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Titre : Émulation de calculs PGCM avec la méthode Eigenvector ContinuationMots clés : Structure nucléaire théorique, techniques à N corps, Eigenvector Continuation, ému-lateurs
Résumé : Le noyau atomique, système quan-tique de nucléons en interaction, constitueun problème difficle à résoudre exactement.Pour contourner cette difficulté, des méthodesde résolution approchées on été introduites,comme la Projected Generator Coordinate Me-thod (PGCM). La force de la PGCM est deconstruire un espace de faible dimension, mo-tivé par des considérations physiques, danslequel trouver un solution approchée est fa-cile. Cependant, le coût numérique du calculd’un espace PGCM rend cette méthode maladaptée pour une étude statistique de sensi-bilité des observables nucléaires vis-à-vis desparamètres du modèle d’interaction, laquellenécessite un grand nombre de calculs PGCM.Afin de rendre ce type d’études possibles, cettethèse explore la notion d’émulateur PGCM.Dans ce travail, une combinaison de PGCMavec la méthode Eigenvector Continuation (EC)est construite et étudiée. Cette combinaison(l’émulateur PGCM-EC) tire parti des ressem-blances formelles entre PGCM et EC, et sur-

tout de la possibilité de décomposer l’hamil-tonien comme combinaison linéaire de termesindépendants des paramètres du modèle d’in-teraction. Cette dernière propriété permet deconcentrer la plus grande partie du coût numé-rique sur le calcul de quantités indépendantesdes paramètres de l’interaction (les kernels élé-mentaires), et ainsi rend possible l’émulationmassive de calculs PGCM, au prix d’avoir enamont effectué le calcul très lourd des kernelsélémentaires. Les limites de cet émulateur sontaussi étudiées, en introduisant notamment lanotion de sur-entraînement, qui provient pré-cisément du fait que la PGCM est une méthodenon-exacte de résolution du problème à N-corps nucléaire. Cette thèse démontre au finalqu’il est possible d’émuler des millions de cal-culs PGCM avec une erreur ne dépassant pas
3% sur la spectroscopie collective des noyaux,et avec un faible coût numérique représentantune fraction de 1% du coût des millions de cal-culs PGCM.



Title : Emulation of PGCM calculations using the eigenvector continuation methodKeywords : Theoritical nuclear structure, many-body methods, Eigenvector Continuation, emu-lators
Abstract : An atomic nucleus is a quantum sys-tem of interacting nucleons and constitutes aproblem difficult to solve exactly. For this rea-son, a diversity of approximate resolution me-thods has been designed, and Projected Ge-nerator Coordinate Method (PGCM) is one ofthem. The strong point of PGCM is to constructa physically inspired small dimensional space,inwhich an approximate solution of the nuclearmany-body problem is easily found. Howeverthe numerical cost of PGCM space computa-tionmake this method inadapted for sensibilityanalysis of nuclear observables with restect toparametrisation of the interaction model, thisanalysis requiring an huge number of PGCMcomputations. In order to make this type ofstudy possible, this thesis explore the conceptof PGCM emulator. In this work, a combinationof PGCM with Eigenvector Continuation (EC) isconstructed and studied. This combination (the

PGCM-EC emulator) takes advantage of mathe-matical similarities between PGCM and EC, andabove all of the decomposition of the hamil-tonian as a linear combination of parameter-independent terms. The latter property is usedto concentrate the heavier numerical cost in thecomputation of parameter-independent quan-tities (the elementary kernels), and open thefeasability of massive PGCM emulations, theprice being having first-handedly computedthe costly elementary kernels. Limits of theemulator are also explored, by introducingthe concept of over-training, which is exactlya consequence of the aproximativeness of aPGCM computation. Eventually this thesis de-monstrates the possibility to emulate millionsof PGCM computations with an error on col-lective spectroscopy less than 3%, and with alow numerical cost fraction of 1% of the millionPGCM calculations cost.
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Synthèse

Le domaine de la structure nucléaire théorique s’occupe de modéliser les noyaux atomiques de façon à
pouvoir calculer leurs propriétés mesurables. Le cadre théorique général pour une telle étude est la mé-
canique quantique à plusieurs corps (approche dites de seconde quantification). Afin d’avoir une description
cohérente et prédictive des noyaux, l’approche dite ab-initio vise à décrire de façon unifiée et systématique-
ment améliorable les noyaux atomiques. Dans cette approche, l’interaction repose actuellement sur un
modèle du type Théorie Effective des Champs Chirale (Chiral EFT) reposant sur la Chromodynamique
Quantique (QCD). L’interaction forte au sein des noyau régie par la QCD dont les degré de liberté fonda-
mentaux sont les quarks et les gluons est remplacée par une théorie effective (valable aux échelles d’énergies
de la physique nucléaire) avec comme degrés de liberté effectifs les nucléons et les pions. L’interaction entre
nucléons est ancrée dans la QCD par une expansion chirale de l’interaction, et les différents termes de
cette expansion sont ordonné via le Weinberg power counting. Cela rend possible une résolution ordre
par ordre de l’équation de Schrodinger, le but étant de résoudre cette équation avec la meilleure précision
possible et en contrôlant l’erreur sur la solution approchée. L’approche ab-initio privilégie les méthode dite
de corrélation-expansion afin de résoudre l’équation de Schrodinger. Ces méthodes sont basées sur une
partition de l’hamiltonien en une partie non-perturbée et une partie résiduelle; à la partie non-perturbée
correspond une équation aux valeurs propres ’facile à résoudre’ donnant les états dit non-perturbés. En-
fin, la solution complète est exprimée en terme d’un ’wave operator’ agissant sur l’état non-perturbé. Cet
opérateur pouvant être traité non-perturbativement ou perturbativement. Dans cette thèse on utilise la
Méthode de la Coordonnée Génératrice Projetée (PGCM) qui peut être vue comme l’ordre non perturbé de
la PGCM-PT qui est une méthode de corrélation expansion basée sur un traitement perturbatif du wave
operator. L’approche PGCM ab-initio à prouvé sa capacité à reproduire la spectroscopie collective (rotation
et vibration) de basse énergie, et bien qu’étant non convergée pour les énergies de liaison, l’addition des
perturbations via PGCM-PT restaure les corrélations manquantes sur les énergies de liaison. Parmis les di-
verses sources d’erreur provenant de l’approche ab-initio, celle qui nous occupe dans cette thèse est l’erreur
provenant des paramètres de l’interaction, et les question motivant la thèse sont les suivantes: Quelles
observables déterminent le plus les paramètres de l’interaction ? Et : comment propager les erreur du
fit jusqu’au observables ? Les outils standard pour répondre à ces questions proviennent des domaines
des analyses de sensibilité et des propagations d’erreurs. Cependant de telles techniques sont à l’heure
actuelle inutilisable dans le cadre de la PGCM, cela provient du coût numérique trop élevé d’un calcul
PGCM. Une idée pour contourner la difficulté est d’utiliser un émulateur, le but de cette thèse est de con-
struire un tel émulateur et d’en étudier le performances et limites. D’un point de vue général, le but d’un
émulateur est de reproduire un calcul cible appelé le simulateur (dans le contexte de cette thèse le simu-
lateur est la PGCM). L’intérèt de l’émulateur est de reproduire fidèlement le simulateur tout en ayant un
coût numérique négligeable relativement au simulateur. Ainsi, l’analyse de sensibilité devient possible au
niveau de l’émulateur. Dans cette thèse l’émulateur choisi repose sur la méthode ’Eigenvector Continuation’
(EC), qui est précisément un moyen général d’émuler les propriétés spectrales (vecteurs propres et valeurs
propres) d’un hamiltonien ayant une dépendance paramétrique. Cette technique a prouvé son efficacité
dans une multitude de problèmes de physique (nucléaire) comme par exemple les transitions de phase, et
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la diffusion. Dans cette thèse je décrit l’algorithme permettant l’émulation de la PGCM avec la méthode
EC. L’algorithme tire parti d’une hypothèse sur la structure de l’interaction, qui est supposée admettre
un décomposition en une somme d’opérateurs indépendant des paramètre multipliés par une fonction des
paramètres. Cette hypothèse implique une grande réduction de complexité, dont la plus grande part est
transférée au calcul de quantitées indépendantes des paramètres (les kernels hors diagonaux généralisé).
L’émulateur ainsi obtenu est testé sur un modèle simplifié (brisure de la seule symétrie de rotation, pas
de projection, interaction de Brink-Boecker, ...) et appliqué à un noyau de Neon 20. Ce modèle d’étude
démontre que l’émulateur PGCM-EC donne une reproduction satisfaisante des observables suivantes : én-
ergies absolues (0.1% d’erreur), énergies d’excitation (5 % d’erreur), et rayon chargé (0.2% d’erreur). Je décrit
en détail les limites de cet émulteur, notamment les sur (sous) entraînement provenant de la spécifité de
le l’émulateur (de nature variationelle). Ces notions sont étudiée avec soin et caractérisée géométrique-
ment par la définition d’une distance entre sous-espaces vectoriels, qui permet de quantifier la qualitée de
l’émulation de l’espace PGCM cible par l’espace d’entraînement. On met en évidence une corrélation entre
cette distance entre espaces et la performance de l’émulateur. Pour des études futures, il serait intéressant
de construire une version modifiée de l’émulateur ne souffrant pas du sur entraînement. Même sans cette
version modifiée, l’emulateur actuel peut modulo des modifications mineures permettre des études de spec-
troscopie PGCM à grande échelle pour des interaction ab-initio et EDF tout en propageant les incertitudes
sur les paramètres d’interaction.
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Introduction

Nuclear theory is the field of physics devoted to the theoretical study of atomic nuclei and their measur-
able properties. As of today, such theoretical description is still an open challenge. The most promising route
for a unified theory at low energy relies on effective (field) theories (EFT) where N point-like neutrons and Z
point-like protons interact via models of two-nucleon interactions, three-nucleon interactions. . . rooted into
the underlying gauge theory of the strong force, i.e. quantum chromodynamics (QCD). In this context, the
complexity of ab initio calculations arises from

1. the systematic construction of inter-nucleon interaction models;

2. the presence of many-body interaction terms due to neglecting nucleons’ internal structure;

3. the non-perturbative character of inter-nucleon interactions;

4. the exponential growth of the A-body Hilbert space’s dimension making (quasi-)exact solutions of
A-body Schroedinger’s equation only available up to A = 3 (16).

Despite this complexity, ab initio nuclear theory has made spectacular progress over the last 15 years to
address the above challenges. First, novel generations of inter-nucleon interactions rooted into QCD were
built within the frame of chiral effective field theory (χ-EFT). Such nuclear interactions are typically made
more amenable to an efficient solving of the A-body Schrodinger equation via a similarity renormalisation
group (SRG) transformation [1]. Second, several so-called expansion techniques [2], i.e. self-Consistent
Greens’ functions (SCGF) theory [3, 4, 5, 6], coupled cluster theory (CC) [7, 8, 9, 10, 11, 12], many-body
perturbation theory (MBPT) [13, 14, 15, 16, 17, 18, 19, 20, 21, 22], the in-medium similarity renormalization
group (IMSRG) [23, 24, 25, 26, 27, 28, 29, 30] have been designed and implemented to solve the A-body
problem at polynomial cost with system’s size. Because these methods operate via an expansion of the
exact solution to be truncated, many-body uncertainties can be assessed systematically by going through
successive truncation orders. While the zero-order term of most of the above methods corresponds to
a single Slater determinant or Bogoliubov state, an advanced perturbation theory based on a projected
generator coordinate method unperturbed state (PGCM-PT) [21, 31, 32] has been designed recently in order
to already capture strong static correlations via the unperturbed state while satisfying symmetries.

The projected generator coordinate method (PGCM) [33] is a versatile method to study low-lying col-
lective rotational and and vibrational excitations based on phenomenological energy density functionals
(EDFs) [34, 35, 36]1. Recently, the PGCM has been shown to be well suited to study neutrino-less double
beta decay [42, 43]2 and giant resonances [44, 45, 46]. The PGCM explicitly accounts for so-called strong
(i.e. static) correlations via the mixing of symmetry-breaking Slater determinants or Bogoliubov vacua along
with the subsequent restoration of the broken symmetries through the application of a (set of) projection
operator(s). In spite of constituting only the zero-order contribution to PGCM-PT [47], excitation energies

1The PGCM is also employed as a low-cost alternative to shell-model diagonalization in valence-space calculations [37, 38, 39,
40, 41].

2These calculations combine PGCM and IMSRG approaches.
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of low-lying collective states were shown to be already well converged at zero-order i.e. at the PGCM
level, due the fine-tuned cancellation of dynamical correlations is such energy differences [48]. As such, the
PGCM can be used to good approximation as a standalone method to investigate collective excitations in
nuclei [49, 44, 45, 46].

Ab initio calculations based on many-body expansion methods come with several uncertainty sources

1. Bases representation

(a) One-body, two-body and three-body basis truncations

2. Hamiltonian modelling

(a) Chiral EFT truncation order

(b) Truncated SRG transformation

(c) Low energy constants (LECs) determination

3. Many-body solution

(a) Nature of the, e.g. PGCM, unperturbed state

(b) Truncated, e.g. PGCM-PT, expansion

In present days, it is considered crucial to accompany theoretical predictions with uncertainty quantification.
Many efforts are currently being made to address the above uncertainty sources. In this context, the
present work focuses on a single source associated with the determination of the LECs parameterizing the
Hamiltonian (2(c)) via a fit on a set of experimental data. The goal is typically to either perform a sensitivity
analysis with respect to the LECs of many-body observables computed via the PGCM or to propagate the
statistical uncertainties associated with the fitted LECs to the same many-body observables.

Performing such a statistical analysis typically requires to run a very large number of PGCM simulations
associated with many realization of the parameter values, a cost that grows exponentially with model
complexity, i.e. the number of parameters entering the interaction. While a single PGCM calculation is
inexpensive compared to the PGCM-PT corrections computed on top to deliver a high-accuracy solution
to Schroedinger’s equation, it can still typically correspond to a costly simulation that cannot easily be
repeated a million times. To circumvent this difficulty, one can bypass the heavy simulations by designing
an accurate enough emulator at a small fraction of the simulator cost. The emulator is typically constructed
by training it over a small number of heavy simulations. Eventually, one can emulate thousands or millions
of simulations at a negligible cost.

In this context, the present thesis focuses on the construction of a PGCM emulator based on the so-
called eigenvector continuation (EC) method [50, 51]. The EC belongs to the larger class of reduced basis
methods (RBM) [52] and has already been applied successfully to many different nuclear structure and
reaction problems over the past few years [53, 54, 55, 56, 57, 58, 59, 60, 61, 62, 63]. While the PGCM
formalism is ideally suited to applying EC to it, the very reason of its success, i.e. the use of a physically-
motivated low-dimensional subspace of the full Hilbert space, is rather in tension with EC. The goal of the
present work is thus to quantify the performances and limits of the PGCM-EC emulator as well as to further
understand the origins of these limits. Doing so, this thesis paves the way for future sensitivity analysis
of/uncertainty propagation to collective nuclear excitations within the PGCM and for a further extension to
emulate even more costly PGCM-PT simulations.

The manuscript is organized as follows. Chapter 1 lays down the PGCM formalism and the notations
in use, with an emphasis on the interaction parameter dependencies that need to be made explicit in view
of formulating the PGCM-EC in chapter 2. This chapter details the algorithm employed to implement
the PGCM-EC emulator and discusses the possible over-training of the emulator. In view of applying the
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PGCM-EC on the basis of Brink-Boeker interaction, complete formulas for the matrix elements and one-
body mean-fields of the Gogny effective interaction are provided in Chap. 3 and in associated appendices.
In Chap. 4, the specific numerical setting of the study is specified whereas the associated results are gathered
in Chap. 5 where the performance of the PGCM-EC emulator is characterized. In Chap. 6, the notion of
distance between two subspaces of the Hilbert space is introduced and numerically studied in order to
understand the observed lower bound on the error attained by the PGCM-EC emulator in Chap. 5. In
the next chapter, i.e. Chap. 7, this distance is used to characterized the fact that the PGCM-EC emulator
experiences three different regimes as a function of the number of training points: an under-training regime,
an optimal-training regime and an over-training regime. Conclusions of the present work are eventually
provided in Chap. 8.
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Projected Generator Coordinate Method
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In this chapter, the projected generator coordinate method (PGCM) formalism is introduced. A PGCM
state represents the zero-order contribution to a perturbative series built on top of it coined as PGCM-
PT [47] that formally delivers exact solutions of the nuclear many-body problem. By truncating this series,
systematically improvable solutions of A-body Schrodinger’s equation can be obtained that are particularly
suited to access collective nuclear excitations. It happens that excitation energies of low-lying collective
states are already well converged at zero-order i.e. at the PGCM level, due to the fine-tuned cancellation of
dynamical correlations in such energy differences [48]. In this context, the thesis explores the possibility to
accurately emulate PGCM simulations that are quantitatively relevant to the description of rotational and
vibrational excitations [49, 44, 45, 46], leaving the possible emulation of PGCM-PT simulations to a future
investigation.
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1.1 Nuclear hamiltonian

Considering an arbitrary orthonormal basis
{
aα , a

†
α

}
of the one-body Hilbert space H1

1, the nuclear Hami-
tonian reads as

Hλ ≡ T +V λ +W λ

≡ 1
(1!)2

∑
αβ

tαβa
†
αaα

+
1

(2!)2

∑
αβγδ

v̄λαβγδa
†
αa
†
βaδaγ

+
1

(3!)2

∑
αβγδεζ

w̄λαβγδεζa
†
αa
†
βa
†
γaζaεaδ , (1.2)

where T denotes the kinetic energy operator. Matrix elements v̄λαβγδ (w̄λαβγδεζ ) of the two-nucleon (three-
nucleon) interaction are antisymmetric with respect to their first two (three) and last two (three) indices. In
Eq. (1.2), the dependence of the Hamiltonian (i.e. interactions) on the set of parameters

λ ≡
(
λ1,λ2, · · · ,λnp

)
∈ Rnp , (1.3)

has been made explicit given the key role this dependence plays in the present work. As a matter of fact,
the dependence on the interaction parameters is explicitly propagated to all algebraic formulas appearing
in the present manuscript.

The main objective of nuclear many-body theory is to access the eigenstates and eigenenergies of Hλ

Hλ|Ψ σ
µ (λ)〉 = Eσ̃µ (λ)|Ψ σ

µ (λ)〉 , (1.4)

where µ denotes a principal quantum number while σ ≡ (JMΠNZ) ≡ (σ̃M) collects the set of symmetry
quantum numbers labelling the many-body states: J and M denote the total angular momentum and its
projection in the laboratory frame, respectively, while Π refers to the parity and N (Z) to the neutron
(proton) number. The M-independence of the eigenenergies Eσ̃µ (λ) and the symmetry quantum numbers

labeling the states relate to the symmetry group of the Hamiltonian2

GH ≡ {R(θ),θ ∈DG} , (1.5)

of volume vG, where denotes R(θ) a unitary representation of the symmetry transformations on Fock space
F parameterized by the angle θ. The subscript σ̃ introduced above labels the irreducible representations
(IRREPs) of GH carrying dimension dσ̃ and spanned by a set of states distinguished by the quantum number
1 ≤M ≤ dσ̃ .

1In practice, one works with the finite-dimensional subspace H̃1 of H1 of dimension dim H̃1 ≡ ndim ≡ ndim1 such that the
resulting A-body Hilbert space has dimension

dimH̃A ≡ ndimA =
(
ndim

A

)
. (1.1)

Eventually, the truncated Fock space has dimension dim F̃ = 2n
dim

.
2The symmetry group GH is independent of λ.
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1.2 PGCM state

Given a set of non-orthogonal Bogoliubov states Bλnq ≡ {|Φ
λ(q)〉;q ∈ S} differing by the value of the (possibly

multidimensional) collective coordinate q ∈
{
q1,q2, · · · ,qnq

}
≡ S , the PGCM state is written as [33]

|Θσλ
a 〉 ≡

∑
q∈S

f σ̃λa (q)P σ̃M0|Φ
λ(q)〉 , (1.6)

where f σ̃λa (q) are unknown mixing coefficients to be determined. In Eq. (1.6), the operator P σ̃M0 collects
the projection operators onto good symmetry quantum numbers, i.e. angular momentum and its third
projection, neutron and proton numbers as well as parity3

P σ̃M0 ≡
dσ̃
vG

∫
DG

dθ D σ̃∗M0(θ)R(θ) (1.7)

where D σ̃M0(θ) denotes the irreducible representations of GH . The notation θ effectively captures all the
rotation angles (Ω,φp,φn,φπ) characterizing the symmetry transformations in GH . See App. A for more
details regarding the symmetry group, the associated quantum numbers and the symmetry projector.

Introducing the rotated state as

|Φλ(q;θ)〉 ≡ R(θ)|Φλ(q)〉 , (1.8)

which is itself a Bogoliubov state by virtue of Thouless theorem [64], the PGCM state eventually reads as

|Θσλ
a 〉 =

dσ̃
vG

∑
q

f σ̃λa (q)
∑
θ

D σ̃∗M0(θ) |Φλ(q;θ)〉 , (1.9)

where the integral over θ has been appropriately discretized.

1.3 Hill-Wheeler-Griffin equation

The unknown coefficients f σ̃λa (q) appearing in Eq. (1.9) are determined via the application of Ritz’ varia-
tional principle

δ

δf σ̃λa (q)

〈Θσλ
a |Hλ|Θσλ

a 〉
〈Θσλ

a |Θσλ
a 〉

= 0, (1.10)

that eventually leads to solving Hill-Wheeler-Griffin’s (HWG) equation (see App. B)∑
q′

[
〈Φλ(q)|HλP σ̃00|Φ

λ(q′)〉 −Eσ̃λa 〈Φλ(q)|P σ̃00|Φ
λ(q′)〉

]
f σ̃λa (q′) = 0 , (1.11)

which also delivers the PGCM energy Eσ̃λa . In order to solve the HWG equation, the projected norm and
Hamiltonian kernels

N σ̃λ
qq′ ≡ 〈Φ

λ(q)|P σ̃00|Φ
λ(q′)〉 , (1.12)

H σ̃λ
qq′ ≡ 〈Φ

λ(q)|HλP σ̃00|Φ
λ(q′)〉 , (1.13)

3The present work is concerned with deformed Bogoliubov states remaining invariant under spatial rotation around a given
symmetry axis. Extending the formulation to the case where |Φλ(q)〉 does not display such a symmetry poses no formal difficulty
but requires a more general projection operator P σ ; see App. A for details.
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must be evaluated. Expanding the projection operator, these kernels read as

N σ̃λ
qq′ =

d2
σ

v2
G

∑
θ

D σ̃∗00(θ)〈Φλ(q)|Φλ(q′;θ)〉 , (1.14a)

H σ̃λ
qq′ =

d2
σ

v2
G

∑
θ

D σ̃∗00(θ)〈Φλ(q)|Hλ|Φλ(q′;θ)〉 , (1.14b)

where the building blocks appear to be the off-diagonal norm overlap and the off-diagonal reduced Hamiltonian
overlap, respectively defined as

Nλ(q,q′;θ) ≡ 〈Φλ(q)|Φλ(q′;θ)〉 , (1.15a)

hλ(q,q′;θ) ≡
〈Φλ(q)|Hλ|Φλ(q′;θ)〉
〈Φλ(q)|Φλ(q′;θ)〉

. (1.15b)

1.4 Constrained Hartree-Fock-Bogoliubov states

1.4.1 Bogoliubov state

A Bogoliubov state |Φλ(q)〉 is defined as the vacuum

βk(q;λ) |Φλ(q)〉 = 0 ∀ k, (1.16)

of a set of quasi-particle operators {β†(q;λ),β(q;λ)} connected to the set of particle operators {a†, a} via a
unitary Bogoliubov transformation [33] (

β(q;λ)
β†(q;λ)

)
=Wλ†(q)

(
a
a†

)
, (1.17)

with

Wλ(q) ≡
(
Uλ(q) V λ∗(q)
V λ(q) Uλ∗(q)

)
. (1.18)

The unitary character of the Bogoliubov transformation implies that canonical anti-commutation rules valid
for particle operators extend to quasi-particle ones

{β†k (q;λ),β†l (q;λ)} = 0 , (1.19a)

{βk(q;λ),βl(q;λ)} = 0 , (1.19b)

{βk(q;λ),β†l (q;λ)} = δkl . (1.19c)

1.4.2 Hartree-Fock-Bogoliubov equations

Given a set of constraining operators Q, the states belonging to the set Bλnq ≡ {|Φ
λ(q)〉;q ∈ S} are obtained

by solving nq times constrained Hartree-Fock-Bogoliubov (HFB) equations(
hλ(q) ∆λ(q)
−∆∗λ(q) −h∗λ(q)

)(
Uλ(q)
V λ(q)

)
= E(q)

(
Uλ(q)
V λ(q)

)
. (1.20)

obtained by applying Ritz’ variational under constraints within the manifold of Bogoliubov states.
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In Eq. (1.20), the one-body HFB fields

hλ(q) ≡
∂Rλ(q)
∂ρ∗λ(q)

, (1.21a)

∆λ(q) ≡
∂Rλ(q)
∂κ∗λ(q)

, (1.21b)

are obtained from the Routhian

Rλ(q) ≡ 〈Φλ(q)|Hλ −λA (A−A)−λ(q) (Q − q) |Φλ(q)〉 , (1.22)

where the diagonal one-body density matrices of the Bogoliubov state |Φλ(q)〉 are given by

ρ
qq0λ
αβ ≡

〈Φλ(q)|a†βaα |Φ
λ(q)〉

〈Φλ(q)|Φλ(q)〉
= V λ∗(q)V λT (q) , (1.23a)

κ
qq0λ
αβ ≡

〈Φλ(q)|aβaα |Φλ(q)〉
〈Φλ(q)|Φλ(q)〉

= V λ∗(q)UλT (q) . (1.23b)

In Eq. (1.22), the Lagrange multipliers λA and λq are chosen to ensure that the average particle number and
the generator coordinate satisfy

〈Φλ(q)|A|Φλ(q)〉 = A , (1.24a)

〈Φλ(q)|Q|Φλ(q)〉 = q , (1.24b)

while solving Eq. (1.20).

