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Abstract

This thesis focuses on degradation models with imperfect maintenance actions. First, a
literature review presents the existing research on degradation modeling, in particular the
different processes used, and the impact of maintenance on degradation over time. It also
discusses various statistical inference methods, particularly for estimating model parame-
ters, and different approaches to assessing maintenance costs over time, and determining
optimal maintenance policies to aid in the decision making process. The initial research of
this manuscript focuses on statistical inference in a degradation model with imperfect main-
tenance. The underlying degradation process is a Wiener process with drift. Maintenance
effects are assumed to be imperfect, described by an Arithmetic Reduction of Degradation
(ARD1) model. The system is regularly inspected and degradation levels are measured.
Four different observation schemes are considered so that degradation levels can be observed
between maintenance actions as well as just before or immediately after maintenance. In
this first study, the estimation of the model parameters under the four observation schemes
are examined. Maximum likelihood estimators are derived for each scheme. The quality of
the estimations is assessed and the observation schemes are compared through an extensive
simulation and performance study. Following that, a more realistic way of modeling im-
perfect maintenance in degradation models is proposed, assuming that maintenance affects
only a part of the degradation process. More precisely, the global degradation process is
the sum of two dependent Wiener processes with drift. Maintenance has an ARDI1-type
effect on only one of these processes. Two particular cases of the model are considered:
perturbed ARD1 and partial replacement models. The usual ARD1 model is also a specific
case of this new degradation model. The system is regularly inspected in order to mea-
sure the global degradation level. A general observation scheme is considered, including
various possible observation schemes, where degradation levels are only measured between
maintenance actions but can be measured as close as possible from maintenance times. As
previously, the maximum likelihood estimation of the model parameters is studied in both
particular models. The quality of the estimators is assessed through a simulation study.
Finally, based on this last degradation model, decision making is considered in the last
chapter of this manuscript. Two inspection schemes are explored, whether degradation is
inspected before maintenance or after repairs. In the pre-maintenance inspection scheme,
the asymptotic maintenance cost per time unit is assessed using two different methods. A

purely simulation-based method that evaluates maintenance costs across multiple life cycles



of the system, and a hybrid method, based on semi-regenerative Markov properties, that
evaluates maintenance costs between two inspections. The inter-inspection period and the
preventive replacement threshold are the decision variables considered to derive an optimal
maintenance policy. Numerical outcomes of the optimal policies are presented and com-

pared under both inspection schemes, according to model parameters and cost coefficients.

Résumé

Cette thése se concentre sur des modéles de dégradation en présence de maintenances
imparfaites. Tout d’abord, une revue de la littérature présente les travaux existants concer-
nant les modéles de dégradation, notamment les différents processus et approches étudiés
pour la modélisation de la dégradation et des effets de la maintenance. Elle présente égale-
ment diverses méthodes d’inférence statistique, en particulier pour estimer les paramétres
du modéle, ainsi que différentes approches pour évaluer les colts de maintenance sur un
intervalle de temps donné et établir des politiques de maintenances optimales, aidant & la
prise de décision. Le premier travail de ce manuscrit se concentre sur 'inférence statistique
d’un modéle de dégradation avec maintenances imparfaites. Le processus de dégradation
sous-jacent est un processus de Wiener avec drift. Les effets de la maintenance sont supposés
imparfaits et décrits par une réduction arithmétique de la dégradation d’ordre 1 (modele
ARD1). Le systéme est réguliérement inspecté et les niveaux de dégradation sont mesurés.
Quatre différents schémas d’observation sont considérés de telle sorte que les niveaux de
dégradation peuvent étre aussi bien observés entre les maintenances, comme aux instants de
maintenance, juste avant ou juste aprés celle-ci. Dans cette étude, les paramétres du mod-
éle sont estimés suivant les quatre schémas d’observation. Les estimateurs du maximum
de vraisemblance sont obtenus pour chacun de ces schémas. La qualité des estimations est
évaluée et les schémas d’observation sont comparés a travers une étude de simulation et
performance. Dans un second temps, un nouveau modéle de dégradation est proposé, plus
adapté aux situations pratiques. L’effet de la maintenance n’affecte cette fois-ci qu'une
partie du processus de dégradation. Plus précisément, le processus global de dégradation
est la somme de deux processus de Wiener dépendants avec drift. La maintenance a un effet
de type ARD1 seulement sur un de ces deux processus. Deux cas particuliers de ce modéle
émergent : le modéle ARD1 perturbé et le modéle de remplacement partiel. Le modéle
ARD1 usuel, tel que décrit dans le second chapitre, est aussi un cas particulier de ce nou-

veau modéle plus général. Le systéme est réguliérement inspecté pour mesurer le niveau de



dégradation global. Un schéma d’observation général est pris en compte pour 'inférence
statistique, englobant plusieurs politiques d’observation possibles. Notamment, les niveaux
de dégradation ne sont pas mesurés aux instants de maintenance mais peuvent étre mesurés
a tout autre moment, aussi proches possibles de ces instants 1a. A l'instar du premier mod-
éle étudié dans le second chapitre, les parameétres des deux cas particuliers de ce nouveau
modéle sont estimés par maximum de vraisemblance. La qualité des estimations est évaluée
a travers une étude de simulation. En dernier lieu, la prise de décision est étudiée dans
le dernier chapitre de ce manuscrit. Deux schémas d’inspection sont considérés, selon si
I'inspection est réalisée juste avant maintenance ou juste aprés réparation. Pour le schéma
d’inspection "pré-maintenance", le colit asymptotique par unité de temps est évalué suivant
deux méthodes. Une méthode purement simulatoire qui évalue les cofits de maintenance
sur un cycle de vie du systéme, et une méthode dite hybride, basée sur les propriétés de
semi-régénération d’un processus de Markov qui évalue les cotits de maintenance entre deux
inspections. La période entre deux inspections et le seuil de renouvellement préventif sont
les variables de décision prises en compte dans 'optimisation de la politique de maintenance.
Les résultats numériques des politiques de maintenance optimales obtenues sont présentés
et comparés suivant les deux schémas d’inspection et en fonction de divers parameétres du

modéle et coeflicients de colit considérés.
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Introduction

Technological or industrial equipment and engineering assets (or systems) such as dikes,
dams, wind turbines or power plants undergo degradation due to intrinsic wear, usage
imposed by operating conditions or exposure to environmental factors. For such repairable
industrial equipment and assets, a critical concern is to maintain their operation within
specific conditions that ensure safety and availability. In order to reduce deterioration and
mitigating risks, maintenance actions are performed on these industrial systems, altering

their degrading behavior over time.
Degrading systems in historical contexts

Throughout history, many examples have shown the critical importance of understand-
ing the reliability of reparable systems over time to prevent failures (when degradation
exceeds a critical threshold) and accidents. To name a few, on April 27, 1895, the Bouzey
dam, built a few years earlier in Eastern of France, failed, releasing a massive flood wave
that caused extensive damage to the nearby villages and infrastructures, Figure 1. A few
years before the failure, several cracks and leaks had been reported, but ineffectively re-
paired, leading to the accident [88]. On June 3, 1998, an ICE 1 train operating on the
Hannover-Hamburg railway derailed near Eschede in Lower Saxony, Germany, claiming 101
lives and causing many injuries. This accident was attributed to a fatigue crack in the
wheel, leading to wheel failure. A part of the wheel got caught in a railroad switch, chang-
ing its direction as the train passed over it. Consequently, the carriages of the train followed
two distinct tracks, resulting in the derailment [32]. On 14 August 2018, a section of the
Morandi bridge collapsed in Genoa, Italy, sweeping away around 30 vehicles and resulting

in the loss of 43 people, Figure 2. This accident was attributed to a general fatigue problem
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and corrosion in the tendons (high-strength cables or strands) [13].
As illustrated in these tragic events, in many different fields, effectively modeling the
degradation of industrial systems in order to anticipate failures and implement better main-

tenance policies presents a key challenge to ensure safety and reliability of the system.

Figure 1: Repair of the post-failure Bouzey Figure 2: A photography of Morandi bridge
dam, 1895 post-collapse [23]

Degradation modeling

In order to represent the degradation behavior, better anticipate eventual failures, and
efficiently plan maintenance activities, one of the main issue consists in developing a prac-
tical degradation model that considers real-world scenarios and takes maintenance effects
into account.

First of all, let us briefly remind some fundamental probability concepts |2|, which are

widely used throughout this manuscript.

o In probability theory and statistics, a random variable is a variable whose value

depends on the outcome of a random experiment.

o A probability distribution is a mathematical model that describes the behavior of
a random experiment. More precisely, this distribution quantifies the probabilities

associated with each possible outcome of the random experiment.

e A probability density function (PDF) is a function describing the probability distri-

bution of a continuous random variable.

» A stochastic process is a model used to describe the evolution of a random variable

over time [26].
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In this manuscript, degradation is considered random and continuous over time. Con-
sequently, continuous-time stochastic processes prove to be well-suited for modeling the
evolution of the system deterioration with time. Specifically, Levy processes [67], with their
independent and stationary increments (these properties are further detailed in Chapters 1
and 2), are particularly convenient for degradation modeling over continuous time. These
increments follow a specific probability distribution, chosen based on the degradation indi-
cator of the considered system, or, more generally, chosen to align with various practical
case studies. For instance, in practice, system degradation may occasionally decrease dur-
ing short time intervals, indicating an improvement in the system condition. To model that
specific situation, the selected probability distribution must allow the simulated degrada-
tion to be non-monotonous. As an example, when modeling degradation increments, the
Gaussian distribution (or normal distribution) is a commonly used model, characterized
by two parameters: its mean and its variance (see [97] for a review on common probabil-
ity distributions). The values of the Gaussian-distributed increments are defined over R
and are symmetrically distributed around the mean parameter, with a higher probability
of values being close to this parameter. The variance parameter represents the dispersion
of all these increments values from the mean. Alternatively, when degradation is mono-
tonically increasing over time, it is more accurate to describe it using a positively defined
distribution. For example, positive degradation increments can be modeled by a Gamma
distribution, whose PDF is positively defined. Besides, the Poisson distribution, frequently
used to model the number of occasional events within a limited time, can be included in
the degradation process to describe occasional shocks that accelerate the degradation of a
system.

Furthermore, within a single system, several components can undergo degradation. This
degradation can be modeled by multivariate processes, more or less correlated, within the
same degradation model. For example, considering the track geometry of a railway in
Figure 3, the track alignment tends to undergo deformation over time, both longitudinally
and transversely. Then, two distinct yet correlated processes can be proposed to model this

type of deterioration.
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(a) (b)

Figure 3: Examples of longitudinal and transversal track levelling [74]

However, the behavior of system degradation experiences punctual changes when main-
tenance actions are performed. Within its life cycle, the system can undergo various main-
tenance actions. Maintenance can be referred to "imperfect" when its impact fails to reduce
degradation to its initial state. On the opposite, "perfect" maintenance resets degradation
to the initial system condition, initiating a new life cycle for the system. Typically, this
last type of maintenance can consist in a replacement of the system or the component.
In addition, maintenance can be preventive or corrective. On the one hand, preventive
maintenance is regularly performed to prevent potential failures, either periodically or by
optimizing its frequency based on inspected degradation levels over time. Corrective main-
tenance, on the other hand, is carried out after the failure of the system. Its frequency
depends on the system’s condition. Corrective maintenance is generally more costly than
preventive maintenance and may involve an unavailaibilty period of the system. Hence,
the challenge is to identify an appropriate model capable of precisely depicting both the

evolution of degradation and multiple maintenance effects on the system.

10004 1000
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500
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Degradation
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(‘] E)‘(J l(‘](] 15‘)(1 2[‘)[)
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Figure 5: Example of a degradation trajec-
tory with periodic imperfect maintenance ac-
tions (every 50 time units)

Figure 4: FExample of a degradation tra-
jectory over time, simulated through mul-
tiple degradation increments modeled by a
Wiener process with positive drift

An example of a simulated degradation trajectory is presented in Figure 4 over the time
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interval [0, 80]. In this figure, the degradation increments of the process follow a Gaussian
distribution with a positive mean. Since the support for a Gaussian distribution is R,
even if the general trend of degradation increases over [0, 80], degradation can still decrease
over some time intervals. In Figure 5, degradation undergoes three periodic imperfect
maintenance actions carried out at times {50, 100, 150}, illustrated by the vertical segments.
In this example, the maintenance effect is considered instantaneous and is proportional to
the accumulation of degradation since the last maintenance action. This explains why
the depicted maintenance effects differ from each other. Specifically, the first imperfect
maintenance shows a minimal impact on degradation, as degradation does not significantly
increase over the first time interval [0, 50].

Additionally, the system can undergo partial maintenance effects, wherein maintenance

interventions are carried out only on specific components rather than the entire system.

Brake-pad

In that scenario, while a part of the system is regularly

maintained, the remainder is left unchanged, keeping

degrading over time. As an illustration, considering a
vehicle’s braking system, it is often necessary to eval-
uate degradation and conduct repairs on the brake
pads but not on the whole disc, Figure 6. Therefore,
when multiple processes are involved in the degrada- Figure 6: Disk-brake assembly [77]
tion model, partial maintenance effects can consist in affecting only a limited number of
these processes.

Another practical illustration regarding degradation modeling is depicted in Figures 7
and 8. EDF (Electricité de France) presents a case study that consists in modeling support
tube plates degradation in a steam generator, as shown in Figure 7. Within a steam
generator, the tubes undergo significant vibrations, and the support plates play a crucial
role in preventing this shaking. Over time, these plates accumulate dirt, reducing their
efficiency. The thickness of dirt can serve as an indicator of degradation. In Figure 8§,
degradation levels are observed using three different monitoring techniques. These three
methods describe the same degradation phenomenon within the steam generator. The first
graph (located at the top of the figure) is a visual indicator, regularly capturing degradation
on the support plates via a camera positioned within the system. This procedure requires
a temporary system shutdown. In the second graph, degradation is punctually monitored
using Eddy current testing [17], also requiring a system shutdown. In the third graph, fluid

pressure measurements inside the tubes are collected through frequent monitoring. No
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shutdown are needed for this last technique. Degradation levels are observed at different
locations inside the steam generator, either in the hot leg pipe or in the cold leg pipe (refer
to Figure 7), denoted by crosses and points. Notably, in this figure, the maintenance effect
is clearly visible. The observed degradation levels are increasing over time (the x-axis), then
instantaneously reduced right after the maintenance action (denoted by the blue dashed

line). In this example, time scale is censored to ensure confidentiality.
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Figure 8: Inspected degradation levels as a
function of time, collected on support plates
inside a steam generator

Figure 7: Support plates inside a steam gen-
erator [84]

Statistical inference

The selected degradation model includes multiple parameters. These parameters can
be associated with the underlying degradation process, describing for example its drift, its
variance, its shape, its scale etc. and can also be related to the maintenance effect, outlining
its efficiency. For instance, in Figure 9, three degradation trajectories are displayed, modeled
by independent underlying degradation processes based on three Gaussian distributions
with different values of drift (u) and variance (02), respectively N(5,200) (this notation

stands for the normal distribution with drift parameter equals 5 and variance parameter
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equals 200) in purple, A/ (15,1000) in pink and A/ (30, 30) in orange. As shown in this figure,
the model parameters define the behavior of the degradation evolution. Thus, assessing the

theoretical value of these parameters is a major task to precisely describe the degradation.
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Figure 9: Examples of three simulated degradation trajectories based on different values of
the model parameters

The complexity and the precision of their estimation in the degradation process is mainly
influenced by the number of considered parameters, their interdependence, their theoretical
values, the number of available observed degradation levels, and the location of these ob-
servations along the degradation trajectory. Particularly, in practical situations, providing
limited data samples and keeping data confidentiality, such as censoring maintenance times,
adds complexity to modeling degradation and maintenance effects as well as assessing the
parameters. This procedure of evaluating model parameters based on a limited sample of
observations is referred to as statistical inference [82].

Moreover, based on the characteristics of the system, degradation levels can be observed
at different times: At the exact maintenance times (immediately before and/or after the
intervention), only between maintenance times, or even both between and during mainte-
nance times. In this manuscript, the chosen scheme describing the instants and locations of
the observations along the degradation trajectory is called the observation scheme. In addi-
tion, in practice, the observation scheme can differ from one maintenance to another within
a single system. Besides, in some specific scenarios, degradation levels can also be observed
continuously on the system. As the choice of the location of the observations around the

maintenance action provides different insights into degradation and maintenance effect, the
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chosen observation scheme may impact the quality of parameter estimations. Therefore, it
is necessary to opt for a relevant and realistic observation scheme that ensures high-quality

parameter estimations.
Decision making

Another issue regarding degrading systems consists in optimizing the maintenance
scheduling. Indeed, each type of maintenance action incurs its own specific cost. In prac-
tice, preventive maintenances are frequently scheduled periodically, without considering the
current state of the system or the global maintenance cost, which includes the cost of all
the considered maintenance actions carried out on the system within a specific time period.
In addition, conducting maintenance actions or just inspections can be very expensive as
it may require the shutdown of system components or complicate operational procedures.
Furthermore, performing a maintenance action can sometimes partially damage the sys-
tem, accelerating its degradation. Therefore, in order to avoid premature or unnecessary
interventions, anticipate costly failures and make better decisions regarding future mainte-
nance actions, it is crucial to implement a suitable maintenance strategy. To achieve this,
factors such as degradation thresholds, above which a specific maintenance action must
be triggered, as well as imperfect maintenance or inspection frequencies are considered in
the assessment of the global maintenance cost. These decision variables can be optimized
by minimizing the maintenance cost over a specific time period. Thus, proper methods
need to be proposed to precisely evaluate the maintenance cost over time, and, thereafter,

determine optimized maintenance policies based on specific decision variables.

Hence, based on the observation of various industrial degrading assets, the main diffi-
culty in apprehending deterioration, entails identifying an appropriate degradation model
that can precisely describe the unique deterioration of the system. In this manuscript,
stochastic processes over continuous time are chosen to model degradation. Therefore, de-
termining a proper model involves exploring one or multiple degradation processes, more
or less dependent, to describe degradation impacted by specific maintenance effects over
the system’s lifespan. This model should be able to adjust to various observation schemes,

enabling properly chosen methods to precisely estimate model parameters. Based on this
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model, maintenance assumptions can be suggested, specifying the effect of different possible
interventions performed on the system according to the current degradation level. There-
after, suitable methods should be proposed to assess the cost of each considered maintenance
over a specific period. The derived costs, considering various values of the studied decision

variables, should enable the recommendation of enhanced maintenance policies.
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Chapter 1

Degradation models with imperfect

maintenance actions

This chapter provides an overview of degradation models in the literature. To analyze the
system deterioration process, gain deeper insights into the failure behavior, and enable bet-
ter maintenance decisions, various degradation models are studied in many different fields.
These models should be able of capturing the underlying random degradation phenomena.
Nowadays the representation of maintenance effects regarding degradation models is increas-
ingly prevalent in the literature. In Section 1.1, a review on multiple stochastic processes
is presented for modeling degradation with possible maintenance effects. Modeling such
processes may introduce additional challenges, such as identifying analytic distributions as-
sociated with these degradation models (for example the Remaining Useful Life (RUL), the
first hitting time, etc.), ensuring the model’s identifiability for statistical inference studies,
and evaluating maintenance costs, among other considerations. As outlined in Section 1.2,
statistical inference is mainly mentioned in the literature regarding degradation models and
various techniques are used to assess model parameters. After choosing a proper degrada-
tion model, multiple maintenance policies are suggested and described in Section 1.3, based
on specific decision variables, such as the inter-inspection period, the inter-repairs period,
the preventive replacement threshold or the corrective replacement threshold. Maintenance

policies can be optimized by evaluating and minimizing the maintenance cost.
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1.1 Degradation modeling

Multiple models are available to represent the reliability of a system. To characterize the
lifespan of components, anticipate potential failures and the remaining life of a system, and
plan preventive maintenances, survival analysis models are frequently considered in the
literature. A classic challenge regarding these types of analyses consists in modeling the
failure rate, i.e. the probability for a component to fail in the next instant, given that it has
survived up to a certain point in time. To choose the proper model, commonly distributions
are proposed in the literature, such as exponential, normal, lognormal, Weibull, Gamma,
among others [8, 76]. These distributions can be chosen based on a specific case study and
take into account the unique characteristics of the system. However, these survival analyses
will not be further explored, as it is out of the scope of this manuscript. Another approach
to assess system reliability involves the use of degradation models, where the degradation
behavior of the system is modeled over time. This degradation as a function of time can
be either discrete or continuous, as well as characterized over discrete or continuous times.
A typical way to describe such models is the use of stochastic processes, where degrada-
tion is random and evolves with time. Extensive research in the literature has focused on
these processes, using a variety of specifically selected distributions. More recently, mainte-
nance effects have been added to this degradation process to better apprehend the system’s

deterioration over its life cycle.

1.1.1 Overview of different stochastic processes

Since a system’s degradation randomly evolves with time, stochastic processes are well
suited for modeling system’s deterioration, as described in [26]. For example, Levy processes
are widely used to model degradation over continuous time. A Levy process [67], {X¢}t>0,
is defined by:

e X (0) =0 almost surely

e The independence of its increments: For any s,¢; 0 < s < ¢, all its increments X; — X

are independent over disjoints time intervals

o Its stationary increments : For any s,t; 0 < s < t, Xy — X is similarly distributed

as Xi_s

o t — X is almost surely right-continuous with left limits
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Specific distributions are commonly employed to characterize the degradation incre-
ments over time intervals. Among the well known Levy processes are the Gamma process,
with increments following a Gamma distribution defined by a shape and a scale parameter,
the Wiener process, with increments following a normal distribution defined by its drift
and variance parameters and the Poisson process, where increments follow a Poisson dis-
tribution with an intensity parameter. First of all, Gamma processes are very popular in
modeling system degradation [1, 59, 93, 37]. In [71], the leveling of railway track is altering
with time. Based on expert judgments, this type of deterioration is modeled by a gamma
process. In the same application field, and already mentioned in the introduction, Mercier
et al. [74] model both longitudinal and transversal leveling of a railway track using a trivari-
ate reduction: Three independent Gamma processes are initially considered to construct a
bivariate Gamma process that describes the two leveling indicators.

Wiener processes are also widely used in degradation models. A Wiener process {X¢}+>0

with drift is described as follows.
X(t)=pt+o B(t) ; X(0)=0

Here, X (t) represents the degradation level at time ¢, p is the drift parameter, o is the
standard deviation parameter and B(t) is a Brownian motion. Specifically, for any s,¢; 0 <
s < t, the increment B(t) — B(s) follows a normal distribution with zero drift and a
variance equal to t —s. The degradation increments of a Wiener process, as a Levy process,
are notably characterized by their independence over disjoints time intervals and by their
associated normal distribution, such that X (¢)—X(s) ~ N (u(t—s),0?(t—s)). Thus, unlike
gamma processes, the evolution of degradation modeled by a Wiener process can be non-
monotonous, and decrease over some time intervals. In [25], a Wiener process with drift is
used as a health indicator to represent the biomarker decrease for HIV infected individuals.
Whitemore [98] also uses a Wiener process to model the wear of components and materials.
Different variants of the Wiener-based degradation model are also described in literature:
Ye et al. [102| propose to add random effects on a Wiener-based degradation model. The
accuracy of this model is demonstrated on real datasets, such as a fatigue crack growth and
head wear of hard disk drives. In Zhang et al. [104], a nonstationary Wiener process (i.e.
a Wiener process with a non-linear drift) is considered and applied to gyroscopic drifts in
inertial navigation systems. In [107], multiple variants of Wiener-based degradation models

are considered, involving nonlinearity, multisource variability, covariates and multivariate
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aspects in the model. Yet, degradation might as well presents a non-continuous pattern. In
[94], a homogeneous Poisson process, i.e. a Poisson process with constant rate parameter,
is used to model fatal and nonfatal shocks, each one occurring with a specific probability.
Markov processes are also commonly used in the literature regarding degradation models.
A Markov process is a stochastic process in which the future state of the system depends
only on the current state [31]. Therefore, the system has no memory of its past states. The
different levels of a system state can be defined on a continuous state space or on a discrete
space state and occur over continuous time or discrete time. For instance, Kallen et al.
[53], employs a Markov process over continuous time and discrete condition states using
bridge condition data in the Netherlands. Le et al. [60] also uses a continuous-time Markov
process to model multi-state systems. Moreover, a discrete state-space Markov process
over discrete time, and initially based on a gamma process, is proposed in [81] to study
pitting corrosion. Finally, Zhang et al. [105] use a discrete-time semi-Markov degradation
model to describe the deterioration of the roads. In this article, the degradation level of
the road is categorized into discrete performance states, and the duration for which the
process remains in the current state, referred to as the holding time, follows a discrete
Weibull distribution. The term "semi" Markov process comes from the non-exponential
distribution of the holding time (in a standard Markov process, the holding time follows
an exponential distribution) [44]. Let us also highlight that, as previously mentioned in
some specific case studies, system degradation is often caused either by the deterioration
of multiple dependent components, each may which exhibit a unique degradation behavior
within the same considered system, or by various environmental factors. To model such
complex degradation scenarios, multivariate stochastic processes can be used, taking into
account multiple degrading as well as non-degrading components [4, 74, 64, 107, 95, 6].
Deterioration can also be modeled by less common stochastic processes. Hsieh et al. [45]
propose to model the leakage current of thin gate oxides by a discrete degradation model
based on a non homogeneous Weibull-compound Poisson process. The variance-gamma
process is used in [85] to model the continuous leakage rate of a centrifugal pump, the
inverse-gamma process, first introduced in [43] as a wear model to describe an increasing
degradation, has been reused ever since [39]. Wang and Xu, Ye and Chen [96, 101] pro-
pose the inverse Gaussian process where increments are also independent on disjoint time
intervals and follow an inverse Gaussian distribution. In [35], the transformed-beta process
is introduced but this time, degradation increments are positively correlated over disjoint

time intervals. Degradation can also be characterized by continuous processes over discrete
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times. For instance, [38] introduces a generalization of the non-stationary Gamma process,
which can be seen as the extended Gamma process based on a time discretization. Another
approach consists in including differential equations into stochastic processes, which are
well-suited for describing physical models. In [29], a degradation model relies on differ-
ential equations to depict the degradation process of wind turbines. In [66], the studied
degradation model is based on a stochastic partial differential equation, connecting statis-
tics and physics and including space-time covariances to provide a more relevant model to
practical situations.

