (—1)W?2.

Amibes. Les amibes sont un concept antérieur a la géométrie tropicale. Un poly-
noéme de Laurent complexe & n indéterminées est un éléments de 'anneaux C[Z"],
c’est & dire un fonction réguliére du tore complexe T := Spec(C[Z"]). Le lieux com-
plexe de ce tore est l'espace T(C) = Hom(Z™; C*). Par extension de cette formule,
on définit son lieu tropical T(T) comme étant 'espace vectoriel réel Hom(Z™; R) car
le groupe multiplicatif T* correspond au groupe (R;+). On pose ¢t > 1 un nombre
réel. Le morphisme de groupes log, : z € C* — log, |z| € R induit un morphisme de
groupes log, : T(C) — T(T) dont le noyau n’est autre que le tore compact T'(S").

Définition 1.5.3 (I. Gelfand et al., [GKZ94|, Definition 1.4 p.194). Soit F' un
polynéme de Laurent & n indéterminées et X I'hypersurface de T qu’il définit.

L’amibe de X est le sous-ensemble A;(X) de T(T), image par I'application log,
du lieu complexe X (C) de X.

Définition 1.5.4. Le polytope de Newton de F est I’enveloppe convexe PN(F) C R"
des points o de Z™ pour lesquels le coefficient du monéme x dans F' est non-nul.

Théoréme 1.5.5 (I. Gelfand et al., [GKZ94]|, Corollary 1.6 p.195 et Corollary
1.8 p.196, et M. Forsberg et al., [FPT00|] Theorem 2.8 p.51). Chaque composante
connexe de R"\ Ay(X) est conveze. De plus le nombre de celles-ci et au moins égale
au nombre de sommets de PN(F') mais n’excéde jamais le nombre de points entiers

de PN(F).
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(a) L’amibe de la droite (b) L’amibe de la conique (¢c) L’amibe de la conique
d’équation X +Y +1=0. d’équation X% + Y? — d’équation X2 + Y? +
5XY +5X +5Y +1=0. 5XY —5X —5Y —1=0.

(d) L’amibe de la cubique d’équation (e) L’amibe de la cubique d’équation
X34 Y3 14 81(X%Y + XY2 4 X2 + X3 - V3 414 81(X%Y + XY2+ X2+
Y24+ X +Y)—-T729XY =0. Y24+ X +Y)-T729XY =0.

Figure 1.14: Une collection d’amibes planes.

(a) Le polytope de New- (b)  L’amibe de la (¢) L’amibe de la
ton des polyndémes de Lau- courbe d’équation courbe d’équation
rent (1—-(X+XH+Y+ 1 -X+XH+Y+ 10-X+XH+Y+
Y 4+ Xy 1+ X 1Y)et VY i4Xy 14Xy =0 Yl Xxy-l+ Xy =o.
(10— (X+X"H+Y+Y 14

Xy-t+ Xx71y).

Figure 1.15: Deux amibes associées au méme polytope de Newton avec un nombre
de composantes complémentaires différent.

Lieu d’annulation tropical. Considérons a présent un polynéme de Laurent
tropical ' € T[Z"]. Comme dans le cas complexe, un tel polynoéme est une combi-
naison linéaire formelle de points de Z" & coefficients dans T ot I'addition est définie
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coefficients par coefficients et la multiplication par convolution. Un tel polynoéme dif-
férent de —oo définit une fonction continue a valeurs réels de T'(T). Notons F' # —oo
de la maniére suivante :

o (8%
F = Y1 a.x",
acA

ou A est un sous-ensemble fini de Z". Si a, est différent de —oco pour tout @ € A
on dit que A est le support de F et que I'enveloppe convexe de ce dernier PN(F')
est son polytope de Newton. Si w est un élément de T'(T) = Hom(Z";R), son image
par F' est donnée par la formule suivante :

F(w) = max(aq + a(w)).

Les fonctions polynomiales tropicales du tore T(T) sont les fonctions convexes,
affines par morceaux a pentes entiéres. Parallélement on peut considérer le polynome
de Laurent complexe F; € C[Z"], défini de la maniére suivante :

F, = Zt“‘*xo‘.

a€cA

On note X; la sous-variété de T' qu’il définit.

Théoréme 1.5.6 (H. Rullgard, [Rul01], Theorem 9 p.21 ou G. Mikhalkin, [Mik04],
Corollary 6.4 p.1060). La famille (A (X¢))i=1 de sous-ensembles de T(T) converge
au sens de la distance de Hausdorff vers le lieu de T(T) ou la fonction définie par
F n’est pas différentiable.

Figure 1.16: Convergence de la famille (A;(X}));>1 vers le lieu de non-différentiabilité
de F' (en gras).

Ce théoreme motive la définition du lieu d’annulation de F' comme étant ce
lieu de non-différentiabilité. C’est a dire 'ensemble des w € T'(T) pour lesquels le
maximum maXaea(ao, + a(w)) est atteint pour au moins deux valeurs de a. Cette
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définition est aussi cohérente avec I'interprétation par ordres de grandeur que nous
avons évoquée précédemment. En effet si le nombre tropical a, + a(w) représente
un nombre de module t%+t*®) avec t trés grand, alors la somme de ces nombres
pour o € A ne peut s’annuler si le maximum de ces modules n’est atteint qu'une
fois car les nombres dont le module n’est pas maximal sont négligeables devant les
autres. En un certain sens si le nombre tropical w représente la famille des nombres
complexes de module t* avec t grand, une hypersurface tropicale X représente tout
une famille d’hypersurfaces complexes. C’est une des interprétations possibles du
théoréme 1.5.6.

Hypersurfaces tropicales d’une variété torique projective. Dans le para-
graphe précédent on a défini le lieu tropical du tore T' := Spec(R[t"(Z)] comme
I'espace des morphismes de monoides de t*(Z) dans (T; xt), i.e. Hom(t*(Z); T*) ou
encore t(R). De maniére générale, on définit le lieu tropical d’une variété torique Yy
comme la limite inductive d’espaces topologiques suivante :

Ys(T) = lirgeiznd Homyjon, (CT N ¢*(Z); (T; 1)) -

Pour tout réel ¢ > 1, le monoide (T; Xt) est isomorphe au monoide (R, ;x) via
I’application exponentielle de base t, cette derniére induit un homéomorphisme
exp; : Ys(T) — Ys(R,). On note log, ’homéomorphisme réciproque. Lorsque ¥ est
I’éventail dual d’un polytope P, l'espace Yp(T) n’est encore qu'un autre avatar de
I’espace topologique stratifié associé au polytope P. Il est peut-étre quand méme
intéressant de noter que cette derniére représentation est munie d’une action de
I'espace vectoriel ¢(R) correspondant au tore tropical T'(T). Les stabilisateurs de
cette action sont des sous-espaces vectoriels. Ainsi les orbites de cette action sont
naturellement des espaces affines réels. A chaque face Q de P correspond une orbite
torique, c’est un espace affine de la dimension de @), qui est envoyé sur 'intérieur
relatif de @ via 'homéomorphisme up o exp,. L’espace Yp(T) est une compactifica-
tion de I'espace t(R) par ajout d’espaces affines a l'infini. Dans la figure 1.17, on a
représenté le plan projectif tropical ainsi que ’adhérence des orbites de I'origine de
t(R) pour l'action torique restreinte a certaines droites de t(R).

Définition 1.5.7. Soit T un tore réel de dimension n et P un polytope entier de
dimension n de t*(R). Une section tropicale de Lp est un polynéme de Laurent
tropical, F' € T[t"(Z)], dont le support est contenu dans P. L’hypersurface tropicale
de Yp(T) définie par F est 'adhérence du lieu de non-différentiabilité de la fonction
T(T) — T définie par F. On dit que I'hypersurface tropicale X définie par F' est
combinatoirement ample si le polytope de Newton PN(F') de F' est égal & P.

On trouvera dans La figure 1.18a un exemple de telle courbe tropicale. L’équation
F d’une hypersurface tropicale X subdivise T'(T) par ses domaines d’affinité. Cha-
cun de ces domaines est un polyédre. Cette subdivision est ce que 1'on appelle un
complexe de polyedres. Pour rappel, un polyédre de T(T) est 'intersection d’un
nombre fini de demi-espaces. Les polytopes sont les polyédres compacts. Un com-
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Figure 1.17: L’adhérence de certaines droites vectorielles dans le plan projectif trop-
ical.

pleze de polyédres est un ensemble de polyédres contenant toutes les faces de ses
membres et dont 'intersection de deux d’entre eux est une face de chacun. Ainsi
'intersection d’une hypersurface tropicale X avec le tore T(T) est par définition le
squelette de codimension 1 de la subdivision de T'(T). C’est a dire la réunion de
tous les polyédres de dimension au plus (n — 1) de la subdivision.

Définition 1.5.8. Soit X une hypersurface tropicale combinatoirement ample de
Yp(T) d’équation F :
F= Y7 ax®.
aEPNt*(Z)

On note K l'ensemble des images des faces compactes du polyédre suivant :
Conv((a; —aa) : @ € PNt(Z) tel que aq # —o00) + ({0} x Ry),

par la projection sur le premier facteur t*(R) x R — t*(R). K est un complexe de
polytopes qui subdivise P. On l'appelle la subdivision duale de F'. Un exemple en
est donné dans la figure 1.18b.

Théoréme 1.5.9 (G. Mikhalkin et J. Rau, [MR18] Theorem 2.3.7 p.44). L’application
W qui a un polyédre D de T(T) subdivisé par F associe :

Conv(a ePNt(Z)|Flp = (aaxa)b) ;

est a valeurs dans la subdivision duale de F. C’est une bijection décroissante pour
laquelle le tangent a (D) est l'orthogonal du tangent a D.

Ce théoréme permet de montrer que 'hypersurface tropicale X est homéomor-
phe au support d’un sous-complexe de la subdivision barycentrique de la subdivision
duale K de F. La subdivision barycentrique de K est donné par I’ensemble des en-
veloppes convexes des barycentres b, , ..., b, pour toute suite croissante e; < ... < ¢y
de polytopes de K.
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(a) La courbe tropicale de (b) Le polytope P, le carré (c) Le sous-complex de la
PY(T) x PY(T) définie par de coté 2, et la subdivi- subdivision barycentrique

la section FF' = 0 47 sion duale K associée & F de K homéomorphe a la
0X +72X24+70Y +71Y 247 (On notera que deux de ses courbe tropicale associée a
0XY +72X2Y?2, points entiers ne sont pas F.

des sommets de K).

Figure 1.18: Un courbe tropicale singuliére de bidegré (2;2) dans le lieu tropical de
P! x PL.

Proposition 1.5.10. L hypersurface combinatoirement ample X de Yp(T) et d’équa-
tion F' est homéomorphe a la réunion des simplezes barycentriques [be,, ..., be,] asso-
ci€s a toutes suites croissantes e; < ... < ey, de polytopes de K, pour lesquels ey est
de dimension au moins 1.

La figure 1.18 illustre ce principe.

Homologie tropicale. La théorie de ’homologie tropicale!”, introduite par I. Iten-
berg, L. Katzarkov, G. Mikhalkin, et 1. Zharkov, définie une famille (FPX Jp>0 de
cofaisceaux!® associée a une variété tropicale X. L’idée est d’apparenter les groupes
d’homologie (Hy(X; F,¥))pq>0 aux duaux des groupes de Hodges d'un membre géné-
rique de la famille de variétés complexes représentée par X. Sous certaines hy-
pothéses sur X ils montrent que les groupes (Hy(X; F*))pq>0) sont duaux a cer-
taines pieces graduées de la structure de Hodge mixte limite sur la cohomologie d'un

membre générique de la famille de variétés représentée par X.

Lorsque P est un polytope non-singulier la famille de faisccaux duaux (Fp),>o
correspond aux images directes dérivées du faisceau constant par ’application loga-
rithme log, | - | : Yp(C) — Yp(T) (ou encore par I'application moment). Dans ce cas
particulier les seuls groupes non-nuls sont les H?(Yp(T); Fp) et la cohomologie trop-
icale est isomorphe a la cohomologie du lieu complexe Yp(C). Pour une hypersurface
tropicale X de Yp(T) il n'y a, en général, pas de maniére de comparer les groupes
(HY(X; F%))pq>0 avec des groupes de cohomologie du lieu complexe d’une hyper-
surface de Yp. En revanche ces groupes de cohomologie et d’homologie tropicales
d’une hypersurface vérifient la plupart des théorémes satisfaits par la cohomologie
du lieu complexe d'une hypersurface de Yp.

17c.f. [IKMZ19].
180n peut y penser comme & un systémes de coefficients variables.
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Théoréme 1.5.11 (Sections hyperplanes de Lefschetz. C. Arnal, A. Renaudineau,
et K. Shaw, [ARS21|, Theorem 1.2 p.1349). Soit X une hypersurface tropicale non-
singuliére et combinatoirement ample de la variété torique tropicale Yp(T) non-
singuliére. L’inclusion i de X dans Yp(T), induit des applications en homologie
ipg : Hy(X; FY) — Hy(Yp(T); FF). Ces applications sont des isomorphismes pour
tout p+q <n — 1 et surjectives pour tout p+q=mn — 1.

Théoréme 1.5.12 (Dualité de Poincaré, P. Jell, J. Rau, et K. Shaw, [JRS18§],
Theorem 5.3 p.16). Soit X wune hypersurface tropicale non-singuliére et combina-
toirement ample de la variété torique tropicale Yp(T) non-singuliére. Le cup produit
en cohomologie tropicale induit une forme bilinéaire non dégénérée :

HY(X; FY) @z H' (X Fy 7P — H N (X P

Théoréme 1.5.13 (Formules de Danilov-Khovanskii. C. Arnal, A. Renaudineau,
et K. Shaw, [ARS21], Corollary 1.6 p.1350 et Corollary 1.9 p.1351). Soit X wune
hypersurface tropicale non-singuliére et combinatoirement ample de la variété torique
tropicale Yp(T) non-singuliere. Pour tout p,q € N, H,(X; FpX) est un groupe abélien
libre. De plus le rang de Hy(X; F,X) égale la dimension de H»*(X(C)) ou X(C) est
une hypersurface non-dégénérée de Yp(C) ou P est le polytope de Newton de X .

La proposition 1.5.10 permet de voir les faisceaux (F%),>o sur le sous-complexe
homéomorphe a X de la subdivision duale K. On peut montrer que la donnée de la
subdivision est suffisante pour définir les faisceaux (F%),>0. Leur définition s’étend
a toutes les subdivisions de P par des polytopes entiers. Lorsqu’une subdivision
de P en polytopes entiers est obtenue comme subdivision duale d’une équation F'

t12 que les trois

on dit qu’elle est convere. E. Brugallé, L. Lop, et J.Rau montréren
théorémes sus-cités sont encore vrais pour les triangulations primitives arbitraires
de P. Ces trois théorémes s’envisagent alors comme des cas particuliers de résultats
portant sur la géométrie des triangulations d'un polytope plutét que comme des

théorémes propres a la géométrie tropicale.

1.6 Patchwork de Viro

Soit T" un tore algébrique réel de dimension n, P un polytope entier de dimension n
de t*(R) et K une subdivision convexe de P en polytopes entiers. Par définition, K
est obtenu par projection sur P des faces compactes d'un polyédre P’ de t*(R) xR qui
satisfait P’ 4+ ({0} x R,) = P’. On peut toujours supposer, sans modifier K, qu'un
tel polyédre est rationnel et méme entier. Ainsi, c¢’est I’épigraphe d’une fonction
v : P — R convexe, affine par morceaux et prenant des valeurs entiéres sur le points
entiers de P.

Définition 1.6.1. Soit F' = Zaert*(Z) a,x une section de Lp. Pour tout polytope

19¢ f. [BLAMR22].
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e de K on note F* la section de L, définie comme suit :

e = Z an X" .

acent*(Z)

La carte de F est la préimage Cp(F) C T(£1) x P par ¢% du lieu réel de I’hypersur-
face de Yp définie par F'.

Théoréme 1.6.2 (Patchwork. O. Viro, [Vir06] Theorem 4.3.A p.32, ou [Ris93],
Théoréme 4.2 p.75). Soit F'= 3 pre-(z) GaX® une section de Lp. Pour tout t > 1,
on note par Fy la section :

F, = Z aat_”(o‘)xo‘.

acePNt*(Z)

St pour tout e € K de dimension n, F€¢ est non-dégénéré alors il existe to > 1
tel que pour tout t > to, il existe un difféomorphisme stratifié de T(+1) X P qui
envoie la réunion des cartes |Jg, oep Ce(F€) sur la carte Cp(F;). Dans ce cas on
dit que Uhypersurface définie par F;, pour t grand est obtenue par patchwork des
hypersurfaces d’équations (F€)qime=n. On dit que F' est la donnée du patchwork.

Ce théoréme permet de découper et de recoller des hypersurfaces algébriques
afin d’en obtenir une nouvelle. Comme exemple nous allons utiliser ce théoréeme
pour construire une quartique plane a trois composantes connexes a partir de deux
coniques et d’une courbe de bidegré (2;2) de P! x P!. On peut découper le triangle
non-singulier de taille 4 en un carré C' de taille 2 et deux triangles non-singuliers
Py, P, de taille 2 comme indiqué dans la figure 1.20a. Cette subdivision est convexe.
Dans C' on considére la courbe définie par la section F' = —1 4 x2d% 4 x2dy 4 x2de+2dy,
En coordonnées bihomogénes ([z : Z; [y : 7]), cette section correspond au polynoéme
22y + 2% 4?7 — 7% = (2® + 7)(y* + ¥?) — 22°%*. Dans P; on considére la
section Gy = x24® 4 x2de+2dy _ x4dz qont Phypersurface a pour équation homogéne
224+y?—2% = 0. Dans P, on considére Gy = x?% 4-x2dz+2dy_yddy " qont ’hypersurface
a pour équation homogéne z? + 22 — y? = 0. La figure 1.19 représente les lieux réels
de ces courbes dans leur variétés toriques respectives ainsi que leurs cartes. Dans
la figure 1.20b on procéde au recollement de ces derniéres. On obtient ainsi une
quartique a trois composantes connexes.

Patchwork Combinatoire. Le patchwork combinatoire est la restriction du théo-
réme 1.6.2 aux triangulations primitives convexes. Une triangulation primitives con-
vexe d'un polytope entier P en est une subdivision convexe en polytopes dont tous
les polytopes sont des simplexes primitifs. On notera qu’ici I’ensemble des sommets
de ces simplexes correspond exactement a l’ensemble P N t*(Z). Dans ce cas les
piéces du patchwork sont toutes des hyperplans projectifs et seuls les signes des
coefficients des sections ont une réelle influence sur la topologie de I’hypersurface
obtenue. Soit ¢™ un simplexe primitif de dimension n de t*(R). Les sommets de ce
simplexe sont, & translation pres, de la forme 0, dx4,...,dz,, ou dzq,...,dz, est une
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3
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(a) Le lieu réel d’une courbe de bide- (b) La carte de F.
gré (2,2) d’équation F de P! x P!

p P

p

a2

o/
4
B

(¢) Le lieu réel d’une conique (d) La carte de Gj.
d’équation G de P2
b1 D2

S
KL
Fains
NP7

D2 P

(e) Le lieu réel d’une conique (f) La carte de Ga.
d’équation G de P?

Figure 1.19: Les lieux réels et les cartes de quelques courbes.

base du réseau t*(Z). Dans ce cas I'hypersurface associée a la section ag+> ;| a;x%

correspond a hyperplan projectif H d’équation homogene agXo + Y i, a;X; = 0.
Cette section est non-dégénérée si et seulement si aucun des coeflicients (a;)o<i<n
n’est nul. De plus, le point = de Y,~(R,) est envoyé par 'application moment sur
le point de coordonnées barycentriques (ﬁ)ogign. Inversement, le point p de
o™ de coordonnées barycentriques (z;)o<;<, correspond au point de coordonnées ho-
mogenes [z : ... : T,). Donc 'image pup(H(R)NY,» (R, )) correspond a l'intersection
du simplex ¢” avec 'hyperplan affine d’équation agXo + Y ., @;X; = 0 en coor-
données barycentriques. A isotopie prés il s’agit de 'unique hyperplan séparant
les points de o™ de coefficient positif de ceux de coefficient négatif. Considérons a
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(a) Une subdivision convexe du tri- (b) Un patchwork de courbes réelles.
angle de taille 4 en deux triangles de
taille 2 et un carré de coté 2.

Figure 1.20: Une subdivision du triangle de taille 4 et une quartique plane obtenue
comme patchwork sur cette subdivision.

présent v € T'(£1). L’'image par 'application moment des points de H(R) contenus
dans v - Y= (R, ) correspond a I'image des points de H'(R) N Y, (R;) ou HY est
I’hyperplan obtenu en précomposant 1’équation de H par 'action de v. Les coor-
données (dz;)1<i<, induisent un isomorphisme entre 7'(+1) et {£1}", et la nouvelle
équation obtenue est agXgy + ZLI v;a;X; = 0. Ainsi I'image moment des points
de H(R) contenus dans le cadrant correspondant & v sépare les sommets de P a
coordonnées positives des autres aprés avoir convenablement modifiés ces derniers
par 'action de v. Dans la suite on utilisera 1'isomorphisme de groupe suivant :

t(Fy) — T(x1) = Hom(t*(Z); {£1})
v o o (=1)20)],

pour représenter les éléments du tore réel unitaire.

Définition 1.6.3. Soit P un polytope non-singulier de dimension n de t*(R) et K
une triangulation primitive convexe de P. Une distribution de signes sur K est une
cochaine ¢ € CY(K;Fy). Clest a dire une fonction de 'ensemble des sommets de K
vers Fy le corps a deux éléments. Le patchwork combinatoire associé a (K;¢e) est
I'hypersurface RX. obtenue par patchwork & partir de la donnée . p(—1)5@xe
c’est a dire I'image dans Yp(R) du recollement des cartes.

Le patchwork des cartes associées & un patchwork combinatoire s’obtient simple-
ment en observant la régle précédemment décrite dans chacun des simplexes com-
posant K. Pour en donner un exemple supposons que t*(Z) est muni d’une base, on
le voit donc comme Z". De méme t(F;) est isomorphe a F% via la base duale et cha-
cune des copies de P de la carte ¢ est indexée par un n-uplet de nombres de Fy. On
appelle ces derniéres les cadrants de la carte. Le patchwork des cartes de (K; ) dans
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le cadrant positif (0,...,0) correspond & I'hypersurface obtenue en prenant 1'union
pour chaque 0" € K de I'enveloppe convexe des milieux ses arétes o' < o™ por-
tant des coefficients de signes opposés, i.e. pour lesquels de(o!) = 1. Pour obtenir la
carte totale il faut répéter cette opération 2" fois en modifiant les signes dans chaque
cadrant. Dans le cadrant v, le sommet a doit & présent porter le signe (—1)s(@+a(),
Passer du cadrant (0,...,0) au cadrant v = (1,0, ...,0) correspond & appliquer la
réflexion [z7 — —x1]. La régle de changement de signes s’interpréte alors de la
maniére suivante : le sommet de coordonnées entiéres (my,...,m,) correspond au
monome x}" ...z, donc son coefficient dans le cadrant v doit étre multiplié par
(—1)™. 1 suffit ensuite de répéter 'opération jusqu’a avoir visité tous les cadrants
et ensuite de recoller ces derniers dans Yp(R). La figure 1.21 illustre cette procédure.

/ \\
0 v/ //
0\ 0 \\ \\
0\|11\.0 N ( N ( N
) /| ) /]
0 0 0 0 \\ S
0 1 0 1 0 / 4
0 0 0 0 0 0 N\
(a) Une distribution de signe sur une sub- (b) Le patchwork combinatoire associé.

division convexe du triangle de taille 5.

Figure 1.21: Le patchwork combinatoire d’une quintique plane maximale.

Le théoréeme de Viro nous dit que ces hypersurfaces de Yp(R) obtenues par rec-
ollement de polytopes sont réalisables comme lieux réels d’hypersurfaces algébriques.
En particulier elles satisfont 'inégalité de Smith-Thom au sens suivant :

> dim HYRX;Fy) < ) dim H(X,(C); Fy)

q=>0 q=0

ou X; désigne I'hypersurface algébrique associée au patchwork pour t trés grand.
Comme X; est non-dégénérée, ses nombres de Hodge sont calculés par les formules
de Danilov-Khovanskii et ne dépendent que du polytope P. A fortiori, il en va
de méme pour ses nombres de Betti. Notons ces nombres h”9(X). L’inégalité de
Smith-Thom se réécrit alors sous la forme suivante :

> dim HY(RX;F) < > BPI(X

q>0 p,q>0

Les patchworks combinatoires vérifient en réalité une famille d’inégalités plus forte
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que cette derniére.

Théoréme 1.6.4 (A. Renaudineau et K. Shaw, [RS23], Theorem 1.4 p.3). Soit RX,
un patchwork combinatoire de Yp(R). Pour tout ¢ > 0, on a l'inégalité suivante :

dim HY(RX;Fp) < Y hP(X).

p=>0

Ces inégalités se déduisent du calcul de la cohomologie de RX, a l'aide d’une
suite spectrale dont les groupes de la premiére page correspondent aux groupes de
cohomologie tropicale d’une hypersurface tropicale duale & K.

1.7 T-hypersurfaces et plan de la thése

Considérons P un polytope non-singulier. La construction de I’hypersurface RX,
de Yp(R) associée a la triangulation primitive convexe K et & la distribution de
signes ¢ ne fait pas intervenir la convexité de K. Elle s’étend naturellement a toutes
les triangulations primitives K munies d’une distribution de signes ¢ € C°(K;Fy).
On appelle une telle hypersurface une T-hypersurface de Yp(R). A la différence des
patchworks combinatoires ces hypersurfaces ne sont pas a priori réalisable par des
lieux réels d’hypersurfaces algébriques. Cependant ces derniére satisfont toujours
les inégalités du théoréme 1.6.4 et la suite spectrale est toujours bien définie en
utilisant I'extension de la définition de la cohomologie tropicale a la triangulation K
non-nécessairement convexe. Méme si le théoréme de Viro ne s’applique pas a ces
derniéres elles sont semblable en beaucoup d’aspects aux patchworks combinatoires.
Ainsi on ménera leur étude dans le prisme de la géométrie réelle.

Le chapitre 2 traite des complexes cellulaires réguliers, de certaines de leur sub-
divisions et de la cohomologie des faisceaux cellulaires (et de ’homologie de leur
objets duaux). On y démontrera notamment un énoncé du type de la dualité de
Poincaré-Lefschetz pour ces faisceaux.

Le chapitre 3 traite de ’homologie tropicale des subdivision polyhédrale. On y
introduit ’homologie tropicale d’un polytope entier P ainsi que de ses subdivisions
en polytopes entiers. On y discutera 'analogue du théoréme des sections hyper-
planes de Lefschetz, c’est a dire la nature de certaines applications naturelles entre
I’homologie tropicale d'une subdivision de P et 'homologie tropicale de P.

Dans le chapitre 4 on abordera les T-hypersurfaces. On y introduira la suite spec-
trale d’A. Renaudineau et K. Shaw et on montra que sa suite duale est un anneau
spectral satisfaisant la dualité de Poincaré & partir de la premiére page. Ce résultat
répond & une conjecture formulée par la plupart des personnes intéressées au do-
maine. Il nous permettra aussi de caractériser la dégénérescence de la suite spectrale
en fonction de propriétés cohomologiques de l'inclusion de la T-hypersurface dans
le lieu réel de la variété torique ambiante. Ce chapitre se concentre principalement
sur I’étude des pages de rang au moins 2 de la suite spectrale.
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Dans le chapitre 5, nous nous intéresserons spécifiquement a la premiére page de
la suite spectrale d’A. Renaudineau et K. Shaw. On y calculera tous les opérateurs
de bord, ce qui nous permettra d’établir une généralisation du théoréme de B. Haas.
Nous caractériserons ’ensemble des distributions de signes d’une triangulation pour
lesquelles on a 1’égalité :

dim HO(RX.; Fa) = Y hP(X). (1.3)

p=>0

Cette caractérisation nous permet de dégager une propriété qu’une triangulation
doit nécessairement satisfaire pour pouvoir posséder une distribution de signe e
satisfaisant (1.3). Nous répondrons partiellement & la réciproque en énongant qu’une
triangulation satisfaisant certaines propriétés supplémentaires possédera toujours
une telle distribution.
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Chapter 2

Sheaves and Cosheaves on
CW-Complexes

CW-complexes were introduced by J. H. C. Whitehead in Combinatorial homo-
topy. I, [Whi49|. Their underlying topological spaces, their supports, form a broad
family of spaces usually considered well-behaved. Some of the sheaves defined on
their support are particularly adapted to their structure. They can be described
by a relatively small amount of data and their cohomology can be computed with
the techniques of cellular cohomology. In the following chapter we give a succinct
presentation of these objects.

2.1 CW-Complexes

Definition 2.1.1 (CW-complex). A CW-complex K is the data of a Hausdorff
topological space |K]|, called the support of K, filtered by closed subsets:

=K VcKYc..ckK®Wc. c|K|,

called the skeleta of K whose union covers |K|. The filtration has to satisfy the
following additional properties:

1. For every k > 0 and every connected component e* of K ®*) \ K (k=1) " called
an open k-cell, there exists a surjective continuous map from the closed k-
dimensional ball onto the closure of e¥ carrying homeomorphically the open
ball onto €. Such a map is called a characteristic map of the open cell e*;

2. |K| has the weak topology: a subset A C |K| is closed if and only if its
intersection AN e* with every closed cell is closed;

3. Every skeleton K®) has the weak topology in the same sense as in point 2.

We may write e € K to denote that e* is an open k-cell of K. The dimension
of K, dim K, is the smallest integer, if any, from which the filtration (K ®*)) k>—1 1S
stationary. If there is non we say that the dimension of K is +o00. A sub-complex L
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of K is determined by a closed subset |L| for which the induced filtration:
og=LYcrL®c. .. cL®c. c|L|withLl® =|L|nK® forall k€N,

turns it into a CW-complex of its own right. The intersection of sub-complexes
is again a sub-complex. For any subset A of |K| we set K(A) to be the smallest
sub-complex containing A in its support i.e. the intersection of all sub-complexes
containing A in their support.

Classical examples of CW-complexes are given by real projective spaces. They
filter themselves P*(R) C P!(R) C ... C P*(R) by inclusion on the first coordinates.
The induced partition of P*(R) into open cells corresponds to a decomposition into
affine spaces, one for every 0 < k < n, c.f. (1.1). By extension, the inductive
limit P*(R) is also a CW-complex for the induced filtration. Other examples of
CW-complexes are given by complexes of polytopes. We recall their definition:

Definition 2.1.2 (Complex of Polytopes). A complex of polytope of a real affine
space E is a collection K of polytopes' I that contains all the faces of its members
and in which two distinct polytopes intersect on a common face (which might be
empty). When all the polytopes of E are simplices we may call E a triangulation.

Triangulations arise naturally as geometric realisations of simplicial complexes.
In particular, as sub-complexes of simplices.

Definition 2.1.3 (Simplicial Complex, [Whi39]). A simplicial complez K is a non-
empty set endowed with an increasing filtration (K®),~_; such that:

1. K&Y is the set {@};

2. for all k > 1, every element ¢ of K® \ K*~1 is a set of (k + 1) elements of
K.

3. for all 0 € K, every subset of o belongs to K;

4. K is the union of the sets (K®))s_;.

Let k > 0 be an integer. The elements of K® \ K*~1 are called the k-simplices of
K. A O-simplex is called a vertex of K, a 1-simplex an edge, a 2-simplex a triangle,
and a 3-simplex a tetrahedron. The geometric realisation of K, denoted by |K|, is
the union of the convex hulls of its simplices in the real vector space freely generated
by its vertices.

Definition 2.1.4. A CW-complex is called locally finite if all of its points has a
neighbourhood that meets only finitely many open cells.

Any finite (with finitely many cells) CW-complex is obviously locally finite.
Among our examples, RP* is not locally finite for the neighbourhood of a point in
the open cell R* will meet all the open cells R” for all n > k.

La convex hull of a finite number of vertices.
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Proposition 2.1.5 (J. H. C. Whitehead. Combinatorial homotopy. I [Whid9], (G),
pp.225-227, (M), pp.230-231.). A CW-complez is a normal and locally contractible
topological space.

Definition 2.1.6. A regular CW-complex is one that admits for each cell a char-
acteristic map that is a homeomorphism on the entire closed ball.

In particular, every closed cell of a regular CW-complex is homeomorphic to
a closed ball. It excludes the CW-complex structure of the real projective spaces
(except P°(R)) given by affine spaces for every positive dimensional closed cell is
a projective space (different from a closed ball). An important example of regular
CW-complex is given by geometric realisations of simplicial complexes for which
every closed cell is a closed simplex, hence topologically a closed ball. Likewise a
polyhedral complex is necessarily a regular CW-complex.

In a general CW-complex the formula e; < ey <= €; C é5 defines an order on
the cells. When the CW-complex is regular this order shares the same properties as
the inclusion of faces in a simplicial complex.

Lemma 2.1.7 (|CF67], R.R.1, pp.229-230). For any two open cells e1,es of K a
reqular CW-complex, e; meets the closure of ey if and only if it is fully contained in
1t:

e1Nés £ @ < e Cés.

Therefore, in a regular CW-complex, whenever a cell e; meets the closure of
another one e, we have e; < ey and we say that e; is a face of ey. If e is distinct
from e, we say that ey is a proper face of e; and denote it by e; < e;. Furthermore,
if e; < ey or e; < ey we say that e; and ey are adjacent.

Lemma 2.1.8 (|CF67|, Proposition 1.6, p.30). Let K be a reqular CW-complex and
e be an open cell of K. The support of the sub-complex K (e) is the topological closure
e of e.

Lemma 2.1.9 ([CF67], Theorem 4.2, pp.231-232). Let k € N and e**2 be an open
cell of K a reqular CW-complex. For all faces ef of e**2 there are ezactly two
(k + 1)-cells adjacent to both of them:

card{e" ! |e" < " < f 12} = 2.

Lemma 2.1.10 (Open Star, [CF67], Lemma 4.1, p.230). For all cells e of a reqular
CW-complex K the union of all the cells having e as a face, called the open star of
e, is an open subset of |K|. We may denote it by St(e; K).

Definition 2.1.11. In a locally finite regular CW-complex K the open star of a
cell is a finite union of cells. Hence its closure, the closed star of the cell, is a finite
sub-complex of K. The collection K — e of all the cells whose closure avoid e is
the complement of the open star of e and is a sub-complex of K. Its underlying
topological space is a deformation retract of |K|\ e and is the largest sub-complex
of K contained in the complement |K| \ e. Likewise we define for all subsets A of
|K|, K — A to be the largest sub-complex of K contained in |K|\ A.
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Definition 2.1.12. Let K be a simplicial complex and ¢ be a simplex of K. The
link of ¢ in K is the sub-complex lk(o; K) of the simplices of the closed star of o
that are disjoint from it. If o’ belongs to lk(o; K), the join of o and ¢’ is the smallest
simplex o * ¢’ that contains both of them.

We will consider the following slight generalisation of simplicial complexes.

Definition 2.1.13. We say that a regular CW-complex K is a A-complex if for all
e € K, the complex K (e) is isomorphic to a simplex.

Definition 2.1.14 (Subdivisions). A subdivision K' of a CW-complex K is a CW-
complex on the same support |K’| = |K| in which every cell ¢’ € K’ is contained in
a cell e € K. Another way of saying it is that the partition of | K| into open cells of
K’ is finer than the partition given by K.

A

Figure 2.1: The barycentric subdivision of the triangle.

A common example of subdivisions is given by the barycentric subdivision Sd S
of a simplicial complex S, see for instance Figure 2.1. It is described abstractly as
follows: the vertices of Sd.S are given by the simplices of S and the simplices of
Sd S by the flags of simplices of S. More concretely a collection of simplices of S,
say {00, ...,0%}, is a simplex of Sd S if and only if they can be totally ordered by
adjacency i.e. there is a permutation 7 of the indices {0, ..., k} such that:

Or(0) < ... < Ox(n)-

One can define an homeomorphism between the geometric realisation of Sd .S and
the geometric realisation of S by sending each vertex of Sd.S to the barycenter of
its corresponding simplex in S and extending such map by linearity. An example of
such homeomorphism is depicted in Figure 2.2.

The image of the skeletal filtration of Sd S under such homeomorphism defines a
subdivision of the CW-complex induced by S in the sense of the previous definition.
Note that if instead we chose to send each vertex of Sd S to an arbitrary point
in the open cell defined by the corresponding simplex in S (and then extending
the map by linearity) we would also have defined a subdivision of S, equivalent
in a combinatorial way to the previous one. We could say that the barycentric
subdivision is only defined unequivocally on the abstract level. The same abstract
procedure can be performed with a regular CW-complex K.
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Figure 2.2: The homeomorphism from the barycentric subdivision of the segment
to the initial segment.

Definition 2.1.15. Let K be a regular CW-complex. Its barycentric subdivision
Sd K is defined to be the following simplicial complex:

1. Every cell of K corresponds to a vertex of Sd K;

2. A finite set of cells of K corresponds to a simplex of Sd K if and only if it can
be totally ordered by adjacency.

Proposition 2.1.16 (|[LW69|, Theorem 1.7, pp.80-81). For every regular CW-
complex K, the geometric realisation of SAd K is homeomorphic to |K| in such a
way that SAd K can be seen as a subdivision of K.

This proposition allows us to see a regular CW-complex as “a simplicial complex
in which the simplexes are more efficiently combined into closed cells.”? Another
feature of simplicial complexes shared by regular complexes is the following one:

Proposition 2.1.17. In a reqular CW-complex the open stars of cells are con-
tractible.

Proof. The geometric realisation of Sd K lives in the real vector space V' spanned
by the cells of K. We use the same symbol to denote a cell ¥ and its associated
generator in V. Hence, an element of V' is a formal finite linear combination of the
cells of K. We endow this vector space with the norm 1:

[ eel], =D el
ece K ecK

The geometric realisation |Sd K| is the union of the convex hulls of the sets of cells

{e*o, ..., ef} corresponding to barycentric simplices i.e. flags of cells. It is a subset
of the intersection of the unit sphere with the positive ortant:

V+::{ere€V|x620,‘v’e€K}.

ece K

For all flags of cells e < ... < ¥ let us denote here the corresponding open simplex

by:
(eko;...;ek") = {ineki Vi, x; > 0 and Z%‘:l} .
i=0 i=0

2¢.f. [LW69], p.77.
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An open cell €* of K corresponds under the homeomorphism of Proposition 2.1.16
to the union of the open barycentric simplices (eko; ;ek") for which ef» = eF.

Therefore, the open star S of e* is given by the following formula:

S = U (6k0;...;6k").
eko<. .. <ekn
ek <ekn
Now we define the family of bounded linear operators (¢, : V. — V)o<1< by
®, = (id — m) + t7 where 7 is the projection to the sub-space spanned by the cells
eP that do not contain e* parallely to the sub-space spanned by those that contain
it. Let U be the open set of V, of vectors that have at least one coordinate indexed
by a cell that contains e strictly positive. S equals |Sd K| N U. For all ¢ € [0;1],

the map:
U:0;1]xU — U

[[ully
U Tam 2
is continuous and every partial map V(¢ ) fixes S. The image ¥(0;5) is the
union of the open barycentric simplices ( ) for which e¥ < e¥o. Note that

the restriction of every map W(t;—) is constant on this set. Therefore, ¥(0;.5)
is a deformation retract of S. Now this set retracts on the barycentre of e* by
simple convex interpolation (t;u) € [0;1] x ¥(0;S) — (1 — t)u + tek. Thus S is
contractible. O

When we consider the barycentric subdivision of a finite regular CW-complex
we increase considerably the number of cells. There is however a less expensive
procedure that builds for any regular CW-complex K a “pseudo-subdivision” that
sits between K and Sd K. By pseudo-subdivision we mean a certain recombination
of the barycentric simplices that looks a lot like a regular subdivision.

Definition 2.1.18 (Dihomologic Pseudo-subdivision). Let K be a regular CW-
complex and eP < e? be a pair of adjacent cells. We define the dihomologic pseudo-
cell spanned by e? and e to be the union of the open barycentric simplices® as-
sociated the flags e < ... < e*» for which e is e and e~ is e?. These “open”
pseudo-cells partition the simplicial complex Sd K. We call such partition the diho-
mologic pseudo-subdivision of K. We say that the dihomologic pseudo-cell associated
with the pair e < e? has dimension ¢ — p. Figure 2.3 illustrates this procedure on
a disc.

This partition shares many properties with a regular subdivision of K but may
fail to define a CW-complex structure on |K|. In full generality the closure of a
dihomologic pseudo-cell might not be homeomorphic to a closed ball. However, for
a broad variety of examples, this is indeed a regular subdivision of K.

Remark 2.1.19. We chose to use the terminology “dihomologic” because Zee-
man’s dihomology bicomplex? would be the cellular chain complex of this pseudo-

3The open simplex on a vertex set vo, ..., vy, is the set { Y1 t;v; | Vi, t; > 0 and > i t; = 1}.
dcf. [Zee62a, Zeeb2b, Zee63).
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~

Figure 2.3: The dihomologic pseudo-subdivision of a regular CW-complex structure
of the disc.

subdivision. This bicomplex was latter (dually) rediscovered by Forman in [For(02]
under the name of “combinatorial differential forms”.

Proposition 2.1.20. Let e? < e? be a pair of adjacent cells of K. The closure of
the pseudo-cell associated with eP < e, is a pure collapsable simplicial complex of
dimension q — p. Moreover, any codimension 1 simplex of the open pseudo-cell is
exactly contained in two of its maximal simplices.

Proof. Let e < e be a pair of adjacent cells. If e? equals e? the associated pseudo-
cell is a single vertex and the statement of the proposition is true. Now suppose e
is a proper face of e?. The closure of the associated pseudo-cell is the union of the
barycentric simplices whose flags e < ... < efn satisfy e? < et < ... < efn < el
This is a sub-simplicial complex of Sd K. A maximal simplex of this closed pseudo-
cell is given by a maximal chain of adjacent cells of K starting from e? and ending
at e?. Since K is regular such chain has necessarily length ¢ — p + 1. Hence, the
closed pseudo-cell is a pure (¢ — p)-dimensional simplicial complex. If ¢ — p = 1,
this closed pseudo-cell corresponds to the closed barycentric edge e? < e?. This is a
collapsable complex. If ¢ — p > 1, the maximal simplices of the closed pseudo-cell
correspond to flags e? < eP™! < ... < 97! < ¢%. They all have a codimension 2
free face, given by eP*! < ... < %7l If we collapse all such simplices we obtain
the union of the closed (¢ — p — 1)-simplices associated with the flags of the form
e? < ef < .. < efar—2 < ¢4 All such simplices are now maximal and contain
cach a free face of codimension 2, namely e < ... < efa—»-2. We can recursively
perform all such collapses to end up with the barycentric edge e? < e?. Thus the
closed pseudo-cell of the pair eP < e? is collapsable. For the final part, a simplex of
codimension 1 of the open pseudo-cell is given by a flag e? < eft < ... < eka-r-2 < ¢4
of length ¢ — p and has the form e? < ... < ¢! < €2 < ... < e4. Since K is regular
there is exactly two (i + 1)-cells between e and €', hence two (g —p)-simplices. [

Proposition 2.1.21. The open pseudo-cell associated with the pair e? < e? meets
the closed pseudo-cell indexed by the pair e < e? if and only if it is fully contained
in it. This only happens when e? < e < e < e?. Moreover, if €, is an open
pseudo-cell of dimension k included in a closed pseudo-cell €; of dimension k + 2
then there is exactly two open pseudo-cells €, of dimension k + 1 such that ¢y C €
and €, C €.

44



2.1. CW-COMPLEXES

Proof. The first part is a consequence of the definition. For the second part, we
choose €, corresponding to a pair ePt® < eP**+k and e, to a pair e? < eptoth+d
satisfying eP < ePt® < eptatk < eptath+b By assumption, we have a + b = 2 and
three different cases can occur: one of the two numbers a, b is 2 and the other 0 or
both equal 1. The two first cases are symmetric. If a equals 2, we have:

eP < €p+2 < ep+2+k < ep+2+k’

and the two (k + 1)-pseudo-cells between €; and ¢€; are those associated with the two
pairs ePt! < ePH2HF with e < ePH! < P2 The symmetric case is similar. If both a

and b equal 1 then we have:

ef < 6p-i-l < €p+1+k < 6p+2+k:’

and the two (k+ 1)-pseudo-cells between €, and €, are those associated with the two
pairs eP < ePH1HF and Pt < ePt2EE m

In the light of this property it makes sense to talk about adjacent pseudo-cells
as we do for cells of regular CW-complexes. As in the regular case, if € and € are
adjacent pseudo-cells with € C € we say that € is a face of €. If in addition € # ¢
we say that € is a proper face of €. Let eP < e? be a proper pair of adjacent cells of
K and e denote their associated pseudo-cell. The simplicial complex supported on
the closure, (Sd K)(e€), is the join of the barycentric edge e? < e? and a sub-complex
A(eP;e?) C Sd K. This sub-complex is the collection of all the barycentric simplices
indexed with the flags e < ... < e*» for which e? < e and e*» < 9.

Proposition 2.1.22. The support of A(e?;e?) is a connected (q—p—2)-dimensional
homology manifold whose (p+1)-fold suspension is homeomorphic to a (q—1)-sphere.

Let us recall the definition:

Definition 2.1.23 (Homology Manifold). A homology manifold of dimension n € N
is the support X of a regular, finite dimensional, locally finite CW-complex for which
the graded local homology group (H,(X;X \ {z};Z)),>0 of every point z € X is
isomorphic to either (H,(R";R™\ {0};Z)),>0 or 0. The boundary of X, denoted by
0X, is the set of points z € X for which (H,(X; X \ {z};Z)),>0 vanishes.

Proof. Let B denote the simplicial complex (Sd K)(e?\ e?) and ¢’ < ... < e? be a
complete flag of cells of K. The simplicial complex A(e?;e?) is the link in B of the
barycentric simplex associated with e’ < ... < e?. B is a simplicially triangulated
(¢ — 1)-sphere thus in application of Proposition 1.3 p.5 from [GS80] the (p+ 1)-fold
suspension of A(eP;e?) is homeomorphic to a (¢ — 1)-sphere. The Mayer-Vietoris
long exact sequence in singular homology implies that if A is the suspension of
a topological space A, Hy(XA;Z) is free of rank 1, Hi(XA;Z) is isomorphic to
Hi_1(A;Z) for all k > 2, and we have the following short exact sequence:

0— H(XA;Z) - Hy(A;Z) - Z — 0.
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Thus A has the homology of a k-sphere if and only if the [-fold suspension !4 has
the homology of an (I+k)-sphere. Therefore, the simplicial complex A(e?; e?) has the
integral homology of a (¢ — p — 2)-sphere. For the remaining part of the proposition
we note that if the barycentric n-simplex with indexing flag e® < ... < e*» belongs
to A(eP;e?) then its link L in this complex is the join:

A(eP;efo) x A(eRo; M) x . ox A(efr=1; M) 5 AeMsef).

Hence, its (p+n+ 2)-fold suspension is homeomorphic to a (¢ — 1)-sphere and L has
the integral homology of a (¢ — p —n — 3)-sphere. Now A(eP;e?) is a pure simplicial
complex of dimension (¢—p—2) in which the link of every n-dimensional simplex has
the homology of a (¢ — p —n — 3)-sphere. This is a homology manifold of dimension
(¢ —p—2). Indeed, if z is a point of |A(e?;e?)| that belongs to the relative interior
of the barycentric n-simplex o. And for all £ > 0, we have by excision:

Hy([A(e?; e [A(e”; )|\ {z}; Z) = Hi(|S|; S\ {z}; Z)

where S is the closed star of 0. Note that |S| is contractible and |S|\ {z} is non-
empty so Ho(|S|; |S|\{z}; Z) vanishes, H,(|S];|S|\{z};Z) equals Hy_1(|S|\{z};Z)
for all £ > 2 and:

0 — Hy([S]; [S[\{z}; Z) = Ho(|S| \ {«};Z) = Z — 0.

Since |S| is homeomorphic to the topological join ¢ * |L| where L is the link of o,
|S| \ {«} is homotopic to the n-fold suspension of |L|. By assumption |L| has the
homology of a (¢—p—n—3)-sphere so |S|\{x} has the homology of a (¢—p—3)-sphere.
Combining this with the relation observed by the relative homology of (|S|; |S|\{z})
with the homology of |S|\ {z} we find that Hg(|A(eP;e?)|; |A(eP;e?)| \ {z};Z) is
isomorphic to Hy(RI7P~2,R7P~2\ {0}; Z) for all k > 0. Thus A(eP; e?) is a compact
(¢ — p — 2)-homology manifold without boundary. H

Remark 2.1.24. Every link in A(e?;e?) is a join of A(e";e®)’s.
As a direct consequence we find that:

Proposition 2.1.25. The closed pseudo-cells associated with the adjacent pairs of
the form e® < eP are homeomorphic to closed balls.

