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Résumé: Cette these porte essentiellement sur
les corrélations quantiques et les fluctuations
non-lineaires dans les fluides quantiques. Elle
se concentre spéficiquement sur les fluctua-
tions quantiques collectives, a savoir les ondes
sonores, dans le flux stationnaire d'un quasi-
condensat 1D de Bose-Einstein qui présente
un horizon acoustique, c'est-a-dire une tran-
sition du flux d'un régime subsonique a un
régime supersonique. Les phénomeénes quan-
tiques générés par la présence de I'horizon sont
étudiés. La thése présente également un bref
excursus sur les turbulences dans un fluide
quantique bidimensionnel.

Nous étudions la non-séparabilité quan-
tique, la non-localité et la rétro-action du ray-

onnement acoustique de Hawking émis par un
trou noir analogue. L'intrication et les cor-
rélations non locales au sein du systéme tri-
partite de quasi-particules émises par I'horizon
acoustique sont d'abord étudiées. Les équa-
tions de rétro-action qui régissent l'effet de
ce rayonnement acoustique sur le fond inho-
mogene sont dérivées et des solutions station-
naires sont considérées. Enfin, une théorie
phénoménologique basée sur des contraintes
topologiques pour la création et l'annihilation
de vortex est appliquée efficacement aux don-
nées expérimentales, permettant ainsi de ren-
dre compte des phases de croissance et de
décroissance des turbulences.

Title: Non-locality and Back-reaction in Acoustic Black Holes and Non-linearity in Quantum Fluid

Dynamics

Keywords: : Bose-Einstein condensate, acoustic Hawking radiation, entanglement, nonlocality,

back- reaction, quantum turbulence

Abstract: This thesis is mainly about quan-
tum correlations and non-linear fluctuations in
quantum fluids. It focuses especially on collec-
tive quantum fluctuations, i.e. sound waves, in
the stationary flow of a 1D Bose-Einstein quasi-
condensate which exhibits an acoustic horizon,
i.e. a transition from subsonic to supersonic
flow. Quantum phenomena generated by the
presence of the horizon are investigated. The
thesis also presents a brief excursus on two-
dimensional turbulence in a quantum fluid.
We study quantum non-separability, non-
locality and back-reaction of the acoustic Hawk-

ing radiation emitted by an analog black hole.
The entanglement and non-local correlations
within the tripartite system of quasi-particles
emitted from the acoustic horizon are first in-
vestigated. Back-reaction equations govern-
ing the effect of such acoustic radiation on the
inhomogeneous background are derived and
stationary solutions are considered. Finally, a
phenomenological theory based on topological
constraints for vortex creation and annihilation
is effectively applied to experimental data, thus
accounting for the growth and decay of turbu-
lence.




Résumé en francais

Cette these porte principalement sur la théorie des fluides quantiques et
les phénomenes non linéaires dans les systemes quantiques. Elle se concen-
tre en particulier sur les fluctuations quantiques collectives, c'est-a-dire les
ondes sonores, dans les condensats de Bose-Einstein (BEC) en écoulement
stationnaire présentant des horizons acoustiques, c'est-a-dire des transitions
d'écoulements subsoniques a supersoniques. Les phénomeénes quantiques
générés par la présence de I'horizon sont étudiés. La these présente égale-
ment un bref excursus sur la turbulence quantique dans les fluides quan-
tiques d’excitons-polaritons.

Un premier chapitre introductif présente brievement la gravité analogue,
les condensats de Bose-Einstein et les contraintes topologiques a la turbu-
lence quantique. Un deuxiéme chapitre 2 présente la modélisation des trous
noirs avec des systemes analogues et un troisieme chapitre 3 les trous noirs
analogues, réalisés dans des BECs, que nous considérons spécifiquement dans
ce travail. Un quatrieme chapitre 4 fournit les résultats de notre étude de la
violation des inégalités de Bell dans notre systeme analogue. Un cinquieme
chapitre 5 étudie la dérivation des équations de rétro-action dans des conden-
sats analogue et quelques résultats préliminaires sur les solutions station-
naires. Enfin, un dernier chapitre 6, sans rapport avec la gravité analogue,
présente l'ajustement numérique des données expérimentales obtenues a
partir d'une théorie phénoménologique pour la croissance et la décroissance
du nombre de tourbillons dans un fluide bidimensionnel quantique.

Plus précisément, le deuxieme chapitre 2 et le troisieme chapitre 3 sont
des chapitres d'introduction a la modélisation des trous noirs avec des sys-
témes analogues 2 et plus spécifiquement dans des quasi-condensats 1D 3.
Le troisieme chapitre présente les trous noirs de Schwarzschild et la modéli-
sation de la dynamique des champs scalaires dans 'espace-temps courbe par
la propagation d'ondes sonores dans une métrique courbe effective donnée
par le champ moyen d’'un écoulement non homogene. Il présente également
la dérivation du rayonnement de Hawking et de son analogue hydronymique.
Le quatrieme chapitre présente les différentes configurations analogues de
trous noirs dans un quasi-condensat 1D utilisées dans cette étude, ainsi que
les transformations de Bololiubov définissant les modes entrants et sortants
comme des fluctuations quantiques émergeant de la linéarisation de Bogoli-
ubov de I'équation de Gross-Pitaevskii.

Le quatriéme chapitre 4 ainsi que le cinquiéme chapitre 5 présentent les
recherches spécifiques que nous avons menées sur les corrélations quan-
tiques 4 et la rétro-action dans des trous noirs analogues 1D réalisés dans des
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BECs 5. Le quatrieme chapitre 4, apres une introduction aux inégalités de Bell
et au formalisme de la fonction de Wigner, se concentre sur I'étude des cor-
rélations quantiques entre les trois modes sortants de notre systéme et carac-
térise les conditions de non-localité pour les mesures de pseudospin GKMR
dans nos configurations analogues de trous noirs. Le cinquiéme chapitre 5
dérive les équations de rétro-réaction décrivant I'effet du rayonnement de
Hawking sur la métrique du trou noir analogue qui le génére : quelques ré-
sultats asymptotiques préliminaires sont fournis.

Le dernier chapitre 6 considere les contraintes topologiques sur la turbu-
lence quantique d'un fluide 2D d'excitons-polaritons. Un tel fluide est décrit
par une équation de Schrodinger non linéaire qui est analogue a I'équation de
Gross-Pitaevskii d'un BEC de vapeur atomique. L'étude montre que la crois-
sance et la décroissance du nombre de tourbillons sont régies par des con-
traintes topologiques dictées par les lois de conservation des nombres quan-
tiques.

*k%*

Il apparait donc que le domaine de la gravité analogue vise a pallier le
manque de théorie et d'expérience dans le domaine de la gravité quantique
en transposant certaines de ses principales questions et préoccupations a
des systemes de matiére condensée. En suivant cette stratégie, nous avons
étudié la non-séparabilité quantique, la non-localité et la rétro-réaction du
rayonnement acoustique de Hawking émis par un trou noir analogue réalisé
dans I'écoulement d’'un quasi-condensat 1D.

Dans le chapitre 4, notre travail théorique prépare le terrain pour de fu-
tures études expérimentales en fournissant des prédictions quantitatives du
degré d'intrication et de violation des inégalités de Bell dans une configura-
tion analogue réaliste, a la fois pour les systemes bi- et tri-partites. En ef-
fet, alors que le processus de Hawking relativiste n'implique, dans le cas sta-
tionnaire, que deux modes, un troisieme mode est présent dans le systeme
étudié: tout en n‘affectant pas I'analogie avec le rayonnement de Hawking,
le troisieme mode conduit a une phénoménologie plus riche. Nous avons
donc mené une étude systématique du systéme, confirmant le caractére non
classique, c'est-a-dire non séparable et non local, du rayonnement de Hawk-
ing analogue grace a des critéres expérimentaux pertinents. En outre, notre
étude des différents critéres de non-localité démontre que les modes quan-
tiques de grande longueur d'onde du systeme consistent en une superposi-
tion de versions dégénérées d'états GHZ a variables continues. Il est intéres-
sant de noter que la nature continue des degrés de liberté, a la différence des
états GHZ construits sur des gbits, permet a ces modes de rester intriqués
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apres un tracage partiel. Cela confirme que l'information quantique a vari-
ables continues avec des modeéles analogues de trous noirs ouvre de nou-
velles perspectives de traitement robuste de l'information dans une variété
de protocoles, tels que le partage de secrets ou le brouillage d'informations.

Dans le chapitre 5, nous avons dérivé des équations de rétro-action qui
sont génériquement valables pour I'écoulement d'un condensat inhomogéne
dans n'importe quelle dimension. Nous les avons spécifiquement appliquées
a une configuration analogue de trou noir dans un quasi-condensat 1D. Nous
avons trouvé des solutions asymptotiques et fourni quelques résultats prélim-
inaires pour des choix cohérents de parametres. Les travaux futurs seront
consacrés a l'étude de la dynamique exacte de I'horizon sous l'effet de la
rétro-action et a la détermination de la correction de la température de Hawk-
ing du systéme qui en découle. Etant donné que dans le cadre gravitation-
nel, la source quantique de la rétro-action s'est avérée difficile a évaluer, les
configurations hydrodynamiques analogues semblent étre des systemes pré-
cieux pour tester des modeles au-dela de la gravité (semi-)classique. Dans
cette perspective, puisque la dérivation de l'effet Hawking ne prend pas en
compte la rétro-action, un prolongement naturel de notre étude sera d'écrire
les équations de Bogoliubov modifiées avec un champ moyen intégrant la
rétro-action. L'effet de la rétro-réaction sur le rayonnement de Hawking, la
« rétro-rétro-réaction » pour ainsi dire, pourrait alors étre étudié et la ther-
malité du rayonnement reconsidérée dans cette nouvelle perspective. Cela
ouvrirait de nouvelles perspectives sur la nature de l'information transportée
par le rayonnement de Hawking.

Enfin, dans le chapitre 6, nous avons mené une étude expérimentale et
théorique combinée de la cinétique des tourbillons dans un fluide quantique
compressible 2D composé d'excitons-polaritons. Ainsi, en considérant un mod-
éle phénomeénologique minimal basé sur des contraintes topologiques, nous
avons dérivé des équations cinétiques de formation et d'annihilation de points
critiques du champ de vitesse. Ces équations sont capables de reproduire le
taux de création et d'annihilation de tourbillons quantifiés observé expéri-
mentalement dans les phases de croissance et de décroissance de la turbu-
lence quantique. Ces résultats devront étre approfondis par des simulations
numériques plus poussées. De plus, méme si ce dernier chapitre n'est pas lié
a la gravité analogue, on peut penser a de futurs modeles 2D, impliquant la
vorticité, qui exploiteraient les contraintes décrites ici: dans cette perspective,
les charges topologiques considérées dans notre modele phénoménologique
effectif de turbulence quantique, pourraient également s'avérer utiles pour
étudier la physique des trous noirs rotatifs analogues et de phénomeénes tels
que la superradiance.
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1- INTRODUCTION

1.1 . Outline of the thesis

This thesis is mainly about quantum fluid theory and non-linear phenomena in quantum systems.
It focuses especially on collective quantum fluctuations, i.e. sound waves, in stationary flowing Bose-
Einstein condensates (BECs) which exhibit acoustic horizons, i.e. transitions from subsonic to supersonic
flows. Quantum phenomena generated by the presence of the horizon are investigated. The thesis also
presents a brief excursus on quantum turbulence in quantum fluids of exciton-polaritons.

This chapter introduces Analog Gravity, Bose-Einstein condensates and quantum turbulence con-
straints. A second chapter 2 presents the modeling of black holes with analog systems and a third chap-
ter 3 the BEC analog black hole we specifically consider in this work. A fourth chapter 4 provides the
results of our inquiry of Bell's inequalities violation in our BEC analog. A fifth chapter 5 investigates
the derivation of the back-reaction equations in our BEC analog and some preliminary results on sta-
tionary solutions. Finally, a last chapter 6, unrelated to analog gravity, presents the numerical fitting of
experimental data obtained from a phenomenological theory for the growth and decay of the number
of vortices in a quantum two-dimensional fluid.

More specifically, the second chapter 2 and third chapter 3 are introductory chapters to the modeling
of black holes with analog systems 2 and more specifically in 1D quasi-condensates 3. The third chapter
presents Schwarzschild black holes and the modeling of scalar field dynamics in curved-space time by
sonic waves propagation in an effective curved metric given by a non-homogenously flowing background.
It also presents the derivation of Hawking radiation and of its hydronymical analog. The fourth chapter
presents the different analog black hole configurations in a 1D quasi-condensate used in the current
study, as well as the Bololiubov transformations defining the ingoing and outgoing modes emerging as
quantum fluctuations from the Bogoliubov linearization of the Gross-Pitaevskii equation.

The fourth chapter 4 and fifth chapter 5 presents the the specific research we conducted on quantum
correlations 4 and back-reaction in an analog 1D BEC black hole 5. The fourth chapter 4, after providing
an introduction to Bell's inequalities and Wigner function formalism, focuses on the study of the quan-
tum correlations between the three outgoing modes of our system and characterizes the non-locality
conditions for GKMR pseudospin measurements in our analog black hole configurations. The fifth chap-
ter 5 derives the back-reaction equations describing the effect of Hawking radiation on the analog black
hole metrics which generates it : some preliminary asymptotic results are provided.

The final chapter 6 considers the topological constraints on the quantum turbulence of a 2D fluid of
exciton-polaritons. Such a fluid is described by a non-linear Schrédinger equation which is analog to the
Gross-Pitaevskii equation of an atomic vapour BEC. The growth and decay of the number of vortices are
found to be driven by topological constraints dictated by quantum number conservation laws.

1.2 .. Introduction to Analog Gravity

From black holes to non-locality

The Lorentzian invariance of the speed of light in vacuum asserted by Einstein’s Special Relativity (1905)
constrained causality in the past and future light cones of an event. Einstein's theory of General Relativ-
ity (1915), reformulating Newtonian gravity as a geometric theory of gravitation, generalized the causal
constraint to the Riemannian geometry of curved space-time [1, 2]. In 1916, Schwarzschild [3] found a
solution to the non-linear field equations of Einstein’s theory, defining the metric of a gravitational field
generated on its outside by a a non-charged spherical mass distribution with null angular momentum :
the Schwarzschild metric. If this mass distribution were to collapse to a radius r,,, smaller than a critical
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radius, the Schwarzschield radius, all the mass would end up in a finite time into the singularity » = 0
of the metric. As soon as r,, < rs, the interior of the the sphere of radius s would become a causally
disconnected region with respect to the exterior, no signal emitted in the interior being able to propagate
outwards because of the gravity enforced tilting of the light cones '. The interior region is then called a
black hole?.

In 1935 Einstein, Podolsky and Rosen [4] published a paper questioning the definition of reality im-
plied by quantum mechanics. In this paper, the existence of states appearing to give an inconsistent
definition of reality was seen as a proof of the incompleteness of quantum mechanics. Soon after,
Schrédinger [5] named such states verschrdnkt states, i.e. entangled states, while Bohr [6] argued quan-
tum mechanics to be perfectly complete and consistent in its contextual definition of reality, the very ex-
istence of complementary (or conjugate) observables, that could not be both simultaneously measured
with arbitrary precision, implying to define as real only what was actually measured. The non-locality of
such entangled states, i.e. their exhibiting correlations that appeared to contradict the light-cone causal-
ity constraints of special relativity, was also seen by Bohr as consistent with a wave function formalism
describing a composite system as an irreducible whole.

According to Einstein-Podolski and Rosen, in order for such correlations to be /ocal and therefore
congruent with special relativity, one should think at them as being in some way predetermined : but
this is impossible when one does not know in advance which one of two non-commuting measurements,
e.g. momentum and position, would be performed since these two measurements cannot have simul-
taneous reality and cannot therefore both be predetermined in advance. Then, appearing to violate
realism and locality, quantum mechanics should be considered as incomplete3. In 1964 Bell [7] defined
a mathematical constraint, known as Bell’s inequality, through the violation of which non-locality and/or
non-realism can be revealed [8]. Throughout the 70s and 80s, quantum mechanics was experimentally
found to violate Bell-type inequalities for some entangled states and non-commuting measurements?.
Thus, such and similar violations are signatures of fully quantum, i.e. highly non-classical, regimes. In
the framework of the hydrodynamic analogs of black holes, where the full system can be measured, the
non-locality of bipartite and tripartite correlations in the radiated waves can be investigated.

1970s : Quantum Field Theory in Curved Space-Time

At the end of the 60s, Parker showed how, through the Bogoliubov transformation formalism, the time-
dependence of the metric in an expanding universe would yield particle creation out of the vacuum. In
the first 70s Pennrose and Floyd predicted that energy could be extracted from a rotating black hole and
Misner prooved that a rotating black hole could amplify incident waves, a phenomenon known as super-
radiance [9]. Also relying on Quantum Field Theory (QFT) in curved-space-time (CSP), Hawking demon-
strated in 1974-75 the existence of a thermal radiation from the event horizon of a non-rotating black
hole, the emission of such a radiation leading eventually to the total evaporation of the black-hole [10, 11].
This thermal radiation, generated by the time-dependence of the metric during the gravitation collapse
forming the black hole, is predicted tohave a Planck spectrum emitted at a temperature Ty known as
Hawking temperature and only determined by the mass, the angular momentum and the electric charge
of the black hole.

These radiation phenomena such as superradiance and Hawking radiation all rely on stimulated or
spontaneous particle emission processes through the existence of negative energy particles absorbed
by the black-hole. In the Hawking process, each particle of the thermal emission is entangled with a
negative energy particle falling in the black-hole. Similar to the Hawking effect is the Unruh effect (1976),
according to which an accelerating observer sees a thermal radiation proportional to its acceleration [12].

'"The reverse is not true : the causal disconnection between the two regions is asymmetric.

2The possibility of the existence of black holes, as massive objects generating gravitational fields with escape ve-
locity higher than the speed of light, had already been considered in the 18th century by Laplace and Michell. The
physics of black holes can nevertheless only be apprehended by the geodesic modeling of light ray trajectories
as theorized by Einstein’'s General relativity.

3By realism we loosely refer to any theory that postulates the outcome of a measurement to be predetermined.

4See section 4.1 for a more detailed treatment of Bell's inequalities.
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The temperature Ty of the Hawking thermal radiation should be for a black hole of solar mass, of order
10~8 K, which makes it imperceptible within a Cosmic Microwave Background (CMB) of order 3 K. Thus,
since astrophysical observation is not nowdays within reach, other ways of testing such predictions had
to be devised. Itis in this perspective that one can resort to hydrodynamic experiments simulating these
gravitational predictions.

1980s-2020s : Hydrodynamical models

Indeed, the domain of analog gravity aims at providing laboratory models for gaining insight on general
relativity phenomena that cannot be directly observed in the usual gravitational context or for which
there exists no complete theoretical framework. Two such phenomena are black hole superradiance
[13, 14, 15] and Hawking radiation [10, 16]. In 1981, Unruh noticed that sound waves in a fluid behave like
a massless scalar field propagating in a curved Lorentzian geometry [16]. His article gave birth to Analog
Gravity. Indeed, noticing that the mathematical formalism for describing the propagation of a perturba-
tion in a fluid can be presented in terms of a an effective curved space-time metric [17], transsonic flows
can be thought of and implemented experimentally both for classical and quantum systems. Such inho-
mogeneous systems, where in a supersonic (subsonic) region the fluid flows at a speed higher (lower)
than the speed of a sonic wave in the fluid at rest, can then mimic the Schwarzschild metric with light
cones and light horizons becoming sound cones and sonic horizons respectively. We will then be facing
an acoustic analog of a gravitational black hole.
Let us consider a fluid with a (in)homogeneous flow of speed v in the laboratory frame. In the refer-
ence frame where the fluid is locally at rest, the space-time interval is locally defined as
ds?

resting

= c2dt? — dx? (1.1)

whereas in the laboratory frame, i.e. in the reference frame where the fluid is flowing, the same interval
is given
dsﬁowing = c2dt? — (dx — vdt)? (1.2)

for a Galilean transformation> [9], with therefore an effective metric

C2 — V2 VT
Guv = < v 1 > (13)

with v the transposed of the column vector v and 1 a 3 x 3 identity matrix. Where the flow is locally
supersonic, i.e. where ¢ — v? < 0, sound waves can no longer propagate against the local flow. It is
then possible to induce flowing configurations with acoustic horizons that sound waves can only cross in
one direction : one side of the horizon is then causally disconnected from the other with respect to sound
cones, in the sense that no event of the supersonic side can influence the subsonic side.

The fluid must be considered at large length scales, where the system can be described in the hydro-
dynamic limit, i.e. by macroscopic hydrodynamical variables. In this limit, only low energy excitations, i.e.
with large wave length, can be appropriately described. The simplest models that can be experimentally
realized are one-dimensional flows of classical or quantum fluids®. As an example’, event horizons have
been implemented with surface waves [18, 19, 20, 21, 22, 23] and acoustic waves [24], nonlinear optical sys-
tems [25, 26, 27, 28], cavity polaritons [29, 30, 31] and Bose-Einstein condendates (BECs) of atomic vapors
[32, 33, 34, 35]. Because of their low temperature and coherence properties BECs appear particularly
well suited for demonstrating quantum features.

Furthermore, Unruh [16] noticed that the existence of an acoustic (optical) horizon implied the exis-
tence of an acoustic (optical) radiation analogous to Hawking radiation. However, even experimentally,

5We consider v << ¢ with ¢ the speed of light. + — x — vt.

6Quantum fluids are systems that show macroscopic quantum effects such as superfluidity. In such systems the de
Broglie wave length must be greater than the averaged distance between particles. When this is so, the wave-like
behavior of the particle can indeed no longer be ignored.

7See Ref. [9] for a brief review of other hydrodynamical models, such as the ones for particle creation in an ex-
panding universe.
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this radiation is extremely hard to be detected since it is "hidden" in the thermal noise of the system.
For this reason, non-local methods of two-point density-correlation functions [36], robust with respect
to the thermal noise of the fluid, have been considered to detect the correlation between the unique
phonon propagating against the current (detected in the subsonic region) and the two phonons propa-
gating with the current (detected in the supersonic region) [37] [38]. In Bose-Einstein condensates (BECs)
a signal that could correspond to an analog Hawking radiation is claimed to have been detected in 2016,
and more convincingly in 2019 (see Fig. 1.1), by Steinhauer in a fluid of ultra-cold rubidium atoms [33].
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Figure 1.1: Two-point density-correlation function G®)(z, ') = (: nu(z, t)a(2’, t) ;) — (A(x, 1)) (A, t)). Left
Plot : Experimental signature of Analog Hawking radiation (2019) [34]. Right Plot : Theoretical simulation
of Analog Hawking radiation (2020) [39]. The condensate is flowing from the positive z or 2’ region to the
negative x or z’ region : the positive region is subsonic and the negative region is supersonic. The dotted
lines in the two plots represent the line of correlation between an outgoing phonon in the exterior or
subsonic region (positive z’) and an outgoing phonon in the interior or supersonic region (negative ),
with the acoustic horizon at z,2’ = 0. The main diagonal z = 2’ line just represents self-correlations
induced by short-range two-body repulsion. The off-diagonal signal is not at 45 degrees since the two
phonons propagate at two different effective speeds, approximately V,, — ¢, for the upstream phonon
(Hawking phonon) and V; — ¢4 for downstream phonon (partner phonon) : the correlation in position
is given by the ratio of these two effective speeds. A more detailed inspection of the figure reveals a
third correlation line in the z, 2’ > 0 region, which relates to the existence of a third outgoing phonon
in the interior or supersonic region propagates at approximately V; + ¢4. These speeds are computed
taking the limit w — 0 of the group velocity dw/dQ, with ) the wavevector, of the three branches of
the dispersion relation that generate outgoing (with respect to the horizon) phonons. The ratios of thus
computed speeds fit the experimental correlations lines since most of analog Hawking physics unfold in
the long wavelength regime.

1.3 . Introduction to BECs

Theory and Experiments with BECs

Phase transitions to higher ordered states of matter are often symmetry-breaking processes. In the same
manner as crystallisation breaks the translation symmetry of a homogeneous fluid, the Bose-Einstein
condensate (BEC) phase transition is associated with the breaking of the U(1) symmetry of the global
phase. In 3D the complex scalar order parameter describing the BEC can be identified to the macroscopic
wavefunction of the condensate, associated to the off-diagonal long-range order in the one body-density
matrix of the system [40].

The Bose-Einstein statistical distribution was defined in 1924 by Bose and Einstein as describing the
mean number of non-interacting identical bosons occupying a same quantum state [41, 42]. At a suffi-
ciently low temperature, a macroscopic fraction of bosons occupies the same quantum state of lower
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energy, then generating a macroscopic state of matter called a Bose-Einstein condensate. The theory was
later extended to systems of interacting bosons by Bogoliubov [43] and others.

The superfluidity of liquid helium was experimentally achieved in 1938 by Allen and Misener [44]
and simultaneously by Kapitza [45]. Soon after, London established the connection between BECs and
superfluidity [46]. In 1947, Bogoliubov modeled small excitations in a weakly interacting gas as phonons
of the BEC and connected their dispersion relation to superfluidity [43]. Within the theoretical research
on quantum vortices, superfluidity and liquid helium pioneered by Landau in 1941, Onsager in 1949 [47],
Penrose in 1951 [48] and Feynman in 1955 [49], in 1961 the Gross-Pitaevskii equation was theorized by
Gross and Pitaevskii [50, 51] for the description of weakly interacting systems &,

It is nevertheless only in 1995 that the first BECs are experimentally realized in a gas of rubidium
atoms by Cornell and Wieman [52]?, and in a gas of sodium atoms by Ketterle [53]. The BECs experiments
in Analog Gravity [54, 33, 34] conducted in the last decade have to be framed in this tradition of theoretical
and experimental knowledge [37].

2010s : Analog experiments in one-dimensional quasi-condensates

There is no true Bose-Einstein condensation at low dimension: thermal or quantum phase fluctuations
prevent off-diagonal long range order in a 1D or 2D Bose system. At finite temperature this can be seen
as resulting from Hohenberg-Mermin-Wagner theorem [55, 56], and at 7" = 0 from its generalization by
Pitaevskii and Stringari [40]. Nevertheless, a 1D mean-field theory [57] can be applied as long as d < &,
with d the average distance between particles and ¢ the healing length of the system. In 1D, where the
transverse motion is freezed, the zero temperature one-body density matrix behaves as

i ()i (! _me T
(UT(2)W(x)) ox exp ( S In €> (1.4)
with r = |z — 2’|, ¢ the speed of sound and n; the linear density. In the above expression (1.4) a low
energy approximation is made, relying on a hydrodynamic description valid only for distances » much
greater than the healing length ¢ and involving momenta up to i/£. Expression (1.4) corresponds to a

phase coherence length
ly = Eexp [W\/m} (1.5)

where a is the 3D s-wave scattering length and a; = \/h/mw, w, being the angular frequency of the
transverse trapping potential. It turns out that experimental conditions can be worked out such as to
extend the long-range order to macroscopic distances [58]. Indeed, as long as quantum correlations are
measured over distances which are smaller than the phase coherence length /4, one can still be, at zeroth
order in the expansion of the field operator, in a 1D meanfield regime'. Hence, for a quasi-1D guided BEC,
the Bogoliubov approximation, i.e. the expansion of the field operator in a classical mean field term
and a small quantum fluctuation term (see (3.3) in Chapter 3), is valid in the “1D mean field regime” [57]
defined by )

(a> < Ngypa K 1 (1.6)

aj

where nyy,, is the typical linear density (number of atoms per unit length). The left inequality in (1.6)
ensures that the phase coherence length /4 is exponentially large compared to the healing length, see.
(1.5). The inequality at the right ensures that the transverse degrees of freedom are frozen ™. For a

8In a weakly interacting system the scattering length characterizing the interactions is smaller than the average
distance between particles.

9The signature of Bose-Einstein condensation was recognized in a narrow peak exhibiting "a nonthermal,
anisotropic velocity distribution expected of the minimum-energy quantum state of the magnetic trap" over a
broad isotropic thermal velocity distribution [52].

"°Corrections to this leading order approximation will be considered in Chapter 5.

"Taking the kinetic energy per particle Ey;, to be of the order of h2n? /2m and the interaction energy per particle
E;n: to be of the order of gipni ~ 2afwperp and imposing and imposing E;,; < fw, and Ei,; < Eggy, One
retrieves the relations given in (1.6).
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transverse trap of frequency of 1 kHz, one gets (a, /a)? = 1.7 x 107® and 2.6 x 1074, for ?>Na and
87Rb, respectively. Hence the domain of validity of the 1D mean field approximation used in the present
work typically ranges over four orders of magnitudes in density. In the regime where (1.6) holds, the
background classical field ® of expansion (3.3) is solution of a Gross-Pitaekskii equation which is the
stationary and classical version of Eqg. (3.2), where the non-linear interaction parameter g is defined as
g = 2hw | a.

The experimental realization of an analog black hole by the Technion Group [34, 35] is close to what
is here called the "waterfall" configuration (see Chapter 3). With this theoretical configuration, where
the potential U(z) is a step function and the upstream profile ¢,(x) is half that of a dark soliton, one
can reproduce important aspects of the experimental density-correlation pattern reported in [34]™. In
the experiment, a trapped quasi 1D BEC™ of 8000 8"Rb atoms™ is swept from right to left at constant
velocity 0.18 mmssec™! by a potential step created by a laser beam™. In the laser frame, the BEC is then
flowing from right to left. The apparent velocity of the flow in the laser frame is, by current nv conser-
vation, in the the upstream and downstream asymptotic regions v, ~ 0.2mm.s~! and vy ~ 0.9 mm.s!
respectively. The upstream density and upstream speed of sound are of the order n,, ~ 90 um~! and
cy ~ 0.5mm.s~! respectively, the downstream density and downstream speed of sound of ng ~ 20 um !
and c¢q ~ 0.3mm.s~!. The BEC is therefore subsonic upstream and supersonic downstream. Measure-
ments are performed in a region of the order 100um and the measured analog Hawking temperature is
of the order of T ~ 0.35 nK®.

1.4 . Introduction to the topology of quantum vortices

In classical fluids the identification of topological critical points proves helpful for classifying flow
patterns [59, 60] and studying two-dimensional spatio-temporal chaos and turbulence [61, 62, 63, 64, 65].
As they do in the classical context [66, 67, 68, 69, 70], vortices plays a major role in the route to two-
dimensional quantum turbulence [71, 72, 73, 74, 75, 76, 77, 78, 791. Indeed, in 2D quantum fluids, vortices
are both topological singularities and the building blocks of turbulent scaling regimes. The quantization
of vorticity was already understood in the 50's by Onsager, Feynman, Gross and Pitaevskii [47, 49, 50, 51]
as part of a broader theoretical research on Bose-Einstein condensation, superfluidity and liquid helium.
In the study presented in Chapter 6 we describe the onset and decay of 2D quantum turbulence through
atemporal study of the number of critical points and show that a topologically constrained kinetic theory
gives an excellent account of the experimental survey of the group of Dario Ballarini at Lecce Institute of
Nanotechnology.

Indeed, we present here a new approach to two-dimensional quantum turbulence that incorporates
key topological constraints previously overlooked in the field. While quantum turbulence is typically
associated with the proliferation of quantum vortices, in two-dimensional systems, fundamental topo-
logical rules demand the involvement of additional critical points indentified by specific sets of topological
charges, namely the vorticity index Iy and the Poincaré-Hopf index Ip. We enumerate these points in a
compressible polariton superfluid and identify their elementary creation mechanisms. This allows us to
develop a model that accurately captures the formation kinetics of vortices and of all the critical points.
Our results highlight the crucial role of topological conservation laws in both the growth and decay of
two-dimensional quantum turbulence.

2There are nonetheless some caveats, see [39] for a discussion.

3The condensate is trapped radialy by a laser beam of 3.6um waist and 812 nm. "The radial trap frequency of 140
Hz is greater than the maximum interaction energy of 70 Hz, so the behavior is 1D" [33].

"Inthe state FF =2, mp = 2.

'>"The horizon is created by a very sharp potential step, achieved by short-wavelength laser light (0.4424m), and
high resolution optics (NA 0.5)"[33]. In order to create the step potential the Gaussian beam is half blocked.

®The experimental temperature of the BEC is difficult to evaluate but the theoretical two-point density correlation
function can fit the experimental data up to two times the Hawking temperature [39].
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2 - MODELING BLACK HOLES WITH ANALOG SYSTEMS

In this section we will consider the mathematical formalism that justifies the analogy between grav-
itational systems and hydrodynamical flows. We intend to show how the evolution of a perturbation in
a fluid can be modeled mathematically in terms of propagation in an effective curved space-time met-
ric. To this end, we will start from Einstein equations and recall their expression in vacuum in order to
define from them the Schwarzschild metric. The Klein-Gordon equation for a massless scalar field in a
Schwarzschild curved space-time will then be mapped to the evolution of a sonic wave in a fluid in order
to justify the hydrodynamical analogy in classical and quantum fluids. Then, Hawking radiation will be
derived in the gravitational framework by considering the simplest case of a collapsing mass distribu-
tion, i.e. the Vaidya metric. Finally the expression of the the analog Hawking radiation in hydrodynamical
systems will also be derived, thus completing the analogy.

2.1. THE SCHWARZSCHILD BLACK HOLE

2.1.1. From Einstein Equations to Schwarzschild Black Hole
Einstein equations [1, 2] are given by the tensorial equations’

81

1
R/JV — iRg/“/ = CTT#V (2.1)

where R, is the Ricci tensor, R = g R,,, the scalar curvature, g,,, the metric tensor, G Newton'’s gravi-
tational constant, ¢ the speed of light in vacuum and 7},, the energy-momentum tensor?. Greek indices
refer to the four components of the position four-vector. On the left hand side, the Ricci tensor is given

by

Ry, = R ppy = 0,17y — 017y + TP 017 o — 17617, (2.2)
where R, = 9°” Ry, is the Riemann curvature tensor, with the Christoffel symbols given by
1
F'uup = §gﬂa(al/gap + apgm/ - aogzxp) (2.3)

This means that the left hand side of (2.1) is only a function of the metric tensor ¢g** and of its first and
second derivatives. Contracting (2.1) with g"” one gets

with T' = ¢"T,,,. Replacing this expression of R in (2.1) one gets another covariant expression of the
same Einstein equations (2.1), i.e.

81G 1
Ruu = ? <Tu1/ - zg,uuT> (2.4)

For a non-rotating electrically-neutral macroscopic matter distribution of total mass M considered as
punctual and fixed at the origin, all the components of the energy-momentum tensor are zero for any
x(t) # 0, which means that in vacuum Einstein equations reduce to

Ry, =0 (2.5)

Then, for our mass distribution, it can be shown after some algebra3 that the most general spherically
symmetric vacuum (i.e. outside the mass) solution of the Einstein field equations (2.5) is the metric tensor

"We neglect here the term +Ag,,,,, with A the cosmological constant, that should also appear on the left-hand-side
of equation (2.1).

’In General Relativity the tensors g,,,, R, and T}, are all symmetric, which means that for any tensor X,,,, of
order2one has X, = X,,.

3For example, see Refs. [[1], [2]]. The computation is performed knowing that :(1) in General Relativity, the choice
of coordinates system is arbitrary; (2) in the limit cases where there is no mass (M — 0) or when we are far from
it (r — oo) one must retrieve the Minkowski space-time with signature (+ — ——) ; (3) the different components
guv Of the metric tensor must of course verify Einstein equations in vacuum (2.5); (4) the limit of weak field must
be compatible with Newton's potential ¢ = —MG/r with M the global mass of the punctual body.
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g, defining, in spherical coordinates, the interval ds? = g dxtdx” as

o _ (1 _Ts\ 2g2_ L 2202
ds® = (1 r)Cdt 1_%617” r“d§)
dQ? = sin%(0)d¢? + do? (2.6)
2MG

Ts =
2

where r, is the Schwarzschild radius or gravitational radius. This metric is called the Schwarzschild metric.
Itisimmediately seen that for ry = 0 this metric reduces to the pseudo-euclidian metric, i.e. to Minkowski
space-time. On the contrary, when ry # 0 this metric has two singularities : one in » = 0 and the other
inr = rs. Furthermore, if r > r, the signature (i.e. the sign of the g,,,) of the metricis (+ — ——) whereas
if r < rq the signature is (— + ++). Therefore r, constitutes an horizon that distinguishes two regions of
space-time : in one (r > rg) the variable ¢ if of type time and the variable r of type space whereas in the
other (r < r) itis the other way around with ¢ of type space and r of type time.

Of the two singularities, the one at » = r is unphysical, i.e. it is only related to the choice of the

coordinate system. Defining
cdt = cdt + L{q: dr

(2.7)
o
the metric (2.6) can be expressed in the so-called Painlevé-Gullstrand coordinates
ds? = (1 - ’i) 22 — 2,/ Zedtdr — dr? — r2d0? (2.8)
T T

where it can be seen that the singularity at r = r, has disappeared and the only singularity left is the one
at the origin.

The Schwarzschild observer is a far observer. The Painlevé-Gullstrand observer is a free-falling ob-
server. By definition for the propagation of a light beam one has ds? = 0, which implies that a radial null
geodesic, i.e. ds? = 0 for d2 = 0 (purely radial trajectory), is described in our two reference frames as#

dt 1 dt 1

7_j: _ = _— .
‘1= ‘T 1o Jm (29)

As expected when r — oo the light-cones are just the 45 degrees slopes of the Minkowski space-time.
But, according the Schwarzschild observer, as one comes closer to r; then the slopes get steeper with
the cone merging in a vertical line at ;. This means that an observer located in the Minkowski-like region
of the metric, i.e. at R,ps > 5, Will never see ingoing rays crossing rs because of the infinite gravitational
red-shift exhibited by any light ray leaving the Schwarzschild gravitational field. Indeed in this reference
frame, one can define a local proper time at the r; position as

dr; = (/1 — T—Sdt (2.10)
i

with ¢ the proper time at infinity, and then the ratio of the frequencies v, and v, (measured in their
respective proper times) of an outgoing light ray emitted at r, and propagating to r,, with ry < r, < 13,
will be given by

vy, dr, Ta

=—=—=x1 (2.11)
Vg dTb 1—1s

since r, < 1. For r, = g, the ratio (2.11) goes to zero and the red-shift is infinite.

4The given expressions are obtained just by solving ds> = 0 as a second order equation for dt/dr and dt/dr
respectively .
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According to the Painlevé-Gullstrand observer, which can be taken, contrary to the Schwarzschild
observer, as a local observer at 5, we see from (2.9) that an ingoing light ray can freely pass (inwards)
through r4 but no outgoing ray emitted at » < r4 can pass (outwards) through r,. We will therefore say
that a neutral non-rotating spherical mass distribution whose total mass M concentrates in a sphere
of radius lower than the Schwarzschild radius r; generates a stationary black hole that is named a
Schwarzschild Black Hole, with the Schwarzschild radius rs being the event horizon of the Schwarzschild
black-hole5. Then the mass of the body collapses to the origin in what is called a gravitational singularity.
The name black hole refers to the fact that there is no way out once any massive or massless particle
penetrates the region r < rs. A non-rotating neutral black-hole is completely determined by its mass.

Finally, the surface gravity « [80], which has the dimension of an acceleration, is computed by evalu-
ating at r the variation of dr/dt with respect to r for a null radial geodesic

K= ciﬁ = ¢ (2.12)
~\drdt),._. "~ 2r, ’

We will see that the Hawking temperature T of the Hawking radiation is proportional to the surface
gravity x of the black hole.

2.1.2. Klein-Gordon equation in curved space-time

We are interested in the propagation of a massless scalar field in the Schwarzschild space-time. The
dynamics of such a field is obtained through the Klein-Gordon equation. This equation is simply obtained
by promoting to quantum operators the terms E — ihd; and p — —ihV in the Einstein’s relation E? =
(mc?)? 4 (pc)?. For a massless scalar field (¢, r) one obtains

1

where 97 — A is the d'Alembert operator. Using n** = diag(+1,-1,—1,-1) and 2* = (ct,x), this
relation can be rewritten as

1% 0,0, = 0 = 0,0"1p = 0

which corresponds to a dynamics determined by a pseudo-euclidian metric. In curved space-time the
partial derivatives 9, have to be promoted to covariant derivates V,, defined as

VuAY = 0,AY + T AP (2.14)
with A* a contravariant four-vector. When v = p, one can show [1] that
1
V=9

with g the (negative) determinant of the metric tensor g, . Knowing that V* = ¢**V, and V4 = 0,4 for
1 a scalar, one gets V#p = g"*V 1 = g 0,1, But V#4) is a contravariant four-vector just as A*. Hence,
substituting A* in the last relation by our expression of V#4, one obtains eventually the d’Alembert
operator in curved space-time

VAP = O (V—g4") (2.15)

1
V. Vi = ——08, (V—99"" 09 (2.16)
1% \/jg H( )
With the d’Alembert operator so defined, the Klein-Gordon equation for a massless scalar field in curved
space-time reads

V. Vi =0 (217)

5Let us recall that the Schwarzschild metric is valid for describing the vacuum around any neutral non-rotating
spherical mass distribution. The radius of this mass distribution does not have to be smaller than r,. If it does,
the mass distribution collapses to the » = 0 singularity of the metric, thus generating a black-hole.
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2.2. ACOUSTIC ANALOGS OF SCHWARZSCHILD METRIC

Now that we have our dynamic equation for a scalar field in curved space-time and that we can
implement this equation with the Schwarzschild metric, we are going to see how a sonic perturbation in
a fluid can indeed be modeled by such a formalism. We will then quickly see how BECs dynamics can fit
in this hydrodynamical approach.

2.2.1. Fluid equations and acoustic approximation

As already said, Unruh [16] noticed that a sonic wave in a fluid behaves as a massless scalar field in
curved-space time. Therefore, taking g,,, to be the Schwarzschild metric generating a curved space-time
close to a black hole horizon, we can use (2.17) to study the behavior of a massless scalar field ¢ near
the horizon. Furthermore, if one considers a flow where there is a subsonic region and a supersonic
region, the sonic waves will propagate in an effective curved space-time with the supersonic region being
the acoustic analog (i.e. a dumb hole) of a gravitational black hole [37]. Likewise the immaterial frontier
between subsonic and supersonic flow will be an acoustic analog of the event horizon of a gravitational
black hole.

Knowing that a sonic wave is a massless scalar field, for a non-relativistic non-viscous barotropic® fluid,
the dynamics is described by equations

Oop+V-(pv)=0 (2.18)
v+ (v-V)v= —;Vp (2.19)
p = p(p) (2.20)

where p(t,r) is the density of the fluid, v(¢,r) its speed and p(t, r) the pressure field. The first equation
(2.18) is the equation for mass conservation, the second one (2.19) is the Euler equation whereas the third
one (2.20) allows for closing the system by defining the pressure p as an increasing function of the density
p. One wants also the fluid to have null vorticity, which means that for every ¢, one must have VA v = 0.
This last expression allows to set v = Vi with ¢(¢,r) a scalar field that can be identified with the velocity
potential [37].

We can now resort to perturbation theory in order to model the propagation of small fluctuations in a
fluid. For (4o, po, po) an exact solution of previous equations (2.18), (2.19) and (2.20), we look for a general
solution (¢, p, p) at first order of the form

w(tv I‘) Yo (tv I‘) (] (t7 I')
p(t,r) | = | po(t,r) | +e | pi(t, 1) (2.21)
p(t,r) po(t,r) pi(t,r)

with (1, p1,p1) the perturbation and e a small dimensionless parameter. We then linearizes the fluid
equations [37]. After some algebra, setting dp(po)/dp = c*(pg) = c? with c the sound speed in the
moving fluid frame, one obtains, without loss of information, a unique partial differential equation of
second order

Oy (%(3&/)1 + Vg - V%)) =V (POV(%) - %(aﬂﬁl + Vg - V¢1)V(¢0)> (2.22)

The resolution of (2.22) for ¢; allows then to find p; and p;. One can also notice that for a non flowing
fluid, i.e. for Vg = 0, the relation (2.22) reduces to

1

which is, as expected, the Klein-Gordon equation in flat space-time for a massless scalar field, i.e. here
the d’Alembert equation for the velocity potential of an acoustic perturbation propagating at speed cin
a static medium.

®In a barotropic fluid the lines of equal pressure (isobar) are parallel to the lines of equal density (isopycnal).
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2.2.2. Sonic wave in a fluid as a massless scalar field in curved space-time

In order to demonstrate (see Refs. [37] and [17]) that the propagation of sonic waves in a fluid is anal-
ogous to the dynamics of massless scalar fields in curved space-time, we will denote the temporal index
t as 0 and the spatial indices as i or j and will use Einstein’s convention for sommation over repeated
indices. Relation (2.22) thus becomes

P’ (100)0" (1g) — poc*67!

c2

o (%5011)1) + 0o (%3j(7/10)3j(1/11)) + 0 (%3i(¢0)30¢1> +0; ( 8j(1/11)> =0

We can then compare this last relation to

9o (V=99"001) + 9o (V=99 0;(11)) + 0; (V=99 0011) + 0; (v/—99"9;(¥1)) =0 (2.23)

which is nothing else but V,V#, = ﬁau (vV=99""0,41) = 0 with V,V*# the d’Alembert operator in
curved space-time (2.16) and g the determinant of the matrix g,,,. Consequently, a term-to-term identifi-
cation between our two relations allows for determining the 4 x 4 matrix g,,, as

_po ((E=V?) Y
I =~ ( v 5, (2.24)

where V. = Vip and V' = 9%)y. One immediately recognizes the metric of curved space-time with
signature (+ — ——) expressed in cartesian coordinates. Then, for a speed V purely radial, i.e. for V = 0
and V; = 0, one sees that the metric has same shape as the gravitational Painlevé-Gullstrand metric
(2.8), since it generates an interval of the form

ds® = P2 [(2 = V;2) di? — 2V, dEdr — dr® — r?d0?) (2.25)

C

The choice of coordinates being arbitrary, one can modify the time origin by setting

- Vr
dt = dt — Z_12 dr (2.26)

One then recovers an interval analogous to the Schwarzschild interval (2.6)

2 PO Vi ? 2 7,2 1 2 2 702
ds® = — 1—( — codt* — ————=dr* —r=dQ) (2.27)
c c 1— (ﬁ)Q

C

Indeed, po/c being only a multiplying factor, one can see that here 1 — (V;./c)? plays the role of 1 — (15 /1)
in (2.6), with V,. the speed of a radial transsonic flow [16]. Close enough to the horizon, i.e. at zero order,
po(r) can be considered as a constant g, and since c is a function of py(r), it will be constant too. One
could therefore manipulated the metric (2.27) without worrying about the constant multiplying factor.
Finally, for a one-dimensional flow along the = axis and towards positive x, our analog Schwarzschild
metric reduces to

(02 - V2) 0
uv = % ( 0 __ 1 > (2.28)
1-(%)
which, in Painlevé-Gullstrand coordinates, corresponds to
_ef(@=Vv¥) -V
G =~ < v 3 (2.29)

2.2.3 . Gross-Pitaevskii equation and curved space-time

In this work, we will be interested in a one-dimensional quasi-condensate, whose dynamics is de-
scribed by the time-dependent Gross-Pitaevskii equation for the field operator ¥ (z, ¢) of an indistiguish-
able bosonic many-particle system:

2
AV —;—maﬁ\ll + [U(z) + gon]¥ (2.30)
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with U(z) an external potential, gy a coupling constant” and # = ¥ W. In the classical mean-field approx-
imation of our field operator one can set

U(z,t) = to(x, t) = /p(z, t)e? @) (2.31)

using the density-phase representation of the complex mean-field. Itis then easily shown that this equa-
tion can be recast in such a way as to describe the propagation of a real massless scalar field in an curved
effective metric modeling the curvature of a space-time gravitational metric [81]. Indeed, in the density-
phase representation, the previous time-dependent Gross-Pitaevskii equation reduces to the continuity
equation and Euler equation of hydrodynamics for an irrotational inviscid fluid

Op + Ozpv =0
(2.32)

2 2 92
70,0 = — 32 (0:6)% — 45242 — gp — U(a)
where v = %8900 and where the second term on the right hand side represents a "quantum pressure".
Taking into account small first-order fluctuations p; and ¢, around the mean-field defined by py and 6,
ie.
p(:L‘, t) - po(Q?, t) + pl(x’ t)

O(x,t) = bo(z,t) + 01 (z,1) (2.33)

the density-phase Gross-Pitaevskii equations (2.32) can be expanded at first order. When the system is
considered at scales much larger than the healing length ¢2, i.e. in the hydrodynamic approximation,
after some algebra (see [81]), an equation for the scalar field 6;, representing the dynamics of the con-
densate phase fluctuations, is obtained. This dynamics is given by a curved space-time equation

1

O (V—99""0,01) =0 (2.34)
/jg u( 1)
with
_ o ((g—w?) —uo
G = e ( v . (2.35)

which is nothing else but our analog Schwarzschild metric in Painlevé-Gullstrand coordinates (2.29),
parametrized by the zeroth-order mean-field density pg and velocity vy (given by vy = (h/m)0,.6y where
6y is the velocity potential) of the condensate, with ¢ (given by mc3 = gopo) the speed of sound in the
condensate. Hence, the Gross-Pitaevskii equation can be transposed in the curved space-time formalism
in order to study the dynamics of a scalar field evolving in an effective metric. The sign of ¢Z —v3 changes
from +1 to —1 when the system is brought from a subsonic regime to a supersonic regime respectively.
One will have an acoustic horizon at ¢y = vg and the system will be referred to as an acoustic black-hole.

2.3. HAWKING RADIATION

2.3.1. Klein-Gordon inner product
The Klein-Gordon inner product in curved space-time is defined as :

(1. fa) = —i /E A5 (F10uf5 — F00F1) (2.36)

7In the Gross-Pitaevskii equation the coupling constant is usually referred to simply as g. We named it here gq in
order to avoid confusion with the determinant of the metric tensor that we already referred to as g.

8The healing length ¢ of the system can be defined either as : (1) the typical length-scale over which, for a trapped
condensate, the uniform density in the bulk of the system varies in order to vanish at the confining borders ;
(2) the wavelength at which the dispersion relation of the excitations of the system goes from a linear regime
(collective excitations) to a quadratic regime in the wavevector (quasi-particle regime) [58].

24



with 3 a Cauchy hyper-surface, i.e. a hyper-surface of constant time, and dx# = dXn* the volume
element where n* is a future directed unit normal vector to X. In Minkowski flat spacetime the Klein-
Gordon inner product reduces to?

