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Black holes and their perturbations in the search for new physics
Anna Chrysostomou

Abstract

Black hole quasinormal modes (QNMs) serve as an indispensable tool in the study of (semi-) classical and
alternative theories of gravity, capable of describing the intricate dynamics of perturbed black hole systems
and of fully characterising their black hole source. Since their identification in the 1970s, QNMs and their
corresponding complex quasinormal frequencies (QNFs) have provided insight into the nature of singu-
larities, the stability of black hole space-times, and the validity of principles like cosmic censorship and
the no-hair conjecture that pervade general relativity (GR) but remain without formal mathematical proof.
Within the newly-established era of gravitational-wave (GW) astronomy, we can exploit the phenomeno-
logical applications of the extant theoretical QNM framework; we can perform quantitative analyses of GWs
emitted in the wake of black hole merger events and employ these in searches for new physics.

We explore these ideas within this thesis, in the context of fixed spherically-symmetric black hole back-
grounds upon which a scalar test field propagates. In this vein, we seek to understand how parameters
from the black hole space-time and the propagating field influence the QNF spectrum, the constraints we
can derive as a result, and whether QNMs can be used in the search for extra dimensions.

We focus on three space-times in particular: the Schwarzschild black hole, which we choose for its sim-
ple structure; the charged Reissner-Nordström background embedded in an asymptotically-de Sitter space-
time, which reflects themost complicated spherically-symmetric backgroundwithGR; an extra-dimensional
space-time made up of a Schwarzschild black hole embedded in a space-time of mixed curvature.

Within the Schwarzschild space-time, we investigate the influence of a field mass on the scalar QNF
spectrum, where an upper bound can be derived beyondwhich QNMs fail to propagate. The corresponding
QNFs lie in the quasiresonance regime, related to the phenomenon of superradiance.

As an additional investigation within the Schwarzschild space-time, we extend our analysis of the semi-
classical tools used to compute QNFs to the computation of the QNM wavefunction and “quasinormal ex-
citation factor” (QNEF). Since tests of GR are mode-specific, QNEFs provide a measurement of relative
excitation required to identify a particular mode within the detected GW spectrum that is independent of
the black hole’s initial perturbing stimulus. In section 2.4, we discuss the procedure we have developed to
construct higher-order QNEFs, based on the Dolan-Ottewill and Schutz-Iyer-Will formalisms.

We then expand our interrogation of the effect of field and black hole parameters on the QNFs by exam-
ining the QNF spectrum of a spin-0 field with mass µ and charge q within the Reissner-Nordström de Sitter
(RNdS) black hole space-time with mass M, charge Q, and cosmological constant Λ > 0. Using a phase
space diagram, we show how the cosmological constant enforces upper limits on the black hole mass and
charge. With this diagram, we review the Weak Gravity Conjecture (WGC) that extracts mass and charge
constraints from black hole mechanics, the Festina-Lente (FL) bound that provides a lower bound of field
mass and charge from black hole decay processes, and the cosmic censorship conjectures that preserve the
deterministic nature of GR.

Through a semi-classical computation method tailored to the calculation of charged and massive scalar
QNMs in the RNdS black hole background, we show how QNFs evolve within the phase space; we demon-
strate regular and anomalous QNF behaviour and its dependence on black hole and field parameters. In
particular, we focus on the application of this QNM analysis in the study of stability, superradiance, and cos-
mic censorship violations within extremised regions of the RNdS black hole. We find regions in the phase
space predisposed to superradiance, as well as QNFs in violation of cosmic censorship.

Our final investigation is focused on the search for signatures of new physics using GWs from binary
black hole collisions. We investigate an extra-dimensionalmodel ofmixed curvaturewhose higher-dimensional
manifold is a compact negative space. Specifically, we are concerned with a product space comprised of a
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four-dimensional Schwarzschild black hole space-time and a three-dimensional nilmanifold (twisted torus).
We show how we can model the black hole perturbations as a scalar test field, with the extra-dimensional
geometry stylised in the QNM effective potential as a squared mass-like term representing a Kaluza–Klein
tower of states. This allows us to apply our understanding of massive QNMs to the search for new physics.

Finally, we consider how GW data from the LIGO-Virgo-KAGRA Collaboration can be incorporated in
QNMs studies of extra dimensions. As a proof of concept, we demonstrate how parametric deviations from
GR can be used in the search for new physics with QNMs. For more stringent limits, we compare the
QNF spectrum for the “Schwarzschild-nilmanifoldmodel” against the hierarchical tests of GR performed by
the LIGO-Virgo-KAGRA Collaboration to determine a possible “detectability bound” beyond which extra
dimensions cannot be detected using QNFs.
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Trous noirs et leurs perturbations dans la recherche d’une nouvelle
physique

Anna Chrysostomou

Résumé

Lesmodes quasi-normauxdes trous noirs constituent un outil indispensable dans l’étude des théories (semi-
)classiques et alternatives de la gravité, capables de décrire la dynamique complexe des systèmes de trous
noirs perturbés et de caractériser pleinement les sources des trous noirs. Depuis leur introduction dans les
années 1970, les modes quasi-normaux et leurs fréquences complexes, ont permis de mieux comprendre la
nature des singularités, la stabilité des espaces-temps des trous noirs et la validité de principes tels que la
censure cosmique et la « théorème de calvitie », qui sont omniprésents dans la relativité générale mais qui
n’ont pas encore été prouvés mathématiquement. Dans la nouvelle ère de l’astronomie des ondes gravita-
tionnelles, nous pouvons espérer exploiter les applications phénoménologiques des modes quasi-normaux;
nous pouvons effectuer des analyses quantitatives des ondes gravitationnelles émises dans le sillage des
événements de fusion de trous noirs et les utiliser dans la recherche de nouvelle physique.

Nous explorons ces idées dans cette thèse, dans le contexte d’arrière-plans fixes de trous noirs sphérique-
ment symétriques sur lesquels se propage un champ test scalaire. Nous commençons par une introduc-
tion pédagogique aux modes quasi-normaux dans l’espace-temps des trous noirs de Schwarzschild, afin de
présenter les techniques de calcul des fréquences quasi-normales et d’illustrer le comportement caractéris-
tique des modes quasi-normaux et l’effet des paramètres de champ. Cela permet d’introduire la fonction
d’onde des modes quasi-normaux et le “facteur d’excitation quasi-normal”. Comme les tests de la relativité
générale sont spécifiques à un mode, les facteurs d’excitation quasi-normaux fournissent une mesure de
l’excitation relative nécessaire pour identifier unmode particulier dans le spectre détecté, indépendamment
du stimulus perturbateur initial du trou noir. Dans la Section 2.4, nous discutons de la procédure que nous
avons développée pour construire des facteurs d’excitation quasi-normaux d’ordre supérieur, sur la base
des formalismes Dolan-Ottewill et Schutz-Iyer-Will.

Dans les Chapitres 3 et 4, nous étendons notre examen de l’effet des paramètres du champ et du trou
noir sur les fréquences quasi-normales en examinant le spectre d’un champ de spin-0 avec une masse µ et
une charge q dans un espace-temps de trou noir de Reissner-Nordström de Sitter (RNdS) avec une masse
M, une charge Q, et une constante cosmologique Λ > 0. Pour ce faire, nous explorons d’abord l’espace
des paramètres et la structure globale du trou noir RNdS dans le Chapitre 3. Cela permet de développer
les nuances des concepts physiques fondamentaux qui seront abordés par nos analyses, viz. la conjecture
de faible gravité qui extrait les contraintes de masse et de charge de la mécanique des trous noirs, la limite
de Festina-Lente qui fournit une limite inférieure de la masse et de la charge des champs à partir des pro-
cessus de désintégration des trous noirs, et les conjectures de censure cosmique qui préservent la nature
déterministe de la relativité générale.

Nous procédons à l’analyse des modes quasi-normaux dans le Chapitre 4. Avec une méthode de calcul
semi-classique adaptée au calcul des champs scalaires chargés et massifs dans l’arrière-plan du trou noir
RNdS, nous démontrons le comportement régulier et anormal des fréquences quasi-normales et la dépen-
dance aux paramètres du trou noir et du champ. En particulier, nous nous concentrons sur l’application de
cette analyse dans l’étude de la stabilité, de la superradiance et des violations de la censure cosmique dans
les régions extrémisées du trou noir RNdS.

Enfin, nous nous intéressons à la recherche de signatures de la physique au-delà du modèle standard à
l’aide des ondes gravitationnelles provenant de collisions de trous noirs binaires. Nous expliquons d’abord
le scénario au-delà dumodèle standard qui nous intéresse : unmodèle extradimensionnel de courburemixte
dont le manifold de dimension supérieure est un espace négatif compact. Le Chapitre 5 est donc dédié à la
motivation et à la construction de ce modèle extra-dimensionnel. Plus précisément, nous nous intéressons
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à un espace produit composé d’un espace-temps quadridimensionnel de trous noirs de Schwarzschild et
d’un nilmanifold tridimensionnel (tore torsadé). Nous montrons comment nous pouvons modéliser les
perturbations commeun champ test scalaire, la géométrie extradimensionnelle étant décrite dans le potentiel
effectif sous la forme d’un terme de masse au carré représentant une tour d’états de Kaluza-Klein.

Le Chapitre 6 se concentre sur les techniques d’acquisition, de traitement et d’interprétation des don-
nées des ondes gravitationnelles utilisées par la collaboration LIGO-Virgo-KAGRA, et comment elles peu-
vent être utilisées dans les tests de relativité générale. Nous expliquons ensuite comment nous utilisons
l’infrastructure LVK dans notre propre étude. Nous calculons le spectre des fréquences quasi-normales
pour le modèle “Schwarzschild-nilmanifold” en utilisant trois méthodes numériques différentes, et nous
les comparons aux tests hiérarchiques de la relativité générale effectués par la collaboration LVK afin de
déterminer une possible “limite de détectabilité” au-delà de laquelle les masses de Kaluza-Klein ne peuvent
pas être détectées à l’aide des fréquences quasi-normales.
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Chapter 1

Introduction

The gravitation attraction of a star with a diameter 250 times that of the Sun and comparable in
density to the earth would be so great no light could escape from its surface. The largest bodies in
the universe may thus be invisible by reason of their magnitude...

Pierre-Simon de Laplace in Exposition du Système du Monde1(1796)

Einstein’s theory of general relativity (GR) relates the curvature of the space-time of the universe to the
energy and momentum of the matter therein, providing a geometric theory of gravity that has withstood
each experimental challenge levelled against it [3]. The mathematical formulation of GR can be succinctly
summarised through the Einstein field equations,

Rµν −
1
2

Rgµν + Λgµν = κ2Tµν , (1.1)

where Newton’s constant G can be related to the reduced Planck mass through the gravitational constant
κ2 = 8πG/c4 = 1/M2

P (see Refs [4–8] for introductions and reviews). Space-time curvature is encoded
in the metric tensor gµν, the Ricci curvature tensor Rµν, and the Ricci scalar R = gµνRµν; the stress-energy
tensor Tµν contains the characteristic information about the matter content of the universe. Within this
thesis, we consider scenarios inclusive and exclusive of a cosmological constant Λ ≥ 0, which corresponds
to asymptotically-de Sitter and asymptotically flat space-times, respectively.
To determine exact solutions to the Einstein field equations, we rely on the introduction of simplifying as-

sumptions, usually informed by physically-motivated symmetries and corresponding to gravitational phe-
nomena [9]. In this work, we focus on the vacuum solutions under spherical symmetry. By Birkhoff’s
theorem, these spherically-symmetric vacuum solutions are the Schwarzschild and the Reissner-Nordström
(RN) black holes [10]. For Λ > 0, these are the Schwarzschild de Sitter (SdS) and Reissner-Nordström de
Sitter (RNdS) solutions, respectively.
To describe dynamical systems, we require additional approximations. Einstein’s summation convention

disguises the highly nonlinear behaviour within GR, which renders the prospect of determining exact so-
lutions for such dynamical systems impractical. As such, we impose that deviations from the metric are
small; terms that are quadratic and beyond in gµν are considered to contribute negligibly to the equations of
motion. In this way, we develop linearised gravity and, by extension, the black hole perturbation theory that
has played an essential role in the development of gravitational theory over the last century, culminating in
the successful realisation of gravitational-wave (GW) astronomy [11].
1Laplace [1] is considered among the first to predict the existence of black holes [2].
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2 1.1: Black holes and their QNMs in the new-found era of gravitational-wave astronomy

GR predicts the existence of black hole quasinormal modes (QNMs), the proper modes at which a black
hole oscillates when excited by a non-radial perturbation2. Unlike the normal modes of Newtonian gravity,
thesemodes are damped by the emission of GWs; the corresponding eigenfrequencies are therefore complex
[13, 14]. We begin our discussion with the contextualisation of QNM research within GW investigations,
and emphasise its importance in the broader field of gravitational physics. To do so, we briefly review how
black holes and their QNMs can be studied within GW astronomy, formal theory, and phenomenology. We
then conclude our introduction with a summary of our objectives and an outline of the thesis, highlighting
how our novel results contribute to the GR community and beyond.

1.1 Black holes and their QNMs in the new-found era of gravitational-
wave astronomy

In analogy to the electromagnetic waves produced by accelerating charges, GWs are generated by any mas-
sive body undergoing acceleration. However, for a GW signal to be observable from millions of lightyears
away (i.e. for the amplitude of the GW to rise above the background noise), its source must be sufficiently
massive and/or rapidly accelerating [15]. In principle, observable GW sources include coalescing com-
pact bodies, pulsars, supernovae (all of which are sources of “deterministic” GWs), and a “cosmic GW
background” comprised of the stochastic GWs created by the superposition of a large number of indepen-
dently ringing sources, analogous to the cosmic microwave background [15–17]. In 2015, the first direct
detection of GWs was captured by the Laser Interferometer Gravitational-Wave Observatory (LIGO). This
much-anticipated achievement represents the culmination of painstaking numerical and experimental de-
velopment spanning decades, as detailed in Ref. [18], and facilitated unprecedented access to the universe
beyond the reach of the electromagnetic spectrum. To date, over 90 GW events have been confirmed− 83 of
which are classified as binary black hole mergers − with a probability of astrophysical origin pastro > 0.5
[19–21], providing us with the novel opportunity to scrutinise GR in the relativistic strong-field regime and
placing us firmly in the era of GW astronomy.
Such success in the 10 Hz ≤ f ≤ 10 kHz frequency range motivates the planned upgrades for present

observatories, as well as the establishment of other international GW efforts, with the intention of establish-
ing a network of strategically placed GW detectors of varying configurations positioned across the globe.
Advanced LIGO consists of two identical interferometers, located in Hanford (Washington) and Livingston
(Louisiana) in the United States. Each of these detectors has 4 km-long orthogonal arms and is sensitive to
strains of the order of 10−23. TheVirgoGWdetector near Pisa (Italy) has arms of 3 km and is consequentially
slightly less sensitive than LIGO; in comparison, the GEO600 near Sarstedt (Germany) has effective opti-
cal arm lengths of 1.2 km. The Kamioka Gravitational Wave Detector 3 (KAGRA) in Hida (Japan) is built
beneath the Kamioka Observatory, and is characterised by cryogenic mirrors that aid in reducing seismic
and thermal noise [22]. In so doing, KAGRA enriches the global network’s sensitivity, forcing the detection
threshold further towards the fundamental limits of quantum noise [23]. Through consistent efforts by the
LIGO-Virgo-KAGRA (LVK) Collaboration, LIGO-India has been approved for construction in the Maha-
rashtra province, and will come online within the next decade, with a strain sensitivity of ∼ 10−24 over the
10 Hz≤ f ≤ 10 kHz frequency range [24]. Consistency between the observations of these detectors enables
the suppression of noise as well as coherent analysis and the sky localisation of GW signals that in turn
promote multi-messenger follow-ups of events [25].
Moreover, this access to GW astrophysics additionally motivates the exploration of the broader GW spec-

trum. For example, the North American Nanohertz Observatory for Gravitational Waves (NANOGrav),
active in the lower-frequency band, relies on the precise timing of pulsars to detect GW remnants from past
2These perturbations refer to common astrophysical processes like matter accretion, incoming radiation, entry into the gravitational
field of another astrophysical body, and −most significantly − black hole merger events [12].

3formerly the Large Scale Cryogenic Gravitational Wave Telescope (LCGT)



Chapter 1: Introduction 3

mergers of supermassive black holes [26].4. The approved space-based Laser Interferometer Space Antenna
(LISA) will trace the evolution of black holes from the early Universe through the peak of the star formation
era [28]). With plans for broadly-sensitive detectors like the Cosmic Explorer [29], we are poised to observe
GW sources ranging from the stochastic background at ∼ 10−10 Hz to pulsars at ∼ 106 Hz [30].

This newfound position allows us to test directly the strong-field dynamics5 of gravity for the first time,
as well as to probe the principles we consider sound, such as the “no-hair” conjecture [32–34] − which in-
dicates that isolated Kerr-Newman black holes in equilibrium can be fully characterised by their Arnowitt-
Deser-Misner (ADM)mass (M), charge (Q), and spin parameter (a) [4, 11]. We are also equipped to pursue
tantalising hypotheticals like extra-dimensions [35–37] and supersymmetry [38]; recent considerations sug-
gest that signals from primordial black holes could lie within the sensitivity range of LISA, or even future
iterations of LIGO for MPBH ≤ 100M⊙ [39, 40].
Although GWs, by definition, are generated by all massive accelerating bodies, GWs interact weakly with

matter and are thus difficult to detect. The merger of compact bodies such as black holes or neutron stars,
however, releases enough energy to produce detectable signals (where the associated violence is considered
in Ref. [13] as second only to the big bang). Furthermore, models of black hole binary mergers are the most
comprehensive and accurate of the two-body systems [17]. For these reasons, the most frequently detected
GWs are those sourced from binary black hole collisions [21].
As we see in Fig. 1.1, the gravitational waveform modelled via the techniques of numerical relativity

(refined over the course of several decades [14]) finely predicted the behaviour of the data captured by the
LIGO detectors. It is well known [11, 12, 14, 41, 42] that specific waveform features correspond to particular
stages for the coalescence of a black hole binary system:

(i) inspiral: long, adiabatic stage as orbit shrinks and GW emission increases;
(ii) plunge: violent merger into a single black hole and GW emission peaks;
(iii) ringdown: final black hole emits damped GWs as it relaxes into a stationary state.

The “inspiral phase” marks an orbital decay; within GR, the compact objects spiral closer together due to
their loss of energy and angular momentum in the form of GWs. As the orbit shrinks, the frequency and
amplitude of these GWs increase. Note how this is in contrast to Newtonian binary systems, where bodies
can follow closed elliptical orbits. However, since the overall scenario remains non-relativistic, it can be
modelled quite accurately through the post-Newtonian approximation, where expansions in powers of v/c
may be used to describe quantities like energy and flux [11, 41]. Inspiral ends with a final stable orbit, the
innermost stable circular orbit (ISCO). The subsequent “plunge” represents the merging of the black holes,
a stage dominated by strong-field dynamics and involving the maximal release of energy via GW emission
[13, 41]. This is modelled using numerical relativity. The resultant, distorted black hole then “rings down”
with characteristic frequencies, as it settles into a final quiescent state. The dampedGWs emitted by this final
black hole are a superposition of QNMs; they dominate the GW spectrum at late times, as first demonstrated
in Ref. [44]. The corresponding characteristic frequencies are the quasinormal frequencies (QNFs). Typical
models presume that one mode dominates soon after the black hole merger, and an exponentially damped
oscillation at constant frequency can be observed as the black hole settles towards its final state [14].
The relevance of these QNMs lies in the physical quantities encoded within them. From the amplitude

of the QNM, details concerning the initial black hole binary system may be extracted [11, 14]. The authors
of Ref. [45], for example, captured information regarding the mass ratio and spins of the progenitor black
holes through a comprehensive numerical interrogation of coalescing black holes.
The QNF, however, is considered “the most physically meaningful quantity after merger” [41]. Super-

ficially, we recognise it to a be a complex quantity, where the real part represents the physical oscillation
4Through their analysis of 15 years of pulsar timing data, the NANOGrav collaboration recently released promising results indicative
of a stochastic GW background from supermassive black hole binaries [27].

5The strong-field regime represents the limit at which the post-Newtonian (v ≪ c) approximation of gravity fails, such as when
relativistic objects are concerned [31]. Since GWs carry energy outward at v ∼ c, they are considered a strong-field system [11].
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Figure 1.1: Top: the observed GW signal for the binary black hole merger event GW150914, as measured at the
Livingston (L1) andHanford (H1) LIGOdetectors. Bottom: inspiral, merger, and ringdown of the waveformsmodelled
using the parameters extracted from the GW150914 event [43].

frequency and the imaginary part expresses the damping of the system [14, 42]. Of greater astrophysical
interest, however, is its connection to the character of the final black hole. While the behaviour of the inspiral
stage is specified by the nuances of the initial perturbation, ringdown depends exclusively on the parame-
ters of the final black hole, viz. the ADMmass, charge, and spin parameter [46]. In studying a single QNM,
these parameters may be extracted, and the black hole fully described6.