However, alternative approaches, not necessarily relying on stochastic processes, can be
used to model systems degradation. For example, certain industrial units are better suited
to be characterized by physics-based models. Starters in auxiliary power units, which
generate energy in aircraft, undergo degradation over their lifespan, potentially leading
to failure. Hanachi et al. [42] explore the degradation of gas turbine engines, employed
in both aircraft propulsion and industrial power generation. Their approach involves a
thermodynamic model using the heat loss and power deficit as degradation indicators.
Additionally, Zhang et al. [1L06] employ exhaust gas temperature as a degradation indicator
and propose two distinct models. One physics-based model involves measures of the peak
exhaust gas temperature, the shaft speed at peak, the ambient temperature and the ambient
pressure. Another generic model is proposed based on neural networks.

Let us also point out that, for a more realistic approach and based on a specific degrading
system, degradation models sometimes incorporate human errors. In Zhai et al.’s study
[103], an underlying Wiener process is used to model degradation in burn-in models (burn-in
refers to the initial period of operation for a system, during which it undergoes multiple tests
to identify potential issues or failures [5]). Human errors in the degradation measurements
are taken into account in these burn-in degradation models and are characterized by a
Gaussian distribution added to the degradation process. Moreover, Che et al.’s research
[16], show the interdependence between degrading systems and human errors induced by
system manipulation. In their article, degradation is modeled by a semi-Markov process
and human errors follow a non homogeneous Poisson process. However, human errors are
not considered in this manuscript, as the explored degradation models are more general
and not applied to a specific system whose degradation could be influenced by these types

of errors.
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1.1.2 Maintenance effect in degradation models

In order to contain degradation or avoid failures, systems undergo preventive or corrective
maintenances. Nowadays, an increasing number of degradation models consider mainte-
nance effects. Various types of maintenance actions can be performed on a degrading
system.

For instance, replacement of components can be carried out on the system when the
inspected degradation level exceeds a given threshold, or to prevent or respond to a failure.
These replacements can be partially performed. For example, only one or few components
of the system can be replaced while the other part of the system keeps deteriorating with
time. In [65], in the context of traffic light systems of the Norwegian railway network, pro-
cesses approximated by virtual age models (such as ARA., and copula models, based on
multivariate distribution functions) are studied and compared to each other to model inde-
pendent industrial components in series configuration. A failed component is automatically
replaced whereas the other components are minimally maintained.

In practice, repairs, excluding replacements, are often imperfect as the system does not
return to a brand-new state after the intervention. Various techniques are used to model
such effects. In [104], a degradation-rate function and a degradation-rate reduction factor
are considered to describe the maintenance effect. In [110], a time-scale transformation
function is included in the Wiener-based model to capture non-linearity in degradation and
an improvement factor characterizes the maintenance effect. Ma et al. [69] consider that all
the degradation model’s parameters are random variables, and a residual damage coefficient
is added to the degradation level after each maintenance. Furthermore, the degradation
level can also be directly reduced when maintenance is performed: In [63], degradation is
modeled by a Wiener process and the degradation level just after maintenance is a random
variable described by a beta distribution (which is a special case of the Dirichlet distribution,
[22]). Similarly, Kamranfar et al. [54] consider a Gamma process as a degradation model,
and the maintenance effect reduces degradation by a random quantity that follows a doubly
truncated gamma distribution (both left and right tails of the distribution are cut). In [18],
degradation levels right after imperfect maintenance follow an exponential distribution.
Using an exponential distribution for degradation value just after maintenance can be better
suited for practical situations and can simplify analysis and calculations [40].

Maintenance effects can also be presented as a reduction in the system’s age. The

concept of virtual age, initially introduced by Kijima [56] in the context of survival analyses
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and reused in [28], when applied to degradation models, consists in reducing degradation
such that the system rejuvenates after repair. Based on this idea, Mercier et al. [73, 72]
propose the ARA| model on a gamma process. In these last articles, each repair removes a
certain percentage of age accumulated since the last maintenance. Kahle et al. [50] consider
Kijima’s approach to model the maintenance effect on a Wiener-based degradation model
describing both the reduction of degradation level and the reduction of virtual age. Wang
et al. [95] also use the ARA; and ARA,, model on a time scale adjustment model using a
multivariate Wiener process.

Mercier et al. [73] first introduced the ARD; model (Arithmetic Reduction of Deterio-
ration of order 1) which involves reducing degradation at maintenance times by a certain
quantity, proportional to the degradation accumulated since the last maintenance action.
Based on this approach, Salles et al. [87] also use the ARD; model on a non homogeneous
gamma process where p € [0, 1] is the maintenance efficiency parameter, i.e. the proportion
of the accumulated degradation since the last maintenance that is removed every time a
repair is performed. When p = 0, maintenance effect is minimal and degradation keeps
increasing as if no maintenance had been performed on the system. This specific situation
is called ABAO (As Bad As Old). On the opposite, when p = 1, the maintenance is optimal
and the system is like a new one after the maintenance. This situation is called AGAN (As
Good As New). More specifically, the ARD;-type maintenance effect on a given univariate
process { X (t) }+>0 can be described as follows:

Let 71,72, ...,7% be the maintenance times, i.e. times at which a maintenance is per-
formed. Let X (¢) be the degradation level of a non-maintained system at time ¢t. Let Y(¢)
be the degradation level of a maintained system at time ¢ and p € [0,1] the maintenance
efficiency parameter, which equals zero when the maintenance effect is minimal. If main-
tenance actions are assumed to be instantaneous, let V j € {1,....,k}, Y(7;) and Y(T;r)
respectively be the degradation level right before and right after the j** maintenance at
time 7;. If maintenance effects are ARD;-type, the degradation level just after the gt

maintenance is:

Y(r) =(1-p) X(7)

The value of degradation jumps Y(Tj+) — Y(Tj_) for all j € {1,...,k} at maintenance times

is proportional to the degradation accumulated since the last maintenance:
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Y(r7) =Y (1) = —p (X(7j) = X(7j-1))

The arithmetic reduction of degradation is often used as a maintenance effect in the
literature: Corset et al. [21] model degradation using a gamma process, and maintenance
effect is ARDo,. Based on this model, the degradation level just after maintenance depends
on all the degradation accumulated since the very beginning of the system’s deterioration
process. In [86], both ARD; and ARD, are explored in the context of a gamma-based
degradation model. Lastly, in [85], a variance gamma process is used to model the leak-
age rate of a centrifugal pump, and maintenance effects decrease degradation by varying
percentages.

Hence, the literature on degradation models offers multiple stochastic processes to ef-
fectively model degradation over time. Specifically, these processes can be univariate or
multivariate, exhibiting varying degrees of dependency. They may be compound processes
based on different distributions and can include various sets of parameters, which are not
necessarily homogeneous (i.e. constant over time). Covariates can also be taken into ac-
count in the degradation process. Additionally, maintenance effects are more and more
considered in this process. Many different approaches have been proposed to capture this
notable shift in the evolution of system degradation. This diversity of degradation models
enables a precise description of the unique evolution of deterioration for each asset and its

response to maintenance interventions.

1.2 Statistical inference

After establishing an appropriate deterioration model, statistical inference can be conducted
to estimate the parameters of the model. For instance, in a Wiener-based degradation
model with imperfect maintenances, the theoretical values of both drift and variance of the
Wiener process along with the maintenance efficiency parameter should be considered for
statistical inference. The chosen methods to estimate parameters rely on the selected model,
the number of involved parameters, their correlation and the available data. Deriving an
analytic writing of the estimators can be a complex task. Thus, numerical approaches can

be preferred in the parameters estimation process.
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1.2.1 Methods for inference

Statistical inference is often explored in the context of degradation models, where different
techniques are employed to estimate the model parameters. As a reminder, in statistics, the
likelihood function represents the joint probability density function (PDF) of the observed
data as a function of the model parameters [48]. Maximum Likelihood Estimation (MLE),
further detailed in [48], is frequently used to estimate parameters of degradation processes.
The key concept is to determine optimal parameters that maximize the log-likelihood func-
tion given the observed data [51, 54, 109, 35, 21, 45]. In the article by Chuang et al.
[18], degradation levels after maintenance follow an exponential distribution that incorpo-
rates a rectification effort parameter estimated using the MLE method [24]. Additionally,
there are many alternative methods for parameter estimation. For instance, in [108], the
Expectation-Maximization (EM) algorithm is employed when degradation levels are not
observable after maintenances. Zhang et al. [104] use a quasi Monte-Carlo method, intro-
duced in [83], to evaluate fixed parameters of the model and a specific filtering technique to
assess the maintenance effect. As mentioned earlier, |74] employ a bivariate gamma process
based on a trivariate reduction to model the leveling of a railway track. Given that the
likelihood’s expression is more complex to optimize in this case compared to the likelihood
of a univariate process, both EM algorithm and MLE are employed to estimate all five
model parameters. Salles et al. article [87] estimates the maintenance efficiency parameter
from an ARD; model using a semiparametric method, as the estimation of this parameter
relies only on the data and not on the other parameters of the underlying Gamma pro-
cess. In [54], two different maintenance effects are proposed for inference depending on
the available data: If the sample of degradation levels just before corrective maintenance
is available, then a reduction of the degradation is taken into account. Alternatively, if
only time durations of a maintenance cycle are available, a reduction in the system’s age
is studied. In both scenarios, two specific likelihoods are derived and globally maximized,
even though this process can be time-consuming. Furthermore, the method of moments
is also quite popular for inference |9, 3, 86]. Grounded in the law of large numbers, this
intuitive method expresses the expectations of power of random variables as functions of
parameters. In [86], the method of moments and MLE are used to estimate the model’s
parameters and are successively applied to the ARD; and ARDy, models. In addition,
various algorithms and numerical tools are employed to estimate parameter values. In [85],

in order to maximize the likelihood function, developed numerical functions are used, in-
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cluding numerical optimization algorithms such as the Nelder-Mead [78], the BEGS method
[12] and a Newton-type algorithm [34].

1.2.2 Observation schemes

Statistical inference relies on the observation scheme of the degradation levels. The likeli-
hood, being a function of the observed data, is directly influenced by the observed degrada-
tion values, thereby affecting parameter estimations. Hence, the amount of available data
as well as the chosen observation scheme can significantly impact the quality of estimations.

The best scenario for modeling degradation occurs when degradation is under contin-
uous monitoring. This is particularly recommended for highly critical system that require
constant inspection of their condition. For instance, in practice, electrical car batteries or
the braking system of skyscraper elevators can undergo continuous monitoring. Although
this situation is rarely encountered due to its complexity and high cost, more engineering
devices are proposed to facilitate ongoing checks [61]. In the literature, the deterioration
of continuously monitored system can be taken into account in various degradation mod-
els [10, 60, 72]. In that situation, any alterations are promptly identified in the system,
allowing interventions to be scheduled as soon as possible.

However, in many practical examples, systems are punctually monitored. As mentioned
earlier, inspection times are mainly discussed and optimized regarding degradation models.
In the literature, different inspection time scheduling are considered to align models with
practical scenarios. For instance, degradation levels can be observed just before and after
maintenance actions, providing an optimal knowledge of the maintenance impact on degra-
dation [109]. However, this observation scheme is relatively uncommon in practice due to its
potential cost complexity. In cases such as [108], inference is conducted whether degradation
levels just after maintenance are observable or not. Real data from the electric industry,
like an electrical distribution device, are provided and degradation’s value right after each
inspection need to be determined by the company’s engineers. Additionally, degradation
levels can be inspected between maintenances and potentially right before a preventive or
corrective maintenance when observed degradation surpasses a certain threshold. In Zhang
et al. [104], the system is periodically monitored but fails when the degradation level ex-
ceeds a critical threshold. In other cases, like [74, 35, 85], the system is monitored at specific
time intervals. If the inspected degradation level exceeds a certain threshold, a preventive
maintenance is triggered. Consequently, inspections take place both between and before

preventive maintenances. More frequently degradation levels can also only be observed just
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before maintenances [87, 54, 21].

Therefore, statistical inference offers a better understanding of the degradation model
based on the available observations. Various methods are employed for estimating model
parameters, and many distinct observation schemes are considered. Yet, besides the specific
case of continuous monitoring, none of these mentioned examples consider simultaneously
multiple observation schemes for one unique degradation model with imperfect maintenance.
Nevertheless, in practice, inspection schemes can easily differ from one maintenance to an-
other within the same asset. Moreover, considering another observation scheme can have
a significant impact on parameter estimation, as it provides different insights into degra-
dation and maintenance effects. Consequently, considering only one observation scheme
results in a limited analysis of statistical inference and does not align with many real-world
scenarios. That is why a novel approach to statistical inference, considering diverse obser-
vation schemes, should be undertaken based on a proposed degradation model in presence

of imperfect maintenance.

1.3 Maintenance policy and decision making

In the industrial field, a significant challenge is establishing an efficient maintenance policy
that contains degradation while minimizing financial costs. To achieve this goal, it is
necessary to conduct maintenance actions at the appropriate times, according to predefined
degradation thresholds. Many different maintenance policies are explored and optimized in

the literature, based on various degradation models [49].

1.3.1 Maintenance strategies

Inspections and different types of maintenance, such as preventive maintenances, preventive
or corrective replacements, can be considered in a maintenance policy, each associated to a
specific cost.

Usually, the type of maintenance action to trigger is initially determined by inspect-
ing the system state. Indeed, inspections are carried out to evaluate its condition and
eventually determining the appropriate timing for triggering repairs or replacements. In
practice, inspections are often performed periodically [30, 53, 104, 55, 11], regardless of
the system’s current condition, making its implementation easier. Yet, to avoid costly

and premature inspections, it is sometimes more relevant to adjust their frequency. This
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involves determining the optimal inspection period or the optimal time for the next inspec-
tion that minimizes the inspection costs [37, 14, 4, 79, 15]. Specifically, various inspection
time functions, such as linear, convex or concave, whether deterministic [4] or random [79],
are proposed and optimized to determinate the next inspection time. In some practical
situations, inspections may require partial or total system shutdowns, incurring significant
costs and time. For instance, in Hameed et al’s article [41], inspections and other mainte-
nance activities are performed during the shutdown of systems, such as in process plants.
Thereafter, the optimization of this shutdown period involves minimizing the financial costs
associated with production loss, asset loss, and safety concerns. Additionally, inspections
can also cause damage to the system. In their article, Zhao et al [109] provide a relevant
example from Schneider Electric company where some electrical distribution devices are
subject to corrosion. Inspections can impact the surface treatments, leaving the system
more vulnerable to future corrosion and contributing to its degradation over time. Hence,
due to their cost, time constraints and potential adverse effects, inspections are not always
conducted frequently in real-world situations and their scheduling needs to be improved.
One the one hand, this lack of frequent inspection data entails a significant challenge in
properly modeling degradation and anticipating eventual failures. On the other hand, poor
decision-making in inspection scheduling may result in an excessive number of scheduled
inspections, leading to an increased global inspection cost over a specific period and poten-
tially causing damage to the system. Hence, determining the inter-inspection frequency or
the timing of the next scheduled inspection are critical decisions that should be considered
when formulating the maintenance policy.

Moreover, in order to establish a maintenance strategy, one or several degradation
thresholds are given. By evaluating the degradation levels against these predefined thresh-
olds, one can determine the most suitable type of action to undertake. In [92, 47, 21, 99,
40, 80], similar maintenance policies are proposed. In these articles, degradation is modeled
by various processes such as Gamma processes, Wiener process or Markov process, and a
preventive or a corrective threshold are given. If degradation value is lower than the pre-
ventive threshold, then the system is left unchanged. If the inspected degradation value is
between the preventive and the corrective threshold, then a preventive maintenance is car-
ried out. If the inspected degradation level is beyond the corrective threshold, the system
fails and a corrective replacement of the system is triggered with an eventual downtime.
In the article [37], the maintenance policy is slightly different. This time, if the inspected

degradation value is located between the preventive and corrective threshold then a pre-
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ventive replacement is carried out. In [111], one threshold is presented and two types of
maintenances are described: the preventive replacement when the inspected degradation
levels remains below the unique threshold and corrective replacement when the inspection’s
value exceeds this threshold. Likewise, in the study by Xuping et al. [100], only preventive
and corrective replacements are considered, such that each maintenance initiates a new life
cycle for wind turbine equipment. In [46], the RUL, i.e. the distribution of the remain-
ing lifetime of a system before failure, is studied and helps to determine the maintenance
policy. In this article, a single threshold is defined. If inspected degradation is below this
threshold, then two options are considered: either the RUL estimated standard deviation
is less than a predefined value, the system’s RUL is predicted to schedule the next mainte-
nance. Conversely, if the estimated RUL standard deviation exceeds the predefined value,
more inspections are required for a better RUL prediction. Furthermore, when inspired
by practical scenarios, maintenance policies must take into account the unique character-
istics of the case study. For instance, in [11] an Italian Railway track-line is considered
and the vertical and horizontal alignment of the tracks are studied. Then, two alignment
quality thresholds are given. If the tracks alignment is still considered in good condition,
then no maintenance need to be performed. If the length of alignment gap exceeds the
first threshold, a maintenance is strongly recommended. If the alignment quality is really
deteriorated or exceeds the second threshold, then a maintenance needs to be performed
in a limited time frame. In [60], the degradation of a multi-state system is represented
through a continuous-time Markov process. Two observation schemes are considered, one
discrete and the other continuous. Under the sequential observation scheme, either a failure
is observed and a corrective maintenance is performed, or the system is still working and
is left unchanged. In the continuous observation scheme, inspections are perfect, i.e. every
change in the system state is detected. Depending on the observed degradation state, the
system can undergo either minimal repair or preventive replacement.

After evaluating various maintenance approaches, the maintenance cost is computed
and its asymptotic form per time unit minimized, helping in the decision-making process

for selecting an appropriate maintenance policy.

1.3.2 Cost optimization and optimal decision variables

Every type of intervention carried out on the system to maintain or just observe degradation,
such as inspections, preventive maintenances or replacements entails a specific cost. Over

the system’s entire lifespan, one can properly choose the decision variables in order to
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minimize the overall cost of these operations. For instance, periods between inspections,
values of degradation thresholds or parameters associated with the degradation process can
be evaluated to align with cost optimization goals.

First of all, a global maintenance cost ¢(t), which encompasses costs related to all
the maintenance actions performed on a system over a specific period of time [0, ], needs
to be assessed to properly evaluate optimal maintenance policies thereafter. To achieve
this purpose, various approaches are proposed in the literature. Specifically, regenerative
properties, initially detailed in [89], and semi-regenerative properties of stochastic processes
[70] are widely employed. Regenerative properties specify that the stochastic process has
regeneration states, where it resets to its initial state or to a state similarly distributed as the
initial one. Moreover, a semi-regenerative process does not fully reset to its initial state as
it shares some regenerative properties but considers a dependency between the regeneration
states. Based on the regenerative properties and the renewal theory, introduced in |33, 27],

and applied to Markov processes in [19], it follows that the asymptotic cost per time unit
t)

tliT - equals the expectation of the cost over the regenerative period T" divided by the
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precisely this cost rate. For instance, numerical methods, as the popular Monte Carlo
simulations [75], when used to simulate degradation trajectories over multiple regenerative
periods, enable the evaluation of this cost rate. Furthermore, in Cocozza’s work [20], the
asymptotic cost per time unit can also be computed between two inspections, considering
this time semi-regenerative properties.

In the literature, various maintenance policies are suggested and optimized by mini-
mizing the asymptotic maintenance cost per time unit, often based on different decision
variables such as inter-inspection intervals and preventive thresholds. For instance, in the
already mentioned work by Huynh et al. [47], they aim to minimize costs by adjusting
the timing of inspections and preventive replacements of the system. Van’s study [92] in-
troduces the (M, Q) policy, where M defines the preventive threshold, and inspections are
scheduled so that the probability of failure before the next inspection falls below a defined
limit @. In Grall et al. [37], the (m(X), M) policy is optimized where, this time, m(X)
is the inter-inspection time function, gradually decreasing until a preventive replacement
is performed. As the system’s condition worsens, more frequent monitoring becomes es-
sential. In Zhu’s work |[111], the frequency of the inspections is also taken into account in
the policy (0,0, Ly). © denotes the initial inspection time, b controls the change in inspec-

tion frequency and L, is the preventive threshold. In [46] more parameters are included in

42



the studied policies. In this paper, one of the examined maintenance policy is denoted as
(v,0,a,T), with 7 representing the inspection period, o as the empirical standard deviation
threshold of the RUL, a as the probability of the RUL not to exceed a certain value and
7 a time threshold beyond which a repair should be conducted. In [99], the life cycle cost
is optimized according to the inter-inspection time and the predefined degradation level
right after repair. This paper highlights that extending the inter-inspection time interval
raises the risk of potential system failure. It is observed that the degradation level after
an preventive repair can be lowered when increasing the cost of condition monitoring. In
Grall et al.’s paper [36] a multi-threshold policy structure is considered. In this article,
the threshold determines the time of the next inspection. Specifically, as the system de-
teriorates more, the time until the next inspection shortens. If the inspected degradation
falls within the predefined "inspection zone" thresholds, the system remains as it is, and
another inspection is scheduled based on these thresholds. However, if the degradation
level exceeds the preventive threshold, a preventive replacement is carried out, and if it
exceeds the corrective threshold, a corrective replacement is performed. In this article,
various maintenance policies are studied, aiming to minimize the cost by considering the
number of thresholds and the speed of the system deterioration. It appears that for slowly
deteriorating systems, a high number of thresholds is favored, but their values must be care-
fully chosen for decision making. In cases of accelerated deterioration, the earlier the next
inspection are scheduled and the weaker the thresholds values must be chosen. This multi-
threshold policy is also explored in Castanier et al.’s work [14]. This time, preventive repairs
involving a restarting threshold are considered and each type of maintenance (inspections,
repairs and replacements) takes a non-negligible time. Consequently, an unavailability cost
must be taken into account into the life cycle cost analysis, which is optimized based on
both the preventive and restarting thresholds. In [29], wind turbines data coming from
German wind farms are analyzed. The study employs stochastic differential equations to
describe the degradation model of these turbines. When the system experiences failures
before its scheduled maintenance, corrective maintenance actions are undertaken. As an
alternative, if the system remains operational until its planned maintenance, preventive
maintenance procedures are executed. Then, various costs coeflicients are considered, such
as the repair cost after failure, the preventive maintenance cost, the eventual downtime
cost and financial losses resulting from the interruption of power generation during a wind
turbine maintenance. In another field, crest-level of Dutch dikes tend to sink away into

the sea due to various environmental factors, needing regular heightening. To model these
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crest-level declines, Speijker et al. [90] propose models, including both linear and non-linear
ones represented by mixtures of exponential densities. Two costs are considered: a fixed
cost for mobilization and road reconstruction and a variable cost estimated per cubic me-
ter of dike volume. This study focuses on computing the optimal dike heightening based
on crest-level decline and evaluating the financial requirements for upcoming maintenance.
In [68], a multi-component model is introduced including update parameters. Multiple
repairable components are taken into account. Each component undergoes different main-
tenance actions based on its degradation level after inspection. Components can either be
subject to preventive maintenance, replacement or can be left unchanged. Opportunistic
maintenances entail the system shutdown. Then, the system’s downtime is determined by
the longest unavailability time among all components. A cost value is associated to each
of these maintenances. The study shows that using this proposed model with updated
parameters leads to smaller expected maintenance costs compared to other models such as
a one-component Wiener-based degradation model.

