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Abstract

Motivated by the ubiquity of optimization in many areas of science and engineering, particularly in
data science, this thesis exploits the close link between continuous-time dissipative dynamical systems
and optimization algorithms to provide a systematic analysis of the global and local behavior of several
first- and second-order systems, focusing on convex, stochastic, and infinite-dimensional settings on
the one hand, and non-convex, deterministic, and finite-dimensional settings on the other hand. For
stochastic convex minimization problems in infinite-dimensional separable real Hilbert spaces, our key
proposal is to analyze them through the lens of stochastic differential equations (SDEs) and inclusions
(SDIs), as well as their inertial variants. We first consider smooth differentiable convex problems and
first-order SDEs, demonstrating almost sure weak convergence towards minimizers under integrability
of the noise and providing a comprehensive global and local complexity analysis. We also study com-
posite non-smooth convex problems using first-order SDIs, and show under integrability conditions
on the noise, almost sure weak convergence of the trajectory towards a minimizer, with Tikhonov
regularization almost sure strong convergence of trajectory to the minimal norm solution. We then
turn to developing a unified mathematical framework for analyzing second-order stochastic inertial
dynamics via time scaling and averaging of stochastic first-order dynamics, achieving almost sure weak
convergence of trajectories towards minimizers and fast convergence of values and gradients. These
results are extended to more general second-order SDEs with viscous and Hessian-driven damping,
utilizing a dedicated Lyapunov analysis to prove convergence and establish new convergence rates.
Finally, we study deterministic non-convex optimization problems and propose several inertial algo-
rithms to solve them derived from second-order ordinary differential equations (ODEs) combining both
non-vanishing viscous damping and geometric Hessian-driven damping in explicit and implicit forms.
We first prove convergence of the continuous-time trajectories of the ODEs to a critical point under
the Kurdyka-FLojasiewicz (KL) property with explicit rates, and generically to a local minimum under
a Morse condition. Moreover, we propose algorithmic schemes by appropriate discretization of these
ODEs and show that all previous properties of the continuous-time trajectories still hold in the discrete
setting under a proper choice of the stepsize.

Keywords: Stochastic Optimization, SGD, Stochastic Differential Equations, Stochastic Differential
Inclusions, It calculus, Convex Optimization, Inertial Gradient Methods, Viscous Damping, Hessian
damping, Lojasiewicz Inequality, Kf-inequality, Non-convex optimization, Trajectory convergence,
Convergence rates.

Résumé

Motivé par I'omniprésence de 'optimisation dans de nombreux domaines de la science et de I'ingénierie,
en particulier dans la science des données, ce manuscrit de thése exploite le lien étroit entre les systémes
dynamiques dissipatifs & temps continu et les algorithmes d’optimisation pour fournir une analyse sys-
tématique du comportement global et local de plusieurs systémes du premier et du second ordre, en
se concentrant sur le cadre convexe, stochastique et en dimension infinie d’une part, et le cadre non
convexe, déterministe et en dimension finie d’autre part. Pour les problémes de minimisation convexe
stochastique dans des espaces de Hilbert réels séparables de dimension infinie, notre proposition clé est
de les analyser a travers le prisme des équations différentielles stochastiques (EDS) et des inclusions
différentielles stochastiques (IDS), ainsi que de leurs variantes inertielles. Nous considérons d’abord
les problémes convexes différentiables lisses et les EDS du premier ordre, en démontrant une conver-
gence faible presque stire vers les minimiseurs sous hypothése d’intégrabilité du bruit et en fournissant
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une analyse globale et locale compléte de la complexité. Nous étudions également des problémes con-
vexes non lisses composites utilisant des IDS du premier ordre et montrons que, sous des conditions
d’intégrabilité du bruit, la convergence faible presque sire des trajectoires vers les minimiseurs, et
avec la régularisation de Tikhonov la convergence forte presque siire des trajectoires vers la solution
de norme minimale. Nous développons ensuite un cadre mathématique unifié pour analyser la dy-
namique inertielle stochastique du second ordre via la reparamétrisation temporelle et le moyennage
de la dynamique stochastique du premier ordre, ce qui permet d’obtenir une convergence faible presque
siire des trajectoires vers les minimiseurs et une convergence rapide des valeurs et des gradients. Ces
résultats sont étendus & des EDS plus générales du second ordre avec un amortissement visqueux et
Hessien, en utilisant une analyse de Lyapunov spécifique pour prouver la convergence et établir de
nouveaux taux de convergence. Enfin, nous étudions des problémes d’optimisation déterministes non
convexes et proposons plusieurs algorithmes inertiels pour les résoudre, dérivés d’équations différen-
tielles ordinaires (EDO) du second ordre combinant a la fois un amortissement visqueux sans vanité
et un amortissement géométrique piloté par le Hessien, sous des formes explicites et implicites. Nous
prouvons d’abord la convergence des trajectoires en temps continu des EDO vers un point critique
pour des objectives vérifiant la propriété de Kurdyka-Lojasiewicz (KL) avec des taux explicites, et
génériquement vers un minimum local si 'objective est Morse. De plus, nous proposons des schémas
algorithmiques par une discrétisation appropriée de ces EDO et montrons que toutes les propriétés
précédentes des trajectoires en temps continu sont toujours valables dans le cadre discret sous réserve
d’un choix approprié de la taille du pas.

Mots-clés: Optimisation Stochastique, Equations Différentielles Stochastiques, Inclusions Différen-
tielles Stochastiques, Calcul d’Ito, Optimisation Convexe, Méthodes de Gradient Inertiel, Amortisse-
ment Visqueux, Amortissement Hessien, Inégalité de t.ojasiewicz, Inégalité K¥., Optimisation Non-
convexe, Convergence de la trajectoire, Taux de convergence.
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1.1 Context

The field of optimization is ubiquitous in a wide spectrum of science and applied mathematics. From
data processing to machine learning to operations research, the flexibility offered through modeling
problems as optimization problems is well established. While many methods exist to solve optimization
problems, first-order methods stand out when the problems at hand are extremely large and require
only moderately precise solutions; often the case in imaging sciences like computer vision or machine
learning where data is collected, and expected to be processed, at a huge scale. First-order methods
generally scale well with the problem dimension, in contrast to second (or higher) order methods in
which not even a single iteration can be performed because of storage constraints.

In the following sections, we will describe some prototypical dynamical systems and corresponding
first-order algorithms for solving different optimization problems. We will provide a historical perspec-
tive as well. The purpose of this exposition is to set the stage for describing the contributions of this
work. Throughout the rest of the section, we let H be a real Hilbert space (sometimes taking H = R?).
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1.1.1 First-order systems

Smooth problems. Consider the minimization problem
min f(x)a (@1)
zeH

where the objective f satisfies the following standing assumptions:

{ f is convex and continuously differentiable with L-Lipschitz continuous gradient; (H,)
f

S < argmin(f) # 0.

Let us recall some classical facts. To solve (), a fundamental dynamic to consider is the gradient
flow of f, i.e. the gradient descent dynamic with initial condition x¢ € H given by
{ i(t) = =V f(z(t), t>0; (GF)
x(0) = mo.

The gradient system (GF) is a dissipative dynamical system, whose study dates back to Cauchy [78] in
finite dimension. It plays a fundamental role in optimization: it transforms the problem of minimizing
f into the study of the asymptotic behavior of the trajectories of (GF). This example was the precursor
to the rich connection between continuous dissipative dynamical systems and optimization. It is well
known since the founding papers of Brezis, Baillon, Bruck in the 1970s that, if the solution set argmin( f)
of (1) is non-empty, then each solution trajectory of (GF) converges weakly, and its (weak) limit

belongs to argmin(f).
The Euler forward discretization (GF), with stepsize sequence hy > 0, is the celebrated gradient

descent scheme

Tpr1 =z — hieV f (k). (GD)

Under (Hy), and for (hg)keny CJ0,2/L[, then we have both the convergence of the values
f(zk) — min f = O(1/k) (in fact even o(1/k)), and the weak convergence of iterates (xj)ren to a
point in argmin(f). This convergence rate can be refined under various additional geometrical prop-
erties on the objective f such as error bounds (and the closely related Kurdyka-f.ojasiewicz property
in the convex case; see [59]).

Non-smooth problems. Weak convergence of trajectory of (GF) to a point in argmin(f) is true in
a more general setting, simply assuming that the objective function f is proper, lower semicontinuous
(Isc) and convex, in which case one has to consider a differential inclusion obtained by replacing the
gradient of f in (GF) by its (convex Fenchel) subdifferential 0f.

In fact, let us consider the additively structured minimization problem
min F(x) < f(x) + g(z), (Peomp)
zeH
where H is a real Hilbert space, and the objective F' satisfies the following standing assumptions:

f+H — R is continuously differentiable and convex with L-Lipschitz continuous gradient;
g :H — RU{+o0} is proper, lower semicontinuous and convex;
Sp & argmin(F) # 0.
(Hr)
To solve (Pcomp), we consider the subgradient flow, which is the following differential inclusion (DI)
starting at tg > 0 with initial condition xzg € H:
{ i(t) € —OF (x(t)), t> to;

x(tg) = X.
-2

(D)
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It is well known that, when the initial data zp is in the domain of F', (more generally when it is in
its closure), there exists a unique strong global solution of (DI); see [66]. Moreover, if the solution
set argmin(F) of (Zcomp) is nonempty then each solution trajectory of (DI) converges weakly, and its
weak limit belongs to argmin(F') [69].

From continuous dynamics to algorithms. The Euler forward (or explicit) discretization of (DI)
with stepsize hy > 0 is the subgradient method

Tpt1 € x — hi,OF (z). (Sub-G)

Or equivalently,
Tp+1 = X — hpug, where wuy € 0F (z) Vk e N (1.1)

The sequence of iterates of (Sub-G) converges if hj is vanishing but not too fast (typically non-
summable but square-summable); see [2]. The pointwise convergence rate on f is however at best
O(1/Vk), which is very slow [154].

If the Euler backward (or implicit) discretization of (DI) is used, one gets the popular Proximal
Point Algorithm (PPA) [142, 180], which takes the form

Th+1 = prOthF(xk)7 (PPA)

where, for any h > 0, prox;p o (I +hOF)~ ! is called the proximal mapping of F' (or the resolvent of
OF). PPA was shown to converge weakly for any stepsize sequence such that infy hx > 0, and hence is
unconditionally stable [180, 46]. Moreover, as it can also be interpreted as a gradient descent on the
Moreau envelope of F, its pointwise convergence rate on the objective is o(1/k); see [174].

The PPA algorithm supposes that prox,p can be computed in closed form, or at least up to good
precision. However, even if the proximal mappings of f and ¢ in (Zcomp) can be computed in closed
form separately, that F' in general can be difficult to compute. In addition, the smoothness of f is not
exploited. Therefore, a proper numerical scheme should take into account the structure of the problem
and the properties of the functions. This suggests that an explicit-implicit (or forward-backward) Euler
discretization of (DI) is the right strategy, hence yielding the well-known Forward-Backward splitting
(FBS) method [169, 135|, whose non-relaxed iteration takes the form

Try1 = proxy, o (zr — heV f(21)) (FBS)

where hy €]0,2/L[ is the stepsize sequence. The scheme (FBS) achieves full operator splitting: a
forward explicit step on f (gradient descent), followed by a backward implicit step on g (proximal
point). The iterates of (FBS) converge weakly to a minimizer [46], at the rate o(1/k) on the objective
algorithm.

Tikhonov regularization. As discussed above, the trajectories of (DI) converge weakly to an arbi-
trary minimizer of F'. However, strong convergence does not hold in general as the counterexample in
[43] shows. One way to go from weak to strong convergence is to use Tikhonov regularization of (DI).
In fact, Tikhonov regularization even makes it possible to strongly converge to a particular minimizer:

the one of minimal norm.
Given ty > 0, and a regularization parameter ¢ : [tg, +0o[— Ry, which is a measurable function that
vanishes asymptotically in a controlled way, the Tikhonov regularization of (DI) is written:
{ i(t) € —OF (x(t)) — e(t)z(t), t > to; (DLTA)

$(t0) = XZ-
The behavior of (DI-TA) has been studied in depth in the literature; see e.g. [84]. Clearly, the
idea is to perturb the convex function F' with a quadratic function, i.e., to consider the strongly
convex function F.(z) = F(x) + 5@ with has a unique minimizer z}, and then to make ¢ depend
_ 3 _
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on time and tend to zero sufficiently but not too fast as ¢t — 4o00. This implies that the Tikhonov
regularization parameter £(t) induces a hierarchical minimization property: the strong limit of any
trajectory exists and it no longer depends on the initial data, it is precisely the minimum norm solution.
An abundant literature has been devoted to the asymptotic hierarchical minimization property which
results from the introduction of a vanishing viscosity term (in our context the Tikhonov approximation)
in (sub)gradient-like dynamics; see e.g. [5, 10, 18, 28, 29, 84, 54, 126, 11, 25]. On the algorithmic side,
there is also a vast literature on convex minimization algorithms that combine different descent methods
(GD, PPA, FBS) with Tikhonov and more general penalty and regularization schemes. The historical
evolution can be traced back to [96] where interior point methods were interpreted via a vanishing
logarithmic barrier. Some references for the coupling of descent methods and Tikhonov can be found
in e.g. [72, 31, 30, 20, 13, 27, 35].

1.1.2 Second-order systems

Key role of inertia. As discussed above, the dynamic (GF) is known to yield a convergence rate
of O(t™1) (in fact even o(t!)) of the values in the convex setting . Second-order inertial dynamical
systems have been introduced to provably accelerate the convergence behavior in the convex case.
They typically take the form

{ F(t) + ’y(t):c(t)' F V() =0, t>t; acs.)

x(to) = xo;  x(to) = vo

where tg > 0, zg,v9 € H and 7 : [tg, +oo[— R4 is a time-dependent viscosity coefficient. An abundant
literature has been devoted to the study of the inertial dynamics (IGS,). The importance of working
with a time-dependent viscosity coefficient to obtain acceleration was stressed by several authors; see
e.g. [18]. In particular, the case y(t) = ¢ was considered by Su, Boyd, and Candés [191], who were
the first to show the rate of convergence O(t~2) of the values in the convex setting for a > 3, thus

making the link with the Nesterov accelerated gradient (NAG) method [153] with stepsize h > 0,
{yk =ap+ (1—-9) (wr — Tp—1)
Tp1 = Yk — BV [ (yx)-

Note that a proximal version of (NAG,) was initiated and studied by Giiler in his seminal work
[108, 107].
The case o < 3 leads to the slower rate O (t*QO‘/ %) which cannot be improved in general |7, 26]. For

(NAG,)

« > 3, an even better rate of convergence with little-o instead of big-O can be obtained together with
global weak convergence of the trajectory; see [18, 37| and [79] for algorithm (NAG,).

Another remarkable instance of (IGS,) corresponds to the well-known Heavy Ball with Friction
(HBF) method, where () is a constant (say 7o > 0), first introduced (in its discrete and continuous
form) by Polyak in [175]. Its discrete form corresponds to the following update rule with stepsize h > 0

{ yr = o + (1 — v0) (2 — 1)
Trp1 = Yp — WV f(x).

When f is strongly convex, it was shown that the trajectory (and iterations) converges exponentially

(HBF — Disc)

with an optimal convergence rate if the constant g is properly chosen as a function of the strong
convexity modulus. The convex case was later studied in [4] with a convergence rate on the values
of only O(t~!). When f is non-convex, HBF was investigated both for the continuous dynamics in
[111, 34, 105, 8] and discrete algorithms in [197, 158, 156].

When the order of the extrapolation and gradient descent operations in (HBF — Disc) are reverted,
one gets the so-called Ravine method introduced in 1961 by Gelfand and Tsetlin [102]. The two schemes
are largely confused in the literature, but turn out to be different as recently clarified in [32].

— 4 —



Chapter 1 1.1. Context

Viscous and geometric Hessian driven damping. Because of the inertial aspects and the asymp-
totic vanishing viscous damping coefficient, (IGS,) may exhibit many small oscillations which are not
desirable from an optimization point of view. To remedy this, a powerful tool consists in introducing
into the dynamic a geometric damping driven by the Hessian of f. This gives the Inertial System with
Explicit Hessian Damping which reads

{ B(8) + A(0)1(8) + BV (@(0)a(t) + VF@(6) =0, >ty

x(to) = wo;  #(to) = vo-

Where ~, 5 : [to, +00o[— Ry. (ISEHD) was proposed in [38] (see also [23]). The second system we

consider, inspired by [3] (see also [151] for a related autonomous system) is
{ E(t) +y()(t) + Vf(x(t) + B)2(t) =0, > to;

IE(to) = X0, i‘(to) = 9.

(ISEHD)

(ISTHD)

(ISTHD) stands for Inertial System with Implicit Hessian Damping. The rationale behind the use
of the term “implicit” comes from a Taylor expansion of the gradient term (as t — 400 we expect
z(t) — 0) around z(t), which makes the Hessian damping appear indirectly in (ISTHD). Following the
physical interpretation of these two ODEs, we call the non-negative parameters v and S the viscous
and geometric damping coefficients, respectively. The two ODEs (ISEHD) and (ISTHD) were found to
have a smoothing effect on the energy error and oscillations [3, 152, 23]. Moreover, in [33] they obtain

fast convergence rates for the values for the two ODEs when ~(t) = ¢ (a > 3) and S(t) = By > 0.

The time discretization of (ISEHD) with general coefficients has been studied by Attouch, Chbani,
Fadili, and Riahi [23]. It provides a rich family of first-order methods for minimizing f. At first
glance, the presence of the Hessian may seem to entail numerical difficulties. However, this is not
the case as the Hessian intervenes in the above ODE in the form V2f(x(t))i(t), which is nothing
but the time derivative of ¢t — V f(z(t)). This explains why the time discretization of this dynamic
provides first-order algorithms. On the contrary, the time-continuous dynamics can be argued to be
truly of second-order nature, i.e., close to Newton’s and Levenberg-Marquardt’s dynamics [75]. This
understanding suggests that (ISTHD) may represent the nature of first-order algorithms better than
(ISEHD).

From first to second-order systems via time scaling and averaging. The authors in [17]
proposed time scaling and averaging to link (GF) and (ISIHD) with a general viscous damping function
~ and a properly adjusted geometric damping function f (related to 7). This avoids in particular to go
through an intricate and a dedicated Lyapunov analysis for the second-order system. As we will show
later (see for instance Chapter 3), a local convergence analysis becomes also easily accessible through
this lens while it is barely possible otherwise. The authors specialize their results to the standard case

where y(t) = ¢ and S(t) = L.

The idea of passing from a first-order system to a second-order one via time scaling is not new. The
author of |73] propose time scaling and a tricky change of variables to show that (IGS,) is equivalent
to an averaged gradient system, i.e. the steepest gradient system (GF) where the instantaneous value
of Vf(z(t)) is replaced by some weighted average of the gradients V f(z(s)) over all past positions
s < t. See also [104] for more general gradient systems with memory terms involving kernels. This
gives rise to an integro-differential equation. The asymptotic behavior of the dynamic associated to
this equation and the equivalent second-order dynamic have been investigated in [73].

1.1.3 Non-convex problems

So far, we have focused our discussion on the convex setting. As one may expect, things are far more
complicated, however, in the non-convex setting. We will assume here that H = R%. We consider
_ 5 _



Chapter 1 1.1. Context

the minimization problem (7)) where the objective function f : R? — R satisfies the following
assumptions:

f e C*(RY);

{ ) (Ho)

inf f > —o0.

Global convergence. Since the objective function is potentially non-convex, the problem ()
is NP-Hard in general. However, there are tractable methods to ensure theoretical convergence to
a critical point, or even to a local minimizer. In this regard, a fundamental dynamic to consider
is (GF), for any bounded solution of (GF), using LaSalle’s invariance principle, one can check that
lim¢ 400 Vf(x(t)) = 0. If d = 1, any bounded solution of (GF) tends to a critical point. For
d > 2 this becomes false in general, as shown in the counterexample by [164]. In order to avoid such
behayvior, it is necessary to work with functions f that enjoy additional structure which in turn would
ensure global convergence of the trajectory to a critical point. Such a prominent property is the the
Kurdyka-Lojasiewicz (KL) inequality [136, 137, 125]. Roughly speaking, this means that f is sharp
up to a reparametrization by a function known as the desigularizing function of f. The K. inequality,
including in its non-smooth version, has been successfully used to analyze the asymptotic behavior of
various types of dynamical systems [81, 56, 57, 49] and algorithms [59, 97, 155, 42, 119, 1, 56, 16, 158]".
The importance of the Kt inequality comes from the fact that many problems encountered in finite-
dimensional optimization involve functions satisfying such an inequality, and it is often elementary
to check that the latter is satisfied; e.g. real semialgebraic/analytic functions [136, 137|, functions
definable in an o-minimal structure and more generally tame functions [125, 58]. When this inequality
holds, one can ensure global convergence of the trajectory of (GF) (and the iterates of (GD)) to a
critical point with an explicit convergence rate that depends on the KE desingularizing function of f
[81, 100, 59, 83|, and this is then sharper than standard worst-case rates.

Inertial algorithms. Second-order systems and subsequent inertial algorithms have been studied
in the literature for non-convex smooth problems. For instance, [134] proposed a multi-step inertial
Forward-Backward algorithm for non-convex optimization and showed its convergence properties un-
der the KL inequality. In [105], the authors consider the case of quasiconvex functions and use an
implicit discretization of HBF to derive a proximal point-type algorithm. In [158], an inertial Forward-
Backward splitting scheme, coined iPiano-a generalization of HBF, is introduced. In [156], the author
presents local convergence results for iPiano. In [157, 61| several abstract convergence theorems are
presented and then applied to different versions of iPiano. In [62, 63|, inertial algorithms of different
nature (Tseng’s type and Forward-Backward, respectively) are studied for non-convex and composite
smooth-+non-smooth optimization and showed their convergence. To the best of our knowledge, [76] is
the only work where the authors study the ODE (ISEHD) where the viscous and geometric dampings
are positive constants, together with a a discrete algorithm.

Trap avoidance. In all works reviewed above, the K¥ inequality is instrumental to obtain global
convergence towards a critical point. However, convergence to critical points is not enough from a
minimization perspective. Generic strict saddle point avoidance of descent-like algorithms has been
studied by several authors building on the (center) stable manifold theorem [187, Theorem II1.7] which
finds its roots in the work of Poincaré. Genericity is in general either with respect to initialization or
with respect to random perturbation. Note that genericity results for quite general systems, even in
infinite dimensional spaces, is an important topic in the dynamical system theory; see e.g. [70] and
references therein.

First-order descent methods can circumvent strict saddle points provided that they are augmented
with unbiased noise whose variance is sufficiently large in each direction. Here, the seminal works of

!This list is by no means exhaustive.
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Chapter 1 1.2. Motivation and objectives

[65] and [171] allow to establish that the stochastic gradient descent (and more generally the Robbins-
Monro stochastic approximation algorithm) avoids strict saddle points almost surely. Those results
were extended to the discrete version of HBF by [117] who showed that perturbation allows to escape
strict saddle points, and it does so faster than gradient descent. In [98] and [115], the authors analyze
a stochastic version of HBF (in continuous-time), showing convergence towards a local minimum under
different conditions on the noise.

Recently, there has been active research on how gradient-type descent algorithms escape strict saddle
points generically on initialization; see e.g. [129, 128, 165, 118] and references therein. In [105], the
authors were concerned with HBF and showed that if the objective function is C?, coercive and Morse,
then generically on initialization, the solution trajectory converges to a local minimum of f. A similar
result is also stated in [34]. The algorithmic counterpart of this result was established in [161] who
proved that the discrete version of HBF escapes strict saddles points for almost all initializations. Strict
saddle avoidance for the second-order ODE (ISEHD) and its discretization was studied in [74, 76|, where
the author considers the case when the viscous and geometric dampings are positive constants.

1.2 Motivation and objectives

1.2.1 Stochastic convex optimization

Let us consider H, K real and separable Hilbert spaces. In many cases, the gradient input is subject
to noise, for example, if the gradient cannot be evaluated directly, or due to some other exogenous
factor. In such scenario, one can model the associated errors using a stochastic integral with respect to
the measure defined by a continuous [t6 martingale. This entails the following stochastic differential
equation as a stochastic counterpart of (GF):

{ dX(t) = =V f(X(t))dt + o(t, X (£))dW (t), > 0; (SDE)

X(0) = Xo,

defined over a complete filtered probability space (Q, F,{F:}i>0,P), where the diffusion (volatility)
term o : Ry x H — Lo(K; H) (see Section 2.1 for notation) is a measurable function, W is a Fi-adapted
K-valued Brownian motion (see Section2.7 for a precise definition), and the initial data Xy is an
Fo-measurable H-valued random variable.

Our first goal is to study the dynamic of (SDE) and its long-time behavior in order to solve (#).
To identify the assumptions necessary to hope for such a behavior to occur, remember that when
H = K and the diffusion term o = &I, where G is a positive real constant, it is well-known that X (),
in this case, is a continuous-time diffusion process known as Langevin diffusion, and has a unique
invariant probability measure 75 with density oc e—2/()/5” [52]. In fact, (SDE) can be interpreted as
the path-wise solution to the Fokker-Planck equation (see [99]). It is also very well known that the
measure 75 gets concentrated around argmin(f) as & tends to 07 with limz_,o+ 75 (argmin(f)) = 1;
see e.g. |77].

Motivated by this last observation, our work will then mostly focus on the case where o (-, x) vanishes
sufficiently fast as ¢ — 400 uniformly in z, and some guarantees will also be provided for uniformly
bounded o. Therefore, throughout the thesis, we assume that o satisfies:

su o(t,x < Ho00,
{ Pi>0.zem llo(t, )|[ns (Hy)

lo(t,2") —o(t, z)us < lo 2" — =,

for some lgp > 0 and for all t > 0,z,2’ € H (where HS is Hilbert-Schmidt norm; see Section 2.1). The
Lipschitz continuity assumption is mild and required to ensure the well-posedness of (SDE).
_ 7 _



Chapter 1 1.2. Motivation and objectives
1.2.2 First-order SDE modeling of SGD

To simplify the discussion, let us focus in this section on the finite-dimensional case (H = R?, K = R™).
In various areas of science and engineering, in particular in machine learning, the objective takes the
form f(z) = E[F(x,£)], where the expectation is w.r.t. to the random variable &; e.g., denoting a
random batch of training data. Although gradient descent algorithm (GD) is a classical and simple
algorithm to minimize f, the computation of the full gradient is prohibitively expensive if not impossible
for large-scale problems. An alternative, the Stochastic Gradient Descent (SGD) consists in replacing
the full gradient computation by a cheap randomly sampled version, serving as an unbiased estimator.
The SGD updates the iterates according to

Tpr1 =z — h(Vf(zr) + ex) (SGD)

where h € Ry is the stepsize and e is the random noise term on the gradient at the k-th iteration.
As such, (SGD) can be viewed as instance of the Robbins-Monro stochastic approximation algorithm
[179].

The most popular and simplest form of SGD is the single-batch version:

Tpy1 = Tk — WV F (2, &), (SGDsg)

where (§),cy are i.i.d. random variables with the same distribution as {. Of course, (SGDgp) is an
instance of (SGD) with ey, = VF (2, &) — V f (k).

SDE as a model of SGD. The SDE continuous-time approach is motivated by its close relation to
(SGD) or (SGDgp). We first note that when the noise e in (SGD) is N(0,01y), (SDE) is a better
continuous-time model for (SGD) than (GF), as has been shown recently in [90, Proposition2.1].
There, the sequence (x),cy provided by (SGD), with e, ~ N(0,0414), was proved to be accurately
approximated by (SDE) with o(t, X (t)) = v/ho(t) and o (kh) = o} I4. Using classical numerical analysis
tools of SDEs, the approximation error is of order O(h) which is much better than that of (GF) which
is only O(Vh).

For the standard single-batch SGD (SGDgg), the argument is more involved. Actually, many recent
works (see e.g. [140, 131, 163, 113, 186, 133, 190, 196, 127, 132]) have linked algorithm (SGDsgp)
with continuous-time first-order stochastic diffusion dynamics such as (SDE). These works show either
empirically or theoretically under which conditions (appropriate drift and diffusion terms, regularity
of f, etc.) (SDE) can be seen as a good approximation model of (SGDsp) for fixed stepsize. By a
good model we mean that (SDE) is a continuum limit of (SGDsp) as the stepsize goes to zero, or
equivalently that the approximation of (SGDgp) via the diffusion process (SDE) is precise in some
weak sense; see [131, 113, 133].

As a consequence, using (SDE) as a proxy of (SGD) or (SGDgp) allows to capitalize on the wealth
of results in the field of SDE’s, It6 calculus and measure theory, and this in turn opens the door to
new insights in the behavior of (SGD) or (SGDgg) and to transfer all the convergence results that one
can prove for (SDE) to (SGD). Actually, this is one of the main messages we want to convey in this
thesis. Our motivation and results in this thesis are also complementary to those in the literature.
Indeed, most, if not all, of works cited above are primarily motivated by the fact that continuous-time
SDE approximation of (SGD) is a crucial tool to study its trap escaping behavior. Our standpoint is
complementary and we argue that the continuous-time perspective offers a deep insight and unveils
the key properties of the dynamic of (SGD), without being tied to a specific discretization. This, in
turn, enlightens the behavior of the sequence generated by some specific algorithm such as (SGD). In
turn, studying the continuous-time SDE will allow to predict the convergence behavior of SGD and
other stochastic algorithms.

For the reader convenience, we now give an intuitive explanation of how (SDE) could be derived
_ 8 _



Chapter 1 1.2. Motivation and objectives

from (SGDgp). Observe from (SGDgp) that conditioned on zy,
Eleg|z] = 0 and Ssp(ar) < Covieg|wr] = E[(VF (2, &) — V. f(z1))(VF (21, &) — V(zx)) "],

Let Ysp(z1)'/? be the square root of the matrix Xgp(z;,) and set (V},)zen a sequence of random variables
with zero mean and identity covariance matrix such that Ygg(x;)'/?V}, has the same distribution as
e (conditioned on x). Thus, (SGDgp) can also be written as

Thi1 =z — WV f(x) — VhEsp(ar) > VAV, keN. (1.2)
Moreover, the Euler forward time discretization of (SDE) with stepsize h is
X((k+1)h) = X(kh) — hV f(X (kh)) — o(kh, X (kh))(W ((k + 1)h) — W (kh)),
and since W ((k + 1)h) — W (kh) has the same distribution as v'hZy, Z, ~ N(04, I), we have
X((k+1)h) = X(kh) — hV f(X (kh)) — o (kh, X (kh))VhZy. (1.3)

Clearly, this discretization resembles (1.2) by setting o (kh, X (kh)) = vVhEgp(z)"/? and assuming Vj,
to be N (04, I4). This intuitive argument has been made rigorous in [131, 113, 133], where it was proved
that

E[G(X (kh))] - EG(zi)]| = O(h),

for any test function G that is sufficiently smooth and have at most linear asymptotic growth. As a
consequence, for an objective f sufficiently smooth whose gradient is Lipschitz-continuous, one has

E[f(zr) — min f] = E[f(X (kh)) — min f] + O(h),

meaning that any rate proved on E[f(X (¢)] can be directly transferred to E[f(zy)]. It is worth men-
tioning here that the work of [131, 133], who also proposed first-order SDEs involving the Hessian.
They proved that these first-order SDEs approximate SGD with an error O(h?).

The above discussion supposes that the SGD noise ey is (or close to) Gaussian. Some works have
challenged this assumption; see [189] who suggested that SGD noise is heavy-tailed. However, [196]
argued that the experimental evidence in [189] made strong assumptions on the nature of the gradient
noise which could flag Gaussian distributions as non-Gaussian. [133] showed that non-Gaussian noise
is not essential to SGD performance and provide experimental evidence that modeling the SGD noise
by a Gaussian one is sufficient to understand its generalization properties.

Concerning (SDE), one can easily infer from [50, Proposition7.4] that assuming
SUp,eprd ||0(t, 2)|| = 0(1/4/log(t)), and conditioning on the event that X (¢) is bounded, we have al-
most surely that the set of limits of convergent sequences X (t), tx — 400 is contained in argmin(f).
Using results on asymptotic pseudo-trajectories from [50], the work of [149, 176, 45| analyzed the
behavior of the Stochastic Mirror Descent dynamics:

dY (t) = =V f(X(t)dt +o(t, X (t))dW (1),
X(t) =QnY (1)),

where X C R is a closed convex feasible region, f is convex with Lipschitz continuous gradient

(SMD)

on X, Q : R — X is the mirror map induced by some strongly convex entropy, and 7 > 0 is a
sensitivity parameter. In [149, Theorem4.1], it is shown that if X is also assumed bounded, that
sup,epd |o(t, 2)|| = o(1/4/log(t)), and Q satisfies some continuity assumptions, then the process
X(t) (SMD) converges to a point in argmin(f) almost surely. Similar assumptions can be found in [45]
to obtain almost sure convergence on the objective. Let us observe that all these results do not apply
to our setting. Indeed, if X = R? (unconstrained problem), Q(z) = x and 1 = 1, we recover (SDE).

?Compactness of X and the condition on o(,-) are clearly reminiscent of [50, Proposition 7.4], though the latter is
not discussed in [149].
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Our work does not assume any boundedness whatsoever to establish our results. This comes however
at somewhat stronger assumptions on o(-, ).

Also the work of [91], analyzes the behavior of (SDE) for f € C?(R9) not necessarily convex and
which satisfies sup,cpa ||o(+, )|z € L*(R4). Conditioning on the event that

limsup || X (¢)]] < +o0,
t——+o0

they showed that V f(X (¢)) — 0 almost surely, almost sure convergence of f(X(t)), and if the objective
f is semialgebraic (and more generally tame), they also showed almost sure convergence of X (t) towards
a critical point of f. They also made attempt to get local convergence rates under the Lojasiewicz
inequality that are less transparent than ours. Our analysis on the other hand leverages convexity of
f to establish stronger results and is made on an infinite dimensional space.

Langevin Monte Carlo. Specializing (1.3) to the case where d = m and o(-,-) = /2I; gives the
following algorithm
X((k+1)h) = X(kh) — RV f(X(kh)) + V2hZ}. (LMC)

This algorithm, which is known as Langevin Monte Carlo (see [168]), is a standard sampling scheme,
whose purpose is to generate samples from an approximation of a target distribution, in our case,
proportional to e~/ Under appropriate assumptions on f, when h is small and k is large such that
kh is large, the distribution of X}, X (kh) converges in different topologies or is close in various metrics
to the target distribution with density oc e=/(*), Asymptotic and non-asymptotic (with convergence
rates) results of this kind have been studied in a number of papers under various conditions; see
[87, 88, 93, 94, 80, 116] and references therein. By rescaling the problem, relation between sampling
(i.e. (LMC)) and optimization (i.e. (SGD)) has been also investigated for the strongly convex case in

e.g. |87

1.2.3 Stochastic differential inclusions for the non-smooth case
Regarding the non-smooth setting we present the following stochastic differential inclusion (SDI) as a
stochastic counterpart of (DI):
dX(t) € —0F(X(t)) + o(t, X (t))dW (t), t > to;
X (tg) = Xo,

where the diffusion (volatility) term o : [to, +oo[xH — Lo(K; H) is a measurable function that satisfies

(SDI)

(H,), and W is a K-valued Brownian motion, and the initial data Xy is an JF;,-measurable H-valued
random variable. This dynamic is a stochastic system that aims to minimize F if the diffusion term
vanishes sufficiently fast. Also, it is the natural extension to the non-smooth setting of (SDE).

The stochastic counterpart of (DI-TA) (which is the Tikhonov regularization of (SDI)), is the
following stochastic differential inclusion with initial data Xy € LY (Q; H) (for some v > 2):

{ dX(t) € —OF(X(t)) —e(®) X (t) + o(t, X ())dW (t), t > to;

(SDI — TA)
X(to) = Xo.

Our objective in this part is to study the dynamics (SDI) and (SDI — TA) and their long-time
behavior in order to solve (Pcomp). If the diffusion term vanishes with time, as discussed before,
one would expect to solve (Zcomp) with our dynamics and obtain for (SDI — TA) the hierarchical
minimization property described above. Besides, based on the work of [27], we expect that adding a
Tikhonov term as in (SDI — TA) would let us obtain almost sure strong convergence of the trajectory
to the minimal norm solution. Moreover, to extend the convergence rates shown in [27, Theorem 5] to
the stochastic case. We are not aware if any work studying (SDI) as a proxy of SGD in the non-convex.
Indeed, the smoothness assumption is crucial in the existing works.
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1.2.4 Second-order SDE modeling of SGD

Let us now consider (Zcomp) and second-order methods, we consider the generalization of (ISTHD) to
the non-smooth case, which yields the differential inclusion:

z(t) =wv(t), t>to;
o(t) € =[y(t)v(t) + OF (z(t) + B(t)v(t))], T > to; (ISIHDxs)
z(to) = zo, (to) = vo,
where OF is the convex subdifferential of F'. In this setting, keeping in mind that we want to give a
rigorous meaning to (ISIHDyg), we can model the associated errors using a stochastic integral with

respect to the measure defined by a continuous It6 martingale. This entails the following stochastic
differential inclusion (SDI for short), which is the stochastic counterpart of (ISIHDys):

dX(t) =V(@®)dt, t>tg
dV(t) € —()V(t)dt —OF (X (t) + )V (¢))dt + o(t, X (t) + )V (2))dW (L), t > to;
X(to) = Xo, V(to) =V.
(S — ISIHDys)
This SDI is defined over a filtered probability space (Q, F,{F:}+>0,P), where Xo, Vp € L¥(Q; H) (for
some v > 2) are the initial data; the diffusion (volatility) term o : [to, +oo[xH — Lo(K;H) is a

measurable function; and W is a K-valued Brownian motion (see definition in Section2.7). When
g = 0, we recover the stochastic counterpart of (ISTHD) as the following SDE:

dX(t) = V(t)dt, t > to;
AV (t) = -V (t)dt — V(X&) + B)V(t))dt+ o(t,X(t)+ L)V ()dW (t), t> to;
X(to) = Xo; V(to) =M.

(S — ISIHD)

And when 3 = 0, this dynamic will be a stochastic version of the Hamiltonian formulation of (IGS,)
and it will be described by:

dX(t) = V(t)dt, t > 1o;
AV (1) = -V (0)dt = V(X(0)dt + o(t, X)W (1), ¢ > to; (IGS, - §)
X(to) = Xo; Vi(to) =Vo.

To get some intuition, keeping the discussion informal at this stage, let us first identify the assump-
tions needed to expect that the position state of (IGS, — S) “approaches” argmin(f) in the long run.
In the case where H = K, v(-) =~ > 0 and o = &Iy, where ¢ is a positive real constant. Under mild
assumptions one can show that (IGS, — S) has a unique invariant distribution 75 in (z,v) with density
proportional to exp (—(2}% (f(x) + w>>, see e.g., [170, Proposition 6.1]. Clearly, as 6 — 07, w5 gets
concentrated around argmin(f) x {Og}, with lims_,o+ 75 (argmin(f) x {Og}) = 1. Time-discretized ver-
sions of this Langevin diffusion process have been studied in the literature to (approximately) sample
from o exp(—f(z)) with asymptotic and non-asymptotic convergence guarantees in various topologies
and under various conditions; see [80, 139, 89| and references therein. Motivated by these observations
and the fact that we aim to exactly solve (Z;) (resp. (Pcomp)), our work will then mainly focus on
consider (S — ISIHD) (resp. (S —ISIHDyg)) in the case where o satisfies (H,) (adjusted for a time
bigger than t).

In the smooth but non-convex case, and motivated again by trap avoidance, the authors in [114, 115]
study the convergence behavior of a stochastic discrete heavy ball method from its approximating SDE.
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The latter is a randomly perturbed nonlinear oscillator in [114] and a coupled system of nonlinear
oscillators in [115]. These SDEs are very different from the ones we study here.

In this part of the work, our goal will be to provide a general mathematical framework for analyzing
the convergence properties of (S — ISIHDng) to solve (Pcomp). In this context, considering inertial
dynamics with a time-dependent vanishing viscosity coeflicient v is a key ingredient to obtain fast
convergent methods. More precisely, we study the stochastic dynamics (S — ISTHDyg) and its long-time
behavior in order to solve (K%.OmP). We conduct a new analysis using specific and careful arguments
that are much more involved than in the deterministic case.

The authors in [17] proposed time scaling and averaging to link (GF) and (ISIHD) with a general
viscous damping function v and a properly adjusted geometric damping function 5 (related to -).
Our goal is to extend the results of [17] to the stochastic case. Leveraging these techniques with a
general function v and an appropriate , we will be able to transfer all the results we obtained in
Chapter 3 (resp.4) for (SDE) (resp. (SDI)) to the dynamic (S — ISIHD) (resp. (S — ISIHDyg)). This
avoids in particular to go through an intricate and a dedicated Lyapunov analysis for (S — ISIHDyg).
A local convergence analysis becomes also easily accessible through this lens while it is barely possible
otherwise. We also specialize our results to a standard case where v(t) = ¢ and 3(t) = -1, being
able to show fast convergence results. To handle a more general choice of v and £, we will have to go
through a dedicated Lyapunov analysis for (S — ISTHD) inspired by the work in [33].

1.2.5 Non-convex deterministic setting for second-order systems

There is an abundant literature regarding the dynamics (ISEHD) and (ISTHD), either in the exact case
or with deterministic errors, but overwhelmingly in the convex case; see [3, 33, 111, 185, 20, 24, 92,
184, 194, 12, 23, 21]). Nevertheless, to the best of our knowledge, except for |76, 74|, the non-convex
setting is still largely open. Our goal is to fill this gap motivated by examples in machine learning (e.g.
neural network training with smooth activation functions).

As previously noted, the HBF method, was first introduced by Polyak in [175] where linear conver-
gence was shown for f strongly convex. Convergence rates of HBF taking into account the geometry
of the objective can be found in [42] for the convex case and [156] for the non-convex case.

In [110], the authors study the system
i(t) + G(2(t) + Vf(z(t)) =0,

where G : R? — R is such that (G(v),v) > ¢||v||* and ||G(v)|| < C||v||, Vv € R?, for some 0 < ¢ < C.
They show that when f is real analytic (hence verifies the Lojasiewicz inequality), the trajectory
converges to a critical point. To put it in our terms, the analysis is equivalent to study (IGS,) in the
case where there exists ¢,C’' > 0 such that 0 < ¢ < v(t) < C for every ¢t > 0 (see assumption (H,)),
letting us to conclude as in [110]. We will extend this result to the systems (ISEHD) and (ISIHD)
which will necessitate new arguments.

HBF was also studied in the non-convex case by [49] where it was shown that it can be viewed as a
quasi-gradient system. They also proved that a desingularizing function of the objective desingularizes
the total energy and its deformed versions. They used this to establish the convergence of the trajectory
for instance in the definable case. Global convergence of the HBF trajectory was also shown in [34]

when f is a Morse function °.

Our goal is to go far beyond the results presented in [76, 74|, considering not only the explicit
version (ISEHD) but also the implicit one (ISTHD), and also allowing a variable (non-vanishing) viscous
damping. Even though the choice of the value of the geometric damping is less general than the one

3Tt turns out that a Morse function satisfies the Lojasiewicz inequality with exponent 1/2; see [15].
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presented in [76], we propose a less stringent discretization regarding the stepsize. We also demonstrate
the convergence of the dynamic to a critical point under general KE property on the objective. This
includes semi-algebraic functions as a special case, which was the only case covered in [76]. Additionally,
we show convergence rates under K¥. inequality for the continuous setting. As mentioned earlier, we
propose new algorithms and an independent analysis for the discrete setting, showing convergence of
the proposed algorithms to critical points under Kt.-inequality, and we also exhibit convergence rates
of the proposed algorithms under Y.ojasiewicz inequality.

1.3 Contributions

1.3.1 Chapter3

We study the convergence properties of the process X (¢) and f(X(¢)) for the stochastic differential
equation (SDE) on real separable Hilbert spaces from an optimization perspective, under the as-
sumptions (Hy) and (H,). When the diffusion term is uniformly bounded, we show convergence of
E[f(X(t)) — min f] to a noise-dominated region both for the convex and strongly convex case. When
the diffusion term is square-integrable, we show in Theorem 3.2.3 that X (¢) converges almost surely to
a solution of (#7;), which is a new result to the best of our knowledge. Moreover, in Theorem 3.2.5
and Proposition 3.2.6, we provide new ergodic and pointwise convergence rates of the objective in
expectation, again for both the convex and strongly convex case.

Then we turn to a local analysis relying on the Lojasiewicz inequality and its strong ties with
error bounds. Since this property is most often satisfied only locally, we deepen the discussion on the
long time localization of the process. This is fundamental, because in the recent literature on local
convergence properties of stochastic gradient descent, strong assumptions are imposed, such as X (¢)
or f(X(t)) is locally bounded almost surely. Such assumptions are unfortunately unrealistic due to the
presence of the Brownian Motion. We manage to circumvent this problem by using arguments from
measure theory, in particular Egorov’s theorem. In turn, under the f.ojasiewicz inequality assumption
with exponent ¢ > 1/2; this allows us to show local convergence rates of the objective and the trajectory
itself in expectation over a set of events whose probability is arbitrarily close to 1 (see Theorem 3.3.3).

Table 1.1 summarizes the local and global convergence rates obtained for E[f(X(¢)) — min f] in
Chapter 3. In this table, 6 > 0 is a parameter which is intended to be taken arbitrarily close to 0 but
bounded away from it, o, > 0 and o (-) are defined as

ot z)|hs <02, ¥t>0YreH, and  on(t)= sup o (t, )|l ys » (1.4)
x

and o (-) is a non-increasing function. E4(S) is the class of functions satisfying the Lojasiewicz
inequality with exponent ¢ € [0, 1] at each point of S (see Definition 2.4.7)*.

Property of f Gradient Flow | SDE (05(t) < 0.) | SDE (0 € L2(Ry))
Convex t=1 t=1 4 o2 t=1
p-Strongly Convex e 2ut e 2t 4 o2 max{e=2* o2 (1)}
Convex N EY2(8) (coef. p) emHt X max{e " o2 (t)} +V/$
Convex N L9(S), g € (3,1) ¢zt X 3 S+V§

Table 1.1: Summary of local and global convergence rates obtained for E[f(X (¢)) — min f].

“In finite dimension, semialgebraic functions, and more generally, functions based on the class of analytic functions
is a typical family of functions that verify the Lojasiewicz inequality at each point [136, 137].

- 13 —
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Although it is natural to think that we can take the limit when & goes to 0%, the time from which
these convergence rates are valid depends on ¢ and increases (potentially to +00) as 0 approaches
0". Assuming only the boundedness of the diffusion and the F.ojasiewicz inequality, we could not find
better results (cells marked with X) than those presented in the convex case. Since the Lojasiewicz
inequality is local, a natural approach would be to localize the process in the long term with high
probability. However, it is not clear how to achieve this.

We finally turn to extending some of the preceding results to the structured convex minimization
problem (Zomp). This obviously covers the case of constrained minimization of f over a non-empty
closed convex set. We take two different routes leading to different SDEs.

The first approach consists in reformulating (Zcomp) as finding for zeros of the operator M, : H — H

My(a) = 5 (& = pros, (o = 1V (@)
where > 0 and prox,,, is the proximal mapping of pg. It is well-known that the operator M, is
cocoercive [19], hence monotone and Lipschitz continuous, and M,, = V f when g vanishes. The idea
is then to replace the operator Vf in (SDE) by M, leading to an SDE which will have many of the
convergence properties obtained in the smooth convex case. This approach is in accordance with the
deterministic theory for monotone cocoercive operators (see [55, 6, 19]).

The second approach regularizes the non-smooth component g of the objective function using its
Moreau envelope

) 1 2
gol) = ming(=) + o v — 2|

This leads to studying the dynamic (SDE) with the function f + gg, which has a continuous Lipschitz
gradient. This approximation method leads to an SDE with non-autonomous drift term. Note, however,
that the noise in this case can be considered on the evaluation of V f(x), while it is on M, (x) in the
first approach.

