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Interféromeétre atomique en rotation pour ’accélérométrie quantique embarquée

Résumé : Les systémes de navigation inertielle intégrent les mesures de triades d’accélé-
rometres et gyrometres afin de déterminer leur position, mais la trajectoire déterminée est
typiquement limitée par le biais variable dans le temps de ces capteurs inertiels. D’autre
part, 'exploitation de la physique quantique a permis le développement d’interférometres a
ondes de matiere, sensibles aux effets inertiels grace a la masse des atomes. Lorsqu’ils sont
en chute libre, leur trajectoire grandement prévisible permet une mesure absolue avec une
exactitude et une stabilité remarquables. De considérables développements techniques ont
permis le transfert technologique de gravimetres quantiques vers l'industrie, réalisant des
mesures de longue durée en statique. Cependant, I'utilisation de capteurs a atomes froids
pour la navigation et le positionnement nécessite de répondre a certains enjeux scientifiques et
technologiques afin d’étre compatible avec les applications embarquées tels que la compacité,
la continuité de mesure et le fonctionnement dans des environnements difficiles.

Le laboratoire commun iXAtom (Exail/LP2N) vise a construire une nouvelle génération
de capteurs inertiels de haute performance grace a I’hybridation d’accélérometres et de
gyrometres classiques avec des capteurs quantiques basés sur l'interférométrie a ondes de
matiere. L’hybridation d’un interférometre a atomes froids multi-axe séquentiel avec une
triade d’accélérometres classiques a permis d’augmenter la bande passante et la dynamique de
mesure sans souffrir de la contrainte liée a la dérive du biais des accélérometres mécaniques.
Par ailleurs, cette hybridation inclut une correction de la phase laser en temps réel, permettant
de reconstruire les franges atomiques brouillées par des vibrations parasites. En ce qui concerne
les rotations de I'instrument au cours d’un interférometre, leur compensation demeure I’enjeu
principal restant a aborder pour réaliser un capteur solidaire d'un véhicule puisqu’elles
entralnent une réduction de la visibilité des franges atomiques couplée a un brouillage du
déphasage interférométrique.

Le travail de cette these porte sur la résolution de la dégradation des performances de
I’accélérometre hybride induite par les rotations. Une étude théorique a permis d’établir un
modele de la chute de contraste entrainée par des vitesses angulaires ainsi que des déphasages
parasites résultant de la trajectoire complexe du nuage atomique dans le référentiel tournant
du faisceau laser. Finalement, un systéme de compensation des rotations en temps réel
utilise la mesure de vitesses angulaires par des gyroscopes a fibre optique afin de piloter une
plateforme rotative piézo-électrique et ainsi stabiliser 'orientation du faisceau laser dans le
référentiel externe dans le but de préserver le contraste des franges interférométriques et d’ac-
croitre la plage de mesure de I'interférometre atomique tournant. Une rectification du modele
théorique prenant en compte la rotation du laser et ’hybridation avec les accélérometres
classiques permet de reconstruire les franges atomiques et de recouvrer la mesure inertielle,
ouvrant la voie a ’accélérométrie hybride embarquée non stabilisée.

Mots-clés : Capteurs Quantiques, Interférométrie Atomique, Accélérométrie, Capteurs
Inertiels, Hybridation Classique-Quantique

Laboratoire Photonique, Numérique et Nanosciences
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Rotating atom interferometer for onboard quantum accelerometry

Abstract: Classical inertial navigation systems integrate inertial measurements from triads
of accelerometers and gyroscopes to determine their position, but the computed trajectory
is typically limited by the intrinsic time-varying bias of these inertial sensors. In addition,
the exploitation of quantum physics led to the development of matter-wave interferometers,
sensitive to inertial effects due to the mass of the atoms. While they are free-falling, their
highly predictable trajectory allows for an absolute measurement with outstanding accuracy
and stability. Substantial technical developments have allowed bringing quantum gravimeters
to the market, enabling static, long-term measurements. Nevertheless, the use of cold-
atom sensors for navigation and positioning still requires addressing many scientific and
technological challenges to be compatible with onboard applications such as compactness,
measurement continuity and operation in the presence of strong vibrations and rotations.

The Joint Laboratory iXAtom aims at building a new generation of high-end inertial
sensors through the hybridization of classical accelerometers and gyroscopes with quantum
sensors based on matter-wave interferometry. The full hybridization of a sequential multi-
axis cold-atom interferometer with a triad of classical accelerometers allowed increasing the
bandwidth and dynamic range while overcoming the usual limitation due to the bias drift of
the mechanical accelerometers. Moreover, this hybridization technique features a real-time
correction of the laser phase which allows reconstructing the atomic fringes scrambled by
parasitic vibrations. As regards the rotations of the instrument throughout an interferometer,
their compensation remains the next major issue to tackle for strapdown applications as they
induce a drastic reduction of the atomic fringes’ visibility coupled to a scrambling of the
interferometric phase shift.

This thesis work focuses on the mitigation of the rotation-induced performance deteriora-
tion of the hybrid accelerometer. Through a theoretical investigation, a model for both the
angular velocity-dependent decay of the fringes contrast and the systematic phase shift arising
from the complex trajectory of the atomic cloud in the rotating frame of the interrogation
laser is established. A real-time rotation compensation system, employing the measurement
of the rotation rate with high-end fiber-optic gyroscopes to drive a piezo-actuated tip-tilt
platform, has been implemented to stabilize the orientation of the interrogation laser in
the external frame in order to preserve the contrast of the atomic interference pattern and
extend the measurement range of the rotating atom interferometer. A rectification of the
theoretical model accounting for the rotation of the laser as well as the hybridization with the
classical accelerometers enables reconstructing the atomic fringes and retrieving the inertial
measurement, paving the way for strapdown onboard hybrid accelerometry.

Keywords: Quantum Sensors, Atom Interferometry, Accelerometry, Inertial Sensing, Classical-
Quantum Hybridization

Laboratoire Photonique, Numérique et Nanosciences
UMR 5298 LP2N, 33400 Talence, France.
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Introduction

In March 1905, Albert Einstein publishes a revolutionary paper recommending that
light is not a continuous wave but instead consists of localized particles, later called
photons, declaring that "when a light ray is spreading from a point, the energy is not
distributed continuously over ever-increasing spaces, but consists of a finite number
of energy quanta that are localized in points in space, move without dividing, and
can be absorbed or generated only as a whole" [Einstein 1905]. Following this idea,
Louis de Broglie formulates the hypothesis of a wave associated with every particle
of matter in 1923 [de Broglie 1923], paving the way for the fundamental concept of
quantum mechanics known as the wave-particle duality which states that quantum
entities exhibit particle or wave properties according to the experimental circumstances.
The de Broglie hypothesis of matter waves led to define a wavelength associated with
each particle of matter, equal to the Planck constant h divided by the momentum of
the particle. Furthermore, using the equipartition theorem relating the temperature
of a system to its average energy, it was then possible to calculate the wavelength
associated with each particle in an atomic gas raised at a temperature 7 which is
inversely proportional to the square-root of the mass of the considered atom times
its temperature. Nevertheless, for a thermal gas of atoms at a temperature of three
hundred Kelvin, this wavelength lies between ten and eleven orders of magnitude below
the meter and the wide velocity distribution of the gas strongly limited the achievable

fraction of an atomic ensemble which can be coherently manipulated.

Half a century later, the trapping and cooling of atoms using the radiation pressure
force exerted by a laser beam tuned to an atomic resonance was simultaneously theorized
by two groups in 1975 [Wineland and Dehmelt 1975; Hansch and Schawlow 1975] before
its first experimental demonstration on neutral atoms in 1982 [Phillips and Metcalf
1982]. Further reduction of the atomic ensemble’s temperature being desirable and laser
technologies gaining in stability and linewidth, new techniques were developed allowing
to reach temperatures below the Doppler cooling limit [Dalibard and Cohen-Tannoudji
1989; Chu et al. 1985] and below the one-photon recoil energy [Aspect et al. 1988;
Boiron et al. 1995] down to the order of the microkelvin. This drastic reduction of
the gas’ temperature equating to a diminution of its velocity distribution set the
ground for new exciting experiments and in particular matter-wave interferometry. The

assumption made for this last proposition was that if particles exhibit a wave behavior
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Introduction

at a wavelength which can be manipulated with narrow lasers or radio-frequency
radiations, it should in principle be possible to exploit their quantum properties and
have an atom coherently interfering with itself. Much as their optical counterparts,
splitting and recombining electromagnetic waves to measure a path difference between
the traveling waves, cold-atom interferometers use light pulses to coherently split and
recombine atomic wave packets to measure the difference between the trajectories of
the two — or more — arms. One of the major distinctions with optical interferometers
is that the path difference in matter-wave interferometers is related to inertial effects
experienced by the atoms due to their mass, making such instruments ideal candidates

for absolute inertial sensors measuring accelerations or rotations [Clauser 1985].

In 1991, Mark Kasevich and Steven Chu demonstrated the first practical realization
of an atomic interferometer using stimulated Raman transitions [Kasevich and Chu
1991], which was subsequently used to measure the gravitational acceleration applied
on laser-cooled sodium atoms [Kasevich and Chu 1992]. Nowadays, matter-wave
interferometry has demonstrated its importance in a wide range of applications and
in particular inertial sensing [Geiger et al. 2020]. If quantum gravimeters based on
cold atoms generate an increasing interest and even successfully led to transportable,
commercial devices able to operate outside laboratories [Ménoret et al. 2018; Antoni-
Micollier et al. 2022], several applications including inertial navigation require onboard
and mobile operation of inertial sensors measuring the full acceleration vector instead
of its projection on a given axis. In that regard, the utilization of matter-wave
interferometry could bring a substantial enhancement of classical sensors — and
specifically with respect to the bias drift of classical accelerometers and gyroscopes

— but remains challenging in many ways. Indeed, if quantum sensors demonstrate
outstanding accuracy, stability and sensitivity to inertial effects which make them so
attractive, the same applies to their sensitivity to environmental effects, which is the
reason why their utilization is still mainly restricted to laboratories offering quiet and

stable environments regarding vibration noise and rotations of the instrument.

Several groups have put significant efforts in tackling some of these field difficulties
by performing single-axis measurements of the acceleration projection along a given
axis through an active isolation of the parasitic high-frequency vibrations [Oon and
Dumke 2022] and a gyro-stabilization of the measurement axis [Bidel et al. 2018].
However, acceleration is a vector and is therefore described by both its norm and
pointing direction, which make a single-axis quantum accelerometer insufficient for its
full measurement. Additionally, for navigation purposes in particular, it is desirable to
maintain a maximum correlation between the motion of the vehicle and that of the

inertial measurement unit by having the latter operating in strapdown configuration
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rather than with an isolation system which necessarily implies a loss of information.
For this reason, the apparatus conceived in the iXAtom joint laboratory consists of
a three-axis hybrid accelerometer comprised of three atomic accelerometers, offering
remarkable sensitivity, stability and accuracy at the cost of a limited dynamic and dead
times, hybridized with three classical accelerometers, providing large dynamic range and
bandwidth but suffering from a long-term bias drift. The double hybridization scheme
between these two complementary technologies is based on the real-time compensation
of the vibration-induced phase shift on the atomic interference pattern coupled to
the correction of the classical biases at each measurement of the quantum sensors,
enabling a bias-free high bandwidth measurement of the three acceleration components.
If a similar technique had already been proposed in the past [Lautier et al. 2014]
for a single-axis hybrid sensor, this experiment represents the first realization of a
classical-quantum triad of accelerometers which has been successfully demonstrated in
quasi-static operation, revealing a fifty-fold improvement on the long-term stability with
respect to conventional sensors [Templier et al. 2022]. Nevertheless, dynamic rotations
of arbitrary amplitude occurring during an atom interferometer’s measurement remain

a major hindrance in the quest of a fully mobile hybrid inertial measurement unit.

Rotations in matter-wave interferometry have already been widely investigated.
Similarly to quantum gravimeters measuring the gravitational acceleration undergone
by free-falling atoms in an interferometer, several experiments have realized atomic
gyroscopes exploiting the Sagnac interference effect to measure rotational motion
of a launched atomic cloud [Gustavson et al. 1997; Lenef et al. 1997; Barrett et al.
2014], and notably in the SYRTE laboratory where a continuous cold-atom gyroscope
reached a remarkable stability at the nanoradian per second level [Dutta et al. 2016].
Furthermore, the development of rotating atomic accelerometers allowed for multi-axis
cold-atom inertial sensing by simultaneously measuring the acceleration in the direction
of the Raman laser beam as well as the projection of the rotation vector onto the
plane transverse to that direction through the Coriolis acceleration [Canuel et al. 2006;
Chen et al. 2019]. However, such instruments are very sensitive to the orientation of
their axes and to parasitic vibrations which imposes that they remain in a very stable
environment. Furthermore, the amplitude of rotations these can measure is strongly
limited by the decoherence of the two arms of the interferometer, typically a few
Earth rotation rates amounting to tens to hundreds of microradians per second, thus
restricting the prospective application of atomic gyroscopes with no moving parts. In
order to overcome this effects, it is possible to install a tip-tilt mirror retroreflecting the
interrogation laser beam to oppose the rotation of the device, extending the dynamic

range of the measurement up to the radian per second level [Zhao et al. 2021]. This
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technique was also used in some experiments of atomic gravimeters to cancel the effect
of the Earth rotation, which reduces the overlap of the atomic wave packets at the
output of the interferometer as well as introducing a parasitic phase shift related to the
Coriolis acceleration [Lan et al. 2012; Sugarbaker et al. 2013]. Ultimately, this method
was recently proposed for a cold-atom accelerometer onboard a Nadir pointing satellite
with a full calculation of the output phase shift of the interferometer without mechanical
compensation of the rotation as well as a calculation of the same phase shift with
an independent rotation of the reference mirror based on geometrical considerations
[Beaufils et al. 2023]. Nonetheless, all the studies presented in this paragraph were
conducted in the absence of strong vibrations, for constant and well-defined angular
velocities remaining — in the case of acceleration sensors at least — in the range of

one to a few Earth rotation rates, limited to hundreds of microradians per second.

In order to realize mobile and onboard quantum accelerometry, it appears necessary
to tackle the simultaneous effects of strong vibrations and time-varying, arbitrary,
strong rotations of the instrument. Specifically, the latter can be measured with high-
end fiber-optic gyroscopes to determine precisely their amplitudes and axes in order to
realize a real-time stabilization of the reference mirror’s orientation in the laboratory
frame, thus avoiding the restriction of the dynamic range of the atom interferometer, as
well as a correction of the laser phase enabling to retrieve the acceleration information

when the atomic phase is scrambled. This study will be at the heart of this thesis.

The work presented in this manuscript was carried out in the iXAtom joint labora-
tory located in the Laboratoire de Photonique Numérique et Nanosciences (LP2N),
involved in cutting-edge research activities on atom interferometry, with the collabora-
tion of the French technology company Exail, expert in inertial navigation systems and
industrial quantum sensors. This unique context allows for conducting exciting research
with the ultimate aim of transferring the technology developed to fully-operational,
industrial products in order to address various, practical challenges. After the suc-
cessful demonstration of the quasi-static operation of the three-axis bias-free hybrid
accelerometer, my contribution has been essentially devoted to the study and correction
of rotations at unrivaled levels of amplitude for an atomic accelerometer, including the
implementation of a real-time rotation compensation system enabling maintaining a
constant visibility of the atomic interference pattern over a wide range of time-varying,
arbitrary angular velocities. Furthermore, a comprehensive theoretical model was
established for the rotating atom interferometer’s output phase shift and enabled the
reconstruction of the atomic fringes under random, strong vibrations and angular
velocities up to five thousand Earth’s rotation rates, which is beyond the scope of all

the research conducted on the compensation of the rotations in cold-atom accelerometry,
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in addition to large variations of the tilt angle. This study paves the way for truly
mobile applications of multi-axis quantum inertial sensors operating in a strapdown

configuration.

Organization of the thesis

In Chapter 1, I provide theoretical tools of atom-light interaction with a particular
consideration for the realization of atom interferometers. The concept of atom optics
enabling the manipulation of matter waves using laser beams is reviewed, before intro-
ducing the sensitivity function allowing to investigate the case of an atom interferometer
undergoing non-constant accelerations. The study is further extended to the motion
of an atomic cloud in an arbitrary moving frame, leading to the modifications of the
measurement of an atomic accelerometer experiencing arbitrary angular velocities both

with and without a compensation of the rotation on the reference mirror.

In Chapter 2, I give a succinct description of the apparatus developed in the iXAtom
joint laboratory including the architecture of the laser system, with a specific definition
of the technological choices which enable this laser source to be as compact as it is
agile. Subsequently, the sensor head where atoms are manipulated to realize multi-axis
interferometry for the reconstruction of the acceleration vector is depicted. It is followed
by a more detailed characterization of the inertial measurement unit, comprised of three
mechanical accelerometers and two fiber-optic gyroscopes, in addition to the piezo-
actuated tip-tilt stage where the reference mirror of a measurement axis is mounted.
Ultimately, the real-time compensation electronics used for the hybridization of the
classical and quantum inertial sensors as well as the experimental sequence implemented

on the apparatus, are reviewed.

In Chapter 3, I analyze the practical implementation and performances of the
quantum accelerometer in quasi-static configuration. It is first characterized along the
vertical axis for the measurement of the gravitational acceleration, followed by the
three-axis atomic accelerometer able to operate in arbitrary orientations over a wide
range of tilt angles to measure the three orthogonal components of the acceleration
vector. Eventually, I present the closed-loop hybridization scheme enabling for large
bandwidth and dynamic range measurements of the acceleration components through
the correction of the classical accelerometers’ biases with the signals of the atom

interferometers.

In Chapter 4, I carry out a comprehensive review of the effects of arbitrary rotations
applied on the multi-axis hybrid accelerometer. First, a completion of the theoretical

model provided in chapter 1 is provided in order to account for the measurement of
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the rotating classical accelerometer in the output phase shift of the hybridized atom
interferometer. In the second part, atomic fringes recorded in the regime of weak
rotations are analyzed, including the impact of the angular velocity on the visibility of
the interference pattern as well as the scrambling of the atomic phase due to the complex
trajectory of the atoms in the rotating frame of the instrument, before presenting
the method used to retrieve the acceleration signal. Ultimately, after introducing the
algorithm implemented to compensate the rotations of the reference mirror in real
time, the performances and current limitations of the rotating hybrid accelerometer are
estimated so as to provide an outlook on the implementation of such inertial sensors

for mobile and strapdown accelerometry.

Throughout this manuscript, the vectors will be represented in bold. Furthermore,
parameters related to accelerations will be mostly expressed in units of g where
1 g = 9.80665 m/s* denotes the standard acceleration of free fall, defined as the
nominal gravitational acceleration of an object in a vacuum near the surface of the
Earth.
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Chapter 1

Theoretical tools for onboard cold-

atom interferometry

In this chapter, some theoretical tools for studying atom-light interaction are
provided. It includes in particular the concept of atom optics, allowing to diffract
matter waves with laser beams featuring well-defined frequencies and phases. This
technique has enabled matter-wave interferometers, in particular using light pulses and
free-falling cold atoms, first demonstrated by Mark Kasevich and Steven Chu in 1991
[Kasevich and Chu 1991]. The ability to calculate accurately the phase shift resulting
from such interactions as well as from the propagation of atomic wave packets in a
given potential has led to high sensitivity and accuracy acceleration sensing [Geiger
et al. 2020]. The study of such schemes is presented and further extended to onboard
applications, namely in the presence of strong mechanical vibrations, accelerations and

rotations of the carrier.
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Chapter 1.  Theoretical tools for onboard cold-atom interferometry

1.1 Key principles of a cold-atom accelerometer

An interferometric measurement consists in the coherent splitting of a wave, which
propagates along several distinct paths before they are recombined. On each of these
arms, the waves accumulate a phase which depends on the physical properties of the
path related to the experimental setup, such as the length of the arm. The phase
difference at the output of the experiment can therefore be used to measure these

physical properties, by comparing one arm to another.

Furthermore, contrary to their optical counterpart using massless photons to measure
this phase difference, atomic interferometers as proposed in [Clauser 1985] make use
of the propagation of matter waves which are able to probe various inertial effects,
including accelerations and rotations. However, in order to realize such matter-wave
interferometers, it is important to have tools which enable to coherently split, deflect
and recombine the matter waves. To that end, we will use two-photon stimulated

Raman transitions.

1.1.1 Two-photon stimulated Raman transitions

Figure 1.1: Representation of a Raman transition between two energy levels |g) and |e) with
two lasers set at frequencies wy 2 and phases ¢1 2 carried by wave vectors kq 2.
ogr: hyperfine splitting; §: detuning from resonance; Ar: Raman detuning.

Raman transitions are two-photon processes coupling an atomic ground state |g) to
an excited state |e) via an intermediate state |i), allowing to drive coherent transitions
in order to connect two states which do not feature an energy splitting compatible
with optical frequencies. When using 8"Rb atoms, as is the case in this work, these two
states correspond to the two hyperfine levels |F' = 1) and |F = 2) of the ground state
525, /2 and the intermediate state is the excited state 5P /2 (all the hyperfine levels of
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this state contributing to the transition). In order to drive this two-photon transition,
two laser beams detuned by a frequency close to the hyperfine splitting are shone onto
an atom initially in the ground state |g) such that this atom absorbs a photon from
the first laser (wy, kq, ¢1) and reaches the excited state |e) by stimulated emission of
a photon in the mode of the second laser (ws, k2, ¢2). In addition to this change in
the internal state of the atom, a momentum kick hkeg is transferred to the atom with

k.g = k1 — ko the effective wave vector associated to the transition.

In order to avoid to populate the intermediate state |i), which would result in
spontaneous emission and thus a loss of coherence between the two coupled states |g)
and |e), the two lasers are detuned from the intermediate state by a frequency Ag called
the Raman detuning and visible on figure 1.1. To verify the energy and momentum
conservation rules, we introduce the detuning from resonance or two-photon detuning

0 = w1 — wy — dyF, for which the resonance condition can be written:
0 =wp + wg + wrs (1.1)

where wp = p.keg/m is the Doppler frequency, wr = hk?%;/(2m) the recoil frequency
and wrg = Qg — Qf ¢ the differential light shift, also called AC Stark shift. In the
expressions of the Doppler and recoil frequencies, m denotes the atomic mass. Under
this resonance condition, the detuning of the Raman lasers corresponds to the ground
state hyperfine splitting wy; — wy = dgp. Additionally, for a Raman detuning large with
respect to the Rabi frequencies associated to the optical transitions Ar > (2 2, we

define the effective Rabi frequency of the two-photon transition [Steck 2007]:

Y

Qg = .
T oA,

(1.2)

In the following, we will consider negligible spatial distributions and Gaussian

velocity distributions:

Gv) = (1.3)

where vy is the wave packet’s group velocity and o, = /2kgT /m its velocity spread
depending on the atomic cloud’s temperature 7. For an atom prepared in the state
|g, Do), po being its initial momentum, and assuming perfectly square pulses, the

probability for it to be transferred to the state |e, pg + Aikeg) is given by [Moler et al.
1992]:

Qg . QRT
P(1,0,v) = Q%j sm2< 5 ) (1.4)
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Figure 1.2: Evolution of the effective transition probability with the duration of the laser
pulse, emphasizing the particular cases of an atomic beam-plitter (duration

Tr/2) and of an atomic mirror (duration 7). The period of these oscillations is
27 Qe with Qeg the effective Rabi frequency

with 7 the pulse duration and

QR: \/Qgﬁ+(6—wD—wR—st)2 (15)

the exact Rabi frequency. Displaying this transition probability as a function of the
pulse duration exhibits a behavior known as Rabi oscillations displayed in figure 1.2.
When the resonance condition is verified, 2z = Q. and the theoretical amplitude
of these Rabi oscillations amounts to 1. In that situation, only the Raman laser
pulse duration 7 needs to be adapted in order to operate a coherent splitting or an
inversion of the atomic population, analogous to beam-splitters and mirrors in optical

interferometers.

With these parameters in mind, we can introduce the effective transition probability
corresponding to the integration of the transition probability (given by the Fourier
transform of the pulse’s shape) over the velocity distribution of the cloud, written G(v).
This yields:

P(7,0) = / P(r,6,v)G(v)dv. (1.6)

1.1.2 Velocity sensitivity of Raman transitions

Two distinct types of two-photon transitions can be considered depending on the
orientation of the two laser pulses and their respective polarization states. First, with
the two lasers propagating in opposite directions in a lin_llin polarization configuration
notably, one can perform velocity-sensitive counter-propagating Raman transitions.
Using equations 1.3 and 1.4, we observe that a Raman pulse with a duration 7

will address a velocity class with a spread proportional to 1/7. A 7 pulse has a

Quentin d’Armagnac de Castanet 23



Chapter 1.  Theoretical tools for onboard cold-atom interferometry

maximum efficiency of transition while addressing the widest possible velocity class,
hence with a minimum pulse duration. Conversely, longer pulses address a narrower
velocity class thus they transfer fewer atoms from a state to the other. In any case,
the recoil momentum will be defined by the direction of the effective wave vector
tker = £(k1 — ka) = +2k; = F2ko. Since the absorption and stimulated emission
of the photons occur in the same direction, such transitions are sensitive to the
velocity of the atoms relative to the laser beams, and a recoil momentum will be
inferred to the atoms in the direction of the effective wave vector, namely ks = +keg
and k; = —keg. In order to select which pair of counter-propagating beams will
drive Raman diffraction, the resonance detuning is adapted according to the Doppler
frequency wp(v) = tkegv and it can be reversed from one measurement to the other to
eliminate some systematic shifts in the interferometric measurement [Louchet-Chauvet
et al. 2011]. As a consequence of this Doppler frequency shift, the transition probability

of the atoms is highly dependent on their respective velocities.

However, in the case of Raman beams not exactly counter-propagating or if the
polarization of the light is not rigorously linear, another type of transition is possible.
Indeed, if a single laser beam carries the two frequencies, co-propagating transitions can
be achieved with circular polarizations o /o+. In this configuration, the absorption and
stimulated emission of the photons are made in opposite directions, yielding kg ~ 0

and thus making the transition insensitive to Doppler frequency shift. Additionally, the

exact Rabi frequency is changed to €., = \/ 025 + (6 — wrg)?. As this technique allows
us to address all the atoms regardless of their velocities, making their manipulation
similar to what can be achieved with micro-waves, it can be used to prepare the
atoms in a non-magnetic state by scanning the resonance detuning as a scan of the
Zeeman frequency shift. Alternatively, co-propagating transitions can be used to scan
the hyperfine splitting dgr in order to perform Ramsey spectroscopy and frequency
measurements [Doring et al. 2009]. In the case of an atom interferometer, we need to
induce a spatial displacement between the two arms and co-propagating transitions
are mostly a parasitic transfer reducing the efficiency of the velocity-sensitive pulses,

which is why the polarization of the laser beams is a critical parameter.

1.1.3 Phase shift of an atom interferometer

In an interferometric measurement using atoms, it is possible to calculate a phase
difference associated to the propagation of the matter-wave along the different arms
of the interferometer ¢p..p, as well as the phase acquired from its interaction with
the diffracting laser fields ¢p.s. Additionally, atom interferometers feature a third

contribution which can arise if the classical positions of the two interfering trajectories

Quentin d’Armagnac de Castanet 24



Chapter 1.  Theoretical tools for onboard cold-atom interferometry

Position
A /2 pulse T pulse /2 pulse
Wy, Ky wy, K, w,, Ky
v v
V/\VI\VI\V

ARRRRRRRRR R

C
\ SoAr
= lgp FIT
A & A
le‘kl Ty w:j(1 T2 03;1{1
Tim;e

Figure 1.3: General representation of an open atom interferometer, here in a Mach-Zehnder
configuration for non-necessarily equal interrogation times 77 and 75. The two
atomic trajectories are not necessarily properly recombined, hence a spatial
separation Ar of the wave packets can be observed at the output.

are not overlapped at the exit of the interferometer, called the separation phase ¢gep.

The total phase of the interferometer, calculated by summing these different contri-
butions, determines the probability to measure an atom in a given state at the end of

the sequence, namely |g, p) or |e, p + hikeg). It is written:

O = leas + ¢pr0p + Qbsep- (17)

The modeling of this physical quantity associated to the measurement of the state of

the atom at the output of the interferometer allow to retrieve the desired inertial effect.

1.1.4 Evolution matrix for atom-light interaction

In order to realize a light-pulse atom interferometer, we need to determine how
Raman laser beams can diffract the atomic wave packets and coherently split or
swap the populations between two given energy levels |g) and |e). Let us define the

Hamiltonian associated with the considered system:

H =" hw; |j) (j| - D. (B1 + Ez) (1.8)

where [j) denote the system’s eigenstates and D represents the electric dipole coupling

between the atoms and Raman lasers of electric field E4 2. For a freely-propagating
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atom in a given initial state |g) or |e) and provided with a well-defined initial momentum
Do, its interaction with a laser field can result in a change (or not) in its internal state
and transverse momentum [Storey and Cohen-Tannoudji 1994]. The evolution of the
atomic wave function [¢(t)), describing the probability for this system to be in a given

internal state, is obtained by solving the Schrodinger equation:

016 (0)

o =), (1.9)

Assuming that the condition on the Raman detuning mentioned above is verified, such

that equation 1.2 is true, the wave function at a time ¢, can be written:

[ (to)) = Cylto) l9) + Ce(to) l€) (1.10)

with Cy(t) and C.(t) the time-varying probability amplitudes to find the atom in the
state |g) or |e) respectively. The time evolution of the atomic wave function between

times tg and tg + 7 is governed by the following equation:

[Y(to + 7)) = S(to, 7, 8) [¥(t0)) - (1.11)

where ¢ = ¢1 — ¢o denotes the relative phase of the Raman lasers and S(to, 7, ¢) the

system’s evolution matrix given by [Cheinet 2006]:

2 2
+z

—isin fsin (27 ) ellrmeltordle=iol 5 cos (247 ) +icos fsin (27 ) | e 3

( [COS (M) — 4 cos0sin (M)] e ™s3  —jsinfsin (%) ei[(”1w2)t0+¢]e_iw9§)
T2

2 2

(1.12)
where the notations cosf = (0 — wrg)/Qg and sin 6 = |Qeg|/Qr have been introduced,

as well as wi, = Ors £ 6 + 2w, with g = Qf g + Qf ¢ the mean light shift.

Atomic beam-splitter and mirror

Now that the evolution of the atomic wave function interacting with the Raman laser
beams is established, experimental parameters can be chosen to design the targeted
atom optics. First, to realize an atomic mirror, the laser pulse duration must be set to
a value 7, verifying Qg7 = 7. This will correspond to the peak of the Rabi oscillation
depicted in figure 1.2 and ensure a maximum probability of transferring an atom in the
state |g, po) to the state |e, po + hkeg) and reciprocally. For a perfect mirror presenting

a 100% transition probability, the evolution matrix can be written:

O 7 _id)las
S — ( e ) , (1.13)

_Z€Z¢laq 0
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where
Dras(t) = kegr-7(t) — went + H(t) (1.14)

represents the phase imprinted by the laser onto the atoms, with weg = w; —wy standing
for the effective frequency associated to the two-photon Raman transition. It can
be observed that the first term appearing in ¢, denotes a change of +hkeg in the
transverse momentum of the atom after the absorption or stimulated emission of a
photon. Additionally, the third term indicates that the relative phase of the two Raman
lasers is present in the output signal, meaning that laser phase noise can hinder or
limit the accuracy of the measurement. This can be dealt with by using a single laser

beam retroreflected by a reference mirror.

Following the same reasoning, an atomic beam-splitter can be achieved by choosing
a pulse duration 7,/ such that Qg0 = 7 /2, corresponding to a 50% transition
probability on the Rabi oscillations plot showed in 1.2. Such a transition applied
to an atom prepared in either the ground or excited state will result in a coherent
superposition of these two states, and can be used for both splitting or recombining
the two arms of an interferometer. In the ideal case, the matrix associated to this

operation is given by:

1 1 —ieits
Sojp = — | . 1.15
/2 \/5 (_Z'ewblas 1 ) ( )

It must be noted that the change operated in the system’s internal state, whether
having the whole atomic cloud or just part of it transferring from |g, e) to |e, g), comes
with a spatial deviation of the involved atoms related to a momentum transfer from
the laser field to each atom by +hkeg. This feature is illustrated on the vertical
axis in figure 1.3, which represents the spatial trajectories of the atomic wave packets

propagating along each arm after the atomic beam-splitter, mirror and recombiner.

1.1.5 Atoms’ free evolution in a gravitational potential

Now that the evolution of the atomic wave function after interacting with the laser
beams has been investigated, we need to evaluate the phase shift associated to the free
propagation of the wave packet in the absence of the light field. To that end, we use
the Feynman path integral approach which describes the dynamic of a classical particle

using Lagrangian mechanics, as detailed in [Storey and Cohen-Tannoudji 1994].

The Lagrangian £ is a function of a system’s dynamic variables, namely its position

and velocity, defined as the difference between the kinetic energy 7" and the potential
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energy V:
L(z,2)=T-V (1.16)
1
= §m22 —V(2). (1.17)

According to the principle of least action, among all the space-time trajectories joining
the points z, = 2(t,) and 2z, = z(t;), the one followed by a particle is such that the
classical action S, is extremal and is called the classical path I',;. The classical action

is given by the temporal integral of the Lagrangian over this space-time area, namely:

Sy = /tt L((t), () dt. (1.18)

Furthermore, using the differential form of the principle of least action, one can write

the FEuler-Lagrange equation stating:

oL doL

which leads to the equation of motion describing the behavior of the studied particle.

In order to determine the final state of the studied quantum system, we define
the evolution operator Upyop(tp, o) describing the evolution of the wave function of a

system propagating in a given environment from the time ¢, to t;, such that:

W)(tb» = Uprop(tbyta) W](ta» : (120)

Subsequently, this final state can be projected in the position space, which leads to
defining the possibility for the particle starting from point z,t, to reach the point zyt.
This probability is represented by the quantum propagator:

K (2ptp, zata) = (25| Uprop(tos ta) |2a) (1.21)

:/\/zr:exp (z%) (1.22)

where I' runs over the different paths connecting z,t, to zpt,, N is a normalization
constant and Sr/h is the phase accumulated along a given path I'. Hence, for the

studied particle, we can write the propagation phase associated to the classical path:

Scl

¢pr0p = ? (123)

Let us now consider a particle in a gravitational field g = gu,, described by the
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Lagrangian:
1
L(z,2) = im,é“? —mgz; (1.24)

The dynamic variables of the system can be calculated from equation 1.19, yielding for

the two endpoints of the space-time trajectory (z,tq, 2ptp):

vy = vy — gty — ta) (1.25)
1
2y = 2 + Va(ty — ta) — 5g(ltb —tq)? (1.26)
2y — 2o 1
. = — —q(ty — t,). 1.27
va= = ot — 1) (1.27)

Using the previous results, the system’s Lagrangian can be integrated over the classical

path to calculate the classical action:

Sut(z5ts, zala) = % (o= z)” 9z + 2a)(ty — ta) — g—Q(tb —t,)? (1.28)

ty — to 12
where all the variables are determined, given that we know the initial position of the
particle z,. We note that for a free particle which is not evolving in any potential,
the Lagrangian only consists in the kinetic energy and the previous calculations are
straightforward. Combining equations 1.23 and 1.28, the phase associated to the

propagation of the atomic wave packet from z,t, to zpt, is given by:

g2

G )yt —t) - St 29)

T

Calculating this phase for all the free-falling sections of a given arm of an interferometer,
and comparing the total phases of the different arms at the output of the interferometer,
finally leads to the phase difference associated to the propagation along the different

arms. If not null, this result will directly appear in the interferometric measurement.

1.1.6 Mach-Zehnder atom interferometer for acceleration sens-
ing
Exploiting the atom optics defined in 1.1.4, we can control the trajectory of an atomic
wave packet in order to realize a symmetrical Mach-Zehnder atom interferometer. If
different types of atomic transitions are compatible with such devices, velocity-selective
Raman transitions allow for internal state labeling [Ch. J. Bordé 1989] meaning that the
detection of a given output port can be performed based on its energy level, contrarily

to Bragg transitions for example where the different arms of the interferometer are in

the same internal state. Figure 1.4 shows the principle operation of such an atomic

Quentin d’Armagnac de Castanet 29



Chapter 1.  Theoretical tools for onboard cold-atom interferometry

Position
A /2 pulse T pulse /2 pulse
w,, K, w,, Ky Wy, K,
v lgp = v

j[‘}mmu
1.}(.;..............

ol
T
w, Ky w, Ky

-
>

Time

Figure 1.4: Illustration of the space-time propagation of two matter waves in a gravitational
potential along the two arms of a Mach-Zehnder atomic interferometer. The
Raman lasers couple the states |g,p) (blue) and |e, p + hikesr) (green). The
mid-point trajectory is also displayed (brown dotted line).

interferometer using Raman transitions in a Mach-Zehnder configuration. Hence,
shining a laser resonant with the |F' = 2) — |F’ = 3) allows to detect the population
in the upper ground state |e) = |F' = 2) by fluorescence using photodetectors instead
of high spatial resolution cameras for imaging the interference pattern. The relevant
parameter one wants to observe is then the fraction of atoms in the state |e) at the

output of the interferometer, defined by:

Ne
P=—— 1.30
VO (1.30)
where N, and N, represent the number of atoms in the states |g) = [F = 1) and

le) = |F = 2) respectively. This fraction is connected to the total interferometric phase
shift through the equation: c
P.=F, — 3 cos @ (1.31)

where Py and C stand for the offset and the contrast of the interferometric fringes
respectively. Displaying the evolution of the population in the state |€) as a function
of the total interferometric phase shift then allows to retrieve the relevant information
contained in the latter. In the case of atom interferometers, manipulating massive
matter waves sensitive to various inertial effects, the interferometric phase shift related
to the path difference between the two arms will contain information on the acceleration

of the atomic cloud relative to the reference mirror.
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As mentioned above, the phase shift accumulated between the arms of the atomic
interferometer is the sum of three terms, namely the laser phase imprinted by the
Raman lasers onto the atoms ¢y,s defined in 1.1.4, the free evolution of the atomic
wave packets ¢pop defined in 1.1.5 and a possible spatial separation between the wave
packets coming from the different arms at the moment of the last Raman pulse meant
to perform the recombination ¢s.,. This separation phase is given by [Bongs et al.
2006]:

Psep = p?r (1.32)
where p = (p(C) + p(E))/2 is the mean momentum of the wave packets in a given
output port and Ar is the spatial separation between the centers of each wave packet at
the instant of the recombination pulse, as illustrated in figure 1.3 where a Mach-Zehnder

geometry was depicted.

In a balanced Mach-Zehnder geometry, the perfect overlap of the two wave packets
at the moment of the recombination ensures no separation phase ¢, = 0. Additionally,
the propagation phases associated to each arm are identical due to the symmetrical
geometry (same interrogation time in the two free-evolution areas separating the Raman
beams) and no contribution is added to the measurement ¢, = 0. It must be noted
that this last result is, in general, not true and only depends on the interferometer’s

geometry.

Additionally, if the interferometer is not perfectly closed and the wave packets
not overlapped at the time of the recombination (which is the case when undergoing
rotations or gravity gradients for example), the propagation and separation phases
Gprop anNd @Pgep taken independently are, in general, not null anymore. Nevertheless, for
a Lagrangian at most quadratic in position and momentum, these two terms perfectly
cancel out as it is demonstrated in [Antoine and Bordé 2003], so much so that the

interferometric phase shift still arises from the interaction with the Raman lasers only:
D = Ppas. (1.33)

In this case, making use of equation 1.14, the phase shift accumulated between the two
arms of the atomic interferometer can be described by the mid-point theorem [Antoine
and Bordé 2003; Overstreet et al. 2021]:

N
(I)Mp = Z keff’i.Fi — weff’iti + (ﬁz (134)

i=1
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with ¢ the index running over the N atom-light interaction and

__ TAi T TB;

Z. 1.35
ro= A (1.35)

the average displacement of the two arms A and B with respect to the laser at the i*®
interaction. This equation assumes that the atomic wave packets follow the mid-point
trajectory represented by the brown, dotted line in figure 1.4. In a symmetric Mach-
Zehnder geometry, the frequency-dependent terms cancel out and the interferometric

phase shift simplifies to the expression:
Priz = ke (0).7(0) — 2ket (T').7(T) + ke (2T).7(2T) + ¢1 — 202+ ¢3. (1.36)

For example, considering the case of an atom in a gravitational potential with a constant
effective wave vector and a constant laser phase, this equation yields the simplified
phase shift:

D = keggT? (1.37)

where we observe that the gravity acceleration the atoms are subject to is contained in
the phase imprinted by the lasers onto the wave packets even though the laser phase
¢ is maintained constant during the interferometer. Provided that the Lagrangian
describing the motion of the particles is known, the technique described in this section

can be applied to all sorts of systems and in particular to the case of a rotating frame.

1.2 Atom interferometry under non-constant accel-

erations

In the previous section, the theoretical realization of a symmetrical Mach-Zehnder
using free-falling cold atoms was reported. The value of the phase shift determined at
the end of this study, however, only holds as long as the atoms are falling under the
action of the gravitational acceleration and the laser used to prepare and interrogate
them is perfectly immobile. As soon as time-varying accelerations are introduced in the
system, and in particular in the case of vibrations applied on a mirror retroreflecting
the Raman laser beam, the position of the atoms at the space-time points intervening
in the mid-point theorem are no longer straightforwardly calculated. In practice, it
results in the quantum accelerometer quickly becoming inoperative and the phase
shift at its output being significantly modified such that the interferometric fringes are
completely blurred. Indeed, in that situation, the retroreflecting mirror serves as a

phase reference and its movements, as small as they can be, can have a strong impact
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on the measurement.

