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Résumé
La transition entre le régime d’écoulement dense et le régime statique des mi-
lieux granulaires est un enjeu scientifique dans la description de ces milieux
pour des applications autant industrielles, comme le stockage et transport de
minerais, que géophysique, dans la modélisation et prédiction d’avalanches
granulaires par exemple. Développer des modèles théoriques permettant de
modéliser cette transition de phase est donc central pour la physique des mi-
lieux granulaires. Cette transition de phase a la particularité de présenter un
comportement hystérétique : les conditions de changement d’état dépendent
de l’histoire, c’est-à-dire du chemin de contraintes empreinté. Ce phénomène
n’est pas pris en compte dans les modèles classique et empêche une description
unifié des milieux granulaires dans les régimes solides et liquides. Son origine
physique, entre effets d’inertie et frottement des grains, fait aujourd’hui encore
débat dans la littérature.
Le présent travail de thèse a pour objectif d’étudier l’origine de l’hystérésis
pour un milieu granulaire idéal dans une configuration de plan incliné ru-
gueux, à partir d’une modélisation par éléments discrets. Le travail s’attache
dans un premier temps à étudier qualitativement la réponse du milieu à la
contrainte, c’est-à-dire à l’angle d’inclinaison du plan, mettant en évidence les
régimes granulaires statiques et d’écoulements dense, en jeu dans cette transi-
tion de phase à laquelle est associée le phénomène d’hystérésis. La dynamique
et la statique du milieu sont ensuite caractérisés de manière macroscopique
à l’aide des variables d’état classiques décrivant la densité et l’écoulement du
système. Une description de la micro-structure du système est aussi dévelop-
pée afin de mieux caractériser ces régimes, elle met en évidence l’importance
du réseau de contact et plus particulièrement de l’évolution du nombre moyen
de contacts entre grains avec l’angle d’inclinaison. L’influence de la dissipation
collisionnelle entre grains est étudiée et aucun effet notable n’est observé sur
les angles critiques définissant les conditions de stabilité du système ainsi que
sur leur différence qui quantifie l’hystérésis. Le frottement inter-particulaire a,
en revanche, un effet majeur sur ces quantités. Les résultats des simulations
montrent que ce mécanisme de dissipation est, comme attendu, central dans
la transition de phase et l’hystérésis.
Dans un second temps, afin de quantifier l’influence de l’inertie des grains sur
le mécanisme d’hystérésis, l’effet d’un fluide environnant est modélisé au pre-
mier ordre dans les simulations. Les résultats montre un impact de la variation
d’inertie des grains et mettent en évidence un effet combiné de l’inertie et du
frottement sur l’hystérésis permettant de rationaliser les différents résultats de
la littérature. Ensuite, afin d’établir une description quantitative de l’influence
couplée de l’inertie et du frottement entre grains, les angles critiques ainsi que
l’hystérésis sont caractérisés à l’aide de l’évolution de la micro-structure au
niveau des transitions de phase lorsque le frottement et l’inertie des grains
varient.
Finalement, cette étude permet de clarifier l’origine de l’hystérésis et propose
une nouvelle interprétation de ce phénomène par le biais de la micro-structure.
Elle pose ainsi les bases pour une modélisation plus complète du phénomène.



Abstract
The transition between dense flow and static granular regimes is a major scien-
tific challenge in the description of granular media, both for industrial applica-
tions, such as mineral storage and transport, and for geophysical applications
such as the modeling and prediction of granular avalanches. Developing the-
oretical models for this phase transition is therefore central for the physics of
granular media. A particular feature of this phase transition is its hysteretic
behavior: the conditions of transition between both regimes depend on the
history, i.e. the stress path. This phenomenon is not taken into account in
conventional models, and prevents a unified description of granular media in
both solid and liquid regimes. Its physical origin, between inertia effects and
grain friction, is still debated in the literature.
The aim of this work is to study the origin of hysteresis for an ideal granular
medium in a rough inclined plane configuration, using discrete element mod-
eling. The work begins with a qualitative study of the response of the medium
to stress, i.e. to the angle of inclination of the plane, highlighting the dense
flow and static granular regimes involved in this phase transition, which are
associated with the hysteresis phenomenon. The dynamics and statics of the
medium are then characterized macroscopically using classical state variables
describing the density and flow of the system. A description of the micro-
structure of the system is also developed to better characterize these regimes,
highlighting the importance of the contact network and, more specifically, the
evolution of the average number of contacts between grains with the angle of
inclination. On the one hand, the impact of dissipation by collisions between
grains was studied and no significant effect was observed on the critical an-
gles defining the system’s stability conditions, or on their difference, which
quantifies hysteresis. Conversely, inter-particle friction has a major effect on
these quantities. Simulation results show that this dissipation mechanism is,
as expected, central to phase transition and hysteresis.
Secondly, in order to quantify the influence of grains inertia on the hysteresis
mechanism, the effect of a surrounding fluid is modeled at first order in the
simulations. The results show the impact of varying grain inertia and high-
light the combined effect of inertia and friction on hysteresis, rationalizing the
various results reported in the literature. Then, in order to establish a quan-
titative description of the coupled influence of inertia and friction between
grains, critical angles and hysteresis are characterized using the evolution of
the micro-structure at phase transitions when friction and grains inertia are
varied.
Finally, this study clarifies the origin of hysteresis and proposes a new in-
terpretation of this phenomenon via the micro-structure. It thus lays the
foundations for a more complete modeling of the phenomenon.
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Chapter 1

Introduction

1.1 Context
Granular materials are usually defined as sets of solid grains. From sands on beaches

to cereals, they represent a wide range of materials, placing them second on the list of
the most common materials found on the global industry in terms of weight after water
(De Gennes, 1999). Yet, the finding of a universal constitutive law remains elusive (GDR
MiDi, 2004; Forterre and Pouliquen, 2008; Kamrin et al., 2024). The complexity of such
law lies in the variety of granular systems including the diversity of granular materials
themselves, as well as the environments in which they evolve. With this respect, the study
of granular materials initiated by Coulomb (Rhodes, 1990; Popova and Popov, 2015), is
the subject of several scientific fields, from engineering to fundamental research, within
which several branches have emerged over the years.
One of them is the geomechanics community that is an engineering and research commu-
nity that study among others soil mechanics. Soils of various earth landscapes are com-
posed of granular materials: canyons, deserts and dunes, rivers and coasts are examples
of natural earth environments where granular materials evolves. Such canyons landscapes
are also present on other planets of our solar system (Greeley, 2013). Another research
field, called geomorphology, studies geophysical flows that changes landscapes shapes as
presented above (Jerolmack and Daniels, 2019). Geomorphology studies a diverse number
of systems at various timescales: geological timescales at which the earth itself is consi-
dered as a soft granular material leading to the study of mountains relaxation; shorter
timescales, closer to laboratory experiment duration, at which coastal dynamic or sedi-
ment transport affects the morphology of coasts and river beds (Maurin, 2015); finally,
very short timescales at which natural hazards occurs and can affect lives and infrastruc-
tures, such as granular avalanches, landslides or debris flows (Delannay et al., 2017).

Granular materials are also presents in various industries: grain silo; excipients, gra-
nules and pills in pharmaceutical industry; mineral extraction and building industry (Mol-
lon, 2015).

In view of the diversity of granular systems, their study is particularly complex. The
latter complexity relies on a number of specific aspects linked to the nature of granular me-
dia and their applications. First, the grains size is a parameter that governs the existence
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of several interactions. As such, the choice of a characteristic size of order d > 100µm is
made since above this limit Van der Waals interactions and air drag (without wind) are
negligible. Similarly humidity effects are usually negligible or too complex to be conside-
red. Solid contacts are then preponderant in granular materials with such size (Andreotti
et al., 2013).
In several applications, the number of particles in the granular medium considered is grea-
ter than 10 to 100 million and often than one billion. That raises time and data storage
space cost issues for numerical simulations of many realistic systems, hence a discrete
numerical description becomes inadequate and a continuous modeling prevails.
For such grains sizes, thermal fluctuations are negligible, raising issues to develop conti-
nuous descriptions. Indeed, thermal fluctuations allows fluids to explore stable configu-
ration of minimum potential energy (Brownian motion in gas and liquids). In granular
media these fluctuations are negligible in front of the weight of the grains. This implies,
in the case of a grain pile for example, a multitude of local minimum of potential energy
at which the medium is stable, i.e. not flowing. It is then difficult to develop a statisti-
cal/thermodynamic theory of granular media.
In granular systems, grains interact with each others with typical solid-solid repulsive
forces. For example, in three-dimensional dense flows, with typical grains packing density
above 30%, there are multiple contacts for each particle. A grain is on average in contact
with about 2 to 4 other grains and a little more when not flowing, which makes interac-
tions between grains more complex.
In addition, although humidity and air drag are usually neglected, in a numerous appli-
cations cited above, non-negligible fluid-particle interactions exist. These interactions are
complex to model because of the presence of many particles that influence fluid environ-
ment and dynamics.
Finally, in many systems as grains silos, the macroscopic scale of the granular flow (cha-
racteristic size of the system geometry) is close to the characteristic size of a grain. It
can then be difficult to define a representative volume for continuous description. It also
raises issues about finite size effects or boundary conditions effects on the dynamic and
stability of the materials.

Because of the intrinsic complexity of granular media, the classical approach in the
physician community is to start from the characterization of idealized granular media
before adding complexity progressively and returning to application. Then, we will consi-
der in this work a granular medium made of spherical monodisperse grains interacting
without cohesion.

1.2 Description of granular materials

The main characteristic of granular media can be illustrated with a little experience
we have all made by taking sand in our hand: when the hand is closed the grains are
immobile, it is not possible to crush the grains and the media is similar to a solid. If now
we open the hand, the grains will first flow between the fingers as a liquid and then fall
as a fine rain into the ground as a gas. Assembly of grains can then behaves as solids,
liquids or gas.

28



1.2. DESCRIPTION OF GRANULAR MATERIALS 29

1.2.1 The states of a granular media
To better characterize these three different states, let us consider a more rigorous

approach. To do so, we consider a dry idealized granular medium, hence without fluid
interactions, made of grains of diameter d and density ρp in a shear cell (see Figure (1.1))
at a confining pressure P and a shear rate γ̇ imposed. The bottom plate of the cell

Figure 1.1 – Shear cell configuration. Source : Andreotti et al. (2013)

is steady and at a distance L from the upper plate that moves at an imposed velocity
Vw. It is important to note that the volume is not imposed here so L is free to evolve.
The shear rate can be expressed as γ̇ = Vw/L. At steady state, the problem can be
considered on average as unidirectional so that the force balance reduces to: ∂σxz/∂z = 0
and ∂σzz/∂z = 0, which implies |σxz| = τ and |σzz| = P . Considering the rigid grain
limit for which the grain deformation is negligible, and L/d ≫ 1, only four parameters
control the problem : d, ρp, γ̇ and P . Those parameters involve three units : length, mass
and time, so the Buckingham Π theorem (Barenblatt, 2003) tells us that the problem is
controlled by 4 − 3 = 1 dimensionless number. The one usually defined is the inertial
number I and is written as:

I = γ̇d√
P/ρp

. (1.1)

It can also be expressed as a ratio of time scale (Andreotti et al., 2013):

I = tmicro

tmacro

, (1.2)

where tmacro = γ̇−1 is the horizontal characteristic time linked to the macroscopic defor-
mation of the granular media under the shear rate and tmicro = d/

√
P/ρp is the vertical

characteristic time linked to the microscopic rearrangement of grains under the confining
pressure, see Figure (1.2). At low inertial numbers, typically I < 10−3, the macroscopic
deformation is slow compared to the time of local rearrangement, a regime characteristic
of the plastic deformation of granular media. This is the quasi-static/static regime, where
the assembly of grains is rigid under loading stress and behaves like a solid, see Figure
(1.3). At higher inertial number, 10−3 < I < 1, and lower density, the assembly of grains
densely flows, it behaves as a liquid; at even higher inertial number, I > 1, and lower
density, the assembly is diluted and flows as a gas, see Figure (1.3).

The solid state is associated to both static case for which I = 0 (granular pile at
rest) and to the quasi-static case where 0 < I ≤ 10−3 (Andreotti et al., 2013). In the
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Figure 1.2 – Physical interpretation of the inertial number, I, in term of (a) characteristic
time of deformation of the media which corresponds to the time that takes a layer of grains
of size d to be sheared from one diameter and (b) microscopic time of rearrangement under
the confining pressure, P , which is the time that takes to a grain to fall in a hole of size
diameter under the pressure P . Source : Andreotti et al. (2013).

(a) (b)

Figure 1.3 – (a) Classification of the different regimes of a dry granular media : solid/li-
quid/gas as a function of the inertial number I and the volume fraction ϕ. (b) Pictures
of the three different regimes of a granular media. Source : Andreotti et al. (2013).

former regime, the behavior of the system under loading stress is characterized by elastic
deformations where the strain is low enough to induce reversible deformations. If strain
reaches higher values, some failures are observed within the granular systems where local
displacement become irreversible and rearrangement occurs, leading to a different position
of some grains in the system. This regime is called plasticity or quasi-static regime, and
remains in the solid regime since rearrangement leads in these cases to others equilibrium
states of the medium that are still rigid. Solid regime of granular media is characterised
at first order by the density of grain samples measured by solid volume fraction ϕ, defined
for a sample of granular media of total volume Vtot :

ϕ = Vg

Vtot

, (1.3)

where Vg is the volume occupied by grains in the sample. In the case of a mono-disperse
sample of perfect spheres, the volume of each sphere is Vp = 1/6πd3, with d the diameter
of particles. Hence the volume fraction reads:

ϕ = Npπd3

6Vtot

, (1.4)
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with Np the total number of particles. In such systems, the densest samples correspon-
ding to the highest possible value of the volume fraction, ϕmax, is the densest crystal
configuration in the face-centered cubic configuration where ϕmax = ϕcfc = 0.74. It is the
most stable state of the granular medium, at which the level of potential energy is the
lowest possible. This theoretical result is rarely obtained in applications and experiments.
Classically the volume fraction value of a given sample is observed to stand between two
values (Andreotti et al., 2013) : ϕRLP = 0, 55 ⩽ ϕ ⩽ ϕRCP = 0, 64, where ϕRLP is the
Random Loose Packing, i.e the loosest random stack at which the media is stable in
the static regime under its own weight. The other bound, ϕRCP , is the Random Close
Packing, i.e. the densest random stack. These limits are due to notions of geometrical
equilibrium of grain arrangement and also to notions of mechanical equilibrium due to
tangential friction generated by the surface roughness of the grains. This range of solid
volume fraction illustrates the existence of a multitude of equilibrium states of a granular
media, which greatly complicates their description.
In the view of developing continuous description of granular behavior in the solid regime
some models were established equivalently to continuum solid materials, see Appendix
A.1, for which the forces are homogeneously distributed at each points of the medium. If
the same hypothesis is made for granular materials, it enables to write scaling laws in the
static and quasi-static states. Such scaling laws are detailed in the book of Andreotti et al.
(2013). Nevertheless, these theoretical scaling laws are not strictly verified experimentally.
One of the main reasons is that it makes the assumption of homogeneous distribution of
forces between grains, which is not observed in practice, demonstrating the complexity of
granular systems and the need for more complex modeling.

When the inertial number, I, is increased above unity and the volume fraction is low
ϕ ≲ 0, 3, see Figure (1.3), the macroscopic deformations are dominant and the beha-
viour of the media is similar to a gas. This regime is called the dilute flow. This regime
is classically described with a kinetic theory approach based on the equation of Boltz-
mann for a gas (Andreotti et al., 2013). Unlike a molecular gas, a granular gas includes
an inelastic dissipation term, leading to more complex theoretical developments. This re-
gime will nevertheless not be studied in the following work and is then not developed here.

In-between these regimes, for intermediate inertial number values, 10−3 < I < 1, the
assembly of grains is in the dense flow regime. In this regime, macroscopic deformations
as well as local rearrangements are of the same order and the system displays a liquid-
like behaviour. In this regime, the system loses its rigidity and grains flow continuously.
Hence, plastic deformations do not lead to others equilibrium states of the system, as it
does in the quasi-static regime.
The physical approach describing the behavior of granular systems in the dense flow
regime, i.e. dense granular rheology, is the starting point of this present work and is
presented in the following section.

1.3 Rheology of dense granular flow
In this Section we focus on the behavior of the system at high strain or strain-rate,

when local failures or rearrangements lead to global failure and the medium flows. Going
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back to the initial picture depicted by Figure (1.1), in the dense flow regime where 10−3 ≤
I ≤ 1, grains interacts by friction due to long-time interactions and tangential motions
and collisions (Maurin et al., 2016; Andreotti et al., 2013; Silbert et al., 2001). Different
canonical configurations are classically used in order to study granular flows (GDR MiDi,
2004; Forterre and Pouliquen, 2008), shown by Figure (1.4). Considering plane shear

Figure 1.4 – Different configurations of granular flow studied in literature (a) plane shear
(b) Couette cell (c) silo (d) flow on inclined plane (e) flow on pile (f) rotating drum.
Source: Forterre and Pouliquen (2008).

configuration without gravity, Bagnold (1954) showed that the pressure and shear stress
scaling of a granular neutrally-buoyant suspension depends on the shear rate regime.
He showed that at high shear rate when contacts between grains are predominant, the
granular pressure and shear stress scale as:

P ∼ ρpd2γ̇2, (1.5)

τ ∼ ρpd2γ̇2. (1.6)
These scaling enables one to get access to the velocity profile of the medium. In addition,
he extended the model in another work (Bagnold, 1966) and gave a description in terms
of stress ratio.

His pioneering works form the basis of the µ(I) rheology approach that will be des-
cribed below and in which our work is embedded. They also prefigured the link between
the description of immersed granular media and suspensions by considering fluid viscous
effect on granular dynamics.

As highlighted in the Appendix A.1.3, in order to model the dynamics of granular
material, one needs to develop constitutive relations between the stress tensor and the
strain-rate. This domain of physics is called rheology and focuses on the behavior of
flowing systems under various loadings.
In the configurations presented above, such as the plane shear cell, the granular dynamic
is controlled by a single non dimensional parameter: the inertial number I. Every other
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dimensionless number that can be formed from the system is therefore a unique function
of the inertial number. The rheological approach in the µ(I) framework (Da Cruz et al.,
2005; Jop et al., 2006; Forterre and Pouliquen, 2008) is to consider that the volume
fraction and the global friction coefficient or stress ratio µ between the shear stress and
the normal stress are functions of the inertial number:

τ

P
= µ(I), (1.7)

and
ϕ = ϕ(I). (1.8)

These relationships assume a local rheology in the sense that stresses only depends on
the local shear rate and granular pressure through the inertial number and that the
corresponding flow is homogeneous within the medium. This homogeneity of the flow is
indeed observed in dense granular flows on various configurations (e.g. Da Cruz et al.,
2005; GDR MiDi, 2004; Forterre and Pouliquen, 2008; Baran et al., 2006; Silbert et al.,
2001; DeGiuli and Wyart, 2017). If such assumption is made, then one can develop a
three-dimensional tensorial viscoplastic constitutive law (Jop et al., 2006). Nevertheless,
this model also needs to assume that the pressure is isotropic, i.e there is an equality
between the diagonal terms of the tensor, i.e σxx = σyy = σzz = P/3, and that the shear
stress is colinear with the shear rate tensor. It gives a Cauchy stress tensor:

σ = PI + τ, (1.9)

with I the identity tensor. Hence, at imposed τ or P , it remains one degree of freedom
as τ and P are related with the above Equation (1.7). This degree of freedom is resolved
with following flow curves or constitutive relation at low inertial number (Kamrin et al.,
2024):

µ(I) = µstop + bI. (1.10)
With b a fitted constant for a given material and µstop the constant static stress ratio in
the limit I → 0. The latter depends on material friction coefficient µp (Da Cruz et al.,
2005; DeGiuli and Wyart, 2017; Srivastava et al., 2022) and geometrical entanglement.
Note that µstop allows one to recover the Drücker-Prager (or Mohr-Coulomb) criterion as
µstop = sin(δf ) (Andreotti et al., 2013).
Equation (1.10) is only true in the dense flow regime at low enough inertial number, see
Figure (1.5). Another form, more accurate at higher inertial number, is given by Jop
et al. (2006) which gives:

µ(I) = µ1 + µ2 − µ1

I0/I + 1 et ϕ = ϕc − (ϕc − ϕm)I. (1.11)

Constants µ1 = µstop and µ2 in the Equation (1.11) are the threshold values of the ratio
between the normal and tangential constraints respectively at the transition liquid-solid
(I → 0) and at the transition liquid-gas (I → I0). ϕc and ϕm corresponds to phenome-
nological volume fraction depending on the inter-particle friction coefficient µp.

Such constitutive relations enable one to predict the flow curve of dry granular mate-
rials in many configurations. One of them is presented by Figure (1.5) for the plane shear
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(a) (b)

Figure 1.5 – (a) Global friction coefficient µ as a function of the inertial number I (b)
Volume fraction ϕ as a function of the inertial number I. Source : (Da Cruz et al., 2005;
Andreotti et al., 2013).

cell configuration in two dimensions. As expected, µ and ϕ evolves linearly with the iner-
tial number. Nevertheless, some departure from the linear behavior are observed at high
inertial numbers near the liquid-gas transition. In the case of fully-immersed assembly of
grains in a fluid, fluid-grain interactions are no more negligible. Indeed, (Bagnold, 1954)
showed that the behavior of the suspension is viscous and hydrodynamic interactions do-
minate at low shear rates. The grains are considerably slowed down by the surrounding
fluid. In that regime, the pressure is constant and the shear stress scales as:

τ ∼ ηf γ̇. (1.12)

For such dense non-Brownian suspensions, a rheological flow curve equivalent to Equation
(1.11) has been developed and links both volume and pressure imposed approaches (Boyer
et al., 2011; Guazzelli and Pouliquen, 2018). More details about dense non-Brownian
suspensions are given in Appendix A.2.

1.4 Challenges in granular media rheology

The validity of µ(I) rheology to model dense granular flow has been proved in various
configurations (e.g. Da Cruz et al., 2005; GDR MiDi, 2004; Forterre and Pouliquen, 2008;
Baran et al., 2006; Silbert et al., 2001; DeGiuli and Wyart, 2017). However, some complex
behaviors of granular media flows show the limits of this model. In particular, these
behaviors usually occurs at the transitions between the dense flow regime and the others
regimes. They highlighted the complexity of these systems as discussed in Section 1.1
and represents challenges to current research. This section focuses first on the description
of these limit behaviors and then presents what challenges they represent for continuous
modeling.
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1.4.1 Heterogeneity and finite size effect
The complex behaviors are mainly of two kinds: non-homogeneous flows and finite-size

effects. Both occurs in several conditions, a few of them will be presented here.

Creeping

Figure 1.6 – Creep granular flow on a heap, pictures are taken with various exposure time
1s, 1min and 1h from left to right showing the creeping flow of the granular region far
from the free-surface. Source: (Komatsu et al., 2001)

One important heterogeneity observed in granular flows is creeping. When a granular
medium is subjected to low strain rate or stress, for a bunch of geometries (heap flow,
shear flow with gravity etc.), flow appears to have a well defined solution by the µ(I)
model but creeps decays are observed, where grains in regions of the medium below the
flowing layer are moving at significantly lower velocities than the flowing layer. The flow
in these regions is then observed, for long observation times, and where the model predicts
no flow (Kamrin et al., 2024; Crassous et al., 2008). Such creep decay was observed on
heap flow for example by Komatsu et al. (2001) and presented by Figure 1.6. Creep
means, as seen on the picture, that the displacement of given regions are not observable
at small timescales but at large ones non-zero velocities are measured in those areas of
the medium.

Shear localization

Shear localization is an heterogeneity related to most of the others presented here.
Indeed, for most of them, the stress is localised in some regions of the flow implying
heterogeneous flow field. Shear-banding is a well-known example of stress localisation. It
is similar to creeping. Shear-banding occurs in shear stress imposed configurations and
defines the coexistence of regions within the medium that displays different shear rates
(GDR MiDi, 2004; Mandal et al., 2021a). Such heterogeneous flows were observed and
studied both experimentally and numerically (see e.g. Fenistein and van Hecke, 2003;
GDR MiDi, 2004; Mandal et al., 2021a; Vågberg et al., 2017).
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Finite-size effects

(a) (b)

Figure 1.7 – (a) Illustration of a clogged hopper due to arch creation at the exit. Source:
(Hong et al., 2017) (b) hstop(θ) curves for various ratios between the size of the flowing
grains and the size of the grains that constituted the plane. Source: (Goujon et al., 2003).

Another challenging physical behavior observed in granular flows are the finite-size
effects, where the characteristic size of the geometry, i.e. of the configuration studied, is
of the order of the grains diameter d. In the discharge of hoppers for example, the size of
the exit can be typically of the order of grains sizes, leading to arch creation and clogging
(Hong et al., 2017), as illustrated by Figure 1.7a.
Another example of interest in this thesis is the finite-size effect on a rough inclined plane.
When flowing on a rough inclined plane, a granular layer of thickness h will stop flowing
when the inclination angle of the plane eventually reach the value θstop. Equivalently, at a
given inclination angle of the plane θ, the thickness of the deposit, resulting from a flowing
granular layer that come to rest, is worth hstop. It gives the curve hstop(θ) of deposit layer
thicknesses at various angles on a rough inclined plane, see Figure 1.7b. This curve shows
that for small layers, the repose angle θstop is higher than for layers that exceed 10d and
highly depends on the layer thickness. This influence of the layer thickness on the repose
angle shows that the stability of the system depends on its characteristic size, here h,
when it is of the same order than the characteristic size of grains, d. It is called finite-size
effect.

Hence, both examples show that when the geometric characteristic length scale is
close to the diameter of grains the medium response to external stress is much stronger
(Kamrin et al., 2024).

Anisotropy

One key to understand heterogeneous flows is the shear-induced anisotropy. It is a
consequence of the application of shear in addition to isotropic pressure on the system.
In purely isotropic external stress applied on a granular medium, the deviatoric part of
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the granular stress tensor, τ , is zero and the normal stress components are equals. In
sheared granular flows, normal stress differences are observed both between the two nor-
mal components in the flow plane and between the average normal components in the
flow plane and the component in the vorticity direction. The former is a consequence
of an anisotropy, i.e. misalignement, between the strain tensor Γ and the stress tensor
σ in the flow plane (see e.g. Seto and Giusteri, 2018; Srivastava et al., 2021; Guazzelli
and Pouliquen, 2018). The latter normal stress difference appears to be related to the
anisotropy of the contact network of grains (Srivastava et al., 2021). More details about
normal-stress differences and its link to suspensions are given on Appendix A.4.
These contact and stress anisotropies are keys to understanding flow heterogeneities. For
example, according to Vågberg et al. (2017), shear-banding occurs due to the presence of
shear-induced stress anisotropy.

Equivalently to dry granular systems, dense non-Brownian suspensions also displays
similar heterogeneous behaviors such as discontinuous shear thickening at the transition
of plastic and inertial regimes, see Appendix A.2 for more details. These challenges are
common to others granular systems which reinforces the importance of resolving them.

1.4.2 Modeling heterogeneities
In the results presented above, a part of the research work is to model these beha-

viors using rheological models. As such, µ(I)-rheology was tested in order to compare
its prediction to observed non-homogeneous flows. In Kamrin et al. (2024), the authors
take as an example the numerical simulations from the work of Koval et al. (2009) in
annular shear flows in two dimensions in order to illustrate the modelling of heteroge-
neity. In particular, at low strain rates, the µ(I)-rheological model does not predict the
evolution of the actual measured flow curve, which suggests the presence of non negligible
strain-rate gradients. Kamrin et al. (2024) also explains that such behavior implies the
possible existence of an intrinsic length scale related to the characteristic size of grains d
that competes against flow gradients. As such, the dependence of the flow curve to such
length scale and d is a signature of what is called non-local effects.
Similarly, finite-size effect influences the flow in hoppers, where departures from µ(I)-
rheology prediction are observed (Staron et al., 2012). On an inclined plane, the finite-size
effect is also not predicted by µ(I), which predicts a single repose angle for every layer
thicknesses of a given material.

The term non-local is defined in opposition to the local rheological model µ(I) pre-
sented in the above Section, see Equation (1.10). The latter model for dense granular
steady homogeneous flows is indeed local in the sense that it is a constitutive relation of
the material that gives an algebraic relation between the stress σ and the the velocity
gradient ∇u through the strain rate tensor Γ = (1/2)(∇u + ∇uT ) at a given position
(x, y, z) (Jop et al., 2006; Forterre and Pouliquen, 2008; GDR MiDi, 2004; Kamrin et al.,
2024). The lack of size separation between the characteristic size of grains, d and the
characteristic size of the given studied geometry, as discussed in Section 1.1, raises issues
about the homogeneity assumption. Indeed, the rheology does not work in the case of
non-homogeneous flows as explained by Kamrin et al. (2024) and seen above.
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As a consequence, for such flows, non-local models are needed to describe the evolution
of the flow field properly. Non-local Granular Fluidity (NGF) model (Kamrin and Koval,
2012), partial fluidization theory from Aranson and Tsimring (2006), or the I-gradient
model from Bouzid et al. (2013) are examples of such models.

1.4.3 The need for micro-structure description
In a majority of the non-local effects, their experimental study is hard to set up since

they results from the history of the micro-structure of the material. The measure of
macroscopic state variables such as the velocity field, the volume fraction, the inertial
number or stress response, characterizes on the one hand the macroscopic response of the
material to external stress or strain (or strain rate). The departure of such measurements
from rheological models predictions are the signature of consequence of heterogeneities
within the granular materials. On the other hand, the micro-structure description enables
to highlights these heterogeneities and to study their origin (Cundall and Strack, 1979;
Srivastava et al., 2019; Bonn et al., 2017; Henkes et al., 2016) through state variables.
These variables, such as coordination number, contact anisotropy or sliding contact ratio,
describe the evolution of the micro-structure in response to imposed stress or strain. They
are then used as internal variables in continuous models that considered heterogeneous
flows (see e.g. Aranson et al., 2008). More details are given in Appendix A.3 about the
various micro-structure state variables that can be defined.
One major result that highlights the heterogeneity of granular systems is the heteroge-
neous distribution of forces in a granular packing. Indeed, it has been shown that the
probability distribution function of forces follow an exponential tail meaning that the
contact forces are not equals at each contact of the system, some contacts support a si-
gnificantly higher force that others (Radjai et al., 1999, 1998), see Appendices A.3 and
A.5 for more details. The evolution of the micro-structure, not considered by the models
presented here above, is key to develop finer models that predicts particular behaviors of
granular materials.

1.5 Hysteresis at the solid-liquid transition
The present work focuses on the phase transition between the dense flow, liquid, gra-

nular state and the solid state. The idea is to study in which conditions the medium
loses rigidity and starts flowing or, conversely, in which conditions it becomes rigid and
stops flowing. This seemingly simple transition is in fact more complex, involving various
physical mechanisms such as friction and grains inertia. In addition, it lies at the heart
of the complexity of granular media, as it highlights the different types of heterogeneity
described above. As shown by Figure (1.7b), which plots the transition curves from the
dense flow state to the static state of a granular layer on an inclined plane, the conditions
of transition are subjected to finite size effects and in-homogeneous flow gradients like
shear-bands or creeping can be observed near the transition (Silbert et al., 2001; Fenistein
and van Hecke, 2003; Mandal et al., 2021b). The main feature that characterizes the
complexity of the transition is the presence of hysteresis, meaning that the external stress
or strain rate conditions leading the system to flow from the solid state is greater than the
external stress or strain rate conditions leading the system to stop flowing in the dense
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flow state. This phenomenon is observed in various configurations presented in Figure
(1.4). For cylindrical and plane shear cell configurations, a difference is observed between
the values of stress ratio at the boundary walls when the granular flow starts and stops
(Da Cruz et al., 2002; Mowlavi and Kamrin, 2021). In the rotating drum configuration,
a difference is observed between the values of free surface inclination angle when the flow
starts and stops (Courrech Du Pont et al., 2003; Perrin et al., 2019; Peng et al., 2023).

For the inclined plane configuration, the observed hysteresis illustrates intuitively the

(a) (b)

Figure 1.8 – (a) Scheme of the process A, where the inclination angle is increased in the
static regime to reach the avalanche angle θstart (b) Scheme of the process B, where the
inclination angle is decreased in the dense flow regime to reach the stopping angle θstop

Figure 1.9 – Critical angles θstart and θstop as a function of the layer thickness h/d in the
inclined plane configuration, source: (Pouliquen and Forterre, 2002)

phenomenon from real-life applications. At a given layer thickness h, starting from a
static bed and increasing progressively the plane, the granular medium is set in motion
at a given angle θstart. Conversely, starting from a flowing granular medium, of same thi-
ckness, and decreasing progressively the inclination angle, one observes a stopping angle,
θstop at which a medium goes to rest. These two angles are not the same, with a larger
inclination angle to set the medium in motion than the one at which it stops, defining
an hysteresis. Indeed, the behavior of the granular medium at this transition therefore
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depends on the stress path followed (from rest to motion, or from motion to rest), so on
the loading history. The processes leading to the avalanche and stopping angle for a given
layer thickness are illustrated on Figure (1.8). The corresponding inclination angle paths
are represented on Figure (1.9). This figure presents the curves for both critical inclina-
tion angles θstart and θstop measured by processes A and B for various layer thicknesses h.
It shows two distinct curves θstart(h) and θstop(h) with, as explained above, the avalanche
angle greater than the stopping angle for all layer thicknesses. As such, it shows the angle
range, in between the critical angles, quantifying hysteresis.
Understanding hysteresis phenomenon and characterizing the phase transition between
liquid-like and solid-like granular behaviors is fundamental for the description and unifi-
cation of granular media models. Nevertheless, hysteresis in granular media at the solid-
liquid transition has been the subject of few studies in the past (Courrech Du Pont et al.,
2003; DeGiuli and Wyart, 2017; Perrin et al., 2019, 2021; Peng et al., 2023). The dif-
ferent authors have pointed out the influence of grains inertia (Courrech Du Pont et al.,
2003; Perrin et al., 2019) and friction (DeGiuli and Wyart, 2017; Perrin et al., 2019;
Peng et al., 2023) on the phenomenon. Yet, no consensus is established on its origin and
characteristics, which are still debated.

1.6 Main objectives and thesis outline
This thesis is part of a drive to unify models at the solid-liquid transition. In this mo-

deling vision, it is necessary to characterize hysteresis and understand its physical origin,
to better describe it. To do this, we choose to work with the inclined plane configuration
because the nature of hysteresis has been little studied in this configuration, which never-
theless illustrates well the phenomenon for actual applications. The thesis work carries
out a numerical study at the grain to gain access to a wide range of state variables of the
system and, in particular, to the granular micro-structure. We consider spherical mono-
disperse assembly of grains interacting without cohesion. We investigate the influence of
inter-particle friction and inertia on the hysteretic phenomenon to try to unify the results
of the literature on the subject and provide a better understanding of hysteresis origin.

To do so, we will first review the literature and identify what is known, and the main
issues in the field, in Chapter 2. The notions of jamming and unjamming of granular
systems transition, the phase diagrams related, and their link with hysteresis is discussed.
Then, the numerical model used and the methodology adopted to study the problem are
presented in Chapter 3.
Chapter 4 describes qualitatively the results observed at the transition, the different states
and physical mechanisms at stake in hysteresis phenomenon, by varying the physical
parameters of the grains. It allows us to make the connection with the literature on
phase transitions, confirm the existence of two distinct transitions and the major role of
inter-particle friction.
After that, a systematic quantitative study is presented in Chapter 5 investigating the
influence of inter-particle friction and grains inertia on hysteresis and rationalising the
different results from literature.
Finally, we conclude on the contributions this thesis work provides to the research on the
subject and present the perspectives it opens up, in Chapter 6.
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Chapter 2

State of art on the phase transition
between static and flowing regimes
and hysteresis

Hysteresis represents the difference in external stress or strain rate conditions bet-
ween the cessation and the initiation of flow. It is the result of two distinct transitions
that are respectively identified as jamming and unjamming transitions. As such jamming
transition refers to the critical stress, strain rate or packing fraction conditions where
the medium stops flowing. By opposition, the unjamming transition refers to the critical
conditions where the medium starts to flow from the static regime. The hysteretic beha-
vior shows that it does not exist a single well-defined critical point of transition but some
critical points that depends on the density and the path taken to apply an external stress
or strain. This behavior have often been attributed to the micro-structure (Da Cruz et al.,
2002; DeGiuli and Wyart, 2017), i.e. forces chains and contact network evolution, that
influence the response of the granular material to the external stress or shear rate near the
jamming (Silbert et al., 2002a; O’Hern et al., 2001; O’Hern et al., 2003) and unjamming
transitions (Staron et al., 2002; Silbert et al., 2002b; Staron and Radjai, 2005).
There is an extensive literature on jamming and unjamming transitions in granular media,
while few studies have specifically focused on hysteresis. It is then interesting to study
the literature on jamming and unjamming separately to understand the approaches and
tools needed to study hysteresis phenomenon and appreciate the complexity of the subject.

The present state of art aims first to explain the jamming approach as a global pa-
radigm of research about various amorphous materials, in order to position granular ma-
terials in this field of study. Indeed, the study of the liquid-solid transition of granular
materials has undergone a paradigm shift from the elastoplastic theories (Savage, 1998)
to the study of jammed systems (Liu and Nagel, 1998; Silbert et al., 2002a). It enabled
granular materials research to understand the transition between static and dense flow
regimes through the physical theory of phase transitions. The emergence of this new
field have launched a series of research projects that focused on the approach to jamming
(Rothenburg and Kruyt, 2004; Da Cruz et al., 2005; Song et al., 2008; Srivastava et al.,
2022) and unjamming (Silbert et al., 2005; Wyart et al., 2005; Staron, 2008) with the use
of micro-structure descriptors.
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The idea of this literature review chapter is to start from the results in the simplest confi-
gurations and progressively complexify, to end up with results on the dry and immersed
frictional inclined plane configuration studied in the present work. Considering first the
jamming and unjamming transition, it details several interesting results, needed to un-
derstand the behavior of granular system at both transitions.
It starts with the study of jamming and unjamming transitions of an idealized confi-
guration of frictionless system without gravity under isotropic and anisotropic external
conditions.
Then, the studies presented focus on jamming and unjamming of systems with finite
inter-particle friction without gravity.
Hence, the chapter presents results from more realistic configurations where gravity and
inter-particle friction are present at both transitions.
Finally, the chapter focuses on the inclined plane configuration considered in the present
study and presents the phase diagram of granular systems down rough inclined planes,
highlighting the presence of hysteresis. The link between the latter phenomenon and the
jamming/unjamming literature is discussed. Various results from the investigations of
physical mechanisms responsible for the hysteresis are also discussed and several consti-
tutive models considering hysteresis are presented. The development of these state of art
enables us to identify more specifically and precisely the objectives of the thesis that we
aim to investigate in the following chapters.

2.1 The paradigm of jamming

(a) (b)

Figure 2.1 – (a) Hypothetical phase diagram for the jamming transition of disordered
systems by Liu and Nagel (1998). (b) Hypothetical phase diagram for the jamming
transition of granular athermal systems, only in the density-stress plane of the previous
phase diagram, source: (Bi et al., 2011).

Jamming can be defined in several ways. First, under external stress, strain rate,
jamming is the point where a granular media develops rigidity, in the sense that it can no
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longer flow since the dynamic has dramatically slowed down (Liu and Nagel, 2010; Biroli,
2007).
It has also been defined as a "paradigm of thinking" for the accession to rigidity of any
type of amorphous material, from molecular liquids to macroscopic dry granular materials
(Liu and Nagel, 2010). Conversely to the study of granular elasticity and plasticity in-
troduced in Section 1.2, the study of granular jamming does not assumes homogeneity of
the system and attempt to consider non-affine motions, where fluctuations in the velocity
field of the assembly of grains does not follow an affine motion (Radjai and Roux , 2002),
and heterogeneities are present within the medium.

This paradigm emerged from the apparent analogy between the rigidity transition of
granular materials and the glass transition, especially the disorder of these system in the
rigid state (Liu and Nagel, 1998; O’Hern et al., 2003; Biroli, 2007). An hypothetical
jamming phase diagram emerged from this paradigm (Liu and Nagel, 1998), presented
on Figure 2.1a assumes the three order parameters that would lead this type of amor-
phous materials to be jammed: the temperature, the stress or the packing density. In
this diagram, the state of a granular athermal material is for example only defined by
the density ϕ or 1/ϕ and the stress τ giving a two dimensional phase diagram, see Figure
2.1b. The medium will then be unjammed at high stress and/or low density and jammed
at high density and/or low stress. Figure 2.1b also presents the Jamming point, or point-
J , corresponding to the jamming density ϕJ at which the system is jammed with zero
applied stress and zero temperature in the frictionless case and defined as the "epitome
of disorder" (O’Hern et al., 2003).
Although this kind of analogy has enables to show that the jamming of simple colloidal
materials behaves as a glass transition (Bonn et al., 2017), dense non-Brownian sus-
pensions and dry granular materials fundamentally differ from glass transitions. The
fundamental difference lies on the athermal feature of such systems implying an absence
of spontaneous dynamic. Hence, the emergence of solidity, i.e. rigid response to exter-
nal stress, in such materials does not results from the competition between time scales
(spontaneous dynamic time scale of thermal fluctuation and time scale from shearing).
As such, the transition is defined as static resulting from a sharp change in the micro-
structure of the system (Bonn et al., 2017; Liu and Nagel, 2010). The term static is used
to express this fundamental difference to thermodynamic phase transitions in which in-
trinsic dynamic exist (thermal fluctuations), but the usual term to describe the jamming
transition of athermal granular materials is dynamical phase transition. Finally, the chal-
lenge in stuying such phase transition is to preciselly define phase diagrams between the
imposed variables and response of granular media, equivalently to the hypothetical ones
of Figure 2.1, that define regions in which the system is rigid or flows. These diagrams
then gives information on the yield values of the imposed or measured (in response) va-
riables that can help developing constitutive and continuum description of such materials.

The following sections will then focus on an overview of the jamming and unjamming
transitions of athermal granular materials under various conditions. Starting from idea-
lized systems and adding complexity to approach more realistic systems as the inclined
plane configuration, the following sections will enables us to identify key features of the
jamming and unjamming transitions and present various corresponding phase diagrams.
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This is necessary for a better understanding of this global phase transition of granular
systems, and ultimately hysteresis.

2.2 Jamming and unjamming of frictionless granular
media

The notion of jamming and unjamming are directly related to the stability of an
assembly of grains. They represent respectively the accession and lose of stability of
a granular system. This section focuses on the study of such transitions for idealized
frictionless grains, for which the accession and lose of stability appears to be simpler.
The accession to stability is intrinsically related to the notion of staticity of a mechanical
system, corresponding to the mechanical equilibrium between the number of equations
and the number of constraints. This approach can be used to define the mechanical
stability conditions for an assembly of grains. Isostaticity is then a mechanical criterion
defining the limit between hypostatic, unstable system, and hyperstatic, stable system.