1.3.2 Chapter4

This work significantly extends beyond what is presented in Chapter 3 in two distinct directions: we
consider the non-smooth case in a direct way, and we use Tikhonov regularization. The latter makes
it possible to pass from weak convergence to strong convergence, and to a particular solution, that of
minimal norm.

We first study the properties of the process X (¢) and F(X (¢)) for the stochastic differential inclusion
(SDI) on separable real Hilbert spaces from an optimization perspective, under the assumptions (Hp),
(H,) and (H)) (see Section4.2). When the diffusion term is uniformly bounded, we show convergence
of E[F(X(t)) — min F| to a noise-dominated region both for the convex and strongly convex case.
When the diffusion term is square-integrable, we show in Theorem4.3.2 that X (¢) weakly converges
almost surely to a solution of (Z.omp), which is a new result to the best of our knowledge. Moreover, in
Theorem 4.3.4, we provide new ergodic and pointwise convergence rates of the objective in expectation,
again, for both the convex and strongly convex case.

Next, we consider (SDE), obtained by adding a Tikhonov regularization term to (SDI). We show in
Theorem 4.4.1 that under certain conditions on the regularization term, X (¢) strongly converges almost
surely to the minimum norm solution. Then, we show in Theorem 4.4.5 some practical situations where
one can obtain an explicit form of the Tikhonov regularizer. Moreover, in Theorem 4.4.8, we show new
convergence rates of the objective and the trajectory in expectation for the smooth case.

®This is not yet proven, our conjecture is that it is true when o0 = O((t + 1)~ 24{1) (see the detailed discussion in
Conjecture 3.3.9).
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Tables 1.2 summarizes the convergence rates obtained for E[F(X(¢)) — min F| in Chapter4. We

recall that o, > 0 and 0 (-) are defined as

def

0oo(t) = sup [|o(t, )| ug

zeH

where

ot z) kg < 02, V¥t >to,Vx € H.

(1.5)

Property of ' | (DI) | (SDIy) (sup;ss, 0oc(t) < 04) | (SDIp) (00 € L2([to, +00]))
Convex t—1 t=1 o2 t—1
p-Strongly Convex | e=2#t e Mt 4 g2 max{e ' o2 (t)}

Table 1.2: Summary of convergence rates obtained for E[F(X (¢)) — min F.

In Table 1.3, we summarize the results obtained in the smooth case for the dynamics with Tikhonov

regularization, i.e., when g = 0. We recall that EB?(S) is the local Error Bound inequality defined in

(2.11).
Property of f | (DI-TA) (e(t) =t~",r €]0,1]) | (SDI — TA) (E(t) =t"r E]%, 1[)
Convex N EBP(S) t" t~" (whenever o2 (t) = O(t=2")).

Table 1.3: Summary of convergence rates obtained for E[f(X(¢)) — min f] for the dynamics with

Tikhonov regularization when e(¢) =¢7".

1.3.3 Chapter5

Our main contributions pertain to the solution trajectories of the dynamics (S — ISIHD) and

(S — ISITHDysg) under integrability conditions on the noise for a general (¢) and a particular choice of
B(t) (B =T, where I is defined in (5.1)). They are summarized as follows:

e We show almost sure weak convergence of the trajectory (see Theorem5.2.2) and convergence

rates (see Theorem 5.2.3) in expectation in the case of time-dependent coefficients v(¢) and a
proper choice of S(t). To do so, we transfer, through time scaling and averaging, the results
of the Lyapunov analysis of the first-order in-time stochastic (sub-)gradient system studied in
Chapters 3-4 to our inertial system (S — ISIHD).

We obtain almost sure and ergodic convergence results which correspond precisely to the best-
known results in the deterministic case. In particular, if we let o > 3,7(t) = ¢, 8(t) = ﬁ,
then under appropriate assumptions on the diffusion (volatility) term o, we obtain the rate of
convergence o(1/t?) of the values in almost sure sense (see Corollary 5.2.5), which corresponds to

the known result for the accelerated gradient method of Nesterov in the deterministic case.

We then turn to providing a local analysis with a local linear convergence rate under the Polyak-
Lojasiewicz inequality (See Theorem 5.2.6). This is much more challenging in the stochastic case,
and even more for second-order systems, as localizing the process in this case is very delicate.

We also show almost sure strong convergence of the trajectory to the minimal norm solution
when adding a Tikhonov regularization to our systems (see Theorem 5.3.1). Moreover, we show
convergence rates in expectation for the objective and the trajectory for a particular Tikhonov
regularizer (see Theorem 5.3.3).

It is worth observing that since our approach is based on an averaging technique, it will involve

Jensen’s inequality at some point to get fast convergence rates. In this respect, the convexity condition

on the objective function appears unavoidable, at least in this method of proof.

— 15—

It is also worth



Chapter 1 1.3. Contributions

mentioning that the approach only makes sense for the implicit form of the Hessian-driven damping.
Indeed, as explained above, the explicit form of the Hessian-driven damping has a term involving the
time derivative of the (sub)gradient at the trajectory. As the noise, modeled here as an It6 martingale,
in practice stems from the (sub)gradient evaluation, this time derivative is meaningless with explicit
Hessian-driven damping, as (non-constant) martingales are a.s. not differentiable.

1.3.4 Chapter6

Our main contributions pertain to the solution trajectories of the dynamic (S — ISTHD) for more general
parameters that those considered in the previous chapter. They are summarized as follows:
e We will develop a Lyapunov analysis to obtain convergence rates, and integral estimates, in
almost sure sense (see Theorem 6.2.7) and in expectation (see Theorem 6.2.8), in the general case
of coefficients (t) and 3(t).

e We will give two instances where we can find suitable functions for the presented Lyapunov
function: when ~ is decreasing and vanishing with vanishing derivative, and 3(¢) is constant (see
Corollary 6.2.9), and when ~(t) = ¢, 3(t) = Bo + 2 (see Corollary 6.2.11).

e In the case where the coefficient ((t) is zero, we show that we have almost sure weak con-
vergence of the trajectory (see Theorem 6.3.7), convergence rates, and integral estimates (see
Theorem 6.3.5). As a special case, we focus on the viscous damping coefficient v(t) = 4,
rel0,1],a>1—r.

1.3.5 Chapter?7

This chapter analyzes the convergence properties of (ISEHD) and (ISIHD) when f is smooth and
possibly non-convex and with no stochasticity. We consider the case where the time-dependent vis-
cosity coefficient 7 is non-vanishing and the geometric damping is constant, i.e. S(t) = 5 > 0. We
will also propose appropriate discretizations of these dynamics and establish the corresponding con-
vergence guarantees for the resulting discrete algorithms. More precisely, our main contributions can
be summarized as follows:

e We provide a Lyapunov analysis of (ISEHD) and (ISIHD) and show convergence of the gradient to
zero and convergence of the values. Moreover, assuming that the objective function is definable,
we prove the convergence of the trajectory to a critical point (see Theorem 7.2.1 and7.3.1).
Furthermore, when f is also Morse, using the center stable manifold theorem, we establish a
generic convergence of the trajectory to a local minimum of f (see Theorem 7.2.3 and 7.3.2).

e We provide convergence rates of (ISEHD) and (ISIHD) and show that they depend on the
desingularizing function of the Lyapunov energy (see Theorems7.2.4 and 7.3.3).

e By appropriately discretizing (ISEHD) and (ISIHD), we propose algorithmic schemes and prove
the corresponding convergence properties, which are the counterparts of the ones shown for the
continuous-time dynamics. In particular, assuming that the objective function is definable, we
show global convergence of the iterates of both schemes to a critical point of f. Furthermore, a
generic strict saddle points (see Definition 7.1.3) avoidance result will also be proved (see Theo-
rem7.2.7 and 7.3.5).

e Convergence rates for the discrete schemes will also be established under the Lojasiewicz property
where the convergence rate will be shown to depend on the exponent of the desingularizing
function (see Theorem 7.2.9 and 7.3.6).

We will report a few numerical experiments to support the above findings.
_ ]_6 _



Chapter 1 1.4. Outline
1.4 Outline

This manuscript consists of two parts and eight chapters. Chapter 2 collects the necessary notation and
mathematical material used throughout the manuscript. Chapters3-6 focus on convex optimization
problems through first and second-order stochastic differential equations defined over a general real
separable Hilbert space, where Chapters 3-4 consider first-order SDEs and Chapters 5-6 second-order
ones. Chapter 7 studies second-order Hessian-aware dynamics defined on an Euclidian space in the
non-convex and deterministic setting. The final chapter gathers a final discussion, conclusions and

draw some directions of future work.
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Mathematical Background
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In this chapter, we collect the necessary notation and mathematical material used in the manuscript.

2.1 Notations and Preliminaries

Vectors and matrices. Throughout, we will use the following shorthand notations: Given n € N,
n] & {1,...,n}. We denote by R, the set [0,+oc]. Moreover, we denote R* and N* to refer to
R, \ {0} and N\ {0}, respectively. The finite-dimensional space R? (d € N*) is endowed with the
canonical scalar product (-, -) whose norm is denoted by || - ||. We denote R"*¢ (n,d € N*) the space of
real matrices of dimension n x d. For A € R¥9 AT is its transpose, \;(A) € C is its i—th eigenvalue.
When A is symmetric then the eigenvalues are real and we denote Apin(A), Amax(A4) to be the minimum
and maximum eigenvalue of A, respectively. If every eigenvalue of A is positive (resp. negative), we
will say that A is positive (resp. negative) definite. We denote by I; the identity matrix of dimensions
d x d and 0,,x4 the null matrix of dimensions n x d, respectively.

Hilbert spaces. For any real Hilbert space H, it is endowed with the inner product (-, -)g and the
corresponding norm || - [[g = 1/ (-, -)m, and we will omit the subscript H it is clear from the context. B
denotes the closed unitary ball of H centered at the origin. Iy is the identity operator from H to H
and Ok, is the operator that maps every element of K to Op, where K is another real Hilbert space.
We denote by w-lim (resp. s-lim) the limit for the weak (resp. strong) topology of H.
For any subset C' of H
dist(z, C) = Zlgg |z — ||y

is the distance from z € H to C. If C = () we set dist(x, C') = +o0. For a non-empty closed convex set
C C H, the minimizer in dist(z, C') exists and is unique for any x € H, and will denote it Po(x), the
projection of x on C.
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Operators. L(KK;H) will denote the space of bounded linear operators from K to H, £;(K) is the
space of trace-class operators, and Lo(K;H) is the space of bounded linear Hilbert-Schmidt operators
from K to H. For M € £1(K), the trace is defined by

tr(M) & Z<M€i’ ei) < 400,
el
where I C N and (e;);er is an orthonormal basis of K. Besides, for M € £(K;H), M* € L(H;K) is the
adjoint operator of M, and for M € Lo(K;H),

def

is its Hilbert-Schmidt norm (in the finite-dimensional case is equivalent to the Frobenius norm, and is
denoted as || - || 7).
The notation A : H = H means that A is a set-valued operator from H to H. A is identified with
its graph of denoted by
gph A < {(z,u) eEHxH: ue Ax}.

Functions. For a function f : H — RU{+oc0}, we define argmin(f) & {z € H : f(z) < f(y),Vy € H},
when this set is non-empty we define min f & f(argmin(f)). For a (Fréchet) differentiable function
g : H — R, we will denote its gradient as Vg, the set of its critical points as:

crit(g) & {u e H: Vg(u) = 0},

and when g is twice differentiable, we will denote its Hessian as V2g. Let H;,H, be two real Hilbert
spaces, for a differentiable function G : H; — Hy we will denote its Jacobian matrix at x € H; as
Ja(z) € L(Ha; Hy).

We denote by C*(H) the class of s-times continuously differentiable functions on H. For L > 0,
C’i’l (H) C C(H) is the set of functions on H whose gradient is L-Lipschitz continuous (a.k.a. Lipschitz-
smooth functions). C%(H) is the subset of C}J’I(H) whose functions are twice differentiable.

For two functions f,g : R — R we will denote f ~ g as t — +oo, if limtﬁ+w% = 1. For
a,b € R, such that ¢ < b, and f : H — R, the sublevel of f at a height between a and b is denoted
o< f<r]E{zeH:a< f(x) <r}. Forl<p < +oo, LP([a,b]) is the space of measurable
functions g : R — R such that ff lg(t)[Pdt < 400, with the usual adaptation when p = +00. On the
probability space (2, F,P), LP(Q; H) denotes the (Bochner) space of H-valued random variables whose
p-th moment (with respect to the measure P) is finite.

Other notations will be explained when they first appear.

2.2 Some convexity analysis

Let us recall some basic results from convex analysis; for a more complete and comprehensive coverage,
we refer the reader to [46] and [181] in the finite dimensional case.

A function f: H — R U {+o0} is lower semicontinuous (Isc) if its epigraph is closed. It is convex if

We denote by I'g(H) the class of proper lsc and convex functions on H taking values in the real extended
line R U {+o0}. For u > 0, f is u— strongly convex if the above inequality is strengthened to

JAz+ 1 =Ny) <Af(x)+ QX =N)f(y) - %/\(1 = Nllz =yl vAe[0,1],Vz,y € H (2.2)

We denote I',(H) C I'g(H) the class of u-strongly convex functions.
_ 20 _
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The subdifferential of a function f € T'o(H) is the set-valued operator 0f : H = H such that, for
every z in H|

Of(@) ={ueH: f(y) = f(x) + (u,y —x) VyeH},

which is non-empty for every point in the relative interior of the domain of f. When f is finite-valued,
then f is continuous, and Jf(x) is a non-empty convex and compact set for every z € H. If f is
differentiable, then df(x) = {Vf(x)}. For every x € H such that df(z) # (), the minimum norm

selection of Of(z) is the unique element {9°f(z)} & argming, ey, [|ull, and for a convex set A C H,
def

we define its remoteness as ||Al|- = dist(0, A), by definition we have ||0f(z)||- = ||0°f(z)||. For
any set C' C H, (¢ is the indicator function of C', which takes the value 0 on C' and +oo otherwise.
Additionally, N¢ is the normal cone of C.

Proposition 2.2.1. Let f: H — R be differentiable. The following are equivalent:

(i) [ is convez.

(1) f(y) = f(z) + (Vf(x),y —x), Va,yecH.
(iir) (Vf(z) =V f(y),z—y) >0, Va,yecH
If f is twice differentiable, then the previous conditions are equivalent to

(iv) (V2f(x)d,d) >0, Vr,dcH.

Proposition 2.2.2. Let f: H — R be differentiable. The following are equivalent:
(i) [ is p—strongly convex.

(it) f(y) = f(x) +(Vf(2),y —x) + §llo —yl*, Vz,yeH
(iii) (Vf(z) = Vf(y),z—y) > pllz —yl? Vao,yeH

If f is twice differentiable, then the previous conditions are equivalent to

(iv) (V?f()d,d) > plld|]?, Vo, deH

It is well-known that when f € I',(H), then f has a unique global minimizer.
Applying Young’s inequality in Proposition 2.2.1(ii), we get the following result.

Proposition 2.2.3. Assume that f € I',(H) is differentiable, then f satisfies the (global) Polyak-
Lojasiewicz (see Definition 2.4.7) inequality, i.e.

2u(f(x) — min f) < [Vf(@)|?, Va € H.

2.3 Lipschitz-smooth functions

A function F : H — H is Lipschitz with constant L or L—Lipschitz if:
[F(z) = F(y)l < Lllx —yll, Va,ycH. (2.3)
A function F : H — H is cocoercive with constant p or p—cocoercive if:
(F(z) = F(y),x —y) > pl|F(z) = F(y)|>, Va,y € H. (2.4)
Proposition 2.3.1. If F': H — H is p—cocoercive, then F is %—Lz’pschz’tz.

Proof. Direct from the Cauchy-Schwarz inequality. OJ

The following inequality is at the heart of what is known as the descent lemma. 1t is satisfied by
any function in Ci’l(H), and plays a central role in optimization.
- 21 —
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Lemma 2.3.2. Assume that f € C}J’I(H), then

F) ~ F(@) —{(Vf@)y—2) < Sle—yl?, VayeH (25)
Corollary 2.3.3. Assume that [ € C’}J’l(H), then
(o= 7VI@) - ) < LIV, Ve e (26)
and
V@) < 2L(f(x) ~ min f), ¥z € HL (2.7

We have seen in Proposition 2.3.1 that cocoercivity implies Lipschitz continuity. The converse is
not true unless the operator is the gradient of a convex function. This is known as Baillon-Haddad
theorem.

Theorem 2.3.4 ((Baillon-Haddad Theorem) [44, Corollary 10]). Assume that f € T'o(H) and
differentiable. Then f € C’}J’l(H) if, and only if, V[ is %—cocoercive,

As a consequence, the descent lemma can be refined with a lower bound'.

Proposition 2.3.5. Assume that f € Ci’l(H) NTo(H), then

S IV I ) = VI@I? < )~ f(@) ~ (Vi@)y—2) < Sl — g, Vay €H.

2.4 Kurdyka-tL.ojasiewicz inequality

An assumption that will be central in our work for the study of our dynamics and algorithms is that
the objective function f satisfies the Kurdyka-f.ojasiewicz inequality, which roughly speaking means
that f is sharp up to a reparametrization. The KL inequality as pioneeded in [136, 137, 125] in the
smooth case, and extended to the non-smooth case in [57, 58, 56|, has been successfully used to analyze
the asymptotic behavior of various types of dynamical systems [81, 56, 57, 49| and algorithms, see e.g.
[59, 97, 155, 42, 119, 1, 16, 158|. The importance of the KL inequality comes from the fact that
many problems encountered in optimization involve functions satisfying such an inequality, and it is
often elementary to check that the latter is satisfied. In finite dimension, a rich family is provided
by semi-algebraic functions, i.e., functions whose graph is defined by some Boolean combination of
real polynomial equations and inequalities [86]. KL functions satisfy the Lojasiewicz property with
q € [0,1]NQ; see [136, 137] for the smooth case and [57, 56] for the non-smooth extension. An even
more general family is that of definable functions on an o-minimal structure over R (see [85]) or
even tame functions, which corresponds in some sense to an axiomatization of some of the prominent
geometrical and stability properties of semi-algebraic geometry [193, 85]. An important result showed
that smooth definable functions satisfy the KL inequality at every Z € RY; see see [125] for the smooth
case and [58] the non-smooth one.

We present now proceed to a precise definition of this notion.
Definition 2.4.1 (Desingularizing function). For n > 0, we consider
#(0,7) = (¢ = C°(10,7) N C(0,]) = Ry, %' > 0 on J0,9[,(0) =0, and ¢ concave}.

Remark 2.4.2. The concavity property of the functions in x(0,7) does not appear in the original
definition and is added here as it is required for the analysis of global convergence of discrete algorithms;
see e.g. Subsection 7.2.2-7.3.2.

'This again highlights the well-known duality between strong convexity and Lipschitz smoothness.
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Since we will work either in the convex non-smooth setting or in the non-convex smooth settings,
we will present the KL theory adjusted to these contexts rather than the most general version. This
approach is taken to avoid introducing more general subdifferentials (Fréchet and limiting ones), which
will not be needed in this thesis.

Convex non-smooth case.

Definition 2.4.3 (Kurdyka-Eojasiewicz inequality). Let f € T'o(H). f is said to satisfy the KL
inequality at £ € H if there exists 7,7 > 0 and ¢ € k(0,7), such that

V' (f(@) = f@)Nof(@)ll- =1, Vze[f(z) < f<[f(@)+n] (2.8)

When S & argmin( f) is non-empty, we will say that f satisfies the Kt inequality on & if there exists
r,n > 0 and ¢ € k(0,n), such that

U(f(@) = min f)l|0f (2)]- =1, Vo € [minf < f < minf+n]. (2.9)

A notable particular case of this inequality is the known Lojasiewicz inequality, introduced in [136,
137, 138].

Definition 2.4.4 (Lojasiewicz inequality). A function f € I'o(H) will satisfy the Lojasiewicz
inequality on S with exponent g €]0, 1] if f satisfies the KL inequality on S with ¥(s) = ﬁsl_q
for some p > 0, i.e., if there exists » > min f such that:

w(f(x) —min /)2 < ||0f(x)||_, Va & [minf < f<7], (2.10)
and we will write f € LI(S).

Error bounds have also been successfully applied to various branches of optimization, and in par-
ticular to complexity analysis, see [166]. Of particular interest in our setting is the Holderian error
bound.

Definition 2.4.5 (Holderian error bound). Let f € I'g(H). f satisfies a Holderian (or power-type)
error bound inequality on § with exponent p > 1, if there exists o > 0 and r > min f such that:

f(z) —min f > pdist(z,S)?, Vz € [minf < f <r], (2.11)
and we will write f € EBP(S),

For convex coercive functions, the Holderian error bound can be globalized, though with a different
growth function; see [59, Theorem 3|. Moreover, a deep result due to Lojasiewicz states that for arbi-
trary continuous semi-algebraic functions, the Holderian error bound inequality holds on any compact
set, and the Lojasiewicz inequality holds at each point; see [136, 137]. In fact, for convex (possibly
non-smooth) functions, the Lojasiewicz property and Holderian error bound are actually equivalent.

def

Proposition 2.4.6. Assume that f € T'o(H), let ¢ € [0,1], p = 1—£q >1andr > minf. Then f
verifies the Lojasiewicz inequality on S (2.10) with exponent q at [min f < f < r] if and only if the
Hélderian error bound on S (2.11) with exponent p holds on [min f < f < 7).

Proof. Combine [59, Lemma4 and Theorem 5|. O

"2 inequality, widely used in machine learning, is actually a special case of

The "Polyak-Lojasiewicz
the Lojasiewicz property with exponent ¢ = % and is commonly used to prove linear convergence of

gradient descent algorithms.

2Though we are not sure that Polyak should be acknowledged for this inequality, and there is a debate exists in the
community, there is a consensus in the optimization community that Lojasiewicz is clearly and provably the first to
formalize it. Nevertheless, we will still use the acronym PL.
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Definition 2.4.7. Let f € T'y(H), then f satisfies the PL inequality on S, if there exists r > min f
and g > 0 such that

2u(f() — min f) < [|0f(2)|2, Vo € [minf < f <], (2.12)
and we will write f € PL,(S).

Remark 2.4.8. If f is p—strongly convex, then f € PL,(S) holds on the entire space (i.e. 7 = 400);
see Proposition 2.2.3.

Remark 2.4.9. According to Proposition2.4.6, if f € I'o(H) NP L,(S), then f satisfies a Hélderian
error bound inequality on S with exponent p = 2.

Non-convex smooth case. Here we stick with the finite-dimensional vase as it is the one that will
be used in Chapter 7.

Definition 2.4.10. If f : R — R is differentiable and satisfies the KL inequality at z € R?, then
there exists 7, > 0 and ¢ € k(0,7), such that

V' (f(2) = f@)IVF@)Il =1, Vze B(z,r)n[f(z)<f<f(@)+n] (2.13)

The particular cases of Lojasiewicz inequality is analogous to before.

2.5 The bounded Hausdorff distance

For any p > 0 and any set C C H

def

C, = CnpB.
For two sets C, D C H, the excess function of C on D is defined as

e(C, D) ¥ sup dist(z, D),
zeC

with the natural convention that e((), D) = 0.
Following [39], for any p > 0, the p-Hausdorff distance between C and D is defined as

haus,(C, D) = max(e(C,, D), e(D,,C)).

Clearly, for p = 400, we recover the Hausdorff distance. A convergence notion and more precisely a
metrizable topology is naturally attached to the p-Hausdorff distance. When H is finite dimensional, the
convergence with respect to the p-Hausdorff distances is nothing but the classical Painlevé-Kuratowski
set-convergence.

To study stability of minimization problems, the authors in [39] introduced the p-Hausdorff distance
between functions by identifying them with their epigraphs.

Definition 2.5.1. For p > 0, the p-Hausdorfl (epi-)distance between two functions
f,9:H—RU{+o0} is
haus,(f, g) ) haus,(epi f, epig),

where the unit ball is the box norm on H x R.

This device was extended in [36] to set-valued operators by identifying them with their graphs.

Definition 2.5.2. For p > 0, the p-Hausdorff distance between two operators A, B: H = H is
haus, (A, B) < haus,(gph f, gph g),

where the unit ball is that of H x H equipped with the box norm.
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2.6 Other deterministic technical results
In this section we present some technical deterministic results we will need throughout this thesis, we
will omit the details of lemmas that are straightforward to prove.
Lemma 2.6.1. Let a,b € R and z,y € H, then
llaz — byl < max{[al, [b[}|x — yl| + |a — bf max{]|], [ly[}-

Lemma 2.6.2. Let tog > 0 and a,b : [tg, +oo[— Ry. If limy o a(t) emists, b ¢ L!([to, +oc[) and
ftzo a(s)b(s)ds < 400, then limy, o a(t) = 0.

Lemma 2.6.3. Let q : [to, +oo[— Ry be a non-decreasing differentiable function, if q¢ ¢ L([to, +o0[),
then L ¢ L([to, +o0])

Proof. By definition,

—+o00 q’(s) B ‘ B
/to o(5) & = Jim, In(g(t)) — In(q(to)) = +oo.

O

Lemma 2.6.4. Take tg > 0, and let f € L([to, +oo]) be continuous. Consider a non-decreasing
function ¢ : [tg, +00[— Ry such that limy_, 4 @(t) = +00. Then lim;_, 4 ﬁ f; o(s)f(s)ds = 0.

Proof. See the proof in [33, Lemma A.5] O

Lemma 2.6.5. Let ty > 0, and a, b [to,—l—oo[—> R, be two functions such that a ¢ L'([to, +0o0]),
limy—s400 b(u) = 0, and define A(t) & ft wdu and B(t) & =AW f; a(uw)e*@b(u)du. Then

Proof. Let € > 0 arbitrary, let us take T, such that ¢y < T. and b(u) < € for u > T.. For t > T, let

us write
T. t
B(t) = e_A(t)/ a(w)e™b(w)du + e_A(t)/ a(w)e™b(w)du

to €
T
< e A0 / a(w)e™b(u)du + ¢.
to
Since a ¢ L' ([to, +00]), then lim;_, o e~ 4" =0, we get
limsup B(t) < e

t—+o00

This being true for any € > 0, we infer that lim;_, 4~ B(t) = 0, which gives the claim. O

The next result is an adaptation of [143, Proposition 2.3| to our specific context but under slightly
less stringent assumptions.

Lemma 2.6.6 (Comparison Lemma). Let tg > 0 and T > ty. Assume that h : [to, +oo[— Ry is
measurable with h € L1([to, T]) , that ¢ : R, — Ry is continuous and non-decreasing, o > 0 and the
Cauchy problem

{ o' (t) = =(p(t)) + h(t) for almost all t € [ty, T
¢(to) = %o

has an absolutely continuous solution ¢ : [to,T] — Ry. If a lower semicontinuous function
w: [to, T] — Ry is bounded from below and satisfies

t
/ H(w d7+/ h(r)dr
forto < s<t<T and w(ty) = ¢o, then

w(t) < @(t) fort e [ty, T].
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Lemma 2.6.7. Let f : Ry — R and liminf,_,  f(t) # limsup,_, o f(t). Then, for every a satisfying
liminf; 4o f(t) < @ <limsup,_, o f(t), and for every B > 0, we can define a sequence (ty)reny C Ry
such that

fltg) >, tp >t + 05, VkeN

Proof. Since liminf; 4 f(t) and limsup,_, ., f(t) are different real numbers, v in the lemma obvi-
ously exists.  Moreover, by definition of limsup, there exists a sequence (tx)reny such that
limg ooty = 400 and f(tx) > a. Let 8 > 0 and ng = 0, let us define recursively for j > 1,
nj = min{n > n;_1 : t, — oy > S}. Let 5 € N be the first natural number such that nj = +00.
This implies that for every n > nj_q, t, < ,6’+tn]_,_1 < 400, a contradiction since limy,_ o0 t, = +00,
then for every j € N, n; < 4+o0o. Thus, we can define (t,,)jen a subsequence of (fx)ken such that
limj 4o tn; = +00 and for every j €N, &y, | —tn, > B. O

Lemma 2.6.8. For a,x > 0, let us define the upper incomplete Gamma function as:

+00
Line(a; x) :/ s%le™%ds.
x

Then, the following holds:

(i) 2'7%"Tipe(a;x) <1 for 0 < a < 1.

(ii) x'7%*Tipe(a;x) > 1 for a > 1.

(iii) limg 1 o0 2% Tipe(a; z) = 1
Proof. See [160, Section §|. O
Lemma 2.6.9. Let us define p > 0 and I,(t) < fol e (1 — u)Pdu. Then

(i) Ip(t) <t ! for every t > 0.

(it) Ip(t) ~t~" as t — +oo.
Proof. The first result comes from bounding the term (1 —wu)?P by 1 in the integral, then we can notice

directly that I,(t) < ¢! for every ¢ > 0. The second result is an application of Watson’s Lemma (see
[195]). O

2.7 Stochastic and measure-theoretic results

Let us recall some elements of stochastic analysis; for a more complete account, we refer to [159,
167, 141, 101]. Throughout the thesis, (2, F,P) is a probability space and {F;|t > 0} is a filtration
of the o-algebra F. Given C C Q, we will denote o(C) the o-algebra generated by C. We denote
Froo @0 (Uiso Fi) € F.

The expectation of an H-valued random variable € : 2 — H is denoted by

def/g )dP(w

As said in Section 2.1, for 1 < p < +o0, LP(2; H) is the space of H-valued random variables £ such
that E(]|£]|P) < 400, with the usual adaptation when p = +o0.

An event E € F happens almost surely if P(E) = 1, and it will be denoted as "E, P-a.s." or simply
"E, a.s.". The characteristic function of an event E € F is denoted by

1p(w) awr | 1 fweER,
E\W) =
0 otherwise.

Let t9 > 0. An H-valued stochastic process is a function X : Q X [tg, +oo[— H. It is said to
be continuous if X (w,-) € C([to, +oc[;H) for almost all w € Q. We will denote X(t) & X(-,¢t).
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We are going to study stochastic differential equations, and in order to ensure the uniqueness of a
solution, we introduce a relation over stochastic processes. Let T' > tg, two stochastic processes
X,Y : Q x [tg,T] — H are said to be equivalent if X (¢t) = Y (¢), Vt € [to,T], P-a.s.. This leads us
to define the equivalence relation R, which associates the equivalent stochastic processes in the same
class.

Furthermore, we will need some properties about the measurability of these processes. A stochastic
process X : Q X [to, +oo[— H is progressively measurable if for every t > ¢y, the map Q x [to,t] — H
defined by (w,s) — X(w,s) is F; @ B([to, t])-measurable, where ® is the product o-algebra and B is
the Borel o-algebra. On the other hand, X is Fi-adapted if X (¢) is Fi-measurable for every ¢ > tg. It
is a direct consequence of the definition that if X is progressively measurable, then X is Fi-adapted.

For T > ty, let us define the quotient space:

def

SPlto, T] = {X :Qx[tg,T] - H: X is a prog. measurable cont. stochastic process}/R.

We set S [to] o Nrsto SP[to, T, and SY o S9%10]. Furthermore, for v > 0, we define S4[to, T] as the
subset of processes X (¢) in SY[to, T such that

Shlto, T] < {X € Sp[to,T]: E < sup HX(t)H”) < 400}
te(to,T)

We define Sy [to] & ﬂTZto Stlto, T, and S = Sy[0]-

Let I C N be a numerable set such that {e;};cs is an orthonormal basis of K, and {w;(t)}ier >t
be a sequence of independent Brownian motions defined on the filtered space (2, F, F;,P). The process
W(t)=> wi(t)e;
el
is well-defined (independent from the election of {e;};cr) and is called a K-valued Brownian motion.
Besides, let G : Q X [tg, +00[— L2(K;H) be a measurable and F;-adapted process, then we can
define ft'; G(s)dW (s) which is the stochastic integral of G, and we have that G — [, G(s)dW(s) is
an isometry between the measurable and F;—adapted Lo(K;H)—valued processes and the space of

H-valued continuous square-integrable martingales (see [101, Theorem 2.3]).

Theorem 2.7.1 (Egorov’s Theorem). [182, Chapter 3, Exercise 16/ Let (X, A, p) be a measure
space with (1(X) < 400, and (fi)ier, is a family of real measurable functions such that for p-almost
allx € X:

1. limgs oo fi(z) = f(2), and
2. t — fi(x) is continuous.

Then, for every 0 > 0, there exists a measurable set Es C X, with u(X \ E5) < 9, such that (ft)ier,
converges uniformly on Ej.

Lemma 2.7.2. Let 6 > 0,Q5 € F such that P(Q5) > 1—0 and h: Q@ x Ry — R a stochastic process
such that sup;sq E[h(t)?] < +oo. Then, there exists a constant Cy, > 0 (independent of 6) such that

E[h(t)1o\q,] < Ch V3.

Proof. Note that P(Q2\ Qs) < ¢ and thus Cauchy-Schwarz inequality gives:

E[h(t)Lovg,) = /Q h(w, t)Lo\o, (w)dP(w) < VEVE[R(t)2] < V5  [supE[h(t)2].

t>0

N———

def
Y0/
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Let us consider tg > 0, > 2 and the SDE with initial data Xy € L”(Q; H) which is F;,-measurable:

{ dX(t) = F(t, X(t))dt + G(t, X(1))dW (t), ¢ >0,

X(t) = Xo, (2.14)

where F' : [tog, +oo[xH — H, G : [to, +oo[xH — Lo(K;H) are measurable functions and W is an
Fr-adapted K-valued Brownian Motion.

Definition 2.7.3. A solution of (2.14) is a process X € S§[to] such that:

t t

X(t) = Xo +/ F(s,X(s))ds+ | G(s,X(s)dW(s), a.s.,Vt>to.
to to

Theorem 2.7.4. (See [101, Theorem 3.3 and Theorem 3.5]) Let F : [to,+oo[xH — H and G :

[to, +oo[xH — Lo(K;H) be measurable functions satisfying

S;lp(\lF(tO)\l +[|G(¢,0)[[ns) < +o0, (2.15)
t>to

and for every T >ty and some constant C7 > 0,
[E @ x) = Fty)ll + Gt 2) = Gt y)llas < Crlle =yl Va,y € H,VE € [to, T]. (2.16)

Then (2.14) has a unique solution X € Sy[to].

Let us now present Itd’s formula which plays a central role in the theory of stochastic differential
equations.

Theorem 2.7.5. [101, Theorem 2.9] (It6’s Formula) Let X (t) be a solution of (2.14) and assume that
¢ [to, +oo[xH — R is such that ¢ is continuous and its Fréchet partial derivatives %,V(b, V2o are
continuous and bounded on bounded sets of [to, +oo[xH. Then, the following Ité’s formula holds:

t

06X (0) = ot X0 + | G2l X (s))ds

t

+/ <V¢(87X(8))7F(S,X(S))>d8+/ (Vo(s, X(s)), G(s)dW (s))

to to

+;/t tr[V2¢(s, X (5))G(s, X (5))G*(s, X (5))]ds, a.s., Vt>to.

The C? assumption on ¢(t,-) in It6’s formula is crucial. However, this can be weakened in certain
cases leading to the following inequality that will be useful in our context.

Proposition 2.7.6. Consider H a finite-dimensional space and X a solution of (2.14),
¢1 € CL([to, +), ¢2 € C’i’l(H) and ¢(t,x) = ¢1(t)pa(x). Then the process
Y(t) = ¢(t, X(t)) = ¢1(t)2(X (1)),

is an Ito Process such that

Y(t) <Y(to) + t ¢1(s)p2(X (s))ds + t ¢1(5) (Voo (X (5)), F(s, X(s))) ds

L t

+/ (07 (s, X(5))d1(s)V2(X (s)), dW (s)) +

to 2 to

Moreover, if E[Y (tg)] < +o00, and if for all T > tg

d1(s)tr (G(s, X(8))G*(s,X(s)))ds. (2.17)

T
E ( / rG*(s,X<s>>¢1<s>v¢2<x<s>>|12ds) < to0,
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E[Y (1)] < E[¥ (to)] + E ( t ¢a<s>¢2<x<s>>ds) TE ( [ 61(6) (V6a(0X(5). Pls. X(9) ds)

L

+ §E ( \ d1(s)tr (G(s, X (8))G*(s, X (s))) ds> . (2.18)

Proof. Analogous to the proof of [149, Proposition C.2| using Rademacher’s theorem instead of Alexan-
drov’s. O

2.8 On martingales

Considering H., a real separable Hilbert space, the following theorem extends Doob’s martingale con-
vergence theorem, originally stated for R—valued martingales and usually generalized to R%valued
martingales, to H—valued martingales. Since we could not find a direct proof of this generalization,
we propose an independent proof inspired by the ideas presented in [103].

Theorem 2.8.1. Let H be a real separable Hilbert space and (My)i>o : Q@ — H be a continuous martin-
gale such that sup;soE (HMtHQ) < +oo. Then there ezists a H—wvalued random variable
Moy € L2(S;H) such that limy_, oo |My — M|l =0 a.s..

Proof. Consider (My)ren to be the embedded discrete parameter martingale. Since
supyen E||Mg||* < +oo, then (My)gen is uniformly integrable and by [183, Theorem 3], there exists a
measurable H-valued random variable M., € L2(£;H) such that limy_, o | Mg — M| = 0 a.s.. In
turn, using the dominated convergence theorem (see [182, Theorem 1.34]), we also have

lim E(||My — My |?) = 0. (2.19)
k—+o0

The rest of the proof is inspired by the arguments in the proof of [103, Theorem 2.2].

We consider an arbitrary k € N* and 6 > 0. Since (M4 — M )¢>0 is also a H—valued martingale,
we can use Doob’s maximal inequalities for H—valued martingales shown in [101, Theorem 2.2|, which

gives us

5P ( s?p} | Myr, — M| > 5) < E(||Mypr — Mg|?). (2.20)
s€|0,t

Let n € N* be arbitrary. We have
) 0
P sup || Msyx — Mool >0 | <P | sup || Msyr — M| > 3 + P ||My — M| > )
s€QN[0,n] s€QN[0,n]
Using (2.20) and Markov’s inequality, we get the bound

5P ( sup [ Mk — Mol > 5) < 4E(| Mok — M) + 4E(| My, — Mol)

s€QN[0,n] (2.21)

< 8E(HMn+k - MOOHQ) + 12E(HMk - M00”2)~

In turn, we get

5P ( sup || My — M| > 5) < §°P < U { suwp 1My — Moo > 5})

s€Q,s>k neN+ s€QN[0,n]
< 8?liminfP | sup |[Mep — Mool >0
n—+oo s€QN[0,n]

< 12E (|| My, — Msol?),
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where we have used (2.21) and in the last inequality, that lim,, o E(||Mp1r — Mso||?) = 0 by (2.19).
Taking k — +o0, and using again (2.19), we conclude that for all § > 0

lim P ( sup || My — M| > (5> =0.
k—+o00 s€Q,s>k

For k € N*, we define 4;, £ {w € Q : SUPseq s>k | Ms(w) — Moo (w)|| > 6}, since (Ax)ren+ is a
non-increasing sequence of sets:

0= lim IP’(AQ:IP’(H Ak>.

k—
oo keN*

Defining for [ > 0, D; = {w € @ : [[Mj(w) — Moo (w)|| > 6}, it is direct to check that sy jeo D1 € Ak
for every k € N*. Therefore, we obtain that

PﬂUD,:O,

kEN* I>k,1cQ

which is equivalent to limgs_, 1 seq ||M; — Mso|| = 0 a.s.. The result follows from classical arguments
of continuity of the martingale. O

Theorem 2.8.2. [1/1, Theorem 1.3.9] Let {Ai}i>0 and {Ui}le>0 be two continuous adapted increasing
processes with Ag = Uy = 0 a.s.. Let {M;}1>0 be a real valued continuous local martingale with My = 0
a.s.. Let € be a nonnegative Fo-measurable random variable. Define

Xt:§+At—Ut+Mt fO’I" tZO

If X is nonnegative and limy_, oo A < 400 a.s., then a.s. limy_, o Xy exists and is finite, and

Proposition 2.8.3. (see [71] and [178, Section 1.2]) (Burkholder-Davis-Gundy Inequality) Let p > 0,
W be a K-valued Brownian motion defined over a filtered probability space (Q, F,{Fi}i>0,P) and
g : Qx Ry — K a progressively measurable process (with our usual notation g(t) < g(-,t)) such

that »
E !( / ' lo(e)?as )

Then, there exists Cp, > 0 (only depending on p) for every T > 0 such that:

([ otieas) ] .

< 400, VT >0.

E | sup

te[0,7

/0 (g(s), WV (5))

P
] <08
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Chapter 3

A First-Order SDE Perspective on
Stochastic Convex Optimization

In this chapter, we analyze the global and local behavior of gradient-like flows under stochastic errors
towards the aim of solving convex optimization problems with noisy gradient input. We first study
the unconstrained differentiable convex case, using a stochastic differential equation where the drift
term is minus the gradient of the objective function and the diffusion term is either bounded or
square-integrable. In this context, under Lipschitz continuity of the gradient, our first main result
shows almost sure weak convergence of the trajectory process towards a minimizer of the objective
function. We also provide a comprehensive complexity analysis by establishing several new pointwise
and ergodic convergence rates in expectation for the convex, strongly convex, and (local) Lojasiewicz
case. The latter, which involves local analysis, is challenging and requires non-trivial arguments from
measure theory. Then, we extend our study to the constrained case and more generally to certain non-
smooth situations. We show that several of our results have natural extensions obtained by replacing
the gradient of the objective function by a cocoercive monotone operator. This makes it possible to
obtain similar convergence results for optimization problems with an additively “smooth + non-smooth”
convex structure. Finally, we consider another extension of our results to non-smooth optimization
which is based on the Moreau envelope.

Main contributions of this chapter

» Almost sure weak convergence of the trajectory generated by the SDE to the set of
minimizers (Theorem 3.2.3).

» Global convergence rates in expectation and in almost sure sense of the SDE under
convexity and strong convexity of the objective (Theorem 3.2.5, Proposition 3.2.6).

» Local convergence rates of the values in expectation under Lojasiewicz Inequality (The-
orem 3.3.3).

» Extension of the previous results to the maximal monotone case (Subsection 3.4.1).

The content of this chapter was revised in [144].
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3.1 Introduction

We aim to solve convex minimization problems by means of stochastic differential equations (SDE)
whose drift term is driven by the gradient of the objective function. This allows for noisy (inaccurate)
gradient input to be taken into account. Consider H a real separable Hilbert space and the minimization
problem

min f(z), (Z1)

zeH
where the objective f satisfies the following standing assumptions:

{ f is convex and continuously differentiable with L-Lipschitz continuous gradient; (H))
f

S < argmin(f) # 0.

We will also later deal with the constrained case, and more generally with additively structured “smooth
-+ non-smooth” convex optimization.

To solve (Z), a fundamental dynamic to consider is the gradient flow of f, i.e. the gradient descent
dynamic with initial condition zg € H:

{ i(t) = =Vf(z@), t>0;

x(0) = xo. (GF)

It is well known since the founding papers of Brezis, Baillon, Bruck in the 1970s that, if the solution
set argmin(f) of (7)) is non-empty, then each solution trajectory of (GF) converges, and its limit
belongs to argmin(f). In fact, this result is true in a more general setting, simply assuming that the
objective function f is convex, lower semicontinuous (Isc) and proper, in which case we must consider
the differential inclusion obtained by replacing in (GF) the gradient of f by the sub-differential O f
(detailed in Chapter4).

Consider K a real separable Hilbert space. To solve (#;), we will refer to Section 1.2 for the approach
that leads to the dynamic that we will study in this chapter, specifically the stochastic counterpart of
(GF), which is the following SDE:

dX(t) ==V f(X()dt+ o(t, X (t))dW(t), t>0; (SDE)
X(0) = X,

defined over a complete filtered probability space (Q,F,{F:}t>0,P), where the diffusion (volatility)

term o : Ry x H — Lo(K; H) (see Section 2.1 for notation) is a measurable function that satisfies (H,),

W is a Fi-adapted K-valued Brownian motion (see Section 2.7 for a precise definition), and the initial

data Xg is an JFp-measurable H-valued random variable.
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3.2 Convergence properties for convex differentiable functions

We consider f (called the potential) and study the dynamic (SDE) under hypotheses (Hy) (i.e.
f e C’};’l(H) NTo(H)) and (H,). Recall the definitions of o, and o.o(¢) from (1.4). Throughout
the chapter, we will use the shorthand notation

S(tx) € o(t,z)o(t, z)*.
For the necessary notation and preliminaries on stochastic processes, see Section 2.7.

We emphasize that Theorem 2.7.4 provides us with sufficient conditions to ensure the existence and
uniqueness of the solution to (SDE). These conditions are met in our case under assumptions (Hy)
and (H,).

Let us now present It6’s formula (see Theorem 2.7.5) in the specific case of (SDE).

Proposition 3.2.1. Consider X a solution of (SDE), ¢ : Ry x H — R be such that ¢(-,x) € C*(Ry)
for every x € H and ¢(t,-) € C%(H) for every t > 0. Then the process

Y(t) = o(t, X(1)),
18 an Ito Process such that for all t > 0:

"9
o ot

t 1 t
+ / (0 (s, X (s5))Vo(s, X(s)),dW(s)) + 5 / tr (U(S,X(s))g*(s,X(s))v2¢(s,X(s))) ds. (3.1)
0 0

Moreover, if E[Y (0)] < 400, and if for all T > 0:

5 ( | ' (5, X () V(s X(9) s ) < .

Y(t) =Y(0)+ (s, X (s))ds — /Ot (Vo(s, X(s)), V(X (s))) ds

t
then / (0" (s, X(s))Vp(s, X(s)),dW(s)) is a square-integrable continuous martingale and
0

1y () = B 0] + B ([ 5205, x(9)as ) & ([ (Vots, X(6). 910X (5)) s

+ 1IE (/o tr (o(s, X (s))o* (s, X(s))VZ¢(s, X (s))) ds) . (3.2)

2
The C? assumption on ¢(t,-) in It6’s formula is crucial. However, this can be weakened in certain
cases as shown in Proposition 2.7.6.

3.2.1 Almost sure weak convergence of the trajectory

Recall that our focus in this thesis is on an optimization perspective, and as we argued in the introduc-
tion, we will study the long time behavior of our SDE as the diffusion term vanishes when ¢ — +oc.
Therefore, we recall that we assume that the diffusion (volatility) term o satisfies:

{Suptzo,er lo(t,z)|lns < +oo, (H,)

lo(t,2") —o(t,z)us < lo 2" — =,

for some lp > 0 and for all ¢ > 0,z,2’ € H. The Lipschitz continuity assumption is mild and
classical and will be required to ensure the well-posedness of (SDE). Let us also recall that we define
O - RJr — RJr as

0so(t) < sup||o(t, 7).
zeH
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Remark 3.2.2. Under the hypothesis (H,) we have that there exists o, > 0 such that:

lo(t, 2)lfs = tr[S(t,2)] < o2,

for all t > 0,z € H, where X © oo*.

Our first main result establishes almost sure weak convergence of X(¢) to an S-valued random

variable as t — +o0.

Theorem 3.2.3. Consider the dynamic (SDE), where f and o satisfy the assumptions (Hy) and (H,),
respectively. Additionally, let v > 2, Xy € LV(Q;H) and is Fo-measurable. Then, there exists a unique
solution X € SY of (SDE). Moreover, if 0oo € L2(Ry), then the following holds:

(i) Efsupgo [|X (0[] < +oo.

(i) Vo € S, limy 1 o0 | X (t) — 2*|| exists a.s. and sup;>q | X (t)]| < 400 a.s..

(1%) limysi o0 [[VF(X ()| =0 a.s.. As a result, lim;_,4 o0 f(X(t)) = min f a.s..

() In addition to (iii), there exists an S-valued random variable X* such that w-lim;_,4 oo X (t) = X*

a.s..