1.2.1 The sensitivity function formalism

+1
= / \
& 0
(@)
-1
4t
T+—
T
=
S/
frm—
(b)
0 10730
Q < & o o W& 10° 10t 102 10® 10* 10°  10°
& &x &x &x
AU
Time Frequency (Hz)

Figure 1.5: (a) Sensitivity function g(¢) and (b) response function f(¢) characterizing the
response of the interferometer to temporal fluctuations in the velocity and
acceleration of the atomic cloud relative to the reference mirror respectively.
The pulses’ durations are expanded ten times to better see what happens during
these. The squared modulus of the transfer functions (¢) G(w) and (d) F(w)
exhibit the response to sinusoidal excitation of the same parameters. The cutoff
frequencies and asymptotic behaviors are computed for typical experimental
parameters values, namely an interrogation time 7' = 10 ms, a 7/2 pulse

duration 7 = 3 pus and considering perfect beam-splitters and mirror with
Qr =7n/(271).

The sensitivity function of an atomic interferometer g(t) is a tool characterizing
the influence of a phase jump d¢, occurring on the Raman phase ¢ at a time ¢, on the
transition probability P(t) [Cheinet et al. 2008]. It is defined by:

(1.38)

with §P(d¢,t) the change in the transition probability induced by the phase jump.

For square pulses of duration 7 = 7,;/2, an interrogation time 7" and an effective Rabi
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frequency (g, it can be rewritten:

0 fort <Oandt > 2T + 471
sin(Qrt)

_m forO<t<rt

1 forr<t<T+7
PP < | 1.39
(t) _W forT+7<t<T+37 )

+1 for T+ 37 <t <2T + 31

—nQul2 ) for 2T + 37 < t < 2T + 47

This sensitivity function, displayed in figure 1.5 (a), is particularly useful to assess
the variations of the interferometric phase ® arising from an arbitrary Raman laser

phase noise ¢(t), given by:

o= /_;OO g(t)de(t) = /+Oo gty 228 g /+OO g(B)w(t)dt. (1.40)

—o dt —00

This leads to the transfer function of the interferometer, defined by the evolution of the
interferometric phase under a sinusoidal modulation of the Raman phase and calculated

using the Fourier transform of the sensitivity function:

Gw) = | T et g (1) dt

—00

_ 4iQp . w(T + 27) . w(T + 27) +% m(wT)
ol 2 i 2 W M\ )|

This transfer function to a sinusoidal variation of the frequency w(t), associated

(1.41)

with the sensitivity function g(¢) and represented in figure 1.5 (c), is particularly useful
to study the influence of changes in the laser frequency or in the atomic resonances.
Subsequently, as the motion of the atomic cloud is related to the laser frequency
through the Doppler shift which can modify the resonance condition, the transfer
function G(w) can provide information about the velocity of the atoms relative to the
optical standing wave formed by the counter-propagating laser beams. In the case of a
retroreflected configuration, this corresponds to the velocity of the atoms with respect
to the reference mirror. Alternatively, the transfer function defined by H(w) = wG(w)
is used to characterize the influence of the Raman lasers’ relative phase noise on the

interferometric phase thanks to the equation:
b= [ @RS ) (1.2
= —|H(w w)dw .
7o 0o 27 ¢

with Sy(w) the power spectral density of the lasers’ relative phase noise.
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Now if one wants to investigate the sensitivity of the atomic interferometer to
accelerations of the atomic wave packet relative to the reference mirror, it is more

convenient to use the response function described in [Ménoret 2012] by the equation:

t

1ty == [ glt)ar
0

0 fort <Qandt > 27T +4r1

1*%;9121‘/) forO<t <7

t 1 (1.43)
B —T+ forr<t<T+r7

T4 1—cos(Q};2(Z+27'—t)) for T+717<t<T+31

2T—|—3T—t+é for T+ 37 <t <2T + 371

1fcos(QRSgiT+4T*t)) for 2T + 37 <t < 2T + 47

and depicted in figure 1.5 (b), such that the kinetic phase related to the atomic cloud’s

motion is calculated:

Prin = L ;OO f(t)keg.a(t)dt (1.44)

where a(t) is the acceleration of the atomic wave packet relative to the reference mirror.
In the case of a constant Rabi frequency over the duration of the interferometer, the
response function of the interferometer is null outside this time interval and this integral
can be restricted to these bounds. Additionally, as this function characterizes the
response of the atom interferometer to accelerations, it can be used to define the scale
factor of the resulting atomic accelerometer by calculating the phase shift arising from

the measurement of a constant acceleration ag:

(bkin 2T+47

Q
Skin - ual

= kegt ; f(t)dt = keg (T + 27) [T + 2 tan ()] (1.45)

Qo QR 2

with keg = ||keg|| the norm of the effective wave vector (or wave number) of the laser.
Assuming perfect Raman pulses associated with an effective Rabi frequency Qg = 7/27,
this simplifies as:

Skin = ket (T + 27) <T + Lﬁ:) (1.46)

Similarly to the development made on the sensitivity function, the acceleration
transfer function is given by its Fourier transform: F(w) = —G(w)/w and is exhibited
in figure 1.5 (d).

The two transfer functions G(w) and F'(w) display oscillations at frequencies given
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by 1/(T + 27), as well as two cutoff frequencies:

6

1
7
1

4
6
flow — 27 T
Q

fhigh = %%

(1.47)

defining the sensitivity range of the interferometer. In particular, the transfer function
G(w) features a peak at fi ~ 25 Hz for T' = 10 ms, revealing a critical sensitivity
in this area of the spectrum to frequency shifts arising from the Autler-Townes effect
(laser power fluctuations) or Zeeman effect (magnetic field fluctuations) for example.
As for the transfer function F'(w), its squared modulus has the shape of a low-pass
filter meaning that the interferometric phase shift will be mostly sensitive to mirror

vibrations below ~ 100 Hz where the first resonance occurs at 7' = 10 ms.

1.2.2 Case of an imbalanced Mach-Zehnder atom interferome-

ter

The results presented in the previous subsection hold for a perfectly symmetric
Mach-Zehnder geometry, with identical interrogation times during the two free-falling
areas of the interferometer 77 = T, = T' and the same Raman pulses’ durations for the
splitting and recombination (half of the atomic mirror’s duration), namely 7 = 73 = 7
and 75 = 27. Additionally, they assume a consistent Rabi frequency all along the

interferometer as well, that is 2; = Q3 = Qg and Qy = 2Q5.

In practice, the timings of the sequence are very well-defined and the assumptions
on the pulses lengths and interrogation time can be considered correct. Nevertheless,
supposing imperfections in the shape of the laser beams, power fluctuations or the atoms
scanning the intensity profile of a Gaussian beam when they are not falling rigorously
along its propagation axis, the effective Rabi frequency will indeed vary throughout

the interferometer leading to a modification of the interferometer’s sensitivity function

as follows:
0 fort <0Qandt¢ > 27T + 41
—7;11?((&1?) for0<t<r
-1 forr<t<T+T1
g(t) = sin(Qa(t—T—27)/2) B : (1.48)
- 51211(927'/2) forT+7<t<T+ 37
+1 forT+37r <t <2T + 371
— Bl ) for 2T +37 <t < 2T +47
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In addition to modifying the contrast of the interference fringes pattern, by changing
the efficiency of the Raman laser pulses throughout the interferometer, this altered
sensitivity function with inhomogeneous Rabi frequencies leads to a redefinition of
the atom interferometer’s scale factor. The new expression of the output phase shift,

involving the initial velocity of the atomic cloud at the instant of the first pulse vy, is

given by:
1 Q37 1 T
=g () g o (1)
— kegg(T + 2 T+ —+% - —t 14
ffg(—l-T)[—l-Qlan(Q)—Fann(Q) (1.49)

cot(247) cot(Q7)  cot(Q37) 1 2 1

—9 (e b

o ( ) % 0 Y T Q2

where €); is the effective Rabi frequency associated with the i*" Raman pulse of the

interferometer.

1.3 Matter-wave interferometry with a rotating de-
vice

If vibrations can add a parasitic signal in the quantum accelerometer’s output, which
is not what is meant to be measured depending on the frequency range, they are not
the only problem one can face when trying to build an atom interferometer meant for
onboard applications. Indeed, an atom interferometer undergoing arbitrary rotations
will see its fringes degraded, blurred and even extinguished almost immediately. Two
main effects are at the origin of this degradation: first, a decrease in the spatial overlap
of the two atomic wave packets’ envelopes will lead to a reduction of the fringes’
visibility but also to a spatial interference pattern when recombining the two arms,
which further reduces the contrast when using an averaging detection system [Roura
et al. 2014]. Second, supplementary phase shifts between the atomic paths due to a
combination of complex inertial trajectories modify the output of the interferometer in
a hardly predictable way, making it complicated to retrieve the desired acceleration

value.

1.3.1 Behavior of the atoms in an arbitrary moving frame

We know that in the laboratory’s frame Ry, assimilated to the terrestrial frame if
we neglect Earth’s rotation or if it is accounted for in the total rotation rate considered,

the atoms only fall under the action of gravity as illustrated in figure 1.6 (a) and we
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Figure 1.6: Comparison of (a) a static retroreflected laser beam which interrogates atoms
falling under the action of gravity and (b) a mobile setup undergoing arbitrary,
time-varying accelerations and rotations. In this case as well, the atoms only
free-fall under gravity and are isolated from external inertial effects.

can express the Lagrangian of a free falling atom as:

1
Ly = §m'v(2,(t) +mg.ro(t) (1.50)

with vo(t) and ro(t) the velocity and position of the atom in the frame Ry. Under
arbitrary motions of the interferometer as depicted in figure 1.6 (b), and especially

rotations of the laser beam, we need to operate the following velocity transformation:
vo(t) = Uy (t) + Q) X 7 (t) (1.51)

with €(¢) the rotation rate of the mobile frame R, (or rotating frame, attached to the
laser collimator) in the external frame Rg, 7y, (t) and v, (t) the position and velocity
of the atoms in the mobile frame R,,. By placing the origin of this frame at the center
of mass of the mobile, also defined as its center of rotation, the position of the atoms
will be established with respect to this point, so much so that we can standardize the
notations r(t) = ro(t) = r,,(t). Additionally, for convenience, we define 7 (t) = v, (¢).

Substituting 1.51 in 1.50 enables us to write this Lagrangian in the mobile frame:

C— ;m(v‘(t) + (1) x r(1))? + ma(t)r(t) (1.52)
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with a(t) the linear acceleration of the atoms relative to the mobile which can be
decomposed as a(t) = g — @, (t). The term a,,(t) includes both the DC component of

the mobile frame’s acceleration and its vibrations. Developing equation 1.52 yields:

L— ;m(iﬂ(t) +Q(t) x 7(1)) + ma(t).r(?) (1.53)

= ;m {(7"2(15) +27(t). (Qt) x r(t)) + (2(t) x r(t))ﬂ + ma(t).r(t). (1.54)
Using the Euler-Lagrange equation finally leads to the equation of motion:
7F(t) +2 () x () + Qt) x (Qt) x (1)) + Q(t) x r(t) = a(t). (1.55)

Hence, the total acceleration a(t) which will be measured when realizing a matter-wave

interferometer in a rotating frame is the result of four contributions:

o The first term a,e(t) = 7(t) = 327;‘ denotes the relative acceleration, formulated

with respect to the mobile frame.

o The second term acer(t) = 2 (2(t) x 7°(t)) represents the Coriolis acceleration,
which appears when studying the movement of an object moving in a frame

rotating with respect to an inertial frame of reference.

 The double cross-product @cen(t) = Q(t) x (2(t) x 7(t)) stands for the centrifugal
acceleration, which illustrates the inertial effect resulting from the lever arm of

the rotation and is oriented in the direction opposite to the center of rotation.

.

o The last term a¢an(t) = 2(f) x r(t) is the tangential acceleration, related to the

angular acceleration of the mobile frame relative to the external one.

1.3.2 Rotation-induced exponential decay of the atomic fringes’

contrast

Imperfections in the geometry of a Mach-Zehnder atom interferometer can lead to
a reduction in the fringes’ visibility. Specifically for rotations, when studying the atom-
light interaction in a non-rotating frame, the orientation of the momentum transfer hk;
associated with each laser pulse ¢ = 1, 2, 3 will be different, and in particular differently
applied on the two arms of the interferometer. Indeed, the Raman beams diffract
each atom to bring it into a quantum superposition of the two states participating
in the interferometer (namely |g, p) and |e, p + hikeg)), the associated probabilities of
which being described by the atom’s wave function |psi(t)). Because of this, the fringes

pattern is produced by the interference of each atom with itself, with a coherence
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Figure 1.7: Representation of the two atomic wave packets’ propagation under arbitrary
rotations. Solid lines show the trajectories of the wave packets while dotted
lines are their projections orthogonal to the y-z plane. Red sections illustrate
the 3 Raman laser pulses. Pulses’ duration is omitted on the temporal axis.
Inset: spatial oscillations due to the reduced overlap between the atomic wave
packets.

length assimilated to the thermal de Broglie wavelength:

[ 2mwh?

where m and T respectively stand for the atom’s mass and temperature. Hence, any
rotation of the momentum kick inferred to the atoms will lead to a decoherence of
this superposition and a reduction of the quantum overlap between the wave packets
associated with the two arms of the interferometer. This will translate into spatial
oscillations at each output port, as shown in figure 1.7, and even prevent any interference
to occur in the case of an output separation larger than the coherence length. Using an
averaging detection system such as photodiodes makes it impossible to resolve these

spatial oscillations and only displays a general reduction of the interference fringes

contrast [Roura et al. 2014].

In order to quantify this contrast loss, we use an approach to take into account the
fact that the rotation rate €2(¢) is not constant during the atom interferometer. Our
approach is based on the study [Roura et al. 2014] which introduces the phase-space
displacement vector x(t) = (R(t), P(t))" for the classical trajectories associated with
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each branch of the interferometer. Additionally, writing € = (z,p)" the phase-space

coordinates vector and introducing the matrix

0 1
J = (_1 0) (1.57)

one can define the displacement operator:

1

Dx) = exp (2 x"J€) (1.58)
so that the contrast of the interferometric fringes is given by:

C = [(e()| D(X) [9e(t))] < 1 (1.59)

where dx represents the relative displacement vector at a given output port, which is
defined as:

m

with 0P and 0R the separation in space and momentum respectively. It can be seen
from this expression that the contrast becomes inferior to 1 whenever the relative
displacement is not null. This situation will be called an open interferometer in the

following.

Neglecting the shift by ¢R of the wave packet’s envelope (acknowledging that the
envelope does not vary too rapidly in space, its size is much larger than ¢R) and
considering late-time free evolution of the wave packet (where it takes a simpler form
in position representation, similarly to Fraunhofer diffraction in optics), one can reach

a convenient expression of the contrast in position representation:

W (r, ) d’r] . (1.61)

ox|f oL

In the inertial frame determined by the Raman laser beam and the initial position
and velocity of the atoms at the first pulse, we evaluate the position and momentum
vectors’ evolution of the center of mass after each interaction with the laser. For
simplicity, we take the origin of time ¢ = 0 at the first pulse and r(07) = v(07) =
p(0~) = 0 since initial position, velocity and momentum of the wave-packet will be
common to each arm of the interferometer and simplify when studying their relative
displacement at the output. Considering the arms A and B of the interferometer
receiving a momentum kick respectively at the first and second Raman pulses and

assuming infinitely short pulses, we can calculate the space and momentum separation
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at the output of the interferometer after a time 27" (with 7" the interrogation time

separating two consecutive laser pulses, see figure 1.7):

’l"A(OJr) =0
First pulse: { Pa(0%) = Ak (1.62)
pa(0") _ h,
07) = — k]
v4(07) YT,
hT

PA(TT) =1 4(07) + T -v4(0F) = Mk:(l)

Second pulse: ¢ pa(T*) = pa(0%) — hk$) = h (kR — kR (1.63)

T+ h
oAy = PAT) _ Ty g

M M
hT
raQ2T?) =ra(T*) + T wa(T%) = 7 (26 — kR)
Third pulse: ph(2TH) = pa(TH) =h (ké:!ﬁ.‘) _ kgf)) (1.64)

TF) + hk$ =1 (k- kG + kR

with p% (2T) the momentum associated to the output port k = g, e of the interferometer.
After an analogous treatment for the second arm B, we can calculate the space and

momentum separation at the output of the interferometer:

Ar =14(2T) — r5(2T) = 21T (k(l) ~ k) (1.65)

A = pa(2T) — p(2) — 1 (kS8 — 2K+ kD).

We note that the splitting in the momentum space is the same at each output port:
Ap = Apf = Ap® (1.66)

We now may rewrite the expression of the displacement vector in equation 1.60 as:

M
ox = Ap— o Ar=h (kR - k). (1.67)

This equation shows that, in the particular case of rotations, the main contribution
comes from the orientation of the effective wave vector for the second and the third
pulses with respect to the first pulse, which transfers a rotation-dependent momentum
kick to the atoms. We define a rotation rate vector 2 = Qu with 2 = \/Qg—i—Q—z—i—Qg
the rotation rate and w = (u,, u,, u,)” the rotation axis. In the most general case, this

rotation rate vector may vary during the interferometer and the rotation at a time ¢
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corresponds to an angle 6(t) given by:
0(t) = 0(t)u = / Q') dt'. (1.68)
0

Denoting R(f) the matrix associated with a rotation of angle 6(¢), defined by the
equation:

wWr(l-C)+C  upuy(1—C) —u,S wpu,(1—C) 4 uy,S

T

R(O) = | ugu,(1—C) +u.S  w2(1—=C)+C  uyu.(l—C) —uyS (1.69)

Y

uzu,(1—C) —uyS wyu(1—C)+u,S w2(1-C)+C

z

with C' = cos(0(t)) and C' = sin(6(t)), the rotation-induced displacement vector can be

expressed as:

= (K3~ k)

7
= h[R(0(2T)) — R(O(T))] - kS )

Now, setting kgf) = (0,0,1)T, we get in the small-angle approximation:

<
8
<
N
=
o
[\
=
|

0%(T)] + 2u, [0(2T) — 6(T)]
Ox ~ —— | u,u.[0?(2T) — 0*(T)] — 2u,[0(2T) — 6(T)] | - (1.71)
2_1

For time-varying rotation rates, it is possible to compute numerically the vectors k:fjf)
and kzg}) using the rotation matrices corresponding to €2(t) at each instant. In the
particular case of a constant rotation rate (in direction and amplitude) where 6(t) = Qt,

the expression of the displacement simplifies to:

30,Q.7% +2Q,T
hkeﬁ 2
5 | 3WT? - 20,T |- (1.72)
=3( + Q)17

X ~

Let us now consider a centered Gaussian wave packet. Its spatial probability density

function (PDF) is:
2 1 I |}
[W(r, )" = exp[— o, (t)?

(Vo (t))”

on(t) = J @)2 + (‘;Lpt)Q (1.74)

is the 1/e radius of the wave-packet in spatial representation, m is the mass of

] (1.73)

where
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the atom and o, = /2kpmT is the 1/e radius of the wave-packet in momentum
representation with kg the Boltzmann constant and 7 the temperature of the atom
cloud. Substituting equation 1.73 in 1.61 allows us to calculate the normalized contrast

for an open interferometer:

C7%1L/exp[i(5x-1ﬁ<— HTHQ]cﬁr (1.75)
(Vo (1))” h or(t)?
which after integration in three dimensions yields:
o,(t) 2
C = exp l— T llox|I?| - (1.76)

Using the expression of the displacement found in equation 1.72, we finally reach a
convenient expression of the rotation-induced contrast loss in an open interferometer

for a constant angular velocity:

2
Czwpk(mam%ﬁ><%+ﬁa@+gwm>

; ; . (1.77)

Considering interrogation times of the millisecond order and temperatures on the order
of the microkelvin, the assumption (4TkpT)? > h? is valid. Furthermore, the typical
operating conditions that we consider also ensure 90Q27?/4 < 1, which allows us to

write an approximate equation easier to manipulate:

2
2
C%mp—@/%f@ﬁﬁ(%+ﬁa. (1.78)

Note that this expression only contains terms that are accessible experimental
parameters such as the temperature of the atom cloud or the interrogation time of the
interferometer and the rotation rate which can be measured by gyroscopes. Figure 1.8
exhibits the rapidity of the contrast’s decay versus the rotation rate for two different
temperatures and interrogation times. On the one hand, we can observe a slower
decrease with lower temperatures due to the slower thermal expansion of the atomic
cloud, curbing the spatial separation between the two atomic wave packets. On the
other hand, one can notice the strong influence of the interrogation time on this contrast
reduction which seems pretty intuitive, as leaving a longer time for the cloud to free-fall

will increase the spatial separation at the output of the interferometer.
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Figure 1.8: Simulation of the normalized contrast drop under arbitrary, constant rotations
up to 300 mrad/s according to equation 1.78. The blue (respectively red) curves
correspond to a 7 = 100 nK (respectively 7 = 1 pK) atomic cloud temperature.
The plain and dotted lines display the evolution of the contrast for interrogation
times 7' = 10 ms and 1" = 5 ms respectively.

1.3.3 Rotating interferometer’s output phase shift

The calculation of the general phase shift of an atom interferometer undergoing
random accelerations and rotations is carried out in the mobile frame R,, of the laser
field (namely the collimator delivering the beam) which would also correspond to that
of a vehicle if the measurement is made in a strapdown configuration. To that end,
and similarly to the protocol previously used by other groups [Beaufils et al. 2023], we
use the mid-point theorem given by [Antoine and Bordé 2003]:

T'A 'r*B
Dot = kgt (0). (Tat (0) — T (0)) — 2kege(T). ( (D) g 1) rm(T)>
ra4(2T) +rB(27) (1.79)
+ ke (27). ( . o (2T)>

with Keg(t), Ta(t) and r,,(t) the effective wave vector of the laser, the position of
the atoms and the position of the mirror in the rotating frame R,, at the instant ¢
respectively. The superscripts A, B on the atomic cloud’s position vectors denote the
interferometer’s path they follow, visible in figure 1.7. Hence, the interferometric phase
shift depends on the position of the atoms with respect to the reference mirror at the
instant of the laser pulses, the time evolution of the effective wave vector’s norm and
its orientation. As far as the mid-point theorem is concerned, the propagation and
separation phase shifts are either null or they cancel out, thus only the laser phase
describing the interaction of the atomic wave-packets with the laser field remains. This
is well described by this expression, which involves the pair of laser beams represented by

the effective wave vector keg (t) as well as the position of the atoms in the standing wave

Quentin d’Armagnac de Castanet 45



Chapter 1.  Theoretical tools for onboard cold-atom interferometry

formed by the counter-propagating lasers, which act as a phase ruler, at the instants
of the Raman pulses. This means that the atomic trajectories are fully described by
these three positions relative to the reference mirror, while what happens between two

successive pulses does not take part in the output phase shift of the interferometer.

To solve this equation and calculate the atomic trajectories we use a polynomial
decomposition of the atoms’ position, considering at first constant accelerations and
rotation rates. The case of rapidly varying accelerations is handled independently
using the sensitivity function formalism introduced in section 1.2, as no modeling can
represent arbitrary variations of the acceleration signal due to mechanical vibrations.
With regard to the rotation rate, for short enough interrogation times, we consider
that an at most linear variation is a very good approximation as confirmed by the
experimental data presented in chapter 4. In order to simplify the notations, the results
here are presented for constant rotation rates but the calculation for an affine-like

rotation rate is presented in appendix A.

This decomposition is truncated to third order terms.

ri(t) = Zi: Cint" (1.80)

with ¢+ = 1, 2, 3 the axes of the chosen frame, which are rewritten r, = x, ro = y and

rs3 = z. We consider initial conditions as follows:

Cx0 Zo Cx1 Ux0
Co | — | Yo ) Cyi | = | Yyo ( 1.81 )
C20 20 Cz1 V20

with rg and vg the position and velocity of the atoms in the mobile frame at the instant

of the first pulse.

Substituting the polynomial ansatz into the equation of motion given in 1.55, we
can decompose it into a system of as many equations as there are powers of t under
the condition

a+Bt+t? + 6P =0Vt a==7=56=0. (1.82)

This yields four equations enabling us to determine the remaining coefficients of
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the polynomial decomposition of the atomic trajectories.

1

Co =3 (90 +92) e — U (Qeyo + Recn) — 2(Qyen — Q) +
1

Cyo = 5 [(Q +Q ) Cyo — Qy (chzo + QICXO) -2 (chxl — Qsz1) + ay} (183)
1

Cyo = 5 (Q + ) Cz0 — Qz (Qxcx() + chyO) -2 (chyl — chxl) + azj|
1 -

C3 = g (Qy + Qz> cx1 — Qo (Qyeyr + Qucpn) — 4 (Qycpn — chﬂ)_
1 -

Cy3 = 6 (Qz + Qi) Cyl - Qy (chzl _l_ Qxcxl) - 4 (QZCXQ — QZ’022)_ (184)
T _

Cz3 = 6 _(Q + Q ) Cz1 — Qz (Qz‘cxl + chyl) — 4: (chyg — QyCXQ)_

Assuming the reference mirror is immobile in the mobile frame, such that the
effective wave vector’s norm and orientation remain constant and the terms containing
the mirror’s position vector cancel out, the expression from the mid-point theorem
simplifies as:
rA(T) +rB(T) N rA(2T) + rB(27)

(I)at - keﬂ'- Tat(o) -2 at at

. . (1.85)

We set k(t) = keg.u, at any time ¢, and consider only rotations in the plane transverse
to the effective wave vector of the laser. This is a fairly good approximation since
the interferometer is not impacted by rotations around its effective wave vector, as
long as the incident and reflected laser beams are considered perfectly overlapped.
Nevertheless, some terms depending on €2, still appear in the complete expression and

the full calculation can be found in appendix A.

With these considerations in mind, the phase shift at the output of the interferometer
developed to the third order in 7" for constant rotations in the transverse plane is given

by the following equation:

ot = ke T? [az + 2(v, + @, Ty — 2(v, + a,T) 2,

(1.86)
+ (20 = 3v.T + 2202, T — 20 T) Q]

with Q2 = Qi—l—QZ, v; and ig the initial velocity and position along the i axis respectively,
and under the infinitely short pulses assumption. Here, we recognize on the first line
the relative acceleration and two terms of Coriolis effect related to the motion of the
atomic cloud in the plane transverse to the effective wave vector of the laser. On
the second line, one can recognize the centrifugal acceleration with a lever arm zg,

corresponding to the distance of the atoms from the center of rotation, along with
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higher-order terms arising from the integration of the atomic cloud’s motion.

For angular velocities below 1 rad/s verifying |Q| > |Q2|?, the Coriolis phase shift
Dcoriolis Scaling linearly with the rotation rate is predominant. By comparison, the
centrifugal acceleration related to the science chamber’s rotation induces a phase shift
in general negligible before the Coriolis acceleration. However, for rotation rates above
1 rad/s, the centrifugal effect rapidly becomes predominant which is particularly true
for large lever arms between the instrument’s center of rotation and the atomic cloud’s

initial position z.

1.4 Impact of a reference mirror’s rotation on the

phase shift

The previous section was concluded on the expression of the atomic phase shift when
the apparatus is undergoing arbitrary rotations, meaning that measuring all the spatial
components of the rotation rate and acceleration would allow to retrieve the absolute
acceleration measurement out of the blurred interferometric signal. Nevertheless,
the exponential decrease in the amplitude of these fringes is still present and will
strongly limit the measurement range of the device in terms of both rotation rate and
interrogation time. To tackle this effect, several solutions can be employed such as a
gyro-stabilization of the whole science chamber during the interferometer [Bidel et al.
2018] or using ultra-cold atoms in order to dampen the contrast decay as displayed
in figure 4.3. Another interesting solution would be to stabilize the orientation of the
wave vector alone in the external frame R,, (see chapter 4) by applying a rotation to
the reference mirror. However, such technique also affects the interferometric phase

shift, as discussed below.

Although the mechanical compensation on the reference mirror effectively addresses
the loss of visibility of the atomic fringes, it also changes the phase shift at the output
of the atom interferometer. We know from equation 1.79 that both the trajectory of
the mirror and the evolution of the wave vector in the frame of the sensor head affect
the total phase shift at the output. Figure 1.9 summarizes all the relevant distances

and positions.

Let us first focus on the motion of the mirror, rotating around a certain point with
a lever arm of constant distance d,,. Since there is no translation, and supposing the
rotation rate of the mirror with respect to the vacuum chamber is constant, the only
acceleration will correspond to the centripetal term. Knowing the initial orientation,

we can apply to this vector the rotation matrix defined in equation 1.69 by writing
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Figure 1.9: 2D representation of the relevant frames’ axes and distances for compensated
rotations. The terrestrial frame R, the science chamber’s frame R., the
mirror’s frame R,, and the atomic cloud’s frame R, are represented in black,
green, blue and gold respectively. O: center of rotation of the apparatus; O’:
center of rotation of the mirror; M: center of the mirror’s surface; A: center
of the atomic cloud; d,,: lever arm of the mirror; dcor: distance between
the centers of rotation of the chamber and the mirror; rya: distance between
the mirror’s surface and the atomic cloud; ry,: position of the mirror in the
terrestrial frame; r,¢: position of the atomic cloud in the terrestrial frame.

0(t) = Q,,t. In the frame of the sensor head, the orientation of the mirror is written:

A (1) = R(QUnt).dim (0) (1.87)
] Qo gt + 2yt
~ 7”” megzmzt2 - 2met (188)

2 — (e + O )t

in the small angles approximation and for d,,(0) = dp,.u..

With this vector known at each instant, we only need to add the vector dcor going
from the center of mass of the sensor head, taken as the reference for all the positions

of interest, to the center of rotation of the mirror. This distance is constant in the
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vacuum chamber’s frame and set along the z axis as well, leading to:

F(t) = door + R(Qnt) - (0) (1.89)
dn [z t? + 2y t]
O Oy st~ 20t] | (1.90)
dcor + d; {2 — (i + any)tﬂ

Regarding the effective wave vector seen by the atoms, it experiences not only a

change in orientation but also a reduction of its norm. Indeed, without applying any

rotation on the input collimator to maintain their alignment, there will be a decrease

in the incident and reflected laser beams’ overlap. Those two effects are accounted for

in the following expression:

k(t) = R(Qut).k(0). cos Q,t

~

ke (1 o
2

in the small angles approximation.

2

(1.91)

Qi gt + 2yt
) meszt2 - 2met (192>

2 — (D + O )t

Acceleration term Notation | Associated phase shift expression
Relative (translational) | ¢relative kogT?a,

Mirror’s rotation mirror et T2 [a:Qmy — @y Q]

Residual Coriolis DCoriolis 2kegT? [(ve + . T) 02, — (v, + a, T) 652,]
Centrifugal (chamber) chamberal | ke T2Q? [20 + 2200, T — 2y0Q, T

Centrifugal (mirror)

mirror
centrifugal

kegT?02 [ — 220" — d,,,

—_ 3T (UZ —'I_ Urec + xOme - yOQmX)]

Other terms arising from
composition of motion

¢compo

Sk T? [

— v, (002 +692)
+ (202 — Y00 (Ve Qumx + 2y

Table 1.1: Summary of the contributions to the phase shift of an atom interferometer
undergoing opposed rotations of the laser input and retroreflection mirror. These
contributions are given up to the third order in T, for constant transverse rotation
rates. The effective wave vector is considered oriented along +u, at the instant
of the first pulse (see figure 1.9).

Quentin d’Armagnac de Castanet

20



Chapter 1.  Theoretical tools for onboard cold-atom interferometry

Ultimately, following the same procedure as for a static mirror, we calculate the
atomic phase shift associated with the interferometric measurement to the third order
in T, for constant rotation rates of the chamber and the mirror in the transverse plane,
and under the infinitely short pulses assumption. It results from a sum of all the
contributions to the total acceleration @it detailed in table 1.1 with Q% = Q2 + 912/ the
norm of the chamber’s rotation rate and Q7 = Q2 + Q2 the norm of the mirror’s

rotation rate. The following notations have also been introduced for clarity:

o )™ =20 —dcor — dm = Tma(to).u, the distance between the reference mirror’s

surface and the atomic cloud at the instant of the first Raman pulse, projected

on the z axis (see figure 1.9);

o 0 = Qi + Qui (i = x,y) the residual rotation rate on a given axis, considering
Qmi =~ _Qu

o O 4+ 0 = 02 + 20,0y + Q2 + Q)+ 2Q,Qpy + Q2 the squares of the

transverse residual rotation rates

We identify the same relative acceleration as before, the mirror’s rotation now com-
pensates for most of the Coriolis effect and adds some specific terms to the centrifugal
acceleration. In addition, some Coriolis-like terms appear due to the fact that the
atomic measurement axis is varying in orientation as well as in norm because of the
overlap mismatch between the incident and reflected beams. Ultimately, some terms
more complicated to physically understand and related to the complex combination of
movements appear in the expression of the final phase shift. Hence, summing all the

contributions above, we can write:

comp __ mirror chamber mirror
q)at - ¢relative + gbrotation + ¢COT1011S + ¢Centrifuga1 + ¢Centrifugal + ¢comp0' (193>

For angular velocities below 1 rad/s verifying |Q| > |2|?, the phase shift induced

mirror

rotanion becomes predominant over the Coriolis phase shift

by the mirror’s rotation
DCoriolis, Mostly residual in the case of an imperfect compensation and null for a mirror’s
rotation perfectly opposing the instrument’s one. Then, for comparable rotation rates
|Q| ~ |2, the centrifugal acceleration related to the science chamber’s rotation
induces a phase shift in general much larger than the one arising from the mirror’s
motion, due to the difference in the lever arms appearing in the first-order contributions
to these two terms zy > 2,2(1]\/[A + d,,,. However, for rotation rates above 1 rad/s, the
centrifugal effect rapidly becomes predominant over the terms scaling linearly with the

rotation rate. Ultimately, the complex phase shift resulting from the composition of

motion between the different frames remains mostly negligible as it is either related to
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a residual rotation or it scales in (QT)3.
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Conclusion

The key principles for wave packets manipulation with lasers and propagation in
a given potential, with a practical example of a gravitational potential, have been
reviewed. These building blocks are essential for the achievement of matter-wave
interferometers, which are presented with a particular attention paid to the Mach-
Zehnder geometry utilizing two-photon Raman transitions and free-falling cold atoms,

enabling for inertial sensing.

Nevertheless, these techniques are very sensitive to the environment they are per-
formed in and even modest variations in the longitudinal position of the retroreflecting
mirror, serving as the phase reference for the atomic interferometer, can lead to enor-
mous errors on the measurement making the sensor inefficient. For this reason, the
formalism of sensitivity function allowing to track the motion of the reference mirror

was introduced.

Alternatively, a rotation of the effective wave vector within the duration of the
interferometer can modify the orientation of the momentum kick inferred from the
laser beams to the matter waves, reducing the control over the atomic trajectories as
well as the efficiency of the atomic beam splitter, mirror and recombiner. To tackle
this effect, a solution aiming at stabilizing the effective wave vector in the external
frame was developed and the modification of the quantum sensor’s measurement in

each case was examined.
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Chapter 2

Description of the apparatus

Cold atom inertial sensors are often complex, bulky experiments hardly suitable
for mobile operation. If some groups successfully developed compact and robust
systems able to perform measurements out of the lab, such as the recent volcanic
activity monitoring with an absolute quantum gravimeter from Exail Quantum Systems
(formerly pQuans) [Antoni-Micollier et al. 2022], they remain transportable devices
and are not truly mobile. For mobile operation, these apparatuses need to be placed
on vibrations damping and rotations compensation platforms [Bidel et al. 2018] which
are heavy, cumbersome and incompatible with on-board requirements. Moreover, the
strapdown and multi-axis features present advantages for many applications as they
enable a full reconstruction of the acceleration vector rather than its projection onto a
given axis, in addition to increasing the correlations between the movements of the

vehicle and those of the inertial sensor.

This chapter gives an overview of the apparatus used to perform the hybrid quantum
acceleration measurements presented in this thesis. This instrument was designed
with an emphasis on the compactness of the device and robustness to environmental
factors like vibrations, rotations or temperature variations. Among its most important
specificities, a single laser source is split into 3 beams retroreflected by reference mirrors,
and the same laser is used for the cooling stage and Raman interferometry. In addition
to the sensor head including the vacuum chamber where the atoms are prepared and
interrogated, the whole experiment fits in two racks 19" wide and 900 mm deep, with a
height capacity of 18U. Most of the technological choices regarding electronics or optical
components were exhaustively described in [Templier 2021], hence after a reminder on
the important parts of the sensor head, this chapter will focus on the new hardware
and software added during my PhD course. It includes the modifications on the optical
path from the laser source to the science chamber, the evolution of the classical inertial
measurement unit comprising two triads of orthogonal mechanical accelerometers and

fiber-optic gyroscopes, and the electronic control system.
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2.1 Laser system

2.1.1 Architecture
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Figure 2.1: Schematic of the laser architecture. PI: Proportional-Integral controller; 1Q:
In-phase & Quadrature modulator; EDFA: Erbium-Doped Fiber Amplifier.

The laser system is composed of standard 19" racks for a 9U total height, two of
which are dedicated to the reference laser ensuring frequency stability (2U for the laser
diode and temperature control, 1U for the frequency doubling and saturated absorption
module) and the third and largest one, occupying the remaining 6U in height (referred
to as Modbox later on), serving for the phase modulation, fast frequency switching

and amplification. The simplified architecture is depicted in figure 2.1.

The reference external-cavity laser diode (ECDL), operating at 1560 nm in the
telecom band, is frequency doubled through a periodically-poled lithium-niobate (PPLN)
crystal waveguide in order to interrogate a rubidium gas cell and frequency lock to
the |F =2) — |F’' = (2,3)) crossover transition of 8Rb using saturated absorption
spectroscopy. Both the diode laser and PPLN crystal are stabilized in temperature
through an internal controller, and placed in boxes also stabilized through external
Peltier devices. The main laser is frequency locked with a detuning of 1.5 GHz to the
red of the reference using an optical beat note. Then, the main laser is sent through
an in-phase and quadrature (IQ) modulator to generate two independent sidebands

using electro-optic modulation (EOM). Depending on the RF frequencies fed to the 1Q
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modulator, these sidebands will be used for either cooling and repumping the atoms in
the appropriate energy level, or for generating the two frequencies required to perform
Raman interferometry. The optical power output by the IQQ modulator is then amplified
in an erbium-doped fiber-amplifier (EDFA) and passes through a fibered acousto-optic
modulator (FAOM) for power regulation and generation of the Raman pulses, before
passing through a PPLN crystal waveguide where the light undergoes sum frequency
generation (SFG) to 780 nm.

Unfortunately, the diode laser power has been slowly declining and does not saturate
the EDFA anymore, which has forced us to increase the MOT loading and Raman
pulses durations in order to have a decent detection level and match the /2 and
7 conditions. Optimization and added features have been considered to replace the
whole architecture present inside the Modbox and a general upgrade is planned. It will
be designed such that features — as a possible two-dimension magneto-optical trap
(2D-MOT) for instance — can be added. As for now, the optical power at the output
of the Modbox takes a typical value of 250 mW.

2.1.2 IQ modulation

The main specificity of this laser setup lies in the use of an IQ modulator for phase
and intensity modulation. In order to understand how the scheme we use works, let us
explain how sidebands can be generated through an optical Mach-Zehnder interferometer
(MZI): light is propagated in the MZI where both sidebands are shifted by 7 between
the two arms, allowing to suppress the carrier through destructive interference. Then
only remain the two sidebands, of which the phase separation is determined by the
input RF phase. This operation, called CS-DSB for carrier-suppressed dual sideband
modulation, can be extended by interlocking two interferometers in a bigger one and
thus suppressing an additional harmonic, leading to carrier-suppressed single sideband
(CS-SSB) modulation. Finally, taking advantage of these two designs, the carrier-
suppressed dual-single-sideband (CS-DSSB) operation scheme used at iXAtom relies on
an 1Q modulator receiving two distinct radio frequencies from a custom RF source in
order to generate two independent sidebands controlled in frequency, phase and power
[Templier 2021].

This setup presents several advantages. Indeed, controlling the two sidebands
independently allows us to produce the cold-atom source and perform the interferometric
inertial measurement using a single laser diode making it a compact system particularly
suitable to onboard and mobile applications, in addition to being even more agile

than phase modulators. Additionally, efforts were put in the rejection of parasitic
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sidebands which can produce resonant atomic transitions leading to spontaneous
emission, inhomogeneous atomic populations and even large systematic shifts in the
acceleration measurement. This shift was estimated to be around 6 mrad or 95 ng,
corresponding to two orders of magnitude below phase modulators [Templier et al.
2021].

2.1.3 Optical power distribution

At the output of the Modbox described in figure 2.1, The laser light travels in a
single optical fiber and needs to be split and recombined (for the cooling and trapping
stages) or switched reasonably quickly (typically a few milliseconds) between different
channels during the interferometric sequence, depending on the axis we want to measure

the acceleration on (z, y, 2).

Originally, this task was performed by a 1 x 4 780 nm micro-mechanical all-fibered
switch which has already been described in [Templier 2021}, sending all the power on
a given axis for Raman interferometry or balancing the three channels for the MOT

stage.
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Figure 2.2: Schematic of the switching free-space optical bench. Depending on the logical
signal sent to the acousto-optic modulator, two modes are available: power
balanced on the three channels for the MOT, or full power sent to the z axis
for Raman interrogation.

After this all-fibered optical switch broke down, a free-space optical bench was

designed. Since it would be complicated to reproduce the functions of the 1 x 4 fiber
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switch in free-space and in a compact way, this optical bench was designed as a 1 x 2
optical switch either transmitting all the laser power to the z axis for single-axis
interferometry or equally splitting the optical power into three channels for the MOT
and molasses steps. The schematics of this setup is given in figure 2.2.
H x Y z
MOT (mW) 36 35 39

Raman (mW) | NA  NA 125
PER (dB) >23 >23 >23

Table 2.1: Optical power budget and maximum polarization extinction ratio (PER) on each
axis. Due to the replacement of the fiber switch, no Raman interferometry is
possible on the x and y axes at the moment.

