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Chapter 1

Introduction

1.1 General context

Mathematically, evolution problems such as contact dynamics are, in most cases,
governed by differential inclusions, or more precisely, measure differential inclusions.
One of the most famous differential inclusions is known as the Sweeping Process
and was introduced by J.J. Moreau in 1971 in the famous Convex Analysis Seminar
in Montpellier [42]. This evolution problem continues to be widely studied today
from both a theoretical and numerical point of view (see [8, O, 12H22] 29| 30, 44, [47]
and references therein). The Sweeping process, which is conditioned by inequality
constraints (ivolving problems such as granular media, elastodynamics with contact),
is a fundamental tool for mathematical analysis and the design of numerical schemes
for these types of applications related to non-regular dynamics. In this subject, we
are interested in the Sweeping process with theoretical aspects (mathematical model,
solution existence, ...) and numerical aspects (scheme development, system energy
analysis, ...) and its application, especially Contact dynamics. The unilateral contact
condition in terms of velocity is crucial in the development of Non-Smooth Contact
Dynamics methods. The lack of smoothness means that contact laws are not only
non-differentiable in the usual sense, but also multivalued. This condition makes it
possible to obtain very good energy conservation properties, ensuring physical and
numerical stability. In other words, unilateral constraints are written as a relationship
between velocity and momentum. In this way, the mechanical power of the system
is described in a coherent way. This type of the second-order Sweeping process is a
direct extension of Newton’s impact law (Moreau’s law), written for the first time in a
numerically discrete time. The main idea is to extend the mathematical models in the
form of measurable differential inclusions for granular media and deformable materials
to thermodynamics, that is, the transfer of heat in granular media and thermoelasticity
for deformable media. Using the previous models and using both the Sweeping process
and the Newton-Active set Semi-smooth method, we want to implement a numerical
scheme dedicated to the time integration of non-smooth systems with contacts.

In theoretical terms, investigating the properties of the moving set in a sweeping
process also plays a crucial role. It helps to expand and develop the understanding
of problems, particularly the existence of solutions, in non-convex scenarios, such as
prox-regularity or its dual-class, strong convexity. Here, metric regularity serves as a
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pivotal tool for studying the weak convexity of specific subsets. This is significant as
it provides a robust theoretical foundation for addressing optimization and mechanical
problems.

1.2 Sweeping process

From a mechanical standpoint, we aim to analyze the movement of a point or
particle confined within a convex closed moving set denoted as C(t). Depending on
the dynamics of this region, the point will either remain stationary if it avoids colliding
with the boundary of the set, or it will be swept towards the interior of the domain
while staying within C(¢) for all time points ¢. To ensure that the point remains
within the region, its velocity must point inwards which is opposite to the velocity’s
normal direction relative to the boundary of the set. One powerful tool to handle this
mechanical problem is Sweping process.

J.J. Moreau [42] introduced the mathematical formulation of the Sweeping process
which involves differential inclusions incorporating the normal cone N (C’ (t); ) to the
set C(t). The objective is to find a trajectory solution w : [0,7] — X that satisfies the
Cauchy condition, where 7' > 0 and a moving set C(-) exists in the Hilbert space X.

Problem 1. The first order Moreau’s sweeping process is given by

—au(t) € N(C(t); u(t));
u(0) = up € C(0);
ult) € C(t) V¢,

Figure 1.1: Mechanical interpretation of Moreau’s sweeping process.

The existence and uniqueness of a solution of Problem [1| are established under the
assumption that C'(¢) is a convex closed moving set, and it is Lipschitz continuous in
t. It is achieved through the Catching-up Algorithm (more details in [42]). Within the
domain of convexity and mathematical optimization, the investigation of solutions to
first and second-order sweeping process problems has engendered a vibrant and pro-
found area of research. Kunze and Monteiro-Marques studied the existence of solutions
when the sets have a Lipschitz variation by using a semi-implicit discretization scheme
[12]. By using an explicit discretization, Haddad and al. [I3] proved the existence
of solutions of a perturbed state-dependent sweeping process. In addition, Bounkhel
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and Castaing [14] obtained the state-dependent sweeping process in uniformly smooth
and uniformly convex in Banach spaces. Later, the authors Jourani and Vilches ([9])
proved the existence of solutions of state-dependent sweeping process by using the
Moreau envelope -Yosida regularization technique in the bounded variation continuous
with nonregular (subsmooth and positively alpha-far) sets, etc.

In the concept of nonconvex case, it is well-known that Chemetov and Monteiro-
Marques [15] [16] established existence of solutions of perturbed state-dependent sweep-
ing process with uniformly prox-regular sets by using Schauder’s fixed point theorem
or a fixed point argument for the perturbed state-dependent sweeping process. Fur-
thermore, Castaing et al. [17] demonstrated the existence of solutions for the state-
dependent sweeping process within uniformly prox-regular sets. This was achieved by
employing an extended form of Schauder’s theorem in conjunction with a discretiza-
tion method. Azzam-Laouir et al. [I8] and Haddad et al. [19] showed the multivalued
perturbed state-dependent sweeping process for uniformly prox-regular case in the
finite-dimensional setting. Moreover, the authors Noel [20], Noel and Thibault [21]
considered the existence of multivalued perturbed state-dependent sweeping process
with equi-uniformly subsmooth and uniformly prox-regularity, etc. On the other hand,
the Moreau envelope and Yosida regularization methods [9] have been employed specifi-
cally for convex or uniformly prox-regular sets to address the state-dependent sweeping
process problem. In addition, related to these problems, both first and second order,
notable authors with great contributions to this discourse include Moreau [44], Mar-
ques, Venel [29] and Schatzman [§], Acary, Brogliato and Goeleven [22], Maury and
Venel [30], etc. and references therein.

Notably, sweeping processes find natural manifestations in a diverse spectrum of
practical problems, including crowd motion dynamics, granular media behavior, elasto-
plastic modeling, contact dynamics, the evolution of sandpiles, and non-regular elec-
trical circuitry, hysteresis, etc. These real-world applications underscore the relevance
and ubiquity of sweeping process problems in scientific investigations and practical
endeavors.

1.3 Solving Granular Media Issues: Computational
Methods

1.3.1 Granular media problems

A granular media is known as a set of particles that can be small or large (from
the grain of sand to a stone block of several meters), more or less complex in shape
(sphere or angular polyhedron), and interact with each other through contacts. These
materials are found in many industrial sectors with various problems, such as in solid:
concrete or the ruin of a monumental building under seismic stress [70], tectonic plates
or mixing of pharmaceutical pills [71]; in fluid: avalanche and landslide [72] [74], flow in
silos [75], the ballast under cyclic loading model [76], heat production and transmission
[78, [79], gluey granular [80], granular flows [81] etc. Researchers in various domains
are drawn to granular systems, not only for their practical relevance but also due to
their complex behavior.
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Figure 1.2: Examples of granular materials.
Images: www.freeimages.com

Nowadays, the understanding of the behavior of granular media has become a signif-
icant concern for industrial processes or environmental science. One significant hurdle
in granular media research is the absence of a comprehensive framework that can uni-
versally describe their properties, especially in multi-body, and multi-contact. This
complex nature has led to the increasing use of numerical simulations, leveraging ad-
vances in computing power to analyze realistic and highly intricate granular systems
rapidly, although ensuring the accuracy of the resulting numerical outcomes remains
a challenge. Consequently, researchers need to make certain assumptions about the
physical states of granular materials to study their behavior effectively.

In summary, granular media represents a fascinating field of study with practical
implications spanning various industries and scientific disciplines. Researchers aim
to uncover the fundamental principles governing these materials, paving the way for
more efficient industrial processes and a deeper understanding of the natural world’s
intricacies.

1.3.2 Numerical resolution methods

In front of these challenges, tools adapted to model granular dynamics have emerged.
The Discrete Element Method (DEM), originally called the Distinct Element Method
as developed by Cundall [5] in 1971, was designed to simulate granular dynamics by
tracking interactions between individual particles. Granular dynamics is then governed
by Newton’s second law of motion combined with a regular contact model. In particu-
lar, DEM simulations can be computationally expensive due to the explicit time scheme
with small time steps. Subsequently, these methods have undergone substantial evo-
lution and given rise to various derivatives, such as the Molecular Dynamics method
(MD) [35H37]. The behavior of granular materials, though they could benefit from
a description within the framework of classical continuum mechanics, remains inade-
quately addressed by such approaches today. Jean-Jacques Moreau made significant
contributions to convex analysis, functions of bounded variation, differential measure
theory, and the theory of sweeping processes - key mathematical tools for addressing
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nonsmooth dynamics. He transformed these foundational theoretical concepts into an
innovative nonsmooth implicit numerical method known as Contact Dynamics (CD)
[38, 43, 45 46]. This method was further extended by M. Jean [48] to accommo-
date deformable bodies, leading to the development of Non-Smooth Contact Dynamics
(NSCD) methods.

NSCD [23125], 138, 48] focuses on modeling and simulating contact forces and fric-
tion between bodies or particles. The core idea of NSCD is to treat the dynamics of
the contact forces as an optimization problem, subject to constraints such as conser-
vation of momentum and energy. The method involves introducing a set of unknown
contact forces, which are represented as Lagrange multipliers, and then using optimiza-
tion techniques to solve for the contact forces that satisfy the constraints. These are
derived from Signorini’s contact law in terms of velocities and impulses and Coulomb’s
friction law linking frictional force to the tangential component of velocity. Then, M.
Jean and J. J. Moreau [38, 46H48] developed an iterative NonLinear Gauss-Seidel solver
(NLGS) to determine the contact conditions between rigid bodies. This solver sequen-
tially considers each contact until convergence is achieved. In addition, alternative
solvers to NLGS, such as conjugate gradient solvers, have been proposed in [49, 50].
In particular, The nonlinear term of NSCD is computationally expensive compared to
DEM, as emphasized in [10] even though NSCD allows for larger time steps than DEM,
enabling the resolution of multiple simultaneous contacts. The techniques commonly
used in the literature to handle nonlinearities arising from these conditions are based
on several types of methods.

e Semi-Augmented Lagrangian (SAL) method [51], 52]
SAL is used to solve the optimization problem arising from the system’s dynam-
ics, governed by the Signorini law - a simplified model assuming contact forces
are always perpendicular to contact surfaces. It introduces Lagrange multipliers
representing these forces and employs an augmented Lagrangian formulation to
ensure force smoothness and compliance with problem’s conditions.

e Bipotential method [53, [54]
The Bipotential method is an extension of the classic Coulomb friction model to
address systems with multiple interacting rigid bodies through friction. It uti-
lizes Lagrange multipliers to represent contact forces and employs the bipotential
formulation, ensuring energy conservation and stability.

e Projected conjugate gradient (PCG) method [50]

This method is a numerical technique for solving constrained optimization prob-
lems, particularly in contact and granular media contexts. It combines the ef-
ficiency of the conjugate gradient method, which minimizes a function by fol-
lowing conjugate gradient directions to avoid the zigzagging of standard gradient
descent, with projection techniques that handle constraints by projecting the cur-
rent point onto the feasible set at each iteration. This ensures that constraints are
respected throughout the optimization process, providing a robust and efficient
solution framework.

e Primal-Dual Active Set (PDAS) method [55] 50, [58]
It recently has emerged as promising and relevant approaches for solving de-
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formable elastodynamic frictional contact problems [55, 56, 58], owing to their
efficiency and ease of implementation. The main principle is: contact and fric-
tion conditions play like two elements of nonlinear complementarity functions,
the solution of which is directly provided by Newton’s Semi-Smooth approach
(more details in [55, [62]). In the literature, there are few references to PDAS
methods for solving rigid multi-body contact problems. PDAS methods for rigid
multi-body systems truly began, by considering PDAS as a method for the local
treatment of frictionless contact conditions within the framework of NSCD, with
the work of M. Barboteu and S. Dumont [59]. Subsequently, PDAS has been
developed and has exhibited a remarkable level of efficiency in comparison to
alternative approaches, substantiated by references [60, [61].

Furthermore, Granular Element method (GEM) [32] is a variant of DEM which
uses regularization laws and so falls under the category of smooth methods. The main
difference between GEM and DEM is its resolution scheme, which resembles a stiffness
method that was initially proposed by Kawai [31] and later extended by Kishino for
quasi-static simulation of granular materials [32] and dynamics [33]. In Mathieu Re-
nouf’s thesis from the University of Montpellier in 2004 [34], GEM is discussed in detail,
particularly concerning aspects of numerical integration. Although GEM primarily fo-
cuses on modeling the interactions between granular elements, the use of numerical
integration methods, such as the Newmark method, is crucial for solving the equations
of motion of particles over time. The Newmark method is a commonly used numerical
integration scheme for solving ordinary differential equations that arise in the dynamics
of structures and continuous media. It is especially popular in structural mechanics for
integrating equations of motion due to its stability and its ability to control numerical
damping. In the context of GEM, the Newmark method is used to integrate the equa-
tions of motion of granular particles over time. This integration scheme is based on
an implicit or semi-implicit approach, allowing for stable handling of complex dynamic
systems, particularly when multiple and nonlinear contact interactions are present.

The numerical integration scheme described in Mathieu Renouf’s thesis involves
the techniques used to advance the solutions of particle motion equations over time.
The choice of integration scheme is crucial because it affects the accuracy and stability
of simulations. Implicit methods like Newmark’s are often favored in complex granular
media simulations because they allow for larger time steps while maintaining stability,
even in the presence of strong nonlinearities due to contact interactions. The Newmark
method allows for control over integration accuracy by adjusting specific parameters,
such as numerical damping, to avoid non-physical oscillations. In his thesis, Mathieu
Renouf discussed the adaptation of the Newmark method for the specific needs of GEM,
explaining how this method allows for realistic modeling of the dynamic behavior of
granular particles while efficiently managing contact constraints.

1.4 Some theoretical aspects in variational analysis

Variational Analysis is a specialized field within mathematics that focuses on opti-
mization, control theory, set-valued analysis, and related problems. It encompasses a
broad range of topics, including convex analysis, nonlinear analysis, nonsmooth anal-
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ysis, and set-valued theory. This area of study frequently integrates concepts from
measure theory, differential geometry, and functional analysis. Variational analysis
has a long and deep history which can be found in the books by J.P. Aubin and H.
Frankowska [I54], R.T. Rockafellar and R.J. B. Wets [120], B.S. Mordukhovich [112],
J.P. Penot [116], A.D. Ioffe [I07], L. Thibault [124] etc. It can be said that variational
analysis is the extension and also the development of the classical Calculus of Varia-
tions and Convex Analysis to a more general theory. On the one hand, optimization
problems often appear in application sciences. On the other hand, solving problems
based on optimization is an effective method in mathematics. This makes Variational
Analysis become an area of interest from both theoretical and applied perspectives.
The study of sweeping processes leads to analyzing weak and strong convexity,
prox-regularity, and metric regularity, crucial for understanding solutions in non-convex
scenarios. In our work, we mainly focus on two concepts in Variational Analysis:

e Weak and strong convexity: They involve sets where local minima are global
minima with less stringent curvature requirements than strong convexity, which
ensures uniform outward curvature. This is important for granular media and
contact dynamics, where sets may not be uniformly convex but can be analyzed
using weak convexity. One of the main concepts of weak convexity is prox regular-
ity. It allows non-smooth or irregular sets to be handled in a convex optimization
framework, ensuring well-defined normal cone and projection mappings, essential
for numerical simulations of granular media. Chemetov and Monteiro-Marques,
and Castaing et al., established solutions for perturbed sweeping processes in
uniformly prox-regular sets [15], [16].

e Metric regularity: it bridges weak convexity and general set structures, measuring
the distance function’s behavior to a set, useful in optimization and variational
analysis, such as understanding particle behavior in granular systems. Azzam-
Laouir et al. [I8] and Haddad et al. [I9] demonstrated effective multivalued
perturbed sweeping processes in uniformly prox-regular sets in finite dimensions.

Integrating these concepts enhances numerical models for complex scenarios, solid-
ifies theoretical foundations, and extends sweeping process applicability in mechanics
and optimization. Noel [20] and Thibault [2I] explored state-dependent multivalued
perturbed sweeping processes with uniform prox-regularity and used Moreau-Yosida
regularization for uniformly prox-regular sets [9]. This transition enriches our theoret-
ical and practical understanding of these phenomena, with metric regularity and the
farthest distance function playing crucial roles in optimization and mechanics.

1.4.1 Weak and strong convexity

The existence of the solution to the sweeping process (1] is established under the
assumption that C(t) is a closed convex moving set. A natural extension to achieve
the existence of a solution is to consider the set C(t) as weakly convex or its dual,
strongly convex. Consequently, investigating the properties of the moving set is also a
significant subject of this thesis.

Prox-regularity has been recognized as a fundamental concept in variational analysis
which allows to go beyond convexity (see in Poliquin, Rockafellar in [I18], Thibault



1.4 Some theoretical aspects in variational analysis 8

in [124] and some related papers [127], [84], [125]). It arises numerous interesting
applications related to various areas of mathematics such as Optimization, Set-Valued
Analysis, Differential Geometry and PDE, etc (see, e.g., [30, 91}, 93] 100} 106], T08] and
the references therein). One important application is the Sweeping Process, governed
by inequality constraints, such as those found in granular media and elastodynamics
involving contact. This process is a powerful tool for the mathematical analysis and the
development of numerical schemes for these non-regular dynamics. Furthermore, this
kind of set is also applied to consider some particularly important properties such as
metric (submetric and semimetric) regularity, calmness, transversality, Aubin property,
etc. Readers can read more in the monographs [120], [100], [84], ... It is well-established
in [I15] that the complement of a prox-regular set is nothing but the union of a family
of closed balls with a common radius, which are commonly referred to as R-strongly
convex sets. Consequently, the study of prox-regularity naturally directs our attention
towards the exploration of strong convexity, thereby deepening our comprehension of
function curvature and optimization landscapes. Noteworthy contributors to this field
include H. Frankowska, C. Olech [104], J.P. Vial [I125], E.S. Polovinkin [119], M.V.
Balashov [88], G. E. Ivanov [105, 108, 110], A. Weber and G. Reibig [126]. For the
use of such sets in diverse applied mathematical problems, we refer, e.g., to [42] 96] for
the Sweeping Process, [104] for optimal control, [T} 117] for numerical optimization,
[T08, 110] for differential games, etc.

Distance functions play a fundamental role in mathematical analysis, including
convex analysis ([92, 116l [120]), variational analysis ([97, 107, 112} 116, 120} 124]),
differential inclusions ([87, 98|, [114], 123]), optimal control ([95], 113]), approximation
theory ([102, 122]), shape analysis and PDE ([85, 86l [101]), etc. It is well-known
(and easily seen) that the convexity of a given closed subset C' in a normed space is
equivalent to the convexity of its associated (standard /usual) distance function, namely
de(x) == inf.cc ||z — ¢||. One naturally considered question is what is the set for which
the distance is semiconvex? In [88], M.V. Balashov extends in a general Hilbert space
such a basic characterization by establishing that the semiconvexity (i.e., convexity
up to a square norm) of the distance function dc (on any convex set of a suitable
enlargement of ') is equivalent to the uniform prox-regularity of the closed set C.
Recall that a closed subset C' in a Hilbert space X is uniformly prox-regular ([118])
(also known as positively reached, weakly convex, ¢—convex, O(2)-convex, proximally
smooth, see, e.g., [04] 99, 103, 121} 125] and the references therein) with constant r > 0
provided that the nearest point mapping proj. is well defined on a suitable enlargement
of C' (more precisely on the set U,(C) := {z € X : do(z) < r}) and continuous therein.

The distance function to a convex set is known to admit diverse descriptions in-
volving duality relations from convex analysis (see, e.g., [102]). Besides the distance
function, we study the farthest points and their corresponding distance functions, which
measure the distance from an outside point to the farthest point of a given subset. Early
research on these functions was introduced by Jessen ([I56], 1940) and further research
was performed by Motzkin, Strauss, and Valentine ([I5§], 1953) in a metric space
and by Fitzpatrick ([157], 1980) in Banach space. In convex setting, while the near-
est point projection to a convex set is unique, the farthest distance function, namely
dfarc(x) := sup.cq ||z — ||, behaves differently. This operator presents a departure
from the conventional notion of the nearest point, highlighting that the existence of
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the farthest point is not guaranteed with the classical concepts of convex or weakly com-
pact sets. It is natural to explore alternative sets that are better suited for determining
the farthest point. In many situations, it is also of interest to strengthen the convexity
property. This can be achieved with R-strongly convex sets ([105] 108, 119} [125] 126])
which are basically intersection of closed balls with common radius R > 0. In the
work [89], it is established that for any closed bounded set in X, the strong convexity
property is equivalent to the semiconcavity of the (convex) farthest distance function.
Therefore, one idea is to investigate the semiconcavity property of the farthest distance
function associated with a strongly convex set. Furthermore, we develop the analogs
of some properties of convex sets [102] or prox-regular sets [84] for a strongly convex
set C' when the set C satisfies the strengthened condition of strong convexity.

1.4.2 Metric regularity

On the other hand, metric regularity [107, 112, 124, 131, 132, 139, 142} [144] is a
concept in mathematical analysis, particularly in the field of optimization and vari-
ational analysis. It is closely related to the stability and robustness of solutions to
optimization problems and systems of equations. Specifically, metric regularity helps
in understanding how sensitive the optimal solutions are to perturbations in the pa-
rameters or constraints and also provides error bounds for approximate solutions to
equations and inequalities. Moreover, in variation analysis, metric regularity can be
a valuable tool for studying the weak convexity of a particular subset. Metric regu-
larity is closely related to other concepts such as: Lipschitz Continuity [124], Clarke’s
Regularity [124] [161], Robinson-Ursescu Theorem [142] [144], etc.

Let M : X = Y be a multimapping between two Banach spaces with a closed
convex graph {(z,y) € X XY :y € M(x)} =: gph M and let (Z,y) € gph M. In 1975-
1976, C. Ursescu ([144]) and S.M. Robinson ([142]) independently established that the
existence of a real v > 0 such that

d(z, M (y)) < ~d(y, M(z)) for all (z,y) near (z,7) (1.1)

is equivalent to the inclusion § € core M (X). When the above inequality holds,
one naturally says that the multimapping M is y-metrically regular at T for 3. Metric
regularity property has a long and deep story which goes back to the pioneers works
by L.A. Lyusternik ([I39]) and L.M. Graves ([I32]) and has been developed since in
numerous papers and books (see, e.g., [107, 112], 124] 131] and the references therein).
Such a property is known to be equivalent either to some Lipschitz behavior of the
multimapping M ! or to an openness (with linear rate) type condition, namely the
existence of positive constants «, > 0 such that

Bly, aft] € M(B|x,tal),

for all ¢ €]0,1] and all (z,y) € gph M near (Z,7). Besides the so-called Robinson-
Ursescu theorem (which can be viewed as an extension of the famous Banach-Schauder
open mapping theorem) metric regularity is strongly involved in subdifferential calcu-
lus, estimates of coderivatives and optimality conditions (see, e.g., [112], 116, 124] and
the references therein).
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Over the years, Robinson-Ursescu type theorems for multimappings with possibly
nonconvex graph have been provided. A first natural way to go beyond convexity in
such a context lies in the concept of paraconvexity. Recall that the (above) multimap-
ping M is said to be (6, C)-paraconvex ([141]) for a real § > 0 and a real C' > 0
whenever for all 1,25 € X, for all t € [0, 1],

tM (1) 4 (1 — )M (23) C M(tzy + (1 — t)zo) + Cmin(t, 1 —t) ||z — 22" By, (1.2)

where By denotes the closed unit ball of Y. It is worth pointing out that the latter class
of multimappings contains the class of multimappings with convex graphs; in fact (as
easily seen) the latter inclusion with C' = 0 characterizes the convexity of gph M.
A. Jourani proved in 1996 ([136]) under the f-paraconvexity of the multimapping M ~*
with @ > 1 that the inequality is equivalent to the inclusion 7 € int M (X). In
[138], H. Huang and R.X. Li established that if the inverse of the multimapping M,
namely M !, is paraconvex, then M is metrically regular at  for 7 whenever

B(y,B) c M(B(z,a)) (1.3)

for some reals «, 8 > 0.

In 2012, X.Y. Zheng and K.F. Ng ([145]) showed that prox-regularity of sets ([I18])
is also a suitable concept to develop nonconvex versions of Robinson-Ursescu theorem.
More precisely, Zheng and Ng established in the Hilbert framework that if gph M
is (r,d)-prox-regular at (7,7), then M is metrically regular at T for ¥ whenever the
inclusion holds for some reals a €]0, g[, B €]0,d] satisfying the inequality 8 >
%. Here and below, N(S;z) denotes the Clarke normal cone of a set S C X at
x € S. Two years later, X.Y. Zheng and Q.H. He provided in [146] a Robinson-Ursescu
type theorem for multimappings with some variational behavior of order one, namely
with a (o, d)-subsmooth ([129]) graph at (Z,7).

As shown by [128], the above results of [145] 146] can be extended to the class
of multimappings M with normally w(:)-regular graph, that is, for some function w :
Ry =R,

(@™, y7), (u,v) = (z,9)) < w(||(w,v) = (z,9)])
for appropriate points u, v, x, y and unit normals z*, y* (see Section for the definition
and more details). More precisely, it is established in [I128] that a multimapping M
with a normally w(-)-regular graph satisfying the openness condition for some
reals a, 3, p > 0 such that

8> 370‘+ (1+%)w<\/40z2+(ﬁ— 3)?). (1.4)

is y-metrically regular at T for 7 for some real v < p. The authors of [128] derive from
their study various preservation results for w(-)-normally regular sets which complement
previous works devoted to the stability of prox-regularity and subsmoothness properties
[T00], 125] 127, 137, 152] (see also the recent paper by G.E. Ivanov [133]).

The Robinson-Ursescu Theorem has inspired various extensions that go beyond the
confines of convexity, broadening the scope of metric regularity and its applications. In
this thesis, it is interesting to provide normally regular versions of the Robin-Ursescu
theorem and also general sufficient conditions ensuring the preservation of normal w-
regularity under metric subregularity.
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1.5 Thesis objectives and manuscript outline

1.5.1 Objectives

Numerical part

In this work, we are interested in a discontinuous (but bounded) variations, Moreau
second-order sweeping process modeling the contact dynamics of rigid particles ([47]
and related references [8, 23] 28|, [147]). Recall that sweeping processes [42] are partic-
ular differential inclusions governed by the normal cone of a (nonconvex) moving set.
The contact law is modeled through the Moreau-Yosida regularization [9, 27] of the
unilateral condition. It seems that the Moreau-Yosida regularization with parameter
a > 2 is an appropriate tool to develop a regular contact model (normal compliance)
which maintain the system’s kinetic energy while ensuring that the contact does not
allow objects to pass through each other (non-interpenetration). Based on the work of
Hauret and Le Tallec [57], we propose a specific approach within the discrete framework
that improves the energy preservation of the system, aligning it with the continuous
case: the discrete Improved Normal Compliance (INC) which is considered as a
suitable method for ensuring energy conservation within the continuous framework.
To solve the nonlinearity issue, a combination of the Newmark method [64] and PDAS
using complementarity of the various contact models [60] will be employed.

The main aim of the present work is to improve an implicit regularization method for
which energy conservation and non-penetration are quite similar to NSCD-NLGS along
with a suitable computational cost. Several numerical experiments are reported for
verification and validation purposes, and also to evaluate the efficiency and assess the
performances of Newmark-PDAS-INC method compared to other numerical methods
(DEM, NSCD-NLGS).

Moreover, within the scope of our setting, a second pivotal objective involves devel-
oping a self-contained code comprehensively employed for the INC method, utilizing
the FORTRAN language with the LAPACK library-Dgesv. Then, we apply several
solvers for solving linearized systems to improve the computational cost, i.e. LU, com-
plete factorization-SuperLU, GMRES with ILU Preconditioner, Preconditioned Conjugate
Gradient (ILU preconditioner-Pcg or Jacobi preconditioner-Jpcg) by using SPARSKIT
library. Besides, we also develop a direct version of the Sparse matrix combining either
SuperLU/GMRES for friction and Pcg/Jpcg for frictionless case.

Theorical part

Besides the numerical aspect, we involve the theoretical part of Variational analysis
to consider some new properties that are much more useful in mathematics. More
precisely, we will focus on two main works.

In the first work, we consider the concepts of Farthest distance function to
strongly convex sets in Hilbert spaces. The first aim is to give an alternative
proof of such a characterization of strongly convex sets. Our approach is in the line of
[T15] based on the fact that the complement of a prox-regular set is nothing but the
union of a family of closed balls with common radius. The second aim of the present
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work is to provide in details the analysis of the corresponding features (i), (ii) and (iii)
in part when the set C' satisfies the strengthened condition of strong convexity.

The second work is about Metric subregularity and w(-)-normal regularity
properties. In the present paper we first show that the metric subregularity property
of the multimapping M (that is the inequality with y = 7 (see Section[6.2)) is a
suitable assumption to get the normal w(-)-regularity of the inverse image M~ (y). We
also establish the normal regularity of a generalized equation set, say S := {x € X :
f(z) € M(z)} with f : X — Y a (single-valued) mapping under a metric subregularity
inequality, namely

d(z,S) < 7d<(m,f(x)),gphM> x near T.

Of course, we require in both cases a normal w(-)-regularity property on the involved
multimapping M (either on the coderivative or on the graph). We then naturally
replace (in the line of [I128]) the latter metric subregularity assumption by the inclusion
(1.3) with a;, 8 > 0 such that 5 > w(\/a2 + 62). At last but not least, we show that a
Lipschitz (with respect to the Hausdorff-Pompeiu distance) multimapping with normal
w(-)-regularity values near T enjoys some metric subregularity property at Z for 7.

1.5.2 Outline

Firstly, we start with chapter 2} Notation and preliminaries where we will embark
on understanding the elements of Variational Analysis such as convex functions, some
classical results in optimization, normal cones and subdifferentials (in the sense of
Clarke, Fréchet, and Mordukhovich, proximal), maximal monotone operator and «-
Moreau Yosida regularization respectively through Section [2.1H2.5]

The thesis consists of two parts.

Part |[| is Modeling of the Sweeping Process.

We start by formulating a dynamic problem to analyze the movement of particles
within a predefined region, with a specific focus on the contact law using specific normal
compliance conditions, denoted as Improved Normal Compliance (INC). Based on the
work of Hauret and Le Tallec [57], we propose a specific approach within the discrete
framework that ensures the energy conservation of the system, aligning it with the
continuous case. In Chapter [3] we delve into Moreau’s second-order sweeping process
to model contact dynamics, incorporating the Moreau-Yosida regularization and thus
the INC method. This approach aims to ensure energy conservation of the system
while preventing penetration between particles.

In Chapter [ we adopt a time discretization approach using the implicit New-
mark scheme for the INC model, combined with the Primal-Dual Active Set (PDAS)
method. This integrated method, known as Newmark-PDAS-INC, facilitates effective
problem resolution. Additionally, we perform a comparative analysis of the solutions
derived from various methods, including INC, Discrete Element Method (DEM), and
Non-Smooth Contact Dynamics with Nonlinear Gauss-Seidel (NSCD-NLGS), to eval-
uate the efficiency of our algorithm. A comparative analysis is also conducted against
alternative numerical methods, such as NSCD-NLGS and DEM, specifically in scenar-
ios devoid of friction. Lastly, we elucidate the numerical treatment of the restitution
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coefficient and contact conditions involving friction, aiming to offer a robust solution
for resolving rigid multi-body contact problems. Most of the results of this chapter,
as well as the section on the Moreau-Yosida regularization for Contact Dynamics in
Chapter 3, are presented in the following articles [I] and [2].

Part [[I| is Weak and strong convexity.

The farthest distance function is a geometric tool used to measure the farthest point
in a set from a reference point, with applications in fields ranging from computational
geometry to facility location problems. In Chapter [5, we provide some new character-
izations of the farthest distance function. On the other hand, the Robinson-Ursescu
theorem (which can be viewed as an extension of the famous Banach-Schauder open
mapping theorem) metric regularity is strongly involved in subdifferential calculus,
estimates of coderivatives and optimality conditions. We spend Chapter [6] providing
general sufficient conditions ensuring the preservation of normal w-regularity for gener-
alized equations and also focus on normally regular versions of Robin-Ursescu theorem.

Finally, in Chapter , we summarize the thesis in French (including an overview,
objectives, structure, achieved results, and perspectives). Following this, Appendix A
presents the code for the Newmark-PDAS-INC method with a direct version of the
sparse matrix combined with the Gmres solver for the linear system.



Chapter 2

Notation and preliminaries

Throughout this part, X stands for a (real) Hilbert space not reduced to 0x endowed
with the inner product (-,-) and its associated norm || - ||. The set of nonnegative real
numbers is denoted R := [0, +o0].

We denote by B[z, r] (resp. B(z,r)) the closed (resp. open) ball centered at z € X
of radius r > 0. The boundary (resp. the interior) of a nonempty set S C X is denoted
by bdry S (resp. int .S). For the unit balls in X (that is, centered at 0x with radius 1)
it will be convenient to set

BX = B[Ox, 1] and UX = B(Ox, 1)

We also set Sy :={x € X : ||z|| = 1} = Bx \ Uy.
The distance function dg and the farthest distance function dfarg from a nonempty
subset S C X are defined for every x € X by

ds(a) = d(z, $) i= inf [lo

and
dfarg(z) := dfar(x, S) :=sup ||z — y|| .
yes

To those functions are naturally associated the multimappings Projg : X = X of
nearest points in S and Farg : X = X of farthest points in S defined for every z € X
by

Projg(z) := Proj(S,z) :={y € S : ds(z) = ||z — y||}
and

Farg(z) := Far(S,z) :={y € S : dfarg(z) = ||z — y||}.
Whenever Projg(Z) (resp. Farg(T)) is reduced to a singleton for some T € X, that is,
Proj¢(Z) = {y} (resp. Farg(Z) = {y}) the vector § € S will be denoted by projg(T)
(resp. farg(T)).

By convention, dg(-) = 400 whenever S = (). It is well-known and not difficult to
check that the distance function is 1-Lipschitz on X, that is,

ld(z,5) —d(y, S)|| < [l —yll.

The Hausdorff-Pompeiu excess of the set S over another nonempty subset S’ C X
is defined by

exc(S,S") :=supd(z,S") =inf{r >0:5 C S +rBx}. (2.1)

€S

14
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2.1 Convex functions

Definition 2.1. Let f: X — RU {oo} and let r be a real, one defines

1. the domain of f is
dom f = {z € X | f(z) < +o0};

2. the graph of f is
gph f = {(z, f(z)) | z € X};

3. the epigraph of f is
epi f = {(z,r) € domf xR | f(z) <r}.
The function f is proper if dom f # () and [ is a lower semi-continuous function on
X if and only if epi f is closed.
Definition 2.2. Let f: X — RU {oco} be a function.
1. fis a convex if for all o €]0, 1],

f(oazc—i— (1 —a)y) <af(z)+ (1 —a)f(y) for all (z,y) € X x X.

2. f is stricly convex if for all « €]0,1[, for all z € dom f, y € dom f,

v#y= floz+(1-a)y) <af(z)+(1-a)f(y)

A function f is convex if and only if its epigraph is convex. In addition, if f is

convex, then dom f is convex.
In particular, a convex function f does not have a derivative at point A. We observe

that the slopes of the lines that pass at this point are under the curve representing
function f, see Fig. 2.1} These slopes are the subgradients that constitute the subdif-

ferentiality.

i)

Figure 2.1: Subdifferential of convex function.

Definition 2.3. Let f: X — RU{oo} be a proper function. The Moreau-Rockafellar
subdifferential of f, denoted by df(z), is defined by

Of (@) ={y € X : f(&') = f(z) + (y.2’ —x) Va’ € X}.

The vector y € df(z) is a subgradient of function f at .
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We also recall that the subdifferential 0 enjoys Fermat optimality condition, namely
0 € df(x) ifxisalocal minimizer of f.

For the particular case of the convex function f := || - ||, it is known (and not
difficult to prove) that

Al 0) =Bx and 9| -|(x) = {a* € X : 2" = L, a*,2) = ||} for allz #0.

Let S be a subset of X and let x € X. We recall the indicator function of S is
defined by

0 ifxes,
vsle) = {—i—oo if z € X\S.

Given any subdifferential 0 and its corresponding normal cone N, it is well known
that
OYs(x) = N(S;x) forallx € X,

where (as usual) 1g denotes the indicator of the subset S of X (in the sense of varia-
tional analysis).

Definition 2.4. Let S be a nonempty subset of X and let x € X. The subdifferential
of the indicator function of S is the normal cone to S at = defined by

{ye X :(yz—2)<0,Vze S} ifzxels,

N(S;z) = Ng(z) = {@ if v¢S8.

If S is convex, then Ng(z) is a closed convex cone for every z € S. If x € int(S5)
then Ng(z) = {0}.

2.2 Classical results in optimization

Let g : X — R be a real-valued function on X and let S C X be a nonempty set.
Consider the constrained optimization problem

min g(z)

and define an extended real-valued function is a function f : X — R U {oco} by

o) = {g(x) if z €S, 22)

400 if otherwise.

It is clear that f = g 4+ ©¥g and the function can be successfully used to transform
every constrained optimization problem into an unconstrained problem given by

min f(z).

zeX

Some classical results in optimization.
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1. Minimizers of a convex function:

Theorem 2.5. Let f : X — R U {oo} be a proper convezr function such that
a =inf f > —o0.

o The set {z € X : f(z) = a} is convexr.

e Fvery local minimizer of f is a global minimizer.

o If [ is strictly convex, then there exists at most one minimizer.

Let S C X be a closed convex set and let f : X — R U {co} be convex, lower
semicontinuous and proper such that dom f NS # (. If f is coercive or S is
bounded, then there exists an z* € S such that

Fla*) = inf f(x).

z€eS

Moreover, if f is strictly convex, then z* is unique.
2. The first order necessary and sufficient condition:

Theorem 2.6. Let f: X — RU{oc} be convez, lower semi-continuous, proper
and continuously differentiable function on X. One has x* is a global minimizer
of function f, i.e. x* € Argmin, y f(x), if and only if V f(2*) = 0.

Theorem 2.7. Let S be a nonempty, closed, convex subset of Hilbert space X.
Let f: X — RU{oo} be convez, lower semi-continuous, proper and continuously
differentiable function on S. One has x* is a minimizer of function f on S, i.e.
x* € Argmin g f(x), if and only if

(Vf(x*),x —2*) >0 VYxes.

3. Second-Order Sufficient and Necessary Conditions for Optimization:
e Second-Order Sufficient Condition

Theorem 2.8. Let f: X — R be twice continuously differentiable (i.e. f € C?).
A point x* € X is a local minimum if:

(i) Vf(z*) =0,
(i1) The Hessian matric He(x*) of f at x* is positive definite, i.e., for all
nonempty v € X,
vl Hy(x*)v > 0.

e Second-Order Necessary Condition
Assume f: X — R is twice continuously differentiable (i.e. assume that f € C?).
A point z* € X is a local minimum if:

(i) Vf(z) =0,
(ii) The Hessian matrix Hy(z*) of f at x* is positive semidefinite, i.e., for all
veX,
vl Hy(z*)v > 0.
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2.3

If Hy(z*) is positive definite, z* is a strict local minimum.

. Karush-Kuhn-Tucker (KKT) Conditions:

Optimization problem under equality and inequality constraints:

r* € Argmin, .y f(x)
gi(z) <0,Vie{l,...m},

ubject o { hi(x) =0,vj € {1,...p}

where

e ¢; is convex, lower semi-continuous, proper for every i € {1,...m};

e h; is convex, lower semi-continuous, proper for every j € {1,...p};

e dom gh = (ﬂ;il dom gi) N ( ?:1 dom hj) # 0.

For all (z, A\, ) € X x X x X, the Lagrangian function is defined by
m p
Lz, A p) = (@) + > Nigilw) + ) phi()
i=1 j=1

where

e dom L = dom gh x R™ x RP;

o A= (N)i<i<m (resp. = (1j)1<j<p) is the Lagrangian multiplier associated
with ¢;(z) <0 for ¢ = {1,...m} (resp. hj(x) =0 for j = {1,...p});

e )\ and p are Lagrange multiplier vectors or dual variables.

Theorem 2.9. Let (\;)1<i<m and (pj)1<j<p be continuously differentiable. One
has x* and couple (A, 1) are primal and dual solutions if and only if

m p
Stationarity: Vf(x*)+ Z ANiVgi(z*) + Z wiVhi(x*) = 0;
i=1 i=1
Primal Feasibility: gi(z*) <0 Vi=1,...,m;
hj(z*) =0 Vj=1,....p;
Dual Feasibility: A>0 Vi=1,...,m;

Complementary Slackness:  X\gi;(x*) =0 VYi=1,...,m.

Normal cones, coderivatives and subdifferen-
tials

2.3.1 The Clarke tangent and normal cone

Definition 2.10. Let S be a set of a Hilbert space X and let x € S. The Clarke
tangent cone (or C-tangent cone) at x, denoted by T (S;x) or T(S;x), is defined as
follows:

A vector h € X belongs to the Clarke tangent cone T(S; z) if and only if it satisfies
one of the following equivalent characterizations:
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1. For any sequence (z,,), of S converging to x and any sequence (t,), with ¢, > 0
converging to 0, there exists a sequence (h,), in X converging to h such that

T, +t,h, €S forallneN.

2. For any sequence (x,), of S converging to = and any sequence (t,), with ¢, >0
converging to 0, there is an increasing function s : N — N and a sequence (h,,),
in X converging to h such that

To(n) + tsimyhn €S for alln € N,

Example 2.11. Consider a set S in R? with S := hypo(|-]) = {(z,y) € R? : y < |z|}.
The Clarke tangent cone of S at x = (0,0) is

T¢(S;(0,0)) = hypo(—|-]).

Remark 2.12. As for the Clarke tangent cone, we should note that, for two sets such
that S; C Sy and let z € Sy, it does not imply that T(Sy;x) C TC(Sy;2). It means,
the Clarke tangent cone is neither isotone nor antitone. Let consider example to make
clearly. Assume that S; = [0, +oo[ x [0, +o0o] and Sy := epi(—|-|). It is obvious that
S1 C Sy, and get that

T(515(0,0)) = [0, +00[ x [0, +00[, T(S2;(0,0)) = epi(|-)-
We can see that no connection between two sets, that is,

TY(S1;(0,0)) € T(S2;(0,0)) or T(S2;(0,0)) € T(S5;(0,0)).

(a) The Clarke (b) The Clarke tangent
tangent cone of cone of Sy = epi(—||) at
S1 = [0,4o0[ x [0,400] at (0,0).

(0,0).

Figure 2.2: The Clarke tangent cone of S; and Sy at (0,0) with S7 C Ss.

Definition 2.13. Let S is a subset of Hilbert space X. The Clarke normal cone or
C-normal cone to S at a point z € S, denoted by N (S;x) (or N(S;z)), is defined
by

NY(S;z) = N(S;z) = {o* € X : (2", h) <0,Yh € TY(S;x)}.



2.3 Normal cones, coderivatives and subdifferentials 20

And note that NY(S;z) = 0 and T¢(S;z) = 0 if z ¢ S. When S is convex, the
Clarke tangent and normal cones coincide with the classical tangent and normal cones
defined in convex analysis.

The Clarke subdifferential of a function has been defined through the Clarke normal
cone of its epigraph.

Definition 2.14. Let X be a Hilbert space and let x € X. Let U be a neighborhood
of z and f: U — RU {oo} be an extended real-valued function which is finite at .
The Clarke subdifferential or C-subdifferential of f at x, denoted by d¢, f () or dc f (),
provided by

dcf(x) = 0cuf (x) :={z* € X : (z*,—1) € N(epi f; (z, f(z)))}.
Example 2.15. In R?, given function f = |z|, the Clarke tangent cone of f and —f

at (0,0) is given by T (epif; (0,0)) = T%(epi(—£); (0,0)) = {(z,y) € R? : y > |z[}.
The Clarke subdifferential of f at (0,0) is

9o f(0) = {z* € X* : (¢*, —1) € N®(epif; (0,0))}
={zre X" 2"z —y <0,Y(x,y), |z| <y}
={2" € X" : 2"z < |z|,Vz € R} = [-1,1] = 0c(—f)(0).

Let S be a subset of X. Recall that the Clarke normal cone N is linked to its
subdifferential do through the equality

0 € dof(x) + NE(S;z).
In concept of distance function, we also have
Ocds(r) € NY(S;x)NBx for allz € S.

We end this section with fundamental results on subdifferentials. We start with
the famous sum rule for the Clarke’s subdifferential (see, e.g., [124, Theorem 2.98] (see
also the references [116] [130])). These properties still hold when X is a normed space.

Theorem 2.16. (Sum rule for C-subdifferential) Let X be a Hilbert space and let
fi, f2 : X = RU {400} be two functions which are finite at T € X. If fi(T) < +o0
and fo is Lipschitz continuous near T, then one has

dc(f1+ f2)(T) C I f1(T) + Oc fa(T).

The next proposition (see, e.g., [124, Theorem 2.135] (see also the references [116],
130])) gives an estimate for the Clarke subdifferential dc(g o G)(Z) for the composition
of a locally Lipschitz function g with an inner strictly Hadamard differentiable vector-
valued mapping G.

Proposition 2.17. Let G : X — Y be a mapping between two Hilbert spaces X and
Y which s strictly Hadamard differentiable at a point © € X and let g : Y — R
be a function Lipschitz continuous near G(T). Then, the function g o G is Lipschitz
continuous near T and

dc(g 0 G)(@) C DG(@)* (9cg(G())).
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The following proposition provides a description of N (gph M; ) for a multimap-
ping M (-) defined as the translation of a fixed set S, that is, M (z) := f(z) + S for a
given mapping f. For the proof, we refer the reader to [124, Proposition 2.129].

Proposition 2.18. Let S be a nonempty set of a Hilbert space Y and let f : X — Y

be a mapping from a Hilbert space X into Y. Let M : X ==Y be the multimapping
defined by
M(z) = f(z)+ S forallx € S.

If f is strictly Hadamard differentiable at T € X, then for every y € M(T)

N®(gph M; (z,y)) = {(-Df(@)*(y"),y") : y* € N(S;y — f(2))}.

2.3.2 Fréchet and Mordukhovich limiting subdifferential

Firstly, let us introduce the definition of Fréchet subdifferential of a function in
Hilbert space.

Definition 2.19. Let X be a Hilbert space and let € X. The Fréchet subdifferential
of a function f: X — R at a point x, denoted g f(z), is defined as follows:

orf(x)={ye X | f(2') > f(z) + (y,2' — z) for all 2’ € X}.

Let S be a subset of X and x € S. The Fréchet normal cone (or F-normal cone
for short) of S at = denoted by N¥(S;x) is the Fréchet subdifferential of the indicator
function g at x, that is

NF(S§ r) = Optps ().
In particular, one has z* € N¥(S;z) if and only if for any real € > 0 there exists some
neighborhood V' of x such that

(x*,2' —x) < ¢l —z| forall 2’ € SNV.

Definition 2.20. Let (X, ||||) be an Asplund space and a set U in X be a neighborhood
of a point z. Given f : U — R U {oc} be an extended real valued function which is
finite at * € U. A continuous linear functional x* € X* is called a Mordukhovich
limiting subgradient (or L-subgradient) of f at x provided that there exists a sequence
(a:n, f(xn))n converging to (:E, f(x)) and a sequence (z7), converging weakly star to
x* such that =} € Opf(z,).

It is obvious that
Or f(x) C Opf(x) C dc f(x).

Let S be a subset of the Asplund space X and = € S. The Mordukhovich limiting
normal cone (or L-normal cone) of S at x denoted by N¥(S;x) is the Mordukhovich
limiting subdifferential of the indicator function g at x, that is

NE(S; 2) := Ops(m).

In particular, one has z* € NX(S;z) if and only if there exist a sequence (z,,), of S
converging to x and a sequence (z}),, converging weakly star to z* such that

xh € NF(S;z,).
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When z ¢ S, one convention that
NT(S;z) = N¥(S;2) = NO(S;z) := 0. (2.3)

Let X and Y be two Hilbert spaces. The coderivative associated to a concept of
normal cone A/ in X x Y of a multimapping M : X = Y at (x,y) € gph M is defined
for every y* € Y* by

DaM(z,y)(y*) == {a" € X*: (¢, —y") € N'(gph M; (z,9)) } -

The Fréchet (resp. Mordukhovich limiting (resp. Clarke)) subdifferential of an
extended real-valued function f: X — RU {400} finite at = € X is defined by saying
that x* € X* belongs to O f(x) (resp. dpf(z) (resp. Ocf(x))) when (z*, —1) belongs
to the corresponding normal cone of the epigraph of f at (z, f(z)), i.e.

(z*,—1) € N (epif; (z, f(z))).
Through to , we easily see that
Opf(x)=0rf(x) =0cf(x) =0 if f(x) = ~4o0.

The above normal cones and subdifferentials do not depend on equivalent norms on X.
In particular, the subdifferential of a function f: X — RU{4o00} is always considered
for an equivalent norm with respect to the initial one given on X.

Recall that the Fréchet normal cone N¥ is linked to its subdifferential 0 through
the equality

Ords(z) = N¥(S;2) NBy. and N¥(S;2) = R Opds(z) for allz € S. (2.4)

A similar equality holds for Mordukhovich-limiting normal cone N¥ and the subdiffer-
ential 0.

If the set S and f are convex, the Frechet (resp. Mordukhovich limiting) normal
cone N¥(S;z) (resp. N%(S;x)) and subdifferential Opf(x) (resp. Orf(x)) coincide
respectively with the usual concepts of normal cone and subdifferential in Convex
Analysis.

Similar to the Clarke’s subdifferential, the sum rule for the Mordukhovich limiting
subdifferential can be found in the monographs (see [112| [124]).

Theorem 2.21. (sum rule for L-subdifferential) Let X be an Asplund space and
let f1, fa : X = RU{+00} be two functions which are finite at T € X. If fi is Lipschitz
continuous at T € X and fy is lower semicontinuous near T, then one has

OL(fi + f2)(T) C OLf1(T) + Opfa(T).

2.3.3 Proximal normal cones and subdifferentials

In Variational Analysis, the prox-regular functions are useful and they are motivated
by the study of second-order properties of some nonconvex functions. In this part, we
will study the concept of proximal normal cones and subdifferentials in Hilbert space
based on the research by Poliquin, Rockafellar, Thibault [T18] and some related papers.
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Let S be a nonempty set in Hilbert space X. The prozimal normal cone of S at
r € S, denoted by N7 (S;x), is defined as

NP(S;z):={ve X :30>0,Va' €S, (v,a' —z) <olja’ — x|}

If S is convex, it is known that the proximal normal cone N7 (S;x) coincides with the
normal cone in the sense of convexr analysis, that is,

NP(S;z)={ve X : (v,a’ —z) <0,Va' € S} =: N(S; ).

Through the equivalences valid for every x,y € X

X XN (x)
C
X\ Ne(xz)
o
(a) Normal cone in sense (b) Proximal normal (c) NT is often reduced
of vonvex analysis cone to 0

Figure 2.3: Illustration the prox-regular cones.

y € Projg¢(z) ©yeS and (z—y,c—y) < %Hc— y|[* forallce S
and
y € Farg(z) & ye S and (y—x,c—y) < —%Hc— y||> forallce S, (2.5)
we see that

v —y€ NP(S;y) forall (z,y) € gphProjg (2.6)

and
y—x € NP(S;y) for all (z,y) € gph Farg, (2.7)

where gph Projg = {(z,y) € X x X : y € Projg(z)} and gphFarg = {(z,y) € X x X :
y € Farg(x)}. Tt is worth pointing out that for any (z,y) € gph Farg

Farg(z 4+ s(z —y)) = {y} foralls> 0. (2.8)

Given a function f: X — RU {400} and z € X with |f(z)| < +o0o, one defines
the proximal subdifferential of f at x as the set

Opf(z) = {C € X :(¢,~1) € N”(epi f; (z, f(2))) },

where as usual epi f = {(u,7) € X x R: f(u) <r} stands for the epigraph of the
function f. Of course, if f is convex then the latter subdifferential is nothing but the
Moreau-Rockafellar subdifferential, that is

Opf(x) ={Ce X :((a' —a) < f(a) = f(x) Va'€ X} =:0f(x)
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If f is convex and continuous at x, then f is Fréchet differentiable at x whenever
Op(=f)(x) # 0. If fis C! near w, it is an exercise to check that for a function
g: X = RU{+oo} finite at z, one has

op(f +g)(x) = Vf(x)+ dpg(x). (2.9)

For more details on normal cones, coderivatives and subdifferentials, we refer the
reader to the books [112, [1T6], 120), 124 [130] and the references therein.

2.4 Maximal Monotone Operator

Next, we dedicate this section to present some knowledge about Maximal Monotone
Operator, as it is essential for constructing a regularization framework for the sweeping
process.

Definition 2.22. Let X be a Hilbert space. An operator A : X — X is monotone
whenever

(z* =y 2 —y) 20 (2.10)
for all z* € A(z),y* € A(y). A is called is mazimal monotone operator if its graph is

not properly contained in the graph of any other monotone operator.

Definition 2.23. Let X be a Hilbert space and let A be a maximal monotone operator.
For every positive «, the resolvent J, and the Yosida approximation of A, namely A,,
defined by

1
Jo=I+aA), Ay=-(I-1J,) (2.11)
o
where [ : X — X be the identity operator.

Instead of representing the Yosida approximation as an operator implicitly depen-
dent on the resolvent through equation [2.11] we can explicitly express the Yosida
approximation using the following proposition.

Proposition 2.24. The Yosida approximation of an operator A with parameter o > 0
can be presented as

Ay = (al +A™H
where I : X — X be the identity operator.

Proof. Fix u € X and let J, be the resolvent given by J, = (I + aA)~! where I is the
identity matrix. By the definition of the Yosida approximation above combining with
the homohenity of the dualtity mapping J~!, we obtain that

Jo(u) =u— aJ H(As(u)).

