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Abstract vii

THEORETICAL AND NUMERICAL ANALYSIS OF PERTURBED ISOPERIMETRIC PROBLEMS

Abstract

In this thesis, we focus on perturbed isoperimetric problems. These problems involve the min-
imisation of an energy composed of a perimeter term that promotes mass aggregation, countered by a
perturbation term favouring disaggregation.

We begin by presenting the concepts used as well as past and current research conducted on the
isoperimetric problem and its variants.

In Chapter 1, we study a problem where the perimeter interacts with a non-local term called
an exterior transport term, defined using optimal transport theory. We demonstrate the existence of
solutions to this problem and, in regimes where the perimeter dominates, we prove that the minimisers
are balls.

Chapter 2 is dedicated to the exterior transport term. In a general framework, we show that the
variational problem defining it has solutions and a dual formulation. Using stronger assumptions, we
finally show that this term is maximised only by balls.

In Chapter 3, we present a numerical study in dimension 2 of the problem from Chapter 1. We
approximate the minimisers of the energy considered via a gradient descent algorithm. The numerical
results lead us to conjecture the existence of a critical mass above which the minimisers are no longer
balls, but elongated shapes with two axes of symmetry.

Chapter 4 focuses on a perturbed isoperimetric problem where the perimeter and perturbation
terms are not explicit. We exhibit a general set of assumptions under which a relaxed version of the
problem admits minimisers. Under stronger hypotheses, we then investigate whether these minimisers
have density estimates.

Keywords: Calculus of Variations, perturbed isoperimetric problem, Wasserstein distance, generalized
minimisers, Sinkhorn algorithm

ETUDE THEORIQUE ET NUMERIQUE DE PROBLEMES ISOPERIMETRIQUES PERTURBES

Résumé

Nous étudions dans cette these des problémes isopérimétriques perturbés. Ces problémes consistent
en la minimisation d’une énergie formée d’un terme de périmetre qui favorise I’agrégation de masse,
auquel s‘'oppose un terme perturbatif favorisant la désagrégation.

Nous commencons par présenter les concepts utilisés ainsi que la recherche passée et actuelle
effectuée sur le probleme isopérimétrique et ses variantes.

Nous étudions dans le chapitre 1 un probléme ou le périmeétre interagit avec un terme non-local dit
de transport extérieur, défini a ’aide de la théorie du transport optimal. Nous montrons l'existence de
solutions a ce probleme et, dans les régimes ot le périmétre domine, nous prouvons que les minimiseurs
sont les boules.

Le chapitre 2 est consacré au terme de transport extérieur. Dans un cadre général, nous montrons
que le probléeme le définissant admet des solutions et une formulation duale. A I'aide d’hypotheéses plus
fortes, nous montrons que ce terme est uniquement maximisé par les boules.

Dans le chapitre 3, nous présentons les travaux numériques effectués en dimension 2 sur le probleme
du premier chapitre. Nous approchons les minimiseurs de 1’énergie considérée via une descente de
gradient. Les résultats numériques nous amenent a conjecturer l’existence d’'une masse critique a partir
de laquelle les minimiseurs ne sont plus des boules, mais des formes allongées a deux axes de symétrie.

Le chapitre 4 porte sur un probleme isopérimétrique perturbé ou les termes de périmetre et de
perturbation ne sont pas explicites. Pour des hypothéses assez générales, nous montrons que ce probleme
admet des minimiseurs en un sens faible. Nous montrons ensuite sous des hypotheses plus fortes que ces
minimiseurs, appelés minimiseurs généralisés, possedent des estimées de densité.

Mots clés : Calcul des Variations, probleme isopérimétrique perturbé, distance de Wassertein, minimi-
seurs généralisés, algorithme de Sinkhorn
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Foreword

This manuscript presents the results obtained during the thesis conducted at the Paul Painlevé
laboratory and the INRIA center of the University of Lille, under the supervision of Michael
Goldman and Benoit Merlet. This document contains a general introduction, which presents
the mathematical context in which the subject is situated and provides an overview of the
contributions. We conclude the introduction by outlining some perspectives and possible future
works based on this manuscript. Four chapters then follow, each corresponding to papers that
are either published, submitted for publication or to be shortly submitted.
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In this manuscript, we investigate several questions related to a geometric variational problem
involving a competition between the perimeter and a functional defined using optimal transport
theory. This thesis therefore lies at the interface between geometric measure theory, calculus of

variations, elliptic PDEs and optimal transportation.

Subject and objectives

Let us start with a brief overview of the work conducted in this manuscript. The central point
of our research is to investigate the following nonlocal isoperimetric problem: given A, & > 0,
p>1andd >2 we consider

inf {€(E) = Per(E) + AW} (E))*}, (0.0.1)

|El=wq

where w,; denotes the volume of the unit ball of R?, Per is the Caccioppoli (or distributional)
perimeter and W, is a functional that we call the exterior transport functional. It is defined as

follows: given E C R? with finite Lebesgue measure (or volume) |E| we set
W, (E) :irFlf{Wp(E,F): IFNE|= o}, (0.0.2)

where W, is the p-Wasserstein distance and E, F are respectively identified with the measures

XEdx, xpdx. By convention we set W,,(p, v) = +00 if y, v are nonnegative measures with different
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Figure 1: A set (in blue) and its minimiser for the exterior transport (in red).

total masses. See Figure 1 for an illustration of Problem (0.0.2).
It is worth mentioning that Problem (0.0.1) belongs to the family of perturbed isoperimetric

problems, which may be generically defined as:
inf{€(E) = Per(E) + V(E) : |E| = m},

where m >0 and V is called the perturbative term. Typically, V represents a repulsive energy
that decreases when a set is divided into smaller parts which are sent far away from each other.
Additionally, V is often nonlocal; that is, altering a set E within a small open ball B,(x) results
in an energy variation that depends not only on E N B,(x) but also on E \ B,(x). The archetypal
form of V is that of an interaction term of the form

V(E) = L EK(x—y)dxdy,

for some kernel K : R? — R, .

Throughout the manuscript, we investigate four questions related to Problem (0.0.1), each
one corresponding to a chapter. From now on, all considered subsets of R? are assumed to be
Lebesgue measurable. We also identify any two sets E, E’ € IR? such that [EAE’| = 0, where A is

the symmetrical difference operator.

In Chapter 1, we establish that Problem (0.0.1) admits minimisers for any m > 0. We also
obtain that any minimiser admits a finite number of connected components which are uniformly
bounded and have a regular boundary. Eventually, when a and A are such that the perimeter is

the dominant term, we prove that the minimisers are balls.

In Chapter 2, we drop the perimeter term and focus on a generalization of the exterior
transport term W,. Let c: RY x RY — R, be a continuous cost function and let M, (R? x R?)
denote the set of nonnegative Radon measures over RY x R?. Given E,F ¢ R? of finite volume,



Subject and objectives 3

we introduce
T.(E,F) = infU c(x,y)dmn(x,p): w e M, (R xRY), 11, = xpdx, 71, = XFdx},
R xIRY

where 7, and 7, respectively denote the first and second marginal of 7 € M, (R? xR?). We then

define the associated exterior transport cost by
Y(E) :irF1f{TC(E,F): IFNE|= o}. (0.0.3)
Eventually, we consider the maximization problem
sup{T(E) (|El = m}. (0.0.4)

For very general cost functions ¢, we show that this problem admits maximisers for any m > 0.
In the case where c(x,y) = k(|y — x|) for some continuous, increasing and coercive function
k:R, — R, we show that balls are its unique maximisers. We thus confirm that the perimeter

and the non-local functional W, are competing terms in Problem (0.0.1).

In Chapter 3 we come back to the minimisation problem of the first chapter, which is by

scaling equivalent to

inf {Per(E)+(w,’,’(E))“}, (0.0.5)

for some m > 0. We conduct a mostly numerical study of this problem in the case where
d =2,p=2and a = 1. More precisely, we first restrict ourselves to the case of radially symmetric
sets and study the behaviour of minimisers of (0.0.5) as m varies from 0 to co. Next, we consider
the general case where we do not make any symmetry assumption. For the purposes of the
numerical investigation, we replace the perimeter term with its Modica-Mortola approximation
and the exterior transport cost with its entropic regularization. The resulting energy is then
discretised over a Cartesian grid, and we employ an alternating minimisation method for the
optimisation process. In particular, we compute the exterior transport term using the Sinkhorn

algorithm.

In Chapter 4, we address more general functionals of the form
E(E)=P(E)+ V(E), (0.0.6)

where P is an aggregative term generalizing the perimeter (e.g. the anisotropic or fractional
perimeter) and V is a competing repulsive term. In a lot of cases, the disaggregation induced
by V prevents this classical isoperimetric problem from having solutions. However, the corre-
sponding generalised problem

(1En)f {IZE(EZ‘) = ;[P(Ei) +V(EN:E'cRVi2 1, zZlEil = m} (0.0.7)

may still admit minimisers, known as generalised minimisers. Our goal is to give general
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conditions on P and V guaranteeing that the infima in the classical and generalised problems
coincide, and that the generalised problem admits minimisers. In the case where stronger
assumptions on Per and V hold, we also show that generalised minimisers have (measure-
theoretic) density estimates. We finally illustrate our results by giving some examples of

perturbed isoperimetric problems with energy terms satisfying our assumptions.

Historical and mathematical context

Historically, the isoperimetric problem holds a central place in the field of calculus of variations.
In R?, one of its possible formulation is to determine the shape of the largest possible area that
can be enclosed by a closed curve of a given length. One of the earliest references to such a
problem can be found in the legend of Queen Dido of Carthage. According to myth, after fleeing
Tyre from her murderous brother, Dido arrived in North Africa, seeking land to establish a
new city. The local ruler agreed to grant her as much land as she could encircle with a single
oxhide. Demonstrating remarkable ingenuity, Dido cut the oxhide into thin strips and laid them
out end-to-end, forming a large loop encircling an entire hill. By doing so, she maximised the
enclosed area and founded the city of Carthage.

The isoperimetric problem was more rigorously analysed by ancient Greek mathematicians,
who defined the perimeter as the length of the boundary of regular shapes of the plane, such as
circles or polygons. Zenodorus, in the 2nd century BCE, is credited with some of the earliest
known work on the problem, demonstrating that among all shapes with the same perimeter, the
circle encloses the maximum area. This result laid the groundwork for future studies in calculus
of variations and geometric analysis. However, it is not much later that significant progress was
made on the isoperimetric problem. In 1838, Steiner used a symmetrisation process to show
that in R?, if a solution exists, then it is a disk [75].

It is important to note that advances in understanding the isoperimetric problem are closely
tied to progress in defining a sufficiently general notion of perimeter. In fact, defining which
subsets of the ambient space are admissible in the isoperimetric problem is fundamental. Italian
mathematician Renato Caccioppoli first introduced the notion of set of finite perimeter using
the notion of finite variation in the sense of Tonelli in the 1920s [16]. His definition allowed
for the extension of the classical definition of perimeter to more irregular sets, including those
with fractal-like boundaries. In the 1950s, Caccioppoli improved on his previous results and
introduced the concept of measure-theoretic boundary [14, 15]. Building on Caccioppoli’s
work, Ennio De Giorgi further developed the theory by introducing the notion of distributional
perimeter [34, 33]:

Per(E) = sup{j xedivgdx: ¢ € CHRY,RY), ||| oo ey < 1}. (0.0.8)
¢ R?

A major reason why rigorous results on a problem known for several millennia were delayed

until the 19th century is the issue of existence. Historically, mathematicians often overlooked

whether a variational problem actually admitted a solution, leading to numerous false proofs in
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well-known problem:s.

Establishing the existence of solutions remained a major challenge, even in low dimensions.
In the early 1900s, while working on the Dirichlet problem, D. Hilbert exhibited a general
principle for constructing proofs of the existence of minimisers for a given functional [52].

Given a space X and F : X — IRU {+oo}, this principle can be stated as follows:

1. Check that inf{F(x), x € X} =1 > —o0, so that there exists a minimising sequence (x,,),>1
such that lim,, F(x,) = I;

2. Establish a compactness result on X so that (up to extracting a subsequence) there exists
x € X such that lim,, x,, = x;

3. Establish that F is lower semi-continuous on X, so that F(x) < liminf, F(x,), which

eventually implies that F(x) = 1.

As an illustration let us apply this method, now called the Direct Method in the Calculus of
Variations, to the relative isoperimetric problem. Given an open bounded set of finite perimeter
A such that |A| > w,, we follow [60, Proposition 12.30]: consider

inf{Per(E,A): E € X}, where X ={ECA,|E|=wy} (0.0.9)

and Per(E, A) is the perimeter of E C IR? relatively to A, that is

Per(E,A) = sup {f}(}gdiwpdx :p € CHARY), ||l (RY) < 1}.
¢

Let us define for t € R the set E;, = AN {x = (x1,x,, ..., x4) : x; < t}. By continuity of the Lebesgue
measure, there exists t € R such that |E;| = m, so that X is not empty and the first point of
the Direct Method is verified. We now consider a minimising sequence (E,), for (0.0.9). By
compactness of uniformly bounded sets of finite perimeter, up to extraction there exists E C A
of finite perimeter such that E,, — E as n — co (in the L' sense, that is |E,AE| — 0 as n — o).
We additionally have |E| = w,, which proves the second point of the Direct Method. The final
requirement of the method follows from the lower semi-continuity of the relative perimeter
with respect to the L! convergence, which is a direct consequence of its definition. In conclusion,
we have proved that (0.0.9) admits a minimiser.

In many other shape optimisation problems, however, obtaining compactness in the space of
candidate minimisers often proves more challenging. For instance, removing the constraint that
A is bounded in the relative isoperimetric problem undermines the Direct Method as we applied

it. Indeed, even though it is classical that sup, Per(E,;, A) < co implies that (up to extraction) the

1

sequence (E,), is L, .

-converging to a set E C A, the local nature of this convergence provides
no information about the volume of E. Moreover, when the perimeter term competes with a
repulsive energy that acts over a longer or even infinite range, constraining the problem to a
compact domain of IR? usually becomes unrealistic (see Figure 2).

Nevertheless, these perturbed isoperimetric problems, where the energy functional is the

sum of a perimeter term and a typically non-local repulsive term, occupy an important place in
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@ @

Figure 2: Two charged droplets repelling each other because of electrostatic forces.

mathematical physics. One of the first to formulate this type of variational problem was the
physicist George Gamow in the 1930s to model the interaction between nucleons (i.e. protons
and neutrons) inside the atomic nucleus [47]. For more details on the historical context of
this well-known model see [26] and the references therein. For g € (0,d) and m > 0, it can be

formulated as follows:

inf {Per(E)Jrgﬁ(E) :Per(E)+f dx—ddy_}. (0.0.10)
|E|=m ExE [x—p|?7P
Here, the perimeter is used to model a short-range attractive force such as surface tension
competing against a high-range and repulsive functional encapsulated by Gg. Let us mention
that if we set d = 3 and = 2, we recover the original physical case, where Per is called the
surface term (which is analogous to the surface-tension term in liquids) and Gy accounts for
the Coulombic repulsion between protons. From a mathematical standpoint this model raises
several questions: do minimiser exist for all values of m € (0, 00)? When minimisers exist, are
they balls, as in the non-perturbed isoperimetric problem? If they exist but are not balls, do they
still retain some regularity properties? Let us stress that the non-local nature of the perturbation
term introduces an additional level of complexity compared to the classical problem.

In the beginning of the 2010s, H. Knupfer and C. B. Muratov answered to several of those
questions in [56] and [54]. Their findings largely contributed to the resurgence of interest in
isoperimetric problems among the mathematics community in recent years, and were reinforced

in [7]. Eventually, the following result was obtained in [41]:

Theorem 0.0.1. For every d > 2 and p € (0,d), there exists mg > 0 such that if 0 < m < my, the ball of

volume m is the unique minimiser (up to translation) of (0.0.10).

Obtaining similar conclusions in the context of more general perturbed isoperimetric prob-
lems is currently an active field of research in isoperimetry theory. Given two generic perimeter
and perturbative functionals P and V, one may study Problem (0.0.6) and attempt to find
hypotheses on P and V under which existence and uniqueness of solutions can be established.
Even in cases where the problem lacks solutions, applying the concentration-compactness
principle may still yield valuable results such as the existence of solutions for a weaker, more
general version of (0.0.6). This principle was developed by Pierre-Louis Lions in the 1980s
to address minimisation problems posed in a space () that had solutions if () was compact
but not necessarily when (Q was not compact [58]. In the context of shape optimisation, its
heuristic can be summarised as follows (see also [43, 66, 67, 55] for additional discussions on
the concentration-compactness principle in isoperimetric problems). Given a sequence of sets

(E,,)n such that |[E,| =m > 0 for any n > 1, up to extraction one of the three situations occurs:
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* (compactness) up to a translation, the sequence of measures (xg, dx), is tight;
* (vanishing) for any R > 0, lim,, SUP R |E,, N Br(y)| = 0;

e (dichotomy) there exists pl,p2 € L'(R%, IR, ) concentrating almost all of the mass of E,, and

such that dist(supp p}, supp p2) — co as n — oo (see [58] for the more precise definition).

The interest of such a classification is that in isoperimetric problems the vanishing case can
often be excluded using the isoperimetric inequality. As a consequence, lack of existence in
isoperimetric problems which are invariant by translation can only come from a splitting of
the mass, where a minimising sequence separates into two or more non-vanishing components
moving away from each other. In this regard, it is of interest to study (0.0.7): indeed, let us
assume that we are in the case where the infima in the generalised and the classical problems
coincide. We may then view a minimiser (E); of (0.0.6) as the limit as # — oo of the fleeing
components (E,i)i,n components of a minimising sequence (E,;) for (0.0.7). We further investigate

this topic in the first half of the fourth chapter of the manuscript.

As previously mentioned, ancient Greek mathematicians had already understood that
studying (0.0.6) in the class of regular sets was significantly easier and allowed to say much
more about eventual minimisers. The converse approach, i.e. establishing regularity properties
of minimisers of variational problems, is also central in Calculus of Variations. In particular,
establishing that a minimiser E of (0.0.6) (or a component of a minimiser (E’); of (0.0.7)) admits

density estimates, i.e. that there exist ¢y, rg > 0 such that for any r <y
Vx€E, |ENB,(x)|>cor’ and VxeES|E NB,(x)|>cor?

is now a frequently used concept in shape optimisation problems. It is common to resort to it to
obtain the boundedness of minimisers [24], their connectedness [42] or the regularity of their
boundary [49, 35, 65]. We discuss the regularity theory of minimisers of (0.0.6) and (0.0.7) in
more details in the latter half of Chapter 4.

Let us now turn to the more specific case of £ = Per + W, where the perturbation term is
defined using the Wasserstein distance. This model was originally introduced by M. A. Peletier
and M. Roger in [70] in order to study the formation of cell membranes. Let us emphasise that
after a rescaling, their variational problem can be expressed in terms of sets of finite perimeter

as follows: given ¢ > 0, consider

inf {Fi(Ue, Vo) = Per(U,) + e Wi (U, V) : (U N Vel = 0, |U| = [Ve| = em), (0.0.11)
where we recall that W; denotes the 1-Wasserstein distance. Most of the difficulty about solving
this problem comes from the lack of an explicit formulation for the optimal transportation plan
between two sets of R?. However, in the case d = 2 the geometric properties of the 1-Wasserstein
distance can be exploited to ease the analysis. Within this framework, the authors of [70] were

able to obtain a surprising compactness result on (0.0.11): if a sequence (U,, V,) is such that the
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renormalised energy

— F(U,, V) —2m
ge(Uel Vs) = ( E)

2
is bounded as ¢ — 0, then the sequence (¢7! U,) has a support of “thickness" 2¢ and converges

in a measure-theoretic sense to a collection of closed curves of IR2.

After the work of Peletier and Roger, Buttazzo, Carlier and Laborde introduced in [13] the
following generalization of (0.0.11): given a,A >0, d > 2, p > 1 and a domain Q c R?, they
considered

iEan{Per(E) + MW} (E,F))*:E,FCQ,|[ENF| =0, |E| = |F| = wd}. (0.0.12)

which is equivalent to Problem (0.0.1). Existence of solutions to (0.0.12) was shown in [13]
for Q) being either IR? or a compact subset of R?. In the case Q = R?, it was shown in [77]
that minimisers existed under the additional assumptions that @ =1, 1/p+2/d > 1 and for A
small enough. We were able to obtain existence of solutions to (0.0.12) without these additional
hypotheses in [19], which corresponds to Chapter 1 of this manuscript.

Let us fix @ = 1 and compare (0.0.12) to (0.0.10) where the perturbation term is given
by the Riesz kernel and denoted by Gg. By using the Riesz rearrangement inequality one
obtains that among sets of same volume, balls are maximisers of Gg (see e.g. [57, Section 11.15]).
Consequently, one may see (0.0.10) as a competition between two opposite forces, so that
its eventual minimisers may exhibit various geometries as A varies in [0,00). In this context,
it is thus natural to wonder whether balls also are maximisers of WW,. The corresponding
problem, defined for general costs in (0.0.4), is further investigated in the second chapter of
the manuscript. The analysis proves to be more involved than that of the Riesz kernel, as one

cannot directly apply a Riesz rearrangement to a maximiser of (0.0.4).

Context and state of the art regarding the numerical methods used in Chapter 3.

In [13], the authors also introduce a numerical method to compute W, (E) and the set F
minimising (0.0.2). Let us provide some context on the tools they used. Their approach should
be linked to the growing interest in computational mathematics for efficient solvers of various
optimal transport problems (such as the unbalanced optimal transport problem described in
[25]). Indeed, even the simple problem of computing W,(y,v) given Q C RY compact and
i, v € P(Q)) can become extremely time-consuming as the number of points used to sample u
and v increases. M. Cuturi showed in 2013 in [31] that considering an entropic relaxation of the
Wasserstein distance could yield significant computational gains when approximating solutions

of the optimal transport problem. Given y > 0, its continuous formulation can be defined as

inf{J. |x —ylPdm + yf n(logm—1)dxdy : 1t e ML (Q?), < dxdy, 1, = p, 0y = v} (0.0.13)
Q? Q2

As a convex problem, (0.0.13) admits a dual formulation whose maximisers can be approximated
by an alternate maximization process known as the Sinkhorn algorithm [31, 71, 32]. Similarly,
to compute a numerical approximation of W, (E), we apply a variant of the Sinkhorn algorithm
adapted to the dual problem associated with (0.0.2).



Main contributions 9

To fully address (0.0.12), we also replace the perimeter by a functional that is more suitable
to our numerical experiments. One of the standards methods to do so is the Modica-Mortola
approximation of the perimeter functional below, which was shown to I'-converge to the
perimeter (up to a multiplication by 1/6) by Modica and Mortola in [62]. Given ¢ > 0, the
set E is replaced by a function u € H!(Q) and Per(E) is replaced by a term similar to the

Ginzburg-Landau energy:

&

1
]-}(u):EJQ |Vu|2+7€JQ u?(1-u)?. (0.0.14)
In this framework, the characteristic function of E is approximated with a smooth function u
that transitions between 0 and 1 over a region of size ¢ < 1. The Modica-Mortola approximation
thus belongs to the family of phase-field methods, which are popular tools in the study of
interface dynamics [11], fracture problems [4] or multiphase flows [53]. Let us momentarily

drop the exterior transport term in (0.0.12) and consider

inf{]-;(u), u:Q — [O,l],f u= wd}.
u Q

Computing the first variation of this last equation then yields an Allen-Cahn equation with a

forcing term p € IR:
oiu :e‘Au—%u(l—u)(l—Zu)ﬁLy, (0.0.15)

One may see p € R as a Lagrangian multiplier associated with the conversation of the mass of u.
In the case were y = 0, this equation was first derived by Allen and Cahn in the 1970s to describe
the motion of boundaries in crystalline solids [2]. Together with its higher order counterpart
the Cahn-Hilliard equation [18], it is now widespread in numerical analysis to model interface
formation. A simple way to obtain approximate solutions of (0.0.15) is to proceed to a Lie

splitting, where one alternatively solves
1
diyu=¢eAu, and dyu =——u(l—u)(l-2u)+p.
€
We give more details on the implementation of this scheme when considered energy is the sum
of 7. and the entropic relaxation Y), of the functional Y in the third chapter of this thesis.
Main contributions

Let us now describe more precisely the results obtained and the methods employed in each
chapter of the manuscript.
Chapter 1

This chapter corresponds to the article [19] published in ESAIM : Control, Optimisation and
Calculus of Variations in collaboration with M. Goldman. Ford >2,p >1, A >0 and a > 0, the
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variational problem we consider is (0.0.1). Our first main result concerns the existence and

regularity of solutions to this problem

Theorem 0.0.2. Foreveryd>2,p>1, a>0and A >0, problem (0.0.1) has minimisers. Moreover,
there exists C = C(d,p,a) > 0 such that if E = UleEi is such a minimiser with E' the connected
components of E, then

(d-1)(1+p) 1 d+4p
Zdlam )< C(1+A) Trar and infdiam(E’ ) E(1 + ) Trap,

1

d(1+p)
As a consequence I < C(1+ A) ™o (in particular E has finitely many connected components).

This result was first obtained in the case d = 2 in [13] and then extended to the case d > 3
in [77] but under the assumption that A is small together with some restrictions on a. As
explained in the previous section, the idea of the proof, by now well-established in the context
of geometrical analysis, is to follow a concentration-compactness type argument. We first
show that thanks to the isoperimetric inequality, lack of compactness for minimising sequences
can only come from splitting of the mass. This leads to the existence of so-called generalised
minimisers. We then show that these generalised minimisers are actually A—minimisers of the
perimeter (see [60, Section 21] for a definition) and therefore have uniform density bounds. As
a direct consequence we obtain that they are made of a finite number of uniformly bounded
connected components (E ) . Additionally, for any 1 <1 < I, the boundary JdE’ of E’ can be
identified (up to a set of null Hd ! measure) with its reduced boundary J*E?, and 0*E isa C1"”
set for any 0 <y < 1/2 (see e.g. [60, Chapter 15 ] for a definition of the reduced boundary). At
this point the proof of the existence is concluded as in [13] using the fact that the non-local

energy Wg is additive for sets which are sufficiently far apart.

The second main result we obtained was that if A is small enough, then (0.0.1) is uniquely

minimised by balls.

Theorem 0.0.3. For everyd >2, p > 1 and a > 0, there exists Ay > 0 such that for every A < Ay, balls

are the only minimisers of (0.0.1).

Let us first point out that if we consider the volume as the relevant parameter and replace
(0.0.1) by (0.0.5) then by scaling we obtain that balls are the unique minimisers for small m if
a (1 + %) + % > 1 while balls are the unique minimisers for large m if « (1 + %) + % < 1. Again, this
result is neither surprising by its statement nor by the strategy to prove it. Indeed, following
the pioneering work of Cicalese and Leonardi which gave in [28] an alternative proof of the
quantitative isoperimetric inequality, it has been understood that such stability results may be
obtained by combining the regularity theory for A—minimisers of the perimeter together with a
(usually delicate) Taylor expansion of the energy around the ball. This second part of the proof
is often referred to as a Fuglede type argument, see [45]. The main difficulty here is that our non-
local energy depends in a very implicit way on the competitor. Moreover the underlying PDE is

the Monge-Ampere equation, which is non-linear, making it very difficult to use standard tools
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from shape optimisation such as shape derivatives. We go around this difficulty by plugging
the Kantorovich potentials corresponding to the ball into the dual formulation of the optimal

transport problem.

More precisely, the starting point of the proof of Theorem 0.0.3 is to establish that for A
small enough, any minimiser E, of (0.0.1) is a nearly spherical set. Using the quantitative
isoperimetric inequality (see e.g. [46]) and comparing the energies of E, and of By, up to

translation we have
|EABy|? < C (Per(E) — Per(By)) < CA (W5 (B - W (ED] ) < cAwWi(B1)]". (0.0.16)

Therefore, Ey — B, in L! to B; as A — 0. Using the properties of A-minimisers of the perimeter,
we show in Chapter 1 that E is actually smooth and that the convergence holds in C!'7 for any

y <1/2. Then, using the classical result from [3] for nearly-spherical sets yields

f? < C(Per(E,) — Per(B;)),
0B,

where f : dB; — Ris the function parametrizing the graph of E:
JE, ={(1+ f(x))x:x € dBy}.

The heart of the proof of Theorem 0.0.3 is then to establish the following Taylor expansion of
the energy of E) around the ball:

el -pE] <c| £

for some constant C = C(d) > 0. Using this equation together with (0.0.16), we have

f? < C(Per(Ey) —Per(By)) < CA(Wh (B)]" - [WhEN]")<Ca | 2
9B1 aBl
From this chain of inequalities we can conclude that for A > 0 small enough f =0, so that E,

must be B;.

Chapter 2

The second chapter of the manuscript corresponds to the submitted article [20], written in
collaboration with M. Goldman and B. Merlet. We study the optimisation problems associated
with functionals which favour dispersion and are based on some Wasserstein energies. These
functionals correspond to the non-local term of the energy studied in [19, 13, 70, 77, 64]. More
precisely, we drop the perimeter term in the energy functional of Chapter 1 (which was defined
as £ = Per + AW, ) and focus on the perturbation term W, and its corresponding maximization
problem defined by (0.0.4). In this problem, W, is replaced by a more general functional T

which allows us to consider other cost functions than c(x,y) = [x — y|P. The main goal of the
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chapter is to investigate the existence of maximisers for this problem and to characterise these
latter.

If we apply the direct method of the Calculus of Variations, we obtain that, up to extraction,
any maximising sequence E, converges weakly to some function u,, € L! (R%,[0,1]). However,
there is no guarantee at this point that u., is a characteristic function or has mass m. Our
strategy is to replace the functional Y by a functional Y, defined on LY(R%,[0,1]). We then
characterise the maximisers of the relaxed problem and are able to show that the supremum
in (0.0.4) is actually reached. This relaxation approach is not new: it was successfully applied to

several variational problems in the last few years (see for instance [27, 8, 69, 12]).

Next, we relax problem (0.0.4) as follows. Given f € L'(R?,[0,1]), the set of admissible

exterior transport plans is defined as

Iy ={y e My (R xRY) 1y, = 7, <1 f}.

We then define the primal problem

Tfun(f):inf{jcdy:yel—[f}.

Under mild assumptions on ¢, we prove that there holds Yi,,(xg) = Y(E). Given m > 0, our

maximisation problem is now

Erun(m) = sup {’Y}un(f) : f € LI(IRd' [Or 1])! Jf = m}

In what follows, &gy, (m) is called the exterior energy.

The first important result of this chapter is that maximisers of £(m) exist whenever c is of
the form c(x,y) = k(y — x) for some k : R? — R, which satisfies
(H1) k € C(R%,RR,), k(0) = 0 and k(x) — oo as |x| — oo,

(H2) Vx =0,
limsup _1d |Br(x) N{ye R?, k(y) < k(x)}| >0,
r

r—0

(H3) Yo €S9, r > k(ro) is increasing on R, .
Observe that all the costs of the form k(z) = |z|P with 0 < p < oo satisfy the above hypotheses.

Theorem 0.0.4. Assume that c(x,v) = k(v — x) for x,v € R? with k satisfying (H1), (H2) & (H3).
Then, for any m > 0 the supremum in Eg,n(m) is a maximum. Moreover, there exists R, = R,(m) such

that (up to translation) any maximiser is supported in the ball By .

Once the existence of maximisers for &, (m) is established, we use a concept known as
the bathtub principle to show that maximisers are characteristic functions of sets. This finally
allows us to show that (0.0.4) admits solutions.
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Corollary 0.0.5. Assume that c satisfies the hypotheses of Theorem 0.0.4. Then, (0.0.4) admits a

maximiser and gy (m) = E(m) for any m > 0.

As a second main result, we establish that if k is furthermore radially symmetric then &, (m)

and £(m) are uniquely maximised by balls of volume m.

Theorem 0.0.6. Assume that c(x,v) = k(|ly — x|) for some k € C(R,,R,) (strictly) increasing and
such that k(0) = 0 and k(x) — oo as x — oco. Then, for any m > 0, the maximisers of Egyn(m) (and

consequently those of £(m)) are the balls of volume m.

We point out that cost functions satisfying the hypotheses of Theorem 0.0.6 also satisfy
hypotheses (H1), (H2) & (H3).
The proofs of Theorems 0.0.4 and 0.0.6 all strongly rely on the properties of the dual problem

Vin(f) = suPUf(pdx+ j(l ~Flpdy: (p,p) € CD},
where
® :={(¢,) € Cy(RY) x Cy(RY), <0, p(x) + P(p) < c(x,9) ¥ (x,9) € R x RY).

We establish Theorem 0.0.4 using the direct method of Calculus of Variations. The main
difficulty is to establish compactness of maximising sequences. If we refer to the concentration-
compactness principle [58], we have to prove that given a maximising sequence f,,, no mass
escapes at infinity. To do so we establish two crucial results. The first one is that m +— E(m)/m is

increasing. This implies that m > &g, (m) is strictly superadditive, i.e. that for m >m’ >0,
gfun(m)+gfun(m_m,) < gfun(m)' (0-0~17)

Notice that this is the counterpart of the strict subadditivity inequality (also called binding
inequality) which is known to provide compactness in minimisation problems, see e.g. [58,
43, 44]. Using the dual formulation Y = of Yg,,, we obtain the second crucial result for
Theorem 0.0.4: a monotonicity principle on the sum of marginals of maximisers y of Yi,,(f).
Combining this and (0.0.17), we prove that if f is almost maximising then most of its mass must

remain in a bounded region. This gives tightness of maximising sequences for &y, (m).

To prove Corollary 0.0.5, we consider a maximiser f of &, provided by Theorem 0.0.4 and
a pair of potentials (¢, 1) optimal for the dual problem Y _(f). Using the definition of Y; _ we

see that f is a maximiser of

By the bathtub principle, f = x{,_y>) + 6 for some t € R and some 6 € LY(R%,[0,1]) supported
in {¢ — 1 = t}. Then for any measurable subset G C {¢ — ¢ =t} with |G| = f@, the characteristic
function of E := {¢p — 1 > t} U G is also a maximiser for Yj,,(f). Exploiting uniqueness and a
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saturation result on the marginals of the optimal exterior transport plan for E, we obtain that
there exists F ¢ R? such that any minimiser y of Y, (xg) satisfies y, = xp. This finally implies
that E maximises (0.0.4).

Regarding Theorem 0.0.6 we may assume that m = w;. We begin the proof by showing that
the double supremum problem

f@f =) + l,b}} (0.0.18)
son { un {rwr-wr- |

coincides with &g, (m) and admits a solution (f, ¢, 1), where )¢ is the c-transform of 1, i.e. for
x € R?

¢°(x) = inf {k(ly - x) - p(p)}. (0.0.19)

yeR?

To show that balls are maximisers of &,,(m), we then establish that each term in (0.0.18) is
improved by replacing f by xp, and ¢ by its symmetric increasing rearrangement 1, (i.e. ¥,
is the unique radially symmetric function whose sublevel sets are the same as the ones of ).
This is quite an involved computation, which requires an extensive use of the Hardy-Littlewood
and Brunn-Minkowski inequalities. The uniqueness part of the proof of Theorem 0.0.6 is
then established by using the characterisation of the objects for which equality holds in the
Hardy-Littlewood and the Brunn-Minkowski inequalities.

Chapter 3

The goal of this chapter is to numerically investigate (0.0.1) in the case a =1 and p=d = 2.
Recall that in Chapter 1 we establish two main results regarding this problem: Theorem 0.0.2
on the existence and density estimates for its minimisers and Theorem 0.0.3 on the fact its
minimisers are balls if A is small enough (or if m is small enough if one considers the equivalent
problem (0.0.5)).

More precisely, in Chapter 3 we provide answers or conjectures related to the following

questions:

* how does the geometry of minimisers of (0.0.1) evolves as m varies in [0, 0)? In particular,

is radial symmetry preserved ?

* Among radially symmetric minimisers, can we observe a transition from a ball to an

annulus as m increases?

* Is the transition sharp, or does an intermediate regime exist between the cases m < 1 and

m>1?

To address these questions, we perform two types of numerical explorations. The first one

concerns Problem (0.0.2) restricted to radially symmetric and connect sets:

il}'slf{Per(E) + AW2(E) : E radially symmetric and connected, |E| = 7(}. (0.0.20)
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Figure 3: Energies of annuli of inner radius r,, (blue) and of the unit disk (orange).

The method we use for the computation of the energy of radially and connected sets is described
later in this section.

The other exploration is conducted in the general case with non symmetry assumption. To
implement a suitable algorithm in the non-radially symmetric case, it is convenient to replace
the perimeter and Wasserstein functionals in (0.0.1) by smoother, approximate functionals.
We then use a gradient descent algorithm to generate a sequence of shapes minimising the
approximate energy.

Regarding Problem (0.0.20), let us denote by A, the annulus of inner radius r and mass 7,
and by A, ,» a generic annulus of inner radius r and outer radius r’. We numerically observe the

following, which we state as a conjecture:

Conjecture 0.0.7. There exist 0 <A <A, (where A; ~4.95 and A, = 5.55) such that:
* for 0 < A < Ay, the unit disk Bj is the unique local and global minimiser of (0.0.20),
s for A > Ay, (0.0.20) has two local minimisers : By and an annulus A,, where r, >0,
» for A} <A< A,, the unit disk By is the only global minimiser of (0.0.20),
¢ for 1 = 1,, (0.0.20) has two global minimisers: By and a annulus A, where r) >0,
e for A > A,, the unique global minimiser of (0.0.20) is an annulus A,, where r, > 0.

