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Black holes and their perturbations in the search for new physics
Anna Chrysostomou

Abstract

Black hole quasinormal modes (QNMs) serve as an indispensable tool in the study of (semi-) classical and
alternative theories of gravity, capable of describing the intricate dynamics of perturbed black hole systems
and of fully characterising their black hole source. Since their identification in the 1970s, QNMs and their
corresponding complex quasinormal frequencies (QNFs) have provided insight into the nature of singu-
larities, the stability of black hole space-times, and the validity of principles like cosmic censorship and
the no-hair conjecture that pervade general relativity (GR) but remain without formal mathematical proof.
Within the newly-established era of gravitational-wave (GW) astronomy, we can exploit the phenomeno-
logical applications of the extant theoretical QNM framework; we can perform quantitative analyses of GWs
emitted in the wake of black hole merger events and employ these in searches for new physics.

We explore these ideas within this thesis, in the context of fixed spherically-symmetric black hole back-
grounds upon which a scalar test field propagates. In this vein, we seek to understand how parameters
from the black hole space-time and the propagating field influence the QNF spectrum, the constraints we
can derive as a result, and whether QNMs can be used in the search for extra dimensions.

We focus on three space-times in particular: the Schwarzschild black hole, which we choose for its sim-
ple structure; the charged Reissner-Nordstrom background embedded in an asymptotically-de Sitter space-
time, which reflects the most complicated spherically-symmetric background with GR; an extra-dimensional
space-time made up of a Schwarzschild black hole embedded in a space-time of mixed curvature.

Within the Schwarzschild space-time, we investigate the influence of a field mass on the scalar QNF
spectrum, where an upper bound can be derived beyond which QNMs fail to propagate. The corresponding
QNFs lie in the quasiresonance regime, related to the phenomenon of superradiance.

As an additional investigation within the Schwarzschild space-time, we extend our analysis of the semi-
classical tools used to compute QNFs to the computation of the QNM wavefunction and “quasinormal ex-
citation factor” (QNEF). Since tests of GR are mode-specificc QNEFs provide a measurement of relative
excitation required to identify a particular mode within the detected GW spectrum that is independent of
the black hole’s initial perturbing stimulus. In section 2.4, we discuss the procedure we have developed to
construct higher-order QNEFs, based on the Dolan-Ottewill and Schutz-Iyer-Will formalisms.

We then expand our interrogation of the effect of field and black hole parameters on the QNFs by exam-
ining the QNF spectrum of a spin-0 field with mass y and charge g within the Reissner-Nordstréom de Sitter
(RNdS) black hole space-time with mass M, charge Q, and cosmological constant A > 0. Using a phase
space diagram, we show how the cosmological constant enforces upper limits on the black hole mass and
charge. With this diagram, we review the Weak Gravity Conjecture (WGC) that extracts mass and charge
constraints from black hole mechanics, the Festina-Lente (FL) bound that provides a lower bound of field
mass and charge from black hole decay processes, and the cosmic censorship conjectures that preserve the
deterministic nature of GR.

Through a semi-classical computation method tailored to the calculation of charged and massive scalar
QNMs in the RNdS black hole background, we show how QNFs evolve within the phase space; we demon-
strate regular and anomalous QNF behaviour and its dependence on black hole and field parameters. In
particular, we focus on the application of this QNM analysis in the study of stability, superradiance, and cos-
mic censorship violations within extremised regions of the RNdS black hole. We find regions in the phase
space predisposed to superradiance, as well as QNFs in violation of cosmic censorship.

Our final investigation is focused on the search for signatures of new physics using GWs from binary
black hole collisions. We investigate an extra-dimensional model of mixed curvature whose higher-dimensional
manifold is a compact negative space. Specifically, we are concerned with a product space comprised of a
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four-dimensional Schwarzschild black hole space-time and a three-dimensional nilmanifold (twisted torus).
We show how we can model the black hole perturbations as a scalar test field, with the extra-dimensional
geometry stylised in the QNM effective potential as a squared mass-like term representing a Kaluza—Klein
tower of states. This allows us to apply our understanding of massive QNMs to the search for new physics.

Finally, we consider how GW data from the LIGO-Virgo-KAGRA Collaboration can be incorporated in
QNMs studies of extra dimensions. As a proof of concept, we demonstrate how parametric deviations from
GR can be used in the search for new physics with QNMs. For more stringent limits, we compare the
QNF spectrum for the “Schwarzschild-nilmanifold model” against the hierarchical tests of GR performed by
the LIGO-Virgo-KAGRA Collaboration to determine a possible “detectability bound” beyond which extra
dimensions cannot be detected using QNFs.
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Trous noirs et leurs perturbations dans la recherche d’une nouvelle
physique

Anna Chrysostomou

Résumé

Les modes quasi-normaux des trous noirs constituent un outil indispensable dans 1’étude des théories (semi-
)classiques et alternatives de la gravité, capables de décrire la dynamique complexe des systémes de trous
noirs perturbés et de caractériser pleinement les sources des trous noirs. Depuis leur introduction dans les
années 1970, les modes quasi-normaux et leurs fréquences complexes, ont permis de mieux comprendre la
nature des singularités, la stabilité des espaces-temps des trous noirs et la validité de principes tels que la
censure cosmique et la « théoreme de calvitie », qui sont omniprésents dans la relativité générale mais qui
n’‘ont pas encore été prouvés mathématiquement. Dans la nouvelle ére de I'astronomie des ondes gravita-
tionnelles, nous pouvons espérer exploiter les applications phénoménologiques des modes quasi-normaux;
nous pouvons effectuer des analyses quantitatives des ondes gravitationnelles émises dans le sillage des
événements de fusion de trous noirs et les utiliser dans la recherche de nouvelle physique.

Nous explorons ces idées dans cette thése, dans le contexte d’arriére-plans fixes de trous noirs sphérique-
ment symétriques sur lesquels se propage un champ test scalaire. Nous commengons par une introduc-
tion pédagogique aux modes quasi-normaux dans I'espace-temps des trous noirs de Schwarzschild, afin de
présenter les techniques de calcul des fréquences quasi-normales et d’illustrer le comportement caractéris-
tique des modes quasi-normaux et 'effet des parameétres de champ. Cela permet d’'introduire la fonction
d’onde des modes quasi-normaux et le “facteur d’excitation quasi-normal”. Comme les tests de la relativité
générale sont spécifiques a un mode, les facteurs d’excitation quasi-normaux fournissent une mesure de
'excitation relative nécessaire pour identifier un mode particulier dans le spectre détecté, indépendamment
du stimulus perturbateur initial du trou noir. Dans la Section 2.4, nous discutons de la procédure que nous
avons développée pour construire des facteurs d’excitation quasi-normaux d’ordre supérieur, sur la base
des formalismes Dolan-Ottewill et Schutz-Iyer-Will.

Dans les Chapitres 3 et 4, nous étendons notre examen de l’effet des parameétres du champ et du trou
noir sur les fréquences quasi-normales en examinant le spectre d’un champ de spin-0 avec une masse y et
une charge q dans un espace-temps de trou noir de Reissner-Nordstrém de Sitter (RNdS) avec une masse
M, une charge Q, et une constante cosmologique A > 0. Pour ce faire, nous explorons d’abord l'espace
des parametres et la structure globale du trou noir RNdS dans le Chapitre 3. Cela permet de développer
les nuances des concepts physiques fondamentaux qui seront abordés par nos analyses, viz. la conjecture
de faible gravité qui extrait les contraintes de masse et de charge de la mécanique des trous noirs, la limite
de Festina-Lente qui fournit une limite inférieure de la masse et de la charge des champs a partir des pro-
cessus de désintégration des trous noirs, et les conjectures de censure cosmique qui préservent la nature
déterministe de la relativité générale.

Nous procédons a I’analyse des modes quasi-normaux dans le Chapitre 4. Avec une méthode de calcul
semi-classique adaptée au calcul des champs scalaires chargés et massifs dans l’arriére-plan du trou noir
RNdS, nous démontrons le comportement régulier et anormal des fréquences quasi-normales et la dépen-
dance aux parametres du trou noir et du champ. En particulier, nous nous concentrons sur 1’application de
cette analyse dans 1'étude de la stabilité, de la superradiance et des violations de la censure cosmique dans
les régions extrémisées du trou noir RNdS.

Enfin, nous nous intéressons a la recherche de signatures de la physique au-dela du modele standard a
l'aide des ondes gravitationnelles provenant de collisions de trous noirs binaires. Nous expliquons d’abord
le scénario au-dela du modele standard qui nous intéresse : un modele extradimensionnel de courbure mixte
dont le manifold de dimension supérieure est un espace négatif compact. Le Chapitre 5 est donc dédié a la
motivation et a la construction de ce modele extra-dimensionnel. Plus précisément, nous nous intéressons
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a un espace produit composé d'un espace-temps quadridimensionnel de trous noirs de Schwarzschild et
d’un nilmanifold tridimensionnel (tore torsadé). Nous montrons comment nous pouvons modéliser les
perturbations comme un champ test scalaire, la géométrie extradimensionnelle étant décrite dans le potentiel
effectif sous la forme d’un terme de masse au carré représentant une tour d’états de Kaluza-Klein.

Le Chapitre 6 se concentre sur les techniques d’acquisition, de traitement et d’interprétation des don-
nées des ondes gravitationnelles utilisées par la collaboration LIGO-Virgo-KAGRA, et comment elles peu-
vent étre utilisées dans les tests de relativité générale. Nous expliquons ensuite comment nous utilisons
I'infrastructure LVK dans notre propre étude. Nous calculons le spectre des fréquences quasi-normales
pour le modéle “Schwarzschild-nilmanifold” en utilisant trois méthodes numériques différentes, et nous
les comparons aux tests hiérarchiques de la relativité générale effectués par la collaboration LVK afin de
déterminer une possible “limite de détectabilité” au-dela de laquelle les masses de Kaluza-Klein ne peuvent
pas étre détectées a l'aide des fréquences quasi-normales.
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Chapter 1

Introduction

The gravitation attraction of a star with a diameter 250 times that of the Sun and comparable in
density to the earth would be so great no light could escape from its surface. The largest bodies in
the universe may thus be invisible by reason of their magnitude...

Pierre-Simon de Laplace in Exposition du Systéme du Monde' (1796)

Einstein’s theory of general relativity (GR) relates the curvature of the space-time of the universe to the
energy and momentum of the matter therein, providing a geometric theory of gravity that has withstood
each experimental challenge levelled against it [3]. The mathematical formulation of GR can be succinctly
summarised through the Einstein field equations,

1
Ruv = 5Rguw + Aguy = KTy, 11

where Newton’s constant G can be related to the reduced Planck mass through the gravitational constant
k2 = 8nG/c* = 1/M3 (see Refs [4-8] for introductions and reviews). Space-time curvature is encoded
in the metric tensor g, the Ricci curvature tensor Ry, and the Ricci scalar R = g*”R,,,; the stress-energy
tensor T), contains the characteristic information about the matter content of the universe. Within this
thesis, we consider scenarios inclusive and exclusive of a cosmological constant A > 0, which corresponds
to asymptotically-de Sitter and asymptotically flat space-times, respectively.

To determine exact solutions to the Einstein field equations, we rely on the introduction of simplifying as-
sumptions, usually informed by physically-motivated symmetries and corresponding to gravitational phe-
nomena [9]. In this work, we focus on the vacuum solutions under spherical symmetry. By Birkhoff’s
theorem, these spherically-symmetric vacuum solutions are the Schwarzschild and the Reissner-Nordstrém
(RN) black holes [10]. For A > 0, these are the Schwarzschild de Sitter (SdS) and Reissner-Nordstrém de
Sitter (RNdS) solutions, respectively.

To describe dynamical systems, we require additional approximations. Einstein’s summation convention
disguises the highly nonlinear behaviour within GR, which renders the prospect of determining exact so-
lutions for such dynamical systems impractical. As such, we impose that deviations from the metric are
small; terms that are quadratic and beyond in g, are considered to contribute negligibly to the equations of
motion. In this way, we develop linearised gravity and, by extension, the black hole perturbation theory that
has played an essential role in the development of gravitational theory over the last century, culminating in
the successful realisation of gravitational-wave (GW) astronomy [11].

Laplace [1] is considered among the first to predict the existence of black holes [2].
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GR predicts the existence of black hole quasinormal modes (QNMs), the proper modes at which a black
hole oscillates when excited by a non-radial perturbation?. Unlike the normal modes of Newtonian gravity,
these modes are damped by the emission of GWs; the corresponding eigenfrequencies are therefore complex
[13, 14]. We begin our discussion with the contextualisation of QNM research within GW investigations,
and emphasise its importance in the broader field of gravitational physics. To do so, we briefly review how
black holes and their QNMs can be studied within GW astronomy, formal theory, and phenomenology. We
then conclude our introduction with a summary of our objectives and an outline of the thesis, highlighting
how our novel results contribute to the GR community and beyond.