As such, QNM studies allow for a means of investigating and cataloguing black holes according to their
characteristic parameters. This offers the opportunity to test the “no-hair conjecture” directly [11, 14]. Such
investigations are already underway, as demonstrated in Ref. [48], where the analysis was performed using
data from the first detectedmerger event. The authors also noted that in their identification of multiple ring-
down modes in the data, they established a measure of progress in the pursuit of black hole spectroscopy.
Since we expect to experience a veritable GW data deluge in the coming years, the gravitational physics
community shall have ample opportunities to expand upon this work.
However, with this additional volume of data, it is necessary to consider the accuracy with which we

calculate QNMs and their associated quantities. As explained in Ref. [47], maximising accuracy in QNM
calculations is imperative because of the relationship between QNF and black hole parameters: a slight
change in the former corresponds to a considerable change in the latter. For this reason, a significant por-
tion of QNM research has been dedicated to the establishment of highly accurate approaches to the QNM
problem.
Furthermore, the increased sensitivity in our detectors suggests an increase in the capturing of higher

overtones and harmonics. As discussed in Ref. [49], identifying an individual mode within the superposi-
tion of QNMs observed is necessary for the development of waveform models and the testing of GR. Since
the detectability of eachmode depends on its relative excitation, a means by which to quantify the excitation
of a QNM that is independent of the initial perturbing stimulus is vital.
As the name suggests, quasinormal excitation factors (QNEF) indicate how and by how much QNMs

are excited [50]. Few papers are available on the subject, due in part to the complexity of the problem
of determining the QNM wavefunction. A seminal attempt at the QNEF computation was carried out by
6This is in accordance with the “no-hair conjecture”, which presumes a perfectly isolated black hole at equilibrium − something
impossible to attain, for even in a space-time devoid of matter and fields, a black hole interacts with the vacuum [47].
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Andersson in 1995 [51]. Following Nollert and Schmidt’s construction of the QNMs as singularities of
a Green’s function [52], Andersson applied the “phase-integral method”7 to the case of scalar QNMs in
a Schwarzschild background. The final formulae he generated carried over naturally to the gravitational
counterpart. It was only recently that the semi-analytic computation of QNEFs for the case of the Kerr black
hole was been successfully carried out in Ref. [55] using a WKB analysis at leading order.
A further important example is Ref. [56], focused on a Kerr black hole spacetime and carried out using

numerical techniques. For corotating modes, the authors found that the excitation factors tend to zero in
the extremal limit, and that the contribution of the overtones should be more significant when the black
hole is fast rotating. They also present the first analytical calculation of the large-damping asymptotics of
the excitation factors for static black holes. An extensive numerical follow-up by Oshita [57] explored Kerr
QNEFs to the 20th overtone.
The calculation of a QNEF has received renewed interest following the regular detection of GWs from bi-

nary black holemerger events [58–60]. This accumulation ofGWdata has allowed for thorough examination
of the aforementioned relationship between QNFs and the parameters of post-merger black holes, enabling
improved testing of GR in the strong regime [58–61]. However, it has also emphasised the importance of
quantifying QNM excitations. Isolating the QNM-dominated phase of the post-merger gravitational radia-
tion from the gravitational waveform is known to be highly non-trivial [61], due to the low signal-to-noise
ratio (SNR) of the post-merger phase and the technical challenges in combining posterior probability den-
sities from multiple events [15, 62]. Quantifying QNM excitations is expected to become more complicated
as GW detector sensitivity to higher overtones [57] and harmonics [63] increases [64].
To observe how the QNEF contributes to the GWs, we may describe the evolution of the post-merger

gravitational radiation propagating in the black hole background as a superposition of QNMs. On the basis
of the spherical symmetry of the black hole spacetime at hand, the QNMs may be subjected to a variable-
separable decomposition. As such, we can express the GW spectrum as

h+ + ih× =
1
r ∑
ℓmn
Cℓn Yℓm(θ, ϕ) e−iωnℓt . (1.2)

where h+ and h× are the strain amplitudes for the two polarisations of the GW. Since we assume a static and
spherically-symmetric background, the spheroidal harmonics Yℓm(θ, ϕ) reduce to their spherical counter-
parts, defined in terms of the multipolar number ℓ and azimuthal number m. The QNFs can be decomposed
as

ωnℓ = ωR − iωI , ωR, ωI ∈ R , (1.3)
where ωR represents the real oscillation frequency and ωI is proportional to the inverse damping time. The
magnitude of the imaginary part increasesmonotonicallywith n, the “overtone” number. The “fundamental
mode” that dominates ringdown is n = 0. For a harmonic time dependence ψ(t) ∼ e−iωt, the imaginary
part of the QNF must be negative to ensure black hole stability [44].
While the Schwarzschild QNFs depend exclusively on the mass of the black hole by virtue of the no-hair

conjecture [32], the “quasinormal excitation coefficient” Cℓn depends also on the initial perturbing stimulus
[14]. In Ref. [57], the excitation factor is expressed as a product of the QNEF Bℓn and a source factor Tℓn.
The latter depends on the initial data of the black hole, where Gaussian wavepackets were traditionally
considered in earlier works [51, 52]. The QNEF, on the other hand, is independent of the initial perturbing
stimulus and may be considered a quantifying factor for the ease with which QNMs are excited [57]. In
Section 2.4, we perform a dedicated calculation of this QNEF, extending the lower-order result of Ref. [50]
and demonstrating how the QNEF allows us to distinguish between higher harmonics and overtones in the
QNM spectrum.
7A semi-analytical technique used to approximate the solution to a second-order ordinary differential equation by integrating an in-
troduced “phase function” along a complex contour [53], applied by Andersson to the computation of QNMs [54].
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1.2 Black holes and their QNMs as probes of fundamental physics

While precise definitions may vary within the broader physics community, the general relativist’s standard
interpretation of a spherically-symmetric black hole includes an event horizon and a singularity, with the
former concealing the latter [65]. Common lore then suggests that classical GR breaks down at the singu-
larity and quantum effects manifest [66]. That black holes could serve as the intermediary between classical
and quantum gravity is a well-proliferated belief − with the hope that black hole studies could usher in
a paradigm shift, much like analyses of the hydrogen atom catalysed modern quantum mechanics [67].
Within the subject of black hole thermodynamics, the heuristic connections between classical and quantum
aspects of gravity become more concrete: for example, intrinsically quantum attributes such as entropy and
temperature are related to classical quantities such as horizon area and surface gravity through the works
of Mukhanov, Bekenstein, Hawking, Gibbons [67–71], and their contemporaries.
As an example, Hod in 1998 established a connection between black hole thermodynamics and the QNFs

of a Schwarzschild black hole in the highly-damped regime: from Nollert’s numerical results [72],

Re
{

lim
n→+∞

ωnℓ

}
≈ 0.0437123

M
Hod−−−→ ln 3

8πM
. (1.4)

Here, 1/8πM is the Hawking temperature T+ of the Schwarzschild black hole, which is defined in terms of
the event horizon surface gravity k+ as T+ = k+/2π [73]. From this result, Hod determined that Eq. (1.4)
could imply a fundamental scaling of the “quantum Schwarzschild black hole” area [74].
Amore active line of inquiry lies in the “Swampland programme”. Upon compactification, string theories

defined in space-times of dimension d > 4 should reduce to effective field theories (EFTs) containing both
the StandardModel (SM) andgravity at the low-energy scale. This can be achieved for a landscape of choices
in compactification parameters. In the pursuit of a falsifiable field theory limit, however, this diversity in
consistent theories becomes problematic: there exists a staggering number of string vacua about which the
low-energy EFTs are constructed, such that deriving any constraint thereof is extremely difficult.
However, as suggested in Ref. [75], not all semi-classically consistent low-energy EFTs can be completed to

a full theory. These EFTs occupy the “Swampland”, in antithesis to the “Landscape” of self-consistent EFTs
that can be derived from a UV-complete theory of quantum gravity. Under the “Swampland programme”,
low-energy EFTs that do not satisfy conjectured selection criteria for the Landscape (i.e. the “Swampland
conjectures” [76]) are retired to the Swampland.
Many of the Swampland conjectures are constructed using heuristic arguments from black hole mechan-

ics. One of the most well-established results thereof is the Weak Gravity Conjecture (WGC), where consid-
erations of black hole emission of particles with mass m and charge q led to constraints on EFTs inclusive of
gravity and U(1) abelian gauge fields in asymptotically-flat space-time [77]. The formulation of the conjec-
ture is as follows. At (super)extremality, a black hole in asymptotically-flat space-time has amass M (greater
than or) equal to its charge Q, such that M/|Q| ≥ 1 in natural units. Black hole decay occurs bymeans of the
radiation of elementary particles. If such elementary particles have a mass-charge ratio m/|q| > 1, then the
black hole would radiate all of its mass before losing its charge, resulting in a “black hole” remnant of zero
mass but non-zero charge. Citing the logical inconsistency of such a result, the WGC requires the existence
of an elementary particle whose ratio of mass to gauge field charge is less than one. We can write this as

m < g1MP , (1.5)

where MP is the Planck mass and g1 is the U(1) gauge coupling [77]. Within this work, we take U(1) to be
electromagnetism, unless stated otherwise.
However, the WGC is confined to the Minkowski context, whereas asymptotically-de Sitter space-time

better relates to our current dark-energy-dominated cosmological era. Two key experiments in 1998 [78, 79]
provided the initial empirical evidence that the universe is expanding at an accelerated rate, and modern
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surveys continue to support the existence of a positive cosmological constant [80]. Within theory, interest
in de Sitter space-time is ubiquitous [81] due to its holographic dual description via conformal field theory
[82], the still-unresolved question of de Sitter stability in quantised theories [83, 84], and its generalisable
thermodynamic properties [85].
This last point is particularly interesting. As a consequence of the exponential expansion associated with

the positive vacuum energy, a black hole in an asymptotically-de Sitter universe is surrounded by a cos-
mological horizon beyond which information becomes inaccessible. Hawking radiation [70, 86] emanates
from this horizon, such that the cosmological horizon is associated with a de Sitter temperature TdS and
Gibbons-Hawking entropy SdS [71]. Except in specific cases, the black hole temperature TBH differs from
TdS. For a sufficiently large black hole, however, the system drifts towards thermal equilibrium.
It is worth noting that the fundamental nature of black holes is qualitatively and quantitatively altered

upon introducing this non-zero cosmological constant. In the case of Λ > 0, as considered in this work,
it is immediately clear that the maximum possible mass of a black hole is reduced: during stellar collapse,
for example, the gravitational attraction must compete against the repulsive vacuum energy. More subtle
concerns include the impact of the Gibbons-Hawking entropy [71] on the black hole system, particularly
with respect to black hole decay (see Ref. [87] and references therein), as well as the question of defining
mass [88] and black hole observables in de Sitter space-times [81]. Naturally, these have direct implications
for any gedankenexperiment conducted within the black hole laboratory.
The development of Swampland criteria in de Sitter space-times therefore requires the careful considera-

tion of the influence of Λ > 0. For example, Benakli et al. recently extended the WGC argument to charged
black holes in (anti-)de Sitter space-times [89]. To do so, they combined the WGC with the Weak Cosmic
Censorship (WCC) conjecture [90] forbidding naked singularities to establish a newWGC-de Sitter bound.
In their study on charged black hole emission in de Sitter space-time, Montero et al. derived the “Festina-
Lente” (FL) bound [91, 92], a lower bound on the mass of charged particles. We address this in further
detail in Section 3.2. In Chapters 3 and 4, we shall demonstrate explicitly the influence of the cosmological
constant on the black hole and its perturbations, respectively.

1.3 Black holes and their QNMs as probes of new physics

Our ability to detect GWs directly has immediate astrophysical [93] and cosmological [94] relevance. How-
ever, there is a significant interest in the theoretical implications of GWs [95] and the insights they might
provide in the search for new physics [96].
This is in part due to their weakly-interacting nature: GWs propagate unimpeded through the universe,

piercing both the cosmic microwave and cosmic neutrino backgrounds, possibly providing unique insights
into the inflationary epoch and beyond [97–99]. These high and ultra high frequency “stochastic” GWs
correspond to energies of the TeV range and higher, towards the Planck scale; in this way, GWs serve as a
complementary laboratory to collider physics experiments [100–102]. Searches for new physics focused on
early-universe dynamics are well-underway, with examples such as Ref. [103] demonstrating that models
based at scales of Grand Unified Theories can be good candidates for detection via next-generation GW
detectors [30]. This has encouraged new lines of inquiry into cosmic strings [104, 105], leptogenesis [106],
darkmatter [107], and other beyond the StandardModel (BSM) challenges. In this vein, GWs are also being
applied to searches for extra dimensions (see Refs [37, 108, 109]). Compact extra dimensions feature a vari-
ety of different geometries (Ricci-flat [35, 110, 111], toroidal [112], warped toroidal [113] extra dimensions,
etc.). These, on the other hand, have so far predicted GWs whose frequencies are of the order of 1012− 1014

Hz, far exceeding the 103 − 104 Hz upper limit of present and planned detectors [99, 100].
Here, however, we are guided by the capabilities of modern detectors, and investigate whether we can

exploit present-day GW observations of merger events to infer constraints on new physics. In particular,
we shall focus on binary black hole collisions, where the post-merger “ringdown” phase is dominated by
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quasinormal ringing [41]. For this reason, we can apply known theoretical and numerical QNM techniques
to experimental observations. Logistically, we concentrate on black holes because the dynamics of binary
black hole collisions have been studied extensively [11, 13, 41]; the success of the LVK Collaboration is a
testament to the gravitational waveform modelling expertise, Bayesian statistical analysis techniques, and
experimental prowess carefully honed over several decades (see Ref. [15] for the LVK Collaboration’s guide
on data acquisition, processing, and analysis).
Furthermore, since the SNR ratio of the post-merger signal is usually fairly low and therefore not always

characterisable [58–60], the higher-mass and louder black hole merger events are more likely to produce
good candidates for ringdown analyses. The first detected GW event GW150914 [43, 114] was sufficiently
loud to accommodate a QNM study, so we shall restrict our discussion to this event within this work, unless
otherwise stated.
Current searches for evidence of new physics from available GW observations are dominated by model-

agnostic null tests for deviations from GR predictions. These include: consistency checks between data
and GR-based models for the evolution of a merger event; tests of the generation and propagation of GWs,
where the latter involves searching for modifications to the dispersion relation and in turn constraining the
Compton wavelength associated with the graviton mass; tests for additional polarisation modes beyond the
tensor plus and cross modes; analyses of the post-merger properties for parametric deviations fromGR [58–
60, 115], etc. At present, there have been no statistically significant deviation from GR reported.
However, this latter category of testing has been a subject of growing fascination, and motivates invest-

ment inmore precisemeasurements of QNFs [116–118]. Furthermore, hopes for the establishment of “black
hole spectroscopy” [49] are beginning to be realised: although the n = 0, ℓ = 2 mode is known to dominate
the QNM spectrum, higher harmonics [119, 120] and overtones [121] are being investigated. Tests of the
no-hair conjecture are of particular interest [61, 119, 122–124], as a violation thereof may be evidence of an
exotic object or new physics.
As such, we shall focus here on this use of parametric deviations from GR in the QNF spectrum in an

attempt to outline a search for extra dimensions. In fact, there have already been considerations for extra di-
mensions using black holeQNMs, concentrated for example on the five-dimensional (5D)Randall-Sundrum
II [125] model: through the formalism of Shiromizu et al. [126] and Dadhich et al., a 4D effective framework
can be established froma 5Dgeneral relativity construction, leading to a (neutral) black hole solution that re-
sembles the (charged) RN metric. The so-called “tidal charge” β = Q2/(4M2) (in natural units G = c = 1)
is a manifestation of the influence of the extra dimension. In Ref. [127], this is the observable utilised to
constrain extra dimensions, but is found to disfavour the case of d > 4.
It is not clear how to extend the Shiromizu et al. formalism to a broader category of extra-dimensional

models with d > 5, nor is it obvious whether this tidal charge observable can be probed for general cases.
Moreover, it may be that alternate geometries could lead to successful GW detection. Bearing these points
in mind, we shall consider as an example a particularly simple partially-compactified setup: a direct prod-
uct space featuring a 4D Minkowski space-time and a 3D negative compact spaceM4 × N3. Within this
space-time, we shall embed a 4D Schwarzschild black hole. The higher-dimensional component will then
be comprised of a twisted torus − known as a “nilmanifold” − constructed from the non-trivial fibrations
of layered tori. The nilmanifold is one of the few geometries that allows for analytic calculations of mass
spectra and Kaluza-Klein (KK) reductions [128], and boasts a number of phenomenologically-interesting
properties that we shall discuss in Section 5.1.
While the higher-dimensionalmanifold is highly specific, we shall show that the variable-separable nature

of our extra-dimensional space-time in the absence of coupling between components ofM4 andN3 and the
QNM problem we consider, allows for a KK reduction that expresses the extra-dimensional behaviour as a
mass-like term that can be incorporated into the QNM effective potential. We shall demonstrate how this
enables the application of QNM literature on massive oscillating fields, as well as studies on parametric
deviations from GR employed by the LVK Collaboration. In so doing, we demonstrate an estimate for a
detectability bound on the sensitivity of observable QNFs to signatures of new physics.

https://bilby-gwtc1.github.io/GW150914/html/bilby_bilby.html
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1.4 Thesis outline and objectives

The purpose of this introductionwas to contextualise theQNMs and their corresponding frequencieswithin
the GW framework, to establish the relevance of QNM research within the broader field of GR, and to pro-
vide an overview of the applications of black hole QNMs in the search for new physics. We explore these
ideas within this thesis, in the context of fixed spherically-symmetric black hole backgrounds upon which a
scalar test field propagates. In this vein, we seek to understand how parameters from the black hole space-
time and the propagating field influence the QNF spectrum, the constraints we can derive as a result, and
whether QNMs can be used in the search for extra dimensions.
We beginwith a pedagogical introduction toQNMswithin Schwarzschild black hole space-times in Chap-

ter 2, in order to outline QNF computational techniques (Section 2.2) as well as to illustrate characteristic
QNM behaviour and the effect of field parameters of mass µ and the angular momentum number ℓ on the
QNF ω (Section 2.3). Our novel results for the massive QNF are integrated into the discussion of Section
2.3; in Section 2.3.1, we use this result to derive a detectability bound for such QNFs. We then introduce
the QNMwavefunction and the QNEF. Since tests of GR are mode-specific, QNEFs provide a measurement
of relative excitation required to identify a particular mode within the detected GW spectrum that is inde-
pendent of the black hole’s initial perturbing stimulus. In Section 2.4, we discuss the procedure we have
developed to construct higher-order QNEFs, based on the Dolan-Ottewill and Schutz-Iyer-Will formalisms.
In Chapters 3 and 4, we extend our interrogation of the effect of field and black hole parameters on the

QNFs by examining the QNF spectrum of a spin-0 field with mass µ and charge q within a RNdS black
hole space-time with mass M, charge Q, and cosmological constant Λ > 0. To do so, we first explore the
parameter space and the global structure of the RNdS black hole in Chapter 3. This allows for a dedicated
elaboration on the nuances of the fundamental physics concepts that shall be addressed by our QNM anal-
yses, viz. the influence of Λ on the RNdS phase space (Section 3.1, especially 3.1.2), the FL bound that
provides a lower bound of field mass and charge from black hole decay processes (Section 3.2), and the
cosmic censorship conjectures that preserve the deterministic nature of GR (Section 3.3).
We proceed with our novel QNM analysis in Chapter 4, beginning with a study of the evolution of the

QNM potential within the RNdS phase space in Section 4.1. With a semi-classical computation method
tailored to the calculation of charged andmassive scalar QNMs in the RNdS black hole background (Section
4.2), we demonstrate regular and anomalous QNF behaviour and its dependence on black hole and field
parameters in Section 4.2.3. We then focus on the application of this QNM analysis in the study of cosmic
censorship violations within extremised regions of the RNdS black hole in Section 4.3.
Finally, we turn our attention to the search for signatures of physics beyond the Standard Model (BSM)

using GWs from binary black hole collisions. We first explain the BSM scenario of interest: an extra-
dimensional model of mixed curvature whose higher-dimensional manifold is a compact negative space
known as a “nilmanifold” (i.e. a twisted torus). Chapter 5 is thus dedicated to the motivation and con-
struction of this extra-dimensional model, with Section 5.1 dedicated to the study of the nilmanifold itself.
Specifically, we are concerned with a product space comprised of a four-dimensional Schwarzschild black
hole space-time and a three-dimensional nilmanifold. There, we show how we can model the black hole
perturbations as a scalar test field, with the extra-dimensional geometry stylised in the QNM effective po-
tential as a squared mass-like term representing a Kaluza–Klein (KK) tower of states. We discuss this QNM
problem and the possible analytic constraints that can be derived in Section 5.2.
Chapter 6 focuses on the LVKCollaboration’sGWdata capturing, processing, and interpreting techniques,

and how they can be used in tests of GR. We begin with a brief introduction to the LVK infrastructure and
methodology in Section 6.1. We then elaborate on howwe can utilise the LVK software for ringdown analy-
ses in our own study in Section 6.2. Finally, we compare QNF spectrum for the “Schwarzschild-nilmanifold
model”, treating this as a massive QNM problem, and comparing this against the hierarchical tests of GR in
Section 6.3. In so doing, we are able determine a possible “sensitivity bound” beyondwhich BSM signatures
cannot be detected using QNFs. We then summarise our conclusions in Chapter 7.



Chapter 2

Quasinormal modes in Schwarzschild
black hole space-times

You mean, if you had perfect pitch could you find the shape of a drum?

Lipman Bers in Kac’s Can One Hear the Shape of a Drum? [129]

The study of QNMs, the characteristic modes of a vibrating object, is a ubiquitous topic that can enrich
our understanding of a vast array of phenomena across various disciplines: from quantum mechanics to
fluid dynamics, and from nuclear physics to optics; the phonon modes in crystals, the microwave cavities in
amplifiers, and the oscillating strings of a guitar all display this intrinsically damped oscillatory behaviour.
Such characteristic modes are particularly interesting for their ability to reveal the structure and compo-
sition of the object whence they came, allowing us to “hear” the shape of the perturbing object [14, 129].
As implied in the introduction, the black hole QNM framework boasts a dense and well-cultivated history
whose development is chronicled in four comprehensive reviews [14, 42, 47, 130]. Rather than attempt a
summary of the sixty-odd years of QNM research in this chapter, we discuss instead the foundational for-
malism required to contextualise the QNM-based investigations we perform in Section 2.4 and in Chapters
4 and 6.
We begin this chapterwith a description ofQNMs through the familiar lens of a scattering problem, where

Section 2.1 is written in consultation with Refs [131–133]. The black hole scattering problem is particularly
interesting, as the curvature of the space-time informs the boundary conditions and serves as the fixed
background upon which the test field propagates; it is also the material upon which the incoming radiation
scatters. In studying the massless scalar field scattering on a Schwarzschild black hole, we can introduce
the fundamental QNM behaviour, as well as the concepts of stability and superradiance that inform later
chapters. In Section 2.2, we provide a brief overview of the semi-classical techniques used to compute QNFs.
Then in Section 2.3, we introduce the QNMs of massive scalar field in a Schwarzschild background as an
eigenvalue problem, emphasising the role of scalar field parameters and the relationship between QNMs
and photon orbits in the eikonal regime. We showcase how the mass of a scalar field can influence QNM
nature. The final section is dedicated to our higher-order calculation of the QNEF.

10
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2.1 QNMs in scattering theory

The birth of black hole perturbation theory can be traced back to the 1957 Schwarzschild stability analysis of
Regge andWheeler [134]. It was there that the symmetries of the space-timewere shown to be exploitable in
the analysis of the gravitational radiation from a black hole: the separation of angular, radial, and temporal
components using a tensor spherical harmonic decomposition. In so doing, they derived two decoupled
equations of “odd” and “even” parity: the “axial” and “polar” modes, respectively.8 With the application
of a Fourier expansion of the perturbed functions and a suitable gauge transformation, Regge and Wheeler
established the “Schrödinger-like” ordinary differential equation suitable for describing the radial behaviour
of the linearised perturbations of the metric. Let us consider the explicit example of a perturbed scalar test
field within a Schwarzschild black hole space=time/
An application of black hole perturbation theory begins with the modification of the metric by a distur-

bance,
g′µν = gBH

µν + δµν , (2.1)

where the unperturbed black hole metric gBH
µν is referred to as the “background" and the “perturbations"

δµν are considered to be very small (δµν ≪ gBH
µν ). Similarly, we may consider a perturbed background field

Φ′ = ΦBG + ϕ. We may then substitute g′µν and Φ′ into the Einstein field equations (c.f. Eq. (1.1)),
linearise the system of equations with respect to δµν and ϕ, and thereby deduce the linearised set of differ-
ential equations satisfied by the perturbations. An ordinary differential equation, taking the form of a wave
equation, can then be constructed for each variable; the system of equations can be subsequently reduced
in complexity on the basis of symmetries.
We can illustrate this explicitly using a scalar test field. In particular, we focus on the scattering of a

massless scalar test field minimally coupled to gravity within a Schwarzschild black hole space-time, under
linearised gravity (i.e. assuming there is negligible backreaction from the space-time). The metric is of the
form,

gBH
µν dxµdxν = − f (r)dt2 + f (r)−1dr2 + r2

(
dθ2 + sin2 θdϕ2

)
, (2.2)

written in terms of the Schwarzschild coordinates (t, r, θ, ϕ), with t ∈ (−∞,+∞), θ ∈ (0, π), and ϕ ∈ (0, 2π);
dθ2 + sin2 θdϕ2 serves as the line element on the 2-sphere S2. Here, the metric function is f (r) = 1− r+/r,
with an event horizon given by r+ = 2M in geometric units, c = G = 1 [4, 131]. The black hole is thus
static, electrically-neutral, and spherically-symmetric; it is fully characterised by its mass M [32].