These guesses follow from the graphs presented in Figure 3 where the function r,, — £,(r,,) =
Per(A, )+ AW?2(Ar,,) is represented. Each of the graphs corresponds to a different value of . To
ease the comparison, we also give the graph of the constant function equals to the energy of the
unit disk.

Let us now explain briefly how we compute the energy of a annulus A, for some r,, > 0. Its

outer radius r); is fixed by the mass constraint, so that computing its perimeter presents can be
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Figure 4: The annulus A, , and its corresponding minimiser A; ., UA, . .

done explicitly. As for its exterior transport, we show in Chapter 3 that the optimal exterior
set F corresponding to sz(Ar,,,) is the reunion of one interior ring A; , and one exterior ring
adjacent to A, (see Figure 4). Additionally, the optimal exterior map between A, and F is the

c-cyclically monotone one. Therefore, the only parameter needed to determine sz(Ar,,,) is the
rto A, . and A to A

. rotug is optimal in terms of

splitting radius r, for which sending A,

ns ™™M»SM

energy.
We solve this problem by developing the expression of the transport cost 7(r,) of sending
A, rtoAg . and A, . toA

observe numerically that r, > 7(r,.) is a convex and C! function on [r,,, ra;]. We are thus able to

rpsy using the c-cyclically monotone, optimal transport map. We
solve the equation 7’(r.) = 0 using a variant of the secant method. This eventually allows us to

compute W22(Arm).

Next, let us comment the results provided by the numerical simulations of the non-radially
symmetric case. Recall that we obtain them by implementing a gradient descent on the energy
£ and solving the corresponding evolution equation by Lie splitting.

In a first experiment, whose result is depicted in Figure 5 below, we confirm the local
minimality of unit disks for any A > 0. We refer the reader to Chapter 3 for more experiments.

Let us now comment the experiment which gave us the most surprising results. We observe
that when starting with initial data that exhibits highly non-radial symmetry, the final data
does not converge to a radially symmetric shape. Instead, the initial shapes tend to evolve into
thin, elongated forms with two axes of symmetry (see Figure 6 below). This leads us to consider
the conjecture that thin and elongated shapes are the preferred minimisers as A — oo, and not

annuli. Refer to the last section of this introduction for a discussion on potential developments
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Energy as a function of the number of iterations
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Figure 5: Starting with a perturbed ball (A =1).

on this matter.

Chapter 4

The last chapter of the manuscript focuses on general perturbed isoperimetric problems. Recall
that an archetype of those kind of variational problems is Gamow’s liquid drop model for
the atomic nucleus [47], which correspond to (0.0.10). As explained before, the goal of this
variational problem is to model an attractive, short-range force inducing surface tension (the
“perimeter” term) that competes with a repulsive term V acting at a greater distance (the
“perturbation” term, which is often nonlocal). This competition plays a pivotal role in the wide
range of geometries the perturbed isoperimetric problem can describe (see for instance [55,
Figure 1]) and both the physics and mathematics communities have explored numerous variants
of this problem.

In this chapter we study the version of this problem defined in (0.0.6), where the energy is
the sum of a nonnegative, perimeter-like term P and a perturbation term V. For instance, P may
be the s-perimeter or anisotropic perimeter, while V can be the repulsive term given in (0.0.10)
or the exterior transport cost }V,. We also study the generalised problem (0.0.7) and discuss its
similarities and differences with Problem (0.0.6).

Let us additionally mention that beyond the issue of existence of solutions, the question
of their regularity is a significant aspect of the study of isoperimetric problems. A first step
towards establishing regularity properties of minimisers is often to prove that they have density
estimates. Recall that a set E admits interior (resp. exterior) density estimates when there exists
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Figure 6: Starting with an ellipse and with a pacman (A = 10).

o, 1o > 0 such that for any 0 < r < ry and x € E (resp. E°),
|E N B,(x)| > cor? (resp. |[ES N B,(x)| = co ).

Our goal is to exhibit in the case V # 0 general assumptions under which:
— (0.0.6) and (0.0.7) coincide,
— (0.0.7) admits solutions,
— solutions of (0.0.7) have density estimates.

Let us denote by (ei)fl:1 the canonical basis of R?. Our first result is that (0.0.6) and (0.0.7)

coincide under the following set of assumptions (S1).
* Energy of small balls: £(B,) — 0 as r — 0 and £(0) = 0.
 Convergence at infinity: For any set E with |E| < oo, E(EN Bg) — £(E) as R — 0.
 Vanishing range of action: If E, F are bounded, then E(EU (F + Ley)) —» E(E)+E(F) as L — oo.

Proposition 0.0.8. Assume that £ satisfies (S51). Then the infima in (0.0.6) and (0.0.7) coincide.

We then show that (0.0.7) admits minimisers. To prove this result we rely on the functionals
Ew P(E,U) and E +— V(E,U), which are defined relatively to a Lebesgue measurable set U. By



Main contributions 19

convention, we write P(E,R?) = P(E) and V(E,R%) = V(E). For the sake of conciseness we do
not list the complete set of assumptions (S2) here (see the introduction of Chapter 2), but we

will highlight some of the key points after the statement of the theorem.

Theorem 0.0.9. Assume that the relative functionals of P and V satisfy (S2) and that (0.0.6) and
(0.0.7) coincide. Then, (0.0.7) admits a solution.

In the framework of the concentration-compactness principle, the lower semi-continuity
of P(-,U) and V (-, U) for the Llloc—convergence is required. Additionally, one needs hypotheses
guaranteeing that a minimising sequence (E,),, for (0.0.6) has uniformly bounded perimeter
(e.g. V > 0is sufficient, but more general energies are included), and that sequence of uniformly
bounded perimeter are compact for the LllOC topology. Lastly, an important technical tool is the
relative isoperimetric inequality, i.e. the existence of ry > 0 and f; : R, — R, increasing with
£1(0) =0, m + f;(m)/m nonincreasing and lim,, . f; (m)/m = oo such that for r <ry, x € R? and
E cR%:

min 1 (IE N B, (x))), fi(1B(x) \ E|)) < P(E, B, (x)).

This last inequality is fundamental because it allows to exhibit a candidate minimiser (E?);
using the following method (which we describe formally). Given a minimising sequence (E,;),
for (0.0.7), we keep track of all the components (E%); , which may “flee at infinity” and then
define a limit set E' = lim E!, for the LllOC topology. Repeating the process over i > 1 yields the
candidate (E');, and using the relative isoperimetric we prove that Y ;|E’| = m. Let us stress the
fact that this whole process is a slight generalization of the method employed in Chapter 1 to
show that (0.0.7) admits a solution in the case where P = Per and V = W};.

In the second part of the chapter, we show that p-minimisers of the perimeter (see [60,
Section 21] for the related concept of (A, ry)-minimisers of the perimeter) have interior and
exterior density estimates under the set of hypotheses (S3) (we refer to Chapter 4 for the precise

list of the hypotheses).

Definition 0.0.10. Let p: R, — R, be nondecreasing. We say that E C R? is a p-minimiser of
the perimeter (or simply a p-minimiser) if there exists r, > 0 such that for any r < r,, x € R? and
E’ c R? with EAE’ C B,(x) we have

P(E) < P(E’) + p(r). (0.0.21)

The function p is called the error function for E.

Theorem 0.0.11. Let E C R? be a p-minimiser of the perimeter for some error function p. If (S3)
holds, then there exists Cy,ry > 0 such that for r < ry,

|E N B,(x)| > Cor? for every x € EV (0.0.22)

and
|B,(x)\ E| > Cord for every x € EO), (0.0.23)

where for t € [0,1], E\*) denotes the points of density t of E.
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The method employed to establish this kind of theorems is now well understood. Since the
publication of De Giorgi’s seminal papers on the classical isoperimetric problem in the 1950s,
various strategies have been developed to address isoperimetric problems where the considered
perimeter is anisotropic or nonlocal, or with different perturbation terms. However, most of
these proofs revolve around the same idea: once the problem of relaxing the mass constraint is
dealt with, one tests the minimality of E against E \ B, (resp. E U B,) for r small enough, so that
one obtains

E(E)<E(E\B,) (resp. E(E)<E(EUB,)). (0.0.24)

Then, if P and V are regular enough one may prove that P(E) and P(E \ B,) (resp. P(EUB,)) and
V(E) and V(E\ B,) (resp. V(E U B,)) coincide up to a small error term. One may thus apply the
relative isoperimetric inequality to E (resp. E€), inject it in (0.0.24) and integrate the resulting
inequality to obtain interior (resp. exterior) density estimates (see [60, Remark 15.16]).

At the end of the second part of this chapter, we establish the connection between generalised
minimisers and p-minimisers. We prove that generalised minimisers of (0.0.7) are p-minimisers
of the perimeter for some p in two different situations: a case where P and V admit volume-fixing

variations and a case where P and V have a scaling property.

Proposition 0.0.12. Assume that the relative functionals of P and V satisfy (S4) and either both
admit a scaling or both admit volume-fixing variations. Then every component of a generalised

minimiser of (0.0.7) is a p-minimiser of the perimeter for an error function p.

The purpose of the volume-fixing variations (or scaling) property is to allow us to compare
the energy E’ with the energy of a set E’ such that E'AE’ is localised in a small ball of R¥.

Eventually, we obtain that E’ is a p-minimiser of the perimeter.

Perspectives

To conclude this introductory chapter, we present several interesting questions that emerged

during the course of this thesis, but remain unanswered or partially answered.

Recall that in Chapter 1 we studied Problem (0.0.1) and proved in Theorem 0.0.3 that there
exists Ay > 0 such that for A < A, the unique minimisers of (0.0.1) are balls. One interpretation
of this result is that when A is small the perimeter is the dominant term and the problem can be
seen as a small perturbation of the isoperimetric problem. One may thus wonder: what happens
when A is large? In this case, the exterior transport cost becomes the dominant term.

In the regime A > 1, the quantitative isoperimetric inequality cannot be used anymore to
show that minimisers are close to balls in C!” norm for any y < 1/2. Thus, Flugede’s results
on quasi-spherical sets are no longer applicable. Let us set @ = 1, so that the regime A > 1 in

(0.0.1) is equivalent to the regime m > 1 in (0.0.5). Note that considering
inf((W5 (E))® : |E| = m) (0.0.25)

to gain insight on the behaviour of solutions of (0.0.1) in the regime of large masses yields an

ill-posed problem. Indeed, let us consider in the case p =d = 2 a set Ey made N balls of radius
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Figure 7: A set Ey made of N balls (in blue) and its corresponding minimiser (in red).

ry (see Figure 7), so that Ntrd, = m. Sending each ball to the annulus of same mass surrounding
it moves mass by at most ry, so that WZZ(EN) < r]%[m = m3/Nm. Letting N — co we obtain that
the infimum in (0.0.25) is 0, so that this problem cannot be used as a reference in the asymptotic
development A = +oco0.

We now take the perimeter back into consideration and compute some asymptotic estimates
for potential minimisers of £ in the regime m > 1. First notice that regarding the set Eyy made
of N ball of radius ry, we have Per(Ey) = N2nr. Additionally, thanks to the computations of
Chapter 3 we know the exact value of a, = W22(Bl). By scaling, if the balls defining Ey are

sufficiently far apart, we have
W3(Ey)=NWj3(B,) = Nr*W3(B;) = Nr'a,.

Using the mass constraint N7tr3, = m to eliminate ry, we obtain regarding the total energy:

E(E,) = 2VNmm+ &

2m2
Nm?’

3..-5/3

optimising this value in N yields that N = a*3773m (assuming that N € R, for the sake of

this estimate). Thus the total energy is of the form

20(1/3 1
£(6) = 2+

]m~ 2.05m. (0.0.26)
73a

1/3
2

Following the heuristics of [70, Section 2], we can exhibit another type of minimisers favoured
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in the regime m >> 1. First notice that formally, W,

» prefers elongated and thin shapes with most

of its mass close to its boundary.

Let us explore the case of a rectangle E of length L > 0 and of width ¢ = m/L. As a candidate
for the minimisation problem defined by W,(E), we consider the set F made of two rectangles
Fy and F, of length L and width ¢/2, placed on each side of E. A possible transport between E
and F is to split E in two lengthwise and send each sub-rectangle of E to F; and F, so that each
point of E travels a distance of /2 (see Figure 8). Thus WZZ(E) ~ m€?/4. Additionally, we have
Per(E) = 2L+ 2¢ = 2L + 2m/L, so that eliminating ¢ yields

2m  m3

E(E)~2L+ —+ —.
(E)~2l+ T+ ip
Let us substitute L = 27%3m in this expression to obtain an expansion of £ of order 1 in m . This
yields
E(E)~ 2% +m (22 +2723)~ 317+ 1.89m. (0.0.27)

For large values of m, the rectangle E is a long thin stripe and the constant term 253 can be
viewed as a boundary effect of the extremities of the stripe.

We may try to eliminate this contribution by folding the rectangle E back on itself: more
precisely, we consider now an annulus A of inner radius R > 0 and width £. Assuming that £ <R,
we have |A| ~ 2R{ = m and Per(A) ~ 4nR. As R — oo, the annulus A will locally resemble a
rectangle, so that we can use a similar transport method on it to ease the computations. We cut
the annulus along its mean radius, and have each point travel a distance approximately equals
to ¢/2 to leave A and join the inner (our outer) annulus adjacent to A. Therefore,

2 3
£(A) ~ 4TR + ng — 47R + # (0.0.28)

optimising this energy in R yields that R = m/(2 - 4!/37t). We then recover the expansion of the

rectangle, minus the constant term 2%3:

E(A)~ (22 +27)m~1.89m,

Let us however point out that this expansion corresponds to the energy of an annulus of infinite
radius. In practice, we expect that the curvature of an annulus of inner radius R > 0 contributes
to its exterior transport energy as a higher order penalizing term. Additionally, notice that
while we underestimate the energy of the annulus in (0.0.28), we overestimate the energy of
the rectangle in (0.0.27). This is a consequence of our choice of exterior transport map: the
optimal exterior transport map would actually send some mass across the two shorter sides
of the rectangle, and not only across its longer sides. We also believe that smoothing the two
shorter sides of the rectangle and turning them into two half disk could further lower, see the
final data of Figure 6 for a possible representation of these sausage-like minimisers.

These considerations lead us to formulate the following conjecture:

Conjecture 0.0.13. There exists m( > 0 such that the minimisers of Problem (0.0.5) stated with
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4
Fy l F,
—_— : _—
—_— i _—

Figure 8: A possible exterior transport map for the rectangle E.

a=1and p =d =2 are balls for m < mg and stadium-like shapes (thin, elongated and with two

axes of symmetry) for m > m.

Let us additionally mention that in the general case, the preferred geometry of the minimisers
should also depend on the valuesof p > 1 and d > 2.

As a closing remark on this topic, let us stress the fact that the analysis conducted in [70] to
obtain a I'-convergence result relied on the geometrical properties of the 1-Wasserstein distance.
More precisely, as in this case the transport cost is the Euclidean distance, it is possible to show
that the optimal transport takes place along segments called transport rays (see e.g. [73, Section
3]) which cannot cross each other. This phenomenon allows for explicit computations in the

case p = 1 but does not occur when p > 1, which heavily complicates the investigation.

Let us now point out some conjectures linked to the numerical computations conducted in

Chapter 3. When we replaced problem in (0.0.1) by

|g|r1fm {Per(E) + W#(E) : E radially symmetric and connected},
we excluded non-connected radial structures, i.e. the reunion of several disjoint annuli, from
our study. Usually, to obtain information on the connectedness of minimisers, a first step is to
establish that m +— e(m)/m is decreasing, where e(m) is the value attained by the infimum in
(0.0.1): this would indicate a preference in the problem for concentration of mass. Unfortunately,
our simulations suggest that this is not the case and that e(m)/m is increasing on a non-empty
interval. Therefore, proving that radially symmetric minimisers are connected is still an open
problem. It is also worth recalling that as of now, we do not believe that minimisers of (0.0.1)
are radially symmetric for large values of m.

Furthermore, it should be noted that the computations of Chapter 3 on the radially symmet-
ric case rely on several conjectures on the external transport functional for the annuli. Recall
that given an annulus A, of mass m and inner radius r,, and outer radius ry; the exterior

transport is determined by the critical radius r. separating the parts of A, that are sent inwards
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and outwards. Notice that the largest possible interior ring for the exterior transport of A, is
the ball B, , which yields the constraint r, < V2r,,. Thus if we define 7y, = min(ry, V2r,,), we
have

W3 (A, ) =inf{t(r.): 1. € [t Fu]},

where 7(r.) is the cost of sending A, toF =A, , UA and the radii s, and sy, are fixed

™™SM?
by conservation of the mass. We have yet to theoretically confirm our numerical observation
that 7 is strictly convex on [r,,7)] and that t’(r,,) < 0. The simulations also suggested that
Ty Wz2 (A,,) was smooth on R, \ rl, where r}, is the supremum of the inner radii ,, such that

the exterior transport of A, completely fills B, : this conjecture could also be investigated.

Lastly, it is worth mentioning that the generalised problem considered in Chapter 4 and
defined in (0.0.6), where P and V not given by explicit formulas but are assumed to satisfy a list
of properties, can be even further generalised. Indeed, we believe that many results obtained in
Chapter 4 could be extended to the case of clusters of R?. Let ] € NU {co} be fixed. We say that
E= (]5]-);:1 is a J-cluster in R? if each E; is a Borel set of R? and |Ej NEj | =0if j; # jo,. We then

set m(E) = (|E]~|)§:1 and

J J
P(E) = %ZP(E]'H%P[UE]'], (0.0.29)

where P denotes a non-explicit perimeter functional. We assume that this perimeter term

competes against a non-explicit perturbative functional of the form
V(E)=V(Ey, Ey, ..., Ey),
so that the total energy of a cluster is given by
E(E) = P(E)+ V(E).

Additionally, we say that (IE?);»; is a generalised cluster in R? if for any i > 1, [E is a J-cluster in
R?. We then define

m ()1 ) = [ZIEiI; e ) JE]

i>1 i>1

 P((E)iz1) =) P(E) and V((E)iz1)= ) V(E).

i>1 i>1

The energy of a generalised cluster is
E((ENiz1) = P((EDis1)+ V ((EDjs1).

Let m = (my, ..., my) with m; > 0 for any 1 < j <] be fixed. We consider the two following
problems

i%f{S(IE) :IE J —cluster, m(E) = m } (0.0.30)
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and

inf {g((IEi)l->1) : (EY);»q generalised ] — cluster, m((lEi)l->1) =m } (0.0.31)
(E9); - N N

Refer to [74] for a study of a three-phase cluster where the energy functional is derived from
Nakazawa and Ohta’s density functional theory for block copolymers. See also [30] for an
investigation of isoperimetric clusters for the fractional perimeter and for V = 0, where existence
of minimisers is shown as well as partial regularity results.

In the very simple case of no interaction between phases in the perturbative term, where

J
V(E)=) V(E)),

j=1

Propositions 0.0.8 and 0.0.9 extend to finite clusters without much modification of the proofs.
We believe that they may be extended to the case of infinite clusters as well. In the case V =0,
these two propositions were obtained for | = oo in [66].

When V cannot be decomposed as a sum of independent terms, our guess is that additional
hypotheses are needed to establish Propositions 0.0.8 and 0.0.9. Additionally, establishing
a version of Theorem 0.0.11 on density estimates for clusters or generalised clusters may be
quite involved. One of the issues is the relaxation of the mass constraint in (0.0.30) or (0.0.31),
even in the case where P and V admits a scaling: indeed, rescaling a given phase may cause
it to overlap on the other phases. The classical strategy is thus to establish what is called a
volume-fixing lemma: this approach was famously applied by Almgren in [3] to the case V =0
to obtain existence and regularity of J-minimising clusters solving (0.0.30) (see also [60, Section
29]). Again, difficulties arise when a given phase E/ for 1 < j <] is totally surrounded by other
phases: if one considers a local perturbation near the boundary of E/ to achieve an arbitrary
(but suitably small) change in the volume of E/, the effect of this perturbation on the energy of
the surrounding phases has to be accounted for. In particular, we expect further complications

when V is not comparable to the perimeter term, i.e. when it is not of the form

V(E) = ZVi,j(EirEj)-

i#]
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isoperimetric problem with a non-local

interaction of Wasserstein type

Abstract. The aim of this chapter is to prove the existence of minimisers for a variational
problem involving the minimisation under volume constraint of the sum of the perimeter and a
non-local energy of Wasserstein type. This extends previous partial results to the full range of
parameters. We also show that in the regime where the perimeter is dominant, the energy is

uniquely minimised by balls.
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1.1 Introduction

In this chapter we consider a variational problem first proposed in [70] as a model describing
the formation of bi-layers cellular membranes. Our first main result is the proof of the existence

of minimisers in every space dimension and for every value of the parameters in the model.

27
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This extends previous results obtained in [13, 77] to which we refer for further motivation of the
problem. Our second main result is a proof of the minimality of the ball in the regime where
the perimeter is dominant. To be more concrete, denoting by W, the Wasserstein distance for
p >1 (see [76]) and identifying a set E C R? with the restriction of the Lebesgue measure to E,
we introduce the non-local energy

W,(E)= inf W,(E,F). 1.1.1
»(E) L »(E,F) ( )
As already noticed in [13], this may be viewed as a projection problem for the Wasserstein

distance (see [36]). We then consider for A, @ > 0 the variational problem

inf P(E)+A[WS(E)]", (1.1.2)

|El=wy
where w, is the volume of the unit ball and P(E) denotes the Caccioppoli perimeter of E, see
[60]. Let us point out that probably the two most interesting cases are « = 1 and a = %. Our first
main result is the following (we use the letter C to denote a generic constant whose value can

change from line to line):

Theorem 1.1.1. Foreveryd >2,p>1, a >0and A >0, problem (1.1.2) has minimisers. Moreover,
there exists C = C(d,p,a) > 0 such that if E = UleEi is such a minimiser with E' the connected

components of E, then

I
. (@-1)(1+p) .
Zdiam(E’) <C(1+2) T and infdiam(E") >
i=1

1

_tp
(1+A) s,

Q-

7d(1+p) . . . .
As a consequence I < C(1+ A) e (in particular E has finitely many connected components).

Notice that we can actually say much more about the regularity of the minimisers, see
Remark 1.3.6. This result was first obtained in the case d = 2 in [13] and then extended to the
case d > 3 in [77] but under the assumption that A is small together with some restrictions
on a. The idea of the proof, which is by now well-established in the context of geometrical
variational problems (see e.g. [49, 55, 43, 67]), is to follow a concentration-compactness type
argument. We first show that thanks to the isoperimetric inequality, lack of compactness for
minimising sequences can only come from splitting of the mass. This leads to the existence of
so-called generalised minimisers (see Proposition 1.3.1). Then, we show following [13], that
these generalised minimisers are actually A—minimisers of the perimeter (see [60]) and therefore
have uniform density bounds. As a direct consequence, we obtain that they are made of a finite
number of uniformly bounded connected components. At this point the proof of the existence
is concluded as in [13] using the fact that the non-local energy W{,] is additive for sets which are
sufficiently far apart.

Our second main result is that if A is small enough then (1.1.2) is uniquely minimised by
balls.
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Theorem 1.1.2. For everyd >2, p > 1 and a > 0, there exists Mg > 0 such that for every A < A, balls

are the only minimisers of (1.1.2).

Remark 1.1.3. Let us point out that if we considered the volume as the relevant parameter and
replaced (1.1.2) by

min P(E)+ [WR(B)]",

then by scaling (see [77]) we would obtain that balls are the unique minimisers for small m if
a (1 + §)+% > 1 (which is essentially the case for which [77] obtained the existence of minimisers)

while balls are the unique minimisers for large m if a (1 + %) + % <1.

Again, this result is neither surprising by its statement nor by the strategy to prove it. Indeed,
following the pioneering work of Cicalese and Leonardi which gave in [28] an alternative proof
of the quantitative isoperimetric inequality, it has been understood that such stability results
may be obtained by combining the regularity theory for A—minimisers of the perimeter together
with a (usually delicate) Taylor expansion of the energy around the ball. This second part of the
proof is often referred to as a Fuglede type argument, see [45]. Let us cite [54, 1, 41, 21, 63] as
a few examples where this strategy has been carried out. The main difficulty here is that our
non-local energy depends in a very implicit way on the competitor. Moreover, as opposed to
[1, 63, 50], the underlying PDE is non-linear (namely the Monge-Ampére equation) making it
very difficult to use standard tools from shape optimisation such as shape derivatives. We go
around this difficulty by plugging in the dual formulation of optimal transport the Kantorovich
potentials corresponding to the ball. This yields the estimate

Proposition 1.1.4. There exists C = C(d,p, ) > 0 such that for every set E such that |E| = |B;| and
JE ={(1+f(x))x : x€ JdBy}

for some f : dBy > R with ||f]e < 24 -1,

Wi -pviE)] <c| £~
9B,

Related results in the literature. In the footsteps of [54] there has been an intense research
activity around isoperimetric problems with non-local interactions. Probably the simplest and
most studied one is the Gamow liquid-drop model where the non-local part of the energy is
given by a Riesz type interaction energy. For this model, it has been shown that generalised
minimisers exist and are balls for small volume (see [54, 41, 21, 67] and the review paper [26]).
However, as opposed to our setting, it has been proven for the liquid-drop model that under
some restrictions on the parameters, classical minimisers do not exist for large volumes (see [54,
44]). This is due to the long-range nature of the interactions induced by the Riesz kernel (in
comparison with Proposition 1.2.2). Indeed, for compactly supported kernels it is shown in [72]

that minimisers exist for all volumes (see also [68]).
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1.2 The non-local energy

In this section we gather a few useful results about the energy W, defined in (1.1.1). Most of
these results were obtained in the case of bounded sets in [13, 77] but often with quite different

proofs. We start with the well-posedness of (1.1.1) (see [77, Lemma 4.3] for comparison).

Proposition 1.2.1. There exists C = C(d,p) > 0 such that for every set E C RY,

W, (E) < CE|»*1. (1.2.1)

p

Moreover, if |E| < oo, the minimisation problem (1.1.1) is attained by a unique minimiser F and if 7

is an optimal transport plan'for W, (E, F), we have the estimate
|x—y|§C|EI% for m—a.e. (x,9). (1.2.2)

Proof. We may assume without loss of generality that |E| < co otherwise there is nothing to
prove. By scaling we can further assume that |E| = 1. In order to prove (1.2.1), we will construct
a partition (E;);>; of E such that each E; can be transported with a well-controlled cost. To this
aim, consider a partition of R? into cubes (Qi)i>1 of sidelength ¢ = 2174 Since |E| = 1, if we
define E; = EN Q; we have |E;| <|Q;|/2 for every i. Therefore we can find a set F; C Q; such that
|[ENF;| =0 and |F;| = |E;|. If T; is the optimal transport map (in fact any transport map would
work) from E; to F; we have

sup|T; —x| < C.
E:

i

Finally, consider F = U;F; and T the map whose restriction to each Q; is T;. The map T is a

transport map from E to F and

W, (E) < W,(E, F) < ( ZL IT; - xIP ),, <C.

i>1
This proves (1.2.1).

Existence and uniqueness of a minimiser F for (1.1.1) follows from [36, Proposition 5.2]
(which is stated for p = 2, but generalises easily to any p > 1) with f = xg. and Q = IR?. Moreover,
as a consequence of [36, Proposition 5.2] we have

%(E) = iI}‘}f{Wp(E, i) : p absolutely continuous, and 0 < p < XEC} =W,(E). (1.2.3)

and xp is also the unique minimiser of ’VT/;(E). Let 7 be an optimal transport plan for W,(E, F)
and let us show (1.2.2). For this we adapt the proof of [77, Lemma 4.3] to the case of plans
instead of maps. Letting

I'={(x,y) esptr : [x—y[>C}

for p > 1 we know from [76, Theorem 2.44] that 7t is unique and is induced by a map but for p = 1, since we do
not assume finite moments for E it does not follow from [76, Theorem 2.50].
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let us show that for C large enough, 7(I') = 0. Assume that it is not the case and let R be such
that |[Bg| = 3. Then, there exists x € R? such that m = 7(I' N (Bg(x) x R?)) > 0. Without loss of
generality we may assume that x = 0. Let Ttpag = X1 (Bpxr4)7C- Since |Bg|—|E[-|F|>1>m >0,
there exists < xp,(1 — xg — x¢) with ;7(1Rd) = Ttpadg(RY x R?). Finally let 6 be the first marginal
of Ttp,q and set

- 1 -
7T=7T—ﬂbad+a9®ﬂ-

It is readily checked that the first marginal of 7 is xr and that its second marginal y satisfies
p < xge. We thus have on the one hand by definition of T

W,f(E,F)zf |x —y[Pdmc+mCP.
(CN(BgxRY))e

On the other hand, by minimality of F for W;,(E),

W,f(E,F)SWIf(E,y)SJ |x —yPdrc+m2PRP.
(PN(BrxRY))®

This implies C < 2R and concludes the proof that (') = 0 if C is large enough.
O

We now turn to the super-additivity and lower semi-continuity of W, (compare to [77,

Lemmma 4.4]).
Proposition 1.2.2. We have:

(i) If E and E’ are disjoint sets then
WH(EUE') > WH(E)+ WS (E). (1.2.4)
As a consequence, if E C E" then W,(E) < W, (E’);
(ii) There exists C > 0 such that if
d(E,E’) > Cmax(|E|7,|E'|7),

then
WH(EUE') = W5 (E) + Wh(E);

(iii) If E, converges in Llloc to E then

Wp

(E) < liminf W, (E,). (1.2.5)
n

Proof. To prove (i), let F be the W,-minimiser for E U E’, and 7 be an optimal transport plan

from EUE’ to F. Let ug be the second marginal of xg,ge7 and pg be the second marginal of

XE'xRdTC. By definition pg is F)/\\/;—admissible (recall (1.2.3)) for E. Moreover, xpxgrd T is an optimal
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transport plan between E and pg. The corresponding statement also holds for E’ instead of E.

Therefore, appealing once more to (1.2.3),

WR(E)+ Wy (E) < WS (E, pg) + Wy (E', ppr) = j x—ylP dme =Wy (EUE).
(EUE")xR¢
Property (ii) is a direct consequence of (1.2.2). Indeed, if F and F’ are the W,-minimisers
for E and E’, by (1.2.2), (EUF)N(E’UF’)| = 0 so that F UF’ is admissible for E U E’ which gives
Wh(EUE’) < Wy (E) + WE(E').

We finally prove (iii), and consider a sequence (E,),>; that is LllOC converging to E. For every
R>0set Eg, = E, N By so that Eg , converges in L' to Eg = E N Bg. Using the continuity of W,
with respect to weak convergence, (1.2.2) and (1.2.3) it is not hard to check that W, is lower
semi-continuous with respect to L! convergence (in Lemma 1.2.4 below we will actually prove a
much stronger result). Since by (1.2.4), W, (Eg ) < W, (E,) we have

Wy (Er) < ligngP(ER,n) < ligglf)/\/p(En).
Since Eg converges in L! to E as R — oo, using once more the lower semi-continuity of W, for
this convergence we conclude the proof. ]

Remark 1.2.3. Let us point out that for every set E with |E| < oo, since ENBy converges in L! to E
as R — oo, we have by lower semi-continuity and W, (E N Bg) < W,(E) that limg_,.o W,(ENBg) =
Wy (E).

We then prove that Wg is Lipschitz continuous with respect to L! convergence. This is a
crucial ingredient in order to obtain the A—minimality property of generalised minimisers. See

[13, Lemma 4.5] or [77, Theorem 5.4] for comparison.

Lemma 1.2.4. There exists a constant C = C(d, p) > 0 such that for any Lebesgue sets E,E’

WP (E)=WE(E')| < C(IE|7 + |E|7)|[EAE’). (1.2.6)

Moreover, there exists C = C(d, p, ) > 0 such that for every family of sets (E)isq and ((E'))is1,

HZW!J (E))| - [XW}J((E')H ) WHE) =) WE(EY)

o

< CMyy . (1.2.7)

where
a-1
’

a—1
My = max[[ZWg(Ei)] ZW};((E’)i)] ]

Proof. We start with the proof of (1.2.6). Thanks to Remark 1.2.3 we may assume that E and E’
are bounded sets. By symmetry of the roles of E and E’, it is sufficient to show that

WE(E') - WE(E) < CIE'|7|E’\ E|. (1.2.8)
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By scaling we may assume that |[E’| = 1. Let F with |E N F| = 0 be such that WP(E) = Wf(E,F).
Let Tr be an optimal transport map from E to F (which exists by [76, Theorem 2.44 & Theorem
2.50] since E and F are bounded), and denote Tr = Ty ! which is an optimal transport map from
F to E. We define F = F\ E/, set F~ = Tg(E’) N F and decompose E’ as

E' = (E'nTe(F)) U (E'\ Te(F))

so that Tg(E’ N Tg(F)) = F~. Our goal is now to construct a set F* C (E’"UF~)° and a map T™

from E’\ Tg(F) to F* with controlled transport cost. We proceed as in the proof of (1.2.1) and
consider a partition of R? into cubes (Qi)i>1 of sidelength ¢ = 31/4 We thus have for everyi>1,

1Qil = IE"N Qi = [F" N Qi| > |E"\ Tr(F)I.

Therefore, for any i > 1, there exists F; € Q; N (E’ U F~) such that |F;| = |(E’\ Tp(F)) N Q;| and an
optimal transport map T; from (E’\ Tx(F)) N Q; to F;. We set F* = U5 F; and define T from

E’\ Tg(F) to F* by setting its restriction on any Q; to be T;. By construction,

sup |T"-x|<C.

E\Tx(F)

We can now set T = Tgon E'NTg(F)and T = T* on E’\ T¢(F) and obtain

W,’,’(E')—W,’,’(E)sf ITE—xIP+j IT* —x|P - W5 (E)
E'NT;(F) E\Ty(F)

< J T —xfP
E'\Tg(F)

< CIE"\ T(F)L.

We finally observe that

|E’\ Te(F)| <|E”\ E| + |[E\TE(F)|
= |E"\ E|+|E| - |[F\E'|
<|E"\E|+|E'NF|
<2|E’\E|.
This proves (1.2.8).

We now turn to (1.2.7). For this we simply use the fact that there exists C = C(a) > 0 such
that for everya>0and b >0

la® — b%| < Cmax(a®L, 6% Y)|a—b).

O]

From (1.2.7), we see that in order to obtain a good Lipschitz bound for E — [Wg(E)]a when
a <1 (recall that we are particularly interested in the case a = % < 1), we will need a control
from below on the transport term. This is obtained through the following interpolation result
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between the perimeter and W,. This result may be seen as a particular case of the more general
estimate obtained in [23]. However since in this setting the proof is very elementary we decided

to keep it.

Proposition 1.2.5. There exists a constant C = C(d) > 0 such that for every family of sets (E');s; we

1 1+7
(ZW{;(F)] (ZP(E’))ZC Z|Ei|] (1.2.9)

Proof. Since by Holder inequality, W (E) < WP(E)|E|1_115, using Holder inequality once more for

have

the sum we see that it is enough to prove (1.2.9) for p = 1. Let E be a set of finite perimeter and
volume. We will first show that there exists C = C(d) > 0 such that

Wi (E) > Cr(|E| - CrP(E)). (1.2.10)

Take 7 a standard mollifier, rescale it by setting #,(x) = r%#(x/r) and consider ¢, = 1, * xg.

Using Young'’s inequality, we have

|V¢)r|oo < |XE|00|V17r|1 < Cr_l.

Therefore, by Kantorovich duality for W;, we obtain using F C E,

Wi(E) = Wi (E,F) = sup fl,b(m Cxp)® CJr@(xE xp)® Crfcpr(m ~xpe)

[Vip|<1

[ owe=1e1- [ @1-x0 =181~ [ 9o,

Wi (E) > Cr(|E| _ 2f¢rm).

Since f(j)r =|E|,
so that

We now re-express the term J(PrXEc in order to bound it by the perimeter of E :

f PrXEe = ﬂ 1y = X)X (X)X e (v) dxdy
= % Jf 1(x=y)xe(x) — xe(y)ldxdy
=5 || et xste+ 2ana
< CPE) [ k)

< CrP(E).

This proves (1.2.10).
Let now (Ei)izl be a family of sets and let us show (1.2.9). We may assume that ) ; P(EH+|E!| <
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oo since otherwise there is nothing to prove. Summing (1.2.10) over i > 1 yields
Y Wi(E) > Cr( Y IE]|-cCr ZP(Ei)).
i>1 i>1 i1

We conclude the proof by taking ‘
Lixi [E'|
Yix1 P(E)

with € chosen small enough so that eC < 1/2. O

7

1.3 Existence of minimisers

In this section we prove Theorem 1.1.1. As already explained in the introduction, we will first
prove the existence of generalised minimisers and then prove that they are A—minimisers of the
perimeter to obtain a bound on their diameter which readily implies the existence of minimisers

in a classical sense.

1.3.1 Existence of generalised minimisers

We start with some notation. For a set E we define the energy (we keep the dependence in p and
a implicit)
a
EA(E)=P(E)+ A[WE(E)]".