1.1 Black holes and their QNMs in the new-found era of gravitational-
wave astronomy

In analogy to the electromagnetic waves produced by accelerating charges, GWs are generated by any mas-
sive body undergoing acceleration. However, for a GW signal to be observable from millions of lightyears
away (i.e. for the amplitude of the GW to rise above the background noise), its source must be sufficiently
massive and/or rapidly accelerating [15]. In principle, observable GW sources include coalescing com-
pact bodies, pulsars, supernovae (all of which are sources of “deterministic’” GWs), and a “cosmic GW
background” comprised of the stochastic GWs created by the superposition of a large number of indepen-
dently ringing sources, analogous to the cosmic microwave background [15-17]. In 2015, the first direct
detection of GWs was captured by the Laser Interferometer Gravitational-Wave Observatory (LIGO). This
much-anticipated achievement represents the culmination of painstaking numerical and experimental de-
velopment spanning decades, as detailed in Ref. [18], and facilitated unprecedented access to the universe
beyond the reach of the electromagnetic spectrum. To date, over 90 GW events have been confirmed — 83 of
which are classified as binary black hole mergers — with a probability of astrophysical origin pastro > 0.5
[19-21], providing us with the novel opportunity to scrutinise GR in the relativistic strong-field regime and
placing us firmly in the era of GW astronomy.

Such success in the 10 Hz < f < 10 kHz frequency range motivates the planned upgrades for present
observatories, as well as the establishment of other international GW efforts, with the intention of establish-
ing a network of strategically placed GW detectors of varying configurations positioned across the globe.
Advanced LIGO consists of two identical interferometers, located in Hanford (Washington) and Livingston
(Louisiana) in the United States. Each of these detectors has 4 km-long orthogonal arms and is sensitive to
strains of the order of 10~2%. The Virgo GW detector near Pisa (Italy) has arms of 3 km and is consequentially
slightly less sensitive than LIGO; in comparison, the GEO600 near Sarstedt (Germany) has effective opti-
cal arm lengths of 1.2 km. The Kamioka Gravitational Wave Detector > (KAGRA) in Hida (Japan) is built
beneath the Kamioka Observatory, and is characterised by cryogenic mirrors that aid in reducing seismic
and thermal noise [22]. In so doing, KAGRA enriches the global network’s sensitivity, forcing the detection
threshold further towards the fundamental limits of quantum noise [23]. Through consistent efforts by the
LIGO-Virgo-KAGRA (LVK) Collaboration, LIGO-India has been approved for construction in the Maha-
rashtra province, and will come online within the next decade, with a strain sensitivity of ~ 10~2* over the
10 Hz < f < 10kHz frequency range [24]. Consistency between the observations of these detectors enables
the suppression of noise as well as coherent analysis and the sky localisation of GW signals that in turn
promote multi-messenger follow-ups of events [25].

Moreover, this access to GW astrophysics additionally motivates the exploration of the broader GW spec-
trum. For example, the North American Nanohertz Observatory for Gravitational Waves (NANOGrav),
active in the lower-frequency band, relies on the precise timing of pulsars to detect GW remnants from past

2These perturbations refer to common astrophysical processes like matter accretion, incoming radiation, entry into the gravitational
field of another astrophysical body, and — most significantly — black hole merger events [12].
3formerly the Large Scale Cryogenic Gravitational Wave Telescope (LCGT)
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mergers of supermassive black holes [26].%. The approved space-based Laser Interferometer Space Antenna
(LISA) will trace the evolution of black holes from the early Universe through the peak of the star formation
era [28]). With plans for broadly-sensitive detectors like the Cosmic Explorer [29], we are poised to observe
GW sources ranging from the stochastic background at ~ 10~1? Hz to pulsars at ~ 10° Hz [30].

This newfound position allows us to test directly the strong-field dynamics® of gravity for the first time,
as well as to probe the principles we consider sound, such as the “no-hair” conjecture [32-34] — which in-
dicates that isolated Kerr-Newman black holes in equilibrium can be fully characterised by their Arnowitt-
Deser-Misner (ADM) mass (M), charge (Q), and spin parameter (a) [4, 11]. We are also equipped to pursue
tantalising hypotheticals like extra-dimensions [35-37] and supersymmetry [38]; recent considerations sug-
gest that signals from primordial black holes could lie within the sensitivity range of LISA, or even future
iterations of LIGO for Mppy < 100Mg [39, 40].

Although GWs, by definition, are generated by all massive accelerating bodies, GWs interact weakly with
matter and are thus difficult to detect. The merger of compact bodies such as black holes or neutron stars,
however, releases enough energy to produce detectable signals (where the associated violence is considered
in Ref. [13] as second only to the big bang). Furthermore, models of black hole binary mergers are the most
comprehensive and accurate of the two-body systems [17]. For these reasons, the most frequently detected
GWs are those sourced from binary black hole collisions [21].

As we see in Fig. 1.1, the gravitational waveform modelled via the techniques of numerical relativity
(refined over the course of several decades [14]) finely predicted the behaviour of the data captured by the
LIGO detectors. Itis well known [11, 12, 14, 41, 42] that specific waveform features correspond to particular
stages for the coalescence of a black hole binary system:

(i) inspiral: long, adiabatic stage as orbit shrinks and GW emission increases;
(ii) plunge: violent merger into a single black hole and GW emission peaks;

(iii) ringdown: final black hole emits damped GWs as it relaxes into a stationary state.

The “inspiral phase” marks an orbital decay; within GR, the compact objects spiral closer together due to
their loss of energy and angular momentum in the form of GWs. As the orbit shrinks, the frequency and
amplitude of these GWs increase. Note how this is in contrast to Newtonian binary systems, where bodies
can follow closed elliptical orbits. However, since the overall scenario remains non-relativistic, it can be
modelled quite accurately through the post-Newtonian approximation, where expansions in powers of v/¢c
may be used to describe quantities like energy and flux [11, 41]. Inspiral ends with a final stable orbit, the
innermost stable circular orbit (ISCO). The subsequent “plunge” represents the merging of the black holes,
a stage dominated by strong-field dynamics and involving the maximal release of energy via GW emission
[13, 41]. This is modelled using numerical relativity. The resultant, distorted black hole then “rings down”
with characteristic frequencies, as it settles into a final quiescent state. The damped GWs emitted by this final
black hole are a superposition of QNMs; they dominate the GW spectrum at late times, as first demonstrated
in Ref. [44]. The corresponding characteristic frequencies are the quasinormal frequencies (QNFs). Typical
models presume that one mode dominates soon after the black hole merger, and an exponentially damped
oscillation at constant frequency can be observed as the black hole settles towards its final state [14].

The relevance of these QNMs lies in the physical quantities encoded within them. From the amplitude
of the QNM, details concerning the initial black hole binary system may be extracted [11, 14]. The authors
of Ref. [45], for example, captured information regarding the mass ratio and spins of the progenitor black
holes through a comprehensive numerical interrogation of coalescing black holes.

The QNF, however, is considered “the most physically meaningful quantity after merger” [41]. Super-
ficially, we recognise it to a be a complex quantity, where the real part represents the physical oscillation

“Through their analysis of 15 years of pulsar timing data, the NANOGrav collaboration recently released promising results indicative
of a stochastic GW background from supermassive black hole binaries [27].

5The strong-field regime represents the limit at which the post-Newtonian (v < c) approximation of gravity fails, such as when
relativistic objects are concerned [31]. Since GWs carry energy outward at v ~ c, they are considered a strong-field system [11].
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Figure 1.1: Top: the observed GW signal for the binary black hole merger event GW150914, as measured at the
Livingston (L1) and Hanford (H1) LIGO detectors. Bottom: inspiral, merger, and ringdown of the waveforms modelled
using the parameters extracted from the GW150914 event [43].

frequency and the imaginary part expresses the damping of the system [14, 42]. Of greater astrophysical
interest, however, is its connection to the character of the final black hole. While the behaviour of the inspiral
stage is specified by the nuances of the initial perturbation, ringdown depends exclusively on the parame-
ters of the final black hole, viz. the ADM mass, charge, and spin parameter [46]. In studying a single QNM,
these parameters may be extracted, and the black hole fully described®.

As such, QNM studies allow for a means of investigating and cataloguing black holes according to their
characteristic parameters. This offers the opportunity to test the “no-hair conjecture” directly [11, 14]. Such
investigations are already underway, as demonstrated in Ref. [48], where the analysis was performed using
data from the first detected merger event. The authors also noted that in their identification of multiple ring-
down modes in the data, they established a measure of progress in the pursuit of black hole spectroscopy.
Since we expect to experience a veritable GW data deluge in the coming years, the gravitational physics
community shall have ample opportunities to expand upon this work.

However, with this additional volume of data, it is necessary to consider the accuracy with which we
calculate QNMs and their associated quantities. As explained in Ref. [47], maximising accuracy in QNM
calculations is imperative because of the relationship between QNF and black hole parameters: a slight
change in the former corresponds to a considerable change in the latter. For this reason, a significant por-
tion of QNM research has been dedicated to the establishment of highly accurate approaches to the QNM
problem.

Furthermore, the increased sensitivity in our detectors suggests an increase in the capturing of higher
overtones and harmonics. As discussed in Ref. [49], identifying an individual mode within the superposi-
tion of QNMs observed is necessary for the development of waveform models and the testing of GR. Since
the detectability of each mode depends on its relative excitation, a means by which to quantify the excitation
of a QNM that is independent of the initial perturbing stimulus is vital.

As the name suggests, quasinormal excitation factors (QNEF) indicate how and by how much QNMs
are excited [50]. Few papers are available on the subject, due in part to the complexity of the problem
of determining the QNM wavefunction. A seminal attempt at the QNEF computation was carried out by

®This is in accordance with the “no-hair conjecture”, which presumes a perfectly isolated black hole at equilibrium — something
impossible to attain, for even in a space-time devoid of matter and fields, a black hole interacts with the vacuum [47].
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Andersson in 1995 [51]. Following Nollert and Schmidt’s construction of the QNMs as singularities of
a Green'’s function [52], Andersson applied the “phase-integral method”” to the case of scalar QNMs in
a Schwarzschild background. The final formulae he generated carried over naturally to the gravitational
counterpart. It was only recently that the semi-analytic computation of QNEFs for the case of the Kerr black
hole was been successfully carried out in Ref. [55] using a WKB analysis at leading order.

A further important example is Ref. [56], focused on a Kerr black hole spacetime and carried out using
numerical techniques. For corotating modes, the authors found that the excitation factors tend to zero in
the extremal limit, and that the contribution of the overtones should be more significant when the black
hole is fast rotating. They also present the first analytical calculation of the large-damping asymptotics of
the excitation factors for static black holes. An extensive numerical follow-up by Oshita [57] explored Kerr
QONEFs to the 20th overtone.

The calculation of a QNEF has received renewed interest following the regular detection of GWs from bi-
nary black hole merger events [58-60]. This accumulation of GW data has allowed for thorough examination
of the aforementioned relationship between QNFs and the parameters of post-merger black holes, enabling
improved testing of GR in the strong regime [58-61]. However, it has also emphasised the importance of
quantifying QNM excitations. Isolating the QNM-dominated phase of the post-merger gravitational radia-
tion from the gravitational waveform is known to be highly non-trivial [61], due to the low signal-to-noise
ratio (SNR) of the post-merger phase and the technical challenges in combining posterior probability den-
sities from multiple events [15, 62]. Quantifying QNM excitations is expected to become more complicated
as GW detector sensitivity to higher overtones [57] and harmonics [63] increases [64].

To observe how the QNEF contributes to the GWs, we may describe the evolution of the post-merger
gravitational radiation propagating in the black hole background as a superposition of QNMs. On the basis
of the spherical symmetry of the black hole spacetime at hand, the QNMs may be subjected to a variable-
separable decomposition. As such, we can express the GW spectrum as

. 1 i
hy +ihy = P Z Con Yo (6,9) e 1wnet (1.2)

Imn

where 11, and hy are the strain amplitudes for the two polarisations of the GW. Since we assume a static and
spherically-symmetric background, the spheroidal harmonics Yy, (6, ¢) reduce to their spherical counter-
parts, defined in terms of the multipolar number ¢ and azimuthal number m. The QNFs can be decomposed
as

Wyp = WR — Wy, wr,wr €R, (13)

where wp represents the real oscillation frequency and wy is proportional to the inverse damping time. The
magnitude of the imaginary part increases monotonically with 7, the “overtone” number. The “fundamental
mode” that dominates ringdown is n = 0. For a harmonic time dependence (t) ~ ¢~*“*, the imaginary
part of the QNF must be negative to ensure black hole stability [44].

While the Schwarzschild QNFs depend exclusively on the mass of the black hole by virtue of the no-hair
conjecture [32], the “quasinormal excitation coefficient” C;,, depends also on the initial perturbing stimulus
[14]. In Ref. [57], the excitation factor is expressed as a product of the QNEF By, and a source factor 7y,,.
The latter depends on the initial data of the black hole, where Gaussian wavepackets were traditionally
considered in earlier works [51, 52]. The QNEF, on the other hand, is independent of the initial perturbing
stimulus and may be considered a quantifying factor for the ease with which QNMs are excited [57]. In
Section 2.4, we perform a dedicated calculation of this QNEEF, extending the lower-order result of Ref. [50]
and demonstrating how the QNEF allows us to distinguish between higher harmonics and overtones in the
QNM spectrum.