The fiber output of the Modbox is sent through an AOM, driven by the TTL
command indicating the MOT or Raman configuration. In Raman mode, the 0*® order
of the AOM is selected and sent directly to the z axis collimator in order to minimize
optical losses. In MOT configuration, the beam is deflected to the +1 order of the AOM
and experiences a +80 MHz frequency shift. After the AOM, a first splitting stage
occurs between the z axis and the other two thanks to a polarizing beam splitter (PBS)
preceded by a half-waveplate to balance the power in both paths. A similar splitting is
performed between the x and y axes before injecting the fiber collimators (FC-APC).
Additionally, a mechanical shutter is placed on the Raman z path to prevent any
residual zeroth order of the AOM to imbalance the optical power during the MOT, and
half-waveplates are placed before every collimator in order to align the light polarization
on the polarization-maintaining axes of the optical fibers. As for our typical operating

conditions, the average optical power budget is given in table 2.1.

In a near future and in order to be able to perform multi-axis atom interferometry,
this home-made free-space optical bench will be replaced with an integrated micro-
optics bench (MOB) for beam splitting and combining from Exail Integrated Systems
(formerly Kylia), represented on figure 2.3. The micro-optics benches provided by
this company are compact systems mounted on glass, making them insensitive to

temperature fluctuations and mechanical vibrations.

The choice was made to adopt a simpler architecture than what was used before,
in order to have a small, compact design that can fit inside the magnetic shield.
Indeed, with a splitting bench closer to the sensor head, most of the travel between
the laser rack and the vacuum chamber is covered by a single optical fiber and the
fluctuations of polarization or intensity are common to all the axes. Additionally, as
the input of the bench is polarization filtered before a 1% pickup of the light, all the

fluctuations are converted into power fluctuations and can be monitored for correlation
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Figure 2.3: Schematic of the fixed-ratio, 1 x 3 splitting micro-optics bench. The power is
always split between the three paths, and some can be individually closed with
mechanical shutters for one-axis operation.

with the experimental results, or even fed back to the AOM driver to reach more
stable operation. Further on, the three optical paths are almost identical with two
stages of beam-splitting comprised of a half-waveplate ahead of a PBS (similarly to
the previous setup) followed by mechanical shutters (for switching between MOT and
Raman configuration) and polarization extinction ratio (PER) optimization modules
including a polarizer, a half-waveplate and a quarter-waveplate. Finally, the light is

coupled into fiber collimators and sent directly to the experimental chamber.

2.2 Sensor head

The central part of an atomic physics’ sensor head is the vacuum chamber. Our ex-
periment, depicted in figure 2.4, is based on a 100x150x160 mm? titanium parallelepiped
fitted with six custom-designed viewports to provide optical access to laser inputs (fiber
collimators) as well as detectors. A non-evaporable getter (NEG) combined with an ion
pump provided by SAES (NexTorr D100) maintains an ultra-high vacuum inside the
chamber, and two alkali metal dispensers are continuously fed with electrical current
in order to heat them and release rubidium vapor into the chamber. As an addition to
this design, 1 cm-high neoprene pads were added between the vacuum chamber and
the rotary platform in order to damp high-frequency vibrations which enables us to

focus more on the study of rotations.

On the optical side, the laser beams delivered by the three orthogonal fiber colli-
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Figure 2.4: Schematic view of the vacuum chamber along with the electronic and optical
components mounted on it. Only z-axis compensation coils are displayed, MOT
coils are not visible since they are wound in the titanium chamber itself. The
measurement axes perpendicular to the reference mirrors. LCR: Liquid Crystal
Retarders

mators go through liquid crystal retardance (LCR) waveplates for fast polarization
switching. Indeed, while the MOT requires circular polarization, Raman interferometry
is performed with linear polarization. These waveplates are placed in a temperature-
controlled oven in order to minimize polarization fluctuations that may degrade the
interrogation sequence. At the output of the LCRs, the beam is expanded and col-
limated to a beam waist of ~ 25 mm thanks to a Galilean telescope before entering
the science chamber through a custom viewport. Three retroreflecting mirrors are
placed outside the vacuum chamber, opposite to each collimator and preceded by
quarter-waveplates to rotate the polarization by 90°. This setup allows for o + /o+
configurations for the MOT and co-propagating Raman transitions, and lin_Llin config-

uration for counter-propagating transitions.

At the end of the interferometric sequence, we use fluorescence detection to measure
the atomic populations in both internal states and the background light due to the
laser scattering on optics or fluorescence from the atomic vapor. Near-resonant light is
radiated along the measurement axis and three photodiodes placed at the top, bottom
and middle of the experiment chamber observe the light re-emitted by the atoms at

780 nm due to spontaneous emission.

As for magnetic fields, a pair of anti-Helmholtz coils is installed on the z axis to

trap the atoms in the MOT by generating a magnetic field gradient. Additionally,
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three pairs of mutually-orthogonal coils in Helmholtz configuration driven by a DC
current allow us to cancel the background magnetic field coming from the Earth and
surrounding electronics amongst others. These coils are also used to generate a DC
bias magnetic field along the measurement axis in order to define the quantization
axis and lift the degeneracy between the Zeeman sub-levels. Insensitivity to ambient
magnetic field is further increased by placing the whole setup inside a p-metal shield

of 660 x 660 x 515 mm?, facilitating the dynamic operation of the interferometer.

2.3 Classical inertial measurement unit

2.3.1 Navigation-grade mechanical accelerometers

Gyroscope Accelero.
holder holder

Fiber-optic
gyroscope

Mechanical
accelerometer

Figure 2.5: Exploded view of the z-axis classical inertial measurement unit’s (IMU) compo-
nents mounted onto the science chamber. The mechanical accelerometer (MA),
fixed at the back of the reference mirror with a rigid mount, is encircled by a
metal ring in order to mount the fiber-optic gyroscope (FOG) on top of it. The
FOG and the MA then share the same measurement axis. The y-axis classical
IMU is assembled in the front plan as well.

A triad of navigation-grade mechanical accelerometers, with typical long-term
stability below 100 ng, is installed in the science chamber (one placed at the back of
each reference mirror which retroreflects the Raman interrogation laser beam back),
as depicted in figure 2.5. These devices are navigation-grade, MICAL pendulous
rebalanced accelerometers [Radix 2000] manufactured by Thales (JI92AAM on the
x and y axes and EMA 1000-B1 on the 2 axis) which benefit from high sensitivity
(characterized below) and high dynamic range (above £10 g). They output an analog
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current signal, which presents low sensitivity to electrical noise compared to voltage
signals, and this output is sent directly to the real-time system rack via shielded coaxial

cables and transimpedance amplifiers.

These devices were characterized on a massive marble table in the past to assess the
ultimate performances they can reach under a good isolation from ambient vibrations
[Templier 2021]. This study led to an utmost sensitivity of 2 pg/+/Hz on the z axis,
and a minimum noise level of 1 pg at 4 s, before the bias drift causes the signal to
increase again. A temperature calibration was also performed in order to adapt the
accelerometers’ scale factor according to the temperature measured at the center of the
science chamber. The real-time calibration of the bias dependence on temperature is
not implemented as the bias is eventually tracked and corrected thanks to the atomic

measurement.

1072
—— Shield open —— Shield open
—— Shield closed —— Shield closed

10-3 4 — Marble table —— Marble table

H
2
L

10—4.

10—5.

10—6.

PSD (g/VHz)
=
<

Allan deviation (g)

10—7.

10—8.

10—6.

1079 + - - - - - - - - - - - -

1073 1072 107! 10° 10! 10? 103 1073 1072 107! 10° 10! 10?
Frequency (Hz) Integrated time (s)

Figure 2.6: Characterization of the classical accelerometer, namely its power spectral density
(left) and Allan deviation (right), under different environmental conditions.
Data were recorded during 10 minutes for a 2.5 kHz sampling rate. The faded
area around the Allan deviation curve corresponds to the two-sided confidence
interval on the measurement.

For the data and results presented in this manuscript, experiments were exclusively
carried out with the science chamber placed on a 3-axis rotary platform allowing
us to reach £+ 90° on the horizontal axes, and + 45° around the base of the sensor
head (corresponding to a rotation around the z axis in the chamber’s frame, but not
necessarily in the laboratory’s frame). Figure 2.6 displays the power spectral density
(PSD) and Allan deviation of the mechanical accelerometer used on the z axis. This
accelerometer is oriented along the vertical with its measurement axis upwards on
the marble table (green curve) and downwards on the rotary platform (blue and red
curves) during the ten minutes acquisition. In the low frequencies (high integrated

times), the frequency response is mostly flat on the platform compared to the spectrum
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acquired on the marble table two years earlier. The slow drift which appears on the
Allan deviation can be related to temperature fluctuations, since the thermal contact
on the marble table is worse than when the accelerometer is recessed in the sensor
head. Additionally, we can observe an increase in the sensor’s self-noise above 200 Hz
where the signal was heavily suppressed on the previous data. The main reason for
this difference is that previously, data were averaged by a cascaded integrated comb
(CIC) filter downsampling the signal from 5 kHz to 1 kHz. Since this operation is
equivalent to a low-pass filtering stage, it seems normal that high frequencies were cut
then. Eventually, in the 107! — 102 Hz frequency interval, we observe a similar spectrum
with higher amplitude, characteristic of the mechanical vibrations exacerbated on the
rotational table with respect to the marble table, with a peak at the mg level between 20
and 40 Hz. Finally, on the green Allan deviation curves, we observe a main integration
in 1/7 corresponding to quantization noise while the vibrations of the rotary platform

make the integration slower and the noise higher on average.

2.3.2 Fiber-optic gyroscopes

In order to compensate for adverse rotational effects on atomic interference, we
need to know accurately the rotation axis and rate of the apparatus. For this purpose,
we use a triad of high sensitivity and accuracy fiber-optic gyroscopes (FOGs) originally
meant for three-component rotational seismometry. Since the work presented in this
thesis focuses on the correction of rotations in the plane transverse to the interrogation
axis of the atomic interferometer, only two of them are visible in figure 2.5. They
measure the projections of the rotation rate on the z and y axes. Indeed, as far as
the rotations compensation’s proof of principle is concerned, all the experiments were

limited to one-axis interferometry.

Figure 2.7 exhibits the typical behavior of the x-axis gyroscope lying on the heavy
marble table, ensuring a good isolation from surrounding mechanical noise (green
curves) and on the rotary platform (blue and red curves) which corresponds to the
standard operating conditions. Both gyroscopes have a very similar spectrum, so only
the characterization of the sensor placed on the z-axis is shown for clarity. Indeed, most
data were acquired with a tilt 6, = 0 so the z axis of the sensor head coincides with a
rotation axis of the platform, in which case only this sensor is used and the second one
mostly measures noise. These graphs show an important drift at low frequencies on
the marble table (mostly due to temperature sensitivity), less visible on the platform
where the good thermal contact with the sensor head can act as a heatsink. In the
absence of vibrations, the sensor displays a sensitivity around 40 nrad/s/ VvHz and the

noise floor is reached in the 1 — 10 Hz region where it gets as low as 2 nrad/s, before
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Figure 2.7: Characterization of the z-axis fiber-optic gyroscope, showing their power spectral
density (left) and Allan deviation (right) of the sensor on the marble table
(green curves) and rotary platform with (red curves) and without (blue curves)
the magnetic shield. Data were recorded during 10 minutes for a 1 kHz sampling
rate. The faded area around the Allan deviation curves corresponds to the
two-sided confidence interval on the measurement.

worsening again with a 80 prad/s peak around 50 Hz. Usually, these devices are meant
for seismometry and thus optimized for measuring slowly-varying phenomena, hence
they are typically operated at 200 or 400 Hz. However, due to our timing requirements,
a custom electronics board was designed for the operation of these gyroscopes which
can explain the increase in the noise level above 200 Hz. Nevertheless, these gyroscopes
still show a very interesting trade-off between their sensitivity and size (they are 20 x 20

cm squares) which make them good candidates for the targeted applications.

2.4 Piezo-actuated tip-tilt platform and controller

With the correction of the environmental factors defined in chapter 1 in mind, and
especially regarding parasitic rotations of the apparatus during an atomic interferometry
sequence, it is crucial to address the exponential decay of the fringes’ amplitude. As
mentioned previously, several schemes can be implemented but we will focus on the
stabilization of the effective wave-vector’s orientation with respect to the terrestrial
frame. To that end, we will operate a rotation of the reference mirror opposed to
the rotation of the science chamber through the use of a piezo-actuated tip-tilt stage.
The whole setup, provided by Physik Instrumente (PI) is composed of an electronic
controller (E-727.3SD) receiving digital commands and transmitting analog signals to
the platform itself (S-335.2SHM2), subsequently converted into piezo-actuators motion.
There is a total of four actuators arranged in pairs along two relatively orthogonal axes.

The assembly of the platform on the sensor head is depicted in figure 2.8.
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Figure 2.8: Assembly of the piezo-electric tip-tilt stage on the z-axis, along with the
corresponding 1" reference mirror and mechanical accelerometer.

2.4.1 Description of the components

The E-727.3SD controller receives digital commands corresponding to the angular
setpoints for each axis of the platform, transforms these data into a voltage ranging
from -30 V to 130 V and transmits them to the actuators. It also features strain gauges
for each motion axis so that the stage can be operated in closed-loop, in addition to

the open-loop configuration.

The S-335.2SHM2 tip-tilt stage is built around two analogous motion axes enabling
a 35 mrad (~ 2°) total deflection angle along each axis, the two actuators of a same
pair moving in opposite directions with the same amplitude. These axes are placed
at approximately 45° with the body’s lateral surfaces and a priori orthogonal to each
other. An angular setpoint for a given axis corresponds to a rotation around this axis,

thus meaning a displacement of the other axis’ actuators.

While one actuator has its negative electrode connected to the ground, the other
one’s positive electrode is connected to a fixed +100 V reference voltage; the remaining
two electrodes (one for each actuator) are tied together and connected to the piezo

voltage sent by the controller as displayed in figure 2.9. This electrical scheme ensures
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Figure 2.9: Electrical schematic showing the operating principle of one of the two axes
of the tip-tilt stage. The electrodes of both axes are electrically switched
ensuring a symmetrical motion around the center of rotation and preventing
any translation.

that a negative displacement of an actuator will give an equal positive displacement
on the other side, ensuring a pure rotation around the platform’s center with no
translational motion leading to an undesired piston effect which could affect the absolute
phase reference of the interferometer. According to the datasheet, the platform’s center
of rotation is located at the vertical of the mount’s body, 3.3 mm below, corresponding
to a 7.3 mm distance to the 1" mounted mirror’s surface. As the body is sealed, this

distance cannot be measured and will be taken as the value given in the datasheet.

There are different ways to transfer data to the controller: for example, the
manufacturer software delivered with the hardware elements, PIMikroMove, is meant
to be used with the USB interface. However, when the tip-tilt platform’s motion is
driven by the FPGA board, the communication is enabled through the Serial Peripheral
Interface (SPI) protocol. This method, in addition to enabling synchronous and
simultaneous transmission and reception of data, is much faster than the TCP/IP
or the USB protocol, which is required for real-time operation. Indeed, the delay in
the other communication protocols can easily reach tens of milliseconds, making us
enable to transmit one command to the piezo-electric actuators before the end of the
interferometer. Furthermore, the protocol is built as follows: a data packet sent by
the host (here the FPGA program) is evaluated by the PI-Controller and received
with a delay of one communication cycle, while the corresponding answer from the
controller needs to be evaluated as well before being received by the host. Thus the
motion axes’ position provided by the strain gauges corresponding to a given couple of

angular setpoints will be delayed by two transmission /reception cycles.

To understand the dynamics of the piezo-electric actuators used for rotating the
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mirror, the manufacturer software PIMikroMove can be used. Using a USB link, the
CPU where the software is installed detects the controller and associated tip-tilt stage
when turned on, along with the number of motion axes. On program start-up, an
AutoZero procedure sets both axes in motion so that a displacement limit is found for
both of them and the corresponding voltage is set as an extremum. From this point on,
returned values are reset to 0 mrad and can be changed up to 35 mrad giving a median

value of 17.5 mrad, corresponding to the nominal position of the mirror in principle.

2.4.2 Orthogonality of the motion axes
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Figure 2.10: Schematic of the setup realized for the optical characterization of the tip-tilt
platform.

In order to characterize the behavior of the tip-tilt stage, we realized an optical
setup to measure the displacement of a laser beam depending on the commands it
receives. This setup is represented in figure 2.10. A laser source shines light on a
half-waveplate followed by a PBS for total power adjustment, before being coupled in
a fiber collimator to ensure we have a circular and Gaussian mode. A second fiber
collimator transmits this light so it hits the mirror mounted on the platform at normal
incidence, before it finally reaches a quadrant photodetector (Thorlabs PDP90A). The
mirror of interest is separated from the quadrant photodetector by 97(1) cm, enabling
for a resolution of 0.97(1) mm/rad. The photodetector is then oriented with its axes,
supposed orthogonal, at 45° with respect to the marble table’s surface so that they are
presumably aligned with the ones of the tip-tilt platform. That way, a displacement
along one axis of the stage should lead to a voltage difference on a single channel of
the photodetector.

Once the operating conditions are satisfying, the displacement of the laser on the
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Figure 2.11: Characterization of the orthogonality of the two motion axes of the tip-tilt
stage, displaying the displacement on each axis of the quadrant photodetector
versus the setpoint angles of the piezo-actuators.

photodetector was recorded and compared to the setpoints sent to the tip-tilt stage,
one axis being moved at a time, as displayed in figure 2.11. For the first motion axis,
the fit yielded slopes equal to 39 mV /mrad and 1416 mV /mrad for the first and second
measurement axes of the photodetector respectively. The angle between the considered
rotation axis of the mirror and one of the photodiode’s axes, given by the tangent of
the ratio of these slopes, leads to a 1.58° misalignment. The same characterization for
the second motion axis produced slopes of 1412 mV /mrad and -4 mV /mrad, hence a
-0.16° mismatch. The conclusion reached from this study is that the deviation from
orthogonality of the piezo-actuated mirror’s motion axes is equal to 1.74°, with the
second axis fairly well oriented at 45° with respect to the faces of the platform’s body,

as we can see in figure 2.12.

2.4.3 Response of the two actuators

The manufacturer software PIMikroMove offers the opportunity to adjust the PID
controller coefficients, namely the digital proportional gain, integrator time constant
and derivative coefficient while observing the response to a step angular setpoint.
This enables us to optimize the steady-state error (difference between the setpoint
and final position), response time and damping factor. Apart from the steady state
error, showing little sensitivity to the PID coefficients, the most critical feature of

the actuators’ behavior is the settling time, corresponding to the delay between the
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Figure 2.12: Schematic top view of the tip-tilt stage showing the misalignment of the motion
axes with their assumed orientations. The x and y axes of the experiment,
normal to their respective reference mirrors, are shown. The measurement
axes of the FOGs opposed to these axes, written (2, and ), are also provided.
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Figure 2.13: Analysis of the axis 1 settling time for optimal PID settings and different
setpoint amplitudes, showing the delay time between the setpoint reception
and the motion of the axis t),; as well as the settling time for a x mrad
amplitude X mrad,

reception of the new command and the reach of this angular position. This parameter
depends not only on the PID tuning but also on the amplitude of the setpoint: a PID
optimized to reach the critical regime for low amplitudes will have a large overshoot
for higher amplitudes and, reciprocally, a PID optimized for large displacements will
be severely overdamped in lower regimes. Considering a typical interrogation time
T = 10ms and rotation rates below 300 mrad/s, the stroke of one axis should remain

under 3mrad. In order to realize the best trade-off giving the most satisfying results
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in this range, the response is adjusted for 1.5 mrad amplitudes and we find optimal
values of P =8.1073, I =5.5.107% and D = 2.107° (given in arbitrary units as these
are digital parameters). This ensures a settling time of 5.5 ms for setpoints between 1

and 1.5 mrad which is our typical operation range, as displayed in figure 2.13.

However, these empirical settings are determined by an optimization of the response
based on the strain gauges’ measurements, thus provided that these are accurate.
Using the optical setup described in the previous subsection, we performed dynamic
measurements where the mirror is rotated according to the information received by the
FPGA board. The setpoints correspond to digital values overriding the FOG’s signals,
simulating perfectly constant rotation rates over an interferometer’s duration. This
configuration will produce two equal successive tilt jumps on the second axis of the
platform, which proved to be accurately oriented at 45° with respect to the surface
of the marble table. The single-axis high-precision linear translation stage allowed
to establish a 0.87 V/mm gain on the quadrant photodetector’s horizontal axis. The
calibration parameters, for the angle to linear displacement and for the displacement
to voltage conversions, allowed us to convert the photodetector’s output values into an

equivalent angle directly compared to the angular setpoint and strain gauge feedback.
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Figure 2.14: Response of the axis 2 of the tip-tilt for a simulated rotation of {2 = 20 mrad/s
at an interrogation time 7" = 10 ms, corresponding to two successive 200 prad
jumps.

This optical measurement is recorded on an oscilloscope synchronized with the
experimental sequence, and the data communicated through the SPI link (angular
setpoints and strain gauges measurements) are streamed at 1 kHz directly from the
FPGA board. Figure 2.14 shows the overlay of these three signals for comparison.
The time t = 0 ms corresponds to the first laser pulse, thus the other two pulses are

placed respectively 10 and 20 ms later. We know that the angular setpoint value is
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updated 2.5 ms after the first and second pulse, noticeable by the first jump in the
blue dots. From the optical response, we observe a displacement starting 500 ps after
the setpoint was updated (this delay will be studied in detail in appendix C). What
can be seen as well is the 2 ms delay between the reception of the new setpoint and the
mirror’s motion provided by the strain gauge, corresponding to the two cycles delay
mentioned in the description of the components. In terms of amplitude, a fairly good
agreement is observed between the strain gauge measurement and the photodetector’s
signal. If the overlap is not perfect, the amplitude is highly sensitive to the calibration
parameters depending on the distance between the tip-tilt mirror’s surface and the
photodetector. We assume a 1 cm uncertainty on the distance separating the mirror
and the photodetector, leading to a fractional uncertainty on the angular displacement

equal to:
Oq _ 1 |6y|gL

o " abtI? =1.02 (2.1)
where a and L are respectively the angular displacement of the mirror and the distance
between the mirror and the photodetector, o, and o, are their associated uncertainties,
and 0y is the displacement of the laser beam on the quadrant photodetector (its
uncertainty is considered small with respect to o). This measurement was repeated in
different regimes of rotation rates and interrogation times, giving very similar fractional
uncertainties. A negative steady state error was noticed in most of the cases, presenting
an angular displacement slightly smaller than the expected one. Though, this error
is highly fluctuating from a run to another (from -3 to -28%) which can be due to
various factors including the influence of temperature on the piezo-electric actuators’
positions. It must be noted that an error of the order of 10% on the displacement
would have a strong influence on the performances of an atom interferometer and would
be immediately noticed, so it appears unlikely. For these reasons, no conclusion can be

made from these results and data should be retaken in better controlled conditions.

2.5 Real-time compensation electronics

Apart from the vacuum chamber, the whole experiment fits in two racks 19" wide
and 900 mm deep, with a height capacity of 18U. On one side are placed electrical
power supplies for the rubidium dispenser, MOT coils and ion pump, the RF chain
distributing the signals handling the experimental sequence and the laser system. On
the other side, we can find the power supply for bias coils (aiming at compensating the
ambient DC magnetic field and generating a bias magnetic field along the measurement
axis), the experiment’s computer along with the National Instruments card including

various analog and digital inputs/outputs, and finally the real-time system. All these
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hardware elements and their specifications are described in [Templier 2021].
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Figure 2.15: Block diagram of the closed-loop operation of the hybrid accelerometer showing
the rotations compensation scheme. FOG: Fiber-Optic Gyroscope; FPGA:
Field-Programmable Gate Array; DDS: Direct Digital Synthesizer

In order to control parameters or correct for effects requiring fast changes, a real-
time circuit composed of two identical Artix 7 FPGA mounted on custom printed
circuit boards (PCB) is installed on the electronics rack. Relevant timing parameters
are transferred from the central processing unit (CPU) to these two components before
each sequence, namely the time-of-flight, interrogation time and Rabi pulse duration
for, inter alia, synchronization purposes. Similarly, triggers placed at the end of
the cooling stage or at the end of the interferometric sequence are communicated
directly from the sequencer, operated by Cicero Word Generator. The closed-loop
operation of this real-time chain, primarily used for hybridizing the classical inertial
measurement unit (IMU) with the atomic interferometer, is depicted on figure 2.15.
Here, closed-loop means that the atomic acceleration measurement is compared to the
mechanical accelerometer’s signal in order to isolate the bias of the latter. This bias is
then subtracted from the classical measurement which, once corrected, is used for the
final hybrid inertial sensor’s output. In comparison, an open-loop mode is achievable by
high-pass filtering the information from the classical accelerometer in order to correct
only for high frequency vibrations of the mirror and use the atomic measurement as the
hybrid sensor’s output signal. In both cases, the mechanical accelerometer’s signal is
used to retrieve the central atomic fringe with a coarse measurement of the acceleration,

and for laser frequency and phase hybridization purposes.

The first board handles the acquisition of the high-bandwidth analog signals output

Quentin d’Armagnac de Castanet 74



Chapter 2.  Description of the apparatus

by the three classical accelerometers, treated by analog-to-digital converters (ADC).
These are further processed by a fully digital temperature modeling of these sensor’s
scale factor, relying on an internal temperature sensor present in each accelerometer,
and a switchable high-pass filter depending on the operating mode of the hybrid
accelerometer. Subsequently, the FPGA uses these measurements to calculate two
important parameters: the first one is the Doppler frequency shift, determined with

respect to the first pulse using the time integral of the acceleration:

Wy = wq + keﬁ ad(t) dt (22&)
0
2T+-41
w3 = Wy + keff/ aq(t) dt (2.2b)
T+21

and the second is the inertial phase corresponding to the movements of the mirror,
notably its vibrations, which calculation is based on the convolution of the acceleration

with the interferometer’s acceleration sensitivity function:

b=k [ f(O)au(t)d (2.3)

with f(¢) the response function described in 1. The Doppler frequency shift information
is used for updating the frequency direct digital synthesizer (DDS) controlling the
Raman laser’s frequency and phase a few microseconds before each Raman pulse, making
the interferometric measurement robust to changes in the sensor head’s orientation.
As for the computed inertial phase, it is used to retrieve the number of atomic fringes
scanned by the vibrations of the mirror and the remainder of its division by 27 is
transmitted to the same DDS in order to readjust the measured phase, which prevents

the signal from being blurred by parasitic accelerations.

Classical
accelerometers

Fiber-optic ]
FPGA #2 Laser system
Gyroscopes

A

Tip-tilt [ Quantum
platform accelerometers

Figure 2.16: Block diagram of the design architecture of the setup. The blocks designate
the hardware elements, lines exhibit the electrical connections between them
and arrows show the flow of information.

FPGA #1
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In addition to these hybridization features, this FPGA also interacts with the CPU
to override the sequencer and change some parameters’ values in real time between two
sequences (or even within an ongoing sequence), namely timing parameters, setpoint
values for magnetic coils and liquid crystal retardance waveplates, or fast-switching
of the measurement axis through the TTL signal sent to the switching optical bench.
Finally, a higher-rate link is established between the FPGA and the CPU in parallel of
the main one and is used for continuously streaming and recording high-bandwidth
measurements from the classical accelerometers at 2.5kHz = fapc/2. In comparison,
the primary connection and the graphical user interface (GUI) conceived on LabVIEW
are configured to record one data point at every sequence, during the time of the

detection. All these interactions are summarized in figure 2.16.

Regarding the second board, it was specifically implemented for the compensation
of rotations that may occur during the interferometer. The digital output signals
from the fiber-optic gyroscopes are acquired using the universal asynchronous receiver
transmitter (UART) protocol and stored in FPGA’s registers. As the electronics board
used for the gyroscopes’ signal treatment is customized for this application, it requires
a triggering signal at the desired frequency which is provided by this FPGA. Then,
these measurements undergo the processing serving to correct for the wave vector’s
orientation evolution in the presence of rotations of the science chamber, as it will be
described in chapter 4. The result of this treatment takes the form of angular setpoints
for the two-axis tip-tilt platform, communicated to its controller using a dedicated serial
peripheral interface (SPI) protocol. This is a two-way synchronous process, allowing to
simultaneously transmit updated setpoints while receiving the monitoring data from
the strain gauge sensors in closed-loop operation. In addition to this main purpose, this
second board also receive information like the timing parameters from the CPU in order
to precisely synchronize its operation with the experimental sequence. Equivalently
to the first board of the real-time chain, a parallel linkage between this FPGA and
the CPU enables for high-rate streaming of relevant experimental data, notably the
rotation rate measured by the two FOGs, angular setpoints communicated to the
two axes of the tip-tilt stage and the corresponding axes’ strain gauges measurements
returned from the controller. This connection is established at 1 kHz, corresponding to

the throughput of the fiber-optic gyroscopes’ data.

2.6 Experimental sequence

The whole experimental sequence, timing and analog/digital signals handling is

managed with the free software collection Cicero Word Generator (CWG) conceived
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by the MIT Center of Ultracold Atoms research group and described in details in
[Templier 2021]. This software reloads the designed experimental sequence in an
integrated field-programmable gate-array (FPGA) after every cycle, thus adding a
~ 1s dead time to the total cycling time. If this is not optimal, as the performances of
an atomic accelerometer are intrinsically related to the repetition rate, it still benefits
from high flexibility in the sequence shaping. Since the control parameters are now
well known and optimized, the design of a dedicated sequencer is currently ongoing

and this new solution should highly improve this particular timing feature.
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Figure 2.17: Representation of the operating scheme for a typical cooling and interrogation
sequence with (a) the relevant atomic transitions addressed by the laser,
depending on the step, and (b) the sequence timeline letting appear the
evolution of the laser power and polarization.

The rubidium vapor is released in the vacuum chamber by the heated dispenser,

driven by a typical electrical current of 4.5 A. This vapor is cooled down in a 3D MOT
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using a pair of magnetic coils operated at 8 A and three retroreflected 1" laser beams
balanced around 35 mW. In addition to the progressive depletion of the rubidium in the
dispenser, a notable decrease occurred in the laser power, identified as a deterioration
of the diode laser, which forced us to increase both the driving current in the dispenser
and the MOT duration from 250 to 600 ms in order to have a decent detection signal

at the end of the sequence.

The experimental sequence is summarized in figure 2.17 (b). After the loading of
the atoms in the MOT, the cloud is further cooled down to ~ 4 pK via a 12 ms step
of gray molasses, consisting in ramping down the repumper optical power while the
cooling frequency is slightly blue-detuned from the |F = 2) — |F" = 2) transition. Up
to this stage, the optical power is still balanced between the three orthogonal directions.

All the relevant atomic transitions are identified in figure 2.17 (a).
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Figure 2.18: Competition of the incident and reflected co-propagating transitions. (a)
Evolution of the effective Rabi frequency depending on the position of the
atoms relative to the reference mirror, 0 mm denoting their initial position
when released from the Gray molasses. (b) Co-propagating Raman spectra
for a state preparation performed in two extreme cases (constructive and
destructive interference).

Next, a vertical magnetic bias is generated in order to lift the degeneracy of the
sub-Zeeman hyperfine energetic levels, and all the optical power is sent to the fiber
collimator corresponding to the vertical (z) axis. With the most recent setup, specifically
with the free-space optical bench, this power corresponds to 120 mW. The atoms are
then prepared into the non-magnetic sensitive state |[F' =1, mp = 0). To that end,
all the atoms are transferred into the state |F' = 1) via a depump pulse, followed by
two non velocity-sensitive co-propagating Raman transitions pumping the atoms in
|FF=1, mp = =£1) to |F =2, mp =+£1). Once all the atoms in magnetic-sensitive

states are placed in the upper ground state, a blast pulse removes them, leaving only
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the atoms in |F' =1, mp = 0). The whole process lasts less than 1 ms. Since the laser
beam is retroreflected, the co-propagating transitions in one way or the other are in
competition and the efficiency of the state preparation step depends on the atoms’
position relative to the mirror [Templier 2021]. In particular, when the tip-tilt stage
was added below the z-axis retroreflecting mirror, the phase reference defined by its
surface was shifted by about one centimeter upwards which considerably degraded the
state preparation as shown in figure 2.18. This forced us to add a 1 cm wedge between
the platform and the rest of the apparatus in order to return to normal operating
conditions. In the meantime, working with this 1 cm difference was possible by adding
a 45 ms time-of-flight before performing the state preparation, hence strongly limiting

the maximum possible interrogation time.

At this stage, the atomic sample which will serve for the acceleration measurement
is fully prepared. The atoms are then released in order to fall under gravity for a typical
20 ms time-of-flight (TOF), increasing their velocity and thus the Doppler frequency
shift. It is necessary to resolve the counter-propagating transition frequencies from the
residual co-propagating one (due to imperfect linear polarization), which is particularly
critical while operating with a tilted laser beam. This free-evolution time additionally
provides some time to switch components like the magnetic field bias or the LCR
operating voltage from MOT mode (circular polarization) to Raman configuration

(linear polarization).

After the atoms have fallen for the desired time and the polarization has been
switched to lin_Llin, thanks to the LCR waveplate combined with the quarter-waveplate
placed before the retroreflecting mirror, velocity-sensitive counter-propagating Ra-
man transitions can be performed to realize the interferometer. The Mach-Zehnder
geometry consists in a sequence of three laser pulses coherently splitting, reflecting
and recombining the atomic wavepackets using this type of transitions. The first and
third steps are realized using /2 pulses placing the atoms in a coherent superposition
between two energy levels, while the reflection corresponds to a population inversion
achieved with a 7 pulse. The implementation of such atom optics depends on the
laser power and pulse duration, which in this case is reached using typical durations
of 7 = 3ps (7/2 pulse) and 27 = 6ps (7 pulse) at a 120mW optical power. These
pulses are separated by a free-evolution time called interrogation time (T), defining
the area of the interferometer and thus its sensitivity. During this step, the classical
accelerometers’ signals are processed by the real-time system in order to adjust the
Doppler frequency shift before each pulse and the laser phase before the last one (for

vibrations compensation and central fringe retrieval).
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Figure 2.19: Typical detection signal showing the raw population in |F' = 2), the raw total
population after repumping the atoms in |F' = 1) and the background detection
levels after the atoms participating to the interferometer are blasted away.

After the end of the interferometric measurement, a laser pulse near-resonant
with the transition |F =2) — |F’ = 3) is shone onto the atomic cloud to generate
fluorescence by spontaneous emission, which allows us to detect the number of atoms
in |F' = 2) using the photodiodes installed on the science chamber. The same process
is repeated after repumping atoms in |F' = 1) to |F = 2) in order to detect the total
number of atoms. The whole process lasts approximately half a millisecond. These
are subsequently blasted using a 1ms pulse resonant with the cycling transition
|F' = 2) — |F" = 3) heating the atoms and removing them from the detection region.
All the steps described above are repeated one more time to access the background
detection levels corresponding to residual light, parasitic reflections on the viewports or
background atoms which did not participate in the interferometer. The entire scheme
is represented in figure 2.19 showing the temporal evolution of the photodiode’s signal
during a typical detection sequence. The effective population in |F' = 2) is then divided
by the effective total population, leading to the ratio of interest for the acceleration

measurement: 5

R=_2°2 "2
Ny — NEG

(2.4)

Dividing the population in the upper ground state by the total population notably

makes the measurement robust to fluctuations of power or polarization.
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Conclusion

The realization of a three-axis hybrid accelerometer, with the implementation of a
one-axis real-time arbitrary rotation compensation scheme, has been described. The
static operation of the three-axis hybrid accelerometer has already been demonstrated
with the same vacuum chamber and most of the optical and electronic components
mounted on it were the same used for this study, hence a synthetic summary was
provided but further details can be found in [Templier 2021]. The changes in the laser
setup were presented, with particular consideration for the free-space bench which has
replaced the all-fiber optical switch in addition to the glass-mounted micro-optic bench

which will be installed in the science chamber in a near future.

A more exhaustive description was provided regarding the classical inertial mea-
surement unit, based on triads of navigation-grade mechanical accelerometers and
high-end fiber-optic gyroscopes, used for real-time hybridization purposes through
FPGA control. The signals of these sensors are fed back to the laser phase as well
as to a piezo-electric tip-tilt platform controlling the orientation reference mirror, in
order to perform interferometry under high rotation rates. The rotating stage itself
was characterized in static and dynamic operation schemes, from the orthogonality of

its motion axes to its static gain and response time as a second order system.

This report on the behavior of our experimental setup will help analyze and
understand the measurements of the atomic interferometer and more generally of the
hybrid accelerometer in different configurations and environments, depending on the
noise which can come from mechanical vibrations, rotations of the sensor head and tilt

angles with respect to gravity.
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Chapter 3

Static operation of the three-axis hy-

brid accelerometer

This chapter introduces the different steps leading to the conception of a three-axis
hybrid accelerometer able to continuously and accurately reconstruct the acceleration
vector in quasi-static configuration and at any arbitrary orientation. The preparation
of the atomic source used in our matter-wave interferometer is first investigated and
optimized for a vertical Raman beam. This includes in particular the atomic cooling
and state preparation, as the atomic cloud needs to be as cold as possible with a
maximum number of atoms in the same non-magnetic state so as to enhance the
quantum state purity and the signal-to-noise ratio of the final measurement. The
correlation between the quantum system and a classical accelerometer, as well as
the tracking algorithm developed to optimize the acceleration measurement, are also
introduced. The performances of the resulting quantum gravimeter operated with
a single vertical laser beam are subsequently investigated, specifically its sensitivity,

long-term stability and accuracy.

The same study is carried out for a three-axis quantum accelerometer operated
at an arbitrary orientation, for which novel techniques need to be developed as new
limitations arise from performing matter-wave interferometry with an inclined Raman
laser beam. Furthermore, in addition to the capabilities of each independent quantum
accelerometer, the calibration of the triad necessary to ensure an accurate reconstruction

of the acceleration vector’s norm is briefly introduced.

Ultimately, the real-time hybridization scheme with classical accelerometers is
demonstrated, notably the compensation in real time of the parasitic phase noise
induced by mechanical vibrations and of the Doppler effect which otherwise tunes
the laser field out of resonance for a time-varying orientation of the apparatus. The
performances of the instrument along with the errors introduced by the classical-
quantum correlation are finally investigated, leading to the first conception of a

continuous, bias-free accelerometer hybrid triad.
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In this whole chapter, quantum accelerometer (or gravimeter) will refer to the
presented instrument using the interferometric measurement as the sensor’s output
with a partial hybridization with classical accelerometers for vibrations compensation
only (called open-loop hybridization scheme). On the contrary, hybrid accelerometer
designates the same instrument using a full hybridization scheme with the classical
accelerometers’ signals as the device’s output, the biases of which being corrected in
real time by their corresponding atom interferometers. This operating principle is

based on the closed-loop hybridization scheme.
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3.1 Gravity measurement with a vertical atom in-

terferometer

In order to realize an atomic gravimeter, a very good knowledge of the apparatus
and operating conditions is required. In particular, the preparation of the atomic
ensemble including the temperature and state purity are critical as they condition the
sensitivity of the interferometer to environmental factors such as the magnetic field
through the Zeeman effect, laser beams introducing optical aberrations and light shifts
or even Earth’s rotation, related to the initial velocity of the atoms. These effects
will eventually play a part in the sensor’s sensitivity and accuracy by adding phase
noise and systematic shifts to the acceleration measurement, which must be rigorously

quantified.

3.1.1 Atomic source preparation

A portion of the rubidium atomic vapor continuously distributed in the vacuum
chamber is trapped and cooled down by a 600 ms 3D magneto-optical trapping (MOT)
enabling the formed cloud to reach the Doppler cooling limit, defined by the competition
between cooling and heating processes related to the absorption of a photon, inducing
a momentum recoil opposing the atom’s motion, and the spontaneous emission of a
photon in a random direction. Many cycles of such interactions will nullify the averaged
spontaneous emissions while the absorption of photons will impulse a kick to the atoms
towards the center of the trap, reducing their velocity and thus their temperature. For
S"Rb cooled on the 5255 — 52 P35 of the Dy line, this Doppler cooling limit is equal
to:

Tp = A ~ 145.5 uK (3.1)

2kp
with I' = 38.11 us~! the natural linewidth of the atomic transition. However, this
limit temperature remains too high for the targeted applications, which is why the
3D MOT is followed by a 12 ms stage of optical gray molasses [Rosi et al. 2018],
enabling the generated atomic cloud to reach sub-Doppler temperatures. The efficiency

of the overall cooling process can then be evaluated by measuring the temperature via

counter-propagating Raman spectroscopy.

In chapter 1, we assumed a Gaussian velocity distribution with a dispersion equal

_[2kpT
oy = - (3.2)

with kp the Boltzmann constant, m the atomic mass and 7 the atomic cloud’s

to:
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Figure 3.1: Raman spectroscopy after a state preparation stage with lin_L lin polarized beams
(see chapter 1), a 20 ms TOF and 7, = 16 ps pulses. Black dots represent the
experimental points while the red curve displays a fit accounting for the two
Doppler-sensitive transitions (wide Gaussian peaks on the extremities) as well
as a residual co-propagating transition for atoms in the non-magnetic state
|mp = 0) (high, narrow peak at zero-detuning). Small rebounds in between
correspond to the residual transitions for atoms in the Zeeman sub-levels
|mp = +1).

temperature. We use equation 1.6 to fit the velocity-sensitive peaks corresponding
to the counter-propagating transitions on a Raman spectrum as displayed in figure
3.1. As a reminder, the frequency splitting between the peaks is connected to the
velocity of the atoms through the Doppler frequency shift wp (see section 1.1). For the
determination of the atomic cloud’s temperature, the laser power is decreased in order
to have a longer Raman pulse (here 7, = 16 ps) and thus thinner and better-resolved
velocity-selective peaks during the Raman spectroscopy. The fit to these data, collected
after a 20 ms time-of-flight (TOF), yields an approximate cloud temperature 7 ~ 3.8
K. Instead of just fitting a Gaussian distribution to the counter-propagating peaks of
the spectrum, the function used is the Fourier transform of the square pulse convoluted
by the velocity distribution of the atomic cloud, hence the pulse duration which remains

quite short should not limit the estimation of the cloud’s temperature.