We call a family E = (E');>; a generalised set and define the generalised energy as

E\(E) = ZP(Ei)Jr A[ZW,’,’(EZ’)

We say that E is a generalised minimiser if Y ; |E’| = w, and

EAE) = inf{gA(E') : Zl(E’)i| = wd}-

Proposition 1.3.1. Foreveryd >2,p>1, a >0and A > 0, there exists generalised minimisers and

24

(1.3.1)

1

inf{£,(E) :|E|:wd}:inf{g/\(f) : Z|E"|:wd}. (1.3.2)

Proof. We start by pointing out that using Proposition 1.2.2 and a simple rescaling argument
(see for instance [77]), it is not hard to modify a generalised minimising sequence into a classical
minimising sequence so that (1.3.2) holds.

By (1.3.2), in order to prove the existence of a generalised minimiser we can consider a
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classical minimising sequence (E,),>; such that

lim €)(E,) = 1nf{g/\ Z|E |= a)d}

We now follow relatively closely the proof of [49, Theorem 4.9]. We first notice that using the
unit ball By as competitor, we may assume that £,(E,) < €,(B1) < C(1+ A). For every n>1, let
Q,.; be a partition of IR? into disjoint cubes of side-length 2 and such that

n,i :|£21r1c2mi

is a decreasing sequence in i. By the relative isoperimetric inequality we have

Z’“ZT; <C ZP(EW Qu,i) = CP(E,) < C(1+A).

i

Since ) ;m, ; = w;, we have for every I > 1, and every i > 1, m, ; <m, | < wy/I and thus

Zmn, Z’dem1 <CI” dZde C(1+M)I™

i>I i>I i>]

This proves uniform tightness of m, ; and thus up to extraction we may assume that for every
i, my,; — m; with ) ;m; = w;. Let now z,,; € Q, ;. Up to a further extraction we may assume
that for every i,j, |z,; -z, ;| = ¢ij € [0,00] and E,, — 2,,; — E'in Lllac(]Rd) We now introduce an
equivalence class by saying that i ~ j if ¢;; < co and denote by [i] the equivalence class of i.

Notice that if i ~ j, E and E/ coincide up to a translation. For every equivalence class [i] let

E:ani]: E:Lnu = wy.
[1] i

By the Lll »c convergence of E, —z,; to E i and the definition of the equivalence relation, we have

m;) = )_je[i)M; so that

for every j € [i], |[E/| = my;). Up to a relabeling we may now assume that there is a unique element
E' in each equivalence class. We have thus constructed a generalised set E= (Ei)izl such that
Y . |E| = wy. We are left with the proof of

E\(E) <liminf&,(E,) = mf{sA Z'E |—wd} (1.3.3)
n—00

To this aim let I € N. And let z,,;,---, 2, be as before such that E, -z, ; converges to E' and
|2,i = zy,j| = c0oas n — oo if i # j. For every R > 0, if n is large enough, min,,;|z,; — z, ;| > 4R.

Therefore, the co-area formula yields

I 2R I
B> ) IEu0 (Banss 2R\ Blays R = [ ) 1B, 0 9B, ),
i=1 i=1
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By the mean value theorem, we can thus find R, € (R, 2R) such that

- C
) HU(9BR,(20,) NEy) <

i=1
We now define E/Rn = (BRr, (2zu,i) N E,) — 2,,; so that on the one hand,
I

ZP(Ei'R") <P(E,)+

i=1

¢ (1.3.4)

and on the other hand by (1.2.4),

1
Zw{,’ (E"Re) < W) (UL, B, (2,1) N E) < WH(E,).
i=1

From the bound (1.3.4), we conclude that up to extraction, E"®» converges in L! to a set E'"R

as n — co. Moreover, from the LZ1 oc

E"R converges to E? in L! as R — co. We thus conclude that by lower semi-continuity of the

convergence of E,, -z, ; to E' it is not hard to see that also

perimeter and (1.2.5) that

iP(Ei’R)+/\(iW5(Ei’R)] <liminf (P(E,) + A[W} (E ]"‘)+%

n—>00
i=1 i=1

Letting then R — oo and finally I — co we conclude the proof of (1.3.3). O
Before proceeding further let us study the scaling of the energy.

Proposition 1.3.2. For every fixed d > 2, p > 1 and a > 0, there exists C = C(d,p, ) > 0 such that
for every A >0,

1 1
C(l+)\)1+ap < inf &,(E)<C(1+ )T, (1.3.5)

|El=wq

Moreover, if E = (E');>1 is a generalised minimiser, then

Z(1+ AT <ZP )< C(1+A)Te (1.3.6)

(')

and
(1+A) 1+ap<ZWp )< C(1+A) T (1.3.7)

Q=

Proof. Let us first consider the case A < 1. Using the ball By as competitor and the isoperimetric

inequality we have for every generalised minimiser E,

1)+A[lZW}§(] zp +/\[ZWP

< P(By)+ AW (By)].
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From this combined with the isoperimetric inequality we obtain (1.3.5) and (1.3.6) together
with ) ; Wﬁ(Ei) < W;;(Bl). To obtain the first inequality in (1.3.7) we combine (1.2.9) with
Y .P(E')<C.

Let now A > 1. We consider the competitor made of N balls E? of radius r so that the
constraint Y . |Ef| = w, translates into N7? = 1. The energy of such a competitor is such that

E\E)<C(r "+ ArPe).

minimising in r by choosing r = AT (which is admissible since the corresponding N is large)
gives the upper bounds in (1.3.5), (1.3.6) and (1.3.7). Using (1.2.9) we see that the upper bound
in (1.3.6) gives the lower bound in (1.3.7) and vice-versa. These lower bounds then also imply
the lower bound in (1.3.5). O

1.3.2 Quasi-minimality properties of generalised minimisers

As in many similar variational problems, in order to prove a quasi-minimality property, it will
be convenient to relax the volume constraint. To this aim, for A > 0 and E a generalised set we

introduce the penalised energy

EA,A(E):ZP(EZ')M{ZW};(EZ ZlEil—wd.

We start by proving that if A is large enough, then every generalised minimiser is also an

+A

unconstrained minimiser of £ 4.

Proposition 1.3.3. There exists C = C(d,p, a) > 0 such that for every A >0, if A > C(1 + /\)ﬁ then

every generalised minimiser of (1.3.1) is also a minimiser of £, A.

Proof. Let Cy to be fixed below and assume that A > Cy (1 + /\)ﬁ. By (1.3.5), if there exists E

such that
En(E )<1nf{§A Z| |—wd}

we must have

<C(1+A)T, (1.3.8)

AY_IE -
i

and Y, |E'| # wy. Let

=

il

1

so that tE = (tE');»; satisfies Y ;|tE| = wy. From (1.3.8), we see that t = 1 + ¢ with || <
1
CA~1(1+ A)Te. By hypothesis we have

o
EaE) <E\(tE) = 1+sdlzp )+ A1 + &)d+p)a [ZW” ]
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By Taylor expansion we have for A > C(1 + /\)ﬁ,

Zp +A[pr

This gives the bound A < C (1 + /\)ﬁ which yields the conclusion provided Cy > C. O]

Ae < Ce

]<Ce(1+/1)1+lap.

Combining Lemma 1.2.4 together with Proposition 1.3.3 we may now prove that generalised
minimisers are A—minimisers of the perimeter. We point out that a related quasi-minimality

property was derived in [13, Theorem 4.6].

Proposition 1.3.4. There exists C = C(d,p,a) > 0 such that if A > C(1+ /\)11%!’, every generalised
minimiser E = (E');»; of £, is a A—minimiser of the perimeter in the sense that for every i > 1 and
every set E C R?,

P(E') < P(E)+ A|E'AE]. (1.3.9)

Proof. Let Ag = C(1+ /\)ﬁ be such that Proposition 1.3.3 applies and let E = (E?);»; be a
generalised minimiser of £,. Without loss of generality, let us prove (1.3.9) for E'. Using as

competitor E x (Ei)izz for g/\,f\o we find after simplification that

WE(E)+ ) WHI(E ] - ZW{J(E’)

i>2

P(EY) < P(E )+/\[ +Ag|EYAE| (1.3.10)

Notice that we can now assume that
Wi (E) > Wi (E') (1.3.11)

since otherwise we can already conclude that (1.3.9) holds. Moreover, (1.3.6) implies in particu-
1
lar that P(E') < C(1 + A)™@ so that we can assume that

IE'AE| < CA™Y(1+ A)T% < C(1+ A) Tes,

which in particular yields |[E!| < C. From (1.2.6), this implies that we can work under the

assumption
(1.3.7)
WE(E) <WH(EN) +C(1+A) nw < C(1+A) T, (1.3.12)

Combining (1.3.10), (1.2.7) and (1.2.6) we find
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P(EY) SP(E)+)\max[

a-1 a-1
ZW{,’(EZ’)J ,[Wﬁ(E)+ZW5(Ei)] ]|E1AE|

i>2
+ Ay|E'AE|
(1.3.11)&(1.3.12)&(1.3.7)
< P(E)+C(/\(1+)\) = +(1+A)1+ap)|E AE|

1+
< P(E)+ C(1+ A)"|E'AE|.

This proves (1.3.9). O

As a direct corollary we obtain uniform density estimates for generalised minimisers (see
[60, Theorem 21.11]).

Proposition 1.3.5. There exists C = C(d,p,a) > 0 such that if r <C(1 + A)fl%pp, every generalised
minimiser E = (E')is; of Fé’} satisfies for every i and every x € OE' (here JE' denotes the measure-
theoretic boundary of E')

IE' N B(x,7)| > %rd. (1.3.13)
As a consequence, up to relabeling, we have E = (Ei)f:1 where for every i, E' are compact connected
sets such that H*1(dE’) = P(E'). Moreover, there is a constant C = C(d,p,a) > 0 such that

(d-1)(1+p) 1 1p
Zdlam )<C(1+A) " and mindiam(E’)> ST, (1.3.14)

1

As a consequence I < C(1 + )\)%.

Remark 1.3.6. Let us notice that the regularity theory for A—minimisers of the perimeter gives
us actually much more. Denote by 0*E the reduced boundary of E (see [60]) and ¥(E) = JE\J*E.
Then if E is a A—minimiser of the perimeter, d*E is C'"? for every y < 1/2 and ¥(E) is empty if
d <7, an at most finite union of points if d = 8 and satisfies H*(X(E)) = 0 for every s > d — 8 if
d > 9. For classical or generalised minimisers of our energy we expect higher regularity to hold

but this goes beyond the scope of this chapter.

Proof of Proposition 1.3.5. By Proposition 1.3.4, there exists A = C(1 + /\)l%pp such that every
generalised minimiser E= (E');>; is a A—minimiser of the perimeter. By [60, Theorem 21.11],
(1.3.13) holds as long as Ar < 1. This proves the first part of the claim. We can further make the
identification

E'={xeR? : lilrlliglflEi N B(x, )| > 0}

so that thanks to (1.3.13), E’ are closed sets with H9~1(9E?) = P(E?). By (1.2.4) we may further
assume that each E' is connected. Fix now r such that Ar = 1/2. By Vitali’s covering Lemma,

for every i let xy,---,xy. € E' be such that E' c U?]:"lB(xj,r) and B(x;,r/5) are pairwise disjoint.
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Using (1.3.13) we have N; < Cr~?|E’|. Since diam(E’) < CrN; we have
. i —(d—l) (d=1)(1+p)
Zﬁmmw)SCr <C(1+A) T

i

This proves the first part of (1.3.14). The second part follows from diam(E’) > C|E/|'/ > Cr
which is a direct consequence of (1.3.13). O
1.3.3 Proof of Theorem 1.1.1

We may now conclude the proof of Theorem 1.1.1 and show the existence of (classical) minimis-
ers for (1.1.2).

Proof of Theorem 1.1.1. For every fixedd >2,p>1, @ >0and A > 0, Proposition 1.3.1 gives the

existence of a generalised minimiser E= (E*);»1. We thus have by (1.3.2),

(d-1)(1+p)

Thanks to Proposition 1.3.5, if R = C(1 + 1) "% with C > 0 large enough, then E = (Ei)ll:1
with I < R#T and for every i <1, E; is a connected compact set with Zle diam(E’) < %R. Let

(e1,---,e4) be the canonical basis of R? and define the set
E =Ul_,(E" + Riey).

By Proposition 1.2.2, if C is large enough, Wg(E) =) Wg(Ei). Since E are pairwise disjoint we
also have P(E) = Y, P(E') (and |E| = ¥; |E'| = w,) so that

EAB:E:NEU+4::WQE)

Therefore E is a minimiser of (1.1.2) and the proof is complete. O

a
U232 inf £,(E).

|El=wq

1.4 Minimality of the ball when the perimeter is dominant

We now turn to Theorem 1.1.2 and prove that for small A the unique minimisers of (1.1.2) are
balls. We first show that for A small enough, up to a translation, every minimiser of (1.1.2) is a
small C"¥ perturbation of the ball B;.

Proposition 1.4.1. For every d > 2, p > 1, a >0, y € (0,1/2) and € > 0, there exists Ay =
Ao(d,p,a, v, ¢€) such that for every A < Ay, up to translation, every minimiser E of (1.1.2) is nearly
spherical in the sense that its barycentre is in 0 and there exists f : By — R with ||f||cLy < € such
that

JE ={(1+ f(x))x : x € JBy}.
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Proof. The proof is quite classical and mostly rests on the (uniform in 1) A—minimising property
of E. Let E, be a sequence of minimisers of (1.1.2). For fixed y € (0,1/2) we aim at proving that
up to translation E, converges in C1'? to B;. We start by noting that using B; as a competitor

together with the quantitative isoperimetric inequality we have up to translation,
a a a
|[EAABy > < C(P(E)-P(By)) < CA([Wh (B)] = [WE(E]") < cAwi(B)] (1.4.1)

Therefore E, converges in L! to By. It is now a classical fact that if a sequence of A—minimisers
converges in L! to a smooth set then the whole sequence is actually smooth (with the notation
of Remark 1.3.6, X(E,) = 0) and the convergence holds in C!'7 (see e.g. [28, Lemma 3.6]). As a

consequence the barycentre of E, also converges to 0 and the proof is concluded. O

We now recall that for nearly spherical sets, it was shown in [45] that there exists C = C(d) > 0
such that

f?<C(P(E)-P(By)). (1.4.2)
9B,

Moreover, Proposition 1.1.4 states that for such sets we also have

Wi -[WiE)| <c N 2, (1.4.3)

Postponing the proof of (1.4.3) to the next section we may conclude the proof of Theorem 1.1.2.

Proof of Theorem 1.1.2. By Proposition 1.4.1, if A is small enough then every minimiser E of
(1.1.2) is nearly spherical. Arguing as in (1.4.1) we have

(1.4.2) o o (1.4.3)
2o cPE) -PBY) <CA(VB)] -WEET) < ca| £
which implies that if A is small enough, f = 0 and thus E = B;. O

1.4.1 Proof of Proposition 1.1.4

We start with a few simple facts about W,(B;). We let A = B,12\B; be the annulus of volume
wy around By. With a slight abuse of notation, we will write ¢(x) = ¢(|x|) if ¢ is a radially

symmetrical function.
Lemma 1.4.2. We have the following properties:
(i) The minimiser F of (1.1.1) for By is A;

(i) The map

T(x)=(1+ |x|d)5 % (1.4.4)

is an optimal transport map (the unique one if p > 1) between By and F;

(iii) the corresponding Kantorovich potentials (¢p, ) are radially symmetric and r — 1(r) is increas-

ing. Finally, (¢, ) are locally Lipschitz continuous.



1.4. Minimality of the ball when the perimeter is dominant 43

Proof. We start with (i). By Proposition 1.2.1, let F be the unique minimiser of (1.1.1) for By, so
that W,(By) = W, (By, F). If Ris any rotation of R, since W, (R(By), R(F)) = W, (B1, F), we see that
R(F) is also a minimiser of (1.1.1) for B;. By uniqueness we have F = R(F) and thus F is radially
symmetric. Let us now prove that F = A. We denote by T an optimal transport map from B; to
F. For y € F let x € By be such that T(x) =y. Applying [36, Lemma 5.1.] with f = xp¢ yields that
XF = xps on B(x, [y — x]). By the radial symmetry of F, we obtain that By, \ B is included in F.
Since this is true for every y € F we conclude that F = A.

Regarding (ii), we note that T defined in (1.4.4) is the unique radially symmetric map (in
the sense that T(x) = f(|x|)ﬁ) which solves detVT =1 and f(0) = 1. Let us argue that T is
c—cyclically monotone for the cost c¢(x,y) = [x — y|P and thus an optimal transport map between
any bounded radially symmetric set E and T(E) (see [76, Definition 2.33 & Remark 2.39]).
This follows from the fact that f(r) = (1 + %)/ is monotone on IR* and thus also c—cyclically
monotone on R* (as these two notions coincide for convex costs in dimension one) so that for

every xq,---, Xy, using the convention x( = x;

I

1
Y ITG) =il =) If () =il
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Notice that the inverse map T~ : B{ — R is given by

1

1 d y
T (v)=|(ly|" - 1) =,
(¥) (y o]
As for (iii), we argue a bit differently for p > 1 and p = 1. Let us start with the easier case
p = 1. Denoting ¢(x) = —|x| we have that ¢ is 1-Lipschitz, radially symmetric and decreasing

(and thus 1 = —¢ is radially symmetric and increasing) and satisfies for x € IR?

¢(x) = (T (x)) = T (x)| - x| = |T(x) - x| (1.4.5)

so that (¢, —¢) is indeed a couple of Kantorovich potentials. As a side note, it is easily seen from
(1.4.5) that on the one hand, up to a constant ¢ is the unique Kantorovich potential and on
the other hand that every optimal transport map must be radially symmetric (there is however
no uniqueness of the optimal transport map). Note also that the validity of (1.4.5) gives an
alternative proof of the optimality of T when p = 1.

For p > 1, we first argue that ¢ is radially symmetric and decreasing. For this we use that by
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[73, Theorem 1.17], if we let h(z) = |z|P, then the unique Kantorovich potential ¢ is given by

V() = Vh(x~T() = =p (1 +1l")? ~[xl)" = = ¢'(le) -
with ¢” < 0. Now since ¢ and 1 are c—conjugate, we have
Y(y) = infllx -y’ - p(x)] (1.4.6)

from which we deduce that also 1 is radially symmetric. Arguing exactly as for ¢ but with
T replaced by T~! we see that ¢ is increasing on B{. In order to conclude that ¢ is in fact

increasing on IR? we will prove that for y € By,

() =yl — (0) (1.4.7)

or in other words that (1.4.6) is attained at x = 0. We first point out that (1.4.7) holds for |[y| =1
since T~(y) = 0 and thus by definition of Kantorovich potentials

$(0)+ P (y) = ylF.

We also observe that since ¢ is decreasing, for every y € R the optimal x in (1.4.6) must satisfy
|x| <|y| (and x = |x|y/|y]). Fix now y € By and let x be such that

P(y) =1y —xI - P(x).

Let y = y/|y| € dB;. Using x as a competitor in (1.4.6) for § we have

P(7) =1-¢(0) < (1= [x)P = Pp(x).

Using now 0 as competitor in (1.4.6) for y we also have

(191 = 1x)” = p(x) < [y” - p(0)

so that
1= (1= |x])P < ¢(0) = p(x) < [ylP = (|yl = |x[)".

However the function t — tP — (¢ — |x|)P is increasing in [|x], 00) so that we reach a contradiction
unless x = 0.

To conclude, the local Lipschitz continuity of (¢, ¢) is standard, see [76, Proposition 2.43].

O]

In order to prove (1.4.3) we will need the following simple result.

Lemma 1.4.3. Let ¢ be a radially symmetric and increasing function and let E C Byia with |E| = wg.

Then
inf{f Y : [FNE|=0and|F| = a)d} :J P. (1.4.7)
F-A\Jr B,i/a\E
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Proof. We first show that for any r > 0,

min =] v
R N

Since 9 is radially increasing we have

For E with |E| = |B,|, we write

inf ¥ > ¥(r) > sup .
E\Brll’ P(r) Br\gyb

Ll,b—Lrgl)ZO

Using |E\B,| = |B,\E|, we find

and thus (1.4.8) holds.

(1.4.8)

Now if E C Byiu with |E| = wy, for every set F with |[FNE| = 0 and |F| = |E| = w,, we have

|E U F| = |Byia| and thus

A K s K B

which is the desired conclusion.

We may now prove Proposition 1.1.4.

Proof of Proposition 1.1.4. We may assume that W, (B;) > W, (E) since otherwise there is nothing

to prove. Using (1.2.7) we see that it is enough to prove the estimate for @ = 1, that is

W5 (By)-WH(E)<C o 12

(1.4.9)

Let (¢, 1) be the Kantorovich potentials associated with W,(B;,A) and recall that by Lemma
1.4.2, ¢ is radially symmetric and increasing. By hypothesis, E C B,i4. For every admissible

competitor F for W, (E) we have by duality

W, (E,F) > L¢+Llp.

Taking the infimum over F we get

(1.4.3)
W};(E)Z.fq[ﬂrinf{J-lp:|FﬂE|:Oand|F|:wd} > J-(P+j Y
E F F E B,1/a\E
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Therefore,

WE(By) - WE(E) < B ¢+L¢—L¢—Lﬂ/d\E4}
=JL<¢—¢)—L<¢—¢)

=QBI\E<¢—¢>—L\BI<¢—¢).

We may now argue as in [54, Proposition 6.2]. We let ¢ = ¢(1) — ¢(1) and use that ¢ and ¢ are

Lipschitz continuous in a neighbourhood of dB; to infer

LI\E((’)“”)‘L\BI(“’—‘P):Ll\Ew—np)—c]—L\Blw—tp)—c]

~
<C 1 =[xl
JB,AE

r f(x)
<C J tdtdH* ! (x)
JdB; JO

(

<c| r=

JdB,

This concludes the proof of (1.4.9).



Chapter

An exterior optimal transport problem

Abstract. This chapter deals with a variant of the optimal transportation problem. Given
f e L'(IR%,[0,1]) and a cost function ¢ € C(R? x R¥) of the form c(x,) = k(y — x), we minimise
fcdy among transport plans y whose first marginal is f and whose second marginal is not
prescribed but constrained to be smaller than 1 — f. Denoting by Y(f) the infimum of this
problem, we then consider the maximisation problem sup{Y(f): [ f = m} where m > 0 is given.
We prove that maximisers exist under general assumptions on k, and that for k radial, increasing

and coercive these maximisers are the characteristic functions of the balls of volume m.
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2.1 Introduction

In this chapter, we study the optimisation problems associated with functionals which favour
dispersion and are based on some Wasserstein energies. These functionals correspond to the
non-local term of the energy studied in [19, 13, 70, 77, 64]. Our main result is that for a
very large class of radial costs, balls are the unique volume-constrained maximisers of these
functionals. This confirms that they enter in strong competition with their perimeter for which

balls are volume-constrained minimisers.

We denote by M, (R?) the set of positive Radon measures on R?. Given a cost function ¢
and p,v € M, (R?), we let 7.(u, v) be the c-transport cost between y and v (see Section 2.2 for
the exact definition of 7;). Given a measurable set E c RY with finite volume, we consider the

optimisation problem
Yiet(E) := inf{TC(E,F) :FcR? Lebesgue measurable, |[F| = |E|, |[FNE| = O} (2.1.1)

where we identify E with the restriction of the Lebesgue measure on E. Given m > 0, we

introduce the maximisation problem

Eset(m) := sup Yot (E). (2.1.2)
|El=m
The main goal of the chapter is to investigate the existence of maximisers for this problem and
to characterise these latter.

If we apply the direct method of the Calculus of Variations, we obtain that, up to extraction,
any maximising sequence E, converges weakly to some function u., € L' (R%,[0,1]). However,
there is no guarantee at this point that u., is a characteristic function or has mass m. Our
strategy is to extend the functional Yy, as a functional Y defined on L!(R%,[0,1]). Applying the
bathtub principle (see Proposition 2.4.11) to a maximiser of the relaxed problem, we show that
the supremum in (2.1.2) is actually reached (see Corollary 2.1.2). This relaxation approach is
not new: it was successfully applied to several variational problems in the last few years (see for
instance [27, 8, 69, 12]).

Given f € L'(R%, [0,1]), the set of admissible exterior transport plans is defined as
Iy ::{yEMJr(IRdeRd):yxzf,yy <1 —f}

Here, the measures f dx and (1 — f)dy are identified with their respective densities and y, and
7y denote respectively the first and second marginals of . We then define the primal problem

Y(f):= inf{jcdy:yeﬂf}.

We have Y(xg) = Yset(E) under mild assumptions on c (see Theorem 2.4.4). Given m > 0, our

maximisation problem is now to compute the exterior transport energy £(m), which is defined
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as

E(m) :=sup {T(f) : feLY(R,[0,1)), J-fdx = m} (2.1.3)

By abuse of notation and when no confusion is possible, we refer to the variational problems by

the values they attain (e.g. we write Yo (E) for (2.1.1)).

2.1.1 Main results

The first important result of this chapter is that maximisers of £(m) exist whenever c is of the
form c(x,y) = k(y — x) for some k : R? - R, and satisfies

(H1) k € C(R%,R,), k(0) = 0 and k(x) — oo as |x| — oo,

(H2) Vx =0,
limsup _1d |Br(x) N{ye RY, k(y) < k(x)}| >0,
r

r—0

H3) Yo € S9!, r > k(ro) is increasing on R, .
8

Notice that k is not assumed to be strictly convex, so that our results hold in cases where the
existence of an optimal transport map is not guaranteed. Also observe that all the costs of the
form k(z) = |z|[P with 0 < p < oo satisfy the above hypotheses. However, radial symmetry is not
required and the costs k(z) = |z|P h(z/|z|) with h positive and Lipschitz continuous on $¢~! are

also admissible.

Theorem 2.1.1. Assume that c(x,v) = k(v — x) for x,y € R? with k satisfying (H1), (H2) and (H3).
Then, for any m > 0 the supremum in £(m) is attained. Moreover, there exists R, = R,(m) such that

(up to translation) any maximiser is supported in the ball By .

Once the existence of maximisers for £(m) is established, the bathtub principle (see Proposi-
tion 2.4.11) and a saturation result (see Theorem 2.4.4) imply that (2.1.2) admits solutions.

Corollary 2.1.2. Assume that c satisfies the hypotheses of Theorem 2.1.1. Then, (2.1.2) admits a

maximiser and Ee(m) = E(m) for any m > 0.

As a second main result, we establish that if k is furthermore radially symmetric then £(m)

and & (m) are uniquely maximised by balls of volume m.

Theorem 2.1.3. Assume that c(x,y) = k(|y — x|) for some k € C(R,,R,) increasing and such that
k(0) = 0 and k(x) — oo as x — co. Then, for any m > 0, the maximisers of £(m) (and consequently

those of Esey(m)) are the balls of volume m. Moreover the minimiser of Yye(B1) is the annulus Byia\By.

We point out that cost functions satisfying the hypotheses of Theorem 2.1.3 also satisfy
hypotheses (H1), (H2) and (H3). Let us briefly sketch the proofs of these three results. They all
strongly rely on the properties of the dual problem

Y(f) = Sup{f(ffpﬂl —flp)dx: ((le,b)eq)},
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where
@ :={(p, ) € Cy(RY) x Cy(RY), <0, p(x) + P(y) < c(x,9) ¥ (x,p) € R x R},

We establish Theorem 2.1.1 using the direct method of Calculus of Variations. The main
difficulty is to establish compactness of maximising sequences. If we refer to the concentration-
compactness principle [58], we have to prove that given a maximising sequence f,,, no mass
escapes at infinity. To do so we establish two crucial results. The first one is that m +— £(m)/m is
increasing (see Proposition 2.4.7). This implies that m > £(m) is strictly superadditive, i.e. that
form>m’'>0,

Em')y+E(m—m') < E(m). (2.1.4)

Notice that this is the counterpart of the strict subbadditivity inequality (also called binding
inequality) which is known to provide compactness in minimisation problems, see e.g. [58, 43,
44]. Using the dual formulation Y* of Y, we obtain the second crucial result for Theorem 2.1.3:
a monotonicity principle on the sum of marginals of minimisers y of Y(f) (see Corollary 2.4.6).
This is the most delicate part of the proof. Combining this and (2.1.4), we prove that if f is almost
maximising then most of its mass must remain in a bounded region (see Proposition 2.4.9). This

gives tightness of maximising sequences for £(m).

To prove Corollary 2.1.2, we consider a maximiser f of £(m) provided by Theorem 2.1.1 and
a pair of potentials (¢, 1) optimal for the dual problem Y*(f). Using the definition of Y* we see

sup{jma—w :osfs1,jf:m}.

By the bathtub principle, f = x{,_y>r + 0 for some t € R and some 6 € LY(R%,[0,1]) supported
in {¢ — 1 = t}. Then for any measurable subset G C {¢ — ¢ =t} with |G| = JG, the characteristic

that f is a maximiser of

function of E := {¢p—1 > t}UG is also a maximiser for £(m). By Theorem 2.4.4 and Corollary 2.4.5
applied to E, there exists F ¢ R? such that any minimiser y of Y(xp) satisfies vy = xp. This
finally implies that E maximises (2.1.2).

Regarding Theorem 2.1.3, as explained in Section 2.5, we may assume without loss of

generality that m = wy, the volume of the unit ball. Combining Theorem 2.1.1 and Lemma 2.4.10

yields that
sup { sup Fpf—) + 1/;}} (2.1.5)
S f=wq {wf,we@ {f v .f

coincides with £(m) and admits a solution (f, ¢, 1), where ¢ is the c-transform of i (see
Definition 2.2.2). To show that balls are maximisers of £(m), we establish that each term in (2.1.5)
is improved by replacing f by xp, and ¢ by its symmetric increasing rearrangement 1, (see
Definition 2.5.1). As [¢ = [1,, the third term in (2.1.5) does not change under rearrangement.
Regarding the second term, combining the Hardy-Littlewood inequality (see [57, Theorem 3.4])
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and the bathtub principle yields (recall that ) < 0)

[ro<-[ro.<- e

where f* is the symmetric decreasing rearrangement of f (see Definition 2.5.1). The study of
the first term [ f¢° is more involved. Indeed it requires to understand the interactions between
the operations of c—transform and symmetrization. To the best of our knowledge, this type of
questions have not been addressed so far. Using the Brunn-Minkowski inequality, we obtain the

following crucial comparison:
(@) < ()"

Combining this inequality with the Hardy-Littlewood inequality yields

[roe< [ rwr < [ror. (2.1.6)

Additionally, as (,)" is non-increasing, xp, is a maximiser of

sup{ff 0<f<1 Jf—a)d} (2.1.7)

so that [ f*(.)¢ < [(1.)xp, - Lastly, by (2.1.6), [ f1° < [ xp, (1.)°. This eventually proves that
unit balls maximise S(a)d).

As for uniqueness, the key property to establish is that (i,)¢ is decreasing on By (see
Lemma 2.5.3). Indeed, by [57, Theorem 3.4], this implies that xp, is the unique maximiser
of (2.1.7). Combining this with the fact that the inequalities in (2.1.6) are now equalities, we
obtain that f* = xp,, so that f = xg for some E C R. Using the equality case of the Brunn-

Minkowski inequality, we then show that (up to a translation) f = xp,, concluding the proof.

2.1.2 Motivation

In [13], the following variational problem was introduced:

inf {P(E)+a7Y,(E)t, 2.1.8
Anf {P(E)+a X, (E) (2.1.8)
where a > 0 and where Y, is the functional Y defined in (2.1.1) with the cost c(x,y) = [x — p[P.
Such a variational problem may be used to model the formation of bi-layer biological membranes

(see [70, 59]). Existence of minimisers were obtained in the series of work [13, 77, 64, 19].

Notice that (2.1.8) is an isoperimetric problem with a non-local term Y,,. One of the best-
known examples of this type of problem is Gamow’s liquid drop model for the atomic nucleus.
Since the beginning of the 2010s (see [26] for an historical perspective), this model has received
a lot of attention from the mathematical community, and several versions of it have been studied,
see for instance [54, 50, 55, 51]. In this framework, the perimeter term represents the local

attractive forces while the repulsive non-local term is given by the Riesz potential
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J‘J _dxdy
£ o=yl

where 8 € (0,d). A consequence of Riesz’s rearrangement inequality is that balls are the volume

constrained maximisers of Vg. This illustrates the competition between the perimeter and the
Riesz potential. It is thus natural to investigate whether similar properties hold for (2.1.8). In
our case, the proof is much more involved since the rearrangement argument does not seem
to work well for the primal problem. We consider instead the dual problem Y* and study the
(fortunately favourable) interplay between rearrangement and c—transforms.

As a closing remark, we point out that the functional Y is a particular case of the optimal

partial transport problem studied in [40, 35].

2.1.3 Organization of the chapter

The chapter is structured as follows. In Section 2.2, we introduce the notation and review
standard facts related to optimal transport in complete separable metric spaces. In Section 2.3,
we obtain preliminary results on the functional Y defined in compact spaces. In Section 2.4, we

establish Theorem 2.1.1. Eventually, in Section 2.5, we prove Theorem 2.1.3.

2.2 Notation and preliminary results

2.2.1 Notation
Let (X,dx) be a Polish space endowed with a positive Radon measure A.

Given a function f : X — R, we decompose it as:
f=fi+f with f,:=max(0,f):=0VvVf and f :=min(0,f):=0AFf.

Let us stress that f_ is non-positive, contrary to the classical decomposition of a function into its

positive and negative parts.

We endow M, (X) with the topology of weak-* convergence, that is the topology induced by
duality with Cy(X). The convergence of a sequence y,, € M, (X) to u € M, is written: y, BN yas

n — o0.

Given a measure y € M, (X) and a set A C X, the restriction of y to A is the measure yL_A
defined as pL_A(B) := u(BN A) for every Borel set B of X. The support of y, denoted by supp y,
is the closed set defined by

suppp:={x € X: u(A) >0 for all open set A containing x}.

Given f € L'(X, 1) the support of f is defined as the support of the measure fd\ and denoted
by supp f. We identify the measure fdA with its density f and write f, BN f as n — oo to signify
that ffné converges to ffé for every & € Cp(X).
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Given a function f € LI (IR%R), we denote by Leb(f) the set of its Lebesgue points.

loc

Given x € R? and r > 0, B,(x) denotes the open ball of radius r centred at x, and B, denotes
the open ball of radius r centred at 0. The closed ball of radius r centred at x is denoted by B,(x).
The volume of the unit ball in R? is denoted by w,.

Given two sets A, B of RY, we define their sum A+ B:={a+b, a € A, b € B}). The gap between
Aand Bis d(A,B) :=inf{la-b|,a€ A, b € B}.
2.2.2 Optimal transport theory

In this subsection, we recall some results regarding standard optimal transport theory. Most of

the material presented here comes from [73, Chapter 1].

Let (X,dx) be a complete separable metric space (i.e. a Polish space) and let c: X x X — R
be measurable. Given y,v € M, (X) such that u(X) = v(X), the Kantorovitch problem with
marginals y and v and cost c is

T(pu,v):= inf{fcdy: yeH(y,v)}, (2.2.1)
where I'1(y,v) is the set of transport plans between y and v, i.e.

TI(p,v):= {7/ EM(XXX): Ye= yy = V}-

Problem (2.2.1) admits a dual formulation given by

T (pv) = sup{jqody+ fl/)dV P eCyX), pdY < c}, (2.2.2)
where the function @ @1 is defined on X x X by (¢ ® ¢)(x,v) := @(x) + ().

Theorem 2.2.1 (Theorem 1.7 of [73]). Let ¢ : X x X — IR be lower semi-continuous and bounded
from below and let p,v € M (X) with u(X) = v(X). Then (2.2.1) admits a solution and

Te(pv) =1 (W v).

Using the notion of c-transform of a function, the maxima of (2.2.2) can be further charac-

terised.

Definition 2.2.2. Given a function £ : X — RU {+c0}, we define its c-transform (or c-conjugate)
E€: X —» RU{-o0} by
&) = inf {e(x,p) - £(x)}.

xeX

Denoting ¢(y, x) := c¢(x, p), the é-transform of C : X — R U {+oo} is given by

C*(x) := inf {e(y,x) - C(p)}.

yeX
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A function ¢ : X — IRU {—oo} is said to be c-concave if there exists & : X — RU {+oo} such that

Y = £° (the definition of c-concavity is analogous).
Definition 2.2.3. Let (X,dy) be a metric space and w € C(RR;, R, ) be increasing and such that

w(0) = 0. A function ¢ : X — R is w-continuous if for all x,x" € X,

lp(x) = p(x)| < w(dx (x,x")).

Similarly, we say that ¢ : X x X — R is w-continuous if for all x,x",9,7" € X,

le(x,9) = c(x', ") < w(dx (x,x") + dx (3,9")-

Proposition 2.2.4. Let ¢, : X — R be fixed and assume that ¢ and ¢° take real values. The
following statements hold:

(1) If c is w-continuous, then @° is also w-continuous,
(ii) @ > @, and @ = @ if and only if ¢ is c-concave,

(iii) @° is the largest function 1 compatible with the constraint ¢ & 1 < c and ° is the largest
function ¢ compatible with the constraint @ @1 <c.

Remark that if X is compact and ¢, ¢ and ¢ are bounded then ¢° and ¢ take real values.
Moreover, if ¢ is continuous, say w-continuous, the proposition states that ¢ and ¢°¢ are w-

continuous. This yields the following existence result for (2.2.2).