Though massless scalar fields do not feature in the SM, the wave equation governing the behaviour of a
weak gravitational field in curved space-time closely resembles its spin-0 counterpart, and suffices to relay
the main characteristics of the perturbing field.
To describe the full system, we consider the Einstein-Hilbert gravitational action,

S =
1

16πG

∫
d4x
√
−gR +

∫
d4x
√
−g
[
−
(
∂µΦ

)†
∂µΦ

]
, (2.3)

following the conventions of Eq. (1.1). The equations of motion satisfied by the fields gµν and Φ are the
massless Klein-Gordon equation for a curved space-time,

∇µ∇µΦ =
1√−g

∂µ

(√
−ggµν∂νΦ

)
= 0 (2.4)

and the 4D Einstein field equations, Eq. (1.1), with Tµν quadratic in Φ. For maximally-symmetric vacuum
solutions, TBG

µν = 0.

8In Refs [135–137], it was shown that for gravitational perturbations in arbitrary dimensions, a third parity is required to capture the
additional degrees of freedom: a “tensor-mode”. Following this convention, we refer to the odd-parity/axial/Regge-Wheeler [134]
and even-parity/polar/Zerilli [138] as “vector-mode” and “scalar-mode”, respectively.
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Figure 2.1: The Schwarzschild effective potential plotted against the tortoise coordinate.

As detailed in Chandrasekhar’s book [131], the behaviour of a perturbed black hole within a classical GR
context can be inferred by substituting the perturbed metric and ansatz into the Einstein field equations,
and then solving for the vacuum solution. In this context, the linearised equations of motion for ϕ and δµν

decouple when ΦBG = 0, allowing for the metric fluctuations δµν to be set to zero.
On the basis of the black hole’s static nature and spherical symmetry, the ansatz can be subjected to the

decomposition,
ϕℓmn(t, r, θ, φ) =

∫ +∞

−∞
dω

∞

∑
ℓ,m

ψℓn(r)
r

Ys
mℓ(θ) e−iωℓnte+iωℓn φ , (2.5)

where the angular behaviour is described through scalar spherical harmonics

∇2Ys
mℓ(θ, ϕ) = − ℓ(ℓ+ 1)

r2 Ys
mℓ(θ, ϕ) . (2.6)

For notational simplicity, we shall drop subscripts from this point onwards.
Since the black hole is static and non-rotating, the behaviour of the system is fully encapsulated by the ra-

dial component. We introduce the tortoise coordinate r⋆ =
∫

dr/ f (r)which acts as a bijection from (r+,+∞)

to (−∞,+∞), thereby mapping the event horizon to negative spatial infinity. With this and some minor al-
gebraic manipulation ϕ = ψ/r, we obtain the ordinary differential equation,

d2ψ

dr2
⋆
+
(

ω2 −Ve f f

)
ψ(r⋆) = 0 , (2.7)

where
Ve f f = f (r)

(
ℓ(ℓ+ 1)

r2 +
f ′(r)

r

)
. (2.8)

Ve f f serves as the model-dependent component of the wave equation, and encodes information about the
curvature of the black hole space-time and the character of the test-field. In Fig. (2.1), we demonstrate that
the potential is real and asymptotes towards constant values at the boundaries, viz.

Ve f f (r⋆ → −∞) ∼ k2
+ , Ve f f (r⋆ → +∞) ∼ k2

∞ . (2.9)

Recall that the distinguishing feature of the black hole is its event horizon, which we classically consider
to be a one-way membrane from which no interior object can escape. As such, any physical solution to
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Eq. (2.7) must then obey purely ingoing boundary conditions at the horizon. If we consider a scattering
problem with monochromatic frequency ω, the asymptotic boundary conditions

ψ ∼
{
T e−ik+r⋆ , r⋆ → −∞ ,

Ie−ik+r⋆ +Re+ik+r⋆ , r⋆ → +∞ .
(2.10)

These describe an incident wave of amplitude I ingoing from spatial infinity, then partially reflected and
transmitted with amplitudesR and T , respectively.
We emphasise that the nature of the potential (real) and symmetries of the system (viz. t → −t and

ω → −ω) allow for the additional solution to Eq. (2.7): ψ, the complex conjugate of ψ. The Wronskian of
ψ and ψ evaluated near the horizon and spatial infinity is

W
∣∣
r⋆→−∞ = −2ik+|T |2 , W

∣∣
r⋆→+∞ = 2ik∞

(
|R|2 − |I|2

)
. (2.11)

A constant non-zero Wronskian implies linearly-independent solutions. From Eq. (2.11), we obtain the
relationship between reflection and transmission coefficients,

|R|2 = |I|2 − k+
k∞
|T |2 . (2.12)

For scattering off of a “perfect absorber”, k+/k∞ > 0 such that |R|2 < |I|2. When k+/k∞ < 0, however,
|R|2 > |I|2. This latter condition is known as “superradiance”: at the classical level, this describes the
mechanism by which incoming radiation is reflected and amplified as it scatters off of a barrier potential.
We shall discuss how this phenomenon occurs in the black hole context in Section 2.3.1 and elaborate on the
charged black hole case in Section 4.1.1.
To elevate Eq. (2.7) under Eq. (2.10) to a QNM problem, we impose a further physically-motivated

boundary condition: purely outgoing radiation at infinity. From the Green’s function analysis, we obtain a
formal justification for this additional constraint.

2.1.1 The Green’s function approach and quasinormal excitation

When studying the QNM contribution to the full black hole response in the wake of a perturbation, we may
consider the Green’s function solution to the inhomogeneous wave equation [51, 52]. We consider here a
retarded Green function for a scalar field on a Schwarzschild background spacetime,

□xGret(x, x′) =
1√−g

∂µ

(√
−ggµν∂ν

)
Gret = δ(4)(x− x′) . (2.13)

Eq. (2.13), the scalar wave equation, is separable in the frequency domain for spherically-symmetric black
hole spacetimes. We may therefore express the Green function through a spectral decomposition in the
Schwarzschild spacetime

Gret(x, x′) =
1

2πrr′

∫ +∞+ic

−∞+ic
dω G̃ℓω(r, r′)e−iω(t−t′) ×

∞

∑
ℓ=0

(2ℓ+ 1)Pℓ(cos γ) . (2.14)

Here, x, x′ represent spacetime points at radii r, r′ that are separated by the coordinate time t− t′ and the
spatial angle γ (for which cos γ = cos θ cos θ′+ sin θ sin θ′). The constant c is positive. G̃ℓω(r, r′) is the radial
Green function that satisfies [

d2

dr2
⋆
+ ω2 −V(r)

]
G̃ℓω(r, r′) = −δ(r⋆ − r′⋆) . (2.15)
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Figure 2.2: Conformal diagrams of the Schwarzschild black hole space-time depicting the linearly-independent solu-
tions to the scalar wave equation, Eqs (2.16) and 2.17) (adapted from Ref. [139]).

Wemake use of the tortoise coordinate r⋆ =
∫

dr/ f (r)which acts as a bijection from (rH ,+∞) to (−∞,+∞),
promoting the range of the mode propagation to the whole real line. For Eq. (2.15), an ingoing boundary
condition is used at the black hole horizon and an outgoing is used at spatial infinity. The Green function is
constructed using the two homogenous solutions of this Eq. (2.15), such that at the horizon

uin
ℓω ∼

{
e−iωr⋆ , r⋆ → −∞ ,

Aout
ℓω e+iωr⋆ + Ain

ℓωe−iωr⋆ , r⋆ → +∞ ,
(2.16)

while at spatial infinity,

uup
ℓω ∼

{
Bout
ℓω e+iωr⋆ + Bin

ℓωe−iωr⋆ , r⋆ → −∞

e+iωr⋆ , r⋆ → +∞ .
(2.17)

Aout
ℓω , Ain

ℓω, Bout
ℓω , and Bin

ℓω are complex constants. QNMs are modes with complex frequencies such that
Ain
ℓω, Bout

ℓω = 0. QNMs are purely ingoing at the horizon and purely outgoing at spatial infinity.
Specifically, the radial Green function can be written as

G̃ℓmω(r, r′) = −uin(r<)uout(r>)
Wℓω

, (2.18)

where we denote min(r, r′) and max(r, r′) by r< and r>, respectively. The Wronskian is

Wℓω = uin
ℓω

d
dr⋆

uup
ℓω − uup

ℓω

d
dr⋆

uin
ℓω = 2iωAin

ℓω . (2.19)

By the Wronskian theorem, the solutions are linearly independent. However, the poles of the Green’s func-
tion are located at the zeroes of Ain

ℓω in the complex ω-plane, which we shall call {ωp}. When ω = ωp, uin
ℓω

and uup
ℓω become equivalent. This follows naturally, with Wℓω = 0 implying linearly-dependent solutions.

This yields the QNM boundary conditions,

ψ(t, r⋆) ∼ e−iω(t+r⋆) , r⋆ → −∞ (2.20)
ψ(t, r⋆) ∼ e−iω(t−r⋆) , r⋆ → +∞ . (2.21)

and demonstrates explicitly that QNFs correspond to the poles of the Green’s function.
Let us elaborate on how the boundary conditions are refined to extract the QNFs. For some complex
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frequencies ωℓn, the ingoing wave solution uin (Eq. (2.16)) also satisfies an outgoing boundary condition at
infinity, namely Ain

ℓω = 0. This implies that the ingoing solution is amultiple of the outgoing solution, which
in turn tells us that uin and uup are degenerate at these frequencies. Consequently, uup (Eq. (2.17)) must
satisfy an ingoing wave condition at the black hole horizon, namely Bout

ℓω = 0. At these QNFs, we observe
that Bin

ℓωℓn
Aout
ℓωℓn

= 1.
As a visual aide, we plot the boundary conditions Eq. (2.16) and Eq. (2.17) in Fig. 2.2, which correspond

to the future horizon H + and the future null infinity I +, respectively (see Table B.1 for details on these
conventions). In each of these figures, we have used solid lines to denote those corresponding exclusively
to the QNM boundary conditions of Eqs (2.20) and Eq. (2.21), respectively.
We evaluate the Green function by substituting Eq. (2.18) into the spectral decomposition, Eq. (2.14). To

evaluate the integral, we apply the residue theorem and divide into:
(i) the “direct part” i.e. the integral over the high frequency component;

(ii) the integral on the branch cut along the Im{ω} axis;

(iii) the QNM contribution.
Part (i) quickly approaches zero after the initial pulse [140], whereas part (ii) influences the power-law
spectrum at late times while also contributing to intermediate and late times. Here, the focus is on part (iii),
where the QNMs affect intermediate and early times.
With this inmind, let us return to the problemat hand. Ifwe exploit the fact that uup and uin are degenerate

at the QNFs, we can write the QNM contribution to the Green function within the Schwarzschild spacetime
using Eq. (2.14),

GQNM(x, x′) =
2

rr′
Re

{
∞

∑
ℓ

∞

∑
n
(2ℓ+ 1)Pℓ(cos γ)×Bℓnũin(r)ũin(r′)e−iωℓnT

}
, (2.22)

where the normalised ingoing wavefunction,

ũin(r) ≡ uin(r)×
[

Aout
ℓω eiωℓnr⋆

]−1
, (2.23)

behaves as ũin(r) ∼ 1 for r → +∞. The “reflection time” [50],

T = t− t′ − r⋆ − r′⋆ , (2.24)

refers to the estimate of the time taken for the incident wave to travel from its initial position at r′⋆ to the
black hole, and for the reflected wave to reach an observer at r⋆ [139]. QNMs are expected to dominate
the spectrum when T > 0. In this regime, Eq. (2.22) converges: higher overtones are suppressed in the
sum over n. However, when T < 0, Eq. (2.22) becomes ill-defined due to the exponential divergence of
the e−iωℓnT factor. Within this black hole context, we make the reasonable assumption that the initial data
(i.e. the incident radiation) only has compact support far away from the black hole, and that the observer
is also located in the large-r⋆ regime. In this way, we need only consider the asymptotic behaviour of the
wavefunctions at large r⋆.
Finally, this brings us to the data-independent contribution to Eq. (2.22): theQNEF, defined as the amount

by which the QNMs are excited by the δ-function in Eq. (2.13), and expressed as

Bℓn ≡
Aout

ℓω

2ω

(
∂Ain

ℓω

∂ω

)−1


ω=ωℓn

. (2.25)

Recall that in Chapter 1, we introduced the QNEF as a quantity that indicates how and by how much a
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particular QNM is excited. With the increasing sensitivity of GW detectors to higher harmonics, the need
to distinguish one mode from another within the superposition of observed QNMs becomes more pressing.
For this reason, precise values of the QNEF are required. Furthermore, as a “no-hair” factor dependent
exclusively on its associated black hole’s parameters, the QNEF is especially useful in the development of
waveformmodels and the testing of GR [49]. With these motivations in mind, we dedicate Section 2.4 to the
computation of the QNEF at higher orders in ℓ for the massless scalar QNMs within a Schwarzschild black
hole space-time.
Let us close this section with an example of the leading-order QNEF of Ref. [50],

Bℓn = i1/2L−1/2
√

27 exp{ζ/
√

27}
(2 +

√
3)
√

π
exp{2iζL/

√
27} (−iL)n

n!

(
216 exp{2ζ/

√
27}

(2 +
√

3)2

)n

, (2.26)

for ζ = 3−
√

27+ 4 ln 2− 6 ln(2+
√

3) and L = ℓ+ 1/2. We plot the results for the ℓ = 2 QNEF for the first
several harmonics and overtones in Fig. 2.3. There, the QNEF can be seen to increase with n, bar the slight
fall for n = 1. We note with interest that the contribution is at a maximum when ℓ = n for each QNEF, and
that the (ℓ, n) = (0, 0) and (ℓ, n) = (2, 1) points are of a similar magnitude.
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Figure 2.3: The magnitude of the ℓ = 0, 1, 2, 3 QNEFs for increasing values of n at leading order.

Through this description of the QNM as a scattering problem, we have derived the boundary conditions
that must be imposed upon Eq. (2.7) in order to perform the QNM computation. However, note carefully
that Eq. (2.22) conveys only the late-time component of the black hole signal for some specified initial data.
Though there is a countable infinity of QNMs for each multipolar number ℓ for each overtone n, QNMs do
not form a complete set. Recall that Eq. (2.22) diverges for early times T < 0 and fails to represent the
power-law tail that dominates at very late times.
Intuitively, we can appreciate this on the basis that the QNM system is intrinsically damped and therefore

not time-symmetric. As a consequence, the eigenvalue problem is non-Hermitian and the eigenvalues are
complex. The corresponding eigenfunctions are then not normalisable and therefore do not form a complete
set (see [130, 139] for further discussion). To confront these technical difficulties, a wide array of tools
have been established to compute QNFs. We address this topic in the next section, and highlight a few key
methods that we utilise in our QNM-based investigations.
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2.2 Semi-classical approaches to QNM problems

On the basis of spherical symmetry and harmonic time dependence, the QNM behaviour in static black
hole space-times can be shown to reduce to a simple radial wave equation, as first demonstrated in Refs
[134, 138] for the Schwarzschild case. A wide range of methods have been developed to determine QNM
solutions from such wave equations, including methods that are “exact" (e.g. direct integration methods
[141, 142], the continued fraction method [143], pseudospectral methods [144, 145], etc.) and numerical
(e.g. the asymptotic iteration method [146, 147], the Horowitz-Hubeny approach [148], etc.). Of these, we
highlight

(i) “inverse-potential methods” that approximate the effective potential with an inverse Pöschl-Teller
potential [149] for which bound-state solutions are known to determine the QNF spectrum [150];

(ii) “WKB-based methods” that adapt the semi-classical technique to the QNM problem to compute
QNFs in the ℓ ≥ n regime [151–153] at sixth-order [154] and beyond (see Ref. [155]);

(iii) “photon-orbit methods” such as the inverse multipolar expansion method [156] that harnesses the
known link between QNMs and unstable null geodesics [157] to construct an iterative technique that
solves Eq. (2.7) with increasing accuracy for large values of ℓ [158].

This is by no means an exhaustive list; for further insights, consider Refs [14, 47, 159, 160].
The notion that QNM computation is an art in and of itself [161] can be attributed to the extensive re-

search that has accumulated over the course of several decades to establish specialised techniques tailored
to generate accurate results for specific QNM scenarios (see Refs [14, 47]). As enforced by Ref. [155], the
method chosen must be informed by the nature of the problem at hand to avoid producing misleading re-
sults. Here and in Chapter 6, we are interested in computing QNFs that are the most likely to be detected by
modern or future GW detectors; we need to consider QNFs that dominate the QNM spectrum. As such, we
focus on the fundamental (and least damped) mode corresponding to n = 0 and ℓ = 2. Though the QNMs
of a Kerr black hole would represent the most physically relevant case, we focus on the Schwarzschild black
hole spacetime as a starting point for the sake of simplicity. The azimuthal number m is therefore taken to
be zero and is subsequently inconsequential to our analysis.
In this section, we shall outline three techniques that prove accurate for the ℓ ≥ n regime, referred to

in the literature as the Pöschl-Teller [150, 162, 163] method, the WKB [151–153] technique, and the Dolan-
Ottewill [156] inverse multipolar expansion method. We apply these to the computation of massive QNFs
and present the results thereof in Section 2.3.

The Pöschl-Teller method

There are few techniques established within the QNM literature that generate exact solutions for QNFs.
As stipulated earlier, this is due in part to the mathematical difficulties introduced by the slowly decaying
nature of the potential as r → ∞. To circumvent this problem, a method was developed in Refs [150, 162,
163] that exploits the relationship between the QNMs of a potential barrier and the bound states of the
inverted potential [162]. The procedure involves fitting the effective QNM potential featured in Eq. (2.7)
to a well-understood substitute (characterised by exponential decay and other key common features) for
which analytic solutions are known.
The justification for this rests on the symmetry of the boundary conditions of Eqs (2.20) and (2.21). Sup-

pose we can parametrise the potential of Eq. (2.7) as V(r⋆, p), where p represents a set of parameters asso-
ciated with the potential; let us also claim that ψ = ψ(r⋆, p) and ω = ω(p). From the boundary conditions,
we can introduce the transformations r⋆ → −ir and p → p′. We may consider the potential to be invariant
under these transformations,

V(r⋆, p) = V(−ir⋆, p′) . (2.27)
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If we define also ψ(r⋆, p) = φ(−ir⋆, p′) and ω(p) = Ω(p′), then we may rewrite Eq. (2.7) as

d2 φ

dr2
⋆
+
(
−Ω2 + V

)
φ = 0 , (2.28)

for which the boundary conditions become φ ∼ e∓Ωr⋆ as r⋆ → ∓∞. In other words, the wavefunction
vanishes at the boundaries. The QNM problem is thereby reduced to a bound-state problem for an inverted
potential V → −V.

In the case of several black hole spacetimes9, the Pöschl-Teller potential [149]

VPT =
V0

cosh2 p(r⋆ − rmax
⋆ )

(2.29)

can serve as V in Eq. (2.28). Here, r⋆ = rmax
⋆ is the point at which VPT attains its maximum, the height of

which is given by V0 = V(rmax
⋆ ); the curvature of VPT at its maximum is V′′ = −2V0 p2.

From the well-known bound-state solutions [150]

Ω = p′
[
−
(

n +
1
2

)
+

(
1
4
+

V0

(p′)2

)]
, (2.30)

the use of the inverse transformation p′ = ip then yields the QNF spectrum,

ω = ±
√

V0 −
1
4

p2 − ip
(

n +
1
2

)
, n ∈N . (2.31)

The WKB method

For a spherically-symmetric black hole, QNMs can be understood as waves trapped at the unstable circular
null geodesic, albeit gradually leaking [157]. In Refs [151–153], this scenario was interpreted as a scattering
problem, where the effective QNM potential serves as a potential barrier that tends to constant values in the
opposing asymptotic limits. From this framing, a modified WKB method was developed that exploited the
Bohr-Sommerfield quantisation condition of quantummechanics to establish a semi-analytical technique to
compute black hole QNFs.
As a starting point, Eq. (2.7) is rewritten as

d2ψ

dx2 + Q(x)ψ(x) = 0 , (2.32)

where x = r⋆ and Q(x) = ω2 − V. Following the usual procedure, the method requires the matching
of asymptotic WKB expansions with a solution constructed around the peak of the potential Q0 = Q(x0).
This matching is performed across “matching regions" defined near the classical turning points defined at
Q(x) = 0. If the turning points lie close to one another (i.e. −Q0 ≪ Q(±∞)), then a Taylor series expansion
about x0 may be introduced such that

Q(x) ≈ Q0 +
1
2

Q′′0 (x− x0)
2 + ... (2.33)

This expansion is then substituted into Eq. (2.32) and solved using parabolic cylinder functions [164]. In
9While the use of the inverted Pöschl-Teller potential leads to the production of QNFs with errors > 1% for Schwarzschild black holes
with ℓ > 2, greater accuracy can be found for Schwarzschild-de Sitter and RNdS black hole spacetimes, where the Pöschl-Teller
potential exactly matches [47].
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the asymptotic regions, the WKB solution is given by

ψ ∼ exp

{
∞

∑
k=0

Sk(x)ϵk

ϵ

}
, (2.34)

where ϵ is a parameter used to keep track of the expansion orders. The expressions for Sk(x) are solved for
by collecting like terms. It is important to note that Eq. (2.34) corresponds to four solutions, to account for
ingoing and outgoing solutions on both sides of the potential.
Upon the completion of the matching procedure, an expression for the QNF may be extracted. At the

sixth order, it was determined in Ref. [154]that

i(ω2 −V0)√
−2V′′0

−
6

∑
i=2

Λi = n +
1
2

, n ∈N . (2.35)

Here, Λi represents correction terms dependent on the value of the potential and its derivatives (up to
and including order i). While the WKB method is far more successful than we would expect [53], it is
understood that this method produces more accurate results for QNFs when ℓ ≳ 2 at lower orders [165].
However, even at higher orders (i.e. see the 12th-order WKB method established in Refs [166, 167]), the
method still works best for ℓ > n, with further accuracy found at higher multipolar values. In other words,
results are not guaranteed to bemore precisewith each subsequentWKB order. TheWKBmethod converges
only asymptotically, and is truly accurate only in the eikonal regime [155].