Hence, maintenance costs assessment and the optimization of maintenance policies are
widely explored in the literature on degradation modeling. Various methodologies are
proposed to evaluate maintenance costs over specific periods and subsequently optimize
maintenance strategies based on selected decision variables. The complexity of cost assess-
ment and the methods proposed for it depend on the chosen degradation model and the
predefined inspection scheme. Therefore, the derived optimized policies will be influenced
by these factors. To my knowledge, the effect of the location of the inspections (whether
degradation is inspected before or after imperfect maintenance) on cost assessment and
the derived optimal policies has not yet been studied. This impact, as well as adapted

methodologies, should be further explored in the context of degradation modeling.
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1.3.3 Conclusion on modeling, inference and decision-making for degra-
dation with imperfect maintenance

A significant challenge consists in constructing a degradation model, relevant to practi-
cal need. This model should apprehend deterioration of possible dependent components
within a single system. In literature, degradation models typically assume that mainte-
nance affects the entire system, whereas in practice, it often only impacts certain parts
of the system. Furthermore, from my understanding of literature on degradation models,
statistical inference on degradation models with imperfect maintenance is consistently stud-
ied under one specific observation scheme, which describes the location of the inspection
along the degradation trajectory. However, in practice, many different inspection schemes
can be employed within a single system from one maintenance action to another . Thus,
the considered model should take into account realistic maintenance and inspection scenar-
ios and handle statistical inference under different observation schemes using appropriate
methods. Furthermore, maintenance policies can be suggested and specific methods should
be proposed to enable the evaluation of the asymptotic cost per time unit. The impact
of model parameters, chosen cost coefficients and the inspection scheme on the derived
optimal policies should be considered.

This manuscript presents an initial degradation model involving maintenance effects,
relying on an univariate stochastic process. In practical situations, degradation levels are
mostly identified through inspections conducted at different times on the system. One issue
consists in finding a model adaptable to any of these scenarios. Chapter 2 details a uni-
variate Wiener-based degradation model that considers all these observation configurations,
studying statistical inference corresponding to these different schemes.

As previously mentioned, different components, more or less interdependent, can undergo
degradation within a single system. Maintenance actions frequently affect specific com-
ponents rather than the entire system. In Chapter 3, a realistic degradation model with
partial maintenance effects is introduced. This new model is based on a bivariate Wiener
process and inference is studied according to a general observation scheme that includes all
possible inspection policies.

Based on that new model, an inspection/replacement policy is established in Chapter 4.
The asymptotic cost per time unit is assessed thanks to a new method that combines
analytic and numerical results. Eventually, numerical studies are carried out to optimize

the suggested maintenance strategy, analyzing the influence of model parameters, cost
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coefficients and inspection scheme on the optimal policy.
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Chapter 2

A Wiener-based degradation model
with imperfect maintenance actions
and under different observation

schemes

In this chapter, technological or industrial equipment that are subject to degradation are
considered. These units undergo maintenance actions, which aim to reduce their degrada-
tion level. The following sections consider a degradation model with imperfect maintenance
effect. The underlying degradation process is a Wiener process with drift. The mainte-
nance effects are described with an Arithmetic Reduction of Degradation ARD; model.
The system is regularly inspected, during which the degradation levels are measured. Four
different observation schemes are considered, allowing degradation levels to be observed
between maintenance actions, as well as just before or just after maintenance times. This
chapter focuses on studying the estimation of the model parameters under four observation
schemes. Maximum likelihood estimators are derived for each scheme. The quality of the
estimations and the observation schemes are compared through an extensive simulation and
performance study.

The chapter is structured as follows. In Section 2.1, the Wiener-based ARD; model
and the four selected observation schemes are introduced. The statistical inference of the
model based on these observation schemes is examined in Section 2.2. The quality of
the estimations and a comparative analysis of the observation schemes are explored in

Section 2.3. Concluding remarks are provided in Section 2.4.
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2.1 The Wiener-based ARD; model

This section presents the degradation model and the observation schemes used in the paper.
The underlying degradation process is a Wiener process. The effect of maintenance is
an arithmetic reduction of degradation, expressed by the ARD; model. Four observation
schemes are considered, depending on the observations made (or not) at maintenance times.

Finally, the notations used in the paper are presented.

2.1.1 The underlying degradation process

Let X (t) be the degradation level at time ¢ of a system which is not maintained. X =
{X(t)}+>0 is called the underlying degradation process. In this paper, X is assumed to
be a Wiener process with drift. This process is commonly used in degradation modeling,
especially in order to take into account the possibility of non strictly increasing degradation
paths.

Therefore, Vt > 0, X(t) = p t + o B(t) where B is a standard Brownian motion. p > 0

is a drift parameter and o2 is a variance parameter. The Wiener process is such that:

e X (0) =0 almost surely.

e The increments are independent. Vs; < t1 < sg < ta, X (t1)—X(s1) and X (t2) — X (s2)

are independent.

e The increments are normally distributed. Vs < ¢, X(¢) — X(s) has the normal distri-
bution N (1 (t — ), o (t — s)). In particular, X (¢) ~ N(p t,0% t).

2.1.2 The effect of maintenance

The system is observed from time 0 to a certain time 7. Between 0 and 7, £ maintenance
actions (or repairs) are performed at times 7 < T9,...,< T,. Maintenance durations are
assumed to be negligible or not taken into account. To simplify the mathematical writing,
let 70 =0 and 141 = 7.

An efficient maintenance is expected to reduce the degradation level. Let Y (¢) be the
degradation level at time ¢ of the maintained system. Y = {Y(¢)}+>0 is the degradation
process of the maintained system. We have to express Y as a function of the underlying
degradation process X. In 73], Mercier and Castro used both ARD; (Arithmetic Reduc-
tion of Degradation) and ARA; models. For this last model, they needed to introduce
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independent copies X of X. In the present paper, we consider only the ARD; model, so
only one copy of X is needed.

The ARD; assumption is that the effect of maintenance is to reduce the level of degra-
dation of a quantity which is proportional to the level of degradation accumulated since
the last maintenance. Let p € [0, 1] be the coefficient of proportionality, which is called the
maintenance effect parameter.

Before the first maintenance, both X and Y processes are identical:
vVt e [0, [, Y (t) = X(t)

Let Y(7{ ) be the degradation level just before the first maintenance action, so that
Y (r;) = X(71). The effect of the first maintenance at 7 is to reduce the degradation level
Y(r) of a quantity p [V (r{) =Y (0)] = pY (7). Therefore, the degradation level just

after 7 is
V(") =Y(r) = pY(r) =1 =p)Y(r7) = (1-p)X(71) (2.1)

After the first maintenance action, the system is deteriorating according to X and we

have
Ve [r,ml, Y()=Y(r")+X(t) - X(n) = X(t) — pX(11)

Just after the second maintenance action we have

Y(r) = Y(ry)—plY(ry) = Y(r)] (2.2)
= X(72) —pX(11) — p[X(72) = X(71)] = (1 = p)X(72)

By recurrence, it follows that V t € [1;_1, 7]
Y(t) =Y (7;7) + [X(t) — X(73)] = X(t) — pX(75) (2.3)

The effect of maintenance at time 7; is expressed by the degradation jump Z7, difference

between the degradation level after and before maintenance

Z5 =Y (1) =Y(7;) = (1=p)X(73) = [X(7) — pX(7j1)] = —p [X (7)) — X(7j-1)] (24)
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2.1.3 Observation schemes

The system is regularly inspected and the degradation levels are measured. Potentially,
the degradation level can be measured either at maintenance times (just before and/or just
after) and/or between maintenance actions.

Let n; be the number of observations of the degradation levels on |7;_1, 7], i.e. between

two successive maintenance times. It is possible that nj= 0. When n;> 1, the corresponding
k+1

observation times are denoted ;1 < tj2 < ... <tjn,. Let N= ) nj, i.e. the total number
=1

of observations of the degradation levels between maintenance times.

For observations made at maintenance times, V j € {1,..., k4 1} let us denote ¢;,,, 11 =
7; = tj+1,0. Therefore, in [7;_1,7;], we have potentially n;+2 observations, at times
Ti—1 = tio <tj1 <tj2 <. <tljn, <ljn;41 = Tj. The subscript j in these notations

means that 7; corresponds to the last observed maintenance time. Consequently,

Y (tjs10) = Y(7;") and Y(tjn, 1) = Y (7})

The observations are the levels of degradation Y'(t;,) at times t;;, V j € {1,...,k + 1},
Vi € {0,...,n; + 1}. Considering the independence of increments in the Wiener process,
the quantities of interest are the observed increments of degradation. The time intervals
between observations are denoted At;;=1t;; —t;;—1,V j € {1,....,k+1},Vie {1,...,n; +1}.
The degradation increments are denoted AY;; = Y (t;;) — Y(tji-1),V j € {0,...,k},Vi €
{1, w4 + 1}.

The ideal situation is when all the degradation measures can be made, at maintenance
times (before and after) and between maintenance times. This situation of complete mea-
surements is called “complete observation scheme” in the following. In this case, the jumps
zZ5 = Y(Tj*) —Y(7;) are observed.

Figure 2.1 represents an example of trajectory of the degradation process for the com-
plete observation scheme. In this example, maintenance actions are done periodically each
5 time units. Each point is an observed degradation level. The blue lines are the successive
mean degradation paths after maintenance actions.

In Figure 2.1,V j € {1,...k + 1}, tjn41 = 75 = tjt10. Y(7;) and Y(T;r) are respec-
tively the degradation levels that happen just before and just after the j** maintenance.
Thus, Y (7;7) is observed just before Y(TJ?L) at time 7; . In the same way, Y (tjn;4+1) is
observed just before Y'(t;41,0).
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Figure 2.1: A trajectory of the degradation process and notations used
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In practice, it may happen that it is not possible to observe all or part of the degradation
levels at maintenance times. In this case of incomplete measurements, the real degradation
jumps Z7 cannot be observed. Instead, other kinds of jumps are observed, which will be
defined in next section. In this paper, we consider the complete observation scheme as well
as three incomplete observation schemes. So four observation schemes are studied. In the

observation scheme m, the observed jump around the 5% maintenance is denoted Z 7

e Complete observation scheme: The degradation levels are observed just before and

just after each maintenance action.

e Second observation scheme: The degradation levels are observed just before each

maintenance action but not just after.

e Third observation scheme: The degradation levels are observed just after each main-

tenance action but not just before.

e General observation scheme: The degradation levels are not observed neither just

before nor just after each maintenance action.

A summary of all the notations used in the paper is given hereafter.

2.2 Statistical inference

The aim of this section is to estimate the three parameters of the Wiener-based ARD;
model under the four observation schemes. Let us recall that y is a drift parameter, o2 is
a variance parameter and p is the maintenance effect parameter.

We use the maximum likelihood method, from the observation of the degradation process
on [0,7]. The four observation schemes described previously lead to different writings of
the likelihood and therefore to different estimators of the parameters.

There are two kinds of observations, the increments of degradation and the observed
jumps around maintenance times. Therefore, the likelihood L(u,0?,p) has two parts.
Thanks to the independence of the increments of the Wiener process, the part linked to
degradation increments is the product of the densities of these increments. The part linked

to degradation jumps is more complex and will be studied in each observation scheme.
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Finally, a general expression of the likelihood is

L(u, 0%, p) H HfAY” Ay | 11T fz5100 (%) (2.5)
7 J

where (’)f_j_ is the history of the observed degradation process just before 7;, i.e. the o-
algebra generated by the increments and observed jumps before the j* maintenance for
the observation scheme s. Moreover, the increments AY); have a normal distribution
N(pAtj; UzAtjyi). Therefore, the main problem is to determine in each scheme the

conditional distribution of the observed degradation jumps Z7 given the past.

2.2.1 Complete observation scheme

In this complete observation scheme, the degradation levels are both observed just before
and just after each maintenance action. A simulated trajectory of the degradation pro-
cess is presented in Figure 2.2. The black points are the observed degradation levels. In
this example, the maintenance actions are made periodically each 5 time units and the
observations of the degradation levels between maintenance actions are made periodically
each 1 time unit. The values of the parameters are g = 2, 0> = 2 and p = 0.5. k =3
maintenance actions are done, n = 24 observations of the degradation levels are made
and V j € {1,2,3,4}, nj= 4. The first degradation level y(t19) = 0 is considered as an

observation.

20

Degradation

10+

Figure 2.2: Complete scheme: a trajectory of the degradation process
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All the degradation increments AYj; are observed, Vj € {1,...,k+1} , Vie {1,...,n;+
1}. V j € {1,...,k}, the real degradation jumps Z; are observed. Therefore, the likelihood
(2.5) is:

k+1 nj+1 k
Li(po®p) = | T] II favi.(@w)| TI fzi00 (25) (2.6)
j=1 i=1 j=1 7

Here Vj € {1, ..., k},

Ol = {Ay11, s AYLn+1, 2, AY2 1 ooy s AYjotny 415 21 AYj1s ooy AYjns 1}
J

From (2.4), we have for all j:

nj,1+1

Zi = —p[X(r) = X(m-)] = —p ) AYj; (2.7)
i=1

Thus, given (’)i_, Z3 is completely known. Z7 ] (’)i_ follows a Dirac distribution:
j j

foIOl_(ZJC‘) =1 nj—1+1

j > Ay
=1

Therefore, the model is meaningful, under this complete observation scheme, only if all

the quantities 7 are equal (equal to —p). This seems obviously very unlikely in

j
—1+1
> Ay
=1

practical situations. So in the following, we will not consider the estimation of p. p and o2

are estimated by maximizing the likelihood

k+1 nj+1 o T \2
exp (— (Bysi = pAL;) > (2.8)

H H m 20’2At]’7i

Straightforward computations lead to the maximum likelihood estimators of y and o2

k+1 nj+1
'Zl Zl A b
A 1= 1= o c
i Y(r) - sz (2.9)
> 2 Aty =t
j=1 i=1
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k+1 nj—&-l

Aty
L L @10

7j=1 =1

N+Ek+1
Note that i = X (7)/7, so i is an unbiased estimator of x. Furthermore 62 = %&2

is an unbiased estimator of o (proof in Appendix A.2)

2.2.2 Second observation scheme

In this scheme, the degradation levels just before maintenance actions Y(Tj_) are observed,
but the degradation levels just after maintenance actions Y(Tj’) are not observed. This
situation is illustrated in Figure 2.3. In this figure, we have used the same trajectory of
the degradation process as in Figure 2.2, but we considered that the degradation levels just
after maintenance actions Y(T;—) are not observed. The jumps at maintenance times and
the first degradation increments after maintenance are not observed, so they are represented
with dotted lines. The values of the parameters u, 02, p, the number of maintenance actions
k and the number of observations between maintenance actions {n;}o<;j<3 are the same as

in Figure 2.2, but the number of observed data is now n = 21.

20—

N
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Degradation

Figure 2.3: Second scheme: a trajectory of the degradation process

The studies in [87, 54] assume that only the degradation levels just before maintenance

actions are observed. This corresponds to this second observation scheme in the particular
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case where Vj, nj= 0. In this case, the observed jumps are the only observations

77 =Y (173,) = Y(1;) = X(7j51) = X(15) = p [X(75) = X(75-1)]
which have the N (u(tj41 — 75) — pp(1; — 7j=1) , 02 (Tj41 — 75) + 02p*(1j — 7j_1)) distri-
bution.

Note that the AY;; Vj € {2,..,k + 1} are not observed but the first increment AY;; is
observed. Thus, the history of the process at T isVje {1,.., k},

O = {Ay1,1, AY12s s AYLny 41, 20, AY2.2, ooy AYjtin; 14152515 AYjo, ooy AYjns 41}

J
The real degradation jumps Zf = Y(T;—) —Y(7;7) are not observed. Instead, the observed

jump around the j** maintenance is

ZF=Y(tjr10) = Y(1;) = Y(tjp10) = Y(5") + Y (7]) = Y (1))
n;+1

=AYj11+ 27 =AYj011—p Z AYj;
=1

TLj—l-l
= AYjp11 — pAYj —p Y AYj; (2.11)
=2

In the likelihood, we need to compute the conditional PDF of ZJ2 given (’)3_. Since
i

AYj 1 is not independent of C’)ij,, the computation of this conditional distribution could be
complex.

However, the computation can be simplified in this case because, thanks to the properties
of the ARD; model, the missing value Y(Tj+) can be computed as a function of the already
observed values and p.

At time zero, Y (19) = 0. From (2.1), Y(7{") = (1 — p) Y (71 ). From (2.2),

Y(r ) =Y(ry) —p [Y() = Y(r{)] = (L= p)Y (1) +p (1-p) Y(r)
By recurrence, it follows that V j € {1, ..., k}

J
Y =(1-p> #7 ¥ (2.12)

=0
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Therefore, V j € {1, ..., k}, the observed jump ij can be written

j
ZF =AY +Y () =Y () =AY+ (1=p) > P/ Y () =Y (7))
=0

=AYjp11 — pY (1) Z pPY(r (2.13)

Equation (2.13) is much easier to use than (2.11) because AYj ; is independent of (93, and
j
conditionnally to (’)3_, the Y(r,;7) for ¢ < j are observed. So the conditional distribu-

i
Vi
tion of ZJZ given (93_, is the N/ (u Atjrii—py(r; )+ 1 —p) 2 PP ylr), O’QAtj+171>
i i=1

distribution.

Finally, the likelihood for the second observation scheme is

k+1 nj+1 k
L (g, ap H H fAYJZ(AyJZ H fZJz\OQ_ (2]2) (2.14)
=1 i=1+1,5; j=1 i

j=r
From Equation (2.13), for all 7, 2'32- —p At +py(r;) — L —p) P ylr) =
=1

Jjo
y(tjr11) — o Atjpin — (L —p) > 7" y(1; ). Therefore, the log-likelihood is derived as

i=1
k+1 n;+1 )
N+k+1 (Ay-—,uAt..)
: - 75t 7250
ik (noh) == Mg ot e g |51 S (g
J=1 i=141;5, ;
k ; N )
j=1 7+1,1 v
(2.15)

where ¢ 1s a constant.

Deriving the log-likelihood, the maximum likelihood estimators fi, 62 and p are obtained

as the solutions of the likelihood equations system, as follows.
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1 k kg1
= [Y(T) V) - - S Y ) (2.16)
j=1 j=1i=0
ko=l k=l -
Moreover, let us notice that »_ > /7Y (7, ) = > > p/7'Y(r;) and
j=1 i=0 =1 j=i+1
k-1 k o k-1 k o
8 (5o (5 £
=1 \j=i+1 i=1 \j=it+l j=i+1
k—1 ‘
= (- ()
i=1
k k—1
Since Y(7) Y (r)=Y(r ) +pY (7, ) +p > Y(r;) then,
- i=1
k j—1 . k—1
Y(0)+pY Y = (=p) Y Y /7 Y() =Yg ) +pY(n)+) oY ()
j=1 j=11i=1 =1
1 k+1 ‘
Thus, i = — ;ﬁk‘l“ Y (77) (2.17)

. 27
(Y(tj-i-l,l) — i Atj11 = (1—p) i)ﬁj_iY(Ti_)>

k+1 mni+l k
Ao Ly Sty
N+k+1 i ity Atj, = Atj+1,1
(2.18)
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j=1

At;
J+LL im0

(2.19)

These estimators can equivalently be obtained using the profile likelihood method. The
maximum likelihood estimator p is equal to argmax,In La(ii(p), 5%(p), p) where fi(p) and
52%(p) are obtained using Equations (2.17) and (2.18) replacing p and i by p and fi(p).
Using Equations (2.15) and (2.18), one can easily show that the profile log-likelihood can
be written

N N N+Ek+1 A
I Lo(fi(p), 6*(p), p) = ————— [In &%(p) +1] + 1
Then, the maximum likelihood estimator of p can be viewed as the value of p which mini-
mizes the estimated variance of the underlying degradation process when p is supposed to

be known.
Biases of these estimators are computed in Appendix A.2.

2.2.3 Third observation scheme

In this scheme, the degradation levels just after maintenances Y(T;_) are observed, but the
degradation levels just before maintenance actions Y(Tj_) are not observed. This situation
is illustrated in Figure 2.4. As for Figure 2.3, we have used the same trajectory of the
degradation process as in Figure 2.2, but we considered that the degradation levels just
before maintenance actions Y(Tj_) are not observed. This is illustrated by dotted lines
in Figure 2.4. In order to keep the notations homogeneous, we also assume that the last
degradation level Y(7) is not observed, so the last observation is Y (541, ,). The values
of i, 0%, p, k and {n;}1<j<4 are the same as before, but the number of observed data is now
n = 20.

Here, none of the AYj, 41 Vj € {1,..,k} are observed. In this case, the history of the
process at 7, is also the history of the process at tj,,: Vj € {1,...,k},
(93’__, = O?j’nj = {Ay11, ., AY1nys 23, AY2 1, ooy ij_17nj71,z]3-_1, Ayj1, s AYjn, }

+

J
The real degradation jumps Zf = Y (7,") — Y (7;7) are not observed. Instead, the observed
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Figure 2.4: Third scheme: a trajectory of the degradation process

jump around the j** maintenance is

ZJ3 = Y(T%) - Y(tj,nj) = Y(TJ‘JF) o Y(Tji) + Y(Tji) N Y(tj’nj)

n;+1
=Z5+ AYjn;41 = —p Z AYi + AYjn;1
i=1
~ Y AT (1= ) A¥i .

AYj .41 is independent of (’)3_. So the conditional distribution of ZJ3 given (’)i_ is the

i
N <,u(1 — ) At 41 — pz Ayji, 02(1 - )2Atjn +1> distribution.
Finally, the likelihood for the third observation scheme is

k+1 1y k
Ls (1,02, p) H HfAYu Ayji) H fzg|(9§>j (Z?) (2.21)
j=1 1i=1 j=1 g
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The log-likelihood is derived as

k+1 nj 2

k.o o 1 S (Ayji — pAt;;)
o +02kln(1p)wl1 — Atj;
7= =

1HLS (MaUQap) ==

k n]' 2
1 1
+ (1—p)2 At <ZJ?) — (1 = p)Atjn; 41 + PZij—l,i> ] (2.22)

tin.
j=1 g+l i=1
where ¢9 is a constant.

Deriving the log-likelihood, the maximum likelihood estimators 4 and o2 are obtained as

the solutions of the likelihood equations system, as follows.

k+1 1y nj
1 1
) 3D ST I FFR0) SN 229
Ukt 1m0 11 j=1 i=1 1—p j=1 i=1
nj 2
Z° — 0 (1= p)At; . 0 AY;,;
1 k+1 ny (Ayz _Ia At Z) k < K ( p) Jynj+1 +pz§ Jul>
o |2 Bty 2
N+k | = & Atj; s (1= p)?Atjn;+1

(2.24)

One can show that fi can also be written (see Appendix A.1)

1 p
7 Y(t L y(rt
a thny, (i) + 1-p i)

For p, the derivation of the log-likelihood leads to an expression which is too complex to
be given here. Therefore we use directly the profile likelihood method. As in the previous

sub-section, p = argmaz,In L ({i(p),5%(p), p), where the profile log-likelihood is

In L3 (ﬂ(p),&z(p),p) = —%(N + k) [ln &Q(p) + 1] —kIn(1-p)+c (2.25)

where fi(p) and 62(p) are obtained similarly as in the previous sub-section.
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By analogy with [87, 54] one could assume that only the degradation levels just after
maintenance actions are observed. This corresponds to this third observation scheme where

V7, nj= 0. In this case, the observed jumps are the unique observations
Z2=Y(r) - Y(r,) = (1 - pAYj,

which have the N (u(1 — p)(15 — 7j-1) , 0*(1 — p)*(7j — 7j—1)) distribution.
Therefore, different triplets (i, 02, p) will lead to the same observations, so the model is not
identifiable. Note that this problem does not appear for the second observation scheme.

Biases of these estimator are detailed in Appendix A.2.

2.2.4 General observation scheme

In this last scheme, neither Y/(7,7) nor Y(Tj*) are observed. This situation is illustrated
in Figure 2.5. As before, the last observation is Y (¢, ). The values of u, 02, p, k and

{n;}1<j<a are the same as before, but the number of observed data is now n = 17.

20

N
RSN

’
.
'
'
'
v
/
.

Degradation

5 10 15

Figure 2.5: General observation scheme : a trajectory of the degradation process

It is assumed that we have at least one observation between two successive maintenance
actions : V j € {1,...,k+ 1}, n; > 1. Here, neither the AY}; (except the first one) nor the
AYj ,+1 are observed. In this case, the history of the process at T; orljn; isVj € {1,.., k},
0 = Otgj,nj ={Ay11, s AY1ny, 27, Aya g, .oy ij—l,njf:uzé‘]—p AYj 2,y AYjn, b

T,
J

The real degradation jumps Z§ = Y(T;_) —Y(7;7) are not observed. Instead, the observed
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jump around the j** maintenance action is

Z9 =Y (tjy11) = Y(tjn,) =Y (tj11) =Y (1) + V(7)) =Y (7;) + Y (7)) = Y (tjn,)
= AYjy11+ 25 + AYjn, 41

’Vl]'-i-l
=AYj11—p Z AYji+ AYjn, 11
=1
nj
= AYjp11—p Y AYji—p AYj1+ (1= p)AYjn 11 (2.26)
1=2

AYji11 and AYj, 11 are independent of ij’nj. But ng and ng—1 share the same non
observed increment AYj 1, so AYj; is not independent of (’)tgj i Therefore, the conditional
distribution of Zf given C’)tgj ;s is not easy to derive.