(1. fo) = —i / B (f100f5 — F50f) (2.37)

It has been proven, using Gauss's theorem, that the Klein-Gordon inner product is independent of the
chosen Cauchy hyper-surface [82]. Defining a positive energy function as
—iwt

€ +ikr
w=———0¢ 2.38
J 2nry 2we (2.38)

with w = ck and ¢ the speed of light, one obtains straightforwardly in Minkowski spacetime

(fur fr) = O(w—w)
(fws f) = 0 (2.39)
(o, ) = —0(w—u)

for w and w’ two positive energies. Then {f,, f} constitutes (see section 2.3.5) a complete orthonor-
mal basis for the space of positive/negative energy/norm solutions of the flat spacetime Klein-Gordon
equation (2.17).

2.3.2. Bogoliubov transformation and Hawking radiation

In a curved spacetime, contrary to the flat Minkowski spacetime, there is no natural splitting of modes
between positive and negative frequency solutions : different choices may lead uppon quantization to
different vacua [82]. Consequently, there is no clear way to formalise a definite particle state. However,
when the spacetime is asymptotically stationary one can define a natural notion of positive frequency
mode in the asymptotic regions. For £* a timelike vector field, a natural notion of positive frequency
modes u; is given by

f“VMuj = —inUj (2-40)

with w; > 0 [82]. In Minkowski spacetime the Killing time t obeys ¢#V ,t = 1 for €% = ;. Then one can
define a positive frequency mode u; o exp —iw;t, with (2.40) reducing to

0 .
au] = —iWw;u; (2.41)

Hence, in his 1974 paper Black hole explosions ? [10], Hawking considers, "in an asymptotically flat
space time containing a star which collapses to produce a black hole", a massless Hermitian scalar field

b obeying the Klein-Gordon equation in curved spacetime 2.17 and given by

¢ = Z fiai + fra)) (2.42)

with a; and &j being respectively the annihilation and creation operator for incoming scalar particles and
fi complex functions of space # and time ¢ for a given positive energy w;"°, with f* the complex conjugate
of f;. The initial vacuum state is defined as the state containing no incoming particles, that is to say, for
all 4,

ai[0in) =0 (2.43)

The f; are a complete orthonormal family of complex valued solutions of the wave equation (2.17). On
past null infinity Z—, i.e. in u = ¢t — r = —oo for the black-hole singularity located in » = 0, Z~ these
fi are asymptotically in-going and positive frequency, which means that at Z— they contain only positive
frequencies.

9)ust by taking n* = (1,0,0,0), one is left with d%° = dzdydz.
“Here, as in Hawking's paper [10], the energy space is discretized but one can easily take Y, — [ dw without
modifying the reasoning.
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One can also express ¢ in terms of outgoing waves p; and waves ¢; crossing the event horizon

¢ Z pzb +D; b +qi¢; + q* T] (2.44)

%

The p; are solutions of the wave equation (2.17) which are zero on the event horizon and are asymp-
totically outgoing, positive frequency waves, i.e. positive frequency on future null infinity Z+, i.e. in
v = ct+r = oo The g; are solutions of the same wave equation which contain no outgoing component,
i.e. they are zero on future null infinity Z*. It is of course possible to write the p; and the ¢; as linear
combinations of the f; and f, that is to say as

pi = Zaz’jfj + Biif;
J
(2.45)
G =Y viili+nif;
J

Then, in the Hawking effect, the time dependence of the metric during the collapse will cause a certain
amount of mixing of positive and negative frequencies, which means that the 3;; and n;; will not be
zero. Equating the ingoing and outgoing definitions of ¢, i.e. writing

¢ =" [fiti + fral) = [pibi + pjbl + qici + g} él) (2.46)

7

one finds, by simply rearranging the terms of this last relation, that

(2.47)
d} = Z Bijbi + afbl + mijéi + el
%
This last expression is a Bogoliubov transformation. Then one has
Z[O‘Zjd] @:f;r] = by, (2.48)
J
as long as
Ej Oézj'aij - ﬁ;;]ﬂl] = din Z ah] z] Bh] ij =0
(2.49)
> O‘Zj%'j — Bpmij =0 > iy — Bhivi; =0

~

The definitions of bIL, ¢pand ¢ are obtained in a similar way. Now, if there are no incoming particles, i.e. if
the initial state is |0;,,), one has by definition

(Oin| djfli |0in) =0 (2.50)

But one can see thatin bTb aterm (summed over hand j)in a;a, appears Since this term is nothing but
a}ah + 05, taking the average of bjbZ on the same initial state |0m> one is left with

<Ozn’ I;:rgz ‘Ozn Z 6hj/61j ih — Z /B’Lj ij Z |Bij|2 (2-51)
J

Therefore if ;; # 0 the vacua of a; and b; are not the same : there is particle creation, i.e. presence of
outgoing particles without ingoing particles. In order to compute the j;;, one must consider the Klein-
Gordon inner product (pi,f;‘). Indeed from relation (2.45), one obtains, with the Klein-Gordon inner
product (2.36),

(pi, ;) = —Bij (2.52)

The previous Klein-Gordon inner product is defined on a given Cauchy surface of constant time. The
difficulty of evaluating such an inner product relies in the fact that an asymptotic outgoing solution must
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be traced back to the ingoing region (or vice versa) in order to evaluate its inner product with an ingoing
mode defined in this region. In the case of a black-hole, Z* alone is not a Cauchy surface since the
asymptotic future is given by ZT U 7, with Z¥ representing the future of the ingoing modes falling
in the black hole and Z+ the future of the ingoing modes escaping at r = +oo after crossing r = 0.
Therefore, the best Cauchy hyper-surface over which to evaluate the inner product (2.52) is Z~.

lgnoring the ¢; and éj in Rel. (2.47), this last relation can be applied to the vacuum |0;,) of the a;,
leading to

Q@ |0n) =0 = aib; |0in) = — B! [0in) (2.53)
with implicit summation on index i. Writing
10in) =S [Oour) (2.54)
with S some generic invertible operator, one obtains
S = —Viib! S (2.55)

with implicit summation onindex j and Vi; = [(@T)~,[81];; a matrixwhere o and ' are the transpose
of a and the hermitian conjugate of 3, respectively. Then, recalllng that [#, p] = ih and that for bosons
[b,bT] = 1 with p = —ihd; in position representation, one can write by, = 051, thus obtaining, for J;; bi, =

k k
Okgs

Oy S = ~ViiblS = = A exp (~Vyibo}) (2.56)

with .4#" a normalization constant. The in-vacuum |0;,) is therefore obtained by squeezing the out-
vacuum |0,,¢), with S the squeezing operator, i.e.

04n) = A €Z0i ~Vaibibi |0,,) (2.57)
If 8 = 0 it can then be seen, according to the definition of the matrix V, that |0;,) = [Oput)-

2.3.3 . Eddington-Finkelstein coordinates

In order to derive Hawking radiation in the Swarzschild metric several coordinate changes are needed.
As we have seen in (2.9), in Schwarzschild coordinates radial null geodesic are given by

dt? rs\ 2

2 s

Tm=(1-2) 2.58
e ( (2.58)
Then, one can define for r # r,

|r — rs)

r*=r4+r,ln (2.59)

Ts
where r* is called the Regge-Wheeler or tortoise coordinate. The absolute value |r — r;| implies that r* is
defined for any r greater or smaller than r, and is such that

r* =0 lim r* = —oc0 lim r* = +oo (2.60)
r=0 r—rs r——+oo
One has therefore
dr* Tg r Ts -1
=1+ = = (1 — 7) (2.61)
dr =T T =T r
both for r > r, and r < rg, which leads to
dt \? i}
c =1 = cdt = £ dr (2.62)
dr*
This last relation implies
d(ct F1*) =0 (2.63)

One then usually defines new coordinates v and u such that any fixed value of variables v and u given
by

v=ct+r* u=ct—r" (2.64)
will represent an ingoing radial null geodesic and an outgoing radial null geodesic respectively™. Taking
the ingoing radial null geodesic™, one can therefore parametrize the non-angular part of the Schwarzschild

"One has cdt/dr* = —1 for v and cdt/dr* = +1 for u : hence ingoing and outgoing respectively.
20ne could take the outgoing radial null geodesic as well.
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metric with (v, r) or (¢,v) instead of (¢,r), since from the definitions (2.64) and (2.59) one can take v and
r as independent variables and consider ¢ to be fixed as a function ¢(v,r) or v and ¢ as independent
variables and considered r to be fixed as a function (¢, v). Considering that one has by definition

rs\ 1
dv = cdt + dr* = cdt + (1 _ —) dr (2.65)
T
one obtains' in the first case
ds?(v, 7,0, ) = (1 _ E) dv® — 2drdv — r2dQ? (2.66)
T
and in the second case
ds?(t,0,0, ) = — (1 _ E) (dv? — 2cdtdv) — r2dQ>2 (2.67)
T

Dropping the angular part it can then be notice that

2
det g, (v, 1) = —1 det g, (v,t) = — (1 — Ti) (2.68)

,
Hence, whereas the second metric g, (v,t,0, ¢) is not invertible both in » = 0 and r = r, since there
det g, (t, v, 8, ¢) = 0, the first metric, while still diverging in the g,,, component for r = 0, is now invertible
inr = ry where the determinant is finite. Therefore the metric g, (v,r) is now regular at r, with no
divergence appearing when going from r; to r; . Let us therefore take this metric where v/c is a time
coordinate.

In this metric parametrized by coordinates (v, r, 0, ¢), usually referred to as the ingoing (or advanced)
Eddington-Finkelstein coordinates, with v the time coordinate, we are interested in time-like and null-like
geodesics. We want therefore ds? > 0, that is to say for radial geodesics,

(1) dv? ~ 2drdv > 0 (2.69)
r
and therefore, after dividing by dv? which doesn’t change the inequality sign,
Ts dr
— %) >9 = .
(1 T > - 2dv (270)

We are interested in future oriented geodesics, i.e. dv > 0. The left-hand-side of the inequality is strictly
positive for » > rs, which means that dr can have both positive and negative values. But for r < r;
the left-hand-side of the inequality is strictly negative and this implies that the right-hand-side must be
negative: in this case the propagation of any (be it massive or massless) particle can therefore only
occur towards r = 0. Furthermore, since there is no more divergence in r = rg, the propagation from
the region r > r, to the region r < r, can occur and the surface » = r, can be crossed : since once this
surface crossed for any particle there is no way back, the only possible direction of propagation being
inwards, the region r < ry is called a black-hole. The surface of the sphere of radius r = r; is called the
future event horizon of the black hole, the term future referring to the fact that this horizon is located at
constant u = +o0.

An analogous reasoning for the metric parametrized by coordinates (u, r, 8, ¢), usually referred to as
outgoing (or retarded) Eddington-Finkelstein, with u the time coordinate, leads to the interval

ds*(u,r,0,0) = (1 — E) du® + 2drdu — r2dQ0? (2.71)
T
and to the radial geodesic relation
9 Ts dr
> -— ) > -2 :
ds*>0 = (1 T)_ 2 (2.72)

where the regionr < r, allows only for outwards propagation. In this metric the region r < r is therefore
called a white-hole and the surface of the sphere of radius r = r; is referred as the past event horizon of
the white hole, the term past referring to the fact that this horizon is located at constant v = —cc. In
both set of coordinates the horizon is therefore located at infinity with respect to the time coordinate (u
or v) of the metric. The Kruskal coordinates can bring the horizons to a finite value (see [82]).

3The coordinate v represents time in one case and space in in the other.
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2.3.4 . Collapse in Vaidya spacetime

Vaidya spacetime is the simplest exact solution to Einstein’s equation that describes the formation of
a black hole and hence the simplest non-stationary spacetime describing particle creation from a black
hole [82]. In (v,r) coordinates, the mass M in (2.6) is taken to be v dependent, and the stress-energy
tensor T,, is considered to be proportional to dM /dv = M (v — vg). Therefore, since™

M(v) = MO(v — vg) (2.73)

the black hole is considered to be formed by a collapse of matter modeled by an ingoing null shock wave
at time vy. Before the formation of the black hole, i.e. for v < wvp, one has the usual Minkowski space-
time. Since there is no black-hole this space-time is obtained from the Schwarzschild space-time (2.6) by
setting rs = 0 and therefore r* = r from Eq. (2.59). We will call this region "IN" and write it as

ds%n = CthZZn — dr?n — rfndQZ
= dv?n — 2dvipdri, — 7’Z-2ndQ2
= du?n + 2duindri, — rfndfﬁ

= dujpdvi, — 7”22”le2

(2.74)

Once the black-hole is formed, i.e. for v > vy, we are in the stationary configuration of the Schwarzschild
black-hole, i.e. s # 0 and r* # r. This region, that we call "OUT", is most easily written, using (2.61), as

r
dsgut = 1- r St (Czdtgut - (erut>2) - TgutdQ2
ou
r
— 1-— " & (dvgut - 2dvoutdr;ut) — rgutdQ2
out
2.
s 2 * 2 2 (2.75)
= 1-— " (duout + Qduoutdrom) — 15, d)
out
= 1-— TTS AUyt AVout — TgutdQ2
out

Since the Schwarzschild metric is parametrized by r, with r(r*,t), r(v, t), r(u, t) or r(u, v)™, the continuity
of the metric imposes a matching at v = vy, i.e. at v;, = vour = vo. This matching condition is written

Tin (UOa tin) = Tout(UO’ tout) (276)

or

Tin (UOa Uin) = Tout(UO’ uout) (2.77)

according to the chosen coordinate system. For the sake of clarity, let us rewrite relations (2.64) defining
r* in each region when working with the (u, v) coordinates. One has in the "IN" region

Vin — Uin

5 (2.78)

Tz‘n(Uz‘m Um) =
since here r = 1y, because (2.59) is defined for ry = 0 in region "IN". In the "OUT" regions one has
instead
Vout — Uout

5 (2.79)

T;ut (UOuta uout) = |rout (Uout, uOUt) B TS| >

= Tout (Uouta uout) + 7 In < r
s

Applying the matching condition (2.77) in the previous relation (2.79) evaluated at vy, yields straightfor-
wardly
Vo — Uout
2

|7in (V0 Win) — 7“s|> (2.80)

= Tin(“O» Um) +7s In <
Ts

“Here © is the usual unit step function.
'50f course r(r*,t) = r(r*) since the metric is stationary.
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and eventually, applying (2.78),

(2.81)

_ ] ’UO_Uin_2rs|
Uout = Ui — 275 1N

27

NOW wuyy: is a function of u;,,. We have seen that the horizon is located at © = +oo (what we called the
future horizon, i.e. the horizon of a black hole) in a Schwarzschild metric. Here our metric is such in the
"OUT" region and therefore the horizon is located at u,,; = +00. From expression (2.81) we can see that

when wu;, = —oo one has uy, ~ u;; which means that at early times u,,; = —o0, i.e. long before the
black hole was formed, a positive frequency mode of frequency w/2r is not altered when going from the
first region to the second : because the whole space is a Minkowski space when u,,; = —o0, there is no

scattering and hence no mixing of frequencies. But the more u;, gets closer to vy = vy — 2rs the more
Uoye differs from u;, since one has u,,; — +o0o when u;, — vgy.

2.3.5. Real Massless Scalar Field in Vaidya space-time

This space-time we considered is the simplest space-time for the Hawking effect. The simplest field to
guantize in such a space-time is a real massless scalar field. This field obeys the Klein-Gordon equation
in curved space-time given in (2.17). Since the configuration is spherically symmetric one can write the
massless scalar field ¢ as

Ylat) = f’(:’t)Ylm(e, ®) (2.82)
Im

with Y;™ the spherical harmonics. In the "OUT" region the equation (2.17) can easily be computed with
the (r*,t) coordinates and, after some algebra, it reads

(@ 0%+ Vi) flrn =0 Wi = (1) ( 289

r

I(1+1) N 7“5>

72 r3

In the "IN" region, the equation is obtained from the previous (2.83) just by setting r; =0, i.e. r* =r:in
this region, the equation is simply the one of flat space. The heart of the Hawking process takes place at
the horizon where the potential V;(r) vanishes in both regions for I = 0. We will therefore take here the
potential V;(r) to be identically zero everywhere in both regions and rename f; as f, with f solution of
(2.83) with Vj(r) identically zero everywhere in both regions. A positive frequency solution will be given
by a harmonic time dependence in f(r,t), i.e.

frt) = e “f(r) (2.84)
which leads straightforwardly to
d2
df*(g) +w’f(r)=0 (2.85)
r

with »* = r in the "IN" region. One can also solve (2.17) using (u,v) coordinates. Then the equation
reads’’

(40,0, + V(7)) fi(r,t) =0 (2.86)

with V;(r) as defined in Eq. (2.83). With the potential V;(r) taken to be identically zero everywhere in both
regions, one can then define

f(rit) = F(u) + G(v) (2.87)

which is solution of equation
OOy f(r,t) =0 (2.88)
®The relation 72V2Y;™ = —I(l + 1)Y;™ for spherical harmonics has been used, with V2 the Laplacian in spherical

coordinates. Relation (2.61) must also be used since r*(r).
"7Equation(2.86) is obtained straightforwardly from (2.83) just by applying relations 8, = 9, — 9, and 9; = 9, + 9,,.
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2.3.6 . Hawking radiation in Vaidya space-time
On past null infinity Z—, the ingoing asymptotic solutions f,, of (2.88) defined as

—iWvin/C
. gw e
== 2.8
Yu r 4rry/we (2.89)
are such that™
(i, i) = —4mi / iy, 72 (P Dy, DI — Dy, BT = S(w — W) (2.90)
Similarly, we define on future null infinity Z*, the outgoing asymptotic solutions f,, of (2.88)
out fw e—iwuout /c
=== 2.91
v r 4drry/we (2.97)
are such that™
(2" ") = —4mi / dutout 7 (5" Ouu V" = V" Q) = 5w — W) (2.92)
T+

In the Schwarzschild black hole metric the past null infinity Z~ is a Cauchy surface where the g3, coef-
ficients can be determined from=°

Buwr = =W ") = 4mi / dvin T (V' 0o, WG — V2 00, ) (2.93)

once the mode ¢2“ has been traced back to this region. To do so, we have to consider a last condition.
Because of the spherical symmetry of the problem, while working in the (r, t) space-time a light ray
that is crossing » = 0 (before the black-hole is formed) "reflects" at 45° on the t-axis and one must

therefore have in region "IN" the condition

flr=0,t)=0 (2.94)

The ingoing light ray vg represents the shock wave of the black hole formation and the ingoing light
ray vy, with vy < vg the last ray to escape to infinity without falling in the black hole : it is the ray that
generates the horizon along uy,: = +o0o. These two rays reach » = 0 at ¢ty and cty respectively with
cto — cty = 2rg as can be seen from Fig. 2.1, hence, using (2.63), v — vy = 2rs. Before vy /c the scalar
field is constituted by both ingoing modes (not yet "reflected" on » = 0) and outgoing modes (already
"reflected" on r = 0). After vy there are no more outgoing modes since all the ingoing modes fall in the
black hole. Since nothing happens when crossing = 0, the "reflected" outgoing mode gyt (u;y ) i just
Uout (Vin) With the function wu,,; defined in (2.81)*'. Then, condition (2.94), implies

out e~ Wiout (Win)/c  o—iwlout (vin)/c o )
= - VH — Uj (2.95)
“ dmr/we Amr/we o
At early times, i.e. when v;,, — —o0, one has
Uout (Uzn) ~ Vin Uout (u'm) ~ Uin (296)
Vin—>—00 Vin—>—00

8Let us remark that v/c is a time coordinate whereas v is a space coordinate. On Z—, the space coordinate varies
from —oo to +o0, with u,,; = —oo. The integration over sin 0dfd¢ has already been performed, leading to the
factor 4.

9Rigorously, the following definition would only be true in a Minkowski spacetime where Z* is indeed a Cauchy
surface at v,,; = +00. In a black hole configuration the Cauchy surface is Z+ U ZH, with T the horizon drawn
by the last outgoing light ray escaping to infinity before the creation of the black hole. This is the reason why we
have to choose Z— as a Cauchy surface for evaluating the 3, coefficients. Let us also remark that r;, = roue = 7.

2°The Cauchy surface Z~ is defined far all v;, and vyt When ug,: — —oo. But for v > wvg, i.e. for vy, all the
ingoing null rays fall into the null horizon u,,; = +oo and there are no "reflect" modes to Z, hence here 2".
The integration over Z~ can then be taken on the v;,, at uyy: = —o0.

“'The "reflection" at » = 0 happens only in the (r, t) coordinates : in an (z, t) coordinate the v;, light ray would just
continue to go straight. This is why one has just to change v;,, <+ u;, in the function w,,; when crossing r = 0.

31



ct

T:O P \ > T /"
Te 4 e
~, 5 // //
/ Yo /
| y d
et d
A0 v
’ /v
o
«4 VH yd
/ e
Iy d
7 e
4
d
/s
V= —Q /
//
B

Figure 2.1: Penrose diagram of a Vaidya space-time. Due to spherical symmetry, the (ct,z) plane has
been folded in the the (ct,r) plane, with r the radial coordinate centered at the black-hole singularity,
with s the Schwarzschild event horizon. The lines of constant u and v define ingoing and outgoing
null rays, respectively (see (2.64)). The ingoing light ray vy represents the shock wave of the black hole
formation (it separates the "IN" region from the "OUT" region of spacetime) whereas vy represents the
last ingoing ray escaping u = 4oo : therefore the u constant black line is the null horizon of the black
hole. The thick dashed dark line is the black hole singularity : every ingoing ray emitted after vy falls into
the singularity. At early times an ingoing positive frequency mode w is mapped to an outgoing mode of
identical frequency (blue dashed arrows). At late times, close to vy, an outgoing positive energy mode
gets infinitely blue shifted (see (2.98)) when traced back to an ingoing mode (red dashed arrow to blue
dashed arrow).

and upon "reflection" at » = 0 an ingoing positive frequency w is mapped to the same outgoing positive
frequency w. There is no particle creation and from (2.81) one has

Buw = 0 (2.97)

Vi —>—00

At late times, i.e. when u,,+ — +00 and v;,, — vy, one must also have u;, — vy, i.e.??

Vg — U;
Uout (Win) = vH—2rsln(|Hm|)

Vin—VH 2r
| ° | (2.98)
VH — VUin
Uout(Vin) =~  vg —2rgln <)
Vin—VH 2 Ts

An outgoing positive frequency w is no longer mapped, upon "reflection" at » = 0, to an ingoing positive
frequency w, since uoyt(Vin) # Vin aNd Uyt (win) # uin. Hence,
wa’ 7& 0 (299)
Vin—>—VH
and one has particle creation. The explicit computation of the 3, can be found in Ref. [82]. It leads to

he

drkprs

(2.100)

2With vy = vy — 27, by definition.
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Introducing a discretized w; *3 and taking into account®*

/ dw’ [[oipur|® = |Burr|?] = 1 (2.101)
0

one obtains®
1

o
SR / 2 _
(bjbi)in = /0 dw'| B |© = T (2.102)

which corresponds to a thermal spectrum of temperature T4.

2.3.7 . Analog Hawking temperature

In order to conclude this section on the hydrodynamical analogy for Hawking radiation, we will show
how an analogous Hawking temperature for the analogous thermal radiation can indeed be well defined
in the hydrodynamical frame. In fact, considering quantum field theory in curved space-time, Hawking
theorized the existence of a thermal black body radiation emitted from a gravitational black hole. By
virtue of vacuum quantum fluctuations close to the event horizon, a black hole radiates at

B he3 _h .
- 87T/<?BGM - 27TkBC

Ty (2.103)
where c is the speed of light in vacuum , h the reduced Planck constant, kg Boltzmann’s constant, G
Newton’s constant, M the mass of the black hole and « the surface gravity of the black hole. The surface
gravity is by definition the gravitational acceleration at the event horizon. For a Schwarzschild black hole,
the surface gravity was given in (2.12) and one obtains eventually the Hawking temperature

hc
TH’Schwarz. = T (2.104)

drkprs

One clearly sees that the smaller the radius (or the mass) the higher the temperature of the black hole.
Knowing that the thermal radiation of a solar mass black hole is of order 10~8 K whereas the Cosmic Mi-
crowave Background is of order 3 K, any astronomical observation of Hawking radiation is highly unlikely.
On the contrary, experiments in Analog Gravity can allow an experimental verification of the analog ra-
diation.
Indeed, comparing (2.27) and (2.6), one can define an analog Hawking temperature [83]. To this end, let
us arbitrarily state that the flow becomes supersonic in R and let us, from (2.27), expand with respect to
r to first order f(r) = 1 — (V.(r)/c(r))? around R. Close to R one has f(r) ~ f(R) + f'(R)(r — R) =
f'(R)(r — R) since, by definition of the acoustic horizon, V,.(R)/c(R) = 1 and therefore f(R) = 0. Hence,
having

2V, V,/c? — 2V, 2cd
4

fi(r) =

and also, from (2.6), expanding with respect to r to first order g(r) = 1 — rs/r around 7, i.e. g(r) =
g(rs) + ¢ (rs)(r —rs) = ¢'(rs)(r — rs) since by definition g(rs) = 0, with ¢’(rs) = 1/rs, one clearly sees
that 2(¢’ — V,’) /c plays the same role in the acoustic frame as the one played by 1/, in the gravitational
frame. Therefore, looking at (2.12), one can define an acoustic analog surface gravity term

C

d(c—1;)

8, (2.105)

e = lR)|

R

Eventually this analog surface gravity leads to a well defined acoustic analog Hawking temperature

h

27‘(‘7]% Rac (2.1 06)

TH ‘Acoustic =

23With a continuous normalization of the modes, the quantity (b{ b, )i, would represent the Hawking flux at fre-
gquency w integrated for all times : it would then be infinite [82].

24See (2.49).

25See (2.57).
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This completes our acoustic analogy and allows us to state, in Unruh’s words, that indeed " [t]he model of
behavior of quantum field in a classical gravitational field is the motion of sound waves in a convergent
fluid flow " [16]. The radial dimension can then be modeled by a one dimensional flow along the x axis
with an acoustic horizon in x;, defined by c(z;,) = v(z)?® and with a one-to-one mapping of the relevant
physical observables between the analog system and the gravitational one. This bijective mapping is
summarized in Table 2.1.

Gravitational Black Hole Acoustic Black Hole

light speed ¢ sound speed ¢(x)
radius r, = 2GM/c? xp, such that V(zy,) = ¢(xp)
surface gravity k = ¢?/2ry | Kae = c(x3)]|0(c — V) /024,

temperature Ty & T | Acoustic X Kac

Table 2.1: Analogy terms between a gravitational Schwarzschild black hole of mass M, with G the
gravitational constant, and an acoustic black hole implemented in a fluid as a one-dimensional
flow with an acoustic horizon located at x;, and V(x) the velocity of the flow. Clearly, if the
central symmetry of the gravitational configuration is lost in such an analog configuration, this
acoustic model still captures the relevant radial dynamics of the gravitational black-hole.

2.3.8. Limit of the Analogy

As a final remark, we will just signal the main limit of the analogy : the existence of supersonic modes
due to the violation of Lorentz invariance. The Doppler shifted Bogoliubov dispersion relation (see Rel.
(3.24) and Fig. 3.2 in Chapter 3) generates, due to dispersion effects, a zoology of modes that is richer
than in the gravitational framework. The analog system is thus tripartite where the gravitational one is
bipartite. This is a drawback of the analogy but, by considering the analog hydrodynamic system per se,
it is a nice feature that allow to study tripartite entanglement and nonlocality.

Furthermore, the existence of these supersonic modes allows us to translate the emission process
generated by the gravitational collapse into a stationary scattering process on the horizon. Due to the
dispersion effects, the physics of the analog Hawking radiation is mainly driven by long wavelength phe-
nomena. Then, the Hawking temperature that is given by the analog surface gravity (2.105) can also be
obtained by considering the scattering coefficient Sp2 of the "in" partner mode (2) onto the "out" Hawking
mode (0), as can be seen in Chapter 3. Indeed, the far exterior region of our one-dimensional black hole
is given by the asymptotic region x — —oo, where the average energy current at zero temperature [38]
reads

Q

dw

o = - / o 101502l (2.107)
0 T

The transmission coefficient | Sy (w)|? is directly related to the presence of the acoustic horizon and exists

only for w < 2. This coefficient is a signature of the analog Hawking radiation [38] and it can be fitted by

a thermal spectrum I' x ny,, with I a constant®” and nr,, (w) the thermal Bose occupation number

1

Ty (w) = o
exp (kBTH> -1

(2.108)

where Ty is the analog Hawking temperature. Because of the cut-off energy 2 the fitting to a thermal
spectrum is only partial. Indeed, as can be seen from Fig. 2.2 the fitting at low energy is quite good
and becomes less precise when w — () because of the cut-off. The given estimations of the Hawking

26 Aninfinte one-dimensional system will mimic the relevant physics generated by the presence of the event horizon
but, contrary to the gravitational configuration, will have no singularity at » = 0.
?7lt is the "greybody factor". AtT' = 1 the radiation is the purely thermal radiation of a black body.
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temperature Ty and greybody factor I" can therefore be considerably improved by considering only a
long wavelength expansion of |Sgz|.

| Spz(w)|? in Flat Profile | Spalw)]? in Delta Peak | Sz ()] in Waterfall
. form, = 0.5 and mg = 4.0 withQ,= 0.11 . form, = 05 and mg =18 with 0, = 0369 form, = 0.5 and my = 4.0 withQ, = 1764
10
— | Sazlw)? — | Sazlwl[* — | Sealw)[
5 —mn T w) 3 - Ty (w) 08 - T
4 4
06
3 3
2 2 04
1 1 0z
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Figure 2.2: Fit of | Sp2 (w)|? by a Bose thermal spectrum ny,, (w) of temperature Ty, for the Flat Profile, Delta
Peak and Waterfall configurations (see Chapter 3. The values of the fitting parameters are : I' = 1.143
and kpTy/mc? = 0.067 for Flat Profile, T' = 0.997 and kpTy /mc? = 0.125 for Delta Peak, I' = 0.924
and kgTy /mc2 = 0.142 for Waterfall. For a description of the three analog black hole configurations see
Chapter 3.
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3 - BECs ANALOG BLACK HOLES

BECs are promising analog systems. One can enumerate at least four main reasons for this : (1)
BECs are quantum systems and therefore exhibits quantum fluctuations, which are the core of Hawking
radiation phenomenon ; (2) in such systems, the two-point density correlation function allows for a ro-
bust signature of the Hawking radiation [36]" ; (3) 1D configurations can be theoretically devised, which
make the phenomenon mathematically easier to study ; (4) some of such 1D configurations have been
experimentally implemented [33, 34], thus allowing for comparison between theoretical predictions and
experimental data. In this chapter we will review, within the Bogoliubov approximation, such zeroth or-
der background configurations as well as the first order quantum excitations defining the ingoing and
outgoing modes in the scattering process on the acoustic horizon.

3.1. THE GROSS-PITAEVSKII EQUATION AND THE BOGOLIUBOV APPROXIMATION

3.1.1. The 1D meanfield

The dynamics of BECs is well described by the Gross-Piatevskii equation [58]. This non-linear equa-
tion allows for a precise characterization of the zeroth order mean-field and first order quantum fluctua-
tions. We consider here a stationary flow of a 1D Bose-Einstein-Condensate described by 1D Heisenberg
field operator

(x,t) = (x, t)e /P (3.1)

where p is the chemical potential fixed by boundary conditions at infinity. This field operator is solution
of the Gross-Piatevskii field equation :

. m .
ihoyd = —%aﬁ@ +[U(z) + g(x)n — p]®@ (3.2)

where U(z) is an external potential, i = ®® the density operator and ¢ > 0 a nonlinear parameter
which accounts for a repulsive effective two body-interaction and for a transverse harmonic trapping. In
the quasicondensate regime, i.e. in the so-called 1D mean-field regime [57], the Bogoliubov approxima-
tion for stationary flows consists in writing the quantum field as

A A

O(z,t) = P(x) + 0V(x,t) (3.3)

where the quantum field operator ® has been split in a stationary classical contribution ® describing the
background flow pattern and a small quantum fluctuation ¥. Whereas the decomposition (3.3) is legiti-
mate in 3D, it has a finite range of validity in the 1D configurations we consider; however, its conditions
of applicability are commonly met in standard experimental situations [84].

The classical contribution ®(z) is solution of the classical stationary Gross-Pitaevskii equation

h2

d=—-——
H 2m

9;@ + [U(z) + g(x)|@[*]® (3-4)
An acoustic analog black hole configuration is defined as an inhomogeneous stationary flow exhibiting
an asymptotic subsonic upstream flow in the x < 0 region, an asymptotic supersonic downstream flow
in the region = > 0 and, close to x = 0, the acoustic horizon where the local velocity of the flow V' equals
the local speed of sound c. The chosen potential U(z) and parameter interaction g in (3.4) will shape
different configurations. Several such flows have been considered in the past. The so-called “waterfall
configuration” is close to the experimental realization of Refs. [33, 34].

'In the gravitational case Hawking radiation is completly lost in the Cosmic Microwave Background (CMB). In the
BEC even if the temperature is very low, the analog Hawking radiation has a temperature very low compared to
the one of the BEC. But in an analog black hole the interior (supersonic) region is not precluded to measurements:
the two-point densisty correlation function provides a robust measure of the signal.
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Using the subscript u for upstream (subsonic) and d for downstream (supersonic) we can write

| /nuexp(ikyx)py(x) forx <0
(@) = { V1a exp(ikqx)pq(x) for x >0

In order for n,, and ny to be respectively the upstream and downstream asymptotic densities, we define
lim, oo |®y| = 1 and limy 1 o0 |Py| = 1, i.e. limy— oo Py = exp(ify,) and limy, o Py = exp(ify) with
Bu,a @ constant. Hence, an analog black hole horizon is realized if the flow takes asymptotically the form
an upstream subsonic and downstream supersonic plane wave. The functions ¢, (x) and ¢4(z) specify
the precise form of the flow pattern. In all our three configurations treated below we have

pa(x) = exp(ifq) (3.6)

meaning that ¢4(x) is a constant and that the downstream flow pattern is flat with constant density and
velocity. Finally, we define, for a = w or d, the upstream and downstream asymptotic flow velocities V,,
asymptotic speed of sound ¢,, healing lengths £,, and Mach numbers m,, as

(3.5)

hky, = mV,, mci = gaNa meq = h/&, Mo = Va/Ca (3.7)

For a black hole configuration, one has, by definition, m,, < 1 and my > 1. Since a stationary flow
requires equality of asymptotic chemical potentials one can plug (3.5) in (3.4) and get a first asymptotic
relation. Knowing that a stationary flow also requires current conservation, we get a second asymptotic
relation®. One finally gets respectively

h2k?

[&]

2m

+ Ua + GaNa = 1 anu = ndvd (3-11)

3.1.2. Flat Profile configuration
In the Flat Profile configuration [85, 38] the flow pattern is flat with constant density and velocity, i.
e. Vi, = V3 = Vand n, = ng = ng. Therefore, in order for this configuration to be an acoustic
black hole, one must have ¢; < V; = V,, < ¢,. Since the density is flat everywhere one can also take
du(x) = ¢a(x) = 1,i.e. B, = B4 = 0. This means that (3.5) reduces for all = to ¢(x) = \/ng exp(ikox) with
ko = mVp/h. By virtue of (3.7) one has immediately :

Cd _ My _ Su

=¥ = (3.12)
Cy mq gd
Taking a steplike configuration for U(x) and g(x), that is
_J Uy, forz <0 | gy forz <O
Ulz) = { Ug forz >0 and g(z) = { gq forz >0 (313)

with g,, > gq4 in order to fulfill the second relation in (3.7) for ¢,, > ¢4, one finally gets, by virtue of the first
relation of (3.11),
Uy + guno = Ug + gano (3.14)

and thefore U, = no(g9q4 — gu) + Uq < Uy since g, > g43. High sensitivity to total atom number [38] and
complexity of local monitoring of g(x) make this configuration experimentally unrealistic.

2In the mean-field approximation, the current is both upstream and downstream given by
h t
Jal(z,t) = —Im(V*0, V) = Vong — —na|da(2)[20up (3.8)
m m

Then taking
Oxpt =0 (3.9)
one has a stationary flow with j,(z,t) = j.(x) since V,, and n,, are asymptotic constants. Then current conserva-
tion implies
Ju(@) = ja(z) (3.10)

3Note that if one takes smooth profiles for U(z) and g(x) imposing to U () +g(z)no to be a constant as required by
the firstrelationin (3.11) then ¥(z, t) can only be determined numerically whereas it can be determined analytically
for the steplike configuration of U(x) and g(z)
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3.1.3 . Delta Peak configuration

If one imposes g(z) = ¢ to be a constant and U(z) = Ad(x) to be a repulsive § peak with A > 0, a
transonic stationary profile, i.e. an acoustic black hole configuration, can also be obtained. In this case,
one gets [38] for z < 0 a portion of a dark soliton profile

¢u(z) = cos B tanh <az —

0 cos 0> —isind (3.15)
with 0 < sinf = m,, < 1, which implies that one can take 6 €]0,7/2[, and therefore lim,_, . ¢, () =
—exp(10), thatis to say 3, = 7w+ 6. Furthermore, with g a constant and U,, 4 = 0, one gets from (3.11) and

(3.7) that ,
m;/a + e = Cst

and then, setting

nu _ Vi _
nqg B Vu B
from the second relation of (3.11) and factorizing out gn,, in the first relation of (3.11), that
2 2
m m 1
14 % — U2y
+ 5 5 Yo+ ”

This last relation can be rewritten as

2 2
m m,
(1-y) (;y2+2“y—1) =0

whose positive solution, ignoring the solution y = 1 thatis not compatible with a black hole configuration,

is
1 / 8
=—-|-1 1+ —
Y 2( + +m%>

This being set, from (3.7), one obtains immediately

u Ve 3 1 u
Pu _Ya_, Md_ .3 Ca_ 1 _ & (3.16)
nq Vu My Cy \/ﬂ gd

Since ¢4(z) = exp(ify) is constant, by continuity of the wave functionin z = 0 one has ¢(0) = \/n,¢.(0) =
V1a9a(0), i.e. \/yo,(0) = cos B4 + isin 3, and therefore, by identification of the imaginary part on each
side, —,/ysinf = sin 34, and by identification of the real part on each side,

y cos f tanh (f cos 9) = cos By
0

Hence cos 55 < 0. Knowing that

cosﬁd:—\/l—siHQBd: \/1—ysin29: V1—ym2

cos&tanh(cos@) 1/7—m2 \/ y—1
Bq = 7 — arcsin(—mu./y)

(3.17)
1 fly—1
? - cos 0 tanh_l ( yTtan 6)
w S

From the appropriate matching of its derivative
0z¢(07) — 826(07) = 2mh~2(0)
and from the relations (3.17) one finally gets

2
-1

we obtain

Therefore one has finally

mguy

In this configuration one has V,, < ¢g < ¢, < V3.
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Figure 3.1: Schematic representation of the background density profile of the waterfall configuration
(upper plot) and of the delta peak configuration (lower plot). The shaded region corresponds to the
interior of the analog black hole (see the main text). The whole z > 0 region is supersonic, while the
upstream region is asymptotically subsonic (i.e., in the limit z — —o0).

3.1.4 . Waterfall configuration

Here one imposes g(z) = g to be a constant and U(z) = —UyO(z) with Uy > 0 and © the Heaviside
function. The ¢, (z) profile is as defined in (3.15) for the § peak configuration but with zy = 0 which
means that here ¢, (z) is exactly one half of a dark soliton. One still has sin # = m,, and therefore, from
the continuity of the order parameter ¢ in = 0, one gets n,m2 = ny, from which one can obtain

expifqy = —i knowing that ¢,4(z) = \/ng expify. Using first current conservation and then first relation
in (3.11) one finally comes to
V. n 1 2 cu\ 2 U m2 1
LT S ——— O - S0 _Muy 2y (3.19)
Vi ng m2 &y Cd gny 2 2my,

In this configuration one has V,, = ¢4 < ¢, < V3.

The delta peak and waterfall configurations are depicted in Fig. 3.1. In this figure the region z > 0
is shaded in order to remind that it corresponds to the interior of the analog black hole. It is however
important to recall that the precise location of the horizon separating the interior and the exterior of an
analog black hole is ill-defined, see, e.g., the discussion in Sec. Il.A of Ref. [86].

3.1.5. First order fluctuations around the stationary condensate

In order to study spontaneous quantum effects let us first consider §¥ in (3.2) as a small time-
dependent classical field composed of normal modes of the form

5 (z,t) = e [y (z,w)e ™ + 0} (v,w)e™] (3.20)

with a = u for z < 0 and a = d for x > 0. Linearizing the classical Gross-Pitaevskii field equation (3.2)
to first order in §¥(z,t) and setting X, = x/&, (which implies k,z = myX,) and e, = hw/ganqa, one

obtains ) )
Lo (“a> — e <““> (3.21)
Vo Vo
where L, is the Bogoliubov-de Gennes Hamiltonian defined as

H, —im,0 2
Lo = o ¢ (3.22)
_(¢Z¢)2 —H, — imaaXa
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with .
H, = —5(9%(& +2|pal? — 1

Taking the eigenvectors of Bogoliubov-de Gennes equation (3.21) for X, € R to be of the form
Ua(z,w)\ _ iQx, (Ui(x)
() = () 523)

with Uj(xz) and W;(z) constant when ¢, (x) is constant, i.e. when |z| — oo, the dimensionless wave
vectors (); must be solutions of

(ea — maQ1)? = wi(Q) (3.24)

Q2
wp(Qr) = Qi1+ Tl (3.25)

is the dimensionless Bogoliubov dispersion relation in a condensate at rest. The different branches of
this dispersion relation are represented in Fig. 3.2.

The wavevectors ; are dimensionless and defined as @Q; = ¢;£,. When the solutions Q); are complex,
one should discard the wave vectors with Im(Q;) > 0 for a = w and Im(Q;) < 0 for & = d in order
to avoid divergence and keep only the evanescent solutions. The index [ identifies the branch of the
dispersion relation to which the excitation pertains and is actually a double index. Indeed, calling in (out)
a branch whose group velocity points towards (outwards) the horizon and eva an evanescent mode, for
a = uone has ! € {0|in,0|out,0leva} whereas for &« = d one has | € {1]in, 1|out, 2|in,2|out} if w < Q
and [ € {1]in, 1|out,2|eva} if w > Q, with © a threshold that exists only for a supersonic flow and is
defined by the positive energy £4(Q%) = Qg4 for Q; = mgQ} — wp(Q3) being a maximum (FIG. 3.2), with
Q4 = Q/gqnq.Thus €2 corresponds to the value of Q); defined as

where

= Qi= <—2+m3+;\/8+m3> (3.26)

The 0 and 1 in/out modes are positive norm eigenvectors whereas the 2 in/out modes are negative
norm eigenvectors. The group velocity of each mode is given by dw/dq < 0. A mode is therefore "in"-
going when propagating towards x = 0 and "out"-going when propagating away from = = 0 [38]. Hence
at @Q; = Q}; one has exactly dwp/0Q; = mq. But for Q; > Q* one has dwg/0Q; > mg4, which means that
the excitations have here a dimensionless group velocity larger than the dimensionless flow velocity
mg > 1: these are supersonic modes.

One can check that if (., 7,)7 is a solution of (3.21) for the eigenvalue ¢, so is (v, 4, )” for —¢,. And
since both solutions describe the same excitation (3.20), we can take w € R* without loss of generality.
This is related [87] to the fact that |U;|? — |V;|? can be positive, negative or null, this sign being the same
as the one of E; = ¢, — maQ;. Finally, it has been shown [88] that the current J; associated to the
eigenvector (i, w,)" is a conserved quantity defined by

7
Ji=5e [fOx. [*— [fOxof+90x.9" — 9" 0x.9] (327)
with f = e"meXaq, and g = e""meXa g,

3.1.6 . Downstream and Upstream Eigenvectors
Downstream, where the flow is supersonic, the Uj(x) and W;(z) of the eigenvectors (3.23) of the lin-
earized Gross-Pitaevskii field equation (3.21) are, for all configurations (flat profile, delta peak, waterfall),
given by [38]
<Ql2 ) B4
Ui(x) 1 o TH)e

e 2
Vi) (% - EZ) et

11

(3.28)
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Figure 3.2: Graphical representation of the positive frequency part of the dispersion relation (3.24) in the
far upstream subsonic (upper plot) and downstream supersonic (lower plot) regions. The background
color of the lower plot is greyed for recalling that it concerns the interior of the analog black hole. In both
plots the horizontal dashed line represents the angular frequency w of a given excitation. In the upstream
region there are two channels of propagation associated to each value of w. In the downstream region
there are four (two) propagation channels when w is smaller (larger) than the threshold 2 defined in Eq.
(3.26). The channels are denoted as o, 1 or 2, with an additional “in” (“out”) label indicating if the wave
propagates towards (away from) the horizon. The direction of propagation of each channel is marked
with an arrow.

with F; = ¢4 — mq@Q; and C; a normalization constant. Defining the group velocity [38] as

Vo(Qu) = gwl gz; Vo + an(QlZerl) (329)
one can set the normalization constant to
Ci = |2Re(E; Q})V,y(Q1)|?
in order to have the normalization L
U — | Wi * = AGHE (3.30)

This normalization allows J; = 41 in (3.27) for all non-evanescent modes.

Upstream, where the flow is subsonic, the U;(xz) and W;(z) are not the same for all configurations.
For the flat profile, the two components are the same as in the downstream region, with index d replaced
by index u. On the contrary, for the other two configurations (delta peak and waterfall), one has [38]

2
U 1 [C;l + eu/Qu+ ix (X )]

(3-31)
Dy | [Q 2
Wi(z) D+ i)
with D; a normalization constant and x(X,) = cos # tanh [(X,, — X() cos 0] for Xy = z(/&,. We choose to
evaluate D; at X,, — —o0. In order to obtain again J; = +1, the normalization constant is found to be,
for real Q;,

WZ@‘EZV @Q))2

The choice of the phase of D; allows the eigenvectors in (3.31) to have the same shape as the upstream
eigenvectors of the flat profile configuration in the limit w — 0 and is therefore motivated by practical
and aesthetic reasons4.

(3.32)

4For completeness, the normalization for ); complex, is given by

_ *)2 _ * %
Q90 o} + Q)

Dy = |Vy(Q)|? |8Re[ By (e, /Q1)?) + dey(cos? §) O

+ 2ig,, (cos 6)
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3.2. THE "IN" AND "OUT" BASES FOR QUANTUM FLUCTUATIONS

3.2.1. The quantum fluctuation operator o0
Considering the previous section 3.1, the normal modes defined in (3.20), can be written in the form
(aj‘meimaXa) efiwtbj + (,DjlmefimaXa)* eiwtb; (3.33)
for the ingoing modes and in the form

imaXa ) —iwt

= —imaXa\¥ jiwt *
€ ¢+ (Uj|0ute “ a) € i

(@jloute c (3.34)

for the outgoing modes for modes j = 0, 1. Because of the negative norm |U;|? — |V}|? the mode 2 must
be written

(ﬂ2|m€im°‘XQ) e s + (?72|m€_im“X“)* €'y (3.35)
for the ingoing mode and

(a2|out6imaxa) eithcz + (172|outeiimaXa)4< ethC2 (336)

for the outgoing mode. This specific treatment of mode 2 will be required upon quantization by the
fluctuation field 6% fulfilling the bosonic commutation relation

(60 (1), 69T (2, )] = 6(x — 2) (3.37)
The outgoing coefficients can then be expanded in the ingoing basis according to

1 Sjo bo + Sj1 by + SjQ b; (3.38)
c; = Sa0 bo + S21 b1 + S22 b3

% .5
]7

The evanescent modes must be considered as outgoing modes, i.e.

~ , » ~ . . .
(uj|evaezmaxa) e zwtcjva + (Uj|evae zmaXa) ezwt[cjva] (339)

for j = 0,2. Then one obtains
5’ j::O ) S50 bo + S51% b1 + S35 b5 (3.40)

Upon the quantization procedure b; — b; and b; — 3; with b; and B} the annihilation and creation

operators respectively of the ingoing scattering modes j = 0, 1, 2, the quantum fluctuation operator §¥
given in (3.3) can now be expanded as

Sia,t) = etor [T S [anmw)e o) + o .0 B )]
0 Vom L=0,1 (3.41)

+ ethar /Q d—w [a (z w)e_i“’ti)T (w) + v5(x w)ei‘“tl; (w)]
0 \/% 2 9 2 2 9 2
with 47, and v, for L = 0,1, 2 being linear combinations of 4; and v; given by the coefficients S;; and

S%?’a, as can be explicitly seen from relation (3.46)°. One has the usual bosonic commutation relations

[br,(w), b, (w)] = 81,18 (w — ) (3.42)

The expression of the scattering coefficients S;; and 577 is determined by the matching conditions.

>This expansion does not take into account the zero energy modes that are necessary to obtain the right bosonic
commutation relation (3.37) for the field operator ¥ (see Refs. [87, 89, 90]).
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3.2.2. Matching conditions and scattering modes
From the normal mode (3.20) and the eigenvectors (3.23) definitions, one can define
=iz w) _ (Ul(%w)) _ (exp((in +mq)) Ul(x)>
’ ui(,w) exp ((iQ1 — ma)) Vi(x)
Calling =L a linear combination of the Z; in the upstream region, i.e. with I € {0|in, 0|out, Oleva}, and Z4

a linear combination of the =; in the downstream region, i.e. with [ € {1|in, 1|out, 2|in, 2|out} if w < Q
and [ € {1|in, 1|out, 2|eva} if w > €, one can define the two matching conditions as

(3.43)

El(z = 0,w) = Ef(z = 0,w)

—u

- (3.44)
ho [d=f d=k 1

with A = 0 for the flat profile and waterfall configurations. These two conditions correspond to the
(dis)continuity of the wavefunction and its first derivative implied by the Gross-Pitaevskii field equation
(3.2). Then, the scattering modes = (z, w) are defined to be the three modes L = 0, 1,2 generated by
the scattering of the three ingoing modes [ = 0, 1,2 on the potential U(z). They read

=L _ ur (:Ev w)eimaXa

with @y (x,w) and vz (z,w) appearing in (3.41). In the upstream and downstream region, the three linear
combination Z°, Z! and =2 are given by®

=0 _ = = eva o
—qy — —0lin + Soo —0|out + SO() —0|eva

52 = S10 E1|0u15 + @(Q - w) Sa0 E2|0u15 + @(w - Q) Sgga E2|eva

[1]

1 _ = =
u = So1 —0|out + S(cﬁ)a —0leva
(3.46)
=l _ = =) = =
—d — —1|in + 511 —1|out + G(Q - w) Sa1 —2|out + @(w - Q) nga —2leva

E’z% = G(Q - w) (502 E0|out + Sgga EO\eva)
25 =0(2 —w) (Zgjin + S12E1jout + 522 E2jout)

where O is the Heaviside function and the |S; (w)|? are the scattering coefficients of transmission or re-
flexion from I’-ingoing mode at energy hw to [-outgoing mode at same energy hw. Defining the scattering
matrix

Soo So1 So2
Sw<a = | S0 S11 Si2 (3.47)
Soo So1 oo
the current conservation can be written as
StnS=n=25nS"  n=diag(1,1,-1) (3.48)

which is implied by the bosonic canonical commutation relations that the creation and annihilation op-
erators must fulfill. Note that the S coefficients do not appear in the S matrix since, being related to
evanescent modes, they are not involved in current conservation. Note also that for w > 2 the mode 2
becomes evanescent and therefore the matrix .S becomes the 2 x 2 matrix

Soo  So1
Sus0 = .
>Q <510 511> (3.49)

with current conservation STS = SST = diag(1,1).