After the cooling stages, the atomic cloud needs to be prepared into a common
energy state to maximize the quantum purity of the ensemble before the interferometric
measurement. We target the magnetic-insensitive Zeeman sub-level |F =1, mp = 0)
which ensures insensitivity to ambient magnetic field at the first order. To that end,
all the atoms are optically pumped into the state |F' = 1) (which will be called the

depump stage later on, as the atoms are actually pumped into the lower ground
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Figure 3.2: Scheme of the state preparation using co-propagating transitions along with a
blast pulse to increase the quantum purity of the system, taken from [Templier
2021]. During the selection step, the frequency is continuously chirped through
the atomic transitions with the laser power turned on except for the transition
from |mp = 0).

state) and a bias magnetic field is applied along the measurement axis both to lift the
degeneracy between the magnetic sub-levels of the hyperfine structure, and to define
the quantization axis along the laser beams. Subsequently, co-propagating Raman
transitions are performed with o1 /oL polarized laser fields to transfer atoms from
|FF=1,mp = =%1) to |F =2, mp = £1), still along the quantized axis. In our case,
this is achieved by scanning the resonance detuning ¢ with the laser on, the latter
being turned off only at the frequency resonant with the transition involving atoms
in the sub-state |mp = 0). Then, atoms present in the state |F' = 2) are heated in
three dimensions with a blast pulse on the |F' = 2) — |F’ = 3) cycling transition, while
chirping the optical frequency to the blue to address all the Doppler velocity classes.
This sequence, looped three times to further increase the state purity — but at the
cost of approximately two thirds of the atoms —, ensures the heated atoms no longer

participate in the measurement and only the atoms in the non-magnetic state remain.

Figure 3.3 displays typical Raman spectra using co-propagating Raman transitions
with (red) and without (blue) the three loops of the state preparation scheme described
above. The frequency splitting between the Zeeman sub-levels is equal to 2upB/h with
ip the Bohr magneton and B = 68.5 mG the bias magnetic field generated by the pair
of coils in Helmholtz configuration. Here, we see that 3 loops are enough to efficiently
remove atoms in the magnetic-sensitive energy states. However, the 0.7 amplitude of
the peak corresponding to the transition between the |mp = 0) sub-levels is a bit low,

which could arise from a normalization issue or from the Rabi frequency’s dependence
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Figure 3.3: Raman spectroscopy with o4 /o4 polarized beams scanning the Zeeman mag-
netic sub-levels of the hyperfine transition with (red dots) and without (blue

dots) state preparation.

on the atomic cloud’s position relative to the mirror, related to the competition between

the incident and reflected co-propagating transitions (see section 2.6).
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Figure 3.4: (a) Raman spectroscopy with lin L lin polarized beams, a 20 ms TOF and 7, = 5
s pulses. (b) Corresponding Rabi oscillations with the frequency set resonant
with the counter-propagating £ Raman transition, indicating a pulse duration

Tp = D Is.

Ultimately, in order to perform atom interferometry, the laser power is turned back
on at its maximum value Py ~ 120 mW leading to much shorter Raman pulses which
will result, for instance, in an increased contrast of the interferometric fringes. Indeed,
shorter Raman pulses imply a wider Fourier transform and thus addressing a larger
number of velocity classes, as mentioned in section 1.1. A typical Raman spectrum
with linLlin polarized beams to achieve counter-propagating transitions is given in
figure 3.4 (a), and the corresponding Rabi oscillations are displayed in figure 3.4 (b)
indicating a pulse duration equal to 7, = 5 ps. Since the laser power has decreased
during my thesis, the pulse duration used for the interferometric measurements showed

in this work may vary from 7, = 5 ps to 7, = 6.5 ps depending on the time data were
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acquired.

3.1.2 Operating schemes for gravity measurement
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Figure 3.5: Open-loop operation of the quantum gravimeter where the discrete measurement
of the atom interferometer is used as the sensor’s output signal. The atomic
fringes are scanned through the phase shift ¢.ont resulting from the phase-
continuous frequency jumps. The slow-varying gravitational acceleration g(t)
and mechanical accelerometer’s bias b(t) are suppressed by the high-pass filter,
only leaving the vibrations ayi,(t) at higher frequencies to be correlated with
the interferometer’s response function for hybridization purposes.

Our atomic gravimeter is based on a three-pulse Mach-Zehnder matter-wave in-
terferometer with the laser field aligned with the gravity vector. According to the
description made in chapter 2, the Raman beam is retroreflected by a mirror acting as
a phase reference for the interferometer, since the output phase shift will be sensitive
to the motion of the atomic cloud with respect to this reference mirror. Using this
operating scheme, the goal is to measure the gravitational acceleration g(¢) slowly
varying in time (on typical timescales of 100 s) with the quantum gravimeter. This
instrument being very sensitive to high-frequency vibrations (typically between 1 and
100 Hz or between 1/T,. and 1/T with T, ~ 1.6 s the cycling time of our experiment, see
section 1.2) which can deteriorate the measurement of the atomic sensor, a mechanical
accelerometer is attached at the back of the mirror and measures its motion in real
time. As it is shown in figure 3.5, the output signal of this classical sensor is high-pass
filtered to conserve only the higher-frequency components, and then correlated with
the response function of the interferometer f(¢) defined in section 1.2, leading to a
vibrations-induced equivalent phase ¢,;, which is directly fed back to the laser system

before the last Raman pulse:

bav=[ S ()t (3.3)

This hybridization between the quantum and classical inertial sensors is further discussed
in section 3.3. The main purpose of the high-pass filtering is to remove the gravitational
acceleration from the classical signal so that it does not interfere with the quantum

measurement. Besides, it is interesting to note that this operation scheme also allows
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us to get rid of the mechanical accelerometer’s bias, slowly varying in time and thus

cut-off by the high-pass filter.
Doppler frequency shift compensation
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Figure 3.6: Evolution of the laser frequency w(t) and phase ¢(t) throughout the atom inter-
ferometer for Doppler frequency shift compensation schemes using a frequency
chirp (brown) and phase-continuous frequency jumps (blue). The laser phase
¢(t) is imprinted onto the atomic wave packets during the Mach-Zehnder atom
interferometer.

Throughout the interferometric sequence, the atomic cloud gains velocity from the
gravitational acceleration and the laser beams can become tuned out of resonance due
to the Doppler effect. To maintain the laser tuned on resonance, the most intuitive
solution consists in applying a chirp (or ramp) « to the laser frequency so that w(t) = at,
as is the case in most atomic gravimeters. Along with the phase related to the atomic
cloud’s movement described in 1.2, this effect will also lead to a phase term imprinted

onto the atoms which can be calculated with the sensitivity function formalism:

¢chirp - /_J;Ooo f(t)Oédt

(3.4)
2 QRT

Consequently, the interferometric phase shift will be given by the sum of this phase

shift and the kinetic phase shift resulting from the motion of the atomic cloud ¢y,
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defined in chapter 1:
P = ¢chirp + (bkin = (OC - keffg)Tgff (35)

and the atomic fringes are scanned through the laser chirp a.

Nevertheless, the orientation of the Raman beam with respect to the gravity vector
is critical as an incorrect compensation of the Doppler effect leads to a decrease in
the fringes’ visibility and unpredictable measurement shifts. This is not a major issue
for an atomic gravimeter set at a fixed orientation but can become critical in the
context of a multi-axis atom interferometer operating at a non-constant, random tilt
angle as discussed in the next sections. For that reason, and in order to anticipate
dynamic rotations of the sensor head, we choose to generate three phase-continuous
frequency jumps wi, wy and w3 corresponding to the Doppler frequency shift at the
instants of each Raman pulse. These frequency jumps are set with a delay tg4; relative
to respectively the beginning, middle and end of their associated pulse ¢ as displayed
in figure 3.6. Setting tq; = tqo = tq3 = t4, this operating scheme introduces the phase

shift ¢cont in the laser phase as follows:
—+00
G = | glpo(t)at

W3 — W1 QRT (36)
:T(w2—w1)—|—(td—7)(w1—2w2—|—w3)—|—tan< ) :

Qr
Setting the frequency jumps with respect to the first one in this way:

Wy = Wy + keffao(T + 27’) (37)
W3 = Wy + ]{?eﬁao(T + 27’) (38)

with ag an arbitrary setpoint acceleration value related to the sweep of the laser
frequency used to scan the atomic fringes. In this configuration, we find the same scale
factor as for the inertial phase:

¢cont

2 Q
Seont = = ke (T + 27) lT + — tan (RTN . (3.9)
ag Qg

In order to scan the interferometric fringes and be able to retrieve the targeted
acceleration, we scan the value of the setpoint acceleration ag which modifies accordingly
the frequency jumps ws 3 relative to the initial value w; and, eventually, the continuous

phase ¢cont. This yields the following expression of the laser phase:

¢1as = ¢vib + ¢Cont' (310)
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The operation of the atomic gravimeter is summarized in figure 3.5.

Let us remind the expression of the interferometric phase shift:

¢ = (bkin + ¢las = Skina + ¢las (311)

with a = —(g + ayp) the projection of the acceleration of the atoms relative to the
reference mirror along the laser beam’s axis and Sy, the interferometer’s scale factor

defined in section 1.2 by
4T 9
Skin = ket (T'+ 27) <T + ) = keg T3 (3.12)
T
The phase shift at the output of the atom interferometer then simplifies as:
D = —kergT% + Geont = ket (a0 — 9)T%. (3.13)

Consequently, the central fringe containing the desired acceleration information will be
found for a continuous phase ¢¢ont = keﬁngH associated to a total phase at the output

of the interferometer ® = 0.

Mid-fringe lock algorithm

Phase-continuous
frequency jumps
» RF chain
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Figure 3.7: Mid-fringe lock algorithm for an atomic gravimeter in open-loop configuration.

Alternatively, instead of having a full scan of the interferometric fringes through
the value of ay and measure for each point the population ratio in the upper ground
state |F' = 2):

Py=F,— SCOSCI) (3.14)
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which allows us to display the complete sinusoidal signal but takes a considerable time,
it is possible to fix the value of the setpoint acceleration ag appearing in the expression
of the frequency jumps wy 3 and then add a modulation to the laser phase ¢y,0q in order
to converge faster towards an accurate value of the acceleration. While utilizing the
modulation phase, the setpoint acceleration ag equals an independent measurement
of the local gravitational acceleration. The phase corresponding to the central fringe
will change over time due to the tides, fluctuations of the apparatus’ inclination or
time-dependent systematic phase shifts, which is what the tracking algorithm was
designed for. Furthermore, remaining on the side of the fringe allows to maximize the
sensitivity of the population to the atomic phase, in addition to reducing the sensitivity

to contrast fluctuations.

Two different schemes were implemented: first, the two-point fringe tracking where
Pmod = £7/2 switches between two points located on the sinusoid’s linear part, where
the sensitivity of the population ratio to phase changes is maximum contrary to the
fringe’s maxima and minima which display a quadratic behavior. By measuring the
difference in the population ratio between these two points, it is possible to generate an
error signal providing information about the position of the central fringe with respect

to our initial guess:
1
elti) = [Pnpa(ti) = Propalts)] (3.15)
where P r/2(t;) and P_;/5(t;) respectively designate the probability transitions mea-
sured at the i*" shot with a modulation phase ¢meq = +7/2 and with a modulation
phase @moq = —7/2. The subscript ¢ denotes two experimental points with opposed

values of the modulation phase at a given momentum recoil direction.

Feeding this error signal into a PID controller, we reach an approximation of the
phase shift of the i*" atom interferometer d¢(t;) which is compared to the accumulated

phase shift of the previous iterations ¢a4(t;—1) according to:

Pag(ti) = dag(ti1) + 6o(t:) (3.16)

so that we can adjust the estimation of the phase until we are able to accurately
track the changes in the gravitational acceleration. This will finally allow us to have
a good evaluation of the phase at the output of the atom interferometer. The other
implementation of this algorithm is the three-point fringe tracking scheme, adding a
third measurement for ¢,,,q = 0 at the bottom of the fringe permitting to determine

the contrast of the fringes as well, though this scheme is not used much in practice.

Applying this algorithm with averaged measurements along the two interferometric
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trajectories ky and k; enhances the rejection of systematic bias shifts independent of
the direction of the wave vector, including first-order light shifts and quadratic Zeeman
shift [Louchet-Chauvet et al. 2011]:

Oh,(t) — dh,(tio1)

; (3.17)

¢Ag (tZ) =

and finally yields an increasingly accurate measurement of the gravitational acceleration:

_ ¢cont + (bAg(t)

1
Skin <3 8)

g(t)

with Sy, the scale factor of the atom interferometer.

3.1.3 Performances of the atomic gravimeter

The performances of the quantum gravimeter were extensively quantified on the
marble table introduced in chapter 2 in order to determine its ultimate sensitivity,
long-term stability and accuracy. While the detailed measurements can be found in

[Templier 2021], this subsection provides a synthesis of the device’s main performances.

Sensitivity to the gravitational acceleration
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Figure 3.8: Evaluation of the device’s sensitivity to acceleration taken from [Templier
2021]. (a) Interferometric fringes scanned through the series of phase-continuous
frequency jumps with Raman beams resonant with the velocity classes of
direction —keg. The right-hand side of the figure displays the evolution of the
contrast (b), the signal-to-noise ratio (SNR) (c¢) and the phase noise (d) with
the interrogation time, for a time-of-flight TOF = 16 ms.

As stated in 3.1.2, the laser phase imprinted onto the atoms by the phase-continuous
frequency jumps meant to compensate for the Doppler frequency shift is equal to
Beont = ketaoT % with ag the setpoint acceleration. By scanning this parameter and thus

the corresponding frequency and phase setpoints sent to the direct-digital-synthesizer
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(DDS) controlling the Raman laser, it is possible to scan the interferometric fringes and
display the sinusoidal evolution of the population ratio P = Ny/N;o. Here, we choose
to display the full data set corresponding to the atomic fringes and not to use the
mid-fringe lock algorithm in order to retrieve the fitted contrast and signal-to-noise ratio
which serve to estimate the sensitivity of the instrument (see figure 3.5). The physical
quantity g appearing on the abscissa of figure 3.8 (a) comes from an independent
measurement of the local gravity g &~ 9.805642 m/s? [Ménoret et al. 2018]. For these
measurements, since the vibrations are compensated for by the high-pass filtered output
of the mechanical accelerometer as described by equation 3.3, the interferometric phase

shift is equal to @ = keg(ag — 9)T%-

[S)

The contrast, signal-to-noise ratio (SNR) and phase noise resulting from the fringes’
fit estimations are given in figure 3.8 (b), (c) and (d) respectively. The SNR is calculated
as SNR = C/o, with C the contrast of the interference pattern and o4 the standard
deviation of the fit estimation’s residuals r; = P, — P,. At a typical interrogation time
of T'= 20 ms, we find mean values of C' = 0.47 and SN R = 47 and a phase noise equal
to 04 = 59 mrad/shot.

Gravity tracking for long-term stability evaluation
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Figure 3.9: (a) Time series and (b) Allan deviation of (blue) the true acceleration expe-
rienced by the atoms and (orange) the systematic shifts rejected through the
momentum recoil reversing technique, taken from [Templier 2021]. The blue
curves denote the true acceleration experienced by the atoms while the orange
one is not a proper acceleration measurement, it rather provides information on
the stability of the rejected systematic phase shifts. These measurements corre-
spond to a 15 hours-long tracking run and were performed at an interrogation
time T' = 20 ms with the tides removed from the dependent acceleration. Solid
lines on the time series display a one hour moving average, while the dashed
line on the Allan deviation exhibit a 1/v/t time integration of uncorrelated
measurements.

The long-term stability of the acceleration measurement along the vertical axis
can be obtained by tracking the central interferometric fringe with the mid-fringe lock

algorithm. The sign of the effective wave vector is reversed so that two interferometric

Quentin d’Armagnac de Castanet 95



Chapter 3.  Static operation of the three-axis hybrid accelerometer

paths are alternatively followed, namely a4 and a;. This operation gives access to two
quantities: the "dependent' acceleration aqep = (a4 + a;)/2 corresponds to the true
acceleration experienced by the atoms where some systematic phase shifts dependent
on the momentum recoil direction are rejected, including the one-photon light shift
or part of the quadratic Zeeman shift. The second parameter is the k-independent
measurement ai,q = (a+ — a;)/2 which provides information about the stability of the
systematic effects rejected by the reversing of the effective wave vector’s direction, but

is not a proper acceleration measurement.

The time evolution and integration of these two quantities are presented in figure
3.9 for a 15 hours-long recording of interferometers performed at 7" = 20 ms. The bump
located at 50 ms on the Allan deviation plot corresponds to oscillations of the mid-fringe
lock due to the integrator time constant, averaged at longer integration times. Looking
at the blue curve representing the kqep, measurement (which contains the acceleration
information), it integrates as 1/t between 10? and 103 s, which reflects an integration
of the classical sensor’s noise integration and yields an acceleration sensitivity of
o, ~ 1.5ug/ VHz. The 1 / V/t fit of the measurements above 10° s and represented
by the black dashed line yields a sensitivity of o, = 1.24ug/ VHz, equivalent to a
phase sensitivity of o, = 68 mrad/shot for a cycling time 7, ~ 1.6 s. The acceleration

stabilizes at the level of 10 ng after 5h30 of integration.

Absolute accuracy of the sensor

After the shot sensitivity and long-term stability of the measurement have been
evaluated, we still need to determine the accuracy of the sensor. Indeed, the quantum
gravimeter could provide a measurement of the vertical acceleration both very sensitive
and stable but at the same time far from the actual physical quantity. To estimate
this feature, the various systematic phase shifts related to the laser, magnetic field or

environment must be rigorously quantified.

First, the frequency of the hyperfine transition is sensitive to the magnetic field
through the second order Zeeman frequency shift wg(z) = 27 K|B(z)|* with K = 575.15
Hz/G? the clock transition Zeeman shift and B(z) the magnetic field at position z.
Nevertheless, reversing the recoil direction allows rejecting most of this effect and the
resulting phase shift for 7" = 20 ms and TOF = 15 ms, computed using the sensitivity
function of the interferometer correlated with measurements of the magnetic field,

amounts to ¢p = (5.3 £0.7) ng.

Fluctuations in the light polarization also affect the stability of the measurement

as it can lead to variations in the efficiency of the residual co-propagating transition,
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variations in the Rabi frequency of the velocity-sensitive transitions as well as one- or
two-photon light shifts for instance. The polarization control of this experiment is
ensured by liquid-crystal retardance waveplates (LCR) which are externally temperature-
controlled to increase their outputs’ stability. In order to evaluate the phase shift
associated with the polarization stability, a monitoring photodiode sensitive to the
polarization was calibrated to measure the difference of the polarization between the
first and last pulse of the interferometer. Correlating the stability of the co-propagating
Raman transitions over time and its impact on the phase shift yielded a phase shift
peaking at 0.5 mrad. While this can have a strong impact at low interrogation times,
it amounts to 8 ng at T' = 20 ms. Additionally, a temperature control of the LCR
was implemented after this characterization, reducing the polarization fluctuations
observed then. Similarly, reversing the momentum kick in addition to adapting the
Raman detuning enables us to neglect the AC stark shift. As for the two-photon light
shift, modulating the laser power and comparing the phase shift associated with two
distinct intensities efficiently reduces its significance on the interferometer. The residual

systematic effect was estimated at ¢rprs = 80 ng at TOF = 15 ms.

Additionally, an error can arise from a difference of scale factors associated with
the phase terms involving an acceleration measurement. As it was seen in chapter 1,
the most general expression of the atom interferometer’s scale factor Sy, considering

non-homogeneous Rabi frequencies is given by:

1 OlY 1 097
T+ ——t off —t off 3.19
"o an( 2 ) T 2 (3.19)

eff

kin

keff

= (T+27)

with ng% the effective Rabi frequency at the i*" pulse and 7 = 7,/2 the 7/2-pulse
duration. Coming back to the Doppler compensation schemes, a linearly chirped laser

with inhomogeneous Rabi frequencies leads to [Templier 2021]:

benn —eon | tan (BT} = L pan (BT
chirp —W1 Qg an 9 Ql an 5

1 QlT 1 QgT
+ (T + 27) [T + o tan <2> + o tan <2> (3.20)
cot(7) cot(Qe7)  cot(Q37) 1 2 1
_9 B T
7 < o oW 2 o

using equation 1.48 with w; the frequency of the Raman laser at the instant of the first
pulse. One can notice that in the case of a perfectly compensated Doppler frequency
shift, the kinetic (or inertial) phase and the laser phase cancel out ¢yin + @chirp = 0.

Now in the case of phase-continuous frequency jumps, inhomogeneous Rabi frequencies
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throughout the interferometer yield a more complex expression of the phase imprinted

1 QgT 1 QlT
¢Cont [% tan <2> — Qil tan <2>]

2 Q
+ keggao(T + 27) [T + — tan < 3T>
Qs 2

onto the atoms:

(3.21)

which, as can be noticed, differs from the terms obtained for the inertial phase ¢y, and
the phase @chirp arising from a linear chirp . Now, even for a compensated Doppler
frequency shift, the two phase terms ¢y, and ¢eone Will not cancel out anymore - which
is not the case for a linear chirp with homogeneous Rabi frequencies - and the difference
in their associated scale factors gives rise to a systematic error. This phase shift is

associated with the following scale factor:

2 Q(S)T)]
T+ —tan [ = (3.22)
O ( 2

which will lead to a scale factor error S = S¢ont — Skin and a phase output equal to:

S cont
kcﬁ

= (T +27)

O = a(Scont — Skin) = a0S (3.23)

where a stands for the acceleration of the atomic cloud, also chosen for the frequency

jumps application. The resulting systematic phase shift then amounts to:

1 OB r 1 oW r
dsr = kega(T + 27) | —= tan ( off ) — tan ( off (3.24)
QfF 2 Qly 2
2
~ kera(T +27) (O — QF) (2 - 1) ( ;) (3.25)

at the first order. This term depending on the effective Rabi frequencies, it can be

rejected using the same power correction method as for the two-photon light shift.

Other effects also take part in the output phase shift but can be considered negligible
to a certain extent. Regarding the experimental apparatus, the misalignment between
the incident and reflected beams was estimated to produce a —500 ng shift uncertainty
for a 1 mrad relative angle. This effect will be discussed in detail in section 3.2, but
can be neglected as long as the back coupling of the laser power in the optical fiber is

ensured.

As for the Mach-Zehnder interferometer’s geometry, an asymmetry in terms of

frequency detuning or Raman pulse efficiency can lead to an additional phase shift
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[Gillot et al. 2016]: .
Pmza = 6/G(U)C(U)A®MZA(U)CZU (3.26)

with G(v) the Gaussian velocity distribution of the atomic cloud, C'(v) and A®yza (v)
the velocity-dependent contrast and output phase shift of the interferometer. The
expressions of the two latter for upwards or downwards momentum recoil are given in
[Gillot et al. 2016]. The full calculation, available in [Templier 2021], yielded a phase
shift of pyza = (22 £ 2) ng at T'= 20 ms.

Eventually, for a Gaussian beam of curvature R, the phase shift related to wavefront

distortions is given by [Schkolnik et al. 2015]:

(UUT)2

Pwp = Kefr ~ (6+1) ng (3.27)
for T'= 20 ms. The contributions of the window, quarter-waveplate and mirror crossed
by the Raman beam should in principle be considered as well, but their individual
characterizations being delicate (especially for the window which is sealed), they remain
to be done and we cannot provide an estimation of the produced systematic phase shift

nor its uncertainty at the moment.

On another note, environmental factors independent from the apparatus are also
involved in the measurement’s overall accuracy. For instance, the gravity gradient
being a non-constant acceleration, it can also affect the atomic path and its expression
is given by [Dubetsky 2019]:

7
br = theaT,, <UT + mgTQ) T2 (3.28)

with v the initial velocity of the atoms and I',, the vertical component of the gravity
gradient tensor. In our conditions, this shift equals ¢r ~ 100 prad ~ 1.6 ng at
T = 20 ms, which is negligible. Alternatively, the Earth rotation will induce a Coriolis
acceleration measured by the quantum gravimeter and also dependent on the momentum

kick direction according to [Lan et al. 2012]:
&, = F2 [kep X (vo + aT)] . Qe T? (3.29)

with €24 the Earth’s rotation rate. For a vertical-only acceleration due to gravity, there
are no components transverse to the laser’s effective wave vector, thus the resulting
phase shift was estimated to ¢&,, = 0 + 315 ng with an uncertainty mostly related to

the uncertainty on the Raman laser’s tilt angle.

Ultimately, the table from [Templier 2021] summarizing the investigated systematic
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Systematic effect Bias shift (ng) | Uncertainty (ng)
Two-photon light shift +81 10.2
Quadratic Zeeman shift +5.3 0.7
Scale factor error -130 50
Parasitic laser lines +195 5
RF non-linearity +170.9 0.2
Mach-Zehnder asymmetry +22 2
Gravity gradient +1.6 4x1073
Coriolis acceleration 0 315
Beams misalignments - 500
Wavefront distortion +6 -
Total +351.8 >883.1

Table 3.1: Summary of the systematic phase shifts measured at the output of the vertical
atom interferometer with an interrogation time of T' = 20 ms.

phase shifts and associated uncertainties for an atomic gravimeter operating at 17" = 20
ms and TOF = 15 ms is reported in 3.1. These acceleration biases estimations are
made considering the momentum recoil alternation and the power modulation rejecting
most of the two-photon light shift and scale factor error. The total bias shift of the
acceleration measurement with this atom interferometer-based quantum gravimeter
finally amounts to approximately 351.8 £ 883.1 ng, though the partial characterization
of the wavefront distortion prevents us to reach the total uncertainty on the systematic

phase shifts.

If the uncertainty on the systematic shift remains fairly high, as 1 ng is above
the tides amplitude, the short- and long-term performances are still in agreement
with our expectations. Indeed, some groups such as the SYRTE laboratory reached
impressive sensitivity and stability, respectively 6 ng/v/Hz and 2 ng [Le Gouét et al.
2008; Louchet-Chauvet et al. 2011], on an apparatus dedicated to measuring gravity
in a quiet environment with interrogation times above 100 ms. Our instrument is
aimed for robust measurements of acceleration components in an arbitrary orientation
and in strapdown configuration, i.e. without any gyro-stabilized or active vibrations
cancellation platform. Thus, limiting the interrogation time to 20 ms restrains the
utmost performances we can reach but also our sensitivity to vibration-induced phase
noise, the latter increasing dramatically with the interrogation time. With these
considerations in mind, we reached the targeted performances of a sensitivity below 2
ng/ vHz and a long-term stability at the 10 ng level, only the accuracy remains to be

reduced by an order of magnitude to remain below a satisfying 100 ng level.
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3.2 Acceleration vector reconstruction through multi-
axis atom interferometry with partial hybridiza-
tion

In the previous section, the Mach-Zehnder atom interferometer implemented on
our apparatus has been demonstrated to measure the gravitational acceleration with
a 1.24pg/ VHz sensitivity and a bias stability reaching the 10 ng level after 5h30 of
integration for a 7' = 20 ms interrogation time with a Raman laser beam aligned with
the gravity vector. Although this technology has been demonstrated multiple times
including on-field measurements, it is highly sensitive to the orientation of the laser
beam with respect to the gravity vector. Additionally, such apparatus only provides
information on the projection of the acceleration along a given direction and is thus

not suitable to onboard or mobile operation where the full acceleration vector must be

recovered.

3.2.1 Operation of a tilted sequential multi-axis atom inter-

ferometer
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Figure 3.10: Open-loop operation of the sequential three-axis quantum accelerometer, where
the discrete measurement of the atom interferometer along a given axis is used
as the sensor’s output signal. The superscript p visible on the acceleration
components and the vibrations phase designates the selected measurement
axis x, y or z.

The design presented in the previous subsection and demonstrated in the case of
a gravimeter operating in vertical was duplicated along two additional measurement
axes, including the Raman laser beams retroreflected by a reference mirror and the

mechanical accelerometers attached at the back of each mirror. Identically, the output
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of these classical sensors are high-pass filtered to conserve only the high-frequency
vibrations, before being correlated with the response function of the atom interferometer
(referred to as open-loop hybridization scheme). Figure 3.10 summarizes the open-loop
operating scheme of the three-axis atomic accelerometer. Regarding the technical
implementation alone, the only difference lies in the axis selection. The CPU sends a
command signal to the real-time system in order to select the mechanical accelerometer
used for the compensation of vibrations, one classical sensor being attached to each
axis’ reference mirror. Likewise, the optical switch used to select the Raman axis
on which the interferometer will be performed is controlled by the CPU. Thus, the
acceleration can be measured sequentially on each of the three orthogonal axes of the

quantum triad.

Nevertheless, the development of a multi-axis atom interferometer enabling the
tracking of the acceleration vector in any arbitrary orientation comprises physical
considerations beyond the sole technical implementation. For instance, the atomic
source preparation and measurement sequence are not necessarily optimized using the
same parameters as before - including the steps durations, laser frequency or power -,
in particular regarding the co-propagating transitions used for the state preparation
and which are dependent on the position of the cloud relative to the reference mirror of
the considered measurement axis. After reviewing the performances of each axis, with
particular effects induced by the beams’ inclination, the whole quantum accelerometers

triad is characterized so as to qualify the total acceleration norm’s measurement.

The quantum gravimeter described in the previous section made use of the velocity
gained by the atoms during the time-of-flight to separate the achievable velocity-
sensitive Raman transitions k4 and k| in frequency and select one of them. However,
this technique cannot be used in the case of a horizontal Raman laser, where the
atoms would not gain any velocity on the measurement axis. In this situation, other
methods have proven efficient like the double-diffraction regime [Léveque et al. 2009],
particularly adapted to interferometry in the horizontal plane or in micro-gravity
for instance. Nevertheless, in order to have a comparable operating scheme for the
gravimeter and the accelerometer, the sensor head is tilted so that no axis is either
vertical or horizontal, and each of them benefits from the Doppler effect induced by
the projection of the gravity. Since the free-falling atoms still follow the gravity vector,
the limited transverse size of the Raman beams only allows for a total drop time of
~ 50 ms. Considering the time-of-flight preceding the interferometer, the interrogation

time is thus reduced to T' = 10 ms.

In order to tilt the interrogation axes, the sensor head is placed on the rotary
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Figure 3.11: (a) Design concept of the quantum accelerometers’ triad, measuring the
acceleration components along the three orthogonal axes z, y and z. (b) 3D
model of the sensor head mounted on the rotary platform, exhibiting the
two rotation angles 6, and 6, which, applied in this order, transform the
coordinates from the laboratory frame (z/,y’, 2') to the body frame (z,y, 2).

platform introduced in chapter 2. This platform can be rotated along two axes z and
2’ by angles 6, and 0, respectively as displayed in figure 3.11. The angle 6, varies from
—180° to +180° in steps of 15° while 6, can take any value between —90° and +90°.
The rotation of the platform along these axes corresponds to the successive applications
of two rotation matrices R.(6,) and R, (6,)leading to the following transformation of

the gravitational acceleration vector:

ay 0 sin(f, ) sin(6,)
a=|a, | =R:(0.)Re(0:). | 0 | =g |sin(0,)cos(d.) |- (3.30)
a, —g —cos(f,)

In order to reach balanced acceleration projections a, ~ a, ~ a, ~ g/ V/3, we must set
the tilts 0, = 54.7° and 0, = 45°.

Except for the sequential switch of the interrogation axis and the tilt of the
Raman beams relative to the gravity vector, the measurement sequence remains mostly
unchanged. Magnetic coils in Helmholtz configuration are installed along the three
measurement axes and are now driven with a ~ 145 mG magnetic field in order to
both lift the degeneracy between the Zeeman sub-levels and define the quantization
axis along which the Raman transitions will be performed. Besides the magnetic
field intensity, the state preparation is performed with the same settings used on
the single-axis quantum gravimeter. Ultimately, Raman spectroscopy with velocity-
sensitive counter-propagating transitions after the cooling stage is employed here as

well to estimate the temperature of the atomic cloud along each direction. The latest
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temperatures measured in this configuration, prior to the replacement of the fibered
optical switch, amounted to ~ 2 pK on each axis at #, = 42° and 6, = 45°. These data
are relatively outdated, which explains the temperatures marginally lower than the
one presented in the previous section for the quantum gravimeter, but are given here

as they will be useful for the results showed further on.

3.2.2 Performance of the multi-axis quantum accelerometer

Sensitivity to the acceleration components
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Figure 3.12: Atomic interference fringes obtained on axes y (left), z (middle) and x (right) as
a function of the laser-induced acceleration a* through the phase-continuous
frequency jumps, for a momentum transfer along (a) +ki; and (b) —klg,
= x,y,z designating the measurement axis. Fringes are displayed for
interrogation times 7' = 5 ms (blue), 7' =7 ms (red) and 7" = 10 ms (black)
at tilt angles of 6, = 54.7° and 6, = —45°. (c) Description of the measurement
sequence alternating between each axis with momentum recoil reversing.

In the same manner as the acceleration sensitivity of the quantum gravimeter was
investigated in the previous section, interferometric fringes are scanned through the
phase-continuous frequency jumps serving to compensate for the Doppler frequency
shift on each of the three measurement axes. The interferometric fringes obtained for
interrogation times of 5, 7 and 10 ms along the three measurement axes yu = x,y, z are
exhibited in figure 3.12 (a) for a momentum transfer along k+ = +kk; and in figure
3.12 (b) for a momentum transfer along k; = —k’;. The operating scheme, in which
the mechanical accelerometers attached to the reference mirrors are correlated with the
atom interferometer’s response function to compensate for the vibrations, is depicted
in figure 3.10. The sequence describing the measurement along each direction p with
momentum kick reversing is illustrated in figure 3.12 (¢). The output phase of the

interferometer in this configuration pu is given by the expression:

¢ = ¢kin + ¢las (331)
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with ¢un = Fkeg(abe + by, )T% the inertial phase shift, related to the motion of
the atomic cloud with respect to the reference mirror of the considered axis, and
Dlas = OS5 + Peont 15 the laser phase imprinted onto the atoms. The sign of each term
depends on the momentum recoil direction +k%;. The superscript cor on the vibration
term of the laser phase denotes a correction arising from the open-loop hybridization,
distinguished from the inertial effect due to the mirror’s vibrations in the kinetic phase
Oxin- The term ¢one stands for the phase introduced by the phase-continuous frequency

jumps used for Doppler effect correction as described in section 3.1.
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Figure 3.13: Evolution of (a) the contrast, (b) the SNR and (c) the phase noise of the

interferometric fringes as a function of the interrogation time. These plots,

taken from [Templier 2021], were obtained from the sine-fitting of the fringes

and display the mean value of the estimations for k4 and k) momentum
transfers.

The analysis of the atomic fringes is reported in figure 3.13. Regarding the contrast,
it is consistently higher on the z axis which can be explained by the fact that this axis
was used for the demonstration of the quantum gravimeter, and some experimental
parameters were just carried forward on the two other axes without particular opti-
mization. Additionally, the competition between the pairs of co-propagating Raman
transitions used for the state preparation depends on the position of the atomic cloud
relative to the mirror. Therefore, every change in the sensor head’s orientation may
lead to a different relative position at the instant of the state preparation and induce a

deterioration of the latter’s efficiency.

As for the sensitivity on the measurement of the acceleration, it is evaluated at
o? = 11.9 pg/shot, 0¥ = 4.1 pg/shot and o2 = 5.1 pg/shot for an interrogation time
of T'= 10 ms. The inferior performance on the x axis is likely to be related to the
mechanical accelerometer or its electric line, delivering a noisier signal which can result

in a degraded correlation for compensating the vibrations of the mirror.
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Long-term stability of the acceleration’s norm measurement
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Figure 3.14: Time-series of the acceleration components on the = (blue), y (red) and z
(green) axes as well as their norm (black) over 90 hours are displayed on the
left. The right-hand plot displays the Allan deviation of these measurements,
demonstrating the device’s long-term stability.

Using the mid-fringe lock algorithm to track the acceleration components on
each axis, the long-term stability of the three-axis quantum accelerometer triad was
characterized during a 90 hours-long run at an interrogation time 7" = 10 ms with
tilt angles 6, = 54.7° and 6, = —45°. The norm of the acceleration vector ||a| =
\/m is computed as well, and its time-series and Allan deviation are presented
along those of the acceleration components in figure 3.14. The evolution of the individual
components is due to a slow drift of the platform’s tilt angle 6, evaluated around 10
prad over 30 hours. Nevertheless, this shift being equally applied on all the acceleration
projections, it does not influence the acceleration vector’s norm reaching a 200 ng

stability level after 9 hours of integration.

Accuracy of the acceleration components’ measurements

)

The systematic phase shifts degrading the accuracy of the acceleration components
measurements, and thus its norm, are mostly coming from the same sources as the ones
presented for the quantum gravimeter. However, some of them will be even worsened

in the particular case of a tilted Raman beam and need to be further elaborated.

The major change in the operation of an atom interferometer with an inclined Raman
laser is the increased Rabi frequency inhomogeneity. Indeed, the atoms free-falling
under the gravitational force will have a transverse motion in the Gaussian-shaped light

field, and will thus scan its intensity profile as exhibited in figure 3.15. The position of
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Figure 3.15: Evolution of the Rabi frequency along each axis x, y and z with the atomic
cloud position, scanned through the value of the time-of-flight. This figure,
taken from [Templier 2021], is based on the assumption of a Gaussian-shaped
atomic ensemble centered inside the optical molasses. Two sets of data were
recorded with tilt angles of 8, = 54.7° and 6, = —45° for the first one, and
0, = 45° and 6, = —30° for the second one.

the atomic cloud relative to the Raman laser in the laboratory frame is transformed

to the mobile frame by applying the rotation matrix R,(6.).R.(6,) to reach a radial

position from the center of the beam. The differences observed in the two sets of

data may come from a non-centered atomic cloud inside the optical molasses. These

inhomogeneities, described in equation 3.19, will give rise to a systematic shift in the

interferometric phase, in addition to altering the Raman pulses’ efficiency throughout

the interferometer which may yield a decreased fringes’ visibility.

Systematic effect (ng)

r-axis bias

y-axis bias

z-axis bias

Norm bias

Scale factor error 58.9 (6.4) -31.3 (1.6) 30.3 (0.9) 73.3 (6.6)
TPLS 3.762 (0.006) | -3.091 (0.005) | 3.26 (0.030) | 5.861 (0.009)
MZ Asymmetry 1.064 (0.027) | -0.124 (0.010) | 0.345 (0.009) | 1.125 (0.031)
Coriolis effect 0.65 (0.44) | -2.42 (0.37) | -1.77 (0.26) | 3.07 (0.63)
RF non-linearity 0.060 (0.023) | 0.057 (0.023) | 0.058 (0.023) | 0.101 (0.040)
Parasitic lines -0.048 (0.040) | 0.030 (0.072) | 0.046 (0.005) | 0.098 (0.050)
Quadratic Zeeman 0.003 (0.021) | -0.007 (0.019) | 0.010 (0.022) | 0.007 (0.077)
Beams misalignments 0.00 (0.500) | 0.00 (0.500) | 0.00 (0.500) | 0.00 (0.870)
Total 64.4 (7.4) 236.8 (2.6) | 32.3(1.7) | 83.6(8.3)

Table 3.2: Summary of the three-axis atom interferometer’s systematic effects with an
interrogation time of 7' = 10 ms and tilt angles of 6, = 54.7° and 0, = —45°
applied to the sensor head. These measurements were conducted with momentum
recoil direction flip to reject some systematics and are expressed in pg with the
uncertainties in parentheses. The norm bias indicates the bias on the norm of
the total acceleration vector.

Table 3.2 summarizes the systematic shifts on the acceleration components of each
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axis as well as on the acceleration norm. These systematic effects are estimated at a
T = 10 ms interrogation time with alternated momentum kick directions for rejection of
the trajectory-independent systematic effects [Louchet-Chauvet et al. 2011]. However,
the optical power modulation performed on the atomic gravimeter allowing to reject
most of the two-photon light-shift and scale factor error was not executed here. The
most important observation in this table is that the scale factor error due to Rabi
frequency inhomogeneities is, by far, the most critical effect as it yields the highest

uncertainty on the norm bias.

Ultimately, a major issue of an inertial sensing triad like an inertial measurement
unit (IMU) lies in the relative misalignments of the sensing devices, here the quantum
accelerometers. Indeed, the measurement axes defined by the wave-vectors £k,
+kY; and £kZz normal to their respective reference mirrors can be aligned at best
by construction of the sensor head but slight positioning errors can subsist. This
effect yields considerable errors on the norm estimation, amounting to sin(e) ~ 100

ng for a ¢ = 100 prad misalignment between two axes, even with accurate individual

measurements.
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Figure 3.16: Calibration of the quantum accelerometers triad. (a to c¢) Acceleration com-
ponents measured for each orientation defined by the couple (6,,6,, solid
lines corresponding to the expected variations. (d) Error in the acceleration
norm (colored) before and (gray) after the subtraction of systematic biases.
(e) Zoom on the acceleration norm error after the calibration procedure, the
shaded gray area indicating the remaining RMS spread of £7.7 ng.