1.5 Off-diagonal reduced Hamiltonian overlap

Knowing that the states entering Bλnq ≡ {|Φ
λ(q)〉;q ∈ S} are Bogoliubov states, Nλ(q,q′;θ) and hλ(q,q′;θ)

can be evaluated exactly, i.e. while the former can be computed as a Pfaffian [65] or via an integral
approach [66], the latter can be obtained via the off-diagonal Wick theorem [67, 68] as is now briefly
recalled.

1.5.1 Off-diagonal one-body density matrices

Given the two Bogoliubov states |Φλ(q)〉 and |Φλ(q′;θ)〉, there are four one-body off-diagonal elementary
contractions generalizing the diagonal ones introduced in Eq. (1.23) according to

Rλ(q,q′;θ) ≡


〈Φλ(q)|a†βaα |Φλ(q′ ;θ)〉
〈Φλ(q)|Φλ(q′ ;θ)〉

〈Φλ(q)|aβaα |Φλ(q′ ;θ)〉
〈Φλ(q)|Φλ(q′ ;θ)〉

〈Φλ(q)|a†βa†α |Φλ(q′ ;θ)〉
〈Φλ(q)|Φλ(q′ ;θ)〉

〈Φλ(q)|aβa†α |Φλ(q′ ;θ)〉
〈Φλ(q)|Φλ(q′ ;θ)〉


≡

+ρqq
′θλ

αβ +κqq
′θλ

αβ

−κ̄qq
′θλ∗

αβ −σ qq
′θλ∗

αβ

 .
(1.25)
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The diagonal case is recovered from Eq. (1.25) for (q′;θ) = (q;0) according to

Rλ(p,q;θ) ≡

+ρqq0λ
αβ +κqq0λ

αβ

−κ̄qq0λ∗
αβ −σ qq0λ∗

αβ


≡

(
[V λ∗(q)V λT (q)]αβ [V λ∗(q)UλT (q)]αβ
[Uλ∗(q)V λT (q)]αβ [Uλ∗(q)UλT (q)]αβ

)
.

(1.26)

The four off-diagonal one-body density matrices can eventually be expressed in terms of the diagonal ones
according to [67, 33, 68]

ρ
qq′θλ
αβ = ρqq0λ

αβ + [Uλ(q)zλ(q,q′;θ)V λT (q)]αβ (1.27a)

κ
qq′θλ
αβ = κqq0λ

αβ + [Uλ(q)zλ(q,q′;θ)UλT (q)]αβ (1.27b)

κ̄
qq′θλ∗
αβ = κ̄qq0λ∗

αβ − [V λ(q)zλ(q,q′;θ)V λT (q)]αβ (1.27c)

σ
qq′θλ∗
αβ = σ qq0λ∗

αβ − [V λ(q)zλ(q,q′;θ)UλT (q)]αβ (1.27d)

where the skew-symmetric Thouless matrix

zλ(q,q′;θ) ≡ Aλ∗(q,q′;θ)Bλ∗−1(q,q′;θ) , (1.28)

is expressed in terms of the two matrices making up the Bogoliubov transformation connecting the two sets
of quasi-particle operators associated with |Φλ(q)〉 and |Φλ(q′;θ)〉

Aλ(q,q′;θ) ≡ V λT (q)r(θ)Uλ(q′) +UλT (q)r∗(θ)V λ(q′) , (1.29a)

Bλ(q,q′;θ) ≡Uλ†(q)r(θ)Uλ(q′) +V λ†(q)r∗(θ)V λ(q′) , (1.29b)

where r(θ) is the matrix representation of the operator R(θ) on the one-body Hilbert space H1.

1.5.2 Off-diagonal Wick theorem

Assuming that 〈Φλ(q)|Φλ(q′;θ)〉 , 0, the off-diagonal reduced Hamiltonian overlap can be expressed, by
virtue of the off-diagonal Wick theorem [67, 68], in terms of the off-diagonal one-body density matrices
introduced above according to

hλ(q,q′;θ) =
∑
αβ

tαβ ρ
qq′θλ
βα

+
1
2

∑
αβγδ

v̄λαβγδ ρ
qq′θλ
γα ρ

qq′θλ
δβ +

1
4

∑
αβγδ

v̄λαβγδ κ̄
qq′θλ
αβ κ

qq′θλ
γδ

+
1
6

∑
αβγδεζ

w̄λαβγδεζ ρ
qq′θλ
δα ρ

qq′θλ
εβ ρ

qq′θλ
ζγ +

1
4

∑
αβγδεζ

w̄λαβγδεζ ρ
qq′θλ
δα κ̄

qq′θλ
βγ κ

qq′θλ
εζ

+ · · · . (1.30)
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1.5.3 Off-diagonal one-body fields

Further introducing the two off-diagonal one-body fields generalizing their diagonal counterparts appearing
in Eq. (1.21)

h
qq′θλ
αγ ≡ tαγ +

1
2

∑
βδ

v̄λαβγδρ
qq′θλ
δβ

+
1
6

∑
βδεζ

w̄λαβδγεζρ
qq′θλ
εβ ρ

qq′θλ
ζδ

+
1
4

∑
βδεζ

w̄λαβδγεζκ̄
qq′θλ
βδ κ

qq′θλ
εζ

+ · · · , (1.31)

and

∆
qq′θλ
αγ ≡ 1

4

∑
βδ

v̄λαγβδκ
qq′θλ
βδ

+
1
4

∑
βδεζ

w̄λβαγδεζρ
qq′θλ
δβ κ

qq′θλ
εζ

+ · · · , (1.32)

the off-diagonal reduced Hamiltonian overlap can finally be expressed as

hλ(q,q′;θ) =
∑
αγ

h
qq′θλ
αγ ρ

qq′θλ
γα +∆

qq′θλ
αγ κ̄

qq′θλ
αγ . (1.33)

1.6 PGCM subspace

To summarize, given the parameter λ ∈ Rnp and the (set of) hermitian operator(s) Q, the nq non-orthogonal
Bogoliubov states

Bλnq ≡
{
|Φλ(q)〉 ; q = 1, . . . ,nq

}
, (1.34)

are used to generate, via the restoration of symmetries after variation through the application of the projector
P σ̃M0, the new set associated with the irreducible representation σ̃ of the symmetry group

PBσλnq ≡
{
P σ̃M0|Φ

λ(q)〉 ;q = 1, · · · ,nq
}
. (1.35)

The set PBσλnq constitutes the starting point of the PGCM calculation realized for the Hamiltonian Hλ.

Correspondingly, one introduces the PGCM subspace as4

Eσλnq ≡ Span{PBσλnq } . (1.36)

For reasons that will become clear later on, considering the nt different PGCM subspaces obtained following
the above protocole for parameter values belonging to so-called training set

Lnt ≡
{
λ1,λ2, · · · ,λnt

}
, (1.37)

4In case the calculation is limited to the GCM, everything that follows can be applied at the prize of removing the projector
P σ̃M0, i.e. going back to the set Bλnq . Correspondingly, the labels P , M, K and σ̃ must be removed from all the expressions below,

and dσ̃ put to 1.
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the super set

PB
σLnt
nq ≡

⋃
λ∈Lnt

PBσλnq . (1.38)

spanning the training PGCM subspace

E
σLnt
nq ≡ Span{PB

σLnt
nq } , (1.39)

is introduced.

1.7 Orthonormal basis and effective dimension

The PGCM subspace Eσλnq being spanned by a finite number of non-orthogonal projected Bogoliubov states,
it is useful to extract an orthonormal basis along with its (effective) dimension. To do so, the hermitian
matrix associated with the projected norm kernel N σ̃λ

qq′ is diagonalized according to

N σ̃λU σ̃λ = S σ̃λU σ̃λ , (1.40)

where the diagonal matrix S σ̃λ = diag
(
sσ̃λ1 , · · · , sσ̃λnq

)
contains the nq eigenvalues of N σ̃λ arranged in de-

scending order and where U σ̃λ is a nq ×nq unitary matrix, whose columns are eigenvectors of N σ̃λ.
The matrix N σ̃λ being positive semi-definite, the eigenvalues satisfy

sσ̃λ1 ≥ s
σ̃λ
2 ≥ · · · ≥ s

σ̃λ
r σ̃λ > 0 = sσ̃λr σ̃λ+1 = · · · = sσ̃λnq , (1.41)

such that, due to potential linear redundancies between vectors in PBσλnq , eigenvalues are strictly zero beyond

a certain rank r σ̃λ. Furthermore, quasi-linear redundancies typically generate very small eigenvalues that
need to be truncated below a chosen threshold εσ̃λ to allow numerically stable linear algebra operations.
This eventually leads to keeping r̆ σ̃λ ≤ r σ̃λ eigenvalues to define the effective range of N σ̃λ.

Eventually, the set of states

|Ξσλi 〉 ≡
nq∑
q=1

U σ̃λ
qi√
sσ̃λi

P σ̃M0|Φ
λ(q)〉 , (1.42)

for i = 1, . . . , r̆ σ̃λ form an orthonormal basis of the working approximation to Eσλnq . In the end, while r σ̃λ

constitutes the dimension of Eσλnq in exact arithmetics, the truncation according to εσ̃λ delivers

ndimσ̃λ ≡ r̆
σ̃λ , (1.43)

as the effective dimension of the working approximation to Eσλnq .

1.8 Solving the Hill-Wheeler-Griffin equation

In order to solve the HWG equation, the projected hamiltonian kernels are transformed to the eigenbasis
defined in Eq. (1.42) such that, for 1 ≤ i, j ≤ r̆ σ̃λ,

H̃ σ̃λ
ij ≡ 〈Ξ

σλ
i |H

λ|Ξσλj 〉 (1.44a)

=
nq∑
q=1

nq∑
q′=1

U σ̃λ∗
qi U σ̃λ

q′j√
sσ̃λi sσ̃λj

H σ̃λ
qq′ , (1.44b)
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thus forming the hermitian matrix to be diagonalized5, i.e. for arbitrary 1 ≤ i ≤ r̆ σ̃λ the HWG equation
becomes

r̆ σ̃λ∑
j=1

H̃ σ̃λ
ij X

σ̃λ
ja = Eσ̃λa X σ̃λia . (1.45)

The PGCM states solutions of Eq. (1.45) can thus be written as

|Θσλ
a 〉 =

r̆σλ∑
i=1

X σ̃λia |Ξ
σλ
i 〉 (1.46a)

=
nq∑
q=1


r̆ σ̃λ∑
i=1

X σ̃λia
U σ̃λ
qi√
sσ̃λi

P σ̃M0|Φ
λ(q)〉 (1.46b)

≡
nq∑
q=1

f σ̃λa (q)P σ̃M0|Φ
λ(q)〉 , (1.46c)

such that the unknown PGCM state coefficients are solved according to

f σ̃λa (q) =
r̆ σ̃λ∑
i=1

X σ̃λia
U σ̃λ
qi√
sσ̃λi

. (1.47)

5Note that in Eq. (1.44a), the hermitian matrix is M-independent because of symmetry restoration.
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The goal of the present work is to use the eigenvector continuation (EC) technique [51, 50, 69, 52] to
emulate (typically) millions of PGCM simulations at low computation cost. The objective is eventually to be
able to perform sensitivity analyses on the interaction parameters and propagate their uncertainties to many-
body observables. While absolute energies obtained from the PGCM are of interest in the EDF context,
ab initio PGCM calculations focus on excitation energies of collective states and on the electromagnetic
transitions linking them for reasons explained earlier on.

The present work concentrates on the ability of the EC to emulate a large number of PGCM simulations
based on an appropriately chosen training set. To do so, absolute energies and radii of low-lying vibrational
states in 20Ne, along with associated excitation energies, computed from a simple Brink-Boecker effective
interaction (see Sec. 4.1) are employed to validate the PGCM-EC emulators, as explained in Chap. 4. In
order to be in position to perform such a study, the EC emulation of PGCM simulations, i.e. the formulation
of the so-called PGCM-EC approach, is first detailed in the present chapter.

2.1 Eigenvector continuation technique

2.1.1 Principle

Let us consider the nT ≡ ntna A-body solutions of Eq. (1.4)

T σntna ≡
{
|Ψ σ

0 (λ1)〉, |Ψ σ
1 (λ1)〉, · · · , |Ψ σ

na−1(λ1)〉, · · · , |Ψ σ
0 (λnt )〉, · · · , |Ψ

σ
na−1(λnt )〉

}
, (2.1)

obtained for nt different parameter values belonging to the training parameter set

Lnt ≡
{
λ1,λ2, · · · ,λnt

}
, (2.2)

and including in each case the na lowest eigenstates belonging to a given IRREP. The set T σntna is referred
to as the training vector set.

29
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The EC technique is based on the fact that an eigenvector |Ψ σ
µ (λ)〉 of Hλ for an arbitrary parameter

value λ is confined, to good approximation, to the low-dimensional subspace spanned by an appropriately
chosen training set T σntna [51, 50, 69], i.e. |Ψ σ

µ (λ)〉 can be well approximated by a linear combination
of the solutions {|Ψ σ

a (λi)〉;1 ≤ i ≤ nt ,0 ≤ a ≤ na − 1} obtained for the snapshots (i.e. training parameters)
λ1, · · · ,λnt

|Ψ σ
µ (λ)〉 ≈

nt∑
i=1

na−1∑
a=0

g σ̃λµia|Ψ
σ
a (λi)〉 , (2.3)

where the coefficients g σ̃λµia are to be variationally optimized. This is achieved by solving the secular equation

corresponding to the diagonalization of Hλ in a low-dimensional non-orthogonal basis, i.e. for i = 1, · · · ,nt
and a = 0, · · · ,na − 1

nt∑
j=1

na−1∑
b=0

〈Ψ σ
a (λi)|Hλ|Ψ σ

b (λj )〉g σ̃λµjb = E σ̃λµ
nt∑
j=1

na−1∑
b=0

〈Ψ σ
a (λi)|Ψ σ

b (λj )〉g σ̃λµjb , (2.4)

where E σ̃λµ delivers an approximation to the target eigenvalue Eσ̃µ (λ). Equation (2.4) is formally similar to a

HWG equation based on the norm kernel 〈Ψ σ
a (λi)|Ψ σ

b (λj )〉 and the Hamiltonian kernel 〈Ψ σ
a (λi)|Hλ|Ψ σ

b (λj )〉
involving the training vectors. Through Eq. (2.4), EC acts as an emulator of the exact A-body Schrodinger
equation (1.4).

While solving a low-dimensional diagonalization problem (Eq. (2.4)) is extremely advantageous com-
pared to solving Eq. (1.4) for Hλ, the cost of computing the nT (nT + 1)/2 Hamiltonian kernels can become
prohibitive whenever repeating the process for a very large number of λ values, as is the case in the present
application. In this context, the EC technique offers an extraordinary leverage whenever the Hamiltonian
can be decomposed as a linear combination

Hλ =
np∑
k=1

fk(λ)H̆k , (2.5)

where the np operators H̆k are λ-independent and where {fk(λ);k = 1, . . . ,np} denotes a set of functions
of the original np parameters1. Such an hypothesis is for example valid for the Gogny interaction (see
Eq. (3.1)), provided the ranges (µ1,µ2) of the two gaussian functions are kept fixed, for the Brink-Boecker
interaction (see Sec. 4.1) under the same hypothesis and for (most of the parameter dependence of) χEFT
Hamiltonians [53].

Assuming that Eq. (2.5) is satisfied, each Hamiltonian kernel entering Eq. (2.4) decomposes according to

〈Ψ σ
a (λi)|Hλ|Ψ σ

b (λj )〉 =
np∑
k=1

fk(λ)〈Ψ σ
a (λi)|H̆k |Ψ σ

b (λj )〉 . (2.6)

such that Eq. (2.4) can be solved for an arbitrary number of λ realisations at the price of computing only once
the np ×nT (nT + 1)/2 Hamiltonian kernels 〈Ψ σ

i |H̆k |Ψ
σ
j 〉. This is extremely advantageous as the number of

emulations becomes very large, i.e. >> np.

1For simplicity, the number of terms in Eq. (2.5) is assumed to be the same as the number of original parameters. If not, one
can anyway redefine a set of np pertinent parameters via the functions {fk(λ);k = 1, . . . ,np}.
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2.1.2 Over training

An interesting point concerns the result delivered by the EC emulator when applied to a training parameter,

e.g. λ1. Considering the trial coefficients g σ̃λ1trial
cjb = δj1δbc, one obtains for i = 1, · · · ,nt and a = 0, · · · ,na−1

nt∑
j=1

na−1∑
b=0

〈Ψ σ
a (λi)|Hλ1 |Ψ σ

b (λj )〉g
σ̃λ1trial
ajb = 〈Ψ σ

a (λi)|Hλ1 |Ψ σ
c (λ1)〉

= Eσ̃c (λ1)〈Ψ σ
a (λi)|Ψ σ

c (λ1)〉

= Eσ̃c (λ1)
nt∑
j=1

na−1∑
b=0

〈Ψ σ
a (λi)|Ψ σ

b (λj )〉g
σ̃λ1trial
ajb

(2.7)

which satisfies Eq. (2.4), i.e. the trial vector |Ψ σ
c (λ1)〉 is indeed a solution2 of the emulator for the exact

energy E σ̃λ1
c = Eσ̃c (λ1). Eventually, the above proves that, as long as the training vectors are exact solutions

of Schrodinger’s equation, the emulator employed with the corresponding Hamiltonian sends back the
corresponding eigenvectors and eigenenergies.

In practice, however, EC is applied on the basis of approximate solutions of Schrodinger’s equation
delivered by a certain simulator one wishes to emulate. In this case, the above proof does not hold anymore
such that the eigenenergies delivered by the emulator are accompanied with an error, even when employed
for a training parameter. In particular, the emulated ground-state energy associated with a given training
value will be lower than the reference value originally delivered by the simulator. Indeed, the EC ansatz in
Eq. (2.3) can only variationally improve the approximate solution delivered by the simulator such that one
speaks about an intrinsic over training of the emulator in such a case.

It is thus mandatory to first quantify the intrinsic over training of the emulator given that one can expect
the associated error to be a lower bound of the error accessible when emulating solutions that are not in
T σntna , which is eventually the goal of the emulator.

2.2 Emulating the PGCM with EC

Eigenvector continuation is now specified to emulate PGCM calculations, i.e. the PGCM simulator is to be
approximated at low computational cost by the PGCM-EC emulator. In this context, the training vectors
are PGCM states (see Eq. (1.6)) corresponding to a given σ = (σ̃ ,M)

|Θσλi
a 〉 =

∑
q∈S

f σ̃λia (q)P σ̃M0|Φ
λi (q)〉 , (2.8)

with a = 0, · · · ,na − 1, such that the training set is given by

T σntna ≡
{
|Θσλi
a 〉 ; i = 1, · · · ,nt and a = 0, · · · ,na − 1

}
, (2.9)

the number of training vectors thus being
nT = ntna . (2.10)

2The proof works for any of the na training vectors associated with Hλ1 whereas the nT − na other solutions obtained from
the EC emulator carry no obvious meaning. Based on the Ritz variational principle, it is easy to prove that the ground-state
energy Eσ̃0 (λ1), if |Ψ σ

0 (λ1)〉 is indeed in the training set, is the lowest eigenvalue delivered by the emulator. Contrarily, one cannot

anticipate to which solutions of the emulator the na − 1 other training vectors associated with Hλ1 correspond to. Eventually, the
process can be repeated for Hλ2 , · · · ,Hλnt to recover the complete set of training vectors from the emulator.
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Given T σntna , the np × nT (nT + 1)/2 Hamiltonian kernels (and nT (nT + 1)/2 norm kernels) needed to
apply EC are expanded in terms of elementary projected kernels

〈Θσλi
a |Θ

σλj
b 〉 =

∑
q∈S

∑
q′∈S

f σ̃λi∗a (q)f
σ̃λj
b (q′)〈Φλi(q)|Pσ̃00|Φ

λj(q′)〉 , (2.11a)

〈Θσλi
a |H̆k |Θ

σλj
b 〉 =

∑
q∈S

∑
q′∈S

f σ̃λi∗a (q)f
σ̃λj
b (q′)〈Φλi(q)|H̆kPσ̃00|Φ

λj(q′)〉 , (2.11b)

where the commutation of the projection operator P σ̃†M0 with H̆k and the identity P σ̃†M0P
σ̃
M0 = P σ̃0MP

σ̃
M0 = P σ̃00

have been used. Following Eq. (1.14), these elementary projected kernels can in turn be expanded in terms
of elementary generalized off-diagonal overlaps

N
σ̃λiλj
qq′ ≡ 〈Φλi (q)|P σ̃00|Φ

λj (q′)〉 =
d2
σ

v2
G

∑
θ

D σ̃∗00(θ)〈Φλi(q)|Φλj(q′;θ)〉 , (2.12a)

H̆
σ̃λiλjk
qq′ ≡ 〈Φλi (q)|H̆kP σ̃00|Φ

λj (q′)〉 =
d2
σ

v2
G

∑
θ

D σ̃∗00(θ)〈Φλi(q)|H̆k|Φλj(q′;θ)〉 . (2.12b)

Eventually, building the PGCM-EC emulator reduces to the computation of the set of elementary gen-
eralized off-diagonal norm and Hamiltonian overlaps

Nλiλj (q,q′;θ) ≡ 〈Φλi (q)|Φλj (q′;θ)〉 , (2.13a)

h̆λiλjk(q,q′;θ) ≡
〈Φλi (q)|H̆k |Φλj (q′;θ)〉
〈Φλi (q)|Φλj (q′;θ)〉

, (2.13b)

which are of identical nature to those already involved in actual PGCM calculations while extending them
in two ways. First, their generalized character relates to the fact that they are now also of off-diagonal
nature with respect to the parameter values λi and λj , i.e. the overlaps involving all HFB states originating
from the nt different PGCM simulations performed during the training phase must be computed to build the
emulator3. Second, the elementary character of the reduced off-diagonal Hamiltonian overlaps h̆λiλjk(q,q′;θ)
relates to the fact that such overlaps must be computed for each of the np parameter-independent4 operators
H̆k rather than for the full Hamiltonian as is done in traditional PGCM calculations. In any case, the
overlaps defined in Eq. (2.13) can be straightforwardly computed from the technology already available from
the PGCM simulator. Elementary generalized hamiltonian kernels are illustrated in Fig. 2.1.

