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Résumé

L’objet central de cette thèse est un système de particules appelé N -processus de Markov bran-
chant qui généralise le N -mouvement brownien branchant étudié par Maillard [Mai16] : on part
de N particules aux positions initiales x1, · · · , xN ; chaque particule se déplace alors sur la droite
réelle suivant la loi d’un processus markovien homogène en temps donné (on parle de proces-
sus sous-jacent), indépendamment des autres trajectoires. De plus, chaque particule branche à
taux 1 : c’est-à-dire qu’après une durée aléatoire de loi exponentielle E(1), celle-ci se duplique
pour donner naissance à deux nouvelles particules à la même position. Enfin, simultanément à
l’apparition d’une nouvelle particule dans le système à chaque instant de branchement, on retire
du système la particule dont la position est la plus basse. Cette étape de sélection permet de
conserver à tout instant une taille de population égale à N .

Nos principaux résultats concernent l’existence d’une limite hydrodynamique pour ce sys-
tème de particules, c’est-à-dire l’existence d’une limite pour la fonction de répartition empirique
associée à ce processus, quand la taille de population N tend vers l’infini. Sous certaines hy-
pothèses de régularité, nous démontrons que cette fonction de répartition empirique converge
vers la fonction de répartition de la loi du processus sous-jacent conditionné à ne pas avoir
franchi une certaine frontière, cette dernière étant caractérisée comme solution du problème
inverse du premier temps de passage avec loi exponentielle E(1) pour le processus sous-jacent.
Notre stratégie de preuve utilise un couplage avec des processus auxiliaires dont la construction
fait appel à une hypothèse de monotonie stochastique sur le processus sous-jacent. En lien avec
cette preuve, nous établissons dans un contexte général l’existence d’un couplage préservant
l’ordre, entre plusieurs trajectoires d’un même processus de Markov satisfaisant l’hypothèse de
monotonie stochastique et la propriété de Feller.

Enfin, nous nous intéressons par ailleurs à un second problème, celui du transport optimal en
champ moyen, avec un point de vue entièrement numérique : nous développons trois méthodes
d’apprentissage profond fournissant des solutions approchées de ce problème et les mettons en
œuvre dans différents cas tests.

v



vi



Table des matières

Table des matières vii

Introduction 1
1 Limite hydrodynamique du N -BMP . . . . . . . . . . . . . . . . . . . . . . . . . 3

1.1 Contexte . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3
1.2 Résultats principaux . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6
1.3 Stratégie de preuve . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9

1.3.1 L’approche de De Masi, Ferrari, Presutti et Soprano-Loto . . . . 10
1.3.2 Notre approche . . . . . . . . . . . . . . . . . . . . . . . . . . . . 12

1.4 Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 13
1.4.1 Limite hydrodynamique et é.d.p. pour les modèles de branchement-

sélection . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 13
1.4.2 Problème inverse du premier temps de passage . . . . . . . . . . 15

2 Flot comonotone pour des processus de Feller sur la droite réelle . . . . . . . . . 21
2.1 Hypothèses . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 22
2.2 Résultats . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 22
2.3 Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 24

3 Problème de transport optimal en champ moyen . . . . . . . . . . . . . . . . . . 24
3.1 Contrôle et transport optimal en champ moyen . . . . . . . . . . . . . . . 24
3.2 Description des méthodes numériques . . . . . . . . . . . . . . . . . . . . 26

3.2.1 Méthode directe . . . . . . . . . . . . . . . . . . . . . . . . . . . 26
3.2.2 Résolution d’une é.d.p. couplée . . . . . . . . . . . . . . . . . . . 27
3.2.3 Méthode de lagrangien augmenté pour une formulation duale . . 27

4 Questions en suspens et perspectives . . . . . . . . . . . . . . . . . . . . . . . . . 28
4.1 Limite hydrodynamique de systèmes de particules . . . . . . . . . . . . . . 28
4.2 Flot comonotone d’un processus markovien sur la droite réelle . . . . . . . 33
4.3 Transport optimal en champ moyen . . . . . . . . . . . . . . . . . . . . . 34

I Hydrodynamic limit of the N-BMP 35
I.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 35

I.1.1 Statement of the main results . . . . . . . . . . . . . . . . . . . . . . . . . 35
I.1.2 Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 37

I.1.2.1 Assumptions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 37
I.1.2.2 Related works . . . . . . . . . . . . . . . . . . . . . . . . . . . . 38

I.1.3 Outline of the proof . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 39
I.1.4 Organization of the paper . . . . . . . . . . . . . . . . . . . . . . . . . . . 39

I.2 Study of the b-BMP . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 40
I.2.1 Hydrodynamic limit of the b-BMP . . . . . . . . . . . . . . . . . . . . . . 40
I.2.2 Application to X+ and X− . . . . . . . . . . . . . . . . . . . . . . . . . . 45

vii



I.3 Hydrodynamic limit of the N -BMP . . . . . . . . . . . . . . . . . . . . . . . . . . 49
I.4 Convergence of the minimum of the N -BMP . . . . . . . . . . . . . . . . . . . . . 52

II The comonotone flow of a stochastically monotone Feller process on the real
line 61
II.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 61

II.1.1 Markov kernels . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 61
II.1.2 Markov and Feller semigroups . . . . . . . . . . . . . . . . . . . . . . . . . 61
II.1.3 Consistent families . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 62
II.1.4 Stochastic orders . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 63
II.1.5 Statement of the main results . . . . . . . . . . . . . . . . . . . . . . . . . 63
II.1.6 Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 64
II.1.7 Organization of the paper . . . . . . . . . . . . . . . . . . . . . . . . . . . 65

II.2 Feller-related results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 65
II.2.1 General properties . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 66
II.2.2 Extension of (Pt) to R . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 68

II.3 Proof of Theorem II.1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 70
II.3.1 Discrete-time flow . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 70
II.3.2 Construction of the limit R(n)

t . . . . . . . . . . . . . . . . . . . . . . . . . 71
II.4 Proof of Theorem II.2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 75

IIIDeep Learning methods for Mean Field Optimal Transport problem 77
III.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 77
III.2 Definition of the problem . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 79
III.3 Numerical methods . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 80

III.3.1 Direct approach for the optimal control formulation . . . . . . . . . . . . 80
III.3.1.1 Problem Approximation . . . . . . . . . . . . . . . . . . . . . . . 81
III.3.1.2 Description of the algorithm . . . . . . . . . . . . . . . . . . . . 82

III.3.2 Deep Galerkin Method for the PDE system . . . . . . . . . . . . . . . . . 84
III.3.2.1 PDE system for MFOT . . . . . . . . . . . . . . . . . . . . . . . 84
III.3.2.2 Description of the algorithm . . . . . . . . . . . . . . . . . . . . 86

III.3.3 Augmented Lagrangian Method with Deep Learning . . . . . . . . . . . . 87
III.3.3.1 Primal and dual problems . . . . . . . . . . . . . . . . . . . . . . 87
III.3.3.2 Description of the algorithm . . . . . . . . . . . . . . . . . . . . 90

III.4 Numerical experiments . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 91
III.4.1 Case 1: Linear Quadratic Problem . . . . . . . . . . . . . . . . . . . . . . 92

III.4.1.1 Description of the problem . . . . . . . . . . . . . . . . . . . . . 92
III.4.1.2 Evaluation Metrics . . . . . . . . . . . . . . . . . . . . . . . . . . 92
III.4.1.3 Numerical results . . . . . . . . . . . . . . . . . . . . . . . . . . 94

III.4.2 Case 2: Transport with congestion effects . . . . . . . . . . . . . . . . . . 98
III.4.2.1 Description of the problem . . . . . . . . . . . . . . . . . . . . . 98
III.4.2.2 Numerical results . . . . . . . . . . . . . . . . . . . . . . . . . . 98

III.4.3 Remarks on the choice of hyperparameters . . . . . . . . . . . . . . . . . . 99
III.5 Conclusion and future directions . . . . . . . . . . . . . . . . . . . . . . . . . . . 101

A Construction of a coupling by pasting 103
A.1 Pasting of Markov processes . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 103

A.1.1 Construction by piecing out . . . . . . . . . . . . . . . . . . . . . . . . . . 103
A.1.2 Formal definition of some branching processes with selection . . . . . . . . 107
A.1.3 Pasting of pasted processes . . . . . . . . . . . . . . . . . . . . . . . . . . 110

viii



A.1.3.1 Definition and notation for the pasting of pasted process . . . . 110
A.1.3.2 Commutativity of the construction . . . . . . . . . . . . . . . . . 112

A.1.4 Distribution of the coordinate processes . . . . . . . . . . . . . . . . . . . 117
A.2 Formal definition of the coupling . . . . . . . . . . . . . . . . . . . . . . . . . . . 121

A.2.1 Construction of the coupling . . . . . . . . . . . . . . . . . . . . . . . . . 121
A.2.1.1 State space and base process . . . . . . . . . . . . . . . . . . . . 121
A.2.1.2 Probability space and pasting times . . . . . . . . . . . . . . . . 123
A.2.1.3 Renewal distribution . . . . . . . . . . . . . . . . . . . . . . . . . 124

A.2.2 Proof of Proposition I.4 . . . . . . . . . . . . . . . . . . . . . . . . . . . . 127

B Some results on the geometric distribution 133

C Additional results related to Chapter II (comonotone flow) 135
C.1 About Theorems 4 and 5 in [KKO77] . . . . . . . . . . . . . . . . . . . . . . . . . 135

C.1.1 About Theorem 4 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 135
C.1.2 About Theorem 5 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 136

C.2 Miscellaneous lemmas . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 137
C.3 Numerical illustrations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 138

D Some more details on the MFOT problem 141
D.1 Solution for LQ problem . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 141
D.2 Computation of G . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 142
D.3 Loss plots . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 144

Index of notations for Chapters I and II 151

Index of notations for Chapter III and Appendix D 153

Index of notations for Appendices A and B 155

Références 157

ix



x



Introduction

Les modèles stochastiques constituent une approche mathématique largement utilisée pour mod-
éliser et expliquer des phénomènes physiques, biologiques ou financiers. Dans le contexte de la
dynamique des populations, l’introduction de l’aléa permet notamment de répondre à deux prob-
lèmes : d’une part, capturer des fluctuations inhérentes à la nature des phénomènes modélisés
(comme par exemple l’appairage des individus au moment de la reproduction au sein d’une
population donnée); et d’autre part, simplifier des modèles déterministes faisant intervenir un
(trop) grand nombre de degrés de liberté.

Une classe particulièrement étudiée de modèles, décrivant l’évolution de la distribution de
traits génétiques au sein d’une population, est celle introduite par Fleming et Viot [FV79] en
1979; certaines variantes permettent de prendre en compte des interactions spatiales entre indi-
vidus [BEV10] ou de favoriser certains gènes [EVY20]. Dans cette thèse, nous nous intéressons
à des modèles de particules, en temps et en espace continu, correspondant à une description
microscopique de la dynamique de la population au cours du temps; la distribution des traits
génétiques dans la population se présente ainsi comme une combinaison linéaire de masses de
Dirac.

Les modèles que nous étudions se rattachent à une classe de systèmes de particules dont
l’étude a été initiée par Brunet et Derrida [BD97], en lien avec la propagation de front d’onde
pour les solutions de l’équation de Fisher-Kolmogorov-Petrovsky-Piskunov1 (F-KPP)

∂tu =
1

2
∂2xu+ u(1− u). (1)

Le premier modèle proposé par Brunet et Derrida consiste en une population de N particules sur
l’axe Z renouvelée (en temps discret) via l’échantillonnage de paires de particules, permettant
de maintenir une population de taille constante tout en favorisant les positions les plus hautes.
Un second modèle, plus proche de celui étudié dans cette thèse, est la N -marche aléatoire
branchante [BDMM06, BG10] : à chaque étape, chacune des N particules est remplacée par
un nombre (déterministe ou aléatoire) de particules obtenues en effectuant un pas de marche
aléatoire à partir de sa position; on ne garde ensuite que les N particules les plus hautes pour
former la génération suivante.

Une variante en temps et en espace continu de la N -marche aléatoire branchante est le N -
mouvement brownien branchant (abrégé en N -BBM dans la suite pour suivre la terminologie
anglophone de "Branching Brownian Motion") étudié par Maillard [Mai16]. Dans ce modèle,
on part de N particules aux positions initiales x1, · · · , xN . Chaque particule se déplace alors
sur la droite réelle suivant un mouvement brownien, indépendamment des autres trajectoires.
De plus, chaque particule branche à taux 1 : c’est-à-dire qu’après une durée aléatoire de loi
exponentielle E(1), celle-ci se duplique pour donner naissance à deux nouvelles particules à la

1Cette équation a été introduite indépendamment par Fisher [Fis37] et Kolmogorov, Petrovsky et Piskunov
[KPP37] en 1937. Dans sa version la plus générale, le terme non-linéaire u(1− u) peut être remplacé par F (u),
où F est une fonction de classe C1 telle que F (0) = F (1) = 0, F (h) > 0 pour h ∈ (0, 1), et le maximum de F ′

sur [0, 1] est strictement positif et atteint uniquement en 0.)
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même position (on parle de branchement dyadique local). Enfin, simultanément à l’apparition
d’une nouvelle particule dans le système à chaque instant de branchement, on retire du système
la particule2 dont la position est la plus basse3 (dans la suite, on dira aussi que l’on tue cette
particule). Cette étape de sélection permet de conserver à tout instant une taille de population
égale à N . En l’absence de mécanisme de sélection dans le modèle précédent, on obtient le
mouvement brownien branchant (BBM), abondamment étudié [Bra78, LS92, HHK06, ABBS13]
et connu depuis les travaux de McKean [McK75] pour être lui aussi lié à l’équation de F-KPP
(1).

L’objet central de cette thèse est un système de particules appelé N -processus de Markov
branchant (N -BMP4), qui généralise le N -BBM : plutôt que de suivre des trajectoires brown-
iennes standard, les particules suivent des trajectoires d’un processus markovien homogène en
temps sur R, noté (Xt)t≥0 (on parlera dans la suite du processus sous-jacent); on applique les
mêmes règles de branchement et de sélection que pour le N -BBM. Ce modèle se base donc sur
une description individuelle − ou microscopique − de la dynamique de la population, et utilise
des règles de sélection pour réguler la taille de la population. Cependant, pour se faire une idée
globale du comportement de la population, on souhaite repasser du point de vue microscopique
au point de vue macroscopique, d’où la question de la limite hydrodynamique : quel est le com-
portement de la distribution empirique des particules quand la taille de la population tend vers
l’infini ? C’est cette question centrale qui est à l’origine des travaux qui suivent.

Ce manuscrit s’articule comme suit. Dans la suite de ce chapitre, on présente les principaux
résultats obtenus dans le cadre de cette thèse et la manière dont ils s’intègrent dans la littérature
mathématique. Les chapitres qui suivent, sous forme d’articles (rédigés en anglais), contiennent
la version détaillée des travaux effectués. Dans le Chapitre I5, nous étudions la limite hydrody-
namique du N -BMP. Nous établissons sous certaines hypothèses la convergence de la fonction de
répartition empirique duN -BMP vers une limite déterministe, qui s’interprète comme la fonction
de répartition du processus (Xt)t≥0 conditionné à rester au-dessus d’une certaine frontière. Pour
démontrer ce résultat, nous construisons un couplage du N -BMP avec un processus auxiliaire
plus simple à analyser. Dans le Chapitre II6, nous montrons l’existence de couplage de plusieurs
versions du processus (Xt)t≥0 préservant l’ordre, sous des hypothèses très générales. Ce résultat
intervient de manière cruciale dans la construction du couplage du N -BMP avec le processus
auxiliaire. Le Chapitre III7 est consacré à l’étude du problème de transport optimal en champ
moyen. Ce travail a été réalisé indépendamment des autres durant l’été 2022 et les mois qui ont
suivi dans le cadre du CEMRACS, en collaboration avec Sebastian Baudelet, Mathieu Laurière,
Amal Machtalay et Yuchen Zhu. Les chapitres annexes contiennent des détails techniques que
nous avons choisi de reporter pour plus de clarté : l’Annexe A contient des détails techniques
sur la construction du couplage utilisé dans le Chapitre I; l’Annexe B contient un résultat de
grandes déviations pour la loi géométrique; l’Annexe C contient des détails techniques et des
illustrations numériques autour du flot comonotone; et l’Annexe D apporte des précisions sur
les travaux réalisés pendant le CEMRACS 2022.

2S’il y a plusieurs particules à la position la plus basse, on choisit uniformément l’indice de celle qui est retirée.
3Notre convention est de considérer (et représenter) le temps en abscisse et la position sur l’axe réel en

ordonnée; une particule à la position x est donc plus haute qu’une particule à la position y si x ≥ y.
4Pour "N -Branching Markov Process".
5Le Chapitre I et les Annexes A et B reprennent [BF23a].
6Le Chapitre II et l’Annexe C reprennent [BF23b].
7Le Chapitre III et l’Annexe D reprennent [BFL+23].
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1 Limite hydrodynamique du N-BMP

Les résultats du Chapitre I, résumés dans cette partie, étendent ceux obtenus par De Masi,
Ferrari, Presutti et Soprano-Loto [DMFPSL19a] sur la limite hydrodynamique du N -BBM. Les
résultats pré-existants à nos travaux sont décrits dans la Section 1.1. Nos résultats sont présentés
dans la Section 1.2, et leur preuve est esquissée dans la Section 1.3. Enfin, nous discutons en
détails les hypothèses faites, en lien avec la littérature mathématique, dans la Section 1.4.

1.1 Contexte

Une description du N -BBM équivalente à celle donnée au paragraphe précédent est de demander
que les N particules suivent des trajectoires (browniennes) indépendantes, et qu’à taux N−1, la
particule la plus basse saute à la position de l’une desN−1 autres, choisie uniformément, symbol-
isant le branchement de l’une et la mort de l’autre. Cela permet notamment de suivre la position
des particules au cours du temps, et l’on peut donc noter, pour t ≥ 0, Xt = (X1

t , · · · , XN
t ) la

position des N particules composant ce processus à l’instant t. On caractérise la loi empirique

1

N

N∑
i=1

δXi
t

de ce nuage de points par la fonction de répartition empirique définie par

∀r ∈ R, ∀t ≥ 0, FN (t, r) =
1

N

N∑
i=1

1{Xi
t≤r}.

Une manière d’aborder la question de la limite hydrodynamique du N -BBM est donc d’étudier
la limite, lorsque N tend vers l’infini, de cette fonction de répartition empirique. Dans ce cadre,
De Masi Ferrari, Presutti et Soprano-Loto ont démontré le résultat suivant.

Théorème A ([DMFPSL19a]8, Théorème 1). Il existe une fonction ψ : R+×R −→ R telle que
pour t ≥ 0, ψ(t, ·) est une densité de probabilité sur R et pour tout réel r, FN (t, r) converge

presque sûrement et dans L1 vers
∫ r

−∞
ψ(t, x) dx quand N tend vers l’infini.

De plus, cette limite a été caractérisée comme solution du problème à frontière libre suivant,
associé à une équation de réaction-diffusion : trouver une fonction u : R+×R −→ R et une
fonction b : (0,+∞) −→ R (appelée frontière) continue telles que u est de classe9 C1,2 sur
Ub := {(t, x) ∈ (0,+∞)×R, x > bt} et vérifie

∂tu =
1

2
∂2xu+ u, pour t > 0, x > bt,

u(t, x) = 0, pour t > 0, x ≤ bt,∫ +∞

bt

u(t, x) dx = 1, pour t > 0.

(2)

Ce problème a été étudié en deux temps par Lee [Lee20] (existence d’une solution locale en
temps) puis Berestycki, Brunet et Penington [BBP19] (existence d’une unique solution globale),
ce qui permet d’arriver au résultat suivant.

8Voir aussi [DMFPSL19b], Théorème 3.1
9Si u est une fonction de deux variables, on dit que u est de classe C1,2 si elle est de classe C1 en la première

variable (temps) et de classe C2 en la seconde (espace).
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(a) Une réalisation d’un 5-BBM avec une loi de départ une uniforme sur l’intervalle [0, 5]

(b) Une réalisation d’un 1000-BBM avec une loi de départ une uniforme sur l’intervalle [0, 5]

Figure 1
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Théorème B ([BBP19], Corollary 2.1 & [DMFPSL19a], Théorème 2). La limite hydrody-
namique du N -BBM partant de N particules identiquement et indépendamment distribuées selon
une loi initiale à densité u0 sur R est l’unique solution u du problème à frontière libre (2) avec
condition initiale u(0, x) = u0(x), au sens où la fonction ψ donnée au Théorème A coïncide sur
R+×R avec u.

Ce problème à frontière libre admet10 l’interprétation probabiliste suivante : supposons que
pour une densité initiale u0 donnée, il existe une frontière b : (0,+∞) −→ R et une fonction
u : R+×R −→ R résolvant (2) avec donnée initiale u0; alors u(t, ·) est la densité d’un mouvement
brownien issu de la loi initiale à densité u0 et conditionné à rester au-dessus de la frontière b avant
l’instant t, avec la condition que le temps d’atteinte de cette frontière est de loi exponentielle
E(1). La question de l’existence de telles frontières et l’origine du lien avec la loi exponentielle
sont détaillées dans les Sections 1.3.2 et 1.4.2.

Dans [DMFPSL19a, DMFPSL19b, BBNP22], les auteurs étudient leN -BBM et deux général-
isations de celui-ci :

• le N -BBM avec branchement non-local : la seule différence avec le N -BBM (local) est que
la position de la particule qui apparaît dans le système à chaque instant de branchement
n’est pas égale à celle de la particule branchante, mais présente un décalage aléatoire par
rapport à celle-ci,

• les abeilles browniennes : on considère cette fois un BBM en dimension d ≥ 2, où l’on tue
à chaque instant de branchement la particule la plus éloignée de l’origine de Rd.

Les auteurs démontrent dans chaque cas l’existence d’une limite hydrodynamique au système
de particules considéré, et la relient dans un second temps au problème à frontière libre corre-
spondant, pour lequel l’existence d’une solution est étudiée indépendamment [Lee20, BBD18,
BBP19, Lee18, BBNP21]. Notons que les preuves d’existence de limite hydrodynamique ne sem-
blent pas permettre d’obtenir directement l’existence de solution pour le problème à frontière
libre : il faudrait démontrer que la limite hydrodynamique présente une frontière et que celle-ci
est suffisamment régulière, pour ensuite revenir à l’interprétation probabiliste et en déduire que
c’est une solution du problème à frontière libre.

Mentionnons les travaux d’Atar [Ata23] sur la limite hydrodynamique d’une classe de modèles
de particules avec branchement, injection et sélection : le déplacement des particules se fait selon
des processus de diffusion sur la droite réelle à coefficients réguliers; les particules branchent à
taux constant; et des particules sont ajoutées et retirées du système à des instants et des positions
aléatoires. Il démontre alors sous certaines hypothèses sur les lois d’injection et de sélection11 que
ce processus admet une limite hydrodynamique qui est l’unique solution d’une formulation faible
d’un problème aux dérivées partielles généralisant le problème (2). Ce problème ne s’interprète
pas toujours comme une formulation faible d’un problème à frontière libre, mais dans le cas
où le mouvement des particules est brownien, où l’on ne considère aucune injection et où l’on
fait coïncider les instants de sélection avec les instants de branchement, on retrouve le résultat
du Théorème A : le processus étudié par Atar est dans ce cas-là le N -BBM, et la solution du
problème à frontière libre (2) donnée par le Théorème B coïncide avec l’unique solution de la
formulation faible donnée par le Théorème 2.5 dans [Ata23].

10Ce résultat est démontré par Berestycki et Tough [BT24] (Théorème B.1.), voir également [CCCS11]
(Théorème 1, point 4, et Proposition 1).

11Voir [Ata23], Définition 2.2 et Hypothèse 2.3. Le résultat mentionné est le Théorème 2.5.
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1.2 Résultats principaux

Nous avons cherché à montrer l’existence d’une limite hydrodynamique pour un N -BMP dont les
particules ont des trajectoires plus générales qu’un mouvement brownien standard. Considérons
donc un processus de Markov12 (homogène en temps) (Xt)t≥0 sur la droite réelle, défini sur
un espace filtré (Ω,F , (Ft)t≥0) muni d’une famille de mesures de probabilité (Qx)x∈R vérifiant
Qx(X0 = x) = 1. On fait de plus l’hypothèse classique que la filtration (Ft)t≥0 est complète
et continue à droite. On considère une mesure de probabilité µ0 sur R, et l’on note Qµ0 =∫
R
Qxµ0(dx) la mesure classique sous laquelle X0 est de loi µ0. On note (Pt)t≥0 le semi-groupe

de (Xt)t≥0, défini sur l’espace Bb des fonctions mesurables bornées de R dans R par

∀f ∈ Bb ∀t ≥ 0 ∀x ∈ R Ptf(x) = Ex(f(Xt)),

où Ex désigne l’espérance sous Qx. On note aussi (Pt(x, ·))t≥0,x∈R les noyaux de transition
associés, au sens où, pour t ≥ 0 et x ∈ R, Pt(x, ·) est la loi de Xt sous Qx. On a en particulier

Ptf(x) =

∫
R
f(y)Pt(x, dy).

Dans la suite, nous appellerons frontière toute fonction b : (0,+∞) −→ R semi-continue
supérieurement. Si b est une frontière, on note b0 = lim

t−→0+
bt ∈ R, et l’on confond b avec son

extension en 0 (qui est semi-continue supérieurement sur [0,+∞)). Pour une frontière b donnée,
on définit le temps de passage à cette frontière par

τb = inf{s > 0, Xs < bs},

qui est un temps d’arrêt13.
Rappelons l’interprétation probabiliste du problème à frontière libre (2) : la fonction u, qui

est aussi la limite hydrodynamique du N -BBM, est la densité de la loi du mouvement brownien
conditionné à rester au-dessus d’une frontière qui est atteinte en un temps de loi exponentielle.
Cette observation nous a poussés à faire, dans le cadre général, l’hypothèse qu’une telle frontière
existe, fournissant le candidat pour la limite hydrodynamique. Plus précisément, nous partons
de l’hypothèse qu’il existe une frontière b (qui dépend de µ0) telle que :

(H1) τb est de loi exponentielle E(1) sous Qµ0 : pour t > 0, on a Qµ0(τb > t) = e−t.

Grâce aux travaux récents de Klump et Savov [KS23], ceci est vérifié sous des hypothèses assez
générales pour des diffusions et des processus de Lévy14. Nous renvoyons à la Section 1.4.2 pour
plus de détails à propos de cette hypothèse.

Nous faisons également l’hypothèse suivante de régularité sur le processus sous-jacent, clas-
sique pour les processus en temps continu :

(H2) X est un processus de Feller : son semi-groupe est fortement continu et envoie l’espace C0
des fonctions continues de R dans R qui tendent vers 0 en ±∞ dans lui-même15.

Enfin, un élément-clé du couplage utilisé dans notre preuve est l’hypothèse suivante, qui
s’applique par exemple aux processus markoviens à trajectoires continues ainsi qu’aux processus
de Lévy :

12Nous prenons comme base le cadre du chapitre III de [RY99].
13On utilise ici le fait que la filtration est complète et continue à droite; voir Section A.2.1.2.
14Voir par exemple [Ber96].
15Voir [RY99], §III.2.
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(H3) X est stochastiquement monotone16, c’est-à-dire que si x ≤ y sont deux réels et t ≥ 0, on
a Pt(x, ·) ≤st Pt(y, ·), où ≤st désigne l’ordre stochastique17 sur l’ensemble des mesures de
probabilité sur R.

On introduit la fonction de répartition F du processus (Xt)t≥0 conditionné à rester au-dessus
de la frontière :

∀t ≥ 0 ∀r ∈ R F (t, r) = Qµ0(Xt ≤ r|τb > t). (3)

Nous avons alors montré que la fonction de répartition F décrit la limite hydrodynamique du
N -BMP.

Théorème 1. Fixons T > 0 et supposons que les hypothèses (H1), (H2) et (H3) sont vérifiées.
Alors pour tout t ∈ [0, T ], sup

r∈R

∣∣FN (t, r)− F (t, r)
∣∣ converge presque sûrement vers 0 quand N

tend vers l’infini. Plus précisément, pour tout β ∈
(
0, 12
)
, il existe des constantes c1, c2 > 0

dépendant uniquement de β et de T telles que pour tout entier N ≥ 2, on a

P
(
sup
r∈R

∣∣FN (t, r)− F (t, r)
∣∣ > N−β

)
≤ c2 e

−c1N
1−2β

3 . (4)

Une seconde question naturelle est de retrouver la frontière b grâce au système de particules :
au vu du Théorème 1, on peut s’attendre à ce que sous des hypothèses de régularité convenables,
quand N est grand, la position de la particule la plus basse soit proche de la frontière. Cette
question a été étudiée dans [DMFPSL19b] dans le cas du mouvement brownien avec un branche-
ment non-local, ainsi que par Berestycki, Brunet, Nolen et Penington dans le cas des abeilles
browniennes [BBNP22]. Cette fois, le processus admet encore une limite hydrodynamique, la
densité limite s’exprimant à nouveau comme solution d’un problème à frontière libre faisant
intervenir une fonction continue b : (0,+∞) −→ R+, sous la forme suivante :

∂tu =
1

2
∆u+ u, pour t > 0, ∥x∥ < bt,

u(t, x) = 0, pour t > 0, ∥x∥ ≥ bt,∫
{∥x∥<bt}

u(t, x) dx = 1, pour t > 0.

(5)

Les auteurs montrent alors la convergence de la distance maximale entre une particule et l’origine
converge quand N tend vers l’infini, à l’instant t ≥ 0, vers bt.

En plus des hypothèses précédentes, nous ferons l’hypothèse de régularité suivante sur le
processus sous-jacent (Xt)t≥0 :

(H4) pour tous réels x > y et κ > 0, on a

Qx(τy ≤ t) =
t→0

o(tκ), (6)

où τy = inf{s > 0, Xs < y}.
16Cette définition est équivalente à ce que pour toute fonction mesurable bornée croissante f et t ≥ 0, la

fonction Ptf soit elle-même croissante, c’est-à-dire que l’on ait pour x ≤ y

Ex(f(Xt)) ≤ Ey(f(Xt)).

17Rappelons (voir [MS02]) que pour deux mesures de probabilité µ et ν sur R, on a la relation µ ≤st ν si, et
seulement si, pour tout réel r, on a

µ((−∞, r]) ≥ ν((−∞, r]).
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Cette hypothèse est connue dans la littérature mathématique sous l’appellation d’estimée de
Ray. Elle est vraie pour tout processus de Feller à trajectoires continues (voir [IM12], Section
3.8, sur une idée de Ray [Ray56]). Enfin, nous faisons cette dernière hypothèse de régularité sur
la frontière :

(H5) la frontière b est continue sur (0,+∞).

Notons, pour t ≥ 0, mN
t = min

1≤i≤N
Xi
t la position de la particule la plus basse du N -BMP à

l’instant t ≥ 0.

Théorème 2. Supposons que les hypothèses (H1-5) sont vérifiées. Alors, presque sûrement, la
trajectoire mN de la position de la particule la plus basse converge vers la frontière b, uniformé-
ment en temps sur tout intervalle [t0, T ], avec 0 < t0 < T . Plus précisément, il existe pour tous
ε, κ > 0 une constante C > 0 (dépendant de ε, κ, T mais également de X) telle que pour tout
entier N ≥ 2, on a

P

(
sup

t∈[t0,T ]
|mN

t − bt| > ε

)
≤ CN−κ. (7)

Enfin, le résultat est encore vrai avec t0 = 0 si b est continue en 0.

On note que le mouvement brownien satisfait les hypothèses18 (H1-5), et les Théorèmes 1 et
2 s’appliquent donc au cas du N -BBM.

Dans ce cadre, le Théorème 1 permet d’améliorer la borne obtenue19 dans [DMFPSL19b] : le
résultat20 assure l’existence pour tous β ∈

(
0, 1

12

)
de constantes c′2, c′ > 0 telles que pour tous N

et n supérieurs à des quantités dépendant encore uniquement de β et T , on a, pour tk = k2−nT ,

P
(

max
1≤k≤2n

sup
r∈R

|FN (r, tk)− F (r, tk)| > N−β
)

≤ c′22
n e−c

′2n N− 1
6 .

Le Théorème 1 donne, pour tout β ∈
(
0, 12
)
,

P
(

max
1≤k≤2n

sup
r∈R

|FN (r, tk)− F (r, tk)| > N−β
)

≤ c22
n e−c1N

1−2β
3 ,

et nous obtenons donc la possibilité de considérer des valeurs de β jusqu’à l’échelle attendue des
fluctuations (β = 1

2), ainsi qu’une décroissance plus rapide de la borne puisqu’elle est exponen-
tielle en une puissance de N , plutôt que polynomiale. Précisons également que les constantes c1
et c2 sont explicites et universelles, au sens où elles ne dépendent pas de la loi initiale µ0 ou de
la loi du processus sous-jacent (Xt)t≥0, à partir du moment où celles-ci vérifient les hypothèses
(H1-3).

Un résultat quantitatif assez proche est donné dans [BBNP22] dans le cas des abeilles brown-
iennes21. Dans notre contexte, cela correspond au cas du N -processus de Bessel branchant22 : en

18C’est un processus de Feller (voir [Kal02] Théorème 19.10) à trajectoires continues, vérifiant donc les hy-
pothèses (H2-4); l’existence de la frontière (hypothèse (H1)) est connue depuis [CCCS11]. Pour la continuité de
cette frontière (hypothèse (H5)), elle est démontrée dans [CCS22] mais s’obtient également par le fait que cette
frontière est aussi celle qui intervient dans le problème (2), dont on sait qu’elle est continue [BBP19].

19A noter que les auteurs de [DMFPSL19b] abordent également la possibilité du branchement non-local, que
nous n’avons pas étudiée.

20Voir [DMFPSL19b], Théorème 3.1.
21Voir [BBNP22], Lemme 4.9.
22Le processus de Bessel est un processus de Feller à trajectoires continues sur [0,+∞). Bien que le Théorème 1

ait été formulé et démontré pour des processus de Feller sur R, nous sommes convaincus que la même preuve
s’applique au cas de processus sur [0,+∞), même si nous n’avons pas rédigé l’argument de manière détaillée.
L’existence de la frontière découle encore de [CCCS11], et sa régularité de [CCS22] et de [BBNP22].
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effet, dans le processus des abeilles browniennes, la norme euclidienne de chaque particule suit
un processus de Bessel, si bien que l’évolution de ces N normes euclidiennes se décrit exactement
comme un N -BMP, à ceci près que l’on tue la particule la plus haute plutôt que la plus basse, à
chaque instant de branchement. Dans ce contexte23, le Théorème 1 représente une amélioration
de la vitesse de convergence obtenue précédemment.

Pour la question de la position de la particule la plus basse, le seul résultat existant à
notre connaissance est celui obtenu pour les abeilles browniennes : Berestycki, Brunet, Nolen et
Penington montrent24 que si MN

t désigne la norme de la particule la plus éloignée de l’origine,
et bt la frontière à nouveau, il existe un réel κ1 > 1 tel que pour tout ε > 0, 0 < t0 < T , et N
assez grand, on a

P

(
sup

t∈[t0,T ]
MN
t − bt > ε

)
≤ N−κ1 .

Ils démontrent et utilisent l’autre inégalité, à t fixé, dans la section 5 de [BBNP22], avec un
autre exposant κ2 > 1 :

P
(
MN
t − bt < −ε

)
≤ N−κ2 .

Le Théorème 2, dans sa version étendue au N -processus de Bessel branchant, fournit un contrôle
sur sup

t∈[t0,T ]
|MN

t − bt|, et représente une amélioration de la vitesse de convergence de la borne à

toute puissance négative de N .
Notons que c’est l’utilisation de l’estimée de Ray qui entraîne l’apparition de la puissance

négative de N dans la majoration (7). Un meilleur contrôle du membre de gauche dans (6)
permet d’obtenir un meilleur contrôle dans (7) : pour le mouvement brownien par exemple,
ou encore dans le cas du processus de Bessel, il existe une constante C ′ > 0 telle que pour t
suffisamment petit et x > y, on a

Qx(τy ≤ t) ≤ C ′ e−
|x−y|2

4t ,

de sorte que l’on peut à nouveau avoir une décroissance exponentielle du même type que (4)
pour le membre de gauche de (7).

Dans le cas plus général où le processus sous-jacent est une diffusion à coefficients réguliers25,
les résultats d’Atar [Ata23] entraînent l’existence d’une limite hydrodynamique au N -BMP, mais
ne fournissent pas de contrôle quantitatif sur la convergence du type de celui que nous obtenons
dans le Théorème 1. La question de la position de la particule la plus basse étudiée au Théorème 2
n’est pas non plus abordée dans [Ata23].

1.3 Stratégie de preuve

L’idée générale utilisée pour démontrer l’existence d’une limite hydrodynamique, mise en œuvre
de manière différente pour le Théorème A et pour le Théorème 1, est d’encadrer la fonction de
répartition empirique du N -BMP par deux fonctions auxiliaires (appelées en général barrières
supérieure et inférieure). Nous comparons ici la méthode utilisée dans [DMFPSL19a] pour
obtenir le Théorème A avec celle que nous utilisons dans le Chapitre I pour démontrer les
Théorèmes 1 et 2.

23Le processus obtenu est donc l’opposé d’un N -BMP pour lequel les particules sont dirigées par l’opposé d’un
processus de Bessel.

24Voir [BBNP22], Proposition 1.6.
25Ces processus sont encore des processus de Feller à trajectoires continues pour lesquelles l’existence et la

continuité de la frontière sont démontrées dans [CCCS11, CCS22].
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1.3.1 L’approche de De Masi, Ferrari, Presutti et Soprano-Loto

Les preuves données dans [DMFPSL19a], puis [DMFPSL19b, BBNP22], se basent sur une com-
paraison avec deux processus auxiliaires dans lesquels la sélection est effectuée à des instants
déterministes régulièrement espacés, les particules se déplaçant et branchant librement entre ces
instants.

Comme pour le N -BBM, chacun des deux processus auxiliaires possède initialement N par-
ticules dont les positions à l’instant t = 0 forment une famille i.i.d. selon une loi de densité u0.
Pour un pas de temps δ > 0 fixé, on les construit ensuite de la manière suivante. Sur chaque
intervalle de temps déterministe (kδ, (k+ 1)δ), on laisse les processus évoluer comme des BBM,
c’est-à-dire que les particules se déplacent et branchent. La taille de la population peut donc
changer au cours du temps, et l’on peut avoir plus de N particules. Pour le premier processus
auxiliaire, on procède alors par post-sélection26 : on retire du système les particules dans l’ordre
de leur position à l’instant (k + 1)δ, en partant de la plus basse, jusqu’à obtenir N particules.
Pour le second processus, on procède par pré-sélection27 : on conserve uniquement les familles28

de particules issues des individus les plus hauts à l’instant kδ, de manière à être le plus proche
possible de N particules sans dépasser ce seuil.

On peut ensuite coupler ces processus auxiliaires avec le N -BBM de manière à encadrer la
population de particules du N -BBM par celle des deux processus auxiliaires.

Etudier cette construction alternant le comportement du BBM avec une sélection à un instant
déterministe est plus simple que d’étudier directement leN -BBM, dans lequel l’étape de sélection
introduit une dépendance complexe entre les trajectoires. En particulier, on dispose de la formule
many-to-one29, qui assure que si (Bi

t)1≤i≤Nt est un BBM issu d’une particule située en x à
l’instant 0, on a

Ex

(
Nt∑
i=1

f(Bi
[0,t])

)
= et Ex(f(B[0,t])),

où Nt désigne le nombre de particules présentes à la date t ≥ 0, Bi
t la position de la i-ème

particule à la date t, B[0,t] désignant la trajectoire de B entre 0 et t d’un mouvement brownien
standard issu de x, et f est une fonction mesurable de l’espace D([0, t],R) des fonctions càdlàg
dans R.

On peut alors étudier la limite hydrodynamique des deux processus auxiliaires décrits précé-
demment. A cette fin, on introduit, pour t ≥ 0 et m ≥ 0, les opérateurs de diffusion Gt et de
troncature Cm sur Bb, définis par

∀f ∈ Bb ∀x ∈ R


Gtf(x) =

∫
R
f(y)

e−
(x−y)2

2t√
2πt

dy,

Cmf(x) = f(x)1{∫+∞
x f(y) dy≤m}.

Heuristiquement, laisser le processus évoluer selon un BBM sur l’intervalle de temps (kδ, (k+1)δ)
revient, à la limite hydrodynamique, à appliquer l’opérateur eδ Gδ à la densité de particules à
l’instant kδ, l’exponentielle correspondant à la croissance de masse due à la formule many-to-
one, et l’opérateur de diffusion au déplacement brownien des particules. D’autre part, effectuer
une sélection revient à appliquer un opérateur de troncature (C1 dans le cas de la post-sélection,

26Voir Figure 2a.
27Voir Figure 2b.
28On appelle famille l’ensemble des particules issues par branchement successifs d’une même particule à l’instant

kδ.
29Voir [HR17].
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(a) Processus obtenu par post-sélection : on ne garde que les N particules les plus
hautes à la fin de chaque intervalle de temps de taille δ.

(b) Processus obtenu par pré-sélection : on ne garde que les familles issues des
particules les plus hautes au début de chaque intervalle de temps de taille δ, de
manière à avoir au plus N particules à la fin de l’intervalle de temps; la taille de la
population évolue de manière aléatoire entre 0 et N .

Figure 2: Processus auxiliaires utilisés dans [DMFPSL19a] pour la comparaison avec un 3-BBM.

Ce−δ dans le cas de la pré-sélection). Finalement, la limite hydrodynamique des processus
auxiliaires s’obtient en itérant ces opérateurs : la limite hydrodynamique de celui construit par
post-sélection est, à l’instant kδ, la loi de densité (C1 e

δ Gδ)
ku0. De même, celle du processus

construit par pré-sélection est (eδ GδCe−δ)ku0.
Les auteurs montrent alors que ces deux fonctions de densité sont proches quand δ tend

vers 0 et kδ tend vers t, et ils développent un argument de compacité et de monotonie pour
montrer que ces deux fonctions admettent une même limite; cette fonction est la fonction ψ
(voir Théorème A).

Le reste de la preuve du Théorème A se déroule donc comme suit : comme le N -BBM est
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encadré par les barrières stochastiques, dont les limites hydrodynamiques à δ > 0 fixé ont la
même limite quand δ tend vers 0, et que lui-même ne dépend pas de δ, sa limite hydrodynamique
est effectivement cette fonction ψ.

1.3.2 Notre approche

Notre approche diffère de celle présentée dans le paragraphe précédent par le fait qu’elle repose
fortement sur l’hypothèse a priori d’existence de la frontière b atteinte en un temps de loi
exponentielle (hypothèse (H1)) : nous comparons alors le N -BMP avec un processus auxiliaire
que nous appelons b-processus de Markov branchant (b-BMP), qui est un processus de Markov
branchant dont les particules sont tuées quand elles passent sous la frontière b. Ce processus est
une variante du BBM avec absorption, étudié en détail dans le cas où la frontière est linéaire
depuis [Kes78]. Comme pour le N -BMP, les particules sont soumises à un branchement dyadique
local et se déplacent indépendamment, à partir de leur naissance, selon la loi du processus sous-
jacent. En revanche, la règle de sélection est différente : on tue chaque particule au premier
instant où elle passe strictement sous la frontière b. La taille de la population varie donc avec
le temps, et le processus peut même s’éteindre (voir [HHK06, Mai13, BBS15] et les références
qui s’y trouvent pour des travaux plus récents dans le cas du BBM avec absorption le long
d’une frontière linéaire). Cependant, la formule many-to-one30 assure qu’il y a en moyenne une
compensation exacte entre le phénomène de branchement et le fait de tuer les particules qui
touchent la frontière. En effet, la taille moyenne d’un BMP sans sélection ayant N particules
à l’instant 0 est Eµ0(Nt) = N et, et pour une particule donnée, la probabilité de ne pas avoir
dépassé la frontière est, sous l’hypothèse (H1), Pµ0(τb > t) = e−t, de sorte que le nombre moyen
de particules présentes à l’instant t est exactement égal à N . On s’attend donc à ce que le b-BMP
et le N -BMP se comportent de façon similaire quand le nombre de particules est suffisamment
grand.

La comparaison entre le N -BMP et le b-BMP passe alors par un couplage entre le N -BMP
et deux versions du b-BMP qui l’encadrent. Plus précisément, on construit un couplage entre
un N -BMP X et des b-BMP X+ et X− partant respectivement de ⌈N(1 + δ)⌉ et ⌊N(1 − δ)⌋
particules, tel que pour tout t ≥ 0 et tout r ∈ R, on a avec forte probabilité

#(X−
t ∩ [r,+∞)) ≤ #(Xt ∩ [r,+∞)) ≤ #(X+

t ∩ [r,+∞)), (8)

ce qui assure un encadrement de la fonction de répartition empirique du N -BMP par celles des
b-BMP : si l’on note N±

t le taille de X±
t , et

FN,±(t, r) =
1

N

N±
t∑

i=1

1{Xi,±
t ≤r}

leurs fonctions de répartitions normalisées, (8) donne

⌊N(1− δ)⌋
N

− FN,−(t, r) ≤ 1− FN (t, r) ≤ ⌈N(1 + δ)⌉
N

− FN,+(t, r). (9)

L’intérêt de cet encadrement est que le b-BMP se révèle plus simple à étudier (voir Section I.2)
que leN -BMP, dont l’étude est rendue difficile par les interactions qui ont lieu entre les particules
au moment de la sélection. En effet, le b-BMP partant de n particules est constitué de n copies
indépendantes de b-BMP n’ayant qu’une seule particule à l’instant initial. Nous montrons alors
la Proposition I.1, qui affirme que la limite hydrodynamique du b-BMP est la loi du processus

30Cette formule est également valable pour le N -BMP, voir [HR17].
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(Xt)t≥0 conditionné à ce que la trajectoire ne passe pas sous la frontière b. On peut alors passer
à la limite quand N tend vers l’infini dans (9), puisque les processus X± ont, à δ fixé, chacun
une limite hydrodynamique; plus précisément, la normalisation assure que FN,±(t, r) converge
vers (1 ± δ)F (t, r). En faisant alors tendre δ vers 0, on obtient la convergence de FN (t, r), et
donc la limite hydrodynamique du N -BMP.

Pour construire le couplage de manière à assurer l’ordre (8) entre ses différentes composantes,
on a besoin des ingrédients suivants :

• partir d’une configuration initiale respectant le nombre de particules pour X , X+, et X−,
ainsi que (8),

• apparier chaque particule de X− avec une particule de X , et chaque particule de X avec une
particule de X+, et attribuer à chaque paire des trajectoires respectant la loi du processus
sous-jacent et qui ne se croisent pas; nous expliquons en détail dans la Section 2 comment
l’hypothèse (H3) (monotonie stochastique) permet de réaliser cela en toute généralité,

• prescrire aux instants de branchement et de sélection la manière de reformer les paires
affectées par une mort ou une naissance.

Cette construction n’est possible que tant que la taille de X+ est au moins égale à N et celle de
X− au plus égale à N . Grâce à la marge obtenue en débutant respectivement avec ⌈N(1 + δ)⌉
et ⌊N(1− δ)⌋ particules et au contrôle de l’évolution de la taille du b-BMP, on vérifie que cette
condition est respectée avec forte probabilité jusqu’à tout horizon de temps fixé. La construction
du couplage fait l’objet de la Proposition I.4, et nous renvoyons à sa démonstration (Section I.3)
pour plus de détails.

Notons enfin qu’un outil technique important pour construire ce couplage de manière com-
plètement rigoureuse est le recollement de processus markoviens : on décrit le comportement du
couplage entre les instants de branchements et de sélection de particules, et l’on prescrit égale-
ment la manière dont se déroulent ces deux phénomènes. Cela revient à recoller des morceaux
de trajectoires markoviennes pour créer un nouveau processus markovien. Nous utilisons dans
ce but la construction d’Ikeda, Nagasawa et Watanabe [INW68b]; malgré le fait qu’elle ait des
applications diverses liées à la création de nouveaux processus à partir de processus donnés
(comme les processus de branchement, qui sont la motivation originale de cette construction
[INW68a], les mélanges de processus [GH69] ou la renaissance de processus, comme étudiée par
Meyer [Mey75]), cette construction semble avoir été peu reprise, avant notamment une général-
isation par Werner [Wer21]. Nous avons donc adapté cette construction au contexte qui nous
intéressait et démontré dans l’Annexe A plusieurs résultats qui permettent de prouver que le
couplage a bien les propriétés requises (voir Proposition A.4).

1.4 Discussion

1.4.1 Limite hydrodynamique et é.d.p. pour les modèles de branchement-sélection

Pour de nombreux modèles stochastiques particulaires décrivant l’évolution de populations, il
a été démontré ou conjecturé l’existence d’une limite hydrodynamique solution d’un problème
aux dérivées partielles.

Les problèmes à frontière libre comme (2) permettent de faire le lien avec des systèmes de
particules soumises à des dynamiques de sélection des particules extrémales : dans [CDMGP16],
Carinci, De Masi, Giardinà et Presutti considèrent un système de N mouvements browniens
indépendants dans lequel, aux instants de saut d’un processus de Poisson d’intensité λN , la
particule la plus haute saute à la position 0, et démontrent le lien avec le problème de Stefan31

31Ce type de problèmes est bien documenté, voir par exemple [Fas05].
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suivant : on cherche une fonction u de classe C1,2 sur (0,+∞)×R et une fonction b : R+ −→ R+

continue telles que 
∂tu =

1

2
∂2xu, t ≥ 0, x ∈ [0, bt],

∂xu(t, 0) = ∂xu(t, bt) = −2λ, t ≥ 0,
u(t, bt) = 0, t ≥ 0

(10)

Ici, la frontière libre est déterminée par une condition de flux, puisque l’on demande que les flux
entrant et sortant se compensent, traduisant le fait que, dans le système de particules, l’injection
de masse à l’origine compense la perte de masse en haut du nuage de points.

L’étude du cas avec branchement non-local a été initiée par Durrett et Remenik [DR11]
pour des particules dont la position ne change pas entre leur instant de naissance et leur in-
stant de mort. Une récente généralisation a été effectuée par Atar [Ata24], qui considère des
particules vivant dans Rd et pour lesquelles la sélection se fait par une fonction d’adaptation
assez générale32. Dans [DMFPSL19b], les auteurs étudient le cas du N -BBM avec branchement
non-local. Pour chacun de ces modèles, la limite hydrodynamique fait intervenir un problème
à frontière libre, le terme de croissance de masse étant remplacé par une convolution avec la
mesure K qui détermine le décalage de chaque nouvelle particule par rapport à son parent : on
obtient par exemple pour le cas brownien l’équation

∂tu =
1

2
∂2xu+K ∗ u, pour x > bt.

D’autres modèles du même type possèdent une limite hydrodynamique caractérisée comme
solution d’é.d.p. faisant intervenir leurs règles spécifiques de branchement et de sélection (voir
par exemple [ABBP19, GJM20, GSL21]).

Revenons pour finir sur les travaux d’Atar [Ata23]. Il considère un modèle dans lequel les
trajectoires des particules sont décrites par des é.d.s. à coefficients réguliers et bornés; les par-
ticules sont soumises à une dynamique de branchement dyadique local, ainsi qu’à un mécanisme
d’injection et de sélection. Ce modèle inclue33 notamment le N -BBM [DMFPSL19a] et le mod-
èle présenté dans [CDMGP16]. Atar démontre que ce modèle admet une limite hydrodynamique
décrite par une formulation faible qui généralise les problèmes à frontière libre observés jusqu’ici.
Il montre également que dans les cas où la formulation forte du problème à frontière libre associé
admet une solution (donc en particulier dans le cas du N -BBM [BBP19]), celle-ci coïncide avec
la solution de la formulation faible. La méthode d’Atar repose sur les trois points suivants :

• montrer que la formulation faible ne peut donner lieu qu’à au plus une solution,

• montrer que la famille de lois empiriques du système de particules, indicée par le nombre
de particules, est tendue, et admet donc des sous-limites,

• enfin, montrer grâce à un argument de martingale utilisant la formule d’Itô que toutes ces
sous-limites sont nécessairement solution de la formulation faible.

L’une des clés de cette approche est donc d’obtenir une formulation faible pour laquelle on peut
démontrer l’unicité des solutions. Pour une formulation forte faisant explicitement intervenir

32Contrairement aux cas traités jusque-là : à part l’identité dans R, le cas de fonctions symétriques décrois-
santes est étudié dans [Bec19]; cela correspond en prenant l’opposée de la norme euclidienne au cas des abeilles
browniennes [BBNP22] en dimension supérieure.

33Dans le modèle d’Atar, ne prescrire aucune injection et synchroniser les instants de sélection avec les instants
de branchement donne le N -BBM; demander un taux de branchement nul et synchroniser les instants de sélection
avec les instants d’injection donne le modèle de [CDMGP16].
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une frontière libre, établir l’unicité implique souvent de pouvoir connaître a priori la régularité
de cette frontière [DMFP15]. Or, comme nous le verrons dans la section suivante, cette question
est déjà assez peu traitée dans le cas du problème à frontière libre (2); et son extension au
modèle étudié par Atar, avec injection et sélection de particules selon des règles moins simples
que celles choisies pour le N -BMP, semble encore moins facile d’accès.

1.4.2 Problème inverse du premier temps de passage

L’hypothèse centrale (H1) pour notre méthode de preuve est l’existence, partant d’une loi initiale
µ0 pour le processus (Xt)t≥0, d’une frontière34 b : (0,+∞) −→ R dont le temps de passage τb
suit la loi exponentielle E(1).