In order to curb the effect of the quantum accelerometers triad’s misalignment, a
calibration protocol developed for classical IMU [Yang et al. 2012] was implemented,
the results of which are displayed in figure 3.16. It consists in the measurement of the

norm of the acceleration vector in various orientations of the sensor head, each time
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compared to an independent value of the local gravitational acceleration g = 9.805642
m/s?. The detail of the calibration protocol can be found in [Templier et al. 2022].
As can be seen in figure 3.16 (d), the uncalibrated triad produced errors up to 140
1g in some orientations. Due to the high sensitivity of each atomic accelerometer’s
accuracy to the inclination of the sensor head, this calibration was conducted after the
investigation of the different axes’ individual systematic errors. Before the calibration
procedure, the root mean squared (RMS) error in the vector norm amounted to 74
ng but, after optimization, was decreased by almost an order of magnitude down to
7.7 pg. Since the acceleration bias associated with the relative misalignments between
the triad’s axes is assumed to be independent from the systematic phase shifts related
to each individual atomic accelerometer, the total uncertainty on the norm bias is
calculated as the quadratic sum of the two latter effects. The total bias on the norm of

the acceleration vector finally amounts to (83.6 £ 11.3) pg.

3.3 Fully-hybridized classical-quantum accelerome-

ters triads

Whether for a single-axis quantum gravimeter or a multi-axis quantum accelerometer,
in the absence of isolation from environmental parasitic motion, we have mentioned
the need for classical sensors correlated with the atom interferometers. In particular,
parasitic vibrations at an even modest level can rapidly prevent any information
to be retrieved from the interferometric signal. After justifying the implemented
compensation scheme, the multi-axis hybrid accelerometer benefiting from a continuous

and bias-free measurement will be demonstrated in this section.

3.3.1 Measurement and compensation of the vibration-induced

phase shift

As detailed in section 1.2, in the case of atom interferometers using a mirror to
retroreflect the laser beam, vibrations of this mirror have a strong impact on the phase
at the output of the interferometer. Indeed, this mirror serves as a phase reference
for the matter-wave interferometer, such that its movements will completely blur the
resulted fringes. Figure 3.17 (a) shows the typical level of vibrations measured on
the z-axis reference mirror when the sensor head is installed on the rotation platform
described in chapter 2, vertical and with the brake applied. Figure 3.17 (b) displays
a section of this signal during the simultaneous realization of an atom interferometer

with an interrogation time 7' = 10 ms and for 7 = 3 ps Raman pulses. The sensitivity
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Figure 3.17: (a) Signal from the classical accelerometer mounted on the back of the reference
mirror during ~ 3 minutes while the sensor head is installed on the rotary
platform. The accelerometer’s signal is streamed at ficq = fapc/2 = 2.5 kHz.
(b) Zoom on a particular section corresponding to an atomic interferometry
sequence realized in parallel with an interrogation time 7" = 10 ms and pulses
during 7 = 3 ps. The green signals represent the measurement of the classical
accelerometer, the blue curve stands for the response function to acceleration,
and the red squares display the three Raman pulses zoomed in ten times on
the horizontal axis for clarity. The difference in the amplitudes observed on
the two graphs only results from the very dense signal presented on (a), which
does not display the sections with lower noise but only the overall extrema.

function was superimposed on this graph to illustrate the instants where vibrations are
the most critical. For this particular interferometer, writing avin(t) = @ot(t) — g the
vibrations of the mirror on the static apparatus with aot(t) the classical accelerometer’s
measurement and g the local gravitational acceleration, the resulting phase shift is
equal to:

0=, [ £(t) [kem-auin (1)) dt ~ T rad (3.32)
with @, ~ 15815 rad the measured phase at the output of the interferometer, asso-
ciated to the total acceleration ao(t) and ®, ~ 15808 rad the phase associated to
the local gravity taking g = 9.805642 m/s? from an independent measurement. The
vibration-induced phase shift being larger than +7 rad, the estimation of the atomic
fringe corresponding to the actual useful signal is incorrect and the atomic sensor no

longer enables us to accurately measure accelerations.

Different solutions exist to tackle this large scan of the atomic fringes and retrieve
the inertial signal measured by a quantum accelerometer. First, these vibrations can
be dampened as much as possible by placing the science chamber on neoprene pads,
passive vibrations isolation platforms or even active vibrations isolation platforms [Oon
and Dumke 2022] for instance. Though, this option is not ideal since most of the time,

the better the isolation, the heavier and bulkier the system is. Additionally, depending
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on the targeted application, suppressing vibrations in this manner can represent a loss
of signal; for navigation purposes for example, the separation between vibrational noise
and the useful signal is unclear, a trade-off has to be made on the cutoff frequency and
this loss of correlation between the atomic accelerometer and the vehicle can transform

into errors in the position or attitude of the latter.

A more favorable solution to maximize the correlations between the motion of the
quantum accelerometer and its output is to measure the acceleration of the reference
mirror with a high temporal resolution in order to track and correct the random phase
shift added by vibrations to every point of the interferometric fringes. Indeed, the
same way the scale factor of the atomic accelerometer was calculated in equation
1.45 or the typical vibration-induced phase shift was assessed in equation 3.32, it
is possible to subtract the resulting phase from the measurement by correlating the
measurement of the classical sensor with the matter-wave interferometer’s response
function. If this correction scheme can be applied after the measurement by processing
the blurred atomic fringes, we chose to develop a real-time hybridization scheme based
on a field-programmable gate array (FPGA) acquiring the signal from the mechanical
accelerometer and integrating its measurements weighted with the response function all
along the inteferometer, feeding back the total phase to the direct digital synthesizer

(DDS) controlling the laser phase a few microseconds before the last pulse.

3.3.2 Real-time closed-loop hybridization principle

In the previous sections of this chapter, the open-loop operation of the quan-
tum gravimeter and accelerometer using the high-pass filtered output of classical
accelerometers to compensate for vibrations has been presented (see figures 3.5 and
3.10 respectively). In this configuration, the acceleration measurement performed by
the atom interferometer is used as the device’s output signal. This signal is discrete
with an acquisition frequency set by the cycling rate of the experiment Ty, ~ 1.6 s,
but it is also absolute and exact since the free-falling atoms represent a perfect inertial
frame of reference. The only limit in this measurement’s accuracy thus lies in the

systematic phase shifts evaluated at the end of the two previous sections.

In order not to be limited by the cycling rate of the device, another functioning
scheme referred to as "closed-loop" was conceived. Its operation is summarized in figure
3.18. Instead of high-pass filtering the mechanical accelerometers’ output signals, their
whole measurement spectrum is correlated with the atom interferometer’s response
function. Indeed, for a given axis, the true acceleration’s low-frequency components

as well as higher-frequency vibrations should be equally sensed by both the classical
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Figure 3.18: Closed-loop operation of the sequential hybrid accelerometer. The discrete
measurement of the atom interferometer along a given axis is used to estimate
the bias of the associated mechanical accelerometer by comparison of their
respective measurements. The resulting continuous, bias-free signals of the
three mechanical accelerometers are used as the hybrid sensor’s output.

and quantum devices and thus they should cancel out, so much so that the only
information remaining after the hybridization will be the slowly-varying bias of the
classical accelerometer. This bias is then subtracted from the classical sensor’s output
at each measurement of the corresponding atom interferometer and, assuming this
bias does not vary faster than our cycling rate, we can use the high-bandwidth, bias-
corrected signals of the mechanical accelerometers’ triad as our hybrid multi-axis
sensor’s output. Furthermore, filtering the classical measurement requires to determine
the cut-off frequency based on a trade-off between what is considered useful signal and
what is considered parasitic noise; in practice, this always induces a loss of information,

which is undesirable in the context of an onboard inertial sensor.

Real-time Doppler compensation

As it can be noticed in figure 3.18, the signal from the classical accelerometers is
now used for a real-time compensation of the Doppler frequency shift as well, so as
to maintain the Raman lasers resonant with the velocity-sensitive Raman transition

while the atomic cloud is gaining velocity. Indeed, this correction can be accurately
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calculated for a given projection of the atoms’ velocity on the laser’s axis but it is no
longer possible for a sensor head subject to inclination changes. For that reason, the
Doppler frequency shift w; is computed in real time before each Raman pulse ¢ using
the measurements of the mechanical accelerometers which provide information on the

tilt angle through the projections of the gravitational force.
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Figure 3.19: (a, b) Contrast of the interference fringes pattern and (c, d) acceleration
sensitivity along the y and z axes as a function of the tilt angle 6, for 6, = 0°.
(e) Geometry of the Raman beams with respect to the atomic trajectory.
Colored dots display the result of the interferometric fringes’ sinusoidal fit
while solid lines represent the model of the fringes contrast (see [Templier et al.
2022]).

Figure 3.19 exhibits the evolution of the contrast and acceleration sensitivity
resulting from a sinusoidal fit of the atomic interference fringes. As it can be seen for
large inclinations, the Doppler frequency shift limits the performances due to a lower
velocity projection on the z axis and the visibility of the fringes sharply drops (purple
curve). However, with the real-time compensation enabled, the Doppler effect becomes
less critical to the measurement and the smoother decrease in the contrast is mostly due
to the atoms falling out of the beam in addition to the Raman transitions’ frequencies
becoming indistinguishable, namely the residual co-propagating transition and the
two counter-propagating transitions k4 and k;. Additionally, the Rabi frequencies

inhomogeneities studied in the previous section also take part in this contrast limitation.
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Figure 3.20: Evolution of the laser frequency w(t) and phase ¢(t) throughout the atom
interferometer for Doppler frequency shift compensation schemes using a
frequency chirp (brown) and phase-discontinuous frequency jumps (green).
The laser phase ¢(t) is imprinted onto the atomic wave packets during the
Mach-Zehnder atom interferometer.

Phase-discontinuous frequency jumps

A Doppler compensation computed in real time will give different frequency jumps
both throughout an interferometric sequence and from an interferometer to another,
leading to varying Raman laser phases ¢,5(t). For that reason, in order to isolate
the Doppler frequency correction from the Raman laser phase, the phase-continuous
frequency jumps presented in the beginning of this chapter are replaced with phase-
discontinuous frequency jumps. Practically, this means that the laser phase is reset
some delay time before each laser pulse so that the effect of the Doppler compensation
is not imprinted onto the atomic wave function, as exhibited by the green curve in
figure 3.20. The pre-trigger delay between the frequency jump and the laser phase does
not necessarily have the same value for each pulse so we define t4; with respect to the
beginning of the first pulse, tgo with respect to the middle of the second pulse and 43
with respect to the end of the last pulse.
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Hence, the laser phase can be discriminated in three areas:

w1<t+td1> for —tg <t<TH717—1tp
wa(t =T — 27 4+ tge) for T+ 27 —tgg <t < 2T 4+ 47 — tg3
o(t) = . (3.33)
ws(t — 2T — 41 + tg3) for 2T + 41 —tq3 <t < 2T + 47
0 otherwise

A convenient way to compute the effect from phase discontinuity of the laser is to

define the phase sensitivity function h(t) derived from the interferometer’s sensitivity

function:
cos(Qprt)
QRsin(Ql’;) forO<t<rt
o) = 90 _ —Qp BT 2 for T+ 7 <t <T+37 (3:34)
dt Qp@al2tt) for 0T + 37 <t < 2T +47 '
0 otherwise

The phase associated with the Doppler correction can be straightforwardly calcu-
lated:

+oo 1 Q
deisc = / h(t)(b(t)dt = ((,U3 — wl) [ tan (f) - T] + wltdl — 2w2td2 -+ wgtdg.
(3.35)

Setting the frequency jumps as stated in equation 3.8, the phase becomes:

1 QrT
¢disc == 2keﬂa(T+27'> [Q tan (;) — 7+ tdg — td2] —|—w1td1 _2W2td2 —|—C<J3td3. (336)
R

Moreover, binding the extreme pre-trigger delays with the middle one as follows:

2
tdlztd2—<1—)7'

5 (3.37)
tag = taz + <1—>T
T
the residual discontinuous phase term can be further simplified:
1 Q 2
Paise = 2kega(T + 27) [% tan (j) — WT] (3.38)

which cancels out assuming perfect Raman pulses verifying Qg = 7/2.

However, similarly to the frequency correction schemes introduced previously, an

imbalanced atom interferometer with inhomogeneous Rabi frequencies will see this
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phase term modified for a more complex expression:

1 QgT 2
o =2 T +27) | — — ==
baisc =2kega(T + 27) l 0 tan< 5 ) Wr]

+w itam % —itan E
"Q, 2 0 2

with ; the Rabi frequency associated with the i pulse and w; the laser frequency at

(3.39)

the instant of the first pulse.
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Figure 3.21: Mid-fringe lock algorithm for a hybrid accelerometer in closed-loop configura-
tion.

As well as for the open-loop case, a fringe tracking algorithm was developed in the
closed-loop configuration for operating the hybrid accelerometer as depicted in figure
3.21. Here, following the principle of the closed-loop scheme introduced in figure 3.18,
the tracked parameter is the one output by the atom interferometer’s measurement,

namely the classical accelerometer’s bias.

Figure 3.22 exhibits the fringe locking sequence switching between the three axes,
two modulation phases and two momentum recoil directions. On each axis, the error
signal generated from the phase modulation is processed in a PID controller leading

to a correction phase shift d¢(¢;), for the algorithm to iteratively compute a bias
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Figure 3.22: Central fringe locking sequence disclosing the order in which parameters are
changed from one interferometer to another. For a given axis and modulation
phase, two consecutive interferometers are performed with reversed momenta
+kerr and the acceleration value on this axis is updated. Then, we switch
to the next axis and after these six interferometers (two momentum recoil
directions times three axes), the process is repeated with a modulation phase
flipped from +7/2 to Fm/2.

phase ¢y(t;) = ¢p(ti—1) + 0¢(t;). Divided by the atom interferometer’s scale factor Sy,
this phase shift is converted into an estimated bias, subtracted from the mechanical

accelerometer’s signal yielding a continuous and bias-free measurement:
anyy(t) = a(t) + b(t) — b(t;) (3.40)
with b(t;) — b(t).

The performance of the mid-fringe lock algorithm implemented on the hybrid
accelerometer in closed-loop configuration is demonstrated in figure 3.23. To evaluate
the robustness of this fringe tracking, the tilt angle of the sensor head is varied in
steps of 5° every 2 to 3 minutes, over a range of 50°. These data were recorded for
an interrogation time 7' =5 ms at 0, = 0°, corresponding to a rotation along the z
axis. Thus, only the measurements on the x and y axes appear on these graphs. The
biases output from the atom interferometers’ signals, visible in figure 3.23 (b), show
variations of ~ 700 pg arising from a small contribution from the scale factors of the
classical accelerometers to their orientation, but also to the inclination-dependent error
on the atom interferometer’s scale factor. These biases are then subtracted from the
classical accelerometers’ signals in order to extract the bias-free magnitude of each
acceleration component, shown in figure 3.23 (c). Ultimately, figure 3.23 (d) exhibits

the norm of the total acceleration vector, effectively stabilizing at the same level some
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Figure 3.23: Performance of the mid-fringe lock algorithm for an interrogation time 7' =5
ms at 6§, = 0° while (a) the tilt angle 0, is varied in 5° steps over 50°. The
evolution of the corresponding (b) classical accelerometers’ biases measured by

the atom interferometers, (c¢) magnitude of the acceleration components and
(d) acceleration vector norm output by the hybrid triad are displayed as well.

time after each tilt modification.

3.3.3 Quasi-static performance of the three-axis hybrid ac-

celerometer

Long-term stability and sensitivity to the norm of the acceleration vector

The long-term stability of the hybrid accelerometers triad is depicted in figure
3.24. For the acquisition of these data, the fringe tracking algorithm in closed-loop
configuration was implemented and the sensor head was tilted at 6, = 45° and 6, = 30°.
The matter-wave interferometers were performed at an interrogation time 7" = 10 ms
following the sequence presented in figure 3.22. The acceleration components in the
mobile frame, as well as the polar angular coordinates exhibit a slow drift resulting
from the instability of the rotary platform amounting to approximately 10 prad over
30 hours. However, the norm of the acceleration vector remains constant and reaches a

stability of o, = 60 ng after 24 hours of integration, as it is shown on the Allan deviation
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Figure 3.24: Analysis of the hybrid accelerometer triad’s stability over 60 hours for an
interrogation time 7' = 10 ms at an inclination (6, = 45°, 6, = 30°). Time
series at the cycling rate of the experiment are presented in the body frame

(left) and polar coordinates (middle) with norm [la|| = /a2 + a2 + a2, incli-
nation 6 = cos~!(a./||a||) and azimuth ¢ = atan2(as,a,). The solid black
curve displays a 10-hour moving average of ||a||. (Right) Allan deviation of
the acceleration vector’s norm for the hybrid (black) and classical (purple)
accelerometer triads. Dashed lines represent integration tendencies as 1/7 and

1/4/T respectively.

on the right of figure 3.24. Simultaneously, the norm of the acceleration measured
by the classical triad drifts up to the 3 ng level due to the bias instability of the
uncorrected classical sensors, demonstrating a 50-fold improvement in the acceleration

vector tracking capability.

Regarding the Allan deviation of the hybrid acceleration norm’s measurement, it
first integrates as 1/7 indicating the integration of correlated noise produced by the
quantization of the classical devices’ signals in the analog-to-digital converters (ADC)
as well as ambient vibrations. From this point on, while the norm of the classical
triad continuously drifts, the norm of the hybrid triad stabilizes at a period 67y,
where T, = 1.6 s is the one-axis measurement cycle time. Due to the integrator time
constant of the mid-fringe lock algorithm’s feedback loop, the Allan deviation of the
hybrid triad increases as well until approximately 100 s before integrating again as
1/4/7 indicating white Gaussian noise. The fit of this section yields a sensitivity of 22
ng/ VHz, primarily limited by the cycling rate of the instrument due to the dead times

inherent to the sequencer presented in chapter 2.

Accuracy of the acceleration norm’s measurement

In a similar manner as for the quantum gravimeter and quantum accelerometer

triad, the systematic phase shifts affecting the atom interferometer’s measurement
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will introduce an error in the calculation of the mechanical accelerometers’ biases
which, once subtracted from the classical sensors’ outputs, represent a new type of bias
deteriorating the performances of the apparatus. If most of the systematic effects were
examined for the quantum accelerometers triad in section 3.2, new errors arise from

the closed-loop hybridization and operating scheme and need to be investigated.

The first important error which comes to mind is the residual laser phase introduced
by the phase-discontinuous frequency jumps which is imprinted onto the atoms. Indeed,
in the case of perfect Raman pulses with constant Rabi frequencies Q; = Q3 = 7/27,
then this phase term is canceled out at the output of the interferometer. Nevertheless,
the study on Rabi frequency inhomogeneities in our tilted instrument conducted
in section 3.2 associated to the result of equation 3.39 indicate that the previous
assumption is not valid. With the sensor head tilted by 6, = 45° and 6, = —30°, atom
interferometers were performed at 7" = 10 ms with the mechanical accelerometers’
outputs high-pass filtered so that the phase shift at the output of the interferometer
equals ® = @gisc + dkin Where ¢y, stands for the inertial phase shift due to the atomic
motion. Then, subtracting the latter using the scale factor Sy, given in equation 3.19
at the first order, it was possible to isolate the residual discontinuous phase shift only.
The resulting biases on the measurements of the acceleration components amounted
to 0¥ = 22.19(0.35) pg, 0¥ = —18.81(0.45) ng and o2 = 18.11(0.27) pg yielding a
systematic bias of o, = 34.27(0.63) pg on the norm of the acceleration vector [Templier
2021].

Furthermore, another issue to consider is the application of the matter-wave inter-
ferometer’s response function correlated with the mechanical accelerometer’s signal. In
the open-loop scheme, this only involved the AC part of the classical measurement and
produced the vibration correction phase ¢$5 but now that the whole unfiltered signal is
conserved, this hybridization yields the correlation phase ¢, directly compared to the
inertial phase shift arising from the atomic motion ¢y;,. In the case of an imbalanced

Mach-Zehnder interferometer, the response function to accelerations is derived from
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the sensitivity function g(¢) defined in equation 1.48 and can be written:

Qig tan (%) - tan (Q§T> fort <0
Q%W forO<t<rt
t—7+itan(%) forr<t<T—+r71

fy=4 T + a0 tan (QST) — Q%COS(QQT);?E?&ZQT(;_T_QT)) forT+7<t<T+ 37
—t+2T+37‘+ tan(Q§T> for T+ 37 <t <27+ 37
o cos(fer) ;‘fj{é’;ﬁf 2r-ir) for 27 + 37 < t < 2T + 47
0, t>2T +4r

(3.41)
with €; the Rabi frequency associated with the i** pulse. However, for computational
resources considerations, an approximation of this function was implemented in the

FPGA board constituting the core of the real-time chain. This function is defined as

below:
0 fort <0andt > 27T + 41
Jrr(t) = %;frt forT+7<t<T+427 (3.42)
DR (—t + 2T +47) for T+27 <t < 2T +41

where the value 0 outside the bounds of the interferometer is valid for a symmetrical

interferometer.

The scale factor associated to this simplified expression can be straightforwardly

calculated assuming a constant acceleration ag, following:

¢COI‘

Spr = = Kef / frr(t)dt

_ /{Jeff(T +27) (T 4 i) . o)

From this expression, it is possible to deduce the scale factor error S = Sgr — Skin

and associated systematic phase shift for a constant acceleration ay:

¢sp = apdS

ar 1 Q 1 Q (3.44)
= kegao(T + 27) [7: o tan (;) o tan <;T>1 .

The evaluation of this effect, performed in the same conditions as for the residual
discontinuous phase shift, produced systematic biases of oF = —26.2(2.4) pg, o¥ =
38.4(1.0) pg and o2 = —39.9(0.5) ng corresponding to a systematic bias of o, = 61.3(2.7)
g on the norm of the acceleration vector. It should be mentioned that this simplification
in the response function of the interferometer does not only add a systematic phase shift

degrading the accuracy of the instrument, but may also harm the sensitivity on the
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acceleration components. Indeed, using an inexact function induces a loss of correlation
between the atom interferometers and the mechanical accelerometers, thus reducing
the efficiency of the vibrations rejection. This being added to the finite bandwidth
and latency of the classical devices imply a strong sensitivity limitation due to the
vibrations which still introduce phase noise and, for high enough regimes, still prevent

any measurement to be extracted from the interference fringes.

Systematic effect (pg) | z-axis bias | y-axis bias | z-axis bias | Norm bias
Total 16.2 (5.0) -23.3 (2.4) 17.5 (1.7) 33.3 (5.8)

Table 3.3: Table of the acceleration biases taken from [Templier 2021} including all the
contributions from the atom interferometers on the 3-axis hybrid accelerometer as
well as the residual discontinuous phase and scale factor error for an imbalanced
atom interferometer with a Raman interrogation time of 7' = 10 ms and a sensor
head’s inclination of 8, = 54.7° and 6, = —45°. The estimations are expressed in
g with the uncertainties in parentheses. The norm bias stands for the bias of
the norm of the full acceleration vector.

Ultimately, these systematic errors limiting the accuracy of our measurement of the
acceleration vector’s norm must be added to the effects previously calculated on the
quantum accelerometers triad. The results of this evaluation, summarized in table 3.3,
reveal a bias on the norm of o, = (33.3 £ 5.8) g exhibiting an uncertainty two times

better than the quantum triad.

3.3.4 Hybridized sensors’ misalignments along a given mea-

surement axis

With a hybridization design such as the one presented in this section, the conse-
quences of the misalignments between the respective sensors must be very carefully
contemplated. First, the misalignments between the three reference mirrors constituting
the measurement axes of the quantum accelerometers triad was assessed in section
3.2. However, the closed-loop operating scheme used for the hybrid device imposes
to lay emphasis on the respective misalignments between the quantum and classical
accelerometers along each axis. Indeed, each atom interferometer is employed to correct
the bias of the corresponding classical sensor, the signal of which is used as the instru-
ment’s output. Eventually, if these two sensors are measuring a different projection
of the acceleration, a systematic bias dependent on the orientation of the apparatus
will be introduced in the real-time correction and diminish the overall accuracy of
the instrument. This is not the case with the open-loop hybridization scheme which
suppresses the DC component of the classical measurement, thus the projection of the

acceleration for the latter is not involved.
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Figure 3.25: Schematic representation of the different elements composing the measurement
of the acceleration projection along a single axis, tilted with respect to the
gravity vector g. The axes zm,, z¢, 21 and zg respectively denote the effec-
tive wave vector’s axis (normal to the reference mirror, defining the atomic
accelerometer’s measurement axis), the classical accelerometer’s measurement
axis, the incident laser’s axis and the local gravitational acceleration’s axis.

As depicted in figure 3.25, the number of elements participating in either the
quantum or classical acceleration measurement introduce various potential misalign-
ments. On this schematic representation, we consider a rotation around the axis
T = x9 = T, = X, for simplicity. Regarding the atom interferometer, its output will
be sensitive to the norm and orientation of the wave vector with respect to the incident
laser field, assuming an angle « leading to k'3 = k.g cos(a)2,,. The measurement axis
being defined by the normal to the reference mirror, it will then sense the acceleration
st = —gcos(0+ a+ )z, with 6 the tilt of the sensor head (defined by the mechanical
accelerometer’s axis) and ( the angle between the classical accelerometer and the
incident laser beam. On the other hand, the classical accelerometer will measure
an acceleration along its own measurement axis, written a. = —gcos(6)z., and is
insensitive to the variations of the effective wave vector since its value is computed
from the FPGA board and unrelated to the laser’s evolution, explicitly k& = kegz..
From these information, it is possible to calculate a systematic error arising from these

misalignments, considering only the approximate response function of the interferometer
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as this error was assessed independently:

“+o0
(brnis - / fRT(t) {k}:{iis‘-a’at - k?{-ffr-acl} dt

= kestg(T + 27) (T + 47—> [cos € (1 — cos acos(a + 3)) + sin 6 cos asin(a + )]
7r
2

~ keggT? [cos@ <a2 +af + i) +sin (o + 6)]

(3.45)

where the last equation is valid in the infinitely short pulses assumption 7 < T and
for a second-order development of the small angles o, 5 < 1 rad. Divided by the atom
interferometer’s simplified scale factor, this phase shift can be expressed in terms of

acceleration bias:

mis Qbmis —~ 2 EQ ;
RN R cosf | a” + af + 5 +sinf(a + B) (3.46)

For a 30° inclination of the mechanical accelerometer with respect to the gravity,
at an interrogation time 7" = 10 ms and for a reasonable misalignment of o + 5 = 10
prad, the resulting phase shift is as high as ¢,,;s = 79 mrad corresponding to a bias
0am;s ~ 49 ng.

Calibration of the misalignment-induced acceleration bias

Here, we observe a first-order dependence on the inclination of the sensor head,
proportional to the misalignment between the classical and atomic accelerometers
(v 4+ B). To illustrate this effect, data shown in figure 3.26 (a) were recorded after
changing the reference mirror on the z axis, replaced by a tip-tilt mirror. The alignment
was no longer optimized and the fit of these data returned values of av = 51.7(3) mrad
and [ = —55.7(3) mrad, which are extremely important misalignments but fortunately
mostly canceled out. Still, a 4 mrad angle between the mechanical accelerometer’s
and the reference mirror’s respective axes induced a 5 mg variation of the bias over
80°. The offset of this bias, estimated at —18.65(1) mg, is due to the absence of
any calibration anterior to this experiment. This represents the actual bias of the
mechanical accelerometer, independent from the tilt angle of the sensor head but

conditioned by the operating conditions and in particular the temperature.

In order to suppress the acceleration bias sensitivity to the sensor head’s tilt,
obtained by tracking the atomic fringe in closed-loop configuration, the operation
described above was repeated by changing the orientation of the mirror using the

piezo-actuated tip-tilt platform described in section 2.4. Fitting the evolution of the
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Figure 3.26: (a) Evolution of the bias returned by the fringe tracking algorithm in closed-
loop configuration, with the sensor head’s and platform’s z axes aligned
(0, = 0°) and 6, varying between —40° and +40° in steps of 10°. The dark red
dots represent the stabilized value of the bias after a 2 — 3 minutes tracking,
while the light red curve illustrates a fit of these data using equation 3.46. (b)
The fit of this bias, returning the first order contribution of the misalignment
«a + 3, is repeated for different inclinations of the mirror driven by the two
parameters of the piezo-actuated tip-tilt platform «; and a9 in order to
find orientations canceling the tilt-dependent bias at the first order. In the
meantime, the angle between the classical accelerometer and laser collimator 5
remains unchanged. The yellow plane representing the effective cancellation of
the misalignment a4 3, its intersection with the experimental points highlights
the various couples (a1, ag) satisfying our requirements.

bias with equation 3.46, we were able to extract the contributions of the various
angles to this bias in different positions focusing on the first-order contribution o 4 .
This value was plotted as a function of the two parameters used to drive the tip-tilt
platform «; and ay in figure 3.26 (b) letting appear a linear tendency represented by
the light blue plane. We observe on this graph that there is a complete line verifying
a cancellation of the bias’ sensitivity to the sensor head’s inclination, which makes
sense since the sensor head is only rotated along the x axis; this result finally shows an
alignment of the mechanical accelerometer and the reference mirror in the y, 2z plane.
This fit yielded an arbitrary couple of angular setpoints (a; = 21.53, s = 15) mrad
ensuring « = —f and thus a suppression of the first-order tilt-dependent acceleration

bias.

Nevertheless, the calibration performed on the reference mirror does not affect the
alignment between the mechanical accelerometer and the laser collimator 3. This first
means that the incident and reflected laser beams are no longer overlapped, implying
a contrast reduction and a scale factor error proper to each quantum accelerometer
which can lead to a significant error on the acceleration vector’s norm, but also that the
second-order contribution of the misalignments to the systematic bias is still present.

In order to tackle these two issues, a two-step iterative process was implemented.
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It consists in the alignment of the classical sensor and reference mirror through the
previously described technique, and laser back-coupling in the optical fiber through
the adjustment of the laser collimator’s orientation. After several repetitions of these
operations going back and forth, the apparatus finally reached a satisfying configuration

of « = f =0 mrad.
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Conclusion

The realization of a quantum gravimeter capable of sensing the acceleration of
free-falling atoms with a 1.24 pg/ VHz sensitivity at a 7 = 20 ms interrogation
time has been demonstrated. Additionally, the tracking of the interferometric signal
established a stability reaching the 10 ng level after 5 hours 30 minutes of integration
and the investigation of the systematic bias induced by the environment and the
technological elements of the apparatus yielded an intrinsic accuracy of (351 4+ 983.1)
ng. If the sensitivity and long-term stability are in good agreement with our expected
performances, more efforts should be put in the characterization of the systematic
phase shifts (such as the wavefront distortion for instance) in order to gain an order of

magnitude in the relative accuracy.

Furthermore, the qualification of the whole quantum accelerometers triad has vali-
dated its ability to be operated at an arbitrary orientation, with individual sensitivities
of 0° = 13.8ug/VvHz, 0¥ = 4.8ug/vHz and o = 5.9ug/v/Hz for an interrogation
time of T" = 10 ms, including the noise of the classical sensors due to the open-loop
hybridization (in particular on the z axis). The sequential measurement of the three
orthogonal acceleration components allows for the reconstruction of the full vector,
with a norm reaching a 200 ng stability level after a 9 hours integration. The effort
made on the rejection of the systematic phase shifts and on the calibration of the
quantum triad’s non-orthogonality has led to a reduction of the three sensors’ biases

for an accuracy of (83.6 £ 11.3) ng on the acceleration vector’s norm.

Ultimately, the real-time system featuring a field-programmable gate-array (FPGA)
board has proven efficient in the compensation of both the vibration-induced parasitic
phase shift and the Doppler frequency shift tuning the Raman laser out of resonance,
even for an orientation of the sensor head slowly varying in time. The closed-loop
operating scheme allows the atom interferometers to efficiently measure and remove
the biases of the mechanical accelerometers, making possible to use these corrected
signals as a continuous and bias-free measurement of the acceleration projections. The
qualification of the whole triad yielded a sensitivity of 22 pg/+/Hz on the norm of the
acceleration vector at 7' = 10 ms, and the analyze of long-term acquisitions exhibited
a stability of 60 ng after 24 hours of integration. This demonstration reveals a 50-fold
improvement in our capability to track the acceleration vector, by comparison with
the classical accelerometers triad. Here again, the evaluation of the systematic phase
shifts and the elimination of the largest ones has produced an accuracy of (33.3 +5.8)
1g on the norm of the acceleration provided with an uncertainty twice as low as the

quantum triad, which proves the efficiency of the implemented sensors fusion scheme.
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These compelling results pave the way for field-deployable and mobile applications,
but the operation of the hybrid instrument outside the laboratory and even more
onboard a vehicle give rise to new challenges. Indeed, the apparatus still needs
to be evaluated outside a temperature-stabilized environment which can give rise
to instabilities of the mechanical structure. Furthermore, the compensation of the
reference mirror’s vibrations has proven limited in terms of frequency and amplitude.
Eventually, for onboard operation, the sensor head will most likely undergo rotation
rates incomparable with the Earth rotation or the slow drift experienced on the rotary
platform. This last aspect is acknowledged as a major hindrance in the realization of
an atom interferometer, and needs to be tackled as the next primary step as discussed

in the next chapter.

Quentin d’Armagnac de Castanet 128



Chapter 4

Atom interferometry in the presence

of rotations

In this chapter, the major consequences of rotations on the measurement of a
matter-wave interferometer are investigated, following the theoretical work described in
section 1.3. First, the model of the output phase shift for a rotating atom interferometer
both with and without a mechanical compensation on the reference mirror is revised by
integrating the closed-loop, full hybridization scheme introduced in section 3.3. On the
experimental side, this study includes a demonstration of the exponential decay of the
atomic fringes’ contrast with a rotating effective wave vector and a validation of the
rotation-induced systematic phase shifts model, related to the complex trajectory of the
atomic cloud in the rotating frame of the hybrid accelerometer. Following this, a fringes
reconstruction scheme is presented in order to retrieve the acceleration information out

of the diminished and scrambled interference signal.

Subsequently, after setting the bounds to the applicability of the fringes recon-
struction process in terms of interrogation time and angular velocity, an electronic
and mechanical design consisting in a compensation of the rotation applied to the
reference mirror is presented. In particular, we describe the FPGA design acquiring the
signals of the fiber-optic gyroscopes and converting them into angular setpoints for the
piezo-actuated tip-tilt platform to stabilize the orientation of the mirror at each light
pulse. Some technical details on the practical implementation, data format and timing
constraints are provided before demonstrating the performance of the compensated
rotating interferometer. Ultimately, the limiting factors in the instrument’s sensitivity
to accelerations are evaluated in order to determine how this hybrid accelerometer

could be employed to perform on-board inertial measurements.
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4.1 Complements to the theoretical model of a ro-

tating, fully-hybridized accelerometer

In chapter 1, the phase shift measured at the output of a rotating Mach-Zehnder
atom interferometer was calculated, with a reference mirror mechanically fixed to
the vacuum chamber (section 1.3) as well as with its orientation stabilized in the
laboratory frame (section 1.4). Moreover, the closed-loop scheme aiming at hybridizing
the matter-wave interferometer with the classical accelerometer has been described in
section 3.3. In the case of a rotating apparatus, some specific accelerations induced
by the rotation of the mechanical accelerometer take part in the hybridized sensor’s
measurement and either compensate or exacerbate some contributions of the rotating
atom interferometer. In particular, the driving acceleration including the centrifugal
component will be sensed by both quantum and classical accelerometers with two
distinct lever arms as their measurement reference points (respectively the atomic
cloud and classical device’s proof mass) are not at the same exact position. In order to
account for this specificity on the measurement of our hybrid instrument, the phase

shift equivalent to the classical measurement of the acceleration must be calculated.

4.1.1 Equivalent phase shift of the classical measurement

Similarly to the rotation-induced inertial phase shifts arising from the modification
of the atomic trajectories, the measurement of the classical accelerometer will be
impacted by the rotation of the apparatus, and notably the centrifugal force arising
from the lever arm between the center of rotation (taken as the mobile’s center of mass)
and the sensor. Most of the existing classical acceleration sensing technologies rely on
a damped proof mass whose displacement is determined to retrieve its acceleration in
its own instantaneous rest frame, before an electronic circuit pushes back the proof
mass towards its rest position; in practice, there are only very small elements of motion
of this proof mass with respect to the sensor’s body and it can be overall considered
attached to the rest of the apparatus. For this reason, while the quantum accelerometer
senses some Coriolis effect due to the motion of the atomic cloud with respect to the
reference mirror, we assume that the classical accelerometer will not measure such effect
in the absence of any moving parts. It is important to insist that this statement only
holds under the assumption of a test-mass immobile in the frame of the mechanical

accelerometer’s case, which will be discussed more in detail in section 4.3.

Having in mind the equation of motion describing the classical sensor’s movements

in the laboratory frame, one can define an equivalent phase shift from the classical
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Figure 4.1: 2D representation of the relevant frames’ axes and distances for compensated
rotations. The terrestrial frame Ry, the science chamber’s frame R, the mirror’s
frame R,, and the atomic cloud’s frame R, are represented in black, green,
blue and gold respectively. O: center of rotation of the apparatus; O': center
of rotation of the mirror; M: center of the mirror’s surface; A: center of the
atomic cloud; C: center of the classical accelerometer’s proof mass; dy, = O'M:
lever arm of the tip-tilt mirror in the chamber’s frame; dcor = OO’: distance
between the centers of rotation of the chamber and the mirror; v, = OM:
position of the mirror in the terrestrial frame; 744 = OA: position of the atomic
cloud in the terrestrial frame; r; = OC': position of the classical accelerometer’s
test mass in the terrestrial frame; rpa = M A: distance between the mirror’s
surface and the atomic cloud; rca = CA: distance between the classical
accelerometer’s test mass and the atomic cloud.

acceleration measurement using the formalism of sensitivity function, the same way
the hybridization scheme operates. The term equivalent highlights the fact that what
is calculated is not an atomic phase shift, as it does not involve any kind of path
difference like in interferometric measurements. Here, this expression is the result of a
conversion of an acceleration, correlated with the sensitivity function of the atomic
interferometer to reveal a quantity homogeneous to a phase and which can be directly
compared to the output of the atom interferometer as it raises the same scale factor
kegT?. Consequently, for an interferometric measurement performed on the z axis, this

method provides an equivalent phase shift equal to:

ot = ke T? [0z + b, + (2§ + v T)Q?] (4.1)
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with b, the bias of the classical sensor attached to the z axis, €2 the rotation rate
applied on the sensor and z{! the distance between its center of rotation and its proof
mass. This distance corresponds to the quantity r visible in figure 4.1, projected onto

the 2z axis and taken at the first pulse’s instant.

Considering that the classical sensor, attached to the experimental chamber, has

no relative velocity v in the rotating frame of the science chamber R., equation 4.1
can be simplified as:

ot = ke T? [0z + b, + 2507 (4.2)

It is important to mention that because the mechanical accelerometer is attached to
the mobile, its individual output signal will not experience any change whether the
mirror rotates or not and will thus yield the same phase shift in both situations (i.e.

with and without mechanical compensation).

4.1.2 Output phase shift of the hybrid accelerometer in the

case of a static mirror

Let us remind the expression of the phase shift associated to the movement of
the atoms with respect to the mirror, immobile in the rotating frame attached to the

vacuum chamber, determined in section 1.3:

Dy = ke T? [az +2(v, + a,T)Q, — 2(vy, + a, TS, 43
4.3

+ (20 — 30T + 220Q, T — 2yoQ2,T) QQ}
The subtraction of the atomic measurement from the classical equivalent phase
shift finally gives us the inertial phase shift remaining to be compensated for, defined
by A® = &, — $,; and given at the third order in 7" and €2 for a constant rotation

with its axis in the plane transverse to the Raman beam (2, = 0):

AD = kgT? {bz —2(vy + a, 7)Y, + 2(vy + a, 1),

_ (ng — 3v,T + 220, T — QZJUQIT) QQ:| (4.4)

where 2% = sl

= 2p—2§ = rcal(ty) u, denotes the distance between the atomic wave packet
and the classical accelerometer along the z axis at the instant of the first light pulse.
It is a projection of the distance rca displayed in figure 4.1 taken at the beginning of

the interferometer.

On the first line, we recognize the bias of the classical sensor and the Coriolis

effect induced by the atomic cloud’s transverse motion in the Raman beam. The
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second line corresponds to the centrifugal force with a predominant contribution arising
from the two sensors’ respective lever arms; it is interesting to note that due to the
comparison of the classical and quantum measurements, the position of the center of
rotation is no longer present at the first order and only the distance separating the
two devices remains. Some higher-order terms from the atomic phase shift, related
to the composition of motions in the different frames of reference, still appear in the

differential phase shift as well.

4.1.3 Phase shift of the hybrid accelerometer with a stabilized

reference mirror in the laboratory frame

As for the fixed mirror case, let us first remind the atomic phase shift in the case of

a mirror rotating in the mobile frame:

P = ket T2z + 202 + a2 T)(Qy + Quny) — 2(vy + @, T) (U + Vi)
+ (@ Qmy — ay Q)T + (20 + 22082, T — 2102 T)?
— (220 — 2dcor — dp, + 30T + 3vrecT + 320y T — 3Yo T2,
— 30T (2 + 20 Quu + Qi + Q2 + 20, Qg + Q)
+ 37 (2082 — Yo%) (% umx — U Qmy)|
(4.5)

with Qe my the angular velocity components of the mirror in the rotating frame of
the science chamber as defined in section 1.4 and all the distances detailed in figure
4.1. Equation 4.5 takes up all the contributions to the inertial phase shift described in
table 1.1.

Just like in the case of a mirror attached to the rotating frame of the vacuum
chamber, we define the output phase shift of the hybrid accelerometer compensated
from the rotations of the instrument A®©™P = 4 — ™. Since the mechanical
accelerometer is not sensitive to the rotation of the mirror, the terms subtracted from
the above expression are the same as in equation 4.1. To simplify notations, we will

write:

o 25" =20 — 28 = roa(to).u, the distance between the classical sensor and the

atomic wave packet along the z axis at the instant of the first pulse, as defined

above;

. z(l)VIA = 29 — dcor — dm = Tma (to). 1, the distance between the reference mirror’s

surface and the atomic cloud at the instant of the first pulse;
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o 08 = Q; + Qui (1 = x,y) the residual rotation rate on a given axis arising from

an imperfect compensation, considering that €2; ~ —€,; in practice.