2.3 PGCM-EC emulator algorithm

Given a Hamiltonian model Hλ satisfying Eq. (2.5), one chooses

• a parameter mesh Ln = {λ1,λ2, · · · ,λn} ,

• a generator coordinate mesh S =
{
q1,q2, · · · ,qnq

}
.

Based on these two meshes, constrained HFB equations are solved repeatedly to generate

|Φλi (q)〉 for i = 1, · · · ,n and q ∈ S , (2.14)

3Overlaps that are diagonal with respect to parameter values are thus already available from the training phase, i.e. one only
needs to further compute the off-diagonal blocks of the super overlap matrices with respect to the parameter indices.

4The key points is that those kernels only depend on the training parameters via the bra and ket but not on the parameter λ
associated with the PGCM states one wishes to emulate.
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Figure 2.1: Schematic illustration of elementary generalized hamiltonian kernels, organised with respect to
parameter values λi , diagonal kernels needed for sole PGCM computations are highlighted in green, and
additional off-diagonal kernels also needed for the emulator are highlighted in purple. In this figure, nt = 3.

before computing the elementary projected kernels (in practice stored in a file)

N
σ̃λiλj
qq′ = 〈Φλi (q)|P σ̃00|Φ

λj (q′)〉 , (2.15a)

H̆
σ̃λiλjk
qq′ = 〈Φλi (q)|H̆kP σ̃00|Φ

λj (q′)〉 , (2.15b)

for i, j = 1, · · · ,n and q,q′ ∈ S , as well as k = 1, · · · ,np.

2.3.1 Building blocks of the algorithm

The PGCM-EC algorithm have three basic building blocks, that are ultimately assembled differently, de-
pending on the computation to be done (either a PGCM computation, or a PGCM-EC emulation). There
are three types of building block.

TYPE 1 building block

a TYPE 1 building block takes as inputs an index 1 ≤ α ≤ n, a threshold value εσ̃α > 0.
First, the projected norm and Hamiltonian matrices

N σ̃α ≡N σ̃λαλα , (2.16a)

H̆ σ̃αk ≡ H̆ σ̃λαλαk , (2.16b)

are extracted from the precomputed elementary projected kernels data.
Second, the norm matrix is diagonalized according to

N σ̃αX σ̃α = Λσ̃αX σ̃α , (2.17)

with Λσ̃α a diagonal matrix

Λσ̃α ≡ diag
(
sσ̃α1 , sσ̃α2 , · · · , sσ̃αnq

)
, (2.18a)
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0 ≤sσ̃α1 ≤ · · · ≤ s
σ̃α
nq , (2.18b)

and X σ̃α a nq ×nq unitary matrix. Eigenvalues smaller than a chosen threshold εσ̃α

sσ̃αr̆ σ̃α−1 < ε
σ̃α ≤ sσ̃αr̆ σ̃α , (2.19)

are discarded such that matrices Λσ̃α and X σ̃α are effectively replaced by5

Λ̃σ̃α ≡ diag
(
sσ̃αr̆ σ̃α , s

σ̃α
r̆ σ̃α+1, · · · , s

σ̃α
nq

)
, (2.20a)

X̃ σ̃α ≡ X σ̃α
[
1: nq, r̆

σ̃α : nq
]
. (2.20b)

Next the matrix

Y σ̃α ≡ X̃ σ̃α
(
Λ̃σ̃α

)− 1
2 , (2.21)

such that the orthonormal basis states of the approximation to Eσλαnq read as

|Ξσλαj 〉 =
nq∑
i=1

Y σ̃αij P
σ̃
M0|Φ

λα (qi)〉 , (2.22)

for every
1 ≤ j ≤ dσ̃α ≡ nq − r̆ σ̃α + 1 .

Third, the projected Hamiltonian matrices are transformed into new orthonormal basis according to

˜̆H σ̃αk
ij ≡ 〈Ξσλαi |H̆k |Ξ

σλα
j 〉 =

((
Y σ̃α

)†
H̆ σ̃αkY σ̃α

)
ij
, (2.23)

for every 1 ≤ i, j ≤ r̆ σ̃α . The situation may be represented schematically6 as in Fig. 1

HFB states
|Φλα (qi)〉1≤i≤nq

TYPE 1
|Ξσλαj 〉 =

∑nq
i=1Y

σ̃α
ij P

σ̃
M0|Φ

λα (qi)〉
˜̆H σ̃αk
ij ≡ 〈Ξσλαi |H̆k |Ξ

σλα
j 〉

εσ̃α

Figure 1 . Schematic representation of a TYPE 1 building block.

TYPE 2 building block

A TYPE 2 building block takes as inputs TYPE 1 or TYPE 3 building block, and a parametrisation µ. First
the total r × r Hamiltonian matrix is constructed

H̃ σ̃µ =
np∑
k=1

fk(µ) ˜̆H σ̃ k . (2.24)

where one has either7

5For a matrix A, A[p1 : p2, q1 : q2] denotes the submatrix obtained by extracting p2 − p1 + 1 rows between p1 and p2, and
q2 − q1 + 1 columns between q1 and q2.

6Flowchart in this chapter as well as geometrical figures in chapter 6 are constructed with the Fig4Tex macro package [70].
7The notation for H̃ σ̃µ and ˜̆H σ̃µ does not specify the parameter(s) characterizing the bra and ket in order to remain generic

and valid for both TYPE 1 or TYPE 3 inputs.
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• ˜̆H σ̃ k ≡ ˜̆H σ̃αk if constructed from TYPE 1, in which case r = dσ̃α ,

• ˜̆H σ̃ k ≡ ˜̆H ′σ̃ k if constructed from TYPE 3, in which case r = d′σ̃ .

The total Hamiltonian matrix H̃ σ̃µ is then diagonalized according to

H̃ σ̃µZ σ̃µ = Eσ̃µZ σ̃µ , (2.25)

with Eσ̃µ a diagonal matrix, and Z σ̃µ the unitary matrix whose columns are eigenvectors of H̃ σ̃µ

Eσ̃µ = diag
(
E
σ̃µ
1 , · · · ,Eσ̃µr

)
, (2.26a)

Z σ̃µ
(
Z σ̃µ

)†
=

(
Z σ̃µ

)†
Z σ̃µ = 1r . (2.26b)

The situation may be represented schematically as displayed in Fig. 2

TYPE 1 or TYPE 3( ˜̆H σ̃ k
)

1≤k≤np

TYPE 2
H̃ σ̃µ =

∑np
k=1 fk(µ) ˜̆H σ̃ k

H̃ σ̃µZ σ̃µ = Eσ̃µZ σ̃µ

µ

Figure 2. Schematic representation of a TYPE 2 building block.

The process can be exemplified for a PGCM simulation based on the Hamiltonian Hλα , i.e. when ever
using a TYPE 1 building block as an input such that

˜̆H σ̃ k ≡ ˜̆H σ̃αk (2.27)

from Eq. (2.23) and such that the entire process can be schematically described as diplayed in Fig. 3

HFB states
|Φλα (qi)〉1≤i≤nq

TYPE 1
|Ξσλαj 〉 =

∑nq
i=1Y

σ̃α
ij P

σ̃
M0|Φ

λα (qi)〉
˜̆H σ̃αk
ij ≡ 〈Ξσλαi |H̆k |Ξ

σλα
j 〉

εσ̃α

TYPE 2
H̃ σ̃αλα =

∑np
k=1 fk(λα) ˜̆H σ̃αk

H̃ σ̃αλαZ σ̃αλα = Eσ̃αλαZ σ̃αλα

λα

Figure 3. Schematic representation of a PGCM simulation based on the Hamiltonian Hλα .

TYPE 3 building block

A TYPE 3 building block takes as inputs a threshold εσ̃t > 0, the integer na ≥ 1 and a set of TYPE 2 building
blocks constructed from TYPE 1 building blocks for each parameter value of the training set Lnt ⊂ Ln

8.
The set of PGCM training vector is thus given by

T
σLnt
nanq =

{
|Θσλαm
a 〉 ; m = 1, · · · ,nt and a = 0, · · ·na − 1

}
, (2.28)

8In PGCM-EC applications discussed in the present work, one construct the training set Lnt from a subset of Ln, the comple-
mentary part of the latter being used as a validation set against reference PGCM simulations.
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with

|Θσλαm
a 〉 =

r̆ σ̃λαm∑
i=1

Z
σ̃αmλαm
ia |Ξσλαmi 〉 . (2.29)

For each couple 1 ≤m,n ≤ nt , the projected kernels N σ̃λmλn
qq′ and H̆ σ̃λmλnk

qq′ from Eq. (2.15) are extracted
from precomputed elementary projected kernels data, in order to compute, for 0 ≤ a,b ≤ na, the kernels
between the PGCM training vectors needed to apply EC

〈Θσλαm
a |Θσλαn

b 〉 =
((
Z σ̃αmλαm

)† (
Y σ̃αm

)†
N σ̃λmλn Y σ̃αn Z σ̃αnλαn

)
ab
, (2.30a)

〈Θσλαm
a |H̆k |Θσλαn

b 〉 =
r̆ σ̃λαm∑
i=1

r̆ σ̃λαn∑
j=1

(
Z
σ̃αmλαm
ia

)†
Z
σ̃αnλαn
jb 〈Ξσλαmi |H̆k |Ξσλαnj 〉 (2.30b)

=
r̆ σ̃λαm∑
i=1

r̆ σ̃λαn∑
j=1

nq∑
q=1

nq∑
q′=1

(
Z
σ̃αmλαm
ia

)†
Z
σ̃αnλαn
jb

(
Y σ̃αmqi

)†
Y σ̃αnq′j H̆

σ̃λmλnk
qq′ (2.30c)

=
((
Z σ̃αmλαm

)† (
Y σ̃αm

)†
H̆ σ̃λmλnk Y σ̃αn Z σ̃αnλαn

)
ab
. (2.30d)

Following the computation of these kernels, the associated super norm matrix

N σ̃
ma nb ≡ 〈Θ

σλαm
a |Θσλαn

b 〉 , (2.31)

is diagonalized, while keeping eigenvalues above the super threshold εσ̃t , to build the orthonormal basis,
with 1 ≤ i ≤ d′σ̃

|Ξ′σi 〉 ≡
∑
ma

Y ′σ̃i(ma)|Θ
σMλαm
a 〉 , (2.32)

of the approximation to the training PGCM subspace E
σLnt
nq . Eventually, the super elementary Hamiltonian

matrices are computed according to
˜̆H ′σ̃ kij ≡ 〈Ξ

′σ
i |H̆

k |Ξ′σj 〉 , (2.33)

and stored within the HWG object of TYPE 3 type. This ends the construction of considered TYPE 3
building block.

The trained emulator thus obtained can then be used to emulate the PGCM simulation associated with
any new parameter µ by using the super elementary Hamiltonian matrices as inputs to the TYPE 2 building
block described above. The workflow elaborated in this section can be schematized for nt = 3 as displayed
in Fig. 4
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HFB states
|Φλα1 (qi)〉1≤i≤nq

HFB states
|Φλα2 (qi)〉1≤i≤nq

HFB states
|Φλα3 (qi)〉1≤i≤nq

TYPE 1
|Ξ
σλα1
j 〉

˜̆H σ̃α1k
ij

TYPE 1
|Ξ
σλα2
j 〉

˜̆H σ̃α2k
ij

TYPE 1
|Ξ
σλα3
j 〉

˜̆H σ̃α3k
ij

TYPE 2
H̃ σ̃α1λα1Z σ̃α1λα1 = Eσ̃α1λα1Z σ̃α1λα1

TYPE 2
H̃ σ̃α2λα2Z σ̃α2λα2 = Eσ̃α2λα2Z σ̃α2λα2

TYPE 2
H̃ σ̃α3λα3Z σ̃α3λα3 = Eσ̃α3λα3Z σ̃α3λα3

TYPE 3
|Ξ′σi 〉
˜̆H ′σ̃ kij

TYPE 2
Diagonalise H̃ ′σ̃µ

εσ̃α1 εσ̃α2 εσ̃α3

λα1
λα2

λα3

εσ̃t na

µ

Figure 4. Schematic representation of a PGCM-EC emulation for nt = 3.
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The current paradigm of ab initio nuclear theory constructs the nuclear Hamiltonian as a χEFT ex-
pansion of QCD. The number of terms entering this expansion grows quickly with the order in the χEFT
expansion and requires the introduction of numerous low-energy constants (LECs).

In order to assess the performance of the PGCM-EC emulator for the sensitivity analysis, it is interest-
ing to first perform a preliminary study with a simpler interaction that contains less parameters and only
two-body terms. To do so, non-relativistic phenomenological interactions used with success over the last
decades offer an interesting testing ground. They are usually declined into two families: zero- (Skyrme [71])
and finite-range (Gogny [72]). However, these phenomenological interactions require (for an accurate de-
scription of both radii and binding energies in all nuclei) the introduction of a density-dependent term
(effectively compensating in particular for the lack of three-body terms in the Hamiltonian) that disqualifies
their interpretation as true Hamiltonian. These pseudo-Hamiltonians have proven versatile for mean-field
calculations over the whole nuclear chart, but they cannot be safely used in multi-reference methods such
as the (P)GCM [73, 74, 75].

The above considerations motivated the use of the simple Brink-Boeker [76] two-body interaction in
the present study; see Chap. 4 for the definition of the model case presently employed to characterize the
performance of the PGCM-EC emulator. While the terms contained in the Brink-Boeker are a subset of
those appearing in the Gogny interaction, there is no density-dependent term such that the Brink-Boeker
does qualify as a true Hamiltonian and can thus be safely used in (P)GCM calculations.

For the sake of generality, and future investigations, all matrix elements of the Gogny interaction have
been re-derived and implemented in the PAN@CEA numerical solver. The corresponding derivations and the
associated set of final formulas are reported in the present chapter.

39
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i
µi Wi Bi Hi Mi t0

x0 αG
WLS

fm MeV MeV MeV MeV MeV.fm3(αG+1) MeV.fm5

1 0.7 1720.30 1300.0 −18013.53 1397.6
1390.6 1 1/3 130

2 1.2 103.639 −163.483 162.812 −223.933

Table 3.1: D1S parametrization of the Gogny effective interaction.

3.1 Gogny pseudo-potential

The Gogny pseudo-potential is an example of a density-dependent interaction giving rise to a pseudo-
Hamiltonian and then a pseudo-potential. The Gogny pseudo-potential is given by (see Ref. [77], Eq. (1.30))

VD1S(R,r) ≡
2∑
i=1

[
Wi +Bi P̂s −Hi P̂t −Mi P̂sP̂t

]
e−r

2/µ2
i (3.1a)

+
q2

|r|
(3.1b)

−
p1.p2
m〈A〉

(3.1c)

+ t0
(
1 +χ0P̂s

)
ραG (R)δ(r) (3.1d)

+ iWLS(σ1 +σ2).
←−
k ′ × δ(r)

−→
k (3.1e)

≡ V C +V Coul +V COM2 +V D +V SO , (3.1f)

where

r ≡ r1 − r2, (3.2a)

R ≡ r1 + r2

2
, (3.2b)

P̂s ≡
1
2

(1 +σ1.σ2), (3.2c)

P̂t ≡
1
2

(1 + τ1.τ2), (3.2d)

−→
k ≡ − i

2
(
−→
∇ 1 −

−→
∇ 2), (3.2e)

←−
k ′ ≡ −

(−→
k
)†

= − i
2

(
←−
∇1 −

←−
∇2) , (3.2f)

and W1,2, B1,2, H1,2, M1,2, µ1,2, t0, χ0, α, and WLS are free parameters. Several parametrizations of
the Gogny interactions have been established and tested in the nuclear community. In particular, the D1S
parametrization ([78], chapter 2) of the Gogny interaction is reported in Tab. 3.1.

The corresponding two-body matrix elements are given by

vαβγδ[ρ] = 〈1 : α;2 : β|V |1 : γ ;2 : δ〉

=
∑

ν1ν2ν3ν4

∫
d3r1d

3r2d
3r3d

3r4
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×〈1 : α;2 : β|r1,ν1;r2,ν2〉
×〈r1,ν1;r2,ν2|V |r3,ν3;r4,ν4〉
×〈r3,ν3;r4,ν4|3 : γ ;4 : δ〉 . (3.3)

Here |ψα〉 is a yet unspecified basis of H1, and ν ≡ (spin, isospin). The density dependence of V is
characteristic of a pseudo-hamiltonian. The associated pseudo-Hamiltonian is

Heff [ρ] ≡
∑
αβγδ

Vαβγδ[ρ] a†αa
†
βaδaγ , (3.4)

with a†α the creation operator creating a particle in the single-particle state φα . Note that the Gogny
pseudo-hamiltonian is κ and κ̄ independent.

3.2 Basis functions

In principle, the nuclear problem is independent of the choice of the basis of the one-body Hilbert space.
In practice, truncations imposed by numerical limitations suggest to use functions that are well-localized in
order to describe nuclei at a reasonable cost. Amongst localized bases, harmonic oscillator wave-functions
happen to be extremely useful given that matrix elements of the Gaussian terms entering the interaction
can be easily expressed analytically using such basis function as is shown below. In the present work, axial
harmonic harmonic oscillator wave functions ([78], chapter 2) are employed and read as

ψm n nz(r;br ,bz) ≡ ψ
(2)
m n(r,ϕ;br )ψ

(1)
nz (z;bz) (3.5a)

≡ χ|m|n (r;br )
eimϕ
√

2π
ψ

(1)
nz (z;bz) (3.5b)

≡ eimϕψ̃nnz(r,z;br ,bz) (3.5c)

where m is the orbital angular momentum z-component, nz and n are both non-negative integers, and
br ,bz are positive numbers with unit of length. By definition, r ≡

√
x2 + y2 and (x,y) = (r cosϕ,r sinϕ).

For m ∈ Z, n ∈ N , one has

χ|m|n (r;br ) ≡N
|m|
n (br ) e

− r2

2b2
r

(
r
br

)|m|
L|m|n

(
r2

b2
r

)
, (3.6a)

ψ
(1)
nz (z;bz) ≡Nnz(bz) e

− z2

2b2
z Hnz

(
z
bz

)
, (3.6b)

where the normalisations are given by

N |m|n (br ) ≡
√

2
br

√
n!

(n+ |m|)!
, (3.7a)

Nnz(bz) ≡
1√
bz

√
1

2nz nz!
√
π

, (3.7b)

and where Lkn, Hn are generalized Laguerre and Hermite polynomials respectively. As already mentionned,
these functions are eigenfunctions of the axially deformed harmonic oscillator(

− }2

2M
d2

dz2 +
1
2
Mω2

z z
2
)
ψ

(1)
nz (z;bz) = }ωz(nz +

1
2

)ψ(1)
nz (z : bz) , (3.8a)
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(
− }2

2M
∆+

1
2
Mω2

r r
2
)
ψ

(2)
m n(r,ϕ;br ) = }ωr(2n+ |m|+ 1)ψ(2)

m n(r,ϕ;br ) . (3.8b)

Where M, ωz and ωr are any positive numbers satisfying

Mωz =
}
b2
z
, (3.9a)

Mωr =
}
b2
r
. (3.9b)

Spin and isospin degrees of freedom can eventually be added by considering the tensor product basis

ψm n nz(r;br ,bz)⊗ |±〉s ⊗ |±〉t . (3.10)

3.2.1 Orthonormality relations

The basis functions satisfy ∫ +∞

−∞
dz ψ

(1)
nz (z;bz) ψ

(1)
n′z

(z;bz) = δnzn′z , (3.11a)∫ +∞

0
rdr

∫ 2π

0
dϕ ψ

(2)?
m n(r,ϕ;br ) ψ

(2)∗

m′ n′ (r,ϕ;br ) = δnn′ δmm′ . (3.11b)

3.2.2 Talman coefficients

As shown in Refs. [79] and [80], products of basis functions can be expanded as finite sums of basis functions
times a Gaussian factor.

ψ
(1)
nz1(z;bz)ψ

(1)
nz2(z;bz) =

e−z
2/2b2

z√
bz
√
π

∑
n

T (1)nz
nz1nz2 ψ

(1)
nz (z;bz) , (3.12)

ψ
(2)∗
m1n1(r,ϕ;br )ψ

(2)
m2n2(r,ϕ;br ) =

e−r
2/2b2

r

br
√
π

∑
n

T (2)n
m1n1m2n2

ψ
(2)
m2−m1 n(r,ϕ;br ) . (3.13)

Where coefficients T (1) and T (2) (called Talman coefficients [81]) are real and detailed in appendix C.1.
Those coefficients properties ensure that sums in Eqs. (3.12) and (3.13) are finite. In Eq. (3.12), index n runs
over

|nz1 −nz2| ≤ nz ≤ nz1 +nz2 with nz +nz1 +nz2 even , (3.14)

and in Eq. (3.13), index n runs over

0 ≤ n ≤ n1 +n2 +
1
2

(|m1|+ |m2| − |m1 −m2|) ≡ n1,2 . (3.15)

3.2.3 Moshinsky coefficients

From Ref. [80] it is shown that for i = 1,2

ψ
(i)
µ (r1;b1)ψ(i)

ν (r2;b2) =
∑
αβ

M(i)αβ
µν (b1,b2)ψ(i)

α

 B2
√

2

[
r1

b2
1

+
r2

b2
2

]
;
b1b2
√

2√
b2

1 + b2
2

ψ(i)
β

 1
√

2
[r1 − r2] ;

√
b2

1 + b2
2

√
2

 ,

(3.16)
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M(1,2) are the Moshinsky coefficients. In our work we will only need a subset of the Moshinsky coefficients
which will be called reduced Moshinsky coefficients. By definition

M(1) red
nz1nz2 ≡M

(1)0 nz1+nz2
nz1 nz2 (bz,bz) , (3.17a)

M(2) red
m n1n2 ≡M

(2)(0,0) (0,n1+n2+|m|)
(m,n1) (−m,n2) (br ,br ) . (3.17b)

Note that reduced Moshinsky coefficients are bz and br independent. The formulas for computing those
coefficients are given in Appendix D.

3.3 Calculation of matrix elements

3.3.1 Central term

The central term (see Eq. (3.1a)) is given by

V C(r1,r2) =
[
W +BP̂s −HP̂t −MP̂sP̂t

]
e−(r1−r2)2/µ2

. (3.18)

Where µ = µ1,µ2 and Ps (resp. Pt ) is the spin (resp. isospin) exchange operator defined by Eqs (3.2c) (3.2d),
these are linear operators such that for any kets |xs〉, |ys〉 in spin space and any kets |xt〉, |yt〉 in isospin space

Ps |xs〉 ⊗ |ys〉 = |ys〉 ⊗ |xs〉 , (3.19a)

Pt |xt〉 ⊗ |yt〉 = |yt〉 ⊗ |xt〉 . (3.19b)

The non-antisymmetrised matrix elements for the central part are by definition

V Cαβγδ =
〈
1 : α;2 : β|V C |1 : γ ;2 : δ

〉
. (3.20)

The spin-isospin and spatial contribution are easily factored out

V Cαβγδ ≡ V
Cst
αβγδV

Cr
αβγδ ≡ V

Cst
αβγδV

C1
αβγδV

C2
αβγδ (3.21)

where

V Cstαβγδ ≡ W δsαsγδsβsδδtαtγδtβtδ
+B δsαsδδsβsγδtαtγδtβtδ
−H δsαsγδsβsδδtαtδδtβtγ
−M δsαsδδsβsγδtαtδδtβtγ , (3.22)

and

V C1
αβγδ =

∫
dz1dz2ψ

(1)
α (z1;bz)ψ

(1)
β (z2;bz) e−(z1−z2)2/µ2

ψ
(1)
γ (z1;bz)ψ

(1)
δ (z2;bz) , (3.23a)

V C2
αβγδ =

∫
d2~r1d

2~r2ψ
(2)
α
∗(~r1;br )ψ

(2)
β
∗(~r2;br ) e−(~r1−~r2)2/µ2

ψ
(2)
γ (~r1;br )ψ

(2)
δ (~r2;br ) . (3.23b)

The strategy for computing the last integrals is exposed in great details in [79]. In this reference it is shown
(Eqs.(D.2) and (20)) that1

V C1
αβγδ = δ(nzα +nzβ +nzγ +nzδ even)

µ
√

2π3bz

nzβ+nzδ∑
nz=|nzβ−nzδ |,2

T (1)nz
nzβnzδ F̄

nz
nzαnzγ , (3.24)

1In Eq.(3.24) the summation step is 2 as indicated.
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and

V C2
αβγδ = δmα+mβ ,mγ+mδ

Gr − 1
Gr + 1

nβ,δ∑
n1=0

nα,γ∑
n2=0

T (2)n2
nα ,mα ;nγ ,mγ

T (2)n1
nβ ,mβ ;nδ ,mδ

Ī(mα −mγ ,n1,n2) . (3.25)

In Eq. (3.25), Ī is given by Eq. (G.5), coefficient F̄nznzα ,nzγ in Eq. (3.24) is defined in Eq. (G.6), and Gr is
defined in Eq. (G.4).