Remark 3.2.4. (i) In finite dimension, the assumptions on the noise variance are compatible with

the theory of asymptotic pseudotrajectories (APT) [50] and their weak version (WAPT) [51]. As
we have already discussed in the Introduction, the theory of APT can indeed be used to study
convergence properties of X (¢). For instance, in finite dimension using [50, Proposition 7.4] one
can show easily that assuming sup,cpa ||o(t,2)|» = 0(1/4/log(t)) (where ||-||z is the Frobenius
norm) and that X (¢) is bounded almost surely, one has almost sure subsequential convergence of
X (t) to points in S. Our work leverages convexity, does not need any boundedness assumption
and shows almost sure global convergence of the process (not just subsequentially).

In finite dimension, ergodic properties of X (t) can be derived from the theory of WAPT as
developed in [51] under the weaker assumptions that ||o(z,t)|| < «(t), for some decreasing
function « such that a(t) — 0 as t — +o0o. For instance, an immediate consequence of [51,
Proposition 1 and Corollary 1] and Theorem 3.2.3(i) is that the fraction of time spent by X in an
arbitrary neighborhood of § goes to one with probability one. We also have by combining [51,
Corollary 2] and Theorem 3.2.3(i), and since S is convex in our case, that the average process
%fg X (s)ds converges almost surely to a point in S.

Proof. The existence and uniqueness of a solution follows directly from the fact that the conditions
of Theorem 2.7.4 are satisfied under (Hy) and (H,). The architecture of the proof of Theorem 3.2.3
consists of three steps that we briefly describe:

e The first step is based on 1t6’s formula (Proposition 3.2.1) and Burkholder-Davis-Gundy inequal-

ity (Proposition 2.8.3) that let us prove a uniform bound (on time) for the v—moment of X (¢).

The second step is also based on It6’s formula. Instead of the previous step, we use Theorem 2.8.2
that allows us to conclude that for every * € S, limy_, o || X () — x*|| exists a.s.. Then, a separa-
bility argument is used to conclude that almost surely, for all z* € S, lim;_, ;o || X () — z*]| exists.

The third step consists in using another conclusion of Theorem2.8.2 to conclude that
IVF(X())|* € LY(Ry) a.s.. After proving that this function is eventually uniformly continuous,
we proceed according to Barbalat’s Lemma (see [95]) to conclude that lim; o [|[Vf(X(¢))] =0
a.s.. As a consequence of the convexity of f we deduce that lim;_,~ f(X(t)) = min f a.s..
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¢ Finally, the fourth step consists in using Opial’s Lemma to conclude that there exists an S-valued
random variable X* such that w-lim;, oo X(¢) = X* a.s..

(i) Let * be taken arbitrarily in S. Let us define the corresponding anchor function ¢(x) = ”xfg*”Q.
Using It6’s formula we obtain
1Xo —*|* 1 [* ' N
o (1) = 10T (50, X () ds — [ (VF(X()), X(5) — %) ds
N , 0 0
§:¢(X0) Ay Uy
t
+ [ 6. X () (X(5) = ) W () (33
My

Let us now embark from (3.3) and use that
0 < tr (5(s, X(5))) < 03,(s) and (Vf(X(s)), X(s) —2") >0,

where the second inequality is due to the convexity of f, to get

+oo
SXO) < 6(X0) 45 [ oA+ b

v—2

2 (a% + b3 + c%), we have that

Taking power § at both sides and using that (a + b+ )z <3

“+o00

vV— % v v
IX() -2 <32 [HXO — "+ (/0 030(8)6%) + 22!Mt\2] :

Let T > 0, applying the supremum over ¢ € [0, 7] and then taking expectation, we obtain

E(|Xo — ) + (/ ago(s)ds) +22E | sup |[Mi|z ||.
0 t€[0,T]

Letting g(s) = 0*(s, X (s))(X(s) —2*) and p = 5 in Proposition2.8.3, we get

. +o0 2
E| sup [|[X()—2*|"] <3 7 E(|| Xo — 2*||") + </ oé(s)ds)
t€[0,T] 0
o b y +00 i
+3 2 22CvE | sup || X(t) — "2 </ Ugo(s)ds> .
> \tefo,1] 0
Using that ab < % + KTbQ for every K > 0,
v—2 too %
E| sup || X(#) —2*|" | <3z |E(]|Xo—a"|")+ (/ Jgo(s)ds>
t€[0,7] 0

1 v—2 +oo %
+-E|( sup || X(t)—a*|"]+672 Cv </ ago(s)ds') .
2 \tepm 2 \Jo

E( sup || X (1) —a:*r"> <3%

te[0,T

And we end up with

E ( sup || X(t) — x*””) <352

te[0,T

E(|Xo — a* 1Y) + (1 4+ 2°5°Cy) </O+O° ago(s)ds) ] |

Since the right-hand side is independent of T', we take liminfr_, ., on the previous expression
and apply Fatou’s Lemma to show the first claim.
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(i)

(iii)

Observe that, since v > 2, we have that E(sup; | X (£)]|?) < +00. Moreover 0o € L2(R,), and
therefore

B ([ et X0 (00 - s ) < (suptx0 212 | " 02 (s)ds < +oo.

Therefore M; is a square-integrable continuous martingale. It is also a continuous local martingale
(see [141, Theorem 1.3.3]), which implies that E(M;) = 0.

On the other hand, A; and U; defined as in (3.3) are two continuous adapted increasing processes
with A9 = Up = 0 a.s.. Since ¢(X(t)) is nonnegative and sup,cy [|o(-, 7)|lgg € L*(R4), we
deduce that lim;—, 1 A; < +00. Then, we can use Theorem 2.8.2 to conclude that

+o0
/0 (Vf(X(s)),X(s) —x*)ds < +00 a.s. (3.4)
and

Va* € §,3Q,+ € F,such that P(Q,+) =1 and tli+m | X (w,t) — a*|| exists Vw € Qux.  (3.5)
—+00

Since H is separable, there exists a countable set Z C S, such that cl(Z) = S (where cl stands
for the closure of the set). Let Q = [,z .. Since Z is countable, a union bound shows

PQ)=1-P (UQ) >1-) P(QS) =

z2€EZ z€EZ

For arbitrary x* € S, there exists a sequence (zx)geny € Z such that limg_, 4o 2k, = 2*. In view
of (3.5), for every k € N there exists 73, : Q,, — R, such that

Jim [ X(@,8) =l = mw), Vo € D (3.6)

Now, let w € Q. Since Q C 2, for any k£ € N, and using the triangle inequality and (3.6), we
obtain that

T(w) — |lzk — || <liminf || X (w,t) — 2*|| < limsup || X (w,t) — 2| < 7 (w) + ||z — 27| -
t—+o00 t—+o00

Now, passing to k — +oo, we deduce

lim sup 7 (w) < hmmf | X (w,t) — 2*]| < limsup || X (w,t) — 2| < hmlnka( ),
k— o0 t—+o0 k—+00

whence we deduce that limy_, 1o 7% (w) exists on the set Q of probability 1, and in turn

hm | X (w, t)—x*||— lim 7% (w).
+

t—+

Let us recall that there exists Qeont € F such that P(Qeont) = 1 and X (w, ) is continuous for
every w € Qeont- Now let z* € S arbitrary, since the limit exists, for every w € an Qeont there
exists T'(w) such that || X (w,t) —2*|| < 14 limg— 400 Tk(w) for every ¢t > T'(w). Besides, since
X (w, -) is continuous, by Bolzano’s theorem

sup (| X(w,8)| = _max [IX(w, 1)l = h(w) < +o0.
te[0,T(w)] t€[0,T(w)
Therefore, sup;>q || X (w, t)|| < max{h(w), 1+ limp_ 400 Tk(w) + [l2*]|} < +o0.

t
Let Ny = / o(s,X(s))dW(s). This is a continuous martingale (w.r.t. the filtration F3), which
0

B =B ([ ot XD sds) <2 ([ oonds) < ey 0
T

verifies
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According to Theorem 2.8.1, we deduce that there exists a H—valued random variable Ny, w.r.t.
Foo, and which verifies: E(||Noo||?) < 400, and there exists Q € F such that P(Qy) = 1 and

hm Ni(w) = Noo(w) for every w € Q.

t—+

Besides, by convexity of f and (3.4), we have that there exists 2y € JF such that
P(y) =1 and (f(X(w,-)) — min f) € LY(Ry) for every w € Qy. By Corollary 2.7, we obtain
that |V f(X(w,-))| € L*(Ry) for every w € Q.

def

Let Qecony = ﬁ N Qeont N 2y N Qn, hence P(Qeony) = 1. Let w € Qeony C Qf arbitrary, then
liminfy 400 |V (X (w,?))]| = 0. If limsup,_, o ||Vf(X(w,t))|| = 0 then we conclude. Suppose
by contradiction that there exists wp € Qcony such that limsup,_,, o [|Vf(X (wo,t))|| > 0. Then,
by Lemma2.6.7, there exists §(wp) > 0 satisfying

0 = liminf ||V f(X (wo,?))|| < d(wo) < limsup ||V f(X (wo,t))]],
t—+o0 t——+o00

and there exists (tx)ken C R4 such that limy_, ot = +00,

||Vf(X(wQ,tk))|| >0 and tp4 —tpr > 1, VkeN.
We allow ourselves the abuse of notation X (¢) £ X (wp,t) and § & §(wp) during the rest of the
proof from this point.

Let ¢ € }O,min {%, 1} [ Note that this choice entails that the intervals ([tk,tk + %DkeN are
disjoint. On the other hand, according to the convergence property of N; and the fact that

IVF(X()| € L3(R,), there exists k' > 0 such that for every k > k’

N

5 Foo
sup [N~ N[ < § and [ [VAX ()]s <
t>t tr

Besides, for every k > k', t € [ty tg + §]
t
€
IX(0) = X0l <20t~ t) [ IV ds+ 21N, Ny [ < (1 - 1)+ 5 < <.
i

Since f € C']ll’l(H) and L% < (%)2 by assumption on ¢, we have that for every k& > k' and
t € [ty te + 5]

5 2
IV FX(0) - VAP < 2210 - X < (5) -
Therefore, for every k > k', t € [ty ty + 5]

IVFX@O) 2 IVFX @) = [[VAXQD) = VX @) =

<

[NCRS)

N[>

Finally,

+oo ,

k>k’ k>k'
which contradicts |[V£(X(+))] € L%(R4). So,
li X(w,t))|| = liminf X(w,t)|| = 1 X(w, )| = Qconv-
glfgopllvf( (w, )l = Uminf [VF(X(w, )] = lim [[VF(X(w, )] =0, Vwe

Let * € § and w € Qeony taken arbitrary. By convexity and Cauchy-Schwarz inequality:

0 < F(X(w,1) — min f < [V F(X (@, )] | X () — 7]
The claim then follows because we have already obtained that lim; 4o || X (w,t) — 2*| exists,

and limy_ 40 ||V (X (w,8))]| = 0.
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(iv) Let w € Qeony and X (w) be a weak sequential limit point of X (w,t). Equivalently, there exists
an increasing sequence (tg)ren C Ry such that limg_, o tx = 400 and

Jim X (w, ) = X (w).
Fr-lim (w, k) (w)

Since limy—y 40 f(X(w,t)) = min f and the fact that f is weakly lower semicontinuous (since it
is convex and continuous), we obtain directly that X (w) € S. Finally, by Opial’s Lemma (see
[162]) we conclude that there exists X*(w) € S such that w-lim;_, o X (w,t) = X*(w). In other
words, since w € Qeony Was arbitrary, there exists an S-valued random variable X* such that
w-limy 400 X (t) = X* as..

O

3.2.2 Convergence rates of the objective

Our second main result, stated below, summarizes the global convergence rates in expectation satisfied
by the trajectories of (SDE).

Theorem 3.2.5. Consider the dynamic (SDE) where f and o satisfy the assumptions (Hy) and (H,).
Additionally, Xo € L2(;H) and is Fo-measurable. The following statements are satisfied by the
solution trajectory X € S% of (SDE):

(i) Let foX(t deft_l/ f(X(s))ds and X (t) _t—l/ X(s)ds. Then

E (dist(Xo,S8)?) o2

E (f(X(¢)) —min f) <E (f o X(t) — min f) < o7 —l-?*, vt > 0. (3.7)

Besides, if 0o is L2(Ry), then
E (f(X(t)) —min f) <E(f o X(t) — min f) :O(1>. (3.8)

(i) Moreover, if f € I'y(H) with > 0, then S = {z*} and
(a)
2
E(IIX(6) —a*|?) <E (|| X0 — 2*|?) e # + 22, v >o0. .

(1) = 17) < B (1% =2t ) e+ 25, ve20 (3.9)

Besides, if 0 is nonincreasing and vanishes at infinity, then for every A €]0,1]:
E<||X(t) —x*||2) §E<||X0—gz*|\2) et je_“(l Nty g2 (M), V>0, (3.10)
(b) Furthermore, if H is finite-dimensional or f € C*(H):
E (f(X(t)) —min f) < E (f(Xo) — min f) e 2 + Lj, vt > 0. (3.11)
Besides, if 0 is nonincreasing and vanishes at infinity, then for every A €]0,1]:
E (f(X(t)) — min f) < E (f(Xo) — min f)e 2 + Zfe%(”)t + gago(/\t), vt > 0.
(3.12)
Proof. (i) Let 2* € S. Let g(t) = ¢(X(t)) = M and G(t) = E(g(t)). By applying Proposi-

tion 3.2.1 with ¢, and using the convexity of f, we obtain

610~ G0) = & ([ (10e* = X(s)ds) + 58 ([ wisto. x61as)

<& ([ -minpas) + g2 ([ amexee) @1
<& ([ -minpyas) + St
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Then rearranging the terms in (3.13), using G(¢) > 0, and dividing by ¢ > 0, we obtain

t — 2|2
%E </0 (f(X(s)) — minf)ds) < . (‘XOQt ” ) + 023, vt > 0. (3.14)

Since z* is arbitrary, by taking the infimum with respect to * € S in (3.14), we obtain

t is 2 o2
%E (/o (f(X(s)) — minf)ds> < E(d t(2i(078) ) + ?*, vt > 0. (3.15)

Moreover, if 0, € L2(R,), then using inequality (3.13), we have

Gt) — G(0) < —E </0t(f(X(s)) — min f)ds> + % (/O+°O ozo(s)ds> .

Rearranging as before, we conclude that

¢ is 2 +oo
%E (/0 (f(X(s)) — minf)ds> < E(d t(;(O,S) ) + 21t/0 o2 (s)ds, Yt > 0. (3.16)

Then complete the result with the inequality
E (f(X(t)) — min f) <E(foX(t) — min f)
which follows from convexity of f and Jensen’s inequality.

(i) (a) Let g(t) = ¢(X () = LXO=2"I" G(1) = B(g(t)). By Proposition3.2.1 with ¢, we obtain

G(t) - G(0) =E </0t<Vf(X(s)),X(s) - x*)ds) + %E (/Ot tr[E(s,X(s))]ds) . (3.17)

Using that f € I',(H), we deduce that

t t 2
G(t) < G(0) —u/ G(s)ds+/ %ds, Vit > 0. (3.18)
0 0
In order to invoke Lemma 2.6.6, we solve the ODE

y(t) =—py(t) + %, V>0,
—x* 2
y(0) :]E(HXO2 I )

Solving it by the integrating factor method, we conclude that

Xo — *||2 2
G(t) gE(‘O;”) e_“t—}—g—*, vt > 0.
1

Suppose now that o is nonincreasing and vanishes at infinity. We can bound the trace
term by o2, in (3.17). To use Lemma2.6.6, we need to solve
o2 (t
y(t) =—pyt)+ 252, vi>o,
Xo—z*|?
4(0) :E<H 029D I )

Let A €]0, 1], using the integrating factor method, we get

t 2
y(t) < y(0)e™ + e“t/ %Oz(s)eﬂsds
0

At 2 t 9
< y(0)e Mt 4 e Ht / L"(s) eMds + / UOO(S)@“Sds>
0 2 At 2

2 At 2 (\p) [t
< y(0)e Mt M (J*/ etds + UOJ)/ e“sd3>
2 Jo 2

t

2 2
< y(0)e Mt 4 eht <;*€u/\t + %Oz()‘t)eut) V>0,
u
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According to Lemma 2.6.6, we deduce that

_x||2 2 2
G(t) <E (HXO x || ) e—pt + &6_#(1_)\)t + Uoo()‘t)’ Vit > O,
2 2 2

which is our claim (3.10).
(b) Since f € I',(H), it is well known that f satisfies the Polyak-Lojasiewicz inequality 2.2.3,
i.¢€.
2p(f(z) —min f) < [Vf(@)[*, Ve €H,
(see Section 2.4 for an explanation of this inequality). Besides, since f € To(H) N C’}J’l(H)
and Xo € L2(€; H), we have that E(f(Xo) — min f) < +oo.

We take the function q/b\(x) = f(z) — min f and apply Proposition 3.2.1. Then, defining
g(t) = f(X(t)) — min f and G(t) = E(g(t)), we obtain

~

60 -60) <& ( [ 1vrxePas) + £ [ oo

Using the Polyak-tojasiewicz inequality, we end up having

Gt) — G(0) < —2u </Ot@(s)ds> + g/ot o2 (s)ds. (3.19)

And we conclude by continuing the analysis as in the previous item after arriving to (3.18).
O

We will rephrase assumption (Hy) on the objective f to:

f is convex and continuously differentiable with L-Lipschitz continuous gradient;
f € C%(H) or H is finite-dimensional; (H?)
S & argmin(f) # 0.

(H%) coincides with (Hy) in the infinite-dimensional case, but is weaker than (Hy) when H is finite-

dimensional.

Under the previous assumption (H}) and a stronger assumption on o, we also have the following
pointwise sublinear convergence rate in expectation.

Proposition 3.2.6. Let v > 2 and consider the dynamic (SDE) where f and o satisfy the assumptions
(H}) and (Ho), respectively. With initial data Xo € L¥(Q;H) and is Fo-measurable. Assume that there
exists K > 0,0 € [0, 1] such that

t
/ (s 4 1)02 (s)ds < Kt®, ¥t >0. (3.20)
0
Then the solution trajectory X € Sy of (SDE) satisfies
E (f(X(t)) — min f) = O@°).

Remark 3.2.7. The case § = 0 in the previous Proposition is equivalent to the condition
t — to? (t) € LY(R,), in this case we could conclude that:
E(f(X(t)) —min f) = O(t™").
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Proof. Given z* € S, let us apply Proposition 2.7.6 successively with Vi(t,z) = t(f(x) — min f), then
with Va(z) = 1 ||z — 2*||%. Taking the expectation and adding the two results, we get

2

() ) ().

where we have used the convexity of f in the first inequality. Then we conclude that

* 12 t t
E (Vi(t, X (1)) + Va(X(1))) < E (W) 4 5/0 502 (s)ds + 1/0 o2 (s)ds

IN

E( Xo — z* 2)
. 1 Xo — 2] L Kmax{l,L} 5

B(F(X () —min f) £ —— :

oA,

O

When f is also C? and the first order moment of o2, is bounded, we get an improved o(t~!) global
convergence rate on the objective in almost sure sense.

Theorem 3.2.8. Consider the dynamic (SDE). Assume that f € C*(H) and o satisfy the assump-
tions (Hy) and (H,), respectively. Additionally, Xo € L?(S;H) and is Fo-measurable, and that
t > to? (t) € LY(Ry). Then, the solution trajectory X € S& of (SDE) obeys:

(i) t = t|VFAX®)|* € LLY(Ry) a-s..
(ii) f(X(t)) —min f =o(t™') a.s..
Proof. By applying 1t6’s formula in Proposition 3.2.1 with ¢(t,z) = t(f(x) — min f) we get

U O) =min ) = [ (FO0(s) = min s + 5 [ 25, X(9) V21X

— [V IS+ [ o (5, XTI, W ()
By (3.4) and convexity of f, we deduce that f(X(-)) — min f € L*(R,) a.s.. Moreover,
/Om str[X(s, X (s5)) V2 f(X (s))]ds < L/O%o 502 (8)ds < +oo.
Then by Theorem 2.8.2, we have that lim_, o0 t(f£(X(¢)) — min f) exists a.s. and

/+Oot]]Vf(X(t))|]2dt < +o00, a.s.
0

Finally, since 0+°O % = 400, by Lemma2.6.2 we conclude that lim;, o t(f(X(¢)) — min f) =

0
a.s.. O

3.3 Convergence rates under the Lojasiewicz inequality

As presented in Section 2.4, the local convergence rate of the first-order descent methods can be un-
derstood using the t.ojasiewicz property, the associated t.ojasiewicz exponent, and the corresponding
Error Bound Inequality.

In this line, we now state the following ergodic local convergence rate.
Proposition 3.3.1. Consider the hypotheses of Theorem 3.2.5 and let € > 0. If f € EBP(S) and this
2
property holds on [f < re] for re > min f + % +¢, then 3t. > 0 such that
2
dist (E(X(t)),S) = O(t‘%) +0 (af) , Vt>t..
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Proof. There exists t. > 0 such that for all t > t., %)?,3)6)

inequality, we have

< e. Thus, from (3.7) and Jensen’s

F(BEV(O) < BUFCRO)] < minf+ 5 42 <y ezt

This reflects the fact that, E[X ()] € [f < r¢] for ¢t > t.. Using Theorem 3.2.5 and that f € EBP(S) is

valid on ([f < r¢]), letting v > 0 the coefficient of the error bound, we have

E (dist(Xo,S8)?) = o2
2t 27

ydist(E(X (¢)),S)? < f(E[X(¢)]) — min f < vt > t..

Dividing by v > 0, then taking the power % on both sides of the previous inequality, and finally
using the subadditivity of the power function (-)'/? on [0, 4-o00[ (recall p > 1), we obtain

1

GstEX (1)), S) < (E(dist(;jo,S)Q))pt_; N <;j> —

3.3.1 Discussion on the localization of the process

Let us take a moment to elaborate on the localization of the process X (¢) generated by (SDE) when
fe C’i’l(H) NTo(H) and oo € L2(Ry). This discussion is essential to understand the challenges
underlying the analysis of the local convergence properties and rates in a stochastic setting under (local)
error bounds. First, observe that the hypothesis of Lipschitz continuity of the gradient is incompatible
with a global hypothesis of error bound or f.ojasiewicz inequality unless the exponent isp =2 or g = %,
respectively. Therefore, we can only ask for these inequalities to be locally satisfied. Even though,
thanks to convexity, we could introduce a global desingularizing function (see [59, Theorem 3]), this
function would not be concave nor convex, a fundamental property usually at the heart of the local
analysis. In recent literature on stochastic processes and local properties, it is usual to find hypotheses
about the almost sure localization of the process or that it is essentially bounded. Nevertheless, these
assumptions are unrealistic or outright false due to the behavior of the Brownian Motion. Hence, we
will avoid making these kinds of assumptions.

What we will do is to consider that by Theorem 3.2.3 we have that lim; 1 f(X(¢)) = min f a.s.,
which means that there exists Qeony € F such that P(Qeony) = 1, and (Vr > min f,Vw € Qcony),
(Ftr(w) > 0) such that (Vt > t,(w)), X(w,t) € [f < r]. However, one should not infer from this that
X(t) € [f <] as. for t large enough. Indeed, ¢, is a random variable which cannot be in general
bounded uniformly on Q¢ony. Rather, in this work, we will invoke measure theoretic arguments to pass
from a.s. convergence to almost uniform convergence thanks to Egorov’s theorem (see Theorem 2.7.1).
More precisely, we will show that

(V6 > 0,¥r > min f), (3Qs € F s.t. P(Qs) > 1 -6 and Ft,. 5 > 0), (Vw € Q5,Vt > ,.5),
X(w,t)e[f <]

Hence, this property will allow us to localize X (¢) in the sublevel set of f at r for ¢ large enough
with probability at least 1 — J. In turn, we will be able to invoke the error bound (or Lojasiewicz)
inequality.

3.3.2 Convergence rates under f.ojasiewicz Inequality

We start with a useful Corollary of Lemma 2.7.2.
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Corollary 3.3.2. Let § > 0,Q5 € F such that P(Qs) > 1 — 6. Consider (SDE) where f and o satisfy
the assumptions (H}) and (H,), respectively. Assume that Xo € LY(Q;H) and is Fo-measurable.
Moreover, suppose that oo, € L2(R,). Let X € Sfﬁl be the unique solution of (SDE), then there exists
Cq,Cy > 0 (independent of §) such that:

E[W} _E[Wﬂﬂa < CaVo,

and

E [f(X(t)) — min f] — E[(f(X(t)) — min f)1o,] < CyV/6.
Proof. Let 2* € S. Using Proposition 2.7.6 with ¢(z) = 2@
and taking expectation, we obtain

E {W] < ZE(dist(Xg,S)‘l) +Z (/Ot ago(s)ds>2

, squaring the obtained inequality

1 3E (/Ot<g*(s,x(s))(X(s) _PS(X(S))),dW(S)>>2]
Z (dist(Xo,S)?) + Z (/Ot aio(s)ds>2 +3SUpEX (1) - ok [/Ot ggo(s)ds} _

Taking the supremum over ¢t > 0, we obtain

<dist(X2(t),S)2>2

2

supE
t>0

< ZE(dist(Xo,S)‘L) + Z </0+OO ago(s)ds>

+oo
+ 3sup E[|| X () — 2*|?] [/ o2 (s)d } oy < +oo.
t>0 0

In the above estimation we used that oo € L*(Ry) and sup,soE[|| X (t) — 2*||*] < 400 by Theo-
rem 3.2.3(1).

On the other hand, since f € To(H) N C’i’l(H) and Xo € L*(; H), we have that

L*+1
E(]| Xo 71:*||4) < +o0.

E([f(Xo) —min f]*) < (IIVf(Xo) f(%*)|\4)+%E(||X(t)*$*!\4)<

Then using Proposition 2.7.6 with qb(:z:) = f(z) —min f, squaring it, and taking expectation, we obtain

2

B [LACX(0) — i %) < 38007 () - min /1) + 22 ( [ 2 )as)

+ 3E

(/ (o (5, X () (VI (X (), dW(s>>)2]

2

< 9B((x0) ~min 17) + 21 ([ o)
#3125 E[LX (1)~ [/ )is|

Taking the supremum over ¢t > 0, we obtain

supE [[F(X(£) — min £1%] < SE([f(Xo) — min f]2) 3L2( )

t>0
+ 3L% sup E[|| X (t) — 7] U o2 (s)ds ] =0 < +oo.
t>0 0
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And we have proved the hypothesis of Lemma2.7.2 in both cases, applying this lemma, we conclude
the proof.
O

Now we consider 0, € L2(R4), L > 0,6 > 0,3 € [0, 1] and some positive constants Cy, Cy. We also
consider the functions I, ks : Ry — R defined by:

1s(t o2 CVo 75 (1) 3.21
L (t)th !
Bs(t) = 505 +0Kf2\/ft e (3.22)

We are now ready to state our main local convergence result.

Theorem 3.3.3. Consider (SDE) where f and o satisfy the assumptions (H?) and (H,), respectively.
Additionally, Xo € L*(Q;H) and is Fo-measurable. Let X € 54 the unique solution trajectory of
(SDE). Suppose also that 0og € L2(R,) (Coo & loscllr2m,))- Let p = 2 and g E¥1-1 5 € 3.1], and
assume that f € L4(S). Consider also the positive constants Cy, Cy, Cy, Cyq, Cy (detazled in the proof).
Then, for all 6 > 0, there exists a measurable set Qg such that P(Qs) > 1 — 9 and ts > 0 such that the
following statements hold.

(i) If ¢ =5 cmd Oxo 1§ nonincreasing, then oo vanishes at infinity and there exists p > 0 such that

for every A €]0,1],
E (f(X(¢)) — min f) < e #CWE(f(X (i5)) — min f)
+ €_M2(1_)\)(t_£6) <Lg + CZC f) (323)

Is(ts + Nt — 1.
N s(ts + A( 5))+Cf\/5,

3 Vi > fg.
i

Moreover, if (3.20) holds, then
E (f(X(¢)) — min f) < e #CWE(f(X (i5)) — min f)
2
—p2(=N)(—s) ((LC% 51
+e 12 5 ( 5 +C]<;Coo t(; \/3> (324)

ks(ts + N\t — 1,
N s(ts + A( 5))+Cf\/5,

112

Vit > fg.

(ii) If ¢ > %, there exists > 0 such that:

E[f(X(t)) — min f] < wi(t) + CpVe, Yt >t (3.25)
where wy is the solution of the Cauchy problem
1) {y’(f) = —/fy(t)%q +is(t), t>1s
y(ts) =E([f(X(t5) — min f]Lq;).
Moreover, if (3.20) holds, then
E[f(X(t)) — min f] < z5(t) + CpV6, V> i, (3.26)
where z5 is the solution of the Cauchy problem
(©2) { Y = -2 k(D) >

y(ts) =E([f(X({s) — min f]1g,).
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Before proceeding with the proof, a few remarks are in order.

Remark 3.3.4. The hypothesis that f has a Lipschitz continuous gradient restricts the bLojasiewicz

exponent ¢ to be in [3,1[.

Remark 3.3.5. If we have a global error bound (or Lojasiewicz inequality), then as noted in the
discussion of Section 3.3.1, one necessarily has g = % In this case, the statements (i) of Theorem 3.3.3
will hold if we replace 0, € L?(Ry) by 0o being nonincreasing and vanishing at infinity, 6 by 0 and
ts by 0. Clearly, one recovers (3.10).

Remark 3.3.6. It is important to highlight the trade-off in the selection of §. Although § can
be arbitrarily small, the time from which the inequalities are satisfied, ¢s5, surely increases when &
approaches 07. Besides, let % - Ry = R be a decreasing function. Our convergence rates in
Theorem 3.3.3 are of the form E[f(X(t)) — min f] < g5; () + CV6, YVt > ts. Let € €]0,2C] and

5* 82

= 452+ Then one gets an e-optimal solution for ¢ > max{q*(e), ts+}.

Remark 3.3.7. Referring again to the discussion of Section 3.3.1, we have that there exists 6 > 0 and
Qs € F with P(£25) > 1 — 6 over which we have uniform convergence of the objective. If § could be
0 (a.s. uniform convergence), there would be a ¢ > 0 such that X (¢) € [f < r],Vt >t a.s.. Thus, the
statements in Theorem 3.3.3 would hold if we replace 6 by 0 and #5 by . The proof is far easier in this
case. It is however not easy to ensure the existence of such £ in general.

Remark 3.3.8. In order to find explicit convergence rates in Theorem 3.3.3 we have to solve or bound
the solution of the Cauchy problems (C.1) and (C.2). We can generalize these problems as follows: Let
a>0,b>1,5> 0,0 > 0,y0(ts5,8) > 0 and p; a nonnegative integrable function. Consider

"(t) = —ay(t t), Vt>t

(C.0) {y(A) a?{()*‘ﬁ&() 5
y(ts) =yolts,0).

Although one could give an explicit ad-hoc ps in order to find a particular solution of (C.0), the

dependence of this function on ts is unavoidable, which is a problem, since ps is explicitly related to
0o, and this in turn is the one that defines #5 in the first place.

To the best of our knowledge, there is no way to arithmetically solve this non linear ODE, not even
a sharp bound of the solution.

Nevertheless, if y(t) = O ((t + 1)_17%1), then ps(t) = O ((t + 1)_%). Which leads us to make the

following conjecture:

(e.9]

of 6 and t5), then y(t) = O ((t + 1)7ﬁ).

Conjecture 3.3.9. If ps = O(c2) and 02,(t) = O ((t + 1)7%> (for constants independent

Proof. Given that o, € L?(R,), if it is nonincreasing, we have immediately that it vanishes at
infinity. Let 2* € S. Let us recall that by claim (i) of Theorem 3.2.3, there exists C* > 0 such that

, 1 1 L?+1
iggE(f(X(t)) —min f) < SE([VF(X(8)) - VfE)IP) + SEIX(®) - %) < — 07 < oo
On the other hand, by Theorem 3.2.3(iii), there exists a set Q¢ony € F such that P(Qeonv) = 1 where,
for all w € Qeony: limy—s 4o f(X(w,t)) =min f, t — f(X(w,t)) is continuous. Then, by Theorem 2.7.1
for every 6 > 0 there exists s € F such that Q5 C Qconv, P(Qs5) > 1 —d and f(X(+,t)) converges
uniformly to min f on 5. This means that given r > min f, and for every § > 0, there exist t5 > 0
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and Qs € F with P(Qs) > 1 — § such that X (w,t) € [f < 7] for all t > £5 and w € Q5. On the other
hand, since f € L9(S), by Proposition 2.4.6, there exists » > min f such that f verifies the p-Hélderian
error bound inequality (2.11) on [min f < f < 7]. Consequently, for any § > 0, there exists t > 5 large
enough such that the p-Holderian error bound inequality holds at X (w,t) for all ¢t > ts and w € Q.

We are now ready to start. Let 2* € S, § > 0, and ¢ > £s.
(i) ¢ = 3: Denote g(t) = H(X(t)) = f(X(t)) — min f and G(t) = E(1q,g(t)). By Proposition 2.7.6

30 <3(0s) — [ (VI VAKX ds+ 5 [ 6l X(5)lds
+/,§ (0™ (s, X (8))Vf(X(s)),dW(s)). (3.27)

Multiplying both sides by 1g, and taking expectation we obtain

o) - Gils) < £ f:IVf( D17 10,5 + Z2[ [ t (s, X (5|

ts

+E[195/ <a*(s,X(s))Vf(X(s)),dW(s)}]. (3.28)

ts

On the other hand, we have
T 2 T 2
E ( /0 lo* (s, X (s) VS (X (s))] ds) <I’E ( /0 o2 () | X(s)) — ¥ ds)
—+o0
< LQC*/ 02 (s)ds < +oo, YT > 0.
0

Since E [ S (o (s, X (s) V£ (X (5)), dW(s»} — 0, we have

E [1195 [ <o*(s,X(s))(Vf(X(s))%dW(s»} _

ts
t
~E[ta0, [ (046 XTI, aW(s)|.
ts
The last term can be bounded as

‘E [mw\m / (0* (5, X () (VS (X (5)), dw<s>>] ]

t 2
< E(ILQW\Q&)J E [( / <o*<s,X<s>><Vf<X<s>>>,dW(s») ]

is

< L\/S\/E M: o2 (s) || X (s) — 2| ds}

< VG5 / o2 (8)ds = INCG [

035 (s)
is is 2,/f o2 (u

where we have used the fundamental theorem of calculus to arrive at the last equality. Let us
notice that if (3.20) holds, then Proposition 3.2.6 tells us that E(f(X(¢)) —min f) < K't5~! with
B € [0,1], and for some K’ > 0. In this case, Cauchy-Schwarz inequality and Corollary 2.7 yield

% [10uin [ (0" XENT AW < VLR [ - w‘i(s)sﬁ; —i
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Injecting this into (3.28), we have for all t > 5

G < Gitiy -5 | | IIVf(X(S))IIQJImdS] +§ / o2, (s)ds

ds, Vt>ts if (3.20) holds,

(3.29)
otherwise,

where C; = LvVC*, Cr, = V2LK' and recall that Cy = 0+°° 2.(s)ds. Recalling l5(t) and
ks(t) from (3.21)-(3.22), and by Fubini’s theorem, (3.29) becomes

G(t) < Glés) ~ [ B [IVFCX(6))|* 10, ds + (3.30)

ts

fta ks(s)ds if (3.20) holds,
ft ls(s)ds otherwise.

Since f € EY/2(S), there exists > 0 such that

ft5 ks(s)ds if (3.20) holds,

3.31
ft Is(s)ds otherwise. (3:31)

G(t) < G(ts) — p? Até(s)ds + {

ts

To get an explicit bound in (3.31), we use Lemma 2.6.6, which involves solving
"(t) = —pPy(t) +15(t), Vt >t
(£2) {y(A) —Hy () + 1s(?) 5
y(ts) = Glts)
"t) = —pPy(t) +ks(t), Vt>t
©3) 1Y (A) iyl + ks(t) 5
y(ts) = Glts)
Let A €]0,1[. Using the integrating factor method as in (i), we get for (E.2)
y(t) < e IR (E)

o—H2(1=X)(t—15) (LCoo + 00 f) w for (E.2)

Y - <ng OO J T \/5> t hallet i) gor (B.3).

Using Lemma 2.6.6 and then Corollary 3.3.2, we obtain

E[f(X(t)) — min f] < y(t) + C;Vé
< et t5)IE [f(X(t5)) — min f] + C;V5

S+ C1CV3) + LlstAftls)) for (E.2)

L% 4 CrCo[H2™ 1f> M for (E.3).

tt5<
™ tt5<

(i) ¢ > 3
We use that f € L(S) with ¢ > 1 and the computations of (i). We embark from inequality
(3.29) to get

~ . t L t
G(t) SG(ta)—E{ i ||Vf(X(s))||2195ds] +2/ o2 (s)ds
ts is
o2 (s)sP1 2 .
CeVa [, 7 Ui )u)uB —ds, ¥t>is if (3.20) holds,
Cl\[ft52

/ft 02 u)duds
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G(t) < G(is) — 1°E [ tézq(s)ds] + g /t "02 ()ds

ts

OW3 f 2 s i >4y if (3.20) holds,

ftsé o2 (w)uf—1du
t s
C'l\/gfga 5 g )

2
[~ d
/fis(g o2 (u)du 5

In the last inequality, we used that q > % and Jensen’s inequality.

otherwise,

The idea is again to use the comparison lemma (Lemma2.6.6), which will now involve solving
the Cauchy problem (C.1), and finally invoke Corollary 3.3.2.

O

3.4 Non-smooth structured convex optimization

In this section, we turn to the composite convex minimization problem with additive structure
. def
mlnF(:E) = f(:E) +g((]§‘), (@comp>
reH
where the objective F' satisfies the following standing assumptions:

f +H — R is continuously differentiable and convex with L-Lipschitz continuous gradient;
g : H — R is proper, Isc and convex;
Sp & argmin(F) # 0.
(Hp)

The importance of this class of problems comes from its wide spectrum of applications ranging from
data processing, to machine learning and statistics to name a few.

We counsider two different approaches leading to different SDE’s. The first is based on a fixed point
argument and the use of the notion of cocoercive monotone operator. The second approach is based
on a regularization/smoothing argument, for instance the Moreau envelope.

3.4.1 Fixed point approach via cocoercive monotone operators

Let us start with some classical definitions concerning monotone operators.
Definition 3.4.1. The graph of an operator A : H = H is the set:
gph (A) = {(z,u) e Hx H:u € A(z)}.
Definition 3.4.2. An operator A : H = H is monotone if
(u—v,z—y) >0, V(z,u) € gph(A),(y,v) € gph (A).

It is maximally monotone if there exists no monotone operator whose graph properly contains gph (A).
Moreover, A is a-strongly monotone with modulus o > 0 if

(u—v,z—y) > ale—yl*, V(w,u)€gph(A),(y,v) € gph (A).
Remark 3.4.3. If A is maximally monotone and strongly monotone, then
ATH0) E {zx e H : A(z) = 0}
is non-empty and reduced to a singleton.

Remark 3.4.4. The subdifferential operator dg of g € I'g(H) is maximally monotone.

We recall that cocoercivity was defined in Section 2.3.
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Remark 3.4.5. If f € Cé’l(H) NTo(H), then the operator Vf is L~ !-cocoercive.

Our interest now is to solve the structured monotone inclusion problem
0 € A(x) + B(x),
where A is maximally monotone, and B is cocoercive with (A + B)~!(0) # (. This is of course a
generalization of (Zcomp) by taking A = 0g and B =V f.

A favorable situation occurs when one can compute the resolvent operator of A
Jua =T +pA)~ "t w>0.

In this case, we can develop a strategy parallel to the one which consists in replacing a maximally
monotone operator by its Yosida approximation. Indeed, given p > 0, we have

(A+B)(z) 20 <= 2 — Jya(x — pB(x)) =0 < My pu(r) =0, (3.32)

where My g, : H — H is the single-valued operator defined by
1
Ma,ppu(x) = M (z — Jua(z — pB(z))). (3.33)

Ma g, is closely tied to the well-known forward-backward fixed point operator. Moreover, when
B=0,Map, = % (I — Jua) which is nothing but the Yosida regularization of A with index p. As
a remarkable property, for the p parameter properly set, the operator My g, is cocoercive. This is
made precise in the following result.

Proposition 3.4.6. [19, Lemma B.1] Let A : H = H be a general mazimally monotone operator, and
let B:H — H be a monotone operator which is A-cocoercive. Assume that p €]0,2\[. Then, My g,
1S p-cocoercive with

We first focus on finding the zeros of M, where
M : H — H is cocoercive and M ~1(0) # 0. (Har)

We will then specialize our results to the case of a structured operator of the form Ma g ,.

Our goal is to handle the situation where M can be evaluated up to a stochastic error. We therefore
consider the following SDE with an Fy-measurable initial data Xq:

{ dX (t) = —M(X(t))dt + o(t, X (t))dW (t), t > 0;

(SDEM)
X(0) = Xo.

As in Section 3.1, we will assume that the volatility matrix o : Ry x H — Lo(K;H) satisfies (H,), W
is a Fy-adapted K-valued Brownian motion.

Remark 3.4.7. The motivation of (SDEM ) comes again from the Robbins-Monro stochastic approx-
imation algorithm where the martingale difference noise/error is induced by randomly approximating
the action of the whole fixed point operator M4 g ,. This allows for instance for inexact computation
of the resolvent of A with random noise. However, the situation is more intricate when the noise is
solely on B (i.e. inside the resolvent), as it is standard in many applications (think of B = Vf and
the latter is accessible only some unbiased stochastic estimator). In this case, to justify moving the
noise outside of the resolvent, one has to modify (SDE™) to a limiting continuous-time process of a
forward-backward scheme, which would take us to the land of stochastic differential inclusions (SDI).
SDI’s were only introduced in the early 80’s by [121, 122|, where the notion of solutions with path-wise
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uniqueness of a solution for a certain class of maximal monotone operators A was introduced. The-
ory of SDI’s has subsequently received much attention with general applications including beyond the
maximal monotone case; see e.g. [120]. We point out in particular the results of [173] who was the
first to show existence and uniqueness of a solution to SDI’s with maximal monotone A and Lipschitz
continuous B using the Yosida approximation of A, hence extending known results of Brézis [66] in the
deterministic case. This is yet another justification behind our second approach using Moreau-Yosida
regularization, though restricted to functions. However, handling SDI’s properly necessitates much
more care and many new techniques and notions. This will be the whole content of Chapter 4.

Let us now state the natural extensions of our main results to this situation.

Theorem 3.4.8. Let M : H — H be a cocoercive operator. Consider the stochastic differential equation
(SDEM), with M and o under the hypotheses (Hy;) and (H,), respectively. Additionally, let v > 2,
Xo € LY(; H) and is Fo-measurable. Then, there exists a unique solution X € Sy. Moreover, if
000 € L2(Ry), then:

(i) E [supyso |1 X (1)]]"] < +o.

(it) Va* € M~(0), limyyoo | X () — 2*|| exists a.s. and sup;s || X (£)]| < 400 a.s..
(17) limy 400 [|[M(X(2))]| =0 a.s..

(iv) There ezists an M~1(0)-valued random variable X* such that w-lim;_, o X (t) = X* a.s..

Proof. Existence and uniqueness follow from Theorem 2.7.4 since M is Lipschitz continuous and o
verifies (H, ). The proof of the first three items remains the same as for Theorem 3.2.3, where we use the
cocoercivity of M instead of the convexity of f in the third item to prove that lim; 1 ||M (X (¢))]| =0
a.s.. For the last item, it suffices to use that the operator M is demiclosed (since it is maximal
monotone) to conclude with Opial’s Lemma. O

Theorem 3.4.9. Consider the dynamic (SDEM) where M and o satisfy the assumptions (Hyr) and
(Hy). Moreover, let M be a p-cocoercive operator. Additionally, Xo € L?(2;H) and is Fo-measurable.
Let X € 5’2 be the unigque solution of (SDEM) then the following properties are satisfied:

(i) Let Mo X(t) =t [l M(X(s))ds and [|M(X()|* = t~1 [J[|M(X(s))||* ds. We have
——————1  E (dist(Xo, M~(0))?) o2
< 2l < —* : :
[HMoX )| } IE[HM O i o0 V>0 (3.34)
Besides, if 0o is L2(Ry), then
Ty ——" 1
[HMOX || } \\M(X(t))yﬂ =0 <t> , Vt>0. (3.35)
(i) If M is a-strongly monotone, then M~1(0) = {z*} and
2
E([X(t) —2*)?) <E(|Xo—2**) e+ 2=, vt >o. 3.36
(1X® = 2I7) <E (X0 —a"|?) e + 2, we > (3.36)
If, moreover, o is nonincreasing and vanishes at infinity, then for every A €]0,1]
o2
E (HX(t) - x*HQ) <E (HXO - x*H2> et 4 Tre=ot1=0) | 52 (\p), Vit > 0. (3.37)
a
Proof. Analogous to Theorem 3.2.5. O

As an immediate consequence of the above Theorem, by considering the cocoercive operator M4 g,
defined in (3.33), we obtain the following result.
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Corollary 3.4.10. Let A : H = H be a mazimally monotone operator and B : H — H be a A-
cocoercive operator, A > 0. Let My g, be the operator defined in (3.33). Assume that p €]0,2)\[ and
(A+ B)~1(0) # 0. Then, the operator Ma p,, is p-cocoercive with p = p (1 — 15), letting v > 2 and

considering the SDE with initial data Xo € LV(Q;H) which is Fo-measurable:
= — > 0:
dX(t) My (X(t)dt +o(t, X(t)dW(t), t>0; (SDEMA5.1)
X (0) = X,

we can conclude the same results as in Theorem 3.4.8 and Theorem 5./.9. In particular, if 000 € L2(R,),
there exists an (A + B)™1(0)-valued random variable X* such that w-lim;_, o X (t) = X* a.s..

This result naturally applies to problem (Zcon,) when Sp = argmin(f + g) # 0 by taking A = dg
and B = Vf. In this case, one has that X(¢) converges a.s. to an Sp-valued random variable.
Moreover, using standard inequalities, see e.g. [47], one can show that

E [F (tl /Ot (prox,, (X (s) — uVf(X(s)))) ds) — min(F)] =0 <\/E [’MBQVM(X@))\FD 7

where prox,, = (I + 1dg)~t is the proximal mapping of g. From this, one can deduce an O(t~1/2)
rate thanks to (3.34) and (3.35).

Remark 3.4.11. In the finite dimensional setting (i.e. H = R%), we could turn to the local convergence
properties of (SDEY) by extending the results presented in Theorem 3.3.3. To this end, we would
need an extension of the Holderian error bound inequality (or Lojasiewicz inequality) to the operator
setting. For convex functions, it is known that error bound inequalities are closely related to metric
subregularity of the subdifferential [9, 124, 123|. This leads to the following definition.

Definition 3.4.12. Let M : R? — R? be a single-valued operator. We say that M satisfies the
Holder metric subregularity property with exponent p > 2 at x* € M ~1(0) if there exists o > 0 and a
neighbourhood V,+ such that

| M(2)||* > odist(z, M~Y(0))P, Va € V,-. (3.38)
If this inequality holds for any 2* € M~1(0) with the same p, we write M € HMSP (H).

3.4.2 Approach via Moreau-Yosida regularization

The previous approach, though it is able to deal with more general setting (that of monotone inclusions),
took us out of the framework of convex optimization by considering instead a dynamic governed
by a cocoercive operator. In particular, the perturbation/noise is considered on the whole operator
evaluation and not on a part of it (i.e. B) as it is standard in many applications. Moreover this approach
led to a pessimistic convergence rate estimate when specialized to convex function minimization. By
contrast, the following approach will operate directly on problem (Zcomp) and is based on a standard
smoothing approach, replacing the non-smooth part g by its Moreau envelope [48].

3.4.2.1 Moreau envelope
Let us start by recalling some basic facts concerning the Moreau envelope.

Definition 3.4.13. Let g € T'o(H). Given 6 > 0, the Moreau envelope of g of parameter 6 is the

function . .
. L a2 — 1
int (s + g5 e =olP) = (95 50) @

where [ is the infimal convolution operator and g(z) = 3 [E
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Chapter 3 3.4. Non-smooth structured convex optimization

The Moreau envelope has remarkable approximation and regularization properties, as summarized
in the following statement.