In fact, it is easier here to use the joint distribution of the observed jumps given the observed

increments. Let Oy be the set of all observed increments

09 = {Ayo1, {Ayjiti<j<k+1, 2<i<n, }

The likelihood can be written

k+1 g
Lg (lu’a 02) p) = H H fAY]z (Ay],l) fZ9|(’)9 (Ziyv Zgu ERE) Z]z) (227)

J=1i=1+1;¢

where f7q)0s 1s the conditional PDF of the observed jumps given the observed increments.
Since the Z]g are linear combinations of independent normal random variables, fzq0s is the
PDF of a Gaussian vector. Therefore, we have to compute the expectation and covariance
matrix of this vector.

From (2.26), the conditional expectation of Z{ is, V j € {1, ..., k}

E |28 | 07] = pus(p) = v(p) (2.25)
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where Vj,
uj(p) = Atjy11 — pAtjailjst + (1 — p)Atjn,41

nj
vip)=p > Ay

i=1+1 51

From (2.26), the conditional variance of Z]“C-’ is,Vje{l,.. k}
Var [Zj‘? | (’)9] =o%s5(p) (2.29)

where Vj,
Sj(p) = At]‘+171 + p2Atj71]lj>1 + (1 — p)zAtj7nj+1

The conditional covariance of (Z7_|, Z{) is, V j € {2,..., k}

nj—1

Cov (70, 201 0%) = Cov(AYV;1 = p Y Ayjori = p AVjora + (1= p)AYj o1, 41,
=2
nj
AYjii1—p Y Ayji—p AV + (1= p)AYj 0 41)
=2
= Cov(—p AYj1, AY;1) = —p Var[AY;1] = —p 0*At;j1 (2.30)

Let us define u(p)t = (u1(p), u2(p), ..., ur(p)) and similarly v(p)* and s(p)’.

Finally, the conditional distribution of Z9 given (09 is the multivariate normal distribution
N(pu(p) — pv(p) , 0% X(p)) where

81 (p) —pAt271 0 DY DY “ e DY O
—pAty1  s2(p)  —pAtsa 0
0 —pAtg}l S3(p) —pAt471 0

0 —pAtp_o1  sp_1(p) —pAtg_11
0 e e e e 0 _pAtkfl,l sk(p)
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The log-likelihood is derived as

N
In Ly (p, 0%, p) = 5 Ino? + c3 — In y/det X(p)
k+1 nj 2
1 - Ayji — pAt,
o | (0 o) + () Do) (i) () +y Y B AL
J=1 i=1+1;51 It
(2.31)

where cg is a constant.

Deriving the log-likelihood, the maximum likelihood estimators i and o2 are obtained as

the solutions of the likelihood equations system, as follows.

k+1 nj

)N v(p) + XS Y AY
7j=1 =141 1

i = e m— / (2.32)
W(PETPpu(p) + X2 > Aty

G=1 i=141,51

:OF
—
S

™

L
—
S
I
s}

+

g@»
>

k+1 nj ~ 2
- 1 A . 1 . . (AY;; — 1At;;)
2 —_ g __ t 1 g _ J,t ],
0% = 5 | = fu(p) + (@) ZTHP) (2 — pul(p) o)+ Y N
7j=1 7,:1+ﬂj>1 ’
(2.33)
As in the previous sub-section, the profile log-likelihood is derived as
~ ~2 N ~2
In Ly (i(p),67(p), p) = =7 (14&%(p)) + c3 = In /det X(p) (2.34)

Therefore, p = argmin [1;/ In62(p) + In /det ©(p)
P

Biases of these estimators are detailed in Appendix A.2.
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2.3 Quality and comparison of the estimators

This section presents the results of an experimental study which aims to assess the quality
of the proposed estimators and to compare the four observation schemes.

Several situations are studied in order to assess the influence on the estimation quality
of

e the number n; and location of observations between two successive maintenance ac-

tions,
e the number of maintenance actions k ,
e the maintenance efficiency parameter p.

For each situation, the same 5000 simulated trajectories of the degradation process are
used for each observation scheme. In each case, the model parameters p, u and o2 are
estimated.

In this section, the figures represent the boxplots of the distributions of the estimations
for each parameter. The observation schemes are represented from left to right by colours
(complete: green, 2: orange, 3: blue, general: magenta). The red dotted lines represent
the true value of the parameters. Let us remind that there is no estimation of p for the
complete observation scheme.

For the complete observation scheme, the degradation levels are observed periodically
each one time unit. In the first two sub-sections, the three other observation schemes are
obtained by removing some observations from the complete scheme (see Figures 2.2 to 2.5).
The effect of this loss of information on the quality on the estimators is studied.

In the third sub-section, for each situation, the total number of observations n is the
same for the four observation schemes. It allows to compare the quality of estimation for
each observation scheme for a given size of data.

For a given situation, the {”j}je{l,...,k+1} are all equal and the maintenance times 7;
are periodic. The underlying degradation process is the same in each case with 4 = 2 and

02 = 5. The different features used for the simulations are given in Table 2.1.
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Table 2.1: Summary of the different features used for the simulations

Situation | Figure | | 0 | p | n; | k| n | Maintenance period
1 2.6 2151052 3] - 6
2 2.7 215 (055 3] - 6
3 2.8 215 (052 7| - 6
4 2.9 215 (012 7| - 6
5 210 | 2|5 (09| 2 |7 - 6
6 2.12 215 |05 - | 7|16 10
7 213 |25 (05| - | 7] 16 10

2.3.1 Influence of the number of observations

In situations 1 to 3 (Figures 2.6 to 2.8), the maintenance efficiency parameter p is the same,

which allows to assess the effect of

the number of observations between two successive maintenance actions, by comparing
Figure 2.6 (nj= 2) and Figure 2.7 (n;=5),

the number of maintenance actions, by comparing Figure 2.6 (k = 3) and Figure 2.8
(k=17),

the loss of information linked to the observation schemes, by comparing the boxplots

inside each figure.

sigma2

a-

Figure 2.6: Estimation of p, 02 and p, situation 1

For p and o2, the best estimations are obtained for the complete scheme, and the worst

for the general scheme . The quality of estimations in scheme 2 and 3 are equivalent. This
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Figure 2.7: Estimation of p, 0 and p, situation 2
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Figure 2.8: Estimation of u, 0% and p, situation 3

result was expected and is linked to the total number of observation in each scheme, given in
Table 2.2. The boxplots confirm the negative bias of 52, previously proved for the complete
scheme. Similar bias seem to hold for the three other schemes.

For p, the worst estimations are obtained as expected for the general scheme. The
estimations for scheme 3 are significantly better than for scheme 2. From a practical point

of view, it is not surprising that p is better estimated when the effect of maintenance on

the degradation level is immediately observed.

Table 2.2: Total number of observations, n

Observation scheme

Situation | 1 2 3 4
1 16 | 13 | 12 9
2 28 | 25| 24 21
3 32 1 25|24 17

68



The bigger the number of observations, the better the quality of estimations, whether
the degradation levels are observed at maintenance times or between maintenance times.
For the general scheme, the estimations are better in situation 2 than in situation 3. There-
fore, one could believe that it is better to increase the number of observations between
maintenance actions than the number of maintenance actions. However, Table 2.2 shows
that the total number of observations is bigger in situation 2 than in situation 3. Finally,
to increase the quality of estimations, the main point seems to increase the number of

observations whatever they are.

2.3.2 Influence of the value of the maintenance efficiency parameter p

In this sub-section, situations 3 to 5 (Figures 2.8 to 2.10) are compared, for which all the
features of the simulations are equal except the value of p : p € {0.5, 0.1, 0.9}. Note that
the number of observations in each scheme is the same for the three situations (see situation
3 in Table 2.2), so the comparison of the situations will reflect only the impact of the value
of p.

The comparison of the quality of estimations between the four observation schemes leads
to the same conclusions as in the previous section. The change of the value of p has no

impact on the estimations of i and 2. The closer the value of p is to 1, the better it is

estimated.

sigmaz
ho
=

" e e

Figure 2.9: Estimation of p, 02 and p, situation 4

2.3.3 Influence of the observations locations

In the previous sub-sections, we have noticed that, as expected, the quality of the estima-

tions grows with the total number of observations n. Therefore, in the following, we compare

69



sigma2
ho
=
2
| -

Figure 2.10: Estimation of u, 02 and p, situation 5

the quality of estimations between schemes with the same total number of observations.
Starting from a sequence of observations following the complete scheme, we build obser-
vation sequences according to schemes 2,3 and the general scheme with the same number
of observations, where the observation times are either close to the maintenance times (sit-
uation 6) or far from the maintenance times (situation 7). Moreover, we choose to have
a minimal number of observations between maintenance actions (n; € {1,2,3}) in order
that the impact of the locations of the observations with respect to maintenance times be

clearly seen.

Observation backgrounds

Situation 6 for which the observation times are close to maintenance times is illustrated in
Figure 2.12. Situation 7 for which the observation times are far from maintenance times
is illustrated in Figure 2.13. In both situations, n = 16 degradation levels are observed in
every scheme. The observations locations in situations 6 and 7 are described hereafter and

illustrated in Figure 2.11.

1. Complete observation scheme, n;= 0.

The degradation levels are only observed at the maintenance times.
2. Second observation scheme, n;= 1.

e the observed degradation levels are close to the missing values at maintenance
times, tj41,1 =75 + 1—10(Tj+1 — 75) (Situation 6, Figure 2.12)
e the observed degradation levels are located at the middle time between two suc-

cessive maintenance actions , t;41,1 = 7;+ 1 (7j41 —7;) (Situation 7, Figure 2.13)
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3. Third observation scheme, n;j= 1.

the observed degradation levels are close to the missing values at maintenance

times , tj41,1 = Tj411 — 1p L (741 — 7;) (Situation 6, Figure 2.12)
the observed degradation levels are located at the middle time between two suc-
cessive maintenance actions , t;41,1 = 7;+ 3 (7j41 —7;) (Situation 7, Figure 2.13)

4. General observation scheme, n;= 2

the observed degradation levels are close to the missing values at maintenance
times, tj111 =7+ 10(TJ+1 7;) and tjy12 = Tjiv1 — 15 (TJ_H 7;) (Situation 6,
Figure 2.12)

the observed degradation levels are further to the maintenance times, 411 =

T+ 2(7j+1 — 7j) and tj419 = Tj41 — (7541 — 75) (Situation 7, Figure 2.13)

Obs Scheme 1:

ObsScheme?2: ¢ &

Obs Scheme 3: ¢y 3

O—k———©6
Obs Scheme 4: H_'GH&

Figure 2.11: Locations of the observations of the degradation under situation 6 (circles)
and 7 (stars)

Rho

LJ

Figure 2.12: Estimation of u, 0% and p, situation 6
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Figure 2.13: Estimation of p, 02 and p, situation 7

Quality of the Estimations

The most striking result from Figures 2.12 and 2.13 is that the estimations of 4 and o2 are
noticeably worse for the complete scheme than for the other schemes in both situations.
This can be explained by the fact that, in the complete scheme with n;= 0, the observations
consist of the degradation increments AYj; and the degradation jumps Z7 = —p AYj;.
Therefore, only half of the observations brings useful information for estimating p and o2,

Moreover, it appears that the estimations of p are better in situation 6 than in situation
7. It reflects the fact that in order to estimate the maintenance efficiency, it is recommended
to observe the degradation levels close to the maintenance actions. As before, the best

scheme for the estimation of p is scheme 3.
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2.4 Conclusion on the Wiener-based degradation model

This chapter examined studied statistical inference for a Wiener-based degradation model
with ARD; imperfect maintenance actions under four distinct observation schemes. For
each scheme, the maximum likelihood estimators of the three model parameters have been
derived. Through a simulation study, the impact of the number and placement of obser-
vations between successive maintenance actions, the count of maintenance actions, and
maintenance efficiency on estimation quality has been investigated. As expected, estima-
tion quality improves with an increased number of observations. An interesting finding is
that the best estimation of p is obtained for the third observation scheme. It means that if
only a limited number of observations is possible, it is recommended to perform them just
after each maintenance.

The study reveals that the ARD; model encounters certain drawbacks concerning in-
ference matters. The model is not well suited to practical situations involving the complete
observation scheme. To avoid these issues another Wiener-based degradation model with

imperfect maintenance is considered in the next chapter.
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Chapter 3

Modeling and inference for a
degradation process with partial

maintenance effects

This chapter proposes a novel approach to modeling imperfect maintenance in degradation
models, under the assumption that maintenance impacts only a part of the degradation
process. In the existing literature, concerning degradation model, maintenance effects are
generally assumed to affect the entire degradation process. However, in practical scenarios,
maintenance actions are often performed only on specific components of the system and
consequently have an effect only on a part of the degradation process. For instance, within
the framework of railway infrastructure management and track geometry maintenance, lon-
gitudinal leveling by tamping (i.e. compacting the ballast to correct the track geometry)
can be considered as a partial repair : they do restore in part the track geometry, but since
the ballast itself is not replaced and rail fastenings are not tightened, this operation does
not results in a as-good-as new state for the track level [71]. Another example is a vehicle’s
braking system, where maintenance actions are generally performed only on the break pads
and not on the whole disc. More generally, when a system is made of several components,
maintenance often consists in replacing only a smaller group of components [91, 58]. This
is called partial replacement. Maintenance is perfect for the replaced components, but is
imperfect for the whole system. While this situation has been discussed to justify the rele-
vance of imperfect maintenance models, these models typically do not directly incorporate
the partial replacement assumption. An exception is the partial repair model based on

superimposed renewal processes proposed in [65]. Therefore, for modeling degradation, it
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appears pertinent to consider that maintenance can affect only a part of the degradation
process.

More precisely, the global degradation process is the sum of two dependent Wiener pro-
cesses with drift. Maintenance has an ARD;-type effect (Arithmetic Reduction of Degra-
dation), as introduced in [73], on only one of these processes. It reduces the degradation
level of a quantity which is proportional to the amount of degradation of this process ac-
cumulated since the last maintenance. Two particular cases of the model are explored:
the perturbed ARD; and the partial replacement models. The system undergoes regular
inspections, during which degradation levels are measured. The conventional ARD; model
is a specific case of this newly proposed full model. Two distinct observation schemes are
considered. In the complete scheme, the degradation levels are measured both between
maintenance actions and at maintenance times (just before and just after). In the general
scheme, the degradation levels are measured only between maintenance actions but can be
observed as close as possible from maintenance times. At first sight, the complete obser-
vation scheme seems the most natural and reasonable. However, it may not be possible to
implement this ideal scheme in practice, for various technological and engineering reasons.
This is for example the case if the measurement devices and technical crew for inspection
are not the same as the technical devices and crew for maintenance, such as for railway
assets monitoring and maintenance, where inspections and maintenance actions cannot be
performed at the same time because of an incompressible maintenance intervention delay
[71]. In such cases, it is necessary to model the observation procedures in a more real-
istic way (accounting for delays between the inspections and the maintenance actions, or
non-periodic inspections). This can be done in the general observation scheme. Besides, a
measurement at a maintenance time is a limit case of a measurement between maintenance
times, when the measurement (inspection) time tends to the maintenance time. Therefore,
all the possible observations schemes (as the 4 schemes considered in [62]) are limit cases
of the general scheme. That is why it is called general. Thereafter, the maximum likeli-
hood estimation of the model parameters is studied for both observation schemes in both
particular models. The quality of the estimators is assessed through a simulation study.

The chapter is organized as follows. The new degradation model is presented in Sec-
tion 3.1. The statistical inference is studied in Section 3.2 for the perturbed ARD; and
partial replacement models, under both observation schemes. The results of the simula-
tion study are presented in Section 3.3. Finally, concluding comments are given and some

prospects are raised in Section 3.4.
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3.1 A degradation model with partial maintenance effects

This section presents the proposed degradation model, for which maintenance affects only a
part of the degradation process. The model is described in Section 3.1.1. An alternative pa-
rameterization is proposed in Section 3.1.2. Some particular cases are listed in Section 3.1.3

and an identifiability issue is raised in Section 3.1.4.

3.1.1 Model description

The assumptions of the proposed model are given below.

e The degradation process is made of two parts XU= {XY(¢) };>0 and XM= {XM(¢)};>0.

e Between two maintenances, the degradation process evolves as the sum of the under-

lying degradation processes XV and XM
e Maintenance only affects XM,

e Maintenance effect is of the ARD;-type [73]: at maintenance times, the degradation
level is reduced of a quantity which is proportional to the amount of degradation of

XM accumulated since the last maintenance action.

e XY and XM are dependent Wiener processes with drift, or (XU,XM)T is a bi-
variate Wiener process with drift. Therefore, their increments are independent and
(XU(t), XM(#))T is a Gaussian vector:

XUt
(XM((t))> ~ N ((ﬁ;) t, EUMt> (3.1)

2
a CUM
where EU M = v 9 .

wu, pps are the drift parameters, 0[2], ‘712»1 are the variance parameters, and cyjs is

a covariance parameter. Note that the coefficient of correlation between X/ (t) and
X (t) is

t
Corr(Xu(t), X (t)) = —LM2 UM _ e [-1,1].

2 2 ouoM
1/0Ut JMt
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Therefore, the coefficient of correlation does not depend on time.

The system is maintained at times (71,72, ...). Let Y (¢) be the degradation level at time
t of a maintained system, with Y/(0) = 0. Let Y'(7;7) be the degradation level just before
the j'* maintenance at time 7; and Y(T;“) be the degradation level just after 7;.

Before the first maintenance action, the degradation level Y of the system evolves as
the sum of XV and XM.

Vielo,n], Y(t) = XY) +XM@).

Just before the first maintenance, Y (77 ) = XY (r1) + XM (7).

At time 71, an ARD;-type maintenance is performed that only affects X . The main-
tenance effect is to reduce the degradation level of a quantity proportional to the amount of
degradation of XM accumulated since the origin. Let p be the coefficient of proportionality,

which expresses the efficiency of maintenance.
Y(r") =Y () = p[XM (1) = XM(0)] = XY (71) + (1 = p) XM (1)
Between 7 and 72, the system is degrading as a non-maintained system.

Vte|r,nl, YY) = Y()+ XV +xM1t) - xXY(r) - XM(r)
= XY(t)+XxM(t) - pXM (1)

At 1, an ARD;-type maintenance is performed.
Y (i) =Y(ry) = p[XM (1) = XM ()] = XY (1) + (1 = p) XM (1)

By recurrence, it is easy to show that the degradation process of the maintained system

is defined as follows.

Viz1 V() = XU(r)+XM(7)) — pXM(75-1) (3.2)
Y(r) = X1+ (1 -p)XM(1)) (3.3)
Vite [Tj—177'j[7 Y(t) = XU(t> + XM(t> - pXM(Tj_l) (3.4)

The effect of a maintenance action is represented by a jump of the degradation level.
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Let Z7 be the observed jump at the 4" maintenance time.
ZE=Y(r) = Y(r7) = —p [XM(rj) = XM(7j21)] (3.5)

From the properties of the Wiener process X | the Z; are independent random variables

and their respective distributions are, Vj > 1:
Z§ ~ N (—punm ATy p2o*]2\/[ATj) . (3.6)

where A7; = 7;—7j_1. Note that the jumps are not independent of the previous degradation
increments.
The distribution of the degradation increments inside each inter-maintenance interval

can also be easily derived from (3.4):
Vi>1l, Vrg<s<t<t, Y(t)-Y(s)=XV(t) - XY(s) + XM(t) — XM(s).
Therefore, the distribution of the increments is given by, Vj > 1, V7,1 < s <t < 7j:
Y(8) = Y(s) ~ N (0 + 1n)(E = 8), (08 + 0% + 2c0m)(t = 5)) - (3.7)

The independence of increments of the bivariate process (XY, X*) implies the indepen-

dence of increments of Y.

3.1.2 An alternative parameterization

From a statistical perspective, the model parameters will have to be estimated from field
data. The observed data are degradation increments and degradation jumps, whose dis-
tributions are given by (3.6) and (3.7). Therefore, in order to simplify the writings in
statistical inference, it appears relevant to introduce an alternative parameterization of the
model. Let

X5(t) = XY(t) + XM(1) (3.8)

X% is the global underlying degradation process of the unmaintained system and XM
is the part of this process which is affected by maintenance actions. ( X°(t), XM (t))T is a
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linear transform of the Gaussian vector (XY (¢), XM (t))T:

X5\ _, (X7 (11
<XM(t)> _A(XM@)), where A= (O 1).

So (X9(t), XM (t))T is still a Gaussian vector. From usual results on random vectors,

its mean is

XUt
AR M( ) _ (MU + pum .
XH(t) oy,
and its covariance matrix is

t.

AEUMtAT _ (0[2] + O’%/[ +2cuym cum + O’ﬁ)

2 2
cum + oy v

Therefore, let us introduce new parameters g, s, U%, 0%4, csm, s, such that (

X3(t), XM (1))T is a Gaussian vector with mean (ug, uar)7t and covariance matrix Sgpt,

2
o c
where Yoy = S S2M> and rsyr = csar/(osoar). The links between the first param-
CSM  Opp

eterization (U, M) and the second parameterization (S, M) are given in Table 3.1.

Table 3.1: Links between the two model parameterizations

(XU,XM) (XS,XM)
Drift MU = s — [N ps = py + pag
Variance 0'[2] = Ug + 0%4 — 2cspm U% = 0[2] + O'JQW +2cum
Covariance CUM = CSM — UJQW csm =cum + UJQW
Correlation | ryy = 'SMIS — oM royp = "UMIU T oM
\/0%+0'12V[—27“5M050']V[ \/0'2U+0'12\4+27“UM0U0']V[

To simplify writings, let V £ € {S, M }, AX; = X*%(1j) — X*(7j_1) be the increment of
the degradation process £ (£ € {S, M}) between the j —1** and the j** maintenance action.

In the new parameterization, the degradation level and jumps are defined as follows.

Vi>1 Vternl Y() =Xt —p XM (r20).
—p [XM(75) = XM(7j-0)] = —p AX}.

Vi>1, Z5=
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The distributions of the degradation increments and jumps are:

Vi>1L Vo <s<t<m, Y(t)-Y(s)~N (us(t—s), o5(t—s)). (3.11)
Vi>1, Z~N(—pumdr; , p*oiAT). (3.12)

From (3.11) an (3.12), it can be seen that parameters (ug,0%) are closely linked to
degradation increments between maintenance actions while parameters (uar, 0%, p) are
closely linked to degradation jumps, so to maintenance efficiency. This remark will be
useful in Section 3.2 for the estimation of these parameters.

Finally, the distribution of the degradation level at time ¢ can be easily computed from
(3.9):

Y(t) ~ N (,ugt - p,uMTj_l y Ugvt + pQU%JTj_l — 2,07“5]%050']\47']'_1)

The same degradation trajectory under both parameterizations is presented in Fig-
ure 3.1. The observed degradation process Y is represented with the underlying processes
XY and XM on the left figure and with X° and X™ on the right figure. This trajectory
has been simulated using the following parameters : uy = 4, uy = 2, 0(2] = 10, 0%4 =7,
rum = 0.8, p = 0.7, which is equivalent to us = 6, uy = 2, 0z = 30.39, 02, = T,
rsy = 0.94, p =0.7.

In this example, four maintenance actions are periodically performed at times {3, 6,9, 12}.
The underlying processes are simulated using consecutive degradation increments on a time
increment equals to 0.001. In the first parameterization, between maintenance actions, the
degradation process Y (in black) evolves as the sum of XY (in green) and X (in blue).
In the second parameterization, Y evolves as X*° (in red) between maintenances. The cor-
relation between the underlying degradation processes clearly appears in this figure. The
maintenance effect is also clearly visible for the first three maintenances. For the fourth
one at 74 = 12, the maintenance effect is not visible because the amount of degradation

accumulated for process XM between 73 = 9 and 74 = 12 is very small.

3.1.3 Specific cases

The model defined by Section 3.1.2 will be called hereafter the full model. Some interesting

specific cases of the full model can be considered.
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Figure 3.1: Degradation trajectories of Y'(¢) (in black) with (XY, XM) (in green and blue)
in the left figure and (X, XM ) (in red and blue) in the right figure.

e ABAO. When p=0, Y(t) = X° (t) = XY(t) + XM (t). Maintenance has no effect
on the system, the system after maintenance is As Bad As Old (ABAO).

e Usual ARD; model. The new model is equivalent to the usual Wiener-based ARD1
model [73, 62] when the whole degradation process is affected by maintenance actions.
This is the case for XY(t) = 0,V ¢t > 0, i.e. py = o = cym = 0. In this case,
XS= XM g, WS = M, U?g = 0]2\4 = cgy and rgps = 1. In this situation, p = 1 entails

a perfect maintenance action.

o Perturbed ARD; model. When pug = puy or py = 0, XY, which can depend
on the degradation process, is a white noise. So the degradation process Y can be

considered as a usual Wiener-based ARD; model perturbed by this white noise.