Acceleration term Notation | Associated phase shift expression
Classical bias Obias ke T2,

Mirror’s rotation mirror ket T? [—azQumy + ay Q]

Residual Coriolis GCoriolis 2kt T? [— (vp + . T) 6Qy, + (v, + a,T) 6]

Centrifugal (chamber) chamber | ke T2 [—zOCA — 22080, T + 2y, T }
kep T202 220" + d,y,
+ 3T (Uz + Urec + xOme - yOme)]
Skew T2 . (9002 + 0923
— (@0 = 10Q%) (% — 2y

mirror

Centrifugal (mirror) contrifugal

Other terms arising from

composition of motion Peompo

Table 4.1: Summary of the contributions to the phase shift of a closed-loop hybrid ac-
celerometer undergoing opposed rotations of the laser input and retroreflection
mirror. These contributions are given up to the third order in T, for constant
transverse rotations. The effective wave vector is considered oriented along +u .
at the instant of the first pulse (see figure 4.1).

Table 4.1 summarizes all the contributions to the output phase shift of the closed-
loop hybrid accelerometer while it experiences rotations compensated on the reference
mirror AP°™P. These rotations are assumed to have a constant amplitude along an axis
comprised in the plane transverse to the initial effective wave vector (§2, = 0). These
results are developed to the third order in 7" and in €2 for clarity. Additionally, the
general expression for three-dimensional rotations considering a non-null first derivative

are given in appendix A.

comp

ot was calculated in section 1.4, this

In the same manner as the atomic phase ¢
table lets appear the unchanged contributions of the residual Coriolis effect ¢coriolis
arising from a possibly imperfect stabilization of the mirror’s orientation, as well
as the higher-order terms resulting from the composition of motions ¢eompo.. The
phase shifts deriving from the centrifugal accelerations related to the rotation of the
chamber ¢Zamber | and the mirror ¢t .1 do not involve the position of the sensor
head’s center of rotation at the first order anymore, due to the hybridization with
the classical accelerometer which is also sensitive to this effect. The biggest change
is the phase shift associated with the relative acceleration, which is canceled out as a
result of the closed-loop operating scheme and only leaves the contribution from the

mechanical accelerometer’s bias ¢y, Which we want to retrieve in order to compensate
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it eventually. Additionally, the term related to the mirror’s rotation ¢Mier i still
present. Ultimately, summing all the contributions above, the output phase shift of

the closed-loop hybrid accelerometer with a stabilized reference mirror is given by:

comp __ . mirror L chamber mirror
AP - (bblas + ¢rotation + ¢COY10113 + ¢centrifugal + (bcentrifugal + ¢Compo (46>

4.1.4 Systematic phase shift induced by the mirror’s rotation

One aspect of the total phase shift AP“™P deserving a particular attention is the
contribution arising from the rotation of the mirror, expressed as:

Pl = kg T [~y + Ay iy - (4.7)

rotation

We consider a mirror’s rotation axis restrained to the plane transverse to the Raman
laser, regardless of the trajectory of the science chamber. Since this contribution already
appeared in the output phase shift of the rotating atom interferometer related to the
sole motion of the atoms @5, ¢ without any consideration of closed-loop hybridization,
this phase shift is likely to be the result of the modification of the wave vector rotating
in the frame of the vacuum chamber in addition to have a decreasing norm due to the
reducing overlap between the incident and reflected Raman laser beams. This would
translate into an atomic scale factor inhomogeneity leading to a systematic phase shift

as stated in section 1.4.

However, an independent calculation of the phase shift related to the misalignment
between the classical accelerometer, fixed in the mobile frame, and the quantum
accelerometer’s measurement axis defined by the rotating reference mirror, yields a
very similar result. In section 3.3, the phase shift induced by the relative misalignment
a + (8 between the two inertial sensors was evaluated. A protocol of alignment of the
reference mirror, laser collimator and mechanical accelerometer was then proposed
and executed, ensuring a phase shift equal to zero for &« = = 0. Once implemented
on the three axes, a study of the systematic phase shifts should allow for a precise

determination of this residual static misalignment.

Now, for a constant rotation of the mirror during the interferometer with an angular
velocity 2,,, the orientation of the wave vector relative to the collimator will evolve
as a(t) = ag + Qut, t = 0 being defined as the beginning of the interferometer. The
prior alignment of all the elements at stake allows us to write ag = 5 = 0, leading to
a(t) = Q,t. We consider a static Raman laser oriented at an angle 6 with respect

to the gravity vector, changing slowly enough to be assumed approximately constant
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during the interferometer in order to simplify notations. The calculation from section

3.3 with these new considerations yields a phase shift modified as:

sin?(Q,,,T)

1
¢mis - _ikeﬁg T2 cos f) — an

cos(6 + 292, T)| . (4.8)
The mirror rotates at typical angular velocities of §2,,, &~ 107! rad /s and the interrogation
time is limited to 7" = 10 ms. This allows us to use the small angles approximation and,
with some trigonometric manipulations, yields the simplified misalignment-induced
phase shift:

Gmis = —ker gT> QU [T cos 0 + sin 6] . (4.9)

Considering a static sensor head throughout an interferometer, the transverse
acceleration of the atoms is given by a, = —gsin 6. Additionally, for a rotation axis

along = axis, the contribution of the mirror’s rotation to the output phase shift of the

hybrid accelerometer simplifies as ¢I = kegT?a,Qmy = —kergT >y sin @ which
leads to ¢mirer = ¢ i at the third order in T for €2, = Q. Indeed, the phase shift

contributions above the order T* are neglected in table 4.1 and thus the first term of

the misalignment phase, equal to —k.zgT*Q?, cosf, could not appear in the expression

mirror
Of rotation*

Hybridization-based compensation of the mirror’s rotation in the laser phase

An interesting thing to note is that if we take into account the modification of
the wave vector experienced by the atoms during the interferometer (both its rotation
and norm decrease) and inject it in the correlation of the classical measurement with
the response function of the interferometer, the phase shift related to the rotation of
the mirror ¢mirer disappears from the output phase shift A®“™P. This systematic
effect is likely to arise from a rotation of the quantum measurement axis, defined by
the reference mirror, with respect to the reference axis of the chamber defined by the
classical accelerometer. Given the knowledge of the angle between those two axes at
any time, artificially rotating the classical measurement’s axis by projecting the output
signals of the triad according to the evolution of the wave vector would compensate for

the phase shift induced by the mirror’s rotation.

It can alternatively be considered in terms of scale factors, with the weighting of the
classically measured acceleration components adjusting the scale factor of the classical
phase shift to the time-varying scale factor of the matter-wave interferometer related
to the effective wave vector’s rotation. In practice, it consists in taking into account

the angle a(t) = ,,t between the two measurement axes in the correlation product
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performed by the real-time software. This calculation is performed in an iterative
way with the equivalent phase shift relative to the classical measurement computed

throughout the interferometer as:
Geor(t + dt) = Peor(t) + frr(t + db) [keg(t).aa(t + dt)] VYt € [0,2T + 47 — dt]. (4.10)

Since it is difficult for the FPGA-based real-time algorithm to process vector calculus,
the actual implementation which does not account for the rotation of the reference

mirror can be written:
Geor(t + dt) = Peor(t) + frr(t + dt)kegaq (t + dt) YVt € (0,27 + 47 — dt] (4.11)

with keg = 47/, frr the simplified response function implemented in the real-time
system (defined in equation 3.42) and aq(t + dt) = a,(t + dt) for a Raman beam along
the 2z axis. The proposed solution would simply change this expression by including
the reduction of the effective wave vector’s norm through the factor cos(€,,t) as well

as its rotation ruled by the rotation matrix R(Q,,t) as follows:

Geon(tHdt) = Peon (t)+ frer(t+dt) cos(Qmt) [R(Qnt) kegraa(t + db)] Vit € [0, 2T +47—dt].
(4.12)

An attempt to implement this technique through the real-time vibrations com-
pensation was made, but it proved to be unsuccessful due to practical considerations.
Indeed, the rotation of the effective wave vector implies a projection on the other axes
and thus to have the different accelerometers intervening in the measurement. The
first issue arising from this matter results from the mechanical conception of the sensor
head described in chapter 2. By construction, the three mechanical accelerometers
are attached to their respective reference mirrors, each separated by approximately
ten centimeters from the others. This distance was not taken into account while
calculating the lever arm involved in the science chamber’s centrifugal acceleration,
leading to an incorrect contribution to the phase shift. For the same reason, assuming
the structure of the science chamber is not completely rigid, such scheme induces a
loss of correlation between the reference mirror’s motion and the measurement of the
acceleration components by the transverse classical sensors, reducing the efficiency
of the vibrations compensation scheme. Ultimately, in the context of the closed-loop
hybridization, the computation of the classical accelerometers is indistinguishably
performed for the compensation of the vibrations and for the correction of the classical
bias. As mixing up the weighted signals of different classical sensors could lead to

incorrect biases in the output measurement of the hybrid accelerometer, it appears

Quentin d’Armagnac de Castanet 138



Chapter 4.  Atom interferometry in the presence of rotations

preferable not to artificially rotate the classical measurement axis and to process the
phase shift "I as an individual systematic phase shift instead, the latter being

accounted for in the model of the mid-point theorem anyway.

4.2 Processing the atomic signal in the low-rotation-

rate regime

As a first step, it is important to characterize the effect of a rotation of the science
chamber with a reference mirror mechanically attached to the rotating frame R, i.e.
without an independent rotation of the mirror €2, = 0. This is necessary to first
establish the validity of the theoretical model detailed in sections 1.3 and 4.1, but
also to set bounds on the experimental parameters which can be employed before the
exponential decay of the atomic fringes’ contrast prevents any measurement. Specifically,
it consists in evaluating the equivalent acceleration sensitivity o, which can be achieved
depending on the interrogation time 7" and the angular velocity €2 of the instrument in

the laboratory frame.

4.2.1 Fringes reconstruction with contrast feedback and phase

correction

Let us consider the experimental apparatus described in chapter 2 placed on the
rotary table at §, = —45°, this angle being reminded in figure 4.2. This orientation leads
to two balanced projections of the angular velocity €2, = , along the  and y axes of
the science chamber (written x. and y. in figure 4.2), defined by the measurement axes
of the classical accelerometers, when the rotation platform is manually maneuvered
along its x axis. The two major consequences of a rotation on an atom interferometer,
analyzed in section 1.3, are the exponential decay of the fringes’ contrast and the
non-gravitational systematic phase shifts induced by the complex trajectory of the

atomic cloud in the rotating frame.

The first effect can be described by the simplified equation 1.78, reminded below:

2
C(Q) ~ Cyexp |— (\/%TiTkeffTQ) (22 +92) (4.13)

where Cjy denotes the static contrast obtained on a non-rotating instrument and the

exponential decay formula is detailed in section 1.3 along with the justifications for the

hypotheses and simplifications.
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Figure 4.2: Schematic view of the hybrid accelerometer’s sensor head placed on the rotary
platform introduced in chapter 2. The tilt angle 6, denotes a rotation of the
sensor head along its vertical axis z. with respect to the rotary table, set before
a measurement and constant thereupon, while 0, is the angle scanned when
performing dynamic rotations throughout a set of interferometers.
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Figure 4.3: Illustration of the exponential decay of the interference pattern’s normalized
visibility for interrogation times 7' =5 ms (red), 7' = 7 ms (purple) and 7' = 10
ms (blue). The dots represent experimental data and the straight lines are
based on equation 4.13 for a cloud temperature 7 = 3.6 pK and a normalized
static contrast Cy = 1.
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This physical outcome is illustrated in figure 4.3 where well controlled angular
velocities are applied to the sensor head to verify the agreement between the theory
and the exponential decay actually experienced on our apparatus. To do so, the inertial
frame attached to the vacuum chamber is maintained immobile while the tip-tilt stage
is driven by constant rotation rate signals along the x axis. Hence, performing atom
interferometric sequences while scanning the interrogation time and tilt jump amplitude
enables us to fit the resulting fringes and retrieve the evolution of the contrast in various
situations. It is important to note that the rotation rate being constant during an
interferometer but also from one measurement to the other, the phase shift induced by
the rotation of the mirror remains the same for a given data set and does not hinder
the fitting of the atomic fringes. To coherently compare the different sets of data, the
contrast (Y is evaluated beforehand in static so that a reference value is determined
for each interrogation time. Consequently, data are recorded while the apparatus
is undergoing rotations and the resulting measured contrast is divided by the static
reference value, yielding a normalized value only influenced by the angular motion. The
initial tilt angles of the sensor head are 6, = 0° so that the contrast inhomogeneities
related to the atomic cloud falling out of the Raman laser do not play part in this study.
The exponential decay of the obtained normalized contrast of the uncompensated
atomic fringes is then given by the red, purple and blue dots for interrogation times
T =5ms, T=T7ms and T = 10 ms respectively. The straight lines plotted in the
same colors depict the theoretical contrast calculated with equation 4.13 for a cloud
temperature 7 = 3.6 pK. This value is consistent with independent measurements
of the atoms’ temperature via counter-propagating Raman spectroscopy. We observe
a very good agreement between the experimental data points and the theoretical
curves, indicating the correctness of the theoretical model and the applicability of the

hypotheses made to reach the simplified expression.

As for the total phase shift at the output of the interferometer, it is important to
mention that all the data presented in this chapter were recorded while our instrument
is operated in closed-loop configuration. Hence, the relevant equation describing this
parameter is the one given in section 4.1 which accounts for the correlation with the
classical accelerometer. At the third order in the interrogation time 7" and angular
velocity €2, considering the latter is constant and the rotation axis is contained in the

transverse plane (2, = 0), this expression is written:

AD = kgT? [bz —2(vy + a, T)Q, + 2(vy + a, 1),

_ (ng — 3v,T + 220, T — 2onxT) QQ} (4.14)
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In order to focus on the rotations only, we define a rotation phase ¢.ot = Ppias — AP
which does not account for the bias of the classical inertial sensor anymore. In practice,
a tracking of the classical bias is performed regularly with a static apparatus in order
to suppress its effect on the atomic fringes before performing atom interferometers in
rotation. All the inertial components, namely acceleration, velocity and position of the
atomic wave packet relative to the reference mirror are defined with respect to their
values at the instant of the first laser pulse (taken as initial conditions). Acceleration
is considered constant in the context of the closed-loop hybridization, where the high-
frequency vibrations are equally sensed by the quantum and classical accelerometers
and thus compensated for, and velocity can be computed from the moment the atoms
are released from the optical molasses, since the atoms are trapped and have no relative
velocity in the frame of the experimental chamber prior to this point. Furthermore, we
know that the only translational acceleration affecting the atomic cloud comes from
the gravity g = —g.u, which allows us to specify the expressions of the atomic cloud’s

inertial components:

. . g . g .
a, = gsin(#,) sin(f,) = ——=sin(0, Uy = ——=sin(6,)TOF
gsin(0:) sin(6;) 5 (62) /5 (62)
. g . g .
a, = gcos(8,)sin(0,;) = —= sin(6, v, = —=sin(6,)TOF 4.15
y = g cos(0:) sin(b:) = o sin(0s) V=5 (62) (4.15)
a, = —gcos(f,) v, = —gcos(0,)TOF
where we observe that a, = —a, and v, = —v,. Furthermore, with the particular tilt
angle 0, = —45°, the two transverse gyroscopes measure the same projection of the

angular velocity Q, = , >~ Q/ V2. Ultimately, we neglect the terms scaling as (°
as well as the term scaling as T3 TOF which are negligible given our experimental
parameters and operating conditions. Combining equations 4.14 and 4.15, this yields

the simplified expression:
Gron = ket T2[ — 29 5in(0,) (T + TOF) + 2507 (4.16)

In practice, with a fixed laser phase ¢.s, the atomic fringes will be scanned by both

the tilt angle 0, and angular velocity (2 while maneuvering the rotary platform.

Determination of the sensor head’s tilt angle

The signals from the mechanical accelerometers attached to the y and z axes, in
addition to the z and y axes fiber-optic gyroscopes, are streamed at f,.q = 2.5 kHz.
The mechanical accelerometer on the z axis is used to deduct the absolute tilt angle of

the sensor head during the interferometer through the projection of the gravity vector
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|0.| = arccos(—a./g), while the y axis accelerometer allows us to determine its sign.
The first phase shift related to the Coriolis acceleration lets appear the tilt angle of the
experiment 6, which is naturally varying when an angular velocity is applied to the
rotary table. However, in a first approximation, this tilt angle is considered constant
during an atom interferometer as the inertial components taking part in this equation
are expressed at the beginning of the interferometer'. Furthermore, a rotation at a
speed |2 < 250 mrad/s during a 27" = 20 ms-long interferometer will induce a tilt
angle difference of [0| < 0.3° which is small compared to the average tilt angle § in
most cases. It is important to note that for inclinations not verifying the previous
assertion, i.e. for very little angles, the terms proportional to sin(f) are negligible
and the terms scaling as cos(f) are not sensitive to the tilt angle at the first order
anymore, confirming that the assumption of a constant inclination is reasonable in our
operating conditions. Furthermore, taking an isolated measurement of the mechanical
accelerometer at the beginning of the interferometer would make our estimation of the
angle highly sensitive to the noise of the classical sensor. For this reason, we decide to

keep the average value of the tilt angle over the atom interferometer 6, ~ §AL

Distances and lever arms measurement

As for the initial position of the atomic cloud, it can be measured with respect
to the reference mirror’s surface corresponding to the parameter 2} by executing
a frequency jump Av to the Raman laser at the m pulse of the interferometer. This

operation introduces an additional phase shift equal to:

~ 8mdy
¢

Ag

Av (4.17)

with d, the distance between the atomic cloud and the reference mirror at the instant

of the 7 pulse and ¢ the speed of light [Xu et al. 2021].

Applying different frequency jumps ranging from —20 MHz to 420 MHz allowed
us to fit a linear function to the experimental points as displayed in figure 4.4 for
two different orientations 6, = 0° (blue) and 6, = —20° (red). This fit produced
very similar results regardless of the orientation, notably a slope A¢/Av = 0.0105
rad/MHz on a vertical sensor head with a squared linear correlation coefficient equal
to r2 = 0.998 and finally led to a distance equal to d, = 10.5.107%¢/(87) = 125.3 mm.
Since the displacement of the atomic cloud follows the equation z(t) = g cos(6,)t*/2

and assuming the position of the cloud when released from the optical molasses is

ITo account for the variation of this angle, the acceleration components themselves should not
be considered constant and it is the whole model of the phase shift, established using the mid-point
theorem, which should be revised.
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Figure 4.4: Evolution of the phase shift of the atomic fringes A¢ when applying a frequency
jump Av at the 7 pulse of the interferometer for a tilt angle 6, = 0° (blue)
and 6, = —20° (red) of the sensor head. The slope of this evolution yields the
distance of the atomic cloud relative to the reference mirror’s surface according
to equation 4.17.

always the same, we calculate its value with respect to the measured position at the
pulse on a vertical sensor head (0, = 0°): 224, = dr + g(TOF +T)%/2 = 129.7 mm
for TOF = 20 ms and 7' = 10 ms. The initial position of the atomic wave-packet can
be determined along the three axes by adding the tilt-dependent displacement of the
cloud during the time-of flight, related to the three components of the gravity vector.

Along the axis normal to the mirror, this yields:

1
2MA(0) = 129.7 mm — 59 cos(0)TOF?2. (4.18)

Consequently, the initial position of the atoms relative to the classical accelerometer’s
proof mass can be determined using the expression ZOCA = z(l)\/[A +dm+ (door — zgl) where
the different distances involved are summarized in figure 4.1. The tip-tilt platform’s
lever arm given in the data sheet amounts to 3.3 mm, which must be added to the
4 mm thickness of the reference mirror. This leads to d,, = 7.3 mm. Furthermore,
the distance between the mirror’s center of rotation and the edge of the mechanical
accelerometer was measured on the experimental apparatus and verified on the 3D
model, yielding a value equal to 58.7 mm. One subtlety being that the classical sensor
is 19.8 mm deep, the position of its test mass cannot be accurately determined. In
a first approximation, we assume it is placed in the middle of the device and we can

write the required parameter:

254(0) = 75.9 mm + z)14(0)
) (4.19)
= 205.6 mm — 59 cos(0)TOF”.

Quentin d’Armagnac de Castanet 144



Chapter 4.  Atom interferometry in the presence of rotations

Analysis of the contrast decay and phase scrambling

Once all the parameters involved in the rotation phase shift ¢, are known from
the measurements of the classical inertial measurement unit, it is possible to retrieve
information from the atomic measurements. Matter-wave interferometry sequences
are performed with a fixed laser phase equal to ¢,s = 7/2 rad. This choice of the
laser phase value ensures a maximum sensitivity of the population ratio Ny/Nio to the
output phase of the interferometer ® by operating on a linear section of the fringes.
The time of flight of the atomic cloud before the interferometer is equal to TOF = 20
ms and the interrogation time is set at 7" = 6 ms due to its strong influence on the

reduction of the visibility of the interference pattern.
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Figure 4.5: Measured population ratio No/Niot as a function of the angular velocity of
the science chamber. (Left) Concatenated data of the 1600 runs performed
for tilt angles 0, € [0,30]° at T'= 6 ms. Each black dot corresponds to the
measurement of an atom interferometer while the dashed red line is an envelop
defined by the rotation-induced contrast drop. (Right) Filtered data for two
specific intervals 6, € [11,13]° (blue) and 6, € [27,30]° (red). The solid lines
are calculated using the models established for the contrast decay and rotation
phase shift. The areas filled in lighter colors exhibit the extrema of the chosen
angle ranges.

To that end, we measure the ratio of the population in the upper ground state

P = N3 /Ny, expressed as:

P(C, ¢rot) = Py — CgQ) cos(Grot) (4.20)
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with the angular velocity-dependent contrast C'(£2) defined by equation 4.13 and the
rotation phase ¢, defined by equation 4.16. We display these population ratios in
figure 4.5 where the left-hand graph shows the output of 1600 interferometers. Data
were recorded at 7' = 6 ms for tilt angles 6, € [0,30]° and angular velocities |Q2| < 150
mrad/s. The dashed red line exhibits the model of the contrast decrease as a function
of the rotation rate based on equation 4.13 with no free parameters and an atomic
cloud temperature 7 = 3.6 nK measured independently through Raman spectroscopy.
If this graph demonstrates a good agreement with the experimental data, no more
information can be extracted from this plot as the rotation phase depends on several
parameters. However, reducing the output of the atomic measurements in narrow
intervals of the tilt angle 6., it is possible to observe the oscillations characteristic of
an interference pattern. This analysis is presented on the right-hand plot, where data
were filtered in two distinct intervals 6, € [11,13]° (blue) and 6, € [27,30]° (red). The
solid lines are calculated using equation 4.20, while the areas filled in lighter colors
show the uncertainty related to the span of the tilt angle intervals. Here as well, we
observe a very good agreement between the data points and the theoretical curve —
graphed with no adjustable parameters — (coefficient of determination R? ~ 0.95).
This shows that our model, both for the loss of contrast and the phase term associated
with rotations, describes well the effects of rotations on an atom interferometer, within
the parameters of our experiment, and therefore that we are able to reconstruct the
interference fringes in the presence of rotations. Beyond this reconstruction, data
shown in figure 4.5 demonstrate that for a well-known tilt angle of the sensor head, the
hybridization between our atom interferometer and the fiber-optic gyroscopes enable
the achievement of an atomic gyroscope fitted with a high dynamic range and able to

operate at any arbitrary orientation.

4.2.2 Performance of the uncompensated rotating atom ac-

celerometer

Now that we have demonstrated our good understanding of the measurements
performed by a rotating atom interferometer, we are able to apply a normalization
of the ratio using the model of the rotation-induced decrease of the fringes’ visibility
defined in equation 4.13 as well as a correction of the rotation-induced systematic
phase shifts using the rotation phase ¢, defined in equation 4.16. This way, we should
be capable of reconstructing the atomic interference pattern in order to retrieve the

desired acceleration information.

Figure 4.6 summarizes the fringes reconstruction process for matter-wave interfero-
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Figure 4.6: Fringes reconstruction process on a Mach-Zehnder atom interferometer un-
dergoing arbitrary rotations with a reference mirror attached to the rotating
frame. (a) Distribution of the tilt angles 6, € [0,30]° and angular velocities
Q € [-80,80] mrad/s for each run. (b) Measured population ratios at the
output of each interferometer with a constant phase offset ¢1,5 = 7/2 applied on
the laser at the third Raman pulse. (c¢) Histogram of the measured population
ratios exhibiting a Gaussian shape centered on the ratio offset Py. (d) Same
plot as (b) with the population ratios plotted as a function of the rotation
phase ¢.ot. This graph features oscillations characteristic of an interference
pattern, a decreasing contrast at high phases due to the angular velocity €2 and
a thick line due to the different couples (6., ) yielding the same rotation phase
¢rot- (€) Histogram of the population ratios normalized with the model of the
rotation-induced contrast decay, revealing a bimodal distribution characteristic
of a sinusoidal pattern. (f) Atomic fringes reconstructed by representing the
normalized population ratios as a function of the rotation phase ¢.ot. The dark
red line shows a cosine fit to the data points using equation 4.20 which produces
a contrast C' = 35.7% and a signal-to-noise ratio SNR = 8.6.

metric measurements performed as described previously in this section. The angular
velocities are restricted to |Q2] < 80 mrad/s, limit above which the atomic fringes
are extinguished. The distribution of the tilt angles 6, € [0,30]° and rotation rates
Q2 € [—80,80] mrad/s for each measurement is exhibited in figure 4.6 (a), showing that
these two parameters are scanned fairly uniformly over all the recorded runs. The
measured population ratio Ny/Nio at the output of each interferometer is displayed in
figure 4.6 (b), where they appear as noise due to the rotation-induced phase scrambling.
Additionally, the exponential decay of the contrast due to arbitrary rotation rates is

highlighted by the distribution of the ratios shown in figure 4.6 (c). Here, the Gaussian
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envelope of the histogram is a signature of the contrast loss as it reveals a spread noise
around the ratio offset due to the arbitrary distribution of measurements under low
rotation rates, where the contrast is preserved, and high rotation rates which extinguish
the latter.

As a first step of the post-correction process, the rotation phase ¢, is calculated
from the knowledge of the interrogation time 7', the determination of the initial distance
between the mechanical accelerometer’s proof mass and the atomic cloud 2§ described
above and the measurements of the classical IMU using equation 4.16. Displaying
the population ratios as a function of the resulted rotation phase - and not only the
rotation rate ) as in figure 4.5 -, the oscillations characteristic to an interference
pattern become noticeable as presented on the green dots in figure 4.6 (d). While only
the rotation rate of the instrument has an impact on the contrast of the fringes, the
rotation phase is influenced by both the tilt angle of the sensor head and its angular
velocity. For this reason, several couples of these two parameters can lead to the same
value of ¢,o¢ but will produce a different population ratio, justifying the thickening
of the line formed by the data points. Furthermore, the amplitude of the population
ratio variations is naturally decreasing with the absolute value of the rotation phase
since the latter is strongly impacted by the rotation rate, as is the contrast, until the
"fringes" are completely extinguished. This is notably why only data points recorded at
angular velocities below 80 mrad/s are considered here, as it will be discussed in the

next subsection.

Ultimately, this correction of the phase scrambling was coupled to a normalization
of the measured ratios based on the model of the contrast’s exponential decay described
above. If we take up the expression of the population ratio P(C, ¢,4) given in equation
4.20, it is possible to apply a simple correction given the knowledge of the population
ratio offset P, the static contrast Cy and the rotation-induced contrast decay C(£2)

given by equation 4.13, following the expression:

Co

P= c(Q)

[P(C, uet) — Po| + P, (4.21)

By doing so, the data points are repositioned on the ordinate axis according to the
population ratio which should have been measured in the absence of any contrast
decrease. Henceforth, the rotation of the instrument should not influence the amplitude
of the interference fringes anymore and the contrast should be constant over the
runs performed. It is important to note that this normalization does not artificially
improve our performances as it only impacts the amplitude of the reconstructed fringes.

Consequently, it does not modify the phase noise o4 and the signal-to-noise ratio,
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defined by SNR = C/o4, should eventually be the same as what it usually is in the
same conditions, specifically limited by the static contrast Cy and the regular phase
noise arising from vibrations or laser instabilities for instance. The final result of this
reconstruction process is depicted on the third row’s red graphs of figure 4.6. The
histogram of the normalized ratios in figure 4.6 (e) reveals a bimodal distribution which
contrasts with the Gaussian shape of the histogram of the raw ratios. As mentioned
previously, the bimodal distribution being a distinctive feature of a sinusoidal pattern,
it demonstrates the recovery of the contrast of the atomic fringes as supported by the
red sine function in figure 4.6 (f). The light red dots represent the result of each atom
interferometer just as the plot above, only the ordinate axis no longer displays the
raw population ratio but instead the normalized ratio using equation 4.21. Since the
parameter displayed in abscissa is the same, we observe the same oscillations as before
with the extrema in the same positions, but the amplitude of the fringes now looks

fairly constant over the rotation phase ¢, scanned over more than twenty radians.

It is now possible to fit a cosine function to the experimental data, using the simpler

expression of the normalized ratio:
~ C
P=P - 70 cos(dyrot) (4.22)

which is illustrated by the dark red plain curve in figure 4.6 (f). Using the same method
as for a static apparatus, this fit allows us to retrieve the key parameters related to the
performance of the fringes reconstruction process. In particular, this operation returns
a contrast Cy = 35.7% and a signal-to-noise ratio equal to SNR = 8.6. In terms of
sensitivity to acceleration, we can use the following expression to estimate a value from

the signal-to-noise ratio:

12
W= ———_ ~ 41.2 pg/shot 4.23
7~ ka2 SNR hg/sho (4.23)

the factor 2 coming from the definition of the contrast. This sensitivity is limited by
the maximum interrogation time 7T},,x = 6 ms achievable in the range |Q2| < 80 mrad/s.
Furthermore, we could consider implementing a real-time control of the rotation phase
Orot Similar to the control of the laser phase ¢y, in order to maintain the measurement
at ¢t = £7/2 where the sensitivity of the population ratio to the rotation phase is

maximum.
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4.2.3 Performances degradation while exploring the full dy-

namic range of the rotating sensor

If the results presented in the previous subsection are a compelling first step in
the process of retrieving acceleration information from a rotating atom interferometer,
the technique still presents significant limitations which must be carefully investigated
in order to determine the conditions required for applying the fringes reconstruction

scheme.

Indeed, the acceleration sensitivity calculated in the previous subsection is estimated
on a wide range of angular velocities Q2| < 80 mrad/s for which it is still possible
to reconstruct the atomic fringes as some amplitude remains in the population ratio
oscillations. Furthermore, the signal-to-noise ratio is intrinsically related to the contrast
C(€) and thus to the static contrast Cy. Here, the presence of data recorded at very
low rotation rates allowed us to get back the interference pattern with a fairly high
contrast, yielding a decent signal-to-noise ratio which is not necessarily representative
of the performance of the interferometer at high rotation rates. In order to further
investigate the performance of the reconstruction process, one interesting thing to do
would be to slice the data into narrower angular velocity intervals in order to observe

the sensitivity variations on each independent range.

Figure 4.7 exhibits the result of individual analyses of the interferometric fringes on
narrow angular velocity ranges. To that end, experimental data are filtered in intervals
of 10 mrad/s so that the contrast and rotation phase do not vary too much within a given
interval. Subsequently, a cosine function is fitted to the filtered experimental points in
order to retrieve the SNR proper to each situation. The resulting measurements are
plotted in figure 4.7 (left) represented as black dots and as a function of the average
rotation rate of the runs contained inside a given range of angular velocities. We can
observe an abrupt decrease in the signal-to-noise ratio which could derive from both
the contrast decay and the increasing rotation phase noise. To determine the origin of

this degradation, a theoretical prediction based on the data points was made.

We assume an atomic cloud temperature 7 = 3.6 pK and a static signal-to-noise
ratio SN Ry = 17.8 extrapolated from the two first points at 2 < 20 mrad/s, where
the rotation-induced contrast decrease is assumed negligible. The third and most
important hypothesis is that the phase noise of the atomic fringes remains constant,
regardless of the angular velocity (). Under these assumptions, the evolution of the
SNR related to the contrast decay only was calculated and displayed as a red curve in

figure 4.7 (left). Apart from some experimental measurements slightly remote from the
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Figure 4.7: Evolution of the performances of the rotating interferometer with the fringes
reconstruction process in the absence of mechanical compensation on the ref-
erence mirror. (Left) For each rotation rate interval, the signal-to-noise ratio
is measured from the fit of raw atomic fringes and plotted as black dots. The
red curve is a theoretical prediction of the SNR drop with a cloud temperature
T = 3.6 uK, a constant phase noise of the atomic fringes (i.e. independent from
the angular velocity) and a static value SN Ry = 17.8 extrapolated from the
two first points at 2 < 20 mrad/s, where the rotation-induced contrast decrease
is assumed negligible. (Right) Corresponding acceleration sensitivity converted
from the SNR values using equation 4.23, both for experimental measurements
(black dots) and theoretical prediction (red curve).

theoretical curve, we observe an overall good agreement with the theory, demonstrating
that the performance degradation is primarily limited by the rotation-induced contrast

decrease.

Figure 4.7 (right) displays the sensitivity to acceleration of the atomic measure-
ment, calculated from the SNR values using equation 4.23 for both the experimental
measurements (black dots) and theoretical prediction (red curve). If the sensitivity
remains fairly constant below 40 pg/shot for rotation rates up to 60 mrad/s, it diverges

rapidly above this limit until no proper measurement is possible anymore.

Figure 4.8 exposes the results of the fringes reconstruction scheme applied outside
its working range, i.e. for couples (€2,7") of rotation rates and interrogation times
completely suppressing the contrast of the fringes. Data were filtered to retain the
interferometers performed at rotation rates |2| > 100 mrad/s, still for an interrogation
time 7" = 6 ms. On the left-hand plot, these ratio measurements are displayed as
a function of the rotation phase ¢,,; but no significant difference can be made with
the unsorted ratios as their distribution is overall flat. When applying the ratio

normalization to each interferometer, aberrant results are returned as the negligible
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Figure 4.8: Demonstration of the fringes reconstruction process limitation at angular veloc-
ities |©2] > 100 mrad/s for which the signal is completely extinguished. Points
recorded at |2 € [80,100] mrad/s were omitted as some of them still exhibit a
non-zero contrast. (Left) The flat distribution of the population ratios No/Niot
demonstrates the extinguished contrast and the inability of reconstructing an
interference fringes pattern even with the calculation of the rotation phase ¢yot.
(Right) The normalization of the population ratio proves to be meaningless
with a random repositioning of the experimental points on the ordinate axis,
up to aberrant normalized ratios of several hundreds - though the window is
restricted to [0.2,0.8] for clarity.

contrast dividing the raw ratios leads to normalized values up to several hundreds
and the right-hand graph, which should reveal the reconstructed fringes, only outputs
a meaningless point cloud, final proof that we cannot reconstruct a signal which is

already below the noise limit.

As a conclusion, the loss of contrast restricts the accessible experimental parameters
to low angular velocities and short interrogation times. Indeed, while it is always
possible to correct for the rotational phase terms provided a sufficiently good knowledge
of the sensor head’s motion during the interferometer, the loss of contrast constitutes
a fundamental limit as no reconstruction of the interference fringes is possible if the
contrast becomes lower than the noise threshold. For the purposes of retrieving an
acceleration measurement out of a rotating atom interferometer outside this operating
range, it thus appears essential to tackle the exponential decay of the contrast first

and foremost.

In order to be able to perform atom interferometry at high rotation rates, it is
necessary to limit or cancel the loss of contrast. Looking at equation 1.78, the two

parameters which can be exploited for this purpose are the atomic cloud’s temperature
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T and the interferometer’s interrogation time 7. Regarding the interrogation time, it
is intrinsically related to the atomic accelerometer’s sensitivity thus it is not the best
option to reach the best performance. Therefore, one approach could be to significantly
reduce the temperature of the atoms. For example, with an interrogation time of
10 ms and a maximum rotation rate of 200 mrads—!; if we wish to limit the contrast
drop to fifty percent, the atoms’ temperature has to be 35nK or lower. Although
such temperatures can be reached through velocity selection [Kasevich et al. 1991] or
evaporative cooling [Anderson et al. 1995] among other techniques, they come with
drawbacks such as reduced number of atoms, longer measurement dead times and more
complex setups. Furthermore, such methods could present additional challenges in
the context of our multi-axis hybrid accelerometer as the condensation of atoms does
not ensure such low temperatures in the three dimensions. Instead of reducing the
temperature of the atoms to mitigate the loss of contrast of the interferometer, and
based on the fact that this loss is the consequence of the rotation of the wave vector of
the Raman transition, our approach is to keep the orientation of the reference mirror
constant in the laboratory frame R for the duration of the interferometer by applying

to this mirror a rotation opposed to that of the science chamber.

4.3 Atom interferometry under arbitrary strong

rotations

4.3.1 Mechanical stabilization of the reference mirror’s

orientation

In order to achieve contrast loss-free atom interferometry under arbitrary rotations,
which may vary during a measurement sequence or from an interferometer to the
other, it is first necessary to measure the rotation components applied on the science
chamber with the highest accuracy and sensitivity possible. The single-axis rotation
compensation scheme, including the measurement of the angular velocity components
in the plane transverse to the Raman laser axis and a real-time stabilization of the

reference mirror’s orientation in the laboratory frame, is illustrated in figure 4.9.

The signals from the fiber-optic gyroscopes (FOG) introduced in section 2.3 are
exploited to drive a piezoelectric tip-tilt platform (see section 2.4) on which the reference
mirror is mounted in order to perform a rotation of the mirror of equal amplitude and
opposite direction to the rotation of the sensor head. For this purpose, the components

of the rotation vector are integrated over an arbitrary period of time with their signs
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Figure 4.9: Schematic representation of the single-axis rotation compensation scheme. Two
fiber-optic gyroscopes (FOG) are placed along the x and y axes of the rotating
frame, mechanically attached to the instrument’s body. The reference mirror
along the z axis, used to perform the matter-wave interferometry sequence, is
placed on a piezo-actuated tip-tilt platform. The angular velocity components
measured by the FOGs are sent to an FPGA board driving the tip-tilt stage in
order to stabilize the orientation of the effective wave vector in the laboratory
frame.

reversed to generate a rotation vector describing the opposite evolution of the sensor
head’s tilt angle in this time interval. The negative sign serves to generate a setpoint
angle which will help returning to the initial orientation of the mirror before the
rotation of the sensor head. Subsequently, the components of this rotation vector
are used to fill a three-dimension rotation matrix applied to the initial wave vector
of the laser, yielding a setpoint wave vector rotated at the opposite of the science
chamber. Ultimately, a change of basis allows to express this vector in the frame of
the tip-tilt platform and in particular along its motion axes, finally generating angular

setpoints for the piezo-electric actuators attached to the reference mirror to compensate
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for the instrument’s rotation. This process is performed in an iterative way, such
that the number of corrections applied by the tip-tilt stage can vary from one in an

interferometer to one every clock cycle of the FPGA board.

The maximum deflection angle of the tip-tilt is 35 mrad which is amply sufficient
for our application since we do not exceed a total interferemoter time of 27" = 20 ms
and angular velocities of 300 mrad/s which correspond to a maximum rotation of 6
mrad. The interferometric measurements are limited to the z axis and, the matter-wave
interferometer being invariant by rotation around its measurement axis, the component
2, is not considered in the first instance. Consequently, the FOGs described in section
2.3 were mounted on the z and y axes of the sensor head in order to measure the
transverse rotation components €, (¢) and €, (¢). Nevertheless, as the reference mirror
rotates throughout the interferometer, the Raman laser axis is no longer aligned with
the z axis of the mobile frame and the projection of the rotation along this direction
will take part in the evolution of the wave vector. The full calculation including the

three components of the rotation vector can be found in appendix B.

Description of the real-time algorithm

Figure 4.10 summarizes the operation of the compensation scheme aiming at
stabilizing the laser’s effective wave vector’s orientation in the laboratory frame. The
objective being to compensate for the rotation of the science chamber in the laboratory
frame, the signs of the FOGs measurements are flipped before they are then integrated
over the interrogation time 7', yielding the setpoint rotation angles between two
successive Raman pulses noted 6y, (t) = —Q(¢)T. The resulting rotation vector
0(t) = (6(t),0,(t),0)" can be put under the form 8(t) = 6(t) N(t) with 6(t) =

02(t) 4+ 62(t) the rotation angle and N (t) = (N(t), Ny(t),0)" the rotation axis,
where Ny, (t) = 0, (t)/0(2).

This allows us to compute the general expression of a transverse rotation matrix

defined by its norm and axis, written:

N2(1—cosf) +cosf  N,N,(1—cosb) N, sin@
R(O(t)) = NN, (1 — cos®) NZ(1 = cosf) 4 cosf® —N,sinf (4.24)
—N, sin ¢ N, sin6 cos

which is exact for 6, = 0, and where the time dependence on the integrated rotation’s
norm 6(t) and components Ny ,(¢) have been omitted for simplicity. However, this
matrix remains complex and heavy to compute in an FPGA board with limited resources.

Considering rotation rates in the order of 107! rad/s and a typical interrogation time
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Figure 4.10: Block diagram describing the steps of the real-time incremental rotation

compensation scheme, from the acquisition of the transverse rotation rate
components )y y(t) to the mechanical rotation of the matter-wave interferom-
eter’s reference mirror. Green blocks denote purely algorithmic calculation
stages occurring in the FPGA board and green arrows depict digital signals
propagating within the FPGA board. The black arrow represents digital
measurements from the FOGs sent to FPGA board and black boxes designate
the external electronic devices. Blue arrows describe constant parameters
determined beforehand, sent by the CPU to the FPGA before each inter-
ferometer and constant for its whole duration. Purple arrows picture the
strain gauges signals sent by the tip-tilt platform to the CPU through the
FPGA board for monitoring purposes. The red arrow and block, at the end of
the diagram, illustrate the mechanical actuation resulting from the upstream
real-time calculations. Variables dependent on ¢ are computed at each clock
cycle of the FPGA board while the dependence on ti,is indicates variables
updated on an external trigger signal and unchanged the rest of the time.