Proposition 3.4.14. Let g € T'o(H).
(i) go(x) | inf g(H) as 6 1 +oc.

(it) go(z) 1 g(z) as 6] 0.
(113) go(z) < g(z) for any 0 > 0 and x € H,
(iv) argmin(gp) = argmin(g) for any 6 > 0,

(v) g(z) — go(z) < & Hﬁog(x)HQ for any 0 > 0 and x € dom(dyg),
(vi) go € Ci’l(H) NTo(H) for any 6 > 0.
6

We use the following notation in the rest of the section: F S g,S & argmin(f), Fy i Jo
and Sy & argmin(fy).

Note that Fy € C’}J}rl(H) NTo(H). Thus we will use Fy as the potential driving in (SDE), that is
6
{dX(t) = —VEy(X(t))dt +o(t, X (t))dW (t), t>0;

X(0) = Xo. (SDEe)

Throughout this section, we assume that Xy € L?(Q;H) and is Fo-measurable. Under (Hz) and (H,),
we will show almost sure weak convergence of the trajectory and corresponding convergence rates.

Remark 3.4.15. Though we focus here on the Moreau envelope, our convergence results, in particular,
Proposition 3.4.18, still hold with infimal-convolution based smoothing using more general smooth
kernels beyond the norm squared; see [48, Section 4.4].

3.4.2.2 Convergence of the trajectory
Applying Theorem 3.2.3 to Fy, we have the following result.

Proposition 3.4.16. For any 6 > 0, let Xo € L2(;H) and Xy € S% be the unique solution of
the dynamic (SDEy) governed by the potential Fy, and make assumptions (Hp), Sp # 0, (H,) and
0 € L2(Ry). Then there exists an Sp-valued random variable X; such that

. v
Xv_;&géXg(t) =Xp, a.s.

If f=0,then Sy =S (see Proposition 3.4.14(iv)), and Proposition 3.4.16 provides almost sure weak
convergence to a solution of (Zcomp). On the other hand for f # 0, S # Sp in general and we only
obtain an “approximate” solution of (Zcomp); see Proposition3.4.17(ii) for a quantitative estimate
of this approximation when f is strongly convex. To obtain a true solution of the initial problem,
a common device consists in using a diagonalization process that combines the dynamic with the
approximation. Specifically, one considers

{ dX (t) = =V Fpu (X (t))dt + o(t, X (t))dW (t), t >0

SDE
X(0) = X SPE)

where 6(t) | 0 as t — +o00. In the deterministic case, an abundant literature has been devoted to the
convergence of this type of systems. Note that unlike the cocoercive approach, we are now faced with a
non-autonomous stochastic differential equation, making this a difficult problem, a subject for further
research (see also Remark 3.4.7).
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3.4.2.3 Convergence rates

We start with the following uniform bound on Sy which holds under slightly reinforced, but reasonable

assumptions on f and g.

Proposition 3.4.17. Consider f,g where f and g and are proper lsc and convez, and g s also Lg-

Lipschitz continuous.
(i) Assume that F' = f + g is coercive. Then, there exists C > 0, such that for any 0 € [0, 1]

sup ||z|| < C. (3.39)
2€8y

(it) Assume that f € I'y(H) for > 0. Then (3.39) holds for every 0 € [0,1]. Moreover, S = {x*},

Sp = {x}} and

* *12 L(Q)

Proof. (i) Since F is coercive, so is Fy. Thus both & and Sp are non-empty compact sets. Let

xj € Sp and 2* € S. By Proposition 3.4.14(v) and Lipschitz continuity of g, we obtain
L
F () = Fa(o) = g(a5) — g0l5) < =26,

Moreover,

* L% * L% * L% . L% def 5
Fo(xp) + 79 < Fy(z*) + S 0< F(z*) + 50< min(F) + 5 = C,

where the second inequality is given by Proposition 3.4.14(iv). On the other hand, the coercivity
of F' implies that there exists a > 0,b € R such that for any x € H

alzl +b < F(x).
Therefore, collecting the above inequalities yields
aajl +b< F(ap) < C.

Using that xj is arbitrary in Sp, and defining C & % > 0, we obtain (3.39), or equivalently
that the set of approximate minimizers is bounded independently of 6.

Since f is p-strongly convex, so are F' and Fy. In turn, F' is coercive and thus (3.39) holds by
claim (i). Strong convexity implies uniqueness of minimizers of F' and Fy. Moreover,

S liah — a*|* < Fole*) — Falap). (3.41)
From Proposition 3.4.14(iii)-(v) and Lipschitz continuity of g, we infer that
L2
Fy(z*) — Fy(x}) < F(z*) — Fy(xp) < F(ap) — Fp(ap) < 709. (3.42)

Combining (3.41) and (3.41), we get the claimed bound.

We are now ready to establish complexity results.

Proposition 3.4.18. Suppose that in addition to (Hr) and (H,), F = f + g is coercive and g is
Lo-Lipschitz continuous. Let Xo € L2(Q;H) and Xg € Sﬁl be the unique solution of (SDEy) governed
by Fy with 0 €]0,1]. Let Cy = E[(||Xo|| + C)?], where C is the constant defined in (3.39). Then the
following statements hold for any t > 0.
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t
(i) Let Xp(t) = tl/ Xo(s)ds, then
0

o CO 2 L2
E (F (Xg(t)) —minF) < §+7 +05

Besides, if 00 € L2(Ry), then

Co+f+oo 2 S)d8+9[j
2t 2

E (F (Xp(t)) —minF) =
(i1) If ooo werifies (3.20) with B € [0,1[, and 0 €]0, 1], then
. _Co K@1+L) L}
(tit) If, in addition, f € I'y(H) for some pu > 0, then S = {z*} and

2 L2
E (||X9(t) - x*||2) < 20pe 4+ 2% 910y
I 1

Besides, if 0 is nonincreasing and vanishes at infinity, then YA €]0, 1[:

2 Cut 208 Loy 2 L3
E(HXg(t) — | ) < 20 Mt 4 2% e=rA-NE 4 952 (Ap) 4270,
I f

Remark 3.4.19. Observe that when f = 0, then Sy = S = {2*}. Therefore in Proposition 3.4.18, the
last term in 6 can be dropped.

Proof. (i) Combine Theorem 3.2.5(i) applied to Fp, Proposition 3.4.14(iii) and (v), and Proposi-
tion 3.4.17(i).

(ii) Argue as in claim (i) using Proposition 3.2.6 instead of Theorem 3.2.5(i), and use the fact that

V Fy is Lipschitz continuous with constant
1 L
L+5< % for 0 €0, 1].

(iii) Combine Theorem 3.2.5(ii) applied to Fy, Proposition 3.4.17(ii) and Jensen’s inequality.
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Chapter 4

Tikhonov Regularization for Stochastic
Non-Smooth Convex Optimization

To solve convex optimization problems with a noisy gradient input, we analyze the global behavior
of subgradient-like flows under stochastic errors. The objective function is composite, being equal to
the sum of two convex functions, one being differentiable and the other potentially non-smooth. We
then use stochastic differential inclusions (SDIs) where the drift term is minus the subdifferential of the
objective function, and the diffusion term is either bounded or square-integrable. In this context, under
Lipschitz’s continuity of the differentiable term and a growth condition of the non-smooth term, our first
main result shows almost sure weak convergence of the trajectory process towards a minimizer of the
objective function. Then, using Tikhonov regularization with a properly tuned vanishing parameter,
we can obtain almost sure strong convergence of the trajectory towards the minimum norm solution.
We find an explicit tuning of this parameter when our objective function satisfies a local error-bound
inequality. We also provide a comprehensive complexity analysis by establishing several new pointwise
and ergodic convergence rates in expectation for the convex and strongly convex case.

Main contributions of this chapter

» Almost sure weak convergence of the trajectory generated by the SDI to the set of
minimizers (Theorem 4.3.2).

» Global convergence rates in expectation of the SDI under convexity and strong convexity
of the objective (Theorem 4.3.4).

» Almost sure strong convergence of the trajectory generated by the Tikhonov regularized
SDI, to the minimal norm minimizer (Theorem4.4.1).

» Practical situations where the Tikhonov parameter can be exhibited (Theorem 4.4.5).

The content of this chapter was submitted in [145].
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4.1 Introduction

4.1.1 Problem statement

We aim to solve convex minimization problems by means of stochastic differential inclusions (SDI),
showing the existence, uniqueness, and properties of the solution. Then, we work with Tikhonov
regularization, specifically when the drift term is the sum of the (sub-)gradient of the objective function
and of a Tikhonov regularization term with a vanishing coefficient. This makes it possible to take into
account a noisy (imprecise) gradient input and obtain convergence a.s. to the minimal norm solution.

Let us consider the minimization problem
min F(z) = f(@) + g(a), (22)

where H is a separable real Hilbert space, and the objective F' satisfies the following standing assump-
tions:

f+H — R is continuously differentiable and convex with L-Lipschitz continuous gradient;
g : H — R is proper, Isc and convex;
Sp & argmin(F) # 0.
(Hr)

To solve (), a fundamental dynamic to consider is the subgradient flow, which is the following
differential inclusion (DI) starting in tp > 0 with initial condition z¢ € H:

{ i(t) € —OF (x(t)), t> to;

$(t0) = 2. (DI)

It is well known since the founding articles of Brezis, Baillon, Bruck in the 1970s that, when the
initial data z¢ is in the domain of F', (more generally when it is in its closure), there exists a unique
strong global solution of (DI). Moreover, if the solution set argmin(F') of (%%) is nonempty then each
solution trajectory of (DI) converges weakly, and its limit belongs to argmin(F).

Consider K a real separable Hilbert space. To solve (%), we will refer to Section 1.2 for the approach
that leads to the dynamic that we will study in this chapter, specifically the stochastic counterpart of
(DI), which is the following SDI:
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(SDI)

{ dX (t) € —OF(X(t)) + o(t, X (t))dW (t), t > to;
X (to) = Xo,

where the diffusion (volatility) term o : [tg, +oo[xH — Lo(K;H) (see notation in Section2.1) is a
measurable function that satisfies (H,), and W is a K-valued Brownian motion (see Section 2.7 for
a precise definition), and the initial data X, is an Fj,-measurable H-valued random variable. This
dynamic can be viewed as a stochastic dissipative system that aims to minimize F' if the diffusion term
vanishes sufficiently fast. Also, it is the natural extension to the non-smooth setting of the work done
in Chapter 3.

An important aspect of our work concerns the Tikhonov regularization of (DI) and (SDI). Given
to > 0, and a regularization parameter ¢ : [tg, +00[— R4, which is a measurable function that vanishes
asymptotically in a controlled way, the Tikhonov regularization of (DI) is written:

#(t) € —0F (x(t)) —e(t)x(t), t > to;
(1) € ~0F (1) — c(alt), ¢ > to -
x(to) = xo.
The stochastic counterpart of (DI-TA) (which is the Tikhonov regularization of (SDI)), is the following
stochastic differential inclusion with initial data Xy € L”(Q; H) (for some v > 2):
dX(t) € —OF(X(t)) — e()X(t) + o(t, X)W (1), t> to;
(1) € ~OF(X(1) ~ <)X (1) + o0, X(ONAW (D), ¢ > 1o b
X (ty) = Xo.

The impact of the Tikhonov term has been studied in depth in the deterministic case (DI-TA) (see
[84]). The fact that the Tikhonov regularization parameter £(¢) tends to zero not too fast as t — +oo
induces a hierarchical minimization property: the limit of any trajectory no longer depends on the
initial data, it is precisely the minimum norm solution. We propose to extend these results to the
stochastic case (SDI — TA) based on the work presented in Chapter 3.

4.1.2 Deterministic subgradient flow with Tikhonov regularization

Let us first recall some basic facts about the deterministic case. To solve (£%), a fundamental dynamic
to consider is the subgradient flow of F'| ¢.e. the following differential inclusion:

@(t) € —OF (a(t)). (DI)

It is well known since the founding papers of Brezis, Baillon, and Bruck in the 1970s that, if the
solution set argmin(F') of (#) is non-empty and F' is convex, lower semicontinuous (lIsc) and proper,
then each solution trajectory of (DI) converges weakly, and its weak limit belongs to argmin(F).

In general, the limit solution depends on the initial data and is a priori difficult to specify when
one has a set of solutions not reduced to only one element. To remedy this difficulty we consider the
differential inclusion with vanishing Tikhonov regularization, () — 0 (denoted (DI-TA)) which gives

&(t) + OF (z(t)) + e(t)x(t) > 0. (DI — TA)

Let H be a real Hilbert space. To analyze the convergence properties of this dynamic, let us recall
basic facts concerning the Tikhonov approximation (1963). It consists in approximating the convex
minimization problem (possibly ill-posed)

?éiﬁ F(x), (P)

by the strongly convex minimization problem (g > 0):
€
inF & 2
min F(z) + o], (Pe)
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whose unique solution is denoted by z.. The following result was first obtained by Browder in 1966
[67, 68].

Theorem 4.1.1. (Hierarchical minimization). Suppose that Sp = argmin(F') # (). Then,
(1) ime_so ||zc —2*|| =0 wherex* = Ps,(0).

(i1) ||zc|| < ||z*|| for all e > 0.

The system (DI — TA) is a special case of the general dynamic model
z(t) + VFE(z(t)) +e(t)V¥(x(t)) 20 (4.1)

which involves two functions F' and ¥ intervening with different time scale. When £(-) tends to
zero moderately slowly, it was shown in [29] that the trajectories of (4.1) converge asymptotically
to equilibria that are solutions of the following hierarchical problem: they minimize the function
W on the set of minimizers of F. The continuous and discrete-time versions of these systems have a
natural connection to the best response dynamics for potential games, domain decomposition for PDE’s,
optimal transport, and coupled wave equations. In the case of the Tikhonov approximation, a natural
choice is to take ¥(z) = ||z — 24||> where x4 is a desired state. By doing so, we obtain asymptotically
the closest possible solution to x4. By translation, we can immediately reduce ourselves to the case
xq = 0, as considered in this article.

The following theorem establishes the convergence of the trajectories of (DI — TA) towards the
minimum norm solution under minimal assumptions on the parameter &(t).

Theorem 4.1.2. (Cominetti-Peypouquet-Sorin, [84])

Suppose that € : [to, +oo[— Ry is a measurable function that salisfies:

(i) e(t) = 0 as t — +oo;
+o0
(1) e(t)dt = +oo.
to
Let () be a solution trajectory of the continuous dynamic (DI — TA), and * & Pg,(0). Then,
s-limy 4 oo z(t) = 2.

Proof. Set F.(z) & F(x) + £||z[|?. Then (DI — TA) can be written equivalently in a denser form as
ac(t) + 8F£(t) (l’(t)) > 0.

Set h(t) & 3llz(t) — 2*||* where 2* = Pg,(0). Derivation of f and constitutive equation (DI — TA)
give

h(t) + (=i(t), z(t) — 2*) = 0, (4.2)

where —i(t) € OF,;)(z(t)). By strong convexity of F_q, we get

Fuo (@) > Fu(a(t) + ((t), 2* — 2(0) + " lae) — 2*|1,

for every y(t) € OF . (x(t)).
Using that F,(2(t)) > Fo) (7o), we get
e(t et
) + 22 2 Flag) + D |2+ w0) 2" - 20) + “Djate) - a2
for every y(t) € OF, ) (x(1)) -
From F(z*) < F(z.)) we deduce

(y(t), z(t) — 2*) = e(t)h(t) + 6(;) (e I? = ll=*[1?) , (4.3)
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for every y(t) € OF, ) (x(t)).
Combining (4.2) with (4.3) we obtain

h(t) +e(@)h(t) < get) ()1 = llze|1°) -

Integrate the above inequality from o to t. With m(t) & exp ftz e(s)ds we get

be) < S8 b s [ ) (17 = g ) ds (4.4

m

According to hypothesis (i) and the classical property of the Tikhonov approximation we have
Tey — @*, and hence [|[2*]|? — [|z.5)||* — 0. To pass to the limit on (4.4) we use hypothesis (i)
which tells us that m(t) — +oo. Let us complete the argument by using that convergence implies
ergodic convergence. Precisely, given § > 0, let 5 > to such that [[|z*]|* — [[z.(5)|?| < 0 for s > 5.

Then split the integral as follows

ht) < ZEEZ)) - 2n$(t)/to6m/(s) (1117 = e %) d8+52771(t) ) m/(s)ds (4.5)
h(to) 1 ts , ) 5
= min) " 2m() /t () (la"1I° = llzeo ) ds + 5. (4.6)

Then let ¢ tend to infinity, to get limsup, ,, , h(t) < g. This being true for any § > 0 gives the

result. O

4.2 Stochastic differential inclusions

In this section, we will work with stochastic differential inclusions. For the history of this concept, we
refer the reader to [120, Preface]. We will start by showing a general version of the (SDI) dynamic,
formally describing what it means to be a solution of that dynamic, and then we will move on to show
the conditions under which you can have the existence and uniqueness of a solution. Existence is due
to [173] and uniqueness is proven here. Then we will focus on (SDI) and study the conditions on the
diffusion term in order to ensure the almost sure weak convergence of the trajectory towards the set
of minimizers. Finally, we will show some convergence rates of the objective under the hypothesis of
convexity or strong convexity.

4.2.1 Existence and uniqueness of solution

Let A: H = H, b: [to, +oo[xH — H and o : [tg, +oo[xH — Lo(K;H). Let t9 > 0 and consider the
general stochastic differential inclusion:

{ dX (t) € b(t, X (t))dt — A(X (t))dt + o(t, X (1))dW (t), t > 0; (SDI)

X (to) = Xo,
defined over a complete filtered probability space (2, F,{Ft}i>t,,P), where the diffusion (volatility)

term o : [tg, +oo[xH — Lo(K;H) is a measurable function; W is a Fi-adapted K-valued Brownian
motion; and the initial data Xg is an F;,-measurable H-valued random variable.

Definition 4.2.1. A solution of (SDIy) is a couple (X,9) of F;-adapted processes such that almost
surely:

(i) X is continuous with sample paths in the domain of A;
(i) ¥ is absolutely continuous, such that ¥(tg) = 0, and VT > to, ¥ € L2([to, T]; H), ¥'(t) € A(X(t))
for almost all t > ty;
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(iii) For t > to,

{X(t) = Xo+ [, b(s, X(s))ds — 9(t) + [y, o (s, X(5))dW (s); (4.7)

X(to) = Xo.

For brevity, we sometimes omit the process ¢ and say that X is a solution of (SDIj), meaning that,
there exists a process ¥ such that (X, ) satisfies the previous definition.

The definition of uniqueness for the process X is presented in Section 2.7.

Throughout the chapter it will be assumed:

A is a maximal monotone operator with closed domain; (H,)
A
SE A-10) £ 0.
{ 3L > 0, 10,2) ~ bV lo(t ) —o()ls < Llle —yll Ve > to, Yoy € B
sup;>, ([16(2, 0)[| V [lor (2, 0)[[ms) < +oo. ’

The Lipschitz continuity assumption is mild and required to ensure the well-posedness of (SDIj).

We are interested in ensuring the existence and uniqueness of a solution for (SDIj). Although
there are several works that deal with the subject of stochastic differential inclusions (see [120, 53, 40,
177, 173, 106]), those of [173, 106] are the closest to our setting and define a solution in the sense of
Definition4.2.1, thus generalizing the work of Breézis [66] in the deterministic case to the stochastic
setting. In this work, we consider the sequence of solutions {X)}x>o of the stochastic differential
equations

{ dX\(t) = b(t, X (t))dt — Ax(Xa(t))dt + o(t, Xa(t))dW (t), t > to; (SDE,)
A

X\ (to) = Xo,

where Ay = (I — (I +XA)~1)/\ is the Yosida approximation of A with parameter A > 0. Under the
integrability condition
T
timsup [ B(A3(Xa(0) )t < -+ (Hy)
A0 Jig

it was shown in [173] that there exists a couple (X, ¥) of stochastic processes such that for every T > tg,

HmE [ sup || Xa(t) = X@®)|*] =0, HmE| sup [[9x—9)*| =0
A0 (te[to T) A0 tefto, T

where ¥ (t) fto Ax(X(8))ds, and that (X, ¥) is a solution of (SDIj) in the sense of Definition 4.2.1.
Moreover, one can even have a.s. convergence of the process X, when the diffusion term is state-
independent; see [173, Proposition 6.3].

Remark 4.2.2. Condition (H)) is satisfied under different conditions, some examples are mentioned
in [173]. One case where this condition holds is when A is full domain and there exists Cy > 0 such that
| A°(2)|| < Co(1 + ||z||) for = € H, where A°(z) = argming e 4 () [|yll-

Let us present our extension of Ité’s formula for a multi-valued drift, which plays a central role in
the study of SDI’s.

Proposition 4.2.3. Consider (SDIy) wunder the assumptions of Theorem (4.2.4). Let
(X,9) € Slto] x C([to, +oo[; H) be the unique solution of (SDIy), and let ¢ : [to, +oo[xH — R be
such that ¢(-, x) € C([to, +0o0]) for every x € H and ¢(t,-) € C*(H) for every t > to. Then the process

Y(t) = ¢(t, X (1)),
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1s an Ito Process such that for allt > 0

Y(t) =Y (tg) + t %(S,X(s))ds + /t <V¢(s, X(s)),b(s, X(s)) — 'ﬁ’(s)> ds
+/t (0™ (s, X(8))Vp(s, X(s)),dW(s)) + ;/t tr (o(s, X (s))o*(s, X (s))V?o(s, X (s))) ds, (4.8)

where ¥'(t) € A(X(t)) a.s. for almost all t > to. Moreover, if E[Y (t9)] < 400, and if for all T > tg

E(/Twwaxw»vwaxwmﬁw><+m,

to

t
then / (0% (s, X (8))Vp(s,X(s)),dW(s)) is a square-integrable continuous martingale and

to

t8¢

Efy (4] = B ()] +E ([ 2

(s, X(s))ds) +E (/t (Vo(s, X(s)), b(s, X (s)) — ' (s)) ds>

to

1 t

+ §E </ tr (G(s,X(s))G*(s,X(s))V2¢(S,X(s))) ds> . (4.9)
to

Proof. The unique solution (X,9) € S4[to] x C1([to, +oo[; H) of (SDIy) satisfies (by definition) the

following equation:

{ X(t) = Xo+ [y b(s, X(5)) = 9 (s)lds + [ o (s, X ()W (s), t> to; (4.10)

X(to) = Xo.

and ¥(s) € A(X(s)) for almost all ¢ > ¢y a.s.. Then, (4.10) is an It6 process with drift
s — b(s,X(s)) —¥(s) and diffusion s — o(s, X(s)). Consequently, we can apply the classical Itd’s
formula (see Theorem 2.7.5) to obtain the desired result. O

Now we are ready to state the existence and uniqueness of a solution of (SDIp).

Theorem 4.2.4. Consider (SDIly), where A and (b,o0) satisfy the assumption (Ha) and (Hy,), re-
spectively. Additionally, suppose that A satisfy (H)) and let v > 2 such that Xy € LV(Q;H) and is
Fio-measurable. Then, there exists a unique solution (X,9) € Sk[to] x C([to, +oo[; H) of (SDIp).

Proof. The existence of a solution (X, ?) in the sense of Definition 4.2.1 comes from [173, Theorem 3.5].
We now turn to uniqueness. Let (X1,71) and (Xg,92) be two solutions of (SDIj). By Itd’s formula
(see Theorem4.2.3), we have

1X1(t) — Xa2(1)]* = Q/t (b(s, X1(s)) — b(s, Xa(s)), X1(s) — Xa(s))ds

—2/<19'1(S)—ﬁé(S)aXl(S)—Xz(S)MSJr lo(s, X1(s)) — o (s, X2(s))llfisds

to to
t
+/ (X1(s) = Xa(s), [o(s, X1(s)) — o (s, Xa(s))]dW (s))-
to
Since for almost all t > 0, ¥}(t) € A(X;(t)), i = {1, 2}, by monotonicity of A, we have that for almost
all t > to,
(91(t) — 95(t), Xa(t) — Xa(t)) > 0,

and thus the second term on the right-hand side is non-positive. Now, let n € N arbitrary and consider
the stopping time 7, = inf{t > ¢ : || X1(t) — X2(t)|| > n} and evaluate the previous equation at ¢t A 7,,,
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denoting X' (t) = X;(t A,) (i ={1,2}), we have

IXT () = X3 (B)I* < 2/ ATn<b(8,X1(S)) = b(s, Xa(s)), X1(s) — Xa(s))ds

to

+/ " lo(s, X1(s)) — o(s, X2(s)) | figds

to

+ / (X1 (5) — Xa(s), 05, Xa () — o (s, Xa(s))JdW (s)

to

<1+ [ 1K) - X()lPds

to

+ /t i (X1(s) — Xa(s), [o(s, X1(s)) — o (s, Xa(s))]dW (s))

< LL+2) | [|XT(s) — X5 (s)|°ds

to
tATh
+/ (X1(s) — Xa(s), [o(s, X1(s)) — o(s, Xa(s))]|dW (s)).
to
Note that we have used Cauchy-Schwarz inequality and the Lipschitz assumption on (b, o) in the second
inequality. Taking expectation of both sides and using the properties of 1t6’s integral we obtain

E(IXT(t) = X3 (O)]*) < L(L +2) / E(|l X7 (s) — X5 (s)II*)ds.

to

By Grénwall’s inequality, we obtain that
E([|XT(t) = X5 ()]*) = 0,9t > to,¥n € N.

On the other hand, we have that limy, 4.t A 7, = t. Therefore, taking liminf,,_, ., in the previous
expression, using Fatou’s Lemma and the fact that X, Xy are a.s. continuous processes, we conclude
that E(||X1(t) — X2(¢)]|?) = 0, consequently

P(Xl(t) = Xg(t),vt S [to,T]) =1, for every T > t.

Let T > to arbitrary, let us prove that E (supte[tO’T] HX(t)H”) < +oo. Using Itd’s formula (see
Theorem 4.2.3) with the solution process X and the anchor function ¢(z) = ||z —z*||? for z* € A=1(0),
we obtain for every t € [tg, T:

1X(8) — 2| = | Xp — 2|2 + 2 / (b(s, X (s)), X (s) — *)ds — 2 / (0'(5), X (5) — a*)ds

+ \U(SaX(S))!\%stJr?/ (X(s) — 2™, 0(s, X(s5))dW (s)).

to to
Since ¥/(t) € A(X(t)) for almost all ¢ > 0, and 0 € A(z*), by monotonicity of A we have that for every
t e [to, T],
(9'(t), X(t) —2*) >0, for almost all ¢t > 0.

Thus the second integral is nonnegative, which implies
t t
1X(8) — 2*[|* < || Xo —2*|* + 2/ (b(s, X (5)), X(s) —a*)ds + [ lo(s, X(s))|lsds
fo fo (4.11)

+ 2/ (X (s) —a*,0(s,X(5))dW (s)).

to
Moreover, we have
2(b(t, ), e —a*) +lo(t,2)[fis < 20b(t,2) |2 —a* || +llo(t 2)llhs < C(L+ [l —a*|?), ¥t>to, Ve € H.
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We now proceed as in the proof of [112, Lemma 3.2] to conclude that X € Sjlto]. In fact, we take

v

power § at both sides of (4.11), then using that (a + b+ o)z < 3%2(@% + b7 + ¢2) we have

v— v t %
IX() — 2| < 3% (HXU o 4+ O < [rixe) - x*n?ds) )
to

3225 (/t<X(s) — ¥, 0(s, X(s))dW(s)>> : .

to
Now taking supremum ¢ € [tp,7] and then expectation at both sides, we have that there exists
K = K(v,T) such that:

T
E (ékﬁ% 1X () — 2| ) < K(1+E<||Xo—x ")+ / E(|X(s) - 27| >ds)

T
E( sup HX(t)—w*H”> SK(l FE(Xo- o) + | E(\X(s)—x*\|“>ds)

+ KE (tes[llpﬂ ‘ t (X (s) —a*,0(s,X(s))dW(s))

By Proposition 2.8.3, we get that, for a redefined K = K(v,T),

t€lto.T] T (4.12)
+ K (| [ 10— 2 Plots X9 s ).
0
Note that by Cauchy-Schwarz and Young’s inequality,
T v
B (] [ 1X6) - Plote, X (o) st )
0
v T 2 %
<k ( s 130 -1 ([ o X))
te[to,T} to
1 * ||V K T 2 z
< oB (s (X)) + 5B |( [ ot Xl
tE[to,T] to
1 KC*% T :
<—E| sup [|[X(t)—2"|"]|+ QE (/ 1+ | X(s) — w*]2d3>
2K tE[to,T] 2 to
1 KC% v r v
<—E| sup [|[X(t)—2a"|"]|+ Sk TT°E [(/ (1+[|X(s) — 37*‘2)2613)] :
2K tE[to,T] 2 to
Substituting this into (4.12), we have, for a possibly different K = K(v,T),
T
E| sup || X(t)—2"|" ) < K|14+E(|Xo—2*|") +/ E | sup [|[X(t) —a2*||" | ds|.
te(to,T) to te(0,s]
By Grénwall’s inequality, we obtain
E| sup [ X() —a*||” ] < K1 +E(||Xo—2*") e < foc.
te(to,T)
Since T' > t¢ is arbitrary, we conclude that X € Sy to]. O

Corollary 4.2.5. Consider (SDE)), where A and (b,0) satisfy the assumption (Hp) and (Hy ),
respectively. Additionally, let us consider that A satisfy (Hy) and let v > 2 such that Xy € LV(Q; H)
and is Fy,-measurable. Then,
sup]E< sup HXA(t)]”> < +o0.
A>0  \ t€fto,T]
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Proof. Since A71(0) = A,'(0) and A, is monotone, we replace ¥ by A,(X)) in the proof of Theo-
rem4.2.4, then we realize that the constant that bounds E (supte[to’ﬂ HX)\(t)H”> is independent from
A to conclude. O

4.3 Convergence properties for convex functions

Recall that our focus in this thesis is on an optimization perspective, and as we argued in the introduc-
tion, we will study the long time behavior of our SDE as the diffusion term vanishes when ¢t — +o0.
Therefore, we recall that we assume that the diffusion (volatility) term o satisfies:

{ SUDys gy went 1o (t @) s < +o00, -

lo(t,2') — ot z)|us < lo 2" — ]|,
for some lyp > 0 and for all ¢ > tg,z,2’ € H. The Lipschitz continuity assumption is mild and

classical and will be required to ensure the well-posedness of (SDI). Let us also recall that we define
Oco : [to, +oo[— Ry as

ooo(t) sup flo(t, z)l[s-
x

Remark 4.3.1. (H,) implies the existence of o, > 0 such that:
lo(t, 2)lfs = tr[S(t,2)] < o2,

for all t > tg,x € H, where X & o

We consider f + g (called the potential) and study the dynamic (SDI) under the hypotheses (Hp)
(ie. f € Cfl(H) NTo(H),g € T'o(H)) and (H,). Recall the definitions of o, and o (t) from (1.5).
And we also recall the notation

def

F(z) = f(z) + g(z)
S(tx) £ ot z)o(t,z)*
Sr & argmin(F).

4.3.1 Almost sure weak convergence of the trajectory

Our first main result establish almost sure weak convergence of X (¢) to a point that belongs in Sp.
It is based on Itd’s formula, and on Barbalat’s and Opial’s Lemma. It follows the same ideas as in
Theorem 3.2.3.

Theorem 4.3.2. Consider F = f+g and o satisfying (Hp) and (H,) respectively. Suppose further that
0g verifies (H)). Let v > 2, to > 0, and consider the dynamic (SDI) with initial data Xo € LV (Q; H),
1.€.:

dX (t) € —OF (X (£))dt + o (t, X (£))dW (¢);

X(to) = Xo. (4.13)

where W is a K-valued Brownian motion. Then, there exists a unique solution (in the sense of Theo-
rem .2.4) (X,9) € S4[to] x C*([to, +oo[; H).

Moreover, if 0 € L2([tg, +00]), then the following holds:

(i) E[sup;sy, X (8)]"] < +o0.

(i) Va* € Sp, limy o0 [| X (t) — 2% ezists a.s. and sup;s,, [| X (t)]| < 400 a.s..
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(115) If g is continuous , then Vf is constant on Sp, s-limi 100 V(X () = Vf(z*) a.s. for any
x* € Sp, and
+oo
/ [F(X(t)) — min F|dt < 4o0.

to

(i) If (iii) holds, then there exists an Sp-valued random variable X* such that w-lim;_, oo X (t) = X*.

Remark 4.3.3. By classical properties of the Yosida approximation

(99D = Voa(x) = 5 (& — proxy, (z),

where gy is the Moreau envelope of g with parameter A > 0. If there exists C' > 0, such that
| — prox,, (z)]| < AC,
the assumption (H)) is satisfied by dg. As mentioned in Remark4.2.2, if g is continuous and
0
10%g ()] < Co(1 + [|]]),

for some Cj > 0, then dg also satisfies (H)).

Proof. (i) Directly from Theorem 4.2.4.
(i) Since F is convex, we first notice that Sp = (OF)~1(0).
Now let us consider (X, ) € S4[to] x C*([to, +oo[; H) be the unique solution of (SDI) given by
Theorem 4.2.4, and ¢(z) = M, where x* € Sp. Then by 1t6’s formula

— r* 2 t t
d(X () = ||X02” + % /t tr (X(s, X(s)))ds — /t (V' (s) + VF(X(s),X(s)—a*)ds
E=¢(Xo) Ay Ut
+ /t (0 (5, X (s)) (X (s) —a¥),dW(s)). (4.14)
My

Let us observe that, since v > 2, we have that E(sup;>, X (t)||*) < 4o00. Moreover, since
Ooo € L2([to, +00[) we have

+o0o +oo

E </ lo* (s, X (s)) (X(s) — a*)]|]? d3> <E <sup | X (t) — x*\|2> / o2 (s)ds < +oo.
to t>to to

Therefore M; is a square-integrable continuous martingale. It is also a continuous local martingale

(see [141, Theorem 1.3.3]), which implies that E(M;) = 0.

Moreover, since I’ is a convex function, then JF is a monotone operator. On the other hand
V(t) € 9g(X(t)) a.s. for almost all t > g, so

(9 (t) + Vf(X(t), X(t) — 2*) > 0, a.s.for almost all t > .

We have that A; and Uy defined as in (4.14) are two continuously adapted increasing processes
with Ag = Up = 0 a.s.. Since ¢(X(¢)) is nonnegative and sup,ey || (-, )|y € L2([to, +oc), we
deduce that lim;—, 1 A; < +00. Then, we can use Theorem 2.8.2 to conclude that

/+OO<19'(t) + Vi(X(t),X(t) —a")dt < +o0 a.s. (4.15)
and

Vz* € Sp,3I0,» € F,such that P(Q,+) =1 and t_l:in | X (w, t) — || exists Vw € Qur.  (4.16)
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Since H is separable, there exists a countable set Z C Sp, such that cl(Z) = Sp (where cl stands
for the closure of the set). Let Q = [,z .. Since Z is countable, a union bound shows

PQ)=1-P (UQ) >1-> P(Q) =

z2EZ z€Z
For arbitrary z* € Sp, there exists a sequence (zx)ren C Z such that limy_, o 2 = 2*. In view
of (4.16), for every k € N there exists 7 : €2, — R such that

t_l)l_Ilpoo | X (w,t) — 2k]| = T(w), VYweQ,,. (4.17)

Now, let w € Q. Since Q C (2, for any k € N, and using the triangle inequality and (4.17), we
obtain that

k(W) — [|zk — ]| < liminf || X (w,t) — 2*|| < limsup [| X (w,t) — 2*| < 7(w) + [|2x — 27| -
t—+o00 t—-+00

Now, passing to k — +o00, we deduce

lim sup 7% (w) < liminf || X (w,t) — 2*|| < limsup || X (w,t) — || < lim inf 73 (w),
k—+o00 t=+o0 t—+o00 k—+o00

whence we deduce that limy_, 0 74 (w) exists on the set € of probability 1, and in turn

lim || X (w,t) — 2| —khm T (w).
—+00

t—+o0

Let us recall that there exists Qcont € F such that P(Qeont) = 1 and X (w, ) is continuous for
every w € Qeont- Now let x* € Sp arbitrary, since the limit exists, for every w € Qn Qcont there
exists T'(w) such that || X (w,t) —2*|| < 14 limg— 400 Tk(w) for every ¢t > T'(w). Besides, since
X (w,-) is continuous, by Bolzano’s theorem

sup || X (w, t)]| = max [ X (w, 1) £ h(w) < +o0,
t€[0,7 (w)] t€[0,T(w)]

Therefore, sup;>y, | X (w, )| < max{h(w), 1 + limg_ o0 T(w) + [[2*||} < 4-o00.

t
(iii) Let Ny = / o(s,X(s))dW (s). This is a continuous martingale (w.r.t. the filtration F;), which
to

E(INP) = E / oo, X6 s ds) < ( /t0+°°a§o<s>ds)<+oo,vtzto.

According to Theorem 2.8.1, we deduce that there exists a H—valued random variable Ny, w.r.t.
Foo, and which verifies: E(||Nuol||?) < +00, and there exists Qy € F such that P(Qy) = 1 and

verifies

t—lg-noo Ni(w) = Noo(w) for every w € Qp.

On the other hand, since 2* € (OF)~1(0) = (Vf+3dg)~1(0), then —V f(2*) € dg(z*). Let T > to
such that ¥'(t) € dg(X(t)) a.s., consequently,

(0'(t) + V(X (1)), X (t) — a¥) = ('(t) = (=V f(z")), X(t) — 27)

+ (VF(X(®) - ( "), X(t) — %)
= (VAX(@) = Vf(z"), X(t) —2¥)
> LIVAX(0) - VG,
where (¢ (t) — (=V f(z*)), X (t) — *) > 0 by monotonicity of dg. Then by (4.15) we obtain
+oo
/t V(X)) = V()| dt < +o0  a.s.. (4.18)
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Let Qpug € F be the event where (4.15) (and consequently (4.18)) is satisfied ( P(us) = 1). Let
Qy € F be the event where ¥/ (t) € 9g(X(t)) for almost all T > to (P(2y) = 1). Finally, let

def 5

Qconv =Qn Qcont N QHS N QM N Qﬁ, hence P(Qconv) = 1. Let also w € Qconv < QHS arbitrary,
then
lim inf ||V f(X (w, t)) = Vf(27)[| = 0.

t—+o00
If also
limsup ||V f(X (w,t)) — Vf(x*)]| =0

t—+00

then we conclude with the proof. Suppose by contradiction that there exists wy € Qeony such
that

limsup [[V (X (w0, £)) — V£(*)]| > 0.

t——+o0

Then, by Lemma 2.6.7, there exists d(wg) > 0 satisfying
0 = Timinf [ V(X (w0, ) — V()] < 6(w) < limsup [ V5(X(wo,£)) — V()]
t—+o00 t—+o00

and there exists (tg)ren € Ry such that limg_, 4 tp = 400,
IV f(X(wo,tr)) — Vf(z")] > d(wp) and trr1 —tx > 1, VkeN.

Additionally, consider ¥ (wo,t) € 9g(X(wo,t)) for almost all T > t. Since
SUPy>y, || X (wo, )| < 400, dg is full domain, and the fact that dg maps bounded sets onto
bounded sets, we have that there exists Cy(wo) > 0 such that [|9'(wo,)]|?> < Cy(wo) for almost
all T' > tg.

We allow ourselves the abuse of notation X (t) = X (wo,t), 9 (t) = 9'(wo,t),Cy = Cy(wo) and
6 = 5(wp) during the rest of the proof from this point.

Let
o Co = Cy+ |V f(=)]%
[} Cl dZEf 7(200—5? > O,
e c€E }O,min{%,(}’l} :
e and C(g) & YCoctlol g 1

4Co ’ 21
Note that this choice entails that the intervals ([tx, ¢ + C(€)]),ecn are disjoint. On the other hand,

according to the convergence of N; and the fact that ||V f(X (t)) — Vf(z*)|| € L2([to, +00[), there
exists k' > 0 such that for every k > K/,

—+o0
sup [N~ N[ < § and [ |VAX(0) - V() Pt < 1

1>t 4 th

Also, we compute

t
[+ s Pas <2 [ 19500 - TrePas 2 [0 + 9 Pas
<24 4Co(t — ty).

Furthermore, C(g) was chosen such that C(e) + 2CoC(e)® < £. Besides for every k > ¥/,
t € [ty ty + Cle)],

X () — X (t)|* < 2(t — tg,) / 19(s) + V£(X()||” ds + 2] Ne — N, |2

< A(t —tg,) +8Co(t — tg)? + 5 <e.
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Since Vf is L-Lipschitz and L%c < (%)2 by assumption on &, we have that for every k > k' and
t € [tr, tx + C(e)]

5\2
IVF(X(0) - VI < 221X - Xl < (5) -
Therefore, for every k > k', t € [tg, tx + C(g)]
)
VX)) = V) 2 VX () = V@) = [[VIXE) = VX)) = 5
Finally,
+oo 5 t+C(e) 9
| I ) = i) s = Y [T V) - V)| ds
to k>k! Itk
52C (e)
> Z 4 = +o009,
K>k
which contradicts ||V f(X(-)) — V.f(z*)|| € L2([to, +00o]). So, for every w € Qeconv,
imsup [V £(X (0,1)) — V(") = it V(X (. 0) = V)]
= lim V(X (1)) - V()] =0.
On the other hand, since F' is convex, by (4.15), we obtain
/+OO F(X(t)) —min F dt < 400, a.s.. (4.19)
to

Since sup;>y, || X ()| < +o0o a.s., and (OF) maps bounded sets onto bounded sets (since g is
convex and continuous), we can show that there exists L > 0 such that

[F(X(t1)) = F(X(t2))| < LI X (1) = X(82)[l, Vi1, b2 > to, a.s..
Using the same technique as before, we can conclude that lim; 4~ F(X(¢)) = min F" ass..
Let w € Qeony and X (w) be a weak sequential limit point of X (w,t). Equivalently, there exists
an increasing sequence (tg)ren C Ry such that limg_, o tx = 400 and

W—_i:n X(w, tp) = X(w).

k—

Since limy—y oo F'(X (w,t)) = min F' and the fact that f is weakly lower semicontinuous (since it
is convex and continuous), we obtain directly that X (w) € Sp. Finally, by Opial’s Lemma (see
[162]) we conclude that there exists X*(w) € Sp such that

XEE&}X(@)J) = X*(w).

In other words, since w € Qcony Was arbitrary, there exists an Sp-valued random variable X*
such that w-lim; oo X () = X* a.s..

O

4.3.2 Convergence rates of the objective

Our first result, stated below, summarizes the global convergence rates in expectation satisfied by the
trajectories of (SDI).

Theorem 4.3.4. Consider the dynamic (SDI) where F' = f+g and o satisfy the assumptions (Hp) and

(Ho),

furthermore assume that Og satisfies (H,). Additionally, Xo € L?(Q;H) and is F;,-measurable.

The following statements are satisfied by the unique solution trajectory X € S]%I[to] of (SDI):
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(i) Let Fo X (t) & ¢! /tF(X(s))ds and X (t) =t~ tX(s)ds, Then,

to to
_ - E (dist(Xo, Sp)? 2
E(F(X(t)) —min F) <E (Fo X(t) — min F) < (dis (2t0 ) % V> to.  (4.20)
Besides, if 0o is L?([to, +00|), then
_ N 1
E(F(X(t)) —minF) <E(FoX(t) —minF) =0 (t> : (4.21)
(it) Moreover, if F € I',(H) with pn > 0, then Sp = {*} and
2

E(|1X0t) —a*?) <E (|| Xo—2*2) e ™ + 5, vi >t 422
(Ix(0) = 21?) <E (X0 - ") . 0 (4.22)

Besides, if 0o 1s nonincreasing and vanishes at infinity, then:

2

0, Ko _pt 2 t0+t
—“ez2e 2 40

p +°°< 2

E (||X(t) - g;*||2) <E (HXO - $*||2> et 4 ) , VE>to.  (4.23)

Proof. Using that F(z)—min F' < (y,x—z*) for every y € OF (x),z* € Sp, and 1td’s formula with the
* (|2

anchor function ¢(z) = w (for z* € Sp), the proof is analogous to the one in Theorem 3.2.5. [

4.4 Tikhonov regularization: Convergence properties for convex func-
tions

It is important to provide insight into the technique of Tikhonov regularization. This allows us to pass
from the almost sure weak convergence towards the set of minimizers of the trajectory generated by
(SDIp) to achieving almost sure strong convergence of the trajectory generated by (SDI — TA), not
only towards the set of minimizers but to the minimal norm solution. The price to pay in order to
achieve this is the proper tuning of the Tikhonov parameter that depends on a local constant that
could be hard to compute, besides that, we obtain slower convergence rates of the objective, passing
from Ot~ 1) to O(t~" + R(t)), where r < 1 and R(t) — 0 (defined below in (4.33)).

4.4.1 Almost sure convergence of the trajectory to the minimal norm solution

Our second main result establish almost sure convergence of X (t) to z* = Ps,(0) as t — +oo. It is
based on a subtle tuning of the Tikhonov parameter £(¢) formulated as conditions (71 ), (%), and (73)
below. We know that [|#*[|* — [|z.||* tends to zero as ¢ — +oo. We shall see that the condi-
tions (71), (T%), and (73) are compatible for tame functions, i.e. which satisfy a Kurdyka-Lojasiewicz
property (see Section 2.4).

Theorem 4.4.1. Consider the dynamic (SDI — TA) where F' = f + g and o satisfy the assumptions
(Hp) and (H,), respectively, furthermore assume that Og satisfy (Hy). Let v > 2, and its initial data

Xo € LY(Q;H). Then, there exists a unique solution X € S4[to] of (SDI — TA). Let 2* = P, (0) be
the minimum norm solution, and for € > 0 let z. be the unique minimizer of Fx(z) £ F(z) + S ll||?

Suppose that 0o, € L2(Ry), and that ¢ : [ty, +oo[— Ry satisfies the conditions:

(Th) €(t) — 0 as t — 4o0;

(T») / o e(t)dt = +oo;

to

+o0o
<n>/§ £(t) (|22 — ||zogo|12) dt < +oo.

to
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Then the following holds:
+o0
(i) e(E[|| X (t) — z*||!]dt < +oo.
to
(i) limy 1 o0 [| X (t) — a*|| emists a.s. and supysy, || X (t)]| < +o00 a.s..

“+o0o
(iii) e(t) | X (t) — z*||* dt < +o0 a.s..
to

() s-limy_s ;oo X(t) = 2* a.s.

Proof. The existence and uniqueness of a solution X € Sy[to] follow directly from the fact that the
conditions of Theorem4.2.4 are satisfied under (Hp) and (H,). The only subtlety to check is that
sup;>4, |€(t)| < 400, but this can be assumed without loss of generality since e(t) — 0 as ¢ — +oo (it
might be necessary a redefinition of ¢g).

Our stochastic dynamic (SDI — TA) can be written equivalently as follows

{ dX(t) € —0F. (X (t))dt + o(t, X(£))dW (1), t > to; (SDIT)

X (to) = Xo,
*||2
(i) Let us define the anchor function ¢(z) = M Since 0g satisfy (H, ), there exists a stochastic

process U :  x [tg, +00[— H such that 9(t) € OF,1)(X(t)) as. for almost all t > ty. Using [to’s
formula we obtain

S(X (1)) :M—Fl/ttr(E(s,X(s)))ds—/t <1§(s),X(s)—x*> ds
_2

2 2 Ji, to
3 A U
+/t (0% (5, X (5)) (X(5) — ), dW (s)) . (4.24)
M,

Since X € S%[to] by Proposition 4.2.3, we have for every T > t¢, that

to te(to,T] to

g * *\ 12 *(2 oo 2
IE(/ lo* (s, X(s)) (X(s) — )| ds) SE( sup || X(t) — x| )/ os.(s)ds < +o0.