It leads to
(I +aA) Hu) =u—a (Ay(u)).

Hence, we get that
Ag(u) € Alu — aJ Ay (u)),
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or it is equivalent to
u€ (A +ad N (Ay(u)).
Moreover, since A, is single - valued, we get the conclusion that
An(u) = (af + A7) (u).
O

It is not difficult to check that A, is a maximal monotone and o !—Lipschitz
continuous. We can find more details of the concept of Maximal Monotone in the
research of H.Brezis [65].

Related to the first order sweeping process, we consider the evolution equation
associated with Maximal monotone operator given by

{ —u(t) € Au(t),
u(0) = wup.

To solve it, one is to use the Yosida approximation with parameter » > 0 and this
problem is wellknown in the theory of optimization in Hilbert space. Hence, we are
able to follow the reqularization system of

{ — Uy (t) = Ayuy(t),

u-(0) = wuo.

For the sweeping process |1| with A*(-) = N(C(t),-), it can be represented as —u(t) €
Aty(t) with the initial condition u(0) = ug. It is also notable that the subdifferential
of the indicator function associated with the set C'(t) is a maximal monotone operator.
This property, combined with the form of the related evolution equation, leads to the
Yosida approximation of A, denoted as (A")*, where

Al(:) = N(C(t),-) = e ().

2.5 The a-Moreau-Yosida regularization

In this section, we recall the fundamentals of the Moreau-Yosida formulation that
will be used in calculating related our mechanical problem in the next chapter.

Definition 2.25. Let X be a real Hilbert space, let f : X — RU {400} be a function
and let « > 2. For any real R > 0, the a—Moreau envelope (or a-Moreau-Yosida
regularization) with index R of the function f is the function f§ : X — R U {400}
defined by

o R
fit) = it () + 2 o =) foralluwe X

It is well known (see, e.g., [120]) that the Yosida regularization of the subdifferential
Jf of a (proper lower semicontinuous) convex function is nothing but the gradient of
its usual (i.e., with parameter a = 2) Moreau envelope, that is

VB)\f = ()\[d + (6f)_1)_1.

Such an equality still holds in the context of a«—Moreau envelope (or a-Moreau-Yosida
regularization).
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Figure 2.4: Moreau envelope of function f in R2.

Theorem 2.26. [120] Let f : X — RU {400} be a function. For any real R > 0, the
a-Moreau-Yosida regularization of Of is the gradient V f§ associated with the Moreau
envelope ff.

In addition, an important identity for computation in next chapter is Moreau’s
decomposition, which states that

Theorem 2.27. [379] (The Moreau decomposition theorem.) Let S be a nonempty
closed convex cone of Hilbert space X. For any x € X,

x = projg(z) + projgo(x) with (projg(x), projso(z)) =0
or equivalently,
x = 21 + x3 where 1 = projg(x), xe = projgo(x) with (x1,z2) =0

where Sy is polar cone of S defined by Sy = {z : (z,y) <0,Vy € X}.

Figure 2.5: Moreau decomposition.

Moreau decomposition is a fundamental concept in convex analysis and optimiza-
tion theory. It involves decomposing a vector in a Hilbert space into the sum of two
orthogonal components, each associated with a convex cone and its polar cone. This
decomposition has found many applications in optimization and various other areas of
applied mathematics (see [I64HI68]). It is also an important key for computation in
mechanical problems, especially in unilateral mechanics [40, [41].



Part 1

Modeling of the Sweeping Process

27



Chapter 3

Mechanical System

In this chapter, we will study some mathematical models of Mechanics with dynam-
ics of systems given by differential inclusions and their link to the form of the Sweeping
Process.

3.1 Function of bounded variation

Let I be a nonempty real interval in a Hilbert space H, and let v : I — H. We
define the right-limit of u at t (vesp. left-limit) as:

ut(t) = 151{1% u(s) (resp. u (t) = £1;r% u(s)). (3.1)

If it is defined everywhere in an open interval in H, one says that u™ is the right-
continuous function (resp. left-continuous function).

Definition 3.1. The variation of v : I := [0,T] — H can be presented by taking
supremum of a partition of I with 0 =tg <t; <..<ty=T,

N-1
var(u) = var(u, I) = sup Z | u(tivr) —ult;) | -
i=0
Remark 3.2. 1. Assume that I := [a, b], we can write:

var(u) = var(u; a, b) = var(u; [a, b]).
Moreover, if there is a point b € [a, ¢], one has:

var(u; a, ¢) = var(u; a, b) + var(u; b, c).

2. Let t be a singleton on I, one has:

var(u, t) = 0.

3. One has, u be a constant on [ if and only if var(u,t) = 0.

28
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Definition 3.3. Function of bounded variation Let / be a nonempty real interval
in H. A function w : I — H is of bounded variation (in short, BV) on I, denoted by
u € BV(I,H) if and only if

var(u) < 4o0.

Lemma 3.4. Ifu:[0,T] — H is Lipschitz continuous with constant L > 0, then u is
BV and var(u) < LT.

Proof. Since wu is Lipschitz continuous with constant L > 0, for any ¢,s € [0,7], we
have:
| u(t) —u(s) |[< L|t—s].

Now, considering a partition of [0,7] with 0 = ¢, < t; < ... < ty = T, we use
Definition [3.3] to obtain:

N—
Z | u H—l - u Z Z+1 L(tN - to) =LT.

i=0
Taking the supremum, we conclude var(u) < LT. O
By definition, we can deduce another property about BV functions as follows.

Lemma 3.5. Ifu:[0,7] — H is an increasing function, then u is BV and var(u) =
uw(T) — u(0).

In general, a BV function u defined on [0, 7] has a right limit u* on [0, 7 and left
limit u~ on ]0,T] (defined by [3.1]), and both u™ and v~ are BV functions. Addition-
ally, it is well-known that any continuous BV function u contains a countable set of
discontinuous points and is differentiable almost everywhere in |0, 7.

On the other hand, let w : [0, 7] — H be a BV function, it defines the differential
measure or Stieltjes measure du on [0,7] (see more details in [68]) as below.

Proposition 3.6. Let ¢ : [0,T] — H be a continuous function with compact support.
There exists an interval I of H, denoted by I = fOT odu, such that for any positive e,
there is a partition on [0,T] with 0 =ty < t; < ... <ty =T such that if there is any
partition finer 0 = sg < s1 < ... < sy = T and for any o be a given arbitrarily in
[Sk, Ska1] with k =0,...,N' — 1, one has:

u(spr1) —u(sg)] —I| <e

This property is very useful to prove the existence of solutions to the Mechanical
problem that we will introduce in the next section. Regarding the concept of right and
left limits of u, for any [a,b] C [0,T], if u is a BV function, the measure du can be
expressed by

/W du = u* (b) — u(a).

Furthermore, for any discontinuous points in ‘H, we have f{a} du=u"(a) —u (a).
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3.2 Description of the motion of one particle

3.2.1 Physical setting in Mechanics

The motivation for this study stems from analyzing a mechanical system with a
finite number of degrees of freedom, represented as a point in Euclidean space R?, and
subject to a single smooth constraint, often termed a unilateral constraint. Specifically,
we examine a system where a particle moves toward a fixed surface.

L={qeR*: f(q) >0}

where f : R? — R a given sufficiently regular function. The movement of the particle
has to meet the boundary of L, defined by S = {q € R?*: f(q) = 0}.

L={q€cR?: fi(q) >0} withi=1-..4
f1=0

Figure 3.1: Illustration of fixed surface in 2D.

Assume the position at time ¢ of the particle denoted by ¢ = (¢%,¢¥) € R?. The
motion ¢ — ¢(t) has to remain on L, so that f(q(t)) > 0, t € I with I := [0,T] be
an interval on R. Hence, its the corresponding velocity v = ¢ function of bounded
variation. In contactless problem, for a usual velocity v € C*' of the motion with

ot) = lim = (g(t + 1) — (1),

we recall the classical integrate

q(t) = qo + /0 v(s)ds. (3.2)

In particular, at the boundary S, the velocity of contact often occurs discontinuous.
In this case, we prefer to consider the concept of velocity of BV function. That means,
for any BV function u € BV(I,R?), equation (3.2) can be written as

q(t) = qo + /Otu(s)ds. (3.3)

It is well-known that any BV functions u defined on [0, 7] has a right limit «™ and
left limit u~. Hence, one obtains that u = u™ = u~ Lebesgue almost everywhere on
[0,7] and then
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q(t) = qo + /Otu(s)ds =q+ /Ot ut(s)ds = qo + /Ot u” (s)ds.

That leads to the time-derivative of ¢ at each t in (3.3|) or the right velocity (resp. the
left velocity) of the motion ¢(¢) can be expressed by the right limit u*(t) (resp. left
limit u=(t)), i.e.

§(0) = w(t) = Jim + (alt+B) — a(0).

Let us consider the model

where M is a mass of the particle, F is a given external force and A € R? is the
vector of the contact or " reaction” forces. The reaction force is the force acting on the
boundary S of the fixed surface. Assume that M = I be the unit matrix, then

AN=§—F(t,q,q). (3.4)

The acceleration of the motion, denoted by ¢, is the derivative of a BV function u with
u = ¢, we can rewrite (3.4]) as

A=u—F(tq,q).
And thus, since u is a measure, it ensures A is also a measure
dA = du — F(t,q,q)dt (3.5)

where dt is the Lebesgue on [0, 7).

Since, the motion of the particle towards a fixed L with constraint f(q(t)) > 0.
One remark, in the case that f(g(t)) > 0, the moving is in the interior of the region,
means dA = 0. From , it follows that

= Fla.d)

In addition, by the smooth property of v and ut = u~ be absolutely continuous,
it is obvious that there is no reaction here (contactless). Otherwise, when w is a
discontinuous velocity, there exists an instant ¢, on the interval such that wu(ty)™ #
u(ty)” and its Lebesgue measure is zero. Combining to the fact du coincides with a

the Dirac measure, we obtain from (3.5 that
dA(ty) = du(ty) = u(te)™ — u(ty)~ = / du. (3.6)
tg

We observe that there exists a contact which can be represented in the form of the
reaction force.

On the other hand, since at any points on the boundary S, the particle may change
the direction of moving (see Fig. , then this leads to the velocity is discontinuous
at these points. A contact or impact with minimum value occurs at the boundary S
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where f(q(t)) = 0 and obviously the reaction force is nonzero. As mentioned, when u
is discontinuous at any time, the right velocity and the left velocity of the motion is
basically different. Now, derivating both the right and left velocity, we get that

(Vf(g(t)),u"(tr)) >0, (3.7)
(Vf(g(tr)),u™(tr)) <0, (3.8)

when f(q(tr)) = 0, we have (V f(q(tx)),u (tx)) < 0 and (Vf(q(tx)),u" (tx)) > 0 and
obviously u(ty)™ # u(t)™.
Now, let us define

Vig) =

{{v €R?: (v, Vf(q)) 20} if f(q) >0, (3.9)

R? if f(q) <0,

to be the set of admissible right velocities of ¢ on L, also known as the tangent cone to
L at the point ¢. It is clear that the interior of V' (¢) is nonempty, and from inequality
, we observe that

ut(t)eV(g) and —wu (t)€V(q) forall tel0,T]. (3.10)

With the definition of the admissible velocities of ¢ at v on L (defined by , it is
well-known that the normal cone N(V(q),u) (in short, N,) is the polar of V'(g),

N, ={w e R*| (w,v) <0,Yv € V(q)}. (3.11)
Proposition 3.7. One has
N(V(g),u) ={=AVf(q) [A=04f f(q) >0 or A >0 if f(q) = 0}. (3.12)

Proof. First, we observe that V(q) is nonempty since it is either the whole space or a
half-space, and it is also a closed convex cone. In addition, based on the basic result
known as the Polar Cone Theorem (see details in [120]), which states that if S is itself
a nonempty closed convex set, then (V' (¢)°)° = V(q). Now, setting

K :={=AVf(q) | A=0if f(¢) >0o0r A>0if f(q) =0},

our aim is to show that V' (¢) = K°, and then we can apply the Polar Cone Theorem
to conclude. Indeed, fixing v € V(q), we obtain

—(V/f(q),v) <0.
Multiplying by a nonnegative d, this is equivalent to
—(d-Vf(q),v) <0. (3.13)
This leads to V(¢) = K°. Therefore, we obtain that
Ny = (V(9)°)° = V(g) = K.

Consequently, by taking the polar of both sides, we are able to conclude that the normal
cone of V(q) coincides with K, i.e.,

N(V(q),u) ={=AV[f(g) |A=01if f(g) > 0or A>0if f(q) =0}.

The proof is complete.
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In Mechanics, in the case of non-friction (frictionless) unilateral contacts, the
reaction of the material (particle, body, etc.) can exert a force on the boundary that
is normal and pointing outward. Specifically, there exists a constant A > 0 such that

A =AVf(q) = My,

where v is the outward normal vector on the boundary S (assuming the function f is
sufficiently regular).

Assuming that the duration of the reaction A after the shock is very small, such
that the reaction does not change the direction of motion, from (3.6) we obtain

u(te)™ —u(te)” = aVf(q(ty)) where a> 0. (3.14)

Building upon the model proposed by Kanze and Marques in 2000 [I1], we consider
the second-order sweeping process problem, formulated as follows.

—du(t) € N(V(g(t);u(t)), u(t) € V(q()),
9(0) = q,
u(0) = uy,
where V(q) is defined by and the normal cone N(V(q),u) is defined by (3.12).

We have also introduced the regularization of the Moreau envelope-Yosida approx-
imation of the contact problem based on the evolution equation associated with the
Maximal monotone operator (see Section [2.4]). This enables us to obtain the regular-

1zation system as
—du® () = A%u, (1),
{ 4:(0) = qo, u,(0) = uo.
Hence, following a similar approach, we derive the Yosida approximation of A!, denoted
as (A%, where
A() = N(V(q(t)),") = Ny(-) = 0¢c, (-)-

Consequently, we find that for any r» > 0, the relation holds:

(A (1) = (V0 (1))

ar

The existence of solutions to certain sweeping process problems have been rigorously
demonstrated and proven in [8] 22] 29| 30, 42, [44].

3.2.2 Impact Laws

In this section, we derive from the contact or impact dynamics in Section [3.2] In
particular, it brings meaningful result in Mechanics. To verify this fact, we start with
the simply case of a purely inelastic impact.
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3.2.2.1 Purely inelastic impact

On the other hand, let us consider when the right velocity u* at any point on S
after shock with the boundary is tangential T(q), corresponds to (u*,Vf(q)) = 0,
where

T(q) = {w e R*: (w,V[f(q)) =0}.

We can easily observe that the right velocity u*t is the orthogonal projection of the
left velocity u~ onto T'(q). Regarding the normal cone of N, for u = u™ € N, (see

Fig. 3.2}(a)), we have
—dAN € N(V(q),u).

3.2.2.2 Purely elastic impact: Conservation of kinetic energy

In Mechanics, the kinetic energy can be expressed by
. 1.
£(@) =5 ldl”*- (3.15)
1
Assume that u be tangential with u = é(u+ +u~) € T(q) C V(q) and one has
1
—an e V(a0 = ¥ (Vi) 50 +10)).
By definition of IV,, we obtain
(dA,u) = dA,E(u +u))y=(u" —u ,§(u +u"))=0 (3.16)
by (3.6). It follows that

TR B AT Loz 1y e
s eI =5l =0 & Sl = Z [

It means that ||u®|| = ||u”|| and also corresponds to £(¢") = £(¢~). Consequently, we
observe that the purely elastic impact ensures the conservation of kinetic energy in the
meaning of |[u™|| = ||u7]|| (see Fig. [3.2}(b)). It plays an important role in Mechanics,

especially in numerical computation.

3.2.2.3 Partially elastic impact

In mechanics, there are scenarios where a body’s energy is not conserved. This
occurs when the body’s velocity exhibits partial elasticity, characterized by ||u™| <
|lu=]|. The phenomenon of partial elasticity is illustrated in Figure (see [66]).
When a reaction force acts on the body at point S, a dissipative shock arises, leading
to the following relationship:

u’ = projy, (u”)

or equivalently,

ut —u” € =N, (u").
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To generalize further, let the velocity u be a convex combination of its right element
u™ and left element u ™, such that

- S 3.17
1+eu +1+eu’ (3.17)

u

where e € [0,1] is known as the "restitution coefficient.” It is worth noting that when
e = 0, the combination represents purely inelastic impacts, and when e = 1, it
corresponds to purely elastic impacts.

For any constants ¢; at which u,, becomes discontinuous, it is necessary that —dA &
N(V(q), u) to ensure that u belongs to V,. When u lies in the interior of V,, the reaction
force is zero since N,(u) is zero as well. In numerical computations, the problem is
often handled through discretization, which implies

—dA € N, with u=Av(u~,u")

where Av(u~,u") is a type of linear interpolation defined as

Av(u ,ut) =ut +k(u” —u"), 0<k < =, (3.18)

N | —

Remark 3.8. Note that when k£ = 0, it represents purely inelastic impacts, and when

1 . ..
k= 2 it corresponds to purely elastic impacts.

From (3.17)) and |3.18] one deduces k = 1 ¢ . Additionally, we expect an extension

e
1—9 1—e 1—9
in the fi f a dissipation indexr d b tti = ——; 0= dk=——
in the form of a dissipation indexr § by putting e i 1+ean 5
which gives
1+0 . 1-0 _
U = U+ u

2 2
as illustrated in Fig. [3.2(c,d).

Remark 3.9. By using (dA,u) = 0, it is easy to see that

1 1, _ 1/1—e _ ) _
3 17 = 3l = =5 () =l = =3 e =

and by definition (3.15]), we obtain the dissipation of energy
Ewr)—E@w™) = -6 —u) <0.
Clearly, when § = 0 (resp. e = 1), this is the case of kinetic energy conservation,
E(q7) =E€(q).
3.2.3 Problem of impact via the second order sweeping pro-
CeSsSs

From all assumptions above, we need to find v : I — R? : be a BV function with
e-averaged of the problem
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(b) Purely elastic impact

+

V u
q / (elastic)

-+ (partially
u elastic)
+

u=u
‘ (inelastic)
T(q)
WU \ —
\ u
(¢) Partially elastic impact (d) Mlustration of the general impact

laws

Figure 3.2: Impact laws concerning velocity.

Problem 2. Let [ := [0, T] be an interval in Hilbert space. Let ¢qo € L = {q: f(q) > 0},
ug € V(qo) (defined by (3.9)) and let p : I xR*2xR? — R?. We try to find u € BV (I, R?)
with e-averaged and u(0) = uo be an initial velocity. Assume that u(t) € V, for t € I
with

q(t) = qo + /Otu(s)ds.

Moreover, assume that there is a nonnegative measure du on I relative to its Lebesgue
measure dt with ¢/, € L'(1, dp; R) and the Stieltjes measure du with ), € L'(I, du; R?),
one has

—dA = p(t, q(t), u(t))dt — du € Ny(u(t))

and the differential inclusion

F(t, q(t,u(t)))t,(t) — w,(t) € Ny(u(t))
satisfies for du almost every ¢ € I.

In the subsequent analysis, we shall focus on a simplified scenario involving a moving
point or particle directed towards a stationary surface denoted by L (described by
(6.14])). We consider a mechanical problem with its motion represented by the variable
g € R?, and the corresponding velocity is treated as a function of bounded variation.
The differential measure dq is associated with the velocity q.
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Problem 3. The model with velocity contact problem

Mdq = F(t,q,q)dt + dA,
(Pcv) Q(O) = qo,
Q(O) = U,
. 1
where dA € —N,(q) with ¢ = §(q+ + q—).

Problem (3| uses a model with velocity contact because in argument in the normal
cone N, thereis g. On the other hand, we also can consider the model with displacement
contact as follow.

Problem 4. The model with displacement contact problem

Mdg = F(t,q,q)dt + dA,
(Pea) § 9(0) = qo,
q(0) = uy,

where ¢ € L and dA € Ni(q) = {-AVf(q) | A=01if f(¢) >0o0r A > 0if f(q) =0}

and
L:{{QGR”<%Vﬂ@>Z®'iffM)ZQ
R? if  f(q) <O.

Proposition 3.10. If dA € —N(q) then there exists a A > 0 such that
A€ —0Yr+ ((Vf(4),9))
whenever A > 0 if f(q) =0 or A=0if f(q) > 0.

Proof. Assume that dA € —Np(q), we obtain that dA = AV f(¢q) with A > 0 (by
Proposition B.7)), i.e A = 0 if f(g) > 0 or A > 0 if f(q) = 0. Moreover, since dA €
—Np(q), it can be represented by (3.11)) in form of — (dA, g) < 0 or (dA, q) > 0. Hence,

x:=(A\Vf(q),q) > 0. (3.19)

It is clear that when A = 0, one has z > 0 (since f(¢) > 0) to hold the inequality
(3.19). And also, if A > 0, z = 0 (since f(q) = 0). Thus, we easily to obtain

A E —NR+ (I) ,
where

0 itz >0,
—Ng+(x) =< [0,400) if 2 =0,
0 it z < 0.

In addition, we also notice that Ng+ (z) = Ovg+ (). Thus, we get that A\ € —0Yg+ ().
[

In addition, by using Karush-Kuhn-Tucker (KKT) condition [120], we have a prop-
erty which is a unilateral contact displacement ¢ corresponding to u (Fig. 3.3).
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Proposition 3.11. From all setting above, the following statement holds

A >0,
A€ —OYg+(z) &< x>0, (3.20)
(A, z) =0.

Proof. Based on the proof of Proposition [3.10] it is well-known that for any A €
—OYr+ (), we have

A=0and x>0, or A>0andz=0. (3.21)
Let —\ € Oug+(x), by using definition of subdifferential, we obtain that

Yr+(T) + Y+ (=) + (@, —A)
& Yr+ () + Yr- (=) + (7, ) <
< (r,\) <0

ol/\

due to g+ () = 0. In addition, it is clear that x > 0 and A > 0, then
(x, \) > 0.
We get the conclusion (z, \) = 0. O

In the context of optimization, the classical expression of the Complementarity Con-
dition (also known as the Karush-Kuhn-Tucker condition in [I20]) for pairs of comple-
mentary variables involves a nonnegative variable A and the inner product (V f(q), q)
or D7, the signed distance from particle ¢ to particle 5 at contact . This condition
requires that at least one of the two inequalities reaches its bound. Alternatively, it
can be formulated as

0< XL (Vflq),q)>0. (3.22)

In this expression, the symbol L represents the orthogonality relationship between the
variables A and (V f(q), q), indicating that they are complementary and cannot both
be strictly positive. At least one of them must be at its lower or upper bound, while
the other is nonnegative.

Figure 3.3: Unilateral contact displacement.
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3.3 Description of the collective motion of multiple
particles - Granular media problem

To describe the motion of a multi-contact system between rigid bodies (see Fig.
, we use the following writing conventions. Assuming that a particle ¢ among IV,
particles is described by the position of its center and its rotation, we will denote by
q the generalized coordinate describing its position in space of the entire multibody
system (g € R™Na where d = 6 for a 3D problem and d = 3 for a 2D problem). As a
consequence of the possible collisions between particles, we introduce the generalized
velocity denoted by g as a function of bounded variations, and its associated differential
dq. According to the fundamental principle of rigid dynamics, the equations of motion
formulated in terms of differential measures can be written as follows

Mdq = F(t,q,q)dt + dA (3.23)

where M represents the generalized mass matrix; F' represents external forces; dt is the
Lebesgue measure and dA is a non-negative real measure that represents the reaction
forces and impulses occurring between particles in contact.

contact

overlap

Figure 3.4: The multi-contact problem.

We now establish the mechanical interaction arising from a potential collision be-
tween a rigid particle ¢ and its neighbor j, involving a contact point . As the contact
laws are expressed using the contact variables, we have to express these local variables
from the generalized velocity and impulses. Thus, we define a local-global mapping
from the global to the local frame for each contact node v € [1,N,], with N, de-
noting the total number of possible contacts between two rigid particles to write the
corresponding local contact law.

For a potential contact v (v € [1, N,]), the local relative velocity v” and the local
contact impulse A7 can be respectively decomposed into a sum of normal and tangential
components v’ = v) - v+ v) and A” = A} - v+ A] where v and 7 are respectively the
inward unit normal and tangential vector.
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The shock/contact law can be written as follows.

If DI>0 then A\ =0, (3.24)
it D} <0 then
0 >0,
Ay >0, (3.25)
vIAY =0
where D} = D7(q;,q;) represents the signed distance from particle ¢ to particle j at
contact 7.
The Coulomb friction law is written as:

Al #£0. (3.26)
Ay=0:v] >0,

1% 8l v 7=
Ay>0 and [[AL|| < p|A)[: v7 =0, (3.27)

”
4>0 and X = ] 392 00 = A
where p is the friction coefficient.

In the case of a collision, the non-smooth movement implies sudden changes in
velocity (velocity jumps). They are determined under the non-interpenetrability con-
ditions. The time derivative @ is not unique and then, the left-limit and the right-limit
velocity, denoted as v, v} respectively, have to be distinguished separately. By analogy
with a binary collision between two rigid bodies, we compute v} based on v, using a
time-stepping scheme. This leads us to compute v, in Signorini’s conditions by taking a
weighted average of v, and v, expressed as v, = nv,, + (1 —n)v} where n characterizes
the contact properties. This Concept is detailed in references such as [24] 25, 406, 48].

(1 5 in a collision between rlgld particles is identified with
the normal restitution Coefﬁment ey, leading to n =

a +€ . Consequently, we define

vl +ev;
(1+e,)

The computation of tangential velocity v, governed by Coulomb’s frictional conditions,
follows a similar approach. The tangential force A, represents the combined effect of
static and repulsive forces during the time interval At. The tangential velocity is
thus determined as an average velocity, as explained in [24], 25, [46, 48]. Similar to

normal forces, a consistent model incorporating the tangential restitution coefficient e
is defined by

Vy =

vl +ev;

(1+e,)
In the following, two couples (v}, A7) and (v), AY) verifying these set of conditions for
a potential contact node v between two particles are denoted by

Ay € =Yg+ (v)), (3.28)
Nl € vy a0 (0]) (3.29)

v, =
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where g is the indicator function of a set S C X defined by ¢g(z) = 0 if x € S and
Yps(x) = +oo if othervise; ¢§(-) is the Fenchel conjugate of 1g(-) of S. In the latter
formulation, we notice that ([3.28) is related to the the inelastic shock law’s condtions

(3.24) — (3.25), while (3.29)) describes the Coulomb’s friction law (3.26]) — (3.27]).

3.4 The displacement contact problem

Firstly, we consider mechanical problem described by its motion q € RN its
corresponding velocity q as a function of bounded variation and dq, the differential
measure associated, given by

Problem 5. The model with velocity contact problem

Mdg = Fdt + dA,
q(O) = qu
Q(O) =y

where, \) € —0YR+(v]) and A] € 8¢2(AZ)(U;’) for each contact v € [1, N,].

In particular, the velocity contact problem corresponds to the case of the purely
elastic impact, which ensures the conservation of kinetic energy in the sense that
|vf| = |v,|. Tt plays an important role in contact mechanics, especially in numeri-
cal computation.

Now, for one contact v between two particles, we will omit v in the following for
the sake of simplicity. On the other hand, it leads to the model with displacement
contact as follow.

Problem 6. The model with displacement contact problem via subdifferential form

Mdq — Fdt + dA,
q(0) = qo,
q(0) = v

where \) € 0yYp- (D)) and X! € 82#2()‘7)(1);*) for each contact v € [1, N,].

This model cannot ensure the conservation of the energy of the system since the
contact law does not allow to determine the velocity v* from v~. In the following, we
will approximate this law in order to be able to ensure the conservation of the system.

3.4.1 The Moreau-Yosida regularization for Contact Dynam-
ics

In this section, we introduce a regularization framework for contact conditions. We
begin by outlining the fundamentals of Moreau-Yosida regularization (see Section
and then present the regularized formulations in both continuous and discrete contexts,
accompanied by an energy analysis. Related to Definition and Theorem ([2.26]),
when f coincides to the indicator function of the set C, for any R > 0 and with o > 2,
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one has

. , 1 N1 W1
(V)i = inf (Ve + < Iy = ul”) = inf oy = ul” = (. (330

Upon computing the gradient of (¢¢)%, we derive the following proposition.

Proposition 3.12. With o > 2, one has

1 1 .
—d2(w)) = 7 |projc, (w)

V(o) y(u) = V ( " proje, (u).

To prove it, first let us recall the lemma below.

Lemma 3.13. One has
o a—2
Viz[* = allz]* " z.

Proof. Indeed, it is not difficult to check that

Vlz|* =9 [(lel?)?] = 5 @o) (I21?)* " = aflall*a.

[]

Proof of Proposition[3.13. Applying directly the definition of distance function and the
lemma above, for any R > 0 and a > 2, we get that

V(eh(u) = V(- b (w) = V(- inf ly — ol
= 9 (lly ~ proio(w)])”

1 . a— :
= = lly = proje(m)*~* (v — proje(y))
1 . a— .
"R [Iproje, (w)[|* proj, (u).
O

We are now in position to find the a-Moreau- Yosida regularization of 0vr- (u) by
taking C' = R™.

Corollary 3.14. For any R > 0 and « > 2, one has
1 . a— .
Ay = (09p-)R(u) & A = 4 [|projes (u)] * projg. (u) for any u € H.
We derive from Corollary to apply to the displacement contact problem [6] to

get that, for any R > 0 and o > 2,

1

1 . a— . : a— 1 a-
= & s (D)o () = proies () = (1D, )"

Set ¢, := 1/R and for simplicity, we omit the contact exponent - for each contact
v €1, N,
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Problem 7. The a-Moreau-Yosida regularization of displacement contact problem

Mdg = Fdt + dA,
q(0) = qq,
q(O) = Dy,

-1

where \, = cy( [DV]+)a , ¢, >0, a>2, and

if A <pA: Ar=cq,,
q.
4|

if A=A Ar=puA

Based on the Normal compliance method, we will provide balance energy over the

interval [0, 7). Let us consider the work of contact force

We = (N Dy)  with A, = ([D], )"

It is equivalent to

c, d

We = <Cu( [Du]+)a71,Du> = EE( (D], )"

When moving continuously over the interval [0, T], the energy holds this equation:

T
EST = Eo(T) — Ec(0) = / We ds.
0

From the framework of the work of contact force W, one has

T
Ec(T) - Ec(()) = / WC ds
0
e, (T d

== i %([DV]+)ads

Cy Cy

= (D))" () = Z(1D.),)(0).

«

(3.31)

It is easy to see that when « is large enough, the energy balance is guaranteed due to

low penetrations from the Normal compliance regularization method.

3.4.2 Discrete formulation of the regularized contact prob-

lems

Let T > 0 be a real and fix any integer N > 1. We consider the time discretization
of the interval [0,7] given by 0 = t% < t! < ... <tV =T ie. [0,T] = UN_,[t", "]

with ¢t = ¢" + At where At :=T/N.
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3.4.2.1 Standard normal compliance

Problem [T then can be discretized in time in a classical form of Standard Normal
Compliance (SNC) in the following via the Moreau-Yosida regularization with o = 2.

Problem 8. Standard Normal Compliance problem

qu+1 —q" _ et +An+17
(PSNC) At
cd q(0) = g,
q<0) = Vo,

where A" = ¢, [D" ], ¢, > 0.

Notice that the standard law of normal compliance does not ensure the balance
energy under the continuous formalism see equation (3.31)) unlike the Improved Normal
Compliance model in the next section.

Based on the paper [57], we present an improved energy conservation method for
granular media, extending it to account for dissipation phenomena with friction. This
method enforces the standard normal compliance law at each time step, achieving min-
imal contact penetrations and maintaining conservation properties that closely respect
energy.

3.4.2.2 Improved normal compliance

In order to ensure the energy balance coming from the continuous case, we replace
the normal displacement [D"*'], by D! in the normal stress of contact given by

(D52 = (D))"
oDy =Dy

Dn-‘,—l _
Proposition 3.15. One has

v

Cy n a G n a
B - B = (D), ) - (10,

Proof. By setting above, we have

tn+1 tn+1
Enl _ En = We ds = / <X;+1, D3+1> ds
tm t
_ Dn+1 — D
— ntl=v — “v
=c, At D) A7
n+1 @ n @
= {o; Z];n)ﬂ — gf"h) (Dy*t —Dy)
= 2([Dr],)" = 2(10p,)"
a o+ a viv/ oo

]

This discrete formulation of Improved Normal Compliance (INC) based on the
specific normal stress of contact A" = ¢, D" makes it possible to ensure the balance
energy under the continuous formalism, see equation (3.31]).

Now, we provide the time-dependent discretization of the implicit system of INC.
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Problem 9. Improved Normal Compliance problem
Mq _q — Fn+1+An+1’
( PINC) At
cd q(0) = qo,
q(O) = Yy,

where \t! = ¢,[D**],, ¢, > 0, a > 2 and

(D52 = (D))"
oDy =Dy

Dt = (3.32)

In the following chapter, we will provide a comprehensive and detailed presentation
of this model. This will encompass both the theoretical framework and a series of
numerical experiments.



Chapter 4

Numerical resolution of the
Sweeping processes with impact
laws.

In this chapter, we first provide a description of the contact and friction laws within
the framework of the NSCD via NLGS and DEM method with penalization. Then, we
study the discrete INC in which, a combination of the Newmark method and PDAS
is in use in order to solve the nonlinearity issue. Furthermore, it entails conducting
numerical simulations to rigorously assess the efficacy and validity of the Newmark-
INC-PDAS approach. A comparative analysis is also conducted against alternative
numerical methods, such as NSCD-NLGS and DEM, specifically in scenarios devoid
of friction. Lastly, we elucidate the numerical treatment of the restitution coefficient
and contact conditions involving friction, aiming to offer a robust solution for resolving
rigid multi-body contact problems.

4.1 Some usual non-smooth methods in Contact
Mechanic

Regarding the rigid body model and contact dynamics, which gave rise to the
Contact Dynamics method (CD) [38, 43, [45] [46], and later to Non-Smooth Contact
Dynamics (NSCD) [48], was originally developed for simulating granular materials and
emerged from the mathematical formulation of nonregular dynamic systems.. The reso-
lution of multi-contact problems largely depends on the mechanical behavior including
deformable or rigid bodies involved. Within the framework of granular modeling of
rigid bodies, we have to consider two factors: one is for all the bodies, namely global,
to describe the dynamics and solve the equations of motion, and the other one is linked
to the contact, namely local, to describe the contact interactions of a particle related
to the others. The local contact conditions between rigid bodies are ensured using
the iterative Nonlinear Gauss-Seidel (NLGS) solver. In addition, alternative solvers to
NLGS have been proposed, such as conjugate gradient solvers [49,[50], Semi-Augmented
Lagrangian (SAL) method [51], [52], Bipotential method [53], [54], Primal-Dual Active
Set (PDAS) method [55, 56, 58]. PDAS methods initially initiated in a deformable

46
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environment, are widely used because of their effectiveness and the simplicity of their
implementation because they determine the constraints that will influence the final
result of the optimization (see [55], (6, B8, 62]). With these advantages, Barboteu
and Dumont [59] developed a PDAS-type method for the local treatment of contact
conditions using the NSCD formalism and it is extended in [60] in case of friction con-
ditions with high effectiveness in terms of precision, numerical convergence, and gain
of calculation time.

In order to describe the behavior of granular media, it is necessary to consider
certain non-restrictive hypotheses about these media and to formulate the appropri-
ate behavioral law for this type of problem. The complex nature of the interactions
governing these environments is all the more restrictive as it requires the use of dig-
ital simulation. In this sense, simulation strategies from Discrete Element Methods
(DEM) (more details in [5H7] and the references therein) make it possible to overcome
the difficulties linked to the divided nature of these environments.

Leveraging these characteristics in conjunction with the effectiveness of the PDAS
approach, we aim to propose an implicit regularization technique, specially Moreau-
Yosida approximation by using Newmark methods which is capable of describing the
behavior of granular materials as well as ensuring energy conservation similar to the
NSCD-NLGS method while maintaining a reasonable computational cost. It is called
Improved Normal Compliance (INC) with Newmark-PDAS-INC approach.

The approach integrates the Newmark implicit scheme with the Semi-smooth New-
ton method and the Primal-Dual Active Set (PDAS) strategy to reformulate con-
tact and friction conditions into non-linear complementarity functions, which are then
solved using the semi-smooth Newton iterative method. This method categorizes po-
tentially contacting nodes into active and inactive subsets, aiming to accurately identify
those in active contact (subset A) as opposed to inactive ones (subset 7). It eliminates
the need for Lagrange multipliers by directly enforcing boundary conditions on subsets
A and Z through the semi-smooth Newton method, making implementation straight-
forward. Additionally, PDAS methods process each contact condition numerically,
solving the laws of contact and friction that describe the dynamics of discrete systems,
thereby streamlining and improving the efficiency of these computational processes.

4.1.1 Nonsmooth Contact Dynamic (NSCD) via Non-Linear
Gauss Seidel (NLGS)

4.1.1.1 Time discretization and global-local scheme

Let T > 0 be a real number, and fix any integer N > 1. We consider the time
discretization of the interval [0,7] defined by 0 = t° < t! < ... <tV =T, ie,
0, 7] = UYZ) [t7, 7] with ¢"+! = ¢ + At where At := L.

The dynamic (3.23) can be reformulated as a time-stepping scheme ([24], [46], [48])

- n+1 -n

At
qn+1 — qn + At - qn—i—l'

Here, A" represents the total impulse at time t,.1. We denote the free velocity of the
particle as g™/ := ¢" + M~ AtF™"! which is the velocity without contact impulses.
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The motion can then be represented by
anrl — qn,free 4 M_lAn+1. (41)

It is well-known that the contact impulses are unknown. Therefore, impulses and
velocities must be determined at the same time. A simple transition from the global
coordinate system to the local coordinate system at each contact, designated by v €
[1, N,] allows us to write contact law which is relative to it.

From the global variables g and A, it is possible to obtain the local ones at a contact
~ using the local-global mapping:

v’ =H*(q,7)qg and A = H(q,7)\"

where H(q,~) is the local-global matrix of size dN., x dN, carrying the information on
the geometry of the contact network and H*(q,~) is the transpose of matrix H(q, ).

Thereby, setting 9™/ = H*(q,v)¢™/™ be the relative velocity without contact,
we derive from that o"Th/ree = pmiree L H*(q,v)M'H(q,y)A""*. Then, the
discretization of the motion of a multi-contact system between rigid bodies can be

written as follows:
,i}n—l—l,f’r‘ee — ,bn,free + Wn+1An+1 (42)

where W := H*(q, )M 'H(q, ). The procedure can be shown in the following figure.
The local resolution is carried out by NLGS algorithm [38, 46-48]. In general, if the

Global o 5 O Local frame
frame :
Dynamic
a4
Contact law

Figure 4.1: The global-local scheme of particles at contact points.

contact v is considered, and the pulses at the other contacts 5 are assumed to be fixed,
then the iterative scheme is then defined as follows (at the iteration)

’U§+1 _ ,U%“ree + WW,YA?H + ZIB<o¢ W’YﬁAs-H + Zﬁ>»y W%B)\lc/’
Conditions ((3.24) — (3.25)) and ((3.26) — (3.27)) hold.

The problem consists of finding the couple ('vf‘/*l, X;H). Noticing that for each contact

7, combine W.,,, = H M 'H,, where the sum is made over all the grains " linked
to the contact ~.

4.1.1.2 Non-Linear Gauss Seidel method (NLGS)

The algorithm used at the global level to solve the multi-rigid body dynamic contact
problems can be described as follows. We would use NLGS algorithm, which involves
treating each contact successively until convergence is achieved. This method combines
the time-stepping approach with the NLGS algorithm to efficiently handle the dynamic
contact interactions.
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e Loop of discretization in time n

1. Calculate the prediction of position (local - global mapping)

At
2. Choose initial conditions of motion ¢ ; = ¢/™ and the contact impulses

A =0.
3. Loop on k > 0 (NLGS iterations):
(a) Computation of the local-global mapping

Pre-velocity: v~ = H*(anr%, Mg, (4.4)
Pos-velocity at contact point: v"*" = H*(qm%, Al (4.5)

(b) Calculating the Moreau velocity

Lkt _
'y,k+ Ul/ + eVUV

=r v 4.6
Ul/ 1 + eu ) ( )
kt+ —
vkt — Ur + erU; 4.7
v Tre (4.7)
(c) Check the contact law and (3.25]

(d) Set W = H*M'H and update the global velocity of motion

in = Qo + WA (4.8)

4. End loop on k. When the convergence is reached, the velocity is

: _ k41
qn+1 - qn+1‘

5. Update the actualization of the generalized motion: g, ., = g, +1t %qn 41
e End time-loop n.

Alternatively, based on the established contact conditions, the calculation of the
local contact step within the NLGS iteration loop at index j can be replaced by the
Primal-Dual Active Set Algorithm as described in [60} 61].

4.1.2 Discrete Element Method (DEM) with penalisation

The Discrete Element Method (DEM) [5] is a key tool for simulating the behavior of
granular materials. Initially introduced by Cundall in 1979 under the name ” Distinct
Element Method,” it has evolved into a powerful technique with an explicit scheme.
Its application of DEM across various engineering and scientific fields contributes con-
siderably to a deeper understanding of the mechanics of granular materials.
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4.1.2.1 Modeling Particles

The Discrete Element Method (DEM) models each particle as a discrete element
with distinct physical properties, such as mass, shape, and stiffness. While particles
can be spherical or non-spherical, spherical particles are commonly used in basic mod-
els to simplify calculations. DEM has various applications across multiple fields. In
geotechnical engineering, it is used to simulate the behavior of soil and granular ma-
terials. In mineral processing, DEM models the crushing and fragmentation of rocks.
Additionally, in mechanical engineering, it is employed to study friction, wear, and
contact phenomena between rough surfaces.

4.1.2.2 The regular contact law

In DEM, the regularization of contact involves simplifying and stabilizing the calcu-
lations of contact forces between discrete particles. When particles come into contact,
the calculation of these forces can be complex due to the irregular shapes and varying
interactions. Cundall introduced several methods to handle these interactions effec-
tively and one of them is the Soft-Sphere model:

e The force is typically modeled using a Spring-Dashpot model (more details in
[T51]), where the spring component represents the elastic behavior, and the dash-
pot represents the damping (energy dissipation).

— Normal Forces: Normal forces are perpendicular to the contact surface be-
tween two particles. Cundall’s regularized contact law proposes that the
normal force is proportional to the normal deformation, similar to a spring
law (force = stiffness*deformation).

— Tangential Forces: Tangential forces are parallel to the contact surface.
They are modeled using an approach similar to Coulomb’s friction law,
with the tangential force proportional to the tangential displacement up to
a sliding threshold.

— Deformation and stiffness: The regularized contact law uses normal stiffness
¢, and tangential stiffness ¢, to model forces based on normal and tangential
deformations.

— Energy Dissipation: To model energy dissipation during impacts, a damping
component is often added to the contact forces. This helps simulate the
attenuation of vibrations and oscillations post-impact.

e The soft contact approach [7]: particles are allowed to overlap slightly at contact
points. Then, the contact forces are directly calculated based on this overlap.
Contact forces are updated at each time step based on the relative positions,
velocities, and deformations of the contacting particles.

More precisely, let’s consider the contact between two 2D spherical particles ¢ and
j. We define the signed distance D, between them by

Dz/ - (Ti + Tj) - |qz - qj|7 (49)
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Figure 4.2: The regular contact law

where r® and 7 are the radii of particles ¢ and j respectively, and ¢*, ¢’ € R? are their
positions. When the overlap or interpenetration D, < 0, two particles are to be in
contact and then the normal reaction force at contact is A\, = ¢, D, where ¢, is the
normal stiffness.
The unit vector v along the contact line pointing from ¢ to j and the unit vector 7,

which is the clockwise rotation of v, are defined respectively as follows:

. L qd . - -

yii = 74 g i = (vy, —v)).
lq' — q|

Then, the relative veloticy at contact is calculated by

g7 = (q'— ¢’) — (O'r' + 6'r7) - 7.
The normal and tangential components of the contact velocity, ¢” and g% respectively,
are

ST R N /Y Sij i i i i
q; =(¢'—¢’)- v and ¢ = 4" —q - vV

4.1.2.3 Simulation Algorithm

1. Contact Detection: At each time step, particle positions are checked for contacts

based on (4.9).

2. Force Calculation: For each pair of contacting particles, normal and tangential
forces are calculated using the regularized contact law in

3. Position and Velocity Update: The calculated forces are used to update the
particle’ accelerations, velocities, and positions using equations of motion:

e Position Update:
2

) At®
qn+1 :qn+At qn+7qn

e Velocity Update:
qn+1 — qn ‘I‘Atqn

where @" and " are the position and velocity of particle at time t", ¢" is the
acceleration due to the forces acting on the particle, and At is the time step.
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4.1.3 Some numerical simulations

In this paragraph, we will present some numerical simulations based on the exacti-
tude of the implementation of the NCSD-NLGS program in Fortran90.

NSCD via NLGS

Some simple cases of the frontal collision between 2 particles P; and P, are presented

(assume that 2 rigid bodies are punctual and without rotation).

& O

e O

(-0

Test 1

Test 2

Test 3-Case 1

(Cae

Test 3-Case 2

Figure 4.3: Physical setting of some simualtions - NSCD-NLGS

e Test 1: Two balls with same masses and velocities. This test is for two
particles with same masses and velocities (Tab. and Fig. [4.4]).

Mass m; =my =1

Radius r1r=1ry=0.1

Initial velocity | v) = (1,0),v5 = (—1,0)
Initial position | ¢} = (0.5,1),¢3 = (1.5,1)
Time-step At =107

Total time T=15

Box [0; 2] x [0;2]

Tab 4.1: Initial conditions

for collision of two

particles with identical masses and velocities.

Figure 4.4:

0.5 1 15

Time

Velocity of two particles

with the same masses and velocities.

After the collision, the motion of the particle 1 is transmitted to the particle 2, and
otherwise, i.e. v] = —vy and v}, = —v;.

e Test 2: Two balls with same masses and different velocities. Next, the
simulation of two particles with same masses and different velocities is considered (see

Fig. and Tab. ).

After the collision, the motion of the particle 1 is transmitted to the particle 2, and
otherwise, i.e. vj = —vy and v, = —v;.

e Test 3: Two balls with different masses and velocities. We study the
case of two particles with different masses and velocities, one is assumed that m; >
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Mass m;=mo=1

Radius rr =1y =0.1

Initial velocity | v¢ = (1,0), vy = (0,0)
Initial position | ¢! = (1,1),¢5 = (1.5,1)
Time-step At =101

Total time T =1.5(s)

Box [0;2] x [0;2]

Tab 4.2: Input of collision of two parti-
cles with same masses and different veloc-

ities.

0.8

0.6

04

0.2

Velocity
o

02

0.4

0.6

0.8

Time

Figure 4.5: Simulation the collision of
two particles with same masses and dif-
ferent velocities.

ma, vy > vy (Tab. [4.3}(case 1) and Fig. [4.6}(a)) and another is ms >> m; and vy = 0
(Tab. [4.3}(case 2) and Fig. [1.6}(b)).

Mass

m1:m2:1

Radius

r = 0.2,7"2 =0.1

Initial velocity

v? - (170)?U8

0

¢} = (0.5,1),¢9

(

5,0) | o0 = (1,0),2] = (0,0)
1,1 =

) | af =(0.5,1),¢%

Initial position ( (2,1)
Time step At =10 At =107

Total time T=15 T =1.5(s)

Box [0;2] x [0;2] [0; 3] x [0; 3]

Tab 4.3: Input of two particles with different masses and velocities.

Velocity
[=]

0.5

Time

1 15

(a) Velocity of 2 particles (Case 1)

Velocity

0.2

047

0.6

0.8

1 f—

08r

06

04

0z2r

0

Ak

0 0.5 1 15
Time

(b) Velocity of 2 particles (Case 2)

Figure 4.6: Simulation the collision of two particles with different masses and velocities.

After the collision the particle 2 remains where it is and the particle 1 bounces back
which is opposite to the initial velocity and has values approximately the initial one.
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Test 1 1.0000 0.9999 | 3.7253-10~
Test 2 0.5000 0.4999 | 5.5879-10~°
Test 3 - Case 1 | 0.6250 0.6249 | 3.9116-107°
Test 3 - Case 2 | 0.5000 0.4999 | 1.9156-10~®

Tab 4.4: System’s energy - Test 1, 2, 3.

Conclusion: With the velocity contact problem combining with NSCD via NLGS,
the energy of the system is conserved (Tab. . This problem coresponds to the
purely elastic impacts.

e Test 4: Superposition of 4 particles. We investigate the case of 4 particles
superimposed on each other with the same mass (Tab. and Fig. @

Mass density m;=1@G=1...4)
Radius r; =0.1

Initial velocity o) = (0,0)

Initial position ¢ = (0.5, (2i — 1)r;)
Time step At =101 (s)

Total time T =2 (s)

Gravity g = —9.80665 (s)
Domain of movement | [0; 1] x [0; 1]

Tab 4.5: Input of collision of four particles with same masses.

Contact 1

Contact 2

Contact 3

Contact 4

Figure 4.7: Simulation the collision of 4 particles - NSCD-NLGS.

Theoretically, it is capable by using the fundamental principle of dynamics to de-
termine the impulses of each contact of the system: Y F = m;g with i = 1...4 and
g is the gravity force. Then, by caculating we obtain the analysis solution of the equi-
librium problem as \; = #m;g with « = 1...4 and the system reaches the equilibrium
state.
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Using NSCD via NLGS, the system’s energy converges to approximately 5 - 1077,
closely with the analytical value.

e Test 5: 81 particles in a box (Fig. . For this method, we also test the
case of a system consisting of 81 particles moving in a box in two-dimensional space,
with a random initial position (see Fig. and which moves under the influence of
gravity according to verticality axis (can be shown in Tab. and Fig. .

Mass density pi =2600 (i =1...81)
Radius r; = 0.08 (m)

Initial velocity v =(0,0) (m/s)
Initial position @) arbitrary

Time step At =107 (s)

Total time T =25 (s)

Gravity g = —9.80665 (s)
Domain of movement | [0;1] x [0; 1]

Tab 4.6: Input of simulation of 81 particles in a box.

Figure 4.8: Simulation of 81 particles in a box

DEM method with penalization - explicit scheme

e Test 1: Collision between 2 particles.

Now, we simulate a simple case of the frontal collision between 2 particles P; and
P; (see Fig. 4.9) with same masses, velocities (input in Tab. with different chosen
parameters R and At. Recall that the color gray represents non-convergence of the
method.

e Test 2: Similarly, we simulate the model of 4 particles superimposed on each
other with the same mass (Tab. . The latter figure is about the kinetic energy of
the system with R = 10731074, 107°.

Remark 4.1. Through numerical experiments, there are some notable observations
below.

1. Tt is advisable to use a very small time step in DEM methods (At = 1074, 107?)
to accurately depict the variations in velocity both prior to and following a col-
lision, see Tab. Failure to do so may result in the omission of overlap and
compromise the correctness of the solution.
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1073 1072 | 1.0619 1.2767-10~ ' | 2.2756-10~*
1074
107°

107* 103 | 1.006 1.2068-10~2 | 2.2390-10*
107* | 1.0192 3.8667-1072 | 7.1105-10~2
1075 | 1.0619 1.2767-1071 | 2.2756-102

1075 1073 | 1.0006 1.1999-1073 | 2.2365-107 1
10~* | 1.0019 3.7998-1073 | 7.0749-10~2
107° | 1.0060 1.2069-10~2 | 2.2399-102

Tab 4.7: Collision of two particles with the same masses and velocities - DEM.
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(a) Position (left) and velocity (right) of particle 1
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(b) Kinetic energy of the system

Figure 4.9: Simulation of two particles with same masses and velocities - DEM.

2. Opting for a larger parameter value R, (i.e., a smaller coefficient, represented by
¢, = 1/R), enhances the conservation of the system’s energy (Tab. [4.7).

3. Kinetic energy conservation is ensured for small values of R due to their greater
accuracy in penetration and impulse after contact. Conversely, with larger R
values, the system’s energy seems amplified, as depicted in Fig. [£.9]
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Kinetic energy

Figure 4.10: Simulation of four particles - DEM method.

Bouncing ball - Comparison between NSCD-NLGS and DEM

We proceed to simulate the bouncing ball, observe Fig. with input in Tab.
by using NSCD-NLGS and DEM method. The kinetic energy of the bouncing ball
is represented in figure below with NSCD-NLGS and DEM with different parameter R
(or ¢, = 1/R).

Mass m=1
Radius r=0.5
Initial velocity 0 =(0,0)
Initial position " =(0,2)
Duration of a time step | At = 107* (s)
Total time T =25 (s)
Gravity force g = 9.80665

Tab 4.8: Bouncing ball with different restitution coefficients.

Remark 4.2.

e The preservation of kinetic energy by using NSCD-NLGS is better than DEM
with small R.

e With DEM, the behavior of individual particles during contact is effectively
demonstrated (see Fig. - velocity) since DEM models the behavior of dis-
crete particles in the system while models the behavior of the system as a whole,
treating the bodies as continuous objects rather than individual particles.

4.2 Newmark method

Newmark method is a numerical integration scheme used to solve ordinary differen-
tial equations in the context of structural dynamics and time-dependent problems [64].
It is an implicit time integration method that provides stable and accurate solutions
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Figure 4.11: Bouncing ball - Comparison NSCD-NLGS and DEM method.

for both linear and nonlinear systems. The aim of this section is to propose an inno-
vative method based on the combination of Newmark methods, Newton semi-smooth
methods and Improved Normal compliance conditions. This integrated methodology
aims to guarantee the preservation of the system’s kinetic energy.

In this section, our initial focus is to study the time discretization of the implicit
scheme applied to the displacement contact problem. Subsequently, we delve into
the application of the Semi-smooth Newton method, in the context of handling Stan-
dard Normal Compliance (SNC), Improved Normal Compliance (INC), and Compli-
ance conditions relevant to friction. Lastly, we proceed to discuss the application of
the primal-dual active set method in the subsequent section.