Proof. 1t follows from the previous observation that the support of this closed
pseudo-cell is homeomorphic to the topological join [0;1] * |A(e%; e?)| which is the
cone over the suspension of |A(e%; e?)|. By the last proposition this suspension is a
(p — 1)-sphere so the closed pseudo-cell is actually a closed ball. O]

Let € be a dihomologic pseudo-cell associated with a pair e? < e9. Its “boundary”
€ \ € is the support of the simplicial join of the union of the barycenters of e and
e? with A(e?;e?) (so the suspension of A(eP;e?)). This description implies that the
boundary of a dihomologic pseud-cell is the union of its proper faces.
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Proposition 2.1.26. If K s not only reqular but also satisfies that the induced
CW-complex on every closed cell K(e) is shellable in the sense of [Bjo84| then ev-
ery closed dihomologic pseudo-cell is also shellable. As a consequence, the geometric
realisation of every closed pseudo-cell is actually homeomorphic to a closed ball mak-
ing the dihomologic pseudo-subdivision a reqular subdivision of K.

Proof. Let e? be a cell of K. From the first part of Proposition 4.4 p.12 of |Bj684]
we know that the barycentric subdivision of K (e?) is a shellable simplicial complex.
For all faces eP of e? we expressed the associated closed dihomologic pseudo-cell € as
the simplicial join of a closed edge with the simplicial complex A(eP;e?). As in the
proof of Proposition 2.1.22 we can write this complex as the link of a barycentric
simplex ¢ with indexing flag ¢® < e! < ... < e’ < €% in Sd (K (e?)). The link
of o is shellable by Lemma 8.7 p.237 of [Zie95]. The complex A(eP;e?) is a pure
(¢ — p — 2)-dimensional shellable simplicial complex in which every codimension 1
simplex belongs to exactly two maximal simplices, hence it is homeomorphic to a
sphere by Proposition 4.3 p.12 of [Bjo84]. Finally, the closed dihomologic pseudo-cell
€ is the support of a shellable simplicial complex homeomorphic to a closed ball. [J

| . A

|
|
‘ ?
|
|

Figure 2.4: The dihomologic subdivision of the triangle.

When K is a polyhedral complex the theorem® of Bruggesser and P. Mani ensures
that it satisfies the hypotheses of Proposition 2.1.26. This is especially the case
when K is a simplicial complex. In this particular case the associated dihomologic
subdivision even has the structure of a cubical complex, c.f. Figure 2.4. It comes
from the following triangulation of the cube [0; 1]": order its vertex set {0;1}" with
the product order® and consider the convex hulls of the flags of such vertices as
the simplices of the triangulation. The triangulation of the 3-dimensional cube is
illustrated in Figure 2.5. It produces a triangulation of the n-cube into n! simplices.
We observe now that the ordered set of vertices of [0;1]" is naturally isomorphic
to the lattice of subsets of a set with n elements. Moreover, if 0 < 7 is a pair of
adjacent simplices of relative codimension n, the lattice of intermediary simplices
{o0 < v < 7} is the same as the lattice of faces of the link of ¢ in 7 (empty face
included) i.e. the lattice of subsets of a set with dim(7) + 1 — (dim(c) + 1) = n
elements. For more general polyhedral complexes the shapes of the pseudo-cells can
be different, as shown in Figure 2.6.

Sc.f. [BMT71], Corollary p.203.
(z:)1<i<n < (Yi)1<i<n if and only if z; < y;, for all 1 <i < n.
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Figure 2.5: The subdivision of a cube into six tetrahedra, the convex hull of

{(0; 0;0); (1;0;0); (1;0; 1); (15 1; 1)} is marked.

However, even when K doesn’t satisfy the hypotheses of the Proposition 2.1.26
all the 2-dimensional dihomologic pseudo-cells are squares because of Lemma 2.1.9,
c.f. Figure 2.7. In low dimension the pseudo-subdivision is always regular.

Figure 2.6: The dihomologic subdivision of an octahedron.

Proposition 2.1.27. Let e? < e be an adjacent pair of cells of K. If, 2 < q—p < 4,
then A(eP;e?) is homeomorphic to a sphere. If ¢ = p+5, A(eP;e9) is a 3-dimensional

integral homology sphere.

k+2
e
oh+2
/D Q\
k41 k41 k+1 k41
€1 €g €1 €9
SN
ek A

e

Figure 2.7: The lattice of faces and the dihomologic square associated with a pair
of relative codimension 2.
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Proof. As shown in Figure 2.7 the simplicial complex A(eP;eP*2) consists of two
vertices and therefore is a 0-sphere. In A(eP; eP™3) the link of every simplex is either
empty or a A(ef;e**2). Thus A(eP; eP™?) is actually a manifold by Proposition 1.3
p.5 of [GS80]. By Proposition 2.1.22, it is a 1-dimensional integral homology sphere,
so a circle. From Remark 2.1.24, the link of every simplex of A(e¥;e***) is either
empty or a join of a A(eF;ef2) with a A(eF; ef3) which we have just shown to

k+4>

be spheres. Therefore, A(ek;e is a 2-dimensional integral homology sphere. By

classification of compact orientable 2-dimensional manifolds it is homeomorphic to
a 2-sphere. For the last part our previous arguments show that the A(eP;eP™5)’s are
3-dimensional integral homology spheres. O]

Remark 2.1.28. The 3-dimensional closed pseudo-cells are not only closed balls
but even trapezohedra i.e. similar to Figure 2.8. The family of such polyhedra is
indexed by an integer n at least equal to 3 for which we find “the cube”.

60

N

Figure 2.8: The shape of the dihomologic cell associated with the adjacent pair
el < e3.

A direct consequence of Proposition 2.1.27 and Proposition 2.1.25 is the following
proposition:

Proposition 2.1.29. If dim K is at most 5 its dihomologic pseudo-subdivision is a
reqular subdivision.

2.2 Cellular Sheaves and Cosheaves
In this section K denotes a regular CW-complex.

Definition 2.2.1 (Constructible Sheaves). A sheaf F on |K| is called constructible
with respect to the CW-complex structure if its restriction to every open cell is
constant.
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Such sheaves are among the “simplest ones” on |K|. They are reducible to com-
binatorial data. The knowledge of their groups of sections above every open star as
well as the restriction morphisms is enough to characterise the sheaf completely, up
to isomorphism. The key fact about these sheaves is the following: for every cell e
of K, if S denotes its open star and = € e then the two following morphisms are

isomorphisms”:

F(S) — Fl.(e) —= F,.

rest. stalk

Since e is connected and locally connected the fact that Fl.(e) — F, is an iso-
morphism follows from the constance of F|.. Let F'(e) denote the group F|.(e) of
values of F'|.. From the previous observation we gain a “restriction map” between
F(e?) and F(eP) for all pairs of adjacent cells e? < eP. It comes from the following
commutative diagram:

F(e?) > F'(eP)
rest. to F.q (eq)]\% %Trest. to F|ep(eP)
F(St(e?; K)) rest. > F(St(e”; K))

St(eP; K)CSt(et; K)

Definition 2.2.2 (Cellular Sheaf). A cellular sheaf on K is the data of a covariant
functor:

F : Cell K — Modg,

from the category of cells of K with arrows given by adjacency to the category of
R-modules (for some commutative ring R). We call the images of the arrows by
such functor its restriction morphisms. For all pairs of adjacent cells e? < e? and
all f € F(e?) we will denote by f ‘ZZ the image of f in F'(e?) by the restriction
morphism.

A typical example of cosheaf on a topological space is the assignment to every
open set its ring of continuous functions with compact support. The definition of
cellular cosheaf is dual to the definition of cellular sheaves.

Definition 2.2.3 (Cellular Cosheaf). A cellular cosheaf on K is the data of a
contravariant functor:

F: (Cell K)*® — Modp,

from the category of cells of K with arrows given by adjacency to the category of
R-modules (for some commutative ring R). We call the images of the arrows by
such functor its extension morphisms. For all pairs of adjacent cells e? < e? and all
f € F(eP) we will denote by f ‘ZZ the image of f in F'(e?) by the extension morphism.

Every functorial operation performed on Abelian groups, or more generally on
modules over a given commutative ring, such as direct sums, products, tensor prod-
ucts, etc. can be performed as well on cellular sheaves and cosheaves by performing
it group by group over every cell. Also we can construct a cosheaf from a sheaf F' by

Tc.f. [Kas84], Proposition 1.3 p.323.
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considering for G a fixed group the contravariant functor e — Hom(F'(e); G) with
adjoint arrows. This construction also goes the other way around when one starts
with a cosheaf.

Definition 2.2.4 (Morphisms of Sheaves and Cosheaves). A morphism of cellular
sheaves (or cosheaves) f : F' — F’ is a natural transformation. Such morphism is
said to be injective (resp. surjective, resp. invertible) if the associated morphisms
f(e) : F(e) — F'(e) are injective (resp. surjective, resp. invertible) for all cells
e. The kernel, image, and cokernel of such morphism f are the “cell-wise” kernel,
image, and cokernel. They are sheaves (or cosheaves) themselves with the induced
restriction (or extension) morphisms because f is a natural transformation.

The most basic examples of such objects are given by local system of coefficients.
We see such local systems as fibre bundles of discrete groups above |K|. Since every
cell is connected and contractible the restriction of its sheaf of continuous sections
to any cell is constant. Therefore, it satisfies the hypothesis of the definition and
induces a cellular sheaf. It has the property that all its restriction morphisms are
invertible. This is even a way to characterise such local systems. This special
property also allows us to see it as a cellular cosheaf by inverting every arrow.
Indeed, the commutativity conditions on the composition of such morphisms are
automatically satisfied from the ones given by the cellular sheaf structure. Another
family of examples is given by the characteristic cosheaves associated with sub-
complexes:

Definition 2.2.5. Let K’ be a sub-complex of K and G be an Abelian group (or a
module over a commutative ring). We denote by [K ' G] the cellular cosheaf defined
as follows:

G ifee K’

K —
< { 0 otherwise

with extension morphisms given either by the identity of G or the zero morphism
whenever one of the two groups involved is trivial. If a cell belongs to K’ then
all of its faces belong to it too. As a consequence the commutativity conditions
are satisfied for every triplet of adjacent cells gives rise to one of the following
commutative diagrams:

G 0 0 0

T A A

id G 0 G 0 0 0

LA LA LA LA

Whenever K” is a sub-complex of K’ we have a natural injective morphism of
cosheaves [K o5 G} — [K " G} either given by the 0 morphism or the identity. We
will denote the resulting quotient by [K " K" G}. Its value is G on the cells of K’
not contained in K” and 0 elsewhere. A sub-family of these examples will be of
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particular interest. They are the “local” cosheaves [K K —e; G], where e is a cell
of K. Their value is GG only on the cells containing e. For all cells e, the cosheaves
[K (e); G] and [K K —e; G] are the dual constructions of the elementary cellular
sheaves considered by A. Shepard in his thesis [She85|. They were also considered
later by J. Curry in [Curl2].

Definition 2.2.6 (Localisation of a cellular cosheaf). Let F' be a cellular cosheaf
on K and e be a cell. We denote by F, the tensor product F' ®y [K; K —e; Z} and
call it the localisation of F' at e. For €' another cell, the group F.(¢') equals F(e')
if ¢ > e and 0 otherwise, its extension morphisms are then appropriately given by
the extension morphisms of F' or 0. Moreover, the natural projection:

K:K—e;Z| = |K;K —¢€;7],
[ ] = ]

for all pairs of adjacent cells e < €/, induces a surjective localisation morphism
F, e 7 Fe/.

Definition 2.2.7 (Subdivision). If K’ is a subdivision of K there is a subdivision
functor from the category of cellular cosheaves on K (resp. cellular sheaves) to the
category of cellular cosheaves (resp. cellular sheaves) on K’. If F' is a cosheaf (resp.
sheaf) on K its subdivision F' is given for all cells ¢/ € K’ by:

where e is the only cell of K containing ¢’. The extension (resp. restriction) mor-
phisms are then adequately derived from those of F. If ¢, < €} are contained in the
same cell the morphism is the identity. If they are not it is given by the morphism
associated with the only pair of cells ey < e; of K satisfying e, C e¢p and €} C e;.

Definition 2.2.8 (Dihomologic Cellular Sheaves and Cosheaves). A dihomologic
cellular cosheaf (resp. sheaf) on K is the data of a contravariant (resp. covariant)
functor F' from the category associated with the set of dihomologic pseudo-cells of K
ordered by adjacency to the category of R-modules. As in the case of cellular sheaves
and cosheaves, a morphism of such objects is defined to be a natural transformation
of functors. The notions of injectivity, surjectivity and invertibility are also defined
“cell-wise” and so are the kernels, images and cokernels.

Formally, a dihomologic cellular cosheaf consists of an assignment of a module
F(eP;e?) to every pair of adjacent cells e? < e? and morphisms connecting them.
Because of the commutativity conditions on the compositions of such morphisms
it is only necessary to define them on elementary adjacency relations. By that we
mean that if the dihomologic pseudo-cell of the pair e? < e? is a face of the pseudo-
cell e < e? then we have e < eP < ¢4 < ¢? and the commutative diagram of
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extension morphisms is the following:

F(e¥';ed)
— ~
(1) ®3)
™~
F(eP;ef) (5) F(e?';e9)
_—
(2) l (4)
! '
F(eP; e)

Knowing the morphism (5) only amounts to knowing the composition of (1) and (2)
or (3) and (4). To describe such F' completely we can only provide the groups and
the extension morphisms when we “increase the first coordinate” and “decrease the
second one” and verify that these satisfy the following commutative diagram:

/

(e e

/

/

F(eP; et F(eP;ef)

\

)/F
\F

(eP;e?)

Definition 2.2.9 (Dihomologic Subdivision of Cellular Sheaves and Cosheaves).
Let F' be a cellular cosheaf (resp. sheaf) on K its dihomologic subdivision F' is the
dihomologic cellular cosheaf (resp. sheaf) that associates to every pair of adjacent

cells e? < e? the module:
(e et) = P(e),

with extension (resp. restriction) morphisms coming from those of F' and illus-
trated in the following commutative diagram (resp. with opposite arrows) for the
elementary adjacency relations el <P < el < el

F(e7)
i :
F(e?) == F(eP;e?) F(e?';el) == F(e)
\ /
o F(eP;ef) -
F(e?)
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Whenever the dihomologic pseudo-subdivision of K is a regular subdivision this
construction corresponds to the usual subdivision of cosheaves (resp. sheaves) of
Definition 2.2.7. The open cell e? is covered by the open dihomologic (pseudo)-cells
associated with the adjacent pairs of the form eP < ef.

Definition 2.2.10 (Localisation by fixing the first coordinate). Let F' be a diho-
mologic cosheaf on K. For all cells e of K we define the local cellular cosheaf F, on
K by the following formula:

e’eK»—>{ Fle; ) ife’zfa

0 otherwise
with extension morphisms either 0 or given by those of F'. We call it local as it is
invariant by the operation of localisation at e: (F.). = F.. Moreover, if we apply this
process to a dihomologic cosheaf F” obtained by subdividing a cellular cosheaf F,
we recover the localisation operation previously defined. The situation is illustrated
in the following commutative diagram:

{Cosheaves of K } —subd:. {Dihomologic cosheaves of K }

/

loc. at e fix. loc. at e loc. at (e<e) (21)
{Cosheaves of K } — { Dihomologic cosheaves of K }

2.3 Cellular Homology and Cohomology

In this section, K denotes a locally finite regular CW-complex. When one computes
the homology of the CW-complex K by filtering, the singular chain complex for
instance, by its skeleta, one ends up on the E'-page of the associated spectral
sequence with the cellular chain complex of K. The k-th group of this complex is
given by a direct sum of free Abelian groups of rank 1, one for each k-cell. These
groups, that we redefine below, are a key ingredient in cellular homology. Their two
generators correspond to the two orientations of the cell.

Definition 2.3.1 (Oriented Cells, J. Munkers, Elements of Algebraic Topology
[Mun84|, §39. pp.222-231.). Let e be a k-cell of K. An orientation of e is a genera-
tor of the group Z(e) == Hy(|K|[; | K|\ e; Z) or equivalently Hy(e; e\ e;Z) computed
with the singular homology. We call the latter group the group of oriented coeffi-
cients of e and say that [e] is an oriented k-cell when [e] is an orientation of the
k-cell e. Whenever eP~! is a codimension 1 face of e? we have a boundary morphism
Z(e?) — Z(eP~1) defined by the composition:

Hy(eP;e?\ eP) 1) > H_q(eP\el) —@—> -

cee —(2)> kal(ép \ eP;eP \ (ep U ep—l)) —(3) = kal(ép_l; gp—1 \ ep—l) ’
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where all four homology groups are computed with integeral coefficients. The mor-
phism (1) is the connection morphism of the homological long exact sequence as-
sociated with the pair (e? \ e?) C &P, (2) is the reduction modulo e? \ (e? U eP™1),
and (3) is the inverse of the excision isomorphism. The image of an orientation [e?]
under this morphism is nothing but the Z(eP~!)-component of its boundary when
seen as a relative cellular chain. It is a generator of Z(eP~!). The first map, the
connection morphism, comes from the boundary operator of the singular homol-
ogy chain complex and therefore relies on the canonical orientation of R™. For all
singular simplices o on Conv({0,...,n}) we have the formula:

n

Jo = Z(—l)ial- :

1=0

where o; is the restriction of o to Conv({0,...,n} \ {i¢}). The convention on the
orientation of such restriction o; is then given by “outward pointing normal vector”
as illustrated in Figure 2.9.

4" .I
0

Figure 2.9: The orientation of the boundary.

These boundary morphisms satisfy the well known property that if e? is a
codimension 2 face of some cell e#*2 and ™, 2™ denote the two codimension
1 faces of eP*? adjacent to eP then the two compositions of boundary morphisms
Z(ePt?) — Z(PT) — Z(eP) and Z(ePT?) — Z(ehT') — Z(eP) are opposite of each
other. In particular, composing boundary morphisms between oriented coefficients
does not define a cellular cosheaf.

Definition 2.3.2 (Dihomologic Orientations). Let € be the dihomologic pseudo-cell
associated with an adjacent pair e? < e?, we define its group of oriented coefficients
to be:

Z(€) = 7Z(e"; e?) := Hom(Z(eP); Z(e?)) .

We call a generator of such group an orientation of € or a relative orientation of the
pair e < e? and denote such an element by the symbol [eP; e?]. If ¢’ is a codimension
1 face of the pseudo-cell € we also have a boundary morphism Z(e) — 7Z(€') defined
by the boundary morphisms between the groups of oriented cells of K and, up to
sign, by the functorial properties of the bifunctor Hom, as shown in the diagram
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below.
Z(eP; ) Z(er*t) Z(e")
(1)p+1H0m(V prom(id;a/) 8J/ l " (22)
71 ) Z(eP; et ) Z(eP) Z(ed 1)

Note that if € is a dihomologic pseudo-cell of dimension k its closure can be
expressed as the cone over a space that has the homology of a (k—1)-sphere. In that
description € would correspond to the open cone. Therefore, the singular homology
of € relatively to €\ € is isomorphic to the singular homology of a k-ball relatively
to its boundary. Thus, we could equivalently define Z(e) to be Hy(€ €\ €, 7Z) as
in the case of a regular CW-complex. Indeed, Let e’ < e? be an adjacent pair of
cells of K indexing the pseudo-cell €. There is a canonical isomorphism between
the group H,_,(€; €\ €;Z) and Hom(Z(e?); Z(e?)). If we represent a cell e? by a p-
dimensional real vector space inside a g-dimensional vector space (representing e?)
then the dihomologic pseudo-cell € indexed by e? < e? represents a supplementary
sub-space of the former in the latter. An orientation of such supplementary space
allows by wedge product to orient the g-dimensional vector space from an orientation
of the p-dimensional one. The situation is explained by the cohomological bilinear
cup product:

U: HP(eP;eP \ e?) @ HTP(€e\ e) —» Hi(et e\ e?).

It is non-degenerate. To see it one can notice that all the spaces considered are sup-
ports of simplicial complexes so each of these groups can be computed simplicially.
A generator of HP(e?;e? \ eP) is represented by the simplicial cocycle whose value
is 1 on the barycentric simplex indexed by a complete flag e’ < ... < e? and 0 else-
where. Likewise, a generator of H97P(€; €\ €) is represented by the simplicial cocycle
whose value is 1 on the barycentric simplex indexed by a complete flag e? < ... < e
and 0 elsewhere. Their cup product is the simplicial cocycle whose value is 1 on
the barycentric simplex indexed by the complete flag € < ... < e < ... < ¢4
and 0 elsewhere. It represents a generator of H9(e9%e9 \ e?). It gives rise to an
isomorphism:

HIP(ze\ ) Hom(Hp(ép;ép \ eP); Hi(6% 67\ eq)> .
Using the Universal Coefficient Theorem® three times this isomorphism becomes:
Z(e) = Hom(Hom(Hom(Z(ep); Z); Hom(Z(e?); Z));Z) .

Since all the groups involved are free we can compose it with the musical isomor-

8c.f. [CE56], Theorem 3.3 p.113.
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phism of the trace scalar product:
Hom(Hom(Hom(Z(e”);Z); Hom(Z(eq);Z));Z> &~ Hom(Hom(Z(eq);Z);Hom(Z(ep);Z)> :
and then with the transposition:

Hom(Hom(Z(eq);Z);Hom(Z(ep);Z)> = Hom(Z(ep);Z(eq)> :

to finally find our desired isomorphism Z(e) = Hom(Z(e?);Z(e?)). Note that the
signs in the Definition 2.3.2, diagram (2.2), of the boundary morphisms between the
groups of oriented coefficients of dihomologic pseudo-cells come from this description
and the following relations:

dloz U 6 + (—1)pa U dzﬁ = 0 and dg(Oé U ’}/) =0+ <—1)pOé U d4"}/,

emanating from the graded Leibniz rule and satisfied by all a € HP(eP;eP \ eP),
f e HI Pl (e;61 \ 1) and v € HI P~ (&; & \ €3). Where:

1. The adjacent dihomologic pseudo-cells €; and ey are respectively indexed by
the pairs eP*! < e and e? < e971;

2. The morphisms d; and d3 are respectively transpose of the orientation bound-
ary morphisms 0 : Z(eP™) — Z(eP) and 05 : Z(e?) — Z(e?);

3. The morphism dy : H* P71 (&;6 \ €1) — HYP(é3;¢63 \ €3) and the morphism
dy: HT7P7 (&6 \ €2) — HI7P(E3; 63 \ €3) are composition of connection mor-
phism of homological long exact sequences of pairs and reduction modulo €3\ €3
where €3 is indexed by the pair e? < ef.

If [eP] € Z(eP) is an orientation of e? and [eP;e?] € Z(eP;e?) is a relative orientation,
we denote by [eP][eP; €] the associated orientation of e?. For any pair e? < eP! of
relative codimension 1 the inverse of the boundary morphism 0 : Z(eP*) — Z(eP)
defines a canonical relative orientation. We will always denote it by the symbol
[eP; ePT1] but we should emphasise that for any other positive dimensional diho-
mologic pseudo-cell the similar notation denotes an arbitrary orientation, possibly
subject to conditions, as there are no canonical orientation for them. We can com-
pose relative orientations in their morphism representations, we adopt the conven-
tion [e?; e?][e?; e"] to denote [e4;e"] o [eP;e?]. In these notations, one can write the
anti-commutativity of the boundary morphisms as follows: for all adjacent pairs
eP < ePT2 of relative codimension 2 we have:

Z [e?; ep+1][ep+1; ep+2] —0.

eP<epPt1l<ep+2

Definition 2.3.3 (Cellular Chain and Cochain Complexes). Let F' be a cellular
cosheaf on K and £ € N. We define the group of cellular k-chains of K with
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coeflicients in F' to be:

Co(KGF) = @ F(e) ®z Z(e) .

dim e=k

Moreover, if [e] is an oriented k-cell of K and c is a k-chain with coefficients in F’
we denote by (c, [e]) the unique element of F'(e) satisfying c. = (c, [e]) ® [e]. We also
define the boundary operator 0 : Cy(K; F) — Cix_1(K; F') by the formula:

de="3" (e[ @[],

ek—lcek

for all ¢ € F(e*) ®z Z(e*) with [ef71] the image of [e¥] by the boundary morphism,
which can be written [eF~1][e*!; e¥] = [e*] with [e*~1; €] the canonical relative ori-
entation. The property of the compositions of the boundary morphisms between
oriented coefficients implies directly that 9 = 0 and that (Ci(K;F);0) so 1S @
chain complex.

Dually, when F' is a cellular sheaf, the cellular cochain complex with coefficients

in F, is defined, for all k£ € N, by the groups:

CHMK;F) = H Hom(Z(e); F(e)) -

For all k-cochains « with coefficients in F' and all oriented k-cells [e], ale] € F(e)
denotes the value of the map «a(e) at [e]. The coboundary operator or differential
d: C*(K; F) — C*Y(K; F) is given for all k-cochains a and all oriented (k+1)-cells
[e¥+1] by the following formula:

da[€k+1] — Z O{[ekHZszl 7

ek <ek+1

where for all e, [e*] denotes the unique orientation of e* whose image by the bound-

ary morphism is [e**1] i.e. [eF][eF; eF 1] = [eF 1.

The last cochain complex we define here is the complex of cellular cochains with
compact support. It is a sub-complex of (C’k (K; F); d) whose groups are given,

for all £ € N, by:

k>0

CHIEGF) = @D Hom(Z(e); Fle)).

dim e=k

The image of C¥(K; F') under d is contained in C*¥*1(K’; F') only because we assumed
K to be locally finite. A morphism of cosheaves or sheaves gives rise to a morphism
of chain or cochain complexes, respectively. In a more categorical language, the
association F' — (Cy(K; F))k>0 where F' is a cosheaf and G — (C(’“C)(K; G))
where G is a sheaf are all covariant functors.

k>0

Definition 2.3.4 (Dihomologic chain and cochain complex). Let F' be a dihomologic
cellular cosheaf on K. We define the group of dihomologic k-chains of K with
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coefficients in I’ to be:

0K F) = P Fle) @2 Z(e),
dim e=k

where € runs through the set of k-dimensional dihomologic pseudo-cells of K. If [€]
is an oriented k-pseudo-cell of K and c¢ a k-chain with coefficients in F' we denote
by (c, [¢]) the unique element of F'(e) satisfying c. = (c, [¢]) ® [¢]. We also define the
boundary operator 0 : Q(K; F) — Qg1 (K; F) by the formula:

k

Oc= Y (e[ @[],

ek—1l<ek

for all ¢ € F(e*)®7Z(e*) where [¢¥7!] is the image of [¢*] by the boundary morphism.
Likewise, for all dihomologic sheaves F', the group of dihomologic k-cochains of K
with coefficients in F' is the following:

OF(K; F) = H Hom (Z(e); F(e)) .

dim e=k

The differential d : QF(K; F) — Q*1(K; F) is given for all k-cochains o and all
oriented (k + 1)-cells [¢1] by the following formula:

daf*] = 37 alel

ek <ekbtl

where for all €, [¢¥] denotes the unique orientation of €¥ whose image by the bound-

ary morphism is [¢¥+1].

Remark 2.3.5. If the dihomologic pseudo-subdivision of K is a regular subdivision
of K we find that the last definition is identical to the definition of the cellular chain
complex associated with a cellular cosheaf on a CW-complex.

Definition 2.3.6. Let F' be a cellular cosheaf (resp. a cellular sheaf). Its homology
(resp. cohomology, resp. cohomology with compact support) is the homology of
its cellular chain complex (resp. cohomology of its cellular cochain complex, resp.
cohomology of cellular its cochain complex with compact support). We also define
the homology (resp. cohomology) of a dihomologic cosheaf (resp. sheaf) to be the
homology (resp. cohomology) of the associated chain (resp. cochain) complex.

Example 2.3.7. Given two sub-complexes K; < K, of K and an Abelian group
G the homology of [Ky; K1;G] is exactly the same as the cellular homology of K,
relatively to K with coefficients in G.

The following propositions illustrate the usefulness of these cellular constructions:

Proposition 2.3.8. If I is a sheaf of Abelian groups on |K|, constructible with
respect to the skeletal filtration, then the sheaf cohomology of F is isomorphic to the
cellular cohomology of the cellular sheaf associated with F.
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Proof. The open cover of |K| by the open stars of its vertices is a Leray cover for
F and the cellular cochain complex of its associated cellular sheaf is the complex of
its Cech cochains®. O

Proposition 2.3.9. Whenever F' is the cellular cosheaf arising from a local system
of coefficients L on |K| there is a canonical isomorphism from the cellular homology
of F' to the singular homology of | K| with coefficients in L.

Proof. The proposition follows directly from the description!® of the complex of
singular chains with coefficients in L and an adaptation of the classical proof relating
singular homology and cellular homology. O]

Proposition 2.3.10. Let K’ be a subdivision of K and F' a cellular cosheaf on K.
If F' denotes the subdivision of F' we have the following injective morphism of chain

complezes:
Cr(KGF) — CR(K'5 F)

c — Z Z (c; [F]) ® [e’k]>

ebFeK \ ekcek
eFeK!
with the orientations defined as follows: if [e*] is an orientation of e then [¢'*] is the
image of such orientation under the isomorphism Hy(e*;e®\ e*) — Hy(e™;e* \ e*)
inverse of the map induced by the inclusion (e*\ e*;&*) C (e*\ ¢*;e*). This is a
quasi-isomorphism of chain complexes.

Proof. Theorem 1.5.2 p.31 of [She85] is the dual statement for cellular sheaves. Its
proof can be transposed to cellular cosheaves. O]

The same proposition holds for dihomologic subdivisions of cellular cosheaves on
K. The specific dual case of the constant sheaf on the dihomologic subdivision is
treated in Theorem 1.2 p.12 of [For02].

Proposition 2.3.11. Let I be a cellular cosheaf on K. If F' denotes the dihomologic
subdivision of F' we have the following injective morphism of chain complezes:

Co(KGF) — Qp(K;F)
c = Y (e[ @

eV<ek

with the orientations defined as follows : if [e¥] is an orientation of e then [e°; e¥]
is the relative orientation defined by the relation [e°][e’; e¥] = [ek] where [€°] is the
canonical orientation of the vertex € of K. This is a quasi-isomorphism of chain

complexes.

This is an adaptation of the proof given by R. Forman.

9c.f. [God58|, Théoréme 5.10.1 p.228.
0¢.f. [Hat00], Section 3.H. Local Coefficients pp.327-337.
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Proof. We denote by f the chain complexes morphism given in the statement of the
proposition. We have natural inclusions of the dihomologic complexes associated
with the restrictions of F”’ to the skeleta of K:

(U(KD; F)), o (Qu(K; F)

k>0 k>0’

for all ¢ € N. We note that for every k € N, f maps Ci(K; F) to Qu(K®; F'). Now
we consider the spectral sequence associated with this filtration:

Z;q + Qq—p(K(qilh F/)

Er = — )
i aZ;JrLz,qurﬂ + Qq (K@D FY)

where 77 is {c € Qq_,(K'?; F') | 9c € Q,—1(K“™"); F')}. The boundary operator
0. By, = E) .11, , applied to an element ¢ € £ is given by computing
oc € Qu_p1(K; F') for any lift ¢’ € Z} | of ¢ and then projecting to E ., , .. The
term qu is written as follows:

Equ = @ F'(eP;e?) @ Z(eP; ),

e <ed

with F'(e?; e?) equal to F(e?) by assumption. The boundary d), acts on the element
f®[eP;el] € F'(eP;e?) @ Z(eP;ed) (ie. F(e?) @ Z(eP;e?)) as follows:

327(1]0 @ [eP;el] = Z f® [€p+1; el € EB F/(ep-i-l; ) ® Z(ep“; e,

eP<ePtl<ed eP<eptl<ed

where [ePT1; €] is the image of [e?; ¢?] by O : Z(eP; e?) — Z(ePT!; e?). Remember that
this morphism is given by (—1)P"'Hom(9';id) with 0’ : Z(eP™') — Z(e?). Therefore,
if we decide to write [e?; 4] in the form a ® [e] in Hom(Z(eP); Z) @ Z(e?), [ePT; 4]
equals (—1)P™(aod)®[ed]. As a consequence the line of index ¢ of the E%-page of the
spectral sequence splits into the direct sum of the cellular cochain complexes of the
K (e?) with coefficients in the constant cellular sheaf F'(e?) ® Z(e?), and coboundary
operator d twisted by (—1)P*!:

80

.« .. H 0 P AN 0
Ep’q ’ Ep+1,q

D Cr(K () P(e") @ Z(e")) — o €D O (K (e); F(e?) © Z(e))

Since the support of K (e?) is the closure of €7, the E'-page of the spectral sequence
is concentrated on the 0-th column and satisfies:

Eb, = @ H'(K(e"); F(e?) @ Z(e))

elcK
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Note that Ej, C Ej, and is precisely the image of f. It defines an isomorphism
between this 0-th column and (Ck(K; F))k>o. Thus between the homology of F
and the homology of its subdivision F’. Moreover, we deduce that our filtration is
adapted to the cokernel of f. The first page of the spectral sequence of the cokernel
is given by the reduced cohomology of the K(e?)’s with coefficients in the group
F(e?) ® Z(e?). Since |K(e?)] is contractible they all vanish. Thus the cokernel of f
has trivial homology and f is a quasi-isomorphism. O

2.4 Products in Cellular Cohomology

Cup Product. The singular cohomology of a topological space X is always en-
dowed with an algebra structure. This additional structure is often useful in the
study of the topology of X. In this section we recall its definition and discuss its
definition in cellular homology.

Notations. Let X denote a topological space and R be a commutative ring with
unit.

Definition 2.4.1 (Singular Cup Product). Let a € C%(X;R) and § € C?(X; R)
be two singular cochains on X. The cup product of a and 3, denoted by o U 3, is
the (¢ + ¢')-singular cochain on X define by the formula:

! /

aU B0 = a(od 1 )Bed T ),

+q +q'
7777 q
to the faces defined by the vertices {0, ...,q} and {q,...,q + ¢’} respectively. This

. . . ! . . !
for all singular simplices 0777 where g '? and O'Z o are the restrictions of ot

product satisfies the Leibniz rule:
d(aUpf)=daUf+ (—1)auUds,

and therefore defines a product on the cohomology of X. Moreover the cohomology
class of o U 8 equals (—1)%" times the class of 8 U a.

When X is the support of a regular CW-complex K, its cohomology is canonically
isomorphic to its cellular cohomology. And its cellular cohomology is ipso facto
endowed with this cup product. One might ask if this product can be computed
from cellular cochains.

The canonical isomorphism can be defined as follows:

1. We endow the singular cochain complex of | K| with the following filtration:
FPCY(|K|; R) = CY(|K|; K*™V; R),

for all p,q > n;

2. All the terms E?, with p different from g, of the first page of the spectral se-
quence vanish. Thus the sequence degenerates at the second page. In addition
we have an isomorphism ¢? from H?(|K|; R) to E3?, for all ¢ > 0;
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3. The complex (E7?;d}?),>0 is by definition the cellular cochain complex of K.

Unfortunately, the cup product image FPCY(|K|; R)U FP'C? (|K|; R) is not a priori
contained in the piece FP*'C9+7 (|K|; R). Hence, we cannot conclude that the spec-
tral sequence is a spectral ring!t. The dual spectral sequence of the dual filtration'?
defines an isomorphism from the singular homology of | K| to its cellular homology.
It is essential to note that these isomorphisms are not associated with canonical
quasi-isomorphisms, in contrast with subdivision isomorphisms for instance. How-
ever, when K is a simplicial complex there are almost canonical quasi-isomorphic
injections of the cellular chain complex into the singular chain complex.

Definition 2.4.2. A simplicial ordering of the vertices of K is a partial order of
its set of vertices for which any two vertices of an edge can be compared. Any such
order induces a total order on the set of vertices of every simplex of K. A total
order of the set of vertices of K is an example of simplicial ordering.

Let >4, be a simplicial ordering of the vertices of K. The restriction of >, to
the vertices of 07 defines an isomorphism between the model simplex and K(o?).
Hence, it provides a singular simplex of |K| whose image is 7. Which we denote
by the same symbol 9. This singular chain @7 defines a local orientation [9] of o¢.
Now we can define the following injective morphism of chain complexes:

(bZO:Cq(K;R) — Cy(|K|; R)
¢ — > (g[a)F.

gleK

One can show that any two such morphisms are chain homotopic to one another.
Hence, they define the same morphism in homology ¢ : H,(K; R) — H,(|K|; R).
This is the inverse of the canonical isomorphism from H,(|K|; R) to H,(K; R). The
adjoint projection ¢% : CU(|K|; R) — C9(K; R) induces the canonical isomorphism
¢? in cohomology. Definition 2.4.1 directly implies the following proposition.

Proposition 2.4.3. For all simplicial orderings so, the kernel of (¢L),>0 is a two-
sided ideal of the graded algebra (C(|K|; R))q>o0-

Hence, Proposition 2.4.3 endows (C(K; R)),>0 with a product Us,. All these
products satisfy the Leibniz rule and yield the same product in cohomology, the
singular cup product. However they differ at the level of cellular cochains. Let us
compute the product of & € C(K; F) and 3 € C7(K; F). For all simplices ¢9+7 of
K, the simplicial ordering so induces a numbering vy, ..., v444 of the vertices of oatd
and at the same an orientation [vy;...; v44+q]. The value of a Uy, 8 on [vg; ...; Ugtq] 18
given by the following formula:

(0 Uso B) [0} -5 Vgrqr] = @[V0; .3 0] BUg; s Vg ] -

He f. [McCO00], §2.3. Spectral sequences of algebras pp.44-46.
12¢ f. Definition A.3.
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When K is just a regular CW-complex one can use this construction on its barycen-
tric subdivision. It has the advantage of being already endowed with the simplicial
ordering given by the adjacency of the cells of K. Hence, when K is a simplicial
complex we may avoid choosing a simplicial order by considering its barycentric sub-
division instead. Nevertheless, considering the barycentric subdivision introduces a
lot more cells. However, defining a canonical cellular cup product can be achieve on
the dihomologic subdivision of a regular CW-complex. Doing so limits the complex-
ity of the new complex. To give an idea of the difference between the number of cells
of Sd K and the number of peudo-cells of the dihomologic subdivision of K, there
are as many edges and vertices in Sd K as there are pseudo-cells in the dihomologic
pseudo-subdivision.

Definition 2.4.4 (Dihomologic Cup Product). Let K be a regular CW-complex.
The dihomologic cup product is the morphism:

U: QUK;R) ®p 0 (K; R) — Q" (K; R),

defined for all o € Q4(K; R), all 8 € Q7 (K; R) and all oriented dihomologic pseudo-
cells [e?; eP+7t9] by the following formula:

(Oé U 6)[673; eP+tI+q/] — Z a[ep; ep+q]ﬁ[ep+q; €p+q+ql] ’

eP<epta<ertatd

! . . . . .
where [eP; ePT9] and [eP1?; ePT9T7 ] are any choices of orientations satisfying the rela-
. / /
tion [eP; ePT4][ePte; eptatd] = [ep; eptatd],

In a regular CW-complex K, we have a natural subdivision projection from the
barycentric cochain complex (C’q(Sd K; R))q>0 to the dihomologic cochain complex

(QU(K; R))q>0. Its composition with the subdivision projection of (Q4(K; R))q>0
onto (Cq(K; R))q>0 corresponds to the subdivision projection of (C’q(Sd K; R))q>0

onto (Cq(K ; R))q>0. In other words we have the following commutative diagram:

(C1(Sd K; R))qZO — (QU(K; R))qzo

T~

(C’q(K; R))qZO

Proposition 2.3.10 and Proposition 2.3.11 ensure that the two projections onto
(C’q(K ; R))q>0 are quasi-isomorphisms. Hence, so has to be the projection of the
complex (C9(Sd K; R))q>0 onto (Q4(K; R))q>0.

Proposition 2.4.5. The subdivision quasi-isomorphic projection:

(CUSAK;R)) ., — (2K R))

q>0"’

is a morphism of algebras.
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Proof. Let a € C1(SdK;R) and 8 € C7(SdK;R) be two barycentric cochains,
and [eP; ePt9+9] be an oriented dihomologic pseudo-cell of K. Let us denote by Sub
the subdivision projection. The value of Sub(«) U Sub(f) is given by the following

formula:

(Sub(a) USub(B))[e"; e = Y Sub(a)[e”; "M Sub(8)[e" 9 Pt
eP<epta<eptatd

with [eP; ePT9] and [6p+q;ep+q+‘1/] satisfying [eP; ePt1] [ep+q;ep+q+q’] _ [ep;ep—kq—i-q’]' A

g-barycentric simplex of the oriented pseudo-cell [e?; eP79] is given by a complete flag
of cells e? < Pt < ... < ePT4. The orientation of [e?; ™) induces an orientation
[eP < ePTl < ... < ePT)gq i of the associated barycentric simplex. The same happens
for the barycentric simplices contained in [eP*9; eP*9+4]. Hence, we have:

(Sub(a) U Sub(B))[e?; er Tt = Z ( Z o ([ef; .. ep+q]SdK)>

eP<epta<ertatd \eP<..<ePtd

+q. . ptatd
X Z 5([610 q,...,ep q q]SdK)
ePta<.. <eptatd

= Z a (e ..; e sa k)

eP< .. <eptatd

!
% /3 <[€p+q; o €p+q+q ]SdK)

_ Z (aUpB) ([ep; ...... : ep+q+q/]SdK>

eP< ... <eptatd

= Sub(a U B)[eP; ePT1t7 ],
O

In order to reduce even more the complexity of the representatives of the coho-
mology classes with which we can compute the cup product without making any
choices, we can define the cup product of a dihomologic cochain with a cellular
cochain. This construction is highly linked to the definition of dihomologic cochains
as combinatorial differential forms'® of R. Forman. He defined combinatorial dif-
ferential form as local, graded endomorphisms of the graded group € >0 Cy(K; R).
With this definition in mind, the “action” of dihomologic cochains on cellular cochains
is adjoint to this representation.

Definition 2.4.6. Let a € C7(K; R) be a cellular cochain and 3 € Q(K; R) be a
dihomologic cochain. The value of the cellular (¢ + ¢’)-cochain U on the oriented
cell [e9*7] is defined by the formula:

(U] = > ale]Ble”; e,

ed’ <eatd’

13¢.f. [For02], Definition 1 p.11.
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where the orientations [¢9] and [e?’; e919] satisfy the relation [e?][?; edt9] = [e9t7].
Proposition 2.4.7. Let a € QY(K;R) and 8 € QI(K;R) be two dihomologic

cochains, and Sub : (Q(K; R))q>0 — (CU(K; R))q>0 denote the subdivision quasi-
isomorphic projection. The cochain Sub(a) U B equals the cochain Sub(a U f3).

Proof. Let [e779] be an oriented cell of K. By Definition 2.4.4, we have:

Sub(a U B)[e?] = Z (a U B)[e°; ert9]

e0<eata’

= > > alenpet e

e0<eatd’ 0<ea<eatd’

= > | Do ale%e | plet; et

e1<eata’ \eV<ed

- Z Sub(a)[e?]Ble?; 7t

ed<eq+ad’

= (Sub(a) U B) [e?9]

since the orientations [e’; e9] and [e?; e9t7] had to satisfy [e%][e?; e9][e%; €917 ] = [e419]

where [¢"] is the canonical orientation of the vertex e°. O

Definition 2.4.4 can be extended to cochains with coefficients in dihomologic
sheaves.

Definition 2.4.8. Let A, B,C be three dihomologic sheaves of R-modules on K.
Let 4 : A®r B — C be a morphism of sheaves of R-modules. For all integers
q,q' > 0, the associated cup product:

U: QIK;A) @ Q7 (K;B) = Q7 (K;C),

is defined for all o € QI(K;A), B € QI (K;B), and all oriented pseudo-cells
[eP, eP+a+d] by the following formula:

(aUB)[er, ertard] = Z H (Oé[ep, e’ @ pleP, epﬂJrq,]) ;

ep<epta<ertatd

where [e?; e?t4] and [eP+9; eP+9+7] are any choices of orientations satisfying the rela-
tion [eP; ePT9][ePTe; ePTatd] = [eP; ePT99] and ale?, Pt @ BlePtd, ePtate] is under-
stood as the tensor product of the image of afe?, eP*?] in A(eP; eP+77) and of the
image of B[ePT9, ePta+d] in B(eP; ePt9+9) by the respective restriction morphisms of
A and B. It satisfies the Leibniz rule and induces a bilinear morphism in cohomol-
ogy. In particular, it defines a product when A, B, and C' are all the same sheaf of
algebras and p is its product.

Cap Product. On a topological space X the singular cochain complex is the
algebraic dual of the singular chain complex. For infinite spaces the bidual of the
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singular chain complex is always strictly bigger than itself. Nevertheless, for all
singular cochains «, the adjoint of the map — U « always stabilises the singular
chain complex. The induced morphism is called the cap product. The cellular
constructions of the cup product can be carried on for the cap product.

Remark 2.4.9. If A is a dihomologic sheaf of R-modules on K, and B a dihomologic
cosheaf of R-modules then Hompg(A; B) : (e?;€?) — Homp(A(e?; e?); B(eP;e?)) is a
cosheaf of R-modules. Indeed, it is isomorphic to Homg(A; R)®r B and Hompg(A; R)
is a cosheaf.

Definition 2.4.10. Let A be a sheaf of R-modules on K, and B and C' be two
cosheaves of R-modules of K. Let 1 : B — Hompg(A; C') be a morphism of cosheaves.
For all integers ¢q,q¢ > 0, the associated cap product:

N QUK A) @ Qg (K B) = Qg (K50,

is defined for all o € QI(K;A), ¢ € Quqy(K;B), and all oriented pseudo-cells
[P, eP+4'] by the formula;

/
P ePtata

Y

<a Ne; [e?, ep+q/]> = Z i ((c; [P, €p+q+q/]>> (a[eerq/; ep+q+q/])

epta’ <eptatd’

ep,ept+d’

/ ! ! . . . . .
where [eP; ePT9T7 ] and [ePT7; ePT917] are any choices of orientations satisfying the re-
. ’ ’ / ’ ’ ’ ’
lation [eP; ePTT][ePTT; ePTITT] = [eP; ePTIT9] and afe!t?, ™97 ] and (c; [eP, ePTIH7])
. . . . / /
are understood as their respective images in A(eP; e?™177) and B(eP; ePT177) by the
respective restriction/extension morphisms of A and B.

A direct computation yields the following proposition:

Proposition 2.4.11. Let p* : Homg(C; R) ®g A — Hompg(B; R) be the adjoint of
the cosheaves morphism p : B — Hompg(A; C) and M be an R-module. Let U be the
cup product associated to pu* ®idy : Homg(C; M) @ g A — Hompg(B; M). Then, for
all B € QUK; A), c € Qyiy(K;B), and all a € Q7 (K; Hompg(C; M)), we have:

a(fNe)=(aUpB)(c) e M.

Proof. We have:

a(Bne = > alerer (e lenert )

ep<ep+d

= Z ale?;ert?] Z 1 <<c; [ep,e““q/])) (ﬁ[epﬂ’;eerquq’])

ep<eptd eptd <eptatd

_ Z i (ale?; 7] @ Blerte; ertite)) ((C; [e?, €p+q+q’]>)

ep<eptd <eptatd

= (@UpB)(e).
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]

Proposition 2.4.12. The cap product satisfies the following Leibniz rule: for all
e QIK;A) and all ¢ € Qg (K; B), we have:

dBNec)=pBNdc+ (—1)7dBNec.

Proof. Let I be an injective R-module and o € Q4 ~(K; Homg(C;I)) be a dihomo-
logic cochain. By Proposition 2.4.11, we have:

a(d(BNc)) = (da)(BNe)
= (darU B)(c)
= (d(aUp) — (- 17~ 'audp)(c)
= (BN )+ (~1)7a(dBNc)
=a(BNnoc+(-1)7dBnNc).
Hence, 9(BNe¢) equals fNIc+ (—1)7dBNc for Q41 (K; Homp(C; 1)) is isomorphic
to Homp (Qy_1(K;C); ). O

The last definition we give is of the cap product of a dihomologic cochain with
a cellular chain. This is exactly how R. Forman defines combinatorial differential
forms.