3.3.2 Coulomb term

The Coulomb term is (Eq. (3.1b))

V Coul(r1,r2) ≡
q2

|r1 − r2|
. (3.26)

Coulomb matrix elements are readily factorised in a spatial part and spin-isospin part

V Coul
αβγδ ≡ V

Coulr
αβγδV

Coulst
αβγδ , (3.27)

with
V Coulst
αβγδ ≡ δsαsγδsβsδδ(tα = tβ = tγ = tδ = proton) , (3.28)

and

V Coulr
αβγδ ≡ q

2
proton

∫
d3r1d

3r2ψ
∗
α(r1)ψ∗β(r2)

1
|r1 − r2|

ψγ (r1)ψδ(r2) . (3.29)

As shown in Ref. [80]

V Coulr
αβγδ =

q2
proton

√
2

π1/4

nαγ∑
nµ=0

nβδ∑
nν=0

nzα+nzγ∑
nzµ=|nzα−nzγ |,2

nzβ+nzδ∑
nzν=|nzβ−nzδ |,2

×T (1)nzν
nzβnzδT

(1)nzµ
nzαnzγT

(2)nν
mβnβ mδnδT

(2)nµ
mαnα mγnγM

(1)red
nzµ nzνM

(2)red
mγ−mα nµnν

×Icoul(nµ +nν + |mγ −mα |,nzµ +nzν) , (3.30)

with Icoul(n,nz) given by Eq.(G.13).

3.3.3 Two-body center of mass correction

The center of mass correction reads as in Eq. (3.1c)

V COM = −p1.p2

m〈A〉
, (3.31)

and the corresponding matrix element is

V COM
αβγδ = − 1

m〈A〉
〈αβ|p1.p2|γδ〉

= − 1
m〈A〉

〈ψαψβ |p1.p2|ψγψδ〉δsαsγδsβsδδtαtγδtβtδ . (3.32)

It is shown in App. G.3 that

〈ψαψβ |p1.p2|ψγψδ〉 = −}2
(
−C+

αγC
−
βδ −C

−
αγC

+
βδ +C3

αγC
3
βδ

)
, (3.33)
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where

C+
αβ = δnzαnzβδmα ,mβ+1

(−1)δ(mβ≤−1)

br
√

2

[√
nβ + δ(mβ ≤ −1)δ

nα ,nβ+(−1)δ(mβ≥0) +
√
nβ + |mβ |+ δ(mβ ≥ 0)δnαnβ

]
,

(3.34)

C−αβ = δnzαnzβδmα ,mβ−1
(−1)δ(mβ≤0)

br
√

2

[√
nβ + δ(mβ ≥ 1)δ

nα ,nβ+(−1)δ(mβ≤0) +
√
nβ + |mβ |+ δ(mβ ≤ 0)δnα ,nβ

]
,

(3.35)

C3
αβ = δmαmβ

δnαnβ
1

bz
√

2

[√
nzβδnzα ,nzβ−1 −

√
nzβ + 1δnzα ,nzβ+1

]
. (3.36)

3.3.4 Density term

Transforming ρ density matrix from cylindrical harmonic oscillator basis to spatial representation gives

ρ(r1, s1, t1;r2, s2, t2) = < r1, s1, t1|ρ̂|r2, s2, t2 >

=
∑
αβ

〈r1, s1, t1|α〉〈α|ρ̂|β〉〈β|r2, s2, t2〉

=
∑
αβ

ψmαnαnzα (r1)ψ∗mβnβnzβ (r2)

×ρ(mα ,nα ,nzα , s1, t1;mβ ,nβ ,nzβ , s2, t2) . (3.37)

Only the case with r1 = r2 and t1 = t2 is to be considered, and one defines

ρ(r) ≡
∑
st

ρ(r, s, t;r, s, t) . (3.38)

Antisymmetrised density pseudo-operator has been introduced in Eq. (3.1d) as

V D(r1, r2) = t3 (1 + x0Ps) (1− PsPt)δ(r1 − r2)ραG (r1) , (3.39)

such that density matrix element factorise into a spin-isospin part and a spatial part.

V Dαβγδ =< αβ|V D |γδ > (3.40)

= V DstαβγδV
Dr
αβγδ , (3.41)

with

V Dstαβγδ =
(
δsαsγδsβsδ + x0δsαsδδsβsγ

)
δtαtγδtβtδ

−
(
x0δsαsγδsβsδ + δsαsδδsβsγ

)
δtαtδδtβtγ , (3.42)

and

V Drαβγδ =
∫
d3rψ∗mαnαnzα (r)ψ∗mβnβnzβ (r) ραG (r) ψmγnγnzγ (r)ψmδnδnzδ

(r) . (3.43)

The explicit density dependence of the interaction is precisely what is preventing in from being a true
Hamiltonian. This manifests at mean-field level by the presence of a rearrangement contribution as detailed
in App. G.4.2.
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3.3.5 Spin-orbit term

The spin-orbit term has been introduced in Eq. (3.1e) as

iWLS(σ1 +σ2).
←−
k ′ × δ(r)

−→
k . (3.44)

As shown in App. G.5, antisymmetrised spin-orbit matrix elements can be expressed as

V
SO
αβγδ =

iWLS

2

[
−
(
I+
αβγδ + I+

βαδγ

)
〈sαsβ |σ−1 + σ−2 |sγsδ〉

−
(
I−αβγδ + I−βαδγ

)
〈sαsβ |σ+

1 + σ+
2 |sγsδ〉

+
(
I3
αβγδ + I3

βαδγ

)
〈sαsβ |σ3

1 + σ3
2 |sγsδ〉

]
〈tαtβ |T |tγ tδ〉 , (3.45)

where I+, I−, I3, T are respectively defined by Eqs. (G.52), (G.53) (G.54), (G.48), and σ+
1,2, σ

−
1,2, σ

3
1,2 are

defined in Eqs. (E.4).
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This chapter defines the model chosen to test the (P)GCM-EC emulator. This model uses

1. a simple effective interaction with four parameters to be varied,

2. a realistic GCM calculation of the doubly open-shell 20Ne nucleus,

3. a brute force learning algorithm to choose optimal training parameters/GCM vectors.

Despite being relatively simple and limited to a single nucleus, it allows one to explore in details the
characteristics of the (P)GCM-EC emulator. The actual results of the PGCM-EC study is discussed in the
following chapters.

4.1 Brink-Boeker potential

The Brink-Boeker two-body interaction [76] is a special case of Eq. (3.1) reading as

VBB(R,r) ≡
2∑
i=1

[
wi −mi P̂sP̂t

]
e−r

2/µ2
i −

p1.p2
m〈A〉

(4.1a)

≡ V BB C +V BB COM2 , (4.1b)

where w1,2, m1,2 and µ1,2 the set of denote free parameters. The nominal values of parameters [76]
collectively denoted as λ0 are reported in Tab. 4.1.
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i
µi wi mi

fm MeV MeV

1 1.4 −72.21 −68.39

2 0.7 −595.55 −206.05

Table 4.1: Nominal parametrization λ0 of the Brink-Boeker two-body interaction [76].

Figure 4.1: Two-dimensional Hartree-Fock potential energy surface in 20Ne obtained in the (β2, β3) plane
from the nominal Brink-Boeker interaction. The number of mesh points qi = (β2i ,β3i) in the plane, is
nq = 53.
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Figure 4.2: Eigenvalues of the norm matrix Nλ0 associated with the GCM subspace Eλ0
nq with nq = 53

corresponding to the nominal parameter set λ0.

Figure 4.3: Nominal GCM eigenenergies as a function of the threshold ελ0 .
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Figure 4.4: GCM spectrum in 20Ne from the nominal Brink-Boeker interaction and the threshold value
ελ0 = 10−6.

4.2 GCM setting

The present study relies on a realistic GCM calculation of the doubly open-shell nucleus 20Ne based on a
set of deformed Hartree-Fock states constrained to different values of the axial quadrupole (β2) and axial
octupole (β3) moments. While the HF states break both rotational and parity symmetries, the effect of
the projection on good angular momentum and parity is left to a future study. Correspondingly, the GCM
spectrum purely relates to vibrational states. Calculations are performed with the Brink-Boeker two-body
interaction using a harmonic oscillator basis truncated to noscil = 8.

The corresponding two-dimensional HF potentiel energy surface (PES) obtained for the nominal Brink-
Boeker interaction is displayed in Fig. 4.1 as a function of q = (β2,β3). The red dots on the PES are
associated with the nq = 53 HF states |Φλ0(qi)〉, i = 1, . . . ,53, constituting the baseline for the subsequent
GCM calculation.

Based on these nq = 53 HF states, the GCM subspace Eλ0
53 is considered. The eigenvalues {si , i = 1, . . .nq}

of the associated norm matrix Nλ0 are displayed in decreasing order in Fig. 4.2. These eigenvalues span 6
orders of magnitude, from a few 101 down to about 10−5.

Next, the 1 ≤ ndimλ0
≤ nq largest eigenvalues are chosen according to the truncation si ≥ ελ0 to build

the orthogonal basis {|Ψ λ0
i 〉, i = 1, . . . ,ndimλ0

} of (the approximation to) Eλ0
53 and solve the Hill-Wheeler-Griffin

equation. The corresponding GCM eigenenergies are displayed in Fig. 4.3 as a function of ελ0 . The results
demonstrate that the calculation is well converged for ελ0 ≤ 10−5 and actually remains stable down to the



4.3. Latin hypercube sampling 51

Task Computational cost (s)

HF states 52884 ≡ SHFB

GCM kernels 3913 ≡ Sker

Table 4.2: Computing cost (in seconds) for the two main steps of a GCM calculation in 20Ne with the
Brink-Boeker interaction. The cost of solving the HWG equation is negligible.

lowest eigenvalue. Picking ελ0 = 10−6, the GCM excitation spectrum is displayed in Fig. 4.4. The first,
second and third excited states are seen to be located at about 3, 7 and 9MeV, respectively.

Eventually, the computational cost of the GCM calculation is reported in Tab. 4.2. The cost separates
into (i) SHFB associated with the computation of the nq = 53 seed HF states and (ii) Sker associated with the
computation of the norm and Hamiltonian kernels among those HF states. In the present GCM setting, i.e.
in absence of symmetry projections, the cost is dominated by SHFB and amounts to about SHFB+Sker = 16h.
Consequently, performing a very large number n of GCM simulations for different parameter sets amount
to a numerical cost of n× (SHFB + Sker) that becomes quickly prohibitive. This motivates the present work
on emulating (P)GCM simulations.

4.3 Latin hypercube sampling

Having at hands the GCM calculation based on the nominal Brink-Boeker interaction, propagating un-
certainties associated with its parameter set relies on sampling the parameters value according to a given
probability distribution. Similarly, performing a sensitivity analysis requires to sample a set of pre-defined
parameters interval in the most faithful manner.

In this context, the latin hypercube sampling (LHS) is an alternative to a simple random sampling,
such that moments of a function over the sampled space are unbiased and display a substantially smaller
variance than that of the estimator based on simple random sampling [82, 83]. Assuming that the sampled
space is B = [0,1]d (d ≥ 1 integer), and given an integer N ≥ 1, a LHS of size N on B is obtained by

• randomly choosing π1, · · · ,πd permutations of {1, · · · ,N }, uniformly distributed over all n! permuta-
tions;

• picking, for each 1 ≤ i ≤N , a point xi ∈
∏

1≤k≤d
[
πk(i)−1
N , πk(i)N

]
according to a uniform distribution.

4.4 Cost function

In order to quantitavely evaluate a GCM-EC emulator characterized by the couple (Lnt ,na), a cost function

is chosen based on a given observable A and a validating set V ≡
(
λi1 ,λi2 , · · · ,λinv

)
.

For a validating parameter λik , one collects the n
dim
λik

values AGCM
k (j), j = 1, . . . ,ndimλik

, associated with the

GCM eigenstates and the ndimLnt
values AEC

k (i), i = 1, . . . ,ndimLnt
, associated with the GCM-EC solutions. Then,

the cost function for each index 1 ≤ j ≤min(ndimλik
,ndimLnt

) is given by

C(A,j) ≡ 1
nv

nv∑
k=1

∣∣∣∣∣∣Aemul
k (j)−Agcm

k (j)

A
gcm
k (j)

∣∣∣∣∣∣ , (4.2)

and is nothing but the mean relative error of the emulator with respect to the simulator. Eventually, the cost
function can in fact combine the error over several GCM solutions and/or over several observables.
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4.5 PGCM-EC setting

4.5.1 Parameter space

In the Brink-Boeker interaction, the dependence of only 4 out 6 parameters, i.e. (m0,m1,w0,w1), satisfy
Eq. (2.5), which is a necessary condition to apply EC to them1. Consequently, µ1,µ2 are kept fixed to their
nominal values whereas a four-dimensional parameter mesh in (m0,m1,w0,w1) containing N = 50 points
is generated using LHS within the box

B ≡
[
mλ0

0 − 10,mλ0
0 + 10

]
×
[
mλ0

1 − 10,mλ0
1 + 10

]
×
[
wλ0

0 − 10,wλ0
0 + 10

]
×
[
wλ0

1 − 10,wλ0
1 + 10

]
, (4.3)

centered on the nominal parametrisation λ0 ≡ (mλ0
0 ,m

λ0
1 ,w

λ0
0 ,w

λ0
1 ). The obtained parameter mesh is

denoted

L50 ≡ (λ1,λ2, · · · ,λ50) , (4.4)

with, for each 1 ≤ i ≤ 50,
λi ≡

(
mi0,m

i
1,w

i
0,w

i
1

)
. (4.5)

4.5.2 Set of HF states

For each 1 ≤ i ≤ 50, the nq = 53 HF states constrained

Bλinq ≡
{
|Φλi (q)〉 ;q ∈ S

}
, (4.6)

are generated using the same generator coordinate mesh S =
(
q1,q2, · · · ,qnq

)
over the (β2,β3) plane as the

one displayed in Fig. 4.1.

4.5.3 Set of kernels

One considers the set of operators

O ≡
{
H̆1, H̆2, H̆3, H̆4,COM2,KIN,R1b,1

}
, (4.7)

where R1b denotes the one-body radius operator and 1 is the identity operator. The other operators
relate to the decomposition of the Hamiltonian containing the Brink-Boeker interaction according to (with
λ = (m0,m1,w0,w1))

Hλ ≡m0H̆1 +m1H̆2 +w0H̆3 +w1H̆4 +COM2+Kinetic , (4.8)

where the latter two terms correspond to the two-body center-of-mass correction and the kinetic energy2,
respectively. For each operator A ∈ O, the off-diagonal elementary kernels

〈Φλi (q)|A|Φλj (q′)〉 , (4.9)

are computed and stored to a file.

1The use of more involved methods dealing with non-multiplicative dependencies is postponed to a future study.
2The kinetic energy contains the one-body part of the center-of-mass correction.



4.6. Brute-force learning 53

4.6 Brute-force learning

The notion of brute-force learning is inspired from the self-learning scheme detailed in Ref. [84] in which
the sole emulator is used to determine incrementally the optimal set of training parameters.

In the self-learning setup, any new potential training point λi is tested using the cost function

F(λi) =

√√√√√√〈Θ(λi)|
(
Hλi −E(λi)

)2
|Θ(λi)〉

〈Ψ (λi)|
(
Hλi

)2
|Θ(λi)〉

, (4.10)

where |Θ(λi)〉 is the ground state obtained for parameter λi from the already available emulator based
on nt training points whereas E(λi) = 〈Θ(λi)|Hλi |Θ(λi)〉 is the associated energy. The parameter point
maximising this cost function is added to the training set and the procedure is repeated recursively. This
technique is efficient and reliable but, unfortunately, cannot be applied with our (P)GCM-EC emulator.

Indeed, to evaluate Eq. (4.10), the expectation value of the (up to) four-body operator
(
Hλi

)2
must be

computed, which is not possible with the PAN@CEA numerical solver in its present form. Since this self-
learning scheme is not practical for the time being, a more simplistic (but brutal) way to construct the
optimal training set is employed.

The brute-force character of the learning method presently employed relates to the fact that it relies on
a large enough set of PGCM results pre-computed for parameter values selected via LHS. In the present
case, the available parameter values corresponds to the set L50 introduced in Eq. (4.4). The optimisation
method is rather flexible, i.e. given an emulator involving na PGCM eigenstates, the optimisation focuses
on a chosen observable Aoptim

• Total energies (Aoptim ≡ 0),

• Excitation energies (Aoptim ≡ 1),

• Radii (Aoptim ≡ 2),

to be computed for the noptim lowest eigenstates. For example, (Aoptim,noptim) = (0,3) defines an optimisa-
tion performed on E0, E1 and E2 whereas for (Aoptim,noptim) = (1,2) the optimisation is made on E1 −E0
and E2 −E0. Eventually, the optimisation procedure works as follows

1 For 1 ≤ i < j ≤ 50, all possible training sets L2 ≡
(
λi ,λj

)
are constructed and each emulator (L2,na)

is tested on the complementary parameter set V2 ≡ {1, · · · ,50} −L2 according to the cost function

max
1≤k≤noptim

C(Aoptim, k) . (4.11)

The training set L2 ≡ (λi1 ,λi2) displaying the lowest cost function defines the optimal training set for
nt = 2.

2 A parameter value is added to the optimal training set Lnt = (λi1 , · · · ,λint ), i.e. for each i ∈
{1, · · · ,50} −Lnt , an incremented training set is defined according to

Lnt+1 ≡ (λi1 , · · · ,λint ,λi) . (4.12)

Each emulator (Lnt+1,na) is tested over the complementary set Vnt+1 ≡ {1, · · · ,50} − Lnt+1 according
to the cost function

max
1≤k≤noptim

C(Aoptim, k) . (4.13)

The training set Lnt ≡ (λi1 , · · · ,λint ,λint+1
) displaying the lowest cost function defines the optimal

nt + 1 training parameters.

3 Step 2 is reiterated until the number of training points is considered large enough.
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So far, the EC method has been applied in conjunction with various many-body methods but it has
mainly remained restricted to emulating ground states. Preliminary works have been recently dedicated to
excited states but only within the frame of schematic models [59, 85]. Regarding realistic PGCM calcula-
tions, one is primarily interested in the collective spectroscopy of nuclei such that the accurate emulation
of excited states is indeed primordial. In Refs.[59, 85], as well as in an even more recent study dedicated to
the GCM applied to Lipkin-Meshkov-Glick toy model, the necessity to train the emulator on excited states
was shown to be key to accurately emulate the corresponding excited states.

In this context, the present chapter exposes the numerical results dedicated to the emulation of realistic
GCM calculations according to the model study introduced in Chap. 4. The training set is obtained via the
brute-force learning method exposed in Sec. 4.6 up to nt = 14 such that the 36 other available parameter
values define the validation set.

5.1 Training on excited states

Figure 5.1 displays the mean and dispersion of the error (%) over the validation set of the four lowest PGCM

energies Eλia (top panels) and the three associated excitation energies Eλia −E
λi
0 (bottom panels) as a function

of nt . This is done by only training on the ground state at first (na = 1), before adding the first excited
state (na = 2) and the second excited state (na = 3) to the training. The brute-force learning is performed

by optimising
(
Eλi0 ,E

λi
1

)
.

For na = 1,2 and 3, the mean error on the ground-state energy quickly converges towards [0.1,0.2]%
as nt increases. The dispersion decreases steadily to eventually reach ±0.1%. For na = 2 and 3, one
further observes that, while decreasing until nt = 5, the error in fact increases again slowly for nt > 5. For
na = 1, the error on Eλi1 reaches 3% for nt = 14 whereas the error on both Eλi2 and Eλi3 stabilizes around

10%. Further including the first excited state in the training (na > 1), the error on Eλi1 drops to 0.1%, thus

reaching the same accuracy as for the ground-state energy. This observation repeats itself for Eλi2 with
na = 3 and seems to be systematic, i.e. using the nth excited state to train the emulator reduces the mean

55
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Figure 5.1: Mean and dispersion of the error (%) over the validation set for the four lowest PGCM energies
(top panels) and the three associated excitation energies (bottom panels) as a function of nt for na = 1,2
and 3. The brute-force learning is performed by optimising

(
Eλi0 ,E

λi
1

)
.
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Error (%) na

Observable 1 2 3

E0 0.2 0.1 0.1

E1 3.1 0.1 0.1

E2 13 1.8 0.2

E3 14 8.8 1.8

E1 −E0 280 5.2 5.1

E2 −E0 610 90 5.7

E3 −E0 410 280 57

Table 5.1: Mean error on the four lowest PGCM energies and on the three associated excitation energies
delivered by the PGCM-EC emulator for 36 validation points. The results are extracted from Fig. 5.1 for
nt = 14 and na = 1,2,3.

error on the corresponding eigenenergy by more than one order of magnitude to typically reach a value
around 0.1% or 0.2%.

The above analysis is also valid for excitation energies, i.e. while the emulator is completely unable to
reproduce excitation energies for na = 1, including a given excited state in the training allows one to reach
a mean error of 5 − 6% (∼ 170 keV on an 3MeV excitation) on the corresponding excitation energy for
nt = 14.

These results demonstrate that excited states must be included in the training to be satisfactorily repro-
duced by the emulator. The corresponding mean errors obtained for nt = 14 are reproduced in Tab. 5.1.

5.2 Optimisation

As detailed in Sec. 4.6 the brute-force learning relies not only on choosing an appropriate value for na but
also on selecting an (a set of) observable Aoptim to select the optimal training points. Typically, training can
be optimised towards total energies or excitation energies.

To investigate the impact of the optimisation method on the performance of the emulator, Fig. 5.2

displays the mean error on Eλi0 (top panels), Eλi1 (middle panels) and Eλi1 −E
λi
0 (bottom panels) as a function

of nt for three different optimisations, i.e. optimizing (i) Eλi0 (left panels), (ii)
(
Eλi0 ,E

λi
1

)
(middle panels) and

(iii) Eλi1 −E
λi
0 (right panels). As the present example focuses on the ground state and the first excited state,

na = 2 is used accordingly.

The optimisations on Eλi0 and
(
Eλi0 ,E

λi
1

)
deliver similar results and the smallest errors for Eλi0 and Eλi1 ,

i.e. between 0.1% and 0.2% for nt = 14. One however observes that the rising of the error on Eλi0 beyond
nt = 5 is even more pronounced when solely optimizing on it. The mean error on the first excitation energy

Eλi1 −E
λi
0 is equal to 5% in this case. Rather optimising the emulator on Eλi1 −E

λi
0 enhances the mean error

on the individual energies by more than one order of magnitude, i.e. to 4%, while only lowering the mean
error on the excitation energy from 5 to 3%.