Therefore My is a square-integrable continuous martingale. It is also a continuous local martin-
gale, which implies that E(M;) = 0.
Let us now take the expectation of (4.24). Using that
0 < tr (S(s, X(5))) < o (5)
and (4.3) that we recall below

(y(t), X(t) — ") = e(t)p(X (1)) + 6(;) (e l? = ll=*[I) , (4.25)

where y : Q X [tg, +oo[— H is such that y(t) € OF,;)(X(t)) a.s., we obtain that

E(¢(X(t)))+/ e(s)E (¢(X (s))) ds

to
[Xo —a*|*\ 1 [t 1t
SE( =5 +5 [ ox(s)ds+ 5 [ () (|2"[]” = [lee(s)1?) ds.
2 2 Ji, 2 Ji,
According to our assumptions, we can write briefly the above relation as

E(6(X(1))) +/ e(s)E (¢(X(s))) ds < g(t), (4.26)

to
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with ¢ a nonnegative function defined by

. Xo — a*|? 1 [t 1/t )
mw¥E<”2’>+2/0Q@w+2/s@0xW—wwM%@
to to

which satisfies limy 4 g(t) = goo < +00.

Let us integrate the above relation (4.26). We set

t
wwﬁ/Eww@»m

to

We have 0(t) = E (¢(X(t))) and (4.26) is written equivalently as

o(t) + /t ta(s)é(s)ds < g(t). (4.27)
Equivalently . 0 o
S /t £(5)0(s)ds + /t c()0(s)ds < g(t), (4.28)
that is J . . . .
2 /t £()6(s)ds + =(t) /t £(5)0(s)ds < £(£)g(t). (4.29)

With m(t) £ exp ft'; e(s)ds we get

% <m(t) /to 5(8)9(5)d8> < e(t)m(t)g(t). (4.30)
After integration we get
¢ _ 1 t
/to e(s)f(s)ds < ) /to m'(s)g(s)ds. (4.31)

Since g is bounded by assumption (73), we get

supE[/tg(s)HX(s) - x*||2] ds < +00.

t>to to

Equivalently
+oo
/ E[|X (1) — 2*[?](t)dt < +oo.

to
The assumption (75) guarantees that the above inequality forces E [||X(t) —2*||?| to tend to zero.
Consider (4.24), we define

S e te(s . e t (s .
At as [ g s, and 000+ [ P P,
0 0

By (4.25) we have that U, > ftto e(s)p(X(s))ds > 0. We can rewrite (4.24) as
G(X (1) =&+ Ay — Up + M.

Since 0o, € L2([to, +-00[) and (73), then limy_, o A; < +00. Let us observe that, since X € S&[to]
by Proposition4.2.3, we have for every T' > t( that

T +oo
E (/ lo* (s, X(5)) (X(s) — x*)|2ds> <E ( sup || X (1) — :c*||2> / o2 (s)ds < +oo.

to t€lto,T) to

Therefore My is a square-integrable continuous martingale. It is also a continuous local martingale

(see [141, Theorem 1.3.3]), which implies that E(M;) = 0.

By Theorem 2.8.2, we get that lim;_, o || X (¢) — 2*|| exists a.s. and that lim; 1o Uy < +00 a.s..
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(iii) Using the lower bound we had on U, we obtain

+oo
/' (1) | X (1) — 2*] dt < +oo.
t

0
(iv) By the previous item, (75), and Lemma 2.6.2 we conclude that lim;_, . X (t) = z* a.s..

This completes the proof. O

4.4.2 Practical situations

We will consider situations where the three conditions (77), (7%) and (73) are satisfied simultaneously.
These are properties of the viscosity curve that we will now study. The difficulty comes from (75)
and (73) which are a priori not compatible. Indeed, (7%) requires the parameter £(t) to converge slowly
towards zero for the Tikhonov regularization to be effective. On the other hand in (73) the parameter
*H2

e(t) must converge sufficiently quickly towards zero so that the term (||z*||* — ||z ||?) converges to

zero fairly quickly, and thus corrects the infinite value of the integral of (t).

4.4.2.1 Quantitative stability of variational systems

Our first objective is to evaluate the rate of convergence towards zero of (||z*||? — [|zc||?) as ¢ — 0.
Using the differentiability properties of the viscosity curve is not a good idea, because the viscosity
curve can be of infinite length in the case of a general differentiable convex function, see [192]. To
overcome this difficulty, we assume that F' = f + g satisfies the T.ojasiewicz property (see (2.10)). This
basic property has its roots in algebraic geometry, and it essentially describes a relationship between
the objective value and its gradient (or subgradient). Once this is assumed, we will need tools from
variational analysis to conclude. More precisely, we will need the following two results that have been
obtained in [39, 36]. Recall from Section 2.5 the different notations and the notion of p-Hausdorff
distance for functions and operators.

Lemma 4.4.2 (|36, Proposition 1.2]). Let A, B : H = H be two mazimal monotone operators, then
(I +A)71(0) = |(I + B)~'(0)|| < 3hausj(r44)-1(0y (4, B).

In fact, in [36], it is shown that convergence of sequences of maximal monotone operators in the
bounded Hausdorff topology is equivalent the uniform convergence on bounded sets of the resolvents.
Lemma 4.4.3 ([39, Theorem 5.2]). Let f and g be proper lsc convex functions on H. To any

p > max(dist(0, epi f), dist(0, epig))
there correspond some constants k and pgy (that depend on p) such that

haus,(0f,0g) < k[haus,,(f, g)] 2,

The following proposition is new and is a consequence of the previous two results, since this is not
obvious, we are going to present the whole proof.

Proposition 4.4.4. Let f € T'o(H) be a function such that S # 0, and that f € EBP(S). Let also
2* = Pgs(0) and for € > 0, let z. be the unique minimizer of f-(z) = f(z) + 5||lz||*. Then there exists
Co,e* > 0 such that

1
|ze — x| < Coe?, Ve €]0,e”].
Consequently, there exists C' > 0 such that

|21 — [|ze]? < C=%, Ve €]0, %],
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Proof. We have that 1
Te + gaf(l'g) > 0,

that is
ze = (I +9p:) 1 (0),

where 1
Soad:e{g(f_minf)'
We have that ¢ increases to ts as € decreases to zero, and
z* = Pgs(0) = (I + Ns)~'(0).

Therefore
|z — 2*| = | (T + 9:) ™" (0) — (I + Ns) ™ (0)]].

By Lemma4.4.2 with A = dp,, and B = 0ts = Ng, we have that
| — & < 3haus, (D, Ns),
for p > ||2*||, where we used that haus, is increasing with p. Now, since
max(dist(0, epi ¢.), dist(0, epits)) < ||zl

we let p > ||z*]|, and in turn Lemma4.4.3 entails that there exist constants , pg > 0 (depending on
p) such that

N|=

|z — || < 3k[haus,, (e, ts)]2.

To complete our proof we just need to bound the right hand side. To that end, we use the EB?(S)
assumption. Since f € EBP(S), there exists ¢ > 0,7 > min f such that

f(z) —min f > pdist(z,S)?, Ve e [minf < f<r].

Since 15 > ¢ we just need to compute the excess function of (epipe),, on epits = S x Ry. We
have
ts(x) > pe(z) > gdist(x,S)p, Vo € [min f < f <r].
€

By Definition 2.5.1, we have

haus ts) = e((epi epits) = ma; min max(||x1 — r1—Trol).
po(‘Pa S) (( p SOE)PO? p S) x1€epig95ﬁp§(1:53,\r1\§po (22.70)ES xR X(H 1 2||7| 1 2’)

Besides, in inner minimization problem is bounded above by taking r; = ro. We then have

h < i — = dist S).
Wonlpets) S mox o minlles - ol = _mex,  disi(a1,8)

Now let g9 & r_?%f > 0 and consider € €]0, 9], then

1
P o1
max  dist(z1,S) < sup dist(z1,S) < <P0> er,
z1€eplpeNpoB z1€[f<poe+min f] 0

where we have used that ppe + min f < r and the hypothesis EBP(S) in the last inequality.

1
def

Let Cy = 3k (%0)%, then for e €]0, gg],

|z — 2*|) < Coe?.

On the other hand, since lim,_,y+ 2. = x*, then there exists €1 > 0 such that ||z.|| < 1+ ||z*||, for

every £ < 1. Let €] &1+ 2]|2*|, and we get

lz* 1 = llze|* < Cillwe — 2™, Ve €]0,e1].
_ 75 _



Chapter 4 4.4. Tikhonov regularization: Convergence properties for convex functions

Now letting e* def min(eg, e1), and C def CyC1, then we get
1
|2*))? = |Jz<||? < Ce?, Ve €]0, ).
O

Theorem 4.4.5. Consider the setting of Theorem j.4.1 and suppose that F' = f+g € EBP(Sg). Then

taking the Tikhonov parameter e(t) = & with

2p
2p+1’
then the three conditions (1), (T5), and(T5) of Theorem 4.3.2 are satisfied simultaneously. In particu-
lar, the solution X € Sylto] of (SDI — TA) is unique and X (t) converges almost surely (ast — +00)
in the strong topology to the minimal norm solution z* = Pgs,(0).

1>r>

Proof. It is direct to check (7' ) and (73). In order to check (73), let €* > 0 from Proposition4.4.4 and

1
T* = max(to, ()"], then we have

1
lz*))? = oy > < C—, V¢ > T
t2p
So
oo ot = gl (T I el 11 el
t tr B tr + N o .
0 to
I I

It is clear that I; is bounded (by T*t;"||z*||* for instance), hence (73) holds under the condition that
te1 C
/ — —dt < 400
* tr t2p

which is true when r + ;—p > 1. This in turn gives the condition 1 > r > 25%. O

4.4.3 Convergence rates of the objective in the smooth case

We are going to show global convergence rates in expectation in the smooth convex case, in order to
do that, it is worth citing a result from [27], where they deal with the deterministic case.

1
Take e(t) = 7 0 <r <1, tg > 0. The convergence rate of the values and the strong convergence

to the minimum norm solution is described below, see Attouch, Chbani, Riahi [27, Theorem 5].

1
Theorem 4.4.6. Take ¢(t) = o and 0 < r < 1. Let us consider (DI — TA) in the case where g = 0,
i.€.

() + Vf(z(t)+ L

t7x(t) =0. (4.32)

Let x : [to, +00[— H be a solution trajectory of (DI — TA). For e > 0 define f-(z) £ f(z) + Slll|?,
let x. be the unique minimizer of f., and consider the Lyapunov function

def 5(

E() ™ Joo (@(0)) — oo @an) + S 2 e(t) — e

2
Then, we have

(i) E(t) =0 <1> as t — +oo;

(i) £(o(t) ~min(£) =0 () a5 ¢ oc
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i) ||x(t) — x> = O L as t — +o0.
(t) tl—r

In addition, we have strong convergence of x(t) to the minimum norm solution, named x* = Pgs(0).

Moreover, if f € EBP(S)

1
o). urelo|
(iv) ||xz(t) — z*|* = tpl as t — +oo.
tl_f), ifre [

Remark 4.4.7. The last item of this already known Theorem is new and direct from our Proposi-
tion4.4.4.

Now we have the necessary tools in order to show our first result in this sense, this one summarizes
the global convergence rates in expectation satisfied by the trajectories of (SDI — TA) in the case where
g=0.

Let us consider the assumption:

f+H — R is continuously differentiable and convex with L-Lipschitz continuous gradient;
f € C?(H) or H is finite-dimensional;
S & argmin(f) # 0.
(H})

Theorem 4.4.8. Let f satisfying (H}), and also f € EBP(S), o satisfying (H,), and 0o € L2([to, +00])

and is nonincreasing. Let v > 2, and let us consider £(t) = ti, where 0 < r < 1, then we evaluate

(SDI — TA) in the case where g =0, and with initial data Xy € LY (Q; H), i.e.

dX(t) = —Vf(X(t))dt — %X(t)dt ot X(4)dW (L), t> to;
X(to) = Xo.

(SDE — TA)

Fore >0, let us define f.(x) o f(a:)+%||x”2, ze be the unique minimizer of f, consider the Lyapunuov
function

B(t2) ® (@) — fup () +

t
2w =zl

and for t1 > tg,

1—r t 3177‘
R(t) “ / e 02 (5)ds. (4.33)
t1

Consider z* & Ps(0). Then, the solution trajectory X € Sy[to] is unique, and we have that:
(i) R(t) =0 as t — +o0;

(#) Furthermore, we can obtain a convergence rate for R,

R(t) = O <exp(_ﬂ(1 ) o2 (“ 2* t)) .

Moreover, if 02,(t) = O(t™%) for a > 1, then R(t) = O(t"~%).
(11) E[E(t, X (t))] = O <1 + R(t))
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(iv) E[f(X(t)) — min(f)] = O (tlr + R(t)). Moreover if 02,(t) = O(t™%) for a > 1, then

(@) tal_r> , if a €]1,2r];
E[f(X(1) —min(f)] = { >
@) t”) , if a > 2r;

(v) B[|X(t) — z.pl*] = O (tl_r + t’"R(t)) , which goes to 0 as t — +oc if r €]0,1] . Moreover, if

o2, (t) = O(t~%) for a > max{2r, 1}, then

e}

1
@) t‘l_z’")’ if o €l max{1,2r},r+1[;
BIXE) - nl?l =
i -
tl—r
=7

if 02,(t) = O(t~%) for a > max{2r, 1}, then

1 1 1
B0 - 7] = 0 (5 + % + o )

1 1
(vi) E[|X(t) —z*|!] = O < + iz + t’"R(t)) , which goes to 0 as t — +oo if r €]0, 3]. Moreover,

In particular,

( 1 _
O tl—”>’ ifre #,1{,a>r+1;
1 ] T
E[|X(t) — 2|} ={ O t’")’ ifr e 0,#[,a>max{17%};
p d
it :
O ra—2r ) if r e ﬁ,l[,ae (max{Qr,l},min{r-q-l’%})'

Remark 4.4.9. The expression in (ii) goes to 0 as t — 400 since limy_, 1 to2 () =0 and r < 1.

Proof. The existence and uniqueness of a solution was already stated in Theorem 4.2.4.

The first item is a direct consequence of Lemma?2.6.4, for the second one we recall that
0o € L%([tg, +00[) and is nonincreasing, and we proceed as follows:

t1+t
71177“ g gl-r

1—r t sl—r
R(t)=¢ T-r e T o2 (s)ds + e T ﬁ et g2 (s)ds

where
tb t b
Doy (t) =e* / e ds.
0

As a corollary of an upper bound of the Dawson integral shown in [160, Section 7.8], we have that
2
Day(t) < —btl—b, 0<b<2,a>0,t>0,
a

thus we obtain

R(t) =0 (exp(—t’”@ —27)) + 1702 (“;t» ,

and limy_, 1 o t"0% (t) = 0, to show this, we recall that o2, is nonincreasing, then
t

0 <t (t) < 2/ o2 (u)du,
t

2
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and the right hand side goes to 0 as t — +oo since 0o € L2%([tg, +00[), thus we obtain that
limy, o0 to (t) = 0 (as mentioned in Remark 4.4.9), and this directly implies the desired.

The rest of the proof follows by using It6’s formula with ¢(t,z) = efttl %E(t,x), where either
f € C*(H) or H is finite-dimensional, in the latter case we use Proposition2.7.6. Then, taking ex-
pectation and following the calculus done in [27, Theorem 5|, we obtain the same results as in Theo-
rem 4.4.6 (or [27, Theorem 5]) up to the term R(t), therefore, this result could be seen as the stochastic
counterpart of the mentioned Theorem. O

Remark 4.4.10. Tikhonov regularization implies strong convergence of the trajectory to the minimal
norm solution, therefore, in the stochastic case you have to be careful in the tuning of the noise in
order to not break this convergence. In the almost sure sense, you can tune appropriately the Tikhonov

parameter without assuming more than oo, € L2([to, +00[), nevertheless, in expectation, you may

2

2, in order to obtain a useful convergence rate,

require a stronger assumption in general on the noise o
this is reflected in items (v) and (vi) of Theorem 4.4.8.
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Chapter 5

From First to Second Order Methods via
Time Scaling and Averaging

In this chapter, we aim to use the theory we developed in Chapter 4 and Chapter 5 for stochastic convex
minimization problems through the lens of stochastic inertial differential inclusions that are driven by
the subgradient of a convex objective function. This will provide a general mathematical framework
for analyzing the convergence properties of stochastic second-order inertial continuous-time dynamics
involving vanishing viscous damping and measurable stochastic subgradient selections. Our chief goal
in this chapter is to develop a systematic and unified way that transfers the properties studied for
first-order stochastic differential equations (Chapters 4-5) to second-order inertial ones driven even by
subgradients in lieu of gradients. This program will rely on two tenets: time scaling and averaging,
following an approach recently developed in the literature by one of the co-authors in the deterministic
case. Under a mild integrability assumption involving the diffusion term and the viscous damping,
our first main result shows that almost surely, there is weak convergence of the trajectory towards a
minimizer of the objective function and fast convergence of the values and gradients. We also provide
a comprehensive complexity analysis by establishing several new pointwise and ergodic convergence
rates in expectation for the convex, strongly convex, and (local) Polyak-Lojasiewicz case. Finally, using
Tikhonov regularization with a properly tuned vanishing parameter, we can obtain almost sure strong
convergence of the trajectory towards the minimum norm solution.

Main contributions of this chapter

» Almost sure weak convergence of the trajectory generated by the second-order inertial
SDI with a particular geometric damping, to the set of minimizers (Theorem 5.2.2).

» Global convergence rates of the values in expectation under smoothness of the objective
for the convex (Theorem 5.2.3), and Polyak-Lojasiewicz inequality case (Theorem 5.2.6).

» Fast convergence of the values in almost sure sense and in expectation under o > 3,

7(t) = ¢ and 8 = L5 (Corollary 5.2.5).

» Almost sure strong convergence of the trajectory generated by the second-order iner-
tial SDI regularized by a Tikhonov parameter, to the minimal norm minimizer (Theo-
rem5.3.1).

The content of this chapter is submitted in [147].
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5.1 Introduction

5.1.1 Problem Statement

Let us consider again the minimization problem

min F(z) = f(z) + g(x), (Z2)

where H is a separable real Hilbert space, and the objective F' satisfies the following standing assump-
tions:

f +H — R is continuously differentiable and convex with L-Lipschitz continuous gradient;
g :H — RU{+oo} is proper, lower semi-continuous (lsc) and convex;
S & argmin(F) # (.
(Hr)
Consider K a real separable Hilbert space. To solve (%), we will refer to Section 1.2 for the approach
that leads to the dynamic that we will study in this chapter, specifically the following stochastic
differential inclusion (SDI), which is the stochastic counterpart of (ISTHDyg):
dX(t) =V (t)dt
dV(t) € —y)V(t)dt — OF(X(t) + B)V (t))dt + o(t, X (t) + B(t)V(t))dW (t); (S —ISIHDys)
X(to) = Xo; V(to) =W.
This SDI is defined over a filtered probability space (2, F, {F:}i>0,P), where X, Vp € L¥(2;H) (for
some v > 2) are the initial data; the diffusion (volatility) term o : [tg, +oo[xH — Lo(K;H) is a
measurable function that satisfies (H,); and W is a K-valued Brownian motion (see definition in
Section 2.7). When g = 0, we recover the stochastic counterpart of (ISIHD) as the following SDE:
dX(t) =V(t)dt;
dV(t) = —{)V(t)dt — V(X (t)+ BRV()dt +o(t, X (t) + B#)V(t)dW (t); (S —ISIHD)
X(to) = Xo; Vi(to) =V

In this work, our goal is to provide a general mathematical framework for analyzing the convergence
properties of (S — ISITHDyg). In this context, considering inertial dynamics with a time-dependent
vanishing viscosity coefficient v is a key ingredient to obtain fast convergent methods. We will develop
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a systematic and unified way that transfers the properties of stochastic first-order dynamics studied
in Chapters 3-4 to second-order ones. Our program will then rely on two pillars: time scaling and
averaging, following the methodology recently developed by Attouch, Bot, and Nguyen in [17] in the
deterministic gradient case.

5.1.2 Other assumptions

Recall that our focus in this thesis is on an optimization perspective, and as we argued in the intro-
duction, we will study the long time behavior of our SDE’s and SDI’s (in particular (S — ISIHD) and
(S — ISIHDysg)) as the diffusion term vanishes when ¢ — +o00. Therefore, we recall that we assume
that the diffusion (volatility) term o satisfies:

su o(t,x < +00,
{ bisto mci 1ot ) s ()

lo(t,2") —o(t,z)us < lo |2 — =,

for some Iy > 0 and for all ¢t > to,z, 2’ € H. The Lipschitz continuity assumption is mild and classical
and will be required to ensure the well-posedness of (S — ISIHD) and (S — ISIHDyg). Let us also define
Oco : [to, +oo[— Ry as

0oo(t) = sup ||o(t, 7).
zeH

Remark 5.1.1. (H,) implies the existence of o, > 0 such that:
lo(t, 2)llfs = tx[S(t,2)] < o2,

for all t > tg, z € H, where X & o

For t9 > 0, let 7 : [to, +oo[— R4 be a viscous damping and denote:
def t
) = exp ([ 1(5)as)
to

{ ~ is upper bounded by a non-increasing function for every ¢ > to;

If

+o0 ds
to ﬁ < +00.

We define I : [tg, +00[— R4 by

+o0o s
P(t)  p(t) / pc(l) (5.1)

Remark 5.1.2. Let us notice that I" satisfies the relation IV = 4T" — 1.

We denote

The stochastic version of (GF) where f is smooth has been well studied and documented in Chapter 3.
Since we are going to show results in the smooth case, we rewrite (Hp) when g =0,

f:H — R is continuously differentiable and convex with L-Lipschitz continuous gradient;
S & argmin(f) # 0.

(Hy)
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5.2 From first-order to second-order systems

5.2.1 Time scaling and averaging

We apply a time scaling and then an averaging technique to the system (SDI) to derive an insightful
reparametrization of a particular case of our second-order system (S — ISTHDysg), specifically, the case
when 8 = I'. The main advantage of this method is that the results of (SDI) directly carry over
to obtain results on the convergence behavior of (S — ISTHDyg) without passing through a dedicated
Lyapunov analysis.

Let v > 2, s9 > 0. We consider the potential F' = f + g where g satisfies (H,). Let o1 be a diffusion
term in the time parametrization by s. We will study the dynamic (SDI) in s, starting at sg, with
diffusion term o7 under hypotheses (Hz) and (H,). Let o1, > 0 be such that

lo1(s, z)|lus < of., Vs> s, Va € H,
and o1 (s) & sup,eg [|01(s, 2)||us. We rewrite (SDI) adapted to our case,
dZ(s) € —OF(Z(s))ds + o1(s, Z(s))dW (s), s> so;
{ Z(s0) = Zo,
where Zy € L¥([so, +oo[; H).

Let us make the change of time s = 7(¢) in the dynamic (5.2), where 7 is an increasing function from

(5.2)

[to, +00o[ to [sg, +oo[, which is twice differentiable, and which satisfies limy_, o, 7(t) = +00. Denote
Y (t) ¥ Z(s) and to be such that so = 7(tg). By the chain rule and [159, Theorem 8.5.7], we have

{ dY (t) € —7'(OOF (Y (£))dt + /7 (O)or (r(£), Y (£))dW (L), t > to;

Y (to) = Zo. 5:3)

Consider the smooth case, i.e. when g = 0 and the hypotheses of Theorem 3.2.8 (f € C%(H) and
s+ sot_(s) € L!([so,+0cl)), then we can conclude the following convergence rates for (5.3) (when

g=0):

fY(t)) —minf =o (7_(1t)> a.s., (5.4)
and by Proposition 3.2.6 in the case 8 = 0,
E(f(Y(£)) — min f) = O (T(lt)> as., (5.5)

By introducing a function 7 that grows faster than the identity (7(¢) > t), we have accelerated the
dynamic, passing from the asymptotic convergence rate 1/s for (5.2) to 1/7(t) for (5.3). The price to
pay is that the drift term in (5.3) is non-autonomous, furthermore, when the coefficient in front of the
gradient tends to infinity as ¢ — 400, it will preclude the use of an explicit discretization in time. To
overcome this, we adapt from [17] the following approach, which is called averaging.

Consider (5.3) and let X,V : Q x [tg, +00[— H be two stochastic processes such that:
dX(t) =V(@)dt, t> to;
Y(t) =X@)+7)V(t), t>to; (5.6)
X(to) = Xo; Vi(to) = Vo,
where Y'(t) is the process in (5.3), and Xo, Vp € L(Q; H) is the initial data that is F;, —measurable.

This leads us to set Zj = Xo + 7' (to)Vp in order for the equations to fit. According to the averaging,
the differential form of Y'(¢) is

dY (t) = dX(t) + 7" )V (t)dt + 7' (t)dV (t).
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Combining the previous equation with (5.3), we have that
—7' ()OF (Y (t))dt + /7' (t)o1 (T t)dW (t) 2 dX (t) + 7" (t)V (t)dt + 7' (t)dV ().

Using that dX (t) = V(t)dt and dividing by 7/, we then have

1 1+7"(t)

o1(t(t), X () + 7 () V()dW (t) > ————=

S O.XO POV 5

Therefore, after the time scaling and averaging, we obtain the following dynamic:

—IOF (X (t) +7'(t)V(t))dt + V(t)dt + dV (¢).

dX(t) =V(t)dt, t> to;
dv(t) € -5L0V (1dt - OF(X(t) + 7' (H)V (1))t
o1 (), X(0) + 7OV (E)AW (1), t > to;
X(to) = Xo; Vi(to) =V

(ISTHD-S.1)

Let v : [tg, +oo[— Ry satisfying (H,). We are going to determine 7 in order to obtain a viscous
damping coefficient equal to v, i.e.,

W = 7(t).

Clearly, 7/ solves the following ODE in ¢
(=7C-1L

As observed in Remark 5.1.2, the function I' also satisfies the same ODE, and thus we can adjust the
initial condition of 7/ to obtain

'(#) = D(t) = p(t) / T du sy
T = = — = 10.
¢ pu
We then integrate and take 7(t) = so + ft u)du to get 7(tg) = sp as required. This is a valid

selection of 7 since t — sg + fto w)du is an increasing function from [tg, +oo] to [sg, +0o], twice
differentiable and T' ¢ L!([tg, +0o[) because T is lower bounded by a non-decreasing function since

is upper bounded by a non-increasing function (see [18, Proposition 2.2]) by (H,). For this particular
def o1 (7(t),1)

selection of 7, and defining 71 (¢,-) = ool we have that (ISTHD-S.1) is equivalent to
dX(t) =V(t)dt, t> to;
dV(t) € —y@)V(t)dt —OF(X(t) + T(t)V(t))dt + a1(t, X(t) + T()V(t))dW (t), t > to;
X(to) == X(]; V(to) == ‘/0
(ISIHD-S.2)
Clearly, (ISTHD-S.2) is nothing but (S — ISIHDyg) when =T and o = 6;.

In order to be able to transfer the convergence results on Z in (5.2) (via (5.3)) to X in (ISIHD-S.2),
it remains to express X in terms of Y only. For this, let

w1 o tau u
o g AOE [ atwn

Recalling the averaging in (5.6), we need to integrate the following equation
V(t)+a(t)X(t) = a(t)Y (t). (5.7)
Multiplying both sides by e*®) and using (5.6), we get equivalently

d (eA(t)X(t)) = a(t)eAOY (t)dt. (5.8)
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Integrating and using again (5.6), we obtain

t
X(t) = e DX (tg) + e AW / a(w)e* ™Y (u)du
t

0
t

= e AOY (1) + e A0 / a(w)e™Y (w)du — e A7 (1) V (to).
to

Then we can write .

X(@t) = [ Y(u)dpu(u) +&(2), (5.9)

to

where i is the probability measure on [tg, t| defined by
e e A6, 4+ a(u)er WA gy, (5.10)

where &, is the Dirac measure at to, a(u)eA =40 dy is the measure with density a(-)eA()=4®) with
respect to the Lebesgue measure on [tg, t], and () is a random process since Vj is a random variable,
1.€.,

£(t) E €(w, t) = —e D () Vo(w) Yw e Q. (5.11)

5.2.2 Almost sure weak convergence of the trajectory and convergence rates under
general v, and f =T

We here state the main results of this section. We start with a useful lemma and then show almost
sure convergence of the trajectory of (S — ISIHDyg) to a random variable taking values in the set of
minimizers of F. When g = 0, we also provide convergence rates.

Lemma 5.2.1. Under hypothesis (H.), then

JAE

to F(‘S) '

Proof. Let ¢(t) £ [ % since fto oy < oo, then limy0 q(t) = 0 and ¢'(t) = _Wlt)' On the
other hand

0 s o ooq/(t)_n - L
/to () / L0 = nlalto)) = Jim n(a(t)) = +ov.

O

Theorem 5.2.2. Let v > 2 and consider the dynamic (S — ISIHDs) with initial data Xo, Vp € LY (€; H)
that is Fy,—measurable, where v : [to, +oo|— Ry satisfies (H,), and f =T'. Besides, F = f + g and
o satisfy Assumptions (Hr) and (H,). Moreover, suppose that g satisfies (H)). Then, there exists a
unique solution (X, V) € S4. glto] of (S —ISIHDys). Additionally, if Too € L2([tg, +o0), then there
exists an Sp-valued random wariable X* such that w-limy_ 1o X () = X* a.s. and

w-limy 4o T'(6)V (¢) = 0. a.s..

def

Proof. Let 0(t) & ft w)du, 5(s,-) = a(071(s),)v/T(071(s)), and Goo(s) = sup,ep |6(s, 2)||us.
Then T'oy, € L2 ([to, +oo[) is equivalent to 6o, € L2(R;). Consider the dynamic:

{ dZ(s) € —9F(Z(s)) + (s, Z(s))dW (s), s> 0; (5.12)

Z(0) = Xo+ T(to)Va.

By Theorem 4.3.2, we have that there exists a unique solution (Z,9) € S4 x C1(Ry;H) of (5.12),
and an Sp-valued random variable X* such that w-lims_,~ Z(s) = X* a.s.. Moreover, using the time
scaling 7 = 6 and the averaging described in this section, we end up with the dynamic (S — ISTHDyg)
in the case where 8 =T.
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It is direct to check that the time scaling and averaging preserves the uniqueness of a solution
X, V) e 8% . lto]. Now let us validate (X, V) € S%_..[to]. Since
HxH HxH

E ( sup \Z(S)HZ’) < 400, VT >0,
s€[0,T]

we directly obtain

Thanks to the relation (5.9), the following holds

E( sup HY(t)H”> < +4oo, VT > to.
xl v ([xo - [ vodu

te(to,T)
. ) [ ]
<II£()H” o) / 1Y ) e >>

Let T' > to be arbitrary. Taking supremum over [tg, 7] and then expectation at both sides, we obtain

that
E ( sup || X (¢ H”) <v (E(H%H”)Hf(to)!l” + (T —to)""'E < sup HY(t)H”>> < oo,
te(to,T) te(to,T)
Since V(t) = M, we have

T'(t)
Vol < X0 )(IIY( N+ 11X @)

Similarly as before, we let T' > ¢y be arbitrary, and take the supremum over [¢o, 7] and then expectation
at both sides to obtain

1
E{ sup [[VOI" | v sup e {E( sup (Y@ +[X@N) ) |-
t€lto,T) te(to,T) ( ) te(to,T)

Since I' is a continuous positive function, by the extreme value theorem, we have that there exists

tr € [to, T] such that supycp, 1 F%(t) = % < 400, and we conclude that (X, V) € S, ylto]-

Now we prove that there exists an Sp—valued random variable X* such that
w-limy— 400 X (t) = X* a.s.. By virtue of Theorem 4.3.2, there exists an Sp—valued random variable
X* such that w-lims_, 1o Z(s) = X* a.s.. We also notice that we have directly w-lim;_, o Y (t) = X*
a.s.. Let h € H be arbitrary and use the relation (5.9) as follows:

o - xl < | (x0) - [ Yoo n)| + ([ @t - x00)

to to

([ () = X)), 1)

\+‘/to — X", hdpu(u)

= [{€(®), )| +

< el + / (Y () — X*, Bl e (u),

where the second equality comes from the dominated convergence theorem, since sup,~,, |[Y (s)|| < +o0
a.s. (by (ii) of Theorem 4.3.2).
Now let a(t) = ﬁ and A(t) =
the other hand, it holds that

t Y (w) = X*, h)|due(u) < e A OUY (o) — X*, )| + e / a(w)e ™Y (u) — X*, h)|du.

to

t

£ F( 7. By Lemma5.2.1, we have that lim; o0 l€@)| = 0 a.s.. On
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Now let b(u) = [(Y(u) — X*,h)|. Since we already proved that lim, . b(u) = 0 a.s., and we have
that a ¢ L!([tg, +oo[) by Lemma5.2.1, we utilize Lemma 2.6.5 with our respective a, b functions. This
let us conclude that
: - _
tlg_noo (X (t)— X*,h)| =0 a.s..
Thus, w-lim;_, 1 oo X (t) = X* a.s.. Finally, since
Y(t) = X(t) + T()V (1),
and the fact that X and Y have (a.s.) the same limit, we conclude that

w-lIimI'(£)V(t) =0 a.s..

t—+o00

In the smooth case, we also have convergence rates on the objective value and the gradient.

Theorem 5.2.3. Let v > 2 and consider the dynamic (S — ISIHD) with initial data Xo, Vo € L”(Q; H)
that is Fi,—measurable, and such that f and o satisfy (Hy) and (H,), and in the case where vy satisfies
(H,), B=T. Moreover, suppose that either H is finite dimensional or f € C*(H), and

t /O (1) 00 € L2([to, +00[),
where () = fti I'(u)du. Then the solution trajectory (X, V') € Sf ylto] is unique and satisfies:

E[f(X(t)) — min f] = O (max {e_A(t), I m (t)}) V> 1o,

e du — eA(u)
where A(t) < ft T(uy and we recall that I[F](t) = e AW ftz ﬁu) Ty du-

From hypothesis (T,) we have that lim;, o e™*® = 0, and since T' ¢ L!([to, +00[), we can use
Lemma 2.6.5 to check that limy oo [ [%] (t) =0.

Proof. We will utilize the averaging technique used in Theorem 5.2.2 and Jensen’s inequality. First,
we have

(¢ X(0) —min )= & (7000) — 1 ([ V() ) )+ (7 ([ Y ddua(a)) - min ).

to to
Let us recall that E(supg>( (| Z(s)]|) < 400, which implies that E(sup;>, [|X(t)[]) < +o00. We bound
the first term using the gradient convexity inequality on f to get

FX(0) — f ( Y(U)CM(H)) < IV @)D
< JE@NELIX @] + [VFO)])
< e <L§BF X @) + IIVf(0)||> ,

t

to

and we conclude that .

B (10x0) £ [ Yt} ) = 040,

For the second term, we use Jensen’s inequality to obtain

e (s ([ Y@dn)) ~ming) < [ 81506 (@)~ min a0

to to

to

< e OE[f(Y (to)) — min f] + e A® / t
to
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Since V0T oo, € L2([to, +00[) is equivalent to s — s52 (s) € LY(Ry), by Proposition 3.2.6 with 8 = 0,
we have that there exists C' > 0 such that E(f(Z(s)) — min f) < % Then, we have

B((Y (1)) ~min f) < .0

— min —.

— o)

Hence, there exists Cy > 0 such that

E (f(X(t)) — min f) < Coe 4O - C1 B] (t).

O

Theorem 5.2.4. Let v > 2 and consider the dynamic (S — ISIHD) with initial data Xo, Vo € LY (Q; H)
that is Fi,—measurable, and such that f and o satisfy (Hy) and (H,), and in the case where y satisfies
(H,), B=T. Moreover, suppose that f € C*(H) and

t = 0T ()05 (1) € L' ([to, +o00]),

where O(t) < ft I'(u)du. Then the solution trajectory (X, V') € Sy, ylto] is unique and satisfies

to
+oo
/ O(u)T (u)|[V £(X (1) + T(w)V ()| du < 400 a.s.. (5.13)
to
Proof. Consider (5.12) and the technique wused in Theorem5.2.2. We have that
t = 0T ()% (t) € L([to, +ocf) is equivalent to s + s52.(s) € LY(R;). Therefore, we can use

Theorem 3.2.8 to state that
“+o0o
/ s|Vf(Z(s))|?ds < +oo a.s..
0

Using the time scaling 7 = 0 and making the change of variable 6(¢t) = s in the previous integral, we

obtain
+00
/ OOTO|V (Y (1) |2dt < +o0  a.s.
to
Recalling that in the averaging we impose that Y = X +T'V, we conclude. O

5.2.3 Fast convergence under « > 3,7(t) = ¢ and j(t) = -5

In the following, we show fast convergence results in expectation.

Corollary 5.2.5 (Case ¢). Let v > 2,a > 3 and consider the dynamic (S — ISIHD) with initial
data Xo,Vy € LY (Q;H) that is Fy,—measurable, in the case where y(t) = ¢ and B(t) = =45 Besides,
consider that f and o satisfy (Hy) and (H,). Moreover, let f € C*(H) and t — t?050(t) € L?([to, +00[).
Then the solution trajectory (X,V) € Sk, glto] is unique and satisfies:

(i) f(X(t)) —min f = o(t™?) a.s..

(ii) E[f(X(t)) —min f] = O(t7?).
(i)

+o0 t 2
/ t3HVf <X(t) + a—lv(t)) H dt < +o0 a.s.

0

t,

2_ 42
212

Proof. Consider (5.12) with I'(t) = -5 and 6(t) = a1y Let G(s,+) = a(071(s),-)\/T(0"1(s)). No-
tice that ¢ — t2000(t) € L2([to, +o0[) is equivalent to s — 552 (s) € L*(R,). We apply Theorem 3.2.8
to deduce that
f(Z(s)) —min f = o(s™!) as..
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Using the time scaling 7 = 0 and then the averaging technique as in the proof of Theorem 5.2.2, we
have that
f(Y(t)) —min f = o(t™?) a.s..

Moreover, it holds that
t

X(0) = [ Y(u)dui(u) +£(0).

to
(i) Now we prove the first point in the following way:

e —ming) = (70000~ 7 ([ Yedmi)) )+ (5 ([ @) - min ).

to to
Let us bound the first term using the convexity of f:

2 (f(X(t)) y ( tY(u)dum)) < 2V X)W
< PleDIEIX D] + 190)])
< e (L sup | X(0)] + me)n) |

to

Let us recall that sup,s || Z(s)|| < 4+oc a.s.. Due to the time scaling and averaging, it is direct
to check that supys, | X(t)|| < 400 a.s.. On the other hand, [|£(2)]] = O(t'~*) a.s.. Therefore,
we have .
t2 (f(X(t)) —f </ Y(u)d,ut(u))> =0t %) a.s. (5.14)
to
Now let us bound the second term using Jensen’s inequality,

(7 ([ vt ) = min ) < ([0 ) min o)

to to

to—t ,
= O (Y (1)) — min ]
+ Ot‘a—__j /t w2 (F(Y (1)) — min f))du.

In order to calculate the limit of this second term, let a(t) = %2 b(u) = w?(f(Y (u)) — min f),
by Lemma2.6.5 we have that

a—1

t
lim /uo‘Qb(u)du:O a.s..

t—4oo to—1 to

Since a > 3, we also have that
a—3
t—+oo o3

/t ub(u)du =0 a.s.. (5.15)

Therefore, we conclude that

. 2 . _
tilgloot (f(X(t) —minf)=0 a.s..
(ii) By Theorem5.2.3 in the case y(t) = ¢, we have that e~ Al = 2~ 141=2 and 0(t) = ;(20%(2’ On
the other hand

ua—2

1 t
I-| () =2 —12t1_a/ =0t +t72).
3| 0= 21 [ 0wy
Since a > 3, we have that O(t!7%) is also O(t~?), and we conclude that

E(f(X (1)) —min f) = O(72).

(iii) This point follows directly from Theorem 5.2.4 in the case y(t) = .
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5.2.4 Convergence rate under Polyak-Ff.ojasiewicz inequality

In this subsection, we show a local convergence rate under Polyak-Y.ojasiewicz inequality.

Theorem 5.2.6. Let v > 2 and consider the dynamic (S — ISIHD) with initial data X, Vo € LY (Q; H)
that is Fy,—measurable, where f satisfies (Hy), and o satisfies (H,). Besides, f € P £,,(S) and suppose
that either H is finite dimensional or f € C%(H). Let also, v = \/2pn, B =T = \/%TH and such that

0 € L2([tg, +00]).
Then the solution trajectory (X,V) € Sf, mlto] s unique. Moreover, letting § > 0, then there exists

L:(; > to, K 5,C1, Cp > 0 such that:

t -+ 3ts — 4t

B0~ min ) < Kpe 80004 15 (£520

> + Vo, vt > s, (5.16)

where

L o2.(s)
I5(s) = =02 (s) + OIS e .
0 = 57l + i e

Besides, if f € P L,(S) holds on the entire space (i.e. © = +00), then we have that there exists
K, > 0 such that:

L _
E(f(X(t)) — min f) < K e~ 2710 4 ﬂago <t 4;0) .Vt > to, (5.17)

Proof. Consider the dynamic (S — ISTHD) with y=¢,3=T = %, where ¢ > 0 is a constant that will
be fixed later.

e t — ~ e _ —
Let us also define 6(t) & fto P(u)du = =2 and 6(s,-) L o(071(s),)/T(0~1(s)). Then
Ooo € L2([to, +00) is equivalent to o, € L2(R4). Now consider the dynamic:

{ dZ(s) =—=V[(Z(s)) + (s, Z(s))dW (s), s>0; (5.18)

Z(0) = Xo+(to)Va.
Let 6 > 0 and apply the result of Theorem 3.3.3, item (i) (with coefficient 1/2u), that is, there exists
§s > 0 such that for every X €]0, 1],
E (f(Z(s)) —min f) < e”*#CIE(f(Z(35)) — min f)

b6 (K% L o v

2 [0 (5.19)

ls(85 + A(s — &
n s(85 + (s — 8s))
21
where C, €7, Cy > 0 and the establishment of /5 are detailed in Section 3.3.

+ OV, Vs > §s,

Consider the time scaling 7 = 6, Y (t) = Z(6(t)) and 5 > t such that 0(t5) = 35 (i.e. t5 = cés+1tg),
we have that:
E (f(Y(t) - min f) < e 2#COSIR(f(Y (f5)) — min f)

1 e 2n(1-N)(0()35) % +CC- VS
e 5 1Coo (5.20)
n l5(85 + /\;i(t) - 36)) + Cf\/a Yt > tA(;.

Let a(t) = c and A(t) = c(t — t5). Now, we consider the averaging as in (5.8) but change the initial

condition to 5. Thus, we have
t

X(0) = [ ¥ (wdialu) + ) (5.21)
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where fi; is the probability measure on [ts,t] defined by

[y = e_c(t_gé)@gé + ce ) du, (5.22)
where 555 is the Dirac measure at {5 and
- w 1 .
(t) = ——e =)V (is). (5.23)
c

Then

(X (0) — min ) = & (7000) — 7 [ Yewdmiw) ) +2 (7 (

ts

t

Y(u)dut(u)> — min f) .

We can bound the first term using convexity and Cauchy-Schwarz inequality in the following way

E (f(X(t>) g ( A Y(u)dﬂt<u>)) < VE(VTEROPVENED)

£)12
< W\/MW(O)HQ +2L°E (sup HX(t)!P)ec(”“v

t

t>to
where E(sup;s;, | X (t)[|?) < +oo as mentioned in Corollary 5.2.5.
On the other hand, we can bound the second term using Jensen’s inequality and then (5.20)

t t

B (1 ([ Yedn)) ~ming) < [ B0 () - min f)din(

ts t
t
< [ e O S EB(f(¥ (dy)) — win f)df()

ts

b a1 0)—ss) [ LCA
+/ e~ (1= (6(w)=35) <2°° +C’lCoo\/3> djit(u)

t

Pl5(55 + AO(u) — 35))
+ /t o dfis(w) + CyV6

= (E( F(Y (i5)) — min f) + (L(;g" - clcoo\/5> - l‘é”) ec(t=ts)

1
t
+ CE(f(Y(tAé)) — min f)e_Ct / e_zﬂ(e(u)—éa)ecudu

is

t

LC? t .
—|—C< 200 +Clcoo\/5) e—ct/ e—Qu(l—)\)(G(u)—s(g)ecudu

t
+ ;ue_Ct/ l5(§5 + )\(Q(U) - §5))6cudu + Cf\/g, Vit > 7?5.
t

We bound the first integral as follows:
! 5 o, s 2
ect/ 672u(9(u)785)€cudu < BQM(?-i—s(;)eth‘
£,

And the second integral in the same way

t
e—ct/ o—20=N 00 =55) peu gy, < (2n(1-N)(10-+55) 2Ly
i,

To treat the third integral we are going to split the integral in two in order to find a useful convergence
rate. Let us recall that l5 € L'([3s, +oc[) and that ls is decreasing. Let us define

o . t+ts—2tg .
‘P)vc,é(t) d:f56+)\<2635 5
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then

ts+t

t
e [ 1555+ A0) — s)edu = e [ s+ A0) — da))e

ts ts

t
et [ 1G5+ M0) - 55)edu

5 t
2
c cts _et
< G 2 Coe™ 2 + l5(pres(t)).

Now that we have bounded all the terms, we have the following bound

VEQVEP) HVt(s B e
E(F(X(8)) - min f) < 2V (0 !!2+2L2E<sup\|X()|!2>e “(1~is)

+ (E(f(Y(f(;))—minf)+< LC% % 4 C1Cs f) ts (35)) eclt—ts)

+ cE(f(Y (t5)) — min f)e 2“<t0c 5+§5) o L (t—i5)

e (£ ) eriN ) sy
c( ) A
* i (icooe T ls(ore(t ))) +CpVe, V> i

Letting A = % and ¢ = 1/2u we obtain

E(f(X(t)) — min f \/7H\/2||Vf 0)||2 + 2L2E <SupHX( )H2>e—\/ﬁ(t—fa)

t>tg

+ <E(f(Y(£5)) — min f) + (L(; + CCro f) ;Z”) e~ V2ult=ts)

+VIRE(S(Y (7)) — min ) (Y
" @<L§go+clcoof> “(t +is) o= L2 (1—i5)

to

+5) —y/Zh(t—15)

_ VG-l ] )
+ 200 2 +ﬁ15(¢%7m75(t))+0f\/37 Vt > 5.
otts | a
Letting K, 5 o V220 ( o + CiCx \f) ( e +55) + 2C, we conclude that
E(f(X(t)) — min f) < K, ge~ 3" (= t6)+ﬁl5(¢1r5( )+ CpV3, Vit > is. (5.24)
O

5.3 From weak to strong convergence under general vy and =T

5.3.1 General result

We consider the Tikhonov regularization of the dynamic (S — ISIHDysg), i.e., for ¢t > 0,
dX(t) =V(t)dt;
AV (t) € —(t)V(t)dt —OF(X(t)+ B(t)V(t))dt —e(t)(X(t) + B(t)V (t))dt
+o(t, X(t) + BV (t)dW (t);
X(to) = Xo; Vi(to) =V

(S — ISIHDyg — TA)

We show some conditions (on v, 3, €, o) under which we can obtain strong convergence of the trajectory.
_ 95 _



Chapter 5 5.3. From weak to strong convergence under general v and § =T

Theorem 5.3.1. Consider that v : [tg, +oo[— Ry satisfies (H,). Besides, F' = f + g and o sat-
isfy assumptions (Hp) and (H,). Moreover, suppose that g satisfies (Hy) and let v > 2. Consider
(S — ISIHDng — TA) with 8 =T and initial data Xo, Vo € LY (Q; H) that is Fi,—measurable.