®The x and w dependence has been dropped for legibility.
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3.2.3. Propagation channels and quantum modes

In order to summarize the main points of our approach, it must recall that the decomposition (3.3)
is meaningful in a regime of small quantum fluctuations where the operator ¥ can be treated within a
Bogoliubov approach. In this case WU is naturally expanded along the asymptotic ingoing and outgoing
channels of the flow. The dispersion relation of elementary excitations (3.24) in the asymptotic upstream
subsonic and downstream supersonic regions (x — —oo and +oo, respectively) is of Bogoliubov type,
with a Doppler shift accounting for the finite velocity of the background.

From the identification of the relevant channels and of their direction of propagation it is possible
to define quantum modes forming a basis enabling to describe all the elementary excitations of the
background flow. To each such mode is associated a quantum operator: BI(w) and b;(w) (i = 0, 10r 2)
are the creation and annihilation operators of an excitation of energy fuw which is ingoing in channel i|in
and scattered by the horizon onto the three outgoing channels 0Jout, 1|out and 2[out. Since each b mode
is associated with a single ingoing channel, it is denoted as an “ingoing mode”. Itis also relevant to define
“outgoing modes” associated with a single outgoing channel. The corresponding operators are denoted
as ¢;(w) and é}(w). For instance ¢ is the creation operator of an excitation where the three ingoing
channels are implied and form an outgoing excitation in channel Ojout. The corresponding quantum
mode is the analogous Hawking mode. As can be seen from the quantization of the coefficients in (3.38),
the outgoing modes are related to the incoming ones via the scattering matrix S(w):

Co Soo Sor So2 1:70
1l =150 Su Si by |, (3.50)
&b Sao Sa1 S22/ \b}

where all the w dependencies have been omitted for legibility. The modes by and &, are particular in the
sense that they have a negative norm and should be quantized inverting the usual role of the creation
and annihilation operators [87] in order to satisfy the standard Bose commutation relations. The mode
¢ is analogous to what is called the partner is the context of Hawking radiation. We denote the mode
associated with ¢; the companion; Lorentz invariance prevents such a mode to exist in a gravitational
black hole, but it is unavoidable in an analog system.

The fact that the outgoing operators fulfil the canonical commutation relations implies that the scat-
tering matrix S(w) obeys the skew-unitarity condition (3.48).For w > 2 the mode with subscript 2 (the
partner) disappears because the corresponding ingoing and outgoing channels do (cf. Fig. 3.2) and the
S-matrix becomes 2 x 2 and unitary. In this case the vacuum of the outgoing modes (the ¢'s) is identical
to the vacuum of the incoming ones (the b's) and the analogous Hawking effect disappears. The value
of the corresponding threshold energy is given in (3.26). It has been shown in Ref. [86] that the three-
mode system describing the analogous black hole horizon can be modeled by an optical setup simply
composed of a parametric amplifier and a beam splitter, as depicted in Fig. 4.1.
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4 - VIOLATION OF BELL INEQUALITIES IN AN ANALOG BLACK
HOLE

In this chapter we conduct a theoretical study of violation of bipartite and tripartite Bell inequalities
in an analog black hole implemented in the flow of a quasi-one dimensional Bose-Einstein condensate’.
In the BEC system we consider, the asymptotic upstream region is subsonic while the asymptotic down-
stream region is supersonic. Such a flow induces the mismatch of the asymptotic dispersion relations
illustrated in Fig. 3.2. In the downstream region, the appearance of additional (negative norm) channels
gives rise to the Bogoliubov transformation (3.50) which enforces the mismatch (4.82) between the in-
going and outgoing vacua. Therefore, in an analog system, the Hawking radiation appears to be driven
by the very same mechanism as the one suggested by Hawking for the radiation of a gravitational black
hole [11] : the vacuum of the outgoing modes is not the same as the vacuum of the ingoing modes.

The Bogoliubov transform we consider is attached to a standard quadratic Bose Hamiltonian [87]
and to the production of correlated and entangled pairs of quasi-particles. In this perspective, the sonic
character of the Doppler-shifted dispersion relation in the long wavelength limit not only results in the
low energy divergence of the coefficients of the S matrix involving the incoming negative norm mode,
i.e. the S, o coefficients, [92] and in a finite analog Hawking temperature [93, 94], but also in the existence
of three and not simply two quasi-particle modes. It will be shown that such a three-quasi-particle sys-
tem can then be mimicked by a simple optical setting involving a standard parametric downconversion
process and the presence of a beam-splitter as illustrated in Fig. 4.1. In this setup, the presence of the
beam-splitter incorporates the greybody factor which - from a gravitational perspective - accounts for
the back-scattering of Hawking radiation by the curved geometry surrounding the black hole [86].

We will not address here the question of the actual experimental demonstration of quantum en-
tanglement in a BEC analog black hole (see, e.g., Ref. [86] for a recent discussion) but rather take the
theoretical analysis a little further by asking: which general insight can we reach by studying quantum
correlations of the Hawking signal emitted by an analog black hole? A natural approach for such an in-
vestigation is a test of nonlocality via violation of Bell inequality. The epistemological query of refutation
of local hidden variable theories has already received an unambiguous answer in many contexts (see,
e.g., Ref. [95] and references therein) and important progresses have also been achieved in the field of
BEC matter waves [96, 97, 98, 99] we consider here. Such a test is nonetheless a nontrivial extension
of the scope of analog gravity and would constitute a primer for continuous variables entanglement in
a matter wave environment (see also Refs. [100, 101, 102] for related proposals). In view of future ex-
perimental studies it is relevant to quantitatively evaluate in realistic configurations to what extent Bell
inequalities can be violated in BEC analogs. This is a natural question to ask, all the more so as we argue
in the following that in some (exotic) limits the analog black hole we consider exactly realizes a Einstein-
Podolsky-Rosen (EPR) pair. Furthermore, as will be shown, the specifics of the system provide a natural
testing ground for genuine tripartite nonlocality. Our theoretical investigation of the matter reveals an
unexpected generic feature of black hole analogs: in the long wave-length limit, the state of the system
realizes an infinite sum of degenerate Greenberger-Horne-Zeilinger (GHZ) states. Interestingly, thanks to
the continuous nature of its degrees of freedom, and despite the clear GHZ nature of its long wavelength
modes, the analog system remains entangled after partial tracing.

4.1 . BELL INEQUALITIES : A SHORT HISTORY

4.1.1. Premisses

In quantum mechanics two canonically conjugate variables cannot be determined simultaneously
with arbitrary precision, i.e. for "two physical quantities described by non-commuting operators, the

'Regarding the entanglement properties of our system, a primary reference for this chapter is Ref. [86]. Further-
more, a preliminary work on bipartite violation of Bell inequalities is to be found in the unpublished Ref. [91].
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knowledge of one precludes the knowledge of the other" and either "these two quantities cannot have
simultaneous reality" or the quantum wave function encoding our knowledge of the system provides
an incomplete description of reality [4]. It is then not possible to construct a state in which they are
both perfectly known, viz. well-defined simultaneously. With two non-commuting observables, such as
position and momentum, the measurement (i.e. the experimental setting) decides which one is real
or definite and which one is not, since reducing the uncertainty (i.e. the variance) of one increases the
uncertainty of the other. According to Einstein, Podolsky and Rosen this is on its own a puzzling outcome
and their famous 1935 paper [4] is mainly about the inconsistent definition of reality implied by the
existence of non-commuting observables. The Gedankenexperiment of the non-factorizable two-particle
state that is presented there, is brought into as a proof of the inconsistency of quantum mechanics
formalism.

To this end, Einstein, Podolsky and Rosen (EPR) define a criterion taken "not as a necessary, but
merely a sufficient, condition of reality", which reads : "[a] sufficient condition for the reality of a
physical quantity is the possibility of predicting it with certainty, without disturbing the system"
[4]. In quantum mechanics this is possible : (1) when the measurement is performed on an eigenstate
of the measured quantity ; (2) when after the measurement of one subsystem the state of the other
subsystem is known with certainty from the outcome of the first measurement. When dealing only with
one-particle system, the commutation relation, for example, between the position z and the momentum
Dz IS given by

&, Pa] = ih (4.1)

In the {|z)} basis, on can define the one-particle wave-function g as

Pp, () = etpox/h Pe = —1hO,
(4.2)
ﬁﬂ?q/)po (.’E) = Po wpo (.’L’)

and consider the EPR criterion to be fulfilled since v, is here an eigenfunction of the momentum opera-
tor p,. Then one can say that, when the system is in state |4, ), the physical quantity py is "an element of
physical reality" since p, can take a "particular value" : one says that the particle associated to the wave
function 1, has a definite momentum py. But taking the position operator z for the particle in state [,,)
one obtains by definition

& 1hpy () =  1hpy (2) (4.3)

with x being indefinite since corresponding to any real value. Therefore 1, () is not an eigenfunction of
operator & and hence position is not in this case "an element of physical reality" since its measurement
"disturbs the particle and thus alters its state" yielding a random (i.e. impredictable) outcome [4]. For
non-commuting observables, measuring one observable in the eigenstate of the other alters the system
state, which implies that "when the operators corresponding to two physical quantities do not commute
the two quantities cannot have simultaneous reality" [4] or that the quantum wave function formalism is
incomplete.

And here comes the Gedankenexperiment of the two-particle non-factorizable state to make things
worse. Indeed, for a two-particle system described by the wave function ¥(x,x2) one can define the
observables

Xy =01+ Py = p1 £ P2 (4.4)
It can be easily checked that X_ and P, commute thus making it possible for state |¥) to be simultane-
ously eigenvector of both X_ and P,, let us say for eigenvalues v and 0 respectively, i.e.

X_|O)=u|®) P |¥)=0 (4.5)

Thus, knowing that the initial state (z1, 22| V) = ¥(z1, z2) is characterized by definite relative position «
and definite total momentum 0, it can be inferred from (4.4) that measuring z; or p; on system 1 (one
particle) will immediately constrain system 2 (the other particle) to be eitherin zo = 1 —uorinps = —p;
respectively. Let us say that the measurement on subsystem 1 (either £; or p1) and the measurement on
subsystem 2 (either &5 or ps respectively) are space-like events, i.e. that they are causally disconnected.
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Then one faces a contradiction unless quantum mechanics is incomplete. Indeed : (1) both z;
and p; are random outcomes ; (2) based on the random outcome of its own measurement of position
or momentum, observer 1 now knows "with certainty" and "without disturbing the system" what will be
the outcome of the measurement of position or momentum (respectively) by observer 2, i.e. observe 1
knows that if x1 is measured then x5 = 1 —w and if p; is measured then py, = —p1 ; (3) since, due to the
measurement on the first subsystem, the second subsystem ends up either in a state of definite position
or definite momentum while not knowing which measurement has been performed on subsystem 1, its
definite values must have been settled from the start, thus making the subsystem 2 in a state of definite
position z2 and definite momentum ps ; (4) but this is forbidden by non-commutativity and is therefore
contradictory unless the z; and p; (with i = 1,2) are some functions z;(\) and p;(A) of some unknown
or hidden possibly random? variable X that would justify the correlations by making at the same time
quantum formalism incomplete.

The contradiction arises from the fact that the two measurements are causally disconnected and
that the collapse of the wave function after measurement 1 appears to be as a non-local phenomenon.
We will therefore consider a process to be non-local if not governed by relativistic causality. This does
not mean that it violates relativistic causality (indeed, it does not) but that the correlations exhibited
by the system cannot be explained by any (classical) relativistic propagation of information and must
therefore be of quantum nature. This being said, it appears clearly that what really bothers Einstein,
Podolski and Rosen, is not non-locality per se but rather quantum contextuality3, the phenomenon of
non-locality being for them just (so to say) a proof of inconsistency of quantum mechanics. Indeed,
what seems to be really inconceivable for Einstein, Podolski and Rosen is that the "same reality", i.e. the
state of system 2 and therefore the "reality" of its momentum or position, "depend upon the process
of measurement carried out on the first system" which should "not disturb the second system in any
way" : in other words, they simply deny, by their reasoning, that "two or more physical quantities can be
regarded as simultaneous elements of reality only when they can be simultaneous measured or predicted "
[4]. From there, they conclude that the very existence of non-commuting observables in the formalism
of quantum mechanics implies that "the quantum mechanical description of reality given by the wave
function is not complete" [4]. It is therefore worth stressing that the question of non-locality of quantum
mechanics is not addressed per se in the EPR paper but is rather considered as a decisive inconsistency
in @ more general inspection about the notion of "reality" implied by the existence of non-commuting
observables in quantum mechanics formalism.

As it is well known Bohr (1935) disagreed with the previous argumentation by Einstein, Podolsky and
Rosen [6]. Understanding that the real physical question asked by the EPR paper [4] was the one of
the "criterion of reality" defining "physical reality", he argued that quantum mechanics provides a "com-
pletely rational description of physical phenomena" [6]. This is why, according to Bohr, the fact that one
can never "attach definite values to both of two canonically conjugate variables" is not an argument for
incompleteness of quantum mechanics but rather implies "a final renunciation of the classical ideal of
causality" and a "radical revision" of what is "physical reality", hence a notion of "individuality completely
foreign to classical physics" [6]. Considering position and momentum, he claims that quantum mechan-
ics is nothing else than "a rational discrimination between essentially different experimental arrange-
ments and procedures which are suited either for an unambiguous use of the idea of space location,
or for a legitimate application of the conservation theorem of momentum" : this characteristics he calls
"complementarity", specifying that it has to do with a "free choice on what we want to measure" and not
"with an ignorance of the value of certain physical quantities, but with the impossibility of defining these
guantities in an unambiguous way" [6]4.

2|t has to be not random if one wants to restore determinism.

3We will refer by "quantum contextuality" to the fact that it is the chosen quantum measurement that selects
what has to be taken as real. According to quantum contextuality, the definition of reality is then contextual to
the undertaken experiment. This is related mathematically to the non-commutativity of canonically conjugated
observables.

4"The last remarks apply equally well to the special problem treated by Einstein, Podolsky and Rosen, which has
been referred to above, and which does not actually involve any greater intricacies than the simple examples
discussed above. The particular quantum-mechanical state of two free particles, for which they give an explicit
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If the answer by Bohr is generically about the completeness of quantum mechanics, the one by
Schrodinger (1935) is specifically about the entangledness of the EPR state [5]°. The fact that two systems
that have interacted cannot be described by two independent wave functions but must be apprehended
as a unique (entangled) state, is considered by Schrédinger as being not "one but rather the characteristic
trait of quantum mechanics, the one that enforces its entire departure from classical lines of thought":
only a measure on one subsystem (after which the state of the other subsystem can be "inferred si-
multaneously") can disentangle them since a new measurement of the first subsystem will no longer
simultaneously affect the second one [5]°. As can be seen entanglement is defined by Schrédinger as
characterizing the state of a system where a measurement of a subsystem can instantly modify the state
of the other subsystem no matter how remote the two subsystems are. Interestingly, after a first mea-
surement on one subsystem, the two subsystems are disentangled since a second measurement on one
of the two subsystems would not modify the state of the other.

The question of non-locality raised by the EPR paper is explicitly addressed by Bell in his 1964 paper [7]
in which he gave a mathematical formulation of the locality constraints of the phenomenon, thus making
it possible to test local-hidden-variable theories experimentally (see 4.1.3). Indeed, in 1957, Bohm and
Aharonov [103] had already suggested to test in a realistic discrete setting the EPR paradox through the
"polarization properties of pairs of photons". Instead of spin singlet state (at first considered), discrete-
variable two-photon states were implemented in experiments relying on photon counting [8, 104]. Then,
the 1964 argument by Bell [7] to rule out hidden-variable theories was generalized in 1969 by Clauser et.
al. [105] in the (here adopted) CHSH inequality for the study of "the polarization correlation of a pair of
optical photons". Therefore, whereas the EPR paradox was first thought in a continuous variable set-
ting, Bell inequalities were first derived in a discrete variable setting’. Thus, experiments confirming the
completeness of quantum mechanics were performed [107], among others, by Freedman and Clauser
in 1972 [108], with time-varying analyzers by Aspect, Dalibard and Roger in 1982 [109] for two-particle sys-
tems and in 2000 by Zeilinger et al. [110] with an entangled three-photon GHZ state and an experimental
setting relying, in this last case, on a Mermin-type argument [111, 112] for the refutation of the EPR incom-
pleteness assumption rather than on a Bell-type inequality. If, in the wake of these experiments, the EPR
paradox and Bell inequalities were understood to be an invaluable resource for quantum technologies
[107], nowadays the question is not only investigated with small systems of a few particles but also in
"massive many-particle systems", among which atomic Bose-Einstein condensates (BECs) appear to be
"particularly well suited to investigate nonclassical phenomena at the quantum-to-classical boundary"
through measurement of collective spin correlations [99]8, therefore similarly to what was first suggested

mathematical expression, may be reproduced, at least in principle, by a simple experimental arrangement, com-
prising a rigid diaphragm with two parallel slits, which are very narrow compared with their separation, and
through each of which one particle with given initial momentum passes independently of the other. If the mo-
mentum of this diaphragm is measured accurately before as well as after the passing of the particles, we shall in
fact know the sum of the components perpendicular to the slits of the momenta of the two escaping particles, as
well as the difference of their initial positional coordinates in the same direction; while of course the conjugate
quantities, i.e., the difference of the components of their momenta, and the sum of their positional coordinates,
are entirely unknown. In this arrangement, it is therefore clear that a subsequent single measurement either of
the position or of the momentum of one of the particles will automatically determine the position or momentum,
respectively, of the other particle with any desired accuracy; at least if the wave-length corresponding to the free
motion of each particle is sufficiently short compared with the width of the slits. As pointed out by the named
authors, we are therefore faced at this stage with a completely free choice whether we want to determine the one
or the other of the latter quantities by a process which does not directly interfere with the particle concerned"
[el.

Sltis indeed (see [8]) Schrodinger himself that introduced the notion of entanglement in his answer [5] to the EPR
paper [4].

6"Another way of expressing the peculiar situation is : the best possible knowledge of a whole does not necessarily
include the best possible knowledge of all its parts, even though they may be entirely separated and therefore
virtually capable of being "best possibly known", i.e. of possessing, each of them, a representative of its own" [5].

’The question of translating Bell inequalities in terms of continuous unbounded variables is still an open one [8].
Most of the works testing Bell inequalities with continuous variables rely on some discretization procedure of the
possible outcomes. This is for example the case with the GKMR pseudospins used in this work [106].

8More specifically, what is considered is the splitting of one BEC in two BECs that exhibit bipartite entanglement
between the collective spins of each BEC [99].
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by Bohm for spin correlations [103]. We will not dive further in the history of Bell inequalities and just
stress that experiments such as Colciaghi's [99] suggest that the pseudospin approach of our work can
eventually be translated to a realistic experimental setting®.

Before considering the violation of Bell inequalities in our analog black-hole (from 4.2 on), we will
present in the following : the notions of entanglement and non-locality with continuous variables as
stated by the EPR paper (see 4.1.2) ; the mathematical constraints on local realism implied by Bell in-
equalities (see 4.1.3) ; the measures of genuine bipartite and tripartite entanglement and nonlocality
(see 4.1.4).

4.1.2. The 1935 EPR : Entanglement and Non-locality with Continuous Variables

In EPR the notion of entanglement appears without any reference to a discrete variable setting. The
thought experiment is indeed conducted within a fully continuous variable approach, with the position
Z and momentum p non-commuting operators involved. As a matter of fact, in the two-particle state
invoked in the paper, the two particles are correlated in position and momentum. Thus, despite later
insightful research based on discrete variable systems, the notion itself of entanglement came out from
a continuous variable setting after being more explicitly introduced by Schrédinger in his reply to the
EPR paper [8]. Indeed, as stated in 4.1.1, the two particles sharing the entangled state (4.11) are perfectly
correlated in their positions and momenta, thus making it possible to infer (with absolute certainty) the
outcome of a position (momentum) measurement on particle 2 from a position (momentum) measure-
ment on particle 1 and without disturbing the state of the second particle since the first measure has
indeed disentangled the state of the full system. Then, because EPR's realism postulates an objective
reality and refuses the idea of an action at a distance, it is inferred that both position and momentum
of the second particle must be predetermined. But such states of both definite position and momen-
tum are forbidden by quantum mechanics and consequently, according to the EPR reasoning, quantum
mechanics formalism must be incomplete.

In order to understand the quantum structure of such a state, let us define, as usual, the single-
particle position {|z)} and momentum {|p)} representations

1 +oo ) 1 +oo )
T) = — dp e % = / dzx e |z .6
) m/_oop ) p) Nord |z) (4.6)
and
@lp) = —=c™ (@) =d@—1)  lp)=dp—p) /+OO dp &' = 27 §(x) (4.7)
2T PN ’
with z and p dimensionless and ¢ the Dirac-function. The two-particle state vector is then written
+00 +oo _

|1]Z)> = / dxidzs ’gZJ(:L‘l, $2) |5E1, 1‘2> = / dp1dps ¢(plap2) |p17p2> (4.8)

Considering [5] the state (4.8) as being the eigenstate of operators X_ = #, — &, (relative position) and
P, = p1 + po (total momentum) for real eigenvalues u and 0 respectively (see (4.4)), i.e.

X [y =uly)  Pplg)=0 [X_,Py]=0 (4.9)

one can define, for u some real constant and C' some vanishing normalization constant, the unphysical
and unnormalizable state

(w1, 2|)) = P(a1,22) = C (w1 —22 —u) & (p1,p2|¥)) = ¥(p1,p2) = Cd(p1 +p2) €™ (4.10)

+00 +o00 )
V) = C/ dr |z, r —u) = C/ dpe """ |p, —p) (4.11)

%It must be noted that the collective pseudospins used in [99] are not the the GKMR pseudo-spins introduced in
Ref. [106] and here adopted in our work (see 4.4).
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as being the limiting case of a physical and normalizable two-mode squeezed state with squeezing pa-
rameter r, which in the position basis {|z)} representation reads™

2 o _ 2
V(w1 2) = \} exp {—(xl * :12 +v) e — (@1 =25 —u)” :12 w) 62’"}
7T
_ 1 (z1+ a2 +0)? 1 (z1 — w9 —u)? 5
w(l’l“‘xQ,xl —.%'2) = |:(27T€2r)1/4 exp{—4e Wexp —#6

- ¢ [(27re12r)1/4 exp {_ oo :if - U)Qe%}]

—  C(x1 — w9 —u)
r—+00

(4.12)
with v also real and C' a vanishing constant. In the momentum basis {|p)} representation, one would

have

. 1 —p2)? _ + p2)? i :
1/1(p17p2)ﬁ exp {_(m4p2)€ r %6% t3 [v(p1 + p2) + u(p2 —pl)]} N C é(p1+p2) e
(4.13)

Let us indeed consider the unitary two-mode displacing and squeezing operator D1 (ay) D (az)S(¢) with,
for(j = 1,2),
Dj(aj) = exp {aja} - a;fdj} = D]T-(aj)aij(ozj) =a; + o (4.14)

and"

S(C) = exp {(*alag — Cd{ag}

SO | (4.15)
ST(¢)a18(¢) = a coshr — d; e sinhr
ST(¢)agS(¢) = g coshr — a{ e sinhr

for ¢ = re?. In the position representation, the two-mode displaced squeezed vacuum is then given™
by

(X1, X2| §1(¢) D} (a2) DI (ar)arazDy (1) Da(a2)S(C) [01,02) 4 = (Xi] (A1+a1) [01) 4 (Xo| (Aotaz) |02) 4, = 0

(4.16)
with |0¢,02) 4 the vacuum of A4;. Using the dimensionless definitions
. 1 /. - R
— (A i . At
%= (4;+41)  B= 1 f (4, - A7) (4.17)
and 1 d 1 d
XilAj=—4|X;+ —= Pi|A; = P; 18
< J| J \/§< .7+de> <]‘ J f<dX +Z ) (41)

this two-mode displaced squeezed vacuum is straightforwardly proven to be associated to the Gaussian
wave function

X1 4 V20)? Xy 4+ V2a)?
p0(X1, X2) o exp {—(121) exp —(222) (4.19)
or, in the momentum representation,
P; —iv2a1)? Py —iv2a3)?
@0(p1’p2>o<exp{_(122\[a1>}exp{_(222\faz)} (4.20)
'°To be consistent with the definitions (4.17) of our & and p operators, the factor 1/4 in the exponential is taken in

order to have (X?) = f:r;o dzidz; 22| (i, a:])\ = 1/2 when r = 0 and the two particles are uncorrelated.
"See Appendix A.1 for the squeezing operator S(¢), where it is named A in Rel. (A.12).
251(¢) Di () Df (e )iz Dy (a1) Da(a2)S(¢) = S7(¢) D] (an)ar D1 (1) (S(¢)S(C)F) D (cr2) s D () S(Q).
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Setting ¢ real with # = 0 and using (4.17) and (4.15), one obtains

Xl = Z1coshr — Zosinhr
5 . A (4.21)
Py = pycoshr + pysinhr

and similarly for X, and P just by taking 1 <+ 2 in the previous expressions (4.21). Then, in these ex-
pressions the operators X;, P, #; and p; can be replaced by the associated eigenvalues X;, P;, z; and p;,
respectively'3. Using these quantities in (4.19) and (4.20), for

1 1
22 - 2V/2

yields straightforwardly (4.12) and (4.13). Let us finally remark that for a single mode squeezing, i.e. 1 = 2
in (4.15), by the same reasoning, the wave function of the displaced squeezed vacuum is given by

r

aq (v e —u e’") o9 (v e +u e’") (4.22)

ﬁ 2 r—00

for «a real, thus describing in the limit of infinite squeezing the displaced zero position eigenstate and
having an infinite mean photon number n = , (0] ATA|0) , = |a|? + sinh?r diverging as sinh? r when
r — OQ.

It is easily shown from (4.117) with p = |¢¥) (¢| that the Wigner function (see 4.3.1) of state (4.11),
considered as being the limiting case of a physical and normalizable two-mode squeezed state with
squeezzing parameter r (see (4.12) or (4.13), is given by

() = — exp {—WGQT} — 6z +v2a) (4.23)

—2r 627"

Z (21 + 22+ 0)* + (p1 +p2)*] — = [(21 — 22 —w)* + (1 — pz)ﬂ} (4.24)

W(q,p) < exp {—

with q = z1,29 and p = p1,p2. The Wigner function links the Schrédinger's wave function (or more
generically the quantum density operator) to a quasi-probability distribution in phase space (q, p), the
term quasi referring to the fact that the Wigner function is not always positive semi-definite since it can
have negative values. An always positive Wigner function, as is the one of state (4.11), can be interpreted
as a classical probability distribution, thus allowing a hidden-variable interpretation of the correlations
exhibited by this entangled state. Thisis true as long as Gaussian measurements, i.e. linear combinations
of position and momentum measurements, are considered "4,

Here we can see that the Wigner function (4.24) of the EPR state is Gaussian and therefore positive
semi-definite. This means that the state can be represented by a classical probability distribution. As a
consequence, for a Gaussian measurement , this EPR state cannot violate Bell's inequalities [8, 113]">.
In other words, as long as Gaussian measurements are concerned, the EPR state (4.11) displays a
non-locality that can be mimicked by a classical probability distribution, viz. by a hidden variable
theory. However, the non-locality of Gaussian states such as (4.11) can be revealed by non-Gaussian
measurements. Hence, non-locality is revealed not only by the quantum structure of the considered
state (that must in any case be entangled in order to possibly violate locality constraints), but also by the
type of measurement performed and hence on the observables chosen to build a Bell-type inequality

[8].

3Using (4.15) with & = 0 and (4.21) it is easily checked that ST2;,5 = X, implying that X, | X1, X2) =
ST#,5| X1, Xo) = ST#;9(579) | X1, Xs) = X;|X1, Xo). Multiplying from the left the last equality by S yields
.f?i(S‘Xl,X2>) = Xi(S|X17X2>). Then, Xl |.131,£C2> = STii(S\xl,xQ» = XiST(S\xl,x2>) = X1 |I1,JJ2>. There-
fore, applying |x1, z2) to the first line of (4.21) yields X; = 1 coshr — x5 sinh r. The same argument holds for the
Xo, P, and Ps.

"4For any given input Gaussian state, a Gaussian measurement is defined as a measurement yielding a Gaussian
probability distribution for the output : it is therefore an operation that projects Gaussian states onto Gaussian
states [113].

'5In a paper dated 1986 [114] Bell himself remarked that the EPR state could not violate his inequality because of
the Gaussianity of the Wigner function of the EPR state but this remark has proven to be true only for Gaussian
measurements.
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For the unphysical state given in (4.10) and (4.11), the two particles are in an entangled state exhibiting
perfect correlations in their positions and momenta [8]. Then, for such a state, EPR argument reads as
follows. For state (4.11), measuring particle 1 to be in state zy, immediately yields state |z¢) 11 (zo|¢)) =
|z, zo — w) implying that particle 2 is with certainty in position state xy — u. But since there should not be,
according to special relativity, any immediate action at a distance, the measurement made on particle 1
should not have disturbed the state of particle 2 : hence, the two particle being space-like separated, the
position of particle 2 must have been predetermined, i.e. particle 2 should have been in position zp — u
even before the measurement performed on particle 1. The same argument apply to momenta : /ocality
implies that particle 2 should have been in momentum —pg even before the measurement performed
on particle 1 had yielded momentum pg. Then, not only the outcome of the measurement on particle
1 should not be random but also particle 2 should be in a state with preditermined position xo — u and
momentum —pg since its state should not depend on the choice of measurement (position or momentum)
made on particle 1. But quantum mechanics forbids to be in a state where position and momentum are
both predetermined with infinte precision, i.e. with certainty. Therefore, according to the EPR argument,
guantum mechanics is inconsistent and thus incomplete as long as locality of interaction, i.e. no action
at a distance, and/or realism are/is preserved. Since local realism implies incompleteness of quantum
mechanics [8] it is then essential to be able to test whether a more complete hidden-variable theory can
account for quantum correlations : Bell inequalities provide such a test.

4.1.3 . The 1964 Bell and 1969 CHSH inequalities : mathematical constraints on local realism

Nonlocality can be revealed through the violation of the constraints that local realism imposes on the
joint probability distribution of two physically separable systems [8]. These constraints, known as Bell
inequalities, can be violated by quantum mechanics and when these inequalities imposed by local realism
are violated then the correlations of the relevant quantum state contradict (1) locality or (2) realism or (3)
both (locality and realism). The term nonlocality loosely refers to any of these alternatives [8]. In order
to be able to violate Bell inequalities, measurements must resort to non-commuting observables " and
must apply to entangled states'’.

Let us say [95] that Alice and Bob can perform independently a measurement of an observable on two
apparently different systems’®. The measurement by Alice is defined as some random variable A yielding
outcome a and is considered to be conditioned by some variable X freely set to the value x. Similarly
the measurement by Bob is defined as some random variable B yielding outcome b and is considered
to be conditioned by some variable Y freely set to the value y. Generically the two measurements may
not be statistically independent and one could have™

Papxy (ablzy) # Pax (alz) Ppy (bly) (4.25)

Considering A and B to be space-like events, i.e. causally disconnected events, one may account for the
correlations resulting in the non-factorability of (4.25) by invoking some set of (possibly random) past
factors A related to some local interaction between the two (sub-)systems 2°. In this local theory the
common past explains the correlations by resorting to a common cause. In this case, despite (4.25), one
can factorize the probability distribution of the outcomes as

Papixya(ablzy\) = Pyxa(alz) Pgjya(bly) (4.26)

6See for example (A.72) in the computation of the upper bound or Cirel'son bound for the CHSH inequality in
Appendix A.3.

7In other words, violation of local realism is related to the quantum, i.e. non classical, correlations exhibited by
conjugate variables.

®In reality two subsystems of one unique system as one must consider quantum mechanically two particles prop-
agating in opposite directions after interacting.

'9Setting, accordingly to what has been said, P xy (a|ry) = P4 x (alr) and Pg xy (blry) = Py (bly).

20" et this more complete specification [of the system] be effected by means of parameters A. It is a matter of
indifference in the following whether X\ denotes a single variable or a set, or even a set of functions, and whether
the variables are discrete or continuous"[7].
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It can be noticed that the reasoning followed to obtain (4.26) is actually a three-step reasoning implying
three assumptions : realism, free-will and no-signaling '. It is then worth to clarify them.

The realism assumption states that any correlation between A and B is determined by some unobserved
or unobservable reality - a set of past factors - which is encoded, as we said, in the possibly random
variable A. Since the variable A is possibly random it can be described by a probability distribution
Pa(X). This assumption is written®

Pap|xy (ablzy) = /Ad)\ Papaxy (abA|zy) = /Ad)\ Papjaxy (ab|Azy) Py xy (Alzy) (4.27)

The free-will assumption guarantees that the observers of A and B can freely choose (free-choice) which
measurement they are performing. This implies not only that A and B are independent of either Y or
X respectively but also that X and Y are independent of each other and therefore independent of A.
The independence from A of X and Y is written?3

Prixy (Mzy) = PA(\) < Pxya(zy|A) = Pxy(zy) = Px(x) Py (y) (4.28)

where the last equality states also the mutual independence of X and Y. These relations constitute the
free-will assumption. Finally, the no-signaling assumption assumes that A and B are spacelike events,
i.e. measurements that are causally disconnected. This assumption is written®

Papjaxy (ab|Ary) = Paaxy (a|Azy) Ppiaxy (b[Azy) = Pajax (a|\z) Pgjay (b]Ay) (4.29)

where we can see®> that the correlations between A and B have been taken such to be generated exclu-
sively by the set of hidden variables A, i.e. A neither depends on B and Y nor Bon A and X. The three
previous conditions (4.27), (4.28) and (4.29) lead to the locality constraint

Pp|xy (ablzry) = /Ad/\ Pajax (a|Az) Ppiay (b]Ay) Pa (M) (4.30)

It is now possible to define the average quantity

(AB)(x,y) = /A da / dbab Papyxy (ablzy) 431
B

and
S(z,a',y,y) = (AB)(x,y) + (AB)(z,y') + (AB)(',y) — (AB) (') (432)

Applying the locality constraint (4.30) in (4.32) one obtains

Sicai(.2',3.9') = [y A PAC){ ()0 2) (BYA.w) + (BYAo/)] + (A) (A2 (BYAw) — (B)A.w')]}
(4.33)
with
(A)( ) = /A daaPyax(ale)  (B)(\y) = /B dbbPyay (bAy) (4.34)

?'We are following here the line of reasoning given by A. Smerzi in his course "Quantum Interferometry" during
the second week of the Cold Atom Predoc School (Les Houches, Sept. 26th - Oct. 7th 2022).

22If the variable A is considered to be discrete then one has [, d\ — >, .

23This relation is also known as Reichenbach’s Common Cause Principle (1956).

24Using P(AB|C) = P(A|BC)P(B|C) and the independence relation P(A|B) = P(A).

25Under the free-will conditions, i.e. if Y is independent from A, X and A, one has both

Panxy (aAzy) = Paax(adx) Py (y) = Pajax (a|Az) Pax (Az) Py (y)
Panxy (aAzy) = Pyaxy (a|A\zy) Paxy (Ary) = Pajaxy (a|Avy) Pax (Az) Py (y)

Therefore, equating the two previous relations, one obtains Pyaxy (a|]Ary) = Pajax(a|Ax). Similarly if X is
independent from B, Y and A, one gets Pg|sxy (b|Azy) = Pgjay (b|\y).
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It can clearly be seen that if
ac[-1,1] be[-1,1] (4.35)

then every average of the form (A)(\, z) appearing in (4.33) will be bounded by +1. Hence one obtains
for S under locality constraint, i.e. Siocal, the inequality

‘Slocal(xv xla Y, y/)’ <2 (4.36)

The previous expression, consisting in the mathematical formulation of a locality constraint, is referred
to as Bell’s inequality [7] in its CHSH (Clauser-Horne-Shimony-Holt) formulation [105]. As it is, the inequal-
ity is conditioned by the locality constraint (4.30), i.e. by the factorability of the probability distribution
P4pxy as expressed in the no-signaling assumption formulated in (4.29) (A and B are causally discon-
nected) after taking into account realism (4.27), i.e. the existence of A, and free-will, i.e. the independence
of X,Y and A. It is then either this very same factorability, leading to the /ocality constraint, or the very
existence of a set of hidden variables yielded by realism that is questioned by the so-called non-locality
of quantum mechanics.

4.1.4 . Measures of Genuine Bipartite and Tripartite Entanglement and Non-locality

Non-locality is related to entanglement since only entangled states can violate locality [8]. In this sec-
tion we shortly review different measures of entanglement in order to motivate, in our study, the choice
of the "PPT-measure" for bipartite entanglement (see 4.3.6) and of the Mermin’s nonlocality parameter
(see 4.6.4) as a witness of the GHZ nature of our low-energy tripartite state.

Bipartite Entanglement and Nonlocality

By singular value decomposition (SVD), any m x n matrix A can be written as A = UDVTwith Dam x n
diagonal matrix with non-negative real components and U and V two unitary matrices of dimension
m x m and n x n respectively. Then for any pure bipartite state one has

[4) = Apglp) ) = > Dis (Z Upk \p>> <Z Vik \fﬁ) =" Dy |ug) |ox) (4.37)
p,q k p q k

with {|p)}, {|g)}, {|ux)} and {|vx)} orthogonal bases and the sum over k has d = min(m,n) terms. The
Dy = V/dy, are called the Schmidt coefficients and the last expression in (4.37) a Schmidt decomposition.
By definition of the density matrix p = |¢) (¢| whose trace must equal one, the Schmidt coefficients
must fulfill >, di, = 1. Any bipartite state can therefore be written as a convex combination of product
states?®. The state will be maximally entangled if all its Schmidt coefficients are equal and separable or
factorizable if the number of nonzero coefficients, i.e. its Schmidt rank, is one [8]*/. Then, the the two
reduced density operators obtained by partial tracing are given by

pr="Trop="> " dy|uy) (ul
k
(4.38)
pr=Trip =" dilvg) (v|
k
and it can be seen that the partial tracing of one subsystem in a maximally entangled pure state leaves
the other one in the maximally mixed state of uniform distribution 1/d. Given the von Neumann entropy
S(p) = —Tr{plog, p} (4.39)
a unique measure E, y. of bipartite entanglement for pure states is given by

Eyn.(p) = S(p1) = S(p2) = — Y _ dilogg dy, (4.40)
k

26A convex combination for the z; defined in a real or complex vector space is given by Y, a;z; with «; real and
Ziai =1land a; > 0.
Z’There is then only one non-vanishing coefficient which is by definition equal to one.
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From a continuous variable perspective, for a two-mode squeezed state, such as the EPR state in the
limit of infinite squeezing, which can always be written as

[¥) = 5(0)10)[0) = VI =AY X" |n) n) (4-47)

n=0

with S*(Q = r) given in (4.15) and A = tanh? r, the partial von Neumann entropy will give

Fux (5) = S() = S(p2) = ~In(1 = %) ~ =2 In(3)

= (cosh?r) In(cosh? ) — (sinh? ') In(sinh? r) (4.42)

= In(cosh? r) — (sinh? 7) In(tanh? r)

which goes as 2r — In(4) + 1 for very large r and is zero for » = 0. Any pure bipartite Gaussian state
can be transformed to a two-mode squeezed state via a Local Linear Unitary BOgoliubov transformation
(LLUBO) which does not modify the entanglement properties of the state?® : its entanglement can then
be measured by (4.42) [8]. Even if pure bipartite Gaussian states have a positive semi-definite Wigner
function, they do violate Bell inequalities due to the non-Gaussianity of the measurements involved in
the non-locality tests. Local realism can only be violated by entangled states since the tests for non-
locality are sensitive to quantum, i.e. non classical, correlations : but if not all entangle states do violate
locality, any entangled pure bipartite state does violate local realism [8].

The entanglement entropy E, v generalizes to the entanglement of formation E; [115] when bipartite
mixed states are considered, with

Ef(p) = inf {ZPiEv.N(ﬁi)} (4.43)

with a the infimum taken over all the possible ways of decomposing the bipartite mixed state p in a
convex sum of bipartite (possibly entangled and not necessarily orthogonal) pure states p; = |¢;) (¢,
i.e. with p = >, p; p;. But as argued in section 4.3.6 the entanglement of formation is not not easily
determined in non symmetric two-mode Gaussian mixed states such as the ones we consider, since in
general the mixedness A; and A; (defined in (4.197)) for modes ¢ and j respectively, are not equal. This
criterion is therefore unpractical in the study of our system.

Let us here recall that a mixed bipartite state is separable or factorizable if its density operator is
given by a convex sum (3, p; = 1 with p; > 0 for all 4) of product states, i.e.*®

p=> pipi®p; (4.44)
7

Then, the Perez-Horodecki criterion or Partial Positive Transpose (PPT) criterion states that a bipartite den-
sity operator, i.e. any bipartition (N x M) of a system of N + M modes each mode being a discrete
variable with d degrees of freedom or a continuous variable described by its position and momentum, is
separable if its partially transposed density matrix yields a legitimate density operator and has therefore
only non-negative eigenvalues [8, 86]. The matrix is said to be partially transposed since one of the two
modes is transposed. Thus the partial transposed of a generic two-mode density operator

2,,0,m
will be given by3°
i,j,l,m ivjal7m

28A local transformation does not mix different modes.
23If only one p,, = 1 then p = p; ® ps is a simply separable state or product state and one has the von Neumann

entropy S(p) = S(p1) + S(p2).
3°Any of the two modes can be transposed. Here we have transposed the first one.
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with 77 the transposition operator in subspace 13, If at least one eigenvalue of 5(©'7) is negative we will
say that p(f'7) has a negative partial transpose (npt) and is therefore inseparable, i.e. npt is a sufficient
condition for inseparability since a positive partial transpose is a necessary condition for separability.
For bipartitions (2 x 2) and (2 x 3) for finite-dimensional systems and (1 x N)-Gaussian systems 32, all
inseparable bipartite states show also npt and the criterion is necessary but for higher dimensions not
all inseparable bipartite states show npt and the criterion is only sufficient for inseparability, i.e. "if npt
then inseparable" [8]. It is then clear that the PPT criterion is a "yes or no" condition for inseparability :
in the general case, if the system shows npt then it is inseparable but if it does not one cannot tell if it is
separable or inseparable.

Similarly, with the norm ||O||; = Tr{\/ OO0}, the negativity is defined as33

PTH1_1

NPy = 1P : (4.47)

Since ||||1 = 1 by definition of the density operator, the more p(’7) has negative eigenvalues the less it
is semi-positive definite and hence the more ||57'7||; goes to zero34. Therefore A/ (p"T)) varies between
0 and —0.5. Equivalently, from ||.||1, the logarithmic negativity is defined as

En(p) = log, |50 (4.48)

If the entanglement entropy, its generalization to mixed states, i.e. the entanglement of formation, and
the logarithmic negativity, are monotonous measures of entanglement, they possibly violate monogamy
inequalities for tripartite systems [116]. Hence these measures are problematic in the tripartite case.

The "PPT measure" for bipartite Gaussian systems [86] adopted in this work is a generalization of
the PPT criterion, without any of the previously mentioned drawbacks. This measure is monotonic with
entanglement: at one the state is maximally entangled and below zero it is no longer entangled (see
section 4.3.6). The "PPT measure" mimics many features of the Gaussian contangle that we will introduce
in (4.53) as a proper measure for the monogamy inequality but is much easier to compute. The allows
therefore to easily characterize the degree of entanglement of any bipartite system.

Williamson's theorem states that any covariance matrix 03> can be put in a diagonal form by a sym-
plectic3® matrix S through the transformation SoS7'. A 2-mode Gaussian state will have a 4 x4 covariance
matrix whose partial transpose o(*'T) will have twice-degenerated symplectic eigenvalues zxiPT)37. The
PPT-criterion [90, 86] states that if ufT) > 1 then the state is separable. Therefore, since VSFPT) > 1, the
positiveness of the parameter

A=1-— D (4.49)

3'"The density operator is hermitian. Therefore transposition is equivalent to complex conjugation. Furthermore,
complex conjugation of the Schrédinger equation gives ihd; — —ihd; and means therefore time reversal. Hence,
in terms of continuous variables time reversal yields sign change in the momentum variables, i.e. p; — —p; [8].

3*The first two cases correspond to discrete systems of 2+ 2 and 2+ 3 modes respectively, each mode with a finite
number of degrees of freedom, whereas the last one is a continuous-variable N 4 1 Gaussian-mode system. Let
us remark here that there exists other criteria that witness, at least in principle, separability of all bipartitions of
N x M Gaussian-mode systems (see [8]).

33With log, for qubits and In for continuous variable states.

34Since the density operator j is hermitian, p7 = p*. Then, if p("'T) is a well-defined density operator its norm ||.||;
will be one.

35For a definition of the covariance matrix see section 4.3.3.

36A matrix M is symplectic if MJM7T = J with

0o 1,
7= (4 %)

a skew-symmetric 2n x 2n block matrix such thatdet J = 1, J? = —1, J© = —J and hence J* = J~! Multiplying
MJM?T = J from the left by J and from the right by M~! one obtains the inverse M~ = —JM7TJ of the
symplectic matrix M. Applying our definition of a sympltectic matrix with M = J proves that J is also a symplectic
matrix. See section 4.3.3.

37The symplectic eigenvalues associated to the covariance matrix o are the eigenvalues of |iQ2c| with 2 defined in
Eq. (4.126) of section 4.3.3 [90].
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will quantify the degree of entanglement of the system38: this is the PPT measure. Let us finally signal
the DGCZ criterion [117] also obtained from the covariance matrix. In the case of our system [90]3° this
criterion reduces to

(4.50)

with i = 0,1 and which is nothing else than a violation (in the case of inseparable states) of the Cauchy-
Schwarz inequality | (u|v) |? < |(u|u)| |{v|v)|. Contrarily to measures such as the Cauchy-Schwarz crite-
rion, the PPT measure has the advantage of being an entanglement monotone.

Genuine Tripartite Entanglement and Mermin’s Nonlocality Test

The term genuine tripartite state refers to a tripartite state where none of the parties can be separated
from the two other parties in a mixture of product states, i.e. the state is not such that >, pip' ® pj,; with
pi>0and ) . p; =1[8]

A proper measure of bipartite entanglement E(4I15), je. a nonnegative measure which is zero for
separable states and which is monotonic, must satisfy monogamy inequalities when multipartite systems
are considered. In the case of a tripartite systems such a monogamy inequality reads [86]

EUR) _ gl _ gm > (4.51)

where bipartition (i|jk) means that the subsystem jk is taken as a whole. This monogamy inequality
provides a measure of genuine tripartite entanglement. The logarithmic negativity (4.47) can be made a

proper measure by squaring it. It is then called, in the case of Gaussian pure states p = |¢) (¢|, contangle
(from "continuous entanglement") and reads
p P )
Er(a?) = (1 16711 (4.52)

with ¢ the covariance matrix of the pure (p) the system. Its generalization to mixed stated is called the
Gaussian contangle and reads

Gr(o) = inf E.(o?) (4.53)
oP<o
with o? < o meaning that o — o is positive semi-definite. This measure constitute an upper-bound to
the measure with no restriction ¢ < ¢ [86]. The monogamy measure 4.51 performed with contangle
(4.52) and its generalization (4.53) is symmetric for tripartie qubits butis no longer symmetric for tripartite
continuous modes. Nevertheless minimizing G- over all permutations of the modes makes it symmetric.
This minimization is called the residual contangle and reads

G'®S = min (ngk) _ Gg'j) _ G(Tﬂk)) (4.54)

This residual contangle was computed for our state in Ref. [86]. Since it is not of very practical use and
that it cannot be used at finite temperature, we will resort in this work to the Mermin’s parameter as a
witness of nonlocality for the GKMR pseudo-spins measurements (see section 4.4) on our tripartite state.

A straightforward tripartite generalization of the bipartite CHSH inequality is given by the Svetlichny
parameter given in Eq. (4.215) of section 4.6.1.

In the Zero Temperature and Zero Energy Limit, the GHZ nature of out tripartite pure state is shown
in section 4.6.3. In section 4.6.4, the persistence of this feature at finite energy is inquired through the
computation of Mermin paramater [111] given in Eq. (4.232), which relates to the Svetlichny three-mode
Bell operator given in (4.215), as shown in Eq. (4.234).

38See section 4.3.6
39See section 4.3.5 for the definition of (¢;¢2) and (éoé‘{).

59



We will therefore here introduce Mermin’s nonlocality test for tripartite systems. We recall that the
GHZ state°, written in the basis of the 6, ® 6, ® 6, spin operator, is given by

1
V2

It is easily checked that this state is an eigenvector of the operators (6, ® 6, ® &), (6, ® 6, ® 6,) and
(6y ® 64 ® 6,) for eigenvalue —1 and eigenvector of 6, ® 6, ® 7, with eigenvalue +1. Because of the
previous properties one must then have

[YeHz) = —=(l+++) + == =) (4.55)

(62 ® oy ® 52;)(5?; ® 0 ® 5y)(5y ® oy ® 62)) = (02 ® Oy ® 5’y><5'y ® 0 ® 5’y><6y ® oy ® 62)
= — (6, ® 65 ® Gz) (4.56)
=-1

with the averages (.) taken on the GHZ state#'. Consequently, knowing any two measurements, each one
being either +1, the last outcome is known with certainty. According to the EPR reasoning the outcomes
should then have been predetermined since the prediction on the last measurement can in principle
be made at any arbitrary distance. Then, in order to explain the previous results, not only the outcome
of one detector should be predetermined by some hidden variable A such that s, ;(\) (outcome of a
measure of particle i if 6, is measured) and s, ;(\) (outcome of a measure of particle i if 5, is measured)
have a definite value (either +1 or —1) for each particle ¢ but also the correlations between the three
particles (encoded in \) should yield the previous statistics (4.56) obtained for the |i)gnz). But, setting A
to fulfill the results obtained for the measurements of one ¢, and two ¢, yields

(02,1 0y20y3) (0y10520y3) (0y10y2023) =—1 = 04105203 =—1 (4.57)

since (ay,i)2 = 1. Hence the prediction (with certainty) of local realism is —1 for the measurement
0. ® 6, ® 6. But, as can be seen from (4.56), prediction (with certainty) of quantum mechanics for the
same observable is +1. Therefore, the EPR reality criterion predicts o, ® 6, ® &, with the wrong eigen-
value: in Mermin’s words, "[i]n this sense the GHZ experiment provides the strongest possible contra-
diction between quantum mechanics and the EPR reality criterion” [112]. Not surprisingly, the non-local
prediction of quantum mechanics results from the non-commutativity of the Pauli algebra operators.
Finally, and strikingly, the EPR local realism is here refuted not by a statistics (as in Bell inequalities) but
by the inconsistent predictions of one single outcome.