Cette question est traitée dans la littérature mathématique sous l’appellation de problème
inverse du premier temps de passage, et semble remonter à une question de Shiryaev dans les
années 1970 sur la possibilité de réaliser une loi sur (0,+∞) donnée comme temps d’arrêt d’un
mouvement brownien. La question a ensuite évolué pour arriver à la formulation avec un temps
de passage d’une frontière.

Le problème direct consiste, quant à lui, à déterminer la loi du temps de passage d’une
frontière donnée. Dans le cas du mouvement brownien, l’existence d’une densité pour une
frontière continument dérivable a été démontrée par Strassen [Str67], et des équations implicites
sur cette densité sont connues35, avec notamment l’équation obtenue par Peskir36 : notons

Ψ(x) =

∫ +∞

x

e−
y2

2√
2π

dy

la fonction de survie de la loi normale standard; on a alors pour tous x ≤ bt

Ψ

(
x√
t

)
=

∫ t

0
Ψ

(
x− bs√
t− s

)
P(τb ∈ ds).

En revanche, même pour le mouvement brownien, on obtient des formules explicites seule-
ment dans certains cas simples comme les frontières linéaires (formule de Bachelier-Lévy, voir par
exemple [ZS09]) et quadratiques [Sal88]. Diverses méthodes d’approximation ou de simulation
de cette loi ont également été proposées [WP97, PW01, ZS09, HT16, Pot23].

Solutions explicites au problème inverse. Le problème inverse du premier temps de
passage n’a été traité qu’encore plus tard. A notre connaissance, il ne donne lieu à une frontière
connue explicitement que dans dans des cas très restreints37; des méthodes numériques ont aussi
été développées pour donner des solutions approchées [ZS09, Abu15].

Nous développons ici un cadre dans lequel on obtient une frontière explicite (constante, en
fait) en utilisant la théorie des lois quasi-stationnaires, l’enjeu devenant alors de trouver des
processus (Xt)t≥0 pour lesquels on peut exhiber une loi quasi-stationnaire explicite.

Définition 1. On dit qu’une mesure de probabilité ν sur R est une loi quasi-stationnaire38 pour
(Xt)t≥0 si pour tout borélien A, et t ≥ 0, on a

ν(A) = Pν(Xt ∈ A|τ0 > t), (11)
34On rappelle que la définition de frontière (voir Section 1.2) inclut la semi-continuité supérieure de la fonction

b, et l’on rappelle que τb est un temps d’arrêt pour le processus (Xt)t≥0.
35Voir [Ler86, PS06] pour des références sur cette question, initialement étudiée par Schrödinger [Sch15].
36Voir [Pes02], Théorème 3.1.
37A part ceux où l’on choisit a priori une loi de temps d’arrêt solution du problème direct pour une frontière

connue.
38On considère ici des lois quasi-stationnaires pour des processus tués en 0, d’où le rôle particulier joué par cet

état; on fait ce choix car c’est dans ce cadre-là que la littérature mathématique est développée.
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où τ0 est le temps de passage en 0 (c.à.d. τb dans le cas b ≡ 0).

La propriété de Markov assure que dans ce cas, la loi de τ0 sous Pν est exponentielle39, et,
quitte à changer l’échelle temporelle, on peut choisir que ce soit la loi E(1) : la loi ν est donc
non seulement une loi de départ pour laquelle l’hypothèse (H1) est vérifiée par la frontière b ≡ 0,
mais également la loi, à tout instant positif, du processus conditionné à rester au-dessus de cette
frontière jusqu’à cet instant, dans le cas où l’on choisit cette loi de départ. En particulier, notre
Théorème 1 assure que pour un processus vérifiant les hypothèses (H2) et (H3) ayant une loi
quasi-stationnaire ν, le N -BMP partant de ν admet ν comme limite hydrodynamique à tout
instant.

Loi quasi-stationnaire pour le mouvement brownien avec dérive. L’étude des lois quasi-
stationnaires pour le mouvement brownien tué (voir [MSM94]) permet d’obtenir une loi de
départ explicite pour laquelle le problème admet une solution sous la forme d’une barrière
linéaire. Nous rappelons ici comment obtenir cette solution en utilisant une méthode d’inversion
de transformée de Laplace.

On considère donc un mouvement brownien (Bα
t )t≥0 avec volatilité 1 et dérive −α, α étant

un réel donné. On cherche à déterminer quelles dérives sont possibles pour qu’il existe une loi
de départ µ0 sur R+ telle que le temps d’atteinte τα0 de 0 par ce mouvement brownien, défini
par

τα0 = inf{t > 0, Bα
t < 0},

soit de loi exponentielle E(1). Pour une dérive α ∈ R donnée, le principe de réflexion (cas
α = 0) puis le théorème de Girsanov permettent de calculer la transformée de Laplace du temps
d’atteinte de 0 : on a pour x, λ > 0

Ex(e−λτ
α
0 ) = ex(α−

√
α2+2λ) .

Ainsi, pour une loi de départ µ0 à densité u0 à support sur R+, on a

Eµ0(e−λτ
α
0 ) =

∫ +∞

0
ex(α−

√
α2+2λ) u0(x) dx = Lu0(−α+

√
α2 + 2λ),

où Lu0 désigne la transformée de Laplace de la fonction ρ. Or on souhaite que τα0 soit de loi
exponentielle, et l’on doit donc résoudre l’équation fonctionnelle

∀λ > 0, Lu0(−α+
√
α2 + 2λ) =

1

1 + λ
.

On va donc inverser l’argument de la transformée de Laplace et appliquer une transformée de
Laplace inverse : on a pour p ≥ α

p = −α+
√
α2 + 2λ ⇐⇒ λ =

p2

2
+ αp,

de sorte que l’on a finalement

Lu0(p) =
1

1 + p2

2 − αp
.

Dans le cas favorable où le dénominateur admet deux racines réelles a± = −α±
√
α2 − 2, donc

sous la condition |α| ≥
√
2, cette équation admet une solution, donnée par

uα0 (x) =
2

a+ − a−
(ea+x− ea−x) =


2 e−αx√
α2 − 2

sh(x
√
α2 − 2) si |α| >

√
2,

2x e−x
√
2 si |α| =

√
2.

(12)

39Voir [MV12].
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Dans le cas α ≤ −
√
2, ces fonctions ne sont pas intégrables, mais dans le cas α ≥

√
2, elles le sont

et définissent bien des densités de probabilité à support dans R+. Finalement, pour α ≥
√
2, le

temps d’atteinte de 0 pour le mouvement brownien avec dérive −α, issu d’une position suivant
la densité uα0 , est de loi exponentielle E(1). Ainsi, pour un mouvement brownien standard dont
la position initiale suit cette loi uα0dx, le temps d’atteinte de la frontière linéaire t 7−→ αt est
encore de loi E(1), et l’hypothèse (H1) est donc vérifiée.

Autres lois quasi-stationnaires explicites. Plus généralement, l’étude des distributions quasi-
stationnaires remonte aux travaux de Yaglom [Yag47] sur le comportement de processus de
branchements sous-critiques conditionnés à survivre40. Divers critères41 sont donnés pour l’exis-
tence de lois quasi-stationnaires dans le cas des processus de Lévy, de processus sur des espaces
d’états discrets, de diffusions. Pour ce qui est des formules explicites, qui nous intéressent ici,
Kyprianou et Palmowski [KP06] obtiennent à nouveau le cas du mouvement brownien avec
dérive donné précédemment, mais aussi celui de certains processus de Lévy à sauts négatifs,
puis Yamato [Yam23] obtient notamment une loi explicite dans le cas du processus de Poisson
composé avec dérive négative et sauts de loi exponentielle. Certains cas pour des processus à
espace d’état discret (comme certains processus de naissance et de mort [vD91], par exemple)
ont des lois quasi-stationnaires explicites, donnant à nouveau un cadre dans lequel la frontière
constante b ≡ 0 vérifie l’hypothèse (H1).

Existence d’une frontière. Les premières avancées en lien avec le problème inverse du
premier temps de passage sont dues à Dudley, Gutmann et Anulova [DG77, Anu80], mais dans
un cadre où le temps d’arrêt ne se réalise pas exactement42 comme un temps de passage sous
une barrière pour le mouvement brownien. Au début des années 2000, un premier lien formel
est fait par Avellaneda et Zhu [AZ01] entre le problème inverse du premier temps de passage
et les problèmes à frontière libre : étant donné une fonction de survie R : (0,+∞) −→ [0, 1]
caractérisant la loi d’un temps aléatoire, on considère le problème (13) suivant, dont les inconnues
sont u : R+×R −→ R de classe C1,2 sur (0,+∞)×R et b : R+ −→ R :

∂tu = A∗u, pour x > bt,
u(t, x) = 0 pour x ≤ bt,∫ +∞

bt

u(t, x) dx = R(t),
(13)

A∗ étant l’adjoint du générateur d’une diffusion (Xt)t≥0 solution de l’é.d.s. à coefficients bornés
et réguliers

dXt = β(Xt) dt+ σ(Xt) dBt

défini43 pour f de classe C2 par

A∗f(x) =
1

2
(σ2f)′′(x)− (βf)′(x).

40Cela explique le rôle important de l’état 0 dans la littérature sur le sujet, puisque c’est l’état dans lequel les
processus de branchement sont tués.

41Nous renvoyons à [MV12, CMSM13, vDP13] pour plus de détails sur la littérature autour des lois quasi-
stationnaires.

42Anulova considère en fait une double barrière symétrique; d’ailleurs, elle montre donc que notre hypothèse
est vérifiée dans le cas où X est un mouvement brownien standard sur (−∞, 0) réfléchi en 0.

43Si u est une fonction des deux variables de classe C2 en espace, on peut donc appliquer l’opérateur A∗ sur la
deuxième variable : on définit donc pour (t, x) ∈ R+×R

A∗u(t, x) := A∗[u(t, ·)](x).
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Les auteurs conjecturent que la sous-densité de la diffusion (Xt)t≥0 restant au-dessus de la
frontière b donnée par

u(t, x) =
d

dx
P(Xt ≤ x, τb > t),

est solution du problème (13) si la fonction de survie de τb est R [AZ01]. Cheng, Chen, Chadam
et Saunders [CCCS06] montrent l’existence de solutions de viscosité44 à (13), avant d’étendre
l’étude au cas de diffusions inhomogènes en temps (σ et β dépendent de la variable temporelle)
et de faire rigoureusement le lien entre le problème à frontière libre et le problème inverse du
premier temps de passage [CCCS11] dans le cas d’un temps aléatoire à densité : ils démontrent
l’existence d’une unique solution de viscosité au problème à frontière libre, le fait que celle-ci est
l’unique solution du problème inverse du premier temps de passage correspondant, ainsi que le
fait que si le problème admet une solution classique, cette dernière est aussi solution du problème
inverse du premier temps de passage. Ekström et Janson [EJ16] ont ensuite montré l’existence
et l’unicité dans le cas brownien, mais pour un temps aléatoire dont la loi est quelconque (pas
nécessairement à densité, donc).

Enfin, la question a été étudiée dans un cadre général par Klump et Savov [KS23], qui étab-
lissent l’existence d’une unique solution au problème inverse du premier temps de passage pour
une vaste classe de processus stochastiques (non nécessairement markoviens) : ils considèrent un
processus stochastique (Yt)t≥0 sur la droite réelle, adapté à une filtration complète et continue
à droite, et vérifiant les jeux d’hypothèses suivantes ((E1-3) pour l’existence et (U1-3) pour
l’unicité) :

(E1) pour tout t > 0, la loi de Yt est diffuse,

(E2) la trajectoire de Y est presque sûrement continue à droite et quasi-continue à gauche45,

(E3) pour toute frontière b, on a presque sûrement

τb = τ ′b := inf{s > 0, Ys ≤ bs},

(U1) Y est un processus markovien sur un intervalle I de R vérifiant Qx(Y0 = x) = 1 pour
x ∈ I,

(U2) Y est stochastiquement monotone,

(U3) pour tout temps aléatoire ξ > 0, il existe un intervalle Jξ ⊂ (0, tξ), où tξ est la borne
supérieure du support de la loi de ξ, tel que pour toute frontière b à valeurs dans I tel que
τb a la même loi que ξ, on a pour tout t dans Jξ

bt = inf(supp(Q(Xt ∈ ·|τb > t))).

Théorème C ([KS23], Théorèmes 2.3 et 2.8). On a les résultats suivants.

(i) Si les hypothèses (E1-3) sont vérifiées, pour tout temps aléatoire ξ > 0, il existe une
frontière b telle que τb a la même loi que ξ.

44Voir Section 2 de [CCCS06], ou bien [CIL92] pour plus d’informations sur ce type de solutions.
45On demande que pour toute suite croissante de temps d’arrêts (Tn)n≥0 convergeant vers un temps aléatoire

T , on a presque sûrement sur {T < +∞}
XT = lim

n→+∞
XTn .
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(ii) Si, à ξ donné, pour une loi de départ µ0 donnée sur I, les hypothèses (E1-3,U1-3) sont
vérifiées pour la loi Q = Qµ0 et un certain intervalle Jξ, toutes les frontières données par
(i) coïncident sur l’intervalle Jξ.

En particulier, Klump et Savov détaillent des conditions propres aux processus de Lévy
et aux diffusions qui permettent de s’assurer que les hypothèses sont vérifiées. Celles-ci sont
consignées dans les Théorèmes 2.13 et 2.16 de [KS23], auxquels nous renvoyons le lecteur. On
obtient ainsi une classe de processus auxquels s’appliquent le Théorème 1, puisqu’ils vérifient
donc l’hypothèse (H1) en plus des hypothèses (H2) et (H3) (voir Section 1.2).

Pour montrer (i), Klump et Savov construisent une suite de frontières (bn)n≥1 satisfaisant

Qµ0(Xtn1
≥ bntn1 , · · · , Xtnkn

≥ bntnkn
) = Q(ξ > tnkn)

pour des grilles temporelles ((tni )1≤i≤kn)n≥1 de plus en plus fines, puis utilisent les propriétés de
la Γ-convergence (voir [DM93]) pour construire une limite à cette suite de frontières et montrer
qu’elle résout le problème inverse du premier temps de passage. La preuve de l’unicité (ii) repose
sur des comparaisons de mesures obtenues en appliquant successivement la propriété de Markov
aux instants tnkn , d’où l’importance de l’hypothèse (U1).

On peut noter que pour un processus markovien, l’hypothèse (E2) est automatiquement
vérifiée46 dès que celui-ci possède la propriété de Feller (hypothèse (H2)).

L’hypothèse (U2) permet d’obtenir des principes de comparaison sur les solutions au prob-
lème inverse du premier temps de passage47. Nous utilisons cette même hypothèse (hypothèse
(H3)) dans la preuve des Théorèmes 1 et 2 pour construire le couplage du N -BMP avec ses
barrières stochastiques48. On peut noter que notre résultat redémontre l’unicité de la solution
au problème inverse du premier temps de passage dans le cas où celle-ci existe, pour un processus
qui vérifie les hypothèses (H1-3). En effet, considérons deux frontières b1 et b2 vérifiant (H1),
pour un processus (Xt)t≥0 vérifiant par ailleurs (H2) et (H3). Alors pour t ≥ 0 et r réel, on a

Qµ0(Xt ≤ r|τb1 > t) = Qµ0(Xt ≤ r|τb2 > t),

puisque ces deux quantités sont d’après le Théorème 1 la limite (unique) de FN (t, r). Ainsi, ces
deux lois conditionnelles ont le même support; avec l’hypothèse (U3), on a donc b1t = b2t pour
tout t dans Jξ.

On peut noter que d’autres variantes du problème de temps de passage ont été étudiées dans
la littérature mathématique ces dernières années, dans des versions qui permettent toujours
de conjecturer un lien (au moins heuristique) avec la limite hydrodynamique de systèmes de
particules :

• dans le problème du premier temps de passage randomisé [JKZ09], on fixe cette fois la
frontière et l’on recherche une loi initiale permettant de réaliser une loi fixée pour le temps
de passage à cette frontière,

• dans le problème inverse du premier temps de passage fixé à 0 [DP15], on autorise un
changement de temps en plus du choix de la loi initiale, la frontière étant fixée à 0,

• une version du problème inverse du premier temps de passage avec soft-killing est étudiée
dans [EEH14, EHW20, KK24] : cette fois les particules ne sont pas tuées instantanément
au passage de la frontière, mais à taux constant (chaque durée dt passée sous la frontière
donne une probabilité de l’ordre de λ dt d’être tué),

46Voir [RY99], Exercice III.2.33.
47Voir [KS23], Théorème 2.11.
48De fait, nous avons été amenés à utiliser cette hypothèse avant d’avoir eu connaissance des travaux de Klump

et Savov [KS23].
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• le problème dans le cas particulier du mouvement brownien réfléchi en 0 (two-sided in-
verse first-passage time problem) est aussi étudiée par Klump et Kolb [KK23], rejoignant
la formulation initiale d’Anulova [Anu80]; cette formulation se réalise comme la limite hy-
drodynamique en dimension 1 du modèle symétrique des abeilles browniennes [BBNP22],
mais également comme celle d’un modèle sans branchement mais avec sélection présenté
par Klump [Klu23]; dans l’optique d’effectuer des simulations numériques pour déterminer
la forme des frontières ainsi que la loi conditionnée au non-dépassement de ces deux fron-
tières, ce modèle se révèle a priori moins coûteux que le N -BMP en temps de calcul.

Régularité de la frontière. La question de la régularité de la frontière obtenue comme
solution du problème inverse du premier temps de passage est également importante. En effet, si
la semi-continuité (obtenue dans [CCCS06] pour les diffusions et [KS23] dans le cas général) est
suffisante pour démontrer avec notre méthode que le N -BMP admet une limite hydrodynamique,
la continuité est requise dans notre preuve du fait que la position de la particule la plus basse
converge vers cette frontière. Le premier cas où la continuité de la frontière est démontrée
remonte à [CCCS11]49, dans le cas du mouvement brownien standard issu d’une masse de Dirac
en 0, avec une loi pour le temps d’atteinte ayant une densité strictement positive sur (0,+∞);
un résultat similaire est obtenu par une autre méthode par Ekström et Janson [EJ16]50.

Une avancée importante sur cette question est due à Chen, Chadam et Saunders [CCS22] :
ils étudient la régularité des solutions de viscosité exhibées dans [CCCS11], et parviennent au
résultat suivant.

Théorème D ([CCCS06], Théorèmes 1&2, [CCCS11], Théorème 1 & [CCS22], Théorème 1).
Soit ξ > 0 un temps aléatoire dont la fonction de survie R continue sur R+, avec R > 0 sur R+,
et (Xt)t≥0 la solution de l’é.d.s.

dXt = β(t,Xt) dt+ σ(t,Xt) dBt,

où β et σ sont régulières, bornées, avec inf σ > 0, et (Bt)t≥0 est un mouvement brownien
standard.

(i) Le problème à frontière libre (13) associé à la diffusion X admet une unique solution de
viscosité (u, b).

(ii) La frontière b est l’unique solution semi-continue supérieurement du problème inverse du
premier temps de passage pour X.

(iii) (a) Si R est de classe C1 sur R+ avec R′ < 0, et si R est deux fois dérivable, de dérivée
seconde intégrable sur un intervalle (0, δ), avec δ > 0, alors (u, b) est une solution
classique51 du problème à frontière libre, et b est 1

2 -Hölder sur (0,+∞).

(b) Si de plus R est de classe Cα+
1
2 sur (t0, T ) pour un réel α > 1

2 non entier, b est de
classe Cα sur (t0, T ).

(c) Enfin, si pour un réel α ≥ 1
2 non entier, R est de classe Cα+

1
2 sur R+, si u0 est

nulle sur R− et de classe C2α sur [0, δ], et si u0 et R satisfont des conditions de
compatibilité en 0 données par les dérivations successives en bt de la condition de
frontière libre, alors b0 = 0 et b est de classe Cα sur R+.

49Voir [CCCS11] Proposition 6.
50Voir le paragraphe suivant sur le lien avec le problème d’arrêt optimal.
51Au sens où, comme pour le problème (2), u est de classe C1,2 et b est continue.
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Ils démontrent donc que sous des hypothèses de régularité relativement faible, les solutions
de viscosité du problème à frontière libre sont en fait des solutions classiques, et que plus la
fonction de survie prescrite dans le problème inverse du premier temps de passage est régulière,
plus la frontière l’est. En particulier, dans le cas qui nous intéresse, celui de la loi exponentielle,
la fonction de survie est de classe C∞ et admet une dérivée strictement négative52, elle satisfait
donc toutes les hypothèses présentées dans le théorème précédent. On en déduit donc que la
frontière est non seulement continue, mais aussi de classe C∞. Par la même occasion, on obtient
aussi l’existence d’une solution classique au problème à frontière libre associé, ce qui généralise
donc le résultat obtenu dans le cas brownien [BBP19].

Lien avec la théorie de l’arrêt optimal. Nous revenons pour finir sur les travaux
d’Ekström et Janson [EJ16], puisqu’ils font le lien avec un autre problème étudié dans la lit-
térature mathématique, celui de l’arrêt optimal. Plus précisément, ils démontrent une corre-
spondance exacte, dans le cas du mouvement brownien standard, entre le problème inverse du
premier temps de passage et le problème suivant : trouver la fonction v définie par

v(t, x) = inf
τ
E
(
R(t− τ)1{τ<t} + 1{τ=t,x+Bt≤0}

)
(14)

la borne inférieure étant prise sur les temps d’arrêt du mouvement brownien (Bs)s≥0 prenant
leurs valeurs dans l’intervalle [0, t]. Si l’on définit alors

bt = sup{x ∈ R, v(t, x) = R(t)},

et
u(t, x) = P(Bt ≥ x, τb > t),

alors b est solution du problème inverse du premier temps de passage (pour le brownien standard
issu de 0) et u = v. Cette correspondance permet notamment aux auteurs d’étendre les résultats
qui avaient été obtenus jusqu’alors aux cas de lois sans densité; ils retrouvent de plus la continuité
de la frontière dans le cas de la loi exponentielle. La méthode utilisée pour s’attaquer au
problème d’arrêt optimal est une méthode de discrétisation, idée que l’on retrouve notamment
dans les preuves de Klump et Savov [KS23], ainsi que dans les encadrements utilisés dans le
cadre du N -BBM et des abeilles browniennes [DMFPSL19a, DMFPSL19b, BBNP22]. Notons
enfin qu’un problème d’arrêt optimal dans un cadre plus général est étudié dans [BEES18] :
le but est trouver le temps d’arrêt τ qui maximise E(ψ(Bτ , τ)) parmi tous les temps d’arrêt
du mouvement brownien qui suivent une loi donnée pour le mouvement brownien, ψ étant une
fonction fixée a priori. Les auteurs démontrent que, pour certains choix de la fonction ψ, la
solution s’exprime comme le premier temps de passage le long d’une certaine frontière, donnant
par là même une solution au problème inverse du premier temps de passage.

2 Flot comonotone pour des processus de Feller sur la droite
réelle

Dans la Section 1.3.2, nous avons mentionné que la preuve que nous développons pour démontrer
le Théorème 1 s’appuie sur un couplage du N -BMP avec deux b-BMP qui l’encadrent (pour
l’ordre stochastique, voir (8)). Ce couplage requiert de pouvoir créer des paires de trajectoires
conservant le même ordre au cours du temps, chaque trajectoire suivant la loi du processus
sous-jacent (Xt)t≥0; le processus ainsi obtenu sur R2 doit en prime être un processus de Markov

52Si la fonction de survie est constante sur un intervalle, cela signifie qu’on ne peut pas toucher la frontière sur
cet intervalle; celle-ci doit donc y valoir −∞, et l’on n’a donc pas de régularité possible.
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possédant la propriété de Feller. Les résultats du Chapitre II, qui sont présentés dans cette
section, établissent l’existence d’un tel processus à partir d’hypothèses minimales.

2.1 Hypothèses

Rappelons que (Ω,F , (Ft)t≥0, (Qx)x∈R, (Xt)t≥0) désigne le processus markovien sous-jacent qui
dirige la trajectoire des particules, avec Qx(X0 = x) = 1 pour tout réel x. On rappelle également
que le semi-groupe (Pt)t≥0 est la famille d’opérateurs linéaires continus sur Bb définis par

∀f ∈ Bb ∀x ∈ R Ptf(x) = Ex(f(Xt)).

Nous souhaitons construire un processus de Markov ((X1
t , X

2
t ))t≥0 sur un espace probabilisé

(Ω′,F ′, (F ′
t)t≥0, (Q′

x1,x2)x1,x2∈R) ayant les propriétés suivantes :

(a) la propriété de Feller, en tant que processus de Markov sur R2, est vérifiée,

(b) sous Q′
x1,x2 , (X

1
t )t≥0 a la loi de (Xt)t≥0 sous Qx1 et (X2

t )t≥0 a la loi de (Xt)t≥0 sous Qx2 ,

(c) si x1 ≤ x2, Q′
x1,x2(X

1
t ≤ X2

t ,∀t ≥ 0) = 1.

Comme nous l’expliquons ci-après, les hypothèses (H2) et (H3) sont nécessaires pour espérer
obtenir les propriétés (a), (b) et (c); le Théorème 3 vient montrer, en prenant n = 2, que ces
hypothèses sont également suffisantes.

Les propriétés (b) et (c) entraînent l’hypothèse (H3) selon laquelle le processus (Xt)t≥0

est stochastiquement monotone. En effet, à t fixé et pour x1 ≤ x2, la propriété (c) implique
que Q′

x1,x2(X
1
t ≤ X2

t ) = 1. On en déduit par la propriété (b) que la loi de Xt sous Qx1 est
stochastiquement dominée par la loi de Xt sous Qx2 , c.à.d. Pt(x

1, ·) ≤st Pt(x
2, ·) avec les

notations de la Section 1.2.
Inversement, à t fixé, partant de l’hypothèse que Pt(x1, ·) ≤st Pt(x

2, ·), un résultat classique
de Strassen [Str65] entraîne l’existence d’un couplage (Y 1

t , Y
2
t ) de ces deux lois, tel que Y 1

t ≤ Y 2
t

presque sûrement. La difficulté est ici de réaliser un couplage entre trajectoires vérifiant la même
propriété simultanément pour tous les instants t ≥ 0, et possédant qui plus est les propriétés de
Markov et de Feller.

D’autre part, la propriété (a) entraîne que le processus (Xt)t≥0 doit aussi avoir la propriété
de Feller (hypothèse (H2)).

2.2 Résultats

Plutôt que de nous restreindre à des paires de particules, nous montrons en fait, pour tout entier
n ≥ 2, l’existence d’un n-uplet de trajectoires ayant la propriété de Feller, chaque trajectoire
ayant la loi de (Xt)t≥0, et l’ordre entre les trajectoires étant préservé presque sûrement au
cours du temps. De plus, cette construction présente une propriété de cohérence, à savoir que
pour k ≤ n, la loi obtenue pour k trajectoires s’obtient en marginalisant la loi obtenue pour n
trajectoires.

Etant donné un semi-groupe (P
(n)
t )t≥0 sur Rn, on note (P

(n)
t (x, ·))x∈Rn le noyau markovien

associé à P (n)
t . On dit alors que (P

(n)
t )t≥0 préserve l’ordre entre les coordonnées si, pour tout

x ∈ Rn et t ≥ 0, P (n)
t (x, ·) est à support dans l’ensemble Rnx des éléments y ∈ Rn compatibles

avec x, c’est-à-dire vérifiant pour tous 1 ≤ i, j ≤ n

xi ≤ xj =⇒ yi ≤ yj .
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De plus, si l’on dispose d’un semi-groupe (P
(n)
t )t≥0) sur Rn pour chaque entier n ≥ 1, on dit

que la famille de semi-groupes est cohérente si, pour tout k ≤ n, tout x dans Rn et tout jeu
d’indices 1 ≤ i1 < · · · < ik ≤ n, la loi marginale de P (n)

t (x, ·) associée aux coordonnées d’indices
(i1, · · · , ik) est P (k)

t ((xi1 , · · · , xik), ·).
Nous avons alors démontré le résultat suivant, qui assure l’existence d’un couplage avec les

propriétés recherchées, non pas d’une paire, mais de n’importe quel nombre fini de particules.

Théorème 3. Si (Pt)t≥0 est un semi-groupe de Feller stochastiquement monotone sur R, il
existe une famille cohérente ((P

(n)
t )t≥0)n≥1 de semi-groupes de Feller préservant l’ordre entre les

coordonnées telle que (P
(1)
t )t≥0 = (Pt)t≥0.

Pour démontrer le Théorème 3, nous construisons tout d’abord pour chaque entier n ≥ 2 un
processus sur Rn à des instants discrets régulièrement espacés, obtenu en utilisant de manière
successive le couplage comonotone, qui consiste à appliquer à une même variable aléatoire de loi
uniforme sur (0, 1) la pseudo-inverse des fonctions de répartition respectives des lois concernées.
Ensuite, nous faisons tendre le pas de temps vers 0, et montrons l’existence d’un noyau markovien
limite sur Rn ayant les propriétés requises.

Nous avons également pu caractériser la famille de semi-groupes ainsi obtenue grâce à l’ordre
super-modulaire sur les mesures de probabilité sur Rn. Pour n ≥ 2, on dit qu’une fonction
f : Rn → R est super-modulaire53 lorsque nous avons f(x) + f(y) ≤ f(x ∨ y) + f(x ∧ y) pour
tous x,y dans Rn, en notant x ∨ y = (max(xi, yi))1≤i≤n et x ∧ y = (min(xi, yi))1≤i≤n. On
définit alors l’ordre super-modulaire sur l’ensemble des mesures de probabilité sur Rn en notant
µ ≤sm ν si, pour toute fonction f : Rn → R super-modulaire mesurable bornée, on a∫

Rn

f(x)µ(dx) ≤
∫
Rn

f(x)ν(dx).

Pour une famille (µi)1≤i≤n de lois sur R donnée, le couplage comonotone entre ces lois maximise
l’ordre super-modulaire parmi toutes les lois sur Rn ayant les lois µi comme marginales54.

En exploitant cette propriété, nous montrons que le processus limite construit dans la preuve
du Théorème 3 maximise l’ordre super-modulaire parmi tous les processus de Feller sur Rn dont
les lois marginales unidimensionnelles suivent la loi de (Xt)t≥0. Nous avons alors choisi d’appeler
flot comonotone associé au processus (Xt)t≥0 la55 famille ((P̆

(n)
t )t≥0)n≥1 de semi-groupes con-

struite dans la preuve du Théorème 3 (même si nous n’avons pas construit explicitement de
flot stochastique mais seulement une famille cohérente de semi-groupes; nous renvoyons à la
Section 2.3 pour une discussion sur la notion de flot stochastique).

Plus précisément, si l’on note Mn l’ensemble des semi-groupes de Feller (Q(n)
t )t≥0 sur Rn tels

que les lois marginales 1-dimensionnelles associées à chaque opérateur Q(n)
t sont données par le

semi-groupe (Pt)t≥0 du processus sous-jacent, nous avons démontré le résultat suivant.

Théorème 4. Soit ((P̆ (n)
t )t≥0)n≥1 le flot comonotone associé à (Xt)t≥0. Alors pour tous n ≥ 1,

t ≥ 0 et x ∈ Rn, la loi P̆ (n)
t (x, ·) est maximale pour l’ordre super-modulaire, parmi l’ensemble

{M (n)
t (x, ·), (M (n)

s )s≥0 ∈ Mn}.
53Voir [MS02].
54Voir [MS02].
55Nous ne démontrons pas l’unicité de la famille de processus obtenue par passage à la limite dans la preuve

du Théorème 3, mais celle-ci découle de la propriété de maximalité pour l’ordre super-modulaire (Théorème 4).
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2.3 Discussion

Pour replacer le Théorème 3 dans un contexte plus général, on peut noter qu’il répond dans
le cadre des processus de Feller au problème présenté dans [FM01] sur l’équivalence, pour une
famille de variables aléatoires donnée, entre la propriété de monotonie stochastique, et la réal-
isabilité de celle-ci via un couplage. Cette équivalence a été démontrée dans de nombreux cas
incluant les chaînes de Markov en temps discret [KKO77] et les processus de saut [Zha00] sur un
espace polonais muni d’un ordre partiel, les chaînes de Markov en temps continu sur un espace
dénombrable [LMS00] et certaines classes de systèmes de particules en interaction [Lig05].

Mentionnons deux cas particuliers du Théorème 3 pour lesquels on peut construire un cou-
plage plus simplement que par la méthode utilisée dans notre démonstration :

• les processus de Lévy : l’homogénéité en espace de ces processus permet de définir le
couplage parallèle (voir Figure II.1a), c’est-à-dire de définir, pour 1 ≤ i ≤ n et t ≥ 0,
Xi
t = xi +Xt, où (Xt)t≥0 est une version du processus vérifiant X0 = 0,

• les processus de Feller à trajectoires continues : on peut cette fois faire appel au couplage
de Doeblin (voir Figure II.1b), dans lequel les trajectoires sont indépendantes les unes des
autres jusqu’au premier instant où elles se rencontrent; à partir de cet instant, on leur fait
suivre la même trajectoire.

Revenons pour finir sur la notion de flot stochastique évoquée à la Section 2.2, qui est
étudiée en détail par Le Jan et Raimond [LJR04]. Cet objet est l’analogue du flot d’une équation
différentielle pour les processus markoviens : c’est une famille de fonctions aléatoires56 (φs,t)0≤s≤t
de R dans R telles que pour tout x dans R, (φ0,t(x))t≥0 a la même loi que (Xt)t≥0 sous Qx. Le
flot comonotone que nous avons construit n’est pas un flot stochastique à proprement parler,
mais seulement une famille cohérente de semi-groupes; le Théorème 1 de [LJR04] permet d’en
déduire l’existence d’un flot stochastique associé à cette famille de semi-groupes.

3 Problème de transport optimal en champ moyen

Dans le Chapitre III, nous présentons des travaux effectués dans le cadre du CEMRACS 2022
qui ne possèdent pas de lien direct avec les problèmes discutés jusqu’ici, et sont consacrés à
la résolution numérique d’un problème de transport optimal en champ moyen. Ce problème
consiste à contrôler la dérive d’un processus de type McKean-Vlasov et avec une loi fixée à
l’instant initial 0 et à l’instant final T > 0, de façon à minimiser en moyenne un certain coût
fonction de la trajectoire du processus. Nous avons mis en œuvre des méthodes d’apprentissage
automatique, dans lesquelles des réseaux de neurones sont utilisés pour modéliser le problème
sous plusieurs formes, puis entraînés pour en donner une solution approchée.

3.1 Contrôle et transport optimal en champ moyen

Les jeux à champ moyen57 sont une classe de problèmes dans lesquels un grand nombre de
joueurs sont opposés, chacun cherchant à minimiser son coût de déplacement le long d’une
trajectoire. La trajectoire et le coût de déplacement dépendent des interactions entre joueurs, et
sont simplifiées par l’intervention du champ moyen : plutôt que de considérer des interactions
individuelles, on se place du point de vue de l’un des joueurs qui interagit avec la distribution

56Nous restons volontairement vague sur la définition précise d’un flot stochastique et renvoyons aux travaux
de Le Jan et Raimond [LJR04] pour une définition rigoureuse.

57Voir [LL06a, LL06b, LL07, HMC06, HCM07]
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totale de joueurs. Le problème de contrôle en champ moyen58 est une variante des jeux à champ
moyen dans laquelle on cherche cette fois à minimiser un coût moyen pour tous les joueurs (c.à.d.
que cette fois, les joueurs coopèrent), avec le même type d’interactions.

On considère des agents se déplaçant dans l’espace Q = Rd, avec un horizon de temps fixé
T > 0. On note QT = [0, T ]×Q. Pour modéliser le déplacement des agents au cours du temps
en tenant compte des interactions avec le champ moyen, on suppose donc que ceux-ci suivent
une dynamique de type McKean-Vlasov59, c.à.d. que leur trajectoire est solution de l’é.d.s.

dXv
t = β(Xv

t , µ
v
t , v(t,X

v
t )) dt+ σdBt, (15)

faisant intervenir les objets suivants :

• Xv
t désigne la position de l’agent à l’instant t ∈ [0, T ], et µvt est un élément de l’espace

P2(Q) des lois sur Q admettant un moment d’ordre 2, qui désigne la loi de Xv
t ,

• v : QT → Rk est le terme de contrôle,

• β : Q×P2(Q)×Rk → Q et la constante σ > 0 sont respectivement la dérive et la volatilité
de l’é.d.s.,

• (Bt)t≥0 est un mouvement brownien standard en dimension d.

On considère alors un coût de déplacement infinitésimal f : Q×P2(Q)×Rk → R et un coût
terminal g : Q×P2(Q) → R. Le problème de contrôle en champ moyen consiste alors à trouver
un contrôle v∗ : QT → Rk minimisant, en moyenne, le coût de déplacement et le coût terminal,
c.à.d. minimisant la fonctionneelle

JMFC : v 7−→ E
(∫ T

0
f(Xv

t , µ
v
t , v(t,X

v
t )) dt+ g(Xv

T , µ
v
T )

)
, (16)

sous la contrainte donnée par une loi de départ ρ0 ∈ P2(Q) pour l’é.d.s..
Le problème considéré dans le Chapitre III est une variante de ce problème appelé problème

de transport optimal en champ moyen. Cette fois, nous imposons, en plus de la loi initiale,
une répartition terminale pour les agents, c.à.d. que l’on impose sur les solutions de l’é.d.s.
(15) une loi de départ ρ0 et une loi finale ρT , qui sont deux éléments de P2(Q) fixés. Cette
deuxième contrainte remplace le coût terminal, et le problème est donc de trouver un contrôle
v∗ minimisant la fonctionnelle

JMFOT : v 7−→ E
(∫ T

0
f(Xv

t , µ
v
t , v(t,X

v
t )) dt

)
, (17)

sous la contrainte {
dXv

t = β(Xv
t , µ

v
t , v(t,X

v
t )) dt+ σdBt,

Xv
0 ∼ ρ0, X

v
T ∼ ρT .

(18)

Notons que, contrairement au cas du problème de contrôle en champ moyen, la condition de loi
terminale impose une restriction a priori sur les contrôles admissibles, puisque l’on est contraint
de choisir parmi les contrôles qui permettent de transporter via l’é.d.s. (15) la loi ρ0 sur la loi
ρT .

L’étude théorique du problème de transport optimal en champ moyen est, à notre connais-
sance, toujours un problème ouvert60 que nous n’avons pas cherché à étudier plus avant. Les

58Voir [BFY13] pour une introduction détaillée à ce sujet.
59Voir [McK66, Szn91].
60Nous renvoyons à [BFY13, AL15] pour une étude sur le problème de contrôle en champ moyen. Une solution

est donnée dans [HT23], mais les hypothèses faites sont restrictives et ne permettent pas de prendre en compte
le modèle de congestion que nous avons étudié, par exemple.
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travaux présentés dans le Chapitre III sont exclusivement consacrés à la mise en œuvre de méth-
odes numériques et à la comparaison des résultats qu’elles produisent sur quelques exemples
concrets.

3.2 Description des méthodes numériques

Dans cette section, nous présentons brièvement les outils relatifs aux méthodes d’apprentissage
profond que nous avons utilisés, ainsi que les trois méthodes numériques que nous avons pro-
posées. Nous renvoyons au Chapitre III pour de plus amples détails.

Les trois méthodes que nous proposons sont basées sur l’utilisation des réseaux de neurones,
qui sont des fonctions dépendant d’un paramètre θ vivant dans un espace de grande dimen-
sion. L’intérêt des réseaux de neurones, obtenus comme compositions successives d’applications
linéaires61 et de fonctions d’activation, est de ne pas avoir à considérer une grille spatio-temporelle
fixée sur laquelle on chercherait à résoudre le problème, et dont la taille augmenterait exponen-
tiellement vite avec la dimension. A la place, l’introduction du paramètre θ permet, à chaque
étape de l’entraînement, d’évaluer le réseau de neurone en n’importe quel point de l’espace, et
l’on cherche alors à lui faire vérifier les conditions du problème sur un certain nombre de points
simulés, plutôt que sur tous les points de la grille.

Pour chacune des méthodes, nous définissons donc une fonctionnelle L(θ) dépendant de
ce paramètre θ, et c’est cette fonctionnelle, ou une approximation numérique de celle-ci, que
nous cherchons à minimiser. En pratique, nous utilisons pour cela une méthode de descente
de gradient stochastique, en réalisant L(θ) comme l’espérance de L(θ;S), où S est une variable
choisie convenablement, décrivant les points sur lesquels nous cherchons à optimiser le réseau de
neurones. Nous approchons alors numériquement E(L(θ;S)) par la méthode de Monte-Carlo,
c.à.d. que l’on considère une famille (Sn)1≤n≤N de réalisations de S et que nous calculons

L(θ;S1, · · · , SN ) =
1

N

N∑
n=1

L(θ, Sn).

Grâce à la structure offerte par le réseau de neurones, nous pouvons appliquer un algorithme de
dérivation automatique62 pour calculer, à S1, · · · , SN fixés, le gradient de L(θ;S1, · · · , SN ) en
fonction de θ. Comme pour l’algorithme classique de descente de gradient, on actualise alors la
valeur du paramètre θ en le déplaçant dans le sens opposé au gradient, puis l’on répète cette
opération. On observe alors au fur et à mesure de l’entraînement une baisse de la valeur de
L(θ;S1, · · · , SN ).

3.2.1 Méthode directe

La première méthode que nous avons implémentée consiste à paramétrer directement le contrôle,
c.à.d. que l’on remplace la fonction v par une fonction paramétrée vθ dans (17) et (18). On
réalise alors différentes approximations pour calculer la quantité JMFOT (vθ), que l’on cherche
à optimiser en fonction de θ. Nous simulons une approximation de l’é.d.s. (15) à l’aide de la
méthode d’Euler-Maruyama, mais nous n’avons pas de moyen d’assurer la condition terminale :
pour cela, nous ajoutons un terme de pénalisation, revenant donc à une formulation en termes
de problème de contrôle en champ moyen, avec la fonction g donnée par

∀x ∈ Q ∀µ ∈ P2(Q) g(x, µ) = CW2(µ, ρT ),

61Le paramètre θ est en fait l’ensemble des coefficients des matrices formées par ces applications linéaires.
62Comme le réseau de neurones est obtenu comme composition d’applications dont la dérivation ne pose pas

de problème, nous pouvons appliquer la règle de dérivation en chaîne.
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où W2 désigne la distance de Wasserstein sur P2(Q) et C une constante positive. Cette pénali-
sation ne permet pas d’imposer la condition terminale, mais permet de chercher un compromis
entre l’optimisation du coût de déplacement et la bonne approximation de la distribution à
l’instant T .

Les autres approximations sont d’ordre numérique : nous approchons l’intégrale et l’espérance
dans (16) par la méthode de Monte-Carlo, ce qui permet d’appliquer l’algorithme de descente
de gradient stochastique pour améliorer la valeur de θ et donc celle du contrôle vθ.

3.2.2 Résolution d’une é.d.p. couplée

Notre deuxième algorithme consiste à résoudre par la méthode "Deep Galerkin" [SS18] un couple
d’é.d.p. équivalent au problème de minimisation de JMFOT , dont le principe est le suivant :
supposons que l’on souhaite approcher la solution de l’équation de la chaleur sur un domaine U
borné à bord régulier, avec condition au bord donnée par une fonction h : ∂U → R et condition
initiale f0 : U → R. Alors on peut introduire la fonctionnelle

J(f) =

∥∥∥∥∂tf − 1

2
∆f

∥∥∥∥2
L2([0,T ]×U)

+ ∥f − h∥2L2([0,T ]×∂U) + ∥f − f0∥2L2(U) ,

de sorte que f est solution du problème si et seulement si J(f) est égale à 0. On remplace alors
la fonction f par un réseau de neurones fθ, et l’on approche numériquement les normes sur les
espaces L2 par la méthode de Monte-Carlo, ce qui permet à nouveau d’appliquer l’algorithme de
descente de gradient stochastique pour minimiser une approximation de J(fθ), et donc donner
une solution approchée de l’équation de la chaleur.

Notre méthode consiste donc à déterminer un couple d’é.d.p. équivalent au problème de
transport optimal en champ moyen, et d’appliquer cet algorithme pour le résoudre numérique-
ment (voir la Section III.3.2 pour les détails concernant ce système d’é.d.p., que nous choisissons
d’omettre ici). Au moins formellement, étant donné un contrôle v, la loi µvt admet une densité
solution de l’équation de Kolmogorov-Fokker-Planck. Notre problème devient alors un problème
de contrôle optimal, et la théorie du contrôle permet alors de déterminer une seconde équation
(dite de Hamilton-Jacobi-Bellman) couplée à la première comme condition d’optimalité pour
le contrôle. Nous obtenons finalement le système d’équations (III.11), dont nous approchons
numériquement la solution par l’algorithme Deep Galerkin.

3.2.3 Méthode de lagrangien augmenté pour une formulation duale

Pour cette dernière méthode, nous travaillons sur une troisième formulation du problème de
transport optimal en champ moyen, qui est une formulation duale à la formulation en ter-
mes d’é.d.p. résolue par la deuxième méthode. Cette dualité permet d’obtenir un problème
équivalent63 au couple d’é.d.p., en termes de minimisation d’une somme de deux fonctionnelles
convexes, ce qui permet d’appliquer des algorithmes classiques d’optimisation convexe. En
l’occurence, nous reprenons l’algorithme ADMM (Alternating Direction Method of Multipliers,
voir [BPC+11]) qui consiste à minimiser alternativement les deux fonctionnelles, que l’on couple
au principe de la méthode Deep Galerkin, c.à.d. que l’on remplace les arguments des deux fonc-
tionnelles ainsi que les multiplicateurs de Lagrange du problème par des réseaux de neurones,
et que l’on applique un algorithme de descente de gradient stochastique pour entraîner alterna-
tivement les paramètres de chaque réseau de neurones. Cette méthode est décrite en détail dans
la Section III.3.3.

63Ces deux problèmes sont en dualité, et c’est le Théorème de Fenchel-Rockafellar (voir [Roc70], Théorème
31.1) qui nous incite à penser que les deux problèmes sont équivalents.
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4 Questions en suspens et perspectives

4.1 Limite hydrodynamique de systèmes de particules

Liens entre les différents problèmes. Les problèmes présentés dans la Section 1 de
cette introduction tournent majoritairement autour de trois questions, dépendant du processus
de Feller (Xt)t≥0 de générateur A, et d’une loi de départ à densité u0, que nous rappelons ici :

(i) limite hydrodynamique du N-BMP : existence d’une fonction F : R+×R −→ R telle
que la fonction de répartition empirique du N -BMP

FN (t, r) =
1

N

N∑
i=1

1{Xi
t≤r}

converge vers F ,

(ii) problème à frontière libre : existence d’une fonction u : R+×R −→ R et une frontière
b : (0,+∞) −→ R telle que

∂tu = A∗u+ u, pour x > bt,
u(t, x) = 0, pour x ≤ bt,∫ +∞

bt

u(t, x) dx = 1,

u(0, x) = u0(x),

(iii) problème inverse du premier temps de passage : existence d’une frontière b telle
que le temps d’arrêt

τb = inf{s > 0, Xs < bs}
soit de loi exponentielle E(1).

Les résultats les plus significatifs évoqués jusque-là concernant les liens entre ces trois prob-
lèmes, ainsi que le Théorème 1 démontré dans le Chapitre I basé sur [BF23a], sont résumés dans
la Figure 3 : on retrouve en gris clair les résultats concernant le cas du mouvement brownien;
en gris foncé, celui des diffusions régulières; et en noir, les cas plus généraux dont les hypothèses
ont été discutées dans la Section 1.4.2. En particulier, le Théorème 1 de [CCCS11], le Théorème
1 de [CCS22] puis le Théorème 1 de [BF23a] (Théorème 1) assurent ensemble l’existence de
solutions aux trois problèmes dans le cas où (Xt)t≥0 est une diffusion à coefficients réguliers et
bornés.

Une piste de recherche naturelle serait de poursuivre l’étude des équivalences entre ces prob-
lèmes dans un cadre général. En particulier, le problème à frontière libre (ii) n’est étudié, à notre
connaissance, que dans le cas des diffusions à coefficients réguliers; or on sait que le problème
(iii) admet des solutions pour une classe générale de processus, et que cela fournit une limite
hydrodynamique (problème (i)). On aimerait donc savoir si, comme dans les cas concernés par
[CCCS11], la frontière qui résout le problème (iii) donne également une solution du problème
à frontière libre (ii) correspondant dans un cadre plus général. De même, on pourrait chercher
à étudier ces liens pour des modèles faisant intervenir d’autres règles de sélection, comme ceux
mentionnés dans la Section 1.4.1 ([CDMGP16, Ata23] par exemple). L’écueil principal est celui
de la régularité des objets considérés : il semble par exemple difficile, partant simplement de
l’existence d’une limite hydrodynamique, de prouver directement que celle-ci permet de définir
une frontière régulière, qui permettrait d’en déduire l’existence de solutions fortes au problème
(ii).
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Figure 3: Limites hydrodynamiques, problèmes à frontière libre et problème inverse du premier
temps de passage

Une autre question est justement celle de la régularité de la frontière en fonction de celle
des trajectoires de (Xt)t≥0. Pour démontrer le Théorème 2, nous faisons par exemple deux
hypothèses supplémentaires par rapport au Théorème 1, à savoir la continuité des trajectoires
de (Xt)t≥0 (hypothèse (H4)) et celle de la frontière b (hypothèse (H5)). Pour toute une classe
de processus à trajectoires continues, à savoir les diffusions concernées par le Théorème D, la
frontière est effectivement continue; ce résultat se généralise-t-il à tous les processus à trajectoires
continues pour lesquels le problème inverse du premier temps de passage admet une solution ?

Enfin, nous pourrions également prendre en compte le quatrième problème, celui d’arrêt op-
timal (14) introduit par Ekström et Janson [EJ16] : sa correspondance n’est établie qu’avec le
problème (iii), et dans le cadre particulier du mouvement brownien standard; cette correspon-
dance pourrait s’étendre à des processus plus généraux.

Comportement en temps long du N-BMP. Une autre étude intéressante serait celle
du comportement en temps long du N -BMP et de sa limite hydrodynamique. Commençons par
les questions autour du comportement en temps long de la limite hydrodynamique du N -BMP,
c.à.d. que l’on passe d’abord à la limite N → +∞, puis l’on regarde le comportement de la
limite F (·, t) quand t tend vers l’infini. Rappelons que, dans le cadre du Théorème 1, cette
limite hydrodynamique est la loi du processus conditionné à rester au-dessus de la frontière b.
On peut donc se demander quels sont les comportements limites, quand t tend vers l’infini, de
F (·, t) et de la frontière bt.
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Lois quasi-stationnaires et quasi-limites. Nous avons déjà vu que, si ν est une loi quasi-
stationnaire pour le processus (Xt)t≥0 tué en 0, le N -BMP partant de la loi initiale ν⊗N admet
pour limite hydrodynamique la loi ν, le comportement asymptotique étant bien compris car la
frontière et la loi ne dépendent pas du temps. Si le processus (Xt)t≥0 est de plus homogène
en espace, on peut considérer la limite hydrodynamique pour le processus (X ′

t)t≥0 = (Xt +
αt)t≥0; en partant de cette même loi quasi-stationnaire pour (Xt)t≥0, nous obtenons une frontière
qui est une droite de pente α et une limite hydrodynamique qui est la translation de la loi
quasi-stationnaire le long de cette droite. Dans le cas du N -BBM par exemple, le problème à
frontière libre (2) qui caractérise la limite hydrodynamique admet des solutions sous la forme
de propagation d’onde de vitesse α, pour tout α ≥

√
2. Pour les obtenir, on étudie les lois

quasi-stationnaires du le mouvement brownien avec dérive −α, qui sont les lois à densité uα0
calculées plus haut (12). Ainsi, le problème à frontière libre (2) avec donnée initiale uα0 a pour
solution la frontière linéaire de pente α et la fonction uα définie par

∀t ≥ 0 ∀x ∈ R uα(t, x) = uα0 (x− αt).

Cependant, ce comportement est restreint aux lois de départ qui sont quasi-stationnaires,
alors que nous étudions la limite hydrodynamique partant d’une loi de départ quelconque. Nous
aimerions savoir si ces solutions sont attractives, au sens où, partant d’une loi quelconque,
la frontière b aurait une pente limite, et la limite hydrodynamique se rapprocherait, quand t
tend vers l’infini, de la loi obtenue par translation d’une loi quasi-stationnaire associée à cette
pente. En supposant que la solution du problème (2) converge effectivement vers un front
d’onde, Berestycki, Brunet et Derrida [BBD18] obtiennent pour le N -BBM un développement
asymptotique de la position de la frontière bt. Mais à ce jour, la question de la convergence vers
un front d’onde reste ouverte, même dans le cas brownien : Berestycki et Tough ont récemment
conjecturé64, par analogie avec les solutions de l’équation de F-KPP65, que la solution (u, b) du
problème (2) converge, après translation, vers la solution stationnaire u

√
2

0 de dérive minimale, si
et seulement si la queue de distribution de la loi initiale présente une décroissance suffisamment
rapide.

Notons enfin que dans le cas des abeilles browniennes [BBNP21, BBNP22]66, cette question
est déjà résolue. En effet, le problème à frontière libre (5) qui caractérise la limite hydro-
dynamique admet une unique solution stationnaire (F∞, b∞), qui est l’unique fonction propre
principale d’intégrale 1 du Laplacien sur un disque centré en 0, avec condition de Dirichlet ho-
mogène; le rayon du disque (qui caractérise ici la frontière libre) est choisi de manière à ce que
la valeur propre principale du Laplacien sur ce disque soit égale à 1. Berestycki, Brunet, Nolen
et Penington démontrent67 que, quelle que soit la loi de départ, la limite hydrodynamique des
abeilles browniennes converge uniformément vers cette solution stationnaire quand t tend vers
l’infini.