Theorem 2.2.5 (Proposition 1.11 of [73]). Let X be a compact metric space and c : X x X — R
be continuous. Then there exists a solution (@, ) to (2.2.2), where @ is c-concave and 1 = ¢°. In

particular,
7. (p,v) = max {J Qdyu+ j ecdv: @ c—concave}.

A pair of functions maximising (2.2.2) is called a pair of Kantorovitch potentials.

2.3 Study of the exterior transport functional in compact metric

spaces

Let (X,dyx) be a compact metric space and let ¢ : X x X — R be a continuous cost function. We
endow (X,dx) with a measure A € M, (X) such that A(X) > 0 and denote by L!(X) the set of
R-valued functions integrable with respect to A. Given f € L!(X), we define the set of admissible

transport plans
Hf::{7€M+(XXX):7/x:f'7ySl_f}
and the primal problem

Y(f) ::inf{chy:yeI—If}. (2.3.1)
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Notice that Iy is empty whenever f does not satisfy 0 < f <1 or when [ fdA > A(X)/2. In the
other cases, there exists g € L'(X) such that ¢ >0, f +g<1and [gdA = [fdA. Thus,

1

Y= W(fd/\)‘@(gd/\) €Iy,

and Iy is not empty. We now fix 0 <m < A(X)/2 and define

Ll = {feLl(X,[O,l]):jf Sm}.
Given f € L}, and ¢, € C(X), we set

Ko, )i= [ (Fp+(1- g (232)
and define the dual problem

Y*(f) = sup{Kr(, 1) : (0, ) € @}, (2.3.3)

where
D:={(p, ) e C(X)xC(X), p<0,pd Y <c}.

For the remainder of the section we fix f € L.,. As in the classical theory of optimal transport, a
simple application of the direct method of Calculus of Variations shows that (2.3.1) admits a

minimiser.

Proposition 2.3.1. Assume that X is a compact metric space and that c € C(X x X,IR). Then, the

infimum in (2.3.1) is a minimum.

Remark 2.3.2. If we let f € L], by Proposition 2.3.1, there exists y € M, (X x X) optimal for Y(f).
Notice that y solves the classical optimal transport problem from f towards g := y, defined
by (2.2.1). Moreover, we have the identity Y(f) = 7.(f, g)-

Let us now show that Y*(f) = Y(f) and that (2.3.3) admits a maximising pair (¢, ). We
first establish that we can reduce the set of competitors for (2.3.3). To simplify the notation we

denote by ¢¢ the function (¢°)_:= @A 0.

Lemma 2.3.3. Assume that X is a compact metric space and that c € C(X x X,R). Then, there holds

Y(f) = sup{Kf(t,bE,gb) 1 = @F for some @ € D'}, (2.3.4)

where
0 :={p e C(X), p = (¢2), max® > 0}. (2.3.5)

Proof. Step 1. We can replace 1 by ¢ and assume that max ¢°© > 0.
Let (¢,¢) € ®. By Proposition 2.2.4 (iii), < ¢, sothat p < P° A0 =¢°. As1-f >0,
K¢(p, %) = Kf(@, ). Therefore, we can restrict the maximisation to the pairs (¢, ¢2) in the
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supremum (2.3.3). Now, if max @ = —t <0 we set ¢ := @ —t so that ¢° = ¢° + t. Consequently,
max ¢° = 0 and in particular, < = ¢° so that (¢, ¢°) € . We then compute

K@) > | 17-7)das | 71
= Jf((p—(pc)d/\+J<pcd/\+ t(A(X) —2m)
= K¢ (@, 02) + HA(X) - 2m).

As 2m < A(X) we obtain K¢ (@, p%) > K¢ (@, p%). Hence

Y*(f) = sulef(qo, ¢°): @ e C(X), maxp° > 0}.

Step 2. There holds ¢ = (¢p°)°.
Let us introduce the mapping P : C(X) — C(X) defined by P(¢) := (¢°)¢. For ¢ € C(X),
@° > @, so that P(¢) = (¢ )¢ > ¢°°. By Proposition 2.2.4 (i), ¢ > ¢, hence

P(p) = ¢. (2.3.6)

P(p)° > ¢F. (2.3.7)
We deduce from (2.3.6) and (2.3.7) that

K¢ (P(), P(9)2) = Kf (¢, %)

Now, we observe that if max¢® > 0 we also have max ¢ = 0 and, by (2.3.7), maxP(¢)< = 0
which implies that max P(¢)¢ > 0. Hence,

Y(f)= sup{Kf(@, ¢°): ¢ € C(X), max@° >0, ¢ = P(¢) for some @ € C(X)}. (2.3.8)

To conclude, we show that P(P(¢)) = P(¢) for any ¢ € C(X). By (2.3.6), P(P(¢)) > P(¢). Taking
the c-transform in (2.3.7) yields P(P(¢)) < P(¢) and we have indeed P(P(¢)) = P(¢). Hence we
have ¢ € " in (2.3.8) and we get

Y(f) = sup{Kf(qb, Pl):pe cD’}. (2.3.9)
Finally, by definition ¢ = (¢<)° for ¢ € ®’ and (2.3.4) follows from (2.3.9) by letting ¥ := ¢¢. O
We can now establish that the supremum in (2.3.4) is reached.

Proposition 2.3.4. Assume that X is a compact metric space and that ¢ € C(X x X, R). Then, the set
@’ is compact in (C(X),|| - ||) and the suprema in (2.3.4) and (2.3.3) are attained.

Proof. Let us show that @’ is compact. Let ¢, be a sequence in @’. The function ¢ is w-continuous
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for some modulus of continuity w € C(IR,,R,), so that by Proposition 2.2.4 (ii) for every n > 0,
¢S :=(¢,)° and @§_:= ((¢,)°)- are w-continuous. By definition of ®’, ¢, = (¢5_)S, so that ¢, is
also w-continuous for every n > 0. Let us show that the sequences ¢, and ¢y, are uniformly
bounded in (C(X),|| - [|oo). We observe that for every n > 0, max ¢y, > 0. Denoting by x,, a point of
X such that ¢y, (x,) =0, by w-continuity we have for x e X and n >0,

—w(diam(X)) < —w(dx(x, x,)) < @p_(x) = ¢;,_(x,) = @5, _(x) < 0.
Thus the sequence ¢f,_is uniformly bounded in (C(X),|| - || ). By definition of the c-transform

: [ c \C : c
minc —max < <maxc—ming,, .
XxX X Pn- (P-) XxX g0 Pn

Hence the sequence ¢, is also uniformly bounded. By Arzela-Ascoli’s theorem, there exists
a pair (@, ) € C(X) x C(X) such that, up to extraction of a subsequences, (¢,, @5 _) converges
uniformly to (¢, ).

Let us show that ¢ € @’. By Proposition 2.2.4 (iii) and by uniform convergence @5, — ¢° as
n — oo so that

@;,_ — - uniformly as n — oo, (2.3.10)

which yields i = <. From (2.3.10) and the uniform continuity of ¢, we deduce that
(QD,C[_)C_ =@, > ((pc_)c_ uniformly as n — oo.

Since ¢, — @ as n — oo, we obtain ¢ = (¢°)°. Lastly, by uniform convergence, the fact that
max ¢y, > 0 for all n > 0 implies that max @° > 0, so that ¢ € @’. This shows that @’ is a compact
subset of (C(X),|| - |le)-

Let now ¢, be a maximising sequence for (2.3.4). For all n > 0, there exists ¢, € @’ such that
Y, = @f_. By compactness of @/, ¢, — ¢ as n — oo for some @ € @’. Setting 1 = ¢, we have
¥, = P and §§ — §°© as n — co. The functional Ky being continuous with respect to uniform

convergence, we obtain
Ky (9%, 9) = lim K¢ (47, ) = T*(f).

This proves that ¢ is a maximiser for (2.3.4) and by Lemma 2.3.3, 1 also maximises (2.3.3). [

We are now ready to prove that there is no duality gap between (2.3.1) and (2.3.3). The proof
is an adaptation of {73, Section 1.6.3].

Proposition 2.3.5. Assume that X is a compact metric space and that c € C(X x X, R). Then,

Proof. Step 1. Definition of H and first properties.
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For p € C(X x X), we define

H(p) 1=—SHP{J(f¢+(1 - fp)dr: (e, ) ECDp}

where
©, = ((p, 1) € C(X)x C(X), <0, p@P <c—p).

We first observe that ¢ — p is continuous and bounded from below. Thus, by applying Proposi-
tion 2.3.4 with ¢ —p in place of ¢, we see that the above supremum is a maximum.

Let us now show that H is convex. Let py,p; € C(X x X) and 6 € [0,1] and let us set
p:=(1-0)py+Op;. We denote by (¢, g) and (@1, 1) two maximising pairs associated with
po and p; and set @ := (1 - 0)py+ 0@y, P := (1 - 0)py + O1p;. We see that (¢, ) is an admissible
pair (¢ <0 and ¢® 1 <c—p), so that

H(p) < —f<f<p +(1- f)9) dA = (1 6)H(p) + OH (p))

This proves that H is convex.

Next, we establish that H is lower semi-continuous in (C(X % X),|| - ||). Let p,, and p be
elements of C(X x X) such that p, — p uniformly as n — co. The sequence ¢ — p,, is uniformly
equi-continuous. Therefore, proceeding as in the proof of Proposition 2.3.4, there exists a

sequence of uniformly bounded and equi-continuous admissible pairs (¢, {,,) such that

H(pn):—f(f¢n+(1—f)¢n)dA for every n > 0.

We first extract a subsequence p, such that lim,, H(p,/) = liminf, H(p,). By Arzela-Ascoli’s
theorem, there exists (¢, ) € C(X) x C(X) such that ¢,, — ¢ and ¢, — 1 uniformly as n’ — oo.
By pointwise convergence, i) <0 and @ @1 < ¢ —p. Passing to the limit yields

H(p) < [ (Fo+ (1= ) dA=—lim [ (g + (1= ) d2 = limyint Hip, ).

Thus H is lower semi-continuous.

Step 2. Absence of duality gap.

Since H is convex and lower semi-continuous on the Banach space (C(X x X),|| - ||lo), we have
H(0) = H™(0). Here, for a Banach space X and a function F : X — RU {+oo}, F* denotes the
Legendre transform of F defined on the topological dual X of X by

F*(x¥) :=sup{x*(x) - F(x) : x € X}.

In particular,
Y*(f)=-H(0) =-H"(0) =inf{H*(y): y € M(X x X)}. (2.3.11)
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We now compute H*. Let y € M(X x X). By definition,

H'(y)= sup {fpdw sup {j<f<p+<1—f>¢>dA}}.
peC(XxX) (p,9)ed,

Let us first assume that there exists g € C(X x X, IR, ) such that ¢ := —fqdy > 0. We set ¢ =mincg,
Y =0and p, := —nq for n > 1. We obtain

H*(y) > nt—mminc — oo as n — oo.

Thus, when computing H*(y), we may assume that y > 0. We rewrite H*(y) as

H*(y):J‘cdqu sup sup {J(P—CJF(PGBIP)EIV
PEC(XxX) (p,9)e®@, (2.3.12)

+ [pdtra-y+ [ pa —f)A—m)}.
Let us set
Gy) :=sup{j<pd<f»\—yx>+f¢d<<1 A= 7)) € CX)x CX), < 0}-
On the one hand, given (¢, 1) € ®, and > 0,
J(p—cw@yb)dyso-

Therefore, H*(y) < [cdy + G(y). On the other hand, given (¢, ) admissible for G(y), setting
p =c— @@ yields the converse inequality thanks to (2.3.12). Hence

H*(y):chy+G(y). (2.3.13)

Given y € M (X x X), we have G(y) = 0 if y € Ilf and G(y) = +co otherwise. Combining this
with (2.3.13), we obtain that for y € M(X x X),

jcdy if y e Iy,

+00 in the other cases.

H(y) =

Taking the infimum with respect to ¥ € M(X x X) and recalling (2.3.11), we get

Y(f)=inf{H*(y):y € M(X x X)} :inf{fcdy Ly er} =Y(f),

which concludes the proof. O]

Remark 2.3.6. There is still no duality gap between (2.3.1) and (2.3.3) if we only assume c to be
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lower semi-continuous. This result can be obtained by approximating ¢ pointwise from below

by a non-decreasing sequence of continuous functions.

In the remainder of the section, we focus on the properties of the potentials (¢¢,1) max-
imising (2.3.4). We first show that the sign of 1) enforces constraints on the local values of the

marginals of any plan y optimal for Y(f).

Proposition 2.3.7. Assume that X is a compact metric space and that ¢ € C(X x X, R). Let (<, 1) be
a maximiser of (2.3.4) and let y be a minimiser of (2.3.1). We set g := y,. Then, y is a minimiser
of (2.2.1) with (u,v) = (f,g) and (<, °°) is a pair of Kantorovitch potentials realising the maximum
in (2.2.2). Moreover, up to A-negligible sets,

f+g=1 on{yp™<0) and g=0 on {1 >0} (2.3.14)

Proof. By Remark 2.3.2, y realises the minimum in (2.2.1) and Y(f) = 7.(f,g). As there is no
duality gap in (2.3.1) nor in (2.2.1), Y*(f) = 72(f,g). Additionally, (¢,1°) is admissible for
T:(f.g) and = ()_.. Thus

Kwhp)= [ rytars [N ar=Tr9> [ fefare [guear @
Hence

[a-r-gwars [ g, an

Since (1 - f — g)(¥)_ < 0 and g(1»%), > 0, the integrands must vanish A-almost everywhere: we
deduce (2.3.14). Additionally, the inequality in (2.3.15) is an equality. Consequently, (¢, <) is
a pair of Kantorovitch potentials for (2.2.2). O]

To end this section, we establish a comparison principle on the potentials maximising (2.3.4).
We say that a set W € C(X) admits a minimal (respectively maximal) element for the relation <
if there exists ¢y € W such that for any ¢ € W, ¢y < P (respectively ¢y > ).

Proposition 2.3.8. Assume that X is a compact metric space and that c € C(X x X,R). Let f € L},
and let us define

Wy = {¢, W = @< for some @ € D’ and K¢ (1p°, ) = T*(f)},

where Ky is defined in (2.3.2) and @’ in Lemma 2.3.3.
Then:

(i) \I/f admits a maximal element for the relation <, denoted by Py in the sequel,
(ii) For f, f, € L}, there holds f; < f, = Y = Py,

Proof. Step 1. Sufficient condition and preliminary claim.
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Notice that Wy is not empty by Proposition 2.3.4. To obtain (i), we prove that the set (which

is not empty since ¥ is not empty)

Op = {p €', Kl 9) = T*(f))
admits a minimal element ¢ and then iy := ((p;)_ is the desired maximal element of V. Let
us make a preliminary observation.
Claim. Let f;, f, € L}, with f; < f, and set @; € @y fori€{l,2}. Then @, := @1 Ay € Dy,

Let us first prove that ¢, € @’. In the sequel we write ¢} := (¢;)° and ¢;_:= ((¢;)°)- for
i €{1,2,A}. We observe that ¢, € C(X). By definition of the c-transform, we obtain

Ph=(P1 AP2) > @] V @5 (2.3.16)
and
(P1V @2)° = @] A (2.3.17)
Since for i € {1,2}, max ¢; > 0 we have by (2.3.16) that max ¢} > 0.

We now prove that (¢§_)° = .. We observe that ¢5_ < ¢4 which implies (p5_)°¢ > ¢ .
By Proposition 2.2.4 (ii), ¢ > @, so that (p5_)¢ > @,. Conversely, taking the negative part
of (2.3.16), we have @} _ > (¢] V ¢5)_ = ¢]_V @5 _. Taking the ¢-transform and using (2.3.17)
(with ¢ instead of c) yields

(A" S (PI_V P ) = (PI) A@5 ) = P1 Ap2 =P

Hence (¢4 _)° = @, and @, € D'
We now show that the pair (¢,, ¢} _) maximises Y*(f;). We set

Ak = Ky (9p 95) — Ky (91, 05_) = jfm - f(l A -t ).

By optimality of ¢, Agx < 0. Let us prove the converse inequality. Substituting f; = f, + f1 — f»
in the definition of Ag, we obtain

A = jfzm—cpl) +f<1 A ) +j<fz—f1><<p1 Cont P — ).

We have f, — f; > 0 and ¢; — ¢, > 0. Additionally, g3 > ¢f, so that ¢} _ > ¢{_. Thus the last
integral in Ag is non-negative. Adding and subtracting f,¢, in the first integral yields

Ag 2 sz(Pz + Jf2((P/\ —p1—@2) + J(l - ) @i —pi). (2.3.18)

Let us set ¢y := ¢V @,. By optimality of ¢,, we have K, (p2, 95_) > Kf, (¢, ¢y,_), which rewrites

as

sz@z > sz(Pv + J(l PPV —p3).
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Injecting this inequality in the first term of the right-hand side of (2.3.18) yields

Ag > ffzm v -1 —2) + f(l RS+ —f - S, (2.3.19)

The integrand in the first integral of (2.3.19) vanishes. Regarding the second term, using (2.3.17)
and (2.3.16) we obtain

PV T PA-ZPT NPy 9T VP =T 5
Hence the integrand in the second integral is non-negative. We conclude that Ag > 0 and finally
that Ag = 0 so that the claim is proved.

Step 2. Construction of the minimal element of ®y.

By Lemma 2.3.4, @’ is compact. As ¢ — K¢ (¢, ¢) is continuous for the norm of uniform
convergence, Py is compact as well. Let (¢;);>0 be a dense subset of @¢. For x € X and j > 0, we
define ¢; and ¢y by

@;(x) := min(@g(x),..., ¢;(x)) and pr(x) :=inf{p(x), ¢ € Pr}.

Using our preliminary claim with f; = f, = f recursively, we obtain that for any j > 0, ¢; € @y.
As @y is compact and @; — ¢ pointwise, we obtain that ¢; — ¢ uniformly and ¢y € @y, so
that ¢ is the desired minimal element of ®@y.

Step 3. Conclusion.

Taking iy := (pji_ proves (i). Let f; < f, as given in the statement of (i7). By the previous step,
there exist @1, ¢, respective minimal elements for ®; and @, such that 1, := @{_and 1, := 5 _
are respective maximal elements for W; and W,. By the preliminary claim, ¢; A ¢, € @ and by
minimality of ¢; we have ¢ < @ A @,, so that ¢, > ¢;. Hence ¢, < 1. O]

2.4 The case of translation invariant costs in Euclidean spaces

We now assume that X = R?, that A is the Lebesgue measure and that c(x,v) = k(y — x), with
k:RY - R,. We recall the following hypotheses on k.
(H1) k € C(R%,R,), k(0) = 0 and k(x) — oo as |x| = oo,
(H2) Vx =0,
limsup rid |B,(x) N {y € RY, k() <k(x)}| > 0,

r—0
(H3) Yo €S9, ris k(ro) is increasing on IR, .
Notice that under hypotheses (H1) and (H2), there holds k(x) > 0 for x = 0.

The primal problem is now defined as

Y(f) :zinf{fcdy:yeﬂf}, (2.4.1)
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where
Hf ::{)/EMJr(IRdXIRd):Vx:frVyS1_f}'

The goal of this section is to prove that for every m > 0 the energy

E(m) :=sup {T(f) fe Ll(le,[O,l]),Jf = m} (2.4.2)
admits a maximiser.

2.4.1 First properties of the exterior transport functional and saturation theorem

In this subsection, we collect some properties of the functional Y defined in IR? and establish
a saturation property (Theorem 2.4.4), namely that if  is a minimiser for Y(f) then y,(x) €
{f(x),1 = f(x)} for almost every x € R?.

We start by proving that minimisers of (2.4.1) exist. The proof of this result is similar to the
proof of [19, Proposition 2.1], but with weaker assumptions on the cost ¢ and in the context of

functions taking values in [0, 1] rather than in {0, 1}.

Proposition 2.4.1. Assume that k satisfies (H1). Then, for any m > 0 and f € L}, the infimum
in (2.4.1) is attained. Additionally, given any minimiser y of (2.4.1) we have Y (f) =7.(f,g), where

8=y
Lastly, there exists R = R(m) non-decreasing in m such that for any f € L},

Y(f) :min{jcdy 1y €lly, Y(x,p) €suppy, x -yl SR} (2.4.3)

and for any minimiser y of (2.4.1), there holds |x —y| < R on supp y.

Proof. The strategy of the proof is to first establish (2.4.3) with an infimum in place of the

minimum. Then we use this property to derive compactness for (2.4.1).

Step 1. Restricting the set of competitors for (2.4.1).
We let y € Iy and set g :=y,,. We want to build a competitor ) for Y(f) such that for some
R >0, |x—y| <R for every (x,v) € suppy. For R > 0, we define

Tk = {(x,9) € R x RY, v —y| > R).

We consider a standard partition of R? into cubes (Qi)i>o with side-length py(m) := (3m)4. We
define
I:={i >0, m;:= y(Tr N (Q; x RY)) > 0},

and for i € I, we set

Vbad,i ‘= XTzn(Q;xR4) Y-

As |Q;| - [ f — [ g = m > my;, there exists a positive measure p; < xg, A such that

pi<xo(l-f-g and  p(R?) = ppaqi(R? xRY).
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Denoting by 0; the first marginal of )1,,4 ; we set

Vi = XQ:xRY ~ Vbad,; T

1

For i € I, we simply define y; := x(g,xr?)y- As a consequence, y :=) ;5 7; is a transport plan
whose first marginal is f and second marginal g verifies § < g < 1 - f. By construction, for
R> \/Epl(m), we have y(Iy) = 0.

Let us now compare the transportation cost of ¥ and . We compute:

0; ® i

de?—J\Cdy:ZJ\Q‘XIRdCd( m; _ybad,i)

i€l

< m; || max k(z)— inf k(z)]|.
[; 1](ZEQP1(WI) ( [z|>R ( )]

Let us set apl(m) = [O;pl(m)]d and then M := max{k(z), z € apl(m)}. By (H1), there exists R >
\/Epl (m) such that if |z| > R, then k(z) > M. With this choice of R we have [cdy < [cdy. Lastly,

whenever y(Ig) >0,
fcd77< J-cd)/. (2.4.4)

Step 2 : Lower semi-continuity of the transportation cost.

This step is classical. To prove that y - [cdy is lower semi-continuous with respect to weak
convergence, we proceed by approximation. Let us assume that y,, BN y as n — oo. For j > 0, we
define ¢; := c A j. The sequence c; is non-decreasing and converges pointwise to c. For every
j=0,¢€ Cy(R? x IRY), so that

ch dy = liinJ‘deyn < li%infjcdyn.

By the monotone convergence theorem,

chy = hmjcj dy < liminfjcdyn,
j n

which concludes the second step of the proof.

Step 3. Y(f) admits a minimiser.

Let y,, be a minimising sequence for (2.4.1). Let us show that the sequence y,, is tight. By the
first step, we can assume that there exists R = R(m) such that for any n > 0 there holds [x —y| <R
on supp y,. Now, because [ f < m < oo, there exists R’ = R’(m) > 0 such that fgs5,, f <. Hence,

V(R xR\ (Br: x Bryr')) = Vi (Bre ¥ (R \ Bryr')) + v (R?\ Bp)) x RY) < 0+ em

which proves that the sequence y,, is tight. Together with the second step, this shows that (2.4.1)
admits a minimiser. Moreover, by (2.4.4) for any minimiser y of (2.4.1) there holds |[x —y| <R

on supp y. Lastly, setting g := y, the identity Y(f) = 7.(f, g) is immediate. ]
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We now establish some basic properties of the functional Y. The results here are similar
to [19, Proposition 2.2 & Lemma 2.4].

Proposition 2.4.2. Assume that k satisfies (H1). Given m > 0 and f,, f, € L., we have:

(i) If i+ f> <1, then
Y(f1 + f2) =2 Y(f1) + Y (f2)

As a consequence, if fi < f,, then Y(f;) < Y(f).

(ii) There exists R = R(m) such that if d(supp f;,supp f,) > R, then
Y(fi+f2) =Y(fi) + Y (f2).
(iii) There exists C = C(m)> 0 such that
Y (A) =YL <Clfi - falle

(iv) Let f,f, € L"(R%,[0,1]) be such that the sequence f,, is tight and f,, BN f. Then Y(f,,) = Y(f).

Proof. Step 1. Proof of (i)&(ii).

To prove (i), we consider a transport plan y optimal for Y(f; + f,) whose existence is
guaranteed by Proposition 2.4.1. We would like to extract from y two plans y! and »? admissible
for Y(f;) and Y(f,) respectively. Using the convention 0/0 = 0, we define y! and y? through

| . Ak) 2 —_ hK
)= e Yy and s dyiey)i= ey Ay o)

By construction, y} = f; and y2 = f,. We also have ! <y, so that

Yy <yy<1—-(fi+f)<1-f1.

Likewise, yyz < 1- f,. Therefore, y' and y? are admissible for Y(f;) and Y(f,) respectively.

Moreover

Y(f)+T(f) < fcdyl +fcdy2 . fcdy “Y(fi + o)

which is the desired conclusion.

To prove (ii), we consider transport plans y! and y? which are optimal for Y(f;) and Y(f,)
respectively. We define gy := yyl and g, := yﬁ. If we set y := y! + 2, we have y, = f; + f, and
Vy = 81+ §2. Moreover, by Proposition 2.4.1, if d(supp f1,supp f2) > R for R = R(m) large enough,
then the supports of g; and g, are also disjoint. Consequently, g1 + g <1 —(f; + f), so that y is

admissible for Y(f; + f,) and we have the desired converse inequality

Y(fi + fo) < jed(yl 1) <T(R) Y.

Step 2. Proof of (iii).
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Exchanging the roles of f; and f,, it is enough to prove the estimate

Y(f2)=Y(fi) <Cllf, - fill- (2.4.5)

Let »! be a minimiser of Y(f;) and let us set g; := y,. In the next substeps, we build from y! an

exterior transport plan y? for f, with controlled cost.
Step 2.a. Transporting most of f A f,.
Using the convention 0/0 = 0, we define a plan y’ by

dy’(x,p):= %dm(w).

We set g’ := ;. Notice that " < y!, which implies ¢’ < g;. Additionally, y. = f; A f,, so that

YR x RY) — /(R x RY) = f(fl Cfinf) = f(fl . (2.4.6)

Heuristically, y’ corresponds to sending through y! as much mass from f, as possible. However,
we have to remove some of this mass because the constraint g’ < 1 — f, might not hold true

everywhere. Let
u=(f+g -1)
and define y” as
g@)-u@)
g'(v)
Weset f”:= . and g” := y;. By construction, §” = g’~u so g” < 1 - f, as desired. Since y” <y,
we also have f” < fi A f, < f,. Now since g’ < ¢g; <1 - f; we have u <(f, - f); from which we

dy”(x,9) = dy’(x,).

infer
PR R -y R xR = [(g/-g") = [ < (- fo.
Summing this and (2.4.6) yields
7 (R xRY) =y (R xRY) < [|f — fillp- (2.4.7)

Eventually since y” <9’ < y! and ¢ > 0 we have
chy"—fcdyl <0. (2.4.8)

We are now ready to build an admissible transport plan 2 for Y(f,). Noticing that f,—f” >0
we write f, = f”+(fo — f”). By (2.4.7) we have

Step 2.b. Final construction.

j(fz = f(fz SR+ f(fl _f) <2f—fill (2.4.9)
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Arguing as in the proof of Proposition 2.4.1, we can find a function 0 < ¢ <1-f, - g”
with fg”’ < f(fz — f”) and a transport plan y”” between f, — f” and g””’ such that for some
C=C(m)>0,

(2.4.9)
chV’”SCJ(fz—f”) <7 il - Al (2.410)

Finally we define 2 := »” + 9" which is admissible for Y(f,) by construction. Summing (2.4.8)
and (2.4.10), we get

() < fcdyz < fcdn +Clifa—filln = Y(F) + Cllfs — Fillr.

This proves (2.4.5) and thus point (iii).

Step 3. Proof of (iv).

Let f, and f be as in the statement of the proposition. By weak convergence, we have
fu f € L}, for some m > 0. Using the Lipschitz continuity of Y with respect to L! convergence,
we may assume without loss of generality that f, (and thus also f) are supported in ERO for some
Ry > 0. Applying Proposition 2.4.1 we get that minimisers of Y'(f,) and Y(f) are supported in
Bp x By for some R > R > 0. We may thus restrict these problems to the compact set Bg. Using
Proposition 2.3.5 we have Y(f,) = Y*(f,) and it is thus enough to prove the continuity of Y*
with respect to the weak-+ topology.

By Proposition 2.3.4, for every n > 0 there exists a pair of potentials (¢, {,) maximising
Y*(f,). Since for every n, ¢, belongs to ®” (where @’ is defined by (2.3.5)) and since this set is
compact by Proposition 2.3.4 we have that a subsequence @, of ¢, converges in C(Bg) to some
@ € @’. Arguing as in the proof of Proposition 2.3.4 we see that ¢, also converges to ¢ with

(p,1) admissible for Y*(f). By weak-strong convergence we then have

limsup Y*(f, ) = hmsupffnw (L f)ow = jf(p+ (1-f)p <T().

Similarly, if (¢, ¢) are optimal potentials for Y*(f), they are admissible for Y*(f,,) and thus

liminfY*(f,) > hminfffn@ F(L=f)p = fffp H(L= )Y =T(f).
We then have lim Y*(f,/) = Y*(f) and by uniqueness of the limit we see that the extraction was

not necessary. This establishes (iv) and ends the proof of the proposition. O]

The next lemma and theorem state very important saturation properties satisfied by the
optimal exterior transport plan. These results extend [36, Lemma 5.1 & Proposition 5.2] to more

general costs c.

Lemma 2.4.3. Assume that k satisfies (H1) and (H2). For f € L), let y be optimal for Y (f). Then for
every (xo,¥o) € supp y there holds f +y, = 1 almost everywhere on the saturation set

S(x0,90) := {y € RY, k(y - x0) < k(o — x0)}.
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Proof. In the proof we set g :=y, and h:= f + g. Let (xq,99) € supp y and assume without loss
of generality that xy = 0. We suppose by contradiction that there exists € > 0 such that the set

Se = (h<1}n{y € R, k(y) < k(yo) - ¢}

has positive Lebesgue measure. Notice that by (H1), k(x) — oo as |[x| — oo so that S, is bounded.

Therefore,

m, ;:L (1-h) €(0,c0).

We now exhibit an exterior transport plan y whose transportation cost is strictly smaller than
the one of y. Given r > 0, we define the measure y° := y L (B, x B,(yy)). As (0,9) € suppy, for
every r >0,

O<y0(le><IRd)§L f <|B,l. (2.4.11)
Thus, by the last inequality in (2.4.11) there exists r, ; 0 such that for every r € (0, 7,],
yO(IRd X IRd) =am,
for some 0 < a < 1. Let us fix r € (0,r.]. We define a competitor ¥ for Y(f) by setting y :=
y —y%+1, where

1-h
mf

1=y ® —Xs,.

By construction, y, = ¥, = f. We also have
fryy<f+g+tall-hxs <h+a(l-h)=1-(1-h)(1-a)<1,

so that Y is admissible for Y(f). We compute

chf— chy = chq - chyo <amg|maxc(x,y)— min c(x,p)].
Erxgs Erxgr(yo)
By continuity of ¢ there exists r. > 0 such that for 0<r <r,,

max c(x,y) < k(yg) —€/2 and min ¢(x,y) > k(yg) — /4.
B,XSS BrXBr(yO)

Thus for 0 <r <r,,
jcd?— jcdy <-aem./4<0,

which contradicts the fact that y is a minimiser for Y'(f). O

Theorem 2.4.4. Assume that k satisfies (H1) and (H2). For f € L,ln, let y € I_If be a minimiser
of (2.4.1) and set g := y,. Then, defining

E:={x:3y # x such that (x,y) € suppy or (y,x) € suppy},
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the set E is Lebesgue measurable and we have the identity g = (1 - f)xg + f XEe.

Proof. Step 1. A preliminary claim.
We first prove the following. Let y,v € M, (RY) be such that u(RY) = v(R%), and let y €
T1(p,v). Assume that y and v are two nonnegatives Radon measure on R?. If we define the set

A(y) :={x:3dy = x such that (x,y) € suppy},

then y <von A(y)".

To prove the claim, let us first show that A(y) is Lebesgue measurable. We define

D(y):=suppy \ {(x,x): x e R,

which is a Borel set of R? x R?. If we denote by p, : X x X — X the canonical projection on the

first variable, we have

px(D(y) = {x e R?: Ay = x, (x,p) € suppy} = A(y).

Thus A(y) is the continuous image of a Borel set. By [39, Proposition 2.2.13], A(y) is Lebesgue
measurable, as well as y-measurable and v-measurable.

We now show that y <von A(y). Let ¢ € C.(R%,R,). By definition of A(y), if (x,v) € supp ¥
and x € A(y)° then x = y. Therefore

L(W $pdp= J¢(X)XA(V)”(X) dy(x,y) = J(P(V)XA(;/)C(V)XA(J/)C(X) dy(x,v)

()dy(x,p) = dv,
sfci)(y)mm w)dy(xy) L(w(!) '

As p (resp. v) is a Radon measure, C.(R%) is dense in L'(y) (resp. L'(v)). We thus conclude that

p < v, which proves the claim.

Step 2. Construction of E.

We now consider an optimal exterior transport plan y for Y(f) and set g:=y,, h:= f +g. By
Proposition 2.4.1, y is an optimal transport plan from f to g. Let 7 be the image of y through
the map (x,y) — (v, x) and define

E:= A(y)UA®m).

We have E€ = A(y)° N A(¥)° and by the first step there holds f < g and g < f almost everywhere

on E°€. Hence,
gXEe = f XEe.

To conclude the proof, we have to show that g =1 — f on E or equivalently that up to Lebesgue
negligible sets A(y) and A(y) are included in {g=1 - f}.
On the one hand, if x5 € A(y) is a Lebesgue point of both f and g, there exists yy # x( such
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that (xo,79) € suppy. By Lemma 2.4.3, denoting

S(x0,30) = {y € R, k(y — x0) < k(yo — xo)},

we have ¢ =1 — f almost everywhere on S(x(,vy). Notice that S(xg,7() is an open set and that
X € S(xg,7p) (since for x = 0, k(x) > 0 = k(0)). Hence g(xo) =1 - f(xg) and A(y)Cc{g=1-f}up
to a set of Lebesgue measure zero.

On the other hand, if yy € A(¥) there exists xy # o such that (x(,yy) € supp y. Let us assume
by contradiction that g(yy) <1 - f(yg). Without loss of generality, we can assume that y, is a
point of Lebesgue density one of {g <1— f}. Then

o1
lim —|{g=1- ) ﬂB(yO,r)| - 0.
r—0r

Thus by Lemma 2.4.3,

o1
lim — |S(x0,y0) N B(yo, r)| =0,
r—0r

which contradicts (H2) as yg # x¢. Hence g(vo) =1 - f(yo) and A(y) C {g =1 — f}. This concludes
the proof of the theorem. O]

An important corollary is the uniqueness of the second marginal of minimisers of (2.4.1).

Corollary 2.4.5. Assume that k satisfies (H1) and (H2). Let f € L'(IR?). Then all minimisers y of

Y (f) have the same second marginal y,.

Proof. We let y,7’ be two minimisers of (2.4.1) and define ¥ := (¥ + »’)/2 which also min-
imises (2.4.1). We denote g :=y,, g’ := y; and §:= ¥, and introduce the set

F:={xeR?: g(x),g'(x),g(x) € {f(x),1 - f(x)}}.

Assuming by contradiction that g(x) # ¢’(x) for some x € F , we have 1/2 =g(x) € {f(x),1 - f(x)}
so that f(x) = 1/2 and g(x) = g’(x) = 1/2, which is absurd. Hence g = ¢’ on F and since F is of
full measure by Theorem 2.4.4, the proof is complete. O]

2.4.2 Preliminary results for the existence of a maximiser of the exterior transport
energy

We now gather results which, combined with Theorem 2.4.4, allow us to prove existence of a
maximiser for both (2.1.2) and (2.1.3).
We first establish a corollary of Theorem 2.4.4 regarding the monotonicity of the sum of the

marginals of solutions to (2.4.1).

Corollary 2.4.6. Assume that k satisfies (H1) and (H2). Let m > 0, let f}, f, € L, be such that
fi < f, and let y!,7? be respective minimisers of Y(f;) and Y(f,). Then setting g; := 7/; and

8= Vyz;WG have fi + g1 < o+ &
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Proof. Let fi, f» € L., be such that f; < f,. In the first three steps of the proof, we additionally
assume that they are compactly supported. This condition is relaxed in the fourth and final
step.

By Proposition 2.4.1, we can assume that the ambient space is a compact ball Bg. Let y!,7?
be minimisers for Y(f;) and Y(f,) respectively. For i € {1,2} we define g, := y;, h; = f;+g; and
set

F:={hy; > hy}.

We shall prove that |F| = 0. By Theorem 2.4.4, there exists E;, E, C By such that
hy = XE, +2fiXE and hy = XE, + 2f2XEs-
Since hy >0, hy <1 and hy > f, > f; we have
hy >0, hy,=2f,<1 and fi<l onF. (2.4.12)

Step 1. [E{NF|=0.
By definition of E; we have h; = 2f; on E{ and by (2.4.12) we have h; = 2, on F and since
fi < f» we get hy < h, on E{ NF. This contradicts the definition of F, hence E{NF =0 and in

particular |[E{ N F| = 0. Notice that as a consequence h; =1 on F.