4.2.1 Time descretization

The idea is to use the generalized Newton’s method [63] (classic and semi-smooth)
to solve both the contact dynamic problems via Normal Compliance condition. The
Newmark method introduces two parameters § and 7, which control the numerical
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damping and accuracy of the method, its discretization in time are

qn+1:qn+Atq +T [(1_25) q"+20 q +1]’

Q=g A1) @y Y.

For v =1 and 8 = 1/2, the Newmark method [26], [64] is implicit and unconditionally
stable with second order accuracy, denoted midpoint scheme

At?
qn+1 — qn +At qn + an+1’ qn+1 — qn +Atqn+1 (41())
equivalently,
2 2
ont+l = o+l ony % en
q INE q") = 14"
2
-n+1:_'n = n+l _ _n
q q"+ (e q").
The dynamic of Problem [9] can be rewritten in form of
2M 2M 2M
_n+1_A n+1:_~n _n.
Ard (@) = 379"+ 34

and keep in mind that with SNC: A = ¢,[D?1], 0"+ or INC: A = ¢, [DP ] v,
Asusme that F' = 0, the dynamic is rewriten by

M - n 2 n n - n n
—(—q +—(¢"" —q") —¢q ) = A(g"™)

At At
& 2% (—qn + Ait(q”+1 - q")) =A(g"")
& z—%q"“ —A(g"") = %ﬂq” + i—%q"-
Then, we deduce the nonlinear system with time-discretization form
Ri@™) = LM@™ @) - F* - Alg™) =0, (411)

Using the midpoint scheme (4.10)), this method leads to the solution of linearized
systems
1

— M - ) - () - Adg) (4.12)

with ICk,n+1 — Ait2M o chc,nJrl and Aqk,n+1 — qk+1,n+1 . qk,n+l
where M = Jgn1M represents the mass matrix and KP"* = 9gni1 A(g""*!) which
denotes the frictional contact tangent matrix.
The nonlinear system can be solved by a generalized Newton method. This
method leads to the following iterative scheme (indexed by k)

’Ck,n—l—lAqk,n—l-l —

n n n -1 mn
qurl7 +1 — qk, +1 ((9qn+172(qk’ +1)) R(qk, +1>.
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4.2.2 Semi-smooth Newton method for the normal contact
conditions

In this section, we aim to provide a comprehensive overview of the Semi-smooth
Newton method to Normal Compliance conditions. We begin by considering the fun-
damental principles, including complementary function, its generalized derivation, and
fixed point condition, firstly of SNC and then focus on INC. Lastly, we navigate the
intricacies of compliance conditions within the context of friction.

4.2.2.1 Complemetary function

4.2.2.1.1 Standard Compliance Normal The standard normal compliance con-

tact conditions can be formulated from the following non-linear complementary func-
tion C)N(DntL, \ntl)

CoHD N = A~ [e,. Dy (4.13)
For the sake of simplicity, in the following we use this equation:

CMD,,\) =\, — [c,D,)]4.

4.2.2.1.2 TImproved Compliance Normal The improved normal compliance con-

tact conditions can be formulated from the following non-linear complementary func-
tion C)(DL, \ntl)

CHDYT A = X = [e, Dy (4.14)
For the sake of simplicity, in the following we use this equation:

CMDy, \) =\, — [e, DM

4.2.2.1.3 Compliance for friction condition In addition to the complementary
conditions of persistence and non-interpenetrability due to the non-regular impact mo-
tion between two particles, the Coulomb friction law is added to consider the behaviors

of contacts. The compliance for friction conditions ([3.26} [3.27)) can be formulated from
the following non-linear complementary function C)(D"+t, ¢+, An+t A" 1) with

CADI, G N N = max (At [le, g DA — At (e, gt ). (4.15)
For the sake of simplicity, in the following we use this equation:

CNDy, @, A Ar) = max(s, lle g, DA — i (erq,).

4.2.2.2 Generalized derivative of complementary functions

4.2.2.2.1 Standard Compliance Normal We provide the directional generalized
derivative of the complementary functions in the gap and contact cases.
e Gapcase: D, <0
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Given the complementary function C,j\(D,,, Av) = A, we have the following derivative

dp,Co =0, (4.16)
dy,C) = d)\,. (4.17)

e Contact case : D, >0
Given the complementary functions C)(D,, \,) = \, — ¢, D,,, we have

dp,Cy = —c,dD,, (4.18)
dy,Cr = d\,. (4.19)
By combining —, with Dy the generalized derivative of C?, we obtain
Des(Dys M) 5Dy, 50,) = =€ (1cioniact)3 Dy + 6A,, (4.20)
where

1Gap = 1a ]-Contact =0if DV < Oa
lGap - O, 1Contact =1if Dz/ > 0.

4.2.2.2.2 Improved Compliance Normal Now, we provide the generalized deriva-
tive of the complementary functions in the gap and contact cases.
e Gap case : D' <0

Given the complementary function C)(D,, \,) = A, we have the following derivative

dp,Cp = 0, (4.21)
dy,Cr = d\,. (4.22)

e Contact case : D" > ()

Given the complementary functions C’,f‘(Dl,7 ) = A — c,,f)l,, we have

([Dp))* " — Dyt
it D (4.23)

v

dy,C) = d\,. (4.24)

A
le/CI/ = —Cy

By combining (4.21)(4.22), with D¢y the generalized derivative of C;', we obtain

([Dp*))*" = Dy
Dyt — Dy

,DClﬁ\ (Dw /\1/>(6DV7 5)\11) = —C (1Contact>6Du + 5)‘117 (425)

where

1GCLP = 1, 1contact =0 if D;H_l <0,
1Gap = 07 Loontact = 1 if D:,H_l > 0.
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4.2.2.2.3 Compliance for friction condition Now, we provide the generalized deriva-
tive of the complementary function in the gap and friction cases.
e Gap case: A, =0

e Stick case: | A;|| < pA,

CTA<DV7 qw Avs )\7—) = pA A — l’LCT}\VqT'

Then
dp,C) (4.26)
dg CN = —pe:Adq., (4.27)
M* (A — perq,)d,, (4.28)
dy CN = pAdA.. (4.29)
e Slip case: || A;|| > pA,
CNDus s M Ar) = llergr A7 = (e
Then
dp,C =0, (4.30)
- \T
dg C) = (CTAT (||qéIT)|| . MCTAVIQ)qu, (4.31)
dy,CN = —pc,q.d),, (4.32)
dy C = [lerg.Jdx, (4.33)
where Iy = vv™ + 777,
By combining (4.26)—(4.33), with G A the generalized derivative of CT , respectively,
we obtain
gCA (Dua qT, )\1/7 AT)(5DV7 6qr7 (5)\117 5)\7') = 1Stick (,u>\7'> 6)\1/
+ 1Sl2p CT || H qq— HCrq >\1/ NCT/\Z/ q;
+ Tk (10 )OAr + Ty (e, 1) 02,
where

Lgap = 0, Lstieck = 1, Lg1ip = 0 if ||)\T|| < Ay,
1Gap = 0, Istiex = 0, 1Slip =1if ||}\7.|| > A,
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4.2.2.3 Fixed point conditions from Newton’s Semi-Smooth approach

4.2.2.3.1 Standard Compliance Normal Using now the semi-smooth Newton
formalism (indexed by the subscript k) at the current fixed point (DF, A\k) of the com-
plementary functions C), one can derive the new iterate (D51 \k+1)

Dey(Dy, ) (6D, 6,7 = —C(Dy, Xy), (4.34)
(DL AT = (D, ) + (6D, M)

where § D¥+1 = DF1 — Dk,
hd Gap case: 1Gap = 1, loontact =0
From the equations (4.34)) we have

>\k+1 _ )\k’ — _)\k

Next, the gap conditions by using the semi-smooth Newton approach are
AL — 0.

e Contact case : 1gqp = 0, Loontact = 1
From the equations (4.34)) we have

- CV(D];—H - D]zj) + (A];-H - )‘I;) = _)‘]; + C,,D];.

Next,
AL — ¢, DML
4.2.2.3.2 Improved Compliance Normal Using now the semi-smooth Newton

formalism (indexed by the subscript k) at the current fixed point (DX, A\¥) of the com-
plementary functions C), one can derive the new iterate (D51 \k+1)

Dy (Dy, M)(ED T, 0A; ) = =CR(Dy, ), (4.35)
(D, A0 = (D, A) + (6D 6A 1),

e Gap case: lgap = 1, Loontact = 0
From the equations (4.35)) we have

A=A = =L

Next, the gap conditions by using the Semi-smooth Newton approach are
)\k-i—l =0.

e Contact case : 1gqp = 0, Loontact = 1
From the equations (4.35)) we have

([DEm] )" — Dyt
Dl]f,n+1 _ Dg

(Dl]f+1’n+1 _ Dl;,n—&-l) + ()\l;—&-l _ /\l;) _ _)\lli + CVDIVC’”—H.

14

Next,

Dk,n+1]+)a—1 _ Dl;:,n+1

k+1 Nk,n+1 ([ k+1,n+1 k,n+1
)‘1/+ =G Du7n+ + - Dk,nJrl Dn (Du+ - DV n+ )
v at”
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4.2.2.3.3 Compliance for friction condition Using now the semi-smooth New-

ton formalism at the current (D¥, g%, \¢, A¥), one can derive the new iterate

k1 okl yk+1 ) k+1
(DV ’qT )\1/ 7AT )

gcA( kgt Nk )\k)(éDk“ gt oA+ 5/\k+1) C)\(Dk7qﬂ>\k )\k)
(Dk—l-l - k+1 )\k—i-l )\k+1) — (Dk,qT,Ak Ak> (5Dk+1 5qk+1 5)\k+1 5}\k+1)'

Stick case: 1gtick = 1, 1gip =0
We have

— e (@5 = @) + AN = XD (AT = e g (A - )
= —pAAT + e gl
Next, supposing )\]j = ch’j, we obtain

k+1 k+1
AT =gl

Slip case: 1gyicr = 0, 1g1p =1
We obtain

Ak( k>T )\kI k+1 -k
H kH — MCr 2 ( QT)

— plendB) T = A5+ (Jlerghll) (A = X%)
= —[ler@FlIAY + pAS(ergh).

Kk
k 4,

Therefore, after an elementary computation, supposing )\f = U] G we have
-k s k\NT I
At = (N - )@ - )
[ lazlz gzl

In a two-dimensional scenario, a simplified version of the preceding condition can be
derived, keeping in mind that I, = vv” + 777

Ak+1 — ,LL/\lk/H_l qT
[y

4.2.3 Primal-Dual Active Set method via Newton Semi-Smooth
approach

This part focuses on the numerical handling of contact conditions through the
Primal-Dual Active Set method within the context of dynamic contact problems. First,
we identify the active and inactive subsets of all nodes currently in contact. Then, we
compute the contact conditions for each subset solely based on contact reactions or
impulses, utilizing the local general equations of motion.
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4.2.3.1 Standard Normal Compliance

We denote by S the set of potential contact and 7 a potential contact node (where
v € [1, N,]) belonging to S. The active and inactive sets are defined by

AF = {y e S: D >0},
¢ = {yeS: D"t <0}

The contact tangent matrix K*m+ is

kn+1 _ mrk,n+1 k,n+1T
Khn+l = Hkn+ K HE

with K. = diag(Ksne, v =1,n.) and Kgyc = lc()y c O—O]

where n. is the number of contact ; n, is the number of particules and nd is the space
dimension. The matrix H, € R"¥*"<*X" i5 3 matrix assembly of HY and HJ (v is contact
between particle p and ¢) defined by

If v € Z}; then H) = 0 and H] = 0;

k v vV T v -V —T
If’yEAuthean—[o 1] and]HIq—{O 1}

The general form of the iterative active set algorithm of the index k£ can be repre-
sented as follow.
i) Choose (¢, A, ¢, >0, ¢, > 0, very small € > 0 and set k = 0.
(i) q y
(ii) Compute: 7) = D)* for each v € S.
(iif) Set
A ={yeS:7) >0},
THH = S\ AR,
(iv) Find (g@"*+!, A\"**1) such that

)\z,k-H — 07 for all Y € III;H_],
AR o, Dk for all 4 € AF,

v

(v) IF [[(@ 51, XY — (@, A7F)|| < e, AET! = A stop, else goto (ii).

4.2.3.2 Improved Normal Compliance
The active and inactive sets are defined by

AF = {y €S : Dbt > 0},
TF = {y e S: D <0}
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The contact tangent matrix K*m+1 is

kn+1 _ yk,n+1 k,n+1T
Khntl = [ene K
kn+1 a—1 Nk,n+1
([‘Dl/ ]+) B Dz/

k 1 k
Dy7n+ _ Dy’n
0 c, =0

v

Wlth KC = diag(K[Nc, Y= 1,nc), KINC =

where n. is the number of contact ; n, is the number of particules and nd is the space
dimension. The matrix H, € R"*"<X" is 3 matrix assembly of HY and HY (7 is contact
between particle p and ¢) defined by

InyIff, then H} = 0 and H = 0;

P

k v vV T v -V —T
vaEAy,thenH—[o 1] anqu—{O 1}.

The general form of the iterative active set algorithm of the index k£ can be repre-

sented as follow.
(i) Choose (¢, A?), ¢, > 0, very small € > 0 and set k = 0.
(ii) Compute: 77 = D1#"+1 for each v € S.
(iii) Set the active and inactive sets:

AR — Ly e S 77 > 0},
Ik+l — S\AkJrl.

(iv) Find (g*+1, A7) such that

ML =0, for all vy € ZFH!,
([Dz,k,nJrl]_i_)afl o D’Vy,k,n+1

k,n+1 k
DZ? 7n+ - D37 7n

/\7/,k+1 — CVDZ’k’TH—l +c, (Dz,k—&-l,n—i-l . Dz,k,n-i-l)

for all v € AFH

(V) IF [[(@" "+, ATFHE) — (g% X7F)|| <, AR+ = A stop, else goto (ii).

4.2.3.3 Compliance for friction condition

The improved contact conditions are achieved by implementing an active set strat-
egy, which directly results from computing the fixed point on the non-linear comple-
mentary functions C; and C2 using the Newton semi-smooth approach. The active and
inactive sets are defined as follows

AET = {y € S DY > 0},
T = {y e §: DY+t < 0},
A = {y € S+ [|AVF]| < At
T ={y € S AV = uA)*}.
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The status of a given potential contact v at the non-linear iteration k£ depends on the
set it belongs to. It can be either in the non-contact or frictional contact status.

(i) Choose (¢, A ¢, >0, ¢, > 0, very small € > 0 and set k = 0.

(ii) Compute: 77 = D1#"+1 and 70 = —||A2*|| + pA)* for each v € S.
(iii) Set the active and inactive sets:

Al =1y e S 77 >0},

IkJrl =S \ Ak+1

ARt = 1y € S 77 > 0},

Ik-i-l — S\Ak+1.

(iv) Find (g**+!, A7) such that

AR — 0, AYFL =0 for all v € ZF+1,

([Dz,k,nJrl]_i_)afl . Dz,k,n+1

k,n+1 k
D;/’ N+ . D;/v ,1

N NY,k,n+1 Jk+1n+1 Jeon+1
A) =c,D] + ¢ (D) — D] )

for all v € AM,

AR — gt for all v € AFH 0 A5+
AL kL " 4 ( v,k (@M ok I, >("y,k+l gt
N I N T E A P P
T T T

for all € ZFF N A5FL

(V) If || (@7 R+, AR — (gvF X7F)|| <€, AR+ = A and AR = AF stop, else
goto (ii).

We also need to note that it is essential to underline that one of the specific char-
acteristics of the PDAS methods is to directly and strictly impose the conditions of
contact calculated by the iterative process of the semi-smooth Newton approach. From
the algorithm, we can see that only one Active set iteration is performed for each con-
tact at each global iteration of the NLGS loop, unlike other methods.

4.2.4 Linear solver

At each iteration, we formulate a complete linear system, which is typically non-
symmetric and must be solved efficiently. To achieve this, we utilize optimized solvers
to minimize the computational cost.

We now focus on solving the system

Az = b, (4.36)

where A € R™*" is an invertible (though not necessarily symmetric) matrix, and b € R”
is the corresponding right-hand side vector. Various solver techniques are employed to
enhance the computational efficiency in solving this system.
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4.2.4.1 LAPACK and Sparse Matrix Strategies

The LAPACK (Linear Algebra PACKage) library consolidates most linear algebra
algorithms. It encompasses all the functions for solving linear systems. LAPACK op-
erations maximize the use of Basic Linear Algebra Subprograms (BLAS), especially
employing a block-partitioning approach for LU factorization to leverage BLAS3 op-
erations. For our original code, we use Dgesv subroutine which is a function in the
LAPACK for solving linear algebra problems (4.30)), particularly for dense systems.

Problems involving contact with friction can lead to poorly conditioned linear sys-
tems, where small changes in input parameters can result in large variations in the
solution. In the presence of friction and contact problems, the system matrices can be
non-symmetric. This leads to the computational cost being large.

We have noted that linear systems characterized by sparsity often arise from hollow
configurations, where a significant portion of the matrix elements are zero. An effective
approach involves reformulating the tangential matrix into a sparse matrix format and
employing specialized solvers for the solution of to enhance the computational
efficiency of CPU time of the system.

4.2.4.2 Assembly sparse - Preconditioned Conjugate Gradient

In many numerical simulations, the discretization of the problem leads to handling
a very large matrix, most of whose coefficients are zero. In this case, we consider a
sparse matrix, which considerably reduces the complexity of system resolutions by not
storing a significant portion of the zero coefficients.

The main idea of the CSR (Compressed Sparse Row) sparse storage is to consider
only the non-vanishing terms of the matrix. Then, two additional tables are necessary
to point to the row name of each element and the first element of each line (see Gibbs
et al. [82] for example).

When matrix A is symmetric positive definite (frictionless p = 0.0), to handle the
system , we can apply a preconditioner in the Pcg subroutine or Jpcg of the
SPARSKIT library for symmetric matrices, follow these steps:

e Convert the matrix to CSR format: Transform your dense symmetric matrix to
the CSR (Compressed Sparse Row) format.

e Choose and configure a preconditioner: Select and set up a preconditioner, such
as a Jacobi or ILU (Incomplete LU) preconditioner.

e Use the Pcg subroutine with the preconditioner or Jacobi Jpcg subroutine: Pass
the CSR matrix, preconditioner, initial guess vector, solution vector, and other
necessary parameters to the Pcg/Jpcg subroutine.

4.2.4.3 Direct solvers (LU and supernodal LU for sparse matrices)

Another version, we use SPARSKIT created by Youcef Saad [150] which is a pivotal
software library in computational linear algebra. It specializes in efficient numerical
computations involving sparse matrices, offering optimized routines for operations like
matrix-vector multiplication, iterative solvers, and eigenvalue computations to enhance
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the efficiency of computations involving large-scale sparse matrices. More precisely, in
SPARSKIT, DNSCSR is a crucial routine in computation that converts matrices from
a Dense format to a Compressed Row Sparse (CSR). While CSRDNS converts a CSR
matrix back to a dense matrix, DNSCSR performs the inverse operation, converting
a densely stored matrix into a row-oriented compactly sparse matrix. The primary
purpose of this conversion is to facilitate efficient computational operations. It is
essential to note that DNSCSR does not perform a check to determine if an element
in the matrix is small. Instead, it operates on the assumption that matrix A(i,j) is
considered zero if and only if it is exactly equal to zero. This approach simplifies
the conversion process and ensures accuracy in the transformation without relying on
threshold checks for small values.

When matrix A is non-symmetric, especially in case of friction (0 < p < 1), it is
necessary to apply a permutation of columns or rows to ensure the numerical stability
of the LU factorization. Generally, this strategy is implemented during the calcula-
tion. The pivot selection criterion is based on both the minimal degree algorithm, to
minimize fill-in, and the partial pivot, for numerical stability. In the Superlu code,
the strategy is applied a priori, before initiating the computations, enabling to analysis
factorization similar to Cholesky. In SPARSKIT, ILUT is an Incomplete LU factoriza-
tion (ILU) precondition. This routine carries out incomplete LU factorization with a
dual truncation mechanism. Sorting is done for both L and U. Then, LUSOLO performs
a forward followed by a backward solve for the LU matrix as produced by ILUT (more
details in [150]).

4.2.4.4 TIterative solvers: GMRES with ILU Preconditioner

In the case of a non-symmetric matrix A, the Krylov method associated with this
scenario is the GMRES solver (Generalized Minimal Residual). It is characterized by

[rnll =" min b — Az,
$€1'0+Kn(A,T0)

or Ty € T + ICn(Aa TO),
Tn 1 AICH(A, 7“0).

The convergence is monotonic, and the solution is attained within a maximum of n
iterations (more details in [I49] and references therein).

In general, Krylov methods converge too slowly and the system must be precon-
ditioned. The idea is to find a matrix C such that CA is better conditioned than A
and their product is not too expensive. Iterative methods are often applied to sparse
matrices, a large part of which coefficients are zero. One of the drawback of direct
methods applied to sparse matrices lies in the storage costs incurred during Gauss or
Cholesky factorization. One idea to limit the filling is to use incomplete factorizations
(ILU). Consequently, the matrix A can be expressed as A = LU + R, with the precon-
ditioning defined by C' = U~'L™!. There are various strategies to limit padding, but
incomplete factorization may not exist. However, it exists for any strategy if A is an
M-matrix [I48]. The simplest case is the ILU(0) method where no filling is allowed.

Another solver is GMRES with ILU Preconditioner, namely pgmres, leveraging
the synergy of ILUT and GMRES. The ILUT preconditioner uses a dual strategy for
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dropping elements instead of the usual level of-fill-in approach. PGMRES uses the
L and U matrices generated from the subroutine Ilut to precondition the GMRES
algorithm.

4.3 Numerical simulation without friction

In this section, we will present several simulations based on the mechanical setting
outlined above, specifically implementing the Newmark-INC-PDAS method, using pro-
gramming language Fortran 90. The corresponding code for this method is provided

in Appendix [A]

4.3.1 Some remarks concerning the INC method

Let us consider the INC: A = ;[Jﬁ“hunﬂ (a > 2) with
r

st _ a0 — (D3]
dlrlz :<_1) ([ a(g—;—’—l _([Dg)]-i-) '

To simplify, we set:

1 At o (D) = ([DP])°
=5 and D)™ = (-1) D Dr :

Thus, the improved normal compliance becomes

A= CV[Dngl]_’_VnJrl'

Then the derivative of D"+! with respect to D"+!, namely V.D"*!| reads

(—1)a([DEm+1]) T — Dt
Dbt _ pn '

VDt = (4.37)

Remark 4.3. We have some noteworthy comments as follows.

e The mathematical analysis (exact) of tildegap can be presented as
o« ([Dp4)* = ([Dy]4)°
Dr+t — Dn
(Dyt = D) (D)t + (D) 2(Dy) + o+ (D) (D)2 + (D))

Dyt = (-1)

— (-1)°

n+1 __ n
Dl/ DV

= (=)D )™+ (D) DY) + 4 (D)D) + (D)

= (~1)" (Do)

=0
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o If Dkl Dn — 0, means that D¥" ! = D"+ where ¢ — 0, it leads to (passing
the limit)
DZ—H _ (_1)aa(Dl;,n+1)0‘_1

and then its derivative
VDI = (~1)%(a — 1) (Db
where € — 0.

o If DBl oL D™ we calculate at by (4.37)).

4.3.2 Test cases

We provide some simulations in 2D as follow.

e
o e VUV

Test1 Test 2 Test 3 Test 4

000000000 -
000000000 00000 ¢ 000
000000000 |900000 o000 0006000000
000000000 0000 ¢eo 0o 0000000000

" 00 0000000 000 000000
000000000 00000000 ® 000000 0® 00 |
0000ccooe| |Qoccsclee| [Sssesssccs| I
000000000| |e80cccnoe| [Soessscies| '
000000000 0000 00e® 8930.3988.
Le000c0000] |ee0cccose] ([38880c8ceS] |,

Test 5(a) Test 5(b) Test 5(c)

Figure 4.12: Physical setting of some simualtions in 2D.

1. A ball moving with velocity v = (—0.8, —0.4) from position (1.0,0.6) in 3s.
2. A ball falling along the vector y = —1.0 from (1.0, 1.0) in 3s.

3. Simulation of four particles as a Newton model in 1, 5s.

4. Simulation of four particles that occurs the contact simultaneously in 1, 1s.
5. Several particles in a box.

(a) 81 particles in a box with fixed velocities and positions;

(b) 81 particles in a box with random velocities and positions;
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(c) 100 particles in a box.

We use the notation INC? (or INC?, INC*) instead of INC with a = 2 (or a = 3,4).
Also, remember that in the simulations, R corresponds to 1/c,.

4.3.2.1 Test 1: A moving ball

First, we consider the movement of one particle in 2D with different time-stepping
and different penalization parameters (see Tab. and Fig. [4.13]).

0.06 [~

Kinetic Energy - INC method
g

1
NSCD
————— SNC:di=te-4
——— SNCdi=te-5

————— INC:dt=1e-3 alpha=
INC:dt=1e-3 alpha=
----- INC:dt=16-4,alpha=
e INC:dlt=1e-4,alpha=
————— INC:dt=16-5,alpha=
INC:dt=1¢-5,alpha=

bbb

Figure 4.13: Kinetic energy of the system - Simulation of one particle in 2D with different
time steps.

Remark 4.4. Some considerations on time step selection.

(i) We can observe the kinetic energy of the system in Fig. [4.13l With the same
penalisation parameters R, the result is better when At is smaller and « is larger.

(i) NSCD-NLGS method gives up a good resolution even with a large duration of
movement At, whereas with DEM, it is necessary to select a smaller time step
to ensure accurate collision timing.

(iii) With SNC, we should choose a very small time step (Tab. [4.9)). If the time step
is large, the overlap will be skipped and the solution is no longer correct.

(iv) With INC, we can choose a time step bigger than SNCs (from 1073) and it also
guarantee the time to collide between particles. In addition, the smaller the time
interval, the more accurate the solution value (velocity and kinetic energy).

4.3.2.2 Test 2: Falling ball

We study this example to verify the case of one particle moving along one boundary
all the time and check the contact function in our code.

Remark 4.5. Some remarkable comments.
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NSCD | 7.45-107% | ~0.00

R=10"* |DEM |3.19:107* | 2.53-10*
SNC 3.09-107% | 2.49:10°*
INC?* |296-107° | 2.50-10*
INC® [4.16-107 | 1.16-107"
INC* | 181107 | 2.49-10°"
R=10" |DEM |1.0510" |8.21-107°
SNC 9.44-107% | 7.81-10°°
INC? [8.67-107* | 7.90-107°
INC? | 1.79-107% | 5.38:107°
INC* | 1.07-107"" | 1.40-107"
R=10"° | DEM
SNC
INC? |56810° |249-107°
INC?® 9111077 | 2.49-10*
INC* [1.09-107"" | 7.90-107°

Tab 4.10: Simulation of a falling ball with v, = —1.0 and At = 107*.

= INC method

Velocity - INC method
o

Position

© NSCD
er < sNC

- INC:alpha=2
- ING:alpha=3
- ING:alpha=4

0.5 1 15 2 25 0 0.5 1 15 2 25 3
Time Time

(a) Position (left) and velocity (right)

05 17 V[

nergy - INC method
)
by

01k NSCD
SNC

ING: alpha=2
INC: alpha=3
INC: alpha=4

1 15 2 25 3
Time

(b) The system’s energy

Figure 4.14: Simulation of a falling ball with v, = —1.0, ¢, = 10°, At = 10~
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(i)

(i)

(iii)

With a very small R penalty, both the DEM and SNC methods may exhibit
suboptimal performance. In such cases, it becomes necessary to finetune value
of R in relation to At in order to get a good energy conservation.

NSCD-NLGS method gives us a good resolution including velocity and conser-
vation of system’s energy (Fig. . However, with this method, it is lack of
the behavior of pre- and pos-velocity of the movement and INC shows better the
characterization of velocity and almost conversed energy of the system.

With INC, it ensures mostly conservation of Kinetic energy of the system when
a becomes larger (see Fig. - Kinetic energy).

4.3.2.3 Test 3: Newton’s cradle of four particles

Next, let us consider the Newton model of particles including 4 particles (see Fig.
. The analysis solution after the shock is v; = v = v3 = 0.0 and vy, = 1.0 with
the total energy of system is & = 1.0. The resolution by using NSCD-NLGS, DEM,
SNC and INC method is shown in Tab. 111

NSCD-NLGS

Figure 4.15: Position of particles - Newton’s cradle model after 1.5s corresponding with
NSCD-NLGS, DEM, SNC, INC: a = 2, 3, 4.

Remark 4.6. Based on our numerical experiences, we notice that:

(i)

(i)

(iii)

Similar to the previous test, we have to choose a suitable R for DEM and SNC
to get numerical results. With this model, it is evident that neither of these
methods attains a high level of accuracy in representing particle behavior and
conservation of energy.

NSCD-NLGS effectively preserves the energy of the system, even with a small
time step. However, the motion of particles in Newton’s model sometimes appears
to deviate from the expected behavior, extending beyond the solutions predicted
by the analysis. In contrast, INC improves this aspect of behavior (see Fig. 4.15]).

With INC, the best approximate solution corresponds to the case of larger a.
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1073 NSCD | -0.333 0.222 0.222 0.888 | 1.591-10~7 | 1.667-10—3
1073 | DEM | -0.140 -7.2381072 | 0.229 0.984 | 4.524-1072 | 8.138-10 2
SNC | -0.125 -5.787-1072 | 0.215 0.938 | 4.161-102 | 7.960-10—2
INC 2 | -0.132 -6.499-10~2 | 0.237 0.960 | 1.514-10~%* | 8.048-102
INC 3 | -3.789-1072 | -1.009-10~2 | 5.001-10~2 | 0.997 | 2.809-10~2 | 0.250
INC* [ -1.039-1072 | -8.913-10~* | 1.181-1072 | 0.999 | 7.972-10~* | 0.445
10~* | DEM
SNC
INC ? | -0.132 -6.482-1072 | 0.238 0.959 | 1.592-107° | 2.545-1072
INC 2 [-3.792.10~2 | -1.010-10~2 | 5.005-10~2 | 0.997 | 2.322-10°% | 0.116
INC ¥ [ -1.040-1072 | -8.91810 % | 1.141-1072 | 0.999 | 1.696:10~% | 0.250
10~° | DEM
SNC
INC 2 | -0.133 -6.201-1072 | 0.247 0.948 | 1.796-10~2 | 8.053-10—3
INC 3 [ -3.807-1072 | -1.015-1072 | 5.025-1072 | 0.997 | 1.256-10~7 | 5.389-102
INC* [ -1.041-1072 | -8.935-10~* | 1.142:1072 | 0.999 | 1.012-10~% | 0.141
10~° | DEM
SNC
INC 2
INC 3 | -3.870-1072 | -1.037-1072 | 5.127-1072 | 0.997 | 1.553-10~% [ 2.502-10~2
INC* | -1.046-1072 | -8.987-10~* | 1.147-10°2 | 0.999 | 3.91810Y | 7.904-10~2
1074 NSCD | -0.333 0.222 0.222 0.888 | 1.641-10~% | 1.667-10~%
103 | DEM | -0.133 -6.570-10~2 | 0.236 0.963 | 4.358-10~% | 8.057-10—2
SNC | -0.132 -6.425-102 | 0.238 0.950 | 4.322-1073 | 8.039-10~2
INC 2 | -0.132 -6.497-102 | 0.236 0.960 | 1.475-1076 | 8.048-10~2
INC 3 | -3.788.1072 | -1.009-10~2 | 5.000-10~2 | 0.997 | 1.996-10~'Y | 0.250
INC* [ -1.039-1072 | -8.911-10~* | 1.140-1072 | 0.999 | -1.358-10~12 | 0.445
107* | DEM | -0.135 -6.731-1072 | 0.234 0.968 | 1.391-10~2 | 2.554-10~2
SNC | -0.130 -6.269-10~2 | 0.239 0.953 | 1.354-1072 | 2.536-102
INC 2 | -0.132 -6.499-102 | 0.236 0.960 | 5.272-1076 | 2.545-102
INC 3 | -3.788-1072 | -1.009-10~2 | 5.000-10~2 | 0.997 | 3.904-10=2 | 0.116
INC?* [ -1.039-1072 | -8.911-10~* | 1.140-1072 | 0.999 | -1.644-10~'2 | 0.250
107° | DEM | -0.140 -7.500-10~2 | 0.228 0.984 | 4.525-1072 | 8.135-1073
SNC | -0.125 -5.787-1072 | 0.245 0.938 | 4.161-1072 | 7.960-10~3
INC ¢ | -0.131 -6.513-1072 | 0.236 0.960 | 1.496-10~* | 8.045-1073
INC 3 | -3.789-10~2 | -1.009-10~2 | 5.000-10~2 | 0.997 | 2.186-10~° | 5.390-102
INC?* [-1.039-1072 | -8.911-10~% | 1.140-1072 | 0.999 | 4.973-10~13 | 0.141
10~ | DEM
SNC
INC 2 | -0.127 -6.417-10~2 | 0.230 0.961 | 1.624-1073 | 2.537-1073
INC 3 [ -3.789-1072 | -1.009-1072 | 5.001-10~2 | 0.997 | 2.879-10~Y | 2.502-10~2
INC* [ -1.039-1072 | -8.911-1072 | 1.140-1072 | 0.999 | 6.188-10~ % | 7.906-10~3

Tab 4.11: Simulation of Newton’s cradle
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(iv) With the same initial conditions, we can observe that the resolution by using INC

is relatively better than SNC one, especially the kinetic energy of the system.

4.3.2.4 Test 4: Four balls moving to a fixed point

The simulation involves the analysis of four particles utilizing various computational

methods.
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Figure 4.16: Simulation of four particles moving to a fixed point in 2D.

Remark 4.7.

(i) With SNC, when the parameter R assumes larger values, the system’s energy

tends to be ensured (Fig. 4.16(c)).
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1073 | NSCD | 1.863-10~' | 1.490-108

1074 2.098-10~13 | 1.863-107°

10~° 0.000 1.164-10710

107° | 107 |5.689-107% | 7.317-1072 0.549-10~* | 0.675-10*
1074
10~°
1076
107

107*| 10~% | 5.600-1072 | 7.055-1073 0.558-10~" | 0.699-10~2
107* | 1.778-107% | 2.249-10* 0.219-107' | 0.176-1071
107°
106
107

107° | 107% [5.591-1072 | 7.028-10~* | 0.559-10~' | 0.702-1073
107* | 1.769-102 | 2.224.1073 0.177-107' | 0.222-1073
10~® | 5.600-10~3 | 7.055-1073 0.671-1072 | 0.558-102
1076 | 1.778103 | 2.249-10°2 0.176-10~2 | 0.219-107!
1077 | 5.689-10~* | 7.317-1072 0.549-1072% | 0.675-10 "

1073 107% |0.559-10~' | 0.135-107° | 0.157 0.121-10~°
10-* [0.177-10' | 0.126-1072 | 0.731-10~' | 0.131-107°
10~° | 0.549-102 | 0.381-1072 | 0.339-10~! | 0.320-10°¢
1076 0.157-10~' | 0.158-1072
1077 0.729-1072 | 0.162-1072

107* [ 1073 | 0.559-107' | 0.466-10° | 0.157 0.105-107%
107* [0.177-10' [ 0.438-107° | 0.731-10°1 | 0.747-10~ 12
10~® [0.559-1072 | 0.135-1073 | 0.339-10~! | 0.926-10~"7
10°% [0.177-1072 | 0.126-1072 | 0.157-10°* | 0.121-107°
1077 [0.549-1073 | 0.382:1072 | 0.731-10~2 | 0.114-10°%

10| 1073 | 0.559-107' | 0.532-107% | 0.157 0.320-10 12
10~* |0.177-10~' [ 0.391-107% | 0.731-10~' | 0.311-10~13
10~° | 0.559-1072 | 0.467-107° | 0.339-10~' | 0.455-10~'2
1076 [0.177-10°2 | 0.444-107° | 0.157-10~* | 0.105-10°8
1077 [ 0.549-1073 | 0.136-1073 | 0.731-10°2 | 0.993-10~ !

Tab 4.12: Resolution of simulation for four balls moving to a fixed point.
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(ii) With INC, for a given «, the best approximate solution (resp. the energy of the
system balances) usually corresponds to a small parameter R (i.e. R =1073 R =

10~%) and decreasing when R is smaller (see Fig. [4.16]).

(iii)) When the value « is gradually increased, the error of kinetic energy compared
with the initial energy seems to get better. With INC, for each «, the penatration
of particles is gradually increased which directly affects the calculation of the
reaction force after the collision (observe Tab. with a = 2,3,4 in case of
At =10"° R =107%).

4.3.2.5 Test 5: several particles in a box

We provide some tests as follow.

(a) It is used to test the ability of the particles to move vertically and the successive
collisions that occur between layers of particles stacking on each other.

(b) This test is for 81 particles in a box with random input (velocities and positions),

the results are shown in Tab. and Fig. .18

(c) Another example we conducted involved 100 particles moving and colliding with

each other at a fixed point in the region.

NSCD | 40.499/40.5 | 2.28 - 107 | 6.25- 10~
103 | DEM | 48.645/405 | 2.01-10° | 1.563-10 !

SNC | 33.724/405 | 1.71-10° % | 1.39-10"

INC? | 40.490/40.5 | 2.48-10* | 1.40-10*

INC® |[40.499/405 | 1.13-10°° | 4.03-10"

INC * [ 40.500/40.5 | 1.84-10 3 | 6.69- 10"
10~* | DEM

SNC

INC 2 | 40.379/40.5 | 2.99- 103 | 4.42-10 2

INC® | 40.499/405 | 2.61-10 7 | 1.83-10 "

INC * [ 40.499/40.5 [ 9.92-10 2 [ 3.73-10""
10-° | DEM

SNC

INC 2 | 39.121/40.5 | 3.40- 102 | 1.40- 10 2

INC® |40.499/405 | 3.34-10° | 8.48-10 2

INC* [ 40.499/405 | 4.17-10" [ 2.09- 10 *

Tab 4.13: Simulation of 81 particles with fixed initial conditions.

Remark 4.8.

(i) In test (a), the time to complete a single period of collisions between particles is
different since penetrations corresponding to each a value are different (see Fig.

T17).
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Figure 4.17: Simulation of 81 particles with fixed initial conditions.

DEM 16.7219349 | 1.4866 - 10™! | 1.4798 - 10~
NSCD-NLGS | 6.7248957 | 4.8171-107% | 3.2928 - 10~*
SNC 5.4813453 | 1.8492 - 107! | 2.5967 - 10~
INC 2 6.6738305 | 7.5935- 1073 | 8.8043 - 1073
INC 3 6.7248927 | 4.8092 - 1077 | 6.4869 - 10~

Tab 4.14: Resolution of simulation of 81 particles in a box with random initial positions

and velocities, At = 10_4, ¢, = 10* -

NSCD-NLGS, DEM, SNC, INC: a = 2, 3.

(ii) In test (b) with random initial conditions, it is clear that with NSCD-NLGS, we
optimal the CPU time while DEM, SNC, and INC take more time due to the
difference of the procedure at the local contact (observe Tab. [4.14)).

(i)

In experiments (b) and (c¢), the DEM and SNC method typically demonstrates

good performance with R = 1073,107%, consistent with findings from previous

tests.
rameter.

Hence, careful consideration should be given to the selection of this pa-

In two tests, it is observed that with a larger a value, as employed in the INC

method, the preservation of the system’s kinetic energy is achieved with greater

accuracy, as Tab. .13 [4.14] .15
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Figure 4.18: Simulation of 81 particles with random initial positions and velocities, At =
1074, ¢, = 10* - using different methods: NSCD-NLGS, DEM, SNC, INC: a = 2, 3.

1074 | A&, vetative | 5.105-107% | 0.236 | 0.186 3.717-10~* | 1.506 - 1073
Penetration | 3.942- 1072 | 3.390 | 3.865- 1072 | 3.750 - 102 | 0.129

107° | A&, relative 0.476 8.327-1073 | 1.752- 107"
Penetration 9.587-107% | 1.239- 1072 | 6.278 - 1072

107°% | A&, rerative 0.849 8.983-1072% | 3.378 - 107"
Penetration 1.554-1073 | 3.255- 1072 | 3.135- 1072

Tab 4.15: Simulation of 100 particles with random initial conditions.
4.4 Restitution coefficient for impact law

The restitution coefficient, often denoted by the symbol ”e”, is a parameter used in
mechanics to describe the elasticity or ”"bounciness” of a collision between two objects.
It represents the ratio of the relative velocity of separation after the collision to the
relative velocity of approach before the collision. Values of e range from 0 to 1, where
e = 0 denotes a perfectly inelastic collision, e = 1 represents a perfectly elastic collision,
and 0 < e < 1 indicates a partially elastic collision with dissipation of kinetic energy

(Impact Laws, see Section |3.2.2)).

In this work, focused on addressing displacement contact problems, we introduce an
extension of Newmark-INC-PDAS with a restitution coefficient e. The normal reaction
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INC: a =2
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Time

(a) Visualization-INC: o = 2,3 (b) Kinetic engergy

Figure 4.19: Simulation of 100 particles in a box with random initial conditions (At =
1074, ¢, = 10%).

force is formulated as follows

)\IVIL—H =c, 1 DZ—H + € DS—H
1+e 1+4+e

where e € [0, 1].
Now, let us consider some examples.

e A ball under gravity with ¢, = 105, vy = (0,0), g = 9.80655 during T" = 20s
and At = 10~%. The system’s energy is shown in Fig. b corresponds to
e =10.0/0.5/1.0.

e Simulation of 25 balls under gravity with ¢, = 10°, random initial position,
vi = (0,0) and g = 9.80655 during 7' = 5s, At = 107%, enr < 107° (see Fig.

b)'
l | l

@

R

Kinetic energy
-

Kinetic energy

e
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|

l‘u

0 8 1z 14 16 18 20 0 0.5 1 1.5 2 25 3 3.5 4 4.5 5
'I'|me Time
(a) 1 particle (b) 25 particles

Figure 4.20: Simulation of 1 and 25 particles with different restitution coefficients.
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Remark 4.9. The system’s energy gradually diminishes as the restitution coefficient
e value increases, but it’s worth noting that this reduction occurs over an extended
period. It is important to emphasize that this behavior is distinct from the restitution
coefficient’s impact law concerning velocity, leading to an absence of specific conclusions
regarding the cases of e = 0 or e = 1 in this context.

4.5 Friction conditions

This section is dedicated to investigating the integration of friction conditions into
the Newmark-INC-PDAS model. The first part provides a description of a partic-
ular simple friction model. Subsequently, we focus on the primary objective of studying
the mechanical problem under friction conditions followed by the execution of
simulations based on the newly formulated theory.

4.5.1 Analytical solution

7

R’ﬂ

7

G
|7
|
Oy ﬁt I

Let us consider a sliding/rolling ball on a horizontal plane. The balance of the forces
is
P=—-mgj =R,=mgj = R, =—pumg-sign(vy)Z if slip.

The dynamic of the system is mf(G) = ma, equivalently

mi = —pumg - sign(vy)&
2(0) = 0, #(0) = vp.

It follows that
1 ,
x(t) = —5H sign(vg)t” + wvot.

In addition, the Moment of inertia with respect to the (G, 2) axis, namely I, is
107 = rif A (—pg - sign(vo)@) = —prmyg - sign(vg)Z.

Thus we have

{é(t) =~ sign(w)
0(0) = 6(0) =0
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Solving the above second order differential equation, we get that

prmg . 2
0(t) = — sign(vg)t~.
(t) 9] gn(vo)
The particle undergoes a transition from sliding to rolling when its relative velocity
reaches zero. To determine the sliding speed necessary for this transition, we calculate
the sliding speed as

sz

V) =V(C)+0ZACT = (— pgsign(vo)t + v — a gsign(vo)t)f,

then the transition occurs when 17([ ) = 0, equivalently at

|vo]

1+r2m ’

During the process, the horizontal velocity of the system decreases from its initial value
v =1 at t =0 to v(t) at time ¢, where u represents a relevant factor. Subsequently, the
horizontal velocity remains constant. Simultaneously, the rotational velocity decreases
from 0 at ¢ = 0 to ¢(f) at time ¢, and then stabilizes at a constant value. The value of
v(t) and 6(t) are given by

t=

o(t) = —,umg%sign(vo)f and V(C)=V(I)—0BZACI.

4.5.2 Newmark-INC method with friction condition

We consider the mechanic problem under the friction conditions given by

If A" < g A™*! then N = e d
s n+1
d

i (AT > p APt then AT = Ayt ] dZ;HH

where ¢, is a constant, p is a coefficient friction constant, and the tangential relative
+n+1 .
velocity dTJr between particles ¢ and j is defined ( for a 2D problem) by

d;" = [a(1:2) = 4;(1:2)] - 7+ 7q,(3) = 1,4,(3)
with r;, r; respectively are the radius of particles ¢ and j.

Friction can be broadly categorized into two types: static friction and kinetic (or
dynamic) friction. In the case of static friction, there is no relative motion between the
two surfaces in contact, and the frictional force prevents any motion from occurring.
This is also known as the ”stick” case. In the case of kinetic (or dynamic) friction,
there is relative motion between the two surfaces, and the frictional force opposes this
motion. This is also known as the ”slip” case. Therefore, friction encompasses both
slip and stick cases.

To accurately model the dynamics of a Newmark system involving friction, it is
essential to determine the tangential matrix of motion at the contact point. First, let
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us remind that when a contact occurs, A" = CVDEH. Hence, the two first conditions
on the frictional contact are

CT(TTq -+ rzq(S))T if CTHdTH < MCVDIM

A= cyf)yl/ + . .
EUNT if c||d;|| > pe, D,

where ¢ = = dnH / ||dn+1|| For the third condition, we need to transport the
momentum of the contact force written at the contact point I to the gravity center G
of the particle. This leads to A = GT A (A7) = 1AV AT = 1;\e3 where A\, = A, - T.
Hence, it follows (can be simplified using ¢ and set d, = =d, - 7) that
0 if D, <0,
\—{ aDuv+ crdo (T + rie3) if D, >0 and CerTH < ue,D,, (4.38)
c,D,v + e,ucl,Dl,(T + rieg) if D, > 0 and cTHdTH > ucyD,.

udg slip*

slip- —udy

— — — Coulomb frictional law
Penalized frictional law

Figure 4.21: The penalized frictional law.

The tangential matrix provides a valuable tool for calculating the partial derivatives
of the stiffness matrix with respect to the variables involved in the Newmark system.
Now, combining with V, = 2V, the Jacobian of A, namely Jo = VA, can be
calculated in the following specific cases:

e Cap case (D, <0).

JQi —

o O O
o O O
o O O

e Contact + stick case (D, > 0 and ¢||d.| < pc,D,).

- 2 2
p c, VD ppT 4 ECTTTT g@rﬂ'
- 2
T 2
—C T — 1
At At T
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e Contact + slip case (D, > 0 and ¢||d.|| > uc,D,).

Joi _ |:CZ,VD3+11/VT + epc, VD T O}
N 0 0

where ¢ = 1 with slip™ case and € = —1 with slip™ one.

Thus, the Jacobian of the reaction force between ¢; and g; can be represented in the

form of
o qu' 7%
ng,qg = [ qu‘ q?] .
_JC JC

4.5.3 Numerical experiments

4.5.3.1 Contact of a ball and the wall

With our model in case of friction, we firstly provide an example of the horizontal
movement of a ball along the x-axis, considering the effects of gravity and friction
with input: r = 0.2001,2° = (1.0),¢° = (0.2,0),At = 107, 7 = 1.1 under gravity

= 9.80655. A series of results obtained through various experiments by systematically
varying the parameters are given as follows.

Analytical solution We first provide an analytical result with different coefficients
mu in Fig. 4.22f(a)) (based on Section [4.5.1)).

Resolution e Test 1: Different coefficients of friction pu (observe Fig. [4.22¢ (b)
NSCD-NLGS; (c¢) SNC; (d) INC: o = 2; (e) INC: a = 3).

Remark 4.10. (i) In all methods, the system’s energy decreases more rapidly as
the coefficient of friction is larger.

(ii) As we established the radius (r = 0.2001) to exceed the initial ball position
(¢°(1) = 0.2), penetration occurs during the initial time step for both SNC and
INC methods, observe Fig. [4.22}(c,d,e), different from NSCD-NLGS one (Fig.
4.221(a)) as well as Fig. |4.22-(a). Consequently, the kinetic energy of the system
exceeds its original value. Moreover, following the conclusion of the frictional
process (after 0.2s), the object continues to oscillate in its position due to the
combined effects of gravity and the impulse associated with penetration (pertain-
ing to the object’s displacement).

e Test 2: Different penalization coefficients ¢, (Fig. [4.23)).

Remark 4.11. After the sliding-rolling process, we observe that the penalization,
especially with INC: o« = 3, under the gravity, significantly impact the amplitude of
particle oscillations due to penetration.

e Test 3: Different tangential coefficients ¢, (Fig. 4.24)).
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(e) INC: a = 3 (¢, = 105, ¢, = 10%)

Figure 4.22: Different friction coefficients p.

Remark 4.12. Theoretically, we can choose the initial values for the tangential contact
coefficients. A larger value for this coefficient tends to bring the frictional model with
penalization (Fig. |4.21)) closer to the Coulomb friction model. Consequently, opting
for an initial value of ¢, that approximates ¢, furnishes us with results of sufficient
precision, observing Fig. (4.24]

e Test 4: Different masses (Fig. [4.25)).

Remark 4.13. In dynamic friction, the mass of the object affects the object’s speed
under the influence of friction, specifically a heavier object is characterized by an
expedited frictional process, resulting in a shortened duration of frictional action. Ad-
ditionally, it also relates to the extent of object penetration to the contacting surface.

Comparision Finally, a comparison between some different methods (¢, = ¢, = 106,
p = 0.5) with result is shown in Fig. [4.26]

Remark 4.14. In the context of this frictional conditions, SNC and INC: o = 2
exhibit greater effectiveness, as they inherently incorporate energy dissipation during
the process. For INC: a = 3, after frictional interaction, the body remains to oscillate
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Figure 4.23: Different penalization coefficients ¢, (¢, = 10%, u = 0.5).
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Figure 4.24: Different tangential coefficients ¢, (c, = 10%, u = 0.5).

under gravity. In such cases, to maximize energy dissipation in the object, adjustments
to the parameters mu or R can be considered (Fig. and also [4.28)).
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Figure 4.26: Bouncing ball (¢, = ¢; = 10%, 4 = 0.5) - Comparison: Analytical solution,
NSCD-NLGS, SNC, INC: a = 2,3).

4.5.3.2 Contact between particles

The aim of this test is to combine friction conditions to the impulse at contact
between particles. The result is shown in Fig. with different friction coefficients
by using INC method and another is the comparison between NSCD-NLGS and INC:
a = 2,3 during T' = 0.5s with At = 1074, see Fig. |4.28|

———a=2,u,=00 1
————— a=2,u=05
— = —a=2,u=10
a=3,4=0.0
— a=3,4=05 0.8
) a=3,p51.0
g &
] 06
— [F)
o o
= D
8 g 04
]
>
0.2
0
0 0.1 0.2 0.3 0.4 0.5 0 0.1 0.2 0.3 0.4 0.5
Time Time

Figure 4.27:
by using INC

Simulation of two particles with different friction coefficients (c, = ¢, = 107)

Remark 4.15. Similar to above, the comments are satisfied in the case of friction
between two bodies.
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Figure 4.28: Collision of two particles with friction (¢, = ¢, = 107, u = 0.5) - Comparison
different methods: NSCD-NLGS, SNC, INC: a = 2, 3.

4.5.3.3 Simulation of 100 particles in a box

Finally, it is about 100 particles with random positions and radiuses that are moving
under gravity and friction conditions (¢, = 10%, ¢, = 10* using INC during 4s).

=
800 =025 800

o =2}
(= (=}
= =

Kinetic energy- =3
B
[ =]
(=3

Kinetic energy - n=2

Time Time

(d) The system’s energy
Figure 4.29: Simulation of 100 particles in a box with different frictional coefficients (¢, =

108, ¢, = 10%9).

Remark 4.16. With a higher coefficient of friction, the energy dissipation in the
granular system occurs more rapidly, more precisely, with u = 0.25/0.5/1.0, the system
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reaches a stable state, observe Fig. (d).

4.6 CPU time and Nonlinear number iterations

In this section, we present the specific computation times for the examples under
both frictionless and friction conditions. The numerical results below summarize the
performance of INC methods combined with various linear solvers including Dgesv,
Superlu, Gmres with ILT preconditioner, Pcg, Jpcg and a direct sparse version using
Pcg, Jpcg for the frictionless case (referred to as Sparse+Pcg, Sparse+Jpcg in the
table) and Sparse+Superlu, Sparse+Gmres. This comprehensive analysis allows us to
assess the impact of these solvers on CPU time. In the following, we also use some
notation as follow:

Pene. is the maximum penetration at contact;

N.L. is the total number of nonlinear iterations;

N.C. is the total number of contacts;

Max.nlit is the maximum number of nonlinear iterations in a loop;
e enr = norm(dq) is the condition for convergence of each time iteration.

All calculations in this study were conducted on a Dell Inc. Latitude 5400
computer, utilizing the Fortran 90 programming language along with the LAPACK and
Sparskit library packages.