Limite hydrodynamique d’une loi stationnaire pour le N -BMP. L’autre point de vue que l’on
pourrait adopter serait de d’abord passer à la limite t → +∞, à N fixé, et d’étudier ensuite
l’objet obtenu. Cette question n’est étudiée, à notre connaissance, que dans deux contextes.

Le premier est à nouveau celui des abeilles browniennes. Dans [BBNP22], les auteurs dé-
montrent en effet l’existence, pour N suffisamment grand, d’une unique loi stationnaire ψN pour

64Voir [BT24], Conjecture 1.6.
65En effet, le problème (2) appartient à la même classe d’universalité que l’équation de F-KPP, et le comporte-

ment asymptotique de la frontière obtenus par [BBD18] sont les mêmes que ceux obtenus pour l’équation de
F-KPP par Bramson [Bra78, Bra83].

66Comme nous l’avons expliqué dans la Section 1.2, cela nous donne des indications sur le cas du N -processus
de Bessel branchant.

67Voir [BBNP21], Théorème 1.2.
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le modèle des abeilles browniennes à N particules, puis que cette suite de lois stationnaires con-
verge, quand N tend vers l’infini, vers la solution stationnaire du problème (5); ces différentes
convergences sont résumées dans le diagramme ci-dessous.

Abeilles browniennes XN Solution (u, b) de (5)

Loi stationnaire ψN Solution stationnaire (u∞, b∞)

[BBNP22], Théorème 1.2 t→∞

[BBNP22], Théorème 1.1

N→∞

[BBNP22], Théorème 1.3t→∞

[BBNP21], Théorème 1.2

N→∞

Plus récemment, Berestycki et Tough [BT24] ont établi des résultats analogues pour le N -
BBM. Nous avons déjà vu que cette fois, le système de particules n’a pas de comportement
stationnaire, puisqu’au contraire il est possible d’observer, au moins en choisissant convenable-
ment la condition initiale, un déplacement de front d’onde. En revanche, vu de sa particule la
plus basse, le N -BBM possède une loi stationnaire : rappelons que les positions des particules
sont notées Xi

t , et celle de la particule la plus basse mN
t ; Berestycki et Tough ont alors montré

que le processus (YNt )t≥0 défini par Y N,i
t = Xi

t −mN
t admet, pour tout entier N ≥ 1, une loi

stationnaire ψN . De plus, ils ont démontré un principe de sélection par le N -BBM, au sens
suivant : le problème à frontière libre (2) qui caractérise la limite hydrodynamique du N -BBM
admet plusieurs solutions de type front d’onde, données par les lois quasi-stationnaires du mou-
vement brownien avec dérive; chacune de ces lois quasi-stationnaire est une candidate pour la
loi limite des ψN , mais c’est en fait toujours celle de célérité minimale

√
2 qui est effectivement

obtenu, quelle que soit la loi de départ. Le diagramme obtenu est donc cette fois le suivant.

N -BBM vu de son
minimum YNt

u(t, · − bt), avec
(u, b) solution de (5)

Loi stationnaire ψN
Solution stationnaire

minimale u
√
2

0

[BT24], Théorème 1.1 t→∞

[DMFPSL19a], Théorèmes 1&2

N→∞

[BT24], Théorèmes 1.2&1.4

N→∞

Notons que la Conjecture 1.6 de Berestycki et Tough [BT24] pourrait en partie combler
la partie manquante de ce diagramme (pour les lois initiales dont la queue de distribution est
suffisamment petite). En revanche, il existe dans le cas brownien des loi initiales pour lesquelles
le diagramme ne commute pas (par exemple si l’on part d’une loi quasi-stationnaire uα0 , pour
α >

√
2).

Nous aimerions donc étudier l’existence de lois stationnaires pour le N -BMP : par exemple,
dans le cadre de processus de Lévy68, nous pouvons espérer que sous certaines hypothèses, le
N -BMP vu depuis sa position la plus basse admette un loi stationnaire, de même que le N -BBM.
Nous pourrions alors également étudier la convergence, quand N tend vers l’infini, de ces lois
stationnaires, et déterminer si l’on observe également un principe de sélection, comme démontré
par Berestycki et Tough dans le cas brownien.

68Si nous ne supposons par que le processus est homogène en espace, le processus (YN
t )t≥0 n’est plus markovien.
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Lien avec un modèle particulaire de type Fleming-Viot. Un comportement comparable à
celui décrit dans les paragraphes précédents est déjà observé pour une instance particulière
du modèle de Fleming-Viot [BHIM96], qui se décrit comme suit : on considère N particules se
déplaçant dans un certain domaine ouvert U ⊂ Rd fixé, indépendamment les unes des autres et
selon la trajectoire d’un processus donné (par exemple un mouvement brownien); dès que l’une
des particules sort de U , elle saute à la position de l’une des N − 1 autres particules, choisie
aléatoirement de manière uniforme.

Le comportement asymptotique de ce modèle (en temps et en taille de population) a été
étudié dans plusieurs contextes; il est analogue à celui du N -BBM dans le cas brownien, ce qui
laisse imaginer que cette analogie pourrait s’étendre aux cas plus généraux présentés plus bas.

• Le même type de diagramme que ceux obtenus plus haut dans le cas des abeilles browni-
ennes a été obtenu pour le modèle de Fleming-Viot pour un mouvement brownien sur un
domaine borné régulier de Rd (on peut donc choisir un disque centré en 0) : celui-ci admet
d’une part69 comme limite hydrodynamique la loi du mouvement brownien conditionné à
ne pas sortir de ce domaine, et d’autre part70, pour tout N ≥ 1, une unique loi station-
naire qui converge, quand N tend vers l’infini, vers la solution stationnaire (u∞, b∞) au
problème (5).

• De même, le modèle de Fleming-Viot pour le mouvement brownien avec dérive et tué en 0
se comporte comme le N -BBM. On peut appliquer le résultat de Villemonais [Vil14], qui
établit dans un contexte général que la limite hydrodynamique de ce modèle de Fleming-
Viot est, à t fixé, la loi du processus conditionné à ne pas être tué avant l’instant t ≥ 0; et
ce modèle admet71 également une loi stationnaire, à N fixé, qui converge, quand N tend
vers l’infini, vers la limite de Yaglom72 du mouvement brownien avec dérive tué en 0, qui
est la loi de densité u

√
2

0 . Comme dans le cas du N -BBM, le diagramme de convergence ne
commute pas : le modèle de Fleming-Viot sélectionne la loi quasi-stationnaire minimale,
alors que la convergence en temps long de la limite hydrodynamique dépend a priori de
la loi initiale.

• Plus généralement, le fait que la loi du processus sous-jacent, conditionnée à la non-
extinction, est la limite hydrodynamique du modèle de Fleming-Viot associé a été dé-
montré dans un contexte général [Vil14]. Il a aussi été démontré pour plusieurs types de
processus (Xt)t≥0 ayant une unique loi quasi-stationnaire ν que le modèle de Fleming-
Viot associé admet, à N fixé, une unique loi stationnaire νN , et que celle-ci converge vers
ν quand N tend vers l’infini [FM07, AFG11, TN22]. De plus, le même phénomène de
sélection que dans le cas du mouvement brownien a été mis en évidence dans le cas où
(Xt)t≥0 a plus d’une loi quasi-stationnaire. Il a par exemple été démontré dans les cas
du processus de Galton-Watson, de processus de naissance et de mort, et de diffusions
[AFGJ16, Vil15, CV21], que le modèle de Fleming-Viot converge encore73 vers la limite
de Yaglom du processus (Xt)t≥0.

69Voir [BHM00, GK04].
70Voir [BHM00].
71Voir [Tou23].
72Par définition (voir par exemple [MV12]), la limite de Yaglom d’un processus (Xt)t≥0 est à la fois la mesure

ν quasi-limite pour toutes les masses de Dirac, c.à.d. vérifiant pour tout état x

ν = lim
t→+∞

Px(Xt ∈ ·|τ0 > t),

et celle, parmi toutes les lois quasi-stationnaires pour (Xt)t≥0, qui donne la durée de vie moyenne Eν(τ0) minimale.
73Toujours au sens où il admet à N fixé une loi stationnaire qui converge vers ν quand N tend vers l’infini.
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• Nous renvoyons aux travaux de Groisman et Jonckheere pour une discussion détaillée sur
les liens entre ce modèle particulaire de Fleming-Viot et le N -BMP, ainsi que le principe
de sélection que nous avons décrit, qu’ils présentent en détail dans le cadre des processus
de Lévy [GJ19]. Ils démontrent également la correspondance exacte entre les solutions de
type front d’onde pour le problème (2) généralisé (c.à.d. en remplaçant le laplacien par
l’adjoint du générateur du processus de Lévy) et les lois quasi-stationnaires du processus
associé [GJ18].

Nous pourrions donc explorer à quel point l’analogie des comportements entre le modèle de
Fleming-Viot et leN -BMP, constatée dans le cas brownien, s’étend à des contextes plus généraux.

Autres questions. Nous mentionnons enfin des questions qui sont apparues au cours de
discussions ou de lectures, qui ont retenu notre attention sans que nous ayons le temps de les
étudier avant l’écriture de ce manuscrit.

• En étudiant le comportement asymptotique du N -BBM, Berestycki et Tough [BT24] ont
pu affaiblir l’hypothèse de positions de départ i.i.d.74. Il serait intéressant de vérifier si
leur démonstration utilisant la théorie du transport optimal pour construire un couplage
entre des N -BBM avec condition initiale i.i.d. ou non s’adapte au cas général du N -BMP.

• Nous nous demandons ce qu’il advient à l’échelle attendue pour les fluctuations : rappelons
le résultat (4) que nous obtenons au Théorème 1,

P
(
sup
r∈R

∣∣FN (t, r)− F (t, r)
∣∣ > N−β

)
≤ c2 e

−c1N
1−2β

3 ,

qui est valable pour β ∈
(
0, 12
)
. Dans le cas β = 1

2 , nous nous attendrions a priori à
observer une convergence en loi pour la différence

√
N(FN − F ).

• La question de la généralisation en dimension supérieure est naturelle, partant notamment
du modèle des abeilles browniennes [BBNP22]. Notons par exemple que la notion de
monotonie stochastique, nécessaire à notre démonstration, demande une adaptation dans
cas-là puisque l’ordre total disparaît. Cependant, l’approche utilisée dans [BBNP22], où
l’on se ramène à la dimension 1 en passant par la norme, pourrait éventuellement permettre
d’adapter certaines parties de notre preuve.

• L’hypothèse de monotonie stochastique faite sur le processus (Xt)t≥0 est un argument
important dans notre preuve, ainsi que dans la partie de celle de Klump et Savov [KS23]
portant sur l’unicité de la frontière solution du problème inverse du premier temps de
passage. Il est alors légitime de se demander si le N -BMP peut admettre une limite
hydrodynamique dans les cas où il existerait plusieurs solutions au problème inverse du
premier temps de passage, et si l’on observe alors un phénomène de sélection d’une frontière
particulière parmi les solutions du problème inverse du premier temps de passage.

4.2 Flot comonotone d’un processus markovien sur la droite réelle

Nous avons mentionné à la Section 2.3 le fait que, sous les hypothèses du Théorème 3 (mono-
tonie stochastique et propriété de Feller), les résultats du Chapitre II combinés au Théorème
1 de [LJR04] assurent l’existence d’un flot stochastique associé à la famille de semi-groupes

74Voir [BT24], Théorème A.1.
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((P̆
(n)
t )t≥0)n≥1, pour lequel il serait intéressant d’obtenir des résultats de régularité supplémen-

taires (comme par exemple la monotonie en espace et le caractère càdlàg en espace et en temps).
D’autre part, étant donné un processus (Xt)t≥0 solution d’une é.d.s.

dXt = β(Xt) dt+ σ(Xt) dBt,

avec des hypothèses appropriées sur les coefficients β et σ, on peut construire un flot de solutions
fortes à cette é.d.s. à partir des trajectoires d’un unique mouvement brownien standard (voir
[Kun97, Kun19]). Nous supposons que, dans ce contexte, le flot comonotone coïncide avec le
flot de solutions de l’é.d.s., mais nous n’avons pas chercher à approfondir cette question et la
gardons en tête pour de futurs travaux.

Enfin, une question naturelle serait d’étudier la réalisabilité de la propriété de monotonie
stochastique pour un processus de Markov général sans supposer la propriété de Feller75, dans
l’esprit des résultats obtenus par Kellerer76.

4.3 Transport optimal en champ moyen

Les trois méthodes numériques que nous avons proposées fournissent de bons résultats dans les
cas où nous les avons mises en œuvre : en particulier, elles approchent correctement la solution
explicite connue dans le cas où la dérive dépend linéairement du contrôle, et le coût de manière
quadratique77; et elles permettent d’observer que les agents se répartissent dans l’espace pour
coopérer lorsqu’ils sont soumis à un effet de congestion rendant le déplacement plus coûteux
dans les zones denses78.

Une piste de recherche dans la continuité du travail mené serait d’explorer plus avant le
choix des hyperparamètres pour améliorer la performance des méthodes proposées, notamment
en grande dimension.

Enfin, la question de la résolution théorique du problème de transport optimal en champ
moyen est une piste de recherche naturelle, qui ne donne lieu à ce jour à des résultats que
dans des cas particuliers relativement restreints. Il serait intéressant d’étudier ce problème,
notamment en revenant à une version pénalisée sous la forme du problème de contrôle en champ
moyen : ce dernier problème est étudié sur le plan théorique79, et l’on pourrait espérer étendre
la méthode proposée par Hernández et Tangpi [HT23] pour approcher le problème de transport
optimal en champ moyen par une version pénalisée, et en déduire l’existence de solutions.

75Nous expliquons à la Section C.1 pourquoi nous pensons qu’il manque un argument dans la démonstration
proposée dans [KKO77] (Théorème 5).

76Voir [Kel72], Théorème 1. Pour une version en anglais, nous renvoyons au Théorème 2.15 de [BJ22], dont
les auteurs démontrent également, entre autres choses, l’existence, pour une famille donnée (µt)t≥0 de lois sur R
croissante pour l’ordre stochastique, d’un processus markovien (Xt)t≥0 à trajectoires croissantes presque sûrement
et tel que la loi de Xt est µt, pour tout t ≥ 0.

77Voir Section III.4.1.
78Voir Section III.4.2.
79Voir [BFY13, AL15].
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Chapter I

Hydrodynamic limit of the N-BMP

This chapter contains the main part of [BF23a], that can be found at https://hal.science/
hal-04296610. Appendices A and B contain some additional details to this work.

I.1 Introduction

We consider a branching-selection stochastic process that consists in a finite family of N ≥ 2
particles moving on the real line in continuous time. At rate 1, each particle gives birth to a
new particle at its current location (branching), and, in order to preserve a constant number
of particles, the particle currently located at the lowest position1 is removed instantly (selec-
tion). Between such branching-selection events, particles move independently according to a
continuous-time Markov process X on R.

This process belongs to a family of models introduced by Brunet and Derrida [BD97],
which then gave rise to a series of related works (see Section I.1.2 for a bibliographical dis-
cussion). Among these models, the so-called N -branching Brownian motion (N -BBM), where
the underlying Markov process is the standard Brownian motion on R, fits into our setting. In
[DMFPSL19a, DMFPSL19b], De Masi, Ferrari, Presutti and Soprano-Loto studied the hydro-
dynamic limit of the N -BBM (fixed time t, with N → +∞) and showed that it can be described
as the solution of a free boundary problem. Our main goal is to extend this result to the case
of a general Markov process on R. Accordingly, we call this process the N -branching Markov
process (N -BMP).

I.1.1 Statement of the main results

Let X = (Xt)t≥0 be a time-homogeneous Markov process on R (in the sense of [RY99], Chap-
ter III) with transition kernel (Pt)t≥0, defined on a filtered measurable space (Ω,F , (Ft)t≥0)
equipped with a family of probability measures (Qx)x∈R. We consider a probability measure µ0
on R and denote by Qµ0 the probability measure on (Ω,F) in the case where the distribution
of X0 is µ0. As usual, we also denote by (Pt)t≥0 the semigroup of X, which is defined on the
space Bb of bounded real-valued Borel functions on R by

∀f ∈ Bb ∀t ≥ 0 ∀x ∈ R Ptf(x) = Ex(f(Xt)) =

∫
R
f(y)Pt(x, dy).

We will also write Cb (resp. C0) for the set of continuous bounded (resp. vanishing at ±∞)
real-valued functions on R.

Let b : (0,+∞) −→ R be an upper semi-continuous curve, let also2 b0 = lim supt→0+ bt ∈
1If several particles are simultaneously located at the lowest position, ties are broken arbitrarily.
2This way, b is upper semi-continuous on [0,+∞).
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[−∞,+∞), and define3

τb = inf{s ≥ 0, Xs < bs}.

Our main results relate the hydrodynamic limit of the N -BMP to the existence of a curve b
(which depends on µ0) satisfying the following assumption:

(i) for all t > 0, Qµ0(τb > t) = e−t .

In other words, (i) means that, under Qµ0 , τb follows the exponential distribution E(1). We
write for r ∈ R

U(t, r) = Qµ0(Xt ≤ r, τb > t),

so that under Assumption (i), the function et U(t, ·) is the c.d.f. of X conditioned on staying
above the curve b up until t, that is

et U(t, r) = Qµ0(Xt ≤ r|τb > t).

Moreover, we rely on the following two additional assumptions on X:

(ii) X is a Feller process4,

(iii) X is stochastically non-decreasing, i.e. for every non-decreasing bounded function f , x ≤ y
and t ≥ 0, we have Ptf(x) ≤ Ptf(y).

We make the usual assumption that the filtration (Ft)t≥0 is complete and right-continuous
and that the process X takes values in the set D(R+,R) of real-valued càdlàg functions on R+

(see for instance Theorem 19.15 in [Kal02]). In this context, τb is a stopping time5 such that,
on {τb < +∞}, we have Xτb ≤ bτb .

Given an integer N ≥ 2, we denote by X1
t , · · · , XN

t the positions6 of the particles in the
N -BMP at time t ≥ 0, and by FN (t, ·) the empirical c.d.f. of the N -BMP:

FN (t, r) =
1

N

N∑
i=1

1{Xi
t≤r}.

We will always consider the case where the initial positions of the particles are i.i.d. with
common distribution µ0, and we denote by P the corresponding probability measure governing
the N -BMP.

3Notice that with our assumptions, we have

τb = τ ′b := inf{s > 0, Xs < bs},

which is more commonly used in the literature concerning the inverse first-passage time problem. Let us prove
this by contradiction: assume that τb < τ ′b. Then we necessarily have X0 < b0 and τ ′b > 0. Since X has càdlàg
paths, we then have Xt < b0 for all t small enough. Recalling that b0 = lim sup

t→0+
bt, there exists a non-increasing

sequence (tk)k s.t. tk → 0 and btk → b0. Now by right-continuity, we have Xtk → X0, so that X0 < b0 implies
that Xtk < btk for k large enough. This proves τ ′b = 0, which is a contradiction.

4By Feller process, we mean that its semigroup is Feller: it maps C0 into C0 and is strongly continuous (see
§III.2 in [RY99]). We will also use that these semigroups map Cb into Cb (which we can deduce from the former
assumption by writing any bounded continuous function as a limit of bounded functions that vanish at infinity).

5See Section A.2.1.2 for a proof of this fact.
6The details on how we set indices for the particles are discussed in Section A.1.2.
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Theorem I.1. Consider a time horizon T > 0, and assume (i),(ii) and (iii) are fulfilled. Then
for every t in [0, T ],

∥∥FN (t, ·)− et U(t, ·)
∥∥
∞ goes a.s. to 0 as N goes to infinity, where ∥·∥∞

is the supremum norm on Bb. Furthermore, for every β ∈
(
0, 12
)
, there exist positive constants

c1, c2 > 0 depending only on β and T such that for all N , we have

P
(∥∥FN (t, ·)− et U(t, ·)

∥∥
∞ > N−β

)
≤ c2 e

−c1N
1−2β

3 . (I.1)

A natural question is then whether, as N goes to infinity, the trajectory of the lowest particle
position in the N -BMP approaches b. We investigate this question in Theorem I.2. To state
our result, we need an additional assumption on X, known in the literature as Ray’s estimate:
denote by τy the (downwards) crossing time of y by X, i.e.

τy = inf{s ≥ 0, Xs < y},

and assume that:

(iv) for all real numbers x > y and κ > 0, we have

Qx(τy ≤ t) = o(tκ), (I.2)

(v) the curve b is continuous on (0,+∞).

Let mN
t = min

1≤i≤N
Xi
t be the lowest particle position at time t.

Theorem I.2. Consider 0 < t0 < T and assume (i) to (v) are fulfilled. Then, almost surely, the
trajectory t 7−→ mN

t converges to the curve t 7−→ bt, uniformly on [t0, T ] as N goes to infinity.
Furthermore, for any ε > 0 and κ > 0 there exists a constant C > 0 (depending on ε, κ, T and
also on X) such that for all N , we have

P

(
sup

t∈[t0,T ]
|mN

t − bt| > ε

)
≤ CN−κ. (I.3)

In addition, these results still hold with t0 = 0 provided that b is continuous at 0.

I.1.2 Discussion

I.1.2.1 Assumptions

Our initial understanding of Assumption (i) was as a probabilistic reformulation of an existence
result for a free boundary problem, as discussed in the next paragraph. After (almost) completing
the present manuscript, we realized that Assumption (i) had already been studied in the context
of the so-called inverse first-passage time problem, for which a substantial body of literature
exists; our main reference is Klump and Savov [KS23], whose introduction contains an overview
of the subject and relevant works. In [KS23], it is proved that Assumption (i) is satisfied for
every Feller process such that Qµ0(Xt ∈ ·) is diffuse for all t and such that for all upper semi-
continuous curve b′ : (0,+∞) −→ R, Qµ0(τb′ = τ̃b′) = 1, where τ̃b′ = inf{s ≥ 0, Xs ≤ bs}; it is
also proved that these assumptions are satisfied by a wide class of Lévy processes and diffusion
processes.

One can also understand Assumption (i) as equivalent (at least at a heuristic level, we refrain
from giving a precise mathematical statement here) to the existence of a solution to the following
problem: {

∂tu(t, x) = A∗u(t, x) + u(t, x), x > bt,
u(t, x) = 0, x ≤ bt,

(I.4)
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where u(t, ·) is a probability density function, A∗ is the adjoint of the infinitesimal generator
of X, and b is part of the problem as a free boundary. In the case where X is a standard
Brownian motion, so that A∗ = A = 1

2∂
2
x, this problem has been solved by Berestycki, Brunet

and Penington in [BBP19] and by Lee7 in [Lee18].
Another situation in which we know that Assumption (i) is verified is the case of Markov

processes starting from a quasi-stationary distribution on [0,+∞), in which case b is constant: it
is well-known that in this case, the first crossing time of the origin is exponentially distributed8.
Various authors have given some conditions under which such distribution exist, starting with
the case of the Brownian motion with negative drift [MSM94], followed by more general one-
dimensional diffusion (see [CMSM13] and references therein). Several conditions have also been
given for Lévy processes [KP06, GJ18, Yam23].

Assumption (ii) (Feller property) is quite classical for Markov processes and we do not discuss
it any further.

Assumption (iii) (stochastic monotonicity) is automatically verified for Feller processes with
continuous paths as well as Lévy processes (see [BF23b] for a more detailed discussion about
this assumption).

Assumption (iv) (Ray’s estimate) is verified for any Feller process with continuous paths (see
Section 3.8 in [IM12], with a method from Ray [Ray56]).

Assumption (v) is, to our knowledge, established for standard Brownian motion (see [BBP19,
CCCS11]) and, more generally, diffusions with smooth coefficients [CCS22]).

I.1.2.2 Related works

The hydrodynamic limit shown in Theorem I.1 has already been established by De Masi, Ferrari,
Presutti and Soprano-Loto for the N -BBM in [DMFPSL19a, DMFPSL19b] (allowing a more
general non-local branching mechanism in [DMFPSL19b]), with a control upon the probabilities
of deviations for the supremum norm given by a negative power of N . The multi-dimensional
case (the so-called Brownian bees) has also been studied by Berestycki, Brunet, Nolen and
Penington in [BBNP22], where this time the killed particle is the furthest away from the origin.
Taking Euclidean norms of particles’ positions, this model leads to an N -BMP driven by the
opposite of a Bessel process. The authors of [BBNP22] not only obtain the hydrodynamic limit,
but also a convergence result analogous to our Theorem I.2, though only at a fixed time t instead
of the uniform convergence over [t0, T ].

As in [DMFPSL19a, DMFPSL19b, BBNP22], our proof relies on a comparison between the
N -BMP and auxiliary stochastic processes. However, our version of these processes is based
on a different definition where the curve b plays a central role. This approach allows us to get
improved bounds (stretched exponential vs. negative power) for the hydrodynamic limit, thus
allowing us to also prove the uniform convergence of the lowest position, extending the strategy
used in [BBNP22]9. It is worth mentioning that the result obtained in Theorem I.1 is universal:
the constants that control the deviations of the distribution of the N -BMP do not depend on
the underlying Markov process X or the boundary b (as soon as the assumptions are verified).
However, in Theorem I.2, the constants depend on X both through Ray’s estimate and the
moduli of continuity of b.

7To be precise, the former prove the existence of global solution for (I.4) with A = 1
2
∂2
x, while the latter proves

in [Lee18] the existence of local solutions to a more general version of the free boundary problem corresponding
to the version of the N -BBM with non-local branching that appears in [DMFPSL19b].

8See for instance [CMSM13] Theorem 2.2. Notice that we might need to rescale the process in time to obtain
the exponential distribution with parameter 1.

9For this last problem, the negative power bound we obtain comes from the use of Ray’s estimate, which holds
for very general Markov processes; in the Brownian case, our strategy would lead to a stretched exponential
bound by using the stronger control on (I.2) available in this specific case.
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In addition to these works, the hydrodynamic limit has also been investigated for a variety of
branching-selection systems with a different selection and/or branching mechanism, e.g. [DR11,
GJM20, GSL21, Ata23], often in connection with free boundary problems.

I.1.3 Outline of the proof

To establish the hydrodynamic limit in [DMFPSL19a, DMFPSL19b, BBNP22], a key idea is
to compare the particle process with stochastic barriers in which selection is either delayed or
anticipated so that it occurs at fixed times rather than at the branching times. Here we use a
different approach that takes advantage of the assumed existence of a curve b satisfying condition
(i), and compare the N -BMP to another process that we call the b-BMP. To be specific, starting
from n i.i.d. initial positions with distribution µ0, the b-BMP is obtained by running a (dyadic)
branching Markov process (BMP) based on the dynamics of X, while removing (or "killing")
particles as soon as they cross the moving boundary b. When b satisfies condition (i), the many-
to-one formula (see Lemma I.A below) implies that the expected population size of the b-BMP
at any given time t is equal to n, since the exponential growth due to branching is, on average,
exactly offset by the exponential decay due to killing below b while starting with distribution
µ0. This suggests that the b-BMP starting with n = N particles should in some sense be close
to the N -BMP, where selection keeps the population size exactly equal to N .

The b-BMP turns out to be more tractable than the N -BMP, since the way particles are
removed in the b-BMP does not involve the complicated interaction implied by the N -BMP
selection mechanism10. When the initial size n is large, we are able to prove in Proposition I.1
that, for the b-BMP at time t, with high probability, the population size is indeed of order n,
and the empirical distribution of particle positions is close to Qµ0(Xt ∈ ·|τb > t) (we actually
prove explicit, non-asymptotic bounds).

Our idea is then to bound the N -BMP X between two copies X+,X− of the b-BMP starting
respectively with n = ⌈N(1+δ)⌉ and n = ⌊N(1−δ)⌋ particles. More precisely, in Proposition I.4,
we build a coupling between X and X+,X− in such a way that, provided that #X+

s ≥ N for all
s ≤ t, one has Xt ≼ X+

t , and provided that #X−
s ≤ N for all s ≤ t, one has X−

t ≼ Xt, where,
given two real-valued tuples x, y (possibly with different sizes), x ≼ y means that, for all r in R,
we have #{i, xi ≥ r} ≤ #{i, yi ≥ r}. The stochastic monotonicity (Assumption (iii)) is key to
the construction of the coupling.

Then, thanks to our control on the population size of the b-BMP, we are able to prove
in Proposition I.3 that, given a finite time horizon T , for large N , with high probability, the
population size of X+ (resp. X−) remains above (resp. below) N over the time-interval [0, T ],
for suitably small values of δ. In turn, this allows us to compare the empirical distribution of
particles within the N -BBM at time t to Qµ0(Xt ∈ ·|τb > t), leading to Theorem I.1.

The proof of Theorem Theorem I.2 then combines the result of Theorem I.1 together with
Ray’s estimate to control the difference between bt and mN

t . Our proof is similar in spirit to that
of Berestycki, Brunet, Nolen and Penington in [BBNP22] (namely Section 4.2 about the proof
of their Proposition 1.6). Compared to [BBNP22], we make the most of our improved bounds
to obtain uniform convergence, even though we are using a weaker control on the trajectories of
X (given by Ray’s estimate).

I.1.4 Organization of the paper

The rest of the paper is organized as follows. We start by studying the b-BMP and the stochastic
barriers in Section I.2, where we prove a hydrodynamic limit result for the b-BMP (Proposi-

10Such an observation is not new: with b a suitably chosen linear boundary, it plays a substantial role in the
study the long-time behaviour of the N -BBM [Mai16] or the N−BRW (branching random walk) [BG10].
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tion I.1) and then deduce Proposition I.2. In this section we also study the size of the b-BMP
in order to prove Proposition I.3. In Section I.3, we prove Proposition I.4 (up to some technical
results that we postpone to the appendices) and deduce Theorem I.1. Finally, in Section I.4 we
prove Theorem I.2 thanks to the additional regularity Assumptions (iv) and (v).

Appendix A is devoted to technical arguments used to prove the existence of a coupling
between the N -BMP and its stochastic barriers. More precisely in Section A.1, we build on
the bases given by Ikeda, Nagasawa and Watanabe in [INW68b] to show some results about
the pasting of coupled Markov processes, which we use in Section A.2 to formally construct our
coupling and show that it has the desired properties. Appendix B contains a technical lemma
on the geometric distribution used in the main proofs of the paper.

I.2 Study of the b-BMP

I.2.1 Hydrodynamic limit of the b-BMP

Recall the definition of the (dyadic) branching Markov process (BMP), a special case of the
class of processes studied in [INW68a]: we have a finite number of particles on the real line
following independent trajectories of the Markov process X; each particle branches at rate
1 independently of the others, giving birth to another particle at the same location, which
immediately starts to follow yet another independent trajectory of the Markov process X, and
so on. The corresponding b-BMP is obtained by removing particles as soon as they cross the
moving boundary b.

To be more precise, let us denote by X a BMP starting at time 0 with a single particle
whose location follows the distribution µ0, and let NX

t denote the population size of X at
time t. By identifying the trajectory of a particle before its birth to that of its parent, we can
consider, for each j = 1, . . . ,NX

t , the trajectory (Xj
s )s≥0 of the j−th particle11 at time t, and the

corresponding crossing time τ jb of the boundary. The number of particles in the corresponding
b-BMP whose locations are above r at time t, is then given by

χt(X, r) =

NX
t∑

j=1

1{Xj
t>r,τ

j
b>t}

.

We now recall the many-to-one lemma, which we state here in the version that will be useful
throughout the paper (see Lemma 1 and Section 4.1 in [HR17]).

Lemma I.A (Many-to-one lemma). Suppose that X = (Xi
t)t≥0,1≤i≤NX

t
is a BMP starting from

one particle with distribution µ0, and let f : D([0, t],R) −→ R be a bounded measurable function
on the set of càdlàg functions from [0, t] to R, for some positive time t. Then we have

E

NX
t∑

i=1

f(Xi
[0,t])

 = et Eµ0(f(X[0,t])). (I.5)

Defining G(t, r) for r in R and t ≥ 0 by

G(t, r) = 1− et U(t, r) = etQµ0(Xt > r, τb > t) = Qµ0(Xt > r|τb > t), (I.6)

we deduce from the many-to-one lemma (Lemma I.A) that, for r in R and t ≥ 0,

E(χt(X, r)) = G(t, r). (I.7)
11The particle present at time 0 is given number 1; successively born particles are then numbered by birth

order. The quantities we consider are in fact independent of which numbering scheme we adopt.
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Now let X1,X2, . . . denote an i.i.d. sequence of copies of X, so that, for all n ≥ 1, X1, . . . ,Xn

joined together form a BMP starting with n particles. Accordingly, define the population sizes
N i
t , the positions (Xij

t )1≤j≤N i
t

and the crossing times (τ ijb )1≤j≤N i
t

corresponding to Xi, for i ≥ 1,
and set

Gn(t, r) =
1

n

n∑
i=1

χt(X
i, r),

so that Gn is the complement of the empirical c.d.f. of a b-BMP starting from n particles.
Given (I.7) and the fact that the random variables χt(X1, r), χt(X

2, r), . . . are i.i.d., the
law of large numbers shows that G(t, r) is the limit of Gn(t, r) as n goes to infinity, so that
the hydrodynamic limit of the b-BMP can be identified as the underlying Markov process X
conditioned on not crossing the boundary. The following result provides a much more precise
control on the difference between Gn and G, with quantitative non-asymptotic bounds on the
sup-norm ∥Gn(t, ·)−G(t, ·)∥∞.

Proposition I.1. Consider a time horizon T > 0, and let c3 = − ln(1 − e−T ) > 0; for all t ∈
[0, T ], let C(t) = 2 e2t− et. Then for any η > 0, t ∈ [0, T ], n ≥ N0 = N0(η, t) = max

(
8C(t)

η2
, 2

)
and α ∈

(
0, 12
)
, we have the following bound:

P (∥Gn(t, ·)−G(t, ·)∥∞ > η) ≤ 16n2 e−
n1−2αη2

32 +32 eT n2 e−c3n
α
. (I.8)

Invoking the Borel-Cantelli lemma, an immediate corollary of Proposition I.1 is that, for
all t ≥ 0, almost surely, limn→+∞ ∥Gn(t, ·)−G(t, ·)∥∞ = 0. As another corollary, we have the
following bound on the total population size of the b-BMP.

Corollary I.1. Let X = (Xij
t , 1 ≤ i ≤ n, 1 ≤ j ≤ N i

t , 0 ≤ t ≤ T ) be a BMP starting from n
particles independently distributed according to µ0, and let Nt be the population size at time t of
the b-BMP made from X . Then12 for any η > 0, t ∈ [0, T ], n ≥ N0(η, t) and α ∈

(
0, 12
)
, we

have
P (|Nt − n| > nη) ≤ 16n2 e−

n1−2αη2

32 +32 eT n2 e−c3n
α
. (I.9)

Remark I.1. Note that:

• The exponential decay is driven by universal constants, in the sense that they depend on T
but not on the initial distribution µ0 nor on the choice of the Markov process that drives
the BMP.

• The fact that a b-BMP starting from n particles is the joining of n independent copies of
b-BMPs starting with one particle is key to the proof of the proposition, and this is why we
study this process rather than studying the N -BMP directly.

• Our proof is an adaptation of the proof of Theorem 12.4 in [DGL96], which is a quantitative
version of the Glivenko-Cantelli theorem, using symmetrization ideas introduced by Dudley
[Dud78] and Pollard [Pol84]. Here, we adapted this proof to the context of branching
Markov processes.

Proof of Proposition I.1.
Step 1. Symmetrization by a second load of BMPs.

Fix an integer n and η > 0, let X̃1, · · · , X̃n be n other independent (between themselves
and from the Xi) copies of X, and use the tildes in the notation for all random objects linked

12The definition of N0 is given in Proposition I.1.
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with them. Also write X = (X1, · · · ,Xn) and X̃ = (X̃1, · · · , X̃n). Let us first prove that for

n ≥ 8C(t)

η2
, we have

P (∥Gn(t, ·)−G(t, ·)∥∞ > η) ≤ 2P
(∥∥∥Gn(t, ·)− G̃n(t, ·)

∥∥∥
∞
>
η

2

)
. (I.10)

To this end, define the real-valued random variable r∗ by

r∗ =

{
inf{r ∈ R, |Gn(t, r)−G(t, r)| > η} if the set is not empty,
0 otherwise.

Note that r∗ is X -measurable. First we have

P
(∥∥∥Gn(t, ·)− G̃n(t, ·)

∥∥∥
∞
>
η

2

)
≥ P

(
|Gn(t, r∗)− G̃n(t, r∗)| > η

2

)
≥ P

(
|Gn(t, r∗)−G(t, r∗)| > η,

|G̃n(t, r∗)−G(t, r∗)| < η

2

)
.

Then we condition on X and use that both Gn(t, r∗) and G(t, r∗) are X -measurable to get

P
(∥∥∥Gn(t, ·)− G̃n(t, ·)

∥∥∥
∞
>
η

2

)
≥ E

(
1{|Gn(t,r∗)−G(t,r∗)|>η}P

(
|G̃n(t, r∗)−G(t, r∗)| < η

2

∣∣∣X ))
. (I.11)

Assume that
P
(
|G̃n(t, r∗)−G(t, r∗)| < η

2

∣∣∣X )
≥ 1

2
a.s. (I.12)

From (I.11) and (I.12), one has

P
(∥∥∥Gn(t, ·)− G̃n(t, ·)

∥∥∥
∞
>
η

2

)
≥ 1

2
P (|Gn(t, r∗)−G(t, r∗)| > η ) ,

and, noting that |Gn(t, r) − G(t, r)| is greater than η for some r in R if and only if it is for
r = r∗, (I.10) follows. We now prove (I.12). Since r∗ is X -measurable, while X̃1, · · · , X̃n are
i.i.d. copies of X independent from X , we have

E(G̃n(t, r∗)|X ) = G(t, r∗)

and

V(G̃n(t, r∗)|X ) =
1

n
V

NX
t∑

j=1

1{Xj
t>r

∗,τ jb>t}

∣∣∣X
 ,

where X is assumed to be independent from X . We can then bound the sum by NX
t , which

follows the geometric distribution G(e−t), and thus we have

V(G̃n(t, r∗)|X ) ≤ 1

n
E
(
(NX

t )
2
)
=
C(t)

n
,

where C(t) = 2 e2t− et. By Chebyshev’s inequality, we obtain

P
(
|G̃n(t, r∗)−G(t, r∗)| < η

2

∣∣∣X )
≥ 1− 4C(t)

nη2
,
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and under the condition n ≥ 8C(t)

η2
, the conditional probability is indeed greater than

1

2
.

Step 2. Second symmetrization with random signs.
Let ε1, · · · , εn be i.i.d. Rademacher random variables independent from X and X̃ . Since

χt(X
i, r) and χt(X̃i, r) have the same distribution and are independent for every real number r,

χt(X
i, r) − χt(X̃

i, r) and εi

(
χt(X

i, r)− χt(X̃
i, r)

)
also have the same distribution, hence so do∥∥∥Gn(t, ·)− G̃n(t, ·)

∥∥∥
∞

and

∥∥∥∥∥ 1n
n∑
i=1

εi

(
χt(X

i, ·)− χt(X̃
i, ·)
)∥∥∥∥∥

∞

. Then

P
(∥∥∥Gn(t, ·)− G̃n(t, ·)

∥∥∥
∞
>
η

2

)
= P

(∥∥∥∥∥ 1n
n∑
i=1

εi

(
χt(X

i, ·)− χt(X̃
i, ·)
)∥∥∥∥∥

∞

>
η

2

)
,

and we can now use the triangle inequality and the union bound to obtain

P

(∥∥∥∥∥ 1n
n∑
i=1

εi

(
χt(X

i, ·)− χt(X̃
i, ·)
)∥∥∥∥∥

∞

>
η

2

)

≤ P

(∥∥∥∥∥ 1n
n∑
i=1

εiχt(X
i, ·)
∥∥∥∥∥
∞

>
η

4

)
+ P

(∥∥∥∥∥ 1n
n∑
i=1

εiχt(X̃
i, ·)
∥∥∥∥∥
∞

>
η

4

)

= 2P

(∥∥∥∥∥ 1n
n∑
i=1

εiχt(X
i, ·)
∥∥∥∥∥
∞

>
η

4

)

and thus

P
(∥∥∥Gn(t, ·)− G̃n(t, ·)

∥∥∥
∞
>
η

2

)
≤ 2P

(∥∥∥∥∥ 1n
n∑
i=1

εiχt(X
i, ·)
∥∥∥∥∥
∞

>
η

4

)
. (I.13)

Step 3. Conditioning on X and using Hoeffding’s inequality.
We have to bound the r.h.s. in (I.13). The main issue is that we have to estimate a supremum

over R. However, conditionally on X , we actually take the supremum over a finite number of
random variables (only the εi remain random), which enables us to use a union bound.

To see this, let us consider n realizations x1, · · · , xn of the BMPs X1, . . . ,Xn, with respective

population sizes nit at time t, and nt =
n∑
i=1

nit the total size of the population, so that particles

present at time t are indexed by pairs (i, j) with 1 ≤ i ≤ n and 1 ≤ j ≤ nit. Ordering particles
according to their position at time t leads to an ordering of the pairs of the form (ik, jk), for
1 ≤ k ≤ nt, such that the sequence (xikjkt )1≤k≤nt is non-decreasing. Then, as r runs over the real

line,
n∑
i=1

εiχt(x
i, r) =

nt∑
k=1

εik1{xikjk
t >r,τ

ikjk
b >t} takes at most nt+1 values, because each indicator

function can change its value at most once (and it may never do, if the crossing time of the

boundary is less than t). Thus taking the supremum over R of the values of
n∑
i=1

εiχt(x
i, r) is in

fact taking the maximum over nt + 1 random variables. We obtain that the event on the r.h.s.
of (I.13), conditionally on X , is a finite union, and we dominate its conditional probability by
the number of events in the union times the maximum probability of one of these events, which
can again be written as a supremum over R:

P

(
sup
r∈R

∣∣∣∣∣ 1n
n∑
i=1

εiχt(X
i, r)

∣∣∣∣∣ > η

4

∣∣∣X )
≤ (Nt + 1) sup

r∈R
P

(∣∣∣∣∣ 1n
n∑
i=1

εiχt(X
i, r)

∣∣∣∣∣ > η

4

∣∣∣X )
, (I.14)
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where Nt =
n∑
i=1

N i
t . Now we use the Hoeffding inequality for sums of independent bounded

random variables (see for instance Theorem 8.1 in [DGL96]) to bound the probability in the
r.h.s. of (I.14), uniformly with respect to r: conditionally on X , εiχt(Xi, r) is bounded by ±N i

t

and centered, hence, setting At := exp

− n2η2

32
n∑

i=1
(N i

t )
2

, we have that

P

(∣∣∣∣∣ 1n
n∑
i=1

εiχt(X
i, r)

∣∣∣∣∣ > η

4

∣∣∣X )
≤ 2At.

Now since the bound is uniform with respect to r, (I.14) leads to

P

(
sup
r∈R

∣∣∣∣∣ 1n
n∑
i=1

εiχt(X
i, r)

∣∣∣∣∣ > η

4

∣∣∣X )
≤ 2(Nt + 1)At. (I.15)

Step 4. Final domination.
Thanks to steps 1 to 3, we obtain by concatenating (I.10), (I.13) and (I.15)

P (∥Gn(t, ·)−G(t, ·)∥∞ > η) ≤ 8E ((Nt + 1)At) . (I.16)

Now we fix K > 0 and split the r.h.s. depending on whether all N i
t are smaller than K or not.

• On {N i
t ≤ K,∀i}, then At is smaller than e−

nη2

32K2 and Nt smaller than nK, so that

E
(
(Nt + 1)At1{N i

t≤K,∀i}

)
≤ (nK + 1) e−

nη2

32K2 . (I.17)

• For the complement, we use the union bound and get

E
(
(Nt + 1)At1{N i

t≤K,∀i}c
)
≤ E

((
n∑
i=1

N i
t + 1

)
At

n∑
i=1

1{N i
t>K}

)
,

then expand the sums and use independence: the N i
t are i.i.d. random variables with

geometric distribution and At is smaller than 1, so we obtain

E

((
n∑
i=1

N i
t + 1

)
At

n∑
i=1

1{N i
t>K}

)
≤ nP(Γ > K) + nE(Γ1{Γ>K}) + n(n− 1)E(Γ)P(Γ > K), (I.18)

where Γ has geometric distribution with parameter e−t. Finally we use Lemma B.1 to get

E
(
(Nt + 1)At1{N i

t≤K,∀i}c
)
≤ n e−c(t)K +n(K + 2) et e−c(t)K +n(n− 1) et e−c(t)K , (I.19)

with c(t) = − ln(1− e−t) > 0.

We now take K = nα with α ∈
(
0, 12
)
, and use that c(t) ≥ c3 := c(T ) and et ≤ eT to get the

following bound (which is uniform with respect to t): then (I.19) gives for all n

E
(
(Nt + 1)At1{N i

t≤K,∀i}c
)
≤ (n+ n(nα + 2) eT +n(n− 1) eT ) e−c3n

α
. (I.20)
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Summing up step 4, we take (I.16), (I.17) and (I.20) together to obtain

P (∥Gn(t, ·)−G(t, ·)∥∞ > η) ≤ 8(n1+α+1) e−
n1−2αη2

32 +8(n+n(nα+2) eT +n(n− 1) eT ) e−c3n
α
.

Now, as soon as n ≥ 2 (which is implied by the condition on n obtained in step 1 when η is small
anyway), we can simplify this bound using n1+α+1 ≤ 2n2 and n+n(nα+2) eT +n(n− 1) eT ≤
4n2 eT , and we obtain (I.8). □

Proof of Corollary I.1. Notice that almost surely

lim
r→−∞

Gn(t, r) =
Nt

n

while G(t, r) goes to 1 as r goes to −∞, so that

P (|Nt − n| > nη) ≤ P (∥Gn(t, ·)−G(t, ·)∥∞ > η) ,

and we now deduce (I.9) from (I.8). □

I.2.2 Application to X+ and X−

Fix δ ∈
(
0, 12
)

and consider two b-BMPs X±,δ,N respectively starting from N+
δ := ⌈N(1 + δ)⌉

and N−
δ := ⌊N(1− δ)⌋ i.i.d. positions with distribution µ0. We will drop the dependence of the

processes in δ and N in the notation from now, and simply write X+ and X−. We will refer
to these processes as upper and lower stochastic barrier : we use the same terminology as in the
related works even though the construction is different because these processes play a similar
role in the proof.

In Proposition I.2 below, we specialize the result of Proposition I.1 to these stochastic bar-

riers. Let us define G±,δ,N (t, r) =
1

N

∑
x∈X±

t

1{x>r} (note that we normalize by N instead of

N±).

Proposition I.2. For all δ, α in
(
0, 12
)

and η in (0, 1) there exist an explicit integer N1 =
N1(η, δ, T ) such that for all t in [0, T ] and N ≥ N1, we have

P
(∥∥∥G±,δ,N (t, ·)− (1± δ)G(t, ·)

∥∥∥
∞
> η

)
≤ 64N2 e−

η2( 1
2−δ)

1−2α
N1−2α

512 +128N2 e−c3(
1
2
−δ)

α
Nα

.

(I.21)

Proof of Proposition I.2. By definition, we have

P
(∥∥∥G±,δ,N (t, ·)− (1± δ)G(t, ·)

∥∥∥
∞
> η

)
= P

(∥∥∥GN±
δ (t, ·)− N(1±δ)

N±
δ

G(t, ·)
∥∥∥
∞
> N

N±
δ

η

)
,

where GN
±
δ = N

N±
δ

G±,δ,N is the complement of the empirical c.d.f. of a b-BMP starting with

n = N±
δ particles, as in Proposition I.1. Now we have for N ≥ 2

η∣∣∣N(1±δ)
N±

δ

− 1
∣∣∣ ≤ N

2N±
δ

η,

and since G is bounded by 1, we obtain∥∥∥N(1±δ)
N±

δ

G(t, ·)−G(t, ·)
∥∥∥
∞

≤ N
2N±

δ

η,
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and hence

P
(∥∥∥G±,δ,N (t, ·)− (1± δ)G(t, ·)

∥∥∥
∞
> η

)
≤ P

(∥∥∥GN±
δ (t, ·)−G(t, ·)

∥∥∥
∞
>

N

2N±
δ

η

)
.

We will now use Proposition I.1: let η′ = N
2N±

δ

η, so that the condition on N±
δ is that N±

δ ≥

max
(
8C(T )
η′2 , 2η , 2

)
. We can choose η < 1, so that the second condition implies the third one.

Now, since N±
δ is always between N(1 − δ) − 1 and N(1 + δ) + 1, the second condition is

achieved as soon as N ≥
2
η
+1

1−δ . Furthermore, for N ≥ 2, N±
δ
N is between 1

2 − δ and 3
2 + δ, so the

first condition is

N±
δ ≥ 32C(T )

η2

(
3
2 + δ

)
i.e. N ≥

32C(T )

η2

(
3
2 + δ

)
+1

1−δ .

We can now write

N1 = N1(δ, η, T ) = max

 2
η + 1

1− δ
,

32C(T )
η2

(
3
2 + δ

)
+ 1

1− δ

 ,

so that for N ≥ N1, (I.8) in Proposition I.1 gives for α in
(
0, 12
)

P
(∥∥∥G±,δ,N (t, ·)− (1± δ)G(t, ·)

∥∥∥
∞
> η

)
≤ 16(N±

δ )2 e−
η′2(N±

δ
)1−2α

32 +32(N±
δ )2 e−c3(N

±
δ )α ,

which can be rewritten (I.21)

P
(∥∥∥G±,δ,N (t, ·)− (1± δ)G(t, ·)

∥∥∥
∞
> η

)
≤ 64N2 e−

η2( 1
2−δ)

1−2α
N1−2α

512 +128N2 e−c3(
1
2
−δ)

α
Nα

as desired using again the inequality 1
2 − δ ≤ N±

δ
N ≤ 3

2 + δ ≤ 2. □

As explained in the introduction, we expect that, for large N , X+ (resp. X−) will have more
(resp. less) than N particles with high probability on any compact time interval. We thus define
the favorable events {

Γ+
t = Γ+,δ,N

t = {#X+
s ≥ N, ∀s ≤ t} ,

Γ−
t = Γ−,δ,N

t = {#X−
s ≤ N, ∀s ≤ t} .

The following proposition provides the control we need on the probability of these events for
large N , when δ goes to zero as a negative power of N (this is the case we consider in subsequent
proofs13).

Proposition I.3. Take any β ∈
(
0, 12
)

and set δ = N−β

2 . Then there exist positive constants
c4, c5 depending only on T and β such that for all N ≥ 2, we have

P((Γ±
T )

c) ≤ c5 e
−c4N

1−2β
3 . (I.22)

13We chose to display the bounds as in (I.22) by taking δ = N−β

2
for the sake of clarity, and because this is

the form that we need to prove the other results. In fact, the proof leads to the following more explicit although
more complicated bound, for any fixed δ ∈

(
0, 1

2

)
. For instance we obtain

P((Γ+
T )

c) ≤ 3N e−c3N
α

+3N1+α

(
e−c3(Nδ

2
+1) +36N2 e

− δ2N1−2α

128(1+δ)2 +72 eT N2 e−c3N
α
)

for any N greater than a certain N2,+(δ, T ) explicitly given in the proof of Proposition I.3.
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We now prove Proposition I.3. Thanks to Corollary I.1, we control the size of the stochastic
barriers at any fixed time, but the favorable events Γ±

T depend on the whole dynamic of the
barriers between 0 and T , and not only on the position at one given time. The proof of Propo-
sition I.3 relies on the use of Corollary I.1 on a finite (though random) set of times. Indeed, to
check if Γ±

T is realized, we only need to check if the cardinalities are big or small enough at the
instants when they may change, meaning when a particle appears or disappears. Even better,
for Γ+

T , we only need to check death events: if Nt ≥ N for some time t, then this will at least
stay true until the next death event, because the number of particles will not decrease until
then. Similarly, for Γ−

T , we only check branching events, because Γ−
T can only be invalidated at

an instant when the number of particles increases. In the following, we make detailed proof for
the bound on the probability of Γ+

T and quickly explain what happens for Γ−
T .

Proof of Proposition I.3. We assume that our b-BMP is obtained by joining N+
δ i.i.d. b-BMPs

obtained from N+
δ BMPs X1, . . . ,XN

+
δ (which we call families) from which particles are removed

as soon as they cross the barrier b. We denote by N i
t the population size at time t of the i−th

b-BMP, and let Nt =
∑N+

δ
i=1N

i
t , so that #X+

t = Nt. Then, for 1 ≤ i ≤ N+
δ and ℓ ≥ 1, define σiℓ

as the ℓ-th instant of crossing of the i-th family.
Our goal is then to study P(Nσiℓ < N, σiℓ ≤ T ) for all i, ℓ. Let Aiℓ = {σiℓ ≤ T}. Here

we use the fact that the branching families are independent, so we can separate the i-th family
from the others: by the union bound, we have

P(Nσiℓ < N,Aiℓ) ≤ P
(∣∣Nσiℓ −N+

δ

∣∣ > Nδ,Aiℓ
)

≤ P

∣∣∣∣∣∣
∑
k ̸=i

Nk
σiℓ

− (N+
δ − 1)

∣∣∣∣∣∣ > Nδ
2 , Aiℓ

+ P
(
|N i

σiℓ
− 1| > Nδ

2 , Aiℓ
)
. (I.23)

For the second term in the r.h.s. of (I.23), we note that, on Aiℓ, one has that N i
σiℓ

≤ N i
T , and

that N i
T follows a geometric distribution with parameter e−T , so that we have for N ≥ 2

δ

P
(
|N i

σiℓ
− 1| > Nδ

2 , Aiℓ
)
= P

(
N i
σiℓ

> Nδ
2 + 1, Aiℓ

)
≤ P

(
N i
T >

Nδ
2 + 1

)
≤ e

−c3
(
Nδ
2 + 1

)
, (I.24)

where c3 = − ln(1 − e−T ). For the first term, take n = N+
δ − 1, η = Nδ

2

(
N+
δ − 1

)−1 and
η′ = δ

2(1+δ) , so that

nη = Nδ
2 and η ≥ η′.