¢ Partial replacement. In the usual ARD; model, p = 1 means that the system is
renewed, or As Good As New (AGAN), after each maintenance. Here, p = 1 means
that maintenance deletes all the amount of degradation of X accumulated since the
last maintenance. Globally, maintenance is not perfect (Y(T;—) = XY(r;) # 0) but
can be considered as optimal. This corresponds to the situation where maintenance
consists in replacing a part of the system components, but not the whole system. This

situation is particularly interesting in practice and will be studied in Section 3.2.
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e When XY and XM are independent, ryy = 0 so rgy = —=22—==. Therefore X o

ogton
and XM are dependent and positively correlated.

oM

When X° and XM ind dent =0 = _—— 92 _  Therefore XV
° en an are 1ndependent, rgys SO TUM \/m eretore

and XM are dependent and negatively correlated.

e rypm =1 = rgy = 1. A perfect positive correlation under the (U, M) parameteriza-
tion entails a perfect positive correlation under the (S, M) parameterization.

e rsy=1= r = 25 9M = p = {—1,1}. A perfect positive correlation
SM UM J(os—on)? um = { } p p
under the (S, M) parameterization entails a perfect correlation under the (U, M)

parameterization, which can be either positive or negative.

3.1.4 Identifiability

The definition of the model in (3.9) to (3.12) shows that two different sets of parameters
(par, 0%, p) and (fing, 634, p) such that pupys = piiar and popy = poy define the same
model.

More precisely, X°(t) and XM (t) can be written X°(t) = ugt +osB°(t) and XM (t) =
purt + oy BM(t), where B and BM are dependent standard Brownian motions. Let
XM(t) = gt + 6 BM(t), where jiyy = puns/p and Gpr = poar/p. We have XM (t) =
pXM(t)/p and pXM(t) = pXM(t). Therefore, the degradation process Y (t) = X5(t) —
pXM(t) is exactly the same as Y (t) = X5(t) — pXM(t). Moreover, it is easy to show that
Cov(X5(t), XM(t)) = pesymt/p = Esyt and Ty = Esnr /oSO = TSM-

So finally, Vp €]0, 1] the sets of parameters (us, par, 0%, 04y, rsa, p) and (us, prar/ p
J?g, p20']2\/[ /p?, Tsu, p) define the same model. Although it is less visible, the same problem
also appears using the (U, M) parameterization.

Hence, the full model is not identifiable. Therefore, in Section 3.2, constraints will be
imposed in order to estimate the parameters of identifiable models: the perturbed ARD;
and partial replacement models.

In order to study statistical inference in the following section, the model’s likelihood is
first derived for the full model.
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3.2 Statistical Inference

Let © = (us, finr, 0%, 05,7501, p) be the set of model parameters under the second pa-
rameterization. This section studies the statistical estimation of these parameters from
field data. The system is assumed to be regularly inspected and degradation levels Y;; are
measured. Two observation schemes (i.e. two ways of collecting data) are considered, the
complete scheme and the general scheme. For both schemes, the parameters are estimated
by the maximum likelihood method. Each scheme leads to a different writing of the like-
lihood and then to different estimations of the parameters. The observation schemes are
described in Section 3.2.1. The general expressions of the likelihoods are determined in
Section 3.2.2. Due to the identifiability issue raised in Section 3.1.4, the estimation is made
in Section 3.2.3 only for the perturbed ARD; and partial replacement models under both

observation schemes.

3.2.1 Observation schemes

The considered system is observed in a time interval [0, 7]. In this interval, k£ maintenances
are performed at times 7q,...,7;. Let us denote 79 = 0 and 74411 = 7.

vV je{l,..,k+ 1}, let n; be the number of observations of the degradation level in
|7j—1,7;[. The degradation levels are observed at times t;;, where ¢;; is the time of the
it" observation in |7j_1,7;[ V i € {1,...,n;}. If observations are made at the maintenance
times (just before and/or just after), the corresponding observation times are denoted
tinj+1 = T = tj+10. Let Atj;= tj; — t;;—1 be the time elapsed between two successive

observations.

Complete observation scheme

In the complete scheme, the degradation levels are measured both between maintenance
actions and at maintenance times (just before and just after). In Figure 3.2, a degradation
trajectory is simulated for ps = 10, uy = 5, 0% = 30, 03, = 20, rgpr = 0.7, p = 0.8. In
this example, degradation levels are periodically observed and represented by black dots.
Maintenance actions are periodically performed at times {3,6,9,12}. The two underlying
processes X° and XM are respectively depicted by the red and blue lines. The observed
degradation increments of the system are represented by the black line.

Due to the properties of the Wiener process, it is more convenient to consider that
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Figure 3.2: Observations of the degradation levels of the maintained system (in black) under
the complete observation scheme

the degradation increments (instead of degradation levels) are observed. Therefore, in the

complete scheme, the observations are made of:

e The degradation increments AY ;= Y (t;;) — Y (¢ji-1) = X(t0) — X(tji-1), for
1<j<k+1land1l < ¢ < n;+ 1 They are independent and their respective
distributions are AYS; ~ N (sAtj;, o2AL;;).

e The degradation jumps Z5 = Y(T;“)—Y(Tj_) =—p [XM(j) = XM(7;_1)] = —p AXJM,
for 1 < j < k. They are not independent of the observations prior to 7;. The set of

all these observations is denoted:

C _ C C C C C C C C
(’)T__ = {Ayl’l, ooy AYT 1415 21 AY 15 s ijfl,nj_ﬁla 251, ij,l, . ij’njﬂ}

J

The likelihood function is the joint PDF of the j* jump given all the observations before
7;. Therefore, the likelihood function in the complete scheme, denoted L.(©), is given by

k+1n;+1 k

Lo©) =TT IT fave, @50 IT fzs10e () (3.13)
1 g

j=1 i=1 j=

where fzjq‘(gc_ is the conditional PDF of the j** jump given all the observations before Tj.

The expressii)n of this likelihood is developed in Section 3.2.2.
In [62], this observation scheme has been considered for a usual ARD; Wiener-based

degradation model (first observation scheme in [62]). In this model, the value of a jump is
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proportional to the amount of degradation accumulated since the last maintenance action.
Thus, under the complete observation scheme, the sizes of the jumps are deterministic given
the previous observations. This is very unlikely in practice. Here, Z7 = —p AX JM and the
AX]M are not observed, so the problem of the ARD; model does not occur. Therefore,
the proposed model is more realistic than the ARD; model for the complete observation

scheme.

General observation scheme

In the general scheme, the degradation levels are measured only between maintenance
actions. In Figure 3.3, a degradation trajectory is simulated for the same parameters as
in Figure 3.2. In this example, contrary to Figure 3.2, the observations are not periodic
and the numbers of observations between two successive maintenances are not constant.
As in Figure 3.2, every black dot represents an observated degradation level. Dotted lines
correspond to the unobserved degradation increments around maintenance times. The two
underlying processes X and XM are respectively depicted by the red and blue lines. The

observed degradation increments of the system are represented by the black line.
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Figure 3.3: Observations of the degradation levels of the maintained system (in black) under
the general observation scheme

In this case, neither Y'(7;7) nor Y(TjJr ) are observed. Therefore, the true degradation
jumps Z7 are also not observed. The observation around the 4" maintenance time 7j is
the difference between the first observed degradation level after 7; and the last observed

degradation level before 7;:
Vi > 1, Z]g.’ =Y(tjr1,1) — Y(tjn,) (3.14)
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Therefore, in the general scheme, the observations are made of:

The degradation increments Aiji, for2<j<kand2<i<nj,and1<i<m
for 5 = 1. Indeed, with respect to the complete scheme, the first and last degra-
dation increments of each interval are no longer observed, except the very first one

AYY. As before, they are independent and their respective distributions are AY;CZ ~
N (pstji, o5A;4).

The new jumps Zj? =Y (tjy11) — Y(tj’nj), for 1 < j < k. They are not independent

of the observations prior to Z;,,. The set of all these observations is denoted:

ij’nj = {Ayil, oo AYT s zy, AY5 95 -ens ijc-fl’njfl, Zj(‘]—p Ay]C-’Q, ey ijc-vnj}

Therefore, the likelihood function in the general scheme, denoted L4(0), is given by

k+1 j

k
L@ =11 I fav @]l fzoy D) (3.15)
j=1 i

j=1 i=14+1,51

The expression of this likelihood is developed in Section 3.2.2.

3.2.2 Derivation of the likelihood
Complete observation scheme

In order to write the likelihood (3.13), the only difficulty is to derive the conditional distri-
. . _ ]\/[ .
butions of the jumps Zf = —p AX" given (’)ij_.
le—}—l ’
We have AXJ]W = XM(Tj)—XM(Tj_1> = Z:l AX]]V’{ and AX]S = XS(Tj>—XS(Tj_1) =
1=
anrl
> AX ]SZ AX % is independent of all observed degradation increments before 7;, except
i=1

AX]% = AYS

j7Z.
conditional distribution of —p AX ]M given AX JS = Ayj.
(AXJM , AXJS)T is a Gaussian vector:

AXM 2
jS NN< HM A’Tj, UM csM ATj) (316)
AX]- 1S CSM 0%
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The following lemma [57] gives the conditional distributions of the components of a Gaussian

vector.
A A
Let be a Gaussian vector such that ~ N(u,X), where p = HAY and
B B “B
by X
Y= A AB) hen, the conditional distribution of U given [B = b] is multivariate
Ypa X

normal N (fi, %)) where i = pia 4+ Sap¥5' (b — pp) and £ = £4 — $4pY5' Spa.

So the distribution of AX]M given AXJS can be derived thanks to the lemma given in 3.2.2,
with A = AX]M, B = AXJS, pa = pMmAT, up = psAtj, L4 = 03,A7;, Sp = 02A7;, and
YAB = csm AT

Straightforward computations lead to the desired conditional distribution:

g
Z; | Of_7 NN <_p(,UMAT] + rSM?Z (ijc — ,USATJ)) , pzATj 0'12\/[(1 - ’I"%M)>
J

(3.17)
Hence, the log-likelihood for the complete observation scheme is:
k+1mnj+1 c 2
1 2 (ij,i - HSAtj,i)
InL.(0)=-— 3 (Z Z In(2rogAt; ;) + oy
7j=1 =1 S 7>
k (25 + ppar A7) + praar 2L (Ay§ — psAy))’
+ In(2mp?ATo3,(1 — r%M)) + ) 7s J d
JZ} J p2ATjU]2V[(1 — r%M)
(3.18)

General observation scheme

In order to write the likelihood (3.15), the only difficulty is to derive the conditional distri-

bution of the observed jump around the j** maintenance Z]g given (’)tgj L-VJjE {1,...,k},
(]
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we have:

Z¢ =Y (tj11) = Y(tjn,)

=Y (tjr1,0) = Y( ) +Y(7]) =Y (7;) + Y (7;7) = Y(t)n;)
= AYf, + 25+ AYS, 4 (3.19)
= AXF 0 —p AXM +AXT, 4

nj
i:1+]lj>1

In this sum:
e AX?, | is not observed and is independent of ijynj
® AX "11;>1 is not observed. It depends on AX?; 1,1, which is also not observed, but

1nvolved in ZJQ .

° Z AXM is not observed but depends on Z AX j Z, which is observed.

i=141,5, i=14+1 51
: g
o« AXM 41 and AX J nj+1 are not observed, are independent of Otmj, but are dependent

one from each other.

Finally, the conditional distribution of Z;’ given (’)tgj is the conditional distribution of
i

7] given Z AX? o Z7 ;' |. This distribution will be obtained by using again the
i=1+1,5,

lemma of Appendix 3.2.2, starting from the Gaussian vector ZJQ, Z AX7 Z,

i=14+1j51
To simplify writings, let us denote:
nj
At? = >, Atj; the elapsed time between the first and last observation on the

=115,
4 inter-maintenance interval. For j > 2, Atf=tjn; —tj1. For j =1, At] = t1,.

Ang = Z AXY ©. the total increment of degradation observed on the ;% inter-
’L 1+]1J>1

maintenance interval. The Gaussian vector of interest can now be written (Z ;7 , Ang ,
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The expectation of the Gaussian vector is given by:

Pz = E[Z{] = E[AY}}1 1] + E[Z]] + E[AY], 4]

= ps(Atjp1,1 + Atjn,41) — parAT;.
E[ijg] = usAt?.

For the covariance matrix, one has to compute:
02y = Var[ZY]
z J

nj
—Var[AXHl pAX%]lj>1—p Z AX]' -pA ]n+1+A
i=14+1j51

:Var[AX]SH’l] + p? Var[AX 11> + p? Var| Z AX
1= 1+]lj>1
M S
+ p* Var[AX 1] + Var[AXP, ] —2p (Cov(AX]n 41, AXS ng+1)
n;
= O'%Atj+171 + /)20']2\/1Atj,1]1j>1 + p2<7]2\4 Z At]’,i
=141 51
+ PPON Al + 05 A1 — 2pcs M Al 1

= U%(Atj,nfrl + At]url,l) + p20'%4ATj —2p rSpMOSONM Atj,anrl-

Var[Ang] = a?gAt? .
(Cov(Z]‘-’, Z]g ) = (Cov(—pAXMl,AXSl) = —pcsm At

j
Cov(Z{, AY}) = Cou( pZA i) Z AXfZ-):—pCSMAt?.
l 1+ﬂj>1

S S
Cov(AYY, Z9_,) = Cou( Z AXF, AXT) =0.
’L 1+]l]>1

Finally, Vj € {2,...,k}, the distribution of the Gaussian vector <Z]9, Ang, Z9
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given by:

ng pzs a%;; 7,OTSMO'SO'MA75? —prsmoson At
Ang ~ N( ,uSAt? , —prSMUSUMAtg U%At? 0 >
g _ , o2
Z;_ Hzs_, prsmoson At 0 o7
(3.27)

The distribution of Z7 given (AY/,Z7 |) can be derived thanks to the lemma given

AY? At
in Appendix 3.2.2, with A = ZJQ, B = (Zgj ), HA = Hz9, UB = (,ug ), YA = 0%5,,
: J 'Lbzg J
J 1 Jj—1

g - ggAt 0
Yap = (—,OT‘SMO‘SUMAtj, —pTSMaso'MAtj,l), Ypa=X4pand Xp = 0 9 .

After computations, the desired conditional distribution is obtained:

9| 9 P TrSMOM g gy _ PTsMOsOMALi s g
Zj | Otj,nj ~ N(sz I (Ayf — nsAt]) — (2

o2
979, !
05 — PZT’%MU?qUsz< 5+ —2 >> (3.28)
J 75 Tz9_,
7
Finally, the log-likelihood for the general observation scheme is:
k+1 n;j (A c. _ At )2
Yii — HSAL; z)
InLy(0) =—= n(2rogAt;; L ’
(3 3 miamrtan s Gl
Jj=1li=1+1;>0 ’
k g 2
At At 15
#30m (2n(o% — rriuodots (G + )
i ’ s %z,

gAE 11
<ng — hzg + 7’) TSMOM (ij HSAtg) + £TSMTSTM Nl i2] (zg

-1 NZ?71)7

o j—1 _M,Z(-
n ng 1 J
02 r2, 0402 (Atg At?’llpl)
Z — P*rEN 050Ny a2

Jj—1

(3.29)

Let us recall that this second observation scheme has been called general because the
complete scheme is a limit case of this scheme when tjm,; and t;11,1 tend to 7;. In this case,

Atji11 and Atj, 11 tend to 0, Atd tends to A7; and Ayf tends to AYF. Under these
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assumptions, it is easy to check that the conditional distribution in the general case (3.28)

converges to the conditional distribution in the complete case (3.17).

3.2.3 Estimation for the perturbed ARD, and partial replacement models

The identifiability issue raised in Section 3.1.4 leads that the parameters © = (ug, pars, J?g, UJQW,
p,rsar) of the full model cannot be estimated. But if some constraints are imposed, the
model may become identifiable. Therefore, we will consider in the following the parameter
estimation for two specific models introduced in Section 3.1.3, the perturbed ARD; and

partial replacement models.

e Perturbed ARD;. The degradation process is an ARD; model perturbed by a white
noise. This corresponds to the case ug = ups = p. Therefore, the model parameters
in this case are ©1 = (M,O’%,U]Qw,p7 rsar)- The log-likelihoods in the complete and
general observation schemes are respectively In LY4(01) = In Le(u, 1, 02,03, p, 7501)
and In LgA(@l) = InLy(p, pu,0%,0%,,p,rsnm), which can be computed using (3.18)
and (3.29).

e Partial replacement. The maintenance is optimal since it deletes all the amount of
removable degradation accumulated since the last maintenance. This corresponds to
the case p = 1. Therefore, the model parameters in this case are ©y = (ug, tars, ag, O']2V[,
rsar)- The log-likelihoods in the complete and general observation schemes are respec-
tively In LER(©9) = In L. (us, iar, 02,03, 1, 7sa7) and In LgR(@g) = In Ly(us, piar, 03,
02,,1,750), which can be computed using (3.18) and (3.29).

3.3 Simulation study

This section presents the results of a simulation study which aims to assess the quality of
the estimators. In order to analyze the impact on the estimation quality of the param-
eters values, the number of maintenance actions and the number of observations, several
situations are considered and compared to each other. Through a study of the impact on
observation locations, it is also possible to compare the complete and general observation
schemes.

Only the Perturbed ARD; and Partial replacement model are considered. Mainte-
nance actions and degradation measurements are supposed to be periodically performed.

A situation is defined by the values of the model parameters, the number of observations
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between maintenance actions (n;), the number of maintenance actions (k), the total num-
ber of observations (n), and the maintenance period. For each situation, 5000 degradation
trajectories are simulated. The five model’s parameters are estimated by maximizing the
log-likelihoods (3.18) and (3.29) with the Nelder-Mead method. To obtain good estimation
results, the initial parameter values of this algorithm have to be carefully chosen. The em-
ployed technique is described in Appendix A.3. The results are presented through box-plots

of the empirical distribution of each estimator.

3.3.1 Quality of parameter estimation for the complete observation scheme
Perturbed ARD; model

For the Perturbed ARD model, 8 situations are considered, described in Table 3.2. For each
situation, 5000 degradation trajectories are simulated. For each trajectory, maintenances

are performed every 3 time units. The boxplots of the estimators are presented in Figure
3.4.

Table 3.2: Simulation situations for the Perturbed ARD; model

Situation | u U% O'JQW p | rsm | nj|k n
1 5110 7 |05 ] 07 | 2 | 4] 20
2 5110 7 |05 07 | 0] 9| 20
3 51101 7 |05] 07 | 5] 2|21
4 5110 7 [ 05| 0.7 | 2 49| 200
5 5110 7 |05 ] 0.1 2 | 4| 20
6 5110120 |05 ] 07 | 2 | 4| 20
7 5110 7 [02] 07 | 24| 20
8 5110 7 |08 ] 07 | 2 | 4| 20

e Situation 1 is the reference situation, with an average maintenance efficiency (p = 0.5),
a quite high correlation between the underlying degradation processes (rgy = 0.7),
k = 4 maintenance actions and nj= 2 observations of the degradation level between

each maintenance.

e Situation 2 has the same parameters and the same amount of data, but with more
maintenances and no observations between maintenances. Since we have more infor-
mation on the jumps and less information between maintenance, 0%4 and p are better

estimated and a% is less well estimated. p and rgys are also better estimated.
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Figure 3.4: Estimations of the parameters of the Perturbed ARD; model for the complete

observation scheme
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e Situation 3 is the dual of the previous one, with less maintenances and more observa-
tions between maintenances. Logically, all the estimations are degraded, except that

of 0%.

e Situation 4 is similar to situation 1, with much more data. As expected, the estimation

quality of all estimators increases with the number of data.

e Situation 5 is similar to situation 1, except that the coefficient of correlation is much
smaller (rgps = 0.1). The box-plot shows that it is difficult to estimate a so small
coefficient of correlation. The estimations of other parameters are not affected except

p, which is slightly less well estimated as in Situation 1.

e Situation 6 is similar to situation 1, except that the second variance is much larger

(03, = 20). Unsurprisingly, only the estimation of o3, is affected.

e Situation 7 is similar to situation 1, except that the maintenance efficiency is much
smaller (p = 0.2). It appears that the estimation of p is improved and the the

estimations of other parameters are not affected.

e Situation 8 is similar to situation 1, except that the maintenance efficiency is much

larger (p = 0.8). Ouly the estimation of p is slightly degraded.

These results and other simulations not reported here lead us to draw the following
conclusions. The parameters are generally well estimated, even for a rather small amount
of data. 0?9 and O'JQV[ are slightly underestimated and rgps is overestimated. A higher number
of maintenances improve the estimation of the parameters linked to the jumps UJQW, p and
rsa- A higher number of observed degradation levels between maintenances improves the
estimation of 0'?9. It is difficult to estimate rgy; when its value is close to 0 or 1. The

variances of the estimators of 0]2\/[ and p increase when the true parameter values increase.

Partial replacement model

For the Partial replacement model, 6 situations are considered, described in Table 3.3. The
boxplots of the estimators are presented in Figure 3.5. The results are completely similar
to those of the Perturbed ARD; model. Whereas drifts theoretical values are different, the

estimations quality of pug and pps remains comparable.
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Table 3.3: Simulation situations for the Partial replacement model

Situation | ug | par 0'% 012\4 rsm | ny |k n
1 10 5 10 7 0.7 2 4 20
2 10 5 10 7 0.7 0 9 20
3 10 5 10 7 0.7 5 2 21
4 10 5 10 7 0.7 2 149 | 200
5 10 5 10 7 0.1 2 4 20
6 10 5 10 | 20 0.7 2 4 20
150 e 100 * :
125 75 ¥ ; | ! 1
4100 25 W
75 25 1
50 H 00 ! 0
1 2 3 i 5 § 1 2 3 4 5 6 1 2 3 4 5 6
Situation Situation Situation
0 10

1 2 3 1 5 6 1 2 3 4 5 6
Situation Situation

Figure 3.5: Estimations of the parameters of the Partial replacement model for the complete
observation scheme
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3.3.2 Impact of the observations locations and the observation schemes

The aim of this section is to look if the observations locations between two successive

maintenance actions can have an impact on the estimation quality. To that aim, degradation

levels are not necessarily periodically observed. Five situations are considered, described

in Table 3.4 and illustrated in Figure 3.6. The total numbers of data are equivalent in all
situations. The considered model is the Perturbed ARD; model.

Table 3.4: Simulation situations for assessing the impact of observations locations

Observation scheme | Situation | u ag O'?w p | rsm|nj|k|n
¢ 1 5110 7 05| 07 019120
g 2 5110 7 [05] 07 |2 [9]21
g 3 51100 7 [05] 07 |2 (92
g 4 5110 7 [05] 07 |2 [9]21
g ) 51100 7 [05] 07 |2 (921

1 .—.—.—.
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@
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5| *° ¢ -~ 4
6 T T T3

Time

Figure 3.6: Observations location for the five considered situations and the first three

maintenance times.

In situation 1, the data are collected under the complete observation scheme, with no

observed degradation levels between maintenances.

In situation 2, the data are collected under the general observation scheme.

Two

degradation levels are measured in each interval, and the measurement times are

close to the maintenance times. Here, the degradation measurements are not periodic:

Vje {1, ...,9}, tj,nj

1 1
=T~ % and tj+171 =7; + E-



In situation 3, the data are collected under the general observation scheme. Two
degradation levels are measured in each interval, and the measurement times are

periodically spaced in the intervals between maintenances.

In situation 4, the data are collected under the general observation scheme. Two
degradation levels are measured in each interval, and the measurement times are just
before the maintenance times. Here, the degradation measurements are not periodic:
Vjie{l,..9}, tjn, =7 — 3 and tj11 =75+ 3.

In situation 5, the data are collected under the general observation scheme. Two
degradation levels are measured in each interval, and the measurement times are just
after the maintenance times. Here, the degradation measurements are not periodic:
Vie{l,.,9} tjn, =7 — % and tj411 =7 + %

1.00

075

P

0.50

025

0.00

[J ) 60
. .
30
] : Ji |
i o '
. ] 40
e I ) A I 0 t i
[ 1 1] |
Nb't mb< s
" 20
| I | [ |
! | | H | |
' | | =B
t 1 =
. 0 0 I T I T
1 2 3 4 5 1 2 3 4 5 1 2 3 4 5
Situation Situation Situation

—

S
o
oo mo -

1 2 3 4 5 1 2 3 4 5
Situation Situation

Figure 3.7: Estimations of the parameters of the Perturbed ARD; model for the situations
of Table 3.4
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The boxplots of the estimators are presented in Figure 3.7. This figure shows that the
best estimations are obtained for situation 1, except for a?g. It means that in order to
estimate the parameters mainly linked to the maintenance effect, it is better to observe
degradation levels at maintenance times. Conversely, for parameter Jg mainly linked to
the intrinsic degradation, it is recommended to observe degradation levels between mainte-
nances.

The results for situation 2 are closer to the results of situation 1 than those of situation
3. This illustrates the fact that Situation 1 is a limit case of situation 2, or that the
complete observation scheme is a limit case of the general observation scheme. In this case,
the observed jumps in the general scheme ZJQ are close to the real jumps Z7.

The estimations in situation 4 and 5 are comparable except for the correlation coeflicient
rsa, which is better estimated when degradation levels are observed just after maintenance
actions.