Step 2. Intermediate claim.

Let 1, be the maximal potential for Y*(f;) given by Proposition 2.3.8. We define
G:={p{=0}NE NF
and claim that |G| = 0. Let us assume by contradiction that |G| > 0. First notice that on F,

fh+8& =hy>hy=2f,,
so that
s1>2h-fizfhzfi

Thus
GCElﬂPC{gl>f1}. (2413)

Now recall that by Theorem 2.4.4,
Eq = {x:3dy # x such that (x,y) € supp 7/1 or (y,x) € supp yl}.

Together with (2.4.13) we obtain that for almost every y, € G there exists xy = vy with (x,vg) €
suppy!. Without loss of generality, we assume that yj is a point of positive density of G and we

set
S(x0,30) :={y € R” : k(y — x0) < k(yp — x0)} .

By (H2), we have |G N S(xg,99)| > 0. Let now § € G N S(xg,7p). By Proposition 2.3.7, (3§, )



72 CHAPTER 2. An exterior optimal transport problem

forms a pair of Kantorovitch potentials for the optimal transport from f; to g;. Thus

P (x0) + $¥(vo) = k(vo — xo) and P (x0) + P§(9) < k(T - xo).

However, vy, € G, so that {°(y,) = $5°(9) = 0, hence

PS(x0) =k(vo—x9)  and  P§(x) < k(T —xo).

Eventually, as v € S(x¢,vy), we conclude that

PS5 (x0) < k(T —x0) < k(wo —x0) = P{(xo),

obtaining a contradiction. Thus |G| = 0, which is the claim.

Step 3. |[E; NF|=0.
By Proposition 2.3.7,

{W{€>0}c{g =0} sothat {g >0}c{ys <0}

We observe that g; =1 - f; on E; NF. By (2.4.12), E; N F C {g; > 0} and by the previous step,
E; NF C {5 = 0}, hence ¢¢° < 0 almost everywhere on E; NF.
Let 1, be the maximal potential for Y*(f,) given by Proposition 2.3.8. As f; < f,, we have
1 > P, so that &€ > <. Thus
S<0onE; NF.

By Proposition 2.3.7 we deduce that
hy=g+f,=1onE NF.

But since h; < 1 on F we get that |[E; N F| = 0 and with the first step we conclude that |F| = 0.

Step 4. Extension to the non-compact case.

Let f;, f, € L}, be such that f; < f,. For i € {1,2}, we set fi,r = fiXB,, consider )/Ii{ an optimal
exterior transport plan for Y(f; g) and set g;  := (yliz)y. Applying the previous steps to fi g and
f2,r, we obtain

fir+8LR < for+ 82R- (2.4.14)

For i € {1,2}, f; g L'-converges to f; as R — co. By Proposition 2.4.2 (iii), Y(f; ) — Y(f) as
R — oo. Additionally, y}é admits a subsequence converging weakly-+ to some 7' admissible for

Y (f;). By lower semi-continuity of y — [cdy with respect to weak-* convergence, we get
jcd;i < lin}zinf‘[cdyfz = liminf Y(f, z) = Y ()

Hence 7' is optimal for Y(f;), so that by Corollary 2.4.5, )7; = g;. Finally, as )/Il‘{ BN y' as R — oo,
gi g converges in duality with Cp(IR%) to g; as R — co. Multiplying (2.4.14) by ¢ € C.(R%,R,),
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integrating and passing to the limit we obtain that for any ¢ € C.(R, R,),

J(fl +81)¢ < J(fz +82)¢.

Hence f; + g1 < f, + g, which completes the proof. O

We now prove that £ is strictly superadditive.

Proposition 2.4.7. Assume that k satisfies (H1) and (H3). Let m € (0, 00) and define e(m) := E(m)/m.
Then, e is increasing on (0,00). As a consequence, given 0 < m’ < m,

Em')+E(m—m') < E(m).

Proof. Let M >m > 0. We have to establish that £(m) < (m/M)E(M).

Step 1. E(m) < (m/M)E(M).
For R > 0 we set
Ir:={(xp) € RY xR? : |x —y| > R}.

Let 0 < e < &(m)/2 and f € L}, of mass exactly m and such that Y(f) > £(m) — e. We denote
A= (M/m)"? > 1 and we set
fux):==f(x/A)  for x e RY,
so that ffA = M. Let y* be an optimal transport plan for Y(f;). We define a Radon measure y
by
_m A ., md
E(x,p)dy(x,y) = " E(x/Ap/A)dy*(x,p) for £ € C.(R? xR?).
Observe that y is admissible for Y(f). By Proposition 2.4.1, there exists Ry = R)(M) such that

y*(Ig,) = 0. Setting R := R,/A, we then have

y(Ir) = %VA(FR,\) =0. (2.4.15)

Let us define
k(r) ;== min{k(z) — k(z/A) : ¥ <|z| < R,}.

As A >1 we have by (H3) that «(r) > 0 for 0 <7 < R,. Additionally, k(z/A) < k(z) for any z € RY.
Consequently, for any 0 <r <R,

(7)< [ Ky -0yt
5K
— [ [f(55) oyt + g [ Kp=ndy
<5 L [{5 )it e
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In the integral over I}, the term in brackets is smaller than —«(r). Hence, for every 0 <r <R

E(m)—e <Y(f) < %S(M) - %K(rw(rr). (2.4.16)

At this point we can send ¢ to 0 and deduce that £(m) < (m/M)E(M). However we need to
establish a strict inequality. For this we prove in the next step that there exist ,6 > 0 not

depending on ¢ or f such that y*(T,.) > 6.

Step 2. Conclusion.
For r > 0, we set
k(r) := max{k(z) : |z| < r}.

This function is increasing, continuous and there holds k(0) = 0. Notice that using a ball of mass
m as a candidate for the energy £(m), we see that £(m) > 0 for any m > 0. Let us fix 0 <r* <R
such that

mk(r*) < E(m)/4. (2.4.17)
By (2.4.15) we have |x —y| < R for (x,y) € supp ¥ and by definition |x —y| < 7" for (x,y) ¢ [}-. We
deduce
£ v f cdy+f cdy < y(TIR(R) + (- (L) ()
(2.4.17) _ E(m)
< PIRR) + (= p () .
This implies

Thus 4mk(R) > £(m) and

%y’\(l}r*) =y > #@(M =:m" > 0.
Plugging this in (2.4.16) with r = Ar* < R, we obtain
E(m)—e< ﬂE(M) —m*x(Ar’).
M
Since ¢ € [0,E(m)/2] is arbitrary and m*«x(r*) > 0, this proves the proposition. O

We close this subsection with a lemma establishing that if a function f nearly maximises
&(m) for some m > 0 then there exists a cube which is at least half filled by f.

Lemma 2.4.8. Let m > 0. There exists a non-decreasing function ry : m > ro(m) such that for m >0
and f € L} with Y(f) > E(m)/2, there exists a cube Qg of side-length ro(m) such that:

N 2
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Proof. Let ry > 0 to be fixed later and assume by contradiction that there exists a partition Q of
R in cubes with side-length r, such that for every Q € Q,

Lf<g.

The strategy to get a contradiction from this hypothesis is to build an exterior transport plan for
f with too small transport cost. Let Q € Q. Since [4(1 - f) > f, f there exists a function gg > 0
supported in Q such that [gg = J, f and fxg +go < 1. We then set

8Q
voi=fxo® % and  yi=) yq

Q f QeQ
Notice that y is a valid competitor for Y(f). Next for R > 0, we define

k(R) := max{k(x), |x| < R}.
We compute:

E(m)
0<——=<7Y < k(v —x)d
<2 ) ZLXQ (v-x)dq

QeQ
<k(Van) Y JQ f=F(Vin) [ £ <E(Vir)m. (2418)

QeQ

Remarking that k:R, > R, is continuous at 0, increasing and with k(0) =0, we set
- E(m)
= >0:k(Vdr)<——=} >0
f m{ (Var) < £ }
and obtain a contradiction with (2.4.18). This concludes the proof. O]

2.4.3 Existence of a maximiser for the exterior transport energy

In the following subsection, we assume that (H1), (H2) and (H3) hold and prove the existence of

maximisers for (2.1.3).

We only have to prove that maximising sequences for £(m) are tight. However our result is
more precise. We obtain that if f nearly maximises £(m) then almost all its mass concentrates in

a closed ball with radius R, = R,(m). In the limit, maximisers are supported in such balls.

Proposition 2.4.9. Let m > 0. There exist R, = R,(m) > 0, £y = €¢(m) > 0 non-decreasing in m with
the following property. Let 0 < & < &g and let f € L., such that [ f = m and Y(f) > £(m)— ¢, then up

to a translation there holds
J f< 2m .
R\B,, E(m)

Proof. Outline of the proof. (Step 1) We start by using Lemma 2.4.8 to get a collection Q of
cubes Q of side-length ry = r¢(m) such that fo + ¢ >1|Q|/2. We denote Q) := UQ,. We also
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consider the set () obtained by thickening (); by adding the cubes closer than some distance
R = R(m). The real R is chosen so that no mass of f x, is sent outside () by any optimal exterior
transport plan of f.

(Step 2) We build an exterior transport plan for f whose cost is very close to Y(f xq).

(Step 3) Next, we show that () concentrates almost all the mass of f. Using the strict
superadditivity of m + £(m) and the previous step, we deduce that mq, := [ f xq is close to m.

(Step 4) Eventually, we show that the distance between cubes in Q; is uniformly bounded.
As the cardinal of Qy is also bounded, we conclude that the diameter of () is bounded by a

distance only depending on .
Step 1. Construction of a collection of cubes on which [o(f +g) >1Ql/2.
Let m >0 and f as in the statement of the proposition and assume that Y(f) > £(m)/2 so that

e 1= E(m)=Y(f) < E(m)/2. (2.4.19)

Let ¥ be a minimiser for Y(f) and let us set g := y,. Let ry and Qg be given by Lemma 2.4.8. We
denote by O the regular partition of R? into cubes of side-length ry such that Q, € Q. For j > 0
to be fixed later, we set r; := 277ry. Considering the partition Q of R? into cubes of side-length rj
obtained by refining O, we define Q as the subset formed by the elements Q € Q such that

J o=

We remark that Q is not empty since

L(f+g) zfo > 19

for at least one of the 2/ sub-cubes of Q in the partition Q.

Let us define QO := UQ,. By Proposition 2.4.1, there exists R = R(m) such that |[x —y| <R on
supp y. We denote by Oy the collection of cubes Q € Q such that d(Q,()y) <R, and by Q) their
union. By construction, there holds y(Q( x()) = 0. We now define

fa:=fxa, and  mg:= jfo,

and we let yq be an optimal exterior transport plan for fq, thatis € Iy with chyQ =Y(fa)-
We then set gq := (ya)y-
By Proposition 2.4.1 again, we have (since mg < m) that

10(Qo x Q) = 0. (2.4.20)

Step 2. Building a transport plan for f whose cost is close to Y (fq).
In this step we modify y to build an exterior transport plan y for f with a cost close to
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Y(fq). More precisely, we require that for some constant C = C(r;) > 0 with C(r;) > 0 as r; = 0,

chy—fcdyg < C(m—mgq).

The proof is a refinement of the proof of the Lipschitz continuity of Y, see Proposition 2.4.2 (iii).

In the following we define successively the plans y°, y1, 2, 3 which satisfy in particular

suppy’ cQxQ, suppy! cQxQf, suppy? cQ\QyxQ\Q,, suppy3c§x§.

First we set ¥ := yo Q) x Q and denote f?:=?, g0 := 7/3. We build the three remaining plans

in the following substeps. These constructions will satisfy

P+ =fa-ri=fxa-f° and  yi=f-fo=fxq-

We will set eventually 7 := y° + y! + 2 + 3 which will be an admissible transport plan for f.
The difficulty is to preserve the constraint f +7, <1 while controlling the cost.
Step 2.a. Construction of y'.

Let us denote yé =y LQxQF, £ = (yH)x and ggl) = (7/(1))3, = xq<gq- We can not rule out
the possibility that f + g > 1 in some part of Q)¢ so that we cannot set y! = 7/(12. However, we

will transport as much as possible mass through 7/(12. Let us define

u:=(f+g -1

which corresponds to the excess mass transported through yé. Using the convention 0/0 =0,
we define y! by

Ayl (x,7) = gQ(V)—”(y)d L(x, 7).

7 (%) o) Graly)

At this point, we have

ch(y0+yl)gfcdyg =Y(fa). (2.4.21)

Moreover setting ! := yl and g! := y;, there holds supp g! ¢ Q¢. Notice that since fo < f, by
Corollary 2.4.6 we have fq + g < f +¢, so that go < f + g in Q° which implies g! < f + g. Thus

f (f+g) < f (2f +g) < % for every Q € Q\ Qp, (2.4.22)
Q Q

where we used the definition of Q and the fact that [Q\ Qr]NQy = 0.
Let us compute for later use the mass from () that still requires to be transported. By

construction

_ 0 _ £y _ 1_ 1) _ u(y) 1 _ _
L(f £ ) fd(yg ) f by J-Qc(f+go 1)+SJQCf. (2.4.23)

Step 2.b. Construction of y2.
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We now define
o =v4-v" =ra-v"-v"
Notice that by (2.4.20), 7/(12(00 x (€)= 0, so that

suppyfz2 cQ\QyxQ°.

In particular, f? := fo — f% - f! is supported in Q\ Q. Let Q € Qg \ Q. Since g° < gy and
f = fo on Q, using Corollary 2.4.6 again we see that

JQ(f+go)SJQ(fQ+gQ J (f +9) s%.

Therefore for such Q there exists a function gé : Q — R, such that f+¢%+ gé <1land f gé = jQ f2.
Defining

J 2[XQf2]®gQ for Qe Qr\Qy andthen y?:= Z yé,
Qf QeQr\Qp

we have 7 = f? and g% := y; = ZQgé. Hence f +¢°+¢%> <1 and

fcdyz < (J‘fz)ﬁ(\/ﬁrj),

where as in the proof of Proposition 2.4.7 we denote k(r) := max{k(x) : |x| < .
By construction f2 = fo — f° - f!, so by (2.4.23) there holds ffz < m—mg which leads to
the cost estimate

J-cd)/ <(m—-mq) (\/_r) (2.4.24)

Step 2.c. Construction of y>.

We still have to transport the mass corresponding to xqcf. For every Q € Q \ O we have
fo < fQ(f +g) <|Ql/4, therefore, in view of (2.4.22), there exists a function gé :Q - R, such
that Ig% = fo and f +g! +g(32 < 1. As in the previous step, we define

7/(32 = _[XQf]®gQ and y3 = Z 7/(32_
Q QeQ\Qr

By construction, (¥°), = xocf and denoting g° := ()/3)y, we have suppg® c Q° as well as
f+g'+¢°<1. Moreover

[ cdysg( [ R = - e (Vi) (2.4.25)

Step 2.d. Conclusion : definition and properties of .
Eventually, we set 7:= %+ y! +y?+y3 and g:= 7y- There holds ¥, = O+ flefief3=¢
and f +¢ <1 so that 7 is an admissible exterior transport plan for f. Besides, collecting the
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estimates (2.4.21),(2.4.24)&(2.4.25) we get

Step 3. We show that m —mg < C(m)e (recall the definition (2.4.19) of €).
As Y(fq) < E(mg)and E(m)—e =Y(f), (2.4.26) yields

E(m) - & < E(mq) + 2k (Vdr;) (m—mq).

Additionally by Proposition 2.4.7, £(mq) < =2 &(m). Hence

m

(@ - 2%(\/31’]'))(71’1—171()) <e.

m

By continuity of k, E(\/Er]-) — 0 asr; — 0. Recalling that r; = 2771y, we fix j > 0 as the first integer
such that E(\/Erj) < &(m)/4m (notice that j does not depend on ¢). Therefore

m—mq < ;Zf) (2.4.27)
This yields 5
JN\Qf :J-f—ffQ :m—mgsg(mmé). (2.4.28)
For future use, let us also notice that injecting (2.4.27) into (2.4.26) we obtain
Em)—e<Y(f)<Y(fq)+e (2.4.29)

Step 4 : Bounding the diameter of Q.
We finally prove that Q is uniformly bounded which would conclude the proof. For Q_,
Q, €Qy, we write Q_ ~ Q, if there exists a finite chain

Q— = QO: Ql)n-; Qn = Q+ (2430)

such that Q; € Qg and d(Q;_1,Q;) < 4R+ \/Erj for 1 <i < n. This defines an equivalence relation.
Let us show that there exists only one equivalence class. We assume by contradiction that there
exist at least two equivalence classes, and we let C! be one of these classes and C? be the union
of the remaining classes. For i € {1,2}, we then define Q' to be the union of the cubes Q such
that d(Q,C’) < R. By construction, d(Q,0Q,) > 2R. Recalling that Q is the union of the cubes Q
such that d(Q, Q) <R, we have Q' UQ? = Q.

For i € {1,2}, we set f(’) = foxqi and mé) = ffé We have mb + mé =mq < m and mb,mé >
2779)Q,1/4 = 2774-2|Q,. Additionally, by Proposition 2.4.2 (ii),

Y(fa) = Y(f3) + Y(f3) < E(mgy) + E(my).
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Injecting this inequality into (2.4.29) yields
Em)—e <Y(f) < Y(fa)+e < E(m) +E(mY) +e.
Recalling that e(m) = £(m)/m, this rewrites as
me(m) < mbe(m}z) + mée(mé) + 2e. (2.4.31)
As m%) + mé <mand for i € {1,2}, mé) > 2779-2|Q,|, we have m’Q < m—2774-2|Q,|. Recall that by
Proposition 2.4.7, e is increasing, so that e(mé)) <e(m—2"4m). Hence

mbe(m})) + mée(mé) < me(m— 2‘jdm0).

With (2.4.31), we obtain
me(m) < me(m - 2_jdm0) + 2¢,

which is absurd for ¢ small enough because e is increasing. It follows that for ¢ > 0 small enough
the relation ~ has a single class. Recall that for all Q € Q,, fQ(f +g) > 277972|Qq|. Thus the
maximal length of a chain in (2.4.30) without any repetition is bounded by N := | 2/%+3m/|Qy|].
Therefore, the diameter of Q) is bounded by (4R + 2Vd rj)(N + 1) with r; and N only depending
on m, the dimension d and the cost c. Together with (2.4.28) this proves the proposition. O]

We can now apply the direct method of Calculus of Variations to establish the existence of a

maximiser for (2.1.3).

Proof of Theorem 2.1.1. Let f,, be a maximising sequence for (2.1.3) and let R, = R,(m) be given
by Proposition 2.4.9 so that up to translation,

J fp >0 as n—oo.
R?\Bp,

Therefore, f, is a tight sequence of M, (R?) and up to extraction of a subsequence it converges
weakly-+ to f where f is admissible for (2.1.3). By Proposition 2.4.2 (iv),

Y(f)=UmY(f,) = E(m),
so that f is a maximiser for £(m).

Let now f be any maximiser of £(m). Applying Proposition 2.4.9 to f we have that up to a
translation supp f C B . This concludes the proof. O

Let us show that when f is compactly supported there exist Kantorovitch potentials for the
problem (2.4.1) (this is the situation of interest as we have just established that the maximisers

of £(m) are compactly supported in RY).

Lemma 2.4.10. Let m > 0 and assume that f € L, is compactly supported. Let R = R(m) be given by
Proposition 2.4.1 such that all maximisers y of Y (f) are supported in X := supp f + Bg. Then, there
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exists a pair (¢, ) € C.(R?) x C.(R?) optimal for Y*(f). Additionally, ¢ = ¢°, ¥ = ¢ and both ¢
and 1 are compactly supported in X.

Proof. Let us introduce ¢ := cx,x which is a continuous cost function on the compact set X.
By Proposition 2.3.4, there exists 1 € C(X) with ¢ = ($)_ such that Y*(f) = K;(¢°, ). By
Proposition 2.3.7,

[W€<0)c{f+g=1)cX.

Combining this with 1 = ()°)_ and f +g = 0 on dX , we get ) = 0 on dX. We extend the
potentials on R by setting

l;l)v in X, d c . d
Y= 0 xe and for x e R%, @(x):=1(x) =infl{c(x,v) - ¢P(y): v € R"}.
in ,

We now show that the pair (¢, ¢) satisfies the conclusion of the lemma.
Observe that 1 is continuous and supported in X and that i < 0. Hence ¢ > 0. Moreover,
for x e R? \ supp 1,

@(x) <c(x,x)—(x) =0,

so that ¢ is also supported in X.
Next, for x € X,

px)=min( min c(x,y), minlcxy) - Py}

Let x € X. For y € R? \ X, there exists 7 in the intersection of the segment [x,y] with dX. By

continuity, {(y) = 0 = ¢(y) and moreover by (H3), c(x,v) < c(x,y) so that c(x,7) — P(¥) < c(x,p).
We deduce that for x € X the above formula simplifies as

¢(x) = minfe(x, y) = ()} = P*(x).
yeX
This proves that ¢ is continuous and that K¢ (¢, ) = Kf(ﬁf, ) = Y*(f). Moreover, using the
same argument as above, we have ¢°(y) = 0 for y ¢ X. For y € X,

¢“(y)=min| min c(xy), min{c(x,y) ~$*(x)} | = minfe(x,y) = " (@)} = P ().

We deduce ¢ = 0 =1 in X%, and ¢ = (%)_ = 1 in X. Thus ¢ = 1) everywhere. This ends the
proof of the lemma. O

Let us now recall a variant of the bathtub principle, see [57, Theorem 1.14].

Proposition 2.4.11. Let & : R? — R, be measurable and such that for all t > 0, |{£ > t}| < co. Given
m >0, let
t:=inf{s > 0, |{& > s}| < m}.



82 CHAPTER 2. An exterior optimal transport problem

Then, the maximisers of

wp{ fe:fel'(R),0<f<1, f:m}
) J

are the functions f := x(g>y + 0, where 0 € LY(RY, [0, 1]) is supported in (& = t} and satisfies

jezm4w>m

We are now ready to establish Corollary 2.1.2.

Proof of Corollary 2.1.2.
By Theorem 2.1.1, the optimisation problem (2.1.3) admits a compactly supported solution
f. Let (@, ) € C.(RY) x C.(IR?) be an optimal pair for Y*(f) provided by Lemma 2.4.10, so that

=ff@—%+j¢-
We see that f is a maximiser of:

sup{Jf(p P):fel'(R),0<f<1 ff m}

Let us set & := ¢ —1p > 0. By Proposition 2.4.11 there exists t > 0 and 6 € L' (IR%,[0,1]) supported
in {& = t} such that f = x(s>4 + 0. Notice in particular that since 6 € [0, 1], we have

e =1l [0 =m-ie> 1,
and there exist measurable subsets G C {£ = t} with |G| = m — [{£ > t}|. For any such set, setting

f =Xt Xo

we have Y*(f) = Y*(f) and f is also a maximiser of (2.1.3). Since f is a characteristic function,
by Theorem 2.4.4 and Corollary 2.4.5, there exists F C R such that any minimiser y of Y(f)
satisfies p, = xp. Setting E := {£ >t} U G, we deduce that

Yeet(E) = Y7 (f) =Y (f) =Y (f)

so that £(m) = Eei(m), which concludes the proof. O

2.5 Maximisers of the exterior transport energy are characteristic

functions of balls

In this section we prove Theorem 2.1.3. We assume that c(x,y) = k(|y — x|) with k € C(R,,R;)

increasing and coercive and with k(0) = 0. In particular, we have now ¢ = ¢, so that the operations
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of c-transform and c-transform coincide. Also notice that by Theorem 2.4.4, if f = xp for some
Lebesgue measurable set E then Y((E) = Y(x). By abuse of notation, we write Y (E) for Y (xg).
Since the class of costs that we consider is invariant by scaling we assume without loss of

generality that m = w,.

We now recall the definition of symmetric rearrangement of functions with constant sign

(see [57, Chapter 3] for more details on symmetric rearrangements).
Definition 2.5.1.

(i) Given a measurable set A C RY, we define the symmetric rearrangement of A as the open

ball A* centred at the origin and of volume |A|.

(ii) Let ¢: R? — R, be measurable and such that for every t >0, [{¢ > t}| < co. Its symmetric
decreasing rearrangement is defined by

(%) :=fm Xigor-(X) .

+

(iii) Let 1 : RY — R_ be measurable and such that for every t <0, {1 < t}| < co. Its symmetric

increasing rearrangement is defined by
p0)i==or == [ g e

The following lemma recalls some basic properties of the symmetric increasing rearrange-
ment 1, of a non-positive function . All these properties but the continuity of i, follow
immediately from the definition. The fact that continuity is preserved by symmetric rearrange-
ment is well-known but we have no reference for this at hand. We provide a short proof for the

reader’s convenience.

Lemma 2.5.2. Let 1 : R? — R_ be as in Definition 2.5.1. Then, , is non-positive, radial, non-
decreasing, and for any t < 0, {, < t} = {¢p < t}*. Besides, if { is supported in a compact set of
diameter bounded by 2R > 0 then 1, is supported in Bg. If moreover 1 is continuous then 1, is also
continuous.

Proof of the last point. Let 1 € C.(R%,R_). First, as the strict sublevels sets {1, < t} are the open
balls {1 < t}*, P, is upper semi-continuous (note that this is true even when 1 is not continuous).

Let us now establish that ¢, is lower semi-continuous, i.e. that for any t <0, {¢, < t} is closed.
We first notice that {1, < 0} = R? is closed. Given t <0, let t, < 0 be a decreasing sequence
converging to t. Observe that if for some n >0, {¢ <t,} =0, then {i, <t} =0 is closed. Next, we
assume that for every n >0,

{W<t,}=0. (2.5.1)

We denote by R, the radius of the ball {¢, < t,}. Notice that the sequence R,, is non-increasing
and bounded by 0, so that R,, converges to some R > 0.
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Let us show that the sequence R,, is decreasing. By contradiction, we assume that R, = R,,;;
for some n > 0. Then { <t,}* ={¢ <t,,1}" and [{t,;; <P <t,}| = 0. Using (2.5.1) and the fact
that i is compactly supported, there exists x such that ¢(x) < t,,; and y such that (y) > ¢,,.
Thus by continuity of i there exists z such that ¢(z) = (t,,1 + t,)/2. By continuity of i again,
there exists 77 > 0 such that B, (z) C {t,;1 < <t,}, contradicting the fact that [{t,,; <¢ <t,}| = 0.

As a conclusion, the sequence R, is decreasing and

(o <th=( | <ta) =(|Br, = Br.

n>0 n>0
Hence 1, is lower semi-continuous and therefore continuous. O

To prove Theorem 2.1.3, we need a last lemma characterising optimal potentials of Y*(xp, ).
Along the way we will prove that the set F minimising Y (E) (recall (2.1.1)) is the annulus
A = Bjyia\B;.

Lemma 2.5.3. Let (¢, ) be a pair of optimal potentials for Y*(xp, ) such that ¢ is radially symmetric
and non-decreasing. Then ¢ is radially symmetric and non-increasing. Besides, ¢ is radially

decreasing on By. Finally, if y is a minimiser of Y (xp,) then y, = xa.

Proof. Combining the facts that k is continuous, that k(r) — oo as r — oo and that 1 is bounded
by Lemma 2.4.10, we see that for any x € RY,

9°(x) = min{k(ly - x|) - () : p € R).
As 1 is radially symmetric non-decreasing and k is increasing, we easily see that
() = minfk(ly —x) ~p(y) : 3, IA > 1,y = Ax), (255.2)

which in turn implies that 9 is radially symmetric.

From now on, for radial functions C : RY — R, we make the abuse of notation C(r)=_C(ro)

for r > 0 where o is some fixed element of $¢~1. With this convention (2.5.2) reads

Y(r) =mink(s —r) —(s). (2.5.3)

s>r

Let us prove that ¢¢ is non-increasing. Let 0 < r; < r,. By (2.5.3), there exists r > r; such that
p & 1 =713. By

Pe(ry) =k(r—r1) = (7). (2.5.4)

If r <rp, we use P°(ry) < k(0) —p(r,) = —1(r,) and deduce from (2.5.4) and the fact that ¢ is

non-decreasing that

Pe(r2) = PS(ry) S P(r) = P(ry) —k(r =) < 0.

If r > ry, we use P°(ry) < k(r—rp) — () to get

Pi(r) = 9(r) < k(r—r)—k(r—n) <0,
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because r; < r, < r and k is increasing. In both cases (r;) — (1) < 0. Hence 3¢ is non-

increasing on R4,

We now prove that ¢ is decreasing on By. Let 0 <7 <r, < 1. Given ¥ a minimiser for
Y(By), there exists y € R?\ B, such that (1, 0,7) € suppy. By Proposition 2.3.7, y is an optimal
transport plan between f := xp, and g := y, and (¢,1) is a pair of Kantorovitch potentials for
the transport between f and g. Therefore,

() + P (Iyl) = k(ly =1 00). (2.5.5)

Let us prove by contradiction that y € [1,+00)o. Assume it is not and let y’ := |y|o. Recalling

that [y| > 1 > ry, we have [y’ — 0| =|y| —r; <|y —ry0| and since k is increasing we deduce

k(ly’ = ri0l) <k(ly - ri0]).

Then, by definition of ¢ and taking into account that it is radially symmetric we get

Pe(r) + Pyl < k(ly’ = ri0]) <k(ly - r101)
which contradicts (2.5.5). Therefore, y = ro for some r > 1. By definition of the c-transform,
Pe(r2) +*(r) S k(r —r2). (2.5.6)
Subtracting (2.5.5) to (2.5.6), we obtain

Pe(ry) —p(ry) < k(r—ry) =k(r—r) <0,

where we used r; <1, <1 < r. This shows that 1) is decreasing on Bj.
Finally we notice that as a consequence of the above discussion, the plan y is radial. Com-

bining this with Lemma 2.4.3 proves that g = x4. O]
We are now ready to prove Theorem 2.1.3.

Proof of Theorem 2.1.3.
Part 1 : Unit balls are maximisers of E(wy).

By Theorem 2.1.1, there exists a compactly supported maximiser f for (2.1.3) with m = w;.
By Lemma 2.4.10, there exists an optimal pair (¢, ) € C.(R%) x C,(IRY) for problem Y*(f) such

that ¢ = (°°)_.
Step 1. We build a radially symmetric maximiser for (2.1.3).

Let ¢, be the symmetric increasing rearrangement of ¢. By Lemma 2.5.2, as ¢ € C.(R%), we
also have 1, € C.(R?). We denote by ¢ the function (ib,)°. By definition, (S @®1, < c. Proceeding
as in the proof of Lemma 2.4.10, we obtain £ € C.(R?). Thus (£, 1,) is admissible for Y*(B;).
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Notice that (f, 1) solves the double supremum problem (recall the definition (2.3.2) of Ky)

sup sup {Kf(ll)%b):OSfSLff=wd,1/)so}-
f YeC.(R?)

Hence
elwa) =K'= [ Foe=pe [ 2000 2 Ky w0 = [ v+ [
1
In the remainder of this step, we establish the converse inequality

Kp(9,9) <Ky, (1), (2.5.7)

so that B; is a maximiser of £(w,) and the first part of Theorem 2.1.3 is proved. Notice that (2.5.7)
also implies that (1, 1,) is a pair of optimal potentials for Y*(B;). To establish (2.5.7), we first

notice that by construction [ = [1* so that we only need to prove

ff(l,bc—eb) SL (s =) (2.5.8)
1
In Step 2 below we establish the inequality

W) < (@) =1, (2.5.9)

where (1) denotes the symmetric decreasing rearrangement of 1. Admitting that (2.5.9) holds
we deduce (2.5.8) as follows. Since f is non-negative and compactly supported we have by the
Hardy-Littlewood inequality (see [57, Theorem 3.4])

—ffw < —Jf*t,b* and ffwf < Jf*(l,b“)* e Jf*wf . (2.5.10)

Using that —i, and ¢ are radially symmetric and non-increasing, we may appeal to Proposi-

tion 2.4.11 and conclude that separately,

_J.fl/) S_JXBII,D* and jf¢CSJXBl¢f- (2.5.11)

Summing these inequalities gives (2.5.8) and thus (2.5.7). This proves that xp, is a maximiser

for £(w,) and then that B; is a maximiser for Ei(wy).

Step 2. Proof of (2.5.9).
As f and ()" are both continuous radially symmetric functions, to prove (2.5.9) it is
sufficient to establish that for any t > 0, {(°)" > t} C {¢p{ > t}, i.e. that

(@) >t} = l{ > i) < {7 > 1}l (2.5.12)

Recall that as ¢ € C.(R%) and k € C(R,, R, ) with k(x) — co as x — oo, for any x € R? the function
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k(ly — x|) — (y) admits a minimum on R?. Thus for any x € R? the infimum defining §°(x) (see

Definition 2.2.2) is reached. Recalling that k is also radially symmetric and increasing, we obtain

(>t} = {x e R? : minfk(ly —x|) = () : y € R} > ¢}
={xeR%:— >t —k(r) on B,(x) Vr > 0)
= ﬂ{x eR?: —p>t—k(r)on B, (x)}

r>0

= (Y= > =k,

r>0

where for Q cR? and r > 0, Q, is defined as Q, := {x e Q : d(x, R \ Q) > r}. In particular,
[y > o)l < infli-p > £ ~K(r)), | (255.13)
r=

We observe that {—i >t — k(r)} is an open set for any ¢ > 0 and r > 0. We also notice that (2.5.13)
holds for all ¢ € C.(R?). In particular, it holds for t,. Moreover, as 1, is radially non-decreasing

by construction, the sets {—i, > t —k(r)}, are open balls centred at the origin and we have in fact
[{p > )l = inf[{—tp, > £ = k(r)}, |
r>0

Let us now prove the following claim.

Claim. Lets>0and V > 0.

(i) If V> wys? then, among open sets () C R? of volume V, |Q,| is maximal if and only if Q is
a ball.

(ii) If V < wys? then |Q,| = 0 for any set of volume V.

Let V >0and s >0 and let Q c R? be an open set. We assume without loss of generality that
|Q] = V and |Q;| > 0. Notice that we always have QO + B; C Q) (but the converse inclusion may
fail). By the Brunn-Minkowski inequality (see for instance [48]) applied to () and B;, there
holds

vV |01V > |Q, + BV > Q7 + B, (2.5.14)

If (), is a ball, then Q) is a ball of volume V, ) = Q; + B; and we have equality in (2.5.14). Con-
versely if we have equality in (2.5.14), by the equality case of the Brunn-Minkowski inequality
and the fact that s > 0, QO is a ball and |Q| = |Q, + By, so that Q is a ball. This proves the first
part of the claim.

Regarding the second part, we assume that [Q)] < wys? and (by contradiction) that |Q| > 0.
The above reasoning applies and we have () = Q; + B, so that [Q)| > 0 implies |Q| > |B,| = wys?

and we get a contradiction. This proves the claim.

By definition, {—¢ >t —k(r)} and {—1, > t — k(r)} have the same volume. As a consequence of
the claim, forany t >0 and r >0,

{=tp >t —k(r)}| <l{=p. > t = k(r)},|. (2.5.15)
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Notice that the previous inequality is an equality if r = 0, as QO = () for any open set (). Taking

the infimum on r > 0 yields
> el < infl{—p > £ = k()| < inf (-, > £ =K} = [ > )l (2.5.16)
This proves (2.5.12) which in turn implies (2.5.9).
Part II : Unit balls are the unique maximisers of £(wy).
Step 1. Proof of f = X{yesye(1)) (exploiting the equality case in the bathtub principle).

We now show that any maximiser f is of the form x{yc>y¢(1))- By Lemma 2.5.3, ¢/ is radially
decreasing on B; and non-increasing on R%. Thus xp . is the only function maximising

s;p{jm::osfs LJf:wd}.

As Y*(xB,) = E(wy), the inequalities in (2.5.10) and (2.5.11) are in fact equalities (and (2.5.9) is
also an equality in B;). Namely, there hold

wr=pt i B, - [re=-[re. ad [ree= e
[roe = rwr =5 - L "
?p{jfwﬁosfﬁle7=au}

Let us now prove that [{p* > (1)} = w; (which with Proposition 2.4.11 yields f = X{yesye(1)))-
Since (¢°)* = ¢{ in By, and 1 is decreasing in By by Lemma 2.5.3, there holds for t > 1£(1),

This leads to

and f is a maximiser of

[{> 8l = ()" >t} = {eps > }l. (2.5.17)

Using this for t = 1(1) we get [{p° > 15(1)}| = w; and we conclude with Proposition 2.4.11 that
f = Xyespey-
Step 2. We prove that {° > t} is a ball for t > (1) (exploiting the equality case in the Brunn-
Minkowski inequality).

Step 2.a.

We fix t > 1¢(1). Combining (2.5.17) and (2.5.16), we get that

[ > ] = infli=p > t=k(r)}] = infli=p. > ¢ =k(r)}, | = (< > )l (2.5.18)

The following claim is established in Step 2.b below.
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Claim. There exists r, = r,(t) > 0 such that
s > )l = inf (=, > t = k()] = =g, > E=k(r),

Provisionally assuming the claim let us prove that {¢)° >t} is a ball.