Eventually, optimizing the training on total energies is optimal to accurately emulate both total and
excitation energies. The mean errors extracted from Fig. 5.2 for nt = 14 are reported in Tab. 5.2.
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Figure 5.2: Mean and dispersion of the errors (%) over the validation set, on total energies E0 (top panels),

Eλi1 (middle panels) and Eλi1 − E
λi
0 (bottom panels) against nt , for different optimisations, Eλi0 (left panels),

max
(
Eλi0 ,E

λi
1

)
(middle panels) and Eλi1 −E

λi
0 (right panels)

Error (%) Optimisation

Observable E0 E1 E1 −E0

E0 0.1 0.1 3.8

E1 0.2 0.1 4.4

E1 −E0 4.8 5.2 3.2

Table 5.2: Mean error on the two lowest PGCM energies and on the associated excitation energy delivered
by the PGCM-EC emulator for 36 validation points. The results are extracted from Fig. 5.2 for nt = 14 and
different optimisation options.
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Figure 5.3: Mean error (%) on the matter radius of the four lowest PGCM states as a function of nt . The

training is done for na = 3 while optimizing
(
Eλi0 ,E

λi
1

)
.

5.3 Matter radius

The GCM-EC emulator is not limited to emulate energies and can be used for any observable A for which
off-diagonal kernels

A
λiλj
qq′ ≡ 〈Φ

λi (q)|A|Φλj (q′)〉 , (5.1)

are available. As already mentioned in Sec. 4.5.3, such kernels are indeed readily available for the one-body
matter radius1. Thus, Fig. 5.3 displays the mean error on radii as a function of nt , for an emulator trained

with na = 3 and optimised on
(
Eλi0 ,E

λi
1

)
. The mean errors obtained for the ground-state, the first and

the second excited states that are included in the training are comprised between 0.2% and 0.6% whereas
the error for the third excited state reaches about 2%. This demonstrates that the GCM-EC emulator
can satisfactorily reproduce radii, with a significant benefit from including the corresponding state in the
training.

5.4 Over training

Even though the GCM-EC emulator provides a good enough reproduction of total energies, excitation
energies and radii for practical applications, it is interesting to deepen the analysis and understand why the
mean error quickly saturates around 0.1% for total energies and 1% for excitation energies.

As discussed in Sec. 2.1.2, the emulator applied for the training values is characterized by a null error
whenever the training vectors are exact solutions of Schrodinger’s equation. In practice, however, EC is
applied on the basis of approximate solutions of Schrodinger’s equation delivered by a certain simulator
one wishes to emulate. This is particularly true of (P)GCM states that are not good approximations to
the exact eigenstates of the Hamiltonian, even though energy differences are. Correspondingly, a (P)GCM

1Because of the lack of angular momentum projection in the present study, the same cannot be done here for electromagnetic
transitions. Such a study is postponed to a future work.
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Figure 5.4: Same as Fig. 5.1 for the toy GCM defined in the fixed nominal subspace Eλ0
53 .
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Error (%) na

Observable 1 2 3

E0 8.10−5 4.10−5 3.10−5

E1 2.2 5.10−5 2.10−5

E2 4.5 1.9 1.10−4

E3 7.4 2.4 0.1

E1 −E0 75 1.10−3 4.10−4

E2 −E0 58 27 1.10−3

E3 −E0 89% 31% 1.1%

Table 5.3: Same as Tab. 5.1 for the toy GCM based on the fixed nominal subspace Eλ0
53 .

subspace E
(σ )λi
np typically displays a very small effective dimension compared to the training subspace E

σLnt
np

when nt becomes significantly greater than one. For a training value, the emulated state thus runs the risk
to be significantly better than the (P)GCM state one wishes to emulate, thus inducing a non-zero error on
the energy. This is particularly clear for the ground-state energy whose emulated value runs the risk to be
below the reference one and can only moves away from it by further adding training vectors. Eventually,
such a systematic error can propagate to the parameter values that are not in the training set.

In order to investigate the quantitative role of this potential over training, the GCM-EC emulator is

temporarily applied to a toy formulation of the GCM based on the sole nominal GCM subspace Eλ0
53 , i.e.

whenever changing the parameter set, the GCM subspace remains fixed. In such a case, no over training is

possible given that the training space remains included into Eλ0
53 all throughout. Figure 5.4 represents the

counterpart of Fig. 5.1 for this toy GCM. The mean errors are considerably lower than in Fig. 5.1 and do not
saturate at 0.1% for total energies and 1% for excitation energies; i.e. the mean error reaches few 10−5%
for the former and few 10−4% for the latter at nt = 14.

The above analysis proves that it is possible to produce an extremely accurate emulator in the toy GCM
based on a fixed PGCM subspace. In order to quantify to which extend the lower bound observed whenever
relaxing such a simplification is indeed partly or totally due to an over training, Fig. 5.5 displays the mean
error on the GCM ground-state energy for three different parameter sets

1. The training set in the realistic GCM,

2. The validation set in the realistic GCM,

3. The training set in the toy GCM.

On the scale used in the figure, the error obtained for the training set in the toy GCM is essentially
zero. This demonstrates that whenever the training ground states are built over the full Hilbert space
of the problem at play, EC allows to emulate the ground state corresponding to other parameter sets
extremely accurately. Working with the realistic (P)GCM, whose main feature is to efficiently operate within
a physically-optimized low-dimensional space, the emulator displays a systematic over training that grows
with nt . In the present application, the error of the emulated ground-state energy for training values, which
is zero by construction for nt = 1, decreases monotonically with nt , which indeed signals the over training.
Eventually, the mean error over the training set reaches −0.3% for nt = 14. Moving to the validation set,
the mean error is positive and large for nt = 1 but quickly decreases with nt . For nt > 5, the mean error
becomes negative and eventually reaches −0.1% for nt = 14 as discussed earlier on. While it is clear from
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Figure 5.5: Mean error on the ground-state energy as a function of nt for both the training and validation
sets of the realistic GCM as well as for the training set of the toy GCM based on a fixed nominal GCM
subspace.

a variational viewpoint that the over training also impacts the validation set2, the associated value is not as
large as for the training set, eventually leading to a smaller error. While it is counter intuitive that the error
is larger for the training set than for the validation set, it is in fact due to a compensation of errors.

Indeed, the GCM-EC emulator does not only suffer from a (small) over training due to the training
subspace being larger than a single GCM subspace, it also suffers from an (eventually even smaller) under
training due to the fact that the GCM subspace associated with a given validation point is not fully spanned
by the training subspace. Both act in opposite direction thus leading to a compensation of (small) errors3.

5.5 Conclusions

Employing realistic GCM calculations based on a simple but realistic enough two-body interaction, the
GCM-EC emulator was shown to deliver an accurate reproduction of total energies (∼ 0.1 − 0.2% error),
excitation energies (∼ 5 − 6% error) and matter radii (∼ 0.2 − 0.6% error) of the low-lying GCM states.
Importantly, achieving such results requires to include the excited states of interest in the training.

While sufficient in practice, the lower bound on the error was shown to result from two (compensating)
errors that are intimately related to the nature of the (P)GCM

1. an over training due to the growing dimension of the training space with nt that largely supersedes
the subspace characterizing a (P)GCM simulation,

2As opposed to Fig. 5.5, the absolute value of the error was plotted in previous figures, which explains why the over training

error makes the error rise beyond nt = 5 in Figs 5.1 and 5.2. The fact that the rise is more pronounced when optimizing on Eλi0

alone rather than on both Eλi0 and Eλi1 in Fig. 5.2 is due to the fact that the over training is maximized when optimizing the sole
ground state.

3Because the GCM subspace associated with a training point is fully included into the training subspace, training points cannot
suffer from such an under training. Consequently, training points do not benefit from such a compensation effect as seen in Fig. 5.5.



5.5. Conclusions 63

2. an under training induced by the imperfect spanning of a given (P)GCM subspace by the training
subspace.

While the over training was explicitly characterized and quantified, the notion of "imperfect spanning of a
given (P)GCM subspace by the training subspace" remains qualitative at this point. It is the goal of the next
chapter to characterize it more quantitatively by invoking a computable separation distance between any two
subspaces of the complete Hilbert space.
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The performance of the (P)GCM-EC emulator characterized in Chap. 5 is sufficient to perform large-
scale studies with small enough error on energies and radii of collective excited states. Yet, the over training
associated with a given training subspace and the difficulty to emulate arbitrary (P)GCM subspaces out of
that training subspace set lower bound to the achievable accuracy of the (P)GCM-EC emulator.

In the present chapter, the goal is to better characterize and quantify these two limitations that are
inherent to the (P)GCM, i.e. they relate to the fact that the (P)GCM diagonalizes the Hamiltonian in a very
small, physically optimized, subspace of HA. In order to so, the goal is to be able to compute

1. the proximity of a parameter µ ∈ Rnp to the training set Lnt ,

2. the proximity of a PGCM subspace E
σµ
np to the training subspace E

σLnt
np ,

and to correlate the error of the emulator with such distances.

6.1 Metric

6.1.1 Definitions

Let E be a non-empty set. A metric ([86], chapter 3) on E is a map d : E × E −→ R+ satisfying, for all
x,y,z ∈ E,

d(x,y) = d(y,x) , (6.1a)

65
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d(x,y) = 0 ⇐⇒ x = y , (6.1b)

d(x,y) ≤ d(x,z) + d(z,y) . (6.1c)

When only a subset of these three properties are satisfied, weaker notions are invoked such that d is
coined as

• a semimetric if (6.1a) and (6.1b) are true, but (6.1c) is not.

• a pseudometric if (6.1a) and (6.1c) are true, but (6.1b) is replaced by the weaker condition

d(x,x) = 0 , (6.2)

for all x ∈ E.

• a premetric if (6.1a) and (6.2) are true, but (6.1c) is not.

Given d a premetric on E and A a nonempty subset of E, the distance between an element x ∈ E and
the subset is given by

d (A,x) ≡ inf
y∈A

d(y,x) . (6.3)

6.2 Parameters distance

To define the distance between a parameter µ ∈ Rnp and the training set Lnt , Rnp is assumed to be endowed
with the standard vector space structure, the standard scalar product 〈., .〉, the norm ‖x‖ ≡

√
〈x,x〉 and the

metric

d(x,y) ≡ ‖x − y‖ =

 np∑
i=1

(
xi − yj

)2


1/2

. (6.4)

Given this metric d on Rnp , the distance between µ and the set Lnt is introduced

6.2.1 Parameter distance

The distance between an arbitrary parameter µ and the training set Lnt is thus given by

ds
(
Lnt ,µ

)
≡ d

(
Lnt ,µ

)
= inf
λ∈Lnt

d(λ,µ) , (6.5a)

Given that Lnt is closed in E, the distance satisfy

ds
(
Lnt ,µ

)
= 0 ⇐⇒ µ ∈ Lnt , (6.6a)

The computation of ds
(
Lnt ,µ

)
is straightforward.

6.3 Subspaces distance

The question of the distance between two linear subspaces of a given vector space is not standard. In order
to set it for the problem of present interest, let us introduce, for 1 ≤ p ≤ dim F̃ , the set Gr

(
p, F̃

)
of the p-

dimensional linear subspaces of F̃ 1. This set, together with a canonical riemannian manifold structure [87]
and [88] chapter 16.11, is known to be a grassmannian manifold.

1Recall that F̃ denotes a finite-dimensional truncated Fock space.
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6.3.1 Identical dimensions

Let us first consider the case of two subspaces of identical dimensions, i.e. two PGCM subspaces E
σµ1
nq and

E
σµ2
nq of identical (effective) dimensions ndimσµ1

= ndimσµ2
≡ p such that they both belong to Gr

(
p, F̃

)
.

Principal vectors and angles

In order to define the distance between both subspaces, one needs to first extract the associated principal
vectors and principal angles. Given the two orthonormal bases {|Ξσµ1

q 〉;q = 1, . . . ,p} and {|Ξσµ2
q 〉;q = 1, . . . ,p}

extracted according to the protocol detailed in Sec. 1.7, the principal vectors {|Λσµ1
q 〉;q = 1, . . . ,p} and

{|Λσµ2
q 〉;q = 1, . . . ,p} belonging respectively to E

σµ1
nq and E

σµ2
nq are defined recursively via the algorithm

1. For q = 1, . . . ,p

(a) maximize 〈Λσµ1
q |Λ

σµ2
q 〉,

(b) under the constraints that

〈Λσµ1
q |Λ

σµ1
1 〉 = · · · = 〈Λσµ1

q |Λ
σµ1
q−1〉 = 0 ,

〈Λσµ2
q |Λ

σµ2
1 〉 = · · · = 〈Λσµ2

q |Λ
σµ2
q−1〉 = 0 ,

〈Λσµ1
q |Λ

σµ1
q 〉 = 〈Λσµ2

q |Λ
σµ2
q 〉 = 1 ,

2. go back to 1

Once the principal vectors have been determined, the p principal angles {θσµ1µ2
q ,q = 1, . . . ,p} are ob-

tained via

cosθ
σµ1µ2
q ≡

∣∣∣〈Λσµ1
q |Λ

σµ2
q 〉

∣∣∣ ∈ [0,1] , (6.7a)

0 ≤ θσµ1µ2
q ≤ π

2
. (6.7b)

Figure 5 illustrates the situation for two subspaces of dimension 1. In this case, the normed basis vector
of each subspace already deliver the two principal vectors and the principal angle between them is trivially
given by the angle between both one-dimensional lines.

:
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θ
σµ1µ2
1 E

σµ2
nq

E
σµ1
nq

|Λσµ2
1 〉

|Λσµ1
1 〉

Fig. 5 Schematic illustration of the principal vectors and angles for ndimσµ1
= ndimσµ2

= 1

Figure 6 further illustrates the situation for two subspaces of dimension 2. In this case, the principal
vectors are in principle different from the initial basis vectors. In the schematic example the first two
principal vectors are identical and the first principal angle is 0. The second principal angle is nothing but
the angle formed by the two planes.

θ
σµ1µ2
2

|Λσµ1
2 〉

|Λσµ2
2 〉

|Λσµ1
1 〉 = |Λσµ2

1 〉
θ
σµ1µ2
1 = 0

E
σµ1
nq

E
σµ2
nq

Fig. 6 Schematic illustration of the principal vectors and angles for ndimσµ1
= ndimσµ2

= 2
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Geodesic distance

Having the principal angles between both subspaces at hands, their geodesic distance, known as the Grass-
mann distance, is given by2

δp
(
E
σµ1
nq ,E

σµ2
nq

)
≡

√√√ p∑
q=1

(
θ
σµ1µ2
q

)2
, (6.10)

It is easy to check that dp is a metric on Gr
(
p, F̃

)
that is intrinsic, i.e. which does not depend on any

embedding and that is independent of the dimension of the truncated Fock space F̃ .

Principal angles computation

In practice, the principal vectors and angles are obtained by applying a singular value decomposition (SVD)
on the matrix built from the overlap between members of the orthonormal bases of E

σµ1
nq and E

σµ2
nq , i.e. for

1 ≤ q,q′ ≤ p
Ñ
σ̃µ1µ2
qq′ ≡ 〈Ξσµ1

q |Ξ
σµ2
q′ 〉 . (6.11)

The application of the SVD reads as

Ñ σ̃µ1µ2 =U σ̃µ1µ2Σσ̃µ1µ2V σ̃µ1µ2T , (6.12)

where U σ̃µ1µ2 (V σ̃µ1µ2 ) collects the left (right) eigenvectors and where the singular values delivers the
principal angles according to

Σσ̃µ1µ2 = diag
(
cosθ

σµ1µ2
1 , · · · ,cosθ

σµ1µ2
p

)
. (6.13)

6.3.2 Different dimensions

The distance δp is however undefined for subspaces of different dimensions. Fortunately, this problem could
be recently addressed [89], inspired by Schubert calculus, knowing that any valid distance between two
subspaces can only be a function of their principal angles [90]. It was thus possible to define an intrinsic
distance reducing to the Grassmann distance for equal dimensions.

Schubert varieties

Given the two PGCM subspaces E
σµ1
nq ∈ Gr

(
p, F̃

)
and E

σµ2
nq ∈ Gr

(
q, F̃

)
and assuming without any loss of

generality that 1 ≤ p ≤ q ≤ dim F̃ , one introduces the two Schubert varieties in Gr
(
q, F̃

)
and Gr

(
p, F̃

)
,

respectively, according to

Ω+

(
E
σµ1
nq

)
≡

{
X ∈ Gr(q, F̃ ) | Eσµ1

nq ⊂ X
}
⊂ Gr(q, F̃ ) , (6.14a)

Ω−
(
E
σµ2
nq

)
≡

{
Y ∈ Gr(p, F̃ ) | Y ⊂ Eσµ2

nq

}
⊂ Gr(p, F̃ ) , (6.14b)

i.e. Ω+

(
E
σµ1
nq

)
is the set of q-dimensional linear subspaces of F̃ containing E

σµ1
nq whereas Ω−

(
E
σµ2
nq

)
is the

set of p-dimensional linear subspaces of E
σµ2
nq .

2While the Grassmann distance is the geodesic distance, many alternative distances have been defined, e.g. the Asimov distance

δα
(
E
σµ
nq ,E

σL
nq

)
≡ θσµ1µ2

p , (6.8)

or the Chordal distance

δκ
(
E
σµ
nq ,E

σL
nq

)
≡

√√√√ p∑
q=1

sin2(θ
σµ1µ2
q ) , (6.9)

which are all functions of the principal angles.
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Distance

With the varieties at hand, the distance between the two subspaces of (possibly) different dimensions is
defined as [89]

δ
(
E
σµ1
nq ,E

σµ2
nq

)
≡ δq

(
Ω+

(
E
σµ1
nq

)
, E

σµ2
nq

)
(6.15a)

= δp
(
E
σµ1
nq , Ω−

(
E
σµ2
nq

))
, (6.15b)

and is thus nothing but the Grassmann distance between E
σµ2
nq and the nearest q-dimensional linear sub-

space containing E
σµ1
nq or, equivalently, the Grassmann distance between E

σµ1
nq and the nearest p-dimensional

subspace of E
σµ2
nq .

The principal angles between both PGCM subspaces are obtained as before by applying the SVD to the
(now rectangular) matrix Ñ σ̃µ1µ2 such that the number of singular values is reduced to m ≡min(p,q). With
these at hand, the distance reads as3

δ
(
E
σµ1
nq ,E

σµ2
nq

)
=

√√
m∑
n=1

(
θ
σµ1µ2
n

)2
. (6.16)

Eventually, δ indeed agrees with δp whenever p = q. However, the triangular inequality is not satisfied such
that δ is not a metric but a premetric4.

Figure 7 illustrates the situation for ndimσµ1
= 1 and ndimσµ2

= 2 where one observes that the distance is

indeed nothing but the distance between E
σµ1
nq and the closest one-dimensional subspace of E

σµ2
nq .

θ
σµ1µ2
1

|Λσµ1
1 〉

|Λσµ2
1 〉

E
σµ2
nq

E
σµ1
nq

Fig. 7 Schematic illustration of the principal vectors and angles for ndimσµ1
= 1 and ndimσµ2

= 2

3Other existing distances between subspaces of equal dimensions, e.g. Asimov or Chordal distances, generalize similarly.
4Further generalizations are possible to make it a metric on the so-called doubly infinite Grassmannian Gr (∞,∞) [89].
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Figure 6.1: Eigenvalues of the norm matrix Nλ1 associated with the GCM subspace Eλ1
nq with nq = 53

corresponding to the (arbitrary) parameter set λ1.

6.3.3 Limit cases

For E
σµ1
nq a p-dimensional subspace and E

σµ2
nq a q-dimensional subspace, there are m = min(p,q) principal

angles comprised in the interval
[
0, π2

]
. Thus, from (6.16) the inequalities

0 ≤ δ
(
E
σµ1
nq ,E

σµ2
nq

)
≤ π

2

√
m , (6.17)

are satisfied.
The lower bound in Eq. (6.17) is attained if and only if all principal angles are zero, i.e. whenever

E
σµ1
nq ⊂ E

σµ2
nq or E

σµ2
nq ⊂ E

σµ1
nq . The fact that the distance between two subspaces is zero as soon as one is

included into the other is a desired property in the present context as will become clear later on.
The upper bound in Eq. (6.17) is attained if and only if all principal angles equate π/2, i.e. whenever

E
σµ1
nq and E

σµ2
nq are orthogonal to each other.

6.4 Numerical tests

The goal is now to validate the computation in both limit cases as well as to investigate the typical distances
one encounter in the context of a realistic GCM-EC study. To do so, a simple case is first employed before
moving to a situation that is typical of the real situation of present interest.

6.4.1 Inclusion and orthogonality

Let us consider the GCM subspace Eλ1
nq with nq = 53 corresponding to the (arbitrary) parameter set λ1.

The eigenvalues {si , i = 1, . . .nq} of the associated norm matrix Nλ1 are displayed in decreasing order in
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Figure 6.2: Distance in parameter space between λ46 and the 49 other parameter sets λi against the

distance between Eλ46
53 and 49 other GCM subspaces Eλi53.

Fig. 6.1. The eigenvalues span about 7 orders of magnitude, the smallest being equal to 4.5× 10−6 and the
largest to 1.6× 101.

Next, the 1 ≤ ndimλ1
≤ nq largest eigenvalues are chosen according to the truncation si ≥ ελ1 to build the

orthogonal basis {|Ξλ1
i 〉, i = 1, . . . ,ndimλ1

} spanning the approximation to Eλ1
nq . For a given value of ndimλ1

(ελ1),

the subspace Up ⊂ Eλ1
nq spanned by the 1 ≤ q ≤ ndimλ1

−1 first vectors {|Ξλ1
i 〉, i = 1, . . . ,p} is introduced. Given

Up, one further defines

1. the subspace Vq ⊂ Eλ1
nq spanned by the 1 ≤ q ≤ p first vectors {|Ξλ1

j 〉, j = 1, . . . , q} such that Vq ⊂Up. In
this case, numerical calculations of subspace distances gives δ

(
Up,Vq

)
= 0 up to numerical accuracy.

2. The subspace Wm ⊂ Eλ1
nq spanned by the 1 ≤m ≤ ndimλ −p last vectors {|Ξλ1

j 〉, j = p+ 1, . . . ,ndimλ1
} such

that Wm is orthogonal to Up. In this case numerical calculations gives δ
(
Up,Wm

)
= π

2

√
min(p,m)

up to numerical accuracy.

This numerical computations validates that the orthonormality of the basis vectors {|Ξλ1
i 〉, i = 1, . . . ,ndimλ1

(ελ1)}
is numerically satisfied along with the null distance between a given subspace and one included into it.

6.4.2 Distances between GCM subspaces

Let us now consider the 50 GCM subspaces Eλinq , i = 1, . . . ,50, each originating from nq = 53 non-orthogonal
HF states and being associated with a specific parameter set λi . The diagonalization of the norm matrix
Nλi and the truncation of its eigenvalues according to the thresholds ελi delivers the orthogonal basis

{|Ξλij 〉, j = 1, . . . ,ndimλi } spanning (the approximation to) Eλinq . In practice, the convergence pattern observed
in Chap. 4 for the nominal GCM spectrum is the same for all parameter set λi such that all 53 eigenvalues
can safely be kept, i.e. ndimλi = nq = 53 for i = 1, . . . ,50.
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Figure 6.3: Same as in Fig. 6.2 for λ47 and Eλ47
53 .

In Fig. 6.2 (6.3), the distance between Eλ46
53 (Eλ47

53 ) and the 49 other GCM subspaces is plotted against the
corresponding distance in parameter space. Noticing that the maximum distance between two subspaces

of dimension 53 is π
√

53/2 ≈ 11.43 whenever they are orthogonal, one observes that δ
(
Eλ46

53 ,E
λi
53

)
covers

a rather large range of values between about 3 and 10 such that certain subspaces are not far from being

orthogonal to Eλ46
53 whereas others have a strong overlap with it. In the second case, the span is reduced, i.e.

δ
(
Eλ47

53 ,E
λi
53

)
varies from about 3 to about 7. These two cases represent extreme situations in this respect

such that any arbitrarily chosen GCM subspace among the 50 presently under consideration would all lie
somewhat in between. It seems in particular that the minimal distance between any two GCM subspaces
among the 50 generated via the LHS in parameter space described in Chap. 4 is around 3.

Furthermore, one observes in Fig. 6.2 and 6.3 that the distance between subspaces and the distance in
parameter space are not strongly correlated, i.e. while the Pearson correlation coefficient (PCC) ρ is equal
to 0.79 in the first case, it is only equal to 0.05 in the second case. Overall, the distance in parameter space
does not constitute a safe indicator of the actual distance between subspaces such that it is not used any
further in the following.