2.2.1 Isostaticity of frictionless and infinitely frictional grains
In athermal systems, since no thermal fluctuations are present, the system is always

in mechanical equilibrium in the jammed state and the contact forces on all particles
balance (Liu and Nagel, 2010). As such, the stability of the whole system is given by
the Maxwell’s criterion on the order parameter Z, the coordination number or average
number of contacts in the assembly of grains (Liu and Nagel, 2010; Silbert et al., 2002a;
Wyart, 2009; Henkes et al., 2016). Such criterion gives well defined isostatic values in the
frictionless and infinite friction limits. By contrast, for particles with finite inter-particle
friction, the isostatic criterion is harder to define due to Coulomb’s criterion of tangential
forces. The idea of this section is then to detail the isostatic criterion in both frictionless
and infinite frictional cases that are intrinsically hypothetical but gives two intersting
isostatic boundaries of the frictional jamming transition.

The isostatic criterion is given through the coordination number that is calculated
at the scale of the granular media with the total number of contacts, noted Nc, and
the number of particles, noted Np, as: Z ≡ 2Nc/Np. Maxwell’s criterion on mechanical
stability is set by considering the total number of degrees of freedom in the system, related
to the dimensions of the system (2 or 3D), and the total number of constraints, related to
the coordination number. As such, the isostatic condition of a frictional granular media
in D dimensions is only given by its coordination number that respects (Liu and Nagel,
2010; Wyart, 2009):

D + 1 ≤ Z ≤ 2D. (2.1)

In 3D, D = 3, it gives:
4 ≤ Z ≤ 6. (2.2)

These inequalities are given considering each bounds as limit isostatic cases in the fric-
tionless and infinite frictional case. The upper bound is defined considering the case of
frictionless particles in D dimension. There are then NpD degrees of freedom in the sys-
tem with Np the total number of particles, D degrees of freedom by translation for each
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particle. No degree of freedom are counted for the rotation, since all contacts necessarily
slides for frictionless particles. It also represents the total number of force balanced equa-
tions in the system. There are Nc constraints in the system, corresponding to the total
number of contacts and also representing the total number of unknown normal forces. In
that case the system is stable if NpD ≥ Nc giving the upper bound of Equation (2.1),
which is the limit at µp = 0. There, NpD = Nc or Z = 2D = 6 in three dimensions.
The lower bounds of the equations are defined at the limit µp → ∞ where the Coulomb
friction criteria is respected for every contacts. Then D(D − 1)/2 degrees of freedom by
rotation are added to the D degrees of freedom by translation per particle. The former
notation is simply used to obtain 3 in 3D and 1 in 2D. In addition, in that case each
contact brings 1 constraint per translation (as in the frictionless case), i.e. one unknown
normal force, and D − 1 constraints by rotation, i.e. D − 1 unknown tangential force.
Indeed, in 3D a contact only allow rotation along the axis formed by the center of the
particle and the contact point. Then, it constrains the two others degrees of freedom of
rotation. In 2D, a contact constrains the only degree of freedom possible by rotation.
That leads to the lower bound of the inequality, Z = D + 1 = 4 in three dimensions.

2.2.2 Jamming at point J under isotropic or anisotropic condi-
tions

Reaching such isostatic conditions is possible with isotropic conditions either by im-
posing the volume fraction ϕ or by imposing normal stress with no deviatoric stress. For
frictionless particles isotropic jamming was observed with volume-imposed simulations
with zero applied stress (O’Hern et al., 2003). The system is considered jammed when
the average potential energy in the system has reached a minimum. The result show that
frictionless particles reach jamming in isotropic conditions if the volume fraction reaches
a limit value, noted ϕJ . This value is equal to ϕJ = 0.64 = ϕRCP in three-dimension.
This point is called the jamming point or J point. At that volume fraction, O’Hern et al.
(2003) observed a discontinuous jump in the coordination number from Z = 0 at ϕ < ϕJ

to Z = 6 = Ziso (in three-dimension) at ϕ = ϕJ . Such discontinuity has been interpreted
as the signature of a first-order phase transition (Liu and Nagel, 2010) by opposition
to second-order phase transitions where the evolution of the order parameters are conti-
nuous. Similarly, such isostatic conditions were observed in numerical simulations with
isotropic pressure (normal stress) showing equivalent values of the coordination number
and volume fraction for frictionless particles (Song et al., 2008).
Such packing fraction and coordination number were investigated under anisotropic nor-
mal stress conditions by Silbert et al. (2002b). They calculated numerically the packing
fraction and coordination number of a granular media that settle under gravity on a rough
horizontal plane. They demonstrated that in these more realistic conditions, frictionless
particles displays similar isostatic packing fraction and coordination number than in iso-
tropic conditions.
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2.2.3 Scaling laws in the jammed state
One interesting behavior of frictionless jammed materials is that above the critical

jamming values ϕ > ϕc and Z > 6 = Ziso, if the medium is compressed by increasing
pressure or volume fraction, scaling laws relating the several quantities appears (O’Hern
et al., 2003; Wyart et al., 2005). This compression process is only possible in the case of
deformable particles. Numerical simulations usually allows particles to be deformable but
restricts this effect in order to model rigid particles. Nevertheless, the presence of such
small deformations does not contradicts experimental results where real rigid grains can
effectively slightly deforms under compression depending on the material stiffness. First,
the excess of contacts created by compression is related to the increase of volume fraction
thought the relation (Liu and Nagel, 2010):

Z − Ziso ∼ (ϕ − ϕc)1/2. (2.3)

O’Hern et al. (2003) extracted from numerical simulations in such jammed frictionless
compressed packing conditions scaling laws between the elatic moduli and the excess of
contacts:

K ∼ E(Z − Ziso) ∼ E(ϕ − ϕc)1/2, (2.4)

for the isotropic elastic modulus, and:

G ∼ E(Z − Ziso)2 ∼ E(ϕ − ϕc), (2.5)

for the shear modulus. These moduli are intrinsic quantities of the granular material that
characterize respectively the isotropic and shear constant ratios between corresponding
stress and elastic strain response of the system equivalent to the Young modulus and
Poisson’s ratio for continuous solids, see Appendix A.1.4.
The scaling relations imply that, in the jammed state, the approach to jamming is conti-
nuous, characteric of a second-order phase transition. This transition then has then both
features of first and second-order phase transitions which is not common in phase transi-
tions theories (Liu and Nagel, 2010). In addition, the second-order transitions commonly
implies the existence of a diverging lengthscale approaching the transition (Liu and Nagel,
2010) (from the jammed state here).

2.2.4 Diverging lengthscales and second-order phase transition
The presence or absence of a diverging lengthscale at jamming and unjamming is of

importance to determine the nature of the unjamming transition. Considering frictionless
particles, it has been the subject of several research, which are developed below.

While the physical origin and form of such lengthscale is still debated, Silbert et al.
(2005); Wyart et al. (2005) used different analytical approach to study the vibrational
states of the system in the jammed state. This approach enables them to study the
stability of the equilibrium positions, i.e. local potential energy minima and investigate
the potential existence of lengthscale characterizing the approach to unjamming. They
calculated the density of vibrational state (DOS) of the system. The DOS is calculated
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Figure 2.2 – Density of vibrational states (DOS) D(ω) at various relative packing fractions
ϕ − ϕc, the curve labelled a is for ϕ − ϕc = 0.1 and proceeding to the left, the values are
respectively 10−2, 10−3, 10−4, 10−8. The curves corresponds to the results from O’Hern
et al. (2003). The inset corresponds to the scaling of ω∗ with the relative coordination
number δz = (Z − Ziso). Source: (Wyart et al., 2005)

by the second derivative of the pairwise potential energy for each pair of particles. This
potential energy is given in the linear spring-dashpot model as:

V (r < 0) = V0

(
1 − r

d

)2
, (2.6)

where V0 = (1/2)kN is derived from the grains stiffness kN , d is the diameter and r is the
distance between the centers of the two grains in contact. Note that if r > d then V is
set at 0. Or equivalently for Hertzian contacts:

V (r < 0) = V0

(
1 − r

d

)5/2
. (2.7)

Then the second derivative of each of these potentials is calculated, forming a tensor of
size Np × Np giving the stability of each pairwise potential energy. Hence this tensor is
diagonalised and the eigenvalues are calculated as well as the associated eigenfrequencies.
The number, D, of eigenvalues that have the same eigenfrequency, ω, is calculated. The
DOS is the curve D(ω), as presented on Figure 2.2. The DOS is expected to scale like
D(ω) ∼ ω in two-dimensions (Andreotti et al., 2013) and then does not have any low
frequency modes. In such case, the modes of vibrations would have wavelength larger than
the sizes of heterogeneities as it is observed far from the jamming transition on Figure 2.2.
Surprisingly, at the approach to the unjamming transition, some low frequency modes are
observed. The DOS displays a plateau above a wavelength noted ω∗ that scales with the
excess of contacts (Wyart et al., 2005):

ω∗ ∼ (Z − Ziso)3/2 (2.8)

These low frequency modes are called soft modes or floppy modes (specific soft mode).
They are the signature of low vibrational modes that are close to be unstable. A decrea-
sing characteristic frequency for non-zero soft mode when going toward unjamming is the
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signature of possible rearrangements. Indeed, it means an increase of pairwise potential
energy needing a low amount of vibration in order to be unstable leading to potential
rearrangements. These rearrangments corresponds to floppy modes, characterized by the
fact that no energy is needed to induce motion. The increase of such modes leads to
collective loss of rigidity, i.e. unjamming, at Z = Ziso. Some lenghtscales can be theore-
tically built to characterize the size of these rearrangements (Liu and Nagel, 2010; Wyart
et al., 2005; Silbert et al., 2005). Appendix A.7 details how lengthscales are theoretically
built. The divergence of such lenthscales theoretically predicts the loss of stability of the
whole system when their value match the size of the system. As such, the existence of
such lengthscales diverging near unjamming is the signature of the continuous evolution
of the system, hence a second-order phase transition, from the jammed state into the
unjammed state.

In this section we have seen that frictionless granular systems displays complex fea-
tures of phase transitions between the jammed and unjammed state when reaching and
leaving the stable state at isostatic coordination number value Ziso = 6 and jamming
volume fraction ϕJ = 0.64. The coordination number displays a discontinuity between its
value in the unstable state and its value in the stable state, characteristic of a first-order
phase transition. The evolution of the system in the jammed state when over-constrained,
enables one to study its behavior at the approach to unjamming. The existence of scaling
laws in the jammed state suggests the existence of diverging lengthscales that were built
studying the stability of the system through the vibrational state of the contact potentials.
The results show that the system continuously approach unjamming from the jammed
state, which is characteristic of a second-order phase transition.

2.3 Frictional jamming and unjamming

2.3.1 Frictional isostaticity
By contrast to the jamming state of frictionless and infinitely frictional grains (under

isotropic conditions for the latter), the jamming state of finite frictional grains cannot
be determined solely by the contact network (Behringer and Chakraborty, 2019). Indeed,
Song et al. (2008) also showed that under isotropic pressure, highly frictional particles
displays equivalent values of coordination number to the predicted value for infinite fric-
tion particles, i.e. Z = 4 (in three dimensions), as presented by Figure 2.3a. In these
conditions, the packing density of the jammed highly frictional particles is below the J
point and is equal to the random loose packing ϕc(µp ≫ 1) = 0.55 = ϕRLP as shown
by Figure 2.3b. However, such packing fraction and coordination number were investiga-
ted for highly frictional particles in anisotropic normal stress conditions by Silbert et al.
(2002b). They showed that the coordination number and packing density are higher than
the isostatic value at infinite friction coefficient. Such departure from the theoretical value
lies in the geometry of the configuration implying anisotropy (anisotropic stress tensor
and presence of a rigid boundary), which is enhanced by friction between grains.

As such, some attempts of generalising and extending the isostatic conditions at finite
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(a) (b)

Figure 2.3 – (a) Coordination number versus inter-particle friction coefficient (noted µ)
in the jammed state under isotropic conditions at various initial packing fractions from
numerical simulations of Song et al. (2008). (b) Jamming volume fraction versus inter-
particle friction coefficient (noted µ0) for numerical simulations under isotropic conditions,
results from Song et al. (2008), Figure from Pan et al. (2023).

friction values were made by introducing others micro-structure descriptors (Silbert et al.,
2002a; Song et al., 2008; Henkes et al., 2010; Liu and Nagel, 2010). Song et al. (2008)
has proposed such detailed calculation of the isostatic value of the coordination number.
They defined Nn as the number of unknown normal forces in the system, Nt the number
of unknown tangential forces, Et the number of torque balanced equations and Ef the
number of force balanced equations. The calculation of each of these numbers are detailed
in table 2.1 depending on the value of µp: for µp = 0, µp → ∞ and for finite values of µp.
The calculation depends on D the dimension of the system (3D or 2D), the fraction of
sliding contacts χ - i.e. contacts reaching Coulomb criterion Ft = µpFn - and the fraction
of particles that are free to rotate, Ω. Note that χ and Ω are defined in a way that
χ(µp = 0) = 1, χ(µp → ∞) = 0 and Ω(µp = 0) = 1 and Ω(µp → ∞) = 0. The Maxwell
criterion of stability for mechanical systems gives that a granular media is isostatic when
the number of contact forces equal the number of force and torque balance equations
leading to:

Nn + Nt = Ef + Et. (2.9)

Which gives according to table 2.1 in 3D (Song et al., 2008):

Ziso = 3 + 3(1 − Ω)
1/2 + (1 − χ) (2.10)

Equation (2.10) recovers the well known limits of the coordination of a granular media
for both friction limits, defined above: Ziso(µp = 0) = 6 and Ziso(µp → ∞) = 4. The
results obtained in the jammed state at various friction coefficient in isotropic conditions
is presented by Figure 2.3a. Figure 2.3b presents the corresponding values of jamming
packing fraction at various inter-particle friction coefficients. These results show that by
varying friction, the J-point become a J-line in the sense that jamming conditions depends
on the friction coefficient between grains. However, Equation (2.10) fails to capture the
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Friction Nn Nt Ef Et

µp = 0 Nc = 1
2NpZ 0 3Np 0

finite µp Nc = 1
2NpZ 2Nc(1 − χ) 3Np 3Np(1 − Ω)

µp → ∞ Nc = 1
2NpZ 2Nc = NpZ 3Np 3Np

Table 2.1 – Number of constraints and variables determining the isostatic condition in 3
dimensions (see Song et al. (2008))

variations of the coordination number in various configurations. The dependence of the
jamming conditions (packing fraction and coordination number) to preparation (Bonn
et al., 2017) such as the initial packing fraction (Song et al., 2008; Silbert et al., 2002b)
or the packing rate (Pan et al., 2023) leads to non strictly defined values of the isostatic
coordination, see Figure 2.3a. These preparation effects are the consequences of the
anisotropy induced by friction in granular materials, leading to an accession to jamming
at lower values of ϕ and Z than the isostatic condition in the presence of finite friction and
a dependence on the configuration (Silbert et al., 2002b). As such, Song et al. (2008)

Figure 2.4 – Phase diagram of jamming. Theoretical prediction of statistical theory of the
phase diagram of jamming. All disordered packing lie in the yellow area. Source: (Song
et al., 2008)

were only able to define a jammed phase diagram (Z, ϕ), see Figure 2.4, in which the
system is jammed. The diagram defines an area in the Z − ϕ parameter space where a
granular system is necessarily jammed. This area is bounded between three lines. The
first is the jamming-line, or RLP-line, defined by the following Equation:

ϕRLP = Z
Z + 2

√
3

. (2.11)
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This equation results of the theoretical prediction from the statistical Edwards and Oake-
shott (1989) theory of powder and developed in Song et al. (2008). It defines the possible
random loose-packing values reached by the granular system under isotropic compression
varying the inter-particle friction. Such evolution of the coordination number and volume
fraction following the curve of Equation (5.1) was actually obtained numerically by Song
et al. (2008) with the initially loosest packing fraction preparation in their study. It de-
fines then the loosest jamming conditions in which a frictional system can be stable and
give the lowest random loose packing ϕmin

RLP = 0.55 in the case of highly frictional particles
at Z = 4. The latter coordination number value defines the second line, called ’Granular
line’ on Figure 2.4, bounding the jammed diagram. Finally, the last bound of the diagram
is defined by by the highest packing fraction ϕRCP = 0.64 only reached for frictionless
particles.

The existence of this diagram and the absence of universal jamming condition shows
that frictional particles displays anisotropy of the force and contact network that cannot
be only predicted by an isostatic condition.

2.3.2 Shear jamming

(a) (b)

Figure 2.5 – (a) Hypothetical phase diagram for the shear jamming transition of granular
systems porposed by Bi et al. (2011). It is an extention of the phase diagram proposed by
Liu and Nagel (1998), see Figure 2.1b. (b) Phase diagram in the parameter space (τ, ϕ)
respectivaly the shear stress and volume fraction, obtained from experimental results of
Bi et al. (2011) on sheared system at low shear.

So far, we have reviewed the literature on jamming without shear. Considering a
case with shear stress or strain rate allows one to have a more complete picture of the
jamming issue. In the case of frictional materials, an interesting behaviors was observed
experimentally by Bi et al. (2011) in two dimensional shear cell (in the horizontal plane).
They investigated volume imposed system without stress initially applied. They imposed
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packing fraction just below the jamming packing fraction such that the grains are not
initially in contact, i.e. Zini = 0 and the system is unjammed. Interestingly, if a shear
stress is imposed at sufficiently low value, the system can jam under increasing value of
shear stress. This behavior has been called shear jamming since the driving mechanism
for the accession to the jammed state is by shearing the system (Bi et al., 2011; Behringer
and Chakraborty, 2019) conversely to density-driven jamming where jamming occurs due
to increase of packing density. Thus, they constructed a phase diagram as presented
on Figure 2.5 where the system can be unjammed below a given amount of shear rate,
adding complexity to the phase diagram proposed by Liu and Nagel (1998), see Figure
2.1b. The critical value of shear stress at which jamming occurs depends on the initial
packing fraction, see Figure 2.5b. This shear jamming effect has been shown by looking
experimentally at the force network’s evolution at low shear. When the shear strain or
stress is low, force chains appears within the system but the system is not completely
jammed: it is fragile and cannot support loading reversal. When the shear strain or stress
reaches the critical jamming values, force chains percolates between boundaries (within
the whole system) in the direction of compression and creates a stress response to strain
which appears as a yield stress (Bi et al., 2011; Behringer and Chakraborty, 2019), see
Figure 2.5b.

The origin of yield stress

Shear jamming has demonstrated that in frictional materials, the yield stress results
from the presence of forces chains inducing rigidity of the system under shear (Bi et al.,
2011; Behringer and Chakraborty, 2019). Similarly, for dense non-Brownian neutrally-
buoyant suspensions, if the packing fraction is below the jamming value and the normal
stress is low enough, no yield stress exist if no effective contacts exist (Bonn et al., 2017).
This means that in such materials a yield stress emerges from contacts and geometrical
entanglement which vanishes if particles does not sediments under gravity (at matched
densities) or are not pushed to be in contact.

Link between shear jamming and heterogeneity

In dense suspensions a high enough shear rate is necessary for shear jamming to take
place because grains need to overcome lubrication forces in order to be in contact (Pan
et al., 2023), as discussed above. Similarly, the onset of shear stress in discrete shear thi-
ckening is governed by hydrodynamic forces. As such, Pan et al. (2023) make a parallel
between shear jamming and DST explaining that grains must be drawn close enough at
high strain rates so that interparticle friction can create mechanically stable configura-
tions. Then, DST occurs when anisotropic force chains percolate in a limited region of
the medium, while shear jamming occurs when these chains percolate across the entire
system (Pan et al., 2023).

Similar parallel was made in the review of Behringer and Chakraborty (2019) between
shear jamming and the capacity of dense suspensions to sustain shear bands. This fric-
tional shear jammed behavior of granular systems enables to highlights and understand
some heterogeneity observed in gravity-less shear frictional granular systems. Neverthe-
less, these behaviors are observed either at low shear stress or strain rate, or in presence of
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hydrodynamic forces competing against contact forces. In less idealized frictional systems,
yield stress is usually always observed and no fragile state exists.

Shear jamming in stress imposed configurations

In a majority of stress imposed configurations, the external normal stress is sufficiently
high relatively to the shear stress to imply the presence of a yield stress (Srivastava et al.,
2022; DeGiuli and Wyart, 2017). In such configurations, when the medium stops flowing
at the corresponding yield stress, the final state is shear jammed hence not fragile and
can support a loading reversal (Behringer and Chakraborty, 2019).

Similarly, in gravity-driven configurations of dry granular systems or buoyant dense
suspensions, the presence of gravity always create a sufficient initial stress in the system
to create contacts, i.e. Zinitial ̸= 0. Hence, it is interesting to understand how does
dynamical jamming happen from the dense flow regime and unjamming happen from the
static regime in such systems.

2.3.3 Dynamical jamming of frictional spheres
As discussed above, shear jamming occurs at low shear stress of strain rate, below the

yield values, for granular systems initially not flowing and not jammed. In a majority
of granular systems, jamming occurs as a dynamical process resulting from the decrease
of the loading quantity from the dense flow regime where stress or strain rate are larger
than their yield values. It is therefore essential to study this dynamic phase transition,
which differs from the so-called shear jamming transition.

Nature of the dynamical jamming phase transition

As discussed in Section 2.2, the dynamical accession to jamming from the dense flow
state is a first-order phase transition under isotropic stress or volume imposed conditions
since a discontinuous jump is observed on the coordination number. This behavior is
also observed in shear, anisotropic stress-imposed, configurations. Indeed, jamming in
shear stress imposed configurations appears to be really similar to isotropic jamming in
that it also results from a density-driven jamming mechanism and also displays a jump
of coordination number (Pan et al., 2023; Silbert et al., 2002a; Srivastava et al., 2022).

Nevertheless, recent studies have attempted to demonstrate that the accession to
jamming for frictional materials behaves as a second-order continuous phase transition
(Henkes et al., 2016). Henkes et al. (2016) adapted ideas from the percolation theory
to study the formation of clusters in 2D sheared granular media close to jamming using
a pebble game algorithm. The algorithm is based on an identification of the particles
which have a number of constraints equal to their degrees of freedom. This enable them
to observe the formation of rigid clusters within the system, i.e. regions where groups
of particles are all constrained in their motion and appears as a rigid boundary. They
demonstrated with this model that frictional materials can be globaly jammed below the
global isostaticity conditions in the whole system, given by Equation (2.10), if the system
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contains both floppy regions (where particles can easily be mobile) and a system-spanning
rigid cluster that imply the rigidity through all boundaries. Then, they computed the clus-
ter sizes as a response to externally applied shear stress.
In their model, frictionless jamming still has features of first-order phase transition since
the cluster sizes display discontinuous jumps at the transition. However their model al-
lows them to consider the jamming transition of frictional materials also as second-order
phase transition since it exhibits power-law scaling, hence continuous evolution of the
cluster sizes near the transition.

Although interesting, the idea that jamming frictional transitions is a simple percola-
tion transition is still debated (Bonn et al., 2017). Indeed, this model does not consider
the anisotropy of the stress network that is not negligible near the jamming transition
(Srivastava et al., 2021) and that is key to study this transition (Behringer and Chakra-
borty, 2019).
However, some evidences of increasing lenghtscale in the dense flow regime approaching
the jamming transition was observed numerically for shear and normal stress imposed
simulations (Staron, 2008; Mills et al., 2008). As presented above, the fluctuations of
velocity displays non-affine behavior with local correlated vortices (Staron, 2008). Staron
(2008) and Mills et al. (2008) then built a correlation function on the fluctuations of
velocities from which emerge a lenghtscale representing the typical length of correlated
motion. This length appears to increase when approaching the static state, i.e. decreasing
the inertial number. These lengthscale does not strictly diverge hence does not show a
continuous jamming transition. In these results, frictional jamming transition behaves as
a first-order transition. However, increasing lenghtscales near jamming are a signature of
the formation of clusters within the system approaching the static jammed state showing
that the system displays non-local behaviors at the approach from the jammed state.

Dynamical jamming phase diagrams and stochastic nature of the transition

Couples of recent studies (Ciamarra et al., 2011; Grob et al., 2014; Srivastava et al.,
2019, 2022) have focused on the frictional jamming transition in various configurations.
The idea is to build phase diagrams by investigating the imposed conditions leading the
system to jams and the state of the system when jammed. Ciamarra et al. (2011); Grob
et al. (2014) have investigated the frictional jamming transition for volume-imposed confi-
gurations with shear rate and stress imposition. Interestingly, the former have depicted
the existence of several regimes depending on the volume fraction and the shear stress
leading to phase diagrams in the parameter-space (ϕ, τ) depending on the inter-particles
friction coefficient leading to another extension of the phase diagram proposed by Liu
and Nagel (1998), see Figure 2.1b, adding the inter-particle friction as order parameter
of the jamming transition, see Figure 2.6a. Such diagram is presented on Figure 2.6b
for µp = 0.8. It shows first at low packing fraction, a flowing regime of steady state
dense granular flow. For a range of higher packing fraction, there is a ’flow & jam’ regime
where the system displays steady state flow but dramatically jams after a time tjam. They
also observe for a higher range of volume fraction a ’slip & jam’ regime where tangential
contacts are mobilised leading to slow flow that dramatically decrease and lead to the
jamming state. Finally, above a given packing fraction, the system is always jammed.
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(a) (b)

Figure 2.6 – (a) Hypothetical phase diagram for the jamming transition of frictional
granular systems porposed by Ciamarra et al. (2011). It is an extention of the phase
diagram proposed by Liu and Nagel (1998), see Figure 2.1b. (b) Phase diagram in the
parameter space (σ, ϕ) respectivaly the shear stress and volume fraction, obtained from
numerical simulations of Ciamarra et al. (2011). The latter shows different regimes of
frictional behavior dependig on the volume fraction and the shear stress.

These packing fraction ranges depends on the shear rate τ (noted σ on the figure) and the
inter-particle friction. Interestingly, the existence of the ’flow & jam’ regime lies in the fact
that waiting in the steady state flow regime at high enough packing fraction can lead to
the jamming of the medium. The corresponding time, i.e. tjam, diverges when the packing
fraction approaches the lower bound of the ’flow & jam’ regime at constant shear stress.
The lower bound, ϕJ 1, is then defined as the asymptotic value in the limit tjam → ∞.
Equivalently, Srivastava et al. (2019) have shown, in stress-imposed configuration, that
the mean time, tc, to reach the static (jammed) state, diverges when the stress ratio µ
approaches µstop. The latter is then defined as the asymptotic value in the limit tc → ∞.
In both studies, the evolution of the critical times with the order parameter can be in-
terpreted as the fact that approaching the transition’s actual critical conditions, i.e. the
asymptotic values, decreases the probability of reaching a stable arrangement of grains.
Conversely, exceeding the asymptotic critical value, above ϕJ 1 or below µstop, increases
the probability that the arrangement of grains reach a stable configuration decreasing the
critical jamming times. This behavior, supported by the non-negligible dispersion of the
critical times when repeating the simulations, demonstrates the stochastic behavior of the
granular system near the transition. It shows that the arrest, near the critical volume
fraction or stress ratio, is unpredictable and depends on the friction between grains (Sri-
vastava et al., 2019).

Besides the stochastic nature, dynamical jamming can be studied as the quasi-static
limit of dense granular flow rheology. This approach enables to study the physical mecha-
nisms involved and to investigate their influence on the conditions leading to the cessation
of flow.
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(a) (b)

(c)

Figure 2.7 – 2D numerical simulations in plane shear cell results from DeGiuli et al.
(2016); DeGiuli and Wyart (2017) (a) Ratio between energy dissipation by sliding friction
and energy dissipation by collisions. (b) Friction regimes in a sheared granular system
depending on the inter-particle friction and inertial number. (c) Critical global friction
coefficient µ at the jamming transition versus inter-particle friction coefficient.

Jamming appears to be the result of the dissipation of the grains motion by frictional and
collisional contacts (DeGiuli et al., 2016; Silbert et al., 2001), see Figure 2.7b. As a result,
critical global friction coefficient at jamming also similarly increases with inter-particle
friction Peng et al. (2023); Perrin et al. (2019); Srivastava et al. (2022), see Figure 2.7c,
showing a strong effect of the sliding Coulomb criterion on the stability of the granular
material at the jamming transition. This effect saturates when the microscopic friction
coefficient reaches approximately µp ≈ 0.5 DeGiuli and Wyart (2017), see Figure 2.7c.
Above this value, a granular medium enters in the rolling regime in which all contacts
respect the Coulomb criterion at the grain scale leading to a constant effect of microsco-
pic friction on granular stability DeGiuli et al. (2016), see Figure 2.7a. In this regime
the dominant dissipation mechanism is by collision, see Figure 2.7b. Below this limit,
DeGiuli et al. (2016) defined two frictional regimes, see Figure 2.7a: the frictional sliding
regime for intermediate inter-particle friction coefficient 10−3 ≤ µp ≤ 1 where tangential
contacts are easily mobilised and where friction dissipation is dominant, see Figure 2.7b.
The last regime is the frictionless regime at really low inter-particle friction µp ≤ 10−3

where collisions dissipation become greater than frictional dissipation, see Figure 2.7b.
These results highlight the non-trivial influence of friction between grains on the behavior
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of the granular system in the dense flow regime as well as in the quasi-static limit near
the jamming transition.

2.3.4 The unjamming of frictional spheres
The initiation of flow from the static to a dense flow state is in another word a des-

tabilisation of the granular medium. A granular medium in the static state under shear
stress or shear rate exhibits local rearrangements that are local plasticity or fluidity of the
granular material (Staron et al., 2002; Amon et al., 2013; Zaitsev et al., 2008). The cha-
racteristic size of these rearrangements is increasing with increasing imposed shear stress
or shear rate. The size of these structures diverges when the granular medium is about
to flow leading to rearrangement size of the order of the system size and destabilising the
assembly of grains that finally flows (Aranson and Tsimring, 2006; Staron et al., 2002;
Staron and Radjai, 2005).

In addition, the initiation of flow for frictional grains displays Reynolds dilatancy
(Reynolds, 1885; Bagnold, 1966; Pouliquen and Renaut, 1996) by contrast with friction-
less particles (Peyneau and Roux , 2008). This phenomenon appears to be intrinsically
related to friction between grains. Pan et al. (2023) exposed that shear jamming, shear
hardening and dilatancy seems to share a similar origin that lies on the presence of micro-
scopic friction. Finally, Pouliquen and Renaut (1996) studied the dilatancy of a granular
layer on a rough plane at the initiation of flow and found that it increases with increasing
avalanche angle θstart as well as with decreasing layer thickness.
These results show that equivalently to jamming, unjamming highly depends on inter-
particle friction as well as geometrical entanglement of particles in the jammed state.
These effect highlight the influence of both the inter-particle friction and finite-size effects,
such as layer thickness, on the critical unjamming stress ratio and Reynolds dilatancy.

2.4 Conclusion on the litterature review on jamming
and unjamming

These results on jamming and unjamming of granular systems showed us the com-
plexity of the transition in idealized systems of frictionless grains in gravity-less configu-
rations. The transition presents features of both first and second-order phase transition
with clear discontinuities between jammed, well defined state, and unjammed state and
a continuous accession to the critical isostatic condition leading to unjamming. Results
also show that for finite inter-particle friction the jammed state is harder to characterize,
as it depends on both inter-particle friction and preparation. The accession to jamming
also displays sharp discontinuities as well as stochastic nature with a range of imposed
parameter (volume fraction or stress ratio) where jamming has various probabilities to
happen. These ranges depends on inter-particle friction and potentially grains collisions
in a non-trivial way with three frictional regimes.
The stochastic effect is also observed on the geometrical finite-size effect on conditions of
jamming and unjamming. As such, jamming and unjamming conditions vary with both
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inter-particle friction and finite size effects. However, the phenomenology of unjamming
of frictional sphere packings is similar to unjamming of frictionless particles in the sense
that local rearrangements are observed forming local platicity structures growing when
approaching unjamming.

2.5 Phase diagrams for the inclined plane configura-
tion

Now that the jamming and unjamming processes have been detailed from idealized to
more realistic configurations, it is interesting to focus on the consequences of the various
effects observed above on the phase diagrams of a granular layer on an inclined plane.
The latter being the configuration considered in our work, phase diagrams already built
in various studies will be helpful in the understanding and characterization of hysteresis
at the transition on a rough inclined plane.
The idea of this section is then to compare the phase diagrams built in this configuration
with the results in more idealized systems discussed above to identify the common points
and foundamental differences of jamming and unjamming in these various cases.
When a granular material is subjected to a high enough stress induced by gravity, the
assembly of grains densely flows within the geometry of the configuration. On the incli-
ned plane configuration the assembly of grains is organised as a layer of thickness h on
the top of the rough plane. At a given inclination angle, higher than the avalanche angle
(about 20−25◦ in three dimensions) and lower than a maximum angle (about 30◦ in three
dimensions) a stable uniform steady state flow is observed for the whole grain layer Silbert
et al. (2001), see Figure 2.8a. Above the maximum angle an unstable accelerated flow is
observed Silbert et al. (2001), see Figure 2.8a. Under the avalanche angle there is a an
angle range where the medium can be either in the flowing regime or in the static regime
depending on the history of the stress path. This range is bounded by the avalanche
angle above which a flow is always observed and the stopping angle below which no flow
is observed. This specificity highlights hysteresis phenomenon and the complexity of the
phase transition between fluid-like and solid-like granular behavior. Indeed, the system
can exist in multiple stable or metastable states (Quartier et al., 2000). The challenge
is to understand hysteresis nature, which will be the subject of the following Section 2.6,
and then to define a phase diagram and estimate the size of the hysteresis, i.e. the angle
range for which the medium states depends on loading history. Such phase diagrams
have already been studied for various material sizes. For a single grain in two-dimensions
experiments on a rough plane, Quartier et al. (2000) have proposed a theoretical model
that depicts the phase transition of the grain in the velocity-angle parameter space.
For larger granular medium sizes, especially larger layer thickness, where the model of
Quartier et al. (2000) does not apply anymore, the values of critical angles, i.e. the ava-
lanche angle θstart and the stopping angle θstop, depends on the size of the system, see
Figures 2.8b and 2.8c. On a rough inclined plane, the phase diagram can then be construc-
ted considering the size of the layer in the direction normal to the plane, usually noted
h that measures the thickness of the layer. Hence, the phase diagram in the thickness-
angle parameter space was proposed by Pouliquen and Forterre (2002), Figure 2.8b. It
completes the diagram of Silbert et al. (2001) on Figure 2.8a, by showing the hysteresis
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(a) (b)

(c) (d)

Figure 2.8 – (a) Phase diagram of a granular layer of thickness h on an rough plane inclined
at angle θ from numerical simulations results from Silbert et al. (2001). (b) Critical
angles θstop and θstart at various layer thickness from experimental results (Pouliquen and
Forterre, 2002) (Figure from Forterre and Pouliquen (2008)). Equivalently, the critical
layer thicknesses hstop and hstart can be plotted at various inclination angles θ (c) from
numerical results Staron (2008) (d) from experimental results Goujon et al. (2003). The
latter plot show hstop with black markers and hstart with white markers, the triangles
represents the measures for glass beads of diameter d = 0.24mm on velvet plane and
the circles represented the measures for glass beads of diameter d = 0.5 with a plane
with glued particles. The inset shows the evolution of hstop at various inclination angles
(various markers) versus the glass beads grains diameter d on the same plane with glued
particles at fixed diameter dw.

angle range as a function of the layer thickness. They show that between zero and ten
times the diameters of grains the angle range is significantly evolving since granular sta-
bility is dominated at those thicknesses by the geometrical finite-size effect of the bottom
plane. For larger system sizes investigated by Staron (2008) for example, see Figure 2.8c,
the boundary effect saturates and the critical angles are constant with variations of the
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layer thickness. However boundary effect does not disappear, when the plane roughness
characteristics are varied, see Figure 2.8d. When the size ratio between the grains of the
bottom plane and the flowing grains or the compactness of the bottom plane grains or
even the type of plane, the phase diagram in the thickness-angle space parameters are
significantly evolving (Goujon et al., 2003; GDR MiDi, 2004). Figure 2.8d shows the cri-
tical thicknesses evolution with θ for two distinct plane (velvet and glued particles) and
two distinct flowing grain diameters. The asymptotic values of critical angles for infinite
layer thickness varied from one bottom plane to another. In addition, the inset shows the
evolution of hstop with the ratio between the flowing grains diameter d and the wall grains
diameter dw for glued particles plane and shows a non-constant and non-monotonic evolu-
tion of hstop with a higher value at d/dw ≈ 2/3. Surprisingly, this value does not depends
on the inclination angle. Finally, these results show that the boundary condition, here the
plane roughness, has a major influence on the stability of the granular layer hence on the
critical angles values and probably on hysteresis. These results show that the conditions
of jamming and unjamming on a rough inclined plane are significantly influenced by the
finite size effects as well as the roughness condition at the bottom plane. By contrast
with idealized frictionless systems, where the isostatic condition drives the behavior of
the system around the transition, on an inclined plane the presence of gravity and the
rough bottom plane induces anisotropy in the external applied stress as well as in the
geometry itself.

Other known parameters plays a role in the phase transition. Inertia of grains appears
to play a slight role in the critical angles but most importantly on the hysteresis (Courrech
Du Pont et al., 2003). The grains stiffness also appear to play a slight role in the phase
diagram (DeGiuli and Wyart, 2017; Favier De Coulomb et al., 2017) since it influences
the geometrical entanglement of grains as well as the dynamic of grains.
The inter-particle friction coefficient, µp, has a crucial role in the stability of the granular
system, as presented in Section 2.3 and Figure 2.7c, hence on the phase transition dia-
gram, here in the µp − θ parameter space, as shown by DeGiuli and Wyart (2017), Perrin
et al. (2019, 2021) and Peng et al. (2023). These effects on phase transition, and in par-
ticular hysteresis, have been little studied on an inclined plane in literature. Therefore,
their study is necessary for the present thesis.

These phase diagrams highlights the angle or stress ratio range between the stop and
starts of flow, quantifying hysteresis phenomenon which is at the intersection of jamming
and unjamming. Hysteresis is detailed and discussed in the following Section. Especially,
the different works about the influence of the various physical mechanisms on hysteresis
are presented.

2.6 Hysteresis in granular media
As explained previously, µ(I) rheology predicts the existence of a single global friction

coefficient at the granular transition between static and dense flow regimes (Equations
(1.10) and 1.11). Nevertheless, it is well known that this transition is subjected to an
hysteresis phenomenon with two distinct global friction coefficients depending on the
loading path. Hysteresis is well characterized for steady uniform granular flow down
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(a) (b)

Figure 2.9 – (a) Scheme of the process A, where the inclination angle is increased in the
static regime to reach the avalanche angle θstart (b) Scheme of the process B, where the
inclination angle is decreased in the dense flow regime to reach the stopping angle θstop

Figure 2.10 – Critical angles θstart and θstop as a function of the layer thickness h/d in the
inclined plane configuration, source: (Pouliquen and Forterre, 2002)

an inclined plane, where the inclination angle set the shear τ to normal P stress ratio,
tan(θ) = µ = τ/P (Pouliquen, 1999). In this configuration, the inclination angle there-
fore sets the stress state of the granular medium. Considering a granular layer of a given
thickness h made of grains of diameter d 1 and starting from the flowing state, point B
on the Figure 2.10. When the inclination angle of the plane θ is decreased, see Figure
2.9b, the flow stops at a given angle, θstop. Starting from the static state, point A on the
Figure 2.10. When increasing θ, see Figure 2.9a, the flow starts at the avalanche angle
θstart which is higher than θstop. The difference between the avalanche and stopping angle
is characteristic of the hysteresis in the granular medium behavior. Hysteresis can be
quantified through the difference between these angles : ∆θ = θstart − θstop > 0. Figure
2.10 presents a set of measurement for several values of h/d obtained by Pouliquen and
Forterre (2002). It shows that the avalanche angle is always higher than the stop angle
and both the critical angles and hysteresis depends on the layer thickness as discussed in

1. average diameter in an experimental setup or diameter of all beeds in a monodisperse simulation
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the previous Section.

This hysteresis has also been observed in other configurations: in a cylindrical Couette
cell (Da Cruz et al., 2002) see Figure (2.11b), in a plane shear cell (Mowlavi and Kamrin,
2021) see Figure (2.11c) and in a rotating drum (Courrech Du Pont et al., 2003; Perrin
et al., 2019; Peng et al., 2023) see Figure 2.11a. For all these results presented, the shear
stress is imposed and the shear rate measured in order to know whether the medium is
flowing of static. In the case of shear cells, annular and planar, the shear rate can also be
imposed and the shear stress measured (DeGiuli and Wyart, 2017). For such protocol,
hysteresis takes a different form, as shown by Figure 2.12 plotting the shear to normal
stress ratio versus the inertial number. The Figure shows a non-monotonicity of the flow
curve µ(I) resulting from hysteresis. In such cases, hysteresis is quantified as the diffe-
rence ∆µ between the the global friction coefficient, µstart, in the limit I → 0 and the
lowest global friction coefficient µstop.

Overall, hysteresis is a phenomenon that occurs at the phase transition between the
dense flow regime and the static regime of granular materials. It is observed in various
configurations with different geometries and is intrinsically related to both jamming and
unjamming, i.e to the accession and loss of stability of granular assemblies. The review
on these transitions has enabled us to understand the various approach that analyse the
system behavior near the transitions. It also allowed us to identify key quantities that
describe the evolution of the granular micro-structure in order to study hysteresis using
these tools.

Hysteresis is globally linked to first-order phase transitions in the theory of phase tran-
sitions (Hohenberg and Krekhov, 2015). The jamming of granular assemblies displaying
features of first-order phase transition, especially discontinuities of coordination number
at transitions, hysteresis appears to be linked to that transitions behavior. We have seen
that the granular transition depends on various effects, inter-particle friction is central for
jamming and unjamming conditions, the stress anisotropy also plays a role, especially for
frictional particles. In addition, the transition being stochastic, the conditions of transi-
tion depends on the rate of stress or strain imposition as well as on the size of the system.
Finally, the configuration studied appears to impact the transition and hysteresis, as seen
above. The configuration drives the geometry of the system, i.e the boundaries, creating
additional geometrical anisotropy.

As a results, from all these effects, several studies have chosen to study various physical
mechanisms influence on hysteresis in various configurations. Then, these results are
discussed in the following Section in order to understand the nature of hysteresis in more
detail and to identify the points that remains to be elucidated.