7 A semi-analytical technique used to approximate the solution to a second-order ordinary differential equation by integrating an in-
troduced “phase function” along a complex contour [53], applied by Andersson to the computation of QNMs [54].
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1.2 Black holes and their QNMs as probes of fundamental physics

While precise definitions may vary within the broader physics community, the general relativist’s standard
interpretation of a spherically-symmetric black hole includes an event horizon and a singularity, with the
former concealing the latter [65]. Common lore then suggests that classical GR breaks down at the singu-
larity and quantum effects manifest [66]. That black holes could serve as the intermediary between classical
and quantum gravity is a well-proliferated belief — with the hope that black hole studies could usher in
a paradigm shift, much like analyses of the hydrogen atom catalysed modern quantum mechanics [67].
Within the subject of black hole thermodynamics, the heuristic connections between classical and quantum
aspects of gravity become more concrete: for example, intrinsically quantum attributes such as entropy and
temperature are related to classical quantities such as horizon area and surface gravity through the works
of Mukhanov, Bekenstein, Hawking, Gibbons [67-71], and their contemporaries.

As an example, Hod in 1998 established a connection between black hole thermodynamics and the QNFs
of a Schwarzschild black hole in the highly-damped regime: from Nollert’s numerical results [72],

. 0.0437123 Hod. In3
me{ngrfww"f} Y TTM 87M (14)

Here, 1/87wM is the Hawking temperature T, of the Schwarzschild black hole, which is defined in terms of
the event horizon surface gravity k. as T = k4 /27 [73]. From this result, Hod determined that Eq. (1.4)
could imply a fundamental scaling of the “quantum Schwarzschild black hole” area [74].

A more active line of inquiry lies in the “Swampland programme”. Upon compactification, string theories
defined in space-times of dimension d > 4 should reduce to effective field theories (EFTs) containing both
the Standard Model (SM) and gravity at the low-energy scale. This can be achieved for a landscape of choices
in compactification parameters. In the pursuit of a falsifiable field theory limit, however, this diversity in
consistent theories becomes problematic: there exists a staggering number of string vacua about which the
low-energy EFTs are constructed, such that deriving any constraint thereof is extremely difficult.

However, as suggested in Ref. [75], not all semi-classically consistent low-energy EFTs can be completed to
a full theory. These EFTs occupy the “Swampland”, in antithesis to the “Landscape” of self-consistent EFTs
that can be derived from a UV-complete theory of quantum gravity. Under the “Swampland programme”,
low-energy EFTs that do not satisfy conjectured selection criteria for the Landscape (i.e. the “Swampland
conjectures” [76]) are retired to the Swampland.

Many of the Swampland conjectures are constructed using heuristic arguments from black hole mechan-
ics. One of the most well-established results thereof is the Weak Gravity Conjecture (WGC), where consid-
erations of black hole emission of particles with mass m and charge ¢ led to constraints on EFTs inclusive of
gravity and U(1) abelian gauge fields in asymptotically-flat space-time [77]. The formulation of the conjec-
tureis as follows. At (super)extremality, a black hole in asymptotically-flat space-time has a mass M (greater
than or) equal to its charge Q, such that M/|Q| > 1 in natural units. Black hole decay occurs by means of the
radiation of elementary particles. If such elementary particles have a mass-charge ratio m/|q| > 1, then the
black hole would radiate all of its mass before losing its charge, resulting in a “black hole” remnant of zero
mass but non-zero charge. Citing the logical inconsistency of such a result, the WGC requires the existence
of an elementary particle whose ratio of mass to gauge field charge is less than one. We can write this as

m< g1Mp, (1.5)

where Mp is the Planck mass and g is the U(1) gauge coupling [77]. Within this work, we take U(1) to be
electromagnetism, unless stated otherwise.

However, the WGC is confined to the Minkowski context, whereas asymptotically-de Sitter space-time
better relates to our current dark-energy-dominated cosmological era. Two key experiments in 1998 [78, 79]
provided the initial empirical evidence that the universe is expanding at an accelerated rate, and modern
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surveys continue to support the existence of a positive cosmological constant [80]. Within theory, interest
in de Sitter space-time is ubiquitous [81] due to its holographic dual description via conformal field theory
[82], the still-unresolved question of de Sitter stability in quantised theories [83, 84], and its generalisable
thermodynamic properties [85].

This last point is particularly interesting. As a consequence of the exponential expansion associated with
the positive vacuum energy, a black hole in an asymptotically-de Sitter universe is surrounded by a cos-
mological horizon beyond which information becomes inaccessible. Hawking radiation [70, 86] emanates
from this horizon, such that the cosmological horizon is associated with a de Sitter temperature Tqg and
Gibbons-Hawking entropy S4s [71]. Except in specific cases, the black hole temperature Tgpy differs from
Tys. For a sufficiently large black hole, however, the system drifts towards thermal equilibrium.

It is worth noting that the fundamental nature of black holes is qualitatively and quantitatively altered
upon introducing this non-zero cosmological constant. In the case of A > 0, as considered in this work,
it is immediately clear that the maximum possible mass of a black hole is reduced: during stellar collapse,
for example, the gravitational attraction must compete against the repulsive vacuum energy. More subtle
concerns include the impact of the Gibbons-Hawking entropy [71] on the black hole system, particularly
with respect to black hole decay (see Ref. [87] and references therein), as well as the question of defining
mass [88] and black hole observables in de Sitter space-times [81]. Naturally, these have direct implications
for any gedankenexperiment conducted within the black hole laboratory.

The development of Swampland criteria in de Sitter space-times therefore requires the careful considera-
tion of the influence of A > 0. For example, Benakli et al. recently extended the WGC argument to charged
black holes in (anti-)de Sitter space-times [89]. To do so, they combined the WGC with the Weak Cosmic
Censorship (WCC) conjecture [90] forbidding naked singularities to establish a new WGC-de Sitter bound.
In their study on charged black hole emission in de Sitter space-time, Montero et al. derived the “Festina-
Lente” (FL) bound [91, 92], a lower bound on the mass of charged particles. We address this in further
detail in Section 3.2. In Chapters 3 and 4, we shall demonstrate explicitly the influence of the cosmological
constant on the black hole and its perturbations, respectively.

1.3 Black holes and their QNMs as probes of new physics

Our ability to detect GWs directly has immediate astrophysical [93] and cosmological [94] relevance. How-
ever, there is a significant interest in the theoretical implications of GWs [95] and the insights they might
provide in the search for new physics [96].

This is in part due to their weakly-interacting nature: GWs propagate unimpeded through the universe,
piercing both the cosmic microwave and cosmic neutrino backgrounds, possibly providing unique insights
into the inflationary epoch and beyond [97-99]. These high and ultra high frequency “stochastic” GWs
correspond to energies of the TeV range and higher, towards the Planck scale; in this way, GWs serve as a
complementary laboratory to collider physics experiments [100-102]. Searches for new physics focused on
early-universe dynamics are well-underway, with examples such as Ref. [103] demonstrating that models
based at scales of Grand Unified Theories can be good candidates for detection via next-generation GW
detectors [30]. This has encouraged new lines of inquiry into cosmic strings [104, 105], leptogenesis [106],
dark matter [107], and other beyond the Standard Model (BSM) challenges. In this vein, GWs are also being
applied to searches for extra dimensions (see Refs [37, 108, 109]). Compact extra dimensions feature a vari-
ety of different geometries (Ricci-flat [35, 110, 111], toroidal [112], warped toroidal [113] extra dimensions,
etc.). These, on the other hand, have so far predicted GWs whose frequencies are of the order of 1012 — 104
Hz, far exceeding the 10° — 10* Hz upper limit of present and planned detectors [99, 100].

Here, however, we are guided by the capabilities of modern detectors, and investigate whether we can
exploit present-day GW observations of merger events to infer constraints on new physics. In particular,
we shall focus on binary black hole collisions, where the post-merger “ringdown” phase is dominated by
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quasinormal ringing [41]. For this reason, we can apply known theoretical and numerical QNM techniques
to experimental observations. Logistically, we concentrate on black holes because the dynamics of binary
black hole collisions have been studied extensively [11, 13, 41]; the success of the LVK Collaboration is a
testament to the gravitational waveform modelling expertise, Bayesian statistical analysis techniques, and
experimental prowess carefully honed over several decades (see Ref. [15] for the LVK Collaboration’s guide
on data acquisition, processing, and analysis).

Furthermore, since the SNR ratio of the post-merger signal is usually fairly low and therefore not always
characterisable [58-60], the higher-mass and louder black hole merger events are more likely to produce
good candidates for ringdown analyses. The first detected GW event GW150914 [43, 114] was sufficiently
loud to accommodate a QNM study, so we shall restrict our discussion to this event within this work, unless
otherwise stated.

Current searches for evidence of new physics from available GW observations are dominated by model-
agnostic null tests for deviations from GR predictions. These include: consistency checks between data
and GR-based models for the evolution of a merger event; tests of the generation and propagation of GWs,
where the latter involves searching for modifications to the dispersion relation and in turn constraining the
Compton wavelength associated with the graviton mass; tests for additional polarisation modes beyond the
tensor plus and cross modes; analyses of the post-merger properties for parametric deviations from GR [58—
60, 115], etc. At present, there have been no statistically significant deviation from GR reported.

However, this latter category of testing has been a subject of growing fascination, and motivates invest-
ment in more precise measurements of QNFs [116-118]. Furthermore, hopes for the establishment of “black
hole spectroscopy” [49] are beginning to be realised: although the n = 0, / = 2 mode is known to dominate
the QNM spectrum, higher harmonics [119, 120] and overtones [121] are being investigated. Tests of the
no-hair conjecture are of particular interest [61, 119, 122-124], as a violation thereof may be evidence of an
exotic object or new physics.

As such, we shall focus here on this use of parametric deviations from GR in the QNF spectrum in an
attempt to outline a search for extra dimensions. In fact, there have already been considerations for extra di-
mensions using black hole QNMs, concentrated for example on the five-dimensional (5D) Randall-Sundrum
I1[125] model: through the formalism of Shiromizu et al. [126] and Dadhich ef al., a 4D effective framework
can be established from a 5D general relativity construction, leading to a (neutral) black hole solution that re-
sembles the (charged) RN metric. The so-called “tidal charge” g = Q?/(4M?) (in natural units G = ¢ = 1)
is a manifestation of the influence of the extra dimension. In Ref. [127], this is the observable utilised to
constrain extra dimensions, but is found to disfavour the case of d > 4.

It is not clear how to extend the Shiromizu et al. formalism to a broader category of extra-dimensional
models with d > 5, nor is it obvious whether this tidal charge observable can be probed for general cases.
Moreover, it may be that alternate geometries could lead to successful GW detection. Bearing these points
in mind, we shall consider as an example a particularly simple partially-compactified setup: a direct prod-
uct space featuring a 4D Minkowski space-time and a 3D negative compact space My x N3. Within this
space-time, we shall embed a 4D Schwarzschild black hole. The higher-dimensional component will then
be comprised of a twisted torus — known as a “nilmanifold” — constructed from the non-trivial fibrations
of layered tori. The nilmanifold is one of the few geometries that allows for analytic calculations of mass
spectra and Kaluza-Klein (KK) reductions [128], and boasts a number of phenomenologically-interesting
properties that we shall discuss in Section 5.1.

While the higher-dimensional manifold is highly specific, we shall show that the variable-separable nature
of our extra-dimensional space-time in the absence of coupling between components of M, and N3 and the
QNM problem we consider, allows for a KK reduction that expresses the extra-dimensional behaviour as a
mass-like term that can be incorporated into the QNM effective potential. We shall demonstrate how this
enables the application of QNM literature on massive oscillating fields, as well as studies on parametric
deviations from GR employed by the LVK Collaboration. In so doing, we demonstrate an estimate for a
detectability bound on the sensitivity of observable QNFs to signatures of new physics.
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1.4 Thesis outline and objectives

The purpose of this introduction was to contextualise the QNMs and their corresponding frequencies within
the GW framework, to establish the relevance of QNM research within the broader field of GR, and to pro-
vide an overview of the applications of black hole QNMs in the search for new physics. We explore these
ideas within this thesis, in the context of fixed spherically-symmetric black hole backgrounds upon which a
scalar test field propagates. In this vein, we seek to understand how parameters from the black hole space-
time and the propagating field influence the QNF spectrum, the constraints we can derive as a result, and
whether QNMs can be used in the search for extra dimensions.

We begin with a pedagogical introduction to QNMs within Schwarzschild black hole space-times in Chap-
ter 2, in order to outline QNF computational techniques (Section 2.2) as well as to illustrate characteristic
QNM behaviour and the effect of field parameters of mass i and the angular momentum number / on the
ONF w (Section 2.3). Our novel results for the massive QNF are integrated into the discussion of Section
2.3; in Section 2.3.1, we use this result to derive a detectability bound for such QNFs. We then introduce
the QNM wavefunction and the QNEEF. Since tests of GR are mode-specific, QNEFs provide a measurement
of relative excitation required to identify a particular mode within the detected GW spectrum that is inde-
pendent of the black hole’s initial perturbing stimulus. In Section 2.4, we discuss the procedure we have
developed to construct higher-order QNEFs, based on the Dolan-Ottewill and Schutz-Iyer-Will formalisms.