The Dolan-Ottewill method

In the eikonal limit, the spin-2 QNF spectrum corresponding to a 4D Schwarzschild black hole is given by

ωn,ℓ→∞ = Ω
(
ℓ+

1
2

)
− iΛ

(
n +

1
2

)
+O(ℓ−1) , Ω = Λ =

1√
27M

, (2.36)

for fixed n [157]. Ω here refers to the orbital frequency of the rorb = 3r+/2 = 3M photon sphere10; in the
large-ℓ limit, it is equivalent to the Lyapunov exponent Λ that indicates the decay time scale of the gravita-
tional perturbations. This behaviour has been observed in perturbing test fields of spin s ∈ {0, 1/2, 1, 3/2}
within the region of a Schwarzschild black hole [158, 163, 168–172]. Note that this correspondence between
eikonal QNMs and the parameters of circular null geodesics does not necessarily hold in other contexts e.g.
for black holes in asymptotically-de Sitter space-time [173, 174].
In Ref. [156], Dolan and Ottewill presented a method by which to compute QNM wavefunctions and

frequencies invoking this relationship between photon orbits and the large-ℓ asymptotics of QNMs. The
method centres on an ansatz for the wavefunction that is inspired by the trajectory of a distant photon along
a null geodesic that ends on the photon sphere, locked in orbit about a spherically-symmetric black hole.
Here, we shall briefly present a derivation of this ansatz. To extract the parameters of interest, we follow
Refs [131, 168] in studying the equation of motion for a test particle near the spherically-symmetric black
hole. The Lagrangian in the equatorial plane (θ = π/2) is written as

L =
1
2

gµν ẋµ ẋν =
1
2

(
− f (r)ṫ2 + f (r)−1ṙ2 + r2ϕ̇2

)
, (2.37)

where the overdot represents a derivative with respect to an affine parameter. From the corresponding
10“Photon sphere” refers to the surface formed from the collection of null geodesics along which gravitationally-entrapped photons
orbit a black hole. For a static black hole, photons orbit a black hole at this fixed radius; the orbit itself is unstable against radial
perturbations.
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conjugate momenta, we obtain the angular momentum L and the photon energy E,

ϕ̇ =
L
r2 , ṫ =

E
f (r)

. (2.38)

These expressions allow us to write the Hamiltonian as

H =
(

pt ṫ + pϕϕ̇ + pr ṙ−L
)

⇒ 2H = Eṫ− Lϕ̇− f (r)−1ṙ2 = δ1 , (2.39)

for which δ1 = 0 for null geodesics. Combining ṙ ≡ Vr [168] with the condition for circular orbits Vr = V′r =

0 [175] produces

0 =
E2

L2 −
f (r)
r2 . (2.40)

From this, Dolan and Ottewill define the function

k(r) =
1
b2 −

f (r)
r2 , (2.41)

where b = L/E is the impact parameter. From these considerations, the Dolan-Ottewill ansatz is established
as

uℓω(r) = eiωz(x)v(r) , z(x) =
∫ x

ρ(r)dx , (2.42)

where the QNF is expressed as a linear expansion in inverse multipolar numbers parameterised as L =

ℓ+ 1/2,
ωℓn = ∑

k=−1
ωkL−k . (2.43)

The coefficients ωk are functions of the overtone number n. Similarly, the function v(r) is a series expansion
in L−k,

vℓn(r) =

[(
1− 3

r

)n
+

n

∑
i=1

∞

∑
j=1

αijn L−j
(

1− 3
r

)n−i
]
× exp

{
∑
k=0

Skn(r)L−k
}

, (2.44)

where we have set M = 1. For the least-damped case of n = 0, the function simplifies to

vℓ0(r) = exp
{

∑
k=0

Sk(r)L−k
}

. (2.45)

The function within the integrand of Eq. (2.42) is given by ρ(r) = bckc(r), with x =
∫

dr/ f (r) serving
as the usual tortoise coordinate. The subscript c denotes a quantity evaluated at the critical radius rc =

2 f (r)/∂r f (r)|r=rc atwhich k2(r, bc) has repeated roots and satisfies the condition k2(rc, bc) = ∂rk2(rc, bc) = 0.
The ansatz must satisfy the boundary conditions,

f (r)→ 0 , bckc(r)→ −1 as x → −∞ , (2.46)
f (r)/r2 → 0 , bckc(r)→ +1 as x → +∞ . (2.47)

These convey that the event horizon is encountered as x → −∞ and an asymptotically-flat region is ap-
proached as x → +∞. Finally, the ansatz may be substituted into Eq. (2.7) to obtain

f (r)
d
dr

(
f (r)

dv
dr

)
+ 2iωρ(r)

dv
dr

+

[
iω f (r)

dρ

dr
+ (1− ρ(r)2) ω2 −V(r)

]
v(r) = 0 . (2.48)
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The primary objective of the Dolan-Ottewill multipolar expansion method is to solve for the coefficients
of Eq. (2.43) using Eq. (2.48) in an iterative fashion, order by order. To compute ωk+1 for k ≥ 0, we require
an expression for dSkn/dr. Through solving for the quantities of ωk and dSkn/dr, the QNF can be generated
as a function of L. Similarly, the radial component of the wavefunction in Eq. (2.44) can be constructed
from the explicit expressions for Skn(r). We shall see in Section 2.4 how the latter enables us to express the
wavefunction, as well as the QNEF defined in Eq. (2.25).
For the Schwarzschild black hole spacetime, the components of the ansatz are given by rc = 3 , bc =

√
27

for M = 1, and thus ρ(r) = (1− 3/r) (1 + 6/r)1/2. For a scalar field, Eq. (2.43) to order O(L−6) yields
√

27ωℓ0 = L− i
2
+

7
216

L−1 − 137i
7776

L−2 +
2615

1259712
L−3

+
590983i

362797056L
L−4 − 42573661

39182082048
L−5 +

11084613257i
8463329722368

L−6

for n = 0, as demonstrated in Ref. [156] and confirmed in Ref. [158]. Note that odd (even) values of k
correspond to real (imaginary) expansion terms.
We shall nowapply these techniques to aQNMproblem: themassive scalar perturbations of a Schwarzschild

black hole. Within the QNM literature, massive scalar QNMs have been approached primarily as a numeri-
cal problem (see e.g. Refs [176–178]). However, a study of the mass parameter µ can also offer insights into
the fundamental nature of QNMs and their behaviour in astrophysical contexts. In the section that follows,
we shall illustrate the role played by µ in QNM studies, which shall in turn provide the foundations for our
later analyses in Chapters 4 and 6.

2.3 The massive QNM eigenvalue problem

As demonstrated in Eq. (2.7), the radial component of black hole QNMs can bewritten as a source-less wave
equation. With the introduction of the QNM boundary conditions, we have already discussed how we can
approach the intrinsically dissipative QNM system as a technically-challenging eigenvalue problem. In the
case of the massive spin-0 QNM, we consider a massive Klein-Gordon equation in curved (Schwarzschild)
space-time. After introducing the spherical harmonic decomposition, the radial component of the QNM
reduces to Eq. (2.7). The effective potential for the scalar test field is augmented with a mass term µ,

V(r) = f (r)
[
ℓ(ℓ+ 1)

r2 +
f ′(r)

r
+ µ2

]
. (2.49)

Let us briefly discuss how the QNM boundary conditions manifest in the case of a non-zero field mass.
Recall that in the frequency-domain representation, the exponentially decaying behaviourwithin an asymptotically-

flat space-time follows the harmonic temporal dependence,

ψ(t, r) = ψ(ω, r)e−iωt , (2.50)

where Im{ω} < 0. As we approach the horizon (spatial infinity), V(r) ∼ 0 (V(r) ∼ µ) and the boundary
conditions are

ψ(ω, r) ∼
{

e−iωr⋆ , r⋆ → −∞ ,

A(ω)e−wr⋆ + B(ω)e+wr⋆ , r⋆ → +∞ ,
(2.51)

Here, A(ω) and B(ω) are complex coefficients and w =
√

µ2 −ω2 for Re{w} > 0. From the values
of the complex coefficients, we can discriminate between “quasibound states” and “QNMs”. Upon setting
B(ω) = 0, we obtain the former: “quasibound states” localised within the vicinity of the black hole decay
exponentially as they travel outwards from the black hole. For QNM behaviour, A(ω) = 0 such that waves
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Figure 2.4: The effective QNM potential Eq. (2.49) for M = 1, n = 0, ℓ = 2, and increasing values of µ.

are purely outgoing at spatial infinity; the imposed boundary conditions are of the form of Eqs (2.20) and
(2.21), leading to a discrete spectrum of allowed QNFs that we can write as {ωnℓ(Mµ)} [143, 176, 178–180].

To obtain wavelike solutions far from the black hole event horizon, the modes must satisfy the condition
ω > µ [176]. Consequentially, Percival and Dolan in Ref. [165] distinguish between “propagative modes”,
for which Re{ω2} − µ2 > 0, and “evanescent modes”, where Re{ω2} − µ2 < 0. As we shall explore in
Chapter 6, this suggests that there exists some µ = µmax that serves as the upper bound for which we can
observe QNFs. Here, we shall focus on the features of the effective potential in Eq. (2.49), plotted in Figure
2.4, and the insights into QNM behaviour that they provide.
Recall that a necessary condition for the existence of QNMs is a background whose potential can “trap

waves”; the QNMs are then the trapped waves gradually escaping [177]. We observe in Fig. 2.4 that for
µ = 0, V → 0 as r⋆ → ∞ and the effective potential has a distinct peak. For µ ̸= 0, V → µ2 as r⋆ → +∞. In
other words, µ elevates the potential: as r⋆ increases, the potential no longer asymptotes to zero but instead
approaches µ2. When µ2 ≳ V(r0) as µ exceeds 0.6, the peak is smoothed out and the local maximum is
removed; the potential barrier is transformed into a potential step. Consequentially, waves can no longer be
“trapped” and QNM behaviour is lost.
To compute the QNF spectrum, we use the Pöschl-Teller, WKB, and Dolan-Ottewill methods (see Table

2.1). For the massive scalar field propagating in a Schwarzschild spacetime11, we compute in Ref. [182] the
novel Dolan-Ottewill QNF expression to order O(L−6) for n = 0. Explicitly, this is

ω = +
1
3

L− i
6

L0 +

[
3µ2

2
+

7
648

]
L−1 +

[
5iµ2

4
− 137i

23328

]
L−2

+

[
9µ4

8
− 379µ2

432
+

2615
3779136

]
L−3 +

[
27iµ4

16
− 2677iµ2

5184
+

590983i
1088391168

]
L−4

+

[
63µ6

16
− 427µ4

576
+

362587µ2

1259712
− 42573661

117546246144

]
L−5

+

[
333iµ6

32
+

6563iµ4

6912
+

100404965iµ2

725594112
+

11084613257i
25389989167104

]
L−6 . (2.52)

From Table 2.1 demonstrating the fundamental QNM mode, we observe that Re{ω} increases steadily
11Though Decanini et al. reformulated the photon orbit analysis to accommodate massive particles for their complex momentum
analysis [181], we find that this is not necessary for our purposes (i.e. in the regime where ω < µ): as shown in Table 2.1, we
produce fairly accurate results using the Dolan-Ottewill method as it was originally constructed, albeit with the potential augmented
by the µ term.
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Table 2.1: The (n, ℓ) = (0, 2) scalar QNFs for M = 1 and increasing µ, calculated using the Pöschl-Teller approach,
and the sixth-order WKB and Dolan-Ottewill methods.

µ ω (WKB) ω (PT) ω (DO)

0.0 0.4836− 0.0968i 0.4874− 0.0979i 0.4836− 0.0968i
0.1 0.4868− 0.0957i 0.4909− 0.0968i 0.4868− 0.0957i
0.2 0.4963− 0.0924i 0.5015− 0.0936i 0.4963− 0.0924i
0.3 0.5123− 0.0868i 0.5192− 0.0881i 0.5124− 0.0868i
0.4 0.5351− 0.0787i 0.5443− 0.0800i 0.5352− 0.0787i
0.5 0.5649− 0.0676i 0.5770− 0.0690i 0.5653− 0.0676i
0.6 0.6022− 0.0528i 0.6181− 0.0541i 0.6032− 0.0532i
0.7 0.1396 + 0.2763i 0.6695− 0.0312i 0.6500− 0.0343i
0.8 0.8000− 5.8370× 10−28i 0.8000− 5.8370× 10−28i 0.7070− 0.0010i
0.9 0.9000− 6.2510× 10−28i 0.9000− 6.2510× 10−28i 0.7761 + 0.0218i

with µ whereas Im{ω} decreases. As µ approaches 0.7, there is a discernible change in the QNF behaviour:
a large jump in both the real and imaginary parts is observed for all three methods, with a pronounced
difference in the WKB result for µ = 0.7: a sudden drop in Re{ω} and shift from negative to positive in
Im{ω}. This represents a breakdown in the method: while there is a known increase in the relative error
for µ = 0.7 [155], we observe explicitly from Fig. 2.4 that µ2 > V(r0)when µ exceeds 0.6; we lose the barrier
potential. In this way, we quantify that for µ ≳ 0.6 and (n, ℓ) = (0, 2), all three methods listed in Table 2.1
become unreliable.
In the absence of a local maximum, theWKBmethod cannot be applied. For this reason, it is noted in Ref.

[155] that the WKBmethod should not be used to compute QNFs near the “quasiresonance regime”: when
Im{ω} ≈ 0, denoting arbitrarily long-lived modes (see Section 2.3.1). By definition, “inverse potential
techniques” like the Pöschl-Teller method cannot be applied when the shape of the potential is distorted.
For this reason, we see a loss of agreement between the Pöschl-Teller results and those of the other methods
in Table 2.1 even for small µ. The fitting of the inverse Pöschl-Teller potential fails to describe the effective
QNM potential once µ > V(r0). In contrast, the Dolan-Ottewill method shows greater consistency with
results in the literature even at larger µ (c.f. Fig. 2 of Ref. [165], with QNFs computed using the continued
fractionmethod). As such, the Dolan-Ottewill method allows us to identify with greater precision the value
of µ for which the sign of the imaginary component of the QNF changes. However, for accurate values of
the QNFs themselves in this regime, other techniques should be used i.e. methods relying on continued
fractions, direct time-domain integration, Frobenius series, etc.
However, there is also the physical interpretation to consider. In the geodesic picture, we understand that

the flattening of the potential forbids the quantum tunnelling that allows the waves to “leak out” from the
system. In Ref. [165], massive QNMs for which Re{ω2} > µ2 are defined as “propagative” and behave
similarly to their massless counterparts, whereas Re{ω2} < µ2 are “evanescent” and contribute negligibly
to the QNM spectrum for a perturbed black hole. This shift from propagative to evanescent is characterised
by a change in sign in the imaginary part, as observed in Fig. 2.5. As µ increases, the QNMs transition
from propagative to evanescent; as the imaginary part goes to zero, the QNMs enter the quasiresonance
regime [177], where the QNMs are arbitrarily long-lived. In this regime, the ingoing wave amplitude at the
event horizon of the black hole is considered much smaller than the amplitude far from the black hole; since
energy no longer “leaks” from the system at spatial infinity, the QNMs behave as standing waves [178].
At high energies, it is known that massive QNMs behave as massless ones [181]. This can be confirmed

from Fig. 2.5: even for small multipolar numbers, the data points becomemore closely spaced for increasing
ℓ; they converge as ℓ → ∞. Such behaviour is expected from the form of the potential given in Eq. (2.49),
which produces the familiar formV(r) ∼ f (r)ℓ2/r2 in the eikonal limit irrespective of the µ. We also observe



24 2.3: The massive QNM eigenvalue problem

××
×

×

×

×

×

×××
×
×
×

×

×

×

×

×

×××
××

×
×
×
×

×

×

××××
××
×
×
×
×
×

×××××
××
××

×
×

× ℓ  1

× ℓ  2

× ℓ  3

× ℓ  4

× ℓ  5

0.4 0.6 0.8 1.0 1.2

-0.10

-0.05

0.00

0.05

Re[ω]

Im
[ω

]

Figure 2.5: Themassive scalar QNF spectrum for M = 1 and µ ∈ {0, 1}, computed using the Dolan-Ottewill method.
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Figure 2.6: The real part of the massive scalar QNF spectrum for M = 1 and µ ∈ {0, 1}, computed using the Dolan-
Ottewill method.

in Fig. 2.5 that the oscillation timescale increases with the angular momentum number. This corresponds
well to classical and quantum systems with which we are familiar, where the frequency of an oscillating
wave increases with energy. Note, however, that as ℓ increases, the influence of µ wanes: the range of the
QNF values converge to their massless counterpart for larger multipolar numbers.
Finally, we comment on the influence of ℓ on the oscillation and decay rate of the massive QNMs. In Table

2.1, we see that for a fixed ℓ, Re{ω} scales with µ while the |Im{ω}| decreases with increasing µ. In Fig.
2.6, Re{ω} scales with ℓ for lower values of µ, with near-equal spacing between the modes as µ → 0. As µ

increases, the lower values of ℓ scale faster than the higher harmonics: beyond µ = 2,Re{ωℓ=5} is the least
of the plotted QNMs and Re{ωℓ=1} is the largest.
For the imaginary part, the least damped QNMs correspond to those with the higher multipolar number

for low values of µ (i.e. |Im{ω}| decreases with increasing ℓ). However, when µ is larger, the least damped
QNMs have lower values of ℓ. We see this explicitly in Fig. 2.7: the magnitude |Im{ωℓ=5}| is largest of
the five plotted harmonics while |Im{ωℓ=1}| is the smallest for larger µ. For µ ≲ 0.7, however, we observe
|Im{ωℓ}| > |Im{ωℓ+1}|. In other words, for larger µ, the scalar field fluctuations become increasingly
smooth, with lower multipolar modes dominating and disappearing last as the black hole settles towards
an equilibrium state.
As observed also in Ref. [183], this low-mass behaviour is therefore in opposition to our intuition on the
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Figure 2.7: The imaginary part of the massive scalar QNF spectrum for M = 1 and µ ∈ {0.0, 0.2}, computed using
the Dolan-Ottewill method.

QNF spectrum, where we expect the imaginary part to grow with ℓ. This is in line with the hierarchy we
expect also from physical systems, where more energetic modes typically decay more quickly. For example,
electrons bound to an atom in higher energy states experience spontaneous decay rates to the ground state
that are faster than their lower-energy counterparts. We explore the anomalous decay rate in greater detail
in Section 4.2.3, with the added contributions of a black hole and a scalar field charge.
While we have addressed the influence of a mass term on the QNM potential and the QNF spectrum, the

massive scalar QNM has been the subject of much discussion in the literature concerning the superradiant
amplification of bosonic perturbing fields within the vicinity of a black hole. Since classical superradiance
informs our analyses in Sections 4.1.1 and 5.2.1, we close this section on the massive QNM eigenvalue prob-
lem with a brief aside on the subject.

2.3.1 Interpreting the mass-like QNM term in the astrophysical context

Asmentioned earlier, when Im{ω} ≈ 0, QNMs enter the “quasiresonance regime” in whichmodes become
arbitrarily long-lived. This occurs when the field mass reaches some critical value, such that the damping
rate asymptotically approaches zero and the QNM behaviour resembles that of a bound state [177]. The
mass responsible for this decay in the damping rate is associated with a local minimum generated far from
the black hole. Waves scattered off of the black hole (recall Fig. 2.1) become reflected and enhanced within
this local minimum [184], resulting in “superradiance”.
Following the definition provided in Eq. (2.12), “superradiance” occurs when the amplitude of the re-

flected wave R exceeds that of the incident wave I for a particular frequency. Classical superradiance was
first addressed in the black hole context in 1973, for rotating [185, 186] and electrically charged [187] black
holes. We discuss the latter in Section 4.1.1; here, we shall briefly consider the Kerr case.
For a scattered bosonic field withmass m = µh̄/c2 in the vicinity of a Kerr black hole [185, 186], rotational

energy is carried away from the spinning black hole; the superradiant amplification can be augmented by
the confining potential of the massive bosonic field, leading to a runaway self-amplification of the field and
the formation of a bosonic condensate around the black hole source (see Refs [14, 47, 133]). This process
has become a subject of renewed interest due to the possibility of detecting such a phenomenon through
GW astronomy [188]. Since the bosonic cloud and its black hole source both encode information about the
perturbing field, GW observations could in principle be used to constrain the mass of the bosonic field. GW
analyses performed in Refs [189, 190] suggest that LIGO and LISAmay be able to probe the parameter space
of light bosons at m ∼ 10−13 − 10−11 eV and m ∼ 10−19 − 10−14 eV, respectively. These constraints overlap
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well with hypothetical ultralight fields [3, 191], which we elaborate upon in Section 5.2.1.
In such astrophysical settings, particular importance is placed on the parameter Mµ, where M is the usual

black hole Arnowitt-Deser-Misner mass and m = µh̄/c2 is the bosonic field mass. Recall that the black hole
mass serves as a length scale and µ has inverse units of length. In geometric units (c = G = 1), this Mµ

parameter is a dimensionless constant. In SI units, this mass coupling can be related to the Planck mass
MP [180], as well as to the black hole horizon radius r+ over the Compton wavelength λC = h/(mc) of the
perturbing field [165, 179],

Mµ =
Mµ

M2
P
≡ GMµ

h̄c
∼ r+

λC
. (2.53)

Recall that the Compton wavelength can also be related to the mass in eV using

λC ×m = 1.24× 10−9 . (2.54)

For Compton wavelengths corresponding to astrophysical black holes M ∼ 10M⊙, µ will correspond to
very light particles of mass m ∼ 10−10 eV/c2 [183, 192]. For astrophysical black holes, it is expected that Mµ

will be fairly large for Mµ ≥ ℓ [180]. As noted in Ref. [165], this is evident from elementary dimensional
analysis (using SI units):

Mµ =
Mµ

m2
P
≈ 7.52× 109 ×

(
M

M⊙

)(
µc2

eV

)
. (2.55)

However, there is broad variability to contendwith viz. for a neutral pion field ofmass µπ0 ∼ 134.96× 103

eV/c2 and a 10M⊙ black hole, Mµ ∼ 4.8× 103; for that same black hole and aW-boson, Mµ ∼ 6× 1021. In a
study of Proca fieldQNMs in theKerr space-time [165], Dolan andPercival found Mµ to be exceedingly large
in the case of SM vector bosons, and extremely small for the photon with µ ≲ 10−27 eV/c2. Furthermore,
they found that in the SM case, only evanescent modes for QNFs with ℓ+ 1/2 ≲ O(Mµ) were predicted.
For these extremely light photons, theQNF spectrumwas anticipated to replicate that of the electromagnetic
field, albeit with one extra longitudinal polarisation matching the QNF spectrum of a massive scalar field.
Furthermore, when the Comptonwavelength of themassive bosonic field is of the order of the black hole’s

radius, the scaling for the suppression of the instability timescale is governed by Mµ ≲ 1.This leads to the
strongest superradiant instabilities for the Kerr black hole [14, 47]. In the case of ultralight scalar fields, this
instability timescale is of the order of seconds for black holes of mass M ∼ M⊙, or hundreds of years for the
heavier M ∼ 109M⊙ black holes [47, 133].
As such, if we are to observe QNMs, we can consider Mµ ∼ O(1). As we demonstrated in Ref. [182], we

can thenutilise dimensional analysis to isolate amass range for the scalar field. Using SI units M = mBHG/c2

and µ = mc/h̄, we can express the mass of a bosonic field as

m =
1

mBH

h̄c
G

Mµ . (2.56)

Since h̄c/G ∼ 10−16 kg2 and 1M⊙ ∼ 1030 kg, we can scale the black hole mass as mBH ∼ 10χ M⊙. Returning
to natural units with c = 1 (c.f. Eq. (4.25) of Ref. [133]), we then have

m ∼ 10−(χ+10)Mµ eV . (2.57)

Eq. (2.57) serves as a rough detectability bound on the sensitivity of the QNF spectrum corresponding to
an astrophysical black hole to ultralight scalar fields. We shall make use of this order-of-magnitude estimate
in Sections 4.2.3 and 6.3, as a guide on the detectability of chargedmassive scalar fields and extra dimensional
signatures, respectively.
Finally, we shall close this chapter with a higher-order calculation of the QNEF, introduced in Chapter

1 and defined in Eq. (2.25). For completeness, we have included a review of the leading-order QNEF
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calculation in Appendix D.