We assume without loss of generality that |{¢)f > t}| > 0 (otherwise |{¢p¢ > t}| < [{f >t} =0
by (2.5.15) and the open set {¢)¢ > t} is empty). Next, the claim, (2.5.18) and (2.5.15) yield
that r,(t) also minimises inf,q [{=9 > t = k(r)},|. Thus by (2.5.18), {~1h. > t —k(r.(t))},.(+) is a ball
of positive volume. As r,(t) > 0, by the equality case of the claim of Part I, Step 2, the set
(= >t —k(r.(t)}. (1) is also a ball. As {p© >t} C {~p >t —k(r.(t))}.(1), by (2.5.18) the inclusion is
actually an equality. Hence {1)¢ > t} is a ball.

Step 2.b. Proof of the claim.
We first show that there exist 0 < r; < R; < oo such that

infl(~p, > t=k(r)}| = inf |- >t =k(r)} | (2.5.19)

1 <r<R;

We start with the upper bound on r. By (H1) and (H3), there exists R; such that k(R;) =t + 1.
Hence, if 7 > Ry, {1, > t —k(r)} = R?. We can thus only consider the radii r < R;.

We now prove the lower bound on r. Recall that ¢ > (1) and that ¢ is decreasing in Bj.
Therefore there exists R,(t) < 1 such that

{p >t} = Br ).

) and claim that (2.5.19) holds for this value. To ease notation, let us set for

1-R,(t
We set 1, := T(

r>0
S, :={=tp, > t—k(r)}, = {x € R : —p, > t — k() on B,(x)}.

1+R.(t)
2

We also define R := . In order to prove (2.5.19) it is enough to show that

{IP*C > t} = errrSr- (2.5.20)
Recalling that the sets S, are centred balls and that Bg (;) C By, we have
{ps >t} = Ny»0(S, N By).

We now claim that
anrt(Sr NBg) C mr<rt(sr N Bg),

which is equivalent to
Urer,(Sy N Bg) CUpsr (S; N By). (2.5.21)

To prove this let x € S; N Bg for some r < r,. By definition of S,

min k(r) - .(y) <t.
YEB,(x)
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In particular since k is increasing, there exists y € B,(x) such that

k(lx=»l)-9*(y) < t.

As x € Bz C By, and (1, 1{¢) are Kantorovitch potentials for the external transport minimising
Y(B,) (see Proposition 2.3.7) there exists z € B] such that 1{°(z) = 1.(z) (by (2.3.14)) and

pi(x) = k(lx—zl) —u(2) = myink(lx—lfl) —puy)<t.

Since z € B{ and x € By we have

and thus

min k(r')—.(z) <t
z€B,s(x)

so that x € S,. This shows (2.5.21) which implies
{IP*C >t} = errt(Sr N BE)-

Eventually, we must have S, C Bx for some r > r; (otherwise {1 > t} = Bz which is absurd). This
concludes the proof of (2.5.20) and thus of (2.5.19).

Next, setting

L(r) == {=th > t = k(r)};],

we still have to establish that the infimum of L over [r;, R;] is reached. For this we establish that
L is lower semi-continuous (together with (2.5.19) this will conclude the proof of the existence
of r.(t) > 0 minimising L over IR,). We start by noticing that, r > [{—1, > r}| is lower semi-
continuous on R,. Let us denote by p;(r) the radius of the ball {-i, > t—k(r)}. As k is continuous,
the function r — p(r) is also lower semi-continuous. Finally, as L(r) = wy[(ps(r) — )], Lis
lower semi-continuous as well. This ends the proof of the claim.

Step 3. Conclusion.
Let now t,, be a decreasing sequence converging to 1, (1). We have

> = Jwt>t)  and (> pi)=( (gl > 1) =By (2.5.22)

n>0 n>0

By (2.5.18), for every n > 0, {¢ > t,} = B, (z,), where r, is the radius of {{){ > t,} and z, € RY.
Since t,, is decreasing the sequence B, (z,) is non-decreasing. Moreover, by (2.5.22) r, — 1 as
n — oco. Hence there exists z € R? such that XB, — xB,(z) monotonically in LY(RY) as n — oo.
Eventually (2.5.22) implies that {1 > (1)} = B1(z). Consequently, f = X(yesye(1)) = XB,(z)- This
concludes the proof of the fact that balls are the unique maximisers to (2.1.3). O
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a gradient descent algorithm. Our results suggest that the minimisers are no longer radially
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3.1 Introduction

In this article, we present some numerical considerations on the non-local isoperimetric problem
studied in [19]. Let us denote by W), the Wasserstein distance for p > 1 and identify a set E C RY
of finite Lebesgue measure with the restriction xpdx of the Lebesgue measure to E. The non-local
energy we consider is the exterior transport functional

4%

(E)= inf W,(E,F),

|FNE|=0
where by convention W, (p, v) = +oo if p, v are nonnegative measures with different total masses.

Given A > 0, we then introduce the variational problem
inf{P(E) + AW} (E) : |E| = w, (3.1.1)

where w, is the volume of the unit ball and P(E) denotes the perimeter of E. Let us recall the
main results of [19] regarding (3.1.1). The first one states that solutions do exist and have a

bounded number of connected components, all of which being bounded as well.

Theorem 3.1.1. Foreveryd >2,p > 1and A > 0, problem (3.1.1) has minimisers and every minimiser
is M9 1-equivalent to a representative set whose boundary is CV*-regular for any a € (0,1/2).
Moreover, there exists C = C(d,p) > 0 such that if E = ULlEi is such a minimiser with E' the

connected components of E, then

1
Zdiam(Ei )<C1+A)* ' and infdiam(E') > C(1+ )L
i=1

1

As a consequence I < C(1+ A)7.

The second theorem of [19] establishes that in the regime where the perimeter is the domi-

nant term, balls are the only minimisers of (3.1.1).
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Theorem 3.1.2. For every d > 2, p > 1, there exists Ay > 0 such that for every A < A, balls are the

only minimisers of (3.1.1).

Notice that by scaling (3.1.1) is equivalent to
inf(P(E)+ WE(E): |El= m) with m= A7,

In particular, the regime A < 1 where the perimeter is dominant corresponds to m < 1, and the
case A > 1 corresponds to m > 1. When A > 1 the exterior transport functional, which strongly
penalises balls, becomes the dominant term. Indeed, we proved in [20, Theorem 1.3] (which
corresponds to Theorem 2.1.3 in the second chapter of this manuscript) that the ball was the
maximiser of Y among sets of fixed mass. We thus expect that other geometries emerge in the
case A > 1. To be more specific, we expect that the exterior transport functional favours sets
which are thin and with as much mass close to its boundary as possible, so that structures such

as strips and annuli may be favoured as A increases.

In the rest of the article, we fix d = p = 2. We are interested in answering the following

questions:
— How does the geometry of minimisers of (3.1.1) evolve as m varies in [0, 00)?

— If we restrict the study to Problem (3.1.2) defined just below, can we numerically observe

the minimiser evolving from a ball to other shapes as m increases?

— Is the transition sharp, or does an intermediate regime exist between the cases m < 1 and
m>1?

We perform two types of numerical explorations to address these questions: one in the radially
symmetric case, where we compute the energies of the ball and annuli, and another one in the
general case for comparison. The radially symmetric version of (3.1.1) we study is defined as
follows:

i%f{P(E) + AW2(E) : E radially symmetric and connected, |E| = T(}. (3.1.2)

In this radial case, the simulations are quite accurate and they lead us to formulate the following

conjecture:

Conjecture 3.1.3. There exist 0 < A; <A, (where A; = 4.95 and A, = 5.55) such that:
» for 0 < A < Ay, the unit disk Bj is the unique local and global minimiser of (3.1.2),
e for A > Ay, (3.1.2) has two local minimisers : B; and an annulus A, where r) >0,
» for A} <A< A,, the unit disk By is the only global minimiser of (3.1.2),
» for A = A5, (3.1.2) has two global minimisers: B; and a annulus Ay where 7} >0,

e for A > 1,, the unique global minimiser of (3.1.2) is an annulus Ay where 7] > 0.
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Let us next describe our study of the model without any a priori symmetry, which corre-

sponds to the minimisation problem:
inf{P(E) + \W3(E) : |E| = }. (3.1.3)

To carry out the numerical simulations, we replace the perimeter and Wasserstein functionals
in (3.1.3) by more suitable, smoothed functionals. We use a phase-field method, where the
characteristic function xj of a set E C IR? is replaced with a function u : R*> — [0, 1] such that
fu=m.

In this context, we approximate the perimeter term by the classical Modica-Mortola func-
tional (see [62]), defined for ¢ > 0 and u € H'(IR?) as follows:

Fe(u) =3¢ |Vu|2+if u?(1—u)? (3.1.4)
R2 € JRr2

We refer the reader to [9, Section 7] for more details on the I'-convergence of this functional

to the perimeter as ¢ — 0. We would also like to point out the versatility of such phase-field

methods, which are used in the study of interface dynamics [11], fracture problems [4] or

multiphase flows [53].

The exterior transport term is defined for a function u : R> — [0,1] by
Y(u)= inf{sz(u,v) :v Lebesgue, 0 <v <1 - u}, (3.1.5)

where we identify u and the measure udx when no confusion can arise. For numerical purposes,

we consider its entropic relaxation Y. It is given for y > 0 by

Y, (1) = i%f{J- lx — v|>dTT(x, p) + yH(r) : TT € M(R* x R?),
R2xIR?2

[T, = udx, 0 <TI, S(l—u)dy}, (3.1.6)

where I, and I'1, are the first and second marginals of IT € M(IR? xIR?), and where the (negative)
entropy H is defined by

J(IT) = Jgeowge THlog(TT) = 1)dxdy  if [T < dx®dy and 1> 0,

+00 otherwise.

This relaxation is classical in computational optimal transport and is used to compute accurate
approximate solutions to various optimal transportation problems (see e.g. [31] and [32, Section
4] for more details). It is also worth pointing out that the algorithm we implement to compute
Y, is based on the numerical method described in [13], which was itself based on [71].

Eventually, the problem that we are interested in solving is what we call the Modica-Mortola-



3.2. Results in the two-dimensional radially symmetric case 95

entropic approximation of (3.1.3): given A, ¢,y > 0, we consider

ir;f{é’(u) = 3£J-Q IVul? + %J-Q u?(1-u)*+ AY (1) :u: Q) —[0,1], J;qz udx = TZ}. (3.1.7)

Formally, A represents the “physical" parameter that models the contribution of the exterior
transport term to the total energy, while ¢ and y are two small approximation parameters.
The ambient space Q we consider is the torus R?2/LZ? defined for L > 0. We discretise Q
using a regular grid and implement a finite difference scheme to compute each energy term. For
the optimization, we use an alternate minimisation algorithm and treat the optimal transport

term using a variant of the Sinkhorn algorithm.

The chapter is organised as follows. In Section 3.2, we present the theoretical results and
conjectures associated to the study of the radially symmetric problem (3.1.2). In Section 3.3
we consider the approximated version (3.1.7) of Problem (3.1.3). We present the numerical
simulations we conducted to study (3.1.7) and compare them to the previous conjectures.
In Section 3.4, we give the proofs and computations on which is based our investigation of
Problem (3.1.2). In Section 3.5, we detail the transition of the original problem (3.1.3) to its
approximation (3.1.7). We also derive the evolution equation we use for the implementation of
the gradient descent algorithm. In Section 3.6, we detail the space discretisation of (3.1.7) and
the implementation of the gradient descent in this setting. Eventually, in Section 3.7 we detail
the derivation of the Sinkhorn algorithm we use to solve the exterior optimal transport problem
(3.1.6)

3.2 Results in the two-dimensional radially symmetric case

We now present some theoretical considerations on Problem (3.1.2). First notice that due to
the non-local nature of optimal transport, obtaining a closed form expression for W2 (E) given
a generic shape E C R? is in general impossible. However, restricting the study to radially

symmetric, connected sets allows for more explicit computations.

Given 0 < r,,, we denote by A the centered open annulus of mass 7 with inner radius

"'msTM
r,, and outer radius ry; = v/1 + 2. As the mass is fixed, when no confusion can arise we simply
write A

A

r,ny = Ar, - Notice that with our notation, the case r,, = 0 corresponds to the unit disk

:Bl'

Given 0 < r,,,, for the perimeter we always have

P(A, )= 2n(rm +4/1+ r,%)

(see its graph in Figure 3.1). The main difficulty is to compute

rWl

W3(A,,) =inf{W7 (A, ,F): FC R |FNA, | =0} (3.2.1)

rm

Given r, € [r,,, )], we denote by 7(r.) the cost of sending A, to the reunion of the inner



96 CHAPTER 3. Numerical explorations on a non-local isoperimetric problem

P(A;,)

20 |

10 ¢

0 1 1 1  T'm
0(B1) 0.5 1 1.5 2

Figure 3.1: Perimeter P(A, ) of the annulus of inner radius r,.

m

to A

the c-cyclically monotonous and unique optimal transport map T,_(which is defined in (3.4.1)).

as follows: A, . issentto A, , and A rysy USING

and outer annuli A; , and A ro Ty

YMsSM
See Figure 3.2 below for an illustration. Also notice that as A, , can at most be of mass
B, , we necessarily have r, < \2r,,. Eventually, 7, is well defined for r,, < r. < fj; , where
fM = min(\/zrm, T’M).

The following proposition allows us to reduce the study W3 (A, ) to a single variable opti-

m

mization problem involving 7(r.). Its proof is postponed to Section 3.4.1.

Proposition 3.2.1. Problem (3.2.1) is uniquely minimised by the reunion F of two annuli adjacent to
A, , thatis
F=A, , UA

MsSM?

where 0 <'s,, < 1, and ry; < spp. Additionally, determining F is equivalent to finding the unique
optimal splitting radius 7. € [r,,, for] which minimises the cost of sending A, . to As . and A, , to

A using the map T, . Therefore:

MSM

W22(Ar )= inf{T(rc) Y fM]} =1(7.), (3.2.2)

m

The previous proposition gives existence and uniqueness of F and of the optimal transport
map T, but 7 is still to be determined explicitely. For this matter, we exhibit an equation
satisfied by 7. which is used to compute a numerical approximation of r, through a secant

method. By conservation of the mass, we can then deduce s,, and s;.

The computation of T and 7’ is carried out in Section 3.4.2, where we in particular establish

that 7 is C! on [r,,, fas]. We numerically observe that
Assumption 3.2.2. The function 7 is strictly convex on [r,,,7);] and t’(r,,) < 0.

This observation leads us to use the following method to compute 7.: we first check if

’/(fp1) < 0. In this case the minimum is reached at #);. Otherwise, we solve 7’(r.) = 0 for
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Figure 3.2: The annulus A, . and its corresponding minimiser A; , UA, . .

W1 (A, )
0.2 %

0.15

0.1

0.05

i Vi

0(B;) 0.5 ] 1.5 2

Figure 3.3: Exterior transport energy W22(A, ) of the annulus inner radius ,,.

m
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—— Ea(min)
Ex0)

00 01 02 03 04 05 00 01 02 03 04 05 00 01 02 03 04 05

Figure 3.4: Energies of annuli of inner radius r,, (blue) and of the unit disk (orange).

r¢ € (r,,, 7)) using a variant of the secant method (see Section 3.4.3 for the detailed explanation).
We thus are able to compute W3 (A, ) using (3.2.2), and we give its graph is given in Figure 3.3.

m

Eventually, we can compute the energy

E(A,,) = 27z(rm +4/1+ rrzn)'i' /\WZZ(Arm)

for different values of A > 0. Our computations are summarised in Figure 3.4. We plotted the
function r,, > £(A, ) for increasing values of A > 0. Recall that the case r,, = 0 corresponds
to the unit disk B;. We added the constant function equals to £(B;) on each graph to ease the
comparison of the annulus and the disk. Let us point out the fact that these numerical results
are correct up to computer accuracy, and that they lead us to make Conjecture 3.1.3 on the

behaviour of the minimisers of (3.1.2).

3.3 Numerical experiments in the non radially symmetric case

We now present the results of the numerical experiments conducted in order to study the non
radially symmetric problem (3.1.3). While the detailed implementation of the algorithm is
written down in Section 3.5, let us now briefly summarise it.

3.3.1 Breakdown of the algorithm

Given L > 0, we work on the torus Q = IR?/LZ? that we discretise in a regular grid of N x N
squares of side-length h = L/N. To solve

inf{é’(u) = Fe(u) + AV, (u), u: Q — [0,1],f u= 7‘(},
Q
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Parameter Description

L Q =R?/LZ? c R? is the ambient space.
N Q) is discretised in N x N squares.

h h=L/N is the size of the griud.

€ Modica-Mortola parameter, ¢ = 2h.
)4 Entropic parameter.

A The energy is 7. + AY,,.

ot Time step.
tol Relative tolerance.

Table 3.1: Parameters of the fully discretised problem.

we implement a gradient descent algorithm of time step 6t. In the next lines, we consider the
continuous problem rather than the discretised one to lighten notation. Let us denote by W the
double well function u + u?(1 —u)?/2. Formally computing the first variation of J,(u)+ AY), (u),
we obtain the following evolution equation for the L?-gradient flow of &:

diu = 38AM—§W’(U)+¢SM+‘1/L (3.3.1)

The function &, corresponds to the first variation of Y, whose detailed computation in the
discretised setting is given in Section 3.7. The real y is a Lagrange multiplier associated with
the preservation of mass. Notice that Equation (3.3.1) can be seen as an Allen-Cahn equation
with a forcing term &, + p. To solve it, we proceed to a Lie splitting and alternatively solve on a

time interval of length 6t:
37
diu =3eAu and Ju= _EW (u)+ A&, + p. (3.3.2)

We stop the process when the relative variation of the energy from one iteration to another is

inferior to some fixed tolerance threshold. We summarise the notation in Table 3.1.

3.3.2 Presentation of the numerical simulations
Comparison of the splitting algorithm with the radial computations

In this experiment, our goal is to confirm that the limit shapes generated by the splitting
algorithm possess energy levels similar to those of the shapes computed in the radially symmetric
case. To obtain the set of curves of Figure 3.5, we set L = 4 and use the splitting algorithm for A
taking sampled values in [3.5,7.5] and N successively equal to 128, 192 and 256. We initialize
the splitting algorithm with a figure Uy that is already close to be the theoretical optimal figure
(i.e. the ball or an optimal annulus) computed in the radially symmetric case. Let us point out
that this experiment relies on the fact that radially symmetric shapes are stable for our splitting
algorithm, so that we are guaranteed to have limit shapes that are also radially symmetric.
Our goal here is not to compare radial shapes with the thin and elongated sets observed in
subsequent experiments.

Also notice that as N increases, ¢ decreases so that we fix decreasing values of y to have
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—i— Radial model
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Figure 3.5: Comparison of the 2D model and the radial case.

y < &. We fix ot = ¢/8 and tol = 1078 in each experiment.

We observe on Figure 3.5 that the alternate splitting algorithm yields energy values that tends
to the ones obtained in the radially symmetric case. Notice that the derivative of the minimal
energy with respect to A has a jump at the critical value A = A, =~ 5.554. This corresponds to the
transition from the optimality of the ball to the one of the annulus in the radially symmetric

case.

Stability of the ball and of the annulus

In this experiment, we set L = 4, N = 256, y = 1072, tol = 107® and ot = ¢/10 (recall that
€ =2h=2L/N). In the first simulation, which corresponds to Figure 3.6, we set A =1 and we do
observe that a non radially symmetric shape close to the ball evolves to the ball. In the second
one, which corresponds to Figure 3.7, we set A = 10 and we start with an annulus. In the limit,

we obtain a final annulus close to the optimal one predicted by the radial computations.

Some experiments in the critical regime.

In this experiment, we set L =4, N = 256, = 1072, tol = 1078, 6t = ¢/10 and A = A, ~ 5.554. The
results we obtained are depicted in Figure 3.8. They tend to confirm the existence of a critical
value A, of A for which both the disk and some annulus A, are global minimisers (compare

Figure 3.8 and Figure 3.9).
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Energy as a function of the number of iterations
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Figure 3.6: Starting with a perturbed ball (1 =1).
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Figure 3.7: Starting with a thick annulus (A = 10).
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Initial data : close to ball Final data
=T 1.0 0 ]
50 I o.8 50 I 0.8
100 0.6 100 4 o6
150 - | 0.4 150 - I 0.4
200 l o2 200 | o2
2509 ; " " ‘ - oo 250 ; " " ‘ i
0 50 100 150 200 250 0 50 100 150 200 250
Initial data : close to optimal anulus Lo Final data
1. 0 —
50 I 0.8 50 I 0.8
100 - I o.6 100 I 0.6
150 4 I 0.4 150 A 0.4
2004 o2 200 4 Fo.z2
250 . . . ‘ A Lloo 250 . . : ‘ A Lloo
0 50 100 150 200 250 0 50 100 150 200 250

Figure 3.8: Behaviour in the critical regime A = 1, ~ 5.554.
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Figure 3.9: Energy of A, when r,, varies in the case A = A, ~5.554.
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Initial data (A = 10) Final data
0 T 1.0 0 —

50 0.8 50 0.8
100 1 - 0.6 100 4 - 0.6
150 - 0.4 150 1 - 0.4
200 - o2 200 L o2
2507 . . . . + oo 250 ‘ . . ‘ A Lloo

0 50 100 150 200 250 0 50 100 150 200 250
Initial data (A = 10) Final data
0 T 1.0 0 .

50 0.8 50 0.8
100 1 - 0.6 100 4 L 0.6
150 1 L 0.4 150 1 r0.4
200 o2 200 o2
2507 . . . . + oo 250 ‘ . . ‘ + oo

0 50 100 150 200 250 0 50 100 150 200 250

Figure 3.10: Starting with an ellipse (A = 10).

Starting away from radially symmetric sets.

When we start with initial data that is highly non radially symmetric, the algorithm struggles to
converge to a precisely defined set. Most of the mass uniformly diffuses into the background,
while a small set in the centre evolves into a disk. To counter this phenomenon, we use a slightly
different version of our algorithm, where the mass constraint is more carefully enforced. See
Section 3.6.3 for more details.

In the experiments conducted with this new method, we set L = 8, N = 256, y = 1072,
5t = £/10, tol = 1078 and A = 10. The results we obtained are depicted in Figure 3.10. We
observe that the limit shape is not at all radially symmetric set. Instead, it is elongated, thin
and seems to have two axes of symmetry. This leads us to consider the conjecture that thin and

elongated shapes are the preferred minimisers as A — oo, and not annuli.
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3.4 Computation and proofs in the two dimensional radially sym-

metric case

3.4.1 The exterior transport cost functional for a single annulus

Proof of Proposition 3.2.1. By [19, Proposition 2.1] Problem (3.2.1) admits a unique minimiser
F, and the unique optimal transport plan IT between A, and F is induced by a map T. By
proceeding as in the proof of [19, Lemma 4.2 (i)] we obtain that F is radially symmetric, and
eventually that F is the reunion of the two annuli adjacent to A, (one of the annuli being
possibly empty). Regarding the transport map T, it is sufficient to follow the proof of [19,

Lemma 4.2 (ii)]. We introduce

x f—(x) = 52_(rc_rm)2 if s<r,
T,(x)= (), where f, (x) = (3.4.1)
o f+(x):\/52+(1+r72,,—r52) if s>r.

Notice that T, is the unique radially symmetric map (in the sense that T(x) = f(|x|)ﬁ) which

solves detVT =1 and sends A, to F. More precisely, T, sends A, . to A; , and A to A

TetMm ™»SM*®

As the map
g:R, >R, r>V1+r2

is monotone on R, we have that the set S = {(x, T(x)) : x € A, }is c-cyclically monotone for the
cost c(x,y) = |x—y|? (see [5, Definition 1.7] for a definition of c-cyclical monotonicity). Therefore,
if we define the transport plan I1, = (Id, T)#XAr,,,dx' we have that supp(I1, ) = § is c-cyclically
monotone. Thus by [5, Theorem 1.13], 7t,_is optimal between A, and F = T(A, ). Consequently

m

by uniqueness of the optimal transport plan, we have that [T =11, and T =T,.. O]

3.4.2 The splitting radius for the exterior transport of a single annulus

Recall that 0 < r,, is fixed, that #y; = min(ry;, V2r,,) and that given r. € [r,,, 71], we write 7(r) to
to A

Te)'Mm ™™M»SM

denote the transport cost of A, to A; , UA by sending A, , to A; , and A

™M SM
(see Figure 3.2). Also recall that as a consequence of Proposition 3.2.1,

sz(Arm) =min{t(r.): 1. € [ry, Iy ]} = T(7e),

i.e. that the exterior transport problem for A, is solved by finding the optimal splitting radius
7.

Let us now explain how we obtain an equation on 7.. We split 7(r,) into 7_(r.) and 7,(r.),
which denote the cost of sending A, , (resp. A, , )to A . (resp. A, , ).By(3.4.1), we have

w)= [ I -sPar= [ TP [ 1T 0 -xPax

A

m "miTc Te M

re 2 ™ 2
:j 2ns((52—r3+r31)1/2—s) ds+f 2ns((52+1+r31—r3)1/2—s) ds.
1, T

m c
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After integration and denoting by 6% = r? —r2,, we have

2762 T+ T 2768 1 1
T_(r,) = In + i )
4 T+ N 215 — 12 16 \(rm+1)* (1, +2r2 —r2)*
2n(1 +52)21 [\/1 +r,%+\/2+2r,‘3'1—r52]
= n

Ty (1) =
e 4 V1+12+71,

2m(1 +52)4( 1 1 ]

+

16 (\/1+r,31+\/2+2r,%—rcz)4 (\/1+r,%+rc)4 .

By Proposition 3.2.1, solving (3.2.1) amounts to finding the unique r. which minimises 7(r).
First, notice that 7_ is of class C* on [r,,, V2r,,) and of class C! on [r,,, V2r,,]. The function 7, is

of class C*® on [r,,, f3r]. Hence 7 is of class C! on [r,,, #a;] and on this interval we compute
Foy 2 2 2 Tm*Tc
T_(1rp) = 2ty v e | 21y — 1o — A 217 — ¥E | + 2T 07 In| ——— |,
T + \/Zrﬁ1 - rc2

T+/(rc) =174 ’(1’5) + T+,2/(7c) + T+,3/(rc) + T+’4/(1’C),

where

2 2

(1 + 62 T
2421y —1¢

L+r2+2+ 212 -1
Lr,z'(rc):—27‘((1+62)rm1n(\/ Tt V2+ 21 ],

\/1+r,2n+rc

(1 +62)3 (r,zn+ 1+7r2+2rA/1 +r,?1]
2 (V14715 +71,)5 ,

1+62)( 3ry,+3-17 [
r+,4’(rc):—n( 5 )( T r62+2 1+72 fe

212 + 2 — 1 (\/1+r,%+\/2r,%+2—rc2)5'

T+,3,(rc) =

Recall that by Assumption 3.2.2, 7 is strictly convex on [r,,, )] and ©’(r,,) < 0. We then search
for the minimum of 7 as follows: we first check if /(7)) < 0. In this case the minimum is reached
at 7;. Otherwise, we solve t’(r.) = 0 for r, € (r,,,, 7a). For this, we implement the modified secant
method described below.

3.4.3 A modified secant method to compute the splitting radius

Recall that 7, is smooth on [r,,, #3;] and that 7_ is of class C! on [r,,, #);] but not twice differen-
tiable at V2r,,. In particular, we have the following asymptotics for 7”:

() =a—by2r2 12 +0(2r2 —12) for 0<V2r,—-r. <1, (3.4.2)
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for some a € R, b > 0 depending on r,,,. We observe that if 7, is close to \2r,,, the derivative of 7’
is very large, so that the performance of the classical secant method deteriorates. Namely, we
approximate 7’ by some functions f(r.) = a—b+/2r2 — r? instead of affine functions f(r.) = a+br..

Given a € R and b > 0, we define on [r,,, (] the function #(a,b,r) =a—-b 2r2, —r2. In the

case where 7(7);) > 0, we initialise the method by setting

1’[0] _ Tm-;T’M + er—Orml r[l] _ Y ;T’M _ er_Orm.

Then for n > 1, we define a,, € R and b,, > 0 to be such that
H(an by, r[n—1])=7"(r[n—-1]) and #(a,, by, r[n]) = '(r[n]). (3.4.3)

Notice that by strict convexity of 7, we have t’(r[n—1]) = t’(r[n]). We then define r[n+ 1] to be
the solution of #(a,, b,,r) = 0. Solving the system (3.4.3), we finally obtain that

(T’(r[n])\/%% —r[n=112 =7 (r[n—1])J2r3 - r[n]2)

— 2 _
rln+1]=|2r;, ) 1)) . (3.4.4)

2,172

We stop the iterations and consider that the method has provided an acceptable approximation
for r, when |t/(r[n+1])| < a|t’(r[1])] with & = 107'2. This secant method thus grants us a way of
computing an approximate value of W3 (A, ) given r,, > 0.

T'm

3.4.4 Asymptotic expansions of the exterior transport cost

Thanks to the numerical simulations, we also notice that there exists r;}, such that for r,, <},

the entire disk inside A, is filled by A; . =B, . In this case, r, = \2r,,, and an expansion at
order 5 with respect to r,,, < 1 yields

Wi(A,) _In(1+V2)+4-3V2 In(1+V2) , 42 ; In(1+V2)-2V2 ,
- ) _ -

2n 2 mtTE "
2V2
+FT‘S¢ + O(Tﬁz)
In the case r,, — oo, following [70, Appendix B] we expect that r. admits an a priori expansion

of the form
rC

1
— = +—2+—4+O(—6),
T'm dry,  16ry, m
for some 6 € R which we compute by optimizing the quantity 7(r.) for fixed r,, > 1 (we omit

the details of this particular optimization). We finally obtain that as r,, — co we have

W2(A
1 3 O(l) and 3 (Ar) 1 1 67 O(l)‘

Telrm) =Tm+ ———=+0|—= - - i i P}
lrm) =1+ =353t O\ 5 2325 64rh 6144rS,  \rd



3.5. From the theoretical non-radial problem to the numerical implementation 107

3.5 From the theoretical non-radial problem to the numerical imple-
mentation

Let us explain how we build approximate solutions of (3.1.7). Recall that the ambient space Q
is the torus R?/LZ?, where L > 0 is such that |Q| > 27t. Given A > 0 we thus aim at solving

inf{P(E) +AY(E) :ECQ,|E|= a)Z}.

To obtain algorithms that are efficient in terms of computational cost, we substitute each term of

the previous problem by an approximate counterpart which is easier to discretise and evaluate.

3.5.1 Approximate problem and duality

For the perimeter term we use the Modica-Mortola approximation and define W : R — R by

1
W(s) = %52(1 —-s)> andset Cy = J; \V2W(s)ds = %

Given £ > 0 and u € H'(Q) we then set
€ > 1
Fe(u)==1 |Vuldx+—- | W(u)dx.
2Ja ¢ Jo

We denote by BV (IR?) the set of functions with finite total variation and recall that 7, T-converges
in L'(Q) (see e.g. [9, Section 7.2] for more details on the I'-convergence of %) as ¢ — 0 to the
functional %), where

Cw o, [Vulif u € BV(IR%,{0,1}),

P (e i (R2,{0,1})
oo otherwise.

As for Y, we follow the usual approach in computational optimal transport and replace it by its

entropic approximation (see e.g [22]). The (negative) entropy H is defined for IT € M(Q x Q) by

IT(log(IT)—1)dxdy if IT < dxd dIT>0,
sty - | oo 08T = Ddxdy i 1T < dxdy an

+00 otherwise.

and by convention we set 0log 0 = 0. The entropy of a measure y € M(Q) is defined similarly.
For x,y € R?, let us set c(x,y) = [x - y|P. Given y >0 and u : R? — [0,1] with Iu =7, we
define

Y, (u) = HE/&l?(f)XQ){J-QXQ cdre+yH(IT) : TT, = udx, 0 <TI, <(1- u)dy}. (3.5.1)

A simple application of the Direct Method in the Calculus of Variations allows us to prove

the following existence result for (3.5.1) (which in fact holds for any p > 1 and d > 2)
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Proposition 3.5.1. Let u: () — [0,1] be such that fu = 1t. Assume that there exists at least one
exterior transport plan Il such that H(I1) < co. Then, the infimum in (3.5.1) is attained by a unique
minimiser 1y € M, (Q x Q).

As a linear optimization problem under convex constraints, which are given by a continuous
linear equality and a continuous linear inequality, (3.5.1) admits a dual problem. By the
Fenchel-Rockafellar theorem, we have:

Proposition 3.5.2. Recall that QO C R? is compact. Given u : Q) — [0,1] such that Iu =1, we have
the following dual formulation for Y, (u):

Y, (u) = sup {Lu(pdx+f0<1—u>¢dy—yfg Qe‘”f*‘*mx)dx(l_u@))dy},

Prped (3.5.2)

O = {(<p,¢) €C(Q)xC(Q), ¥ < o}.

Eventually, we are interested in solving the Modica-Mortola-entropic approximation of
(3.1.2): given ¢, 4, >0,

iri}f{é’(u) =6F(u)+ A, (u):0<u<l, judx = n}. (3.5.3)

3.5.2 Subdifferential of the approximated energy

We compute approximate solutions to (3.5.3) by implementing a gradient descent algorithm.
Again, to lighten notation we describe the optimization of the continuous functional £(u)
instead of its discretised version. In this regard, we have to exhibit functions belonging the
subdifferential of £, which is defined as follows:

€ (1) = {q:Q SR ligniglfg(u+é(v;u))_g(u) > g forany v: Q — [0,1],Jv =ﬂ}'

Let us start with the subdifferential of F;. It turns out that we have a stronger result because its
first variation is well-known in the literature. Given a functional G : L' (QQ) — R, we define its

first variation in our setting by

5,G(v) = lim G((A=0)u+ov)-G(u) _ . Gu+ow—u))-G(u)
0—0 o 550 5

7.

where u,v : O — [0,1] such that fu = fv = 1. For the Modica-Mortola functional, given
u € H*(Q) we have:

O, F(v) =—¢ J;) Au(v—u)dx+ % JQ W/ (u)(v—u)dx, (3.5.4)

with W (u) = u(1 —u)(1 - 2u).
We now turn to the subdifferential of Y, (u). We assume that there exists a couple of
potentials (¢,, ¢, ) maximizing (3.5.2). Using them as candidates for Y, (u + 6(v —u)) and setting
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w=v—uyield

Y, (u+ow) > j [u + 5w]q0udx+f [1 —(u+ 6w)]tpudy
Q Q
—yfg Jexp(y7 (—elwy) - gul) + Pu(®))[(x) + sw()|[1 = (u(p) + Sw(p))|dxdy.

By rearranging the terms and relabelling the integration variables, we recognise that

Ty(u +ow) > Ty(u) + 5J- (¢ — 1y )wdx
Q
_ Véjg 5 exp(y—l(—c(x,})) + @y (x) + l,bu(y)))[w(x)(l —u(y)) —w(vy)u(x))]dxdy + O(5%).

We finally obtain that

Y(u+ow)-T7.
liminf (1 + dw) y(u)
o5—0 o

> J;)(¢u —1,b,/,)wdx—yjQ Gwdx (3.5.5)

where the function G is defined for x € R? by
_ DN oy (LX) +Pu®)) | ey [ Pu W)+ Pu(X)
G(x) = LeXp( y )[e p( y )(1 u(y)) —e p( > )u(y)]dy-

Combining (3.5.4) and (3.5.5), we finally have that the function
6.\
—6€Au+zW (u)+ Mo, —,)—AyG (3.5.6)

belongs to the subdifferential of £. In the numerical implementation of our algorithms, we
always have that y < A, ¢, so that we will omit the last term in (3.5.6). Consequently, using

(3.5.6) to implement a gradient descent algorithm for £ yields the following evolution equation:

dsu :6£Au—gu(1—u)(l—Zu)—)\((pu—l,bu)+y, (3.5.7)

where p € R is the Lagrange multiplier associated with the preservation of the mass of u. Setting
&u = @, —,, we notice that (3.5.7) corresponds to an Allen-Cahn equation with an additional
term —A&,, + p. Following the notation of [11, Chapter 2], given t > 0 we denote by

S(t) the flow of (3.5.7),

e the flow of the diffusion equation  d;u = eAu,

Y(t) the flow of the reaction equation Jd,u = —%u(l —u)(1-2u)-A&, +p,

and we approximate S(t) by using the Lie splitting L(t) = Y (t)e.
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3.6 Space discretisation and implementation of the Lie splitting

Let us now describe how we discretise the domain Q = R?/LZ? and solve each term of the
reaction-diffusion equation described just above. In this section, we assume that the term &,
related to the exterior transport is known. Its computation is based on the Sinkhorn algorithm

which is detailed in the next and last section.

3.6.1 Solving the diffusion equation by Fourier transform

We first have to solve the classical heat equation on Q)
diu = 6eAu.