4.2 .BOGOLIUBOV TRANSFORMATION AND SQUEEZED VACUUM IN THE ANALOG BLACK
HOLE SYSTEM

4.2.1. The Three-mode Pure State

For describing analog black holes physics one should consider observables operating in the Fock
space of the outgoing modes, as would an observer located outside the horizon of a gravitational black
hole. However, the physical implementation of the analog black hole configurations presented in 3.1is
realized in the vacuum of the incoming modes. This mismatch is the origin of the quantum evaporation
process, as first presented by Hawking [11]. An ingoing vacuum mode of frequency w (which we denote as
0,,)'") relates to an outgoing vacuum mode |0,,)°" through, as we will see, a Bogoliubov transformation.
In our system we therefore define the b;(w) and é;(w) bosonic annihilation operators for ingoing and

4°"Although there is no rigorous definition of maximally entangled multiparty state due to the lack of a general
Schmidt decomposition, the form of the GHZ state with all Schmidt coefficients equal suggests that it exhibits
maximum multipartite entanglement" [8].

4lIndeed, using 62 = 1 and the non-commutativity of the Pauli algebra, one has

(62 ® Gy ®Gy)(6y @bz ®Gy)(6y ® Gy ®Fy) = (620yGy) ® (64026y) ® (6y0y0s) = =04 ® 6z @ 6y

Furtheremore, |{)¢rz) being eigenvector of each one of the three operators appearing on the left-hand-side of
the first line, this expression is indeed equivalent to the right-hand-side of the first line.
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outgoing i-th mode, with ¢;(w) and p;(w) being, as we will see, the dimensionless position and momentum
operator of the i-th mode, respectively. In the Fock space the two vacua are defined as

100)™ = [00){5) @ [0L) (1) © 10u) (5, (4.58a)
’0w>OUt ‘0 >out ® ‘O >out ® |0 >out (458b)

where ]0w>i(f;) is the vacuum of operator b;(w) and ]Ow>‘()5t the vacuum of operator ¢;(w), with i € {0, 1, 2}.
The ¢;(w) out-going mode operators are related to ingoing mode operators b;(w) by the Bogoliubov trans-
formation

és(w) = S(w)bg(w) (4.59)
with
s(w) = (@0(w). &1(w). f%(w))T (4.60)
bs(w) = (bo(w), b1(w), by(w))"
and S(w) the 3 x 3 scattering matrix** defined as
SnSt = Stns =
n n n (4.61)

n= dlag(17 17 _1)

where the explicit w-dependence as been dropped, as it will often be the case below, for legibility. One
can rewrite (4.61) explicitly as

(S157) oo = [S00l* + [So1[* — [So2|* = 1
(SnST),, = [S10l* + [S11* — [S12]* = 1 4.6
4.62
(S181),, = |S20[* + [S21[* — |S22]* = —
(SnS1),, = Sko(Si0)* + Sk1(Si)* — Sk2(Si2)* o 0
and as
(STUS)OU |Soo’2 + ’510‘2 ‘520|2 =1
(S™18) ;= [Sor|* + [Sun|* =[Sz ]* = 163
4.03
(5™0S) 55 = |S02|? + [S12]* — |S22|* = —
(S™0S),, = (Sor)*Sor + (S1x)*S1 — (Sax)*Sau o 0
Defining any scattering matrix component as
Sij = |S¢j|€i%j (4-64)
the last line of (4.62) can then be rewritten as
‘SkOHSIO‘ei(SDkO—%O) + ‘Slesll’ei(sOu—wl ‘SkQHSlQ’e (Pr2—wi2) — (4.65)

.y

The Bogoliubov transformation in (4.59) is a linear transformation that preserves the commutation re-
lations: if the b; are well-defined bosonic annihilation operators then the ¢; are also well-defined an-
nihilation operators. With respect to the vectors ¢ and b defined as a generic a will be in (4.129), i.e
as

a = (ag, a1, a9,a),al,al)” (4.66)

4The index S for &g and bg indicates that these two vectors are related by the scattering matrix S through the
relation given in (4.60). They should not be confused with ¢ and b appearing in (4.67) and which are defined in
the same way as a in (4.129).
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the Bogoliubov transformation is written
¢(w) = T(w) b(w) (4.67)
with
So(] 501 0 0 0 502
Sio Su 0 0 0 Si2
0 0 S5 S5 S35 O
T(w) = 22 P20 P21 (4.68)
0 0 S5 S0 S O
0 0 Sy Sip Si1 0
SQ() 521 0 0 0 S22

The matrix T'encodes a non-local Bogoliubov transformation, where "non-local" means that the different
modes are mixed in the operation. One can immediately see that 7" has the block structure

T = (4.69)

with v and 5 two N x N matrices. We wish here to define the outgoing covariance matrix o.. Since
£, =V2Uc=\V2UTb=v2UTU'Ub=UTU' ¢ (4.70)

In order for c and &, to fulfill as b and &, respectively the commutation relations (4.132) and (4.125) one
must have
TJTT =J

UTUNQUUTTUT) =Q

(4.77)

Atransformation Ssp acting in a 2V-dimensional complex vector space, as the onesin (4.71), i.e. such that
SstS'érp = X with X skew-symmetric (X7 = —X), is said to belong to the symplectic group Sp(2N, C).
We define the symplectic transformation
Sy =UTU! (4.72)
Multiplying the first relation in (4.71) by J on the right and by 7! on the left one obtains
ol gt
Tl'=-J1"] = ’ (4.73)
sl

Then the relations T—'T = 1oy and T T~ = 15 impose four relations if written in terms of the N x N
matrices o and , that is to say

BBt taat =1y —aT +apT =0
BB +ata=1y —aTB*+pla=0

(4.74)

Relations (4.74) are equivalent to (4.62) and (4.63). Furthermore relation (4.67) can be restated as
¢ =VipV (4.75)
with V a unitary operator43. Then the vacua |0,,)™ and |0,,)°"" defined as

bi [0,)™ =0 &10,)°" =0 (4.76)

43Relation
C; = VTbiV = ZTl]b]
J
allows, as we will see, to express the operator V' in terms of the components of the matrix 7T".Let us recall that in
the previous relation one has ¢,, = é, and ¢y, = éL accordingly to (4.66), and similarly for b.
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can be related by

& 10,)" =0 = VipV]o,)" =0 (4.77)
which yields
‘0w>in =V ’0w>0ut (4.78)
For
gt (4.79)

a N x N matrix, the unitary operator V is then defined*4 by

i 1
00) = V10,)™" = | e s 85| 0, ) (4.80)

\/\deta\

Since X is a symmetric matrix4> one has

So2
0 0 —
Sao
X=|o9 o 52 (4.81)
S22
S0z S
S22 Soo

Where the X90 and Xo; components are simplified using the symmetry of the X matrix. Therefore since
c and ¢ commute one is left4® with

0" = | (Ko izcl )l } 0,)°" = [ —_cXmilebe ol | oo (4.82
S22 S22
where, as seen in (4.81), Xi2(w) = Si2(w)/S22(w). Defining, as we did in (4.58), the full Fock space as the

tensor product of the Fock spaces of each mode i, we can define in the outgoing basis
nho = Inady = (e 10,025 (483)
M) T el = Gl Bele) 4.3

with ¢ = 0,1, 2. Then, one obtains, after a Taylor expansion of the two exponentials in (4.82),

+oo +oo
10,,) |522’ Z Z m [Xo2] " [X12]" |m>(0) ]n>(1) |n + m>(2) (4.84)
m=0n=0
with |
P (myo
Cn = (k) " kl(n—k)! (4.85)

the binomial coefficient47. One can see that |0,,)™ is a three-mode pure state.

44See Appendix A.1 for details.

45X is symmetric if X7 = X, i.e. if [@71]T38T = B*a~1. Since [a~ YT = [aT]~!, multiplying the previous equality
from the left by o™ and from the right by a one obtains 3fa = o 3* which is the last relation in (4.74). Hence X
is symmetric.

46The prefactor |Sa;|~! comes from the normalization of (4.84). Comparing this normalization with the general
expression (4.80) imposes the relation

det a = 552550571 — 922551550 = S22 = S5057T1 — Se1.5T0 = Sao
in the same way as the symmetry of the matrix X imposes relations
_ Si2S3
i#2  Sap

These three relations seem to be difficult to demonstrate from (4.63) but can be checked numerically.
47The normalization gives

Xoi ;2 Sékosfz 5’21501

o) N 00
m m m m -m N 1
ch+m | Xo2 )™ [|X12]]" = Z Z CR I Xo2 ™[ X121V ™ = Z (| Xo2|” + [X12[%) " = — — :
N=0m=0 N=0 1 |X02| |X12|

which is just, using the definition of the X;, components given in (4.81) and the third relation of (4.63), |S22|?.
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4.2.2 . Reduced Densisty Matrices
Tracing out modes 0 and 1, one obtains in the outgoing basis of the ¢, operators

2n
| S22 [?
) = |522|2 Z <\/7 In) (2) (2) (N (4.86)

| S22

where the third relation in (4.63) has been used. Similarly4® one obtains

+oo 2n
. 1 |S12]
PO = 11 15102 nZ:% (1 n |512|> 7)1y 1) (nl (4.87)
when tracing out modes 0 and 2, and
400 2n
. 1 | Soz|
Plo) = 1+|SO2|2;(1+|502|> 1) (o) (0) (7 (4.88)

when tracing out modes 1 and 2. Finally, defining the positive parameter r; as

sinhri = /|8 — 3z = \/(€]és)o = VN;

(4.89)
coshry = |Saa|
with (...)o the vacuum of the ingoing modes b;, one can write all the previous formulae as
1 X )
i) = ot ;% (tanh 7)™ [n) () ) (1l (4.90)
with ¢ = 0,1, 2, or analagously,
o = A (@97
POTTIN; = \1T+ N, ® @) 9
This is the expression of a thermal state and one has
A 1
Ni(w) = (@ @)eiw))o = Tr{cleipp } = ——— (4.92)
ekBTi — 1
which implies4?
1
sinh?r; = ——— (4.93)
ekBTi — 1
and therefore 5
W
Ti(w) = (4.94)

2kp In[coth r; (w)]
Then Tj is an effective temperature : but contrary to the Hawking temperature of a gravitational black-
hole, which is the effective temperature of a black-body radiation, Tj is energy dependent. Nevertheless,
the analog Hawking temperature Ty can be obtained from (4.89) since one can define Ty as the energy-
independent fitting parameter of

No(w) = (@(w)eo(w)}o = |So2 (@) = —p—— (4.95)

e*BTH — 1

Then, even ifthis radiation at temperature Ty is not purely thermal, one can retrieve an energy-independent
effective temperature Ty — Ty when w — 0 [90].

48Using, after a change of variable,

n (1 _X)_n
Zq:C””Xq X

and then again applying the definition of the X3 component given in (4.81) and the third relation of (4.63).

490ne has indeed N

2 .
E n (tanhr;)™" = cosh? r; sinh? r;
n=0

when computing the previous trace.
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4.2.3 . Optical Analog of the Acoustic Analog : the {¢} and {f} Bases

Parametric Partner
Down

Conversion

|
 Pump
|

' e, » Companion

S -+ egN Hawking

Figure 4.1: Optical analog of the acoustic analog of a black hole [86]. The effective modes f; and ¢;
(¢ = 0,1 and 2) are related to the physical outgoing modes ¢; through Egs. (4.103) and (4.97). The fy
mode is represented with a dashed line because, contrarily to modes f; and fs, it is not occupied at zero
temperature, as can be seen in Egs. (4.180). The long wavelength transmission coefficient of the beam-
splitter plays the role of the greybody factor I'y of the analogous black hole and is defined in (4.208) for
the waterfall configuration [38].

Considering (4.89) and the third line of (4.63) one has
sinh? 7 + sinh? 71 = sinh? 79 (4.96)
Then defining

ey = efiLPOQéo €1 = 672’5012@1 €y = ei(’p2262 (4.97)

with the phases defined in (4.64), one can write the expression in the exponential in (4.82) as

sinhrg .+  sinhry
(Xogcg + XlzCi) ; = tanh o (sinh . eg b7y eJ{) o) = tanh (cos 960 + sin fe ) ; (4.98)

with, by virtue of (4.96),
sinhrg . sinh 1

50 = sin 6 = .
€08 sinh 79 St sinh 7 (4.99)

for § € [0, /2] since the r; are positive parameters 5° . The transformation (4.97) can be written as

e=WieWw =T ¢ = e=WWibvw =17'Tb (4.100)

with e and ¢ defined as a in (4.129)>". Contrary to T which is non-local, one can see that 7", which is
defined as
- diag(e—isﬂm’ e—iAO12, ei<.022, eiWOQ, €i<P127 e—i@m) (4.107)
is a Local Linear Unitary BOgoliubov transformation (LLUBO) since there is no mixing of different modes.
Then one obtains>? for V! = VW
1 6tamh ro <cos Gég—I—sin OeJ{) é;
cosh o

0.)™ = V' 0,)¢ = |0.,)¢ (4.102)
with |0,,)¢ the vacuum of operators é;. FlnaIIy as discussed in Ref. [86], a final change of basis can be
performed towards the effective modes fou f1, fo schematically represented in Fig. 4.1. These modes are
related to the physical outgoing modes by

fo = —sinféy + cosb é; (4.103a)
fl =cosféy+sinfé; (4.103b)
fo=és (4.103¢)

5°0One can also write | Xp2| = tanh ro cos @ and | X 2| = tanh 7o sin 6.
5'One has therefore straightforwardly e = WiVTb VW = T'T'b.
52See Appendix A.1 for details.
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that one can also encode as

f=ZleZz=T"e = f=2"WivibvWwZ =T"T'Tb (4.104)
with
—sinf cosf 0 0 0 0
cos@ sinf 0 0 0 0
"o 0 0 1 0 0 0
"= 0 0 0 —sinf cosfd O (4.105)
0 0 0 cos@ sinf 0
0 0O O 0 0 1

Then33 V" = VW Z is defined by

. 1 7t gt
in _ v f_ tanh 7 f] f; f 6
0,) V710,) [Coshr26 ] |0.) (4.106)
or>4 equivalently
. At g g
0, = [6r2<f1f2 flfQ)} 10,) (4.107)

Furthermore the mode f, does not appear in the previous expression and, since the transformation
(4.103) preserves the commutation relations, it is straightforward to see from (4.106) that (fgf0>0 =0
with the mean value (.)o = (0, . |0,) ™ taken over the vacuum of the incoming b; operatorss5. We
recall that in (4.107) the parameter

79 (w) = arsinh 4/ |522|2 -1 (4.108)

is called the squeezing parameter>°. Therefore, expression (4.107) indicates that the 7' = 0 state of the
system is, as far as the f; and f; modes are concerned, a two-mode squeezed vacuum with squeezing
parameter ro(w). The f; and fo modes are mixed by a beamsplitter (see Fig. 4.1) of transmission and
reflection coefficients cos? § and sin? 0, respectively. It has been argued in Ref. [86] that the long wave-
length limit of the transmission coefficient, I'y = lim,, .o cos? §, plays the role of the greybody factor of
the analog black hole.

Entanglement is localized in the two-mode squeezed state f|f2 (see section 4.5.3). It is then dis-
patched by mean of a beam splitter which performs a non local transformation from the effective modes
(fo, f1, f2) onto other effective modes (e, e1, e2) which connect to the physical outgoing modes (¢, ¢1, ¢2)
by a simple local linear unitary Bogoliubov transformation (LLUBO), see details in Appendix 4.2.3. We
stress that the configuration depicted in Fig. 4.1 captures the essence of the analog black hole configura-
tion andis generic: a similar model has been used in Ref. [118] for describing an optical system containing
a pair white-black hole analog and then studied on general grounds in [119]. Albeit the fact that we allow
the down-conversion process to violate Lorentz invariance (since we enforce the Bogoliubov dispersion
relation) the two-mode squeezed state built on f; and fs is the closest possible analog to an ideal black
hole. The additional beam splitter is inherent to any analog model, with the transmission coefficient of
this beam splitter playing the role of the greybody factor in the gravitational context [86].

53See Appendix A.1 for details.
>4See Appendix A.1 for justification.
55Using (4.103) as well as the previous transformations and noticing that <e;rei>0 = <c;-fc,;>0 =|8i2]? — 6i0 = sinh? r;

and (eJ{eo>0 = |<cJ{CO>0| = |So2||S12| = sinh o sinh 1, one can indeed easily check that
(f(;r fo)o = sin? @ sinh? rg + cos? @sinh? 1 — 2 cos @ sin @ sinh 7 sinhr; = 0

by applying the definitions of cos # and sin # given in (4.99).
56See also (4.89) for the definition of 5.
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4.3 . WIGNER FUNCTION AND COVARIANCE MATRIX OF THE ANALOG BLACK HOLE SYS-
TEM

4.3.1. Computing expectation values of observables with the Wigner function

The use of the technique of Wigner transform (see, e.g., Refs. [120, 121]) is particularly well suited for
determining the different averaged contributions of the pseudo-spin operator to the bipartite (4.211) and
tripatite (4.216) measures of genuine non-locality and to the Mermin parameter (4.232). There are two
main reasons for this : first, we consider a Gaussian state and we thus just need to evaluate Gaussian
integrals weighted by the Wigner transforms of the spin operators and secondly, the Wigner transforms
of the pseudo-spins (4.191) are simple enough that the relevant integrals can be evaluated analytically.

The Wigner characteristic function (see Ref. [90]) of any N-mode quantum (pure or mixed) state p is
defined as

XP(A) = (Da(N) = Tr{pDa(\)} (4.109)
with
f)ﬁ()\) = 6)\T&
A = (Mo, AN—1, = A5, A )T, N €C (4.10)

[=}

a A ap st T
= (G0, ., GN—1, Qg -y Ap_q)

the displacement operator. From (4.110) it is easy to check that the displacement operator can equiva-
lently be written as
Dg(r) = el ®r (4.111)

with r a 2N real vector [9o] and

éa - (éﬂv glv ceey éQN*l)T - \/i(q07ﬁ07 ceey ‘ijl)ﬁNfl)T (4-112)
for a N-mode system, with ¢; and p; respectively the position operator and the momentum operator of
the i-th mode. Here both §; and p; are dimensionless >/ and are defined as
gj = —=(a; + dT) and Dj = 71 (a; — dT> (4.113)

J ’L\/i J

with a; and d} bosonic creation and annihilation operators. Then it can be shown [113] that for Gaussian
states

() = (Da(r) = exp { 70,07 —ifga)TOTr ) (@1a)

with o, the covariance matrix of the system that will be defined in (4.124). The Wigner function of the
density operator p is defined as the Fourier transform of the characteristic function, i.e.

+o00 d2N,,, ) .
Wy(éa) = / v v P () (4.115)

which5® straightforwardly gives

W)(€a) = e ) or (- <€a>)} (4.116)

1
—F——€X
NV det o p{ 2
Using (4.115) and (4.109) it is easy to show>9 that one has also generically, i.e. for any (Gaussian or non

Gaussian) state,

1 e N _, ip.z 1 A 1
Wﬁ(q,P)ZW d ze <q—§Z|P|CI+

. §z> (4.117)

57In analogy with the quantum harmonic oscillator one can write X P/h = [/mw/hX][\/1/hmwP] = ¢p with §
and p being dimensionless.

58Let us remark that here the normalization is 1/(2V72Y) and not 1/(27)?N as usually written (see Ref. [113])
since there is here a v/2 factor in the definition of £&,. Then the obtained expression of the Wigner function is
appropriately normalized.

590ne just need to take the trace in position space, use e~%? |q) = |q+ z) after applying the Baker-Campell-
Hausdorff formula.
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where N is the dimension of position g space and z a N real vector corresponding to the odd compo-
nents of the 2N real vector r. The Wigner function of the density matrix 5 should obey the normalization
condition
+00
/ dNqd"pWy(q,p) =Tr{p} =1 (4.18)
—0o0

The Wigner function is a quasi-probability distribution (quasi since it is not always positive-definite®°)
and can be used to compute expectation values for continuous variables. The expectation value of an
observable A can, in an abstract dimensional phase space, indeed be expressed as

. . —+o00 —+o00
A =tripdy = [ " d¥a [ " dpWila.p)Wila.p (a19)

with W;(q, p) the Wigner distribution, i.e. the Wigner transform of the density operator p, and W ;(q, p)
the Wigner transform of the operator 4, that is to say®’

Wila.p) = |

—0o0

oo 1 - 1
dNz exp{ip.z} (g — iz] Alg + §z> (4.120)
In this expression q (as well as z and p) is a vector in an abstract n = 3 dimensional space (with basis
ep, €1, e2). The kets involved in (4.120) are of the type |Q) = |Qo)o ® |Q1)1 ® |Q2)2 Where Q = Qpep +
Qie1+Q2e2 and |Q); is the eigenstate of operator §; associated to the eigenvalue @ (j = 0, 10r 2). In the
case of a reduced two modes Gaussian state n = 2 and the vector @ is two-dimensional: the component
associated to the traced mode disappears, as it also does in |Q).

For Gaussian states, as is our two-mode or three-mode state, the Wigner function of the density ma-
trix p (see Ref. [113]) is given by (4.116) where o, is the total (or reduced, as appropriate) covariance
matrix defined in Eq. (4.140). In (4.116) then, N = 3 and &, = v/2 (qo, Po, q1, P1, @2, p2)" in the three-mode
case. In the reduced two-mode case, N = 2 and one should remove from the expression of £ the en-
tries corresponding to the subscript of the traced mode®2. The Wigner transform (4.116) of a Gaussian
state is non-negative, and it was originally considered impossible to violate Bell's inequality under such
conditions [114]. This was latter proven incorrect [122, 123]. In particular, Revzen et al. [124] proved that
observables can be associated to the violation of Bell inequality over a Gaussian state provided their
Wigner transform takes values different from the eigenvalues of the associated quantal (i.e. discrete)
operator. We will see that two of the pseudo-spins (4.191) we consider, namenly fIy and II. belong to
this class of observables, denoted as “improper” in Ref. [124]. Still, since we work with Gaussian states,
all we need to know in order to compute the averaged value of any of our pseudo-spins (4.191) is the
covariance matrix of our system.

Let us conclude this section by proving that if a basis {b} and a basis {c} are related by a Linear Unitary
BOgoliubov (LUBO) transformation such as (4.67) or equivalently (4.75), then if Xff”) is Gaussian so is

Xﬁﬁb). By definitions (4.109) and (4.110), one has indeed
W) = Te{pDe(A)} = Tr{pne TP} = Tr{pnel™ 78} = Tr{p Dy(TTA)} = (P (TTX) (@29

Then, since Xl()ﬁb) is Gaussian sois Xz(;AC)- Alternatively, one can prove thatif a state is related by a squeezing
operator (yielded by a LUBO) to another state which is Gaussian then this state is Gaussian (see [90]).
Our vacuum state \Ow>in for the b; operators is by definition a Gaussian state whose density matrix is
given by p, = |0,)™"(0,|. This means that the Wigner characteristic function X,(fb)()\) of this state is
Gaussian. Defining, as we did in (4.78), |0,)°" = V1]0,)™ one has p, = V1|0,)""(0,|V = ViV and
then, by definitions (4.109), (4.110), (4.75) and (4.67), one obtains

XN = Tr{pDy(N)} = Tr{pVIDy AV} = Tr{peDa(A)} = Tr{peDg(TTA)} = XVPU(TTN)  (4.122)

For a Gaussian state it is always positive-definite since it is a Gaussian.

%It can be easily shown (taking first the integral over p and then changing variables) that for any two observables
Aand Bonehas [T dVq [T dNp W (q,p) Wy (q,p) = Tr{AB}. Then taking 3 = / one obtains (4.119).

%2The Wigner functions of the density matrices representing our different subsystems as well as the one of the full
system are given in Appendix A.9.
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where we have used®3

VIDyAV = VIAPY = NVIBV — ATe _ ATTH _ ((TNT6 _ P (7T y) (4.123)

and the cyclic property of the trace. Then, since Xl(fb) is Gaussian so is Xl(fc). One can therefore use any

basis to compute the covariance matrix of the system as long as this basis is related by a LUBO to the
basis of a Gaussian state since the LUBO preserves the gaussianity of the Wigner characteristic function.

4.3.2 . The Covariance Matrix : General Formalism
From (4.112) and (4.113), the covariance matrix of a state is defined as

o = 5 — (6. 6 — e} = 5(Eda + ) — (6 &) (4124

The usual commutation relations between the canonical conjugated variables ¢, and p; can be written
as

€k, &) = 2i Qg (4.125)
where®4
wo 02 02
Q=0 Jw, = [02 w1 02 (4.126)
N=3
02 02 w2
the symplectic form defined by
(0 1 (4.127)
Wnp = 1 0 4.127
In other terms, Q is here a 2N x2N matrix with components Q3, 2,11 = 1, Q2p,41,2, = —1 and 0 otherwise.
By definition one has
Q' = -0
QT = 00" =19y (4.128)
0 = —1oy

with the first relation encoding 2 as a skew-symmetric form. Defining

&= (a0, a1, ..., an_1,a,al,....,a%_,)7 (4.129)
one can then write
£a=V2Ua (4.130)
with U a 2N x 2N unitary matrix given (for a 3-mode state) by
1 1
7 0 0 7 0 0
1 —1
v 0 0 BV 0 0
o -~ o o L o
U= ve V2 (4.131)
0 s 0 0 Vo 0
1 1
0 0 7 0 0 7
1 —1
0 0 w3 0 0 s
Then since one has
lag, &) = Jul (4.132)

63Let the matrix A be a diagonalizable matrix, i.e. A = PDP~! with D diagonal, then e = PePP~! by simple
Taylor expansion of the exponential.
64|n the block structure of €, 05 is the 2 x 2 null matrix.
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with®5

J = v (4.133)
-1y On
the symplectic form
J'=—J
JTJ = JJT =19n (4.134)
J? = —1an

the fulfillment of (4.132) and (4.125) leads through definition (4.130) to
J=iUQU* (4.135)

One can see that this last definition fulfill immediately all the relations in (4.134) because of (4.128) as
long as one has not only UUT = UTU = 1 y (unitarity) but also

Uut =Quuta (4.136)
One can check that this is indeed the case. Inverting (4.135) one has also
QO=—UJu”r (4.137)

Even if <§k> is not always zero (for example, it is not zero when the average is taken over a coherent

state), by a local unitary (LU) transformation®® (&) 1, (é,’g) which by definition does not modify the

entanglement properties of a quantum state, it can always be brought to (é@ = 0 for all k. Therefore,
taking (&) to (&) such as (¢;) = 0 and renaming (¢;), the covariance matrix in (4.138) can be written
without loss of generality as

1 - 2 ax
Okl = §<§k§l + &) (4.138)
Finally, a well-defined covariance matrix o must satisfy the relation

c+iQ2>0 (4.139)

which asserts the positiveness of the covariance matrix as implied by the canonical commutation rela-
tions [90, 86, 125].

4.3.3. The Covariance Matrix of a Three-Mode Gaussian State

Relationships (4.82) and (4.84) ensure that the system is in a pure three-mode Gaussian state and is
therefore fully characterized by its 6 x 6 covariance matrix o(w) with entries

(E0€m + Em &) (4.140)

N |

om(w) =

Defined as in the generic (4.113) and (4.112), the operator & (w) or &,,(w) is here one of the 6 components
of the column vector

éa - (507517 '“755)T = \/i(qA())ﬁO;qu)ﬁlanQ)ﬁQ)T (4141)
where
A _ 1 ~f d » _ ~f
§j(w) = ﬁ(aj +aj) and pj(w) = ﬁ(% —aj) (4.142)

with a;(w) being, for j € {0, 1,2}, any kind of ingoing or outgoing operators such as our Bj(w) or ¢j(w) or
any generic é;(w) that will be defined later on. In expression (4.140) and in all the following, the averages
(---) are performed over the density matrix of the system. This density matrix is simply p = [0)™ (0| in

55|n the block structure of J, O is the N x N null matrix.
66A Jocal transformation does not mix different modes.
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the ideal case of the pure vacuum state.

We also consider more realistic situations where some incoherent excitations are present and the
system is not in a pure state. A simple manner to account for this situation would be to assume that
the system is in a thermal state. This is however impossible because the analog configurations depicted
in 3.1 are thermodynamically unstable. A way to circumvent this problem has been proposed in Refs.
[93, 94]. It consists in postulating that the system was initially in a Gaussian thermal state®7, i.e. in thermal
equilibrium at temperature T with a constant density and velocity (n,, and V,, respectively) and that the
flow has been adiabatically modified by slowly ramping the appropriate external potential, eventually
reaching the black hole configuration of interest. This situation, although idealized, is less schematic
than the zero excitation regime. It emulates the experimental situation of Refs. [34, 35] if the system is
considered to have been initially in equilibrium in the frame attached to the flowing condensate. In this
case one has (for j € {0,1,2})

~

7 (w) = (0H(w)bj (W) = new [Waya (47 ()] (4.143)

where n,,(w) is the thermal Bose occupation distribution at temperature 7" and energy 7w, whereas
ws,a(gjjin) IS the Bogoliubov dispersion relation (3.25), with a = uif j = 0 and a = d if j = 1 or 2. The
functions ¢;;i,(w) appearing in expression (4.143) are pictorially defined in Fig. 3.2. For instance gaj;, (w)
is the function that, to a given angular frequency w € [0, 2], associates a wave-vector along the 2|in
dispersion branch®. We loosely refer to the cases where 7; ( € {0,1,2}) is equal to the right-hand
side (r.h.s.) of (4.143) as “finite temperature” situations. In the simplest configuration, denoted as “zero
temperature” the system is in the pure state |0)!" and the 7;'s are all equal to zero. We will not specify
the values of the n;'s in the following, so that the formulas we give are generally valid, even in situations
where the occupation numbers should not be given by formulas of the type of Eq. (4.143). However, for
illustrative purposes, all the finite temperature figures of this work are plotted in specific temperature
cases with the n; given by formula (4.143).

Thus, we will consider in the following, the system as being either in the Gaussian vacuum state or in
the Gaussian state at finite temperature 7', with the vacuum defined with respect to the ingoing annihila-
tion operators Ej (w). Therefore we will consider <l§}l§j> as being either @Bﬁth = n;(w)or @l}j)() = 0 with
nj(w) the "thermal occupation number" of mode j at energy lww computed through the formula (4.143).
Then, as can be seen from (4.59) and (4.60), the vacuum |0,,)™™ of operators b;, i.e. b; |0,,)™ = 0, is not the
vacuum |0,,)°"" of operators ¢;.

We will refer to the covariance matrix in (4.140) as o,(w) when it is defined through &;(w) given in (4.112)
with the ¢, and p; defined in terms of the Ej(w) and Ej(w) operators. The average, as we said, will al-
ways be taken over a 3-mode Gaussian pure or GAUSSIAN "thermal state" defined with respect to these
same operators. Therefore the ingoing covariance matrix o;(w) evaluated for the vacuum of IBj (w) is by
definition

obl(.y0 = Lo (4.144)

Plugging &, = UT~'UT¢. = —UJTTJUTE,, obtained from (4.70) with (4.73), in the definition of the
covariance matrix (4.138), it is straightforward to show that

oc = SropSt (4.145)

%7The set of Gaussian states can indeed be defined (see [125]) as the set of all ground and thermal states of second-
order semi-positive Hamiltonians H > 0

e‘BH

~ Tee o}

Je;

with 8 = 1/kpT where kg is Boltzmann constant and H = (¢7 H ¢)/2.The pure Gaussian states are obtained for
B — oo. After the Bogoliubov linearization of the field operator, the Hamiltonian of our system is a quadratic
Hamiltonian but it has negative-norm modes with positive energy in the supersonic regime and is therefore
thermodynamically unstable in the frame where the condensate is moving. Hence the schematic procedure
adopted here.

68Q2|in(w) € g%, o] with ¢* = (Iz\in(Q) and qo = Q2|1n(0): see Fig. 3.2.
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with S7 the symplectic transformation defined in (4.72). One can also simply use relation (4.59) to expand
the components of the covariance matrix (4.138) written in the ¢ basis. Indeed the 6 x 6 covariance matrix
o defined in Eq. (4.140) can be written in terms of 2 x 2 submatrices o; and ¢;;:

[UO]C [601]0 [602]0

Oc = [egl]c [Ul]c [612]0 (4146)
[652]c [6?2]0 [02]¢
where [Uz']c = [eii]c and69
fele=2( " K (4.147)
Re(q;q;) Relq;p;
[Egﬂc -9 €<q]q > 6(%1) > (4’]48)
Re(p;qi;) Re(p;jpi)

Remembering that the Bogoliubov transformation preserves commutation relations, one gets

[eij]c =, 2 !

; . (4.149)

=1 \Im{¢iey) + Im(éicy)  —Re(¢iéy) + Re(éicy))

el ) Re(¢;jé) + Re(éjel)  Im(ejes) — Im(e;el)

Cijle =.

i<j Im(e;és) + Im(e;él)  —Re(éjé) + Re(éjel)) 150)
4.150

_ Re(¢iéj) + Re(éict)  Im(eies) + Im(¢;éh)

i< Iméiej) — Im{¢;el)  —Re(eic;) + Re(eich))

andfori=j
1+2(ele;) .

il = [€iilc = =(1+2@#w)ﬂ2 (4.151)

0 1+ 2(éle;)

Up to here, even if we have been referring to our outgoing basis, the expressions of the block components
of the covariance matrix apply generally to any operator fulfilling the bosonic commutation relations
(which, as we said, are indeed preserved by a Bogoliubov transformation). Then, considering specifically
our outgoing operators defined accordingly to our previous definitions (4.59) and (4.60), one obtains

=@l =0
(eoch) = (ehey) = (erel) = (eley) =0 (4.152)
0C2 02 C1C5 ¢162) :
i i i i 0
0 2 1 2

that is to say

leoi]e =2 (4.153)

[eg1]e =2 =2 ) (4.154)

%9In relation (4.147) and (4.148) the specifcations of the real part are relevant only for i = j since otherwise the
operators commute.
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and, fori # 2,
R€<61'62> Im(éi@)
[eiz]e = 2 (4.155)
72 \Im(éiéa) —Relé;éo)
Re(ebel)  —Im(elel) Re(éié)  Im{éiés)
[eh]e = @ @a) _, (4.156)
i#2 \ —Im(elel) —Re(elel) Im{é;iés) —Re(éiés)

Let us remark that all the previous relations (4.152), (4.153), (4.154), (4.155) and (4.156), are true for (...)
being generically (...)y, or specifically {...)o.

4.3.4 . Generic Rotation and Standard Form of the Covariance Matrix
We rotate our covariance matrix o, according to

O = SRUCSg

Sr = diag{R(®o2), R(P12), R(P22)}

(4.157)
cos ®;;  sin ®;;
R(®ij) =
—sin (I)ij COS (I)ij
and each 2x2 matrix ¢;; of the covariance matrix is rotated according to
€ijle = R(®;2)[€i;]RT (P
[ J] (®i2)[ J] ( J2) (4.158)
[eijle = R(Dj2)leij)e BT (Pi2)
where we have denoted
€ij = eJT
#>J (4.159)
€ii = 0
For the diagonal 2 x 2 matrix [0;]. one obtains simply
[oile = [oi]e (4.160)
For the 2 x 2 matrix [eo1]. one obtains the following components
leotlelog = 2[Re(@od])] cos(Bop — P12) + 2[Im(eo)| sin(@oz — Pr2)
leorleloy = 2[Re{éoé])] sin(®oz — 1) — 2[Im(coc])] cos(Poy — ®12) 4161
leor]elip = —2[Re(éoé])]sin(@ga — Bra) + 2[Im(éoéh)] cos(Po2 — P12)
[leo1lely; = [Re(cocl>] cos(Pgy — P12) + 2[Im<coc];>] sin(®gy — P19)
whereas for the 2 x 2 matrices [e;2]. with i # 2 one obtains
[[612]6]00 ;2 2[R€<éi62>] COS((I)iQ + (1)22) + 2[[m<él'62>] sin(@m + @22)
[[612]6]01 '§2 —2[R€<6162>] Sin(q)iQ + (1)22) + 2[Im<6162)] COS(q)@Q + (1)22)
! (4.162)
[[eiQ]e]lo i§2 *2[R€<élég>] Sin(q)ig + (1)22) + 2[Im<6162)] COS(q)zQ + (1322)
[[61'2]6]11 i;Q —2[R€<éiég>] COS((I)Z‘Q + (13’22) — 2[[m<éi62>] Sin(‘bﬂ + (1322)
Let us write
Re(éoel) = [(eoel)|cos ot
Im{éoel) = |(oél)|sin oy
16
Re(¢iéa) = |(¢iéa)|cos by (4163)
i#2
Im{¢;éo) o |(¢i¢2)] sin 09



with

B (4.164)
i#2
Applying these last definitions in (4.166) and (4.167) after defining

©01 = (P2 — P12) — bon

(4.165)
Oi2 s (Pi2 + Po2) — b2

one obtains
€0llelgp = +2‘

€0llelg1 = +2[(¢coC

€01]e

[leone] )
o] e
[[eo1]e] h 166
[leon]e] [(oc])] si
leor)els = +2|(Goél)

whereas for the 2 x 2 matrices [¢;2]. with i # 2 one obtains

[lei2lelog = +2[{éic2)| cos Oia

[[EiQ]e]m —2|(¢i¢2)| sin Oz

(4.167)

[[GiQ]e]lo i§2 —2’<ézég>|81n612

[[fiQ]e]ll i§2 —2’<éi62>|COS@Z’2

Then one sees from (4.165), (4.166) and (4.167) that taking
Do — P12 = b1 +mom

(4.168)
Do+ Pop = Opp+mym
1#£2

with the m; some integers, immediately diagonalizes the [e;;]. matrices as long as, for m = ma—m; —my,
the constraint
Oo1 + 012 = o2 +mm (4.169)

is fulfilled. If this is so, one therefore obtains

[oile = (1+2(cle;))1y
leot]e = (—1)™02|(éoé]) |12 (4.170)

[€i2]e b (=1)™mi2|(é;é2) |0
with 15 the 2x2 identity matrix and o, the Pauli matrix 7°. In this case one has
[eijle = [Eij]eT (4.171)
1<J

If the constraint (4.169) is fulfilled, the obtained form of the covariance matrix (4.170) is called the standard
form of the covariance matrix. It is important to note that the rotation is energy dependent since the 6;;
are energy dependent : in other words, the rotation is not the same at each energy. Furthermore, the
previous rotation is a local transformation (no mixing of different modes) : it therefore does not change
the entanglement properties of our system. Nevertheless a nonlocality measure is basis dependent.

7°The previous relations are true for (...) being generically {...);;, or more specifically {...)o.
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According to our results, rotations to the standard form of the covariance matrices seem to maximize
the nonlocality measure of our two-mode Bell operator. Setting generically

A = 1+20le)
F01 = 2’<éoé11->’ COS @01
FZ' i;Q 2|<6262>| COS @1'2 (4.172)
Gor = 2[(éél)|sinOg
GiZ i§2 2|<6162>| s @12
one can finally write
Ai 0 For  Gou Fo  —Gip
[oi]e = [eo1]e = [€i2]e = (4.173)
0 A —Go1  For G —Fp

Let us remark that when tracing out one mode it is always possible to bring the covariance matrix to
the standard form both at zero and at finite temperature. On the contrary, for the three-mode state
the standard form can be obtained only at zero temperature since at finite temperature the constraint
(4.169) cannot generically be fulfilled.

To sum up, in the limit of zero temperature the system is in a three mode pure Gaussian state. Its co-
variance matrix (4.146) can accordingly be brought by a Local Linear Unitary BOgoliubov transformation
(LLUBO) to a "standard form” in which matrices o; are proportional to the identity (as they already are,
cf. (4.151)) and matrices ¢;; are diagonal [117, 126]. After this operation the matrices ¢;; take the following
form [86]

eor =2 (@0 é)[1a, eir = 2[(&é2)] 0, (4.174)
where i € {0,1} and o is the third Pauli matrix.

The situation at finite temperature is less simple. The system is in a Gaussian mixed state with no
special symmetry, and the covariance matrix (4.146) cannot be put in a standard form where the ma-
trices ¢;; are all diagonal [126]. However, the situation simplifies again if one is interested in bipartite
entanglement only (say, between modes ¢ and j). In this case one should trace out the third mode (let's
denote it by k) which simply amounts to remove from the total covariance matrix (4.146) the two rows
and two columns where index k appears. The remaining 4 x 4 covariance matrix associated with the
reduced two-mode state reads

o) = (;T] Zj) : (4.175)
where the 2 x 2 blocks are the same as the ones in (4.146). This reduced covariance matrix can always be
brought by a LLUBO to its standard form [117], in which the matrix ¢;; takes again the form (4.174) with
here an average taken over the finite temperature state.

4.3.5. Zero and finite temperature averages
As clear from the above expressions (4.151), (4.153) and (4.155), the theoretical evaluation of the com-
ponents of the covariance matrix relies on the computation of averages of two creation or annihilation
operators of the outgoing modes. For a generic a generic GAUSSIAN "thermal state" one has

]

(elei) = 1wl (Bhbo) + 1S P (blbr) + [Siaf*(1+ (bL62))

) ) ) ) (4.176)
b |Si2|* + |Sio|*no + |Sit|* 71 + [ Siz| 72
and fori =2
(ehea) = 18202 (1 + (blbo)) + [Sa1|*(1 + (blb1)) + [ Sazl? (blbo)
= |S20|2 + ’521’2 + ’SQO‘QﬁO + ‘521‘2ﬁ1 + |522|2ﬁ2 (4.177)

= —1+ [S9|* + |Sa0|?7i0 + |So1[*n1 + |S22]*na
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Furthermore one has

(€e]) = SooSio(1+ (Bhbo)) + SorSti (1 + (b1b1)) + SoaSty (bhbe)
= SOOSTO + SUlSTl + SOOST()ﬁO + 5015161771 + 50251‘27_12

; , (4.178)
= [Soal|Siae’(P02m12) 4| Sy SygletlPoo—P10)p,

+1S01]]S11 ‘ei(‘f")l*“’ll)ﬁl + | Soz| ‘512|6i(¢02*s012)ﬁ2

(@) = SinSso(1+ (Bhbo)) + S5, (1 + (Bb1)) + Si2S5,(bhba)

K2

‘7?2 Si()S;O + Sﬂsgl -+ SiOSSOﬁO + SﬂSéklﬁl + SZ‘QS;Q'FZQ ( )
i 4.179
‘7?2 |Si2‘|S22’€i(§0i2_@22) + |SiOHS20’ei(S0iO—<P20)ﬁO

_HS“ ’ ‘521 ‘ei(SOil*iPQl)ﬁl 4 ‘SiQ ’ ‘SQQ‘Qi(50¢2*s022)ﬁ2

Let us recall that in order to obtain all the previous relations we have been using relations (4.59), (4.62),
(4.64) and (4.65), and that the n;'s (j = 0, 1 or 2) are the occupation numbers of the incoming modes (see
Eq. (4.143)). When the average is taken at zero temperature, all the occupation numbers n; are zero in
the previous expressions. Furthermore, the coefficients of the S matrix appearing in the above formulae
can be determined numerically as explained in Ref. [38]. The different basis dependent expressions of
the covariance matrix used in this work are given in Appendix A.7.

It is also possible to evaluate the previous averages in the {f} basis of the optical model. The shape
of the covariance matrix in this case is given in Appendix A.7.3. From definitions (4.103) and (4.97) and
expressions (4.176)-(4.179), it is a simple matter to evaluate these averages, at all zero and finite temper-
atures. One obtains :

1

<fgf0> = m Zil:O |S1250; — So2.51:|? 7

(fif1) = fiorcosh?ra + (1 + 7i) sinh? 7o

<f§f2> = no1 sinh? T2 + (1 + n2) cosh? ro — 1

i = 5 s (9, g o 4190
0J1 sinh? T i=0"21 |512’ 1214 ’SOQ’ 02904 i

(f1f2> = (ng1 + ng + 1) coshrysinhry

(fofo) = <fof1T) tanh 7o

The occupation numbers n; (j = 0, 1 0r 2) in the above expressions are defined in (4.143) and use has
been made of the shorthand notation

Sa0/? Sa1l?
_ |S| ﬁ+‘21| .

oL = sinh? 79 0 sinh? 9 (4.181)
Let us remark that one has also
(fof1) =0
(fofo) = (ffi) = (fafa) =0 (4.182)

(fof3) = (fff)y =0

As clear from the previous considerations about the covariance matrix of our system in 4.3.3 and
4.3.4, it is important, in order to characterize the correlations in our system, and, as we will see, entan-
glement and nonlocality, to be able to determine the average values of different combination of two
creation or annihilation operators of the outgoing modes. At the experimental level, this determination
could reveal difficult for quantities such as (¢, ¢2) for instance. Steinhauer proposed a possible way to
extract this information from the knowledge of the density-density correlation function [54]. As stressed
in Refs. [39, 90] this method needs to be used with more care than initially thought, but is indeed a pos-
sible manner to obtain the information. At the theoretical level, it is a straightforward matter to compute
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the expectation values of products of the ingoing creation and annihilation operator (quantities such as
(4.143) for instance). From there, expression (3.50) makes it possible to compute the equivalent expres-
sions for the outgoing operators, which are the quantities of interest. The relevant formulae are given

in 4.3.3, Egs. (4.176)-(4.179).

4.3.6 . A Measure of Bipartite Entanglement from the Two-mode Covariance Matrix : the
"PPT Measure"

Several observables have been proposed to theoretically evaluate the bipartite entanglement in the
context of analog gravity, such as the Cauchy-Schwarz criterion [127, 128, 129, 130, 54, 131], the generalized
Peres-Horodecki parameter [132, 133], the logarithmic negativity [134, 135, 136, 137], the entanglement
entropy [138, 137], the entanglement of formation [139], the Gaussian contangle [86]7".

In the present work, we chose as in Ref. [86], to evaluate the bipartite entanglement between modes
i and j by means of a quantity A1) (w) €] — oo, 1] which is a monotonous measure of entanglement that
we denote as the Positive Partial Transpose or “PPT measure”. It has indeed been argued in [86] that
an efficient measure of bipartite entanglement was given by the “PPT measure’

AW =1 h (4.183)

where Vs
ance matrix o), and is defined as [86]

) is the lowest simplectic eigenvalue of the partial transpose [¢(?7)]PT of the two-mode covari-

2 (y(;m)2 = AL - \/(AZT>2 _ 4 det ol (4.184)
with

AT = deto; + det oj — det e (4.185)

The partial transposition corresponds to a mirror reflection in phase space which inverts the p; coordi-
nate, leaving ¢;, p; and ¢; unchanged [140]. The resulting transposed covariance matrix can be brought
by means of a symplectic transform to a diagonal form [141]. The corresponding diagonal elements are
the simplectic eigenvalues. They are twice degenerate, and in our 4 x 4 case there are thus two such
eigenvalues: Y1) and V(ngj), with V(j;\j) € R* and Vilj) < V(Jgj).The largest entanglement corresponds to
A7) = 1 while separability is reached when A1) < 0. Therefore, states i and j are separable when
AU < 0. We we will see in 4.5.1 that this is always the case when (i|j) = (0/1): the companion and
the Hawking modes are not entangled. The two other couples of modes, (0/2) and (1]2), are always en-
tangled at 7' = 0 for all w. Their entanglement decreases with increasing temperature by an amount
specified by the PPT measure.

The separability condition of the chosen "PPT measure" can be shown to be equivalent to the Peres-
Horodecki criterion [142, 143]. Contrarily to other observables, such as the Cauchy-Schwarz criterion
or the generalized Peres-Horodecki parameter which have been often used in the domain, the PPT
measure has the advantage of being an entanglement monotone. Other observables have been used
in the context of analog gravity, which are monotonous measures of entanglement, such as the entan-
glement entropy, the entanglement of formation or the logarithmic negativity, but they all have
some drawbacks. First of all the state of our system is mixed in a finite temperature situation, which
discards the entanglement entropy as a possible measure. Secondly, even if the entanglement entropy
generalizes for mixed states to the entanglement of formation [115], this quantity is not easily deter-
mined in non symmetric two-mode Gaussian states such as the ones we consider, where the reduced
state is nonsymmetric, since in general the mixedness A; and A; (defined in (4.197)) for modes i and j
respectively, are not equal. Thirdly, the logarithmic negativity shares with the entanglement of formation
the drawback of possibly violating monogamy inequalities [116]. This is a relatively mild drawback in the
context of evaluating bipartite entanglement, but becomes prohibitive in the tripartite context. Finally,
the Gaussian contangle was introduced in Ref. [116] as a quantity which has none of the previous de-
ficiencies. It has been studied in the gravitational context [144] and also in analog gravity [86], but it is

71See section 4.1.4
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not of very practical use as its determination requires numerical minimisation of a complex expression.
Nevertheless, since none of these measures are of practical use at finite temperature in the case tripar-
tite systems, in our study we resorted to the Mermin’s nonlocality test in order to investigate genuine
tripartite entanglement (see sections 4.1.4 and 4.6.4).

The PPT measure we use in the present study was introduced in Ref. [86] as a measure which mimics
many aspects of the Gaussian contangle but is much simpler to evaluate. Its evaluation is as simple as
the one of the above quoted quantities albeit it shares none of their drawbacks. Applying the definitions
of the covariance matrices for the different subsystems here considered one obtains straightforwardly
(see notations in (4.172))

AT = AR+ AT 8|(a)?

deto©D = A2 = (AgA; —4|(éoc])?)?

ALY =, AT+ AL +8[(ae) e
det o(12) > A% = (AjAr —4)(eié2)]?)?