We can thus rewrite

P

∣∣∣∣∣∣
∑
k ̸=i

Nk
σiℓ

− (N+
δ − 1)

∣∣∣∣∣∣ > Nδ
2 , Aiℓ

 = P

∣∣∣∣∣∣
∑
k ̸=i

Nk
σiℓ

− n

∣∣∣∣∣∣ > nη,Aiℓ

 .

Then, since for k ̸= i the σiℓ are independent from the k-th family’s dynamic, we can disintegrate
with respect to the value of σiℓ:

P

∣∣∣∣∣∣
∑
k ̸=i

Nk
σiℓ

− n

∣∣∣∣∣∣ > nη,Aiℓ

 =

∫ T

0
P

∣∣∣∣∣∣
∑
k ̸=i

Nk
t − n

∣∣∣∣∣∣ > nη

hσiℓ(dt), (I.25)
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where hσiℓ is the distribution of σiℓ. Now since η ≥ η′, we have for all t

P

∣∣∣∣∣∣
∑
k ̸=i

Nk
t − n

∣∣∣∣∣∣ > nη

 ≤ P

∣∣∣∣∣∣
∑
k ̸=i

Nk
t − n

∣∣∣∣∣∣ > nη′

 , (I.26)

and this new integrand is exactly the quantity that appears in Corollary I.1, which we can apply
provided that N+

δ −1 is greater than N0(η
′, t), for all t in [0, T ]. Since N0(η

′, t) increases with t,

we only need to have N+
δ ≥ 3 and N+

δ ≥ 8C(T )

η′2
+ 1. Thus, if we take N ≥ N2,+ = N2,+(δ, T ),

where N2,+(δ, T ) := max
(
32(1+δ)2C(T )

δ2
+ 1, 3

1+δ

)
, we can apply Corollary I.1 and we have

P

∣∣∣∣∣∣
∑
k ̸=i

Nk
t − n

∣∣∣∣∣∣ > nη′

 ≤ 16(N+
δ − 1)2 e

−
(N+

δ
−1)1−2αδ2

128(1+δ)2 +32 eT (N+
δ − 1)2 e−c3(N

+
δ −1)α .

Now if N ≥ N2,+, we have N ≤ N+
δ − 1 ≤ N(1 + δ), so we obtain

P

∣∣∣∣∣∣
∑
k ̸=i

Nk
t − n

∣∣∣∣∣∣ > nη′

 ≤ 16(1 + δ)2N2 e
− δ2N1−2α

128(1+δ)2 +32 eT (1 + δ)2N2 e−c3N
α
.

This bound is uniform with respect to t ∈ [0, T ], so we can also use it to bound the l.h.s. of
(I.25). In view of (I.23) and (I.24), we have shown for N ≥ N2,+(δ, T ), that

P(Nσiℓ < N,Aiℓ) ≤ e−c3(
Nδ
2

+1) +16(1 + δ)2N2 e
− δ2N1−2α

128(1+δ)2 +32 eT (1 + δ)2N2 e−c3N
α
.

This can be simplified for N large enough as

P(Nσiℓ < N,Aiℓ) ≤ c5 e
−c4N

1−2β
3 (I.27)

with c4, c5 > 0 depending only on β and T if we recall δ = N−β

2 , absorb the polynomials into
the decreasing exponentials and take in them the best compromise α = 1−2β

3 for the powers of
N .

Now since Nt can decrease only when a particle is removed from the b-BMP, and that the
time of such a removal must be one of the σiℓ for some 1 ≤ i ≤ N+

δ and ℓ ≥ 1, we have the
inclusion

(Γ+
T )

c ⊂
⋃

1≤i≤N+
δ

ℓ≥1

{Nσiℓ < N,Aiℓ}.

Noting that the number of crossings in the i−th family up to time t is bounded above by N i
T ,

we have, for any integer K ≥ 1, that {N i
T ≤ K}∩⋃ℓ≥1{Nσiℓ < N,Aiℓ} ⊂ ⋃K

ℓ=1{Nσiℓ < N,Aiℓ}.
By the union bound and (I.27) we thus have that

P((Γ+
T )

c) ≤
N+

δ∑
i=1

(
P(N i

T > K) +
K∑
ℓ=1

P(Nσiℓ < N,Aiℓ)

)
≤ N+

δ

(
e−c3K +Kc5 e

−c4N
1−2β

3

)
.

Finally we take K =
⌈
N

1−2β
3

⌉
, use N+

δ ≤ N(1 + δ) + 1 ≤ 2(1 + δ)N ≤ 3N to obtain for all
N ≥ 2 (up to changing the constants c4, c5 > 0)

P((Γ+
T )

c) ≤ c5 e
−c4N

1−2β
3 . (I.22)
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As we mentioned earlier, everything works the same way for Γ−
T , except that we work with

branching times instead of death times (which does not modify the argument because we bounded
the number of death times by the number of branching times anyway). We let the reader check
that the precise bound we could obtain is

P((Γ−
T )

c) ≤ N e−c3N
α
+N1+α

(
e−c3(

Nδ
2

+1)

+16N2 e−
(1−δ)−1−2αδ2N1−2α

128·21−2α +32 eT N2 e−c3
(1−δ)αNα

2α

)
, (I.28)

true as soon as N ≥ N2,−(δ, T ) = max
(
32(1−δ)2C(T )

δ2
+ 1, 4

1−δ

)
, which again, up to modifying

the constants, leads for all N ≥ 2 to

P((Γ−
T )

c) ≤ c5 e
−c4N

1−2β
3 . (I.22)

□

I.3 Hydrodynamic limit of the N-BMP

The key ingredient to prove Theorem I.1 is the definition of a suitable coupling between the
N -BMP and the b-BMPs X+ and X− studied in Section I.2.2. Recall the definitions of the
favorable events: {

Γ+
T = {#X+

s ≥ N, ∀s ≤ T}
Γ−
T = {#X−

s ≤ N, ∀s ≤ T} .

and of the ordering x ≼ y between two real-valued tuples x, y (possibly with different sizes):

∀r ∈ R #{i, xi ≥ r} ≤ #{i, yi ≥ r}.

Proposition I.4. There exists a coupling of an N -BMP X and its upper stochastic barrier
X+ (resp. lower stochastic barrier X−) such that on Γ+

T (resp. Γ−
T ), we have Xt ≼ X+

t (resp.
X−
t ≼ Xt) for all t in [0, T ].

The proof below contains the essential arguments needed to prove Proposition I.4, but some
of the more technical aspects related to the pasting of Markov processes in a general setting are
deferred to Appendix A, with a fully detailed technical construction of the coupling given in
Section A.2.
Proof of Proposition I.4. A key ingredient in the proof is Theorem 1 in [BF23b], which states
that, provided that the Markov process X satisfies properties (ii) (Feller semigroup) and (iii)
(stochastic monotonicity), we can build a (Feller) Markov process (X1, X2) whose coordinates
are versions of the process X, such that, starting from (X1

0 , X
2
0 ) = (x1, x2), with x1 ≤ x2, one

has X1
t ≤ X2

t for every t ≥ 0. We call this process the monotone pair coupling.
We now explain the construction of a coupling between X and X+. As long as #X+

t ≥ N ,
each particle in X will be paired with a particle in X+ in such a way that the former always lies
below the latter, so that Xt ≼ X+

t .

• Initial positions: Recall that X (resp. X+) starts with N (resp. N+
δ = ⌈N(1 + δ)⌉)

particles whose initial positions form an i.i.d. family with common distribution µ0. Since
N+
δ ≥ N , we can always couple the initial configurations in such a way that every particle

in X is paired with a particle in X+ having the same initial position.
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• Between branching/killing events: As long as no branching/killing event affecting X or X+

occurs, paired particles evolve according to the monotone pair coupling, so their ordering
is preserved, while the remaining (unpaired) particles evolve independently.

• Branching events: Branching events affecting paired particles are synchronized, so that
paired particles simultaneously branch at rate 1. Such an event leads to two newborn
particles, which are then paired together: this is consistent with the ordering constraint
since the positions of the paired parent particles are ordered at the time of birth. Note that
the X+ particle that was paired with the lowest particle in X is now unpaired, because
the latter has just been killed as a consequence of the branching event, but it is still true
that each particle in X is paired with a particle in X+. Finally, unpaired particles branch
independently.

• Crossing events: Remember that particles in X+ are killed when they cross the moving
boundary b. As a consequence, when a paired particle in X+ crosses the boundary, the
particle in X it was paired to must be given another partner. This is possible as long
as X+ contains at least N particles at the time of the crossing: by definition, each of
these particles lies above the barrier, among which one at least is not yet paired, while
the particle in X that was paired to the particle that has just crossed, has to lie below
the barrier; as a consequence, we can indeed find a partner in X+ such that the ordering
is preserved. In the case where X+ contains strictly less than N particles at the time of
the crossing, we cease to consider pairs of particles and let the processes X and X+ evolve
independently.

We can make a similar construction of a coupling between X and X−. This time, we ensure
that, as long as #X−

t ≤ N , each particle in X− is paired with a particle in X in such a way
that the former always lie below the latter.

• Initial positions: We start the N -BMP from N initial positions independently distributed
according to µ0, N−

δ of which are shared between X and X−.

• Between branching/killing events: Paired particles subsequently evolve using the monotone
pair coupling, while unpaired particles evolve independently.

• Crossing events: When a paired particle in X− crosses the boundary, the particle in X it
was paired to stops being paired and starts evolving independently, and it is still true that
each particle in X− is paired to a particle in X .

• Branching events: Branching events affecting paired particles are synchronized, as in the
previous coupling between X and X+, and the two newborn particles are paired accord-
ingly. In the case where a particle in X− was paired with the lowest particle in X , we have
to find it a new partner, since this particle is removed as a consequence of the branching
event. This is possible as long as X− contains at most N particles at the time of the
branching: in this case, at most N − 1 particles in X− are paired with particles in X
just before the branching, so at least one particle in X is not yet paired. This particle
lies above the position of the (now defunct) lowest particle, while the particle in X− that
was paired to the lowest particle lies below, so we can pair these particles together while
preserving the order. In the case where X− contains strictly more than N particles, we
cease to consider pairs of particles and let the processes X and X− evolve independently.

Note that, since τb has the exponential E(1) distribution with respect to Qµ0 , P−a.s. branch-
ing and crossing events always occur at distinct times, so we do not have to consider situations
where these events occur simultaneously in the definition of the coupling. □
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Now we can finally prove Theorem I.1 by putting the different pieces together: on Γ±
T –

which has a very high probability – the coupling ensures an ordering of the empirical c.d.f., so
that FN (t, ·) is squeezed between two functions that converge to small perturbations of et U(t, ·),
again up to a small probability. Then taking the perturbation small enough, we obtain the limit
for FN (t, ·).
Proof of Theorem I.1. Fix β > 0, let η = N−β and focus on

P
(∥∥FN (t, ·)− et U(t, ·)

∥∥
∞ > η

)
= P

(∥∥1− FN (t, ·)−G(t, ·)
∥∥
∞ > η

)
.

We first separate this event in such a way that we will be able to use the couplings: we have

P
(∥∥FN (t, ·)− et U(t, ·)

∥∥
∞ > η

)
≤ P

(
∃r ∈ R, 1− FN (t, r)−G(t, r) > η

)
+ P

(
∃r ∈ R, 1− FN (t, r)−G(t, r) < −η

)
.

Now for every r ∈ R, δ > 0 and ε > 0, the stochastic ordering Xt ≼ X+
t implies that, on Γ+,δ,N

T ,

1− FN (t, r) ≤ G+,δ,N (t, r),

so that if
∥∥G+,δ,N (t, ·)− (1 + δ)G(t, ·)

∥∥
∞ ≤ ε, 1 − FN (t, r) ≤ G(t, r)(1 + δ) + ε, which we can

rewrite as 1− FN (t, r)−G(t, r) ≤ δG(t, r) + ε ≤ δ + ε. Hence if we take δ = ε = η
2 = N−β

2 ,

P
(
∃r ∈ R, 1− FN (t, r)−G(t, r) > η

)
≤ P

(
(Γ+,δ,N
T )c

)
+ P

({
∃r ∈ R, 1− FN (t, r)−G(t, r) > η

}
∩ Γ+,δ,N

T

)
≤ P

(
(Γ+,δ,N
T )c

)
+ P

(∥∥∥G+,δ,N (t, ·)− (1 + δ)G(t, ·)
∥∥∥
∞
>
η

2

)
,

and we can now use the results of Propositions I.2 and I.3 to bound this quantity: we have for
all α, β in

(
0, 12
)

and N large enough

P
(
∃r ∈ R, 1− FN (t, r)−G(t, r) > η

)
≤ c5 e

−c4N
1−2β

3 +64N2 e−
η2( 1−η

2 )
1−2α

N1−2α

2048 +128N2 e−c3(
1−η
2 )

α
Nα
,

and we can again optimize the value of α to obtain for some constants c1, c2 > 0 and all N

P
(
∃r ∈ R, 1− FN (t, r)−G(t, r) > N−β

)
≤ c2

2
e−c1N

1−2β
3 , (I.29)

The same reasoning with the other term, using the coupling with X−, gives

P
(
∃r ∈ R, 1− FN (t, r)−G(t, r) < −η

)
≤ P

(
(Γ−,δ,N
T )c

)
+ P

(∥∥∥G−,δ,N (t, ·)− (1− δ)G(t, ·)
∥∥∥
∞
>
η

2

)
,

which is again bounded by exponentially decaying quantities thanks to Propositions I.2 and I.3.
Putting these equations together we deduce that

P
(∥∥FN (t, ·)− et U(t, ·)

∥∥
∞ > N−β

)
≤ c2 e

−c1N
1−2β

3 ,

which is exactly (I.1). Thanks to the Borel-Cantelli lemma, the almost sure convergence of
FN (t, ·) to et U(t, ·) in the supremum norm is a straightforward consequence of (I.1). □
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Figure I.1: A realization of mN
t on the space-time grid described in the proof of Theorem I.2

I.4 Convergence of the minimum of the N-BMP

We now turn to the proof of Theorem I.2 about the convergence of mN
t , which is the lowest

particle position of the N -BMP at time t, towards bt, when N goes to infinity. As mentioned in
the introduction, our proof is similar in spirit to that of [BBNP22] (namely Section 4.2 about
the proof of their Proposition 1.6). The idea is to combine the quantitative bound (I.1) of
Theorem I.1 together with Ray’s estimate, in order to control the difference between bt and
mN
t on a space-time grid (see Figure I.1). Berestycki, Brunet, Nolen and Penington combine

a precise control on Brownian trajectories together with their hydrodynamic limit estimate
(involving negative powers of N) to prove convergence at any fixed time, while we exploit our
improved hydrodynamic limit bound combined with a weaker but more generally valid control on
the trajectories (provided by Ray’s estimate) to obtain uniform convergence on a time interval.
Proof of Theorem I.2. We first give the proof assuming that t0 > 0, and then explain the
(minor) additional steps needed to deal with the case t0 = 0.
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Step 1. Building a suitable space-time grid.
Fix ε > 0 and discretize space with step ε, starting from min

[t0,T ]
b, i.e. set for i ∈ Z

xi = min
[t0,T ]

b+ iε.

Now discretize time with step θ = 2N−β , for a given β ∈
(
0, 12
)
, starting from 0. Let s0 ∈

(0, t0]. Since b is uniformly continuous on [s0, T ], we have, for all large enough N (depending on
ε, b, s0, T, β) that |bt − bs| < ε for all s, t ∈ [s0, T ] such that |t − s| ≤ θ, and, from now on, we
assume that this assumption holds. Also, the boundedness of b on [t0, T ] allows us to denote by
K > 0 the smallest integer such that xK ≥ max

[t0,T ]
b.

Thanks to Ray’s estimate (Assumption (iv)), for every κ > 0, there is a constant Cκ (de-
pending also on ε, t0, T, b) such that14 for all −6 ≤ i ≤ K + 5, and all N ≥ 1,

Qxi+1(τxi ≤ θ) ≤ Cκθ
κ. (I.30)

A useful observation is that, due to stochastic monotonicity (Assumption (iii)), this also gives
a bound on the probability for one particle to cross the interval [xi, xi+1] downwards in a short
instant:

∀x ≥ xi+1, Qx(τxi ≤ θ) ≤ Cκθ
κ. (I.31)

To deduce (I.31) from (I.30), we invoke the monotone pair coupling already used in the proof of
Proposition I.4, to show that Qx(τxi ≤ θ) ≤ Qxi+1(τxi ≤ θ) when x ≥ xi+1, and (I.31) ensues.
Now, using the strong Markov property of X, it turns out that (I.31) can be strengthened into

∀x, Qx(∃s ∈ [0, θ] such that Xs ≥ xi+1, τxi ≤ θ) ≤ Cκθ
κ. (I.32)

Step 2. Lower bound at a fixed time.
Our goal is to establish (I.44), showing that bt is an approximate lower bound for mN

t at
every t = kθ in (t0 − θ, T ], where k is an integer. Crucially, the various bounds we derive must
hold uniformly with respect to k, so we systematically emphasize the dependency of the various
constants with respect to the model and grid parameters in the sequel.

We assume that N is large enough (depending on s0, t0, β) so that t0−2θ ≥ s0, and consider
an integer k such that t := kθ ∈ (t0 − θ, T ]. For i ∈ Z, introduce the numbers

ri = max{xj such that xj < bt} − iε,

and note that r0, . . . , r5 are elements of the space grid subject to (I.30). By definition we have
bt > r0, and, since θ is an ε−modulus of continuity for b on [s0, T ] and s0 ≤ t− θ ≤ t ≤ T , we
have that bt−θ > r0 − ε = r1.

Now let η = θ
2 = N−β , and, before delving into the details, consider the following informal

description of the behaviour of the N -BMP over the time-interval [t− θ, t] (see Figure I.2).

• Since bt−θ > r1, the hydrodynamic limit of the N -BMP (I.1) implies that with a high
probability, fewer than Nη particles lie below r1 at time t− θ.

• Comparison with a BMP (without killing) then shows that, with high probability, between
time t − θ and t, the total number of particles in the N -BMP that are, or descend from,
particles lying below r1 at time t− θ, does not exceed ∼ Nη eθ.

14It is crucial to note that we invoke Ray’s estimate for Qxi+1(τxi ≤ θ) simultaneously over a finite set of
indices i.
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• With high probability, between t− θ and t we have ∼ N(eθ −1) newborn particles in the
N -BMP, so we kill ∼ N(eθ −1) particles.

• Thanks to Ray’s estimate, with high probability, particles that did not lie below r1 at time
t− θ, do not lie below r2 at any time between t− θ and t.

• As long as there are particles lying below r2, the particles that are killed are among them
(because we kill the lowest one).

• Since N(eθ −1) ∼ 2Nη eθ, we deduce from the previous observations that, with high
probability, there has to be a time within the interval [t− θ, t] at which no particle is lying
below r2.

• Hence, thanks to Ray’s estimate, with high probability there are no particles lying below
r3 at time t.

Figure I.2: Sketch of the second step of the proof of Theorem I.2

We now turn the previous informal description into precise arguments. Since bt−θ > r1, we
have that U(t− θ, r1) = 0, so that, by (I.1),

P
(
|FN (t− θ, r1)| > N−β

)
≤ c2 e

−c1N
1−2β

3 .

Denoting by K− the number or particles lying below r1 at time t− θ, the above bound can be
rewritten as

P(K− > N1−β) ≤ c2 e
−c1N

1−2β
3 . (I.33)
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Now assume that, starting from time t−θ, our N -BMP is built from a BMP (without killing),
which is itself obtained by joining N independent BMPs (or "families"), each starting from a
single particle. The N -BMP is obtained by removing particles (together with their descendants)
from the BMP, according to the selection mechanism of the N -BMP.

The population of the BMP at time t, hereafter denoted Nt, is the sum of N independent
random variables Gi, each with geometric distribution G(e−θ). For s in [t− θ, t], denote by Xij

s

the position of the j-th particle from the i-th family at time s, where 1 ≤ j ≤ Gi. For x > y,
let Ξx,y denote the event that at least one particle crosses downwards the interval [y, x] on the
time interval [t− θ, t], i.e.

Ξx,y = {∃i ∈ J1, NK ∃j ∈ J1, GiK, (X
ij
t−θ ≥ x and ∃s ∈ [t− θ, t] Xij

s < y)}.

Denote by N ′ the population size at time t of the set of particles that lied below r1 at time t−θ
together with their descendants in the BMP, so that N ′ is the sum of the K− corresponding
random variables Gi. Letting B = {∀s ∈ [t− θ, t],mN

s < r2}, we now claim that

B ∩ Ξcr1,r2 ⊂ {Nt −N < N ′}. (I.34)

Indeed, from the condition that the minimum particle position in the N -BMP is always less than
r2 during the time interval [t − θ, t], we deduce that any particle of the N -BMP that is killed
during this time interval has to lie below r2 at the time of its killing. From the condition that no
BMP particle lying above r1 at time t−θ or one of its descendants, ever goes below r2 during the
time interval [t−θ, t], we conclude that every particle that is killed is taken among particles that
were below r1 at time t− θ and their descendants in the BMP. Now, the population of particles
in the BMP at time t is divided into the N particles that survived the selection mechanism,
and the Nt−N particles (including their descendants) that have been killed. We have just seen
that this last subset is contained into the subset of N ′ particles (including their descendants in
the BMP) that start below r1 at time t− θ. Moreover, the inclusion has to be strict since there
is at least one particle below r2 in the N -BMP at time t, which must be, or descend from, a
particle that started below r1 at time t− θ, and has survived selection. As a consequence, (I.34)
is proved.

Now, using (I.34), we have that

P(B) = P(B ∩ Ξr1,r2) + P(B ∩ Ξcr1,r2) ≤ P(Ξr1,r2) + P(Nt −N < N ′).

We note that, conditional upon the value of K−, the random variable Nt − N ′ is the sum of
N −K− i.i.d. G(e−θ) random variables. On the event {K− ≤ N1−β}, Nt −N ′ is the sum of at
least N − ⌊N1−β⌋ such random variables, so that we have

P(B) ≤ P(Ξr1,r2) + P

 N∑
i=⌊N1−β⌋+1

Gi < N

+ P(K− > N1−β). (I.35)

We will now deal separately with each of these three terms.

• The rightmost term is dealt with using (I.33).

• The leftmost term is bounded thanks to Ray’s estimate combined with the many-to-one
lemma. Let us denote by Nr1,r2 the number of particles that go from above r1 to below
r2 in the time interval, namely

Nr1,r2 = #{(i, j) ∈ J1, NK×N∗, j ≤ Gi, X
ij
t−θ ≥ r1 and ∃s ∈ [t− θ, t] Xij

s < r2)}, (I.36)
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so that Ξr1,r2 = {Nr1,r2 ≥ 1}. Thanks to Markov’s inequality, we then have

P(Ξr1,r2) ≤ E(Nr1,r2). (I.37)

We also have

Nr1,r2 =
N∑
i=1

Gi∑
j=1

1{Xij
t−θ≥r1,∃s∈[t−θ,t] s.t. Xij

s <r2}. (I.38)

Now, if a particle is below r1 at time t− θ, the whole sum for the corresponding index i is
zero in the sum in (I.38); and for the families whose initial particle is above r1 at time t−θ,
the corresponding term is controlled by the many-to-one lemma (Lemma I.A): indeed, the
family is a BMP starting with one particle at time t− θ, so that we have at time t

E

 Gi∑
j=1

1{Xij
t−θ≥r1,∃s∈[t−θ,t] s.t. Xij

s <r2}

∣∣∣Xt−θ
 = eθ QXi1

t−θ
(τr2 ≤ θ)1{Xi1

t−θ≥r1}
.

Now this quantity is bounded by (I.31), and we have at most N such non-zero terms in
the sum in the l.h.s. of (I.38), so that in the end we have

E(Nr1,r2) ≤ N eθ Cκθ
κ. (I.39)

Now recall (I.37) and that θ = 2N−β , so that we have eθ ≤ 2 forN large enough (depending
on β), and thus

P(Ξr1,r2) ≤ C ′
κN

1−βκ, (I.40)

for a certain constant C ′
κ > 0.

• Finally we estimate the central term in (I.35), P

 N∑
i=⌊N1−β⌋+1

Gi < N

, which is again a

large deviation probability for a sum of i.i.d. G(e−θ) random variables. Indeed we have

P

 N∑
i=⌊N1−β⌋+1

Gi < N

 = P

 1

N − ⌊N1−β⌋
N∑

i=⌊N1−β⌋+1

Gi <
1

1−N−β

 .

For θ small enough, and thus N large enough (depending on β), 1
1− θ

2

< eθ, so we can
indeed use Cramér’s theorem to study the large deviations below the mean for this sum
of random variables: Lemma B.1 (iv) ensures that

P

 N∑
i=⌊N1−β⌋+1

Gi < N

 ≤ e
−(N−N1−β)Λ∗

e−θ

(
1

1−N−β

)
. (I.41)

Since N−β = θ/2, the expansion (B.2) yields that Λ∗
e−θ

(
1

1−N−β

)
= (1 − ln(2))N−β +

o(N−β), so that, choosing a constant c6 such that 0 < c6 < 1− ln(2), (I.41) implies that,
for N large enough (depending on β):

P

 N∑
i=⌊N1−β⌋+1

Gi < N

 ≤ e−c6N
1−β

.
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Looking back at (I.35), we have obtained the bound, valid for N large enough (depending on
β):

P(B) ≤ C ′
κN

1−βκ + e−c6N
1−β

+c2 e
−c1N

1−2β
3 . (I.42)

Now observe that, on the event Bc, there must be a time between t − θ and t at which no
particle in the N -BMP lies below r2. If, in addition, between t− θ and t, no particle is allowed
to go below r3 once it has gone above r2, one must then have that mN

t ≥ r3. Thus, using (I.32)
and arguing in exactly the same way as we did to obtain the bound (I.40) on the probability of
P(Ξr1,r2), we deduce that, for all large enough N (depending on β), we have that

P(Bc ∩ {mN
t < r3}) ≤ C ′

κN
1−βκ. (I.43)

Using the fact that bt − 4ε < r3, we have

P(mN
t < bt − 4ε) ≤ P(mN

t < r3) ≤ P(Bc ∩ {mN
t < r3)}) + P(B),

and combining (I.43) and (I.42), in which the value of κ can be taken as large as we want, we
deduce that, for every κ > 0, there exists a constant C(1) (depending on β, κ, ε, b, s0, t0, T , but
not on the integer k for which t = kθ) such that, for all N ≥ 1 ,

P(mN
t < bt − 4ε) ≤ C(1)N−κ. (I.44)

Step 3. Lower bound on the whole time interval.
We will use the regularity of b and mN to deduce the same kind of bound as (I.44), but on

whole time intervals. Indeed, even though mN can have some upward jumps (when the particle
at the lowest position is killed while being far away from all the other particles), it can never go
down too fast, thanks to Ray’s estimate. Suppose that for some time s ∈ [t, t+ θ], mN

s is below
bs − 7ε. Since θ is an ε-modulus of continuity for b, we have that bs − 7ε < bt − 6ε < r5. This
means that on the event Ξcr4,r5 with no downwards crossing of the interval [r5, r4], a particle that
lies below bs − 7ε at time s had to be below r4 at time t, so that

mN
t ≤ r4 < bt − 4ε.

Hence we have

P(∃s ∈ [t, t+ θ],mN
s < bs − 7ε) ≤ P(Ξr4,r5) + P(mN

t < bt − 4ε).

Since the bound (I.40) holds as well for P(Ξr4,r5), we deduce, using (I.44), that for every κ′ > 0,
there exists a constant C(2) (depending on β, κ′, ε, b, s0, t0, T ) such that, for all N ≥ 1,

P(∃s ∈ [t, t+ θ],mN
s < bs − 7ε) ≤ C(2)N−κ′ . (I.45)

Taking the union bound over every possible t = kθ in [t0 − θ, T ], where there are at most T
θ of

these intervals in [t0, T ], we have

P(∃s ∈ [t0, T ], m
N
s < bs − 7ε) ≤ T

θ
C(2)N−κ = 2TC(2)Nβ−κ′ .

Given κ > 0, we can set κ′ = β + κ, and deduce a bound, valid for all N ≥ 1, of the form

P(∃s ∈ [t0, T ], m
N
s < bs − 7ε) ≤ C(3)N−κ, (I.46)

with a constant C(3) depending on β, κ, ε, b, s0, t0, T .
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Step 4. Upper bound and conclusion.
Now we prove that b is an approximate upper bound for the minimum for large N . We

start by proving (I.48), which bounds P(mN
t > bt + 3ε) for t = kθ in [t0, T ]. Let us first write

p := et U(t, bt+3ε), consider β < β′ < 1/2, and let us prove that, for large enough N (depending
on β, β′, ε, t0, T, b), we have

p ≥ 2N−β′
. (I.47)

For i ∈ Z, let r′i = min{xj such that xj > bt} + iε and note that r′0, . . . , r′4 are elements of the
space grid subject to (I.30). We then have r′2 ≤ bt+3ε and thus et U(t, r′2) ≤ p since r 7→ U(t, r)
is a non-decreasing function. Since τβ follows the exponential distribution E(1) under Qµ0 , we
have that Qµ0(τβ ≤ t+ θ|τβ > t) = 1− e−θ. On the other hand,

Qµ0(τβ ≤ t+ θ|τβ > t) = Qµ0(Xt > r′2, τβ ≤ t+ θ|τβ > t) +Qµ0(Xt ≤ r′2, τβ ≤ t+ θ|τβ > t).

With our assumptions, we have that bs ≤ r′1 for every s ∈ [t, t + θ]. Using the fact that
that τ b is a stopping time, the Markov property, and stochastic monotonicity, we deduce that
Qµ0(Xt > r′2, τβ ≤ t + θ|τβ > t) ≤ Qr′2

(τr′1 ≤ θ), and Ray’s estimate (I.30) ensures that this
probability is bounded above by Cκθ

κ (for any κ > 0). On the other hand, we have that
Qµ0(Xt ≤ r′2, τβ ≤ t+ θ|τβ > t) ≤ et U(t, r′2) ≤ p. Putting together the previous results, we have
proved that 1− e−θ ≤ Cκθ

κ+ p, so that p ≥ 1− e−θ −Cκθκ. Remembering that θ = 2N−β , and
choosing κ > 1, (I.47) is proved.

Using the fact that p = et U(t, bt + 3ε), we have that

P(mN
t > bt + 3ε) = P(FN (t, bt + 3ε) = 0) ≤ P

(∥∥FN (t, ·)− et U(t, ·)
∥∥
∞ >

p

2

)
. (I.48)

Thanks to (I.48), (I.47) and (I.1), we have that

P(mN
t > bt + 3ε) ≤ P

(∥∥FN (t, ·)− et U(t, ·)
∥∥
∞ > N−β′

)
≤ c2 e

−c1N
1−2β′

3 . (I.49)

Then we argue in a similar way as in Step 3. Consider t = kθ in [t0, T − θ]. Using the fact
that bs ≥ bt−ε ≥ r′−2 for all s ∈ [t, t+θ], we see that, on the event {∃s ∈ [t, t+θ],mN

s > bs+7ε},
the event {mN

t+θ ≤ bt+θ + 3ε} implies that at least one particle lies above r′5 at a certain time
s ∈ [t, t+ θ] then crosses r′4 before time t+ θ. Using Ray’s estimate (I.32) and arguing exactly
as in the proof of (I.40), we deduce that the probability of the intersection of these two events
is bounded above by C ′

κN
1−βκ.

In view of (I.49), we deduce that

P(∃s ∈ [t, t+ θ],mN
s > bs + 7ε) ≤ c2 e

−c1N
1−2β′

3 +C ′
κN

1−βκ.

Taking the union bound over every possible t = kθ in [t0, T − θ] (whose number is bounded
above e.g. by T/θ), we obtain an upper bound of the form

P(∃s ∈ [t0, T ],m
N
s > bs + 7ε) ≤ C(4)N−κ, (I.50)

valid for all N ≥ 1 and κ > 0.
Combining (I.50) and with (I.46), we deduce (I.3).

The case t0 = 0.
In the case t0 = 0, the map b is continuous on the whole interval [0, T ], and we can take

s0 = 0 in the definition of the grid in Step 1. The proof of (I.44) for t = kθ with k ≥ 2 in Step 2
requires no extra argument from the case t0 > 0. On the other hand, when k = 0, the proof is
a consequence of the fact that, thanks to condition (i), we must have µ0((−∞, b0)) = 0, so that
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P(mN
0 ≥ b0) = 1. And when k = 1, i.e. for t = θ, this property also provides the control that is

needed at time t − θ to prove (I.44) following the proof given in Step 2. Step 3 is identical to
the case t0 > 0, and so is Step 4.
Almost sure convergence.

Thanks to the Borel-Cantelli lemma, the almost sure convergence on mN
t to bt in the supre-

mum norm is a straightforward consequence of (I.3).
□

Remark I.2. As we mentioned earlier, the constants that appear in this proof are not universal:
they depend strongly on the underlying Markov process X through Ray’s estimate and on the
boundary b through the size of the grid and the number of terms used in the union bounds.
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Chapter II

The comonotone flow of a stochastically
monotone Feller process on the real line

This chapter contains the main part of [BF23b], that can be found at https://hal.science/
hal-04309782. Appendix C contains some additional details to this work.

II.1 Introduction

We start by recalling various necessary definitions and properties in Sections II.1.1 to II.1.4,
then state our main results in Section II.1.5 and discuss them in Section II.1.6.

II.1.1 Markov kernels

A Markov kernel K on a measurable space (S,S ) is a map from S × S to R such that

(i) for all x ∈ S, K(x, ·) is a probability measure on (S,S );

(ii) for all B ∈ S , K(·, B) is a measurable real-valued function on S.

When there is no ambiguity regarding the choice of the σ−algebra S , we simply say that K is
a Markov kernel on S. Given a bounded measurable real-valued function f on S, we define a
bounded measurable real-valued function Kf on S by Kf(x) =

∫
S f(y)dK(x, y). Denoting by

Bb(S) the vector space of bounded real-valued measurable functions on S, equipped with the
sup-norm ∥f∥∞ = sup

x∈S
|f(x)|, the map f 7→ Kf defines a linear operator from Bb(S) into itself,

and satisfies

(α) ∥Kf∥∞ ≤ ∥f∥∞;

(β) Kf ≥ 0 when f ≥ 0;

(γ) K1 = 1 (where 1 denotes the constant function equal to 1).

II.1.2 Markov and Feller semigroups

Given two Markov kernels K,L on S, the composition of the two kernels is yet another Markov
kernel KL defined by (KL)(x,B) =

∫
S L(y,B)dK(x, y). The composition is an associative (but

in general non-commutative) operation on Markov kernels. Moreover, for f ∈ Bb(S), we have
that (KL)f = K(Lf). We say that a family of Markov kernels (Kt)t∈R+ on S is a Markov
semigroup if

61

https://hal.science/hal-04309782
https://hal.science/hal-04309782


(I) for all x ∈ S and B ∈ S , K0(x,B) = δx(B);

(II) the Chapman-Kolmogorov equation holds: for all s, t ≥ 0, Ks+t = KsKt.

Moreover, we say that a family (Xt)t∈R+ of S−valued random variables defined on the same
probability space (Ω,F ,Q) is a Markov process governed by the Markov semigroup (Kt)t∈R+

when, for all s, t ∈ R+, and all B ∈ S , one has

E (1B(Xs+t)|σ(Xu; u ∈ [0, s]))
a.s.
= Kt(Xs, B).

Now assume that S is a locally compact separable metric space (abbreviated lcsm in the
sequel), equipped with the corresponding Borel σ−algebra. We denote by C0(S) the vector
space of continuous real-valued functions on S vanishing at infinity. Note that C0(S) equipped
with the sup-norm is a Banach space.

We say that a Markov semigroup (Kt)t∈R+ on S enjoys the Feller property (or, more succintly,
that it is a Feller semigroup) when:

(Fa) ∀t ≥ 0, ∀f ∈ C0(S), Ktf ∈ C0(S);

(Fb) ∀f ∈ C0(S), lim
t→0+

∥Ktf − f∥∞ = 0.

Let us now denote by Cb(S) the vector space of bounded continuous real-valued functions on S,
and observe that property (Fa) implies1, but is not in general equivalent2 to

(Fa’) ∀t ≥ 0, ∀f ∈ Cb(S), Ktf ∈ Cb(S).
Moreover, (Fb) may be replaced by the apparently weaker assumption of pointwise (instead of
uniform) convergence

(Fb’) ∀f ∈ C0(S), ∀x ∈ S, lim
t→0+

Ktf(x) = f(x),

but it turns out3 that a Markov semigroup satisfying (Fa) and (Fb’) also satisfies (Fb).

II.1.3 Consistent families

For every integer n ≥ 2, equip the product space Sn with the product σ−algebra S ⊗n. Given
integers 1 ≤ k ≤ n, and i1, . . . , ik ∈ J1, nK, we denote by πni1,...,ik the projection from Sn to
Sk defined by πni1,...,ik(x1, . . . , xn) = (xi1 , . . . , xik). We say that a family of Markov kernels
(K(n))n≥1, where, for each integer n, K(n) is a Markov kernel on Sn, is a consistent family if,
for all 1 ≤ k ≤ n, all i1, . . . , ik ∈ J1, nK, all x ∈ Sn and all measurable subset B of Sk,

K(n)
(
x, (πni1,...,ik)

−1(B)
)
= K(k)

(
πni1,...,ik(x), B

)
. (II.1)

We say that a family of Markov kernels (K(n))n≥2 is a consistent extension of a Markov kernel
K on S, if the family (K(n))n≥1, with K(1) = K, is a consistent family. A family of Markov
semigroups

(
(K

(n)
t )t∈R+

)
n≥1

is said to be consistent if, for every t ∈ R+, (K(n)
t )n≥1 is a con-

sistent family of Markov kernels; a consistent extension of a Markov semigroup on S is defined
accordingly.

Note that equal indices are allowed in (II.1), which implies in particular that, for all x ∈ S,
we have

K(2) ((x, x), {(y, y); y ∈ S}) = 1. (II.2)
1See Proposition II.1 below.
2See e.g. [BCR22].
3See e.g. [Kal02] Theorem 19.6, or [RY99] Chapter III, Proposition (2.4).
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II.1.4 Stochastic orders

Now assume that S = R, and denote by B↗
b (R) the set of bounded non-decreasing real-valued

functions on R. The usual stochastic order µ ≤st ν between (Borel) probability measures on R
(see [MS02]) is defined by the fact that, for all f ∈ B↗

b (R), one has
∫
R f(x)dµ(x) ≤

∫
R f(x)dν(x).

We say that a Markov semigroup (Kt)t∈R+ on R is stochastically monotone when:

(M) ∀t ≥ 0, ∀f ∈ B↗
b (R), Ktf ∈ B↗

b (R).

An immediately equivalent formulation of (M) in terms of ≤st is that

∀x, y ∈ R, x ≤ y ⇒ Kt(x, ·) ≤st Kt(y, ·). (II.3)

Given x = (x1, . . . , xn) ∈ Rn and y = (y1, . . . , yn) ∈ Rn, we say that y is order-compatible
with x if, for all 1 ≤ i, j ≤ n, xi ≤ xj ⇒ yi ≤ yj . We then denote

Rnx = {y ∈ Rn such that y is order-compatible with x},

and we say that a Markov kernel K(n) on Rn is order-preserving when, for all x ∈ Rn, we have
that K(n) (x,Rnx) = 1.

Denote by SMb(Rn) the set of real-valued bounded Borel super-modular functions on Rn, i.e.
bounded Borel functions f : Rn → R such that, for all x,y ∈ Rn, f(x)+f(y) ≤ f(x∨y)+f(x∧y),
where, for x = (x1, . . . , xn) and y = (y1, . . . , yn), we set x ∨ y = (max(x1, y1), . . . ,max(xn, yn))
and x ∧ y = (min(x1, y1), . . . ,min(xn, yn)).

Given n ≥ 2 and two (Borel) probability measures µ, ν on Rn, we say that µ ≤sm ν (see e.g.
[MS02]) when

∀f ∈ SMb(Rn),
∫
Rn

f(x)dµ(x) ≤
∫
Rn

f(x)dν(x). (II.4)

Note that ≤sm defines a partial order on the set of probability measures on Rn, and that two
probability measures that are comparable with respect to ≤sm must have the same marginal
distributions.

II.1.5 Statement of the main results

Theorem II.1. If (Pt)t∈R+ is a stochastically monotone Feller semigroup on R, there exists

a consistent extension of (Pt)t≥0 by a family
(
(P

(n)
t )t∈R+

)
n≥1

of order-preserving Feller semi-
groups.

For n ≥ 2, denote by Mn the set of Feller semigroups (M (n)
t )t∈R+ on Rn such that, for every

t ≥ 0, every x = (x1, . . . , xn) ∈ Rn, and every 1 ≤ i ≤ n, Mn
t (x, (π

n
i )

−1(B)) = Pt(xi, B).

Theorem II.2. Let (Pt)t∈R+ be a stochastically monotone Feller semigroup on R, and, for n ≥ 2,
denote by (P̆

(n)
t )t∈R+ the4 Markov semigroup constructed in the proof of Theorem II.1. Then,

for every (M
(n)
t )t∈R+ ∈ Mn, s ∈ R+ and x ∈ Rn, one has that M (n)

s (x, ·) ≤sm P̆
(n)
s (x, ·). Since

by construction (P̆
(n)
t )t∈R+ ∈ Mn, and since ≤sm is a partial order, this shows that (P̆ (n)

t )t∈R+

is uniquely characterized as the solution of the following maximization problem with respect to
≤sm:

P̆ (n)
s (x, ·) = max

(M
(n)
t )t∈R+∈Mn

M (n)
s (x, ·).

4A priori, this may not be unique, but it turns out that it is in view of the present statement.
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II.1.6 Discussion

Broadly speaking, Theorem II.1 is a monotonicity equivalence result in the sense of [FM01]:
starting from a monotonicity property within a family of probability measures, one deduces
the existence of a monotone coupling, i.e. a family of random variables providing an effective
realization of the monotonicity property. The archetype for such results is Strassen’s theorem5: if
µ ≤st ν, there exists a pair of random variables (X,Y ) such that Law(X) = µ, Law(Y ) = ν, and
almost surely X ≤ Y . In our context, the existence of the Feller semigroup (P

(n)
t )t∈R+ shows

that6, given x = (x1, . . . , xn) ∈ Rn, one can define a family of real-valued random variables
(Xx1

t , . . . , Xxn
t )t∈R+ on the same probability space, such that:

• for 1 ≤ i ≤ n, Xxi
t is a real-valued Markov process with càdlàg paths, starting at xi, and

governed by (Pt)t∈R+ ,

• for all t ∈ R+, (Xx1
t , . . . , Xxn

t ) is order-compatible with (x1, . . . , xn).

The fact that (Xx1
t , . . . , Xxn

t )t∈R+ is itself a Markov process on Rn governed by a Feller Markov
semigroup comes as an important additional property (see [BF23a], which was indeed our original
motivation for investigating the present question).

Results of this kind have been established in a variety of contexts, including7 discrete-time
Markov chains on partially ordered Polish spaces ([KKO77]), continuous-time Markov chains on
countable partially ordered spaces ([LMS00]), jump processes on partially ordered Polish spaces
([Zha00]), interacting particle systems on {0, 1}Zd ([Lig05]).

In the setting of continuous-time Markov processes on the real line, let us mention two
important special cases for which the conclusion of Theorem II.1 can be established relatively
easily:

• Lévy processes (see e.g. [Ber96]): using the parallel coupling, obtained by setting, for all
x ∈ R and t ≥ 0, Xx

t = x+X0
t , where (X0

t )t≥0 is a version of the Lévy process starting at
0, see Figure II.1a;

• Feller processes with continuous paths: one defines P (n)
t as the distribution at time t of

a family8 of n trajectories that evolve independently until they meet, and stick together
thereafter (this is often called the Doeblin coupling), see Figure II.1b; the construction
with n = 2 is a nice way of proving the not-so-obvious fact that any Feller process on the
real line with continuous paths is stochastically monotone.

In the case of jump processes ([Che04]), and more generally, of Lévy-type processes ([Wan13,
Kol11]), necessary and sufficient explicit conditions for stochastic monotonicity, expressed in
terms of the infinitesimal generator of the process, have been obtained. One nice feature of
Theorem II.1 is that it holds in a completely general setting, regardless of the specific structure

5Strassen’s theorem is valid in the general context of probability measures on Polish spaces. See [Str65] for
Strassen’s original paper, and [Lin99] for useful additional elements.

6From classical results (see e.g. [RY99] or [Kal02]), we have the existence of an Rn-valued Markov process
(Xx1

t , . . . , Xxn
t )t∈R+ with càdlàg paths, governed by (P

(n)
t )t∈R+ and starting at x. Then, by the order-preserving

property of P (n)
t , almost surely, for all t ∈ Q+, (Xx1

t , . . . , Xxn
t ) ∈ Rn

x. Then, using right-continuity of paths and
the fact that Rn

x is a closed subet of Rn, we have that, almost surely, for all t ∈ R+, (Xx1
t , . . . , Xxn

t ) ∈ Rn
x.

7For the sake of brevity, we limit ourselves to a small sample of references, and point the interested reader to
the works quoted by, or quoting, these references for a more exhaustive view of this subject.

8A construction for general Feller processes (not necessarily with continous paths) leading to a strong Markov
process is given in [EMS13] Section 2.1. Continuity of paths easily shows that P (n)

t is order-preserving. The
Feller property of (P (n)

t )t≥0 can then be established using the fact that we have a consistent extension of a Feller
semigroup on the real line by order-preserving semigroups, exactly as in the Proof of Theorem II.1.
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(a) Parallel coupling
(b) Doeblin coupling

Figure II.1: Special cases of Theorem II.1 with easier constructions

of the underlying process, as soon as it is stochastically monotone and enjoys the Feller property,
which are also necessary conditions for the conclusion of the theorem to hold.

Theorem II.2 shows that, for all n ≥ 2, s ∈ R+ and x = (x1, . . . , xn), P̆
(n)
s (x, ·) produces an

n−dimensional coupling of the distributions Ps(x1, ·), . . . , Ps(xn, ·), enjoying a maximality prop-
erty with respect to the super-modular order. Without the constraint that this coupling has to be
the distribution at time s of a Feller process on Rn whose marginals evolve according to (Pt)t∈R+ ,
the maximum would be achieved by the classical comonotone coupling of Ps(x1, ·), . . . , Ps(xn, ·)
(see [MS02]). Loosely speaking, P̆ (n) is obtained (as a well-defined limit) by composing infinitely
many such comonotone couplings associated with an infinitesimal time interval s, so we choose
to call the resulting object the comonotone flow associated with (Pt)t≥0. Strictly speaking, we
have not defined a flow but only a consistent family

(
(P

(n)
t )t∈R+

)
n≥1

of Feller Markov semi-

groups. However, it is shown9 in [LJR04] that such a family of semigroups corresponds to a
stochastic flow, in a precise sense. We do not push this question further here, and postpone the
study of the various properties enjoyed by this stochastic flow to future work.

II.1.7 Organization of the paper

In Section II.2, we collect various results related to the Feller property of Markov semigroups, on
general (locally compact separable metric, or compact metric) spaces, then on R. Section II.3 is
devoted to the proof of Theorem II.1, and Section II.4 to the proof of Theorem II.2. Section C.1
is an appendix where we explain why we think an element is missing in the proof of some results
in [KKO77] which are related to the conclusion of Theorem II.1 in the present paper. Section C.3
shows some numerical illustrations.

II.2 Feller-related results

This section is devoted to results related to the Feller property of Markov semigroups. In
Section II.2.1, we provide alternative formulations of the Feller property that turn out to be
more suitable for the arguments developed in Section II.3, namely, transferring the assumed

9See also the correction [LJR20] and the fully corrected version arXiv:math/0203221v6. Condition (II.1)
and its consequence (II.2) precisely match the definition in [LJR04] of a compatible family of Feller semigroups
satisfying P (2)

t f⊗2(x, x) = Ptf
2(x) for all x ∈ S and f ∈ C0(S).
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regularity properties of the family of kernels (Pt)t∈R+ on R, to families of kernels on Rn that
extend Pt. In Section II.2.2, we show that the combination of stochastic monotonicity with the
Feller property allows one to extend (Pt)t∈R+ to a Feller semigroup (P̃t)t∈R+ on the extended
real line R, whose advantage (in our context) over the usual one-point compactification R∪{∞}
is its compatibility with the underlying order on R.

II.2.1 General properties

Given a lcsm space, we denote by P(S) the set of (Borel) probability measures on S, equipped
with the topology of weak convergence, which is metrizable (see below). To a Markov kernel K
on S, we associate the map qK from S to P(S), defined as x 7→ K(x, ·). Conversely, to a map K
from S to P(S), we associate the map K̂ from S×S to R defined as (x,B) 7→ [K(x)] (B), which
may or may not be a Markov kernel, depending on whether the map K̂(·, B) is measurable for
every B.

Lemma II.1. Given a lcsm space S, and a continuous map K : S → P(S), K̂ is a Markov
kernel.

Proof. Arguing as in the proof of Proposition II.1 below (there is no circular reference, we
just wanted to avoid writing the same proof twice), we have that, for all f ∈ Cb(S), the map
x 7→ K̂f(x) =

∫
S f(y)d [K(x)] (y) is itself an element of Cb(S), and in particular is a Borel map.

We now apply Theorem 0.2.2 in [RY99], which is a functional version of the monotone class
theorem: the set H of functions f ∈ Bb(S) such that x 7→ K̂f(x) is Borel contains Cb(S) –
which plays the role of C in [RY99] – and the assumptions of the theorem are met10, so that H
contains all σ(Cb(S))-measurable functions, and thus all bounded real-valued Borel functions on
S. In particular K̂1B is a Borel function for any Borel set B in S, so K̂ is indeed a Markov
kernel on S. □

Proposition II.1. Given a Markov kernel K on a lcsm space S, the following three properties
are equivalent:

(i) qK is a continuous map;

(ii) ∀f ∈ Cb(S), Kf ∈ Cb(S);
(iii) ∀f ∈ C0(S), Kf ∈ Cb(S).

Proof. Remember that, for a Markov kernel K and f ∈ Bb(S), one always has Kf ∈ Bb(S), so
that the only stake in (ii) and (iii) is the continuity of Kf . Now, by definition, continuity of
the map x 7→ K(x, ·) means that, for any sequence (xk)k≥1 such that lim

k→+∞
xk = x, we have

the weak convergence K(xk, ·) w−−−−→
k→+∞

K(x, ·). In turn, weak convergence means that, for every

f ∈ Cb(S), lim
k→+∞

Kf(xk) = Kf(x), which reads as the continuity of Pf at x. As a consequence,

(i) and (ii) are equivalent. The equivalence of (i) and (iii) stems from the fact that, since S
is a lcsm space, the weak convergence K(xk, ·) w−−−−→

k→+∞
K(x, ·) is equivalent to the fact that

lim
k→+∞

Kf(xk) = Kf(x) for every f ∈ C0(S). □

10The set H is a vector space that contains the constant functions and the supremum of any bounded non-
decreasing sequence of its non-negative elements (thanks to the monotone convergence theorem); the set C is
stable under pointwise multiplication.
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Proposition II.2. A Markov kernel K on a lcsm space S satisfies

∀f ∈ C0(S), Kf ∈ C0(S), (II.5)

if and only if the following two conditions are satisfied:

(i) qK is a continuous map;

(ii) for every compact subset C of S, lim
x→∞

K(x,C) = 0.

Proof. We start with the "if" part, assuming that (i) and (ii) are satisfied. Consider f ∈ C0(S).
Since C0(S) ⊂ Cb(S), Proposition II.1 and (i) show that Kf ∈ Cb(S), and it remains to prove
that Kf goes to zero at infinity. Given ε > 0 and a compact C such that |f | ≤ ε outside C, we
have |Kf(x)| ≤ ∥f∥∞K(x,C) + ε, so that, thanks to (ii), |Kf(x)| ≤ 2ε as soon as x is outside
a sufficiently large compact set C ′.

Now for the "only if" part, assuming that (II.5) is satisfied. From Proposition (II.1), we
have (i), since C0(S) ⊂ Cb(S). As for (ii), consider a compact set C. By compactness of C
and local compactness of S, there exists11 a continuous function f with compact support such
that f ≥ 1C . Then K(x,C) = K1C(x) ≤ Kf(x), and, since f ∈ C0(S), (II.5) implies that
Kf ∈ C0(S) so that lim

x→∞
Kf(x) = 0. □

We now focus on the case where S is a compact (hence separable) metric space, denoting
by C(S) the space of continuous real-valued functions on S (due to the fact that S is compact,
we have C(S) = Cb(S) = C0(S)). Among the many possible metrics compatible with the weak
convergence topology on P(S), we choose to use the Wasserstein (or Kantorovich-Rubinstein)
W1 distance (see [Vil09a], Chapter 6). Specifically, consider the space Lip(S) of real-valued
Lipschitz functions on S. Denoting by dS the metric on S, for f ∈ Lip(S), we let

∥f∥Lip = sup{|f(y)− f(x)|/dS(x, y); x, y ∈ S, x ̸= y}.