4.6.1 Frictionless

4.6.1.1 Newton’s cradle

We begin our analysis with Newton’s cradle (see again [4.3.2.3)) using the INC with
a = 3 in Tab. 416l
4.6.1.2 81 particles in a box without friction

The tables 4.18], and figure present the results concerning 81 particles in
frictionless case, as described in test 5 in [4.3.2.5|

Remark 4.17. Some comments for frictionless case:

e Dgesv exhibits moderate performance with relatively low CPU time but slightly
higher energy error compared to other methods.

e Superlu, Gmres achieves comparable accuracy with Dgesv but at a significantly
reduced CPU time.

e Sparse combined with either Superlu or Gmres show promising results, offering
a balance between accuracy and efficiency, especially noticeable in scenarios with
higher complexity (o = 3).
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10° | Dgesv 1.996 - 101 | 0.25 25,933 | 30,000 | 0.188
Superlu 1.372-107% | 0.25 25,933 | 30,000 | 0.160
Gmres 5.060 - 10~% | 0.25 25,933 | 30,000 | 0.164
Sparse+Superlu | 1.994-1071% | 0.25 25,934 | 30,000 | 0.160
Sparse+Gmres 1.010- 10" | 0.25 25,934 | 30,000 | 0.160

10* | Dgesv 3.803-107Y | 0.116 18,465 | 30,000 | 0.184
Superlu 8.071-107% | 0.116 18,465 | 30,000 | 0.152
Gmres 5.124-10~" | 0.116 18,465 | 30,000 | 0.160
Sparse+Superlu | 3.799 - 1077 | 0.116 18,466 | 30,000 | 0.156
Sparse+Gmres 1.020-107% | 0.116 18,466 | 30,000 | 0.160

10° | Dgesv 2.170-107% | 5.390-10~2 | 15,000 | 30,000 | 0.188
Superlu 2.599-10-" | 5.390 - 102 | 15,000 | 30,000 | 0.156
Gmres 6.770 - 10~ | 5.390 - 102 | 15,000 | 30,000 | 0.164
Sparse+Superlu | 2.168-10~° | 5.390-10~2 | 15,001 | 30,000 | 0.152
Sparse+Gmres 1.043-107° | 5.390 - 1072 | 15,001 | 30,000 | 0.156

10° | Dgesv 3.340-107% | 2.502-1072 | 13,393 | 30,000 | 0.188
Superlu 8.513-107% | 2.502-1072 | 13,393 | 30,000 | 0.156
Gmres 1.393-107% | 2.502-1072 | 13,393 | 30,000 | 0.156
Sparse+Superlu | 3.348 - 10~% | 2.502- 1072 | 13,394 | 30,000 | 0.156
Sparse+Gmres 1.571-107° | 2.502-102 | 13,394 | 30,000 | 0.156

Tab 4.16: Simulation of Newton’s cradle in 1.5s using different solvers for linear system.

Dgesv 40.499 | 2.226-107% | 8.483-1072 | 344,502 | 70,000 | 163.33
Superlu 40.502 | 4.079-107° | 8.483-1072 | 344,511 | 70,000 26.78
Gmres 40.499 | 2.289-107% | 8.483-1072 | 344,502 | 70,000 22.76
Sparse+Superlu | 40.499 | 2.151-107% | 8.483-1072 | 362,781 | 70,000 14.44
Sparse+Gmres 40.499 | 2.788-107% | 8.483-10~2 | 326,781 | 70,000 15.26
10° | Dgesv 40.499 | 2.322-107° | 3.937-1072 | 159,921 | 73,363 | 165.756
Superlu 40.497 | 8.170-107° | 3.939-1072 | 159,885 | 73,364 | 22.176
Gmres 40.499 | 2.326-107° | 3.937-1072 | 159,921 | 73,363 | 23.276
Sparse+Superlu | 40.499 | 1.849-107° | 3.937-10~2 | 169,921 | 70,000 14,89
Sparse+Gmres 40.499 | 2.440-107° | 3.937-10~2 | 159,894 | 70,000 14.84

Tab 4.17: CPU-81 particles in a box with fixed initial conditions using different solvers for
linear system (INC: o = 3, enr < 10~* during T = 3.5s).

4.6.

4.6.2.1 A ball moving along the x-axis

2 Friction

First, we present the computational time aspect of a simple example: A ball moving
along the x-axis through the table 4.19|
This example is straightforward; hence, there is minimal fluctuation or variation
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o = 2 | Dgesv 6.55018 | 2.60-102 | 5.152:107% | 37,092 | 202.072
Superlu 6.57157 | 2.28-1072 | 5.038-107% | 37,514 | 28.992
Gmres 6.63137 | 1.39-107% | 5.120-1073 | 37,775 | 28.584

Sparse+Superlu | 6.63130 | 1.39-1072 | 5.684-107% | 37,575 | 15.816
Sparse+Gmres 6.60192 | 1.83-107% | 5.207-1073 | 36,999 | 15.784

o =3 | Dgesv 6.72489 | 9.29-1077 | 4.294-1072 | 390,308 | 208.304
Superlu 6.69253 | 4.81-1073 | 4.929-1072% | 387,318 | 30.712
Gmres 6.67396 | 7.57-107% | 4.295-1072 | 386,931 | 29.812

Sparse+Superlu | 6.72489 | 1.47-107° | 4.294.1072 | 390,306 | 16.052
Sparse+Gmres 6.68559 | 5.85-1073 | 5.135-1072 | 376,254 | 16.464

Tab 4.18: 81 particles in a box with random initial conditions using different solvers for
linear system (INC: a = 3, ¢, = 10%, enr < 10~* during T = 4.4984s).

Kinetic Energy of system
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Figure 4.30: System’s energy of 81 particles in a box with random initial conditions using
different solvers for linear system (INC: a = 3, enr < 1074, ¢, = 10° during T = 4.4984s).

in the number of contacts, with only a slight increase as « increases, as well as in the
number of nonlinear iterations. Specifically, the total number of nonlinear iterations
across all solvers is 22,000.

4.6.2.2 Four Particles from Square Corners to Center Point

Next, we investigate the behavior of a system consisting of four particles moving
from square corners towards a central point. By varying parameters such as the con-
tact and friction coefficients (c,, ¢;,epss) and friction coefficient (u) without gravity,
we explore how these factors influence the efficiency and computational performance,
measured in CPU time, of two different solvers: NSCD, INC with either Lapack or
Spare+Gmres with At = 107*. The table below presents the results of our simula-
tions, providing insights into the interplay between these parameters and the solver’s
performance.

We observe in the table that the conservation of energy in the system in the
case of frictionless. Conversely, this example is quite sensitive to parameter selection
in case of friction. Here, we can adjust the value of epss to be small (epss = 106,107),
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NSCD 0.048 11,002

a=2 Dgesv 0.112 10,570
Superlu 0.999 10,570
Gmres 0.104 10,570
Sparse+Superlu 0.056 10,570
Sparse+Gmres 0.052 10,570
Pcg 0.076 10,570
Jpcg 0.080 10,570
Sparse+Pcg 0.068 10,570
Sparse+Jpcg 0.072 10,570

a=3 Dgesv 0.208 11,223
Superlu 0.152 11,223
Gmres 0.164 11,223
Sparse+Superlu 0.056 11,223
Sparse+Gmres 0.056 11,223
Pcg 0.084 11,223
Jpcg 0.080 11,223
Sparse+Pcg 0.076 11,223
Sparse+Jpcg 0.72 11,223
NSCD 0.052 | 11,000 | 0.052 | 11,000 | 0.056 | 11,000

a=2 Dgesv 0.120 | 10,547 | 0.128 | 10,547 | 0.124 | 10,547
Superlu 0.104 | 10,547 | 0.104 | 10,547 | 0.108 | 10,547
Gmres 0.108 | 10,547 | 0.108 | 10,547 | 0.108 | 10,547
Sparse+Superlu | 0.056 | 10,547 | 0.052 | 10,5647 | 0.056 | 10,547
Sparse+Gmres 0.060 | 10,547 | 0.056 | 10,547 | 0.060 | 10,547

a=3 Dgesv 0.204 | 11,000 | 0.192 | 11,000 | 0.200 | 11,000
Superlu 0.152 | 11,000 | 0.148 | 11,000 | 0.152 | 11,000
Gmres 0.172 | 11,000 | 0.168 | 11,000 | 0.164 | 11,000
Sparse+Superlu | 0.060 | 11,000 | 0.056 | 11,000 | 0.056 | 11,000
Sparse+Gmres 0.060 | 11,000 | 0.056 | 11,000 | 0.060 | 11,000

Tab 4.19: A ball moving along the x-axis using different solvers for linear system (¢, =
10%, ¢, = 10* during T=1.1s).
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150000 | 0045 | 425450 | 0.045 | 48036 | 0.052 | 48629 | 0.052

10°,107 | 107 | 4.50000 | 0.080 | 4.46410 | 0.084 | 4.48966 | 0.084 | 4.51028
1075 | 4.50000 | 0.080 | 4.42403 | 0.084 | 4.42922 | 0.088 | 4.42471 | 0.088
1077 | 4.49999 | 0.076 | 4.42698 | 0.080 | 4.42748 | 0.080 | 4.42478 | 0.086
107,107 | 107 | 4.50103 | 0.080 | 5.90099 | 0.084 | 5.97627 | 0.084 | 5.30436 | 0.086
107% | 4.50014 | 0.076 | 4.42150 | 0.084 | 4.41822 | 0.088 | 4.42648 | 0.088
1077 | 4.50000 | 0.080 | 4.41915 | 0.080 | 4.41386 | 0.086 | 4.41196 | 0.088
107,10° | 107> | 4.50091 | 0.080 | 5.90114 | 0.080 | 5.97984 | 0.084 | 4.63217 | 0.084
107° | 4.50001 | 0.084 | 4.41510 | 0.080 | 4.41445 | 0.086 | 4.50575 | 0.088
1077 | 4.50000 | 0.080 | 4.41234 | 0.084 | 4.44369 | 0.080 | 4.47444 | 0.088

105,107 | 107° | 4.50000 | 0.048 | 4.46406 | 0.056 | 4.48965 | 0.056 | 4.51032 | 0.056
107% | 4.50000 | 0.068 | 4.42403 | 0.052 | 4.42922 | 0.056 | 4.42471 | 0.060
10=7 | 4.50000 | 0.068 | 4.42698 | 0.056 | 4.42748 | 0.052 | 4.42478 | 0.068
107,107 | 107° | 4.50107 | 0.048 | 5.90099 | 0.056 | 5.97625 | 0.048 | 5.30436 | 0.056
1079 | 4.50018 | 0.048 | 4.42150 | 0.048 | 4.41803 | 0.056 | 4.42644 | 0.052
1077 | 4.50004 | 0.052 | 4.41915 | 0.064 | 4.41388 | 0.060 | 4.40188 | 0.060
107,10° | 107° | 4.50107 | 0.052 | 5.90114 | 0.052 | 5.97985 | 0.052 | 4.55111 | 0.068
107% | 4,50018 | 0.068 | 4.41789 | 0.068 | 4.43939 | 0.068 | 4.46983 | 0.056
107 | 4.50004 | 0.052 No convergence

Tab 4.20: Simulation of 4 particles - NSCD, INC with Dgesv/Sparse+Gmres
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Figure 4.31: Particle motion of four particles - NSCD, INC with Dgsev/Sparse+Gmres

corresponding to a large value of ¢, (¢, = 107) to achieve high accuracy. This indicates
that care must be taken with parameter combinations that may lead to non-convergence

issues.

The figure Fig. |4.31| shows the position of each particle corresponding to 1 = 0 and
= 0.5. It can be observed that the direction of motion of the particles after collision
is consistent in both cases.
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4.6.2.3 529 particles moving in a box under gravity

This test presents the computational performance of a simulation involving 529
particles confined within a box (see Tab. [1.21]for frictionless and Tab. for friction).
The input parameters are as follows: ¢, = 105, ¢, = 10%°, enr < 1074, At = 10~ over
a duration of 7.5 seconds. The primary focus is on evaluating the efficiency of different
parameter settings and solver configurations to understand their performance in large-
scale simulations.

|
NSCD | 50| 665101 | 202863 | 1720586 | 90

Dgesv 105676 | 3.27-107% | 3131332 | 154593 3
Superlu 4891 | 2.79-1072 | 3041011 | 154426 3
Gmres 4566 | 3.27-107% | 3150433 | 154378 3
Sparse+Superlu 1066 | 2.82-1072 | 3073025 | 154561 3
Sparse+Gmres 1031 | 3.76-1072 | 3072327 | 154884 3
Pcg 3754 | 2.97-107% | 3021952 | 154958 3
Jpcg 3978 | 3.56-107% | 3041722 | 154446 3
Sparse+Pcg 1458 | 3.12:1072 | 3070717 | 154760 3
Sparse+Jpcg 881 | 3.11-107% | 3129424 | 154317 3
Dgesv 137764 | 1.47-107% | 11976601 | 171650 3
Superlu 5098 | 1.44-107% | 11965401 | 171731 3
Gmres 5154 | 1.52-107! | 12075593 | 173718 3
Sparse+Superlu 1300 | 1.48-1071 | 12079145 | 172546 3
Sparse+Gmres 1264 | 1.43-1071 | 11999571 | 171511 3
Pcg 4153 | 1.47-107% | 11980447 | 171342 3
Jpcg 4171 | 1.45-107% | 12031884 | 172717 3
Sparse+Pcg 1667 | 1.45-1071 | 12021243 | 173692 3
Sparse+Jpcg 876 | 1.47-1071 | 11911307 | 172228 3

Tab 4.21: Simulation of 529 particles in a box during 7.5s using different solvers for linear
system - frictionless.

Remark 4.18. Based on the numerical experiments, the following notable observations
are as follows:

1. Computational time (CPU):
e NSCD method has the lowest computation time compared to other methods,

with a CPU time when p = 0.0 (frictionless case).

e INC-Dgesv has the highest CPU time since the problem involving to contact
with friction often leads to the poorly conditional linear system and the
tangential matrices are basically non-symmetric.
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0.25 | CPU 1032 107062 4654 4475 1147 1008
Pene. 3.13-1073 | 1.36-1072 | 1.61-10~2 | 1.27-1072 1.47-1072 1.46-1072
N.C. 27629423 | 54992692 | 54879707 | 56293411 54004181 53790852
N.L. 35268922 150002 150000 150000 150000 150002
Max.nlit 2407 3 2 2 2 3

0.5 | CPU 1033 5160 4469 1192 1032
Pene. 3.02:1073 1.27-1072 | 1.25-1072 1.46-1072 1.20-1072
N.C. 23362775 46945641 | 52071251 45232578 45297339
N.L. 44729043 150156 150088 150301 150085
Max.nlit 3402 4 4 4 4

1.0 | CPU 1175 5070 4585 1193 1030
Pene. 3.55-1073 1.27-1072 | 1.53-1072 1.23-2 1.19-1072
N.C. 17754274 45998717 | 46747000 43673608 43307010
N.L. 47322241 154861 155284 155237 155421
Max.nlit 105688 5 5 5 5

0.25 | CPU 146888 4751 4502 1161 1003
Pene. 8.62-102 0.10 | 9.81-102 9.22:102 9.74-10~2
N.C. 69815300 | 47873079 | 48985794 48766559 48495958
N.L. 150000 150000 150000 150002 150000
Max.nlit 3 2 2 2 2

0.5 | CPU 147576 4496 4511 985 996
Pene. 8.87-102 0.13 0.15 0.11 0.13
N.C. 66446916 | 21414022 | 21172789 21728441 21913137
N.L. 223796 151058 151172 151179 151050
Max.nlit 4 4 4 4 4

1.0 | CPU 5838 5820 1270 1256
Pene. 0.16 0.15 0.16 0.17
N.C. 16988046 | 16934803 16415800 16835946
N.L. 198779 198395 198128 198812
Max.nlit 6 5 5 6

Tab 4.22: Simulation for 529 particles in a box during 7.5s using different solvers for linear

system - friction.

e The combined solvers (Sparse+Superlu and Sparse+Gmres) not only have
lower CPU times compared to individual solvers like Superlu or Gmres but
also approximate the CPU time of the NSCD method for the friction case,

making them efficient and competitive alternatives.

e When « increases from 2 to 3, the CPU time for all methods rises. INC meth-
ods in the form of a Sparse matrix (such as Sparse+Superlu, Sparse+Gmres,
Sparse+Pcg, Sparse+Jpcg) have shorter CPU times compared to their orig-
inal matrix form, with INC combined with Sparse+Jpcg solver being the
fastest in both cases.
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2. Number of Contacts (N.C.):

e NSCD method has the fewest contacts when 1 = 0.0, but the number of con-
tacts increases significantly as p increases. In contrast, the contact counts
for INC methods with all solvers are generally higher than those for the
NSCD method since INC is the displacement contact problem taking into
account each contact interaction more comprehensively. This detailed con-
sideration of individual contacts results in a higher overall contact count for
INC methods, reflecting a more precise and granular approach to modeling
the interactions between particles.

3. Number of Nonlinear iterations (IN.L.):

e For INC methods, the maximum number of nonlinear iterations per step is
typically 5 or 6, indicating greater stability compared to the NSCD method
with NLGS solvers. As a result, the NSCD method tends to have the highest

number of nonlinear iterations, particularly when p = 1.0.

4.6.2.4 Sedimentation of several particles

We extend our model to a larger system with 1225 particles. This subsection
explores the computational challenges and performance metrics associated with simu-
lating a more complex and densely populated particle system. The input parameters
are as follows: ¢, = 10%, ¢, = 10'%, enr < 1075, At = 10~ over a duration of 7.5
seconds.

A visualization of the simulation of 1,225 particles in a box using the INC method
with the Sparse+Gmres version for the linear system is provided in Figure and
Figure A, illustrating the interaction forces between the particles in the system.

Remark 4.19. In this simulation, we configure the maximum number of nonlinear
iterations (Max.nlit) to be 100 for the INC method and 2 - 10* for NSCD, ensuring
optimal compatibility with each method’s specific requirements. However, with NSCD,
in the presence of friction with p = 1.0, we can observe from Table that it reaches
the maximum number of iterations, indicating a lack of convergence in the algorithm
(even with Max.nlit= 2 - 10%). In contrast, INC particularly with the Sparse+Gmres
solver, performs better and achieves convergence but INC-Dgesv (friction case).

4.7 Perspectives

In this section, we explore several perspectives for advancing the methodologies
and applications discussed earlier. These perspectives aim to enhance algorithmic and
computational efficiency, explore new application domains, and rigorously establish
theoretical foundations.

1. Algorithmic and Computational Parallelism

- Algorithmic Parallelism: One primary objective of this work is to explore al-
gorithmic parallelism, specifically through the Domain Decomposition Method
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NSCD 187 | 25311.8 | 1.14 - 1072 | 2221418 106
Dgesv 2.7-10° | 29581.3 | 5.03-1072 | 291379 4
Superlu 67945 | 30449.7 | 5.02-1072 | 291232 4
Gmres 61962 | 30024.0 | 5.63-1072 | 291272 4
Sparse+Superlu 7141 | 31410.3 | 4.60- 1072 | 219972 3
Sparset+Gmres 7265 | 30234.0 | 5.26 - 1072 | 291257 4
Pcg 28941 | 31004.6 | 4.99-1072 | 293099 4
Jpcg 27943 | 31370.5 | 4.72-1072 | 291276 4
Sparse+Pcg 10435 | 30814.2 | 4.81-1072 | 291235 4
Sparse+Jpcg 6328 | 31597.5 | 4.93-1072 | 292193 4

Tab 4.23: Simulation for 1225 particles in a box during 7.5s with different linear solvers -
frictionless.

0.25 CPU 5556 84194 86110 12570 10595
&, 0.33 0.72 0.72 1.81 0.61

Pene. | 3.85-1073 | 2.70-1072 | 2.70 - 102 2.57-1072 2.54-1072

N.L. | 92448520 366400 366400 367947 367623

Max.nlit 11708 9 9 9 8

0.5 CPU 6150 96423 90724 14102 12699
& 1.23 2.28 3.13 0.60 1.03

Pene. | 3.37-1073 | 2.45-1072 | 2.48-1072 2.39-1072 2.35-1072

N.L. | 110217192 419192 417389 418593 421344

Max.nlit 10738 11 12 12 11

1.0 CPU 5862 100686 101037 15599 14776
E. 1.77 4.08 23.75 3.54 3.84

Pene. | 4.281073 | 2.38-1072 | 2.33-1072 2.36- 102 2.37-1072

N.L | 105161949 499773 496547 503009 501563

Max.nlit 20001 15 14 15 15

Tab 4.24: Simulation for 1225 particles in a box during 7.5s with different linear solvers -
friction.

(DDM) with an additive Schwarz method integrating coarse modes. This
approach would allow the problem to be divided into smaller, independent
subdomains, facilitating the parallel resolution of linear system. Particular
attention will be paid to optimizing algorithms to enhance convergence and
computational efficiency.

- Computational Parallelism: Simultaneously, computational parallelism will
be explored to optimize matrix-vector product operations and other inten-
sive calculations. By leveraging modern parallel computing architectures
(such as GPUs and computing clusters), it would be possible to signifi-
cantly accelerate simulations, making the Newmark-PDAS-INC approach
more applicable to large-scale problems.
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The combination of algorithmic and computational parallelism is essential to
make numerical methods more efficient and applicable to large problems. By
detailing the specific advantages of domain decomposition methods and modern
parallel architectures, a clear direction for future work is outlined.

2. Potential Applications

- Fluid-Structure Interaction: A second perspective involves applying the de-
veloped methodology to fluid-structure interaction problems, such as flu-
idized beds and crowd movements. These applications will validate the
relevance and robustness of the Newmark-PDAS-INC approach in various
contexts. For example, in fluidized beds, the method could help model the
complex interactions between solid particles and the surrounding fluid.

- Validation and Extension: By validating the method in these new contexts,
not only will its versatility be demonstrated, but potential improvements
and extensions to better capture the specific dynamics of each application
will also be identified.

Identifying concrete applications like fluidized beds and crowd movements grounds
the theoretical work in practical and relevant contexts. This reinforces the im-
portance of the developed method and opens opportunities for interdisciplinary
collaborations.

3. Euxistence Theory for the Second Order Moreau Sweeping Process

- Existence of the Solution: Finally, an essential theoretical perspective is to
rigorously establish the existence of solutions for the second-order Moreau
sweeping process, used to model contact dynamics with Moreau-Yosida reg-
ularization. This theoretical study will ensure the mathematical robustness
of the model and reinforce confidence in the numerical results obtained.

- Moreau-Yosida Regularization: By deepening the understanding of Moreau-
Yosida regularization, it would be possible to better characterize the condi-
tions under which the model remains valid and stable, thereby paving the
way for new applications and methodological improvements.

The theoretical validation of the existence of solutions is crucial to ensure the
scientific rigor of the model. By focusing on Moreau-Yosida regularization, a
key technical aspect that can have profound implications for the stability and
accuracy of simulations is highlighted.
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Weak and strong convexity
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Chapter 5

Farthest distance function to
strongly convex sets in Hilbert
spaces

Throughout this chapter, X stands for a (real) Hilbert space not reduced to Ox
endowed with the inner product (-,-) and its associated norm /|| - ||. The distance
function to a convex set is known to admit diverse descriptions involving duality re-
lations from convex analysis. Namely, given a closed convex set C' in X, the distance
function d¢ has been described in the following ways (see, e.g., [102]) :

(i) in terms of the support function o(-,C'): for an appropriate z* € X

de(x) = (z*, z) — o(x*, C);

(ii) by the duality property:

de(x) = max inf (7,2 —y) = inf max (T, —y);

(iii) in terms of supporting hyperplanes: the distance of a point to a convex set is
the maximum of distances to appropriate hyperplanes separating the set and the
point.

Extensions of (i)-(ii) and (iii) to prox-regular sets have been recently considered in
[84].

The chapter is organized as follows. In Section [5.1] we recall some definitions
and properties of strong convex and prox-regular sets. Section is devoted to the
semiconcavity property of the farthest distance function associated to a strongly convex
set. In Section of the present work, we develop the analogs of the above properties
(i)-(ii) and (iii) in Section for a strongly convex set C'.

5.1 Strongly convex and prox-regular sets

This paragraph is devoted to the needed preliminaries on strong convexity and
prox-regularity of sets in Hilbert spaces. We start with the definition of a strongly

104
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convex set. For more details on such a class of sets, we refer, e.g., to the book by
E. S. Polovinkin and M. V. Balashov [119], to the survey by G. E. Ivanov and V. V.
Goncharov ([105]) and the references therein.

Definition 5.1. Let C' be a nonempty subset in X. One says that C' is R-strongly
convex for some real R > 0 whenever there is a nonempty set L C X such that

C = m Blz, R].

zeLl

It is clear that every R-strongly convex set is closed with diameter less or equal
than 2R. Strongly convex sets can be characterized through the farthest distance
function. Before giving next Theorem (whose arguments can be found, e.g., in
[90;, [T05], 126, 133] (see also the references therein)), let us set

E,(C) :={x € X : dfarc(x) > p}

for any nonempty subset C' C X and any real p > 0.

7

\

Figure 5.1: Illustration the strongly convex set.

Theorem 5.2. Let C' be a nonempty closed convex bounded subset not reduced to a
singleton in X and let R > 0 be a real. The following assertions are equivalent:

(a) the set C' is R-strongly convex;

(b) for all z,2’ € C' and for all v € N(C;x), one has

(0,0 — 2y < — Ly g2,

2R

(c) the mapping farc is well defined on Er(C) and for every real s > R, for all x,z' €
E(C),

[farc () — farc(2)|| < lz = a'][;

(s/R) =1

d) the function dfarZ(-) is differentiable on Er(C') with a locally Lipschitz derivative
c
and

Vdfary.(z) = 2(z — farc(z))  for allz € ER(C);
(e) for any u € Eg(C') such that farc(u) =: x is well defined, one has

t

— f R ————
v = farc (s dfarc(u)

(x —w)) forallt €|R,+o0].
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Remark 5.3. Let C' be an R-strongly convex subset of X for some real R > 0. The
assertions (c) and (e) in Theorem above guarantee that for any uw € Er(C) the
vector x := farc(u) is well defined along with

R

z € Farc(z — m(x — u)).

We now develop the concept of prox-regularity (see [I18]). Historical comments
and applications can be found, e.g., in the survey [100].

Definition 5.4. Let S be a nonempty closed subset of X and r €]0,4+00]. One says
that S is r-proz-regular (or uniformly prox-regular with constant r) whenever, for all
x €S, forall v € NP(S;2) N B and for every real t €]0, 7], one has x € Projg(z + tv).

A crucial class of uniformly prox-regular sets is given by the complements of open
balls. More precisely, given any = € X and any real r > 0, it is known (and not difficult
to check) that the set S := X \ B(z,r) is r-prox-regular. It will be convenient for us
to use as definition of r-prox-regularity of sets ([I18]) the following property.

Definition 5.5. A nonempty closed set S of a Hilbert space H is said to be r-prox-
reqular (or prox-regular with constant/thickness r) for some r €]0, +o0] if

' —x) < W s e, (5.1)

for all 7,2’ € S, for all v € NY(S;x) (or NF'(S;x) (or NL(S;2)).

(a) Prox-regular set (b) Nonempty closed convex (¢) Lack of prox-
(co-prox-regular) regularity

Figure 5.2: Illustration the prox-regular and non prox-regular set.

The next theorem provides some useful characterizations and properties of uniform
prox-regular sets. For its proof, we refer, e.g., to [I00} [I18]. Given a subset S C X and
an extended real r > 0, we recall the notation in the introduction

Up(S):={z e X :ds(x) <r}.

Theorem 5.6. Let S be a nonempty closed subset of X and let r €]0,+0o0]. The
following assertions are equivalent:
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(a) the set S is r-proz-reqular;
(b) for all z,a’ € S, for allv € N¥(S;x), one has

1 2
(v, 2" =) < o |oll lz — 2"

(¢) the mapping projg(-) is well defined on U,.(S), and for every real s €]0,r|, for all
z, 2 € Ug(S),
1
s - . / < - AN
Iprois(a) = profs(a)| < 1 e = )

(d) the function d%(-) is differentiable on U,.(S) with a locally Lipschitz derivative and
Vdi(z) = 2(z — projg(z)) for allz € U,(S);
(e) for any u € U.(S) \ S such that projg(u) =: x is well defined, one has

t
ds(u)

We end this part with two results on prox-regular sets which will be at the heart of
the development below. The first one is concerned with complements of prox-regular
sets.

x = projg(z + (w—=x)) forallt €[0,r].

Theorem 5.7 ([115]). Let S be an r-proz-reqular subset of X with r €]0,+o00[. Then,
for all s €]0,r|, the set X \ S is the union of a family of closed balls of X of radius s.

The second result by G. E. Ivanov [I08, Theorem 1.12.3] gives a sufficient condition
ensuring the prox-regularity for the Minkowski sum.

Theorem 5.8 ([108]). Let C' be an R-strongly convexr subset of X with R €]0,+00]
and let S be an r-proxz-reqular subset of X with r €]0, +00| such that 0 < R < r. Then,
the set C' + S is (r — R)-proxz-regular, in particular closed.

5.2 Semiconcavity of the farthest distance function

This section is devoted to the study of the semiconcavity property of the farthest
distance function. Given a real o > 0, a function f : U — RU {+o0} defined on a (not
necessarily open) nonempty convex subset U of X is said to be linearly o-semiconvex
(or semiconvex with constant o) on U provided that for every ¢ €]0,1] and every
rx,yelU

F(ta+ (1= t)y) < tf(2)+ (1= 0F () + A= 1)~y
It is well known (and not difficult to check) that the function f is o-semiconvex on U
for some o > 0 if and only if the function f(-)+0/2||-||” is convex on U. The function f
is said to be locally semiconvez if f is semiconvex on a neighborhood of each point of U.
If —f is o-semiconvex on U for some real o > 0, then f is said to be o-semiconcave on
U. Similarly, f is said to be locally semiconcave if f is semiconcave on a neighborhood
of each point in the set U.
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Proposition 18 in [100] proved that a closed set S of X is r-prox-regular if and only
if, for any positive real s < r, the square distance function d% is s/(r — s)-semiconvex
on any convex set included in Uy(S). Regarding the distance function dg itself, it has
been shown by M. V. Balashov [88] that the distance dg associated to an r-prox-regular
set S is (r — s) !-semiconvex on any convex set included in the open s-enlargement
Us(S). Another different proof of this property has been recently established by F.
Nacry and L. Thibault ([II5]) through Theorem and Lemma [5.9, The arguments
for Lemma [5.9| are contained in [95], Proposition 2.2.2] and [I15], Proposition 7].

Lemma 5.9 ([95]). Let S be a nonempty subset of X. The following hold.

(a) The squared distance function d% is linearly semiconcave with coefficient 2.

(b) For any nonempty convexr subset U of X and for any real 6 > 0 such that U N
(S—i— B(O,5)) = 0, the distance function dg is 6~ '-semiconcave on U. So, dg is locally
linearly semiconcave on X \ S.

(c) If S is the union of a collection of closed balls with a common radius r > 0, then
on each nonempty conver set U included in cl(X \ S), the distance function dg is
r~t-semiconcave.

Our aim in this section is to show that such a lemma can also be successfully used
to establish the semiconcavity of the farthest distance function associated to a strongly
convex set. As said in the very introduction, our approach and proofs are quite different
from those involved in the work [89] by M. V. Balashov and M. O. Golubev; notice
that some results in certain Banach spaces are also contained in [89]. We start with the
following result which has its own interest and where for a real » > 0 and a function
¢ X - RU{+o0}, we use notation {¢ < r} = {z € X : p(z) < r} along with
analogous one for {¢ < r}, etc.

Proposition 5.10. Let C' be a nonempty bounded subset of X and let R > 0 be a
positive real. The following hold.
(a) The equalities

{dfarc < R} = ﬂ Ble,R] and {dfarc < R} = int (ﬂ Ble, R]) ,

ceC ceC

are satisfied, so in particular the sublevel set {dfarc < R} is R-strongly convex.
(b) One has
{dfarc > R} = (X \ RB) + C.

(¢) One has
cl{dfarc > R} = {dfarc > R},

or equivalently,

int{dfarc < R} = {dfarc < R}.

If in addition the set C' is R-strongly convex, then the following assertions also hold
true:
(d) For every real s > R, one has with Fy := {dfarc < s}

dfarc(u) = s +dp,(u)  for allu € X \ Fy, = E,(C).
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(e) For every real s > R, one has
{dfarc > s} = int {dfarc > s} and {dfarc < s} = cl{dfarc < s}.
(f) For every real s > R, one has
{dfarc > s} = (X \ sU) + C,
in particular the set {dfarc > s} is (s — R)-proxz-regular.

Proof. (a) The first equality being obvious, we only show the second one. Consider
first the inclusion of the left-hand side into the right-hand one. Set K := (1 . Blc, R].
Let any x € X with dfarc(z) < R. Choose some real nn > 0 such that dfarc(z)+n < R.
For all ¢ € C and all b € B, it is readily seen that

le = (@ +nb)|| <lle — =[] +nllb]] < dfarc(z) +n < R,

hence  + 7B C K. This means that {dfarc < R} C int K.
Conversely, let z € int K. Choose a real § €]0, R[ such that z + 0B C Blc, R] for
every ¢ € C. Then for each ¢ € C' we have

2+ 0B Cc+ (R—6)B+ 0B,

hence by the Radstrom cancellation lemma (see, e.g., [124, Property (1.22)]) z € ¢+
(R — 0)B, that is, ||z — ¢|]] < R — 6. It ensues that dfarc(z) < R— 6 < R, so
int K’ C {dfarc < R} This finishes the proof of (a).

(b) The inclusion D is obvious while the converse one C follows from the fact that

for any u € X with dfarc(u) > R, we can find some ¢ € C with |ju — ¢|| > R, hence
u=(u—c)+ce(X\RB)+C.
(c) The second claimed equality directly follows from the first one by taking comple-
ments. Let us then focus on the first desired equality. The inclusion C being obvious
by continuity of dfars, we only show the converse one D. We may suppose that C' is
not a singleton. Fix any x € X with dfarc(z) = R. Take any real ¢ > 0. Using the
definition of dfarc(z), we can find a sequence (¢;,),>; in C such that

R, = ||c, — z|| — dfarc(z) = R.

Since C' is not a singleton, we have R, > 0 for n large enough, and this allows us to
choose some integer N > 1 such that

=——-1<—=—=:b
ai= g <RN

Pick any t €]a, b[ and observe that
dfarc(—tey + (L+t)z) > (1+t)|lz —cen||=(1+ )Ry > R

along with
| —ten + (14 t)z — || =tz — en|| =tRNy < e.

Consequently, we have B(z,e) N {dfarc > R} # () and this guarantees the inclusion
z € cl{dfarc > R}. This confirms the first equality in (c).
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Assume now that C' is R-strongly convex for a given real R > 0.

(d) Consider any real s > R. Fix any u € X with dfarc(u) > s. Thanks to Theorem
(c), we know that z := farc(u) is well defined. Setting v := z — STeuy» We also have
see Theorem [5.2f(e)) that farc(v) is well defined along with z = farc(v). Hence, we
see that

dfarc(v) = |[farc(v) —v|| = ||z — v|| = s,
in particular v € Fy := {dfarc < s}. This and a direct computation give

S

dr,(u) < [lu—v| = (v —2)(1 - )| = dfarc(u) — s. (5.2)

Iz = ull
On the other hand, we observe that
dfarc(u) < dfarg(z) + ||lu — x| < s+ |lu — z|| for allz € Fj,

and this obviously entails
dfarc(u) < s+ dp,(u). (5.3)

It suffices then to put together and to obtain the desired equality in (d).

(e) Fix any real s > R. Observe that the second claimed equality directly follows
from the first one by taking complements. Further, note that C := cl{dfarc < s} is
obviously included (keeping in mind the continuity of dfarc) in {dfarc < s}. Then, it
remains to justify the inclusion {dfarc < s} C C. Fix any v € X with dfarc(u) < s.
We may suppose that dfarc(u) = s (otherwise there is nothing to prove). Since C
is R-strongly convex and s > R, we know (see Theorem [5.2)(c)) that farc(u) is well
defined. Take any sequence (s,,),>1 of |R, s[ with s,, — s. The latter convergence and
the equality dfarc(u) = s obviously give

Sn

~ Tt (farc(u) — u) — w.

vy, := fare(u)

On the other hand, Theorem (e) guarantees that for every integer n > 1, the vector
farc(vy,) is well defined along with farc(u) = farc(v,). Hence, we can write for every
integer n > 1

dfarc(vy,) = ||farc(v,) — va|| = ||farc(uw) — v, || = s, < s,

from which we derive that u € cl{dfarc < s}, and hence the desired inclusion {dfare <
s} CC.
(f) Fix any real s > R. According to (b) above, we have

{dfarc > s} = (X \ sB) + C,
hence by (c)
{dfarc > s} = cl{dfarc > s} = cl((X \ sB) + C). (5.4)

We claim that
(X \sB)+C) = (X \ sU) + C.

First, we note that the inclusion D holds by the obvious fact that (X \ sU) + C C
{dfarc > s} and by (5.4). Let us justify the converse inclusion. The set S := (X \
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SU) + C' is the Minkowski’s sum of an s-prox-regular set and an R-strongly convex
with constant R < s. According to Theorem we know that the set S is closed, so

(X \sB)+C) CclS=S5.

The proof is complete. O

We are now in a position to provide our proof of the following characterizations of
R-strongly convex sets.

Theorem 5.11. Let C be a nonempty closed bounded subset of X and let R > 0 be a
positive real. The following assertions are equivalent:

(a) the set C' is R-strongly convex;

(b) for any real s > R, the function —dfarc + R R) | - I? s convex on any nonempty

convex subset V' of E(C), that is, —dfarc is linearly semiconver on V with (s — R)™!
as coefficient;

(c) there exists a real s > R such that the function —dfarc + 5
any nonempty convexr subset V of E5(C);

(d) the function —dfare is locally linearly semiconvex on Eg(C), that is, linearly semi-
convex near each point in Ex(C).

|? is convex on

il

Proof. (a) = (b), Assume that C' is R-strongly convex and fix any real s > R. Let V
be any nonempty convex subset of £(C). Let t €| R, s[. According to (f) in Proposition
the set D := {dfarc > s} is (s — R)-prox-regular, hence (see Theorem the
set S := X \ D = {dfarc < s} is the union of a collection of closed balls of common
radius s — ¢. Thanks to (e) in Proposition [5.10} we know that c1.S = {dfarc < s}, so

d(-,S) =d(-,c1S) = d(-, {dfarc < s}).

On the other hand, Lemma says that d(-,9) is (s — t)"!-linearly semiconcave on
every nonempty convex set U C cl(X \ S) = D, in particular on the set V. By virtue
of Proposition [5.10|d) again, we can write

dfarc(u) = s + d(u, {dfarc < s}) for allu € &(C).

It follows that dfarc(-) is (s—t)~'-linearly semiconcave on V', that is, dfarc (-) — 5 -1
is concave on V. Since t has been arbitrarily choosen in |R, s[, the desired property is
then justified.

(b) = (c¢) and (¢) = (d), Obvious.

(d) = (a), Assume that —dfarc is locally linearly semiconvex on any convex subset of
Er(C). Fix any x € Eg(C). We can then find two reals p,d > 0 such that the function

f = —dfarc(+) + pl|| - ||? is convex on B(z,d) C Er(C). It directly follows from the
C™-property of || - [|* (see (2.9)) that
Op.f(x) = Op(—dfarc)(z) + pV|| - |[*(2).

Therefore, we have 0p(—dfarc)(x) # 0, so —dfarc is Fréchet differentiable at x. We
conclude that C' is R-strongly convex according to Theorem [5.2(d). The proof is
complete. O
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5.3 Farthest distance and separating balls

Given a nonempty closed convex set C'in the Hilbert space X and an exterior point
of C, say z € X \ C, it is well-known (and not difficult to check) that we have with
T, = do(z)™! (x — projc(a:)) the following separation property for some real o

CC {(xy,) <a} and (z,,2)> a. (5.5)

Replacing the above half-space {(z4,-) < a} by a set in the more general form
{(x*, T) — % < a} (which is nothing but the complement of a closed ball (see Propo-

sition [5.15))) allows to extend such a separation property, with a suitable vector x,, to
the context of r-prox-regular sets.

Theorem 5.12 ([83]). Let S be an r-proz-reqular subset of X with r €0, +oc], x € X
with 6 := dg(x) €]0,r[. Then, one has with x, := (* — $)projg(z) + sz the following
separation property for some a € R

2r 2r

S C {(x*, ) — w < a} and  (T,,z) — =1 > a. (5.6)

Our first aim in this section is to see how the above separation property can be
reinforced in the case of strongly convex sets.

Lemma 5.13. Let C' be an R-strongly convexr subset of X for some real R > 0.
Let also (x,y) € gphFare with dfarc(z) > 0 and let p €)0,dfarc(x)[. Set x* =
dfarc(x)"Y(z —y). Then, one has for every c € C

1 1
(z%,2) — ;dfaré(fv) < (@ y) < (@ 0) = gplle =yl
in particular there exists o € R such that for every ¢ € C'
(2%, &) — “dfard(z) < o < (&, ¢) — —]|c — yI>.
p 2R

Proof. Fix any ¢ € C. Using the inclusion —z* € N(C;y) NS (see (2.7)) and Theorem
5.2(b), we obtain

*

1
_ V< — e — yll?
(=2 c—y) < —gplle—yl,

or equivalently,
1
* < * o . 2' ]
(%) < (%) = solle =gl (57)

On the other hand, we easily see (thanks to the definition of z* and the inclusion
p €]0, dfarc(x)]) that

(x*,x) — %dfaré(ac) < (z*,y). (5.8)

It then suffices to combine (6.11)) and ([5.8) to finish the proof. O
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In and we have a separation property with half-spaces and complements
of balls for convex sets and prox-regular sets, respectively. Here, we are in a position
to refine these results for strongly convex sets in establishing for such sets a separation
property with balls. Given any * € X, any real R > 0 and any R-strongly convex set
C in X, it will be convenient for us to set

2
Qo r(T) = (%, x) — % forallz € X (5.9)

and

1 1 1

Tor(z) = (E - M)farc(x) * dfarc(z)

x forallx € ER(C). (5.10)
Theorem 5.14. Let C' be an R-strongly convex set in X for some real R > 0 and
let © € X with § := dfarc(z) > R. Then one has with t* = Top(z) == (R7! —
o Yfarc(z) + 6 '

C (") — w > inf g, r(c) and g r(x) < inf g r(c). (5.11)

’ 2R T ceCc o ~ceC

If in addition 6 > 2R (so x ¢ C'), then one has the following strict separation property
for some a € R,

ooy P .
CcC {(w ) — e and g r(r) < a < ég(qux*,R(c).

Proof. Set y := farg(x), § := dfarg(x) and u* := 6 1(z — y) (so z* = u* + R~ 1y).
Assume first that § > R. The inclusion in ([5.11)) is obvious since & := inf.co ¢+ r(c) <
+o00o. Noticing that u* € —N(C;y) NS and using Theorem (b), we get

1
(u ;e —y) > R le—y||* forallee C,

or equivalently,

2 2
<u* + %,c> — % > <u* + %,x> — % = ¢ p(z) forallce C.
We then arrive to the inequality g,» r(z) < k.
Now, assume that 6 > 2R. Applying Lemma [5.13| with p := 2R gives some real
such that for all c € C
(@) = 2 < B < (u,e) = slle— o (5.12)
uthT) = op u'¢) = gplle =yl :

Fix any ¢ € C. Through elementary computations, we observe that

(u*,¢) = o lle —ylI* = (27, c) - %(HyH2 +|lell®) (5.13)

and
62

() — o = (o, 2) = 5l + ). (5.14)
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Putting together (5.12)), (5.13) and ({5.14]) yields

. [Edlis [ - [e]|?
(o) = S <P+ g <Whd-Tp
It remains to set o := 3 + % to finish the proof. n
Setting
P p(z”) = ggg ¢+ r(c) and Ly po = {qmr > a} (5.15)

and noticing the elementary equalities
|Rz* — 2|* = R*|la*|* — 2R (2", ) + [|=*
along with

R*||2*||* — 2RPc p(z*) = R*||2*||* + sug ( — 2R (x*,¢c) + ||c||2) = sug | Rz* — cl|?,
ce ce

it is not difficult to check that an element 2* € Ly g if and only if R |lz* — z||* <
R%||z*||* — 2Ra. Tt leads to the statement below

e L:c*,R,a PN {l‘* € B[Rx*7 \/R2|‘x*||2 _ QROé] if R2H$*H2 —2Ra >0

=10 otherwise.

In addition, if we take o = @¢ g(2*) for some closed subset C, it follows that

1
R?||2*||” = 2Ra = R||z*||* — 2Rsup ( (2", z) + s ||=|]®
zeC 2R
= sup (R[a"|[* = 28 (", a) + ]

= sup ||Rz* — z||* = dfarc(Rz*)?
xeC

and thus, one has Ly« o p@+) = B[Rz*, dfarq(Rz*)].
Now, let us consider when C' be an R-strongly convex subset of H for some real

R > 0. Tadiev::M

dfarc(z) € N(C,farc(x)), we observe that

R,
dfarc(z) dfarc(z)

farc(z) — Rv = farg(x) (1 r =: RYo p(x)

where
1 1 T

TC,R<37) = (E - M) farc(at) + m

Going then, we directly establish the following important description of the upper
level set Ly« rq-
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Proposition 5.15. Let 2* € X, a € R and R €]0,+oo[. Let also C' be a nonempty
subset of X. The following hold with p := R*||z*||* — 2Ra.
(a) One has

L [BlReE ez,
S ) otherwise.
(b) If = ®o r(x*), then one has p = dfary,(Ra*), in particular
Lo+ Roc p+) = B[Rz", dfarc(Rx™)].

Theorem naturally leads to investigate some properties of ¢ gr(x). The fol-
lowing lemma will be needed.

Lemma 5.16. Let 2* € X,a € R, R €]0,+00[. Assume that C C Ly po and x ¢
Ly« po. Then, one has 5 := ®c p(z*) < a and

C C Lz*,R,,B C Lx*,R,a and x ¢ Lz*,R,,Ba

where ®c g and Ly« g o are as defined in ((5.15)).
In particular, one has

dfar(z, C) < dfar(x, L,» rg) < dfar(x, L+ ra)-

Proof. Due to the definition of 3, it is evident that C' C L+ gpg. On the other hand,
we observe that

(x* c)—w>a forallc € C

7 2R — Y
hence 8 > «. This obviously implies that Ly« pg C L+ ro along with (keeping in
mind that © ¢ Ly« po) © ¢ Ly« gg. The proof is complete. n

Now, we can state and prove:

Proposition 5.17. Let C' be an R-strongly subset of X with R €]0, +oo[ and let x € X
with § = dfarc(z) > R. Let Tor(x) be as defined in (5.10). The following hold with
t:=0"'R €]0,1].
(a) The inclusion

fal"c<:L’) € Farg (RTQR(JI))

15 satisfied along with the equalities

RYcp(z) =tz + (1 —t)farc(z) and ||RYcr(x) —z|| =0 — R. (5.16)
(b) One has
{RYc r(u) : u € Eg(C)} = {dfarc = R} N Dom Farg =: Ag(C) (5.17)
along with

cly (Ar(C)) = {dfarc = R}.
(c) One has with * := Yo r(7) and Lyx g o z+) a5 defined in (5.15)
R*||z*|]” = 2RPc p(z*) = R* and Ly pog ) = B[Rz*, R].
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(d) One has
Er(C) = {TRYc.p(u) + (1 — Dfarc(u) : u € Er(C), T €)1, +00]} .
(e) For all T €]1,400[, one has
Yor(TRYc,r(7) + (1 — 1)fare(v)) = Yo,r(2).

(f) One has
C= ()] BlyR.

yEAR(C)

Proof. (a) The inclusion is a direct consequence of Theorem [5.2fe) (see also Remark
while the equalities directly follow from the definition of ¢ g(x).

(b) Fix any u € Er(C). Thanks to Theorem [5.2)(c) and (a) above we know that farc(u)
is well defined along with farc(u) € Farc(RYc g(u)). The latter inclusion and the
definition of v := RY ¢ p(u) easily give

dfarc(v) = |[farc(u) — v|| = R,

which justifies the inclusion C concerning the first equality in (b). Let us show the
converse inclusion. Fix any z € Dom Fare such that dfarc(z) = R. Pick any v €
Farc(z) and any real A > 1. It is not difficult to check that v := Az+ (1 —X)v € Ex(C)
along with farc(u) = v (see (2.8)). Set o := dfarc(u) and note that (having in mind
Iz = vl = R)

o = dfarc(u) = ||lu —v|| = M|z —v|| = AR,

hence A = o/R. This and the obvious equality u — z = (A — 1)(z — v) gives
oc—R

lu = 2]l = |z =vl=0—R

and
(w—z,z—u)=AN—-1D|lv—2]*=A-1)R*= (0 — R)R.

We then arrive to

R R ? R R ?
H(l—;)v—i—;u—z :H(l——)(v—z)——(z—u)
R\ ,  R? 9
= (1= 22+ e
R R
—2—(1——=){v—2,2—u)
o o
R* R? R?
= (0’ - R)2—2 + —2(0' - R)2 - 2—2(0' - R)2 = O,
o o o

that is, z = (1 — £)v + Zu. This means that z = RY¢ r(u) with u € Ex(C), which
confirms the desired inclusion D for the first equality in (b). The first equality in (b)
is then proved.

Regarding the second equality in (b), take any y € X such that dfarc(y) = R.
According to Proposition [5.10] we can choose a sequence (uy,)n>1 in {dfarc > R} with
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u, — y. Keeping in mind that C' is bounded and dfars(+) is continuous, we easily see
that v, := RYc r(u,) — y. It remains to use above to get that dfarc(v,) = R
for every integer n > 1. This justifies the second equality in (b).

(¢) According to Proposition , we have R?||z*||? — 2R®¢ (7*) = dfary.(Rx*) and

Lo+ e p(ar) = B[Rx”, dfarc(Ra”)).

It then suffices to use (a) above to get dfarc(Rz*) = ||Rz* — farc(x)|| = R.
(d) Since any u € Eg(C) can be written by the first equality in (5.16) as

1 1 1
u = ;RTQR(U) + (1 — z) farc(u) with ; > 1,

the inclusion C directly follows.

Conversely, fix any u € Ex(C) and any real 7 > 1. Set w = TRY¢c r(u) + (1 —
7)farc(u). Using the inclusion farc(u) € C and the definition of Y g, we easily see
that

dfarc(w) > ||lw — farc(u)|| = 7||RYcr(u) — farc(u)|| = 7R > R.

The desired equality is then established.

(e) Fix any real 7 > 1. According to (d) above we know that y := 7RY¢ g(z) + (1 —
T)farc(z) € Eg(C). Further, the inclusion farc(z) € Farc(RYcr(x)) in (a) above
combined with the property gives that

farc(x) = fare (RTQR(IL‘) + (1 = 1)(RYc,p(z) — farc(:p))>
= farc (TRYcr(x) + (1 — 7)farc(z)) = farc(y). (5.18)

Therefore, elementary computations yield with ¢’ := dfarc(y) (recalling that § :=
dfarc(z))

wim Ton(o) ~ Tealy) = (5 — Dtorca) + £ - 2
= (é - %) (farc(z) — ) + é(m — ). (5.19)

Using again the definition of 7¢ g(x), we can easily check that

60— TR
)

y—x= (farc(z) — ) (5.20)

and
y —farg(x) =y — o + = — farg(x) = ?(m — farc(z)). (5.21)

If 6 —7R >0 (resp. 6 — 7R < 0), we have by (5.20) and (5.21) and by the equality
farc(x) = farc(y) in (5.18)) that

ly —zll =6 —7R =6~ |ly —farc(z)|| = 6 — &

(resp.
ly—z|| =7R -6 = ||y — farc(z)]| — 6 = & —9).
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In both cases TR = ¢', so ([5.19) easily gives w = 0, which means that (e) holds true.
(f) Set Co := (Vyvenp(c) Blz™: R]. According to Theorem and to (c¢) and (b) above,

we can write

CC (N Lerocne) = (1 B[Rz R] =Cu.
z*€Yc,r(ER(C)) z*€Yc,r(ER(C))

We are going to show that Cy C C. By contradiction, assume that there is z € Cy \ C.
Set p := proje(z) and d := dc(z) > 0. Note first (see (2.6)) that v := =2 € N(C;p).
Fix any real R > R and put ¢ := p — R'v. Thanks to Theorem [5.2|b), we see that for
every ¢ € '

/

R 1
(p—q,c—p)=R{v,c—p) < —ﬁllc—pll2 < —§||c—p||2

and this entails (see (2.5))) that p € Farc(g). In fact, we have p = fars(q) since
dfarc(q) = |l|p — ¢/l = R > R. Therefore, we can apply Theorem [5.2e) (see also

Remark to get

E(p—(z))-

p = farc(q) € Farc(p— R L )) = Farc(p— 2%

dfarc(q
Set w := p — & (p — ¢) and note that dfarc(w) = ||p — w| = £|p — ¢|| = R. Then,
it follows from the definition of Cj that z € Blw, R]. On the other hand, we easily
observe that

R R
z—w:z—p+ﬁ(p—q):z—p+Rv:(1+E)(z—p),
hence R
d—i—R:(l%—E)Hz—pH <z —w| <R.

Consequently, we get d = 0 and this is the desired contradiction. The equality C' = Cj
is then established and the proof of the proposition is complete. O

Our second aim in the present section is to provide some analytic formulation for
the farthest distance function to a strongly convex set. Doing so, we complement the
following well known formula (see, e.g., [102, Theorem 6.23])

do(x) = (4, ) — o(xy, C), (5.22)

where x is an exterior point of a convex set C' and o(z,, C') denotes the support function
of the set C' at z, := d¢(x) " (x—proj-(z)). We point out that such an equality has been
extended to the context of a prox-regular set in [I15]. Keeping notation of Theorem

the equality analogous to (5.22) for an r-prox-regular set S is given by

i) (1 552) = e alo) — G5s(02)

2r

where qbs,T(x*) ‘= SUPyecs %mﬂ“(u)‘
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Theorem 5.18. Let C' be an R-strongly convex subset of X for some real R > 0 and
let x € X with dfarc(x) > R. Then, there exists one and only one z* € X with

|z* — R™'z|| = R™'dfarc(z) — 1 (namely, * := Yo p(x) as in (5.10)) such that
dfarc(z
dfarc(x) (1 - %) - qgc*,R<‘T> - qDC,R('I*)u

where ¢+ g and P g are as defined in (5.9) and (5.15)), respectively.