6.4.3 Distance to training subspace

Let us now proceed to the incremental reunion of the first nt = 1, . . .40 among the 50 orthonormal bases

defined above to set up the training subspaces E
Lnt
nq associated with the training parameter sets Lnt . Building

and diagonalizing the super norm matrix ÑLnt , before truncating its eigenvalues according to the super

threshold εLnt , provides an orthonormal basis of (the approximation to) E
Lnt
nq with effective dimension ndimLnt

.

Figure 6.4 compares the eigenvalues of ÑL40 with those of Nλ1 already shown in Fig. 6.1. While the
latter span 7 orders of magnitude, the former now span 12 orders of magnitude, all the way down to 10−11.
The fact that the eigenvalues of ÑLnt reach much smaller values results from the dramatic increase with nt
of the colinearity between the vectors gathered to span E

Lnt
nq compared to the case nt = 1 studied above via

Eλ1
nq .
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Figure 6.4: Eigenvalues of the norm matrices ÑL40 (left) and Nλ1 (right).

Figure 6.5: Distance δ
(
Eλ1
nq ,E

Lnt
nq

)
against the super threshold εLnt and the number nt of training GCM

spaces gathered to form the training space E
Lnt
nq . All GCM subspaces are built out of nq = 53 non-orthogonal

constrained HF states.
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Figure 6.6: Distance δ
(
E
Lnt
nq ,E

λi
nq

)
, i = 41, . . . ,50, against nt . Each of the 50 involved GCM subspace is built

out of nq = 53 non-orthogonal constrained HF states and is such that ndimλi = nq. The super threshold is

taken to be εLnt = 10−8 for all nt . The maximum distance π
√

53/2 ≈ 11.43 that would be reached if the
two subspaces were orthogonal is also shown.

Taking nt = 40 as an example, Fig. 6.5 displays the distance δ
(
Eλ1
nq ,E

Lnt
nq

)
between the GCM subspace

Eλ1
nq and the training subspace against nt and the super threshold εLnt . Since by construction Eλ1

nq is always
among the GCM subspaces used for the training, its distance to the training subspace is expected to be
zero. This is indeed true for all nt , except when the super threshold εLnt becomes greater than 10−6.

Indeed, in this case the orthonormal basis of E
Lnt
nq becomes more and more drastically truncated such that

the inclusion of Eλ1
nq into it becomes in fact compromised. To avoid such an artifact and safely compute the

distance between a given GCM subspace and the training subspace, the present analysis indicates that the
super threshold must satisfy εLnt ≤ 10−6 as soon as nt > 4.

Next, the distance between the training subspace E
Lnt
53 and the 10 GCM subspaces Eλi53, i = 41, . . .50,

is displayed in Fig. 6.7 as a function of nt . For nt = 1, the training subspace reduces to (the arbitrarily

chosen) subspace Eλ1
53 such that the distance δ

(
Eλ1

53,E
λi
53

)
is equal to 6.5 on average with a dispersion of

1.3. Such a span is similar to the one visible in Fig. 6.3 for Eλ47
53

5. As nt grows, the distance δ
(
E
Lnt
53 ,E

λi
53

)
decreases rapidly and quasi exponentially for (essentially) all i = 41, . . .50. As such, the distance reduces
to 2.8 (0.4) on average for nt = 3 (nt = 15) with a dispersion of 0.3 (0.3). Eventually, the average distance
reaches 0.2 for nt = 40 with an asymmetric distribution associated with the dispersion 0.3. As a matter of
fact, two among the 10 randomly tested GCM subspaces retain anomalously large distances for nt = 40, e.g.
δ
(
EL40

53 ,E
λ48
53

)
∼ 1, which indicates that these two subspaces are not fully emulated by the training subspace

5Notice that only 10 different distances are computed in the present case whereas Fig. 6.3 displays the distance between Eλ47
53

and 49 other subspaces.
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Figure 6.7: Same figure as Fig. 6.6, in logarithmic scale.

gathering 40 GCM subspaces.
One further observes that the distance between a given subspace and the training subspace drops

abruptly for certain values of nt . Taking Eλ41
53 as an arbitrary example, the distance to the training subspace

decreases gradually as a function of nt except for nt = 3,7 and 28 for which a sudden reduction is identified,
with additional smaller drops along the way. As visible in Fig. 6.8, such sudden drops correlate with the

addition of a subspace that is particularly close to Eλ41
53 . This is especially true of the first drop where the

distance to the training subspace closely reflects the distance to the added subspace. As the size of the
training space grows, adding a GCM subspace that is particularly close to the tested subspace does not
necessarily translate into a sudden drop of the distance to the training subspace given that the distance
to the latter is already very small. Still, whenever a drops occurs, it corresponds to the addition of a
particularly close subspace to the tested subspace.
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Figure 6.8: Distances δ
(
E
Lnt
53 ,E

λ41
53

)
and δ

(
E
λnt
53 ,E

λ41
53

)
as a function of nt .
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Chapter 7

Training regimes in PGCM-EC
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Results of the PGCM-EC emulator exposed in Chap. 5 are presently analyzed using the distance between
subspaces introduced in Chap. 6.

7.1 Error versus distance to training subspace

The first objective of the present chapter is to study the correlation between the error associated with a
given validation point λi and the distance

dspace ≡ δ
(
Eλi53,E

Lnt
53

)
(7.1)

between the corresponding GCM subspace and the training subspace. To do so, the error on Eλi0 (top

panels), Eλi1 (middle panels) and Eλi1 −E
λi
0 (bottom panels) for each of the 36 validation points is plotted in

Fig. 7.1 against dspace for three sizes of the training space, i.e. nt = 1 (left panels), nt = 2 (middle panels)
and nt = 14 (right panels). In each panel, the mean error over the 36 validation points is reported along
with the Pearson correlation coefficient ρ.

Overall, the mean error strongly decreases with nt , which is consistent with the data presented in Fig. 5.1.
The same is true about the mean distance and its dispersion, which is consistent with the analysis performed

in Sec. 6.4.3. For nt = 1, the error on Eλi0 and Eλi1 is strongly correlated with dspace ∈ [3.5,9.3]. This is
also true, even though to a lesser extent, for the excitation energy. Looking more closely, one observes that
the larger the distance, the stronger the correlation. Since for nt = 2 all distances to the training subspace
are below 5, the error on the individual energies correlates already less significantly and not at all for their
difference. For nt = 14, all distances are below 3 and no trace of correlation persists.

The above result demonstrates that the strong under training at play for nt = 1 quickly weakens as the
size of the training subspace increases. Still, even for nt = 14 the distance between the GCM subspace
to the training subspace is different from zero for many validation points such that a slight undertraining
remains. This is consistent with the observation made in connection with Fig. 5.5. As seen from Fig. 6.7,
the number of training points nt would need to be doubled to reduce all distances by another order of
magnitude and thus fully overcome the under training. However, the more nt grows, the more the over
training increases at the same time.
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Figure 7.1: mean relative errors (%) on Eλi0 (top panels), Eλi1 (middle panels) and Eλi1 − E
λi
0 (bottom panels)

for the 36 validation points against the subspace distance dspace, for nt = 1 (left panels), nt = 2 (middle
panels) and nt = 14 (right panels).
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7.2 Training regimes

Figure 7.2 displays the mean error over the validation set on Eλi0 (top panel), Eλi1 (middle panel) and

Eλi1 −E
λi
0 (bottom panel) against the mean distance for 1 ≤ nt ≤ 14. First, the figure confirms that the mean

distance decreases monotonically with nt . Second, three different regimes can be identified for the error on
individual energies

1. for 1 ≤ nt ≤ 4, the mean error decreases steadily by two orders of magnitude,

2. for 5 ≤ nt ≤ 6, the mean error is minimal around 0.1% with a mean distance around 2,

3. for 7 ≤ nt ≤ 14, the mean error grows again slowly, eventually reaching 0.2%.

These three phases can be identified with (1) an under training regime, (2) an optimal training regime and
(3) an over training regime, respectively.

For the excitation energy Eλi1 − E
λi
0 , the three phases do not appear and one only observes a slow, yet

steady, decrease of the error from 20% down to 6% for 1 ≤ nt ≤ 14. In particular, the effect of the over
training cancels out in the phase (nt ≥ 7) where it dominates the error for individual energies. Under the
hypothesis that this remains true when further increasing nt , one may hope to bring the error on excitation
energies further down if necessary by pushing the training beyond nt = 14.

7.3 Conclusions

With the help of the computable distance between an arbitrary (P)GCM subspace and the training subspace,
it was possible to isolate three different regimes for the performance of the (P)GCM-EC emulator as a
function of nt , i.e. an under training when nt is too small for the training subspace to properly emulate the
(P)GCM subspace of interest, an optimal training regime for intermediate values and an over training phase
where the (P)GCM subspace is (essentially) well emulated at the price of working with a training space that
completely supersedes it. The corresponding situation is schematically represented in Fig. 7.3.

The fact that the over training dominates when increasing nt prevents from diminishing the error on
individual energies below 0.1%. This is not a problem in practice given that such an error is largely
subleading compared to other sources of error in current ab initio calculations. The error reached with the
(P)GCM-EC emulator on low-lying excitation energies is of the order of 5%. While already satisfying, one
may want to further reduce it, e.g. when studying higher-lying states such as giant resonances [44, 45, 46].
Thankfully, excitation energies seem to be less prone to the over training thanks to its cancellation in energy
differences. Consequently, one may hope that pushing the training beyond what was presently done can
further reduce the error. This will have to be verified in a future study.
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Figure 7.2: Mean error on Eλi0 (top panel), Eλi1 (middle panel) and Eλi1 −E
λi
0 (bottom panel) as a function of

the mean subspace distance for 1 ≤ nt ≤ 14. The means are taken over the 36 validation points Regimes of
under training, optimal training and over training are highlighted.

Figure 7.3: Schematic illustration of the three training regimes. At first, the (P)GCM subspace corresponding
to a given simulation (purple) is imperfectly reproduced by a too small training space (green). In a second
phase, the emulation of the (P)GCM subspace constitutes an optimal compromise (blue). Eventually, the
(P)GCM subspace is well emulated at the price of a too large training space inducing a non-negligible over
training (red).
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Chapter 8

Conclusions

The projected generator coordinate method provides the zero-order contribution to the perturbative
expansion built on top of it [47]. While total energies require the further inclusion of correlations on top
of the PGCM, excitation energies of low-lying collective states are already well converged at the PGCM
level [49, 48]. In this context, the present thesis explored the possibility to accurately emulate PGCM
simulations via the eigenvector continuation method. The objective is eventually to emulate millions of
PGCM simulations at low computational cost to perform sensitivity analyses on the interaction parameters
and propagate their uncertainties to many-body observables.

The preliminary study performed in the present work was based on a simple Brink-Boeker two-body
interaction. While the Brink-Boeker contains a subset of the terms making up the effective Gogny interac-
tion, all matrix elements of the latter were re-derived and implemented in the PAN@CEA numerical solver.
The latter solver was further adapted to train the emulator and perform PGCM-EC emulations for a large
number of parameter sets generated via the latin hypercube sampling method.

Based on realistic GCM calculations of 20Ne including both axial quadrupole and octupole deforma-
tions, the accuracy of the GCM-EC emulator was investigated for total energies, excitation energies and
matter radii of low-lying states. Because of the present lack of angular-momentum restoration, the emu-
lation of electromagnetic transitions was left to a future study. Varying 4 parameters of the Brink-Boeker
interaction, up to 14 training sets were generated using a brute-force learning method. Based on 36 valida-
tion sets, the GCM-EC was shown to deliver an accurate reproduction of absolute energies (∼ 0.1 − 0.2%
error), excitation energies (∼ 5 − 6% error) and matter radii (∼ 0.2 − 0.6% error) of the low-lying GCM
states. To achieve such performances, it was shown to be mandatory to train the emulator on the excited
states of interest.

While sufficient in practice, the lower bound reached on the error was shown to result from two (com-
pensating) errors that are intimately related to the nature of the (P)GCM

1. an over training due to the growing dimension of the training space that largely supersedes the
subspace characterizing a (P)GCM simulation,

2. an under training induced by the imperfect spanning of a given (P)GCM subspace by the training
subspace.

In order to quantify the imperfect spanning of a given (P)GCM subspace by the training subspace, the
distance between any two subspaces of the complete Hilbert space was introduced and implemented in
the numerical solver. Based on such a tool, three different regimes for the performance of the (P)GCM-
EC emulator were identified, i.e. an under training regime when the number of training points is too
small for the training subspace to properly emulate the (P)GCM subspace of interest, an optimal training
regime obtained for an intermediate number of training points and an over training regime where the
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Figure 8.1: Ratio in 20Ne of the GCM-EC emulation time over the GCM simulation time is displayed in
Fig.8.1 as a function of the number of computations for three training set sizes nt = 50,75,100.

(P)GCM subspace is (essentially) well emulated at the price of working with a training space that completely
supersedes it.

While the over training prevents from diminishing the error of the emulator on total energies below
0.1%, it seems possible to bring the error on excitation energies below the 5% presently reached using 14
training points thanks to a cancellation of the over training in energy differences. This would be necessary
to study higher-lying states such as giant resonances.

Based on the present thesis, the next step will consists of

1. including angular-momentum restoration to extend the present work to the full PGCM and the emu-
lation of electromagnetic transitions,

2. pushing the study to larger numbers of training and validation points,

3. performing a similar study for χEFT interactions,

4. implementing statistical tools to perform sensitivity analysis and uncertainty propagation,

5. performing large-scale ab initio PGCM calculations accompanied with interaction uncertainties.

To anticipate the expected gain in large-scale applications, the ratio in 20Ne of the GCM-EC emulation
time over the GCM simulation time is displayed in Fig.8.1 as a function of the number of computations for
three training set sizes nt = 50,75,100. For a given training set size, the gain increases linearly with the
number of computations. Targeting one million computations, which is the order of magnitude necessary
to perform controlled statistical analysis [53], the GCM-EC emulator is about 100 to 1000 less expensive
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than the GCM simulator. This gain will be even much greater once the restoration of symmetries is taken
into account.
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Appendix A

Symmetry group

The existence of continuous symmetries in finite systems is linked to conservation laws, such as the particle
number conservation arising from U (1) global gauge symmetry and angular momentum conservation aris-
ing from SU (2) symmetry. The symmetry group of the nuclear Hamiltonian H leaving the system invariant
is defined as

GH ≡ SU (2)× I ×U (1)N ×U (1)Z , (A.1)

and is associated with the conservation of total angular momentum, parity and neutron/proton numbers.
The group GH is a compact Lie group, although non Abelian due to SU (2).

A.1 Unitary representation

Each subgroup is represented on Fock space F via the set of unitary rotation operators

R~J (Ω) ≡ e−iαJze−iβJye−iγJx , (A.2a)

Π(φπ) ≡ e−iφπF , (A.2b)

RN (φn) ≡ e−iφnN , (A.2c)

RZ(φp) ≡ e−iφpZ , (A.2d)

where Ω ≡ (α,β,γ), φπ and φn (φp) denote Euler, parity and neutron- (proton-) gauge angles, respectively.
The one-body operators entering in Eqs. (A.2) denote the generators of the group made out of the three
components of the total angular momentum ~J = (Jx, Jy , Jz), neutron- (proton-) number N (Z) operators as
well as the one-body operator

F ≡
∑
αβ

fαβc
†
αcβ (A.3)

defined through its matrix elements

fαβ ≡
1
2

(1−πα)δαβ , (A.4)

where πα denotes the parity of the corresponding one-body basis state.
The irreducible representations of the group are given by

〈Ψ σ
µ |R(θ)|Ψ σ ′

µ′ 〉 ≡D
σ̃
MM ′ (θ)δσσ ′δµµ′ , (A.5)

with σ̃ ≡ (JΠNZ) and
D σ̃MM ′ (θ) ≡DJMM ′ (Ω)e−i(1−π)φπ/2e−iφnN e−iφpZ , (A.6)
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and where the rotation operators have been gathered into

R(θ) ≡ R~J (Ω)Π(φπ)RN (φn)RZ(φp), (A.7)

with
θ ≡ (Ω,φπ,φn,φp) (A.8)

collecting all rotation angles.

A.2 Projection operators

The operator
P σ ≡ P JMP

ΠP NP Z (A.9)

collects the projection operators on good symmetry quantum numbers

P JM ≡
∑
K

gKP
J
MK

≡
∑
K

gK
2J + 1
16π2

∫
[0,4π]×[0,π]×[0,2π]
dΩ DJ∗MK (Ω)R~J (Ω),

(A.10a)

PΠ ≡ 1
2

∑
φπ=0,π

ei(1−π)φπ/2Π(φπ), (A.10b)

P N ≡ 1
2π

2π∫
0

dφn e
iφnNRN (φn), (A.10c)

P Z ≡ 1
2π

2π∫
0

dφp e
iφpZRZ(φp). (A.10d)



Appendix B

Hill-Wheeler-Griffin equation

In general, the first order variation of E = 〈Ψ |H |Ψ 〉〈Ψ |Ψ 〉 as |Ψ 〉 7−→ |Ψ 〉+ |dΨ 〉 satisfies

〈Ψ |Ψ 〉dE = 〈dΨ |H |Ψ 〉+ 〈Ψ |H |dΨ 〉 − E[Ψ ](〈dΨ |Ψ 〉+ 〈Ψ |dΨ 〉) . (B.1)

Given a sequence |φi〉1≤i≤n in Fock space F , define V to be the linear subspace of F generated by |φi〉1≤i≤n,
one has

Theorem B.0.1. E is extremal at

|Ψ 〉 =
n∑
i=1

ai |φi〉 ∈ V , (B.2)

on V if and only if for every 1 ≤ i ≤ n

n∑
j=1

aj
(
〈φi |H |φj〉 − E[Ψ ]〈φi |φj〉

)
= 0 . (B.3)

Proof. Using Eq. (B.1), E is extremal at Ψ on V if and only if, for arbitrary |h〉 ∈ V

〈h|H |Ψ 〉+ 〈Ψ |H |h〉 − E (〈h|Ψ 〉+ 〈Ψ |h〉) = 0 . (B.4)

Combining Eq. (B.4) with the equation obtained by replacing |h〉 by i|h〉 in Eq. (B.4), one obtain that Eq. (B.4)
is equivalent to

〈h|H |Ψ 〉 − E〈h|Ψ 〉 = 0 , (B.5)

for arbitrary |h〉 ∈ V . Finally, the definition of V and Eq. (B.2) imply the equivalence of Eq. (B.5) with
Eq. (B.3).
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Appendix C

Talman coefficients and integral relations

C.1 Talman coefficients

The product of two cartesian and polar harmonic oscillator functions may be expanded as (Ref. [79],
Eqs. (C1) and (C7))

ψ
(1)
n1 (z;bz)ψ

(1)
n2 (z;bz) =

e−z
2/2b2

z√
bz
√
π

∑
n

T (1)n
n1n2

ψ
(1)
n (z;bz) , (C.1)

ψ
(2)∗
m1n1(r,ϕ;br )ψ

(2)
m2n2(r,ϕ;br ) =

e−r
2/2b2

r

br
√
π

∑
n

T (2)n
m1n1m2n2

ψ
(2)
m2−m1 n(r,ϕ;br ) . (C.2)

From Ref. [80], the Talman T coefficients can be expressed as

T (1)n
n1,n2
≡ δ(n1 +n2 +n even)δ(|n1 −n2| ≤ n ≤ n1 +n2)

√
n1!n2!n!(

n1−n2+n
2

)
!
(
n2−n1+n

2

)
!
(
n1+n2−n

2

)
!
, (C.3)

and

T (2)n
m1n1m2n2

≡ (−1)n+n1+n2δ(|X1 −X2| ≤ X ≤ X1 +X2)

×
δsup∑

l=δinf,2

N (X,X1,X2,m,m1 + l)N (X1,X2,X,m1, l)N (X2,X,X1,m2,m2 + l) , (C.4)

were

X1 ≡ 2n1 + |m1| , (C.5)

X2 ≡ 2n2 + |m2| , (C.6)

m ≡ m2 −m1 , (C.7)

X ≡ 2n+ |m| , (C.8)

Xa ≡
1
2

(
X +X1 −X2

)
, (C.9)

Xb ≡
1
2

(
X +X2 −X1

)
, (C.10)

Xc ≡
1
2

(
X1 +X2 −X

)
, (C.11)

δsup ≡ min
{
Xa −m1,Xb −m2,Xc

}
, (C.12)
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δinf ≡ max
{
−Xa −m1,−Xb −m2,−Xc

}
, (C.13)

and

N (Xa,Xb,Xc,ma,me) ≡

√(
Xa−ma

2

)
!
(
Xa+ma

2

)
!(

Xa+Xb−Xc−2me
4

)
!
(
Xa+Xb−Xc+2me

4

)
!
. (C.14)

C.1.1 Integral relations

Defining

I(n1,n2;b,B) ≡
∫ ∞
−∞
dze−z

2/(2b2)−z2/(2B2)ψ
(1)
n1 (z;b)ψ(1)

n2 (z;B) , (C.15a)

I(n1,n2,n;b,B) ≡
∫
dzψ

(1)
n1 (z;b)ψ(1)

n2 (z;b)ψ(1)
n (z;B)e−

z2

2B2 , (C.15b)

I(m1,n1;m2,n2;b,B) ≡
∫ ∞

0
rdr

∫ 2π

0
dϕe−r

2/(2b2)−r2/(2B2)ψ
(2)
m1n1(r,ϕ;b)ψ(2)

m2n2(r,ϕ;B) ,

(C.15c)

it is shown in Ref. [79] that

I(n1,n2;b,B) = δn1+n2 even

(
B
b

)(n2−n1)/2

(
b
B + B

b

) n1+n2+1
2

√
n1!n2!
2n1+n2

(−1)(n1−n2)/2(
n1+n2

2

)
!

(
n1 +n2
n2

)
, (C.16a)

I(n1,n2,n;b,B) = δn1+n2+n even

(
B
b

)n+1

√
2Bπ7/2

Γ (ξ −n1)Γ (ξ −n2)Γ (ξ −n)
zξ
√
n1!n2!n! 2F1(−n1,−n2;−ξ +n+ 1;1− z) ,

(C.16b)

I(m1,n1;m2n2;b,B) = δm1,−m2

(
B
b

)n2−n1(
B
b + b

B

)n1+n2+|m1|+1

√
n1!(n1 + |m1|)!n2!(n2 + |m1|)!Ξ(n1,n2, |m1|) , (C.16c)

with

ξ ≡ n1 +n2 +n+ 1
2

, (C.17a)

z ≡ 1
2

(1 +
B2

b2 ) , (C.17b)

Ξ(n1,n2, |m|) ≡
1

(n1 +n2 + |m|)!

(
n1 +n2 + |m|

n1

)(
n1 +n2 + |m|

n2

)
. (C.17c)



Appendix D

Moshinsky coefficients

From Ref. [80] it is shown that Moshinsky coefficients (3.16) are expressed as

M(1,2)0β
µν = (−1)X

(1,2)
ν

(
1
√

2

)X(1,2)
β

C(1,2)β
µν , (D.1)

where

X
(1)
a ≡ nza , (D.2a)

X
(2)
a ≡ 2na + |ma| , (D.2b)

C(1)β
µν ≡

√
nzβ !

nzµ !nzν
δnzβ nzµ+nzν

, (D.2c)

C(2)β
µν ≡ (−1)nµ+nν+nβ

√√√√
nβ!

(
nβ + |mβ |

)
!

nµ!
(
nµ + |mµ|

)
!nν ! (nν + |mν |)!