Note that, since S is compact, every f ∈ Lip(S) is bounded. The W1 distance on P(S) is then
given by

W1(µ, ν) = sup

{∣∣∣∣∫
S
f(x)dµ(x)−

∫
S
f(x)dν(x)

∣∣∣∣ ; ∥f∥Lip ≤ 1

}
. (II.6)

Lemma II.2. Let K,L,M be Markov kernels on S, then

sup
x∈S

W1(KL(x, ·),KM(x, ·)) ≤ sup
x∈S

W1(L(x, ·),M(x, ·)).

Proof. Consider f ∈ Lip(S) such that ∥f∥Lip ≤ 1. By definition, for all x ∈ S, we have
that |Lf(x)−Mf(x)| ≤W1 (L(x, ·),M(x, ·)) , so that ∥Lf −Mf∥∞ ≤ sup

x∈S
W1(L(x, ·),M(x, ·)).

Using the contraction property (α) of Markov kernels, ∥KLf −KMf∥∞ ≤ ∥Lf −Mf∥∞, so
that

sup
x∈S

sup
f∈Lip(S), ∥f∥Lip≤1

|KLf(x)−KMf(x)| ≤ sup
x∈S

W1(L(x, ·),M(x, ·)).

□

11This is a rather standard result. Here is an elementary argument, using the notation of the proof of Proposi-
tion II.3. Since S is locally compact, for every x ∈ C, there exists a number r > 0 such that B(x, r) is compact.
By compactness of C, we deduce that there exist m ≥ 1, x1, . . . , xm ∈ K and r1, . . . , rm > 0 such that C ⊂ U ,
where U =

⋃m
k=1B(xk, rk). By compactness of C again, the continuous function x 7→ d(x, Uc) has a minimum

value ρ on C, and, since Uc is closed and C ∩ Uc = ∅, we must have ρ > 0. Choosing ε ∈]0, ρ[ ensures that
Cε ⊂ U . As a consequence, Cε is included in the compact set

⋃m
k=1B(xk, rk), so that Cε is compact. One can

then take f = IεC .
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Proposition II.3. Given a family of Markov kernels (Kt)t∈J on a compact metric space S,
where J is a subset of ]0,+∞[ such that inf J = 0, the following properties are equivalent:

(i) ∀f ∈ C(S), lim
t→0+

∥Ktf − f∥∞ = 0

(ii) for all ε > 0, and all x ∈ S, Kt(x,BS(x, ε)
c) goes12 to 0 as t goes to 0, uniformly over

x ∈ S;

(iii) for all x ∈ S, W1(Kt(x, ·), δx) goes to 0 as t goes to 0, uniformly over x ∈ S.

Proof. Before we start the proof, let us introduce a few notation and definitions. For a non-
empty set A ⊂ S and x ∈ S, we let dS(x,A) = inf{dS(x, y); y ∈ A}, and, for r > 0, we denote
Ar = {x ∈ S; dS(x,A) < r}. We then define the function IrA on S by IrA(x) = 1− min(dS(x,A),r)

r .
We have that 0 ≤ IrA ≤ 1, IrA = 1 on A, IrA = 0 outside Ar, and ∥IrA∥Lip ≤ 1/r.

We start with (i) ⇒ (ii). Assume that (i) holds, and consider ε > 0, x ∈ S, and the
function f = I

ε/3
BS(x,ε/3)

. For all y ∈ BS(x, ε/3) one has that f(y) = 1, and, for all z /∈ BS(y, ε),
one has that z /∈ BS(x, ε/3)

ε/3 so that f(z) = 0. Since we also have f ≤ 1, we deduce that
Kt(y,BS(y, ε)

c) ≤ 1 − Ktf(y). From (i), Ktf(y) goes to f(y) = 1 as t goes to 0, uniformly
with respect to y ∈ BS(x, ε/3), so that Kt(y,BS(y, ε)

c) goes to 0 as t goes to 0, uniformly with
respect to y ∈ BS(x, ε/3). Covering the compact set S by a finite number of balls of the form
BS(x, ε/3), we have proved that (ii) holds.

We now prove that (ii) ⇒ (i). Assume that (ii) holds. Consider f ∈ C(S) and ε > 0. Since
S is compact, f is uniformly continuous and there is a δ > 0 such that, whenever dS(x, y) ≤ δ,
one has |f(x)− f(y)| ≤ ε. As a consequence, for all x ∈ S,

|Ktf(x)− f(x)| ≤ ε+ 2 ∥f∥∞Kt(x,BS(x, ε)
c),

so (ii) leads to the desired conclusion.
The proof that (ii) ⇒ (iii) is similar, where Lipschitz continuity replaces uniform continuity.

Indeed, for f ∈ Lip(S), we have, for all ε > 0, and for all x ∈ S, that

|Ktf(x)− f(x)| ≤ ∥f∥Lip ε+∆S ∥f∥LipKt(x,BS(x, ε)
c),

using the fact that, for all x, y ∈ S, |f(y) − f(x)| ≤ ∥f∥Lip∆S , where ∆S = sup
x,y∈S

dS(x, y) is

finite thanks to the fact that S is compact.
We now prove that (iii) ⇒ (ii). Given x ∈ S and ε > 0, consider the function f = I

ε/3
BS(x,ε/3)

used in the proof that (i) ⇒ (ii). We have that ∥f∥Lip ≤ 3/ε, so that g = (3/ε)−1f , sastifies
∥g∥Lip ≤ 1, and as a consequence, for all y ∈ S, |Ktf(y)− f(y)| ≤ (3/ε)W1(Kt(y, ·), δy), and we
can argue as in the proof that (i) ⇒ (ii), thanks to (iii).

□

II.2.2 Extension of (Pt) to R

For u, v ∈ R, denote by Cu,v(R) the set of continuous functions f : R → R such that we have
lim

x→−∞
f(x) = u and lim

x→+∞
f(x) = v.

Proposition II.4. A Markov kernel K on R satisfying (II.5) and

∀f ∈ B↗
b (R), Kf ∈ B↗

b (R), (II.7)

also satisfies
∀f ∈ Cu,v(R), Kf ∈ Cu,v(R). (II.8)

12We denote by BS(x, r) the open ball of radius r centered at x.
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Proof.
We first prove that, for all a > 0,

lim
x→−∞

K(x, [−a,+∞[) = 0 and lim
x→+∞

K(x, ]−∞, a]) = 0. (II.9)

Given a > 0, consider ε > 0. Then choose b ≥ a such that K(0, [−b,+b]c) ≤ ε. Thanks to (II.5)
and Proposition (II.2), there exists x0 ≤ 0 such that, for all x ≤ x0, K(x, [−b,+b]) ≤ ε. By
the monotonicity assumption (II.7), K(x, ]b,+∞[) ≤ K(0, ]b,+∞[)) ≤ ε. Combining the two
inequalities for K(x, ·), we deduce that K(x, [−b,+∞[) ≤ 2ε, and, since b ≥ a, we have that,
for all x ≤ x0, K(x, [−a,+∞[) ≤ K(x, [−b,+∞[) ≤ 2ε. We have proved the first part of (II.9).
The second part is proved symmetrically.

Now consider f ∈ Cu,v(R). Given ϵ > 0, there exists a > 0 such that, for all z < −a,
|f(z) − u| ≤ ε. As a consequence, |Kf(x) − u| ≤ ε + (||f ||∞ + u)K(x, [−a,+∞[). Using the
first part of (II.9), we deduce that lim supx→−∞ |Kf(x)− u| ≤ ε. Since ε is arbitrary, we have
thus proved that lim

x→−∞
Kf(x) = u. A similar argument proves that lim

x→+∞
Kf(x) = v.

Finally, since f ∈ Cb(R) and K satisfies (II.5), Proposition II.2 shows that Kf is a continuous
function.

□

We equip the extended real line R = R∪{−∞,+∞} = [−∞,+∞] with the metric d1 defined
by d1(x, y) = |ϕ(y)− ϕ(x)|, where ϕ(x) = tanh(x) (with tanh(+∞) = 1 and tanh(−∞) = −1),
which makes it a separable compact metric space. For n ≥ 2, we equip Rn with the metric dn
defined by dn(x,y) =

∑n
i=1 |ϕ(yi)− ϕ(xi)|.

Given a Borel probability measure µ on R, we extend it to a probability measure µ̃ on R by
letting, for every Borel set B of R, µ̃(B) = µ(B ∩ R).

Lemma II.3. Given Borel probability measures µ, µ1, µ2, . . . on R, µk
w−−−−→

k→+∞
µ if and only if

µ̃k
w−−−−→

k→+∞
µ̃.

Proof. Assume that µ̃k
w−−−−→

k→+∞
µ̃. For f ∈ C0(R), f can be extended to a function f̃ ∈ C(R)

by letting f̃(±∞) = 0. With this definition ,for any probability measure ν on R, we have that∫
R f(x)dν(x) =

∫
R f̃(x)dν(x). The fact that lim

k→+∞

∫
R f̃(x)dµ̃k(x) =

∫
R f̃(x)dµ̃(x) thus implies

that lim
k→+∞

∫
R f(x)dµk(x) =

∫
R f(x)dµ(x). So we have proved that µk

w−−−−→
k→+∞

µ.

Now assume that µk
w−−−−→

k→+∞
µ. For f ∈ C(R), the restriction of f to R is a bounded

continuous function, so we have that lim
k→+∞

∫
R f(x)dµk(x) =

∫
R f(x)dµ(x), whence

lim
k→+∞

∫
R
f(x)dµ̃k(x) =

∫
R
f(x)dµ̃(x).

So we have proved that µ̃k
w−−−−→

k→+∞
µ̃. □

We extend (Pt)t∈R+ to a family of Markov kernels (P̃t)t∈R+ on R by setting, for all x ∈ R:

P̃t(x, ·) = P̃t(x, ·), P̃t(+∞, ·) = δ+∞(·) and P̃t(−∞, ·) = δ−∞(·).

Proposition II.5. If (Pt)R+ is stochastically monotone and enjoys the Feller property, then
(P̃t)t≥0 has the Feller property.
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Proof. We first prove (Fa), i.e. ∀f ∈ C(R) and t ≥ 0, P̃tf ∈ C(R). Given f ∈ C(R), we denote by
f|R the restriction of f to R, and observe that f|R ∈ Cu,v(R), where u = f(−∞) and v = f(+∞),
so, by Proposition II.4, Ptf|R ∈ Cu,v(R). For x ∈ R, P̃tf(x) = Ptf|R(x), while P̃tf(−∞) = u and
P̃tf(+∞) = v. We deduce that P̃tf is continuous on R.

We now prove (Fb’), i.e. ∀f ∈ C(R) and x ∈ R, lim
t→0

P̃tf(x) = f(x). This is immediate for

x = ±∞ since then P̃tf(x) = f(x) for all t. For all x ∈ R, we have that Pt(x, ·) converges weakly
to δx as t→ 0, so that, since f|R ∈ Cb(R), lim

t→0
PtfR(x) = fR(x), whence lim

t→0
P̃tf(x) = f(x).

□

Remark II.1. Observe that it is not true that, without additional assumptions, the extension to
R of a Feller Markov semigroup on R always inherits the Feller property (this is true nonetheless
for the extension to the one-point compactification R∪{∞}). Consider for instance the semigroup
(Pt) associated with a standard Brownian motion (Bt)t∈R+ on R whose sign is reversed at each
occurrence of an independent rate 1 Poisson process (Nt)t∈R+ , i.e. Xt = Bt · (−1)Nt . Indeed,
for f ∈ Ca,b(R) with a ̸= b, lim

x→−∞
Ptf(x) = aQ(Nt is even) + bQ(Nt is odd), so Ptf /∈ Ca,b(R)

for t > 0.

II.3 Proof of Theorem II.1

This section is devoted to the proof of Theorem II.1. First, in Section II.3.1, we define the
kernels Q(n)

t by using, for x = (x1, . . . , xn) and t ≥ 0, the classical comonotone coupling of
Pt(x1, ·), . . . , Pt(xn, ·), which turns out to be order-preserving thanks to the stochastic mono-
tonicity of (Pt)t≥0 (more precisely, we work with the extended semigroup (P̃t)t≥0 on R). Then, in
Section II.3.2, we construct the kernels P (n)

t by iterating the composition of Q(n)
s a large number

of times for smaller and smaller s, then taking the limit. One key tool to prove that this pro-
cedure leads to a well-behaved limit is Proposition II.7, which enables the transfer of regularity
properties of the kernels Pt to the kernels Q(n)

t , thanks to the interplay between order-preserving
properties of kernels and estimates in the W (n)

1 distance.

II.3.1 Discrete-time flow

For x ∈ R and t ≥ 0, let F [−1]
x,t : [0, 1] → R denote the quantile function of the probability

distribution Pt(x, ·), i.e. F [−1]
x,t (u) = inf{y ∈ R;Pt(x, ] −∞, y]) ≥ u}. We extend the definition

to x ∈ R by letting F [−1]
−∞,t ≡ −∞ and F [−1]

+∞,t ≡ +∞.

Lemma II.4. The family of functions F [−1]
x,t enjoys the following properties:

(a) for all x ∈ R and t ≥ 0, the map F [−1]
x,t is non-decreasing;

(b) for all x ∈ R, t ≥ 0 and u ∈]0, 1[, F [−1]
x,t (u) ∈ R;

(c) for all t ≥ 0 and u ∈]0, 1[, the map x 7→ F
[−1]
x,t (u) is non-decreasing;

(d) If U is a random variable following the uniform distribution on the interval [0, 1], then, for
all x, t, the distribution of the random variable F [−1]

x,t (U) is P̃t(x, ·);

(e) for all t ∈ R, and x ∈ R, except for an at most countable set of values of u ∈ [0, 1], the
map y 7→ F

[−1]
y,t (u) is continuous at x.
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Proof. Properties (a) and (b) are immediate consequences of the definition and of the fact
that the cdf of a real-valued random variable is non-decreasing, with limits 0 and 1 at −∞
and +∞, respectively. Property (c) is a consequence of stochastic monotonicity: if x1, x2 ∈ R
are such that x1 ≤ x2, then, for all y ∈ R, Pt(x1, ] − ∞, y]) ≥ Pt(x2, ] − ∞, y]). Extension
to R is immediate in view of the definition of F [−1]

x,t when x = ±∞. Property (d) is obvious
when x = ±∞, and classical when x ∈ R, we e.g. refer to the proof of Theorem 25.6 in
[Bil95]. We now deal with property (e). Given t ≥ 0, x ∈ R and a sequence (xk)k≥1 of real
numbers such that lim

k→+∞
xk = x, we have the weak convergence Pt(xk, ·) w−−−−→

k→+∞
Pt(x, ·), so

that, refering again to the proof of Theorem 25.6 in [Bil95], whenever F [−1]
x,t is continuous at a

certain u ∈]0, 1[, we have that lim
k→+∞

F
[−1]
xk,t

(u) = F
[−1]
x,t (u). Since F [−1]

x,t is non-decreasing, the

number of points of discontinuity is at most countable. Assume now that x = +∞. From the
proof of Proposition II.4, we have that, for any a > 0, lim

x→+∞
Pt(x, ] − ∞, a]) = 0, so that, for

any u ∈]0, 1], lim
x→+∞

F
[−1]
x,t (u) = +∞ = F

[−1]
+∞,t(u). The case x = −∞ is treated symmetrically.

□

Given t ≥ 0 and x = (x1, . . . , xn) ∈ Rn, define Q(n)
t (x, ·) as the distribution on Rn of the

random vector Zx =
(
F

[−1]
xi,t

(U)
)
1≤i≤n

, where U is a random variable following the uniform

distribution on the interval [0, 1].

Proposition II.6. For all t ≥ 0, and n ≥ 2, Q(n)
t is an order-preserving13 Markov kernel on

Rn. Moreover, for all t ≥ 0, the family (Q
(n)
t )n≥2 is a consistent extension of P̃t.

Proof. By Lemma II.4 (c), we have that, for any u ∈ [0, 1[,
(
F

[−1]
xi,t

(u)
)
1≤i≤n

is order-compatible

with x1, . . . , xn. To check that Q(n)
t is a Markov kernel, we note that, by definition, for all

x, Q(n)
t (x, ·) is a probability measure on Rn. Now consider a function f ∈ C(Rn), and define

Q
(n)
t f(x) =

∫
Rn f(y)dQ

(n)
t (x, y). Given x ∈ R and a sequence (xk)k≥1 such that lim

k→+∞
xk = x,

we deduce from Lemma II.4 (e) that, almost surely, lim
k→+∞

Zxk
= Zx, so that, by continuity

of f , almost surely, lim
k→+∞

f(Zxk
) = f(Zx). We thus obtain by dominated convergence that

lim
k→+∞

Q
(n)
t f(xk) = Q

(n)
t f(x). We deduce that Q(n)

t f ∈ C(Rn), then invoke Lemma II.1 to

deduce that Q(n)
t is a Markov kernel.

That Q(n)
t is an extension of P̃t is a direct consequence of Lemma II.4 (d). Consistency is a

consequence of the fact that, by definition, πni1,...,ik(Zx) =
(
F

[−1]
xij ,t

(U)
)
1≤j≤k

= Zπn
i1,...,ik

(x).

□

II.3.2 Construction of the limit R
(n)
t

Now we call D+ the set of positive dyadic rational numbers. For any fixed t ∈ D+, we write
t = k2−m0 ∈ D+ where k ≥ 1 and m0 ≥ 0 are integers, and m0 has the minimum possible value
in such an expression. Then, for every integer m ≥ m0, we let

Q
(n),m
t =

[
Q

(n)
2−m

]k2m−m0

,

13We extend the definition of an order-preserving Markov kernel on Rn to that of an order-preserving Markov
kernel on Rn in the obvious way.
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i.e. Q(n),m
t is the repeated composition of kernels Q(n)

2−m · · ·Q(n)
2−m with a total of k2m−m0 kernels

in the composition.
As a result, (Q(n),m

t )m≥m0 is a sequence of Markov kernels on Rn. Moreover, from Proposi-
tion II.6, for all t ∈ D+, n ≥ 2, and m ≥ m0, Q

(n),m
t is order-preserving14, and, for all t ∈ D+

and m ≥ m0, the family (Q
(n),m
t )n≥2 is a consistent extension15 of P̃t. Now let Q(n),m

t =
­

Q
(n),m
t .

Denote by W (n)
1 the Wasserstein (or Kantorovich-Rubinstein) distance on P(Rn), where Rn

is equipped with the distance dn defined in Section II.2.2.

Proposition II.7. For all m ≥ m0, the map Q
(n),m
t from Rn to P(Rn) satisfies:

W
(n)
1

(
Q

(n),m
t (x),Q

(n),m
t (y)

)
≤

n∑
i=1

|P̃tϕ(yi)− P̃tϕ(xi)|.

Proof. Let z = (x,y) = (x1, . . . , xn, y1, . . . , yn). Let (X1, . . . , Xn, Y1, . . . , Yn) be a random
vector on Rn whose distribution is Q(2n),m

t (z, ·). By the consistency property, the distribution
of (X1, . . . , Xn) is Q(n),m

t (x, ·) and the distribution of (Y1, . . . , Yn) is Q(n),m
t (y, ·). Moreover, the

order-preserving property implies that, with probability 1, for all 1 ≤ i ≤ n, the relative order
of Xi and Yi is the same16 as the relative order between xi and yi. Now consider a function
f ∈ Lip(Rn) such that ∥f∥Lip ≤ 1. Let X = (X1, . . . , Xn) and Y = (Y1, . . . , Yn). We have that∣∣∣Q(n),m

t (y, ·)−Q
(n),m
t (x, ·)

∣∣∣ = |Ef(Y)− Ef(X)| ≤ E |f(Y)− f(X)| .

Since ∥f∥Lip ≤ 1,

E |f(Y)− f(X)| ≤ E
n∑
i=1

|ϕ(Yi)− ϕ(Xi)| =
n∑
i=1

E|ϕ(Yi)− ϕ(Xi)|.

Since ϕ is non-decreasing and the relative order of Xi and Yi is non-random, we have that

E|ϕ(Yi)− ϕ(Xi)| = |E (ϕ(Yi)− ϕ(Xi))| = |Eϕ(Yi)− Eϕ(Xi)| .

Since Q(n),m
t is an extension of P̃t, we have that Eϕ(Xi) = P̃tϕ(xi) and Eϕ(Yi) = P̃tϕ(yi). □

Corollary II.1. For all n ≥ 2 and t ∈ D+, the family
(
Q

(n),m
t

)
m≥m0

of maps from Rn to

P(Rn) is equicontinuous.

Proof. Note that ϕ ∈ C(R), so the Feller property of P̃t implies that P̃tϕ is continuous. □

Denote by Cn the set of continuous functions from Rn to P(Rn), equipped with the distance

dCn(K,L) = sup
x∈Rn

W
(n)
1 (K(x),L(x)).

Remember that Rn is a compact metric space, so that P(Rn) is also a compact metric space,
hence a complete metric space. As a consequence, for each t ∈ D+ and n ≥ 2, in view of Corol-
lary II.1, we can invoke the Arzelà-Ascoli theorem (see e.g. [Dix84]) to show the convergence

14Using the fact that the composition of order-preserving Markov kernels is still an order-preserving Markov
kernel, see Lemma C.1 in Section C.2.

15Using the fact that, if (K(n))n≥2 and (L(n))n≥2 are consistent extensions, respectively of K and L, then
(K(n)L(n))n≥2 is a consistent extension of KL, see Lemma C.2 in Section C.2.

16To be explicit: if xi ≤ yi, then almost surely Xi ≤ Yi, while, if yi ≤ xi, then almost surely Yi ≤ Xi.
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along a subsequence: the sequence of maps
(
Q

(n),mk
t

)
k≥1

converges, as k → +∞, to a limiting

map R
(n)
t , in the sense of uniform convergence of continuous maps from Rn to P(Rn). More-

over, by diagonal extraction, we can assume that convergence occurs simultaneously for every t
in (the countable set) D+ and every n ≥ 2. To sum up, we have a strictly increasing sequence
of integers (mk)k≥1 and, for every t ∈ D+ and n ≥ 2, an element R

(n)
t of Cn, such that17

lim
k→+∞

dCn(Q
(n),mk
t ,R

(n)
t ) = 0. (II.10)

Now let R(n)
t = R̂

(n)
t , and note that R(n)

t is a Markov kernel (e.g. since R
(n)
t is a continuous map

from Rn to P(Rn), see Lemma II.1), and that, by continuity of the projection maps πni1,...,ik , for

each t ∈ D+, the family of Markov kernels (R
(n)
t )n≥2 inherits the property of being a family of

order-preserving kernels forming a consistent extension of P̃t.
Let us now check that the semigroup property (restricted to D+) holds for our family of

Markov kernels:
∀s, t ∈ D+, R

(n)
s+t = R(n)

s R
(n)
t . (II.11)

By construction, given s, t ∈ D+, we have that Q(n),mk
s Q

(n),mk
t = Q

(n),mk
s+t for all large enough k.

Now consider f ∈ Lip(Rn) such that ∥f∥Lip ≤ 1, and write

Q(n),mk
s Q

(n),mk
t f −R(n)

s R
(n)
t f = Q(n),mk

s Q
(n),mk
t f −Q(n),mk

s R
(n)
t f +Q(n),mk

s R
(n)
t f −R(n)

s R
(n)
t f.

Using Lemma II.2, we have that, for all x ∈ Rn,∣∣∣Q(n),mk
s Q

(n),mk
t f(x)−Q(n),mk

s R
(n)
t f(x)

∣∣∣ ≤ dCn(Q
(n),mk
t ,R

(n)
t ). (II.12)

On the other hand, R(n)
t f ∈ C(Rn) since f ∈ C(Rn) and R

(n)
t is a continuous map from Rn

to P(Rn) (see Proposition II.1). Since, for every x ∈ Rn, we have the weak convergence
Q

(n),mk
s (x, ·) w−−−−→

k→+∞
R

(n)
s (x, ·), we deduce that

lim
k→+∞

Q(n),mk
s R

(n)
t f(x) = R(n)

s R
(n)
t f(x). (II.13)

Combining (II.10), (II.12) and (II.13), we have that lim
k→+∞

Q
(n),mk
s Q

(n),mk
t f(x) = R

(n)
s R

(n)
t f(x),

for all x ∈ Rn. Now the weak convergence Q
(n),mk
s+t (x, ·) w−−−−→

k→+∞
R

(n)
s+t(x, ·) implies that we

have lim
k→+∞

Q
(n),mk
s+t f(x) = R

(n)
s+tf(x). Using the identity Q

(n),mk
s Q

(n),mk
t = Q

(n),mk
s+t , we deduce

that lim
k→+∞

Q
(n),mk
s Q

(n),mk
t f(x) = R

(n)
s+tf(x), so that R(n)

s R
(n)
t f(x) = R

(n)
s+tf(x), and (II.11) is

established18.
Now for x = (x1, . . . , xn) and ε > 0, observe that BRn(x, ε)c ⊂ ⋃n

i=1BR(xi, ε/n)
c, so that,

using the fact that R(n)
t is an extension of P̃t and the union bound,

R
(n)
t (x, BRn(x, ε)c) ≤

n∑
i=1

P̃t(xi, BR(xi, ε/n)
c).

17Note that Q
(n),mk
t is defined as soon as mk ≥ m0, where m0 depends on t.

18Indeed, we have established that, for all x ∈ Rn, W (n)
1 (R

(n)
s R

(n)
t (x, ·), R(n)

s+t(x, ·)) = 0.
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Using the Feller property of (P̃t)t≥0 and Proposition II.3 (ii), we deduce that R(n)
t (x, BRn(x, ε)c)

goes to 0 as t goes to 0, uniformly over x ∈ Rn, which, thanks to Proposition II.3 again, shows
that

lim
t→0

t∈D+

sup
x∈Rn

W
(n)
1 (R

(n)
t (x, ·), δx) = 0. (II.14)

Using Lemma II.2, we have that

sup
x∈Rn

W
(n)
1 (R

(n)
s+t(x, ·), R(n)

s (x, ·)) ≤ sup
x∈Rn

W
(n)
1 (R

(n)
t (x, ·), δx). (II.15)

Combining (II.14) and (II.15) shows that the map s 7→ R
(n)
s from D+ to Cn is uniformly

continuous. Since Cn is a complete metric space, and D+ is a dense subset of R+, there is a
unique extension (see [Dix84]) to a uniformly continuous map s 7→ R

(n)
s from R+ to Cn. This

allows us to extend the definition R(n)
t = R̂

(n)
t to every t ∈ R+.

We now check that the semigroup property holds for (Rt)t∈R+ , i.e.

∀s, t ∈ R+, R
(n)
s+t = R(n)

s R
(n)
t . (II.16)

Let (sk)k≥1 and (tk)k≥1 be sequences of elements in D+ which converge to s and t respectively.
By (II.11), we have that R(n)

sk R
(n)
tk

= R
(n)
sk+tk

. Now, for f ∈ Lip(Rn) such that ∥f∥Lip ≤ 1, we
write

R(n)
sk
R

(n)
tk
f −R(n)

s R
(n)
t f = R(n)

sk
R

(n)
tk
f −R(n)

sk
R

(n)
t f +R(n)

sk
R

(n)
t f −R(n)

s R
(n)
t f.

Using Lemma II.2, we have that, for all x ∈ Rn,∣∣∣R(n)
sk
R

(n)
tk
f(x)−R(n)

sk
R

(n)
t f(x)

∣∣∣ ≤ dCn(R
(n)
tk
,R

(n)
t ).

Arguing exactly as in the proof of (II.11), we have that R(n)
t f ∈ C(Rn). Moreover, by continuity

of the extension to R+, we have the weak convergence R(n)
sk (x, ·) w−−−−→

k→+∞
R

(n)
s (x, ·), so that

lim
k→+∞

R(n)
sk
R

(n)
t f(x) = R(n)

s R
(n)
t f(x),

and similarly
lim

k→+∞
R

(n)
sk+tk

f(x) = R
(n)
s+tf(x),

so that R(n)
s+tf(x) = R

(n)
s R

(n)
t f(x), and (II.16) is established.

We now observe that, by continuity of the projection maps πni1,...,ik , and the Feller property of

(P̃t)t∈R+ , the property that (R(n)
t )n≥2 is a family of order-preserving kernels forming a consistent

extension of P̃t, already established for every t ∈ D+, holds for every t ∈ R+. Also, thanks to the
continuity of t 7→ R

(n)
t at t = 0, and by Proposition II.3, the family of Markov kernels (R(n)

t )n≥2

satisfies property (Fb).
For n ≥ 2, t ∈ R+, x ∈ Rn and Borel set B of Rn, we define P (n)

t (x, B) = R
(n)
t (x, B). Since

R
(n)
t is an extension of P̃t and P̃t(xi,R) = 1, we have that R(n)

t (x,Rn) = 1, so P (n)
t is indeed

a Markov kernel on R, and the fact that, for all t, (P
(n)
t )n≥2 is a consistent extension of Pt

by order-preserving Markov kernels is an immediate consequence of the fact that (R
(n)
t )n≥2 is

a consistent extension of P̃t by order-preserving Markov kernels. Since a function f ∈ C0(Rn)
immediately extends to a function f̃ ∈ C(Rn), we deduce the fact that P (n)

t f ∈ Cb(Rn) and
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the convergence lim
t→0

∥∥∥P (n)
t f − f

∥∥∥
∞

= 0 from the corresponding properties of R(n)
t . To complete

the proof of the Feller property of (P
(n)
t )t∈R+ , it remains to prove that P (n)

t f ∈ C0(Rn), i.e.
lim
x→∞

P
(n)
t f(x) = 0, since we already know that P (n)

t f ∈ Cb(Rn). To this end, using the fact that

P
(n)
t is an extension of Pt, we have that, for all a > 0:

P
(n)
t (x, [−a,+a]n) ≤ min

1≤i≤n
Pt(xi, [−a,+a]).

Thanks to Proposition II.2 and the Feller property of Pt, we deduce that

lim
x→∞

P
(n)
t (x, [−a,+a]n) = 0,

and, thanks to Proposition II.2 again, that lim
x→∞

P
(n)
t f(x) = 0.

II.4 Proof of Theorem II.2

This (short) section is devoted to the proof of Theorem II.2. We start with a general result
showing that the ≤sm order is preserved by consistent families of order-preserving Markov ker-
nels. Combined with the maximal property of the comonotone coupling with respect to ≤sm

and the fact that (P̆ (n)
t )t∈R+ is obtained as a limit of the composition of order-preserving kernels

constructed using the comonotone coupling, we deduce Theorem II.2.

Proposition II.8. If (K(n))n≥1 is a consistent family of order-preserving Markov kernels on
the successive powers of R, then, for all n ≥ 2 and f ∈ SMb(Rn), K(n)f ∈ SMb(Rn).

Proof. Consider x = (x1, . . . , xn) and y = (y1, . . . , yn). Let z = (x,y) = (x1, . . . , xn, y1, . . . , yn).
Let (X1, . . . , Xn, Y1, . . . , Yn) be a random vector on Rn whose distribution is K(2n)(z, ·), and
let X = (X1, . . . , Xn) and Y = (Y1, . . . , Yn). By the consistency property, the distribution
of X is K(n)(x, ·) and the distribution of Y is K(n)(y, ·), so that K(n)f(x) = Ef(X) and
K(n)f(y) = Ef(Y). Now, for 1 ≤ i ≤ n, let Z+

i = Xi and Z−
i = Yi when xi ≤ yi, Z+

i = Yi
and Z−

i = Xi when xi > yi, so that, thanks to the consistency property again, the distribution
of (Z+

1 , . . . , Z
+
n ) is K(n)(x ∨ y, ·) and the distribution of (Z−

1 , . . . , Z
−
n ) is K(n)(x ∧ y, ·), so that

K(n)f(x∨y) = Ef(Z+
1 , . . . , Z

+
n ) and K(n)f(x∧y) = Ef(Z−

1 , . . . , Z
−
n ). Moreover, by the order-

preserving property of K(2n), we have that X ∨Y = (Z+
1 , . . . , Z

+
n ) and X ∧Y = (Z−

1 , . . . , Z
−
n ).

By the super-modularity property of f , f(X ∨ Y) + f(X ∧ Y) ≥ f(X) + f(Y), and we thus
deduce that f(Z+

1 , . . . , Z
+
n ) + f(Z−

1 , . . . , Z
−
n ) ≥ f(X) + f(Y). Taking expectations, we deduce

that K(n)f(x ∨ y) + K(n)f(x ∧ y) ≥ K(n)f(x) + K(n)f(y), so we have proved that K(n)f is
super-modular. □

Proposition II.9. Let (M
(n)
t )t≥0 ∈ Mn, and let (Q

(n)
t )t≥0 be the family of Markov kernels

introduced in Section II.3.1. Then, for all t ≥ 0 and x ∈ Rn, M (n)
t (x, ·) ≤sm Q

(n)
t (x, ·).

Proof. By construction (see Theorem 3.1.1 in [MS02]), Q(n)
t (x, ·) is a comonotone probability

distribution on Rn. Moreover, Q(n)
t (x, ·) and M

(n)
t (x, ·) have the same marginals, namely the

distributions Pt(x1, ·), . . . , Pt(xn, ·). By Theorem 3.9.8 in [MS02] (using property (P5)), we
deduce that M (n)

t (x, ·) ≤sm Q
(n)
t (x, ·). □

Proof of Theorem II.2 We now prove by induction that, for all f ∈ SMb(Rn), s ≥ 0, and integer
k ≥ 0,

M
(n)
sk f ≤

[
Q(n)
s

]k
f. (II.17)
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For k = 0, this is obvious since the property to be proved is that f ≤ f . Now write
[
Q

(n)
s

]k+1
f =

Q
(n)
s

[
Q

(n)
s

]k
f . Thanks to Proposition II.8,

[
Q

(n)
s

]k
f is super-modular. We deduce from Propo-

sition II.9 that M
(n)
s

[
Q

(n)
s

]k
f ≤ Q

(n)
s

[
Q

(n)
s

]k
f =

[
Q

(n)
s

]k+1
f . Assuming that M

(n)
sk f ≤[

Q
(n)
s

]k
f , positivity implies that M (n)

s(k+1)f = M
(n)
s M

(n)
sk f ≤ M

(n)
s

[
Q

(n)
s

]k
f , so that, com-

bining the previous inequalities, we deduce that M (n)
s(k+1)f ≤

[
Q

(n)
s

]k+1
f , and (II.17) is proved

by induction.
Assume that f is continuous in addition to being in SMb(Rn). Given t ∈ D+, remember

from Section II.3.2 that, for m ≥ m0, Q
(n),m
t =

[
Q

(n)
2−m

]k2m−m0

, where t = k2−m0 ∈ D+, and

k ≥ 1 and m0 ≥ 0 are integers. As a consequence, (II.17) implies that M (n)
t f ≤ Q

(n),m
t f .

Remember that P̆ (n)
t is defined as the limit for k → +∞ of a subsequence

(
Q

(n),mk
t

)
k≥1

. Since

f is continuous, we have, by weak convergence, that, as k → +∞, Q(n),mk
t f converges pointwise

to P̆
(n)
t f , so that, taking the limit in our inequality, we have that M (n)

t f ≤ P̆
(n)
t f . Given

t ∈ R+, consider a sequence (sm)m≥1 of elements of D+ such that lim
m→+∞

sm = t. By the Feller

property of (M (n)
s )s∈R+ and (P̆

(n)
s )s∈R+ , we have that, as m→ +∞, M (n)

sm f converges pointwise
to M (n)

t f , and P̆
(n)
sm f converges pointwise to P̆ (n)

t f , so that, taking the limit in the inequality
M

(n)
sm f ≤ P̆

(n)
sm f , we have that M (n)

t f ≤ P̆
(n)
t f . Using [MS02] (Theorems 3.9.10 and 3.9.11),

Theorem II.2 is proved. □
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Chapter III

Deep Learning methods for Mean Field
Optimal Transport problem

This chapter contains the main part of [BFL+23], that can be found at https://arxiv.org/
abs/2302.14739. Appendix D contains some additional details to this work.

III.1 Introduction

Mean field games (MFGs) have been introduced by Lasry and Lions [LL06a, LL06b, LL07] and
Caines, Huang and Malhamé [HMC06, HCM07] to approximate Nash equilibria in games with a
very large number of players. At a high level, the main idea is to use a mean field approximation
to represent the state of the population, and then to focus on the interactions between a single
representative player and the distribution of the states of the other players. Mean field control
(MFC) [BFY13] relies on a similar approximation but aims at representing situations in which
a large number of agents cooperate to minimize a common social cost. The problem can be
interpreted as an optimal control problem for a McKean-Vlasov (MKV) stochastic differential
equation (SDE) or an optimal control for a Kolmogorov-Fokker-Planck (KFP) partial differential
equation (PDE). In the past decade, the analysis of both MFGs and MFC problems has been
extensively developed, see e.g. [BFY13] for an introduction to this topic, and [CD18] for a
probabilistic viewpoint.

In the most common setup, the players try to minimize a total cost which is composed of
a running cost integrated over time and a terminal cost. These costs generally account for the
efforts made to control the dynamics as well as the preferences for some states over others.
Another class of models has been introduced, in which there is no terminal cost and instead the
terminal distribution of the population is imposed as a constraint. Nash equilibria have been
studied under the name of planning problem for mean field game. This class of problems has
been analyzed mostly using PDE-based techniques [ACCD12, Por13, Por14, OPS19, GMST19,
BLL21]. In the special case of linear dynamics and a quadratic running cost in the control,
the problem is related to the Schrödinger bridge problem, and equilibrium conditions can be
phrased in terms of ordinary differential equations (ODEs) [CGP15a, CGP16, CGP15b, CGP18a,
CGP18b]. Mean-field Schrödinger bridge problems have also received a growing interest from
the stochastic viewpoint, see e.g. [BCGL20, HT23].

This research direction is tightly connected to optimal transport (OT). Benamou and Brenier
proposed in [BB00] a fluid mechanics framework for the L2 Monge-Kantorovich mass transport
problem. Many works built on this approach to relate optimal transport and optimal control
problems for continuity equations. Of particular interest for MFGs is the work [CCN13], which
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clarified the link between geodesics for a class of distances between probability measures and
a PDE system similar to the one arising in MFGs. For more background on OT, we refer
the interested reader to the monographs [Vil09b, Vil21, San15, PC19, AGS05]. However, the
solutions of MFGs correspond to Nash equilibria, and hence, in general, MFGs do not admit
a variational structure. Furthermore, in many applications, it is not immediately clear to us
why selfish players caring only about their individual costs would manage to agree and reach a
target terminal distribution. Imposing a fixed terminal distribution seems more natural in the
MFC setting, where the agents behave in a cooperative way to minimize the social cost. In the
present work, we focus on such MFC with planning problems, in which a mean field of agents
try to collectively minimize a social cost while ensuring that a fixed distribution is attained at
the terminal time.

Since the work of Benamou and Brenier [BB00], several numerical methods have been in-
vestigated for similar problems, including MFGs with planning. Achdou et al. have proposed
in [ACCD12] a method based on finite differences and Newton method to solve the PDE system
of MFG with planning. Benamou and Carlier have used in [BC15, BCL16] an Augmented La-
grangian method approach with the alternating direction method of multipliers to solve OT and
MFG (without planning). Similar methods have been used in [And17, AL16b] to solve MFGs
and MFC problems (still without planning). Benamou et al. proposed in [BCDMN19] a method
to solve MFG with planning through entropy regularization and Sinkhorn algorithm.

Recently, several deep learning methods have been proposed to solve high-dimensional opti-
mal control problems and PDEs, such as the DeepBSDE method [HJW18, HJW17, HHL22], the
Deep Galerkin Method [SS18] and physics-informed neural networks [RPK19]. Some of these
methods have been extended to MFGs and MFC problems. In particular, [AACN+18, CL19]
proposed deep learning methods to solve the PDE systems arising in mean field problems,
[CL21a, GMW22, FZ20] introduced deep learning methods for differential MFC problems.
Ruthotto et al. introduced a deep learning method for variational MFG with degenerate dif-
fusion in [ROL+20]. Lin et al. introduced a deep learning method in [LFL+20] that uti-
lizes the primal-dual relationship of variational MFG. Cao et al. noticed a connection between
MFGs, generative adversarial networks and OT in [CGL20]. We refer the interested reader to
e.g. [CL21b, GPW21, HL22] for recent surveys on this topic. The work most related to ours is
the work of Liu et al. in [LCST22], where they considered the planning problems in a class of
MFGs based on a generalized version of the Schrödinger bridge problem and proposed a neural
network-based numerical method to solved it.

The main goal of this paper is to propose numerical methods based on deep learning to
solve MFC problems with planning constraint, that we will call mean field optimal transport
problems. To the best of our knowledge, the theory remains to be investigated in detail, and this
is beyond the scope of the present work. Here, we proceed formally when needed, and we focus
on the numerical aspects using machine learning tools. The rest of the paper is organized as
follows. In Section III.2, we introduce the problem and discuss several examples. In Section III.3,
we describe three numerical methods, each based on a different approach for the problem. In
Section III.4, we present numerical results on several benchmark problems.
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III.2 Definition of the problem

Before presenting the mean field optimal transport problem, let us first recall the definition of a
typical mean field control problem. Let T be a time horizon. Let Q = Rd and QT = [0, T ]×Q
denote the space domain and the time-space domain. Denote by P2(Q) the set of square-
integrable probability measures on Q. Let f : Q×P2(Q)×Rk → R be a running cost function,
g : Q×P2(Q) → R be a terminal cost function, b : Q×P2(Q)×Rk → Rd be a drift function and
σ ∈ R be a non-negative constant diffusion coefficient. In a classical MFC problem with given
initial distribution ρ0 in P2(Q), the goal is to find a feedback control v∗ : QT → Rk minimizing:

JMFC : v 7→ E
[∫ T

0
f(Xv

t , µ
v(t), v(t,Xv

t ))dt+ g(Xv
T , µ

v(T ))

]
(III.1)

where µv(t) is the distribution of Xv
t , under the constraint that the process Xv = (Xv

t )t≥0 solves
the SDE {

Xv
0 ∼ ρ0

dXv
t = b(Xv

t , µ
v(t), v(t,Xv

t ))dt+ σdWt, t ≥ 0,
(III.2)

where W is a standard d-dimensional Brownian motion. It would also be interesting to consider
open-loop controls, but since we are motivated by numerical applications, we restrict our atten-
tion to feedback controls. The cost (III.1) can be interpreted either as the expected cost for a
single representative player, or as the average cost for the whole population, which we refer to
as the social cost.

In this work, we are interested in a modified version of the above problem, where instead of
having a terminal cost, a terminal distribution is imposed. This type of problem encompasses
optimal transport as a special case, but it may incorporate mean field interactions in the drift
and the running cost. For this reason, we will refer to this class of problems as mean field
optimal transport (MFOT for short)1. Given two distributions ρ0 and ρT ∈ P2(Q), the goal is
to find a feedback control v∗ : QT → Rk minimizing

JMFOT : v 7→ E
[∫ T

0
f(Xv

t , µ
v(t), v(t,Xv

t ))dt

]
, (III.3)

where µv(t) is the distribution of Xv
t , under the constraint that the process Xv = (Xv

t )t≥0 solves
the SDE {

Xv
0 ∼ ρ0, Xv

T ∼ ρT

dXv
t = b(Xv

t , µ
v(t), v(t,Xv

t ))dt+ σdWt, t ≥ 0.
(III.4)

1By analogy with MFG of planning type, we could also call such problems “MFC of planning type”. Yet
another possible terminology would be “mean field control problems with a terminal constraint”. But referring
to “optimal transport” seems clearer so we will stick to the MFOT terminology. We note that we present the
problem with a stochastic dynamics while standard optimal transport problems are usually presented without
noise in the dynamics, see [Vil09b, San15]. However, the topic of optimal transport with stochastic dynamics has
recently attracted interest [TT13, Mik21], which justifies our terminology.
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We stress that the terminal constraint implicitly restricts the class of admissible controls since
we are interested in minimizing only over controls v that make Xv

T have distribution ρT .
We now present a few useful examples, some of which will be revisited in the numerical

experiments (see Section III.4).

Example 1 (Optimal transport). When b(x, µ, a) = a, f(x, µ, a) = 1
2a

⊤a and σ = 0, the MFOT
problem reduces to a standard OT problem. See e.g. [BB00].

Example 2 (Linear-quadratic). Take b(x, µ, a) = Ax+Aµ+Ba, f(x, µ, a) = x⊤Qx+µ⊤Qµ+
a⊤Ra, and g(x, µ) = x⊤QTx+µ

⊤QTµ, where µ =
∫
ξµ(dξ), where A,A,B,Q,Q,R,QT and QT

are matrices of suitable sizes. In this setting, the MFC problem has an explicit solution, up to
solving a forward-backward system of ODEs. Furthermore, if the initial distribution is Gaussian,
then the optimal flow of distribution remains Gaussian. See e.g. [BFY13, Chapter 6]. To the
best of our knowledge, in the MFOT setting, a similar result is available in the literature only
when Q = Q = 0, which corresponds to the Schrödinger bridge problem. See [CGP18b, Section
7.1].

Example 3 (Crowd motion with congestion). Take b(x, µ, a) = a, f(x, µ, a) = (c+ρ⋆µ(x))γ |a|2+
ℓ(x, µ(x)), where c ≥ 0 is a constant, ρ is a regularizing kernel and ⋆ denotes the convolution.
For γ = 0, the model is linear-quadratic in the control. If γ > 0, the cost of moving increases
with the density surrounding the agent, which represents the fact that the “energy” spent to move
is higher in regions with higher density. This models a congestion effect. The last term in f can
be used to represent crowd aversion if ℓ is increasing with respect to µ(x), and it can be used to
represent spatial preferences by taking for instance ℓ(x, µ(x)) = |x∗−x|2, where x∗ is a preferred
position. The terminal cost g can also be used to represent crowd aversion or spatial preferences.
See e.g. [AL15, AL16a] for more details on the analysis of the MFC PDE system for this class
of models and [AL16b] for numerical aspects. When ℓ = 0 and σ = 0, the corresponding MFOT
problem has been studied e.g. in [CCN13]. Similar models have also been studied in the context
of MFGs, see e.g. [AP18, AL19].

III.3 Numerical methods

In this section, we introduce three different numerical methods to solve MFOT. Section III.3.1
introduces a direct approach to solve a MFC problem that approximates the MFOT problem.
Section III.3.2 discusses the Deep Galerkin Method (DGM) to solve the underlying PDE system
that characterizes the optimal solution to MFOT, which is composed of a coupled Hamilton-
Jacobi-Bellman equation and a Kolomogrov-Fokker-Planck equation. Section III.3.3 introduces
the DeepADMM algorithm that solves a variational reformulation of the MFOT problem based
on an augmented Lagrangian approach.

III.3.1 Direct approach for the optimal control formulation

We first introduce the direct approach, which does not require any derivation of optimality
conditions. In order to make the problem numerically tractable, we make approximations on
several levels. Motivated by the deep learning method for MFC problems proposed in [CL19]
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(see also the first algorithm in [CL21b]), we first approximate the MFOT problem (III.3) by
an MFC problem in which a terminal penalty is incurred based on the distance between the
terminal distribution and the target distribution. We can then apply the algorithm of [CL19],
which trains a neural network to learn the optimal control of the MFC problem. This method
itself relies on three approximations.

III.3.1.1 Problem Approximation

Instead of directly tackling the MFOT problem (III.3), we first consider the following MFC
problem as an approximation of the original problem: Find a feedback control v∗ : QT → Rk
minimizing (III.1) under the constraint (III.2) when the terminal cost is:

g(x, µ) = G(W2(µ, ρT )), µ ∈ P2(Q). (III.5)

where G : R+ → R+ is an increasing function and W2 denotes the Wasserstein distance on
P2(Q). A typical example that we will use in the experiments is a linear function. The purpose
of introducing G(W2(µ, ρT )) is to add a penalty that enforces the planning constraint for the
terminal distribution. Here we focus on the Wasserstein distance because of its connection with
optimal transport, see e.g. [BB00, San15], although other similarity measures could be used. In
our numerical experiments, we will take an increasing linear function for G.

Then, we use the following approximations:

• Since it is not possible to optimize over all feedback controls, we restrict the space of
controls to the space of neural networks with a given architecture. We will denote by
vθ a representative neural network of this class with parameter θ. The problem becomes
a finite-dimensional optimization problem, in which the goal is to find a value for the
parameter θ that minimizes the loss J(vθ), i.e., the total cost of the MFC problem when
using control vθ.

• Since it is not possible to represent the mean field state µvθ(t) or to compute its evolution
exactly, we approximate it by the empirical distribution µN,vθ(t) = 1

N

∑N
i=1 δXi,vθ

t
, where

each Xi,vθ
t is a solution of,{

Xi,vθ
0 ∼ ρ0 i.i.d.

dXi,vθ
t = b(Xi,vθ

t , µN,vθ(t), vθ(t,X
i,vθ
t ))dt+ σdW i

t , t ≥ 0,
(III.6)

where (W i)i=1,...,N is a family of N independent d-dimensional Brownian motions, which
represent idiosyncratic noises affecting each particle independently. All the SDEs are based
on the same control function vθ.

• Last, in order to be able to compute these dynamics using Monte Carlo simulations, we
discretize the time variable t. Letting NT be a number of time steps of length ∆t = T/NT ,
we replace the interval [0, T ] by the time steps {t0 = 0, t1 = ∆t, . . . , tNT

= NT∆t}. The
time steps are tn = n∆t, n = 0, . . . , NT . We then approximate the SDE system (III.6)
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using an Euler-Maruyama scheme. The family of trajectories ((Xi,vθ
t )t∈[0,T ])i=1,...,N is

approximated by the family of sequences ((Xi,vθ,NT
tn )n=0,...,NT

)i=1,...,N satisfying:{
Xi,vθ,NT

0 ∼ ρ0 i.i.d.
Xi,vθ,NT
tn+1

= Xi,vθ,NT
tn + b(Xi,vθ,NT

tn , µN,vθ,NT
tn , vθ(tn, X

i,vθ,NT
tn ))∆t+ σ∆W i

n,
(III.7)

where µN,vθ,NT
tn = 1

N

∑N
i=1 δXi,vθ,NT

tn

is the empirical distribution associated with the sam-

ples Xi,vθ,NT
tn . Here, (∆W i

n)i=1,...,N,n=0,...,NT−1 are independent Gaussian random variables
with variance ∆t.

To summarize, the new problem is to find θ∗ minimizing:

JN,NT (θ) = E

[
1

N

N∑
i=1

NT−1∑
n=0

f(Xi,θ,NT
tn , µN,θ,NT

tn , vθ(tn, X
i,θ,NT
tn ))∆t+ g(XN,θ,NT

T , µN,θ,NT
T )

]

subject to the dynamics (III.7). The full analysis of this problem and its rigorous connection
with the original MFOT problem (III.3) is beyond the scope of this paper and is left for future
work. We expect the control vθ∗ , with the parameter value that is optimal for the above problem,
to be approximately optimal for (III.3), under suitable assumptions on b and f . In particular,
b and f should probably depend smoothly on the distribution so that they can be evaluated in
a meaningful way at the empirical distribution µN,θ,NT

tn .

III.3.1.2 Description of the algorithm

Optimization method. To find an approximate minimizer, we use stochastic gradient
descent (SGD) or one of its variants. At iteration k, we have a parameter θk that we wish to
update. We sample the initial positions (X

i,vθk ,NT

0 )i=1,...,N and the Brownian motion increments
(∆W i

n)i=1,...,N,n=0,...,NT−1. We then compute the empirical cost for this realization of the N -
particle population, and use its gradient with respect to θk to update the parameter. In other
words, we apply SGD to the following loss function:

L(θ) = JN,NT (θ) = ES [L(θ;S)],

with:

L(θ;S) = 1

N

N∑
i=1

NT−1∑
n=0

f(Xi,vθ,NT
tn , µN,vθ,NT

tn , vθ(tn, X
i,vθ,NT
tn ))∆t+ g(XN,vθ,NT

T , µN,vθ,NT
T )

where S =
(
(Xi,vθ,NT

0 )i=1,...,N , (∆W
i
n)i=1,...,N,n=0,...,NT−1

)
denotes one random sample.

Computation of the Wasserstein distance. As shown in (III.5), the new problem we
considered involves a Wasserstein distance between two continuous distributions, namely, the
mean field distribution at terminal time µvT and the target distribution ρT . This is in general hard
to compute. However, in our implementation, the mean field distribution is approximated by
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an empirical distribution obtained by Monte Carlo simulations, as is explained above. We then
sample the same number of points from the target distribution and compute the Wasserstein
distance between the two empirical distributions. This is done in the following way. Let X
and Y be two sets of N points each sampled from distributions µ, ν, Mp the distance matrix,
(Mp)ij = |Xi − Yj |p, and the following set:

UN =

A ∈ RN×N
∣∣∣ N∑
j=1

Aij =
N∑
i=1

Aij =
1

N

 . (III.8)

Then (
Wp (µ, ν)

)p
= lim

N→∞
min
T∈UN

⟨T,Mp⟩ .

In order to efficiently compute the Wasserstein distance, we follow the algorithm proposed
by Cuturi in [Cut13]. We consider an extra entropy regularization of the following form. Let
α > 0, we want to find T ∗

α, which is the solution to the following program:

min
T∈UN

⟨T,Mp⟩ − α ⟨T log(T ), 1⟩ .