In a discretised context, we implement a finite difference scheme and use the discrete Fourier
transform, which we now comment. Consider the regular partition of Q into N2 cubes and
identify each cube by a double index (iy,i;) with 0 <iy,i; <N —1. We specify u to be a function
u constant on each square of () and by abuse of notation identify % with the N x N square matrix
of the values it takes. In this context, we compute the discrete partial derivatives of u over the x

and p axis in the forward fashion, i.e.
Dy iy, ip) = b~ (u(iy + 1,i5) = (iy,i5)) and  Dyi(iy,ip) = h™ ' (1(iy, iy + 1) = (i1, ia)),

where the boundary conditions are periodic: N-1+1=0and N -1+1 = 0. The equation
verified by # is then
9yiiliy, iy, t) = e[Dfﬁ(il,iQ, )+ D2T(iy, in, 1) | (3.6.1)

where D? corresponds to the forward derivative iterated with the backward one. We can then
write u as the linear sum of its Fourier coefficients as follows

N-1N-1 (i)
11,12, E .7: kl,kz, ) N N y
1:0k2:0

S

Injecting this expression into (3.6.1), expanding the derivatives and factorizing twice by the

half-angle yields

8tf(ﬁ)(klik2r t) ==

( sin?(rcky h1) + sin? (ko bt
4e %

) )ﬂm(kl,kz,t)

Solving this equation in ¢ > 0 we obtain

F(a)(t) = e F (@) (0) where Cj(kp, ko) = —

4 ( sin?(rtky h1) + sin?(rckyh 1)
2
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Inverting the Fourier transform, we finally obtain the following expression for the discretised
flow efP of ef?:

e'P(wg)(t) = F ! (e° F (wy)),

which we will discretise in time accordingly during the implementation of the algorithm.

3.6.2 Solving the reaction equation by the explicit Euler method

We now have to solve the following non-linear differential equation
6
8tu:—Eu(l—u)(l—Zu)—A£u+y. (3.6.2)

The discretisation and computation of &, is done using a modified Sinkhorn algorithm described
in the following section. Now assuming that &, is given, a simple way of approximately solving
(3.6.2) is by the use of an explicit Euler scheme. Given an initial condition u,, we define u at
time ¢t > 0 as

(1) = g = (o (1~ g)(1 = 2up) + &4, + 1), (3.63)

In the discrete setting, the implementation simply consists in applying (3.6.3) on each cube of

the discretisation of Q.

3.6.3 Slight modification of the algorithm for non radially symmetric cases

In the first version of the splitting algorithm, our handling of the mass constraint simply amounts
to having a step where the missing mass is uniformly distributed over the grid. However, in
some situations this process can lead to situations of over-diffusion, where most of the mass of
the initial data trivially fades into the background. To circumvent this difficulty, we introduce
a second algorithm with an alternative handling of the mass constraint. This corresponds to
implementing the second model of the conservative Allen-Cahn equation in [11, Section 3.5]
(see also [10] on this exact topic).

For the sake of the explanation we assume that = 0. We consider the function ®: [0,1] —
[0,1] such that

D(s) = 6J: V2W(t)dt = 6J:(t —t2)dt = (3-25)s2,

and a slightly modified version of Problem (3.5.3):

inf{g(u) = 3€j |Vul?dx + %J 6W(u)dx+ AY(D(u)):0<u<l, J
u Q Q

D(u) = m}. (3.6.4)
Q

Let us denote by u, a solution of (3.6.4). Notice that ®(u) = u if u = xp for some set E C Q.
Additionally, if u, is an approximation of a characteristic function xp as a consequence of
Modica and Mortola’s I'-convergence result, so is @(u). Consequently, the energies E(u)and E(u)
should coincide as ¢ —» 0 and u, — xg for some set E C Q).

Replacing u by @(u) in the exterior transport term and in the mass constraint yields the
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following Allen-Cahn equation when computing the first variation of &:

U0 ehu= LW ) - IW e, + I g, (3.6.5)

where \/W(u)y =u(1 —u)u is the Lagrange multiplier associated with the mass constraint. The
main purpose of this new phase-field equation is the non-uniformity of the Lagrange multiplier,
which allows for a more precise handling of potential mass loss. We also observe that ®(u) = u
if u = xg for some set E C (). Consequently, the alternative and classic algorithm coincide as

¢ — 0 and the solutions of the Allen-Cahn equation converge to characteristic functions of sets.

3.7 A Sinkhorn-like algorithm for the entropic exterior transport

In this section, we provide a detailed exposition of the computation of the discretised version of
Y. In particular, we explain how the exterior transport term &, appearing in the reaction step of
the Allen-Cahn equation (3.5.7) is computed. Given Q = [0,L]? as in the previous section, recall
that Y was defined on the set of Borel functions u : O — [0, 1] such that [u = 7t as

Y(u)=_ inf —y[PdIT: T1y = udx, T, < (1 - u)dy., 3.7.1
0= ont oA eyt = 1y < - g 370

with IT, and I, being the first and second marginals of II. Given N > 1, we denote by
2
QQZZ{(2”$L1

the collection of N2 regularly distributed squares partitioning (), and set & = L/N. In this

context, u is a piecewise constant function of the form

N? N?
u=) ujlg with u;€[0,1] and u;h? =m.
i=1 i=1

3.7.1 Entropic regularization of the discrete exterior transport problem

We now set n = m = N2 and in the rest of the article, we write R? and R” to denote respectively
the initial and target vector spaces of our exterior optimal transport problem. Let us define
M as the convex set of matrices of size n x m with nonnegative coefficients. Given 1 <i <n
and 1 <j <m, we denote
2); _ a2
C=(Cijij=hli—jlI),

the cost matrix associated with the 2-Wasserstein distance. We now define u to be the vector

(uy,uy, ..., u,) € RY of the values taken by u. Therefore (3.7.1) rewrites in its discretised form:

inf{(C,P) :PeM!™, P1" =7, 'P1" <1™ —ﬁ}.
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Here, (-,-) is the canonical inner product of matrices and 1" = (1, ..., 1) € R". To solve this
problem numerically, we consider its usual entropic regularization (see [32, Chapter 4]) and

consider instead for € > 0
inf{(C,P) +eH(P) :PeM!™, P1" =7, 'P1" <1™ —ﬁ}, (3.7.2)

where the discrete entropy H is defined as
P)=) Pyllog(P, )~ 1)
ij

To quantify the difference between P € M} and a reference kernel K € M} (see [32, Remark
4.2]), we introduce the discrete Kullback-Leibler divergence:

L(PIK) = ZP log( ) P +K;

Wenowsetforl<i<mand1<j<m

_ C; :

_
= (Kij)ij=uie = (1-uy).

~

Notice that by definition, KL(P|K) = +c0 if K; ; = 0 and P, ; > 0 for some couple (i, j). Thus when
explicitly minimising (3.7.2) we can simply set P, ; = 0 1f Kjj=0 (e ifu;=0o0ru;=1). In
what follows, we assume that #; >0 and 1 —u; >0 for any 1 <i <nand 1 <j < m. By direct
computation, given P € MY we notice that

¢KL(PIK) - ZKZ] (C,P)+eH(P),

where the modified cost C € M""" is defined as
Ei,]' =Gy j —elog(u;(1 —u;))).
Solving (3.7.2) with C thus amounts to minimising KL(P|K) with the same constraints on P.

3.7.2 Dual formulation of the discrete exterior transport problem

As a constrained convex minimisation problem, (3.7.2) admits a dual formulation. We denote
by R” the vectors of R™ with nonpositive coefficients. Let us introduce the dual variables
f,8 € R" xIR” used to encode the constraints. As a consequence of the convexity and the lower
semi-continuity of the functional and the constraint, there is no duality gap (see [20, Proposition

3.5] for a proof in a Polish space and with y = 0), so that the primal and dual problems coincide.
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We then compute
inf{<E,P> +eH(P) : P e M™, P1™ =, tP1" < 1™ —a}

= inf  sup ((E,P)+5H(P)—(P]l’”—H,f)—(tP]I”—]lerﬁ,g))
PEMz'm f’g €lR"xIR™

sup  infpeyn ((E,p) +eH(P)— (P1™, fY—('P1", g>) (@, fy+ (1™ — T, ).
f,geR*xIR™

Let us mention that the variables f, g in the discretised setting respectively correspond to the
approximate Kantorovitch potentials ¢ and ¢ of the continuous setting. By convexity of the
functions involved,
Piﬁgm ((E,P) +eH(P)—(P1™, f) - (tP]l”,g>)
eM

admits a minimiser characterised by
vp(@,p) +eH(P)—(P1", f) - (fpn”,g>) —0,

Solving this equation we obtain the following expression for P:

I‘)i’j :e &€

Injecting it in the last line of (3.7.2) we obtain a second duality formula:
inf{(E,P) +eH(P) :PeM!™, P1" =7, 'P1" <1™ —H}

Cij—(fi+g))
= sup [(f,ﬁ)+(g,]1m—ﬁ>—eZe‘]sg]

f,g eR"xIR™ i,j

] (3.7.3)

The Sinkhorn algorithm consists in iteratively building approximate solutions of the dual
problem in (3.7.3). To do so, we first solve (3.7.3) for f considering g is fixed, and then compute

g fixing f to be the previously computed value. Precisely, for g fixed we consider

Cii—(fi+gi)
sup [(f,ﬁ>+(g,]lm—ﬁ)—eZe‘] - ]

fEIRn l,]

Computing the criticality condition and using the definition of C yield that for 1 <i < n

fi 8i=Cij
U —ev u; Ze < (1-u;) =0,
j
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that is (as we assumed u; > 0)

]

fi= —slog[zegjfij (1- uj)].

Next, assuming that f is given we solve

61_(fl+ )
sup [(f,ﬁ)+(g,]lm—ﬁ)—eze‘] —

gEIR’_n 1,]

————

and obtain that for 1 < j < m the maximiser exists and is given by

fi=Cij
g = min[O,—slog[Zuie o ]]

i

We can now initialise the Sinkhorn algorithm by setting f(*) = ¢(?) = 0 and then compute for

k> 0:
(k+1) g-ciy
f; = —clog Ze = (1-uj)|,

J

. f_(k+1)_cl_j
g](. +1) _ min[O,—elog(Zuie — ]]

1
This formulation of the algorithm is often referred to as Sinkhorn in the log domain (see [32,
Remark 4.23]). Usually one instead works with the variables p; = exp(f;/¢) and g; = exp(g;/¢).

Defining K = (K; ;); j = exp(-C; j/€);,j, the alternate minimisation then rewrites

]111
(k+1) _
K((1m-m)oq")

1m
(k+1) :min ]].m _— .
7 tK(H@p(kH))

p

q

The division is to be understood as element-wise and © denotes the element-wise multiplication.

The usual multiplication of a vector X of R"” by a matrix M of IR"” x IR" is simply written MX.

Remark 3.7.1. Recall that the problem is set in a squared domain Q = [0, L] partitioned into
N2 squares of IR? and that i = L/N. In this context, it is possible to significantly speed-up the
computation done in the Sinkhorn algorithm by avoiding computing matrices of size n?> = N* at
each iteration. Let i,j € {1,2,..., N2} denote the center of the i-th (resp j-th) cube of the partition.

We introduce an x-axis and a y-axis in () by writing
i=(i;,iy) and j=(j1,j2) with iy,j1,i5,jp€{0,...,N -1}

so that
C(i, j) = ((iy = j1)h® +|(i2 = j2)hl?).
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Defining the matrices of MyN

—L((i1=i)h)? —L(iy=i)h)?
Ky = (Killljl) e (i7" apnd K, = (Kizz,]'z) = ¢ e (2=2)h)"
and seeing %, p and g as N x N matrices, the products Kp and K”gq respectively amount to
K'pK? and K'gK? (since K! and K? are symmetric). We denote by 1V*N the square matrix of

size N x N filled with ones. In the end, the algorithm rewrites

plk+l) PN
Ky (IN<N — 1) 0 gM)Ky’
NxN
gD = min (1NN, LR

Ky (@op*)K, |
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A concentration-compactness principle
for perturbed isoperimetric problems

with general assumptions

Abstract. Derived from the concentration-compactness principle, the concept of generalised
minimiser can be used to define generalised solutions of variational problems which may have
components “infinitely" distant from each other. In this chapter and under mild assumptions we
establish existence and density estimates of generalised minimisers of perturbed isoperimetric
problems. Our hypotheses encapsulate a wide class of functionals including the classical,
anisotropic and fractional perimeter. The perturbation term may for instance take the form of a

potential, a translation invariant kernel or a nonlocal term involving the Wasserstein distance.
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4.1 Introduction

One of the first perturbed isoperimetric problems was formulated by George Gamow in the
1930s for investigating the stability of the atomic nucleus [47]. Givend > 2, m >0 and a € (0,d)

a possible formulation of this variational problem is

inf {Per(E)+j ﬂ},
[El=m ExE Jx —yld-e

where Per is the Caccioppoli perimeter and |E| is the Lebesgue measure of E. The goal of
this variational problem is to model an attractive, short-range force inducing surface tension
(the “perimeter" term) that competes with a repulsive term V acting at a greater distance (the
“perturbation” term, which is often nonlocal). This competition plays a pivotal role in the wide
range of geometries the perturbed isoperimetric problem can describe (see for instance [55,
Figure 1]) and both the physics and mathematics communities have explored numerous variants

of this problem. In this chapter we study a generalised version of this problem:

e(m):|g|ri£1{5(E):P(E)+V(E)}, (4.1.1)
where P is a non-explicit, nonnegative perimeter term and V a perturbation term.
Mathematically speaking, a primary concern in tackling this optimisation problem is es-
tablishing the existence of solutions. The most challenging task often is to exhibit convergent
minimising sequences. From a concentration-compactness principle standpoint [58], lack of
compactness in isoperimetric problems can occur when a minimising sequence admits compo-
nents fleeing infinitely far apart. However, in such scenarios it may still be possible to show that
some relaxed versions of the problem admit minimisers. It is within this framework that we

introduce the generalised minimisation problem:

egen(1) = inf{egen«E")iZl) =) E(E):) [E|= m} (41.2)

i>1 i>1

In the context of metric measure spaces and with V = 0, research towards finding minimal
assumptions guaranteeing existence of solutions to (4.1.2) was carried out in [66], where exis-
tence of generalised isoperimetric clusters was also shown. See also [6] for a characterization of
minimising sequences for the isoperimetric problem on noncompact RCD(K, N) spaces.

In addition to the matter of their existence, the question of the regularity of minimisers
constitutes a significant aspect of the study of isoperimetric problems. It is indeed well-known
in shape optimisation theory that studying variational problems in the class of sets whose
boundary has some regularity allows for much easier computations and characterization of the

solutions. A first step towards establishing regularity properties of minimisers is often to prove
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that, when they exist, they have density estimates. We say that a set E admits interior (resp.
exterior) density estimates when there exists ¢,7’ > 0 such that for any 0 <r <r” and x € E (resp.
E?),

|ENB,(x)| > cr? (resp. |[ES N B,(x)| > cr?).

It can also be useful to show density estimates for sets that are close (for a given topology)
to minimisers of a given isoperimetric problem. Indeed, it is then often possible to modify a
bit those sets to obtain actual minimisers of the considered problem. See for instance results
obtained in [37] in the context of Riemannian manifolds regarding the regularity of volume-
constrained local minimisers of anisotropic surface energies.

Our present goal is to exhibit in the case V # 0 general assumptions under which:

— (4.1.1) and (4.1.2) coincide,
— (4.1.2) admits solutions,
— solutions of (4.1.2) have density estimates.

4.1.1 Main results

Let us denote by (el-)?:1 the canonical basis of R? and specify that all the sets considered in
the chapter are assumed to be at least (Lebesgue) measurable. We start by proving in Section
4.2 that (4.1.1) and (4.1.2) coincide under the following set of assumptions (S1).

(H1) Energy of small balls: £(B,) — 0 as r — 0 and £(0) = 0.
(H2) Convergence at infinity: For any set E with |E| < co, E(E N Bg) — £(E) as R — oo.

(H3) Vanishing range of action: If E, F are bounded sets, then E(EU (F + Ley)) — E(E) + E(F) as

L — oo.

Proposition 4.1.1. Assume that £ satisfies (S1). Then (4.1.1) = (4.1.2).

Let us comment a bit on (S1). We use (H1) to compensate for any potential mass deficit when
we modify a set E to construct a generalised minimiser (E’);. However, there are alternative
methods to ensure that the mass constraint is satisfied when solving (4.1.1) or (4.1.2) (see e.g.
Remark 4.2.1). (H3) states that bounded sets do not interact when infinitely far apart from each

other, so that they may be seen as components of a generalised minimiser.

We then show that (4.1.2) admits minimisers. To prove this result we introduce the function-
als E+— P(E,U) and E +— V(E, U), which are defined relatively to a Lebesgue measurable set U.
By convention, we write P(E,R?) = P(E) and V(E,IR?) = V(E). The set of assumptions (S2) we
require to establish that (4.1.2) has solutions is as follows (we use the letter F to denote P or V

in hypotheses applying to both terms):

(H4) Relative isoperimetric inequality: There exists ry > 0 and f; : R, — IR, increasing with
£1(0) =0, m +— f;(m)/m nonincreasing and lim,,_, f;(m)/m = oo such that for r <ry, x € R?
and E c R%:
min (i (1E N B, (x))), f1(1B,(x) \ El)) < P(E, B, (x)).
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(H5) Periodicity: There exists 0 <r; < 2r0/\/3 such that F(E +r,U +ryex) = F(E,U) for any
l1<k<dand E,UCR?.

(H6) Perimeter set operations: Given E C R?, if U ¢ U’ are open, then P(E,U) < P(E,U’), and if
(U,-)ZI-:1 are open disjoint sets, then Zle P(E,U;) < P(E, ULI U;).

(H7) Bounded perimeter: If (E,), is such that sup, £(E,) < oo and sup,, |E,| < oo, then sup, P(E,) <

Q.

(H8) Compactness: If (E,), satisfies sup, P(E,, U) < co, then up to extraction there exists E C R?
such that E,NU — E in Llloc as n — oo.

(H9) Lower semicontinuity: Given E C R? and a bounded openset U, if E, — E in LllOC as n — oo
with sup,, |E,| < co, then F(E,U) <liminf, F(E,, U).

(H10) Beppo-Levi: If (U,),> is a nondecreasing sequence of open sets exhausting IR?, then for
any E C R?, we have F(E,U,) — F(E) as n — .

(H11) Weak superadditivity: For any m > 0 there exists #1,#, : R, — R, with #; continuous,
#71(0) = 0 and 77,(r) — 0 as r — oo such that the following holds: for any E C R? with |E| < m
and any finite family of balls (B")Z[:1 of radius R > 0 such that min,; dist(B, B/) > 5R,

I
Y V(EB) < V(E +;71(|E\u{:13i|)+172(12).
i=1

Theorem 4.1.2. Assume that the relative functionals of P and V satisfy (S2) and that (4.1.1) and
(4.1.2) coincide. Then, (4.1.2) admits a solution.

These assumptions deserve some comments. In terms of the concentration-compactness
principle, the relative isoperimetric inequality (H4) allows us to exclude the “vanishing" case.
(H5) is a weakened form of the invariance by translation. (H7) is trivial when the perturbation
term is nonnegative. Let us point out that in [66] the authors establish existence of isoperimetric
clusters in homogeneous metric spaces and with V = 0. In particular, their results imply
existence of isoperimetric sets in R?. A comparison between (S2) and their set of hypotheses
reveals that they are essentially identical. Indeed when V = 0, hypotheses (H7) and (H11) are
superfluous and (S2) is analogous to the hypotheses of [66, Section 2 & Theorem 3.3]. Points (i)
and (ii) of [66, Theorem 3.3] are obtained in our case through the partition of R into cubes.

In the first part of Section 4.3, we show that p-minimisers of the perimeter (see [60, Section
21] for the related concept of (A, ry)-minimisers of the perimeter) have interior and exterior

density estimates under the set of hypotheses (S3).

Definition 4.1.3. Let p : R, — R, be nondecreasing. We say that E C R? is a p-minimiser of the
perimeter (or simply a p-minimiser) if there exists r, > 0 such that for any r < r,, x € R and
E’ c R? with EAE’ C B,(x) we have

P(E) < P(E’)+p(r). (4.1.3)
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The function p is called the error function for E.

The set of assumptions (S3) is made of (H4) (relative isoperimetric inequality) and (H6) (set

operations) as well as three new hypotheses:

(H12) Local comparisons: For E C RY, x e R? and a.e. r > 0,
P(E) = P(E, B,(x)) + P(E, B,(x)°).
Additionally, for some C > 0:

P(E\B,(x)) <
P(EUB,(x)) <

(E,Br(x)) + CP(B,(x),E),
(B,(x),E) + P(E) — CP(E, B, (x)).

(H13) Integral inequality: There exists f, : R, xR, — R, and r; such that for any E C RY, x € R?

and 0<r<r,

1 f P(By(x),E)ds < fo(r,|E N B,(x)]).
0

r

(H14) Density scale factor: Let f; and f, be given by (H4) and (H13) respectively and define

fa(r,m) +p(r)

_ ~d
piem =2 (R0

) for r,m>0.

Then, there exist r3, &7 > 0 such that

d d

€1
f3(r,m) <1 for every r <r; and every ﬁr <m<ert.

Theorem 4.1.4. Let E C R? be a p-minimiser of the perimeter for some error function p. If (S3) holds,
then there exists Cy,rq > 0 such that for r <ry,

|E N B,(x)| > Cor? for every x € EV (4.1.4)

and
B, (x) \ E| > Cor® for every x € EO), (4.1.5)

where for t € [0,1], E\*) denotes the points of density t of E.

Let us provide some context on (S3) and Theorem 4.1.4. Density estimates for p-minimisers of
the perimeter are often an important tool in the study of isoperimetric problems. Indeed, it can
be used to show that said p-minimisers have bounded connected components. Additionally, it is
usually a crucial first step in the study of the spherical excess of minimisers (see [60, Section
22 & 26]), a central concept of the regularity theory for minimisers of isoperimetric problems.
For illustrations of this concept, one can refer to [50] for the anisotropic perimeter and to [17]
for the fractional perimeter. Additionally, when the density estimates are independent of the

considered p-minimiser, it may be possible to exhibit minimisers for the classical problem
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(4.1.1) provided additional assumptions on the perturbation term V (such as finite or rapidly
decreasing range of action). See [72] for an illustration of this approach with P the classical
perimeter and V a nonlocal kernel. Refer also to [24] for an example where P is the fractional
perimeter and V is the integral of a periodic function and is not necessarily positive, or to [19]

for the case of P = Per and V is defined using the Wasserstein distance.

The methodology employed to establish this kind of theorems is now well understood.
Since the publication of De Giorgi’s seminal papers on the classical isoperimetric problem
in the 1950s, various strategies been developed to address isoperimetric problems where the
considered perimeter is anisotropic or nonlocal, or with different perturbation terms. However,
most of these proofs revolve around the same idea: apply the relative isoperimetric inequality
to E (resp. E) and integrate this inequality to obtain interior (resp. exterior) density estimates
(see [60, Remark 15.16]). Consequently, we have aimed at formulating streamlined hypotheses
to encompass this shared framework, and also to simplify the process of establishing density
estimates in future research on isoperimetric problems. In our framework, we need (H12) to
deduce local results from the p-minimality of a set E, which is a priori a global property. (H13)
is used together with the relative isoperimetric inequality to allow us to compare perimeters
and Lebesgue measures. Finally, (H14) ensures that the error function p of a p-minimiser E is a
perturbation of higher order of P(E).

Remark 4.1.5. The conditions on p specified in (H14) are mild enough that p-minimisers of
the anisotropic perimeter Py (resp. of the fractional perimeter I) have density estimates in the

following two cases:
— p(r) = Cri=1% (resp. p(r) = Cr%=5*®) with @ € (0,1) and any C > 0,
— p(r) = Cri=1 (resp. p(r) = Cr?=*) and C small enough.
Theorem 4.1.4 is thus in accordance with [50, Proposition 3.1] and [29, Theorem 5.7].

In the second part of Section 4.3, we establish the connection between generalised minimisers
and p-minimisers. We prove that generalised minimisers of (4.1.2) are p-minimisers of the
perimeter for some p in two different situations: a case where P admits volume-fixing variations

and a case where both P and V have a scaling property.

Definition 4.1.6. Let E ¢ IR? be such that P(E) + V(E) < co. We say that E admits volume
fixing variations if there exist g;, ¢, : R, — R, nondecreasing and rs, ¢, > 0 with the following
properties : if E’ ¢ R? is such that EAE’ C B, (x) for some x € RY, then

1. for any ¢ such that |¢| < &,, there exist F ¢ RY and x, € R? such that B, (x) and B,_(x() are
disjoint and
FAE C B, (x0), [FI-|El=¢, &(F)<E(E)+ g (lel).

2. If F,F’ ¢ R? are such that EAE’ = FAF’ C B,(x) for r <r5 and EAF = E’AF’ C B, (xp) with
B,.(x) and B,_(x¢) disjoint, then

P(F’)- P(F) < P(E") - P(E) + g»(r). (4.1.6)
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We now introduce the following set of hypotheses, denoted (54):
(H15) Scaling: If E minimises (4.1.1), then there exists @, § € R and t; > 0 such that
P(tE)<t®P(E) and V(tE)<tPV(E) for any t such that |t —1| < t,. (4.1.7)

Additionally there exists 6 € [0,1], ¥ > 0 and C; > 0 (if 6 = 0 we require 0 < C; < 1) such
that for any E C RY,
V(E) = -C,[E]°P(E)"™°. (4.1.8)

(H16) Volume-fixing variations: If E solves (4.1.1), then E admits volume-fixing variations.

(H17) Local perturbation control: There exists v : R, — IR, nondecreasing and r¢ > 0 such that for
r<rg, if E,E'C R4 satisfy EAE’ C B,(x) for some x € R?, then

|V(E)-V(E')

<v(r).

Proposition 4.1.7. Assume that the relative functionals of P and V satisfy (S4) with either (H15) or
(H16). Then every component of a generalised minimiser of (4.1.2) is a p-minimiser of the perimeter
for an error function p. The error function p is defined by selecting the function equivalent to r — Cr°

with the smallest possible ¢ > 0 among
« v Cr? and v if (H15) holds (C depending on the constants appearing in (H15)),
* g1, & and v if (H16) holds.

Allow us to comment on (S4). We rely on the classical idea that if for some i > 1, E' C RY is
the component of a generalised minimiser of (4.1.2), then it is a minimiser of (4.1.1) with the
constraint m = |E?|. We then need to use either (H15) or (H16) to relax the mass constraint
in order to be able to compare E’ with a set E’ such that E‘’AE’ C B,(x) for some x € R and r
small enough. The scaling hypothesis (H15) is a well-known method (see e.g [65, Proposition
4.6] or [19, Proposition 3.3]), but when V is not necessarily positive, we lose the fact that the
boundedness of £ implies boundedness of P and V so that additional hypotheses are needed to
control the growth of V. The first point of Definition 4.1.6 appearing in (H16) is inspired by
the classical “volume-fixing variations" lemma (or “Almgren’s lemma” (see [60, Lemma 17.21]).
Let us also point out that the second point of Definition 4.1.6 is to account for perimeters with
nonlocal properties, as one may take g, = 0 if P is the classical or anisotropic perimeter (see the
definitions below). Eventually using (H17) to deal with local perturbations of V, we obtain that
E verifies (4.1.3) for some error function p.

4.1.2 Application to three perturbed isoperimetric problems

Let us present some examples from the literature of perimeter and perturbation terms satisfying
the sets of hypotheses (S1) to (S4), or only (S1) and (S2) in the case of the considered Dirichlet
energy. In Section 4.4 we provide a proof of this statement for three different perturbed
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isoperimetric problems. Additionally, we briefly comment on the other examples mentioned
below.

Regarding the perimeter, we consider its anisotropic and anisotropic nonlocal versions. For
E,UC R? we set

RIEU)= [ gty
Pe(E,U) = J K(x—p)dxdy.
(ENU)xE®

The value Py(E) is well-defined if E is of finite Caccioppoli perimeter, and then J*E denotes
the reduced boundary of E. The anisotropy ¢ is a nonnegative, one-homogeneous, convex and

coercive functional. In particular, there exists 0 < C; < Cy such that for x € RY,
C('Plxl < P(x) < Cylxl.

If ¢ =|-| we recover the classical perimeter, which we denote by Per in this chapter. Regarding
the nonlocal perimeter, we require that there exist C;,Cg > 0 and s € (0, 1) such that for x € RY,

Cp |x[79*) < K(x) < Cy |x7@+9).
We additionally require that K € Wli’cl (R%\ {0}) and that for x € R?,
VK (x)] < x|~ (FF=+1)

Let us point out that if U # R?, the definition of the relative nonlocal perimeter differs from the

one found in the literature (see e.g. [24, Section 2]). When K =|- |=4-5, we recover the fractional

perimeter and simply write Py = P,.

The perturbation terms encompassed by our hypotheses can be split into several categories.
The first and perhaps most studied in the literature is the Riesz-type kernel: given E, U C R¢,

we consider
VG(E, U) :J G(x—-y)dxdy
(ENU)x(ENU)

where G : R? — R, is continuous on $%~! and such that there exists § € (0,d) such that for any
t>0and x € R
G(tx) <t PG(x).

We refer to [56, 55, 7] for seminal examples where P = Per and G(x) = |x|# and to [41] for an
example where P = P, and G is explicit as well. See also [42] for a study of the anisotropic case
and [65] for a recent development in the case P = Per and with general kernels.

Remark 4.1.8. Proceeding as in [65], one can obtain that generalised minimisers to P + Vg

exist and have density estimates for P = Per, P<P or P, and with G, nonnegative, symmetric with
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respect to the origin, vanishing at infinity and such that
G(tx) <tG(x) forxeR%andt>1.

This case is not encompassed in our setting, because with these assumptions, neither the scaling
hypothesis (H15) nor the volume-fixing hypothesis (H16) hold. However, the mass constraint
can still be dealt with using the fact that for the considered perimeters

P(ENBgR)<P(E) foranyEC R and R > 0.

This classical result is a consequence of the monotonicity of the perimeter regarding intersection
with convex sets, which holds for the classical, anisotropic and fractional perimeter, but not for

the generalised nonlocal perimeter Pg.

A second family of perturbation terms appears in the prescribed curvature problem. We

consider
Vr(E,U) = —j T(x)dx,
ENU

and assume that T is L-periodic and Lipschitz continuous. Refer for instance to [49] for the case
P = Per and to [24] for the case P = P,.

Remark 4.1.9. If one only wants to establish that (S1) and (S2) are verified for P + V7, weaker
hypotheses on T can be considered. We use the Lipschitz continuity assumption to establish
that the volume-fixing hypothesis (H16) holds (see Section 4.2).

Perturbation terms involving optimal transport are studied in [19]. Given p € [1,00) and

denoting by W, (E, F) the p-Wasserstein distance between E, F C R, one can set for U C R?

Vw(E,U)= inf W

Foindio p(E NU,F)P.

Eventually, we can consider a Dirichlet energy as in [35] and show that it satisfies (S1) and
(S2). Given E C RY, we define the Sobolev-like space

H}(E) = {u eH'(R?):u=0 ae. on EC}
which is a Hilbert space as it is closed in H!(R?). For p € (d,c0) and h € LP(R?), the Dirichlet (or
torsion) energy of E is then

VDir(E):min{l |Vu|2dx—f uhdx:uelflé(E)}.
u 2 R4 R4

and given U C RY, we set Vi (E,U) = Vpi(ENU).

Remark 4.1.10. It is actually possible to show that minimisers of Py, + Vpj, or of Py + Vp;; admit
interior and exterior density estimates. However, because we focus on the set I:I&(E) instead
of the Sobolev space H&(E) (we have to introduce ﬁé(E) because if E is not open, there may
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exist a set E’ such that |[EAE’| = 0 but Hj (E’) = H} (E)), we were not able to prove (S3) and (S4)
exactly as they stand. One can proceed as in [35, Theorem 1.1] and first prove that E admits

(1

exterior density estimates, so that it can be correctly be identified with then open set E(!), and

then establish interior density estimates for E(1).

4.1.3 Notation and organisation of the chapter

All the constants of the chapter depend on d, the functions (f;);, (gj)]-, h,n,p,v and the parameters
r,€ used in the hypotheses, where i =1,2,3 and j = 1,2. We denote them with the same letter C
when differentiating the constants from one another is not relevant. We write C = C(E, m) to
specify an additional dependency on a set E or a parameter m. In some statements we write
A < B to indicate that there exists a constant € > 0 such that if A < ¢B then the conclusion of the

statement holds.

In Section 4.2, we prove that the infima of (4.1.1) and (4.1.2) coincide, and that (4.1.2)
admits solutions. In Section 4.3, we first establish that p-minimisers of (4.1.2) have interior and
exterior density estimates. We then discuss two cases where generalised minimisers of (4.1.2)
are p-minimisers of the perimeter as well. In Section 4, we study three examples of perturbed

isoperimetric problems.

4.2 Existence of generalised minimisers

We start off by establishing Proposition 4.1.1, i.e. that (4.1.1) and (4.1.2) coincide.

Proof of Proposition 4.1.1. Given a set E with |E| = m, we define the generalised set (E'); =
(E,Q,...,0) and have Sgen((Ei)i) = E(E). Hence egepn(m) < e(m).
Conversely if we let & > 0, there exists (E’); admissible for (4.1.2) such that

Egen((Ei)i) < egen(m) +é&.
Let us show that there exists a set E admissible for (4.1.1) such that
E(E) < egen(m) + 5e.

By (H1) small balls have vanishing energy: there exists o = 6(¢) such that if B, is a centred ball
of radius r > 0, then
|B,| <20 = &(B))<e. (4.2.1)

As (E'); is of finite energy and mass, there exists an integer I = I(¢, ) large enough that

I

D EEVS) EE)re<egnm+2e and ) [El<o

i=1 i>1 i>[+1

Combining this with the convergence at infinity (H2) of £, there exists R = R(¢, 9,) large enough
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that
I

1
ZE(Ei NBR)< Y E(E')+e<egen(m)+3¢  and Zusi N B < 6. (4.2.2)
i=1 i=1 i=1

[\/]~

Let B, be the centred ball with volume

IB, |_Z|E’QBR|+ Y IE<2s.

i>[+1

Given L > 0, we define the set

EL:[O((EiﬁBR)+iLel)]U

i=1

B, +(I+ 1)Lel].

By construction, for L large enough |E;| = m. Using recursively (H3) on the vanishing range of

action of £ then yields for that for L large enough

[\/]~

E(EL) < ) E(E'NBR)+E(B,)+¢ < egen(m) +5¢

i=1

where we used (4.2.1) and (4.2.2) in the last inequality. Thus
e(m) < egen + 5¢,

and as € > 0 is arbitrary the proof is complete. O

Remark 4.2.1. The vanishing energy of small balls (H1) does not hold for perturbation terms
V which are a-homogeneous with a < 0. However, this hypothesis can be replaced by the
assumption that P and V are homogeneous for some reals a, f and that V > 0. Proceeding as in
the proof of [19, Proposition 3.3], one can then show that there exists A = A(m) > 0 such that

e(m) = 1nf{€ +A’|E| m|}

and
egen () = (mf{ en(( +A|Z|E |—m|}

We can subsequently reproduce the proof of Proposition 4.1.1 without introducing a small ball

to compensate mass deficit.

Under the set of hypotheses (S2), we can prove Theorem 4.1.2, i.e. that generalised minimis-
ers of (4.1.2) exist. Recall that given U C RY, the localised versions of P and V are denoted by
P(-,U)and V(- U).

Proof of Theorem 4.1.2.

We follow the direct method in the Calculus of Variations. First, we use a classical minimising
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sequence to build a generalised set, and then establish lower semi-continuity results to prove

that this generalised set is a generalised minimiser.

Step 1. Construction of a generalised set.

Let (E,), be a minimising sequence for (4.1.1). As assumed in the statement of Theorem
4.1.2, (E,), is also a minimising sequence for (4.1.2). Let ry,r; > 0 be as in assumptions (H4) and
(H5) on the relative isoperimetric inequality and the periodicity of P and V. Notice that B,
contains the centred cube of side-length r;. We consider a partition (Qz)i,n of R into cubes of

side-length r; and we set
mj =|E,NQ4l and M} =|E,NBj]

where B! is the ball of radius ry with the same centred as Q!,. Rearranging the sequence we

assume that for every n > 0, i = M, is nonincreasing.

Step 1.1 Let us now show that the series Y ; M/, is uniformly summable with respect to n > 0.
Notice that there exists C = C(r/r() such that for every n >0

ZXB% <C, sothat Z{M}1 <Cm.

i>1 i>1

Thus as M}, is nonincreasing in i, for every I > 1 and i > I we have
Mi <ML < Cmy/l (4.2.3)

Let € > 0. Recall that the function f; involved in (H4) is such that there exists o = 6(¢) such that
m < ef;(m) for any m < 6. By (4.2.3) there exists I = I(5) such that for any i > I we have M/ <.
Up to reducing & we assume without loss of generality that [M}| < |B,|/2. Then, by (H4) we have

ZM}; < erl(M,’;) < SZP(EH,B;). (4.2.4)

i>I i>I i>]

Given n > 0, we split the covering (B!); of R? into N families B),..., BN such that |Bi N Bf;l =0
if B!, B}, € BX for some 1 <k < N and i # j. Notice that N = N(r,/r) is uniformly bounded in
n € N. By (H6) we may write

ZP(E,Z,B’ Z Z P(E,,B\)

= =1 BieBk,ixI
N
< ZP( " U )s ZP(En) < NP(E,). (4.2.5)
BieBk k=1

By (H7) sup,, £(E,) < oo implies that sup, P(E,,) < co. Thus plugging (4.2.5) into (4.2.4) yields

ZM;; <eNP(E,) < eC’

i>]
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for some constant C” > 0. This proves that the series }_; M" is uniformly summable with respect
to n> 0. As for any i > 1 and n > 0, we have m!, < M}, the series ¥ ; m!, is uniformly summable

in n >0 as well.