δmβ mµ+mν
δ
X

(2)
β X

(2)
µ +X(2)

ν
. (D.2d)

One define then reduced Moshinsky coefficients as

M1 red(n1,n2) ≡M0 n1+n2
n1 n2 (D.3a)

M2 red(m1)(n1,n2) ≡M(0,0) (0,n1+n2+|m1|)
(m1,n1) (−m1,n2) (D.3b)
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Appendix E

Spherical change of coordinates

Let (ux,uy ,uz) be the coordinates of a vector in a cartesian frame. Let us introduce the change of coordi-
nates

u+ ≡ − 1
√

2
(ux + iuy) , (E.1a)

u− ≡ 1
√

2
(ux − iuy) , (E.1b)

u3 ≡ uz . (E.1c)

The scalar product is expressed in term of this new coordinate system as

~A.~B = −A−B+ −A+B− +A3B3 , (E.2)

the vector product is written as (
~A× ~B

)+
= i

[
A3B+ −A+B3

]
, (E.3a)(

~A× ~B
)−

= i
[
A−B3 −A3B−

]
, (E.3b)(

~A× ~B
)3

= i
[
A−B+ −A+B−

]
. (E.3c)

And the Pauli matrices transforms as

σ+ = −
√

2
(
0 1
0 0

)
≡ −
√

2 E+− , (E.4a)

σ− =
√

2
(
0 0
1 0

)
≡
√

2 E−+ , (E.4b)

σ3 =
(
1 0
0 −1

)
≡ (E++ −E−−) . (E.4c)
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Appendix F

Recurrence relations for basis functions

In this appendix, recurrence relations for a cylindrical harmonic oscillator basis are reviewed, proofs are
omitted, but can (with some work) be recovered by the reader.

F.1 Recurrence relations for Hermite and Laguerre polynomials

The Hermite polynomials obey recurrence relation

Theorem F.1.1. for all n ∈ N
(i)

d
dx
Hn = 2nHn−1 ,

(ii)

n
d
dx
Hn−1(x) = x

d
dx
Hn(x)−nHn(x) ,

(iii)
2xHn(x) =Hn+1(x) + 2nHn−1(x) .

with the convention H−1 ≡ 0.

and for generalized Laguerre polynomials

Theorem F.1.2. for all α ∈ C, and n ∈ N
(i)

Lα+1
n−1 +Lαn = Lα+1

n ,

(ii)
(n+ 1)Lαn+1(x) = (2n+α + 1− x)Lαn (x)− (n+α)Lαn−1(x) ,

(iii)
d
dx
Lαn (x) = −Lα+1

n−1 .

with the convention Lα−1 ≡ 0.

Moreover

Theorem F.1.3. for all n ∈ N

nL−1
n (x) = −xL1

n−1(x) . (F.1)
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These three propositions can be used to show recurrence relations for a cylindrical harmonic oscillator
basis.

F.2 Axial part

Theorem F.2.1. for every n ≥ 0

z
bz
ψ

(1)
n (z;bz) =

√
n+ 1

2
ψ

(1)
n+1(z;bz) +

√
n
2
ψ

(1)
n−1(z;bz) , (F.2)

Theorem F.2.2. for every n ≥ 0

ψ
(1)
n+1(z;bz) =

√
2

n+ 1
z
bz
ψ

(1)
n (z;bz)−

√
n

n+ 1
ψ

(1)
n−1(z;bz) , (F.3)

Theorem F.2.3. for every n ≥ 0

d
dz
ψ

(1)
n (z;bz) =

1

bz
√

2

(√
nψ

(1)
n−1(z;bz)−

√
n+ 1ψ(1)

n+1(z;bz)
)
, (F.4)

F.3 Perpendicular part

Definition F.3.1. for n ≥ 1, defining

χ−1
n (r;br ) ≡ −χ1

n−1(r;br ) , (F.5)

and

η ≡ r
2

b2
r
. (F.6)

One has

Theorem F.3.1. for all m ≥ 0 and n ≥ 0
√
η χmn (r;br ) =

√
n+m+ 1 χm+1

n (r;br )−
√
n χm+1

n−1 (r;br ) , (F.7)

Theorem F.3.2. for every m ≥ 0 and n ≥ 0
√
η χmn (η) =

√
n+m χm−1

n (η)−
√
n+ 1 χm−1

n+1 (η) , (F.8)

Theorem F.3.3. for every m ≥ 0 and n ≥ 0
m
√
η
χmn (η) =

√
n+m χm−1

n (η) +
√
n χm+1

n−1 (η) (F.9)

=
√
n+m+ 1 χm+1

n (η) +
√
n+ 1 χm−1

n+1 (η) . (F.10)

Theorem F.3.4. for every m ≥ 0 and n ≥ 0

2
√
η
d
dη

χmn =
√
n+ 1 χm−1

n+1 −
√
n χm+1

n−1

=
√
n+m χm−1

n −
√
n+m+ 1 χm+1

n .

Theorem F.3.5. For all m ∈ Z and n ∈ N

∇− ψ(2)
m n =

(−1)δ(m≤0)
√

2br

[√
n+ δ(m ≥ 1) ψ(2)

m−1 n+(−1)δ(m≤0) +
√
n+ |m|+ δ(m ≤ 0) ψ(2)

m−1 n

]
(F.11)

∇+ ψ
(2)
m n =

(−1)δ(m≤−1)
√

2br

[√
n+ δ(m ≤ −1) ψ(2)

m+1 n+(−1)δ(m≥0) +
√
n+ |m|+ δ(m ≥ 0) ψ(2)

m+1 n

]
(F.12)



Appendix G

Gogny matrix elements and fields

In this Appendix, details are given to complement expressions introduced in Chap. 3. Particular attention
is given to the derivation of HFB fields and their optimization.

G.1 Central term

Integrals

V C1
αβγδ =

∫
dz1dz2ψ

(1)
α (z1;bz)ψ

(1)
β (z2;bz) e−(z1−z2)2/µ2

ψ
(1)
γ (z1;bz)ψ

(1)
δ (z2;bz) , (G.1a)

V C2
αβγδ =

∫
d2~r1d

2~r2ψ
(2)
α
∗(~r1;br )ψ

(2)
β
∗(~r2;br ) e−(~r1−~r2)2/µ2

ψ
(2)
γ (~r1;br )ψ

(2)
δ (~r2;br ) . (G.1b)

Are explicited into

V C1
αβγδ = δ(nzα +nzβ +nzγ +nzδ even)

µ
√

2π3bz

nzβ+nzδ∑
nz=|nzβ−nzδ |,2

T (1)nz
nzβnzδ F̄

nz
nzαnzγ , (G.2)

and

V C2
αβγδ = δmα+mβ ,mγ+mδ

Gr − 1
Gr + 1

nβ,δ∑
n1=0

nα,γ∑
n2=0

T (2)n2
nα ,mα ;nγ ,mγ

T (2)n1
nβ ,mβ ;nδ ,mδ

Ī(mα −mγ ,n1,n2) , (G.3)

where

Gz ≡ 1 +
µ2

b2
z
, (G.4a)

Gr ≡ 1 +
µ2

b2
r
, (G.4b)

and

Ī(mα −mγ ,n1,n2) ≡

√
n1!(n1 + |mα −mγ |)!n2!(n2 + |mα −mγ |)!

(Gr + 1)n1+n2+|mα−mγ |
Ξ(n1,n2, |mα −mγ |) , (G.5)
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with Ξ given by Eq. (C.17c). The coefficient F̄nznzα ,nzγ is expressed in terms of the Gauss hypergeometric
function. Refering to Ref. [91] §4 for the definition of 2F1 and Refs. [79, 92] for the proof of Eq. (G.6).

F̄
nz
nzα ,nzγ ≡ δ(nzα +nzγ +nz even)

Γ (ξ −nzα)Γ (ξ −nzγ )Γ (ξ −nz)
zξ

√
nz!nzα!nzγ !

×2F1(−nzα ,−nzγ ;−ξ +nz + 1;1− z) , (G.6)

where

ξ ≡
nzα +nzγ +nz + 1

2
, (G.7a)

z ≡ 1 +
µ2

2b2
z

=
1
2

(Gz + 1) . (G.7b)

Expressions for V C1 have been shown to be very stable numerically [79], however calculation of V C2 starts
breaking down around 20 oscillator shells with double precision. Going to larger bases would either require
using quadruple precision or re-express Eq. (G.3) using hypergeometric functions as for V C1 . This is left for
a later study.

Numerical implementation of central fields

Once central matrix elements are precomputed, and given off-diagonal one-body density matrices ρqq
′θµ

and κqq
′θµ (see Eqs. (1.27), (1.31) and (1.32)), off-diagonal one-body fields

h
Cqq′θµ
αγ =

1
2

∑
sβsδtβ

 ∑
mβmδ

∑
nβnδ

 ∑
nzβnzδ

(
V
Cµ
αβγδ −V

Cµ
αβδγ

)
ρ
qq′θµ
δβ



 , (G.8a)

∆
Cqq′θµ
αγ =

1
2

∑
sβsδtβ

 ∑
mβmδ

∑
nβnδ

 ∑
nzβnzδ

V
Cµ
αγβδκ

qq′θµ
βδ



 , (G.8b)

can be computed. in Eqs. (G.8a) and (G.8b) the parenthesis indicates the chosen summation order in the
numerical implementation (see Ref. [93]) to reduce computational complexity.

G.2 Coulomb term

Coulomb matrix elements are factorised in a spatial part and spin-isospin part

V Coul
αβγδ ≡ V

Coulr
αβγδV

Coulst
αβγδ , (G.9)

with
V Coulst
αβγδ ≡ δsαsγδsβsδδ(tα = tβ = tγ = tδ = proton) , (G.10)

and

V Coulr
αβγδ ≡ q

2
proton

∫
d3r1d

3r2ψ
∗
α(r1)ψ∗β(r2)

1
|r1 − r2|

ψγ (r1)ψδ(r2) . (G.11)

As shown in Ref. [80]

V Coulr
αβγδ =

q2
proton

√
2

π1/4

nαγ∑
nµ=0

nβδ∑
nν=0

nzα+nzγ∑
nzµ=|nzα−nzγ |,2

nzβ+nzδ∑
nzν=|nzβ−nzδ |,2
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×T (1)nzν
nzβnzδT

(1)nzµ
nzαnzγT

(2)nν
mβnβ mδnδT

(2)nµ
mαnα mγnγM

(1)red
nzµ nzνM

(2)red
mγ−mα nµnν

×Icoul(nµ +nν + |mγ −mα |,nzµ +nzν) , (G.12)

with

Icoul(n,nz) ≡ ψ
(1)
nz (0;1)

1
bz

(
br
bz

)2n∫ 1

0

x2n+nz

(1 +γx2)n+1dx , (G.13)

and

γ ≡
(
br
bz

)2

− 1 . (G.14)

Numerical implementation of Coulomb fields

Defining

f
nµnν
mαmγ

=
q2
proton

π1/4
√

2

1
bz

(
br
bz

)2(nµ+nν+|mα−mγ |)
, (G.15)

and breaking Coulomb field in direct and exchange part

h
coul qq′θµ
αγ = h

coul di qq′θµ
αγ − hcoul ex qq

′θµ
αγ , (G.16)

one has

h
coul di qq′θµ
αγ =

∑
nzµnµ

T (1)nzµ
nzαnzγT

(2)nµ
mαnαmγnγ

∑
mβmδ

δ(mδ +mγ =mα +mβ)

∑
sβsδ

δ(sβ = sδ)
∫ 1

0
dx

∑
nzνnzβnzδnβnδnν

ρ
qq′θµ
δβ (proton, sδ, sβ)

× f
nµnν
mαmγ

ψ
(1)
nzµ+nzν (0;1)M(1)red

nzµnzνM
(2)
|mγ−mα |nµnν

x2(nµ+nν+|mγ−mα |)+nzµ+nzν

(1 +γx2)nµ+nν+|mγ−mα |
T (1)nzν

nzβnzδT
(2)nν
mβnβmδnδ

(G.17a)

h
coul ex qq′θµ
αγ =

∑
sβsδ

∑
mβmδ

δ(mδ +mγ =mα +mβ)

∫ 1

0
dx

∑
nβnδ

∑
nzβnzδ

 ∑
nzµnzν

ψ
(1)
nzµ+nzν (0;1)T (1)nzµ

nzαnzδT
(1)nzν
nzβnzγM

(1)red
nzµnzνx

nzµ+nzν


×

∑
nµnν

f
nµnν
mαmδ

T (2)nµ
mαnαmδnδT

(2)nν
mβnβmγnγM

(2)red
|mα−mδ |nµnν

x2(nµ+nν+|mα−mδ |)

(1 +γx2)nµ+nν+|mα−mδ |+1


× ρqq

′θµ
δβ (proton, sδ, sβ) (G.18a)

∆
coulqq′θµ
αγ =

∑
sβsδ

∑
mβmδ

δ(mδ +mβ =mα +mγ )
∫ 1

0
dx

∑
nβnδ

∑
nzβnzδ ∑

nzµnzν

1
bz
ψ

(1)
nzµ+nzν (0;1)T (1)nzµ

nzαnzβT
(1)nzν
nzγnzδM

(1)red
nzµnzνx

nzµ+nzν


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×

∑
nµnν

(
b2
r

b2
z

)nµ+nν+|mα−mβ |
T (2)nµ

mαnαmβnβT
(2)nν
mγnγmδnδM

(2)red
|mα−mβ |nµnν

x2(nµ+nν+|mα−mβ |)

(1 +γx2)nµ+nν+|mα−mβ |+1


×κqq

′θµ
γδ (proton, sγ , sδ) (G.19a)

The intervertion between the integral and the sommation on n and nz quantum numbers in the calcu-
lation of the fields is instrumental to exploit the separability of the interaction, significantly reducing the
numerical complexity.

G.3 Center of mass term

Using Eq. (E.2), the spatial part can be written

〈ψαψβ |p1.p2|ψγψδ〉 = 〈ψαψβ | − p+
1p
−
2 − p

−
1p

+
2 + p3

1p
3
2 |ψγψδ〉

= −〈ψα |p+
1 |ψγ〉〈ψβ |p

−
2 |ψδ〉

−〈ψα |p−1 |ψγ〉〈ψβ |p
+
2 |ψδ〉

+〈ψα |p3
1 |ψγ〉〈ψβ |p

3
2 |ψδ〉 . (G.20)

Defining

C+
αβ ≡ 〈ψα |∇

+|ψβ〉 =
∫
d3r ψ∗α(r)∇+ψβ(r) , (G.21a)

C−αβ ≡ 〈ψα |∇
−|ψβ〉 =

∫
d3r ψ∗α(r)∇−ψβ(r) , (G.21b)

C3
αβ ≡ 〈ψα |∇

3|ψβ〉 =
∫
d3r ψ∗α(r)∇3ψβ(r) , (G.21c)

using Thm. (F.3.5), Eqs (G.21) are simplified into

C+
αβ = δnzαnzβδmα ,mβ+1

(−1)δ(mβ≤−1)

br
√

2

[√
nβ + δ(mβ ≤ −1)δ

nα ,nβ+(−1)δ(mβ≥0) +
√
nβ + |mβ |+ δ(mβ ≥ 0)δnαnβ

]
,

(G.22)

C−αβ = δnzαnzβδmα ,mβ−1
(−1)δ(mβ≤0)

br
√

2

[√
nβ + δ(mβ ≥ 1)δ

nα ,nβ+(−1)δ(mβ≤0) +
√
nβ + |mβ |+ δ(mβ ≤ 0)δnαnβ

]
,

(G.23)

C3
αβ = δmαmβ

δnαnβ
1

bz
√

2

[√
nzβδnzα ,nzβ−1 −

√
nzβ + 1δnzα ,nzβ+1

]
. (G.24)

Finally
〈ψαψβ |p1.p2|ψγψδ〉 = −}2

(
−C+

αγC
−
βδ −C

−
αγC

+
βδ +C3

αγC
3
βδ

)
. (G.25)

Numerical implementation of 2-body COM correction fields

In the numerical code, matrices C+, C− and C3 are precomputed, and the fields are implemented according
to

h
com2 qq′θµ
αγ =

}2

2m〈A〉
δtαtγ
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×
[
δsαsγ

∑
sβtβ

{
−C+

αγTr
(
C−ρqq

′θµ(tβ , sβ , sβ)
)
−C−αγTr

(
C+ρqq

′θµ(tβ , sβ , sβ)
)

+C3
αγTr

(
C3ρqq

′θµ(tβ , sβ , sβ)
)}

+
(
C+ρqq

′θµ(tα , sα , sγ )C−
)
αγ

+
(
C−ρqq

′θµ(tα , sα , sγ )C+
)
αγ
−
(
C3ρqq

′θµ(tα , sα , sγ )C3
)
αγ

]
(G.26a)

∆
com2 qq′θµ
αγ =

}2

2m〈A〉
δtαtγ

×
[(
C+κqq

′θµ(tα , sα , sγ ) (C−)T
)
αγ

+
(
C−κqq

′θµ(tα , sα , sγ ) (C+)T
)
αγ
−
(
C3κqq

′θµ(tα , sα , sγ )
(
C3

)T )
αγ

]
(G.26b)

G.4 Density term

G.4.1 Density field

Introducing following intermediary quantity

ρ̃(r,z,ϕ)(m,sα , sγ , tα) ≡
∑

mβnβnzβ

∑
mδnδnzδ

ei(m+mδ−mβ)ϕψ̃δψ̃β

 ∑
sβsδtβ

V Dstαβγδρβδ

 , (G.27)

where parenthesis indicates chosen summation order, recalling ψ̃ is defined with (3.5c), and V Dstαβγδ is given
by (3.42). Then density field can be expressed as

hDαγ = δtαtγ

∫
rdr

∫
dz ψ̃αψ̃γ

(∫
dϕ ραG(r,z,ϕ) ρ̃(r,z,ϕ)(mγ −mα , sα , sγ , tα)

)
. (G.28)

In practice, constructing an intermediate resulting from a sole integration on ϕ allows to significantly
reduce the computational cost of this calculation.

G.4.2 Rearrangment field

The rearrangment field initially expressed as

hDRµν =
1
2

∑
αβγδ

δvαβγδ(ρ)

δρνµ
ρδβργα , (G.29)

is transformed into

hDRµν =
1
2
δsµsνδtµtν

∑
αβγδ

∫
d3r

(
αGρ

αG−1
)
ψν(r)ψ∗µ(r)V Dstαβγδψ

∗
α(r)ψ∗β(r)ψγ (r)ψδ(r)ρδβργα . (G.30)

In order to compute the field, intermediary quantity

˜̃ρ(r,z,ϕ)(m,sα , sγ , tα) ≡
∑

mαnα ,nzα

∑
mγnγnzγ

ψ̃αψ̃γργαρ̃(r,z,ϕ)(m−mα +mγ , sα , sγ , tα) , (G.31)

is precomputed, then rearrangment field becomes

hDrµν = δtαtγ

∫
rdr

∫
dz ψ̃νψ̃µ

(∫
dϕ

(
αG ρ

αG−1(r,z,ϕ)
)

˜̃ρ(r,z,ϕ)(mν −mµ, sα , sγ , tα)
)
. (G.32)
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As before an intermediate resulting from a sole integration on ϕ significantly reduce computational cost.
Eventually, total density field is given by

hDtotal
αγ = hDαγ + hDRαγ . (G.33)

G.5 Spin-orbit term

By definition the spin-orbit term is

V SO(r1,r2) =
i
4
WLS

(←−
∇1 −

←−
∇2

)
× δ(3)(r1 − r2)

(−→
∇ 1 −

−→
∇ 2

)
.(σ1 +σ2) . (G.34)

Defining

A ≡
(←−
∇1 −

←−
∇2

)
× δ(3)(r1 − r2)

(−→
∇ 1 −

−→
∇ 2

)
, (G.35)

σ ≡ σ1 +σ2 , (G.36)

one has, using the cylindrical coordinates described in App. E

V SO =
i
4
WLSA.σ

=
i
4
WLS

(
−A+σ− −A−σ+ +A3σ3

)
. (G.37)

From Eq. (E.3)

A+ = i
[←−
∇3

12δ12
−→
∇ +

12 −
←−
∇+

12δ12
−→
∇ 3

12

]
, (G.38)

A− = i
[←−
∇−12δ12

−→
∇ 3

12 −
←−
∇3

12δ12
−→
∇ −12

]
, (G.39)

A3 = i
[←−
∇−12δ12

−→
∇ +

12 −
←−
∇+

12δ12
−→
∇ −12

]
, (G.40)

with

∇12 ≡ ∇1 −∇2 , (G.41)

δ12 ≡ δ(3)(r1 − r2) . (G.42)

The antisymmetrized spin-orbit matrix element can be expressed as

V̄ SO
αβγδ ≡ V SO

αβγδ −V
SO
αβδγ =

i
4
WLS〈αβ|A.σ (|γδ〉 − |δγ〉) (G.43)

(G.44)

=
i
4
WLS

{
〈ψαψβ |A|ψγψδ〉.〈sαtαsβtβ |σ |sγ tγsδtδ〉

−〈ψαψβ |A|ψδψγ〉.〈sαtαsβtβ |σ |sδtδsγ tγ〉
}
, (G.45)

where |α〉 = |ψα〉 ⊗ |sαtα〉 has been used. The antisymmetry of 〈ψαψβ |A|ψγψδ〉 with respect to its last two
indices implies

V̄ SO
αβγδ =

iWLS

4
〈ψαψβ |A|ψγψδ〉.

{
〈sαsβ |σ |sγsδ〉δtαtγδtβtδ + 〈sαsβ |σ |sδsγ〉δtαtδδtβtγ

}
(G.46)
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Using the formulas (E.4) the terms 〈sαsβ |σ |sγsδ〉 are given by

〈sαsβ |σ+|sγsδ〉 = −
√

2
(
δsα+δsγ−δsβsδ + δsβ+δsδ−δsαsγ

)
= 〈sαsβ |σ+|sδsγ〉 ,

〈sαsβ |σ−|sγsδ〉 =
√

2
(
δsα−δsγ+δsβsδ + δsβ−δsδ+δsαsγ

)
= 〈sαsβ |σ−|sδsγ〉

〈sαsβ |σ3|sγsδ〉 =
(
δsα+δsγ+ − δsα−δsγ−

)(
δsβ+δsδ+ + δsβ−δsδ−

)
+
(
δsβ+δsδ+ − δsβ−δsδ−

)(
δsα+δsγ+ + δsα−δsγ−

)
= 〈sαsβ |σ3|sδsγ〉

As seen in Eqs. (G.47), (G.47) and (G.47) the quantity 〈sαsβ |σ |sγsδ〉 is symmetric with respect to sγ , sδ. Thus
one have

V̄ SO
αβγδ =

iWLS

4
〈ψαψβ |A|ψγψδ〉.〈αβ|σ |γδ〉〈tαtβ |T |tγ tδ〉 , (G.47)

where, by definition
〈tαtβ |T |tγ tδ〉 ≡ δtαtγδtβtδ + δtαtδδtβtγ . (G.48)

The last equation can be recast (using Eq.(E.2)) as

V̄ SO
αβγδ =

iWLS

4

{
− 〈ψαψβ |A+|ψγψδ〉〈sαsβ |σ−|sγsδ〉

−〈ψαψβ |A−|ψγψδ〉〈sαsβ |σ+|sγsδ〉

+〈ψαψβ |A3|ψγψδ〉〈sαsβ |σ3|sγsδ〉
}
〈tαtβ |T |tγ tδ〉 . (G.49)

The spatial factor 〈ψαψβ |A|ψγψδ〉 can be written in term of spatial integrals

〈ψαψβ |A|ψγψδ〉 =
∫
d3r

(
ψ∗β∇ψ

∗
α −ψ∗α∇ψ∗β

)
×
(
ψδ∇ψγ −ψγ∇ψδ

)
(G.50a)

= 2
∫
d3r

(
∇ψ∗α ×∇ψγ

)
ψ∗βψδ + 2

∫
d3r

(
∇ψ∗β ×∇ψδ

)
ψ∗αψγ . (G.50b)

Defining

Iαβγδ ≡
∫
d3r(∇ψ∗α ×∇ψγ )ψ∗βψδ . (G.51)

One has

I+
αβγδ =

∫
d3r(∇ψ∗α ×∇ψγ )+ψ∗βψδ

= i

∫
dz∇3ψ

(1)∗
α ψ

(1)
γ ψ

(1)∗

β ψ
(1)
δ

∫
d2r∇+ψ

(2)
γ ψ

(2)∗
α ψ

(2)∗

β ψ
(2)
δ

−i
∫
dz∇3ψ

(1)
γ ψ

(1)∗
α ψ

(1)∗

β ψ
(1)
δ

∫
d2r∇+ψ

(2)∗
α ψ

(2)
γ ψ

(2)∗

β ψ
(2)
δ , (G.52)
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I−αβγδ =
∫
d3r(∇ψ∗α ×∇ψγ )−ψ∗βψδ

= i

∫
dz∇3ψ

(1)
γ ψ

(1)∗
α ψ

(1)∗

β ψ
(1)
δ

∫
d2r∇−ψ(2)∗

α ψ
(2)
γ ψ

(2)∗

β ψ
(2)
δ

−i
∫
dz∇3ψ

(1)∗
α ψ

(1)
γ ψ

(1)∗

β ψ
(1)
δ

∫
d2r∇−ψ(2)

γ ψ
(2)∗
α ψ

(2)∗

β ψ
(2)
δ , (G.53)

I3
αβγδ =

∫
d3r(∇ψ∗α ×∇ψγ )3ψ∗βψδ

= i

∫
dz ψ

(1)∗
α ψ

(1)
γ ψ

(1)∗

β ψ
(1)
δ ×

∫
d2r∇−ψ(2)∗

α ∇+ψ
(2)
γ ψ

(2)∗

β ψ
(2)
δ

−i
∫
dz ψ

(1)∗
α ψ

(1)
γ ψ

(1)∗

β ψ
(1)
δ

∫
d2r∇+ψ

(2)∗
α ∇−ψ

(2)
γ ψ

(2)∗

β ψ
(2)
δ

]
.