Definition 2.4.13. Let o € Q7(K; R) be a dihomologic cochain and ¢ € Cyyy (K; R)
be a cellular chain. The cap product o N¢ € Cy(K; R) is defined for all oriented
g-cells [e?] by the following formula:

(anclef) = > ale’e™ ("),

eatd >eq

with [e9][e; 91| = [e919']. Tt satisfies the Leibniz rule:

danc)=andc+ (-1)7danc.

2.5 A Theorem of the Poincaré-Lefschetz Type

Let K be a locally finite regular CW-complex and F be a dihomologic cosheaf on
K. The chain complex (€4(K; F))k>0
The k-dimensional dihomologic pseudo-cells being represented by adjacent pairs of
cells e? < e? with ¢ — p = k their set is partitioned into sets of cells of different

is actually the total complex of a bicomplex.

types. If we say that a dihomologic pseudo-cell indexed by e? < e? has type (p,q),
the set of k-dimensional dihomologic pseudo-cells is the disjoint union of the set of
pseudo-cells of type (p, q) for all ¢ — p = k. Similarly the group Q4 (K; F') splits into

= P (K F),

q—p=k

the direct sum:
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where:
(K F) = @D FleP;e?) @ Z(eP; e,
eP<ed

for all p,q € N. A codimension 1 face of e? < e? either starts with e? or ends with e?.
Therefore, the restriction of the boundary operator to Q, ,(K; F') takes values in the
sum Q11 4(K; F)©Q, ,—1(K; F). It splits into the sum of an operator d; of bidegree
(+1;0) and an operator d, of bidegree (0; —1). With this additional structure we
can consider the two canonical filtrations and associated spectral sequences. We will
only study the (decreasing) horizontal filtration. That is to say the one using the
index p. The filtering pieces are, for all [,k € N:

O (K F) = P QK F).

q—p=k
p>l

The associated spectral sequence is given for all p,q € Z by:

B Zr + Q(erl)(K' F)
Y ,+ QP V(KGR

p—r+1l,g—r+

Where ZT stands for {c € Q (K F)|8c € Q%7 (K; F)}. The boundary operator

g—p—1
9} —> Ep v gir—1 apphed to an element ¢ € Ej; is given by computing dc’ in

Qgptf 1(K F) for any lift ¢ € Z; , of ¢ and then projecting it to Ey . ...

Proposition 2.5.1. If there is an n € N such that for every cell e of K the local
cosheaf F, has its homology concentrated in dimension n then the horizontal spectral

sequence of (U (K; F))

>0 degenerates at the second page.

Proof. We have:
E), =0 (K F),

with 02’(1 corresponding to the vertical component, 0y, of the total boundary oper-
ator, 0, of (Qk(K; F))k>0.
groups of the column complexes of the bicomplex (€2, ,(K; F ))p >0 et p,g >0 be

The following page (E;,q)p(po is given by the homology

integers. Let us consider the following morphism:

D,,: 0 — @D Hom(Z(e"); Cy(K; Fur)) |

ePe K

for which the (eP)-component of the image of an element ¢ is given by the linear

e (+1) | a(a+1)
+1 +1
6] (—1) 251 Z (¢, [e": €] ® [e7],
el>eP
where [eP; e?] and [e4] are some choices of orientations satisfying [eP][e?; 1] = [e?] (the

map does not depend on such choices). For a fixed p € N, the collection (®,,),>0 is
almost a chain complex isomorphism between the p-th column of the bicomplex of
F-valued dihomologic chains and the direct sum over the p-cells eP of the complexes
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Hom (Z(eP); Cy(K; Fep))q>0. We have:
OPpq = (=1)17PPp 4105,

and (®,,),>0 still defines an isomorphism in homology. Each of the ®,, being
individually an isomorphism is a matter of bookkeeping. On the left hand side we
sum the groups F'(eP, e?) @ Z(eP, e?) over all ordered pairs of cells e’ < e? and on
the right hand side we sum the groups Hom (Z(eP); F(e?, %) ® Z(e?)) over the same
index set but in a different order. The morphism &, , sends bijectively each one of
the former summands to one of the latter by means of the following composition:

+1

F(e?,e?) @ Z(eP, e) === F(e?, e?) @ Hom(Z(eP); Z(e?)) ——— -

RS S SN Hom (Z(eP); F(e?, e?) ® Z(e?)) .

Let ¢ be a (p,q)-chain. On the one hand, for all p-cells e? of K, the value of the
(e?)-component of ®,,_1(02c) on an orientation [e?] is given by the formula:

eP,eq
@ [e"],
ep7eq71

g1 (Ba0)[e?] = ()T Y < > e [erse?)

el~1>eP \et>ei—!
where [eP][eP, e?7!] = [e?7!] and [eP, €] = (—1)P[eP, €77 [e?71, e?]. That is to say:
» P-1) | ala=1) e[ -
By @] = (-0 S (Y o] ) ey,
ed=1>ep \et>eq—1 ’
where [e?][e?, e?] = [e?!][e?!, ed]. Note that we changed the equation defining the

orientation which resulted in the multiplication by a factor (—1)? in the computation
p(p+1) p(p=1)

of &, ,1(02¢)[e?]. It turned (—1) 2z into (—1) 2z . On the other hand, the value
of the (e?)-component of 0®, ,(c) on [e?] is the same as the boundary of ®, ,(c)[e”]:

0Py q(c)[e’] = (—1)%+% Z < Z (c, [€P, e?]) :Zl ® [eq_l]> ;

ed>eP

where [eP][eP;e?] = [e?] and [e?![e?71;el] = [e9], i.e. [eP][eP,el] = [e11][e?7}, €.
Note that the element (c,[eP,e?]) of F(eP,e?) in the last formula is understood as

an element of F.»(e?). Hence, the extension morphisms of F.» apply to it, and
ed

this is why we wrote (c, [¢?, e?])] However, these extension morphisms are zero

e1—1"
whenever e?~! doesn’t contain e? and identical to those of F' in the opposite case.
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Therefore, we can write:

0B, ()] = (~1)"F Z( Y el o)

el>eP \ep<el—l<ed

= (- Y ( > (elenser)

ed=1>ep \ed>eq—1

= (_ 1)q_pq)p7q—1 (820) [ep] .

For each p-cell, the group Z(eP) is free. The Universal Coefficient Theorem'* ensures
that E, is isomorphic to the direct sum of the Hom(Z(e?); Hy(K; Fep))’s. By
assumptions H,(K; F.») is trivial as soon as ¢ is not n. As a consequence all pages
following E' are concentrated on the horizontal line {g = n}. Since 9, , has bidegree

(r,r — 1) the spectral sequence degenerates at the second page. O

Definition 2.5.2. Let F' be a dihomologic cosheaf on K a regular CW-complex and
q be an integer. We define the cellular sheaf H,(F}) as follows:

1. For all cells e of K, H,(F.)(e) is the local homology group H,(K; F.);

2. Its restriction morphisms are given in homology by the localisation projections
F,— F, forall e <e.

Theorem 2.5.3 (Cellular Poincaré-Lefschetz Theorem). Let K be a finite dimen-
sional, locally finite and regqular CW-complex and F be a dihomologic cosheaf sat-
isfying the hypotheses of Proposition 2.5.1. For all integers k > 0, Hp(K; F) and
H!'*(K; H,(F.)) are canonically isomorphic. In particular Hy(K; F) vanishes for
all k > n. If in addition K has dimension n, this isomorphism comes from an
mjective quasi-isomorphism:

(CE MK Ho(FL)) gcpen = (K5 F))gcpan -
Proof. Let d be dim K and consider the horizontal filtration of the homology of F
0C H(K;F)Y C ... C Hy(K;F)"™® c...c Hy(K;F)©,
whose graded pieces:

00 00
Ed,k+d T E

&S]
n—k,n EO,k ’

vanish as soon as the second index is not n, c.f. Proposition 2.5.1. Therefore,
Hy(K; F) equals Hy,(K; F)"® which is isomorphic to E?_, .. Now because of the
isomorphisms (®, ), >0 given in the proof of Proposition 2.5.1, we recognise that
E} , is isomorphic to the group C?(K; Hy(F.)). Then it remains only to show that
the boundary operator 8;7(1 of the spectral sequence is mapped to the coboundary

¢ f. |CE56], Theorem 3.3 p.113.
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operator d. If ¢ € Q,,(K;F) is a 0,-cycle representing an element ¢ € Ezl)’q then
O1c is a Oy-cycle representing 8;(10. We have:

<alclv [€p+1; eq]> = Z <CI, [ep; eq]) eP el

eP<eptl

)
eptlieq

where [e?; e?] = (—1)PT[eP; ePTH][ePT!; e?]. So the image of d;¢’ under @ satisfies:

eP el
q
e [e],

where [ePT][ePT; e?] = [e?] and [eP;e?] = (—1)PT[eP; el ][eP™; . Which can be

written as follows:

p(p+1) | a(g+1) er et
D1 g(Dc)[eP ] = (1) 2 T Z ( Z (', [e"€]) ep+1ea © [eq]>
ed>eptl e

Dyi1g(Dr) 1] = (—1) G 0 (Z ([P e)

ed>ePtl \ep<eptl

eP<eptl
(p+1) | g(g+1)
_ (_1)p Pl 4 443 Z \I':Tl (Z <C/, [ep; eq]> ® [6‘1]> ,
ep<eprtl ed>eP

where the orientations satisfy [ePT!][ePT!; e?] = [ed] and [eP; e?] = [eP; ePT|[ePT!; €],
and U : Cy(K; Fup) = Cy(K; F.pe1) is the morphism associated with the cosheaf
morphism Fep — Fepe1. Therefore, 41 4(9, ,¢) is the (p+ 1)-cochain with compact
support that associates to an oriented cell [eP™!] the sum over its codimension 1
faces of the images in H,(K; Fp+1) of the homology classes:

(p+1) | g(g+1)
(_1)p pil) | ale] Z (d,[e;e]) @ [e7]| € Hy(K; Fu),
ed>eP
where the orientations satisfy the two relations [e?;e!] = [eP;ePT!][eP™!;ed] and

[eF; e1] = [eP; ePTH[ePTh; ). Finally we check that this is precisely d®, ,(c) for:

d®,4(c)[e?] = Z Dy q(c)[e’],

eP<eptl

with [e?][eP; ePT1] = [ePT!], and:

B, q(Q)er] = | (~1) T ST s e) @ [

ed>eP

To prove the second part of the statement, when dim K = n, we need to re-
member that & provided us with an isomorphism between the chain complexes
(E}Lfk,n; a%fk,n)ogkgn and (Cgik(K7 HN(F*))7 d)0§k§n'
of spectral sequences of bicomplex we know that E}L_pm is the n-th homology group
of the (n — p)-th column of (£2,4(K; F))pq>0. With the dimensional assumption,

this is the homology group of highest dimension and therefore a group of cycles.

Also, in the special context
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We have an inclusion of E, _, , in Q,_,,(K;F) as the kernel of the vertical part of
the boundary operator, namely d,. With this description it is clearly an injective
chain complexes morphism (E} '31)0<k<n — (U(K; F); 8)0<k<n whose coker-

n—k,n’

nel inherits a bicomplex structure from (vaq(K ; F)) By construction all the

p,q=0’
columns of this bicomplex are exact and so is its total complex. Our injective quasi-
isomorphism is the composition of ® with the inclusion of (E}_; ;0% 1) cpe, D

the total complex (Qk(K; F); 8) ]

0<k<n’

Remark 2.5.4. In the proof of Theorem 2.5.3 we did not actually used that ¢ was
a Os-cycle and have actually proved that & is a bicomplex isomorphism. Indeed
we have (30, ®pq) 0 (01 + 02) = (d+ (=1)77P0) o (3 , ,pi1 Ppg). So if we
no longer assume the vanishing hypotheses on the local homology of F, we get
instead a complex of cellular sheaves e¢ — (C*(K; F.);d)z>o whose cohomology (or
hypercohomology) with compact support corresponds to the homology of F. In
these words, Theorem 2.5.3 is very close to a theorem of J. Curry, which is this
exact statement for dihomologic subdivisions of cellular sheaves.

A direct consequence of the last corollary is the already known Poincaré-Lefschetz
theorem:

Corollary 2.5.5. If X is a homology n-manifold in the sense of Definition 2.1.23
then Hy(X;7Z) is isomorphic to H" *(X;0X;0z7) where oz is the system of local
orientations defined on X \ 0X by x — H,(X; X —x;7Z).

Proof. Let us consider the local system oz on X\0X given by = — H, (X; X\{z};Z).
We denote by K a locally finite, regular, finite dimensional CW-complex whose
support is X. By hypotheses Hy(K; K — e;Z) vanishes as soon as k does not equal
n, for every cell e of K. By Theorem 2.5.3, we have:

HW(KZ) = HP (X5 Ha(Z4))
The cellular sheaf H,(Z,.) vanishes on the boundary and corresponds to the local
system oy elsewhere. Hence, the corollary follows. O]

An interesting corollary is a version of Serre duality for flat vector bundles over
a field F where op = 07 ® I plays the role of the canonical line bundle:

Corollary 2.5.6. If X is a homology n-manifold in the sense of Definition 2.1.23
and E is a flat bundle of F-vector spaces of finite rank over X then:

HY(X;E) = (H! M(X;0X; 08 @5 EY))".

Proof. Let K denote a locally finite, regular, finite dimensional CW-complex whose
support is X. We note that (C’“(K; E))k>0 is dual to the complex (C’k(K; E*))k>0.
By the Universal Coefficient Theorem!®, H*(X; E) is isomorphic to (Hi(X; E*)j*
For all cells e of K, we define an isomorphism ¢, : [K K —e; E*(e)} — E¥ given by

15¢.f. |CE56], Theorem 3.3 p.113.
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the inverses of the extension morphisms: E*(¢’) — E*(e) for all cells ¢/ > e. We
have the following isomorphisms:

Hy(K;K —e; E*) 2 Hy(K; K —e; E*(e)) & Hy(K; K — e;F) ®p E*(e) .

By hypotheses, these groups are all trivial as soon as k does not equal n. Hence,
the dihomologic pseudo-subdivision of the cosheaf E* satisfies the conditions of
Proposition 2.5.1. Therefore, Theorem 2.5.3 applies. In addition, for all e? < e? we
have the following commutative square:

[K; K — er; B ()] -2 E,

l lloc. at e

[K; K — e E*(e%)] > E%,
where the unlabelled morphism on the left is given by the tensor product of the
localisation morphism [K K — ep;IF] — [K K — eq;IF] with the inverse of the
restriction E*(e?) — E*(eP). It appears that the cellular sheaf e — H, (K; K —e; E*)
is isomorphic to the tensor product e — H,(K; K — ¢;F) ®g E*. By Theorem 2.5.3,
we have the isomorphism:

H (X B) 2 (H2 (X5 Hy(B2)) 2 (HE MG Ho(F) @ B7))
The sheaf H,(F,) vanishes on 0X and its restriction to X \ 0.X is given by the local

system op. Finally, H*(X; F) is isomorphic to the dual of H" *(X:0X; o @ E*).
[l
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Chapter 3

Tropical Homology of Subdivided
Polytopes

In this chapter we present the sheaves and cosheveaves of the theory of tropical
homology, introduced by I. Itenberg, L. Katzarkov, G. Mikhalkin, and I. Zharkov
in [IKMZ19]. We also introduce a modified version of these objects and establish a
generalisation of the Lefschetz Theorem for subdivision of simple polytopes.

3.1 Hodge Theory in Tropical Toric Geometry

Notations. All the rings we consider will be assumed commutative and with a unit.
This will not be the case for algebras.

1. t*(Z) is a free Abelian group of finite rank n € N with dual group ¢(Z);

2. For all rings R, t*(R) (resp. t(R)) is the associated free R-module t*(Z) ® R
(resp. t(Z) ® R);

Definition 3.1.1. A sub-space V of t*(R) is called rational, if V Nt*(Z) is a lattice
of V. When this is the case we denote by V(Z) the lattice V N t*(Z) and, for every
ring R, by V(R) the R-module V(Z) ® R.

Definition 3.1.2 (Polytope). A polytope P of t*(R) is the convex hull of a finite
number of points. Its tangent space TP is the vectorial direction of the affine sub-
space it spans. Its dimension dim P is the dimension of its tangent space. When P
has the same dimension n as t*(R), we say that P is full dimensional. We say that P
is integral when all its vertices lie in the lattice t*(Z). The polytope P is said to be
simple if every face () of P of codimension k is contained in k faces of codimension
1 of P. The polytope P is non-singular or smooth if it is integral, simple, and if for
all its faces @ the lattice contained in the orthogonal of its tangent space TQ*(Z)
is the sum of the groups T' Qé)(Z) for all 1-codimensional faces Q1) containing ().

Definition 3.1.3 (Polyhedral subdivision). A polyhedral subdivision K of a polytope
P is a collection of polytopes contained in P such that:
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1. All the faces of a polytope of K are also polytopes of K;
2. Any two polytopes of K intersect along a common face or the empty set;

3. The union of the polytopes of K covers P.

Such a subdivision is a complex of polytopes, hence a regular CW-complex. When
K is a simplicial complex we say that K is a triangulation of P. We say that
the polyhedral subdivision K is integral if all its polytopes are integral. When an
integral triangulation is made of primitive simplices we say that the triangulation is
primitive or smooth. If there is a piecewise affine convex function v : P — R whose
affinity domains are exactly the maximal polytopes of K, we say that K is convez.

Definition 3.1.4 (Dual Hypersurface). Let P be a polytope and K be a polyhedral
subdivision of P. The dual hypersurface X of K is the sub-complex of the dihomo-
logic subdivision of K made of all the dihomologic cells whose first indexing cell is
at least 1-dimensional.

Examples of dual hypersurfaces are depicted in Figure 3.1.

///,///,,

1V

(a) The dual hypersurface of a triangu- (b) Two views of the dual hypersurface
lation of a triangle. of a tetrahedron.

Figure 3.1: Two examples of dual hypersurfaces.

Definition 3.1.5 (Tropical Sheaves and Cosheaves, [[KMZ19| Definition 13 p.10).

1. The first cosheaf we define is called the sedentarity. It represents the sta-
bilisators of the action of the different loci of the algebraic torus of the toric
variety of P. We denote it by Sed. It is defined on the CW-complex associated
with the polytope P. If @) is a face of P we set:

Sed(Q) =TQ*(Z) = {v € H(Z) | a(v) =0, Ya € TQ} C {(Z),

The cosheaf Sed(Q) consists of the integral vectors orthogonal to T'Q). So,
whenever @' is a face of @, Sed(Q) is a sub-module of Sed(Q’). The extension
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morphisms are simply given by these inclusions. We denote all its subdivisions

by the same symbol Sed.

Sed(Q") ‘
(a) The polytope in t*(R). (b) The sedentarity groups in t(R).

Figure 3.2: An edge Q' of a 2-dimensional face Q2 and their respective sedentarity.

2. Let p > 0 be an integer. The p-th tropical cosheaf Fpp associated with P is

defined by the formula:
p

FF = \U2) f5ed

We denote all its subdivisions by the same symbol FIjD :

o B

2

AZ /20 Z )
) y Z AZ [20,+70. =0
ANZ Jz3 =0

Figure 3.3: A cube and the groups associated by FY to some of its faces.

3. Let p > 0 be an integer. The p-th tropical sheaf F% associated with P is the
dual of Ff, ie. Fp = Hom(F};Z). We note that their direct sum is the
exterior algebra of F}, hence a sheaf of algebras.

4. Let p > 0 be an integer. The p-th tropical cosheaf associated with the dual
hypersurface X is denoted by FpX . It is a dihomologic cosheaf on K. For all
pairs e? < e? of cells of K, the group FpX (e;e) is given by the following
formula:

(e e?) = Z /\ (Te') )/Sed(@tf) C Ff(eq;eq/) . (3.1)

As pointed out in Definition 2.2.8, the extension morphisms need only be
defined on elementary adjacencies. Let e?t < e < % < e% be four cells of K
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(maybe with repetitions). The elementary extension morphisms are depicted
in the following diagram:

X (.

Fp (eql ; 644)
/ \
X (2. X (o
Fp (qu, €q4> Fp (€q1’ qu)

x /
X (2.

Fp (efD’ eqs)

where:
(a) The morphisms f and ¢ are the inclusions coming from the definition of

the groups, c.f. (3.1);

(b) The morphisms g and h are the reductions modulo Sed(e®). More pre-
cisely they correspond to the canonical projection:

/p\ (T61>L(Z) /Sed(€q4) N /p\ (Tel)J_(Z) /Sed(qu) ,

on every summand of (3.1).

By the nature of the morphisms involved the diagram is commutative. It is
a sub-cosheaf of szj and we denote the inclusion by 4, : FZ;X — Ff . Even if
it is defined on the dihomologic subdivision of K it is supported on X. The
Figure 3.4 illustrates the values taken by the cosheaf F}¥ on a triangle with
trivial subdivision K.

Figure 3.4: A triangle and the groups associated by Fj* to some of its dihomologic
cells.

5. Let p > 0 be an integer. The p-th tropical sheaf associated with the dual hyper-
surface X is denoted by F§. It is the dual sheaf of F;*, i.e. F§ = Hom(F,*;Z).
We denote by i : Fp — F% the adjoint morphism of i,.
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Definition 3.1.6 (Contraction). Let M be free module of finite rank over a ring
R, and k,I € N be integers. For all « € A'Homg(M;R) and v € A" M the
contraction « - v is the only element of /\k M satisfying:

Bla-v) = (B Aa)(v),
for all 3 € \"Hompg(M; R). This construction is dual to the interior product.

Definition 3.1.7. Let P be an integral polytope of t*(R), K be an integral sub-
division of P, and p > 0 be an integer. The p-th saturated tropical cosheaf is the
dihomologic cosheaf FpX defined for all pairs e? < e” by the following formula:

q
F];X (e e") = {v € FpP (e;e") |w-v=0,Vw e /\Teq(Z)} .

The contraction w - v is well defined since Sed (e”) is included in the orthogonal of
Tel(Z). Let el < eit! < e be a triple of cells of K. There is a form a € t*(Z)
for which w + o A w is an isomorphism from A?Te?(Z) to N\ Tet"'(Z). Hence
EX (em*1;e) is included in E¥ (e%;e”) and F,¥ is a sub-cosheaf of the dihomologic
subdivision of F,Y'. We denote by i, the inclusion of FI;X in Ff'. A direct computation
shows that FI;X is included in F;( . The p-th saturated tropical sheaf is the dual sheaf
P o= Hom(FpX; Z). We denote by 7 the adjoint of i,.

Lemma 3.1.8. Let M be a free Abelian group of finite rank and some linear forms
aq, ..., € Hom(M;Z) \ {0}. If w is a generator of the last exterior power of the
group spanned by the «;’s then for all p € N, the quotient:

G;:{UG/\M‘w-v:O} 2:/]D\ker(%)7

1S a finite group.

Proof. We notice that for every 1 < i < k, the form «a; divides a non-zero multiple
of w in the exterior algebra of Hom(M;Z). It follows that all p-elements of ker(«;)
contract to 0 against w. We assume now that » > 1 is the rank of the sub-group
spanned by the «;’s and that ay A ... A a,, = mw with m # 0. Then we have:

{UE/p\M‘w-v:O}:{UG/IJ\M‘(al/\.../\OzT)-U:O}.

We can complete the set {ay,...,a,.} with a set {51, ..., 8,} C Hom(M;Z) into a
basis of the rational vector space Hom(M; Q). For all p-elements v € A” M, seen as
p-vectors in \g (M ® Q), we have:

(Ao Nay) v = Z (a1 Ao Ao A Br)() fr,

|J|=p—r
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where {e1, ..., e, f1, ..., fs} denotes the dual basis of {«, ..., ., b1, ..., Bs}. As a con-
sequence, we have:

p
{Ue/\M‘w.v:O}®Q:<61/\fJ:’]|<Tand |I|—|—|J|=p>@

It implies the equality of ker(a;) ®@Q, ker(a; ®1), and (e;, fy: j # i and 1 < k < s)q.

Hence:
P k p
{v € /\M ‘ w-v:O} ®Q= <Z/\ker(ai)) ®Q,
i=1
and G ® Q vanishes. Since G is finitely generated, it is finite. O]

Proposition 3.1.9. Let P be an integral polytope of t*(R), K be an integral subdi-
vision of P, and p > 0 be an integer. The cosheaf F;( is the saturation of F;( n
FIfD, i.e. for all pairs e < e”, we have:

FX (et e {UGFP et e’) | 3k e Z, kUEFX(eq I}

It follows that F§ is a sub-sheaf of FY and the quotient is a cosheaf of finite Abelian
groups.

Proof. Let e? < €” be two cells of K. Lemma 3.1.8 implies that F,X(e%; e") is of finite
index in F X (e%;e"). Hence, these two groups have same rank and same saturation.
The module F pX (e?; e") is the kernel of a morphism between two free Abelian groups,
thus it is saturated. The following short exact sequence:

0— FX(e%e") — (e e") — — FX(et;en) /F;((eq;eT) -0,

becomes:
0— FP(e%e") — F2 (el e )—>Ext( /FXeq >—>0,
since the quotient is finite. The proposition follows. m

Proposition 3.1.10. Let P be an integral polytope of t*(R), K be an integral subdi-
vision of K, and p > 0 be an integer. Let us denote by f, the inclusion of FpX n FpX.
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We have the following commutative diagram with exact rows and exact columns:

0 0

0 —— ker\&zp) — ker\izp) > 0

0 > f;;@ 4, };;’; > 0

0 > F}Z Homlin®), F;( > Ext(cokgr( fp);Z) —— 0
6 coké;(ip) — Ext(cokgr(fp);Z) — 0

Moreover, coker(i?) is naturally isomorphic to Ext(coker(iy,);Z).

Proof. This is a direct consequence of the Snake Lemma' applied to the following
commutative diagram with exact rows:

0 » Fp 4, F? > 0 > 0
0 s FP Hom(7,2) FY —— Ext(coker(f,); Z) — 0

We should remark that coker(i?) vanishes for FI;X is saturated in Fpp . The last

assertion is a consequence of the definition of the functor Ext. O

Proposition 3.1.11. The sheaf (ker(i?)),>o (which equals (ker(i”)),>0) is a sheaf
of homogeneous ideals and (F% ), is a sheaf of graded algebras. Moreover (F%),=0
has a unique structure of sheaf of graded algebras for which (i,),>0 is a morphism

of sheaves of algebras, i.e. which extends the algebra structure of (Fﬁ)pzo-

Proof. Let e? < €" be a pair of cells of K, and w be a generator of \?Te4(Z). We
have the following exact sequence:

X oor P Lory W P oor
0— Fi(ehe") = F (ehe") — F,” (e5e").

The image of the contraction w - — is saturated for w is primitive. It follows that the
dual sequence is exact as well. It implies that (ker(i”(e?;e"))),>0 is the principal ideal
(w) in the graded algebra (Fp(e%; e")),0. Hence, the product of (F)),>o induces a

le.f. [Lan93] Lemma 9.1 p.158.
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product on (sz{ )p>0 by Proposition 3.1.10. Since Q is a divisible group we have the

following short exact sequence:
0—=ker(’)@Q = FpQ — FL®Q — 0,

in particular, F " @ Q is isomorphic to F% ® Q. Hence, F} ® Q is naturally en-
dowed with a product. Now we will show this product preserves (F%),>o. Let
a € FY(ete), B € F;}l(eq; e"), and vy, ..., v,y be p+p’ vectors of Fi¥(e';e"), where
el is an edge of e?. We have:

(@AB) (W1 A Avpay) = > Fa(v)Bvy).
MiJ={1;...;p+p'}
\I|=p, |J|=p'
Since both «(v;) and S(v,) are integers so is (a A B)(v1 A ... A v,y,). Hence, the
rational product preserves (F,¥),>o. Any product on (F;X),>o making (i”)p>o a mor-
phism of algebras induces the quotient product on (F;( ® Q)p>0. Thus corresponds
to the one we defined. ]

Definition 3.1.12. Let P be an integral polytope of t*(R) and K be an integral
subdivision of P. The number #(K) is the least common multiple of the exponents
of the quotients of FPX (e%;€") by FI;X (e9;€"), for all integers p > 0 and all pair of cells
e? < e" of K. We recall that the exponent of an Abelian group M is the smallest,
if any, e € N for which em vanishes for all m € M.

Definition 3.1.13 (Tropical Homology and Cohomology Groups). Let R be a com-
mutative ring, and p,q € N be integers. The (p, ¢)-th tropical homology group of P
with coefficients in R is defined as:

H,q(P;R) == H(K;Fl @ R).

Likewise, the (p, ¢)-th tropical cohomology group of P with coefficients in R is defined
as:
HPY(P;R) = HY(K;F, ® R).

They form a bigraded algebra for the cup product. The (p, q)-th tropical homology
group (resp. saturated) of X with coefficients in R is defined as:

Hyo(X;R) = Hy(K; FX @ R),

respectively:

A

H, (X;R) = H,(K;FX ®R).

Likewise, the (p, q)-th tropical cohomology groups (resp. saturated) of X with coef-
ficients in R is defined as:

HPYX;R) = HYK;F; ®R).
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respectively:
HP(X;R) = H(K:F? @ R).

They form bigraded algebras for the cup product. We denote the morphisms induced
in homology and cohomology by (i,),>0 (resp. (ip)p>0) and (i7),>¢ (resp. (i%),>0)
by:

ipg t Hyo(X; R) — Hpo(P; R),

and:

?? . HP(P; R) — H™(X; R),
Respectively:

Ipg  Hpo( X5 R) — Hpo(P; R),
and:

9. HM(P; R) — HP(X; R),

Proposition 3.1.14. Let e? < e" be two cells of the integral subdivision K of the
integral polytope P. If e is a primitive simplex then FpX(eq; e”) equals FpX(eq; e’) for
all integers p > 0.

Proof. Let us choose a vertex a of e?. Since e? is a primitive simplex, the fol-
lowing set {f# — a: f < €%, 5 # a} is, up to ordering, a basis of the module
Te(Z). We order this set {wi,...,w,} and choose elements oy, ...,a,_, € t*(Z)
to have a basis of Sed(e")*(Z). We can do so for Te?(Z) is saturated. We denote
by {e1,...,ep, f1,..., fs} the dual basis. We see that > .., (Te')*:(z) /Sed(eT’) is
spanned by the elements? e; A f; for all I C {1,...,p} and J C {1,....,n — p} sat-
isfying |I| 4+ |J| = k and [I| < p. We can observe that w(e?) = w; A ... Aw, is a
generator of A\?Te?(Z), and that:

+f; ifI={1,...p
w(eq)~el/\fJ:{ OJ otherw{ise }

Hence, F*(e;e") equals ker(w(e?) - —) and the proposition follows. O

Proposition 3.1.15. Let P be an integral polytope endowed with an integral subdi-
vision K. Let R be a ring in which 0(K) is invertible. Then F];X ® R equals F;( ®R,
for all integers p > 0.

Proof. We have the following exact sequence of R-modules:
O%Tor(F;(/Fg;R> —>F;(®R—>F;(®R—>FI;X/F;< QR —0.
Since §(K) is invertible in R, both Tor (ﬁ;{ /FpX ; R> and F;{ /FpX ® R vanish. [

Tropical Homology and Smoothness. In this paragraph we state the proper-
ties of the tropical homology with coefficients in the field with two elements Fy for

Zwe use the standard notation e; == e;; A ... Ae;, where I = {i; < ... < iy}
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a smooth polytope P and a primitive triangulation K. The Universal Coefficient
Theorem? allows us to derive the dual statements for the tropical cohomology.

Theorem 3.1.16 (C. Arnal, R. Renaudineau, and K. Shaw, [ARS21| Proposition
4.1 p.1376). The only non-trival tropical homology groups (H, ,(P;F2))p >0 of the
polytope P are located on the line segment {p = q and 0 < p < n}. Moreover, for
all 0 < g < n, the dimension of the group H,,(P;Fs) is the g-th h-number of the
polar polytope P°, that is to say:

dim Ho (P F5) = 3 (-1 (” ) ) foi(P),

—1
1=0 q

By the Unwversal Coefficient Theorem the same holds for the tropical cohomology
groups (HP(P;F3)),q>0. Moreover, the bigraded algebra (HP4(P;Fy)), >0 satisfies
the Poincaré duality:

1. H""(P;Fy) is free of rank 1;

2. The bilinear pairing U : HP4(P;Fy) @p, H" P9 P;Fy) — H™"(P;Fs) is non-
degenerate for all 0 < p,q < n.

Theorem 3.1.17 (C. Arnal, R. Renaudineau, and K. Shaw, [ARS21] Corollary
1.9 p.1351). The only non-trivial tropical homology groups (H, (X ;F2))p >0 of the
dual hypersurface X are located on the line segments {p = q for all 0 < ¢ < n — 1}
and {p+q=n—1forall0 < g < n—1}. Moreover, for all 0 < q < "T_l, the
dimension of the group H,,(X;Fy) is the q-th h-number of the polar polytope P°.
And for all p+q = n — 1, the dimension of the group H, ,(X;Fs) is given by the
Danilov-Khovanskii formule®:

1. If p,q are distinct:

dim Hyo(X;F5) = > (=1)" " Chs,1(Q) -

Q<P
2. If p equals q:

dim H,,,(X;Fa) = hy(0P°) + > (—=1)"™Ch* 1 (Q).

Q<P

where the numbers hi(Q) are defined in Definition 1.4.14. By the Universal Coeffi-
cient Theorem the same holds for the tropical cohomology groups (HP4(X;F3)), 4>0-
Moreover, the bigraded algebra (HP9(X;Fy)), >0 satisfies the Poincaré duality®:

1. HY =YX Fy) is free of rank 1;

3c.f. |[CE56] Theorem 3.3a p.114.
4c.f. [DK87] §5.5 p.293 and §5.12 pp.296-297.
Sc.f. [ARS21] Corollary 1.4 p.1350 and [JRS18| Theorem 5.3 p.16.
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2. The pairingU : HPY(X;Fy) @, H" 1P 174( X Fy) — H" "1 X; Fy) is non-
degenerate, for all 0 < p,qg <n —1.

C. Arnal, R. Renaudineau, and K. Shaw proved Theorem 3.1.17 for convex tri-
angulations. Its extension® to non-convex primitive triangulations is due to E. Bru-
gallé, L. Lopez de Medrano, and J. Rau. Before moving on to Lefschetz Theorem
we would like to give the expressions of the fundamental classes of P and X.

Definition 3.1.18. Let [t(Fy)] denote the generator of A" t(Fs). The three cycles:

[t(F2)] @ [P] € C,(P;Fy @ FF)
Za"eK[t(FQ)] ® [0"] € Cn(K;Fy ® Ff)
Y go<qn [HF2)] @ (0% 07 € Q. (K;Fy, ® FP)

represent the same homology class [P] € H,,(P;Fy). It is the generator of this
group. We call it the fundamental class of P.

Definition 3.1.19 (P. Jell, J. Rau and K. Shaw, [JRS18], Definition 4.8 p.12). For
all edges o' of K, we denote by [To!(F5)'] the generator of A"~ ' To!(Fs)*. The
chain:

S [T (F)] @ [0 0] € Q1 (K FX ),

cl<on
is a cycle. Its homology class [X] is the generator of H,,_1 ,—1(X;F3). We call it the
fundamental class of X.

Using the cap product, the cycle [P] of C,,(K;Fy ® FF) defines a morphism of
complex, given for all 0 < ¢ < n by:

Qq(K7F2®F£) — q
a +— an|[P] ’

It is a quasi-isomorphism by the Poincaré duality in P. Its adjoint sends the cochain
a € C1YK; F}) to:

anl[P] = Z alo?] - [t(F2)] ® [0%;0"].

gi<o™

Definition 3.1.20. Let o! be an edge of K. Since K is a primitive triangulation
of P, w(o!) == a — B(mod 2) where a and 3 are the vertices of o' is the generator
of [To'(Fy)]. Hence wy : o' — w(c') is a cocyle of C(K; F}p) for which wy N [P]
is the image in 2, _1(K; FX" |) of the cycle representing the fundamental class of X.
The class of wx is the Poincaré dual of i,,_1 ,—1[X] in the cohomology of P.

Proposition 3.1.21. The class i,—1,—1[X] vanishes if and only if the integer lengths
of the edges of P are even, i.e. the vertices of P belong, up to translation, to 2t*(7Z).

6¢c.f. [BLAMR22| Theorem 1.4 p.5, Theorem 3.3 p.16, and Proposition 4.14 p.27

85



CHAPTER 3. TROPICAL HOMOLOGY OF SUBDIVIDED POLYTOPES

Proof. The class 4,1 ,-1[X] vanishes if and only if wx is exact. However, a primitive
p € C°K;Fy ® F}) of wx has necessarily the following form:

Bla) = a+ap,

for all vertices o of K and o € t*(F2). However, as such /8 is only a cochain of
CY(K;t(Fy)). Hence, wy is exact if and only if there exists a vector oy € t*(IFy)
such that a + ag belongs to Sed(a)* ® Fy, for all vertices o of K. If v is a vertex
of P, Sed(a)t @ Fy is 0. It follows that if wy is exact then, up to translation, the
vertices of P belong to 2t*(Z). Conversely, we assume that the vertices of P belong
to 2t*(Z). Let a be a vertex of K and ay, ..., a; be a sequence of vertices of K such
that aq is a vertex of P, ay is o, a; and «;,; are vertices of an edge of K, for all
0<i<k—1,and (Sed(e; a;t1))i>0 is increasing. We have:

k-1

o= g+ Zw(ai; Qiy1) -

=0

Since the vertices of P are even, o vanishes in t*(Fy). Moreover, the forms w(a; a;41)
vanish on Sed(q;; a1 1) ® Fy for all 0 < i < k— 1, hence vanish on Sed(«) ® Fy. And
then wx is exact. O

Definition 3.1.22 (Intersection Product). The intersection product of the class
[c1] € Hp, 4 (P;F2) and the class [co] € Hp, 4,(P;F2) is given by the formula:

[c1] - [e2] = (a1 U o) N [P] € Hp, 1 py—ngy+q2—n(P;F2),

where «; N [P] equals [¢;] for all 1 <7 < 2. Tt equivalently corresponds to the class
a1 N|ce). Likewise, The intersection product of the class [¢1] € H, 4, (X;Fs) and the
class [ca] € Hp, 4,(X;Fy) is given by the formula:

[Cl] ’ [02] = (041 U 052) N [X] € Hp1+p2*n+1,tI1+qQ*n+1 (X7IF2) )

where o; N [X] is [¢;] for all 1 <14 < 2. It also corresponds to the class o N [ca]. We
note that (i, ,)p4>0 is not a morphism of algebras.

3.2 Lefschetz Theorem for Tropical Toric Varieties
Three Lemmata. We begin the section by proving three preparatory lemmata.

Definition 3.2.1. Let V be an R-module, G C V be a finite subset, and p > 0
be an integer. We define the complex of R-modules C(V; G;p) = (Ck, Ok )k>0 as

follows: .
-
Ck = @ /\ VF,

FcG
|F|=k
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where Vx denotes the quotient of V' by the sub-module spanned by F'. the boundary
operator Jy, : Cy — Cy_1 is the sum of the following maps:

p—Fk p—(k—1)
AV — @ A Ve
feF
v Zf/\v.
fer

Because of the antisymmetry of the wedge product, 9* vanishes. Moreover, it is
worth noticing that when G’ is a subset of G the complex C(V; G'; p) is naturally a
sub-complex of C(V; G;p).

Lemma 3.2.2. Let V be free R-module of finite rank and p > 0 be an integer. If
G 15 a linearly independent finite subset of V' spanning a free summand of V', then
C(V; G;p) can only have non-trivial homology in dimension 0 and this Hy is equal
to the p-th exterior power of V. In other words:

p
Oe/\VG<—CO<—...<—C’|G‘%0,

is a free resolution of N\’ Vg. (The augmenting morphism is the reduction modulo
the module spanned by G.)

Proof. By hypotheses, one can find a subset G’ C V disjoint from G such that
G UG’ is a basis of V. Let us denote by g1, ..., g, (resp. g1, ..., g,,) the elements of
G (resp. G'). Let F be the subset {g; : ¢ € I} C G where |I] equals k. A basis
of the (p — k)-th exterior power of Vi is given by the elements (gp\; A gg) for all
I'cPcHl,.,n}, and all Q C {1,...,n'} such that |P| + |Q| = p. Moreover, the
image of the generator gp\; A g under the boundary map is:

p—(k—1)

dgp\1 N g = Zgi Agpva A gg € EB /\ Vg -

icl 1€l

Therefore, if we fix P and Q) with |P|+ |@| = p and see P as an abstract simplex
we have an injective morphism of chain complexes from the reduced simplicial chain
complex of P to C' given by:

Ci(P;R) — Craa
I — gpr/Ngg,

By construction, C' is the direct sum of the images of these complexes, hence it
can only have homology in dimension 0. Furthermore, the only summands that
contribute are the ones for which P is empty : there is exactly one free summand of

rank 1 for every basis element of A" Vg, although a very quick computation shows
that By = (G) AN V. O
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Lemma 3.2.3 (Homology Shift). Let n > 0 be an integer and:

Ap—
nl\ a2

0—— C(n) —==C(n—1) » C(1) —— C(0) —— 0, (3.2)

be an exact sequence of chain complezes. If C(1) is exact for all 1 <i <n—1, then
the homology of C(0) is the one of C'(n) shifted by 1 — n:

H(0) = H(n)[1 —n].

Proof. For all 1 <i <mn, let A(:) denote the kernel complex of a;. Since (3.2) is an
exact sequence all the columns of the following diagram are exact:

By assumption, H (i) vanishes for all 1 < ¢ < n — 1. Hence, by the homological
long exact sequence of the i-th column H(A(i — 1)) equals H(A(7))[—1]. A finite
recursion implies that:

]

Lemma 3.2.4 (Double Localisation). Let F' be a cellular cosheaf on a reqular CW-
complex K, and K' be a subdivision of K. If e is a cell of K and €' is a cell of K’
contained in e then the local homology of F at e is identical to the local homology
of the subdivision of F at ¢'. More precisely, if F' is the subdivision of F there is a

canonical quasi-isomorphism between (Cy(K ; F.)),., and (Cr(K'; F.,))

k>0 k>0°

Proof. We denote by (F.)’ the subdivision of F,. We have the following commutative
square of cellular cosheaves on K’:

Fr—— (F"),

Lo

(Fe>/ I (Fe),/

€

where all four morphisms come from localisation and subdivision. The two cosheaves
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on the right hand column are actually equal and the arrow is rigorously the identity
between them. Indeed, every cell ¢ of K’ that contains ¢’ has to be contained in
a cell € of K that contains e. Hence, (F").(€') equals F'(€¢). We have the following
commutative diagram of chain complexes:

/—) <Ck<K/; (F/)EI)kZO
|

(CulK 5 F)) o it (oK (F)))og 1 (Ce(K" (Fo))) o

k>0 loc.

where h is the canonical quasi-isomorphism announced in the statement of the propo-
sition. Since f is a subdivision morphism it is automatically a quasi-isomorphism.
We only need to show that the localisation morphism g is a quasi-isomorphism. This
is a surjective morphism since localisations are quotients. By definition, we have the
following short exact sequence of cosheaves:

0= (F) ® K —¢;Z] = (F.) — (F.)., — 0.

Hence g is a quasi-isomorphism if and only if the kernel cosheaf has trivial homology.
The cosheaf (F,)" equals ' ® [K’; K — e;Z] for K’ — e is the subdivision of the
sub-complex K — e. Consequently:

(F.) ® [K’—e';Z] =F'® [K';K’—e;Z} ® [K'—e';Z] =F'® [K'—e’;K'—e;Z} .
By a process similar to excision, we see that:
[K'—¢;K' —e;Z] = [K'(e) — €; K'(e) — e, Z] .

Indeed, K’(e) is the smallest sub-complex of K’ containing e in its support and any
cell not in it falls into K’ — e. We note that [K'(e) — €’; K'(e) — e; Z] can only be
non-zero on the cells of K’ contained in e. Therefore:

(F) @ [K'—¢i2] = F'® [K' -, K' — &;Z] = [K'(e) — s K'(e) — & F(e)] .

Now because K is regular, |K'(e)| is a closed ball B, |K’'(e) — e| is its bound-
ary 0B, and |K'(e) — €'| sits somewhere between 0B and B punctured on one

point. Since the latter retracts by deformation on the former, the homology of
[K'(e) — €/; K'(e) — e; F(e)] is trivial. O

Lefschetz Theorem. In this paragraph we discuss the tropical analogue of Lef-
schetz Hyperplane Section Theorem. In the context of subdivided polytopes there
is no hyperplane section per se, and the statement is closer to the version of Kodaira
and Spencer.

Definition 3.2.5. Let P be an integral simple polytope, we denote by Sed(;) the
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cosheaf:

Sedsy = @@ [Q:8(Q)].

Q<P
codim@=1

Let @ be a codimension 1 face of P. If ) is a face of P the group [Q : Sed(Q) } (@)
is either Sed(@) or 0. The former only happens when @)’ is a face of ). Hence, there

is a natural injective cosheaves morphism [Q; Sed(Q)] — Sed given by inclusion.
Summing all these yields a morphism of cosheaves:

Sed(l) — Sed.

It is injective for P is simple : if ' < P has codimension ¢ it is the intersection of
exactly ¢ faces of codimension 1 and:

(1) = @ o~
Ao
and the Sed(Q)’s are in direct sum inside Sed(Q"). For the same reason the quotient
A of Sed by Sedy) is a cosheaf of finite groups. We denote by 6(P) the least common
multiple of the exponents” of the groups A(Q) for all Q < P.

Remarks 3.2.6. Let P be an integral simple polytopes:

1. The cosheaf of finite groups A encodes the singularities of the toric variety
associated with P. The set of complex points of the affine open set associated
with the face Q < P is the quotient® of (C*)* x C"™* by an algebraic action
of the group A(Q).

2. For two adjacent faces Q1 < @ of P, the Snake Lemma® implies that the
following commutative diagram of exact sequences:

0 —— Sed(l)(Qg) — Sed(Q2> — A(Qg) — 0

I 5 J

0 —— Sed)(@1) — Sed(Q1) —— A(Q1) —— 0
gives rise to the following exact sequence:

\0/_/ — ker(h) — @ Sed(Q) — ?ed(@l)/Sed(QQ) — coker(h) — 0.

ker(g) Qb;%jp col?e;(g)
codim Q=1

cok;;( )

"The exponent of a group G, with group law denoted multiplicatively, is the smallest, if any,
positive integer e for which ¢g¢ =1 for all g € G.

8c.f. [Ful93], §2.2 Surfaces; quotient singularities p.34.

9c.f. [Lan93] Lemma 9.1 p.158.
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The kernel ker(h) is a finite group and coker(f) is free. Hence, ker(h) must
vanish and h be injective. As a consequence, §(P) is the least common multiple
of the exponents of the groups A(V'), V' running amongst all vertices of P.

3. Let R be a commutative ring. The classification of finite Abelian groups
implies that the vanishing of both A(V) ® R and Tor(A(V'); R) is equivalent
to the invertibility of the exponent of the group A(V) in R. When R is a field
this is equivalent to the coprimality of this exponent with the characteristic of

R.

Lemma 3.2.7. Let P be an integral simple polytope. If R is a ring in which §(P)
is invertible then Sedy ® R equals Sed ® R.

Proof. Since P is simple, we have the exact sequence of cosheaves of abelian groups
of Definition 3.2.5:
0 — Sed(;) — Sed - A — 0,

which is tensorised to the following exact sequence of cosheaves of R-modules:
0 — Tor(A; R) = Sed;) @ R - Sed® R - A® R — 0.

Since 0(P) is invertible in R both A® R and Tor(A; R) vanish and Sed(;y ® R equals
Sed ® R. O

Proposition 3.2.8. Let P be a simple integer polytope endowed with an integer
polyhedral subdivision K. For all rings R in which 6(P) is invertible, the images
of the cosheaves (Fpp ® R),>0 under the dihomologic subdivision of K satisfy the
hypotheses of Proposition 2.5.1 i.e. for all polyhedral cells e € K we have:

Hq(K;(FbeR)e)%O = q=n.