Proof. Set v := farc(x) and § := dfarc(z). The proof is divided into two parts.
Existence. Putting together the inclusion v — x € N(C;v) (see (2.5))) and Theorem
5.2 we see that for every c € C

= .c—0) < e~

or equivalently,
—R||c —v|P+ (v —z,c—2) < |jv—2z|* =%
This inequality and the inclusion v € C' easily give
82 < sup (—||c— v+ (v —z,c— x)) < 6%
ceC \2R
that is,

_ le —vl* | <
5—:1110)< o7 +0  (v—x,c x))

Keeping in mind the definition of z* := T¢ g(2*) in (5.10)), it is then not difficult to
check that

52 1 2 2 —1
= g =50 (gl = olf = o = o) + 07 (0 - .= )

=(v—2)— R 'v,—z) — I ||2—|—s p<<(5 x)—Rlvc>+M>
’ 2R ceC ’ 2R

= @+ r(x) — inf | (z* c}—M
s ceC ’ 2R
= ¢+ r(x) — P r(2%).

Uniqueness. Let z7, :U§ € X be such that for each ¢ € {1,2}

|

It is readily seen with u* := 271 (2% + x3) that

x; — —H =——1 and (1 - (2R)"'0) = qur.r(z) — P, (a}).

|u = R7'|| <27 ||at — Rl + 27 [|a5 — R7'a|| = % — 1. (5.23)
Setting ¢; := g+ r for each i € {1,2}, it is also straightforward to check that

Gurr(2) = 27 g1 () + ga()].
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We deduce from what precedes

Qur() — P p(u”) 27! [Q1 () + qo(2) — ;2}3 (Ch(C) + QZ(C))}

27 0i(2) + @2(w) — inf gi(c) — inf gs(c)]
27 (q1(2) — P r(]) + go(2) — Poyr(3))
=46(1- 2%). (5.24)

Combining ([5.24]), the definition of ¢,+ g and Proposition [5.15(b), we obtain

IN

6(2R — 0) =2R(qu~,r(z) — Pc,p(u"))
=2Rqu+ r(z) — R*||u*|* + R?*||u*||> — 2R®¢, g (u*)
= — ||Ru* — x||* + dfar?(Ru*). (5.25)
Using (/5.25)), the 1-Lipschitz property of dfarc, the inequality 6 — ||Ru* — z|| > 0 and
BZ3), we gt

5(2R - 8) > — ||Ru* — z|* + (6 — ||Ru* — z]|)°

=% — 20| Ru* — ||

>6% —20(0 — R) = 6(2R — §). (5.26)
Through (5.26)), we then see ||Ru* — z|| = 6 — R, or equivalently,

x )
=2 g

Jut =)= % 1=t s
We conclude that z}, 3, u* lie on the sphere R™'x + xSy with v* = (27 + 23)/2. It
remains to invoke the strict convexity of the Hilbert norm || - || to obtain 27 = z%. The
proof is complete. O

Next we provide, in addition to the preceding theorem, a proposition describing (for
a strongly convex set C') the farthest distance dfarc(x) in terms of the unique function
¢+ r- The expression also reverses appropriate supremum and minimum.

Proposition 5.19. Let C' be an R-strongly convex subset of X for some real R > 0,
r € X with § := dfarc(x) > R and L := {y* € X*: |[y* — R~ 'z|| = R~'6 — 1}. Then,
one has with g, g as defined in (5.9)

)

6(1 = 35) = minsup (g, 2(x) = 4y (c)) = sup min (g-.2(x) = 4y (c)).

Proof. For every y* € X, set
* c ’ — Zz § *
p(y”) = sup (M + (" — C>) = sup (q,+,r(7) — gy,r(C))-
ceC 2R ceC
Thanks to Theorem [5.18 we have with 2* := V¢ g(2)

d

p(x*) = Sup (¢2,2(¥) = @ r(€)) = @ 0(@) = Pop(@®) = 0(1 = 55). (5.27)
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We obviously have for every y* € L

am(MW—HM2+@ix_@):am<@y_£w_cy+w—dP)

ceC 2R ceC R 2R
>&m(—M”—£WI—dHJE:£E)
o ceC R 2R

) HZ‘ - 0”2

so infy«er pu(y*) > k. On the other hand, let (¢,),>1 be a sequence in C' with ||¢, —z|| —
0. It is readily seen that

lz — cal?

)
(1- Bl —eall + 2

7 <k foralln >1,

hence by (5.27))

) ) 2
*) = 2 Y=(1-= < k< i
pa) =001 = 5p) = (L= R)o+ g <k < Il nly”)
This and the inclusion z* € £ ensure that
. d . .
pla) = 6(1 = 55) = r = minu(y"). (5.28)

The left desired equality of the proposition is then established. Regarding the right
equality, let us first write

o (el =l N e P
yl*rgﬁ ( 2R FWhe—a )= 2R * yl*%fﬂ Whe—c

= —HCH2 — = + <£ x — c> + inf <y* - c>
2R R, JreL R7 )

which yields

f | ———— *r— S | i | f *
yl*réc < 2R Whr—a 2R * Hy*\lzlgfléq hr—a

lz—cl® (0
== —(=—1) sup (y*,c—x)
TR =1

[l — ¢l

)
:T + (1 — E)HSC —CH.

Therefore, we have for every ¢ € C,

o (el = [l=]? (el = = ]?
f 1Lt L el | * o — L | | bl | * _
yl}&( s T Whe—q ) =min sp - TWhe—o

H(1-3)

e —cf?

2R ‘IE—CH,
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where the above minimum being justified by reflexivity of X since the first term is the
infimum of a continuous affine functional over the sphere £. We deduce that

sup min —“CH2 — Jl=IF + (y*,x —¢) | =k,
ceC y*eLl 2R

and this finishes the proof according to (5.28]). O]

Remark 5.20. Let C' be an R-strongly convexr subset of X for some real R > 0.
Consider any real p > R and any nonempty convex set V with V- C E,(C). According
to Theorem we know that the function —dfarc is o := (p — R)™'—semiconver
on set V, or equivalently, —dfarc + 1y is o-semiconver on X. Proceeding as in [83,
Remark 3.2/, we can establish that

—dfarc(z) = sup (go,—r(z) — (—dfarc + ¢y) "~ (2%))

wex
= swp _qx*pr(x) _23§(<x*’y> — %ﬂy—JZR) + (dfar wv)(y))]
= sup :qx*,pR(w) ~sup ((a*,y) - Q(Qy—ll;) + dfam(y))]

= sup :qx*pr(x) —sup ((a*,y) — 2(/|)|y__||2R) + (dfarc — wv)(y))]
= sup _qx*,pR(x) + inf (— (=", y) + 2(/|ly—_”2R) dfarc(y))]

2

B . . [yl
= sup inf ((:L' T —Y) — 3 + ) —dfarc(y)>

zrex YEV p—R) 2(p—R

= sup in (CIm*,p—R('r) - qm*,p—R<y) - dfarC(y))

f
z*eX YEV

In sum up, one has

—dfarc(z) = sup inf (¢ p-r(2) — qurp—r(y) — dfarc(y))  for allz € C.
:E*GX yEV

Another important result that can be seen as a geometrical characterization of the
farthest distance from a strongly convex set is presented in Theorem It is the
analogous for strongly convex sets of a similar result for convex sets [102, Chapter 6]
recently extended to prox-regular sets in [84, Theorem 7]. It tells us that the farthest
distance of a given point x to a strongly convex set is the minimum of the farthest
distance from x to suitable closed balls separating the set and the point .

Theorem 5.21. Let C' be an R-strongly subset of X for some R €]0,+o00| and let
r € X with 6 := dfar(x,C') > 2R. Then, one has with Ly ro as defined in ((5.15)

0 = min{dfar(z, Ly pa) : (v*, @) € X xR, C C Ly po® & Ly rat- (5.29)
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The minimum is attained at (x*, B) with x* := Tc gr(z) and B := Oc r(x*) (see (5.10)
and (515)).

Further, for all y* € X with ||y* — R™'z|| = R7'6 — 1 and all « € R, one has the
following implication

5 f— d(x7 Ly*7’l‘,£x)7 * - * "
¢c Ly*,r,aax ¢ Ly*,r,a = <y ,Oé) o (.’L’ ,(I)QR(QT ))

Proof. Set v := farc(x). Thanks to Lemma |[5.16 we have
inf {dfar(x, Ly« po) @ (v, ) € X xR, C C Ly oy ® & Ly ra} > 0. (5.30)

On the other hand, Theorem gives some real k such that C' C L, g, and
r ¢ Ly py, Lemma again says that C C Ly« pg =: L and © ¢ L, pp with
f = ®c g(z*). According to Proposition (c), we have L = B[Rxz*, R], hence (see
Proposition [5.17|(a))

dfar(z,L) = R+ |Ra* — 2| = R+ (6 — R) = &. (5.31)

The desired equality (5.29) directly follows from ([5.30) and (/5.31]).
Fix any y* € X with ||[y* — R~ 'z|| = R7'§ — 1. Let ¢t € R be such that dfar(z,C) =

dfar(x, Ly~ r) along with
CCLypry and x¢ Lypy=:1L,. (5.32)
According to Lemma [5.16] we have with § := ®¢ g(y*)
CCLyroCL and ¢ Ly pre=: Ly

Hence, we get

0 < dfar(z, Ly) < dfar(x, L;) = 6.
From Proposition we then see that p := R?|y*||*> — 2R = dfar?,(Ry*) along with

6 = dfar(z, Ly) = dfar(z, B[Ry*,\/p]) = v/p + ||Ry" — z||.
This and the equality ||Ry* — z|| = § — R furnish
* * 2
p=R|ly|* —2R0 = (0 — [|Ry" — z))” = R*,

or equivalently,

| =

0=" (lly'I*~1). (5.33)

*) and from ([5.33)), we obtain that

< N

From definitions of ¢« gr(z) and ®¢ g(

¢y r(7) — Por(Y") = qy~r(z) — 0

el R
= (r',2) — o~ (e - )
.

2 R 2

R R 4]

= —E(R*é - 1)+ 5= 0(1—=5).
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The equality above and Theorem yield y* = 2* = Yo g(z). It remains to show that
t = ®cr(y*). Note that the inclusion in ([5.32) and the definition of ®¢ g easily give
Sop(y*) > t. If t < o pr(y*), then Proposition and Proposition [5.17|(c) would
entail

§ = dfar(z, Ly« ry) = / R2||2*||2 — 2Rt + || Rz* — x|
>\ R2a*|2 — 2R®c, p(a7) + | Ra* —

= Rt ||t —a
= dfar(z, L) = 6.

which obviously leads to a contradiction. We conclude that ¢ = ®¢ g(y*). The proof is
then complete. O



Chapter 6

Metric subregularity and
w(-)-normal regularity properties

This chapter is organized as follows. We recall the concept of normally w(-)-
regularity and metric subregularity respectivley in Section and[6.2] Then, in section
6.3, we provide general sufficient conditions ensuring the preservation of normal w(-)-
regularity for generalized equations. Sections and focus on normally regular
versions of Robin-Ursescu theorem. Preservation results in the line of Section [6.3] are
also provided.

In the whole chapter, (X, ||-||) is stand for a (real) normed space. The (topological)
dual X™* of X is endowed with its natural norm || - ||, defined by

|lx*||x := sup (z*,z) for allz* € X*,
zeBx

where (x*, z) := z*(x).

6.1 Normally w(-)-regular sets

This section is devoted to the class of normally w(-)-regular sets introduced in [128].
Let us start by giving the definition of such sets:

Definition 6.1. Let S be a subset of a normed space (X, || - ||) and let w : Ry — R
be a function with w(0) = 0. Given a concept of normal cone N in X, one says that
S is N -normally w(-)-regular relative to an open set V' C X (with respect to the norm
|| - ||) whenever

(@, 2" = x) < [lz*[aw(fl2” = ),

for all z,2’ € SNV and for all 2* € N(S;z). When V is the whole space X, we will
just say that S is M-normally w(-)-regular. It will be also convenient to say that S is
C-normally (resp. F-normally) w(-)-regular whenever N is the normal cone N (resp.
NT).

The class of normally w(-)-regular sets contains the class of (o, J)-subsmooth sets
([146]) which (roughly speaking) expresses a variational behavior of order one.

125
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Definition 6.2. Let S be a subset of a normed space (X, || - ||) and let T € S. One
says that S is (o, d)-subsmooth at T for some reals 0,0 > 0 provided that

(@, 2" —x) < of|2*||, [l«" — =],

for all z, 2 € SN B(Z,d) and for all * € NY(S; ).

[
|

| ]
\ /
\ /
\\ /

Figure 6.1: Illustration of the subsmooth set.

Clearly, if a subset S of a normed space X is (o, d)-subsmooth at T € S, then it is
C-normally w(-)-regular relative to B(Z,d) with w(t) := ot for every real ¢ > 0. The
above definition of (o, §)-subsmooth property is quite related to the original definition
of subsmooth sets by D. Aussel, A. Daniilidis and L. Thibault [129] where the authors
declare that the set S is subsmooth at * whenever for every ¢ > 0 we can find some
0 > 0 such that

(@2 —z) <ela*|]l2" — ],
for all z,2’ € SN B(Z,d) and all z* € NY(S;z). It is readily seen that the set S is
subsmooth at 7 € S if and only if for all ¢ > 0 there is a real J, > 0 such that S is
(0,0,)-subsmooth at T € S. Given a real o > 0, there are (o, )-subsmooth sets S in
R? for every ¢ > 0 which fails to be Fréchet-Clarke regular at ¥ € S (i.e., N¥(S;7) =
NY(S;T)). Such sets are not hemi-subsmooth at T (hence one-sided subsmooth at
T /subsmooth at T (see, e.g., [143, Chapter 8])). An example of such a set S has been
given by X.Y. Zheng and Q.H. He in their 2014 paper [146]: namely, for a real o > 0

the set S = epi f where
0 if x <0,
f(z) = .
—ox otherwise.

is (0, d)-subsmooth at T := (0,0) for every real 6 > 0 for the I-norm || - ||; in R? and
fails to be Fréchet-Clarke regular at (0,0). Indeed, set S := epif, then S is

1. for points (x,y) € S with z <0, y > 0;
2. for points (z,y) € S with z > 0, y > —ox.

Let § > 0, we are going to show that S is (o, d)-subsmooth. Let (z,y) € S with
(2, )| <d and let (z*,y*) € N(S;(0,0)) with ||(z*, y*)|lsc < 1. According to what
precedes, there are A > 0 and ¢ > 0 such that (z*,y*) = —(to, A\+t). Let us distinguish
two cases:

e Case I: [[(z*,4")]|oc =to. We have t < A+t <to <1 and

v'x +yy <tole| + (A+ Dyl < ofz] + Jy[).
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o Case 2: [[(z*,y")|loo = A+t It y >0, then

vz +yty < tolz| < o(|x] + |y]).

If y < 0, then > 0 (having in mind that(z,y) € S) and —oz < y < 0. It follows
that |y| < o|z|, hence (since x* < 0)

e +yty < A+l <yl < olxl.
We conclude that S is (0, §)-subsmooth at (0,0). In addition, we can check that
NF(8;(0,0)) # N9(5;(0,0)) =0 x R_+R_(0, 1),

hence S is not hemi-subsmooth at (0,0). More precisely, the Fréchet normal cone
NT(S;(0,0)) at a point (0,0) € S is defined as the set of vectors = such that

lim sup <U, (.T, y) - (07 O)) S 0.
(@)= (0,0),zmes (T, y) = (0,0)]|

Thus, the vector v = (vq,v2) must satisfy the limiting condition:

limsup <('U1,'U2),<x,y)> S 0
@)= 00).@wes @yl

Let’s consider each region separately:

1. Forz <0andy > 0: ((v1,v2), (x,y)) = vyx+v9y < 0. For v; > 0, this is satisfied
if V2 S 0.

2. For x > 0 and y > —ox: ((v1,v2), (2,y)) = v1x + vey = x(v; — ovy) < 0. Since
x > 0, this implies v; < ovs.

Combining these conditions, for v to be in the Fréchet normal cone:

vy 2 0,02 <0,
V1 § gvsy.

The third condition v; < ovy with v9 < 0 means v; < 0, but this contradicts v; > 0
unless v; = 0. Thus:

N*(53(0,0)) = {(0,v2) | v2 < 0}.

On the other hand, the Clarke normal cone N(S;(0,0)) at a point (0,0) € S is
defined as the set of vectors v such that

v € o {lim V(i yi) | (i, y:) — (0,0), (24, ;) € S} ,
1— 00
where co denotes the convex hull.

1. For x <0, y > 0, the subdifferential is vertical since the function is constant.
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2. For x > 0, y > —ox, the subdifferential comes from the line with slope —o.

The Clarke normal cone at (0,0) is thus the convex hull of the union of these subdif-
ferentials:

NC(S; (070)) = {0} x R_ +R—(O-’ 1)'

Clearly,
y NT(S;(0,0)) € N9(S;(0,0)),

S
but they are not equal since N(S; (0,0)) includes additional directions involving (o, 1)
that are not present in N¥'(S;(0,0)). Thus,

0
0

NT(S;(0,0)) # N9(S;(0,0)) = {0} x R_ +R_(o,1).

The class of normally w(-)-regular sets also contains the class of uniform prox-regular
sets in Hilbert spaces. Prox-regularity has been well recognized as a fundamental tool
in variational analysis which allows to go beyond convexity property in many topics of
modern analysis (see the survey [I00] and the references therein).

An r-prox-regular closed set S of a Hilbert space H is clearly C-normally w(-)-
regular relative to the whole space H with w(t) = %tQ for every real t > 0. It is
also known (and not difficult to check) that the (nonempty closed) set S C H is r-
prox-regular if and only if holds for all z,2" € S with ||2/ — z|| < 2r and for
all v € N¥(S;2) N By. The r-prox-regularity of the (nonempty closed) set S in H is
often defined by means of the characterization property requiring that for any = € S
and any nonzero v € N (S;x) with ||v|| < 1, one has z € Projg(z + tv) for every
non-negative real ¢ < r. The closed subset S in H is also known to be r-prox-regular
if and only if Projg(x) is a singleton for every x € U,(S) := {ds < r} and the induced
(single-valued) mapping is continuous on U,.(S).

Given a real 7 > 0, we can check (see, e.g., [I27, Theorem 4.1]) that the epigraph
of an r~!-semiconvex continuous function f : H — R (that is, f + o[ - ||* is convex
continuous) is r-prox-regular. Recall also (see [I43], Proposition 15.35]) that a mapping
F :H — H (resp. a function F' : H — R) which is differentiable with L-Lipschitz
derivative has its graph (resp. epigraph) 1/L-prox-regular.

It is known (see, e.g., the survey [I53]) that a strongly convex set is nothing but
the intersection of a family of closed balls with common radius R (hence convex and
bounded). Of course, a strongly convex set is w(-)-normally regular with w(t) := —%
for all ¢ € [0, +o0.

The class of N-normally w(-)-regular sets is also quite related to other previous con-
cepts of nonsmooth sets: C'h?-regularity for functions and sets ([159]), super-regularity
([160]), Clarke regularity ([L61]). Before closing this subsection devoted to nonsmooth
sets, let us give a result ensuring the normal w(-)-regularity for the graph of a mul-
timapping M given as a sum of a mapping and a set. For the proof, we refer the reader
to [128, Theorem 4.4].

Proposition 6.3. Let f : X — Y be a mapping between two normed spaces X and 'Y
and let S be a subset of Y which is C-normally w(-)-reqular relative to the whole space



6.2 Metric subregularity 129

Y for some nondecreasing function w(-) : Ry — Ry with w(0) = 0. Assume that:
(1) there exists a real K > 0 such that

1f(@) = F@)| < Kllo — ']l for allz,a’ € X;
(ii) the mapping f is differentiable on X and there ezists a real L > 0 such that
\Df(x) = Df(2")|| < Lz —2'|| forallx,a’ € X.

Let || - ||xxy @ norm on X XY associated to the product topology (of the norm
topologies of X and Y ) and such that

max([|z —2'[|, ly = ¢/'ll) < (z,9) = (=", 4 ) xxy for allz, 2" € X, ally,y’ €Y.

Then, the graph of the multimapping M(-) := f(-)+ .S is C-normally p(-)-regular where
p: Ry — Ry is defined by

L 2
p(t) := w(max(1, K)t) + Tt for allt € R,.

6.2 Metric subregularity

This section is devoted to the necessary background on metric subregularity theory
needed in the paper. For more details on this topic, we refer to [107, 120} [124] and the
references therein.

Let M : X = Y be a multimapping from a normed space X to another normed
space Y and let (Z,7) € gph M. One says that M is metrically subregular at T for j
whenever there exist a real v > 0 and a neighborhood U of  such that

d(z, M (y)) < vd(y, M(z)) forallz € U. (6.1)

The modulus of metric subreqularity subreg[M](Z | y) of M at T for 7 is defined as
the infimum of all v € [0, +oo[ for which there is a neighborhood U of T such that the

inequality (6.1]) is fulfilled.
The multimapping M~! : Y = X denotes the inverse of the multimapping M

defined by M~!(y) :== {z € X : y € M(x)}. And the core of M(X) is defined by
core M(X):={ye M(X):¥y' €Y, Ir >0,y +ry € M(X)}.

One important property of core M (X) is that it contains all points in the interior of
M (X)), meaning every point in int M(X) is also in core M(X). In fact, the latter
inclusion § € core M (X) guarantees the existence of a positive constant ¢ such that

A(e. M) < (e ly =711+ e = 7Dy M()) for sllx € X,y € B(F.).

The following proposition is due to X.Y. Zheng and K.F. Ng ([I40]). It provides
important quantitative properties on a multimapping M which fails to fulfill the metric
subregularity inequality (6.1)) for some point z, that is,

vd(y, M (z)) < d(z, M~'(7)).
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Proposition 6.4. Let M : X = Y be a multimapping with closed graph between two
Banach spaces X and'Y and let y € Y. Assume that there exist x € X and two reals
v, €]0, 00| such that

vd(y, M(z)) <r <d(z, M (y)).

Then, for all reals n, e €]0,400], there exist (u,v) € gph M satisfying:
(1) lu=zf <r and 0 < [jv—7g|| <min{Z,d(y, M(u)) + e}

(@) lv =gl < 116 =l + = (lla =l +nllb = v|]) for all (a,b) € gph M;
(ii7) (0,0) € {0} x 9| - [[(v = 7) + 3 (Bx+ x nBy~) + N(gph M; (u,v)).

With the above result at hands, Zheng and Ng provide in [140] an important esti-
mate for the modulus of subregularity:

Proposition 6.5. Let M : X =Y be a multimapping with closed graph between two
Banach spaces and let (T,y) € gph M. Then, one has

bEB x %

{x € B(7,e) \ M~(7) } |

=7 < i —1/1x .
subreg|M](7[y) < g;(f)sup{ sup [|DeM(zy) (0O § M(2) 0 B, o)

Remark 6.6. We point out that Proposition (resp. Proposition also holds
for the Mordukhovich limiting normal cone N* (gph M; (u, v)) (resp. the coderivative
DM (z,y)"1(b*)) in the context of Asplund spaces X and Y . |

6.3 Preservation of normal w(-)-regularity of sets
under metric subregularity

We first give sufficient conditions ensuring the normal w(:)-regularity (so in partic-
ular the prox-regularity) for sets of the form

{reX:yeM@)}= M), (6.2)

where M : X = Y is a multimapping and y € Y. It should be noted that a large
number of sets can be rewritten as in (/6.2)). For instance, this is the case of constraint
sets, namely sets of the form

{flSO)'-'afmgoafm+1:Oa"'afm+n:()} (63)

which is nothing but M ~!(y) with 7 = 0 and

M(@) = — (A1), s Fn(@), Frsa (), s Frin () 4] — 00, 0™ x {Ogn} . (6.4)

Another case which deserves to be stated lies in the intersection of finitely many sets.
Indeed, for any sets Sy,...,S,, C X we note that

ﬁSkz{xEX:OEM(x)} with M (x) := —(:E,...,:v)+ﬁ5k. (6.5)
k=1 k=1
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More generally, for a single-valued mapping f : X — Y and B C Y, the inverse image
f~YB) reduces to M~1(y) with j = 0 and

M(z) := —f(z) + B. (6.6)

Observe that in the above cases (6.4)), and (6.5]), the involved multimapping M (-)
is nothing but the translation of a fixed set. Such multimappings will be at the heart

of Section 6.5

Let us mention that the uniform prox-regularity of level and sublevel sets has been
studied in [125, 127, 128, 152]. In [125], J.-P. Vial established the uniform prox-
regularity (called weak convexity therein) of a sublevel set S = {f <0} in R" of a
weakly convex function f satisfying

inf ¢ > 0.
¢edf(z),x€bdry S

We also mention the work [I52] where the author gives sufficient conditions ensuring
the prox-regularity of the set S = {f; <0,..., f,, <0} with f; € C*(R") and for some
positive constants «, 8, M

a <|Vfi(x)] <8 and [D*fi(z)] < M.

In [127], the authors establish the prox-regularity of the set S’ for possibly nonsmooth
functions f; defined on a Hilbert space ‘H with their C-subdifferentials enjoying an hy-
pomonotone property and under a generalized Slater’s condition, namely the existence
of a real § > 0 such that for every = € bdry S’ there is a unit vector v, such that for
all k=1,...,m and for all ( € J¢ fi(x),

(C,v,) < —0.

The prox-regularity of the level L := {F = 0} of a smooth function F is also developed
in [I127], under an openness condition, say for some real § > 0

0B C DF(x)(B) for allz € bdry L.

Regarding the prox-regularity of a constraint set with finitely many inequality and
equality constraints (see (6.3))), let us say that is has been studied in [127] and [12§]
through two approaches, namely two different openness conditions either on the deriva-
tives or on a perturbation of the involved graphs.

Sublevel and level sets can be seen as a particular case of inverse image. The prox-
regularity of the inverse image f~'(B) has been first studied in the survey [100] under
a theoretical condition

N(f~1(B);z) "B C Df(x)*(N(B; f(x) N B)

and also investigated in the papers [127] and [128]. Subsmoothness of inverse images
have been studied in [I37]. Besides the prox-regularity of inverse images, let us point
out that the direct image case has been also examinated in [100} 128] [133].

Let us also mention that intersection of two uniformly prox-regular sets, say S; and
S, may fail to be prox-regular, even in R? (see, e.g., [I00]). To the best of our knowledge,
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prox-regularity of the intersection S1M55 holds under anyone of the following conditions:
- the strong convexity of either Sy or Ss;

- an openness condition on involved tangent cones, namely the existence of a real s > 0
such that for all 7 € bdry(S; N Ss),

sB CT(S1;x1) NB—T(Sy;22) NB, z; €5, near 7,

- an openness condition on S7, S5, more precisely, the existence of «, 8, s > 0 such that
for all T € bdry(S; N Sy),

BBys C _AB[(E,E,E)@]Q + Ays X H X S1 xS, (67)

where Agm = {(z,...,x):x € E} C E™.

For a detailed overview on the preservation of nonsmooth sets under set operations,
we refer the reader to the recent book by L. Thibault [143] (see the comments at the
end of Chapters 8, 15 and 16).

We start our study of preservation of w(-)-regularity in this section by giving an
important estimate for the normal cone N(M~!(y);T) under a metric subregularity
assumption on the multimapping M. Given a multimapping M : X = Y between two
normed spaces X and Y, we define Ay : X XY — RU {+oc} by setting

An(z,y) :==d(y, M(z)) forall (z,y) € X xY.

It is known that a certain Lipschitz behavior of Ay/(-,y) is equivalent to the Aubin-
Lipschitz property of M (see, e.g., [124, Proposition 7.7]). Subgradients of the function
Ajs have been studied in the literature by L. Thibault [123], B.S. Mordukhovich and
N.M. Nam ([162, 163]) and M. Bounkhel [I55, Chapter 4]. It is also known (see, e.g.,
[124], Proposition 4.162]) that

Or Ay (T,7) = N¥(gph M; (,7)) N (X* x By-)

and
N*(gph M; (7,7)) = Ry 0rAu(T, 7).

Similar equalities hold true for the Mordukhovich-limiting normal cone and subdiffer-
entials whenever X and Y are Banach spaces and gph M is closed.

Lemma 6.7. Let M : X =Y be a multimapping between two mormed spaces X and
Y and let (Z,y) € gph M. The following hold:
(a) One has

Ord(y, M(-))(z) x {0} C {0} x By+ + dcAn(T,7)

and
Opd(y, M())(T) C DcM(T,y)(By+).

(b) Assume that X andY are Asplund spaces. Then, one has
If in addition Ayy is lower semicontinuous near (T,Y), then one has

Ord (g, M(-))(T) x {0} C {0} x By« + 9, AN (T, 7). (6.8)
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(¢) Assume that there exists a real v > 0 and a real § > 0 such that
d(z, M~ (y)) < vd(y, M(z)) for allz € B(T,9).
Then, one has
N*(MH(G);T) NBxs = 0pd(s M~' (@) (T) C 10pd(7, M()) (). (6.9)

Proof. (a) We denote || - [|; the 1-norm on X x Y. Let z* € dpd(y, M(-))(Z). Define
0,0 : X xY — R by setting for all (z,y) € X xY

p(r,y) = Ay(z,y) +ly -7l and 0(z,y) = Ygpnm(z,y) + Iy =7,
It is readily seen that
p<0 and ¢(7,9)=0(z,7)=0. (6.10)

Fix any real ¢ > 0. Through the definition of F-subgradients, we can find some real
1 > 0 such that

((%,0), («", ) = (7)) < du@)(T) — du@ (@) + el — 7|
< Am(@y) + Iy =7l +ell(@’y) — (@ 9
< cp(:v',y’) - Qp(fv y) + €||({L‘/,y/) - (fa y)”h (611)

for all ' € B(Z,n) and all ¥/ € Y. It follows that (see Theorem [2.16)
(ZL'*, 0) € aFSO(fa y) - 8090(57 g) C {0} X BY* + aCAM(f7 y)

The first inclusion in (a) is then established. Regarding the second inclusion, it suffices

to note that (thanks to and (6.10))

((@,0), (=", ¢) — (@,7)) < 0(«,y) = 0(z,7) + el ) — (D),
for all 2’ € B(Z,n) and all ¥/ € Y to get (as above)

(z*,0) € 9pb(Z,7) C 9cb(z,7) C {0} x By~ + N°(gph M; (z,7)).

(b) The proof is similar to (a) (see Theorem for the inclusion (6.8)).
(c) Let 2~ € N¥ (M’l@);f) NBx+ = Opda—1(5)(T) (see (2.4)). Fix any real ¢ > 0. By
definition of F-subgradients, there is a real n > 0 with n < ¢ such that

(@, 2" =) < dy) (") = dy ) (T) + 7|7 = 2],
for every 2’ € B(Z,n). It follows from this
(v 'a*, 2 —T) < dyen([U) — du@) () +el|T — 2| for alla’ € B(z,n)
and this translates the inclusion * € ¥0pd(y, M(-)) (). O

We easily derive from (c) of the above proposition the following result:
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Proposition 6.8. Let M : X =Y be a multimapping between two normed spaces and
lety €Y with M~ (y) # 0. Assume that:
(i) There exists a real v > 0 such that for each T € M~(y) there is a real 6 > 0
satisfying

d(z, M~ (y)) < vd(y, M(z)) for allz € B(T,9).

(i7) There exists a function w : Ry — Ry with w(0) =0 and a real ¢ > 0 such that for
all z, 2’ € M~'(y) and for all z* € Opd(y, M(-))(z),

(@*,2" —2) < (|2*]| + c)w(ll2’ — ).
Then, the set M~(y) is F-normally p(-)-regular with p(-) := (1 + yc)w().

Proof. 1f suffices to observe that for any z,2’ € M~ (y) and any z* € N¥ (M~ (y);z)N
B+, we have (see Lemma v'a* € Opd(y, M(-))(z) which gives through (ii)

(0%, 2" —z) <y(y7Hla*| + w(lla’ = zll) < (1 +re)w(]lz’ - zf).
The proof is complete. O

Remark 6.9. For the above F-normal w(-)-reqularity of M~1(y), we claim that (i)
in Proposition can be replaced by the assumption of C'-normal w(-)-reqularity of
gph M at (Z,y) € gph M. We endow X X Y with the norm || - ||2 whose dual norm
| - [|x is known (and easily seen) to satisfy

1"y < Ml |+ g™l for all (2%, y7) € X7 < Y™ (6.12)

Fiz any z, 2’ € M~(y) and any * € N¥(M~(y);z) NBx+. According to Lemma
[6.7(c)-(a), we can find y* € By« such that

(z*,vy*) € N(gph M; (z,y))

and this allows us to use the C-normal w(-)-regularity of gph M at (Z,y) € gph M to
get

((@%,7y"), (2, 7) = (z,9) < [[(", v") (2, 7) — (2, 9)]2).
This and the inequality (6.12)) easily give

(@, 2" —z) < (" + Iy D" =z, 0)) < (1 + (]2’ =)

which translates the F-normal (1 + )w(-)-reqularity of the set M~ () at the point T.
We point out that such a remark obviously holds for the L-normal w(-)-reqularity
of gph M at (T,y) whenever X and Y are Asplund spaces. |

Remark 6.10. Putting together (c) and the second inclusion of (a) in Lemmal6.7, we
easily see that the F-normal w(-)-reqularity property for the set M—1(3y) at T € M~1(y)
also holds true under the following inequality

(@, 2" = z) < ("] + w(ll2" = =),

for all z,2" € M~Y(y) and all 2* € DcM (2,7)(By+). |
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We pass now to the normal w(-)-regularity for a (solution set of) generalized equa-
tion, say S := {x € X : f(x) € F(x)} with f (resp. F') single-valued (resp. set-valued).
Setting M(x) := —f(x) + F(z) for every z € X, we observe that S = M~'(0) so the
above proposition gives sufficient conditions ensuring the desired normal w(-)-regularity
of the set S. For the above multimapping M, note that (i) and (i7) of Proposition
can be rewritten as:

(7'): There exists a real v > 0 such that for each T € S there is a real § > 0 satisfying

d(z,S) < ~vd(f(z), F(z)) for allz € B(T,4). (6.13)

(77"): There exists a function w : Ry — R, with w(0) = 0 and a real ¢ > 0 such that
for all z,2’ € S and all 2* € dpd(f(-), F())(x)

(@*,2" — 2) < (|l2"[| + e)w(|l2" — ).

According to Remark [6.9] we know that (i7') above could be replaced by the C-normal
w(+)-regularity of gph M (and by the L-regularity in the context of Asplund spaces).
As shown by the next result, such a regularity can only be required for gph F'.

Proposition 6.11. Let X,Y be normed spaces, F' : X =Y be a multimapping and let
f: X =Y be a mapping. Assume that S :={x € X : f(z) € F(x)} # 0 along with:
(1) There exists a real y > 0 such that for each @ € S, there exists a real § > 0 satisfying

d(z,S) <~vd((z, f(x)),gph F)  for allz € B(T,9).

(i1) There exists a nondecreasing function w : Ry — Ry with w(0) = 0 such that the
set gph F' is C'-normally w(-)-regular with respect to the product norm || - ||z on X x Y.
(i1i) The mapping f is K-Lipschitz continuous on X for some real K > 0 and differ-
entiable on X with L-Lipschitz continuous derivative D f for some real L > 0.

Then, the set S is F-normally &(-)-reqular with @ : Ry — R, defined by

L
w(t) == y(w(kt) + 5152) for allt € Ry,

where k = (1 + K?)1/2,

Proof. We denote || - ||2 the 2-norm on X x Y and B, the unit ball of (X x Y)*. First,
let us define the function 6 : X x Y — R by setting

0(z,y) :== d((z,y),gph F) for all (z,y) € X x Y.
We also need to consider the mapping ¢ : X — X X Y defined by
o) = (z, f(z)) forallz e X
which is obviously k-Lipschitz continuous and differentiable at each point x € X with
Do(x)(h) = (h, Df(z)(h)) forallh € X.

Let x,2' € S and w* € N¥(S;2) N Byx~. Putting together the equalities dg(z) = 0 =
(0 o ¢)(x), the inequality given by (i) and the fact that the Fréchet subdifferential is
always included in the Clarke’s one, we get

u* € Opdg(z) C vOp( o ¢)(x) CvIc(0 0 p)(x). (6.14)
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Using Proposition and the inclusion ([2.3.1)) we obtain
0c(0 0 9)(x) = Dip(w)* (Deb(p(x))) © Dpl)* (N (gph Fi (x, f(x)) NB,).  (6.15)

The inclusions (6.15)) and (6.14) obviously give some (z*,y*) € N (gph F; (z, f(z))) N
Bx+yy+ such that u* = yDy(x)*(z*,y*). We then have

<7_1u*, h> = Dp(z)*(z*,y*)(h) = ((«*,y"), (h, Df(x)(h))) for allh € X.
Now, we observe that

<7—1u*’x/ . :L‘> — <(l’*,y*), (ZL‘/ —z, Df(l‘)(l’/ o :L‘)>
= (" y"), (@, f(2) = (2, f(2))) + (", = f(2) + f(2) + Df (2) (2 — 2)).

Combining (ii), the inclusions (2, f(2')), (z, f(z)) € gph F and (z*,y*) € B, and (i),
we get

(@, y7), (2", f(2) = (2, f(2)))

On the other hand, we have
W' =)+ ) + DI = ) = (. DD~ )~ [ Dfte+tld —a)e! — ),
hence (noticing that [|y*|| < 1)
' S) + 50) + DI ) < [ 1)~ Dt + 10— o)l = ol
<1l ol [ 1at = St - ol

We conclude that

L
(w2’ — ) < qw(slle’ - af)) + LZle’ — 2]
and this translates the fact that the set S is F-normally @(-)-regular. O

Remark 6.12. In view of (6.15)), it is clear that we can replace (ii) by (ii”):
(11”) There ezists a nondecreasing function w : Ry — Ry with w(0) = 0 such that

((@*,y7), (@, f(2) = (z, f(2))) < w(||(@, f(2") = (@, f(@)]),
for all x,x" € S and all (z*,y*) € Ocd(-, gph F)(x, f(z)). [ |

If F is constant in Proposition [6.11] (say FF = B C Y) we easily see that (i) (of
Proposition [6.11)) becomes

d(z,S) < vd((z, f(x)),X x B) for allz € B(T, ).
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This inequality obviously holds for the distance d on X x Y associated to the norm
|| - ||2 whenever
d(z, f1(B)) < ~d(f(z),B) for allz € B(T,0),

which is exactly the estimate in . Therefore, a direct application of Proposition
gives the normal &(-)-regularity of S = {z € X : f(z) € B} = f~!(B). In fact,
a direct and similar proof for the constant case F' = B allows to slightly improve the
above modulus @ of normal regularity:

Proposition 6.13. Let X, Y be normed spaces, B C Y and let f : X — Y be a
mapping. Assume that S := f~Y(B) # 0 along with:
(i) There exists a real vy > 0 such that for each T € S, there exists a real & > 0 satisfying

d(z, f~Y(B)) <~d(f(z),B) for allz € B(z,9).

(i1) There exists a nondecreasing function w : Ry — Ry with w(0) = 0 such that the
set B is C-normally w(-)-regular.
(11i) The mapping f is K-Lipschitz continuous on X for some real K > 0 and differ-
entiable on X with L-Lipschitz continuous derivative D f for some real L > 0.

Then, the set S is F-normally &(-)-reqular with @ : Ry — R, defined by

L
W(t) == y(w(Kt) + EtQ) for allt € R,.
Proof. Let z,2' € S and u* € N¥(S;2) NBys. According to Lemma , we have
u* € Y0rd(0,~f(-) + B)(T) = 19rd(f(-), B)(T).

Applying Proposition and using the inclusion (2.3.1)), we can write u* = vD f(x)*(y*) =
v(y* o Df(z)) for some y* € NO(B; f(z)) NBy+. It then suffices to observe (as in the

proof of Proposition that
(y*, f(2") = f(@)) Sw(If@) = f2)]]) € w(K]l2" —2|).
and
(", —f(@) + f(z) + Df(z)(a" — 2)) < /0 IDf(z) = Df(z +t(a" — 2))|l[]a" — z||dt
<Ll —alf [ it = Gl = al?

to get the desired F-normal @(-)-regularity of S. O

6.4 Metric subregularity for multimappings with
normally w(-)-regular graph

The main aim of the present section is to replace the metric subregularity assump-
tion in Proposition and Proposition by some openness type conditions. This
leads to develop the following result ensuring the metric subregularity of a multimap-
ping with normally w(-)-regular graph. We follow for a large part the proof of [128]
Theorem 2] (see the introduction for the precise statement). As usual, we set 1/p :=0
whenever p := +o0.
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Theorem 6.14. Let X,Y be Banach spaces, M : X =Y be a multimapping with
closed graph, w : R, — R, be an upper semicontinuous nondecreasing function with
w(0) =0. Let alsoy € Y with M~(y) # (0. Assume that:

(i) there exist a, 5 €]0, 400 and p €]0,+00] such that

8> % + (1 + %)w((az + 52)%) and B(7,B) C M(B[Z,q]) for all T € M~Y(7).

(i1) the set gph M is C-normally w(-)-regular (in X XY endowed with the 2-norm ||-||2)
relative to the open set V := Uxerl@) B((z,9), /o2 + ?);

Then, there exists a real v € [0, p[ such that for every T € M~(y), there exists a
real 0 > 0 satisfying

d(z, M (y)) < vd(y, M(z)) for all x € B(T,0).

Proof. By contradiction, assume that for each y € [0, p[, there is T € M ~!(3) such that
for every real § > 0, there is x € B(Z, J) satisfying

d(z, M~ (7)) > ~d(y, M(z)).

Fix for a moment any p’ €]0,p[. Let (e,)n,>1 be a sequence of |0, p'[ with ¢, — 0.

Choose some integer N > 1 such that 6,, := m < g and % + 62 < o + (2 for

every integer n > N. Fix any integer n > N. There are 7, € M~'(y) and =, € X
with ||z, — Z,|| < L such that

d(@n, M7(G)) > (¢ — €)d(7, M(z2)).
According to Proposition [6.4] there is (uy, v,) € gph M such that

d(xn, M—l(g))
pl —&n

Jtn — 2| < d(20, M~'(7)) and 0 < |lv, — 7| < (6.16)

along with

(0,0) € {0} x 9 - ||(vw — 7) + (Bx+ X €,By+) + N (gph M; (un, vy)).

P —én

Since v, — 7 # 0, there is 2% € Sy« such that (z},v, — ) = ||v, — 7| and (z,y}) €
N¢(gph M; (un, v,)) satisfying

('T:wy;) € <07 _Z:L) + (BX* X gnEY*>~

P —en
Therefore, we can write y}; = —2; + Z=-b], for some b}, € By« along with
En
] < and [ly,[| <1+~ (6.17)

— <Sn n

We also note that )
A, M @)) < i~ Tl < =
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which obviously gives (see (6.16]))

d(x,, M~ (y 1
o gl < L M@) 1
P

and (see again (6.16]))
_ _ P _ 2
un —Znll < [Jun — znll + 20 — Tl < d<xn7M (?/)) + [[2n — Tl < n (6.18)

Now, set G, := (8 — ) 15 ?H and observe that (keeping in mind the choice of N)

[on = G =Gl = [llon =Tl = B+ 0n] = B8 = llon =7l = 0 < 5,

that is, v, — (, € B(y, 8). By assumption, we can find some w, € B[Z,, «] such that
— (p € M(wy,). Through (6.18]), we see that

_ _ 2
|wn — un || < |wn = Zo|| + [T — unl| < O‘"’E- (6.19)
On the other hand, we have

H(wm Un — Cn) - (Emy)“g - ||wn - EnHQ + an - Cn - yHQ < 052 + 62

and 4
(s vn) = (T D3 = llttn — Tul® + vw = FII* < — +02 <o+ 5%

Thus, we have the inclusions
(Wny U — o), (U, vy,) € V.

Denote || - ||« the dual norm of the product norm || - ||s on X x Y. Putting together the
fact that gph M is C-normally w(-)-regular, (6.17)), (6.19) and the definition of (,, we
get

(@2 (w0 = o) = (s 0)) < [ 52 oo (10— 1, —Ca) )
< (I |w*|| + ||yn||> ((nwn = a2+ [1Gal1%)?)

< (4 Yo(((@+ 27+ (5 - 0))).

n

By (6.19) and (6.17)), we also have

1 2
_gn(a—i— 5)

(@5, wn = un) 2 =[] |[wn = un]| > ==

Combining the definition of ¢,, with the equality (2}, v, —7) = ||v, — Y||, we obtain

*n:_z n 9_ 0
<yn,¢>< o g>< B+ (50
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Putting what precedes together, we arrive to (having in mind that w(-) is upper semi-
continuous)

NI

() < OB (B0 + (1 (a2 (-6

P —én n P = P —én
Letting n — oo and p’ 1 p obviously yields
o 1 1
B<—+(1+ —)w((a2 + 52)2>
p p
which is the desired contradiction. The proof is then complete. O

Remark 6.15. If p = 400, the inequality in (ii) of Theorem is reduced to
8> w((a2 + ﬁ?)é). (6.20)

Assume there is a real v > 0 such that w(t) := % for every t > 0 (which is the case if
X and Y are Hilbert spaces and gph M is an r-proz-reqular set of X x Y ). We then
observe that the latter inequality (6.20) can be written as

a? + 2

>
b 2r

which is obviously satisfied for every o, B > 0 with a <r and |5 —r| < Vr?—a?. R

We derive from the latter theorem sufficient conditions ensuring the normal w(-)-
regularity of an inverse image M ~'(¥). Doing so, we complement Proposition .

Proposition 6.16. Let XY be two Banach spaces, M : X =Y be a multimapping
whose graph is closed and let w : Ry — Ry be an upper semicontinuous nondecreasing
function with w(0) = 0. Lety € Y with S := M~(y) # 0. Assume that (i) and (i7)
of Theorem hold with p < +oo. Then, the set S is F-normally 0(-)-regular with
0= (1+pw.

Proof. Let x,2' € S and x* € N'(S;x) N Bx.. Combining Theorem and Lemma
6.7(a)-(c) we can find b* € By~ such that 2* € pDcM (z,75)(b*), that is,
(p~'a", =b") € N (gph M; (2.7)).

Let || - |2 be the product 2-norm of the norms of X and Y and let || - ||, its associated
dual norm. We can then write

(@%,2" —x) = (2", —pb"), (¢, 7) = (2, 7)) < (=", —pb") . ([I(=',7) — (=, D)l|2)
(1l + el w(ll2” — )
(

L+ plw (|l = z[))

VAN VAR VAN

which translates the desired F-normal 6(-)-regularity of the set S. [
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Remark 6.17. If p = +o0 in the latter proposition, then we can conclude with similar

arguments that there exists a real A > 0 such that the set S is F-normally 0(-)-reqular
with O(+) == Aw(-). |

Remark 6.18. [t is readily seen that we can develop Theorem |6.14) and Proposition
under the L-normal reqularity of gph M and the Asplund property of the Banach
spaces X and Y . [ |

We now focus on the normal w(-)-regularity of the solution set of a generalized
equation, say f(z) € F(x) for a single-valued mapping f and a multimapping F'.
We point out that the normal w(-)-regularity for a set of the form {z € X : 0 €
Fi(z) + Fy(x)} with Fy, F5 two multimappings has been established in [I128] under an
openness condition in the product space (X x Y)? namely

BUxxyy2 € ={((z,9), (z,9)) : (z,y) € (T,7) + aBxxy} + gph Fi X gph (= F3),
for two constants «, 5 > 0 satisfying (|1.4)) for some real p > 0.

Proposition 6.19. Let X,Y be Banach spaces, F : X =Y be a multimapping with
closed graph and let f : X — 'Y be a mapping. Assume that S :={x € X : f(x) € F(x)} #
0 along with:

(i) The mapping f is K-Lipschitz continuous on X for some real K > 0 and differen-
tiable on X with L-Lipschitz continuous derivative Df for some real L > 0.

(i1) there exists an upper semicontinuous nondecreasing function w : Ry — Ry with
w(0) = 0, two reals o, 5 €0, +00[ and an extended real p €]0,+00| satisfying with
ko= (14 K2)2

8 > % + <1 + %) (w(max(l, k) (a? + ,62)%) + g(QQ + 52)>

such that the set gph F is C-normally w(-)-reqular and
BUxxyy C —gph f N (B[f, al x Y) +gph F forall T €S. (6.21)
Then, there exists a real vy € [0, p[ such that for each T € S, there exists a real § > 0

satisfying
d(z,S) <~d((z, f(x)),gph F)  for allz € B(Z,9). (6.22)

Further, the set S is F-normally W(-)-regular with @ : R, — R, defined by
~ L,
w(t) == y(w(kt) + 575 ) for allt € Ry.
Proof. First, we define the multimapping M : X = X x Y by setting
M(z) == —(z, f(z)) + gph F' for allz € X.

It is readily seen that the multimapping M has its graph closed. It is also evident that
M~%(0,0) = S and

d((0,0), M(z)) = d((z, f(z)),gph F) for allz € X.
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On the other hand, the mapping ¢ : X — X x Y defined by
o(z) = (z, f(z)) forallz € X

is obviously x-Lipschitz continuous on X endowed with the 2-norm || - || and differen-
tiable at each point x € X with

Do(z)(h) := (h,Df(z)(h)) forallh € X.

Further, we observe that the derivative Dy is L-Lipschitz continuous on X since we
have for every x, 2’ € X

sup [[Dp(w)(h) = Dip(x')(R)ll> = sup | (0, (Df(x) = Df (@) (R)l2

< [|Df(z) = Df(a)|| < Lllx — 2|

According to Proposition , we know that M has a C-normally wy(-) regular graph
(with respect to the norm || - ||2) where wy(t) := w(k)t) + £¢* for all ¢ > 0. The

inequality (6.22)) then follows from Theorem [6.14] It remains to apply Proposition
to conclude the proof. O

6.5 Metric subregularity for multimappings with
normally w-regular values

Theorem requires the normal w(-)-regularity for the graph gph M of the in-
volved multimapping M. Unfortunately, there are numerous and various multimap-
pings which fail to enjoy such a property for a given function w(-). This can be easily
seen with the subdifferential of a nonsmooth function, for instance

gph (9] - |) =] — 00, 0[x{—1} U {0} x [-1,1]U]0, +oo[x {1},

which is obviously non-prox-regular (even not subsmooth) in R.

Our aim in the present section is to provide some metric subregularity properties
for multimappings normally w(-)-regular-valued. Doing so, we need to develop an
appropriate version of Proposition where the normal cone N¢ (gph M, (u,v)) is
replaced by N (M (x); v). Our arguments follow those in the work [145].

Proposition 6.20. Let M : X =Y be a multimapping from a normed space X into a
Banach space Y and lety € Y. Assume that there exists x € X with M(x) nonempty
and closed and two reals v, €]0, 400 such that

vd(y, M(z)) <r <d(z, M (y)). (6.23)

Then, for all reals n,e €]0,400], there exist v € M(x) satisfying:
(1) 0 < |lv = gll <min{Z, d(y, M(x)) +c};

(i2) [lo =yl < lly =l + 2y — vl for all y € M (z);

(1ii) 0 €| - ||[(v—7)+ %By* + NC(]\/[(x);v).

If in addition Y is an Asplund space, then (iii) can be replaced by
(12i") 0 € O[] - [[(v =) + IBy~ + NE(M(z);0).



6.5 Metric subregularity for multimappings with normally w-regular values 143

Proof. Let n,e €]0, +o00[. Choose some real ' > 7 and some real " < r such that
Yd(g, M(z)) <r' < d(z, M '(7)).

According to the first inequality, we can find some yo € M (z) such that [|yo — || < f;—/,
Thanks to the second inequality in (6.23)), we obviously have

Blz,7r]n M~ *(5) = 0. (6.24)

Let us set 0(-) := || - =¥|| + ¥ar(2) () which is lower semicontinuous and proper (keeping
in mind that M (x) is nonempty and closed). Note that

/ /

r r
— llyo — 7|l < = < i —
0l) = lwo 7l < 55 < nf 0(0) + 7.

’Y,
Fix any real 7’ €]0, min{v,n}[ with W < €. Observe that (Y, N) is a Banach
space with N(-) :=7/|| - ||. We are in a position to apply Ekeland variational principle.

Doing so, we get some v € Y such that

N(yg—v)gr’<r,

/

oy
0(v) < 0(yo) = [lyo — 7l < 7 < 5 (6.25)

and ]
0(v) <O(y) + - N(y —v) forallycV. (6.26)
v

From (6.25)), we see that v € M(z) (so v # 7 by (6.24)) and ||[v —7|| < ||yo —F||. Then,
by (6.26]) we have

_ S
0(v) = llv=7ll < lly =¥l + ?Ily — || forally € M(z). (6.27)
Now, let us define f : Y — R by setting
77/
f) = lly -7l + ?Hy —v|| forallyeY.
Through (6.27), we see that v is a global minimizer of f + 1,y and this implies that
.

0€dof(v) Ca |(v-—7)+ ?By* + NY(M(z);v) (6.28)

along with

TII
f)=lv=7ll <lly =7l + VH?J — v

U o
<(1+ ?)Hy—y!l + ?Hy—vH



6.5 Metric subregularity for multimappings with normally w-regular values 144

for every y € M (z). Hence, we have

L+n'/y _
o= < T =3 = ZE Ty =3l for ally € M(a).
We deduce from this
B 7/_‘_ ! . . 2 ! -~
I =3lly < = Z,d(y, M(2)) = d(F M(2) + i 77,d(y, M(z)). (6.29)

Coming back to (6.25) and using the definition of 7’ yield

_ _ _ v —n)e

(5. 21) < o~ 31 < - wll < TP, (6.30)

It remains to put together (6.29)) and (6.30)) to obtain
lv =gl < d(g, M(x)) +e.
The proof of (i) — (ii) — (4i7) is complete.
Regarding (i47'), if Y is an Asplund space we can write (see (6.28))
/
0€drf(v)Co|-||(v—7)+ %IB%Y* + NY (M (2);v).