2.6.1 Hysteresis nature
Hysteresis relies on the combination of two different processes: the jamming, or cessa-

tion of flow, and the unjamming, or initiation of flow (e.g. Silbert et al., 2001; Pouliquen
and Renaut, 1996; Staron et al., 2002; Pouliquen and Forterre, 2002; Srivastava et al.,
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(a) (b)

(c)

Figure 2.11 – Observation of hysteresis in (a) a rotating drum : critical angles θstop (filled
circles) and θstart (open circles) as functions of the thickness of the drum W (source :
Courrech Du Pont et al. (2003); Andreotti et al. (2013)) and (b) a cylindrical Couette
cell : friction coefficient µW at the inner circle cylinder as a function of the shear rate
for increasing shear rate (open circles) and decreasing shear rate (filled circles) (source :
Da Cruz et al. (2002); Andreotti et al. (2013)). (c) Flow curve µ(I) for stress imposed
numerical simulations in plane shear cell configuration from Mowlavi and Kamrin (2021).

2022).

The physics of both initiation and cessation of flow in granular media is particularly
rich, as highlighted above, so that most of the studies in the literature focus on one or
the other phenomenon. Studying hysteresis at this transition requires to consider both
phenomenon evolution as a function of relevant physical parameters. The nature of the
hysteresis has first been assigned to particle inertia effect with experiments of dry and
immersed granular system in a rotating drum (Courrech Du Pont et al., 2003). They

63



64 CHAPTER 2. STATE OF ART

Figure 2.12 – Global friction µ of the granular media as a function of the inertial number.
The left plot shows the definition of µstart and µstop and the right plot the results of their
simulations for different values of ∆, source : (DeGiuli and Wyart, 2017)

measured the evolution of the inclination angle of the free surface of the medium when
rotating the drum at low angular velocities. They observed classical intermittent ava-
lanches and rest states at the free surface (Balmforth and McElwaine, 2018; Perrin et al.,
2019; Peng et al., 2023) as depicted by Figure 2.13a. Hysteresis ∆θ is calculated for one
avalanche as the difference of angles between the starting angle measured at the initiation
of the avalanche following the static state that was reached at θstop previously (in time).
This process was repeated with various Stokes number: St =

√
ρp∆ρgd3/18ηf compa-

ring viscous dissipation effect (low St) to inertial effect (high St). The hysteresis is then
averaged over all avalanches and plotted as a function of the Stokes number, see Figure
2.13b. They showed that for St ≥ 20 there is a large hysteresis that does not varies
with the Stokes number. By contrast, for St < 20 hysteresis decreases with the Stokes
number. These results suggest that when fluid dissipation effect becomes dominant and
grain inertia negligible, hysteresis decreases significantly. Yet, more recent works (Perrin
et al., 2019; Grob et al., 2014; DeGiuli and Wyart, 2017; Peng et al., 2023) have shown
that the inter-particle friction is a dominant mechanism in the hysteresis at the expense of
the inertia of grains. Perrin et al. (2019) showed, in the same configuration as Courrech
Du Pont et al. (2003), that reducing grains inertia can lead to higher hysteresis values.
Indeed, they carried out rotating drum experiments of glass beads in water at St = 4
measuring ∆θ = 1◦. Then, they changed the fluid by adding Ucon oil for the same beads.
This induces a decrease of the Stokes number to St = 6 × 10−2 and gives an hysteresis
of ∆θ = 4◦. These results correspond to the stars markers on Figure 2.15. They conflict
with the suggestion from Courrech Du Pont et al. (2003) results, that fully overdamped
suspensions have no hysteresis, and rather suggest that another parameter plays a role
in the hystereric phenomenon. As a consequence, Perrin et al. (2019) used the experi-
mental setup detailed in Clavaud et al. (2017). It consists in using silica beads in ionised
water that creates electrostatic repulsive forces at ranges greater than the roughness of
the grains, preventing them from making solid contacts. This allows them to tune the
friction between grains by varying the ionic concentration and to perform experiments
without inter-particle friction. Figure 2.14 presents the evolution of the free surface angle
with time in their experiment for frictional particles (green curve) and frictionless par-
ticles (grey curve). The figure shows that frictionless particles does not displays any
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(a) (b)

Figure 2.13 – (a) Inclination angle of the free surface of the medium as a function of
time of experiment. The increase of θ with time highlights the static state where the
inclination angle linearly increase with time with a slope equal to the angular velocity
until the angle reach θstart. The sharp decreases of angle highlights granular avalanches
at the free surface until the angle reach θstop. Source : (Courrech Du Pont et al., 2003).
(b) Hysteresis ∆θ as a function of the Stokes number, source : (Courrech Du Pont et al.,
2003)

Figure 2.14 – Angle of the granular media free surface as a function of time of experiment
(the max values correspond to θstart and min values to θstop), source : Perrin et al. (2019)

intermittent flows of avalanches and static states, conversely to frictional particles, and
thus does not have any hysteresis. They reported on Figure 2.15 their hysteresis mea-
surement depending on the Stokes number and the concentration of ions and compare
them to the results of Courrech Du Pont et al. (2003). The figure shows no clear trend
but demonstrates that in the frictionless case no hysteresis is observed when varying the
Stokes number.

Still in rotating drum, Peng et al. (2023) performed experiments for dry granular sys-
tems varying the friction between grains taking different grain materials listed here in a
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Figure 2.15 – Hysteresis ∆θ as a function of the Stokes number, source : Perrin et al.
(2019)

priori less to more frictional order: steel, ABS (thermo-plastic polymer), glass, 3D printed
plastic grains and finally 3D printed grains with bumpy surface (BUMP). They observed
a decrease of hysteresis of more than 6◦ between BUMP particles with ∆θ = 10.7◦ and
steel particles with ∆θ = 4◦. The link with friction coefficient values is non-trivial since
they did not performed tribology measurement of the grains surfaces but one can expect
the more frictional particles to be with BUMP material and the less frictional to be with
steel material.

Earlier work of DeGiuli and Wyart (2017) investigated hysteresis in simulations of
granular system in plane shear-cell at imposed velocity. As explained previously, in that
configuration hysteresis results from a non-monotonicity of the flow curve µ(I), see Fi-
gure 2.12, with decreasing global friction coefficient with increasing inertial number for
I < I∗ (velocity-weakening) and increasing global µ for increasing I for I > I∗ (velocity-
strengthening). From these flow curves, they measured hysteresis ∆µ for two inter-particle
friction coefficients µp = 0.3 and µp = 0 and plotted hysteresis for both µp at various sys-
tem size, N , and grains relative stiffness ∆ = P/kN (p being the granular pressure and kN

the normal stiffness of grains) on Figure 2.16. They observed that without inter-particle
friction, hysteresis is negligible, lower than 1×10−3 which gives at µp = 0 for µstart = 0.11,
µstop = µstart −∆µ = 0.109. Calculating the corresponding angles for gravity driven confi-
gurations, it gives θstart = 6.28◦ and θstop = 6.22◦ and an hysteresis below ∆θ = 0.06◦ for
frictionless particles. For frictional particle µp = 0.3, the bigger system size and highest
particles stiffness, they measured µstart = 0.27, µstop = 0.2675 and ∆µ = 0.0025. The cor-
responding angles are θstart = 15.11◦ and θstop = 14.98◦ and an hysteresis of ∆θ = 0.13◦.
Hysteresis is significantly lower in the frictionless case, suggesting no hysteresis pheno-
menon for frictionless particles. However, the value for frictional grains is much lower
than usual values for glass beads for example, for which inter-particle friction is about
µp = 0.4. Indeed, for dry glass beads, Peng et al. (2023) obtained ∆θ = 5.4◦ in rotating
drum, Forterre and Pouliquen (2008) obtained ∆θ ≈ 1.26◦, see Figure 2.10, on a rough
inclined plane, and Da Cruz et al. (2002) obtained ∆θ = 1.5◦ in annular Couette cell, with
θstart = 22.3◦ and θstop = 20.8◦ calculated from the measured critical stress ratios from
Figure 2.11b with µstart = 0.41 and µstop = 0.38 and an hysteresis of ∆µ = 0.03. Then,
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this result show that the hysteresis is expected to depend on the geometrical configuration
as well as the the driving process, i.e. velocity or stress imposed. In addition, DeGiuli and

Figure 2.16 – Hysteresis ∆µ as a function of the size of the 2D domain for different values
of Delta, the plot at the left is for a particle friction coefficient of µp = 0.3 and the right
one for frictionless particles µp = 0, source : DeGiuli and Wyart (2017)

Wyart (2017) varied the stiffness of grains through the parameter ∆ = P/kN , see Figure
2.16. This parameter quantifies the grains stiffness relatively to the maximum pressure
a grain is subjected to in the system. The lower ∆, the stiffer the grains. They show,
see Figure 2.16, that decreasing grains stiffness decreases hysteresis and found vanishing
hysteresis in the limit of high system size (1/N → 0) for the softer grains. This result is
interesting since it suggest a similar effect in the results of Perrin et al. (2019). Indeed,
the classical solid-solid Hertz normal contact force is replaced by an electrostatic force.
The comparison between both forces amplitudes is detailed in Appendix A.6. The effec-
tive relative stiffness decreases when switching from a classical solid-solid hertzian contact
to a repulsive electrostatic contact, suggesting a potential stiffness effect in the work of
Perrin et al. (2019).

Overall, The absence of hysteresis in the frictionless case can be related to the ac-
cession to the jammed state for frictionless assembly in the isostatic state as depicted in
Section 2.2. In addition, the vanishing dilatancy in such case (Peyneau and Roux , 2008)
suggests that the unjaming transition is continuous considering the macroscopic packing
density ϕ. As such, several studies (Bagnold, 1966; Perrin et al., 2019) suggested a link
between hysteresis and dilatancy sharing a common origin in the friction between grains.
Moreover, the effect of grains inertia on hysteresis is not clearly established yet and
requires further study on viscous dissipation influence on jamming and unjamming tran-
sitions as well as on hysteresis.

2.6.2 Hysteresis in various constitutive models
The framework that emerges from the works presented above, proposed by DeGiuli

and Wyart (2017) assigned the hysteresis behavior to the "self-fluidisation" of the granular
medium in the flowing state. This process lowers the stress threshold, µstop, at which the
medium stops compared to the one at which the medium starts flowing, µstart. In this
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framework the role of both friction and inertia are central since the ability of the granular
medium to "self-fluidise" is based on the idea that a residual mechanical energy due to
collisions and forces network vibrations destabilises contacts on the verge to sliding and
that keep in motion the whole assembly of grains. The fraction of sliding contacts χ
then becomes an internal parameter of the flow curve, allowing the model to quantify
the decrease of global friction coefficient by tangentially mobilised contacts. As such, the
classical flow curve from Equation (1.10), i.e. µ(I) = µstop + bI, is adjusted to account
for the decrease µ̃c = g(χ)µstop of the critical stress ratio with a decreasing function of χ,
g(χ) = 1 − χ, with α = 0.3. The flow function become:

µ(I) = µstop(1 − χ) + bI. (2.12)
The variations of χ are theoretically predicted by their model. They compare the energy
from collisions related to the granular temperature to the potential energy of contacts
and build a scaling of that ratio with the inertial number and grain stiffness. From here,
they estimate the sliding contacts proportion induced by the theoretical mechanical noise
and build a scaling of χ with the inertial number and grain stiffness as:

χ ∼ (I/∆1/4)a (2.13)
This scaling accurately predict the evolution of χ with I and ∆ in their numerical si-
mulations, allowing them to compute Equation (2.12) with the proper scaling of χ. This
Equation enables them to plot at a given inter-particle friction coefficient the flow curves
from Figure 2.12 (right panel) that captures the trend of the observed flow curves from
their numerical simulations. With their work, they highlighted that the ability of a
tangential contact to be set in motion by this residual energy depends on the value of
the friction coefficient between grains and the residual energy amplitude depends on the
inertia of grains. This picture is supported by the fact that the hysteresis depends on
inter-particle friction (Perrin et al., 2019; Peng et al., 2023) and contact stiffness (De-
Giuli and Wyart, 2017). Indeed, the stiffness influences the residual energy and affect
accordingly the hysteresis (DeGiuli and Wyart, 2017).

Based on these recent findings, some aspects remain to be elucidated. In particular
the vibrations induced by collisions are not cancelled for frictionless material, and one
expects the self-fluidization process to be partly present, even for frictionless particles,
which is not experimentally observed. In addition, one expects the dissipation of contacts
to influence this self-fluidization which is a dynamical process, but simulations from Sil-
bert et al. (2001, 2003) have shown no effect of the restitution coefficient on the stopping
angle. Nevertheless, the recent findings of DeGiuli et al. (2016) showing a non-trivial
combined dissipation mechanism between friction and collisions requires to study both
effects on hysteresis.
Since the experiments of Perrin et al. (2019) are performed in the viscous Stokes limit,
i.e. with negligible particle’s inertia and zero effective restitution coefficient, the residual
energy is expected to be damped. The link with the self-fluidization process described in
DeGiuli and Wyart (2017) is therefore not obvious. In addition, the hysteresis obtained
in Perrin et al. (2019) is suprisingly high (of the same order than for highly frictional
dry materials Peng et al. (2023)) considering the presence of a fluid damping the self-
fluidization process.
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Aranson et al. (2008) also developed a model of hysteresis based on the fitting of the
evolution of the sliding contacts proportion. They defined an order parameter for the
transition ρ which is similar to 1 − χ but slightly adapted with a criterion on the contact
time in order to consider only long-time contacts as rigid static contacts. They model
the bifurcation, i.e. the hysteretic cycle of this parameter with imposed shear stress.
They where able to predict the evolution of hstop(θ) and hstart(θ) with discrepancies from
experimental results near the limit h → 0, especially on hstart, predicting its origin from
the fitting of the order parameter in two dimensional simulations with low number of
particles.

In the framework of the non-local granular fluidity model (NGF), Mowlavi and Kamrin
(2021) modified the constitutive relation using a correction function in order to take into
account the non-monotonicity of the flow curve without modeling the underlying physical
mechanism responsible for this non-monotonicity. Then, they calibrate the model with
DEM stress controlled simulations in plane shear without gravity. Hence, they compared
the predictions from the calibrated model to DEM results obtained for two other confi-
gurations: the inclined plane and the plane shear cell with gravity (stress imposed). The
model predicts well the hysteresis, the critical stresses and rheological behavior in the
flowing state in the latter configuration but did not predicted well the hysteresis on an
inclined plane since no single choice of boundary conditions on their model led to accurate
predictions for both transitions.

The model of Henkes et al. (2016) based on the prediction of rigid clusters with the use
of pebble game, detailed in Section 2.3, allows Grob et al. (2014) to predict the hysteresis
behavior in discontinuous shear-thickening of dense suspensions.

The hydrodynamic model from Artoni et al. (2011) is an extension of the constitutive
model from GDR MiDi (2004) adding dissipation energy terms from collisions through the
granular temperature and by friction. This model allows them to predict the bifurcation
in shear rate (or inertial number) observed as the hysteresis cycle depending on the energy
dissipation process. As such, it models the history dependence of the flow curve at a given
microscopic friction coefficient and layer thickness and extended the equations to account
for thickness dependence by changing the boundary condition of hydrodynamic pressure
as proposed by Bocquet et al. (2002). This enables to model the dependence of both
critical angles with layer thickness, see Figure 2.10. Nevertheless, their model predicts a
continuous jamming transition in the flowing regime at γ̇ → 0 which is not observed in
practice due to non-local clustering effects, see Section 2.3.

Edwards et al. (2019) also developed a hydrodynamic model that consider hysteresis
via a non-monotonic function.

2.7 Objectives of the thesis
As depicted in the previous Section 2.6, some aspects about hysteresis remains unclear

and need further research. First, inter-particle friction was shown to be central in hysere-
sis phenomenon as well as on jamming and unjamming transitions. The aim is therefore
to characterize the accession and initiation of flow in the presence and absence of friction,
in order to identify the fundamental differences between jamming and unjamming tran-
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sitions and, above all, their consequences on hysteresis. In the frictional case, the system
jams into various states that depend on the geometric configuration, the imposed stress or
strain rate, and the initial preparation, i.e. the volume fraction. It is therefore necessary
to establish these different states as a function of µp on an inclined plane.
We also need to develop a protocol that minimizes the stochastic and geometric effects on
the transition, i.e. a sensitivity analysis to the applied strain rate (its time dependence)
and the system size.
The effect of grain inertia and the transfer of momentum through collisions, as well as
their dissipative effects, require systematic study. The combined impact of friction and
inertia on hysteresis needs to be decorrelated with a combined study of St and µp varied
independently. In particular, a result of granular hysteresis in the frictionless case in the
absence of viscous dissipation, i.e. in the inertial regime, without imposing velocity to
the system, is lacking.

The present work will therefore focus on studying the combination of the three dissi-
pation processes, collision, friction and drag force on hysteresis. Characterizing the two
granular regimes and transitions through the evolution of several variables describing the
macroscopic evolution and the micro-structure evolution of the system under imposed
stress. These latter objectives will be conducted in the inclined plane configuration using
numerical simulations which enable us to decorrelate the various sources of dissipation
and their influence on hysteresis. The configuration is presented as well as the numerical
model in the following Chapter 3. The characterization of granular states as well as the
effects of contact dissipation processes are qualitatively presented on Chapter 4. The last
Chapter 5 focuses on the combined effect of friction and inertia on hysteresis. Finally,
conclusions on the work and perspectives for further research will be presented in Chapter
6.
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Chapter 3

Material and method

The work carried out over the three years of the present thesis focuses on numerical
simulations, as described in the previous Section 2.7. With the aim of studying inde-
pendently the influence of given major parameters such as stress, inter-particle friction
coefficient or Stokes number on the response of a granular medium, we model the trajec-
tory of each grain in the medium. To do so, we need physical models of grain-grain and
fluid-grain interactions presented on Section 3.1. Then, we need to use a numerical code,
presented in the second Section 3.3 of this chapter, that allows us to numerically solve
the dominant grain-scale interactions developed in Section 3.2. Thus, the inclined plane
configuration, i.e. the geometry in which the medium evolves, is presented on Section 3.4
as well as the protocol associated to this configuration. A sensitivity analysis has been
performed and presented in Section 3.5 on the parameters of the model including the
time step, that drive the numerical resolution of the code, and fixed parameters that may
have an influence on hysteresis. Finally, the sensitivity analysis performed on parameters
associated to the protocol on the inclined plane are presented on the last Section 3.6.

3.1 Physics of interactions at the grain scale

In the case of arthermal systems with a characteristic size above 100µm the forces
acting on grains are of two kinds. The contact forces between two or more grains or
the fluid forces between the grain and the surrounding fluid. For the former ones, the
microscopic phenomenon that influence the contact properties are neglected leading to a
classical elastic contact force framework at the scale of the grain. These interactions are
presented in this section.

3.1.1 Normal contact force

We consider first the interaction between two solid particles as depicted by Figure
3.1. The force has a normal component noted FN which is colinear with the vector that
connects the centers of the particles n (vector normal to the contact area).
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Figure 3.1 – Scheme of normal force interaction, FN , between two grains of the same size.
The surface of contact is 2a and the inter-penetration depth is δ. Source: (Andreotti et al.,
2013)

Hooke contact law

A first approximation of the normal force between two particles is a generalisation of
the Hooke’s law of Equation (A.10) but by neglecting the effect of the area of contact.
In the interaction between two particles we define δ the interpenetration depth between
grains as depicted by Figure 3.1 with δ = 1/2(d − (x1n + x2n)) with d the diameter of
grains and (x1 − x2)n the distance between the centers of grains. In the absence of shear
displacement, i.e. considering that δ is colinear with the normal vector n and without
friction, the normal contact force gives:

FN = kNδ, (3.1)

with kN the stiffness of the structure (here the sphere) that depends on the material
property. kN is calculated from the Young’s modulus for a sphere as follow:

kn = SsphereE

d
= πd2E

d
. (3.2)

Equation (3.1) is actually a rough approximation of the real normal force measured,
especially at high strains where the force value depends on the contact surface area.
Nevertheless, this model is broadly used in numerical simulations of dense or diluted
flows where strains at the contact scale are limited in the calculation and does not hardly
influence the flow dynamic.

Hertz contact law

A more rigorous model of contact force is the Hertz contact law that derived from the
equations of linear elasticity for a sphere. It can be more simply calculated with Equation
(A.6), considering the strain evenly distributed over the surface, and combined with the
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Hooke’s Equation (A.10) without shear, it gives:

FN = σS = KϵS. (3.3)

In three-dimension, S = πa2, a represents the radius of the disk formed by the area of
contact between the spheres. It can be expressed with d and δ with Pythagore’s Theorem:
d2/4 = a2 + (d/2 − δ)2 which gives considering δ ≪ d, a =

√
dδ. In addition, we consider

the strain as being equal to the interpenetration relative to the radius of the area of
contact, ϵ = δ/a, it gives with the expression of the elastic modulus K:

FN = K
√

dπδ3/2 = π
√

dE

3(1 − 2νp)δ3/2, (3.4)

with νp the Poisson’s coefficient of particles.

3.1.2 Tangential contact force

Figure 3.2 – Scheme of normal, FN , and tangential, FT , force interaction between a two
solids. Source: (Andreotti et al., 2013)

The tangential contact force, or friction contact force between two solids is still a
subject of tribology’s research. Nevertheless, for the contact between perfect spheres of
same size, the Coulomb law is usually a broadly used model. Hence, only this model will
be presented here. This model simply consider the tangential force at the contact FT , see
Figure 3.2. The Amontons-Coulomb law describe the behavior of two solids in contact
through the following law:

FT =

 µd
pFN if F i

T ≥ µs
pFN ,

0 otherwise.
(3.5)

This means that there is a given force F i
T = µs

pFN needed to be initially imposed in
order to initiate a tangential motion and which is proportional to the normal force FN

with the static friction coefficient µs
p. If the motion is not initiated the tangential force

is unknown. If the motion is initiated, then the value measured of the tangential force is
also proportional to the normal force µd

pFN but is lower than the the force F i
T meaning

that the dynamic friction coefficient is lower than the static one, µd
p < µs

p. By definition
there is an hysteresis in friction at the contact scale. Its modeling being unnecessary to
observe granular hysteresis, in the following we take a single value noted µp.
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3.1.3 Contact dissipation
Here above were presented the normal and friction forces models in the case of rate-

independent interactions. In other words, the models presented above does not take into
account the case of dynamical contacts but only the evolution of the force with strain. If
two particles enters in collision, the Hertz’s law and Coulomb law does not predict any
dissipation of the motion of grains that are observed both in the normal contact direction
and tangential contact direction. Hence, one should introduce dissipation terms in the
models that render the above models not purely elastic.

The inelastic coefficient of normal contact interactions, also called restitution coeffi-
cient eN is simply the ratio between the velocity of a grain before the collision, uin

p , and
the velocity after the collision uout

p considering the collision between two identical particles
with one immobile particle in the whole process:

eN =
uin

p

uout
p

. (3.6)

This coefficient is characteristic of the material. In the spring-dashpot inelastic model
of normal contacts (Schwager and Pöschel, 2007), that will be presented for numerical
simulations in Chapter 3, it is expressed as a function of the collision time, tc, as:

eN = e−γN tc/m, (3.7)

with γN the viscous dissipation used in the spring-dashpot model, see Chapter 3, and m
is the mass of the particle.

The collision time can be simply approximated considering that the the kinetic energy
of the grains, Ek = mu2, is converted into an elastic potential energy (from Hertz’s law)
Eel ∼ FNδ ∼ E

√
dδ5/2 within the collision time tc ∼ δ/u, which gives:

tc ∼
(

m2

dE2u

)1/5

. (3.8)

A more rigorous calculation of the collision time in the spring-dashpot model is given
by Schwager and Pöschel (2007). This latter model will be used to perform numerical
simulations in the work presented in this manuscript.

3.1.4 Fluid-grains interactions
By contrast with numerical simulations where a granular system can be simulated

without any influence of fluid, actual granular systems in experiments or applications
evolves in a surrounding fluid. This fluid can have negligible influence on the grains
motion, big rocks in air for example, or significant influence, fine sand in water for example.
To determine whether the influence of the surrounding fluid on grain dynamics is negligible
or not for the considered system, we need to write down the conservation equations for the
motion of a grain in the fluid. To do so, we consider the dynamic of a grain between two
contacts so without contact forces. The grain is considered at first approximation isolated
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in this section and the principal averaged fluid forces acting on the grain are presented.
The grain is a sphere of diameter d and density ρp hence of mass mp = ρpπd3/6, in a fluid of
density ρf and viscosity ηf with an undisturbed velocity field (in the absence of particles)
v = v(x, t). The translation velocity of the particle is up and the rotation velocity is Ωp

its moment of inertia is Jp = mpd2/10 = πρpd5/60. The motion of the particle is obtained
by writing the conservation of its momentum and angular momentum:

π

6 d3ρp
dup

dt
= F, (3.9)

π

60d5ρp
dΩp

dt
= M. (3.10)

F is the sum of the forces applied on the sphere and M is the sum of the moments applied
on the sphere. The former is expressed as:

F = Fd + Fh + Fam + Ft + Fl + Fb + Fm, (3.11)

with Fd the drag force, Fh the unstationary Basset’s history force, Fam the added mass
force, Ft is the Tchen force, Fl the shear induced lift force, Fb the buoyant weight and
Fm the Magnus force. These models of each force are detailed in Appendix B.1. The
following section focuses on the dominant fluid-grain interactions in a granular system
which allows numerical resolution to simplify the physical model and capture dominant
fluid effects.

3.2 Dominant fluid forces in an immersed granular
medium

3.2.1 Stokes number and density ratio
Although fluid-grains interactions are complex, some approximations can be made in

a granular systems neglecting some interactions depending on the configuration studied
hence the flowing regimes. An assumption usually made is to consider the fluid as sta-
tionary and at rest with v|xp = 0, the motion of the particle without specific rotation,
and with denser grain than the fluid ρp > ρf . Equation (3.9) gives in that context the
following Equation of motion of the grain:

π

6 ρpd3 dup

dt
= π

6 d3(ρp − ρf )g + Fd. (3.12)

This Equation is classical to consider the motion of particles in a fluid (Maurin, 2015;
Courrech Du Pont et al., 2003; Perrin et al., 2019), it considers that the dominant in-
teractions resisting the inertial motion of the grains at the first order are the viscous
fluid effect, accounted by the drag force, and the buoyant weight. Different regimes can
be highlighted from this Equation considering the dominant fluid force in each regimes.
First, in order to characterize the free fall regime where the viscous effect is neglected,
the influence of the surrounding fluid is only considered in the buoyant weight. In that
case the Equation (3.12) becomes :

π

6 ρpd3 dup

dt
= π

6 d3(ρp − ρf )g, (3.13)
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which gives:
dup

dt
= (ρp − ρf )g

ρp

. (3.14)

Integrating twice over time gives the position x(t) assuming that the initial position and
velocity are zeros:

x(t) = (ρp − ρf )g
ρp

t2. (3.15)

The characteristic time of free fall τff of a grain travelling a distance of its own diameter
d under buoyant weight, can then be calculated with x(τff ) = d which gives:

τff =
(

dρp

(ρp − ρf )g

)1/2

. (3.16)

Now, if viscous effects are no more neglected, the drag force needs to be expressed in
Equation (3.12). We have seen above that the expression of the drag force, specifically
the drag coefficient, depends on the Reynolds number. In order to extract characteristic
timescales, we consider two distinct regimes where the drag force is well-established. In
the Stokes regime (Re ≪ 1), replacing the drag coefficient with Cd = 24/Rep the drag
force is expressed from the expression B.2 as:

Fd = −3πdηfup (3.17)

Replacing Fd in Equation (3.12) gives a first order ordinary differential equation that can
be written as:

dup

dt
+ 18ηf

ρpd2 up = (ρp − ρf )g
ρp

. (3.18)

The coefficient in front of the velocity is then a characteristic viscous timescale τv which
is:

τv = ρpd2

18ηf

. (3.19)

Out of the Stokes regime, in the Newton regime, see Figure B.1b the drag force is given
by:

Fd = −0.44π

6 d2ρfu2
p (3.20)

. Thus it gives the following equation:

dup

dt
+ 0.44ρf

dρp

u2
p = (ρp − ρf )g

ρp

. (3.21)

In that Equation the coefficient in front of the velocity has the same dimension as a length
and is the characteristic lengthscale lc of inertial motion of the grain in the Newton regime
with lc = dρp

0.44ρf
. Considering the terminal velocity as steady, the Equation (3.21) gives

then the following terminal velocity:

uterm =
(

lc(ρp − ρf )g
ρp

)1/2

=
(

d(ρp − ρf )g
0.44ρf

)1/2

. (3.22)
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The characteristic time of the inertial regime is then given with these two characteristic
quantities τi = lc/uterm:

τi =
(

lcρp

(ρp − ρf )g

)1/2

=
(

ρp

ρf

)1/2 (
dρp

0.44(ρp − ρf )g

)1/2

. (3.23)

Those characteristic timescales quantifies the time the particle takes to reach the terminal
velocity traveling the characteristic lengthscales in the various regimes. Comparing those
timescales allows one to build dimensionless numbers that quantifies which regime is
dominant depending on the parameters. First, comparing viscous effect and free fall
under gravity gives the enables to build the Stokes number:

St = τv

τff

=

√
ρp∆ρgd3

18ηf

. (3.24)

Comparing viscous and inertial regimes gives the density ratio:

r = τi

τff

=
(

ρp

ρf

)1/2

. (3.25)

These expressions of Stokes number and density ratio as the dimensionless numbers for
gravity-driven granular system is classic (Courrech Du Pont et al., 2003; Cassar et al.,
2005; Perrin et al., 2019). Usually, the Reynolds number is expressed from the ratio of
both dimensionless numbers:

Re = τv

τi

= St

r
. (3.26)

Figure 3.3 – Limit regimes of grain dynamic depending on dimensionless numbers St and
r, source : Courrech Du Pont et al. (2003)

Courrech Du Pont et al. (2003) and Perrin et al. (2019) for example used this expres-
sion for immersed granular system in a rotating drum configuration correcting the Stokes
number to consider the angle of the free surface as:

St =

√
ρp∆ρgsinθd3

18ηf

. (3.27)
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Figure 3.4 – Comparison between the time of avalanches in the experiment and the cha-
racteristic times of the grains dynamic (Tv for viscous time, Ti for inertial time and Tff for
free-fall time) as a function of the Stokes of the experiment, source : Courrech Du Pont
et al. (2003)

Courrech Du Pont et al. (2003) show that those dimensionless numbers, i.e. St and r,
give the physical regimes of the grains dynamic, see Figure 3.3: the free-fall regime in
which the density of grain is higher than the density of fluid (r > 1) and for which inertia
is dominant (St > 10) and fluid effects are negligible on grain dynamic (dry case). They
defined two fluid regimes depending on the expression of the drag force as detailed above.
In one regime where the Reynolds number is high, i.e. the density ratio is low r ≲ 1
and the Stokes number is high: the inertial limit regime or turbulent regime. In this
regime both fluid and inertia effects have an influence on the dynamics of the grains. The
other fluid regime is the viscous limit regime for lower values of the Reynolds number,
i.e. lower Stokes number St ≲ 1 and non-limited values of the density ratio. This regime
corresponds to dominant viscous fluid influence with negligible particle inertia. Courrech
Du Pont et al. (2003) show that they were able to reach each regimes varying the Stokes
number and density ratio r using different fluids and particles. Figure 3.4 shows the
comparison of the time of avalanches observed in the rotating drum compared to the
characteristic timescales at various Stokes number and density ratios. The figure shows
that the timescales of the avalanche dynamic matched with the various timescales build
in the different regimes for the corresponding values of Stokes number and density ratio,
validating the diagram of Figure 3.3.

3.2.2 Lubrication force between grains
The viscous effect of the fluid also act at the contact scale between two particles

through the lubrication force. When a particle come into contact with another particle,
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Figure 3.5 – Ratio of the restitution coefficient in presence of viscous fluid and the res-
titution coefficient in the dry case versus Stokes number. Adapted from Gondret et al.
(2002)

the liquid separating the two surfaces must be flushed away. This is called drainage of the
film formed between the two surfaces. The efficiency of the drainage depends on the ratio
between the inertia involved in the particle’s movement, which drives the drainage, and
the viscous friction which opposes it. The comparison of these two effects is the Stokes
number. The resulting force, found in the case of a grain approaching a wall, is expressed
as a function of the distance between the particles h0(t):

Flub = 3πd2ηfup

2(h0(t) + hrough) , (3.28)

with hrough the typical roughness size of the surface of the particle. This length enables
to regularize the lubrication force so that it does not diverge when h0 → 0 (Lecoq et al.,
2004; Andreotti et al., 2013). This force then influence collisions between grains. As such,
it can be simply estimated measuring the resulting effective restitution coefficient elub

N .
Comparing this latter to the restitution coefficient for dry coefficient edry

N enabled to plot
the evolution of the ratio elub

N

edry
N

as a function of the Stokes number (Gondret et al., 2002).
This is presented on Figure 3.5. It dramatically decreases for Stokes lower than 1000
and approaches 0 when the Stokes number approaches 10, showing a strong viscous effect
of the lubrication force on the effective restitution coefficient of collisions in the viscous
regime. The restitution coefficient in presence of lubrication then scale as:

elub
N = edry

N exp(−35/St). (3.29)

3.3 Numerical model
This section presents the numerical model, especially the Discrete Element Method

(DEM) used in the simulations of the present thesis. This numerical model solve the
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dynamic of each grains of the medium. The equations of motions including grain-grain
interactions and grain-fluid interactions derived from the physical laws presented in Sec-
tion 3.1 are also presented.

3.3.1 Discrete element method
The discrete element method or DEM is a numerical method widely used in granular

material studies. It is based on the modelling of the trajectories of each particles. This
method is powerful since it enables to get access to a large range of variables that are
hardly or not measured in experiments such as contact network properties or stress or
strain-rate tensors.
Two major methods are used in the simulation of granular flows. The first one is the
Contact Dynamics method that uses an implicit resolution of the equation of motions
of each particles that are considered to be perfectly rigid. The method models contact
laws, Coulomb and Hertz, without any mathematical regularization of the contact forces
(Moreau, 1983; Jean, 1999; Staron et al., 2002; Staron and Radjai, 2005). Although this
method allows numerical simulations to be carried out in a time-efficient way, since the
time step is not restricted for stability reasons, the mathematical complexity of the mo-
del has nevertheless led the granular numerical community to use a simpler model. This
model is the Molecular Dynamics method or soft-particle method.
This method have first been introduced by Cundall and Strack (1979) and propose an
explicit resolution of the equations of motions of each particles, which limits the time
step of resolution. The specificity of this method is that at the contact scale particles are
considered as rigid grains that can interpenetrate each others. By contrast with Contact
Dynamics, this mathematical assumption enables the soft-particle method to smooth the
contact laws by regularizing contact forces as functions of the particles parameters, i.e.
the velocities and the interpenetration lengths, δ. The regularization of the contact law
lies in the expression of contact forces that rises issues in the time resolution of contact
interactions. In order to understand that, we estimate the time step limitation due to
the contact time of the interaction between two particles. Coming back from the expres-
sion of the normal contact force given in Section 3.1, the approximated rate-independent
contact force from Hooke’s law is used here from Equation (3.1), it gives FN = kNδ
with kN the normal stiffness that depends on the material. For such form of the normal
contact force, the contact time is related to the normal stiffness as tc ∼

√
m/kN with m

the mass of the grain. As such, for rigid particles with high effective stiffness, typically
the Young’s modulus for glass beads is about E ∼ 100GPa ∼ 1011Pa leading for 1cm
particles kn ∼ 109Pa.m. Hence, the density of glass beads being of about 2g/cm3, the
mass of the bead is m = 2π/6 ≈ 1g, it gives tc ∼

√
10−3/109 ≈ 10−6s. Adimensionalising

this quantity with
√

d/g ≈
√

10−2/10 ≈ 3 × 10−2 is gives tc/
√

d/g ≈ 3 × 10−5. The main
issue of such low contact time is that the time step must be limited to lower values than
tc/
√

d/g in order to be sure that the contact are modelled and does not imply too high
values of contact force if the strain increase within tc. The usual method used to deal with
this issue is to choose a value of effective stiffness kN , lower than real materials stiffness,
which enables to increase the time step, but sufficiently high in order to reproduce the
behavior of a granular material constituted of rigid grains. This lower limit of effective
stiffness is named the rigid grain limit (Roux and Combe, 2002).
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The main advantage of the soft-particle method is its mathematical simplicity. Des-
pite the temporal limitations due to a limited time step involving an expensive time of
simulations, a large amount of simulations have been performed using this method to
study the dense flow and static granular regimes and their transitions (e.g. Silbert et al.,
2001, 2002a,b,c; GDR MiDi, 2004; Baran et al., 2006; DeGiuli et al., 2016; DeGiuli and
Wyart, 2017; Srivastava et al., 2022). Since numerical simulations of this thesis are ba-
sed on the soft-particle method, the word DEM will be used in the following to refer to
this resolution method. The code used to perform DEM simulations in this work is the
open-source code named YADE 1. In the folowing section the principal formulation of the
DEM including the equations of motion and the principal interactions encountered by a
grain are presented. To see the full formulation of the DEM implemented on YADE the
reader is sended to Smilauer and Chareyre (2015).

3.3.2 DEM formulation
The motion of each particle, p, is solved using Newton’s second law for both transla-

tional velocity −→u and angular velocity −→Ω :

π

6 d3ρp
d−→up

dt
= π

6 d3ρp
−→g +

Nc∑
i=0

−−→
FC,i + −→

FF , (3.30)

π

60d5ρp
d
−→Ωp

dt
=

Nc∑
i=0

−−→
TC,i. (3.31)

In Equation 3.30, the first term on the right-hand side is the weight of the particle with −→g
the gravity acceleration and ρp the density of the particle. The second term corresponds to
the sum of Nc solid contact forces, −−→

FC,i, applied by the neighbors on the particle, similarly
the sum on the contacts of the torques −−→

TC,i induce by contact forces is written in Equation
3.31. For each contact, the torque is defined as follows: −−→

TC , i = d(−−→n ) × (−−→
FC , i). The

third term of Equation 3.30 is the force induced by an external fluid when considering
immersed-like granular flows. Note that as depicted in the Section 3.2 the dominant fluid
forces in a granular system are oriented by a straight line passing through the center of
the grains involving no torque in the Equation 3.31.

Contact law

The contact force betwen two particles is denoted −−→
FC,i = −→

FN + −→
FT . This force is

the sum of the normal and tangential contact forces, respectively −→
FN and −→

FT which are
modeled with a spring-dashpot and spring-friction models (Schwager and Pöschel, 2007):

−→
FN = −(kN∥

−→
δN∥ + γN∥

−→̇
δN∥)−→n , with −→n = −→

δN/∥
−→
δN∥

−→
FT =


kT

−→
δT

∥
−→
FN∥µp

∥kT

−→
δT ∥

if ∥kT

−→
δT ∥ > ∥

−→
FN∥µp,

kT

−→
δT otherwise,

(3.32)

1. https://yade-dem.org/doc/
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where µp is the inter-particle friction coefficient, kN and kT are respectively the normal and
tangential stiffness, −→

δN and −→
δT are the normal and tangential strains or inter-penetration

vectors, γN is the normal viscous dissipation obtained from kN and the normal restitu-
tion coefficient eN (Schwager and Pöschel, 2007). The value of kN is chosen in order to
respect the rigid grain limit: kN = κPmaxd, with κ the relative dimensionless stiffness,
κ > 104 (Roux and Combe, 2002). In particular, this latter criterion prevents elasto-platic
deformations close to the flow-arrest transition (Favier De Coulomb et al., 2017). A sensi-
tivity analysis has been performed on κ in the dry frictionless case (see Section 3.5). The
maximum granular pressure a grain will experience in the system, Pmax, is calculated in
gravity-driven simulations considering a grain that is under the pressure of a horizontal
grain layer, with h the characteristic size of the layer, it gives: Pmax = ρpϕmaxhg. The
restitution coefficient is fixed at eN = 0.9, as classically used for glass beads. The tangen-
tial stiffness kT = νkn is set to a typical value of ν = 0.5 the Poisson coefficient (Favier
De Coulomb et al., 2017).

Fluid forces

When immersed in a fluid, a particle is also subjected to fluid forces, see Equation
(3.30). In the present work, the idea is to model the influence of the fluid on particle
behavior at first order. As such, on an inclined plane, the fluid is considered to be at rest
and we focus on the main fluid forces, which are drag and buoyancy, −→

FF = −→
FD + −→

FB. In
the Stokes limit, one expects lubrication to appear and play a role in the close contact
behavior. Considering that the viscous drag and the lubrication force have the same
viscous scaling, the lubrication force is here discarded for the sake of modelling simplicity.
In order to support this assumption, a sensitivity analysis has been performed on the
restitution coefficient, see Section 3.5. The drag force −→

FD is classically written as:

−→
FD = −1

2ρf
πd2

4 CD∥−→u ∥−→u , (3.33)

with the fluid density ρf and where the drag coefficient CD is modeled in order to consider
both Newton and Stokes regimes (DallaValle, 1948; Maurin, 2015):

CD =
(

0.44 + 24
Rep

)
. (3.34)

The particle Reynolds number, Rep, is calculated as follow:

Rep = ρf∥−→u ∥d

ηf

, (3.35)

with ηf the dynamic viscosity of the fluid. The buoyancy force is defined as follow:

−→
FB = −π

6 d3ρf
−→g . (3.36)
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3.3.3 Numerical resolution

Since the resolution of the momentum Equation 3.30 is explicit, the time step is
bounded for for a stable integration. The main restriction being as depicted in Section
3.3 on the contact forces. The contact network is constituted of a network of springs
and dampers. Hence, to ensure the stability of integration, the time step might be lower
than the time of propagation of the fastest wave within the contact network. In the
code YADE, the times associated to the network of springs, tsprings, and the network of
dampers, tdampers, are calculated independently. The stiffness and damping matrices are
diagonalized, tsprings and tdampers are calculated from the maximum eigenvalue related
to the fastest wave. The time step is selected as the lower value between tsprings and
tdampers with a safety coefficient, 0.7, that ensure no coupling propagation effect between
the networks. It gives:

∆t = 0.7min(tsprings, tdampers) (3.37)

This time step is calculated at each iteration. The function used within the code to per-
form such calculation is called ’GlobalStiffnessTimeStepper’ and also needs as argument
the maximum time step. Indeed, the time step often reaches the maximum time step sets
in the function which can lead to non physical results. As a consequence, it is necessary
to calculate the maximum time step required in order to observe granular flows that does
not display non-excepted behaviors. This will be done for the inclined plane configuration
in Section 3.5.

3.4 Inclined plane configuration
The first and main configuration used to perform numerical simulations in this thesis

is the rough inclined plane configuration, see Figure 3.6. This configuration is particularly
useful since it is close to actual granular systems where hysteresis occurs such as landslides
or granular avalanches for which the physical mechanism that drives the medium to flow
is gravity. In these applications the granular flow develops within a layer that flows above
a static granular bed represented here by the rough plane. In addition, with the incline
plane configuration the simplicity lies on the direct link between external stress and the
inclination angle of the plane, θ.