In Chapters 3 and 4, we extend our interrogation of the effect of field and black hole parameters on the
QNFs by examining the QNF spectrum of a spin-0 field with mass y and charge g within a RNdS black
hole space-time with mass M, charge Q, and cosmological constant A > 0. To do so, we first explore the
parameter space and the global structure of the RNdS black hole in Chapter 3. This allows for a dedicated
elaboration on the nuances of the fundamental physics concepts that shall be addressed by our QNM anal-
yses, viz. the influence of A on the RNdS phase space (Section 3.1, especially 3.1.2), the FL bound that
provides a lower bound of field mass and charge from black hole decay processes (Section 3.2), and the
cosmic censorship conjectures that preserve the deterministic nature of GR (Section 3.3).

We proceed with our novel QNM analysis in Chapter 4, beginning with a study of the evolution of the
QNM potential within the RNdS phase space in Section 4.1. With a semi-classical computation method
tailored to the calculation of charged and massive scalar QNMs in the RNdS black hole background (Section
4.2), we demonstrate regular and anomalous QNF behaviour and its dependence on black hole and field
parameters in Section 4.2.3. We then focus on the application of this QNM analysis in the study of cosmic
censorship violations within extremised regions of the RNdS black hole in Section 4.3.

Finally, we turn our attention to the search for signatures of physics beyond the Standard Model (BSM)
using GWs from binary black hole collisions. We first explain the BSM scenario of interest: an extra-
dimensional model of mixed curvature whose higher-dimensional manifold is a compact negative space
known as a “nilmanifold” (i.e. a twisted torus). Chapter 5 is thus dedicated to the motivation and con-
struction of this extra-dimensional model, with Section 5.1 dedicated to the study of the nilmanifold itself.
Specifically, we are concerned with a product space comprised of a four-dimensional Schwarzschild black
hole space-time and a three-dimensional nilmanifold. There, we show how we can model the black hole
perturbations as a scalar test field, with the extra-dimensional geometry stylised in the QNM effective po-
tential as a squared mass-like term representing a Kaluza—Klein (KK) tower of states. We discuss this QNM
problem and the possible analytic constraints that can be derived in Section 5.2.

Chapter 6 focuses on the LVK Collaboration’s GW data capturing, processing, and interpreting techniques,
and how they can be used in tests of GR. We begin with a brief introduction to the LVK infrastructure and
methodology in Section 6.1. We then elaborate on how we can utilise the LVK software for ringdown analy-
ses in our own study in Section 6.2. Finally, we compare QNF spectrum for the “Schwarzschild-nilmanifold
model”, treating this as a massive QNM problem, and comparing this against the hierarchical tests of GR in
Section 6.3. In so doing, we are able determine a possible “sensitivity bound” beyond which BSM signatures
cannot be detected using QNFs. We then summarise our conclusions in Chapter 7.



Chapter 2

Quasinormal modes in Schwarzschild
black hole space-times

You mean, if you had perfect pitch could you find the shape of a drum?

Lipman Bers in Kac’s Can One Hear the Shape of a Drum? [129]

The study of QNMs, the characteristic modes of a vibrating object, is a ubiquitous topic that can enrich
our understanding of a vast array of phenomena across various disciplines: from quantum mechanics to
fluid dynamics, and from nuclear physics to optics; the phonon modes in crystals, the microwave cavities in
amplifiers, and the oscillating strings of a guitar all display this intrinsically damped oscillatory behaviour.
Such characteristic modes are particularly interesting for their ability to reveal the structure and compo-
sition of the object whence they came, allowing us to “hear” the shape of the perturbing object [14, 129].
As implied in the introduction, the black hole QNM framework boasts a dense and well-cultivated history
whose development is chronicled in four comprehensive reviews [14, 42, 47, 130]. Rather than attempt a
summary of the sixty-odd years of QNM research in this chapter, we discuss instead the foundational for-
malism required to contextualise the QNM-based investigations we perform in Section 2.4 and in Chapters
4 and 6.

We begin this chapter with a description of QNMs through the familiar lens of a scattering problem, where
Section 2.1 is written in consultation with Refs [131-133]. The black hole scattering problem is particularly
interesting, as the curvature of the space-time informs the boundary conditions and serves as the fixed
background upon which the test field propagates; it is also the material upon which the incoming radiation
scatters. In studying the massless scalar field scattering on a Schwarzschild black hole, we can introduce
the fundamental QNM behaviour, as well as the concepts of stability and superradiance that inform later
chapters. In Section 2.2, we provide a brief overview of the semi-classical techniques used to compute QNFs.
Then in Section 2.3, we introduce the QNMs of massive scalar field in a Schwarzschild background as an
eigenvalue problem, emphasising the role of scalar field parameters and the relationship between QNMs
and photon orbits in the eikonal regime. We showcase how the mass of a scalar field can influence QNM
nature. The final section is dedicated to our higher-order calculation of the QNEF.

10
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2.1 QNDMs in scattering theory

The birth of black hole perturbation theory can be traced back to the 1957 Schwarzschild stability analysis of
Regge and Wheeler [134]. It was there that the symmetries of the space-time were shown to be exploitable in
the analysis of the gravitational radiation from a black hole: the separation of angular, radial, and temporal
components using a tensor spherical harmonic decomposition. In so doing, they derived two decoupled
equations of “odd” and “even” parity: the “axial” and “polar” modes, respectively.® With the application
of a Fourier expansion of the perturbed functions and a suitable gauge transformation, Regge and Wheeler
established the “Schrodinger-like” ordinary differential equation suitable for describing the radial behaviour
of the linearised perturbations of the metric. Let us consider the explicit example of a perturbed scalar test
field within a Schwarzschild black hole space=time/

An application of black hole perturbation theory begins with the modification of the metric by a distur-
bance,

S = S + O (2.1)

where the unperturbed black hole metric gEVH is referred to as the “background" and the “perturbations”
dyuv are considered to be very small (6, < g}%l). Similarly, we may consider a perturbed background field
® = ®BC + . We may then substitute gy and @' into the Einstein field equations (c.f. Eq. (1.1)),
linearise the system of equations with respect to ;,, and ¢, and thereby deduce the linearised set of differ-
ential equations satisfied by the perturbations. An ordinary differential equation, taking the form of a wave
equation, can then be constructed for each variable; the system of equations can be subsequently reduced
in complexity on the basis of symmetries.

We can illustrate this explicitly using a scalar test field. In particular, we focus on the scattering of a
massless scalar test field minimally coupled to gravity within a Schwarzschild black hole space-time, under
linearised gravity (i.e. assuming there is negligible backreaction from the space-time). The metric is of the

form,
gEVde”dx" = —f(r)dt* + f(r)~tdr* + r? (d62 + sin? qu)z) , (2.2)

written in terms of the Schwarzschild coordinates (t,7,0, ¢), witht € (—oo0, +00),6 € (0,77),and ¢ € (0,27);
d6? + sin” d¢? serves as the line element on the 2-sphere S2. Here, the metric function is f(r) =1 —r /7,
with an event horizon given by r; = 2M in geometric units, c = G = 1 [4, 131]. The black hole is thus
static, electrically-neutral, and spherically-symmetric; it is fully characterised by its mass M [32].

Though massless scalar fields do not feature in the SM, the wave equation governing the behaviour of a
weak gravitational field in curved space-time closely resembles its spin-0 counterpart, and sulffices to relay
the main characteristics of the perturbing field.

To describe the full system, we consider the Einstein-Hilbert gravitational action,

5= 16;G/d4x\/?g1z+/d4x\/fg[— CRINCI (23)

following the conventions of Eq. (1.1). The equations of motion satisfied by the fields g;, and ® are the
massless Klein-Gordon equation for a curved space-time,

1
VvV, Vi = ——09 —oo9,d) =0 24
§ Ve il (v/—88""9,®) (24)

and the 4D Einstein field equations, Eq. (1.1), with T}, quadratic in ®. For maximally-symmetric vacuum
solutions, TEE =0.

8In Refs [135-137], it was shown that for gravitational perturbations in arbitrary dimensions, a third parity is required to capture the
additional degrees of freedom: a “tensor-mode”. Following this convention, we refer to the odd-parity/axial/Regge-Wheeler [134]
and even-parity/polar/Zerilli [138] as “vector-mode” and “scalar-mode”, respectively.
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Figure 2.1: The Schwarzschild effective potential plotted against the tortoise coordinate.

As detailed in Chandrasekhar’s book [131], the behaviour of a perturbed black hole within a classical GR
context can be inferred by substituting the perturbed metric and ansatz into the Einstein field equations,
and then solving for the vacuum solution. In this context, the linearised equations of motion for ¢ and 4,
decouple when PBG =, allowing for the metric fluctuations d,, to be set to zero.

On the basis of the black hole’s static nature and spherical symmetry, the ansatz can be subjected to the
decomposition,

Gomn(t,7,0,0) = /+ d(uz W”f(r) Y, (0) e Wt ptiome (2.5)
{,m

where the angular behaviour is described through scalar spherical harmonics

v, 0,9) = - v 0,9, 26)

For notational simplicity, we shall drop subscripts from this point onwards.

Since the black hole is static and non-rotating, the behaviour of the system is fully encapsulated by the ra-
dial component. We introduce the tortoise coordinate r, = [ dr/ f(r) which acts as a bijection from (., +o0)
to (—oo, +00), thereby mapping the event horizon to negative spatial infinity. With this and some minor al-
gebraic manipulation ¢ = ¢/r, we obtain the ordinary differential equation,

2
‘Z f + ( Veff) ¥(r) =0, 2.7)

where
v =10 (452 4 L) 29

Vesr serves as the model-dependent component of the wave equation, and encodes information about the
curvature of the black hole space-time and the character of the test-field. In Fig. (2.1), we demonstrate that
the potential is real and asymptotes towards constant values at the boundaries, viz.

Vepp(re = —o00) ~ K, Vorf(re = +00) ~ K2, . (2.9)

Recall that the distinguishing feature of the black hole is its event horizon, which we classically consider
to be a one-way membrane from which no interior object can escape. As such, any physical solution to
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Eq. (2.7) must then obey purely ingoing boundary conditions at the horizon. If we consider a scattering
problem with monochromatic frequency w, the asymptotic boundary conditions

7ik+7‘* “ - —
¥~ {Te ’ r o (2.10)

Te tkere 4 Retikers 7y — +00.

These describe an incident wave of amplitude Z ingoing from spatial infinity, then partially reflected and
transmitted with amplitudes R and 7T, respectively.

We emphasise that the nature of the potential (real) and symmetries of the system (viz. t — —t and
w — —w) allow for the additional solution to Eq. (2.7): ¥, the complex conjugate of 1. The Wronskian of
 and ¢ evaluated near the horizon and spatial infinity is

= —2ik,|T|?, W]

Tx—>—00 Fy—>+00

= 2ike (|R[2 - |I|2) . (2.11)

A constant non-zero Wronskian implies linearly-independent solutions. From Eq. (2.11), we obtain the
relationship between reflection and transmission coefficients,

k
R = TP = TR (212)

For scattering off of a “perfect absorber”, k. /ke > 0 such that |R|?> < |Z|?>. When k4 /ke < 0, however,
|R|? > |Z|%. This latter condition is known as “superradiance”: at the classical level, this describes the
mechanism by which incoming radiation is reflected and amplified as it scatters off of a barrier potential.
We shall discuss how this phenomenon occurs in the black hole context in Section 2.3.1 and elaborate on the
charged black hole case in Section 4.1.1.

To elevate Eq. (2.7) under Eq. (2.10) to a QNM problem, we impose a further physically-motivated
boundary condition: purely outgoing radiation at infinity. From the Green’s function analysis, we obtain a
formal justification for this additional constraint.

2.1.1 The Green’s function approach and quasinormal excitation

When studying the QNM contribution to the full black hole response in the wake of a perturbation, we may
consider the Green’s function solution to the inhomogeneous wave equation [51, 52]. We consider here a
retarded Green function for a scalar field on a Schwarzschild background spacetime,

1
V=8
Eq. (2.13), the scalar wave equation, is separable in the frequency domain for spherically-symmetric black

hole spacetimes. We may therefore express the Green function through a spectral decomposition in the
Schwarzschild spacetime

Oy Gret(x,x') = 9y (v/—88"0v) Gret = sW(x—x'). (2.13)

1 +oo-+ic - o o
Gret (0,2) = 5— [ ou 0 G r)e W= ;}(2€+1)PZ(COS7) : (2.14)

Here, x, x' represent spacetime points at radii r, 7’ that are separated by the coordinate time ¢ — ' and the
spatial angle 7y (for which cosy = cos 0 cos 0’ + sin 0 sin §'). The constant c is positive. Gy, (r,’) is the radial
Green function that satisfies

d2
[dﬂ Fa? o V(r)] Crlr,r') = —8(ra —11) | (2.15)



14 2.1: QNMs in scattering theory

(a) In-mode: purely ingoing waves at 5. (b) Up-mode: purely outgoing waves at #+.
Figure 2.2: Conformal diagrams of the Schwarzschild black hole space-time depicting the linearly-independent solu-
tions to the scalar wave equation, Eqs (2.16) and 2.17) (adapted from Ref. [139]).

We make use of the tortoise coordinate r, = [ dr/ f(r) which acts as a bijection from (ry, +c0) to (—oco, +-c0),
promoting the range of the mode propagation to the whole real line. For Eq. (2.15), an ingoing boundary
condition is used at the black hole horizon and an outgoing is used at spatial infinity. The Green function is
constructed using the two homogenous solutions of this Eq. (2.15), such that at the horizon

—iwr
uin 38 R (216)
« AfUteHiwre 4 Al p=1Wh | — 400,

while at spatial infinity,

u (2.17)

lw

up Bt icrs 4 Bit p=iwrs |y —y —co
etiwr Te = +00.