2.4 Quasinormal wavefunctions and excitation factors

During the course of the iterative process needed to generate the QNF series Eq. (2.43), the Dolan-Ottewill
method produces as a by-product the elements of the Skn(r) series contained within the exponential contri-
bution to the wavefunction Eq. (2.44). From the ansatz, Eq. (2.42), recall that can write the wavefunction
to order O(L−1) as

uℓω(r) ≈ An

[(
1− 3

r

)n
+

n

∑
i=1

αi(1n) L−1
(

1− 3
r

)n−i
]
× exp

{
S0n(r) + S1n(r)L−1

}

× exp{iωℓn

∫ r

3

[(
1− 3

r

)√
1 +

6
r
− 1

]
1

f (r)
dr , (2.58)

for M = 1, where An is a normalisation constant determined from the condition

lim
r→+∞

uℓω(r) = 1 . (2.59)

If we set y =
√

1 + 6/r, then

exp
{ ∫ r

3

[(
1− 3

r

)√
1 +

6
r
− 1

]
1

f (r)
dr
}

=
1
4
(2−

√
3)6e2−

√
27−r(1−x)

(
1 + y
2− y

)4
. (2.60)

Finally, we can obtain S0n(r) by integrating the derivative S′0n(r). This yields

S0n(r) = +
1
2

ln
{

2
y

}
+ 2N ln

{
2 +
√

3
y +
√

3

}
, (2.61)

where the value of the integration constant,

c =
1
2

ln{2}+ 2N ln
{

2 +
√

3
}

,

is chosen in order to satisfy the condition S0n(r = 2) = 0. Following Ref. [156], we make use of the constant

ξ =
2 +
√

3
2−
√

3
= (2 +

√
3)2 = 7 + 4

√
3 . (2.62)

S0n is consistent irrespective of the spin of the field; it is the first term in the L expansion of the QNM
for all overtones n. For the next-to-leading-order term, S1n, this is not so. We shall demonstrate this in the
calculation that follows.
The QNM excitation factors indicate how (and by how much) the QNMs are excited by a given initial

data. To compute this Bℓn of Eq. (2.25), Dolan and Ottewill extended their QNF analysis of Ref. [156]
discussed in Section 2.2. However, a hallmark of that method is a breakdown at the critical orbit r = rc = 3
that cannot be circumvented in the case of the wavefunction computation. As such, the solution space is
divided into an “interior” region near r = 3 and “exterior” regions defined by r > (3 + ϵ′) and r < (3− ϵ′)
for some infinitesimally-small ϵ′. While the exterior solution is based on the photon-sphere arguments of
the QNF calculation made in Refs [50, 156], the interior solution follows the low-orderWKBmethod of Refs
[151, 152]; specifically, the interior solution reduces to the asymptotic form of the parabolic cylinder function
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Figure 2.8: Diagrammatic representation of the solutions, where asymptotics are matched across the shaded regions.
At leading-order, g(z) ∼ z.

ψ1 ∼ Da((−1 + i)z).
In Appendix D, we provide a review of the leading-order calculation of the QNEF using the Dolan-

Ottewill method. In this section, we demonstrate a detailed calculation of our QNEF computation up to
O(L−2). To elevate the interior solution to higher orders, we follow the strategy of Ref. [153] in which a
solution of the form ψ ∼ (g′(z))−1/2Da[g(z)] is used to achieve a third-order expression, where Da[g(z)]
is the parabolic cylinder function. For the exterior solution, higher-order expressions can be achieved if we
use the Dolan-Ottewill method to compute expressions for the first few Skn(r) functions of Eq. (2.44). The
final step of the QNEF calculation then primarily involves the appropriate matching of the solutions.

2.4.1 Preliminaries

We begin with the effective QNM potential for a scalar test field for f (r) = 1− 2/r,

d2ψ

dr2 + U(r)ψ = 0 , U(r) =
1

f (r)2

[
ω2 − f (r)

(
L2 − 1

4
r2

)
+

1
r4

]
, (2.63)

where the perturbed QNF is given by

ω̃ℓn = ωℓn + ϵ

≈ ω−1L + ω0 + ω1L−1 + ω2L−2 + ϵ +O
(

L−3
)

. (2.64)

Here, we shall retain terms from the QNF series expansion of Eq. (2.43) up to order O(L−2). Following
the standard Schultz-Iyer-Will technique [151–153], we expand the barrier potential U(r) in a Taylor series
about the maximum r = rp,

U(r) ≈ U(rp) +
1
2

U′′(rp)(r− rp)
2 +

1
6

U(3)(r− rp)
3 + ... . (2.65)

If we solve for rp = r0 + r1L−1 + r2L−2 + ... using U′(rp) = 0 in the large-ℓ limit, we find that at order
O(L−2),

rp = 3 + 12
√

3ω0L−1 +

(
11
6

+ 342ω2
0 + 12

√
3ω1

)
L−2 +O

(
L−3

)
. (2.66)
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Upon substituting Eq. (2.66) into Eq. (2.63),

U(rp) = 2
√

3Lω0 +

(
7
36
− 39ω2

0 + 2
√

3ω1

)
+

2
(

504
√

3ω3
0 − 22

√
3ω0 − 351ω1ω0 + 9

√
3ω2

)
9

1
L
+ ...

(2.67)
for large-ℓ at higher orders. We continue in this way for each term of Eq. (2.65),

1
2

U′′(rp) =
L2

9
− 16ω0√

3
L +

(
−233

324
+

888ω2
0

3
− 16ω1√

3

)
+ ... , (2.68)

1
6

U(3)(rp) = −
20L2

81
+

1160Lω0

27
√

3
+ ... ,

1
24

U(4)(rp) =
95L2

243
− 6544Lω0

81
√

3
+ ... ,

parameterising rp as
r− rp =

z
α

. (2.69)

At leading order, rp = 3 and α =
√

L/3 (c.f. Eq. (D.1.3) of Appendix D). We determine α by substituting
Eqs. (2.68) and (2.69) into Eq. (2.65). However, the introduction of Eq. (2.69) into the ordinary differential
equation implies that the new equation to solve is

d2

d(rp + z/α)2 → α2 d2

dz2 ⇒ d2ψ

dz2 +
1
α2 U(z)ψ = 0 . (2.70)

This brings us to

1
α2 U(z) ≈

[
2
√

3Lω0 +

(
7
36
− 39ω2

0 + 2
√

3ω1

)
+ ...

]
1
α2 +

[
L2

9
− 16ω0√

3
L + ...

]
z2

α4

+

[
−20L2

81
+

1160Lω0

27
√

3
+ ...

]
z3

α5 +

[
95L2

243
− 6544Lω0

81
√

3
+ ...

]
z4

α6 + ... . (2.71)

The coefficient of the quadratic term in z is expected to be 1 [151–153], which allows us to solve for α.
Therefore, we can rewrite Eq. (2.69) as

r(z)− α−1z = 3 + 12
√

3ω0L−1 +

(
11
6

+ 342ω2
0 + 12

√
3ω1

)
L−2 +O

(
L−3

)
, (2.72)

where
α−1 =

√
3√
L
+

36ω0

L3/2 +

[
233

48
√

3
+ 414

√
3ω2

0 + 36ω1

]
1

L5/2 +O
(

L−
7
2

)
. (2.73)

2.4.2 Interior solution: using the parabolic cylinder function

While the spin of the perturbing field is irrelevant at leading order, deviations emerge at higher orders of L−k.
Here, we consider s = 0 perturbations, which allows us to use Eq. (2.7) as before in order to obtain a new
effective potential (c.f. Eq. (D.1.5)). Following Refs [151–153], we elevate the leading-order expressions
to next-to-leading order by substituting a power series expansion in g(z) (c.f. Eq. (3.16) of Ref. [153]) in
place of z within the ordinary differential equation. Thereafter, we solve the resultant ordinary differential
equation (c.f. Eq. (3.14) of Ref. [153]) using functions of the parabolic cylinder functions of the form
ψ ∼ (g′(z))−1/2Da[g(z)].
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We begin by substituting Eqs (2.69) and (2.72) into Eq. (2.65), such that the radial equation becomes,

d2ψ

dz2 +

([
6
√

3ω0 +

(
7

12
+ 315ω2

0 + 6
√

3ω1

)
1
L
+ ...

]
+ z2

+

[
−20
√

3
9

1
L1/2 −

40ω0

3
1

L3/2 + ...

]
z3 +

[
95
9

1
L
+

296
√

3ω0

9
1
L2 + ...

]
z4 + ...

)
ψ = 0 , (2.74)

⇒ d2ψ

dz2 + Q(z)ψ = 0 . (2.75)

Analogous to Eq. (3.15) of Ref. [153] and Eq. (D.1.5), we can rewrite the potential as

Q(z) =
∞

∑
n=1

(
1
L

)n/2
Un/2(z) , (2.76)

and solve for each term, viz.

U0 = 6
√

3ω0 + z2 , (2.77)

U1/2 = −20
√

3z3

9
, (2.78)

U1 =
7

12
+ 315ω2

0 + 6
√

3ω1 +
95z4

9
, (2.79)

U3/2 = −40ω0z3

3
− 392

√
3z5

27
, (2.80)

U2 = 5088
√

3ω3
0 +

75
√

3ω0

4
+ 630ω0ω1 + 6

√
3ω2 +

296
√

3ω0z4

9
+

1499z6

27
. (2.81)

Following Eq. (3.14) of Ref. [153] and Eq. (D.1.8), we set the solution of Eq. (2.75) as

ψ =

(
dg
dz

)−1/2
Da((−1 + i)g(z)) , (2.82)

where Da((−1 + i)g(z)) satisfies the parabolic cylinder function,(
d2

dg2 + λ + g2(z)
)
Da((−1 + i)g(z)) = 0 , (2.83)

and λ is an unsolved variable that is constant in z, and a = −(1− iλ)/2. With Eq. (2.82), we can rewrite
Eq. (2.75) in terms of g(z),(

dg
dz

)2 [
λ + g(z)2

]
+

1
2

(
dg
dz

)−1 (d3g
dz3

)
− 3

4

(
dg
dz

)−2 (d2g
dz2

)2

−
∞

∑
n=0

(
1
L

)n/2
Un(z) = 0 . (2.84)

Solving the above equation by taking

g(z) = z +
∞

∑
n=1

(
1
L

)n/2
An/2(z) , (2.85)
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and
λ =

∞

∑
k=0

(
1
L

)k
λk , An/2(z) ∼

∞

∑
k=0

pnkzk , (2.86)

we can solve for λ and An/2(z) iteratively by considering each coefficient of L−n/2. For example, at the order
of L0 and L−1/2, we generate

L0 : λ0 − 6
√

3ω0 = 0 , (2.87)

L−1/2 :
1
18

(
9A(3)

1/2(z) + 36z2 A′1/2(z) + 72(λ0 − 3
√

3ω0)A′1/2(z) + 36zA1/2(z) + 40
√

3z3
)
= 0 , (2.88)

and solve for each coefficient of z. Following this procedure, we find the result up to and includingO(L−2):

λ =
4

∑
n=0

(
1
L

)n/2
Un/2(0)−

Λ
L
− Ω

L2 ; (2.89)

A1/2 =
40ω0

9
√

3
− 10z2

9
√

3
; (2.90)

A1 =
1265z3

1944
+

2605ω0z
216
√

3
, Λ =

155
216

+
645ω2

0
2

; (2.91)

A3/2 =
254179ω2

0

1215
√

3
+

40ω1

3
− 58987z4

43740
√

3
− 185179ω0z2

43740
+

6781
3645
√

3
; (2.92)

A2 =
7702759z5

7558272
+

4699901ω0z3

629856
√

3
+

(
108646309ω2

0
839808

+
2605ω1

216
√

3
+

443665
1679616

)
z ,

Ω =
121727ω3

0

8
√

3
+ 645ω1ω0 +

48623ω0

864
√

3
. (2.93)

Recall that the index of the parabolic cylinder function Da((−1+ i)g(z)) is given by a = −1/2+ iλ/2. With
the perturbation in Eq. (2.64) and the result in Eq. (2.89), we may write a = n + iϵ

√
27 +O

(
L−1).

We now have all the necessary components to write the interior wavefunction. For the parabolic cylinder
function, we use Eq. (D.1.8) and Eq. (3.22) of Ref. [153], with z → g(z). For η = iϵ

√
27, this produces

solutions of the form
ψ ∼ (g′(z))−1/2Dn+η+O( 1

L )
[(−1 + i)g(z)] . (2.94)

Since we are concerned only with the fundamental QNM in this calculation, we emphasise that we set n = 0
from this point.
Recall also that the interior function in the Dolan-Ottewill framework is given by the ansatz u0 = f−1/2ψ.

With the introduction of the r → z replacement of Eq. (2.72), the asymptotic behaviour of this prefactor is

f (z)−1/2 ∼
(

1− 2
rp + α−1z

)−1/2

∼
√

3
[

1− z√
3L

+

(
2i
3
+

5z2

6

)
1
L
+

(
−13z3

6
√

3
− 4iz

3
√

3

)
1

L3/2 +

(
139z4

72
+ iz2 − 115

162

)
1
L2 + ...

]
.

(2.95)

For the sake of brevity, we shall present only the asymptotic forms here and impose that n = 0 for the
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overtone. In the eikonal limit,

ψz→−∞ ∼ e+ig(z)2/2
(

dg
dz

)−1/2
(2.96)

ψz→+∞ ∼ e+ig(z)2/2
(

dg
dz

)−1/2

− e−ig(z)2/2
(

dg
dz

)−1/2 √
2πe−3iπ/42−1/2

Γ
{
− n− η +O

(
1
L

) } 1
g(z)

[
1 +

i
2

g(z)−2 − 3
4

g(z)−4 + ...
]

, (2.97)

where the asymptotics of each component are given by:

e±ig(z)2/2 ∼ exp

{
± iz2

2
± (20z− 10iz3)

3
√

27
1

L1/2 ±
[
−200i

243
− 595z2

3888
+

185iz4

216

]
1
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∓
[

839iz5

405
√

3
+

527z3

131220
√

3

+
93269iz

65610
√

3

]
1

L3/2 ±
[

60547iz6

34992
+

853499z4

7558272
− 27982081iz2

45349632
+

8837
177147

]
1
L2 + ...

}
.

(2.98)(
dg
dz

)−1/2
∼ 1 +

10z
9
√

3L
+

[
−155z2

432
+

2605i
7776

]
1
L
+

[
51323z3

87480
√

3
+

215767iz
524880

√
3

]
1

L3/2

+

[
−11897483z4

30233088
− 1100411iz2

10077696
+

100425053
362797056

]
1
L2 + ... . (2.99)

1
g(z)

[
1 +

i
2g(z)2 −

3
4g(z)4 + ...

]
∼ 1

z
+

i
2z3 −

3
4z5 +

[
10

9
√

3
+

35i
9
√

3z2
− 5
√

3
2z4 −

25i
3
√

3z6

]
1

L1/2 +

[
−155z

648
+

5005i
1944z

− 9505
972z3 −

44875i
1728z5 +

500
27z7

]
1
L

+

[
70000i

729
√

3z8
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762343
3888
√

3z6
− 32791703i

349920
√

3z4
+

15737z2

43740
√

3
− 583061

32805
√

3z2
+

79477i
131220

√
3

]
1

L3/2 +

[
− 2800000

19683z9

+
30926495i
78732z7 +

32239603847
120932352z5 −

1743973z3

7558272
− 9730444495i

181398528z3 −
329953iz
15116544

− 152696747
45349632z

]
1
L2 + ... .

(2.100)

Finally, applying the Γ{−n− η +O
(

L−1)} approximation in the n = 0 limit yields,

1

Γ
{
− n− η +O

(
1
L

) }√2πe−3iπ/42−1/2 ∼
(
−i
√

27ϵ
) [

1 +
5i

36L
− 659

7776L2 + ...
]√

πe−3iπ/4 . (2.101)

2.4.3 Exterior solution: using the Dolan-Ottewill ansatz

For the exterior solution, we closely follow the method described in Ref. [50] (c.f. Appendix D.2) for

u±(r) = exp

{
± iω

∫ r

3

(
1 +

6
r

)1/2 (
1− 3

r

)
dr⋆

}
v±(r) . (2.102)

To obtain the exponential component of the wavefunction, we perform a power series expansion on the
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integrand around r = 3, and then integrate directly with respect to the tortoise coordinate. We then perform
the substitution of r → rp + α−1z, ω → ω

(2)
ℓ0 ≈ ω−1L + ω0 + ω1L−1 + ω2L−2, and ωk given in Eq. (2.64),

which gives

±iω
∫ r

3

(
1 +

6
r

)1/2 (
1− 3

r

)
dr⋆

∼ ±
[ iz2

2
+

[
2z√

3
− 10iz3

9
√

3

]
1

L1/2 +

[
−2i

3
+

z2

36
+

185iz4

216
+

]
1
L
−
[

95iz
54
√

3
+

10z3

27
√

3
+

839iz5

405
√

3

]
1

L3/2

+

[
− 4

27
− 1135iz2

1944
+

1457z4

3888
+

60547iz6

34992

]
1
L2 +O(L−5/2)

]
. (2.103)

To construct the higher-order expressions for the function v±(k), we require the higher-order S̃kn(r) func-
tions (see Eqs. (2.44) and (D.2.13)). For n = 0, we can express this as

v±(k)(r) = exp{S̃±00(r) + S̃±10(r)L−1 + ... + S̃±k0(r)L−k} . (2.104)

To extract these terms, we follow the same iterative Dolan-Ottewill QNF calculation. Recall that to deter-
mine each components of the QNF series expansion ωk, we require Skn(r) and its derivatives with respect to
r. Recall also that v±(r) and S̃±kn(r) are the functions after introducing the QNF perturbation (see Eq. (2.64),
together with Eq. (2.64)) into Eq. (D.2.13), such that we solve for S̃±k0(r) order by order. Their explicit forms
are provided in Appendix E, up to and including k = 2. To determine the asymptotics of these perturbed
S̃±k0 functions, we evaluate the functions at the perturbed QNF ω̃

(k)
ℓ0 , perform the substitution r → rp + α−1z,

and subject the result to a power series expansion about L→ ∞ to second order in L. Using these asymptotic
forms of the components, together with Eqs. (2.103) and (2.104), the explicit forms of Eq. (2.102), u±(k=2),
may produce at the order of O(L−2),

u+(2) ≈
√

2e+iz2/2
(

ξ

4
√
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{[
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3
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+
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+
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+
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+
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√
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√
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}
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(2.105)

and

u−(2) ≈
√

2e−iz2/2
( z

L1/2

)−1
(

ξ√
27

)−1/2
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. (2.106)
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2.4.4 Matching procedure

Within the matching regions, the expression

r− 3 ∝
z√
L
+ ... , (2.107)

governs the behaviour of the in-going and out-going solutions, following the form of Eq. (D.1.3) and Eq.
(2.69). Specifically, r − 3 is small and L is large. In other words, when we apply a power series expansion
to the exponential function, terms of the order O(zaL−b/2) for a ≤ |b| are affected. In so doing, exponential
terms of appropriate order in z/

√
L reduce to polynomial form. For the interior solutions, z → ±∞, we

match these against the exterior solutions.
We find that we can obtain constant (i.e. z-independent) terms for Cin, Bin, and Bout as a consequence of

the cancellation of higher-order terms during the matching procedure. For terms with powers of z in the
denominator that do not cancel, we have determined their contribution to be negligible. This is evidenced
when we solve for these constant coefficients at increasingly higher orders: terms that retain powers of z in
the denominator at order k cancel at orders k + 1 and higher during the matching procedure; only constant
and L-dependent terms remain unmodified as we progress to higher orders. Finally, we note that each of
these reduce to their leading-order form for L→ ∞ (c.f. Section D.3).

To obtain Cin ∼ ur→−∞
0 /u+

Through the perturbative power series expansion, the exterior solution in the region r < rp becomes

u+(2) ∼
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. (2.108)

For the interior solution, we retain only the z→ −∞ asymptotic forms presented in Section 2.4.2. Recall that
the complete solution is given by

uz→−∞
0 ∼ f−1/2e+ig(z)2/2

(
dg
dz

)−1/2
. (2.109)

Following the same linearisation for terms of order O(zaL−b/2) for a ≤ |b|, we find that

uz→−∞
0 ∼ exp
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+ ... . (2.110)
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Terms that are higher-order in z cancel, leaving us with

C(2)
in ∼

√
2
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. (2.111)

To obtain Bout ∼ ur→+∞
0 /u+

To obtain B(2)
out, we must match the asymptotics of f−1/2ψ

(2)
z→+∞(e+iz2/2) over u+(2), where ψ

(2)
z→+∞(e+iz2/2)

is the first term of Eq. (2.97). Up to and including O(L−2), this gives
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To obtain Bin ∼ ur→+∞
0 /u−

To obtain B(2)
in , we must match the asymptotics of f−1/2ψ

(2)
z→+∞(e−iz2/2) over u−(2), where ψ

(2)
z→+∞(e−iz2/2)

is the second term of Eq. (2.97) at O(L−2). Through the perturbative power series expansion, the exterior
solution in the region r > rp becomes
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L2 . (2.113)

Since terms satisfying the condition O(zaL−b/2) for a ≤ |b| are linearised through the power series expan-
sion, we are left with terms in inverse powers of z. The contribution of these terms can be neglected as
discussed above.
As before, for the interior solution, we retain only the z → +∞ asymptotic forms presented in Section

2.4.2. Here, however, we are concerned only with the exp{−ig(z)2/2} component. Recall that the complete
solution is given by

uz→+∞
0 ∼ − f−1/2e−ig(z)2/2

(
dg
dz

)−1/2 √
2π

Γ
{
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(2.114)
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Following the same linearisation for terms of order O(zaL−b/2) for a ≤ |b|, we find that
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(2.115)

Upon performing the matching procedure, we then obtain

B(2)
in ∼ ϵ
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We find constant coefficients only for the terms with integer powers of (1/L), but not the ones with half-
integer powers. Though we have retained coefficients with inverse powers of z, we expect them to be can-
celled by higher order contributions, while the constant coefficients as shown in Eq. (2.116) will remain
unmodified. To illustrate this explicitly, let us consider the above procedure only to order O(L−1),

B(1)
in ∼ ϵ
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27πξ
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. (2.117)

If we compare Eq. (2.116) and Eq. (2.117), we observe that despite the changes in the functions of z, the
constant coefficients of L−1 remain the same.
We note also that when we compare our higher-order matching variables, C(2)

in , B(2)
out, B(2)

in , with the n = 0
the leading-order results of Eqs. (D.3.29), (D.3.30), and (D.3.32), respectively, there is a

√
3 discrepancy for

the leading coefficients. This is due to our necessary inclusion of the prefactor f−1/2 in Eqs. (2.109) and
(2.114). For the leading order, the prefactor is just a constant

√
3 and will fully cancel out in the calculation

of the A±(0)ℓn coefficients. As such, the leading order results will not change when excluding this prefactor.
However, for the higher-order studies, the prefactor provides a polynomial of O(zaL−b/2) as in Eq. (2.95),
which contributes to the cancellation of z-dependent terms in the higher-order matching.