Optimality conditions and Sinkhorn-Knopp [SK67] theorem give us the existence and uniqueness
of the solution, as well as a unique decomposition of T ∗

α using two vectors u and v such that:

T ∗
α = Diag(u) exp

(
−Mp

α

)
Diag(v).

We can then compute u and v with Sinkhorn-Knopp algorithm. Further explanations on this
algorithm can be found in [Cut13]. This method allows for fast computations and is easy to
export to greater dimensions, at the cost of adding a layer of approximation due to the extra
parameter α. It can be noticed that as α tends to zero, the regularized solution tends to the
solution of discrete optimal transport. In practice, reducing α to zero increases the number of
iterations required for Sinkhorn algorithm to converge. However, in our numerical experiments
we usually obtain good results with a small but non-zero α.

Remark 1. Notice that using our approach, we have one empirical distribution and one contin-
uous distribution. Indeed, we have the empirical distribution obtained by Monte Carlo simulation
and the target distribution ρT , which is generally given by a closed-form formula for its density.
We could thus try to use the designated methods, such as Semi-discrete Optimal transport [MT21].
While being more accurate, these methods do not scale well in higher dimensions compared to
Sinkhorn’s alternative. Another interesting option, which might scale well in terms of dimension
is [FSV+19, MNW19]. However, in our numerical experiments, we did not succeed to obtain
equally good results using this alternative approach. Further investigation is left for future work.

Terminal penalty. In our implementation, we take G as a linear function G(r) =
CW r, where CW is a positive constant that weighs the importance of the terminal penalty in
comparison with the running cost. This leads to a trade-off between minimizing the running cost
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and satisfying the terminal constraint. We noticed that when CW is too small, the algorithm
minimizes the running cost without much consideration for the terminal condition and hence
the terminal distribution is far from the target distribution. Therefore, the penalization has to
be a significant component of the total loss if we want the terminal planning constraint to be
approximately satisfied with good accuracy (see Section III.4.3 for a discussion on the choice of
this hyperparameter).

III.3.2 Deep Galerkin Method for the PDE system

We now turn our attention to a method based on solving a forward-backward PDE system that
characterizes the solution. We first discuss the PDE system and then use a deep learning method
to solve this system.

III.3.2.1 PDE system for MFOT

As recalled above, in a standard MFC, the whole population uses a given feedback control v.
Assuming that the distribution µv(t) = L(Xv

t ) of a representative agent with dynamics (III.2)
admits a smooth enough densitym(t, ·), the latter satisfies the Kolmogorov-Fokker-Planck (KFP)
PDE:{

∂m
∂t (t, x)− ν∆m(t, x) + div

(
m(t, x)b(x,m(t, ·), v(t, x))

)
= 0 t ∈ (0, T ], x ∈ Q

m(0, x) = m0(x), x ∈ Q,

where m0 is the density of the initial distribution ρ0 and ν = σ2

2 . The MFC problem (III.1) can
then be viewed as an optimal control problem driven by the above KFP PDE. Under suitable
conditions, the optimal control can be characterized through an adjoint PDE, which can be
derived for instance via calculus of variations. See e.g. [BFY13, Chapter 4] for more details.

Let H : Q × L2(Q) × Rd → R be the Hamiltonian of the control problem faced by an
infinitesimal agent in the first point above, which is defined by:

H : (x,m, p) 7→ H(x,m, p) = max
v∈Rk

{−L(x,m, v, p)}, (III.9)

where m denotes the density of µ, L : Q×L2(Q)×Rk ×Rd → R is the Lagrangian, defined by:

L : (x,m, v, p) 7→ L(x,m, v, p) = f(x,m, v) + ⟨b(x,m, v), p⟩. (III.10)

A necessary condition for the existence of an optimal control v∗ is that:

v∗(t, x) = argmax
v∈Rk

{
− L(x,m(t, ·), v,∇u(t, x))

}
,
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where (u,m) solves the following system of partial differential equations:

0 = −∂u
∂t

(t, x)− ν∆u(t, x) +H(x,m(t, ·),∇u(t, x))

+

∫
Q

∂H

∂m
(ζ,m(t, ·),∇u(t, ζ))(x)m(t, ζ)dζ, in (0, T ]×Q,

0 =
∂m

∂t
(t, x)− ν∆m(t, x)− div

(
m(t, x)∂pH(x,m(t, ·),∇u(t, x))

)
, in [0, T )×Q,

u(T, x) = g(x,m(T, ·)) +
∫
Q

∂g

∂m
(ζ,m(T, ·))(x)m(T, ζ)dζ, in Q,

m(0, x) = m0(x), in Q.

(III.11a)

(III.11b)

(III.11c)

(III.11d)

The partial derivatives with respect to m appear in the backward PDE due to the fact that
the population distribution changes when the control changes. These partial derivatives with
respect to m should be understood in the following sense: if φ : L2(Rd) → R is differentiable,

d

dε
φ(m+ εm̃)(x)∣∣ε=0

=

∫
Rd

∂φ

∂m
(m)(ζ)m̃(ζ)dζ.

We refer to e.g. [BFY13, Chapter 4] for more details and for the derivation using calculus
of variations, which clarifies why the partial derivatives with respect to m appear. If the cost
functions and the drift function depend on the density only locally (i.e., only on the density at
the current position of the agent), ∂

∂m becomes a derivative in the usual sense.
In this PDE system, m plays the role of the MFC problem’s state. The forward equation

is a Kolmogorov-Fokker-Planck (KFP) equation which describes the evolution of the mean field
distribution. The other unknown function, u, plays the role of an adjoint state. Although the
backward PDE has the form of a Hamilton-Jacobi-Bellman (HJB) equation, u cannot, in general,
be interpreted as the value function associated to problem (III.1) because the value function
depends on the population distribution, see e.g. [LP14, BFY15]. We refer the interested reader
to e.g. [BFY13, Chapters 3 and 4] for the comparison with the MFG PDE system, in which the
terms involving a derivative with respect to m are absent, and u can be interpreted as the value
function of an infinitesimal player.

Now, for the MFOT problem, we can proceed formally in a similar way. We derive an
analogous PDE system, except that the terminal condition for u disappears, and a terminal
condition for m is added to the system. More precisely, we (formally) obtain the following PDE
system:

0 = −∂u
∂t

(t, x)− ν∆u(t, x) +H(x,m(t, ·),∇u(t, x))

+

∫
Q

∂H

∂m
(ζ,m(t, ·),∇u(t, ζ))(x)m(t, ζ)dζ, in (0, T ]×Q,

0 =
∂m

∂t
(t, x)− ν∆m(t, x)− div

(
m(t, x)∂pH(x,m(t, ·),∇u(t, x))

)
, in [0, T )×Q,

m(0, x) = m0(x), m(T, x) = mT (x) in Q.

(III.12a)

(III.12b)

(III.12c)
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where m0 and mT are respectively the densities of ρ0 and ρT . To the best of our knowledge,
this PDE system has not been derived nor analyzed in a general setting. Notice that even the
existence of a solution is a non trivial question due to the fact that there is both an initial and
a terminal constraint on the density. However, this system has been analyzed in special cases
corresponding to optimal transport [BB00, CCN13] or to MFGs with planning [ACCD12, Por13,
Por14, GMST19]. In the numerical examples of Section III.4, we will mostly focus on cases that
have been previously studied, such as standard optimal transport or MFOT with congestion
effects captured by the running cost.

III.3.2.2 Description of the algorithm

To solve the PDE system (III.12), we follow the idea of the Deep Galerkin Method (DGM)
introduced by Sigignano and Spiliopoulos [SS18] and adapted to the MFG and PDE systems
in [AACN+18, CL21a, CL21b]. The main motivation underlying this approach is to learn the
PDE solutions using parameterized functions. This avoids computing the functions on a mesh,
which is not feasible in high dimensions. In the DGM, we replace the function(s) solving the
PDE(s) with a neural network(s), which are trained to minimize the PDE residual(s) as well as
the boundary condition(s).

To be specific, in our setting, we replace the functions m and u with neural networks, denoted
by mθ and uω and parameterized by θ and ω respectively. When the state x is in high dimension,
i.e., d is large, we expectmθ and uω to provide good approximations ofm and u using much fewer
parameters than the number of points in a grid. Furthermore, for the numerical implementation,
we restrict our attention to a compact domain Q̃. We denote Q̃T = [0, T ] × Q̃. We expect the
density to have a negligible mass outside a compact set so that by solving the PDE system on a
large enough compact set, we obtain a good approximation of the solution, at least in the region
where the density is significantly positive. We then define the loss function:

L(θ, ω) = L(KFP)(mθ, uω) + L(HJB)(mθ, uω),

where, for any (m,u) ∈ C1,2(Q̃T )× C1,2(Q̃T ), the two losses are:

L(KFP)(m,u) = C(KFP)

∥∥∥∥∂m∂t − ν∆m− div
(
m∂pH(·,m,∇u)

)∥∥∥∥2
L2(Q̃T )

+ C
(KFP)
0 ∥m(0, ·)−m0∥2L2(Q̃)

+ C
(KFP)
T ∥m(T, ·)−mT ∥2L2(Q̃)

, (III.13)

and (omitting the dependence no x and t, and writing explicitly only the dependence on the
extra variable ζ in the integral):

L(HJB)(m,u) = C(HJB)
∥∥∥− ∂u

∂t
− ν∆u+H(·,m,∇u) +

∫
Q̃

∂H

∂m
(ζ,m,∇u(ζ))(·)m(ζ)dζ

∥∥∥2
L2(Q̃T )

.

Here, C(KFP), C
(KFP)
0 , C

(KFP)
T , C(HJB) are positive weights that give more or less importance to

each component. If the space domain is bounded, we must include more penalty terms. Note
that any smooth enough solution (m,u) to the PDE system (III.12) makes L(KFP) and L(HJB)

vanish. The goal is to find two neural networks which approximately minimize these losses.
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Since it is not possible to compute exactly the above residuals, we approximate the L2 norms
using Monte Carlo samples. For example, we rewrite:∥∥∥∥∂m∂t − ν∆m− div

(
m∂pH(·,m,∇u)

)∥∥∥∥2
L2(Q̃T )

= C(Q̃T )Eτ,ξ

[∣∣∣∣∂m∂t (τ, ξ)− ν∆m(τ, ξ)− div
(
m(τ, ξ)∂pH(ξ,m(τ),∇u(τ, ξ))

)∣∣∣∣2
]
,

where (τ, ξ) follows a uniform distribution over Q̃T , and C(Q̃T ) is a normalizing constant that
depends on the domain. Likewise, for the other norms, it would also be possible to use different
norms and different distributions to sample (τ, ξ). But for the sake of simplicity, we will stick to
this setting for the present work. We obtain the following probabilistic formulation of the loss
function L:

L(θ, ω) = ES [L(θ, ω;S)] , L(θ, ω;S) = L(KFP)(mθ, uω;S) + L(HJB)(mθ, uω;S),

where S = (τ, ξ, ξ0, ξT ) ∈ [0, T ]× Q̃× Q̃ × Q̃ denotes one sample, and for any m,u in C1,2(QT ),
the two losses at S are as:

L(KFP)(m,u;S) = C(KFP)

∣∣∣∣∂m∂t (τ, ξ)− ν∆m(τ, ξ)− div
(
m(τ, ξ)∂pH(ξ,m(τ),∇u(τ, ξ))

)∣∣∣∣2
+ C

(KFP)
0 |m(0, ξ0)−m0(ξ0)|2 + C

(KFP)
T |m(T, ξT )−mT (ξT )|2,

and

L(HJB)(m,u;S) = C(HJB)
∣∣∣− ∂u

∂t
(τ, ξ)− ν∆u(τ, ξ) +H(ξ,m(τ),∇u(τ, ξ))

+

∫
Q

∂H

∂m
(ζ,m(τ),∇u(τ, ζ))(ξ)m(τ, ζ)dζ

∣∣∣2.
Finally, to optimize over (θ, ω), we use SGD (or one of its variants) on the loss L. In practice,

we use a mini-batch of samples at each iteration, which amounts to approximate the expectation
by an empirical average over several samples.

III.3.3 Augmented Lagrangian Method with Deep Learning

In this subsection, we present an approach based on a primal-dual formulation of the MFOT
problem. We then introduce a deep learning adaptation of the alternating direction method of
multipliers. We focus on the case when the interactions are local, and the drift is the control.

III.3.3.1 Primal and dual problems

Under suitable assumptions, the MFOT problem admits a variational formulation, which can
be tackled using a direct optimization approach. As in the previous subsection, we assume that
ρ0 and ρT have respectively density m0 and mT .
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We focus on a model with local interactions, meaning that an agent at state x interacts with
the density of the population at x. To alleviate the presentation, we will use the same notation
for the costs and the drift functions, but now their second input is a real number m instead of an
element µ ∈ P2(Q). So we have f : Q×R×Rk → R, g : Q×R → R, and b : Q×R×Rk → Rd.
We also modify accordingly the definition of the Hamiltonian H in (III.9) and the Lagrangian L
in (III.10) in Section III.3.2. We further assume that f(x,m, v) is convex in v for every (x,m),
and mf(x,m, v) is convex in m for every (x, v). For simplicity, we consider that b(x,m, v) = v,
i.e., the drift is the control. Therefore, in this model, we take k = d (and we will later use k to
denote the iteration index).

Primal problem. The MFOT problem (III.3) introduced in Section III.2 is formally
equivalent to the following PDE-constrained optimization problem:

inf
v:QT→Rd

∫
QT

f
(
x,m(t, x), v(t, x)

)
m(x, t)dx dt

subject to
∂m

∂t
(t, x)− ν∆m(t, x) + div

(
m(t, x)v(t, x)

)
= 0 t ∈ (0, T ], x ∈ Q

m(0, x) = m0(x), m(T, x) = mT (x) (III.14)

The PDE constraint is the KFP equation corresponding to the stochastic dynamics in (III.4).
Note that the formulation in terms of (m, v), while intuitive, is not convex in general. For this
reason, we consider an equivalent formulation in terms of (m, z) = (m,mv). We define:

f̃(x,m, z) =


mf

(
x,m, zm

)
if m > 0

0 if (m, z) = (0, 0)

+∞ otherwise
(III.15)

Note that (m, z) 7→ f̃(x,m, z) is lower semi-continuous on R×Rd. Under suitable conditions, it
can be proved that (m, z) 7→ f̃(x,m, z) is convex on R× Rd. We also define the space K,

K =

{
(m, z)

∣∣∣ ∂m
∂t

(t, x)− ν∆m(t, x) + div z(t, x) = 0,

m(0, x) = m0(x),m(T, x) = mT (x),m ≥ 0

} (III.16)

With all these definitions, we are ready to present the primal problem:

inf
(m,z)∈K

B(m, z) = inf
(m,z)∈K

∫
QT

f̃
(
x,m(t, x), z(t, x)

)
dxdt (III.17)

Assuming that problem (III.17) has a unique optimal solution (m∗, z∗) and that problem (III.14)
has a unique optimal control v∗, then the following connection holds: v∗(t, x) = z∗(t, x)/m∗(t, x)
if m∗(t, x) > 0, v∗(t, x) = 0 if m∗(t, x) = 0.

Dual problem. We now introduce a dual optimization problem. We define the following
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functionals:

A(u) = inf
m≥0

∫
QT

m(t, x)
(∂u
∂t

(t, x) + ν∆u(t, x)−H
(
x,m(t, x),∇u(t, x)

))
dx dt

+

∫
Q
(m0(x)u(0, x)−mT (x)u(T, x)) dx (III.18)

F(u) =

∫
Q
mT (x)u(T, x)−m0(x)u(0, x)dx (III.19)

G(a, b) = − inf
m≥0

∫
QT

m(t, x)
(
a(t, x)−H

(
x,m(t, x), b(t, x)

))
dx dt. (III.20)

Note that if we define the linear differential operator Λu =
(
∂u
∂t + ν∆u,∇u

)
, then A(u) =

−(G(Λu)+F(u)). Similar variation formulation for first-order mean field game, mean field type
control, and first-order planning mean field game has been considered e.g. in the works [AL16a,
GMST19, BC15] 2. Here, we generalize the variation formulation to the problem of mean field
optimal transport. The functional A(u) could be considered as the Lagrangian dual function of
the primal functional B(m, z), which can be further related to the sum of two functionals F(u)
and G(Λu). Consider the following problem:

inf
u
F(u) + G(Λu). (III.21)

Based on Fenchel-Rockafellar duality theorem (see Section 31, Theorem 31.1 in [Roc70]), we
expect problems (III.17) and (III.21) to be in duality, meaning:

inf
(m,z)∈K

B(m, z) = sup
u

A(u) = − inf
u
F(u) + G(Λu) (III.22)

Note that this primal-dual relationship also plays an important role in demonstrating the unique-
ness and existence of solutions to MFG and MFC PDE systems, see e.g. [LL07, CG15, AL16a].
Here, we expect a similar result to hold for MFOT under suitable conditions. The rigorous
definition of the two problems and the analysis of this duality relationship is left for future work.
For now, we proceed formally.

We can at least formally establish a connection between the primal problem, the dual prob-
lem, and the optimal control in the following way. Let u∗ be the optimal solution to the dual
(III.21) and let (m∗, z∗) be the optimal solution to the primal problem (III.17). Then the optimal
control for the original problem (III.14) is given by:

v∗(t, x) = ∂pH
(
x,m∗(t, x),∇u∗(t, x)

)
.

We notice that (u∗,m∗) forms a solution to the MFOT PDE system (III.12). This fact
suggests that we can work on the dual problem (III.21) directly to solve the MFOT problem.
Under suitable assumptions, it can be shown that the dual problem (III.21) is a strongly convex,
unconstrained optimization problem over function space, which motivates the use of classic
algorithms in convex optimization. However, the presence of the infinite dimensional linear

2See Lemma 2.2 in [AL16a], Lemma 2.1 in [GMST19]
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operator Λ makes the problem hard to solve efficiently in general. Fortunately, the structure
of the objective as a sum of two convex functionals makes the problem amenable to algorithms
based on splitting schemes, such as the Alternating Direction Method of Multipliers (ADMM)
[BPC+11].

Algorithm 1: Vanilla ADMM for MFOT
Data: Initial Guess

(
u(0), q(0), λ(0)

)
; number of iterations N ; hyperparameter r > 0

Result: Function
(
u(N), q(N), λ(N)

)
that are close to the saddle point of Lr defined

in (III.24)
1 begin
2 for k = 1, · · · , N, do
3 u(k) = argmin

u:QT→R
F(u)− ⟨λ(k−1),Λu⟩+ r

2

∥∥Λu− q(k−1)
∥∥2

4 q(k) = argmin
q:QT→Rd+1

G(q) + ⟨λ(k−1), q⟩+ r
2

∥∥Λu(k) − q
∥∥2

5 λ(k) = λ(k−1) − r
(
Λu(k) − q(k)

)

III.3.3.2 Description of the algorithm

Introducing a new variable q that will play the role of Λu, we can rewrite problem (III.21) as
the following constrained optimization program:

inf
u,q: q=Λu

F(u) + G(q). (III.23)

The goal is now to find a saddle point of the associated Lagrangian. In fact, for numerical
purposes, we will consider an augmented Lagrangian, defined as follows.

Let r > 0 be a constant and introduce λ : QT → Rd+1, the Lagrangian multiplier associated
with the constraint q = Λu. Let ⟨·, ·⟩ denote the inner product on L2(QT ). We introduce the
augmented Lagrangian:

Lr(u, q, λ) = F(u) + G(q)− ⟨λ,Λu− q⟩+ r

2
∥Λu− q∥2 (III.24)

Now, the original MFOT problem is reduced to finding a saddle point of Lr. Here, we state the
original ADMM method in Algorithm 1 that finds the saddle point via an alternating optimiza-
tion procedure.

This general procedure can be implemented, for example, when the functions (u, q, λ) are
approximated by their values on a finite-difference grid. Such a procedure has been used for
MFG and MFC problems, using finite elements [BC15, And17] or finite differences [AL16b].
Furthermore, Benamou et.al. proved that under the existence of solution and the full column
rank condition of the finite-difference differential operator Λ, the ADMM method converges to
the desired solution for mean field games, see Theorem 3.1 in [BC15]. However, as already men-
tioned, approximating functions by their values on a mesh is not feasible in high dimensions. We
thus propose a different implementation of the ADMM based on neural network approximations.
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In Algorithm 1, the objectives in the steps are given by functionals to be minimized over
functional spaces, which is not tractable in general. We restrict our attention to spaces of pa-
rameterized functions that can be expressed as neural networks, denoted by

(
uθ, qω, λψ

)
with

parameter θ, ω, ψ respectively. We then follow the strategy introduced with the DGM [SS18]
and already used in Section III.3.2 to create computable loss functions that are stochastic ap-
proximations of the functionals.

Recall that the truncated space domain Q̃ and the associated time-space domain Q̃T . Let
X ∼ U(Q̃T ), Y ∼ U(Q̃) be two random variables with uniform distribution in the time-space
domain and the space domain respectively. Let ρX , ρY be the value of the uniform density on
Q̃T and Q̃ respectively. Here, we overload the notation ⟨·, ·⟩ and ∥ · ∥ to represent the Euclidean
inner product and norm on both L2(Q̃T ) and Rd+1:

L(u)(θ;ω, ψ) = L1(uθ, qω, λψ), L(q)(ω; θ, ψ) = L2(uθ, qω, λψ),

L(λ)(ψ; θ, ω, ψold) = L3(uθ, qω, λψold
, λψ),

where

L1(u, q, λ) =
1

ρY
EY [u(T, Y )mT (Y )− u(0, Y )m0(Y )] (III.25)

+
1

ρX
EX
[r
2
∥Λu(X)− q(X)∥2 − ⟨Λu(X), λ(X)⟩

]
(III.26)

L2(u, q, λ) =
1

ρX
EX
[
G(q(X)) + ⟨λ(X), q(X)⟩+ r

2
∥Λu(X)− q(X)∥2

]
(III.27)

L3(u, q, λold, λ) =
1

ρX
EX
[
∥λold(X)− r (Λu(X)− q(X))− λ(X)∥2

]
. (III.28)

Here, the subscript old is used to refer to the previous iteration: the loss for λ involves the
previous estimate λold. When using a neural network, it amounts to using the previous neural
network parameters ψold. The loss function aims at mimicking the effect of the direct update in
the third step of standard ADMM (Algorithm 1) when λ is approximated by a neural network.

The algorithm DeepADMM is presented in Algorithm 2.
We have several remarks regarding DeepADMM and the augmented Lagrangian formula-

tion in order for readers to better understand this approach. First, compared with Algorithm
1, the updates in Algorithm 2 for functions u and q are quite straightforward to understand.
Instead of searching optimizer over function space, we reduce the problem to a finite dimension
through stochastic approximation of the objective and search in the parameter space instead.
The computed stochastic gradient can be considered as an unbiased estimator of the population
gradient with respect to the functional, and the variance of this stochastic gradient decreases as
the batch size increases.

In Section D.2, we discuss the computation of G for several typical models.

III.4 Numerical experiments

In this section, we present numerical experiments obtained with the three methods discussed
in the previous section. For brevity, we refer to the three methods respectively introduced in
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Algorithm 2: DeepADMM for MFOT
Data: Initial parameter θ(0), ω(0), ψ(0); number of ADMM iterations K; SGD

parameters
Result: Final parameter θ(K), ω(K), ψ(K)

1 begin
2 for k = 1, · · · ,K do
3 Compute θ(k) using SGD to (approximately) minimize the loss

L(u)(·;ω(k−1), ψ(k−1))
4 Compute ω(k) using SGD to (approximately) minimize the loss

L(q)(·; θ(k), ψ(k−1))
5 Compute ψ(k) using SGD to (approximately) minimize the loss

L(λ)(·; θ(k), ω(k), ψ(k−1))

Sections III.3.1, III.3.2 and III.3.3 as Method 1, Method 2 and Method 3 (and M1, M2, and M3
for short in the plots).

We first consider two test cases for which we have explicit solutions (up to solving ODE
systems) and can thus be used to benchmark our algorithms in any dimension. We then consider
two test cases that can be viewed as modifications of standard OT with crowd aversion or
congestion effects.

III.4.1 Case 1: Linear Quadratic Problem

The first class of models that we consider has a linear-quadratic structure, which falls in the
setting discussed in Example 2.

III.4.1.1 Description of the problem

In this model, we take:

b(x, µ, a) = Ax+Ba, f(x, µ, a) = a⊤Ra, ρ0 = N (x0; Σ0), ρT = N (xT ; ΣT ),

where A,B,R,Σ0,ΣT are (constant) matrices of suitable sizes. The vectors x0 and xT correspond
to the initial and terminal means. We will consider two settings. In order to have a benchmark
solution, we will take σ = B. This enables us to use the solution provided by [CGP18b, Section
7.1], which boils down to solving a system of ODEs. For the sake of completeness, we provide
the details in Section D.1.

III.4.1.2 Evaluation Metrics

In this model, since we have access to the optimal solution, we can evaluate the learnt solutions
given by the three methods we proposed with respect to the ground-truth solution. We denote
by v∗ the optimal control and v̂ a learnt control. As explained below in detail, we use the follow-
ing metrics: the total cost (namely JMFOT (v̂), with JMFOT introduced in (III.3)), the relative
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error between the achieved cost, and the optimal cost (namely JMFOT (v̂) and JMFOT (v∗)), the
deviation from the terminal distribution (i.e., the Wasserstein distance between the achieved ter-
minal distribution and the target terminal distribution, ρT ), and the weighted L2 error between
the learnt control v̂ and the optimal control v∗, weighted by the population distribution.

Computation of the control. The control is parameterized in different ways across dif-
ferent methods. For Method 1, v̂(t, x) = vθ(t, x). For Method 2 and Method 3, v̂(t, x) =
−1

2BR
−1∇ûθ(t, x), where ûθ is the neural network that approximates the dual variable, solution

to the HJB equation.

Total cost. Recall the definition of the objective JMFOT defined in (III.1). Let v be a control.
In the present Linear-Quadratic case, we have that,

JMFOT (v) =

∫ T

0

∫
Q
mv(t, x)f(x,mv, v)dx dt =

∫ T

0

∫
Q
mv(t, x)v(t, x)⊤Rv(t, x)dx dt,

where mv is the density of mean field distribution driven by v, which satisfies the KFP PDE
(III.12). In order to evaluate JMFOT (v), we use Monte Carlo simulations. We discretize the
time variable t. Let NT be a number of time steps of length ∆t = T/NT . We consider an
equi-distanced time discretization with time-steps {t0 = 0, t1 = ∆t, . . . , tNT

= NT∆t}. Again,
we simulate solutions to the underlying SDE using an Euler-Maruyama scheme similar to the
one used in (III.7). We simulate a family of N sequences ((Xi,v

tn )n=0,...,NT
)i=1,··· ,N using the

following update {
Xi,v

0 ∼ ρ0 i.i.d.
Xi,v
tn+1

= Xi,v
tn + (AXi,v

tn +Bv(tn, X
i,v
tn ))∆t+ σ

√
∆t∆W i

n,
(III.29)

where {∆W i
n} are i.i.d standard Gaussian random variables in Rd. With these sampled se-

quences, we compute the objective as

JMFOT (v) =
1

N

N∑
i=1

NT−1∑
n=0

v(tn, X
i,v
tn )⊤Rv(tn, X

i,v
tn )∆t.

Relative Error. The relative error between JMFOT (v̂) and JMFOT (v∗) is defined as

|JMFOT (v̂)− JMFOT (v∗)|
|JMFOT (v∗)| .

The major reason to consider relative error instead of absolute error is because the scale of the
running cost varies greatly across different problems. Also, we want to stress that even though
v∗ is the analytical optimal solution, it may happen that JMFOT (v̂) < JMFOT (v∗) if v̂ does not
satisfy exactly the constraint (in contrast with v∗).

Expected L2 error for control. The expected L2 error between the learnt control v̂ and the
ground-truth control v∗ is defined as,

dL2(v̂, v∗) =

∫ T

0

∫
Q
m∗(t, x)∥v̂(t, x)− v∗(t, x)∥2dx dt
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where m∗ is the density of the optimal mean-field associated with v∗. For the LQ problem, the
optimal mean field m∗ is Gaussian for any t ∈ [0, T ], with mean µt and variance Σt given by
analytical formulas in Section D.1. We can thus evaluate the L2 error again with Monte Carlo
samples for each time step. As above, we discretize the time variable t with NT + 1 points and
for tn = n∆t, n = 0, . . . , NT , we generate i.i.d. samples (Xi,v

tn )i=1,...,N ∼ N (µtn ,Σtn). We then
estimate the L2 error as:

dL2(v̂, v∗) ≈ 1

N

N∑
i=1

NT−1∑
n=0

∥v̂(tn, Xi,v
tn )− v∗(tn, X

i,v
tn )∥2∆t.

Deviation of distribution. The deviation of the mean field ρ̂T from the terminal target
distribution ρT is quantified by two different metrics: Wasserstein-2 distance W2(ρ̂T , ρT ) and
L2 distance dL2(m̂T ,mT ). Here, ρ̂T is the measure of the mean field distribution driven by the
learnt control v̂ at time T . m̂T and mT are the density of ρ̂T and ρT respectively.

• Wasserstein-2 distance. We adopt a similar method to compute the Wasserstein-2
distance as the one discussed in Section III.3.1. We simulate N particles following the
dynamics (III.29), and obtain a collection of N samples (Xi,v̂

T )i=1,...,N , which forms an
empirical distribution approximating ρ̂T . We also generate N samples directly from the
target distribution ρT , denoted by (Y i

T )i=1,...,N . Then, we define the distance matrix M by
Mij = |Xi,v̂

T − Y j
T |2, and we recall that the set UN is defined by (III.8). We approximate

the Wasserstein-2 distance between the two empirical distributions formed by Xi,v̂
T and Y i

T

through the following linear program:

W2 (ρ̂T , ρT ) ≈
(
min
A∈UN

⟨A,M⟩
)1/2

.

• L2 distance. We will also use as a metric the L2 distance between m̂T and mT on the
truncated domain Q̃. To evaluate the integral, in the absence of analytical formula for
mT , we again use a Monte Carlo approach. We uniformly sample N points in Q̃ denoted
by (Xj)j=1,...,N . Let C(Q̃) denotes the inverse of the value of the uniform density. Then
we can approximate the L2 distance by:

C(Q̃)

N

N∑
i=1

∥m̂T (Xi)−mT (Xi)∥2.

III.4.1.3 Numerical results

In the numerical tests, we take the values given in Table III.1 for the parameters of the model,
with the time horizon T = 1.0.

For LQ test 1, in dimension 1, Figure III.2 displays the evolution of the density. For methods
1, 2, and 3, we obtain the control learnt using the neural networks and simulate N trajectories by
the Monte Carlo method following the dynamics (III.29), with v replaced by the learnt control.
We then estimate the mean field distribution using kernel density estimation (KDE). We see that
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Test d A B σ R x0 Σ0 xT ΣT

LQ Test 1 1 1 1 1 1
2 0.0 1 2.0 0.5

LQ Test 2 2 Id Id Id
1
2Id [0.0, 0.0] Id [2.0, 2.0] 1

2Id

Table III.1: Parameters for the two linear-quadratic test cases. For LQ Test 2, x0 and xT are
2-dimensional vectors with all coordinates equal to 0 or 2 respectively, and Id denotes the 2× 2
identity matrix.

the distributions obtained with the three methods match well the ground-truth one obtained
with ODEs. The distributions move towards the right and concentrate around the final mean.
Figure III.3 shows the evolution of the control. We see that the three methods provide good
approximations of the true optimal control, at least in the region where the density is high. In
regions where the density is very low, the control is not well approximated, but this is not an
issue as far as the optimal behavior of the population is concerned. The first part of Figure III.1
shows the results obtained for the metrics introduced above. We see that some of the methods
achieve a smaller total cost than the true optimal control. This would not be possible for
controls satisfying perfectly the terminal constraint, but it is possible here due to the fact that
the methods satisfy only approximately the planning constraint. This also explains why the
relative errors on the total cost are of the order of a few percents. We expect that it would be
possible to reduce the relative errors by further fine-tuning the hyperparameters. Moreover, the
optimal control is well approximated, as shown by the L2 distance to the true optimal control.
Furthermore, we see that Methods 2 and 3 have a higher Wasserstein-2 distance between the
terminal distribution and the target distribution, but the L2 distance is much lower.

Figure III.1: Comparison of three different methods v.s. the analytical solution on the LQ test
case 1. The evaluation metrics are described in Section III.4.1.2.

As for LQ test 2, in dimension 2, Figure III.5 displays the evolution of the density for
each of the methods. The densities move from the bottom left corner to the top right corner.
Furthermore, the terminal distribution is more concentrated because the terminal variance is
smaller than the initial variance. Figure III.6 shows the evolution of the first dimension of the
control (the second dimension is similar, so we omit it for brevity). The ground-truth control is
linear in space for each time step. We see that the three methods manage to learn approximately
linear controls, at least in the region where the density is significantly positive.
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Figure III.2: Evolution of the density in the LQ Test case 1. Each plot corresponds to one time
step and displays the densities as functions of the space variable, x. The densities are: The
density obtained by applying the control learnt by each of the three deep learning methods as
well as the ground-truth density given by the ODE method.
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Figure III.3: Evolution of the control in the LQ Test case 1. Each plot corresponds to one time
step and displays the controls as functions of the space variable, x. The controls are: The control
learnt by each of the three deep learning methods as well as the ground-truth control given by
the ODE method.

Figure III.4 shows the results obtained for the metrics introduced above. We see that here
again, each of the three methods achieves a smaller total cost than the true optimal control due
to the fact that the terminal constraint is not perfectly satisfied. The optimal control is well
approximated, and the terminal distribution is matched with good accuracy.

Figure III.4: Comparison of three different methods v.s. the analytical solution on the LQ test
case 2. The evaluation metrics are described in Section III.4.1.2.
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Figure III.5: Evolution of the density in the Linear Quadratic Test case 2. Each column corre-
sponds to one time step, and each row corresponds to one of the methods. Each plot displays
the density as a function of the space variable, i.e., (m(t, x)1)x∈[−4,6]2 . The first row corresponds
to the solution obtained by the ground-truth ODE method. The second, third and fourth rows
correspond respectively to methods 1, 2 and 3.

Figure III.6: Evolution of the control in the Linear Quadratic Test case 2. Each column corre-
sponds to one time step, and each row corresponds to one of the methods. Each plot displays
the first dimension of the control as a function of the space variable, i.e., (v(t, x)1)x∈[−4,6]2 . The
first row corresponds to the solution obtained by the ground-truth ODE method. The second,
third and fourth rows correspond respectively to methods 1, 2 and 3.
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III.4.2 Case 2: Transport with congestion effects

The second class of models that we consider is inspired by crowd motion and falls in the setting
discussed in Example 3.

III.4.2.1 Description of the problem

In this model, intuitively, the cost is higher when moving through a crowded region, i.e., where
the density is high. Specifically, we take:

b(x, µ, a) = a, f(x, µ, a) = R|ℓ(x, µ)|γ |a|2, ρ0 = N (x0; Σ0), ρT = N (xT ; ΣT ).

For the function ℓ, we take two different models. We consider the following non-local dependence:

ℓ(x, µ) = c+ ρϵ ⋆ µ(x),

where c > 0 is a constant, ρϵ is a Gaussian kernel and ⋆ denotes the convolution. We use Method
1 to solve the MFOT problem with this function ℓ. Since it is based on Monte Carlo simulations
of trajectories, it is straightforward to compute a convolution with the empirical distribution at
a given time step.

We also consider a variation with a local dependence.

ℓ(x, µ) = c+m(x)

where c > 0 is a constant and m denotes the density of µ. For this type of model, Methods
2 and 3 are better suited since, in these methods, we directly have access to the approximate
density in the form of a neural network.

III.4.2.2 Numerical results

We focus on one test case called "Congestion" below in dimension d = 1. In this model, γ = 1.
For the sake of comparison, we also consider the corresponding model with the same choice of
parameters except that γ = 0, i.e., there are no congestion effects in the running cost. The
values that we take in the numerical tests are given in Table III.2 below.

Test case d γ c σ R x0 Σ0 xT ΣT

Case 1, No congestion 1 0 0.1 0.1 0.5 0 0.04 2 0.04

Case 2, Congestion 1 1 0.1 0.1 0.5 0 0.04 2 0.04

Case 3, Congestion 5 1 1 Id 0.5 [0, . . . , 0] 0.1 Id [2, . . . , 2] 0.1 Id

Table III.2: Parameters for the test case with congestion and the benchmark model without
congestion effects. For Case 3, x0 and xT are 5-dimensional vectors with all coordinates equal
to 0 or 2 respectively, and Id denotes the 5× 5 identity matrix.
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Figure III.7: Visualization of the mean field density m̂(t, x) in Congestion test Case 1,2

In Figure III.7, we present the evolution of the density under the control learnt by each of
the three methods for congestion cases 1 and 2. Each row corresponds to one method. We see
that, in the case where γ = 0 (no congestion effect), the mass is transported directly towards
the terminal distribution without much change in its shape. In contrast, in the case with γ = 1,
the mass spreads in space and one part starts moving towards the target mean xT = 2 whereas
another part stays behind and catches up at later time steps. This is consistent with the idea
that moving in congested regions is more expensive, so some agents would agree to wait until
the density decreases before moving forward.

Finally, in Figure III.8, we present the evolution of the density under the control learnt by
each of the three methods for congestion case 3, which is in dimension 5. Each row corresponds
to one method. To visualize density evolution in dimension 5, we plot the marginal distribution
of the mean field distribution on the first and second dimensions. We see that, similarly to
the congestion case 2, the mass spreads in space and gradually moves towards the target mean.
Compared with congestion case 2, the difference in the moving pattern and extent of spreading
is due to the difference of parameters in Table III.2. With a larger value c, the behavior of the
density would be closer to a direct transport to the terminal distribution without changes in the
shape of the distribution.

III.4.3 Remarks on the choice of hyperparameters

Each method has several hyperparameters, including the architecture of the neural networks.
We provide below some remarks about the choice of hyperparameters in our implementation.

Method 1. In our implementation, we choose G(r) = CW r where CW is a hyperparameter
that we adjust dynamically. We increase the constant CW when we expect a higher running
cost (for instance, in a higher dimension) in order to give enough importance to the penalty.
The coefficient α of regularization for the computation of the Wasserstein distance is also a
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Figure III.8: Visualization of the mean field density m̂(t, x) in Congestion test Case 3

hyperparameter that we adjust dynamically using the following heuristics. We start with a
given value for α and, when the estimated Wasserstein distance is small enough, we reduce the
value of α. The idea is that, as long as the terminal distribution does not match well enough
the target distribution, we need a high level of regularization in order to estimate efficiently the
Wasserstein distance between them. As the two distributions get closer, we can decrease the
degree of regularization in order to have a more accurate estimation of the Wasserstein distance.
The way we adjust CW also depends on the dimension of the state variable. There is also a
computational time aspect to take into account: as α becomes smaller, the computations take
more time (see Section III.3.1.2 for more details). For the neural network, we take a feedforward
fully connected neural network with 6 layers of 60 neurons each. The other hyperparameters are
the number of particles N and the number of time steps NT . We take N = 300 and NT = 20.

Method 2. In the second method, no time or space discretization is needed, and the
density is directly approximated by a neural network, so we do not need to use a finite number
of particles. However, we need to choose the values of the weights C(KFP)

0 , C
(KFP)
T , C(KFP), and

C(HJB) in the loss function. We used C(KFP)
0 = 20, C

(KFP)
T = 50, C(KFP) = 20, C(HJB) = 1. As

for the neural network, we used the architecture proposed in the DGM article [SS18], with 2
layers and a width equal to 40. During the training, at each iteration of SGD, we use a minibatch
of 500 points in time and space, and 500 points in space for the initial and terminal conditions.

Method 3. The main hyperparameter in this method is r, which is used in the definition
of the augmented Lagrangian (III.24). For the experiments, we select r = 0.1. Even though, in
theory, the convergence of ADMM is independent of the choice of r, in practice, we often find
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that a large r value could potentially increase numerical instability and lead the algorithm to
diverge. Similarly, a small r value could slow down the convergence. As for the neural networks,
we use the following architectures. For both uθ, qω, and λψ, in general, we use a fully connected
neural network with residual connections, sigmoid activation function, and appropriate output
dimension. We use 6 layers and 100 neurons per layer. For LQ test cases, we further consider
an extra quadratic correction in addition to the neural networks: the output of uθ is the sum of
neural network output and a quadratic function with trainable weights. To effectively model the
mean field density, a sigmoid activation function is applied to the first dimension of the output
of the neural network λψ, and then the result is multiplied by a constant C. In this way, the
first dimension of λψ takes values in (0, C). In the experiments, we take C = 1 for the LQ test
cases and C = 5 for the congestion test cases. During training, at each iteration of SGD, we use
a minibatch of 512 points in time and space, and 512 points in space for the initial and terminal
conditions.

III.5 Conclusion and future directions

In this work, we have proposed three numerical methods based on deep learning for mean field
optimal transport problems. The three methods can tackle a larger class of problems than deep
learning methods proposed previously, which were mostly focusing on the Schrödinger bridge
problem or MFGs with a specific structure. The first method replaces the terminal constraint
with a penalty and then directly learns the optimal control using Monte Carlo trajectories.
The second method solves a PDE system which is obtained as the optimality conditions for
the MFOT problem. The third method relies on an augmented Lagrangian approach for the
variational formulation of the problem. The numerical results show that the three methods
match the analytical solution on an LQ problem, and that they are able to handle non-trivial
mean field interactions modeling congestion effects.

From here, we can envision several research directions. First of all, the theoretical analysis
of the MFOT problem remains to be tackled. For example, the existence and uniqueness of the
solution to the PDE system have been proved only in relatively specific cases, see e.g. [ACCD12,
CCN13, Por13, GMST19]. It would be interesting to extend the analysis to more general forms
of dynamics and cost functions. From the numerical point of view, it would be interesting to
scale-up the methods proposed in this work to a higher dimension, and to explore other deep
learning methods. The numerical analysis and the convergence proof of the proposed methods
also remain to be investigated in future work.
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Appendix A

Construction of a coupling by pasting

A.1 Pasting of Markov processes

In this section we sum up the tools we used to provide a formal construction of the N -BMP,
the b-BMP and the couplings between them that appear in our proofs. We adapt the results of
[INW68b] and we provide two additional results. In [INW68b], Ikeda, Nagasawa and Watanabe
build a new strong Markov process by "piecing out" trajectories of a given strong Markov process
(which we call "base process" in the following): the new process follows a trajectory of the base
Markov process until a random time, and then undergoes a random renewal, before following
another trajectory of that same Markov process from the new starting point; then the same
mechanism is repeated iteratively to build the trajectory at all positive times.

This construction is presented in Section A.1.1.
In Section A.1.2, we give alternative definitions of the BMP, N -BMP and b-BMP using this

pasting procedure, that fit into our proof strategy of Proposition I.4, that appears as a corollary
of Proposition A.4.

In Section A.1.3, we study what happens when several types of pasting are allowed (for
instance in our case, we will distinguish branching times from death times). In that case, there
are two points of view: one can either use the procedure once, considering all the pasting times,
or use it several times, once for each type of pasting time. We prove in Proposition A.2 that
the resulting processes have the same distribution, meaning that this construction is, in a way,
commutative (we can chose which type of pasting we use first), which turns out to be useful in
the proof of Proposition A.4.

Finally, we prove in Section A.1.4 that, if the base process is a coupling of n strong Markov
processes, and if one of the n coordinates is unaffected by renewal events, that coordinate in
the pasted process has the same distribution as the same coordinate in the base process (see
Proposition A.3 for a precise statement).

A.1.1 Construction by piecing out

Let us first explain the construction presented in [INW68b], as well as the modification we use
to adapt it to our context. In particular, their construction uses two elementary objects: the
base Markov process and the renewal distribution; they paste versions of the base process by
renewing it according to the renewal distribution at the end of its lifetime. We add a third
elementary piece to their construction, because we would like to paste the process at a more
general random time than its lifetime: we will paste versions of the base process according to a
general pasting time and a renewal distribution.
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Base process. Consider a locally compact Hausdorff space E with countable base, and denote
by B(E) its Borel σ-algebra. Let E = E ∪ {∆} the one-point compactification of E, where ∆ is
an isolated cemetery point, and denote by B(E) its Borel σ-algebra.

In order to characterize the distribution of a random variable with values in E, we will
use the set C0(E) = {f ∈ C0(E,R) s.t. f(∆) = 0}. Furthermore, we can also characterize
the distribution of Markov processes with values in E by their semigroup on C0(E), and any
Markov process in E with semigroup (Pt)t≥0 on C0(E) can be seen as a Markov process in E
by extending its semigroup as follows

∀f ∈ C0(E) ∀y ∈ E, Ptf(y) =

{
Ptf(y) if y ∈ E

0 if y = ∆

In the sequel we will omit the difference between those two objects and write Pt instead of Pt

for simplicity.
Let (W,W, (Wt)t≥0, (Py)y∈E , (Yt)t≥0, (ψt)t≥0) be a strong Markov process1 onE (here (W,W)

is a measurable space, (Wt)t≥0 a filtration on (W,W), (Py)y∈E a family of probability measures
on (W,W), (Yt)t≥0 a family of random variables with values in E and for all t ≥ 0, ψt :W →W
is a shift operator) with the following assumptions:

(a) for all w in W , Y(w) has right-continuous paths,

(b) for all y in E, Y has Py-almost surely left limits at every time,

(c) for all y in E, Py(Y0 = y) = 1,

(d) ∆ is a trap point, meaning that for y ∈ E,

P({w ∈W, ∃t ≥ s,Ys(w) = ∆ and Yt(w) ̸= ∆}) = 0.

(e) the filtration (Wt)t≥0 is complete2 and right-continuous, contained in W,

(f) the ψt are shift operators3 defined on W , such that for all s, t ≥ 0 and w ∈W , we have

Ys(ψtw) = Ys+t(w).

Pasting time. Our goal is to paste together countably many versions of that base process
at successive random times. In [INW68b], the pasting time is the lifetime of the base process,
but we would like to extend this to more general random times, such as hitting times. To
that end, suppose given a stopping time ζ† on W , meaning that for all t ≥ 0, {ζ† ≤ t} is in
Wt. Furthermore, we say that ζ† is a compatible stopping time for Y if it satisfies the following
compatibility4 equation with respect to the base Markov process

∀t ≥ 0 ∀w ∈W s.t. ζ†(w) ≥ t, ζ†(ψtw) = ζ†(w)− t. (A.1)

We then make the following assumption:
1We call a strong Markov process a stochastic process that enjoys the strong Markov property, see for instance

[Kal02], Proposition 19.17.
2Namely, the filtration is complete with respect to (W,W,Py), for all y ∈ E, in the sense that for all t ≥ 0,

Wt contains all the Py-null events of W .
3If T is random time on W , we define for w ∈W the shift operator ψTw := ψT (w)w.
4Any hitting time for Y is a compatible stopping time. These stopping times are natural extensions of hitting

times.

104



(g) P∆(ζ
† = 0) = 1 and ζ† is a compatible stopping time.

In order to stick with the construction of [INW68b], we introduce the killed version of the
process Y: it is the process Y defined by

∀w ∈W ∀t ≥ 0 Yt(w) =
{
Yt(w) if t < ζ†(w),

∆ otherwise,

which, according to the assumptions on Y, is a right-continuous strong Markov process which
almost surely has left limits, ∆ as a terminal point5 and whose lifetime is

ζ := ζ† ∧ inf{s ≥ 0,Ys = ∆} = inf{s ≥ 0,Ys = ∆}. (A.2)

Indeed, if the process is not yet in the cemetery at time ζ†, we kill it at this moment. Notice
that since inf{s ≥ 0,Ys = ∆} is a hitting time for the process Y, which is also compatible with
the shift operators (Assumption (f)), ζ still satisfies (A.1) (Assumption (g)). Furthermore, if for
a fixed y in E, Y has an infinite lifetime Py-almost surely, we also have ζ† = ζ.

Remark A.1. Notice that ζ coincides with ζ† when Y has an infinite lifetime. In the following
and most importantly in Section A.2, we will consider processes enjoying that property, so that
we will drop the † notation that distinguish them; for instance Assumption (h) below should be
written with the † symbol but since Yζj = Y

ζ†j
, we lighten the notation and forget it. The † symbol

is only introduced to allow us to fit precisely within the framework of [INW68b].

Renewal distribution. We finally have to explain how the renewal point is chosen: to that
end, we shall use a particular case of so-called instantaneous distributions (see Definition 2.1
in [INW68b]), in the form of a Markov kernel λ : W×B(E) −→ R satisfying the following
assumptions:

(h) there exists an integer k ≥ 1, and, for 1 ≤ j ≤ k, Markov kernels λj : E×B(E) −→ R and
almost surely finite stopping times ζj satisfying (g) such that ζ†(w) = min

j
ζj(w) and6

λ(w, ·) = λj(Yζj (w), ·) if ζ†(w) = ζj(w). (A.3)

(i) each λj sends E to E and ∆ to ∆, meaning that λj(y,E) = 1 for y ∈ E and λj(∆, ·) = δ∆.

In the sequel, we denote by λj the Markov kernel λj(Yζj , ·) and by M (ζj)j ((λj)j) the Markov
kernel λ defined in (A.3) (in order to emphasize its dependence on the ζj and the λj). Assumption
(h) ensures that this is indeed an instantaneous distribution7.

5While there may be other trap points for Y, we refer to ∆ as terminal point because we consider that the
process has terminated its life when it has reached ∆; this is also the reason why we refer to ζ as its lifetime.

6If several indices realize the minimum, we arbitrarily chose the smallest one.
7Since, for any stopping time T , Yζ† ◦ψT = Yζ† on the event {T < ζ} ⊆ {T < ζ†} (thanks to the compatibility

equation (A.1)), we have, looking at the definition (A.3) of λ, that

Py(λ(·, dx) = λ(ψT (·), dx), T < ζ) = Py(T < ζ),

which matches indeed Definition 2.1 in [INW68b].
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Definition of the pasted version of Y with respect to (ζ, λ). In a nutshell, using a renewal
distribution satisfying Assumption (h) means that at time ζ the process is randomly renewed to
a position whose distribution depends only on its state at time ζ: basically, the process follows a
trajectory decided by a certain w1 ∈W , then jumps to a new position according to λ(w1, ·) and
then follows a new trajectory decided by w2 ∈W , jumps to a new position according to λ(w2, ·),
and so on (see Figure A.1 below for an example). This amounts to defining new probability
measures on the measurable space Ω =W×E equipped with the product σ-algebra W ⊗B(E),
where the W -coordinate contains the information for one trajectory, and the E-coordinate for
one renewal point; and then paste a sequence of such probability measures on the infinite product

PW =
+∞∏
i=1

Ω =
+∞∏
i=1

(W×E) (equipped with the corresponding product σ-algebra that we denote

by PW).
For y ∈ E, we define a probability measure Qλ

y on Ω, uniquely characterized by

∀A ∈ W ∀B ∈ B(E), Qλ
y(A×B) =

∫
A
λ(w,B)Py(dw). (A.4)

Now, we use Theorem 2.1 in [INW68b] to construct by concatenation a uniquely defined proba-
bility measure PζPλy on the product PW such that for any bounded real-valued random variable
Zi on Ωi, we have

PζEλy(Z) =
∫
Ωi

Zi(ω1, · · · , ωi)Qλ
yi−1

(dωi) · · ·Qλ
y1(dω2)Qλ

y(dω1), (A.5)

where we have written ωi = (wi, yi), PζEλy the expectation under PζPλy and Z the extension of
Zi on PW , namely Z(ω1, ω2, · · · ) = Zi(ω1, · · · , ωi).

We can finally build on PW the new process that corresponds to the pasting of trajectories as
described above. We generically write ωi = (ω1, · · · , ωi) an element of Ωi, and Pw = (ωi)i≥1 =
(wi, yi)i≥1 an element of PW . Now set

ζi(Pw) = ζ(wi),

ζi(Pw) =

i∑
k=1

ζ(wk),

T(Pw) =
+∞∑
k=1

ζ(wk),

as well as ζ0(Pw) = 0. We note that ζi depends only on the first i coordinates, which allows us
to see ζi as a random variable on Ωi, for which we still use the same notation. Then we define
the pasted process PζY on PW by8

PζYt(Pw) =
{
Yt−ζi−1(Pw)

(wi) if ζi−1(Pw) ≤ t < ζi(Pw), i ≥ 1,

∆ otherwise.
(A.6)

Remark A.2. We emphasize that we have defined a process PζY, whose position at time t is
PζYt. We could have written [PζY]t instead, but chose not to in order to alleviate the notation.

8In order to stick with the definitions of [INW68b], we should replace Y by its killed version in this definition;
however, since Yt = Yt on {t < ζ}, the corresponding quantities are equal. This allows us to lighten the notation
in the sequel.
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The results in [INW68b] and our additional assumptions then ensure9 the following result.

Proposition A.1. The process (PζYt)t≥0 is a strong Markov process on PW , using a filtration
(PζWt)t≥0 and shift operators Pζψt on PW defined as in [INW68b], and the probability measures
(PζPλy)y∈E. Furthermore, it still enjoys Assumptions (a) to (f).

We emphasize that, included in the fact it is a Markov process, PζY is adapted to the
filtration (i.e. PζYt is PζWt-measurable).

A.1.2 Formal definition of some branching processes with selection

We now give equivalent definitions of the processes used in this paper, using the pasting proce-
dure described in the last section.