Ag, AQ’ZJ, BY, and BZlU are complex constants. QNMs are modes with complex frequencies such that
A7, BY" = 0. QNMs are purely ingoing at the horizon and purely outgoing at spatial infinity.

Specifically, the radial Green function can be written as

Gime(r,7) = _uin(7’<v)v7/;out(7>) , (2.18)
w

where we denote min(r, r') and max(r,7’) by r and r, respectively. The Wronskian is

i d d ; i
Wy, = ulé’;Equ] - qu}Eulé’; = 2iwAYy, . (2.19)

By the Wronskian theorem, the solutions are linearly independent. However, the poles of the Green'’s func-
tion are located at the zeroes of A" in the complex w-plane, which we shall call {w,}. When w = wy, ull"
and u;lf) become equivalent. This follows naturally, with Wy, = 0 implying linearly-dependent solutions.
This yields the QNM boundary conditions,

Y(t, 1) ~ el Ta = —00 (2.20)
Wt 1) ~ et re = 400 (2.21)

and demonstrates explicitly that QNFs correspond to the poles of the Green’s function.
Let us elaborate on how the boundary conditions are refined to extract the QNFs. For some complex
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frequencies wy,, the ingoing wave solution 1™ (Eq. (2.16)) also satisfies an outgoing boundary condition at
infinity, namely AZU = 0. This implies that the ingoing solution is a multiple of the outgoing solution, which
in turn tells us that u'" and u"P are degenerate at these frequencies. Consequently, u*? (Eq. (2.17)) must
satisfy an ingoing wave condition at the black hole horizon, namely BY“t = 0. At these QNFs, we observe
that Bj, Afl =1.

Asa Vlsual aide, we plot the boundary conditions Eq. (2.16) and Eq. (2.17) in Fig. 2.2, which correspond
to the future horizon " and the future null infinity .#*, respectively (see Table B.1 for details on these
conventions). In each of these figures, we have used solid lines to denote those corresponding exclusively
to the QNM boundary conditions of Eqs (2.20) and Eq. (2.21), respectively.

We evaluate the Green function by substituting Eq. (2.18) into the spectral decomposition, Eq. (2.14). To
evaluate the integral, we apply the residue theorem and divide into:

(i) the “direct part” i.e. the integral over the high frequency component;
(ii) the integral on the branch cut along the IJm{w} axis;
(iii) the QNM contribution.

Part (i) quickly approaches zero after the initial pulse [140], whereas part (ii) influences the power-law
spectrum at late times while also contributing to intermediate and late times. Here, the focus is on part (iii),
where the QNMs affect intermediate and early times.

With this in mind, let us return to the problem at hand. If we exploit the fact that u"? and u™" are degenerate
at the QNFs, we can write the QNM contribution to the Green function within the Schwarzschild spacetime
using Eq. (2.14),

Gonm (x, x7) SRe{ Y Y (20 +1)Py(cos ) x Byyitin(r )uin(r’)ei“’fﬂT} , (2.22)
7 n
where the normalised ingoing wavefunction,
, , -1
A (r) = iy (r) % [Aggjelw*} , (2.23)
behaves as i, () ~ 1 for r — +o0. The “reflection time” [50],
T=t—t —r,—7,, (2.24)

refers to the estimate of the time taken for the incident wave to travel from its initial position at 7/, to the
black hole, and for the reflected wave to reach an observer at r, [139]. QNMs are expected to dominate
the spectrum when T > 0. In this regime, Eq. (2.22) converges: higher overtones are suppressed in the
sum over n. However, when T < 0, Eq. (2.22) becomes ill-defined due to the exponential divergence of
the e~*“mT factor. Within this black hole context, we make the reasonable assumption that the initial data
(i.e. the incident radiation) only has compact support far away from the black hole, and that the observer
is also located in the large-r, regime. In this way, we need only consider the asymptotic behaviour of the
wavefunctions at large V%

Finally, this brings us to the data-independent contribution to Eq. (2.22): the QNEF, defined as the amount
by which the QNMs are excited by the J-function in Eq. (2.13), and expressed as

. -1
Aout QA
By, = | 2 <"w> . (2.25)

2w Jdw
W=Wypy

Recall that in Chapter 1, we introduced the QNEF as a quantity that indicates how and by how much a
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particular QNM is excited. With the increasing sensitivity of GW detectors to higher harmonics, the need
to distinguish one mode from another within the superposition of observed QNMSs becomes more pressing.
For this reason, precise values of the QNEF are required. Furthermore, as a “no-hair” factor dependent
exclusively on its associated black hole’s parameters, the QNEEF is especially useful in the development of
waveform models and the testing of GR [49]. With these motivations in mind, we dedicate Section 2.4 to the
computation of the QNEF at higher orders in ¢ for the massless scalar QNMs within a Schwarzschild black
hole space-time.
Let us close this section with an example of the leading-order QNEF of Ref. [50],

By, = iV/2L-1/2 \/2?72??};{%?} exp{Zi@L/ﬁ}(_'iI;)n (216 Z(i{%;/ﬁ}) , (2.26)

for{ =3 — 27 +4In2 — 6In(2 + \/g) and L = ¢+ 1/2. We plot the results for the ¢ = 2 QNEEF for the first
several harmonics and overtones in Fig. 2.3. There, the QNEF can be seen to increase with 7, bar the slight
fall for n = 1. We note with interest that the contribution is at a maximum when ¢ = n for each QNEF, and
that the (¢,n) = (0,0) and (¢, n) = (2,1) points are of a similar magnitude.
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Figure 2.3: The magnitude of the { = 0,1,2,3 QNEFs for increasing values of n at leading order.

Through this description of the QNM as a scattering problem, we have derived the boundary conditions
that must be imposed upon Eq. (2.7) in order to perform the QNM computation. However, note carefully
that Eq. (2.22) conveys only the late-time component of the black hole signal for some specified initial data.
Though there is a countable infinity of QNMs for each multipolar number ¢ for each overtone 7, QNMs do
not form a complete set. Recall that Eq. (2.22) diverges for early times T < 0 and fails to represent the
power-law tail that dominates at very late times.

Intuitively, we can appreciate this on the basis that the QNM system is intrinsically damped and therefore
not time-symmetric. As a consequence, the eigenvalue problem is non-Hermitian and the eigenvalues are
complex. The corresponding eigenfunctions are then not normalisable and therefore do not form a complete
set (see [130, 139] for further discussion). To confront these technical difficulties, a wide array of tools
have been established to compute QNFs. We address this topic in the next section, and highlight a few key
methods that we utilise in our QNM-based investigations.
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2.2 Semi-classical approaches to QNM problems

On the basis of spherical symmetry and harmonic time dependence, the QNM behaviour in static black
hole space-times can be shown to reduce to a simple radial wave equation, as first demonstrated in Refs
[134, 138] for the Schwarzschild case. A wide range of methods have been developed to determine QNM
solutions from such wave equations, including methods that are “exact" (e.g. direct integration methods
[141, 142], the continued fraction method [143], pseudospectral methods [144, 145], etc.) and numerical
(e.g. the asymptotic iteration method [146, 147], the Horowitz-Hubeny approach [148], etc.). Of these, we
highlight

(i) “inverse-potential methods” that approximate the effective potential with an inverse Poschl-Teller
potential [149] for which bound-state solutions are known to determine the QNF spectrum [150];

(ii) “WKB-based methods” that adapt the semi-classical technique to the QNM problem to compute
QNFs in the ¢ > n regime [151-153] at sixth-order [154] and beyond (see Ref. [155]);

(iii) “photon-orbit methods” such as the inverse multipolar expansion method [156] that harnesses the
known link between QNMSs and unstable null geodesics [157] to construct an iterative technique that
solves Eq. (2.7) with increasing accuracy for large values of ¢ [158].

This is by no means an exhaustive list; for further insights, consider Refs [14, 47, 159, 160].

The notion that QNM computation is an art in and of itself [161] can be attributed to the extensive re-
search that has accumulated over the course of several decades to establish specialised techniques tailored
to generate accurate results for specific QNM scenarios (see Refs [14, 47]). As enforced by Ref. [155], the
method chosen must be informed by the nature of the problem at hand to avoid producing misleading re-
sults. Here and in Chapter 6, we are interested in computing QNFs that are the most likely to be detected by
modern or future GW detectors; we need to consider QNFs that dominate the QNM spectrum. As such, we
focus on the fundamental (and least damped) mode corresponding to n = 0 and ¢ = 2. Though the QNMs
of a Kerr black hole would represent the most physically relevant case, we focus on the Schwarzschild black
hole spacetime as a starting point for the sake of simplicity. The azimuthal number m is therefore taken to
be zero and is subsequently inconsequential to our analysis.

In this section, we shall outline three techniques that prove accurate for the £ > n regime, referred to
in the literature as the Poschl-Teller [150, 162, 163] method, the WKB [151-153] technique, and the Dolan-
Ottewill [156] inverse multipolar expansion method. We apply these to the computation of massive QNFs
and present the results thereof in Section 2.3.

The Poschl-Teller method

There are few techniques established within the QNM literature that generate exact solutions for QNFs.
As stipulated earlier, this is due in part to the mathematical difficulties introduced by the slowly decaying
nature of the potential as r — co. To circumvent this problem, a method was developed in Refs [150, 162,
163] that exploits the relationship between the QNMs of a potential barrier and the bound states of the
inverted potential [162]. The procedure involves fitting the effective QNM potential featured in Eq. (2.7)
to a well-understood substitute (characterised by exponential decay and other key common features) for
which analytic solutions are known.

The justification for this rests on the symmetry of the boundary conditions of Eqs (2.20) and (2.21). Sup-
pose we can parametrise the potential of Eq. (2.7) as V (74, p), where p represents a set of parameters asso-
ciated with the potential; let us also claim that ¢ = ¢(r,, p) and w = w(p). From the boundary conditions,
we can introduce the transformations r, — —ir and p — p’. We may consider the potential to be invariant
under these transformations,

V(ry,p) = V(—iry, p') . (2.27)
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If we define also (4, p) = ¢(—irs, p’) and w(p) = Q(p’), then we may rewrite Eq. (2.7) as

dz(p
dr?

+(-0*+v)g=o0, (228)

for which the boundary conditions become ¢ ~ eT?* as r, — Foo. In other words, the wavefunction
vanishes at the boundaries. The QNM problem is thereby reduced to a bound-state problem for an inverted
potential V — —V.

In the case of several black hole spacetimes’, the Poschl-Teller potential [149]

W

cosh? p(r, — rinax)

Vpr = (2.29)

can serve as V in Eq. (2.28). Here, r, = '™ is the point at which Vpr attains its maximum, the height of

which is given by Vjy = V (r"¥); the curvature of Vpr at its maximum is V" = -2V} pz.
From the well-known bound-state solutions [150]
1 1V
O=17 |- it Z 2.
/= (e 2) + G (230)

the use of the inverse transformation p’ = ip then yields the QNF spectrum,

w:iq/Vo—ipz—ip(n—l-;), nelN. (2.31)

The WKB method

For a spherically-symmetric black hole, QNMs can be understood as waves trapped at the unstable circular
null geodesic, albeit gradually leaking [157]. In Refs [151-153], this scenario was interpreted as a scattering
problem, where the effective QNM potential serves as a potential barrier that tends to constant values in the
opposing asymptotic limits. From this framing, a modified WKB method was developed that exploited the
Bohr-Sommerfield quantisation condition of quantum mechanics to establish a semi-analytical technique to
compute black hole QNFs.

As a starting point, Eq. (2.7) is rewritten as

2y
dx2?

+Q(x)y(x) =0, (2.32)

where x = r, and Q(x) = w? — V. Following the usual procedure, the method requires the matching
of asymptotic WKB expansions with a solution constructed around the peak of the potential Qy = Q(xp).
This matching is performed across “matching regions" defined near the classical turning points defined at
Q(x) = 0. If the turning points lie close to one another (i.e. —Qp < Q(=%0)), then a Taylor series expansion
about xo may be introduced such that

Q(x) ~ Qo + %Q’O’(x —x0)? + ... (2.33)

This expansion is then substituted into Eq. (2.32) and solved using parabolic cylinder functions [164]. In

9While the use of the inverted Poschl-Teller potential leads to the production of QNFs with errors > 1% for Schwarzschild black holes
with £ > 2, greater accuracy can be found for Schwarzschild-de Sitter and RNdS black hole spacetimes, where the Poschl-Teller
potential exactly matches [47].
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the asymptotic regions, the WKB solution is given by

1/JNexp{ isk(x)ek} (2.34)

k=0 €

where € is a parameter used to keep track of the expansion orders. The expressions for Si(x) are solved for
by collecting like terms. It is important to note that Eq. (2.34) corresponds to four solutions, to account for
ingoing and outgoing solutions on both sides of the potential.