2.4.5 The quasinormal excitation factor

Finally, we can bring together the components of the calculation in order to construct the QNEF. To define
the QNEF, we use Eq. (2.25) for k = 2 and n = 0,

B(2)ℓ0 ≡
A+(2)
ℓ0
2ω

(
∂A−(2)ℓ0

∂ω

)−1 ∣∣∣∣∣
ω→ω

(2)
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, (2.118)
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where the constants A±(2)ℓ0 are defined as

A+(2)
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2
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2
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, (2.119)

with the “phase factors” [50] extended to higher order as,

α
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With the use of these definitions, we find that the out-going coefficient precisely matches Eq. (D.4.39)
for n = 0, with corrections in higher orders of L−k. In the second line, we substitute the QNF up to order
O(L−2),
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∣∣∣
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. (2.126)

Similarly, the exponent of the in-going coefficient is precisely that of Eq. (D.4.40), albeit augmented here
by higher-order L−k terms. Note that this correction in L−k within the exponential is the additive inverse of
that of Eq. (2.126). With the higher-order terms in the polynomial, we find that the z terms cancel.
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With all the necessary components of the QNEF computed explicitly to higher order, we present the final
expressions for the QNEF at orders O(L(−1)) and O(L(−2)), respectively as:

B(1)ℓ0 ≈
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where the constant ζ is defined in Eq. (D.5.45).
We plot the real and imaginary contributions in Fig. 2.9 at leading order, and at the next two orders in L−k.

At order k, we evaluate the QNEF at the k-th order QNF, i.e. at order L−1 we evaluate at ω
(1)
ℓ0 =

√
27L−

i
√

27/2 + 7
√

27/216L−1. To improve the accuracy of our QNEFs, we subject Eq. (2.25) to an additional
power series expansion in L−k, where k refers to the order at which we compute the QNEF. In so doing, we
can compute the elusive ℓ = 0, ℓ = 1 terms that are otherwise difficult to capture accurately.

In order to validate our results, we also compare our QNEF values against those generated in Ref. [193]
through the method introduced by Mano, Suzuki, and Takasugi (MST) in Refs [194, 195]. This technique
produces solutions to the radial component of the inhomogeneousQNMproblem, aswell as derived quanti-
ties such as theWronskian, usingGaussian hypergeometric functions andCoulombwave functions. In order
to do this, two complementary infinite series are employed, whose radius of convergence extends towards
spatial infinity and the event horizon, respectively. The approach is demonstrably accurate, particularly for
small frequencies/late times.
We note with interest that, reminiscent of photon orbits in the r → r+ limit, the QNEFs tend towards zero

in the large-ℓ regime. This reinforces the connection between unstable null geodesics and the behaviour of
QNMs in the eikonal regime [157].
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Figure 2.9: The real and imaginary parts of the QNEF at orders L0, L−1, and L−2 for the fundamental mode. We
compare against the numerical results generated using the MST formalism [194, 195], listed in Table II of Ref. [193].

2.4.6 Discussion

In this section, we have extended the Dolan-Ottewill method to calculate QNEFs to higher orders for the
Schwarzschild black hole. By incorporating higher-order corrections using the WKB method, we achieved
significantly greater accuracy in our QNEF calculations compared to leading-order results. Specifically,
our higher-order treatment reduced the discrepancy between QNEFs computed using the Dolan-Ottewill
method and those produced by the MST method, particularly for lower multipolar numbers (see Fig. 2.9).
The ability to extract QNEFs with higher accuracy has several important implications for future research

and applications. These include enhanced GW modelling, where accurate QNEF calculations are crucial
for modelling the post-merger phase of GWs from binary black hole mergers. Also, higher accuracy QNEF
values will aid in better parameter estimation of post-merger black holes, facilitating more precise tests of
GR in the strong-field regime.
Note that since the Dolan-Ottewill technique can be applied to a variety of spherically-symmetric black

holes and perturbing fields of different spins, our higher-order extension enhances its utility across different
contexts, including extremal black holes where traditional numerical methods may fail. In this way, we can
perform more precise calculations while avoiding the use of computationally intensive approaches. There-
fore, by providing a more accurate method for calculating QNEFs, our work supports the growing field of
GW astronomy, offering a valuable resources for interpreting and analysing signals detected by the LVK
collaboration.
As a final thought, we note that while gravitational perturbations of a Kerr black hole would be more

closely aligned to the astrophysical reality, the comparatively simple setup produced here provides a suitable
testing ground for our extension of this technique. We consider this work on static, spherically-symmetric
black holes then a necessary precursor to the rotating case, which we will consider in a future work.
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Table 2.2: The real and imaginary components of the QNEF at orders L0, L−1, and L−2 for the fundamental mode.

ℓ Re{B(0)ℓ0 } . Im{B(0)ℓ0 } Re{B(1)ℓ0 } . Im{B(1)ℓ0 } Re{B(2)ℓ0 } . Im{B(2)ℓ0 }

0 +0.22010 −0.15859 +0.26935 −0.04343 +0.20467 −0.02932

1 −0.14952 +0.04663 −0.15502 +0.02304 −0.15062 +0.02227

2 +0.12130 +0.00240 +0.12058 +0.01364 +0.11934 +0.01352

3 −0.09660 −0.03438 −0.09412 −0.04071 −0.09363 −0.04050

4 +0.07122 +0.05573 +0.06826 +0.05933 +0.06804 +0.05914

5 −0.04515 −0.06821 −0.04224 −0.07005 −0.04215 −0.06990

6 +0.01954 +0.07266 +0.01693 +0.07331 +0.01691 +0.07320

7 +0.00416 −0.06992 +0.00632 −0.06976 +0.00631 −0.06968

8 −0.02450 +0.06107 −0.02615 +0.06038 −0.02613 +0.06032

9 +0.04026 −0.04746 +0.04141 −0.04646 +0.04138 −0.04643

10 −0.05062 0.03070 −0.05129 +0.02957 −0.05126 +0.02956

In this chapter, we have provided the underlying formalism needed to follow the QNM investigations per-
formed in Chapters 4 and 6. For example, the semi-classical techniques introduced here inform the compu-
tational methods used therein; the influence of mass and the concepts of superradiance appear throughout
our work. In the next chapters, we consider a more complicated framework, adding the space-time param-
eters of Q and Λ as well as the field parameter of q, in order to investigate the interplay of (M, Q, Λ) and
(µ, q, ℓ) in the QNF spectra.



Chapter 3

Einstein-Hilbert-Maxwell theory in de
Sitter space-time

... for one who has crossed the event horizon in the Reissner-Nordström geometry, there would
appear to exist an infinite range of rich possibilities for experience, that are denied to one who
crosses the event horizon in the Schwarzschild geometry...

Subrahmanyan Chandrasekhar in The Mathematical Theory of Black Holes [131]

In the previous chapter, our focus was on the formalism required to describe the QNMs of the black hole
exterior. To prioritise clarity over complexity in that discussion, wehad concentrated on the simplest possible
black hole configuration: the Schwarzschild solution in asymptotically flat space-time. In so doing, we were
able to highlight explicitly the relationship between the behaviour of QNMs and the characteristics of their
black hole source. Since QNMs are beholden to physically-motivated boundary conditions imposed by the
black hole context, it is imperative that any QNM study is preceded by an analysis of the fixed background
upon which these perturbations propagate. Since we are building towards an investigation into the QNMs
of the RNdS black hole, we dedicate this chapter to the establishment of a concrete understanding of the
space-time structure and parametric constraints of the RNdS solution.
The RNdS black hole represents the most generalised static and spherically-symmetric black hole for

which d = 4 and Λ > 0. Since we consider the black hole to be isolated and at equilibrium, the “no-
hair conjecture”12 applies and the black hole is stable [32, 33]. As introduced in Chapter 1, the RNdS black
hole serves as a rich testing ground for theoretical conjectures. Studies of the interplay between gravitational
dynamics, electromagnetic charge, and the cosmological constant lead naturally to questions at both quan-
tum and cosmological scales, allowing for investigations into black hole thermodynamics and the evolution
of large-scale structure. As such, we begin this chapter with a review of the RNdS space-time structure,
properties, and phase space; we rely heavily on Refs[89, 197–199] for Section 3.1. In Section 3.2, we provide
a brief aside on the deviation of the FL bound from a study of the RNdS black hole decay, as an example of
how bounds on particle mass and charge can be extracted from heuristic arguments in black hole mechan-
ics. Finally, Section 3.3 explores the concept of cosmic censorship in the RNdS black hole context, which
provides the necessary theoretical framework for our study of QNM applications set up in the next chapter.
12While a discussion on the “cosmic no-hair conjecture” [71] is beyond the scope of this thesis, evidence suggests that the hypothesis
remains valid even for Λ > 0 [196].
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3.1 The Reissner-Nordström de Sitter black hole

To begin our examination of the (3 + 1)-dimensional RNdS black hole, we consider the Einstein-Hilbert-
Maxwell action in an asymptotically-de Sitter space-time under natural units,

S =
∫

d4x
√
−g

[
1

16πG
(R− 2Λ)− 1

4g2
1

FµνFµν

]
. (3.1)

As specified in Chapter 1, κ2 = 8πG = M−2
P relates the gravitational coupling κ to Newton’s gravitational

constant G and the Planck mass MP. The de Sitter radius LdS, Hubble parameter H, and cosmological
constant Λ > 0 can be expressed as H2 = L−2

dS = Λ/3. The geometry of the space-time is encoded in the
Ricci scalar curvature R = gµνRµν and the metric g = det |gµν|; the metric tensor gµν is in turn defined
in terms of the characteristic black hole parameters, mass m

BH
and charge q

BH
per the “no-hair conjecture”

[4], as well as Λ.13 For the electromagnetic field strength tensor Fµν, g1 is the U(1) gauge coupling. Since
we are concerned only with the electrically-charged RNdS case, the non-zero component of Fµν is

Ftr =
g2

1
4π

q
BH

r
, (3.2)

with a purely electric gauge potential

A = Φdt , Φ =
g2

1
4π

q
BH

r
. (3.3)

The Lagrangian of Eq. (3.1) admits the static and spherically-symmetric black hole solution [9],

ds2 = − f (r)dt2 + f (r)−1dr2 + r2
(

dθ2 + sin2 θdϕ2
)

, (3.4)

written in terms of the usual Schwarzschild coordinates (t, r, θ, ϕ), with t ∈ (−∞,+∞), θ ∈ (0, π), and
ϕ ∈ (0, 2π). Setting h̄ = c = 1, we can express this metric function as

f (r) = 1− 2GmBH

r
+

Gg2
1qBH

4πr2 −
Λ
3

r2 . (3.5)

While the physical quantities mBH and g1qBH lend themselves to characteristic black hole length scales [201],
in fact, all three parameters have dimensions of length [89]:

GmBH =
κ2

8π
mBH = M , (3.6)

G
4πr2 g2

1qBH =
κ2

32π2r2 g2
1qBH = Q2 , (3.7)

Λ =
3

L2
dS

. (3.8)

In introducing these parametrisations, we have reduced the characterising space-time information to the
13Recall that Λ is a parameter of the “space of theories”, a model-dependent degree of freedom, rather than a black hole parameter.
In our standard model of (big bang) cosmology, it is understood that Λ is associated with the vacuum energy of the scalar field that
once drove inflation. In other words, the potential of the inflaton acts as an effective cosmological constant whose value is near-zero
in our present epoch [200].
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Table 3.1: RNdS space-time regions (Fig. 3.1) and the dominant force within each.

Region f (r) Dominant f orce

0 < r < r− (I I I) ∼ Q2/r2 > 0 repulsive electromagnetic force
r− < r < r+ (I I) ∼ −2M/r < 0 attractive gravitational force
r+ < r < rc (I) ∼ 1 > 0 no subdominant contributions

rc < r (IV) ∼ −r2 < 0 positive vacuum energy

dimensionless triple (M, Q, Λ). This allows us to compare mass and charge directly

M2

Q2 =
κ2

2
m2

BH

g2
1q2

BH

, (3.9)

which proves useful in our considerations of constraints on the RNdS phase space. Furthermore, we can
express the metric function in its simplified form,

f (r) = 1− 2M
r

+
Q2

r2 −
r2

L2
dS

. (3.10)

From Eq. (3.10) alone, we can extract substantial information about the black hole structure and phase
space. In the sections that follow, we shall demonstrate this explicitly, and highlight how these provide
constraints for the field behaviour discussed throughout this chapter and the QNM calculations that follow
in Chapter 4.

3.1.1 RNdS black hole structure

The global structure of the black hole space-time is predicated on the nature at the horizons and at the
boundaries (i.e. the scalar curvature singularity r → 0 and, in asymptotically flat space-time, spatial infinity
r → ∞). The roots of the metric function dictate the causal structure of the space-time, and depend strongly
on the values of M, Q, and LdS. From the four real roots of Eq. (3.10), we can identify three Killing horizons:
the Cauchy horizon r−, the event horizon r+, and the cosmological horizon rc, where

0 < r− ≤ r+ ≤ rc ≤ LdS < ∞ . (3.11)

The fourth (and unphysical) root is given by r0 = −(r− + r+ + rc). These allow for an alternate expression
of the metric function,

f (r) =
1

r2L2
dS
(r− r−)(r− r+)(rc − r)(r− r0) . (3.12)

The physical horizons of Eq. (3.11) divide the black hole space-time into four causally-connected regions.
In Table 3.1, we summarise the dominant contribution from f (r) in each one [89]; in Fig. 3.1, we sketch the
corresponding extended conformal space-time diagram for the RNdS black hole, following the conventions
set out in Appendix B. There, we highlight the exterior space-time and the black hole interior. Respectively,
these are the static patch Mext (Region I), bounded by the bifurcate event horizon H +

R ∪H −
R and the

cosmological horizon C+
R , andMint (Region II), bounded by the bifurcate event horizon H +

L ∪H +
R and

the Cauchy horizon C H +
R .

For each non-degenerate horizon specified in Eq. 3.11, we can calculate a surface gravity κi (see Appendix
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Figure 3.1: The conformal diagram for the extended RNdS space-time.

B for details) and an associated Hawking temperature Ti [86]. For i ∈ {−,+, c}, we define these as

κi =
1
2

d
dr

f (r)
∣∣∣∣
r=ri

, Ti =
κi
2π

. (3.13)

Explicitly, the surface gravities corresponding to each horizon are

κ− = − (r+ − r−)(rc − r−)(r− − r0)

2r2
−L2

dS
, (3.14)

κ+ = +
(r+ − r−)(rc − r+)(r+ − r0)

2r2
+L2

dS
, (3.15)

κc = −
(rc − r−)(rc − r+)(rc − r0)

2r2
c L2

dS
. , (3.16)

with |κ−| > |κ+| [202]. Generally, the Hawking radiation emanates from each horizon at a different tem-
perature.
While thermal radiation isotropically pervades de Sitter space-time [71], the black hole is not necessarily

in thermal equilibrium with the de Sitter edge. However, there are two black hole solutions that represent
thermal equilibrium: the “lukewarm” and the “charged Nariai” families of RNdS black hole solutions. The
former represents the case for which M = Q while the latter corresponds to the condition r+ = rc [197].
These solutions are discussed in further detail in Section 3.1.2 and Appendix C. In Section 3.2, we will elab-
orate on the black hole decay process that leads to thermal equilibrium.
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These correspond to non-extremal black holes. However, degenerate horizons have vanishing surface
gravities. Since Ti = 0 in these cases, these black holes are classified as “cold”. For asymptotically flat space-
time, the RN black hole develops a degenerate horizon when M = Q. As we shall demonstrate explicitly in
the next section, the presence of the cosmological constant affects the (M, Q) parameter space in the RNdS
case. For the RNdS black hole, κ− = κ+ = 0 when Qext ∼ r+, as suggested in [203] and shown in Ref. [204]
particularly for low Q. The definition of Qext is provided in Ref. [203], viz.

Qext ≡ y+rc

√
1 + 2y+

1 + 2y+ + 3y2
+

, y+ =
r+
rc

. (3.17)

To discuss the black hole solutions more thoroughly, let us consider the black hole phase space of the
RNdS black hole, following Refs [89, 200]. As we shall see, much of the analysis we perform is based on the
metric function Eq. (3.10) and the “sharkfin” diagram of Fig. 3.2.

3.1.2 RNdS black hole phase space

In order to delineate the RNdS (M, Q) phase space, we begin with the polynomial,

Π(r) ≡ −r2 f (r) = −r2 + 2Mr−Q2 + L2
dSr4 . (3.18)

We then determine the discriminant thereof,

∆ ≡ −16L−2
dS

[
27M4L−2

dS −M2(1 + 36Q2L−2
dS ) + (Q + 4Q3L−2

dS )
2
]

, (3.19)

set L2
dS = 1, and plot ∆ = 0. Note also that if we set ∆ = 0 and solve for M in terms of Λ and Q, we reproduce

the known analytical bound on M2Λ [197, 200],

M2Λ ≤ 1
18

[
1 + 12Q2Λ + (1− 4Q2Λ)3/2

]
. (3.20)

We deduce then that M2Λ has an upper bound of 1/9. In Fig. 3.2, where we parametrise L−2
dS = Λ/3 = 1.

M =
√

2/27 is marked on the tip of the sharkfin as Point U. Traditionally [197, 200], the constraint on the
black hole charge in 4D comes from the Bogomoln’yi bound for small values of M2Λ [197],

Q2

M2 ≲ 1 +
1
3
(M2Λ) +

4
9
(M2Λ)2 +

8
9
(M2Λ)3 +O(M8Λ4) . (3.21)

For Λ = 3 and M =
√

2/27, Eq. (3.21) approximately produces the Q = 1/
√

12 result obtained by solving
for Q from ∆ = 0 and observed at the tip of the sharkfin. Note also that the presence of the cosmologi-
cal constant raises the upper-bound of the black hole charge-mass ratio: in asymptotically-flat space-time,
Q/M ≤ 1, whereas in asymptotically-de Sitter space-time, Q/M ≤ 1.0607.
Finally, observe that ifwe set L2

dS = 1 and∆ = −∆/16, we canwrite the complicated analytical expressions
corresponding to the black hole horizons as functions of M and Q, viz.

r− = −a + b , r+ = +a− b , rc = +a + b , r0 = −a− b . (3.22)

In our convention, underlined quantities are derived from the parametrised Eq. (3.19). Here,

a =
1

2
√

3

√
(1 + X)2 − 12Q2

X
, b =

1
2

√
4
3
− 1− 12Q2

3X
− X

3
+

2M
a

, (3.23)
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Figure 3.2: A two-dimensional projection of the parameter space for H2 = Λ/3 = 1 for the 4D RNdS black hole.
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and
X =

(
−1 + 54M2 − 36Q2 − 2

√
27
√

∆
)1/3

. (3.24)

Let us now consider the phase space itself. The boundary of Fig. 3.2 corresponds to extremised14 condi-
tions. At Point O lies pure de Sitter space (Q = M = 0). Along Line ON, there is the Schwarzschild de Sitter
family of solutions (Q = 0, M > 0), with the uncharged Nariai case at point N. The Nariai limit, discussed
in Appendix C, corresponds to the upper limit of the black hole mass in de Sitter space-time. The charged
Nariai branch of Line NU, for which r+ ∼ rc, extends along NU, and represents the upper mass limit of
the charged black hole. The opposite branch of Line OU corresponds to “cold” black hole solutions, with
r− = r+. On this branch, Q ∼ Qext ∼ r+, with Qext defined in Eq. (3.17). These branches terminate in
the “ultracold” solution at Point U, where r− = r+ = rc: Hawking temperature goes to zero and the local
geometry is M2 × S2.
As mentioned earlier, the Q = M line reflects the “lukewarm” solutions to which black holes in the phase

space evolve [197, 205–207]. With this inmind, we can divide the phase diagram of Fig. 3.2 into two regions:
the “colder” OEU region, where Q > M, and the warmer OEN region, where Q < M.

Black hole solutions in the shaded Q > M region are colder than the lukewarm solution and absorb
radiation from the cosmological horizon until they become lukewarm. This is evidenced also by Tc < 0.
The Q > M region is bounded by the OU line: if Q increases with respect to M, the inner and outer black
hole horizons eventually coincide, leading to the extremal cold RNdS black hole condition.
Below the lukewarm line is the Q < M region. In this region, black holes are warmer than the cosmo-

logical horizon, and will evaporate until they become lukewarm. Note that because these black holes are
stabilised by the Gibbons-Hawking radiation from the cosmological horizon, they cannot become arbitrarily
cold. The region is bounded by the NU line, upon which r+ = rc. The outer and cosmological horizons are
14For clarity, we use the term “extremise” to refer to black holes with degenerate horizons and “extremal” to refer to the specific case
where inner and outer horizons coincide, r− = r+.
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in thermal equilibrium, leading to the charged Nariai solution where the mass is maximal at a given charge
[200].
Finally, let us close this section with a few additional constraints that can be derived for the RNdS black

hole space-time. As explained in appendix A of Refs [137, 208], we can examine the extremised conditions
with respect to the black hole charge-mass relationship, and the useful constraint on LdS,

0 < L2
dS± =

1
2
(3M±

√
9M2 − 8Q2)3

M±
√

9M2 − 8Q2
. (3.25)

Here, we shall observe how this corresponds to the region within the sharkfin diagram.