We first recall the general context of this paper: we consider several branching processes built
from an underlying Markov process X, which is assumed to be Feller. As we already mentioned,
this implies that there exists a càdlàg realization of X which has the strong Markov property (see
Theorems 19.15 and 19.17 in [Kal02]). Thus we can consider base Markov processes consisting
in any finite number of independent copies of X satisfying Assumptions (a) to (f), and use the
pasting procedure on such processes.

Definition A.1. Set E =
⊔
n≥1

Rn and X a Markov process on E consisting in a fixed number of

independent copies of the underlying Markov process starting from the initial positions given by
an n-tuple x = (x1, · · · , xn) in a certain Rn: we define Xt = (X1

t , · · · , Xn
t ), where (Xi

t)t≥0 has
under Px the distribution of X starting at xi, and the Xi are independent processes.

For x ∈ Rn, we denote by λ(x, ·) the distribution of (x1, · · · , xn, xI), where I has uniform
distribution on J1, nK: thus the renewal state is uniformly chosen within the set of the (n + 1)-
tuples made by adding an (n + 1)−th coordinate with the same value as one of the existing n
coordinates of x.

On the same probability space, suppose10 given a random time ζ† with exponential E(n)
distribution11 under Px, independent from X and satisfying the compatibility equation (A.1).

Since X has an infinite lifetime (the process takes values in E, so that it never hits the
cemetery point), we have ζ = ζ†. We now write λ(w, ·) = λ(Xζ(w), ·) as in the former section,
which corresponds to the fact that the renewal position is made by letting the chosen particle
branch at time ζ.

By using the pasting procedure with the base process X , the pasting time ζ and the renewal
distribution λ, we obtain a strong Markov process PζX as in Proposition A.1, and we call
branching Markov process (BMP) any process that has the same distribution as this pasted process
PζX .

Remark A.3.

• In order to use the many-to-one lemma (Lemma I.A), we need a notion of genealogy
allowing us to follow trajectories of individual particles. To do so, we could keep track of

9The fact that PζY is a strong Markov process comes from Theorem 2.2 in [INW68b], which we can apply
thanks to Assumptions (a),(c),(d),(e),(f),(g),(h) and (i). We give for each assumption the main reason why it
still holds for the pasted process: (a): PζY has right-continuous paths by construction (because of (a) for Y);
(b): it has left limits thanks to Theorem 2.3 in [INW68b] and (b) for Y; (c) PζPλ

y (P
ζY0 = y) = Py(Y0 = y) = 1;

(d): Assumption (i) for Y ensures that the pasted process remains in ∆; (e): the corollary of Theorem 2.2 in
[INW68b] ensures that we have a complete and right-continuous filtration; (f): this comes from the definition
(2.11) of Pζψt in [INW68b] and the Assumption (g) (compatibility equation).

10One possibility would be to consider the canonical realization as is done in Section A.2.1.2 for the coupling
of the N -BMP with a b-BMP.

11Notice that the distribution depends on the number of particles in the starting position x.
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(a) The first coordinates of an element Pw = ((w1, y1), (w2, y2), · · · ) ∈ PW

(b) The realization of the pasted process made with this element Pw

Figure A.1: Illustration of the pasting procedure
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the ancestries of particles by adding a discrete coordinate to each of them containing the
index of its parent. We chose not to do it here in order to alleviate the construction.

• Let us emphasize that if two or more particles have the same position at the branching event,
the corresponding tuple appears several times in the set on which the uniform choice is
performed: we decide uniformly which particle branches, not at which position the branching
particle is.

We also construct the N -BMP in a similar way, using the pasting procedure at branching
times, and performing the branching and selection simultaneously by making the lowest parti-
cle jump to the place of one of the particles, chosen uniformly, via the choice of the renewal
distribution as follows.

Definition A.2. Set E1 = RN and consider a Markov process X consisting in N independent
copies of the underlying Markov process X on a certain probability space W . As in the previous
example, let ζ be an independent and exponentially distributed random time with rate N satisfying
(A.1). For x ∈ RN and m such that12 xm = minxi, we denote by λ(x, ·) the distribution of
(x1, · · · , xm−1, xI , xm+1, · · · , xN ), where I has uniform distribution on J1, NK. We also define
λ(w, ·) = λ(Xζ(w), ·). We call N -BMP any stochastic process that has the same distribution as
the pasted process PζX on PW obtained within this setting.

Finally we construct the b-BMP by selecting the particles in a BMP via the renewal distri-
bution. Notice that we add a time-coordinate13, in order to keep a time-homogeneous strong
Markov process despite the fact that we kill particles below a generic curve b.

Definition A.3. Set E2 =

(
{⋄} ⊔ ⊔

n≥1
Rn
)
×R+, where ⋄ is a point in which we put the process

when all particle have gone below the curve. Let14 Y = (X ,Θ) be a BMP (Xt)t≥0 coupled with a
deterministic time process (Θt)t≥0 increasing with constant speed 1 (and always staying at ⋄ if
it starts from ⋄). Let ζ† be the first time when a particle goes below b, namely

ζ† = inf{s ≥ 0,∃i ∈ J1,#XΘsK, X
i
Θs
< bΘs},

and λ the renewal distribution on E2 defined as follows: for y = (x, t) ∈ E2 with x ∈ R, we
set λ(y, ·) = δ(⋄,t); and for y = ((x1, · · · , xn), t) ∈ E2 with n ≥ 2, let15 m be s.t. xm = min

i
xi;

then we denote by λ(y, ·) the Dirac mass on ((x1, · · · , xm−1, xm+1, · · · , xn), t). We also set, for
y = (⋄, t), λ(y, ·) = δ(⋄,t), even though this will never be used in the pasting procedure because if
the process starts with no particle, no particle ever goes below the curve (so that ζ† = +∞).

We then define λ(w, ·) = λ(Yζ(w), ·). We call b-BMP any stochastic process that has the
same distribution as the pasted process PζY on PW obtained within this setting. Notice that we
kill indeed a particle which is below the curve, because by definition of ζ and by right-continuity,
its lowest particle has to be below the curve at time ζ.

12If there are several indices m such that xm = minxi, we arbitrarily chose m to be the smallest one.
13In the rest of the paper, we often refer to the space coordinate as b-BMP, even though strictly speaking, we

should add the time coordinate.
14In the next section, we explain in a general setting why a pasted process can in turn be used as a base process.
15If there are several indices that realize the minimum, we chose the smallest one arbitrarily. Notice that this

construction indeed kills instantaneously the particles that go below the curve. Although it might seem that,
in the event that several particles go below the curve simultaneously, only one is killed at that time, when this
happens, the new trajectory starts with particles below the curve already, and thus the corresponding ζ time is
zero; the renewal distribution is in fact used as many times as needed instantaneously, so that all particles below
the boundary are killed.
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Remark A.4.

• Notice that adding the time-coordinate preserves the fact that the process is Feller, and
Assumptions (a) to (f) are still verified.

• The time ζ† could a priori be infinite with positive probability in Definition A.3, which we
ruled out with Assumption (h) for the sake of simplicity. Since, in the main part of the
article, we always consider the coupling up to a finite time horizon T > 0, we could always
enforce the finiteness of ζ† by replacing ζ1 in Assumption (h) by ζ1 ∧T , because we do not
care about the distribution of the process after time T .

A.1.3 Pasting of pasted processes

In Definition A.3, we use two levels of pasting: at the first level, we consider independent trajec-
tories, and paste them to implement the branching (and obtain a BMP, as in Definition A.1); at
the second level, we paste the resulting trajectories to implement the selection. One can wonder
whether the distribution of the final process changes when pasting the other way round (starting
with the selection procedure, and then adding the branching mechanism in a similar way as in
Definition A.1).

We will show through Proposition A.2 that these processes indeed share the same distribu-
tion, and that this is true in general when iterating the pasting procedure. Of course, we first
have to explain carefully why (or rather how) we can iterate the procedure, meaning that we
have to check the hypotheses (a) to (i) for the pasted process.

A.1.3.1 Definition and notation for the pasting of pasted process

Consider two stopping times ζ and θ on W , and two renewal distributions λ and ν, both couples
(ζ, λ) and (θ, ν) satisfying Assumptions (g), (h) and (i). In order to lighten the notation, we
will now use bold font to refer to the process defined in Section A.1.1: we use the notation

(W ,W , (W t)t≥0, (Py)y∈E , (Y t)t≥0, (ψt)t≥0)

instead of
(PW,PW, (PWt)t≥0, (P

ζPλy)y∈E , (P
ζYt)t≥0, (P

ζψt)t≥0).

We now want to use this pasted process Y as a new base process for a pasting procedure,
with pasting times θ and renewal distribution ν. However, those are not defined on the same
probability space as Y . Thus we need to define a random time on W which corresponds to θ:
define τ = ζ ∧ θ and Ξ = 1{τ=θ} on W , and define a new stopping time θ on W by

θ(w) =

{
τk(w) if Ξ(w1) = · · · = Ξ(wk−1) = 0,Ξ(wk) = 1, for k ≥ 1,
τ∞(w) if ∀k ≥ 1,Ξ(wk) = 0,

(A.7)

where τk(w) =

k∑
l=1

τ(wl) (see Figure A.2 for an example). We can now adapt the renewal

distribution to extend it to W . Since (θ, ν) satisfies Assumption (h), there exist Markov kernels
νj : E×B(E) −→ R, almost surely distinct stopping times θj and θ† = min

j
θj such that

ν(w, ·) =
m∑
j=1

1{θ†(w)=θj(w)}νj(Yθj (w), ·).
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Figure A.2: A realization of the extension θ of θ on W

We now define θ† through (A.7), replacing θ by θ† in the definitions of Ξ, τ and the τk, and
proceed similarly with θj to define θj . Then we consider the renewal distribution ν on W
defined by

ν(w, ·) =
m∑
j=1

1{θ†(w)=θj(w)}νj(Yθj (w), ·).

We now check that the assumptions for the pasting procedure are verified. We have already
seen (see Proposition A.1) that Assumptions (a) to (f) are valid; Assumption (g) is also verified
for θ†: first, the event {Ξ1 = 0} is negligible with respect to P∆ (it has probability P∆(Ξ = 0) = 0
by Assumption (g), since ζ = θ = 0 almost surely), so that we can integrate only on its
complementary event on which θ†(w) = θ†(w1), and obtain

P∆(θ
† = 0) = P∆(θ

† = 0) = 1.

Then we can check that the compatibility equation

θ†(ψtw) = θ†(w)− t

holds for t,w such that θ†(w) ≥ t, by performing the computation and using the definition
(2.11) in [INW68b] of the shift operators on W and the corresponding compatibility equations
for θ† and ζ†. Note that in fact, this compatibility equation is key to providing a meaningful
definition of what should be the composition of the successive θ random times on the space W ,
and to use it as a new compatible time.

Finally, thanks to the definition of ν, Assumptions (h) and (i) directly come from the same
assumptions for ν.

We can now define the pasting of the pasted process: first, we extend the notation of Sec-
tion A.1.1: we write P(2)W := P[PW ] = PW and denote by Pw = ((w1, y1), (w2, y2), · · · ) its
generic elements. Now the new pasted process is Pζ,θY := PθY , thus given by

Pζ,θYt(Pw) =

{
Y t−θi−1(Pw)(wi) if θi−1(Pw) ≤ t < θi(Pw)), i ≥ 1,

∆ otherwise,
(A.8)

with θi(Pw) =
i∑

k=1

θ(wk). The family of probability measures that we put on P(2)W is the

pasting of the measures Py according to ν, namely the probability measures Pζ,θPλ,νy := PθPν
y
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that are the concatenation on P(2)W =

+∞∏
i=1

W×E of the measures Qν
y on W×E defined by

extending the following formula, valid for A in W and B a borel set in E:

Qν
y (A×B) =

∫
A
ν(w, B)Py(dw).

In the end, if Zi is a bounded real valued random variable on Ωi, we can extend it to a random
variable Z on P(2)W depending only on the first i coordinates ω1, · · · ,ωi, with ωk = (wk, yk) ∈
Ω :=W×E, and we have, denoting Pζ,θEλ,νy the expectation under Pζ,θPλ,νy ,

Pζ,θEλ,νy (Z) =

∫
Ωi

Zi(ω1, · · · ,ωi)
i∏

k=1

Qν
yk−1

(dωk),

using the convention y0 = y.

A.1.3.2 Commutativity of the construction

Now we have constructed a process Pζ,θY by pasting first according to ζ and λ, and the according
to θ and ν. The same procedure allows us to consider the process Pθ,ζY (with associated
probability measures on the same probability space P(2)W denoted Pθ,ζPν,λy ) constructed by
pasting first according to θ and ν and then according to ζ and λ. The natural question that
arises is whether those processes have the same distribution.

We will compare these two processes with the process obtained by pasting copies of Y with
pasting time τ = ζ ∧ θ and renewal distribution

ξ(w, ·) :=M ζ,θ(λ, ν)(w, ·) = 1{Ξ(w)=0}λ(w, ·) + 1{Ξ(w)=1}ν(w, ·),

which defines again an instantaneous distribution satisfying (h) and (i). Then we can consider
the corresponding probability measures PτPξy on PW and the pasted process PτY.

Proposition A.2. The processes Pζ,θY,Pθ,ζY and PτY induce the same distribution on the
space D(R+, E) (with respective reference probability measures Pζ,θPλ,νy ,Pθ,ζPν,λy and PτPξy).

Example A.1. As we mentioned, the construction of the b-BMP (Definition A.3) can be re-
versed: we can start from independent copies of X, then paste them to carry out the selection at
the boundary first, and then use the exponential times to paste again and carry out the branching.

Proof. We give the proof in the case where Y has an infinite lifetime. Recall in addition that θ
is finite almost surely.

Our setting being symmetric with respect to (ζ, λ) and (θ, ν), we only need to show that
Pζ,θY and Pζ∧θY have the same distribution. Recall that these are time-homogeneous Markov
processes, so that it is enough to prove that the random variables Pζ,θYt and Pζ∧θYt with values
in E have the same distribution, for all time t ≥ 0 and all starting point y ∈ E. We will thus
prove that for any t ≥ 0, y ∈ E and f ∈ C0(E), we have (remember that τ = ζ ∧ θ)

Pζ,θEλ,νy (f(Pζ,θYt)) = PτEξy(f(PτYt)). (A.9)

Since f(∆) = 0, the definition (A.6) of PτY ensures that f(PτYy) is zero for t ≥
+∞∑
k=1

τ(wi), so

we can write

f(PτYt(Pw)) =
+∞∑
i=1

1[τ i−1,τ i)(Pw)f(Yt−τ i−1(Pw)(wi)).
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Step 1. Decomposing both expectations depending on the successive values of Ξ.
Recall that Ξ is the random variable on W defined by

Ξ = 1{τ=θ} = 1{θ≤ζ}.

First, we write the r.h.s. in (A.9) with sums depending on the number of trajectories before t for
which the random variable Ξ is equal to 1, and on the number of trajectories for which the random
variable Ξ is equal to 0 between each of them: for k, k1, · · · , kl ≥ 1 and 1 ≤ r1 < · · · < ri, write
Ξk(w1, · · · , wk) := (Ξ(w1), · · · ,Ξ(wk)), kl := k1 + · · · + kl and χr1,··· ,ri := (1{r1,··· ,ri}(j))1≤j≤ri ,
so that the event {Ξri = χr1,··· ,ri} is the event where for all 1 ≤ j ≤ i, the j-th ’θ-type’ renewal
time is the rj-th renewal time τ rj . Then we have

PτEξy(f(PτYt)) =
+∞∑
i=1

+∞∑
k1,··· ,ki=1

PτEξy
(
1{Ξki=χk1,··· ,ki

}1[τki−1
,τki

)(t)f(P
τYt)

)
, (A.10)

where the random variable in the expectation depends only on the first ki coordinates of Pw,
denoted by wki = (w1, · · · , wki).

The rest of the proof consists in showing that the l.h.s. in (A.9) has the same expression. To
this end, we use the lighter notation of Section A.1.3.1. From the definition of PθPν

y , we obtain

PθEν
y (f(P

θY t)) =

+∞∑
i=1

∫
Ωi

1[θi−1(wi−1),θi(wi))(t)f(Y t−θi−1(wi−1)(wi))

i∏
l=1

Qν
yl−1

(dωl), (A.11)

where wi = (w1, · · · ,wi) ∈W i.
Defining for i ≥ 1 and ki = (k1, · · · , ki)

τ̃ki(w
i) =

i∑
l=1

τkl(wl),

as well as

Iki =
∫
Ωi

1[τ̃ki−1 (wi−1),τ̃ki (w
i))(t)f(Y t−τ̃ki−1 (wi−1)(wi))

i∏
l=1

1{Ξkl (wl)=χkl
}Q

ν
yl−1

(dωl),

still with convention y0 = y, we claim that we have

PθEν
y (f(P

θY t)) =

+∞∑
i=1

+∞∑
k1,··· ,ki=1

Iki . (A.12)

Indeed, for each ωl = (wl, yl) ∈W×E, we rewrite θ(wl) depending on the number of Ξ random
variables equal to 0 before the first 1. Recall the assumption that we made at the start of the
proof: Y has an infinite lifetime and θ is finite a.s. Thus we have almost surely

+∞∑
k=1

1{Ξk=χk} = 1, (A.13)

and
+∞∑

k1,··· ,ki=1

1{Ξki=χki}
= 1. (A.14)

113



Now, on the event {Ξki = χki}, we have for all l ≤ i

θ(wl) = τ̃kl(w
l) (A.15)

Hence we can split the integral on Ωi in (A.11) using (A.14), and then use (A.15) to obtain
(A.12) as claimed.

We now temporarily fix i ≥ 1 and k1, · · · , ki ≥ 1 and define recursively for r = i, i− 1, · · · , 0
the random variables Zr on Ωr, starting with Zi, defined for ωi = (ω1, · · · ,ωi) ∈ Ωi by

Zi(ω
i) = 1{Ξki (wi)=χki

}1[τ̃ki−1 (wi−1),τ̃ki (w
i))(t)f(Y t−τ̃ki−1 (wi−1)(wi)), (A.16)

then setting for i− 1 ≥ r ≥ 1

Zr(ω
r) = 1{Ξkr (wr)=χkr}

∫
Ω
Zr+1(ω

r+1)Qν
yr(dωr+1), (A.17)

and finally

Z0 =

∫
Ω
Z1(ω1)Q

ν
y (dω1). (A.18)

We have by definition, for all 1 ≤ r ≤ i, that

Iki =
∫
Ωr

Zr(ω
r)
r−1∏
l=1

1{Ξkl (wl)=χkl
}Q

ν
yl−1

(dωl), (A.19)

and, for r = 0,
Iki = Z0. (A.20)

Step 2. Rewriting Zr−1 for 1 ≤ r ≤ i.
We will show the following by induction: for 1 ≤ r ≤ i, Zr depends on ωr = (wr, yr) ∈ Ω

only through wkrr = (wr,1, · · · , wr,kr) and yr, and we have

Zr−1(ω
r−1) = 1{Ξkr−1 (ωr−1)=χkr−1

}

∫
Ωkr

Zr(ω
r−1, wkrr , yr,kr)

kr∏
l=1

Qξ
yr,l−1

(dωr,l). (A.21)

with the convention yr,0 = yr−1 and y0 = y. To do so, we use the following lemma repeatedly.

Lemma A.1. Let k ≥ 1 and Z : W k×E −→ R be a bounded random variable, which can be
extended to a random variable Z̃ on Ω =W×E though the formula

Z̃(ω, y′) = Z(wk, y′)

Then we have

Eν
y (Z̃1{Ξk=χk}) =

∫
Ωk

Z(wk, yk)1{Ξk(wk)=χk}

k∏
l=1

Qξ
yl−1

(dωl). (A.22)

Proof. Thanks to the definition of Qν
y , we have

Eν
y (Z̃1{Ξk=χk}) =

∫
Ω
Z(wk, y′)1{Ξk(wk)=χk}ν(w, dy

′)Py(dw),

and now thanks to the definition of ν, we obtain

Eν
y (Z̃1{Ξk=χk}) =

∫
Ω
Z(wk, y′)1{Ξk(wk)=χk}

m∑
j=1

∏
j′ ̸=j

1{θj′ (w)≥θj(w)}ν
j(Yθj(w)(w), dy′)Py(dw).
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Now for w ∈ {Ξk = χk}, we have for all 1 ≤ j ≤ m by definition

θj(w) = ζk−1(w
k−1) + θj(wk),

so that
1{θj′ (w)≥θj(w)} = 1{θj′ (wk)≥θj(wk)}

and
Yθj (w) = Yθj (wk).

Thus we have

Eν
y (Z̃1{Ξk=χk}) =

∫
Ω
Z(wk, y′)1{Ξk(wk)=χk}

m∑
j=1

∏
j′ ̸=j

1{θj′ (wk)≥θj(wk)}ν(Yθj (wk), dy
′)Py(dw),

and we recognize ν(wk, ·), so that we have

Eν
y (Z̃1{Ξk=χk}) =

∫
Ω
Z(wk, y′)1{Ξk(wk)=χk}ν(wk, dy

′)Py(dw).

Now the integrand depends on w only through wk, so we have by definition of Py

Eν
y (Z̃1{Ξk=χk}) =

∫
Ωk×E

Z(wk, y′)1{Ξk(wk)=χk}ν(wk, dy
′)

k∏
l=1

Qλ
yl−1

(dωl),

with the convention y0 = y. Recalling the definition of Qλ
y , we have

Eν
y (Z̃1{Ξk=χk}) =

∫
Ωk×E

Z(wk, y′)1{Ξk(wk)=χk}ν(wk, dy
′)

k∏
l=1

λ(wl, dyl)Pyl−1
(dwl),

and the integrand does not depend on yk. Thus we can delete the integral on yk in E and obtain

Eν
y (Z̃1{Ξk=χk}) =

∫
Ωk−1×W×E

Z(wk, y′)1{Ξk(wk)=χk}ν(wk, dy
′)Pyk−1

(dwk)
k−1∏
l=1

λ(wl, dyl)Pyl−1
(dwl).

Now we rename yk the variable y′, thus obtaining

Eν
y (Z̃1{Ξk=χk}) =

∫
Ωk

Z(wk, yk)1{Ξk(wk)=χk}ν(wk, dyk)Pyk−1
(dwk)

k−1∏
l=1

λ(wl, dyl)Pyl−1
(dwl).

Now, since λ(w, ·) (resp. ν(w, ·)) and ξ(w, ·) agree on {Ξ = 0} (resp. {Ξ = 1}), we can replace
both λ and ν by ξ in the previous equation without changing the value, and obtain

Eν
y (Z̃1{Ξk=χk}) =

∫
Ωk

Z(wk, yk)1{Ξk(wk)=χk}

k∏
l=1

ξ(wl, dyl)Pyl−1
(dwl),

which gives (A.22) by definition of Qξ
y. □

Now let us start with the case r = i: looking at the definition (A.16) of Zi, its only depen-
dence in ωi is through τ̃ki , so through wkii , and through Y t−τ̃ki−1 (wi−1)(wi), which on the event
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{t− τ̃ki−1(wi−1) ∈ [0, τki)} also depends only on wkii . Thus we can apply Lemma A.1 for fixed
ωi−1 to Zi(ωi−1, ·), seen as a random variable on W k×E, with k = ki to obtain16

Eν
y (Zi(ω

i−1, ·)1{Ξki=χki
}) =

∫
Ωki

Zi(ω
i−1, wkii , yi,ki)1{Ξki (w

ki
i )=χki

}

ki∏
l=1

Qξ
yi,l−1

(dωi,l). (A.23)

Thanks to the recursive definition (A.17) of Zr, the l.h.s. of (A.23) equals Zi−1, so that we have
exactly obtained (A.21) for r = i.

Now fix m s.t. 0 ≤ m ≤ i− 1 and assume that (A.21) holds for every r s.t. m+ 1 ≤ r ≤ i.
Now assume that r = m. Using these equalities one after another, we have that

Zr(ω
r) = 1{Ξkr (ωr)=χkr}

∫
Ωkr+1

Zr+1(ω
r, ωkr+1

r+1 )

kr+1∏
l=1

Qξ
yr+1,l−1

(dωr+1,l).

= · · ·
= 1{Ξkr (ωr)=χkr}

∫
Ωkr+1+···+ki

Zi(ω
r, ω

kr+1

r+1 , · · · , ωkii )

i∏
p=r+1

1{Ξkp (w
kp
p )=χkp}

kp∏
lp=1

Qξ
yp,lp−1

(dωp,lp)

with yp,0 = yp−1,kp−1 for p ≥ r + 2 and yr+1,0 = yr. Now, looking at the definition (A.16) of Zi,
its only dependence in ωr is through τ̃ki−1 and τ̃ki , so through τkr(ωr), which in turn depends
on ωr only through wkrr . Thus the last integral we obtained depends on ωr only through wkrr
and yr, which allows us to apply Lemma A.1 once again, to the random variable Zr(ωr−1, ·) on
Ω, with k = kr. Just like in the initial case, (A.22) gives exactly (A.21) in this context.
Step 3. Computing Iki .

Applying (A.21) repeatedly now allows us to compute Iki : we have

Iki = Z0

=

∫
Ωk1

1{Ξk1 (w
k1
1 )=χk1

}Z1(w
k1
1 , y1,k1)

k1∏
l=1

Qξ
y1,l−1

(dω1,l)

=

∫
Ωk1

1{Ξk1 (w
k1
1 )=χk1

}

∫
Ωk2

1{Ξk2 (w
k2
2 )=χk2

}

Z2(w
k1
1 , y1,k1 , w

k2
2 , y

k2
2 )

k2∏
l=1

Qξ
y2,l−1

(dω2,l)

k1∏
l=1

Qξ
y1,l−1

(dω1,l)

= · · ·
Iki =

∫
Ωk1

1{Ξk1 (w
k1
1 )=χk1

}

∫
Ωk2

1{Ξk2 (w
k2
2 )=χk2

} · · ·
∫
Ωki

1{Ξki (w
ki
i )=χki

}

Zi((w
kr
r , yr,kr)1≤r≤i)

i∏
r=1

kr∏
lr=1

Qξ
yr,lr−1

(dωr,lr)

with

1{Ξki (w
ki
i )=χki

}Zi((w
kr
r , yr,kr)1≤r≤i) =

ki∑
j=1

1[Tj−1(·),Tj(·))(t)f(Yt−Tj−1(·)(w
j
i ))

and

Tj(·) =
i−1∑
r=1

τkr(w
kr
r ) + τ j(w

j
i ).

16Here, we abuse of notation by still writing Zi for Z̃i.
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Now we can rename ωr,l into ωkr−1+l
and obtain

Iki =
∫
Ωki

1{Ξki (wki )=χk1,··· ,ki}

ki∑
j=ki−1+1

1[τ j−1(wj−1),τ j(wj))(t)f(Yt−τ j−1(wj−1)(wj))

ki∏
l=1

Qξ
yl−1

(dωl).

Now for w ∈W such that t ∈ [τ j−1(w
j−1), τ j(w

j)), Yt−τ j−1(wj−1)(wj) equals PτYt(w), so that
we recognize

Iki = PτEξy
(
1{Ξki=χk1,··· ,ki

}1[τki−1
,τki

)(t)f(P
τYt)

)
.

Now, looking back at (A.12), we have

PθEν
y (f(P

θY t)) =
+∞∑
i=1

+∞∑
k1,··· ,ki=1

PτEξy
(
1{Ξki=χk1,··· ,ki

}1[τki−1
,τki

)(t)f(P
τYt)

)
,

which finally gives thanks to (A.10)

PθEν
y (f(P

θY t)) = PτEξy(f(PτYt)).

□

A.1.4 Distribution of the coordinate processes

We now take a look at the pasting procedure in the case where the base process Y is itself a
coupling of several Markov processes.

To that end, consider a finite number17 E1, · · · , En of locally compact Hausdorff spaces with

countable base and set E =

n∏
j=1

Ej . Add a cemetery point ∆ to E, write πj : E −→ Ej for

the canonical projection and extend it to E with πj(∆) = ∆j , with Ej = Ej ∪ {∆j}. Let
Y = (W,W, (Wt)t≥0, (Py)y∈E , (Yt)t≥0, (ψt)t≥0) be a strong Markov process on E such that for
each 1 ≤ j ≤ n, Y j := πj(Y) is also a strong Markov process satisfying Assumptions (a) to (f)
with respect to the same filtration (we will refer to them as coordinate processes). Since Y j is a
Markov process, it has a semigroup (P jt )t≥0, and the fact that Y is a coupling of these Markov
processes means that its semigroup, denoted by (Pt)t≥0 verifies the following: for all bounded
measurable function f j : Ej −→ R and y = (y1, · · · , yn) ∈ E, we have, writing f̂ j = f j ◦ πj ,

P jt f
j(yj) = Ptf̂

j(y). (A.24)

We will make the following assumption on the renewal definition λ:

∀y ∈ E Py({w ∈W,λ(w, {y ∈ E, πj(Yζ(w)) = πj(y)})) = 1}) = 1, (A.25)

which means that the j-th coordinate is unaffected by the pasting procedure. We prove that
if (A.25) is true, thanks to the Markovian nature of the process Y, the j-th coordinate of the
pasted process, which we denote by PζY j , has the same distribution as the j-th coordinate of
the base process Y j .

17We are interested in taking n = 3, see Section A.2.
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Proposition A.3. Assume that PζY has almost surely an infinite lifetime (which means that
PζPλy(T = +∞) = 1 except when y = ∆) and that for a certain j ∈ J1, nK, (A.25) holds. Then,
writing PζY j

t := πj(P
ζYt), we have that (PW, (PWt)t≥0, (P

ζPλy)y∈E , (PζY j
t )t≥0, (P

ζψt)t≥0) is
a strong Markov process18 with semigroup P j.

We first prove the following lemma.

Lemma A.2. For all y in E, s ≥ 0, and f ∈ C0(E), we have

Ey(1{s≥ζ}f(Ys)) = Ey(1{s≥ζ}Ps−ζf(Yζ)). (A.26)

Proof. Note that if y = ∆, (A.26) holds since both sides are zero. Let us now fix y ∈ E. Define
for w,w′ ∈W

ϕ(w,w′) = 1{s≥ζ(w)}f(Ys−ζ(w)(w′)) (A.27)

as well as Z(w) = ϕ(w,ψζw). We start by making a sequence of discrete approximations of ζ:
for integers k, n ≥ 0, write snk = ks

2n , and define

Tn(w) :=
s

2n

⌊
2n

s
ζ(w)

⌋
,

so that Tn has values in {snk , k ≥ 0} and converges to ζ from below as n goes to infinity.
Hence for w ∈ W such that s ≥ ζ(w), s − Tn converges to s − ζ from above, and using the
fact that Y has right-continuous paths, we obtain that f(Ys−Tn(w)(w

′)) converges, for such
w and any w′, to f(Ys−ζ(w)(w′)). Since 1{s≥Tn(w)} also converges to 1{s≥ζ(w)}, we have that
ϕn(w,w′) := 1{s≥Tn(w)}f(Ys−Tn(w)(w

′)) converges to ϕ(w,w′). Furthermore, we have

ϕn(w,w′) =
+∞∑
k=0

1{Tn(w)=snk}1{s≥Tn(w)}f(Ys−snk (w
′)) =

2n∑
k=0

1{Tn(w)=snk}f(Ys−snk (w
′)),

where f(Ys−snk ) is W∞-measurable and 1{Tn=snk} is Wζ-measurable, for k ≤ 2n. Indeed, for
t ≥ 0, we use the fact that ζ is a stopping time with respect the the right-continuous19 filtration
(Wt)t≥0 to obtain

{Tn = snk}∩{ζ ≤ t} = {snk ≤ ζ < snk+1}∩{ζ ≤ t} =


∅ ∈ Wt if t < snk ,

{snk ≤ ζ < snk+1} ∈ Wsnk+1
⊆ Wt if t ≥ snk+1,

{snk ≤ ζ ≤ t} ∈ Wt if snk ≤ t < snk+1,

which shows {Tn = snk} ∈ Wζ . Thus, as a limit of Wζ ⊗W∞-measurable random variables, ϕ is
itself Wζ ⊗W∞-measurable.

Now there only remains to show that20 if ϕ is any Wζ ⊗ W∞-measurable and real-valued
bounded random variable on W 2 and

∀w ∈W, Z(w) := ϕ(w,ψζw),

18Here, we keep the same filtration as for the process PζY. Furthermore, we still consider starting points in E
rather than Ej : (c) gives for PζY j

∀y ∈ E PζPy(P
ζY j

0 = πj(y)) = 1.

19We use this assumption to obtain that {ζ < t} is Wt for all t ≥ 0.
20This a part of Exercise III.3.19 in [RY99]. This exercise only mentions positive random variables, but the

strategy of proof would be the same, and we decided to adapt it to the context we need here.
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we have for Py-almost every w

Ey(Z|Wζ)(w) = EYζ(w)(ϕ(w, ·)). (A.28)

Indeed, in our special case where ϕ is as in (A.27), taking the expectation with respect to Py in
(A.28) gives (A.26).

In order to prove (A.28), we first prove it for ϕ of the form (w,w′) 7−→ g(w)h(w′), where
g and h are respectively Wζ- and W∞-measurable and real-valued bounded functions. In that
case, we use the fact that g is Wζ-measurable and the strong Markov property at time ζ to have
Py-almost surely

Ey(Z|Wζ)(w) = g(w)Ey(h ◦ ψζ |Wζ)(w) = g(w)EYζ(w)(h),

and then as a constant g(w) can be put inside the expectation again to obtain Py-almost surely

Ey(Z|Wζ)(w) = EYζ(w)(g(w)h) = EYζ(w)(ϕ(w, ·)).

Then we use the monotone class theorem21to deduce that (A.28) is indeed true for any Wζ⊗W∞-
measurable and real-valued bounded random variable on W 2. □

Proof of Proposition A.3. We first prove the result for a truncated version of our construction
(with a finite number of pastings) and then pass to the limit. For k ≥ 1 and Pw ∈ PW , define
the process Pζ

kY corresponding to the pasting of the first k pieces of trajectories by

Pζ
kYt(Pw) =

{
Yt−ζi−1(Pw)

(wi) if ζi−1(Pw) ≤ t < ζi(Pw), 1 ≤ i ≤ k − 1,

Yt−ζk−1(Pw)
(wk) if t ≥ ζk−1(Pw).

Notice that since we take the process Y rather than its killed version for the last part, Pζ
kY still

takes its values in E, PζPλy -almost surely for all y in E. Now we prove by induction on k that
Pζ
kY

j
t has the same distribution as Y j

t . This is true (even for all coordinates) for k = 1 because
Pζ

1Y = Y, no pasting being involved. Seen as a random variable on PW , Pζ
1Yt thus depends

only on the first coordinate: we then have by (A.5) for f ∈ C0(E)

PζEλy(f(P
ζ
1Yt)) =

∫
Ω
f(Yt(w1))Qλ

y(dω1) =

∫
W
f(Yt(w1))Py(dw1) = Ey(f(Yt)),

which proves in particular that Y j and Pζ
1Y

j share the same distribution.
The induction is based on the fact that we have for k ≥ 1

Pζ
k+1Yt(Pw) =

{
Pζ
kYt(Pw) if t < ζk(Pw),

Yt−ζk(Pw)(wk+1) if t ≥ ζk(Pw).

Let f j ∈ C0(Ej) and k ≥ 1, and assume that Pζ
kY

j
t has the same distribution as Y j

t . By
definition, we have

PζEλy(f j(P
ζ
k+1Y

j
t )) = PζEλy(1{t<ζk}f̂

j(Pζ
kYt))

+

∫
Ωk+1

1{t≥ζk(wk)}f̂
j(Yt−ζk(wk)(wk+1))Qλ

yk
(dωk+1) · · ·Qλ

y(dω1).

(A.29)
21See Theorem 5.2.2 in [Dur19] for instance, the Assumptions (ii) and (iii) being verified for the class of random

variables such that (A.28) is true by linearity of the expectation and the monotone convergence theorem.
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Denote by I the second term in the r.h.s. of (A.29), and fix ωk−1 ∈ Ωk−1 such that t ≥
ζk−1(w

k−1) (if k = 1, we have the convention ζ0 = 0, without needing to fix any random
realization). Let s = t− ζk−1(w

k−1) and

∀(wk, wk+1) ∈W 2 ϕ(wk, wk+1) := 1{s≥ζ(wk)}f̂
j(Ys−ζ(wk)(wk+1)).

Recall that we write ωi = (wi, yi) the elements of Ω =W×E. First, since ϕ does not depend on
yk+1, we have for ωk ∈ Ω∫

Ω
ϕ(wk, wk+1)Qλ

yk
(dωk+1) =

∫
W
ϕ(wk, wk+1)Pyk(dwk+1) = 1{s≥ζ(wk)}Ps−ζ(wk)f̂

j(yk).

Thanks to (A.24), we then have∫
Ω
ϕ(wk, wk+1)Qλ

yk
(dωk+1) = 1{s≥ζ(wk)}P

j
s−ζ(wk)

f j(yjk),

and now we integrate over yk ∈ E w.r.t. λ(wk, ·): thanks to Assumption (A.25), λ preserves
(almost surely) the j-th coordinate, so that the r.h.s. does not depend on yk, but rather is
constant: ∫

Ω×E
ϕ(wk, wk+1)Qλ

yk
(dωk+1)λ(wk, dyk) = 1{s≥ζ(wk)}P

j
s−ζ(wk)

f j(Y j
ζ (wk)).

We use (A.24) in reverse and integrate over wk ∈W w.r.t. Pyk−1
to obtain∫

Ω2

ϕ(wk, wk+1)Qλ
yk
(dωk+1)Qλ

yk−1
(dωk) =

∫
Ω
1{s≥ζ(wk)}Ps−ζ(wk)f̂

j(Yζ(wk))Qλ
yk−1

(dωk).

Again, nothing depends on yk+1, so we can get rid of the integral on that variable: we have∫
Ω2

ϕ(wk, wk+1)Qλ
yk
(dωk+1)Qλ

yk−1
(dωk) =

∫
W

1{s≥ζ(wk)}Ps−ζ(wk)f̂
j(Yζ(wk))Pyk−1

(dwk).

Now the r.h.s. is of the form of the r.h.s. in (A.26), so that we have thanks to Lemma A.2∫
Ω2

ϕ(wk, wk+1)Qλ
yk
(dωk+1)Qλ

yk−1
(dωk) =

∫
W

1{s≥ζ(wk)}f̂
j(Ys(wk))Pyk−1

(dwk).

Finally, we integrate over ω1, · · · , ωk−1 to obtain, using the convention y0 = y,

I =

∫
Ωk+1

ϕ(wk, wk+1)

k+1∏
l=1

Qλ
yl−1

(dωl)

=

∫
W×Ωk−1

1{t≥ζk(wk)}f̂
j(Yt−ζk−1(w

k−1)(wk))Pyk−1
(dwk)

k−1∏
l=1

Qλ
yl−1

(dωl),

the product in the last integral being empty when k = 1. Since, for wk such that t ≥ ζk−1(w
k−1),

Pζ
kYt(wk) agrees with Yt−ζk−1(w

k−1)(wk), we obtain I = PζEλy(1{t≥ζk}f̂
j(Pζ

kYt)). Looking back
at (A.29) and using the induction hypothesis, we now have

PζEλy(f̂ j(P
ζ
k+1Yt)) = PζEλy(f̂ j(P

ζ
kYt)) = P jf jt (y

j).
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It remains to take the limit in k → +∞: since by assumption, T is almost surely infinite, ζk
goes to infinity almost surely, so that Pζ

kYt goes almost surely to PζYt. We can then use the
dominated convergence theorem to prove

PζEλy(f j(PζY j
t )) = lim

k→+∞
PζEλy(f j(P

ζ
kY

j
t )) = P jt f

j(yj).

Furthermore, the Markov property for PζY applied to the function f̂ j gives

PζEλy(f̂ j(PζYt+s)|PWs) = PζEλPζYs
(f̂ j(PζYt)) = P jt f

j(PζY j
s ), (A.30)

and this quantity depends on PζYs only through PζY j
s . Hence PζY j inherits the Markov

property from PζY, so that its distribution is fully characterized by its semigroup, and thus
the same as that of Y j . Furthermore, (A.30) is also true almost surely on {T < +∞} when
replacing s by a stopping time T (thanks to the strong Markov property for PζY), so PζY j is
indeed a strong Markov process. □

A.2 Formal definition of the coupling

We can now focus on the more technical aspects of the proof of Proposition I.4: we will use
the pasting procedure described in Section A.1 to create a strong Markov process in which we
find a coupling of an N -BMP and a b-BMP that are stochastically ordered until the first time
when the b-BMP has less particles than the N -BMP. To ensure this, we will use the definitions
of these processes and the properties of the pasting procedure that we just proved.

A.2.1 Construction of the coupling

As for the constructions of the branching processes described in Section A.1.2, we decompose the
coupling into pieces of trajectories during which no branching or selection occurs. Within each
piece, the base process consists in pairs of particles (one for the N -BMP and one for the b-BMP)
evolving with constant ordering (built thanks to Theorem II.122), and lonely particles evolving
independently. Branching and selection are then implemented at random times, between which
we paste these pieces of trajectories.

A.2.1.1 State space and base process

Following the notation of Section A.1.2, we consider E1 = RN , E2 =

(
{⋄} ⊔ ⊔

n≥1
Rn
)
×R+, and

we set E3 = {p = (p1, · · · , pN ) ∈ N∗N , i ̸= j =⇒ pi ̸= pj}∪{∂}, which is a discrete space that will
encode which particles of the N -BMP and the b-BMP evolve in pairs or not. More precisely, we
set E = E1×E2×E3, and we will use the pasting procedure to build a strong Markov process on
E such that the E1-coordinate is an N -BMP and the E2-coordinate a b-BMP, with stochastic
domination23 of the E2-coordinate over the E1-coordinate until the first time when the E2-
coordinate has less than N particles. We will generically write y = (x, (x+, s), p) = (x, x+, s, p)
an element of E.

Furthermore, starting from a state y with the following properties, we will ensure that those
remain true at all times:

22Namely, we consider for each pair a process on R2 evolving according to the semigroup (P
(2)
t )t≥0.

23Recall the definition of the stochastic ordering between tuples of positions given in Section I.3.
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(P1) if p = (p1, · · · , pN ), then pi ≤ n for all 1 ≤ i ≤ N (in particular, n ≥ N),

(P2) if p = (p1, · · · , pN ), then xi ≤ xp
i,+ for all 1 ≤ i ≤ N .

The E3-coordinate is then interpreted as follows:

• if p = (p1, · · · , pN ), for all 1 ≤ i ≤ N , the i-th particle in E1 and the pi-th particle in
E2 evolve in pair in order to preserve the ordering between them; all the other particles
evolve independently,

• if p = ∂, all the particles evolve independently.

Recall Assumptions (i), (ii) and (iii) of Theorem I.1: the semigroup (Pt)t≥0 of the underlying
Markov process X is Feller and stochastically monotone. Thanks to Theorem II.1, we also have
another Feller semigroup (P

(2)
t )t≥0 on R2 driving two copies of X with the same ordering accross

time24. We can thus define a first Feller process Y = (X ,X+, T ,Π) on E as follows: starting
from y = (x, x+, s, p) in E,

• Πt is constant, equal to p,

• Tt is deterministic too, and grows linearly with t, i.e. Tt = s+ t,

• if p = (p1, · · · , pN ), (Xi, Xpi,+) evolves according to the semigroup (P
(2)
t )t≥0 for all 1 ≤

i ≤ N , independently from the others,

• all ’free particles’ (those from X+ whose index is not in p) evolve according to the semigroup
(Pt)t≥0, independently from the other particles,

• if p = ∂, the N + n particles evolve according to the semigroup (Pt)t≥0, independently
from each other.

To sum up, Y is associated with the semigroup (Pt)t≥0, defined on the set of bounded measurable
functions on E and generated by its values on the tensor products f1 · · · fNg1 · · · gnh1h2 of
families (f1, · · · , fN , g1, · · · , gn, h1, h2), with fi, gj ∈ Bb(R), h1 ∈ Bb(R+) and h2 ∈ Bb(E3),
which is

Pt(f1 · · · fNg1 · · · gnh1h2)(y) =



N∏
i=1

P
(2)
t (figpi)(x

i, xp
i,+)

∏
j ̸∈p

Ptgj(x
j)h1(s+ t)h2(p) if p ̸= ∂,

N∏
i=1

Ptfi(x
i)

n∏
j=1

Ptgj(x
j,+)h1(s+ t)h2(∂) otherwise.

With this definition, we observe that X has the distribution of N independent copies of the
process X starting at x = (x1, · · · , xN ), and X+ that of n independent copies of X starting at
x+ = (x1,+, · · · , xn,+). Starting from an element y satisfying (P1) and (P2), these properties
are indeed preserved almost surely by this evolution: (P1) depends only on the E3-coordinate,
which is constant; and (P2) is preserved because each pair (X i,X pi,+) evolves according to the
semigroup (P

(2)
t )t≥0, which preserves the ordering.

24More precisely, (P (2)
t )t≥0 is associated with a Markov kernel P (2)

t on R2, such that for all Borel set B and all
(x1, x2) ∈ R2, we have {

P
(2)
t ((x1, x2), B×R) = Pt(x1, B),

P
(2)
t ((x1, x2),R×B) = Pt(x2, B),

and if S+ = {(x1, x2) ∈ R2, x1 ≤ x2} and S− = {(x1, x2) ∈ R2, x1 ≥ x2}, P (2)
t ((x1, x2), ·) has support in S+ in

(x1, x2) ∈ S+ and in S− if (x1, x2) ∈ S−.
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We will thus consider only states verifying these properties, meaning that in the following
Ẽ will refer to the subset of E1×E2×E3 of elements satisfying (P1) and (P2). This will ensure
that there is a stochastic ordering between the E1-coordinate and the E2-space coordinate, since
if y = (x, x+, s, p) is in Ẽ (meaning satisfying (P1) and (P2)) and p ̸= ∂, we have x ≼ x+.
Indeed, when p ̸= ∂, for all level r, if x ∩ [r,+∞) = (xi1 , · · · , xim), x+ ∩ [r,+∞) contains at
least (xpi1 ,+, · · · , xpim ,+) and thus has at least as many elements.

A.2.1.2 Probability space and pasting times

Now we can add the branching and death times thanks to the pasting procedure described in
the previous section. There will be three types of stopping times:

(i) we make the paired particles branch together; thus we will use a first stopping time θ1,
with exponential distribution E(N) and independent from Y,

(ii) the free particles (those in the E2-coordinate that are not paired) also branch, so there is
a second exponential time θ2 whose parameter depends on the number of free particles,

(iii) for the E2-coordinate, the selection occurs at the first time ζ2 when a particle goes below
the curve b.

To define these random times, we need two independent random components. Since the semi-
group (Pt)t≥0 is Feller, we can consider the canonical realization of its associated Feller process
on the set of càdlàg trajectories D = D(R+, E). In the end, we build the process (Yt)t≥0 on the
probability space W = D(R+, E)×R2

+ equipped with the product (Wt)t≥0 of the completion25

of the canonical right-continuous filtration on D and of the Borel σ-algebras Bt generated by the
[0, s], for s ≤ t, on each R+ component of W .

On D, we consider a family (S1y)y∈E of probability measures such that the canonical26 process
(Yt)t≥0 on D is Feller with semigroup (Pt)t≥0, and remember that we denote its coordinates by
Yt = (Xt,X+

t , Tt,Πt). We denote by θ1 the projection on the first R+ coordinate of W , equipped
with the probability measure S2 associated with the exponential distribution E(N), and θ2 the
projection on the second R+ coordinate of W . For y = (x, x+, s, p) in E, let S3y be the probability
measure on R+ corresponding to the exponential distribution27 E(n − N) if p = (p1, · · · , pN ),
and E(n) if p = ∂. Now equip W with the probability measures Py = S1y ⊗ S2 ⊗ S3y, under which
we have a càdlàg realization of our Feller process with two independent random times θ1 and θ2

(which are stopping times with respect to (Wt)t≥0).
We can now define the death time ζ2 of a particle of X+: recall that there exists an upper

semi-continuous boundary b : R∗
+ −→ R and that the b-BMP corresponds to a BMP whose

particles are killed when they go below that boundary. Let

U = {y = (x, x+, s, p) ∈ E,∃i ∈ J1, nK xi,+ < bs}

and let
ζ2 = inf{t ≥ 0,Yt ∈ U}.

Then ζ2 is the first time at which one the particles of X+ goes below the boundary b, and is a
stopping time with respect to the filtration (Wt)t≥0. Indeed, this is the minimum of n crossing
times for each particle, of the form

τ i,+b = inf{s ≥ 0, Xi,+
s < bs},

25With respect to all probability measures on W .
26The canonical process on D is given by Yt(d) = dt, for t ≥ 0 and d ∈ D.
27Recall property (P1) that ensures that n−N is non-negative when p ̸= ∂.
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(ia) The coupling between the N -BMP and the
b-BMP is still active

(ib) The coupling between the N -BMP and the
b-BMP is no longer active

Figure A.3: Renewal distributions used to build the coupling - Case (i). Red bullet points
represent the particles of the b-BMP, and blue bullet points the particles of the N -BMP; green
bonds show the pairing between particles. The dashed grey arrow is drawn from the killed
particle to the newborn particle in the N -BMP.

as defined in the introduction, which are themselves stopping times: τ i,+b is the first entry time
of the set {(s, x) ∈ R+×R, x < bs} (which is the union of the sets {(s, x) ∈ R+×R, x ≤ bs − 1

n},
for n ≥ 1, which are closed by upper semi-continuity of b) for the right-continuous process
(t,Xt)t≥0, so that we can apply the Début theorem (see Theorem IV.50 in [DM75]).

Finally, we define the shift operators ψt on W in the following way, which ensures that
the compatibility equation (A.1) is always true for the different stopping times: on the D-
coordinate, it is the canonical shift, and on both R+-coordinates, it is the translation, meaning
that for w = (w1, w2, w3) ∈W , we have

ψt(w) = ((w1
s+t)s≥0,1{w2≥t}(w

2 − t),1{w3≥t}(w
3 − t)).

A.2.1.3 Renewal distribution

Now let us describe how we paste the trajectories together at those stopping times, by defining
different renewal distributions, each associated with one type of renewal time. The different
cases are presented in Figures A.3 and A.4.

(i) At time θ1, we paste with the distribution ν1(w, ·) = ν1(Yθ1(w), ·) constructed below, with
two possibilities depending on the E3-coordinate. Denote y = (x, x+, s, p) = Yθ1(w).
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(ii) A new particle is born in the b-BMP at the
position x3,+.

(iiia) The b-BMP particle at the position x4,+ is
killed, the N -BMP particle at the position x3 is
recoupled.

(iiia) The b-BMP particle at the position x4,+ is
killed, and no particle is available to recouple
the N -BMP particle at the position x3: the
processes start evolving independently.

(iiib) The b-BMP particle at position x4,+ is killed,
and was not coupled.

Figure A.4: Renewal distributions used to build the coupling - Cases (ii) and (iii). Conventions
are the same as in Figure A.3; we added a dashed black line at the position of the boundary,
below which b-BMP particles (in red) get killed.
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(a) If p = (p1, · · · , pN ), let m be the index of the lowest E1-particle28in y, and define, for
1 ≤ i ≤ N , βi(y) := (xi, x

+
pi , s, pi) with

xi = (x1, · · · , xm−1, xi, xm+1, · · · , xN ),
x+pi = (x1,+, · · · , xn,+, xpi,+),
pi = (p1, · · · , pm−1, n+ 1, pm+1, · · · , pN ).

We then set ν1(y, ·) to be the distribution of βI(y), where I is uniformly distributed
on J1, NK.
In other words, since p ̸= ∂, the E1- and E2-coordinate are still interacting: we
perform the branching of one E1-particle, at position xi, chosen uniformly at random,
and that of its paired E2-particle at position xpi,+, while killing the lowest E1-particle
at position xm and letting its paired E2-particle at position xpm,+ evolve freely and
pairing the newborn particles together.

(b) If p = ∂, ν1(y, ·) is the distribution of βI(y) = (xI , x
+, s, ∂), where I is uniformly

distributed on J1, NK: the processes evolve independently, so that we only perform
the branching of an E1-particle and the killing of the lowest E1-particle.

(ii) At time θ2, we use the renewal distribution ν2(w, ·) = ν2(Yθ2(w), ·), where ν2(y, ·) is
the distribution of β+J (y), where β+j (y) = (x, x+j , s, p) and J is uniformly distributed on
J1, nK\{pi, 1 ≤ i ≤ N}: we perform the branching of a free E2-particle, chosen uniformly
among all free E2-particles.

(iii) At time ζ2, we paste with the distribution λ2(w, ·) = λ
2
(Yζ2(w), ·), that performs the

killing of the lowest29 E2-particle, which is necessarily below the curve b (thanks to the
definition of ζ2). There are two possibilities, depending on whether the particle that gets
killed is paired or not. Denote y = (x, x+, s, p) = Yζ2(w).

(a) If the E2-particle which is killed is paired with an E1-particle, there is an integer
i ∈ J1, NK such that its index is pi. Then for 1 ≤ j ≤ n, write

σpi(l) =

{
l if l < pi,

l − 1 otherwise,

and define x′+pi = (xσpi (l),+)l ̸=pi . If n = N , set λ2(y, ·) to be the Dirac mass at
(x, x+pi , s, ∂). Otherwise30, we have n > N , and J1, nK\{pi, 1 ≤ i ≤ N} is non-empty.
Denote by j its smallest element31, write

p′ = (σpi(p1), · · · , σpi(pi−1), σpi(j), σpi(pi+1), · · · , σpi(pN )),

and define λ2(y, ·) to be the Dirac mass on (x, x′+pi , s, p
′). This amounts to killing

xpi,+ and replacing it by the particle that is at position xj,+ in the pair (xi, xpi,+).
(b) If the E2-particle which is below the curve is not paired, we just have to remove it

and to re-index the others: λ2(y, ·) is the Dirac mass on (x, x′+l , s, σl(p)), where l is
the index of the killed particle (the lowest one).