Upon the completion of the matching procedure, an expression for the QNF may be extracted. At the
sixth order, it was determined in Ref. [154]that

1(w -V L
J—2vy E

Here, A; represents correction terms dependent on the value of the potential and its derivatives (up to
and including order i). While the WKB method is far more successful than we would expect [53], it is
understood that this method produces more accurate results for QNFs when ¢ 2 2 at lower orders [165].
However, even at higher orders (i.e. see the 12th-order WKB method established in Refs [166, 167]), the
method still works best for £ > n, with further accuracy found at higher multipolar values. In other words,
results are not guaranteed to be more precise with each subsequent WKB order. The WKB method converges
only asymptotically, and is truly accurate only in the eikonal regime [155].

nelN. (2.35)

N\H

The Dolan-Ottewill method
In the eikonal limit, the spin-2 QNF spectrum corresponding to a 4D Schwarzschild black hole is given by

B 1\ [ 1 . 1
wn,gﬁw()(E—i—Z) 1A(n+2>—|—(’)(£ ), Qf/\fiﬁM, (2.36)

for fixed n [157]. Q) here refers to the orbital frequency of the r,,, = 374 /2 = 3M photon sphere'’; in the
large-/ limit, it is equivalent to the Lyapunov exponent A that indicates the decay time scale of the gravita-
tional perturbations. This behaviour has been observed in perturbing test fields of spins € {0,1/2,1,3/2}
within the region of a Schwarzschild black hole [158, 163, 168-172]. Note that this correspondence between
eikonal QNMs and the parameters of circular null geodesics does not necessarily hold in other contexts e.g.
for black holes in asymptotically-de Sitter space-time [173, 174].

In Ref. [156], Dolan and Ottewill presented a method by which to compute QNM wavefunctions and
frequencies invoking this relationship between photon orbits and the large-¢ asymptotics of QNMs. The
method centres on an ansatz for the wavefunction that is inspired by the trajectory of a distant photon along
a null geodesic that ends on the photon sphere, locked in orbit about a spherically-symmetric black hole.
Here, we shall briefly present a derivation of this ansatz. To extract the parameters of interest, we follow
Refs [131, 168] in studying the equation of motion for a test particle near the spherically-symmetric black
hole. The Lagrangian in the equatorial plane (8 = 71/2) is written as

L= ogwds = o (~fOP+F) P+ PF) (2:37)

where the overdot represents a derivative with respect to an affine parameter. From the corresponding

10“Photon sphere” refers to the surface formed from the collection of null geodesics along which gravitationally-entrapped photons
orbit a black hole. For a static black hole, photons orbit a black hole at this fixed radius; the orbit itself is unstable against radial
perturbations.
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conjugate momenta, we obtain the angular momentum L and the photon energy E,

. L . E
==, t=—. 2.38
b= o (2.38)
These expressions allow us to write the Hamiltonian as
H = (pit+ppd+pri— L)
= 2H=FEi—-Lp—f(r) li* =4, (2.39)

for which é; = 0 for null geodesics. Combining # = V, [168] with the condition for circular orbits V, = V/ =
0 [175] produces

E- f(r)
From this, Dolan and Ottewill define the function
1 r
k(r) = 43 = 7(2) , (2.41)

where b = L/E is the impact parameter. From these considerations, the Dolan-Ottewill ansatz is established

as

U (r) = e* o), z(x) = /xp(r)dx , (2.42)

where the QNF is expressed as a linear expansion in inverse multipolar numbers parameterised as L =
(4172,

wm =Y w7k (2.43)
k=-1

The coefficients @y, are functions of the overtone number . Similarly, the function v(r) is a series expansion
in L_k,
3\" n oo ) 3 n—i L
v, (r)=||1—=) + ac..L_]<1> X ex { S rL_}, 2.44
Zﬂ( ) [( 7’) 1:21]; ijn r P k;() ki’l( ) ( )

where we have set M = 1. For the least-damped case of n = 0, the function simplifies to
vy (r) = exp { Z Sk(r)L_k} . (2.45)
k=0

The function within the integrand of Eq. (2.42) is given by p(r) = bckc(r), with x = [dr/f(r) serving
as the usual tortoise coordinate. The subscript c denotes a quantity evaluated at the critical radius r. =
2f(r)/0rf(r)|r—r. atwhich k?(r, b ) has repeated roots and satisfies the condition k?(r., b;) = 9,k*(rc, bc) = 0.

The ansatz must satisfy the boundary conditions,

f(r) =0, beke(r) = -1 as x— —o0, (2.46)
f(r)/r* =0, beke(r) = +1 as x — 4. (2.47)

These convey that the event horizon is encountered as x — —oco and an asymptotically-flat region is ap-
proached as x — +oo. Finally, the ansatz may be substituted into Eq. (2.7) to obtain

f(r)% (f(r)ii) + Ziwp(r)Z—: + iwf(r)Z—ﬁ +(1—p(r)?) w?—=V(r)|o(r)=0. (2.48)
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The primary objective of the Dolan-Ottewill multipolar expansion method is to solve for the coefficients
of Eq. (2.43) using Eq. (2.48) in an iterative fashion, order by order. To compute wy 1 for k > 0, we require
an expression for dSy,, /dr. Through solving for the quantities of wy and dSy,, /dr, the QNF can be generated
as a function of L. Similarly, the radial component of the wavefunction in Eq. (2.44) can be constructed
from the explicit expressions for Sy, (7). We shall see in Section 2.4 how the latter enables us to express the
wavefunction, as well as the QNEF defined in Eq. (2.25).

For the Schwarzschild black hole spacetime, the components of the ansatz are given by . = 3, b, = /27
for M =1, and thus p(r) = (1 —-3/r) (1+ 6/7)"/2. For a scalar field, Eq. (2.43) to order O(L~°) yields

7 137i = _, 2615

fom g b7 -3
oo =13+ 55l ~ 777 1259712 -
590983i ., 42573661 5 11084613257i ¢
362797056L 39182082048 8463329722368

for n = 0, as demonstrated in Ref. [156] and confirmed in Ref. [158]. Note that odd (even) values of k
correspond to real (imaginary) expansion terms.

We shall now apply these techniques to a QNM problem: the massive scalar perturbations of a Schwarzschild
black hole. Within the QNM literature, massive scalar QNMs have been approached primarily as a numeri-
cal problem (see e.g. Refs [176-178]). However, a study of the mass parameter y can also offer insights into
the fundamental nature of QNMs and their behaviour in astrophysical contexts. In the section that follows,
we shall illustrate the role played by u in QNM studies, which shall in turn provide the foundations for our
later analyses in Chapters 4 and 6.

2.3 The massive QNM eigenvalue problem

As demonstrated in Eq. (2.7), the radial component of black hole QNMs can be written as a source-less wave
equation. With the introduction of the QNM boundary conditions, we have already discussed how we can
approach the intrinsically dissipative QNM system as a technically-challenging eigenvalue problem. In the
case of the massive spin-0 QNM, we consider a massive Klein-Gordon equation in curved (Schwarzschild)
space-time. After introducing the spherical harmonic decomposition, the radial component of the QNM
reduces to Eq. (2.7). The effective potential for the scalar test field is augmented with a mass term i,

0(0+1 "(r
V(r) = f(r) (T) + fT() +12] (2.49)
Let us briefly discuss how the QNM boundary conditions manifest in the case of a non-zero field mass.

Recall that in the frequency-domain representation, the exponentially decaying behaviour within an asymptotically-
flat space-time follows the harmonic temporal dependence,

P(t,r) = p(w,r)e ™", (2.50)

where Jm{w} < 0. As we approach the horizon (spatial infinity), V(r) ~ 0 (V(r) ~ u) and the boundary
conditions are '
e W Ty —> —00,

P(w,r) ~ { (2.51)

A(w)e "™ 4+ B(w)e™ , 1, — 400,

Here, A(w) and B(w) are complex coefficients and w = /u? — w? for Re{w} > 0. From the values
of the complex coefficients, we can discriminate between “quasibound states” and “QNMSs”. Upon setting
B(w) = 0, we obtain the former: “quasibound states” localised within the vicinity of the black hole decay
exponentially as they travel outwards from the black hole. For QNM behaviour, A(w) = 0 such that waves
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Figure 2.4: The effective QNM potential Eq. (2.49) for M =1, n = 0, £ = 2, and increasing values of p.

are purely outgoing at spatial infinity; the imposed boundary conditions are of the form of Eqs (2.20) and
(2.21), leading to a discrete spectrum of allowed QNFs that we can write as {w,,s(Mp)} [143, 176, 178-180].

To obtain wavelike solutions far from the black hole event horizon, the modes must satisfy the condition
w > p [176]. Consequentially, Percival and Dolan in Ref. [165] distinguish between “propagative modes”,
for which :te{w?} — y?> > 0, and “evanescent modes”, where Re{w?} — u?> < 0. As we shall explore in
Chapter 6, this suggests that there exists some y = iy that serves as the upper bound for which we can
observe QNFs. Here, we shall focus on the features of the effective potential in Eq. (2.49), plotted in Figure
2.4, and the insights into QNM behaviour that they provide.

Recall that a necessary condition for the existence of QNMs is a background whose potential can “trap
waves”; the QNMs are then the trapped waves gradually escaping [177]. We observe in Fig. 2.4 that for
# =0,V = 0asr, — co and the effective potential has a distinct peak. For p # 0, V — ptZ asry — +oo. In
other words, u elevates the potential: as 7, increases, the potential no longer asymptotes to zero but instead
approaches y?. When u? 2> V(ro) as u exceeds 0.6, the peak is smoothed out and the local maximum is
removed; the potential barrier is transformed into a potential step. Consequentially, waves can no longer be
“trapped” and QNM behaviour is lost.

To compute the QNF spectrum, we use the Poschl-Teller, WKB, and Dolan-Ottewill methods (see Table
2.1). For the massive scalar field propagating in a Schwarzschild spacetime!!, we compute in Ref. [182] the
novel Dolan-Ottewill QNF expression to order O(L~¢) for n = 0. Explicitly, this is

{3;12 7 ] = {51112 137 ] =

1
w=+4-L— 104

37 6 TJF@L 4 23328

N [opt  379u* | 2615 ] = {271';14 _ 2677ip N 590983i ] 4
| 8 432 3779136 16 5184 = 1088391168
[63u°  427u*  362587u° 42573661 _5

* | 16 576 | 1259712 117546246144]

N [333iu®  6563iut N 100404965iu>  11084613257i ] 6 (2.52)
| 32 6912 725594112  25389989167104 '

From Table 2.1 demonstrating the fundamental QNM mode, we observe that Re{w} increases steadily

"Though Decanini ef al. reformulated the photon orbit analysis to accommodate massive particles for their complex momentum
analysis [181], we find that this is not necessary for our purposes (i.e. in the regime where w < pu): as shown in Table 2.1, we
produce fairly accurate results using the Dolan-Ottewill method as it was originally constructed, albeit with the potential augmented
by the p term.
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Table 2.1: The (n, ¢) = (0,2) scalar QNFs for M = 1 and increasing u, calculated using the Poschl-Teller approach,
and the sixth-order WKB and Dolan-Ottewill methods.

i w (WKB) w (PT) w (DO)

0.0 0.4836 — 0.0968i 0.4874 — 0.0979i 0.4836 — 0.0968i
0.1 0.4868 — 0.0957i 0.4909 — 0.0968i 0.4868 — 0.0957i
0.2 0.4963 — 0.0924i 0.5015 — 0.09361 0.4963 — 0.0924i
0.3 0.5123 — 0.08681 0.5192 — 0.0881i 0.5124 — 0.0868i
0.4 0.5351 — 0.0787i 0.5443 — 0.0800i 0.5352 — 0.0787i
0.5 0.5649 — 0.0676i 0.5770 — 0.0690i 0.5653 — 0.0676i
0.6 0.6022 — 0.0528i 0.6181 — 0.0541: 0.6032 — 0.0532i
0.7 0.1396 + 0.2763i 0.6695 — 0.0312i 0.6500 — 0.0343:

0.8 0.8000 —5.8370 x 10~2%  0.8000 — 5.8370 x 10~2%  0.7070 — 0.0010i
0.9 0.9000 — 6.2510 x 1028 0.9000 — 6.2510 x 1028  0.7761 + 0.0218i

with y whereas Jm{w} decreases. As u approaches 0.7, there is a discernible change in the QNF behaviour:
a large jump in both the real and imaginary parts is observed for all three methods, with a pronounced
difference in the WKB result for 4 = 0.7: a sudden drop in 9e{w} and shift from negative to positive in
JIm{w}. This represents a breakdown in the method: while there is a known increase in the relative error
for = 0.7 [155], we observe explicitly from Fig. 2.4 that u?> > V(ry) when p exceeds 0.6; we lose the barrier
potential. In this way, we quantify that for u 2 0.6 and (n,¢) = (0,2), all three methods listed in Table 2.1
become unreliable.

In the absence of a local maximum, the WKB method cannot be applied. For this reason, it is noted in Ref.
[155] that the WKB method should not be used to compute QNFs near the “quasiresonance regime”: when
IJm{w} =~ 0, denoting arbitrarily long-lived modes (see Section 2.3.1). By definition, “inverse potential
techniques” like the Pschl-Teller method cannot be applied when the shape of the potential is distorted.
For this reason, we see a loss of agreement between the Poschl-Teller results and those of the other methods
in Table 2.1 even for small u. The fitting of the inverse Poschl-Teller potential fails to describe the effective
QNM potential once 4 > V(rp). In contrast, the Dolan-Ottewill method shows greater consistency with
results in the literature even at larger p (c.f. Fig. 2 of Ref. [165], with QNFs computed using the continued
fraction method). As such, the Dolan-Ottewill method allows us to identify with greater precision the value
of u for which the sign of the imaginary component of the QNF changes. However, for accurate values of
the QNFs themselves in this regime, other techniques should be used i.e. methods relying on continued
fractions, direct time-domain integration, Frobenius series, etc.