(i) For Q2 > M2, above the M = Q line, we have a number of extremising configurations:
(a) We can impose extremal conditions on Q, such that Q2 = 9M2/8. This yields the “RN-type"

extremal condition that extremises the cosmological constant at the upper value such that L2
dS =

L2
dS+ i.e. Λ = 2/9M2. This yields the “ultra-extremal" case [197, 205] at Point U where there

is only one real positive root,
r− = r+ = rc =

3M
2

. (3.26)

(b) Alternatively, we can extremise Λ. For λ = λ−, we have the “RN-type” extremal condition that
gives two positive roots: one at r = rc and a degenerate horizon at

r− = r+ =
3M−

√
9M2 − 8Q2

2
. (3.27)

This is the “cold” black-hole case [197, 205] on line OU.
(ii) For Q2 ≤ M2, under the M = Q line, the “dS-type extremal condition" L2

dS = L2
dS+ gives two positive

roots,
r+ = rc =

3M +
√

9M2 − 8Q2

2
. (3.28)

This is the “extreme" or “marginal" naked-singularity case, falling on Line NU [197, 205]
From our analysis of the RNdS phase space, we have derived a number of limits on the mass and charge

of the black hole with respect to a de Sitter radius of LdS = 1. The phase space diagram of Fig. 3.2 shall
serve as the foundation of our QNM analyses of Chapter 4. In the next section, we shall extract a constraint
on the mass of a charged particle, in the spirit of the WGC. This, the FL limit introduced in Chapter 1, shall
similarly inform our QNM investigations into the mass and charge of the scalar field.

3.2 The Festina-Lente mass bound

As discussed in Chapter 1, the WGC is based on the consideration of the emission of elementary particles
of mass m and charge q from black holes of mass M and charge Q in Minkowski space-time. Upon intro-
ducing Λ > 0, however, the qualitative and quantitative implications discussed in this chapter strongly
influence the black hole decay process. In the RNdS case, black hole emission serves as a transition towards
thermal equilibriummediated by an exchange of mass and charge between cosmological horizon and black
hole. This process was recently investigated by Refs [91, 92], in an attempt to understand how RNdS black
holes decay and to extend the principles of the WGC to de Sitter space-times. This led to the FL bound for
elementary particles of mass m and charge q discharging the black hole,

m4

8πα
≥ V , (3.29)
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where α = g2
1q2/4π ∼ 1/137 is the fine structure constant, with g1 as the U(1) gauge coupling, and

V = Λ/8πG = 3M2
PH2, with H2 = Λ/3, as the gravitating vacuum energy. We can write this as m2 ≥√

6g1qMPH. In natural units, the Planck scale is MP ∼ 1027 eV and the current Hubble scale is H ∼ 10−33

eV.
Since we consider the U(1) to be electromagnetism, the scale is set at √g1MPH ∼ 10−3 eV, around the

vacuum energy density scale/neutrino mass scale.15 The bound is therefore the geometric mean between
our current Hubble scale and the Planck scale [91]. For the lightest electrically-charged particle in the SM,
the electron, the particle mass me ∼ 105 eV comfortably satisfies the FL bound. On the other hand, the
electron saturates the WGC by 19 orders of magnitude.
Provided the charge carrier is sufficiently heavy, Eq. (3.29) demonstrates that the RNdS black hole will

evaporate to de Sitter space-time, in the usual fashion [81]. However, in the case of very light particles
(i.e. m2 ≪

√
6g1qMPH) discharging from very large charged black holes, such that rBH ∼ rdS, the charge

depletion is near-instantaneous and the result is a Big Crunch solution. In other words, the black hole passes
from sub-extremal to super-extremal, leading to a naked curvature singularity, which is a violation of cosmic
censorship [211–213]. We shall return to this point in a moment.
As shown in Ref. [92], we can combine Eqs (1.5) and (3.29) to determine an upper and lower limit,

respectively, on the mass of the elementary particle being discharged from a RNdS black hole,
√

8παV ∼
√

6g1qMPH < m2 < 2g2
1q2M2

P ∼ 8παM2
P . (3.30)

This corresponds to 10−3 eV ≲ m ≲ 1026 eV in the case of a U(1) charge in our current universe. For con-
sistency, the WGC-based limit is derived under the assumption that rBH ≪ rdS and that cosmic censorship
must be preserved [92]. In contrast, the FL bound is derived for black holes of size rBH ∼ rdS. These black
hole solutions correspond to theNariai black hole solution, referred to in Fig. 3.2 and discussed in Appendix
C.
For completeness, let us briefly summarise the argument used to derive Eq. 3.29 in Ref. [91]. Extremal

black holes in Minkowski space-time are expected to decay through the emission of massive charged parti-
cles whose “elementary” electric and magnetic charge obey a mass-ratio µ/|q| < M/|Q| ≤ 1 [77]. When
embedded in de Sitter space-time, however, the evaporation of charged black holes is complicated by the
exchange of mass and charge between the event horizon and the cosmological horizon.
The decay of the RNdS black hole is triggered by the Schwingermechanism, whose decay rate is governed

by
Γ ∼ exp

{
− m2

qE

}
. (3.31)

The near-horizon electric field is of the order E ∼ O(gMPH), the usual electric field for a Nariai black
hole.16
If m ≪ qgMP H, the electric field of the charged Nariai black hole is quickly screened by Schwinger

pair production; it discharges instantaneously such that the black hole charge becomes Q = 0 but its mass
remains above the neutral Nariai mass limit M2Λ > 1/9. This marks a super-extremal black hole solution,
lying beyond the sharkfin, and thus in violation of the WCC. In the cosmologists’ parlance, this is a “Big
Crunch" solution where the two-sphere collapses to zero.
In contrast, if m≫ qgMPH, the black hole gradually evaporates to empty de Sitter space, as expected [87,

200, 207, 214]. In Minkowski space-time, the prohibition of super-extremal black holes and the preservation
of WCC leads to the WGC [77]. If we follow these same principles in de Sitter space-time, we must forbid
m ≪ qgMPH. In so doing, Refs [91, 92] utilise the charged Nariai black hole as a laboratory in which to
15Since neutrinos are electrically neutral, the FL bound does not apply. Attempts to extend the FL bound beyond fields charged under

U(1) are being explored, such as in Ref. [209]. As the electron mass is determined by the vacuum expectation value (VEV) of the
Higgs, the shape of the Higgs potential is constrained by the FL bound as discussed in Ref. [210].

16At Point U of Fig. 3.2, E =
√

6gMP H.
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construct a de Sitter analogue for the WGC, namely the FL bound of Eq. (3.30).
Since we consider the U(1) to be electromagnetism, the scale is set at √g1MPH ∼ 10−3 eV, around the

vacuum energy density scale/neutrino mass scale.17 The bound is therefore the geometric mean between
our current Hubble scale and the Planck scale (see Fig. 5 of Ref. [91]). For the lightest electrically-charged
particle in the SM, the electron, the particle mass me ∼ 105 eV comfortably satisfies the FL bound. On the
other hand, the electron saturates the WGC by 19 orders of magnitude.
Provided the charge carrier is sufficiently heavy, Eq. (3.30) demonstrates that the RNdS black hole will

evaporate to de Sitter space-time, in the usual fashion [81]. However, in the case of very light particles
(i.e. m2 ≪

√
6g1qMPH) discharging from very large charged black holes, such that rBH ∼ rdS, the charge

depletion is near-instantaneous and the result is a Big Crunch solution. In other words, the black hole passes
from sub-extremal to super-extremal, leading to a naked curvature singularity, which is a violation of cosmic
censorship [211–213].
Eq. (3.30) is a strong indication of the value of studying the RNdS black hole within the broader context

of well-established principles like cosmic censorship, and under the assumption of black hole stability. In
the case of a RNdS space-time, these ideas are interlinked and can be investigated through the study of the
perturbations of the black hole in question. In the next chapter, we shall demonstrate this explicitly: through
QNM analyses, we shall explore the properties of massive scalar QNFs within the RNdS background, their
stability and superradiant amplification, and how QNFs can be used as evidence for or against the preser-
vation of cosmic censorship.
However, the topic of cosmic censorship is a delicate one that requires a formal mathematical treatment,

and that can benefit from historical and philosophical context. While a critical analysis of the conjecture
itself is beyond the scope of this thesis, we include a short review of the developments in the field in the
following section, focused in particular on “Strong Cosmic Censorship” (SCC). For the QNM studies that
shall be performed in Chapter 4, one need only consider Eq. (3.32): for SCC to be preserved in the RNdS
black hole space-time, this is the criterion that must be satisfied. For the interested reader, we include the
following brief introduction to the topic of cosmic censorship within GR, with supplementary material on
GR formalism included in Appendices A and B.

3.3 Strong Cosmic Censorship

Within the framework of GR, a curvature singularity exists at r = 0. For much of the twentieth century, this
was accepted as unphysical: Einstein and his contemporaries considered the singularity to be an artefact
of the theory; Oppenheimer and Snyder [215] suggested it to be an unfortunate consequence of imposing
unrealistic symmetry idealisations on stellar collapse (see Ref. [66] for a comprehensive historical review).
The 1960s, however, saw a shift in the paradigm, beginning with Penrose’s seminal 1965 paper on gravita-
tional collapse [211]. There, he demonstrated that in the wake of the inward stellar collapse to r = 0 and
the subsequent formation of a trapped surface (viz. a surface from which light cannot escape outwards),
a space-time (M, g) cannot be future null-geodesically complete: in other words, a light-like trajectory in-
coming from spatial infinity terminates in an undefined point at r = 0. With this, a vague suggestion of a
physical manifestation of the singularity came to be.
In isolation, Ref. [211] makes no claims on the nature of the singularity nor on the implications of its

existence. To do so would have been impossible since its publication preceded the definition of an event
horizon and, by extension, a black hole. In [212], however, Penrose provides the outstanding definition of
the black hole event horizon as the absolute boundary of the set of all events (i.e. the space-like boundary
of the past of future null infinity I +), corresponding to the coordinate singularity r = r+, which can be
17Caution is required in the application of the FL limit. Since neutrinos are electrically neutral, the FL bound does not apply. Attempts
to extend the FL bound beyond fields charged under U(1) are being explored, such as in Ref. [209]. For example, as the electron
mass is determined by the vacuum expectation value of the Higgs, the shape of the Higgs potential is constrained by the FL bound
as discussed in Ref. [210].
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observed in principle by an external inertial observer. The black hole is then defined as the region bounded
by the event horizon (see Appendix B for details).
With these definitions in place, the formulation of the cosmic censorship conjecture could follow, forbid-

ding naked singularities within GR [212]. Today, we refer to this requirement for cloaked singularities as
the “Weak Cosmic Censorship” (WCC) conjecture. Despite the absence of a formalised proof, WCC serves
as an implicit assumption throughout the GR literature, serving as the cornerstone of black hole uniqueness
theorems and models; as we have seen in Section 3.1, the WCC conjecture is crucial to our understanding of
the black hole structure and phase space.
In this section, however, we are concerned with the notion of “Strong Cosmic Censorship” (SCC).18 The

underlying logic of the SCC conjecture lies in the inextendability of a physically-reasonable space-time met-
ric past the space-like r = 0 singularity [211, 216]. Intuitively, we may consider an infalling object whose
journey past the event horizon must end at r = 0. To define this formally, however, is highly non-trivial,
as we need to specify the precise genericity criteria that must be satisfied for a space-time to be considered
“physically-reasonable” as well as the requirements for “inextendability”.
Further complications arise when we consider the Kerr-Newman family of black holes. As we have seen

in Section 3.1, the region bounded by the event horizon includes an additional Killing horizon, the Cauchy
horizon, as well as a time-like singularity. The criteria for “physically-reasonable” must be adapted to ac-
commodate this structure. Worse still, SCC preservation becomes conceptually entangledwith determinism
in this setup: an observer that crosses the Cauchy horizon can, upon looking back whence they came, see
the entire future of the asymptotically-flat spacetime exterior to the black hole within a finite time.
In other words, the Cauchy horizon marks the limit where initial data evolves uniquely. If the metric

cannot be extended past this horizon within the GR framework, then there is a possibility to rescue SCC.
Upon closer inspection, the Cauchy horizon is in fact demonstrably unstable. Infalling radiation becomes
infinitely “blue-shifted” (i.e. its oscillation frequency increases) as it approaches r = r− and accumulates at
the Cauchy horizon. This leads to a curvature divergence. As such, this “blue-shift” mechanism results in a
singularity, preventing causal curves from being extended past r = r− [217]. The criterion for whether this
holds true in a space-time with a non-zero cosmological constant shall be the focal point of our discussion.
Cosmic censorship continues to draw interest, with recent investigations concerning its relationship to

Swampland conjectures [218] and especially possible violations in the presence of a non-zero cosmolog-
ical constant (see Ref. [219] and references therein). The SCC conjecture itself has been challenged and
adapted several times; the literature on the subject is scattered across multiple sub-disciplines, and includes
philosophical deconstructions, rigorous mathematical arguments, and numerical analyses. According to
the definitions provided for the singularity and the horizon, the preservation of SCC is predicated on the
inextendability of the space-time under specific conditions. For this reason, the arguments in favour of and
in opposition to SCC have become dominated by the “initial-value approach” to GR, referred to also as the
“partial differential equations programme”. There, SCC preservation is posed as an initial-value problem
that seeks to prove whether for “generic” initial data, the maximal globally hyperbolic data, is inextendible
as a solution to the vacuum Einstein equations [66]. This allows for the establishment of specific criteria
that, once met, formally prove that SCC holds. In this manner, six decades after its formulation, a formal
proof of the (C0-)inextendibility of the Schwarzschild space-time was presented in Ref. [220].
With these perspectives in mind, we produce a short and pedagogical treatment of SCC, with a particular

focus on how QNMs have come to contribute to this ongoing debate. We address several of the most recent
revisions to the statement, to provide the necessary context for the study of SCCwithin the RNdS space-time.
18While this follows the GR convention of referring to conjectures as “strong” or “weak”, this does not indicate the relative strength of
one to another. In fact, the link between the two is demonstrably tenuous (see Ref. [66]).
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Formal definitions for the cosmic censorship conjectures

Intuitively, singularities were understood to correspond to “places” in space-time where curvature “blows
up” or showcases “pathological behaviour” [7]. To construct a precise singularity theorem proved difficult;
the starting point, however, was this understanding that null and time-like geodesic completeness was a
minimal requirement for a space-time to be devoid of singularities [6]. For our purposes, we shall define
the singularity with respect to its relationship with to metric, following the statements used in Refs [6, 221,
222],
Proposition 3.3.1 (Singularity). Consider (M, g) to be a 4D time-orientable Lorentzian manifold. Then a singu-
larity is denoted by a future-directed future-inextendible time-like curve C ⊂M.

With the singularity defined, we can proceed to the definition for the WCC conjecture,
Conjecture 3.3.1 (WeakCosmicCensorship). Consider the strongly causal space-time (M, g) that is asymptotically-
flat at null infinity. Then (M, g) contains no naked singularities with respect to J−(I +) if and only if J−(I +) is
globally hyperbolic.19

Then the definition of the SCC conjecture can be encapsulated by the statement from Ref. [223],
Conjecture 3.3.2 (Strong Cosmic Censorship). For generic vacuum data sets, the maximal Cauchy development
(M, gab) defined in Theorem A.5 is inextendible as a suitably regular Lorentzian manifold.

However, as we shall see in the following discussion, a single version of the SCC conjecture is too rigid to
suit the wide variety of space-times to which the conjecture is applied. Rather, the criterion of extendability
is expanded to establish multiple versions of the SCC, with varying relative “strength”. Using the usual
conventions in the literature [6, 7, 224] and the definitions of smoothness and differentiability introduced in
Appendix A, we list here the different versions of the SCC considered in this chapter, in order of decreasing
strength. We begin with the most satisfactory condition for the SCC conjecture [225],
Conjecture 3.3.3 (C0-formulation of Strong Cosmic Censorship). For generic vacuum data sets, the maximal
Cauchy development (M, gab) is inextendible past the Cauchy horizon as a C0 manifold.

This implies that there are no extensions of themetric beyond the Cauchy horizon that preserve the continu-
ity of the metric, without requiring further differentiability. The Cauchy horizon is treated like a singularity.
The next strongest statement is is attributed to Christodoulou [225],
Conjecture 3.3.4 (Christodoulou-formulation of Strong Cosmic Censorship). For generic vacuum data sets, the
maximal Cauchy development is inextendible past the Cauchy horizon as a weak solution of the Einstein field equations,
such that the Christoffel symbols associated with the C0 metric are locally L2 (i.e. square-integrable when multiplied
by any smooth test function of compact support).

With this reformulation of the SCC conjecture, the metric is not continuous across the Cauchy horizon as a
weak solution such that the “blow up” is in H1

loc. In other words, this is the least regular case for which the
metric continuously satisfies the Einstein field equations, albeit as a weak solution. Finally, we come to the
weakest version of the SCC conjecture considered here,
Conjecture 3.3.5 (C2-formulation of Strong Cosmic Censorship). For generic vacuum data sets, the maximal
Cauchy development (M, gab) is inextendible past the Cauchy horizon as a C2 manifold.

This serves as the lowest threshold to cross when testing the SCC conjecture, thereby serving as a useful test
case but not a satisfactory proof for the preservation of SCC.
With these definitions in place for the different versions of the SCC conjecture and their relative hierarchy,

we can proceed to a study of the conjecture in the context of spherically-symmetric space-times. In so doing,
we shall describe how each of these conjectures came to be and how they have been applied to date.
19For additional details on the notation used here, see Table B.1 and Appendix B.
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3.3.1 Preserving strong cosmic censorship in spherically-symmetric space-times

Now that we have developed the necessary formalism to describe the SCC conjecture in a mathematically
precise way, let us begin in earnest our discussion of the preservation of SCC with the simple case of the
Schwarzschild black hole.

SCC in Schwarzschild black holes

Recall that for a Schwarzschild black hole space-time, the event horizon is located at r = 2M and corresponds
to a coordinate singularity. The curvature singularity at r = 0 is space-like. Considerations of the SCC
conjecture in this space-time can be traced back to sources such as Ref. [4], where an observer falling past
the horizon and towards the Schwarzschild singularity was discussed rigorously for the first time, with the
observer ripped apart by tidal forces before ever reaching r = 0. While this “spaghettification” of the in-
falling observer captured the popular imagination as an indictment of black hole interiors, a formal proof
that supported the strongest case for SCC remained elusive until recently. As mentioned at the beginning
of this section, Sbierski proved that the metric cannot be extended continuously past the r = 0, formally
demonstrating that the C0-formulation of SCC is valid in the Schwarzschild black hole [220].
Let us now move on to the RN black hole space-time, which we sketch in Fig. 3.3. There, the shaded

regions refer to the asymptotically-flat universe exterior to the black hole (Region I) and the black hole inte-
rior (Region II). The future and past Cauchy horizons are denoted, respectively, by C H + and C H −. Our
discussion is concerned only with the “right” of “ingoing” horizons, denoted by the subscript “R”. Recall
that the internal structure of the Kerr and the RN black hole space-times are similar, such that arguments
corresponding to one can apply also to the other. For this reason, we mention results concerning the Kerr
space-time here, even though the (axisymmetric) rotating space-time is beyond the scope of this thesis.

SCC in RN black holes

For RN black holes (as well as rotating Kerr black holes), the interior is complicated by the presence of
the Cauchy horizon at r = r−. For r < r−, surfaces of constant r are time-like such that the curvature
singularity r = 0 is time-like. The solution is thus time-like geodesically complete but space-like (and
null) geodesically incomplete. Consider a space-like surface, Σ, upon which we prescribe initial data for the
asymptotically-flat metric M. The metric can then be determined uniquely up to the Cauchy horizon, but
not beyond; past r = r−, the evolution of the initial data is governed by unknown boundary conditions at
r = 0. Mathematically, the maximal future Cauchy development of initial data posed on the Cauchy surface
is considered incomplete but smoothly extendible beyond the Cauchy horizon. All incomplete geodesics
can pass this horizon. For the in-falling observer, this means a safe journey past the Cauchy horizon; for the
theory, this corresponds to a failure in determinism.
However, in 1973 Penrose put forth a statement for theKerr black hole suggesting that for generic asymptotically-

flat initial data, the maximal future Cauchy development is inextendible as a continuous Lorentzian metric
[216]. In other words, this is a claim for the C0-formulation of SCC and a possible way in which SCC could
be preserved. If we consider the scalar field Φ as a linear proxy for the full non-linear Einstein equations,
then Penrose’s formulation relies on the notion that the scalar field is badly behaved at the Cauchy horizon.
For the non-linear case, this corresponds to the energy blowing up at r = r−. The reasoning for this is as fol-
lows. Consider two observers external to the RN black hole: a time-like observer A remaining in the exterior
region and a time-like observer B falling into the black hole. Observer A will reach future infinity at infinite
proper time; observer B will reach the Cauchy horizon at finite proper time. If observer A sends periodic (in
A’s time) signals to observer B, observer B will perceive them as incoming with greater frequency. By this
logic, the frequency of an oscillating scalar field Φ entering the black hole will increase infinitely as it reaches
the Cauchy horizon, leading to the infinite “blue-shift” effect. This renders the scalar field inextendible past
the Cauchy horizon; in the non-linear problem, the equations blow up.
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Figure 3.3: Conformal diagram for the extended RN black hole space-time, with Cauchy surface Σ.

However, Penrose’s formulation does not take into account the global black hole metric. It was recently
argued by Dafermos et al. [226, 227] that the well-known stability of the Kerr metric exterior in the wake
of some space-time perturbation [228, 229] implies that the incoming scalar field experiences an inverse
polynomial decay in time along the event horizon. Decay in the exterior is therefore in competition with the
blue-shift mechanism at the Cauchy horizon. The consequence of this argument is that for smooth localised
initial data in sub-extremal Kerr − and, equivalently, RN − black hole space-times, the local energy of Φ
blows up at the Cauchy horizon. Here, the local energy is the integral of the energy as measured by a
local observer i.e. the first derivative of Φ in L2. Formally, Φ is then inextendible in H1

loc across the Cauchy
horizon. Thus, the Christodoulou version of SCC holds in the case of the RN black hole [230]. Recall that
this “blowing-up” of the energy is a requirement for Christodoulou’s formulation of SCC (see Conjecture
3.3.4). As such, this was perceived as a possible means of “saving” SCC by weakening the C0 requirement
further, such that only the maximal future Cauchy development of the metric need be inextendible as a
continuous Lorentzian manifold whose Christoffel symbols are locally square-integrable. We can consider
this loosely as a relaxation of the C0-formulation of SCC, where the metric cannot be interpreted even as a
weak solution of the Einstein equations past the Cauchy horizon.
It is interesting to observe that stability in the metric challenges SCC. For SCC to be preserved, the blue-

shift mechanism must win over the exterior decay: the exponential growth of the derivatives at the Cauchy
horizon must exceed the inverse polynomial decay of Φ. To ensure this, the decay of Φ must not be too fast
as to overwhelm the blue-shift. We shall see that it is this requirement that leads us to the works of Refs
[231, 232], where QNMs dominate the exponential behaviour for Λ > 0.
However, to finalise our discussion on the current state of the SCC, we note that as discussed by Franzen

[233], the blue-shift may not be enough to rescue SCC if we consider also the amplitude of Φ. This is
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because the blue-shifting− the increasing frequency of the oscillations entering the black hole− affects the
derivatives of Φ but has no influence on its amplitude. Under this argument, it may be shown that Φ remains
uniformly bounded on the black hole interior for the sub-extremal RN black hole and extends continuously
past the Cauchy horizon, violating the C0 formulation of SCC.
Let us now proceed to the case of the RNdS black hole space-time, where we shall see the effect of the

positive cosmological constant on the preservation of SCC. Specifically, we shall discuss the relationship
between the “blue-shift” (i.e. the mechanism responsible for the exponential growth of the perturbations)
affecting the derivatives of Φ in the interior, and a competing “red-shift” effect emergent in the case of de
Sitter space-times. This is constructed in analogy to “Price’s Law” in asymptotically-flat space-time [234],
where a “red-shift” corresponds to a shift of late-stage radiation to spatial infinity. In asymptotically-de
Sitter space-time, if an observer A crossing H +

R emits a signal at a constant rate with respect to his own
proper time, the frequency of the signal as received by an observer B crossing H +

R at a later time is shifted
to C+

R .