In this section, the main physical quantities in this configuration are presented, the
inclined plane numerical configuration and the protocol used to perform simulations are
detailed.

3.4.1 Steady uniform granular flows down inclined plane

In the inclined plane configuration far from jamming transition, the flow is considered
steady homogeneous and planar meaning that the flow is considered in two dimensions
in the streamwise and plane-normal directions, noted respectively x and z. This flow
results from an external shear stress, τ or σxz, and pressure, P or σzz, constant at a given
inclination angle. For such flows in three dimensions, the stress tensor has the following
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general form (Silbert et al., 2001; Srivastava et al., 2021):

σ =


σxx 0 σxz

0 σyy 0
σxz 0 σzz

 . (3.38)

For such a system, the assumption of a Cauchy tensor implies σxx = σyy = σzz and
the tensor can be written as in Equation (1.9): σ = PI + τ . Hence, there is only two
independent variables: τ = σxz and P = σzz and one constitutive relation is needed. In
addition, both variables are directly related to the inclination angle in this configuration.
This relation is given considering the steady-state equations:

∂σzz

∂z
= ρgcos(θ), (3.39)

∂σxz

∂z
= ρgsin(θ). (3.40)

ρ is the density of the system directly related to the volume fraction ϕ and the density of
grains ρp by ρ = ρpϕ. At a given angle, equations 3.40 gives:

σzz(z) = ρpgcos(θ)
∫ h

z
ϕ(z̃).z, , (3.41)

σxz(z) = ρpgsin(θ)
∫ h

z
ϕ(z̃).z, . (3.42)

Considering the volume fraction constant in the whole layer, then it leads to:

σzz(z) = ρpgcos(θ)ϕ(h − z), (3.43)
σxz(z) = ρpgsin(θ)ϕ(h − z). (3.44)

This relation gives:
σxz

σzz

= τ

P
= µ = tan(θ) (3.45)

In the dense flow regime, for steady uniform flows the stress ratio is the directly related
to the inclination angle.
The constitutive law needed to close the problem is given by the µ(I) rheology (Jop et al.,
2006; Forterre and Pouliquen, 2008), the latter is a direct function of the dimensionless
shear rate, I with typical flow curve as written explained in Section 1.3 µ = µstop + bI.
As such, varying the slope allows one to explore the different granular flow regimes given
by values of the inertial number. Finally, the depth average inertial number I is defined
as:

I = γ̇d√
Pg/ρp

, (3.46)

with the shear rate γ̇ and the granular pressure Pg.

Some studies in shear cell configurations (DeGiuli and Wyart, 2017; Srivastava et al.,
2022) used the stress ratio µ to measure the critical external stress conditions at which
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the medium stops flowing (jamming), µstop, or starts flowing (unjamming), µstart and
define the hysteresis as the difference ∆µ = µstart − µstop. In studies that used gravity-
driven configurations (Courrech Du Pont et al., 2003; Perrin et al., 2019; Peng et al.,
2023), the critical external stress conditions are generally defined as critical angles θstop =
arctan(µstop) and θstart = arctan(µstart) and hysteresis as ∆θ = θstart − θstop. Hence,
hysteresis comparisons needs to be done with care since ∆θ is not equal to arctan(∆µ).
However, the inclined plane being a gravity-driven configuration the notation of external
stress as angles will be used most of the time.

In the Bagnold’s theory (Bagnold, 1954, 1966), the volume fraction is considered
constant along the layer and the stress tensor components are considered linear with
depth. It gives a constitutive relation between the shear stress and the square of the
shear rate, when the contact interaction dominates, as (Bagnold, 1954, 1966; Silbert et al.,
2001):

σxz ∝ γ̇2. (3.47)
With the shear rate:

γ̇(z, t) = ∂ux

∂z
(z, t). (3.48)

This equation with Equation (3.44) gives a scaling for the shear rate profile:

∂ux(z, t)
∂z

∝ (h − z)1/2. (3.49)

Which gives the following scaling relation on the velocity by integration between zero and
z:

ux(z, t) ∝ h3/2 − (h − z)3/2. (3.50)
The dependence of the profile with time lies in the prefactor that depends on the inclina-
tion angle that varies with time.

3.4.2 Presentation of the inclined plane setup
Conversely to experiments that require the use of grain container above the inclined

plane, see Figure 1.4, and to fill that container with grain in order to reproduce the
experiment, the use of bi-periodic cells in numerical simulations enables all grains to
remain within the domain. That allow us to perform long time simulations. The bi-
periodic cells are such that the grains that passing through the downstream plane normal
to the streamwise direction emerges through the opposite upstream plane normal to the
streamwise direction. Similarly with the lateral planes normal to the spanwise direction.
The inclined plane simulations are performed with cohesionless monodisperse spherical
particles of diameter d forming a granular layer of size h/d = 10, see Figure 3.6. The
layer thickness have been selected in order to limit the computational time, considering
the absence of size effect of h past 10d on the critical constraint ratio values (Pouliquen and
Forterre, 2002; Perrin et al., 2021). We use a bi-periodic domain of size L×W = 30d×15d,
L being the length in the streamwise direction and W in the spanwise direction, see Figure
3.6. The roughness of the plane is built using fixed particles with the same properties as
the dynamic ones, see Figure 3.6. The fixed particles are organised in a square paving in
the streamwise and spanwise directions and their positions in the wall-normal direction
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Figure 3.6 – Typical 3D snapshot for granular medium flowing on a inclined plane, L×W =
30d×15d, h/d = 10. Red particles corresponds to unfixed particles, blue ones corresponds
to fixed particles that constituted the plane.

follow a random uniform repartition between −d
2 and d

2 . The code is made dimensionless
choosing d as unit of length,

√
d/g as unit of time, g being the gravitational constant,

and the mass of a grain m as unit of mass. Note that in the following the mass of a grain
will always be replaced by m = Vpρp with the volume of a particle Vp = π

6 d3 and ρp the
density of the grain.
The inclined plane configuration is considered with and without a surrounding fluid. In
the model-immersed case, considering the equation of motion of a grain between two
contacts in the granular system, Equation (3.30) without the contact forces (between two
contacts), the dimensionless numbers that drive the behavior of the system are the Stokes
number St and the density ratio r (Courrech Du Pont et al., 2003; Perrin et al., 2019):

St =

√
ρp(ρp − ρf )gd3

18ηf

, (3.51)

r = ρp

ρf

. (3.52)

The Stokes number, St, measures the ratio between the inertia of grains versus viscous
dissipation of the fluid. At high Stokes numbers, grain inertia is dominant, equivalent to
the dry case (St = ∞), while at small Stokes numbers, the grain dynamics is strongly
affected by viscous dissipation, in the so-called viscous regime.
The density ratio, r, compares the effect of the buoyancy and the weight of grains and is
chosen at r = 1000 in order to get rid of buoyancy effect and study specifically the effect
of viscous dissipation on hysteresis.

In Chapter 5 the interparticle friction µp as well as the Stokes number St will be varied
on this configuration in order to study their influence on hysteresis. Before studying that,
one may define a protocol to measure the hysteresis on an inclined plane.
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Figure 3.7 – Inertial number I (left) and inclination angle θ (right) as functions of time
within a simulation.

3.4.3 Protocol for the measure of hysteresis on an inclined plane

Flow arrest and avalanche onset are studied by varying the inclination angle θ of the
inclined plane with respect to gravity at a fixed inclination velocity δθ/δt = 10−4 ◦/

√
d/g,

δθ being the angle step and δt the duration between two angle variations. The slope evolu-
tion is quasi-static in the simulations performed, see Figure 3.7. The choice of quasi-static
evolution of the inclination angle is motivated by the stochastic nature of the granular
flow that is an issue near the transition as discussed in Section 2.3 and in the articles
of Ciamarra et al. (2011); Srivastava et al. (2019). The stress imposition rate must be
selected in order that the system has enough time at each stress step to explore various
configuration and find a stable one. This will be detailed in a following Section 3.6. We
choose to start the simulation in the dense flow regime in order to observe the arrest of the
system and then the avalanche from the arrested configuration. Such choice is motivated
by the fact that the jammed state in which the system is stable is common for both the
jamming (arrest) and the unjamming (avalanche) transitions. Thus, the angle difference
that is measured is a consistent signature of hysteresis.

Figure 3.7 shows the inertial number and the plane inclination angle as function of the
time within a simulation, in order to present the protocol used for the simulations. The
angle of the plane is first set at a high enough angle to set the granular layer in motion.
This is associated with a finite value of inertial number, as can be seen on Figure 3.7.
Then the plane inclination angle is continuously decreased at angular velocity −δθ/δt, as
shown by Figure 3.7, leading to a decrease of the inertial number, I, until the medium
stops flowing and the inertial number suddenly drops to zero. At that time, the granular
medium has reached the static state, the stopping angle, θstop also called jamming angle,
is measured. The plane angle is then increased with the same angular velocity δθ/δt until
the medium flows again when the inertial number suddenly and significantly increases
as observed in Figure 3.7. At that point the medium starts to flow and the avalanche
angle, θstart also called starting angle or unjamming angle, is measured. Hysteresis ∆θ =
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θstart − θstop is calculated from these critical angles.

3.5 Time step analysis and validation
Figure 3.7 was obtained with the numerical resolution of the momentum equations

of motion of each grains detailed in the second Section of this chapter. The resolution
requires some parameters to be imposed, such as the coefficient of restitution or the time
step. The latter is defined within the simulation process which rises issues about the
behavior of the granular flow. As such a sensitivity analysis has been performed on this
parameter in the configuration of the inclined plane. Similarly, the restitution coefficient
and the normal stiffness

Then, the characterisation of the dense granular flow on an inclined plane is considered
in order to define a flowing criterion.

3.5.1 Analysis of the maximum time step
This section presents the study of the maximum bound of the time step that needs

to be set in the function ’GlobalStiffnessTimeStepper’ within the code for the numerical
resolution. The maximum time step is also restricted in order to observe a granular
flow that is physically consistent. The main restriction of the maximum time step to
impose lies on the contact time for a collision between two particles as depicted in the
Section 3.3. It is possible to estimate the maximum time step restriction considering the

Figure 3.8 – Scheme of two particles that inter-penetrate each other by a length noted δ

collision between two particles of velocities v1 and v2 before impact. The particles will
inter-penetrate by a maximum length δ (see Figure (3.8)). This distance is bounded in
order to respect the rigid grain limit at δ ≤ 10−3d. For such maximum inter-penetration
length the grains behaves like rigid grains and, in presence of collisions within the granular
medium, the dynamics is not influenced by this length. Moreover, we noticed that while
flowing on a rough inclined plane, the maximum relative velocity between two grains is
vmax = |v1 − v2|max ≈ 5

√
dg. In order to respect the restriction on δ, the time step must

respect:
∆t ≤ 10−3d

5
√

dg
= 2.10−4

√
d/g

The idea is to perform a sensitivity analysis at fixed time steps, i.e without using ’Global-
StiffnessTimeStepper’ function, and to increase the time step value for each simulation in
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order to determine numerically the maximum time step for which the results converge.
Simulations have been performed for
∆t/

√
d/g ∈ [2.10−4; 4.10−4; 1.10−3; 1.5.10−3; 2.10−3; 4.10−3]. It is then interesting to plot

for each time step the maximum percentage of inter-particle interactions for which the
inter-penetration length exceeds 10−3d. The result is presented in Figure (3.9). This

Figure 3.9 – Maximum percentage of interactions for which δ ≥ 10−3d as a function of
the time step

percentage is very low whatever the time step. However there is a noticeable increase for
∆t ≥ 1.5.10−3

√
d/g.

In order to compare how the medium behaves with varying time step, simple simula-
tions with classical inter-particle friction coefficient and restitution coefficients (µp = 0.5,
en = 0.9) are performed on a rough inclined plane where the inclination angle of the plane
is varied with the simulation time, see Section 3.4.3. The time step have been modified
from one simulation to another. The average kinetic energy per particle is measured in
order to compare the level of energy per particle in the system. For these classical particle
properties (as well as plane roughness and layer thickness) the kinetic energy is supposed
to decrease with the plane angle and be near zero when the inclination angle is near 21◦,
see Silbert et al. (2002a). Figures 3.10 and (3.11) shows the average kinetic energy over
time of simulation for the different time steps. Figure (3.10) presents the result for each
time step and Figure (3.11) is a zoom of Figure (3.10) where only the kinetic energy for
the lower time step values are plotted. The zoom is made since the kinetic energy diffe-
rences are large and they cannot be properly seen on Figure (3.10) for lower time steps.
Figure (3.10) highlights that the kinetic energy diverges at ∆t = 1.5.10−3

√
d/g. Indeed,

in spite of a general decrease of the kinetic energy, its values are significantly higher and
fluctuate significantly more for the higher time steps. In addition, the kinetic energy does
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not drops to zero at inclination angles lower that 21◦. These results are the signature of
an unstable flow.

Figure 3.10 – Average kinetic energy of particles as a function of time for several time
step (with 1, 5.10−3

√
d/g, 2.10−3

√
d/g and 4.10−3

√
d/g)

Figure 3.11 – Average kinetic energy of particles as a function of time for several time
step (without 1, 5.10−3

√
d/g, 2.10−3

√
d/g and 4.10−3

√
d/g)

Finally, the highest time step allowing to generate a grain flow with a consistent
behavior in terms of kinetic energy is ∆t = 10−3

√
d/g. This time step is best trade-off

between consistent physical behavior and computational time so that it will be selected
as maximum time step in the time stepper function for the simulations performed in the
present study.
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3.5.2 Flow characterization
The criterion that allows us to previously say that the kinetic energy evolution with

the inclination angle was consistent at low time step was that its dropped to zero at low
angles. In fact, the kinetic energy value never drops to zero but dramatically decrease
to several orders when the medium stops, equivalently to the inertial number on Figure
3.7. Then, it is important to define a criteria that allows us to consider that the granular
media has stopped and reached the static regime. Indeed, in order to change the sign
of the velocity of inclination angle after the medium stops (see Figure 3.7), a criterion is
needed.

The variable we choose to do so is the kinetic energy per particles. We notice on the
Figure 3.11 that at a certain angle, around 22◦, the kinetic energy drops abruptly to very
low values. From this angle the granular medium reaches the solid static regime and does
not go back to the liquid regime as long as we do not increase the inclination angle. In
order to determine this criterion of kinetic energy, we have performed tests/simulations on
several criteria between Ec = 1.10−10mdg and Ec = 1.10−5mdg. We observed that is all
simulations the value Ec = 1.10−8mdg is a good criterion. We will then use this criterion
in simulations to determine when to switch from decreasing to increasing θ and/or to
determine the critical angles in post-processing.

3.5.3 Validation of dry granular flow on rough inclined plane
configuration

In this section, we performed simulations with h/d = 20 and µp = 0.5 and en = 0.9
in order to compare the average velocity and volume fraction profiles obtained at various
angles with results from other numerical simulations, i.e. Baran et al. (2006). The results
are presented on Figure 3.12. The first two Figures 3.12a and 3.12b show that the granular
layer is slower, hence denser, in our simulations at various angles, especially at θ ≥ 23◦,
than in the results of Baran et al. (2006). This difference can be explained by a various
plane roughness which is probably more rough in our case than in their study. In order
to show that we performed two other simulations varying the roughness of the bottom
plane. The roughness characteristics in simulations of Baran et al. (2006) are not given. As
such, we decided to vary the roughness by varying the interval of the randomised vertical
positions of particles that constituted the plane, i.e. the condition zplane ∈ [−d/2; d/2].
In this latter condition, used in the simulations of Figures 3.12a and 3.12b, the maximum
distance between the centers of two particles in the plane is ∆zmax = 1d. We varied this
value to ∆zmax = 0.75d giving results from Figures 3.12c and 3.12d and ∆zmax = 0.5d
giving results from Figures 3.12e and 3.12f. We can see the lowering the roughness of
the plane increases the velocity at all angles and slightly decreases the volume fraction.
Figures 3.12c and 3.12d show closer values of velocity and volume fraction profiles but
some departure is still observed at high angles. Decreasing the roughness at even lower
value, i.e. ∆zmax = 0.5d see Figures 3.12e and 3.12f, shows a granular flow with velocity
profiles that significantly exceeds the values of Baran et al. (2006), with velocities that
are higher at lower angles demonstrating non-stable steady state flow. Hence, the proper
roughness conditions in order to fit results from Baran et al. (2006) probably lies between
∆zmax = 0.5d and ∆zmax = 0.75d. Nevertheless, the profiles of Figures 3.12c, 3.12d, 3.12e
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Figure 3.12 – Average velocity profiles at various angles compared to results of Baran
et al. (2006) (a) with higher roughness condition ∆zmax = 1d (c) intermediate roughness
condition ∆zmax = 0.75d and (e) lower roughness condition ∆zmax = 0.5d. (b), (d) and
(f) same for the volume fraction
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Figure 3.13 – Time averaged velocity per grains at various layer thicknesses for θ = 26◦

and θ = 28◦ compared to results from Cassar et al. (2005).

and 3.12f remains close enough to validate the DEM code used, especially at low angles
so near the jamming transition which is of interest in our work.

3.5.4 Validation of immersed granular flow down inclined plane

In this section, we performed simulations in the immersed case in order to compare
the results to experiments of Cassar et al. (2005) to validate the first-order fluid-grains
interactions modeled in our code. To do so, we set the grains parameters of the large
glass beads from Cassar et al. (2005), with d = 0.208mm, ρp = 2470kg/m3 and we set
inter-particle friction at µp = 0.5. We also set the fluid parameters corresponding to the
aerial case ρf = 1.29kg/m3 and ηf = 1.85×10−5 since it gives intermediate Stokes number
values, 15 ≤ St ≤ 37, for which fluid-grains interactions starts to have an influence on
hysteresis (Courrech Du Pont et al., 2003). We fixed the inclination angle at two values
investigated by Cassar et al. (2005), θ = 28◦ and θ = 26◦, and fixed the layer thicknesses
at corresponding values from their work. Then, the average velocity per particle, u, is
calculated and averaged in time in the steady state. The results are presented on Figure
3.13. Note that the layer thicknesses are slightly different in our simulations than in their
experiments since, in our protocol, the layer thickness is imposed considering the system
at rest. The thicknesses are then slightly larger when flowing. However, we can see on
the figure, that the trends u(h) from our simulations are close to the ones of Cassar et al.
(2005) for both inclination angles. Some departure is observed on the slope of the trend
at θ = 28◦ that decreases at θ = 26◦. This departure could potentially come from the
inter-particle friction value that is estimated around 0.5 for glass beads but can slightly
vary from a sample to another. Nevertheless, the results are of the same order which
enable us to validate the first-order fluid-grain interaction modeled in our code.
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3.6 Sensitivity analysis of the protocol parameters
The configuration and the protocol depends on the following numerical parameters:

the velocity of angle imposition δθ/δt and the size of the domain L×W . In order to ensure
the rigor of the analysis, sensitivity analysis are performed on all the identified parame-
ters. As presented in Section 3.4.3, the evolution of the time averaged inertial number
with time is quasi-static since the plane angle variation velocity δθ/δt is low enough to
simulate a continuous-like evolution of the inclination angle. This value was selected per-
forming a sensitivity analysis of such velocity that includes variations of the angle step
δθ and the time duration between two angle variations δt. Both can then influence the
critical angles at which the medium stop and start flowing.
Another parameter that may influence the critical angles is the size of the domain in the
streamwise and spanwise directions, i.e. L and W .

Both sensitivity analysis are presented in the following Sections with a classical inter-
particle friction coefficient µp = 0.5 and restitution coefficient en = 0.9. Each simulation
is repeated at between three and ten times with different random plane roughness distri-
bution for each simulation.

3.6.1 Duration δt and velocity of angle variation
The values of critical angles depends on the rate of the stress imposition (or packing

density imposition in the case of volume-imposed simulations). Indeed,(Ciamarra et al.,
2011; Srivastava et al., 2019) show that at constant imposition (respectively ϕ and µ), the
time, tc, to wait in order to observe the jamming of the system diverge near the critical
order parameter values, respectively ϕc or µc. These characteristic times are also widely
distributed around the mean value showing the complexity of predicting the jamming or
unjamming conditions. In other words, these latter quantities are estimated as asymptotic
values in the limit tc → ∞ and cannot be strictly measured in practice. This divergence
is interpreted in Srivastava et al. (2019) as a decrease of the probability that the assembly
of grains reach a stable configuration when exploring various unstable states. The critical
stress ratio µstop for example at the jamming transition would then be the values at which
the probability vanishes implying that any infinitesimal value of µ above µstop could not
lead to the arrest of flow.
As a consequence, in our simulations, the angles being continuously varies, the critical
angles depends on the rate of stress imposition, here δθ/δt. Its value needs to be suf-
ficiently low for the critical angles to converge. In this Section we vary the velocity of
evolution of the slope by varying both the angle increment δθ and the duration between
two angle variations δt. The size of the domain is fixed at L × W = 20d × 20d. First, δθ
is fixed at 0.1◦ and the velocity is varied by varying δt in order to have a range of veloci-
ties between 4.10−4◦/

√
d/g and 5.10−5◦/

√
d/g. The stopping angles, θstop, the avalanche

angle, θstart, and the associated hysteresis are plotted at various δθ/δt on Figure (3.14).
The averaged of each quantities in the simulations with fixed δθ are marked with pink
triangles on the Figures. The error-bars corresponds to the standard deviations of three
repeated simulations with a different random plane configuration.
We also performed simulations with fixed duration δt at 1

√
d/g and an angle increment
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Figure 3.14 – (a) Stopping angle versus the velocity of angle variation δθ/δt. (b) Avalanche
angle versus the velocity of angle variation δθ/δt. (c) Hysteresis versus the velocity of
angle variation δθ/δt. For each of these plots the colors corresponds to the variations
of the domain size which is equivalently varied in the spanwise W and streamwise L
directions following the value of L. In addition the markers corresponds to a fixed value
of angle step δθ = 0.1◦ and variations of the duration δt for the circles and a fixed value
of duration δt = 1

√
d/g and variations of angle step.

varied giving a range of velocities between 1.10−2◦/
√

d/g and 1.10−4◦/
√

d/g. Here, the
average values are marked with dark circles on the Figures and the calculated equivalently.

First, for each plot of Figure (3.14), we can see that at δθ/δt = 1.10−4◦/
√

d/g the
triangle and circle markers are either really close or superimposed meaning that both
ways of varying the velocity gives the same results of stopping, avalanche and hystere-
sis. Indeed, at a same ratio δθ/δt the critical angles are the same whatever the values
of δθ and δt. This means that the velocity of angle variations is the appropriate para-
meter to study the influence of the external stress increment (stress rate) on the transition.
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On Figure (3.14a), the stopping angle increases when the velocity decrease. As dis-
cussed above, The influence of the velocity of angle variations on the stopping angle is as
expected, the longer the duration between two angle increment, the higher the probability
to reach a stable configuration at a given angle. Hence the higher the critical angle at
which stability occurs, θstop. Although no clear convergence is observed, at low values
of δθ/δt, especially at δθ/δt = 1.10−4◦/

√
d/g and 5.10−5◦/

√
d/g, the stopping angle is

relatively the same. The difference of the average values is lower than 0.1◦.
The influence of δθ/δt on the avalanche angle is shown on Figure (3.14b). The ava-

lanche angle also increases with decreasing velocity down to 10−3◦/
√

d/g. Below this value,
small variations are observed on the average values around a constant angle θstart = 23◦.
Higher error-bars than for the stopping angle are also observed. In addition, the error-bars
associated to the triangles markers (fixed δθ) are slightly higher than the ones associa-
ted to the circles markers (fixed δt). Altogether, these variations of avalanche angle are
probably related to two things: the absence of a sufficient number of simulations with
only three repetition. As well as less precise angle values in one case at fixed δθ = 0.1◦,
than in the other case at fixed δt giving values of δθ below 10−3◦ at those velocities. As
a consequence, we consider that the avalanche angle converge for velocities lower than
10−3◦/

√
d/g.

Finally, the influence of the velocity of angle variation on hysteresis is presented on
Figure (3.14c). No clear trend is observed. Hysteresis not significantly influenced by this
parameter. Nevertheless, except the hysteresis value at 2 × 10−4◦/

√
d/g for which θstart

is the highest, the lower hysteresis are obtained for velocities below 10−3◦/
√

d/g since the
avalanche angle is constant at these velocities and the stopping angle increases towards
the avalanche angle.

Since both critical angles are constant at low velocities of angle variations it allows
us to choose an optimal value for which the critical angles are insensitive to δθ/δt and at
which the simulation time is smaller. We choose to restrict the velocity to a relatively low
value: δθ/δt = 10−4◦(d/g)−1/2 since the measured hysteresis is quite low and may vary
slightly with imposition speed. This velocity will be used in the following simulations
presented in this work fixing δθ = 10−4◦ and δt = 1

√
d/g. Such low angle increment

enables to have continuous-like evolution of the angle, as shown by Figure (3.7) and to
measure the critical angles with fine precision.

3.6.2 Domain size
The domain size also has an influence on the critical angles and hysteresis. The pre-

sence of a boundary wall (the inclined plane) imply finite-size effect on the curves θstop(h)
and θstart(h) as presented in the Introduction (see Sections 1.4.1 and 2.5). In the expe-
riments that enabled to plot such curves, the inclined plane surface area is much larger
than hundred times the grain diameter and no size effects in the spanwise and streamwise
directions are observed on the bulk rheology. By contrast, numerical simulations do not
allow us to model such a large area, as this would require too many grains to fill the

96



3.6. SENSITIVITY ANALYSIS OF THE PROTOCOL PARAMETERS 97

0 200 400 600 800 1000 1200 1400 1600
A/d2

21.5

22.0

22.5

23.0

st
op

(°
)

y = 36x 0.9 + 21.3
W/L
0.333
0.375
0.5
1

(a)

0 200 400 600 800 1000 1200 1400 1600
A/d2

22

23

24

25

26

27

28

29

30

st
ar

t
(°

)

y = 185x 1.0 + 22.4
W/L
0.333
0.375
0.5
1

(b)

0 200 400 600 800 1000 1200 1400 1600
A *

1

2

3

4

5

6

7

(°
)

y = 107A 0.9
* + 1.0

W/L
0.333
0.375
0.5
1

(c)

Figure 3.15 – (a) Stopping angle (b) Avalanche angle and (c) Hysteresis versus the nor-
malised area of the plane A∗ = (L × W )/d2. For each of these plots the colors correspond
to the variations of the aspect ratio W/L between the width of the plane in the spanwise
direction W and the length in the streamwise direction L. All simulations were performed
ten times with different random distributions of the grains of the plane. The power law
regression is also plotted to show the convergence of the variables with A∗.

domain. As a consequence, the domain size defined at values close to the size of a grain
in both directions leading to finite-size effects.

In order to study the sensitivity of the critical angles and hysteresis to the domain
size, A = L × W , it varies between 25d2 and 1600d2. The aspect ratio W/L between the
width of the domain in the span-wise direction and the length in the stream-wise direction
is also varied. Conversely to the previous simulations, for each values of domain area, the
simulations are repeated ten times rather than three with various plane roughness confi-
gurations. Critical angles and hysteresis are plotted versus A∗ = A/d2 on Figure 3.15.
The error-bars still corresponds to the standard deviations between the different runs.

First, it is observed on each plots that the area of the domain is indeed the main
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parameter at the expense of the length L since the angles and hysteresis values collapse
with variations of the area at various aspect ratio W/L.
In addition, on all plots the measured variable is decreasing when the area increase.
It means that both critical angles as well as hysteresis decrease when the domain size
increase. These decrease follow a power law with A∗ of the form θc ∼ αA−β

∗ + c with α, β
and c fitting constants that are determines for each variable with a logarithm regression.
The regression and the related constants are plotted in red on each Figures. This power
law shows that more than decreasing, the critical angles and hysteresis converge for large
domain size. This allow us to select an optimal domain size for which the measured angles
and hysteresis is close to the asymptotic value but low enough to have lower simulation
time. This latter being proportional to the number of grains simulated, we choose a low
value of domain area but with high enough value of length: A∗ = L/d × W/d = 30 × 15 =
450. This value is optimal for lowering the simulation time. Nevertheless, at these values
hysteresis is slightly higher than for bigger domain sizes, see Figure 3.15c. As such, one
should take care of checking the domain size influence if small values of hysteresis are
obtained.

Conclusion
The numerical model has been presented and the related stability analysis allowing us

to optimize the simulation time while maintaining consistent results.
The inclined plane configuration studied in this thesis have been presented as well as the
associated protocol. A sensitivity analysis was computed on the protocol parameters in
order to study the transition between fluid-like and solid-like behavior of the granular
system without effect of the domain size or the stress rate. As such the results obtain will
be performed in quasi-static evolution of the imposed stresses and the size is such that
the response of the system can be considered as a bulk response to imposed stresses.
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Chapter 4

Granular regimes and phase
transition on an inclined plane

The core subject of this manuscript is the study of hysteresis in granular media at
the transition between fluid-like and solid-like regimes on an inclined plane. This phe-
nomenon involves two different regimes of granular behavior under imposed stress: the
dense flow regime (liquid-like) and the static regime (solid-like). These two states are
therefore presented in Section 4.1 to identify what characterizes them. The inclined plane
configuration inducing a source of anisotropy due to the geometry itself, i.e. the presence
of gravity and a wall boundary, the states are studied by looking at the depth’s evolution
of the macroscopic and the micro-structure response to external stress.
The hysteresis phenomenon also involves two transitions: the cessation of flow, or jam-
ming, and the initiation of flow, or unjamming, which are studied in Section 4.2. A
phenomenology of these transitions is therefore proposed and discussed by visualising the
velocities at the grain scale and the depth’s evolution of the state variables of the system
(macro and micro) near the transitions.
The evolution of the state variables, averaged along the layer depth, with the plane in-
clination angle will be discussed in Section 4.3. In particular, hysteretic cycles of these
variables highlighting the granular states and the hysteretic behavior of the transition.
Finally, this approach enable us, in Section 4.4, to investigate the influence of the physical
sources of energy dissipation at the contact scale on the transitions and hysteresis.

4.1 Granular regimes on an inclined plane

Overall, the transition between the static and flowing regimes of granular media is
characterized by two distinct granular states, flow and rest, and two distinct transitions,
the cessation and the initiation of motion. The idea of this section is to look qualitatively
at the behavior of the flowing layer in the distinct regimes, following the simulation
protocol defined in the above chapter. To do so, we first look at the vertical profiles of
several classical state variables describing the granular medium behavior under imposed
stress. The idea being to qualitatively describe the vertical evolution of the medium, two
thicknesses are computed and compared in the flowing regime: h/d = 10 at the limit
between thin and thick layers, and h/d = 20.
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4.1.1 The flowing state for various layer thicknesses
The dense flow regime of granular materials on a rough inclined plane has been widely

studied experimentally as well as numerically (e.g. GDR MiDi, 2004; Silbert et al., 2001;
Forterre and Pouliquen, 2008; Baran et al., 2006). When the angle of the plane is in
between the avalanche angle and the maximum angle of stable flow, the dynamic of the
granular dense flow is steady and uniform in the whole grain layer. In that context,
studying a steady uniform flowing layer on a rough plane allows one to have a direct
access to the granular response to external stress. Such response is investigated on an
inclined plane by measuring the evolution of several state variables with the inclination
angle as depicted in Section 3.4.1, Equation (3.45).
First, the main flow property that arises from the presented results are state variables
that describe the flow evolution at the macroscopic scale: the velocity profile ux(z) and
the packing density profile ϕ(z).

Velocity profiles

The dynamic of the granular layer flowing on a rough plane is characterized by a
velocity profile along the vertical axis, normal to the plane, at position noted z. Here,
the velocities are calculated at each position z separated by an interval dz = 0.5d forming
sub-layers in which the velocities of the particles is averaged in space on the span-wise,
y, and stream-wise, x, directions given instant velocity profiles as followed:

ux(z, t) = 1
Np(z, t)

Np(z,t)∑
i=1

ui
x(z, x, y, t), for zi ∈ [z − dz/2; z + dz/2], (4.1)

with Np(z, t) the number of particles in the sub-layer at position z and ui
x(z, x, y, t) their

instant velocities. These instant velocity profiles are averaged in time at a given angle as
followed:

ux(z) = 1
tw

t0+tw∑
t=t0

ux(z, t), (4.2)

t0 is the initial time and tw = 100
√

d/g is the duration of time averaged. The latter time
is selected in order to average at an inclination angle almost constant, i.e. that varies
from δθ = 0.01◦, during the measurement. In addition, the angle plotted for each label
on the following figures are selected as the angle value at the simulation time t0 + tw/2.
The profiles are plotted in the following on Figure 4.1a for thick layer, i.e. h/d ≈ 20,
and Figure 4.1c for thin layer, i.e. h/d ≈ 10, at various angles. First, it can be observed
for both layer sizes that the velocity profiles are lower in the whole layer when the plane
angle is decreased. It shows that the lower the shear to normal stress ratio imposed on
the layer the slower the medium. In addition, for thick layer, the shape of the velocity
profiles at those angles is a Bagnold-like shape velocity profile, i.e. it follows the Equation
(3.50) (Bagnold, 1966; Silbert et al., 2001; GDR MiDi, 2004). The profile at θ = 24◦ is
superimposed to a theoretical Bagnold scaling profile on Figure 4.2a. The profile follows
the following equation:

ux(z) = C
[
h3/2 − (h − z + z0)3/2

]
, (4.3)
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Figure 4.1 – Velocity profiles at µp = 0.5 at various angles (a) for thick layer, h/d = 20
(c) for thin layer, h/d = 10. Volume fraction profiles at µp = 0.5 at various angles (b) for
thick layer, h/d = 20 (d) for thin layer, h/d = 10.
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Figure 4.2 – Velocity profiles superimposed with a theoretical Bagnold scaling profile at
µp = 0.5 for thick layer, h/d = 20 (a) and thin layer, h/d = 10 (b).

with C a prefactor calculated to fit the curve, h is the layer thickness and z0 is an addi-
tional parameter that allows us to recover the velocity profile near the bottom roughness.
It characterizes the altitude at which grains have no velocity due to the no-slip condition,
which is finite due to the presence of the bottom roughness. At this angle, their values
are typically C = 0.062√

g/d, h = 23.5d and z0 = 1d. Although some slight discrepancies
are observed near the free surface, we can see that the theoretical profile fit the profiles in
the bulk region and near the bottom plane. This shape characterizes the averaged steady
state velocity field of a granular layer uniform flow down a rough inclined plane.

For thin layer simulations (h/d = 10), the velocity profile far from the jamming
transition can be approached by Equation 4.3, with C = 0.058√

g/d, h = 12d and z0 =
1.4d at θ = 24◦, as shown by Figure 4.2b. Nevertheless, some discrepancies are observed
along the whole depth since the profile is closer to a linear profile (Silbert et al., 2001; GDR
MiDi, 2004). This shape variation at high angles between thick and thin layers shows
that the finite size effect is not negligible on the dynamic of the layer. Nevertheless, these
variations does not prevent the granular system to have similar critical angles between
thin and thick layers (Pouliquen and Forterre, 2002). As such, the effect of thickness on
critical angles and hysteresis becomes negligible for layers greater than 10d (see e.g. GDR
MiDi, 2004; Staron, 2008). This enabled us to run simulations with thin layers in order
to simulate fewer grains and have shorter simulation times.

Packing density profiles

Equivalently to velocity profiles, the instant packing density profiles are averaged over
time following the same method. They are calculated at each time by:

ϕ(z, t) = Np(z, t)πd3

6LWdz
, (4.4)

with Np(z, t) the number of particles at time t which center’s position is in between
z − dz/2 and z + dz/2 (inside the sub-layer).
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Packing density profiles are plotted next to velocity profiles for thick piles on Figure 4.1b
and for thin piles on Figure 4.1d at various angles. For both layer thicknesses, packing
fraction profiles are constant in the bulk and sharply varies near the bottom and at the
free-surface. A constant packing density profile at various angles for thin layers is different
from the results in 2 dimensions from Silbert et al. (2001) and GDR MiDi (2004) showing
that the assumption of constant packing density given by the equations (3.43) and (3.44)
holds in three dimensions even for thin layers.
The volume fraction profiles also evolve with the plane angle, especially in the bulk region.
The less dynamic the system is the denser the layer.

Shear rate, granular pressure and inertial number profiles
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Figure 4.3 – Strain rate profiles at µp = 0.5 at various angles (a) for thick layer, h/d = 20
(c) for thin layer, h/d = 10. Granular pressure profiles at µp = 0.5 at various angles (b)
for thick layer, h/d = 20 (d) for thin layer, h/d = 10.

Under the conditions of steady and uniform flow, which was shown in the previous
section, the inclination angle is directly related to the dimensionless shear rate, tan(θ) =
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µ(I), see Section 3.4.1. Varying the slope allows one to explore the different granular flow
regimes. The instant profile of inertial number is expressed as:

I(z, t) = dγ̇(z, t)√
Pg(z, t)/ρp

(4.5)

with the shear rate γ̇(z, t) which can be directly determined from the vertical velocity
profile, see Equation (3.48). The vertical granular pressure profile is given as:

Pg(z, t) = ρpgcos(θ(t))
∫ h

z
ϕ(z, t) dz, (4.6)

that depends on the instant volume fraction profile ϕ(z, t) from the above section. The
pressure and shear rate profiles are first plotted on Figure 4.3 for both layer thicknesses.
Firstly, the granular pressure profile is for both thicknesses a classical linear hydro-static
pressure profile. The pressure is zero at the free surface, since no granular pressure is
applied, and the maximum pressure is at the bottom, since at that position grains are
subjected to the pressure of the whole layer. The slope of the linear profile is proportional
to the inclination angle, see Equation (4.6).
Secondly, the shear rates profiles for thick layer, presented by Figure 4.3a are coherent
with the Bagnold-like shape velocity profiles. They appear to have square-root-like profiles
with depth for z ∈ [5 − 20]d, i.e. in the bulk, and sharply evolves at the bottom and the
free-surface. By contrast, for thin layer the bulk behavior is closer to linear, with almost
constant shear rate profiles.
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Figure 4.4 – Inertial number profiles at µp = 0.5 at various angles (a) for thick layer,
h/d = 20 (b) for thin layer, h/d = 10.

The inertial number profiles are plotted at various inclination angles on Figure 4.4a
for thick layer and Figure 4.4b for thin layer. It can be observed that the inertial number
is in a typical S-shape with a constant value within the grain layer. Its value diverges
close to the free surface since the pressure is dropping close to zero at the free-surface. It
also sharply decreases near the bottom plane, for z → 0, due to the decrease of shear rate
near the bottom induces by the variations of velocity profile near the boundary. For thick
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layers, the constant value of the inertial number in the bulk allows us to check that it
is a relevant macroscopic dimensionless number to characterize the evolution of the flow
dynamic. Indeed, it measures equivalently the dynamic of the whole grain layer in the
bulk and enables to validate the local-rheology assumption of uniform dynamic process
(Pouliquen and Forterre, 2002; GDR MiDi, 2004). Nevertheless, the Bagnold rheology
was shown to display discrepancy with measured velocity profiles near the bottom plane
for thick layers (GDR MiDi, 2004). With that, the non-constant value of inertial number
and quasi-linear velocity profiles for thin layers show the heterogeneity of the flow due to
the geometry. It is therefore necessary to introduce other state variables. In particular,
variables describing the state of the micro-structure.

Coordination number profiles

One of the classical variable that enables to describe the evolution of the micro-
structure, specifically the contact network, is the coordination number Z. This quantity
provides information on the average number of contacts within the medium, and therefore
along the depth of the layer. The coordination number profile is calculated at time t and
position z following the equation:

Z(z, t) = 2Ndyn−dyn
c (z, t) + Ndyn−plane

c (z, t)
Ndyn

p (z, t)
. (4.7)

Ndyn−dyn
c (z, t) is the number of contact in the sub-layer at position z between pairs of dy-

namic particles (free to move). Ndyn−plane
c (z, t) is the number of contact in the sub-layer

at position z between dynamic particles (free to move) and static particles of the plane.
Finally, Ndyn

p (z, t) is the number of dynamic particles in the sub-layer at position z. This
equation is adapted from the classical form, Z = 2Nc/Np with simply the total number
of contacts Nc and the total number of particles Np, in order to not to count the grains
in the plane as part of the granular layer being able to flow. This calculation only differ
from the classical formulation near the bottom plane.
The coordination number profiles are plotted on Figure 4.5a for thick layer and Figure
4.5c for thin ones. The higher amount of contacts are near the bottom plane when the
lower amount are close to the free-surface. These observations are consistent with the
inertial number profiles. Indeed, the grains at the free surface are the ones that are the
less constrains by the presence of other grains. They experience fewer contacts in their
motion and therefore are the more inertial. By contrast, near the bottom plane the grains
are constrained in their motion by the plane and the layer above them. As such, they
experience the most contacts in the medium. For thick layer, see Figure 4.5a, the co-
ordination number continuously increases with decreasing z with a quasi-constant value
in the middle of the layer (in the bulk). This suggests that for higher layer thicknesses,
the coordination number may be well established and constant in the bulk region of the
flow. By contrast, for thin layers the amount of contacts is continuously increasing with
decreasing z as quasi-linear profiles with no particular region with quasi-constant Z. In
addition, in both cases there is a significantly higher number of contacts close to the bot-
tom than in the bulk even if the volume fraction is constant through the whole layer. This
result shows a clear anisotropy in the contact network, not measured by the volume frac-
tion. This result is unexpected since the number of contact is expected to be correlated
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to the packing fraction. Thus, it suggests that the packing fraction, being a macroscopic
variable, does not enable one to capture such heterogeneity in the flow that is measured
by the coordination number.

Nevertheless, we observe more and more contacts when the angle is lowered, going
together with the increase of packing density. For both layer thicknesses the average
number of contacts decreases significantly less with the angle near the free surface than
in the rest of the medium. This observation is similar to the inertial number profiles
evolution. The values of I at the free surface remain large with decreasing angle, whereas
they decrease sharply with the angle in the rest of the layer, see Figure 4.4. This suggests
that the grains at the free surface are less affected by shear stress decay than the bulk
and near-bottom regions of the layer.
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Figure 4.5 – Coordination number profiles at µp = 0.5 at various angles (a) for thick layer,
h/d = 20 (c) for thin layer, h/d = 10. Fraction of sliding contacts profiles at µp = 0.5 at
various angles (b) for thick layer, h/d = 20 (d) for thin layer, h/d = 10.