The previous expressions (4.186) are just the same when computed in the {&} basis and {f}, with the &

and f replacing the ¢72. Considering the positiveness of det (/) one can write det ¢(17) = v/det o(ili)
and therefore factorize expression (4.187) as

2 (15)° = ALT = AL + 2V/det o) AL — 2/det o0

2

\/AZT + 2V det o(ild) \/AZT — 2V/det oild) (4.187)
= 5 _ -
which yields for partition (0|1)
5 2
_ Ag — A A+ A o
o) = ‘021| - \/< 5 2) — (e &) (4.188)
and for partition (¢]2)
5 2
- Ai+A A — A .
(V) = 5 : - ¢< 5 2) + 4[(& 62>|2) (4.189)

Since all V5 ore positive, one must choose the positive root. The "PPT measure" shows that these two
modes of the partition (0|1) are never entangled in our system. We therefore give here only the explicit
expression of A(12)(w) characterizing the coupling between mode i = 0 or 1 and mode j = 2, which
reads

A (w) = (el &) = (e ea) + \/ ((el e — (ehen)) + 4@l (4:190)

This last expression (4.186) is straightforwardly adapted to the {e} and {f} bases, just by replacing the c
by the e or f operators.

4.4 . BELL INEQUALITIES IN AN ANALOG BLACK HOLE THROUGH GKMR PSEUDO-SPINS

The CHSH Bell operator [105] has been originally thought for discrete variables with finite outcomes?’3.
From a continuous variable perspective, it seems a priori difficult to derive an upper and lower bound
of the expectation value of a Bell-type observable whose set of outcomes is typically unbounded. Even

72This can be checked using the explicit expressions of the covariance matrices given in Appendices A.7.3 and A.8.
73See Appendix A.3 for a classical derivation of Bell inequality violation with discrete Bell states.
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if the authors of Refs. [145, 146] were able, through Fine-Abramsky-Brandenburger theorem [147, 148],
to derive continuous Bell inequalities for continuous and unbounded observables, no practical (theoret-
ical or experimental) use of such fully continuous approaches has been, to our knowledge, successfully
implemented so far. Indeed, most Bell-like inequalities proposed in the context of continuous variables
rely on a discretization process [149, 150, 151, 152, 153, 154]. Using a binning of the outcome results,
observables defined from continuous measurements can be mapped to observables which can only
take a finite number of outcomes. From an observable with bounded expectation value, one can then
construct a Bell inequality similar to those derived for discrete variables. A well-known bichotomic bin-
ning of such continuos observables are the so-called pseudo-spin operators. These operators live in an
infinite-dimensional Hilbert space but the outcome of their measurement is either —1 or +1.

Due to its practicability, we chose to follow this discretization approach to derive Bell-like inequalities in
the context of BEC analog black holes. In this work we use the GKMR (Gour, Khanna, Mann and Revzen)
pseudo-spins introduced in Ref. [106]. To an outgoing mode j (j € {0,1,2}) of energy w is associated a
Hermitian vectorial operator I1U) (w) whose expression in Cartesian coordinates is given by

Ny +oo
19w = [ da (o) stal = | = )y (-al) (41973
o +oo
19w =i [ da (a5 =al = 1= ) ), (41970)
Ny +oo
Y (w) =/ dqq)j ;(~dl (4.191¢)

where |g); is the eigenstate associated to the eigenvalue ¢ of the position operator ¢;(w) (4.142). The
operators (4.191) anti-commute with each others and all square to unity. They verify the Pauli algebra,
i.e. the expected spin (anti)commutation relations

{ﬂgj%ﬂgj)} = 24 gy 11V (4.192a)
{ﬂgﬁ,ﬂgﬂ‘)} =25, (4.192b)

with §,.; the Kronecker-delta and ¢,.5; the Levi-Civita symbol74. In Appendix A.2 we recall the properties of
the pseudo-spin operator (4.191) and of its eigenvectors we will be referring to in the following, and we will
show in Sec. 4.6.3 how these very same properties helped us to understand an unforeseen characteristic
of our system, i.e. that the structure of the zero temperature ground state of the analog system, i.e. the
vacuum |0), is most easily analyzed in terms of a combination of eigenstates of operator I1,.

As a final remark, we note here that the GKMR spins operators have been studied in contexts similar
to ours in Refs. [154, 155, 156]. Compared with other pseudo-spin operators such as for instance those
introduced by Banaszek and Wodkiewicz [157, 158], the GKMR spins (4.191) have the advantage of hav-
ing simple Wigner transforms, which makes the computation of their expectation values over Gaussian
states relatively easy, as detailed in Appendix 4.3.1. Nevertheless, it is important to stress (see [106]) that
different choices of spin representation lead to different values of averages of the observables (4.211),
(4.216) and (4.232) we are interested in. Therefore these observables must be considered as witnesses of
nonlocality, their violation of Bell-type inequalities being a sufficient but not necessary test of nonlocal
behavior.

For evaluating expectation values such as those appearing in Eqs.(4.211), (4.216) and (4.232), we need
to compute the Wigner transforms of the components of the pseudo-spin operators. These are to be
evaluated in a 2 dimensional phase space, since operator ITI(9) concerns a single mode (mode j). The

74Usual 1/2-spin operators trace also to zero and have determinant —1. The pseudo-spins (4.191) operate in infinite
space where the trace and determinant are not well defined : see [106] for discussion. Still, the Pauli algebra
defining the (anti)commutation relations (4.192) is fulfilled by pseudospins (4.191).
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result is independent of j and reads :

Wy (g,p) =sgn (q)

e}

Wy, (¢,p) 2735(61)/ dz sgn (z) exp{—2ipz} = 6(q)P(1/q) (4.193)

Wy (4,p) =7r5(q)5(;?)

where P denotes the principal value’>. Since the eigenvalues of the projections along a given axis of
the pseudo-spin operator IT are +1, the above expressions of the Wigner transforms thus demonstrate
that, contrarily to II,, which has indeed a two-valued Wigner function able to mimic "classicaly" the two-
valued quantum observable, operators ﬁy and I1 are “improper” in the sense of Ref. [124]: they may be
involved in violation of Bell inequality even for a state with a non-negative Wigner transform, such as the
Gaussian state we consider.

For evaluating the expectation values appearing in (4.211) we need to compute the two-mode integrals

T3 (w) = (10 @ IP)) = Tr{p, I @ 1P} = / d?qd®p Wy (i, 01) Wy (45, 2))W(a,p)  (4.194)

with r,s € {z,y, 2}, the density matrix j;; of the two-particle system composed by particles i and j,
the pseudo-spin operator IT acting in the space of particle i or j and ¢ = (¢i,q;) and p = (pi, p;) where
(1,7) = (0,1), (4,5) = (0,2) or (3,7) = (1,2).Similarly for evaluating the expectation values appearing in
(4.216) and (4.232), we need to compute the three-mode integrals

Trst(w) = (10 @ I @ 1)) = Tr{po1) 1O @ 1 @ 117}

(4.195)
= /d3qd3p Wy (q0,20) Wy (a1, p1) Wy

(g2, pz)Wﬁ((L p)

t
with r,s,t € {z,y,2} ¢ = (90,91,¢2) and p = (po,p1,p2). The explicit calculation of the terms T(Sﬂ)
involved in the determination of the CHSH parameter (4.211) is similar to the one figuring in the Appendix
of Ref. [154]. First of all, one finds

: 1
(32) _
T = A A, Ik (4.196)
where
Aj =1+2(cle;) (4.197)

is known (see Ref. [39]) as the local mixedness of mode j (j = 0,1 or 2)7°. Then one finds that all
expectation values for which the index z appears a single time cancel at all temperatures. The values of
the other non-zero averages are (: = 0 or 1):

7;(;2) :2 arctan 2Re (¢i6a)
m \/AZAQ — 4(Re <éi62>)2

4 -1 .

2) __ 12
Earri (4.198)
T2 _ 2 arsinh 21m (éiéy) |

oAy Ajo

i . 2Im <ézég>

E(z2) = A, arsinh e

where A;s is defined in EqQ. (4.199) below, and we recall that the expression of the quantity (¢;é9) is given
in (4.179)77.

75The details of the computations can be found in Appendix A.10.1.

78|n this work we have chosen the convention of writing generically the terms containing finite temperature com-
ponents in upper case letters and the ones referring only at the zero temperature pure state in lower case letters.
In the published article given in section 6.3.7 the local mixedness are always referred to in lower case letters, as
it is often the case in the literature.

77All the details of the computations are to be found in Appendix A.10.2. In the same Appendix will also be found
the expressions O Which are not given here since modes 0 and 1 are not entangled and therefore the pair
never violates Bell's inequalities.
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For studying the Svetlichny observable (4.216) and the related Mermin parameter (4.232), it is nec-
essary to evaluate the averages 7,s(w) given in Eq. (4.195) and involving the Cartesian coordinates of
three pseudo-spins, where r, sand t € {z,y, z}. These quantities are zero if z is not one of the indices or
appears exactly twice. In order to write down tractable expressions in the other cases, it is convenient
to introduce new compact notations

Aot =AgA1 — 4 |<éoéD’2

Aiz = Aids — 4 |(¢ea) ? (4.199)
<2
Zo = —2A0(¢182)* + 4(¢oe! ) (Goéa)*
Z1 = =241 (Goéa)* + 4(coel) (6169)* (4.200)
Zy = —2A5(e0el)* + 4(2182) (Goéa)*

and

D =ApA Ay + 16Re {<606J{><6162><6062>*}
(4.201)
— 4Ap|(é162)[% — 4A1|(Goea) |* — 4Az|(20e])[?

D is the square root of the determinant of the 6 x 6 covariance matrix (4.146). At T = 0 the systemisin a
pure state and D = 1 for all values of w 78 , whereas D = O(1/w) at finite temperature, as can be shown
on the basis of the low energy expansion of the matrix elements of the S-matrix given in Ref. [38].

The explicit theoretical evaluation of the quantities (4.197), (4.199), (4.200) and (4.201) is easily done
from Eqgs. (4.176)-(4.179). A long computation’? shows that the averages (4.195) which are non zero can
be expressed in terms of these quantities :

2 Re Zg
Toze = ——— arctan
Ao \/AOlAOQ — (Re Z())2
2 Re Zl
Taze = ——— arctan 202
TA; VAo Az — (Re Z1)? (4-202)
Re Z
Tezr = ——— arctan €42
mAs \/A02A12 — (Re 22)2
A A
7;:yy = _507-%:&: 73-/zy = _617-1’233
Ay (4.203)
Eyz = +67:vxz
Im Z()
Ap2Tozy = Ao1 T2y, = arsinh ( >
Y Y AOD
Im Z1
A1 Tyze = A19T 42y = arsinh .20
017y 12722y = arsin ( A1D> (4.204)
Im Zs
—A19T sy, = Ao2Tys» = arsinh ( >
Y Y AQD
and
1
Tezz = D (4.205)

78The c-modes are related to the b-modes by a Bogoliubov transformation, see (3.50). In this case the covariance
matrix o of the c-modes relates to the one of the b--modes by a symplectic transform which conserves the deter-
minant (see, e.g., [86] and references therein). At T' = 0 the b-modes are all empty and their covariance matrix
is the identity 1. It thus follows that in this case § = (det 0)? = 1.

79Some details are given in Appendix A.10.3.
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4.5 . GENUINE BIPARTITE VIOLATION

4.5.1. Bipartite Entanglement

Expressions (4.176)-(4.179) are useful for computing the PPT measure of entanglement (4.190) and the
CHSH (4.211) and Svetlichny (4.216) parameters that will be defined later on as witnesses of bipartite and
tripartite nonlocality, respectively. As an illustration we now indicate how to compute the PPT measure
AU12) at zero temperature. Using here the definition (4.108) as a short hand notation one gets from (4.190)

A(i\Q) (w) Tfo —‘Si2’2 — Sinh2(7"2) + \/HSQP + sinh2(r2)]2 + 4’S¢2|2 (4.206)
It was shown in Ref. [38] that the ratio |S;2|?/ sinh2(r2) tends to a constant when w — 0. Let's denote I';
the value of this constant (i = 0 or 1) 8. A simple expansion of (4.206) with sinhrs — co when w — 0
shows that

: 2T
lim AGD = 2L .
wILI%) =0 1+ 1T (4.207)
In the waterfall configuration [38] one has
4m,,
Ig=——-, .208
0= Tt ma)? (4.208)
Furthermore from relation (3.48) it follows that I'y + I'; = 1. Hence, for the waterfall configuration
8m
lim A2 = v .209a
50 T=0 1+ 6my, +m2’ (4.2092)
1—-m )2
fim A0 = (=) 2
w0 T=0 1+ m2 (4.209b)

The maximum value of A°?) is always reached at w = 0, thus the T' = 0 numerically determined value
max,, A(°1?) plotted in Fig. 4.3 is identical to (4.209a). The maximum value of the PPT measure of entan-
glement between modes 1 and 2 is reached at w = 0 only for m,, < 0.18 : the numerically determined

~

value max,,A(1/?) plotted in Fig. 4.3 is thus identical to (4.209b) in this range of values of m,,.

4.5.2 . Bipartite Nonlocality

Equipped with the pseudo-spin operators (4.191) we can define a CHSH Bell operator [105] measuring
the correlations between the emitted quasi-particles of type i and j as

B (W) =(a+a) MY @b -TIV 4+ (a—a) - TV @b - 11V (4.210)

where a, a’, b and b’ are unit vectors. Given a unit vector n it is easily checked that (n - IAI(J'))2 =1,
meaning that the Hermitian operator n - II) has eigenvalues +1. It then follows from direct inspection
that, local realism imposes that a measure of the operator i) yields a result £28. Thus, local realism
is violated when (#(19)) > 2, whereas Cirel'son bound [159] imposes (#2179} < 21/2. Since the modes o
and 1 are not entangled the quantity <9§(0‘1)) is always lower than 2 and its computation is of no interest
to us. For attempting to violate as much as possible Bell inequality one should consider the modes o
and 2 (or 1and 2) and look for an arrangement of the four measurement directions a, a’, b and b’ which
maximizes (22 (i = 0 or 1). This procedure is explained in Appendix A.4 and makes it possible to
analytically compute the quantity

B(z|2) (OJ) = MaXgq,a' b,b <<@?(ll2) (OJ)> (4.21)

8T, and I'; are the low energy limits of the transmission and reflection coefficients (yo and ~1, respectively) of the
beam splitter involved in the effective optical model depicted in Fig. 4.1, see Appendix 4.2.3. In the notations of
Appendix 4.2.3, Ty = lim,, _,q cos? 6.

81From local realism is follows that the measurement of an observable of the type a - IT®) @ b - I1(9) is the product
D (X, a) - I (A, b) of the result II) (X, a) = +1 of measurement of the pseudo-spin I1() along direction a
with the result TI() (X, b) = +1 of measurement of the pseudo-spin I1(/) along direction b, where X is the hidden
variable. Within this approach, there are only two possible cases: either II)(\, @) and I (\, a’) are equal (their
difference cancels and they sum to +2) either they are opposite (their sum cancels and their difference is +2).
From expression (4.210) directly follows that such a measurement of 2ild) yields a result £2.
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The corresponding explicit expression is given in Eq. (A.91b). The values of B(?2) and B('?) are plotted
as functions of w for different temperatures in Fig. 4.2 for a waterfall configuration with a downstream
Mach number® m,; = Va/cq = 2.9, the same as in the Technion 2019 experiment [34]. We also plot for
comparison the values of the corresponding PPT measures A(°2) and A(11?), as defined by (4.190).

3 Figure 4.2: Plot of B(?) (solid lines)
—_ 70 and A(2) (dashed lines) as functions
~ —_— T =01 of w for the waterfall configuration
= T—02 with mg = 2.9 and different temper-
E 2 '%‘ i atures. We only consider the range
of frequencies w < € for which the
2.0 ';// vacua of the outgoing and ingoing
1~ modes do not coincide. The value of
< pEy 1.8 ' the temperature is indicated in units
& ] ~— 0.5 1.0 0 o
S I \"'“'*-\N.\ of gn, = mc;. Upper plot: i =
< 0 D ——— 0. Lower plot i = 1. Non separa-
I bility of modes i and 2 is achieved
! | | | | when A2 > 0. Bell inequality is
0.0 0.2 0.4 0.6 0.8 1.0 violated when B(? > 2. The in-
3 set in the upper plot is a blow-up of
— 7.0 the region 1.8 < B < 21 and
— —_— T—01 0.1 < w/Q < 1 showing that the re-
% T =02 duced state (0|2) does not violate Bell
= 21 inequality at temperatures 7" = 0.1
CQ and o.2.
1 -
I .
N
< O'—-—_—_”—_-;_ —
//
/ T T T T
0.0 0.2 0.4 0.6 0.8 1.0

The figure illustrates that, as well known, entanglement is necessary but not sufficient for violating
Bell inequality. Also, the amount by which the Bell inequality is violated is not proportional to the amount
of entanglement. This is clearly seen, for instance, by comparing the values of B(?12 and A2 at T = 0:
the maximum violation of Bell inequality is not achieved for the maximal entanglement. One can also
notice that the violation of Bell inequality is much less resilient to temperature than is the entanglement.
These features can be most easily understood in the framework of the optical model represented in Fig.
4.1. They originate from the dilution of entanglement between the three modes caused by the beam
splitter, as discussed in 4.2.3.

Fig. 4.2 indicates that, in the waterfall configuration we consider (with mg = 2.9), the entanglement is
lower and the violation of Bell inequality less significant for the correlations among modes 1 and 2 than
for the correlations among modes o0 and 2. However, this is not always the case. This pointis illustrated
in Fig. 4.3 which displays, for all waterfall configurations, the zero temperature values of max,, B(? and
mawa(“?) (for ¢ = 0 and 1) as functions of the upper Mach number m,, (the maximisation is performed
at fixed m,, for w € [0,9Q]). All the possible waterfall configurations are considered since m,, spans
the whole interval [0, 1]. In this figure we aim at evaluating the largest amount of entanglement and
nonlocality reached in each configuration. This is the reason why we plot the maximal values taken by

8|n this theoretical model configuration, fixing the value of m, determines all the other dimensionless parameters:
mg = m, 2 = ny/ng = Vy/Vy, see Ref. [38].
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the quantities A2 and B(I?) over the energy interval [0, Q] [where  is defined by Relation (3.26)] since
it is only for energies in this interval that spontaneous emission of quasi-particles occurs.

For instance, the situation depicted in Fig. 4.2 (mq = 2.9) corresponds in Fig. 4.3 to the point m,, =
0.587 since for waterfall configurations m,, and mg are related by (3.19). And indeed, Fig. 4.3 shows that
for this value of m, the maximum over w of B(°1?) js 2.25, and the one of B1?) is 2, as observed in Fig.

4.2.
~ 3 ~ 3
= e 3 = e ®
2 2
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Figure 4.3: LEFT PLOT: Zero temperature value of the CHSH parameter and of the PPT measure char-
acterizing non separability of modes i (= 0 and 1) and 2 for the waterfall configuration. The maximal
value reached by these quantities over the interval w € [0, Q] is plotted as a function of the upper Mach
number m,, which (as explained in Appendix 3.1) characterizes a given configuration. The values of B(112)
for m,, < 0.01 are not indicated because of lack of numerical precision. The upper bounds of B(? and
AU12) (/8 and 1, respectively) are indicated with filled dots. RIGHT PLOT: Same as left plot but for a tem-
perature T' = 0.2 gn,. Contrarily to what is observed in the zero temperature case displayed in left plot,
the maxima of A and B (1 and 2v/2, respectively) are never reached.

Fig. 4.3 shows that for values of m,, larger than 0.6, the entanglement is mainly concentrated between
modes2and o, i.e., between the Hawking quantum and the partner. Thisis indicated by the fact that both
the PPT measure and the CHSH parameter significantly point to nonseparability and nonlocality between
these two modes. Form,, < 0.2instead, the figure shows that entanglementis concentrated between the
partner and the companion (modes 2 and 1, respectively). A plot similar to the one of Fig. 4.3, but where
the quantities are evaluated at finite temperature, enables to evaluate the resilience of entanglement
and non-separability to an increase of temperature. This check is performed in Fig. 4.3 which shows
that, whereas at 7' = 0.2 gn,, the PPT measure is not dramatically affected, the CHSH parameters B(12)
and B(112) no longer show evidences of violation of Bell inequality, except in the (1|2) sector for waterfall
configurations with m,, < 0.15 and, in a lesser extent, in the (0|2) sector for m,, 2 0.85.

Figs. 4.3 and 4.3 illustrate a specific feature of analog models : there is no reason for qualifying one
of the positive norm modes (in our specific case, mode o or 1) as unessential. For instance, it is incorrect
to study the system discarding a priori the companion (mode 1) from the analysis. Fig. 4.3 shows that, at
zero temperature, this is allowed in some regions of parameters, but incorrect in others. Fig. 4.3 even
shows that only the companion-partner correlations display violation of Bell inequality above a certain
temperature. In this case it is the Hawking mode which is unessential. It is therefore important to give a
proper account of all the modes involved in our analog system without a priori neglecting any of them.

4.5.3 . Bipartite Entanglement and Nonlocality in the {f} Basis of the Optical Analog

Another way to consider the same problem is to use the equivalent model depicted in Fig. 4.1. It is well
known that a nondegenerate optical parametric amplifier generates an EPR state when the squeezing
parameter tends to infinity (see, e.g., Ref. [160]). As discussed in section 4.2.3 this is the case for the two
mode squeezed state (4.107) when w — 0. The zero energy transmission coefficient 'y of the effective
beam splitter (pictorially defined in Fig. 4.1) tends to o or 1 when the upper Mach number m,, tends
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Figure 4.4: BU11%2) (solid lines) and A/11/2) (dashed lines) plotted as functions of w for the two-mode
squeeze state emulating the waterfall configuration with my = 2.9. The values of the different tempera-
tures are indicated in units of g n,.

to o or 1, respectively (see e.g., Eq. (4.208) which holds for the waterfall configuration)®3. In these two
limits the system forms an EPR state between two of the three outgoing modes : in these two limiting
cases, i.e. m;,; — 0orm, — 1, and only in these, the third mode of the system can then be
omitted since for j the omitted mode one has (é}cﬁo — 0. This EPR state involves, either the Hawking
quantum and the partner (when m, — 1) or the companion and the partner (when m, — 0). This is
the reason why the entanglement and nonlocality bounds are reached in this two limits in Fig. 4.3, and
similarly in Figs. 4.7 of section 4.7 for the delta peak and flat profile configurations, respectively. Itis quite
informative to quantify the entanglement between the two effective modes f; and f, and the amount
by which the corresponding squeezed state violates Bell inequality. At T = 0 all the relevant quantities
can be expressed in terms of the squeezing parameter (4.108) involved in the transformation (4.107). For
instance, the analogs for the the modes f1 and fg, of the PPT measure of entanglement and of the CHSH
parameter defined for the modes ¢ and & by Egs. (4.190) and (4.211), respectively, read®4

A1lf2) = 1 — exp(—2ry), (4.212)

and [106]

4
Bfilf2) = 2\/1 + — arctan? [sinh(2r)]. (4.213)
= T

The finite temperature values of these quantities can be obtained by replacing the ¢ operators by the
f’s in expressions (4.190) and (A.91b) and using formulae (4.180). They are represented in Fig. 4.4 as
functions of w for a specific black hole configuration (waterfall with mg = 2.9). As anticipated, it appears
that the violation of Bell inequality is here much more resilient to temperature than for the true Hawking-
partner pair or the companion-partner pair (compare with Fig. 4.2). This is explained by the fact that the
beam splitter distributes and, so to say, dilutes the entanglement. This is clear at 7 = 0 : in this case
the fy mode is empty (cf. (4.180)) and the system is, as far as the f modes are concerned, in a pure two-
mode squeezed vacuum state. At w = 0 for instance, the system is maximally entangled (the squeezing
parameter r, — o) and both AU11/2) and B(/11/2) reach their upper bounds (1 and 21/2 respectively). At
variance, if working with the true outgoing modes described by the ¢ (or equivalently the é) operators,

83Thinking about the gravitational analogy, when in the long-wavelength limit the greybody factor I'y — 1, there is
no back-scattering of Hawking particles. On the contrary when I'y; — 0 all Hawking particles are scattered back
by the gravitational potential. In the waterfall configuration, Ty — 1 when m, — 1, and since myq = m;,? the
two asymptotic Mach numbers are in this case very close to each other : this then would mimic an horizon for
which the gradient of the gravitational potential is not very steep at the horizon (the steeper the potential, the
stronger the back-scattering), for example with a very massive black-hole (the heavier the black hole, the larger
its Schwarzschild radius, which is proportional to the mass).

84Relation (4.212) is just the expansion of (4.190) in the {f} basis (the fl need just to replace the ¢; in the given
expression) with r, — oo at zero temperature and zero energy.
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for studying two-mode entanglement it is necessary to trace the (occupied) third one. Indeed, when m,,
is not approaching the two limiting cases m, — 0 or m,, — 1, the omitted (traced out) third mode
has an occupation number (é}cﬁo which is significantly not zero. The resulting density matrix is
mixed, and in this case, entanglement and violation of Bell inequality are two different things, as clear
from Fig. 4.2.

Another way to tackle this issue consists in expressing the PPT measure of entanglement (4.190)
between the partner (mode 2) and mode i ( = 0 or 1) in terms of the parameters of the equivalent
optical system. Denoting as vo(w) = cos? § and v, (w) = sin?  the transmission and reflection coefficient
of the beam splitter makes it possible to write the PPT measure (4.190) at zero temperature (see (4.206))
under the form

. 1—; 2
Ali2) (w) = (1 4+ 7;)(sinhry) x \/cosh2 ro — (1 n z> — sinhry (4.214)

Algebraic manipulations®s then show that, because v; < 1, A(1?) is always lower than A(/11/2), This means
that the entanglement between modes i and 2 is always lower than the entanglement between the
modes issued from the parametric down conversion represented in Fig. 4.1. The equality is reached
when v; = 1, and, since v9 + 71 = 1, in this case the other channel (let's denote it as 7 = 1 — i) is not
entangled with mode 2 since A(12) = (. So, indeed, the effect of the beam splitter is, so to say, to dispatch
the entanglement of the effective squeezed modes f; and f, between modes ¢y, ¢; and cs.

We conclude this section by noticing that, from a quantum information perspective, the fact that
reduced bipartite states of a tripartite system are entangled is of no particular significance per se. It is
however important for future experimental studies of analog systems to determine for which configura-
tions, and to quantify to which extent, the three-mode acoustic Hawking emission is bipartite entangled
and nonlocal. Besides, we will see in the next section that this resilience of entanglement to partial tracing
acquires a particular significance when examining the exact nature of the long wavelength components
of the three-mode state |0)™" (the ground state of the system).

4.6 . GENUINE TRIPARTITE VIOLATION

4.6.1. The Svetlichny Parameter

Equipped with the same pseudo-spin operators as the ones defined in Sec. 4.5 one can define a
three-mode Bell operator of a type similar to the two-mode one (4.210). This operator measures the
correlations between the outgoing quasi-particles of type i, j and k. It is defined as (see [161, 162])

ST () = L0 @ ¢TI0 4 10D @ ¢ 1 (4.215)

where #'(01F) () is the same as 2% (w) defined in (4.210) with the primes reversed, and ¢ and ¢’ are
normalized vectors as are a, a’, b, and b’ involved in the definition of #Ul¥). Expanding expression
(4.215) shows that .#(lil¥) is invariant upon a permutation of its indices, provided the names of the unit
vectors (a, b, c) and (a’,b’, ¢’) undergo the same permutation. In the following we arbitrarily chose the
order (i,7,k) = (0,1,2).

Similarly to what occurs for the two-mode operator, the principle of local realism, if correct, should
predict that the statistical average <<5’?(0‘1|2)> be bounded by £+2. The system violates this principle when
the average of the previous average is larger than two. This is often referred to as violation of Svetlichny
inequality. Itisimportant to note that the observable .#(©11?) is specially designed in order to be sensitive
to genuine tripartite nonlocality (see discussions in Refs. [161, 163, 162, 95] and references therein): a

8|ndeed at zero temperature, when ~; = 1, the expression in {.} of (4.214) is just equal to coshry — sinhry = e~ "2
and therefore A(1?)(w) equals AU1172) (w) of (4.212). On the contrary when v; = 0 the measure AC1?)(w) vanishes.
Then, since ACI?) (w) is at zero temperature a monotonically increasing function of 7, € [0,1], one has A¢?) (w)
always smaller than AU1172)(w).
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tripartite system can involve nonlocal correlations between any of its bipartitions and still not violate the
Svetlichny inequality ((1112)} < 2. A simple example of a system which displays two mode nonlocality
but does not pass the Svetlichny test is our optical analog presented in 4.2.3. This can be seen below in
Eq. (4.238). We will further comment on this last result when proving it.

In order to reach a maximum violation of Svetlichny (i.e., three-mode Bell) inequality it is necessary
to choose a particular arrangement of the vectors a, a/, b, b’, ¢ and ¢’ which maximizes the expectation
value (5’?(0‘”2)) To do so, we resort to a genetic algorithm which is presented in Appendix A.6, i.e. we
numerically determines the quantity

SO (W) = maxa.a by e <<5’?(0|1|2) (W)> (4.216)

It is shown in Appendix A.5 that the tripartite parameter S(°1'2)() is bounded from above by 24/2 (this
is Eq. (A.96)) and that this bound is reached at w = 0 and T' = 0([see Eq. (A.108)).

The behavior of SOI2)(w) at zero temperature is displayed in Fig. 4.5 for different realizations of
the waterfall configuration. Although the bound 2+/2 is reached in the long wave length limit for all the
realizations, even a weak temperature is able to destroy the signal of nonlocality as illustrated in Fig.
4.5. This weakness of the signal is connected to the loss of purity of the finite temperature system and
can be understood analytically, again in the long wave length limit, as discussed in Appendix A.5. This
sensitivity to a small finite temperature probably precludes the experimental observation of tripartite
nonlocality by means of the observable (4.216). However, although the zero temperature behavior is
certainly difficult to observe, it is rich of fundamental insight on the nature of the state of the system, as
we now discuss.
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Figure 4.5: LEFT PLOT : Zero temperature value of the tripartite parameter S(°I'12) plotted as a function of
energy for different realization of the waterfall configuration, each being characterized by the upstream
Mach number m,,. The inset displays a blow up of the figure at low energy. The upper bound 2v/2 is
marked by a brown dot. It is reached at w = 0 in all configurations. RIGHT PLOT : Same as left plot for a
temperature T' = 0.05 gn,,. At variance with the zero temperature situation the tripartite measure (4.216)
is here always less than or equal to 2.

4.6.2. The GKMR Pseudo-spins in the Zero Temperature and Zero Energy Limit

The low energy behavior of the quantities (4.202) is dictated by the one of the local mixednesses ay,
a1 and ay which diverge as 1/w for all temperature. As a result

lim Topp = lim Tpsp = lim Ty, = 0. (4.217)
w—0 w—0 w—0 vT

On the other hand, the behavior of the quantities (4.203) depends on the behavior of the square root D
of the determinant of the covariance matrix which is unity at 7 = 0 78. In this case

Tozz(w) = 1, (4.218)



and, in the waterfall configuration,

=2l T = 1 T = 0 T = 1 (4219)
The reason for this behavior is that, at 7' = 0, D = 1 whereas the arguments of all the arctan terms in
(4.202) diverge as w12 as shown by detailed inspection based on Egs. (4.199), (4.200), (4.176)-(4.179) and
the asymptotic expression of the coefficients of the S matrix given in [38].

Alternatively, at finite temperature D diverges at low energy (as 1/w) and the limits (4.219) all cancel

3y Toww = [0 T = S0 T 2 0 (4-220)

as also does lim,,_,0 7% = 0
0

As argued in Appendix 4.3.1, the fact that, at zero temperature and w = 0 the system reaches the
tripartite upper bound (S(I112) = 2./2, see Fig. 4.5) mathematically stems from the fact that, under these
conditions the system is in a pure state and displays perfect correlations in the following expectation
values (see Egs. (4.218), (4.219) and (4.195)) :

(10 @ I & 1) = (A0 o I @ @) = (1O o A o ) = [0 o 10 @ @) =1 (4221
All the other expectation values of tensor products of three components of the II operator are zero.
The precise values +1 for the non vanishing averages are here given for the waterfall configuration.
The situation is identical for the delt peak configuration but slightly different in the case of a flat profile
configuration, where 7,,, = —1 and 7., = T.yy = Tyzy = 1, with all other coefficients also vanishing.
Then, since all the operators in (4.221) have only +1 as eigenvalues, each term must reach its extremal
value and the vacuum mode of zero frequency |0, )™ must therefore be an eigenstate of the operators
appearingin (4.221), i.e.

M @AM © 12[0,20)™ = +{0u0)™ (4.2222)
M0 @ 1) @ 12 |0,20)™ = +{0,0)™ (4.222b)
MY @ Y © TP 0,-0)™ = —[0u—0)" (4.2220)
IO @ I @ 113 [0,20)™ = +|0,—0)™ (4.222d)

Relations (4.222) define a state which exhibits the GHZ paradox, contradicting local hidden variable the-
ories by means of a single measurement; cf. e.g., the discussion in [112].

4.6.3 . Superposition of Degenerate GHZ States in the Zero Temperature and Zero Energy
Limit

We show here that the state we consider is, at finite temperature and in the long wavelength limit,
an infinite sum of degenerate GHZ states of a continuous variable system. To this end it is convenient
to expand the state |0,—0)™ over the eigenstates of the operators 1k (7 = 0,10r2). As discussed
in Appendix A.2 these eigenstates can be written as |z;-);: they are labeled by their eigenvalue (£1)
plus another integer index (n in the above expression) associated to the infinite degeneracy of both
eigenvalues.

Indeed, at variance with what occurs for a regular spin operator, the projection of the pseudo-spin
(4.191) over a given axis (here ﬂx) has infinitely degenerate eigenvalues. The existence of such an in-
finitely degenerate subspace for each eigenvalue implies the existence of an infinite number of mutually
orthogonal eigenstates with the same eigenvalue (+1 or —1), i.e.

vneN, TV |z, = +|zF); (4.223)

whereas
V(n,m) € N2, j(zi|zl); = 6pm. (4.224)
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This can be shown (see Eqgs. (A.39) and (A.48)) by directly constructing the eigenstates of I, from the
number states. The expansion of [0,—o)™ over the complete basis {|z7°, 2!, z32) } is given by

[0w=0)’ Z Clagm’aﬁm‘xl s T s Ty ) (4.225)
00,01,02

l,m,n

where 0¢, 01 and o2 = + and (I,m,n) € N3 whereas the indices j = 0, 1 or 2 of the kets have been
dropped for legibility. It follows from relations (4.222) and (A.52a)%° that:

— — — —09,—01,—02
on 00,—01,—02 :_0,00.20 00,—01,—02 20.10_20 00,—01,—02 =C 00,—01,—0 (4226)

—0091 Vo Immn Imn l,m,n

This imposes that the only nonzero coefficients in expansion (4.225) are those for which
o1 = 03 = —00 (4.227)

The two previous relations (4.226) and (4.227) imply finally

Crin = Crmm = Clann- (4.228)
Expansion (4.225) thus simplifies to
0u=0)™ =D szn(\ﬂfl T T )+ lay T Mﬁ) (4.229)
l,m,n

which shows that the vacuum |0,,—o)™ of the b;(w = 0) operators (the ingoing ground state) is an infinite
sum of degenerate GHZ states. It is easily checked that this definition of |0,,—)™™ is indeed an eigenstate
of the operators appearing in (4.222). Most significantly, the structure of |0,—o)™™ given in (4.229) enables
the reduced state obtained after partial tracing over one mode to remain entangled despite the GHZ
nature of the system. Indeed, tracing over mode o for instance leads to a reduced density matrix

Ty (100=0)™ ™(0umol) = > € (loman) (aay | + okl (wfwf])  (4230)

m,n,u,v

In this expression, where the kets and bras concern modes 1and 2 since mode o has been traced out,
m n,,u, Z C’l NN l ,m,n (4231)

If the eigenvalues +1 and —1 of operator I, were non-degenerate, this would impose m = pand n = v
in expression (4.230) and the corresponding reduced state would be clearly separable. Nothing similar
occurs in our situation when either mode 0 or mode 1 is traced out, and indeed the corresponding
reduced states are typically entangled, as shown in Sec. 4.5. But when mode 2 is traced out the reduced
state clearly appears to be not entangled, as can again be seen in Sec. 4.5. This may suggest that the
structure of the vacuum |0,—o)™ given in (4.229) may be further simplified.

4.6.4 . Mermin Parameter : Weak Resilience to Temperature of the GHZ State

Since we now understand the exact GHZ nature of the zero temperature and w = 0 state of the
system, it is of interest to quantify to what extent this feature persists at finite temperature and finite
energy. To this aim, we use the genetic algorithm presented in Appendix A.6 to compute the optimum
of the Mermin parameter [111, 164]

MO (W) = maxg appr e </// (OF12) (w)>( (4.232)
where
A () = 0 O b 0 e FO 4 a O 05 AV o ¢ 11O
a0 b AV e AP o A0 ey A e i@ 3
85Rewriting them as IT,|27°) = —igg|z;,7°) and IL,|23°) = |z;,7°) respectively.
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We note here .# I'12) () that relates to the three-mode Bell operator given in (4.215) since one has
2(0[1]2 2(0]1]2 21(0]1]2
SO _ 1 70m) 1100 (4.234)

where .#'1112) js the same as .# °I!12) with the prime reversed [163].

The largest possible value of the Mermin parameter (4.232) is 4. This upper bound is reached for
a state verifying relations (4.221), such as a GHZ state or the low wavelength component of the ground
state of our system as just discussed®’. Indeed, at T = 0, M ©I')(0) = 4 for all black hole configurations.
This is illustrated in Fig. 4.6 in which M(©I'?) js plotted as a function of w for different values of m,, at

4

- m
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Figure 4.6: Mermin parameter M (°112) () plotted for different waterfall configurations. The continuous
lines starting from M (1112) = 4 at w = 0 are zero temperature results and the thick dashed ones (with
MO (0) = 0) correspond to T' = 0.1gn,. The inset is a blow up of the figure around the region
MO =2 for w/Q < 0.6.

zero and finite temperature (I' = 0 and 7' = 0.1 gn,,). If the departure of M (©1'12) from its upper bound
is taken as an indication of how much the system differs from a GHZ state, this suggests that the GHZ
character of the state is restricted to the low energy and low temperature sector. We stress however
that such a criterion is only indicative: the Svetlichny and Mermin parameters provide useful bounds,
but not proper measures. This is illustrated by their poor effectiveness for evaluating genuine tripartite
entanglement. It is known [163] that if

M(0|1|2) > 2\/§ or S(OMQ) > 2 (4.235)

the system exhibits genuine three-mode entanglement. Figs. 4.5 and 4.6 show that this type of entangle-
ment is certainly reached at T' = 0 for low energy. However, the criteria (4.235) are here too restrictive,
since the computation of the residual contangle done in Ref. [86] demonstrates that at 7" = 0 the system
is genuinely tripartite entangled for all energies and all configurations. This general conclusion certainly
cannot be reached by inspecting, in Figs. 4.5 and 4.6, in which domain of energy and for which value of
m,, the criteria (4.235) are met. However, these criteria are valid and can be useful, for instance at finite
temperature. In this case the state of the system is not pure, the evaluation of the residual contangle
appears to be very difficult, and the criterion (4.235) is the only way we know to demonstrate genuine
tripartite entanglement, which, as can be inferred from the tendency displayed in Fig. 4.6, is reached at
low T, low w and small values of m,,.

Finally, the Mermin parameter (4.232) is also an interesting witness of nonlocality. A local hidden
variable theory predicts that it should verify the Mermin-Klyshko inequality M (©112) < 2. It can be seen
from Fig. 4.6 that this inequality is violated at zero temperature for all waterfall configurations. ForT' > 0
instead, M(O1112)(0) = 0. Therefore, the Mermin parameter has the same behaviour as the Svetlichny

87From (4.221) it is clear that at zero temperature and w = 0 the maximum (4.232) is obtainedwhena =b' = ¢ = e,
and a’ = b = ¢ = e,, reaching the upper bound 4.
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parameter and for the same reason : at finite temperature the state of the system is no longer pure, and
in this case all the expectation values of products of three components of the pseudo-spin tend to zero
in the long wavelength limit as can been seen from discussion in Appendix 4.3.1. However, contrary to
what occurs for the Svetlichny parameter, there are accessible finite temperature situations where the
Mermin parameter is larger that the nonlocality threshold M (©112) = 2 (compare Figs. 4.6 and 4.5). In
that respect, the Mermin parameter may even reveal more useful that the CHSH parameter (4.211). For
instance, at T = 0.1gn,, for m, = 0.3 the largest value of M (©12) js 2.19 (as seen from Fig. 4.6), higher
than the largest values reached by both CHSH parameters B(%12) and B(%l)) in the same situation (2 and
2.017, respectively).

4.6.5 . No Genuine Tripartite Entanglement and Nonlocality in the {f} Basis of the Optical
Analog
After discussing two modes entanglement (see section 4.5.3) it is also interesting to briefly consider
tripartite entanglement in the effective optical system depicted in Fig. 4.1. As already said in section 4.5.3,
this system has been designed (by means of a procedure called entanglement localization [165]) in such
a way that it concentrates entanglement between the effective squeezed modes f; and f,. Therefore,
it should be expected that, in the {f} basis, the quantity (.#(/ol/1l2)} ‘which is sensible to a genuine
tripartite nonlocality, will never reach values above two. Indeed, in this basis, at zero temperature one
has

(f{?(“fo) ® ﬂgﬁ) ® ﬁ§f2)> =, <ﬂ7(nfo)><ﬁgf1) Q ﬁz(tf2)>- (4.236)
with
(0 (0 (0
Oy =1 @y =0 (@Y =0 (4.237)
As it is shown at the end of Appendix A.5, one then obtains straightforwardly that
(folfilf2) —
S (w) = 2. (4.238)

Of course the value of §(/ol/11/2) decreases when the temperature increases. This quantity is thus always
lower than 2, indicating, as expected, that there is no genuine tripartite nonlocality between the
effective {f} modes.

Furthermore, from Egs. (A.110) and (A.111), and also from the facts that (ﬁgfl) ® ﬂ§f2)> =0ifs # tand
that,atw =0and T =0,

() @ YD) = (L) @ ) =1, (4239
it is easily found that, at w = 0, the optimized Mermin parameter (4.232) of the f modes is
(folf1lf2) —
M (0) = 2. (4.240)

This shows that, at variance with the {c} modes, the effective {f} modes do not violate the Mermin-
Klyshko inequality and certainly do not exhibit the GHZ paradox. Results (4.238) and (4.240) were ex-
pected: since the {f} modes do not exhibit tripartite entanglement they should fulfill none of the in-
equalities (4.235) and therefore should never violate locality.

Finally, it follows from (4.208) that when m,, = 0 or 1, atw = 0, cosf = 0 or 1, respectively. In this
case Egs. (4.103), (4.97) and (4.99) indicate that the {f} modes are connected to the {c} modes not
by a Non-Local Linear Unitary BOgoliubov (NLLUBO) transformation, as they generically are, but by a
local one (LLUBO): then, the tripartite character of the true system thus disappears in these two limiting
cases, even when 7' = 0. However our results indicate that these two limits are singular, since the GHZ
character of the system is observed (at w = 0 and 7' = 0) for all m,, €]0, 1].

4.7 . RESULTS FOR TWO OTHER ANALOG BLACK HOLE CONFIGURATIONS

4.7.1. Bipartite Results

The only configuration which has been realized experimentally so far is the waterfall configuration
[34, 35]. At least theoretically there are two other configurations : the delta peak and the flat profile
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configurations, which are defined in 3.1. It is interesting to note that, to some respects, the obtained
results are configuration independent. The equivalents of Fig. 4.3 for these alternative configurations
are plotted in Fig. 4.7. In the flat profile configuration the value of m is a free parameter. Thus, in order
to compare the results of the flat profile configuration with Fig. 4.3 we impose my = 1/m?2, as is the case
for the waterfall configuration defined in Eqg. (3.19). Such a procedure is not required (nor possible) for
the delta peak configuration where fixing m,, unambiguously determines mg, as can be seen from (3.16).
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Figure 4.7: Same as Fig. 4.3 for a zero temperature flat profile configuration with my = 1/m? (left plot)
and for a zero temperature delta peak configuration (right plot). The inset is a blow up at low m,,.

Fig. 4.7 shows that the delta peak configuration has a special feature: the EPR state formed by the
companion and the partner (see Sec. 4.5) is only reached at extremely low values of the upstream mach
number m,, whereas bipartite nonseparability between the Hawking quantum and the partner (modes
0 and 2, respectively) is significant in a wide range of values of m,, (roughly speaking, for m, = 0.2).
Despite this peculiarity, it is fair to say that Figs. 4.7 both display the same general trend as Fig. 4.3,
thus supporting the idea that the behavior already discussed for the waterfall configuration is generic.
We do not produce finite temperature figures equivalent to Fig. 4.3 since, as expected, the delta peak
and the flat profile configurations behave similarly to the waterfall configuration when the temperature
is increased. There is however a quantitative change which is worth noticing: in these two alternative
configurations the violation of bipartite Bell inequality does not persist as much as for the waterfall
configuration when 7' is increased.

4.7.2 . Tripartite Results

Regarding the study of genuine tripartite nonlocality, the zero and finite temperature values of the
Svetlichny parameter S(°1112)(w) can be computed as well in the delta peak and flat profile configurations.
We present in Figs. 4.8 the results for zero temperature which are the equivalents of Fig. 4.5. Again, re-
sults at finite temperature are not displayed since the trend is the same as for the waterfall configuration
but with a weaker resilience to temperature. For the zero temperature case, the phenomenology is in-
deed the same as the one discussed for the waterfall configuration. There is a clear signal of nonlocality
at T = 0, in a domain of energy typically more extended than for the waterfall configuration, but as is
the case for the waterfall configuration this signal does not persist at small finite temperature.

As a further (and final) confirmation of the generality of the obtained results, it is worth noticing
that the he GHZ character of the long wave length modes also appears in the delta peak and flat profile
configurations. As argued in Sec. 4.6, at zero temperature both configurations display the GHZ para-
dox at w = 0 and verify M©12)(0) = 4. The behavior of the optimized Mermin parameter M (/112)(w)
given (4.232) is represented at finite and zero temperature in Figs. 4.9 and 4.9 which correspond to the
delta peak and flat profile configuration, respectively. At zero temperature the signal (4.235) of genuine
tripartite entanglement is more pronounced for the delta peak and flat profile configurations than for
the waterfall. This was also the case for the signal (4.235) of genuine tripartite nonlocality. However,
this signal, although more noticeable at 7' = 0, is less resilient to an increase of temperature than for
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Figure 4.8: Same as Fig. 4.5 for zero temperature flat profile configurations (left plot) and for zero tem-
perature delta peak configurations (right plot). The inset displays a blow up of the figure at low energy.
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Figure 4.9: Same as Fig. 4.6 for (left plot) flat profile configurations at T = 0 (thin solid lines) and T' =
0.1gn, (thick dashed lines) and for (right plot) for delta peak configurations at 7" = 0 (thin solid lines) and
T = 0.1gn,, (thick dashed lines).

the waterfall configuration, especially for the flat profile configuration as can be seen in Fig. 4.9. Once
again, despite some specificities, the general trend is the same as for the waterfall configuration : the
departure from the GHZ signal M(©'2)(0) = 4 increases at high energy. At finite temperature, the GHZ
behavior is lost but since the Mermin parameter is larger than 2 the signal of nonlocality persists at zero
temperature and is more pronounced at T" # 0 for the waterfall configuration than for the two others.

4.8 . MAIN RESULTS

4.8.1. About Bipartite and Tripartite Nonlocality

In our acoustic black hole a simple pair production process induces (and this is far from being intu-
itive) genuine tripartite entanglement and genuine tripartite non-locality, as it has been shown in Ref. [86]
and in the present study respectively. Once a quasi-particle of our tripartite system is traced out, the re-
maining bipartite system may exhibit genuine bipartite entanglement and genuine bipartite non-locality
in the case of the Hawking-partner and companion-partner pairs. If the violation of Bell inequality is
a signature of genuine bipartite nonlocality, the violation of Svetlichny inequality is a signature of
genuine tripartite nonlocality. According to our results, there is reasonable hope to witness genuine
bipartite nonlocality in an acoustic analog of a black hole whereas the observation of signatures of gen-
uine tripartite nonlocality appears to be presumably more difficult. It seems indeed (see Fig. 4.6 and
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Figs. (4.9)) that tripartite signatures only weakly resist to an increase in temperature 88,

Since we assumed our system to be in a Gaussian state the full information about the correlations
exhibited by the system can be extracted from the covariance matrix. The only quantities that need to
be measured are (éj éi), |[{éo éD\ |{¢p é2)| and |{¢1 ¢2)|. In BEC physics indirect techniques have been used
for measuring some of the entries of this matrix potentially difficult to determine experimentally, such as
(¢o ¢2), for example by carefully extracting information from the knowledge of the density-density corre-
lation function [54, 39, 90], but others techniques have to be devised for measuring some other entries
where an access to the the phases of the averaged quadratures is needed. It is here worth noticing that
our approach can be adapted with little modification to other systems, such as exciton-polaritons in mi-
crocavities, or more generally setups involving nonlinear light, in which all the entries of the covariance
matrix could possibly be measured with more direct procedures. For the quantities we are interested
in, the long wavelength behavior of the modes, and therefore of the dispersion relation and of the cor-
responding S matrix components, is of major interest.

Indeed, if the breaking of Lorentz invariance due to dispersive effects (non-linearity of the dispersion
relation) could appear as a flaw in the analogy, it is this very same apparent shortcoming, common to all
analog physics [166, 167, 168, 169], that causes the existence not only of a Hawking and a partner mode
but also of a third mode here denoted as the companion. It is then a main result of our work to have
shown that our three-quasi-particle system not only exhibits tripartite entanglement [86] but also tri-
partite nonlocality. This peculiar nonlocal tripartite configuration, together with the continuous nature
of the degrees of freedom, translates into a system whose long wavelength quantum modes are surpris-
ingly described by a superposition of degenerate GHZ states which, at variance with GHZ states built
on qubits, remains entangled after partial tracing.

This result is likely to be generic in any system with a sonic-like low energy dispersion relation, thus sug-
gesting that condensed matter analogs may be considered in the future not only as empirical analogies
but also on their own as valuable systems for inquiring into the flow of multipartite quantum information
for a continuous variable regime. Finally, since the Gaussian assumption that has been made stems
from our Bogoliubov linearization of the Gross-Pitaevskii equation for the field operator, i.e. from
the reduction of a quartic (interaction) Hamiltonian to a quadratic Hamiltonian, it is important to re-
call that nonlinear effects might significantly affect quantum emission processes in the context of analog
physics [170, 171,172, 173]. It would then be of great interest to precisely characterize how these nonlinear
back reaction effects reshape the radiation processes in the black hole analogs we consider.