T = 1072 s, we obtain rotation angles in the range 6 ~ 1073 < 1 rad. This allows us to

use the small angles approximation and considerably simplify the previous expression

in order to build the rotation matrix used in practice:

2-05(t) 0u(t)0,(t)  20,(t)
Rrr(0(t)) = ; 0.(1)0,(t) 2—062(t) —26,(t) (4.25)
—20,(t)  20.(t) 2-—06%*¢)

This matrix must then applied to an well-chosen vector in order to determine the

corrected orientation which will subsequently be used as a setpoint for the compensation

system. As the primary goal of this scheme is to stabilize the orientation of the reference

mirror, we choose to apply the rotation matrix to the effective wave vector of the
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Raman laser according to:
kgﬂ'(t) = RRT (e(t))keﬁ' (ttrig) (426)

where Kegr (tirig) = (kz(tuig), ky(tiig), k:z(tmg))T denotes the current orientation of the
effective wave vector, either the default value before the interferometer Keg(to) = keofr-2e

or after the last rotation of the mirror, triggered by an external signal. This yields:

12— 02(0)] ki (tussg) + 00 (D)0, (1)K (tesig) + 20, (Dha(tisie) | (KE(E)
kgﬂ“(t) = 5 ex(t)ey(t>kx (ttrig) + [2 - 9925 (t>]ky(ttrig) - 2‘91‘ (t)kz (ttrig) = kz (t)
=20, () ko (tuig) + 200 (t)ky (tirig) + [2 — 02 ()] x (Fuie) KE(t)

(4.27)

To avoid confusion in the notations, it appears important to insist that the corrected
wave vector kg (t) is computed continuously (at each clock cycle of the FPGA board)
while the "current" effective wave vector is updated at each actual rotation of the mirror,

externally triggered. For this reason, we use the distinct time subscript ¢y, for clarity.
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Figure 4.11: Top-view schematic representation of the different axes and angles of the
tip-tilt platform. . and y. represent the mobile frame’s reference axes, g,
and g, the measurement axes of the two fiber-optic gyroscopes and m; and
mg are the motion axes of the tip-tilt stage. The angles ;2 are used to
express the change of basis from (g, gy, z) to (m1, ma, 2), while the 1.58° and
-0.16° orthogonality defects were estimated in chapter 2.

By construction of the tip-tilt mount, the rotation axes defined by the pairs of
actuators are oriented at approximately 45° relative to the sides of the body and thus
to the measurement axes of the gyroscopes as well. For the most general case, these
angles will be called 7, » according to figure 4.11. For the components of the previous

vector to be expressed in the correct basis with respect to the axes of the platform, we
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then need to apply a rotation matrix around the z axis of the experiment:

—cosy; —sinyy 0 K2 (t)

ki (1) = R (1,72) k() = | sinyy  —cosy O [ K)(1)
0 0 1 Ko(t)
(4.28)
~cosmkd(t) — sk (R()
= | sinyki(t) —cosyki(t) | = [ k(t)
KE(t) k()

The angles 7 » meant to express the change of basis from (g, gy, 2) to (my, ma, 2) are
defined with respect to the axes x. and 7. in order to keep them between 0 and 90° for
technical reasons, which is why the rotation matrix has been adapted to angles 7+ 1 2

which can flip the sign of the cos and sin functions.

Angular setpoints for the control of the tip-tilt mirror

Figure 4.12: Schematic representation of the tip-tilt platform actuation along two orthogonal
motion axes. Though each axis is comprised of two piezo-electric actuators,
their displacements following a given command are symmetric thus only one
actuator per axis is shown for clarity, the blue parallelogram equating to a
quarter of the reference mirror. The orientation of the reference is depicted
(a) at rest and (b) for two distinct angular setpoints ayy. Green cylinders
illustrate the length of the actuators at rest while red cylinders represent the
displacement induced by the actuation order. O pictures the center of the
mirror, assimilated to the center of rotation neglecting the lever arm of the
tip-tilt stage d,, for the simplicity of the drawing.

Once we have determined the projections of the setpoint wave vector ensuring a
stable orientation in the laboratory frame, we still need to calculate the corresponding
commands to be sent to the tip-tilt platform. Specifically, two instructions are required
as the mirror rotating stage features two rotation axes, supposed orthogonal in this
section (neglecting the slight orthogonality defect found in section 2.4 for simplicity).
As shown in figure 2.9, the electrical connections between the electrodes of a given

axis ensure a symmetric operation, hence the reasoning can be limited to an operation

Quentin d’Armagnac de Castanet 158



Chapter 4.  Atom interferometry in the presence of rotations

scheme based on one piezo-electric actuator per axis as illustrated in figure 4.12, showing

the equivalent of a quarter of the reference mirror.

Denoting X,,, and Y,, the vectors joining the center of the mirror with the contact
point between the piezo-actuators and the mirror of respectively the first and second
axes of the tip-tilt platform, we can first define their values at rest assuming associated
horizontal distances D, and D,; this yields X,,, = (0,0, D,)" and Y,, = (0,0, D,)".
This situation is described in figure 4.12 (a). The resulting vector describing the normal

to the mirror Z,, can thus be put under the form:

v 0
Zym=XmXYn=|0[x|D, /=] 0 |- (4.29)
0 D.D,

Normalizing this vector, we can connect it to the axes of the inertial frames defined in

figure 4.1:
Zm,

M — 2 = (0,0,1)T (4.30)
1Zm]|

reminding that when the mirror is at rest with its normal aligned with the mechanical

accelerometer’s measurement axis, the assertion z,, = z. is true.

Now, in order to switch the tip-tilt’s axes to angular positions o, and o, along the

axes X, and Y, respectively, the vectors defined above will be modified according to:

D, 0
X! = 0 LY = D, (4.31)
D, tan(ay,) D, tan(a,)

as depicted in figure 4.12 (b). In this configuration, the normal to the mirror is carried

by the vector:

D, 0 —D,D,tan(oy)
Z! =X xY! = 0 X D, — | -D,D, tan(a,) | . (4.32)
D, tan(ay,) D, tan(ay,) D,D,

The norm of this vector amounting to || Z] .| = Dny\/l + tan®(a,) + tan?(ay,), we

reach the final expression:

. — tan(oy) z(1)
Zm, tan(ay) 22 (4.33)
\/1 + tan?(a;) + tan?(ay,) . NG
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For small angles oy y < 1 rad, we have tan®(ay,y) ~ ai , < 1 and we can thus neglect

the normalization factor.

In practice, the tip-tilt platform is constantly powered up and takes default setpoint
angles a(1]72 expressed in milliradians to be aligned with the collimator and mechanical
accelerometer, corresponding to the position called "at rest". The commands sent to the
tip-tilt device aﬁf’g, expressed in milliradians as well, will thus be relative to the default

setpoint angles and we can write the relations with the absolute angular positions:

ap = ad — a5t
C o (4.34)
_ _se

with ayy in milliradians and the signs set by definition of the platform’s axes’ directions.
The subscripts z, y have been changed to 1, 2 to avoid the confusion between the angular
position along an axis, used for the demonstration, and the actual rotation around an
axis taken as a command by the tip-tilt controller. Furthermore, the new subscripts
1,2 are used to match the tip-tilt platform’s motion axes m; » used in chapter 2 and in
figure 4.11 as well. The transverse components of the mirror’s normal can finally be

written as follows:

(1 _ 0 set 3)

zZy, = —tan oy —ay ) 2,
(08 ) . (4.35)

2@ = _tan (oziet — 04(1]) P

We can finally deduce the expression of the angular commands which need to be

communicated to the piezo-electric actuators:

L)
a5 = af + arctan 6]
Zm

(4.36)
s = o — arctan (Z’(2‘)>
1 1

B

where the ratio inside the arc-tangent function ensures the normalization of the axes.
This feature is interesting reminding that k33 (t) = k% (t) = ke (t) = kefpzm = kefr ze

at rest. Hence, the same reasoning which has been established above for the normal

to the mirror z,, can be directly applied to the vector k58t (¢) which progresses in the

same manner. Consequently, the angular setpoints transmitted to the tip-tilt controller

and resulting from the calculation performed by the FPGA are the following:

At (t) = ad + arctan Lﬁ%t)
e <km t>> (4.37)
k(1) '

z
set
y (¢

i)

a5 (t) = o} — arctan (
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4.3.2 Implementation of the real-time rotation compensation:

synchronization and timing constraints

The fiber-optic gyroscopes mounted on the vacuum chamber output a 32-bit digital
signal with a resolution of ~ 0.3 nrad/s and a dynamic range of 667 mrad/s ~ 38 °/s.
At each acquisition from the FOGs, the transverse rotation components €2,(t) and
,(t) are communicated to the FPGA board at a rate of 1 kHz.

Regarding the timings, all of the calculations described in the previous subsection
are performed quasi-continuously. Each signal is updated at every clock cycle at a
frequency frpga = 100 MHz. For the variables which need to be modified at a specific
moment though, it is possible to implement trigger signals propagating throughout the
calculation and conditioning the assignation of a new value to a given data bus. This
is the case for the effective wave vector of the laser, updated every time the mirror is
effectively rotated, or the tip-tilt stage’s commands which must be transmitted at a

precisely known instant.

Specifically, the communication of the tip-tilt commands 5% must be carefully

triggered as the rotation pattern and the performances of the tip-tilt stage will condition
the efficiency of the compensation system. The most naive way to correct for the
reference mirror’s motion would be to apply the scheme outlined above at every
reception of the FOGs signals, i.e. every millisecond, in order to have a rigorous
tracking of the rotation vector’s evolution. Such implementation is picture in figure
4.13 with green dots on the top graph representing the measurements of the gyroscopes
at 1 kHz and the green curve on the bottom diagram depicting the evolution of the
mirror’s angle a(t). The problem raised by this method comes from the performance
of the piezo-actuated rotating stage, in particular its settle time. In section 2.4, we
observed a settling time amounting to 5 to 6 ms which is five times slower than the
gyroscopes’ acquisition rate. In this configuration, even though the tilt steps performed
by the piezo-electric actuators have lower amplitudes, there is a significant latency in
their response which will result in a considerable pointing error at the beginning of the
next Raman pulse. Thus, it appears necessary to limit at maximum the frequency at
which the commands are sent to the tip-tilt controller, and to leave enough time to the

platform to stabilize.

To this end, an intuitive solution consists in performing a single tilt jump between
two successive light pulses as illustrated by the blue steps in figure 4.13. This technique
requires to find a trade-off minimizing the steady-state error of the platform’s response,

which depends on its settling time, and maximizing the accuracy of the transmitted
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Figure 4.13:

command by

Timing diagram of the rotation rate Q(¢) measured by the gyroscopes (top)
and of the mirror’s angle a(t) (bottom). On the top graph, the black line
represents the real rotation rate experienced by the apparatus, green dots
display the measurements of the gyroscopes at 1 kHz and blue dots denote the
measurements selected in the context of our single tilt jumps compensation
scheme. As for the reference mirror’s tilt angle, the green curve illustrates
an ideal compensation with an integration of the rotation rate at the FOG
acquisition rate, which is incompatible with our tip-tilt platform due to the
settling time. The blue steps exhibit the behavior of the reference mirror with
two tilt jumps at a fixed delay tqe after the two first Raman pulses. The
overall linear tendency of the rotation rate throughout the interferometer,
supported by the coarsely quadratic evolution of the mirror’s angle in the case
of a continuous rotation, illustrates the assumption made that we operate our
instrument under angular velocities at most linear on these timescales.

taking the average value of the rotation rate. With respect to the first

parameter, it seems natural that the sooner the mirror is rotated, the longer time it has

to converge towards and stabilize at its final position. On the other hand, assuming

angular velocities evolving at most linearly, then the mean values will be found exactly

in-between two successive pulses at t = 7+ T'/2 and ¢t = 3(7 + 7'/2). Considering

interrogation

times 7" < 10 ms, this does not necessarily leave enough time for the

tip-tilt stage to be stable, especially for large tilt amplitudes. For this reason, the delay

separating the rotation of the reference mirror from the end of the previous Raman
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pulse was adapted to the interrogation time as follows:

T/256 for T'< 5 ms
ti=1{ T/32 for5<T <8ms . (4.38)
T/4  for T > 8 ms

Thus, the reference mirror will undergo two tilt jumps at times t; = 7 + tqq and
to = 37 + T + tge, setting the time origin ¢ = 0 at the beginning of the interferometer.
At these two instants, the latest calculated angular setpoints are converted in the
floating-point format and transmitted to the controller of the piezo-actuated tip-tilt
stage. Simultaneously, the effective wave vector of the laser keg is updated by taking

the value of the latest rotated wave vector k2.

It is now possible to detail the evolution of the stabilized laser wave vector throughout
the atom interferometer, and especially at the instant of each light-matter interaction.
We will write k:f;% the effective wave vector at the i*® atom-light interaction and assume
a wave vector initially aligned with the mechanical accelerometer on the z axis of the
rotating frame k:él) = (0,0, keﬁ‘>T. Thus at the moment of the second and third Raman

pulses, the stabilized wave vector can be expressed:

. 2, (t1) Tkest k(2)
k= B =20, (t1) T ket = | kP (4.39)
2— Q)T k) \KP
, [2 — (Q(t2)T)* ]k + Qu(t2)Qy (£2) T?EP) + 20, () Tk
B = 5 [ (b)) ()T + 2 () T)IRD — 20, () TED | (4.40)

—2Q (t2) TEP) + 29, (t2) TP + [2 — (Qt2)T)* ]k

This method of compensation works under the assumption that the rotation rate
of the sensor head is constant between two pulses of the interferometer. From the
measurements of the gyroscopes, we find that for our typical experimental conditions,
the coefficient of variation - defined as the ratio of the standard deviation over the
mean - of the sensor head’s angular velocity during the interferometers is below 5% for

more than 90% of the data points.

4.3.3 Performance of the rotation compensation system

After establishing a clear operating scheme for the compensation of the carrier’s
rotations, it appears necessary to estimate the performance of the system and in

particular to analyze the residual rotation rate resulting from the various sources of
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error yielding an imperfect compensation. In particular, we will focus on the difference
between the average rotation rate between two successive pulses and the angular
velocity value used by the real-time system for the compensation, before scrutinizing
the interrogation time-dependent error arising from the responses of the piezo-actuators

pairs.

Average rotation rate accuracy

The first effect which is prone to degrading the performance of the reference mirror’s
stabilization is the choice of a specific rotation rate measurement )y at a fixed instant
tg. This compensation scheme would yield a rotation of the mirror exactly balancing
the one of the instrument only in the case of an angular velocity remaining constant
between two Raman pulses. Considering constant angular accelerations, then the error
made will lie in the time difference between the instant we enable the rotation of the
mirror ¢y and the moment midway through two Raman pulses (separated by T'/2 from
the previous and next pulses), where the instantaneous rotation rate equals its mean
value over the interrogation time €. In practice, the motion of the carrier is random
and the rotation pattern constantly varies from constant to linear and, in some cases,

even quadratic evolution of the angular velocity.
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Figure 4.14: Analysis of the error made on the average rotation rate between two successive
Raman pulses by taking a single measurement separated by t4e from the end
of the previous pulse, at two interrogation times 7' =4 ms (red) and 7' = 10
ms (blue). These errors are calculated for each rotation of the mirror, with
one point corresponding to half an interferometer, and shown on the left graph
versus the average angular velocity €. The right plot displays the histograms
corresponding to the distribution of these discrepancies which are Gaussian
fitted in darker solid lines.

To analyze this effect, we have recorded the measurements of the fiber-optic gyro-
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scopes streamed at 1 kHz and synchronized with the experimental sequence, in order
to retrieve the error made on the rotation rate Q2 = Qy — Q with Qy = Q(ty). The
results of this study, which was carried out for different interrogation times and in
various rotation regimes, are exhibited in figure 4.14 where each point corresponds to
half an interferometer. The histograms on the right-hand side reveal a very similar
Gaussian distribution centered on 62 = 0 regardless of the interrogation time, proving
that this imperfection in the compensation scheme is uncorrelated to the interrogation
time nor to the rotation pattern or amplitude. Thus, if this defect may produce phase
noise at the output of the interferometer, it is unlikely to generate a systematic phase
shift. Moreover, it can be observed that the error on the angular velocity mostly
remains within +4 mrad/s even for rotation rates over 400 mrad/s, which is a satisfying
behavior. Specifically, as far as the contrast preservation is concerned, a 1% error on
the angular velocity will hardly be noticeable at all and regarding the phase correction,
two distinct angular velocities of the chamber €2 and mirror €2, are involved in the
model established. Thus, the high frequency streaming of the gyroscopes allows us to
exploit independently the mean value of the instrument’s rotation rate and the exact

measurement transmitted to the reference by the real-time compensation system.

Steady-state error and stability of the piezo-electric actuators’ feedback

loop
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Figure 4.15: Second order fitting of the two motion axes’ response to step angular setpoints
da; of amplitude U = £0.1 mrad, U = +1.0 mrad and U = 42.0 mrad.
Light colored dots depict the measurements from the strain gauges while dark
colored curves illustrate the result of the second order system response fit to
these experimental data.

The second parameter which is likely to contribute to the pointing error during the
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rotation of the reference mirror is the piezo-actuated tip-tilt stage itself. The settling
time and steady state error of the two pairs of actuators were evaluated in section 2.4
but the latter parameter was measured at long times after the stabilization. Now, we
want to determine precisely at what point of the piezo-electric actuators’ stroke the
next light pulse occurs, i.e. what is the error made on the actual angular position of
the reference mirror with respect to the setpoint received by the tip-tilt stage. First,
strain gauges measurements were recorded and analyzed as displayed in figure 4.15 in
order to retrieve the characteristics of a second order system. Indeed, the underdamped
response y(t) of the actuators to a step setpoint u(t) on a given axis can be fitted with
the following function:

y(t) = KU (1 — exp(—&wt) [cos (wt\/l — 52) + \/15—752 sin (wt\/l — 52)D (4.41)

with the step setpoint u(t) = U for ¢t > 0 and 0 otherwise, K the static gain of the

system, w its natural frequency and ¢ its damping factor.
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Figure 4.16: Evolution of the natural frequency (left) and damping factor (right) of a second
order system’s underdamped response for the first (top) and second (bottom)
motion axes of the tip-tilt platform. The values of these parameters were
obtained by fitting the signal from the strain gauges with equation 4.41 for step
setpoints ranging from —2 to +2 mrad. The differences between the two axes
are mostly marginal, apart from the fitted evolution of the natural frequencies
significantly diverging for very small tilt step amplitudes. This effect occurring
mostly for angular setpoints |da;| < 0.2 mrad, we can reasonably neglect it.

This equation was used to fit the response of the two motion axes for angular
setpoints varying from —2 to +2 mrad in steps of 100 prad, enabling us to extract
the evolution of the three relevant parameters. The steady state gains remained fairly
constant regardless of the setpoint, and were set to K = 1.000407 and K, = 1.000468.

The evolution of the other parameters is displayed in figure 4.16 with the natural

Quentin d’Armagnac de Castanet 166



Chapter 4.  Atom interferometry in the presence of rotations

frequencies wy 2 on the left and the damping factors &; 5 on the right. The subscripts 1, 2
denote the motion axes of the tip-tilt platform. The behavior of these characteristics
was further fitted with an empirical model as y = az® + b, in order to be able to
reproduce the response of each axis under any angular setpoint. With such a detailed
analysis of the temporal response of the motion axes, we are now able to model the
angular position of the mirror at any time and for any setpoint comprised between —2
and 42 mrad, which will be helpful in order to compare the actual orientation of the

mirror when the light pulse occurs with the expected one.

During a sequence of atom interferometry, the strain gauges of the tip-tilt platform’s
motion axes are not streamed and we only have access to the final values of the
setpoints and measured positions at the end of the sequence. The two setpoints and
actual positions are thus extrapolated in the constant rotation rate approximation
to 6! ~ 26a7'?. The setpoints of the two axes are fed to the model established
previously to estimate the actual position of the piezo-electric actuators at the beginning
of the next pulse tpuise = 1" — tdel — tcom — tiat With t4e1 the delay detailed in the previous
subsection, t.,m the time for the data bus to be communicated from the FPGA board
to the tip-tilt controller and t;,; the latency separating the reception of the setpoint
and the start of the actuator’s motion (see appendix C). The effective rotation of the

mirror can be retrieved from the oriented norm of the two axes’ motion through the

d
daeg = sign(dan) x \/dad + da3 = Qeq = ?}eﬁ. (4.42)

From this point, we can distinguish the angular setpoints a5% and the actual angular

expression:

positions measured by the strain gauges offzt and employ either of them in equation

4.42. This way, we can isolate the different sources of error such as the rotating stage
itself (with an angular position not matching the setpoint) or a prior error already

present in the transmitted setpoint for instance.

Figure 4.17 displays the two relevant types of error mentioned above. For the actual
tilt jumps performed by the two motion axes at the beginning of the next Raman pulse
504‘}?5 (tpuse), they are calculated using the appropriate setpoint amplitudes and the
second order underdamped response modeling with the setpoint-dependent parameters
displayed in figure 4.16. The parameter {2,.; denoting the rotation rate equivalent to this
tilt jump is then determined using equation 4.42. In a similar manner, the equivalent
rotation rate associated to the angular setpoints {2 is obtained through the application
of equation 4.42 to the setpoints 605% (fpuse) directly, assuming 6o &~ 26ar 5. The

difference between these two quantities ,.; — (dset provides information on the incorrect

position of the piezo-actuators at the instant of the next pulse with regard to the
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Figure 4.17: Evolution of the error made on the equivalent rotation rate ,04e1 calculated
using equations 4.41 and 4.42 with the signal from the two strain gauges versus
the average rotation rate { measured by the gyroscopes. The value modeled
from the strain gauges measurements §,04e1 is compared to the rotation rate
resulting from the angular setpoints Qgsetpoint in order to evaluate the error
due to the actuators’ settling time specifically (left). On the right-hand side,
the equivalent rotation rate 041 is directly compared to the mean angular
velocity € to estimate the overall pointing error of the tip-tilt stage.

setpoint they were given, directly related to an insufficient settling time, as exhibited
in figure 4.17 (left). The results of this study are in good agreement with what could
be expected, with a huge pointing error at 7" = 4 ms and still a significant error at
T =6 ms and T'= 8 ms. The similarities in the actuators’ behavior for the last two
interrogation times mentioned is due to the difference in their respective correction
delays defined in equation 4.38. As for the larger interrogation times above 10 ms,
we observe a good agreement in the angular positions and setpoints regardless of the
setpoint amplitude, denoting a satisfying steady state error of the two motion axes for

settling times above 7.5 ms.

In figure 4.17 (right), the rotation rate €2, was added to the average rotation rate
Q) obtained from the gyroscopes’ measurements in order to investigate the accumulated
effects of the tip-tilt insufficient settling time described in the previous paragraph,
and the setpoint error illustrated in figure 4.14. The result is fairly consistent, with
error amplitudes similar to the ones in figure 4.17 (left) and a thickening of the lines
translating the noise coming from the setpoint error. What can be concluded from this
analysis is that the pointing error is dominated by the tip-tilt settling time at high
rotation rates, and that it remains in the reasonable limit of 2 to 3% for interrogation
times above 7" = 8 ms. If this can be a non-negligible source of phase noise when
applying the phase correction, as it is difficult to estimate accurately the error made on

the mirror’s orientation, empirical results show that reducing the delay time ¢4, between
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the previous pulse and the mirror’s rotation induces a significant error on the estimation
of the mean rotation rate, more critical for the contrast retrieval. Ultimately, it appears
counter-productive to perform atom interferometers with a stabilized reference mirror
at interrogation times below 7" = 6 ms, at least with the chosen piezo-actuated tip-tilt
platform, since the pointing error is rapidly diverging due to the insufficient time let to

the piezo-electric actuators to stabilize.

4.3.4 Fringes reconstruction on a rotating atom interferometer

with stabilized reference mirror

Contrast recovery with the real-time stabilization of the reference mirror

1.0 —— —— e ——
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Figure 4.18: Illustration of the exponential decay of the interference pattern’s normalized
visibility for interrogation times 7" = 5 ms (red), 7" = 7 ms (purple) and
T =10 ms (blue). The dots represent experimental data and the straight lines
are based on equation 1.78 for a cloud temperature 7 = 3.6 pK. Black dots
demonstrate the contrast of atomic interference fringes with the compensation
system enabled at T' = 10 ms. Black horizontal lines depict the standard
deviation of the rotation rate on a given range of rotation rates as it cannot
be precisely controlled on the manual rotary platform.

Figure 4.18 displays the evolution of the contrast of the atomic interference fringes
in various relevant situations in order to demonstrate the efficiency of the real-time
rotation compensation system. To coherently compare the different sets of data, the
contrast is evaluated beforehand in static so that a reference value is determined in each
situation, i.e. for each interrogation time and with the stabilization scheme enabled
or not. Consequently, data are recorded while the apparatus is undergoing rotations
and the resulting measured contrast is divided by the static reference value, yielding a

normalized value only influenced by the angular motion. The initial tilt angles of the
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sensor head are 6y, = 0° so that the contrast inhomogeneities related to the atomic

cloud falling out of the Raman laser do not play part in this study.

The uncompensated case was already discussed in section 4.2. As for the compen-
sated case, data were recorded at #, = 0° with the sensor head placed on the rotary
platform, scanning the angle 6, between —10° and +10° at speeds || < 250 mrad/s.
Since the rotation table is not automated, the angular velocity and acceleration cannot
be precisely controlled and vary from a run to another, as well as within an interfer-
ometric sequence. For this reason, the results were filtered and sorted in arbitrary
ranges of rotation rates, narrow enough and containing enough data points so that the
interferometric fringes can be fitted to retrieve the contrast. In some cases, it is possible
that the contrast of the fringes produced by a rotating interferometer with a stabilized
mirror exceeds the static one, yielding a normalized contrast above 1. This effect is
less related to the angular velocity or to the real-time compensation system than it is
to the tilt-dependent contrast discrepancies, therefore we will not focus on this part.
In figure 4.18, black dots stand for the contrast of the atomic interference pattern at
T = 10 ms and are placed at the center of each range of rotation rate mentioned above
while horizontal black lines denote the standard deviation of the angular velocity in
each of these intervals. This analysis demonstrates that for the targeted interrogation
time of 7" = 10 ms, which should allow interferometric measurements up to 50 mrad/s,
the real-time compensation scheme stabilizing the orientation of the reference mirror
extended the measurement range up to at least |2| = 250 mrad/s with no noticeable

degradation of the fringes’ amplitude.

Correction of the rotating hybrid accelerometer’s output phase

The rotation compensation scheme has proven effective to maintain the contrast
over a vast range of angular velocities and at interrogation times that are suitable for
the targeted range of sensitivity. Nevertheless, the interferometric phase remains to
be taken care of as the individual motion of the reference mirror around the center of

rotation of the tip-tilt stage introduces specific phase shifts, detailed in table 4.1.

Figure 4.19 represents the fringes reconstruction process for a rotating atom inter-
ferometer with an active compensation on the reference mirror. The sensor head is
placed on the rotary platform which is manually operated around its z axis with the tilt
angle 6, set at 0° for all the runs. Hence, the sensor head will only undergo rotations
along its x axis as well, measured by a single fiber-optic gyroscope. Throughout the
performed interferometers, the tilt angle 6, arbitrarily varies between 0 and 30° and the

rotation rate {2, remains in the range +250 mrad/s as depicted in figure 4.19 (a). Each
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Figure 4.19: Fringes reconstruction on a Mach-Zehnder atom interferometer undergoing
arbitrary rotations with a real-time stabilization of the reference mirror’s
orientation. (a) Distribution of the tilt angles 6, € [0,30]° and angular
velocities €2, € [—250,250] mrad/s for each run. (b) Histogram of the measured
population ratios disclosing a bimodal distribution, which denotes a sine-like
behavior. (¢) Measured population ratios at the output of each matter-wave
interferometer with a constant phase offset ¢, = 7/2 applied on the laser at
the third Raman pulse, ensuring no other parameter than the rotation phase
are scanned. (d) Same population ratios plotted as a function of the rotation

phase in the compensated case ¢ro; = (see table 4.1). The plain darker line

depicts a sinusoidal fit to the data points, yielding a signal-to-noise ratio equal
to 5.4.

dot corresponds to a distinct interferometric measurement associated with a couple of
mean values (6,,€2,). The detection of the population N; in the upper ground state
|F' = 2) and the total population N allows us to measure the population ratio, the
histogram of which is depicted in figure 4.19 (b). This diagram features a bimodal
distribution, characteristic of a sine-like signal and demonstrating the conservation
of the contrast with the real-time rotation compensation system. Indeed, since the
different runs are performed at random rotation rates, the exponential decay of the
contrast at high angular velocities would have yielded a Gaussian distribution centered
on the mean ratio Fy ~ 0.48. For all the runs considered, a constant phase offset
equal to 7/2 is applied on the laser before the third Raman pulse ensuring no other
parameter than the rotation phase are scanned, though the 7/2 value is not critical as
the large variations of the rotation phase do not allow us to stay on the linear part of

the fringes and maximize the sensitivity of the measurement. Figure 4.19 (c¢) presents
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the measured ratio at the output of each atom interferometer, showing once again the

contrast recovery without any evidence of interference fringes yet.

From these data, no information on the phase of the central fringe can be retrieved
and no acceleration measurement is possible. To remove the influence of the rotations
which heavily scramble the interference pattern, it is thus necessary to calculate the
rotation phase ¢ ¢ specific to each data set. This phase is defined as the opposite
of the output phase of the interferometer A®“™ where the phase associated to the
classical bias @pias = kegb,T? was suppressed beforehand using the closed-loop fringe
tracking algorithm to limit at most the variation of parameters unrelated to the
rotations. It can be formulated:

comp __ gbbias . Aq)comp (443)

rot

hence gathering all the phase contributions exclusively related to the rotations of the
instrument and reference mirror. As for the experimental conditions, we know that the
sensor head is rotated around the z axis which allows us to write a, = 0 m/ s, v, =0
m/s and €2, = Q,,, = 0 mrad/s. For clarity, the notations will be simplified as 6 = 0,,
Q) =, and €2, = Q. This allows us to write a first simplified expression, still under
the assumption of constant angular velocities:

ot = ke T2 = 2(v, + 0, T)6Q — a, Q0 T + {26 — yoQ2T(20 + 30,,) } 2

rot

(4.44)
— {220 + dy + 3T (v2 + Vree — YoQm) } 2, — 30707

Subsequently, we decide to restrict the model to phase shifts at most quadratic in
rotation rate and interrogation time, as the higher order contributions are negligible
before these. This allows us to further simplify the equation by removing the terms
related to the initial transverse coordinate yo. Eventually, writing vye. = hkeg/m and
considering that the sensor head is attached to the rotary table with no translation
allowed during the runs, we can explicit the inertial components of the atomic cloud
at the beginning of the interferometer for a measurement on the z axis of the science

chamber:
e a, = —gsin(0);
e v, = —¢.TOF.sin(0);
e v, =—g.TOF.cos(6).

The expressions of the velocity components are valid under the assumption that

the angle # remains constant during the free-falling time of the atoms before the
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interferometer TOF', thus neglecting the composition of motions between the different
inertial frames. We finally reach a convenient rotation phase shift only dependent on

measurable parameters:

ot = ke T? [Zg sin(0)(TOF + T)5Q + gsin(0) TS, + 3g cos(0)TOF.T5Q?
(4.45)

+ 25407 — {22(])\/[’4 +d,, — 3T (g cos(0)TOF + h:jf) } an]

Several contributions to this phase shift let appear the tilt angle of the experiment
6 = 60,, which is naturally varying when an angular velocity is applied to the rotary
table. However, as it was explained in the previous section, we consider it constant

and thus take the average value over the atom interferometer.

The initial distance between the mirror surface and the atomic cloud 2} and the
initial distance between the mechanical accelerometer’s proof mass and the atomic cloud
2§ have been determined in section 4.2. Though the dependence in the inclination of
the Raman laser beam makes little difference, we still take it into account and remind

their expressions below:

2MA(0) = 129.7 mm — ;g cos(0)TOF?. (4.46)

252(0) = 75.9 mm + 2" (6)
1 , (4.47)
= 205.6 mm — 59 cos(0)TOF~.

Ultimately, the rotation rate 2 = €2, is calculated by taking the average value of
the measurements of the FOG on the = axis over the whole interferometer. As for the
rotation rate of the mirror, it corresponds to the mean value of the two measurements

transmitted to the tip-tilt controller:

(4.48)

with t; = 7 4 tge and to = T+ 37 + t4q. Furthermore, to tackle a prospective error
made on the reference mirror’s angular velocity, a correction coefficient ¢ was associated
to the terms dependent on €, as 2, = (1 + ¢€)$,,. This coefficient is estimated
empirically by minimizing the phase noise o4 of the atomic fringes when fitting a sine

wave to the experimental points. Rigorously speaking, the equation used to reconstruct
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the interferometric fringes under compensated rotations is thus the following:

P = kg T? [29 sin(0)(TOF + T)5Q + gsin(0)T(1 + £)Q,, + 3g cos(0)TOF.THQ?

+ 25402 — {24’)“ +d,, — 3T <g cos(0)TOF + hkeﬁ) } [(1+ 5)Qm]2]

(4.49)

where the residual rotation rate is now equal to 02 = Q + (1 4 €)Q,y,.

After estimating all the experimental parameters, the rotation phase ¢ro = is

calculated for all the runs performed using equation 4.49 and the population ratios
measured at the output of each interferometer (visible in figure 4.19 (c)) are displayed
as a function of this rotation phase. The result of this operation, exhibited in figure 4.19
(d), demonstrates the validity of our theoretical model for the phase shift of a rotating
interferometer with active compensation of the reference mirror. In comparison with
the raw data, we can clearly observe a sinusoidal pattern in the phase distribution of
the population ratios indicating that we have successfully reconstructed the atomic
fringes. Furthermore, when fitting a cosine function to the experimental data, it
results in a contrast C' = 32% which is consistent with the value obtained in static
and a signal-to-noise ratio SNR = 5.4. This parameter is calculated as the ratio of
the contrast and the phase noise SNR = C/0,, the latter representing the standard

deviation of the residuals between the measured ratios P, and the fitted ratios P; as:

— |3 ivj (P~ B) (4.50)
Ud’ - N P 7 7 .
with N the total number of experimental points. The value of the SNR is directly

related to the sensitivity to acceleration o, through the equation:

1 2
0= —s = 4.51
7~ kT2 SNR (4.51)
yielding a sensitivity o, = 23.6 ng/shot. The factor 2 on the numerator comes from

our definition of the contrast.

As mentioned above, these results were obtained while minimizing the phase noise
through the free parameter ¢ applied to the equivalent rotation rate of the mirror
Q,,. This process yielded a correction coefficient ¢ = —1.3%, which could correspond
to an insufficient amplitude in the displacement of the piezo-electric actuators or a
marginal Coriolis phase shift associated with the classical accelerometer’s measurement

as discussed in subsection 4.3.5.
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Figure 4.20: Comparison of the performances of the rotating interferometer using the
fringes reconstruction process with and without mechanical compensation on
the reference mirror. (Left) Evolution of the signal-to-noise ratio with the
angular velocity with (blue crosses) and without (black dots) the stabilization
of the reference mirror. The red curve is a theoretical prediction of the SNR
drop in the uncompensated case with a cloud temperature 7 = 3.6 nK, a
constant phase noise and a static value SN Ry = 17.8. The light blue dotted
line depicts a linear fit to the measured SNR with the real-time rotations
compensation. (Right) Corresponding acceleration sensitivity converted from
the SNR values using equation 4.51, both for experimental measurements
(black dots and blue crosses), theoretical prediction (red curve) and fit to the
experimental points (light blue dotted line).

Figure 4.20 displays the evolution of the rotating interferometer’s performance
with the mechanical stabilization of the reference mirror in the laboratory frame (blue
crosses), overlapped with the results in the uncompensated case already presented in
figure 4.7. As we can see on the left-hand graph, the signal-to-noise ratio obtained
when the compensation scheme is enabled is lower than in the uncompensated case
at low rotation rates but remains fairly stable while increasing the angular velocity,
despite a slight overall decline. What is interesting when turning this parameter into
an acceleration sensitivity, which has more physical meaning, is that the performance
of the rotating accelerometer with the compensation of the reference mirror’s rotation
is consistently better than in the uncompensated case for all the angular velocity
ranges, mostly due to the larger interrogation time. Furthermore, a linear fit to the
experimental points exhibits a fairly low influence of the rotation rate on the sensitivity

to accelerations, namely:
He

d(]a

aQ

(4.52)

with a static sensitivity equal to 0¥ = (16.2 & 2.2) ng/shot. These results demonstrate

the robustness of the technique implemented and the promising outcomes of on-field
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applications of atom interferometers with a rotation compensation scheme.

As it can be interesting to put these results in regard of other operating situations,
interferometric measurements performed the same day on a static instrument returned

average contrast C' ~ 33 and signal-to-noise ratio SNR ~ 24. This corresponds

static
a

to a sensitivity o = 5.3 pg/shot which represents a degradation of the average
performance of the rotating interferometer over the whole angular velocity range by a
factor 4.5, but we still need to determine the limiting parameters and key factors of
improving. Indeed, the effect of the rotation cannot be completely uncorrelated from

other sources of noise such as vibrations or contrast inhomogeneities.

4.3.5 Current limitations and improvement prospects for the

rotating atom interferometer

Restricted performance of the classical-quantum hybridization under strong

vibrations

Apart from the rotations of the sensor head and reference mirror, the main factor
which can reduce the sensitivity of the interferometer to the acceleration of the atoms
relative to the reference mirror is the presence of exacerbated vibrations. In particular
when performing measurements on the rotary platform, the weight of the sensor
head above the rotation axis and of the counterweight below (both amounting to
approximately 100 kg) induce strong vibrations that are directly transmitted to the
whole instrument. Even though the real-time hybridization with the mechanical
accelerometer helps mitigating the sensitivity of the measurement to these vibrations,

it remains limited by the classical sensor’s bandwidth and intrinsic noise.

In our hybridization scheme, the sensitivity of the interferometer to vibrations is
determined by two main factors. In addition to the pass-band of the interferometer’s
transfer function, defined by the cycling time, interrogation time and pulse duration,
the delay set on the acquisition of the classical accelerometer’s signal for the real-time
hybridization defines the frequency band where the vibrations will be compensated
for by phase shifting the signal of the interferometer. This delay was adjusted in
static, where specific vibrations from the environment and resonances of the mechanical
structure were critical in the 20 — —30 Hz band, but we observe large resonance peaks
in the acceleration spectrum of the rotating accelerometer in the 50 — —60 Hz range
as displayed in figure 4.21 (a). Unfortunately, the acquisition delay of the classical
accelerometers cannot be extended at will to tackle higher frequency vibrations, as a

too large value eventually leads to a loss of correlation between the classical and the
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Figure 4.21: Comparison of the atom interferometer’s performances under rotations and
forced vibrations. (a) Overlapped spectra of the z axis classical accelerometer
under (red) rotations of the three-axis platform at |2| < 250 mrad/s and (blue)
forced vibrations produced by a neoprene-tipped hammer. (b) Atomic fringes
under forced vibrations on a static sensor head with experimental points in
light blue and a cosine fit in dark blue, yielding C = 0.27 and SNR = 6.2 at
T = 10 ms. (c) Reconstructed atomic fringes on a sensor head rotating at
12| < 250 mrad/s with 6, = 0° and 6, € [0, 30]° with experimental points in
light red and a cosine fit in dark red, yielding C' = 0.32 and SNR = 5.4 at
T =10 ms.

quantum inertial sensors.

In order to reproduce the vibration spectrum obtained in the presence of rotations,
several attempts were made until we reached similar noise amplitudes at the critical
frequencies exhibited by the rotating accelerometer’s spectrum. The best results were
obtained when gently tapping the rotary platform with a neoprene-tipped hammer while
atom interference fringes were recorded. Figure 4.21 summarizes the result of this study,
with the overlapped accelerometer’s spectra under rotations (red) and forced vibrations
(blue) appearing on the left and the corresponding fringes exhibited on the right. The
acceleration spectrum for the rotating sensor head corresponds to a fraction of the
runs displayed in figure 4.21 (c), for a rotation rate |€2,| < 250 mrad/s. In the case
of forced vibrations, the sinusoidal fit to the experimental points returned a contrast
C' = 0.27 for a signal-to-noise ratio SNR = 6.2. Considering a contrast ¢’ = 0.32,
as in the rotating case, and an equal phase noise o, yields SNR' = C'Joy = 7.4 .

This operation allows us to compare both performances in similar configurations as
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the reduced contrast is most likely related to the laser power or polarization rather
than the vibrations or rotations themselves. In any case, we observe a signal-to-noise
ration strongly limited by the vibration noise even when the instrument is not rotating,
demonstrating that the real-time rotation compensation system for contrast recovery
as well as the theoretical model for the phase reconstruction do not significantly inhibit

the sensitivity to accelerations of our sensor.

Amplitude noise induced by the tilt-dependent fringes contrast
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Figure 4.22: Atomic fringes recorded on a static sensor head at T = 10 ms. Each run
corresponds to a tilt angle 6, € [—30,420]° in steps of 10°. The black dashed
lines illustrate the amplitude noise related to the tilt angle of the sensor head.