106



4.1. GRANULAR REGIMES ON AN INCLINED PLANE 107

Sliding contacts profiles

The other classical variable that gives information on the micro-structure, specifically
the tangential contact force network, is the sliding contact proportion χ. It provides
information on the number of proportion of contacts that are not tangentially constrained.
The instantaneous sliding contact proportion at position z is calculated as follow:

χ(z, t) = N sliding
c (z, t)
N tot

c (z, t) . (4.8)

N sliding
c (z, t) is the number of contacts that slides, i.e. surpassing the Coulomb criterion

of tangential sliding, in the sub-layer. N tot
c (z, t) is the total number of contacts in the

sub-layer.
Contrary to the coordination profiles, the sliding contact proportion profiles plotted for
thick layer on Figure 4.5b and thin layer on Figure 4.5d, is higher at the free surface and
lower near the bottom plane. Near the free surface the contacts are likely to slide hence
not tangentially constrained the grains in their motion but the closer it gets from the
bottom the more tangentially constrained the grains are in their contacts. This result
also highlights the heterogeneity of the flow on a rough inclined plane and an anisotropy
in the micro-structure.
For thick layer, Figure 4.5b shows that the ratio of sliding contacts is also quasi-constant
in the bulk but still continuously decrease with z. This supports the fact that for larger
layer thicknesses, the presence of the plane and the free-surface is expect to be negligible
on the contact and tangential force network in the bulk region. For thin layer, the ratio
is, equivalently to the coordination number, quasi-linear with z.
The sliding contact proportion also evolves with the angle, decreasing with the latter.
Decreasing the shear stress and increasing the normal stress then decreases the ratio of
sliding contacts. In addition, similarly to the coordination and inertial numbers, the shear
stress decay induce more decay within the layer than near the free surface, particularly
for thin layer. As a result, the bulk tends faster to the static state than the grains near
the free surface when decreasing the shear rate.

Finally, we have seen that the flow of granular layers on a rough inclined plane pre-
sents some heterogeneous behaviors. In the case of thick layers, the bulk behavior is
homogeneous at high angles with well established Bagnold-like profiles and constant iner-
tial number, packing fraction as well as a quasi-constant coordination number profile and
sliding contact ratio. The flow remains heterogeneous near the free surface and near
the bottom plane. For thick layer, the flow is heterogeneous through the whole depth
demonstrating a finite size effect. In addition, we have seen that for both thicknesses
the coordination number and sliding contact ratio highlights an anisotropy of the contact
network and the network of tangential forces within the depth of the layer, depending on
the inclination angle and suggesting that it is due to the presence of both shear stress and
the bottom rough plane. Finally, this anisotropy is more localised near the free surface
when the shear stress is decreased.
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4.1.2 The static state
By contrast with the flowing state, the static state is characterized by no velocity. A

residual velocity exists in the static state due to the vibration of the contact network.
Nevertheless the average velocity values are very low ux ≈ 1.10−7√dg. Similarly, the
inertial number is very low (below 1.10−8 in depth average) meaning that the system is
no more flowing in that regime.
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Figure 4.6 – Volume fraction profiles at µp = 0.5 at various angles in the static regime for
thin layer, h/d = 10.

Packing density profiles

In the static regime, the volume fraction is plotted on Figure 4.6. It is constant with
variations of angles and equal in depth averaged to ϕc its critical value in the static state.
This value characterizes the static state, in which variations of external stresses does not
induce change in the packing density of the layer.

Coordination number profiles

The coordination number in the static regime is plotted on Figure 4.7a. Interestingly,
it has a similar shape than the volume fraction with a critical constant value along depth,
noted Zc. By contrast with the flowing state, shown by Figure 4.5c, the maximum amount
of contacts in the static state is in the bulk region near the free-surface instead of near the
bottom plane. In another word, when the medium is jammed, the layer gains a significant
amount of contact near the free surface. In addition, the number of contacts does not
significantly vary with the external stress in the static regime.

Sliding contacts profiles

The sliding contact proportion is plotted on Figure 4.7b in the static regime. Its avera-
ged value along depth is very low, lower or about 0.1% of contacts are sliding. Nevertheless
this value is slightly evolving with the external stress. Especially near the bottom plane,
the fraction of contact that slides doubles when increasing the inclination angle of 1◦ in
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Figure 4.7 – (a) Coordination number profiles at µp = 0.5 at various angles in the static
regime for thin layer, h/d = 10. (b) Fraction of sliding contacts profiles at µp = 0.5 at
various angles in the static regime for thin layer, h/d = 10.

the static state. This increase occurs in the bulk region near the bottom plane. It shows
that despite no dynamic is microscopically observed, some contacts are sliding suggesting
the presence of rearrangements in the system, i.e. local plastic displacements within the
system, equivalently to what was observed by Staron et al. (2002). Interestingly, these
rearrangements occurs near the bottom plane and not near the free surface. It may be
interpreted as a consequence of the increasing granular pressure with depth pushing grains
to tangentially slides.

4.2 The transitions processes
Now that the granular layer response to stress was qualitatively studied in both re-

gimes, we focus on the two distinct transitions at play in the hysteretic phenomenon: the
jamming and the unjamming. They are two complex mechanisms that appears to occurs
with different phenomenology and that depends on the state of the system. Hence, the
phenomenology of both these transitions is discussed in order to better characterize them
in a reference case. To do so, we first look at the evolution of velocities at the granular
scale for the flow cessation and initiation. Then, we look at the vertical profiles of several
classical state variables in both regimes near the transitions.

4.2.1 The jamming process or cessation of flow
In this section, flow cessation and avalanche are observed and studied for a given

simulation of dry granular material with a classical inter-particle friction coefficient, µp =
0.5. The idea is to visualise how both processes of cessation and onset of flow works at
the scale of the grain and the granular layer.

Flow cessation is first observed by visualising the whole assembly of grains, opacifying
them and colourising them when their velocity is below a given limit. This limit is fixed at
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Figure 4.8 – Evolution of the velocity of grains in the system with time at jamming.
The velocity scale is set such that grains with higher velocity than ∥u∥ = 1.10−2√dg are
transparent. Under this limit they are colorized by their velocity from red for the highest
to blue for the lowest velocities.

∥u∥ = 1.10−2√dg. Under this limit the grains are considered to be in the way to be static.
Figure 4.8 shows the evolution of the velocity of each grains with the time of simulation
near the jamming transition. It can be observed on the first snapshot, upper-left panel,
that most of the grains within the flowing layer are not visible (we can only see their
center in white) since they are flowing at a velocity higher than the defined limit. The
blue grains at the bottom are the fixed grains constituting the rough bottom plane and
are always static. In the last snapshot, on the lower-right panel, all grains are considered
in the way to be static. Indeed, the closer the snapshot is from the jamming transition
the slower the flow.
As such, the important mechanism to observe on these snapshots is that the stability
of grains, induced by energy dissipation, is initially localised at the bottom. It is then
progressively diffused into the whole grain layer when the medium is approaching the
static state. The grains that are nearly static, i.e. below the velocity limit, are initially
near the bottom plane. These grains are flowing slower than the rest of the layer because
a zero velocity condition is imposed at the bottom by the static rough plane. We can
observe that the nearly static layer in diffusing with time upon depth into the free surface.
Inter-particle friction, grains collisions as well as the geometrical plane shape, i.e. plane
roughness, are expected to induce energy dissipation at the contact scale and push the
grains to reach the static stable state. This effect is added to the increasing normal stress
and decreasing shear stress with the reduction of the inclination angle leading the medium
to be almost completely jammed on the last snapshot.

4.2.2 Velocity profiles near jamming
For such thin layer, near the jamming transition, when the angle is decreased in the

flowing state, the velocity profiles are plotted on Figure 4.9. On this figure and the
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Figure 4.9 – Velocity profiles at µp = 0.5 at various angles near jamming.
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Figure 4.10 – Velocity profiles at µp = 0.5, normalised by the free-surface velocity Vmax,
at various angles close to θstop in linear scale (a) and log scale (b).
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following ones, the velocity profiles are plotted at different angle differences, θ − θstop,
from the stopping angle. As a result, the time average window tw has been lowered
to tw = 5

√
d/g in order to have quasi-instantaneous profiles slightly smoothed around

θ − θstop, enabling us to see the evolution near jamming without time lag induced by the
time average window. Figure 4.9 shows significant decrease of the velocity profiles while
approaching the jamming transition. In addition, the shape of the velocity profiles is
evolving. In order to compare this evolution, the velocity profiles are normalised by the
velocity at the free-surface and plotted at various angles near the jamming angle θstop.
The plots are presented on Figure 4.10a. The figure shows the velocity profiles normalised
with a linear axis scale. The second Figure 4.10b shows them with a logarithm axis scale.
The normalised velocity profiles initially scale with the vertical position at the power
about 3/2 with concave profile. This power is evolving into a linear profile and then into
convex profiles where a region of the layer is static and a region is flowing. Such velocity
profiles were predicted near the onset of flow and arrest by the partially fluidized theory
of Aranson et al. (2008) showing a fluidized region above a static layer. The evolution of
the velocity profiles shape supports the idea that the dissipation mechanism is diffusing
up from the bottom to the free-surface. Indeed, the grains sub-layers closer to the bottom
plane are getting more and more stable near the jamming transition and push the upper
sub-layers to reach stability. Destabilisation is then the winning process far from the
jamming angle. Near the jamming angle stabilisation is the winning process changing the
shape of velocity profiles.

Inertial number profiles near jamming
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Figure 4.11 – Inertial number profiles at µp = 0.5 at various angles near jamming.

Similarly, the inertial number profiles are plotted at one angle far from the jamming
angle and various angles near the jamming angle. The shape of the inertial number
profiles are evolving from the S-shape without constant bulk values into convex profiles
where a majority of the bulk region, from the bottom plane to 2/3 of the thickness, are
significantly slower than the flow at the free surface. This is a signature of the increase of
heterogeneity within the flowing layer near the jamming transition. It supports the idea
depicted above that the flow decay, due to shear stress decay, is larger in the bulk and

112



4.2. THE TRANSITIONS PROCESSES 113

near the bottom than at the free surface where grains continue to flow.

Coordination number profiles near jamming

The coordination number profiles near jamming are plotted on Figure 4.12a. It first
has the shape in the flowing regime for thin layers as shown by Figure 4.5c. Then, in the
bulk region where the flow is getting slower and near the bottom plane, the coordination
number is significantly increasing with decreasing angle towards the stopping angle θstop.
Yet, at the closest value to the stopping angle, θ − θstop = 0.001◦, the profile is constant
and the excess of contacts near the free surface, observed in the static regime (see Figure
4.7a), is not present. It supports the idea of a flowing small layer above the static bulk
just before jamming that ultimately comes to rest leading the system to jams.
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Figure 4.12 – (a) Coordination number profiles at µp = 0.5 at various angles near jamming
for thin layer, h/d = 10. (b) Fraction of sliding contacts profiles at µp = 0.5 at various
angles near jamming for thin layer, h/d = 10.

Sliding contact proportion profiles near jamming

The sliding contacts proportion profiles are plotted on Figure 4.12b near jamming.
One observe that the amount of sliding contacts is significantly decreasing in the bulk
region near the bottom plane when the angle goes towards θstop. This behavior, coupled
with the observations made on Figure 4.12a, show that close to the jamming transition
there are more and more contacts that are more and more tangentially stables, especially
in the bulk region near the bottom plane.

Finally, we have seen that when decreasing the angle between 1◦ to 0.001◦ from θstop,
there is a continuous decrease of the flow in the bulk characterized by an increase of
the number of contacts that are less and less sliding. This decrease is diffusing from the
bottom plane up to the free surface where the grains are slow to follow the behavior of
the bulk. As such, the anisotropy in the contact and tangentially sliding force network is
more and more localised near the free surface approaching the static state.
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4.2.3 Phenomenology of the initiation of flow

Figure 4.13 – Evolution of the velocity of grains in the system with time at unjamming.
The velocity scale is set such that grains with low velocities, around ∥u∥ = 0

√
dg are

transparent. Above, they are colorized by their velocity from blue for the lowest to red
for the highest velocities.

The evolution of the velocities in the whole granular medium at the initiation of flow,
when the angle is increased in the static state, is presented on Figure 4.13. This figure
shows different snapshots of the velocity of grains at different simulation times during the
unjamming transition. By contrast with flow cessation, the grains are now visible when
they have non-zero velocity and are colorized by their veolocity between zero (blue) into
the defined limit value 1.10−2 (red). It can be observed on the three first snapshots, that
a rearrangement occurs (first snapshot) that unjams an important quantity of grains near
the free-surface (second snapshot). It forms a layer, for which the velocity is a bigger
that the rest of the system. It can be seen on the third snapshot, that within this slowly
displaced layer, a local rearrangement at a higher velocity occurs. Another rearrangement
also occurs at the same time near the bottom plane. These rearrangements increases the
velocity of the flowing layer. Then, on the last three snapshots, the flowing layer gains
velocity until the whole layer flows. Conversely to the cessation of flow, that appears to
be due to a progressive dissipation mechanism diffusing from the bottom plane up to the
free-surface, the avalanche mechanism appears to be a succession of local events, i.e. local
rearrangements, inducing an instability near the free-surface unjamming the medium that
quickly starts to flow on the whole vertical. A similar phenomenology has been shown
by Silbert et al. (2003), demonstrating the presence of instabilities near the free surface
creating a flowing layer first in this region of the medium which then initiates the flow of
the whole medium.
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Figure 4.14 – (a) Velocity profiles at µp = 0.5 at various angles in the static regime at
unjamming for thin layer, h/d = 10. (b) Instant velocity profiles at µp = 0.5 with refined
angles in the static regime at unjamming for thin layer, h/d = 10.

Velocity profiles at unjamming

The velocity profiles are plotted at various angles within the unjamming transition on
Figure 4.14a. Similarly to jamming, the angles are expressed as θ − θstart with the angle
differences related to the avalanche angle here. First, we choose to calculate θstart in a
way that at θ − θstart = 0.001◦, the velocity profile has similar values that the flowing
state at the highest distance θ − θstop = 1◦ on Figure 4.9. It enables us to compare the
velocity profiles evolution at jamming and at unjamming with the same initial and final
states, i.e. the same initial and final velocity values at the free surface.
The profiles demonstrate a significant difference between the static state, at θ−θstart = 1◦,
and the initiation of flow at θ − θstart = 0.001◦. It also shows that the initiation of flow
is a quicker process than the cessation of flow since no continuous variations are observe
between the static state and the start of flow when increasing the angles between 1◦

and 0.003◦ from the avalanche angle. In order to observe the continuous evolution of
the flowing layer, we need to refine the angle differences between 0.01◦ and 0.001◦. The
corresponding profiles are plotted on Figure 4.14b. This figure shows that despite a
quicker transient process of destabilisation than stabilisation, the evolution is similar, yet
symmetric, than for the jamming process with a flowing layer near the free surface that
tends to destabilise the stable grains below. This type of velocity profile’s shape was
predicted by the theory of Aranson et al. (2008) near the onset of flow and were also
observed by Silbert et al. (2001).

Packing fraction profiles at unjamming

Packing fraction profiles are plotted at unjamming on Figure 4.15a. The figure does not
enable to observe significant evolution of ϕ. Nevertheless, slight variations are observed
especially where the flow starts, i.e. close to the free surface. However, these variations
does not capture a sharp evolution in the packing density of the medium when the flow
starts.
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Figure 4.15 – Instantaneous velocity profiles (a) and inertial number profiles (b) at µp =
0.5 and various angles in the static regime at unjamming for thin layer, h/d = 10.

Inertial number profiles at unjamming

By contrast with packing fraction, the inertial number profiles at unjamming, plotted
on Figure 4.15b increases at unjamming. It highlights that the flow quickly starts to
become inertial with I ≈ 2 × 10−2 within 100

√
d/g when it dropped of the same amount

within 104
√

d/g at jamming. This time difference is probably a direct consequence of
hysteresis since θstart is higher than θstop, the shear stress is relatively higher at unjamming
than at jamming accelerating the transient process.

Coordination number profiles at unjamming
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Figure 4.16 – (a) Instant coordination number profiles and (b) instant fraction of sliding
contacts profiles at µp = 0.5 at various angles in the static regime at unjamming for thin
layer, h/d = 10.
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The evolution of the coordination number profile at unjamming is plotted on Figure
4.16a. The figure shows first, a larger loss of contact at the free surface than at the bulk
for θ − θstart = 0.005◦, evolving into a quasi-linear profile when the flow is well initiated
at θ − θstart = 0.001◦. Although quicker, the evolution of the number of contacts within
the layer at unjamming also appears as the symmetric of its evolution at jamming.

Sliding contacts proportion profiles at unjamming

Figure 4.16b presents the evolution of the sliding contact proportion profiles at un-
jammig. In the static state, at θ − θstart = 0.01◦, it shows first a low but finite proportion
of contacts that slides in the bulk as depicted in Section 4.1.2, in the static regime.
Then, the sliding contact proportion profile abruptly drops to its quasi-linear shape at
θ − θstart = 0.005◦ with a larger percentage of sliding contacts near the free surface than
near the bottom plane. By contrast to the coordination number, the profiles of sliding
contact proportion at unjamming, presented on Figure 4.16b, do not evolve as its symme-
tric at jamming. Indeed, here the contacts initially slides in the bulk and near the bottom
plane conversely to the jamming where the last contacts that slides before it completely
jams are located near the free surface. In addition, the sliding contact proportion increases
more suddenly and quickly than the other quantities. It suggests that a non-negligible
proportion of contacts are on the verge to slide, but are still stable in the static regime,
thus the unjamming of the layer quickly destabilises them and leads to a destabilisation
of the assembly supporting the phenomenology proposed above.

In conclusion, this Section brought information about the dynamic of the granular
layer in the dense flow regime and at both jamming and unjamming transitions. In the
flowing state far from jamming, the flow is steady and established within the layer and the
sources of dissipation at the contact scale balanced the gravity drive imposition. Hetero-
geneities are nonetheless observed both at the free surface and the bottom plane. These
heterogeneities have more effect on the bulk flow for thin layer than thicker ones since the
distance between the boundary conditions is thinner. When the shear to normal stress,
gravity driven imposition, does not balance the dissipation processes, the flow approach
jamming, significantly decreases and displays a transient observed in the evolution and
shapes of the various variables profiles. There is a growing region that tends to staticity
near the bottom plane. In this region an increase of contacts that are tangentially stabi-
lised is observed, suggesting that dissipation processes are becoming stronger than shear.
Near the free surface, grains are less constrains in the motion and continues to flow when
approaching the jamming transition. However, the static region diffuses through the layer
upon the transition. When the layer is fully static and the stress loading increases, the
medium does not dynamically response to stress variations. The tangential force network
however displays local plasticity at the contact scale, especially near the bottom plane,
leading to rearrangements that destabilise the grains near the free surface and start flo-
wing. As a consequence, the contacts on the verge to slide quickly destabilises initiating
the faster unjamming transient leading ultimately the whole layer to flow.

This section allowed us to qualitatively describe the evolution of the grain layer res-
ponse to inclination angle variations in a reference case. The granular states and both the
cessation and initiation of flow were described using macroscopic state variables as well
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as descriptors of the micro-structure. It led us to propose a phenomenology for both the
jamming and unjamming transitions coherently with results from the literature.

4.3 Hysteretic cycles of macroscopic and micro-structure
state variable on an inclined plane

The objective here is to measure the evolution observed, in the above sections, for
the several state variables in both regimes and at both transitions. Although the flow
has be depicted to be heterogeneous, both macro and micro variables have demonstrated
significant evolution with stress variations at transitions and in the dense state. As such,
in this section, the variables studied within the grain layer in the previous Sections 4.1 and
4.2 are averaged in depth and plotted versus the inclination angle. In particular, hysteresis
cycles are observed on the inertial number and the volume fraction on one hand. On the
other hand hysteresis cycles of the coordination number, the fraction of sliding contacts
and the contact anisotropy are discussed. Characteristic values are highlighted and will be
used for a qualitative and quantitative study varying sources of dissipation at the contact
scale in the following section.

4.3.1 Hysteretic cycles of the inertial number and the volume
fraction: highlighting granular regimes, hysteresis and di-
latancy

The simulation is the same that in the previous section, following the protocol defined
in Section 3.4.3 and displayed by Figure 3.7 for classical inter-particle friction coefficient
µp = 0.5 in the dry case. Starting from a flowing state, the angle of the inclined plane
is progressively and continuously decreased down to the cessation of the flow, before
ramping up the inclination angle until the flow starts. Measuring the mean inertial number
associated with the granular flow, it is possible to observe the hysteretic loop in the
context of the µ(I) rheology, Figure 4.17a. In this framework, the granular rheology can
be described in terms of the shear-to-normal stress ratio as a unique function of the inertial
number, see Equation (1.7). The depth average instant inertial number I is derived from
Equation (4.5):

I(t) = 1
h

∫ h

0
I(z, t) dz, (4.9)

For steady uniform flow on the an inclined plane, the shear-to-normal stress ratio is di-
rectly set by the inclination angle of the plane, see Equation (3.45). Figure 4.17a shows
a typical hysteretic loop on µ(I) that demonstrates the asymmetry of the transition.
Decreasing the inclination angle, the corresponding inertial number decreases. The va-
riations of inertial number with the imposed stress is a characterisation of the flowing
state that is defined as a state in which a dynamic is observe at the macroscopic scale, i.e.
I > 0 as seen in Section 4.1. Oscillations of the inertial number are also a signature of the
flowing regime. In this regime, state variables are oscillating around steady state values.
The decrease of inertial number with the angle of inclination shows that the lower is the
plane angle (or the shear to normal stress ratio) the less inertial is the flowing layer. The
inertial number then eventually drops to zero at stopping angle, µ = µstop = tan(θstop).
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Figure 4.17 – (a) Hysteretic loop of the relative shear-to-normal stress ratio µ(I) − µstop

as function of the inertial number, I, for inter-particle friction µp = 0.5 leading to µstop =
0.39. (b) Hysteretic loop of the solid fraction ϕ as function of the relative inclination
angle θ − θstop for inter-particle friction µp = 0.5 leading to θstop = 21.47◦. The arrows
as much as the color and legend indicates for each plots the stress path within hysteretic
cycles.

The cessation of flow, or the static state, is then defined as a state where no dynamic
is observe at the macroscopic scale, see Section 4.1. In this regime, the inertial number
is constant and equal to zero, as shown by Figures 3.7 and 4.17a. The stress path is
then reversed and the inclination angle is progressively increased. The granular medium
remains static up to the avalanche angle, where the flow comes back to the initial µ(I)
branch. The difference between the stress ratio at avalanche and stopping transitions
characterizes the hysteresis, ∆µ = µstart − µstop = tan(θstart) − tan(θstop).
The critical inertial number at which the medium stops flowing is Istop ≈ 5.10−3. This
value is consistent with results from other simulations and experiments on the inclined
plane with similar parameters (GDR MiDi, 2004; Cassar et al., 2005).

For the sake of simplicity and for a more intuitive view of the results, the data will
be plotted in the following in terms of inclination angle θ. It is classical to consider the
solid volume fraction variation close to the fluid-like to solid-like behavior transition (Xu
and O’Hern, 2006; Peyneau and Roux , 2008). It is interesting to note that it is equivalent
as considering the µ(I) rheology in terms of solid volume fraction µ(ϕ), as done in the
literature (Da Cruz et al., 2005). Figure 4.17b shows the hysteretic loop observed for the
volume fraction. As the inclination angle decreases, the granular flow becomes denser,
up to the critical solid volume fraction at which the medium comes to rest. Reversing
the loading, the solid volume fraction stays constant up to the onset of motion at larger
inclination angle. Hysteresis is characterized here as the difference between the stress
ratio at avalanche and stopping angles ∆θ = θstart − θstop.
The solid volume fraction displays a discontinuity at the initiation of flow, ∆ϕstart. This
dicontinuity is a signature of Reynolds dilatancy. Indeed, a static granular system dilates
when yielding under shear in order to flow (Bagnold, 1966; Andreotti et al., 2013; Behrin-
ger and Chakraborty, 2019). This effect is observed here with a clear discontinuity at the
avalanche angle showing that the medium dilates when the avalanche angle is reached.
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Conversely to the initiation of flow, the granular packing density does not seem to exhibit
a significant discontinuity in the transient when coming to rest. Nevertheless, there is a
slight gap between the average evolution of packing density in the flowing regime near
jamming and the constant critical value in the jammed regime, ∆ϕstop. This slight varia-
tion can be interpreted as compaction of the granular system when the flow stops.

4.3.2 Hysteretic cycles of descriptors of the micro-structure
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Figure 4.18 – (a) Hysteretic cycle of the average coordination number per particle Z. (b)
Hysteretic cycle of the fraction of sliding contact χ. (c) Hysteretic cycle of the amplitude
of contact anisotropy ac. All cycles are plotted for an inter-particle friction coefficient of
µp = 0.5 in the dry case.

In order to look further into the evolution of the granular medium response to external
stress on an inclined plane, especially near jamming and unjamming transitions, several
variables that characterize the behavior of the granular micro-structure at first order are
measured within simulations. The first one is the coordination number, Z, that calculates
the average number of contacts per particle. The coordination number is not strictly a
depth average of the profile of Equation (4.7), it is defined from the whole sample as:

Z = 2Ndyn−dyn
c + Ndyn−plane

c

Ndyn
p

. (4.10)
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Figure 4.19 – (a) Zoom of Figure 4.18a in the static state. Some slights variations of Z
demonstrate rearrangement within the system. (b) Zoom of Figure 4.18b in the static
state. Variations of χ demonstrate plasticity at the contact scale within the system. (c)
Zoom of Figure 4.18c in the static state. Variations of ac demonstrate an evolution of
anisotropy with the angle.
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In the one hand, the calculation consider the contacts between two dynamic particles, i.e.
particles that are allowed to be in motion in the system, Ndyn−dyn

c which is counted twice
to account for both particles. In the other hand a contact between a dynamic particle
and a fixed particle, glued at the bottom, that constituted the plane, Ndyn−plane

c , is only
considered once. This calculation of the coordination number allows us to consider the
average number of contacts by particle that constitute the flowing layer.

The typical hysteretic cycle of coordination number, or in other words the evolution of
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Figure 4.20 – (a) Hysteretic cycle of the average coordination number per particle Z
with vertical lines corresponding to the angles at which the coordination number profiles
are plotted on Figure 4.12a near jamming. (b) Zoom of the latter near jamming. (c)
Hysteretic cycle of the fraction of sliding contact χ with vertical lines corresponding to
the angles at which the coordination number profiles are plotted on Figure 4.12b near
jamming. (d) Zoom of the latter near jamming.

coordination number with the plane angle within a simulation, is plotted on Figure 4.18a.
Similarly to packing fraction, the coordination number is increasing when the plane angle
is decreasing. This evolution of the coordination number is the micro-structure signature
of the increasing packing density of the flowing layer when the plane angle is decreased.
It goes hand in hand with a reduction in the layer dynamic, i.e. reduction of I with
θ. Then the coordination number drops from Zstop to a critical constant value Zc when
the media stops flowing at θ = θstop. The critical coordination number in the jammed
state is constant but some little variations occurs when zooming on its evolution with the
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angle in the jammed state, see Figure 4.19a. These little variations are signatures of local
rearrangement that slightly influence the value of the average number of contacts in the
system. In addition, the average number of contacts slightly decrease when increasing the
angle in the static state. These variations are much lower than variations in the flowing
state but still demonstrate a slight evolution of the structure due to increasing imposed
shear stress.
When the medium starts flowing again at θ = θstart, the average number of contacts
suddenly drops at Zstart to the initial branch of coordination number where it varies with
the angle. Similarly to the packing density, the discontinuity of coordination number
∆Zstart = Zc − Zstart that quantify the drop of coordination number when the media
starts flowing at the avalanche angle, is very sharp. This is a signature of dilatancy effect
at the scale of the contact network. Conversely to the volume fraction, the coordination
number also displays a sharp discontinuity at the cessation of flow, ∆Zstop = Zc − Zstop.
This discontinuity is a signature of the compaction of the contact network when the
medium jams. To compare the coordination number profiles, plotted near jamming on
Figure 4.12a in the previous Section 4.2, with the first-order average value, we plot on
the hysteretic cycle vertical lines at the angles where the profiles are plotted, see Figures
4.20a and 4.20b. Figure 4.20b show that the profile at θ − θstop = 0.01◦ is plotted before
the transient drop while the one at θ − θstop = 0.003◦ is within the gap and the one
at θ − θstop = 0.001◦ is after the gap. As such, this discontinuity is also the signature
of the significant increase of the amount of contacts in the bulk and especially near the
free-surface observed between the profiles approaching jamming. Despite no clear discon-
tinuity was observed on the volume fraction, the presence of a sharp drop of coordination
number is consistent with the observation of a first-order phase transition at jamming for
frictional grains on a rough inclined (Liu and Nagel, 2010; Pan et al., 2023).

Another interesting variable that allows us to describe the evolution of the tangential
contact network with imposed stress is the fraction of sliding contacts χ. This fraction is,
similarly to the space-averaged coordination number, not strictly a depth average of the
profile of Equation (4.1.1), it is defined as:

χ = N sliding
c

N tot
c

, (4.11)

with N sliding
c the number of contact for which the tangential contact force has rea-

ched the Coulomb criterion and N tot
c the total amount of contacts (note that N tot

c =
Ndyn−dyn

c + Ndyn−plane
c ).

The classical hysteretic cycle of fraction of sliding contacts is presented on Figure 4.18b.
The fraction of sliding contacts is slightly decreasing with the plane angle from χ = 0.23
at θstop +2.5◦ until it reaches about χstop = 0.15 at the cessation of flow. At that moment,
the fraction of sliding contacts drops to zero in the jammed state. When the medium is
static no tangential contacts are sliding at first. Then when increasing the plane angle
some contacts are sliding which slighlty increases the fraction χ up to about 3%. Figure
4.19b presents the evolution of χ in the jamming state. The figure shows some peaks
of sliding contacts which amplitudes are increasingly growing with the angle until the
medium flows again and χ reaches the initial branch. These increasing peaks of sliding
contact percentage are a signature of rearrangements within the system and specifically of
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local plasticity of the granular medium as presented by Staron et al. (2002) and observed
in the profiles of χ. Indeed, when contacts slides the medium is locally plastic which
enables small displacements and rearrangements in the assembly.

A new quantity introduced here is a measure of the anisotropy of the contact network.
The amplitude of contact anisotropy, ac is defined as proposed by Srivastava et al. (2019,
2022) as the second invariant the contact anisotropy tensor, Ac, related to the deviatoric
part of the fabric tensor, see Section 1.4.3. This second-order tensor provides information
on the anisotropy of the orientation of contacts with respect to the 3 directions of space,
see Appendix A.3 for more details on the definition of this tensor. Its amplitude is given
by:

ac = 1
2

√
Ac : Ac. (4.12)

With Ac : Ac the doubly-contracted product of the contact anisotropy tensor, it can
also be expressed as tr(Ac · Ac). This quantity provides information on the anisotropy
of the contact network with no precision on the preferential directions of anisotropy.
Nevertheless, higher ac means higher anisotropic orientation of contacts. In other words,
higher anisotropy means higher amount of contacts orientations that are not aligned with
the principal directions of space.
The contact anisotropy is plotted versus the plane inclination angle within a simulation
on Figure 4.18c. We notice first, that the level of anisotropy is decreasing with the plane
angle which is coherent with the idea that higher angle implies higher anisotropy due to
shear stress leading to an increase of contact orientations in directions orthogonal to the
three principal directions.
In addition, it is constant in the static state compared to the variations in the flowing
state. Nevertheless, it slightly increases with the angle in the static state as shown by
Figure 4.19c. Moreover, the level of anisotropy is lower in the static regime that in the
flowing regime. This shows that the flowing regime is more anisotropic than the static
regime at a given external stress.

In order to measure a degree of staticity, see Section 2.3 and Equation (2.10), in the
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Figure 4.21 – (a) Hysteretic cycle of the fraction of particles free in their rotation Ω. (b)
Hysteretic cycle of the fraction of particles with one or less contacts α.

system at the approach from jamming and unjamming transitions, we also calculated the
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fraction of particles free to rotate Ω in the system. This variable is calculated as:

Ω = Nfree

Ndyn

, (4.13)

with Nfree the number of particles free in their rotation. This quantity is calculated consi-
dering the particles with no contacts and the particles for which all contacts are sliding.
The hysteretic cycle of Ω is plotted on Figure 4.21a. The fraction of particles that are free
to rotate decreases with the angle from about 40% in the flowing state near the avalanche
angle down to about 10% near jamming. Although non-negligible fraction of contacts are
sliding in the static state, no particles are fully free to rotate.

Finally, the last variable that will be needed to calculate a staticity criterion is the
fraction of particles that have one or less contacts α. This variable is plotted on Figure
4.21b. This quantity decreases with the angle as Ω. Interestingly, although the system is
in the dense flow regime, a non-negligible fraction of particles have one or less contacts
from about 55% near the avalanche angle down to about 15% near jamming.

4.3.3 Staticity criterion
As depicted in Chapter 4, it is possible to calculate an isostatic coordination number

value, Ziso, from the Maxwell criterion of staticity, see Equation (2.10). It corresponds
to the number of constrained the system must gain by contacts in order to balance the
number of degrees of freedom. Such idea was proposed in several works (Silbert et al.,
2002a; Henkes et al., 2010; Song et al., 2008) to characterize the mechanical degree of
staticity of the system. Theoretically, if the average number of contacts, Z, is equal to
the isostatic value Ziso, the system is isostatic hence stable. The idea here is to plot
the evolution of Ziso within the simulation, and normalizing its value by the measured
average number of contacts Z. This ratio is plotted on Figures 4.22a and 4.22b. we
observe on Figure 4.22a, that in the flowing regime, Ziso/Z > 1 meaning that the system
is hypostatic and the effective number of contacts is too low to match the isostatic value
needed to reach the static state. The ratio linearly decreases with the angle down to about
1.2 in average and approaches 1 with fluctuations near jamming, see Figure 4.22b. It then
drops, with a sharp discontinuity, below unity at about 0.87, meaning that the average
number of contacts is above the isostatic value Ziso = 4 in the static state right after
jamming (Ω = χ = 0). As such, the medium stops flowing in an hyperstatic state with
respect to mechanical equilibrium. In the static state the system remains hyperstatic and
the ratio increases sharply above unity only at unjamming. Hence, the ratio only reaches
unity at transitions when it sharply evolves in the transient discontinuity but is always
hypostatic in the flowing regime and hyperstatic in the static regime. As a consequence, it
seems non-trivial to possibly predict the stress conditions of jamming and unjamming by
calculating the isostatic coordination number in the various granular regimes. Indeed, the
accession to the static state cannot be defined as a consequence of mechanical stability in
the whole system when the number of constraints match the number of degrees of freedom
at first order, i.e. when Ziso/Z = 1 (Silbert et al., 2002a). One of the possibilities to
explain this departure lies in the calculation of Ziso with Equation (2.10) that consider
that each particle has a normal force that contributes to the number of normal force
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Figure 4.22 – (a) Hysteretic cycle of the ratio between the isostatic coordination number
Ziso from Equation (2.10) and the averaged number of contacts Z. (b) Zoom of the latter
near 1. (c) Hysteretic cycle of the ratio between the staticity index sc from Equation
(4.14) and the averaged number of contacts Z. (d) Zoom of the latter near 1.
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balanced equations and then mechanically constrained the system. A particle with no
contacts does not contribute to mechanical equilibrium of the whole system since it has
no normal force balanced equation. A particle with one contact does have a normal
contact force that does not constrained the system since a particle needs at least two
contacts to be stable. As such, if the ratio of particles that have one or less contacts is
non-negligible, which is the case in the flowing regime, see Figure 4.21b, the number of
normal force balanced equations became Ef = 3Ndyn(1 − α) and the staticity criterion
adapted from Equation (2.10) is written:

sc = 3(1 − α) + 3(1 − Ω)
1/2 + (1 − χ) . (4.14)

Similarly to Ziso, what is interesting is to plot the ratio between sc and the average number
of contacts in the system Z. The ratio evolution with the angle is presented on Figure
4.22c. This ratio is slightly lower in the flowing regime than Ziso/Z since sc is lower than
Ziso due to the reduction of the normal force balanced equation through 1 − α. As a
consequence, the ratio sc/Z is closer to unity near jamming but still cross unity only in
the transient to static regime. In the static state, since α = 0, the variations are the same
between both ratios. The increase observed on the number of degrees of freedom, due to
the increase of the ratio of sliding contacts, do not match the critical average number of
contacts Zc and unity is reached for both staticity ratios only in the transient.
Finally, although this generalisation of first-order staticity criterion, i.e. considering the
mechanical system as a whole, brings information on how much the average number of
contacts balanced the number of degrees of freedom in the system, it cannot predict the
conditions of transitions, i.e. the critical angles at which the system become mechanically
static from the flowing state and loses mechanical stability in the static state. This result
suggests that mechanical staticity criterion is then distributed in the system, with regions
where the system is isostatic or hyperstatic, and regions where the system is hypostatic,
leading to a globally unstable hypostatic system in the flowing regime and hyperstatic
stable system in the static regime. In order to demonstrate that, one may look at the
spatial distribution of staticity criterion within the depth of the layer or at the scale of
grains equivalently to what Henkes et al. (2016) developed using the pebbel game to track
rigid clusters within the system at the approach to jamming.

4.4 Contact dissipation effects: friction and collisions
The phenomenology, proposed in Section 4.2, associated to the jamming and unjam-

ming transitions involved in hysteresis shows the key role of contacts between grains. It
suggests an influence of sources of energy dissipation at the contact scale.

Indeed, interactions at the contact scale plays a major role on the dynamics and static
of grains assemblies as well as on the jamming and unjamming transitions and hysteresis,
see Sections 2.3, 2.5 and 2.6 of Chapter 2. Especially, dissipation processes occurs during
collisions, characterized by the restitution coefficient eN , and by inter-particle friction
when contacts last, characterized by the inter-particle friction coefficient µp. DeGiuli
et al. (2016) have shown a complex non-trivial combination of both dissipation mecha-
nisms on the flowing state even at the limit of quasi-static flow, i.e. near the jamming

127



128 CHAPTER 4. GRANULAR REGIMES

transition. This suggests a possible complex effect of both µp and eN on the critical angles
and hysteresis.

In this section, we focus on the combined influence of inter-particle friction and res-
titution coefficient on the hysteretic cycles of the several variables. First, a qualitative
analyse is done on the influence of the the inter-particle friction coefficient, µp, on the
state variables within their loading cycles (defined in the previous Section). To do so,
the inter-particle friction coefficient is first varied at a constant restitution coefficient
eN = 0.9, between µp = 0.5 (reference case) and µp = 0.2.
Then, the influence of the restitution coefficient is similarly qualitatively studied by va-
rying eN between eN ∈ [0.1, 0.5, 0.9], at both inter-particle friction coefficient 0.2 and 0.5.
Quantitative results are finally presented for the restitution coefficient.

4.4.1 Qualitative evolution of the hysteretic cycles with inter-
particle friction

The evolution of the hysteretic cycles of the macroscopic state variables, I and ϕ,
and first order descriptors of the micro-structure, Z, χ and ac, are presented on Figure
4.23. On this figure, only two inter-particle friction coefficients are plotted, µp = 0.5 and
µp = 0.2, in order to look qualitatively at the effect of friction. Conversely to the previous
Section, the hysteretic cycles are not plotted versus θ − θstop but versus θ. This allows us
to see the evolution of the average variables at constant inclination angle θ between both
inter-particle friction coefficient and to observe the evolution of the critical angles θstop

and θstart.
Two main results emerge from all of the plots of Figure 4.23: (i) We can see on each
Figures that the stopping angle θstop, or stopping stress ratio µstop, and the avalanche
angle θstart, or starting stress ratio µstart, both decrease when decreasing friction between
grains.
(ii) Also, hysteresis is lower when decreasing friction between grains.
The first result, (i), shows that lowering friction between grains lowers significantly the
angles at which the system is stable which means that the granular stability highly de-
pends on friction. The second result show that the asymmetry in the transitions angles, or
hysteresis, when defined as an absolute difference of angles ∆θ = θstart −θstop also depends
on the friction between grains. Although this result needs a quantitative systematic study
to be robust, which will be done in the following Chapter 5, it remains a first signature
of the major role friction plays in this phenomenon.

In order to give a first qualitative analysis of the latter results, we go with more details
into the analyse of each plots of Figure 4.23.
First, the macroscopic state variables I and ϕ, are plotted on Figures 4.23a and 4.23b.
In the flowing regime at a given angle, for example at 22◦ or 23◦, the inertial number
is more than two times higher when decreasing the inter-particle friction coefficient. At
the same time, the packing fraction, ϕ slightly decreases when reducing friction between
grains. Hence, in the flowing state, reducing friction in the same stress conditions appears
to increase the dynamic of the layer that is less compact. This behavior is observed at the
micro-structure scale since the coordination number Z cycles for µp = 0.5 and 0.2, plotted
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Figure 4.23 – (a) Hysteretic cycle of the inertial number as a function of the inclination
angle for inter-particle friction µp = 0.5 and µp = 0.2. (b) Hysteretic cycle of the solid
volume fraction ϕ as function of the inclination angle for inter-particle friction µp = 0.5
and µp = 0.2. (c) Hysteretic cycle of the average coordination number per particle Z for
inter-particle friction µp = 0.5 and µp = 0.2. (d) Hysteretic cycle of the fraction of sliding
contact χ for inter-particle friction µp = 0.5 and µp = 0.2. (e) Hysteretic cycle of the
amplitude of contact anisotropy ac for inter-particle friction µp = 0.5 and µp = 0.2. All
cycles are plotted in the dry case.
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on Figure 4.23c, shows that the average number of contacts decreases when decreasing
µp. In addition, it can be observed on Figure 4.23d that the fraction of sliding contacts is
higher when reducing inter-particle friction coefficient in the same stress conditions. This
result is consistent with the fact that lower Coulomb friction coefficient implies higher
probability for a given contact to respect the Coulomb criterion. Hence, reducing friction
increases the fraction of contacts that are sliding. This picture is also consistent with the
increase of inertial number when reducing µp. Indeed, a sliding contact enables tangential
motion where a sticking contact does not enables tangential motion. Hence, reducing
friction reduces the ability of grains to dissipate motion in the direction of flow leading
to faster layers at a given angle. Finally, Figure 4.23e presents the evolution of contact
network anisotropy for both friction coefficient. The figure shows that reducing friction
increases the amplitude of contact anisotropy at a given angle. This is also consistent
with the idea developed in the previous Section that the faster is the flowing layer the
higher the amplitude of contact anisotropy due to the misalignment of contacts with the
principal directions of the system.

These findings, together with the stopping and avalanche angles reduction when re-
ducing inter-particle friction, leads to variations of the critical values of each variables
near jamming and unjamming. These quantities are important to characterize the condi-
tions of transitions and their asymmetry due to the hysteretic phenomenon. The critical
inertial number, Istop or I∗ for example is a characteristic limit of the transition between
flowing and static regimes in stress imposed configurations used in constitutive relations.
The critical values are calculated by fitting the trend of each variable in the flowing state
and extrapolating the results at θ = θ−

stop and θ = θ+
start.