This finishes the proof. O

Remark 6.21. Assume that M(-) = —f(-) + S for some mapping f : X — Y and
some set S CY. Given anyv € Y, we obviously have N¢(M (z);v) = N°(S;v+ f(x)),
so (iii) in Proposition[6.20] can be rewritten as

0€d| [(v-7) + gmsw + NO(S;0 + f(x))

without any assumption on the mapping f. [

We are now in a position to establish the following result which complements The-

orem [0.14

Theorem 6.22. Let M : X = Y be a multimapping from a normed space X into a

Banach (resp. Asplund) space Y and let 5 € Y. Assume that M(-) is closed and

C-normally (resp. L-normally) w(-)-reqular valued for some upper semicontinuous

nondecreasing function w : Ry — Ry with w(0) = 0. Assume also that there exist
a, B, k €]0, +oo[ with B > ka + w(f + ka) such that:

(i) for allT € M~Y(y), there exists a real n > 0 satisfying

exc(M(z), M(z')) < klla’ — x| for allz € B[T, o], allz’ € B[z, n);

(ii) for allT € M~'(y), one has B(y,3) C M(B[T,q]).
Then, there exists a real v > 0 such that for every T € M~1(3), there exists a real
0 > 0 satisfying

d(z, M~ (y)) < vd(y, M(z)) for allz € B(T,9).
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Proof. We only deal with the C-normal w(-)-regularity for the values of M(-) in the
Banach space Y. We proceed as in the proof of Theorem [6.14. By contradiction,
assume that for each v > 0, there is T € M ~'(7) such that for every real § > 0, there
is x € B(T,9) satisfying

d(z, M~(7)) > vd(7y, M(2)). (6.31)

Fix any real v > 0 and any real ¥ > k. According to assumption (i), for each
T € M~(y) we can find a real nz > 0 (see (2.1])) such that

M(x) C M(2') + K[|z — 2'||By for allz € B[Z,a], allz’ € B[z, n3; (6.32)
Pick any sequence (g,,),>1 in ]0, [ with &, — 0. Choose some integer N > 1 such that
0, = n(yisn) < g for every integer n > N. Fix for a moment any integer n > N.

Thanks to (6.31), there are z, € M () and z, € X with |z, — T,|| < min{+,7z,}
such that

d(2, M7H(@)) > (v = €n)d(7, M (25)).
According to Proposition [6.20} there is v, € M (z,) such that

d(mn,M*I(y))

0 < [lvn =7l <
Y~ é&n

along with
En

0€d|-|(va—7)+ BY*+NC(M(xn);vn).

Y~ é&n

> € SY* with

n

Since v, — 7 # 0, the latter inclusion gives y* € N¢ (M(xn);vn), z
(2, vn, — ) = ||v, — 7|l and b}, € By~ such that

€n
Y~ é&n

yr = —zr + by.

Setting (, := (8 — Q”)HZ::%H and noticing that v, — §, € B(y, ), we can find some

wy, € B[T,,a] such that v, — (, € M(w,). Thanks to (6.32)), there is &, € M(z,) and
some b,, € By such that

Un = G = & + K[| Tn — whl|by-
Using the fact that M (x,,) is C-normally w(-)-regular, we obtain

(Yn, _<n> = (Y, &n — Un + H,H‘Tn - wn||bn>
= (Yns&n = Un) + K llzn — wall (Y5, bn)

< g3l (60 = ol + #'llea — wal])

< (1422 (s = vall) + #ln = wa).

— <n

On the other hand, we have

_ _ 1
|2n — wnl| < (|20 = Tpl| + [|Zn — wnl| < n +a
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and this entails
1
60 = wnll = I = Go = Wz = wnllball < 8= 6, + W+ ).

Combining the definition of ¢,, with the equality (z*, v, —7) = ||v, — ¥||, we obtain

En

6 = {5+~ b, G) <054~ (5-0,)

Y~ ¢&n
Putting what precedes together, we arrive to

En

ﬁ_en_

(6_9n>§(1+

Y~ E&n Y~ En

) (w(ﬁ — 0o + m’(% +a)) + m’(% + a)).

Keeping in mind that the function w(-) is upper semicontinuous and letting n — oo
and k' | k give
B < ka+ w(f + ka)

which is the desired contradiction. The proof is then complete. O

The Lipschitz behavior with respect to the Hausdorff-Pompeiu excess in (ii) of
Theorem obviously holds for the Lipschitz translation of a fixed set, say M (x) =
—f(x) + B for some Lipschitz mapping f.

Corollary 6.23. Let f : X — Y be a k-Lipschitz continuous mapping between a
normed space X and a Banach (resp. Asplund) space Y with x > 0. Let also B be a
closed C-normally (resp. L-normally) w(-)-regular set for some upper semicontinuous
nondecreasing function w : Ry — R with w(0) = 0. Assume that there exist two reals
a, B > 0 such that

B>rka+w(f+ka) and BUy C —f(B[z,a])+ B forallz € f(B).

Then, there exists a real v > 0 such that for every T € f~!(B), there exists a real § > 0
satisfying
d(z, f~1(B)) <~d(f(z),B) forallz € B(T,0).

Proof. Tt suffices to apply Theorem with the multimapping M(:) := —f(-) + B
and the point 7 := 0. O]

Remark 6.24. We keep notation and assumptions of the latter corollary. If in ad-
dition f is strictly Hadamard differentiable, then we can combine Proposition [6.5 and
Proposition to obtain
v <inf sup ||y*|v+,
e>0 y*EN.

where for each real € > 0, we denote (2. the set of y* € Y™ for which there are
r € B(T,e) withy+ f(x) ¢ S and y € B(y,e) with y + f(x) € S such that y* €
N(S; f(x) +y) and |[Df(z)*(y*)] < 1. u
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Coming back to Proposition [6.19] with F' = B, we see that the openness condition

(6.21]) can be written as
BU(xxy) C —{(z, f(z)) : € B[z,a]} + X x B.

Using Corollary allows us to drop the whole space X in the latter formula. More
precisely:

Proposition 6.25. Let X be a normed space, Y be a Banach (resp. an Asplund)
space, B CY and let f: X — Y be a mapping. Assume that S := f~1(B) # 0 along
with:

(i) There exists a nondecreasing upper semicontinuous function w : Ry — Ry with
w(0) = 0 such that the set B is C-normally (resp. L-normally) w(-)-regular.

(i) The mapping f is K-Lipschitz continuous on X for some real K > 0 and differ-
entiable on X with L-Lipschitz continuous derivative D f for some real L > 0.

(111) There ezist two reals o, B > 0 such that

B>Ka+w(B+ Ka) and Uy C—f(B[Z,a])+ B forallz € f'(B).

Then, there exists a real v > 0 such that the set S is F-normally &(-)-regular with
w:R, = R, defined by

N L
W(t) == y(w(Kt) + 5152) for allt € R,.
Proof. 1t directly follows from Proposition and Corollary n

Proposition [6.25] allows to get sufficient conditions ensuring the normal regularity
of an intersection set, say S; N Sy with S; X Sy normally w(-)-regular. Indeed, with
f(z) := (z,z) (which is obviously Lipschitz continuous with Lipschitz derivative) we
see that

f_1(51 X SQ) = Sl N SQ.

Hence, we see through Proposition that the latter set S; N S5 is normally regular
under an openness condition of the form

fUx2 C —{(z,x) : x € B[Z,a]} + S; x Sy forall e T € SN S,.

This complements (6.7)) which comes from [128], Proposition 7]. A similar remark holds
for the normal regularity of the constraint set (6.3]) denoted S. In such a case, a suitable
openness condition is given by

fUgm+n C —F(B[T,a])+] — 00,0]™ x {Oga} for allT € S,

where

F(:L’) = (f1($)"-->fm($)7fm+1(l'>’"-vfm-i-n(z))'
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6.6 Perspectives

1. In our paper[3], we established results for the farthest distance function within
the context of Hilbert spaces. The next step is to extend these findings to the
broader setting of Banach spaces.

2. Consider the state-dependent sweeping process described by:

{ —i(t) € N(C(t,u(t)); ult)),
u(O) = Uyg.

In existing results concerning this problem, the compactness assumption on the
moving set C'(t, z) plays a crucial role. We would like to understand the necessity
of such an assumption. An initial approach is to investigate the scenario where
the moving set is a strongly convex set, such as a moving ball, which is not
compact in infinite-dimensional settings.

3. Consider the differential inclusion, known as the steepest descent problem, given
by
—u(t) € Opf(u(t)) a.e. in 1,
U(T()) = Ug-

where Ty € [0, +00[ is the initial time and f is a prox-regular (or primal lower
regular) function. The existence of local and global solutions is established by
Theorems 2.9 and 3.2 in [169]. We aim to analyze the asymptotic behavior of the
solutions to the time-dependent differential inclusion:

—u(t) € Opfi(u(t)) a.e. in I,
u(Ty) = uo.

Here, f; denotes a time-dependent function, and the focus is on understanding
how the time dependency. An open question is what happens in the classical
convex case f; = dfarg)?

4. In paper [4], we established various preservation results concerning the preserva-
tion of normal w-regular sets (including prox-regular and subsmooth sets) and
the metric subregularity of multimappings with normal w(-)-regularity, either of
the graph or the values. Building upon this, we aim to extend these preservation
results to the setting of strongly convex sets, which are the duals of prox-regular
sets.



Chapter 7

Synthese de la these en francais

7.1 Le concept général

Mathematiquement, les problemes d’évolution, tels que la dynamique de contact,
sont, dans la plupart des cas, régis par des inclusions différentielles, ou plus précisément,
des inclusions différentielles de mesure. L’une des inclusions différentielles les plus
célebres est connue sous le nom de processus de balayage (Sweeping Process), intro-
duit par J.J. Moreau en 1971 lors du célebre Séminaire d’Analyse Convexe a Montpellier
[42]. Ce probleme d’évolution continue d’étre largement étudié aujourd’hui, tant d’un
point de vue théorique que numérique (voir [8, 9] [12-H22] 29, 30, 44], 47] et les références
associées). Le processus de balayage, conditionné par des contraintes d’inégalité (im-
pliquant des problemes tels que les milieux granulaires ou 1’élastodynamique avec con-
tact), constitue un outil fondamental pour 'analyse mathématique et la conception de
schémas numériques liés a ces types d’applications en dynamique non réguliere. Dans
ce contexte, nous nous intéressons au processus de balayage sous ses aspects théoriques
(modele mathématique, existence de solutions, ...) et numériques (développement de
schémas, analyse énergétique du systeme, ...) ainsi qu’a son application, en parti-
culier a la dynamique de contact. La condition de contact unilatéral en termes de
vitesse est cruciale dans le développement des méthodes de dynamique de contact non
lisse. Le manque de régularité signifie que les lois de contact ne sont pas seulement
non différentiables au sens classique, mais aussi multivoques. Cette condition per-
met d’obtenir de tres bonnes propriétés de conservation de I’énergie, assurant ainsi la
stabilité physique et numérique. En d’autres termes, les contraintes unilatérales sont
exprimées comme une relation entre la vitesse et la quantité de mouvement, décrivant
ainsi de maniere cohérente la puissance mécanique du systeme. Ce type de processus de
balayage du second ordre est une extension directe de la loi d’impact de Newton (loi de
Moreau), formulée pour la premieére fois dans un cadre numérique discret. L’idée prin-
cipale est d’étendre les modeles mathématiques sous forme d’inclusions différentielles
mesurables pour les milieux granulaires et les matériaux déformables a la thermo-
dynamique, c’est-a-dire au transfert de chaleur dans les milieux granulaires et a la
thermoélasticité pour les matériaux déformables. En utilisant ces modeles précédents
et en appliquant a la fois le processus de balayage et la méthode semi-lisse de Newton-
Active set, nous visons a implémenter un schéma numérique dédié a l'intégration tem-
porelle des systemes non lisses avec contacts.

149
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D’un point de vue théorique, 1’étude des propriétés de I’ensemble en mouvement
dans un processus de balayage joue également un role crucial. Elle permet d’élargir
et de développer la compréhension des problemes, notamment 1’existence de solutions
dans des scénarios non convexes, comme la prox-régularité ou sa classe duale, la forte
convexité. Ici, la régularité métrique sert d’outil essentiel pour étudier la faible con-
vexité de certains sous-ensembles. Cela revét une importance particuliere, car elle
fournit une base théorique solide pour aborder des problemes d’optimisation et de
mécanique.

7.1.1 Processus de Balayage

D’un point de vue mécanique, nous visons a analyser le mouvement d’un point ou
d’une particule confinée dans un ensemble convexe fermé en mouvement, noté C(t). En
fonction de la dynamique de cette région, le point restera soit stationnaire s’il évite de
heurter la frontiere de I’ensemble, soit il entraine le domaine tout en restant a l'intérieur
de C(t) pour tous les instants . Pour garantir que le point reste a l'intérieur de la
région, sa vitesse doit pointer vers I'intérieur, c’est-a-dire dans la direction opposée a la
normale de la vitesse par rapport a la frontiere de ’ensemble. Un outil puissant pour
traiter ce probleme mécanique est le processus de balayage.

J.J. Moreau [42] a introduit la formulation mathématique du processus de balayage
(au processus de rafle) qui implique des inclusions différentielles incorporant le cone
normal N (C(t);-) & ensemble C(t). L'objectif est de trouver une trajectoire solution
w : [0,7] — X du probléme [I| qui satisfait la condition de Cauchy, ot 7" > 0 et un
ensemble mobile C(+) existe dans 'espace de Hilbert X. L’existence et I'unicité d’une
solution au probleme [1|sont établies sous ’hypothese que C(t) est un ensemble convexe
fermé en mouvement et qu’il est Lipschitz continu en temps ¢. Ceci est réalisé grace a
I'algorithme de rattrapage (plus de détails dans [42]). Dans le domaine de la convexité
et de I'optimisation mathématique, I'investigation des solutions aux problemes de pro-
cessus de balayage d’ordre un et deux a engendré un domaine de recherche vibrant
et profond. Kunze et Monteiro-Marques ont étudié 'existence de solutions lorsque les
ensembles ont une variation Lipschitz en utilisant un schéma de discrétisation semi-
implicite [12]. En utilisant une discrétisation explicite, Haddad et al. [I3] ont prouvé
I'existence de solutions d'un processus de balayage perturbé dépendant de 1’état. De
plus, Bounkhel et Castaing [14] ont obtenu le processus de balayage dépendant de I’état
dans des espaces de Banach uniformément lisses et uniformément convexes. Plus tard,
les auteurs Abderrahim Jourani et Emilio Vilches [9] ont prouvé I'existence de solutions
de processus de balayage dépendant de 1’état en utilisant la technique de régularisation
Moreau-Yosida dans les ensembles a variation continue bornée avec des ensembles non
réguliers (sous-lisses et positivement alpha-éloignés), etc.

Dans le cas non convexe, il est bien connu que Chemetov et Monteiro-Marques
[15], [16] ont établi 'existence de solutions de processus de balayage perturbé dépendant
de I'état avec des ensembles uniformément prox-réguliers en utilisant le théoreme du
point fixe de Schauder ou un argument de point fixe pour le processus de balayage
perturbé dépendant de 1’état. En outre, Castaing et al. [I7] ont démontré I’existence
de solutions pour le processus de balayage dépendant de 1’état dans des ensembles
uniformément prox-réguliers. Cela a été réalisé en employant une forme étendue du
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théoreme de Schauder en conjonction avec une méthode de discrétisation. Azzam-
Laouir et al. [I8] et Haddad et al. [I9] ont montré le processus de balayage per-
turbé multivalué dépendant de ’état pour le cas uniformément prox-régulier dans le
cadre fini-dimensionnel. De plus, 1'auteur Noel [20], Noel et Thibault [21] ont con-
sidéré l'existence de processus de balayage perturbé multivalué dépendant de 'état
avec des ensembles équi-uniformément sous-lisses et uniformément prox-réguliers, etc.
D’autre part, les méthodes de régularisation Moreau et Yosida [9] ont été employées
spécifiquement pour les ensembles convexes ou uniformément prox-réguliers pour abor-
der le probleme du processus de balayage dépendant de 1’état.

Notamment, les processus de balayage trouvent des manifestations naturelles dans
un large éventail de problemes pratiques, y compris la dynamique des mouvements
de foule, le comportement des milieux granulaires, la modélisation élastoplastique,
la dynamique des contacts, 1’évolution des tas de sable et les circuits électriques non
réguliers. Ces applications réelles soulignent la pertinence et I'universalité des problemes
de processus de balayage dans les investigations scientifiques et les entreprises pratiques.

7.1.2 Résolution des problemes des milieux granulaires

7.1.2.1 Problemes de milieux granulaires

Les milieux granulaires, composés de particules de tailles diverses (du grain de sable
a un bloc de pierre de plusieurs metres), de formes plus ou moins complexes (spheres ou
polyedres angulaires), interagissent entre eux par contact. Ces matériaux se retrouvent
dans de nombreux secteurs industriels confrontés a divers problemes, tels que dans les
solides : le béton ou 'effondrement d’un batiment monumental sous contrainte sismique
[70], les plaques tectoniques ou le mélange de comprimés pharmaceutiques [71]; dans
les fluides : avalanche et glissement de terrain [72] [74], écoulement dans les silos [75],
le ballast sous chargement cyclique [76], production et transmission de chaleur [78), [79],
granulats collants [80], écoulements granulaires [81I], etc. Les chercheurs de divers
domaines sont attirés par les systemes granulaires, non seulement pour leur pertinence
pratique mais aussi en raison de leur comportement complexe (voir figure .

De nos jours, la compréhension des milieux granulaires et de leur comportement est
devenue une préoccupation majeure pour les processus industriels ou les sciences envi-
ronnementales. Un obstacle significatif dans la recherche sur les milieux granulaires est
I’absence d'un cadre complet pouvant décrire universellement leurs propriétés, notam-
ment en ce qui concerne les interactions multi-corps et multi-contacts. Par exemple,
prédire 1’écoulement granulaire nécessite une compréhension approfondie du modele
spécifique étudié, y compris les hypotheses sur les propriétés mécaniques et les lois
d’interaction régissant ces systemes multi-corps. Cette nature complexe a conduit a
une utilisation croissante des simulations numériques, en tirant parti des progres de
la puissance de calcul pour analyser rapidement des systemes granulaires réalistes et
tres complexes, bien que garantir I'exactitude des résultats numériques obtenus reste
un défi. Par conséquent, les chercheurs doivent faire certaines hypotheses sur les états
physiques des matériaux granulaires pour étudier efficacement leur comportement.

En résumé, les milieux granulaires représentent un domaine d’étude fascinant avec
des implications pratiques couvrant diverses industries et disciplines scientifiques. Les
chercheurs visent a découvrir les principes fondamentaux régissant ces matériaux, ou-
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vrant la voie a des processus industriels plus efficaces et a une compréhension plus
profonde des complexités du monde naturel.

7.1.2.2 Meéthodes de résolution numérique

Devant ces défis, des outils adaptés a la modélisation de la dynamique des milieux
granulaires ont émergé. La Méthode des Eléments Discrets (Discrete Element Method
ou DEM), initialement appelée Méthode des Eléments Distincts, a été développée par
Cundall en 1971 [5] pour simuler la dynamique granulaire en suivant les interactions
entre particules individuelles. La dynamique granulaire est alors régie par la deuxieme
loi de Newton, combinée a un modele de contact régulier. En particulier, les simula-
tions DEM peuvent étre cotiteuses en termes de calcul, en raison du schéma temporel
explicite nécessitant de petits pas de temps. Par la suite, ces méthodes ont connu
une évolution substantielle et ont donné naissance a diverses variantes, telles que la
méthode de Dynamique Moléculaire (Molecular Dynamics ou MD) [35H37]. Bien que
le comportement des matériaux granulaires puisse théoriquement étre décrit dans le
cadre de la mécanique des milieux continus classique, cette approche reste aujourd’hui
encore insuffisante pour traiter adéquatement ces systemes. Jean-Jacques Moreau a ap-
porté des contributions majeures a I’analyse convexe, aux fonctions a variation bornée,
a la théorie des mesures différentielles et a la théorie des processus de balayage —
des outils mathématiques essentiels pour aborder la dynamique non réguliere. Il a
transformé ces concepts théoriques fondamentaux en une méthode numérique implicite
innovante pour les systemes non réguliers, connue sous le nom de Contact Dynamics
(CD) 38| 43,145, 46]. Cette méthode a ensuite été étendue par M. Jean [48] pour pren-
dre en compte les corps déformables, conduisant ainsi au développement des méthodes
de Non-Smooth Contact Dynamics (NSCD).

NSCD [23], 24], 138, 48] se concentre sur la modélisation et la simulation des forces de
contact et de frottement entre les corps ou les particules. L’idée principale de NSCD
est de traiter la dynamique des forces de contact comme un probleme d’optimisation,
soumis a des contraintes telles que la conservation de la quantité de mouvement et de
I’énergie. La méthode implique I'introduction d’un ensemble de forces de contact incon-
nues, représentées sous forme de multiplicateurs de Lagrange, puis 'utilisation de tech-
niques d’optimisation pour résoudre les forces de contact qui satisfont aux contraintes.
Ces dernieres sont dérivées de la loi de contact de Signorini en termes de vitesses et
d’impulsions et de la loi de frottement de Coulomb liant la force de frottement a la
composante tangentielle de la vitesse. Ensuite, M. Jean et J. J. Moreau [38, 46-48] ont
développé un solveur itératif NonLinéaire Gauss-Seidel (NLGS) pour décrire les con-
ditions de contact entre corps rigides. Ce solveur considere séquentiellement chaque
contact jusqu'a ce que la convergence soit atteinte. De plus, d’autres solveurs alter-
natifs au NLGS, tels que les solveurs de gradient projeté conjugué, ont été proposés
dans [49, 50]. En particulier, le terme non linéaire de NSCD est cotiteux en calcul par
rapport & DEM, comme souligné dans [10], bien que NSCD permette des pas de temps
plus grands que DEM, permettant ainsi la résolution de plusieurs contacts simultanés.
Les techniques couramment utilisées dans la littérature pour traiter les non-linéarités
découlant de ces conditions sont basées sur plusieurs types de méthodes.

e Méthode Semi-Augmented Lagrangian (SAL) [51], 52]
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La méthode SAL est utilisée pour résoudre le probleme d’optimisation découlant
de la dynamique du systeme, régie par la loi de Signorini - un modele simplifié
supposant que les forces de contact sont toujours perpendiculaires aux surfaces
de contact. Elle introduit des multiplicateurs de Lagrange représentant ces forces
et utilise une formulation lagrangienne augmentée pour assurer la régularité des
forces et le respect des conditions du probleme.

e Méthode du Bipotentiel [53] 54]
La méthode du Bipotentiel est une extension du modele de friction de Coulomb
classique pour traiter les systemes avec plusieurs corps rigides interagissant par
friction. Elle utilise des multiplicateurs de Lagrange pour représenter les forces
de contact et applique la formulation du bipotentiel, assurant la conservation de
I’énergie et la stabilité.

e Méthode du gradient conjugué projeté (PCG) [50]

Cette méthode est une technique numérique pour résoudre les problemes d’optimisation
sous contraintes, notamment dans les contextes de contact et de médias granu-
laires. Elle combine l'efficacité de la méthode du gradient conjugué, qui min-
imise une fonction en suivant des directions de gradient conjugué pour éviter

le zigzag du gradient de descente standard, avec des techniques de projection

qui gerent les contraintes en projetant le point actuel sur ’ensemble faisable a
chaque itération. Cela garantit que les contraintes sont respectées tout au long

du processus d’optimisation, offrant un cadre de solution robuste et efficace.

e Méthode Primal-Dual Active Set (PDAS) [55, [56, 58]

Elle a récemment émergé comme approche prometteuse et pertinente pour résoudre
les problemes de contact frictionnel en élastodynamique déformable, en raison de
son efficacité et de sa facilité de mise en ceuvre. Le principe principal est que
les conditions de contact et de friction jouent comme deux éléments de fonctions
de complémentarité non linéaire, dont la solution est directement fournie par
I’approche semi-lisse de Newton. Dans la littérature, il y a peu de références aux
méthodes PDAS pour résoudre les problemes de contact rigide a corps multiples.
Les méthodes PDAS pour les systemes a corps multiples rigides ont véritablement
commencé, en considérant PDAS comme une méthode pour le traitement local
des conditions de contact sans friction dans le cadre de la NSCD, avec les travaux
de M. Barboteu et S. Dumont. Par la suite, PDAS a été développée et a montré
un niveau remarquable d’efficacité par rapport aux approches alternatives.

Par ailleurs, la méthode des Eléments Granulaires (GEM) [32] représente une vari-
ante de la méthode DEM qui se distingue par I'utilisation de lois de régularisation, la
classant ainsi parmi les méthodes ’lisses’. La différence principale entre GEM et DEM
réside dans son schéma de résolution, qui s’apparente a une méthode de rigidité, ini-
tialement proposée par Kawai [31] et par la suite étendue par Kishino. Cette méthode
a été appliquée a la simulation quasi-statique des matériaux granulaires [32], ainsi qu’a
I’étude de leur dynamique [33]. GEM se positionne comme une approche avancée qui
offre un compromis entre la précision des simulations et la gestion des non-linéarités
complexes inhérentes aux matériaux granulaires, tout en assurant une régularité dans
les résultats. Dans la these de Mathieu Renouf (2004) de I'Université de Montpellier
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[34], la méthode GEM est abordée en détail, notamment en ce qui concerne les aspects
d’intégration numérique. Bien que la méthode GEM se concentre principalement sur
la modélisation des interactions entre éléments granulaires, 1'utilisation de méthodes
d’intégration numérique, telles que la méthode de Newmark, est cruciale pour résoudre
les équations de mouvement des particules au fil du temps. La méthode de Newmark
est un schéma d’intégration numérique couramment utilisé pour résoudre les équations
différentielles ordinaires qui apparaissent dans la dynamique des structures et des mi-
lieux continus. Elle est particulierement populaire dans la mécanique des structures
pour intégrer les équations du mouvement, en raison de sa stabilité et de sa capacité
a controler 'amortissement numérique. Dans le contexte de la GEM, la méthode de
Newmark est utilisée pour intégrer les équations de mouvement des particules granu-
laires au cours du temps. Ce schéma d’intégration est basé sur une approche implicite
ou semi-implicite, ce qui permet de traiter de maniere stable des systemes dynamiques
complexes, en particulier lorsque des interactions de contact multiples et non linéaires
sont présentes.

Le schéma d’intégration numérique décrit dans la these de Mathieu Renouf con-
cerne les techniques utilisées pour avancer dans le temps les solutions des équations
de mouvement des particules. Le choix du schéma d’intégration est crucial car il
affecte la précision et la stabilité des simulations. Les méthodes implicites comme
celle de Newmark sont souvent privilégiées dans des simulations complexes de milieux
granulaires, car elles permettent de plus grands pas de temps tout en maintenant la
stabilité, méme en présence de fortes non-linéarités dues aux interactions de contact.
La méthode de Newmark permet de controler la précision de l'intégration en ajustant
des parametres spécifiques, comme 'amortissement numérique, pour éviter les oscilla-
tions non physiques. Dans la these, Mathieu Renouf a discuté de 'adaptation de la
méthode de Newmark pour les besoins spécifiques de la GEM, en expliquant comment
cette méthode permet de modéliser de maniere réaliste le comportement dynamique
des particules granulaires tout en gérant efficacement les contraintes de contact.

7.1.3 Quelques aspects théoriques en analyse variationnelle

L’analyse variationnelle est un domaine spécialisé des mathématiques qui se con-
centre sur l'optimisation, la théorie du controle, ’analyse multi-valuée et les problemes
connexes. Elle englobe un large éventail de sujets, y compris ’analyse convexe, I’analyse
non linéaire, 'analyse non lisse et la théorie des ensembles multi-valués. Ce do-
maine d’étude integre fréquemment des concepts issus de la théorie de la mesure,
de la géométrie différentielle et de 'analyse fonctionnelle. L’analyse variationnelle
possede une longue et riche histoire que 'on peut trouver dans les ouvrages de J.P.
Aubin et H. Frankowska [154], R.T. Rockafellar et R.J. B. Wets [120], B.S. Mor-
dukhovich [112], J.P. Penot [116], A.D. Ioffe [I07], L. Thibault [124], etc. On peut
dire que I'analyse variationnelle est 'extension et aussi le développement du Calcul
des Variations classique et de I’Analyse Convexe vers une théorie plus générale. D’une
part, les problemes d’optimisation apparaissent souvent dans les sciences appliquées.
D’autre part, résoudre des problemes basés sur 'optimisation est une méthode efficace
en mathématiques. Cela fait de I'analyse variationnelle un domaine d’intérét tant du
point de vue théorique qu’appliqué.
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Dans notre travail, nous nous concentrons principalement sur deux problémes et
concepts en Analyse Variationnelle:

e Convexité faible et forte : Elles concernent des ensembles ot les minima locaux
sont des minima globaux avec des exigences de courbure moins strictes que celles
de la convexité forte, qui assure une courbure extérieure uniforme. Cela est im-
portant pour les milieux granulaires et la dynamique de contact, ou les ensembles
peuvent ne pas étre uniformément convexes mais peuvent étre analysés en util-
isant la convexité faible. L’un des concepts principaux de la convexité faible
est la régularité proximale. Elle permet de traiter des ensembles non lisses ou
irréguliers dans un cadre d’optimisation convexe, en assurant la définition précise
du come normal et des applications de projection, essentiels pour les simulations
numériques de milieux granulaires. Chemetov et Monteiro-Marques, ainsi que
Castaing et al., ont établi des solutions pour les processus de balayage perturbés
dans des ensembles uniformément prox-réguliers [15] [16]. Castaing et al. ont
démontré l'existence de solutions pour le processus de balayage dépendant de
I’état dans des ensembles uniformément prox-réguliers en utilisant une extension
du théoréme de Schauder combinée & une méthode de discrétisation [17].

e Régularité métrique : elle fait le lien entre la convexité faible et les structures
d’ensembles plus générales, en mesurant le comportement de la fonction distance
par rapport a un ensemble, utile en optimisation et en analyse variationnelle,
comme pour comprendre le comportement des particules dans les systemes gran-
ulaires. Azzam-Laouir et al. [I§] ainsi que Haddad et al. [19] ont démontré
des processus de balayage perturbés multivoques efficaces dans des ensembles
uniformément prox-réguliers en dimensions finies.

Intégrer ces concepts améliore les modeles numériques pour des scénarios complexes,
renforce les fondations théoriques et étend 'applicabilité des processus de balayage en
mécanique et en optimisation. Noel [20] et Thibault [21] ont exploré des processus de
balayage perturbés multivoques dépendants de I’état avec une prox-régularité uniforme
et ont utilisé la régularisation de Moreau-Yosida pour des ensembles uniformément
prox-réguliers [9]. Cette transition enrichit notre compréhension théorique et pratique
de ces phénomenes, avec la régularité métrique et la fonction de distance maximale
jouant des roles cruciaux en optimisation et en mécanique.

7.1.3.1 Convexité faible et forte

L’existence de la solution au processus de balayage [1| est établie sous ’hypothese
que C(t) est un ensemble convexe fermé en mouvement. Une extension naturelle pour
parvenir a I'existence d’une solution consiste a considérer 'ensemble C'(¢) comme faible-
ment convexe ou, a l'inverse, fortement convexe. Par conséquent, 1’étude des propriétés
de 'ensemble en mouvement constitue également un sujet important de cette these.

La prox-régularité est reconnue comme un concept fondamental en analyse varia-
tionnelle, permettant d’aller au-dela de la convexité (voir Poliquin, Rockafellar dans [11§],
Thibault dans [124] et quelques articles connexes [127], [84], [125]). Elle donne lieu
a de nombreuses applications intéressantes liées a divers domaines des mathématiques
tels que 'optimisation, I'analyse multivoque, la géométrie différentielle et les EDP, etc.
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(voir, par exemple, [30} 911 [93] 100} [106] [108] et les références qui y sont citées). Une
application importante est le Sweeping Process, régi par des contraintes d’inégalité,
comme celles que l'on trouve dans les médias granulaires et 1'élastodynamique impli-
quant le contact. Ce processus est un outil puissant pour ’analyse mathématique
et le développement de schémas numériques pour ces dynamiques non-régulieres. En
outre, ce type d’ensemble est également appliqué pour considérer certaines propriétés
particulierement importantes telles que la régularité métrique (submétrique et semi-
métrique), la calmness, la transversalité, la propriété d’Aubin, etc. Les lecteurs peuvent
en savoir plus dans les monographies [120], [I00], [84], ... Il est bien établi dans [115]
que le complément d'un ensemble prox-régulier n’est rien d’autre que 'union d’une
famille de boules fermées de rayon commun, communément appelées ensembles R-
fortement convexes. Par conséquent, 1’étude de la prox-régularité dirige naturellement
notre attention vers ’exploration de la forte convexité, approfondissant ainsi notre
compréhension de la courbure des fonctions et des paysages d’optimisation. Parmi
les contributeurs notables a ce domaine figurent H. Frankowska, C. Olech [104], J.P.
Vial [125], E.S. Polovinkin [119], M.V. Balashov [88], G. E. Ivanov [105, 108, [110], A.
Weber et G. Reibig [126]. Pour l'utilisation de tels ensembles dans divers problemes
mathématiques appliqués, nous nous référons, par exemple, le Sweeping Process [42]
96], controle optimal [104], 'optimisation numérique [I11], 117], les jeux différentiels
[T08, [110], etc.

Les fonctions de distance jouent un role fondamental en analyse mathématique, y
compris en analyse convexe [92, [116] [120], analyse variationnelle [97, 107, 112], 116
120}, [124], inclusions différentielles [87), 98|, [114], 123], controle optimal [95, 113], théorie
de I'approximation [102, 122], analyse de forme et EDP [85] [86] 101], etc. II est bien
connu (et facilement observable) que la convexité d'un sous-ensemble fermé C' dans
un espace normé est équivalente a la convexité de sa fonction de distance associée
(standard /usuelle). Une question naturellement posée est de savoir quel est ’ensemble
pour lequel la distance est semi-convexe? Dans [88], M.V. Balashov étend dans un
espace de Hilbert général une telle caractérisation de base en établissant que la semi-
convexité (c’est-a-dire la convexité jusqu’a une norme carrée) de la fonction de distance
dc (sur tout ensemble convexe d’un agrandissement approprié de C') est équivalente a la
prox-régularité uniforme de I’ensemble fermé C. Rappelons qu'un sous-ensemble fermé
C' dans un espace de Hilbert X est uniformément prox-régulier ([I18]) (également
connu sous le nom de positivement atteint, faiblement convexe, p—convexe, O(2)-
convexe, lisse proximale, voir, par exemple, [94] Q9] T03], T21], 125] et les références qui
y figurent) avec une constante r > 0 a condition que 'application du point le plus
proche proj. soit bien définie sur un agrandissement approprié de C' et continue a
I'intérieur de celui-ci.

Il est connu que la fonction de distance a un ensemble convexe admet diverses
descriptions impliquant des relations de dualité issues de I'analyse convexe (voir, par
exemple, [102]). Dans le cadre de la régularité métrique, en plus de la fonction de
distance, nous étudions les points les plus éloignés et leurs fonctions de distance corre-
spondantes, qui mesurent la distance d’un point extérieur au point le plus éloigné d’un
sous-ensemble donné. Les premieres recherches sur ces fonctions ont été introduites par
Jessen ([I56], 1940) et des recherches supplémentaires ont été effectuées par Motzkin,
Strauss, et Valentine ([I58], 1953) dans un espace métrique et par Fitzpatrick ([I57],
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1980) dans un espace de Banach. Considérons, par exemple, une boule : le point
le plus éloigné de son centre englobe tous les points sur sa frontiere. Dans un cadre
convexe, bien que la projection du point le plus proche sur un ensemble convexe soit
unique, la fonction de distance la plus éloignée, a savoir dfarg(z) := sup,cq ||z — y||, se
comporte différemment. Cet opérateur présente une déviation par rapport a la notion
conventionnelle du point le plus proche, soulignant que l'existence du point le plus
éloigné n’est pas garantie avec les concepts classiques d’ensembles convexes ou faible-
ment compacts. Il est naturel d’explorer des ensembles alternatifs mieux adaptés pour
déterminer le point le plus éloigné.

Dans de nombreuses situations, il est également intéressant de renforcer la propriété
de convexité. Cela peut étre réalisé avec des ensembles R-fortement convexes ([105],
108, 119, [125] 126]) qui sont essentiellement 'intersection de boules fermées de rayon
commun R > 0. Dans le travail [89], il est établi que pour tout ensemble fermé borné
dans X, la propriété de forte convexité est équivalente a la semi-concavité de la fonction
de distance (convexe) la plus éloignée dfarc(z) := sup.c¢ ||z — ¢||. Par conséquent, une
idée est d’examiner la propriété de semi-concavité de la fonction de distance la plus
éloignée associée a un ensemble fortement convexe. En outre, nous développons les
analogues de certaines propriétés des ensembles convexes [102] ou des ensembles prox-
réguliers [84] pour un ensemble fortement convexe C' lorsque l'ensemble C' satisfait a
la condition renforcée de forte convexité.

7.1.3.2 Régularité métrique

D’autre part, la régularité métrique [107, 112} [124] [131], 132} 139 [142] 144] est un
concept en analyse mathématique, particulierement dans le domaine de I'optimisation
et de 'analyse variationnelle. Elle est étroitement liée a la stabilité et a la robustesse des
solutions aux problemes d’optimisation et aux systemes d’équations. Plus précisément,
la régularité métrique aide a comprendre la sensibilité des solutions optimales aux per-
turbations des parametres ou des contraintes, tout en fournissant des bornes d’erreur
pour les solutions approximatives aux équations et aux inégalités. De plus, en anal-
yse variationnelle, la régularité métrique peut étre un outil précieux pour étudier la
convexité faible d'un sous-ensemble particulier. La régularité métrique est étroitement
liée a d’autres concepts tels que la continuité Lipschitz [124], la régularité de Clarke
[124], [161], le théoreme de Robinson-Ursescu [142] [144], etc.

Soit M : X =2 Y une multimapping entre deux espaces de Banach avec un graphe
convexe fermé gph M et soit (Z,7) € gph M. En 1975-1976, C. Ursescu ([144]) et
S.M. Robinson ([142]) ont établi indépendamment que l'existence d'un réel v > 0 tel
que l'inégalité est équivalente a l'inclusion § € core M (X). On dit naturellement
que la multimapping M est y-réguliere métriquement en = pour y. La propriété de
régularité métrique a une longue et profonde histoire qui remonte aux travaux pionniers
de L.A. Lyusternik ([139]) et L.M. Graves ([I32]) et a été développée depuis dans de
nombreux articles et livres (voir, par exemple, [107, 112] 124] T3] et les références qui
s’y trouvent). Une telle propriété est connue pour étre équivalente soit a un certain
comportement lipschitzien de la multimapping M ~! soit & une condition de type ou-
verture (avec un taux linéaire), a savoir I'existence de constantes positives «, 8 > 0
telles que Bly, aSt] C M(B[x,ta]) pour tout ¢t €]0,1] et tous (x,y) € gph M proches
de (Z,7). Outre le théoreme de Robinson-Ursescu (qui peut étre considéré comme
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une extension du célebre théoreme de 'application ouverte de Banach-Schauder), la
régularité métrique est fortement impliquée dans le calcul sous-différentiel, les estima-
tions de co-dérivées et les conditions d’optimalité (voir, par exemple, [112] 116, 124] et
les références qui s’y trouvent).

Au fil des ans, des théoremes de type Robinson-Ursescu pour les multimappings avec
un graphe possiblement non convexe ont été fournis. Une premiere facon naturelle de
dépasser la convexité dans un tel contexte réside dans le concept de paraconvexité.
Dans [138], H. Huang et R.X. Li ont établi que si 'inverse de la multimapping M, a
savoir M !, est paraconvexe, alors M est métriquement régulier en T pour 7 lorsque
[L.3]est vérifiée pour certains réels o, 8 > 0. En 2012, X.Y. Zheng et K.F. Ng ([145]) ont
montré que la prox-régularité des ensembles ([118]) est également un concept adapté
pour développer des versions non convexes du théoreme de Robinson-Ursescu. Deux ans
plus tard, X.Y. Zheng et Q.H. He ont fourni dans [146] un théoreme de type Robinson-
Ursescu pour les multimappings avec un certain comportement variationnel d’ordre
un, a savoir avec un graphe (o, d)-subsmooth ([129]). Comme montré dans [12§], les
résultats ci-dessus de [145], [146] peuvent étre étendus a la classe des multimappings
M avec un graphe normalement w(-)-régulier. Plus précisément, il est établi dans
[128] qu'une multimapping M avec un graphe normalement w(-)-régulier satisfaisant
la condition d’ouverture pour certains réels a, 3,p > 0 telle que I'inégalité
est y-métriquement réguliere en T pour i pour un certain réel v < p. Les auteurs
de [128] tirent de leur étude divers résultats de préservation pour les ensembles w(-)-
normalement réguliers qui completent les travaux précédents consacrés a la stabilité
des propriétés de prox-régularité et de subsmoothness [100, 125, 127, 137, 152] (voir
aussi le récent article de G.E. Ivanov [133]).

Le théoreme de Robinson-Ursescu a inspiré diverses extensions qui dépassent les lim-
ites de la convexité, élargissant ainsi le domaine de la régularité métrique et de ses ap-
plications. Dans cette these, il est intéressant de fournir des versions régulierement nor-
males du théoreme de Robinson-Ursescu ainsi que des conditions suffisantes générales
assurant la préservation de la w-régularité normale sous la subrégularité métrique.

7.2 Objectifs de la these et plan du manuscrit

7.2.1 Objectifs

Aspect numérique:

Dans ce travail, nous nous intéressons a un processus de balayage discontinu (mais de
variation bornée), de second ordre de Moreau, modélisant la dynamique de contact
de particules rigides ([47] et les références connexes [8, 23, 28| [147]). Rappelons que
les processus de balayage [42] sont des inclusions différentielles particulieres régies par
le cone normal d’'un ensemble mobile (non convexe). La loi de contact est modélisée
a travers la régularisation de Moreau-Yosida [9, 27] de la condition unilatérale. Tl
semble que la régularisation de Moreau-Yosida avec le parametre o > 2 soit un outil
approprié pour développer un modele de contact régulier (compliance normale) qui
maintient 1’énergie cinétique du systeme tout en assurant que le contact n’autorise
pas aux particules de passer a travers 'autre (non-pénétration). Le comportement
normal amélioré discret (INC) est considéré comme une méthode appropriée pour



7.2 Objectifs de la thése et plan du manuscrit 159

garantir la conservation de I’énergie dans le cadre continu. Pour résoudre le probleme
de non-linéarité, une combinaison du schéma de Newmark avec la méthode de Newton
semi-régulier et de 'algorithme PDAS, qui utilise les fonctions de complémentarité des
différents modeles de contact [60], sera employée.

L’objectif principal de ce travail est proposer une méthode de régularisation im-
plicite pour laquelle la conservation de I’énergie et la non-pénétration sont assez simi-
laires a NSCD-NLGS ainsi qu’a un cotut computationnel approprié. Plusieurs expériences
numériques sont rapportées a des fins de vérification et de validation, ainsi que pour
évaluer 'efficacité et les performances de la méthode Newmark-PDAS-INC par rapport
a d’autres méthodes numériques (DEM, NSCD-NLGS).

De plus, dans le cadre de notre configuration, un deuxieme objectif essentiel con-
siste a développer un code autonome utilisé de maniere exhaustive pour la méthode
INC, en utilisant le langage FORTRAN avec la bibliotheque LAPACK-Dgesv. En-
suite, nous appliquons plusieurs solveurs pour résoudre les systemes linéarisés afin
d’améliorer le cout computationnel, a savoir LU, factorisation complete-SuperLU, GMRES
avec préconditionneur ILU, Gradient Conjugué Préconditionné (préconditionneur ILU-
Pcg ou préconditionneur Jacobi-Jpcg) en utilisant la bibliotheque SPARSKIT. De plus,
nous développons également une version directe de la matrice creuse combinant soit
SuperLU/GMRES pour le frottement, soit Pcg/Jpcg pour le cas sans frottement.

Aspect théorique:

Outre I'aspect numérique, nous abordons la partie théorique de l'analyse variation-
nelle pour considérer certaines nouvelles propriétés qui sont beaucoup plus utiles en
mathématiques. Plus précisément, nous nous concentrerons sur deux travaux princi-
paux.

Dans le premier travail, nous examinons les concepts de fonction de distance la
plus éloignée des ensembles fortement convexes dans les espaces de Hilbert.
Le premier objectif est de fournir une preuve alternative d’une telle caractérisation des
ensembles fortement convexes. Notre approche s’inscrit dans la lignée de [I15] en se
basant sur le fait que le complément d’un ensemble prox-régulier n’est rien d’autre que
I'union d’une famille de boules fermées de rayon commun. Le deuxieme objectif du
présent travail est de fournir en détail I’analyse des caractéristiques correspondantes
(i), (ii) et (iii) dans la partie lorsque ’ensemble C satisfait la condition renforcée
de convexité forte.

Le deuxieme travail concerne les propriétés de sous-régularité métrique et
de régularité normale w(-). Dans le présent article, nous montrons d’abord que la
propriété de sous-régularité métrique du multimapping M (c’est-a-dire 'inégalité (|1.1))
avec y = gy (voir Section ) est une hypothese appropriée pour obtenir la normale
w()-régularité de 'image inverse M~!(y). Nous établissons également la régularité
normale d’'un ensemble d’équations généralisé, disons S := {x € X : f(x) € M(x)}
avec f: X — Y une application (& valeur unique) sous une inégalité de sous-régularité

métrique, a savoir d(x,S) < yd((x,f(x)),gph M), x proche de T. Bien sur, nous

exigeons dans les deux cas une propriété normale w(-) sur le multimapping impliqué M
(soit sur le codérivé soit sur le graphe). Nous remplagons ensuite naturellement (dans
la lignée de [128]) cette hypothese de sous-régularité métrique par linclusion ([1.3))
avec a, 3 > 0 tel que # > w(y/a?+ (5?). Enfin, nous montrons qu'un multimapping
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Lipschitz (par rapport a la distance de Hausdorff-Pompeiu) avec des valeurs de normale
w(-)-régularité pres de T bénéficie d’une certaine propriété de sous-régularité métrique
en T pour .

7.2.2 Organisation de la these

Tout d’abord, nous commencons par le chapitre [2| : Notation and preliminaries ou
nous aborderons la compréhension des éléments de I’Analyse Variationnelle tels que
les fonctions convexes, certains résultats classiques en optimisation, les cones normaux
et les sous-différentiels (au sens de Clarke, Fréchet et Mordukhovich, proximaux), les
opérateurs maximaux monotones et la régularisation a-Moreau Yosida respectivement
a travers les sections 2.1 4 2.5

La these se compose de deux parties.

Partie [ est Modélisation du Processus de Balayage.

Nous commencons par formuler un probleme dynamique pour analyser le mouve-
ment des particules a 'intérieur d’une région prédéfinie, en mettant 1’accent spécifiquement
sur la loi de contact utilisant des conditions spécifiques de compliance normale, désignée
comme Improved Normal Compliance (INC). Basé sur le travail de Hauret et Le Tallec
[57], nous proposons une approche spécifique dans le cadre discret qui assure la con-
servation de I'énergie du systeme, en l'alignant avec le cas continu. Dans le Chapitre
Bl nous approfondissons le processus de balayage de second ordre de Moreau pour
modéliser la dynamique du contact, en incorporant la régularisation Moreau-Yosida et
ainsi la méthode INC. Cette approche vise a garantir la conservation de 1’énergie du
systeme tout en évitant la pénétration entre les particules.

Dans le Chapitre[d], nous adoptons une approche de discrétisation temporelle en util-
isant le schéma implicite de Newmark pour le modele INC, combiné avec la méthode
Primal-Dual Active Set (PDAS). Cette méthode intégrée, connue sous le nom de
Newmark-PDAS-INC, facilite la résolution efficace du probleme. De plus, nous ef-
fectuons une analyse comparative des solutions obtenues par différentes méthodes, y
compris INC, la méthode des éléments discrets (DEM) et la dynamique de contact
non lisse avec Gauss-Seidel non linéaire (NSCD-NLGS), pour évaluer efficacité de
notre algorithme. Une analyse comparative est également menée par rapport a des
méthodes numériques alternatives, telles que NSCD-NLGS et DEM, spécifiquement
dans des scénarios sans frottement. Enfin, nous éclaircissons le traitement numérique
du coefficient de restitution et des conditions de contact impliquant le frottement, dans
le but d’offrir une solution robuste pour résoudre les problemes de contact multi-corps
rigides. La plupart des résultats de ce chapitre, ainsi que la section sur la régularisation
de Moreau-Yosida pour la dynamique de contact dans le Chapitre 3, sont présentés dans
les articles suivants [1] et [2].

Partie [[]| est Eléments de I’analyse variationnelle.

La fonction de distance la plus éloignée est un outil géométrique utilisé pour mesurer
le point le plus éloigné dans un ensemble par rapport a un point de référence, avec des
applications dans des domaines allant de la géométrie computationnelle aux problemes
de localisation d’installations. Dans le Chapitre |5, nous proposons de nouvelles car-
actérisations de la fonction de distance la plus éloignée. D’autre part, le théoreme de
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Robinson-Ursescu (qui peut étre considéré comme une extension du célebre théoreme de
I'application ouverte de Banach-Schauder) est fortement impliqué dans le calcul sous-
différentiel, les estimations des codérivées et les conditions d’optimalité. Nous passons
le Chapitre [6] & fournir des conditions suffisantes générales garantissant la préservation
de la w-régularité normale pour des équations généralisées et nous nous concentrons
également sur les versions régulierement normales du théoreme de Robinson-Ursescu.

Enfin, dans le Chapitre , nous résumons la theése en frangais (comprenant une
vue d’ensemble, les objectifs, la structure, les résultats obtenus et les perspectives).
Ensuite, I’Annexe A présente le code pour la méthode Newmark-PDAS-INC avec une
version directe de la matrice creuse combinée avec le solveur Gmres pour le systeme
linéaire.

7.3 Résultat

7.3.1 Aspect numérique

1. Basé sur I'importance croissante de comprendre les milieux granulaires et leurs
comportements dans diverses industries, la premiere partie de cette these vise a
proposer une nouvelle méthode différente de la Méthode des Eléments Discrets
(DEM) et des approches de Dynamiques de Contact Non-Lisse (NSCD) pour
modéliser la dynamique des granulaires. Nous nous concentrons sur un processus
de balayage discontinu de second ordre de Moreau pour modéliser la dynamique
des contacts, en incorporant la régularisation de Moreau-Yosida avec le parametre
alpha pour développer un modele de contact régulier. Nous proposons la méthode
de Compliance Normale Améliorée (INC) pour assurer la conservation de ’énergie
et utilisons une combinaison de la méthode de Newmark et de I’ensemble actif
Primal-Dual (PDAS) pour traiter la non-linéarité. Cette étude vise a comparer
'efficacité de notre approche avec d’autres techniques de modélisation numérique,
telles que DEM et NSCD via la méthode de Gauss-Seidel Non-Linéaire (NLGS),
en se concentrant sur l'amélioration de la conservation de 1’énergie et du cofit
computationnel, plus de détails dans [I].

2. Un deuxieme objectif clé consiste a développer un code autonome largement
utilisé pour la méthode INC, en utilisant le langage FORTRAN et la bibliotheque
LAPACK - Dgesv. Nous appliquerons ensuite plusieurs solveurs pour résoudre
des itérations non linéaires afin d’améliorer le cotit computationnel. Ces solveurs
incluent la factorisation LU, la factorisation complete avec Superlu, Gmres avec
préconditionneur ILU, et le gradient conjugué préconditionné Pcg/Jpcg en util-
isant la bibliotheque SPARSKIT, en préparation de la publication [2].

7.3.2 Aspect théorique

1. La publication avec F. Nacry et L. Thibault [3] explore la fonction de distance
maximale aux ensembles fortement convexes dans les espaces de Hilbert. Nous
fournissons une preuve alternative de la caractérisation des ensembles fortement
convexes, en nous inspirant des travaux antérieurs. De plus, nous menons une
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analyse détaillée des caractéristiques spécifiques lorsque ’ensemble satisfait a une
condition renforcée de convexité forte.

2. La publication avec F. Nacry et J. Venel [4] est consacrée au probleme des
préservations qui examine le comportement de la possibilité de convexité forte et
des opérations sur les ensembles. Le résultat principal consiste a donner certaines
conditions suffisantes garantissant la préservation de la régularité normale w pour
des équations généralisées.

7.4 Perspectives

7.4.1 Aspect numérique

Plusieurs perspectives sont envisagées pour améliorer 'efficacité algorithmique et
informatique, explorer de nouveaux domaines d’application et établir rigoureusement
des fondements théoriques.

1. Parallélisme Algorithmique et Informatique

- Parallélisme Algorithmique: Une premiere perspective de ce travail est d’explorer
le parallélisme algorithmique, notamment a travers la Méthode de Décomposition
de Domaine (DDM) avec une méthode de Schwarz additive intégrant des
modes grossiers. Cette approche permettrait de diviser le probleme en
sous-domaines plus petits et indépendants, facilitant ainsi la résolution par-
allele des systemes linéaires. Une attention particuliere sera portée sur
I'optimisation des algorithmes pour améliorer la convergence et I'efficacité
computationnelle.

- Parallélisme Informatique: Parallelement, le parallélisme informatique sera
exploré pour optimiser les opérations de produits matrice-vecteur et autres
calculs intensifs. En exploitant les architectures modernes de calcul par-
allele (comme les GPU et les clusters de calcul), il serait possible d’accélérer
significativement les simulations, rendant I’approche Newmark-PDAS-INC
plus applicable a des problemes de grande échelle.