(G.54)

By defining

Kαβγδ ≡
∫
dz ψ

(1)
α ψ

(1)
β ψ

(1)
γ ψ

(1)
δ , (G.55)

Lαβγδ ≡
∫
d2r ψ

(2)
α ψ

(2)
β ψ

(2)
γ ψ

(2)
δ , (G.56)

Mαβγδ ≡
∫
dz ∇3ψ

(1)
α ψ

(1)
β ψ

(1)
γ ψ

(1)
δ , (G.57)

N+
αβγδ ≡

∫
d2r ∇+ψ

(2)
α ψ

(2)
β ψ

(2)
γ ψ

(2)
δ , (G.58)

N−αβγδ ≡
∫
d2r ∇−ψ(2)

α ψ
(2)
β ψ

(2)
γ ψ

(2)
δ , (G.59)

N+−
αβγδ ≡

∫
d2r ∇+ψ

(2)
α ∇−ψ

(2)
β ψ

(2)
γ ψ

(2)
δ , (G.60)

one can write

I+
αβγδ = i

(
MαβγδN

+
γαβδ −MγαβδN

+
αβγδ

)
, (G.61)

I−αβγδ = i
(
MγαβδN

−
αγβδ −MαβγδN

−
γαβδ

)
, (G.62)

I3
αβγδ = −iKαβγδ

(
N+−
αγβδ −N

+−
γαβδ

)
, (G.63)

where the underline indicates complex conjugation, more precisely, if α = (mα ,nα ,nzα) then α ≡ (−mα ,nα ,nzα).
From the recurrence relations developed in App. F, one can expressM,N+,N− and N+− in terms of K and
L

Mαβγδ =
∫
dz ∇3ψ

(1)
α ψ

(1)
β ψ

(1)
γ ψ

(1)
δ

=
1

bz
√

2

∫
dz

(√
nzαψnzα−1 −

√
nzα + 1

)
ψ

(1)
β ψ

(1)
γ ψ

(1)
δ

=
1

bz
√

2

(√
nzαK(nzα − 1,nzβ ,nzγ ,nzδ)−

√
nzα + 1K(nzα + 1,nzβ ,nzγ ,nzδ)

)
,



G.5. Spin-orbit term 111

(G.64)

N+
αβγδ =

∫
d2r ∇+ψ

(2)
α ψ

(2)
β ψ

(2)
γ ψ

(2)
δ

=
(−1)δ(mα≤−1)

br
√

2

[√
nα + δ(mα ≤ −1)L(mα + 1,nα + (−1)δ(mα≥0),mβ ,nβ ,mγ ,nγ ,mδ,nδ)

+
√
nα + |mα |+ δ(mα ≥ 0)L(mα + 1,nα ,mβ ,nβ ,mγ ,nγ ,mδ,nδ)

]
, (G.65)

N−αβγδ =
∫
d2r ∇−ψ(2)

α ψ
(2)
β ψ

(2)
γ ψ

(2)
δ

=
(−1)δ(mα≤0)

br
√

2

[√
nα + δ(mα ≥ 1)L(mα − 1,nα + (−1)δ(mα≤0),mβ ,nβ ,mγ ,nγ ,mδ,nδ)

+
√
nα + |mα |+ δ(mα ≤ 0)L(mα − 1,nα ,mβ ,nβ ,mγ ,nγ ,mδ,nδ)

]
, (G.66)

N+−
αβγδ =

∫
d2r ∇+ψ

(2)
α ∇−ψ

(2)
β ψ

(2)
γ ψ

(2)
δ

=
(−1)δ(mβ≤0)

br
√

2

[√
nβ + δ(mβ ≥ 1)N+(mα ,nα ,mβ − 1,nβ + (−1)δ(mβ≤0),mγ ,nγ ,mδ,nδ)

+
√
nβ + |mβ |+ δ(mβ ≤ 0)N+(mα ,nα ,mβ − 1,nβ ,mβ ,nγ ,mδ,nδ)

]
. (G.67)

It remains to develop expressions for K and L, for K (using Eqs. (C.15b) and (C.16b))

Kαβγδ =
∫
dz ψ

(1)
α ψ

(1)
β ψ

(1)
γ ψ

(1)
δ

=
1√
bz
√
π

∑
n

T (1)n
γδ

∫
dz e

− 1
2
z2

b2
z ψ

(1)
α ψ

(1)
β ψ

(1)
n

=
1

bzπ1/4

∑
n

T (1)n
γδδ(2|nzα +nzβ +n)

1
√

2π7/2

Γ (ξ −nzα)Γ (ξ −nzβ)Γ (ξ −n)√
nzα!nzβ!n!

=
1

bzπ2
√

2
δ(2|nzα +nzβ +nzγ +nzδ)

∑
n

T (1)n
γδ

Γ (ξ −nzα)Γ (ξ −nzβ)Γ (ξ −n)√
nzα!nzβ!n!

,

(G.68)

and (using Eqs. (C.15c) and (C.16c))

Lαβγδ =
∫
d2r ψ

(2)
α ψ

(2)
β ψ

(2)
γ ψ

(2)
δ

=
1

b2
rπ

∑
µν

T (2)µ
αγT

(2)ν
βδ

∫
d2r e

− r2
b2
r ψ

(2)
µ ψ

(2)
ν

=
1

b2
rπ

∑
µν

T (2)µ
αγT

(2)ν
βδI(mµ,nµ;mν ,nν ;br ,br ) . (G.69)
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Thus one can write

V
SO
αβγδ =

iWLS

2

[
−
(
I+
αβγδ + I+

βαδγ

)
〈sαsβ |σ−|sγsδ〉

−
(
I−αβγδ + I−βαδγ

)
〈sαsβ |σ+|sγsδ〉

+
(
I3
αβγδ + I3

βαδγ

)
〈sαsβ |σ3|sγsδ〉

]
〈tαtβ |T |tγ tδ〉 (G.70)

Spin-orbit fields

For the computation of spin-orbit fields, introducing the intermediary quantities

Y 1
L (mα ,mγ )(nα ,nγ ,nµ) ≡ T (2)nµ

(−mα ,nα) (mγ ,nγ ) , (G.71a)

Y 2
L (mβ ,mδ)(nβ ,nδ,nµ) ≡

∑
nν

T (2)nν
(−mβ ,nβ) (mδ ,nδ)I(−mδ −mβ ,nµ;mδ +mβ ,nν) , (G.71b)

such that

Lαβγδ =
1

b2
rπ

∑
nµ

δ(mα +mβ +mγ +mδ = 0) Y 1
L (mα ,mγ )(nα ,nγ ,nµ) Y 2

L (mβ ,mδ)(nβ ,nδ,nµ) . (G.72)

Similarly introducing

X1
K(nzα ,nzγ ,nz) ≡ T

nz
nzαnzγ (G.73a)

X2
K(nzβ ,nzδ,nz) ≡ δ

(
2
∣∣∣nzβ +nzδ +nz)

) Γ (ξ −nzβ)Γ (ξ −nzδ)Γ (ξ −nz)√
nzβ!nzδ!nz!

(G.73b)

with ξ =
nzβ+nzδ+nz

2 + 1
2 . Such that

Kαβγδ =
1

bzπ2
√

2

∑
nz

X1
K(nzα ,nzγ ,nz) X

2
K(nzβ ,nzδ,nz) . (G.74)

Introducing

X1
M(nzα ,nzγ ,nz) ≡

√
nzαX

1
K

(
nzα − 1,nzγ ,nz

)
−
√
nzα + 1X1

K

(
nzα + 1,nzγ ,nz

)
, (G.75a)

X2
M(nzβ ,nzδ,nz) ≡ X2

K(nzβ ,nzδ,nz) , (G.75b)

such that

Mαβγδ =
1

2b2
zπ2

∑
nz

X1
M(nzα ,nzγ ,nz) X

2
M(nzβ ,nzδ,nz) . (G.76)

Introducing

Y 1
N−(mα ,mγ )(nα ,nγ ,nµ) ≡ (−1)δ(mα≤0)

×
[√
nα + δ(mα ≥ 1)Y 1

L

(
mα − 1,mγ

)(
nα + (−1)δ(mα≤0),nγ ,nµ

)
+
√
nα + |mα |+ δ(mα ≤ 0)Y 1

L (mα − 1,mγ )(nα ,nγ ,nµ)
]
, (G.77a)
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Y 2
N−(mβ ,mδ)(nβ ,nδ,nµ) ≡ Y 2

L (mβ ,mδ)(nβ ,nδ,nµ) , (G.77b)

such that

N−αβγδ =
1

b3
rπ
√

2

∑
nµ

δ(mα +mβ +mγ +mδ = 1) Y 1
N−(mα ,mγ )(nα ,nγ ,nµ) Y 2

N−(mβ ,mδ)(nβ ,nδ,nµ) . (G.78)

Introducing

Y 1
N+(mα ,mγ )(nα ,nγ ,nµ) ≡ (−1)δ(mα≤−1)

×
[√
nα + δ(mα ≤ −1)Y 1

L

(
mα + 1,mγ

)(
nα + (−1)δ(mα≥0),nγ ,nµ

)
+
√
nα + |mα |+ δ(mα ≥ 0)Y 1

L (mα + 1,mγ )(nα ,nγ ,nµ)
]
, (G.79a)

Y 2
N+(mβ ,mδ)(nβ ,nδ,nµ) ≡ Y 2

L (mβ ,mδ)(nβ ,nδ,nµ) , (G.79b)

such that

N+
αβγδ =

1

b3
rπ
√

2

∑
nµ

δ(mα+mβ+mγ+mδ = −1) Y 1
N+(mα ,mγ )(nα ,nγ ,nµ) Y 2

N+(mβ ,mδ)(nβ ,nδ,nµ) . (G.80)

Introducing

Y 1
N+−(mα ,mγ )(nα ,nγ ,nµ) ≡ Y 1

N+(mα ,mγ )(nα ,nγ ,nµ) , (G.81a)

Y 2
N+−(mα ,mγ )(nα ,nγ ,nµ) ≡ Y 1

N−(mα ,mγ )(nα ,nγ ,nµ) , (G.81b)

such that

N+−
αβγδ =

1

2πb4
r

∑
nµ

δ(mα +mβ +mγ +mδ = 0) Y 1
N+−(mα ,mγ )(nα ,nγ ,nµ) Y 2

N+−(mβ ,mδ)(nβ ,nδ,nµ) . (G.82)

Introducing

Ŷ 1
N+−(mα ,mβ)(nα ,nβ ,nµ) ≡ (−1)δ(mβ≤0)(−1)δ(mα≤−1)

×
(√
nα + δ(mα ≤ −1)

√
nβ + δ(mβ ≥ 1)

×Y 1
L

(
mα + 1,mβ − 1

)(
nα + (−1)δ(mα≥0),nβ + (−1)δ(mβ≤0),nµ

)
+
√
nα + δ(mα ≤ −1)

√
nβ + |mβ |+ δ(mβ ≤ 0)

×Y 1
L (mα + 1,mβ − 1)

(
nα + (−1)δ(mα≥0),nβ ,nµ

)
+
√
nα + |mα |+ δ(mα ≥ 0)

√
nβ + δ(mβ ≥ 1)

×Y 1
L (mα + 1,mβ − 1)

(
nα ,nβ + (−1)δ(mβ≤0),nµ

)
+
√
nα + |mα |+ δ(mα ≥ 0)

√
nβ + |mβ |+ δ(mβ ≤ 0)

×Y 1
L (mα + 1,mβ − 1)(nα ,nβ ,nµ)

)
, (G.83a)
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Ŷ 2
N+−(mγ ,mδ)(nγ ,nδ,nµ) ≡ Y 2

L (mγ ,mδ)(nγ ,nδ,nµ) , (G.83b)

such that

N+−
αβγδ =

1

2πb4
r

∑
nµ

δ(mα +mβ +mγ +mδ = 0) Ŷ 1
N+−(mα ,mβ)(nα ,nβ ,nµ) Ŷ 2

N+−(mγ ,mδ)(nγ ,nδ,nµ) . (G.84)

Using above developped formulas, the calculation of spin-orbit fields involves to compute the following
intermediary quantities

A1(m,sβ , sδ, tβ)(nz,nµ) ≡
∑
mβmδ

∑
nβnδ

∑
nzβnzδ

δ(mβ −mδ =m)

×X2
K (nzβ ,nzδ,nz)ρdbY

2
N−(−mβ ,mδ)(nβ ,nδ,nµ) , (G.85)

B1(m,sβ , sδ, tβ)(nz,nµ) ≡
∑
mβmδ

∑
nβnδ

∑
nzβnzδ

δ(mβ −mδ =m)

[
X1
M(nzβ ,nzδ,nz)ρdbY

1
N+(mδ,−mβ)(nδ,nβ ,nµ)

−X1
M(nzδ,nzβ ,nz)ρdbY

1
N+(−mβ ,mδ)(nβ ,nδ,nµ)

]
, (G.86)

D1(m,sβ , sδ, tβ)(nz,nµ) ≡
∑
mβmδ

∑
nβnδ

∑
nzβnzδ

δ(mβ −mδ =m)

[
−X1

M(nzβ ,nzδ,nz)ρdbY
1
N−(mδ,−mβ)(nδ,nβ ,nµ)

+X1
M(nzδ,nzβ ,nz)ρdbY

1
N−(−mβ ,mδ)(nβ ,nδ,nµ)

]
, (G.87)

F1(m,sβ , sδ, tβ)(nz,nµ) ≡
∑
mβmδ

∑
nβnδ

∑
nzβnzδ

δ(mβ −mδ =m)

[
X2
K (nzβ ,nzδ,nz)ρdbŶ

1
N+−(−mβ ,mδ)(nβ ,nδ,nµ)

−X2
K (nzβ ,nzδ,nz)ρdbŶ

1
N+−(mδ,−mβ)(nδ,nβ ,nµ)

]
, (G.88)

Ã1(m,sγ , sδ, tγ )(nz,nµ) ≡
∑
mγmδ

∑
nγnδ

∑
nzγnzδ

δ(mγ +mδ =m)

×X2
K (nzγ ,nzδ,nz)κγδY

1
N+(mγ ,mδ)(nγ ,nδ,nµ) , (G.89)

B̃1(m,sγ , sδ, tγ )(nz,nµ) ≡
∑
mγmδ

∑
nγnδ

∑
nzγnzδ

δ(mγ +mδ =m)

×X1
M(nzγ ,nzδ,nz)κγδY

2
N−(mγ ,mδ)(nγ ,nδ,nµ) , (G.90)
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D̃1(m,sγ , sδ, tγ )(nz,nµ) ≡
∑
mγmδ

∑
nγnδ

∑
nzγnzδ

δ(mγ +mδ =m)

×X2
K (nzγ ,nzδ,nz)κγδY

1
N−(mγ ,mδ)(nγ ,nδ,nµ) , (G.91)

where intermediate quantities X2
K , Y

2
N− , X

1
M , Y 1

N+ , Y 1
N− , Ŷ

1
N+− have been defined by respectively Eqs. (G.73),

(G.77), (G.75), (G.79), (G.77), (G.83). Next spin and isospin indices are contracted into new intermediate
quantities

A2(m,sα , sγ , tα)(nz,nµ) ≡
∑
sβsδ

∑
tβ

〈sαsβ |σ−1 + σ−2 |sγsδ〉〈tαtβ |T |tγ tδ〉A1(m,sβ , sδ, tβ)(nz,nµ) , (G.92a)

B2(m,sα , sγ , tα)(nz,nµ) ≡
∑
sβsδ

∑
tβ

〈sαsβ |σ−1 + σ−2 |sγsδ〉〈tαtβ |T |tγ tδ〉B1(m,sβ , sδ, tβ)(nz,nµ) , (G.92b)

C2(m,sα , sγ , tα)(nz,nµ) ≡
∑
sβsδ

∑
tβ

〈sαsβ |σ+
1 + σ+

2 |sγsδ〉〈tαtβ |T |tγ tδ〉A1(m,sβ , sδ, tβ)(nz,nµ) , (G.92c)

D2(m,sα , sγ , tα)(nz,nµ) ≡
∑
sβsδ

∑
tβ

〈sαsβ |σ+
1 + σ+

2 |sγsδ〉〈tαtβ |T |tγ tδ〉D1(m,sβ , sδ, tβ)(nz,nµ) , (G.92d)

E2(m,sα , sγ , tα)(nz,nµ) ≡
∑
sβsδ

∑
tβ

〈sαsβ |σ3
1 + σ3

2 |sγsδ〉〈tαtβ |T |tγ tδ〉A1(m,sβ , sδ, tβ)(nz,nµ) , (G.92e)

F2(m,sα , sγ , tα)(nz,nµ) ≡
∑
sβsδ

∑
tβ

〈sαsβ |σ3
1 + σ3

2 |sγsδ〉〈tαtβ |T |tγ tδ〉F1(m,sβ , sδ, tβ)(nz,nµ) , (G.92f)

Ã2(m,sα , sβ , tα)(nz,nµ) ≡
∑
sγ sδ

∑
tγ

〈sαsβ |σ−1 + σ−2 |sγsδ〉〈tαtβ |tγ tδ〉Ã1(m,sγ , sδ, tγ )(nz,nµ) , (G.92g)

B̃2(m,sα , sβ , tα)(nz,nµ) ≡
∑
sγ sδ

∑
tγ

〈sαsβ |σ−1 + σ−2 |sγsδ〉〈tαtβ |tγ tδ〉B̃1(m,sγ , sδ, tγ )(nz,nµ) , (G.92h)

C̃2(m,sα , sβ , tα)(nz,nµ) ≡
∑
sγ sδ

∑
tγ

〈sαsβ |σ+
1 + σ+

2 |sγsδ〉〈tαtβ |tγ tδ〉B̃1(m,sγ , sδ, tγ )(nz,nµ) , (G.92i)

D̃2(m,sα , sβ , tα)(nz,nµ) ≡
∑
sγ sδ

∑
tγ

〈sαsβ |σ+
1 + σ+

2 |sγsδ〉〈tαtβ |tγ tδ〉D̃1(m,sγ , sδ, tγ )(nz,nµ) , (G.92j)

Ẽ2(m,sα , sβ , tα)(nz,nµ) ≡
∑
sγ sδ

∑
tγ

〈sαsβ |σ3
1 + σ3

2 |sγsδ〉〈tαtβ |tγ tδ〉D̃1(m,sγ , sδ, tγ )(nz,nµ) , (G.92k)

F̃2(m,sα , sβ , tα)(nz,nµ) ≡
∑
sγ sδ

∑
tγ

〈sαsβ |σ3
1 + σ3

2 |sγsδ〉〈tαtβ |tγ tδ〉Ã1(m,sγ , sδ, tγ )(nz,nµ) . (G.92l)

Spin-orbit fields can then be expressed as

hαγ =
WLS

4
δtαtγ

∑
nznµ

∑
m

[
f1X

1
M(nzα ,nzγ ,nz)Y

1
N+(mγ ,−mα)(nγ ,nα ,nµ)A2(m,sα , sγ , tα)(nz,nµ)δ(m =mγ −mα + 1)

−f1X1
M(nzγ ,nzα ,nz)Y

1
N+(−mα ,mγ )(nα ,nγ ,nµ)A2(m,sα , sγ , tα)(nz,nµ)δ(m =mγ −mα + 1)

+f1X
2
K (nzα ,nzγ ,nz)Y

2
N−(−mα ,mγ )(nα ,nγ ,nµ)B2(m,sα , sγ , tα)(nz,nµ)δ(m =mγ −mα + 1)

+f1X
1
M(nzγ ,nzα ,nz)Y

1
N−(−mα ,mγ )(nα ,nγ ,nµ)C2(m,sα , sγ , tα)(nz,nµ)δ(m =mγ −mα − 1)
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−f1X1
M(nzα ,nzγ ,nz)Y

1
N−(mγ ,−mα , )(nγ ,nα ,nµ)C2(m,sα , sγ , tα)(nz,nµ)δ(m =mγ −mα − 1)

+f1X
2
K (nzα ,nzγ ,nz)Y

2
N−(−mα ,mγ )(nα ,nγ ,nµ)D2(m,sα , sγ , tα)(nz,nµ)δ(m =mγ −mα − 1)

+f2X
1
K (nzγ ,nzα ,nz)Ŷ

1
N+−(−mα ,mγ )(nα ,nγ ,nµ)E2(m,sα , sγ , tα)(nz,nµ)δ(m =mγ −mα)

−f2X1
K (nzγ ,nzα ,nz)Ŷ

1
N+−(mγ ,−mα)(nγ ,nα ,nµ)E2(m,sα , sγ , tα)(nz,nµ)δ(m =mγ −mα)

+f2X
1
K (nzγ ,nzα ,nz)Ŷ

2
N−(−mα ,mγ )(nα ,nγ ,nµ)F2(m,sα , sγ , tα)(nz,nµ)δ(m =mγ −mα)

]
, (G.93)

and

∆̃αβ = δtαtβ

∑
nznµ

∑
m

[
f1X

1
M(nzα ,nzβ ,nz)Y

2
N−(−mα ,−mβ)(nα ,nβ ,nµ)Ã2(m,sα , sβ , tα)(nz,nµ)δ(m =mα +mβ − 1)

−f1X2
M(nzα ,nzβ ,nz)Y

2
N−(−mα ,−mβ)(nα ,nβ ,nµ)B̃2(m,sα , sβ , tα)(nz,nµ)δ(m =mα +mβ − 1)

+f1X
2
M(nzα ,nzβ ,nz)Y

1
N−(−mα ,−mβ)(nα ,nβ ,nµ)C̃2(m,sα , sβ , tα)(nz,nµ)δ(m =mα +mβ + 1)

−f1X1
M(nzα ,nzβ ,nz)Y

2
N−(−mα ,−mβ)(nα ,nβ ,nµ)D̃2(m,sα , sβ , tα)(nz,nµ)δ(m =mα +mβ + 1)

+f2X
1
K (nzα ,nzβ ,nz)Y

1
N+(−mα ,−mβ)(nα ,nβ ,nµ)Ẽ2(m,sα , sβ , tα)(nz,nµ)δ(m =mα +mβ)

−f2X1
K (nzα ,nzβ ,nz)Y

1
N−(−mα ,−mβ)(nα ,nβ ,nµ)Ẽ2(m,sα , sβ , tα)(nz,nµ)δ(m =mα +mβ)

]
, (G.94)

eventually, pairing field is expressed as

∆αβ =
WLS

4

(
∆̃αβ − ∆̃βα

)
. (G.95)

With

f1 ≡
(
2π3
√

2b2
zb

3
r

)−1
, (G.96a)

f2 ≡
(
2π3
√

2bzb
4
r

)−1
. (G.96b)
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