It can be observed on Figure 4.23a that the critical inertial number, Istop, appears to be
equivalent or maybe slightly lower when increasing friction. This means that the medium
jams at similar relative inertial dynamic at lower inter-particle friction coefficient than at
higher one. By contrast, since hysteresis is lower for lower friction, the inertial number
reached just after the unjamming transition, Istart is higher for higher friction coefficient.
Figure 4.23b shows that for the packing fraction, both values ϕstop and ϕstart are hi-
gher when reducing the friction coefficient. This means that when reducing friction bet-
ween grains the granular flow can support higher packing density before it jams. This is
consistent with the fact that the medium flows faster, motion dissipation requires denser
layer in order to stabilise this higher inertial dynamic.
Similarly to volume fraction, Figure 4.23c shows that both coordination number values
Zstop and Zstart are higher when reducing grains friction. It shows that when reducing the
friction between grains, the granular medium can support more contacts in the flowing
regime before jamming. Another way to interpret that is that since the medium flow at
higher inertial number (more inertial dynamic), the medium needs more contacts in order
to stabilise leading to higher coordination number value near jamming at lower jamming
angle.
The fraction of sliding contacts, Figure 4.23d, is significantly higher near jamming, χstop,
and after unjamming, χstart, when reducing friction between grains. This result can be a
first interpretation of how the medium can support more contacts before it jams or why
the medium needs more contact in order to stabilise. It can even give a first idea of how
the granular flow near jamming can be more inertial even when it is denser right before
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jamming when reducing friction between grains. Indeed, if a higher proportion of contacts
are sliding near jamming when reducing friction, then the system will be less dissipated
by those contacts and lead to a higher relative inertia (higher Istop).
Finally, Figure 4.23e shows that the amplitude of contact anisotropy is lower at both
cessation, ac

stop, and initiation, ac
start, of flow when reducing the friction coefficient. This

result appears as a contradiction with the idea that the contact anisotropy is higher when
the inertial number is higher. Nevertheless, this interpretation can be qualified by the
fact that the number of contacts in the system may play a role in the level of anisotropy.
A higher amount of contact could lead indeed to a lower contact anisotropy since these
additional contacts can be oriented in the principal directions of flow, especially near
jamming where the system is more disorder in every directions.

In the static jammed regime the changes that occurs by varying inter-particle friction
are the critical values of the different variables that are quasi-constant for most variables.
Discontinuities observed at both transitions can then be quantified from the differences
between values in the static regime and the critical values in the flowing regime. Figure
4.23a shows that the inertial number is equal to zero for all friction coefficients showing
that the medium is fully static in the jammed state, Ic = 0. As such, the discontiuities
of inertial number are stricly equal to the critical value Istop and Istart.
By contrast, the packing fraction and coordination number displays non zero values in the
static regime. The critical volume fraction and coordination number, ϕc and Zc, are higher
when reducing friction. When jammed, the medium is denser then with more contacts
per particles when reducing friction between grains resulting of the fact that jamming
occurs at a lower angle for lower friction coefficient. On the one hand, the discontinuity
of packing fraction at jamming, ∆ϕstop, is not significant for both friction coefficients be-
cause of the same order than the oscillations of volume fraction near jamming. On the
other hand, the dilatancy measured at the initiation of flow, ∆ϕstart is significant for both
friction coefficients and is decreasing with decreasing µp.
The coordination number, on Figure 4.23c, has conversely to the volume fraction two
clear discontinuities that both decreases with friction. The discontinuities of coordination
number and packing density are three main quantities that characterizes the asymmetry
of the transition hence the hysteresis phenomenon. As depicted in Chapter 2, dilatancy is
a feature of frictional unjamming and its presence suggest that the transition is asymme-
tric. Indeed, a transition without dilatancy, i.e. without inter-particle-friction, would be
smooth in terms of packing fraction suggesting a second-order phase transition without
hysteresis. An equivalent interpretation can be made in the case of vanishing coordination
number discontinuity. This will be discussed with more details in the following Chapter.
The fraction of sliding contacts, Figure 4.23d, is always equal to zero in the static state
near jamming. Nevertheless, the peaks of sliding contacts in the jammed state, demonstra-
ting an increasing amount of plasticity at the contact scale with increased stress, increase
in amplitude for lower friction between grains than higher one. In the following the no-
tation χplastic will be used to denote the maximum value (for the last peak) of sliding
contacts proportion in the stable state. This could be a first clue for the reduction of hys-
teresis when reducing the friction between grains. Indeed, if reducing friction increases
the proportion of contacts that slides, then the destabilisation process (detailed in the
previous Section) is easier and occurs at angles closer to the stopping angle.
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Finally, Figure 4.23e shows that the critical value of contact anisotropy in the jammed
state, ac

c, is decreasing when decreasing the inter-particle friction coefficient. This value
may be related to the angle at which the system jams since in the static stable state no
contact anisotropy is induced by flow. The contact anisotropy in the static state is then
due to the geometrical entanglement of grains on the plane which is directly related to
the inclination angle of the plane. It also have two clear discontinuities that appear to
decrease with friction.

In conclusion, on the one hand the inertial number and the fraction of sliding contacts
measures the dynamical aspects of the variations of friction respectively at the macro-
scopic and at the micro-structure scale. When friction is decreased the granular layer
flows more faster in the flowing regime and stops at equivalent inertial number values.
This increase of the layer dynamic comes with an increase of sliding contacts showing the
major role of friction in the dynamic of the system. The average number of contacts and
the packing fraction are similarly increasing when friction is decreased showing that the
system needs to be more compact then gain significantly more contacts to sustain the
increase of sliding contacts in order to jams and reach the stable state.
On the other hand, the flow starts at a less inertial regime after the avalanche occurs
despite a much higher sliding contacts proportion at lower µp. This effect results from
lower critical angles as well as hysteresis when the friction is decreased, showing that the
asymmetry in the critical inertial number values is lower for friction which is consistent
with the decrease of hysteresis. Similarly, the decrease of discontinuity with friction at
the avalanche for all state variables shows that the state of the granular system in the
flowing regime near transitions are closer to the static regime when decreasing friction.
This is a first clue to understand how hysteresis is also lower when decreasing µp. Indeed,
if the system is allowed by a decrease of friction to flow closer to its critical static limit,
then it will stops or start to flow with less effort.

4.4.2 Effect of the restitution coefficient
Qualitative analysis of the effect of eN

The other dissipation mechanism at the contact scale that is interesting to investigate
is the normal contact dissipation. Although contact dissipation has been shown to have
little or no influence on the liquid-solid transition of granular media on rough inclined
(Silbert et al., 2001), it remains a dissipation mechanism that could play a role in a pro-
cess as fine as hysteresis. Indeed, DeGiuli et al. (2016) shown the complex combination of
collisions and friction dissipation in the flowing state and the quasi-static state suggesting
a potential effect on the dynamic near jamming. The idea is to vary normal dissipation
without varying contact rigidity and observe its influence on critical angles and hysteresis.
To do so we have to vary the dissipation term of the contact law, Equation (3.32), which
is γN . As γN depends on kN and en and kN is kept constant, the restitution coefficient en

is varied. The values computed are: en = 0.9 en = 0.5 and en = 0.1. The inter-particle
friction coefficient is taken at two different values µp = 0.5 and µp = 0.2.

Figures 4.24 and 4.25 present the hysteretic cycles of inertial number, volume fraction,
coordination number and contact anisotropy for µp = 0.2 and µp = 0.5 at various restitu-
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Figure 4.24 – Hysteretic cycle of the inertial number as a function of the inclination angle
at various restitution coefficients for inter-particle friction (a) µp = 0.2 (b) µp = 0.5.
Hysteretic cycle of the solid volume fraction ϕ as function of the inclination angle at
various restitution coefficient for inter-particle friction (c) µp = 0.2 (d) µp = 0.5.
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Figure 4.25 – Hysteretic cycle of the coordination number as a function of the inclination
angle at various restitution coefficients for inter-particle friction (a) µp = 0.2 (b) µp = 0.5.
Hysteretic cycle of the amplitude of contact anisotropy as function of the inclination angle
at various restitution coefficient for inter-particle friction (c) µp = 0.2 (d) µp = 0.5.
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tion coefficients. Figure 4.24 shows that the dynamic is slightly varied with eN far from
the transition but near the transition, the curves of I(θ) and ϕ(θ) are superimposed at
all eN . Slight variations at the transitions are also observed since the critical angles are
slightly varied but the variations are not significant. Nevertheless, at µp = 0.5 the ava-
lanche angle significantly decrease with decreasing eN which is not observed at µp = 0.2.
As such, additional simulations are needed to quantify if these variations depends on the
friction coefficient value or results from the stochastic effect.

Figure 4.25 shows a more significant variation in the average number of contacts that
increase when decreasing the normal contact dissipation in the flowing state. The critical
values near jamming Zstop also increase as a consequence but the critical values in the
static state Zc are the same which means that the jamming state of the medium does not
depends on the normal contact dissipation. Finally, the contact network is slightly less
anisotropic at lower eN but no significant variations are observed. However this slight
variations strengthen the idea that an increase of contacts lower the anisotropy of the
network.

Quantitative influence of eN on hysteresis and critical angles

The restitution coefficient appears to have no much effect on the system and hyste-
retic cycles of state variables. Only the coordination number displays significant change
with varying eN . Nevertheless, qualitative results suggest a potential influence of normal
contact dissipation on hysteresis at µp = 0.5. In order to quantify this effect, an extensive
study is performed repeating simulations ten times with different random distribution of
grains at the bottom plane with equivalent global roughness. Then, the critical angles
and hysteresis are measured for each simulations.
Figures 4.26a and 4.26b presents the results of the critical angles, θstop and θstart, when
varying the restitution coefficient at inter-particle friction coefficient fixed respectively at
µp = 0.5 and µp = 0.2. The influence of the restitution coefficient on both critical angles
is remarkably not significant for µp = 0.2 and 0.5.
Similarly, hysteresis ∆θ is plotted on Figures 4.26c and 4.26d at both µp. Hysteresis dis-
plays no significant variations with eN . The full picture showing the absence of influence
of eN on hysteresis for all inter-particle friction coefficients computed in our work is pre-
sented in Appendix C.1.
Slight variations observed on hysteretic cycles were then due to the stochastic nature of
the transition.

By contrast, the values of both critical angles and hysteresis significantly varies from
one inter-particle friction to the other. Especially, the decrease observed qualitatively is
shown to be systematic.

4.5 Conclusion
In this chapter we presented an overview of the transition between the fluid-like and

solid-like behavior of granular materials on an inclined plane. We have seen that phase
transition diagrams have emerged from study of the influence of the size of the granular
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Figure 4.26 – Stopping (black points) and avalanche (blue points) angles versus the res-
titution coefficient (a) at µp = 0.5 (b) at µp = 0.2. Hysteresis versus the restitution
coefficient (c) at µp = 0.5 (d) at µp = 0.2. All simulations were performed ten times with
different random distributions of the grains of the plane. The error bars corresponds to
the standard deviation over the ten runs and the markers to mean value.

system considered as well as contact properties such as inter-particle friction or grains
stiffness. We saw that this transition is sub-critical since an hysteretic behavior is obser-
ved leading to different critical external stress values needed to initiate or stop a granular
flow defining two separate transitions: jamming and unjamming. In addition near these
transitions, the granular properties depend on the evolution of the micro-structure, espe-
cially the contact network, characterized by the average amount of contact per particles
and the contact anisotropy.

In this context we have shown by analysing the evolution of the granular layer in the
different granular phases and near the jamming and unjamming transitions that both
cessation and initiation of flow are two distinct processes. The cessation of flow is a
bottom up stability process that gradually leads the layer to stability. The initiation of
flow is a succession of local rearrangements that generate instability of the layer near the
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free-surface leading to the destabilisation of the whole layer.
In addition, we have studied the stress loading cycles of the various variables that charac-
terize the granular response to external stress at the macroscopic and microscopic scale
and highlighted the presence of hysteretic cycles, granular regimes and characteristic va-
lues.
We have shown that the effect of dissipation by collisions is slight on the amount of
contacts made by grain in the flowing regime and that the dynamical quantities of the
flowing layer are modified only at high angles (far from jamming). Nevertheless, no signi-
ficant influence of normal contact dissipation is observed on critical angles and hysteresis.
These results are consistent with observations of Silbert et al. (2001). By contrast, the
granular system evolution under stress highly depends on inter-particles friction coeffi-
cient µp, which significantly influences the values of critical angles as well as hysteresis.
As a consequence, the effect of friction will be studied with further details in the following
Chapter.
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Chapter 5

Study of the combined effect of
friction and inertia

The effect of friction on the flow of a granular medium (DeGiuli et al., 2016; DeGiuli
and Wyart, 2017; Srivastava et al., 2022), its stability (Srivastava et al., 2022; Silbert
et al., 2002b; DeGiuli and Wyart, 2017) and the hysteresis at the transition between
these states (DeGiuli and Wyart, 2017; Perrin et al., 2019, 2021; Peng et al., 2023) is
well established. However, the role of inertia on this phase transition and its hysteresis
is still debated (Courrech Du Pont et al., 2003; DeGiuli and Wyart, 2017; Perrin et al.,
2019). Especially, the absence of hysteresis for frictionless particles has been experimen-
tally shown only for immersed granular materials in the viscous regime (Perrin et al.,
2019, 2021), i.e. where the inertia of grains is negligible. It has been numerically found
in simulations with velocity imposed plane shear-cell configuration, i.e. where the inertia
of the system is imposed. The framework that emerges from theses works, proposed by
DeGiuli and Wyart (2017) assigned the hysteresis behavior to the "self-fluidisation" of
the granular medium in the flowing state. As detailed in Chapter 2 some aspects remain
to be elucidated. In particular the vibrations induced by collisions are not cancelled for
frictionless material, and one expect the self-fluidization process to be partly present,
even for frictionless particles. Since the experiments of Perrin et al. (2019) are perfor-
med in the viscous Stokes limit, i.e. with negligible particle’s inertia and zero effective
restitution coefficient, the residual energy is expected to be damped. The link with the
self-fluidization process described in DeGiuli and Wyart (2017) is therefore not obvious.
In addition, the hysteresis obtained in Perrin et al. (2019) is suprisingly high (of the same
order than for highly frictional dry materials (Peng et al., 2023)) considering the presence
of a fluid damping the self-fluidization process. This could be due to their experimental
setup that leads to variations of the type of contact forces continuously from the classical
Coulomb solid-solid contact model into an electrostatic repulsive force (Clavaud et al.,
2017) which is discussed in Appendix A.6.

The state of the art about the origin of hysteresis is then still in debate about the role
of inertia in this asymmetric transition. In the present chapter, hysteresis is studied for
an inclined configuration by the mean of three-dimensional (3D) Discrete Element Model
(DEM) simulations of dry and model-immersed granular media as detailed in Chapter
3. This allows us to vary both inter-particle friction and particle inertia independently.
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We show that frictionless granular media exhibit a finite hysteresis, contrary to what is
expected. Going further, we show that the hysteresis depends on a combined effect of
particle friction and inertia.
We qualitatively analyse the influence of grains’ inertia on the state variables of the system,
critical angles and hysteresis on Section 5.1. Then, the influence of both the microscopic
friction coefficient and grains inertia on critical angles and hysteresis is quantitatively
studied on Section 5.2. Then, we show that a study of higher-order micro-structural
description of the medium is needed to characterize well both critical angles in Section
5.3 as much as the asymmetry of the transition and unify the studies of both microscopic
friction and inertia effect on hysteresis in Section 5.4.

5.1 Qualitative analysis of the evolution of the state
variables with the inertia of grains

In order to qualitatively study the evolution of the granular medium transition between
fluid-like and solid-like behaviors with grains inertia, the inter-particle friction coefficient
is fixed at µp = 0.5. Then the Stokes number is varied between the dry case (St = ∞) and
a viscous regime where St = 1. The results are presented on Figure 5.1. It is observed
on all plots that conversely to friction, when reducing the Stokes number, the stopping
angle significantly increase and the avalabche angle slightly decrease here but does not
show large variations as θstop. Also, hysteresis reduces with grains inertia.

Going into more details for each plots, Figure 5.1a presents the evolution of the inertial
number with Stokes number. It is clear that reducing the Stokes number from the dry
case (aerial free-fall regime) to the viscous regime St = 1 decreases drastically the inertial
number. Also, the inertial number does not significantly evolves with variations of angle
in the flowing regime at low Stokes compared to the dry case. Finally, the critical values,
Istop and Istart, significantly decrease when decreasing grains inertia. The results are a
signature at the scale of the whole medium of the decrease of grains inertia when reducing
the stokes number.
Figure 5.1b shows on the one hand that the granular layer is denser and that no more
clear discontinuity of dilatancy is observed between the static and the flowing states in
the viscous regime.
Figure 5.1c shows that the coordination number also drastically increases in the flowing
state when decreasing the Stokes number. By contrast with the volume fraction, clear
discontinuities of coordination number are observed at the initiation and cessation of flow
in the viscous regime. They are nonetheless lower than in the dry case. In addition, Figure
5.1e shows that the contact network is significantly less anisotropic at St = 1 than in the
dry case. As such, the system has significantly more contacts and these contacts are si-
gnificantly less anisotropic meaning that the orientations of contacts are more uniformely
distributed. In order to investigate how the frictional network is influenced by inertia,
the fraction of sliding contacts is presented on Figure 5.1d. It shows that χ decreases in
the flowing regime when decreasing the Stokes number. Interestingly, the evolution of χ
in the flowing regime is similar between the dry case and the viscous regime except that
the amplitude of χ decreases with St. The effect of viscous damping on the tangential
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Figure 5.1 – Hysteretic cycle of the inertial number I (a), the solid fraction ϕ (b), the
average coordination number per particle Z (c), the fraction of sliding contact χ (the
inset is a zoom in the static state) (d) and the amplitude of contact anisotropy ac (e)
versus the inclination angle for Stokes number St = 1 and in the dry case, St = ∞ at
inter-particle friction µp = 0.5.
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network has a similar effect on χ than slightly increasing the inter-particle friction coeffi-
cient, see previous chapter.

The above results show that in the viscous regime the medium is flowing significantly
slower than in the dry case. As a consequence, it flows at higher densities and ave-
rage number of contacts hence closer to their critical values in the static stable state.
In addition, the contact network is more geometrically disordered and tangentially more
constrained with a lower proportion of contacts that are able to slides. Reducing grains
inertia then enables the system to flow with a higher constrained system in terms of num-
ber of contacts and tangential sliding leading to a more geometrically isotropic network
that can easily leads to stability and therefore a higher stopping angle at similar micro-
scopic frictional conditions.

The critical values of volume fraction and coordination number in the static state,
see Figures 5.1b and 5.1c, do not significantly vary when decreasing grains inertia. Ne-
vertheless, the former interestingly slightly decreases while the latter slightly increase.
Similarly, since no dynamic process is involved in the static regime, the variations of χ
are similar when increasing the angle between the viscous and dry regimes, see inset of
Figure 5.1d. At St = 1, the peaks observed on χ in the static state reach quickly the
maximum value reached in the dry case which interestingly does not lead the system to
flow. Finally, Figure 5.1e shows that the static geometrical contact network anisotropy in
the viscous regime is slightly below the one in the dry case. This slight evolution can be
interpreted as an influence of the evolution of the stopping angle since geometrical contact
anisotropy in the static state is linearly related to the stress ratio (Srivastava et al., 2022).

Nevertheless, we have seen in the previous chapter that jamming is a bottom-up pro-
cess and unjamming results from rearrangements, i.e. break of stability near the bottom
creating an instability on the above grain layers that are less constrained. In addition,
the discontinuity of coordination number occurs mainly near the free surface at jamming
which means that the stabilisation process of the grain layers near the bottom plane occurs
in the flowing regime near jamming. As a consequence, these result allow us to qualify the
evolution of avalanche angle with Stokes number. If the contact network is slightly more
disordered for the same number of contacts then the contact network is probably harder
to break, meaning that the same proportion of sliding contacts does not necessarily leads
to flow, because less organise in a coherent direction than in the dry case. This behavior
is a clue to understand the increase of the avalanche angle in the viscous regime compared
to its value in the dry case.

The transition being stochastic and plane roughness dependent, one may repeat the
simulations in order to investigate if the above results are systematic. The following
Section presents the systematic study performed while varying both the inter-particle
friction and grains inertia.
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5.2 Combined influence of friction and inertia on the
critical angles and hysteresis

We performed a systematic study on the effect of friction and inertia on the granular
layer in order to generalized the qualitative analysis observed in the previous section.
Hence, first, in order to better characterize and understand physical mechanisms behind
the observed hysteresis, it is interesting to discuss the results observed in terms of jam-
ming and avalanche angles. Then, hysteresis will be quantify and studied through friction
and inertia effect. Each simulation corresponding to a set of parameters (µp, St) is repea-
ted 10 times with newly generated bottom roughness, in order to assess the geometrical
variability due to the boundary from one case to another. The data are plotted in terms
of averaged parameters, ⟨·⟩, and the error bars are characteristic of the geometrical varia-
bility.

5.2.1 Influence of the inter-particle friction on the critical angles
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Figure 5.2 – Evolution of the stop and avalanche angles, θstop and θstart with the micro-
scopic friction coefficient in the dry case.

As presented by Figure 5.2, the avalanche and stopping angles defining the stability
angles of the granular media and the hysteresis on the inclined plane are varying impor-
tantly with inter-particle friction. The variations of angles are not sharp at high friction
coefficients, i.e. µp ≥ 0.5, at lower friction the angles sharply decreases showing that the
medium loses stability quickly when going towards the frictionless regime. The variations
of critical stress ratio or angles with friction are similar on Figure 5.2 than to trends
in previous simulations (DeGiuli and Wyart, 2017; Srivastava et al., 2022; Perrin et al.,
2019). All these results show that inter-particle friction plays a major role in the stability
of the granular system. Interestingly, in the frictionless regime the stability angles are
quite higher than the values for experiments in rotating drums of Perrin et al. (2019) and
on an inclined plane (Perrin et al., 2021).
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5.2.2 Influence of inertia on the critical angles
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Figure 5.3 – (a) Evolution of the stop angle pound on hysteresis θstop −θstop(St = ∞) with
the Stokes number at various friction coefficient. (b) Evolution of the start angle pound
on hysteresis θstart − θstart(St = ∞) with the Stokes number at various friction coefficient

The important variations of critical angles with inter-particle friction does not allows
one to observe well the impact of a given parameter on hysteresis. Indeed, fine variations
of the avalanche or stopping angle with respect to its absolute value leads to important
impact on hysteresis. Therefore, in order to characterize the influence of the Stokes num-
ber on the avalanche and stopping angles and their impact on hysteresis, we consider
the difference between the avalanche (and stop) angle at a given Stokes number and the
avalanche (and stop) angle in the dry case (see Figures 5.3a and 5.3b). The evolution
observed for both angles are not monotonous and present the most important relative
variations for Stokes number one and 0.1. The variations are approximately twice higher
on the stopping angle than on the avalanche angle. In this case, the fluid viscous dissi-
pation has the effect of increasing the stopping angle towards the avalanche angle leading
to lower hysteresis when Stokes tends to zero, as presented in the previous Section 5.1.

5.2.3 Combined influence of friction and inertia on hysteresis
Figure 5.4a presents the global picture of the variation of hysteresis with inter-particle

friction and Stokes number. It shows that the hysteresis varies globally with both para-
meters defining different regions in the parameter space: the hysteresis is minimum at low
Stokes and low inter-particle friction, while it is maximum for dry highly frictional par-
ticles. Overall, it tends to decrease with decreasing Stokes number at given inter-particle
friction coefficient, and to decrease with inter-particle friction coefficient at given Stokes
number.

Going into more details, hysteresis is presented as a function of inter-particle friction
on Figure 5.4c for Stokes number one, St = 1, and in the dry case, St = ∞. First, in the
dry case it can be observed that the average hysteresis, ⟨∆θ⟩, is an increasing function
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Figure 5.4 – (a)Hysteresis as a function of the Stokes number and the microscopic friction
coefficient. (b) Evolution of the hysteresis ∆θ with Stokes number at various inter-particle
friction coefficient. (c) Evolution of the hysteresis versus inter-particle friction coefficient
µp at low Stokes, St = 1, and in the dry case, St = ∞.
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Figure 5.5 – (a) Hysteresis relative to the avalanche angle ∆θ/θstart as a function of the
Stokes number for various microscopic friction coefficient. (b) Hysteresis relative to the
avalanche angle ∆θ/θstart versus microscopic friction coefficient µp at low Stokes, St = 1,
and in the dry case, St = ∞.

of the inter-particle friction µp. It is approximately divided by four between µp = 1 and
for frictionless particles. This result shows the systematic strong effect inter-particle fric-
tion plays in hysteretic behavior validating the qualitative observations from hysteretic
cycles in the previous Chapter. This strong friction effect is consistent with the literature
(Peng et al., 2023; DeGiuli and Wyart, 2017; Perrin et al., 2019). In addition, one of the
main result from our simulations is the finite hysteresis observed for frictionless particles
(µp = 0) in the dry configuration (St = ∞). Earlier work from DeGiuli and Wyart (2017)
in plane shear velocity imposed configuration had shown vanishing hysteresis at µp = 0.
Similarly, Perrin et al. (2019, 2021) have obtained no hysteresis for inertia-less frictionless
particles. These results then shown a strong effect of friction on hysteresis and suggested
that inter-particle friction was only needed to observe hysteresis at the transition. As such,
the results of DeGiuli and Wyart (2017) had lead them to build a theoretical framework
to model hysteresis within the stress ratio flow function µ(I) by adding a non-monotonous
function of the sliding contact proportion χ as order parameter controlling hysteresis, see
Section 2.6.2. Since χ = 1 in the frictionless case, this model predicts monotonous flow
curve hence no hysteresis for frictionless particles. Our results then contradicts this idea
of inter-particle friction as unique parameter necessary to observe hysteresis. The other
parameter we studied is the Stokes number, decreased into the viscous regime at St = 1 on
Figure 5.4c. In that regime, hysteresis also decrease with friction with a similar trend that
in the dry case but shifted at lower values except at µp = 0 where both values are the same.

In order to look further into the effect of inertia, the results are presented in terms of
hysteresis as a function of the Stokes number for various microscopic friction on Figure
5.4b. The figure shows that hysteresis decreases with the Stokes number for low St < 100
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and remains nearly constant for St ≥ 100 at all µp. In addition, for frictionless particles,
the hysteresis tends to zero with decreasing Stokes number. For the lower Stokes number
value, i.e. 0.1, hysteresis is significantly low for all µp. As such, the values do not signifi-
cantly vary with µp at that Stokes showing a dominant effect of viscous dissipation.

These results show that microscopic friction effect on hysteresis is dominant compared
to inertia effect for St ≥ 1. Meanwhile, the influence of the Stokes number on the results
shows that there is a non-negligible effect of the fluid viscous dissipation on hysteresis.
This effect is dominant for highly viscous fluid, i.e. St = 0.1, in front of friction, showing
that hysteresis is also influenced by grains inertia, in agreement with Courrech Du Pont
et al. (2003). The trend observed for frictionless particles with decreasing Stokes number
suggests that the absence of hysteresis observed in Perrin et al. (2019) is linked to the
fluid regime considered in their experiment where the Stokes number is below St = 10−1

and the absence of inter-particle friction.

Varying the Stokes number and, more importantly, the inter-particle friction coeffi-
cient modifies strongly the angles of stability of the granular medium (see Figure 5.2).
As such, it has an influence on both the stability angles and the hysteresis. With this
perspective, it is interesting to consider the relative modification of the hysteresis with
respect to the avalanche angle, as a function of the Stokes number and the inter-particle
friction. Figure 5.5a shows that the relative variation of the hysteresis is of the same order
of magnitude for all the simulations with different inter-particle friction. This shows that
the relative importance of the hysteresis is not at all negligible for frictionless particles
(∼ 5 − 10% at various Stokes number). Also, one can observe more clearly the non-trivial
combined effect of inter-particle friction and Stokes number, with a decreasing trend of
the relative hysteresis with decreasing Stokes number that is more important for interme-
diate inter-particle friction than for frictionless and highly frictional particles. This is well
highlighted when plotting the relative hysteresis as a function of the friction coefficient
for low Stokes number, specially St = 1 and in the dry case, St = ∞, shown by Figure
5.5b. This non-trivial combined influence of microscopic friction and grains’ inertia might
be related to changes in the main local particle behavior, which can shift from rolling to
sliding as a function of the parameters. DeGiuli et al. (2016) have shown that the effect
of microscopic friction on granular flow curve is non-trivial due to a competition between
frictional and collisional dissipation. They defined three regimes of friction, the rolling
regime for high inter-particle friction coefficients µp ≥ 0.5 where the Coulomb criterion is
mainly respected for each contacts, the frictionless regime at µp = 0 where all tangential
contacts are sliding, for these two regimes dissipation by collisions is dominant. The last
regime is for intermediate µp, it is called frictional sliding, in this regime dissipation by
friction is dominant. The increase of relative hysteresis in the frictionless case on Figure
5.5b demonstrates that the asymmetry of the transition is lower relatively to the critical
stress that defined stability when there is no more friction between grains compared to
intermediate µp values. This result then highlights the behavior of the system in the va-
rious frictional regimes and underlines the fact that completely removing friction between
grains also removes a dissipative mechanism that has an influence on hysteresis. None-
theless, as had been shown in the previous chapter, at the transition between dense flow
and stable state the dynamic as well as critical angles and hysteresis are not significantly
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influenced by normal contact dissipation. Collisions are rare leading to a dominant ef-
fect of the microscopic friction coefficient at the expense of the dissipation by collisions
which explains the slight variations of relative hysteresis when switching frictional regime.

The results are compared to the measured hysteresis from literature on Figures 5.6
and 5.7. The latter is a zoomed version of the former that excludes error bars and the
highest results from Perrin et al. (2019) in order to visually compare the trends from our
results and results from Courrech Du Pont et al. (2003). The figures shows first that at
high Stokes number, hysteresis is always higher in a rotating drum than on an inclined
plane. It suggests an influence of the configuration geometry through the roughness of
the wall boundary as well as the boundary geometry itself. This is an interesting outlook
for future work on the subject and will be discussed in Chapter 6.
Besides, the figures show that the trend of hysteresis variations with Stokes at a given
inter-particle friction coefficient from our work, follows the trend from the results of Cour-
rech Du Pont et al. (2003). In addition, both trends then appears to tend to the vanishing
hysteresis points from Perrin et al. (2019) at lower Stokes numbers and no inter-particle
friction. The large hysteresis observed from Perrin et al. (2019) in the viscous regime
for frictional particles is greatly above our results at St = 0.1 and µp = 1. These large
hysteresis values are also higher than hysteresis for glass beads in rotating drum in dry
cases from Courrech Du Pont et al. (2003) and Peng et al. (2023). As a consequence,
it suggests an additional influence of the electrostatic contact force on grains stiffness in
their setup although at these ionic concentration no effect is expected (Clavaud et al.,
2017).

To conclude, the present results show that hysteresis is linked to both particle friction
and inertia, rationalizing the different results from the literature highlighting hysteresis
dependency on either friction (Perrin et al., 2019; Peng et al., 2023) or inertia (Courrech
Du Pont et al., 2003), and suggesting the need for further improvement of established
framework.
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Figure 5.6 – Hysteresis ∆θ versus Stokes number from our work compared to results from
the literature in a rotating drum (Courrech Du Pont et al., 2003; Perrin et al., 2019) and
on an inclined plane (Forterre and Pouliquen, 2008).
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Figure 5.7 – Zoomed version of Figure 5.6, without error bars and excluding the highest
results from (Perrin et al., 2019).

5.2.4 Robustness of hysteresis results in frictionless case

The latter section presented hysteresis results when varying friction shown that finite
non-negligible hysteresis was measured for dry frictionless material. Since this result
contradict earlier results from DeGiuli and Wyart (2017); Perrin et al. (2019, 2021), we
performed sensitivity analysis on several parameters that could influence hysteresis value
in the frictionless case. The sensitivity analysis in Chapter 3 were performed at µp = 0.5,
hysteresis result at µp = 0 may be sensitive to the domain size, the velocity of angle
variation, the granular layer thickness as well as the restitution coefficient and the normal
stiffness.

Velocity of angle variation

Hysteresis has been measured in the frictionless case for slower velocity of stress im-
position δθ/δt = 5 × 10−5◦

√
g/d than in the reference case, presented in Chapter 3 and

used in previous simulations, δθ/δt = 10−4◦
√

g/d. The result is presented on Figure 5.8a.
The figure shows no variation of hysteresis when reducing the angle rate. Hysteresis is
then not influenced by a lower velocity at which the inclination angle is varied in the
frictionless case. The stochastic nature of the transition is not responsible for the finite
hysteresis measured at µp = 0.
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Figure 5.8 – Evolution of hysteresis ∆θ with the velocity of angle imposition (a), the size
of the domain A = L × W (b), the thickness of the grain layer h (c), the dimensionless
stiffness κ (d) and the restitution coefficient eN (e) in the frictionless case for dry granular
media.
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Domain size

Similarly, simulations has been computed in the frictionless case for bigger domain size
A = L×W = 30d×30d than the one in the reference case L×W = 30d×15d. The result
is presented on Figure 5.8b. Hysteresis is slightly higher for the bigger domain. Such
increase of hysteresis with A was not observed in the sensitivity analysis of Chapter 3,
the trend shown a convergence with decreasing hysteresis. Nevertheless, this result allows
us to qualify that the domain size is not responsible for hysteresis in the frictionless case.

Layer thickness

A bigger layer thickness h/d = 20 has also been tested on Figure 5.8c. This result show
that hysteresis is slightly higher at the bigger layer thickness than h/d = 10. Nevetheless,
the amount of hysteresis measured does not significantly vary with the layer thickness.
This corresponds to the results of Pouliquen and Forterre (2002); Staron (2008); Perrin
et al. (2019) showing no more effect of the layer thickness on the critical angles and hys-
teresis for layer thicknesses above ten times the grains diameter.

Restitution coefficient

The normal dissipation of dynamic contacts is modeled through the restitution co-
efficient en which could also eventually play a role in the value of critical angles hence
hysteresis. Simulations have been conducted in the frictionless case for lower restitution
coefficient than the reference one in the simulations en = 0.9. The results are shown in
Figure 5.8e. This figure shows that for the lower value of restitution coefficient, en = 0.1,
hysteresis is unchanged. Nevertheless a higher value is measured for the intermediate
value of restitution coefficient, en = 0.5. Despite the slight variations for the intermediate
value, the results are suggesting that contact dissipation is not a crucial parameter to
characterize the transition between solid-like and liquid-like behavior of granular mate-
rials as depicted on the previous Chapter.

Normal stiffness

In the contact law presented in Chapter 3, the normal stiffness kN model the stiffness
of grains and plays a role in both the dynamic and static of contacts. This parameter is
adimensionalised by the maximum pressure a grain holds in the system under the weight
of a grain column of size equal to the layer thickness. It gives the dimensionless relative
stiffness κ which sets the regime of rigidity of grains. Above κ ≈ 104, the grains are
considered rigid (Roux and Combe, 2002). In the rigid grain limit, the granular system
deformations are purely plastic, the dominant energy mechanism is geometrical rearran-
gement that scale with the granular pressure and the jamming theory is relevant (Favier
De Coulomb et al., 2017). In that regime, critical angle and hysteresis results are in agree-
ment with real grains experiments of Pouliquen and Forterre (2002) for example. For low
relative stiffness values, low κ ≈ 102, some elasto-plastic deformation-like behavior can
appear as studied by Favier De Coulomb et al. (2017) which influences the critical stress

152



5.3. STATES CHARACTERIZATION 153

ratio and the critical coordination number. In order to study this effect which could play
a role in the value of hysteresis measured, especially in the frictionless case, we computed
simulations for different values of the relative stiffness κ. The results are presented on
Figure 5.8d. The reference value of relative stiffness in the previous simulations is the
rigid grain limit defined by Roux and Combe (2002) κ = 104. Two other values are com-
puted, κ = 102 and κ = 106. The results show that hysteresis does not vary for relative
stiffness higher than 104 validating this value as rigid grain limit. It also show that this
parameter is not responsible for the amount of hysteresis measured in the frictionless case.

Finally, the above results demonstrate that varying the various parameters defining
the limit of quasi-static evolution and infinite size system, i.e. δθ/δt, A/d2 and h/d as
well as parameters driving normal contacts dissipation and stiffness, i.e. eN and κ, does
not lead to a reduction of hysteresis in the frictionless dry case. As a consequence, it
shows the robustness of the finite hysteresis measured for frictionless particles.

5.3 Characterization of the effect of friction and iner-
tia on the granular layer states

Now that critical angles and hysteresis variations with friction and inertia has been
quantified, we focus on the quantification of the evolution of the granular states in order
to characterize the evolution of critical angles with friction and inertia.
Firstly, the static state is characterized through the evolution of the packing fraction,
the number of contacts, the fraction of sliding contacts and the anisotropy of the contact
network. Hence, the critical angles are characterized by some of these variables evolution
with µp and St in the static state.
Secondly, the evolution of the flowing state near jamming is studied, giving an insight on
the granular structure and dynamic upon jamming transition.

5.3.1 Evolution and characterization of the jammed state
As presented in a previous Chapter and Section 5.1, the coordination number as well

as the volume fraction evolves in the static state with friction and slightly with inertia.
The main issue of this section is to characterise how the granular layer evolves in the
static state at the macroscopic scale and at the scale of the contact network with friction
and inertia and how both are linked.

Figure 5.9a shows the evolution of the critical coordination number on the stable
state as a function of the microscopic friction coefficient for various Stokes number. It is
observed that ⟨Zc⟩ is in between the lower bound for infinite friction coefficient Zc(µp →
∞) = 4 and the higher bound in the frictionless case Zc(µp = 0) = 6 and varies with
microscopic friction coefficient. Theses bounds and variation of the coordination number
in the stable state was studied in several works (Silbert et al., 2002b; Song et al., 2008;
Wyart, 2009). They demonstrated that the bounds could be calculated by counting the
number of constraints and degrees of freedom in the system and calculating the limit
values for frictionless particles and infinitely frictional ones with the Maxwell criteria of
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Figure 5.9 – (a) Evolution of the critical coordination number in the stable state Zc with
the inter-particle friction coefficient at various Stokes number. (b) Evolution of the critical
volume fraction in the stable state ϕc with the micro friction coefficient at various Stokes
number. (c) Critical volume fraction versus coordination number at various micro friction
coefficient and Stokes number. It is compared to the phase diagram of jammed matter
developed theoretically by Song et al. (2008).
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stability of a mechanical system, see Sections 2.2 and 2.3. This figure show the dominant
effect of the microscopic friction coefficient on the state of the contact network in the
stable state. That had been highlighted by Silbert et al. (2002b) where they shown the
effect of the restitution coefficient and the grain stiffness on the contact network density Zc

and the macroscopic density ϕc in the stable state. This latter effect on the coordination
number have also been highlighted by Favier De Coulomb et al. (2017).
Interestingly, the variations of the macroscopic density, i.e the volume fraction ϕ, with
both friction and Stokes number is presented on Figure 5.9b and appears to be similar to
the one of the coordination number. The variations are also dominated by the Coulomb
criteria µp which drives the density of the system in the jammed state. The volume fraction
is also bounded, between the Random Close Packing, ϕRCP = 0.64 in the frictionless case
and the Random Loose Packing, ϕRLP = 0.55 in the high frictional case Song et al. (2008).
This similar evolution of both the coordination and the volume fraction in the jammed
state had been highlighted by Silbert et al. (2002b). It appears that the density of the
contact network and the density measured at the macro-scale are linked in the stable
state. This idea was developed in the work of Song et al. (2008) where they defined
a phase diagram of jammed granular materials. In this phase diagram plotted here on
Figure 5.9c the evolution of the volume fraction is linear with the coordination number
when varying inter-particle friction and inertia in our simulations. This lead us to express
the linear relation between Zc and ϕc. Considering that in the frictionless case Zc = 6
and ϕc = ϕRCP and in the limit of infinite friction Zc = 4 and ϕc = ϕRLP,min it gives
the following equation between the coordination number and the volume fraction in the
stable state for the inclined plane configuration:

ϕc = 1
2(ϕRCP − ϕRLP,min)Zc + (3ϕRLP,min − 2ϕRCP ), (5.1)

with ϕRLP,min = 0.57 a fitting parameter in our results which is pretty close to observed
values (Silbert, 2010). Note that the linear behaviour of ϕc(Zc) with µp and St in the
configuration of the inclined plane shows that ϕi, the initial volume fraction that leads
to the static state, constantly evolves with θ within our simulations (Song et al., 2008).
This shows that when not constrained by packing a granular medium on an inclined plane
will adapt the amount of contact and the density in order to stabilise following the linear
Equation (5.1) when friction or inertia are varied.
Equation (5.1) shows the link between the macroscopic packing density of the granular
layer and the density of the contact network, characterised by the amount of contact per
particle.

As discussed in the previous section, the amplitude of contact anisotropy in the
stable state also evolves with the inter-particle-friction and slightly with inertia. Figure
5.10 presents these evolution. It can be observed that as shown by the qualitative analysis,
the average contact anisotropy is decreasing with the friction coefficient from ac

c ≈ 0.42
at high µp = 0.5 and µp = 1 down to ac

c ≈ 0.17 at µp = 0. These values and evolution are
consistent with results from Srivastava et al. (2022). In contrast with friction, contact
anisotropy slightly increases when the Stokes number decreases. These variations are very
similar to the variations of the critical angles and suggest that the the level of contact
anisotropy of a granular system in the stable state is related to the angle at which the
system reaches or leave stability. Nonetheless, the contact anisotropy saturates at high
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Figure 5.10 – Evolution of the critical contact anisotropy in the jammed state with the
inter-particle friction coefficient at various Stokes number.
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Figure 5.11 – Evolution of the critical contact anisotropy relative to the average number of
contacts in the jammed state with the inter-particle friction coefficient at various Stokes
number.
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friction, the values between µp = 0.5 and µp = 1 are stricly the same although the critical
angles evolves between these friction values.

An interesting variable defined by Srivastava et al. (2022) that characterises the jam-
med state is the ratio between contact anisotropy ac and the average number of contact Z.
This variable quantify how anisotrop is the contact network with respect to the average
number of contacts in the system. This variable is plotted in the jammed state versus
inter-particle friction at various Stokes on Figure 5.11. The Figure shows that in contrast
to Figure 5.10, the contact anisotropy does not saturate at high friction and follow the
evolution of critical angles.
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Figure 5.12 – Evolution of the highest pick of fraction of sliding contacts in the jammed
state with the inter-particle friction coefficient at various Stokes numbers.