28Recall that if there are several indices m′ s.t. xm
′
= min

i
xi, we arbitrarily chose m to be the smallest one.

29Just like Definition A.3 of the b-BMP, this construction takes into account the fact that several particle might
go below the curve simultaneously; and again, if several particles are at the lowest position simultaneously, we
chose the one with smallest index.

30Since the particle is still paired, property (P1) ensures that we have n ≥ N , so that n = N and n > N are
the only two possibilities.

31This an arbitrary choice, we could have chosen it in another way.
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Now let τ = θ1 ∧ θ2 ∧ ζ2 and

ξ = 1{τ=θ1}ν
1 + 1{τ=θ2}ν

2 + 1{τ=ζ2}λ
2 =:M θ1,θ2,ζ2(ν1, ν2, λ2).

Notice that Ẽ is stable under the renewal distribution ξ:

• ξ preserves (P1): denote by y = (x, x+, s, p) the position before applying the renewal, and
y = (x, x+, s, p) the position afterwards; looking back at the different cases, y satisfies (P1)
in each of them:

(ia) x+ has n+1 particles and all coordinates of p are smaller than n+1 (since n+1 is,
and the other coordinates are smaller than n, thanks to (P1) for y),

(ib) p = ∂,

(ii) x+ has n+1 particles and all coordinates of p are smaller than n (thanks to (P1) for
y),

(iiia) x+ has n− 1 particles and the coordinates of p are all smaller than σpi(n) = n− 1,

(iiib) x+ has n− 1 particles and the coordinates of p are all smaller than σl(n) = n− 1,

• ξ also preserves (P2); let us check it on the same cases:

(ia) writing m the index of the lowest position in x, we have xj = xj ≤ xpj ,+ = xpj ,+ =
xpj ,+ for j ̸= m, and xm = xi ≤ xpi,+ = xn+1,+ = xpm,+,

(ib) p = ∂,

(ii) neither p nor the position of paired particles are affected,

(iiia) we have chosen σpi so that every x particle, except xi, is paired with a particle at the
same position as before; and we also have xi = xi ≤ xpi,+ ≤ xj,+ = xσpi (j),+ = xpi,+,

(iiib) we have chosen σl so that every x particle is paired with a particle at the same
position as before.

The coupling is now defined as the process PτY on PW made by pasting copies of Y at successive
times τ with the renewal distribution ξ.

A.2.2 Proof of Proposition I.4

We can now prove Proposition I.4 through the following result on PτY. In order to stick with
the notation of elements of E, we write PτX its E1-coordinate, (PτX+,PτT ) its E2-coordinate,
and PτΠ its E3-coordinate.

Proposition A.4. The coordinate processes of PτY have the following distributions:

(i) PτX is an N -BMP,

(ii) PτX+ is a b-BMP.

Furthermore, if T∂ is the hitting time of ∂ for the E3-coordinate of PτY, then

(iii) T∂ is PτPξy-a.s. the first time when PτX+ has strictly less than N particles,

(iv) PτXt ≼ PτX+
t for all t < T∂, PτPξy-a.s.
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Remark A.5. Looking at the definitions in Section A.1.2, we can deduce that the different
branching processes presented in that section have infinite lifetime. We would also have to show
here that PτY has infinite lifetime, in particular because we use Proposition A.3. We sketch
here the main arguments: the branching times add up to infinity since they are exponentially
distributed (the argument is the same as the one we could use to prove that a BMP has infinite
lifetime, using a sum of independent and exponentially distributed random times), and the death
times cannot accumulate since there is always a finite number of particles alive (starting from
N + n particles in the whole process, the (N + n + k)-th death time cannot happen before the
k-th branching time). In the following, we can thus use Proposition A.3.

Proof. Figure A.5 presents the structure of the proof of (i) and (ii). We will use the commu-
tativity of the pasting procedure (Proposition A.2) to follow the different paths represented by
the different arrows and match the definitions of the processes given in Section A.1.2 to the E1-
and E2-coordinates of PτY.

Figure A.5: Sketch of the proof of the distributions of X̂ and X̂+

(i) In order to prove that PτX is an N -BMP, we first use Proposition A.3 with the base
process Y and the pasting at times θ2 ∧ ζ2: we notice that the renewal distributions
ν2 and λ2 described in Section A.2.1.3(ii) and (iii) do not affect the E1-coordinate; ac-
cording to Proposition A.3, it means that the pasted E1-coordinate process Pθ2∧ζ2X has

under Pθ2∧ζ2PM
θ2,ζ2 (ν2,λ2)

y the same distribution as X under Py, that is (according to
Section A.2.1.1) N independent copies of X. We can then use Definition A.2 to prove
that, when pasting the pasted process again with the random times Pθ2∧ζ2θ1 on PW ,
we obtain an N -BMP. The key argument to prove that these random times are exponen-
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tially distributed and independent from the pasted process are the memorylessness of the
exponential distribution and the independence of θ1 and X .

(ii) Let us now prove that PτX+ is a b-BMP. Starting from y = (x, x+, s, p) ∈ E, the proof
depends on whether the processes are already in the independent regime or not, i.e. on
whether p = ∂.

• If p ̸= ∂, we use the pasting procedure on Y at times θ1 ∧ θ2: according to their
definition, θ1 and θ2 are independent exponentially distributed times, so that their
respective rate add up and θ1 ∧ θ2 is exponentially distributed with rate n, and inde-
pendent from X+. Furthermore, ν :=M θ1,θ2(ν1, ν2) adds a particle at the position of
a particle randomly chosen in X+

θ1∧θ2 , so that this procedure matches Definition A.1:
the pasted E2-process Pθ1∧θ2X+ is a BMP (plus a deterministic time coordinate)
under Pθ1∧θ2Pνy . Then, we paste again copies of this process at the random times
Pθ1∧θ2ζ2, and since λ2 consists in killing the particles below the curve at the pasting
time, according to Definition A.3, the final E2-process Pθ1∧θ2,ζ2X+ is a b-BMP, and
thanks to Proposition A.2, so is PτX+.

• If p = ∂, we decompose the procedure into three layers. First, we paste at times
θ1, and use the fact that the renewal distribution ν1 described in Section A.2.1.3(i)
does not affect the E2-coordinate to deduce that the pasted E2-process Pθ1X+ is the
same as the initial one, namely n independent copies of X. Then we paste copies
of Pθ1Y at the random times Pθ1θ2; again thanks to the memorylessness of the
exponential distribution and the independence of θ2 and X+, these random times
are exponentially distributed with same rate n (since p = ∂) and independent from
the pasted process, and ν2 then performs a uniform choice on the branching of one
E2-particle; this proves thanks to Definition A.1 that the E2-process Pθ1,θ2X+ is
a BMP under Pθ1,θ2Pν

1,ν2
y . Then we finally paste a third time: we use the ran-

dom times Pθ1,θ2ζ2 := PPθ1θ2 [Pθ1ζ2] defined on P(2)W and construct the process
Pθ1,θ2,ζ2Y := PPθ1,θ2ζ2 [Pθ1,θ2Y] on P(3)W = P[P(2)W ]. As in the former case, since
λ
2 performs the killing of the particles in the E2-coordinate below the curve, the final
E2-coordinate process Pθ1,θ2,ζ2X+ is a b-BMP, and applying Proposition A.2 twice,
we conclude that so is PτX+.

(iii) We now want to show that T∂ is the first time when PτX+ has less than N particles. For
the final two points of the proof, recall properties (P1) and (P2) of the elements y in E′

(see Section A.2.1.1), and also recall that PτY takes values in E′.

Thanks to (P1), an element of E′ can have less than N particles in the E2-coordinate
only if its E3-coordinate is ∂. Between branching or death times, PτY evolves as Y, i.e.
according to the semigroup (Pt)t≥0, so neither the number of particles nor the fact that its
E3-coordinate equals ∂ changes. We thus need to prove that the first branching or death
time at which p becomes ∂ is also the first time when PτX+ has less than N particles.
Looking at the definitions of the renewal distributions (see Section A.2.1.3), there is only
one case with p ̸= ∂ that leads to hitting ∂, case (iiia), in which the E2-coordinate has
N particles before the renewal, and N − 1 particles afterwards. Futhermore, all previous
renewal times either add particles to X+, or remove some, but only in cases where there
are at least N +1 particles after the selection, so that they do not lead to states with less
than N particles, so indeed T∂ is the first time when PτX+ has less than N particles.

(iv) As we already mentioned, the fact that we have a stochastic ordering between PτX and
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PτX+ until T∂ comes from the fact that for y = (x, x+, s, p) ∈ E such that p ̸= ∂, we have
x ≼ x+.

□

Proof of Proposition I.4 for the upper stochastic barrier. We can directly prove the result that
we are interested in: that there exists a coupling of an N -BMP and its stochastic upper barrier
respectively starting from N and N+

δ independent positions distributed according to µ0. This
coupling is the restriction (PτX ,PτX+) of the process PτY presented in Proposition A.4, and
there just remains to define the distribution of the initial configuration.

In order to ensure that the N -BMP and the b-BMP start respectively with N and N+
δ =

⌈N(1 + δ)⌉ > N particles at time 0 and are stochastically ordered, we ask that the N first
coordinates of the b-BMP are the same as those of the N -BMP, and we can thus couple these
particles in ordered pairs. □

Finally, we can use the same kind of construction to define a coupling between the N -BMP
and its stochastic lower barrier. We do not give the full details, since a lot of them are the same
as in the construction of the upper barrier. This time we will couple each particle of the b-BMP
until the first time when it has more than N particles. Hence we have to change the discrete
coordinate that describes the links between particles in the state space: define E′

3 = NN ∪ {∂},
and Ẽ′ the subset of E1×E2×E′

3 of elements y = (x, (x−, s), p) = (x, x−, s, p) such that

(P1’) if p = (p1, · · · , pN ) and I0 = {i, pi = 0}, then #I0 = N−n and {pi, i ̸∈ I0} = J1, nK, where
n is the number of particles in x−,

(P2’) if p = (p1, · · · , pN ), then xpi,− ≤ xi for any i such that pi ̸= 0.

We have again the same interpretation: if pi ∈ J1, nK, then the i-th E1-particle is paired with
the pi-th E2-particle; if pi = 0, then the i-th E1-particle is unpaired; and if p = ∂, the E1-
and E2-processes evolve independently. Furthermore, (P1’) and (P2’) ensure that while p is
different from ∂, each particle of X− is paired with a particle in X , and is below it, hence we
have X− ≼ X .

Now we paste copies of a process Y ′ = (X ′,X ′−, T ′,Π′) evolving according to a semigroup
built analogously as (Pt)t≥0, but this time on Ẽ′, and we will use the following times and
renewal distribution. Start from a state y = (x, x−, s, p) in Ẽ′.

(i) We first need an exponentially distributed time θ′2 independent from Y ′ to rule the branch-
ing of E2-particles.

(a) If p = (p1, · · · , pN ), θ′2 has distribution E(n), and the renewal distribution does the
following: it chooses uniformly one of the coordinates of X ′−

θ′2
with index pi, and adds

it as an (n + 1)-th coordinate; it also performs the selection in the E1-process by
replacing the position of the lowest particle X ′m

θ′2 by X ′i
θ′2 , and coupling it with the

newborn particle (i.e. it replaces pm with n + 1). If pm = 0 (i.e. the lowest E1-
particle was unpaired), there is no problem, but if pm ∈ J1, nK, we also have to find
a replacement in the pair involving X ′pm,− (to preserve the (P1’) property): either
n < N , and there is at least one i0 ̸= m such that pi0 = 0, and we can redefine
pi0 = pm (if there are several such indices, we arbitrarily take the smaller one); then
(P2’) is also preserved because X ′pm,−

θ ≤ X ′m
θ ≤ X ′i0

θ ; or N = n, there is no available
particle and p becomes ∂ and in the meanwhile X ′− gets more than N particles.

(b) If p = ∂, X ′ and X ′− are independent, and θ′2 also has distribution E(n), but only
induces the branching of an E2-particle: p remains ∂, X ′

θ′2 and T ′
θ′2 are unchanged,

and we add one particle to X ′−
θ′2

at a position chosen uniformly among its coordinates.
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(ii) We also use another exponentially distributed time θ′1 for the branching of unpaired E1-
particles.

(a) If p = (p1, · · · , pN ), θ′1 has distribution E(N − n), and the renewal distributions
replaces the lowest coordinate of X ′

θ′1 by one of the coordinates of an unpaired particle
in X ′

θ′1 , chosen uniformly. We do not modify the E′
3 coordinate, which means that if

there was a particle paired with the lowest one, it is now paired with the newborn
one (and (P2’) is preserved).

(b) If p = ∂, X ′ and X ′− are independent, θ′1 has distribution E(N) and the renewal
distribution replaces the lowest coordinate of X ′

θ′1 by one of its coordinates, chosen
uniformly, and nothing else is modified.

(iii) Finally we also use the first death time ζ ′2 of an E2-particle (with a definition analogous to
the former ζ ′2 used in the coupling with the upper barrier). The renewal distribution then
removes the corresponding particle X ′m,− in X ′−

ζ′2
, and if p ̸= ∂, there was necessarily an

index i such that pi = m (thanks to (P1’)), and we modify pi to be 0 (the i-th E1-particle
gets unpaired).

Now we can use the same arguments as in the proof of Proposition A.4 to prove that if we paste
copies of Y ′ at the minimum of θ′1, θ′2 and ζ ′2, we indeed build a coupling of an N -BMP and
its lower barrier with stochastic ordering until the first time when the b-BMP has more than N
particles. Finally, as for the coupling with the upper barrier, we can start from a position with
N−
δ = ⌊N(1− δ)⌋ < N paired particles in common for X and X−, independent and distributed

according to µ0, and add N −N−
δ others to complete X .
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Appendix B

Some results on the geometric
distribution

In this last section, we show some bounds on unlikely events regarding geometric distributions
that will be used in several places in the proofs.

Lemma B.1. Let G1, · · · , Gn be i.i.d. random variables with geometric distribution G(p), p ∈
(0, 1), and fix q = 1− p and c = − ln(q) > 0 . Then

(i) for K > 0, we have P(G1 > K) = e−cK ,

(ii) for K > 0, we have E(G11{G1>K}) ≤ (K + 2)
e−cK

p
,

(iii) the Legendre transform of the geometric distribution G(p) is given, for x ∈ (1,+∞), by

Λ∗
p(x) = (x− 1) ln

(
x− 1

xq

)
− ln(px) ∈ [0,+∞), (B.1)

and in particular, we have the following expansion for the Legendre transform Λ∗
θ when

p = e−θ

Λ∗
e−θ

(
1

1− θ
2

)
=

1− ln(2)

2
θ + o(θ), (B.2)

(iv) for x ∈ (1, 1p) and n ≥ 1

P

(
1

n

n∑
k=1

Gk < x

)
≤ e−nΛ

∗
p(x) .

Proof. (i) is classical, and we can compute the exact value for (ii): we have

E(G11{G1>K}) =

+∞∑
k=K+1

kpqk−1.

Set for x < 1

g(x) =

+∞∑
k=K+1

pqk−1xk = pqK
xK+1

1− qx
,

so that
+∞∑

k=K+1

kpqk−1xk−1 = g′(x) = pqK
(K + 1)xK(1− qx) + qxK+1

(1− qx)2
.

133



Evaluating in x = 1, we obtain

E(G11{G1>K}) =
qK((K + 1)p+ q)

p
≤ (K + 2)

e−cK

p
.

Let us carry out the computation of the Legendre transform of the geometric distribution: we
have for a < − ln(q)

ln(E(eaG1)) =
+∞∑
k=1

eak qk−1p =
p ea

1− q ea
,

so we can compute for x in (1,+∞) the derivative of a 7−→ ax − ln(E(eaG1)), which vanishes
when x− 1

1−q ea is zero, i.e. for a∗ = ln
(
x−1
xq

)
. In the end, we have as claimed

Λ∗
p(x) = a∗x− ln(E(ea

∗G1)) = (x− 1) ln

(
x− 1

xq

)
− ln(px).

The large deviations estimate (iv) then follows directly from Cramér’s theorem (see e.g. [DZ10]).
There only remains to prove the expansion (B.2), which we use in the proof of Theorem I.2.

Take x = 1
1− θ

2

and p = e−θ in (B.1). We have

ln(x e−θ) = ln(x)− θ = −θ
2
+ o(θ).

Next x−1
x = θ

2 , so

ln

(
x− 1

x(1− e−θ)

)
= ln

(
θ

2θ − θ2 + o(θ2)

)
= − ln(2) +

θ

2
+ o(θ),

and then
(x− 1) ln

(
x− 1

x(1− e−θ)

)
= − ln(2)

2
θ + o(θ).

In the end, we have indeed

Λ∗
e−θ

(
1

1− θ
2

)
=

1− ln(2)

2
θ + o(θ). (B.2)

□
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Appendix C

Additional results related to Chapter II
(comonotone flow)

C.1 About Theorems 4 and 5 in [KKO77]

In this section, we explain why we think an element is missing in the proof of Theorem 4 in
[KKO77], and hence of Theorem 5 in [KKO77], which is a corollary.

C.1.1 About Theorem 4

Theorem 4 in [KKO77] considers a partially ordered Polish space (E,≼), two families of E-
valued random variables (Xt)t∈R+ and (Yt)t∈R+ such that t 7→ Xt and t 7→ Yt are (random)
càdlàg paths from R+ to E, and, assumes that, for all n ≥ 2, x1, . . . , xn−1 ∈ R, y1, . . . , yn−1 ∈ R
such that xi ≼ yi for i = 1, . . . , n − 1, and ordered time indices 0 ≤ t1 < · · · < tn ∈ R, one
has

P(Xtn ∈ ·|Xt1 = x1, · · · , Xtn−1 = xn−1) ≤st P(Ytn ∈ ·|Yt1 = y1, · · · , Ytn−1 = yn−1), (C.1)

where ≤st denotes stochastic domination between probability measures on (E,≼) (see [KKO77]).
Assuming moreover that P(X0 ∈ ·) ≤st P(Y0 ∈ ·), the conclusion of Theorem 4 is that one

can define a family of pairs of E−valued random variables (X̃t, Ỹt)t≥0 on the same probability
space, in such a way that t 7→ X̃t and t 7→ Ỹt are (random) càdlàg paths from R+ to E, that
almost surely for all t, X̃t ≼ Ỹt, that (X̃t)t≥0 has the same (joint) distribution as (Xt)t≥0, and
that (Ỹt)t≥0 has the same (joint) distribution as (Yt)t≥0.

We now consider the proof of Theorem 4. Given an increasing sequence 0 = t1 < t2 < · · · ,
one can use (C.1) and Strassen’s theorem to define inductively a sequence of pairs of E−valued
random variables (X̃tn , Ỹtn)n≥1 in such a way that, almost surely, for all n ≥ 1, X̃tn ≼ Ỹtn ,
and such that (X̃t1 , . . . , X̃tn) has the same distribution as (Xt1 , . . . , Xtn), and (Ỹt1 , . . . , Ỹtn) has
the same distribution as (Yt1 , . . . , Ytn). (This mirrors the argument used to prove Theorem 2 in
[KKO77].)

The problem is the claim (without an explanation), in the proof of Theorem 4, that this
approach can be used to produce a sequence of random variables (X̃tn , Ỹtn)n≥1 with the above
properties, where (tn)n≥1 is an enumeration of a countable dense subset of R+, since clearly
such an enumeration cannot be done using an increasing sequence. Thus, to make the
proof of Theorem 4 work, it seems that the following strengthening of Assumption (C.1) would
be needed, allowing for unordered sequences of time indices: for every n ≥ 2, x1, . . . , xn−1 ∈ R,
y1, . . . , yn−1 ∈ R such that xi ≼ yi for i = 1, . . . , n − 1, and pairwise distinct time indices
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t1, . . . , tn ∈ R+, one has

P(Xtn ∈ ·|Xt1 = x1, · · · , Xtn−1 = xn−1) ≤st P(Ytn ∈ ·|Yt1 = y1, · · · , Ytn−1 = yn−1). (C.2)

C.1.2 About Theorem 5

Theorem 5 in [KKO77] assumes that (Xt)t∈R+ and (Yt)t∈R+ are (possibly time-inhomogeneous)
Markov processes, and does not directly assume (C.1), but instead the following stochastic
monotonicity condition: for all s, t ≥ 0, and all x, y ∈ E such that x ≼ y,

P(Xt+s ∈ ·|Xt = x) ≤st P(Yt+s ∈ ·|Yt = y), (C.3)

with the same conclusion as Theorem 4. The proof of Theorem 5 consists in observing that,
using the Markov property, (C.3) implies (C.1), then invoking Theorem 4. However, in view of
our previous remark, this approach does not seem to lead to a complete proof of Theorem 5
unless one can prove that (C.3) implies (C.2). Unfortunately, such an implication is not true in
general when (tk)1≤k≤n is not increasing, as we show in the following counterexample.

Take n = 3, t1 = 0, t2 = 2, t3 = 1 and E = {a, b, c}, where a ≼ b ≼ c, and where X and Y
are two versions of the same continuous-time Markov chain on E with distinct starting points.
The infinitesimal generator of the chain is prescribed by the Q−matrix (see e.g. [And91])

L = (Lxy)x∈E,y∈E =

a b c( )a −2.5 1.75 0.75
b 1.5 −2.5 1
c 0.5 0 −0.5

and defines a Markov semigroup on E, given, for all t ≥ 0, by the transition matrix Pt = exp(tL).
To check that L indeed defines a stochastically monotone Markov semigroup on E, we check the
condition stated in [And91] (Theorem 3.4 page 249, attributed to [Kir76]), which in our setting
reduces to the two conditions Lac ≤ Lbc and Lba ≥ Lca, both visibly satisfied. We now check
numerically that

P(X1 ∈ ·|X0 = a,X2 = a) ≤st P(Y1 ∈ ·|Y0 = b, Y2 = b).

Denoting P = exp(L), we have that

P(X1 ≼ a|X0 = a,X2 = a) = P(X1 = a|X0 = a,X2 = a) =
PaaPaa

PaaPaa + PabPba + PacPca
,

and

P(Y1 ≼ a|Y0 = b, Y2 = b) = P(Y1 = a|Y0 = b, Y2 = b) =
PbaPab

PbaPab + PbbPbb + PbcPcb
.

Numerically computing P with the SciPy open-source software1, we get, rounding to 3 decimal
places, that P(X1 ≼ a|X0 = a,X2 = a) ≈ 0.362 and P(Y1 ≼ a|Y0 = b, Y2 = b) ≈ 0.374, while the
stochastic domination P(X1 ∈ ·|X0 = a,X2 = a) ≤st P(Y1 ∈ ·|Y0 = b, Y2 = b) would imply the
inequality P(Y1 ≼ a|Y0 = b, Y2 = b) ≤ P(X1 ≼ a|X0 = a,X2 = a).

To sum up, an element seems to be missing in the proof of Theorem 5. We observe that, in
the specific case where E = R and where (Xt)t≥0 and (Yt)t≥0 are two versions of the same Feller
process with distinct starting points, Theorem II.1 in the present paper can be used to deduce
the conclusion of Theorem 5.

1Specifically, we used scipy.linalg.expm to compute the matrix exponential.
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C.2 Miscellaneous lemmas

Lemma C.1. If K(n) and L(n) are order-preserving kernels on Rn, so is their composition
K(n)L(n).

Proof. By definition, for all x ∈ Rn, we have that K(n)L(n)(x,Rnx) =
∫
Rn L

(n)(y,Rnx)dK(n)(x,y).
Since K(n) is order-preserving, we have that K(n)(x,Rnx) = 1, so the previous integral can be
rewritten as

∫
Rn
x
L(n)(y,Rnx)dK(n)(x,y). For all y ∈ Rnx, the definition shows that2 Rny ⊂ Rnx,

so that, since L(n) is order-preserving, we have L(n)(y,Rnx) = 1, and we have proved that
K(n)L(n)(x,Rnx) = 1. □

Lemma C.2. If (K(n))n≥2 and (L(n))n≥2 are consistent extensions, respectively of K and L,
then (K(n)L(n))n≥2 is a consistent extension of KL.

Proof. Let K(1) = K and L(1) = L. Given integers 1 ≤ k ≤ n, i1, . . . , ik ∈ J1, nK, x ∈ Sn and
measurable subset B of Sk, we have by definition

K(n)L(n)(x, (πni1,...,ik)
−1(B)) =

∫
Sn

L(n)(y, (πni1,...,ik)
−1(B))dK(n)(x,y).

Since (L(n))n≥2 is a consistent extension of L, we have that

L(n)(y, (πni1,...,ik)
−1(B)) = L(k)(πni1,...,ik(y), B),

so that
K(n)L(n)(x, (πni1,...,ik)

−1(B)) =

∫
Sn

L(k)(πni1,...,ik(y), B)dK(n)(x,y). (C.4)

Denoting by (πni1,...,ik)∗K
(n)(x, ·) the image probability measure on Sk defined by[

(πni1,...,ik)∗K
(n)(x, ·)

]
(A) = K(n)(x, (πni1,...,ik)

−1(A),

(C.4) rewrites as

K(n)L(n)(x, (πni1,...,ik)
−1(B)) =

∫
Sk

L(k)(z, B)d
[
(πni1,...,ik)∗K

(n)(x, ·)
]
(z).

On the other hand, since (K(n))n≥2 is a consistent extension of K, we have that[
(πni1,...,ik)∗K

(n)(x, ·)
]
(A) = K(k)(πni1,...,ik(x), A),

so that
K(n)L(n)(x, (πni1,...,ik)

−1(B)) =

∫
Sk

L(k)(z, B)dK(k)(πni1,...,ik(x), z),

and thus
K(n)L(n)(x, (πni1,...,ik)

−1(B)) = (K(k)L(k))(πni1,...,ik(x), B),

which proves the conclusion of the Lemma. □

2If x = (x1, . . . , xn), y = (y1, . . . , yn), z = (z1, . . . , zn) are such that y ∈ Rn
x and z ∈ Rn

y, we have that, for all
1 ≤ i, j ≤ n, xi ≤ xj ⇒ yi ≤ yj (since y ∈ Rn

x), hence xi ≤ xj ⇒ zi ≤ zj (since z ∈ Rn
y).

137



C.3 Numerical illustrations

In this section, we show some numerical simulations to illustrate our construction, when the
underlying process is a square-root diffusion as defined by the following s.d.e.3

dXt = a(b−Xt)dt+ σ
√
XtdWt, (C.5)

where (Wt)t≥0 is a standard one-dimensional brownian motion. Provided that the condition
2ab ≥ σ2 is satisfied, (C.5) defines an explicit Feller semigroup on ]0,+∞[: for t > 0, Pt(x, ·)
is the distribution of Z/(2 ∗ c), where c = 2a

(1−e−at)σ2 , and Z follows a non-central chi-square
distribution with 4ab

σ2 degrees of freedom and non-centrality parameter 2cxe−at. To stick to the
framework of the present paper, that is, Feller processes on R, and not on ]0,+∞[, one may
consider the semigroup associated with the process (log(Xt))t≥0 instead, which leads to identical
results up to applying a log change of scale. For the sake of simplicity, we keep working with
the semigroup associated to (Xt)t≥0 in the following illustrations.

We work with the set of parameters a = 3, b = 2 and σ2 = 8. The following figures depict
the values of N = 5000 simulated i.i.d. pairs distributed according to Q

(2),m
t ((x1, x2), ·), for

x1 = 0.5, x2 = 2, t = 0.5, and m = 1, . . . , 6. Figure C.1 displays each pair (x, y) as a point
with coordinates (x, y), while Figure C.2 uses the point with coordinates (x, y − x) instead.
Simulations were done using the R open-source software.

For m = 1, Q(2),m
t ((x1, x2), ·) is just the classical monotonic coupling, which is the reason

why the points are lying on a curve. As m gets larger, the array of points gets more spread out,
with barely distinguishable differences between the few last consecutive graphs.

3This class of processes has been studied by Feller [Fel51], and gained popularity in financial mathematics as
a model for the dynamics of interest rates [CIR85].
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Figure C.1: 5000 simulated pairs following the distribution Q(2),m
t ((x1, x2), ·).
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Figure C.2: Transformation (x, y) 7→ (x, y − x) applied to the graphs in Figure C.1.
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Appendix D

Some more details on the MFOT
problem

D.1 Solution for LQ problem

In this section, we provide an explicit solution for the LQ setting considered in Section III.4.1.
We summarize the analytical solution derived in [CGP18b, Section 7.1] and we add the analyt-
ical formula for the variance, which is useful to fully describe the evolution of the population
distribution. We consider the following setting, which is actually slightly more general than the
one used in Section III.4.1. For any probability distribution µ admitting a first moment, we use
the notation µ =

∫
xµ(dx), to be understood coordinate-wise. In this model, we take:

b(x, µ, a) = Ax+Aµ+Ba, σ = B, f(x, µ, a) =
1

2
a⊤a, ρ0 = N (x0; Σ0), ρT = N (xT ; ΣT ).

We denote by v∗ the optimal control and by (µt)t∈[0,T ] the optimal flow of distributions. Since
the dynamics are linear and the initial and terminal distributions are Gaussians, it can be shown
that the distribution remains Gaussian at every t. At each t, we denote by µt its mean and
by Σt its covariance matrix. In the case without mean field interactions, the optimal control is
linear in space, and the coefficient depends on the solution of a Ricatti equation in time. The
mean field interaction being uniform in space and the fact that our problem is linear explains
why we can set

v∗(t, x) = −B⊤Πtx+B⊤nt

and solve for (Πt)t∈[0,T ] and (nt)t∈[0,T ], as time-dependent functions only. Note that µ is now
solution of the following ODE depending on nt:

µ̇t = (A+A−BB⊤Πt)µt +BB⊤nt, µ0 = x0. (D.1)

Furthermore, if we apply Itô’s formula to Vt = E[XtX
⊤
t ] = Σt + µtµ

⊤
t , we also obtain a matrix

ODE depending on (nt)t∈[0,T ] for (Vt)t∈[0,T ]:
V̇t = Vt(A

⊤ −Π⊤
t BB

⊤) + (A−BB⊤Πt)Vt + µtn
⊤
t BB

⊤

+BB⊤ntµ
⊤
t + µtµ

⊤
t A

⊤
+Aµtµ

⊤
t +BB⊤

V0 = Σ0 + µ0µ
⊤
0 .

(D.2)

We will also need the state transition matrices associated to A and A + A: we define Φ as the
solution of

∂Φ(t, s)

∂t
= AΦ(t, s), Φ(s, s) = I, 0 ≤ s ≤ t ≤ T.
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Since A is constant, we have Φ(t, s) = e(t−s)A. Similarly, we define Φ(t, s) = e(t−s)(A+A). We
also set 

M(t, s) =

∫ t

s
Φ(t, τ)BB⊤Φ(t, τ)⊤dτ, 0 ≤ s ≤ t ≤ T,

M(t, s) =

∫ t

s
Φ(t, τ)BB⊤Φ(t, τ)⊤dτ, 0 ≤ s ≤ t ≤ T,

(D.3)

and denote for brevity ΦT,0 = Φ(T, 0), ΦT,0 = Φ(T, 0), MT,0 = M(T, 0), and MT,0 = M(T, 0).
Notice that if BB⊤ commutes with Φ and Φ, and if the matrices A+A⊤ and A+A+A⊤+A

⊤

are non-singular, then we have the following closed form expressions for M(t, s) and M(t, s),
with 0 ≤ s ≤ t ≤ T :

M(t, s) = BB⊤
∫ t

s
eA+A

⊤
(t− τ)dτ = BB⊤[e(A+A⊤)t − e(A+A

⊤)s
]
(A+A⊤)−1

M(t, s) = BB⊤
∫ t

s
eA+A

⊤+A+A
⊤
(t− τ)dτ

= BB⊤[e(A+A⊤+A+A
⊤
)t − e(A+A

⊤+A+A
⊤
)s
]
(A+A⊤ +A+A

⊤
)−1.

Now, (Πt)t∈[0,T ] is the solution to the following Riccati ODE, which is independent from the
other variables:Π̇t = −A⊤Πt −ΠtA+ΠtBB

⊤Πt

Π0 = Σ
−1/2
0

[
I
2 +Σ

1/2
0 Φ⊤

T,0M
−1
T,0ΦT,0Σ

1/2
0 −

(
I
4 +Σ

1/2
0 Φ⊤

T,0M
−1
T,0ΣTM

−1
T,0ΦT,0Σ

1/2
0

)1/2]
Σ
−1/2
0 .

(D.4)

Under some conditions, Riccati equations admit explicit solutions in dimension 1, see e.g. page
110 in [CD18]. More generally, we can solve (D.4) using a forward time-marching method.

We can then show that

nt = ΠtΦ(t, T )M(T, t)M
−1
T,0ΦT,0z0 +ΠtM(T, 0)Φ(T, t)⊤M

−1
T,0zT +Φ(T, t)⊤M

−1
T,0(zT − ΦT,0z0),

(D.5)
where (zt)t∈[0,T ] is defined by

zt = Φ(T, t)⊤M
−1
T,0(xT − ΦT,0x0). (D.6)

Now, up to the computation of Π, we have an explicit formula for n and we can obtain the
mean µt from (D.1) and then the covariance matrix Σt from (D.2). The optimal mean field
distribution at time t is the Gaussian distribution with mean µt and variance Σt.

D.2 Computation of G
In this section, we discuss some of the issues arising when computing G in practice, as well as
our solutions. As the reader may notice, the losses defined in (III.25) and (III.28) depend on
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the exact form of functionals F and G. As F is already defined in an explicit, easy-to-compute
form, we are left with the problem of figuring out a good approach to compute G. Recalling the
definition of G, we have the following observation,

G(a, b) = − inf
m≥0

∫
QT

m(t, x)
(
a(t, x)−H

(
x,m(t, x), b(t, x)

))
dx dt

= −
∫
QT

inf
m≥0

[
m
(
a(t, x)−H

(
x,m, b(t, x)

))]
dx dt (D.7)

= −
∫
QT

K
(
a(t, x), b(t, x)

)
dx dt, (D.8)

where we denoted K
(
a, b
)
= infm≥0

[
m
(
a−H

(
x,m, b

))]
.

Therefore, the form of G depends on K. In general, we do not know any closed form of
K in terms of a and b. However, for several Hamiltonian functions H(x,m, p) of interest, we
can derive such closed-form solution. Here we demonstrate some of the calculations to deliver a
general idea.

Example 4 (Mean-field Aversion). Consider the running cost f(m, v) = 1
4∥v∥2 +m and drift

b(x,m, v) = v. The corresponding Hamiltonian is H(x,m, p) = ∥p∥2 −m. Then

K(a, b) = inf
m≥0

m2 + (a− ∥b∥2)m =

{
−1

4

(
a− ∥b∥2

)2 if a− ∥b∥2 ≥ 0

0 otherwise.
(D.9)

Example 5 (Mean-field Maximum Entropy). Consider the running cost f(m, v) = 1
4∥v∥2 +

log(m) and drift b(x,m, v) = v, the corresponding Hamiltonian is H(x,m, p) = 1
2∥p∥2 − log(m),

then

K(a, b) = inf
m≥0

m logm+ (a− 1

2
∥b∥2)m = − exp

(1
2
∥b∥2 − a− 1

)
. (D.10)

Example 6 (Continuous Optimal Transport). Consider the running cost f(m, v) = 1
2∥v∥2 and

drift b(x,m, v) = v, the corresponding Hamiltonian is H(x,m, p) = 1
2∥p∥2, then

K(a, b) = inf
m≥0

m(a− 1

2
∥b∥2) =

{
0 if a− 1

2∥b∥2 ≥ 0

−∞ otherwise.
(D.11)

Example 7 (Mean-field Congestion). Consider the running cost f(m, v) = 1
4m∥v∥2 and drift

b(x,m, v) = v, the corresponding Hamiltonian is H(x,m, p) = ∥p∥2
m , then

K(a, b) = inf
m≥0

m(a− ∥b∥2
m

) =

{
−∥b∥2 if a ≥ 0

−∞ otherwise.
(D.12)

From these examples, it can be seen that K has a closed form for many smooth Hamiltonian.
However, the existence of closed form expressions of K alone is not enough for making the
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training loss tractable. In the example of (D.11) and (D.12), K takes values −∞, which makes
G singular and computationally intractable at some points. Moreover, gradient-based training
cannot be carried out successfully in the presence of infinite values as well. The presence of −∞
in K is due to the degeneracy of H in terms of order in m. For cases with singular K and G, we
need an additional trick to tackle this issue.

Recall that in Algorithm 1, the update for function q is given by,

q(k) = argmin
q:QT→Rd+1

G(q) + ⟨λ(k−1), q⟩+ r

2

∥∥Λu(k) − q
∥∥2

= argmin
q:QT→Rd+1

∫
QT

(
−K(q(t, x)) + ⟨λ(k−1)(t, x), q(t, x)⟩+ r

2

∥∥Λu(k)(t, x)− q(t, x)
∥∥2) dx dt

(D.13)

Since we don’t have any additional constraint on the value of q, the function q(k) that minimizes
the integral in (D.13) should minimize the integrand point wisely. Therefore, it holds that:

q(k)(t, x) = argmin
q∈Rd+1

(
−K(q) + ⟨λ(k−1)(t, x), q⟩+ r

2

∥∥Λu(k)(t, x)− q
∥∥2)

= argmin
q∈Rd+1

sup
m≥0

m
(
H(x,m, q2)− q1

)
+ ⟨λ(k−1)(t, x), q⟩+ r

2

∥∥Λu(k)(t, x)− q
∥∥2, (D.14)

where we denote q = (q1, q2), with q1 ∈ R and q2 ∈ Rd. For fixed λ(k−1) and u(k), let us define
L(q,m) = m

(
H(x,m, q2)−q1

)
+⟨λ(k−1)(t, x), q⟩+ r

2

∥∥Λu(k)(t, x)−q∥∥2. Under certain conditions,
the following minimax equality holds for the right-hand side of (D.14),

inf
q∈Rd+1

sup
m≥0

L(q,m) = sup
m≥0

inf
q∈Rd+1

L(q,m) (D.15)

Therefore, we can exploit (D.15) to address the issues of singular K. We notice that for the cases
of congestion and general linear quadratic, L(q,m) is quadratic in q for fixed m. This means
that we can solve explicitly in a closed form for infq L(q,m) for fixed m, then we solve for the
maximization problem over m ≥ 0. In this way, we can effectively avoid the issues generated by
infinity values in K.

Moreover, using this trick, we directly obtain the value for q(k) at any (t, x) based on the value
of u(k)(t, x) and λ(k−1)(t, x). Therefore, we can skip the neural network training in Algorithm
2 for function q in each DeepADMM iteration. Instead, we compute the values for q(k)(t, x)
directly following the above procedure whenever the values are needed to compute L(u) and
L(λ).

D.3 Loss plots

In this section, we provide plots for the training losses of the proposed algorithms on each of
the examples discussed in the text. For each test case and each of the three methods, we ran
the algorithm 10 times and computed the average loss (or average component of the loss, for
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(a) LQ Test 1 (d = 1) (b) LQ Test 2 (d = 2)

Figure D.1: Evolution of the loss in the linear-quadratic case for method 1.

each component). We also computed the standard deviation over these 10 runs. In each plot,
we display the average loss by a line and we represent by a shaded area the region contained
between the average minus the standard deviation and the average plus the standard deviation.

We start by presenting the loss plots for the two LQ test cases in Figure D.1 for Method 1,
Figure D.2 for Method 2, and Figure D.3 for Method 3.

We then present the losses for the congestion test cases. Contrary to the LQ case, we do not
have any benchmark solution to compare our numerical results to. We already explained why the
methods gave consistent results, namely that we see the density spreading before reforming the
terminal distribution, in contrast with the LQ case where the shape of the population remains
the same along the trajectory (see III.4.2.2). The following comments can be made about the
plots of the losses:

• Figures D.4 and D.5 show the losses for Method 1. The total loss is the sum of the “running
cost” loss and the “terminal penalization” loss multiplied by CW . For instance in dimension
1 we took CW = 10, meaning that the penalization is ten times the Wasserstein distance
between the effective terminal distribution of agents and the desired one. In all three cases,
we observe that for the first iterations, the distance is high and the running cost almost
zero, which comes from the fact that the first try is not to move. Then the algorithm makes
the penalization decrease by paying a trade-off in the form of the running cost. In the
case with no congestion (Figure D.4a), it seems to reach a plateau which approximately
corresponds to the theoretical optimal running cost1, while in the cases with congestion
(in dimension 1 and 5), the running cost keeps on decaying slowly as the algorithm tries
to spread as much as possible before moving.

1This test case with no congestion is in fact another instance of the LQ test in which we only want to move
from one Gaussian distribution to another one with the same variance. Hence the optimal cost is the distance
between the two means, which in this case is 2.

145



0 2500 5000 7500 10000 12500 15000 17500 20000
Iteration

10 7

10 5

10 3

10 1

101

103

Lo
ss

 v
al

ue

Total loss
HJB loss
KFP loss
Initial BC
Terminal BC

(a) LQ Test 1 (d = 1)
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(b) LQ Test 2 (d = 2)

Figure D.2: Evolution of the loss in the linear-quadratic case for method 2.

• Figures D.6 and D.7 show the losses for Method 2. The “HJB loss” is the squared L2

residual for the HJB equation. The “KFP loss” is the squared L2 residual for the KFP
equation. The “initial BC” loss and the “terminal BC” loss respectively correspond to the
squared L2 error on the initial and terminal distributions. The “total loss” is the sum of
the other losses, up to multiplicative weights.

• Figures D.8 and D.9 show, for Method 3, the squared L2 residuals for the HJB and KFP
equations, as well as the squared L2 loss for the initial and terminal conditions. Note that
these losses are not directly minimized during the algorithm of Method 3, but they are
minimized as a by-product of the iterations.
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(a) LQ Test 1 (d = 1)
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(b) LQ Test 2 (d = 2)

Figure D.3: Evolution of the loss in the linear-quadratic case for method 3.

(a) Case 1, No congestion (d = 1) (b) Case 2, Congestion (d = 1)

Figure D.4: Evolution of the loss in the congestion cases 1 and 2 for method 1.

Figure D.5: Evolution of the loss in the congestion case in dimension 5 for method 1.
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(b) Case 2, Congestion (d = 1)

Figure D.6: Evolution of the loss in the congestion cases 1 and 2 for method 2.
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Figure D.7: Evolution of the loss in the congestion case in dimension 5 for method 2.
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(a) Case 1, No Congestion (d = 1)
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(b) Case 2, Congestion (d = 1)

Figure D.8: Evolution of the loss in the congestion cases 1 and 2 for method 3.
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Figure D.9: Evolution of the loss in the congestion case in dimension 5 for method 3.
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Index of notations for Chapters I and II

(Kt)t∈R+ : Markov semigroup on S, 61
(Pt)t≥0: semigroup of X, 35
(S,S ): lcsm space, 61
(Ft)t≥0: complete and right-continuous filra-

tion on (Ω,F), 36
(Qx)x∈R: family of probability measures

on (Ω,F , (Ft)t≥0), 6, 35
(P̆

(n)
t )t∈R+ : Markov semigroup constructed in

the proof of Theorem II.1, 23, 63
A,A∗: generator of the semigroup (Pt)t≥0 and

its adjoint, 17, 28, 38
D+: set of positive rational dyadic numbers, 71
F : hydrodynamic limit of the N -BMP, 7
FN : empirical c.d.f. of the N -BMP, 3, 36
F

[−1]
x,t : quantile function of the distribution

Pt(x, ·), 70
G: complement of the c.d.f. of X conditioned

on not crossing b, 40
Gn: complement of the empirical c.d.f. of n

BMPs, 41
G±,δ,N : complement of the empirical c.d.f. of

X±, 45
K,L: Markov kernels on (S,S ), 61
N+
δ : ⌈N(1 + δ)⌉, initial size of X+, 45

N−
δ : ⌊N(1− δ)⌋, initial size of X−, 45

Nt, N
i
t : size at time t of the b-BMP made from

X ,Xi, 41, 47
U(t, ·): distribution of X on {τb > t}, 36
W1: Wasserstein-1 metric on P(S), 67
X, (Xt)t≥0: underlying Markov process, 6, 35
Bb: set of bounded real-valued Borel functions

on R, 35
Bb(S): set of bounded real-valued measurable

functions on S, 61
B↗
b (R): set of bounded non-decreasing real-

valued functions on R, 63
C0: set of continuous functions on R vanishing

at ±∞, 35
C0(S): set of continuous real-valued functions

on S vanishing at infinity, 62
Cb: set of continuous bounded functions on R,

35
Cb(S): set of bounded continuous real-valued

functions on S, 62
D(I, E): set of càdlàg function from an interval

I of R with values in E, 36
Γ±
t : favorable on which we can build a coupling

X ≼ X+ (resp. X− ≼ X ), 46
Lip(S): set of real-valued Lipschitz functions

on S, 67
NX,N i: size of the BMP, 41
Nx,y: number of particles that cross downwards

the interval [y, x], 55
P: distribution on Ω for an N -BMP starting

with N particles with i.i.d. positions
given by µ0, 36

P(S): set of Borel probability measures on S,
66

Qµ0 : probability measure on Ω under which X
starts with initial distribution µ0, 35

SMb(Rn): set of real-valued bounded Borel
super-modular functions on Rn, 63

X : N -BMP, 39, 49
X±: stochastic barriers, 39, 45
Ξx,y: event on which no particle of X crosses

downwards the interval [y, x], 55
χ(X, r): number of particles above r for the

b-BMP made from X, 40
δx: Dirac mass at x, 3
b: boundary (upper semi-continuous curve), 6,

35
Mn: set of Feller semigroups on Rn that are

extensions of (Pt)t≥0, 63
X,Xi: BMP starting from one particle, 40
X : BMP starting from n particles, 41, 47
µ0: initial distribution of the particles, 35
∥·∥∞: supremum norm on Bb, 37
∥·∥Lip: norm on Lip(S), 67
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ψ: limite hydrodynamique du N -BBM, 3
σiℓ: l-th instant of death in the i-th family of

X , 47
≤sm: super-modular partial order on the set of

probability measures on Rn, 23, 63
≤st: stochastic partial order on the set of prob-

ability measures on R, 63
τb: first downwards crossing time of the bound-

ary b for the underlying process X, 6,
36

τy: downwards crossing time of y for X, 37
1: constant function equal to 1 on S, 61
dS : metric on S, 67
mN
t : lowest particle position of the N -BMP at

time t, 37
uα: travelling wave solution for the free bound-

ary problem (2), 30
uα0 : p.d.f. of the quasi-stationary distribution

for the Brownian motion with drift −α
killed at 0, 16

152



Index of notations for Chapter III and
Appendix D

(Xi,vθ
t )t≥0: position of agents, 81

A,A,B,R, x0, xT ,Σ0,ΣT : parameters for the
LQ problem, 92, 141

CW , C
(KFP), C

(KFP)
0 , C

(KFP)
T , C(HJB): penaliza-

tion constants, 83, 86
H: Hamiltonian of the control problem for one

agent, 84
JMFC : MFC cost, 79
JMFOT : MFOT cost, 79
JN,NT : approximation of JMFOT used in Method

1, 82
L: Lagrangian of the control problem for one

agent, 84
R, γ, c, x0, xT ,Σ0,ΣT : parameters for the con-

gestion problem, 98
Xv, (Xv

t )0≤t≤T : random position of agents driven
by (III.2), 79

B: loss function for the primal problem, 88
L(θ;S): random loss used in the deep learning

methods, 82
P2(Q): set of square-integrable probability mea-

sures on Q, 79
W2: Wasserstein-2 metric on P2(Q), 81
Wp: Wasserstein-p metric on empirical distri-

butions, 83
µN,vθ(t): empirical distribution of agents at time

t, 81
v̂: learnt control, 92
K: state space for the primal problem, 88
A,F ,G: loss functions for the dual problem,

89, 143
Q: spatial domain, 79
QT : time-space domain, 79
µv(t): distribution of agents at time t, 79
ρ0: initial distribution of agents, 79
ρT : target distribution of agents, 79
θ, ω, ψ: parameters of neural networks, 81, 86,

91
b, σ: coefficients of the SDE driving the agents,

79
f : running cost function, 79
g: terminal cost function, 79
m(t, ·): density of µvt , 84
mθ, uω: neural network approximations for so-

lutions of (III.12) , 86
u: adjoint state of the PDE system (III.11), 85
v: control function, 79
v∗: optimal, 92
vθ: approximation of optimal control by a neu-

ral network, 81
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Index of notations for Appendices A
and B

(P jt )t≥0: semigroup of the coordinate process
Y j , 117

(P
(2)
t )t≥0: Feller order-preserving semigroup for

the evolution of paired particles, 122
(Pt)t≥0: semigroup of the underlying Markov

process (Xt)t≥0, 122
(Wt)t≥0: complete right-continuous filtration,

104
(ψt)t≥0: shift operator on W , 104
(Pt)t≥0: semigroup of the base process Y, 117
(Pt)t≥0: semigroup of the initial evolution of

the coupling, 122
E,Ei: locally compact Hausdorff space with

countable basis, 104
E1: state space RN of the N -BMP, 109

E2: state space

(
{⋄} ⊔ ⊔

n≥1
Rn
)
×R+ of the b-

BMP, 109
E3: discrete space describing the links between

particles in the coupling, 121
M ζ,θ(λ, ν): mixed renewal distribution, 105,

112
T∂ : hitting time of ∂ for the E3-coordinate of

the coupling, 127
W : initial probability space, 104
X, (Xt)t≥0: underlying Markov process, 122
C0(E): set of continuous functions on E van-

ishing at ∆, 104
∆: isolated cemetery point in E, 104
Py: initial probability measure on W , 104

PW,W : probability space
+∞∏
i=1

(W×E) for the

pasted process, 106
PζPλy ,Py: probability measure on PW , 106
PζY,Y : pasted process, 106
Pζ
kY,P

ζ
kY

j : truncated version of the pasted
process, 119

P(2)W : probability space for the pasting of
pasted process, 111

Pζ,θPλ,νy ,PθPν
y : probability measures on P(2)W

for the pasting of pasted process, 112
Pζ,θY,PθY : pasting of pasted process, 111
Qλ
y : probability measure on Ω, 106

Y, (Yt)t≥0: base process (strong Markov pro-
cess on E), 104

E: compactification E∪{∆} of the state space
E, 104

Y: killed version of the base process, 105
ζi: i-th cumulative renewal time, 106
ν: extension of ν on W , 111
θ: extension of θ on W , 110
∂: state in E3 describing independence between

the N -BMP and the b-BMP, 121
λ, ν, ξ: renewal distribution, 105, 110
λ2: renewal distribution performing the killing

of a particle in the b-BMP, 126
T: lifetime of the pasted process PY, 106
ν1: renewal distribution performing the branch-

ing and selection in the N -BMP, and
the branching of paired particles in the
b-BMP, 124

πj : canonical projection from E =

n∏
i=1

Ei to Ej ,

117
θ1: branching time for the N -BMP (and paired

particles), 123
θ2: branching time for free particles in the b-

BMP, 123
τ : minimum of ζ and θ, 110
ζ, θ, τ : renewal time, 105, 110
ζ2: first death time in the b-BMP, 123
ζ†: compatible stopping time on W , 104
ζi: i-th lifetime interval, 106
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L’objet central de cette thèse est un système de particules appelé N -processus de Markov branchant
qui généralise le N -mouvement brownien branchant étudié par Maillard en 2016 : on part de N
particules aux positions initiales x1, · · · , xN ; chaque particule se déplace alors sur la droite réelle suivant
la loi d’un processus markovien homogène en temps donné (on parle de processus sous-jacent),
indépendamment des autres trajectoires. De plus, chaque particule branche à taux 1 : c’est-à-dire
qu’après une durée aléatoire de loi exponentielle E(1), celle-ci se duplique pour donner naissance à deux
nouvelles particules à la même position. Enfin, simultanément à l’apparition d’une nouvelle particule dans
le système à chaque instant de branchement, on retire du système la particule dont la position est la
plus basse. Cette étape de sélection permet de conserver à tout instant une taille de population égale à N .

Nos principaux résultats concernent l’existence d’une limite hydrodynamique pour ce système de
particules, c’est-à-dire l’existence d’une limite pour la fonction de répartition empirique associée à ce
processus, quand la taille de population N tend vers l’infini. Sous certaines hypothèses de régularité,
nous démontrons que cette fonction de répartition empirique converge vers la fonction de répartition de la
loi du processus sous-jacent conditionné à ne pas avoir franchi une certaine frontière, cette dernière étant
caractérisée comme solution du problème inverse du premier temps de passage avec loi exponentielle
E(1) pour le processus sous-jacent. Notre stratégie de preuve utilise un couplage avec des processus
auxiliaires dont la construction fait appel à une hypothèse de monotonie stochastique sur le processus
sous-jacent. En lien avec cette preuve, nous établissons dans un contexte général l’existence d’un
couplage préservant l’ordre, entre plusieurs trajectoires d’un même processus de Markov satisfaisant
l’hypothèse de monotonie stochastique et la propriété de Feller.

Enfin, nous nous intéressons par ailleurs à un second problème, celui du transport optimal en champ
moyen, avec un point de vue entièrement numérique : nous développons trois méthodes d’apprentissage
profond fournissant des solutions approchées de ce problème et les mettons en œuvre dans différents
cas tests.
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