Then, there exists a unique solution (X,V) € Sy, glto] of (S —ISIHDng — TA). Additionally,
let 2% & Ps.(0) be the minimum norm solution, and for ¢ > 0 let xc be the unique minimizer of
F.(z) ¥ F(z)+ Sll@||?. If we suppose that Toos € L*([to, +00[), and that € : [to, +oo[— Ry satisfies
the conditions:

(T}) e(t) = 0 as t — 400;

(Ty) /+Oo e(t)T(t)dt = 4-o00;

to
+o0
(T3) /t e@®T(t) (Il — llze1?) dt < +oo.
0
Then s-limy_ 4o X (t) = 2* a.s., and |V ()| =0 (ﬁ) a.s..

def

Proof. Let so > 0, 0(t) < so + [, T'(u)du; &(t) = £(67'(t)); and 6(s,) = o(671(s),)/T(01(s)).
Then e satisfying (77),(75), and(73) is equivalent to & satisfying(71),(72), and (73). Besides,
Tos € L2([to, +00]) is equivalent to 6o € L%(R,). Consider the dynamic:

{ dZ(s) € —0F(Z(s)) —&(s)Z(s) + (s, Z(s))dW (s), s> so; (5.25)

Z(s0) = Xo+T'(to)Vo.

By Theorem 4.4.1, we have that there exists a unique solution Z € Sf[so], and that lim,_, o Z(s) = 2*
a.s. (Recall that 2* & Pg,(0)). Using the time scaling 7 = 0 and the averaging described at the
beginning of this section, we end up with the dynamic (S — ISITHDyg — TA) in the case where g =T
The existence and uniqueness of solution, and the fact that (X,V) € Sg, glto] goes analogously as in
the proof of Theorem 5.2.2.

Now we prove the claim, since limg_, 400 Z($) = x* a.s., this implies directly that lim;_, 1o Y (t) = 2*

a.s.. Besides, we have the relation (5.9), i.e.

X(t) = [ Y(u)due(u) +&(1),

to

where p; and £ are defined in (5.10) and (5.11), respectively. Consequently, we have

1) -1 < | x(0) - /t:Y(u)dut(U) /t:Y(u)dut(U) —a:*
t:Y(u)d/,Lt(u) -

.

< [lE@l +

Let a(t) = ﬁ and A(t) = fti %. By Lemma5.2.1, we have that lim;_,;~ [|{(¢)|| = 0. On the other
hand
‘ to

t

< Y (w) = 2| dpe (u)

[yt | = | [ o) - )t

to

to
t
= e A0y () — 2*|| + 4O / a(w)e ™Y (u) — 2*||du.
to
Let b(u) = ||Y(u) — a*||. Since we already proved that lim,_4 b(u) = 0 a.s., and we have that

a ¢ LY([to, +oc[) by Lemma5.2.1, we utilize Lemma 2.6.5 with our respective a, b functions. This let
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us conclude that .

Y (u)dpg(u) — x*

to

=0 a.s..

|
Thus, lim;—, 1o X () = 2* a.s.. Finally, since

Y(t) = X(t) + TV (1),
and the fact that X and Y have (a.s.) the same limit, we conclude that

tilglooF(t)V(t) =0 a.s.

5.3.2 Practical situations

We give some conditions when (77}), (75), and (T) of Theorem 5.3.1 are satisfied simultaneously.

Theorem 5.3.2. Consider the setting of Theorem 5.5.1 and suppose that F = f+ g € EBP(Sg) (recall

def

Definition 2.11). Let sg > 0 and denote 6(t) = so + fti) ['(s)ds, then taking the Tikhonov parameter
e(t) = GTl(t) with

2p
1>r> ,
=" 2p+1

then the three conditions (T)), (Ty), and(Ty) of Theorem 5.3.1 are satisfied simultaneously. In particu-
lar, for any solution (X,V) € Sf ulto] of (5.3.1), we get almost sure (strong) convergence of X (t) to

the minimal norm solution named x* = Ps,.(0) and that |V (¢)| = o <ﬁ>

Proof. We proceed as in the proof of Theorem 5.3.1 and arrive to the dynamic (5.25), since

- _ 1
(0 =<7 (1) = 1,

the proof goes as in Theorem 4.4.5. O

Let us consider the assumption:
f+H — R is continuously differentiable and convex with L-Lipschitz continuous gradient;
f € C?(H) or H is finite-dimensional;
S & argmin(f) # 0.

(H7)
Theorem 5.3.3. Let f satisfying (H}), and also f € EBP(S), o satisfying (H,), and
Too € L2([to, +0c[) and is nonincreasing. Let v > 2, and let us consider e(t) =  where 0 < r <1,

then we evaluate (S —ISIHDyg — TA) in the case where v satisfies (H,), g = 0, 8 =T, and with
initial data Xo,Vp € LY (Q; H) that is Fi,—measurable, i.e., for t > to,

dX(t) =V(t)dt;

av(t) =-—-—)V(t)dt—Vf(X(t)+T)V(t))dt —e(t)(X(t)+T )V (L))
+o(t,X(t) + L)V ()dW (t);

X(to) = Xo; V(to) =Vo.

(5.26)

Fore >0, let us define fo(z) & f(z) + Sllz||?, and let z be the unique minimizer of f-. Moreover, let

so > 0 and for s1 > so consider,

1—r

R(s) e~ / e o (07 ()T (0 (u))du, (5.27)
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where 0(t) & s + ftg D(u)du. Let also z* & Pg(0), A(s) & f:l %, and t; & 071(sy). Then, the

solution trajectory (X,V) € Sy, ylto] is unique, and we have that:
(i) R(O(t)) - 0 as t — +oo.

(i) Let 5(t) = T(t)o2,(t), then

R(O(1) = O <exp(—m(t)(1 — 2 + 0" ()5 (‘”*’29(’”)) .

Moreover, if (t) = O(072(t)) for A > 1, then R(A(t)) = O(072(1)).
Besides, we have the following convergence rate in expectation:
(iii) For the values, we have:
E[f(X(t)) — min(f)] = O (max{e~4®, [[](1)})
where hy(t) = 9%(15) + R(6(t)).
(iv) And for the trajectory, we obtain:

E[IX(t) - 2 [2] = O (max{e™4®, I[h](1)}) .
where hy(t) = 0""1(t) + 07 v (t) + 67 () R(A(t)).

Proof. We proceed as in the proof of Theorem 5.2.2 and define analogously &, €, we also consider the
dynamic (5.12). By Theorem 4.4.8 we obtain that

s1—T S 1T
R(s) = elr/ e 1= 52 (u)du,
S1
where 62, € L?([so, +00]), satisfies the following:
e R(s) = 0ast— +oo.
o R(s) = O (exp(—s"(1—27")) + 5762 (24£2)). Moreover if 62 (s) = O(s™2) for A > 1, then
R(s) = O(s"2).

And evaluating at s = 6(t) we obtain the first two items of the theorem. For the third and fourth
items we used that

e E[f(Z(s)) —min(f)] = O (;T + R(S)).

1 1
¢ EIZ0) - 7] = 0 (S 4+ 5TRG)).
sp
Then, proceeding as in the proof of Theorem 5.2.3, we obtain the desired results. O

Corollary 5.3.4. Consider Theorem 5.5.2 in the case where y(t) = ¢ for a > 1, (t) = ﬁ then we
have that:

1. If o2 (t) = Ot 22D for A > 1, and a # {14 2r,1 +2(A — 1)} , then
E[f(X(t)) — min(f)] = O (max{t_(a_l),t‘zrjt—Q(A—T)}) '
In particular, if a > 3

2. If 02 (t) = Ot~ 2(A+D) for A > max{1,2r}, and a # {3 — 2r, 1 + %, 1+22r—A)}, then

E[|X(t) -2} =0 (maX{t_(O‘_l)7t_2(1_7")’t_%7t—2(2r—A)}> _
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Chapter 6

An SDE Perspective on Stochastic
Inertial Gradient Dynamics with
Time-Dependent Viscosity

Our goal in this chapter is to solve convex minimization problems by means of stochastic inertial
differential equations which are driven by the gradient of the objective function. This will provide a
general mathematical framework for analyzing fast optimization algorithms with stochastic gradient
input. Our study is a natural extension of our previous work devoted to the first-order in time stochastic
steepest descent in Chapter 3 and those of Chapter 5 where we used time scaling and averaging. We
will then develop these results further by considering second-order stochastic differential equations in
time, incorporating a viscous time-dependent damping and a Hessian-driven damping with general
coefficients. To develop this program, we rely on stochastic Lyapunov analysis. Assuming a square-
integrability condition on the diffusion term times a function dependant on the viscous damping, and
that the Hessian-driven damping is a positive constant, our first main result shows that almost surely,
there is convergence of the values, and states fast convergence of the values in expectation. Besides, in
the case where the Hessian-driven damping is zero, we conclude with the fast convergence of the values
in expectation and in almost sure sense, we also managed to prove almost sure weak convergence of the
trajectory. We provide a comprehensive complexity analysis by establishing several new convergence
rates in expectation and in almost sure sense for the convex and strongly convex case.

Main contributions of this chapter

» Almost sure convergence of the gradient evaluated at the trajectory generated by the
second-order inertial SDE with a general viscous and geometric damping, to zero (The-
orem 6.2.7).

» Global convergence rates of the second-order inertial SDE in expectation under convex-
ity (Theorem 6.2.8), and strong convexity (Theorem 6.2.13).

» Fast convergence of the values in expectation under o > 3, y(t) = ¢ and B(t) = 0 + £o

¢
(Corollary 6.2.11).

» Tighter global convergence rates of the values in almost sure sense and in expectation
when the geometric damping is null, including the fast convergence case (Theorem 6.3.5).

» Almost sure weak convergence of the trajectory generated by the second-order inertial
SDE with a non-increasing viscous damping and a null geometric damping, to the set
of minimizers (Theorem 6.3.7).

The content of this chapter is submitted in [146].
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6.1 Introduction

Let us fix the framework of our study. We consider again the minimization problem

min f(x), (1)

zeH

where H is a real separable Hilbert space and the objective function f :H — R satisfies the following
standing assumptions:

{ f is convex and continuously twice differentiable with L-Lipschitz continuous gradient; (H,)
f

S & argmin(f) # 0.

Consider K a real separable Hilbert space. To solve (1), we will refer to Section 1.2 for the
approach that leads to the dynamic that we will study in this chapter, specifically the following SDE:

dX(t) = V(t)dt;
AV(E) = -V ()dt — VX () + BEV(E)dt + o(t, X (1) + BEV(E)AW(®); (S — ISIHD)
X(to) = Xo; V(to) =V

This SDE is defined over a filtered probability space (€2, F,{F;}+>0,P), where the diffusion (volatil-
ity) term o : [tg, +oo[xH — Lo(K;H) is a measurable function that satifies (H,), and W is a K-
valued Brownian motion. Where X, Vp € L”(Q;H) for some v > 2 are given initial data that is
Fi,—measurable. Besides, v and [ are parameters called viscous damping and geometric damping,
respectively. They are explained and discussed in more detail below.

Our goal is to provide a general mathematical framework for analyzing fast gradient-based opti-
mization algorithms with stochastic gradient input. For this, we will study second-order stochastic
differential equations in time, i.e., also involving acceleration, and whose drift term is the gradient of
the function to be minimized. In this context, considering inertial dynamics with a time-dependent
viscosity coeflicient is a key property to obtain fast convergent methods. Our study is related to two
recent works:

e On the one hand, it is a natural extension of Chapter 3 devoted to the first-order in time stochastic
steepest descent. Moreover, it extends Chapter 5, which studies second-order in time stochastic
systems with a particular geometric damping, to a focus on general geometric damping.

e On the other hand, we will rely on the Lyapunov analysis for the dynamic (ISTHD) done by
Attouch, Fadili, and Kungurtsev in [33]; and the one for (IGS,) done by Attouch and Cabot in
[18].
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Our objectives are largely motivated by recent analysis in the deterministic setting. In fact, the
dynamic (S — ISIHD) comes naturally as a stochastic version of (ISTHD). (ISTHD) is one of the most
recent developments regarding the use of gradient-based dynamic systems for optimization. We refer
to the Introduction for a deep insight on second order systems.

On stochastic differential equations. For the necessary notation and preliminaries on stochastic
processes, see [145, Section A.2]. Moreover, the existence and uniqueness of a solution of (S — ISIHD)
is discussed in Proposition 6.2.4.

Let us now present It6’s formula (Theorem 2.7.5) in the particular case of (S — ISIHD):
Proposition 6.1.1. [101, Section 2.3] Consider (X, V') a solution of (S —ISIHD) and W a K—wvalued
Brownian motion, let ¢ : [to, +oo[xHxH — R be such that ¢(-,z,v) € C*([tg, +0ol) for every z,v € H,
é(t,-,-) € C*(H x H) for every t > to. Then the process

Y(t) = ¢(t, X (1), V(1)),
1s an Ito Process, such that for all t > tg

t8¢ t
\ E(s,X(s),V(s))ds + /to (Vad(s, X(s),V(s)),V(s))ds

—/ (Vug(s, X (s),V(s)),7(s)V(s) + V(X (s) + B(s)V (s)))ds

to

Y(t) = Y(to) +

t (6.1)
+ / (0% (5, X () + B(s)V () Voih(s, X (5), V(s)), TV (5))

to

- ;/t tr[o(s, X (s) + B(s)V (s))o* (s, X (s) + B(s)V (s)) Vae(s, X (), V (s))]ds,

where V2 is the Hessian with respect to the double differentiation of v and o* is the adjoint operator
of 0. Moreover, if for all T > tg

T
* 2
E (/ lo* (s, X (s) + B(s)V(s))Vyo(s, X(s),V(s))]l ds) < 400,

to
t . . ‘ ‘ ‘
then fto (0* (s, X (s)+B(s)V(s))Vuo(s, X (s),V(s)),dW(s)) is a square-integrable continuous martingale
and

E < [ 1046 X6) + BV () 91605, X ), v<s>>,dw<s>>) 0 (6.2)

to

6.2 (S — ISIHD) with general v and f

In this section, we will develop a Lyapunov analysis based on [33] to study almost sure, and in ex-
pectation properties of the dynamic (S — ISIHD), when the parameters v and 8 are general functions.
This will allow to go much further and consider parameters not covered in Chapter 5 which exploits
the relationship between first-order and second-order systems. We will also apply our results to two
special cases: (i) vy is a differentiable, decreasing and vanishing function, with vanishing derivative, and
B is a positive constant; and (ii) v(t) = ¢, and B(t) = 70 + ? (with 70, 8 > 0). These cases are again
are not covered by results in Chapter 5.

Recall that our focus in this thesis is on an optimization perspective, and as we argued in the

introduction, we will study the long time behavior of (S — ISTHD) as the diffusion term vanishes when
t — +o0. Therefore, we recall that we assume that the diffusion (volatility) term o satisfies:

su o(t,z < +00,
{ P>ty zem |0 (t T)[|HS (Hy)

lo(t,2") —o(t,z)llns < lo [z’ — 2],
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for some Iy > 0 and for all ¢ > tg,z,2’ € H. The Lipschitz continuity assumption is mild and required
to ensure the well-posedness of (S — ISIHD).

Remark 6.2.1. Under the hypothesis (H,) we have that there exists o2 > 0 such that
lo(t. 2)lfs = te[2(t,2)] < 02, V>t Ve € H,
where ¥ & 50*. Let us also define o4 : [to, +00[— Ry as: 0oo(t) = sup,eg l|o(t, 2)||us.

Now, we follow with the hypotheses we will require over the damping parameters.

For t9 > 0, let 7y : [to, +oo[— Ry be a viscous damping, we denote

p(t) & exp < /tjv(s)d,s) . (6.3)

Besides, if
T ds
/to p(s) !
we define I : [tg, +oo[— R4 by
T(t) < p(t) / s (6.4)
t p(s)

Remark 6.2.2. Let us notice that I' satisfies the relation
"=~ —1.

Besides, there are some results that will require the additional following assumption (introduced in

[18]):
: 3 ,
there exists ty > to and m < 5 such that v(¢)I'(t) < m for every ¢t > ta. (HY)

For tg > 0, let 8 : [to, +oo[— Ry be a geometric damping that we will assume to be a differentiable
function. We will occasionally need to impose the additional assumption that there exists ¢q1,co > 0,
and t; > tg such that for every ¢t > ty:

B(t) < cy;
B/ M=y (1)B1+1 (Hp)

0] < e
We present a Lemma that will useful in this chapter.
Lemma 6.2.3. Let us consider the viscous damping function vy : [to, +oo[— Ry defined by ~v(t) = &
with r €]0,1[ and o > 1 —r, then:
(1) v satisfies (H,).
(i) T(t) = O(t").

(ii) v satisfies (H.).

Proof. (i) Let ¢ o 1= > 1, we first notice that after the change of variable u = cs' 7, we get
[e.e] 1 oo 1 1
/ exp(—cs'™)ds = - / ut=r e “du < +o0,
0 act-r Jo

since the last integral is the classical Gamma function (see e.g. [160, Section 5|) evaluated at
ﬁ, and this function is well defined for positive arguments, then (H.) is satisfied.
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(ii) Besides, by definition I'(t) = exp(ct'™") [ exp(—cs'~")ds. Using the same change of variable

as before, we obtain that

T 1
F(t) _ eXP(C : )anc <1 — T7Ct1r> . (65)

acl-r

By (iii) of Lemma 2.6.8 with a = ﬁ > 1 and = = ct'™", for every € > 0, there exists t; > t
such that for every t > ty:

|
T(f) < — 47,

ocl-r

iii) Moreover, if we restrict € €10, L1 there exists t; > to such that for every t > ¢;:
’ 20 y

Defining m as 1 + ¢, we have that m < %, and we conclude.

6.2.1 Reformulation of (S — ISTHD)

The formulation of the dynamic (S — ISIHD) is known as the Hamiltonian formulation. However,
it is not the only one. In the deterministic case, an alternative equivalent and more flexible first-
order reformulation of (ISIHD) was proposed in [33]. The motivation there was that this equivalent
reformulation can handle the case where f is non-smooth. Although we will not consider the non-
smooth case here, we will still extend and use that equivalent reformulation to the stochastic case.

Consider the dynamic (S — ISIHD), and let us define the auxiliary variable
Y(t)=X()+B)V(t), t>to.
We have that
dY (t) = dX (t) + B/ (t)V (t) + B(t)dV (t)

— —BOVFY()dt — (8() — v(BB(E) + 1) (W) dt + B (t,Y (1) dW ().
So we can reformulate (S — ISIHD) in terms of X, Y in the following way:
dX(t) =-— (%) dt, t> to;
aY (1) = —BOVAY (D)t~ (5(t) (B0 + 1) (XY dt - 8(1)o (e, Y (1)AW (D), 1 > 1o

X(to) = Xo; Y(to) = Xo+ B(to)Vo,
(ISTHD — Sg)
where the subscript 'R’ indicates that this is a reformulation. Moreover, we can reformulate

(ISTHD — Sg) in the product space H x H by setting Z(t) = (X(¢),Y(t)) € H x H, and thus
— DRr) can be equivalently written as
ISTHD — S b ivalentl i

{ dZ(t) = —BE)VG(Z(t))dt — D(t, Z(t))dt + 6(t, Z(t))dAW (t), t > to; -

Z(to) = (Xo,Xo+ B(to)Vo),
where G : Hx H — R is the convex function defined as G(Z) = f(Y), and the time-dependent operator
D : [tog, +oo[xH x H — H x H is given by
1

Dt Z) = ( (X — Y)) : (6.7)
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and the stochastic noise 6 € Mayo(Lo(K;H)) defined by

0 0
0 B(t)o(t,Y)
and W (t) = (Wy(t), Wa(t)), where Wy, Wy are two independent K—valued Brownian motions.

5(t,7) =

6.2.2 Existence and uniqueness of a solution

Proposition 6.2.4. Consider v > 2, Xo,Vy € LY(S,; H), f and o satisfying (Hy) and (Hy), respec-
tively. Consider also ~y satisfying (H.), and B satisfying (Hg). Then (S — ISIHD) has a unique solution
(X, V) e Shulto]-

Remark 6.2.5. Hypothesis (Hg) does not allow us to consider the case 8 = 0, nevertheless, this case
is well studied in Section 6.3.

Proof. We rewrite (S — ISIHD) as in the reformulation (ISTHD — Sg), we recall (6.6):
dzZ(t) = -=-pB@)VG(Z(t))dt —D(t, Z(t))dt + &(t, Z(t))dW (t), t > to,
{ Z(to) = (Xo,Xo + B(to)V),
Since 5(t) < c¢1, we have that —3(t)VG(Z(t)) is Lipschitz. Besides, since

B() —v(0B®) +1) _
A(t) =

we have that D is a Lipschitz operator. Then, using the hypotheses on ¢ we can use Theorem 2.7.4 and

conclude the existence and uniqueness of a process Z € Sy, y[to], this, in turn, implies the existence
and uniqueness of a solution (X, V') € Sf, ylto] of (S —ISIHD). O]

6.2.3 Fast convergence properties: convex case

To obtain properties in almost sure sense and in expectation of (S — ISIHD), we are going to adapt
the Lyapunov analysis shown on [33] for the dynamic (ISIHD).

To that purpose, let us consider ¢; > to, v, : [to, +oo[— Ry be fixed functions and let a,b,c,d :
[to, +00[— R be differentiable functions (on ¢y, +-00[) satisfying the following system for all ¢ > t;:

&(t) — b(t)e(t) <0,
—a(t)5(t) <0,
—a(t)y(t)B(t) +a(t)B'(t) + a(t) — c(t)* + b(t)e(t)B(t) =0, (Sup o)
b (t)b(t) + L8 <0, G
b (t)e(t) +b(t)(b(t) + () — c(t)y(t)) + d(t) =0,
L c(@)(b(t) + ¢ (t) — c(t)¥(t)) <0.
Given z* € S, we consider
E(t,2.0) = alt) (fla + B(t) — min(f)) + L [b() & — ") + el + e ot (69

Remark 6.2.6. It was shown in [3, Section 3.1] and [33, Lemma 1] that energy function £ with a,b, ¢, d
satisfying the system (Sq.c,q) is a Lyapunov function for (ISTHD) when ~(t) = ¢ (with o > 3) and
B(t) = 70—1— (with 49, 8 > 0), hence, useful to obtain convergence guarantees of that dynamic. We will
see that the same system (S, .. q) also covers the case of general coefficients v and /3, hence providing
insights on the convergence properties of (S — ISTHD) when one can find the corresponding functions
a,b,c,d.
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In the following proposition, we state different abstract integral bounds and almost sure properties
for (S — ISTHD), finally concluding with the almost sure convergence of the gradient towards zero.

Proposition 6.2.7. Consider that f,o satisfy (Hy) and (H,), respectively. Let v > 2, and consider
the dynamic (S — ISIHD) with initial data Xo, Vo € L¥(Q;H) that is Fy,—measurable. Consider also
v, B from (S — ISIHD) satisfying (H.) and (Hp), respectively, and a,b, c,d satisfying (Sqp.cqa). Finally,
we consider € the energy function defined in (6.8).

Then, there exists a wunique solution (X,V) € Sy, ylto] of (S—ISIHD).  Moreover, if
t s m(t)o2 (t) € L1 ([to, 400[), where m(t) < max{1,a(t),c2(t)}, then the following properties are
satisfied:

(i)

lim E(t, X (t),V(t)) exists a.s..

t——+o00
B(s)V(s)) —min f)ds < +00, a.s..
)V (s)|[?ds < 400, a.s..

(ii) [ (b(s)e(s) —a'(s

(i) [, a(s)B(s)|Vf(X(s))+
(iv) [ (b s)b(s) + 4 ) 1X (s) — 2*||2ds < +o0, a.s..

(v) [r c(s)(v(s ( ) = (s) = b(s) [V (s)]]ds < 400, a.s..

(vi) If b(t)e(t) — a'(t) = O(c(t)(v(t)e(t) — < (t) — b(t))), then

/tooo(b(s)c(s) — () (F(X(s)) — min f)ds < 400 a.s.
(vii) If there exists n > 0, > to such that
n <) (v(t)e(t) = <) = b)), n<a®)B(t), ~({t)<n, V>4
then limy o0 ||V ()] = 0 a.5., limy—o0 [V F(X ) +BEV )] = 0 a.5., and limy_yee [V (X ()] = 0

a.s..

N(f(X(s) +
(

Proof. The existence and uniqueness of a solution is a direct consequence of Corollary 6.2.4. Moreover,
applying Proposition 6.1.1 with £, we can obtain

E(t, X (1), V(1)) < E(to, X, Vi) — / (b(s)e(s) — () (F(X() + B(s)V(5)) — min f)ds

to

t (g
SIVSCE) + Vs~ [ (s + L5 ) 1x06) - a7 s
0 (6.9)

¢(s) = c()1()IIV (s)Pds + / (La(s)B%(s) + ¢(5))02 ()ds + M,

to

\O\

where
M = /tt<0*(57 X(s)+B(s)V(5))(a(s)B(s) V(X (s)+B(s)V (5))+c(s)[b(s) (X (s)—2") +c(s)V (5)], dW (5)).
0
Since sup;e(y, 1] E(|X®)|?*) < +00, SUP;ct. 7] E(|V(#)|?) < +oo for every T > tg, and a,b,c, 3 are
continuous functions, we have that M; is a continuous martingale, on the other hand, we have that
/t T (La(s)B82(s) + (s))o2 (s)ds < +oo.
0

Then, we can apply Theorem 2.8.2 and conclude that limy_, o, E(¢t, X (¢), V ()) exists a.s. and

° ft? —d(8))(f(X(s)+ B(s)V(s)) — min f)ds < +00 a.s..
* fto |vf( (5)) + B(s)V(s)]|?ds < +o0 a.s..
. fto ( (s) d(s ) | X (s) — 2*]|?ds < +o0 a.s..
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o j;io c(8)(y(s)e(s) — (5) — b(s))||V(s)]|?ds < +0 ass..
This let us conclude with items (i) to (v).

Let b(t) = b(t)c(t) — d/(t), and

1 [ TR (9) ~ min s

< | b(s)(f(X(s)) = f(X(8) + B(s)V(s)))ds + [ b(s)(f(X(s) + B(s)V (s)) — min f)ds

Using Descent Lemma, Cauchy Schwarz Inequality and Corollary 2.7:

17 < VEa ([ () + BV - minf)ds>é ([ i><s>||v<s>||2ds)é

to to
LBg

/ b(s) [V (s)]%ds + / T B()(F(X(5) + B(5)V () — min f)ds

If b(t) = b(t)e(t) — ' (t) = O(e(t) (y(t)e(t) — ¢ (t) — b(t))), we have that
/too b(s)|V(s)]|%ds < 400 a.s..
And we conclude with item (vi).

To prove (vii), in particular that lim;_,o |V (¢)|| = 0, we consider that if there exists n > 0, > tg
such that n < c(t)(y(t)c(t) — /(t) — b(t)), ¥t > t, then there exists Q, € F such that P(£2,) = 1 and

/ |V (w, s)||?ds < 400, VYw € Q.

to

Then, we have liminf; , [|[V(w,t)]|] = 0,Yw € €,. Let us suppose that for every w € €,
limsup,_, . [|V(w,t)]| > 0, then by Lemma 2.6.7, there exists § > 0 satisfying

0 = liminf ||V(w,t)|| < 6 < limsup [|V(w,t)||, Yw € Q,.
t—00 t—00

And there exists (tx)ren C [to, +00[ such that limy_, o tp = 400,
|V (w,t)]| >0, YweQ, and tpy1 —tp >1, VkeN

Let N; & ftl; o(s,X(s) 4+ B(s)V(s))dW (s). This is a continuous martingale (w.r.t. the filtration F;),
which verifies

E(||N¢||?) (/ lo(s, X(s) 4+ B(s)V (s ))H%{s ds> <E (/t:o aé(s)ds) < 400, Vt > tp.

According to Theorem 2.8.1, we deduce that there exists a H—valued random variable Ny, w.r.t. Foo,
and which verifies: E(||Noo||?) < +00, and there exists Q2 € F such that P(Qy) = 1 and

lim Ny(w) = Noo(w) for every w € Qu.

t—+00

def

Let wo € Qny = QnNQy (P(Qy) = 1) and the notation V() & V(wp,t), € € (0, min{1, %}) arbitrary
and recall that 7 < a(t)3(t),y(t) < n for every t > £. Let k' € N be such that tp > i, k > k' and
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t € [tg, tr + €], then

IV(#) = V{t)l* < 3@—%)/ '72(5)||V(5)||2d5+3(t—tk)/t IVF(X(s) + B(s)V (s)) ]| *ds

tg
+ 3| N — N, |12
t 3 t
< 3nP(t — ty) t 1V (s)|1*ds + H(t - tk)/t a(s)B()IVF(X(s) + B(s)V(s)) | ds
+ 3| N — N, |12

< 3i’e t ||V(s)||2ds+2€/t a(s)B(s)IIVF(X(s) + B(s)V (s))]|*ds
+ 3] Ny — Ny, |17

Now let k” € N be such that for every k > k",

o0

00 1 9
/ IV(s)[Pds < 5. | a(s)B($)IVFX(s) + B(s)V () [Pds < L sup [Ny — Ny |12 < <.
tg 9 9 t>tg 9
Then, we have that
2 52 AN/
W(t) =Vt <e< Z’W € [tk tx + €], k > max{k’, k" }.
For such ¢, we bound using the triangular inequality and obtain
0
VO 2 [IVE) | =1V = Vel > 5.
Now we consider
€62
HV( )|IPds > Z ||V )||Pds > Z T:—i_oo'
to k>max{k’ k' } k>max{k’ k'}
Which is a contradiction, then we conclude that liminf; o ||V ()| = limsup,_,, ||V (¢)|| = 0, a.s..

To prove the second part of (vii), 4.e. that limy_, ||Vf(X () + B(t)V(¢))|| = 0, we recall that there
exists 7 > 0, > to such that 7 < a(t)5(t), then there exists Q, € F such that P(€2,) = 1 and

/OO IVF(X (@, 5) + B(s)V (w, 8))|’ds < +00 Voo € O

to
So we have that

litrginf IVF( X (w,t)+ B(t)V(w,t))]| =0, VYweQ,.
Moreover, if we suppose that

limsup ||V f(X(w,t) + B(t)V (w, 1)) > 0,Vw € Qy,
t—o0
by Lemma 2.6.7, there exists § > 0, (tx)ren C [to, +00o[ such that limy_, oo tp = 400,
V(X (w,t) + Bt)V(w, tk))|| >0 YweQ, and tp1; —tp > 1, VkeN

Recall that by (Hg), there exists By such that S(t) < fy. Let € € (O,min{l, %}) arbitrary and
consider Y (t) = X (t) + B(t)V (t), let also k € N arbitrary and ¢ € [tx, tx +&]. Then, using Lemma 2.6.1
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and Jensen’s inequality we can bound as follows:
1Y (£) = Y (t)II” < 21X () = X () 1* + 218V (£) = BtV ()]
<2 / s+ 280llV (1) ~ Vil + 18() — Bt max{ [V O, [V () 1))?

<ot — 1) / 1V (s)]2ds

tg

2BV () — V(E)]| + 1B() — B(te) max [V IV ()2
<2t — 1) / 1V (s)2ds

tr
+ABIIV (1) = V() |I” + 418(2) — B(te) P max{||V (B)I, |V (t) 1}
By the previous point, we have that there exists Q, € F such that P(€2,) = 1 such that
oo
/ |V (w, s)||?ds < 400 Vw € Qy,
to

and k' € N such that for every k > k/, for all ¢ € [ty, t + €]:

e 1 3
/ IV (w,9)Pds < =, max{|[V(w, )], [V(w, te)l[} <1, [V(w,t) = V(w, tx)|* < :
te 6 1250

We consider an arbitrary wg € €, N, (P(2y N€,) = 1), and we let us use the abuse of notation
X(t) = X(wo,t),V(t) = V(wo,t), and Y (t) = Y (wo, t) for the rest of this proof.
On the other hand, § is continuous, so there exists & > 0 such that, if [t — tx] < §, then
B(t) — B(tx)] < &
Therefore, letting ¢’ = min{e,d}, we have that

2
IV (0) = VIO )P < LY ()~ ¥ (1)) < L% < O k> K1 € [ty 15+

Then, we obtain

IV @I = IV @) = VAT () = VY (ER)I = g,\ﬂf > KVt € [t tr + €.
This implies that

tyte’ tyte’ 52
/ IV £V (5))|Pds > Z/ IV F(V(s))|2ds > Z/ — oo
to k>k/ k> k>

Which is a contradiction, then we conclude that

lim inf ||V f(X(2) + BV ()] = limsup [VFX(E) + BEVD)] =0, as.
To prove the last part of (vii), we consider that §(t) < fy, then

IVFX@)I < VFAX®) + B8OV ) + VX)) — VFX({E) +BEVE))]

< [[VAX(@) + BV @) 4 LBol[V (B)]-
With this bound, we can conclude that lim;_, ||V f(X(¢))|| = 0 a.s.. O

The following proposition states abstract bounds in expectation of (S — ISTHD).

Proposition 6.2.8. Consider the setting of Proposition 6.2.7, then we have that:

(i) EGF(X(0) + BOV(D)) — min f) = O <<1t>) |

Moreover, if there exists D > 0, > to such that d(t) > D for t > t, then :
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(i) supgsy, B(|X (1) — 2*]%) < +oo.

2
(iii) E(V(5)|?) = 0 (1 i (t)).

(1)
. o [ 1 BOVIFRE B0 (1+5(0)
(i) E(f(X(1)) f)—0< {a(t), L })

Proof. To prove this proposition we are going to take expectation in (6.9). First, we are going to
bound the negative terms by 0, denoting Ey & &(t) + max{1, L} ftzo(a(s)ﬁz(s) + c2(s))o2,(s)ds, we
obtain that
EE&(t, X(t),V(t))) < Ep.

This implies that

e E(f(X(t) + OV () - min f) < Zb.

o E([Ib()(X(t) —2") + c(t)V(1)II?) < 2Eo.
If there exists D > 0, > to such that d(t) > D for t > £, then for t > t:

o E(|X(t) —a*|?) < 2.

D
e And also,
E(lV(®)[*) < 622<t) E([[6()(X (t) = 2*) + )V @)II7) + b* @B X (1) — 2*[)]
2 2E0b(t) 4F;, b2 (t)
< g (20 50 ) = (1475

e We bound the following term using the Descent Lemma
E(f(X(t)) — f(X(1) + BV (1) < BOVE(IV X (@) + BE)V DA VEV (0)]?)
+ 2ROV

Using Corollary 2.7, we have
B(/(X(8) - F(X(0) + BOV(L) < 50)v2LE(FX ) + BOV(D) — min Ny E(V )
+ 2 BOENVO)P)

J14 20 B2(1) (1 + 29
< 25,var W) D oLE, ( D )

Va(t) ) (1)
— 0 [ ax 4 PO V1) B2(t) (14 b%(1))
- a(t) ot) T )

Then, we notice that
E(F(X(8)) - min f) = E[f(X(8)) = F(X(t) + B}V ()] + ELF(X(E) + BOV (1)) — min f]

— 0 [ B(t) /1+0b2(t) B2(t) (1+b%(t) 1
a alty ) 7 c(t) Ta(t) [ )

O

The previous two propositions generalizes the results proved in [33] to the stochastic setting, and
is not restricted to the case v(t) = ¢. However, they lack practical use if we cannot exhibit a,b,c,d
functions that satisfy (S, .cq). Although we are not able to solve this system in general, in Corollaries
6.2.9 and 6.2.11 we will specify some particular cases for v and § where such functions a, b, ¢, d can be
exhibited to satisfy the system (S, p.c.q)-
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The following corollary provides a specific case where a solution to the system (S,;.q) can be
exhibited, which was not discussed in [3, 33]. Moreover, we show the implications it has on the
stochastic setting.

Corollary 6.2.9 (Decreasing and vanishing ~, with vanishing +' and positive constant f3).
Consider the context of Proposition 6.2.7 in the case where B(t) = > 0, v satisfying (H.), such that
it is a differentiable, decreasing, and vanishing function, with lim;, o' (t) = 0, and satisfying (H).
Let b €]2(m — 1), 1], then choosing

_ D)) — )

alt) 1= pBy@t)
b(t) = b,
c(t) = T(t),

d(t) = b(1 - b),

there exists t > to such that the system (Sqp.c.a) @5 satisfied for every t > t.
Given x* € S and 0o be such that t — T(t)oso(t) € L%([to, +0[), then the following statements
hold:
(i) [,7°T(s) (f(X(s)) = min f + [[V(s)|]?) ds < +00 a.s..
(i6) Ty oo [V XD + IV =0 as..
(iii) B(F(X(t) = min f + |[V()]2) = O (v ).
Remark 6.2.10. When ~(t) = ¢ with o > 3 and to(t) € L?([to, +0o0[), the previous corollary

ensures fast convergence of the values, i.e., O(t72). Besides, by Lemma 6.2.3, when () = & with
r €]0,1[,a > 1 — 7, and t"0(t) € L%([to, +00]), the previous corollary ensures convergence of the
objective at a rate O (t_z’"). The latter choice indicates that one can require a weaker integrability
condition on the noise, compared to the case y(t) = ¢ (a > 3), but at the price of a slower convergence

rate.

Proof. We start by noticing that since v is decreasing, by [18, Corollary 2.3] we have that I'(¢) is
increasing and y(¢)I'(t) > 1, for every ¢t > tg. Also, it is direct that with a fixed 5 > 0 we satisfy (Hp).

Letting b €]2(m — 1), 1] and ¢; > tg such that 5 < ( 73> this 1 exists since ¢ — A/( j is an increasing
function. We choose c(t) = I'(t), by the fifth equation of (S,4.q), we get that d = b(1 — b), and
the fourth equation is trivial. The third equation implies that a(t) = %ﬁ?&bﬁ) and the choice of g

implies that the second equation is satisfied for ¢t > ¢1, since 8 < 7( " < (t) ['(t) for every t > t;.
By the definition of ¢(¢) and the fact that b < 1, we directly have that the sixth equation also holds.
We just need to check the first equation, to do that we can see that this equation is equivalent to

D)~ #)(1 - B5(0) + BT — 887/ (0
- m@OP =i

which in turn is equivalent to the following:

20T (1) — BB (t) — 28v()T(OT' (1) + by ()T (1) + BT ()Y () — bB*T (1) (1)
< BI(t) — 268y ()T (t) + bB%~°T(t). (6.10)
By (H), there exists t2 > to such that y(¢)I'(t) < m and I''(t) < m — 1 for every t > 2. Note that the
terms bB%y(t)[V(t), —2bB~(t)['(t) are upper and lower bounded by constants. Since the terms
—2By(OT O (2),  —BOI'(t),  BU2(6)y'(¢),
are negative, and b3%y2T(t) is positive, if we could prove that there exists t3 > max{to,t1,t2} such
that

—bp*y/(t) < b—2I'(t)
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for t > t3, this would imply that there exists £ > t3 such that (6.10) holds for every ¢t > ¢. In
fact, we see that the previous inequality holds for ¢ large enough (i.e. there exists such a t3) since
lims_, 1 oo —'(t) = 0 and the fact that 2(m — 1) < b implies that b — 2I"(¢) > 0. Thus, we have checked
that the proposed a, b, ¢, d satisfy the system (S, .. q) for ¢ > t.

The rest of the proof is direct from replacing the specified a, b, ¢, d,, 8 functions in Propositions
6.2.7-6.2.8, and the fact that for ¢ large enough, bI'(t) —a'(t) > (b—2(m—1))I'(t) — Cj, for some Cy > 0,
that limy_, 1 ['(t) = 400, and also a(t) > T2(¢).

O

The following result gives us another case in which we can satisfy the system (S, q). This gener-
alizes to the stochastic setting the results presented in |3, Section 3.1] and |33, Lemma1|. Besides, it
ensures fast convergence of the values whenever t — too(t) € L2([tg, +00[).

Corollary 6.2.11 (v(t) = ¢ and B(t) = v + %0) Consider the context of Proposition 6.2.7 in the

«

case where y(t) = ¢ and B(t) = o + %, where o > 3,79 > 0,80 > 0. Then choosing
a(t) = 12 <1 n (a _ b)yot — Bolar +1 — b)) ,
t2 — ayot — Bo(a + 1)
b(t)=be (2,a—1),
cot) =t,
d(t)

t
bl — 1 —b),

the system (Sqp.c.a) s satisfied.
Given % € S and 0 be such that t — tos(t) € L2([tg, +00[), then the following statements hold:
(i) [7°° s (F(X(s)) —min f + [[V(s)]|?) ds < +00 a.s..
(1) Ty 00 [[VF(X @)+ V(D) = 0 a-s..
(i) E(f(X(#)) —min f + [V (1)]]*) = O (3)-

Proof. Direct from replacing the specified a, b, ¢, d, v, 5 functions in Propositions 6.2.7-6.2.8, and the
fact that for ¢ large enough bt — a/(t) > @, and also a(t) > 2,0 < v < B(t) < v + % O

Remark 6.2.12. We can use the choices for a,b,c,d presented in Corollaries 6.2.9 and 6.2.11 in
Propositions 6.2.7 and 6.2.8 to obtain additional integral bounds, almost sure and in expectation
properties of (S — ISIHD). We leave this to the reader.

6.2.4 Strongly convex case

In the following theorem, we consider the case where the objective function is strongly convex and we
present a choice of parameters v and § to obtain a fast linear convergence to a noise dominated region.

Theorem 6.2.13. Assume that f : H — R satisfies (Hy), and is p-strongly convez, p > 0, and
denote x* its unique minimizer. Suppose also that o obeys (H,). Let v > 2, consider the dynamic
(S — ISIHD) with initial data Xo € L¥(Q;H) that is Fyy—measurable. Consider also v = 2./, and a
constant B such that 0 < g < ﬁ Moreover, suppose that oo is a nonincreasing function such that
0o € L2([to, +00[). Define the function € : [tg, +oo[xH x H — Ry as

£(t,,0) 2 f(a + Bo) — min f + L |l —a%) + ol

Then, (S — ISIHD) has q unique solution (X,V) € Sy, ulto]. In addition, there exists positive constants
My, My such that

t=to) 4 Mle_%(t_to) + Moo <
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Chapter 6 6.3. (S — ISIHD) with general v and g =0

Let © : [to, +oo[— Ry defined as O(t) = max{e "3 10 o (H50)}. Consequently,
E(f(X(t)) —min f) = O(©(t)),
E(|X(1) - 2*|*) = 0(e(t)),
E([V#)*) = 0(e)),
(VA X )7 = 0e(1)).
Proof. Using Ito’s formula with &, taking expectation and denoting E(t) < E(£(t, X (t),V (1)), we
have
E(t) < E(ty) — /tt gE(s)ds — tt C(s)ds + (LB* + 1) /tt o2 (s)ds,
where

C(t) ™ BIVFX(0) + BV + BVRVIX(D) + BV(0), V() + L8+ )V (1)
B/ () — 2t V) + Y x ) ot 4 v )P

It was proved in |33, Theorem 4.2] that under the condition 0 < g <
nonnegative function. Therefore, we can write the following

ﬁ we obtain that C(t) is a

E(t) < E(tg) — \F E(s)ds + (LB* + 1) /t o2 (s)ds.

to to
We continue by using Lemma2.6.6, to do thls, we need to solve the following Cauchy problem:
Y/(t) ==Y () + (LB + 1ok (1),
Y(tﬂ) = g(t07X07‘/0)‘

Using the integrating factor method, we deduce that for all ¢t > ¢q:

Y(0) = Y(w)e 070+ (L6 + e / 7502 (5)ds

t0+t

to+t ¢
< Y(t)es 0=t 4 (LA + 1) 5t ( / L0 (s)ds + / e“fsago(s)ds)
to

i

<Y(to)e

Flars 0+ (B0) + 0+ e F

= 0(0(t)).
By Lemma2.6.6, we conclude that E(t) = O(O(t)), immediately we observe that
E(f(X(#) + BV (1)) — min f) = O(O(?))
E(|va(X(t) —a*) + V(©)?) = 0(e(1))
(IX(t) — 2" + BV(®)I*) = O(O(t)), since 8 # =

(B < f) then E(|| X (t) —z*||?) = E(|V(1)||?) = O(O(t)), on the other hand, using Lemma 2.3.2 and
Lemma 2.7, E(f(X(t)) — f(X(t) + BV (t))) = O(O(t)), thus,

E(f(X(t)) - min f) = E(|VF(X(1)]*) = O(6(1)).

By the strong convexity of f, we have that E

6.3 (S — ISIHD) with general v and =0

In this section we are going to study properties of the dynamic (S — ISTHD) in expectation and in
almost sure sense, when the parameter v is a general function and 5 = 0. The noiseless case and under
deterministic noise is well documented in [18].
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Consider the dynamic (S — ISTHD) when 8 = 0. This dynamic will be a stochastic version of the
Hamiltonian formulation of (IGS,) and it will be described by:

dX(t) =V@)dt, >ty
AV (t) = -V (t)dt — V(X (t))dt +o(t, X(t))dW(t), t> to; (IGS, - 5S)
X(to) =Xo; Vi(to) =M.

The main motivation for a separate analysis is that, in Section 6.2 we consider hypothesis (Hz) to

establish the existence and uniqueness of a solution, from which, the rest of the results follow. This
hypothesis is incompatible with the case § = 0.

We will demonstrate almost sure convergence of the velocity to zero and of the objective to its min-
imum value, under assumptions that are satisfied for y(t) = &, with » € [0,1],a > 1 —7. Additionally,
we will show that for this particular choice of 5, we can obtain almost sure (weak) convergence of the
trajectory.

6.3.1 Minimization properties

Let ~ satisfying (H), and let us define for ¢ > 0,

p(t)
c+ fti) p(s)ds‘
Remark 6.3.1. We can deduce that A, + A2 — v\, = 0. Besides, since p ¢ L!([tg,+0oc[), then
Ae ¢ L([to, +00]).
Theorem 6.3.2. Assume that f and o satisfy assumptions (Hy) and (H,), respectively. Letv > 2, and
consider the dynamic (1GS, — S) with initial data Xo,Vy € LY (Q; H) that is Fy,—measurable. Then,

there exists a unique solution (X,V) € Sk ulto] of (IGS, —S). Additionally, if 0o € L%([to, +00[),
then

Ac(t) =

+o00
| TVl < oo as.

to

Moreover, suppose that

there exists t > to, and ¢ > 0 such that y(t) < \.(t) Vt > 1, (Hq)
and
+oo
/ A(8)|[V(5)[2ds < 400 as. (H,)
to

Then the following properties are satisfied:
(i) [,7°° Ae(s)(f(X(s) — min f)ds < 00 a.s..
(1) limss1 00 |V ()] =0 a.s. and limy_s4 o f(X(¢)) —min f =0 a.s..

Proof. If we define Fy : [to, +oo[xH x H — H x H, Gy : [to, +oo[xH x H — L2(K x K;H x H) defined
by
Ok Ok.
Fy(t,z,v) = ! , Go(t,z,v) = GH TG
—y(t)v — V f(z) Oxm  of(t, )

Let W be a K x K-valued Brownian Motion and Z(t) = (X (t),Y (t)), then (IGS, —S) can be equiva-
lently be written as

{ dZ(t) = Fy(t, Z(t))dt + Go(t, Z(t))dW (t);
Z(to) = (X07 VO)
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Then the existence and uniqueness of a solution of (IGS, — S) is a direct consequence of Theorem 2.7.4
in the product space H x H.

Let z* € S and ¢¢ : (z,v) — R defined by ¢o(z,v) = f(x) — min f + @, by Ito’s formula,
Theorem 2.8.2 and the fact that o2, € L2([tg, +0o[) we obtain that ftjoo (s)[|[V(s)||?ds < +oo a.s.,

and that N
. . Vit
tilgloof(X(t)) —min f + 5

exists a.s.. (6.11)

Moreover, if we assume the hypotheses (H,) and (H;), then:

(i) Let o* € § and ¢ : (t,z,v) — R defined by ¢(t,z,v) = W + (f(z) — min f).
LConsider t the one defined in the statement, by Itd’s formula from ¢ to ¢, we have

A (X () —2*) + VB)II* _ () (X (E) — %) + V(D)

f(X(t)) — min f + F(X () — min f +

2 2
+ /t Ac($)A(8) [ X (5)) = @[ = v DIV (5)II* = Ac(O)(VF(X (5)), X (5) — a¥)]ds

t

+/£ /\c(t)HV(S)Hz+tr[2(8,X(8))]d8+f (Ae(8)(X(s) = 27) + V(s)]o™ (s, X (s)), dW (s)) .

t

My
By the hypotheses, we have that

+00 +oo
/f (AC(S)HV(S)HQ+tr[2(s,X(s))])ds§/{ eIV (3) 2 + 02, (s)) ds < +o0  a.s.