La combinaison du parallélisme algorithmique et informatique est essentielle pour
rendre les méthodes numériques plus efficaces et applicables a des problemes de
grande taille. En détaillant les avantages spécifiques des méthodes de décomposition
de domaine et des architectures paralleles modernes, on montre une direction
claire pour les travaux futurs.

2. Applications Potentielles

- Interaction Fluide-Structure: Une deuxieme perspective consiste a appli-
quer la méthodologie développée a des problématiques d’interaction fluide-
structure, telles que les lits fluidisés et les mouvements de foules. Ces appli-
cations permettront de valider la pertinence et la robustesse de ’approche
Newmark-PDAS-INC dans des contextes variés. Par exemple, dans les lits
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fluidisés, la méthode pourrait aider a modéliser les interactions complexes
entre les particules solides et le fluide environnant.

- Validation et Extension: En validant la méthode dans ces nouveaux con-
textes, on pourra non seulement démontrer sa polyvalence, mais aussi iden-
tifier d’éventuelles améliorations et extensions pour mieux capturer les dy-
namiques spécifiques a chaque application.

En identifiant des applications concretes comme les lits fluidisés et les mouve-
ments de foules, on ancre le travail théorique dans des contextes pratiques et
pertinents. Cela renforce 'importance de la méthode développée et ouvre des
opportunités pour des collaborations interdisciplinaires

3. Théorie de I’Existence pour le Processus de Balayage de Second Ordre de Moreau

- Existence de la Solution: Enfin, une perspective théorique essentielle est
d’établir rigoureusement 1’existence de solutions pour le processus de bal-
ayage de second ordre de Moreau, utilisé pour modéliser la dynamique des
contacts avec la régularisation de Moreau-Yosida. Cette étude théorique per-
mettra de garantir la robustesse mathématique du modele et de renforcer la
confiance dans les résultats numériques obtenus.

- Régularisation de Moreau-Yosida: En approfondissant la compréhension de
la régularisation de Moreau-Yosida, il serait possible de mieux caractériser
les conditions sous lesquelles le modele reste valide et stable, ouvrant ainsi
la voie a de nouvelles applications et a des améliorations méthodologiques.

La validation théorique de l'existence des solutions est cruciale pour assurer la
rigueur scientifique du modele. En se concentrant sur la régularisation de Moreau-
Yosida, on met en lumiere un aspect technique clé qui peut avoir des implications
profondes pour la stabilité et la précision des simulations.

7.4.2 Aspect théorique

1. Dans notre article [3], nous avons établi des résultats pour la fonction de distance
maximale dans le contexte des espaces de Hilbert. La prochaine étape consiste a
étendre ces résultats au cadre plus général des espaces de Banach.

2. Considérez le processus de balayage dépendant de ’état décrit par :

{ —i(t) € N(C(t,u(t)); u(t)),
u(0) = uo.

Dans les résultats existants concernant ce probleme, 'hypothese de compacité
sur I'ensemble mobile C(t,x) joue un role crucial. Nous souhaitons comprendre
la nécessité de cette hypothese. Une approche initiale consiste a examiner le
scénario ou l’ensemble mobile est un ensemble fortement convexe, tel qu’une
boule mobile, qui n’est pas compacte dans les dimensions infinies.
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3. Considérez l'inclusion différentielle, connue sous le nom de probleme de la descente
la plus raide, donnée par :

{ —u(t) € Opf(u(t)) p.p. dans I,
U(To) = Up.

ou Ty € [0,+o0[ est le temps initial et f est une fonction prox-réguliere (ou
primalement inférieure réguliere). L’existence de solutions locales et globales
est établie par les Théoremes 2.9 et 3.2 dans [169]. Nous visons a analyser le
comportement asymptotique des solutions a l'inclusion différentielle dépendante
du temps :

—u(t) € Opfi(u(t)) p.p. dans I,
u(Ty) = uo.

Ici, f; désigne une fonction dépendante du temps, et l'accent est mis sur la
compréhension de 'impact de la dépendance temporelle. Une question ouverte
est ce qui se passe dans le cas convexe classique ou f; = dfarc(, ?

4. Dans larticle [4], nous avons établi divers résultats de préservation concernant la
préservation des ensembles normaux w-réguliers (y compris les ensembles prox-
réguliers et subsmooth) ainsi que la sous-régularité métrique des multimappings
avec la w(-)-régularité normale, que ce soit pour le graphe ou les valeurs. En nous
appuyant sur ces résultats, nous visons a étendre ces résultats de préservation au
cadre des ensembles fortement convexes, qui sont les duaux des ensembles prox-
réguliers.



Appendix A

Newmark-PDAS-INC code testing

PROGRAM INC

Implicit None
integer
integer,
real (kind=dp),
scm,scm_old
real (kind=dp),
real (kind=dp),
real (kind=dp),
FC
real (kind=dp),
real (kind=dp),
impulse, ec
real (kind=dp),
real (kind=dp),
tangent_cl
real (kind=dp),
real (kind=dp),
real (kind=dp),
real (kind=dp),
integer,
integer,

d

d
d
d

d
d
d
d

d
d
d
d

dimension(:,:),
dimension (:) s

real (kind=dp) ::
gap_old,c_nu,c_tau,v_tan
real (kind=dp) ::
max_r ,pesanteur
real (kind=dp) ::

logical

real (kind=dp) ::
real (kind=dp) ::
real (kind=dp) ::
real (kind=dp) ::

integer
integer :
TEST_CASE ,n
integer
integer

ocC

np, NB_WALL , NB_CORNER ,ntdl ,i_alpha
parameter

selected_real_kind (15, 307)

dp

imension(:), allocatable qd_new ,q_new ,dq,dq_a,
imension(:), allocatable f_free,PENET
imension(:), allocatable qd_old,q_old
imension(:), allocatable s, s_old,scl,scl_old,
imension(:), allocatable m,Mass

imension(:), allocatable dg,r,rhs,IPIV,p,

ec_0

imension(:), allocatable MAT_VAL

imension (2) normal ,normal_cl,tangent,
imension(2,2)
imension (3,3)
imension(:,:),
imension(:,:),

nor_mat, tan_mat, tan_nor_mat
A_IT,A_TIJ,A_JI,A_JJ,AFRIC
allocatable WALLS ,A
allocatable LIN,DIAG
allocatable ROW
allocatable NJ,COL_IND,ROW_PTR
T_end ,dt ,NL_EPS ,para,alpha,at,gap,tilde_gap,

gapcl ,gapcl_old ,max_pen_loc ,max_pen,som,epsy,crit,

init_ec,final_ec,enr,enrs,INV2_DT

CONTACT, CONT_CL

START ,FINISH

tol,epss,Total_fc

mu

en

IT,NNZ,NI
l,it_time,i,j,K,nl_it,NL_IT_MAX,unit,imax,noc,
_cl

nb_contact_wall, nb_contact_par, total_nl_it
nzmax ,maxits ,iout ,im,kmax ,max_nlit

165




66

166

real (kind=dp), dimension(:), allocatable :: alu,wu,wl,vvv
integer, dimension(:), allocatable t: jlu, ju
integer, dimension(:), allocatable i jr,jwl, jwu
integer :: ierr,1lfil

T_end = 7.5D00

dt = 1.D-4

alpha = 3

para = 2.0D+08

c_nu = 0.5D00Ox*para

c_tau = 1.0D+015

mu = 0.5D00

en = 0.0DO0O

NL_IT_MAX = 50

NL_EPS = 1.D-5

imax = INT(T_end/dt)
INV2_DT = 2.D00/DT
PESANTEUR = 1.D00 ! 0.DO0OO
| ——

'call command_line (dt)
!call command_line (alpha)
!call command_line (para)
!call command_line (en)
call command_line (mu)

call SYSTEM("rm -f ./VISU/*.vtk")
unit = 120

!> THE EXAMPLES

I'TEST_CASE 99 lone_particle (TEST_difference bw 2 files)
! TEST_CASE 100 !'one_particle_a (along to x)

ITEST_CASE = 101 !one_particle_b (along to y)

ITEST_CASE = 102 !one_bounce (free falling)
ITEST_CASE = 200 !two_particles_a (x and y)

ITEST_CASE = 201 !two_particles_b (along to x)
ITEST_CASE = 300 !three_particles (along to x)
ITEST_CASE = 400 !four_particles (x and y)

ITEST_CASE = 401 !four_newton (four particles along x)
ITEST_CASE = 500 !81_particles_free (y)

ITEST_CASE = 501 !81_particles (x and y)

TEST_CASE = 502 11225 particles

!'TEST_CASE = 503 !25

!'TEST_CASE = 504 '100 'fric

ITEST_CASE = 529 1529 particles

L e
if (TEST_CASE==99) THEN

call INITIALIZE_ one_xy(q_old,qd_old,r,m,np,ntdl,WALLS)
else if (TEST_CASE==100) THEN

call INITIALIZE one_a(q_old,qd_old,r,m,np,ntdl,WALLS)
else if (TEST_CASE==101) THEN

call INITIALIZE_one_b(q_old,qd_old,r,m,np,ntdl,WALLS)
else if (TEST_CASE==102) THEN

call INITIALIZE bounce(q_old,qd_old,r,m,np,ntdl,WALLS)
else if (TEST_CASE==200) THEN
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call INITIALIZE_ two_a(q_old,qd_old,r,m,np,ntdl,WALLS)
else if (TEST_CASE==201) THEN

call INITIALIZE_two_b(q_old,qd_old,r,m,np,ntdl,WALLS)
else if (TEST_CASE==300) THEN

call INITIALIZE_three(q_old,qd_old,r,m,np,ntdl,WALLS)
else if (TEST_CASE==400) THEN

call INITIALIZE four(q_old,qd_old,r,m,np,ntdl,WALLS)
else if (TEST_CASE==401) THEN

call INITIALIZE_newton(q_old,qd_old,r,m,np,ntdl,WALLS)
else if (TEST_CASE==500) THEN

call INITIALIZE_81_free(q_old,qd_old,r,m,np,ntdl,WALLS)
else if (TEST_CASE==501) THEN

call INITIALIZE_81(q_old,qd_old,r,m,np,ntdl,WALLS)
else if (TEST_CASE==502) THEN

call INITIALIZE_1225(q_old,qd_old,r,m,np,ntdl,WALLS)
else if (TEST_CASE==503) THEN

call INITIALIZE_25(q_old,qd_old,r,m,np,ntdl,WALLS)
else if (TEST_CASE==504) THEN

call INITIALIZE_100(q_old,qd_old,r,m,np,ntdl,WALLS)
else if (TEST_CASE==529) THEN

call INITIALIZE_529(q_old,qd_old,r,m,np,ntdl,WALLS)
end if

allocate(f_free(ntdl) ,p(ntdl) ,dq(ntdl) ,dq_a(ntdl),scm(ntdl),
scm_old(ntdl))

allocate(qd_new(ntdl) ,q_new(ntdl))

allocate (dg(ntdl) ,rhs (ntdl) ,impulse(ntdl),ec(np),ec_0(np))

allocate (Mass (ntdl))

allocate (A(ntdl,ntdl))

allocate (s (np*np),scl(np*np))

allocate(s_old (np*np),scl_old(np*np))

allocate (IPIV(ntdl))

allocate (DIAG(ntdl,3),LIN(ntdl ,30) ,ROW(NP,30))
allocate (MAT_VAL (30*ntdl) ,COL_IND (30*ntdl) ,NJ(NP))
allocate (ROW_PTR(ntdl+1))

nzmax = ntdl*ntdl
kmax = 10

1fi1 =5

tol = 5.D-2
epss = 1.D-05
maxits= ntdl

iout = -1

im = 10

allocate (alu(nzmax), ju(ntdl), jlu(nzmax))

allocate (wu(ntdl+1) ,wl(ntdl), jr(ntdl), jwl(ntdl), jwu(ntdl))
allocate (vvv(ntdl*(IM+1)))

allocate (PENET(NP) ,FC(np))

max_pen = 0.DO0O
max_pen_loc = 0.D0O
PENET 0.D00

FC = 0.D0O0
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nb_contact_wall =
nb_contact_par =
total_nl_it =
max_r =
max_nlit =

O O O O O

do i = 1,np
max_r = max(r(i),max_r)
enddo

I'TNITIAL KINETIC ENERGY
ec_0 = 0.0DO0OO
do i = 1,np
ec_0(i) = ec_0(i) + 0.5DO0*DOT_PRODUCT(M(3%I-2:3*xI),qd_o0ld (3*i
-2:3%I)*%x2)
enddo
I'INITIAL KINERTIC ENERGY OF SYSTEM (ALL PARTICLES)
init_ec = 0.DO0OO
do I = 1,np
init_ec = init_ec + ec_0(I)
end do

open(unit=160, file=’kinetic_energy.txt’, status=’unknown’)
write (160, *) 0.D00, init_ec

S = 0.0DO0OO
S_OLD 0.0D0O0
scl = 0.0DOO
scl_old = 0.0DOO
AT 0.0D0O
scm_old = 1.0D+4

call VISU_2D (0,WALLS,Q_OLD,QD_OLD,R,PENET,FC,NP,NB_WALL)
call cpu_time(start)
Mass = (2.D00/(dt=**2))*M

I'TIME ITERATIONS
do it_time = 1,imax
Total_fc = 0.0DO
'External forces
do i = 1,np
f_free(3*i-2:3%i) = [0.,-9.80665,0.]*PESANTEUR

end do

f_free= M x F_FREE 'matmul (M, f_free)
PENET = 0.DO0O

dg_a = 0.D0O

!Tnitialisation Newmark
qd_new = qd_old
q_new q_old + dt*qd_old

INONLINEAR ITERATIONS
do nl_it = 1,NL_IT_MAX
! At each contact

p(l:ntdl) = 0.D00
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s = 0.DO0O0

scl = 0.D0O0

at = 0.D0O

tilde_gap = 0.D0O0

max_pen_loc = 0.D0OO

ROW =0

LIN = 0.D0O

NNZ =1

ROW_PTR (1) = NNZ

NJ =1

DIAG = 0.D00

MAT_VAL 0.D00

COL_IND =0

do i = 1,np
NI = NJ(I) !!! NUMBER OF THE DIAGONAL ELEMENT OF LINE I
LIN(3*I-2:3%I,NI:NI+2) = DIAG(3%I-2:3%I1,1:3)
DO K = 0,2

IT = 3*I-2+K

LIN(CII,NI+K) = LIN(II,NI+K) + MASS(II)

END DO

ROW(I,NI:NI+2) = (/3%I-2,3%I-1,3%I/)

!CHECK CONTACT BETWEEN PARTICLE AND BOX

do j =

1,

NB_WALL

!Contact with the boundaries of the box
cont_cl = is_cond_limit(gq_new(3*i-2:3%i-1),qg_0ld (3*1i

if

-2:

(co
A_T
noc
scl
scl
if

if

if

3xi-1) ,r(i),gapcl, &
gapcl_old ,normal_cl,tangent_cl ,WALLS(J
,1:2) ,WALLS(J,3:4))
nt_cl) then

I = 0.D0O0
_cl = (i-1)*np+1
(noc_cl) = gapcl

_old(noc_cl)= gapcl_old

(Scl1(NOC_cl) .GT. -1.D-12) Scl(NOC_cl)

= 0.DO

(scl_OLD(NOC_cl) .GT. -1.D-12) Scl_0OLD(NOC_cl)
= 0.DO

(nl_it .ne. 1) then !Calculating tilde D_v
som = 0.D00 !'EXACT VALUE OF TILDE_GAP
DO i_alpha = 0, int(alpha)-1
som = som + scl(noc_cl)**(alpha-1-i_alpha)*
scl_old(noc_cl)**i_alpha
END DO
tilde_gap = ((-1.D00)**alpha)*som

if (DABS(scl(noc_cl) - scl_old(noc_cl))<1.D-10)
then
!'TF SMALL, TILDE_GAP AND AT REPLACED BY THE
LIMIT
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at = alphax*(alpha-1)*((- scl_old(noc_cl)) *x*(
alpha-2))
else
at = ((-alpha)*((-scl(noc_cl))**(alpha-1)) -
tilde_gap)/(scl(noc_cl)-scl_old(noc_cl)
)
endif
else
tilde_gap = scl(noc_cl)
at = 1.0D0O
endif

p(3*xi-2:3*%i-1) = p(3*i-2:3*i-1) + c_nux*x(tilde_gap*
normal_cl+en*gapcl*normal_cl)/(l+en)

nor_mat = (at/(l+en) + en/(l+en))*matmul (reshape(
normal_cl,(/2,1/)) ,reshape(normal_cl,(/1,2/)))

A_IT1(1:2,1:2) = A_TII(1:2,1:2) + C_NU*NOR_MAT

v_tan = gqd_new(3*i-2)*tangent_cl(1l) + qd_new (3*i
-1)*tangent_cl(2)

v_tan = v_tan + r(i)*qd_new (3*1i)

V_TAN C_TAU x V_TAN

crit = dabs(v_tan) + mu*c_nux*tilde_gap
if (crit <= 0.D-10) then

p(3*i-2:3*%i-1) = p(3*i-2:3*%i-1) + v_tanx*
tangent_cl
p(3xi) = p(3*i) + v_tanx*r(i)

tan_mat = matmul (reshape(tangent_cl,(/2,1/)),
reshape (tangent_cl,(/1,2/)))*INV2_DT*c_tau

A_I1(1:2,1:2) = A_I1(1:2,1:2) + TAN_MAT

A_TI(1:2, 3) = A_II(1:2, 3) + INV2_DT*C_TAU*
TANGENT_CL*R(I)

A_TII( 3,1:2) = A_II( 3,1:2) + INV2_DT*C_TAU%
TANGENT_CL*R(I)

A_TIC 3, 3) = A_II(C 3, 3) + INV2_DT*C_TAUx*R
(I)*R(I)

else

EPSY = DSIGN(mu*c_nu,V_TAN)

p(3*i-2:3*%i-1) = p(3*i-2:3*%i-1) + epsy*
tilde_gap*tangent_cl
p(3*xi) = p(3%i) + epsy*tilde_gap*r(i)

tan_nor_mat = at * matmul (reshape(tangent_cl
,(/2,1/)) ,reshape (normal_cl,(/1,2/)))
A_TI(1:2,1:2) = A_II(1:2,1:2) + EPSYx
TAN_NOR_MAT
endif
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LIN(3*%I-2:3*I ,NI:NI+2) = LIN(3*I-2:3%I,NI:NI+2) + A_II
end if !'END OF "IF CONTACT"
end do ! END OF THE LOOP ON THE WALLS
NJ(I) = NJ(I) + 3

!CHECK CONTACT BETWEEN PARTICLES
do j = 1i+1,np
CONTACT = is_contact(gq_new(3*i-2:3%i-1),q_0ld (3*1i
-2:3%i-1) ,q_new (3%j-2:3%xj-1), &
q_0ld (3*j-2:3*%j-1) ,r(i),r(j),
gap,gap_old ,normal , tangent
)
'to the rhs
if (CONTACT) then
A_TII = 0.DO0OO

A_IJ = 0.DOO
A_JI = 0.DOO
A_JJ = 0.DO0OO

'to have the possibility of contact between each
couple (i, j)

noc = (i-1)*np+j
s (noc) = gap
s_old(noc) = gap_old

if (S(NOC) .GT. -1.D-12) S(NOC) = 0.DO
if (S_OLD(NOC) .GT. -1.D-12) S_OLD(NOC) = 0.DO

max_pen_loc = max(max_pen_loc,-gap)
PENET(I) = PENET(I) - GAP
PENET(J) = PENET(J) - GAP

if (nl_it .ne. 1) then !Calculating tilde D_v
som = 0.D0OO
'EXACT VALUE OF TILDE_GAP
DO i_alpha=0, int(alpha)-1
som = som + s(noc)x**(alpha-1-i_alpha)*s_old
(noc)**i_alpha
END DO
tilde_gap = ((-1.D00)**alpha)*som

if (DABS(s(noc) - s_old(noc))<1.D-10) then
!TF SMALL, TILDE_GAP AND AT REPLACED BY THE
LIMIT
at = alphax*(alpha-1)*((- s_old(noc)) *x*(
alpha-2))
else
at = ( (-alpha)*((-s(noc))**(alpha-1)) -
tilde_gap )/( s(noc)-s_old(noc))
endif
else
tilde_gap = s(noc)
at = 1.0DO0O
endif
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nor_mat = (at/(1.D00+en) + en/(1.D00+en))*matmul (
reshape (normal , (/2,1/)) ,reshape (normal

,(/1,2/)))*c_nu

p(3*xi-2:3%i-1) = p(3*%i-2:3*%i-1) + c_nux(tilde_gap
+en*gap)*normal/(1.D00+en)

p(3%xj-2:3%xj-1) = p(3%j-2:3%j-1) - c_nux*(tilde_gap
+enx*gap)*normal/(1.D00+en)

A_IT1(1:2,1:2) = A_II(1:2,1:2) + NOR_MAT
A_1J(1:2,1:2) = A_IJ(1:2,1:2) - NOR_MAT
A_JI(1:2,1:2) = A_JI(1:2,1:2) - NOR_MAT
A_JJ(1:2,1:2) = A_JJ(1:2,1:2) + NOR_MAT

V_TAN = DOT_PRODUCT((qd_new (3*%i-2:3%I-1)-qd_new
(3%xj-2:3*xJ-1)) ,TANGENT (1:2))

v_tan = v_tan + r(i)*qd_new(3*i) + r(j)*qd_new (3%
3D

V_TAN = C_TAU*V_TAN

crit = dabs(v_tan) + mu*c_nu*tilde_gap
if (crit <= 0.D-10) then
AFRIC = 0.DO0OO

tan_mat = c_tau*matmul (reshape (tangent,(/2,1/)
) ,reshape (tangent, (/1,2/)))

p(3*xi-2:3%i) = p(3*i-2:3xi) + v_tanx*(/tangent
(1:2) ,+r (i) /)

p(3*xj-2:3%xj) = p(3%j-2:3%xj) - v_tanx(/tangent
(1:2) ,-r (1) /)

tangent = c_tau*xINV2_DT*tangent

tan_mat = INV2_DT*tan_mat

AFRIC(1:2,1:2) = TAN_MAT

AFRIC(1:2, 3) = TANGENT=*R(I)

AFRIC( 3,1:2) = TANGENT=*R(I)

AFRIC( 3, 3) = INV2_DT*C_TAU*R(I)*R(I)

A_IT = A_II + AFRIC

AFRIC(1:2, 3) =-TANGENT*R(I)
AFRIC( 3,1:2) =-TANGENT*R(I)
A_JI = A_JI - AFRIC

AFRIC(1:2, 3) =-TANGENT=*R(J)

AFRIC( 3,1:2) =-TANGENT*R(J)

AFRIC( 3, 3) = INV2_DT*C_TAU*R(J)*R(J)
A_IJ = A_IJ - AFRIC

AFRIC(1:2, 3) TANGENT*R (J)
AFRIC( 3,1:2) = TANGENT*R(J)
A_JJ = A_JJ + AFRIC

else

EPSY = DSIGN(mu*c_nu,V_TAN)
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383 !print*, ’particle’,v_tan, epsy

384 p(3%i-2:3%i) = p(3*%i-2:3%i) + epsy*tilde_gap
*(/tangent (1:2) ,+R(I)/)

385 p(3*xj-2:3%j) = p(3%xj-2:3%xj) - epsy*tilde_gap
*(/tangent (1:2) ,-R(J)/)

386

387 tan_nor_mat = at * epsy * matmul (reshape(
tangent , (/2,1/)) ,reshape (normal, (/1,2/)))

388

389 A_T1(1:2,1:2) = A_II(1:2,1:2) + tan_nor_mat

390 A_IJ(1:2,1:2) = A_1J(1:2,1:2) - tan_nor_mat

391 A_JI(1:2,1:2) = A_JI(1:2,1:2) - tan_nor_mat

392 A_JJ(1:2,1:2) = A_JJ(1:2,1:2) + tan_nor_mat

393 endif

394 LIN(3*xI-2:3*I,NI:NI+2) = LIN(3*%I-2:3*xI,NI:

NI+2) + A_TII

395 LIN(3*I-2:3*I,NJ(I):NJ(I)+2) = A_IJ

396 ROW(I,NJ(I):NJ(I)+2) = (/3%¥J-2,3%¥J-1,3%xJ/)

397 NJ(I) = NJ(I) + 3

398 LIN(3*xJ-2:3*J,NJ(J):NJ(J)+2) = A_JI

399 ROW(J,NJ(J):NJ(J)+2) = (/3*xI-2,3*xI-1,3*%I/)

400 NJ(J) = NJ(J) + 3

101 DIAG (3%J-2:3%J,1:3) = DIAG(3%J-2:3%J,1:3) +

A_JJ

402 end if

403 end do

404 ! ASSEMBLY OF THE SPARSE MATRIX

405 if (nl_it.EQ.NL_IT_MAX) then

406 print*, ’Non convergence - max nl_it ’, NL_IT

107 go to 122

408 STOP

409 endif

410

411 DO II = 3*%xI-2,3*1I

412 DO K = 1 , NJ(I)-1

413 IF (DABS(LIN(II,K))>0.D00O) THEN

114 MAT_VAL (NNZ) = LINC(CII,K)

415 COL_IND(NNZ) = ROW( I,K)

416 NNZ = NNZ + 1

417 END IF

418 END DO

419 ROW_PTR(II+1) = NNZ

420 END DO

421 END DO

422

423 'ASSEMBLY OF THE R.H.S.

424 SCM = M * (QD_OLD-QD_NEW)/DT + P + F_FREE

125 e e el

426 I'TNITIALISATION OF THE RESOLUTION OF THE LINEAR SYSTEM

427 DQ = DQ_A

128 -

429 l--- RESOLUTION OF THE LINEAR SYSTEM

430 e

431 'l Solve the linear system!!!

432 M Matrice : MAT_VAL, COL_IND, NNZ, ROW_PTR

433 11 R.H.S. : SCM
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'l GMRES SOLVER TO SOLVE AX=B

alu=0.D00

jlu=0

ju=0

call ilut (ntdl, NZMAX, MAT_VAL,COL_IND,ROW_PTR, 1fil, tol
, alu, jlu, ju, &

NZMAX, wu, wl, jr, jwl, jwu, ierr )

IF (ierr.NE.O) PRINT*, "FACTORISATION PROBLEM : ",ierr,
NL_IT

'RESOLUTION-Solve preconditioned GMRES

call pgmres (ntdl, NZMAX, im, SCM, DQ, vvv, epss, maxits,

iout, &
MAT_VAL ,COL_IND,ROW_PTR, alu, jlu, ju, ierr
)
IF (ierr.NE.O) THEN
PRINT*, "RESOLUTION PROBLEM : ",ierr, NL_IT
STOP
END IF

't END OF THE RESOLUTION

q_new = qg_new + dq
!Update Newmark
qd_new = qd_new + INV2_DTx*dq

ENR = min(norm2(dq),norm2(dq+dq_a))
ENRS = norm2(scm)
dq_a dq

!Condition to stop the loop
if ((NL_IT .GT. 1) .AND. (ENR .LT. NL_EPS)) GO TO 10

end do
!Update for next iteration

10 qg_old = q_new
qd_old = qgd_new
'print’ ("Time :",F10.5," Number of NL Iterations", I4,"

Fin Iterations, Erreur :"D10.5)’, it_timex*xdt,nl_it,enr

'write (unit ,*) it_timexdt, q_old, qd_old

TEST THE PENETRATION

PENET = 0.D0O
max_pen_loc = 0.D00

DO

i=1,np
DO J = 1, NB_WALL
cont_cl = is_cond_limit(q_new(3*i-2:3*%i-1),q_o0ld (3*1
-2:3%i-1) ,r(i) ,gapcl, &
gapcl_old ,normal_cl,tangent_cl ,WALLS(J,1:2),
WALLS (J,3:4))
IF (cont_cl) THEN

nb_contact_wall = nb_contact_wall + 1
max_pen_loc = max(max_pen_loc,-gapcl)
PENET(I) = PENET(I) - GAPCL

END IF

END DO
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DO j = i+1,np

CONTACT = is_contact(gq_new(3*i-2:3*%i-1),q_0ld (3*i-2:3%1i

-1) ,9_new (3*j-2:3*%j-1), &
q_0ld(3*j-2:3%j-1) ,r(i),r(j) ,gap,gap_old ,normal,

tangent)
IF (CONTACT) THEN
nb_contact_par = nb_contact_par + 1
max_pen_loc = max(max_pen_loc,-gap)

PENET(I) = PENET(I) - GAP

PENET (J) = PENET(J) - GAP
END IF
END DO
END DO
max_pen = max (max_pen ,max_pen_loc)
max_nlit = max(NL_IT,max_nlit)

!Kinetic energy

EC = 0.D0O

DO i = 1,np
ec(i) = ec(i) + 0.5D00*M(3%i-2)*( qd_old (3*i-2) *%2)
ec(i) = ec(i) + 0.5D00*M(3*i-1)*( qd_old (3*i-1)*%2)
ec(i) = ec(i) + 0.5D00*M(3*i )*( qd_old(3*i )*x%2)

END DO

'Data K.E , Error, Penetration

final_ec = 0.DO0OO

DO I = 1,np
final_ec = final_ec + ec(I)

END DO

'write (160, *) it_time*dt, final_ec, nl_it, enr !, enrs

if ((IT_TIME/500.DOO-FLOOR(IT_TIME/500.D00)).EQ.0) THEN
DO I = 1,NP
L2 Norm of the forces
FC(I) = DSQRT(P(3*I-2)*P(3*%I-2)+P(3*xI-1)*P(3*xI-1))
!Force chain
Total_fc = Total_fc+fc (i)
END DO
lwrite (333, *) it_timexdt, Total_fc
call VISU_2D (IT_TIME,WALLS,Q_OLD,QD_OLD,R,PENET,FC,NP,
NB_WALL)
end if

total_nl_it = total_nl_it +nl_it
END DO

call cpu_time(finish)

122 print*, °’
a2k o e s a2 R R o o o o R R o o R R R R o o

print’ ("Alpha = ",X,f7.1)°, alpha
print’("c_nu = ",f12.1)’, c_nu

print’ ("Imax = ",i8)°, imax

print’ ("mu = ",f10.2)°, mu

printx*, ’CPU time =", finish-start

printx*, ’INITIAL KINETIC ENERGY OF SYSTEM:’, init_ec




176

printx*, ’KINETIC ENERGY OF SYSTEM:’, final_ec

IF (INIT_EC.GT.1.D-10) FINAL_EC = (init_ec-final_ec)/init_ec
print*, ’Relative variation of Kinetic energy:’, FINAL_EC
print*, ’Relative maximal penetration over time:’, max_pen/(2.0%

max_r)
'print*, ’Velocity: 7, qd_old
print*, ’Number of contact:’, nb_contact_wall+nb_contact_par
print*, ’Total NL Iterations:’, total_mnl_it
print*, ’MAX NL Iterations:’, max_nlit
printx*,

e e R o O o e

close(unit)
close (160)
contains
4444+ +++++++++++++++++++ -+ttt bbb+
LOGICAL FUNCTION is_contact(qi,qiold,qj,qjold,ri,rj,dn,dnINC,en,te)
Implicit None

integer ,parameter :: rk = selected_real_kind (15,307)
real (kind=dp) ,dimension(2) :: qi,qiold,qj,qjold,en,te,D,dINC
real (kind=dp) :: ri,rj,dn,dnINC,rn

is_contact = .false.

D = QJ-QI

RN = NORM2(D)

EN = D/RN

TE = -[EN(2) , -EN(1)]

DINC(1:2) = gjold - giold

DN = DOT_PRODUCT(D,EN) - RI - RJ

DNINC = DOT_PRODUCT(DINC,EN) - RI - RJ
I'dn = dn - RI - RJ

!'dnINC = dnINC - RI - RJ

IS_CONTACT = (DN<1.0D-12)
END FUNCTION is_contact
o b b b e b o o T o e A
LOGICAL FUNCTION is_cond_limit(qi,qiold,ri,dn,dnINC,en,te,ptl,pt2)
Implicit None

real (kind=dp) ,dimension(2) :: qi,qiold,en,te,PREF,D,dINC,ptl,
pt2

real (kind=dp) :: ri,dn,dnINC,rn,alp!,dt,dtINC

is_cond_limit = .false.

TE = pt2 - ptl

EN = [-TE(2) , TE(1)]
RN = NORM2(EN)

EN = EN/RN

TE = TE/RN

D = giold-ptl

ALP = (EN(2)*D(1) - EN(1)*D(2)) / ((EN(2)*TE(1) - EN(1)*TE(2))
*RN)

PREF = ALP*pt2 + (1.D0 - ALP)x*ptil

D = qi - PREF
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DN = DOT_PRODUCT(D,EN) - RI

DINC
DNINC

qiold - PREF
DOT_PRODUCT (DINC,EN) - RI

en = —en

IS_COND_LIMIT = (DN<-1.0D-12)
END FUNCTION is_cond_limit
I R o b o b o e o e b b o i e o o ST S S A s
SUBROUTINE VISU_2D (IT_TIME,WALLS,POS_NEW,VEL_NEW,RADIUS,

VAL_PART ,FC,NP,NB_WALL)

Implicit None

integer :: NP,NB_WALL,IT_TIME

real (kind=dp) ,dimension(:) ,allocatable:: POS_NEW,VEL_NEW,
VAL_PART , FC

real (kind=dp) ,dimension(:),allocatable:: RADIUS

real (kind=dp) ,dimension(:,:),allocatable:: WALLS

character (len=8) :: fmt !format
descriptor

integer :: P,I,J,NANGLE, INP

integer ,parameter :: ivtk=10

character (len=25) :: x1,filename

character :: buffer*80, 1f*x1, str1*x8, str2%*8

real (kind=4) THETA,PHI, ANGLE,C,S

real (kind=4) ,dimension (3) :: U,BILL
real (kind=4) ,dimension (3,3) it M

real (kind=4) ,dimension(:,:,:),allocatable:: BILLE

fmt = ’(I6.6)’ 'an integer of width 5 with zeros at the
left
WRITE (x1,fmt) IT_TIME !converting integer to string using
a ’internal file’
filename=’./VISU/visuba’//trim(x1)//’ .vtk’
open(unit=ivtk,file=filename ,access=’stream’,form=’
unformatted’, &
status="replace" ,action="write",convert=’
BIG_ENDIAN’)

1f = char (10)

NANGLE=21
! Bille elementaire
! print*, ’Bille elementaire’
allocate (BILLE(1:NANGLE ,1:NANGLE-1,1:3))
PHI =-AC0S(-1.00)/2.00
do I=1,NANGLE
THETA=0.00
do J=1,NANGLE-1
BILLE(I,J,1)

COS (THETA) *COS (PHI)
BILLE(I,J,2) SIN(THETA) *C0OS (PHI)
BILLE(I,J,3) SIN(PHI)
THETA=THETA+2.00*%AC0S(-1.00) /(NANGLE-1.00)

end do
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PHI=PHI+ACO0S(-1.00)/(NANGLE-1.00)

end do

BUFFER = ’# vtk DataFile Version 3.0°//1f ; WRITE(IVTK
) TRIM(BUFFER)

BUFFER = ’vtk output’//1f ; WRITE(IVTK
) TRIM(BUFFER)

BUFFER = ’BINARY’//1f ; WRITE(IVTK
) TRIM(BUFFER)

BUFFER = ’DATASET UNSTRUCTURED_GRID’//1f ; WRITE(IVTK

) TRIM(BUFFER)
WRITE(STR1(1:8),°(I8)’) NP*NANGLE=*(NANGLE-1)+4*NB_WALL
BUFFER = ’POINTS °//STR1//’ FLOAT’//LF ; WRITE(IVTK
) TRIM(BUFFER)
do P=1,NP
ANGLE=SNGL (POS_NEW (3%P))
C=C0S (ANGLE)
S=SIN (ANGLE)

U(1)= 0.00
U(2)= 0.00
U(3)= 1.00

M(1,1)=U(1)*U(1)*(1-C)+C
M(1,2)=U(1)*U(2)*(1-C)-U(3)*S
M(1,3)=U(1)*U(3)*(1-C)+U(2)*S
M(2,1)=U(1)*U(2)*(1-C)+U(3) *S
M(2,2)=U(2)*U(2)*x(1-C)+C
M(2,3)=U(2)*U(3)*(1-C)-U(1) *S
M(3,1)=U(1)*U(3)*(1-C)-U(2)*S
M(3,2)=U(2)*U(3)*(1-C)+U(1) *S
M(3,3)=U(3)*U(3)*(1-C)+C

do I=1,NANGLE
do J=1,NANGLE-1
BILL(1:3)=SNGL(RADIUS(P))*MATMUL(M,BILLE(I,J,1:3))
WRITE(IVTK) SNGL (POS_NEW(3%P-2:3%P-1))+BILL(1:2),
BILL (3)
end do
end do
end do
DO P = 1, NB_WALL
WRITE(IVTK) SNGL(WALLS(P,1)), SNGL(WALLS(P,2)), -0.3
WRITE(IVTK) SNGL(WALLS(P,3)), SNGL(WALLS(P,4)), -0.3
WRITE(IVTK) SNGL(WALLS(P,3)), SNGL(WALLS(P,4)), +0.3
WRITE (IVTK) SNGL(WALLS(P,1)), SNGL(WALLS(P,2)), +0.3
END DO

WRITE(STR1(1:8),°(I8)") NP+ (NANGLE-1) * (NANGLE-1) +NB_WALL

WRITE (STR2(1:8),°(I8)’) 5x(NP*(NANGLE-1)*(NANGLE-1)+NB_WALL
)
BUFFER = LF//’CELLS’//STR1//STR2//LF ; WRITE (IVTK)
TRIM (BUFFER)
do P=1,NP
INP=(P-1) *(NANGLE) * (NANGLE -1)
do J=0,NANGLE-2
do I=(NANGLE-1)*J, (NANGLE-1)*J+NANGLE -3
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WRITE(IVTK) 4, INP+I,INP+I+1,INP+I+NANGLE-1,INP+I+
NANGLE
end do
I=(NANGLE-1) *J+NANGLE -2
WRITE(IVTK) 4,INP+I,INP+I-NANGLE+2,INP+I+NANGLE-1,INP
+I+1
end do
end do
INP=(NP)*NANGLE* (NANGLE-1)
DO P = 1, NB_WALL
WRITE(IVTK) 4,INP,INP+1,INP+3,INP+2
INP=INP+4
END DO

WRITE(STR1(1:8),°(I8)°) (NP) *(NANGLE -1) * (NANGLE-1) +
NB_WALL

BUFFER = LF//’CELL_TYPES’//STR1//LF ; WRITE(IVTK) TRIM(
BUFFER)

do I=1,(NP)*(NANGLE-1)*(NANGLE-1)+NB_WALL
WRITE(IVTK) 8

end do

BUFFER = LF//’CELL_DATA °>//STR1//LF ; WRITE(IVTK) TRIM(
BUFFER)

BUFFER = ’FIELD FieldData 4°//LF ; WRITE(IVTK) TRIM(
BUFFER)

IMETTRE LE NOMBRE DE doNNEES A AFFICHER PAR PARTICULE (ICI 3)

BUFFER = °’VELOCITY 2 °>//STR1//’ FLOAT’//LF ; WRITE(IVTK)
TRIM (BUFFER)
do P=1,NP
do J=0,NANGLE-2
do I=(NANGLE-1)#*J,(NANGLE-1)*J+NANGLE-2
WRITE (IVTK) SNGL (VEL_NEW (3*P-2)),SNGL(VEL_NEW (3*P
-1))
END DO
END DO
END DO
DO P = 1, NB_WALL
WRITE(IVTK) 0.,0. !,0.,0.,0.,0.,0.,0.
END DO

BUFFER = LF//’PARTICLE_IDs 1 ’//str1//’ INT’//LF ;
WRITE(IVTK) TRIM(BUFFER)
do P=1,NP
do J=0,NANGLE-2
do I=(NANGLE-1)=*J,(NANGLE-1)*J+NANGLE -2
WRITE(IVTK) P
END DO
END DO
END DO
DO P = 1, NB_WALL
WRITE(IVTK) NP+P !1,NP+2,NP+3,NP+4
END DO
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BUFFER = LF//’Penetration 1 ’//stril//’ FLOAT’//LF ;
WRITE(IVTK) TRIM(BUFFER)
DO P=1,NP
DO J=0,NANGLE-2
DO I=(NANGLE-1)*J,(NANGLE-1)*J+NANGLE -2
WRITE (IVTK) SNGL(VAL_PART(P))
END DO
END DO
END DO
DO P = 1, NB_WALL
WRITE(IVTK) 0. ! ,0.,0.,0.
END DO

BUFFER = LF//’Contact_Impulsions 1 °’//strl//’ FLOAT’//LF
; WRITE(IVTK) TRIM(BUFFER)
DO P=1,NP
DO J=0,NANGLE-2
DO I=(NANGLE-1)*J,(NANGLE-1)*J+NANGLE-2
WRITE (IVTK) SNGL(FC(P))
END DO
END DO
END DO
DO P = 1, NB_WALL
WRITE(IVTK) 0. ! ,0.,0.,0.
END DO

CLOSE (IVTK)
END SUBROUTINE VISU_2D

l++++++++++++++++++++++++++++++++++++++++++H+ AR
SUBROUTINE VISU_2D_FAST (IT_TIME,WALLS,POS_NEW,VEL_NEW,RADIUS,
VAL_PART ,FC,NP,NB_WALL)
! VISUALISATION RAPIDE DES RESULTATS AVEC UNIQUEMENT POINTS DE GAUSS
POUR CHAQUE PARTICULE
IMPLICIT NONE
integer :: NP,NB_WALL,IT_TIME

real (kind=dp) ,dimension (:) ,allocatable:: POS_NEW,VEL_NEW,VAL_PART
,FC

real (kind=dp) ,dimension (:) ,allocatable:: RADIUS

real (kind=dp) ,dimension(:,:),allocatable:: WALLS

CHARACTER (LEN=8) :: FMT ! format descriptor

integer :: P,INP

integer , PARAMETER :: IVTK=10

CHARACTER (LEN=22) :: X1,FILENAME

CHARACTER :: BUFFER*80, 1fx1, STR1%*8, STR2x%8

FMT = ’(I5.5)’ ! an integer of width 5 with zeros at the left

WRITE (x1,fmt) IT_TIME ! converting integer to string using a ’
internal file’
FILENAME=’./VISU/visuba’//trim(x1)//’ .vtk’
OPEN (UNIT=IVTK,FILE=FILENAME , ACCESS=’stream’,FORM=’unformatted’, &
STATUS="replace" ,ACTION="write",CONVERT="BIG_ENDIAN’)
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781 LF = CHAR(10) ! line feed character

783 | !'! Ecriture dans un fichier

784 BUFFER = ’# vtk DataFile Versionm 3.0°//1f ; WRITE(IVTK) TRIM(
BUFFER)

785 BUFFER = ’vtk output’//1lf ; WRITE(CIVTK) TRIM(
BUFFER)

786 BUFFER = °’BINARY’//1f ; WRITE(IVTK) TRIM(
BUFFER)

787 BUFFER = ’DATASET UNSTRUCTURED_GRID’//1f ; WRITE(IVTK) TRIM(
BUFFER)

788 WRITE(STR1(1:8),°(I8)’) NP+4*NB_WALL

789 BUFFER = ’POINTS >//STR1//’ FLOAT’//LF ; WRITE(IVTK) TRIM(
BUFFER)

790 DO P=1,NP

791 WRITE (IVTK) SNGL (POS_NEW (3*P-2:3%P-1)),0.

92 END DO

793 DO P = 1, NB_WALL

794 WRITE(IVTK) SNGL(WALLS(P,1)), SNGL(WALLS(P,2)), -0.3
795 WRITE(IVTK) SNGL(WALLS(P,3)), SNGL(WALLS(P,4)), -0.3
796 WRITE(IVTK) SNGL(WALLS(P,3)), SNGL(WALLS(P,4)), +0.3
797 WRITE(IVTK) SNGL(WALLS(P,1)), SNGL(WALLS(P,2)), +0.3
798 END DO

800 WRITE(STR1(1:8),’(I8)’) NB_WALL ! NUMBER OF CELLS FOR WALLS !!

801 WRITE(STR2(1:8),’(I8)’) 5%*NB_WALL

802

803 BUFFER = LF//’CELLS’//STR1//STR2//LF ; WRITE(IVTK) TRIM(BUFFER
)

804

805 INP=NP

806 DO P = 1, NB_WALL

807 WRITE (IVTK) 4,INP,INP+1,INP+3,INP+2

808 INP=INP+4

809 END DO

810

811 WRITE(STR1(1:8),°(I8)’) NB_WALL

812

813 BUFFER = LF//’CELL_TYPES’//STR1//LF ; WRITE(IVTK) TRIM(BUFFER)

814 DO P = 1,NB_WALL

815 WRITE(IVTK) 8

816 END DO

817 | !

818 | !-——— POINTS DATA

819 WRITE(STR1(1:8),’(I8)’) NP+4*NB_WALL ! NUMBER OF CELLS !!

820 | !

821 BUFFER = LF//’POINT_DATA >//STR1//LF ; WRITE(IVTK) TRIM(BUFFER)

822 BUFFER = ’SCALARS RADIUS FLOAT’//1f ; WRITE(IVTK) TRIM(BUFFER)

823 BUFFER = ’LOOKUP_TABLE default’//1lf ; WRITE(IVTK) TRIM(BUFFER)

824 DO P = 1, NP

825 WRITE (IVTK) SNGL (RADIUS(P))

826 END DO

827 DO P = 1, 4xNB_WALL

828 WRITE (IVTK) SNGL (RADIUS(1))*0.1

829 END DO
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BUFFER = ’FIELD PointData 4°//LF ; WRITE(IVTK) TRIM(BUFFER)
!
BUFFER = ’VELOCITY 2 *//STR1//’ FLOAT’//LF ; WRITE(IVTK) TRIM(
BUFFER)
DO P=1,NP

WRITE(IVTK) SNGL(VEL_NEW(3%P-2)),SNGL(VEL_NEW (3*xP-1))
END DO
DO P = 1, 4%*NB_WALL

WRITE(IVTK) 0.,0.
END DO

BUFFER = LF//’PARTICLE_IDs 1 °//S8TR1//’ INT’//LF ; WRITE(IVTK)

TRIM (BUFFER)
DO P = 1, NP
WRITE(IVTK) P
END DO
DO P = 1, NB_WALL
WRITE(IVTK) NP+1,NP+2,NP+3,NP+4
END DO

BUFFER = LF//’Penetration 1 >//STR1//’ FLOAT’//LF ; WRITE(IVTK)

TRIM (BUFFER)
DO P = 1, NP
WRITE (IVTK) SNGL (VAL_PART(P))
END DO
DO P = 1, 4xNB_WALL
WRITE (IVTK) O.
END DO

BUFFER = LF//’Contact_Impulsions 1 ’//strl//’ FLOAT’//LF
WRITE (IVTK) TRIM(BUFFER)

DO P = 1, NP
WRITE (IVTK) SNGL(FC(P))

END DO

DO P = 1, 4xNB_WALL
WRITE(IVTK) O.

END DO

CLOSE (IVTK)

END SUBROUTINE VISU_2D_FAST

SUBROUTINE command_line (r)
Implicit None

real (kind=8) R o
integer i
character (len=1024) :: arg
integer :: stat
' --r

i=20

do

call get_command_argument (i, arg)
i = i+1
if (len_TRIM(arg) == 0) EXIT

)
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select case (arg)

case (’--r’)
call get_command_argument (i, arg) ; i = i+1
call str2r8(arg,r,stat)
lcase (’--n’)
lcall get_command_argument (i, arg) ; i = i+l

lcall str2int(arg,N(1),stat)
case default
end select
end do
END SUBROUTINE command_1line

SUBROUTINE STR2INT(STR,INT,STAT)
Implicit None

' ARGUMENTS

character (len=%),intent (in) :: STR
integer ,intent (out) :: INT
integer ,intent (out) :: STAT

read (STR,*,I0STAT=STAT) INT
END SUBROUTINE STR2INT

SUBROUTINE STR2R8(STR,R8,STAT)
Implicit None

I'ARGUMENTS

character (len=*), intent(in) :: STR
real (kind=8), intent (out) :: R8
integer, intent (out) :: STAT

read (STR,*,I0STAT=STAT) R8
END SUBROUTINE STR2RS8

SUBROUTINE INITIALIZE_ one_xy(q_old,qd_old,r,m,np,ntdl,WALLS)
Implicit None

integer :: np,ntdl

real (kind=dp), dimension(:,:), allocatable :: WALLS

real (kind=dp), dimension(:), allocatable :: M,r,q_old,qd_old,
q2d_old

np = 1 !Number of particles

ntdl = 3*np ! Number of degrees of freedom (3*np in 2D)

allocate( m(ntdl))
allocate ( r(np))
allocate( q2d_old(ntdl), gqd_old(ntdl) , g_old(ntdl))

print*, "1 PARTICLE"
r = [0.2D00] 'Radius
M(1:ntdl) = 0.DOO IMass matrix
do 1 = 1,3%*np

m(l) = 0.2D0O

end do
q_old = [1.0D00,0.6D00,0.0D00] 'Position
qd_old = [-0.8D00,-0.4D00,0.0D00] !Velocity

print*, ’Initial position’, q_old
print*, ’Initial velocity’, qd_old
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NB_WALL = 4
NB_CORNER = 4
allocate (WALLS (NB_WALL ,4))

WALLS (1,1:2) [ 0.0D00,0.D00]
WALLS (1,3:4) [ 1.2D00,0.D00]
WALLS(2,1:2) = WALLS(1,3:4)
WALLS (2,3:4) = [ 1.2D00, 1.5D00]
WALLS(3,1:2) = WALLS(2,3:4)
WALLS (3,3:4) = [0.0D00, 1.5D00]
WALLS (4,1:2) = WALLS(3,3:4)
WALLS(4,3:4) = WALLS(1,1:2)
END SUBROUTINE INITIALIZE_one_xy

SUBROUTINE INITIALIZE_ one_a(q_old,qd_old,r,m,np,ntdl,WALLS)
Implicit None

integer :: np,ntdl

real (kind=dp), dimension(:,:), allocatable :: WALLS

real (kind=dp), dimension(:), allocatable :: M,r,q_old,qd_old
np =1 !Number of particles

ntdl = 3*np !Number of degrees of freedom

allocate(m(ntdl))
allocate (r(np))
allocate(qd_old(ntdl),q_old(ntdl))

print*, "1 PARTICLE"

r = [0.20001] Radius of each particle
M(1:ntdl) = 0.DOO IMass matrix
do 1 =1,3
m(l) = 1.0DO
end do
q_old = 0.DO0OO 'Position

lq_old = [1.0,1.0,0.0]
gq_old = [0.0,0.2,0.0]
qd_old = 0.D0O !'Velocity
qd_old = [-1.,-1.,0.]
qd_old = [1.0,0.,0.]

NB_WALL = 4
NB_CORNER = 4
allocate (WALLS (NB_WALL ,4))

WALLS (1,1:2)
WALLS (1,3:4)
WALLS (2,1:2)
WALLS (2,3:4)
WALLS (3,1:2)
WALLS (3,3:4) [ -0.3D00, 0.5D00]
WALLS (4,1:2) WALLS (3,3:4)
WALLS (4,3:4) = WALLS(1,1:2)

END SUBROUTINE INITIALIZE_ one_a

[ -0.3D00, 0.0D00]
[ 1.0D00, 0.0D0O0]
WALLS (1,3:4)

[ 1.0D00, 0.5D00]
WALLS (2,3:4)

SUBROUTINE INITIALIZE one_b(q_old,qd_old,r,m,np,ntdl,WALLS)
Implicit None
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integer :: np,ntdl

real (kind=dp), dimension(:,:), allocatable :: WALLS

real (kind=dp), dimension(:), allocatable :: M,r,q_old,qd_old
'real (kind=dp) :: RAD

np = 1 !Number of particles

ntdl = 3*np ! Number of degrees of freedom (3*np in 2D)

allocate( m(ntdl))
allocate ( r(np))
allocate( gd_old(ntdl),q_old(ntdl))
print*x, "1 PARTICLE"
r = [0.20001D0] IRadius
M(1:ntdl) = 0.DOO Mass matrix
do 1 = 1,3%*np

m(l) = 1.D0O
end do

q_old = [0.80D00,1.0D00,0.0D00] !Position
gd_old = [0.D00,-1.D00,0.D00] IVelocity

NB_WALL = 4 I BOX
NB_CORNER = 4
allocate (WALLS (NB_WALL ,4))

WALLS(1,1:2) = [0.D00,0.D00]
WALLS(1,3:4) = [ 1.0D0,0.D00]
WALLS(2,1:2) = WALLS(1,3:4)
WALLS (2,3:4) = [ 1.0D0, 2.0D0O0]
WALLS(3,1:2) = WALLS(2,3:4)
WALLS (3,3:4) = [0.D00, 2.0D00]
WALLS(4,1:2) = WALLS(3,3:4)
WALLS(4,3:4) = WALLS(1,1:2)

END SUBROUTINE INITIALIZE_one_b

SUBROUTINE INITIALIZE bounce(q_old,qd_old,r,m,np,ntdl,WALLS)
Implicit None

integer :: np,ntdl

real (kind=dp), dimension(:,:), allocatable :: WALLS

real (kind=dp), dimension(:), allocatable :: M,r, q_old,
qd_old

np = 1 !'Number of particles

ntdl = 3xnp ! Number of degrees of freedom (3*np in 2D)

allocate( m(ntdl))
allocate ( r(np))
allocate( gqd_o0ld(ntdl) , g_old(ntdl))

print*x, "1 PARTICLE"

r = [0.2]
M(1:ntdl) = 0.DOO
do 1 = 1,3

m(l) = 1.0
end do

0.D0OO
[1.0,1.0,0.0]

q_old
q_old
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0.D0O
[0.,0.,0.]

qd_old
qd_old

NB_WALL = 4
NB_CORNER = 4
allocate (WALLS (NB_WALL ,4))
WALLS(1,1:2) = [ 0.D00, 0.0D00]
WALLS(1,3:4) = [ 2.D00, 0.0D00]
WALLS(2,1:2) = WALLS(1,3:4)
WALLS (2,3:4) = [ 2.D00, 3.0D00]
WALLS (3,1:2) = WALLS(2,3:4)
WALLS (3,3:4) = [ 0.D00, 3.0D0O0]
WALLS(4,1:2) = WALLS(3,3:4)
WALLS(4,3:4) = WALLS(1,1:2)

END SUBROUTINE INITIALIZE_bounce

SUBROUTINE INITIALIZE two_a(q_old,qd_old,r,m,np,ntdl,WALLS)
Implicit None

integer :: np,ntdl

real (kind=dp), dimension(:,:), allocatable :: WALLS

real (kind=dp), dimension(:), allocatable :: M,r, q_old,
qd_old

np = 2 ! Number of particles

ntdl = 3*np ! Number of degrees of freedom (3*np in 2D)

allocate( m(ntdl))
allocate ( r(np))
allocate( gqd_old(ntdl) , g_old(ntdl))

print*x, "2 PARTICLES"

r = [0.1,0.1] 'Radius
M(1:ntdl) = 0.DOO !Mass matrix
do 1 = 1,3%*np

M(1) = 0.1
end do
g_old = 0.DO0O 'Position
q_old = [0.,0.0,0.0,1.0,1.0,0.0]
qd_old = 0.D0O Velocity
qd_old = [1.,1.,0.,-1.,-1.,0.]