Proof. Let F denote one of the cosheaves (F}")o<p<n 0n P. The polyhedral subdivi-
sion K of P first and then its dihomologic subdivision give rise to two consecutive
subdivisions of cosheaves F' — F” and F’ — F". For all cells e of K, the localisation
process for dihomologic cosheaves consisting in “fixing the first coordinate”!® ap-
plied to a subdivided cosheaf is equivalent to the localisation of the initial cosheaf!!.
Consequently, the cosheaf (F"), is the same as (F”),. In the light of Lemma 3.2.4
on double localisation, showing that (F”)_ can only have non-trivial homology in
degree n for all cells e € K, is strictly equivalent to showing that F(y can only have
non-trivial homology in degree n for all faces @ < P. By Lemma 3.2.7, Sed ® R

equals Sed(;y ® R and F’ ® R equals:

p

/\ 1) / (Seds) ® R) -

10¢ f. Definition 2.2.10.
He f. Diagram (2.1).
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The cosheaf Sed(;) can be described as follows : choose, for every codimension 1 face
Qq) of P, a generator gq,,, of Sed(Qq)) = Z, and associate to all faces @ of P the set
G(Q) of the (gq,,,)’s for which @ < Q). The association G : @ — G(Q) is a cosheaf
of sets with inclusions as extension maps. In these notations, Sed(; is the cosheaf
that associate to ) the sub-module of ¢(Z) spanned by G(@) and whose extension
morphisms are given by inclusions. We can consider the cosheaf of chain complexes
Q — C((Z); G(Q);p) of Definition 3.2.1. It has an augmentation morphism:

0+ /p\f(Z) /Sed(l) « CZ):G;p)

and becomes a resolution once we tensorise every group by R. Indeed, for all @
the set G(Q) ® R is linearly independent in t(R), and Sed()(Q) ® R, which equals
Sed(Q) ® R, is a free summand of t(R) since t(R)/(Sed(Q) ® R) = Hom(T'Qz; R) is
free. Hence Lemma 3.2.2 applies. For that reason, we set Res, = C(t(Z); G;p) ® R
and we have a resolution of cosheaves:

04 F ®R < Res, .

The localisation at a face () amounts to a tensorisation by a cosheaf of free modules.
Therefore, it is an exact endofunctor of the category of cellular cosheaves. To avoid
confusion we will denote, from now on, the CW-complex defined by the polytope
P by II. Every face @) < P is now meant to be open. In particular, I1(Q) is the
smallest sub-complex of II containing the open face @), that is to say the collection
of the faces of (). For all faces (), we have the local resolution:

0+ (Ff@R)Q% (Resp)Q,

and for all ¢ > 0:

(Respa)y= € | 1(Qu); (/\ t(Z) /Sed(1)(Q(q))) ® R

Q<P L
codim Q4)=¢

®r [H;H—Q;R]

= D |HQuw):LQuw) - Q; (/\t@) /Sedu)(Q(q))) DR

Q<Q(q><P L
codim Q(q):q

If Q is a proper face of Q4) then |II(Q4))|, the closure of @4, retracts by deformation
on [II(Qy) — Q|- Thus, the cosheaf:

Y

Q) ; M(Qe) — Q; (/\ HZ) /Sed(l)(Q(q))) @R

has trivial homology. When Q(, equals (), we are computing the homology of a
closed (n — ¢)-ball relatively to its boundary. The homology is concentrated in top
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dimension n — ¢. In application of Lemma 3.2.3, the homology of (Ff ® R) 0 is the
shift by ¢ of (Res, 4)¢. Its homology is concentrated in dimension (n—¢)+q¢ =n. O

Remark 3.2.9. In the previous proof we have defined a resolution of the cosheaf
Ff ® R, namely:
0+ FV ® R« Res, .

Proposition 3.2.10. Under the same hypotheses as Proposition 3.2.8 the dihomo-
logic cosheaves (ﬁva ® R) 0<p<n—
all polyhedral cells e € K:

| satisfy the hypotheses of Proposition 2.5.1 i.e. for

Hq<K;(FpX®R)e) #0 = qg=n.

Proof. Let p be a non-negative integer. Proposition 3.2.10 follows from Proposi-
tion 3.2.8 and the fact that F;( ® R is locally a direct summand of Ff ® R. More
precisely, we will show that for all cells e? of K, the cosheaf (FPX ® R) .0 18 a direct

summand of the cosheaf (Fpp ® R) . This statement implies that the homology of

ed
the former is a direct summand of the latter. By Proposition 3.2.8, the latter can

only have non-vanishing homology in dimension n and so can the former.

Let e? be a cell of K and A denote (Teq)l(Z). Now let us choose B a supple-
mentary sub-module'? of A in ¢(Z). We consider 4 /gaq and B /geq the respec-
tive images of the constant cosheaves [K; A] and [K; B] in the quotient t(Z) /Sed.
We note that if e” is a cell containing e? then Sed(e”) C A and the projection
B — B / Sed(e”) is an isomorphism. Since the commutativity conditions of these
projections are satisfied they induce an isomorphism of cosheaves:

[K;K— eq;B] =, (B/Sed)eq )
Therefore, the cosheaf t(Z) /Sed splits around e? into the following direct sum:

(4Z) /sea) = (A/sea) & (B /Sea)

ed ed

For all p > 0 we have the decomposition:

(/p\f(z)/sed>eq= T (KA/Sed>eq®<7§B/Sed>

PA+PB=P ed

All the involved cosheaves are made of free groups. Thus the decomposition remains
valid after tensorisation by R:

</\t(Z>/Sed) ®R = GB (/QA/Sed> ®</<B/Sed> ®R.

PA+PB=D ed

Definition 3.1.7 implies that if w is a generator of A Te?(Z), the group 15;( (e?;e"),

121t can be done for (Teq)L is a rational sub-space of t(R).
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for all e" > e, consists of the p-elements of AP t(Z) / Sed(e") whose contraction

against w vanishes. Thus the localisation (F;( >e‘1 ® R can be expressed as:

(Ff)eq@m: D <7<A/Sed> ®<;<B/Sed> ®R,

PA+PB=P ed
PB<q

and is a direct summand of (FpP ) QR . O

ed

Proposition 3.2.11. Let P be a simple integral polytope and R be a P.I.D. in
which §(P) is invertible. For all p € N, the only non-trivial homology group of the
cosheaf F]f ® R is the p-th. Moreover, this R-module is free of rank h,(OP°), the
p-th h-number of the polar polytope P° of P. More precisely:

p

n—k

rkp Hyp(P; R) =Y (—1)77* (p —k
k=0

)fn—k(P),

where fi(P) denotes the number of k-faces of P.

Proof. Since FpP ® R is originally defined on the CW-structure induced by the faces
of P we can compute its homology on II the CW-complex induced on P by its faces.
We note, on the one hand, that from the Definition 3.1.5 the groups F]f (Q) vanish
for all faces @ of dimension ¢ < p. Therefore, H,(II; Fpp ® R) vanishes for all ¢ < p.
On the other hand, we have the resolution of Remark 3.2.9:

0<—Ff®R%Resp.

This is an acyclic'® resolution®. The (Res,,)’s are sums of elementary cosheaves
[II(Q); M] where @ is a face of P and M a free R-module. All the sub-complexes
I1(Q) are contractible. Hence, these cosheaves only have non-trivial homology in
dimension 0. The cosheaf resolution becomes a resolution of chain complexes:

0 (CILE, @ R)), ., + (ChMResyo)) oy = (Cr(IliRespa)), g o

k>0

Since the complexes (Cy(II; Res,))
(Cu(I FF @ R))

>0 are acyclic, the homology of the complex

450 18 isomorphic to the homology of the complex:

0 < Ho(II;Res, o) < Ho(II;Respq) < -+ - .
The cosheaves Res,, , vanish for all ¢ > p. Indeed, we have:

Respo= D |1Qu): </\ Hz) /Sed(l)(Q<q>)) QR

Q<P N B
codim Q((D:q 0 ;frq>p

13 A cosheaf is acyclic if it has trivial homology in dimension at least 1.
14This is even a projective resolution, c.f. [She85] in the dual setting of cellular sheaves.
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Therefore, the only possibly non-trivial homology group of Ff ® R is the p-th. Using
again the resolution to compute this group we see that it coincides with a group of
cycles:

H,(II; F ® R) = ker (9: Ho(II; Res,,) — Ho(IT; Res; ;1)) -

Hence H,(II; F’ ® R) is free and its rank equals the dimension of H,(IT; FY’ ® Ry)
where Ry is the fraction field of R. Because Ff ® Ry can only have non-trivial
homology in dimension p we have:

n

dimp, H,(I; F¥ @ Ro) = (=1)*Y_(=1)* dimp, Ho(Il; Res™)

k=0
- k(M —Fk
=S ()7 ) et
= hp(aPO> )

Where Resﬁ% denotes the cosheaves Res,; defined for the ring R,. Note that
fr—1(P°) equals f,_(P) for all k. O

Definition 3.2.12. Let e be a cell of K. Since the closure of e is a full dimen-
sional polytope of t*(R) there is a canonical isomorphism f between A" t(Z) and
Z(e™). Let [t(Z)] be a generator of A\"t(Z) and o™ = [vy;...; v,] be a barycentric
simplex of the closure of e”. Since e" is a polytope, its barycentric simplices define
singular simplices of its support by convex interpolation'®. We denote by [t(Z)](c™)
the sign of the number (AL, (v; — vo))[t(Z)] € R. The morphism f sends the
generator [t(Z)] to the orientation of e defined by the class of the singular chain
> onesd k(e [HZ)](0™)a". We denote by [{(Z)]e- the image f[t(Z)].

Lemma 3.2.13. Let 0 < p < n be an integer and R be a ring in which 6(P) is
wnwvertible. For all cells e? of K we have an isomorphism.:

p—s

(et : Hy(K; (FY ® R)ed) — A t(Z) ® </\ Sed(e?) A /\t(Z)) ® R,

where s denotes the rank of Sed(e?). Moreover, the morphism of cellular sheaves
Jp - Hn((ﬁ’pX ® R).) = H,((FF ® R).) induced from the inclusion i, : FPX — FF s
injective. The image of the composition wf(eq) o jp(e?) is the tensor product of
N"HZ) with the kernel of the contraction against w, a generator of N\?Te?(R),
restricted to (\*Sed(e?) A A" °H(Z)) ® R. In particular, j,(e?) is an isomorphism
whenever q is greater that p.

Proof. Let e? be a cell of K. Since K has dimension n, the module H, (K; (F ® R)eq)
is the same as Z,(K; (F ® R)ed). Let ¢ € Co(K; (FF @ R)ea) and [e"™!] be an
oriented cell adjacent to e?. If "' does not belong to K, there are two n-cells e’}

5the vertex of a barycentric simplex are canonically ordered.
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adjacent to e"~!. In this case, we have:
(0 [e" 1) = {esfen[em s e]) + s e e

since the extension morphism (FF @ R)e(el) = (F) ® R)ea(e"') is the identity.
Any two n-cells adjacent to e? can be joined by a sequence e}, ...,ef, with £ > 1,
of n-cells such that e and el’,; are adjacent to the same cell e]~" > ¢4, for all
1 <i <k — 1. Therefore, if ¢ vanishes we can find a p-element v € A" t(R) such
that ¢ = )" .o ¥ @ [t(Z)]en where [t(Z)] is a choice of generator of A" t(Z). If now
e 1 belongs to OK we have:

(Oc; [e" 7)) = +v (mod (Sed(e"‘l) A p/\ t(Z)) ® R) :

It follows that Oc vanishes if and only if v is divisible in the exterior algebra by the
generators of Sed(e" ') @ R, for all e? < e" ! € JK. Since §(P) is invertible in
R, Sed(e?) ® R is equal to Sed(1)(e?) ® R by Lemma 3.2.7. The latter condition is
equivalent to v being divisible by the generators of A°Sed(e?) ® R, where s denotes
the dimension of Sed(e?). The inverse of the isomorphism v (e?) is given by the
following formula:

tZ)]®ve \UZ)® (( /\ Sed(e?) A /\t(Z)) ®R> — Y v [HZ)]en . (3.3)

en>ed

The morphism j,(e?) is injective because K has dimension n. Since it is induced
in homology by the injective morphism ¢, the associated long exact sequence in
homology ensures that j, is injective. The groups FpX(eq; e™) are all equal. Their

common value is the kernel of the contraction w - — : APt(R) — A" “t(R), where
w is a generator of AYTe?(R), c.f. Definition 3.1.7. Combining this fact with the
formula (3.3) we find the desired description of the image of ¥)[f(e?) o j,(e9). O

Theorem 3.2.14. Let R be a ring in which 6(P) is invertible. The homological
morphisms:

~

Ipq: Hpg(X5 R) = Hy (P R),
induced by the inclusions i,: FPX — Ff are:
— 1somorphisms, for allp+qg<n—1;
— surjective morphisms, for all p+q=n — 1.
Proof. In the light of Theorem 2.5.3, Proposition 3.2.8, and Proposition 3.2.10 we

can write:
Hp,q(P5 R) = Hs_q(K;Hn((Ff ® R)*))

Hp,q(X§R) %H?_Q(K;Hn((F;(®R)*))
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Since K is finite (P being compact), cohomology with compact support is the same
P X P

as cohomology. Let us denote by G, (resR. G'), the sheaf H,((F, ® R).) (resp.

H,((F;*®R).)). The cosheaf inclusion i,: F,¥ — F induces a morphism of sheaves

Jp ¢ Gg( — Gf . Since K has dimension n, the long exact sequence in homology

associated with:

0— FX®R - FX @ R — coker(i,) — 0,

implies that j, is also injective. We have the following commutative square relating
the homological and cohomological counterparts of 2, and jp:

H,(K;F¥ ® R) — H,(K;FF ® R)

4 Tg

H”*q(K;Gf) —>j H"*q(K;Gg)

The vertical isomorphisms are induced by the quasi-isomorphisms given by the sec-
ond part of Theorem 2.5.3. The commutativity is already satisfied on the level of
chain and cochain complexes:

Q,(K; FX @ R) » 0,(K; FP ® R)

o] Jus

0y (K ¥ @ R) Aker() 2555 0,y (K: FY @ R) Q1 ker())

E} E}

n—q,n n—q,n

o] Jo

cma (K GX) » Ona(K GP)

Jp

The two vertical isomorphisms in the previous diagram are the homological and
cohomological counterparts of compositions of the isomorphism ® and the quasi-
isomorphic inclusions of Proposition 2.5.1. Let F denotes either FPX ®Ror FF®R
and G respectively designating Gz)f or GII; . We have:

Qngn(K; F) = @ F(e" % e") @ Z(e" 1 e"),
6"7q§6"
and : Q_gu 1 (K;F)= @ Fle"%e") @Z(e" e ).

en—qgen—l

In this description, both these groups have a splitting indexed by the (n — q)-
cells of K. Both the morphisms 7, and 0, respect these splittings which explains
the commutativity of the upper square of the last diagram. Also in that setting,
the value Hom(Z(e"~9); G(e"7)), on some cell €"77, is, modulo the action of the
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isomorphism @, the kernel of 0, restricted to the (e"~?)-component of €2,,_, ,,(K; F).
By construction, j, is the restriction of 7, to the (e"~?)-component of the kernel of
0o, so the bottom square also commutes.

Because of Lemma 3.2.13, the morphism j,(e"): G, (e") — GJ (") is an isomor-
phism for all r-cells e” whenever r > p. This implies that the cokernel of j, is trivial
in dimension greater than p. By means of the long exact sequence induced in coho-
mology by the injective morphism j,, we find that j;: H" (K; Gz)f) — H" (K; G;) is
surjective for r = p+ 1 and invertible for all » > p+ 1. Theorem 3.2.14 follows after
performing the change of variables r =n — q. m

The hypothesis on the coefficients or the choice of the cosheaves cannot be
dropped in Theorem 3.2.14. The following two examples show where Theorem 3.2.14
fails for R = Z when 0(P) # 1 or when we use (F,¥),>o instead of (F}*),>o.

Examples 3.2.15. 1. Let the triangle T" be the convex hull of 0, dz, and 2dy in
Homg (R?; R) endowed with the canonical lattice Zdxz + Zdy, c.f. Figure 3.5a.
We consider the unique primitive triangulation K of T', depicted in Figure 3.5a.
We have §(P) = 2 and 6(K) = 1 and the groups H, ,(P;Z) and H, ,(X;Z) are
given, along with some of the homological morphisms induced by inclusion, in
the Figure 3.5c. In this example, the morphism %y ; : Ho1(X;Z) = Ho1(P;Z)
is not surjective.

2. We consider the cube with edges of length 2 in Homg(R?; R), endowed with
its canonical lattice Zdx + Zdy + Zdz, and subdivided by K as in Figure 3.6a.
Its associated tropical surface is singular. We have §(P) = 1 and 0(K) = 2.
Here the map i1 : Hi1(X;Z) — Hy1(P;Z) is not surjective. Its image is
Z(ey +e3)+Z(ey — e3) + Zez where ey, eq, €3 is the standard basis of Hy(K; FY)
given by the three independent copies of P! in P! x P! x P!, the toric variety
associated with the cube.

We would like to conclude this section with few remarks on the numbers §(P) and
0(K). From its definition the number 6(P) equals 1 if and only if the toric variety
associated with P is smooth. Therefore, assuming 6(P) = 1 puts us closer to the
tropical Lefschetz hyperplane section theorem!® of C. Arnal, A. Renaudineau and
K. Shaw. However, assuming §(P) = §(K) = 1 does not implies that X is smooth,
i.e. that K is a primitive triangulation. Therefore, assuming both 6(P) and 6(K)
to be 1 generalises their theorem for the cosheaves (FI;X>pZO' For a general polytope
@, the number 6(Q) seems difficult to compute. However, it seems computable for

simplices. For segments it is 1. For a triangle 7', a direct computation yields:

_ 2-volg(T) - GCD{volz(E): E edge of T'}
o) = H volz(FE)

Y

16¢.f. [ARS21], Theorem 1.2 p.1349.
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[ ]
[ ]
°
(a) The triangle 7T associated (b) A tropical curve whose dual sub-
with the weighted projective space division is K.

P(1,1,2) and its subdivision K into
two unimodular triangles.

(¢) The saturated Hodge diamond of the curve on the left and the Hodge diamond of
P(1,1,2) on the right. The parameter p increases in the north-east direction () and ¢ in
the north-west direction (\).

Figure 3.5: A curve in the weighted projective plane P(1, 1, 2) whose integral tropical
homology does not satisfy the tropical version of the Lefschetz hyperplane section
theorem.

where volz(Q) is the integral volume of @, i.e. its Lebesgue measure in the affine
sub-space it spans normalised so that a parallelogram on a basis of the induced
lattice has measure 1.

Finally, we want to acknowledge that even if the Lefschetz hyperplane section
theorem with rational coefficients is a consequence of the Hard Lefschetz theorem
with rational coefficients it is usually not the case when one considers coefficient
rings of positive characteristic. For instance a product of at least three copies of P!
does not have any cohomology class over Fy, the field with two elements, satisfy-
ing the Hard Lefschetz property. However the Lefschetz hyperplane theorem with
coefficients in Fy remains valid for any non-singular hypersurface of this product.

99



CHAPTER 3. TROPICAL HOMOLOGY OF SUBDIVIDED POLYTOPES

°
® ® ®
[ [ J ®
® ® ®
[ J /\
(a) A convex subdivision K of the (b) A singular tropical surface of
cube. P! x P! x P! dual to the subdivision
K.
0 Z
0 0 0 0
0 72 0 0 YA 0
0 0 0 0 0 0 0 0

(c) The Hodge diamond of the surface on the left and the Hodge diamond of P! x P! x P!
on the right. The parameter p increases in the north-east direction () and ¢ in the
north-west direction (N).

Figure 3.6: A singular surface in P! x P! x P! whose integral tropical homology does
not satisfy the tropical version of the Lefschetz hyperplane section theorem.

3.3 Generating Family for the Tropical Homology

Let P be an integral simple polytope endowed with an integral polyhedral subdi-
vision K, and R be a ring in which 6(P) is invertible. Theorem 3.2.14 states that
the morphisms 7, , : fIM(X; R) — H, ,(P; R) are isomorphisms for all p+¢ <n—1
and surjections for all p + ¢ = n — 1. In this section we want to provide generating

families of the kernels of 2, , for all p+¢g=n —1.

Definition 3.3.1. Let e? be a cell of K. We define wj,(e?) to be the free R-module
of rank 1:

wh(eP) = /\ t(Z) @z /\ Hom(T'e?(Z); R) .

100



3.3. GENERATING FAMILY FOR THE TROPICAL HOMOLOGY

For all integers p > 0, we denote by CP(K;w},) the product:

P(K;wh) H Hom(Z wr(eP)).
ePcK

There is a natural projection of C?(K; A" t(Z) @z A" t(R)) onto CP(K;w3,). It is the
product of the projections Hom(Z(e?); A" t(Z) @z A’ t(R)) — Hom(Z(e?); wi(e?))
for all cells e?. We denote by CP(K;0K;wy) the subgroup of C?(K;wy) made
of the elements whose value is zero on the boundary of K. Since \"t(Z) is free
of rank 1, if one chooses a generator [t(Z)] of A" t(Z), then for all cochains « in
CP(K;0K; N"H(Z) @z N't(R)) there is a unique cochain ([t(Z)]; ) in the group
CP(K;0K; A" t(R)) satisfying the relation aeP] = [t(Z)] ® ([t(Z)]; a)[e?] for all ori-
ented cell [eP].

Proposition 3.3.2. Let 0 < p < n — 1 be an integer and [{(Z)] be a generator
of N"t(Z), i.e. an orientation of t(Z). For all n-cells e" € K, we denote by
[$(Z)]en € Z(e™) the orientation of €™ induced by [t(Z)], c.f. Definition 3.2.12. We
have a well defined morphism:

7 CP(K 0K \"HZ) @2 N'HR) — Hppo1—p(X; R)

« Z (d([t(Z)]; ) [e"T]) @ [P €]

eptl<en

where the orientations [P and [ePT; e"] satisfy [ePT][ePT; "] = [t(Z)]en. More-

over, it factors through the natural projection:
CP<K;8K;/\’L( ®Z/\ >—>CPK8K wx)

of Definition 3.3.1 into the morphism g° : CP(K;0K;w) — Hypo1_p(X: R).
Proof. Let o € CP(K;0K; N"t(Z) ®7 \' t(R)) and ¢ denote the dihomologic chain:

ci= Y (D)) © e,

eptl<len
where the orientations [eP™!] and [ePt1; e"] satisfy [ePT!][ePTL; "] = [t(Z)]cn. We note
that ¢ does not depends on the choice of orientation [t(Z)]. Indeed, (—[t(Z)]; a)
equals —([t(Z)]; ) and (—[ePT!])[eP*!;e"] = —[t(Z)]en. The chain ¢ belongs to the

module QpH’n(K;FpX ® R) since F;((epﬂ; e") ® R equals A"t(R) for all pairs of
cells e? < e”. We need to show that c is a cycle. Its boundary dc vanishes if and
only if both d;c and 9y¢ vanish because of it is of pure type (p+ 1;n). Let [ePT2;e"]
be an oriented dihomologic cell, we have:

€p+1 ’en

e[ = Y (UMD a)er)

eP+1<ep+2

)
+2
epT=en
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where the orientations [ePT!] satisfy [ePT!][ePt!; ePT2][ePt2; "] = [t(Z)]en. Therefore,
if the orientation [eP*?] satisfies [eP*?][ePT2; e"] = [t(Z)]en, we have:

(Orc; €725 €"]) = dd([H(Z)]; a)[e"?] = 0.

Let [ePT; e 1] be an oriented dihomologic cell, we have:

ePtl en
(Oac; [P M) = Y (e[t en) :
en—1<en erthentt
where the orientations [ePt1;e"] satisfy [ePT!; "] = [ePTL; en[e" 7L en]. If €71 be-

longs to OK it has only one adjacent n-cell €. By construction (c; [e’*1; e"]) is null.
If on the contrary e" ! ¢ K then it has two adjacent n-cells ¢} and e”. If we write
[ePt1]1 for the unique orientation satisfying [eP™]L[eP™h; e [e" ™ et] = [H(Z)]en,
then [ePT!], and [ePT!]_ are opposite of each other. Indeed the solutions [e"~!]y of

[en—l] n—1.

+[e" Y el] = [t(Z)]ep are opposite of each other since [t(Z)] is a global orien-
tation. As a consequence:

(o [ ") = A(HZ)): ) ([)1) + A ) ([H]-) = 0.

To prove the last part of the proposition we further assume that « projects to zero
in CP(K;0K;wj,). It implies that for all pairs of cells e? < e™ and all orientations
[eP] of eP, the p-vector ([t(Z)]; a)[eP] belongs to FpX(eP; e™). As a consequence, the
formula:

b= > (U2 )[e]) @ [e"rem],

eptl<len
where the orientations [e?] and [eP; e"] satisfy [eP][eP; "] = [t(Z)]en, defines an ele-
ment of §,,,,(K; F];X ). One can check by direct computation that 0b = c. [

Lemma 3.3.3. Let 0 < p < n —1 be an integer. We have the exact sequence of
R-modules:

CP(K; 0K wt) —2 s Hyy (X5 R) —222 Hoy (P R) ———— 0.
Proof. We have the short exact sequence of cellular sheaves:
0 — H,((EX @ R),) —2— H,((FF ® R).) — coker(j,) —— 0. (3.4)
From Lemma 3.2.13 we kngw that coker(j,) vanishes on all the cells of dimension
greater than p. Since Hn((FpX ® R)*) and Hn((Fpp ® R)*) respectively compute the

tropical homology of X and P, we find the following the exact sequence, extracted
from the long exact sequence associated with (3.4):

HP (K coker(j,)) —— Hypyp(X; R) —2"22 H, 4 o(P; R) ——— 0.

102



3.3. GENERATING FAMILY FOR THE TROPICAL HOMOLOGY

Let e? be a cell of K. We have the following alternative: either e” belongs to
the boundary 0K and coker(j,)(e?) is trivial or coker(j,)(e?) equals wj(e?). From
Lemma 3.2.13, H,((Ff ® R).)(e?) equals A" +(Z) @ (A’ Sed(e?) A \P"°t(Z)) ® R,
and we have the exact sequence:

n

0 = H,((F @ R)r) 5 /\ (/\Sed (e?) /\/\ ) R = \UZ)®R,

where w is a generator of A" T'e?(R) and s is the rank of Sed(eP). So if s is positive,
i.e. e? belongs to OK, the restriction of w to (A*Sed(e?) A A" "t(Z)) ® R vanishes
and so does coker(j,)(e?). If on the contrary s = 0, we find that coker(j,)(e?) equals
wh(eP). Since coker(j,) vanishes on all cells of dimension greater than p, The cycle
group ZP(K;coker(j,)) equals CP(K;coker(j,)) and therefore CP(K;0K;wy,). By
composing the projection Z?(K; coker(j,)) — HP(K; coker(j,)) with the connecting
morphism d we find the following exact sequence:

OP(K; 0K wh) —2— Hy (X3 R) —2"0 Ho oy o(PsR) —— 0.

Now we need to check that g equals gP. Let ® denote the injective quasi-isomorphism
of Theorem 2.5.3. We have the commutative diagram:

CP (I 0K wh) — 200 (K o (BY @ R)) )

| s

Hyporp(X5R) —— Zy1 ) QUK FX @ R)

Using the description of ® we find that g and ¢” are the same morphism. m
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Chapter 4

T-Hypersurfaces

In this chapter we introduce T-hypersurfaces, in non-singular polytopes. We will
only consider primitive triangulations K of non-singular polytope P. The T-hyper-
surface RX, can be seen as a PL-smooth! lift by the moment map of the dual
hypersurface X in the real locus of the toric variety associated with P. We will be in-
terested in their cohomology with coefficients in Fy, in particular, the version of 1.0O.
Kalinin’s spectral sequence? of A. Renaudineau and K. Shaw. Since we will only con-
sider tropical homology with coefficient in Fy we shall denote by Sed, Ff , F];X , FB,
and F% the tropical sheaves and cosheaves Sed ® Iy, Ff ® s, Flf( ® Fy, F§ @ F,
and F; ®F,. Since K is a primitive triangulation, we note that, in regard of Propo-
sition 3.1.14, F% and F? coincide and i : F¥, — F? is surjective. We will tackle
the following conjecture:

Conjecture 1 (A. Renaudineau and K. Shaw, Conjecture 1.10, [RS23]). The spec-
tral sequence () (RX.))pqren degenerates at the second page.

To do so will establish a link between the degeneracy of the spectral sequence
and the rank of RX,:

Definition 4.0.1. The rank of RX. is the following number:
((RX.) =max{qy > 0]i?: H(RP;Fy) - HY(RX,;F,) is injective for all ¢ < go}.

The quantity ¢ was previously introduced for subsets of real projective spaces
by 1.O. Kalinin. “[It] is involved in many restrictions on topology of real algebraic
hypersurfaces of a given degree”3. It was studied by I.O. Kalinin?, V. Nikulin®, or V.
Kharlamov® for real projective hypersurfaces. Let V be a real algebraic hypersurface
of the projective space P" then ¢(V(R)) = n — 1 when V has odd degree and
((V(R)) < |2] if V has even degree”. The same holds for ¢(RX.) even when the

lc.f. [BLAMR22| Proposition 4.11 p.26.

2c.f. |[Kal91] or [Kal05|

30. Viro, |Vir] p.5.

4cf. [Kal91] and [KalO5).

5c.f. [Nik8O).

bc.f. [Kha75.

"c.f. [Kha75] Remarks on the Homomorphisms j, p.136.
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4.1. CONSTRUCTION OF T-HYPERSURFACES

triangulation K is non-convex. As a consequence we will show that the spectral
sequences (E;’Q(RXe))p orso and (E}?’q(RXs))pq
page when P is a non-singular simplex of odd size. We will generalise this property

~o Poth degenerate at the second

to a broader variety of polytopes.

4.1 Construction of T-Hypersurfaces

Notations. Let P be a smooth, full dimensional, integral polytope of the n-dimensional
vector space t*(R) endowed with the lattice t*(Z), and K be a primitive triangulation
of P with dual hypersurface X.

Definition 4.1.1. We denote by RP the topological space obtained as the quotient
of {(IFy) x P by the equivalence relation:

(v;x) ~ (v';2') if and only if z = 2’ and v — v’ € Sed(x),

where Sed(z) denotes the space {v € {(Z) | a(v) = 0, Va € TQ} ® Fq, Q) being
the only face of P containing x in its relative interior. This space is obtained by
gluing together 2" copies of P and is naturally a regular CW-complex. Using the
moment map, this space is homeomorphic to Yp(R) the real locus of the toric variety
associated with P. Therefore RP can be thought as a CW-structure on Yp(R). We
denote by |- | : RP — P the projection onto P. It corresponds to the moment
map. We denote by RK the lift of K to a subdivision of RP. It might not be a
triangulation, however it is always a A-complex. To distinguish the cells of K from
those of RK we will denote the former by the symbols ¢” and the latter by the
symbols of. With this definition the projection |- | : RP — P is automatically a
cellular map and for any simplex o € K, the set of p-simplices of RK above o? is
canonically in bijection with the vector space:

t(IF2) /Sed(ap) .

Thus we define the argument of a simplex o, € RK, denoted by arg(og), to be the
element of t(IF3) / Sed(o?) to which ok corresponds. A dihomologic cube of RK is
indexed by a pair of simplices o, < of and is projected by |- | on the cube of K
indexed by |og| < |og|. Reciprocally, if o? < ¢9 is a pair of simplices of K its set of
lifting cubes is in bijection with the vector space:

t(IF2) /Sed(ap; o?)-

If the cube of < of lifts the cube of < o we define arg(ok; o) as the element of
t(F2) /Sed(o?;07) to which it corresponds. One can show that arg(oh;of) equals

arg(og).

Definition 4.1.2. (Rule of Signs Cocycle) The cellular complex RK possesses a
canonical 1-cocycle wrx € Z'(RK;Fs,) given, for all edges of, by the following for-
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CHAPTER 4. T-HYPERSURFACES

mula:

wex (o) = w(logl) (arg(og)).

The projection map |- | : RP — P being cellular, it induces both a mor-
phism chain complexes and a morphism cochain complexes respectively denoted
by | . ‘ : (CP(RK,FQ) — Cp(K;FQ))pEO and by ’ : ‘* : (CP(K,FQ) — OP(RK;FQ))pZO
for all primitive triangulations K of P.

Definition 4.1.3 (T-Hypersurface). Let ¢ € C°(K;Fy). We may call such cochain a
sign distribution on K. We denote by RX, the subcomplex of the cubical subdivision
of RK dual to the 1-cocycle dle|* 4+ wrx. That is to say, RX, is the union of the
closed cubes of RK indexed by the pairs of simplices of < o for which de(|og|) +
wrx(og) = 1. We say that RX, is the T-hypersurface constructed from the sign
distribution £. See Figure 4.1 for an example. We may say that the cohomology
class [wrx| € HY(RP;Fy) is the degree of RX..

Remark 4.1.4. Following the terminology of O. Viro, we may call the hypersurface
RX. a primitive patchwork when the primitive triangulation K is convex.

Proposition 4.1.5. RX, is a sub-manifold of RP of codimension 1 that is Poincaré
dual to the class [wrx]| € H'(RP;Fy).

Proof. The first part of the statement is Proposition 4.11 p.26 of [BLAMR22|. The
second part is a consequence of both the definition of RX, and of the Poincaré
duality. See Theorem 67.1 p.394 of [Mun84| for instance. O

Example 4.1.6. In Figure 4.1 we give an example of T-curve in the compact torus
PY(R) x PY(R) from a triangulation of the square of size 3. It is made of two
connected components: one contractible, and one non-contractible whose homology

class is (1;1) in the canonical basis ([P!(R) x {0}], [{0} x P}(R)]).

The image of RX. under the projection || : RP — P does not depend on e. It
is always the dual hypersurface X. Consider a cube of K indexed by o? < g?. We
denote by Arg,(o7;0%) the set of arguments arg(oh; o) € HF2) /Sed(09; 07) of the
lifts ok < of of o < 07 belonging to RX,.. This is a cubical cosheaf of sets.

Lemma 4.1.7. For all pairs o < o? of simplices of K the set Arg_(o?;0?) is the
complementary sub-set in V = t(F2) /Sed(gq; o) of an affine sub-space parallel to
{veV]aw)=0,VaeTo?(Fy)}, soin particular of codimension p.

Proof. The set Arg_(o?;0?) is the set of the vectors v € V for which there exists
ol C o? such that:
de(o!) +w(oh)(v) = 1.

We can see a vector v € V' as a closed 1-cocycle on ¢? using the following morphism:

2: V. — ZYoP;Ty)
v — [o! = w(eh)(v)].
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0 0 1 1 l J 1

N

0 0 1 ! v /

|
b ¢

(a) The triangulation K and the (b) the associated T-curve RX,.
signs distribution e.

0 1 1 1 a

Figure 4.1: An example of T-curve in P!(R) x P!(R).

From that point of view Arg_(o?;07) is the set {v € V | z(v) # de|»} and it
is the complementary sub-set in V' of the fiber z7!(de|,»). This fibre is an affine
space parallel to the kernel of z. Since K is primitive, z is onto and its kernel has
codimension p. Furthermore, the family of linear forms {v + z(v)(c'): o! < 0P}
spans T'o?(F3) so the kernel of z is precisely {v € V | a(v) =0, Va € To?(Fy)}. O

Remark 4.1.8. Let 0! be an an edge of K. The sets Arg_(o!;0™) are all identical
for all n-simplices 0™ > o!. A. Renaudineau and K. Shaw denoted a member of this
collection by &£ and called it the real phase structure.

Definition 4.1.9 (Sign Sheaves and Cosheaves). We set the notations of two cubical
cosheaves and two cubical sheaves on K:

1. K is the cosheaf of group algebras (o7; 09) — Fy [F{(07;07)] (we will denote
by x” the generator associated with v € F{’(0?;0%)) and its dual, the sheaf
Ogp associates the Fs-algebra of functions from FY’(oP;09) to Fy to the pair
(oP;07).

2. Likewise we set K®X< to be the sub cubical cosheaf of K*F that associates to
(o7;07) the sub-space of Fy [F(0?;07)] freely generated by the elements of
Arg_(o?;0%). Its dual, Ogx., is the quotient of Ogp that associates to (o?;09)
the algebra of functions from Arg_(o?;09) to Fs.

3. We denote by i,: K®X: — KEP the inclusion and by i*: Orp — Ogx. the
adjoint projection. The latter morphism is a morphism of sheaves of algebras.

With this definition we can recall Proposition 3.17 of [RS23] and translate it for
the dual sheaves.
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Proposition 4.1.10 (Folding Isomorphisms). There are chain complexes isomor-
phisms Prp and Pryx. that make the following diagram commute:

(K KEP)) L =20 (24(REGT))

q=>0 e

1 1

(Q(K;KC559)) Lo 5 (Co(RX.;Fy))

q20  Pgx,

0

q>0

As a consequence the dual isomorphisms make the dual diagram commute:

*

(Q1(K; Orp)) o, P (QUREK;Fy))

! !

((K; O8x.) g g7 (CURX:T))

Proof. The first part of the statement is Proposition 3.17 of p.19 in [RS23]. The
second part is a consequence of the duality. We can however remind ourselves of
the construction of ®rp (Pgry, is its restriction). If o < 07 is a cube of K and
v € t(IFy) /Sed(o'q) let us write (v;o?;09) for the corresponding lift in RK. The
isomorphism ®gp sends the chain x¥ ® (o?;09) to the chain (v;o?;09). O

4.2 Renaudineau-Shaw Spectral Sequence

We recall the construction of the filtration given by A. Renaudineau and K. Shaw
in [RS23] and describe the dual filtration in cohomology.

The Augmentation Filtration in Group Algebras. We denote respectively
by Vect.fw Hopf&, and gr.Alg.[fF2 the categories of finite dimensional vector spaces
over Iy, of finite dimensional Hopf algebras over Fy, and of finite dimensional graded
algebras over Fs.

Definition 4.2.1. We denote by F»[—] : Vect.f, — Hopf}, the functor that as-
sociates to a finite dimensional vector space its group ring over Fy. For all finite
dimensional vector spaces V' over Fy, we denote by x¥ € Fy[V] the generator as-
sociated with the vector v € V. The generator x" is the unit of Fo[V]. Hence it
equals 1. We use the notation my for the augmentation ideal of Fy[V]. This is the
kernel of the augmentation of Fo[V]: the morphism of algebras augy : Fo[V] — Iy
that sends every generator x" to 1. Note that this is the only algebra morphism
Fy[V] — Fy. This ideal is known® to be generated by the elements of the form 1+ x"
for all v € V. We denote by gr : Hopff‘;2 — gr.Alg.]g2 the functor that associates to
a Hopf algebra A the graded algebra builded from the filtration of iterated powers
of its augmentation ideal. For instance if V' is a finite dimensional vector space over

8c.f. [BFMvHO06] Lemma 6.2 p.8 or [RS23] Lemma 4.1 p.21
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F, we have:

erFaV] = D (m’é /mlyl) .

k>0

Moreover, for all k € N, we denote the functor V + mf, by m* : Vect.k , = Vect.%;z.
These functors are linked by natural inclusions m! — mF* for all [ > k.

Lemma 4.2.2 (| BFMvH06| Lemma 6.2 p.8, and [RS23|, Lemma 4.1 p.21). For all

k € N, the ideal m¥. is spanned, as sub-vector space, by the following elements:

DX,

weW
where W is a sub-vector space of dimension k of V.

Proposition 4.2.3 (F. Bihan, M. Franz, C. McCrory, and J. van Hamel, [ BFMvHO06]
Proposition 6.3 p.8). We denote by N\ : Vect.]fFQ — gr.Alg.]fF2 the exterior algebra
functor. There is a natural isomorphism n : \ — grFy[—| defined for all finite
dimensional Fy-vector spaces V', and all k € N, by the formula:

k
k. N mk k+1

VANV — H1+x”1) (modmkﬂ).
=1

This description is a special case of D. Quillen’s description of graded rings
associated with the augmentation filtration of a group algebras®. The proof of the
special case of interest here is recalled in [RS23| under Proposition 4.3 on p.21.

Proposition 4.2.4. Let V' be a finite dimensional vector space over Fy. For all
v €V, the graded endomorphism of \'V = gr Fo[V] induced by the multiplication by

v

x" s the identity.

Proof. Let v be a vector of V and vy, ...,v € V be a linearly independent family of
V', we have:

k k

k
[T +x) =x"TT@+x") + @+x) [ +x").
=1

i=1 =1

Hence [T, (14x%) and x* T[], (14+x") correspond to the same element in m§, Jmbtt.
[

Proposition 4.2.5. Let V be a finite dimensional vector space over Fy. For all
linear sub-spaces W C V' and all k € N, the intersection of the sub-algebra Fo[W] of
Fo[V] with my, is the ideal mk;,.

Proof. This is a consequence of the functoriality of Fy[—| and the natural transfor-
mation 7 described in Proposition 4.2.3. However, we can also give a direct proof

Ie.f. [Quibs].
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here. Using lemma 4.1 p.21 of [RS23| we know that a generating set of m{, is given
by the elements ) ., x" where U is a k-linear sub-space of V. Now let H be a
linear hyperplane of V and P = Zf\il > uer, X' € Fo[HfNmy,. We want to write
this element as a sum vazl ZueU{ x" where U] is a linear sub-space of H. Since P
belongs to Fo[H] we have:

N
>y w0
i=1 ucU;\H
Let v be the generator of a supplementary line of H. We define U] as follows:
1. If U; C H, we set U == Uy;
2. IfU; ¢ H and (U;nH) # (v+(U;\ H)), we set U] == (U;nH)U (v+ (U;\ H));
3. Otherwise we set U] = @.

Note that in each case U] C H and is ether a k-dimensional vector space or the
empty set. Now we have:

N N N
22 X = ) x4 )
i=1 uel; i=1 ueU;NH i=1 ueU,\H
N N
_ Z X% + x¥ Z v
i=1 ueU;NH i=1 ueU\H
N
=2 X x>
i=1 ueU;NH utveU;\H
N
= Z Z x“.
i=1 uel]

Thus Fo[H] NmfY, = m%,. Let W be a sub-space of codimension [ > 1 and Hj, ..., H,
be hyperplanes that intersect along W. We have:
Fo[W] Nl = Fo[N._ H;] N Fy[NL_,H;] N ... N Fo[H)) N'my,
= o[ Hi] NFo[NL,Hi) N .. NFa[Hi_y N H) Ny,

= FQ[mi—lHl] N mﬁliﬂHi
fry ml{;[/ﬂ
since Ni_, H; is a hyperplane of ﬂézkHHi forall 1 <k <. O]

In the category of finite dimensional Hopf algebras there is a duality contravariant
functor. We denote it by (—)* : (Hopfy, )™ — Hopf,. If we only remember the
vector space structure, it corresponds to the classical functor (—)* = Homp, (—; Fs).
If A is a finite dimensional Hopf algebra, the product of A* is the adjoint of the
coproduct of A, the unit of A* is the adjoint of the counit of A and vice-versa.
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Definition 4.2.6. We denote by O the functor (Fo[—])" : (Vect.f )*” — HopfF, .
The functor O is naturally isomorphic to the functor of Fy-valued function algebras
V= {f:V — Fo} with pointwise addition and multiplication. We will not describe
the coalgebra structure as we will not need it further. The natural isomorphism is
realised by means of a duality pairing. For all finite dimensional vector spaces V,
all functions f € O(V) and all elements P = ) _,, p,x" € Fy[V], we define such
pairing by:

(fiP) =) f®)p..

veV

Remark 4.2.7. We justify the notation O(V') by the known fact that, for all finite
dimensional vector spaces V over a finite field F, every function f : V — F is
polynomial. It is only a matter of expressing the indicatrix functions as polynomials
in a set of coordinates of V.

Definition 4.2.8. The functor O® : (Vect.]‘;Z)Op — Vect.]fF2 is given, for all k € N
and all finite dimensional vector spaces V over Fy, by the formula!©:

OM(V) = im( <F2[V] /mk+1> — (’)(V)).
Furthermore, they are naturally included in one another O®) — O® | for all I > k.
We denote by gr O : (Vect.&)()p — gr.Vect.IfFQ the functor P, O®) JOE=D)
By construction and Proposition 4.2.3 we have:

Proposition 4.2.9. The functor gr O is naturally isomorphic to \(—)* through n*.

Since we did not define a product on gr O, we should emphasise that in Proposi-
tion 4.2.9 the two functors gr O and A (—)* are naturally isomorphic as functors to
the category of graded vector spaces. However, Proposition 4.2.11 will ensure that
we can endow gr O with a product compatible with n*.

Lemma 4.2.10. For all functions w: {1,...,1} — {1,...,k}, the number:

!
Z Hﬁu(j) ek,

Berh j=1
equals 1 if and only if u is surjective.

Proof. 1f u is onto the only non-zero term in the sum is the one for which g; = 1 for
all 7. If on the contrary u is not surjective it misses an index iy and we have:

l l !
Y b= 1160+ > 115w =0.

Berk j=1 Berk j=1 Berk j=1
Big =0 Big=1

since the two terms are equals. O]

10¢.f. Definition A.3 or [Del71] (1.1.6) p.7.
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Proposition 4.2.11. The composition O%) @ OV — O @ O — O where the first
natural transformation is given by the tensor product of the inclusions and the second
is given by the product of O takes values in O In other words O OO c OGk+D,

Proof. Let V be a finite dimensional vector space over Fy. We need to show that
for all k,1 € N, all f € O®(V), and all g € OV (V), the product fg belongs to
O%+D (V). To do so we will show that a function is an element of O (V) if and only
if it can be represented by a polynomial of degree at most k (c.f. Remark 4.2.7).

k:+1

The functions of O™ (V) are those which vanish against elements of m{;**. Follow-

ing lemma 4.1 p.21 of [RS23|, the vector space m"“/“ is generated by the elements
> vew X¥ for all linear sub-spaces W of V' of dimension (k + 1). Such an element
can be written as [[7F! (1 4 x*) where {wy, ..., wy.1} is a basis of W. Let us fix a
set of linear coordinates x1, ..., x, of V', i.e. a basis of V*. Because of Fermat’s little

theorem!!, a function f € O(V) can be uniquely written as follows:

> fart,

ac{0,1}n

in the usual multi-index notations: z® = [[;_;z{" and |a| = > , o;. For all

integers k > 1, let us denote by [k] the integer interval {1,...,k}. Let o € F% with
la| =1 and W = (wy, ..., wg) be a k-dimensional sub-space of V. We have:

<:ca e +xwf>> =3 @ x)

=) H%’(w)

)
BeFk =1 i—1

=> > (Hﬁ ) (H xa(wu(j)))%)
BEFL win]—[k] \ j=1 j=1

Up to reordering we can assume that o; = 1 if and only if 1 <1 <[, thus:

%2 () (o) =5 3 (1) (1)

BEFE w:[n]—[k] BEFE w:[l]—[k]

=Y (ST (H<>)

wll]= [k \ per j=1

By Lemma 4.2.10, the number ZBGFS H;:l Bu) equals 1 if and only if u is onto.

a2 =g for all a € Fy
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Therefore, the number:

i=1

<x‘”‘ ;H(1+X“’")>,

vanishes whenever k is bigger than [. Thus the polynomial functions of degree at
most k belong to O®) (V). If k equals [, and &}, denotes the k-th symmetric group,

the number: .
<x H1+Xw’> ZH% (Wu(s)) 5
=1

ueG j=1

is the minor of the matrix of the coordinates of w1, ..., w;, in the dual basis of x4, ..., z,
with the row set selected by the multi-index «. As a consequence we can find, for
all polynomials of degree k, a sub-space W of dimension k such that the evaluation
of f, as a linear form, against the generator of m¥ associated with W is 1. It implies
that {f: deg f = k} is included in O® (V') \ O (V) and that the two partitions
of O(V), by the degree on one hand, and by the sets O®) (V) \ O*=D(V) on the
other hand, coincide. O

As a direct consequence of Proposition 4.2.11 we have:

Proposition 4.2.12. The functor O together with the filtration (O™)),cy takes
values in the category of filtered finite dimensional algebras over Fo, and therefore
gr O takes values in the category of graded algebras.

Moreover:

Proposition 4.2.13. The natural isomorphism n* : gr O — A(—)* is compatible
with the products.

Proof. Let V be a finite dimensional vector space over Fy and let k£ € N. Let us
consider f € O™ (V) and express it in a system of linear coordinates 1, ..., Zy:

[ = Zfaxa: Z fIHl’z‘-

|o| <k Ic{1,.n} i€l
[11<k

Using Lemma 4.2.10, we find that, for all v; A ... Avy € AFV:

<f (modo(kfl)(V)) CnE (v A LA o)) = Z f1 <1_[:1:Z ;H(l +ij)>

|I|=k iel j=1

= Z J1 Z Hﬂfz(z’) (Vu(s))

=k ueby i=1

-2 (A (A

where 1(i) is the i-th element of I. The inverse of (n%)* sends a wedge product of
linear forms a; A ... A ay to the polynomial function «;...a, modulo (’)(kfl)(V). It
respects the product structures. O
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Definition 4.2.14. Let V be a finite dimensional vector space over Fy. For all
feOWV)andall P =3 _, px" € Fy[V] we denote by f - P the element of Fy[V]
defined by the formula:

foP=Y f0)px".

veV

Proposition 4.2.15. Let V be a finite dimensional vector space over Fy. For all
feODV) and all P € m@”, f - P belongs to m¥.. Moreover, the induced product
between the graded pieces:

l k+1 k
AVe A\V-= AV,

1s the contraction.