The estimation quality is slightly better in situation 5 compared to situation 4. Measur-
ing degradation levels just after maintenance actions improves the estimations quality. In
the usual ARD; model, the best estimations are not obtained for the complete observation
scheme [62]. On the contrary, for the proposed model, the complete observation scheme

provides the best estimation.
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3.4 Conclusion on the new degradation model with partial

maintenance effects and perspectives

This chapter has introduced a new degradation model with imperfect maintenance, which
assumes that maintenance effect only affects a part of the degradation process. Two partic-
ular models of interest have been studied, the Perturbed ARD; and the Partial replacement
models. The parameters of these models have been estimated under two different observa-
tion schemes. The quality of estimation has been assessed through a simulation study and
the impact of different features of the model and data has been analyzed. A first prospect
of this study is to derive the theoretical properties of the estimators.

In the future, decision making techniques could be carried out in order to establish
optimal maintenance policies. Generally, it is assumed that a failure occurs when the
degradation process hits for the first time a given degradation threshold. For usual Wiener
processes, it is well known that the first hitting time is inverse Gaussian distributed [52]. For
the new degradation model presented in this article, the first hitting time’s distribution is
not inverse Gaussian anymore but appears to be more complex as the degradation trajectory
is discontinuous at maintenance times. So an interesting prospect of this work is the
determination of this distribution.

In 3.4, a preliminary step is given, through an empirical estimate of this distribution’s
PDF. Maintenance effects seem to cause the multimodal shape of the distribution. Due to
the maintenance effect, the risk of failure is higher before a maintenance than after. Further
studies could be carried out in the future in order to determine the theoretical distribution

of the first hitting time for this degradation model.
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Figure 3.8: An example of a simulated
degradation trajectory
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Figure 3.9: Empirical distribution of the
first passage time

Degradation trajectories are simulated for the proposed model and first hitting times

are collected. An example of a simulated trajectory and observed hitting time is given in

Figure 3.8. An histogram of the obtained values is plotted in Figure 3.9.

It appears that the first hitting time is multimodal distributed. In Figure 3.9, the modes

of the empirical PDF are clearly close to the maintenance times. In fact, the multimodal

shape of the distribution is a consequence of the maintenance effect on the degradation.
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Chapter 4

An inspection/replacement policy for
a degrading system with imperfect

partial repair effects

This chapter focuses on a cost modeling and optimization of a maintenance policy based
on the previously studied Wiener-based degradation model with partial maintenance ef-
fects. To distinguish those imperfect maintenance actions with partial effects from other
maintenance types, they are referred to as repairs. In this chapter, the proposed mainte-
nance policy involves inspections, repairs (or imperfect maintenances), and as-good-as-new
(AGAN) replacements. These replacements can be either corrective (if performed after
a failure) or preventive (triggered when the degradation level exceeds a certain thresh-
old). The inter-inspection time and the preventive replacement threshold are optimized
by minimizing the average maintenance cost. This average cost is determined by using
the Markov-renewal properties of the degradation process of the maintained system. Two
methods are considered to compute the average cost and obtain the optimal policy. The
study also explores the impact of specific cost coefficients and model parameters on the
optimal maintenance policy.

In Section 4.1, a description on the studied degradation model is recalled and the main-
tenance assumptions are exposed. Based on these assumptions, a maintenance policy is
formulated and optimized in Section 4.2 based on the average maintenance cost. To min-
imize this cost and determine the optimal maintenance policy, two different methods are
introduced. Subsequently, numerical results are discussed in Section 4.3, in order to analyze

the potential influence of predefined cost coefficients and model parameters on the optimal
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maintenance policy.

4.1 Description of the Wiener-based degradation model

Given its suitability for practical situations, the Wiener-based degradation model with
partial maintenance effects, as described previously in Chapter 3, is employed in this chapter

to model degradation and establish a maintenance policy.

4.1.1 Degradation process under periodic repair

Let us recall some main assumptions about the used degradation process in this chapter.
The system’s degradation is divided into two components: XU = XU(t)t>07 the unmain-
tainable part of the degradation and XM= XM(t),.,, the maintainableipart. Between
repairs, the degradation process evolves as the sum of these two underlying processes. Re-
pairs exclusively impact the X™ component of the system’s degradation. Furthermore, the
repair effect is characterized as an ARD;-type process, as detailed in [73]. The underlying
processes XU and XM are Wiener processes with drift. Their parameters are respectively
defined by the drift parameters ug, pas, the variance parameters 012], 012\4, and the covari-
ance parameter cyy. Notably, the coefficient of correlation between Xpr(t) and Xp(t),
denoted as 7y, is constant over time and rya € [—1,1]. As written in the previous
chapter, p represents the repair efficiency parameter. In the following sections, repairs are
supposed to be efficient, i.e. p € [0,1]. Vj € N*, 7; are the periodic maintenance times,
such that 7 = 7; — 7j_1. Let Y (t) be the degradation level of the maintained system at
time ¢t. Let X9(t) represents the evolution of the degradation between two inspections,
i.e. the sum of the underlying processes XV and X*. It is assumed that Y(0) = 0 and
Vi€ [rj1,ml, Vie{l. k), Y() = XU+ XMt)—pXM(rj_1) = X (t)—pXM(75-1),
where X represents the evolution of the degradation between two maintenance actions,

i.e. the sum of the underlying Wiener processes XV and XM,

4.1.2 Maintenance assumptions and maintenance policy structure

The type of maintenance action is determined by periodic inspections (conducted with
period 7), each one performed immediately before each repair or replacement, both of
which are instantaneous. The inspected degradation level just before each maintenance

Vje{l,..k}, Y(r;), at time 7, is considered to decide between a repair (as described in
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the previous section) or an as-good-as-new replacement. Two degradation thresholds are
defined: M as the preventive replacement threshold and L as the corrective replacement
(or failure) threshold. M is set by the "maintenance decision maker" whereas L is not a
maintenance decision variable ans is assumed to be given in this study. V j € {1,...,k},

over [7j_1, 7|, the following rules apply:

If there exists a time t € [7;_1,7;[ such that Y(t) > L, then a failure occurs when
degradation first exceeds the threshold L over the interval [r;_1, 7;[, leading to tem-
porary unavailability. The whole system undergoes a corrective replacement at the

next maintenance time 7;, such that Y(T;—) =0.

Failures are not self-declared: An inspection needs to be performed at the next main-

tenance time to witness this breakdown and carry out the replacement.

If degradation does not exceed the threshold L over [7;_1, 7], then either a repair or

a preventive replacement is performed at time 7; according to the following rules.
If Y(7;") < M, arepair is carried out, such that Y(T]-Jr) = X%(1j) + (1 — p) XM (75).

If M < Y(Tj*) < L, a preventive replacement is performed, such that Y(T;“) = 0. Let
us notice that, if a failure occurs exactly at the scheduled maintenance time (which
is a zero probability event), no unavailability time is considered, and a preventive

maintenance is performed.

Under these assumptions, each inspection is instantaneously followed by either repair or
replacement. Consequently, the j¢* maintenance time, denoted as 7j, represents j periodic
inspection times such that 7; = j7 where 7 is the inspection period.

An example of a degradation trajectory including two system life cycles is presented
in Figure 4.1. The inter-inspection time 7 is set to 40, M is 700, and L is 1000. As
the employed degradation model is Wiener-based, degradation can decrease on some time
intervals. Inspections are depicted by circles and lead either to a repair or a preventive
replacement. Corrective maintenances due to failures are only conducted at inspection
times. In Figure 4.1, one failure is observed at time 230, leading to corrective replacement
conducted at the next inspection times 76 = 240.

The preventive replacement threshold M and the inspection period 7 are the decision
variables for the considered maintenance policy. Each type of maintenance action, including

inspection, repair, preventive and corrective replacement, involves a specific maintenance
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cost. The asymptotic maintenance cost per time unit is assessed, and an optimal mainte-

nance policy is considered by minimizing this cost.
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Figure 4.1: Evolution of a degradation trajectory Y (¢) under maintenance assumptions

4.2 Maintenance cost assessment using two different methods

In this section, the asymptotic maintenance cost per time unit is defined according to the
maintenance assumptions described in the previous section. Two distinct approaches are

suggested for evaluating this cost.

4.2.1 Maintenance cost modeling

As mentioned earlier, each type of maintenance action entails a maintenance cost. Here,
the global cost at time t is determined by the total unavailability time and the number
of inspections, repairs, preventive and corrective replacements carried out within the time
interval [0, t].

A cost coefficient is associated to each type of maintenance. Let ¢y, cr, cp, cc be

respectively the cost coefficient for inspections, repairs, preventive replacements, corrective
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replacements and cp be the the cost rate per time unit for unavailability. The number of

these different types of maintenance actions over the interval [0, ¢] can be defined as follows.

L£)
e Ng(t), the number of repairs over [0, ] is equal to ) Liymyarnin{  sup  Y(s)<L}-
~ ; <

J SE[TJ'_l,Tj[

1£]
e Np(t), the number of preventive replacements over [0, ¢], is equal to > ]1{M<Y(Tf)<L}m{
j:1 - J =

L£]
® Nc(t), the number of corrective replacements over [0,¢], isequal to > 1y qp  y(s)>L
7=1 s€lrj_1,7;
Furthermore, after each failure, the system is no longer available until the next inspection
time. The total unavailability time must also be taken into consideration in the global
maintenance cost. Thus, this global maintenance cost at time ¢, denoted c¢(t), is incurred

by inspections, repairs, replacements and system unavailability and verifies

1
c(t) =(cr + cr) Ng(t) + (¢ + ¢p) Np(t) + (cr + cc) No(t) +ep Y (15— S;) (4.1)
Jj=1

where S; represents the time at which a potential failure occurs over the interval [7;_1, 7;[.

Considering that the system keeps degrading itself after failure, it follows that V j > 1,
T, if sup Y(s)<L

S; = s€[rj-1,7]
inf{s € [rj_1,7;[| Y(s) > L}, otherwise.

Let us notice that if sup  Y(s) < L, no failure occurs over [rj_1, 7;[. On the contrary,
s€[rj—1,7(
if  sup Y (s) > L, the system fails involving an unavailability time. For example, in
s€[T5-1,75]

Figure 4.1, the observed value of S5 is 75 = 200 and the observed value of Sg is 230, which
differs from 7¢ = 240 because the system failed between 75 and 7g.

In order to assess the performance of the maintenance policy, we use the asymptotic
cost per time unit [lim <)

t—too ¢
to compute this asymptotic maintenance cost per time unit. The first method relies only

. Thereafter, two different approaches are introduced in order

on numerical simulations of multiple system life cycles, while the second, named the hy-

brid method, resorts to the semi-regenerative Markov process properties of the maintained
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degradation process to derive analytic expressions and it incorporates both numerical eval-
uation of these expressions and stochastic simulation for the cost computation. Let us first
depict the mathematical properties of the maintenance based degradation process used in

both cases.

4.2.2 Two mathematical approaches for considering the maintenance-
based degradation process

There are two equivalent approaches to apprehend the maintenance-based degradation pro-

cess in order to assess the asymptotic maintenance cost per time unit.

Considering regenerative life cycles

The first approach consists in considering the evolution of the system degradation between
two AGAN replacements, i.e. over a regenerative life cycle. Let T denote the random
variable that represents the life cycle duration of the system. The link between T and the

considered degradation model can be expressed using the following notations:

° R? is the random variable equal to 1 when the j** inspection is followed by a preventive

replacement and 0 otherwise, R? = ]I{MSY(TJ.‘)SL, sup  Y(s)<L}"

SG[Tj717Tj[

e Rfis the random variable equal to 1 when the 4% inspection is followed by a corrective
replacement and 0 otherwise, R =11 g y(s)>L} -
s€ [Tj7 175 [
e IR; is the random variable equal to 1 when the 4% inspection is followed by a replace-

ment and 0 otherwise, R; = ]I{szl} + ]l{Rj.:l} and Ry = 0.
"’ ;

e () is the index of the inspection time which corresponds to the ¢*" replacement, such
that Q¢ = {infj € N|j > Q—1; Rj = 1} and Qo = 0.

e Given the previous expressions, {7g,}¢>0 are the replacement times, i.e. times at
which a replacement is carried out on the system. For instance, in Figure 4.1, the
observed replacement indexes are (1 = 3 and ()2 = 6 and the replacement times are

TQ, = 73 and 1g, = T.

e Atg, represents the random duration of the ¢t life cycle of a system, such that
Arg, = 179, — 7Q, .- {ATQ,}e>1 are independent and identically distributed as the

random variable T'.
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Considering a semi-regenerative Markov process

The second approach consists in considering the evolution of the system degradation be-
tween two inspections. In fact, {Y(¢)}+>0 is a semi-regenerative Markov process taking
values in R, whose semi-regenerative instants are {7;};>0. Let (Y(T;))jzl = (Y});j>1 be
the embedded Markov chain taking values in R. After each replacement, degradation is
completely reset to zero and the following progression of the degradation is independent of
prior events. Likewise, after each repair, the degradation only advances based on the sys-
tem’s condition right after that specific maintenance time. Thus, between two repairs, the
studied model can be described by a semi-regenerative Markov process (or Markov renewal)

[20, 36, 21]. As a matter of fact, Vt € [0,7[, Vj >0,

(Y(t+ 7)|Yo = vo, ..., Y = y;) is similarly distributed as (Y (¢)|Y(0) = y;) indeed,
Y(t+7) =Y =Y(t+7) - Y(r)) = Xt +7;) — X5(r) = AX5(t)

Therefore, Y (t) is a semi-regenerative Markov process, and 7; represents its semi-regenerative
instants.

Let us notice that, as illustrated in Figure 4.2, degradation can decrease over some
time intervals due to the considered Wiener underlying processes. The consequences of
this property may not be immediately intuitive: Although p € [0, 1], degradation levels
after repair can be greater than degradation levels right before repair, meaning that Y(Tj_)
< Y(T;_). Despite maintenance assumption, Y(T;_) does not belong to [0, M[ since in
reality Y; € R. These properties arise because the maintenance effect Y (7,7) — Y(T]-Jr) =
p (XM(7;) — XM(7;_1)) can potentially increase the degradation (even if p € [0,1]) due to

the fact that the underlying Wiener process X is not necessarily increasing.
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Figure 4.2: Example of degradation, denoted as Y (¢) and its underlying Wiener processes
XU(t) and XM (t) over [0,71]. In this specific scenario, the degradation level before repair
is lower than the degradation level after repair

4.2.3 Maintenance cost assessment based on life cycles simulations

After both preventive and corrective replacements, the entire system is renewed, causing
the degradation level to reset to zero instantly after replacement. Consequently, a new life
cycle of the system begins. From practical point of view, it is reasonable to assume that
the regenerative period is finite, and then E[T] < +oo. Moreover, the maintenance cost
function (t — ¢(t)) defined in the previous section, is positive (all the cost coefficients are
positive), increasing (¢(0) = 0) and for any 0 < s <t, c(t) — c(s) = c(t — s).

Thus, according to the renewal theory [20], the long run average maintenance cost, or the

maintenance cost rate in loose terms, can be expressed as below.

Lo elt) _Ele(T)

theo ¢ E[T]

The stochastic behavior of the degradation over different life cycles are independent and
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identical. Then, the following expression holds true for all £ > 1, specifically when ¢ = 1.

EIE;[%)] :E[lT] (cr +cr) E[Q1 —1]
+ (e1 +cp) P( ?OUP [Y(S) <L)
s€|0,7q,
+ (er +co) P( ?Oup [Y(S) > L)+ cp Elrg, — So,] (4.2)
se TQq

where:

e E[Q1 — 1] is the expectation of the number of repairs within a life cycle. Given that
()1 represents the number of inspections within one cycle, and the last inspection is
followed by a replacement, it follows that ()1 — 1 repairs are carried out over one life
cycle.

e P( sup Y(s) < L)isthe probability that the system life cycle ends with a preventive

seE [O’TQl [
replacement.

e P( sup Y(s) > L) is the probability that the system life cycle concludes with a
s€[0,7q, [
corrective replacement.

e Elrg, —Sq,] is the expectation of the unavailability time over 7q,.

Determining an analytic expression of these probabilities and expectations proves to be
challenging due to their dependence on the stochastic variable Q1, representing the number
of inspections before replacement. Consequently, the expected cost will be assessed by
stochastic simulations of the realizations (i.e. Monte Carlo simulations) over multiple life
cycles. Let Ngy. be the predefined number of life cycles, chosen high enough to ensure
convergence in the frequencies of maintenances and replacements, such that,

Ncyc

e E[Q: — 1] is estimated by x'— > (Qr — Qe—1—1)
V=1
Ncyc
e P( sup Y(s) <L) isestimated by = > RY
s€[0,7, [ V=1
Ncyc
e P( sup Y(s)> L) isestimated by =— > RY
s€[0,7q, [ Y =1
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N(:yc
e E[rg, — Sg,] is estimated by Niyc K; (19, — Sq,)

NC c
e [E[T] is defined by ﬁyc ezyl (7 = 7Qi—1)

4.2.4 Maintenance cost assessment using semi-regenerative process prop-
erties

The long run average maintenance cost can also be written using the semi-regenerative
Markov property of the maintenance-based degradation process Y (), considering 7 as the
semi-regenerative period.

Let us assume that :
E[T?] < 400
E[e(T)] < +o0
E[Te(T)] < +o0
Too 15 the unique stationary probability for the Markov chain (Yj);>1

Given these assumptions and according to [20], the long run average maintenance cost

verifies
ti <0 _ Eale9) _ S ELIVO) = ity "

To solve this equation, two quantities need to be computed: the conditional expectation
E[e(T)|Y (0) = y] and the stationary distribution 7o (y). First, let us have a look on this

conditional expectation.

Analytic formulation of the conditional expectation expressed in the long run

average maintenance cost

As the degradation level over the interval [0,7] depends on the degradation level at time
zero and considering that Y can now be seen as a semi-regenerative Markov process, the
conditional expectation E[¢(T)|Y (0) = y| can be computed using the Equation (4.1) for

t=T.
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Consequently, the Equation (4.4) is deduced.

Ex[e(7)|Y (0) = y] =(cr + cr) p1(y,T) + (cr + cp) p2(y,T) + (c1 + cc) p3(y, 7) + cp qa(y, T)
(4.4)

where the quantities p1(y,T), p2(y,7), ps(y,T) and q4(y, T) refer to:

e pi(y,7) = E[Nr(T)|[Y(0) =y] =P | Y(7") <M, sup Y(s) <L |[Y(0) = y) is the
s€[0,7]
conditional probability of a repair occurring after 7

s€[0,7]
the conditional probability of a preventive replacement being carried out after 7

o p2(y, 7) =E[Np(P)Y(0) =y] =P (M <Y(77) <L, sup Y(s) <L |Y(0) = y) is

e p3(y,7) = E[Nc(T)|Y(0) = y] = ]P’( sup Y(s) > L|Y(0) = y) is the conditional
s€[0,7]
probability of a corrective replacement occurring after 7

e qu(y,7) = E[T — S1| Y(0) = y] where S, initially defined in Section 4.2, represents
the first time at which the degradation exceeds the corrective threshold L.

Then, the conditional expectation expressed in Equation (4.3) verifies

Proposition 4.2.1 The following proposition gives an analytic expression of the quantities

involved in Equation (4.4).

. pi(y.7) = [¢<M —y —us?) exp <2us(L2— y)>q><M—y — pusT —2(L —y)ﬂ 1iyery

 osVE % osVT
o 2y, 7T) = [q) <L _UZ\_/;S?E — exp (2”5%%_ y)><1>(_(L ;Sy\)f; MSj')
(T o (2
° p3(y,7) = [(P(W) + <I>< - W) exp <2MS(UL§_y)>] Liy<ry + Liy>ry
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o qu(y,7) = K?— Ll;y)@(“ﬁ;si%_ y)>

~ L-y us?+L—y> <2us(L—y)>] ~
+| 7+ b ex 1 71
( s ) < osVT P 0% <y T Thiy>1}

where ® represents the cumulative distribution function (CDF) of a standard Gaussian

distribution.

Proof 4.2.1 First, let us note that if Y(0) > L then sup Y(s) > L and consequently
s€[0,7]

p1(y,7) = p2(y,7) = 0, p3(y,7) = 1 and qu(y,7) = 7. Therefore, in the following proof
only the case where y < L is considered. Additionally, using the semi-regenerative Markov

model, let us recall that the evolution of the degradation level, ¥ s € [0, T[, verifies

And in particular, since (Y (77)|Y(0) = 0) follows a Gaussian N (usT,0%7), then, for
y<1L,

P (5,7) :p(w—) <M, sup Y(s) <L |Y(0) = y) - P(Axsm <M—y sup AXS(s)<L- y)
s€[0,7] s€[0,7]

M—
:/ y]P’( sup AX9(s) < L—y | AX(F) = x) faxse)(z)de

—o0 s€[0,7]
According to lemma 1.17 in [52] p. 34,

JP’( sup AX®(s) > L—y | AXS(F) :x> =
s€[0,7]

1 fx>L—y
(_Q(L—yﬂ#—ﬂc))

27 alternatively

exp

Therefore,
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M-y
o [ e (- (s AL - L -y - ) o

S

Let us remark that (x — ps7T)? +4(L —y)(L —y — z) = (z— psT—2(L - y))2 —4usT(L —y) then,

p1(y; 7) =®<W> — exp <2”5<L2_ y)><p<M —Y- gif; 2(L — y))

95
This expression of p1(y,T) remains true for M = L and can be directly used to obtain the
following expression of pa(y,T)
It follows that

p2(y,7) —IP’<M —y<AXS(F) < L-y, sup AX9(s)—y< L_y>

—P (L —U;L;\—/;S?> : exp (2MS(§;0;[)<D<(L ;Sy\)[; MS?)~
N

In Kahle et al.’s book [52], it has been demonstrated that the first time when degradation ex-
ceeds a critical threshold, follows an inverse-Gaussian distribution for a univariate Wiener-
based process. Therefore, based on Kahle et al.’s proof [52] and the provided formulation of
the cumulative distribution function of the first hitting time page 18, ps(y,T) verifies

p3(y,7) =P ( sup AX(s) > L — y) =P (inf{s > 0|AX5(s) > L —y} < 7)
s€[0,7]

:@<us7g—si%— y)) N q)< B us?:si%— y)> exp (QMS%_ y))
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Let us notice that when M is equal to L, it satisfies p3(y,T) = 1—p1(y, T), meaning that when
the system does not undergo preventive replacement, then it is either repaired or correctively
replaced after an inspection.

Finally,

;
qa(y,7) =E [T —t| Y(0) = y] = /0 (T = t) fintgs>0ja x5 (5)> Ly} ()l
where fingrs>0|ax5(s)y>L—y} (t) T€presents the PDF of an inverse-Gaussian distribution since

it refers to the first passage time of a Wiener process with drift. An expression of this PDF
can be found in Kahle et al. [52], p. 16, and then,

T L— L —y— pst)?
%@ﬁﬁz/ (Fo )Y e (= LY SOy gy 5 gy with
0

271'0% 3 205t
T L-— L —y— pgt)?
Il— 7yexp _( yQILLS))dt
0 \/2770% t3 205t
L —y— pgt)?
I — / e O e il i P
0 \/271'0 t 205t

I and I can be computed using the following trick. First, let us notice that (L—y—pugt)? =
(L —y+pst)? —4(L —y)ust. Then, Iy can be expressed as the difference between two other
integrals I, and I, such that

L-y (L —y— pst)?
I, —l— exp( — —=—=——)dt
7 | G e ()
ps  L—y 2(L — y)us (L —y + pst)®
Iy =—— —(—= — exp (——=22)exp ( — ——F—5—2"-)dt
b \/27T/0 205 "\t Vi3 ) p( U% ) p( 20%15 )
Afterwards, the following changes of variable u = %\L[) and v = % can respec-
L L
tiwely be applied to I, and Iy, such that du = —(“7 + f)dt, dv = —(’\‘7 f)dt

and since L —y >0,
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2(L — y)us / 57 1 ( u2>
Iy =ex e exX —— | dv
b =exp ( 2 ) e i A )

— exp (2(L —Qy)us)q)(ius? + (L =),
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Finally, since I = %([a + 1),

L e e e e e G A

Stationary distribution of the embedded Markov process

2us(L —y)

2
Og

To analytically compute the long run average maintenance cost of Equation (4.3), only the

expression of the stationary distribution 7 of the Markov chain {Y}};>0 is now missing.