However, there is also the physical interpretation to consider. In the geodesic picture, we understand that
the flattening of the potential forbids the quantum tunnelling that allows the waves to “leak out” from the
system. In Ref. [165], massive QNMs for which Re{w?} > y? are defined as “propagative” and behave
similarly to their massless counterparts, whereas fte{w?} < u? are “evanescent” and contribute negligibly
to the QNM spectrum for a perturbed black hole. This shift from propagative to evanescent is characterised
by a change in sign in the imaginary part, as observed in Fig. 2.5. As u increases, the QNMs transition
from propagative to evanescent; as the imaginary part goes to zero, the QNMs enter the quasiresonance
regime [177], where the QNMs are arbitrarily long-lived. In this regime, the ingoing wave amplitude at the
event horizon of the black hole is considered much smaller than the amplitude far from the black hole; since
energy no longer “leaks” from the system at spatial infinity, the QNMs behave as standing waves [178].

At high energies, it is known that massive QNMs behave as massless ones [181]. This can be confirmed
from Fig. 2.5: even for small multipolar numbers, the data points become more closely spaced for increasing
{; they converge as { — oo. Such behaviour is expected from the form of the potential given in Eq. (2.49),
which produces the familiar form V (r) ~ f(r)¢?/r? in the eikonal limit irrespective of the . We also observe



24 2.3: The massive QNM eigenvalue problem

T T
I X x =1 |
0.05- x (=2
L =3
% x {=4 |
L x {=5
— 0.00- Bl
2 i x x
E
L x 4
_ X
0.05+ % -
L X
X x X . X
| x x NEa
| x X 3 XX J
—0.10F ¥ X R R i
L L L L L L L L L L L L L L L L L L L
04 0.6 0.8 1.0 1.2

Re[w]
Figure 2.5: The massive scalar QNF spectrum for M = 1and y € {0,1}, computed using the Dolan-Ottewill method.
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Figure 2.6: The real part of the massive scalar QNF spectrum for M = 1 and u € {0, 1}, computed using the Dolan-
Ottewill method.

in Fig. 2.5 that the oscillation timescale increases with the angular momentum number. This corresponds
well to classical and quantum systems with which we are familiar, where the frequency of an oscillating
wave increases with energy. Note, however, that as ¢ increases, the influence of u wanes: the range of the
QNF values converge to their massless counterpart for larger multipolar numbers.

Finally, we comment on the influence of ¢ on the oscillation and decay rate of the massive QNMs. In Table
2.1, we see that for a fixed ¢, Re{w} scales with p while the |Jm{w}| decreases with increasing u. In Fig.
2.6, Re{w} scales with ¢ for lower values of y, with near-equal spacing between the modes as 1 — 0. As u
increases, the lower values of / scale faster than the higher harmonics: beyond y = 2, Re{w_5} is the least
of the plotted QNMs and fRe{w,_1 } is the largest.

For the imaginary part, the least damped QNMs correspond to those with the higher multipolar number
for low values of y (i.e. |[Jm{w}| decreases with increasing ¢). However, when y is larger, the least damped
QNMs have lower values of £. We see this explicitly in Fig. 2.7: the magnitude |IJm{w/_5}| is largest of
the five plotted harmonics while |Jm{w,_1 }| is the smallest for larger u. For p < 0.7, however, we observe
|Im{w,}| > |Im{wpi1}|. In other words, for larger u, the scalar field fluctuations become increasingly
smooth, with lower multipolar modes dominating and disappearing last as the black hole settles towards
an equilibrium state.

As observed also in Ref. [183], this low-mass behaviour is therefore in opposition to our intuition on the
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Figure 2.7: The imaginary part of the massive scalar QNF spectrum for M = 1 and u € {0.0,0.2}, computed using
the Dolan-Ottewill method.

QNF spectrum, where we expect the imaginary part to grow with ¢. This is in line with the hierarchy we
expect also from physical systems, where more energetic modes typically decay more quickly. For example,
electrons bound to an atom in higher energy states experience spontaneous decay rates to the ground state
that are faster than their lower-energy counterparts. We explore the anomalous decay rate in greater detail
in Section 4.2.3, with the added contributions of a black hole and a scalar field charge.

While we have addressed the influence of a mass term on the QNM potential and the QNF spectrum, the
massive scalar QNM has been the subject of much discussion in the literature concerning the superradiant
amplification of bosonic perturbing fields within the vicinity of a black hole. Since classical superradiance
informs our analyses in Sections 4.1.1 and 5.2.1, we close this section on the massive QNM eigenvalue prob-
lem with a brief aside on the subject.

2.3.1 Interpreting the mass-like QNM term in the astrophysical context

As mentioned earlier, when Jm{w} ~ 0, QNMs enter the “quasiresonance regime” in which modes become
arbitrarily long-lived. This occurs when the field mass reaches some critical value, such that the damping
rate asymptotically approaches zero and the QNM behaviour resembles that of a bound state [177]. The
mass responsible for this decay in the damping rate is associated with a local minimum generated far from
the black hole. Waves scattered off of the black hole (recall Fig. 2.1) become reflected and enhanced within
this local minimum [184], resulting in “superradiance”.

Following the definition provided in Eq. (2.12), “superradiance” occurs when the amplitude of the re-
flected wave R exceeds that of the incident wave 7 for a particular frequency. Classical superradiance was
first addressed in the black hole context in 1973, for rotating [185, 186] and electrically charged [187] black
holes. We discuss the latter in Section 4.1.1; here, we shall briefly consider the Kerr case.

For a scattered bosonic field with mass m = uf1/c? in the vicinity of a Kerr black hole [185, 186], rotational
energy is carried away from the spinning black hole; the superradiant amplification can be augmented by
the confining potential of the massive bosonic field, leading to a runaway self-amplification of the field and
the formation of a bosonic condensate around the black hole source (see Refs [14, 47, 133]). This process
has become a subject of renewed interest due to the possibility of detecting such a phenomenon through
GW astronomy [188]. Since the bosonic cloud and its black hole source both encode information about the
perturbing field, GW observations could in principle be used to constrain the mass of the bosonic field. GW
analyses performed in Refs [189, 190] suggest that LIGO and LISA may be able to probe the parameter space
of light bosons at m ~ 10713 — 10~ eV and m ~ 1071° — 10~1* eV, respectively. These constraints overlap
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well with hypothetical ultralight fields [3, 191], which we elaborate upon in Section 5.2.1.

In such astrophysical settings, particular importance is placed on the parameter My, where M is the usual
black hole Arnowitt-Deser-Misner mass and m = uf/c? is the bosonic field mass. Recall that the black hole
mass serves as a length scale and u has inverse units of length. In geometric units (c = G = 1), this Mu
parameter is a dimensionless constant. In SI units, this mass coupling can be related to the Planck mass
Mp [180], as well as to the black hole horizon radius r over the Compton wavelength Ac = h/ (mc) of the

perturbing field [165, 179],
_Mp _GMp ry

=L = . 2.
ME=32 = The ™ e (2.53)
Recall that the Compton wavelength can also be related to the mass in eV using
Acxm=124x10"7 . (2.54)

For Compton wavelengths corresponding to astrophysical black holes M ~ 10Mg, y will correspond to
very light particles of mass m ~ 10710 eV /c? [183, 192]. For astrophysical black holes, it is expected that Mu
will be fairly large for Mpu > ¢ [180]. As noted in Ref. [165], this is evident from elementary dimensional
analysis (using SI units):

_ My | o, (MY (#e
My = e ~ 752 x 107 x (MO) <ev . (2.55)

However, there is broad variability to contend with viz. for a neutral pion field of mass p ;0 ~ 134.96 x 10
eV/c? and a 10M¢ black hole, My ~ 4.8 x 103; for that same black hole and a W-boson, My ~ 6 x 10?1, Ina
study of Proca field QNMs in the Kerr space-time [165], Dolan and Percival found My to be exceedingly large
in the case of SM vector bosons, and extremely small for the photon with # < 107%7 eV /c?. Furthermore,
they found that in the SM case, only evanescent modes for QNFs with ¢ +1/2 < O(Mpu) were predicted.
For these extremely light photons, the QNF spectrum was anticipated to replicate that of the electromagnetic
field, albeit with one extra longitudinal polarisation matching the QNF spectrum of a massive scalar field.

Furthermore, when the Compton wavelength of the massive bosonic field is of the order of the black hole’s
radius, the scaling for the suppression of the instability timescale is governed by My < 1.This leads to the
strongest superradiant instabilities for the Kerr black hole [14, 47]. In the case of ultralight scalar fields, this
instability timescale is of the order of seconds for black holes of mass M ~ Mg, or hundreds of years for the
heavier M ~ 10° M, black holes [47, 133].

As such, if we are to observe QNMs, we can consider Mu ~ O(1). As we demonstrated in Ref. [182], we
can then utilise dimensional analysis to isolate a mass range for the scalar field. Using ST units M = mpgG/c?
and u = mc/h, we can express the mass of a bosonic field as

1 he
m= m—BHEM‘u . (2.56)

Since iic/G ~ 10710 kg2 and 1M ~ 10%0 kg, we can scale the black hole mass as mpy ~ 10* M. Returning
to natural units with ¢ = 1 (c.f. Eq. (4.25) of Ref. [133]), we then have

m ~ 10~ H10) py v (2.57)

Eq. (2.57) serves as a rough detectability bound on the sensitivity of the QNF spectrum corresponding to
an astrophysical black hole to ultralight scalar fields. We shall make use of this order-of-magnitude estimate
in Sections 4.2.3 and 6.3, as a guide on the detectability of charged massive scalar fields and extra dimensional
signatures, respectively.

Finally, we shall close this chapter with a higher-order calculation of the QNEEF, introduced in Chapter
1 and defined in Eq. (2.25). For completeness, we have included a review of the leading-order QNEF
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calculation in Appendix D.

2.4 Quasinormal wavefunctions and excitation factors

During the course of the iterative process needed to generate the QNF series Eq. (2.43), the Dolan-Ottewill
method produces as a by-product the elements of the S, (1) series contained within the exponential contri-
bution to the wavefunction Eq. (2.44). From the ansatz, Eq. (2.42), recall that can write the wavefunction
to order O(L™1) as

Uy (7’) ~ Ay

<1 — i) + ;ai(mrl <1 - ‘:’> 1 X exp {SOn(r) + Sln(r)Ll}

x expliwp /3 [(1 _ f) m— 1] f(lr)dr, (2.58)

for M = 1, where A,, is a normalisation constant determined from the condition

lim wg,(r)=1. (2.59)

r—-+too

If wesety = +/1+6/r, then

o [[0-3) it g =de e e () e

Finally, we can obtain Sy, (r) by integrating the derivative Sj, (r). This yields

ZJ”@}, (2.61)

1 2
Son(r :+1n{}+2Nln{

where the value of the integration constant,
1
c= 51n{2}+2N1n{2+\/§} p

is chosen in order to satisfy the condition Sy, (» = 2) = 0. Following Ref. [156], we make use of the constant

_24V3
=5

Son is consistent irrespective of the spin of the field; it is the first term in the L expansion of the QNM
for all overtones n. For the next-to-leading-order term, Sy, this is not so. We shall demonstrate this in the
calculation that follows.

The QNM excitation factors indicate how (and by how much) the QNMs are excited by a given initial
data. To compute this By, of Eq. (2.25), Dolan and Ottewill extended their QNF analysis of Ref. [156]
discussed in Section 2.2. However, a hallmark of that method is a breakdown at the critical orbitr = r. = 3
that cannot be circumvented in the case of the wavefunction computation. As such, the solution space is
divided into an “interior” region near r = 3 and “exterior” regions defined by r > (3+¢’) and r < (3 —¢€’)
for some infinitesimally-small €’. While the exterior solution is based on the photon-sphere arguments of
the QNF calculation made in Refs [50, 156], the interior solution follows the low-order WKB method of Refs
[151, 152]; specifically, the interior solution reduces to the asymptotic form of the parabolic cylinder function

z 2+V3)?2=7+4V3. (2.62)
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Figure 2.8: Diagrammatic representation of the solutions, where asymptotics are matched across the shaded regions.

At leading-order, g(z) ~ z.

l/}l ~ Da((—l + Z)Z)

In Appendix D, we provide a review of the leading-order calculation of the QNEF using the Dolan-
Ottewill method. In this section, we demonstrate a detailed calculation of our QNEF computation up to
O(L72). To elevate the interior solution to higher orders, we follow the strategy of Ref. [153] in which a
solution of the form ¢ ~ (g'(z))~/2D,[g(z)] is used to achieve a third-order expression, where D,[g(z)]
is the parabolic cylinder function. For the exterior solution, higher-order expressions can be achieved if we
use the Dolan-Ottewill method to compute expressions for the first few Sy, (1) functions of Eq. (2.44). The
final step of the QNEEF calculation then primarily involves the appropriate matching of the solutions.