4.8.2.. Article : Violation of Bell Inequalities in an Analog Black Hole

G. Ciliberto, S. Emig, N. Pavloff, M. Isoard, Physical Review A 109, 063325 (2024)
doi: https://doi.org/10.1103/PhysRevA.109.063325

Signals of entanglement and nonlocality are quantitatively evaluated at zero and finite temperature
in an analog black hole realized in the flow of a quasi-one-dimensional Bose-Einstein condensate. The
violation of Lorentz invariance inherent to this analog system opens the prospect to observe three-mode
quantum correlations and we study the corresponding violation of bipartite and tripartite Bell inequal-
ities. It is shown that the long-wavelength modes of the system are maximally entangled, in the sense
that they realize a superposition of continuous variable versions of Greenberger-Horne-Zeilinger states
the entanglement of which resists partial tracing.

8|t is worth noticing that, among the three black hole configurations here considered, the waterfall configuration
appears to be less sensitive to increased temperature Fig. 4.6 and Figs. (4.9).
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5 - BACK-REACTION IN AN ANALOG BLACK HOLE

In this chapter we derive the back-reaction equations for an analog black hole in a one-dimensional
weakly-interacting quasicondensate. This is done by expanding the field operator \i!(x, t) of the system
up to second order. The averaged second-order terms will then constitute the source terms in the dy-
namical equations describing the corrections to the zeroth order classical meanfield approximation of
the field operator’. Stationary solutions will be considered and preliminary asymptotic results will be
derived.

5.1 . BACK-REACTION : A short overview

An analog black hole is an out-of-equilibrium quantum system. This is revealed by the presence
of excitations of negative energy in the supersonic region. At zeroth order, in a naive approach, one
could state that the systems tries (hopelessly) to reach equilibrium by emitting Hawking radiation. In the
analog configuration we consider equilibrium is never reached : since energy is constantly injected by
the external potential, the system remains in an out-of-equilibrium stationary state and never relaxes
to equilibrium. It then radiates permanently. In order to study the relaxation, higher-order quantum
contributions have to be taken into account : the effects of these contributions on the flow constitute
the back-reaction phenomenon. Then, what is at stake is to understand how Hawking radiation perturbs
the flow and by this means to gain a hint on how the system eventually reaches an equilibrium state no
longer containing any negative energy modes.

It is in analogy with this relaxation phenomenon that a gravitational black hole radiates thermally at
temperature T in order to reach its equilibrium state, which is in Hawking's theory [10, 11] the vanishing
of the black hole, i.e. its total evaporation. Contrary to the general relativity case, where there is no tested
theory of quantum gravity, the back-reaction effects of the quantized excitations can be treated in our
BEC analog setup in the framework of a unified quantum nonlinear theory®. The averaged quantum
fluctuations of higher-order will therefore in our system constitute the quantum correction terms to the
zeroth order effective metric parametrized by the mean-field wavefunction. In this perspective, they can
be seen in analogy to the modification of the space-time metric yielded by the loss of energy, i.e. mass,
in the radiating black hole.

Another incentive for studying back-reaction has been put forward: the derivation by Hawking of
its thermal radiation does not contemplate back-reaction. The existence of these higher-order terms in
the dynamics could alter the thermal character of the quantum emission. Some researchers advocate
that this could be a possible solution of the "information paradox" [9]. This paradox, first noticed by
Hawking himself [174], appears only after full evaporation of a black hole through Hawking radiation.
Quantum mechanically, if the initial state before the formation of the black-hole was a pure state, the
unitary evolution of this state must lead to a pure final state. But the final state of the Hawking process,
after total evaporation, is a thermal bath in flat space-time [9]. As long as the black-hole is still there, the
thermality of the radiation is justified by the presence of a causally disconnected region. The outgoing
flux is entangled with the degrees of freedom of the interior region over which an exterior observer
must trace out. Because of this unknown information the state of the system appears as thermal to this
observer (as discussed in Chapter 4). Hence, the inconsistency lies in the thermality of the final state
which suggest an irreversible process which is not authorized by the unitarity of quantum mechanics.
The back-reaction phenomenon may reveal, at higher-orders, correlations of the outgoing flux not only
to the interior matter but also with the degrees of freedom of quantized space-time.

"The reasoning here adopted follows closely the results obtained by C. Mora and Y. Castin for a static quasicon-
densate [89] and generalizes it to a flowing quasicondensate. The present work is indebted to some preliminary
notes by A. Fabbri (University of Valencia) and R. Balbinot (University of Bologna) on the previous paper by C. Mora
and Y. Castin.

2The back-reaction source term is hard to compute in the gravitational framework. For an account of the gravita-
tional backreaction phenonmenon and for a derivation of a 2D, i.e. (1+1), backreaction see [82].
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According to the previous remarks, it is then sound to consider, for future inquiries, the analog hy-
drodynamic setups as valuable systems to test possible models beyond classical general relativity and
suggest how quantum gravity effects could be incorporated in a gravitational framework [9]. The back-
reaction phenomenon we consider in this work may be regarded then as part of such an attempt.

5.2. THE BACK-REACTION EQUATIONS

In this section we derive the back-reaction equations by expanding, in the Gross-Pitaevskii equation,
the field operator ¥(x,t) to second order in the density-phase representation (5.6).

5.2.1. From the Lagrangian to the Gross-Pitaevskii quantum field equation

Let us first define an hermitian Lagrangian density .2(¥,9,¥, ¥t,9,¥") with 4 =
(z,y,2)T for a non-hermitian bosonic field operator ¥(¢, x) as

= t,xand x =

: 2
&L = % (\Iﬁat\lf - (at\I/T)\I/> — —m(wf).(v\p) —VUiy — gqﬁ\mf\p (5.1)

with V' an external potential and g a repulsion coefficient that can be both taken as functions of ¢ and x
in the most general case3. The Lagrangian is then defined as

L:/dx.f

(5.2)
The two equations of motion for the bosonic field operator and its hermitian conjugate are then given
by

oL oL
b~ T —
50,0 oW
oL oL (5:3)
"50,0t o0t

with implicit summation on repeated indices, i.e. Einstein’s convention 4. The second relation yields the
evolution equation for the field operator

2
iho, U = [—VQ +V 4 g0t \p] W (5.4)
2m
and the first one gives its hermitian conjugate> :
. . K2 ara
—ihd, BT = T [—VQ +V+ gqﬁqf} (5.5)
2m
Equation (5.4) is the Gross-Pitaevskii field equation.

3In the previous relation we have dropped the time and spatial dependence of the operator for convenience. We
will do so every time this doesn't lead to confusion. For the same reason we have dropped the possible time and
spatial dependence of V(¢,x) and g¢(t, x) since them varying or being constant doesn't modify the equations of
motion that we will obtain in the following.

4We also recall that 9, = (0, 9;)T with i = x,y, z. Therefore

5 5 5
%5 = %5 +zi:8”53i.

Furthermore for any field (operator) ¢(x, t) we recall that

S0t s
Sp(x/,t) o )

5The equation is written with the spatial derivatives acting on the left.
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5.2.2 . Bosonic commutation relations in the density-phase representation
We now define the bosonic field operator in the density-phase representation as

(1, x) = e/ (OC0H0) /ot 3 T 5p(t, %) (5.6)

by introducing a classical contribution, i.e. the phase (¢, x) and the density p(¢,x), and a quantum cor-
rection, i.e. the hermitian phase operator §6(¢, x) and the hermitian density operator d 5(¢, x) respectively
for phase and density fluctuations. This definition yields

Ul (t,x)U(t,x) = p(t,x) + 0p(t, x) (5.7)

Since the field operator ¥ is a bosonic operator it obeys the bosonic equal time commutation relations

[xi:(t,x), Uit x')} — §(x — %) s
[\il(t, x), (¢, x')] - [\iﬁ(t, x), Bt (t,x)| =0

If we consider the expansion up to second order in §p and 66 of W or equivalently the one for & = ¢~
given in relation (5.17), one can check that for x = x’ : the order zero terms give U1 = p and Ut = p,
hence [¥, U] = 0; the first order terms give UtW = §5 and U¥T = §p, hence [¥, ¥1] = 0 ; the second
order terms give UTW = 0 and WU = —i[§p, 66], hence [I, Ut] = —i[6p, 66]. It can be checked that the
third order terms give UT¥ = 0 and WUt = 0, hence [¥, U] = 0. Therefore one sees that (5.7) is indeed
verified up to third order as it should be up to all orders since it is an exact relation.

Furthermore, repeating the very same reasoning for x # x’, one can check that the zeroth and first order
terms in the commutators given in (5.8) add up to zero. But in order for the three commutator relations
in (5.8) to be verified at second order as they should be, one can prove after some algebra that §p(¢, x)
and 60(t, x) must obey the following commutation relations :

5p(t,x), 00(t, x')} — i5(x — %)
- ) (5.9)
[65(t, %), 6p(t, x')] = [59(t,x),59(t,x') =0

From the commutation relation given in the first relation of (5.9), it can be inferred that 6(x —x’) is here a
second order term : we will have to keep this in mind. Finally, it can also be checked that, with the second
order relations (5.9) holding, the third order terms in all the three commutators for the field operator
given in (5.8) also add up to zero.

In the Lagrangian and in the equations of motion we will need the equal position commutator

\i:(t,x),xiﬁ(t,x)} — [(m(t,x),(sé(t,x) — 5(0) (5.10)

The quantity §(0) is ill defined. However, in all the following it will either be involved in expressions in
which it regularizes an ultra-violet divergence or as a (diverging) constant contribution to a term of which
we take the gradient.

Finally, we also define for any (spatial or temporal) variable o and for any operator ¢ the commutator
[&(..., a0y ...), 0 (..., 0, ...)] through the coincidence limit

[D(er, @y .rl), 00 (e, y .0l)] = lim O [P(cyay ), ey )] (5.11)
o’ —a
The same definition applies to the anticommutator {¢(..., «, ...), 0a (..., v, ...) }. Therefore, the partial
derivatives appearing in the (anti)commutators we will operate with in the Lagrangian and in our equa-
tions of motions are to be understood as defined in (5.11). This means that §p(¢, x) and 6é(t, x) commute
respectively with their own spatial derivatives Vép(t,x) and Va6(t,x) since the coincidence limit (5.11)
applied to the equal time commutation relations in the second line of (5.9) gives zero.
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5.2.3 . Second-order expansion of the field operator in the Gross-Pitaevskii equation
Let us start directly from the Gross-Pitaevskii equation (5.4) for the field operator ¥, that is to say :

2
iho U = —h—vz +V4g0T0| U (5.12)
2m
Shifting the phase of the field operator we define
B(t,x) = e 0EP (¢, x) (5.13)
Then, substituting U (¢, x) with e?@¥ & (¢, x) in (5.12) and defininig
= EVG
m (5.14)
n = —h@tﬁ
with v the velocity and u the chemical potential, we can restate equation (5.12) as
. K2 2 ) FUR .
ihod = [_va? .Y+ mzv . m(vzv) LV 4 gdtd — u] b (5.15)

Taking the hermitian conjugate of the Gross-Pitaevskii equation for the field, that is to say equation (5.5),
yields the hermitian conjugate of the previous equation® :

K2 2 . R
_inopdt = &t [ V2 4 iV + m;’ n ih(VQV) YV 4 gdtd - ,u,] (5.16)

Now we expand the field operator & up to second order :
. §p .~ 6p% Jpdb>  506p
P =~ — 00 — —
\/ﬁ+2\/p+z\/f) 872 5 —1—22\/?)
Subtracting or adding to equation (5.15) its hermitian conjugate (5.16) one gets two equations. In order
to state these equations in a concise way let us define

. K2
Lap = ——V2+m7+V+gp v
2m 2 (5.18)

Li = o+ (Vv)+v.V

(5.17)

After some algebra, taking all the terms to the left-hand-side of equations (5.15) and (5.16), up to second
order the first equation of motion (obtained by adding (5.15) and its hermitian conjugate (5.16)) is given

by :

—2Lepy/p — 2/ph f/t—(V.v) 560 — Lgp +2gp ———(A p)o 50
Vo =2y )30~ (Lar +200) 2 = —
_ I, g2 (7o [6p,60)  (+ p° P
\[Lt{ép, 60} + Lap+/pdo” +i (LGP ng> 27 + (LGP 4gp) I (5.19)
h - {5ﬁ7 6é}
s —
+ 2p( tP) 2./ 0

In the same way, taking all the terms to the left-hand-side of equations (5.15) and (5.16), up to second
order the second equation of motion (obtained by subtracting to (5.15) its hermitian conjugate (5.16)) is
given, after multiplication by i, by :

h . ho . ~  h,. 0P
L Lup — —=L46p + 2Lap /500 + ——(Lip) -2
VP o N4 tor GPVP 2/?( tp)\/f)
. . By o h o . {6p, 60}
_ 2 2 )
+hy/p (Lt (v.v)) 5+ (Lt+(V.v)> 5p +Z2\/I5Lt[5p, 56) + <LGP+29p) 275 (5.20)

ho i o 307 [0p,00]\ _
+ 2P(Ltp) <\/ﬁ50 - 4p3/2 -1 2\/5 =0

®As previously in (5.5), the equation is written with the spatial derivatives acting on the left.
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In these two equations, the first terms are the zeroth order terms, the second to the fourth terms are
the first order terms and the remaining ones the second order terms. Defining po(¢,x) and 6y(t,x) as
the solutions of the zeroth order equations and setting

. h2 2
L(C?}); = w2 Y Ly 4 gp0 — o
I:go) = 8t + (V.Vo) + Vo.v
one obtains
2O /o =0 (5.22)
L0 po =0 (5.23)

where ﬁg)l)g and ﬁ§°> mean simply that in the definition (5.18) of Lgp and L,, we have set p(t, x) to po(t, x)
and v(t,x) to vo(t,x) with 6(¢,x) set to 0y(t,x) in definitions (5.14). The first equation is just the Gross-
Pitaevskii equation and the second one just the continuity equation. With the zeroth order holding, i.e.
with p(t,x) — po(t,x) and 0(t, x) — 6y(t,x) one can define 6py(x, t) and 66y (x, t) as being the solutions
of the first order equations

PO _ N Y () Oho
B (LY = (V.vo) ) 66y = NG (L& +2900) T (5.24)
hE 60 = 2y/B0L S /podbo (5.25)

These two equations are just the (first order) Bogoliubov-de Gennes equations in the density-phase rep-
resentation. Even if §j,(x, t) and 66y (x, t) are first order terms the lower index refers to the fact that they
are determined by equations parametrized with the zeroth order terms py(t,x) and (¢, x). Let us know
understand how equations (5.19) and (5.20) can be turned into back-reaction equations and explain how
the presence of second order terms is crucial to the back-reaction dynamics.

5.2.4 . The two Back-Reaction equations
The back-reaction problematics can be summed up in these terms : how do the quantum fluctua-
tions, generated by the presence of an acoustic horizon in the condensate, act (or more precisely back-
react) upon the configuration of the condensate that has generated them ?
In order to obtain the back-reaction equations from equations (5.19) and (5.20), one expands in these
equations p(x, t) and 0(x, t) respectively as

p(X, t) - pO(Xv t) + pBR(X7 t)
O(x,t) — Oy(x,t) + Opr(x,t)

(5.26)

with po(x,t) and 6y(x,t) solutions of the zeroth order equations, i.e. of the Gross-Pitaevskii equation
(5.22) and the continuity equation (5.23). This implies expanding ﬁgp and L, given in (5.18)7 as
Lgp = ﬁ(&)g +mvo.VvBR + gpBr + hOi0BR
(5.27)
L; = Lgo) + (V.VBR) +vgr.V

The terms ppr(x,t) and Opr(x,t) are small fluctuations terms (of second order as we will see) that
encode the back-reaction dynamics. More precisely, ppr(x,t) and 6gr(x,t) are to be considered as
average fluctuations, respectively in the density and phase of the condensate, generated by the quantum
fluctuations arising due to the presence of the acoustic horizon. Furthermore, in order to turn (5.19) and
(5.20) into back-reaction equations, the quantum fluctuations in the density d5(x,t) and in the phase
60(x, t) must be defined as determined as first order solutions of the Bogoliubov-de Gennes equations

7Definition (5.14) must not be forgotten.
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parametrized by the zeroth order terms po(x,t) and 6y(x,t), as it has just been described at the end
of section (5.2.3). Therefore all the §j(x,t) and 60(x, t) appearing in equations (5.19) and (5.20) will be
denoted respectively as 64, (x, t) and 60y (x, t), keeping in mind that they are first order terms, the lower
index referring at them being solutions of first order equations parametrized by po(x, t) and y(x, t).
The back reaction equations are then given by averaging equations (5.19) and (5.20) over the system
state. This amounts to adding or subtracting the two averaged equations of motion (5.3) for the bosonic
operator and its hermitian conjugate, that is to say to take the average of equations (5.16) + (5.15) and
(5.16) — (5.15) after performing the second order expansion (5.17) of the field d defined in (5.13), i.e.

oL oL oL oL
auiA - = + auiA - = == 0

80,01 oWt 00, ¥ oV

oL oL oL oL
auiA — = - 3M7A - = == 0

60,0t 5wt 00, 6
When taking the average of equations (5.19) and (5.20) one has (84 (t, x)) = (80¢(t,x)) = 0 and therefore
all the first order terms disappear from our equations. This is why one needs second order terms to
describe the back-reaction dynamics. Furthermore since pgr(x,t) and 6pgr(x,t) are determined by the
mean values of second order quantum fluctuation terms they are also second order terms. Since one
wants to keep the equations at second order, when multiplying second order (and even first order)
quantum fluctuation terms p — pg + ppr and 6 — 6y + Opr Must necessarily reduce to pg and 6

respectively.

The details of the computations can be found in Appendix B.1. After some algebra, the first back-
reaction equation reads

(5.28)

h .
ho:0BRr + mvy.vBR + g(@t + (V.Vo) + Vo.V)R€<5ﬁ0590>
0
§p2)  6(0 12 52 2 6(0
+ap0 (PBR_|_< £0) ( )) V(poV (pBR_<< Po>+<59(2)>_ ( )>>):O

Po 208 2p0) 4mpo Po 4p3 2po

(5.29)

where we have written ({65,,00}) = 2Re(65y000) and ([64,, 800]) = (i6(0)) = i6(0). Dividing this equa-
tion by m, one can introduce the coefficients c(t, x)¢(t,x) = A/m and c¢*(t,x) = g(t,x)po(t,x)/m with ¢
the velocity of sound in the fluid and ¢ the healing length. On the other hand, the second back-reaction
equation reads

Owpr +V (,OBRVO + poVBR + R€(5ﬁ05\70>) =0 (5.30)

where we have written ({8p,, Véo}) = 2Re(8p,Vfo) and 6¥9 = (i/m)Véby. These two equations
correspond to the two equations (B.14) and (B.15) obtained at the end of Appendix B.1. The expression
of the source terms is given in Appendix (B.2).

5.3 . STATIONARY 1D BACK-REACTION EQUATIONS

This section presents the stationary version of the back-reaction equations (5.29) and (5.30). The idea
is to look, as often done in the Gross-Pitaevskii approach, for a stationary flow solution in the presence
of a sonic horizon. The results presented in this section are preliminary in the sense that they do not
provide a full solution of the exact equations (5.41) obtained below. We only consider the stationary mod-
ifications of the asymptotic flows (away from the horizon). Several tracks are investigated and discussed,
corresponding in particular to different possible choices of boundary conditions.

5.3.1. Stationary equations

We consider (see Chapter 3) a stationary solution of the Gross-Pitaevskii equation for a 1-D quasi-
consensate. In this configuration, it is sound to look for solutions of the back-reaction equations that be

100



stationary as well, since back-reaction is expected to be there. This approach appears to be a better one
with respect to one where the time evolution of the solutions whould be "switched on" at some arbitrary
time ¢o.

In order to find such stationary solutions let us first remark that all the source terms, i.e. the quantum
average terms, are time-independent when a stationary zeroth order solution to the Gross-Pitaevskii
equation is considered. Secondly, it can be shown, just by applying (B.19), that in the first back-reaction
equation

(6p3) 2 0(0) 1[<5,ﬁg> 5(0)} [ -2 5(0)] (6UT5W)
+(80) — T2 = = [ 2P0 BV L sh,) — = 31
7 PR ] (7S v I RO Po (537
with (30T (z, t)6(x, t)) the depletion of the condensate. Then, defining
A (7 I (0)
- 2
2 2P0 200 (5.32)
L 6(0)
Coo = (602) — 2
006) = 1,
with®
9@ () = (:f(z, t)n(z,t) ) — (A(z, 1) (A(z, 1)) (5.33)

,00( )

it can be shown [175] that C' is a diverging term in w but that this divergence in energy is z-independent.
Hence

0:Coo =0 (5.34)
We then look for solutions of the 1-D back-reaction equations (5.29) and (5.30) with
Oppr=0  Owpr =10 (5.35)
Recalling from (5.14) the definition of the chemical potential
p= —ho = p= pio + ppr = —hoty — ho0pr (5.36)

and of the velocity

h h h
v=—0.0 = v =19 +vBRr = —0z00 + —0,0BR (5.37)
m m m

it can be seen from the two previous relations (5.36) and (5.37) that
az,u = _matv (538)

Hence

Ozppr = —MmOBR (5.39)
Therefore if we are looking for a stationary configuration where vgp is time-independent, upr must be
z-independent, i.e.

OrILBR =0 (5.40)

With all the previous considerations in mind, the two 1-D back-reaction equations (5.29) and (5.30) reduce

8The term : . : denotes normal ordering and 7 (xz,t) = Wf(z, t)¥(x,t ) Clearly ¢ (z) is the two-point density-
correlation function G®) (z,2') = (: Az, t)n(z’,t) =) — (A(z, 1)) (7 ( t)) computed in = 2’ and divided by
2

5 ().
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to the stationary relations

2

PBR = MUOUBR+9PBR — d2pBR
mpo
12(0, 12(62 12(,p0)2
+7( gO)axpBR"‘i( ZO)PBR_i( pg?) PBR
4mpj 4mpj dmpy (5.41)
(0 v0) oA hvo . A 9@ h2(0up0) , 9P | K 9P
——— Re{6pn00 — 0, Re{6py00 R - T, e
T [el0pedto) + 50 Or Re(0pgdbo) + gpo =5 + g D E 0T+ g n 00
JBr = pBRY0 + povBR + Re(dpydvo)

with upr and Jpgr being the second-order corrections to the chemical potential and to the current re-
spectively : they are here both constant in space and time. The second equation of (5.41) can be inverted
to obtain a definition of vgg, i.e.

povBR = JBR — pBRV0 — Re(pyd70) (5.42)

which can be used in the first equation of (5.41) in order to obtain an equation for ppg, i.e.

h? R%(0, R (92 h2(0,po)?
(9p0 — m3) pBR — 702[) BR+ ( 2) OzpBR + " (0:p0) pO)pBR _ W(Oep0)” pg) pBr = S(z) (5.43)
mpg 4dmpg dmpg

with S(z) the source term given by
S(x) = popr — mvoJpr + mug Re(dpyd00)

_ h(9zwo) 20?  B(Oupo) , ¢? W ,g®  (5:44)
2

o oA hw N oA

5.3.2. Homogeneous and stationary condensate

If one takes vo(x) = 0 and po(x) = ¢, then Re(dppdi0) = 0and g@ = —2/(mpo&o) where 12/ (me2) =
gpo- In this case the solutions of the back reaction equations (5.41) are, vgr = 0 = Jgr and

1
ppr=HEE 4 — (5.45)
g 7o
One can choose either to fix ppr = 0 or upr = 0. At the order of approximation we consider, this
yields the same expression for the speed of sound. Let’s first impose ppr = 0. Then (5.45) yields u =

po + per = gpo — g/(m&y). Since now py = p, one obtains

g/ gm
p=gp— =P (5.46)
From the thermodynamic relation mc?(T = 0) = p(Ou(T = 0)/dp) one gets
_ 1 9
c= m gp e (5.47)

Formula (5.47) defines the expression of the speed of sound in terms of the density. It has been derived
imposing ppr = 0, but it can be reasonably taken to be valid for any p, with £ = &, + pg taken to be
&o for an expression linear in the back-reaction terms?, since the same expression is obtained by taking
upr = 0'°. Indeed, when we will use (5.47) below, the total density will be of the form p = po + pBR
with ppr < po and the term g/(27&p) will also be small. It will thus be legitimate to make in (5.47) the
approximation

1 PBR 1
¢ m\/g(Po + pBR) — 9/(27&0) = <o [ + 2p0  4mpoéo

(5.48)

9The term 1/7& is already a back-reaction term.
"°Taking upr = 0 implies u = po = gpo = g(p — pBR) = 9p — g/mpu/(wh) since now ppr = 1/(7&y) = /mu/(7h).
One has therefore /i
gym
1 dp = gd
(LI e
Since gy/m/(2wh\/i) = 1/(2mpo&o) one then obtains, for an expression linear in the back-reaction terms, exactly
(5.47).
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5.3.3 . Asymptotic stationary 1-D solutions to the back-reaction equations

In the two asymptotic upstream (z — —oo) and downstream (r — +o0) regions, i.e. a =uora =d
respectively, setting A, = A(x — £o00) for any quantity A, the stationary equations (5.43) and (5.42) for
pBr and vpr become

4m?

T2 (c2 —v2) pBr — 02pBR =

4
7 S
(5.49)

NaUBR = JBR — PBRVa — R6<5ﬁ05f}0>a

with the source term being the constant

Sa = Nappr — MVaJpR + mvaRe(0p0000)a — gana =5~ (5.50)
We recall that upr and Jpg are constant in a stationary configuration. Then, defining
2m
Ko = 7]02 -2 1/2 (5.51)
and recalling that ¢, > v, and ¢4 < vg4, One obtains for the first equation in (5.49) :
2 2 4m ;
IiupBR—axpBR: ﬁSu ifr — —o0
(5.52)
dm .
—k3pBR — 02pBR = ﬁsd ifz — +o0
The previous equations give straightforwardly the two solutions
4
hTmQSu + A, e u® if £ — —o0
K
PBR = v (5.53)
dm . .
—Wsd + Agsin(kgx +6) if =z — 400
d

5.3.4 . Constant asymptotic solutions

In all the following, for simplicity we ignore the x dependence in the above formula and assume that
in both asymptotic regions

Sa
5 (5.54)

PBR(T) = PBR = ——5 5
m(c(zx - Ua)
Thisis clearly an uncontrolled assumption, butitis also clear that it will give sensible orders of magnitude.

The following procedure then naturally arises: one chooses for instance to impose pi, = 0 = viR",
then the second of Egs. (5.49) fixes Jpr and (5.54) fixes S, = 0 and thus upg (through Eq. (5.50)).
Explicitly:

JBr = Re<5ﬁ05ﬁ0)u UBR = mcz% (5.55)
Equation (5.54) for o = d and Eq. (5.50) then yield
S A en \ en
(& —v2)php = Ed = vy (Re(dpp000)q — Re(dppdto)y) + %nd(cigff) - c?lgc(f)), (5.56)

and the second of Egs. (5.49) yields

U%R _ Re<5ﬁ05@0>u . Re<5ﬁ05@0>d B p%R (5.57)
Vg My Uy ngud ng .

"One could equally well impose p% , = 0 = v4 , and indeed the results for this choice of boundary condition will
also be presented.
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Expressions (5.56) and (5.57) unambiguously determine p%R and ’U%R. The last quantities we need to
evaluate are the new asymptotic velocities of sound. Eq. (5.48) yields here™

‘br _ Phr _ _1 (5.58)
Co 2na  4mnaéa '

In the far upstream region (o = w), this quantity should be evaluated with p% , = 0. In the far downstream
region instead, one should use the value of p‘fBR given by expression (5.56). Eventually the new Mach
number are

Yn _ %) (5.50)

=mqy +mpzp Wwith m%R:ma<
Va Ca

For instance, our prescription (p%p = 0 = v ) yields mlp /m, = 1/47n,&,. Fig. 5.1 presents the results
of the quantities m%/m, for waterfall configurations with m,, ranging from o to 1. Instead of imposing
pEr = 0 = vz one may impose equivalent conditions downstream: p%R =0= ’U%R. The corresponding
results are also displayed in Fig. 5.1.

5.3.5 . Practical implementation
To evaluate pCfBR and U%R at best it is appropriate to introduce dimensionless variables by writing:

1 2 Re{6p0000)q 1
4@ = _2 4 gun (OPod%)a _ L 7 (5.60)
naba m Na Vo Nada

The dimensionless quantities g&m and jOEH) originate from Hawking radiation. Their explicit expressions
are

quH) = / %’SOQ‘QN(_QO\oume)’ (5.61)
0
Qa de
G\ = /O 7d{|512|2N(Q1\0ut7 —mqg) — (|Sa2|* — 1)N(Q2loutvmd)}’ (562)

where the @, are the dimensionless wave vectors, ¢, = hw/(mc2), Qo = AQmax/(mc2) and

Q/2

N(Q,my) = . (5.63)
(Q,ma) 102 —muTT0A 5.63
As for the currents:
Tyl =— 7’502‘ T(_QO|0ut7mu)a (5.64)
my, 0 i
1 Qe
jd(H) = / J{|Sl2|2T(Q1|outa _md) + (|S22|2 - 1)T(Q2|0ut7md)}a (5.65)
maq Jo s
where 0/
2
T(Q,ma) = ot (5.66)
Vv s

Egs. (5.56) and (5.57) can be adimensionalized by the use of the quantities Q&H) and jOSH) and then
read

d le, 2 1/2
(- minaea 28 = (27 - 2900 )+ 322 (20 + 5 (2-0). se

(where mg = vgq/cq is the asymptotic downstream Mach number) and

Ud C d
ngéq L8 = L7 _ jd(H) — ngty PBE. (5.68)
Vg Cy ng

2In order to comply with the convention used everywhere in the present manuscript we denote as n,, the asymp-
totic value of pg(x), with & = w or d when z — +o0.
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Figure 5.1: Modification of the asymptotic Mach numbers induced by the back-reaction effects. We con-
sider here all possible waterfall configurations, a given configuration being specified by a given value of
my, See Sec. 3.1.4. As explained in the text we plot the quantities no{am%p/ma for o = u (blue solid line)
and « = d (red solid line). The dashed line is obtained by removing the Hawking contribution and only
accounts for the departure of the expression of the sound velocity from the Gross-Pitaevskii result (3.7).
The left plot displays the results corresponding to the boundary conditions p%, = 0 = v}, the right

one to the boundary conditions p%, = 0 = v% 5.

Expressions (5.68) and (5.67) are then inserted in (5.58) and (5.59) to compute the modification of the
asymptotic Mach numbers induced by the back-reaction effects.

A remark is in order here. In the above expressions (5.68) and (5.67) one needs to use an experi-
mental input : the value of the experimental parameter n,&,. Once this parameter is known, the equiv-
alent downstream quantity n4s§; = ny&ucq/cy is unambiguously fixed by the value of the ratio ¢;/c,
corresponding to the configuration we consider (flat profile, waterfall or delta peak). A realistic choice is
n.&u = 70, which corresponds to the value in Steinhauer’s experiment [34]. In order to present results
relevant to possibly different experimental setups we plot in Fig. 5.1 the quantities no{,m%p/mq for
a=wuand a=d.

In Figure 5.1 we present two plots, corresponding to two different boundary conditions. The left plot
is obtained by imposing p% = 0 = v}, meaning that the density and velocity of the upstream flow are
considered as fixed by the experimental setup. Back reaction effects then modify the downstream profile
and velocity compared to the values predicted by the (zeroth order) Gross-Pitaevskii equation. This, in
turn, induces a modification of the downstream Mach number by an amount m%R, represented with a
blue solid line in the figure. Note that the upstream Mach number is also modified in this case. Not by
the back reaction effect, but by the fact that the sound velocity is not exactly given by the Gross-Pitaevskii
formula (3.7), but rather by expression (5.47). In this case one simply gets m¥ 5 /m,, = 1/(4mn,&,) which
corresponds to the horizontal red line in the left plot of Fig. 5.1. In order to separate, in the modification
of the downstream Mach number, what is due to the Hawking effect from what is due to the modification
of the speed of sound with respect to the Gross-Pitaevskii result (3.7), we plot as a dashed blue line, the
results obtained if all the Hawking terms are set equal to zero: ) =0 =7 fora =wanddin Egs.
(5.67) and (5.68).

The right plot in Figure 5.1 displays the results corresponding to boundary conditions where the
downstream density and velocity are considered as fixed: p%, = 0 = v% . The choice of a given set of
boundary conditions (fixed upstream asymptotic flow as in the left plot or fixed downstream asymptotic
flow as in the right plot) depends on the experimental setup. It appears that Steinhauer’s experiment
corresponds to a given asymptotic downstream flow, i.e., to the right plot in Figure 5.1. In this plot the
back reaction effects appear more significant than in the left one. As demonstrated by the order of mag-
nitude fixed by the results obtained by artificially killing the Hawking radiation (dashed lines) this effect
is simply associated to the dependence of the asymptotic flow on the conditions imposed in the other
side (which is larger in the right plot than in the left one). In the experimentally relevant situation of
the right plot, the back-reaction effect appears to decrease the difference between the upstream and
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downstream Mach numbers with respect to the value it would have according to the Gross-Pitaevskii
approach. We expect that this will be associated to a decrease intensity of the Hawking signal, indeed
corresponding to a tendency of the system to relax, the back-reaction profile being asymptotically closer
to relaxation than the Gross-Pitaevskii one. However, the right plot displays configurations with an op-
posite tendency. It could be interesting to propose experimental setups corresponding to this type of
boundary condition and to check if, indeed, instead of relaxing, the system would initially move to a
more out-of-equilibrium configuration. However, it is important to note that the intensity of the Hawk-
ing signal is not really determined by the difference between the asymptotic downstream and upstream
flows, contrarely to what is naively assumed in the few above lines. The intensity of the Hawking signal is
determined by the surface gravity. A track more secure than the simple analysis of the asymptotic flows
just presented would be to solve the stationary equations (5.41) not only in the asymptotic regions, but
in the whole space. This would enable to evaluate the shift in position of the horizon with respect to the
Gross-Pitaevskii prediction and, from Egs. (2.105) and (2.106) , to determine the associated new (analog)
surface gravity and Hawking temperature.
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6 - TOPOLOGICAL CONSTRAINTSIN 2-D QUANTUM TURBULENCE

In this chapter, | will present some preliminary results of a combined experimental and theoretical
investigation of the kinetics of vortices in two-dimensional, compressible quantum turbulence’. We fol-
low the temporal evolution of a quantum fluid of exciton-polaritons, hybrid light-matter quasiparticles,
and measure both phase and modulus of the order parameter in the turbulent regime.

In this work we explore the link between dynamical and topological properties in two-dimensional
quantum turbulence. We propose to investigate the temporal properties of the quantum fluid velocity
field by a novel strategy. The idea was to devise a minimal model for the quantum flow which complies
with global topological constraints, without requiring local knowledge of the spatial dynamics of the
system. To achieve this, we derive kinetic equations of formation and annihilation of critical points of
the velocity field, and apply the approach to a non-equilibrium exciton-polariton fluid. We show that we
can reproduce the experimentally observed rate of creation and annihilation of quantized vortices, thus
identifying the elementary mechanisms responsible for the increase in the number of vortices - during
the quantum turbulence growth - and for its reduction - during the quantum turbulence decay.

Indeed, fundamental topological constraints require that the formation and annihilation of vortices
be guided by dynamical transitions involving velocity field critical points, namely nodes and saddles. Iden-
tifying the simplest mechanisms underlying these processes enables us to develop an effective kinetic
model that closely aligns with the experimental observations, and show that two different dynamical pro-
cesses are responsible for vortex number growth and decay. These findings underscore the crucial role
played by topological conservation laws in shaping nonlinear, turbulent evolution of two-dimensional
quantum fluids.

6.1. QUANTUM HYDRODYNAMICS

A BEC is described by the non-linear Schroédinger equation (NLSE) or Gross-Piatevskii equation for
the complex scalar field ¢ (7, t), also known as the order parameter of the BEC. This equation reads

h2
ihdyh = —%V% + Uy + glv|*y (6.1)

with U(7,t) an external potential and ¢(7,t) the interaction parameter. The order parameter can be
written in the density-phase representation

(T, t) = /p(7,t) exp (i S(7, 1)) (6.2)

and accordingly the NLSE can be recast to the system of hydrodynamical equations

. (6.3)
2 2
houS = =45 (VS)? — oSN — gp—U
where "
37, 1) = —VS(7.1) (6.4)

is the irrotational, i.e. V x ¥ = 0, velocity of the condensate?®. This is called the Madelung transforma-
tion3. In the NLSE equation (6.1) describing the hydrodynamics of quantum fluids, the term g|¢|? can

'"The experimental data has been provided by Riccardo Panico. The experiment was conducted, under the super-
vision of Dario Ballarini, at the Advanced Photonic Lab of the Institute of Nanotechnology (Lecce, IT). Alessandra
Lanotte and Giovanni Martone of the same Institute of Nanotechnology as well as Thibault Congy of the Northum-
bria University also collaborated to the preliminary results presented here.

2The definition of 7 comes from the definition of the current .J = (/i/m)Im(* V) = pi with 7 defined as in (6.4).

3We already used this transformation when presenting Analog models in Chapter 2 and when deriving the back-
reaction equations in Chapter 5. Indeed, equations (6.3) are the 3D version of the 1D equations (2.32).
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be replaced by a more generic term g f(p) describing non-linearities more complicated than [¢|?, with f
a possibly complex function accounting for non-linear losses#, whereas a complex potential U can ac-
count for linear losses such as absorption. This is the case in the non-equilibrium BEC of polaritons we
consider in the following.

6.2 . VORTICITY IN 2D QUANTUM FLUIDS

6.2.1. 2D Turbulence

In 3D turbulence, the energy dissipates to ever smaller scales. This is not the case in two dimensional
systems. Denoting as v the velocity field and w = (V x ¥) - €, the vorticity, the kinetic energy E and
enstrophy €2 of an incompressible fluid are

1
E= g/erUQ Q= 2/d2rw2 (6.5)

where p is the fluid’s density. In the absence of external forcing, finite viscosity results in the dissipation
of E and Q2 in a two-dimensional fluid according to the laws (see, e.g., Ref. [70])

dE
— = —2upQ .

T vp (6.6a)
dQ -

T —21//d27"|Vw2 (6.6b)

where v is the viscosity. Eq. (6.6b) shows that enstrophy can only decrease and is thus bounded from
above. Eq. (6.6a) then implies that dE//dt — 0 in the limit v — 0. This is the main difference with respect
to 3D turbulence in which Q can be amplified by vortex stretching, resulting in finite energy dissipa-
tion even in the limit of vanishing viscosity>. In 2D turbulence energy is not dissipated, it is dynamically
transferred to large scales by an inverse cascade. Kraichnan [176] proposed an interpretation of the
phenomenon according to which the inverse energy cascade is associated with the growth of patches of
vorticity due to vortex merging and pushing energy toward larger length scales®.

A scenario of this type was put forward by Onsager [47] who applied statistical mechanics to a model
of point-like vortices relevant to quantum fluids: in a closed system vortices of the same vorticity tend to
aggregate in clusters, forming a negative temperature equilibrium state that comprises more energy but
less entropy as compared to a configuration of randomly distributed vortices’. Quantum vortex cluster-
ing and inverse energy cascade were indeed observed recently in two-dimensional atomic BECs [75, 76]
and polariton condensates [79] demonstrating that classical and quantum two-dimensional turbulence
bare important similarities. Nonetheless there exists a significant difference between the classical and
quantum realm : quantum vortices carry topological charges and a description of vortex dynamics in a
quantum fluid should account for the conservation of these charges. In the following we argue that a
proper account of topological contraints in a 2D quantum fluid necessitates to consider not only vortices,
but also other critical points such as nodes and saddles.

6.2.2. Vorticity index Iy, and Poincaré-Hopf index /p
In the wave-mechanical and quantum context, while the importance of quantization of vorticity has
been understood long ago in the physics of superfluid helium [47, 49], the relevance of another topo-
logical index, known as the Poincaré-Hopf index (see Eqg. (6.11) below) has been stressed for stationary
two-dimensional waves only in the 80's [178].

4This is, for example, relevant in non-linear optics, where one can have a term such as g|v|?/ (1+1|? / Isat) modeling
the saturation of the non-linearity at high intensity in a non-linear medium.

5In 3D the r.h.s. of Eq. (6.6a) does not cancel when v — 0 (more precisely at high Reynold number).

®As opposed to vorticity, vorticity gradients (the r.h.s. term of (6.6b) which is called "palinstrophy") are not bounded
in two dimensions, and one expects a direct cascade of enstrophy associated with the stretching of patches of
vorticity.

7’Note however that the Kraichnan and Onsager scenarii are not exactly identical : clustering (Onsager) is not the
same as merging (Kraichnan). Also, while in the initial Onsager model the number of vortices is conserved, it has
been suggested [177] that the formation of high energy clusters is reached through annihilation of low energy
vortex-antivortex pairs, a phenomenon which has been dubbed "evaporative heating".

108



We consider here a two-dimensional quantum fluid described by a scalar order parameter of the
formy(7,t) = \/p(7,t) exp (iS(7,t)). Here the real functions ,/p > 0 and S correspond to the amplitude
and phase of the order parameter, respectively, and 7 = (x, y). The fluid's velocity field 7'[49] is defined in
(6.4). In a two-dimensional setting, two topological indices are associated with any domain D delimited
by a closed contour . The vorticity index Iy (%) associated to the close contour ¥ is defined as the
circulation of the velocity v along the loop %, i.e.

m - 1 - ds
I =— ¢ vdl= — dl=¢ — 6.
V((g) 27Th % v 277' %(VS) & 271' ( 7)
Defining an angle ¢ as the polar angle of v, i.e.
00890:%:%/1) singO:ﬂ:vy/v (6.8)
v v
the Poincaré-Hopf index reads
1 - d
1n(6) = 5 § (Ve)di= § 57 6.9
T Jo ¢ 2T
Definition (6.8) for the function ¢(v,, v,) implies that
B Uy _ vzdvy — vydug
Y = arctan E = dg@ == W (610)

Indices Iy and Ip assume (positive or negative) integer values because they simply relate to the vari-
ation along the close loop C of the phase of the order parameter and of the direction of the velocity,
respectively.

6.2.3. Critical points and topological constraints to quantum turbulence

In hydrodynamics a critical point is a point where the velocity vanishes, also called a saturation point.
Here, by "critical points", we loosely refer to vortices, saddles and nodes. Theses "points" can be charac-
terized by the respective values of the vorticity index Iy, and the Poincaré-Hopf index I¢, i.e.

IV = i ds Ip = i d(p (6-11)

2w C 2w C
defined in the previous section 6.2.2. Both indices are zero if there are no singular nor stagnation point
inside D. Nontrivial topological indices occur when the phase S displays extrema (local maxima or min-
ima), saddles, or essential singularities. The corresponding points are nodes (attractive or repulsive),
saddles, and quantum vortices, respectively (see Fig. 6.1 and Table 6.1). The indices Ip and Iy, associated

to a domain D are the sums of the indices of the critical points contained in D.

node | saddle | vortex) | vortex
Ip +1 -1 +1 +1
Iy 0 0 +1 —1

Table 6.1: Values of the vorticity I,y and of the Poincaré-Hopf index Ip attached to non-
degenerate critical points. Vortices with positive or negative vorticity are denoted as vortex .,
and vortex ), respectively. The indices /p and I, associated to a domain D are the sums of the
indices of the critical points contained in D.

Notably, the presence of nodes is a unique feature of compressible quantum fluids, such as polariton
superfluids. These nodes are indeed observed in our experimental results, and we demonstrate that
they play a crucial role in the onset of turbulence. Furthermore, it can be seen that the determination
of the critical points through the streamlines of the flow requires the measurement of the phase of
the scalar field : such a measurement is possible in the fluid of polaritons here considered. Through
a phenomenological model based on topological charge conservation, our work provides new insights
into the interplay of topology and quantum fluid dynamics, thus underscoring the crucial role played by
topological conservation laws in both the growth and the decay of two dimensional quantum turbulence.
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Figure 6.1: Tolopolical characterization of vortices, saddles and nodes with their respective vorticity index
Iy and Poincaré-Hopf index Ip. The vorticity index Iy is the circulation of the velocity field v, i.e. of
the gradient VS of the phase field S, along the contour %, whereas the Poincaré-Hopf index Ip is the
circulation of the gradient V¢ of the polar angle ¢ of v along the contour €. The local velocity streamlines
(oriented solid lines) and equiphase lines (thick colored lines) around a vortex, a saddle or a node, are
reported. For a given domain D, Iy and Ip are the sums of the indices of all the critical points contained
in D.

6.3. APHENOMENOLOGICAL MODEL FOR THE KINEMATICS

In the experiment a new generation of optical techniques that enables a precise measure of both the
intensity and the phase of a light sheet [32,35,36,52-54] was used. This offers the possibility of an accu-
rate and simple location not only of vortices but also of other critical points, such as saddles and nodes.
This enabled us to obtain evidences of several (topologically constrained) mechanisms of formation of
vortices and of associated singular points in the time domain, with an account of the evolution of the
streamlines.

6.3.1. The physical system

The physical system we examine here is an out-of-equilibrium Bose-Einstein condensate of exci-
ton-polaritons. Exciton-polaritons are hybrid light-matter quasiparticles, resulting from the coupling
of photons and excitons®. The experiment involves injecting a high-energy polariton superfluid, and
allowing it to expand within a circular potential barrier [79].

Indeed, in the experiment, the polariton fluid is injected in a planar microcavity where a ring potential
confines the polariton fluid by inducing a local energy blueshift in the polariton resonance. To inject the
polariton fluid into the center of this potential, a pulsed laser (pulse duration of 2 ps) is focused into a
Gaussian spot with a beam waist of approximately 17 ym. The excitation energy is slightly blue-detuned
from the ground state by 1.2 meV in the high-energy case and 0.21 meV ine the low-energy case. It
provides the polaritons with an initial kinetic energy that allows for their rapid expansion within the
potential and subsequent hydrodynamic vortex formation upon collision with the potential barrier. The
time evolution of the polariton fluid is captured through the interference of the signal with a reference
pulse (a sample of the excitation beam) with a variable time delay, enabling the retrieval of both the
amplitude and phase of the fluid (Fig. 6.2). The temporal resolution is of around 1 ps and the spatial
resolution is finer than the estimated healing length of the vortices. For each experimental condition
and time frame, vortices and critical points are identified by computing the circulation around each point
of the two-dimensional phase map and the corresponding velocity field, respectively, and searching for
integer multiples of 2. From a simple comparison, one can further distinguish which of the critical points
are nodes.

The initial kinetic energy provided to the superfluid induces the creation not only of a dense vortex
gas but also of a large number of saddles and nodes. The co-existence of these three types of points has

8A exciton is a bound state of an electron and an electron hole that attract each other through the Coulomb force.

110



S o oo
N B oo

y (um)

y (um)

Figure 6.2: Measured density (top) and phase (bottom) of the polariton fluid for the high energy case.
The dashed red circle represents the position of the confining potential. The time frames, from left to
right, correspond to: the initial experimental condition (-20 ps), when the polariton fluid is still mostly
localized in the center of the potential and has yet to fill all the available space; 15 ps after the sudden
growth in the number of vortices, when the polariton fluid is flowing back after hitting the boundaries;
the switching point at around 56 ps, when vortex growth stops and the Bristol mechanism becomes
relevant; and finally, a snapshot near the end of the dynamics at around 8o ps.

been explicitly experimentally demonstrated in linear [179] and nonlinear [180] optics. The optical nature
of polaritons makes it possible to measure both the phase and the modulus of the order parameter by
interferometric techniques [181]. As shown in Fig. 6.3, by analyzing the velocity field, the evolution of
hundreds of critical points can be tracked. In the enlarged region, the experimental phase portrait of
the exciton-polariton fluid clearly reveals three saddles, two nodes, and a negative vortex. This method
allows then to determine, at each time step, the number of vortices, saddles, and nodes present in the
system.

Figure 6.3: A snapshot of the polariton superfluid phase field, with the measured critical points. Azoom
highlights the local flow organization.

6.3.2. The model

We consider the following main mechanisms of creation (or annihilation) of critical points in the ran-
dom flow field: (i) the nodes-to-vortices conversion in which two nodes coalesce and give birth to two
vortices and (ii) the saddle-node bifurcation which creates one saddle and one node from scratch. These
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two mechanisms conserve the vorticity and the Poincaré index; they correspond to well-identified bifur-
cations whose relevance for a two-dimensional quantum fluid has been validated in Ref. [180]. They can
be schematically written as chemical reactions:

node + node % vortex y) + vortex (6.12a)
%) % node + saddle (6.12b)

In the above formulae, the (positive) quantities a, b, ¢, and d are the reaction rates (see Eq. (6.13) below).
Other mechanisms have been observed [180] which also conserve both the vorticity and the Poincaré-
Hopf index: a saddle can transform into two saddles and one node in a pitchfork bifurcation, or also two
vortices and two saddles can appear spontaneously (or coalesce) in what has been termed the “Bristol
mechanism” in Ref. [180]. These reactions have been discarded for simplicity reasons (they involve col-
lisions of a larger number of critical points) and also because much less often observed in a previous
experiment and in numerical simulations [180]°. From the modeling (6.12) we write a kinetic equation
inspired by rate equations of elementary chemical reactions :

%:aNz—bV;V_ NG
o di (6.13)
P —2aN? + 20V, V_+c¢c—dNS

where N (t) denotes the number of nodes, S(¢) the number of saddles, and V4 (¢) [V_(¢)] the number of
vortices with positive [negative] vorticity. It results from the values of the topological indices listed in Fig.
6.3 that the total Poincaré-Hopf index of the systemis I, = N + V. + V_ — S. Itis easily verified that
I, is preserved by the system (6.13) : this comes as no surprise since the elementary processes in (6.12)
conserve the Poincaré-Hopf index. Similarly, the conserved total vorticity of the systemis V, — V_. In
the following we make the simplifying assumption that this difference is equal to zero: V. (t) = V_(t) =
V(t)/2 where V (t) is the total number of vortices. This hypothesis is confirmed by the experimental data
(such as displayed in Fig. 6.4) and is certainly sound in the configuration we consider where typically
V(t) > 1 while no external angular momentum is imparted to the system.

Defining the rescaled quantities 7 = t/ty, n = N/No, v = V//Ny, and s = S/Ny, with tg = 1/+/2ac and
No = \/¢/2a, makes it possible to cast the system (6.13) under the following dimensionless form

dv 9 9 ds

dn 9 9
E—n — av E—l—fyns E—l—n —yns 4+ av (6.14)

where o = b/(4a) and v = d/(2a) .