Besides (Mt)tzi is a continuous martingale. Moreover, by convexity of f and the fact that
AL(t) <0, Vvt > ¢, we have

/1E Ac()Ne() X (5)) = 212 = DIV () 1* = A (VF (X (5)), X (5) — 2*)]ds

¢
< _/g Ae(8)(f(X(s)) — min f)ds.
Then, by Theorem 2.8.2,

/:Oo Ac(s) (f(X(s)) — min f +

and limy_ o0 f(X(¢)) — min f + H’\C(t)(X(t);m*)JrV(t)Hg exists a.s..
(i) Recalling that A. ¢ L'([tg, +00[), by Lemma 2.6.2, (6.11) and (6.12), we conclude that

i £(x(0) —min g + OE g

IV (s)]I?
2

> ds < +o00 a.s., (6.12)

O

Corollary 6.3.3. Consider the contest of Theorem 6.3.2 with v(t) = £, where r € [0,1] and a > 1.
Then (H,) and (Hy) are satisfied and thus the conclusions of Theorem 6.5.2 hold.

Proof. o We will prove the case r = 1 first, since it is direct, in such case, letting ¢ = at—ﬁl we have

that A(t) = @=L, which satisfies (H,), moreover, A(t) = 2t1(t), so (H,) is also satisfied.
t asl—"
e Let r €]0,1], ¢ = fooei“ds. Instead of proving y(t) < A:(t), we will prove the equivalent

eatO7
inequality ﬁ < A
Lemma 2.6.9):

Ok In fact, by a change of variable we have that (see notation of I, in

T

1 _ (1—r)T-—r I « per)
Ac(t)t = \1l—r

al-r
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Moreover, by the first result of Lemma 2.6.9 we have that

L _(1=r\Tre
th(t) — \ « a T oty(t)

where the last inequality comes from the fact that 1 — r < a. Moreover, by the second result of

Lemma 2.6.9, we obtain that:

1

. R L ast — +oo
1—r tA(t)  ty(t)’ '

This implies that for every ¢ €]0, 1] there exists ¢ > tg, A. > 1 such that A\.(t) < Ay(t) for every
1
t>t (A8 = (%) e (115)>7 this implies (Hy).

O

Remark 6.3.4. Finding all (or at least a larger class of) continuous functions v that satisfy (H,) and
fow which one can prove (Hy) in general is an open problem.

6.3.2 Tighter convergence rates of the values

In order to illustrate the context of the following result, it is useful to mention that if y(t) = %, then
Theorem 6.3.2 gives us minimization properties in the case o > 0. However, it is widely known in
the continuous deterministic setting (IGS,) with such v and o > 3, then the values converge at the
rate o(1/t%) (see [18, 37]). Based on [18], we will depict that effect for a general v in the continuous
stochastic setting.

We will rephrase assumption (Hy) on the objective f to:
f is convex and continuously differentiable with L-Lipschitz continuous gradient;
f € C?(H) or H is finite-dimensional; (H?%)
S < argmin(f) # 0.

(H%) coincides with (Hy) in the infinite-dimensional case, but is weaker than (Hy) when H is finite-
dimensional.

Theorem 6.3.5. Assume that f,o and v satisfy assumptions (H}), (Hy) and (H,)-(H)), respec-
tively. Let v > 2, and consider the dynamic (1GS, — S) with initial data Xo,Vy € LY(Q;H) that is
Fi,—measurable. Then, there ezists a unique solution (X,V) € Sk, ylto] of (IGS, —8), for every
v > 2. Additionally, if Tos € L2([tg, +00[), then:

(i) [7°T@OF(X () —min f + [V(1)[|2)dt < +00 a.s..
ﬁUj1X@»—qmnf+HVUw2:o<ﬁb)aﬁu

(i) BUX () —min f+ [VOI) = 0 ()
Moreover, assume that T' ¢ L ([to, +o0|), and let 0(t) = ftto [(s)ds. If also 0% € L([tg, +oo[), then:
(iv) [/ v(®0@)[V(£)]2dt < +oo as..

(0) FX(@) = min f + V)2 =0 (5l ) as.
(i) B(F(X (1) —min f + [V (5)) = O (min{ff%(ffi’ 7 m}) -

Remark 6.3.6. The claim (ii) is new even in the deterministic case (i.e. o(-,-) = Ogm). According

to the first three items of the previous theorem, the conclusions of Remark 6.2.10 are also valid, this
(0%

is that when () = ¢ with @ > 3 and too(t) € L*([to, +00]), the previous theorem ensures fast
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convergence of the values, i.e., O(t~2) in expectation and o(t2) in almost sure sense. Besides, by
Corollary 6.2.3, when v(t) = & with r €]0,1[,a > 1 — 7, and "0 (t) € L*([to, +00[), the previous
theorem ensures convergence of the objective at a rate O (t_Q”) in expectation and o (t_Q’”) in almost
sure sense, moreover by (v) the convergence rate is actually o (t_(’”rl)) in almost sure sense, which
is faster than o (t72"). Regarding (v), this can be seen as the extension of [18, Theorem 3.6] to the

stochastic setting.

Proof. (i) Let m < 2 and ¢, defined in (H), let also b €]2(m —1),1[ and 2* € S. Based on (S, p.c.q)
with 8 = 0, we introduce ¢y : (¢,z,v) — R defined by
lo(x —2*) + T(t)v|> = b(1—b)

¢1(t, 2, v) = T*(t)(f(x) — min f) + 5 T lz — 2|2

Since f € C%(H), we use [td’s formula from to to t to get
P1(t, X (), V(1)) — da(t2, X (t2), V(t2)) =

[ ORI ) —min ) - KA (), X (5) s

to

t t
+(b—1)/ I‘(s)||V(s)||2ds+/ T2(s)te[S(s, X (s))]ds (6.13)

t2 t2

+ / ([L%(s)V () + b (5)(X (5) — x*)]o* (s, X (5)), dW (s)).

to

M,
When H is finite-dimensional but f is not C?(H), we can use mollifiers as in [149, Proposition C.2],
and get (6.13) as an inequality in this case.
Besides, we have that
+00 +oo
/ T2(s)tx[S(s, X (5))]ds < / T2(s)0 (s)ds < +o0.
to to
Besides (M;)>t, is a continuous martingale. Moreover, by convexity of f, we have that

/ L(s)[20"(s)(f (X (5)) — min f) = bV f(X(s)), X (s) — z*)]ds

t2

< [ TEEr) B () - i f)ds.

to

Since b — 1 < 0, and
() —b=2y(t)['(t) =2 —-b<2(m—1)—b< 0, Vt>ts.

By Theorem 2.8.2,

+0o0
/ I'(s)(f(X(s)) —min f + |[V(s)]|*)ds < 400 a.s., (6.14)

to

and

— 2
Jim P2 (0)(7(X (1) — min ) 1= FTOVIOLT bl

—-b
5 )HX(t) — 2*||? exists a.s..

(i) On the other hand, let ¢» : (t,z,v) — R defined by éa(t,z,v) = T2(t) ( f(z) — min f + @)
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Recalling the discussion for ¢1, we get that by It6’s formula from t9 to ¢, we have

ba(t, X (1), V(£)) = alta, X (t2), V(£2)) + / 21(s)I"(s)(f(X (s)) — min f)ds

to

t ) t 9
- [TV EPds + [ e, X ) (6.15)

+/ I2(s)(V(s)o* (s, X (s)),dW(s)).

to

-~

My
And also, that

+oo
/ 9T ()T () (f (X (s)) — min f) + T2(s)te[S(s, X (5))]ds

2 .
< /t ['(s)(f(X(s)) —min f) + T%(s)0% (s)ds < +00  a.s..

Besides (My)>t, is a continuous martingale. By Theorem 2.8.2, we get again that

—+o00
/ T(s)|[V(s)|2ds < 400 a.s.,

[2)

and that )
lim T2(t) (f(X(t)) — min f + ”V(Q’f)”> exists a.s. (6.16)

t—+00

Let us recall that + ¢ L!([to, +0c[) by Lemma 5.2.1. Therefore, by (6.11) and (6.16), we can use
Lemma 2.6.2 to obtain that

2
lim T2(t) <f(X(t)) — min f + V)l > =0

t—-+o00 2

(iii) Taking expectation on (6.13) and denoting

Ky 2 P2 ()B(/ (X (12)) — min )+ (X () — o)+ D)V ()2) + 2 X (1) a2

ke [P0 o),
we obtain directly that 2
B (PO0x(0) - min ) + LEO=) L HOVOL 10
From this, is direct that sup;s, E(||X(¢) — 2*||*) < +oc0, and this in turn imply

o (jorion-min g+ LO) o (1)

(iv) Moreover, assume that I' ¢ L'([tg, +00]), and let 6(t) = ftt) ['(s)ds. If also 802, € L ([tg, +o0[),
then we consider ¢3(t,xz,v) = 6(t) (f(x) —min f + @), by It6’s formula from ¢ to ¢, we get

—b
51X () o) < K+ K

t s 2
(0, X0 V(1) = dalta, X(12), V() + [ T6) (7x(6) = min g+ I a

to

t 1 [t
_ /t SOV ) IPds + 5 | 0(s)url(o, X (5)lds (6.17)

+/ 0(s)(V(s)o™ (s, X(s)),dW(s)).

to

My
- 117 -



Chapter 6 6.3. (S — ISIHD) with general v and g =0

Also, by the first item and the new hypothesis on the diffusion term, we get that

t "
/t L(s) (f(X(S)) — min f + [V (s)ll

> ) + 0(s)tr[X(s, X (s))]ds

IV (s)II?
2

(6.18)

< /:o r(s) (FX() = min f +

Besides (M¢)>t, is a continuous martingale. By Theorem 2.8.2, we get that

) 4 0(s)02 (s)ds < 4o0.

+o0
| IV ) Ps < +oo as.

t2

(v) By the previous, we also get that
V()P

lim 6(t) (f(X(t)) —min f +

t—+o00

> exists a.s., (6.19)

Using Lemma 2.6.3 with ¢(t) = 0(t), we get that § ¢ L!([to, +0c[). Besides, recalling that
+o00 2
/ I'(s) <f(X(s)) — min f + V)l > < +o0, a.s.,
t2

2

we invoke Lemma 2.6.2 to conclude that lim; o 0(t X(t)) —min f + W®ry 0 a.s..
2

(vi) Taking expectation in (6.17) and upper bounding we get

t s 2
Bl (t, X(0, V(1)) < Eéa(ta, X(t2). V(1) + [ T(5)E <f(X(S)) _minf+ ”V“”) ds

t 2
+ ;/JFOO 0(s)o>,(s)ds.
: (6.20)
By the third item, we have that E (f(X(s)) — min f + M) =0 <F21(8)>, so we conclude that
E (6(t) (f(X(t)) ~ min f + ”V(Qt)”z» _0 </tt F‘f;) . (6.21)
Thus, o
O

6.3.3 Almost sure weak convergence of trajectories
In the deterministic setting with o > 3, it is also well-known that one can obtain weak convergence of
the trajectory. Our aim in this section is to show this claim for a general v in the stochastic setting.
Theorem 6.3.7. Consider the setting of Theorem 6.5.5. Then, if Tos, € L2([to, +00[) we have that:
(i) E [supysy, [|X ()]"] < +o0.
(i) VYa* € S, limy_, o0 || X () — z*|| exists a.s..
(i) If ~ is nonincreasing, there exists an S—wvalued random wariable X* such that
w-limy— 400 X () = X* a.s..
Proof. (i) Analogous to the proof of the first point of Theorem 3.2.3.
(ii) Recalling the proof of Theorem 6.3.5, we combine the fact that both

i T(0)(/(X(0) - min )+ LLEO D T TOVOIE b0
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(iii)

and

lim T?(t) (f(X(t)) — min f + Hv(t)|2>

t—+o0 2
exist a.s.. We can substract both quantities to obtain that
X(t) —a*|?
L Ix@ -
t——+o0 2
Thus, for every z* € S there exists Q,« € F with P(,;+) = 1 and 3¢ : Q,+ — R such that
X t ok 2
X @ t) — 2]
t—-+o0 2

Let Z(w,t) = M—E(w) and £ > 0 arbitrary. There exists T'(w) > to such that V¢ > T'(w)
HZ(w,t) STV (w, 1), X (w, 1) — )

+ T(t)(X(t) — 2™,V (t)) exists a.s..

+ T () (V(w,t), X(w,t) —z*) = l(w).

<e.

Let g(t) & exp ( ft2 8)), multiplying the previous inequality by r((?)v there exists T'(w) > to
such that for every t > T'(w):

|85 20 + a0V (w00 X 0) - )| < a0
On the other hand, dZ(t) = (V(t), X (t) — «*)dt and
1(002(0) = (50120 + 9OV (0. X(0) ") )t
Thus,
lo)2(6) = 9= = | [ oz = | [ (ﬁ((?)m +9(s)(V(s), X (5) :c*>) ds|
</ ﬁ((;d — <(g(t) — 9(T).
So,
1200 < L +e.
By Lemma 5.2.1, we obtain that lim; 4. g(t) = +o00. Hence, limsup, .  [[Z(t)|| < e. And
HX(t) z* ||

we conclude that for every z* € S, limy_, 4 exists a.s.. By a separability argument
(see proof of Theorem 3.2.3 or Theorem 4.3.2) there exists Q € F (independent of 2*) such that
P(Q) = 1 and lim;_, ;o M exists for every w € Q,z* € S.

If 7 is nonincreasing, then I' is nondecreasing (see |18, Corollary 2.3]). Then, by item (ii) of
Theorem 6.3.5, we have that:

lim f(X(t)) =minf a.s.

t—+o00
Let Q; € F be the set of events on which this limit is satisfied. Thus P(Qy) = 1. Set
Qeony = QN Q. We have P(Qeony) = 1. Now, let w € Qcony and )~((w) be a weak sequential
cluster point of X (w,t) (which exists y boundedness). Equivalently, there exists an increasing

sequence (tx)gen C Ry such that limy_, 1o tx = +00 and
w-lim X (w, t) = X (w).
k—+o0

Since limy 400 f(X(w,t)) = min f and the fact that f is weakly lower semicontinuous (since it
is convex and continuous), we obtain directly that X (w) € S. Finally by Opial’s Lemma (see
[162]) we conclude that there exists X*(w) € S such that w-lim;_, 4o X (w,t) = X*(w). In other
words, since w € Qeony Was arbitrary, there exists an S-valued random variable X* such that
w-limy 400 X () = X* as..

O
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Chapter 7

Second-Order Systems with
Hessian-driven Damping for Non-Convex
Optimization in Finite Dimension

In this chapter, we aim to study non-convex minimization problems via second-order (in-time) dynam-
ics, including a non-vanishing viscous damping and a geometric Hessian-driven damping. Second-order
systems that only rely on a viscous damping may suffer from oscillation problems towards the minima,
while the inclusion of a Hessian-driven damping term is known to reduce this effect without explicit
construction of the Hessian in practice. There are essentially two ways to introduce the Hessian-driven
damping term: explicitly or implicitly. For each setting, we provide conditions on the damping co-
efficients to ensure convergence of the gradient towards zero. Moreover, if the objective function is
definable, we show global convergence of the trajectory towards a critical point as well as convergence
rates. Besides, in the autonomous case, if the objective function is Morse, we conclude that the tra-
jectory converges to a local minimum of the objective for almost all initializations. We also study
algorithmic schemes for both dynamics and prove all the previous properties in the discrete setting
under proper choice of the stepsize.

Main contributions of this chapter

» Global convergence of the trajectory generated by (ISEHD) and (ISIHD) with a non-
vanishing viscous damping and constant geometric damping to a critical point under
KE-type conditions over the objective (Theorem 7.2.1-7.3.1).

» Moreover, global convergence of the trajectory to a local minimum for Morse-type func-
tions (Theorem 7.2.3-7.3.2).

» Global convergence rates of the trajectory under Kt.-type conditions over the Lyapunov
function (Theorem 7.2.4-7.3.3).

» Analogous results for the proposed algorithmic schemes (ISEHD-Disc), (ISTHD-Disc)
(Subsection 7.2.2-7.3.2).

The content of this chapter is submitted in [148].
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7.1 Introduction

7.1.1 Problem statement

Let us consider the minimization problem

min f(x), (A5)

zcRd

where the objective function f :R? — R satisfies the following standing assumptions:

{f e C*(R%);

inf f > —o0. (Ho)

Since the objective function is potentially non-convex, the problem (%73) is NP-Hard. We refer to
the introduction for a general discussion about second-order systems and to Section 1.2.5 for a detailed
discussion on this problem. As discussed there, an important dynamic to consider in this regard is the
Inertial System with Explicit Hessian Damping:

i(t) +~v(8)E(t) + BV (z(t)E(t) + V(z(t) =0, >t

1) +9(0(0) + BV O} + V(1) : —

:L’(t()) = 20, LL’(to) = 0.

Where v, 5 : [to, +oo[— Ry are the viscous and geometric damping parameters, respectively.
And the Inertial System with Implicit Hessian Damping:

(1) 4+ y(0)a(t) + Vf((t) + B(t)i(t) =0, ¢ > to;
1) +9(02(0) + VI (0) + B00) : st
z(to) = zo;  #(to) = vo.

It was discussed in the introduction that following the physical interpretation of these two ODEs, we
call the non-negative parameters v and 3 the viscous and geometric damping coefficients, respectively.
The two ODEs (ISEHD) and (ISTHD) were found to have a smoothing effect on the energy error and
oscillations [3, 152, 23]. Moreover, in [33] they obtain fast convergence rates for the values for the two
ODEs when v(t) = ¢ (o> 3) and §(t) = 8 > 0.

However, the previous results (including the ones discussed in the introduction) are exclusive to the
convex case. Nevertheless, in [76], the authors analyzes (ISEHD) with constant viscous and geomet-
ric damping in a non-convex setting, concluding that the bounded solution trajectories converges to
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a critical point of the objective under Lojasiewicz inequality and giving sublinear convergence rates.
Moreover, in [74] the author shows that the previous dynamic avoids strict saddle points when the
objective is Morse. In these two works they propose a discretization called INNA, where the conditions
on the stepsize are more stringent than ours but let them consider arbitrary values for the geometric
damping. To the best of our knowledge, there is no further analysis of (ISEHD) and (ISIHD) when
the objective is non-convex and definable. In this work, our goal is to fill this gap.

In this chapter we will establish convergence of the trajectory to a critical point for (ISEHD) and
(ISTHD) with variable, non-vanishing viscous damping and constant geometric damping, as well as for
the proposed algorithms ((ISEHD-Disc), (ISTHD-Disc)). Moreover, in the autonomous case we will
conclude with the avoidance of strict saddle points. We would like to point out that the proof for the
continuous-time case will necessitate (as in [74]) a more stringent assumption on the class of functions,
for instance, that f is Morse, while this is not necessary for the discrete algorithms.

7.1.2 Preliminaries

The following lemma is essential to some arguments presented in this work:

Lemma 7.1.1. [188, Theorem 3] Consider A, B,C, D € R¥¢ and such that AC = CA. Then

A B
det = det(AD — CB).
C D

And the following definitions will be important throughout the chapter:

Definition 7.1.2 (Local extrema and saddle points). Consider a function f € C?(R?). We will
say that & is a local minimum (resp. maximum) of f if & € crit(f), V2f(2) is positive (resp. negative)
definite. If & is a critical point that is neither a local minimum nor a local maximum, we will say that
Z is a saddle point of f.

Definition 7.1.3 (Strict saddle point). Consider a function f € C%(R?), we will say that # is a
strict saddle point of f if 2 € crit(f) and Apmin(V2f(£)) < 0.

Remark 7.1.4. According to this definition, local maximum points are strict saddles.

Definition 7.1.5 (Strict saddle property). A function f € C?(R?) will satisfy the strict saddle
property if every critical point is either a local minimum or a strict saddle.

This property is a reasonable assumption for smooth minimization. In practice, it holds for specific
problems of interest, such as low-rank matrix recovery and phase retrieval. Moreover, as a consequence
of Sard’s theorem, for a full measure set of linear perturbations of a function f, the linearly perturbed
function satisfies the strict saddle property. Consequently, in this sense, the strict saddle property
holds generically in smooth optimization. We also refer to the discussion in [128, Conclusion)].

Definition 7.1.6 (Morse function). A function f € C%(R?) will be Morse if it satisfies the following
conditions:

(i) For each critical point #, V2f(#) is non-singular.

(ii) There exists a nonempty set € N and (Z)rer such that crit(f) = Uy {Zr}-
Remark 7.1.7. By definition, a Morse function satisfies the strict saddle property.

Remark 7.1.8. Morse functions can be shown to be generic in the Baire sense in the space of C?
functions; see [41].
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We refer to Subsection 2.4 for the introduction of K. and fojasiewicz inequality.

Also, we recall Remark 2.4.2, i.e., the concavity of the desingularizing functions is only required in
the discrete setting (Subsection 7.2.2-7.3.2).

Remark 7.1.9. Morse functions verify the Lojasiewicz inequality with exponent ¢ = 1/2; see [15].

7.2 Inertial System with Explicit Hessian Damping

Throughout the chapter we will consider (ISEHD) and (ISIHD) with g = 0. Also we will assume that
the viscous damping v : R4 — Ry is continuous and is such that J¢,C' > 0, ¢ < C, and

c<~A(t) <C, Vt>D0. (Hy)

Moreover, throughout this work, we consider a constant geometric damping, i.e. S(t) =8 > 0.

7.2.1 Continuous-time dynamics

Let us consider (ISEHD), as in [33], we will say that = : R, — R? is a solution trajectory of
(ISEHD) with initial conditions x(0) = zg,#(0) = o, if and only if, + € C?(R,;R?) and there exists
y € CY(Ry;RY) such that (z,y) satisfies:

i(t) + BYS((6) — (5 =) 2(t) + Ju®) =0,
i) = (3 =70 - 87®) 2 + 3y =0,

with initial conditions z(0) = zo,y(0) = yo & —B(vo + BV f(x0)) + (1 — 5~(0))o.

(7.1)

7.2.1.1 Global convergence of the trajectory

Our first main result is the following theorem.

Theorem 7.2.1. Assume that 0 < 8 < %, f:R? = R satisfies (Hy), and v € CY(R4;R,) obeys
(i),
Consider (ISEHD) in this setting, then the following holds:
(i) There ezists a global solution trajectory x : Ry — R? of (ISEHD).
(i) We have that Vf oz € L2(Ry;RY), and # € L2(R;; RY).

(153) If we suppose that the solution trajectory x is bounded over R, then
Jm V(@) = lim 2] =0,

and limy_, 4o f(x(t)) exists.
(i) In addition to (iii), if we also assume that f is definable, then & € L*(Ry;RY) and x(t) converges
(as t — +00) to a critical point of f.

Remark 7.2.2. The boundedness assumption in assertion (ii) can be dropped if V f is supposed to be
globally Lipschitz continuous.

Proof. (i) We will start by showing the existence of a solution. Setting Z = (z,y), then (7.1) can
be equivalently written as

Z(t)+VG(Z(t)+D(t, Z(t)) =0, Z(0) = (zo,%0), (7.2)
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(i)

(iii)

where G(Z) : R? x R? — R is the function defined by G(Z) = Sf(x) and the time-dependent
operator D : Ry x R? x R? — R% x R is given by:

D(t,2) < ( (; - 7(0) T+ ;y, - (; —(t) - Bv’(t)) T+ ;y> :

Since the map (¢, Z) — VG(Z) + D(t, Z) is continuous in the first variable and locally Lipschitz
in the second (by hypothesis (Hy) and the assumptions on ), by the classical Cauchy-Lipschitz
theorem, we have that there exists Tiax > 0 and a unique maximal solution of (7.2) denoted
Z € CY([0, Tmax[; R? x R?). Consequently, there exists a unique maximal solution of (ISEID)
YIS 02([07 Tmax[; Rd)

Let us consider the energy function V : [0, Tipax[— R defined by

V(t) = f(z(t) + %Ilﬂb(t) + BV f((t))|I*.
We will prove that it is indeed a Lyapunov function for (ISEHD). We see that
Vi) = (Vf(@()), &) + (E(t) + B Vf( (1)), &(t) + BV f(x(t)))
= (VF(z(),2(t)) + (= ()2 (t ) Vi), 2(t) + BV f(x(t)))
= —(v(®)2(t),2(1)) — B @)E(t), Vf(2(t

) = BIIV.f (1))
: Bl | ellVf (@)
< —c|z(t)|* +
< —ellae)|? + LTI 4 AL
. pgerllz)? | eV (@)
< _ 2
< —cl|lz(t)]|* + 5% + 2 ;
where the last bound is due to Young’s inequality with € > 0. Now let € = pc? C , then

c 2
Vi) < =g lla@)l* - 8 <1 - 50) IV @@)I* = a1l @) + IV f(z(E)]?). (7.3)

For 61 Cl:efmin(%,ﬂ( B§:2>)>O.

We will now show that the maximal solution Z of (7.2) is actually global. For this, we use a stan-
dard argument and argue by contradiction assuming that Th.x < 4o00. It is sufficient to prove
that = and y have a limit as ¢ — Ty,ax, and local existence will contradict the maximality of Tiax.
Integrating inequality (7.3), we obtain & € L2([0, Tinax[; RY) and Vfox € L2([0, Tiax[; R%), hence
implying that @ € L([0, Tiax[; RY) and Vf o 2 € LY([0, Tinax[; RY), which in turn entails that
(7(t)) te[0,Tmax [ Satisfies the Cauchy property whence we get that lim 7, 2(t) exists. Besides, by
the first equation of (7.1), we have that limy_, 7 y(¢) exists if imy_, 7, 2(t), limy7, . Vf(x(t))
and limy_,7, . &(t) exist. We have already that the first two limits exist by continuity of V f, and
thus we just have to check that lim;_, 7, @(t) exists. A sufficient condition would be to prove that

& € LY([0, Tiax[; RY). By (ISEHD) this will hold if &, Vf o x, (V2f o x)d are in L([0, Trpax[; RY).
We have already checked that the first two terms are in L'([0, Tinax[; R?). To conclude, it remains
to check that V2fox € L°([0, Thax[; R?) and this is true since V2 f is continuous, x is continuous
on [0, Tinax], and the latter is compact. Consequently, the solution Z of (7.2) is global, thus the
solution x of (ISEHD) is also global.

Integrating (7.3) and using that V' is well-defined for every ¢ > 0 and is bounded from below, we
deduce that & € L2(R,;R?), and Vf oz € L2(R;; RY).

We recall that we are assuming that sup;sg [|z(t)|| < +oo and f € C?(R?), hence
sup || V2 £ (2(t))]| < +oo.
>0
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(iv)

In turn, Vf is Lipschitz continuous on bounded sets. Moreover, as & € L?(Ry;R?) and is
continuous, then & € L®(R;R?). The last two facts imply that ¢ — Vf(x(t)) is uniformly
continuous. In fact, for every ¢,s > 0, we have

IVF(z() = Vf(z(s)l] < sup V2 ()| a ()l |t - s|.

This combined with Vf oz € L2(R; R?) yields
lim [|Vf(xz(t))] = 0.

t——+o0

We also have that %Vf(m(t)) = V2f(x(t))i(t), and thus (V2f o 2)i € L®¥(R;RY). We also
have Vf oz € L®°(R;;R%) by continuity of Vf and boundedness of 2. It then follows from
(ISEHD) that & € L®°(R;R?). This implies that

12(2) = &(s)ll < sup [E(7)| It = s,

meaning that ¢ — @(¢) is uniformly continuous. Recalling that & € L?(R,;R%) gives that

Jim (1)) = 0.

We have from (7.3) that V is non-increasing. Since it is bounded from below, it has a limit, i.e.
limy_, o V() exists and we will denote this limit by L. Recall from the definition of V that

fx(t) = V() - %Hfb(t) + BV f(x ().

Using the above three limits we get

lim f(z(t)) = lim V(t)=L.

t—+o00 t——+o0

From boundedness of (z(t)):>0, by a Lyapunov argument (see e.g. [34, Proposition 4.1], [109]),
the set of its cluster points €(z(-)) satisfies:

¢(z(-)) < erit(f);
&(z(-)) is non-empty, compact and connected,; (7.4)

f is constant on €(z(-)).

We consider the function
1
B (r,0,w) € B o f(z) + gllo + . (7.5)

Since f is definable, so is E as the sum of a definable function and an algebraic one. Therefore,
E satisfies the KL inequality [125]. Let €3 = &(x(+)) x {04} x {04}. Observe that E takes the
constant value L on €; and ¢; C crit(E). It then follows from the uniformized KL property
[60, Lemma 6] that 3r,n > 0 and 3¢ € k(0,7) such that for all (z,v,w) € R3? verifying
r € &(z()) + Br,v € B.,w € B, (where B, is the R%ball centered at 04 with radius r) and
0 < E(z,v,w) — L <7, one has

V' (E(z,v,w) — L)||VE(z,v,w)| > 1. (7.6)

It is clear that V(t) = E(xz(t),%(t),Vf(z(t))), and that z* € crit(f) if and only if
(2*,0,0) € crit(E).

Let us define the translated Lyapunov function V() = V(t) — L. By the properties of V proved

above, we have lim;_, y~ V(t) = 0 and V is non-increasing, and we can conclude that V(¢) > 0

for every t > 0. Without loss of generality, we may assume that V (t) > 0 for every ¢ > 0 (since
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otherwise V(t) is eventually zero and thus @(t) is eventually zero in view of (7.3), meaning that

#(+) has finite length). This in turn implies that limy_ 4 ¢(V(t)) = 0. Define the constants
o = max (4,1 +44?) and d3 = % We have from (7.4) that lim;, . dist(z(t), €(x(-))) = 0.
This together with the convergence claims on &, V f(x) and V imply that there exists T > 0

large enough such that for all ¢t > T

x(t) € €(x()) + By,

@)l <,

BIVfz@)] <, (7.7)
0<V(t) <mn,

LV (1) < 5.

We are now in position to apply (7.6) to obtain

S (V)IVE((t), &(t), SV f(xt)| > 1, Vi>T. (7.8)
On the other hand, for every t > T
_i ¥ — o (T 1 . f//(t)
V(1) =v'(VR)(-V'(t) = NE@D. 20 5V F @O (7.9)
Additionally, for every ¢ > 0 we have the bounds
=V'(t) = &1 ([[&0)1 + [V f(@)]), (7.10)

IVE(x(t), &(t), BV f () < S22 + IV £ ((@))]%).

Combining the two previous bounds, then for every ¢ > 0:

19 B0, 300,69 SN < |/ 2/~ 711

By (7. ) for every t € [T, +o0]

\/;\/7 \/;ngwuw I+ IV f ()2 (7.12)

Integrating from 7" to +o00, we obtain

1 T
\/Hx I+ IV f(z(t)]2dt < 5*31/1(V(T)) <3 (7.13)

Thus

[ wetenar< [ VTEOEFOIGERE < S

this implies that & € L' (R, ; R?). Therefore 2(t) has the Cauchy property and this in turn implies
that limy_, 1 2(t) exists, and is a critical point of f since lim;_, 1~ ||V f(x(t))]| = 0.
Ul

7.2.1.2 Trap avoidance

In the previous section, we have seen the convergence of the trajectory to a critical point of the
objective, which includes strict saddle points. We will call trap avoidance the effect of avoiding such
points at the limit. If the objective function satisfies the strict saddle property (recall Definition 7.1.5)
as is the case for a Morse function, this would imply convergence to a local minimum of the objective.
The following theorem gives conditions to obtain such an effect.
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Theorem 7.2.3. Let ¢ > 0, assume that 0 < 8 < % and take v = c. Suppose that f : R? — R satisfies
(Hy) and is a Morse function. Consider (ISEHD) in this setting. If the solution trajectory x is bounded
over Ry, then the conclusions of Theorem 7.2.1 hold. If, moreover, B # %, then for Lebesque almost
all initial conditions xg,vo € R, x(t) converges (ast — +00) to a local minimum of f.

Proof. Since Morse functions are C? and satisfy the KE inequality (see Remark 7.1.9), then all the
claims of Theorem 7.2.1, and in particular (iv)!, hold.

As in [105, Theorem 4], we will use the global stable manifold theorem [172, page 223| to get the last
claim. We recall that (ISEHD) is equivalent to (7.1), and that we are in the case v(t) = ¢ for all ¢, i.e.,

()+ﬁVf( ) - (,_C)xw%y@ =0,

(
1~ (5-)or+

ef

with initial conditions #(0) = z0,y(0) = yo = —B(vo + AV f(x0)) + (1 — Be)xzo. Let us consider
F:R% x R? - R? x R? defined by

e (s (3o () ).

Defining z(t) = (z(t),y(t)) and 2y = (z0,vp) € R?? | then (7.14) is equivalent to the Cauchy problem

{zu) = F(2(t)),
2(0) = 2.

(7.14)

(7.15)

We stated that when 0 < 8 < % and f is definable (see the first claim above), then the solution
trajectory z(t) converges (as t — 400) to an equilibrium point of F. Let us denote ®(zo,t), the value
at ¢ of the solution (7.15) with initial condition zp. Assume that 2 is a hyperbolic equilibrium point
of F' (to be shown below), meaning that F'(2) = 0 and that no eigenvalue of Jr(2) has zero real part.
Consider the invariant set

W(2) = {20 € R*: lim ®(z,t) = 2}.

t—+o00

The global stable manifold theorem [172, page 223] asserts that W*(2) is an immersed submanifold of
R, whose dimension equals the number of eigenvalues of Jr(%) with negative real part.

First, we will prove that each equilibrium point of F' is hyperbolic. We notice that the set of
equilibrium points of F'is {(&, (1 — Bc)z) : & € crit(f)}. On the other hand, we compute

BV f (@) + (3 —c) la — 4L
(% - c) Iy 1

Let 2 = (2, (1 —Bc)z), where & € crit(f). Then the eigenvalues of Jp(2) are characterized by the roots
in A€ Cof

Jr(x,y) =

—BV2f(E)+ (5 —c— )1, —17
det H )1 (3 )1 o —0. (7.16)
(B—C>Id —(/\JrB)Id
By Lemma 7.1.1, we have that (7.16) is equivalent to
det((1 4+ AB)V2f (&) + (A\* + A\e)Iy) = 0. (7.17)

'In fact, the proof is even more straightforward since the set of cluster points ¢(z(-)) satisfies (7.4) and the critical
points are isolated; see the proof of [34, Theorem 4.1].
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If A = —%, then by (7.17), fc = 1, which is excluded by hypothesis. Therefore, —% cannot be an
eigenvalue, i.e. \ # —%. We then obtain that (7.17) is equivalent to

2
(mt<v%ﬂ@y+(;sz;@>._a (7.18)

It follows that A satisfies (7.18) if and only if
A+ Ae

(1+XB)
where 7 € R is an eigenvalue of V2f(2). Equivalently,

M4 (c+nB)A+n=0. (7.19)

Let Ay £ (¢ +n8)2 — 4n. We distinguish two cases.
e Ay > 0: then the roots of (7.19) are real and we rewrite (7.19) as

AA+ (e+nB)) = —n,
since n # 0 (because f is a Morse function), then \ # 0.

e Ay < 0: then (7.19) has a pair of complex conjugate roots whose real part is —#. Besides,
Ay = 2 + 2Bnc + n?B% — 4 can be seen as a quadratic on ¢ whose discriminant is given by
A, = 16n. The fact that Ay < 0 implies A, > 0, and thus n > 0, therefore —# < 0.

Overall, this shows that every equilibrium point of F' is hyperbolic.

Let us recall that crit(f) = U,c{Zx}. Thus, the set of equilibria of F' is also finite and each one
takes the form 2, = (&, (1 — Bc)Zy). Since we have already shown that each solution trajectory x of
(ISEHD) converges towards some Iy, the following partition then holds

R x R = | W* (%)
kel
Let
I~ ={k € I: each eigenvalue of Jp(Zx) has negative real part.},

and J £ I\ I~. Now, the global stable manifold theorem [172, page 223| allows to claim that W (%)
is an immersed submanifold of R2¢ whose dimension is 2d when k € I~ and at most 2d—1 when k € J.

Let k € I, we claim that V2f(2;) has only positive eigenvalues. By contradiction, let us assume
that 9 < 0 is an eigenvalue of V2f(2;) (no = 0 is not possible due to the Morse hypothesis). Each
solution A of (7.19) is an eigenvalue of Jr(2) and one of these solutions is

—(c+np) + /(c+np)? — 4no
2

which is positive since g < 0. We then have

—(c+noB) + /(c+noB)? — 4y S —(c+mnofB) + |c+nof|
2 2

hence contradicting the assumption that k& € I~. In conclusion, the set of initial conditions zg such

> 0,

that ®(zo,t) converges to (xp, (1 — Bc)xp) (as ¢ — +o0), where xp, is not a local minimum of f is

Ures W#(2x) which has Lebesgue measure zero. Therefore, due to the equivalence between (7.1) and

(ISEHD) and that Morse functions satisfy the strict saddle property (see Remark7.1.7), we indeed

have that for almost all initial conditions zg, vg € R?, the solution trajectory of (ISEHD) will converge

to a local minimum of f. O
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7.2.1.3 Convergence rate

When the objective function is definable, we now provide the convergence rate on the Lyapunov
function E in (7.5), hence f, and on the solution trajectory x.

Theorem 7.2.4. Consider the setting of Theorem 7.2.1 with f being also definable and the solution
trajectory x is bounded. Recall the function E from (7.5), which is also definable, and denote
its desingularizing function and VU any primitive of —'>. Then, x(t) converges (as t — +00) to
Too € crit(f). Denote V(t) = E(x(t),2(t), BV f(2(t))) — f(zo). The following rates of convergence
hold:

o Iflim; o V(t) € R, we have E(x(t),x(t), 5V f(x(t))) converges to f(rs) in finite time.

o Iflim; o U(t) = 400, there exists some t; > 0 such that

V(t) =0t -t)). (7.20)
Moreover,
2(t) = zoo|l = O 0 U7t = 11)). (7.21)
Proof. This proof is a generalization of [81, Theorem 2.7| to the dynamics (ISEHD). Let dy & ‘g—f,

03 > 0 and T > 0 for 01, 92,03, T defined in the proof of Theorem 7.2.1. Using (7.10) then (7.9), we
have for t > T

LV (1) = (T )V (1)
— (V)T (1)
> 52 (V(6) | VE(x(t), i(t), BY f (x (1))
> 5. (7.22)

Integrating on both sides from 7' to ¢ we obtain that for every ¢t > T

U(V(t) >t —T)+¥(V(T)).

Following the arguments shown in [100, Theorem 3.1.12], if lim;_,o ¥(t) € R, then V (¢) converges to 0
in finite time. Otherwise, we take the inverse of ¥, which is non-increasing, on both sides of (7.22) to
obtain the desired bound. Finally, using (7.13) we also have for every ¢t > T'

+o0o ) 1 B 1 . _
[(t) = ool < /t I2(s)llds < S (V(H)) < oW (b0t = T) + L(V(T)))- (7.23)

O

Remark 7.2.5. Observe that the convergence rate (7.20) holds also on f(z(t)) — f(r) and
() + V f (2(t)]1*.
We now specialize this to the Lojasiewicz case.

Corollary 7.2.6. Consider the setting of Theorem 7.2.4 where now f satisfies the Lojasiewicz inequality
with desingularizing function ¢¥(s) = cps'™%, q € [0,1[, ¢; > 0. Then there exists some t1 > 0 such
that the following convergence rates hold:

o If g€ 0, %], then
V(t) =0 (exp(—(t —t1))) and ||z(t) — 2zl = O <exp (t _2t1>) ) (7.24)

e Ifq E]%, 1], then

V() =0 (- tl)%) and[o(t) — woc) = O ((t - tl)*iﬁ) . (7.25)
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Proof. F is a separable quadratic perturbation of f. But a quadratic function is f.ojasiewicz with
exponent 1/2. It then follows from the Lojasiewicz exponent calculus rule in [130, Theorem 3.3| that
the desingularizing function of E is ¢g(s) = cgs' 797 for some cg > 0 and g = max (q, %) Then,

o

e If g €[0,1] then g = § and ¥(s) = F In (). This implies that ¥~1(s) = % exp(—s).
1

&
—1

e If g €]%,1] then gg = g and U(s) = 4(%%_1)81_211. This implies that ¥~1(s) = 4(237{1)5 20-1

We conclude in both cases by using Theorem 7.2.4. O

7.2.2 Algorithmic scheme
Now we will consider the following finite differences explicit discretization of (ISEHD) with stepsize
h > 0 and for &k > 1:

Th1 — 22 + T Vf(xr) = Vf(rp_1)

2 by (kh) P TR g FVf(e) =0,  (7.26)
h h h
Rearranging, this equivalently reads
- ~ai) = Be(V (@) — V(@)
{ Yk rp + ag(zr — 2p-1) — Br(Vf (k) — Vf(21-1)) (ISEHD-Disc)
Tey1 =Yk — sk Vf(Tk),

. e . def def def def
with initial conditions zg, 1 € R, where v, = v(kh), ap = ﬁ,ﬁk = Bhoy, s, = h2oy,.

7.2.2.1 Global convergence and trap avoidance

The following theorem summarizes our main results on the behavior of (ISEHD-Disc). Observe that
as the discretization is explicit, we will need V f to be globally Lipschitz continuous.

Theorem 7.2.7. Let f : R — R be satisfying (Ho) with Vf being globally L-Lipschitz-continuous.
Consider the scheme (ISEHD-Disc) with h > 0, 8 > 0 and ¢ < vy, < C for some ¢,C > 0 and all
k € N. Then the following holds:

(i) If B+ 5 < £, then (|Vf(z)|)ren € A(N), and (|lzg11 — 2kl )ren € (N), in particular

li —0.
L IV f(zk)|| =0

(it) Moreover, if (xk)yey is bounded and f is definable, then (|41 — zil)ken € €1(N) and zy

converges (as k — +00) to a critical point of f.

(iii) Furthermore, if vy, = ¢ >0,0< 3 < 7,8 # %, and h < min(2 (% —ﬁ),%ﬁ), then for almost
all xg, 21 € R, x), converges (as k — +00) to a critical point of f that is not a strict saddle.
Consequently, if f satisfies the strict saddle property then for almost all o, 1 € R?, z1, converges

(as k — +o0) to a local minimum of f.
Remark 7.2.8. When 8 = 0, we recover the HBF method and the condition h < min(2 (% — B) , L%B)
becomes h < %

Proof. (i) By definition of x4 in (ISEHD-Disc), for k € N*

1
Tpy1 = argmin §||a: — (yr — Ska(.’Ek))”z (7.27)
z€R4

1—strong convexity of @ — ||z — (yx — sxV f(zx))||? then yields

1
ok — (i — eV F(xr)]]? — §||$k+1 — || (7.28)
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Let@:ﬁ,&:ﬁ,gzﬂg,é:md, and thus forevery k € N, o < ap < @and s < s < 8.

Let also v & Th—The1, 2k o arvr — B (Vf(zg) =V f(zr_1)), then yp = xx+ 2. After expanding
the terms of (7.28) we have that

okl

<Vf($k), Uk+1> < - <'Uk-+1, 2k>
el o : (72
v
<- kgl + ﬁ<vk+1vvk> - E<Uk+1vvf($k) — Vf(rg-1)).
By the descent lemma for L-smooth functions, we obtain
L
flara) < flaw) + (Vi (@r), oe) + §Hvk+1H2- (7.30)
Using the bound in (7.29), we get
1 3 1 L )
Flars) < flar) + 33 Onr1,00) = 3 (krn, VE(@r) = VEH@r-1)) = ( £ = 5 | el (7.31)

According to our hypothesis h < 2C , 80 h < ctvetzh = “+2L and this implies that 5§ < f Using Young’s

inequality twice, for e,¢’ > 0, the fact that Vf is L—Lipschitz, and adding 5+€ |lvg41]|? at both

sides, then
e+é e+e
f(@re) + log1]1? < flaw) + vk ||
2 2 (7.32)
N 1 1++62L2+ 1 L ” 2 '
€ o Y —— v :
hie h2e 5 2 b
In order to make the last term negatlve, we want to impose
171 p2L? 1 L

I:h4 + e+ hQE/ +e| < g — 5 . (733)

Minimizing the left-hand side with respect to €,&’ > 0 we get € = hi ' = %, and one can check

that in this case, the condition (7.33) becomes equivalent to 8 + % < £ which is assumed in the

hypothesis.

Setting C; = 27 + BL 51 _ L4 % > 0, and defining Vi, & f(z1) + %HkaQ, we have
for any k € N*

Vi1 < Vi — 0llvga |- (7.34)
Clearly, V}, is non-increasing and bounded from below, hence limy_, | o, Vj exists (say f/) Sum-
ming this inequality over k, we have that (|Jvg.1])ken € £2(N) entailing that limy_, o [|vg| = 0.
In turn,we have that limg_, . f(xx) = L. Embarking again from the update in (ISEHD-Disc),
we have
skl V@)l = les1 — yll < @1 — zill + [lor — il
< okl + (ou + BeL) ||vg|
< llorgall + llvell,
since @(1 4+ ShL) < 1 by hypothesis. Therefore
IV f(@i)l1? < Sa(llongall® + [log]®),
where 65 = %. Consequently (||V f(zx)|)ren € £2(N), which implies that limy,_, o |V f(21)]| = 0.

(ii) If, moreover, (zx)ren is bounded, then the set of its cluster points €((xx),cy) satisfies (see e.g.
[60, Lemma 5]):
&((h) pery) € crit();
€((7x)ey) is non-empty, compact and connected; (7.35)

[ is constant on €((zx),ey)-
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Define C
E: (z,v) e R* s f(z) + 71||v|12. (7.36)
Since f is definable, so is E as the sum of a definable function and an algebraic one, whence
E satisfies the Kb inequality. Let €; = €((x)ken) X {04}. Since E‘Gl = IN/,VE}CI = 0,
Ir,m > 0,3 € k(0,n) such that for every (z,v) such that z € €((x)ren) + Br,v € By, (where
B, is the R%ball centred at 04 with radius ) and 0 < E(z,v) — L < 1, one has
W(B(z,v) — D) VE(@,0)] = 1. (7.37)
Let us define Vi, = Vi, — L, or equivalently Vj, = E (z,vg) — L. From (7.34), <f/k>k N is a
€

non-increasing sequence and its limit is 0 by definition of L. This implies that that Vj, > 0 for
all k € N*. We may assume without loss of generality that Vi > 0. Indeed, suppose there exists
K € N such that Vg = 0, then the decreasing property (7.34) implies that Vi = 0 holds for all
k> K. Thus vg11 = 0, or equivalently x, = xf, for all k > K, hence (), has finite length.
Since limy_, 1 oo dist(z, €((zx)ken)) = 0,limg_ 1o ||v|| = 0, and limy_, 1 o Vi = 0, there exists

K € N such that for all k > K,
ry € C((21)ken) + Br;

okl <7
0< Vi <.
Then, by (7.37), we have
V' (VOIIVE (z,v) || > 1, Vk> K. (7.38)
By concavity of ¢ and (7.38), we have
(Vi) = (Var1) = = (Vi) (Vier1 — Vi)
> 59" (Vi) l[vg1 12
ol
~IVE (@, vr) ||
On the other hand,
IVE (zk, vx) | < d3([[vrgrll + [loll) (7.39)
where 03 = /C7 + 0. Let us define for k € N*, (A¢), = ¢(Vi) — ¢(Viy1) and 65 = %. We
then have for all k > K,

lors1ll* < 04(A¢)e(llogll + ok ll).