Proof. Let a € OW(V) be an affine function and denote its linear part by da. A
straightforward computation yields for all P,Q € Fy[V]:

a-(PQ) = (a-P)Q +P(da-Q).

Using this formula we can show, by induction, that a - m’\“/+1 is included in m{, for

all £ > 0. From the definition (fg) - P equals f - (¢g- P) for all f,g € O(V) and all
P € Fy[V]. Consequently, (a;...a;)-mi™ is included in m¥, for all ay, ...,aq; € OD (V).
Finally, we find the following inclusions:

!
OV(V) - mht ¢ Zm@”‘i Cmb .
i=0
The duality pairing (f; P) of f € O(V) with P € F5[V] can be written as augy (f-P).
Hence, the operation P — f - P is adjoint to g — g¢f. This remains true in the
graded algebras and it is precisely the definition of the contraction. O]

Lemma 4.2.16. Let V be a finite dimensional vector space over Fy and A be an
affine sub-space of V' of codimension . Let x4 denote the indicatriz function of A.
We have the following exact sequence:

0 —— (x:0eV\A) — V] 25 (x:ve A) —— 0. (4.1)

Moreover, if w denotes the generator of N'{a | a(v) = 0, Vo € TA}, K denotes
(x:v eV \A), and o is a point of A, then for all k € N, we have the following
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diagram with exact rows and columns:

0

I

0

]

k

0

]

k—1

0—>Kﬂml\€//Kﬂml‘€/+1—>/\vL>/\TA—>0

|

-

1 (4.2)

0 —— KnNmf s mb, AT gk > 0
T T T

0 ——— Knmitt —  mbtt 22475 bea ) mbfl ——— 0
T T T
0 0 0

Proof. The space Fo[V] is the direct sum of (x": v € A) and (x":v € V \ A).
A direct computation yields that the operation P — x4 - P is the projection onto
(x":v € A) parallel to (xV: v € V' \ A). Therefore we have the exact sequence
(4.1):

A
XA,

0 —— (x":veV\A) —— FV] (xV:veAd)y —— 0.

Since A has codimension [, it is the intersection of [ affine hyperplanes. The indica-
trix functions of affine hyperplanes have degree 1 hence x4 has degree [. Following
Proposition 4.2.15, the linear map P — x4 - P has degree (—[) as a morphism of fil-
tered vector spaces. Moreover, because of Proposition 4.2.4, choosing a point 0 € A
yields an isomorphism of filtered vector spaces P € Fy[T'A] — x°P € (x": v € A).
Therefore, P +— x°(xa - P) is a surjective filtered morphism of degree (—I) from
Fy[V] onto Fo[T'A]. Consequently, for all k& € N, we obtain, by partial use of the

Snake Lemma!?, the following commutative diagram with exact rows and columns:

0 0 0
I I
k k-1
/\VL/\TA > O > 0

I I

mpy AT bl s gy ———— 0

A p N

k1 x°(xa—) k—1+1
my" ———— mp, " ———— Cpp) ——— 0

[ [

0 0

Where fj, is induced by x°(x4-—) between the k-th graded pieces and the right hand

12¢.f. [Lan93] Lemma 9.1 p.158.

115



CHAPTER 4. T-HYPERSURFACES

side column is made of the cokernels of the associated morphisms. Using Proposi-
tion 4.2.4 and Proposition 4.2.15 we find that the morphism f; is the contraction
against w. It is a surjective morphism and C}, vanishes. Since all the C}’s vanish
the C1y’s must vanish as well. Using now the Snake Lemma in its complete form
we find the commutative diagram (4.2). O

Proposition 4.2.17. Let V be a finite dimensional vector space over Fy and A C'V
be an affine sub-space of codimension [. For all families Hy,...,H, C V of affine
hyperplanes that intersect along A and all k € N, we have:

I
(X”:vEV\A)ﬁm@—:Z<X”:vEV\Hﬁﬂm@.
i=1

Proof. Let us denote by K the sub-space (x": v € V' '\ A) of Fy[V], also equal to
Z§:1<XU2 veV\ H;). Itis endowed with two decreasing filtrations:

Kg = (x":veV\A)nm,

and:
!

K('k) = Z<XUZ v eV \ H)nmb.
i=1
We need to show that they coincide. Since K ék) is included in K, for all k € N, we
can only show that the induced morphisms between the graded pieces are surjective.
Because of Proposition 4.2.4 and Proposition 4.2.5, K(’k) is equal to Zizl xoimﬁHi
where, for all 1 < i <, o; is a point of V' \ H; and TH; is the direction of H;. It

follows that the image of K{;, in AV is:
Ik
> A,
i=1

As a consequence of the definition of the other filtration (K(;))i>o, its associated
graded vector space is embedded in the exterior algebra A V. Moreover, if w is
the generator of A'(V /TA)" and k is a non-negative integer, we have, from Dia-
gram (4.2) of Lemma 4.2.16, the following exact sequence:

0 — K =5 A"V 2S5 A'1A —— 0, (4.3)

and the commutative diagram:

a /\V
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Where a; is induced from the inclusions (ka;) C Ku)ken, by is induced from
(Kék) C m¥)ren, and ¢, is induced from (K@ C my)ren. The morphism ¢, is in-
jective and using Proposition 3.1.14 with the Exact Sequence (4.3) imply that ¢
and by have the same image, so that a; is onto. It imlplies that all the inclusions
K Ek) C Ky, for all k € N are onto, hence equalities. O

The Induced Filtrations.

Definition 4.2.18. In Definition 4.1.9 the cubical cosheaf K® and the cubical sheaf
Ogp were given by the formulae K*” = Fy[F]'] and Orp = O(F"). The functoriality
of the filtrations of Fo[—] and O ensures that these cosheaf and sheaf are respectively
endowed with a decreasing filtration:

RP RP _ (~RP
0C Ky C... CKg =K,
and an increasing filtration:
0 n
0cof) c..col) =0,

and that the associated graded pieces satisty, for all £ € N:

0 — Kify — K& — FF—0, (4.4)
Vk
and:
0— 0% — o) — Fp— 0. (4.5)
bvy

The right hand side projections bv} and bv’} are given by the projections onto the
graded pieces composed with the natural isomorphisms 7 and (n*)~'. We denote

by:

- (E;Q(RP))R%QO the spectral sequence converging toward (Hq(RP;Fg))qzo
that arrises from the bounded filtration of Kgp;

- (Ef?’q(]RP))p o0 the dual spectral sequence converging toward (HY(RP;F,))

z q>0
that arrises from the bounded filtration of Ogp.

The spectral sequence (EP(RP))
algebras!?.

a0 is a spectral ring for Ogp is a sheaf of filtered

These filtrations can be transported on RX.:

Definition 4.2.19. The filtration of X®" from Definition 4.2.18 induces a filtra-
tion of the sub-cosheaf K®Xe C KC®” by intersection. Dually, the filtration of Ogp
induces a filtration of Ogryx. by projection. With these definitions the inclusion
iy o K®Xe — KRP and the projection i*: Opp — Orx. are morphisms of filtered

B¢ f. Proposition 4.2.12.
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cosheaves and sheaves respectively. Lemma A.7 ensures that these filtrations are
dual of one another. We denote by:

(E;VQ(RXS)) and (Ef’q(RXE))

P,q,m>0 p,q,r>0"

the spectral sequences respectively associated with the filtrations of K®¥*: and of
Orx.. The sheaves and cosheaves morphisms ¢* and ¢, induce spectral sequences
morphisms:

Z';q: E';q(RXE) — E;(I(RP) and 7;17‘“’:‘1; Equ(RP) SN Ef’q<RXE).

The multiplicative property of the filtration of Ogp is passed onto the filtration
of Orx. since v* : Ogrp — Ogx. is a morphism of sheaves of algebras and therefore
(Ef’q(RXa»p,q,rzo

a morphism of spectral rings.

is also a spectral ring. Furthermore, the collection (i#9), ,,>0 is

The main theorem of [RS23| rests on the computation of the first page of the
spectral sequence (E; q(IRXg))p’w> , and more specifically the graded pieces of KRXz.
However, we gave a different definition of the filtration of K®*:. Before recalling
the results of [RS23] about the spectral sequence (E;,q(RX€>)p,q,r>o we should check
that the two definitions coincide. Let us recall their constriction.

Definition 4.2.20 (A. Renaudineau and K. Shaw, [RS23] Definition 4.5 p.22). Let
us denote by ((IC%C))Q)’ ) 4>o the decreasing filtration of KEXe constructed as follows:

1. Let 0! < 07 be a pair of simplices of K. The set Arg_(c';09) is a hyperplane
of the vector space F{'(c%;09) = t(F2) /Sed(o';07) (c.f. Lemma 4.1.7). Let
us denote its vectorial direction by T'A and chose an origin 0 € Arg_(o'; 0?).
Let £ € N, and (’CI(R;)(E),(OJ; 0?) denote the image of the k-th power augmenta-
tion ideal m% , by the isomorphism Fo[T'A] — KF®¥¢(o!; 0%) obtained from the
multiplication by x°.

2. Let o? < 09 be a pair of simplices of K and k € N. The sub-space (IC%)(&)’(JP; o)

of K®X<(oP; 07) is obtained as the sum:

(K (o750 = Y (KG)) (05 0%).

ol<op

Proposition 4.2.21. Let o < o7 be a pair of simplices of K. For all integers
k>0:
(K (0750%) = Ky (o5 07).

Proof. Let k > 0 be an integer. From Definition 4.2.19, we have:

K (0?;07) = (x": v € Arg.(0?;07)) Nmy,

where V' is t(F2) /Sed(o?; 09). Lemma 4.1.7 ensures that Arg_(oP;¢?) is the com-
plementary sub-set of an affine sub-space of V. Let o” be a vertex of o?. We can
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apply Proposition 4.2.17 to find that:

(x": v € Arg (0";0%)) Nm}, = Z (x": v € Arg (c';0%)) Nm}, .

oVColcor

Indeed, the sets V' \ Arg_(c!;09), for all edges 0° C o' C 0P, are hyperplanes inter-
secting along V'\Arg_(o7; 07). We can add the remaining (x": v € Arg_(c';0%)) Nm},
on both sides to find that:

(x": v € Arg (0";0%)) Nm}, = Z (x": v € Arg (c';0%)) Nm}, .

olCoP

Because of Proposition 4.2.4 and Proposition 4.2.5, the intersection of the sub-
space (x": v € Arg_(c';07)) with mf corresponds to (K]ég}g))(‘s)’(al;aq). Using the
second construction step of Definition 4.2.20 we finally find that the two filtrations
coincide. O

The following proposition describes the graded pieces of the filtration of KR®Xe
and is mainly equivalent to Lemma 4.8 and Proposition 4.10 of [RS23|. However
in this article, the Borel-Viro morphisms (bvi )ren were not introduced as we do
here since their construction relied on a different definition of the filtration, i.e.
Definition 4.2.20.

Proposition 4.2.22. For all integers k > 0, the Borel-Viro morphism bvf of Def-
inition 4.2.18 sends ICI(R}C))(E onto FX. We denote its restriction-corestriction by bv .
As a consequence we have the following commutative diagram with exact rows:

bvl
0 —— Kihy —— Ki) —— Ff > 0
ix ix ik
bviX
0 — KB —— K5 5 Y 0 (4.6)
0 0 0

Proof. Let 0P < 09 be a pair of simplices of the triangulation K and & € N. From
Diagram (4.2) of Lemma 4.2.16 and Proposition 3.1.14 we derive the following com-
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mutative diagram with exact rows and columns:

\
7
\
7

where A is the codimension p affine sub-space of F{(0P;0%) complementary to
Arg_(o?;09), 0 is a point of A, and w is the generator of A" <F1P(Up; o) /TA) . O

Remark 4.2.23. Ifx° Hle (14+x") belongs to K%f;(ap; o), its image under bvy, (o?; 09)

is /\f:1 V;.

Proposition 4.2.24. The Borel-Viro morphism bv' of Definition 4.2.18 composed
with i* : FE — F% can be factored by i* : OIE@ — O]gﬁ))(s and we denote this factori-
sation by bv%. As a consequence we have the following commutative diagram with
exact rows and columns:

_ bvk
0— oY —— o) 22 Fk — 0

I+ J+ J#

0—— Oé&kgj) — (’)]g?(s — FY —— 0

| |

0 0 0

(4.7)

Proof. Let 0P < ¢? be a pair of simplices of the triangulation K and £ € N. By
dualising Diagram (4.2) of Lemma 4.2.16 and using Proposition 3.1.14 and Propo-
sition 3.1.10 we derive the following commutative diagram with exact rows and
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columns:
0 0 0
k—p
A— ik
0 ——— N\(TA) —L" Fi(o%;0%) —"—s Ff(o%;07) — 0
bVI,;:lp/\ bvlfg bV];(

ext A

Sx

0 N O(k*p)(TA) y Og}l@p;aq) LA (’)]%)(E(Jp;aq) -0

AN A A

0 —— OWI(TA) =5 O V(0% 0%) —— O M(o%i0%) — 0

A AN A

0 0 0

where A is the codimension p affine sub-space of F'(o?;0?) defined as the com-
plementary sub-set of Arg_(o?;07), exty is the composition of the translation iso-
morphism f € O(TA) — [z — f(z+0)] € O(A), for a choice of 0 € A, with the
extension by 0 to a map of O(F[(o?;07)), and w is the generator of the dual of
N FF(0?;0%) /T A. 0

Theorem 3.1.16 and Theorem 3.1.17
together with Proposition 4.2.22 and Proposition 4.2.24 induce a description of the
Kalinin spectral sequences.

Properties of the Spectral Sequences.

Theorem 4.2.25 (A. Borel and A. Haefliger, [BH61|, §5.15 p.496). The spec-
tral sequences (Equ(RP))pqr>0 and (Eﬁ”q(RP))pqpo degenerate at the first page
(i.e. 0" and d, wvanish for all integers r > 1). Moreover, the graded algebra

(Hq(RP;F2); U) is isomorphic to (Hq’q(P; Fy); U)q>

q>0 >0°

Remark 4.2.26. The isomorphism H!(RP;Fy) — HY(P;F,) maps the class [wgx]
to the class [wx]. Proposition 3.1.21 characterises when the latter vanishes.

Theorem 4.2.27 (Structure of the Spectral Sequences of RX,, A. Renaudineau
and K. Shaw, [RS23] Lemma 6.3 p.26 and Proposition 4.12 p.24). The first page
(El;zq(RXE)>p,q20 is isomorphic to the tropical homology (Hp,q(X;IFg))p,qZO. More-
over for all integers r > 2, the only possibly non-trivial groups of the r-th page
(E;:q(RXS))p,qZO
{p+q=n—1and 0 < g <n-—1}. Figure 4.2 depicts the shape of such a spectral

sequence. Hence, the only possibly non-trivial boundary operators (8;7q)p7q20 are:

are located on the line segments {p =qand 0 < g <n—1} and

Onr a—r and On—v | nir,
2 02 2 )
when r is congruent to n modulo 2. By duality the same holds for the dual page
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(EP9(RX.))

pa>0" Howewver, this time the possibly non-trivial differentials are:

n+r n—r n+7"_1 n+7‘_1
’2

nerog
d,.? 2 and d,?

)

under the same hypothesis r = n (mod2).

3,3 3,3
EY E;

0 <——20 0 0

0 < Ep* < 0 0 /EQQ(Q/ 0
E?,3 E11,2 E%l Ef,(] Eg,?) /EZI,Q E2,1 E3,0
0 < Ept 4 0 0 4 /o

S S

2
00 04/0

00 0.0
1 2
a) The first page. b) The second page.
(a) pag (b) pag
33
3
0 0
0 0
E0,3 E3,O
3 3
0 0
0 0
EO,O
3

(¢) The third page.

Figure 4.2: Some page of the spectral sequence of a T-hpersurface of dimension 3.

Following Theorem 4.2.27 we will say that a page of the spectral sequences of
RX. is irrelevant if its differentials or boundary operators are all trivial for having
either a trivial source or a trivial target. The other ones, which we call the relevant
pages are those for which 0 <r <1,0or 2 <r <n-—1and r = n(mod 2).

Theorem 4.2.28 (Symmetry). For allr > 1, the E,.-pages of the Renaudineau-Shaw
spectral sequence computing the cohomology of RX,. satisfy the Poincaré duality.
That s to say:

1. The vector space EP91(RX.) vanishes wheneverp >n —1 orq>n—1;
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2. The vector space E"~ "1 (RX.) has dimension 1;

3. The bilinear pairing U : EPI(RX,) @ Er-1"Pn=1=¢(RX,) — Er " I(RX,) is
non-degenerate.

In particular, EP9(RX.) is isomorphic to E""1"P""1=¢(RX_) and d?? has the same

rank and kernel dimension as d?~'"PTTn270

Proof. By construction the first page of the spectral sequence (E7?(RX.), >0 is
the cohomology of the sheaf of graded algebras associated with Ogryx,.. Following
Proposition 4.2.24, this sheaf is isomorphic to the sheaf of graded algebras @Z;i F%.
On that account E¥"¥(RX.,) is isomorphic, for all p, ¢ € N, to the tropical cohomology
group HP?(X;Fy). Furthermore, this isomorphism respects the cup product. Using
Theorem 3.1.17, this page satisfies the Poincaré duality and the theorem follows
from Lemma A.5. O

Corollary 4.2.29. If RX, is even dimensional, i.e. P has odd dimension, then the
total Betti number of RX, satisfies:

n—1 n—1
> dim Hy(RX.;Fp) = ) dim H,,(X;F,) (mod4).
=1 p,q=0

Proof. By the Universal Coefficient Theorem!'* and duality the statement of the
corollary is equivalent to:

n—1 n—1
> dim H'(RX.;Fy) = > dim H(X;Fy) (mod4).

1=1 p,q=0

Using the convergence of the spectral sequence (E?4(RX.)), >0 and Theorem 4.2.27
we find that:

n—1
> dim H (RX.; Fy) = Z dim EPI(RX.) = Z 21k dpe

=1 p,q=0 r>1 p,q=0
n—1
=) dimEPYRX.) — ) 2rkdp?
p,q=0 p+g=n—1
0<g<n-—2
U
ntr n-r_q n+'r n+7‘
- > 20kd® 7 4rkd,? ),
r>2
r=n(mod 2)
v
ntr n-r_ g n+r -1, ntr
From Theorem 4.2.28 we know that d,2? ° 2 and d,? 2 have same rank
since n — 1 — L + 1 equals 25T nE — 1. It follows

that V' is divisible by 4. Using the same argument we get that the dlfferential dP? has

e f. |CE56] Theorem 3.3a p.114.
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the same rank as the differential d?*""~". Thus U is also divisible by 4 whenever

n is odd. Finally we deduce Corollary 4.2.29 by remembering that EVY(RX.) is
isomorphic to H?4(X;Fy). O

Remark 4.2.30. It was pointed out to me by I. Itenberg in a conference that
Corollary 4.2.29 could already be deduced from the fact that the Euler characteristic
X(RX,) is equal to the signature of a non-singular hypersurface CX of the complex
locus of the toric variety associated with P and arising from a section the ample line

15 Indeed, because RX, is of even dimension

bundle associated with the polytope
2k and satisfies the Poincaré duality with Fs-coefficients its total Betti number
is congruent to (—1)*y(RX.) modulo 4. From Lemma 2.2 p.148 of [Kha73|, the
signature o(CX) is congruent to (—1)¥x(CX) modulo 4. Therefore, the total Betti
number of RX. is congruent to x(CX) modulo 4. Since CX only has homology in

even dimensions x(CX) equals its total Betti number.

Theorem 4.2.31 (Vanishing Criterion). Let r > 2 be an integer congruent to n
modulo 2. The differentials of the relevant page E,.(RX.) are all zero if and only if

i : HY(RP;Fy) — HY(RX.;Fy) is injective when q equals "5*.

Proof. Let r > 2 and r = n (mod 2). By Theorem 4.2.27 the only possibly non-trivial
differentials of the r-th page are:

n+r '”*Tfl n+'r71 n+7‘71
’ 2

d,2’ 2?2 * and d,?2

Following Theorem 4.2.28, they have the same rank so one vanishes if and only the

other does. Let ¢ be “5*, we have the commutative diagram:

-q+7,q—1
Evtra-I(RP) “— Eitma-1(RX.)
dg+r,q71l ldg‘+r,q71 (48)
E24(RP) ————— E?9(RX.)

Using Theorem 4.2.25, Theorem 4.2.27, and Proposition 4.2.24 the commutative
diagram (4.8) can be written as follows:

0 ——— BTN RX,)

l -

Hq’q(P;IFQ) T Hq’q(X;FQ)

Since 2¢ = n —r < n — 1 by assumption, the tropical Lefschetz Hyperplane Section
Theorem!®implies that i%9 is an isomorphism. As a consequence d?*"¢~! vanishes
if and only if the map i/, : EX (RP) — EP! (RX.) is injective. Furthermore, we

15¢.f. [Ber10] Theorem 2.1 p.12 and [BLAMR22| Theorem 1.3 p.4.
16¢.f. [ARS21] Theorem 1.1 p.1348 and [BM71] Proposition 3.2 p.15.
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have the following exact sequence:
0 — E2Y(RX.) — HY(RX_;Fy) — E"1799(RX,) = 0.

Since E29(RX.) is isomorphic to EXY, (RX,), HI(RP;Fy) is isomorphic to E (RP),
and the morphism i?: HY(RP;Fy) — HY(RX,;Fy) respects the filtration, the mor-
phism 47, is injective if and only if i? is. O

From this vanishing criterion we deduce the following corollary:

Corollary 4.2.32 (Criterion of Degeneracy). Let 7o > 2 be an integer congruent
to n modulo 2. The differentials d2? of the Renaudineau-Shaw spectral sequence
computing the cohomology of RX. vanish for all p,q > 0, and all r > rg, if and only
if the cohomological inclusions 19 : H1(RP;Fy) — HY(RX,;Fs) are injective for all
q < 5. In particular, all the differentials d2? are trivial for all v > 2 if and only
if the cohomological inclusions 17 : H1(RP;Fy) — HI(RX,;Fy) are injective for all
¢<[3] -1

Corollary 4.2.32 can be interpreted as a comparison of two invariants of the pair
RX,. C RP. The first one is the following:

Definition 4.2.33. We define the degeneracy index of RX, as:
r(RX.) =min{rg>0|d??=0,Vp,qg €N, Vr > 1o} .

The second invariant was introduced by 1.O. Kalinin for projective hypersurfaces
and named the rank of the hypersurface by O. Viro:

Definition 4.2.34. The rank of RX, is defined as:
((RX.) =max {go > 0| i?: H(RP;F5) - H(RX.;F5) is injective for all ¢ < go} .

Corollary 4.2.35. We have the inequalities:
((RX,) > {%J ’

with equality if r(RX.) > 3+ % and:
r(RX:) <max(2;n—2((RX.)—1),
with equality if (RX.) < 252,

Proof. In a first time we prove the first inequality. The number r(RX.) lies between
1 and n — 1. Assume r(RX.) > 2 and let us denote by R and L the sets:

Ri={2<r<n|d=0VpqgeN ¥r>n},
I = {QO >0 |i?: H(RP;Fy) - HY(RX,;F,) is injective for all ¢ < qo} .
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If we denote by f the map r — L"ETJ , Corollary 4.2.32 implies that f(R) is a subset
of L. Since f is non-increasing ¢(RX.) is at least equal to f(min R) = f(r(RX,)). If
r(RX.) = 1 then the hypersurface RX, is maximal for the Smith-Thom inequality'”
There are two cases depending on the parity of n — 1. If n — 1 is odd then the
inequality is a direct consequence of Corollary 4.2.32. If n — 1 is even then we
have to show that i"7 is also injective. In the first page of the Renaudineau-Shaw

spectral sequences we have the following commutative diagram:

n+1 n—3
n+l n— ; 2 +1 n—3

EFTRP) S BT (RX)

n<2§»1 n53 n~21»1 nES
dl dl

n=1 n-1 n=1 n—1
E " (RP) —— 7= £1° 7 * (RX.)
w2z
Using the maximality hypothesis as well as Theorem 4.2.25, Theorem 4.2.27, and
Proposition 4.2.24 this commutative diagram can be written as follows:

0 y H' "2 (X TFy)
| |
H*2 "3 (PiFy) ————— H'7 "% (X;Fy)
itz oz

Where i"z "7 is injective by the tropical Lefschetz Hyperplane Section Theorem'®.

Since RX. is max1ma1 H% (]RXa,]Fg) is isomorphic to H"2 "z (X;F,) and the
morphlsm i"T H'% (RP Fy) — H*z (RXE,IFQ) is conjugated to the morphism
Tt H'T (P Fg) —> H"T"% (X:F,). As a consequence iz is also injec-
tive. If r(RX.) > 3 4+ =17 then the differentials of at least one relevant page are
non-trivial. Then, using Corollary 4.2.32 we find that the map ¢? is not injective for
the corresponding index ¢ and the equality follows. To prove the second inequality

we use the converse implication of Corollary 4.2.32 to find that:

-]

r(RX.) < min {r > 2 | i% is injective for all ¢ < |2

<m1n{r>2] | 25
< min <{T22|"§T SK(RXE)}
U{r>2| [

J<£(RX)}

r| < (RX.) < ”;})

< min ({maX(Q; n—2((RX.))}

u{r>2]| |%

L] <URX.) < ";T}).

17¢.f. [RS23] Theorem 6.1 p.26.
18¢.f. [ARS21] Theorem 1.1 p.1348 and [BM71] Proposition 3.2 p.15.
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Theset {r > 2| |%-]| < {(RX.) < 25"} is either empty or reduced to the singleton
{n —2((RX.) — 1}. The latter case only occurs when n — 2/(RX.) —1 > 2 i.e.
((RX.) < 252 In that case we find 7(RX.) < n — 2((RX.) — 1. If on the contrary
((RX.) > 251 then max(2;n — 2((RX,)) = 2 and r(RX.) < 2. Therefore, r(RX.)
is at most equal to max(2;n — 2((RX.) — 1). The associated equality follows from
Corollary 4.2.32 since under the assumption ((RX.) < ”7_5 there is at least one

relevant page of index at least 2 with non-trivial differentials. O

Corollary 4.2.32 can be improved for a particular class of real toric varieties

whose cohomology ring have a property related to Hard Lefschetz Theorem!?:

Definition 4.2.36. Let Y be a topological space and o € H'(Y;F,). We denote
by ¢(«) the minimum of the integers ¢ > —1 for which there exists a non-zero class
S € H™(Y;F,y) for which o U  vanishes. We denote the maximum of the t(a)’s
for all « € H'(Y;Fy) by «(Y).

Remark 4.2.37. For any n-dimensional smooth polytope P the number ((RP) is
at most n — 1. The Hard Lefschetz Theorem might lead us to think that ((RP) is
always at least equal to L%J — 1 since the cohomology ring of RP with Fy-coefficients
is isomorphic, up to dividing the grading by 2, to the reduction modulo 2 of the
integral cohomology ring of its complex locus CP. However, the powers of the class
of a primitive ample line bundle might be divisible by 2 from a certain rank. This
phenomenon is illustrated in the fourth point of Examples 4.2.38. Nevertheless,
we can deduce from the Hard Lefschetz Theorem that ((RP) being greater than

bJ — 1 is a constraint on the polytope P. Since the Betti numbers of RP form an

unimodal sequence centered at %, if «(RP) > ng then all the ¢-th Betti numbers of
RP must be equal for all n — ((RP) —1 < ¢ < ((RP) + 1, as in the third point of

Examples 4.2.38. The only polytope P satisfying «(RP) = n — 1 is the simplex.

Examples 4.2.38. Here we give examples of the numbers ¢(Y') when Y is the real
locus of a smooth projective toric variety:

1. If P is a non-singular simplex its associated toric variety is a projective space.
The cohomology ring of RP is isomorphic to Fa[h] / (h"*1) where n is the
dimension of the simplex. We have ((RP) =n — 1;

2. If P is the product of two non-singular simplices then the cohomology ring
associated with RP is Falhq, ho /(h;“H, thH). If ny < ngy any class of the
form hy + uhy, u € Fy, has t(hy + uhy) = ny — 1, the other non-zero classes
have ¢(hy) = ny — 1. Therefore, ((RP) = max(nq;ng) — 1;

3. We say that a simple integer polytope P is a blow-up of a simple integer poly-
tope @ if P is obtained by chopping off one of its corner. More precisely,
the corner to be chopped off must be adjacent to edges of integral length
at least 2 and the chopping hyperplane must pass through integer points of
these edges at equal integer distances from the corner. See Figure 4.3 for

Y¢.f. [Wel07] Corollary 4.13 p.195.
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instance. The corner vertex of the polytope corresponds to a fixed point
of the torus action on the associated toric variety. Chopping off the cor-
ner corresponds to blowing-up the fixed point. One can find a description
of the normal fan on pp.40-41 of [Ful93]. The space RP is the connected
sum of RQ) with RP". Using the Mayer-Vietoris exact sequence® we find
that P,y H(RP;Fy) is the quotient of (@qu HY(RQ;F>))[z] by the ideal
(za: o € D, >1 HI(RQ; Fq)) + (2" + [RQ]") where [RQ]" is the generator of
H"(RQ;TFs,). Therefore, if & € H(RQ;F5) then the class of P, a + z satisfies
t(a + x) = min(e(a);n — 2). However, the class «, seen as a class of P, has
t-number equal to either 0 or —1. Since x has t-number equal to 0 we find
that «(RP) = min(:(RQ);n — 2).

[ e ')

\
¢ ° ) >
o ® ®

Figure 4.3: A blow-up of P! x P!

4. Let I" be the n-dimensional cube. The cohomology ring P, oy H(RI"; F2)
is the exterior algebra A\ H'(RI™;Fy) so any class of degree 1 squares to 0.
Therefore, «(RI™) = 0.

Corollary 4.2.39. Let ro > 2 be an integer congruent to n modulo 2. If «(RP) is
at least L%J — 2 then the differentials d,, , of the Renaudineau-Shaw spectral sequence
computing the cohomology of RX. wvanish for all p,q € N, and all v > ry, if and
only if the cohomological inclusion 17 : HY(RP;Fy) — HI(RX.;Fy) is injective for
q="5"2. In particular, all the differentials d,, are trivial for all v > 2 if and
only if the cohomological inclusion % : HY(RP;Fy) — HY(RX,;Fy) is injective for
¢=3]-1

Proof. Let w be a class of P for which ¢(w) > |2] — 2. For all ¢ € N, we have the
following commutative diagram:

HY(RP;Fy) —=— HIY(RX.;F,)

wufl lil(w)u—

HIY(RP;Fy) — HITY(RX,;Fy)

Therefore, if g+1 < [%] —1 and ™! is injective then so is 79 since wU— is injective.
Corollary 4.2.39 follows from Corollary 4.2.32. O]

20¢.f. [Mun84] Theorem 33.1 pp.186-187.
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If P is a non-singular simplex of odd size and K is a convex triangulation, RX,
is isotopic to a real algebraic hypersurface of odd degree in a real projective space by
Viro’s Patchworking Theorem?!. In this case, it is known that /(RX.) = n—1, hence
all the differentials of (Ef’q(]RX €>)p,q>0 vanish for all » > 2. This sufficient criterion
of degeneracy can be generalised to the class of polytopes satisfying ((RP) > L%J -1

regardless of the convexity of the triangulation.

Proposition 4.2.40. We have the inequality:
U(RX,) > tfwrx].

In particular it follows from Corollary 4.2.39 that if tjwrx] > L%J — 1 then all the
differentials of (Ef,”q(RXE)) vanish for all r > 2.

p,q=>0

Proof. For all 0 < ¢ < n — 1, we have the following commutative diagram:

H1Y RP IF2
Q[HV \
_(RP;TFy) HI(RX.;Fy)

[wa}ﬂ— 7H[RX£]

Hn 1— q(RP FQ) <—Hn 1— q(RXE,FQ)

n—1—gq

Where N denotes the cap product, [RP] is the generator of H,(RP;F,), and [RX,]
is the generator of H,_;(RX,;F;y). Because both RP and RX. satisfy the Poincaré
duality with Fy-coefficients, both — N [RP] and — N [RX,] are isomorphisms. We
also have the following commutative diagram:

HYRP;Fy) —220 o paviRp; Ty)

—m[RP}lg gl—m[RP}

Hy—y(RP;Fy) ———— Hy g 1(RP;F»)

Therefore, the morphism 7 is injective for all ¢ < tJwrx], and /(RX.) > t[wrx]. O

Combining Corollary 4.2.35 and Proposition 4.2.40 yields a generalisation in some
cases of the statement “The Renaudineau-Shaw spectral sequence of a projective
primitively patchworked hypersurface of odd degree degenerates at the second page”,
namely the upper bound:

r(RX.) < max(2;n — 2tjwrx] — 1) .

Therefore we can sometimes directly know if the Renaudineau-Shaw spectral se-
quence degenerates at the second page by only looking at the degree of RX,, i.e.

2l f. [Vir06] Theorem 4.3.A pp.32-33, or [Ris93] Théoréme 4.2 p.75.
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at the class [wrx]. In Table 4.1 and Table 4.2 below we described the the possible
values of ([wry]| and the associated upper bound on the degeneracy index. In the
first table we study the case of a product of non-singular simplices and in the second
one the case of a blow-up of a non-singular simplex. Both these examples have a H*
of dimension 2. However for some polytopes, e.g. a cube of dimension at least 4,
this upper bound is completely vacuous no matter the degree of the hypersurface.

Ph x P"™ | d even | d odd Pl x Po™ d" even d' odd
d even 0 n+m-—1 d even max(2;n+m — 1) 2
d odd n—1 |n+m-—1 d odd max(2;m + 1) 2
(a) The value of t[wrx]| in the prod- (b) The corresponding upper bound on
uct of an n-projective space with an r(RX.) deduced from Corollary 4.2.35 and
(n + m)-projective space as a func- Proposition 4.2.40.
tion of the parity of the bidegree
(d; d').

Table 4.1: The value of ([wgrx] as well as the corresponding upper bound on the de-
generacy index of a T-hypersurface in a product of two projective spaces as functions
of the bidegree.

BLP] | [RX.]-E=0| [RX.]-F = E?
d even 0 0
d odd 0 n— 2

(a) The value of tjwrx] in the blow-up of an n-projective space as a function of the parity
of the degree d and the intersection with the exceptional divisor E.

BLP? | [RX.]-E=0]| [RX.] - E = E7
d even | max(2;n —1) | max(2;n —1)

d odd | max(2;n — 1) 2

(b) The corresponding upper bound on r(RX.) deduced from Corollary 4.2.35 and Propo-
sition 4.2.40.

Table 4.2: The value of ([wrx]| as well as the corresponding upper bound on the
degeneracy index of a T-hypersurface in the blow-up as a function of the degree and
the intersection with the exceptional divisor.

4.3 Degeneracy for a Family of Triangulations

In this section we will construct a particular sequence of primitive triangulations
of the non-singular simplices inspired from the triangulations on which I. Itenberg
constructs?? maximal surfaces of every degree. We will then show that any T-
hypersurface constructed on these triangulations has degeneracy index equal to 2.
To do so we will prove a stronger statement than the criterion of Corollary 4.2.39.
We begin with two auxiliary propositions.

¢ f. [1te97], §5 M-Surfaces pp.139-141.
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Proposition 4.3.1. Let K be a finite simplicial complex, XK its suspension and
e € C°%XK;Fy). We denote by ay anda_ the two suspension apezes. Ife(ay) + e(a_)
equals 1 then the hypersurface X dual to de is isotopic to |K| relatively to |K| N X.

Proof. The hypersurface X is the support of the subcomplex of the cubical sub-
division of XK made of the cubes indexed by the pairs of simplices o' < 0" for
which de(o!) = 1. The geometric realisation of XK lives in the finite dimensional
real vector space freely generated by the vertices of ¥ K and the hypersurface X is
homeomorphic to the intersection of |[X K| with the hyperplane of equation:

f=> (-1)Wz, =0,

peLK(0)

where z, is the coordinate associated with the vertex p. We can construct a home-
omorphism G of |[X K| that exchanges the two sets the following way:

1. Let 0 € ¥ K, if the restriction €|, is non-constant we can find a set of positive
real numbers u(o) indexed by the vertices of o whose sum is 1 and satisfying:

Y (1) Puy(0) = 0.

pEa’(())

1

If the restriction €|, is constant we set u,(0) = F——7;

2. We denote by G the homeomorphism of |X K|, affine on the simplices of the
barycentric subdivision of XK, which sends the barycenter of every simplex o

t0 > ,cp0 Up(a)p.

This map G is simplicial by construction. Now we study the hypersurface of |Y K|
defined by f. It avoids the two apexes a;, and a_ so |[ZK| N {f = 0} equals
(IZK|\ {ax}) N {f = 0}. Let us consider the following homeomorphism:

e |K[x] =11 — [EK|\{as;a-}
(p;t) — (1 —|t])p+ max(0;t)ay — min(0;t)a_ .

Since e(ay) + e(a_) equals 1, f(o(p;t)) is equal to (1 — |t])f(p) + (—1)=@)¢t. If
f(¢(p;t)) vanishes and f(p) does not, 0 < || < 1. And therefore:

t (=) ()

[t |f(p)]

From which we deduce, after considering the case f(p) = 0, that f(¢(p;t)) vanishes

if and only if:
F(p) + (=) (L + |f(p)))t = 0.

The hypersurface {f = 0} is the graph of the function u : p — (—1)E(a+)Jr1 lJrflgcp()pN in

the coordinates given by ¢. We consider the map H : [0;1] x |K| — |X K| defined
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for all (¢;p) € [0;1] x | K| by the formula:

() = 67 (1= 060) + to(G)u(G)) ).

The map H (t; —) is an embedding for all 0 < ¢ < 1 since it is conjugated to a graph
embedding, H(0; —) is the inclusion of |K| in |[XK|. The set H(1;|K|) is X. If p
is in |K| N X then G(p) belongs to |K|N{f = 0}. Consequently, H(t¢;p) equals
G~ ((1 — t)G(p) + tG(p)) which is p. O

We denote by B"*! the (n+1)-dimensional Euclidean ball and by 7 the projection
of B"! onto RP™"! by antipodal identification of the points of 9B™*'. Let X be
a subset of RP", we define CX C RP"™! as the image under 7 of the cone at the
origin 0 over 7 !(X).

Lemma 4.3.2. If X C RP" is homeomorphic to RP? and homologous to a linear
sub-space then CX is homeomorphic to RPP™ and homologous to a linear sub-space
as well.

Proof. The space 7~ !(X) is a double cover of X. If it is connected and p > 1
7 1(X) — Xis the universal cover of X and 7 '(X) is a sphere. If p = 1 and
it is connected 77!(X) is a circle. In this case CX is homeomorphic to RPP*!.
Now we prove that if X is homologous to a linear sub-space of RP™ then 77 (X) is
connected. We have the commutative diagram of exact sequences of singular chain
complexes:

0 +— C,(RP™:F,) +—— C,(S";F,) +—— C,(RP";F,) «— 0

Tj * T Tj

0 ¢ C(X;F2) ¢ Culm (X );Fy) ¢—— Cu(X;Fy) ¢—— 0

where the vertical morphism are given by the corresponding inclusions of topological
spaces and the morphism ¢ sends a singular simplex ¢ to the sum of its two lifts to
S™. It yields the following commutative diagram of exact sequences:

o)

T T

0 «— Ho(X;F) <~ Ho(n ' (X);F2) 5 Ho(X;F2) «—— Hi(X;Fz) «— -

It implies in particular that by(7~!(X);Fy) = 1 + rki = 2 — rk j,. By assumption
the image of the fundamental class of X in the homology of RP" is [RP?] so its
intersection with [RP""'77] is the class of the line [RP']. If « is the Poincaré dual
of [RP"'7P] we have j,(j*a N [X]) = [RP""77] . [RP?] = [RP'], so j, has rank 1
and 7~1(X) is connected.

To see that C'X is still homologous to a linear sub-space we can notice that we
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have the following commutative square:

H'(RP™!:F,) —— H'(RP";F,)

| L

So the generator of H'(RP™*':F,) is sent to the generator of H'(C'X;Fy). Using the
structure of the cohomology rings of projective spaces, we see that the restriction
morphism H9(RP"*!:Fy) — HI(CX;Fy) is an isomorphism for all ¢ < p + 1. ]

We recall that for a simplex ¢ whose vertices are ordered we have a canonical
triangulation of the prism o™ x [0;1]. Its maximal simplices are the simplicial joins
[vo; .5 03] X {1} * [v3;...;0,] X {0} where 0 < i < n and [vy;...;vg] is the face of o
indexed by the vertices vy, ..., vx. See Figure 4.4 for an example. This triangulation
allows us to construct triangulations of the standards simplices inductively.

(Ug; 1

) e
e
(v2;0) ‘

Figure 4.4: Canonical Triangulation of the Product of a Segment with a Triangle.

Definition 4.3.3. Let n,d > 1 be two integers and P} be the convex hull of
{0;dey;...;de,} € R™ If K is a triangulation of P}, and L is a triangulation of
P! we define K + L as the unique triangulation of PJj,, for which:

1. The restriction of K + L to Py, N {x, > 1} is the translation of K;

2. The restriction of K + L to [e,, e, +deq, ...,e, +de;| x [(d+1)e;, ..., (d+1)en_1],
for all 0 <7 < n — 1, is the join of the restriction of the translation of K to
len, en +dey, ..., e, + de;] with the restriction of L to [(d+1)e;, ..., (d+ 1)e,—1].

Figure 4.5 depicts an example of such triangulation.
Lemma 4.3.4. Let P be a full dimensional polytope of R™ endowed with a triangu-
lation K, and f,g : P — R be two functions, affine on every simplex of K. If f is

convex and, for any convexr subset A of P, g|a is convex as soon as f|a is affine,
then there is an n > 0 for which f + ng is convez.
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S
R

/i

s

M

\
\

Figure 4.5: A Triangulation K + L.

Proof. Let o be a maximal simplex of K, for all functions h : P — R affine on
every simplex of K, we denote by a(h; o) the unique affine function of R" satisfying
hl, = a(h;0)|,. For all vertices v of K and all maximal simplices o of K, we denote
by §(h;v; o) the difference h(v) —a(h;o)(v). The function A is convex if and only if:

h = max a(h; o),
oeK

which is itself equivalent to d(h;v;0) > 0 for all vertices v and maximal simplices
o. Moreover, if h is convex then 0(h;v; o) vanish if and only if v and o belong to
the same affinity component of h. Indeed, since h is convex, its affinity components
are the projections of the n-dimensional faces of the epigraph of h, i.e. the sets
{p € P| h(p) = a(h;0)(p)} where o is a maximal simplex of K. By assumption,
we have d(g;v;0) > 0 whenever 6(f;v;0) = 0. If min{é(g;v;0): v,0 € K} > 0 the
function g is convex and f + ng is convex for all 7 > 0. In the other case f cannot
be affine and there is at least one couple (v; o) for which §(f;v;0) is positive, and
any 7 satisfying:
min{d(f;v;0) >0:v,0 € K}

—min{d(g;v;0): v,0 € K} ’

0<n<

yields a convex function f + ng, since 6(f + ng;v;0) = 6(f;v;0) + nd(g;v;0) >0
for all vertices v and all maximal simplices o. O
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Proposition 4.3.5. If both K and L are convex then so is K + L.

Proof. The triangulation K + L of Py, is a subdivision of the first triangulation
M of Pj,; made of the translation of P by e, and the joins of the second point of
Definition 4.3.3 subdividing the prism Pj,; N {0 < z,, < 1}. The triangulation M is
convex. It has exactly (n+ 1) maximal simplices, the interior of each is a connected
component of the complement in Py, ; of a union of n affine hyperplanes. A direct
computation yields their equations: (d+1)(z, — 1)+ Y_r— zx, forall 1 <i <n—1,
and x,, = 1. On that account, the function:

n—1 n—1
V:xEPZ»—>|xn—1|+Z (d+1)(:1:n—1)+z:pk :
k=i

=1

certifies the convexity of M. Let vk and vy be two functions respectively certifying
the convexity of K and L. We consider [vx+vp| the unique function Py, — R affine
on every simplex of K + L whose restriction to Py, N{x, > 1} is the translation of
vk by e, and whose restriction to P}, N {z,, = 0} is v1. In other words vk + v
is defined on the joins of the bottom prism Py, N {0 < z, < 1} by the convex
interpolation of vg(— + e,) and v;. By construction this function is convex on the
simplices of M, therefore, following Lemma 4.3.4 we can find n > 0 small enough so
that v + vk + vr] is convex. By construction, this function certifies the convexity
of K + L. O

Remark 4.3.6. Lemma 4.3.4 and Proposition 4.3.5 are contained in [KKMSD73|
pp.112-116.

Definition 4.3.7 (Viro triangulations). The Viro triangulations (V') n.a>1 0f (Pl})n.a>1
are defined by the following recursive procedure: V" is the trivial triangulation, V!
is the unique primitive triangulation of the segment, and Vd'fll = d”“ + Vi, for all
n,d > 1. By recursion and Proposition 4.3.5, V' is primitive, integral, and convex
for all n,d > 1.

Figure 4.6: The Viro triangulation V2.
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Proposition 4.3.8. Let n > 2 and d > 1. The injective affine map:
PP S Pl

that sends 0 to dey and de; to de;yq, for all 1 <1 <n—1, is simplicial with respect
to V1 and V1.

Proof. The proposition is a consequence of the recursive construction of the Viro
triangulations. Let us denote K the pull-back to P} of V! by f7. By construction,
K3,, equals K7 + K}, K} is the trivial triangulation, and K] is the unique
primitive triangulation of the segment. Therefore K} is V' for all d,n > 1. O

Theorem 4.3.9 (Rank Maximality). If K is a Viro triangulation of P" then the
homological inclusion:

iy Hy(RX.:Fy) — H (RP™:F,),

is surjective for all ¢ < [”T’l} and all e € C°(K;Fy). That is to say, the rank of a
projective hypersurface obtained from a primitive patchwork on a Viro triangulation
18 always maximal.

Figure 4.7: Antipodal identifications.

Proof. Let d < 1 be an integer. We prove by induction on n > 0, that for all
RX. of dimension 2n in RP3*"" constructed on the Viro triangulation V"™, there
is a sub-space L,, C RX. homeomorphic to RP" and homologous in RPZ"Jrl to a
linear sub-space. Since RX, is never empty the initial statement is satisfied. Now
we assume that the statement is true up to rank n > 0. We remember that to
construct RPZ"*3 we considered 223 copies of P2"*? indexed by v € t(Fy) = F3"
glued along their codimension 1 faces with the following rule : the face c*"*2 x {v}
is identified with the face 0?72 x {v + w,} where w, is the generator of the line
(To*+2)L(Fy). We consider the ball B?"*3 obtained by performing such gluings
for all the codimension 1 faces of P3"** except the one opposite to the origin. The
projection we obtain by performing the remaining gluings 7 : B2"+3 — RP2"*3 is the
usual quotient of the ball where we identify the antipodal points of its boundary,
c.f. Figure 4.7. We consider the sphere S*"™' C 9B%*"*? made of the images of
all the copies of the codimension 2 face of PZ"** opposite to the edge joining the
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vertices 0 and deg, ;3. The image 7(S***!) is the (2n + 1)-dimensional projective
space associated with the codimension 2 face of P§”+3 that builded S****,

4\.

\/

(a) The suspension of the equatorial disc (b) A first view of the portion of RX; lo-
as a subcomplex in B3 = 71 (RP?). cated in the suspension of the equatorial
ball.

(c) A front view from a 7 angle. (d) A view from above.

Figure 4.8: Some portion of a T-surface RX, constructed from a sign distribution
on the Viro triangulation V.