Similarly, the evolution of the highest pick of the fraction of sliding contacts in the
jammed state, χplastic, that occurs near the avalanche is plotted as a function of the inter-
particle friction coefficient at various Stokes number on Figure 5.12. It decreases when
increasing the friction between grains and is independent to the Stokes number. The
independence with the Stokes number is related to the fact that in the static state the
rearrangement observed in the system are signatures of local displacement of grains. The
velocities of these rearrangements are then extremely small as observed on the Section
4.2.3. Since the drag force is proportional to the velocities of grains at low Stokes, no
significant dissipation is observed on these rearrangements. In contrast, the effect of fric-
tion is non-negligible. Interestingly, three different behaviors are observed on the contact
sliding fraction: in the frictionless case χ(µp = 0) = 1 since all contacts are sliding; at
high friction coefficient, i.e µp ≥ 0.5, almost no contacts are sliding; for intermediate
inter-particle friction coefficients, i.e 0 < µp < 0.5 the fraction of sliding contacts is pro-
gressively decreasing with when increasing friction. Those behaviors are consistent with
the observations of DeGiuli et al. (2016) in 2D numerical simulations where they defi-
ned the phase diagram of friction behaviors between respectively "frictionless", "frictional
sliding" and "rolling" regimes of friction between grains.
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5.3.2 Characterisation of the critical angles with the micro-
structure in the jammed state

On this section we look back at the critical angles in order to see if their variations
with friction and inertia can be characterised by the values of the micro-structure state
variables in the jammed state.

On the one hand, the avalanche angle resulting from destabilisation from the static
state, some state variables within that state might be good candidates to characterise its
evolution. As presented in the Section 5.2, the avalanche angle is significantly dependant
on the friction between grains and slightly with grains inertia. Figure 5.13a presents the
evolution of the avalanche angle with the static coordination number at various friction
and inertia values. The figure shows that the avalanche angle is directly related to the
coordination number in the static state. The avalanche angle depending only on the
static coordination number, it is the result of the granular medium arrangement at rest.
Meanwhile, the loading process from the static state, has been observed to be a dynamic
process in the literature (Staron et al., 2002; Aranson and Tsimring, 2006; Zaitsev et al.,
2008) as well as in the present study, with re-arrangement occurring continuously with
increasing angle before reaching failure. The present result therefore suggests that the
onset of motion linked to progressive re-arrangement is weakly influenced by the presence
of an interstitial fluid, which is also captured by the weak variations of the static coordina-
tion number, even down to avalanche Stokes number of order one. This idea is related to
the independence of the fraction of sliding contacts in the stable state near the avalanche
onset of the previous Section. Despite the variations of the fraction of sliding contacts
with the inter-particle friction, the existence of a single function that relates the static
coordination number to the avalanche angle suggest that the fraction of sliding contacts
is not a necessary proxy to characterize the variations of the avalanche angle with friction
between grains.
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Figure 5.13 – Evolution of (a) the avalanche angle θstart and (b) the jamming angle θstop

with the coordination number in the stable state at various microscopic friction coefficient
and Stokes number.
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Figure 5.14 – Evolution of (a) the avalanche angle θstart and (b) the jamming angle θstop

with the contact anisotropy in the stable state at various microscopic friction coefficient
and Stokes number.

The fact that the avalanche angle is related to the amount of contacts per particles
in the system is supported by the link between the similar evolution of the critical angles
and the contact network anisotropy with µp and St. In order to see that, the avalanche
angle is plotted as a function of the contact network anisotropy in the jammed state at
various friction and inertia values. This plot is shown by Figure 5.14a. The Figure shows
that equivalently to the static coordination number, the avalanche angle is following a
single function of the static contact anisotropy with Stokes and µp for the frictionless
and the intermediate friction regimes. At high friction coefficients (≥ 0.5) the avalanche
angle variations are no more similarly captured by variations of the static contact ani-
sotropy conversely to the static coordination number. This result show the saturation
of the geometrical anisotropy at high inter-particle friction, i.e the signature of the early
convergence of the static contact anistropy observe on the Figure 5.10 compared to the
convergence of the avalanche angle of Figure 5.2. Dividing the geometrical contact ani-
sotropy by the average number of contact allows us to characterise the avalanche angle
with a variable that evolves similarly at all frictional regimes. Figure 5.15a present this
result. It shows that the avalanche angle evolves linearly with ac

c/Zc with variations of
µp. However, at high friction, some departures are observed with variations of Stokes.

On another hand, the variations of the jamming angle, θstop, with both the static
coordination number, the static contact anisotropy and their ratio are presented respec-
tively on Figures 5.13b, 5.14b and 5.15b. They all show that the variations of stopping
angle with the inter-particle friction coefficient in the dry case and at low Stokes number
(St = 1 and St = 0.1) does not follow the same functions of Zc, ac

c and their ratio ac
c/Zc.

Indeed, the non-negligible effect of inertia on the stopping angle is not characterised by
the variations of the micro-structure state variables in the stable state. Nevertheless, the
variations of θstop and ac

c with Stokes in the rolling regime are more similar than for the
avalanche angle. This suggests that the static contact anisotropy is similarly influenced
by variations of the stopping angle when it comes from friction effect and inertia effect.
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Figure 5.15 – Evolution of (a) the avalanche angle θstart and (b) the jamming angle θstop

with the contact anisotropy relative to the average number of contacts in the stable state
at various microscopic friction coefficient and Stokes number.

In all cases, the absence of a single function between the stopping angle and the static
coordination number with variations of friction and Stokes number is a signature that the
stopping angle values are dependent on the evolution of the micro-structure in the flowing
state rather than in the static regime.

5.3.3 Evolution of the flowing state near jamming with friction
and inertia
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Figure 5.16 – Inertial number in the flowing state just before jamming, i.e Istop, as a
function of the inter-particle friction coefficient at various Stokes numbers (a) in linear
scale (b) in logarithm scale.
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This section focuses on the evolution of the macroscopic state variables in the flowing
state near jamming with the inter-particle friction and the Stokes number in order to
quantitatively characterize the state of the granular system in the flowing regime and
therefore the stopping angle.

First, the critical inertial number in the flowing state at the transition from flow to rest,
i.e Istop, is plotted versus the friction coefficient between grains at various Stokes number
on the Figure 5.16a. The first observation is that Istop is increasing when decreasing
µp between the rolling regime at high µp into the frictional sliding regime at µp = 0.2.
Below this regime the inertial number is decreasing with decreasing µp into a strongly low
value for frictionless particles. Figure 5.16b presents the same results in logarithm scale
showing the low but finite inertial number values in the frictionless case. The inertial
number is also very influenced by the Stokes number since its values are fifth time lower
at St = 1 than in the dry case. This shows that lowering grains inertia has the influence
of lowering the pressure-relative inertia of the assembly of grains. This plot also provides
an insight into the sharp drop in hysteresis observed at intermediate friction coefficients
(µp ∈ [0.1, 0.2]) when decreasing the Stokes number on Figures 5.4 and 5.5. Indeed, the
drop of inertial number is also very sharp at these friction coefficients between the dry
case and the viscous case where the differences in inertial numbers are not that sharp
in the frictionless case. As a consequence, although the inertial number is not sufficient
to predict neither the stopping angle evolution nor the hysteresis evolution with friction
and inertia, it enables to characterises the various frictional and inertial/viscous flowing
regimes near jamming.

The volume fraction is also plotted in the flowing regime near jamming on Figure 5.17.
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Figure 5.17 – Volume fraction in the flowing state just before jamming as a function of
the inter-particle friction coefficient at various Stokes numbers.

The figure shows that the volume fraction evolves similarly with friction and inertia than
the static volume fraction that is represented with the black curve. This similar evolution
shows that packing density values in the flowing state near jamming is coherently evolving
and mainly driven by friction between grains as its values in the static state. In addition,
the plot allows us to see that it gets closer and closer to the critical static volume fraction
when reducing the friction between grains or the inertia of grains. This result shows that
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the slight amount of compaction observed at high friction coefficient on the hysteretic
cycle of the volume fraction in Section 4.3 is vanishing at lower friction (especially in the
frictionless case) or at lower Stokes numbers, as discussed in the previous Section and
Chapter. It shows that the approach to the static state is continuous in terms of packing
density when killing sources of hysteresis, i.e friction and inertia. This continuity suggest
a reversible transition. Nevertheless hysteresis is still observed for these values of friction
and inertia of grains.
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Figure 5.18 – (a) Coordination number in the flowing state at jamming versus the inter-
particle friction coefficient at various Stokes numbers. (b) Fraction of sliding contacts in
the flowing state at jamming versus the inter-particle friction coefficient at various Stokes
numbers. (c) Coordination number in the flowing state versus the fraction of sliding
contacts in the flowing state at jamming for various inter-particle friction coefficient and
Stokes numbers.

The focus of this part is to study how the micro-structure evolves in the flowing state
near the jamming transition, in order to characterize the processus of accession to stability.

162



5.3. STATES CHARACTERIZATION 163

First, the coordination number is plotted near jamming as a function of the coefficient
of friction between grains for various Stokes number on Figure 5.18a. The coordination
number near before the jamming transition, Zstop, is evolving in a similar way than the
critical value in the stable state when varying the friction coefficient at a given Stokes
number. In order to compare them the curve Zc(µp) is also plotted on the Figure. In
contrast to the critical static evolution, it also displays a non-negligible variation with
the Stokes number leading to closer value near jamming to the critical value at jamming.
This latter results means that the discontinuity of coordination number at the jamming
transition ∆Zstop = Zc − Zstop quantifying the sharp gain of contacts when the medium
change of state and becomes rigid is lower when reducing inertia. Decreasing the friction
between grains also brings Zstop towards Zc hence reduce the discontinuity. It shows that
decreasing friction or inertia plays a similar role in allowing the medium to flow at higher
coordination numbers, i.e higher amount of contacts in the system.

The fraction of sliding contacts is also plotted in the flowing regime near the jamming
transition versus inter-particle friction at various Stokes numbers. This is presented on
Figure 5.18b. The Figure shows an increase of the fraction of sliding contacts when the
friction is decreasing which is a signature of the evolution of the Coulomb criteria on the
whole tangential contact network. One can observe that similarly to the variations of
sliding contacts in the static state, the three friction regimes are observed on the plot
of Figure 5.18b. In the frictionless case all contacts are sliding, in the frictional sliding
regime most of the contacts are sliding near jamming and it strongly decreases when in-
creasing µp. Finally in the frictional rolling regime the fraction of sliding contacts are low
(about 10%) and variations of inertia does not vary much the amount of sliding contacts.
This evolution also shows how constrained the tangential contact network become at high
friction and how easily tangential contacts are mobilised when decreasing friction. Figure
5.18c presents the coordination number plotted versus the fraction of sliding contacts both
in the flowing state near jamming at various µp and St. The Figure shows that increasing
the fraction of sliding contacts by decreasing friction leads to an increase of the amount
of contacts per particle in the flowing state just before jamming. Sliding contacts allows
particles to flow in the tangential direction of the contact, tangential stability is then
harder to reach for particles at low inter-particle friction. In that case, since particles
have a lower criterion of tangential stability at each contacts, they need more contacts in
order to reach stability which occurs at lower inclination angles.

The decrease of inertia at a given friction coefficient implies a lower value of sliding
contacts on Figure 5.18b. This can be interpreted as an additional motion dissipation
mechanism that helps contacts to reach tangential stability hence to stop sliding. This
dissipation of motion is also responsible for the increase of amount of contacts in the
system observed on Figure 5.18c and Figure 5.18a as discussed above.

163



164 CHAPTER 5. FRICTION AND INERTIA EFFECTS

2.5 3.0 3.5 4.0 4.5 5.0 5.5 6.0
stop

7.5

10.0

12.5

15.0

17.5

20.0

22.5

25.0

st
op

(°
)

start( c)
St
0.1
1
10
100
1000

p

0.0
0.05
0.1
0.2
0.5
1.0

(a)

0 1 2 3 4 5 6
stop × stop

7.5

10.0

12.5

15.0

17.5

20.0

22.5

25.0

st
op

(°
)

St
0.1
1
10
100
1000

p

0.0
0.05
0.1
0.2
0.5
1.0

(b)

Figure 5.19 – (a) Evolution of the jamming angle θstop with the coordination number
in the flowing state near jamming at various microscopic friction coefficient and Stokes
number. (b) Evolution of the jamming angle θstop with the coordination number in the
flowing state near jamming times the fraction of sliding contacts near jamming at various
microscopic friction coefficient and Stokes number.

5.3.4 Characterisation of the jamming angle with the micro-
structure in the flowing state

Jamming occurs with complex dissipation processes in the flowing state since it re-
sults from the self-sustainability of perturbations. Characterizing the stopping angle with
micro-structure state variables is then more complex than with the avalanche angle and
no micro-structure variable captures equivalently viscous and friction dissipation influence
on the stopping angle. Meanwhile, it is possible to understand the mechanisms at play
by considering the evolution of the coordination number in the flowing state before jam-
ming, Zstop. Figure 5.19a presents the evolution of the stopping angle as a function of
this variable. The black curve is the fit of the starting angle dependence on the coor-
dination number in the static state θstart(Zc). For a given Stokes number, the stopping
angle is observed to be a decreasing function of the coordination number in the flowing
state before jamming, similarly to the trend observed for avalanche angle with the critical
coordination number. When lowering the Stokes number at given friction coefficient, Zstop

tends toward the static coordination number, so that the discontinuous jump at jamming
tends toward zero. This suggests that the stopping goes toward the avalanche angle, and
hysteresis decreases. This result motivates the choice of characterising hysteresis with the
discontinuities observed at transitions in the following Section 5.4.

Nevertheless, in order to try to characterize the variations of stopping angle with fric-
tion and inertia, we look back at the results of Figure 5.18c given in the previous Section
5.3.3. It can be observed on Figure 5.18c that the plots does not collapse for low and
high Stokes numbers. This can be seen as a signature of the non collapsing evolution of
the stop angle with the friction coefficient at various Stokes number. In order to show
that and model the stopping angle, it is important to take into account both evolution
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of contacts and the sliding ratio. To do so, the stop angle is plotted as a function of the
fraction of contacts per particle that is sliding in the flowing regime: Zstopχstop on Figure
5.19b. This variable measures the density of sliding contacts in the system and appears
to make St and µp effects collapse on the same curve θstop(Zstopχstop) at least for the
intermediate frictional sliding regime. Indeed, in the frictionless case since all contacts
are sliding, χ = 1, the curve display only the evolution of the stop angle with the coor-
dination number near jamming (similar to Figure 5.19a). At high friction, µp ≥ 0.5, the
friction effect saturates and the ratio of sliding contacts became very low. Then, in that
regime the variable Zstopχstop does not measure the effect of inertia on the stopping angle.
Finally, for intermediate friction coefficient the variable captures the combined effects of
friction and inertia and the stopping angle appears to be linear with Zstopχstop for various
friction and inertia. In another words, in the intermediate frictional sliding regime the
density of sliding contacts, which can be varied with variations of the Coulomb criteria or
the viscous dissipation, defines the stop angle. It suggests a non trivial evolution of the
rheology near the jamming transition with the friction coefficient.

Further analysis are required in order to model the stopping angle in the three separate
regimes of friction, especially in the frictionless regime and the frictional rolling regime.

5.4 Transition’s asymmetry
In this section discontinuities of several variables that highlighted the asymmetry of

the transitions between the static and the flowing regime of the granular medium are
discussed. These discontinuities are also used in order to characterize the measure of
the asymmetry of the transition, i.e. the absolute hysteresis ∆θ. This latter measure of
asymmetry is plotted versus the inter-particle friction coefficient at various Stokes number
on Figure 5.20 in order to visually compare the other measures of asymmetry to this curve
in the whole section.
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Figure 5.20 – Evolution of the absolute hysteresis versus the inter-particle friction coeffi-
cient at various Stokes numbers.
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5.4.1 Discontinuities of volume fraction
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Figure 5.21 – (a) Evolution of the discontinuity of volume fraction, or compaction, at
jamming versus microscopic friction coefficient at various Stokes number. (b) Evolution
of the discontinuity of volume fraction, or dilatancy, at unjamming versus microscopic
friction coefficient at various Stokes number.

The discontinuities of volume fraction that were observed slightly at the jamming
transition (compaction at the stability accession) and clearly at the unjamming transi-
tion (dilatancy at the initiation of flow) are respectively plotted versus the inter-particle
friction coefficient at various Stokes numbers on Figures 5.21a and 5.21b. First, Figure
5.21a shows that as discussed in the previous chapter, Section 4.3, no clear compaction is
observed on the volume fraction except for highly frictional dry grains. This shows that
the accession to stability is continuous with regards to the average density of the layer at
the macroscopic scale.

By contrast, the discontinuity at the avalanche transition, or yield dilatancy, evolves
pretty similarly than hysteresis. Indeed, it decreases with friction following an equivalent
function of µp and also decreases when decreasing the inertia of grains. These results
are coherent with the analysis developed in the qualitative analysis Section 4.3 that the
less asymmetrical is the transition the lower is the yield dilatancy. Hence, hysteresis may
be linked to the discontinuity of packing density at the avalanche transition, i.e. the
measurement of a yield dilatancy of the system. This link will to be highlighted in the
following Section.

5.4.2 Link between hysteresis and dilatancy
In order to compare the evolution of ∆ϕ and ∆θ the latter is plotted versus the first

one on Figure 5.22. This figure shows that Hysteresis is globally related with the yield
dilatancy at the avalanche by a linear relation. This relation shows that for finite friction
coefficients and high Stokes number the dilatancy at the avalanche transition is a good
measure of the hysteretic asymmetry of the transitions. Nevertheless, the presence of
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Figure 5.22 – Hysteresis versus the discontinuity of packing density, i.e dilatancy effect,
at the initiation of flow for various inter-particle friction and Stokes numbers.

hysteresis for frictionless particles in our results seems in apparent contradiction with the
vanishing dilatancy observed in such case (Peyneau and Roux , 2008). The latter suggested
a smooth unjamming transition, and accordingly the absence of hysteresis for frictionless
particles Perrin et al. (2019); Bagnold (1966). Here, similar vanishing dilatancy is ob-
served, it drops to zero for low values of inter-particle friction and Stokes number while
hysteresis is finite. As such, it does not capture the hysteresis nature of the transition
when the sources of hysteresis are almost negligible. Hence, the dilatancy is not the
good proxy to characterize hysteresis on a rough inclined plane. In addition, it shows
that the volume fraction can displays continuous evolution at both transitions suggesting
second-order phase transitions hence no hysteresis. This result then shows that volume
fraction is not fine enough to capture the slight variations of the system at transitions
when inter-particle friction and/or Stokes number are low.

5.4.3 Discontinuities of Coordination number
Similarly to volume fraction, the discontinuities of coordination number are plotted

at the cessation of flow on Figure 5.23a and at the initiation of flow on Figure 5.23b.

The figures show decreasing discontinuities respectively at the jamming and unjam-
ming transitions when decreasing friction as well as grains inertia. In addition, conversely
to volume fraction, as discussed in the qualitative Section, the coordination number al-
ways displays a discontinuity, even very low (at µp = 0 and St = 0.1) at the cessation
and initiation of flow. The evolution of these discontinuities are similar to the variations
of hysteresis with µp and St which will be discussed in the following Section.

The second Figure 5.23b shows that the unjamming discontinuity of coordination
number is higher than the one at jamming. This is coherent with the fact that the flowing
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Figure 5.23 – (a) Evolution of the discontinuity of coordination number, or compaction of
the contact network, at jamming versus microscopic friction coefficient at various Stokes
number. (b) Evolution of the discontinuity of coordination number, or decompaction
of the contact network, at unjamming versus microscopic friction coefficient at various
Stokes number.

regime at θ = θstart is faster and looser and grains have less contacts than in the flowing
regime at a lower angle (θ = θstop). Nevertheless, these differences tend to disappear for
low inertia. Indeed, when the flow is dissipated by a viscous fluid, the medium flows with a
significant amount of contact as shown in Section 5.1 and the variations of contact number
in the flowing regime between the avalanche and the stopping angles are negligible. In
other words the amount of contacts in the flowing regime near the transitions does not
significantly varied with the inclination angle.

5.4.4 Link between hysteresis and discontinuities of contact num-
ber

Accordingly, Figure 5.24a presents hysteresis as a function of the discontinuity of co-
ordination number at the jamming transition. It can be observed that hysteresis scales
correctly with this discontinuity, making microscopic friction and viscous dissipation col-
lapse on the same curve ∆θ(∆Zstop). The discontinuity measures how much the self-
sustainability process leads to higher hysteresis by lowering the number of contacts in
the flowing state Zstop compared to the value required to be stable Zc. In other words,
when decreasing independently the microscopic friction coefficient or the Stokes number,
hysteresis as much as the discontinuity of coordination number at jamming, are equiva-
lently decreasing. This shows that the asymmetry of the transition between the liquid-like
and solid-like behaviors of granular media down inclined plane can be characterized by
the discontinuity of coordination number at jamming. In particular, the absence of co-
ordination number discontinuity at jamming should be characteristic of an absence of
hysteresis. In this case the transition is expected to be reversible and without hysteresis.
Here, it can be observed that the hysteresis is not dropping to zero while the discontinuity
of coordination number is almost vanishing in Figure 5.24a. The artificially low contact
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Figure 5.24 – Hysteresis versus the discontinuity of coordination number at the cessation
of flow (a) and at the initiation of flow (b) for various inter-particle friction and Stokes
numbers.

stiffness used in the simulations for computational reasons leads to an underestimation of
the discontinuity of coordination number for a given hysteresis as shown by Figure 5.25a.
This underestimation should shift the points of Figure 5.24a to the right, and we expect
to recover the right trend accordingly.

Similarly, hysteresis scale with the discontinuity of coordination number at the ava-
lanche as it can be observed on Figure 5.24b. The scale appears to saturate at high friction
coefficients and Stokes numbers. However this scale can be interpreted as a characteri-
sation of the hysteresis with the distance between the amount of contact the medium is
supposed to have while flowing at θ = θstart in order to continuously reach the static state
(which is Zc) and the actual amount of contacts the medium made at θ = θstart which is
Zstart. Although close to zero this discontinuity is slightly higher than the discontinuity
at jamming, it remains underestimated by stiffness effect as shown by Figure 5.25b.
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Figure 5.25 – Coordination number discontinuity (a) at jamming and (b) at unjamming
versus relative stiffness in the dry frictionless case (µp = 0, St = ∞).

Conclusion

The results have shown that hysteresis depends on the combined effect of both par-
ticle friction and inertia. The hysteresis is observed to decrease with decreasing friction,
and to decrease with decreasing inertia. The present results and analysis allows us to
rationalize the different existing results on hysteresis dependency through either friction
or inertia. This contrasts with the framework proposed by DeGiuli and Wyart (2017),
linking hysteresis model to inter-particle friction through the sliding contact proportion
which cannot predict the finite amount of hysteresis measured for frictionless particles
in our simulations, and suggests the need for further development to account for inertia
effects.
The present work has shown that solid volume fraction is not sufficiently sensitive to
display an apparent compaction or dilatancy at the cessation and the initiation of flow in
the frictionless case and at low friction and Stokes number values. Yet, the discotinuity
of coordination number characterizes the transition asymmetry, and hysteresis has been
shown to scale with the coordination number discontinuity at jamming and unjamming.
These results highlight the strong link between the jamming-unjamming transition and
the evolution of the granular micro-structure through friction and inertia.
Especially, the results higlighted the three regimes of inter-particle friction defined by
DeGiuli et al. (2016), which render the evolution of the stopping angle with both friction
and inertia non-trivial to model. Further analysis are needed to develop a theoretical
framework that allows one to model the stopping angle through stability criterion of the
whole grain layer.
Besides, the static amount of contact in the stable state and the anisotropy of the contact
network have shown to characterize the angle of destabilisation, i.e. the avalanche angle
θstart. This shows that despite non-local plasticity processes that leads to the destabi-
lisation of the grain layer, the variations of the contact network anisotropic orientation
relatively to the average amount of contact in the static state can predict the variations
of avalanche angle with friction and inertia.
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Overall, further work are required in order to model hysteresis as a function of micro-
structure descriptors, and implement such description in a continuous rheological model
accounting for the hysteresis at the static-flowing transition, such as Edwards et al. (2019).
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Chapter 6

Conclusion and outlook

6.1 Conclusion

The present work has enabled us to investigate the hysteresis phenomenon which is
a complex combination of jamming and unjamming. They appear as two distinct phase
transitions with different processes that we investigated. Our study led us to find and
highlight the various findings in the literature on the subject. We have thus seen, on the
one hand, that the stopping process is a mechanism of stabilisation that results from the
decrease of the shear stress relatively to the normal pressure. The velocity of the system as
well as the inertial dynamic decreases with the plane inclination through the whole grain
layer, together with an increase of the volume fraction, as predicted by µ(I) rheology.
This process stabilises grains near the rough bottom plane where a no-slip condition is
imposed due to the roughness of the bottom. Interestingly, our results added to this vision
the evolution of the average number of contacts in the layer, showing that the maximum
amount of contacts is observed in that region of the layer. In the mean time, the number
of contacts also increases with decreasing stress. The stable layer starts diffusing up to the
free surface when the system dramatically approaches the jamming transition, together
with an increase of contact number in the bulk. This dramatic change is observed on the
depth average values of inertial number as well as on the average number of contact in
the system that displays discontinuities at the jamming transition between their flowing
values and their values in the static state. These results reveal the feature of a first-order
phase transition at jamming for frictionless and frictional particles.
On the other hand, the static state is characterized by no dynamic and constant volume
fraction and coordination number values with variations of inclination angle. However in
that regime the sliding contact proportion displays small increases in the layer close to
the bottom plane leading to a succession of local rearrangements that eventually lead to
an instability near the free surface implying a quick initiation of flow in that region of the
system, that develops into the whole layer. This sudden change is also observed in the
depth averaged inertial number value, volume fraction and average number of contacts
that drops from their static values to the initial flowing branch at the avalanche angle,
highlighting a feature of first-order phase transition resulting from the unjamming of the
assembly of grains. This range of angles between the stopping angle and the avalanche
angle highlights the hysteretic phenomenon on an inclined plane.
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Then, we showed that collisional dissipation was not a mechanical process involved in
the hysteretic behavior since no significant influence is observed on hysteresis or critical
angles when varying the restitution coefficient. This suggests that there are few momen-
tum transfer by collisions in the flowing state when approaching jamming. By contrast,
we have seen that inter-particle friction plays a major role in both the critical angle values
and hysteresis. This shows that the dynamics of grains is dominated by momentum trans-
fer by friction. However, we showed that inertia plays a significant role in the value of
the stopping angle, since it greatly influences grains dynamic. As a result, adding viscous
dissipation also significantly lower hysteresis. Then, the inertial effect which plays a role
in hysteresis phenomenon does not lie in the momentum transfer by collisions but in the
grains dynamics itself. Finally, our results show that hysteresis has a combined origin
between inertial effect due to the dynamic of grains and frictional dissipation that greatly
influence the dynamic and static of the system. This contribution enabled us to establish
both frictional and inertial mechanisms significant influence on hysteresis and allow us to
rationalize the results of the literature.

One of the major contribution of our work is the presence of hysteresis in the fric-
tionless dry case, i.e. when grains inertia is not damped. In that case, the system do
not displays any remarkable dilatancy at the initiation of flow suggesting a continuous
second-order phase transition with no hysteresis. Dilatancy is therefore not strictly rela-
ted to the presence of hysteresis and show that the volume fraction is not a good proxy
to characterize hysteresis phenomenon. On this basis, our work has focused on studying
the evolution of the micro-structure through various quantities describing the contact net-
work and tangential force network. For this, the idea was to adapt the jamming literature
approach to look in detail at the micro-structure in order to identify some key variables to
characterize hysteresis on a canonical configuration as the inclined plane. Thus, conversely
to the volume fraction, the coordination number displays discontinuities at both jamming
and unjamming in the frictionless case and for frictional particles in the viscous regime.
It shows a feature of first-order discontinuous phase transition highlighting the presence
of hysteresis. Although characterizing both distinct transitions with the same descriptors
is complex, this approach sheds light on the results discussed above on the combined
influence of friction and inertia on the flow, the static and the hysteresis of granular sys-
tems. This thesis contributed to show that the decrease of frictional dissipation, when
the inter-particle friction decreases, enables grains to flow faster by increasing the fraction
of contacts that can slides. This mechanism increases the number of contacts needed to
reach the stable state leading to lower values of stopping angle and higher the coordi-
nation number in the stable state. Hence, this influence the geometrical and tangential
conditions of the assembly of grains in the static state. These variations are measured by
the the variations of sliding contact proportion that increases with decreasing µp in the
static state and by the contact network anisotropy and its average number of contacts.
All this, leads to lower avalanche angle. Overall, lowering frictional dissipation enables
the system to be stable at lower angles when flowing and enables the destabilisation to
occurs in easier stress conditions which lower the absolute hysteresis.
Our work also contributed to show that the decrease of inertia due viscous dissipation
increases the ability of grains to make contacts in order to reach the stable state and
decreases the fraction of these contacts that slides leading to easier stabilization condi-
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tions at a given angle and therefore higher stopping angle. Also, the coordination number
in the static increases as well as the contact network anisotropy with decreasing inertia.
These variations of the geometrical state of the contact network enabled us to rationalize
the effect of both friction and inertia on the geometrical contact network state that is
correlated to the avalanche angle. The avalanche angle then slightly evolves as a result of
these geometrical variations. These findings finally lead us to found a scaling of hysteresis
with the discontinuities of coordination number at jamming and unjamming.

Overall, this thesis has contributed to better define and understand the origin of
hysteresis in granular media and to highlight the central role of micro-structure in this
phenomenon. This study is in line with the current approach that consist in using micro-
structure descriptions to characterize the evolution of the system at the phase transition
between the dense and static flow regimes of granular media. The aim of this approach
is to gain a better understanding of the evolution of the complex state of the granular
micro-structure and to identify key state variables that can be used to better describe
the transition between regimes and the underlying physical mechanisms involved. These
variables can then be used as internal order parameters in the development of continuous
description models, with the aim of unifying the description of granular media.

6.2 Outlook
The present work enabled to depict a clear picture of hysteresis origin and identify

some outlook in the continuity of the thesis that remains to be investigated. Here, current
research avenues are presented to clarify some of the work related to the thesis that
emerges as the next issues of the subject as well as various tools that may help provide
characterization of the several physical mechanisms involved in hysteretic behavior of
granular assemblies in order to develop complete constitutive models using finer internal
variables. Finally, other more distant perspectives are proposed.

6.2.1 Generalization of hysteresis nature and geometrical effect
of configuration

As discussed in the state of art, Chapter 2, differences in hysteresis amplitude are
observed between the different configurations reported in the literature. The thesis have
shown the inertial and frictional nature of hysteresis for a granular material on an inclined
plane and interpreted these results with the scope of the description of micro-structure.
Since the geometry of various configuration and boundary conditions influences the micro-
structure of the assembly of grains, an effect on hysteresis is expected. In addition, al-
though the dense flow regime is well described by µ(I) rheology far from the liquid/solid
transition, some heterogeneous behaviors, such as finite size effects, shear banding and
creeping, are observed near the transition and depends on the geometry as detailed in the
Introduction. These observations lead to a central issue of the influence of the configura-
tion for the generalization of hysteresis nature. Since the central point of hysteresis nature
on an inclined plane is the finite hysteresis observed in the dry frictionless case, can this
result be generalized to other configurations? Two configurations seem appropriate for
studying this question: the rotating drum and the plane shear cell. The former is the most
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studied configuration due to its simplicity to set up long time experiments, yet no study
for frictionless particles with no fluid damping the grains dynamics was conducted. In
addition, hysteresis is only observed for intermittent flow where the free surface alternate
between static state and quick avalanches. The latter are then transient and the the flow
does not have time to reach a steady state within avalanches by contrast to the inclined
plane configuration.
The other configuration, also studied to analyse hysteresis is the plane shear cell without
gravity. This configuration is particularly interesting since it enables one to perform both
stress imposed and shear rate imposed simulations in the same geometry. As such, it
possible to compare the hysteresis resulting from both protocols and to identify the fun-
damental differences between the influence of imposing either velocity or stress at the
boundary walls on hysteresis. In the former, the velocity field is not imposed so grains
inertia is not controlled but adapts to the imposed stress. In the former protocol, grains
inertia is controlled by the boundary condition and stress adapts within the system in res-
ponse. In addition, finite-size effects can be compared to the inclined plane configuration
by applying or not gravity which enables one to compare the influence of an additional
wall or, without gravity, the differences between stress imposed by a boundary or by gra-
vity.

As such, simulations are therefore underway with these two other configurations. First
results are giving for the rotating drum configuration on Figure 6.1. Figures 6.1a and 6.1b
presents the evolution of the inclination angle of the free surface with simulation time for
two distinct inter-particle friction coefficients µp = 0.5 and µp = 0. Figures 6.1c and 6.1d
presents the corresponding evolution of the average coordination number with simulation
time. The rotating speed is represented by the slope of the red curves. In the frictional
case, we observe an alternate regime between static states and avalanches. In the static
state, the inclination angle evolves at the same rate as the rotating speed, indicating no
flow at the free surface. This state is also characterized by constant values of the co-
ordination number as depicted by the plateaus on Figure 6.1c. When θstart is reached,
represented by a local maximum of inclination angle (red points), quick avalanches occur
where the inclination angle drops down until the medium stops again at the stopping
angle θstop. In this regime, the coordination number evolves, it decreases at lower values
and increases back to the constant static value when the avalanche stops. Hysteresis is
clearly defined here and is measured as the difference between the avalanche angle for one
avalanche, and the stopping angle preceding this avalanche. Further analysis on these
results are given in Appendix D.1.
By contrast, in the frictionless case, Figure 6.1b shows local maximums and minimums in
the inclination angle. However, when the inclination angle increases, it does not linearly
evolves with time as for µp = 0.5. In addition, the evolution of the coordination number,
Figure 6.1d, does not displays any plateau characteristic of the static regime. As such,
θ(t) and Z(t) does not show clear arrested state but oscillations indicating flow at the
free surface. As a consequence, if no clear arrested state is observed, the system does
not displays any hysteresis. Additional analysis are needed to conclude on the result,
especially at lower rotating speed for the frictionless case, nevertheless it shows that in
a rotating drum, hysteresis can vanish for frictionless particles conversely to the inclined
plane configuration. This result then suggest that the conditions leading to vanishing hys-
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Figure 6.1 – Temporal evolution of the inclination angle of the free surface of the granular
medium in rotating drum at inter-particle friction µp = 0.5 (a) and µp = 0 (b). Temporal
evolution of the average coordination number in the granular medium in rotating drum
at inter-particle friction µp = 0.5 (c) and µp = 0 (d).
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teresis are configuration dependent and that the combined influence of both inter-particle
friction and grains inertia is not trivially generalizable.

Simulations at µp = 0 are underway to compare if hysteresis can be observed for
frictionless assembly in stress imposed and velocity imposed planar shear cell. Some first
results for frictional particles are presented in Appendix D.1.

6.2.2 Influence of wall conditions: plane roughness effect
The results of hysteresis presented above displays significant variability between one

run to another when varying the plane configuration with constant roughness parameter.
As these variability do not decrease with friction and inertia, we can postulate a bottom
roughness effect potentially coupled to a finite size effect. The bottom plays an important
role in the geometry of the system, which is central in the stochastic and geometric na-
ture of the transition. Plane roughness sets the geometric energy landscape of the system.
Indeed, as detailed in Chapter 2, the conditions of jamming and unjamming of frictional
materials depends on the preparation of the system under isotropic conditions. Under
anisotropic conditions, when the flow is established, i.e. steady, the role of the boundary
condition is central in the grains dynamic, their velocity, their packing density and co-
ordination number. The geometry of the boundary and its roughness parameters plays
a key role in the geometrical and mechanical ansiotropy. This effect is emphasized near
the transition where the boundary condition drives the phase diagram and is intrinsically
related to finite-size effects as depicted by Goujon et al. (2003) on an inlined plane. It
is therefore fundamental to investigate its effect on the amplitude of hysteresis. Initial
simulations are underway on an inclined plane, varying the background roughness for two
inter-particle friction coefficient µp = 0 and µp = 1 in the dry case. Coupling this effect
with a study of the effect of layer size on hysteresis is an interesting outlook for further
work.

6.2.3 The search of internal variables and descriptor of stability
The main idea of the study of the phase transition and the characterization of hys-

teresis is to identify key variables that are good candidates to be the order parameter
or in a combination of order parameters driving the behavior of the system. As such,
we have seen in the work developed in this thesis that the coordination number was an
interesting parameter as well as the contact network anisotropy to characterize the ava-
lanche angle. The former is also a good proxy to characterize hysteresis. However it does
not characterize well the evolution of the stopping angle which depends not only on the
contact network but on the dynamic of the system. Hence, its is interesting to presents
possible variables and approaches that we did not investigated in this work and could be
good candidates to characterize the behavior of the system at the transition.

Although the generalization of a first order staticity criterion in the flowing regime
did not allowed us to conclude on a potential criterion predicting the jamming and un-
jamming of the system, this description may be interesting for further research. Indeed,
measuring a staticity criterion at the grain scale could by extension of the work of Henkes
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et al. (2016) allow one to define a rigid cluster mapping depending on the geometry and
configuration studied. Then, it could predict the jamming and unjamming transitions of
the system under various frictional and inertial conditions.

Going further into the energetic description with a quantification of sources of energy
dissipation as well as a study of granular temperature could help characterize the inertial
effects on hysteresis.

Finally, a finer description of the contact distribution, the normal and tangential forces
distribution as well as their anisotropy coupled with a study of the stress tensor anisotropy
may be interesting. By using a similar approach than Srivastava et al. (2020, 2021) it
could be interesting to extend their work and analyze the hysteresis phenomenon with
the mechanical anisotropy. This may help providing information about the geometrical
and mechanical evolution of contact and force networks and potentially helps finding finer
descriptors of hysteresis.

6.2.4 Hysteresis in more realistic granular samples
Finally, with a more general picture, the influence of some well-known features of

actual granular samples on hysteresis would be interesting to investigate with the aim of
generalizing hysteresis nature to more realistic granular systems. The shape of grains was
shown to have an effect on the packing density, the coordination number as well as the
critical stress ratio (Pouliquen and Renaut, 1996; Salerno et al., 2018). In the same way,
the influence of cohesion on hysteresis was already introduced by Mandal et al. (2021b).
Extending their work would be of great interest for future research. Then, studying
these effects as well as polydispersity would be interesting outlook to study hysteresis
phenomenon and its application on systems closer to actual granular media.
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Appendix A

Introduction and state of art
appendices

A.1 Basics of continuum mechanics
In this section we develop the basic tensorial variables describing a continuous medium

that will be used in this manuscript. We consider thus a continuous medium for which
each points of the medium has a position x at time t. Here, x is considered as a vector
with three coordinates in each directions. We can consider X(x, t) the vector that defines
the displacement relatively to the initial state at each positions x and time t. We assume
small deformations.

A.1.1 Strain and strain-rate tensors
The strain tensor, ϵ, then is defined as:

ϵij = 1
2

(
∂Xi

∂xj

+ ∂Xj

∂xi

)
. (A.1)

This tensor characterizes the deformations of the system in all directions. Consider V
the volume of the system. The changes in volume of the system is given by the trace of
the strain tensor which gives with Newton sum notation:

tr(ϵ) = ϵii = δV

V
. (A.2)

This tensor is no more relevant when the deformations of the system are high, the
deformations highly depends on time, as such, the relevant tensor that is used is the
strain rate, ϵ̇, which is the time derivative of the strain tensor:

ϵ̇ij = 1
2

(
∂ui

∂xj

+ ∂uj

∂xi

)
. (A.3)

With u(x, t) the time derivative of the displacement X corresponding to the velocity of the
material at point x at time t. This latter tensor is usually decomposed between isotropic
part and deviatoric part as follow:
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ϵ̇ = 1
3tr(ϵ̇)I + ˜̇ϵ. (A.4)

Here, I is the identity tensor implying that the isotropic part 1/3tr(ϵ̇)I characterizes
the rate volume changes with time and the deviatoric part (or anisotropic part) ˜̇ϵ cha-
racterizes the rate deformation by shear. As such, the shear rate γ̇ is usually defines
as:

γ̇ = 2˜̇ϵ. (A.5)

A.1.2 Stress
The stress tensor, σ, is equivalent to a pressure field in the sense that it represents a

force per unit area on the whole system. As such, if one consider an infinitesimal surface
dS within the continuum medium, the corresponding components of the force applied on
this surface dF will be expressed as function of this surface and the stress σ projected on
the vector n normal to the surface :

dFi = σijnjdS. (A.6)

Equivalently to the strain rate, the stress tensor can be decompose in isotropic tensor,
equivalent to pressure P and a deviatoric tensor or shear stress tensor τ as follow:

σ = PI + τ, (A.7)

with P = 1
3tr(σ) and I the identity tensor.

A.1.3 Conservation laws
Here, we consider the density ρ(x, t) of the continuum system at position x and time t.

The mass conservation equation is given for the density as follow (with Newton notation):

∂ρ

∂t
+ ∂ρui

∂xi

= 0. (A.8)

The equations of conservation of momentum in the translation and in presence of
gravity acceleration is given as follow:

ρ

(
∂ui

∂t
+ uj

∂ui

∂xj

)
= ∂σij

∂xj

+ ρgi. (A.9)

A.1.4 Constitutive relations
In the latter Equation (A.9), the stress tensor is unkown and has to be given through

a constitutive relation (or constitutive law). In other words, one may study the strain
or strain rate response of the continuum system to stress in order to give a constitutive
relation between both quantities and close the momentum equations. Here, we present
the simpler constitutive relation given for continuum solids and developed by Hooke. The
Hooke’s law gives a relation between stress and strain:

σ = Ktr(ϵ)I + 2G(ϵ − 1
3tr(ϵ)I). (A.10)
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Note that ϵ − 1/3tr(ϵ)I is the deviatoric part of the strain tensor with the identity tensor
I. This relation lies on the assumption of constant isotropic bulk modulus K and shear
modulus G with strain evolution. These constants can be expressed as functions of two
characteristics of the material, the Young’s modulus E and the Poisson’s ratio ν that can
be measured with a simple test when pulling a cylinder with free edges. The Young’s
modulus represents the ratio E = σzz

ϵzz
between the stress applied in the axial direction

and the corresponding axial strain. The Poisson’s ratio represents the ratio between the
radial and axial strain. Hence, the relations between these quantities are the following
(Andreotti et al., 2013):

G = E

2(1 + ν) , (A.11)

and
K = E

3(1 − 2ν) . (A.12)

A.2 Rheology of dense non-Browninan suspensions
In the case of non-Brownian suspensions, that are assembly of grains fully immersed

in a fluid, two separates cases needs to be defined depending on the imposition process. In
one case, the volume is imposed and the order parameter that defines when the medium
will flow or rest is the volume fraction ϕ. In the other case, the pressure is imposed and
gravity become the driving mechanism.