NB_WALL = 4 | BOX
NB_CORNER = 4
allocate (WALLS (NB_WALL ,4))
WALLS(1,1:2) = [-2.D00,-1.0D00]
WALLS(1,3:4) = [ 2.D00,-1.0D00]
WALLS (2,1:2) = WALLS(1,3:4)
WALLS(2,3:4) = [ 2.D00, 1.5D00]
WALLS(3,1:2) = WALLS(2,3:4)
WALLS(3,3:4) = [-2.D00, 1.5D00]
WALLS(4,1:2) = WALLS(3,3:4)
WALLS (4,3:4) = WALLS(1,1:2)

END SUBROUTINE INITIALIZE_two_a

SUBROUTINE INITIALIZE_ two_b(q_old,qd_old,r,m,np,ntdl,WALLS)
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Implicit None

integer :: np,ntdl

real (kind=dp), dimension(:,:), allocatable :: WALLS

real (kind=dp), dimension(:), allocatable :: M,r, q_old,
qd_old

lreal (kind=dp) :: RAD

np = 2 !Number of particles

ntdl = 3*np ! Number of degrees of freedom (3*np in 2D)

allocate( m(ntdl))

allocate ( r(np))

allocate( qd_old(ntdl) , g_old(ntdl))
printx, "2 PARTICLES"

r = [0.2D00,0.2D00] IRadius
M(1:ntdl) = 0.DOO IMass matrix
do 1 = 1,3%*np

m(l) = 1.D0O
end do

q_old = [0.D00,0.20D00,0.0D00,0.5D00,0.2D00,0.0D00] !Position

qd_old = [1.D00,0.D00,0.D00,-1.D00,0.D00,0.D0O0] !'Velocity

NB_WALL = 4 I BOX
NB_CORNER = 4
allocate (WALLS (NB_WALL ,4))
WALLS(1,1:2) = [-1.D00,0.D00]
WALLS(1,3:4) = [ 2.D00,0.D00]
WALLS(2,1:2) = WALLS(1,3:4)
WALLS(2,3:4) = [ 2.D00, 1.0D00]
WALLS(3,1:2) = WALLS(2,3:4)
WALLS(3,3:4) = [-1.D00, 1.D00]
WALLS (4,1:2) = WALLS(3,3:4)
WALLS (4,3:4) = WALLS(1,1:2)

END SUBROUTINE INITIALIZE_two_b

SUBROUTINE INITIALIZE_three(q_old,qd_old,r,m,np,ntdl,WALLS)
Implicit None

integer :: np,ntdl

real (kind=dp), dimension(:,:), allocatable :: WALLS

real (kind=dp), dimension(:), allocatable :: M,r, q_old,
qd_old

np = 3 !Number of particles

ntdl = 3*np !Number of degrees of freedom

allocate( M(ntdl))

allocate ( r(np))

allocate( gqd_old(ntdl) , gq_old(ntdl))
print*x, "3 PARTICLES"

r = [0.5D00,0.5D00,0.5D00] !Radius of each particle
M(1:ntdl) = 0.DOO IMass matrix
do 1 = 1,3*np
m(l) = 1.0D0O
end do

g_old = 0.DO0O IPosition
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q_old(1:ntdl1:3) = [-0.5,0.5,1.5]
qd_old = 0.D0OO
qd_o0ld(1:ntd1:3) = [1.,-1.,.5]

NB_WALL = 4
NB_CORNER = 4
allocate (WALLS (NB_WALL ,4))
WALLS(1,1:2) = [-2.D00,-0.5D00]
WALLS(1,3:4) = [ 2.D00,-0.5D00]
WALLS(2,1:2) = WALLS(1,3:4)
WALLS (2,3:4) = [ 2.D00, 1.5D00]
WALLS(3,1:2) = WALLS(2,3:4)
WALLS(3,3:4) = [-2.D00, 1.5D00]
WALLS(4,1:2) = WALLS(3,3:4)
WALLS(4,3:4) = WALLS(1,1:2)

END SUBROUTINE INITIALIZE_three

SUBROUTINE INITIALIZE_four(gq_old,qd_old,r,m,np,ntdl,WALLS)
Implicit None

integer :: np,ntdl,P

real (kind=dp), dimension(:,:), allocatable :: WALLS

real (kind=dp), dimension(:), allocatable :: M,r, q_old,
qd_old

np = 4

ntdl = 3*np

allocate( m(ntdl))
allocate ( r(np))
allocate( qd_old(ntdl) , g_old(ntdl))

print*x, "4 PARTICLES"
r = 0.4D00
M(1:ntdl) = 1.D0O

P =1

q_old (3*xP-2:3%xP) = [ 0.DO, 0.D0,0.DO]
qd_01d (3*P-2:3%P) = [ 1.D0, 1.D0,-1.DO0]
P =2

q_old (3*P-2:3%P) = [ 1.DO, 0.D0,0.DO]
qd_o01ld (3*P-2:3%P) = [-1.DO, 1.D0,0.D0]
P =3

q_old (3%*P-2:3%P) = [ 1.DO, 1.D0,0.D0]
qd_01d (3%*P-2:3%P) = [-1.D0,-1.D0,0.D0]
P =4

g_old (3*P-2:3%P) = [ 0.DO, 1.D0,0.DO]
qd_01d (3*P-2:3%P) = [ 1.D0,-1.D0,0.D0]

NB_WALL = 4

NB_CORNER = 4
allocate (WALLS (NB_WALL ,4))
WALLS(1,1:2) = [-1.D00,-1.D00]
WALLS (1,3:4) [ 2.D00,-1.D00]
WALLS (2,1:2) WALLS (1,3:4)
WALLS (2,3:4) [ 2.D00, 2.0D00]
WALLS (3,1:2) WALLS (2,3:4)
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WALLS (3,3:4) = [-1.D00, 2.0D00]
WALLS(4,1:2) = WALLS(3,3:4)
WALLS(4,3:4) = WALLS(1,1:2)

END SUBROUTINE INITIALIZE_four

SUBROUTINE INITIALIZE newton(q_old,qd_old,r,m,np,ntdl,WALLS)
Implicit None

integer :: np,ntdl

real (kind=dp), dimension(:,:), allocatable :: WALLS

real (kind=dp), dimension(:), allocatable :: M,r,q_old,qd_old
np = 4 !Number of particles

ntdl = 3*np I Number of degrees of freedom (3*np in 2D)

allocate( m(ntdl))
allocate ( r(np))
allocate( qd_old(ntdl) , gq_old(ntdl))
print*x, "4 PARTICLES"
r = 0.2D0O 'Radius of each particles
M(1:ntdl) = 0.DOO IMass matrix
do 1 = 1,3*np
m(1)=2.0D00

end do

g_old = 0.DO0O ! particule 1 & 2
g_old(1:ntdl1:3) = [0.0,1.0,1.4,1.8]
qd_old = 0.D0O I vitesse initiale

qd_o0ld(1:ntdl1:3) = [1.,0.,0.,0.]

NB_WALL = 4
NB_CORNER = 4
allocate (WALLS (NB_WALL ,4))
WALLS(1,1:2) = [-1.0D00,-r]
WALLS(1,3:4) = [ 4.D00,-r]
WALLS(2,1:2) = WALLS(1,3:4)
WALLS(2,3:4) = [ 4.D00, 1.D00]
WALLS(3,1:2) = WALLS(2,3:4)
WALLS(3,3:4) = [-1.D00, 1.D00]
WALLS (4,1:2) = WALLS(3,3:4)
WALLS(4,3:4) = WALLS(1,1:2)
END SUBROUTINE INITIALIZE_newton

SUBROUTINE INITIALIZE_81_free(q_old,qd_old,r,m,np,ntdl,WALLS)

integer :: np,ntdl,i,j,p,1l,k
real (kind=dp) ,dimension(:,:),allocatable :: WALLS

real (kind=dp) ,dimension(:),allocatable :: M,r,q_old,qd_old
real (kind=dp) :: RAD,xc,yc,pi,RHO
k=9 lconstruct a matrix k*k for initial particles

np = kx*xk !Number of particles

ntdl = 3*np !Number of degrees of freedom (3*np in 2D)

allocate( m(ntdl))
allocate ( r(np))
allocate( gqd_old(ntdl) , gq_old(ntdl))

print*, "SIMULATION:",np," PARTICLES" !T=6s
NB_WALL = 4
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NB_CORNER = 4
allocate (WALLS (NB_WALL ,4))

WALLS(1,1:2) = [ 0.D00, 0.D00]
WALLS(1,3:4) = [ 4.D00, 0.D00]
WALLS(2,1:2) = [ 4.D00, 0.D0O]
WALLS (2,3:4) [ 4.D00, 4.50D00]
WALLS (3,1:2) [ 4.D00, 4.50D00]
WALLS (3,3:4) [ 0.DO0, 4.50D00]
WALLS(4,1:2) = [ 0.D00, 4.50D00]
WALLS(4,3:4) = [ 0.D00, 0.D00]

P =1

RAD = 0.16DO

XC = 3.6D00

g_old = 0.DO

qd_old = 0.DO

r = 0.16D0

PI = DACOS(-1.0DO)

rho = 2600.DO

M(1:ntdl) = 0.DOO

do 1 = 1,3*np
'm(1,1)= 4.D00* (RHO*PI*rad**3)/3.D0O0
m(l) = 1.0DO

end do
do I=1,k
YC = 3.6D00
do J=1,k
qg_old (p) = XC - 0.05D00 + 1.D-01!RAND ()
gq_old(p+1) = YC - 0.05D00 + 1.D-01!RAND()
g_old(p+2) = 0.0DO
qd_o1ld (p) = 0.D-00'!*RAND ()
qd_old(p+1) = 0.D-00 !-1.DOO!*RAND ()
qd_old (p+2) = 0.0D0O
P = P+3
YC = YC - 2.5D0O0*RAD
end do
XC = XC - 2.5D0O0*RAD

end do
END SUBROUTINE INITIALIZE_81_free

SUBROUTINE INITIALIZE_81(q_old,qd_old,r,m,np,ntdl,WALLS)

integer :: np,ntdl,i,j,p,1l,k
real (kind=dp) ,dimension(:,:),allocatable :: WALLS

real (kind=dp) ,dimension(:) ,allocatable :: M,r,q_old,qd_old
real (kind=dp) :: RAD,xc,yc,pi,RHO
k=9 lconstruct a matrix k*k for initial particles

np = kx*xk !Number of particles

ntdl = 3*np !Number of degrees of freedom (3*np in 2D)

allocate( m(ntdl))

allocate ( r(np))

allocate( qd_old(ntdl) , gq_old(ntdl))
print*, "SIMULATION:",np," PARTICLES"

NB_WALL = 4 IBOX
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NB_CORNER = 4
allocate (WALLS (NB_WALL ,4))

WALLS(1,1:2) = [ 0.D00, 0.D0O]
WALLS(1,3:4) = [ 5.3D00, 0.D00]
WALLS (2,1:2) = WALLS(1,3:4)

WALLS (2,3:4) = [ 5.3D00, 6.00D00]
WALLS(3,1:2) = WALLS(2,3:4)

WALLS (3,3:4) = [ 0.D00, 6.00D00]
WALLS(4,1:2) = WALLS(3,3:4)

WALLS (4,3:4) = WALLS(1,1:2)
P =1
RAD =
XC =
q_old =
qd_old =
r = 0.2DO0

PI = DACOS(-1.0DO)
rho = 2600.DO
M(1:ntdl) = 0.DOO

0.2DO0
4.6D0O0
0.DO

0.DO

do 1 = 1,3%*np
m(l) = 1.0DO
end do

do I=1,k
YC =

do J=1,k
q_old(p)
q_old (p+1)
q_old (p+2)

XC -
YC -
0.0DO

qd_old (p)
qd_old (p+1)
qd_old (p+2)
p = p+*3
YC = YC -
end do
XC = XC -
enddo
END SUBROUTINE INITIALIZE_81

-0.5D00*RAND ()
0.0D00

2.5D00*RAD

2.5D00*RAD

SUBROUTINE INITIALIZE_1225(q_old,qd_old,r,m,n

integer I

real (kind=dp) ,dimension(:,:),allocatable
real (kind=dp) ,dimension(:) ,allocatable
real (kind=dp)

k = 35
np = kx*xk
ntdl = 3*np

allocate( m(ntdl))
allocate( r(mnp))

allocate( gqd_old(ntdl) , q_old(ntdl))

P>

0.05D00 + 1.D-01*RAND ()
0.05D00 + 1.D-01*RAND ()

(rand (0) *(0.5-(-0.5))+(-0.5))*1.D00

ntdl,WALLS)
np,ntdl ,i,j,p,1,k
WALLS
r,q_old,qd_old ,m
RAD ,xc,yc,pi,RHO
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print*, "SIMULATION:",np," PARTICLES"

NB_WALL = 4
NB_CORNER = 4
allocate (WALLS (NB_WALL ,4))
WALLS(1,1:2) = [ 0.D0O0, 0.D0O]
WALLS(1,3:4) = [ 17.D00, 0.D00]
WALLS(2,1:2) = WALLS(1,3:4)
WALLS (2,3:4) = [ 17.D00, 17.D00]
WALLS(3,1:2) = WALLS(2,3:4)
WALLS(3,3:4) = [ 0.D0O0, 17.D00]
WALLS(4,1:2) = WALLS(3,3:4)
WALLS(4,3:4) = WALLS(1,1:2)

P =1
RAD = 0.17DO
XC = 16.5D00
q_old = 0.DO
gd_old = 0.DO
PI DACOS (-1.0D0)
rho 2600.DO

do 1 = 1,np

r(1l) = RAD - 0.015DO*rand (0)
print*, 1, r(l)
end do

M(1:ntdl) = 0.D0OO
do 1 = 1,3*np
m(l) = 1.0DO

end do
do I=1,k
YC = 16.50D00
do J=1,k
gq_old(p) = XC - 0.025D00 + 1.25D-01*RAND()
g_old(p+1) = YC - 0.025D00 + 1.25D-01*RAND()
g_old(p+2) = 0.0DO
qd_old (p) = 0.0D0O
qd_old(p+1) = 0.0D0O
qd_old (p+2) = 0.0D00O
p = pt+3
YC = YC - 2.75D00*RAD
end do
XC = XC - 2.75D0O0*RAD

enddo
END SUBROUTINE INITIALIZE_1225

SUBROUTINE INITIALIZE_25(q_old,qd_old,r,m,np,

integer :

real (kind=dp) ,dimension(:,:),allocatable
real (kind=dp) ,dimension(:),allocatable
real (kind=dp)

k =5

nt

dl,WALLS)

np,ntdl ,i,j,p,1,k
WALLS
M,r,q_old,qd_old
RAD ,xc,yc,pi,RHO
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np = kx*xk
ntdl = 3*np

allocate( m(ntdl))

allocate( r(np))

allocate( gqd_old(ntdl) , gq_old(ntdl))
print*, "SIMULATION:",np," PARTICLES"

NB_WALL = 4

NB_CORNER = 4
allocate (WALLS (NB_WALL ,4))
WALLS(1,1:2) = [ 0.D00, 0.D0O]
WALLS(1,3:4) = [ 3.5D00, 0.D00]
WALLS(2,1:2) = WALLS(1,3:4)
WALLS(2,3:4) = [ 3.5D00, 4.00D00]
WALLS(3,1:2) = WALLS(2,3:4)

WALLS (3,3:4) = [ 0.0D00, 4.00D00]
WALLS (4,1:2) = WALLS(3,3:4)
WALLS(4,3:4) = WALLS(1,1:2)

P =
RAD 0.25D0
XC = 3.0D0O0
q_old = 0.DO
gd_old = 0.DO
do 1 = 1,np

N~

r(l) = RAD - 0.025DO*rand (0)
print*, 1, r(l)

end do

PI = DAC0OS(-1.0DO)

rho = 2600.DO

M(1:ntdl) = 0.D0OO
do 1 = 1,3*np

m(l) = rad
end do
do I=1,k
YC = 2.90DO0O0
do J=1,k
q_old (p) = XC + 0.12D00*rand (0)
g_old(p+1) = YC - 0.05D00 + 1.2D-01*RAND (0)
q_old(p+2) = 0.0DO
p = pt+3
YC = YC - 2.5D0O0*RAD
end do
XC = XC - 2.5D00*RAD
enddo

gd_old = 0.0DO
END SUBROUTINE INITIALIZE_25

SUBROUTINE INITIALIZE_100(q_old,qd_old,r,m,np,ntdl
integer 3
real (kind=dp) ,dimension(:,:),allocatable
real (kind=dp) ,dimension(:) ,allocatable
real (kind=dp)

, WALLS)

np,ntdl ,i,j,p,1,k
WALLS
M,r,q_0ld,qd_old
RAD,xc,yc,pi,RHO
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k = 10 lconstruct a matrix k*k for initial particles
np = kx*xk !Number of particles
ntdl = 3%np !Number of degrees of freedom (3*np in 2D)

allocate( m(ntdl))
allocate ( r(np))
allocate( gd_old(ntdl) , g_old(ntdl))

print*, "SIMULATION:",np," PARTICLES"
NB_WALL = 4 | BOX

NB_CORNER = 4
allocate (WALLS (NB_WALL ,4))
WALLS(1,1:2) = [ 0.D00, 0.D00]
WALLS(1,3:4) = [ 5.3D00, 0.D00]
WALLS (2,1:2) = WALLS(1,3:4)
WALLS (2,3:4) = [ 5.3D00, 5.3D00]
WALLS(3,1:2) = WALLS(2,3:4)
WALLS(3,3:4) = [ 0.D00, 5.3D00]
WALLS(4,1:2) = WALLS(3,3:4)
WALLS (4,3:4) = WALLS(1,1:2)

P =1
RAD = 0.21DO

XC = 5.00D00

q_old = 0.DO

qd_old = 0.DO

PI = DACOS(-1.0DO)
rho 2600.DO

'Radius of each particles
do 1 = 1,np

r(l) = RAD - 0.025D0O*rand (0)
print#*, 1, r(l)
end do

M(1:ntdl) = 0.DOO
IMass matrix
do 1 = 1,3%np

m(l) = rad
end do
do I=1,k
YC = 5.0D00
do J=1,k
q_old(p) = XC - 0.05D00 + 1.D-01*RAND ()
g_old(p+1) = YC - 0.05D00 + 1.D-01*RAND()
q_old(p+2) = 0.0DO
qd_old (p) = 0.0D00! (rand (0)*(0.5-(-0.5))+(-0.5))*1.
DOO
qd_old(p+1) = 0.0DO0 ! -0.1DO0*RAND ()
qd_old(p+2) = 0.0DOO

p = p+3
YC = YC - 2.5D00*RAD
end do
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XC = XC - 2.5DO0*RAD
enddo
END SUBROUTINE INITIALIZE_100

SUBROUTINE INITIALIZE_529(q_old,qd_old,r,m,np,ntdl,WALLS)

integer :: np,ntdl,i,j,p,1
Lk

real (kind=dp) ,dimension(:,:),allocatable:: WALLS

real (kind=dp) ,dimension(:) ,allocatable :: M,r,q_old,
qd_old

real (kind=dp) :: RAD,xc,yc,pi,
RHO

k = 23 !construct a matrix k*xk for initial particles

np = k*k !Number of particles

ntdl = 3*np !Number of degrees of freedom (3*np in 2D)

allocate( m(ntdl))

allocate( r(np))

allocate( gqd_old(ntdl) , q_old(ntdl))
print*, "SIMULATION:",np," PARTICLES"

NB_WALL = 4 I BOX
NB_CORNER = 4
allocate (WALLS (NB_WALL ,4))
WALLS(1,1:2) = [ 0.D00, 0.D00]
WALLS (1,3:4) [ 12.D00, 0.D00]
WALLS (2,1:2) WALLS (1,3:4)
WALLS (2,3:4) [ 12.D00, 12.D00]
WALLS(3,1:2) = WALLS(2,3:4)
WALLS (3,3:4) [ 0.DO0, 12.D00]
WALLS (4,1:2) = WALLS(3,3:4)
WALLS (4,3:4) WALLS (1,1:2)

p=1
rad = 0.2DO
r = 0.2D0

XC = 11.5D00
q_old = 0.DO
qd_old = 0.DO
m(l:ntdl) = 0.D0O
do 1 = 1,np
r(1) = RAD - 0.025D0*rand (0)
end do
DO 1 = 1, 3*np
m(l) = 1.0DO
END DO

DO i = 1, k
YC = 11.5D00
DO j = 1, k
q_old (p)
g_old(p+1)
g_old(p+2)

XC - 0.05D00 + 1.D-01*RANDQ()
YC - 0.05D00 + 1.D-01*RAND()
0.0DO
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qd_old (p) = 0.0D00! (rand (0)*(0.5-(-0.5))+(-0.5))*1.
DOO
qd_old(p+1) = 0.0D00 ! -0.1DOO*RAND ()
gqd_old (p+2) = 0.0D00
p = p+3
YC = YC - 2.5DOO0*RAD
end do
XC = XC - 2.5DOOx*RAD

enddo
! print*x, q_old
! stop
END SUBROUTINE initialize_529

SUBROUTINE NS_CONJUGATE_GRADIENT (MAT_VAL, COL_IND, ROW_PTR,B,X,X_O,
NDIM,EPS)

IMPLICIT NONE

integer ,PARAMETER :: dp = selected_real_kind (15, 307)
integer :: K,NDIM

real (kind=dp) :: R2,R3,ALPHA,BETA,EPS,EPS1

real (kind=dp), dimension(:) :: B,X,X_0

real (kind=dp), dimension(:), allocatable :: R,P,Q,W

real (kind=dp), dimension(:), allocatable :: MAT_VAL

integer, dimension(:), allocatable :: COL_IND, ROW_PTR

allocate(R(1:NDIM))
allocate(P(1:NDIM))
allocate (Q(1:NDIM))
allocate(W(1:NDIM))

X(1:NDIM) = X_0(1:NDIM)

K =0

R(1:NDIM) = B(1:NDIM) - SP_MATMUL(MAT_VAL, COL_IND, ROW_PTR,X(1:NDIM
) ,NDIM)

R(1:NDIM) = SP_MATMUL_TRANSP(MAT_VAL, COL_IND, ROW_PTR,R(1:NDIM),
NDIM)

P(1:NDIM) = R(1:NDIM)

R2 = DOT_PRODUCT(R(1:NDIM),R(1:NDIM))

R3 = R2

PRINT*, CONJUGATE GRADIENT’
printx, ’R2=’,R2
print=*, ’B=’,B(1:NDIM)
printx*, ’X=’,X(1:NDIM)
PRINTx*, ’A=’_ A
print*, ’R=’,R(1:NDIM)
EPS1 = EPS * DOT_PRODUCT(B(1:NDIM),B(1:NDIM))
print#*, ’EPSILON=’,EPS1

IF (R2>EPS1) THEN
DO
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K = K+1

Q(1:NDIM)
)

W(1:NDIM) = SP_MATMUL_TRANSP (MAT_VAL, COL_IND, ROW_PTR,Q(1:
NDIM) ,NDIM)

ALPHA = R2/DOT_PRODUCT(Q(1:NDIM),Q(1:NDIM))

X(1:NDIM) X(1:NDIM) + ALPHA * P(1:NDIM)

R(1:NDIM) R(1:NDIM) - ALPHA * W(1:NDIM)

R3= DOT_PRODUCT(R(1:NDIM),R(1:NDIM))

IF ((R3 < EPS1).0R.(K>NDIM)) THEN

PRINT*, °’CONJUGATE GRADIENT: K=’,K,’R3=’,R3,’X=’,X
PRINT*, °’B+’,B(1:NDIM)

EXIT

ENDIF

BETA = R3/R2

P(1:NDIM) = R(1:NDIM) + BETA * P(1:NDIM)

R2 = R3

END DO
END IF
IF (R3 > EPS1) THEN
WRITE (33, ’(D20.13, 3X, D20.13)°’),R3,EPS1

SP_MATMUL (MAT_VAL, COL_IND, ROW_PTR,P(1:NDIM),NDIM

PRINT*, "NON CONVERGENCE : ",R3,EPS1
PRINT*, ’A= ’,A
PRINT*, ’B= ’,B
PRINT*, ’X= ’,X
STOP
END IF

PRINT*, ’CONJUGATE GRADIENT: ITERATION=’,K,’EPSILON=’,R3!,’ERROR’,
NORM2 (MATMUL (A,X) -B)
END SUBROUTINE NS_CONJUGATE_GRADIENT

FUNCTION SP_MATMUL (MAT_VAL, COL_IND, ROW_PTR,B,NDIM) RESULT (V)

IMPLICIT NONE

integer ,PARAMETER :: dp = selected_real_kind (15, 307)
integer :: I,NNZ,NDIM

real (kind=dp), dimension(:) :: B

real (kind=dp), dimension(:), allocatable :: MAT_VAL,V
integer, dimension(:), allocatable :: COL_IND, ROW_PTR

allocate (V(NDIM))

DO I = 1, NDIM
V(I) = 0.D0O
DO NNZ = ROW_PTR(I), ROW_PTR(I+1)-1
V(I) = V(I) + MAT_VAL(NNZ) * B(COL_IND(NNZ))
END DO
END DO

END FUNCTION
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FUNCTION SP_MATMUL_TRANSP (MAT_VAL, COL_IND, ROW_PTR,B,NDIM) RESULT(V

IMPLICIT NONE

integer ,PARAMETER :: dp = selected_real_kind (15, 307)
integer :: I,NNZ,NDIM

real (kind=dp), dimension(:) :: B

real (kind=dp), dimension(:), allocatable :: MAT_VAL,V
integer, dimension(:), allocatable :: COL_IND, ROW_PTR

allocate (V(NDIM))

V = 0.D00
DO I = 1, NDIM
DO NNZ = ROW_PTR(I), ROW_PTR(I+1)-1
V(COL_IND(NNZ)) V(COL_IND(NNZ)) + MAT_VAL(NNZ) * B(I)
END DO
END DO
END FUNCTION

SUBROUTINE 1lusol0 ( n, ncc, y, x, alu, jlu, ju )
LUSOLO performs a forward followed by a backward solve
for LU matrix as produced by ILUT
Modified:
07 January 2004
Author:
Youcef Saad

Parameters:
Input, integer ( kind = 4 ) N, the order of the matrix.
Input, real Y(N), the right hand side of the linear system.
OQutput, real X(N), the solution.
ALU, JLU, JU,

implicit none

integer ( kind = 4 ) n
integer ( kind = 4 ) ncc

real ( kind = dp ) alu(ncc)
integer ( kind = 4 ) i
integer ( kind = 4 ) jlu(ncc)
integer ( kind = 4 ) ju(ncc)
integer ( kind = 4 ) k

real ( kind = dp ) x(mn)

real ( kind = dp ) y(m)

Forward solve
do i =1, n
x(i) = y (i)
do k = jlu(i), ju(i)-1
x(i) = x(i) - alu(k) * x(jlu(k))
end do
end do
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! Backward solve.
do i = n, 1, -1
do k = ju(i), jlu(i+1)-1
x(i) = x(i) - alu(k) * x(jlu(k))
end do
x(i) = alu(i) * x(i)
end do

return
end subroutine

' ILU
SUBROUTINE ilut ( n, ncc, a, ja, ia, 1fil, tol, alu, jlu, ju, iwk, wu
, wl, jr, &
jwl, jwu, ierr )

! ILUT is an ILUT preconditioner.
! Discussion:
! This routine carries out incomplete LU factorization with dual
! truncation mechanism. Sorting is done for both L and U.

! The dual drop-off strategy works as follows:

! 1) Theresholding in L and U as set by TOL. Any element whose
size

! is less than some tolerance (relative to the norm of current

! row in u) is dropped.

! 2) Keeping only the largest lenlO+1fil elements in L and the

! largest lenuO+1fil elements in U, where lenlO=initial number

! of nonzero elements in a given row of lower part of A

! and lenlu0 is similarly defined.

! Flexibility: one can use tol=0 to get a strategy based on keeping
the
! largest elements in each row of L and U. Taking tol /= 0 but 1fil
=n
! will give the usual threshold strategy (however, fill-in is then
! unpredictible).

! A must have all nonzero diagonal elements.

! Modified:
! 21 January 2015

! Author:
! Youcef Saad

! Reference:

! Youcef Saad,

! Sparsekit: a basic tool kit for sparse matrix computations,
! Technical Report, Computer Science Department,

! University of Minnesota, June 1994

! Parameters:

! Input, integer ( kind = 4 ) N, the order of the matrix.

! Input, real ( kind = 8 ) A(*x), integer ( kind = 4 ) JA(x), IA(N
+1),
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the matrix in Compressed Sparse Row (CSR) format.
integer ( kind = 4 ) LFIL, the fill-in parameter. Each

Input,

row of L

and each row of U will have a maximum of LFIL elements in
addition to

the original number of nonzero elements. Thus storage can be
determined beforehand.

0 <= LFIL.

Input, real ( kind = 8 ) TOL, the tolerance.

Output,

is

inverted.

row

real ( kind = 8 ) ALU(x*), integer ( kind = 4 ) JUL(%),
the matrix stored in Modified Sparse Row (MSR) format, containing
the L and U factors together. The diagonal (stored in alu(l:n) )

Each I-th row of the ALU, JLU matrix contains the I-th

of L (excluding the diagonal entry=1) followed by the I-th row of

U.

Output,

each

integer ( kind = 4 ) JU(N), pointers to the beginning of

row of U in the matrix ALU, JLU.
integer ( kind = 4 ) IWK, the minimum length of arrays ALU

Input,

and
JLU.

Workspace,

Workspace,

real ( kind = 8 ) WU(N+1), WL(N).

integer ( kind = 4 ) JR(N), JWL(N), JWU(N).

Output, integer IERR. Error message with the following meaning.
ierr = 0 --> successful return.
ierr > 0 --> zero pivot encountered at step number ierr.
ierr = -1 --> Error. input matrix may be wrong.
(The elimination process has generated a
row in L or U whose length is > n.)

ierr = -2 --> The matrix L overflows the array al.
ierr = -3 --> The matrix U overflows the array alu.
ierr = -4 --> Illegal value for 1fil.
ierr = -5 --> zero pivot encountered.

implicit none

integer ( kind = 4 ) n

integer ( kind = 4 ) ncc

real ( kind = dp ) a(ncc)

real ( kind = dp ) alu(ncc)

real ( kind = dp ) fact

integer ( kind = 4 ) ia(n+1)

integer ( kind = 4 ) idiag

integer ( kind = 4 ) ierr

integer ( kind = 4 ) ii

integer ( kind = 4 ) iwk

integer ( kind = 4 ) j

integer ( kind = 4 ) j1
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integer ( kind = 4 ) j2
integer ( kind = 4 ) ja(ncc)
integer ( kind = 4 ) jj
integer ( kind = 4 ) jlu(ncc)
integer ( kind = 4 ) jpos
integer ( kind = 4 ) jr(mncc)
integer ( kind = 4 ) jrow
integer ( kind = 4 ) ju(ncc)
integer ( kind = 4 ) juO
integer ( kind = 4 ) jwl(n)
integer ( kind = 4 ) jwu(n)
integer ( kind = 4 ) k
integer ( kind = 4 ) len
integer ( kind = 4 ) lenl
integer ( kind = 4 ) lenlO
integer ( kind = 4 ) lenu
integer ( kind = 4 ) lenu0
integer ( kind = 4 ) 1fil
integer ( kind = 4 ) nl

real ( kind = dp ) s

real ( kind = dp ) t

real ( kind = dp ) tnorm
real ( kind = dp ) tol

real ( kind = dp ) wl(nm)
real ( kind = dp ) wu(n+1)

if ( 1fil < 0 ) then
ierr = -4
return

end if

Initialize JUO (points to next element to be added to ALU,
and pointer.

jub = n + 2
jlu (1) = juO

integer ( kind = 4 ) double pointer array.
jr(l:n) = 0

The main loop.
do ii = 1, n

j1 = dia(ii)

j2 = ia(ii+1) - 1
lenu = 0
lenl = 0O

tnorm = 0.0D+00
do k = j1, j2
tnorm = tnorm + abs ( a(k) )
end do
tnorm = tnorm / real ( j2-ji1+1, kind = 8 )

JLU)
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Unpack L-part and U-part of row of A in arrays WL, WU.
do j = j1, j2

k = ja(j)

t = a(j)

if ( tol * tnorm <= abs ( t ) ) then
if ( k < ii ) then

lenl = lenl + 1

jwl(lenl) = k

wl(lenl) = t

jr(k) = lenl
else
lenu = lenu+1
jwu(lenu) = k
wu(lenu) = t
jr(k) = lenu
end if
end if
end do
lenl0 = lenl
lenu0 = 1lenu
jj = 0
nl = 0

Eliminate previous rows.

150 continue

jj =33 + 1

if ( lenl < jj ) then
go to 160

end if

In order to do the elimination in the correct order we

exchange the current row number with the one that has

smallest column number, among JJ, JJ+1, ..., LENL.
jrow = jwl(jj)
k = 3]

Determine the smallest column index.

do j = jj+1, lenl
if ( jwl(j) < jrow ) then
jrow = jwl(j)
K = j
end if

end do

need to
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Exchange in JWL.
io= 3wl(iid
jwl(jj) = jrow
jwl(k) = j

Exchange in JR.

jr(jrow) = jj
jr(j) = x

Exchange in WL.

s = wl(k)
wl(k) = wl(jj)
wl(jj) = s

if ( ii <= jrow ) then
go to 160
end if

Get the multiplier for row to be eliminated: JROW.

fact = wl(jj) * alu(jrow)
jr(jrow) = 0

if ( abs ( fact ) * wu(n+2-jrow) <= tol * tnorm ) then
go to 150

end if

Combine current row and row JROW.

(o}

o

P
]

ju(jrow), jlu(jrow+1)-1
fact * alu(k)

j = jlu(k)

jpos = Fr(j)

n
1]

If fill-in element and small disregard.
if ( abs ( s ) < tol * tnorm .and. jpos == 0 ) then
cycle
end if
if ( ii <= j ) then
Dealing with upper part.
if ( jpos == 0 ) then
This is a fill-in element.
lenu = lenu + 1
if ( n < lenu ) then

go to 995
end if
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jwu(lenu) = j

jr(j) = lenu

wu(lenu) - s
else

! No fill-in element.

wu(jpos) = wu(jpos) -
end if
else

! Dealing with lower part.

! This is a fill-in element.
lenl = lenl + 1

if ( n < lenl ) then
go to 995
end if

jwl(lenl) = j
jr(j) = lenl

wl(lenl) = -s
else
!
! No fill-in element.
!
wl(jpos) = wl(jpos) -
end if
end if
end do

nl = nl + 1
wl(nl) = fact
jwl(nl) = jrow
go to 150

!' Update the L matrix.

160 continue
len = min ( nl, lenl0 + 1fil )
call bsort2 ( wl, jwl, nl, len
do k = 1, len

if ( iwk < juO ) then
ierr = -2

return
end if
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alu(ju0) = wl(k)
jlu(ju0) jwl (k)
ju0 = ju0 + 1

end do
Save pointer to beginning of row II of U.
ju(ii) = juoO

Reset double pointer JR to zero (L-part - except first
JJ-1 elements which have already been reset).

do k = jj, lenl
jr(jwl(k)) = 0
end do
Be sure that the diagonal element is first in W and JW.
idiag = jr(ii)
if ( idiag == 0 ) then
go to 900

end if

if ( idiag /= 1 ) then

s = wu(l)

wu(j) = wu(idiag)
wu(idiag) = s

j = jwu(l)

jwu (1) = jwu(idiag)
jwu(idiag) = j

end if
len = min ( lenu, lenu0 + 1fil )
call bsort2 ( wu(2), jwu(2), lenu-1, len )
Update the U-matrix.
t = 0.0D+00
do k = 2, 1len
if ( iwk < juO0 ) then
ierr = -3
return
end if
jlu(ju0) = jwu(k)

alu(ju0) wu (k)
t =t + abs ( wu(k) )
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ju0d = juo + 1
end do

! Save norm in WU (backwards). Norm is in fact average absolute value

wu(n+2-ii) = t / real ( len + 1, kind = 8 )
! Store inverse of diagonal element of U.

if ( wu(1) == 0.0D+00 ) then
ierr = -5
return

end if

alu(ii) = 1.0D+00 / wu(1)
! Update pointer to beginning of next row of U.
jlu(ii+1) = juoO
! Reset double pointer JR to zero (U-part).

do k = 1, lenu
jr(jwu(k)) = 0

end do

end do

ierr = 0
return
! Zero pivot

900 ierr = ii
return

! Incomprehensible error. Matrix must be wrong.

995 ierr = -1
return
end subroutine

SUBROUTINE bsort2 ( w, ind, n, ncut )
'l BSORT2 returns the NCUT largest elements of an array, using bubble
sort.

! Discussion:

! This routine carries out a simple bubble sort for getting the
NCUT largest

! elements in modulus, in array W. IND is sorted accordingly.

! (Ought to be replaced by a more efficient sort especially

! if NCUT is not that small).

! Modified:




2189
2190
2191
2192
2193
2194
2195
2196
2197
2198
2199
2200
2201
2202
2203
2204
2205
2206
2207
2208
2209
2210
2211
2212

2213

2243

2244

207

! 07 January 2004

! Author:
! Youcef Saad

! Parameters:
implicit none

integer ( kind = 4 ) n
integer ( kind = 4 ) i
integer ( kind = 4 ) ind (%)
integer ( kind = 4 ) iswp
integer ( kind = 4 ) j
integer ( kind = 4 ) ncut
logical test
real ( kind 8 ) w(n)
real ( kind = 8 ) wswp
i=1
do
test .false.
do j = n-1, i, -1
if ( abs ( w(j) ) < abs ( w(j+1) ) ) then
|
! Swap .
!
wswp = w(j)
w(j) = w(j+1)
w(j+1) = wswp

!' Reorder the original

iswp = ind(j)
ind(j) = ind(j+1)
ind(j+1) = iswp
!
! Set indicator that sequence
!
test = .true.
end if
end do
i=1i+1
if ( .not. test .or. ncut < i ) then
exit
end if
end do
return

end subroutine

! Preconditioner GMRES
subroutine pgmres ( n, ncc,
ja, alu, jlu, ju,

aa, ia,

ind array accordingly.

is still unsorted.

vv, eps, maxits,
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PGMRES is an ILUT - Preconditioned GMRES solver.

Discussion:

This is a simple version of the ILUT preconditioned GMRES
algorithm.

The ILUT preconditioner uses a dual strategy for dropping
elements

instead of the usual level of-fill-in approach. See details in
ILUT

subroutine documentation. PGMRES uses the L and U matrices
generated

from the subroutine ILUT to precondition the GMRES algorithm.

The preconditioning is applied to the right. The stopping
criterion

utilized is based simply on reducing the residual norm by epsilon

This preconditioning is more reliable than iluO but requires more

storage. It seems to be much less prone to difficulties related
to

strong nonsymmetries in the matrix. We recommend using a nonzero
tol

(tol=.005 or .001 usually give good results) in ILUT. Use a large

1fil whenever possible (e.g. 1fil = 5 to 10). The higher 1fil the

more reliable the code is. Efficiency may also be much improved.

Note that 1fil=n and tol=0.0 in ILUT will yield the same factors

as

Gaussian elimination without pivoting.

ILU(O) and MILU(O) are also provided for comparison purposes

USAGE: first call ILUT or ILUO or MILUO to set up preconditioner
and

then call pgmres.

Modified:
07 January 2004

Author:
Youcef Saad

Parameters:

Input, integer ( kind 4 ) N, the order of the matrix.

Input, integer ( kind = 4 ) IM, the size of the Krylov subspace.

IM

should not exceed 50 in this version. This restriction can be
reset by

changing the parameter command for KMAX below.
Input/output, real RHS(N), on input, the right hand side vector.
On output, the information in this vector has been destroyed.

sol == real vector of length n containing an initial guess to the
solution on input. approximate solution on output
eps == tolerance for stopping criterion. process is stopped

as soon as ( ||.|] is the euclidean norm):
|| current residuall|/||initial residuall|| <= eps
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maxits=

iout

= maximum number of iterations allowed

= output unit
if (iout <=

Input, real AA(x)

matrix in CSR

Compressed Sparse

alu, jlu

ju

number number for printing intermediate results
0) nothing is printed out.

, integer ( kind = 4 ) JA(x), IA(N+1), the

Row format.

== A matrix stored in Modified Sparse Row format containing
the L and U factors, as computed by routine ilut.

== integer ( kind = 4 ) array of length n containing the
pointers to
the beginning of each row of U in alu, jlu as computed
by routine ILUT.

on return:

sol == contains an approximate solution (upon successful return).

ierr == integer ( kind = 4 ). Error message with the following

meaning
ierr = 0 --> successful return.
ierr = 1 --> convergence not achieved in itmax iterations.
ierr =-1 --> the initial guess seems to be the exact
solution (initial residual computed was zero)

work arrays:

vV == work array of length =n x (im+1) (used to store the Armnoli
basis)

implicit none

integer ( kind = 4 ), parameter :: kmax = 50 !1500

integer ( kind = 4 ) n

integer ( kind = 4 ) ncc

linteger ( kind = 4 ) im

real ( kind = 8 ) aa(ncc)

real ( kind = 8 ) alu(ncc)

real ( kind = 8 ) c(kmax)

real ( kind = 8 ) ddot

real ( kind = 8 ) eps

real ( kind = 8 ) epsl

real ( kind = 8 ), parameter :: epsmac = 1.0D-16

real ( kind = 8 ) gam

real ( kind = 8 ) hh(kmax+1,kmax)

integer ( kind = 4 ) i

integer ( kind = 4 ) il

integer ( kind = 4 ) ia(n+1)

integer ( kind = 4 ) ierr

integer ( kind = 4 ) ii

integer ( kind = 4 ) im

integer ( kind = 4 ) iout

integer ( kind = 4 ) its

integer ( kind = 4 ) j
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integer ( kind = 4 ) ja(ncc)
integer ( kind = 4 ) jj
integer ( kind = 4 ) jlu(ncc)
integer ( kind = 4 ) ju(ncc)
integer ( kind = 4 ) k
integer ( kind = 4 ) ki
integer ( kind = 4 ) maxits
integer ( kind = 4 ) nl

real ( kind 8 ) rhs(n)
real ( kind = 8 ) ro

real ( kind = 8 ) rs(kmax+1)
real ( kind = 8 ) s(kmax)
real ( kind = 8 ) sol(n)
real ( kind = 8 ) t

real ( kind = 8 ) vv(n,im+1)

Arnoldi size should not exceed KMAX=50 in this version.
To reset modify parameter KMAX accordingly.

nl = n + 1
its = 0

Outer loop starts here.
Compute initial residual vector.

call ope ( n, sol, vv, aa, ja, ia )
vv(l:n,1) = rhs(1:n) - vv(l:n,1)
do
ro = sqrt ( ddot ( n, vv, 1, vv, 1 ) )
if ( 0 < iout .and. its == 0 ) then
write(iout, 199) its, ro
end if
if ( ro == 0.0D+00 ) then
ierr = -1
exit

end if

t = 1.0D+00 / ro

vv(l:n,1) = vv(l:n,1) * t
if ( its == 0 ) then

epsl = eps * ro
end if

Initialize first term of RHS of Hessenberg system.

rs(1) = ro
i =20

continue
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i=1i+1
its = its + 1
i1l =i + 1

call lusol0 ( n, ncc, vv(l,i), rhs, alu, jlu, ju )
call ope ( n, rhs, vv(l,il), aa, ja, ia )

! Modified Gram - Schmidt.

do j =1, i
t = ddot ( n, vv(l,j), 1, wvv(l,i1), 1 )
hh(j,i) = t
call daxpy ( n, -t, vv(l,j), 1, vv(l,i1), 1)

end do

t = sqrt ( ddot ( mn, vv(1l,i1), 1, vv(1,i1), 1 ) )
hh(il,i) = t

if ( t /= 0.0D+00 ) then

t = 1.0D+00 / t

vv(l:n,1i1) = vv(l:n,1i1) * t
end if

!' Update factorization of HH.
if (i =

go to 12
end if

1 ) then
1

! Perform previous transformations on I-th column of H.

do k = 2, i
k1 = k-1
t = hh(kil,i)
hh(k1,i) = c(k1l) * t + s(k1) * hh(k,i)
hh(k,i) = -s(k1) * t + c(k1) * hh(k,i)
end do

121 continue
gam = sqrt ( hh(i,i)**2 + hh(il,i)**2 )

' If GAMMA is zero then any small value will do.
! It will affect only residual estimate.

if ( gam == 0.0D+00 ) then
gam = epsmac

! Get the next plane rotation.
c(i) = hh(i,i) / gam
s(i) = hh(il,i) / gam
rs(i1) = -s(i) * rs(i)

rs(i) = c(i) * rs(i)

! Determine residual norm and test for convergence.
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hh(i,i) = c(i) * hh(i,i) + s(i) * hh(il,i)
ro = abs ( rs(il) )

1131 format(lh ,2e14.4)

if ( 0 < iout ) then
write (iout, 199) its, ro
end if

if (i < im .and. epsl < ro ) then
go to 4

end if

Now compute solution. First solve upper triangular system.

rs (i) rs(i) / hh(i,i)

do ii 2, i
k=i - 41ii + 1
k1 = k + 1
t = rs(k)
do j = k1, i
t =t - hh(k,j) * rs(j)
end do
rs(k) = t / hh(k,k)
end do

Form linear combination of V(x,i)’s to get solution.

t = rs(1)
rhs(1:n) = vv(l:n,1) * t

do j = 2, i

t = rs(j)
rhs(l1:n) = rhs(l:n) + t * vv(l:n,j)
end do

call preconditioner.
call lusolO0 ( n, ncc, rhs, rhs, alu, jlu, ju )
sol(1:n) = sol(l:n) + rhs(1l:n)
Restart outer loop when necessary.
if ( ro <= epsl ) then
ierr = 0

exit
end if

if ( maxits < its ) then
ierr = 1
exit

end if

Else compute residual vector and continue.
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do j =1, i
33 =4l - g+t

rs(jj-1) = -s(jj-1) * rs(jj)
rs(jj) = c(jj-1) * rs(jj)
end do

do j = 1, it

t = rs(j)
if ( j == 1 ) then
t =t - 1.0D+00
end if
call daxpy ( n, t, vv(1,j), 1, wvv, 1)
end do

199 format(’ its =’, i4, ’ res. norm =’, G14.6)
end do

return
end subroutine

SUBROUTINE ope ( n, x, y, a, ja, ia )
't OPE sparse matrix * vector multiplication

' Modified:
! 07 January 2004
!

Author:
Youcef Saad

Parameters:

Input, real X(N), the vector to be multiplied.
OQutput, real Y(N), the product A * X.

! Input, real A(x), integer ( kind = 4 ) JA(*), IA(N+1),
in CSR
! Compressed Sparse Row format.

implicit none
integer ( kind = 4 ) n
real ( kind = 8 ) a(x)

integer ( kind = 4 ) i
integer ( kind = 4 ) ia(n+1)
integer ( kind = 4 ) ja(*)
integer ( kind = 4 ) k
integer ( kind = 4 ) ki
integer ( kind = 4 ) k2

real ( kind = 8 ) x(n)
real ( kind = 8 ) y(n)

do i =1, n
k1 = ia(i)
k2 = ia(i+1) -1

Input, integer ( kind = 4 ) N, the order of the matrix.

the matrix
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y (i) 0.0D+00
do k = k1, k2
y(i) = y(i) + a(k) * x(ja(k))
end do
end do

return
end subroutine
END PROGRAM INC

Listing A.1: Newmark-PDAS-INC-Sparse4+Gmres
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ABSTRACT

Based on the growing importance of understanding granular media and their behav-
iors in various industries, this work proposes a new method different from the Discrete
Element Method (DEM) and the Non-Smooth Contact Dynamics (NSCD) approach to
model granular dynamics. We focus on a discontinuous Moreau second-order sweeping
process for modeling contact dynamics, incorporating the Moreau-Yosida regulariza-
tion with parameter a to develop a regular contact model. We propose the Improved
Normal Compliance (INC) method to ensure energy conservation and employ a com-
bination of the Newmark method and Primal-Dual Active Set (PDAS) to address
nonlinearity. This study aims to compare the efficiency of our approach with other
numerical modeling techniques, such as DEM and NSCD via Nonlinear Gauss Seidel
method (NLGS), focusing on improving energy conservation and computational cost.
Furthermore, related to the Moreau sweeping process, to establish the existence of a
solution, it is quite natural to extend beyond convexity with prox-regularity or the dual
class associated with the prox-regular set, which is a strongly convex set. Additionally,
metric regularity serves as a useful tool for studying the weak convexity of specific sub-
sets. More precisely, we will focus on two main ideas. First, we consider the concepts
of Farthest distance function to strongly convex sets in Hilbert spaces. On
one hand, we show that the strong convexity of a set is equivalent to the semiconcavity
of its associated farthest distance function. On the other hand, we establish that the
farthest distance of a point to a strongly convex set is the minimum farthest distance
to the given point from suitable closed balls separating the set and the point. Second,
we concentrate on Metric subregularity and w(-)-normal regularity properties.
We establish through an openness condition the metric subregularity of a multimap-
ping with normal w(-)-regularity of either the graph or values. Various preservation
results for prox-regular and subsmooth sets are also provided.

Keywords: Unilateral constraint, Normal Compliance, Friction, Newmark methods,
Non Smooth Contact Dynamics, Semi-Smooth Newton method, Primal-Dual Active
Set, Sweeping process; Variational analysis, strong convexity, prox-regularity, farthest
distance function, semiconvexity, normal regularity, subsmoothness, metric regularity,
metric subregularity.



RESUME

Basé sur I'importance croissante de comprendre les médias granulaires et leurs com-
portements dans diverses industries, ce travail propose une nouvelle méthode différente
de la Méthode des Eléments Discrets (Discrete Element Method-DEM) et de I’approche
de la Dynamique de Contact Non Lisse (Non-Smooth Contact Dynamics-NSCD) pour
modéliser la dynamique granulaire. Nous nous concentrons sur un processus de bal-
ayage discontinu de Moreau de second ordre pour modéliser la dynamique de contact,
en incorporant la régularisation de Moreau-Yosida avec le parametre a pour développer
un modele de contact régulier. Nous proposons la méthode Improved Normal Com-
pliance (INC) pour assurer la conservation de I’énergie et employons une combinaison
de la méthode de Newmark et de Primal-Dual Active Set (PDAS) pour traiter la
non-linéarité. Cette étude vise a comparer I'efficacité de notre approche avec d’autres
techniques de modélisation numérique, telles que DEM et NSCD via la méthode de
Gauss-Seidel Non Linéaire (Nonlinear Gauss Seidel method-NLGS), en se concentrant
sur I’amélioration de la conservation de I'énergie et du cotit computationnel. En outre,
en relation avec le processus de balayage de Moreau, pour établir I'existence d’une
solution, il est assez naturel d’aller au-dela de la convexité avec la prox-régularité
ou la classe duale associée a ’ensemble prox-régulier qui est un ensemble fortement
convexe. De plus, la régularité métrique sert d’outil utile pour étudier la faible con-
vexité de sous-ensembles spécifiques. Plus précisément, nous nous concentrerons sur
deux idées principales. Premierement, nous considérons les concepts de Fonction de
distance la plus éloignée aux ensembles fortement convexes dans les es-
paces de Hilbert. D’une part, nous montrons que la forte convexité d’un ensemble
est équivalente a la semi-concavité de sa fonction de distance la plus éloignée associée.
D’autre part, nous établissons que la distance la plus éloignée d’un point a un ensemble
fortement convexe est la distance la plus éloignée minimale au point donné a partir de
boules fermées appropriées séparant ’ensemble et le point. Deuxiemement, nous nous
concentrons sur la sous-régularité métrique et les propriétés de régularité w(-)-
normales. Nous établissons par une condition d’ouverture la sous-régularité métrique
d’une multi-application avec la régularité w(-)-normale soit du graphe, soit des valeurs.
Divers résultats de préservation pour les ensembles prox-réguliers et sous-lisses sont
également fournis.

Mots-clés: Contrainte unilatérale, Normal Compliance, Friction, Méthodes de New-
mark, Dynamique de Contact Non Lisse, Méthode de Newton Semi-Lisse, Primal-
Dual Active Set, Processus de balayage; Analyse variationnelle, forte convexité, prox-
régularité, fonction de distance la plus éloignée, semi-convexité, régularité normale,
sous-lissité, régularité métrique, sous-régularité métrique.
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