9Let us remark that the "Bristol mechanisms" can be obtained from combining the two processes (6.12), with the
second mechanism counted twice : the Bristol can then be considered as a higher order process.

"°For completeness, note that in terms of the new parameters, the rates of reaction read a = 1/2Nyto, b = 2/ Nyto,
Cc = N()/to, d= ’}//Not().

12



t(ps)  t

Figure 6.4: (Top) Comparison of the experimental results for N(t), V(t), and S(t) (circles) with the the-
oretical predictions (lines). Experimental data are averages of four realisations of the same dynamical
regime. Fort < t., the solid lines have been obtained with the numerical integration of Eqgs. (6.14);
morevoer,v=0.5+0.1, Ng =170+ 10 and ty = 12 + 1.5 ps. For t > t., the dashed lines correspond to
the results of (6.14), while the solid lines come from the numerical resolution of (6.16) with e = 0.05+£0.01.
(Bottom) Same as above for the quantities V' (¢)/S(¢) and N(t)/S(t). The value of t. is 56 ps.

6.3.3. Growth of turbulunce

We consider a turbulent regime of the polariton dynamics in which, after the fast expansion of the
quantum fluid, the onset of vortex clustering and the emergence of the inverse kinetic energy cascade
was evidenced on timescales of a few tens of picoseconds [79]. A low-energy data set, where the onset
of turbulence is inhibited by dissipation, is shown in section 6.3.5. The numbers of vortices, saddles
and nodes are displayed as circles in the upper part of Fig. 6.4. Att = 0, when the fluid encounters
the barrier, some critical points are already present, having formed during the fluid's expansion. The
turbulent dynamics is initiated at this moment, which we treat as the initial condition.

Let us first focus on the stage of turbulence growth, during which the numbers of vortices and saddles
increase significantly (stage 1in Fig. 6.4). In this time lag, the nucleation of many new vortices dominates
the temporal evolution. This implies imposing a« = 0 : indeed, when « # 0 the system (6.14) has a fixed
point and the numbers of vortices, saddles, and nodes tend to saturate, which is not what is observed in
the experiment. We checked that a nonzero value of « always worsens the agreement of the theoretical
curve with data: this confirms that in this stage the incompressible kinetic energy of the system is mostly
increasing, as required for the establishment of the inverse kinetic energy cascade.

It is interesting to discuss the values of the rate of reactions in Egs. (6.12). In particular ¢/d = N¢ /v =
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Figure 6.5: Experimental snapshots, taken at 15 and 16 ps, showing the formation of a vortex pair starting
from two nearby nodes, as indicated by Eq. 6.12a. The streallines of the velocity field, 7 = (h/m)V S, are
plotted on top of the color-coded phase field, S(z, y).
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Figure 6.6: Experimental snapshots of the phase field S(x,y) taken toward the end of the experiment
(76 and 77 ps), showing the annihilation of a pair of saddles and vortices via the Bristol mechanism.

!

6 x 10* > 1, implying that the saddle-node bifurcation is mainly unidirectional : the annihilation of a
saddle with a node is much less frequent than their creatio ex nihilo. This indicates that the saddle-node
formation mechanism (6.12b) is the real fuel of the whole process. The nodes-to-vortices reaction (6.12a)
merely transmutes some of the nodes into vortices, but could not be effective on its own. This remark
is of significance : the spontaneous creation of uniquely a vortex-antivortex pair being topologically for-
bidden (it would not conserve the Poincaré-Hopf index) we are in need of an explanation of the increase
of the number V(¢) of vortices. In the system we consider, the formation of vortices arises from two
saddle-nodes bifurcations (6.12a) followed by a nodes-to-vortices conversion (6.12b), ultimately resulting
in the formation of two saddles and two vortices. This is the reason why the numbers of saddles and of
vortices increase at the same pace, see the upper part of Fig. 6.4.

The results plotted in the lower panel of Fig. 6.4 indicate that the total Poincaré index is conserved
and small. Indeed in this case N +V = §, the two quantities /S and N/.S sum to unity, and a minimum
of one should correspond to a maximum of the other, as observed in the lower plot of Fig. 6.4. This
property is model-independent: it is a prerequisite which should be embodied in any kinetic model,
but its fulfillment is not a guarantee of accuracy of the model. Experimental results confirm the exact
conservation of both Iy and Ip indices in every realization of the measurements.

Itis intriguing to observe, during the time evolution of the experimental results, instances where two
nodes transform into a vortex and an antivortex, respectively, as predicted by (6.12a). In Fig. 6.5, we
present two consecutive time frames of the same spatial region, highlighting the phase field evolution
from a configuration containing nodes and saddles to one where two nodes are transformed into a
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vortex and an antivortex.

6.3.4 . Decay of turbulence

The results displayed in Fig. 6.4 show a stricking behavior, namely, a sharp temporal transition be-
tween stage 1, characterised by the nonlinear growth of the number of vortices/saddles, and stage 2,
characterised by a dramatic decrease of the numbers of vortices (and saddles). However, the number
of nodes is not experiencing a similar abrupt modification in the same period of time : this supports a
scenario which does not involve nodes, still conserving both Iy, and Ip. The so-called Bristol mechanism
[178, 180], described by Eq. (6.15) below, is a perfect candidate :

vortex;) + vortex_) + saddle + saddle % 1] (6.15)

In view of the significant decrease of the number of vortices and saddles during stage 2, we consider
that the rate of reaction f is zero in Eqg. (6.15). Hence, the process is assumed to be unidirectional ™. The
system (6.14) accordingly modifies to

d d

d—U:nQ—aUQ—EUQSQ, d—szl—'yns—ev232

T T (6.16)
dn 9 9

—=1—-n“"—"yns+av

dr

where e = LeNgty = ec/(8a?) is the rescaled rate of annihilation of saddles and vortices. We keep for all
the other parameters the values previously determined, and during stage 2 we solve the system (6.16)
with € # 0. The corresponding results are displayed in Fig. 6.4. The agreement of the theoretical curve
with the experimental observation supports the idea that at this time delay the system enters a new
regime in which the annihilation mechanism (6.15) acquires an efficiency it previously did not have.

It is interesting to ask the question whether the mechanism of Eq. (6.15) could have been effective
earlier, with a rate of reaction f # 0 explaining the rapid and concomitant increase of V" and S during
stage 1. The observation of the behavior of N in the same period makes this hypothesis rather unlikely,
since N initially increases and then saturates. This advocates for a saddle-node creation process (6.12b)
which then feeds the nodes-to-vortices one (6.12a). Only this process can explain (i) the occurrence of
extrema of /S and N/S at short times (lower plot of Fig. 6.4) and (ii) the saturation of N at a slightly
later time (upper plot of the same figure). And indeed, it is not possible to fit the data on the basis of
mechanisms (6.12a) and (6.15) only, or (6.12b) and (6.15) only.

In Fig. 6.6, the Bristol mechanism is observed in our experimental results during the second stage of
the dynamics, when dissipation begins to dominate. Two consecutive frames illustrate the simultaneous
annihilation of a pair of saddles and vortices within a laminar plane flow, marking the dissipation of
incompressible kinetic energy from the system.

6.3.5. Low-energy data set

The data presented in the previous sections 6.3.3 and 6.3.4 correspond to a turbulent regime in which
a high-energy polariton superfluid is injected against a potential barrier. We consider in this section a
data set obtained at relatively low injection energy (E = 0.21 meV here, instead of 1.20 meV in the high-
energy case).

The experimental data, presented in Fig. 6.7, display a tendency to saturate: from ¢ = 60 ps on,
V(t), S(t), and N(t) vary quite slowly. To emulate this behavior, the system (6.14) should have a fixed
point and the value of the parameter a should thus be finite. In this case, if we denote as 1., Vs, Soo the
coordinates of the fixed point, defining 5 = 1/\/a we get v, = BN, Soo = 1/(7n0) and

ootV + 41+ B)/y
o 2(1+48)

(6.17)

"This unidirectional behavior was already observed in the experiment and the numerical simulations of [180]: In
this reference the Bristol mechanism was always inducing the concomitant annihilation of two vortices and two
saddles, and never their creatio ex nihilo.
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Figure 6.7: Comparison of the experimental results of the low-energy data set for the numbers N (¢) of
nodes, V (t) of vortices, and S(t) of saddles (circles) with the numerical integration of Eqs. (6.14) (solid
lines).

In this expression Iy = n+wv— s is the constant value of the rescaled Poincaré index of the whole system
(Io = Ip/Np). In the limit 12, < 4(1 + )/~ 2, formula (6.17) reads no, = [y(1 + 8)]7'/? and implies that
Sc0 = (1 4 B)neo. Comparing the values vy, /noo = B and soo/noo = 1 + B with the values V/N ~ 2 and
S/N = 3 around t = 60 ps points to a value 5 ~ 2 (i.e., « = 0.25). We found that the choice y = 1+ 0.1,
Ny =86+4,ty=28+4psanda=0.25=+0.05 gives a good account of the data set, see Fig. 6.7.

The system is not here in a turbulent regime such as the one studied in the main text. The injection
energy E is smaller, the number of vortices increases at a lower pace, and the stage of decay (stage
2 in Fig. 6.4) is not reached within the experimental time window. This interpretation of the different
behaviors of the two data sets is corroborated by the following evaluation of orders of magnitude : a
simple dimensional argument suggests that the characteristic time ¢, should scale as ty o E~/2. And
indeed the characteristic times ¢, for the two sets of data are in a ratio thW/tgigh =(284+4): (12+1.5) =
2.33 £ 0.6 which is consistent with the value \/Ehsh /Elow = /1.20 meV /0.21 meV = 2.39.

6.3.6 . Discussion

The onset of a turbulent inverse cascade of kinetic energy implies a temporal growth of the incom-
pressible part of the total kinetic energy in the system. It was suggested in Ref. [79] that such energy input
is at the expenses of the compressible kinetic energy in the quantum flow. This dynamical observation
has its topological counterpart in the time window associated to the turbulence (and vortex clustering)
growth, where the numbers of vortices and saddles increase, while nodes stay almost constant (stage 1in
Fig. 6.4). It is reasonable to think that not all vortices participate in the cascade, since they may not have
time to correlate, nevertheless their increase reflects in the growth of the incompressible kinetic energy
available for the cascade. When the ratio of compressible to incompressible kinetic energy stops grow-
ing, dissipation mechanisms prevail and turbulence starts decaying. This happens in our system with the
simultaneous rapid decrease of both vortices and saddles. Interestingly, at the same time the clustering
dynamics stops, as observed in Ref. [79]. Topological constraints also rule the mechanism of such a

2|t can be checked a posteriori that this approximation is legitimate: the total experimental Poincaré-Hopf index
is —1 + 2 whereas Ny is of order 102: 12, ~ 10~%. The term 4(1 + )/ is instead of order unity.
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decay; a process based on four vortices interactions '3, previously proposed in [182, 183, 184, 185, 186],
here finds its origin in topological arguments. In the absence of a turbulent regime, the fate of vortices is
different. Indeed in such a case, we physically expect a dynamical equilibrium between vortex creation
and annihilation processes, in the presence of random, uncorrelated fluctuations. Our model faithfully
describe this process by (6.12), although slower.

Our kinetic model is a minimal one : it is the simplest possible which complies with topological con-
straints. It provides a global description of the system based on phenomenological parameters (the rate
coefficients) but is not meant to explain why these parameters assume different values in the turbulent
or nonturbulent regimes, nor to predict when the growth of turbulence stops and why its decay (at ¢ > ¢.)
is so abrupt. The description of this phenomenon implies to deal with spatial correlations in the system
and goes beyond our global kinetic description.

Two-dimensional turbulence is an incredibly rich playground : after the pioneering contribution of
Polyakov [187], it has been shown that the vorticity domains exhibit the same universal scaling arising in
critical percolation theory, in both classical [188, 189] and quantum [190] fluids in the regime of inverse
energy cascade. It would be of great interest to broaden the scope of our kinetic approach by developing
a microscopic model able to integrate statistical properties and topological conservation laws. Such a
model should account for the interactions of critical points (as in the vortex clustering) in a framework
consistent with the conservation of topological indices.

6.3.7 . Article : Topological Pathways to Two-Dimensional Quantum Turbulence

R. Panico, G. Ciliberto, G. I. Martone, T. Congy, D. Ballarini, A. S. Lanotte, N. Pavloff, arXiv:2411.11671
doi:https://doi.org/10.48550/arXiv.2411.11671

We present a combined experimental and theoretical investigation of the formation and decay kinet-
ics of vortices in two dimensional, compressible quantum turbulence. We follow the temporal evolution
of a quantum fluid of exciton polaritons, hybrid light matter quasiparticles, and measure both phase and
modulus of the order parameter in the turbulent regime. Fundamental topological conservation laws
require that the formation and annihilation of vortices also involve critical points of the velocity field,
namely nodes and saddles. Identifying the simplest mechanisms underlying these processes enables us
to develop an effective kinetic model that closely aligns with the experimental observations, and shows
that different processes are responsible for vortex number growth and decay. These findings under-
score the crucial role played by topological constraints in shaping nonlinear, turbulent evolution of two
dimensional quantum fluids.

3Note that since in the observed dynamics, saddles and vortices have similar temporal evolutions, the decay due
to Bristol mechanism (6.15) is effectively equivalent to a four vortices decay process.
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7 - CONCLUSIONS AND PERSPECTIVES

The domain of analog gravity aims to overcome the lack of theory and experiment in the field of
quantum gravity by transposing some of its main issues and concerns to condensed matter systems. Fol-
lowing this strategy, we studied quantum non-separability, non-locality and back-reaction of the acoustic
Hawking radiation emitted by an analog black hole implemented in the flow of a 1D quasi-condensate.

In chapter 4, our theoretical work sets the ground for future experimental studies by providing quan-
titative predictions of the degree of entanglement and of violation of Bell inequalities in a realistic analog
configuration, both for bi- and tri-partite systems. Indeed, while the relativistic Hawking process involves,
in the stationary case, only two modes, a third mode is present in the system under investigation : while
not affecting the analogy with Hawking radiation in the considered regime, the third mode leads to a
richer phenomenology. We therefore conducted a systematic study of the system, confirming the non-
classical, i.e. nonseparable and nonlocal, character of analogous Hawking radiation thanks to experi-
mentally relevant criteria. Furthermore, our study of different criteria of nonlocality demonstrates that
the long wavelength quantum modes of the system consist in a superposition of continuous variable
versions of degenerate GHZ states. Interestingly, the continuous nature of the degrees of freedom, at
variance with GHZ states build on gbits, allows these modes to remain entangled after partial tracing.
This confirms that continuous variable quantum information with analog black hole models opens new
prospects of robust information processing in a variety of protocols, such as secret sharing or informa-
tion scrambling.

In Chapter 5, we derived back-reaction equations that are generically valid for a inhomogeneous
(flowing) condensate in any dimension. We specifically applied them to an analog black hole configura-
tion in a 1D flowing quasi-condensate. We found asymptotic solutions and provided some preliminary
results for consistent choices of parameters. Future work will be devoted to probe the exact dynamics
of the horizon under the back-reaction effect and determine the consequent correction to the Hawking
temperature of the system. Since in the gravitational framework, the quantum source of back-reaction
has proven arduous to assess, the analog hydrodynamic setups appear to be valuable systems for test-
ing models beyond (semi)classical gravity. In this perspective, since Hawking derivation of the Hawking
effect does not take into account the back-reaction, a natural follow up of our study will be to write the
modified Bogoliubov equations with a meanfield integrating the back-reaction. The effect of the back-
reaction on Hawking radiation, the "back-back-reaction" so to say, could then be investigated and the
thermality of the radiation reconsidered from this new perspective. This would again open new prospects
on the nature of information carried by Hawking radiation.

Finally, in Chapter 6, we conducted a combined experimental and theoretical investigation of the
kinetics of vortices in a 2D compressible quantum fluid of exciton-polaritons. Considering a minimal
phenomenological model based on topological constraints we derived kinetic equations of formation
and annihilation of critical points of the velocity field. These equations are able to reproduce the ex-
perimentally observed rate of creation and annihilation of quantized vortices both in the growing and
decaying phases of quantum turbulence. These results will need to be further explored by refined nu-
merical simulations. Furthermore, even if this final chapter is unrelated to analog gravity, one might
think of future 2D models, with vorticity at play, that would exploit the constraints herein described : in
this perspective, the topological charges considered in our effective phenomenological model of quan-
tum turbulence, might also prove useful in investigating the physics of analog rotating black-holes and
phenomena such as superradiance.
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A - BELL INEQUALITIES : analytical computations

A.1. Squeezing operator

As seen in 4.2, forc = Tb < ¢; = Vb,V with T a 2N x 2N matrix, ¢ and b defined as a =
(Gg, ..., an, dg, cery d},)T and V a squeezing operator, one has by definition

¢ |0 =vVipvioe = |0 =v]|o)° (A1)

Then it can be shown (see Refs. [90], [86], [87]) that

N-1
1 .
V= |deta exp Z lec;rc; Z ijC l exp 3 Z Z;§CiCj (A.2)
7] 0 'L] 0 '57]:0
with
X=-p8a! ep(-YH=a Z=ao'p (A.3)

and the N x N matrices o and g defined in 4.68. Since in (A.2) all the annihilation operators are on the
right, when V' is applied to the vacuum |0) it reduces to

V[0)¢ = (det a) 2 exp Z Xielet| 1o (A.4)
1,j=0

In this work we have defined |0)” as being the incoming vacuum [0)™ and |0) as being the outgoing
vacuum |0)°"* with V' given by (4.82). As V is characterize, through the matrices «, 3 and X given in
(4.69) and (4.79), to be an operator squeezing the vacuum of the ¢; to yield the vacuum of the Bi, one
can define similarly a V’ or V" operator to squeeze the vacuum of the é; and fi respectively in order to
define the same vacuum of the b;. Using relations

c=VbV =Tb
e=WieW =T ¢ = e=WVbVvW =17'Tb (A.5)
f=Zlez=T"e =  f=ZWVbvWZ=1"T'"Tb

one obtains
G’L:L'DOQSE)‘(O 6%901256(1 O 0 0 |802|
o = | eS8y, e¥128y 0 B =— 0 0 |S12] (A.6)
0 0 |S22] e 225y, e 225y 0
and
0 0 [Soel
/ 1 / i(po2+wo2—p22)
X' = |T] 0 0 |S12] det o/ = "\¥027%027%22) det (A.7)
2\ [So2| Sl 0

where we have used the symmetry of the X’ matrix. Furthermore one obtains

eP125% cosf — P25k sinf €125 cos O — €025 sinf) 0

o = | €028k cos B + e128F sin ) €025, cos O + €257, sinf 0 (A.8)
0 0 | Sa2|
and
0 0 0
B =— 0 0 sinh ro (A.9)
e~ P22 S0 e~ P22 S91 0
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Hence
0 0 0

X"=10 0 tanh ro det o = —det o/ (A.10)
0 tanhry 0

where again the symmetry of X" has been used to obtain the final expression given here. These relations
yields straightforwardly relations (4.106) and (4.102) when considering (4.89) and (4.99).
Let us finally justify that

1 etanh’rszfg|0w>f :e7'2<ff.f§7flf2>|0w>f (A.11)
coshry
One defines
C=re  A=Cfifa—Cfifi  B=—e’tanhrflf] (A12)
and
n _ ZAP  —2A -1 ¢
Fi(z) =e*"f1e =Z, (2)f1Z4(2) (A.13)

with z real. One sees immediately that
Z7M2) = Za(—2) = Z1,(2) (A14)

which means that Z 4 is unitary. Considering the series expansion

Bi(z) =3 SR (0) (A15)

n:

one has, by virtue of the commutation relation for the annihilation and creation operators f; and fj

2 4 3
Fl(z =-1)= <1 + ’Cz" + E" + ) fi— CC*‘ <|Q| + |C3" + ) f; = coshrf; — e sinhrfg (A.16)

that is to say, setting Za (z = —1) = Z 4 as a shorthand notation,

Fi(z=—1) = Z;'fi Za = coshrfi — e sinhr f] (A17)

Similarly, noticing that Z4(z = 1) = Z;*(» = —1) and therefore that Fy(z = 1) = Zaf1Z7, one can see,
just by taking &€ — —¢ in (A.16), that one obtains

Fl(z =1)= ZAfl ZZl = cosh rfl + ¢ sinh rfg (A.18)

Since A is symmetric by exchange 1 > 2, one obtains Z;'fo Z4 and Zaf2 Z;" just by taking 1 < 2 in
(A.17) and (A.18). Then one has by definition

Zaf1 25 Z4100)" = Zafi10.)) =0 = (coshrfi+ € sinhrf})(Zal0.))) =0 (A1)
where we have applied (A.17). Writing

&) = Za|0,) = Zcm,n lm, n)’ (A.20)

m,n

one obtains' from last relation in (A.19) that

SN [rCurgriaV/n T a+ 140 Coignavin| In+a,m) =0 (A21)

n=0q=—1

"Taking m’ = m + 1 in the first term and n’ = n + 1 in the second term, then renaming m’ — m and n’ — n and
definingm =n +q.
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with = coshr and v = ¢ sinh and C, _; = 0. The expression in squared brackets must then vanish
for all n and ¢. Writing the first terms in n one has

n=0 pCe10V/¢+1+0=0
n=1 pCe21Vq+2+vChr10=0 (A.22)
n=2 pnCusaV/q+3+vCe21V2=0

For ¢ > 0 one can see that all the ), 441, must vanish and that ¢ = —1 makes the Cy ¢ undetermined
and implies
n
1%
12 Cn,n + VCn—l,n—l =0 = Cn,m = CO,O <_M> 6n,m (A23)

Plugging this result in (A.20) one obtains?

\@=Zﬂmﬂzcm)§:<u>[ﬁHE]Lmﬁzcwf”w“ﬂﬂwmf (A-24)

n!

n

which3 implies here § = 7 and r = 7 in ¢, A and B of Eq. A.12. The normalization of (4.106) finally shows
that C(ié = cosh rs.

A.2 . Eigenstates of the pseudo-spin operators

In this appendix we list the properties of the eigenstates of the pseudo-spin operators (4.191) which
are useful in the main text. We will consider a given one of the three modes (j = 0, 1 or 2), always the
same, and will omit the associated label (j) in order to lighten the notations. In a similar way, we do not
write the w-dependence which is implicit in all this appendix.

Let us define [106] the states

1 1
gV = + |- O = — — |— A2
€) ﬂ(\q> —q) 10 \/5(@ 1—a)) (A.25)
with |¢) the eigenstate of the position operator. Then one can define the operators
o= [ dgle)el  io= [ dalo)o] (A.26)
0 0
One sees that for a generic state
+00
o) = [ davela)lo) (A2

with the wave function . even, i.e. ¥.(—¢q) = ¥.(q), and the wave function v, 0odd, i.e. ¥,(—¢q) = —1,(q),
one has

ﬂE W’e> = W’e> ]AlO |we> =0 (A.28)
and
ﬂO ‘w0> = ‘wo> ﬂE ‘¢0> =0 (A.29)

The parity operator or pseudo-spin operator (4.191¢) is then defined as

ﬁz = ﬂE - ﬂO ﬁz |¢e> =+ |¢e> ﬂz |¢o> = - |wo> (A30)
The operators 1 and 1 can be expressed in the number representation basis. Indeed defining |¢) =
3. Cn(q)|n) and using ¢ = (& + a')/+v/2 one obtains from (n|G|q) = q(n|q) with (n|g) = Cn(q) the
recursive relation

Vi + 1Cui1(q) + vV Co1(q) = V2¢Crl(q) (A.31)

*Applying (af)" |0) = Vnl|n).
3The same result would have been found if starting from Z4 f» Z;* instead by virtue of the symmetry 1 <+ 2in (2?)
of the f! operators.
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Since
Cu(q) = (nlg) = (2"nlv/7) /% exp(—¢?/2) Hn(q) (A32)

is a normalized Hermite function, relation (A.31) can be compared to the relation H,11(q) +2nH,—1(q) =
2q H,(q) for the Hermite polynomials H,,. Then knowing that H,,(—q) = (—1)"H,(q) one can see that
Cn(—q) = (=1)"Cy(q). This last reIatlon, since one has

1 Lr o0 o0
fpo = 5| dala)tal+ Jy™ dal-q) (=l £ [y da|~q) (al £ [ dala) {~dl]
1 oo o0
= 5 [/7> dala) tal £ [77 dgla) (—al] (A.33)
_ L +o00
= 5 [1+ 17 dala) (~al]
and . .
[ dlaal=1= [ " C@Cnla) = bum (30

where we used (n|m) = d,,, leads to

- - 1 m [ bpm forneven/odd
/0l = (1l L0 lm) = 5 (1 (1)) 3, = {5 (o7 &0 000 (39
that is to say
A elnm = 3 [2n) (21|
" (A36)
[L0]nm = > [2n+ 1) (2n + 1]
n=0
and
(n|IL; |m) = (=1)"6nm (A.37)
Thus -
=% (y2n><2ny — 20+ 1)(2n + 1\) (A.38)

n=0

The eigenstates of I1, are the number states and they have eigenvalue +1 depending on their parity. We
denote them as
20) =12n) and |z} = |2n+1) (A.39)

Contrarily to usual spins 1/2, the two eigenvalues (here +1 and —1) are infinitely degenerate* since every
even function has eigenvalue +1 and every odd function has eigenvalue —1 : the pseudo-spin II. is
nothing else than the parity operator. It is then worth noticing that this degeneracy property is shared
by any projection of the pseudo-spin operator (4.191). Indeed, in the |¢) basis, in addition to

R [ee] oo “+o0
i, = /0 dg |€) (€] /0 4410} (0] = [ " dala) (~d (A40)
one has also

I, = [7°dq|€) (O] + [° dq|O) (€| = [i" dala) (gl — [, da|—q) (—d]
(A.41)

I, =i [~ dq|O) (€| =i [y~ dq|€) (O] =i 0+°° dq|q) (—q| i f,°° dg|—q) (q]

Therefore, taking

_ [Ee(q) forg>0
wo(q)—{jwe(q) for g < 0 (A.42)

4The two generic eigenfunction of the II, operator can be written as Ve /o) = Z:(’OO cE|zF)for the 4+ and — eigen-
values, respectively.
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one can write

We) = J7 dgve(a) |a) + f;7°° dgbe(q) |—q)

(A.43)
Vo) = 0+Oo dgq [£1e(q)] lq) — ()+OO dq [£1e(q)] |—q)
thus obtaining A A
1L, |77Z)e> ==+ |'¢o> 1L, W}o> ==+ |7;Z)e> (A.44)
and A )
Hy W}e> =i+ |¢O> Hy ‘wo> =1F ‘we> (A.45)
The generic eigenstates of I1, for eigenvalues +1 are then given by
+ _ +
i) = Z5 (Wb + o) ) i) = 5 (lee) — 1) ) (A.46)
and those for TI,, for eigenvalues +1 by
+ . _ + .
) = Z5 (e +ilve) )l = 5 (lve) — o)) (A.47)

as long as the constraint (A.42) is verified.
The eigenstates |z;t) of 1L, associated to the eigenvalue 41 can also be constructed by rotating the
eigenstates |zF) of I, by angles /2 around the y axis, i.e.

k) =Ry (£3) I27) = é (1i1,) |=) (A.48)

where 7%(9) = exp(—%6 f[y) is the operator of rotation of angle # around the y axis. The fact that |z:5)
is an eigenstate of II, with eigenvalue +1 is easily checked by direct application of II, to the left of
expression (A.48) and use of the relations

ﬁrﬂs = 1Epst fIt + 57“3]]- (A49)

where ¢, is the totally antisymmetric Levi-Civita symbol and (7, s,t) = z, y or z. Indeed

flod) = 2= (e 1) 1) =

By the same token one obtains straightforwardly

(ﬂgﬂgg + ]1) |2+ = \2 (—iﬂyﬂz + 11) 24) = +lzF)  (A50)

yE) =R (ig) |z;}) (A.57)
and
I, |275) = Fila]) IL|27) = [2]) (A.52a)
1L, |yf) = +ilyf) IL|yE) = [yT) (A.52b)
I, |2E) = |2T) I, |z5) = +ilz]) (A.520)

Applying (A.49) to the previous relations (A.52) gives the usual expressions of the |zF) in terms of the
|ziE) or |y). Then, through (A.38), these relations give straightforwardly the expression of IL, and II,, in
the number representation basis, with>

oo o0
i, =3 (It = laanl) = 30 (1| + ) (=) (A53)

n=0 n=0

and - -
i, =3 () = vt ) =i > (J2a) i = 1= ) (A54)

n=0 n=0
5Hence, any generic eigenfunction of the pseudo-spin operators can be written as |[¢F) = :i% (cF)n|st) with

s=2x,Y, 2.
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A.3. The CHSH inequality

Let us say that Alice can measure two observables A and A’ which yield respectively the outcomes
A= {+1}and A’ = {+1}. Bob can also measure two observables B and B’ which yield respectively the
outcomes B = {£1} and B’ = {£1}. If Alice could perform two measurements at a time and so could
Bob® then one would be able to define an observable % and an outcome % such as

B=(A+A)B+ (A-A)B =+£2 (A.55)
It is then compulsory that
B=(A+AVB+(A-A)B = |(B)<2 (A.56)
or, written explicitly, o o o o
(AB) + (A'B) + (AB') — (A'B)| < 2 (A.57)

This last relation (A.57) is called the CHSH inequality from Clauser-Horner-Shimony-Holt (see Ref. [105]).
Since the averages (.) are statistical averages, the two measurements by Alice (and same for Bob) can
now be not simultaneous, which means that Eq. (A.55) no longer holds but that Egs. (A.56) and (A.57)
still do. Referring to spin-1/2 measurements, one can define four unit vectors in a 3-dimensional real
vector space, i.e. a, a’, b and b/, and the spin observable

i — g& - gm, o))" (A.58)
where the ¢; are the Pauli matrices. Then the observables can be set as
A=6a A =6a B=6b B =5b (A.59)
Considering maximally entangled Bell states
+ _
=) = \f (l01) £ [10)) A 60)
|2F) = 7 (100) +111))
yields straightforwardly
(02 @ Gz) gt = (0y ® Gy)y+ = £1 (6, ®6,)g+ =—1
(A.61)
(02 ® Gz)pt = —(0y ® Gy)pr = £1 (6, R 05)pr = +1
with all the cross-terms (6, ® &) where r # s vanishing for all Bell states. Therefore from
(0r ® Gs)g- = —0ps (A.62)
one obtains immediately
1213 Z aybs (G, ® Gs)y Z a;bs6,s = —a.b = —cos 6 (A.63)
In order to maximise the left-hand side |(#(“3%)}| of the inequality (A.57), one must extremize
(B)y- =—ab—ab—ab +a b =—(at+a)b—(a—a)b (A.64)

®This is not possible for non commuting quantum observables A and A’ (or B and B’) but the example helps
understanding the upper and lower bounds of classical observations.Let us remark here that the observations
by Alice and those by Bob do commute : hence, in the following, the tensor product structure of the observable
describing a "simultaneous" observation by Alice and Bob with one of their respective observables.
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One writes

kiay, =a+a  k.a =a-a (A.65)
which implies, for a.a’ = cos ¢,
K =dco? L k2 = dsin? L (A.66)
One is left with
(B)y- = —2cos ga_l’_.b — 2sin ga_.b' (A.67)

This last expression looks like f(¢) = x cos ¢ +ysin ¢ = pcos(¢p — ) for z = pcos p and y = psin . Then
one sees that f is maximum for fu.x = p and since p? = 22 + y? one can maximize (%) by obtaining for
the right hand side of (A.57)

2v/[ay . b]2 + [a_.b/]2 (A.68)

Then aligning b along a and b’ along a_7 one obtains the maximization
max |(#)]g- = 2V2 (A.69)

which violates inequality (A.57). One can see from this maximization that all the vectors lie in the same
plane. By going back to ( A.61) it can be seen that for any Bell state a plane can be found where (A.63)
holds, thus making it possible to maximize in a similar way the violation of Bell's inequality to 2v/2 with
all Bell states®.

The upper bound of the violation, also called Cirel'son bound [159], can intuitively be found by considering
that

()" < (B (A70)

With operators such as the Pauli matrices which verify

one obtains
#* =41 — [A, A')[B, B (A.72)

Recalling the algebra of the Pauli matrices, i.e.
[5’2',(3']'] = QiGij@'k {&i, (3']‘} = 2(5@']1 (A.73)
one obtains
(#%) <8 = (#B)<V8 (A.74)
A.4 . Analytic maximization of (2(l))

In this appendix we present the maximisation of the expectation value of the CHSH operator (4.210).
The well-known maximization procedure can also be found, for example, in Refs. [191, 192]. With r; s €

7This amounts for example, with a.a’ = 0, to take

1 1
ab=a'b=ab =cost = — a’b’:cosg—ﬂ:f—

4 /2 ' 4 V2
with all the vectors lying in the same plane.

8More precisely one must choose the zy plane for ¥, the zz plane for @, and the yz for ®_. For these three
states one would get (AB) = +cosf in (A.63).
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{z,y,z} and IT a pseudo-spin operator acting in the space of particle i or j, one has
(B0 = (af1® @ bID) + (2 AD @ bIID) + (a. 110 & b T10) — (& A @ b F10)
— Y le, 1Y @ b9 + (@11 @ b,119) + (0,11 @ BIT9) — (o) 110 @ B T10))]

s

= Sl X7 wb+%2ﬁ b+m2ﬁ b, rZﬁ”W

(A.75)
= 2o (Th), +a; (Th), + ar (TH), — a; (TD),]
= a.(Tb)+a'.(Tb)+a.(Tb')—a'.(Tb')
= (a+a’).(Th)+ (a—a’).(TV)
As previously in section (A.3), let us define
kia, =a+a’ k.a_ =a—a’ (A.76)

This implies a;.a_ = 0. Then, taking a1, a and a’ normalized to one and a.a’ = cos 6 with 6 € [0, 7] one

gets
0 .0
ki =2cos - k_ = 2sin — (A.77)
2 2
that is to say
A 0 0
(#9)) = a_ .(Tb)2cos 5 Ta- (TH')2s ing (A.78)
Again, this last expression looks like f(¢) = z cos ¢+ ysin ¢ = pcos( ) forxz = pcospandy = psin .
Then one sees that f is maximum for fu.. = p and since p> = 22 4 y? one can maximize (#(7*)) by

obtaining for the right hand side of (A.75)
2\/[a;.(Tb)]? + [a_.(TD)]2 (A.79)

Clearly, one can see that this expression is maximal for a;.7b = |la.|||[7b]/ cos ¢+ and for a_.Tb =
lla_|||| 7’| cos ¢ with ¢, and ¢_ equal to 0 or 7. But since the two scalar products and all the compo-
nents of the matrix and of the vectors are here real, taking the hermitian conjugate of the previous rela-
tions,onehasa;.7b =b.7 a; anda_.7Tb' = b’ a_. Thusonehasalsob.7Ta, = ||b||||7 Ta,| cos ¢,
and b’.TTa_ = ||b/||||T Ta_|| cos ¢_ which is of course still maximal for ¢, and ¢_ equal to 0 or 7. With
the vectors b and b’ normalized to unity, this implies that the previous expression for the r.h.s of (A.75)
is just

2\/\|TTa+\|2+|\’fTa_|\2 (A.80)

which has still to be maximized with the conditions a,.a_ = 0 and a,_ normalized. As shown in [192],
in the previous relation, one has the scalar product for example [a ], 7+ 7% [a4]s. The matrix 7T being
symmetric it can be diagonalized and has real eigenvalues. In order to maximize our relation one must
take in this scalar product a as being the eigenvector of the extremal (maximal or minimal) eigenvalue
A1 of the matrix 77 . Then, since a, and a_ are orthogonal one must take a_ as being the eigenvector
of the second extremal (maximal or minimal) eigenvalue )\, of the matrix 7°77. One is finally left with

maxa, o ||T ar|®+|[T a_||* = A} + A3 (A.81)

Let us remark that one could have also defined from (A.75) the a4 vectors not as given in (A.76) but as
kia, =b+b'and k_a_ = a — a’. In this case one would have ended up with a maximization of (A.75)
given by
maxa,a||Tap|? +[[Ta | = AT+ 3 (A.82)
which implies that 777 and 77T have same eigenvalues?®. Thus the CHSH parameter B(?)(w) defined
in (4.211) reads
BU2) = 2./X\; + \g, (A.83)

9The two matrices have different off-diagonal terms at non zero temperature for j = 2 but their eigenvalues given

in (A.88) are the same even if for 777 one has C = 7;(?)7' ) 4 7'(”)7'(”) which differs by a minus sign from the
C given in (A.87).
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where \; and )\, are the two largest eigenvalues of matrix 777 where 7 (w) is the 3 x 3 matrix with
entries
T = (M0 o 0f), (A84)

with (r,s) € {x,y,2}? (see Eq. (4.194)) and (ij) = (01), (02) or (12). The similar procedure for obtaining
the upper bound of expression (A.83), also known as the Cirel'son bound, has already been mentioned
at the end of Appendix A.3. Therefore the upper bound of B(i?) corresponds to the value 2v/2 given in
(A.74).

At zero temperature or at any finite temperature in a generic basis where the covariance matrix oe is
not necessarily in its standard form, the 3 x 3 hermitian matrix 777 given in (A.82) must be diagonalized
in order to obtain the two extremal eigenvalues needed to maximize (A.80) through (A.81) : then a, and
a_ will be the two eigenvectors of this matrix corresponding to the two extremal eigenvalues °. The
results presented in Appendix A.10.2 show that in all the cases we consider the matrix 7 (w) is block
diagonal™ :

Tow Toy 0
T=\Tpe Ty O |, (A.85)
0 0 7.
and thus
A C 0
T°"T=|C B 0|, (A.86)
0 0 T2
with
A=To+To B=To+Ta C=TuTuy+ TyThw (A.87)
one obtains the eigenvalues
Moo= T2
N = A+B+\/(f;—B)QJrzLC2 (A.88)
\ A+ B —+/(A— B)?+4C?
3 ey
2
defined in such a way that
A — 7;22' Ay — 7;290 A3 — T2 (A.89)
T=0 T=0 T=0 T=0 T=0 YYlT=0

with the largest eigenvalues of matrix 7" T for zero or finite temperature being always A; and A, as can
be seen from the final remarks in Appendix A.10.2. For the two-mode state i2 with ¢ = 0, 1 they can be
computed from Expressions (4.196), (4.198) and (A.87). The detailed computations for all the (ij) states
are given in Appendix A.10.2. With this in mind, Eq. (A.83) determines the value of the CHSH parameter
(4.211).

As a final remark we can recall here that instead of choosing to work in the basis of the c-modes,
one may perform a Local Linear Unitary BOgoliubov transformation (LLUBO) for attempting to simplify
the form of the covariance matrix. As already stated in Appendix 4.3.3, in the bipartite case, the 4 x 4
covariance matrix (4.175) associated with the reduced two-mode state (i|2) can be brought by an appro-
priately chosen LLUBO to a standard form where the matrix ¢;2 are diagonal [117]. Working in this basis
does not alter the entanglement properties of the system (they remain unaffected compared to that of
the c-modes), but makes the computations easier and may improve the signal of nonlocality. In this basis
the result (4.196) is not affected and at any (zero or finite) temperature expressions (4.198) modify to

2 2 |(ita)l
Tew = — arctan ——— = —A;5T .,
™ A 2wy (A.90)

7;3,/:72150:0’

“For j = 1 and therefore i = 0 the matrix 7 is hermitian and therefore the eigenvalues of 77T are just the
eigenvalues of 7 squared.
"For simplicity we write 7;(3”) simply as 7,.s since the i and j can easily be restored.
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where A;s is defined in Eq. (4.199). The matrix T is thus diagonal and A5 in expression (A.88) is equal to
T.2.. Equation (A.83) then reads

Bil2) — 7;290 T2 (A.91a)

=9 \/ arctan? 2“\/6%> ’) . (A.91b)

We note here that the difference between the result (A.83) evaluated in the c-mode basis and expression
(A.91b) is always small. The reason is that, in the c-mode basis, the off diagonal entries of the upper left
blocks of matrix (A.85) and (A.86) are always small compared to the diagonal ones, because at all tem-
perature |Im (¢;é2)| < |Re (¢;¢2)|. However, our numerical checks always demonstrate a small increase
of the Bell parameter (A.91b) compared to the one evaluated using (A.83) in the c-mode basis. We thus
present our numerical results in Figs. 4.2, 4.3, 4.3, 4.4, 4.7 and 4.7 using formula (A.91b).

To summarize, the result (A.91b) should be considered as an optimized value of the witness of non-
locality B(/I?), We note here that we do not have a general proof of the better efficiency of the method
which consists in using the basis in which the covariance matrix is in its standard form, but we believe
that a general mathematical result of this type would be quite useful.

A.5 . Tripartite Cirel'son bound and analytic maximization of (.12 (,, = 0))

In this section we first study the upper bound of the quantity S(°I'1)(.) defined in (4.216) and then
study the possibility of maximisation of the average <y(o|1\2)> of the operator (4.215) by an approprlate
choice of the measurement directions a, a’, b, ¥/, ¢ and ¢’. Denotingas A = a - IV, A’ = o’ - T1,
B =b-IIW, etc. makes it possible to write the square of the tripartite Svetlichny operator (4.215) as

1(SOND) =5+ {4, A} @ (B, B} @ {C,C}
—2[A, A [B,B|®1?)

o T (A.92)
—219 g (B, B2 [C,C
—2[4, 4. 21V g [C, ),
where [-,-] and {-, -} denote the commutator and the anticommutator, respectively. From the SU(2) al-
gebra of the pseudo-spins it is easily proven that
(A, A'] = 2i(a x a') - TIV, (A.93a)
{A, A =2(a a1, (A.93b)

with similar formulae for the quantities B, B’ and C, C’. Since the operators A4, B and C operate in
different Hilbert spaces, one can assume without loss of generality that all the vector products of type
(A.93a) appearing in (A.92) are colinear with e,. In this case all the unit vectors a, a’, b, b/, c and ¢ lie in
the xy plane. Denoting as 6, the angle between a’ and a, 6, the angle between b’ and b, and 6. the angle
between ¢’ and ¢ (all these angles being in [0, 7]), one gets

. 2

(Y(Omz)) =2+ 2cos b, cos by cos b,
+ 2sin 0, sin 6, 110 @ 1M © 1)
+ 2sin 6y sin 6, 10 @ I @ 11

+ 2sin6,sin 6, ﬂ(zo) & 1M & 11

z

(A.94)

It is a simple matter to check that when 6,, 6, and 6. run each through [0, 27| the eigenvalues of the
operator appearing in the right hand side of the above formula are all comprised in [0, 8]. The extremal
values o0 and 8 are reached for (6,60, 6.) = (0,0, 7) and (7/2,7/2,7/2), respectively. It then follows that
for any choice of the measurement directions a, a’, b, ', c and ¢’

(AN < ((FOMRY < g (A.95)
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and thus the tripartite entanglement parameter (4.216) verifies
SO () < 2v/2 (A.96)

This is the tripartite equivalent of Cirel'son bound.

In the remaining of this Appendix we consider a related but somehow different problem. In order to
violate as much as possible the Svetlichny inequality S°I'2) < 2 we aim at choosing measurement direc-
tions a, a’, b, b/, ¢ and ¢ which maximize the expectation value of (%112, This can be done numerically
as explained in Appendix A.6. We show here that this maximization can also be performed analytically
in a particular instance. As previously in section (A.3), let us define

kia, =a+a’ k,a =a-—a’ (A.97)

This implies a;.a_ = 0. Then, taking a, a and a’ normalized to one and a.a’ = cos § with 6 € [0, 7] one

obtains

0 0
k4 = 2cos 3 k_ = 2sin 3 (A.98)

which yields in (4.216)

(F012) +C%g@+ﬂ@®beﬁ®dﬂ@D+ﬁn%aJTm®bﬁﬂU®dﬂ@D

A.
+ cos g<a+.f[(0) @ b TIM @ ¢.TI?) — sin g<a_.f[(0) ® b.IIM ® c.I1?) o2
Defining

W = (a, 01V @ b.IIW @ ¢/ .II¥)

Z = (a, M1V @b 1Y @ cIIW) A100)
100

X = (a 010 @ b.I0 o o 110)

Y = (a0 @ b0 @ c.110)

the previous expression (A.99) giving the average of the three-mode operator (4.215) becomes, taking

0=9/2,
(FONRY — (W + Z)cosdp + (X — Y) sin ¢, (A.101)

One can then easily see that, exactly as previously in section (A.3), this last expression looks like f(¢) =
xcos¢ + ysing = pcos(¢p — ) for z = pcosp and y = psinp. Then one sees that f is maximum for
fmax = p With p? = 22 4 y2. Therefore it is convenient to introduce temporarily the notations

W+ 2 =pcosp, X—-Y =psing (A.102)
which make it possible to cast (A.101) under the simple form
(7O = peos(p — ) (A.103)

The maximum value of this expression is p, i.e.

maxg (.7 (O112)) = \/(W + 2P+ (X -Y)% (A104)

The next step of the maximization procedure is easily performed at zero temperature and zero energy
(w = 0). The reason is that, as illustrated in a typical case by (A.114), the explicit expressions of the W,
X, Y, Z coefficients in (A.100) and (A.104) involve combinations of terms of the type 7,5 (as defined in
Eg. (4.195)) that take on particularly simple values at T' = 0 and w = 0. Firstly, all the 7,5 with at least
one component along x vanish. Therefore, the contribution of the components along = of the different
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vectors involved in (A.100) cancels. It is thus enough to perform the maximization only considering vec-
torsay, b, b/, cand ¢ lying in the y, z plane. A second simplification stems from the fact that, in the y, 2
plane, all the 7,'s with an odd number of y cancel at 7= 0 and w = 0. In the waterfall and delta peak
configurations™ the only non-zero coefficients are (see the discussion in Appendix 4.3.1)

Tezz = Tyyz = Tyzy = =Ty = 1. (A.105)
In this case, the particular choice
ay=b=cd=e.,, a_=-b=-c=e, (A.106)
plugged in Egs. (A.100) leads to

W+Z:7;zz+7;yy:27

(A.107)
X =Y =Ty + Tyey = 2.

and expression (A.104) then shows that the upper bound (A.g6) is reached. It is therefore not possible
that another arrangement of vectors a, @/, b, b’, ¢ and ¢’ reaches a higher value and thus

SOR2) (= ) = 2v/2. (A.108)

The situation is completely different at finite temperature. In this case, as explained in Appendix 4.3.1 all
the averages of the type (4.195) cancel when w — 0. It then follows that the quantities (A.100) behave in

the same way and thus
O2)(, = — A
S (w=0) . 0. (A.109)

A final remark regarding the maximal value of S(/'12) () at zero temperature when computed in the
{f} basis. In this basis, at zero temperature, one has at all energies

Tost = (M @ T @ ) = () (1Y @ 1) (A.110)
with
@)y =1 <f'[g(1f0)> =0 (o)) =0 (A.111)

Then, one can take in (A.100) and (A.104) the vector ay = +e, and one is therefore left with

(fl) (fl) “(f2)>‘

max o(F PN (@) = ((bI @ AY) 4 b A @ 11

(A112)

Since in this basis <:ﬁp>§§’f2> = 1 at all energies and since the vector b, b/, ¢ and ¢’ are not constrained
with respect to each other one can take them all to be +e., thus obtaining

SsUolhlf2) () = 2 (A113)
T=0
Taking a— = +e, instead of a doesn't change the result of the maximization. Therefore, at any energy,
there is never violation of the Svetlichny inequality when the average (4.216) of the Svetlichny operator
is computed in the {f} basis since at zero temperature, in this basis, the system is in a genuine bipartite
(i.e. not tripartite) state (see section 4.6.5).

"The situation is slightly different in the case of a flat profile configuration, where 7,,. = —1and 7., = T.yy =
Tyzy = 1, with all other coefficients also vanishing. Once this modification is accounted for, the maximization
procedure yields the same final result.
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A.6 . Numerical maximization of (.7 (01112))

As explained in Sec. 4.6, the maximal value of the three-mode Bell operator (.(%I*12)} can be found
by optimizing the orientation of the unit vectors a, a’, b, b’, ¢ and ¢. However, solving this optimization
problem analytically proves challenging due to the need to maximize a function depending on 12 real
parameters. Indeed, the orientation of each of the six previous normalized vectors in the 3-dimensional
physical space corresponds to six times two degrees of freedom, leading in total to twelve parameters.

Consequently, we resort to a numerical method to evaluate the maximal violation of Bell inequali-
ties and determine the corresponding optimal orientations for the vectors a, a’, b, b/, ¢, and ¢. More
explicitly, we use a genetic algorithm which has proved very efficient for optimizing a function over
a large parameter space [193]. This algorithm is based on natural selection : the code starts with a
random set of solutions (in our case each of them consists of 12 parameters) which form all together
what we call a population. For each set of vectors (a,a’, b, b, ¢, ¢), the expectation value (.#©12)) js
then computed by means of the technique exposed in 4.3.1. For instance the contribution of the term
(a-TIO @b - TIM @ ¢-TI?) to (#1112)) can be evaluated from the knowledge of the terms 7, defined

in EQ. (4.195) :

(a- n9%gs.- 1M gec- ﬂ(2)> = Z arbsciTrst (A.114)

r,8,0

where the sum runs over the indices (r,s,t) € {z,y,2}3. At variance with the bipartite case, at finite
temperature it not not possible to find a Local Linear Unitary BOgoliubov transformation (LLUBO) en-
abling to cast the 6 x 6 covariance matrix (4.146) under a standard form where all the ¢;; matrices are
diagonal (see the discussion in 4.3.3). The expectation values are thus computed in the natural basis of
the c-modes where the values of the 7, coefficients are given by Egs. (4.202), (4.203), (4.204) and (4.205).

At each step of the algorithm the code computes the expectation value (.7 (1112)) for a set of vectors
(a,a’,b,b', e, ) and ranks the members of the population by computing a fitness scaling function, a kind
of selection rule : only the members of the population with the lowest fitness value will be retained -
they are called the parents - and used to generate new sets of solutions, called the children. Then, at
the next step, the selection rules are applied to the children, some of them become parents in turn and
engender a new generation. The algorithm stops when all children look like their parents, or, in other
words, when

[vep1 — | <0, (A.115)

where vy = (a,a’,b,b’, ¢, ) is the set of solutions at step ¢ of the algorithm, and ¢ is the chosen conver-
gence precision fixed before the beginning of the selection process.

In our case, the fitness scaling function is simply the opposite of the average (. (I112)) of the three-
mode Bell operator. Trying to obtain the lowest fitness score is thus equivalent to maximize the Bell
operator. For a given set of vectors v, at step ¢, the next generation is computed as follows : vy, =
vy + wy, where wy is a random weight which controls the mutations between the parents v, and the
children v, 1, and which tends to decrease when the code starts to converge. For a detailed presentation
of the algorithm we refer to Ref. [194]. Note finally that the procedure just presented is also used for
determining the optimized Mermin parameter (4.232).