The intersection of RX, with this RPﬁ”+1 is, by construction, the patchwork of
the restriction of ¢ to this codimension 2 face of P3"™. This face is the codimension
1 of the bottom face opposite to the origin. Since the bottom face is endowed
with the Viro triangulation, Proposition 4.3.8 implies that the triangulation of the
codimension 2 face is the Viro triangulation VdQ"H. Hence we can use our recursion
hypothesis to find a sub-space L, C RX. N ]RPZ’”+1 homeomorphic and homologous
to RP™. Following Lemma 4.3.2 we know that C'L, C RP3"*® is homeomorphic
and homologous to RP™"!. The preimage 7~ '(CL,) is located in the equatorial
ball B2"*2 of B?"*3 the one spanned by the codimension 1 face of P7"** opposite
to the vertex des,, 3. From Proposition 4.3.1 we can move the ball B?"*? inside
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7Y (RX.) by isotopy relative to B2 N7~ (RX.). Indeed, the union of the (2n+3)-
dimensional simplices of ]RVdQ”J“?’ that have a codimension 1 face in B?"*2 is the
suspension of the triangulation of B?**2. Moreover, the two suspension apexes are
+es,43 which carry opposite signs by definition. The isotopy sends 7~'(CL,) to
a sub-space that projects to L,.1 C RX. which satisfies the desired properties.
The isotopy unfolding of the portion of RX, located inside the suspension of the
equatorial ball is depicted in Figure 4.9. From this we deduce that if RX, has even
dimension 2n we have, for all ¢ > 0, a commutative diagram:

H,(RX.;Fs)

H, (Rp2n+1§ F2)

Hy(Ln; Fs)

The map j, is surjective for all 0 < ¢ < n, so the theorem is proven for even
dimensional patchworks. For odd dimensional patchworks we can notice that the
triangulation restricted to the codimension 1 face opposite to des, o carries the Viro
triangulation as well so we can apply our construction to the induced patchwork and
deduce the statement. O

Combining this statement with Corollary 4.2.39 we find the following corollary:

Corollary 4.3.10. The Renaudineau-Shaw spectral sequences computing the ho-
mology and the cohomology of the hypersurface RX. C RP™ constructed from a Viro
triangulation K and a sign distribution ¢ € C°(K;Fy) degenerates at the second

page.

Conjecture 1 can be rephrased as r(RX.) < 2 or equivalently /(RX.) > [2] — 1.
However, as in Theorem 4.3.9, we believe the stronger inequality ((RX.) > L”_lj
might even be true in full generality.
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(a) The suspension of the (b) The suspension of the (¢c) The suspension of the
equatorial ball at ¢t = 0. equatorial ball at t = % equatorial ball at ¢t = 1.

(d) The portion of RX. (e) The portion of RX. (f) The portion of RX.
inside the suspension at inside the suspension at inside the suspension at
t=0. t=1. t=1.

2

(g) The portion of RX, in- (h) The portion of RX. (i) The portion of RX, in-
side the suspension at t = 0 inside the suspension at side the suspension at t = 1
from above. t= % from above. from above.

Figure 4.9: The unfolding isotopy from Proposition 4.3.1 applied to the portion of
a T-surface RX. on V;} located in the suspension of the equatorial ball.
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Chapter 5

The First Page of the Spectral
Sequence

5.1 Differential Geometry of Primitive Complexes

Shellings. In this paragraph we provide the definitions and basic properties of
shellings of simplicial complexes.

Definition 5.1.1. Let K be a finite simplicial complex of dimension n € N. The
polynomial f, is given by the formula:

n+1

Fr(X) = Z fira(K) X,

where f;(K) is the number of i-simplices of K.

Definition 5.1.2. A shelling of a finite simplicial complex K of pure dimension
n € N, is a numbering of its maximal simplices oy, ...0} such that, for all integers
0 <i <k —1, the intersection of 07" ; with the previous simplices U;<;07" is a non-
empty union of faces of codimension 1 of o, ,. Let 0 < ¢ < k, we call the order of
o', the number of its faces of codimension 1 that belong to the previous simplices.
For all 0 < j < n+ 1, we denote by h;(K) the number of simplices of order j of the
shelling. Moreover, we define the polynomial hg by the formula:

n+1
hi(X) =Y hy(K) X"
j=0

A simplicial complex that admits a shelling is called shellable.

The polynomial hx of a shellable simplicial complex K does not depend on the
particular shelling used to compute it. This property is a corollary of the following
formula.

Proposition 5.1.3 (|Zie95], p.249). Let K be a shellable simplicial complex. We
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have the following identity:
hK(X) = fK(X —1). (5.1)

The relation (5.1) implies that ho(K) equals f_1(K), i.e. 1, and also that h,, 41 (K)
equals f(—1),ie. (=1)"" + (=1)"x(|K]) (the Euler characteristic of |K]).

Proposition 5.1.4 (|Bj684|, Proposition 4.3 p.12). Let K be a shellable simplicial
complex of dimension n in which every (n — 1)-simplex is contained in at most two
n-simplices. Then:

1. If every (n — 1)-simplez is contained in exactly two n-simplices, the geometric
realisation of K is homeomorphic to a sphere;

2. If there is a (n — 1)-simplex contained in exactly one n-simplex, the geometric
realisation of K is homeomorphic to a ball.

In particular, in the first case hp1(K) equals 1 and in the second 0.

Lemma 5.1.5. Let K be an n-dimensional shellable simplicial complex in which
every (n — 1)-simplex is contained in at most two n-simplices. Let o, ...,0} be
a shelling of K. For all 0 < i < k, we denote by 7; the intersection of all the
codimension 1 faces of ol along which it intersects the previous simplices. For all
0 <i <k, the star of ; in K 1s contained in U;j<;o}. In other words, when we add
the simplex o' we complete the star of ;.

Proof. Let 0 < i < k. The link of 7; is a pure (n — 1 — dim(7;))-dimensional
simplicial complex in which every simplex of codimension 1 is contained in at most
two maximal simplices. The shelling of K induces a shelling of the link lk(7;; K).
The proof of Lemma 8.7 p.237 of [Zie95] is directly adaptable from the case of a
vertex to the case of a simplex of higher dimension. By definition of 7;, this shelling
has a simplex of order n—dim(7;), i.e. dimlk(7; K)+1. This is lk(7; 07'). Hence, by
Proposition 5.1.4, this link must be a sphere. Thus, every simplex of codimension
one of this link belongs to exactly two maximal simplices. The shelling of the link
can be reversed to find another shelling of the link. This is Lemma 8.10 p.240 of
[Zie95] for boundary of simplicial polytopes. However, its proof only uses the fact
that every simplex of codimension one belongs to two maximal simplices, hence it
is directly transposable to our case. Reversing the order changes the order of every
maximal simplex by the involution x — dim lk(7;; K')+1—2z. Therefore, the simplex
of order dimlk(7;; K) + 1 has to be the last for the simplex of order 0 is always the
first. Therefore, when we add o' we complete the link of 7;, hence its star. O

Differential Geometry. Some concepts of differential geometry are adaptable to
the discrete context of simplicial complexes primitively embedded in affine spaces.
We give the definitions of this framework. Like in the previous chapter t*(Z) denotes
a free Abelian group of rank n, and for every commutative ring R, t*(R) denotes
the associated free module t*(Z) ®z R. t(Z) denotes the dual lattice of the dual
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vector space t(R). [y is the field with two elements. We say that a sub-vector
space W C t*(R) is rational if there exists a sub-module M C t*(Z) satisfying
M ®7z R =W. In this case we denote by W (Z) the lattice W Nt*(Z), and for every
commutative ring R, by W(R) the free module W (Z) ®7 R. We say that an affine
sub-space A of t*(R) is rational if its tangent space T'A is.

Definition 5.1.6. We call a primitive complex in t*(R), a purely n-dimensional
piecewise-affinely embedded simplicial complex K C t*(R) whose simplices are prim-
itive. The boundary of K is the sub-complex of simplices contained in exactly one
maximal simplex of K. We denote it by K.

Definition 5.1.7. Let K be primitive complex in t*(R). The Fo-normal cosheaf N
of K is defined for all simplices ¢” by the formula:

N(o?) = (To?)" (F2),

with extension morphisms given by inclusions. Likewise, the Fy-cotangent cosheaf
T of K is defined for all simplices o” by the formula:

T*(o?) = T"oP(Fs),

with extension morphisms given by the quotient morphisms. We have the following
exact sequence of cosheaves:

0— N — [K;t(F)] =T — 0.

Definition 5.1.8. Let K be primitive complex in t*(R) and o” be a simplex of K.
We denote by w(o?) € AP t*(Fy) the generator of the line AP T'o?(Fy). If 0! is an
edge of K with vertices o and 3 then w(c?!) is the reduction modulo 2 of 8 — a.

Proposition 5.1.9. The cochain [o? — w(o?)] € CP(K; N\ t*(Fq)) is closed.

Proof. 1If p equals 0 then by definition [¢° + w(c”)] is constant to 1. Tt is closed.
Now let p > 1 be an integer, o” be a simplex of K, and 8 be a vertex of oP. Since
K is primitive, w(o?) is given by the following formula:

we)= N (=8

a€lk(B;07)()

= /\ a+ Z BA /\ o

aclk(B;oP)©) a€lk(B;or)(©) o €lk(B;07)(0)

“Y A e

oP=1<o? qe(gP—1)()

If we denote by A the cochain [oP~! — /\ae(ap_l)(o) a], the cochain w is the differential
of A. Hence, it is closed. O]
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Proposition 5.1.10. Let K be primitive complex in t*(R). For all simplices o? € K
and all vertices a of oP the set { — a: [ vertex of Ik(a; oP)} is, up to ordering, a
basis of ToP(Z). Moreover for all ¢ € N, the morphism:

28,0 N"t(Fy) — Z9(oP;TFy)
v o—s [aqH(w(aq))(v)],

fits in the short exact sequence:

q—1 q

0= N(0") A N\ () = \ 6(Fs) Z2 Z9(07: ) — 0.

Moreover, for all pairs o? < ¢” and all vectors v € N t(Fy) the restriction of z2-(v)
to o is z1,(v).

Proof. The first statement is a direct consequence of Definition 1.2.13. The mor-

phism z2; is an isomorphism, z¢, is null for all ¢ > 0, and N(0”) equals t(FF,). The
proposition is true for p = 0. Let oP be a simplex of K of positive dimension,
and ¢ > 0 be an integer. Proposition 5.1.9 ensures us that 27, is well defined with
Z%(o?;F4) as target space. Let 8 be a vertex of o? and let us label o, ..., o}, with
k being (Z), the g-simplices of P that contain 3. The first statement implies that
{w(o]),...,w(o})} is a basis of A?To?(Fy). Let ¢ be a g-cocyle of 0. We define v

to be the unique vector of A?t(Fy)/(A?To?(Fq))*t satisfying:

for all 1 <i < k. Let 09 be a simplex of 0P that does not contain #. The boundary
of B x 0% is made of 07 and o} ol

TR ’iq

., Since both w and ¢ are closed we have:

q+1

(o) (v) =Y wlof)(v)

j=1

Hence, for any lift 7 of v in A?t(Fs), 22,(0) equals ¢, and z, is surjective. Moreover,
the kernel of 2%, is (A*ToP(Fy))t. This vector space has codimension (‘2) and
contains N(o?) A A9 ¢(F,). Using a basis of ¢(Fy) whose (n — p) first vectors
belong to N(oP), we find that the latter space has dimension (Z) - (Z). Therefore,
they must be equal. The last statement of the proposition is a direct consequnece
of the definition of zZ,. O

Proposition 5.1.11. Let K be primitive complez in t*(R) and o™ be a mazximal
simplex of K. For all vertices a of 0", we denote by e n(a) the generator of the line
N(Ik(a;0™)). For all vertices a of o™ the collection {eqsn(3): B € lk(a; o?) O} is the
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dual basis of the reduction modulo 2 of {8 —a: B € Ik(a; o?) D}, Moreover, we have

the relation:
Z eon(a) =0.

ag(om™)(©

In addition, for all simplices P < o™, the set {eqn(a): a € Ik(a?;0™) D} is a basis
of the vector space N(oP). Also, for all simplices o? < o™, with p > 1, and all
vertices a € o, the interior product i, yw(o®) vanishes if o is not a verter of oP
and equals w(lk(c; oP)) when « belongs to oP.

Proof. Let ¢™ be a simplex of K and «, 8 be distinct vertices of ™. If 5/ € o" is
different from « and $3, then, by definition, (5" —«)(e,n(5)) must vanish for the edge
[8; o] belongs to 1k(8;0™). The number (8 — «)(e,~(5)) must be 1, for otherwise
eqn () would vanish. Indeed, {8 — a: B € lk(a; 0?) @} is a basis of t*(Z), hence its
reduction modulo 2 is a basis of t*(IFy). It follows that {e,(3): 8 € lk(a; o?) O} is
the dual basis of {5 —a (mod2): 8 € lk(a; 0?)@}. Moreover, it implies that for any
two vertices 3, ' of 0", we have:

B=8) D eml@) | =(B=8) e (B)+em(8))
ag(om)(©

=1+1
=0.

Therefore, the vector >_,cny0 €on(a) is 0. We also deduce that, for all o? < o™,
{esn(a): a € 1k(o?;0™) D} is a linearly independent family of N(o?). Since its car-
dinality is (n — p) it must be a basis. As a consequence if a € ¢" is not a vertex of
o?, with p > 1, then ¢._,@w(c?) vanishes. If on the contrary o is a vertex of o?,
then w(o?) equals w(lk(a; o?)) A (a — B) for any other vertex § of o?. It follows that
legn(a)w(0P) equals (a — B)(eon(a))w(lk(a; oP)), i.e. w(lk(o;oP)). O

Remark 5.1.12. Using Proposition 5.1.10 and Proposition 5.1.11, we find, for all
simplices o™ of K and all vertices 3 of ¢™, that we have:

Zon(egn(B)) = dxs -

Moreover, every form a € t*(Fa) equals ), . (e (5))B.

Proposition 5.1.13. Let K be primitive complex in t*(R) and o™~ be an interior
simplex of K, i.e. bounding two mazimal simplices o't and o”. For all vertices
a€o™t
the line N (o™ ) and we denote by |pyn—1 ()| € Fy the associated number. Moreover,

if ax denotes the vertex of ot opposite to ™ then:

we denote by pyn-1(a) the difference eqn (o) — eon (). This vector lies on

ap—a_= Y Ippa(AIF (mod2).

Beon—1
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Proof. Let a be a vertex of 0"~ ! and ¢! be an edge of 0"~ *. Following Remark 5.1.12,
we have:

w(o!) (pon-1(a)) = w(o!)(eop (@) = eon ()
= 2dxq(ch)
=0.

Since {w(c!): o' < o™} spans T'o" (), the vector psn-1(a) belongs to the
normal line N'(¢"~!). By Proposition 5.1.11, e, (ay) equals e,n (o). They are the

n—1

generator [N (o™ 1)] of N(o™'). Hence, for any vertex 8 € 0!, we have:

(ay = a)[N(0™)] = (ay = HING™ ] + (o = HIN(" )]
= (ay — B)(eaz(%r)) + (a- = B)(egn (o))
—1+1
=0.

And the form (a; — a_) is tangent to o™ ! modulo 2. Therefore, by Proposi-
tion 5.1.11 and Remark 5.1.12, we have the following formula:

Ay —a_ = Z (ay — (1—)(601(5))5'

peon—t
For all 8 € 0™ !, we have:
(ay — a_)(egi(ﬁ)) = (a4 — 5)(601(5)) + (B — a_)(egi(ﬁ))
=1+ (ﬂ - a*)(eaﬁ (B)) + (ﬁ - Oé*)(pan—l(ﬂ))

— 11+ pen 1 (BB — a ) [N (o™ )
= ’pJ”_l(B)ya

since (8 — a_)[N (o™ 1)] equals! 1. O

Proposition 5.1.14. For all interior simplices 0™~ € K we have:

Z pgn—l(Oé) =0.

a E(O-n—l)(())

Proof. Let o and o™ be the two maximal simplices bounded by ¢"~!. By Propo-
sition 5.1.11, we have:

Z pon—1(ar) = Co (ap) +eom(an).

a €(on—1)(0)

However, e, (ay) and eyn (o) both equal the generator of N(c"~'). Hence, the
proposition follows. O

!The opposite would imply that [N (c"~1)] is zero.
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Definition 5.1.15. Let ¢ € CY(K;Fy). The first derivative De € H,,(K;0K;T*) is
defined for all 0" € K by the formula:

Degn = (2L.) 71 (de|on) .

The following proposition, which is a direct consequence of Definition 5.1.15,
justifies the choice of terminology.

Proposition 5.1.16. For all e € C°(K;Fy), all 0™ € K and all vertices o, 3 € 0"
we have:

e(f) =e(a) + Den(fB — ).

Therefore, De vanishes if and only if € is constant.

Definition 5.1.17. Let ¢ € C°(K;Fy). The second derivative D¢ € H, (K;0K; N)
is defined by the formula:
D?% == 9(De),

where 0 denotes the connecting morphism H,(K;0K;T*) — H, 1(K;0K;N) of
the homological long exact sequence associated with the short exact sequence of
cosheaves of Definition 5.1.7.

Remark 5.1.18. When the support of K is a closed ball the homological long exact
sequence associated with the short exact sequence of cosheaves of Definition 5.1.7
splits around the dimension n. It induces the following short exact sequence:

0 — Ho(K; 0K (Fo)) — Hy(K;0K;T) -2 H,_1(K;0K; N) —» 0.

>¢(F2)

Because N vanishes on maximal simplices. We note that H,,_1(K;0K; N) is a cycle
group.

Proposition 5.1.19. Let 0" ! be an interior simplex bounding two mazimal sim-
plices o'}, and oy be the vertex of o'} opposite to c" 1. The number D%e,n1 (a_ —pB)
does not depend on the choice of vertex 3 € o™ 1. It satisfies the following property:

e(ay) =e(a-) + Degn (g —a-) + D%cn1(a_ — B).
Moreover, if |K| is homeomorphic to a ball, D*¢ vanishes if and only if < is affine.
Proof. Let B be a vertex of 0™~ !. We have:

e(ay) +e(a-) = Degn (ag + ) + Degn (a— + )
= Degn (ay +a-) + D% n1(a_ + ).
Hence (o) equals e(a-) + Deon (ay —a) + D% n1(a_ — B) and D*e,n1(a_ — B3)
does not depend on (. The cochain € is represented in each n-simplex ¢” of K

by an affine function of t*(F5) whose linear part is given by De,n. Using the exact
sequence of Remark 5.1.18, we see that if D?¢ vanishes then this linear part is the
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same on every maximal simplices of K since K is connected. Hence ¢ is globally
given by an affine map. O

Lemma 5.1.20. If the primitive complex K is shellable then both D and D?* are
surjective. Therefore, we have the exact sequences:

00— Fy — CUK;Fy) — H,(K;0K;T*) — 0,

and:
0 — AfE(E(Fy)) — CO(K;Fy) 25 H, (KK N) — 0.

Proof. Let € € C°(K;Fy) and 0™ be a maximal simplex of K. By Definition 5.1.15,
we have the following formula:

Deyn = Z e(a)eon(a) .

aco™

Now, let 0"~ be an interior simplex of K. By Definition 5.1.17, we have:

D21 = ((as) + (@) IN@ D]+ 3 e(a)ponila),

acon—1

1

where oy * 0" ! are the two n-simplices bounded by ¢"~!, and [N (o™ 1)] is the

generator of N (o™ !). We can also write it as follows:

D21 = <€(oz+) tela)+ Y 8(04)‘pgn—1(04)|> [N(o™1)].

acon—1

We will use this formula to show that when K is shellable, D? is surjective. Let
(01)o<i<k be a shelling of K, and ¢ € H,_1(K;0K; N). We will construct a £ whose
image by D? is ¢. For all 0 < i < k, we denote by K; the union UOSjSiK(J;?). For all

interior simplices ¢"~!, we denote by |{c;c™ )| € Fy the unique number for which

(¢; " 1) |[N (0" 1)] equals (¢; 0" 1). We note that K%, equals K\* if the order of
o, is bigger than 1. Otherwise, Ki(i)l \ Ki(o) is reduced to the vertex lk(K;; K;i1).
It induces an order (o;)i<j<n, (k) on the vertices of K that do not belong to of. For
all 1 < j < hy(K), we denote by 0;7"1 the simplex for which a?’l * oy is the simplex
of order 1 at which «; appears. We also denote by «a; the other vertex of the link
of 0;?_1 in K. Now we inductively define ¢ by the following rule:

8‘03 = O
cl0)) = (sl ™)+ £(07) + S @lpr(@)]. V1< < hy(K).
By construction, D¢ .1 equals (c;0771) for all 1 < j < hy(K). We claim this is
J
also true on the other interior (n — 1)-simplices of K. We will show by induction
on 0 < i < k, that D%c,»1 equals (c; o™ ') for all interior (n — 1)-simplices of K.

The assertion is true on K for of has order 1. Let us assume it true on K;. The
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only interior (n — 1)-simplices of K, that were not already interior in K; are those
contained in o7, | that contain 7;,, (the intersection of the contact faces of o7, ; with
K;). If ord(o?, ) is 1, then by construction the property is true on K. If ord(o7, )
is bigger than 1, let us consider two (n — 1)-simplices o’; ! that contain 7;. Since
D?e and c are cycles we have:

D2€Ui—1 + D2€o_n—1 = E D2€O-n—1 , (52)
Un71>01_1ﬂ0ﬁ_1

—1 n—1
o Foly

and:

(c;ot Y+ (cio™y = Y {eso"h). (5.3)

o= 1>gn " Ingn—1
Uﬁli;glff

If o1 € K contains ¢} 'No™ ! and is different from ¢”;~! and "' it cannot belong
to o, for o' N " ! has codimension 2. Hence, by Lemma 5.1.5, it belongs to
K;. Thus, the right hand sides of (5.2) and (5.3) are equal by recursion hypothesis.
Therefore, we have the following relation:

DQEUiq + D% o1 = (c;007") + (c;0™7h). (5.4)

The vector [N(o"!)] is linearly independent from [N(¢™ !)]. Thus (5.4) implies

that DZEO_l—l equals (c; o't ') for D25a’;1 and {(c;o’t"') belong to the line N (o).

Since K is embedded in a real vector space of the same dimension, its support
can only be homeomorphic? to a ball. Hence, we have the exact sequence of Re-
mark 5.1.18. From Proposition 5.1.16, Proposition 5.1.19, and the surjectivity of
D?, we have the following commutative diagram with exact rows and columns:

0

AN

0 —— H,(K;0K;t(Fy)) —— H,(K;0K;T*) —2= H,_(K;0K;N) — 0

il D idT
0 D2
0 — Aff(t*(Fy)) ———— C°(K;Fy) ——— H, 1(K;0K;N) —— 0

AN AN

FQ F2
0 0
from which derive the exact sequences of the lemma. O

Definition 5.1.21. We define two enlargement of the boundary of K:

1. the sub-complex ByK of K made of all the simplices of K having all of their

2¢.f. Proposition 5.1.4.
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vertices in 0K;

2. the sub-complex B; K of K made of the union of the closed simplices K (oP) of
K for which all of their vertices v € K (o?) satisfy v € 0K or lk(v;o?) € 0K.
See Figure 5.1 for an example.

We note that B; K contains ByK and all the vertices of K. The simplices of B K
that do not belong to By K are joins of an interior vertex of K and a simplex of 0K.
For such a simplex o we denote by ap(c) its interior vertex.

////////
//////////

///////
//////////

77
/////////
//////////

////////
//////////

////////
//////////

(a) The sub-complex ByK (in bold and (b) The sub-complex B K (in bold and
hatched). hatched).

Figure 5.1: Examples of ByK and B K.

Definition 5.1.22. Let 0"~ ! be an interior simplex of K. we denote by I(c"!)
the set of vertices a of 6"~! that do not belong to K and whose link lk(c; 0™™1) is
not contained in 0K either. We say that K is p-uniform if for all interior simplices
0" 1 € K the restriction of pyn-1 to I(c™1) is constant. In particular, because of
Proposition 5.1.14, if dim K < 2 then K is p-uniform. If K is not p-uniform we
say that K fails to be p-uniform at 0™ ' if pyn-1 is not constant on I(c"!). For
all p-uniform complexes K, we denote by p € C,_1(K;ByK; N) the chain whose
value on 0" ! € K\ BiK is pyn-1(a) for any a € I(6" '), and whose value on
o" 1 e BIK \ BoK is pgn-1(ap(c™1)).

Proposition 5.1.23. If K s p-uniform, the chain p is a cycle. It induces a homol-
oqy class denoted by the same symbol.

Proof. Let 0"~ 2 be a simplex of K that does not belong to K. If n equals 2 then
(0p;0°) 18 341540 por (0°) since p is constant on 0. This vector is zero by definition
of p,1(0°) as the difference Y .. 1 €,2(0%). Now if n is bigger than 2, then either
0"~2 belongs to B K or not but either way there is an interior vertex « of 0™~ 2 for
which (9p;0™72%) equals to > _.-15n-2 poi(). This vector vanishes for the same
reason as in the case n = 2. B ]

5.2 Boundaries of the First Page

Let P be a smooth n-dimensional polytope of t*(R) endowed with a primitive trian-
gulation K. Both the numbers 0(P) and 6(K) equal 1, in particular F¥ equals FX,
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for all integers p > 0. We adopt the convention of the previous chapter concerning
the tropical sheaves and cosheaves: we will always consider them with coefficients
in Fo. Let 0 < p < n —1 be an integer, we recall from Lemma 3.3.3 that we have
the following exact sequence:

CP(K;0K;wh,) 55 Hyp 1 p(X;Fs) = Hypy p(P;Fy) — 0. (5.5)

For all simplices o? of K, the group wy, (o) is a line over Fy. Since F; has only two
elements these lines are canonically isomorphic to Fy and (5.5) can be written as
follows:

CP(K;0K;Fy) L% Hy1 (X3 Fy) — Hypoo1_p(P;Fa) — 0. (5.6)

Let w(o?) = wy(0oP) A ... Aw,(oP) denote, for all P € K, any choice of totally de-
composed p-vector of t(Fy) satisfying w(o®)(w(o®)) = 1. Let v € CP(K;0K;Fs),
following Proposition 3.3.2, the homology class ¢g?() is expressed as follows:

F) =1 D dhw)(e") @6 . (5.7)

oPt+l<gn

It does not depend on our choice of w. We also want to recall the Borel-Viro
isomorphisms between the tropical homology and the first page of the Renaudineau-
Shaw spectral sequence. Let ¢ denote a sign distribution and p, ¢ > 0 be two integers.
From Proposition 4.2.22, we have the following commutative square:

P
E;’q(RP) ; H, ,(P;Fs)

ha] Jina (5.8)

E]%,q(RXa) H (Xa]FQ)

23>< 1R

In what follows we shall always identify (E} (RP))
(Hypo(PiF2)), o and (Hpy(X;F))
phisms.

1,420 and (Eziq(RXS»p,qZO with

>0 respectively, using the Borel-Viro isomor-

Lemma 5.2.1 (Origin). Let ¢ € C°(K;Fy) be a sign distribution, o? < gP*t < o
be three simplices of K, and W be a supplementary sub-space of N(eP) in t(Fs). The
point:

O, (€”) i=Deon + Y €gn(0”) € (F2),

o0<oP

satisfies Oyn(eP) + W C Arg, (oP™;0m).

Proof. Following Lemma 4.1.7, the set Arg_(o?™!;0™) is described as the following
set {v € t(Fy) | 21,41 (v) # de|,pr1}. By Definition 5.1.15, the image of the vector
Deyn by ztn is de|yn. Hence, by Proposition 5.1.10, z},.,(De,») equals de|,p+1. Let
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us denote by v the vector:

V= Z eon () .

[ vertex of oP

Proposition 5.1.11 ensures that z;pﬂ(v) equals dy, where « is the vertex of oP*!
opposite to of. If o' is an edge of o?*! that contains « then z!,,,(Desn + v)(o?)
equals de(o') + 1, and Deyn + v belongs to Arg.(o?t!;0"). Let w € t(Fy) be a
vector that does not belong to N(e?). The restriction of z},.,(Degn + v+ w) to o

1

is de|yr + 22, (w). Since w does not belong to N(ef), 2L, (w) is different from zero

and, consequently, De,» + v + w belongs to Arg_(oP*!;0™). ]

oP

Lemma 5.2.2 (Lift). Let e € C°(K;Fy) be a sign distribution, 0 <p < n—1 be an
integer, and v be a cochain of CP(K;0K;Fy). The chain:

Z d (7}(00” ﬁ(l + Xwi)) ("™ @ [oPTh 0" € Qyy <K ICRXE)

op+1 <gn =1

has its boundary equal to:

Z d (7 Gon—1 H(l + Xwi)) (") @ [0t 0™,

O.p+1§o-n—1 =1

where Ggan-1(0?) is null on the p-simplices of the boundary and otherwise equals
Zanzc,nfl xQo(e") " This boundary belongs to Qn_g_p( IC]&)_(&) and c represents
the homology class gP(7).

Proof. Let 0 < p < n — 1 be an integer. By definition, (E;yq(RXg))PO is the ho-
mology of the p-th graded piece of the filtered cosheaf K&¥=. By Proposition 4.2.22,
this cosheaf is isomorphic to FpX through bv;( . Therefore, any homology class
[c] € Hp4(X;Fy) can be represented by a relative cycle, i.e. a chain ¢ € Q (K; IC]SJ))(E)
whose boundary belongs to Q,_1 (K Kﬂi)fl ). Let 0?1 < 0™ be a pair of simplices of
K, and O + (vy,...,v,) be a p-affine subspace of t(F,) contained in Arg,_(c?™!; o™).

From Remark 4.2.23, we have:

bvo (o7 0™) ( H (14 x") ) /\v

Since w(o?)(w(o?)) equals 1, for all o? < gP!, the vector space (w;(a?), ..., w,(oF))
is a supplementary sub-space of N(¢?) in t(IFy). Using Lemma 5.2.1, it follows that
the chain:

> d (vx@f” [T+ xwi>> (") @ [o"*;07]

Up+1§an =1

lifts the chain Y7 .11 ,» d (yw) (677) @ [0PTF;0"]. Let 0% < 0977772 be a pair of
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simplices of K. We have:

(Oc;[o? < ot P72 Z (c;[o9! < ot P2])

ci—1<ga

+ D el <o),

gdtn—p—2<gqtn—p-1

If ¢ is different from p + 1 and p + 2, (9c;[0? < o9 P~2]) vanishes. For the
remaining pieces we have:

P
(o7 <o)y = D d (vxow [1a +xwf>> (")
oPH1<gpt2 i=1

=0,

and:

<8c; [gPH < gn*1]> — Z d (’Yxo”n H<1 +Xwi)> (O.erl)

on—1<on i=1
p
SPIRTSID S CEE) | (B
oP<gp+1 on—1<gn i=1
P
= 3 A G @[] (14 x)
oP<gptl i=1

=d (7 G [ JO1 +Xw")> ("),

i=1

since v vanishes on the boundary of K. Whenever we have a triple o < P! < g1
with o not contained in K, there are two n-simplices 0% adjacent to ¢”!. In this
case Arg_(oP™; 0" 1) equals Arg (0P 0%t), and Ogn + (wi(0?), ..., wp(ap)) are two

parallel affine sub-spaces contained in this set. Therefore Gyn-1(o?) [T0_; (1 + x%i(")
belongs to K%ﬁf (oP*t; 0™ 1), Thus dc belongs to Q,—s—p (K; ICﬂi)fl)) O

Proposition 5.2.3. Let ¢ € C°(K;Fy) be a sign distribution on K, 0 <p<n—1
be an integer, and v be a cochain of CP(K;0K;Fy). We have:

aln 19" () = Z d (Vw A (D%epn + pffn_l)) (") ® [o?T: 0™
optl<gn—1

where p?,_, € CP(c™ 1, N(o™ 1)) is defined, for all o < o™, by the formula:

phro”) = 3 poea(a).

«a vertex of oP
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Proof. By Lemma 5.2.2, 811,’11_1_1, gP(7y) is given by the formula:

Z bV;(H(apH;U"*l) <d (7 Gyn-1 H(l + X“’i)> (0”“)) ® [oPth 0"

optl<gn—1 i=1

Let o? < 0Pt < o™ be a triple of simplices with ¢ not contained in K. From
Remark 4.2.23, we have:

p
pr+1(O_p+1;0_ ( on— 1 0.17 H wz(ap) > == Z Oo’”(o—p) /\w(Up)

=1 o >gn—1

= (D’egn-1 + pLai(0?)) Aw(o?).

Therefore we find that:

Ohnap 8 0) = | D0 Al A (DPepmr + ) (") @ 070"

optlon—1

]

Definition 5.2.4. Let ¢ € C°(K;F,) be a sign distribution, and o? and ¢? be two
interior simplices of K with p + ¢ =n — 2. We denote by (¢?;0%). the number:

(0”507 = g"(Xor) - a;,pﬂgq(Xw) € Hoo(X;Fy) =Ty,

where — - — denotes the intersection product of Definition 3.1.22. For all integers
p,q > 0 for which p+ ¢ = n — 2, M, ,(¢) denotes the matrix whose entries are given
by the numbers ((o?; Uq>6)ap,aqu\aK‘
Definition 5.2.5. We assume that n = 2k + 1 is odd. We define the radical of
X, denoted by Rad(X), to be the radical of the intersection form restricted to the
kernel of gy : Hyx(X;F2) — Hyr(P;Fy). We denote by rad(X) the dimension of
Rad(X).

Proposition 5.2.6. We assume that n = 2k+1 is odd. Let wx denote the Poincaré
dual in P of the fundamental class of X. The radical Rad(X) is generated by the
classes i**(v)N[X] € Hyx(X;F3) for all v € H**(P;Fy) for which yUwx vanishes.

Proof. The Poincaré duality in X provides us with an isomorphism between the
group Hyx(X;Fy) and its dual H**(X;F,). The orthogonal of ker(iyy) is the im-
age under this isomorphism of im(i**) i.e. is spanned by the element of the form
i**(v) N [X] where v belongs to H**(P;F,). If we denote by wx the Poincaré dual

in P of [X], we have:
i (1M (v) N [X]) = (v Uwx) N [P
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Therefore:
Rad(X) = (i"*(7) N [X] € Hyn(X;Fy): v € HY¥(P;Fy) sit. yUwx =0).
O

Proposition 5.2.7. Let ¢ € C°(K;Fy) be a sign distribution. For all p+q =mn—2,
M, ,(e) is the transpose of M, ,(e). Moreover:

1. If n is even, the rank of M, ,(c) equals the rank of Qin_l_q;

2. If n = 2k + 1 is odd, it is also the case except when (p,q) equals (k — 1,k)
or (k,k —1). In the first case the rank of My_yx(e) equals the rank of the
restriction of Oy, to the kernel of iy, : Ej  (RX.) — E; (RP), c.f. Defini-
tion 4.2.19. In the second one, My _1(¢) equals the rank of the composition
of Op 11—y with the projection of ker(iy ;) to its quotient by Rad(X).

Proof. Let o?, 0 be two simplices of K satisfying p+q¢ =n—2,i.e. ¢ =n—1—(p+1).
By Definition 5.2.4 we have:

(oF;0%) = 9" (Xor) - ai—l—(p+1),p+19q(Xw) :

Let v € H" '"PP(X:F,) denote the Poincaré dual of g?(x,»). By Definition 3.1.22,
we have:

(Up; Uq)a = 7(871L—1—(p+1),p+lgq(xch))
= (A7) (9" (xo9)) 5

since (8;76)* equals d;’f”’b_l by duality of the spectral sequences. Following The-
orem 4.2.28 and Proposition A.6, we find that di~' """y is the Poincaré dual of
8;’n_1_pgp (Xor). There is a sign in Proposition A.6, however since we consider Fo-
vector spaces we can discard it. Finally we have:

(Up; Uq)a = a;,n—l—pgp(XJp) ’ gq(XUq) )

which is equal to (09; o?). since the intersection product is symmetric over Fy. Now
we assume n even in a first time. The family {¢%(x,q): 0?7 € K \ 0K} spans
El, i (RX.) and the family {(¢?(xo») - —): 0P € K\ 0K} spans E{T""*7/(RX.).

As such the rank of M, 4(¢) equals the rank of 9, ,_,. If now we assume n = 2k +1

odd and that (p, q) is neither (k — 1,k) nor (k,k — 1), the family:
{9%(Xoe): 09 € K\ 0K},

still spans E,,, ; ,(RX.) and the family {(¢”(xo») - —): 0” € K \ 9K} still spans
E{THT?TIRX,). The rank of M, ,(¢) is still equal to the rank of 9} For

gn—1-q
the two remaining cases we consider the following commutative diagram with exact
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columns:
0
0 » By (RP) > 0
b1 k1 ik ok I Tk, k—1
1 81
k—1,k+1 k,k
E/Ll,kﬂ(RXs) B (RX:) El%Jrl,k 1 (RX:)
ker (i1 1) » ker(i, ;) > ker(ij 1 1)
0 0 0

The family {g"(x,+): 0¥ € K\ 0K} spans the kernel ker(i;,) and the family
{(¢* " (xor-1) - —): 0" ' € K\ OK} spans EFT"* '(RX.). Therefore the rank of
M1 4(¢) equals the rank of the restriction of Jj, to the kernel ker(i;,). The
family {(g*(x,) - —): 0¥ € K \ K} spans the cokernel of ##* and the family
{g" " (Xor—1): 0" € K\ 0K} spans E}_,, . (RX.). The cokernel of i"F is the
quotient of EF*(RX.) by the orthogonal of ker(iy ). Using the Poincaré dual-
ity, the latter quotient is isomorphic to the quotient of E,;,C(RXE) by the orthog-
onal of ker(iy ;) with respect to the intersection product. Since 9, takes values
in ker(iz ;) the rank of My_1(e) equals the rank of the composition of 9y, with
ker(illc,k) — ker(illc,k) /Rad(X). O

Proposition 5.2.8. Let ¢ € C°(K;Fy) be a sign distribution.

1. If n is even, then for all integers 0 < p <n — 1, we have:

dim E?

pn—1—p

(RX.) =dim H, ,,—1-p(X;Fy) — 1tk M9, ,(¢)
—rk Mn—l—p,p—l(e) .

2. If n =2k +1 is odd, then for all integers 0 < p < n — 1, different from k — 1,
k, and k + 1, we have:

dim E?

p,n—1—p

(RX.) = dim Hy 1 (X;Fo) — tk Myy_o_,,(2)
—rk Mn,1,p7p,1 (E) .

In the other cases, we have:

dim Eg_17k+1(RX5) =dim Hy_1 j+1(X;Fo) + —1k My 41 4—2(e)

— 1k My j—1(e) — 0,
dim E} ,; ,_ (RX.) = dim Hy 11 (X;Fa) + —1k My_g 11 (€)

— 1k My_1 () — 9,
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and:
dim E} ,(RX.) = dim Hy 5 (X;F2) — rk My_1(¢) — tk My 1 (e) — 2.

where § is the dimension of the cokernel of iy : Hy(RX,;Fy) — Hp(RP;Fy).
Moreover, § cannot exceed rad(X). We can also note that Hp(RX,;Fs) is
isomorphic to Ef  (RX).

Proof. The first point is a consequence of the Rank Formula and Proposition 5.2.7.
We assume now that n = 2k + 1 is an odd integer. On the line {p +¢=n — 1} we
have the short exact sequence of complexes:

0 — (ker(y,):0),) — (E! (RX.);0,,) — (E,,(RP);0}.,) — 0.

7 TPq 7 7Pg L U]

The complex (E, (RP);0}

) py‘l)p+q=n
Therefore, the associated long exact sequence splits into the following exact se-

_, has only one non-trivial group: Ej ;(RP).

quences:
0 — Hpgq(ker(i')) = E} (RX.) =0,

for all p4+q = n —1 different from (k, k) and (k+ 1,k —1). And the exact sequence:

i2
0 — Hpx(ker(i')) —— E},(RX,) LI Bl (P) — -+
(5.9)

- ——— Hpppa(ker(i')) — B2, (RX.) — 0.

The Rank Formula and Proposition 5.2.7 imply that, for all p + ¢ = n — 1 except
(k,k) and (k — 1,k + 1), the dimension of H,,(ker(i')) is equal to:

dim E} (RX.) — rk M1 ,(e) — rk My,_1(e) .
Moreover, if we write rkdj_, ;1 = rk M _1(€) + 0, § cannot exceed rad(X), and:
dim Hk_l,kﬂ(ker(il)) = dim E;_17k+1(RX£) — 1k My j—1(e) — 0 — rk My —a(e)
and:
dim Hy, . (ker(i')) = dim Ej, ,(RX.) —dim By , (RP) —rk M1 () =tk My x-1() =6 .

It follows that if p4¢ = n—1 is different from (k+1,k—1), (k, k), and (k—1,k+1)
we have:

dim E? (RX.) = dim B} (RX.) — tk My_1,(e) — rk My, —1(¢)
=dim H, ,(X;Fy) —rk M, ,(e) =1tk M, ,_1(¢) .
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Using Theorem 4.2.28 and Proposition 5.2.7 we find that:

dim E;_; ;1 (RX.) = dim E_y ;1 (RX.) — rk My, jo—1(e) — rk My 1 —2(e) — 6
= d1m Hk,LkJrl(X; Fg) — I‘k Mk,k71<5> — I"k MkJrl’k,Q(&“) — 5,

and:

dim B}, (RX.) = dim B, (RX.) — rk My s(e) — tk My_9j41(e) — 6
= dim HkJrl’k,l(X; FQ) —rk Mk,Lk(E) —rk Mk,Q’kJrl(&“) — 9.

Form (5.9) we find the last formula:
dim E} , (RX.) = dim Hy(X; Fa) — tk My_y1 s,(e) — vk My p_1(e) — 26

By Theorem 4.2.27 the group Ez’k(RXE) is isomorphic to Hy(RX.;F5). The map
i, is conjugated to iy : Hy(RX.;Fy) — Hi(RP;F;). From (5.9) we find that the
dimension of the cokernel of i} , is d. O

Pulling Back the Boundary Now we fix a basis B = (ey, ...e,,) of t(F3), and we
say that e; is greater than e; whenever ¢ is greater than j.

Definition 5.2.9. Let V' be a sub-space of t(Fy). If V is a proper sub-space of
t(IFy), we define the vector u; (V) € t(F2) to be the smallest vector of B that does
not belong to V', and we set u;(t(Fs)) to be 0. For all integers k£ > 1, we recursively
define u, (V) € t(IFy) by the formula:

U1 (V) = u (V4 (u (V), ..., ui, (V) .

Proposition 5.2.10. Let V be a sub-space of t(Fs) of codimension k € N. The
sub-space U(V) = (u1(V),...,ux(V)) is a supplementary sub-space of V in t(Fs).
Moreover, the map V +— U(V) is decreasing with respect to the inclusion.

Proof. The sequence (V+(u1(V), ..., u(V))) 4> 18 non-decreasing. Since it is bounded
it is stationary. By construction its stationary value is t(Fy). We denote by k¢ the
index at which it becomes stationary. Let {vi,...,v,} be a basis of V. The family
{v1, .., vp,u1 (V) oy u, (V) } spans t(Fy). If 2y, ...2p, Y1, ..., Yk, are numbers satisfy-

ing:

then none of the y;’s can be non-zero by definition of the index kq. Since {v1,...,v,}
is a basis of V, all the z;’s have to vanish. Therefore {vy, ..., v,, u1(V), ..., up (V) }
is a basis of t(IFy), ko is the codimension k of V', and U(V) is a supplementary sub-
space of V. Let V' C W be a sub-space of codimension [ < k. For all 0 < j <,
Vi =V +(u(V),...,u;j(V)) is a sub-space of W; = W + (u; (W), ..., u;(W)). This
is true for j = 0. If uy(V) is less than w (W) it means that u; (V') belongs to W so
V+ (u (V) CW + (uy (W)). If not, they are equal and the inclusion also holds.
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Repeating this argument proves our claim. More precisely, it shows that we have
the alternative w41 (V) = w41 (W) or uj11(V) < ujpq1 (W) and Vj44 is contained in
W;. But as long as u;:(V) is less than u;(W') we will have V;, C W;. This implies
that the sequence uy (W), ..., u; (W) is contained in uy (V), ..., ux(V), i.e. that U(W)
is contained in U(V). O

Definition 5.2.11. The normal 1-form v € Q'(K;t(Fy)) is defined for all pairs of
simplices of < 0P of K as the generator of the line N(o?) N U(N(o?™)). Let
o? € K be a simplex, we denote by u(o?) the generator of AP U(N(o?)).

Lemma 5.2.12. The square of v is zero, i.e. vUv = 0. For all simplices o?™! € K,
written oPt! = a % 0P, we have:

LV(O-p;o-p+1)CU(O_p+1) = w(a?),

and:
Z v(oP;oP™) = 0.
oP<gp+1
Moreover, if 0® < ... < o® are simplices of K then u(o?) equals \'—y v(o"; o™*1).

Proof. Let o < P2 be a pair of simplices of K, and V denote the quotient vector
space To?2(FFy)/To?(Fy). This is a plane. Its dual vector space V* is isomorphic
to N(o?) N U(N(67*?)). Let us denote by o the two (p + 1)-simplices adjacent
to both o? and ¢?*2. If ay denotes the link of 64" in o?*2 and f is a vertex of o2,
then ooy — 3 is a basis of V. The two vectors V(O':F 1. 67+2) form the dual basis of V*.
Indeed, v(o%'; 67*2) is not zero and (o — 3)(v(o ’fl oP*?)) vanishes by definition.
Therefore, (az — B)(v(0%™; 07+2)) necessarily equals 1. Moreover smce v(o?; o)
is not orthogonal to o%"' but orthogonal to o?, (ay — B)(v(c?; 0%")) equals 1. As

a consequence, for some numbers z,y € Fy, we have:
V(07 07%2) = v(oP; o) A v(ohT 0Pt2) 4 w(oP; 0T A (ot 0P
( (P oP2) 4 2w Tl;ap“)) Av(a?t oPt?)
+ <V( zj_-i-l7 p+2)—|—y1/( p+l p+2)> /\I/( p+l p+2)

—2V( p+1, 0_p+2)/\y< ﬁjrl Up+2)

=0.

Let 0P = oPxa be a simplex of K and let 3 be a vertex of o”. Since v(o?; oP*1) is or-
thogonal to o and w(o?*!) equals w(o?)A(a—/3), the interior product ¢, r.er+1yw(o? 1)
equals (a — B)(v(o?;o?*1))w(o?). However, since v(o?;o?!) is not orthogonal to
P (a — B)(v(oP; oP*1)) must equal 1.

Let us denote the vector Y _,. .41 v(0?;0P™) by v. By definition, it belongs to
U(N(o?t1)). However, we have:

ww(e?) = > w(e?) =0,

oP So—P“'l
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by Proposition 5.1.9. Hence, v belongs to N(cP™!). It must vanish for the intersec-
tion of N(a?™!) with U(N(aP*1)) is trivial.

Let o? be a simplex of K and S denote its barycentric subdivision. For all
maximal barycentric simplices [0?, ..., 0P|ga, of S we denote by u(c?, ..., o) the vector
A= v(o%; o). Since N(0') is an hyperplane of N(o%) for all 0 < i < p — 1,
the sequence (U(N(c")))1<i<p is increasing. The dimension increases by 1 at each
step. Since v(o’, ") belongs to U(N (")) \ U(N(c")) for all 0 < i < p —1,
{v(c¥, 1), ..,v(cP7, 0P)} is a basis of U(N(0?)) and u(a?, ..., o) equals u(o?). [

Definition 5.2.13. Let ¢ be a sign distribution on K. We define the value of the
combinatorial 1-form 7. € Q'(K;F,) on the pair of simplices o < oP'! by the
formula:

7.(oP; 0Pt = Z e(Ik((o")P; 0" ™)) w((")?) (uP (o)) -

(o/)p<ort!

Proposition 5.2.14. For all cochains v € CP(K;0K;F,), we have:
Opn1—pd’(7) = g" H(dy + 7. U7).

Proof. Let v be a cochain of C?(K;0K;F;). From Proposition 5.2.3, we have the
formula:

Opn1-p9"(7) = Z d (yu A (Degn-1 + pP. 1)) (07 @ [0 0"

optlLon—1

We consider the chain ¢ defined by the following formula:

c= % (d(yu/\(Dsan+e§’n))(0p+1)+d7(0p+1)u(0p+1)

oPtlon

+ (U@ D)) @ [0 0"

where, for all o? < 0", efa(0P) stands for >° ,m© €om(a). We note that in
the preceding formula De,» is understood as a constant p-cochain over ¢”. Let
o? < ™ be a pair of simplices. The value of the form w(a?™) on the (p + 1)-vector
d(yu A (Degn + €bn)) (07T is:

3 (o) <w(0p+1) (Degn Au(a”)) + w(o™™) (X (o) A u(a”))). (5.10)

UPSUP+1

Following Proposition 5.1.11, e, (o?) equals )
tion 5.1.11, we find that:

ae (lk(o:0m)) (O eqn(a). Using Proposi-

Lepn(op)W(O'p+1) = W(O'p) ,

since lk(o?;0™) N oP™! is the vertex of oP™ opposite to oP. Following Defini-
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tion 5.1.15, we have:

ipe, o w(oPth) = Z e(B)w(a?).