First, for volume imposed density-matched suspensions with non-Brownian motion,
the flow rule can be simply express in terms of equivalent viscosity of the suspension ηs.
When subjected to shear, the flow rule is given as follow (Guazzelli and Pouliquen, 2018):

τ = ηsηf γ̇, (A.13)

with ηf the viscosity of the fluid. The equivalent viscosity does not depends on the shear
rate here which makes these kind of suspensions a Newtonian fluid. The viscosity depends
solely on the volume fraction ηs(ϕ) and diverges when the volume fraction approach the
critical volume fraction at which the system jams, ϕc. At low volume fraction, Einstein
(1911) proposed a linear form of the viscosity with volume fraction:

ηs = 1 + 5
2ϕ. (A.14)

This forms is nevertheless not true for high volume fraction where ηs diverge near ϕc.
Several models of the ηs(ϕ) function has been proposed (e.g. Guazzelli and Pouliquen,
2018) and the one that fits the most in all regimes, i.e. linear relation of Einstein at
low volume fraction and power law that diverge at high volume fraction, is the following
correlation (Guazzelli and Pouliquen, 2018):

ηs =
(

1 + 5ϕ

4(1 − ϕ/ϕc)

)2

. (A.15)
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More complex models were developped in order to model the effective viscosity, see Boyer
et al. (2011); Guazzelli and Pouliquen (2018).

For pressure imposed density-matched suspensions, the suspensions do not behaves as
a Newtonian fluid and the viscosity depends on the shear rate (Bonn et al., 2017; Guazzelli
and Pouliquen, 2018). In such materials, a friction law equivalent to the dry case can be
developed introducing a new dimensionless number, in the absence of gravity and at low
Stokes number where viscous dissipation is dominant, the viscous inertial number J :

J = ηf γ̇

P
. (A.16)

Hence, similarly to dry granular material constitutive laws are needed for the shear stress:

τ = µ(J)P. (A.17)

And the volume fraction:
ϕ = ϕ(J). (A.18)

Boyer et al. (2011) developed a correlation for the flow and density curves. The flow
function is written as the sum of a contact friction coefficient µc equivalent to the one
of dry materials see Equation (1.11) and an hydrodynamic friction coefficient µh that is
written to recover Einstein’s linear model at low viscous inertial number:

µ(J) = µc + µh =
[
µ1 + µ2 − µ1

J0/J + 1

]
+ [J + 5

2ϕcJ
1/2]. (A.19)

The packing density evolution with J is given by:

ϕ(J) = ϕc

1 + J1/2 .

These relations were used to find the correlation of ηs(ϕ) in volume imposed cases unifying
both descriptions (Boyer et al., 2011).

Such models allows to predict the flow characteristic, stress, strain-rate or velocity
profiles of dense suspensions in various configurations such as dense suspensions flow on
rough inclined plane or for bedload transport (Guazzelli and Pouliquen, 2018).

A.2.1 Discontinuous shear thickening
Discontinuous shear-thickening (DST) is a phenomenon that occurs in volume imposed

sheared suspensions and sheared dry granular media and is characterized by a disconti-
nuous jump in the shear stress upon continuous strain rate imposition (Seto et al., 2013;
Vågberg et al., 2017; Grob et al., 2014). This phenomenon happens for high enough vo-
lume fraction between a characteristic value and the jamming volume fraction. Below this
critical volume fraction, sheared suspensions displays continuous shear thickening (CST)
as presented in the rheology of dense suspensions, see Section 1.3. Dry granular materials
displays continuous transition between inertial flow and plastic flow under the critical
volume fraction (Grob et al., 2014).
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DST have been shown to be dependent on friction between grains since the critical volume
fraction that define the range of packing density in which DST occurs depends on the
inter-particle friction coefficient (Seto et al., 2013; Grob et al., 2014). As such, it has been
shown that no discontinuous jump is observed in the flow curve for dry granular mate-
rials of frctionless particles (Ciamarra et al., 2011). However, friction is not necessary
to observe DST in dense non-brownian suspensions (Vågberg et al., 2017). The viscous
dissipation of the interstitial fluid also appears to be a key mechanism for the presence of
DST.

A.2.2 Hysteresis in DST
Discontinuous shear thickening is strongly related to hysteresis. Indeed, in the presence

of friction between grains or/and viscous dissipation, the flow curve of DST are different
with ramping-up shear rate than ramping down shear rate (Grob et al., 2014; Vågberg
et al., 2017). This is a signature of hysteresis where the flow curve depends on the history
of the strain rate imposition.

A.3 Micro-structure descriptors
Micro-structure descriptors are of several forms. The simpler one is scalar quantities

that gives access to information averaged on the whole assembly of grains:
— The coordination number, Z with its classical form Z = 2Nc/Np, with Nc the

amount of contact in the system and Np the amount of particles calculates the
average number of contacts in the system.

— The sliding contact proportion, χ = N sliding
c /Nc, calculates the amount of contact

that slides, i.e. that exceeds the Coulomb criterion, relatively to the total amount
of contacts.

— The granular temperature that characterizes the fluctuations of velocity in the sys-
tem that have been shown to be non-affine (Radjai and Roux , 2002). This quantity
is usually expressed as Tg =< u′

p > /3 with u′
p the fluctuation of velocity with

respect to the average velocity in the system.
— The contact anisotropy, ac calculates the amplitude of contact network anisotropy.
— The normal force anisotropy aN calculates the amplitude of the normal forces net-

work anisotropy.
— The tangential force anisotropy aT calculates the amplitude of the tangential forces

network anisotropy.
The three latters derived from tensorial calculations of the anisotropic contact Fabric
tensor Ac and the anisotropic forces fabric tensors An and At that derived from the
contact fabric tensor R and the forces fabric tensors N and T . Considering an assem-
bly of contacts characterizes by their normal unit vector n, tangential unit vectors t,
contact force f c and branch vectors lc, see Figure A.1 for a scheme of a contact between
two spheres. The contact fabric tensor R, that quantifies the geometrical anisotropy of
contacts, is calculated in a granular system as (Oda, 1982; Satake, 1982; Bathurst and
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Figure A.1 – Scheme of contacts between two particles A and B. The forces fAB and fBA

are in opposite direction as well as the unit vectors nAB and nBA that are normal to the
contact plane. The tangential unit vector t is not represented here, it corresponds to the
direction of projection of the contact force on the contact plane and is the orthogonal to
the normal unit vector. The branch vector lc

AB = lAB − lBA connects the center of grains.
Source: (Bathurst and Rothenburg, 1990)

Rothenburg, 1990):
Rij = 1

Nc

∑
Nc

ninj, (A.20)

with ni the i-th component of the unit vector n along the normal direction of the contact
plane. Considering the orientation of this vectors n between [0, 2π], the fabric contact
tensor can be written as a continuous integral over the volume V of the system, if the
number of grains is sufficient enough (Bathurst and Rothenburg, 1990), as:

Rij = Nc

V

∫
V

E(n)ninjdn, (A.21)

with E(n) the distribution probability function of vectors unit n that are oriented along dn
such that the fraction of all assembly of contacts oriented within the orientation interval
dn is E(n)dn. It can either be expressed as an integral over the orientations Θ of the unit
vector (Oda, 1982; Satake, 1982; Guo and Zhao, 2013) as:

Rij =
∫

Θ
E(Θ)ninjdΘ. (A.22)

These distribution functions (on the unit vector or its orientation) are usually expressed as
a second-order Fourier expansion (Bathurst and Rothenburg, 1990; Guo and Zhao, 2013;
Srivastava et al., 2020) which in 3D reads:

E(n) = 1
4π

[1 + Ac
ijninj], (A.23)

with 1/4π the distribution of contacts in the isotropic directions and Ac
ij the symmetric

and deviatoric contact anisotropy tensor that characterize the fabric anisotropy (geome-
trical anisotropy). Integrating Equation (A.22) enables to link this latter tensor to the
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deviatoric part of the fabric tensor Rd as (Guo and Zhao, 2013; Srivastava et al., 2020):

Ac
ij = 15

2 Rd
ij. (A.24)

Guo and Zhao (2013) proposed similarly to the fabric tensor a form for the normal, N ,
and tangential, T , forces tensor as:

Nij = 1
4π

∫
Θ

f
n(Θ)ninjdΘ = 1

Nc

∑
Nc

fnninj

1 + Ac
klnknl

, (A.25)

with f
n(Θ) the average normal forces oriented in the direction Θ, fn the normal force

at each contact. The idea being to characterize the mechanical anisotropy induced by
normal force, it is normalized in the sum by the geometrical anisotropy 1 + Ac

klnknl. The
average normal forces can equivalently to E be written as second-order Fourier expansion
of the unit vector n (Srivastava et al., 2020) or its orientation Θ (Guo and Zhao, 2013):

f
n(n) = f

0[1 + An
ijninj], (A.26)

with An
ij the deviatoric mechanical anisotropy induced by normal forces in the system

which is related to the deviatoric part of the force tensor Nd by integrating Equation
(A.25) with the relation A.26, it gives (Guo and Zhao, 2013):

An
ij =

15Nd
ij

2f
0 . (A.27)

Similarly, Guo and Zhao (2013) proposed a formulation of the tensors distribution func-
tions of tangential forces as:

Tij = 1
4π

∫
Θ

f
t(Θ)tinjdΘ = 1

Nc

∑
Nc

f ttinj

1 + Ac
klnknl

, (A.28)

which gives, considering for that tensor the i-th component of the tangential unit vector,
t, orthogonal to n and co-linear to the tangential displacement, a following distribution
function for i-th component of the of average tangential force is (Guo and Zhao, 2013;
Srivastava et al., 2020):

f
t

i(n) = f
0(At

iknk − (At
klnknl)ni), (A.29)

with At
ij the mechanical anisotropic tensor induce by tangential force and related to the

deviatoric part of the tensor T as (Guo and Zhao, 2013):

At
ij =

15T d
ij

3f
0 . (A.30)

f
0 is the average normal force, integrated for all unit vector orientation with the same

weight (Bathurst and Rothenburg, 1990) meaning that f
0 = Tii Guo and Zhao (2013)

which differs from the average normal force over each contacts when the assembly of
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grains is anisotropic and is equal to the latter when the assembly of grains is isotropic.

Finally, the coefficient ac, aN and aT are the second invariants of the anisotropic tensors
respectively Ac

ij, An
ij and At

ij. The three latter being deviatoric, it gives (Srivastava et al.,
2020):

a∗ = 1
2
√

tr(A∗ · A∗), (A.31)

with ∗ = c, n or t. These coefficients then quantify respectively the amplitude of geome-
trical contact anisotropy, mechanical anisotropy induced by normal forces and mechanical
anisotropy induced by frictional forces in the system.

The internal stress tensor is expressed with such framework for monodisperse sphere
packings as (Bathurst and Rothenburg, 1990; Srivastava et al., 2020):

σij = Ncl0
V

∫
V

f i(n)njE(n)dn, (A.32)

with l0 the mean center-to-center distance in the packing that can be approximated as
the diameter of grains for monodisperse spheres. The internal stress tensor is usually
calculated in numerical simulations as the surface sum of contact forces over all contacts,
which reads (Guo and Zhao, 2013):

σij = 1
V

∑
Nc

f c
i lc

j , (A.33)

with f c = fn + f t, and lc the branch vector linking the centers of particles.

A.4 Normal stress differences and shear induced ani-
sotropy

One of the limit of the µ(I) rheology is the existence of first and normal stress dif-
ferences. The generalized rheological model from Jop et al. (2006) indeed make the as-
sumption of a Cauchy stress tensor with isotropic pressure and a colinearity between
the stress and the strain rate tensors leading to Equation (1.9). Hence it supposed that
σxx = σyy = σzz with x, y and z being respectively the flow, vorticity and gradient di-
rections. This assumption is known to be not true since differences between the normal
stress components are observed in sheared granular systems. As such, there is no more one
degree of freedom but three degrees of freedom (two added by the differences in normal
stress components). The first one is still related to the flow curve by Equation (1.11) for
dry granular materials and Equation (A.19) for dense suspensions. The two last degrees
of freedom then also needs to get constitutive relations in order to close the equation and
to solve for the transmission of stress in a granular system (Silbert et al., 2001; Seto and
Giusteri, 2018; Srivastava et al., 2021).

These differences are defined as follow:

N1 = σzz − σxx. (A.34)
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(a) (b)

(c) (d)

Figure A.2 – Results from Seto et al. (2013) for the (a) Second normal-stress difference
normalized by the third of the trace of the stress tensor σ, Π = −(1/3)tr(σ) (b) First
normal-stress difference normalized by the shear stress, noted σ = σxz. Results Srivastava
et al. (2021) for the (c) Second normal-stress difference calculated on the contact fabric
anisotropy tensor normalized by the average number of contact of non-rattler particles
(d) First normal-stress difference normalized by the shear stress τ .

With N1 the first normal stress difference. The second normal stress difference is calcu-
lated as:

N2 = σzz − σyy. (A.35)

The presence of such differences of order 5% for the first normal stress difference and 20%
for the second one were observed in several studies in the dense flow regime far from the
jamming transition. It was observed in numerical simulations on inclined planes (Silbert
et al., 2001; Weinhart et al., 2013), in circular and plane split-bottom shear geometries
(the shear boundary is split in two parts that shear in opposite directions) (Depken et al.,
2007) and in boundary-less sheared simulations (Srivastava et al., 2021). It has also been
experimentally investigated for dense suspensions in a bunch of articles with the help of
several different rheometers as well as numerically. The rheometers and results are ga-
thered in Guazzelli and Pouliquen (2018) for stress differences in the dense flow regime
far from the jamming transition. In Seto and Giusteri (2018), normal stress differences
have been investigated with numerical simulations of dense suspensions. In all cases, both
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normal stress differences have non-trivial evolution in the dense flow regime. Neverthe-
less, they were shown to decrease at the approach of the jamming transition leading to
an interpretation of their origin.

The origin of the first normal stress difference appears to be a consensus as a conse-
quence of the misalignment (non-coaxiality or in other words an anisotropy) between the
stress tensor and the symmetric strain rate tensor D (Seto and Giusteri, 2018; Srivas-
tava et al., 2021). Misalignment can be understood mathematically as the presence of
a rotation angle between the eigenvectors of both tensors (Seto and Giusteri, 2018; Sri-
vastava et al., 2021). It can also be understood physically as a misalignment between
the orientation of the force (or contact) network and the orientation of the flow in the
flow plane (x, z). Such misalignment can have various origins depending on the dominant
interactions of grains. In dense suspensions, the dominant interactions are hydrodynamic
interactions at low packing densities and contact interactions at higher packing densities
(close to the jamming transition) leading to the non-monotonic evolution of N1 with the
packing density (Seto and Giusteri, 2018), see Figure A.2b. In dry granular materials the
only source of interactions are of contact type and the misalignment between the projec-
ted contact vectors and the principal flow direction in the flow plane are due to friction
between grains since N1 is lower near the quasi-static state for frictionless particles. Near
the jamming transition the first normal stress difference is always increasing with packing
fraction or decreasing strain rate (for dense suspensions or dry granular systems) showing
less misalignment but still no completely vanishing values of N1, see Figures A.2b and
A.2d. This non-zero values are attributed to the geometrical entanglement of the system
and is then a finite-size effect that is expected to vanish in infinite size systems (Seto and
Giusteri, 2018; Srivastava et al., 2021).

According to Seto and Giusteri (2018), the first normal stress difference allows to close
one degree of freedom which is not the case of the second normal stress difference N2 since
it combine two effects: the misalignment of stress and strain rate tensors (captured by
N1) and the stress anisotropy between the stress in the flow plane and in the vorticity
direction. In order to only capture the second effect, one needs to measure the stress
difference between the average stress in the flow plane and the stress in the vorticity
direction. It gives:

N0 = (2σyy − σzz − σxx)/2. (A.36)

This form of second normal stress difference is highly decreasing near the jamming transi-
tion and vanishes for frictionless particles in the quasi-static limit, see Figure A.2a. Then,
its origin rely in the excess of contacts in the flow plane compared to the vorticity direc-
tion that creates anisotropy of the stress tensor due to shear. This effect is increased by
friction. Indeed, this anisotropy tends to zero in the quasi-static limit but remains non
zero for frictional grains (Seto and Giusteri, 2018; Srivastava et al., 2021) leading to non
collapsing curves of N0(ϕ) or N0(γ̇) at various inter-particle friction coefficients µp, see
Figure A.2a. Interestingly, Srivastava et al. (2021) introduced an anisotropy measurement
of the contact fabric tensor, defined in Equation (A.24). This anisotropy is equivalent to
the second normal stress difference but for the geometrical anisotropic contact tensor, it
gives:

Na
0 = (2Ac

yy − Ac
zz − Ac

xx)/2. (A.37)

192



A.5. CONTACT AND FORCE DISTRIBUTION IN GRANULAR PACKINGS 193

This anisotropy measured the excess of contacts in the flow plane compared to the vorticity
direction and then highlights the origin of the stress anisotropy. Srivastava et al. (2021)
shown that a possible collapse exist for Na

0 at various µp by normalizing the former with
the average number of contacts, Z2 = 2Nc/(Np − Nr), of Np − Nr non rattler particles
(Nc being the total amount of contacts, Nr the amount of rattler particles and Np the
total number of grains). Rattler particles are particles with less than two contacts that
are then not constrained by contacts within the system. Such normalization then gives
similar evolution at various µp of the excess contact anisotropy between the flow plane
and the vorticity direction relatively to the average amount of contact in the system
when varying the inertial number (relative shear rate), see Figure A.2c. This shows the
importance of such relative variable Na

0 /Z2 in order to characterize the effect of friction
on the anisotropy of normal stress and indicate that fabric tensor as well as coordination
number are appropriate internal state variables to develop rheological models accounting
for the evolution of the micro-structure (Srivastava et al., 2021).

A.5 Contact and force distribution in granular pa-
ckings

Figure A.3 – Contact distribution E(θ) plotted in the orientational space for 2D nume-
rical simulations of (a) Deposition under gravity (b) Isotropic compression (c) Biaxial
compression. Source: (Andreotti et al., 2013)

In order to illustrate the quantities developed above, the distribution of contact are
plotted for 2D numerical simulations in the orientational space in the granular packing
for different configurations on Figure A.3. In 2D there is only one angle θ, and the quan-
tities are simplified, see (e.g. Bathurst and Rothenburg, 1990). Similar distributions were
observed by Bathurst and Rothenburg (1990) for biaxial compression. These distributions
demonstrates preferential orientation of contacts in the direction of the principal boun-
dary stress. It shows non equiprobable distribution of contacts within the system which
contradicts the assumption made in the development of constitutive relations of static
and quasi-static packings, see Section 1.2.

In addition, the probability density function of contact forces normalized by the
average contact force over all contacts is plotted for granular packing under biaxial condi-
tions on Figure A.4. The figure shows an exponential tail of the distribution of forces
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Figure A.4 – Probability density function (pdf) of contact forces amplitudes in the sys-
tem normalized by the average contact force for (a) 2D numerical simulations from Radjai
et al. (1999) with two inter-particle friction coefficients (b) Experimental measurement of
contact forces on the wall boundary using force sensor (Løvoll et al., 1999) (b) Experi-
mental measurement of forces on the wall boundary using carbon-paper technique (Mueth
et al., 1998). Source: (Andreotti et al., 2013; Radjai et al., 1998)

Figure A.5 – Contact distribution E(θ) plotted in the orientational space for 2D numerical
simulations of biaxial compression. The contact network is partitioned in a strong network
for which forces are greater that the average contact force in the system and a weak
network for which forces are lower than the average contact force. Source: (Andreotti
et al., 2013; Radjai et al., 1998)

with a number of contacts supporting forces above the average value that exponentially
decrease with increasing measured contact force. As such, Radjai et al. (1998) defined a
strong contact force network as forces above the average value and a weak contact force
network as forces below the average value. They plotted the distribution of contacts in
both networks, see Figure A.5, and show that the strong contact network is oriented in
the direction of the principal stress compression whereas the weak contact network is
oriented in the direction of the weaker stress compression. In addition, they show that
the corresponding forces of the latter contact network contributes to the isotropic part
of the internal stress tensor resisting to the isotropic biaxial compression while the forces
corresponding to the former contact network (strong) contributes to the deviatoric part
of the internal stress tensor allowing the system to resist to the shear induced by the
anisotropy of external imposed stress, i.e. the difference of normal external stress in both
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directions.
Andreotti et al. (2013) proposed a qualitative analysis of such result, they explained that

Figure A.6 – Contact forces network for 2D numerical simulations. The contact forces
strength are represented with thickness of links representing the force between two par-
ticles. Source: (Andreotti et al., 2013; Radjai et al., 1999)

presenting the contact chains in a granular packing, obtained by Radjai et al. (1999) with
numerical simulations and presented on Figure A.6. It shows that the medium displays
strong and weak contacts (highlighted by the thickness of the links on the figure). The
strong chain forces then develops and orientates to support anisotropy induced by the
difference between the vertical and the horizontal loading creating a ’solid skeleton’ of
the packing that gives resistance to the assembly. This skeleton is in an ’isotropic phase’
composed by the weak contacts network chains that stabilizes the skeleton.

A.6 Electrostatic repulsive force
In the work of Clavaud et al. (2017); Perrin et al. (2019, 2021), the classical solid-solid

Hertz normal contact force defined in Section 3.1, is replaced by an electrostatic force of
the form:

Frep = F0e
−z/λd , (A.38)

with F0/d = 1mN/m for silica beads and λd the Debye length that represents the range
of the electrostatic force. This length depends on the concentration of ions as λd =
0.304/

√
[NaCl]nm. Which gives for a concentration of [NaCl] = 10−4mol.L−1 (which

gives frictionless contacts in their results) a length λd = 30.4nm. lr is the typical length
of the roughness on the silica surface which is lr = 3.7nm. We can consider that the
maximum relative displacement of grains repulsed with that force is equal to δrep =d −lr.
The grains diameter is d = 24µm which gives F0 = 2.5 × 108N . Hence the corresponding
effective stiffness of the contact can be estimated for such displacement as:

krep = Frep

δrep

= F0e
−lr/λd

(d−lr)
. (A.39)

This quantity then might be compared to the maximum pressure a grain is subjected to
in the system corresponding to the maximum granulostatic pressure at the bottom of the
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drum. Considering the drum half filled, with a radius of Rd = 6mm in their experiment, it
makes a maximum of Rd/d = 250 grains above one grain. The resulting relative stiffness,
with a packing fraction of ϕ = 0.6, is:

κrep = krep

Rd ∗ g ∗ (ρp − ρf )dϕ
= 1.1 × 103. (A.40)

In order to compare with classical Hertz contact stiffness, we take the force given by
Equation (3.4) with a Young’s modulus for glass of E = 70GPa, a Poisson’s ratio of νp =
0.2 and a diameter in their study of dglass = 500µm, considering the same displacement
δ =d −lr, it gives:

kN = π
√

dE

3(1 − 2νp)δ1/2, (A.41)

And with a drum radius of Rd = 27mm and ϕ = 0.6, it gives:

κ = kN

Rd ∗ g ∗ (ρp − ρf )dϕ
= 1.9 × 103. (A.42)

There is a minimum ratio or 2 between the normal stiffness in both models with lower
stiffness for electrostatic repulsive forces.

A.7 Lengthscales at the approach from unjamming
in the frictionless case

In order to build lengthscales related to the apparition of rearrangements when ap-
proaching unjamming, we can consider a chunk of size l of grains that is artificially cut
from the material. In three-dimensions, the chunk loses l2 boundary contacts, and the
chunk is not stable if the number of contacts in the chunk is lower than the isostatic value.
The excess number of contacts within the chunk scales as (Z − Ziso)l3, considering l3 as
the volume of the chunk. Hence, the number of soft-modes, Nsoft, in the chunk is related
to the difference between the contact loss at the boundary and the excess of contacts
created within the chunk. Indeed, if the excess number of contacts within the chunk does
not balance the loss of contacts at the boundary, the chunk is not stable (below isosta-
ticity) and there is a finite amount of soft-modes. By contrast, if the excess number of
contacts in the chunk is greater than the loss of contacts at the boundary, the number
of soft-modes vanishes and the system is stable. It gives the following theoretical scaling
(Liu and Nagel, 2010):

Nsoft ∼ l2 − (Z − Ziso)l3. (A.43)
At a given compression, i.e. fixed (Z − Ziso), if the size of the chunk is too small, it gives
l2 > (Z − Ziso)l3 and the system is unstable. At large chunk sizes, l3 compensate the low
value of (Z − Ziso) and the excess number of contacts in the chunk becomes greater than
the loss of contacts at the boundary so that the chunk is stable. Then, the lenghtscale l∗

represents the smallest chunk size that sustain rigidity. Below l∗ the chunk will always be
unstable and rearrange; above, it will be rigid (Andreotti et al., 2013). l∗ corresponds to
the size at which Nsoft vanishes (Liu and Nagel, 2010). This latter quantity depends on
the excess number of contacts in the system as:

l∗ ∼ (Z − Ziso)−1 ∼ (ϕ − ϕc)−1/2. (A.44)
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This lengthscale has been observed by constructing the DOS upon compression in nume-
rical simulations (Silbert et al., 2005). Nevertheless, Silbert et al. (2005) observed another
lengthscale in the case of shear modes built from ω∗ that scale as:

l∗
shear ∼ (Z − Ziso)−1/2 ∼ (ϕ − ϕc)−1/4. (A.45)

Although the link between these lengthscales is not established yet, they diverge when
approaching unjamming, i.e. when Z approaches Ziso. These theoretical development
of diverging lengthscales show that the behavior of frictionless granular materials in the
jammed state enables one to built lengthscales diverging at unjamming characteristic of
second-order phase transition.
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Appendix B

Method and model’s appendices

B.1 Fluid-grains interactions
Buoyant weight

The buoyant weight is the sum of the weight of the grain with the Archimedes force.
The latter correspond to the weight of a fluid particle of the same volume as the grain
would have in the absence of the particle. This force is in the opposite direction of the
grain weight. It gives for a sphere:

Fb = πd3

6 (ρp − ρf )g. (B.1)

with g the gravity acceleration.

Stationary drag force

(a) (b)

Figure B.1 – (a) Drag coefficient of a sphere versus the Reynolds number. (b) Correlations
of the drag coefficient in the various regimes.

For stationary motion of the particle in a uniform and stationary flow, the drag force
due to the resistance of the fluid is expressed as:

Fd = Cd
πd2ρf

8 ∥v|xp − up∥(v|xp − up). (B.2)
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In the case of spherical particle, the drag coefficient Cd only depends on the particle
Reynolds number, Rep:

Rep = ρfd∥v|xp − up∥
ηf

. (B.3)

The dependence of Cd with Rep is plotted on Figure B.1a, the corresponding correlations
in the various regimes are given in the Table presented on Figure B.1b.

History force

The history force, Fh, results from the delay of the drag force when the motion of
the particle in the fluid is unstationary. As such it is a correction of the drag force that
consider the unstationnary process as:

Fh =
∫ t

0
K(τ)dFd

dt
(tτ )dτ, (B.4)

with the convolution kernel K(τ). Its expression depends on the flowing regime, i.e.
Rep ≤ 1 or 1 < Rep < 100 (Mei and Adrian, 1992). This force is usually neglected for its
mathematical and numerical complexity and the short-range regime where its expression
is well known. In addition, being a correction of the drag force, the main drag effect is
computed in the stationary drag force expressed above.

The added mass force and Tchen force

In the case of unstationary motion of particles and fluid flow, two unstationary forces
are added to the unstationary drag effect. It reflects acceleration transfers between the
particle and the fluid and is decomposed between the added mass force Fam that results
from the acceleration transmitted to the fluid as:

Fam = CMmf

(
Dv

Dt
|xp − dup

dt

)
, (B.5)

with CM the added mass coefficient ususally set to CM = 0.5 and mf = ρfπd3/6 the
mass of fluid occupied by the particle of volume πd3/6 (sphere). The notation Dv

Dt
is the

acceleration of the fluid calculated at the center of the particle:

Dv

Dt
= ∂v

∂t
+ v.∇v. (B.6)

In the expression B.5, the last term could be switch to the left part of Equation of motion
3.9, the result is equivalent as adding a mass CMmf to the particle mass mp resulting from
an inertial acceleration due to the transfer of acceleration to the fluid. The remaining
term of the expression B.5 refers to the variations of the fluid motion due to the transfer
of momentum. Nevertheless this expression is not sufficient to fully consider the transfer
of momentum to the fluid phase. As a consequence, another force, called the Tchen force,
that represents the acceleration (or decelaration) that the same volume of fluid would
undergo in the absence of the particle:

Ft = mf
Dv

Dt
. (B.7)
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In a majority of applications, the flow is considered stationary and the first term of
expression B.5 as well as the Tchen force vanishes, the added mass term only remains.
In addition, the density of grains being usually greater than the density of the fluid,
mp ≫ mf , then the added mass term is also negligible.

Shear induced lift force

In the presence of velocity gradient, a lift force emerges due to the vorticity of flow.
This force is expressed as:

Fl = Clmf (v|xp − up) × Ω, (B.8)

with Ω = ∇ × v|xp the vorticity, v|xp is the fluid velocity at the center of the particle and
Cl is the lift coefficient that depends on the flowing regime (Saffman, 1965; McLaughlin,
1991).

Magnus Force

The Magnus force results from the rotation of the particle, this force is expressed as:

Fm = Cmagmf (v|xp − up) × Ωp, (B.9)

with Ωp the rotating velocity of the particle and Cmag the constant Magnus coefficient
that also depends on the flowing regime (Barkla and Auchterlonie, 1971).

Fluid moment on a sphere

The only moment a fluid force exerted on a sphere results from the viscosity of fluid
that resist to the rotation of the particle. The corresponding moment depends on the
rotational Reynlds number:

ReΩ
p = ρfd2|Ωp|

4ηf

. (B.10)

In the case of low rotational Reynolds, i.e. viscous rotational regime ReΩ
p < 1, the moment

is written as (Rubinow and Keller , 1961):

M = −πηfd3Ωp. (B.11)

In the case of moderate and high Reynolds number, i.e. inertial regime ReΩ
p > 1, the

moment is written as (Dennis et al., 1980):

M = −2ηfd3(1 + 0.2
√

ReΩ
p )Ωp. (B.12)
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Appendix C

Granular regimes and phase
transition on an inclined plane
appendices

C.1 Influence of the restitution coefficient on hyste-
resis at various inter-particle friction

0.2 0.4 0.6 0.8 1.0
eN

0.0

0.5

1.0

1.5

2.0

2.5

(°
)

p = 0.0
p = 0.05
p = 0.1
p = 0.2
p = 0.5
p = 1.0

Figure C.1 – Hysteresis versus restitution coefficient at various inter-particle friction co-
efficient.

In order to study the influence of the restitution coefficient on hysteresis, we performed
simulations at various restitution coefficient and inter-particles friction coefficients. As
such, results at eN = 0.1, eN = 0.5 and eN = 1 at µp = 1, 0.1, 0.05 and 0 are added to the
results presented in Chapter 4 for µp = 0.2 and µp = 0.5. Hysteresis is presented versus eN

at various µp in Figure C.1. The figure shows no significant variations of ∆θ with eN but
a dominant inter-particle friction effect as shown in Chapter 4. The result then holds for
all inter-particle friction coefficients simulated in our work. It is interesting to note that
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204
APPENDIX C. GRANULAR REGIMES AND PHASE TRANSITION ON AN

INCLINED PLANE APPENDICES

for purely elastic collisions, i.e. in the limit case eN = 1, for finite inter-particle friction
coefficient, hysteresis is at the same order than for inelastic contacts. We also performed
simulations with no contact dissipation both by collisions and friction, i.e. at N = 1 and
µp = 0. Since no dissipation mechanism holds, the simulation starts at θ = 0 in the
static state. The the inclination angle is slightly increase until the medium starts flowing.
Interestingly, the measured average avalanche angle in these case is θstart = 0.06◦. In fact,
the first rearrangement observed is not damped and dramatically leads the system to flow.
Then, we it suggests that for larger domain sizes and layer thickness, the avalanche angle
would tends to 0◦. As a consequence, contact dissipation is then not required to observe
hysteresis if a finite inter-particle is set such that there is a source of dissipation in the
system. Similarly, inter-particle friction is not necessary to observed hysteresis if some
finite grains collisions dissipation is set such that there is a source of dissipation at the
contact scale. Finally, for dry granular media on inclined plane, the existence of a yield
criterion as well as hysteresis require at least one source of dissipation at the contact scale
between friction and collisions.
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Appendix D

Outlook appendices

D.1 Generalization of hysteresis in the frictionless
case for various configurations

D.1.1 Hysteresis in a rotating drum
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Figure D.1 – Temporal evolution of the inclination angle of the free surface of the granular
medium in rotating drum of width W = 10d and diameter (a) D = 50d (b) D = 100d at
µp = 0.5.

We performed simulations in a rotating drum with µp = 0.5 two various drum diameter
D = 100d and D = 50d on Figure D.1. The values of hysteresis are calculated as average
values over the number of avalanches observed on the figure. For D = 50d, hysteresis
is ⟨∆θ⟩ = 2.9 ± 0.9◦. For D = 100d, hysteresis is ⟨∆θ⟩ = 1.8 ± 0.3◦. As expected, the
value depends on the diameter of the drum (Peng et al., 2023), similarly it is expected
to depends on the width of the drum which is fixed here at W = 10d for both diameter
sizes. Nevertheless, the value measured for D = 100d is close to the value measured at
µp = 0.5 on an inclined plane. It is also close to the values of Perrin et al. (2019) for
glass beads at St = 4 but lower than the results from Peng et al. (2023) that measure an
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Figure D.2 – Temporal evolution of the coordination number in a rotating drum of width
W = 10d and diameter (a) D = 50d (b) D = 100d at µp = 0.5.

hysteresis above 2◦ for all glass beads experiments. Further study on the influence of D,
W and the rotating speed needs to be set in order to ensure that the result is rigorous
and to compare our results to literature properly. Nevertheless these results show us that
the hysteresis observed yet in that configuration is globally not as high as in the results
from the literature. One of the main reason may lie in the roughness condition of the
drum that similarly to the inclined plane configuration needs to be studied although less
impact on hysteresis is expected in a rotating drum than on an inclined plane.
Figure D.2 presents the average coordination number evolution with simulation time
for both drum diameters. In both cases alternate cyclic behavior is also observed with
constant values in the static state demonstrating no flow and downward peaks at the
avalanches.

Figure D.3 presents results in the frictionless case with D = 50d as detailed at Chapter
6. Further simulations, especially with various drum sizes and rotating speed are required.
Also, further analysis near the drum boundary are required. Indeed, in such configuration,
the slip tangential condition is expected to lead easily to slip at the boundary since this
geometry imply variations of stress ratio along the drum. The effect of the drum roughness
is then different from the inclined plane configuration but is non trivial.

D.1.2 Hysteresis in a plane shear cell
Simulations in plane shear cell have been conducted in order to study hysteresis in

that configuration.
First, we computed simulations in stress imposed, imposing the same amount of normal

and shear stress in opposite directions at both upper and lower boundary walls. The
inertial number is measured and enables us to observe both flowing and static states as
well as hysteresis. Figure D.5 presents hysteretic cycles of the flow curve µw(I) with
µw the stress ratio imposed at boundaries and Iglobal the resulting inertial number. Two
inter-particle friction were computed: µp = 0.5 and µp = 0.2. For both plots the markers
are colorized from dark to bright indicating the stress path with time. The stress ratio
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Figure D.3 – (a) Temporal evolution of the inclination angle of the free surface of the
granular medium in rotating drum of width W = 20d and diameter D = 100d in the
frictionless case. In the first part the rotating speed is high ω = 1◦/

√
d/g and the medium

is continuously flowing. On the second part the rotating speed is set at ω = 10−2◦/
√

d/g

to observe intermittent flow and arrest. (b) Zoom on the second part.
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Figure D.4 – (a) Temporal evolution of the coordination number in a rotating drum of
width W = 20d and diameter D = 100d in the frictionless case. In the first part the
rotating speed is high ω = 1◦/

√
d/g and the medium is continuously flowing. On the

second part the rotating speed is set at ω = 10−2◦/
√

d/g to observe intermittent flow and
arrest. (b) Zoom on the second part.
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Figure D.5 – Hysteretic cycle of µw(I) curve in a stress imposed planar shear cell confi-
guration with inter-particle friction coefficient of (a) µp = 0.5 and (b) µp = 0.2.
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is first decreasing until the medium stops, then it is increased until the medium starts
flowing again. At µp = 0.5 the critical stress ratios are µw,stop = 36 and µw,start = 0.38.
The corresponding hysteresis is ∆µw = 0.02 corresponding to an hysteresis of 1◦ in terms
of angle. At µp = 0.2 the critical stress ratios are µw,stop = 32 and µw,start = 0.34. The
hysteresis is then the same. Interestingly the measured hysteresis appears to be inde-
pendent on the inter-particle friction coefficient, in addition, the critical stress ratio are
really close between both inter-particle friction coefficients. Similarly, the coordination
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Figure D.6 – Hysteretic cycle of the coordination number Z(µw) in a stress imposed
planar shear cell configuration with inter-particle friction coefficient of (a) µp = 0.5 and
(b) µp = 0.2.

number hysteretic cycles at both µp are plotted on Figure D.6 showing an increase of the
coordination when the stress ratio imposed decrease. The medium then starts showing a
constant coordination number value when µw increases. The values in the static state are
smaller than on an inclined plane and in a rotating drum. Further investigation, espe-
cially refining the stress ratio values near the hysteretic cycle are needed. Simulations at
µp = 0 are underway to compare if hysteresis can be observed for frictionless assembly in
stress imposed planar shear cell. Velocity imposed simulations are also underway in order
to compare the results with stress imposed values of hysteresis. Finally, similarly to the
inclined plane configuration, the influence of the plane walls roughness is non negligible
and require extensive studies.
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Titre : Analyse numérique de l’hystérésis en milieux granulaires sur plan incliné
Mots clés : Milieux granulaires, Hystérésis, Micro-structure, Avalanche, Inertie, Frottement
Résumé : La transition entre le régime d'écoulement dense et le régime statique des milieux granulaires est un enjeu scientifique dans la
description de ces milieux pour des applications autant industrielles comme le stockage et transport de minerais que pour des applications
géophysique dans la modélisation et prédiction d'avalanches granulaires par exemple. Développer des modèles théoriques permettant de
modéliser cette transition de phase est donc majeur pour la physique des milieux granulaires. Cette transition de phase a la particularité de
présenter un comportement hystérétique : les conditions de changement d'état dépendent de l'histoire, c'est-à-dire du chemin de contraintes
empreinté. Ce phénomène n'est pas pris en compte dans les modèles classique et empêche une description unifié des milieux granulaires dans
les régimes solides et liquides. Son origine physique, entre effets d'inertie et frottement des grains, fait aujourd'hui encore débat dans la
littérature.



Le présent travail de thèse s'attache à étudier l'hystérésis d'un milieu granulaire idéal dans une configuration de plan incliné rugueux, à partir
d'une modélisation par éléments discrets. Le travail s'attache dans un premier temps à étudier qualitativement le long de la couche de grain la
réponse du milieu à la contrainte, c'est-à-dire à l'angle d'inclinaison du plan, mettant en évidence les états en jeu dans cette transition de phase à
laquelle est associée l'hystérésis. La dynamique et la statique du milieu sont ensuite caractérisés de manière macroscopique à l'aide des variables
d'états classique décrivant la densité et l'écoulement du système. Une description de la micro-structure du système est aussi développée afin de
caractériser ces régimes, elle met en évidence l'importance du réseau de contact et plus particulièrement de l'évolution du nombre moyen de
contacts entre grains avec l'angle d'inclinaison. L'effet de la dissipation collisionnelle est étudié et aucun effect notable n'est observé sur les
angles critiques définissant les conditions de stabilité du système ainsi que sur leur difference qui quantifie l'hystérésis. Le frottement a, en
revanche, un effet majeur sur ces quantités. Son effet est alors quantifié et montre que ce mécanisme de dissipation est, comme attendu,
centrale dans la transition de phase et l'hystérésis.



Dans un second temps, le système de grains est immergé dans un fluide au repos afin de quantifier l'effet du fluide sur le milieu granulaire au
premier ordre. Les résults permettent de montre un effet non négligeable de variation d'inertie des grains mettant en évidence un effet combiné
de l'inertie et du frottement sur l'hystérésis et permettant de rationaliser les différents résultats de la littérature. Ensuite, les angles critiques ainsi
que l'hystérésis sont charactérisés à l'aide de l'évolution de la micro-structure au niveau des transitions de phase lorsque sont variés le
frottement et l'inertie des grains.



Finallement, l'absence d'effet de dissipation par collisions couplé avec l'effet combiné entre inertie et frottement permet d'établir une vision plus
claire de l'origine de l'hystérésis dans l'optique de développer des modèles continus décrivant ce phénomène.

Title: Numerical analysis of hysteresis in granular media down inclined plane
Key words: Granular media, Hysteresis, Micro-structure, Jamming, Inertia, Friction
Abstract: The transition between dense flow and static granular regimes is a major scientific challenge in the description of granular media, both
for industrial applications such as mineral storage and transport, and for geophysical applications such as the modeling and prediction of
granular avalanches. Developing theoretical models for this phase transition is therefore of major importance for the physics of granular media.
A particular feature of this phase transition is its hysteretic behavior: the conditions of transition between both regimes depend on the history,
i.e. the stress path. This phenomenon is not taken into account in conventional models, and prevents a unified description of granular media in
both solid and liquid regimes. Its physical origin, between inertia effects and grain friction, is still debated in the literature.



The aim of this work is to study the hysteresis of an ideal granular medium in a rough inclined plane configuration, using discrete element
modeling. The work begins with a qualitative study of the response of the medium along the grain layer to stress, i.e. to the angle of inclination
of the plane, highlighting the states involved in this phase transition at which hysteresis is associated. The dynamics and statics of the medium
are then characterized macroscopically using classical state variables describing the density and flow of the system. A description of the micro-
structure of the system is also developed to characterize these regimes, highlighting the importance of the contact network and, more
specifically, the evolution of the average number of contacts between grains with the angle of inclination. On the one hand, the effect of
collisional dissipation was studied and no significant effect was observed on the critical angles defining the system's stability conditions, or on
their difference, which quantifies hysteresis. Friction, on the other hand, has a major effect on these quantities. Its effect is then quantified and
shows that this dissipation mechanism is, as expected, central to the phase transition and hysteresis.



In a second step, the grain system is immersed in a fluid at rest to quantify the effect of the fluid on the granular medium at first order. The
results show a non-negligible effect of inertia variation highlighting a combined effect of inertia and friction on hysteresis and rationalizing the
various results reported in the literature. Then, critical angles and hysteresis are characterized by the evolution of the micro-structure at phase
transitions when friction and grains inertia are varied.



Finally, the absence of collisional dissipation coupled with the combined effect of inertia and friction provides a clearer picture of the origin of
hysteresis, with a view to developing continuous models to describe this phenomenon.
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