Using Young’s inequality and concavity of /-, this implies that for every ¢ > 0

Ay
k1]l < 54( Yk + E”UHIH + HU’“H

V2e V2

Rearranging the terms and imposing 0 < € < /2 gives
€ A v
(1—> l[vk+1]l §54( V)i +5H el

V2 V2e V2
Dividing by (1 — %) on both sides, we get
(AY)g [l
v <4§ +e . 7.40
[0kl S R (7.40)
Choosing now ¢ such that 0 < ¢ < g, we get that 0 < \/5_5 < 1. Since (Av); € 1(N*) as a

telescopic sum, we conclude that (||vg)ren € €'(N*). This means that (x),cy has finite length,
hence is a Cauchy sequence, entailing that x; has a limit (as K — +00) denoted xo which is a
critical point of f since limy_, 4 ||V f(zg)|| = 0.
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(iii) If v, = ¢, we denote o = a = ﬁ,ﬁk = = Bha, sy = s = h2a. Let 2, = (xg, xp_1) for k > 1,
and g : R? x R? — R? x R? defined by
g: (o) o [(L+a)zs —az_ — (B+ )V (@) + AVF(x_),24].
(ISEHD-Disc) is then equivalent to
Zk+1 = 9(2k). (7.41)

To complete the proof, we will capitalize on [128, Corollary 1] which builds on the center stable
manifold theorem [187, Theorem II1.7]. For this, one needs to check two conditions:
(a) det(Jy(v4,2_)) # 0 for every z4,x_ € RY.
(b) Let A% = {(z,2) € R : 2 € crit(f), max; |\;(Jy(z,2))| > 1}, X* be the set of strict saddle
points of f, and X & {(z,z) € R2 : z € X*}. Check that X C A3
Notice that A} is the set of unstable fixed points. Indeed, the fixed points of g are of the form
(x*, x*) where z* € crit(f).

Let us check (a). We first compute Jy(x,z_), given by

(14 a)lg— (B+s)V2f(xy) —alq+ BV2f(z-) (7.42)
I, Odxd

This is a block matrix that comes in a form amenable to applying Lemma7.1.1. We then have
det(Jy(z4,2_)) = det(aly — BV2f(x_)).

Since the eigenvalues of V2f(x_) are contained in [—L, L], if @ > LB, then o — fn # 0 for
every eigenvalue n € R of V2f(x_). This implies that the first condition is satisfied, i.e
det(J, (x4, x_)) # 0 for every x4,z € R% The condition o > Lf in terms of h reads h < LLB,
since we already needed h < 2 (% — ﬂ), we just ask h to be less than the minimum of the two
quantities.

To check (b), let us take x a strict saddle point of f, i.e. x € crit(f) and
Amin(V2f(x)) = —n < 0. To compute the eigenvalues of Jy(x,x) we consider

o [ [AFe=Nla= (B +s)V2f(z) —als+ BV2f(z) .

e =0.
1 =g

Again by Lemma7.1.1, we get that

o [ [AFea=Nla= (B4 s)V2f(x) —aly+ BV2f(x) _
I; -y
det[(—=A(1 + «) +)\2)Id+)\(ﬂ+s)v2f(m)+a[d—6~V2f(:c)] =
det[(A (ﬁ+s) BYVZ () + (A = A1+ a) + a) ).
We then need to solve for A
det[(A(B + s) — B)V2f(z) + (N> = A1 +a) +a)l4 = 0. (7.43)

IfA= i, then (7.43) becomes
Bts

~ 2 ~
<~5 ) —(JB )(1—1—04)4—0420.
B+s B+s

This implies that a = Bis’ which in terms of 8 and c is equivalent to Sc = 1. But this case is

excluded by hypothesis. Now we can focus on the case where \ # BJB and we can rewrite (7.43)
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as

(7.44)

det (V2f(:v) N _A(HO‘HO‘I) — 0.

B =B +s)
Therefore, as argued for the time-continuous dynamic, for every eigenvalue ’ € R of V2f(z), A

satisfies (7.44) if and only if
M-A1l+a)+a

T AG+s)
where 7 € R is an eigenvalue of V2 f(%). Thus if ¥ = —7 is negative, we have
A2 =XM1+ a) +n(B+s) +a+nB=0. (7.45)
We analyze its discriminant Ay = (14 ) + (8 +5))? — 4(a +nB). After developing the terms

we get that
Ay =a?+2a(n(F +s) = 1) + (B + 5) + 1)* — dnp,

which can be seen as a quadratic equation on a. We get that its discriminant A, is —16ns, which
is negative (since 7, s are positive), thus the quadratic equation on « does not have real roots,
implying that Ay > 0. We can write the solutions of (7.45),

(04 a) +u(B+s) + VA
, |

Let us consider the biggest solution (the one with the plus sign) and let us see that A\ > 1, this

is equivalent to

(1+a)+n(B+s) + VAN
2

> 1,

which in turn is equivalent to

VAY>2—(1+a) = n(F+s).
Squaring both sides of this inequality, we have

[(1—a)—n(B+s)? < Ay
=[(1+a) +n(B+s)]* — 4(a +nB).

After expanding the terms, we see that the inequality is equivalent to 0 < 4ns, which is always
true as n > 0. Consequently, A > 1 and in turn X C A5

We have then checked the two conditions (a)-(b) above. This entails that the invariant set
{z1 € R¥ : limy_, o ¢*(21) € X} has Lebesgue measure zero. Equivalently, the set of initial-
izations o, z1 € R? for which zj, converges to a strict saddle point of f has Lebesgue measure
7€r0.

O

7.2.2.2 Convergence rate

The following result provides the convergence rates for algorithm (ISEHD-Disc) in the case where f
has the t.ojasiewicz property. The original idea of proof for descent-like algorithms can be found in
[14, Theorem 5].

Theorem 7.2.9. Consider the setting of Theorem 7.2.7, where f also satisfies the Lojasiewicz property
with exponent g € [0,1]. Then xp — Too € crit(f) as k — +o0o at the rates:

o If g€ 0, 3] then there exists p €]0,1] such that

lzk — 20| = O(P®). (7.46)
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o If g €]3,1[ then
_1-q
2k — Zoo|| = O (k ) : (7.47)

Proof. Recall the function E from (7.36). Since f satisfies the Lojasiewicz property with exponent
g € [0,1[, and FE is a separable quadratic perturbation of f, it follows from [130, Theorem 3.3] that E
has the Lojasiewicz property with exponent ¢p = max (g, 1/2) € [1/2, 1], i.e. there exists cg > 0 such
that the desingularizing function of E is ¢ g(s) = cps' ™95,

Let vy = xp — xp—1 and Ay = Z;ﬁ,‘; |vp+1]]. The triangle inequality yields Ap > |z — Zool|
so it suffices to analyze the behavior of A to obtain convergence rates for the trajectory. Recall the
constants 0, 63, 94 > 0 and the sequences ((A1))) ey and (ffk) ren defined in the proof of Theorem 7.2.7.

_ s N RS .
Denote \ = \/5_8 € (0,1) and M = a(\/§4—5) for 0 < e < %*. Using (7.40), we have that there exists

K € N large enough such that for all k > K
okl < Aforll + M (A).

Recall that gp € [3,1] (so % < 1) and that limy_, o Vi = 0. We obtain by induction that for all
k> K

MCE _
D vl < 71_ loell + Ve ™. (7.48)
Or equivalently,
A Mcg ~1-
Ap < T )\(Akfl — Ag) + 1 _inl . (7.49)

l-gp

Denoting c¢o = (cg(l —qg)) % , then by (7.38) and (7.39)

71—qE =i
Vk: < e HVE (Ik, Uk)” 1E

1-ap 1—q
< 205" (el + lvksall) &
1-9p l-qp
< 205" (Ap—1 — Ap + A — Apyq) &
1—gp 1—q

E
= 0253 1 (Akj—l — Ak+1) 9E
Plugging this into (7.49), and using that A, — 0 and % < 1, then there exists and integer K| > K
such that for every k > fﬁ

by 1—qp M- l-a9p
A < ﬁ(Ak 1—Ag) 2 + 1 1>\(Ak—1 — Apt1) &

l—gp

where M = cpcads ‘2 M. Taking the power

13EE > 1 on both sides and using the fact that
Agt1 < Ay,

we have for every k > K-
g

AT < My(Ag—1 — Apyr), (7.50)

_ 9B 4B
where we set My = (1 — ) '~9 max(\, M) '~96, We now distinguish two cases:

e ¢ €[0,1/2], hence qp = %: (7.50) then becomes
A < Ma(Ap—1 — Agy),

with My = (1 — A)~!max(\, M;) and M; = 7E73 Using again that Apiq < Ag, we obtain that
for k > Rl
My
A < Aj_
k> 1 +M2 k—2,
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which implies
k—Ky

Mo 2 k
AL < Ay =
k= (1 7\{2> i = 00",

=

for p & (1%2) €0, 1[.
e ¢ €]3,1], hence gg = ¢: we define the function h : R} — R by h(s) = s T, Let R > 1. Assume
first that h(Ag) < Rh(Ag—1). Then from (7.50), we get
1 < Ma(Ag—1 — A1) h(Ag)
< RMo(Ag—1 — App1)h(Ap—1)
Ag_1
< RMQ/ h(s)ds

AVAE]

1 _ q 1112qq 11 2qq
< RM, 1—2g Ak— Ak-i—l

Setting v = 2‘7 1 > 0 and M3 = g5z > 0, one obtains
0< Mz <AV, —A. (7.51)
Now assume that h(Ay) > Rh(Ag_1). Since h is decreasing and Ay < Ag, then
h(Ag41) > Rh(Ag-1).
Set g = R a > 1, we directly have that
Aty > aAh

Since ¢ —1 > 0 and A;¥ — +o0 as k — +o0, there exists My > 0 and a large enough integer
K, > K such that for every k > Ky that satisfies our assumption (h(Ag) > Rh(Ag_1)), we
have

0< My <AL =AY (7.52)
Taking Ms = min(Ms, My), (7.51) and (7.52) show that for all k > K»
0< M5 < Ak—zl A]:ill

Summing both sides from Ky up to K — 1> K>, we obtain
Ms(K — Ko) < ARX — A+ AR =AY <28 A ).

Ko—1
Therefore
v v M5 [
AR > AK2 . 7(K—K2). (7.53)
Inverting, we get
1
v M5 - v _1
Ax AK2 L 7(K — (K2+1)) =0O(K V). (7.54)
O

7.2.2.3 General coefficients

The discrete scheme (ISEHD-Disc) opens the question of whether we can consider ay, B, Sk to be
independent. Though this would omit the fact they arise from a discretization of the continuous-time
dynamic (ISEHD), hence ignoring its physical interpretation, it will gives us a more flexible choice of
these parameters while preserving the desired convergence behavior.
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Theorem 7.2.10. Let f : R? — R be satisfying (Ho) with YV f being globally L-Lipschitz continuous.
Consider (ax)ken, (Bk)kens, (Sk)ren to be three positive sequences, and the following algorithm with
To,T1 € R4:
Yo =+ oz — zp-1) — Be(Vf(zk) = VF(zk-1)), (755)
Tpr1 =Yk — SV f(xg).
If there exists 5 > 0 such that:
o 0 <infren sy < supgensy <5< %;

ap+PrL 1 _ L
Sk ) <3

e SupkeN( 5 2-°

Then the following holds:
(i) (IVf(zk)ren € Z(N), and (|zpr1 — zilren € C(N), and thus

i [V £ ()| = 0.

(it) Moreover, if (x),cy 15 bounded and f is definable, then (||zri1 — zk||)pey € 1 (N) and zy con-
verges (as k — +o00) to a critical point of f.

(iii) Furthermore, if oy, = o, B, = B, sk, = s, then the previous conditions reduce to

L
a+ﬂL+%<1.

If, in addition, o # %, and o > BL, then for almost all o,z € R?, z, converges (as k — +00)
to a critical point of [ that is not a strict saddle. Consequently, if [ satisfies the strict saddle
property, for almost all o,z € R, a3, converges (as k — +00) to a local minimum of f.

Remark 7.2.11. If oy, Bk, s are given as in (ISEHD-Disc), i.e. ai = ﬁ,ﬁk = Bhay, s = hlay,
then the requirements of Theorem 7.2.10 reduce to 3 + % < £ (recall that c is such that ¢ < ;).

Proof. Adjusting equation (7.29) to this setting, i.e. not using the dependent explicit forms of
ag, Bk, Sk, we get an analogous proof to the one of Theorem 7.2.7. We omit the details for the sake of
brevity. 0

7.3 Inertial System with Implicit Hessian Damping

7.3.1 Continuous-time dynamics

We now turn to the second-order system with implicit Hessian damping as stated in (ISIHD), where
we consider a constant geometric damping, i.e. [(t) = 8 > 0. We will use the following equiv-
alent reformulation of (ISIHD) proposed in [33]. We will say that x is a solution trajectory of
(ISIHD) with initial conditions z(0) = zg,#(0) = vo, if and only if, x € C%2(Ry;R?%) and there exists
y € CY(Ry;RY) such that (z,y) satisfies:

x(t) + m(t)gy(t) — 07

§(6) + BV (1) + (= (0) (1) —y(1) =0, (7.56)

with initial conditions z(0) = zo, y(0) = yo = zo + Bvo.

7.3.1.1 Global convergence of the trajectory

Our next main result is the following theorem, which is the implicit counterpart of Theorem 7.2.1.
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Theorem 7.3.1. Let 0 < 8 < 25, f: R — R satisfying (Hy), 7 is continuous and satisfies (I,).
Consider (ISTHD) in this setting, then the following holds:

(1)
(1)
(iii)

(i)

There ezists a global solution trajectory x : Ry — R? of (ISTHD).
We have that & € L2(R.;RY), and V f o (x + Bi) € L2(Ry; RY).
If we suppose that the solution trajectory x is bounded over R, then Vfox € L2(Ry;R?),

Jim V@) = Jim_[#(@)] =0,

and limy_, 4 f(2(t)) exists.

In addition to (iii), if we also assume that f is definable, then © € L*(R,;RY) and x(t) converges
(as t — +00) to a critical point of f.

Proof. (i) We will start by showing the existence of a solution. Setting Z = (z,y), (7.56) can be

equivalently written as:
Z() + VG(Z(1) + D, Z(t) =0, Z(0) = (w0, o), (7.57)

where G(Z) : R? x R? — R is the function defined by G(Z) = Bf(y) and the time-dependent
operator D : Ry x R? x R? — R? x R is given by:

p.2) = (“52 (5 -90) e ).

Since the map (¢, Z) — VG(Z) + D(t, Z) is continuous in the first variable and locally Lipschitz
in the second (by (Hp) and the assumptions on v),we get from Cauchy-Lipschitz theorem that
there exists Tinax > 0 and a unique maximal solution of (7.2) denoted Z € C([0, Tiax[; R? x RY).
Consequently, there exists a unique maximal solution of (ISIHD) 2 € C?([0, Tinax[; RY).

Let us consider the energy function V : [0, Tihax[— R defined by

V(1) = f(x(t) + Bi(t)) + %Hﬂ'«“(t)llz-

Proceeding as in the proof of Theorem 7.2.1, we prove it is indeed a Lyapunov function for
(ISTHD). Denoting dy & min (%,B (1 — ﬁgf)) > 0, we have

V(1) < =o1(la(@)|* + IV £ ((t) + Ba(t))[I)- (7.58)

We will now show that the maximal solution Z of (7.57) is actually global. For this, we ar-
gue by contradiction and assume that Thax < +00. It is sufficient to prove that x and y have
a limit as t — Thax, and local existence will contradict the maximality of Ty ax. Integrating
(7.58), we obtain & € L2([0, Tinax[; R?) and Vf o (z + B&) € L2([0, Timax[; R?), which entails that
i € LY([0, Thax[; RY) and Vf o (z + B#) € LY([0, Tinax[; R?), and in turn ((t)) 1o, Tay| SAtISHeS
the Cauchy property and lim;,7 . 2(t) exists. Besides, by the first equation of (7.56), we will
have that lim;_,7, . y(¢t) will exist if both lim; 7, . =(t) and lim;_,7, . #(f) exist. So we just
have to check the existence of the second limit. A sufficient condition would be to prove that
# € LY([0, Tiax[; RY). By (ISIHD) this will hold if &, Vf o (x + B) are in L([0, Tinax[; RY). But
we have already shown these claims. Consequently, the solution Z of (7.57) is global, and thus
the solution x of (ISIHD) is also global.

Integrating (7.58), using that V is well-defined and bounded from below, we get that
i€ L2 (Ry;RY), and Vf(z(t) + Bi(t)) € LE(Ry;RY).
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(iii)

(iv)

By assumption, sup,.||z(t)|| < +oo. Moreover, since & € L?(Ry;R?) and continuous,
i € L®(Ry;R?) and then using that Vf is locally Lipschitz, we have

+o0 +oo
/0 IV () [2dt < 2 /0 IV F((t) + Bi() — V£ (a(t)) |t
+o00
2 / IV £ () + pi(t)) | 2dt

+oo +oo
<Ly [ lalPde 2 [ VA + B0t < +oc,
0 0
where Lg is the Lipschitz constant of V f on the centered ball of radius
sup [|z(t)[| + Bsup [|£(¢)]| < +oo.
>0 >0
Moreover, for every t,s > 0,
IVf(z(t) = Vf(z(s))ll < Lo Sup ()] [t = s].
This combined with Vf oz € L?(Ry;RY) yields
Jim [V ()] =0.
We also have that
sup IV f(x(t) + B2(1))]| < igg(HVf(w(t) + B2(t)) = VL(O)) + IVf(0)]l
< Losup [[z(t)[| + Lofsup [[&(t)[| + [V (0)]| < +oc.
>0 >0
Therefore, in view of (ISIHD), we get that # € L>°(R;RY). This implies that

[2() = 2(s)]| < sup |Z(T)[| |t = 5.

Combining this with & € L2(Ry;R%) gives that lim;_, oo [|#(¢)]| = 0.
From (7.58), V is non-increasing, and since it is bounded from below, V' (¢) has a limit, say L.
Passing to the limit in the definition of V'(¢), using that the velocity vanishes, gives

Jim f(a(t) + B (1) = L.

On the other hand, we have

1
| (x(t) + pa(t) — f(x(t))] = B /O (Vf(2(t) +spi(t), (1)) ds

1
<p < ; IV f(2(t) + spa )] d8> ()] -

Passing to the limit as ¢ — 400, the right hand side goes to 0 from the above limits on V f(z(t))
and @(t). We deduce that lim; 4 f(x(t)) = L.

As in the proof for (ISEHD), since (z(t))¢>0 is bounded, then (7.4) holds. Besides, consider the
function 1
E:(z,v,w) € R3 flz+v)+ 3 l|wl?. (7.59)

Since f is definable, so is E. In turn, E satisfies has the K}, property. Let

def

@1 = @(:C()) X {Od} X {Od}
Since E‘Ql =1, VE‘@1 =0, Ir,n > 0,3 € x(0,n) such that for every (z,v,w) € R3¢ such that
z € &x(:)) + Br,v € By,w € By and 0 < E(z,v,w) — L <7, we have
V' (E(x,v,w) — L)|VE(z,v,w)| > 1 (7.60)
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By definition, we have V(t) = E(xz(t), 8i(t),&(t). We also define V() = V(t) — L. By the

properties of V' above, we have lim; o V(t) = 0 and Visa non-increasing function. Thus

V(t) > 0 for every ¢t > 0. Without loss of generality, we may assume that V(¢) > 0 for every
t > 0 (since otherwise V(t) is eventually zero entailing that #(t) is eventually zero in view of
(7.58), meaning that x(-) has finite length).

Define the constants do = 2,3 = %. In view of the convergence claims on & and 1%4 above, there
exists T' > 0, such that for any ¢t > T

x(t) € €(z(+)) + By,
0<V(t)<mn,

) (7.61)
max (3,1) [2(t)]| <,
LoV (1) < 375
The rest of the proof is analogous to the one of Theorem 7.2.1. Since
IVE((t), i(t), ) |* < da([&(0)1> + |V (x(t) + Bi(t))|%), (7.62)
and
V(V)IVE((), Bi(t), )| > 1, Vi >T. (7.63)

We can lower bound the term —%w(V(t)) for t > T (as in (7.12)) and conclude that
i € LY(R,;R%), and that this implies that (¢) has finite length and thus has a limit as ¢t — +oo0.
This limit is necessarily a critical point of f since lim; 4 ||V f(z(2))| = 0.

O

7.3.1.2 Trap avoidance
We now show that (ISIHD) provably avoids strict saddle points, hence implying convergence to a local
minimum if the objective function is Morse.

Theorem 7.3.2. Let ¢ > 0, 0 < 8 < % and v = c. Assume that f : R? — R satisfies (Hy) and is
a Morse function. Consider (ISITHD) in this setting. If the solution trajectory x is bounded over R,
then the conclusions of Theorem 7.5.1 hold. If, moreover, 3 # %, then for almost all xg,vo € R? initial
conditions, x(t) converges (ast — +00) to a local minimum of f.

Proof. Since Morse functions are C? and satisfy the KL inequality, and z is assumed bounded, then
all the claims of Theorem 7.3.1 hold.

As in the proof of Theorem 7.2.3, we will use again the global stable manifold theorem to prove the
last point. Since, v(t) = ¢ for all ¢, introducing the velocity variable v = &, we have the equivalent
phase-space formulation of (ISTHD)

#(t)  =w(t),
{ o(t) = —cv(t) = Vf(z(t) + Bo(t)),
with initial conditions x(0) = g, v(0) = vg. Let us consider I : RY x R — R? x R? defined by
F(z,y) = (v,—cv — Vf(z + pv)).
Defining z(t) = (z(t),v(t)) and 2y = (z0,v0) € R?? | then (7.64) is equivalent to

{z@) = F(z(t)),

(7.64)

(7.65)

We know from above that under our conditions, the solution trajectory z(t) converges (as t — 4+00) to
an equilibrium point of F', and the set of equilibria is {(£,0) : & € crit(f)}. Following the same ideas
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as in the proof of Theorem 7.2.3, first, we will prove that each equilibrium point of F' is hyperbolic.
We first compute the Jacobian

Te(a,y) = Odxd Iy
~V2f(x+ Bv) —cly— BV2f(x+ Bo)

Let 2 = (2,0), where & € crit(f). Then the eigenvalues of Jp(2) are characterized by the solutions on
AeCof
Y I

det = 0. (7.66)
~V2f(&) —(A+c)la— BVPf(2)

By Lemma7.1.1, (7.66) is equivalent to
det((1 4 AB)V2f (&) + (A2 + Ae)Iy) = 0. (7.67)

This is the exact same equation as (7.17). Thus the rest of the analysis goes as in the proof of
Theorem 7.2.3. O

7.3.1.3 Convergence rate
We now give asymptotic convergence rates on the objective and trajectory.

Theorem 7.3.3. Consider the setting of Theorem 7.5.1 with f being also definable. Recall the function
E from (7.59), which is also definable, and denote 1 its desingularizing function and VU any primitive of
— 2. Then, z(t) converges (ast — +00) to oo € crit(f). Denote V(t) = E(x(t), Bi(t), 2(t)) — f(Too).
Then, the following rates of convergence hold:

o Iflim; ,oVU(t) € R, we have E(x(t),x(t), 5V f(x(t))) converges to f(rs) in finite time.

o Iflim;_,o V() = 400, there exists some t; > 0 such that

V(t) =00t —t)) (7.68)
Moreover,
[2(t) = Zoo|| = O 0 WTH(t — 1)) (7.69)
Proof. Analogous to Theorem 7.2.4. 0

When f has the Lojasiewicz property, we get the following corollary of Theorem 7.3.3.

Corollary 7.3.4. Consider the setting of Theorem 7.3.3 where now f satisfies the Lojasiewicz inequality
with desingularizing function ¥ (s) = cps'™9, q € [0,1[, ¢; > 0. Then there exists some t; > 0 such
that:

e Ifqg€0,3], then

V() = Olexp(—(t — 1)) and ||z(t) — zoc| = O <exp <t _2“>> (7.70)

V(t)=0((t - tl)%) and ||z(t) — zso|| = O((t — tl)fﬁ) (7.71)

Proof. Analogous to Corollary 7.2.6. O
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7.3.2 Algorithmic scheme

In this section, we will study the properties of an algorithmic scheme derived from the following explicit
discretization discretization of (ISIHD) with stepsize h > 0 and for k£ > 1:

-2 _ — — X
Dhod 720k B (o) DL TR gy (g 4 g TR TREL) (7.72)
h? h h
This is equivalently written as
veo = ok on(on o) (ISTHD-Disc)
Trr1 =Yk — skVI(@g + B (T — 2k-1)),

. e e ol d def def 1 def ; 9 ) def
with initial conditions xg,z; € R where v = v(kh), ar = Tk Sk = héay, and B = 8.

>

7.3.2.1 Global convergence and trap avoidance

We have the following result which characterizes the asymptotic behavior of algorithm (ISIHD-Disc),
which shows that the latter enjoys the same guarantees as (ISEHD-Disc) given in Theorem 7.2.7. We
will again require that V f is globally Lipschitz-continuous.

Theorem 7.3.5. Let f : RY — R satisfying (Hy) with Vf being globally L-Lipschitz-continuous.
Consider algorithm (ISTHD-Disc) with h > 0, 5 > 0 and ¢ < v < C for some ¢,C > 0 and for every
k € N. Then the following holds:

(i) If B+ 2% < £, then (|IVf (k)| ren € 2(N), and (|zr1 — 2] )ken € (N), in particular
Jim [V /()| = 0.

(it) Moreover, if (zx),ey is bounded and f is definable, then (||zgp41 — zkl)ken € €1(N) and zy
converges (as k — +o00) to a critical point of f.

(iii) Furthermore, if iy, = ¢ >0,0< < 7,8 # %, and h < min (2 (% — B) ’L%B)? then for almost
all zg,x1 € R, a3, converges (as k — +00) to a critical point of f that is not a strict saddle.
Consequently, if f satisfies the strict saddle property, for almost all g, x1 € R?, 2}, converges (as

k — +00) to a local minimum of f.

. def _ def def _ _ _
Proof. (i) Let vy = x — 2p_1, O = ﬁ, a = Hﬁ’ 5 = h’a,s = haq, so a < o, < @ and

s < s < 5 for every k € N. Proceeding as in the proof of Theorem 7.2.7, we have by definition
that for £k € N*

o1
Tk41 = argiin §H$ — (yk — sk Vf(zk + Bop) 1%, (7.73)
z€eR

and 1—strong convexity of « — ||z — (yx — sk V. f(zk, + B'vg))||* then gives

1 1 1
llzess = e = 51V f i+ Boe)) 1 < Slloe = (o — 56V f (@ + B0 = 5 oy — ol (7.74)

Expanding and rearranging, we obtain

v 2 1
(V1 (k4 o), o) < — ) ‘jkl” ok, ). (7.75)

Combining this with the descent lemma of L-smooth functions applied to f, we arrive at
Flii) < F) + (VF ), o) + 5 o
= Ja) + (V@) = 9 f@n+ B0, viss) + (V@ + o), o) + 5 o
< fon)+ (824 35 ) llowsall = (5 = 5 ) Towal”.
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Where we have used that the gradient of f is L—Lipschitz and Cauchy-Schwarz inequality in the
last bound. Denote & = 'L + % We can check that since h < %, then 0 <5 < % and the last
term of the inequality is negative. Using Young’s inequality we have that for € > 0 :

~2 2
a Vgt1 1 L
Flana) < ) + 5ol 4 L0 (202 o

2 s 2
Or equivalently,

~2 ~2 ~2
o «a e« 1 L
Flan) + ol < o)+ Gl + 5+ 52 = (5= 5 ) | o

In order to make the last term negative, we impose
e & 1 L
PRIC S

Minimizing for € at the left-hand side we obtain € = & and the condition to satisfy is

2
5< 3z A (7.76)
Recalling the definitions of 5, &, 8/, this is equivalent to
h? 2
1+ch < 2<Lﬁ+i)+L
BT R2

Simplifying, this reads

< 2LBh+2+ Lh? < 2+ 2ch.

h
ﬁ+§<

which is precisely what we have assumed. Let § = (

)

Slo

0=

—%)—d>0,then

o a
f(xk+1)-+*§Hvk+1H2 < f(xk)'+‘§Hka2-5HUk+1H2- (7.77)

Toward our Lyapunov analysis, define now Vi, = f(z)) + $|lvg||? for k& € N*. In view of (7.77),
Vi obeys

Vi1 < Vi — 8flopga |1 (7.78)
and thus Vj is non-increasing. Since it is also bounded from below, Vi converges to a limit, say
L. Summing (7.77) over k € N*, we get that (||vpr1|)ren € €2(N), hence limy_ o ||vg]| = 0.
Besides, since a < 1

1
IV f(r + Bor) | = solzerr = il < SClenpn = @il + llos = gel)

< ~([oxsall + allvgl))

< —(llowgall + [,

o | — 1 | — I | =

which implies
IV f (x + B'op) |1 < Sa([Jorral® + [|ogl|),
where d; = %. Consequently (||V f(zx + B'vx)|)ren € £2(N), and

IV £ (@) 1? = 21V f(2r) = V£ (@r + Bo)lI” + 1V (2r + 5or) )
< 2L2Bog® + IV £ (wr, + B'vr) 7).
Thus, ([[Vf(zk)|)ken € £2(N), hence limy o0 ||V f ()] = 0.

When (z),cy is bounded and f is definable, we proceed analogously as in the proof of Theo-
rem 7.2.7 to conclude that (||vg||)ken € €1(N*), so (2k),ey is a Cauchy sequence which implies
that it has a limit (as kK — +00) denoted x, which is a critical point of f since

l =0.
L [V ()l
- 144 -



Chapter 7 7.3. Inertial System with Implicit Hessian Damping

(iii)) When v = ¢, we let ap = a = 1+%,sk = s = h?a. Let 2, = (wp,75_1), and
g: R x RY = R x RY defined by
g: (g, 2-) = [(1+@)ry —ax- — sV f(ry + (a4 —a-)), 24].
(ISIHD-Disc) is then equivalent to
Z+1 = 9(2k)- (7.79)

To conclude, we will again use [128, Corollary 1], similarly to what we did in the proof of Theo-
rem 7.2.7, by checking that:
(a) det(Jy(v4,2_)) # 0 for every x4,z € RY.

(b) X C A%, where A% = {(z,2) € R* : 2 € crit(f), max; |\i(Jy(z,2))] > 1} and
Xy {(z,r) € R¥ : x € X*}, with X* the set of strict saddle points of f.

Let us check condition (a). The Jacobian Jg(xy,x_) reads

(I + )y = s(1+B)V2f(ws + B (w4 —2-)) —aly+s8V2f(as + 8@y —2-)) (7.80)
I Odxd

This is a block matrix, where the bottom-left matrix commutes with the upper-left matrix (since
is the identity matrix), then by Lemma7.1.1:

det(Jy(zy,z_)) = det(aly — B'sV?f(zy + B'(xy — ).

Since the eigenvalues of V2f(zy + /(x4 — x_)) are contained in [~L, L]. It is then sufficient
that o > 'Ls to have that n — 75 7 0 for every eigenvalue 7 # 0 of V2f(zy + B'(xy —2)).
This means that under a > 'Ls, condition (a) is in force. Requiring o > 'Ls is equivalent to
h < L%B? and since we already need h < 2 (% — B), we just ask h to be less than the minimum of
the two quantities.

Let us check condition (b). Let x be a strict saddle point of f, i.e. x € crit(f) and

Auin(V2f(2)) = =1 < 0.

To characterize the eigenvalues of Jy(z,2) we could use Lemma7.1.1 as before, however, we will
present an equivalent argument. Let 7; € R, i = 1,...,d, be the eigenvalues of V2f(x). By
symmetry of the Hessian, it is easy to see that the 2d eigenvalues of J,(z,z) coincide with the
eigenvalues of the 2 x 2 matrices

(I4a)=s(1+8)m —a+sbn
1 0
These eigenvalues are therefore the (complex) roots of
A —A((1+a)—s(1+8)m) +a—s8n =0. (7.81)
If A= -2 then (7.81) becomes

B'+1
/ 2 /
<@i1>—<ﬂil>ﬂ+®+a:0

This implies that o = B or equivalently ﬁ = % But this contradicts our assumption that

S

Bec # 1, and thus this case cannot occur. Let us now solve (7.81) for n; = —n. Its discriminant is
Ay=a®+2ans(1+ ) — 1)+ (ns(1 + B') + 1)* — 4nsp,

which can be seen as a quadratic equation in a whose discriminant A, = —16ns. Since A, < 0

(recall that n,s > 0). Therefore the quadratic equation on « does not have real roots implying
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that Ay > 0. We can then write the solutions of (7.81),

(I+a) +ns(1+5) £ VA,
5 .
Let us examine the largest solution (the one with the plus sign) and show that actually A\ > 1.

A:

Simple algebra shows that this is equivalent to verifying that
Ay>(2-(1+a)—ns(l+p5))>
or, equivalently,
(1—a) + 7?21+ B2 —2(1 —a)ps(1 + B') < Ay
2
= (1 +a)® +n(s = 5)" = 4(a —np).
Simple algebra again shows that this inequality is equivalent to 0 < 4ns, which is always true as
n > 0. We have thus shown that X C A
Overall, we have checked the two conditions (a)-(b) above. Therefore the invariant set {z; €

R2%: limp_ 100 g7 (21) € 2‘2} has Lebesgue measure zero. This means that the set of initializations
xo, 1 € R? for which xj, converges to a strict saddle point of f has Lebesgue measure zero.

O

7.3.2.2 Convergence rate

The asymptotic convergence rate of algorithm (ISTHD-Disc) for Lojasiewicz functions is given in the
following theorem. This shows that (ISTHD-Disc) enjoys the same asymptotic convergence rates as
(ISEHD-Disc).

Theorem 7.3.6. Consider the setting of Theorem 7.5.5, where f also satisfies the Lojasiewicz property
with exponent q € [0,1[. Then x — Too € crit(f) as k — +oo at the rates:
e If g €[0,3] then there exists p €]0,1[ such that

|z — ool = O(0"). (7.82)
e Ifq E]%, 1] then
1—
|2 — ool = O (/-c—*) . (7.83)

Proof. Since the Lyapunov analysis of (ISTHD-Disc) is analogous to that of (ISEHD-Disc) (though the
Lyapunov functions are different), the proof of this theorem is similar to the one of Theorem 7.2.9. O

7.3.2.3 General coefficients

As discussed for the explicit case, the discrete scheme (ISIHD-Disc) rises from a discretization of the
ODE (ISIHD). However, the parameters ay, si are linked to each other. We now consider (ISIHD-Disc)
where oy, s are independent. Though this would hide somehow the physical interpretation of these
parameters, it allows for some flexibility in their choice while preserving the convergence behavior.

Theorem 7.3.7. Let f : R — R be satisfying (Ho) with YV f being globally L-Lipschitz-continuous.
Consider (ax)ken, (Bk)kens, (Sk)ken to be three positive sequences, and the following algorithm with
To,T1 € RY:
=T + (T — T—1),
Yk K+ ag(Tr — 1) (7.84)
Tpt1 =Yk — skVf(@k + Be(zr — zp-1))-
If there exists 5 > 0 such that:
o 0 <infren sy < supgensy <5< %;
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@[
NIy

® SUDgen (,BkL + %) <
Then the following holds:
(i) (IVf(@r)Dren € (N), and (241 — zklren € C(N), hence

li —0.
L IV f(zk)|]| =0

(it) Moreover, if (xk)yey is bounded and f is definable, then (|41 — zil)ken € €1(N) and zy
converges (as k — +00) to a critical point of f.

(iii) Furthermore, if oy, = o, B, = B, sk, = s, then the previous conditions reduce to
1
o+ sL <ﬁ+2> < 1.

If, in addition, o # %, o > BLs, then for almost all xo,z1 € R?, x5, converges (as k — +00)
to a critical point of f that is not a strict saddle. Consequently, if f satisfies the strict saddle
property, for almost all g, 21 € RY, x converges (as k — 4+00) to a local minimum of f.

Proof. Adjusting equation (7.75) to our setting (i.e. not using the dependency of oy, si) we get an
analogous proof to the one of Theorem 7.3.5. We omit the details. 0

7.4 Numerical experiments

Before describing the numerical experiments, let us start with a few observations on the computational
complexity and memory storage requirement of (ISEHD-Disc) and (ISTHD-Disc). The number of gra-
dient access per iteration is the same for Gradient Descent (GD), discrete HBF, (ISEHD-Disc) and
(ISTHD-Disc) is the same (one per iteration). However, the faster convergence (in practice) of inertial
methods comes at the cost of storing previous information. For the memory storage requirement per
iteration, GD stores only the previous iterate, the discrete HBF and (ISTHD-Disc) store the two pre-
vious iterates, while (ISEHD-Disc) additionally stores the previous gradient iterate as well. This has
to be kept in mind when comparing these algorithms especially in very high dimensional settings.

We will illustrate our findings with two numerical experiments. The first one is the optimization
of the Rosenbrock function in R?, while the second one is on image deblurring. We will apply the
proposed discrete schemes (ISEHD-Disc) and (ISTHD-Disc) and compare them with gradient descent
and the (discrete) HBF. We will call |V f(zy)|| the residual.

7.4.1 Rosenbrock function

We will minimize the classical Rosenbrock function, i.e.,
fi(xy) € R (1—2)* +100(y — 2%)?,
with global minimum at (z*,y*) = (1,1).

We notice that its global minimum is the only critical point. Therefore this function is Morse and
thus satisfies the Lojasiewicz inequality with exponent 3 (see Remark 7.1.9). Consider (ISEHD) and
(ISTHD) with the Rosenbrock function as the objective, v : Ry — R4 continuous and satisfying (H-)
(ie. 0 <ec<~Ht) <C < +400),and 0 < f < % By Theorems7.2.1-7.2.9 for (ISEHD), and
Theorems 7.3.1-7.3.6 for (ISTHD), we get that the solution trajectories of these dynamics will converge
to the global minimum eventually at a linear rate. Due to the low dimensionality of this problem, we
could use an ODE solver to show numerically these results. However, we will just the iterates generated
by our proposed algorithmic schemes (ISEHD-Disc) and (ISTHD-Disc). Although the gradient of the
objective is not globally Lipschitz continuous, our proposed algorithmic schemes worked very well for A
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small enough. This suggests that we may relax this hypothesis in future work, as proposed in [165, 118|
for GD.

We applied (ISEHD-Disc) and (ISTHD-Disc) with 8 € {0.02,0.04}, v(t) = v = 3, h = 1073 and
initial conditions z¢g = (—1.5,0), 21 = x9. We compared our algorithms with GD and HBF (with the

same initial conditions) after 2 * 10* iterations:

2
Thil =Tk = 7 ,YOth(ﬂﬂk), (GD)
and
{ Yk = Tk + ppeo (@ — 2-1), (HBF)
Thyl =Yk — %Vf(wk)-

‘The behavior of all algorithms is depicted in Figures 7.1 and 7.2.

s
10° | GD 10 GD T l(l;[l)ll"l
— HBF — HeF 25 — HBF
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(a) Iteration vs Residual. (b) Time vs Residual. (c) Trajectory.

Figure 7.1: Results on the Rosenbrock function with g = 0.02.

10° 4 s 10 = T
— HBF 2 —— HBF 7
2 10 2.5 HBF
10 ISEHD ISEHD ISEHD
— ISHD — ISIHD
10t 10t 2.0 —— ISIHD
g
1072
E— 0.5
1072
0.0
1074
-0.5
2

10-2 10 -1.0
(a) Iteration vs Residual. (b) Time vs Residual. (c) Trajectory.

residual
=
S
-
o

10° 10! 102 10° 5000 10000 15000 20000 1072
iter

time [sec] -2 -1 0 1

Figure 7.2: Results on the Rosenbrock function with g = 0.04.

We can notice that the iterates generated by (ISEHD-Disc) and (ISTHD-Disc) oscillate much less
towards the minimum than (HBF), and this damping effect is more notorious as 3 gets larger. In the
case B = 0.02, we observe there are still some oscillations, which benefit the dynamic generated by
(ISEHD-Disc) more than the one generated by (ISTHD-Disc). However, we have the opposite effect
in the case 8 = 0.04, where the oscillations are more damped. These three methods ((ISEHD-Disc),
(ISTHD-Disc), (HBTF)) share a similar asymptotic convergence rate, which is linear as predicted (recall
f is Lojasiewicz with exponent 1/2), and they are significantly faster than (GD).

7.4.2 Image deblurring

In the task of image deblurring, we are given a blurry and noisy (gray-scale) image b € R™*"v of size
ng Xny. The blur corresponds to a convolution with a known low-pass kernel. Let A : R"**"v — R™=*™y
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be the blur linear operator. We aim to solve the (linear) inverse problem of reconstructing u* € R"=*"y

from the relation b = Au + £, where £ is the noise, that is additive pixel-wise, has 0—mean and is
Gaussian. Through this experiment, we used n, = n, = 256.

In order to reduce noise amplification when inverting the operator A, we solve a regularized opti-
mization problem to recover u* as accurately as possible. As natural images can be assumed to be
smooth except for a (small) edge-set between objects in the image, we use a non-convex logarith-
mic regularization term that penalizes finite forward differences in horizontal and vertical directions
of the image, implemented as linear operators K, K, : R™*™ — R"**™ with Neumann boundary
conditions. In summary, we aim to solve the following:

. ef 1 ,LL o ot
i), £ S b 5SS g+ (e, + ()
ueR™e i=1 j=1

where ju, p are positive constants for regularization and numerical stability set to 5- 107> and 1073,
respectively. Also f is definable as the sum of compositions of definable mappings, and V f is Lipschitz
continuous.

To solve the above optimization problem, we have used (ISEHD-Disc) and (ISIHD-Disc) with pa-
rameters 3 = 1.3, v, = 0.25,h = 0.5, and initial conditions g = 21 = Op,xn,. We compared both
algorithms with the baseline algorithms (GD), (HBF) (with the same initial condition). All algorithms
were run for 250 iterations. The results are shown in Figure 7.3 and Figure 7.4.

In Figure 7.3, the original image @ is shown on the left. In the middle, we display the blurry and
noise image b. Finally, the image recovered by (ISEHD-Disc) is shown on the right.

Figure 7.3: Results of the discretization of ISEID.

In Figure7.4, see that the residual plots of (ISEHD-Disc) and (ISIHD-Disc) overlap. Again, as
expected, the trajectory of (ISEHD-Disc) and (ISTHD-Disc) has much less oscillation than (HBTF)
which is a very desirable feature in practice. At the same time, (ISEHD-Disc) and (ISTHD-Disc)
exhibit faster convergence, though (HBF) eventually attains a similar convergence rate. Again, (GD)
is the slowest. Overall, (ISEHD-Disc) and (ISTHD-Disc) seem to take the best of both worlds: small
oscillations and a faster asymptotic convergence rate.
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Image Deblurring Problem Image Deblurring Problem
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(a) Iteration vs Residual. (b) Time vs Residual.

Figure 7.4: Results on the image deblurring problem.
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Conclusion and Perspectives
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8.1 Summary

We have exploited the close link between continuous-time dissipative dynamical systems and opti-

mization algorithms to provide a systematic analysis of the global and local behavior of several first-

and second-order systems, focusing on convex, stochastic, and infinite-dimensional settings on the one

hand, and non-convex, deterministic, and finite-dimensional settings on the other hand. We have

proposed new analysis tools and results, including convergence of the trajectories, in both continuous

and discrete time, in expectation and almost surely, as well as global and local rates. We have also

described trap avoidance properties for some of these dynamics. We have made our arguments with a

high level of generality such that they apply to infinite-dimensional problems. Our assumptions have

been outlined in such a way that future researchers can easily understand in which way they contribute

to the arguments we make.

We summarize the main conclusions to be drawn from our work:

(1)

(i)

(iii)

The works of Chapters 3-6 was intended to uncover the global and local convergence properties
of trajectories of (sub)gradient-based continuous-time dynamics with stochastic errors under
the umbrella of stochastic differential equations and inclusions. The aim is to solve convex
optimization problems with noisy gradient input with vanishing variance. We have shed light on
these properties and provided a comprehensive local and global complexity analysis both in the
smooth and non-smooth case. This continuous-time perspective offers a deep insight and unveils
the key properties of the dynamic of algorithms, without being tied to a specific discretization.
This in turn enlightens the behavior of the sequence generated by some specific algorithm such
as SGD. In turn, studying the continuous-time diffusion will allow to predict the convergence
behavior of algorithmic schemes and other stochastic algorithms.

First-order stochastic diffusion for stochastic convex optimization: Chapter3 consider first-
order stochastic differential equations and an extension to maximal monotone operators through
smoothing, while Chapter 4 studies stochastic differential inclusions in a non-smooth convex set-
ting together with a Tikhonov regularized version. Convergence properties of the trajectory and
convergence rates are derived in almost sure sense and in expectation.

Second-order stochastic diffusion for stochastic convex optimization: Chapters5-6 are devoted
to second-order stochastic inertial dynamics. Chapter5 capitalizes on the results obtained in
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the previous chapters and a technique called “time scaling and averaging” to obtain convergence
properties of a second-order SDE with specific coefficients without having to go through a specific
Lyapunov analysis. The case with coefficients is at the heart of Chapter 6 where one has to go
through intricate Lyapunov analysis.

(iv) Second-order systems and algorithms for non-convex optimization: our main take-away messages
are:

e Under definability conditions on the objective and suitable choice of the parameters, the
trajectories of the proposed dynamics converge globally. Besides, in the autonomous setting,
and under a Morse condition on the objective, the trajectory provably and generically
converges to a local minimum of the objective.

e The same properties hold for respective proposed algorithmic schemes.

e The inclusion of the Hessian driven damping indeed helps to reduce oscillations towards
critical points, and, when chosen appropriately, without harming the speed of convergence.

e The selection of Hessian driven damping parameter is important. If it is chosen too close
to zero, it may not significantly reduce oscillations. Conversely, if it is chosen too large
(even within the theoretical bounds), the trade-off for reduced oscillations might be a worse
practical convergence speed.

8.2 Future Work

Several extensions and research avenues are possible in the context of future work. Some of the most
promising ones in our opinion are the following.

It6 formula in general separable Hilbert spaces. Extension of [td formula to Ci’l(H) functions
where H is a general separable Hilbert space is rather challenging. More precisely, the goal is to extend
Proposition 2.7.6 to such spaces. However, the argument in finite dimension relies on mollifiers which
does not extend to infinite dimension. In the latter, a promising direction should rather go through
general approximation theory of functions (see [150]).

Beyond the convex case in the stochastic setting. We think for instance to the quasi-convex
case, and we refer to the recent work of [82] which offers us some perspective concerning the extension
of our work to the non-convex Kt setting. The second-order stochastic dynamics we proposed were
not related provably to a stochastic algorithmic scheme in the small stepsize regime. Whether these
dynamics can approximate some stochastic algorithm, at which rate, and how this could be used to
prove trap avoidance of such algorithms is an important challenge.

Assumption (H),). This assumption appears somewhat stringent though it is verified in some special
cases (see Remark4.2.2). Investigating other conditions to ensure existence of a strong solution to an
SDI, extending the theory of [173], is an important question.

Maximal monotone operators. A challenging question is the extension of our general theory for
non-smooth optimization problems to the case of maximal monotone operators, i.e., replace V f by A (a
maximal monotone operator) and dg by B (a set-valued maximal monotone operator) and investigate
the convergence guarantees of the corresponding stochastic dynamics for finding the zeros of A + B;
see the recent paper [64].

Linearly constrained convex minimization. Inspired by [22], we could consider a structured
convex minimization problem under a linear constraint and use a stochastic version of the Temporally
Rescaled Inertial Augmented Lagrangian System (TRIALS) to solve it.
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Non-euclidian geometry. In our results in Chapter 7, we focus on the FEuclidian case. Extending
our results to (non-FEuclidean) Bregman-type geometry, i.e. those where the objective is not globally
Lipschitz-smooth but only relatively so, appears worth investigating in a future work.
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