Step 1.2. By the previous substep, there exists a sequence (#1;);>1, such that up to extraction

mi, — m' as n — oo for every i > 1. Besides, m; > 0 for every i and by uniform summability,
Zm’ =m.
i

We now build a generalised set of total mass m. Let x/, be the centred of Qi. Up to further
extraction, we assume that for every i,j > 1, |x}, — x{l| —d; j € [0,00] as n — co. Recall that ry is
chosen so that (H5) holds, so that sup, P(E, — x;,) = sup,, P(E,;) < co. Thus by the compactness
assumption (H8), for every i >1, there exists E such that E,, — x), — E' in Llloc.
We now define an equivalence class in the set {1,2,...} by setting

i"‘-‘j if di,j < 0.

Notice that if i ~ j, then E and E/ coincide up to a translation. We denote by C the set of all

equivalence classes. For every equivalence class c € C let m. =) ;.. m; so that

ch = Zmi =m. (4.2.6)

ceC i>1

Step 1.3. Let us fix ¢ € C and let us establish that |E?| = m, for every i € c. Given £ > 1, by
definition, there exists R, such that for all n > 0

| Q) C By, (xh).

1<j<l, jec

Thus

Y omh= Y |EanL|=|Enﬂ( J <)

1<j<C, jec 1<j<0, jec 1<j<0, jec

<|E, N Bg,(xi)| = [(E, - x},) N Bg,|.

As E,—xi, — E'in Llloc' taking n — oo yields

Z m! <|E' N Bg,| < |E'|.

1<j<¢, jec

Letting £ — oo we finally obtain
me < |E|. (4.2.7)

Let us prove the converse inequality. For this, thanks to (4.2.6) and (4.2.7) it is sufficient to
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establish the inequality

) B <m, (4.2.8)

ceC
where for each ¢ we select one i, € ¢, for instance i, = min{j : j € ¢}. Let us fix N > 1 and define
Cny ={ceC:i. <N}, which is a finite subset of C. Given R > 0, by definition of the equivalence
relation for 1 large enough |Bg(x;¢) N Br(x;')| = 0 for ¢, ¢’ € Cy with ¢ # ¢’. Hence

= Eal = [Ex () () BrO)[ = ) 1B, O Br(xi)l = ) I(Ey =) 0 Bl

CECN CECN CGCN

Passing to the limit in n — oo yields

m> Z |E¥ N Bgl.

CECN

Eventually, letting R — oo and then N — oo proves (4.2.8).

Consequently for ¢ € C and i € ¢ we have |E’| = m,. Relabelling, we write {E% : c € C} =
{E',E%,E3,...} so that (E'); is admissible for (4.1.2). Given i > 1, we also denote %= xf; where
j>1issuch that E/ = E'.

Step 2 : Lower semi-continuity of the energy.
We are left with the proof of
Egen((E");) <liminfE(E,).

n—-oo

Keeping the notation of the previous step, we let I > 1 and consider the family %.,---, %.. Note

that if we let R > 0, for n large enough min;.; |5€;Z - 92{1| > 5R.

We start with the perimeter term. Using the periodicity assumption (H5) and then the set

operations property (H6), we have

Recall that E,, — %/ — E' in LllOC as n — oo. Using the lower semicontinuity and Beppo-Levi

assumptions (H9)&(H10) in that order, letting n — oo and then R — oo we obtain

I

ZP(E") <P(E,).

i=1

Thus sending I — oo yields
zp ) <liminf P(E,). (4.2.9)

i>1

Let us turn to the perturbation term. Using the functions #,#, of the weak superadditivity
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assumption (H11), we write

-
I MN
—_

I
V( xn,BR = V EnIBR ~l
i=1

I

En \ U BR(JZL)

i=1

< V(En)+171[ ]+ﬂz(rggjn|f§;—f£|—2R :

Notice that

1
E\|JBr( 'El‘Zl ) 0 Bl
i=1

Recall that 7,(r) — 0 as r — oo and that #; is continuous. Letting n — oo in the previous

inequality and using (H9) yields

I

ZV (E?, Bg) <l1m1anV <hm1an +171[ Z’UEZ ﬁBR|]

i=1
Notice that by (4.2.6), letting R — oo and then I — oo we have
m— ZlEI ﬂBR| — 0.
i=1

Therefore, using that #;(t) — 0 as t — 0 and letting R — co and then I — oo we obtain from
(H10) that

ZV(?) <liminf V(E,).

Combining this inequality with (4.2.9) yields

Egenl(( ((EY), Z[P ] < hmlnf[V (En)] = egen(m).
This proves that (E'); is a generalised minimiser of (4.1.2). O

4.3 Characterization of approximate minimisers of perturbed isoperi-

metric problems

4.3.1 Establishing Density estimates

In this subsection, we establish Theorem 4.1.4, i.e. that p-minimisers admit density estimates
under the set of hypotheses (S3).

Proof of Theorem 4.1.4. Take E as in the statement of Theorem 4.1.4, ¢; > 0 provided by (H14)
and for x e R, r > 0, set m(r) = |E N B,(x)|. We will show that there exists ry > 0 (depending on
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the functions and parameters r, ¢ appearing in the hypotheses) such that:

. m(r) m(r/2)
if for some r < ry, T < €1, then TZ)d <egq, (4.3.1)
and /2
if for some r < 1y, m > ¢1, then m{r/2) > €. (4.3.2)
rd (r/2)4

Combining (4.3.1) and (4.3.2) and the definitions of E™ and E© then yields (4.1.4) and (4.1.5).

We start by proving (4.3.1): assume that m(r) < &;7¢ for some r > 0 to be fixed later. Transla-
tion invariance does not necessarily hold, but up to a change of coordinates we may assume that
x = 0. Notice that t — P(B;, E) can not be strictly greater than its mean value over [r/2,r] for any
t € [r/2,r]. Hence there exists t € [r/2,r] such that

%P(Bt,E) < J P(B,,E)ds < J;rP(BS,E)ds < rfo(r,m(r)), (4.3.3)

/2

where the last inequality comes from (H13). Up to multiplying f, by a constant, we omit the
factor 1/2 in what follows. Now, applying Definition 4.1.3 with F = E \ B; yields

P(E) < P(E\ By) + p(2).
By applying (H12) to P(E \ B;) and plugging it into the previous inequality we have
P(E,B;) < CP(By,E)+p(t).
Then, using the monotonicity (H6) of U - P(E, U) and the one of p,
P(E,B,/;) < CP(B,E)+p(r).

Together with (4.3.3), we obtain (again replacing Cf, by f,)

P(E,B,)) < fo(r (4.3.4)

where
fo(r) = folr,m(r) + p(r).

Recall that m(r/2) < m(r) < e;r%. Without loss of generality, we may assume that &, < w;/2%*,
which implies m(r/2) < |B,/,|/2, so that in particular m(r/2) <|B,/, \ E|. Combining the relative
isoperimetric inequality (H4) and (4.3.4) yields

film(r/2)) < P(E, B2) < f5(r

so that

m(r/2) _ fo(r.m(r))

m(r/2) < fo{rmn) = 2 < R ()

m(r),



4.3. Characterization of approximate minimisers of perturbed isoperimetric problems 133

where we used the fact that m +— f;(m)/m is nonincreasing in the last inequality. By hypothesis,
m(r) < e;r%, and recalling that f; = 29(fy + p) fi = Zd]_fz/fl we obtain
m(r/2) m(r)

T < f3(r,m(r)) e < f3(r,m(r))e;. (4.3.5)

By contradiction, assume that n(r/2) > &, (r/2)?. Then m(r) > m(r/2) > £1(r/2)?. Thus by (H14),
we have f3(r, m(r)) < 1 and by (4.3.5), m(r/2) < &, (r/2)?, which is absurd. Hence m(r/2) < &,(r/2)%,
proving (4.3.1).

To establish (4.3.2), we define m°(r) = |E N B,| and assume that m‘(r) < &% for some r > 0.
Again, applying the mean value theorem to r + P(B,, E€) yields the existence of t € [r/2,r] such
that

P(By, EX) < fo(r, m"(r)).

Next, comparing the p-minimiser E with F = E U B; yields
P(E) < P(EU B;) +p(t).
Using (H12) to bound the local variations of the perimeter, we obtain
CP(ES, B;) < P(By, E°) +p(t).
The proof of (4.3.2) is then exactly as the one of (4.3.1) with E replaced by E°. O

4.3.2 Generalised minimisers as approximate minimisers of the perimeter

In this subsection, we prove Proposition 4.1.7, which describes two cases where generalised

minimisers of (4.1.2) are also p-minimisers of the perimeter for some function p.

Proof of Proposition 4.1.7.

We first observe that given i > 1, if E' is a component of a generalised minimiser of mass
|E?| = m;, then it is a minimiser of (4.1.1) with the mass constraint m = m;. We now show that
E' is a p-minimiser of the perimeter and split the proof on whether hypothesis (H15) or (H16)

holds. To ease the notation, we write E = E' and m = m;.

Case 1 : Scaling.
We first assume that P and V admit the scaling property given by (H15). Let us establish that

for some A > 1, E is a minimiser of

i]rsl,f{EA(E’) =E(E')+ A|m-|E|]}. (4.3.6)

By contradiction, let us assume that there exists A,, — oo and (E,,),,en such that
En,(Ey) <E(E). (4.3.7)

We first notice that we must have |E, | = m.
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Step 1: Boundedness of P and V. Let us show that

supP(E,)<oco and sup|V(E,)| < co. (4.3.8)
n n

By (4.1.8) from (H15), for every n € N we have
V(E,) > —C,|E,|°P(E,)'°. (4.3.9)
If =0, then C; <1 and by (4.3.7)
P(E,)(1-Cy) < P(E,) + V(E,) = E(E,) < € (Ey) <E(E) < E(Byim)),

where By, is the centred ball of volume m. Hence (4.3.8) holds.

If 0 €(0,1], applying Young’s inequality to (4.3.9) yields that for every n e N
V(E,) = —-C1(d|E |+ (1 -98)P(E,)), (4.3.10)

so that
(1 - Cl(l _6))P(En) < g(En) + 6C1|En|-

Thus for A, > 0Cy, by the triangle inequality
(1-C1(1-0))P(E,) S E(E,) + Aylm—|E,|[+ 6Cym < Ep (E,) +0C m.
Therefore by (4.3.7) sup,, P(E,;) < co. By (4.3.9), up to relabelling C; we have
V(E,) > —Ci|E,°. (4.3.11)

Therefore to prove (4.3.8) it is sufficient to establish that sup,, |E,| < 0. By (4.3.10) and replacing
C; by max(1,Cy)

|En|(An - 6C1) < V(En) + Cl(l - 6)P(En) + AnlEnl < ClgAn(En) + ClAnml
so that dividing by A, yields
E.I(1-0C1AY) < AT EN (E,) + Cym.

Hence sup,, |E,| < co and (4.3.8) holds.

Step 2: Showing that E minimises £,. We are now ready to prove (4.3.6). We set t¢ = m|E,,|”!
so that |t,E,| = m and write t, = 1 + ¢, where ¢,, € (—1,+00). Combining (4.3.7) and (4.3.8) one
has

AllEy| =m| <E(E) = P(E,) = V(E,) < E(Bgw) = V(Ey),
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so that
SupAn”Enl - ml <sup [E(BZm) - V(En)] = 5(B€(m)) - irr}fV(En) <00
n n

As A, — o0 as n — oo, the previous inequality implies that |E,| — m and ¢, — 0 as n — co. Now

using the scaling part of (H15), by definition of E we have
En,(En) < E(E) < E(t,E,) < tEP(E,) + thV(E,) = (1 +6,)*P(E,) + (1 +&,)P V(E,).
Therefore, a Taylor expansion yields that for some C3 = C3(a, 8,0, y,m) >0
Ay|m = |E,|| < leql€(Ey) <lenlC3E (Begm) = lelCs. (4.3.12)

Finally, notice that by definition of ¢,

|m— |En|| =m|l - t,‘ldl =m|l—(1+ sn)_dl = me, + O(e2).
Injecting this last equation into (4.3.12), we obtain

Apmle,| <ley|Cs

so that A, < Cj, contradicting the fact that A, — n as n — co. We thus have that E minimises
(4.3.6) for A > 1.

Step 3 : Conclusion. We finally consider E” with E’AE C B,(x) for some x € R? and r > 0. Let
us consider A > 1 such that E minimises (4.3.6). We have

P(E) <P(E')+[V(E")= V(E)] + A|[E’| - m| < P(E') + [V (E') = V(E)] + Awyr".
Using the local control (H17) on V, for r < 1 we have
P(E) < P(E")+v(r) + Awyr®.

Therefore E is a quasi-minimiser of the perimeter. Its error function p is v or r > Awyr9,
whichever is equivalent to r — Cr® with the smallest possible ¢ > 0.

Case 2 : Local variation.
We now assume that (H16) holds. Given x € R? and 0 < r < r5/2, we consider E’ such that
E’AE C B,(x). We notice that ||E'| - |E|| < a)drg so that for r5 small enough we may write
|E’| = |E| + € with |e|] < €;. By Definition 4.1.6 (1), there exist x( € R? and F c R? such that
|F| =|E’| - 2¢ = |[E| - ¢" and EAF C B, (xg) with |B,, (x) N B,_(x¢)| = 0 and

E(F) < E(E) + g1 (wgr?). (4.3.13)

We then define
F' = (FNBy(x0)) U (E\ (B, (x) U B, (x0))) U (E'N B, (x))
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and observe that |F’| = |[E|, FAF’ = EAE’ C B,(x) and EAF = E’AF’ C B,(xg). By Definition 4.1.6

(2),
P(F)—P(F) < P(E") = P(E) + &(r),

so that by minimality of E and the locality assumption of V (H17):
E(E)-E(F)<E(F)—E(F) < P(E')=P(E)+ g(r) + v3(r).
Injecting this inequality into (4.3.13) yields
P(E) < P(E')+ g1 (war”) + ga(r) + v3(7),

so that E is a quasi-minimiser of the perimeter. Its error function p is g, g, or v, whichever is
equivalent to r = Cr¢ with the smallest possible ¢ > 0.
O

4.4 Application to three perturbed isoperimetric problems

In this section, we consider three perturbed isoperimetric problems and investigate whether
they satisfy the sets of hypotheses (S1) to (S4). We let the reader check that the hypotheses not

mentioned in the proofs are indeed verified.

4.4.1 An anisotropic liquid drop model

Let ¢ and G be as in Section 4.1.2. We consider for E ¢ R and U open,

qb(vE(x))de_l(x) and Vg(E,U)= J(EQU) o) G(x—yp)dxdy.

Py(E,U) :f

(*E)NU
Proposition 4.4.1. The perimeter term P¢ and perturbation term Vg satisfy (S1) to (54).

Proof. Regarding (S2), the isoperimetric inequality (H4) and compactness property (HS) for
Py are implied by the fact that Ct/i) Per < Py < CyPer. We can thus take fy(m) = Cymtd-1/d,
As for the weak superadditivity (H11) of V;, let us denote Vg(E) = Lg(E,E) where Lg(E,F) =

fExp G(x —y)dxdy and given some x' € R? we set B; = Br(x!). We compute

Lo(ENU;B,ENU;B;)= Y Lo(ENB;,ENB;)+ ZLG(E NB;,ENB;). (4.4.1)

i#]

gl

Thus
VG(E) > VG(E,U;B;) =

-

VG(E,B;) + ZLG(E NB,ENB;)

i=1 i#]

and we conclude that (H11) holds with #; =7, = 0.
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We now prove (54) and finish with (S3). The scaling hypothesis (H15) is verified by Py and
Vi by hypothesis on ¢ and G. Regarding (H17), first notice that by hypothesis on G

G(x) < < for any x € R?, where C = sup{G(x) 1x € Sd‘l}. (4.4.2)

Now given E,E’ ¢ R? such that EAE’ C B,(x) for some x € R? and r > 0, we compute

VG(E)=VG(E') = Lg(E,E) - Lg(E',E')
— Lo(E\E',E)+ Lo(ENE’,E)~ Lo(E’'\E,E') ~ Lg(E' NE, E')
<Lo(E\EE)+Lo(ENE,E\E’).

Thus by symmetry of the roles of E and E’, and defining Ex = EAE’ and E, =EUE/,

dxd
|VG(E)- VG(E)| < Lg(ENE’,EAE’) + Lg(EAE’,EUE’) < cj x4y
EAxE, |X—3ﬂ|’3

where the last inequality is a consequence of (4.4.2). By (4.4.2), there also exists R = R(G) > 0
such that G <1 outside of Bg. As $ €(0,d), (4.4.2) implies that G is integrable on Bz. We define
for R > Othe set Sg = {(x,7) € R x R?, |x — 9| < R} and we have

J dxdy SJ G(x—y)dyderJ G(x—vy)dydx
ExxE, X = V1P T J(EyxE NS, (EaxE_)NSS

sj J G(z)dz +|EAE’|[EUE’| = C(G, m)|EAE’),
EAE’ JBy

so that (H17) holds with v(r) = Cr?. Thus by Proposition 4.1.7, generalised minimisers of Py + Vg
are quasi-minimisers of the perimeter with error function p(r) = Cr.

As for (§3), the fact that P, satisfies (H12) on local comparisons is classical and a consequence
of [60, Theorem 16.3]. Thanks to the fact that P, < CPer, the integral inequality (H13) is verified
with f,(r,m) = Csm/r. Finally, regarding the density scale factor assumption (H14), recall that

fi(m)=Cym'T

Therefore, up to replacing f; by Cf; we have
1-d 1

= B0 _mh EmyE )7

fi(m) r rd

Taking for instance r3 = 2% and ¢; = 274, we obtain that if r < r; and m is such that £,27% <
mr~ < 1, then f3(r,m) < 1. Therefore, (H14) holds. O

Remark 4.4.2. Another possible nonlocal kernel is of the form

Vk(E,U)=-Px(E,U) = —J- K(x—vy)dxdy,
ENUXE®
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so that the corresponding isoperimetric problem P — Py may be seen as the difference between a

(local or nonlocal) perimeter and a nonlocal perimeter. Notice that if K € L' (R?) we may write
VK(E,U):J K(x—y)dxdy - |E N U||[K|[p1(re),
(ENU)XE

so that the analysis of this case is exactly as in the case V = V; studied above. However in the

recent works [38, 51, 61] the considered problem is
wg1Per() = (1=s)B(:) or (1-t)P()—(1-5)F()

with 0 <s <t <1, so that the assumption Vg € L!(IR%) cannot be used. While various sets of
hypotheses on K are used in the aforementioned articles, proving that (S1) and (S2) hold is
similar to the case V = V;. To obtain density estimates however, the known approaches revolve
around showing that there exists 0 < sg < 1 such that for EAE’ C B,(x),

|Vk(E) - Vi (E')| < C(K)|[EAE’['"*0Per(EAE)%.

The dependency on the perimeter of EAE’ appearing in the bound on the local variations of V
then prevents one from establishing (H17). Thus (S4) does not hold even though assumption
(H15) is verified. This problem in turn prevents us from establishing (H14), so that (S3) does
not hold even though (H12) and (H13) of (S3) are verified. Usually, one has to first show density
estimates for the perimeter before establishing volume density estimates, which is outside the

framework of this chapter.

4.4.2 A prescribed nonlocal curvature problem

Let K and T be as in Section 4.1.2 and fix s € (0,1). In particular, recall that T is L-periodic for

some L > 0 and Lipschitz continuous. Given E, U C R? we consider

Px(E) = J- K(x-v)dxdy and Vp(E,U)= —f T(x)dx.
(ENU)XE* ENU

Proposition 4.4.3. The perimeter term Py and perturbation term Vp satisfy (S1) to (54).

Proof. Regarding (S2), recall that by hypothesis Ci P, < Py < CgP,. It is thus enough to prove
that the relative isoperimetric inequality holds for P,. We first observe that that for any E c IR,
r>0and x € R?, writing by abuse of notation B, = B,(x)

ﬂ%EB)>2J~ _4@@1_:J“ e = XeIF (4.4.3)
T JEnBx(EenB,) X =917 Jp g, [x— )t

Then if [ENB,| <|B,|/2, we proceed exactly as in the proof of [38, Lemma 2.5]: by a Poincaré-type
inequality for fractional Sobolev spaces, we obtain that for any ry > 0, there exists C = C(ry,d, s)
such that for any r <r,

P(E,B,)> CIENB,|'T.
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Conversely, if [E° N B,| <|B,|/2, we can proceed as in the preceding case because the roles of E
and E° are symmetrical in (4.4.3). Eventually, we have that the relative isoperimetric inequality
(H4) holds for

film) = Cym7.

The compactness property (H8) also holds because of the embedding theorems for fractional
Sobolev spaces. The periodicity assumption (H5) holds for V; because T is L-periodic and
the constraint L = r; < 2ry/Vd is verified by setting ry = VdL/2. Let us prove (H7) on the
boundedness of the perimeter by contraposition. We have V(E) > —||T|||E|, so that if there
exists (E,), with sup,, Px(E,) = co and sup,, |E,| = C < oo, then

E(En) = PK(En) + VT(En) 2 PK(En) - ”T”oolEnl-

Hence sup, £(E;) = oo and (H7) is proved.

Regarding (S4), as Py and V have no scaling property, we have to establish that (H16) on
volume-fixing variations holds. Regarding Definition 4.1.6 (1), we proceed as in [24, Lemma
3.1]. Given a minimiser E of (4.1.1), we have that |E| < co and Px(E) < co. We consider E’ ¢ IR?
such that EAE’ C B,(x) for r < r5 and x € R%. Let us show that there exists x; # x € R? such that

|[EN B, (x0)| >0, [E°NB,(x0)|>0 and |B, (x)N B, (x)=0. (4.4.4)

Up to reducing r5, we may assume that wdrgl < |E)/4. Thus there exists 0 € $%~! such that
xg = x+2r50 € E. Additionally, |B, (y) N B, (x)| = 0. Finally, there also exists ry > 25 such that
for xg = x + 0, we have x( € E and |B,_(xo) N E°| # 0. Thus (4.4.4) holds.

Hence by the relative isoperimetric inequality we have
Per(E, B(xq,15)) = sup{f divS(x)dx: S € C}(B(xg,75), RY), [IS|leo < 1} > 0.
E

Hence there exists S € C}(B(xo, r5), R?) such that M = JE divS(x)dx > 0.
Let us now define for t € (—1,1) the maps ®;(x) = x + tS(x). By a changing of variables, we

compute
Py (D4(E)) = L N K(Dy(x) — Dy(p)) (1 + tdivS(x) + tdivS(y) + o(t)) dxdy. (4.4.5)

By hypothesis on K we may write that for any x,y € R and t € (-1,1)

1

K(@,(x) @, (p)) ~ K(x—p) = tfo VK [x— g+ ut(S(x) — Su)]- (S(x) - S(z))d.

Combining the regularity of S with the fact that [VK| < |-|~4+5*1) yields that for some C = C(S,K)

dxdy

PRSTIE < C|t|P(E).
EXE*® -

|| K@) 91~ Kix=ldxdy < i
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where we used the fact that Cg|-|7¥*9) < K(-) in the last inequality. Reinjecting this into (4.4.5)

we obtain
(1= Clt[)Px(E) < Px(D4(E)) < (1 + Clt[) Pk (E) (4.4.6)

for some C = C(S, K). We proceed similarly for the perturbative term, writing
Vr(D,(E)) = —J T(x)dx = —f T(x+S(x))(1+tdivS(x)+ o(t))dx.
@,(E) E
Using the Lipschitz continuity of T and (4.4.6) we obtain that for some C = C(S,K):
E(Dy(E)) = E(E) + Ct +o(|t]).
Finally, notice that
|D,(E)| = J (1 +tdivS(x)+o(t))dx = |E|+ Mt +o(t).
E

Thus for |¢] < 1 we can find t(¢) = ¢/M + o(l¢]) such that F = @y (E) satisfies |F| = |E| + ¢,
EAF C B, (x¢) and
E(F) < E(E)+Clel,

so that Definition 4.1.6 (1) holds for g;(|e]) = Cle|.
Regarding Definition 4.1.6 (2), let us consider E,E’,F,F’ C RY and rs > 0 such that EAE’ =
FAF’ C B,(x) for some r < r5 and EAF = E’AF’ C B,_(x¢) with B,_(x) and B,,(x,) disjoint. Recall

that we want an estimate of the form
APy = Pg(E) = Pg(E") = (P (F) = P (F')) < ga(r), (4.4.7)

for some nondecreasing function g, : R, — RR,. Up to a change of coordinates we assume that

x =0 and given A, B C R? we define

L(A,B) = J K(x—vp)dxdy.
AxB
We first decompose E over B,, B, (xp) and H = B{ N B; and obtain
L(E,E®) = L(EN B,,E°) + L(E N B, (x0), E°) + LLENH,E*N B,) + LLENH,E* N By).
We write the same formula for L(E’, E”), and thus obtain for APg = Px(E) — Px(F) that

APE,F :L(E N BrlBr5<x0) N EC) — L(E N Br!BrS(xO) OFC)
+L(EN Brs(xo),EC) —L(FN Brs(xo),Fc)
+L(ENH,E‘NBY)-L(ENH,F N BY).
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The corresponding expression for APy, g = Pg(E’) — Px(F’) is

APE’,F’ = L(E/ N Br, E/C N BTS(xO)) - L(E/ N Br,F,C N BrS (XO))
+L(E'N BrS(xo),E'C) - L(F' N BrS(xO),F'C)
+L(E'NH,E“NBS)-L(E'NH,F*“NBY).

Notice that ENH = E’NH, that E°N BS = E’“N BS and that F€ N BS = F N BE. Hence the last lines
of AP and APp p will cancel each other out in the difference APy = APg p — APp . Therefore

APx =L(ENB,,E°N B, (x)) - L(ENB,, F N B,_(x)))
+L(E'NB,,F* N B, (xy)) - L(E'NB,,E“ N B, (x0))
+L(ENB,,(x9), E°NB,) - L(EN B, (x0), E“ N B,)
+L(F N B, (x0), E“NB,) - L(F N B, (x0), E°N B,).

Notice that the right-hand side of the previous equality is a sum of terms of the form Lg (A, B),
with either A C B, and B C B,,(x) or vice versa. In both cases, there exists C = C(K,r5) > 0 such
that inf{|x — y|: (x,y) € Ax B} > C. Also recalling that K(-) < Cg]|- |=(4+3), up to relabelling Cg we
have

dzd
Li(A,B) < Cﬂ A20Y g B, ()l = O (4.4.8)
B,xB, (xo) 12— ¥l

Therefore AP < Cr?, so that (4.4.7) holds with (1) = Cré.

Finally, (H17) on the local Lipschitz continuity of V is verified with v(r) = || T ||y . Thus
by Proposition 4.1.7, there exists C = C(g, g»,v) such that for r < 1, generalised minimisers of
(4.1.2) are p-minimisers for p(r) = Cri.

We conclude with (S3). Regarding the integral inequality (H13), let E ¢ R? and x € R?. Up

to a translation, we assume that x = 0. Now given z € B, we write

0 d-1
J dy SJ‘ dy SCJ vi v __C ‘
B 12—yl Jpg (9l =2l u-lgl v (=l

U qd-1
pK(Bu,B):J dz_dysscj LS:C wd“
(EnB,)xB: 12—Vl En, S(u —1zl) o (u-v)

Hence

Hence by Fubini-Tonelli

r r r d—1
lf pK(BwE)d,,,ZEJ HT(ENB) , 1
rJo rdody (u-vp

1-s r
& f Hd‘l(Eva)dv:%merl,
0

r

and one can take f,(r,m) = C3r~*m. We finish by establishing (H14) on the density scale factor.
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Recall that
film)=Cym'®

so that up to a multiplicative constant

We then conclude as in the proof of Proposition 4.4.1 : for some r3,¢; >0,

&1 m
f3(r,m)<1 forevery r<r; and F<r_"lsgl'

O]

Remark 4.4.4. Notice that excepted (H14) on the density scale factor and (H15) on the scaling
of P and V/, all the hypotheses in (S1) to (54) can be checked separately in P and V. Also notice
that in Propositions 4.4.1 on Py + Vr and 4.4.3 on Py + Vg we respectively checked that P, and
Py satisfied (S1) to (S4). Thus if one wants to check that (S1) to (S4) are satisfied for Px + V5 or
Py + Vr, only (H14) and either (H15) or (H16) have to be checked.

For (H15) to hold with Px + V;, one has to add a scaling hypothesis on K (which is verified if
Pg is the fractional perimeter F;). If one instead wants to show that (H16) holds, hypotheses on
G must be added: as for Py, assuming that G € Wli)cl (R?\ {0}) and that G and VG are controled by
sufficently integrable functions allows to conclude. Establishing that (H14) holds is identical to
the case Py + V. Indeed, having f1(m) = Cm'd=s)Vd or fi(m) = Cm'@-1/4 does not change the proof
of (H14), because the perturbation introduced by V;; is of the form Cm“ and d > max(d —1,d —s).

We finish with Py + V. On the one hand, to show that (H16) holds we have to add the
hypothesis that ¢ € C!($97!). Indeed, it implies that Py admits a first variation (see [60, Exercise
20.7]) so that the first point of (4.1.6) holds. The second point of (4.1.6) holds with g, = 0 because
of the locality of Py. On the other hand, for (H15) to hold one has to add a scaling hypothesis on
T. Lastly, one can show that (H14) holds by proceeding as in the previous paragraph on Py + V.

Remark 4.4.5. We also mentioned in the introduction that for p > 1 and E, U ¢ IR? the Wasser-
stein functional

Vw(E,U)= inf W

IFNENU|=0 p(ENU )

could be considered as a perturbative term. Let us briefly explain why Py + V}y satisfy (S1) to
(S4). The hypotheses of (S1) and (S2) are verified for V), as a consequence of [19, Proposition

2.2]. Additionally, Vyy(tE) = tP Vi (E) with g = p +d, so that (H15) is verified. Lastly by [19,
Lemma 2.4] for E,E’ C RY:

, L 4 ,
[VioE) — Vi (E') < C(IEL + [EIEAE', (449)

so that (H17) holds with v(r) = Cr?. We establish that (H14) holds as in the previous remark.
Lastly, if one wants to study Px + V) in the case where K admits no scaling, one will need to

show that V)) admits volume-fixing variations. This last fact remains an open question for now,
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although we believe it may hold without additionnal assumption on W.

4.4.3 A model of a nonlocal perimeter interacting with Dirichlet eigenvalues

In this example, the perimeter is Py and the perturbation term is Vpy,, i.e. for E,U C R4
1 N
Vpir(E,U) = Vpi(ENU) = min{— IVu|2dx—J uhdx:ue Hé(E N U)},
u 2 R4 R4
where h € LP(R?) for some p > d. Before proving that Vp,;, satisfies (S1) and (S2), let us recall

some of its properties. Given E with |E| < co, Vpjy(g) admits an unique minimiser wg, which is
bounded (see [35, Section 2]):

lwglle < C(p)llhllp|E[74P. (4.4.10)
It also satisfies
j VwE-Vq)dx:j ho dx (4.4.11)
R4 R4
for any ¢ € H}(E), so that
1 1
Vpir(E) =——j hwg dx:——j hwg dx. (4.4.12)
2 ]Rd 2 E

Proposition 4.4.6. The perimeter term P¢ and perturbation term Vp;, satisfy (S1) and (S2).

Proof. Regarding (S1), by combining (4.4.12) and the Holder inequality, for » > 0 we have

VoilBI < [ s, < bl s iy
B,

where p’ = p/(p—1). Thus by (4.4.10)
[Viir (B, )| < CIKI[Z,|B,| /P +2/d=Vp,

so that Vp;,(B,) — 0 as r — 0, proving (H1). Next, notice that if A,B c R? have finite volume
and are such that dist(A, B) > 0, then Vp;(AU B) = Vp;(A) + Vp;:(B). Thus (H3) holds.
We now move to (S2). Regarding (H7), given E C R? we proceed as for (H1) and we notice
that
Vbir(E) = =ClIIIE, [E|P /41,

Therefore, given (E,), with sup,, |E,| < oo, sup Py(E,) = co implies sup,, £(E,) = oo, proving (H7)
by contraposition. Assumption (H9) follows from [35, Remark 2.3]. We conclude by proving the
weak superaddivity assumption (H11). Given m > 0, we fix E with |E| <m and I > 1 disjoints
ballsBg(x1),..., Br(x!) such that min;; dist(B, B/) > 5R. We first notice that

1 1
ZVDH(E NBg(x'))= V(ENB), where B=| |Bg(x'). (4.4.13)
i=1 i=1
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Let us denote B! = Bg/,(x') for 1 <i <. There exists a mollifier i € C®(IR%,[0,1]) satisfying
o I c
=1 on B= QB’, ¥ =0 on QB%(x,-) and [|VY||p~ < R
1= 1=

Noticing that pwg € I:Ié (E N B), we can use it as a candidate for the minimisation in Vp;.(E N B).

We obtain . ,
Vou(ENB) = Vou(E) < 5 | V(e s 5 [ g - 29)dx
R4 R4

Notice that |V(pwg)|? = Vwg - V(*wg) + wg|V|*. Applying (4.4.11) with ¢ = ?wg yields

1
VDir(EnB)—VDir(E)glf w§|v¢|2dx+1f wEhlpde—j weh(1 - 21)dx
2 d 2 ]Rd 2 ]Rd

R

:%J w%|V1,l/|2dx+%J wph(1 - )?dx
R4 R4

1
e L),
<=+ |lwghl|dx.
R2 ;‘ (Bi)c

By the Holder inequality we estimate that for every 1 <i <1,

1/p , )
f |wEh|s(f | |wE|P) Willio iy < Mg Pl EP o sy
(l)C EO(BI)C

Recall that for 1 <i<I, B = BR/2(xi). Thus if we denote
C I
12(R) = 25+ C )Ml
i=1
we have that 77,(R) — 0 as R — oco. Thus (H11) holds, as

I
ZVDir(E N B') = Vpir(E N B) < Viir(E) + 12(R).
i1
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THEORETICAL AND NUMERICAL ANALYSIS OF PERTURBED ISOPERIMETRIC PROBLEMS

Abstract

In this thesis, we focus on perturbed isoperimetric problems. These problems involve the min-
imisation of an energy composed of a perimeter term that promotes mass aggregation, countered by a
perturbation term favouring disaggregation.

We begin by presenting the concepts used as well as past and current research conducted on the
isoperimetric problem and its variants.

In Chapter 1, we study a problem where the perimeter interacts with a non-local term called
an exterior transport term, defined using optimal transport theory. We demonstrate the existence of
solutions to this problem and, in regimes where the perimeter dominates, we prove that the minimisers
are balls.

Chapter 2 is dedicated to the exterior transport term. In a general framework, we show that the
variational problem defining it has solutions and a dual formulation. Using stronger assumptions, we
finally show that this term is maximised only by balls.

In Chapter 3, we present a numerical study in dimension 2 of the problem from Chapter 1. We
approximate the minimisers of the energy considered via a gradient descent algorithm. The numerical
results lead us to conjecture the existence of a critical mass above which the minimisers are no longer
balls, but elongated shapes with two axes of symmetry.

Chapter 4 focuses on a perturbed isoperimetric problem where the perimeter and perturbation
terms are not explicit. We exhibit a general set of assumptions under which a relaxed version of the
problem admits minimisers. Under stronger hypotheses, we then investigate whether these minimisers
have density estimates.

Keywords: Calculus of Variations, perturbed isoperimetric problem, Wasserstein distance, generalized
minimisers, Sinkhorn algorithm

ETUDE THEORIQUE ET NUMERIQUE DE PROBLEMES ISOPERIMETRIQUES PERTURBES

Résumé

Nous étudions dans cette these des problémes isopérimétriques perturbés. Ces problémes consistent
en la minimisation d’une énergie formée d’un terme de périmetre qui favorise I’agrégation de masse,
auquel s‘'oppose un terme perturbatif favorisant la désagrégation.

Nous commencons par présenter les concepts utilisés ainsi que la recherche passée et actuelle
effectuée sur le probleme isopérimétrique et ses variantes.

Nous étudions dans le chapitre 1 un probléme ou le périmeétre interagit avec un terme non-local dit
de transport extérieur, défini a ’aide de la théorie du transport optimal. Nous montrons l'existence de
solutions a ce probleme et, dans les régimes ot le périmétre domine, nous prouvons que les minimiseurs
sont les boules.

Le chapitre 2 est consacré au terme de transport extérieur. Dans un cadre général, nous montrons
que le probléeme le définissant admet des solutions et une formulation duale. A I'aide d’hypotheéses plus
fortes, nous montrons que ce terme est uniquement maximisé par les boules.

Dans le chapitre 3, nous présentons les travaux numériques effectués en dimension 2 sur le probleme
du premier chapitre. Nous approchons les minimiseurs de 1’énergie considérée via une descente de
gradient. Les résultats numériques nous amenent a conjecturer l’existence d’'une masse critique a partir
de laquelle les minimiseurs ne sont plus des boules, mais des formes allongées a deux axes de symétrie.

Le chapitre 4 porte sur un probleme isopérimétrique perturbé ou les termes de périmetre et de
perturbation ne sont pas explicites. Pour des hypothéses assez générales, nous montrons que ce probleme
admet des minimiseurs en un sens faible. Nous montrons ensuite sous des hypotheses plus fortes que ces
minimiseurs, appelés minimiseurs généralisés, possedent des estimées de densité.

Mots clés : Calcul des Variations, probleme isopérimétrique perturbé, distance de Wassertein, minimi-
seurs généralisés, algorithme de Sinkhorn
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