6*0’1’:0’p+1

Therefore, by using these formulae in (5.10), we have:

w(" ) (A (uA Degr +e5)) (07)) = 3 Ho)re(omi0” )+ DT A(o?)

oP<ogp+1 oP<gptl

= dy(o?™) + (1. Uy)(aP).

It follows that ¢ belongs to €,_1_,(K; F[ﬁl). By computing its boundary we find
that 9,, , ,9"(7) equals g?*'(dy + 7. U ). O

Proposition 5.2.15. For all sign distributions ¢ € C°(K;Fy) we have:
(d+7.U-)*=0.

As a consequence the morphism (g )o<p<n—1 from (CP(K; 0K;TFy); (d—l—TEU—))
to (E} (RX.); O

p,n—1—p ) p,nflfp) 0<p<n—1

0<p<n-1
is a morphism of chain complexes.

Proof. Let o? be a p-simplex of K and o?*2 be a (p + 2)-simplex. A direct compu-
tation yields (d + 7. U —)%x,»r(0P™2) = 0 if o is not adjacent to o?*2. If o? < oPt2

we have:

(d+7.U—=)*Xor(cP?) = Z (1+7(0®; 0" ) (1 + 7o (o™t 072)) . (5.11)

oP<oPtl<ogpt2

We will establish the following formula for 7.. Let us denote by o4 the two (p+1)-
simplices adjacent to both o” and o?*2. We have:

T (oh o) = 1. (0P 0t + (w(a?l)e(a?l))ﬁ(op; oy, (5.12)

Let ar denote the link of o™ in ¢?*2. From Definition 5.2.13, we have:

(o oPt?) = Z e(B)w(o?™) (u(eh™))

op+1 *ﬁ:o‘?+2

= Z e(B)w(a?™) (u(o%)) + elay) + e(a)w(a? ) (u(dh™)) .

oPtlxf=cP+2
BeaP

v~
T

Let B x 0Pt = oP*2 with 8 € o and let « be a vertex of o?. We assume that p is at
least equal to 1, we choose the vertex o of o? different from 3, and denote by oP~!
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the link lk([oz+; a_l; 0p+1). From Lemma 5.2.12, we have:

o) (u(02*)) = (o™ ) (u(o”) A v(os %))
=w(o" ) A (ag —a) A (a- — a)(u(o®) Av(o®; ™))
=w(c” ) A (a_ — a)(u(d?))
+ ((a- = ) (W7 7™) ) (@l ™) A oy = @) (u(o))
w(o? " x a_)(u(o))

Because o?~ ! is a face of o”, v(o?; 6% ™") is orthogonal to o®, (ay — ) (v(o?; aﬁ“))

equals 1, and (a_ — a)(v(o?;0%™)) equals w(o?™) (u(o")). Therefore, we have:

r= Y (Bl *a)(u(o?))

op—1 *ﬂ:a—lﬂ

(W@ @) D Bl o) (ule)

Up—l*ﬁ:o-ll

and:

(@ er ) = YT e(Bw(o" ! xal)(u(o”)) + e(an)

gp—l*ﬁ:gp

+(w(ap+1)(u(a§+1)))( > 5(ﬁ)w(ap1*a+)(u(ap))—l—s(a))
oP~1xB=cP

R G A N (AR [OTCAS) N EXCTZADE

If p equals 0 then 0° = 3, 0! = [o4; o], and w(o!) = w(ol) + w(ol) so:

And we find that:

ro(ohi0?) = £(8) + elas) + (w(oh) (u(e}) ) (2(8) + 2(a )
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If we combine the formulee (5.12) and (5.11), we find:

(d+7.U —)ZXO.p(O'p+2) — Z (1 +T€(Up;gp+1)) (1 —i-TE(UpH;apH))

= (1m0 + (wle? et )l ot ™) )
<1 + 7.(07 ai“))
T (1 +7e(o”; 08 + (w(oi“)e(afi“))n(gp p+l)>
(1 + 72(0%; P+1)>
= (1470070 (14 7007 0%
+ (1470705 (14 (07 07))
=0.

Since z(1 4 x) =0 for all x € F,. O

Definition 5.2.16. Let ¢ € CY(K;F,) be a sign distribution. We denote by
Aff(t*(TFy)) the vector space of affine functions t*(IFy) — Fy. The value of the com-

binatorial function a. € Q°(K; Aff(t*(F,))) on the simplex o? € K is defined as
follows:

1. The value of a.(o?) at the origin equals:

a.(")(0) = Y &) N o] ().

BxoP—l=gP a€g(op—1)(0)
2. The linear part a.(o?) of a.(o?) is given by the formula:

(o) = Y (Bl ) w(or),
BxoP—l=cgP

if p > 1, and 0 otherwise.

Lemma 5.2.17. Let ¢ € C°(K;Fy) be a sign distribution, o < oP™! be a pair of
simplices of K, and 3 be the vertex of oP™t opposite to o?. We have:

T.(07; 0"t = e(B) + a.(0")(B).

Proof. Let 3% oP = oP*! be a simplex of K with p > 1. The formula of 7.(c?; o?*!)
is given in Definition 5.2.13:

7.(oP; o) = Z 5(11{((0')”;0p+1)>w((0')p)(u(ap))

(o/)p<ort!

=c(B)+ > ela)w(o” "« B)(u(o)).

oP~1lxa<oP
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By Proposition 5.1.11, w(eP~! * ) equals w(o?~!) A (B8 — o) for any vertex o' of
oP~1. Moreover, w(o?™!) equals:

w(oP™) = /\ (o —a').

oc”Eo‘p71
0//750/

Hence, w(a? 1) A (8 — ') equals A\ v o + B Aw(eP™!) and:

a'eoP—

7.(o?; 0Pt = £(B) + Z e(a)w(o? " « 5)(U(Up))

oP~lxa<oP

=B+ > e(a)< A a’)(u(of’))

oP~lxa<oP a’eop—1

+ > ela) (BAwe™™h) (u(o?))

oP~lxa<gP

=)+ Y. E(&)( A a'>(“("p>)

oP~lxa<oP a’cop—1

+B[ D el@w(e) - ulo?)

oP~1xa<oP

= £(P) + a(a")(B) .

Let [o; 8] be an edge of K. The number 7. (o [o; 8]) equals e(8) + £(a), and a.(«)
is constant to £(«). Therefore the formula also holds in this case. O

Proposition 5.2.18. Let ¢ € C°(K;Fy) be a sign distribution, 0 < p < n—1 be an
integer, oP be a simplex of K not contained in 0K, and x.» denote the characteristic
cochain of oP. For all o™ > 0P (1.Ux,»)(0PT) vanishes if and only if da.(o?; oP )

does.

Proof. We begin by proving the following fact: for all simplices oP and all vertices
B of oP:

e(B) = a-(B). (5.13)
If a is a vertex of K, the affine map a.(«) is constant to £(«) by Definition 5.2.16.
Let now o” be a simplex of K of dimension p > 1, and 3, 5’ be two distinct vertices
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of o?. We have:

a:(0")(B) = Y ela) [w(o”) AB(ulo?)) + A o (ulo")

axoP—l=gP a’e(op—1)(0)

= (8) | w(k(B;07)) A B(u(o?)) + A o (u(e?)

o €(Ik(Bi07))©

+ Z e(a) [ w(e?™") A B(u(d?)) + /\ o | (u(o?))
axoPl=oP a’'e(or—1)(0)

a#p
= () <w(lk(ﬁ; U”)) A ﬂ(u(ap)) + w(lk(ﬁ; O’p)) A B'(u(ap))>

> @) (o) A (") +wlo" ) A Bu(o") )

axoP~l=gP
e

=e(P),

since A\ e (pn-1y0 @ equals w(o?~") Aa for all vertices a of o?~!. Let now % < o?*!
be a pair of simplices and 3 denote the vertex of o?*! opposite to oP. Lemma 5.2.17
implies that 7.(o?; oP™!) vanishes if and only if £(3) equals a.(c?)(3). Therefore,
if da.(oP;0P*t) vanishes i.e. a.(of) equals a.(oP™') then (5.13) implies that ()
equals a.(c?™)(B) = a.(c?)(B). For the reciprocal, we observe that the restriction
a:(oP™)|,p+1 equals the restriction a.(o?)|,p+1. In particular, the linear parts of
a.(oP™) and a.(oP) correspond on the tangent space T'o?*!(Fy). By construction,
@.(oP*!) vanishes on U(N(oP*!))+. Likewise, @.(o?) vanishes on U(N(oP))*. It
follows that @.(o?) is also trivial on U(N(aP™))% because U(N(oP)) is included
in U(N(oP*)). Since U(N(oP™!))* is a supplementary sub-space of ToP*1(IFs,),
@.(oP™) and a.(o?) must be equal. Hence a.(c?™!) and a.(o?) can only differ by a
constant, however they coincide on ¢”, so they must be equal. O

Proposition 5.2.19. Let ¢ € C°(K;Fy) be a sign distribution, and o? < 0% < o”
be three simplices of K. If a-(o?) equals a.(o") then so does a.(c?).

Proof. We assume that o? is a proper face of o”. Let 0" be a simplex adjacent
to both o? and ¢”, and 3 denote the vertex of o?*! opposite to o?. The number
e(B) equals a.(c")(F) which is, by assumption, equal to a.(o?)(3). Therefore, by
Proposition 5.2.18, a.(oP™!) equals a.(o?). Hence, we find that a.(c?*!) equals
a.(o"). The proposition follows by recursion. ]

Definition 5.2.20. Let a : t*(F2) — Fy be an affine function. For all sign distri-
butions ¢ € C°(K;Fy), we denote by K.(a) the union of the K(o)’s for all sim-
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plices 0 € K for which a.(0) equals a. Proposition 5.2.19 implies that the set
{o € K(a) | a:(0) # a} is a sub-complex of K.(a). We denote by K.(a) the union
of {o € K(a) | a:(0) # a} and K.(a) N OK.

Proposition 5.2.21. Let e € C°(K;Fy) be a sign distribution. The cochain complex

(CP(K;0K;Fy); (d+7.U—)) splits into the direct sum:

0<p<n-1

(CP(K 0K Fo)i (A4 72U =) oy = €D (CP(Kela); Kl(a)i Fa)id) oo,y

aEAfE(t (F2))

Proof. Let 0 < p < m — 1 be an integer and a be an affine function on t*(Fs).
The extension by zero provides us with an injection of CP(K.(a); K.(a);F2) into
CP(K;0K;F,). Since (K.(a) \ KL(a))ecasn((r,)) is a partition of K\ 0K the vector
space CP(K ;0K ;) splits into the direct sum of the images of the extensions by
zero. To complete the proof we need to show that the extensions by zero are mor-
phisms of cochain complexes. Let o be a simplex in K_(a) \ K.(a). Let o?*! be a
simplex of K. If 0P is not adjacent to o? then both dxy»(a?™!) and (7.Uxes (aP))
vanish. On the other hand, if o?*! > ¢P, then:

dxor (0PT) + (7o U xor (0PT1)) = 1 4+ 1o(0P; 0P

Following Proposition 5.2.18, 7.(co?;oP*!) vanishes if and only if a.(oP*!) equals
a.(o?), which is a in this case. Therefore, (d + 7.)x,» is the sum of the x,»+1 for all
oP™! adjacent to o and contained in K_(a). It is precisely the extension by zero of

dxer € CP™H K (a); K.(a);Fs). [l

5.3 The First and Last Boundaries

Twists of RX,

Proposition 5.3.1. Let 0" be a simplex of K. The lift og of o™ in RK, indexed
by the vector De,n is the only one avoided by RX., i.e. the only lift for which
op NRX. is empty. More generally, of H is the hypersurface of o" dual to the
cocycle ¢ € ZY(o™;Fy), the only lift o& of o™ for which of NRX, corresponds to H

is the one indexed by the vector De,n + v where 2L, (v) equals C.

Proof. Let op be the lift of ¢” indexed by the vector De,» 4+ v. The hypersurface
o NRX, is the dual hypersurface of the cocycle ¢ : ot — de(o!) + w(o!) (Degn + v).
By Definition 5.1.15, w(o!) (De,n) equals de(o?) for all edges ot of ™. Therefore, ¢
equals 2L, (v). O

Definition 5.3.2 (Twists). Let  be a sign distribution on K, and ¢! be an interior
simplex of K. For all vertices 3 of 6" !, we say that RX, is twisted along o™~ in the
direction of B if D*¢yn-1 is different from pyn-1(B3). The vector D*cgn-1 + pyn-1(5)
belongs to the line N (0" !), we denote by |D?*¢yn-1+ pyn-1(8)| € Fy the correspond-
ing number.
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Remark 5.3.3. Since both D?c,»—1 and p,»-1(/3) belong to the line N(c"!), know-
ing if RX, is twisted or not along a simplex in a given direction is a numerical
question. The hypersurface RX, is twisted along ¢"~! in the direction of /3 if and
only if e(ay) + (o) + X con-1 €(@)|pon—1 ()| + |pon-1(B)| = 1, where 6™ ! % oy
are the two n-simplices of K adjacent to o™ .

Let 0™ ! be an interior simplex of K. The set of direction in which RX, can
n—1

be twisted along o is strongly influenced by the geometry of K. The function
pon—1 partitions the vertices into two sets. The set of those on which the function
vanishes and the set of the others. For all sign distributions ¢, the hypersurface RX.

=1 in all the directions of the former set or in all the

is then either twisted along o
directions of the latter. Let S denote the closed star of ¢"~!. Since 0"~ is interior
it has exactly 2" different lifts in RK and so does S. A lift of S is indexed by a
vector v € t(IFy) and we denote it by S,. The intersection of RX, with S, is the dual
hypersurface of [0 +— de(c!) + w(o!)(v)]. Using Proposition 5.1.10, we see that the
restrictions of these cocycles to 0™~ describe the whole set of cocycle Z'(o™™1; Fy).

n—1

Therefore RX, intersects ¢~ in every possible way. By reflecting back all of the

intersections RX, NS, into S, we get a collection of 2" hypersurfaces of S (some

n—1

could be empty). Exactly 2" — 2 of them intersect o and are connected. For

the remaining two we have the following alternative: one is empty and the other

n—1

consists of two connected components that are “paralle” to ¢"~*, or none of them

n=1 Some examples are depicted in

is empty and each is a “parallel” copy of o
Examples 5.3.5. Either way we have a collection of 2" connected hypersurface of S.
These hypersurfaces are naturally paired by their intersection with ¢"~!. We call
the pair of hypersurfaces that does not intersect ¢"~! the parallel pair. Beside the
parallel pair there are also n distinguished pairs of hypersurfaces. For all vertices
n—1

B of o"71 there is exactly one pair {H;(); Ho(3)} whose intersection with o
separates (3 from the other vertices of 0”1,

Proposition 5.3.4. The hypersurface RX. is not twisted along ™' in the direction
of B if and only if one of the two hypersurfaces {H1(B); H2(B)} separates 5 from all
the other vertices of S.

Proof. Let ol denote the two nm-simplices of S. Following Proposition 5.3.1, the
lift of o7 in which the lift of [ is separated from all the other vertices by RX,, is
indexed by the vector v: = Degn + €1 (8). Indeed, Zél (eon (B)) equals dxs. Let us
denote by Hy the hypersurface of S corresponding to S,., NRX.. By construction
H. belongs to {H;(8); Hy(8)}. We have two cases: either H, equals H_, i.e. vy
equals v_, or H, is different from H_ and so are v, and v_. In the first case H,
separates 3 from all the other vertices of S and v, +v_ vanishes, i.e. D*¢,n-1 equals
pen-1(B). Hence RX, is not twisted along ¢™~! in the direction of 3. In the other
case, RX. is twisted along 0" ! in the direction of 8, and H, does not separated 3

from lk(c"~'; 02). O

Examples 5.3.5. 1. We assume that n equals 2, so that RX, is a curve. We
consider an interior edge o' of K. Following Proposition 5.1.14, the function
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po1 is constant. Hence RX, can either be twisted along o' in all the directions
or in none. This corresponds to the usual notion of twist?.

(a) In Figure 5.2a we depicted all the intersections of RX, with the star S of
o', In this case the curve RX, is not twisted along o!. In Figure 5.2b,
we represented all these intersections in S. The two curves intersecting
o' are represented disjoint, but in reality they would meet “tangentially”

at the middle of o!.

0 1:0 0 .

o 0i0 1 '

1 , 0,1 1 -

0 00 1 '
(a) The four different intersections of (b) The four different intersections of
RX. with the lifts of S. RX. with the lifts of .S inside S.

Figure 5.2: The behavior of a curve RX, in the star of an edge along which it is
untwisted.

(b) Figure 5.3 is the analogous of Figure 5.2 for a curve RX,, twisted along
ol. In Figure 5.3b, the two curves intersecting o! meet “transversally” at
the middle point of o.

1 1:1 / 0 L

0 0i0 .1 7 i

0 01 1 - -

0 00 1 s
(a) The four different intersections of (b) The four different intersections of
RX. with the lifts of S. RX. with the lifts of .S inside S.

Figure 5.3: The behavior of a curve RX. in the star of an edge along which it is
twisted.

3¢.f. [RS23], §7. Case of plane curves p.28.
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2. We assume now that n equals 3, so that RX, is a surface. Let 02 be an interior
triangle of K. As we discussed earlier, the set of directions in which RX, can
be twisted along o2 is determined by the geometry of K. If we assume that the
function p,2 vanishes, then either RX, is twisted along o2 in every direction
or in none.

(a) In Figure 5.4, We depicted the intersections of a surface RX,, that is
untwisted along o2, with all the lifts of the star S of ¢%. Figure 5.5
represents the four pairs of surfaces of S obtained by intersecting its
lifts with RX.. In Figure 5.5b, Figure 5.5c, and Figure 5.5d, the pairs
of surfaces are disjoint. In reality they would meet “tangentially” along
their common intersection with o2.

0 0
0 0 é\ 0 0
0 1V :
0 0
(a) Quadrant (0,0,0) (b) Quadrant (1,0,0) (¢) Quadrant (1,1,0)
0 1 1
0 1 0 0 0 0
0 0 1
0 1 1
(d) Quadrant (0,1,0) (e) Quadrant (0,0,1) (f) Quadrant (1,0,1)
1 1
1 1
1 0
1 1
(g) Quadrant (1,1,1) (h) Quadrant (0,1,1)

Figure 5.4: The eight intersections of RX,. with the differents lifts of S. In this
example t(Fy) is F3.

168



5.3. THE FIRST AND LAST BOUNDARIES

d ve

(c) The pair of the secon

(b) The pair of the first vertex.

(d) The pair of the third vertex.

ctions of lifts of S with RX..

of interse

5.5: A representation of the four pairs

Figure
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(b) Now we consider a surface RX_ that is twisted along o2 in every direction.
In this example Figure 5.6 is the analogous of Figure 5.4. It represents
the different intersections of RX, with the lifts of S. Figure 5.7 represents
the four pairs of surfaces of S obtained by intersecting its lifts with RX..
In Figure 5.7b, Figure 5.7c, and Figure 5.7d, the pairs of surfaces meet
“transversally” along their common intersection with o2.

1 1 1
0 0 é 0 0 1
0 1 \V 1
0 0 0
(a) Quadrant (0,0,0) (b) Quadrant (1,0,0) (c¢) Quadrant (1,1,0)
1 0 0
1 0 0 \. 0 0
0 0 1
0 1 1
(d) Quadrant (0,1,0) (e) Quadrant (0,0,1) (f) Quadrant (1,0,1)
0
0 1
0
1
(g) Quadrant (1,1,1) (h) Quadrant (0,1,1)

Figure 5.6: The eight intersections of RX. with the different lifts of S.
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Maximality of the number of connected component. We recall from Theo-
rem 1.6.4 that the number of connected components of RX, cannot exceed the num-
ber 1+ A" 1%(X). When a T-hypersurface achieves this upper bound we will say
that it has a maximal number of connected components. In this paragraph we com-
pute the matrix M, _2(¢) which leads us to a characterisation of T-hypersurfaces
achieving this upper bound.

Notations. Let W be a p-dimensional sub-space of t(Fy). We denote by [W] € AP t(Fs)
the generator of the line A" .

Lemma 5.3.6. Let o < 0% be a pair of simplices of K with p positive. We have
the following alternative:

— Either 0% belongs to the boundary 0K and FX | (oP;09) vanishes;

— Or o? is interior and we have the exact sequence:

Yop oa

Cy(o7;Fy) —2— Cy(0?;Fy) — =2 FX (0P;07) ——— 0

¢ 3 (c;0")N (oY)

ol<op

Moreover, if we have o < o" < o with 0% interior, and ¢ € Cy(oP;Fy) then
Tor pa(c) equals Yoo 5a(c).

Proof. 1If 0% belongs to 0K, then s := dim Sed(c9) is positive. If s is greater than
1, A" t(F2) /Sed(s?) vanishes. This latter vector space equals F!” (0?5 07). It
contains FX | (67;0) which must vanish as well. If s equals 1, A"~ t(F2) /Sed(0?)
is a line. Since w(o?) divides the generator of the dual line, the contraction against
it is injective. Thus FX ,(0?;0) is also trivial. We assume now that o9 is interior.
For all ¢! < 0P, the (n — 1)-vector [N (o')] is the generator of F-X (0% o). Hence
by Definition 3.1.5, the morphism T,» ¢ is surjective. Let o' be an edge of o”. The
vector [N(o!)] equals w(at) - [t(IFy)]. However, the cochain [o! — w(c!)] is closed,
c.f. Proposition 5.1.9. Therefore, [0 — [N(c')]] is also closed, and the image of 9
is contained in the kernel of Y,» ;4. It follows from Proposition 5.1.11, that for all
vertices 3 of o7, the set {[N(o!)]: 07 > ¢! > B} is linearly independent. Hence, it is
a basis of FX |(0?;09), and this space has dimension p. The rank of the morphism
O equals the codimension of the kernel of d : C'(0?;Fy) — C?(0?;Fy). However
ker(d) has dimension (p 4+ 1) — 1 = p. Therefore, the image of 0 has codimension p
and the sequence is exact. If we have o? < o" < ¢? with ¢ interior, FX |(o?;07)
is included in F:X,(0";09). The last statement is then a direct consequence of the
definition. ]
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Lemma 5.3.7. Let v be a cochain in C°(K;0K;Fs) and [ . w(o™) ® [0™; 0]
be a homology class in H,_1o(X;Fy). We have the formula:

9°(7) - [Zw(a")@ [0”;0"]] = > > B | (w(e™) .

o"eK \ Bxon—l=gn

Proof. Let [w] denote the homology class [Y_, w(c™) ® [¢";¢0"]]. The intersection
product ¢°(7) - [w] equals ([w] where ¢ € H" 19(X;TF,) is the Poincaré dual of
°(7), i.e. ¢ N[X] equals ¢°(y). Therefore, we will begin by finding a cycle ¢ €
Z°Q(K; Fiv ) whose cohomology class is Poincaré dual to ¢°(y). Let o” be an
interior simplex of K. We denote by ¢(coP) the unique form in Fi *(o?; oP) satisfying:

TZP,UP(C(UP)) = d7|ap )

where T;p,ap is the adjoint morphism of T,» 5» from Lemma 5.3.6. For all simplices
o of the boundary 0K and all vertices of K, we set ((o”) to be 0. Then we
have a well defined 0-cochain ¢ € Q°(K; Fi¢™'). Let us show that it is closed. Let
o? < oP*! be an adjacent pair of simplices of K. If o” is a vertex then Fy ' (o?; oP*1)
vanishes and so does d((o?;0?™'). We assume now that p is positive. If o?*!
belongs to 0K, so does oP, and d((o?;oP"!) vanishes. If o” belongs to K but
0P does not, d((a?; P™!) equals the image ((a?™!)" of ((aP™!) by the restriction
morphism Fy (o7t 0?*1) — Fy!(o?;07*). By Lemma 5.3.6, T%, i1 (¢(0P™))
equals dv|,». However, the latter cocycle vanishes for + is identically zero on 0K.
Since szﬂpﬂ is injective, it means that d¢(o?;o?™!) vanishes. If now both o? and

oPT! are interior simplices, then:
Zp’0p+1 (dC(O’p’ Op-‘rl)) — dfy'ap + df‘)/|o,p — 0 .

The cochain ( is closed. By Definition 2.4.10, we have:

¢n Y IN@H®lohe"l = ) ((a)IN(@h] @007

= 3 o (G0 (oY) @ o0
= dye oo,

ol<ogn

The cohomology class of ¢ is the Poincaré dual of ¢°(vy) for the fundamental class
[X] is represented by the cycle Y~ i .[N(c")] ® [0';0"]. Therefore, we have:

9°(0) -l =Y (o™ (w(e™).

To complete our proof we need to compute ((¢™) for all simplices 0™ € K. Let

ol and 0" be two simplices of 0™. The number w(c™ )[N(c')] equals the value
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of (w(e™™) Aw(ch)) on [t(Fs)] ie. 1 if and only if ¢! is not contained in o™'.
Therefore, for all o! < o”, we have

n—1—sn
Bxo =0

and the lemma follows. O]

Definition 5.3.8. Let 0" ! be an interior simplex of K, and 0" € K be adjacent to
o™, For all vertices o of ™! the vector e,n () (mod N (0"~ !)) does not depends
on the choice of 0™ and is denoted by e,n-1(c).

Proposition 5.3.9. Let ¢ be a sign distribution on K. Let 5 be an interior vertex
of K and 0™2 be an interior simplex of K. We have the following alternative:

—2

1. The intersection of the open stars of B and c" 2 is empty and (B8;0" %),

vanishes;

2. The join of B and o™ 2 is an (n — 1)-simplex "' of K and:
(80" ) [N(0" )] = D?epn-1 + pon-1(B)

where [N (o™ )] denotes the generator of the line N(c™1);

n—2

3. The vertex B belongs to o and:

(B;0" D N@ )] = > em(B)A (D%UH +pn (I (02 0"_1))> ,

on—1>gn—2

where [N(c"2)] denotes the generator of the line N> N(o™2).

Proof. Let 0™2 be an interior simplex of K. Following Proposition 5.2.3, the ho-
mology class 9} _, 19" *(x~?) is represented by the cycle:

c = Z w(o" ) A (Do + p 2 (0" 72)) @ [0" 0"

on—1>gn—2

n—2

Since o is interior, its link L in K is homeomorphic to a circle. We denote the

vertices of L by «, for all i € Z /7, in such a way that «; and «;, are the vertices
of an edge of L. For alli € Z /|7, we denote 0" 2xqa; by 07!, and 0" 2% q;* a1 by
07;11- Following Proposition 5.1.14, p:;_Ql (0™ %) equals p n-1(c;) for all i € Z /7.

Then we can write:

c= Z u(c"?) A (D? Eon-t + Pon- () ® [of 0071

Let us consider the chain of Q,,_1,(K; F:X |) given by the formula:

b= Z u(a”’Q) A (DQSU?—l + pgf—l(@i)) ® [0} Lo u+1]
i€L/KT
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By construction, if o® is a simplex of K that does not contain ¢” 2, then <8b :[o®; ap]>
vanishes. For all i € Z /k7, both (9b; (o7 ";077']) and (9b; (07,13 07%4]) equal
<c; [0 J”_l]>. Therefore, the cycle ¢ is homologous to the cycle:

7 )’ Ve

d = Z u(e" ) A (D%af*l + Paffl(az‘)) ® 0711501 41] -
i€k

Let 8 be an interior vertex of K. Following Lemma 5.3.7, we find that:
(B;0" %)= 9"(xp) - ]
— Z w(lk(B; 07;,1)) (u(a"_Q) A (DQEU;H + pg?fl(ai))) . (5.14)
i€ET/KT,

56‘721'-5-1

It implies that (3; 0™~ 2). vanishes whenever the open stars of 3 and 0™~?2 are disjoint.
If now the join of 8 and 0™ 2 is an (n — 1)-simplex of K, then 3 is o; for a certain
i € Z /k7. In this case we have:

(850"72). = w(lk(ay; 07441)) (u(a”d) A (D2£le—1 + paln—l(ozi))>

+ w(lk(ay; 071 ,)) (u(a”_Q) A (D250?:11 + Pgni (ai_l))>

= W(U?ﬁl) <u(a”_2) A (Dzﬁaffl + Pﬁ*l(%‘)))

F(el ) (ule" ) A (D + i (i)

= ’ngo?_l + pof_l(ai)‘ )

Because D250TL_—11 FPgn— (avj—1) belongs to N (¢77'), and w(ol") (u(o"‘2)/\[N(oﬂ—1)])
equals 1. Indeed, if « is a vertex of 6"~ 2, we have:
(ot (u(e"™) AN (017)]) = w0 ) A as — @) (u(e™ ) A [N (o7 7)])
= (i1 — @) ([N (o77)])
L,

since the vanishing of (a1 — @) ([N (07~")]) would imply the nullity of [N (o] "))

If we assume now 3 to be a vertex of 0" 2, the formula (5.14) implies that:

(B;0"72). = Z w(k(B;07511)) (u(a”_z) A (D250?_1 + po_?—l(oﬁ))) .

i€Z/ kT

The contraction w(lk(8;07,,)) - [t(F2)] equals the vector €or..,(B). Therefore, we
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have:

(80" ). F)] = u(e™ ) A 3 e, (B) A (D2 + pona ()

i€Z/kT.

"=2) equals 1 by Definition 5.2.11 and we have established

If n equals 2, then u(o
the last formula. Now we assume that n is at least equal to 3. Let ¢! be an

The number w(al)(ec,giﬂ(ﬁ)) equals 1 if and only if 8 belongs to
ol, c.f. Proposition 5.1.11. In particular it does not depend on i. The number

w(o) (D% n1 4 pyn-1(a;)) is 0 for all i € Z /k7 for o' is contained in o]'~" and

n—2

edge of o

%

D% _n-1 + p,n-1(c;) belongs to N(o7~"). Using these computations we find that:

w(e") - Y eon (BN (Dt 4 pni (i) = dia(oh) D Dejnor + prei(as)

i€Z/KT. i€Z/kT.

:07

and that the vector ;.77 €on. . (8) A (Dz%ffl + payq(ai)) belongs to the line

A’ N(0"2). Since u(c"2) is the volume element of a supplementary sub-space of
N(c™ %) we finally find the formula:

(830" N D] = Y e () A (D + ps ()

i€Z/KTZ.

Proposition 5.3.10. For all interior vertices 3 of K and all simplices 0" > f3
we have:

Z 60”_1(5) N Pgn—1 (5) = Z €on—1 (ﬁ) N Pgn-1 (lk(an_Q; gn_l)) .

on—1>gn—2 on—1>gn—2

Proof. On one hand we have:

Using the formulae of Proposition 5.3.9, we have for all "2 containing f3:

(30" DN B = 3 a8 A (prer (B) + pos (Il % 0" 1))

on—1>gn—2

On the other hand, a direct computation, yields:
dxs + 7y, Uxs =0.
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Therefore, by Proposition 5.2.7 and Proposition 5.2.15, we have:

Z egn-1(f) A <po-n71(ﬂ) + pon-1 (Ik(c™ % U"_l))> =0.

0'"_120”_2
O

Proposition 5.3.11. For all sign distributions € on K, all interior vertices B of K,
and all simplices "2 > 3 we have:

(85 Jn_z)a [N(On_Qﬂ = Z egn-1(8) A (D250”*1 + po"fl(ﬁ)) :

on—1>gn—2

Proof. This is a direct consequence of Proposition 5.3.9 and Proposition 5.3.10. [

Proposition 5.3.12. We assume n to be equal to 2. For all interior vertices B of
K, the number (; ). equals the parity of the number of edges of K, adjacent to 3,
along which RX, is twisted. In other words, we have:

(Baﬁ)s = Z |D2501 +p01‘ .

ol>p

Proof. Let 02 be a triangle of K and o' be an edge of ¢2. For all vertices 3 of
02, the set {e,2(8);[N(c!)]} forms a basis of t(IFy). Hence e,2(3) A [N(o!)] equals
[t(Fy)]. Moreover for all interior vertex § of K, [N(f)] equals [t(IF3)]. Therefore,
Proposition 5.3.11 implies the formula of the proposition. O

Remark 5.3.13. When n is greater then 3 the formula of Proposition 5.3.11, can
also be interpreted as a number of twists in the direction of § along the (n — 1)-
simplices of its star. However, this time some twists must be counted and some
must not. For instance, if 3 is an interior vertex and ¢" 2 contains 3, (3;0" %),
equals the number of twists of RX. in the direction of § along the (n — 1)-simplices
of K for which u(6™" %) Aegn—1(B) A[N (o™ )] equals [t(F3)]. The set of twists we are
counting may depend on the choice of the basis used to construct u(c"2). However,
the count itself, will not.

Theorem 5.3.14 (Generalised Haas Theorem). Let P be a non-singular polytope
of t*(R) endowed with a primitive triangulation K. For all sign distributions e, the
T-hypersurface RX, has a maximal number of connected components if and only if:

1. The triangulation K is p-uniform;
2. The number ((RX.) is at least equal to min(n — 2;1);

3. The sign distribution € satisfies:

D% = pin H,_(K;B,K;N). (5.15)

4. For all simplices "2 of BiK not contained in ByK, (ap(c™™?);0"?). van-
ishes.
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Proof. Using Theorem 4.2.27 we have the short exact sequence:
0 — Ego(RX.) — Ho(RX;Fy) — E7 o(RX,) — 0.

Since EgG(RX.) is isomorphic to Ejo(RX.), itself isomorphic to Hyo(X;F;) it has
dimension 1. Hence RX. has a maximal number of connected components if and
only if E;°, o(RX.) is isomorphic to E}_, ;(RX.). We are now going to distinguish
three cases: n equals 2, n equals 3, and n is greater than 3. In a first time we assume
that n is greater than 3. E°, ((RX.) is isomorphic to E}_, ((RX.) if and only if
the two following morphisms vanish:

arlL—2,1 : Ewla—z,l(RXe) — E}L—I,O(RXE)
oy EYTA(RX.) — EpZio(RXL).
By Theorem 4.2.31 and duality 8{‘;2 vanishes if and only if the morphism:
it H(RP;Fy) — H'(RX;Fy),

is injective. Since i : H(RP;F5) — HO(RX.;F,) is always injective, 97'1* vanishes
if and only if /(RX.) is at least equal to 1. Since n is greater than 3, Proposition 5.2.7
ensures us that 8}#2’1 vanishes if and only if My,_2(e) does. The second point of
Proposition 5.3.9 implies that for M, _2(¢) to vanish we must have:

po-nfl (/6) — ngo—nfl ,

for all interior simplices 0"~ ! of K, and all vertices 8 of 0"~! whose link 1k(3; 0" !)
is not contained in the boundary. In particular, K must be p-uniform. Reciprocally,
if K is p-uniform, then we must have:

D% =pin H, 1(K;B.K;N).

Now if we suppose that K is p-uniform and ¢ is a solution of (5.15), My ,_a(e)
vanishes if and only if (3; 0"~2). vanishes for all pairs of interior simplices 3 < o™ 2.

We assume that we have such a pair 8 < ¢" 2 with o2

containing at least 2
interior vertices, one of them being 5. If 0" ! contains ¢" 2 then, by hypothesis,
the link of B in 0™~ ! contains at least one interior vertex of K. As a consequence
of (5.15), D®g,n-1 equals pyn-1(3). Hence (B; 0" 2). vanishes. Therefore, My, ()
vanishes if and only if K is p-uniform, ¢ is a solution of (5.15), and for all simplices

0" 2 of BiK \ BoK, (ap(c"?); 0" ?). vanishes.

When n is at most equal to 3, Theorem 4.2.27 implies that the Renaudineau-
Shaw spectral sequence of RX, degenerates at the second page. Hence, in these cases
RX. has a maximal number of connected components if and only if E | ((RX;) is
isomorphic to ETLLO(RXE). This latter condition is equivalent? to the vanishing of

4¢c.f. Theorem 4.2.28.
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1
an—l,(]‘

Let n be equal to 2. Following Proposition 5.2.7, the vanishing of 8%70 equivalent
to the vanishing of M (). We recall that every primitive triangulation of a two

dimensional polytope is p-uniform?®

. As in the preceding case, My () vanishes if
and only if:

D% = pin H(K;B,K;N),

and (5; B). vanishes for all § € B1K \ ByK. Finally, the rank ¢/(RX.) being always
at least 0, the condition ¢/(RX.) > min(0, 1) is always satisfied.

Only remains the case n equals 3. Proposition 5.2.8 provides us with the formula:
dim F3 o(RX.) = dim B} ((RX,) — rk Mo (¢) — 4,

where 0 denotes the dimension of the cokernel of i; : Hi(RX.;Fy) — Hy(RP;Fy).
Hence, E3,(RX.) is isomorphic to Ejo(RX.) if and only if both M:(e) and &
vanish. The latter condition is equivalent to ¢(RX.) being at least equal to 1. The
former, as in the case n > 3 is equivalent to K being p-uniform and e satisfying:

D% = pin Hy(K;B1K;N),

and (ap(c');o!). =0 for all o' € BiK \ By K. O

Remark 5.3.15. The case n equals 2 of Theorem 5.3.14 was already known and
is due to B. Haas, c.f. [Haa97|, Theorem 7.3.0.10 p.70. Our generalisation can also
be formulated in terms of twists. Equation (5.15) forbids RX, to be twisted in
certain directions along the (n — 1)-simplices of K \ B; K and the fourth condition
of Theorem 5.3.14 imposes that the weighted count of the twists of RX, around
the (n — 2)-simplices of B K \ ByK has to be even. The two first conditions of the
theorem are automatically satisfied for T-curves. Because of Proposition 4.2.40, the
second condition is automatically satisfied when ¢[wy]| > 1. The latter condition only
depends on the “degree” of X. For instance odd degree hypersurfaces in projective
spaces satisfies tjwx] =n — 1.

In the remaining of this paragraph we tackle the question of knowing if every
p-uniform triangulation admits a sign distribution € whose T-hypersurface RX, has
a maximal number of connected components.

Proposition 5.3.16. Let K be a p-uniform triangulation. Any solution € of the
following equation:
D% =pin H, 1(K;ByK;N), (5.16)

yields a T-hypersurface RX. with the maximal number of connected components.
Moreover, the T-hypersurfaces constructed from the solutions of (5.16) are made of:

1. Exactly h®"~Y(X) spheres, bounding disjoint balls. None of them intersect the
toric divisors of RP;

5c.f. Proposition 5.1.14.
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2. Another connected component that intersects all of the toric divisors of RP.
When (5.16) has a solution we say that K is simply integrable.

Proof. Let € be a solution of (5.16) and 8 be an interior vertex of K. For all (n—1)-
simplices adjacent to 3, D*c,n-1 + pyn-1(/3) vanishes. It implies that the vector
v = Desn + e,n(f) does not depend on the choice of the n-simplex o™ > /5 we used
to compute it. For all 6™ > 3, the cocycle de|,n + 2L, (v) equals dxs|,». Therefore, it
follows from Proposition 5.3.1 that the intersection of RX, with the lift of the closed
star of 8 corresponding to v consists of a sphere confining the lift of 3 in its interior.
Since RX. must intersect all the toric divisors of RP in a non-empty set, RX, has
at least 14 card(K© \ 9K©) connected component. However, card(K(©® \ 9K®)
equals A" 19(X). Hence, RX, has a maximal number of connected components and
satisfies the description of the proposition. n

Proposition 5.3.17. A shellable, p-uniform triangulation K of a non-singular poly-
tope P s simply integrable if and only if Op = 0 where O denotes the connecting
morphism:

0:H, 1(K;ByK;N)— H, 2(ByK;0K;N),
of the long exact sequence associated with the triple 0K C BgK C K.

Proof. Let K be a p-uniform triangulation. If K is simply integrable, we con-
sider ¢ a solution of (5.16). In this case, the second derivative of £ belongs to
H, 1(K;0K;N) and equals p modulo ByK. Since the kernel of 0 is the image of
H, 1(K;0K;N) — H, 1(K;ByK; N), Jp has to vanish. Reciprocally, if we assume
K to be a p-uniform, shellable triangulation, then dp = 0 implies that p has a lift
pin H, 1(K;0K;N). Since K is shellable, Lemma 5.1.20 ensures that we can find
a sign distribution e, whose second derivative equals p. By Proposition 5.3.16, any
such sign distribution yields a solution of (5.16). O

T-curves. In what follows we assume n equal to 2. In this special case, Proposi-
tion 5.1.14 implies that there is a canonical class p € Hi(K;0K; N) that lifts the
class p € Hi(K;ByK; N). It is defined as follows:

p = Z pa1®01.

ol¢dK

Theorem 5.3.18. The solutions of the equation:
D% =pin H(K;0K;N), (5.17)

consist of the images of the polynomial functions of degree 2 in C°(K;Fy). As such,
every 2-dimensional triangulation, even a non-shellable one, is simply integrable.

Proof. Let h be a quadratic sign distribution. Now let 5, and (3, be the two vertices
of an interior edge of K, and [By; £1; a+| the two triangles of K adjacent to [So; 81]-
Following Proposition 5.1.19, affine maps are in the kernel of D?. Since h is quadratic,
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we can assume, to compute DR, 5], that h is given by [(z;y) — zy] where (z;y)
are the affine coordinates in the basis (5 + Bo; ax + o) with origin at Sy. If (x_;y_)
are the coordinates of the vector a_ + fy, then y_ equals 1 for (1 + Bo; a— + Fo) is
also a basis of t*(Fy). Hence, we have:

ay +a_=x_(B1+ Bo),

and pjg,,,] equals x_[N([fo; £1])] by Proposition 5.1.13. Let us write:

D*higoitn) = |D* higosull [N([ﬁo;&]ﬂ :
Then, we have:

ID?higgipy| = z(ar)y(ay) + z_y— +y— (2(Bo)y(Bo) + z(B1)y(Br))
=0x1+2_x14+2_(0x0+1x0)

=T_.

And D?hg,.5,] equals piz,.s,). Now by Proposition 5.1.19, the kernel of D* is exactly
the space of affine sign distributions, hence the theorem follows. n

Remarks 5.3.19. 1. Since t*(F;) has dimension 2 there is essentially one quadratic
polynomial function f : t*(Fq) — Fa. It is a consequence of Fermat’s little the-
orem. Hence, all the T-curves RX, obtained from a solution ¢ of (5.17) are
reflections of one another;

2. 1. Ttenberg and O. Viro proved® that a particular sign distribution always pro-
duces a maximal curve of a given topological type for all convex triangulations
of the standard triangle of size d > 1: {(z;y) € R | z + y < d}. They named
their sign distribution the Harnack distribution. It is given by the formula
e(z;y) =14 (1 +z)(1 +y) (mod 2), hence by a quadratic polynomial.

For 2-dimensional polytopes the set of maximal distributions contains two special
affine subspaces: the space of solutions of (5.16) which itself contains the solutions
of (5.17). Theorem 5.3.18 describes the elements of the latter as quadratic distribu-
tions. In the following will geometrically characterise the solutions of (5.16) and of
(5.17) among maximal T-curves.

Proposition 5.3.20. A sign distribution e yields a mazimal curve RX, of the sur-
face RP having only one connected component intersecting the toric divisors of RP
if and only if € is a solution of (5.16).

Proof. Proposition 5.3.16 ensures that every solution of (5.16) is maximal and can
only have one connected component intersecting the toric divisors of RP. Let € be a
sign distribution yielding a maximal curve RX, of RP, i.e. a solution of (5.15) with
an even number of twisted edges around each vertex. Let us denote by (1, ..., Cj the

6¢.f. [IV96], Proposition p.24.
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connected components of RX, intersecting the toric divisors of RP, and by pu the
“moment” projection RP — P. The images u(Ch), ..., u(Cy) are one dimensional
sub-complexes of the cubical subdivision of K. The intersection of their support
with the interior edges of K are always “transversal’. Moreover, at most two such
images £1(C;) can intersect a given interior edge, and every edge of 0K is reached by
exactly one such image. If ¢ is not a solution of (5.16) then there exists at least one
twisted edge o' in B K\ BoK. Let us denote « the interior vertex of o!'. There is an
even number of twisted edges of By K adjacent to «. We denote by {8; :i € Z /217.}
the set of vertices of 0K for which {[; 3] : i € Z /217, } is the set of twisted edges
adjacent to . We assume that the (;’s are consistently numbered with respect to
a cyclic ordering of the circle lk(a; K). The edges {[a; ;] : ¢ € Z /217 } divide the
star of a into 21 zones {B; : i € Z /27 }. For all i € Z /217, the zone B; is bounded
by the edges [a; §;] and [«; 5;—1]. By Proposition 5.3.1, The images under u of the
intersections of the lifts of this star in RP with RX, consist of a collection of arcs.
There are 2] of them that crosse the edges {[«; 5] : i € Z /217 }. For all i € Z /217,
exactly one of them goes from B; to B;,,. Figure 5.8 depicts an example of these
arcs in the star of a.

B,
By .
N
B | |/
-1

Figure 5.8: A representation of the crossing arcs of the star of «a.

This decomposition of the star of o extend to a decomposition of P into 2/ zones
By,...,By. For all 1 < i < 2, B; is the closure of the connected component of
P\ U,la; 8;] that contains B;. Let o' be an edge of 9K located in the zone B;,

! Two behaviors can occur,

and C; be the curve whose image under p reaches o
either ;(C) is fully contained in the zone B; or ;(C) must cross both [o; 3] and
[a; Bi—1]. If the former occurs then k& must be at least equal to 2 since all the edges
of the boundary are reached. We assume now that the second case occurs. We start
following the curve C; in the direction in which p(C}) crosses [a; ;). Before crossing
this edge we must penetrate inside the star of a. As we do so we must follow the
arcs it contains. It leads us in the zone B;,o. Therefore, since 21 is even wu(C;) can
only reach edges of the boundary contained in the zones whose index has the same

parity than ¢. Hence k must be at least 2. O]

Let f € R[X;Y] be a real polynomial with smooth Newton polytope P. We
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assume that the real curve Z := {f = 0} of the projective toric surface Y associated
with the polytope P is non-singular. The amoeba A of Z is the image of the
intersection of the complex locus Z(C) with the open algebraic torus (C*)* C Y (C)
by the logarithmic map Log : (C*)* — R?. M. Passare and H. Rullgird proved”
that the area of A, with respect to the Lebesgue measure of R?, is never greater
than 72 times the area of the polytope P. G. Mikhalkin and H. Rullgard proved®
that this inequality is sharp and characterised the curves realising this maximum.
They called them simple Harnack curves and they satisfy the following description:

1. Z(R) is made of 1 + g(Z(C)) connected components, where g(Z(C)) is the
genus of Z(C). This genus equals the number of interior lattice points of P;

2. There are g(Z(C)) components of Z(R) located in the real torus (R*)? C Y'(R).
Moreover, they all bound disjoint discs;

3. If C' denotes the remaining connected component of Z(R), then there is a
parametrisation v : [0,1] — C, an ordering Fj, ..., E}, of the edges of P consis-
tant with a cyclic ordering of 0P, and numbers 0 =ty < t; < ... <tp_1 <ty =1
such that y~1(C NRE;) is contained in |t;_1;t;[ for all 1 <7 < k.

This definition extends to T-curves and we say that RX, is a simple Harnack curve
if an only it satisfies the above description.

Let v : R /7 — C be a parametrisation of a connected component of the T-curve
RX.. We can imagine that v is the trajectory of an astroid moving into the space
RP in which every vertex of RK represents a celestial body. We say that an instant
t is critical if (¢) belongs to an edge o} of RK, and that the astroid crosses og
at the critical instant . At a non-critical instant the astroid is located in an open
triangle o2 of RK. The trajectory of the astroid must separate one vertex ag of 03
from the others. We say that the astroid is orbiting around this vertex. When we
follow the trajectory of the astroid, three rules can apply when we pass through a
critical instant :

1. The crossed edge o does not belong to a toric divisor RE, where E is an
edge of P, and |oL| is not twisted. In that case the astroid continues to orbit
around the same vertex;

2. The crossed edge o, does not belong to a toric divisor RE, where E is an edge
of P, and |og]| is twisted. In that case the astroid orbits the other vertex of
op after crossing it;

3. The crossed edge o belongs to a toric divisor RE, where F is an edge of P.
In that case the astroid orbits the other vertex of o after crossing it.