2.4.1 Preliminaries

We begin with the effective QNM potential for a scalar test field for f(r) =1—2/r,

>y 1 ) 2-1 1
¥ +U(r)y =0, u(r) = W [w — f(r) ( 2 + a| (2.63)
where the perturbed QNF is given by
Wpy = wey +€
~@ Lty +@ L @l 2 tetO (L*3) . (2.64)

Here, we shall retain terms from the QNF series expansion of Eq. (2.43) up to order O(L~2). Following
the standard Schultz-Iyer-Will technique [151-153], we expand the barrier potential U(r) in a Taylor series
about the maximum r = r,

U(r) =~ U(rp) + %U”(rp)(r —rp)? + %u@) (r—rp)°+ ... (2.65)

If we solve for r, = rg+ 1 L'+ rl2+ .. using U’ (rp) = 01in the large-/ limit, we find that at order
O(L72),

rp =3+ 12v3woL ! + E+342w2+12\@w] L 2+0(L73). 2.66
14 6 0
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Upon substituting Eq. (2.66) into Eq. (2.63),

. 2 (504+/3@ — 22+/3@ — 351@1@ + 9v/3@2 ) 1
U(ry) = 2V3L@g + <36 — 39@3 + 2\f3w1> + 5 Tt
(2.67)
for large-/ at higher orders. We continue in this way for each term of Eq. (2.65),
1 L2 16w, 233 888w2 16w,
“U'(rp) = — — L+ |- 0 — 2.68
U =5 -=7 ( 3247 3 N (2.68)
1 2012 1160Lw,
“u®(r,) = - + 4.,
6 (rp) 81 27./3
1 9512  6544Lw
—UuW(r,) = - 04 ..
24 () =355 §1v3
parameterising r, as
z
= E 2.
ey (2.69)

At leading order, r, = 3 and &« = v/L/3 (c.f. Eq. (D.1.3) of Appendix D). We determine a by substituting
Egs. (2.68) and (2.69) into Eq. (2.65). However, the introduction of Eq. (2.69) into the ordinary differential
equation implies that the new equation to solve is

d? o d

BT i U T (2.70)
d(rp+z/a)? dz2 dz2 a2 $=0. '

This brings us to

1 7 1 L2 16wy z2
— ~ |2V3Lw, ~ —39w2 +2V3w |l =+ = —=L+..|=
azll(z) [\@w0+<36 39wy + \/§w1>+ }az—k{g 7 + }oc‘*
20L2  1160L@, 3 9512  6544Lw, A
+ |- “o 4. Z—S - €0 Z—6+ (2.71)
81 27+/3 o 243 813 b

The coefficient of the quadratic term in z is expected to be 1 [151-153], which allows us to solve for «.
Therefore, we can rewrite Eq. (2.69) as

11
r(z) —a~lz = 3+ 12v3wL ! + (6 + 34283 + 12f3w1> L7240 (L*3) ) (2.72)
where /3
3 36w 233 1 7
-1_ V2 2P0 90 _2 | 1 _7
= n + T T [48\/5 +414\f3w0+36w1} 55T O (L z) . (2.73)

2.4.2 Interior solution: using the parabolic cylinder function

While the spin of the perturbing field is irrelevant at leading order, deviations emerge at higher orders of L.
Here, we consider s = 0 perturbations, which allows us to use Eq. (2.7) as before in order to obtain a new
effective potential (c.f. Eq. (D.1.5)). Following Refs [151-153], we elevate the leading-order expressions
to next-to-leading order by substituting a power series expansion in g(z) (c.f. Eq. (3.16) of Ref. [153]) in
place of z within the ordinary differential equation. Thereafter, we solve the resultant ordinary differential
equation (c.f. Eq. (3.14) of Ref. [153]) using functions of the parabolic cylinder functions of the form

P~ (8'(z)7/*Dalg(2)].
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We begin by substituting Eqs (2.69) and (2.72) into Eq. (2.65), such that the radial equation becomes,

d>y _ 7 5 _\ 1 5
Tt ( [6\f3w0 + <12 + 3153 + 6\/§w1> Tt ] +z
2013 1 40w, 1 3 |951 2963wy 1 4 _
d2
= d—;f +Qz)p=0. (2.75)

Analogous to Eq. (3.15) of Ref. [153] and Eq. (D.1.5), we can rewrite the potential as

) 1 n/2
Qlz) =), <L> Uy /o(2), (2.76)
n=1
and solve for each term, viz.
Uy = 6V/3wg + 22, (2.77)
20v/323
Uyp = — 9 , (2.78)
7 4
Uy = £ + 315 + 6v/3@; + % ) (2.79)
_ 40wpz®  392v/32°
Ugp=——5—~—% (2.80)
— — 4 6
Up = 50881/33 + @ + 630@0w1 + 6V/3@w, + 2%\/3‘”02 + 14227‘ . (2.81)
Following Eq. (3.14) of Ref. [153] and Eq. (D.1.8), we set the solution of Eq. (2.75) as
dg -1/2
v=(%) a1+, (282)
where D,((—1+1i)g(z)) satisfies the parabolic cylinder function,
d? 5 .
o (2) ) Pa((=1+1i)g(2)) =0, (2.83)
and A is an unsolved variable that is constant in z, and 2 = —(1 — iA) /2. With Eq. (2.82), we can rewrite

Eq. (2.75) in terms of g(z),

dg 2 2 1 /dg - d3g 3 [dg -2 d’g 2 o s\ /2 B
<dz) [ +s@?]+3 (dz i2)  a\dz) \az2 H;O T) U@ =0. (284
Solving the above equation by taking

o0 n/2
gz)=z+) (i) Auyal(z), (2.85)
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and

A=) <> My Anp(2) ~ Y Pt (2.86)
iz \L k=0

we can solve for A and A,, /(z) iteratively by considering each coefficient of L~"/2. For example, at the order
of L% and L~1/2, we generate

L%: Ag—6V3wy=0, (2.87)

_ 1 3 -
L2 o (9A§/)2(z) +3622A% 5(2) +72(Ag — 3V/3aw0) A} 15 (2) + 36241 2 (2) +4of3z3) =0, (2.88)

and solve for each coefficient of z. Following this procedure, we find the result up to and including O(L~2):

4 n/2
1 A QO
A 3:0: ( L) U, »(0) L1 (2.89)
40w, 1022
Y2793 93 (2:90)
126523  2605w(z 155 64503
A= A== 0. 291
1T T01a T 2163 267 2 7 (291)

2541793 40w,  58987z%  185179wpz> 6781

= - — + ; 2.92
327 10153 3 43740v/3 43740 3645v/3 (292)
7702759z 4699901wz° 1086463093 2605w, 443665
27 7558272 629856+/3 839808 2163 | 1679616 ) 7
121727¢52 0
O = Y2790 | ouse e, + 256230 (2.93)

8v/3 864v/3

Recall that the index of the parabolic cylinder function D,((—1+1i)g(z)) is givenby a = —1/2+iA/2. With
the perturbation in Eq. (2.64) and the result in Eq. (2.89), we may write a = n +iev/27 + O (L71).

We now have all the necessary components to write the interior wavefunction. For the parabolic cylinder
function, we use Eq. (D.1.8) and Eq. (3.22) of Ref. [153], with z — ¢(z). For 5 = ie\/27, this produces
solutions of the form

Y~ (§)7V2D, o1+ )8(2)] (294)

Since we are concerned only with the fundamental QNM in this calculation, we emphasise that we setn = 0
from this point.

Recall also that the interior function in the Dolan-Ottewill framework is given by the ansatz ug = f~1/%.
With the introduction of the r — z replacement of Eq. (2.72), the asymptotic behaviour of this prefactor is

fz)71 2~ <1 S >1/2

rp+alz
Vailio 24 g+g 1+ 1323 4iz 1 N 139z4+i22_g i+
V3L 3 6)L 63 33/ L3/2 72 162) 12 "7
(2.95)

For the sake of brevity, we shall present only the asymptotic forms here and impose that n = 0 for the
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overtone. In the eikonal limit,

-1/2
Yoy oo ~ ei8E2 <Z§> (2.96)

vigsa (4872
dz

_ e*ig(z)z/z <dg> -1/2 e 3in/4n—1/2 1
* r{-n-n+0(})}8C)

Prstoo ~ €

{1 + ég(z)*2 - ZJ:g(z)*‘l - ] . (2.97)

where the asymptotics of each component are given by:

el iz> | (20z —10iz%) 1 200i 595z 185iz*] 1 839iz° 52723
eT8E/2 Lexpld £+ - - —F
2 3v27  L1/2 243 3888 216 | L ° [405v/3 1312203

932691'2] 1 [605471'26 853499z  27982081iz2 8837] 1 }

656103 | L3/2 | 34992 ' 7558272 45349632  177147) 12 T
(2.98)
<dg>_1/2N P (I [_15522 26051'] 1 [51323.23 215767iz} 1
dz 9v3L 432 7776 | L |87480v/3  524880v3] L3/2
[1189748324 1100411izz+100425053] 1 (2.99)
30233088 10077696 ' 362797056 ] L2 '

i 3
g(z {1 T2 gt ]

)
1,0 3 [10 35 5/3 25 | 1 [ 155z, 5005 9505 44875i 50071
z 223 45 |93 932 22F  3/3:6| L1/2 648 ' 1944z 97225 1728285 ' 2777 L

[ 70000i N 762343 32791703 N 15737z 583061 79477i } 1 ~ 2800000
729v/328  38881/3z6  3499201/3z%  43740v/3 32805v/3z2  131220+/3] L3/2 1968327

30926495i 32239603847  1743973z3  9730444495i  329953iz 1526967471 1

7873277 + 12093235225 7558272 181398528z 15116544 45349632z

L2
(2.100)
Finally, applying the [{—n — 7+ O (L)} approximation in the n = 0 limit yields,
1 ; 5i 659 ;
V2me i/ 412 | (—i\/27e [1 4 ] Ve 34 (2.101)
2
I’{fnf11+(’)(%)} ( ) 36L 7776L

2.4.3 Exterior solution: using the Dolan-Ottewill ansatz

For the exterior solution, we closely follow the method described in Ref. [50] (c.f. Appendix D.2) for

ut(r) = exp { Tiw /Sr (1 + ?)1/2 (1 — ::) dr*}vi(r) . (2.102)

To obtain the exponential component of the wavefunction, we perform a power series expansion on the
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integrand around r = 3, and then integrate directly with respect to the tortoise coordinate. We then perform
the substitution of r — 1, + alz, w — w%) ~w_1L+wy+wi L7 + w172, and wy given in Eq. (2.64),

which gives

. 1/2
iiw/ <1 ¥ 6) (1 _ 3) dr,
3 r r

i[é {22 1Oiz3] 1 [2i+22+ 185iz* ] 1 {9512 N 102° N 839iz° ] 1
2 T|\V3 9v3] L2 3 36 216 |L [543 27v3 405/3] L3

i~2 4 i~0
+{ 4 1135i2*  1457z'  60547iz } % +O(L—5/2)}_ (2.103)

27 1944 3888 34992

To construct the higher-order expressions for the function v*(¥), we require the higher-order S, (r) func-
tions (see Egs. (2.44) and (D.2.13)). For n = 0, we can express this as

o0 (r) = exp{Sg(r) +Sip ()L™ + .+ S (1)L (2.104)

To extract these terms, we follow the same iterative Dolan-Ottewill QNF calculation. Recall that to deter-
mine each components of the QNF series expansion @y, we require Sy, (1) and its derivatives with respect to
r. Recall also that v*(r) and va;:n (r) are the functions after introducing the QNF perturbation (see Eq. (2.64),
together with Eq. (2.64)) into Eq. (D.2.13), such that we solve for §]§) (r) order by order. Their explicit forms
are provided in Appendix E, up to and including k = 2. To determine the asymptotics of these perturbed
5% functions, we evaluate the functions at the perturbed QNF (TJ%), perform the substitution 7 — r, + a1z,
and subject the result to a power series expansion about L — co to second order in L. Using these asymptotic
forms of the components, together with Egs. (2.103) and (2.104), the explicit forms of Eq. (2.102), u*(*=2),
may produce at the order of O(L~2),

W) 2t ( ¢ ) " exp{ [ 7z 10iz } 1 n { 367i n 67i 11z= = 185iz ] 1

_— - - - +
4/27 3v3 9v3 | VL 324 1443 216 216 | L
{ 166iz 15123 839iz5} 1 { 11687 47 9289iz2  5581z*% 605471'26} 1}

813 486v3 405v3) L3/2 | 93312 25923 23328 1555 T 32992 | 12
(2.105)
and
: -1 -1/2 5 ' 5i 5 10i
~(2) o \fpp—i2/2 (_F 6 I N
" Ve ( Lm) V27 P\ T8F 22T | T B Va2 ava:
oz 10iz® | 1 679i 67 25 13 265 4122 185iz*] 1
V3 93 |VI 324 1443 326 z* 5422 216 216 | L
100i 8243 1991 55 | 32iz 7723 N 839iz° | 1
3v327  108v/3z5 54323 9v3z 813  162v/3 4053 | L3/2
6031 47 350 19615 73271 56915i 23945i72
93312 ' 25924/3 928 ' 16226 ' 864z* 388822 ' 23328
4 6
_ 18679z*  60547iz° | 1 | (2.106)
46656 34992 |2
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