Let 7(.|.) denotes the transition probability associated with the distribution of Y1 given Y},

which does not depend on j thanks to the homogeneous Markov property. This distribution

is globally continuous and can be characterized by a PDF, but it also includes a Dirac mass

in 0 which refers to the probability for the next inspection to lead to a replacement. Let

Iy | Ri=0, v (0)=y(7) be the conditional PDF of degradation levels after maintenance, given

that the maintenance action is a repair, and dp(x) the Dirac mass in 0. Then,

m(z|y) ZfYHl|Y]~($) = le\Y(O)zy(m)

—P(Y() <M, sup Y(5) S L1Y(0) =) fy | mi vio=(o)
se|0,7

+

s€[0,7] s€[0,7[

=p1(4,T) fvi | Ri=0,y(0)=y(Z) + (P2(y,7) + p3(y,T)) do(x)
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Obtaining the analytic expression of the stationary distribution requires to solve the sta-

tionary equation,

Tool) = /R r(2ly) Too(y)dy (4.7)

Let us notice that this integral is defined over R, because, as mentioned at the end of Sec-
tion 4.2.2, degradation level right after repair can actually be greater than the degradation
level right before repair (Figure 4.2). In that case, the degradation level after repair can
potentially exceed L, such that Y(7,7) <M < L < Y(Tj*).

Solving the stationary equation presents a significant challenge. Volterra methods, as sug-
gested in previous works [7, 111, 47|, offer a numerical approach to obtain it. However,
expressing the transition probability density function analytically is a complex task. In
addition, solving the stationary equation is not sufficient for computing the conditional
expectation of the cost over a stationary semi-regenerative cycle. In fact, the integral
presented in Equation (4.3) also needs to be computed. Hence, our approach suggests
estimating the cost and the stationary distribution through stochastic simulations of the

degradation between inspections, following a Monte Carlo approach.

Estimation of the maintenance cost rate based on simulations of the degradation

over inspection intervals

Let us keep in mind that the quantity Elc(7)|Y (0) = ] = ¢(vi), developed in Equa-
tion (4.4), is analytically expressed in Proposition 4.2.1. Afterwards, we suggest to estimate
E,[c(T)], the expected cost, over a stationary semi-regenerative cycle using simulations of
the degradation.

Let (Y}); >0 represent the sample of the first degradation levels right after repair or replace-
ment, collecting from simulated degradation on one trajectory. In general, to obtain a nearly
i.i.d. sample following the distribution 7, one typically considers the values {Yjn};>1
where N is chosen big enough to ensure independence. However, this approach signifi-
cantly increases the number of required simulations and is time-consuming. Therefore, to
simplify the procedure, we set N =1 and j € {1,...,5000}. Considering jmqz = 5000 post-
repair degradation levels effectively reduce the impact of their successive inter-dependence,
and ensure convergence towards the stationary distribution: As depicted in Figure A.1, the
empirical stationary distributions do not visually evolve when considering more degradation

levels. Then, as depicted in Figure A.2, adjusting N to 1 does not impact the estimations
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of the cost. Let us also note that the minimal number of considered degradation levels
to ensure convergence towards the stationary distribution, depends on the model parame-
ters, on the chosen inter-inspection period and on the values of the degradation thresholds.
However, considering 5000 degradation values appears to be widely enough to ensure con-
vergence for any model parameters and decision variables (M and 7). Thus, E[¢(7)] is
estimated by ﬁ 2?2010 9(Yj).

In order to illustrate the behavior of the stationary distribution 7, each histogram
presented in Figure 4.3 represent the 5000 first observations of {Y;}i<j<s000 for different
values of M and 7. Figure 4.3 shows histograms of the empirical stationary distribution,
each coming from one simulated degradation trajectory for different values of the decision
variables M and 7. From now and for the following numerical experiments, the corrective
replacement threshold L is set at 1000. Within each histogram, 5000 values correspond-
ing to degradation levels after maintenance or replacements are displayed. For instance,
the Figure 4.4 illustrates an example of a simulated degradation trajectory over eight life
cycles. The black dots represent the degradation levels defining the empirical stationary
distribution. In these examples the corrective replacement L threshold is set at 1000. These
histograms are intentionally depicted in counts rather than in frequencies, allowing a direct
observation of the number of replacements and repairs in the distribution. For either 7 = 10
or 7 = 30, when M increases and gets closer to L, the weight of the Dirac mass at zero
decreases, which corresponds to a decrease in the number of replacements. As the value
of M rises, there is an increase in the number of repairs and a decrease in the number of
replacements when 7 = 10 within the interval [0, 50000], or when 7 = 30 within the interval
[0,150000]. In addition, with an increase in M , the potential value of Y; also rises, as
preventive replacements occur only when Y(T;) > M. Alternatively, the life cycles of sys-
tems lengthen since it requires more time for degradation to exceed M. This phenomenon
corresponds to an increase in the number of repairs and then to a larger dispersion in the

empirical stationary distribution.
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Figure 4.3: Examples of simulated stationary distributions s, constructed with simulated
post-repair degradation levels (Y});>1 and according to various values of 7 and M, based on
the next parameters: puy =7, puy = 10, 0(2] =400, o3, = 600, 1y = 0.7, p =1, L = 1000

750

Degradation
S

g

-200+

Figure 4.4: Example of a simulated degradation trajectory over eight life cycles, when
7 =10 and M = 600
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Figure 4.5: Flowchart illustrating the different possible methods employed in assessing or

computing the long run average maintenance cost.



4.2.5 Comparison of the two methods

Figure 4.5 outlines the distinction between the two simulation methods employed for as-
sessing the analytic cost. The purely simulation-based method is described only by numer-
ical simulations of the renewal cycles, whereas the hybrid method uses both the analytic
expressions presented in the conditional expectation under the stationary measure in Equa-
tion (4.4) and simulation of the stationary distribution. A third method is suggested, based
on analytic expressions of both the stationary distribution and the quantities mentioned in
Equation (4.4). Yet, as previously mentioned, due to the apparent complexity in obtaining
the analytic expression of the stationary distribution, this last method has not been taken
into account in the cost assessment presented in this chapter.

In Figure 4.8, the maintenance cost rate is assessed using both the purely simulation-
based method and the hybrid method. The solid lines depict the purely simulation-based
method, while the dashed lines represent the hybrid method. Each line illustrates the
long run average maintenance cost for different values of the preventive threshold. The
cost rates obtained with the purely simulation-based method are estimated using simulated
degradation trajectories over 5000 system life cycles based on the following parameters:
po =7, uy = 10, o = 400, o3, = 600, ryp = 0.7, p = 1, ¢t = 12, ¢;p = 50,
crc = 100, ¢cp = 50. As illustrated in Figure A.3, 5000 cycles seem largely sufficient to
guarantee the convergence of the assessed cost rate for different values of 7 and M and
for a specific set of model parameters. Let us keep in mind that different sets of model
parameters may alter the convergence results. Yet, the deliberate choice if 5000 life cycles
is intended to ensure convergence for all sets of model parameters studied in the following
numerical experiments. For each method, and considering the chosen theoretical values of
the parameters, the degradation trajectories are simulated using different time steps : 0.01,
0.1 and 1.

At a time step of 0.01, the purely simulation-based method aligns with the hybrid
method, as the estimated cost values are highly similar. When the time step equals 1, the
estimations of the cost loose precision for both methods. Specifically, the hybrid method
shows less precision when the preventive threshold approaches the corrective threshold
(when M > 900), and the maintenance cost rate values are further from the cost values
with a time step at 0.01. Alternatively, with an increase in the preventive threshold M, the
purely simulation-based method tends to underestimate cost values. Let us note that, for

this method, when the step is set at 1, a few failures occur precisely at the maintenance
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time. For example, using the same degradation trajectory with a time step of 1 depicted in
this figure, when M = L, 237 failures out of 5000 occur exactly at the maintenance time.
Although in theory and as well as in practice, this situation has no chance to happen, it
can occur when using simulations based on a large time step. As mentioned earlier, in this
specific case, preventive replacements are carried out.

Furthermore, as the time step rises, there is reduced information about the degradation,
leading to fewer chances to detect a failure (Figure 4.6) or detect it later (Figure 4.7). For
these reasons, compared to a smaller time step method, preventive replacements or repairs
are favored over corrective ones and the potential unavailability time is shortened. Since the
cost coefficients for preventive replacement are lower than those for corrective ones, these
remarks explain why the purely simulation-based method with a time step of 1 results in
underestimated cost values. Nevertheless, when time steps are set at 0.1 and 0.01, all the

failures occur between maintenance times.

Mﬂ;miafv'w ;
dﬁwdw{/m /\ /“)J
7N
P o R .
l/ \\\.\ ’
g /
- w,?co{ n
~ hinalated. degfolin antmnls
P -~ o diffrot b -
-~ honuloled dippadation ncamnls — =00}
v difunt fine sty ——— P02
_ F.f?lp/ ‘-—__.F:dl
. ol
- /: 9oL
Tl
L
\ \ S
p=A (kime 4¢g) Fime F: us (/{’W jf/)

F

Figure 4.6: Example of degradation incre- Figure 4.7: Example of degradation incre-

ments simulated over different time steps, ments simulated over different time steps,

resp. p = {0.01,0.1,1}. In this scenario, resp. p = {0.01,0.1,1}. In this scenario,

when p = 1, failure is not even detected, in when p = 1, failure is identified at the exact

contrast to the smaller considered time steps. maintenance time, i.e. later compared to the
smaller considered time steps.
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On the other hand, for a reasonable value of the preventive replacement threshold
(M < 900), the hybrid method keeps precision regardless of the chosen time step, in
contrast to the purely simulation-based method with time steps set at 0.1 and 1. Indeed,
for the hybrid method, the resulting estimated cost values are closer from those obtained
with a smaller time step. Additionally, the same comparative analyses, using the same
model parameters and cost coefficients, have been conducted employing different values for
the inspection period 7, as presented in Figure A.4 and Figure A.5. In these figures, due to
simulation time constraints, two time steps instead of three are depicted, 0.1 and 1. Once
again, when 7 = 10 and 7 = 40 and for a reasonable value of M, the hybrid methods
are aligning and maintain precision no matter the time step. Moreover, using the hybrid
method over bigger time steps is less time-consuming than the purely simulation-based
method with very small time steps. Therefore, it appears more accurate to use the hybrid

method for the following cost assessments.
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Figure 4.8: The long run average maintenance cost as a function of the preventive replace-
ment threshold M for 7 = 20. Two different methods are employed: one involves a purely
simulation-based method (solid lines), considering a regenerative process over one life cycle,
while the other is the hybrid method that combines analytic expressions and simulations,
considering a semi-regenerative process between two inspections (dashed lines)



4.3 Numerical experiments

For the following numerical experiments, the maintenance cost rate is assessed using the
hybrid method. The number of degradation levels used to simulate the empirical stationary
distribution is always greater than or equal to the number of replacements (or the number
of life cycles). As previously mentioned, 5000 post-repair degradation levels seem to be a
reasonable number to ensure convergence of the cost rate using different values of 7 and M,
Figure A.2. Then, to obtain the long run average maintenance cost considering different
values of 7 and M, all the degradation trajectories, as the one presented in Figure 4.1, are
simulated over N¢y. = 5000 life cycles (corresponding to 5000 replacements).

As shown in Figure 4.8, the hybrid method enables the simulation of degradation incre-
ments over larger time steps, especially for values of M distant enough from the corrective
threshold. Indeed, in this situation, the evaluation of cost rates is not impacted by the
time step, and the computational time is largely reduced. Hence, in this section, the hybrid
method is employed and each degradation increment is simulated over a time interval set
at 1 time unit. To obtain the asymptotic cost per time unit, a degradation trajectory, as
the one presented in Figure 4.1, is simulated over Ny = 5000 life cycles, corresponding
to 5000 replacements. As previously mentioned, 5000 life cycles seem to be a reasonable
number to ensure convergence of the cost rate using different values of 7 and M, Fig-
ure A.3. Furthermore, this approach is also used with different values of 7 and M in order
to evaluate the optimal maintenance policy (7%, M*) by minimizing the cost rate. For the
computation of the cost rates, 7 € [2.5 ; 50] and its values are discretized every 2.5 time
unit. M € [100 ; 900] and its values are discretized every 25 degradation unit. Let us
note that optimizing the maintenance policy for the given decision variables is very time-
consuming. Naturally, a finer discretization and more considered cost rates and coefficients
will provide more accurate results. For the following experiments, it is reasonably assumed
that 0 < ¢; < cp < ¢cp < co + ¢p. From now on, to simplify notations, as inspections are
necessarily followed by either a repair or a replacement, we note c;gr = ¢y +cg, crp = cr+cp

and cjo = ¢r + co.
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Figure 4.9: Surface long run average maintenance cost rates as a function of the inter-
inspection time 7 and the preventive threshold M, computed with a corrective threshold
equal to 1000 and the following cost coefficients: ¢;p = 12, ¢;p = 50, cjo = 100, ¢p = 200
and the set of parameters presented in Situation 1, Table 4.1.

In Figure 4.9, 5000 cycles are simulated for each value of 7 and M and the maintenance
cost rates are computed with the hybrid method. For the given cost coefficients and model
parameters, the optimal policy, i.e. for which the maintenance cost rate is minimal, is
(7%, M™) = (17.5,525).

4.3.1 Cost assessment and optimization

In this section, the long run average maintenance cost is computed using the hybrid method
according to the decision variables 7 the inspection period, and M the preventive replace-
ment threshold. 7% and M*, the optimal values of 7 and M which minimized the long run
average maintenance cost presented in Equation (4.3), are analyzed taking into account
different specific cost coefficients and model parameters. Let us also keep in mind than the
chosen value for the corrective replacement threshold remains L = 1000 for all the following
numerical experiments. Consequently, all optimal maintenance policies should be evaluated

with respect to this corrective threshold.
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Table 4.1: Parameters employed in simulating degradation trajectories

parameters 9 9
. . Hu | UM | O | Onp | TUM P
Situation

10 | 400 | 600 | 0.7 1
10 | 400 | 600 | 0.1 1
30 | 400 | 600 | 0.7 1
10 | 400 | 600 | 0.7 | 0.1

=W N =
|~~~

Different situations are considered in Table 4.1 in order to assess the possible influence
of the model parameters on the optimal maintenance policy. Thus, in each situation,
simulated degradation trajectories are based on a specific set of model parameters. On the
one hand, the following section analyze the effect of the predefined cost coefficients ¢;p and
cost rate cp on the optimal policy. On the other hand, this section also studies the impact
of the drift of the maintained process ™, the correlation coefficient ryj; between the two
underlying Wiener processes X™ and XU, and the repair efficiency parameter p on the

optimal maintenance policy.

4.3.2 Influence of the preventive replacement cost coefficient and the
unavailability cost rate

To assess the potential influence of the given costs coefficients, multiple values of both
preventive cost coefficients and unavailability cost rates are examined. The long run average

maintenance cost is computed as a function of these cost coefficients.

Influence of the preventive replacement cost

To evaluate the impact of the preventive replacement cost, the maintenance cost rate is
calculated using the hybrid method and for the following preventive cost coefficients: ¢;p =
{12,25,50,100,150}. In order to respect the previously mentioned assumption 0 < ¢y <
cr < cp < co+cp, the other cost coefficients are set at c;g = 12, ¢j¢ = 100 and c¢p = 50,
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Figure 4.10: Optimal values of 7 and M considering different preventive cost coefficients
(crp)

For reasonable values of 7 and M, over the system life cycle, trade-offs exist between
the number of repairs, the preventive threshold M and the length of the inter-inspection
time 7 (Equation (4.3)). As the preventive threshold M approaches the corrective thresh-
old L, the number of failures tends to increase. This phenomenon also contributes to an
increase in the number of repairs and an extension of the life cycle. Moreover, for a given
preventive threshold M, a decrease in the value of T rises the number of repairs, lengthens
the life cycle and preventive replacements are more likely to be performed than corrective
ones. Furthermore, a too small value of 7* would result in an excessive number of repairs,
potentially leading to a high maintenance cost. Similarly, too long inter-inspection periods
tend to favor failures, shorten system life cycles and elevate the cost (Equation (4.2)).

In Figure 4.10, for each situation, the following observations and possible explanations

arise:

e As preventive cost coefficients rise, an increase in the optimal preventive threshold

results in a decrease in the optimal inter-inspection time.

In general, an increase in the preventive cost coefficients tends to slightly favor cor-
rective replacements over preventive replacements. Here, as cyp rises, a higher value
of the preventive threshold and a lower value of the inter-inspection time, minimize
the maintenance cost rate. In this situation, more repairs over a system life cycle, as
well as more corrective replacements (over the 5000 initially simulated ) are observed

on the degradation trajectories.
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e When c;p > 50, the optimal inter-inspection time stabilize for the first three situations
and a more moderate increase is observed in the optimal values of M. Specifically, in
situations 2 and 3, when ¢;p > 100, the values of 7 no longer decrease, while values

of M* slightly increase.

Based on the observation of the degradation trajectories, this case results in more

repairs over a life cycle and extended durations of life cycles.

This trend can explain the convergence of optimal values for M towards the corrective
threshold L in all situations. Opting for a higher rigk of failure is favored in order to
manage the maintenance cost rate. There also can be economic benefits in accepting
a higher risk of failure rather than performing unnecessary or prematurely scheduled

preventive replacements.

e When the preventive replacement cost coefficient is equal to the failure cost coefficient
crp = cro + ¢p = 150, 7" € [10,20] and M* > 700 for all situations. Let us remark
that, in that case, the type of replacement no longer affects the maintenance cost
rate, allowing more failures and corrective replacements. Only the number of repairs
and the length of 7 influence the cost. This can also explain why the values of M
approaches the corrective threshold L when ¢;p = 150 (examples of these degradation

cycles are presented in Appendix Figures A.8 and A.9).

e When the preventive cost coefficient is equal to the repair cost coefficient (c;p =
crp = 12), the optimal preventive threshold is minimal. Based on the observation
of the simulated degradation trajectories, these preventive replacements are always
prioritized over corrective ones and the number of repairs strongly decreases even

though life cycles are shortened, Appendix Figures A.6 and A.7.

Influence of the unavailability cost rate after failure

The impact of the unavailability cost rate ¢p is also studied with values set at {12, 20, 50, 100, 150, 200}.
For each of these values, to respect the assumption regarding the order of the maintenance

cost coeflicients, the other cost coefficients are set at c;g = 12, ¢;p = 50 and cj¢ = 100.
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Figure 4.11: Optimal values of 7 and M considering different unavailability cost rates (c¢p)

e In Figure 4.11, in contrast to Figure 4.10, the optimal values of M show less variability
for all the situations. In the first three situations, as the unavailability cost rate rises,

both 7% and M* remain approximately at the same moderate level.

Therefore, for these model parameters and for the other considered cost coefficients,
the unavailability cost rate does not seem to impact the optimal policy (7%, M*) that

much.

It is worth noticing that, given the chosen cost coefficients (c;jg = 12, ¢;p = 50
and c;c = 100), a corrective replacements will always be more expensive than a
preventive one, regardless of the unavailability cost coefficient. This explains the

limited variability in the resulting optimal policies.

e In the initial three situations, in contrast to Figure 4.10, a slight reduction in 7x
corresponds to a marginal reduction in M x.
e For all situations,when cp > 150, the optimal values of 7 and M stabilize.

Sufficiently low values of both 7" and M* tend to avoid failures. Prioritizing preventive
replacements appears more suitable to minimize the risk of costly failures, Appendix
Figure A.11.

e In the first three situations, when the unavailability cost rate is sufficiently low, M*

and 7" are slightly higher.
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In that situation, a failure is less costly. Then, for these optimal policies, failures are

slightly more susceptible to occur, Appendix Figure A.10.

e Similar to Figure 4.10, in situation 4, the lower the 7%, the higher M*. As unavail-
ability cost rate rises, the optimal inter-inspection significantly decreases, while the
optimal preventive threshold sees only a slight increase, leading to favor preventive

replacement.

Situation 4 refers to a low repair efficiency parameter leading to an acceleration of the
degradation. Thus, as the unavailability cost rises, a strong reduction in the inter-
inspection period is more inclined to efficiently control the degradation and avoid too
costly failures. Meanwhile, a slight increase in the optimal preventive threshold can

lengthen the duration of life cycles, reducing maintenance cost rates.

4.3.3 Influence of the model parameters

To identify potential effects of model parameters on the optimal maintenance policy, one can

observe how the curves behave relative to each other in both Figure 4.10 and Figure 4.11.

Influence of the correlation parameter, ry

Situations 1 and 2 show similar behaviors of the curves. For the optimal M, these curves are
generally located between situation 3 and 4. Indeed in these first two situations, between
two repairs, degradation increases less than in situation 3 but equally to situation 4 and
maintenance effects are less pronounced than in situation 3 but more effective than in
situation 4.

Since the first two situations lead to a similar behavior of the curves, the coefficient
correlation ri7); between the two underlying processes XY and XM in the model, appears

to have minimal impact on the maintenance cost rate.

Influence of the drift of the maintained process, s

In situation 3, compared to the other situations, more extreme maintenance policies arise.
Optimal inter-inspection periods 7" are always lower, and optimal preventive replacement
thresholds M™* are always greater.

As only process XM is affected by repairs, a higher value of the second process drift

(par) results in a more pronounced maintenance effect. Let us note that in the first three
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situations, as p = 1, degradation level after repair remains X U(Tj). However, over the inter-
inspection interval 7, degradation accelerates when the drift value is higher. Consequently,
in this situation, there are higher risks of failures and shorter life cycles.

As degradation accelerated over the inter-inspection period, a lower value of 7* seems
necessary to avoid too costly failures. Meanwhile, a greater value of M™* is more likely to

favor multiple repairs and lengthen life cycles.

Influence of the repair efficiency parameter, p

Compared to the other situations, situation 4 shows greater variability in its optimal poli-
cies.

Compared to situation 3, when c¢yp < 100 and for all the given values of c¢p, a higher
value of 7* and lower value of M™* are obtained. In this situation, repairs are almost
ineffective, leading to an acceleration of the degradation. Then, for a moderate value of
the preventive cost coefficient, performing multiple repairs over a cycle is not economically
interesting as increasing their frequency has no significant impact on degradation but does
increase the cost. It appears more interesting to reduce their frequency until a replacement
is scheduled.

Yet, as the preventive cost coefficient becomes excessively high, 7* clearly decreases
while M* strongly increases. Even though maintenances are not very effective in this
situation, their impact on the degradation over a life cycle seems to become significant
when performed a sufficient amount of time. It appears necessary to significantly increase
the number of repairs to avoid premature preventive replacements.

Let us also notice that optimal value of 7 is a non-monotonically function of the pre-
ventive cost coefficient. Indeed, the maximal value of 7* is obtained for c¢;p = 25. When
crp is sufficiently low (crp < 25), 7* tends to slightly decrease and M* is minimal favoring

preventive replacements over corrective ones.

4.4 Overview of a post-repair inspection/replacement policy

From now on, different inspection assumptions are considered. Degradation levels are as-
sumed to be inspected right after repairs and replacements. Compared to the previous
inspection policy, inspecting right after repairs, a policy already considered in practice, can
offer further insights into the repair effect. For instance, in Chapter 2, observing degra-

dation levels after repairs provides effective parameter assessments, even with a limited
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number of observations. In addition, in the case of an optimal repair (p = 1), post-repairs
inspections provide information about the degradation level of the unmaintained compo-
nent, since Y(T;r) = XU(7;), at the repair time. On the other hand, for this new inspection
policy, the degradation level might exceed M before a repair and drop below this preventive
threshold right after performing the repair. Then, considering this new inspection policy
might significantly impact the optimal maintenance policy (7, M*).

Nevertheless, under this inspection policy, the analytic writing of the long run average
maintenance cost appears to be much more complicated to obtain, even partially. Then,
this section introduces the new considered maintenance assumptions and proceeds directly

to numerical experiments using the purely simulation-based method.

4.4.1 Maintenance assumptions

As previously, the system undergoes inspections, repairs, preventive and corrective replace-
ments. Repairs are performed periodically and degradation levels are only observed right

after every repair. V j > 1, over [1j_1, 7;[, the following rules apply:

If there exists a time t € [1;_1,7;[ such that Y(t) > L, then a failure occurs when
degradation first exceeds the threshold L over the interval [r;_1, 7;[, leading to tem-
porary unavailability which incurs a cost. The whole system undergoes a corrective
replacement at the next maintenance time 7;, such that Y(T;r) = 0. No inspection
is carried out in this situation. If degradation does not exceed the threshold L over
[Tj—1, Tj[, then either a repair alone or a repair followed by a preventive replacement

is performed at time 7; according to the following rules.

If Y(’T;r) < M after the repair, the system do not necessitate any further interventions

and is left unchanged.

If M < Y(T;r) < L, a preventive replacement is performed right after the repair, such
that Y(T;r) = 0. Let us notice that, if a failure occurs at the scheduled maintenance
time (which is a zero probability event), no unavailability time is considered, and a

preventive maintenance is performed.