Let us assume now that ¢ is a solution of (5.16) and that C' is the component of RX,
that has non-empty intersection with the toric divisors. Since no edge of By K are

“c.f. [PRO4], Corollary 1 p.502.
8c¢.f. [MRO1], Theorem 1 p.442.
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twisted, the astroid can only orbit around the vertices of the toric divisors of RP
and every twisted edge divides P into two smaller polytopes that we call the sides
of the edge. We say that a twisted edge is extremal when one of its side contains all
the other twisted edges. Let C'T" be the inverse image of the middle of the twisted
edges and boundary edges by povy. We define a map f : R /7 — P homotopic to
i oy the following way:

1. if ¢ belongs to CT', we set f(t) == p(v(t));

2. if ¢ belongs to a connected component |a;b[ of the complementary sub-set of
CT, u(y(t)) belongs to a piece of the star of a vertex divided by the twisted
edges and boundary edges adjacent to this vertex. Let us assume that u(~y(t))
is between the twisted edges o} and o} with p(y(a)) the middle of ¢! and

p((b)) the middle of o3 In this case we define f|f,) to be a nowhere constant
arc contained in ¢} U o} joining pu(y(b)) from p(y(a));

By construction, the cyclic ordering of the boundary edges of K induced by f is
identical to the cyclic ordering of v. The map f will only pass twice through the
middle of the twisted edges and once through the middle of the boundary edges.

Lemma 5.3.21. If the astroid crosses a twisted edge oy, and its moment image goes
from the side Qy of (o) to the other side Qs, then the astroid must cross a toric
dwisor of RP at a lift of an edge of 0K N Qs before its moment image can be back

m Ql-

Proof. We assume that for ¢ < ¢y close to ty, f(t) is in @); and that f(to) belongs
to Q1. As t > tg grows f(t) will eventually end up on an extremal twisted edge
before passing through p(og) again. Indeed, let us denote by oy, ..., o} the ordered
set of twisted edges visited by f as ¢t grows, with o} and o} equal to p(og). They
must come in pairs for otherwise f would be trapped in only one side of a twisted
edge. Moreover, since twisted edges do not cross, one of such pair must appear in
consecutive order. Such an edge is extremal by definition. Now, the side @) of this
extremal twisted edge that does not contain any other twisted edge is fully visited
by f before crossing the extremal edge again. Since the vertices are not confounded

f must visit some edge of 0K N Q. O

Proposition 5.3.22. A sign distribution € yields a simple Harnack curve of RP if
and only if it is a solution of (5.17). Hence, simple Harnack curves are essentially
unique amongst T-curves constructed on a given triangulation.

Proof. The edges of ByK \ OK are of two types. An edge o! € ByK \ 0K is said
to be of the first type if at least one of its vertices is not a vertex of the polytope
P. The others are said to be of second type. We say that an edge ! € ByK \ 0K
of the first type is incident to and edge E of P if one of its vertices belongs to the
relative interior of E. We denote by Sy the circle obtained from R /7 by contracting
all the inverse image by f of the twisted edges. We denote by f*E the image in S
of f~(E). We will prove the proposition in two times. First we will show that if
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there is a twisted edge of first type incident to F then f*FE is not connected. Then
we will finish by showing that a sign distribution whose only twisted edges are of
the second type induces an order of the edges of P consistant with a cyclic order of
OP if and if no edges are twisted.

Let E be an edge of P. We denote by [ag; aq], ..., [ag—1, ] the edges of OK
located in E and we assume that there is a vertex «;, with 0 < ¢ < k, belonging to
a twisted edge. Let us further assume that i is the smallest of such integers. Let
to be the instant at which f(to) is the middle of [ag; c]. up to reparametrisation
we can assume that f moves toward oy when t grows. When ¢ does so, f(t) will
remain on E until it reaches «, then it will follow a twisted edge [ay; 8]. Since E is
a convex set, 5 cannot belong to £. Then when ¢ decreases from ¢y, f(t) must pass
through edges of 0K that do not belong to E before eventually passing through
[a;; B]. Indeed, either [ay; 5] is extremal and f(¢) must pass through a boundary
edge containing . Either it is not extremal and f(¢) will pass through a twisted
edge before passing through . In this case Lemma 5.3.21 ensures that it will pass
through a boundary edge that does not belong to E before reaching g for it will
enter the side of that twisted edge that does not contain E. Now we follow f as t
grows from tq. Let us denote [5o; 1], ..., [Bi—1; Bi], with [Bo; 51] = [ay; ] the twisted
edges visited by f before visiting a boundary edge. If ; is not in the relative interior
of F then Lemma 5.3.21 implies that the next boundary edge f passes through is
not in . Thus f*F is not connected. If now f; belongs to the relative interior
of E then [ must be even and [y; must always belong to the relative interior of F.
Indeed, if two consecutive vertices does not belong to the relative interior of E then
B; cannot belong to E by Lemma 5.3.21. Hence, once having passed through all
the twisted edges, we end up on E moving in the direction of a;y; where 5 = «;
and j > i. See Figure 5.9 for an example. This alternative repeats itself until we
can show that f*F is not connected or we end up on the last portion of £ where
there is no incident twisted edges anymore. This case is completely symmetric to
following f when t decreases from t;. Therefore, moving forward in time, we will
leave F without having seen the middle of [a;; a;41]. Hence, f*FE is not connected.
This reasoning also shows that if there is no twisted edges of the first type incident
to E then we see all of E by moving forward in time.

ap o ap @ B oy
8 B B
(a) The case f; does not belong to the (b) The case f; belongs to the relative
relative interior of E. interior of E.

Figure 5.9: The two behaviours of the moment image of the astroid when crossing
a twisted edge of the first type incident to F.
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Let us now assume that the only possibly twisted edges of ¢ are of the second
type. Let [ag; aq] and [aq; as] be two consecutive edges of P such that «; belongs
to a twisted edge. Let [ be the other end of the twisted edge followed by f after
passing through [a; o). By convexity of the edges of P,  cannot be neither ag nor
ay. After following this twisted edge we end up on its side that contains [aq; ap]. If
there are no twisted edges adjacent to S on this side, we will have to pass through
an edge of P different from [ay; as] before being able to pass through it. If there is,
following it will lead us on its side that does not contain [ay; ). Hence we will also
have to pass through an edge of P different from [a; ap] before passing through it.
As a consequence, for the cyclic order of the edges of P induced by f to be consistant
with an ordering as boundary of the polytope we cannot have any twisted edge. The
reciprocal is immediate. ]

A sharper bound for the number of connected components. In this para-
graph, we provide an estimation of the maximal number of connected components
of a T-hypersurface constructed on a non-p-uniform triangulation.

Definition 5.3.23. Let K be a primitive triangulation of a non-singular polytope.
The distance between two simplices is the minimum of the graph length of their
vertices in the 1-skeleton of K. We denote by x(K) the maximal number of (n —1)-
simplices of K at which it fails to be p-uniform and that are all at distance at least
2 of each others.

Proposition 5.3.24. Let K be a primitive triangulation of a non-singular polytope.
For all sign distributions e € C°(K;Fy) the rank of Mo ,_o(¢) is always at least equal
to k(K). As a consequence we have the following upper bound:

dim Hy(RX;Fo) <1+ dim Hy o1 (X;Fy) — w(K). (5.18)

Proof. Let J?‘l,...,ag_l be simplices of K at which it fails to be p-uniform and that
are all at distance at least 2 of each others. Let ¢ be a sign distribution on K. Since K
fails to be p-uniform at the simplices 0?‘1,...,02_1, we can find, for all 1 <17 < k, two
different interior vertices a;, 3; of 07! for which Pyt (cv;) and Pyn=1 (B;) are different.
Using Proposition 5.3.9, it follows that either (ozi s 1k(ay; (7?’1))6 or (ﬂi k(65 JZ"I))6

equals 1. We assume that it happens on «;, for all 1 < < k. The matrix:

((% lk(ay; a?_l))5> 1<i i<k’

is a sub-matrix of Mg ,_2(e) equal to the identity matrix of size k. Indeed for all ¢
different from j, o; and lk(o;; U;L_l are at distance at least 2. Therefore, they cannot
be both included in the same simplex. Hence, the rank of M, () is at least equal
to k. Consequently, the rank of My, o(¢) is at least equal to x(K), and the upper

bound (5.18) follows from Proposition 5.2.8. O

Asymptotic growth of the expected number of connected components.
We assume that we are given a smooth polytope P of t*(R), and for every integer
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d > 1, a primitive triangulation K of its dilate dP. We denote by X (d) the dual
hypersurface of K;. By Theorem 1.6.4 of A. Renaudineau and K. Shaw, we know
that for all ¢ € C°(K(d); F2), the number of connected components by(RX.(d)) is
less than 1+ 1"~ (X (d)), where h" (X (d)) is the dimension of H,_1(X (d); F2).
In this paragraph we give an idea of the growth of the number connected components
of a typical T-hypersurface as d grows to 4+oc0. If we choose ¢ uniformly at random
in C°(K (d); F5), the number by(RX.(d)) becomes a random variable. We denote by
E[¢{] the expected value of a random variable &.

Proposition 5.3.25. The asymptotic of k" °(X (d)) is the following:
B (X (d)) = volo(P)d™ + o(d™™Y),

where volz(P) is the integeral volume of P. That is to say the Lebesque measure of
P, normalised so that a parallelogram on a basis of t*(Z) has volume 1.

Proof. The number h"~ 10 (X (d)) equals the number of lattice points in the relative
interior of P. By Ehrhart-Macdonald reciprocity® it equals (—1)"L(P; —d), where
L(P; X) is the Ehrhart polynomial'® of P. The polynomial L(P; X) has degree n
and its leading coeflicient is voly(P). O

Proposition 5.3.26. Let P be a n-dimensional integral polytope of t*(R) and (Kg)a>1
be a sequence of primitive triangulations of (dP)g>1. The function d — fi(Kq4) is a
polynomial of degree n.

Proof. Let d > 1 be an integer. The number f;(K,) is a linear combination of the h*-
vector of dP. In particular there is a t*(Z)-translation invariant valuation ¢ on the
integral polytopes of t*(R) such that fi(K,) equals ¢(dP) for all d > 1. Theorem 5
p.121 of [McM77| implies that d — f;(Ky) is given by a polynomial of degree at
most n. However, the number fi(Ky) is not smaller than 3 fo(K,) since no vertex
is isolated. Hence, d — f1(K,) is of degree n for d — fo(K,) = card(dP Nt*(Z)) is
polynomial of degree n. O

Proposition 5.3.27. For all sequences (Kq)q>1 of primitive triangulations of (dP)g>1
we have:

> liminf E

d——+00

1 >limsupE bo(RX-(d)) ] > 0.

bO (RXE (d))
dtoo |1+ hHO(X(d)) {

1+ hn19(X (d))

Proof. Let d > 1 be an integer and 8 € K, be an interior vertex. We denote by Sg
the subcomplex of cubical subdivision of K; made of all the cubes indexed by the
pairs of simplices o < 09 with p > 1 and o” containing 3. We also denote by Stz
the open star of 3, and £z the Bernoulli random variable whose value is 1 if and
only if RX,(d) contains a lift of Sz. By Proposition 5.3.1 and Proposition 5.3.16
¢5(e) equals 1 if and only if the image of D% in H,_1(K4(Stg); 0K4(Sts); N) equals

9¢.f. [Mac71], Theorem 4.6 p.192
¢ f. [Ehr62], pp.616-618.
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P(B) = Y gn125 Pon1(B) @ "1, We have the following commutative diagram with
exact rows and columns:

0
0 CO(Kd; Kd(stﬁ);Fg)
0 —— Aff(£(Fy)) ——— C°(Ky;Fy) D Hy 1(Ky 0Ky N)

v ~ l

0 —— Aff(t"(Fy)) —— CO(Kd(étg);Fg) D H,(Ky(Sts): 9K4(Sts); N)

)
S
L
S

Hence, we have the following exact sequence:

CO(Kd'Kd(Stg)'Fg) D%

’ y — OV K4 Fy) — H,_1(K4(Stg); 0K4(Stg); N),
DAL(E(Fy)) (Kq; Fs) 1(Ka(Stg); OKa(Sts); N)
where D is the composition D? o |, st,). Since D3xs equals p(3) there is exactly
2n oK) =fo(Ka(St5)) golutions to the equation D3e = p(f3). Therefore the probabil-
ity that £z equals 1 is 2nt1-fo(Ka(Sts))  We have the following inequality:

bo(RX(d) =1+ Y &)

BEK\OK

Which implies the following one:

RX() ] 1+ Cacron 2705
1+ h”fl’O(X(d)) 1 4+ pn—10 (X(d))

The number fy (Kd(Stg)) equals the degree!! of the vertex 8 plus 1. Hence, the
number >\ ox 21— fo(Ka(Sts

function x — 277, we have:

) equals 2" ZﬁeK\aK 2~ 488 By convexity of the

Y pek\oK 98B n—o—J1(Kq)

on Z 27degﬁ > thnfl,O(X(d>)2_ =TOX (@) > hnfl,O(X(d»z TERL0(X (@)
BEK\OK

f1(Kq)

The sequence (hn—LO—(X(d))

) converges toward a number ¢ > 0 as d grows to 4-00.
a>1

Thus, the lim. inf. is at least equal to 2"72¢ > 0. Since E [ bo(RX. (d)) ))] is at most

I+h"—10(X(d

1The number of edges adjacent to the vertex.
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equal to 1 by A. Renaudineau and K. Shaw’s inequality, the proposition follows. [

A Discrete Dirichlet Problem for T-Curves. This last paragraph is really a
remark. In the special case of curves one can use the symmetry of M (¢) to define
a Laplacian type operator on the space of 0-cochains of K. Doing so we can link the
number of connected components of RX, to the dimension of the space of harmonic
cochains.

Definition 5.3.28. Let K be a primitive triangulation of the 2-dimensional poly-
tope P and ¢ be a sign distribution on K. We define the Laplacian A, to be the
following endomorphism of C°(K; 0K;Fy):

A, : C°K;0K;F;) — C%K;0K;TF,)
[ B LaB0)f()].

This operator is symmetric with respect to the canonical scalar product of
CY(K;0K;TFy) since the matrix My () is symmetric. Also, using Proposition 5.2.8,
the number of connected components of RX, is equal to 1 plus the dimension of the
space of harmonic cochains ker(A.) that vanish on the boundary.

5.4 Examples and Non-Examples

Let n and d be two positive integers. We recall that we denote the standard n-
simplex of size d by the symbol P;. In this context t*(R) is R™, t*(Z) is Z", e1, ..., en
is the canonical basis of R™ and P} is the convex hull of 0, dey, ..., de,,.

Regular Triangulations of F. Knudsen. In the third chapter of [KKMSD73],
F. Knudsen introduces a family of primitive convex triangulations of (P}),.4>1 called
regular triangulations. For all n,d > 1, the regular triangulation R]; of P}; is obtained
by cutting P by the following hyperplanes:

H]i’j = {il’l = k} ,
l=i

forall1 <i<j<n,andall 1 <k <d-—1. The Lemma 2.12 p.126 of [KKMSD73|
implies that R} is never p-uniform when n is bigger than 2 and d is big enough.

Viro Triangulations. In Definition 4.3.3 we described a method of construction
of triangulations of P/f} from a triangulation of P} and of PJj, ;: If K is a trian-
gulation of P! and L is a triangulation of P’} 1, K + L is the unique triangulation
of Pl for which:

1. The restriction of K + L to P4} N {x,1 > 1} is the translation of K;
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2. For all integers 0 < i < n, the restriction of K + L to the big simplex
[€nt1,€ni1 +deq, ..., eni1 +deg] * [(d+ 1)e;, ..., (d + 1)e,)], is the join of the re-
striction of the translation of K to [eni1,€n41 + deq, ..., €11 + de;] with the
restriction of L to [(d + 1)e;, ..., (d + 1)e,].

If both K and L are primitive then so is K + L. By Proposition 4.3.5 the same holds
for the convexity. Then we recursively defined the Viro triangulations (V}'), a>1 by

the formulee:
Vit =P} Vn > 1
Vil =yt Ve Wn,d > 1.

This process can be generalised. Let L = (Lg)4>1 be a sequence of primitive tri-
angulations of (P})s>1 we denote by (Vi(L))a>1 the sequence of triangulations of
(Pit1) 4>1 defined by the formulee:

{ Vi(L) =Pt
Visr (L) = Vy(L) + Layy Vd > 1.

Proposition 5.4.1. Let L = (Lg)a>1 be a sequence of primitive triangulations of
(P2 g>1. Let d be an even integer. If Ly has a 2n-simplex that contains only interior
vertices, then Vp(L) is not p-uniform for all D > d + 1.

Proof. Let d be such an integer and 0" be a 2n-simplex of L; whose vertices are
all interior. Using Proposition 5.1.13, we see that Vy,1(L) does not fail to be p-
uniform at o" if and only if the two apices of the two (2n + 1)-simplices adjacent
to 02" are congruent modulo 2. Ideed, since ¢?" has an odd number of vertices,
and > Beon po2n(B) vanishes, py2n can only be constant to 0. Now the two apices
of the two (2n + 1)-simplices adjacent to o®* are 2es,.; and (d + 1)es,. Since d
is even they are not congruent and V(L) fails to be p-uniform at o®". Since all
the triangulations (Vp(L))psas1 contain Vyiq(L), they all fail to be p-uniform at
o, O

Itenberg-Viro Triangulations In Definition 4.3.3 we always perform the first
subdivision of the prism ngll N{0 < x,,1 < 1} in the same order. However, we can

also reverse the order of the joins.

Definition 5.4.2. If K is a triangulation of P/;*" and L is a triangulation of P’ 1
we define K + (—1)L as the unique triangulation of PT] for which:

1. The restriction of K + (—1)L to P4} N {z,41 > 1} is the translation of K;

2. For all integers 0 < i < n, the restriction of K + (—1)L to the big simplex
[€ns1 +deg, ..., eni1 + dey] % [0, (d+ 1)eq, ..., (d + 1)e;] is the join of the restric-
tion of the translation of K to [e,+1 + dey, ..., €541 + de,)| with the restriction
of L to [0,(d+ 1)eq, ..., (d+ 1)e;].

As a direct consequence of the definition if both K and L are primitive then so
is K 4+ (—1)L. The same holds for the convexity by a small adaptation of Proposi-
tion 4.3.5. For all n,d > 1, let Tr}; denote the set of primitive triangulations of PJ.
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For all subset I of {0,...,n} of cardinality (k 4 1), there is a map n; : Tr} — Tr
that sends a triangulation K to its restriction on the convex hull of {de;: i € I},
where ¢ = 0 and the order of the vertices is preserved. Another direct conse-
quence of the definition is that if K € Tr"™ L € Try ,, and I C {0,...,n} then
Trufnt1y (K + (=1)7L) equals 7041y (K) + (—=1)"m7 (L) for all n € Fy.

Following [Ite97], we define the Itenberg-Viro triangulations (IV]"),.q>1 by the
formulae:

IV} is the only primitive triangulation of P}
IV =P} Vn >1
A A R G DL AT Vn,d>1.

An example of such triangulation is illustrated in Figure 5.10. As in the case of
Viro triangulations this process can be generalised from a sequence of primitive
triangulations (Lg)a>1 of (P})a>1 to a sequence (IVy(L))4>1 of triangulations of
(P%1) 451 by the formulee:

{ IVi(L) =Pyt
IV (L) = Vy(L) + (—=1)%Lgyy Vd>1.

Figure 5.10: The triangulation V2.

Proposition 5.4.3. The triangulations Lgq are p-uniform for all d > 1 if and only
if the triangulations IVy(L) are p-uniform for all d > 1.

Proof. Let K be a triangulation of PZH. We denote, for all 0 < g < n + 1, the set
of g-simplices of K having at least one vertex in the interior K — 0K by A,(K). If
L is a triangulation of P}, ;, we denote, for all 0 < ¢ < n + 1, by A;E(K; L) the set
of g-simplices of K + e, that belong to A,(K £ L) but not to A,(K) + e,41. Let
us denote by K the restriction of K to the bottom face [0; dey; ...; de,] of PiT. We
have:

An(K + L) = (Au(K) + epya) 1T Aq—;(lﬂ L)1 ([An—l(K) + ent1] * (d + 1)6n) .

Indeed, the n-simplices of A, (K+L) that are neither translates of simplices of A,,(K)
nor in A (K; L) come from joins of simplices of K with simplices of L. By construc-
tion the only such simplices not having all of their vertices in (K + L) belong to the
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subdivision of the join (e,11 4 [0; de1;...; de,]) * (d + 1)e,. Since (d+1)e, belongs to
O(K + L), the remaining n-simplices are in the set ([An,—1(K) + ept1] * (d + 1)ey,).
Likewise we have:

Ap(K — L) = (Au(K) + eps1) T A, (K5 L) T ([Apo1(K) + €541] %0)
Now let L' be a triangulation of Py ,. We have:
AL (K + L L) = (Ap(L) + epgr) I ([Apoi(L) + enta] * 2e041)
and:
ANK — Ly L") = (An(L) + ens1) I ([Ano1(L) + enga] * (26041 + dey))
Therefore, we have:

AE + L= L) = (Au(K + L) + enin) IT ALK + Ly L) I ([Ap—1(L) + €nia] ¥ 0)
= (Au(K + L) + ent1) I (An(L) + €nya)
nl ([Anflu—/) + en+1] * 2€n+1) I ([Anflu—/) + en+1] * O) )

and:

AfK =L+ L) = (Ay(K — L) + en1) I AN(K — L: L)
I ([Ap1 (L) + ensa] % (d + 2)en)
= (A (K — L)+ eny1) 1T (A (L) + enH)
I ([ o1 (L) + eni1] * (26,41 + den))
I ([Anei (L) + ensa] * (d + 2)ey) |

for K + L equals L. If we assume K + L to be p-uniform, K + L — L’ is p-uniform
as well if and only if the simplices of (A, (L) + €,11), ([An_l(L) + epq1] * 2en+1),
and ([An,l(L) + €] * O) satisfy the requirement of Definition 5.1.22. Let ¢" be a
simplex of the first set. It bounds the two (n + 1)-simplices o™ % 2e,,11 and o™ x 0.
By Proposition 5.1.13 we have:

Z |pon ()| = 2e,,41 (mod 2)

aco™

and therefore, p,» = 0. Now let 0"~! be a simplex of A,,_1(L)+e,.1. It bounds two
n-simplices of L+e,11 : 0" and 6™, so 6™ ' %2¢,,1 bounds the two (n+1)-simplices
of K4+ L—L": 0 *2e,,1 and 0" *2e,;;. Let oy denote the vertex of ¢’} opposite
to 0" 1. From Proposition 5.1.13, we have:

D 1por-tize, 0 (B)IB = oy — a_ (mod 2).

BeEo™

Since the difference oy — a_ belongs the the hyperplane {z,,; = 0}, the number
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| Pon—142¢, 11 (2€5,11)| vanishes and the restriction of |pn-1.2,,,| to 0™~ ! equals |p%,_, |

(the function |p| of the triangulation L). The vertex 2e,,1 belongs to the boundary
O(K+L—L'). It implies that pyn-1,,,,, is constant on the interior vertices I(o" !«
2e,,+1) and meets the requirements of Definition 5.1.22 if and only if pgn_l is constant
on the interior'? vertices I(c™~!). The exact same reasoning applies to the simplices
of the third set [A,,_1(L) + e,41] * 0 and we find that K + L — L’ is p-uniform if and
only if K and L are. We can also prove that K — L+ L’ is p-uniform if and only if K
and L are by the same arguments. The only difference in this case is the two apices
with which we suspend the horizontal n-simplices ¢ of L. They are 2e,.1 + de,
and (d + 2)e,. Their difference is also 0 modulo 2 so p,» vanishes as in the case
K+ L — L. The proposition follows the from the construction of the triangulations
(LVa(L))az1- o

Remark 5.4.4. In the last proof we showed that if ¢” is a n-simplex of the trian-
gulation IVy(L) of P! written as a link o * ¢™~! with ¢"! in a floor L, then the

numerical value |pq.on-1(3)| is zero for 8 = a and equals p~5_,(3) otherwise.

Proposition 5.4.5. For all n,d > 1, for all e € C°(IV]}";Fy), the number {(RX,)

is at least equal to |"5* .

Proof. This is Theorem 4.3.9 for Itenberg-Viro triangulations. The crucial point in
the proof of Theorem 4.3.9 was Proposition 4.3.8, the fact that the restriction of the
Viro triangulation to the face opposite to 0 is still a Viro triangulation. However, the
same is true for the Itenberg-Viro triangulation, hence the proposition holds. O

Theorem 5.4.6. For alln > 2, and all d > 1, the Itenberg-Viro triangulation IV}
1s simply integrable. In particular, the Harnack distribution:

hn<l’1, ,[En) = ZZL‘Z’ZBJ‘ >

i<j
is a solution of (5.16).

Proof. We will prove, by recursion on n, that hA™ is a solution of (5.16) for all
d > 1. Theorem 5.3.18 ensures that the property is true for n = 2. Let us now
assume that the property is true for some n > 2. Let 1 < d < D be two integers.
The n-simplices of IV \ ByIVAT that have non-empty intersection with the
horizontal hyperplane {z, 11 = D — d} are n-simplices of IV* and cones over (n—1)-
simplices of IV* \ Byl V]'. If d is even the apices of the cones are (D —d — 1)e,41
and (D —d + 1)e,q1. And if d is odd, they are (D —d — 1)e,11 + (d + 1)e, and
(D —d+ 1)eps1 + (d — 1)e,. Either way we showed'® that pa.gn-1, with o™ €
IV} is zero on the apex « of the cone and that the numerical value of |pqugn—1]
equals the numerical value |p£‘£1| of IV". As a consequence, |D*A"!, | equals
ID?(h™ | vp)gn—1|. However, h™!|jyn only differs from h™ by an affine function.

Hence, by recursion hypothesis [D*(h™!|yn),n-1| equals ]p?ﬁ], thus [D*A"H |

Zinterior inside L i.e. in L — OL.
13¢ f. Remark 5.4.4.
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equals |pason—1|. Now, if o™ belongs to IV}, the two (n + 1)-simplices of IVA™
that are adjacent to o™ have their apices congruent modulo 2. It implies that p,»
vanishes. These two (n + 1)-simplices are identical modulo 2, and the value of h"*!
is the same on the two apices since they have congruent coordinates. Hence, D*h/
vanishes as well. Therefore, we proved that h"™! is a solution of (5.16). O

Remark 5.4.7. The hypersurface RXj» of RPJ has a maximal number of connected
components but also intersects all the toric divisors of RP}; along T-hypersurfaces
that have a maximal number of connected components.
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Appendix A

Duality in Spectral Sequences

Let F be a field.

Definition A.1. An increasingly filtered, graded, differential algebra of finite di-
mension over the field F is an associative F-algebra A of finite dimension over FF
together with:

1. A graduation A = P <0 A? compatible with the product in the following way:
for all @ € A7 and all o/ € A7, aa’ equals (—1)% o/ and belongs to AT7;

2. An increasing filtration F°A C F'A C ... C A compatible with the product:
for all p,p’ € N, FPAF? A is included in FP1¥ A;

3. A differential d : A — A which is a morphism of graded vector spaces of degree
1, whose square vanishes, that is compatible with the filtration dF?PA C FPA,
for all p € N, and for which the Leibniz rule holds: for all & € A% and o/ € A7,
d(ad’) = (da)d + (—1)%add’.

Such an object is in particular a finite dimensional cochain complex. The com-
patibility of the filtration with the differential allows us to use the techniques of
spectral sequences to compute the cohomology of A. We denote the spectral se-
quence associated with the filtration (FPA),ey by (EP4 (A))% We adopt the
following index convention. For all integers p,q,r > 0:

q,reN’

EPI(A) = Zpi(A) + FPLAT
r — dej_I—l,q—l(A) + prlAq )

with:
ZPUA) ={a € FPAY | da € Fp’rAq“},

and Z”1(A) == 0. In this setting the differential d, of the r-th page has bidegree
(—r;+1) and is the factorisation of the restriction of d. By definition of the ob-
jects we consider here, we deal with first quadrant spectral sequences arising from

bounded filtrations, hence, the spectral sequence (Ef’q(A)) converges! toward

P,q,r=0
the cohomology of A. The compatibility of the filtration with the product ensures

Le.f. [McCO00] Theorem 2.6 p.33.
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that (EP9(A))
product:

pgreN is even a spectral ring. It means that there is a well defined

B29(4) @x B (4) — B (4),

which satisfies, for all & € EP9(A) and of € EP'7(A), the graded commutativity:
ad = (=),
and Leibniz rule:
APt (00)) = dP(a)d + (—=1)%ad? 9 (o).

These constructions are explained in §2.3. Spectral sequences of algebras pp.44-46
of [McC00]. Although we should emphasised that we did not adopt the same index
convention as J. McCleary. We justify our choice by the degree of generality of the
objects we discuss here. Since we do not have much context about the arising of
the spectral sequence we do not find meaningful to perform the change of index
[p — p + ¢| often used with double complexes for which it is particularly adapted.

Definition A.2. Let A be an increasingly filtered, graded, differential algebra of
finite dimension over the field F. We denote by A* the dual chain complex. By the
Universal Coefficient Theorem?, the homology of A* is dual to the cohomology of A.

P. Deligne gave a definition of the dual filtration of a filtered object of an Abelian
category. It is a filtration of the same object in the opposite category. It is defined
in such a way that the graded objects of the dual filtration are dual to the graded
objects of the initial filtration. This construction is designed to be used with con-
travariant functors.

Definition A.3 (P. Deligne, [Del71] (1.1.6) p.7). Let C be an Abelian category, we
denote by C° the opposite category and by (—)°P : (C°P)°? — C the “identical con-
travariant functor”. Let V' (resp. W) be an object of C endowed with an increasing
(resp. decreasing) filtration (V*)) <y, (resp. W), <) The dual decreasing (resp.
increasing) filtration of VP (resp. W°P), is defined, for all k € Z, by the formulee:

(VoP) gy = im<(v > V/V(k—n)op) :

(Wop)®) = im( (W = W/W(kﬂ))op) |

so that (V*) /y7(:=0)* is naturally isomorphic?® to (V%)) /(VoP)gy1y. If C is the
category of vector spaces for instance (or even of cochain complexes) over a field F,

respectively:

applying the usual duality functor Homp(—; F) to this abstract construction yields
a filtration, in the usual sense, of opposite growth of the dual vector space (or chain
complex).

2¢c.f. [CE56] Theorem 3.3a p.114.
3c.f. [Del71] (1.1.7) p.7.
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Following this definition the dual chain complex A* is naturally endowed with
a dual decreasing filtration of chain complexes 0 C ... C F1A* C FoA* = A*. We
denote by (Equ(A*))r,p,qZO
integers p,q,r > 0, by:

the associated spectral sequence. It is defined for all

Z;,q(A*> + FerlA:;

E} (AY) = —— ,
P 8Zp—7}+l,q+1(A*) + Fp+1AZ

with 0 = Homp(d;F), and:
Zyo(A") = a € Ay | Oa € FpurAj i},

and the convention Z - ;(A*) := 0. The induced boundary operators " have bidegree
(+7;—1).
Proposition A.4. The spectral sequences (E;q(A*))quO and (EP(A)) are

P,q,720
dual of each other through a collection of duality pairings:

(=3 =) EPI(A) ®r B ,(A") = F,
for all integers p,q,m > 0, and for which d}>? is the adjoint of 9, ...

Proof. Let ¢ € N, and denote by (—;—) : A7® A’ — F the usual duality pairing.
By definition d and 0 are adjoints of each other i.e. (da;a) = (o; da) for all a € A?
and all a € A%, . Since F, 1A} is the image in A} of (A?/FPA%)”, it is precisely
the vector space {a € A} | (a;a) =0, Va € FPA%}. Tt follows that the restriction of
(—;—) to the sum of the sub-spaces:

(vaq(A) + Fp—lAq) R (azg:}H,qH(A*) + Fp+1A;j> ;

and:
(azet11(4) + P A7) @ (25,(A) + Fpad)

vanishes. Thus (—; —) factors through the quotient map to give rise to a well define

bilinear product:
(—=;—): EPY(A)@r B, (A7) = F.

The morphisms (d?), 4 ren and (9, )p,q.ren are factorisations of d and 0 respectively.
Hence, they are adjoints of each others for the new pairings. By definition of the dual
filtration, the pairings (—; —) defined on Ej?(A) ®g E) (A*) are non-degenerate for
all p, ¢ € N. Moreover, the fundamental property of spectral sequences, the one that
enables us to compute a page as the cohomology (or homology) of the preceding,
allows us to repetitively use the Universal Coefficients Theorem* and deduce that
all the pairings are non-degenerate. We should emphasise that we only considered

finite dimensional chain and cochain complexes of vector spaces. O

4c.f. [CE56] Theorem 3.3a p.114.
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Lemma A.5 (Chain Reaction). Let (A;d) be an increasingly filtered, graded, dif-
ferential algebra of finite dimension over the field F and (E"I')’q(A))pq’r‘>O denote 1its
associated spectral sequence. If there are integers ro > 1, m,n > 0 for which:

1. The vector space EE(A) vanishes whenever p >m or q > n;

2. The vector space K" (A) has dimension 1;

3. The bilinear pairing ERI(A) @ E)"P"9(A) — E"(A) is non-degenerate,
then for all r > ry:

1. The vector space EP9(A) vanishes whenever p > m or q > n;

2. The vector space E™"(A) has dimension 1;

3. The bilinear pairing EP1(A) @p B P 9(A) — E™™(A) is non-degenerate.

Proof. By recursion we only need to prove the statement for rq + 1. The first
assertion is a consequence of E}'%(A) being a sub-quotient of EP4(A). The second
follows from the isomorphism between £ (A) and the (m,n)-cohomology group
of d;,,. Indeed, around E;»™ the cochain complex is the following:

m—+rg,n—1 m.,n
dptros am

Errnon=l(4) S0, pma(A) Em—rontl(4)

By assumption, both the left hand group and the right hand group vanish. Hence,

E;"' (A) is isomorphic to £ (A) and has dimension 1. For the last part we chose

an isomorphism [ : E/""(A) — F and consider the musical isomorphism:

DP9 s EP9(A) — (B Pm9(A)) = Bl (A",

m—p,n—q

defined by the formula o(D29(3)) = [ af for all & € ETP"~4(A) and 3 € ER9(A).
This is, up to sign, a (co)-chain complex isomorphism since:

= (—1)° / (& 7o a) B
= (—1)q<a : 3:§_p7n_qugq(B)> .

It induces, nonetheless, an isomorphism (D?%)* between ELY | (A) and Ejo*) | (A*).
We observe now that the isomorphism between E["" (A) and E"(A) induces an
isomorphism [ : E(A) — F such that for any two o € E]/7"7%(A) and

B € EY (A), respectively represented by the two cocyles o/ € E"P"79(A) and

B € Ei(A), we have:
/aﬁ = /o/ﬁ’.
198



Therefore, the bilinear pairing constructed from the product and the integration
ES(A) @ £77% (A) — F has its musical morphism:

Dy s ER(A) — Bt (A7),
induced in cohomology by D?4. It is an isomorphism of chain complexes, so the
third assertion follows. O

A direct consequence of this lemma is the symmetry of the pages of the spectral
sequence following the F, -page.

Proposition A.6. Let (A;d) be a increasingly filtered, graded, differential algebra
of finite dimension over the field F and (Ef’q(A);df’q)pqOO denote its associated
spectral sequence. If the spectral sequence of A satisfies the Poincaré duality at the
ro-th page then for all r > 1o, and all p,q > 0:

Dp?: EPY(A) — E; (A7),

m—p,n—q

and:
dr1 = (_1)q<Dp—hq+1)fl o (dm—p+r,n—q—1)* o DP1

In particular, EP9(A) and ET P 9 A) have the same dimension and d2? and

dmPrrn=a=L have same rank and kernel dimension.

Lemma A.7. Let Wy C Vy be two finite dimensional vector spaces over F. Let V;
be a sub-space of Vi, and Wy denote Vi N\ Wy. Then the image of Vit in W is Wit.

Proof. The inclusion of the image of V- in Wit is direct. Let us show that we can
obtain every form of Wi as a the restriction to W of a form of V;-. We can write
Vo as the direct sum W7 @ U @ U’ in such a way that W, & U is V; and Wy @ U’ is
W. If a € Wit we extend it by 0 on U to obtain a form in V= that restricts to the
original one. O
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Notations

CW-Complexes and Simplicial Complexes.

| K| the support of a CW-complex or geometric realisation of a
simplicial complex, c.f. Definition 2.1.1 and Definition 2.1.3;

K® the k-skeleton of K, c.f. Definition 2.1.1 and Definition 2.1.3;

K(A) | the smallest sub-complex of K that contains the set A, c.f.
Definition 2.1.1;

K — A | the biggest sub-complex of K whose support is disjoint from A,
c.f. Definition 2.1.11;

St(e; K) | the open star of e in K, c.f. Lemma 2.1.10;
lk(o; K) | the link of o in K, c.f. Definition 2.1.12;

o*0o the join of ¢ and ¢’, c.f. Definition 2.1.12;

Sd K | the barycentric subdivision of K, c.f. Definition 2.1.15.

Cellular Homology.

Z(e) the group Hy(|K|; | K|\ €;Z) or equivalently Hy(é; €\ e;7Z),
where k is the dimension of the cell e, c.f. Definition 2.3.1;

[L; M] | the characteristic cosheaf of the complex L with coefficient
in the module M, c.f. Definition 2.2.5;

[K; L; M] | the quotient of [K; M| by [L; M], c.f. Definition 2.2.5;

F, the localisation of F' at e, c.f. Definition 2.2.6;
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CHK; F)

CHK; F)

OF(K; F)

the group of cellular chains with coefficients in F', c.f.
Definition 2.3.3;

the group of cellular cochains with coefficients in F,
c.f. Definition 2.3.3;

the group of cellular cochains with compact support
and coefficients in F', c.f. Definition 2.3.3;

the group of dihomologic chains with coefficients in F,
c.f. Definition 2.3.4;

the group of dihomologic cochains with coefficients in F',
c.f. Definition 2.3.4;

cup product, c.f. Definition 2.4.4, Definition 2.4.6,
and Definition 2.4.8;

cap product, c.f. Definition 2.4.10 and Definition 2.4.13;

intersection product, c.f. Definition 3.1.22.

Polytopes and their Subdivisions.

t(2)

t(R)

Ji(K)

a free Abelian group of rank n;
the tensor product of t*(Z) with the ring R;
the free R-module Homz (t*(Z); R);

the ambiant integral polytope, c.f. Definition 1.2.10 and
Definition 3.1.2;

the integral polyhedral subdivision of P,
c.f. Definition 3.1.3;

the toric variety of the polytope P, c.f. Definition 1.2.11;

the dual hypersurface of the complex K,
c.f. Definition 3.1.4;

the number of i-cells of K;
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the polynomial Z f;(K)X"* c.f. Definition 5.1.1;

i=—1

the number of simplices of order ¢ of a shelling of K
when it is a shellable triangulation, c.f. Definition 5.1.2;

n+1
the polynomial Z hi(K)X™17" c.f. Definition 5.1.2;
i=0

the least common multiple of the exponents of the
groups A(Q) for all @ < P. c.f. Definition 3.2.5;

the least common multiple of the indices of the groups
FI;X(U(];JT) in FI;X(O(];JT) forall p>0,and o? < o" € K,

c.f. Definition 3.1.12;

the maximal number of disjoint 1-codimensional simplices
of K at which it fails to be p-uniform, c.f. Definition 5.3.23;

the biggest integer qg such that the cup product

[wrx] U —: HY(RP;Fy) — HT(RP;F,) is injective
for all ¢ < qg, c.f. Definition 4.2.36;

the dimension of Rad(X), c.f. Definition 5.2.5;

the sedentarity cosheaf, c.f. Definition 3.1.5;

the smoothed sedentarity cosheaf, c.f. Definition 3.2.5;
the quotient of Sed by Sed(), c.f. Definition 3.2.5;

the p-th tropical cosheaf of P, c.f. Definition 3.1.5;
the p-th tropical sheaf of P, c.f. Definition 3.1.5;

the p-th tropical cosheaf of X, c.f. Definition 3.1.5;

the p-th tropical sheaf of X, c.f. Definition 3.1.5;

the p-th saturated tropical cosheaf of X,
c.f. Definition 3.1.7;
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T*

Hy4(P; R)
HP(P; R)
H,,4(X; R)
HP(X; R)
Hp,q(Xé R)

HP(X: R)

Rad(X)

the p-th saturated tropical sheaf of X,
c.f. Definition 3.1.7;

the normal cosheaf, c.f. Definition 5.1.7;
the cotangent cosheaf, c.f. Definition 5.1.7;

the (p, g)-th tropical homology group of P,
c.f. Definition 3.1.13;

the (p, ¢)-th tropical cohomology group of P,
c.f. Definition 3.1.13;

the (p, q)-th tropical homology group of X,
c.f. Definition 3.1.13;

the (p, q)-th tropical cohomology group of X,
c.f. Definition 3.1.13;

the (p, q)-th saturated tropical homology group of X,
c.f. Definition 3.1.13;

the (p, ¢)-th saturated tropical cohomology group of X,
c.f. Definition 3.1.13;

the radical of the intersection form of an even dimen-
sional dual hypersurface X restricted to ker (i),

c.f. Definition 5.2.5;

the inclusion F,X — F, c.f. Definition 3.1.5;

the adjoint morphism of ), c.f. Definition 3.1.7;

the inclusion FPX — F;, c.f. Definition 3.1.7;

the adjoint morphism of 7,, c.f. Definition 3.1.7;

the morphism H, ,(X; R) — H, ,(P; R) induced by i,,
c.f. Definition 3.1.13;

the morphism H??(P; R) — H??(X; R) induced by *,
c.f. Definition 3.1.13;
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Ip,q

P

the morphism H,,(X; R) — H,,(P; R) induced by i,
c.f. Definition 3.1.13;

the morphism H?4(P; R) — H?(X; R) induced by #,
c.f. Definition 3.1.13;

the generator of A\’ TP, c.f. Definition 5.1.8;

the dual cochain of X in P, c.f. Definition 3.1.20;
the fundamental class of X, c.f. Definition 3.1.19;
the fundamental class of P, c.f. Definition 3.1.18;
the local dual basis of t(Fy), c.f. Proposition 5.1.11;

the difference of the e,n(a)’s for all o™ > ™71,

c.f. Proposition 5.1.13;

the class p of a p-uniform primitive triangulation,
c.f. Definition 5.1.22;

a totally decomposed p-vector satisfying w(o?)(w(o?)) = 1;

the generator of the line A” U(N(o?)), c.f. Definition 5.2.11.

T-Hypersurfaces.

RP

RK

the CW-complex structure of Yp(R) associated with the
moment polytope P, c.f. Definition 4.1.1;

the subdivision of RP induced by the triangulation K of P,
c.f. Definition 4.1.1;

the T-Hypersurface constructed from the sign distribution &,
c.f. Definition 4.1.3

the set of arguments of lifts of the cube o? < o9 that belong
to RX,;

the sub-complex associated to the affine function a, c.f.
Definition 5.2.20
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ORX e

o
E; q(RP)
EP4(RP)
E; (RX.)

EP9(RX.)

c.f. Definition 5.2.20

the group algebra of V', c.f. Definition 4.2.1;

the algebra of functions V' — [, c.f. Definition 4.2.6;
the augmentation ideal of Fo[V], c.f. Definition 4.2.1;

the contraction of f € O(V) and P € Fy[V],
c.f. Definition 4.2.14

the sign cosheaf of RP, c.f. Definition 4.2.18;

the p-th filtered piece of the augmentation filtration of
KRP c.f. Definition 4.2.18;

the sign cosheaf of RX,, c.f. Definition 4.2.19;

the p-th filtered piece of the augmentation filtration of
K®Xs c.f. Definition 4.2.19;

the dual sign sheaf of RP, c.f. Definition 4.2.18;

the p-th filtered piece of the dual augmentation filtra-
tion of Ogp, c.f. Definition 4.2.18;

the dual sign sheaf of RX,, c.f. Definition 4.2.19;

the p-th filtered piece of the dual augmentation filtra-
tion of Ogy,, c.f. Definition 4.2.19;

the (p, q)-th group of the r-th page of the Renaudineau-Shaw
spectral sequence of RP, c.f. Definition 4.2.18;

the (p, ¢)-th group of the r-th page of the dual
Renaudineau-Shaw spectral sequence of RP, c.f. Definition 4.2.18;

the (p, q)-th group of the r-th page of the Renaudineau-Shaw
spectral sequence of RX,, c.f. Definition 4.2.19;

the (p, q)-th group of the r-th page of the dual
Renaudineau-Shaw spectral sequence of RX,, c.f. Definition 4.2.19;
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iy the inclusion K& — KRP c.f. Definition 4.2.19;

" the projection Orp — Ogyx., c.f. Definition 4.2.19;
bv? the Borel-Viro morphism IC]%Q;I)D — FF, c.f. Definition 4.2.18;
bvl, the Borel-Viro morphism Oﬁgj — FP, c.f. Definition 4.2.18;
bvf the Borel-Viro morphism IC]&))(E — FpX, c.f. Definition 4.2.22;
bk the Borel-Viro morphism Og ))(E — F%, c.f. Definition 4.2.24;
i the morphism £ (RX.) — E] (RP) induced by i.,

c.f. Definition 4.2.19;

P the morphism EP?(RP) — EP(RX.) induced by i*,
c.f. Definition 4.2.19;

arg the argument map, c.f. Definition 4.1.1;
|- | the module map RP — P, c.f. Definition 4.1.1;
O n the origin, c.f. Lemma 5.2.1;

(07;09). | the intersection product g*(xo»)9) 1 ,9%(Xo0),
c.f. Definition 5.2.4;

M, 4(¢) the matrix the (o?;0?).’s, c.f. Definition 5.2.4;

Degn the first derivative of ¢, c.f. Definition 5.1.15;
D%e, -1 the second derivative of ¢, c.f. Definition 5.1.17
WRX the dual cochain of RX, in RP, c.f. Definition 4.1.2.
Miscellaneous.
XA the indicatrix function (or cochain) of the set A;
L the injectivity index, c.f. Definition 4.2.36
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the k-th vector of the basis of the supplementary subspace
of V', c.f. Definition 5.2.9;

the supplementary subspace of V', c.f. Definition 5.2.9;
the generator of the line /\dimw W

the contraction of a and v, c.f. Definition 3.1.6.
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Résumé: Notre objet d’étude est la topologie, en particulier 'homologie, des T-hypersurfaces. Ces
espaces topologiques construits de maniére combinatoire sont une généralisation des patchworks combi-
natoires d’O. Viro. Ils sont naturellement plongés dans les lieux réels de variétés toriques et sont nés

d’un besoin en hypersurfaces algébriques réelles ayant une topologie riche. Nous prenons comme point de
départ de notre étude la suite spectrale de Renaudineau-Shaw et le théoréme de Lefschetz tropical. Nous
généralisons ce dernier théoréme a certaines hypersurfaces de variétés toriques singuliéres et en tirons une
famille génératrice de I’homologie tropicale. Ensuite, nous démontrons une dualité de Poincaré dans la
suite spectrale de Renaudineau-Shaw. Ceci nous méne & un critére de dégénérescence pour cette suite.
Grace a ces résultats nous parvenons a caractériser les T-hypersurfaces ayant un nombre maximal de
composantes connexes au sens des inégalités de Renaudineau-Shaw.

Mots clés: Géométrie Algébrique Réelle ; Géométrie Tropicale ; Géométrie Torique ; Topologie Al-
gébrique ; Patchwork de Viro.

Homology of T-Hypersurfaces

Abstract: Our main focus is the topology, especially the homology, of T-hypersurfaces. These topological
spaces, combinatorial in nature, are a generalisation of O. Viro’s combinatorial patchworks. They are
naturally embedded in the real loci of toric varieties and were considered to find real algebraic hypersurfaces
with a rich topology. The starting point of our study is the Renaudineau-Shaw spectral sequence and the
Tropical Lefschetz Theorem. We generalise this latter theorem to certain hypersurfaces of singular toric
varieties and deduce a generating family of their tropical homology. Then, we establish a Poincaré duality
in the Renaudineau-Shaw spectral sequence. It leads us to a degeneracy criterion for the sequence. Using
the aforementioned results we are able to characterise the T-hypersurfaces having a maximal number of
connected components in the sense of the Renaudineau-Shaw inequalities.

Keywords: Real Algebraic Geometry ; Tropical Geometry ; Toric Geometry ; Algebraic Topology ;
Viro’s Patchwork.

Image en couverture : Portion d'une T-surface projective, illustration produite par I’auteur.
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