The second specificity to our experiment which can constrain the performance of the
interferometer in rotation is related to the Rabi frequency inhomogeneities, arising from
an atomic cloud free-falling in an inclined Gaussian Raman laser as described in section
3.2. For a given tilt angle 6, of the sensor head, the trajectory of the atoms scanning
the intensity profile of the Gaussian laser beam alters the pulse duration verifying the
7/2 and 7 conditions throughout the interferometer. Due to this, the efficiency of the
second and third Raman pulses are reduced with respect to the first one, causing a
decrease in the contrast of the atomic fringes. Furthermore, the difficulty to implement
a rigorously symmetric detection system producing consistent measurements in such a
wide range of orientations also plays part in the amplitude noise of the atomic fringes,
related to the contrast C' and the population ratio offset . These effects are exhibited
in figure 4.22 where the contrast of atomic fringes is strongly dependent on the tilt
angle 6, of the Raman beam. These data were recorded before the detection system
was adjusted, while a drastic contrast drop occurred between 6, = 20° and 6, = 30°.
Hence, both the detection system alignment and the intensity profile of the laser beam
constitute ways of improving the robustness of the rotating hybrid accelerometer, by

adding photodetectors and adapting the selected area depending on the tilt angle on
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the one hand, and implementing flat-top laser collimators or top-hat beam shapers on
the other hand [Mielec et al. 2018].
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Figure 4.23: Atomic fringes acquired on a static sensor head at 7' = 10 ms. Black dots
correspond to the overlapping of four different runs where 6, varied from 0°
to 30° in steps of 10°. The red curve displays a cosine fit to the concatenated
experimental data, yielding a contrast C' = 0.35 and a signal-to-noise ratio
SNR = 20.9.

Contrary to static runs where the contrast C' and the populations ratio offset F can
be evaluated individually, producing comparable signal-to-noise ratios, it is no longer
possible when performing matter-wave interferometers on a rotating apparatus. For
non-null angular velocities, the inclination of the Raman laser beam varies throughout
a given interferometer but also from one measurement to the other. This feature finally
results in amplitude noise on the interference pattern which is complex to separate from
the phase noise when analyzing data and induces a deterioration of the instrument’s
sensitivity to accelerations. Figure 4.23 illustrates this issue with four concatenated
sets of atomic fringes, acquired between 0° and 30°. This range of tilt angles is the
same scanned for the dynamic runs presented in this section, as it corresponds to the
scope where the contrast is the most stable. Nevertheless, when a cosine function is
fitted to these four data sets altogether (red curve), we can observe a decrease in the
SNR due to this amplitude noise visible on top and bottom of the red curve’s extrema.
This fit yields a signal-to-noise ratio equal to SINR = 20.8 while each run analyzed
individually returns a SNR ranging between 25 and 26. This issue does not appear
to be the major hindrance in figure 4.23 because the detection system was adjusted
to produce a fairly constant fringes visibility in the chosen range of tilt angles, but it
could become much more significant when scanning a wider angular range as part of

onboard measurements for instance.
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Improvement of the real-time rotations compensation for a constant angular

acceleration
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Figure 4.24: Timing diagram of the rotation rate (t) measured by the gyroscopes (top)
and of the mirror’s angle a(t) (bottom) for a mean rotation rate estimation
algorithm. On the top graph, the black line represents the real rotation rate
experienced by the apparatus, green dots display the measurements of the
gyroscopes at 1 kHz and blue dots denote the estimated average value of
the angular velocity. Comparing two angular velocities measured before a
Raman pulse, we can determine the angular acceleration used to assess the
mean rotation rate (supposedly midway through the two Raman pulses for a
rotation rate at most linear). As for the reference mirror’s tilt angle, the green
curve illustrates an ideal compensation with an integration of the rotation rate
at the FOG acquisition rate, which is incompatible with our tip-tilt platform
due to the settling time. The blue steps exhibit the behavior of the reference
mirror with two tilt jumps at a short fixed delay after each first Raman pulses.
The overall linear tendency of the rotation rate throughout the interferometer,
supported by the coarsely quadratic evolution of the mirror’s angle in the case
of a continuous rotation, illustrates the assumption made that we operate our
instrument under angular velocities at most linear on these timescales.

Alternatively to the compensation scheme described in subsection 4.3.2 and im-
plemented on our experiment, an upgrade version was contemplated. Recording two
isolated values of the rotation rate at times ¢; and ¢, and proceeding with the calcu-
lations make the experiment sensitive to the noise of the gyroscopes, in addition to
restricting the utmost performance of the compensation system due to the trade-off
on the choice of the correction times t; and t,. However, it is possible to record two

values of the angular velocity €(t1 3) and €2(t24) prior to each Raman pulse in order to
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determine the slope characterizing the local variation of the rotation rate:

d N Q(ty) — Q(ty)
At~ ty—t
0y Q(ty) — Ots)
At~ ot —ty

(4.53)

as depicted in figure 4.24 where d$2; o/dt is written d$2; o for simplicity. If we still
consider a rotation rate varying at most linearly with the time, its mean value between
the two first and the two last Raman pulses will be found midway through at times
thy =7+ T/2and t2,, = 3(7 + T/2) respectively. The assumed mean values are thus

calculated using the following expressions:

O = Q(t2) + df;tl [trlnid - tQ} = Q(t) + w [7’ + Z - t2] (a5
Q= Qty) + dc% (250 — ta] = Q(ta) + W [3 <7’ + g) - t4] .

Hence, the correction of the reference mirror’s orientation can be simply calculated
using the rotation angles ¢ o = —€); »T" and following the same procedure as described

above.

The major advantage offered by this technique is that it allows us to evaluate
the average value of the rotation rate before the Raman pulse so that the motion of

the piezo-electric actuators can be initiated right after the light-matter interaction

1,2
tCOI‘

(at times in figure 4.24, typically in the order of 10 ps). By doing so, we get rid
of the trade-off on the correction time by having a better estimation of the average
rotation rate in addition to leaving more time to the tip-tilt platform to stabilize.
Nevertheless, the efficiency of this solution is based on the strong assumption of an
angular velocity varying at most linearly, which is not necessarily the case. For an
evolution at least quadratic or inflection points happening in between two light pulses,
then the slope guessing may assess an average rotation rate very distant from the actual
one, leading to an incorrect rotation of the reference mirror. Additionally, it remains
unclear at what times the measurements should be recorded for the slope estimation,
as a too short interval may yield a slope defined by the noise of the gyroscopes but
a too long interval would average out several rotation patterns of the carrier, also
leading to orientation errors. An implementation of this compensation scheme on the
experiment was attempted, taking a 4 ms time interval before the first and second
Raman pulses, but it did not show any evidence of an improvement or deterioration

of the performances in addition to an increased consumption of the FPGA board’s

logical elements and resources. For these reasons, the compensation scheme used to
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acquire the data presented in the following of this chapter was set back with the fixed
time delay tg4e;. Though, with a good knowledge on the pattern of a given carrier’s
motion and specifically the amplitude, shape and period of its rotations, it might be
advantageous to switch back to this slope estimation algorithm which would be more

robust to strong angular accelerations for instance.

Correction coefficient ¢ related to the mirror’s rotation
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Figure 4.25: Atomic fringes corresponding to the runs displayed in figure 4.19 (red) with
an empirical correction of the reference mirror’s angular velocity e = —1.3%
and (blue) without correction. The dark red solid curve displays the fit to
the experimental points, fairly similar in both case which is why only the

fit with the correction was displayed. As the rotation phase ¢yo = and thus

the rotation rates Q and €, increase, we can observe the match between the
fitting function and the blue points deteriorating, suggesting a dilatation of
the atomic fringes in the non-corrected case.

As mentioned above, an empirical correction factor € was added to the rotation
of the mirror to minimize the phase noise o, when fitting a cosine function to the
reconstructed experimental points. The results are superimposed in figure 4.25 with an
optimal correction € = —1.3% in red and no correction applied in blue. The red points
as well as the dark red curve resulting from a fit are the same data as presented in
figure 4.19. What can be observed in this figure is that, as the rotation phase ¢pg; ©
and thus the rotation rates Q and €, increase, the uncorrected experimental points
do not match the fitting function anymore and their relative phase difference keeps
increasing. Such behavior indicates a dilatation of the atomic fringes which is often

related to a problem in the scale factor of the accelerometer.

Considerable efforts have been put in eliminating the potential sources of error
influencing this mismatch with the theoretical model, and a characterization of the
tip-tilt yielding a systematic pointing error below 1% of uncertainty - which is inferior

to the uncertainty on the optical characterization described in section 2.4 - is difficult.
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For this reason, the tip-tilt stage is the privileged origin of this effect and the correction

was specifically associated with the equivalent rotation rate of the mirror.

However, another theory could relate this effect to an error in the scale factor of the
fiber-optic gyroscope for instance, misleading us on the estimation of the instrument’s
angular velocity and inducing a systematic error in the rotation of the mirror. This
scale factor was calibrated before it was delivered, but in the absence of an automated
platform enabling well-controlled, accurate angular velocities, it appears difficult to
estimate the veracity of this hypothesis. Additionally, scale factor drifts related to the
temperature variations or parasitic magnetic fields — as the fiber-optic gyroscopes are

not shielded — also remain uncharacterized.

Furthermore, we have considered a residual Coriolis acceleration measured by the
mechanical accelerometer. Regarding the latter, it was stated at the beginning of
this chapter that no Coriolis acceleration should be sensed by the classical inertial
sensor as the electro-mechanical elements implemented in the device should prevent the
proof-mass from moving freely in the frame of the accelerometer’s case. It is possible to
imagine that for high enough angular velocities, this assumption does not hold anymore
and the relative displacement between the accelerometer’s body and its proof mass

induces the measurement of a systematic, residual Coriolis acceleration.

In order to determine which of these hypotheses is valid, we have tried to apply this
correction coefficient to the average rotation rate Q in the uncompensated case as the
mirror is not rotating independently in this configuration. Though, the reconstruction
of the atomic fringes in the absence of rotations compensation requires lower angular
velocities and shorter interrogation times which reduces the importance of the rotation-
induced phase shifts. Furthermore, without stabilizing the reference mirror, the rotation
phase ¢, is strongly dominated by the Coriolis effect related to the motion of the
atomic cloud and other effects have a small impact difficult to observe. Nevertheless,
estimating this empirical optimization of the phase noise yields a very close correction
coefficient (¢ = +1.2%, reminding it is applied on the average rotation rate { which
has a sign opposite to that of the mirror’s angular velocity €2, in the compensated
case). This correction induces a very marginal improvement of the signal-to-noise ratio,
from 8.63 to 8.71, hence it appears difficult to designate this effect as the source of the
difference observed between the theoretical model and experimental data. As it is also
difficult to reach an uncertainty at the 1% level on the optical characterization of the
tip-tilt stage, it is at this time impossible for us to provide an unequivocal explanation

and this study will require further investigation.
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Conclusion

The operation of the fully hybridized accelerometer under high, arbitrary angular
velocities has been established. In regard to the theoretical model, the closed-loop
hybridization scheme has imposed a completion of the output phase shift of a ro-
tating matter-wave interferometer determined in sections 1.3 and 1.4. Indeed, this
algorithm consists in subtracting the measurement of the atom interferometer from
the classical acceleration signal in order to isolate and correct for the latter’s bias, but
the mechanical sensor’s motion also becomes non-trivial under non-negligible rotation
rates. In particular, considering the trajectory of the classical accelerometer has led
to a modification of the lever arm participating in the centrifugal phase shifts and a

suppression of the instrument’s center of rotation influence at the first order.

Thereafter, the models of both the exponential decay in the interference fringes
visibility and the rotation-induced systematic phase shifts scrambling the output phase
of the interferometer have been validated on the experimental apparatus described in
chapter 2, allowing us to reconstruct the atomic fringes and retrieve an acceleration
signal for angular velocities |€2| < 80 mrad/s ~ 4.6 °/s at an interrogation time 7" = 6
ms, enabling a sensitivity o, ~ 41.2 ng/shot. If this represents a compelling result as it
is the first demonstration of an atomic accelerometer in such noisy conditions, the loss
of contrast strongly restricts the accessible experimental parameters to low angular

velocities and short interrogation times and needs to be addressed first and foremost.

Based on the fact that the contrast loss is the consequence of the rotation of the
wave vector of the Raman transition, a real-time rotation compensation system was
designed. It consists in the mechanical stabilization of the reference mirror’s orientation
in the laboratory frame for the duration of the interferometer by applying to this
mirror a rotation opposed to that of the science chamber. After detailing the FPGA-
based algorithm, its implementation and performance on the hybrid instrument were
evaluated. The compensation system successfully enhanced the measurement range
of the hybrid accelerometer to a satisfying interrogation time 7' = 10 ms and a wide
range of arbitrary angular velocities |Q2| < 250 mrad/s ~ 14.3 °/s by maintaining the
visibility of the interference pattern with no deterioration. Moreover, the model of the
output phase shift for a rotating compensated hybrid accelerometer was corroborated
by the reconstruction of the atomic fringes using the same experimental parameters as
stated above, yielding a consistent sensitivity o, < 35 pg/shot over the whole operating

range.

In summary, this study represents the first realization of an atom interferometer-
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based hybrid accelerometer capable of operating in a regime of strong vibrations and
angular velocities and for a wide range of tilt angles through its correlation with
high-performance fiber-optic gyroscopes. The theoretical model yielding the output
phase shift of an hybrid accelerometer under strong rotations, with and without an
independent rotation of the reference mirror, validates our general approach on a
rotating atom interferometer and the successful reconstruction of the atomic fringes
substantiates the relevance and robustness of our hypotheses, regarding both the exper-
imental parameters and operating conditions. Ultimately, the factors of degradation
in the hybrid accelerometer’s performance yield very consistent results in the same
environment, regardless of the presence of rotations of the instrument. These outcomes
constitute a promising prospective in the application of strapdown atomic inertial

sensors for measurements onboard a rotating vehicle.
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Cold-atom inertial sensors based on matter-wave interferometers such as atomic
accelerometers or gyroscopes stand out among the most mature quantum technologies.
The growing interest in such sensors providing an absolute measurement of inertial
components has led to remarkable developments yielding unrivaled sensitivity, stability
and accuracy, and the successful technological transfer of atomic gravimeters even
pushed the boundaries of field quantum gravity sensing to an industrial level [Ménoret
et al. 2018; Antoni-Micollier et al. 2022]. However, various challenges remain to be
addressed in the quest of truly mobile quantum inertial sensing, including multi-axis
measurements and operation in harsh environments requiring a certain resilience to

strong regimes of vibrations and rotations.

Three-axis hybrid quantum-classical accelerometer

This PhD work falls within the scope of the iXAtom project aiming at building
a new generation of high-end inertial sensors based on the hybridization of classical
accelerometers and gyroscopes with matter-wave interferometers. When I arrived in the
laboratory, the experimental setup for the three-axis hybrid accelerometer had already
been assembled and characterized in quasi-static configuration leading, shortly after,
to the demonstration of a fifty-fold improvement on the stability of the gravitational
acceleration norm’s measurement as compared to a triad of classical accelerometers
[Templier et al. 2022]. Our hybridization scheme, relying on atomic interferometry
to calibrate the bias of classical sensors and use the latter’s corrected signal as the
sensor’s output, enables for a bias-free tracking of the acceleration components while

providing a high bandwidth and a large dynamic range.

Regarding the performances, this hybrid accelerometer demonstrated a sensitivity
equal to 22 png/ v/Hz and an uncertainty of 5.8 pg on the reconstruction of the acceleration
vector. For comparison, the static characterization of a transportable gravimeter yielded
a sensitivity of 0.8 ng/ vHz and an acurracy of 0.17 g [Bidel et al. 2023]. The sensitivity
on our measurement is primarily limited by the dead times imposed by the sequencer
used and could thus be drastically improved by designing a new electronic control
system avoiding this technical issue. Concerning the accuracy, it is by the scale factor
error related to the Doppler compensation scheme using phase-discontinuous frequency

jumps. With a higher-resolution direct digital synthesizer, a new compensation scheme
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based on frequency chirps with arbitrary slope variations — according to the rotations
of the instrument — could be contemplated to substantially reduce the uncertainty on
this systematic phase shift. Furthermore, the characterization of so far undetermined
systematic effects such as the wavefront distortion, as well as the refinement of other
effects and misalignments calibration protocol, would also allow further improving this
aspect. Ideally, it would be beneficial to gain between one and two orders of magnitude

on these two characteristics of the hybrid accelerometers triad.

Rotating atom interferometer for acceleration measurement

My contribution to this project has been predominantly dedicated to the study and
correction of rotations at unprecedented levels for an atomic accelerometer, including the
characterization and installation of the fiber-optic gyroscopes and piezo-actuated tip-tilt
mirror. The programming of the FPGA-based rotation compensation system, acquiring
the signals of the gyroscopes and converting them in real time into angular setpoints for
the stabilization of the reference mirror’s orientation, has occupied a significant share of
my work. The implementation of this rotation compensation has enabled maintaining
a constant visibility of the atomic interference pattern over a wide range of arbitrary
angular velocities, up to fifteen degrees per second - corresponding to five thousand
Earth’s rotation rates. Furthermore, the comprehensive theoretical model established
for the rotating atom interferometer’s output phase shift, taking into account the
hybridization of the matter-wave interferometer with classical accelerometers as well as a
possible independent rotation of the reference mirror, has permitted the measurement of
rotation components transverse to the laser beam by correlating the atom interferometer
with two high-end fiber-optic gyroscopes, yielding a hybrid gyroscope able to operate
in an extensive range of tilt angles. Ultimately, the reconstruction of the atomic fringes
under random, strong vibrations and angular velocities in addition to large variations
of the tilt angle provides access to the pursued acceleration measurement and paves the
way for truly mobile applications of multi-axis quantum inertial sensors operating in a
strapdown configuration. Moreover, this represents a promising solution for achieving
accurate acceleration measurements in situations where weight and volume are critical,
for example in submarines for navigation or ocean floor mapping purposes, where

cumbersome vibrations-isolation and gyro-stabilization platforms cannot be permitted.

The long-term objective is naturally to reach similar performances with this mobile
sensor experiencing strong rotations and accelerations as the ones achieved in static,
which implies to suppress as much rotation- and vibration-induced phase noise as
possible to reach the utmost performances of the interferometer given our experimental

parameters. By increasing the size and optimizing the intensity profile of the laser
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beams, an increase in the interrogation time could also be contemplated in order to
further increase the sensitivity on the measurement of the acceleration components.
Ultimately, in regards to the operating conditions, being able to measure acceleration
components under rotation rates up to 15 °/s appears to be a satisfying outcome
with respect to typical motions of marine carriers. As for the tilt angle range of the
experiment, it could be enhanced by putting efforts in conceiving a more symmetric
detection — which was not prioritized so far — and a larger, flat-top intensity profile
of the laser beams to reach a reasonable range of 50 — 60° with a constant visibility of

the atomic fringes.

Enhancing the resilience of the quantum sensor in harsh environments

As mentioned in chapter 4, strong high-frequency vibrations represent the most
critical issue which needs to be addressed in order to retrieve the acceleration information
out of the output of the hybrid inertial sensor. The current implementation of the
hybridization algorithm with the navigation-grade accelerometers attached to each
reference mirror offers a limited compensation bandwidth and if it proved to be crucial
below forty hertz, there remains a broad spectrum where vibrations are insufficiently
compensated for - typically up to one hundred hertz with our experimental parameters.
In order to overcome this obstacle, the first action which will be undertaken consists in
a thorough characterization of the accelerometers currently installed on the science
chamber, including an estimation of their acquisition noise to be compared with the
intrinsic performances of the sensors as well as an analysis of their frequency behaviors
on a shaker. If these studies reveal that the current devices are inadequate for our
specifications in the higher frequencies, it might be interesting to replace them with
similar sensors providing higher-performance or to consider other technologies such as
seismometers or optical accelerometers to provide a complementary measurement in

the real-time hybridization scheme.

On another note, the rotation of the interrogation laser in the frame of the science
chamber induces a misalignment between the classical and quantum measurement
axes which can deteriorate the correlation between the two sensors, in particular the
compensation of vibrations. After a rotation of the reference mirror, the vibrations
sensed by the classical device along the considered axis will contain an irrelevant
component in the plane of the reference mirror, in addition to losing information about
the effective wave vector’s projection onto other axes. With a mechanical structure
sufficiently rigid, it is possible to use the classical accelerometers attached to the other
reference mirrors in order to account for this projection of the laser beam onto different

axes, but this is difficult to guarantee in practice. An alternative solution consists in
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replacing each single-axis accelerometer by three-axis instruments at the back of each
reference mirror. However, regardless of their positions, the mechanical sensors which
are not aligned with the rotation axis will also be sensitive to different projections
of the centrifugal acceleration which should be subtracted from their output signal,
otherwise the calculation of the mirror rotation’s contribution to the total phase shift
would be inaccurate. For this reason, such solution appears difficult to conciliate with

the closed-loop hybridization scheme as it is and further consideration is required.

In terms of motion simulation devices, the rotational platform used to carry out
the experiments presented in this thesis is the same described in [Templier 2021]. It
is a manually operated apparatus requiring an appropriate counterweight for every
change on the science chamber - in our case approximately one hundred kilograms on
both sides of the rotation axis - which puts substantial frictions on the rotation axis,
thus inducing high vibrations. These vibrations strongly limit our performances and
are difficult to discriminate from the effects induced by the rotation of the instrument,
while the manual operation of the platform makes difficult to reproduce constant or
precise rotation rate regimes. The replacement of this table with a fully automated,
six-axis hexapod enabling frictionless, complex and well-controlled movements should
help resolve both these issues in the short-term, allowing to push further the study of
rotating atom interferometers and improve the performance of the fringes reconstruction

for acceleration sensing.

Another major hindrance to the strapdown implementation of the proposed hybrid
accelerometer lies in the strong dependence of the atomic measurement on the tilt
angle of the sensor head. First, the finite size of the laser beams fundamentally limits
the achievable interrogation times at high inclinations and thus the utmost sensitivity
of our interferometer. Furthermore, an asymmetric detection also induces differences
in the population ratio measurements at distinct tilt angles of the interrogation laser,
yielding variations of the contrast and amplitude noise on the atomic fringes. Currently,
three photodiodes are installed on the science chamber and the most appropriate
one is selected given an orientation of the sensor head. In the future, an improved
detection scheme where the signals of all the photodiodes are balanced according to the
configuration could improve the robustness of the measurement to extreme tilt angles
and drastic variations in the laser orientation. Besides, the Gaussian profile of the laser
intensity scanned by the transverse component of the motion of the atomic cloud induces
inhomogeneous Rabi frequencies and systematic light shifts which substantially harm
the accuracy of the quantum inertial sensor. Implementing top-hat beam collimation
would enhance the operation dynamic range of the atomic accelerometer in addition to

improving its absolute accuracy.
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Ultimately, once the rotation compensation system is implemented on the three
measurement axes, an important characterization related to the calibration of the
triad’s misalignments will be required. Indeed, the protocol proposed in chapter 3
allowed gaining an order of magnitude on the uncertainty on the acceleration norm’s
measurement but this effect remains a major limitation of the multi-axis hybrid sensor’s
accuracy. Currently, the estimation of the systematic phase shifts associated with each
independent atom interferometer limits the confidence on the axes’ misalignments and
further characterizations are required to provide a more comprehensive model of the
sensor’s accuracy, notably on the phase shift associated with the wavefront distortions.
Moreover, it must be considered that the vibrations, rotations and temperature fluctu-
ations experienced onboard a vehicle will be on a different level from the conditions
under which the calibration was performed in the past, and the independent rotations
of each reference mirror in the context of the rotations compensation system may
further degrade the stability of these misalignments. To curb this effect, efforts are -
and will need to be - put in the choice of the materials used for the vacuum chamber
and the assembly of all the components constituting the instrument, in particular
classical inertial sensors, laser collimators and photodetectors, in order to achieve the

most rigid structure possible.

Real-time operation of the hybrid inertial measurement unit for mobile

applications

In the context of mobile acceleration measurements, it is important that the cycling
rate of the experiment is optimized so as to increase the sensitivity of the acceleration
measurement, in addition to reaching a stable value faster. In the context of the hybrid
accelerometer, the acquisition rate is not a problem as the five kilohertz signals of
the mechanical accelerometers are utilized as the output. However, the tracking of
the atomic signals required to correct for the classical biases plays an important part
in the achievable performances and the sequential operation along the three axes as
well as the flipping of the momentum recoil direction tend to quickly increase the
cycle time. Furthermore, as presented in chapter 2, the electronic control system
used on this experiment needs to reload the sequence from the CPU to the FPGA
sequencer between each shot, adding an approximately one second dead time which
dramatically reduces the repetition rate of the quantum triad. On this aspect, the
development of a dedicated sequencer as well as the realization of a new laser source are
currently examined. These two improvements of the setup should allow us to suppress
unnecessary dead times in addition to retrieving shorter MOT durations, thus further

reducing the effective cycle time of the experiment up to a factor five.

Quentin d’Armagnac de Castanet 191



Conclusion and prospects

As for the rotations correction system, while the stabilization of the reference mirror’s
orientation is performed throughout the interferometer to maintain the contrast of the
atomic fringes, the reconstruction of the interference pattern with the determination of
the rotation-induced phase shifts is currently performed by post-processing the data
with the high-frequency streaming of the classical gyroscopes and accelerometers. The
mid-fringe lock algorithm was implemented to enable the tracking of the acceleration
components, but the rotation phase scanned by the tilt angle and angular velocity of the
sensor head can rapidly induce fringe hopping preventing any long-term measurement
to be performed. With the aim of combining the fringe-tracking algorithm with the
rotations compensation scheme, it is necessary to find a way to correct for the rotation
phase in a similar manner to the double-hybridization algorithm between the classical
and quantum accelerometers, where the correlation phase including the vibration
phase shift is fed back to the laser a few microseconds before the last Raman pulse.
An attempt to calculate an overall correlation phase related to both rotations and
vibrations within the real-time algorithm was made, unfortunately the computational
resources of the FPGA board utilized on the experiment turned out to be insufficient.
Here as well, the new sequencer currently being developed should help overcoming this
technical limitation and allow for an operation of the hybrid accelerometers’ triad truly

in real time.

Eventually, some strategies to further miniaturize the whole apparatus are ongoing
with notably the development of a multi-axis atom accelerometer utilizing a magnetic
trap on an atomic chip hybridized with a microfabricated grating chip. This technology
should enable the magneto-optical trapping of the atoms with a single laser beam,
making use of the orders diffracted by the grating chip. Furthermore, this new sensor
head could allow performing simultaneous multi-axis Raman interferometry [Barrett
et al. 2019], which would help address most of the cycling time limitations and reach a

higher short-term sensitivity.
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Complemented phase shift for a three-

dimension, linear rotation rate

A.1 (Generalized atomic phase shift

In chapter 1, I developed the calculation of the atomic phase shift ®5; * related

at

to the motion of the atomic cloud in the frame of the science chamber rotating at an

angular velocity €2 considering a compensation of this rotation on the reference mirror
Q..

Acceleration term Notation | Associated phase shift expression
Relative (translational) | ¢relative kogT?a,

Mirror’s rotation mirror et T2 [a:Qmy — @y Q]

Residual Coriolis O Cloriolis 2kegT? [(ve + . T) 0, — (v, + a, T) 652,]

Centrifugal (chamber) champber ket T2Q? (20 + 2209, T — 242, T

centrifugal
202 MA
kg T2O2, [ — 2252 — 4,

mirror

Centrifugal (mirror)

centrifugal _ 3T (UZ + Vree + LL‘Qme . yOQmX)]
Other terms arising from s BkeHT3[ — U, (593; + 593)
iy : compo.
composition of motion T (202 — Yo%) (2 e — Qmey)w

Table A.1: Summary of the contributions to the phase shift of an atom interferometer
undergoing opposed rotations of the laser input € and retro-reflection mirror
Q,,, given up to the third order in interrogation time and rotation rate. The
effective wave vector is oriented along +u, at the instant of the first pulse

Table A.1 reminds the contributions to this phase shift, valid under the assumption
of a constant angular velocity and a rotation axis comprised in the plane transverse

to the effective wave vector of the laser, namely dQ2/dt = 0 and 2, = 0. This study

193



Appendix A. Complemented phase shift for a three-dimension, linear rotation rate

yielded the following expression:
comp __ mirror chamber mirror
qDat - ¢relative + ¢rotation + gbCoriolis + ¢centrifugal + qbcentrifugal + ¢compo- (Al)

where O = Q2 + Q2 and 7, = Q2 + Q2 , and writing 6; = Q; + Qu; the residual

my >

rotation rate along the ¢ axis of the science chamber.

Now, what we are interested in is the modification of this atomic phase shift in the
case of a three-dimension rotation vector — considering €2, # 0 — and for a non-null
first derivative, implying an angular velocity at most linear with time (equivalent to a
constant angular acceleration). In this case, all the contributions listed in table A.1
remain true considering Q* = Q2 + Q2 + Q2 and 7, = Q2 + Q2+ Q7. Naturally,
to these terms must be added the phase shifts so far neglected and arising from three
main sources, namely the chamber’s and mirror’s rotations along the z axis as well as

the tangential acceleration related to the angular acceleration.

First, the phase shift associated with the rotation of the chamber around the z
axis can be separated in two distinct expressions, namely a linear contribution of this

rotation component:

ba. = ket T?Q. [~ 202 — yolYy]

(A.2)
+ ket T?Q, [20 (QunxQy — QQiny) + V2 (000 + Q) + vy (5, + Quny)]
and a phase shift quadratic in €2,:
qbﬂ% - keffTZQz [_ZO + 3T ('TOme - yOme>] . (A?))

If most of the terms appearing in these two expressions scale as 7T° and are mostly
negligible, onboard applications where the yaw is added to the roll and pitch of the
vehicle will require to consider at least the first-order centrifugal phase shift along the
z axis containing the atomic cloud’s initial position components:

‘ —keffTQQZ [l’on + y()Qy -+ Z[)QZ] . (A4)

centrifugal —

Additionally, since the rotations of the chamber along the z axis are now accounted
for, the rotation of the mirror along this axis also induces interferometric phase shifts

which can be separated as previously:

¢QII\Z = keﬂ‘TQsz [(l‘o + SUmT) me + (yo + 3vyT) me]
37 (A.5)
qbﬂ?m = keﬂ‘TQQ?nZ Z(I)\/IA + dm + 7Urec .
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Here as well, we can isolate dominating contributions related to the initial position of
the cloud which can be assimilated to a first-order centrifugal phase shift:

e et T* Qs [ 20 + Y0Qumy + (2™ + dn ) Qi (A.6)

centrifugal —

If the atom interferometer is rotation invariant around the axis of the effective wave
vector of the Raman laser, it is important to remind that the rotation component €2,
denotes the rotation of the mirror around the z axis of the sensor head. Hence, after a
first rotation of the reference mirror in the rotating frame of the science chamber, the
wave vector of the laser is no longer aligned with the z axis considered and the phase
shifts developed above should be taken into account. Incidentally, this rotation of the
reference mirror around the z axis is effectively applied when utilizing the generalized

three-dimension rotation matrix presented in appendix B to drive the tip-tilt stage.

Ultimately, considering angular velocities no longer constant but instead varying
(at most) linearly with time will induce a tangential acceleration related to the angular

acceleration, producing a phase shift as follows:

¢tangential = - keHT2QCL‘ [yO + UyT + ZOT (25990 + me)]
+ ke T, [0 4+ v T — 20T (209 + Qg )] (A7)
+ ke T3 [0 (2090 + Q) + Yo (209, + Q)] -

A.2 Evolution of the classical phase shift

On another note, the generalization of the rotation to three dimensions with a non-
null angular acceleration also affects the equivalent phase shift related to the classical
accelerometer as the latter is sensitive to driving accelerations — including tangential
acceleration in addition to the centrifugal term. Furthermore, the composition of
motions also induces other contributions arising from the rotation along the z axis.
Similarly to the logic applied in chapter 1, we use the sensitivity function formalism to

calculate the phase shift associated with the classical measurement, which yields:

Poy = kerT? [az + b + (=5 + v9T) Q7] (A.8)
— ke T2 [ () + 05T) Qo + (y5! + 05 T) Q + (2! +09T) Q] (A.9)
+ ke T [ (28 + 09 T) O — (' +05T) ] (A.10)

where we recognize the simplified model established in chapter 1 on the first row,

taking Q? = Q2 + Qz + Q2 the Q.-dependent second-order phase shifts on the second
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row and the contributions of the angular acceleration on the third row. Similarly to
the assumption made previously, we can consider that the proof mass of the classical
accelerometer has no relative velocity in the frame of the sensor’s case, reducing the

previous formula as:
Bot = ket T? [0z + b + 2607 — Q. (2 + 45 Qy + 2/2.) + 250, — 45/ (A11)

Similarly to the phase shift at the output of the hybrid accelerometer calculated in
chapter 4 as A® = &, — ;P we observe that some contributions to the atomic
phase shift involving the position of the atomic cloud relative to the center of rotation
are partially compensated by the classical measurement. Specifically, the centrifugal
and tangential terms dependent on the coordinates xg, yo and zy are the same as in the
classical phase shift with the components x{!, y&! and 2§!. This observation results in a
cancellation of the instrument’s center of rotation at the first order and a simplification
of the additional phase terms computed in this appendix when calculating the hybrid

accelerometer’s output phase shift.
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rotation compensation

In order to perform onboard acceleration measurements with the hybrid accelerom-
eter in a strapdown configuration, it is required to account for the three components
of the rotation vector. Appendix A details how the atomic and classical phase shifts
at the output of the interferometer are impacted by a rotation component along the
z axis, neglected in our operating conditions. However, the atomic phase shift lets
appear a third component of the mirror’s rotation as well, which can be applied only
by adapting the rotation compensation algorithm as well. Furthermore, if the first
iteration of the reference mirror’s real-time stabilization scheme does not account for
the rotation along the z axis of the rotating frame attached to the instrument — as it
is initially aligned with the effective wave vector of the laser —, this is no longer the
case for the subsequent rotations of the mirror and can induce, in addition to parasitic

phase shifts, an insufficient recovery of the atomic fringes’ contrast.

We remind that a rotation vector 8(t) = 6(t) N(t) can be defined by its angle
0(t) = \/93,(t) + 602(t) 4+ 62(t) and axis N(t) = (Ng(t), N,(t), N(t))" where Ny(t) =

0;(t)/0(t) for i = x,y, z. The generalization of the transverse rotation matrix given in

equation 4.24 to the three dimensions case is given below:

N2(1-C)+C N,N,(1-C)—-N,S N,N,(1-C)+ N,S
R(0(t)) = | N.N,(1—-C)+ N,S N(1-C)+C N,N.(1-C)—N,S
N,N.(1-C)—-N,S NyN.,(1-C)+N,S N2(1-C)+C
(B.1)
where C' = cos(6(t)) and S = sin(6(t)), and the time dependence on the rotation axis’
components has been omitted for simplicity. Considering rotation rates in the order of

107! rad/s and a typical interrogation time 7' = 1072 s, we can use the small angles
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approximation and build the real-time rotation matrix used in practice:

2—02(t) — 02(t)  0.(t)0,(t) —20.(t) 0.(t)0.(t) + 26,(¢)
0.(6)0,(t) +20.(t) 2—0%(t) —6%(t) 6,()0.(t) —20,(¢t) | . (B.2)
0u(£)0.(t) — 20,(t) 0, (1)0-(t) +20.(t) 2 —07(t) — O5(¢)

Rrr(0(t)) = )

Using this rotation matrix, one then only needs to follow the logic developed
in chapter 4 and summarized in figure 4.10 in order to achieve a three-dimension
stabilization of the effective wave vector of the laser in the non-rotating frame of the

laboratory.
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Technical details of the FPGA imple-

mentation

C.1 Delay of the tip-tilt setpoints communication

In chapter 4, the modeling of the response of each piezo-electric actuators pair as
an underdamped second-order system allowed us to characterize the pointing error
related to their respective settling times. In order to have a very accurate estimation of
the reference mirror’s orientation precisely at the start of the next Raman pulse, it is

important to quantify the delays intervening before the start of the actuators’” motion.

At=3792 us

Figure C.1: Simulation of the transmission of a data bus containing the two angular
setpoints from the FPGA board to the controller of the tip-tilt stage. The
whole data packet is transmitted while the data-latch signal s_o_ldat (last
row) is low, and we can observe that the monitoring inputs (displayed on the
two rows above the s_i_mosi signal) are updated with the setpoint values
transmitted after the following rising edge of the s_ o_ ldat signal.

The first relevant parameter is the time 4. separating the end of a Raman pulse and
the transmission of a data bus, which is set within the Hardware Description Language
(HDL) code implemented in the FPGA board and defined by equation 4.38. After
this time, the data bus needs to be transmitted using the Serial Peripheral Interface

(SPI) protocol, which will induce a supplementary delay tcom. Using the Vivado Design
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Suite software used to program the Xilinx FPGA chip, it is possible to perform a
digital simulation of the SPI communication of a data bus from the beginning of the
transmission to the update of the external device’s registers. This simulation, displayed
in figure C.1, exhibits a delay t.om = 37.92 ~ 38 ps for the transmission of a single
data packet with the 100 MHz FPGA clock.
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Figure C.2: Expansion on the first millisecond of the axis 1 strain gauge signal displayed in
figure 2.13, demonstrating a .+ = 200 ps delay between the reception of the
command and the start of the piezo-electric actuators’ motion.

Furthermore, from the study of the settling time conducted with the PIMikroMove
software which produced the results shown in figure 2.13, we can retrieve the latency
tay of the piezo-actuators. Figure C.2 displays an expansion of the strain gauge
signal during the first millisecond and yields a t,; = 200 ps latency between the
reception of the command and the movement of the rotation axis. Nevertheless, the
optical characterization of the tip-tilt response displayed in figure 2.14 revealed an
approximately 500 ps delay between the update of the FPGA registers and the actual
start of the mirror’s rotation. Neglecting the propagation of the data bus — as the
theoretical propagation velocity of an electromagnetic wave in a cable amounts to 2.108
m/s — and deducting the specific delays calculated in this section, this leaves 262 ps
for the angular setpoints to be processed within the controller of the tip-tilt stage,
including the conversion from digital to an analog high voltage, which appears to be a

reasonable assumption.

C.2 Data format, dynamic range and resolution

Throughout the calculations performed by the HDL code implemented in the FPGA
board, data are processed using the NQM fixed point format consisting in 1 sign bit,
(N — 1) integer bits weighting (2N72...2°) and M fractional bits weighting (271...27M).
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The resolution on such signals propagating between the logical elements then amounts
to 27 in the appropriate unit and multiplied by prospective scale factors applied
on the signal. For instance, a rotation rate measurement with a prior scale factor
of 3.10~7 mrad/count expressed in the 32Q0 integer format will have a resolution of
0.3 nad/s. Furthermore, the multiplication of two signals formatted as N;@QM; and
NoQMs produces a signal in the format (N7 + No)Q(M; + M,), which can rapidly
lead to very long data buses of 64 bits, 128 bits, etc. with an unnecessarily high
resolution. For this reason, and because the rotation compensation scheme is mostly
comprised of products, the resulting signals are regularly rescaled. Two methods are
achievable: if the required dynamic range on a signal can be estimated and is lower
than (2N~1 — 1), then it is possible to truncate the most significant bits (MSB). If it
presents the advantage of preserving the resolution on the digital signal, it comes at
the risk of saturating the data bus and getting a false value on a given parameter if
the measurement overcomes the new limit set. On the other hand, truncating the least
significant bits (LSB) will never corrupt the information itself but will systematically
reduce the resolution as removing X LSBs will alter the lowest measurable signal from

2=M to 2-(M=X)  Hence, this second option will be preferred in most cases.

As for the filling of the rotation matrix, using the trigonometric functions’ Taylor
expansion yields units inconsistencies depending on the terms with the dimension of a
constant, an angle or a squared angle. This effect can alter the NQM format of the
data buses, which can no longer be summed or subtracted anymore. For this reason,
the factor 2 must be in the same NQM format and have the same prior scale factor as
the angle it is multiplied with, so that the result has the same dimension as a product
of angles. Following this reasoning, the constant 2 appearing in the diagonal terms
needs as well to be in the same NQM format with the same scale factor as the previous
result so that all the terms of the matrix are homogeneous. This way, all the elements

can be identically rescaled in order to carry out the following calculations.

To conclude on the data format, as there are specific scale factors associated with
the laser wave vector’s components Sy and with the rotation matrix elements Sg,
every multiplication will induce a change in the scale factor applied on the resulting
corrected wave vector k%e. In practice, at the n'"' application of the rotation matrix,
the corrected wave vector will be assigned a scale factor (Sg)".Sk. To prevent this
aspect to limit the dynamic range or resolution on our signals by saturating the data
buses or forcing regular rescalings, a built-in Intellectual Property (IP) module was
used for the conversion of the vector k3§ components into angular setpoints af%.

Indeed, the Vivado software on which the programming of the FPGA board is realized

features a library of IP modules designed by the Xilinx company, and one module in
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particular implements the Coordinate Rotation Digital Computer (CORDIC) algorithm
for calculating basic trigonometric functions, in this case the arc-tangent. In addition
to performing the calculation in parallel thus at a reasonably high speed, it presents
the advantage of taking two parameters as an input and to calculate the arc-tangent
of their ratio. This characteristic ensures that no matter the absolute scale factor
assigned to the setpoint wave vector k3%, as long as it remains the same for all the
components, it will eventually cancel out. Furthermore, the CORDIC IP module
outputs a convenient phase signal expressed in 3Q)29 radians, independent from any
prior scale factor propagating through the calculations. Ultimately, as the controller of
the tip-tilt platform requires angular setpoints in the floating point format, a final IP
block converting the angular setpoints aﬁfg from the fixed-point to the single-precision
floating-point notation was implemented before the transmission from the FPGA board
to the tip-tilt controller. According to the IEEE 754 standard, the single-precision
floating-point format (also called binary32) uses 1 sign bit sg, 8 exponent bits er...eq

and 23 fraction bits fos...fy to represent a number N, following the expression:

N = (—1)%.2E127) (1 + f: f22_12—i> (C.1)
=0

with E = (e7...eg)2 the value of the exponent and S = sy the value of the sign bit.
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