For this policy, maintenance assumptions are slightly different: when the observed degra-
dation level right after repair is between M and L, then a preventive as-good-as-new re-

placement is instantaneously performed on the entire system. In that specific situation, two
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maintenance actions are simultaneously performed on the system. Therefore, every preven-
tive replacement necessarily involves one inspection and one repair at the same maintenance
time. In addition, compared to the previous inspection policy, failures are self-declared and

corrective replacements do not involve any inspections. Figure 4.12.
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Figure 4.12: Degradation trajectory Y (¢) as a function of time

4.4.2 Cost optimization and numerical experiments

Previously, as presented in Equation (4.3), a semi-regenerative Markov process is considered
to evaluate the long run average maintenance cost under the stationary measure, with the

aim of writing a fully or partially analytic cost expression. However, the introduction of this

[c(D)]

new inspection scheme has increased the complexity of the analytic cost assessment E’T?
between two inspections. As previously, the cost involves calculating various quantities, in-
cluding P ( Y (7;7) < M, sup Y(s) <L |Y;" = y> P (M <Y(r, sup Y(s) <L | Y, = y)
s€[0,7] s€[0,7]
IP( Sl[z)pTY(S) > L|Yj+_1 = y) and the conditional expectation of the unavailability time. In
se|0,7
these probabilities, Y(Tj_), defined as Y(T;r) = XY(7;) (when repairs are assumed to be
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optimal, i.e. p = 1), represents the degradation level immediately after repairs and before
any potential preventive replacements. Between two repairs, degradation evolves according
to the process X, such that Y(s) = X°(s). Consequently, the assessment of the cost
involves two dependent processes, XU and X°, significantly complicating its evaluation.
Thus, in this section, the long run average maintenance cost presented in Equation (4.2), is
only numerically assessed, using the purely stochastic simulation-based method over regen-
erative periods. As outlined in the previous pre-inspection policy, degradation trajectories
are simulated based on successive degradation increments over small time steps (increments
are simulated every 0.1 time unit). All the degradation trajectories are simulated over Ncy.
life cycles. Optimal policies are determined by minimizing the long run average maintenance
cost according to the same discretized values of 7 and M presented previously.

As mentioned earlier, compared to the previous inspection policy, for a given inter-inspection
time and preventive threshold, an inspected degradation level can exceed M before a repair
and drop below M right after the repair. This scenario tends to increase the number of
repairs over one life cycle. In general, for moderate values of 7 and M, it also leads to a
higher risk of failure. This is why, in the following numerical experiments, the optimal pre-
ventive threshold is lower than the one obtained in the previous inspection policy, avoiding

either too many repairs or too many failures.

Figure 4.13: Surface long run average maintenance cost rates as a function of the inter-
inspection time 7 and the preventive threshold M, considering post-repair inspections. Cost
coefficients include ¢y 4+ cr = 12, ¢; +cp = 50, ¢ = 100, ¢p = 200, with model parameters
specified in Situation 1, Table 4.1
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Figure 4.13 gives an example of an optimal policy given the same specific cost coefficients
and model parameters as Figure 4.9 previously. In Figure 4.13, the optimal decision vari-
ables, 7% = 20 and M* = 325, are optimized using Monte Carlo simulations composed of
successive small degradation increments, each one generated over 0.1 time unit. The whole
degradation trajectory is simulated over Ny = 5000 cycles. Compared to Figure 4.9 where
7" = 17.5 and M™* = 525, the optimal 7 does not really change, whereas M™* significantly
decreases. In this scenario, preventive replacements are favored, avoiding expensive failures

and corrective replacements.

Influence of the preventive replacement cost

900
304 800
o 700
Situation
T = 600 "
1S 1 IS
= 204 =
=3 2 ‘8. 5004
g o
= 3
8 = 4004
4
10 300+ //
2004 7
100
12 25 50 100 150 12 25 50 100 150
preventive replacement cost preventive replacement cost

Figure 4.14: Optimal values of 7 and M considering different preventive cost coefficients

In Figure 4.14, for all situations, the optimal inter-inspection time decreases as the preven-
tive replacement cost coefficient rises. When the cost coefficient exceeds 100, the optimal
inter-inspection time tends to stabilize at a certain optimal value. Meanwhile, M™* increases
as the cost coefficient rises.

Compared to the previous optimal policies outlined in Figure 4.10, the curves for 7 show
similar trends, while M™ are generally lower for all situations. As expected, when ¢;p > 25,
the optimal values of M are notably lower compared to the values of M* in the inspection
assumptions previously considered, potentially avoiding an excessive number of repairs and
failures. On the other hand, when c¢;p = cyr = 12, the optimal values of M are slightly
higher. In this case, prioritizing both repairs and preventive replacements over corrective

replacements becomes economically interesting. However, setting the preventive threshold
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too low may result in an excessive frequency of preventive replacements, thereby shortening
life cycles and elevating the maintenance cost rate. Let us also note that, compared to the
pre-inspection policy, the optimal policies show less sensitivity to changes in the preventive

cost coeflicient, as there is reduced variability in the obtained optimal policies.

Influence of the unavailability cost rate
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Figure 4.15: Optimal values of 7 and M considering different preventive cost coefficients

In Figure 4.15, there is minimal variability among the optimal values of the decision vari-
ables. Specifically, the optimal values of M* show marginal variation.

Just as in Figure 4.14, compared to the pre-repair inspection policy, the optimal values
of T are very similar, whereas the optimal values of M are strongly reduced. However, the
optimal values of 7 tend to stabilize earlier than in the previous inspection policy (here the
same 7" is observed when c¢p > 100 for the first three situations). As mentioned in the
previous section, here again, failures involve two cost rates: the corrective and the unavail-
ability cost rate. The chosen cost coeflicients are set such that c;o = 100, ¢;p = 50, ¢y = 12.
Thus, regardless the chosen cost rate coefficient associated with the unavailability of the
system, failures will always incur higher costs than preventive replacements. Therefore,
given the chosen cost coefficients, the unavailability cost rate does not have a significant

impact on the optimal policy (7, M*).
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4.4.3 Influence of the parameters

Similarly to the previous inspection policy, the impact of the model parameters can be

studied by comparing the resulting optimal policies with each other.

e In both Figure 4.14 and Figure 4.15, for a given value of the preventive cost coefficient
and unavailability cost rate, the optimal values of M are highly similar between the
first three situations. Consequently, the considered model parameters (ups, roar) do
not show a notable influence on the optimal values of the preventive replacement
threshold.

e Just as in the pre-repair inspection policy, the optimal policies in situations 1 and 2
are very similar, indicating that the coefficient correlation between the two underlying

Wiener processes XUV and XM, does not significantly impact the optimal policy.

e In situations 1 and 3, values of M* are highly similar and values of 7* follow the same
trend in both Figure 4.14 and Figure 4.15. Let us remark that the first three situations
where p = 1, the inspected degradation level after repair corresponds to Y(T;r) =
Xu(7j). Then, as pps is not considered in the post-repair inspected degradation, the
inspected degradation levels are equivalent in situations 1 and 3. The only distinction
in the optimal policy between these two situations comes from the evolution of the
degradation between the inspections. Between two inspections, degradation is higher
in situation 3. Then, for the considered values of 7 and M, more failures are likely
to occur in this situation, leading to a slightly different maintenance policy. Indeed,

different values of 7* are observed between these two situations.

e In situation 3, the observed values of M* are much lower compared to the pre-repair
inspection policy (Figure 4.10, Figure 4.11). This difference comes from the fact
that in the pre-repair inspection policy, the inspected degradation levels are much
higher, Y(Tj*) = XY(r;) + XM (1), whereas, in the post-repair inspection policy,
inspected degradation levels are given by Y(TJTIr ) = XY (7). Necessarily, these different

inspection values significantly alters the optimal policy.

e In situation 4, optimal values of 7 and M are quite similar, whether degradation levels
are inspected before or after repairs. In this situation, with p = 0.1 and maintenance
being nearly ineffective, degradation levels inspected right before repairs are very close

from those inspected right after. As expected, when the repair efficiency parameter is
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close to zero, the inspection assumptions, whether inspections are conducted before

or after repairs, show marginal impact on the optimal policy.
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4.5 Conclusion on the inspection/replacement policy

In this chapter, a maintenance policy is established using the Wiener-based degradation
model with partial maintenance effects. The long run average maintenance cost is assessed
using both the regenerative and semi-regenerative properties of the maintained degrada-
tion process. These two approaches are respectively referred to the purely simulation-based
Monte Carlo method that relies on simulated degradation trajectories over one life cycle,
and the hybrid method that combines analytic expressions and numerical simulations of
the stationary distribution, both involved in the cost rate assessment. This hybrid method
appears to be less time-consuming and give efficient results for a preventive threshold rea-
sonably distant from the corrective threshold. Two maintenance policies are considered.
On the one hand, degradation levels are inspected before any type of maintenance action.
On the other hand, in the second maintenance policy, degradation levels are inspected
right after each repair. In both maintenance policies, the inter-inspection time 7 and the
preventive threshold M are the decision variables. Variations of these optimal policies are
also analyzed considering different values for model parameters and various cost coeffi-
cients: In both inspection policies, the increase in the preventive cost coefficient leads to
a reduction in the optimal inter-inspection time and an increase in the optimal preventive
threshold. Moreover, in both pre-repair and post-repair inspection policies, the correlation
coefficient between the two underlying Wiener processes does not significantly affect the op-
timal policy. However, besides these similarities, the inspection scheme noticeably impacts
the derived optimal policies. When degradation is inspected before repairs, variations in
the maintained drift parameter py; and the repair efficiency parameter p significantly alter
the optimal policy (7, M*). On the opposite, in the post-repair inspection policy, s
does not affect the optimal policy as, when p = 1, this parameter is not considered in the
evaluation of the degradation after repair. As this post-repair inspection policy tends to
increase the number of failures for moderate values of 7 and M™, the value of the optimal
preventive threshold is lowered to ensure cheaper preventive replacements.

Future investigations may consider an exploration of the complete analytic form of the
long run average maintenance cost, requiring the assessment of the stationary distribution.
In this chapter, as the simulation of degradation trajectories can be very time-consuming,
five situations, referring to five different sets of model parameters, have been studied and
compared to determine the possible influence of model parameters and cost coefficients on

the maintenance cost rates. Yet, additional situations and further studies involving more
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various values of model parameters, could be conducted in the future to precisely evaluate
the impact of all the model parameters and cost coefficients on the maintenance cost rates,

considering both inspection policies.
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Conclusion

This manuscript presents two degradation models with maintenance effects: the first model
relies on a univariate Wiener process with drift (Chapter 2), while the second novel model
is built on a bivariate Wiener process with drift, where only one out of two processes is
affected by maintenance effects (Chapter 3). For this last model, and based on inference
outcomes, two models emerge: The perturbed ARD; model, defined by a usual Wiener-
based degradation model perturbed by a white noise, and the partial replacement model,
where maintenance effects are optimal on the maintained component.

For each model described in Chapters 1 and 2, and inspired by actual observation
schemes used in the industry, multiple observation schemes are taken into account for statis-
tical inference. For both models, the observation scheme influences parameter estimations.
Specifically, numerical results using the first degradation model described in Chapter 1 show
that when only a limited number of observations is provided, observing degradation lev-
els right after repairs offers better parameter estimations than observing degradation only
before repairs. Moreover, for both models, better estimations results are obtained when
degradation is observed close to maintenance times. However, for this first presented model,
observing degradation both just before and just after repairs leads to deterministic jump
values, failing to properly reflect reality. On the opposite, the proposed degradation model
with partial maintenance effects proves to be well-suited for practical scenarios and bypass
statistical inference issues encountered with the initial Wiener-based model. Nevertheless,
to ensure identifiability of this new model, constraints need to be imposed either on the
maintenance efficiency parameter (p = 1) or on drift parameters (uy = par). The realistic
partial replacement situation (p = 1) allows statistical inference in all possible observation
schemes.

Afterwards, based on the degradation model with partial maintenance effects, two main-
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tenance policies are established, involving inspections either right before maintenance or
right after repairs, imperfect repairs, preventive and corrective replacements (Chapter 4).
A specific cost coefficient is associated to each of these maintenances. The long run av-
erage maintenance cost is assessed using two different approaches. One employs the re-
generative properties of the maintained process over a system life cycle, and the other one,
called the hybrid method, uses a semi-regenerative Markov process over the inter-inspection
time. The first approach is based on fully numerical Monte Carlo simulations while the hy-
brid method includes analytic expressions in the asymptotic cost assessment. This hybrid
method is more time-efficient, providing precise results for a reasonable preventive replace-
ment threshold (not too close to the corrective threshold). Furthermore, maintenance cost
rates are assessed with the hybrid method, according to the inter-inspection time 7 and
the preventive threshold M. These two decision variables are optimized by minimizing the
long run average maintenance cost, and the resulting optimal policies, considering various
values of model parameters, specific cost coefficients, and different inspection schemes, are
discussed. For both inspection policies (whether degradaiton is inpsected before or after
maintenance), given specific cost coeflicients, the optimal policy (7* , M™*) appears to be
sensitive to changes in the preventive cost coefficient. The rise in the preventive cost coeffi-
cient leads to a decrease in the optimal inter-inspection time and simultaneously an increase
in the optimal preventive threshold. Some model parameters also impact the optimization
results. The correlation coefficient ryyps between the two underlying Wiener processes does
not significantly influences the optimal policy, whereas the value of the drift parameter of
the maintained process uas, as well as the value of the maintenance efficiency parameter
p significantly impact (7%, M*). In addition, the inspection scheme influences the optimal
policy outcomes. Indeed, the post-repair inspection policy entails new resulting optimal
policies, especially when maintenance actions are sufficiently effective. In general, failures
are more likely to happen in this inspection policy, resulting in different optimization out-
comes. On the one hand, the obtained values of M™* are significantly lower compared to
those assessed in the pre-maintenance inspection scheme. On the other hand, these result-
ing optimal policies show less variability when considering different cost coefficients specific
to the type of maintenance.

Based on this work, further analyses can still be explored. In Chapter 2, a multi-modal
empirical PDF of the first hitting time arise using the degradation model with partial main-
tenance effects. Then, the analytic expression of the first passage time distribution and the

Remaining Useful Life are worth investigating for this model. In Chapter 4, another ap-
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proach to assess the optimal policy could be considered, consisting in the search for the
analytic writing of the stationary distribution involved in the stationary equation (Equa-
tion (4.3)). This will result in a fully analytic form of the asymptotic cost per time unit,
when inspections occur before repairs. This last method will enable the computation of the
maintenance cost rate, without concern for computational time. A further analytic analy-
sis regarding the cost rate assessment could also be conducted considering the post-repair
inspection policy. Additionally, conducting more numerical studies, such as considering
more values of model parameters and cost coefficients, could allow a better understanding
of the impact of all cost coefficients and model parameters on the optimal maintenance
policy, considering both pre-maintenance and post-repair inspection policies. Furthermore,
studying other inspection schemes, such as those outlined in Chapter 1, will also enable us
to determinate the precise impact of observation locations on the resulting optimal mainte-
nance policies. Besides, alternative maintenance strategies can also be proposed based on
the degradation model with partial maintenance effects.

The degradation model with partial maintenance effects could also be adapted to more
general practical situations. For instance, multivariate processes could be considered for
this model. Notably, the model could include two co-dependent multivariate processes,
instead of being limited to two univariate processes. In such cases, random vectors should
be considered for inference. Such a model would be capable of describing the degrada-
tion of a multi-component system, where components are more or less correlated to each
other. Given the partial maintenance effect, only a few specific components would undergo
maintenance. In addition, to specify the degradation phenomena, covariates could also be
integrated into this model. In the example illustrated in Figures 7 and 8, degradation is
inspected in both hot and cold leg pipes of a steam generator, depicting different values
of degradation levels. Therefore, factors such as temperature or humidity could be consid-
ered as additional variables influencing the degradation process. Naturally, the selection of
these covariates would depend on the specifics of the studied practical scenario. Besides, in
practice, degradation of different dependent components are not necessary inspected simul-
taneously within the same asset. Hence, this new difficuly lies in considering different sets

of inspection times for each involved process for statistical inference and decision making.
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Chapter A

Appendices

A.1 Maximum likelihood estimator of ;1 in the third observa-

tion scheme

The maximum likelihood estimator of u in the third observation scheme is given by Equa-
tion (2.23):

k+1 ny k
AYj; + —— 73 + AY;
| e 5 3 (e
j i
1 b b
3 _ 3 3
Wehavel_ﬁZZj = =7 ZZj—i—ZZj
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k. nj k
Furthermore Y (1;7) = Z Z AYj; + Z Z;’
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k+1 7nj k
Y(tem) =Y DAY+ > 7}
j=1 i=1 j=1

A.2 Biases of the parameter estimators

Some of the model parameters estimators computed in Section 2.2 are biased. These even-

tual biases are computed below according to each observation scheme.
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Complete observation scheme

The expressions for the estimators in the complete observation scheme are provided in
Equation (2.9) and Equation (2.10).
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We have E[AYJQZ] = o?Atj; + ,u2Atj2-’i and E[p%] = ‘772 + u? , thereby,

1 N+ k
Ej62] = —— |o2(N 4 k+1) — p2r — 0?4 p2r| = — T 52
[67] N—l—k:+1a( +k+1)—p'T—0"+p°T Nrrsi’
N+k+1
Therefore, 62 is a biased estimator and 62 = i 62 is an unbiased estimator of o2.

N +k

Second observation scheme

The maximum likelihood estimator of p in the second observation scheme is given by
Equation (2.16) and Equation (2.18).
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Then,
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Thus, f& is an unbiased estimator of y in the second observation scheme.
The maximum likelihood estimator of o2 in the second observation scheme is given by
Equation (2.18). Given that degradation increments are independent and that they are

also independent of jumps given previous observations, we have:
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Let us denote (A) and (B) such that 62 = (A) + (B):
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Furthermore, based on the previous writing of 62, we have:
E[AY}] = V[AY;] + E[AY)]? = 0? Aty + MQNQ’ :

and E[(Y(tj+171) — Y( ) + pY( ZPJ_ZY |O2) ]
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Thus, &2 is biased and an unbiased estimator of o2 is & AN

Third observation scheme

The expressions for the estimators in the third observation scheme are provided in Equa-
tion (2.23) and Equation (2.24).
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Therefore, i is unbiased in the third observation scheme.
Based on Equation (2.24), and given that the degradation increments are independent and

that they are also independent of jumps given previous observations, we have:
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Let us develop the writing of 62 written in Equation (2.24):
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Knowing that,
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One can easily write E[5?] in the third observation scheme:
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General observation scheme

The expressions of the estimators in the general observation scheme is given by Equa-
tion (2.32) and Equation (2.33). We have,
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Then [ is an unbiased estimator of p.
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Furthermore, based on Equation (2.32), we have,
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Since degradation increments are independent to each other, and they are independent from

the jumps given the previous observations, we have,
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Then, since ¥ is symmetric,
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The expression of 62, described in Equation (2.33), can be developed as follows.
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— ()5 o()

E[AY?] =VIAYj] + E[AY;]* = 0 Aty + p? Aty

Moreover, one can prove by induction that E[Z9 %71(p) 29] = Tr(c2LS 1) +E[29' ]2~

then,

E[Z9'S~

Therefore,

H(p) 2]

=VI[i] + Elu® =

02

u(

k+1 nj

PIEu(p) + >0 D> Aty

J=li=1+1;%,

=Tr(c?SE ™) + E[29']S 71 (p)E[27]

=a*Tr(2(p)S71(P)) + (pu(p) — v(p)) X7 (p) (wu(p)
=0’k + p*u(p)' ST (p)u(p) — pu(p) ST (p)v(p) —
=0’k + p*u(p) X7 (p)u(p) — 2pu(p) 7 (p
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Thus, E[6?] = %02 and 62 is biased. An unbiased estimator of o2 is ]#;170—2.
Zl n; (Zl nj)fl
Jj= =

A.3 Parameters initialization for the maximum likelihood es-

timation algorithm

Model’s parameters are estimated by maximizing the log-likelihood with the Nelder-Mead
algorithm. In most situations, this method is not really sensitive to its initialization. How-
ever, a good initialization provides a more efficient algorithm and avoids potential local
minima. In order to provide an efficient initialization, we will use the remark made in Sec-
tion 3.1.2 saying that (ug, a?g) are closely linked to degradation increments while parameters
(ars O'JQM, p) are closely linked to degradation jumps, so to maintenance efficiency. For the
complete observation scheme with periodic maintenances of periodicity A7, the initializa-
tion of the parameters is made as follows. The initial values of (,us,O'g,MM,J]Q\/[,T'SM,p)
will be denoted (pfg()), ag(o), us\g), UJQ\/[(O),TS)&, pO).

e Initialization of ug and a?g. A preliminary estimation of pg and agv can be done
by considering that only the degradation increments AYJ"’z are observed. These
random variables are independent and have respectively the N (uSAtj,i, cr%Atjyi)
distributions. So Mfgo) and Jg(o) will be the values of pg and O'%v which maximize

L(us,o%) =111 fave, (Ayj;). 1t is easy to show that:
j /L 5T )
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> > Ayj, k+1n]+1 (0)
(0) _ j=1 =1 ” _y(7) and 02( ) _ Z Z /~‘s Atﬂ)
Bs = hiingt1 - N+k+1 ’
Atj,i =1 i=1
=1 =1

k+1
where N = '21 n; .
‘]:

Note that for the perturbed ARD; model (us = puyr = p), HE?.O) is an estimator of u.

Initialization of p and pp. The jumps Z7 are independent and their respective
distributions are N (—pupm AT, p*o3AT). SoV j € {1,....k}, E |:ILA{AT:| = —p.

Therefore, for the Perturbed ARD; model, one can choose MES[) = ug)) and p0 =

k
) _
E z;. For the Partial replacement model, p =1 so p1),; =

(O) AT

Initialization of o2,. If only the jumps Z5 are observed, the likelihood is L, o2,p) =

H fze(25). 1t is easy to show that the parameter values which maximize this func-

k
tion are such that 0%, = Wﬁ > (Z]C~+puMAT)2. Therefore, for the Perturbed ARD;
j=1

k
model, 0'12\/](0) ” (0) ~ Zl(z]c»—&—p(o)ug\[})AT)Q. And for the Partial replacement model,
k
0
012\/[( ) — = El(zjc —i—uSW)AT)2.
‘]:

Initialization of rgy. Since Z§ = —,oAXJM and AY; = AXS (Cov( AY)
(CO’U(AXJA/[,AXJS) = cspmAT. Therefore, cgpr can be estimated by the empirical
covariance between the Z7/(—p) and the AYS/Ar:

k
() _ 1 1 c . c () _ _Ssm
CSM = T A7, | % Z:leAY] k2 Z Z5 Z:IAYZ ,and rg = S0,
J= 7=1 1=



A.4 Empirical stationary distribution based on different con-

sidered numbers of degradation levels

Stationary distribution, (t =10, M = 600), jmax=100 Stationary distribution, (t =30, M = 600), Jmax=100

2014 50+

40+
154

304
104

250 250 250 0 250 500

20
]
1 i
N . | L ol . ||.*.l—_.
0 500
y

y
Stationary distribution, (¥ =10, M =600), jma=1000 Stationary distribution, (¥ =30, M =600), jma=1000
200 500
400
1504
300+
100
200+
504
100+
o | o B
~250 0 250 500 ~250 0 250 500
y y
Stationary distribution, (T =10, M = 600), Jmax=5000 Stationary distribution, (tf =30, M = 600), Jmax=5000
10004 2500+

2000 -
1500 -
1000 +
2504
500+
ol o4 — ‘-‘

250 0 250 500 250 0 250 500

Yy y
Stationary distribution, (f =10, M =600), jmax=9000 Stationary distribution, (¥ =30, M =600), jmax=9000

4000+
15004

3000+

1000 4

2000+

1000

-250 0 250 500 -250 0 250 500

Appendix figure A.1: Histograms of the doithts of post-maintenance degradation levels
based on various numbers of degradation values and different inter-inspection periods: 7 €
{10,30}, M = 600 and jme = {100,1000,5000,9000}. For each presented stationary
distribution, the underlying simulated degradation trajectories are based on the following
model parameters: uy =7, uy = 10,012] = 400, 012\/[ =600,ryp =0.7,p=1



A.5 Maintenance cost rates assessment based on different

considered numbers of post-maintenance degradation lev-
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Appendix figure A.2: Various numbers of post-maintenance degradation levels are consid-
ered for assessing maintenance cost rates according to different values of 7 € {10, 20, 30}
and M = {600,800}. For each cost rate assessment, the simulated degradation trajectories
are based on the following set of model parameters: puy = 7, up = 10,0[2] = 400,0%4 =
600, 7y =0.7,p=1
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A.6
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Appendix figure A.3: Various numbers of cycles are considered for assessing maintenance
cost rates according to different values of 7 € {10,20,30} and M = {600,800}. For each
cost rate assessment, the simulated degradation trajectories are based on the following set

of model parameters: puy =7, upr = 10, U% = 400,012\/1 =600,rypr =0.7,p=1
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A.7 Comparison between the different methods to assess the

maintenance cost

Time siep
-

1
-~ Hrd1

Hybid

Appendix figure A.4: Long run average maintenance cost as a function of M, for 7 =
10, according to both the purely simulation-based method and the hybrid method. The
underlying simulated degradation trajectories are based on various time steps: 0.01 and 1.
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Appendix figure A.5: Long run average maintenance cost as a function of M, for 7 =
40, according to both the purely simulation-based method and the hybrid method. The
underlying simulated degradation trajectories are based on various time steps: 0.01 and 1.
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A.8 Degradation trajectories

These following figures illustrate the initial ten degradation life cycles based on specific

model parameters and a given (7, M) policy when degradation is inspected before repairs.

Degradation
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