A.7 . Basis dependent expressions of the covariance matrix of the system

A.7.1. Rotated covariance matrix of the three-mode state at any finite temperature

Recalling that (4.173) is given by

Ai 0 For  Gou Fo  —Gio
[ile = leo1]e = [€i2]e = (A.116)
0 A —Go1  Fou —Gip —Fp
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one has explicitly

Ap 0
0 Ag
[00]6 [601]6 [602]6
o= | ehle loule [ for oo
e — €o1le O1le €12le | —
[;1] [hle [o] cor fon
€o2le [€12le |02]e
Foo  —Go2
—Go2 —Fp2
The determinant of the matrix o, is
deto, = D?

with
D =

Then, setting

Fon
—Go
Ay
0
Fio
—Gi2

Go1
For

Ay
-G
—Fio

Aij = Aidj = (F+GY)
By = —AoFi2 + Fo1Foz2 + Go1Goz
By = —AiFy+ FoiFi2 — GoiGr2
By = —AyFy + FpoF12 + GoaGia
and
Co = —AoGia — FoeGor + Go2Fon
C1 = —A1Goe + F12Go1 + Gi2Fon
Co = —AsGor — Fp2Gi2 + GozFi2
the inverse of the matrix o, is
Aqs 0 By (s B —-C;
0 Ap -Cy By -C1 —-B
(o] ! 1| B —Cy Ap 0 By -Gy
"Dl B 0 A -G B
B, -Ci By —-Cy An 0
_Cy —By, —-Cy, —-By 0 Ay
One can also check 3 that
AnAge — (B3 +C3) = A¢D
AnAip — (B3 +C%) = AD
ApArs — (B2 +C2) = AyD
At T = 0 in a standard form basis one has also
BBy — A28y = Fi2D
BoBy — ApeB1 = Fo2D
BoBy — Ag1 B o Fo1D

BThese are useful relations for computing the Wigner function integrals.
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Foo
—Goz
Fig
—G12
Ao

—Goz
—Fo2
-G
—Fip

Az

ApA1 Ay — Ao(Ffy + Giy) — AL(F, + Gy) — As(F§ + G§y)
—2F50G01G12 + 2F12G01Go2 + 2F01Go2G12 + 2F01 Foa Fia

(A.117)

(A.118)

(A.119)

(A.120)

(A.121)

(A.122)

(A.123)

(A.124)



Relation (A.122) is a generic definition of the inverse covariance matrix of our system and it is valid for
any (zero or finite) temperature. The zero temperature inverse covariance matrix is obtained by taking
the values at T' = 0 of its components using the zero temperature expressions of (4.172). Furthermore,
at zero temperature, an appropriate rotation can always be found in order to obtain the standard form
of the inverse covariance matrix.

A.7.2 . Rotated covariance matrix of the 3-mode state at zero temperature
When, in the idealised case, the system is considered to be at zero temperature, the average (...) is
taken over the vacuum of the incoming modes and is given by (...), : in this section, in order to lighten
the notation, we will consider (...) to be {(...)o. One can then take o, = SRUCS%; of (4.157) with

Sr = diag{ R(po2), R(¥12), R(—p22)} (A.125)
that is to say
D0 = ©Yi2
72 (A.126)
Doy = —22

with the ¢;; given by (4.64). In the vacuum state, relations (4.59), (4.64) and (4.65) imply
<0001> |SOO|’510‘€Z(<P00 p10) 4 |501H511|€ (po1—w11) \5’02\|512|ei(“’02*5012) (A.127)
and therefore
[(Goe))| = S0l |Sha
Re(éoél) = [(cocl)| cos(pos — ¢12) (A128)
Im{éoél) = |(éoél)|sin(oz — 12)
Similarly one has

(¢ié2) ;2 |Si0||520‘ei(<ﬂio—<ﬁ20) + |Si1|1521\ei(‘f°i1_¢21) — |S¢2|1522|ei(‘*°i2_¢22) (A.129)

and therefore
|(5ié2>\ =, |52l S22]
Re(é;c2) 2o !<0z02>| cos(pi2 — p22) (A.130)
Im(é;és) 2 [(€i¢2)]| sin(pia — p22)
Furthermore, using (4.59) one gets

(eler) = 1Sl
(A.131)
(ehéa) = |So0[? + |So1[? = |Sa2|? — 1

where to obtain the last equality of the second line we have used (4.62). Then, looking at (A.128) and
(A.130), one can write from (A.131)

[(@0e])| = |So2l|S12| = 1/ (Ehéohy/ ¢ *

(A.132)
(eicall =, 1SialSeal = /(e /1 + (Ehca)
Finally, writing
a; =1+ 2(élé;) (A133)
one obtains, considering (4.165),
[oile = ai 12
leo1]e = Vap — Iy/ar — 11y = b1 1o (A.134)

[€i2]e ;2 va; —1y/as + 10, = bpo,
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with o, the Pauli matrix and

bo1 = Vao —1War =1 b o Vai —1Vaz +1 (A135)
In terms of the scattering matrix components one has therefore
ap =14+2|S02*> a1 =1+2[S12]*>  ag = —1 + 2|Sp|? (A136)
and
bor = 2|S02|[S12|  bo2 = 2|So2[[S22| b1z = 2[S12||Sa2| (A137)

A.7.3 . Covariance matrix in the {f} basis
At any zero or finite temperature, one obtains in the f basis, the general expressions

o= 1) (A138)

and
For  Go Foo  Goo Fio 0
o = = A.1
leo1] s (—Gm Fo1> [€02] 1 <G02 F02> le12]f <O —F12> (A139)

for the [o;]r and [¢;;] ; of the covariance matrix, with

_ it
Ao =1+ 2(fy fo) 2, =1
Ar=1+2ff) o @ =-1+2(Sn]
Ag = 1+2(A2Tf2> T—>O a2:—1+2!522\2
For =2Re{fofly — 0
o T=0 (A.140)
=27
Go1 m(fofi) o 0
Fio=2Re(fifs) =2fif2) = fr2=28nlV/[Sn —1
Foz =2Re(fof2) = 0
Goz =2Im(fof2) — 0

as can be seen from (4.180). At zero temperature then one can see that mode 0 decouples from the

two other modes and therefore

— o) (f1lf2)
[o]f =, 0 ®o (A.141)

Then,

a; 0 fiz 0O
o] ¢ = ' leo1] = [eo2] f = O2x2  [e12]f = (A142)
—\0 a - - 0 —fi2

or, explicitly,

ools leotls o 01 0 0 0 0
0o €01 €02
T ! d ! 0 O aq O f12 0
o leolly lo1ly  [en2]y =0 (A.143)
@l Wy ) |0t T
€ € 02
021f 121f f 00 fin 0 o 0
0 0 0 —f12 0 a9
The determinant of the matrix o is
det oy o [d]? (A144)



with
d=ajas — [f12)* = 1 (A.145)

Then, setting
a1 = ajag — [fro)> =d =1 ap2 = a2 ap1 = a1 bo = — f12 (A.146)

the inverse of the matrix o is

10 0 O 0 O

—
@)
o
@)
@)

(A147)

0
0
TZO 0
0
0

o o o o
o
=
o
no
o
|
S
[e)

0 —bo 0 apl

Let us remark here that the maximized violation of Bell's inequalities for the three-mode system at zero
temperature in the f basis has been computed in (A.113). Regarding the maximized violation for the
two-mode system one has at any temperature and after tracing out the f, mode:

A1 0 F12 0 ai 0 f12 0
0 A 0 -F 0 a 0 -
oy = 1 s 1 he (A148)
F12 0 A2 0 =0 f12 0 an 0
0 —Fgo O Ay 0 —fiz O as
The determinant of the 01(32) matrix is then
det[a;m)] bt [A1As — FJ? = [(1+ 27i01) (1 + 272)] =0t (A149)

The determinant of 05012)

inverse of 0;12) is

is therefore always one at all energies at all temperatures (zero or finite). The

AQ 0 —F12 0 an 0 _f12 0
1 0 A 0 F; 0 a 0
[0;12)]—1 - 2 2 _ 2 Sz (A.150)
12 | —Fis 0 Aq 0 =0 _f12 0 ai 0
0 Fi 0 Ay 0 fiz 0
with here, since here G123 = 0,
Ay = A1 Ay — F (A.151)

To obtain the maximization of the violation in the f after tracing out mode f, one must then simply
use the same 7,4 as for the Hawking-Partner pair, i.e. pair (1,2), but replacing the different terms by
the corresponding expression obtained in this section : especially one must take Gi12 = 0 and A3 =
A1Ay — F122 at all energies and all temperatures (zero or finite).

A.8 . Rotated covariance matrices of the two-mode states

The Hawking-Partner state and the Companion-Partner state

Tracing out of our system state either the Hawking (particle 0) or the Companion (particle 1), i.e. taking

£ o V2(Gi, by Go, 2) T (A152)
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one straightforwardly obtains from (4.146) the rotated two mode covariance matrix

Ai 0 Fl‘ —GZ‘Q a; 0 big 0
o i}em [€ine 0 A —Gp —Fp 0 a 0 —bp
Te = = = (A153)
72\ [ehle  loae Fp  —Gia Az 0 T=0 b 0 a O
-G —Fo 0 Ao 0 —bp 0 a»

where the last relation points out that it always possible to find a rotation that put the covariance matrix
in the standard form™. The determinant of the o, matrix is then

det[o(?)] o A2, 72 a2 (A.154)
and the inverse is
Ay 0 —Fa Gp a 0 —=bp O
oo 1 0 Ay Gp F 1 0 ax 0 bio
[0 = = = (A155)
#2 iz | —Fg Gip Ay 0 | T00%2 | by 0 a0
G F; 0 A; 0 bz 0 a

The Hawking-Companion state

Tracing out of our system state the Partner (particle 2), i.e. taking

£ ot V2(do, o, 41, p1)" (A.156)

one straightforwardly obtains from (4.146) the rotated two mode covariance matrix

A() 0 F01 G01 agp 0 b01 0
oole leotle 0 A -G F 0 a 0 b
aém) _ [oole  [€o1] _ 0 oo For | 0 01 (A157)
[EOTl]e [o2]e For —Go Ay 0 =0 bor 0 a1 O
Gor  For 0 Ay 0 bor 0 a
The determinant of the o, matrix is
det[o(OV] = A2, . ad, (A.158)
and the inverse is
Aq 0 —Fn —Go ay 0 —bp1 O
1 0 A G —F 1 0 a 0 —b
A | “Fy Gu A 0 T=0aor [ —py 0 ao 0
—Gor —Fp1 O Ao 0  —bp1 O ap

A.9 . Gaussian Wigner function

A.9.1. Gaussian Wigner function for the 3-mode state

"4Therefore the notation 7' = 0 implies the existence of such a rotation but doesn't mean that all the basis at zero
temperature lead to the standard form.
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For our 3-mode state, i.e. for ¢ = {qo, q1, 92} and p = {po, p1,p2}, i.e. for

5;2 V2(4o, o, G1, P15 G2, 2)" (A.160)
the Wigner function is given by
Wp(q,p) = N3 Wi (@)W-(p)W(q,p) (A161)
where
1
N D
B  Aagg + Av2gi + Aoigs +2Bagoqi + 2B19og2 + 2Boq1g2
Wi(g) = exp D
(A.162)
B A12po + Aoep? + Ao1p3 + 2Bapop1 — 2B1pop2 — 2Bopip2
W_(p) = exp 5
W(g.p) = exp { 2C2(qop1 — q1po) — 201(Q0p12)+ q2p0) — 2Co(q1p2 + q2p1) }
Then one can check > that (A.162) is normalized as
+o0
/ dqodpodqidprdgadpaWi(qo, po, q1,p1, g2, p2) = Tr{p} =1 (A163)

A.9.2 . Gaussian Wigner function for the 2-mode states

For our entangled two-mode state where N = 2 for the dimension of g with q = {qz, gj}andp =

7>
{pi,p;}. ie.

€9 = V2aipi ;)" (A.164)
the Wigner function is given by
Wi(q,p) = N W_(q)W(p)W*(q, p) (A165)
where
y 1
(45) - -
N j>t TI'QAij
W_(q) = €xp {— o ZJ S }
7> ij
(A.166)
Ajp} + AipF £ 2F;pip;
W+ (p) = expq-—
1> Aij
2Gij lajpi + qip;]
+ _ _2by 19y j
W=(q,p) 5 o { A

5Using the "completing the square" formula (with a real and positive)

+oo
/ dx e_‘“"2+bl‘+c _ ﬂ-eZi te
o \/ a
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with W, and W respectively being W, and W+ for j = 2 (i.e. i = 0,1) or W_ and W~ for j = 1 (i.e.
i = 0). This means that one has explicitly

and

NEW_(q)W(p)W*(q,p)

exp
22

{ Aigs + 142(1Z - 2Fz2QzQ2}
{ Aipi + A2p, + 2F2pip2 }

exp

z2

2 i2 %PQ + qapi] }
exp

NOYW_(q)W_(p)W~(q, p)
{ Aogt + A1g3 — 2Fn1qoq }
expq —
Aot

Aop? + A1pt — 2Fo1pop1
P Aot

{ 2Go1 [q1po — qop1] }
exp < —

Aot

Again one can check that (A.165) is normalized as

A.10 . Expectation values for continuous variables through the Wigner function

—00

—+oco
/ dqidp;dq;dp;Ws(qi, pis q5,p5) = Tr{p} =1

A.10.1. Wigner function of the GKMR pseudo-spins

Using the |g;) basis with i = {0, 1,2}, one obtains

Wi (ai.pi) = [23 dzi e (g — 52l g + 32)
bail | S daflaf) (~all] lai + $22)

= [TXdziePE [T dg) (g — Szildl) (—dllai + 3z)

= fj_oooo dZi eipizi <Q1 _

= 5(2qi)fj_;o dz; eiPizi

= 2m0(24¢;)5(p:)

= 76(¢i)d(p:)
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where a change of variable Z; = z;/2 has been performed before integration over Z in order to take into
account the scaling properties of the ¢ function. Similarly, one obtains

Wy, (@i,pi) = ST dzeimi (g — S| 1L |g; + 20)
= [T2dz e (g — Lz [2 o dgl ) (—di] — i fy 7 dal |~ a)) (d]| |ai + S2i)
— 200(2qi)e %P0 [ 70 dg) |e~2pidl - c2ina o

= i8(q) Jy dg; [e-2miei — vl |

= i4(q) [foJroo dg} sgn(g})e 2P + [ dg; Sgn(qg)e—%mq;}

= i8(qi) [13 daj sgn(gp)e >

The last line can also be written —§(g;)p.v.(1/p;) using lim,__,y+ f0+°° dgie*?Pi%ie==¢ to compute the inte-
grals of the third last line. Finally one gets also

Wi (gi,p) = [ dzi e (g — 32| Ty |gi + §24)
= f+°° dz; ePi%i (q; — fzzl { < dd) |4}y (qf) — [, da | —d}) (—q ’} lgi + %Zl>
= 2e2pigi [F°° 4y [emﬂ?é (2q; — 2q;) — e~ 2745 (2q; + 2<J§)]
= 2 [, dq[5(2q: — 24}) - 5(24; + 24])] (A172)
= )" dd} [6(qi — ) — 6(qi + q)]
= 0(q)—O(-q)
= sgn(g)

where we used the definition of the Heaviside function ©(z — a) = [*__dzd(z — a) to compute the
second last line after taking ¢; — —¢} whereas the sign function in the last line is defined as sgn(g;) = +1
for ¢; positive, sgn(q;) = —1 for ¢; negative and sgn(¢;) = 0.

A.10.2 . Expectation values of the GKMR pseudo-spins for the 2-mode states
From (4.194), (A.165) (A.170), (A.171) and (A.172) one has

@ i) = JO dai [ dpi [ day [ dp; Wil pis 435 p5) W (06 00)Wry_(45,p5)

[ dg; [T dp; [T da; [0 dp; Wilas, piy a5, pj) 26 (ai) 3(pi) 3(g;) 8(p;)
(A173)

1
j>t Aij

The previous result is obtained in the general case of a thermal distribution. Setting the occupation
numbers to zero one gets the result for the vacuum state. Summarizing one has

@ @Ay, = 1

> Ay (A174)
M) e ady, = -

7> Qg5



The computation for (1T ®T1$) is more involved : it requires (and so does (11} ®T1{)) some integration
steps by completing the square. One has

1t & 1Y) = [ dg; [0 dp; [T2°day [T dp; Wilais iy 45, p)) Wy (g, pi) Wy (g5, p5) A7)
175

= N [T dgidg;W_(q;,q;) sen(q:) sgn(a;) [72° dpidp; W (pi, p;)

Writing B;; = 1/A;5 and Cj; = 1/[A; A — Ff]] the integration over p gives by completing the square

+ + —B..[A:p2 D
J25 dpidp; W (pi, ;) = [ dp; e~ BislAspi+2G5a;p]
% f+00 dp; e Bii [Aip3£2(Gijqi+Fijpi)p;) (A.176)
= ﬂT%eG»?jBijCij[quiz‘i’AquQ‘*ZFij(Iin]
7> v
and therefore
Ny (o N+/Cir O A a2 A a0
<H§:Z) ®H§gj)> = ijf;f dq;dq; sgn(q:) sgn(qj)e Cus|Agai+ i) —2Fs0i0)]
71>
= NW\/ ij [ ; in e—CijA;4} fo+00 dqj6[—CiinqJ2-+QCijFijqwj}
1>

N fo dg; e*CijquiQ f0+00 de e[*CijAz‘qu-JrQCijFijqz'fIﬂ (A177)
Oodqi efcijquf fo dqje[*oiinq]2-+2CijFijQiqj]
—00
[0 dg e Coiat [0 dgy el=Cuial 20 Py
—0o0 — 0
Using the formula for a real
q 24 b2 Q X2 b2 ]. T
/ dx e 9% Fhrre — e4a+c/ dX e %" =e1atC A\ [erf(Q\/&) — erf(P\/&)] (A178)
p P

where erf(z) is the error function, with erf(+o0) = %1, erf(0) = 0 and erf(—x) = — erf(x), and where we
have performed the change of variable

X::E—i
2a

pop- b (A179)
2a
b

Q—q—%

one is left with only

. Nm/ +°° 2 b2 b
() o F10)y — TV i o CisAia? g lote apf (0
(T & 116 e [\[/ A% ¢ erf<2\/6>] (A.180)

with a = Cz]Az , b= 2Cij-FijQi andc =0, that is to say

+o0 1 /Cze i
— dg; e A% erf (M]) (A.181)
0

() & TIY)

\/Xi

Using the Taylor expansion of the error function ", the integral in the previous expression is, after the
change of variable Q; = (1/4;)q?, just

2n+1 [T
\/72 l( 2n—|— ) ( ZJ\/7J) /0 dQie~ 9 Q} (A.182)

( 1) 2n+1

fZ" Y nl(2n +1)

®j.e. erf(z) =
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Since the remaining integral is just the definition of the gamma function T'(n + 1) = O+°° dte tt" = n!

and that, for z € [—1, 1], one has
+oo (_l)nw2n+l

arctan(z) = — (A.183)
nZ:o (2n+1)

one is finally left with

M oY)y = N

T arctan (Fij \/CTJ) (A.184)

J>1 ij
that is to say, after restoring the initial variables,

S 2 Fyj
1Y @YY = = arctan J

jem \JAiAj — F

The previous result is obtained in the general case of a thermal distribution. Setting the occupation
numbers to zero one gets the result for the vacuum state. Summarizing one has

(A.185)

<f[,(;) ® ﬂgj)>th ~ 2 arctan LQ
J>r T AL
Aidi — Fj (A.186)
~ (i Ny 92 i
(ch) ® H;(L«])>0 = —arctan (bj )
>t T A /aij

Regarding (I} ® T1{’) one has

1Y) o 1)) = [ dg; [T dpi [T da; [T dp; Wilai, pis gy, pj) Wiy, (4, pi) Wy (45, p5)

(A.187)
— oo 5 13 1 / 1y [too —2ipiq, ,—2ip;q;
= =N [17 dgidg; sgn(q;) sgn(q;) - dpidpiW(pi,pj)e*Pidie™ 7%
The integration over p gives by completing the square
~+o00 —2ipiq. —2ipiq; +00 —B;i Aip2—2ip;q’
S22 dpidp; W (pi, pj)e #Pidie” =% = [ dps e PisAipi—2pig;
% f"‘oo dp; e—Biinpg—Q(iqgiBijFijpi>Pj (A.188)
— 0o
CZ
_ W\/Cije lj. [Aig/?+A;¢>T2Fi;4,q}]
J>i Bij
where we used at the very end 1 + Cy;F; = A;A;C;;. Thus one obtains
. . C~~ 1 C,
A o) = Ny [ e gy R o gy R Rt
j>i 0 J
C. C - C. .

0 - 5L Aig? — B Aj G 25 Fijqq)

— [Cdgie Pt 0+oo dgje Pt 7T BT
0 ;4 —%Aiq’? 0 Z qu2i2 Jquq’- (A189)

dg;e i I dq] Bij J

Cij 4 12 Cij 2
0 / _?Aiqi 0 I T By, A]q :l:2 1quq]
+ fioo dgie P fioo dgie "

which is analogous to (A.177). We can therefore apply once again (A.178) and obtain straightforwardly

~gs Ny N £/ C, +oo _Cij o422
<H§”®H§,”>j; T [ \/>/ dq. e By MO e erf (2\1)&)} (A.190)

with a = gl; Aj, b= iQ%j 3¢, and ¢ = 0, that is to say

.y . +oo C:
(4) Gy — 2 4 / dd' B A qz f % ! A
(I @ 115 >j>iqt Nn Bud; ), qie Bttt er By A, PJ q (A.197)




Using the Taylor expansion of the error function once again, the integral of the previous expression is,

after the change of variable Q; = B;Aj [¢/]%, just

/BZA 2n+1 [0 O
J Z ’I’L' 2n+ (\/CijFij> /0 dQle QZQZ» (A192)

where once again we recognize in the integral over @, the gamma function I'(n 4+ 1) = n!. Considering
again the Taylor expansion of the arctan function one is left with

(ﬂ(') (J)> = 727N arctan (me/ ZJ> (A.193)

7>

that is to say, after restoring the initial variables,

o 2 F
(H?(j) ® V) = ¥—— arctan 2

LA 7TAZ'j /AiAj _ Fz%

with the upper sign (here "—") for j = 2 and the lower sign (here "+") for j = 1. The previous result is
obtained in the general case of a thermal distribution. Setting the occupation numbers to zero one gets
the result for the vacuum state. Summarizing one has

(A194)

(i Ny 9 F.
<H7(f) ® H§])>th = F—— arctan | ——2
7> ﬂ‘Aij A A — F2

T (A.195)

. . 2 b
<H§Z) ® HZ(,J))O = ¥F arctan (W)
7> T Qg Qi
We are left with the cross-terms. One has

MY 0y = [Tdg [ dp; [T dgy [T dp; Wlar, pi, g, py) Wiy (4,00 Wy (45, 5)

]>z x

= Nr[T2dg [T dp; [T dgy [T dp; W_(q) W (p) W (g, p) s8N (q:)6(q5)5(p;)
= N [ dgssgn(ai)e P [ (13 dpre Bk

= 0
' ' (A.196)
and a similar computation leads to same results for <H§’) ® n§g>>. Furthermore one has

WP @Yy = [T dg, [ dp; [ dg; [T dp Wi(4i, pis 43> p5) Wy, (¢, 2i) Wiy (45, p5)

71>t

= QiNT [dg [T dp [T dg; [T dpy W (@)W (p)We(q, p)

x 8(g:)8(q;)d(p;) [72° dglsgn(q})e i

—iNT [ dglsgn(al) [ dpie B2

B
. ™ 400 ;4 N~ Ady
= iNm dqisgn(ge 4
j>i BijA; f_oo 4; 5gn(4;)

(A197)
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and a similar computation leads to the same results for for <ﬂ§“ ® ﬁéj)>. Finally one has

(11 o 1)) = [T dg; [T dpi [T dg; [T dp; W(ai, pis 45, p5) Wy, (¢ i)W (45, 15)
= NI da [T dps [T 3 day [T dp W (@)W ()W, p)
x sgn(ai)d(q) 725 dajsgn(a))e "%
- (A.198)
jii ZN?” /Cij fj—;o dg; Sgn(Qi)e_C”qu?
C’L /!
x [1% dq}sgn(qé-) B 440Gy aid;
CiiA:g2 [+oo _CijAj q,'2 .
jii :F4N w/ zg dqi e Vi fO dq;-e Bij 7 sin (QAjCijGijqi(é)
and a similar computation leads to
MOPRENE Cijdig? [+ Sy
1L’ ® 1I77) = —4N \/T] “Catidy [T dgle Pu T osin (24,C3;Giyqq])  (A199)
Performing a change of variables in the two previous expressions, one is left with
(P o0y — ®4Qq i dQ e %% sin ( 2- .0
i 7rA CUAU VA T
(A.200)
daY ey = — *dQ; [T dQLe” %Y sin ( 2 Gij Q;Q!
> wAL/CiAy Cz]AU 0 VAG T
Both expressions are proportional to an expression of the form
+oo +o00 5 9
/ dm/ dye " 7Y sin (axy) (A.201)
0 0
which contains terms like
+0o0 2 ; a2 2 +o0 2
/ dye ¥V Tary — o= 1@ / dye (A.202)
0 77#§
with v = £1 and where in the second step we have performed the change of variable Y = y — vi%f. An
evaluation of such a term using (A.178) yields, after simplification and using erf(z*) = —erf(z), to
luation of such ing (A.178) yields, after simplificati d usi f(z* f
+00 a2
5[t e(5)
0

Then one performs the change of variable X = (1 + %) z?and dX = 2 (1 + Cﬁ%) Xdz and then the

Taylor expansion of the error function which allows to introduce in the expression the gamma function
) 0dX eX X" =T (n+ 1) = nl. One is finally left with

2n+1

1 1 1
a4 arctanh ¢ (A.204)

2\ /1+ 2 1502 T\ gy /14 2 2,/1+ < 2,/1+ <

arsinh(u) = In (u +V1+ u2>

[e.e]

Then using

(A.205)
rctanh(u) = In utl
& u—1
it can easily be shown that
u
arsinh(u) = arctanh (| ———— (A.206)
(u) (v 1+ u2>
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hence the final relation

/+oo ; /+oo p oy ( ) 1 arsinh (a) (A207)
X € sin (ax = ————arsin - .
0 0 Y Y Vi + a? 2
Therefore, after restoring the initial values, one ends up with
~ (i . 9 Gy
<Hg) ® Hg,”) = F——arsinh < J >
i>i  mA; A
’ ) / - J (A.208)
@) o 170) : ij
II I = - h
(1Ly" @ ) A arsin e
where the upper line in  is for j = 2 and the lower line for j = 1 and i = 0.
One can see that at zero temperature, since then the Gj; vanish, one has
Y o) = JIPe0¥) = o (A.209)

T=0 T=0

Therefore at zero temperature, when a standard form basis is considered, the 3 x 3 matrix 7;(3”) given
in (4.194) is already diagonal (and so is consequently the matrix 77T given in (A.82)) since in this case
all the G;; vanish. From the previous results, since at zero temperature and at any finite temperature
deto. > 1 and |arctan(z)| < %, one can also see that

. Ny 1
(P el = ———<1
7>t vdetoe (A.210)
Y o) < 1
j>i
Furthermore one can easily see that
(1) @ IIP)| = [{I1Y @ 09|11 © 1Y) (A21)

J>i

Because of the two previous relations (A.210) and (A.211) one has therefore

= (A212)
() e < o 1)

All the previous relations are true at zero temperature and at any finite temperature.

A.10.3 . Expectation values of the GKMR pseudo-spins for three-mode state
Following the same line of reasoning as in (A.10.2) one obtains, after some algebra, the expectation
values of the GKMR pseudo-spins for three-mode systems 7, as defined in (4.195). For three z one has

1 1

= _— = — A-
T2 D 120 4 (A.213)

For two z and one x, because of the delta functions in (A.170), one has W(q, p) = 1 and for the integral
over ¢; one is left only with

+00 CAjk
/ dg; sgn(g;)e” D % (A.214)

—0o0
which is zero. Hence at any temperature
Ezz = 7;;:Ez = 7,-zzx =0 (A215)

Similarly for two z and one y, one has W, (q) = 1 and W(q,p) = 1, and after integration over the
remaining momentum ¢; one is left with

400 —_D g2
/ dg;sgn(q;)e i+ (A.216)

—00
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Hence at any temperature
7;;2,2 = Eyz = 7;zy =0 (A.217)

For two = and one z one obtains :

Tezz = —i arctan Bo 5
m Ao VAo Aoz — By (A.218)

_ 2 ctan (Dorboz — aobi
T=0 Tag Vapd

Torw = —i arctan 5 5
A VA Ay — B? (A.219)

_ 2 ctan ((Porbi2 — arbo
T=0 Tay vaid

7;a:z = —i arctan BQ 5
A2 V- Aoz — By (A.220)

_ 2 ctan ((Do2biz — azbor
T=0 mag Vaad

For two y and one z one gets :

2 B
7;yy = +7 arctan O 2
D VAo1 A2 — B (A.221)

_ _ 2 ctan ([ Dorboz — aobi
T=0 wd Vvaogd

2 B,
Tyzy =  +—= arctan >
D VAo1A2 — B] (A.222)

_ 2 ctan [ Porbiz —aibo:
T=0 wd vaid

2 B
Tyyr = ——— arctan 2 5
D VAo2A12 — Bj (A223)

bo2b12 — a2bo1
T=0

vV agd

For terms with one z, one y and one z, because of the definition (A.170) of the Wigner function of I, one
retrieve expressions similar to the ones already computed in the 2-mode case. More specifically, one
obtains (using (A.123)) after integration over the momentum space p

i
[ A Asy — J2

where one has taken Wéj), Wék) and Wg) with Aj; being Aji for & > j or Ay; for j > k (and similarly

for A;j), Ej, = +C;j for j # 2 arzd k # 1, Eyy = —Cq and finally J; = B; for j # 2 and J, = —B». At zero

2
= — t
+7Td arc an<

400 Ak —A-qf—DQ2—2iEv Qras
/ dasdQisgn(ap)sgn(Qy)e o7 PAEO)
—o0o
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temperature Ej, = 0 and therefore both the integral vanish. Just by writing explicitly the sign functions
and by a change of variables the previous expression can be rewritten as

AjeAij — J?
FAjk A]D

+oo
/ dgidQ; e %~ sin (agiQy) (A.225)

with a = 2E;,/\/A;D. Then applying (A.207) one obtains straightforwardly

(A.226)

N——

2 arsinh Ej
— arsin
7TAjk \/AjD

Therefore one ends up with

Toyz = —Wju arsinh ( A2D> =0 (A.227)
Tyez = +7n42102 arsinh ( ii D) = 0 (A.228)
Tyex = +7T/2101 arsinh ( ii D) =y 0 (A.229)
Tezy = +7r,42112 arsinh ( ii D) = 0 (A.230)
Taoy = +7T,¢2102 arsinh ( ig D) = ° (A231)
Toys = +7T/2101 arsinh ( \/igiD) =y 0 (A.232)

In the case of 7y, considered at any temperature, because of the three §(¢;) in Wéi), one has W, (q) =
Y

1 and W(q,p) = 1. After integration over the momentum space p, one finds an expression that is
proportional to

400
/ dQodQ1dQ2 sgn(Qo) sgn(Q1) sgn(Q1)e U +EAIHCQ+DQA+EQuQ2 Q102 (A.233)

—00

with A, B, C, D, E, F all real coefficients and with the @; corresponding to the ¢; of (A.171). This expres-
sion is proven straightforwardly to be zero without evaluating the integrals. In the case of 7,.,, even if
W (q) and W(q, p) are no longer equal to one, after integration over the momentum space p, one finds
an expression analogous to (A.233) with with the @Q; corresponding to the g; of (A.172). Then T, is also
zero at any temperature. For any permutation in the = and y for expressions such as 7yz, or Ty, after
integration over the momentum space p, one finds, in addition to square terms such as ¢? or q§-2, terms
such as g;q; and g;g; for expressions with two y or ¢;q; and ¢;q; for expressions with two z in the re-
maining exponential (to be evaluated respectively over dg;dq;dg, or dg;dqjdgy. with i # j # k). Again the
expression are analogous to (A.233) but with coefficients D, E and F being complex when associated to
products such as qiq; and real for any product such as ¢;q; or ngg- : there are therefore straightforwardly
proven to be zero. All together one has at any tempertature :

Teze = 7;:acy = 7;:yx = ’E/xx = Eym = Eajy = Eyy = Eyy =0 (A.234)

The previous results show that the only non vanishing coefficients are those which have a correspondent
expression in the 2-mode mean value of 7, i.e. once one of the modes is traced out (which is equivalent
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to have in the 3-mode expression at least an index being z since Wrgf) x 8(q;)0(p;) basically "traces out"
the mode 7).

7One can retrieve the two-mode expressions from the three mode ones just by applying the following informal
procedure. Take a three mode with at least one z, then if z in position i :

1

AiAj — Aj

—A;Fy. — —Fp, with h and k different from s
Appwith h and & different from ¢

SRS
L1444
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B - BACK-REACTION IN AN ANALOG BLACK HOLE

B.1. Back-reaction equations from 2nd order expansion of the field operator in the
Gross-Pitaevskii equation

The back reaction equations are obtained by averaging equations (5.19) and (5.20) over the system
state, as this is done in (5.28). For (5.22) and (5.23) holding at zeroth order, the second order quantum
fluctuations terms appearing in (5.19) and (5.20) to be considered are respectively :

8pg, 60 6p2
—7L {6/)0,(590} + LGP\F(SGO +1 ( 2;1)3 - 2gpo) 990, 260] + (L( ) — 4g,00> i 292 (B.1)
Po

2P0 ! 2v/Po
. R By X
N (LSP - (V.vo)) 602 + — = <L§°) + (v.vo)) 52
b {60, 500} &2
) 70 ) 19P0, 9% 1
[5/)07 500] ( apt 29 ) 2\/%

By the same reasoning, substltutlng p(x,t) = po(x,t) + ppr(x,t) and p(x,t) — Op(x,t) + Opr(x,t)
in the zeroth order quantum fluctuations terms of (5.19) and (5.20), with (5.22) and (5.23) still holding,
one should be left with terms linear in ppr and g since these are already second order terms. Using
expansion (5.27) for (5.18) it follows that

. —h2
—2Lapyp = —2/po V. /JonB;R +mvo.vBr + gpBR + hoiBR (B.3)
4mpg Po
L hip= L @upr+ Fpsrve + povir) (B.4)
= = BR BRVO O0VBR .
\/ﬁ t 20 t

The right-hand-side terms of relations (B.3) and (B.4) will appear in our back-reaction equations added
to the average over the system state of the terms respectively in (B.1) and (B.2). In order to write these
equations in a more efficient form we systematicaly apply the same procedure. Recalling the definition
of Lgp and L, given in (5.18), and noticing that, for any two operators A and B, one has

i©) O g Al o2y o iy (o
PAB = (LGpA)B — Ag—(V*B) = —(VA).(VB) (B.5)
4B = AEOB) + (LY A)B - (V.vo)AB (B.6)

one can apply zeroth order equations (5.22) and (5.23), by setting A to either V/Po Or po, or first order
relations (5.24) and (5.25) with A and B being either dp, or d6y. This is already what we have done with
the zeroth order equations to obtain relations (B.3) and (B.4). Therefore let us now consider the terms
in (B.1) and (B.2) to obtain more efficient formulations *. Let us start with the terms of (B.1). Introducing
as A a V/Po in relation (B.5) and applying this relation, i.e. systematically simplifying the expression with
(5.22), one obtains with little algebra :

2
L0 Jposhe = —2./p0 ( <p0V500>>
a0 [660,000] n? [0, 360) [0y, 660]
i (ch 29/?0) N 2y/po 4mp0V poVi?po + g9p0 %0 (B.7)

2

. 8p h? §p2 8p2
(i8] 2= g (3

O

'One can notice that in relation (B.5), without reversing the order of A and B, the operator L( p can also be applied
to Binstead of A : in this case V2 should be applied to 4, the last term of the right-hand- S|de remaining the same.
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Finally noticing that the first term in (B.1) is just

—27.[/ {5,00, 590} = —2\/7 < (875 + (V Vo) + vp. V){(Spo, 590}) (B.8)
\F
all the terms for the first back reaction equation have now been rewritten. Regarding the terms for the
second back reaction equation in (B.2) the computations to obtain more efficient expressions are a bit
more involved. First of all, since for index x being t or x, one has 8,002 = {,,60y, 6y}, the same being
true for 05y, one obtains:

hyo (L = (V.vo)) 03 = /a0 { (L7 = (V.vo) ) 0o, 600 }

1. .
= 2{L}3 o 590}—gfpo{5po,6eo}
(B.9)

*g\%{f?ﬁo,ééo}

where to go from the first to the second line the first order equation (5.24) has been applied and to go
from the second to the third line we have set 6po/\/po = /podpo/po and then again set Ato VPo in
relation (B.5) to simplify the expression by applying the zeroth order equation (5.22). Furthermore one
obtains

h /-0 . S,
WE (Lg ) 4+ (V.Vo)) S = 3/2 {hL( )6/)0,5;)0}
0
1 (20 A
- oL {ithhan)
N T S
= {v 590,5p0} ol {V590,5p0}

where in the first line we have used §p5 = {dpy, Py} /2 whereas to go from the first to the second line the
first order equation (5.25) has been applied and to go from the second to the third line we have again set
Ato V/Po inrelation (B.5) to simplify the expression by applying the zeroth order equation (5.22). Similarly
one has

. §py, 00 — K2 §py, 00 h2 §py, 00
(L(G()])g+29po) {009,000} _ \Fvg{ Po, 060} P*Vpg V{ Po> 000}
2\/po 2m 2p0 2m+/po 2p0

+9+/Po{dpo, 560}

—1*\/P0 <200 < n? s T250
= Am {v E’MO}_ am ﬁpo{épmv 660} (B.1)
ﬁz(Vpo) - h? -
+ 0pg, Vobo} — Viépg, Voo
I (VPO)

500
“amye {V ,600} + g+/po{6po, 000}
where to obtain the right-hand-side of the first line we have set {d/,, 690}/\/?0 = /po{dpo. 60y} /po and
againset A to V/Po inrelation (B.5) to simplify the expression by applying the zeroth order equation (5.22).
Then, going from the obtained expression to the last expression requires only little algebra. Adding all
the terms of the previous expressions (B.9), (B.10) and (B.11), leaves only

K2 . K2 . B A .
—————{8py, V%600 — Vépg, Vb = ——— <v 8pg, V0 ) (B.12)
2m\/pT){ Po 0} 2m\/p>0{ Po 0} \/pT) om { Po 0}
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We are now left with a last term in (B.2). Just by applying (B.6), one sees that :

b co)ss sa 1 TOFIY ~ 1 7(0) 57 s
L - i L ~ R(V.
tig =L 570, 000] = ig—— <[h 550, 860] + [65, LL 660 — K(V vo)[apo,(sao,D
1 —2./poh? N h? H
. ( VIO 72 55560, 660) + [5ﬁ0,v25”0]) (B.13)
2v/po 2m 4m./po VPO
_—

where from the first to the second line we have applied the first order equations (5.24) and (5.25) knowing
that 65, and 66, commute respectively with themselves, whereas from the second to the third line we
have also applied relation (5.11) that states that 6 5, and 66, commute respectively with their own spatial
derivatives.

We are now ready to summarize our computations in our back-reaction equations. Indeed, on the one
hand, taking the average of equation (5.19) over the system state, that is to say applying the first line
of (5.28), remembering that all the first order quantum fluctuations terms vanish, and resuming all the
remaining terms of (B.1) as we have written them in relations (B.3), (B.7) and (B.8), one finally obtains,
after dividing by —2,/po, the first back-reaction equation :

h .
ho0pr + mvy.vpr + ﬁ(at + (V.vo) + vo.V)Re(6py060)
0

pr | (0p5) 6(0) > h? < <pBR < (0p%) 52, 6(0) > ) >
+ + - - V (poV [ F2E - + (60p) — = =0
gpo( Po 203 2po 4dmpo Po Po 4p3 (980) 2po

(B.14)

where we have written ({6,,000}) = 2Re(dp,0600) and ([6p,,00]) = (i6(0)) = i6(0). Dividing this
equation by m, one can introduce the coefficients c(t,x)&(¢,x) = h/m and c2(t,x) = g(t,x)po(t,x)/m
with ¢ the velocity of sound in the fluid and £ the healing length.

On the other hand, taking the average of equation (5.20) over the system state, that is to say applying
the second line of (5.28), remembering that all the first order quantum fluctuations terms vanish, and
resuming all the remaining terms of (B.2) as we have written them in relations (B.4) and (B.12), one finally
obtains, after dividing by —%/,/po, the second back-reaction equation :

h . ~
oppr+V <pBRv0 + povBR + mRe<5p0V590>) =0 (B.15)

where we have written ({65,, Vd0o}) = 2Re(5p,Vd0,).

B.2. Source terms in the 1-D Back-Reaction equations

Let us now consider a stationary one-dimensional transonic flow. In relation (5.6) we defined the
operator W (¢, x) in the density-phase representation. Expanding at first order, for a one-dimensional
configuration, this definition yields

W(t,z) ~ polz) + pola) (55222;’;) + 066, (t, x)) (B.16)
where 4
wo(x) = et fo(2) po(z) (B.17)

is defined for po(x) and 6y(x) being stationary solutions of the zeroth order equations (5.22) and (5.23)
whereas §p,(t, x) 00y(t,x) are solutions of the first order equations (5.24) and (5.25) parametrized by
po(z) and Oy (z). Comparing the expansion (B.16) to the Bogoliubov approximation

U(t,z) = ¢(z) +0V(t, o) (B.18)
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where (U(t,z)) = ¢(x) and (6U(t, x)) = 0 with §¥(¢, z) a first order quantum fluctuation. When (¢, z)
is taken up to first order, ¢(x) is just the zeroth order term ¢o(x). Then, comparing the expansion (B.16)
to the Bogoliubov approximation (B.18) at first order yields immediately

3po(t, ) = o(x)6 W (t, 2) + ()00 (t, z)

| (B.19)
_t
2po()

which also shows that 65, and 60, are hermitian operators. Taking the definition of ¢y (z) from relation
(4) in reference [38] one has :

300(t, ) = (goo(x)é\iﬁ(t, ) — @i (x)00(t, x))

©0(Xa) = /ae! ™ X po (X,) (B.20)

where we have defined = = X &, with &, the healing length and m,, the Mach number for & meaning u
(upstream) or d (downstream). With this definition one sees that

po(Xa) = “PO(Xa)F = na’¢a(XO<)‘2 (B.21)

From relation (45) still in reference [38] one has

5 (t, X o) = eimeXe / j;i > [E (X w)e b (w) + 0 (Xa,w)e™ ] ()]
0 T Lelv,p1 (B.22)

Q

: d : :

demae [T O [apn(Xasw)e by () + Ty Xas)e bpa (w)]
0 V2r

Applying these definitions at equal time, we want to compute the source terms in the back-reaction

equations (5.29) and (5.30) with the state of the system being the vacuum of quasi-particles. Let us start

with the term

(605) 52, 0(0)
+(60y) — —— (B.23)
n (5.29). To this end, for L being U, D1 or D2 one defines
tr(Xa,w) = aL(Xa’W)CZ)Z(Xa)
(B.24)

@L(Xaaw) = EL(XOHW)QZ)Q(XQ)

Then, dropping for convenience the w and X, dependence of @7, and 9, and the X, dependence of ¢,,
one can write

5/)0_\/%/00 i Z [UL+UL Tty (w) + [iE7, + 57 )] (w )}

Le [U,D1] (B.25)

+ M/() E [’L~LD2 + ﬁDQ]e_iwthbQ (w) + [’EL*DQ + ’DEQ]eMbDQ(w)}

and
56y =

Z [’UL —arle 7"“tbL(ou) + [a7, — 172]6“%2@)]
Le[U D1]

/°° dw
2\/7Ta\¢a|
(B.26)

02 — pa)e by () + [y — Thale™ bpa(w)]

+ ! / [U
2 /naldal? Jo vor P

With these definitions in mind, recalling that one has always (b (w)by(w')) and (br,(w)br (') equal to
zero and, when averaging on the vacuum state, (b (w)brs (') = 0 and (b (w ) (W) =0r,10(w —w'),
one obtains

R * dw - - Qdw -
<5P(2)> = na/o P Z ‘UL‘FUL’Q—F?%{/O %‘UDQ‘FUDQP (B.27)

Le[U,D1]
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~2 dw 5 - 1 dw .
((590> 4na‘¢a| / ’ Uy, — ’UL‘2 + /0 ‘UDQ UD2’2 (B.28)

4
Le UD1] Ana |l
dw 5 ) ik -
(6p0000) = 2|¢ 2l6al? / 21 > lacf +2ifm(agor) —[o)]
Le[U,D1] (B.29)
1 dw ~ 2
+ W/o 2 [|UD2‘ +2ZIm(uD2'UD2) |uD2\ ]
] dw - ) ko~ -
(6006py) = 2|¢ STENE / o Z [|UL|2 + 2iIm(uyor) — \uLm
@ Le[u,D1] (B.30)

1 dw -
+ 2‘¢’2/ 2 [|UD2‘ —I—2z[m(uD2vD2) |UD2‘2]
o 0

One can see that all these quadratic terms are time independent. It is also straightforward to obtain

' d; ' d
(o000 = s [ 52 S [l — k) + o5 /0 o o~ lpal?] @230

Th 12 2
9l o 6l

Then, adding these last relations together and recalling that —8(0) = ([0, 860]) one finally ends up with

(6p3) 2 6(0) 1  duw . 1 dw
+ (00y) — = / - [UL|" + / — |apa/?® (B.32)
4P% 2po naldal® Jo 27 Le[ZU,:Dl] nalpal? Jo
In the same way one obtains in (5.29) the terms
i) * dw :’; — % dw Z = %
Re(0pg08,) = / — Z Im <¢uLvL> —I—/ —Im <¢UD2UD2> (B.33)
0o 27 Le[U,D1] Pa o 27 Pa

and

A2 * dw
(o7 _50) __ 1 /0 ;LW S (/oL + Re(ar})]

4
200 20 Mol Le[U,D1]

1 dw
— R
+nar¢a\4/o ar (702l Re(inetio)]

Now let us compute also the terms with the derivatives. From (B.33) one has immediately

o dw S dw *
Ox,, Re(0pydbo) :/ Z Ox, Im (b—uLvL +/ —dx, Im %o —Upalpy (B.35)
0 2 Le[U,D1] (2504 0 2m (ba

(B.34)

Furthermore one has

o iy i [ i+ i), (- O
(6P09x,000) 9 /0 27 Z [(UL L)0x. <¢Z ¢a>}
Le[UD1] (B.36)

. [¢) _ _
i dw |, _, - Up2  UD2
G ]

d ~ % ~ % v u
(Ox.dboi) = [~ 57 |+ apow, (5 - 5]
Le[U,D1] @ «
(B.37)

. Q % 3%
L R PP Upy _ Vb2
+ 2/0 5 [(UDQ + Up2)0x, ( = bo
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Hence
dw ur UL
Relppod o) =5 [ 50 3 am |G+ aow, (5 - 55 )|
Le[U,D1]
1 (9 dw o Uy Uy
+2/0 o5 Im |:(UD2+UD2)6XQ<¢Q %ﬂ

From the last term (B.41) one can also easily deduce that

Re(8py0%,000) = 2/0 c;w Z Im [(uL+UL)aXa (ZZ - :;i)]

Le[U,D1]

dw N N v u*
by (o oo, (%2 - 22

Re((0x.,590)5%0) = /0 TS [[axawz ) (ZL . ;)]

Le[U,D1]
1 [ dw L Uhy Wy
#3J) eim [oon s (2 - 522

Re((0x.670)0x..500) 2/ ;l“ S m [[axa(azwi)]axa <“L_’UL)]

0 Q0 Le[U,D1] ¢a ¢2¢

1 Q d ~ ~ —% —%
+ 2/0 %Im [[Bxa(um +’UD2)] Ox,, <1:;12 — I;’E;)]

(B.38)

(B.39)

(B.41)

The first and second derivatives of (B.32) that appear in the first back reaction equation (??) are straight-
forward from (B.32). Still in the first back reaction equation the term (B.35) can alternatively be computed

from
dx,, Re(3py000) = Re((9x.,0p,)000) + Re(dpdx,,000)

Finally the term of the second back reaction equation (5.30)
dx. Re(8pydx,000) = Re((dx,0py)0x.000) + Re(8pyd%. 66)

is straightforward from the previous terms.

Rewriting the depletion term

The depletion term can be rewritten as

0, (52, _ 90 _1 [<5ﬁ%> SO [ty - 29

405 2p0 208 20 4P
with 5()
o 0 1 * dw
O00) ~ Gy it fy 3 2 nF = Rt
4p0 2na’¢a| 0 21 Le[U,D1]

1 dw
" 2nal¢al4/0 o [[pa]* = Re(iipaiipy)]

Then one can check numerically that

20 0(0)] 1 * dw o, |2 1 o
Or [“00)‘4%] ‘2na5a/o 2 [aXa¢a|2‘8Xa|¢arzRe<¢a“L”L)]

Le[U,D1]

1 ? duw |@p2|* 1 o
g e P O i)

is zero.

(B.42)

(B.43)

(B.44)

(B.45)

(B.46)



Source terms for a homogeneous 1D flow

For a homogeneous flow one has |¢,|? = 1 and the vectors to be used are the ones defined in relations
(27-31) of reference [38]. One has

1, . Ca e Qi
— by) = Lo . Ldey —2_ sen(E
€u <(Sp03Xc«(S 0> 471_53 Zleuordl,dmn/out fo de |Vg(Ql)| Sgn( l)
1 o
= e > lcuordl a2 injout fcéoo dQi Qrsgn(EiVy(Qr))

(B.47)

where we used for the first line ¢; l;ﬂ oo and eqo = , and for the second line V,(Q;)dQ; = code, and

defined @Q; — c. One obtains for Q, = ¢,
E—1

1, " 1 [t
£ 700, 50) = 17 / Q4. (B.48)
This term therefore diverges but itis z-independent. The source term proportional to the Go = g2(0)?—p3
is given in relation (183) of Ref. [89]. It reads

(0p8) _ 0(0) _ G 1

o= 2 (B.49)
206 200 205 mnaba

The term Re(dpo06p) is zero for a homogenous flow.
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