SCC in RNdS black holes

Finally, let us turn to the case of the RNdS black hole. Once again, the stability of the metric in Region
I of Fig. 3.4 (for which r+ < r < rc) has been proven (see Ref. [235]). However, the decay of Φ differs:
while generic initial data defined on the Cauchy surface decays inverse polynomially on the event horizon in
asymptotically-flat space-time, the decay becomes exponential in asymptotically-de Sitter space-time [236].
Intuitively, we understand this to be a consequence of Λ > 0, which naturally leads to cosmological expan-
sion, and therefore results in a “red-shifting” effect. Φ at the exterior then experiences exponential damping
(i.e. the asymptotics of Φ demonstrate QNM behaviour).
This faster decay rate is promising for proving instability, provided it does not overcome the blue-shifting

at the Cauchy horizon. However, to quantify the exponential rates precisely, one must take into account
the influence of all three physical horizons. This problem was recently resolved through Refs [231], which
focused on the behaviour of the linear perturbations of smooth initial data. This analytical means of scaling
the competing blue- and red-shifting phenomena makes use of the exponential dependence on κ− at the
Cauchy horizon and the infinum of the imaginary component of the fundamental QNF (i.e. the “spectral
gap”).
The main finding of [231] is as follows. For a non-degenerate RNdS black hole of dimension d ≥ 4, there

exists some β > 0 dependent only on the black hole parameters such that the exponential decay for massive
and neutral scalar fields is governed by the expression,

|Φ| ≤ Ce−βt , β ≡ −Im{ωn=0}
|κ−|

. (3.32)

for small mass m > 0. As before, Φ is a linear scalar perturbation; C ≥ 0 is a constant and Im{ωn=0} is the
least-damped QNF.
In this case, Φ becomes continuous up to the Cauchy horizon; the derivatives of Φ lie in the Sobolev space

H(β+ 1
2 )−ϵ ∀ϵ > 0. To satisfy the C2 formulation of the SCC, β < 1. However, the stronger Christodoulou

formulation requires that β < 1 for Φ to be inextendible across C H +
R in H1

loc for SCC to be preserved [231,
232].
As such, the QNM study on SCC preservation that we shall perform in Chapter 4 will be predicated on

the condition,
β ≡ −Im{ωn=0}

|κ−|
<

1
2

. (3.33)

In particular, we shall investigate where in the RNdS phase space we are more likely to observe a violation
of the Christodoulou formulation of SCC. Certain examples have already been noted in the literature. In the
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Figure 3.4: From the RNdS Penrose diagram of Fig. 3.1, we consider the competing blue-shift and red=shift mecha-
nisms.

case of a RNdS black hole sufficiently close to extremality, Φ becomes extendible in H1
loc across the Cauchy

horizon [227]. Similarly, the C2 and Christodoulou formulations of SCC were found to be violated near
extremality in Ref. [237].
This indicates that Λ can cause a failure of SCC. However, we add as a final comment on the SCC that if

we accept a relaxation on the requirement of the smoothness of the initial data, the SCC can remain valid.
Specifically, to rescue the Christodoulou formulation of SCC, Dafermos et al. proved in Ref. [224] that by
relaxing the requirement on the regularity class − considering initial data that is in the class H1

loc × L2
loc −

the local energy does indeed blow up at the Cauchy horizon for sub-extremal RNdS black holes. That the
preservation of SCC depends on the use of rough initial data is further corroborated in Ref. [237].

In this chapter, we have provided a pedagogical treatment of the RNdS black hole space-time, with a
particular focus on its structure and the insights that we might thereof glean. The chapters that follow
shall rely heavily on the formalism herein introduced, where we shall use Fig. 3.2 as the foundation of our
QNM investigations. While the phase space diagramdelineates the constraints on the space-time parameters
(M, Q, Λ), our discussion on the FL bound in Section 3.2 offered constraints on the field parameters (µ, q).
Beyond this, Section 3.2 served as an illustrative example of the manner in which we can probe fundamental
physics using black hole mechanics; through a study of black hole decay, constraints on elementary particles
can be derived. Similarly, our discussion on the SCC conjecture in Section 3.3 allowedus to explore the causal
structure of theRNdSblack holemore carefully. While the notion of determinismand its preservationwithin
GR is a fascinating topic in and of itself, we wish to highlight in particular the vital role of QNMs in the
maintaining cosmic censorship. In this vein, we have alluded to the antithetical role of horizon stability in
the preservation ofWCC and SCC (where a similar observation was made in Ref. [66]): where singularities
exist, the WCC conjecture requires the existence and stability of event horizons. The SCC conjecture, on
the other hand, requires the absence or instability of Cauchy horizons in all cases. These inform the QNM
analyses of Chapter 4.



Chapter 4

Probing the RNdS black hole space-time
with QNMs

...observers in such a universe live in a cavity bathed by the Hawking radiation emanating
from the cosmic horizon, and are constrained to the observations they make on their finite size
lab wall... the question of how to make sense of the cosmic thermal cavity, known as the static
patch, becomes vexingly relevant.

Dionysios Anninos in De Sitter Musings [81]

In Chapter 2, we introduced the QNM formalism, providing the underlying theoretical foundations re-
quired to engage in QNM computation and analysis. In Chapter 3, we provided a detailed study of the
background space-time of interest, viz. the RNdS black hole. In this chapter, we bring together the main
concepts developed in these chapters in order to investigate the range of QNM applications in the explo-
ration of a charged black hole embedded in de Sitter space-time. We focus in particular on the interplay
and influence of parameters associated with the space-time (M, Q, Λ) and the perturbing field (µ, q, ℓ), the
related phenomena of superradiance and instability, and the preservation of SCC.
We begin by extending the discussions of Sections 2.1 and 2.3 from the simple case of a massive scalar

field in a fixed Schwarzschild background to the more complicated scenario of a scalar field with non-zero
mass and charge within a RNdS black hole space-time. For this reason, the “sharkfin” parameter space
diagram illustrated in Section 3.1.2 shall prove especially useful within this chapter. To perform the QNM
computations in this setup, we introduce the modified WKB technique of Ref. [238] to the list of methods
specified in Section 2.2; this is discussed in Section 4.2 and used throughout this chapter. We rely on the es-
tablished arguments of Section 2.1 for our discussion on superradiance and Sections 3.2 and 3.3, respectively,
to contextualise the results we present in the final sections of this chapter.

4.1 QNMs for a charged massive scalar field in the RNdS space-time

To begin our discussion on the QNMs of a charged and massive scalar test field within the RNdS black hole
space-time, we consider the generic action for the Einstein-Hilbert-Maxwell system (as studied in Chapter
3) minimally coupled to complex scalar test field charged under U(1). As before, we take U(1) to be elec-
tromagnetism. The mass and charge of the field is given by µ = µc/h̄ and q = qc/h̄, respectively. In natural
units, µ has units of inverse length; a physical value for q should be a multiple of the electron charge |e| ∼

56
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0.1 [203]. Following the conventions of Eqs 2.3 and 3.1,

S =
∫

d4x
√
−g

[
1

2κ2 (R− 2Λ)− 1
4g2

1
FµνFµν

]
+
∫

d4x
√
−gLsc. , (4.1)

where g = det |gµν| refers to the RNdS metric. The Lagrangian Lsc. represents the complex scalar field,
which is itself a linear combination of two real scalar fields Φ1 and Φ2, such that Φ = Φ1 + iΦ2. The full
Lagrangian [6, 133] is then given by

Lsc. = −
1
2
(
DµΦ

)†
(DµΦ)− 1

2
µ2Φ†Φ . (4.2)

Here, Dµ = (∂µ − iqAµ). The interaction of the charged scalar field with the external electromagnetic field
of the black hole Fµν = ∂µ Aν − ∂ν Aµ is introduced through the minimal coupling prescription, in which
∂µ is replaced by its covariant counterpart, Dµ. Recall that in this stationary black hole context, the only
nonzero component of Aµ is At(r) = − Q/r dt, the electrostatic four-potential of the black hole.
The full, non-linear evolution of the system can be described using the corresponding equations ofmotion.

These separate into the massive, charged Klein-Gordon equation in curved space-time and the Einstein field
equations, viz.

∇µ∇µΦ− µ2Φ = 0 , Gµν + Λgµν = 8πGTµν , (4.3)
for which the stress-energy tensor becomes quadratic in Φ for this particular model. Higher-order pertur-
bations in the scalar field induce changes in the space-time geometry, as well as in the vector potential [133].
As explained in Chapter 2, we avoid these complications by following introducing the linear approximations
for the fields Φ and gµν,

g′µν = gBH
µν + δµν , Φ′ = ΦBG + Ψ . (4.4)

The unperturbed fields, gBH
µν and ΦBG, are referred to as the “backgrounds"; the “perturbations", δµν and Ψ,

are considered to be very small. If we substitute g′µν and Φ′ (with ΦBG = 0) and linearise the system of
equations with respect to δµν and Ψ, we find that δµν and Ψ decouple; the metric fluctuations for δµν can
then be set to zero and gBH

µν satisfies the vacuum Einstein field equations. In this way, the gravitational sector
can be described by the vacuum solution Rµν = 0 and the backreaction emergent at quadratic order in Φ is
neglected.
Let us proceed to the equation of motion for Ψ,

1√−g
(
∂µ − iqAµ

) (√
−ggµν (∂ν − iqAν)Ψ

)
= µ2Ψ . (4.5)

Recall that we can formulate an ansatz for Ψ derived from the symmetries of the fixed background space-
time: in the RNdS case (static, non-rotating, and spherically-symmetric), the wave-function is written in
variable-separable form,

Ψnℓm(t, r, θ, ϕ) =
∞

∑
n=0

∞

∑
ℓ,m

ψnℓm(r)
r

Yℓm(θ, ϕ) e−iωnℓmt . (4.6)

As before, we are concerned only with the n = 0 “fundamental mode”, representing the least-damped and
thus longest-lived QNM. The angular contribution is expressed using spherical harmonics, for which ℓ and
m represent the angularmomentum (multipolar) and azimuthal numbers. The spherical harmonic function
Yℓm(θ, ϕ) satisfies Eq. (2.6), repeated here for completeness,

∇2Yℓm(θ, ϕ) = − ℓ(ℓ+ 1)
r2 Yℓm(θ, ϕ) . (4.7)
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Since the black hole is static, the corresponding ordinary differential equations are time independent. Conse-
quently, the defining QNM behaviour is then fully encapsulated by the radial component. For convenience,
we drop the subscripts and write,

d
dr

(
r2 f (r)

dψ

dr

)
+

(
r2(ω + qAt(r))2

f (r)
− ℓ(ℓ+ 1)− µ2r2

)
ψ(r) = 0 . (4.8)

Then, redefining ψ(r) as ψ(r) = φ(r)/r and employing the tortoise coordinate r⋆, we obtain

d2 φ(r⋆)
dr2

⋆
+
[
ω2 −V(r)

]
φ(r⋆) = 0 , (4.9)

with V(r) = f (r)
[
ℓ(ℓ+ 1)

r2 +
f ′(r)

r
+ µ2

]
− 2ωqAt(r)− q2 At(r)2 . (4.10)

Note that in the RNdS space-time, where r⋆ = r⋆(r) serves as a bijection from (r+, rc) to (−∞,+∞), the
general tortoise coordinate becomes

r⋆(r) =
∫ dr

f (r)
=

4

∑
i=1

1
2κi

ln
(

1− r
ri

)
, (4.11)

if we set r⋆(r = 0) = 0. Here, κi is the usual surface gravity at the horizon (see Appendix B for details).
For a massive charged scalar field in a RNdS background, the QNM problem to solve can be written in

the form of Eq. (2.49),

d2 φ(r⋆)
dr2

⋆
+

[(
ω− qQ

r

)2
− f (r)

[
ℓ(ℓ+ 1)

r2 +
f ′(r)

r
+ µ2

]]
φ(r⋆) = 0 , (4.12)

where ω is shifted by the qQ/r term. Similarly, the boundary conditions of Eqs (2.20) and (2.21) become

φ(r⋆) ∼

e−i
(

ω− qQ
r+

)
r⋆ , r → r+ (r⋆ → −∞) ,

e+i
(

ω− qQ
rc

)
r⋆ , r → rc (r⋆ → +∞) ,

(4.13)

with radiation purely outgoing at the de Sitter horizon [203, 239–241].
These QNM boundary conditions are applied to perturbations exterior to the event horizon. Recall that,

classically, the event horizon serves as a one-sided membrane through which energy is lost to the black hole
interior. Furthermore, energy cannot enter into the system from beyond the de Sitter horizon. Consequen-
tially, the system is not time-symmetric; the eigenvalue problem is non-Hermitian and the eigenvalues are
complex. The corresponding eigenfunctions are then not normalisable and do not form a complete set (see
reviews [14, 47, 130] for further discussion). As discussed in Section 2.2, a host of QNM techniques have
been developed to confront these technical difficulties.
Several of these are semi-classical methods, informed by the Schutz-Iyer-WillWKB-based technique [151–

153], that take advantage of the QNM problem’s likeness to a scattering problem. Specifically, these require
a bell-shaped confining potential and particular asymptotic behaviour (i.e. V(r⋆) tends towards constant
values as r⋆ → ±∞) for their applicability [155]. As discussed in Section 2.3, the scalar field parameters
strongly influence the shape of the potential and, in turn, the nature of the QNFs. There, we demonstrated
that the damping of the QNFs decreases with increasing field mass. In this way, for particular values of µ

and ℓ, QNFswithin the Schwarzschild black hole space-time enter the “quasiresonance” regime and become
arbitrarily long-lived.
Through Fig. 2.4, we showed that an analysis of the behaviour of the potential allows us to estimate the

values of µ and ℓ at which the potential barrier is smoothed out, serving as a rough precursor to the onset
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Figure 4.1: For L2
dS = 1, M = 0.112, and Q = 0.016, we plot the scalar QNM potential with µ = q = 0.1 and

ℓ = 0. Observe the “valley” following the barrier potential indicative of superradiant amplification.

of the quasiresonant regime. Similarly, we shall see that certain features of the QNM effective potential pro-
vide physical insights, including indications of superradiant amplification of reflected waves. For the QNM
analysis performed here within the RNdS black hole space-time, we need to account for field parameters
(µ, q, ℓ) and space-time parameters (M, Q, Λ). While our QNM analysis focuses on the ℓ = 1 modes, we
shall dedicate a brief discussion to the ℓ = 0 case: while perturbations within the RNdS black hole space-
time are demonstrably stable for d = 4 [47, 137], the discovery of an instability for small scalar field charge
and vanishing multipolar number [242], with a superradiant origin [239], stimulated great interest within
the QNM literature on the charged QNFs of the RNdS space-time. We shall outline the necessary QNF con-
dition for superradiant instabilities and demonstrate how the shape of the potential suggests superradiant
amplification of incident waves reflected off of the potential in Section 4.1.1. Thereafter, we shall describe
the behaviour of the potential for ℓ > 0 within the “sharkfin”, which informs our subsequent QNF analyses.

4.1.1 Superradiance for ℓ = 0 in the RNdS black hole space-time

For the RNdS black hole, stability had been well established for d < 7 for massless fields [137, 235, 243].
However, attention was refocused on the stability of the 4D RNdS black hole in the wake of the observed
instability for the µ = ℓ = 0 case [242]. This led to a number of studies scrutinising the parameter space of
unstable RNdS QNFs e.g. [239, 244, 245] confirming instability for a vanishing field mass, as well as a small
field charge and cosmological constant.
An exponentially growingmode can be caused by superradiance. We introduced this idea in Section 2.3.1,

where a “superradiant instability” can be associated with the massive QNMs within the vicinity of a Kerr
black hole. Recall that this superradiant instability is a consequence of the local minimum generated by the
massive term far from the black hole, such that waves reflected off the potential barrier become reflected and
amplified within this “valley” [184]. Superradiance has also been studied in the context of charged black
holes. The connection between the rotating and charged black holes lies in the so-called “charge-angular
momentum analogy”, where near-extremal charge corresponds to fast rotating black holes [246].
Consider the scattering problem of Section 2.1.1. In the RNdS case, the ingoing wave from r = rc partially

passes through the potential barrier, passing r = r+ to fall inside the event horizon, while the rest is reflected
from the potential barrier back towards the cosmological horizon r = rc. The RNdS boundary conditions of
Eq. (4.13) are modified to those of a scattering problem, such that

φ ∼

T e−i
(

ω− qQ
r+

)
r⋆ , r → r+ (r⋆ → −∞) ,

e−i
(

ω− qQ
rc

)
r⋆ +Re+i

(
ω− qQ

rc

)
r⋆ , r → rc (r⋆ → +∞) .

(4.14)
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As before,R is the amplitude of the reflected wave (i.e. the reflection coefficient), and T is the transmitted-
wave amplitude (i.e. transmission coefficient). We have set the incident amplitude I to unity. Superradiance
corresponds to R > 1 i.e. the amplitude of the reflected wave exceeds that of the incident wave. For the
linear-independent solutions, the Wronskian will be constant, and Eq. (2.12) becomes

1− |R|2 =
ω− qQ/r+
ω− qQ/rc

|T |2 . (4.15)

With this expression in mind, a necessary condition for superradiance can be derived from Eq. (4.12).
Following Ref. [239], this is given by

qQ
rc

< Re{ω} < qQ
r+

. (4.16)

In Ref. [239], it was observed that the growingmodes satisfied Eq. (4.16). However, some stable modes also
satisfied this superradiance condition. The authors there concluded that superradiance can imply instability
but does not necessarily prove instability. In other words, superradiant modes are not necessarily unstable
modes.
A superradiant amplification of reflected charged perturbations within RNdS space-times can be inferred

directly from a study of the QNM effective potential. In Fig. 4.1, we plot the ℓ = 0 case for L2
dS = 1,

M = 0.112, Q = 0.016, and µ = q = 0.1. These parameters correspond to a central position in the phase
space, Fig. 3.2. There is a single “peak” in the barrier potential, the local maximum, followed by a local
minimum. A wave scattering off the potential barrier will become amplified in this “valley”, resulting in
a superradiance that destabilises the black hole. For fixed Q, increasing M shrinks the amplitude of the
potential.
As we shall see in the next section, increasing ℓ or µ lifts the potential, restoring stability. We note with

interest that for the extremised conditions showcased in Figures 4.2 and 4.3, where the local maximum
is suppressed and a local minimum follows, the “valley” appears beyond the physically-relevant domain
r+ < r < rc. As confirmed in [247], a single peak remains in the region defined as the black hole exterior.
Finally, we note that a QNF analysis of instability and superradiance is beyond the scope of this thesis.

For a harmonic time dependence ψ ∼ e−iωt, a negative imaginary component reveals an exponentially de-
caying system, in accordance with a return to an equilibrium state [44]. An unstable QNM is indicated by
Im{ω} > 0, corresponding to an exponential growth in the oscillations. As we shall discuss in Section 4.1,
the RNdS QNF spectrum is complicated by the introduction of a non-zero q and the consequent breaking
of the ω → −ω+ QNM reflection symmetry. To capture the unstable and/or superradiant behaviour of
the imaginary component, we require a more precise method than the WKB-based technique we use here
(e.g. direct integration or pseudospectral techniques); results with WKB-based methods in this case would
be misleading. Within the literature, however, there has been no evidence of instability in the RNdS space-
time for ℓ ̸= 0.

4.1.2 The behaviour of the potential within the RNdS phase space for ℓ > 0

Let us consider the QNM potential of a massive and charged scalar test field with respect to key bench-
mark points within the RNdS phase space of Fig. 3.2. In these sketches of the potential, we demarcate the
locus of each horizon as defined by the roots of the metric function for each given benchmark: green, pur-
ple, and orange vertical lines demarcate the Cauchy (r = r−), event (r = r+), and cosmological (r = rc)

horizons, respectively. As we shall see, a single peak in the potential is defined in each case on the black
hole exterior r ∈ (r+, rc), framed by the purple and orange delineators. The barrier potential established
in this context suggests that QNM propagation is maintained and supports the application of WKB-based
techniques. This behaviour of the potential was recently confirmed in Ref. [247], which determined that for
general spherically-symmetric black holes, theWKBmethod is indeed quite accurate for Λ > 0, particularly
if µM ≫ 1. Note how this is in direct contrast with the Schwarzschild case of Section 2.3, where the local
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Figure 4.2: For M = Q = 0.25 and L2
dS = 1 (point E of Fig. 3.2), we plot the scalar QNM potential with ℓ = 1

and µ = q = 0.1.
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Figure 4.3: For M = 0.2425, Q = 0.249, and L2
dS = 1 (above the M = Q line of Fig. 3.2), we plot the scalar QNM

potential with ℓ = 1 and µ = q = 0.1.

maximum of the potential is suppressed by large values of µ and the WKB method fails to produce reliable
results. Once we have discussed the behaviour of the potential, we shall return to this point at the end of
this section.
In Fig. 4.2, we plot the potential for µ = q = 0.1 and ℓ = 1 for M = Q = 1/4. This is point E of Fig. 3.2,

corresponding to a charged Nariai case at the maximum point of the M = Q “lukewarm” line. In setting
r+ → rc (see Appendix C for details on the Nariai limit), there is no physical exterior black hole region;
the de Sitter space-time is dominated entirely by the black hole. This renders QNM analyses impossible,
as we cannot impose the boundary conditions necessary to isolate the discrete set of frequencies. In this
configuration, we see explicitly the effect of the cosmological constant on the parameter space: the M = Q
solution, which in asymptotically flat space-times corresponds to a coalescence of the Cauchy and event
horizons, is associated with a meeting of the event and de Sitter horizons. Similarly, for the “ultracold” case
(point U on Figure 3.2), all horizons converge on this line at r = 3M/2 ∼ 0.408.
To our knowledge, there has been little discussion in the literature on the nature of QNMs within “cold”

black holes, such that Q > M. To determine if there is a significant behavioural shift upon crossing the
“lukewarm” line, we plot the potential for M = 0.2425 and Q = 0.249 in Fig. 4.3 for these same field
parameters of ℓ = 1 and µ = q = 0.1. The barrier potential is present, but suppressed. Interestingly, for the
slightly “warmer” M > Q solution corresponding to M = 0.2425 and Q = 0.239, the event and de Sitter
horizons are relatively closer and the potential’s amplitude becomes more suppressed.
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(a) For M = 0.032 and Q = 0.016, V(rpeak) ∼ 100.
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(b) For M = 0.112 and Q = 0.016, V(rpeak) ∼ 5.
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(c) For M = 0.185 and Q = 0.016, V(rpeak) < 0.5.

Figure 4.4: The evolution of the QNM scalar potential within Fig. 3.2 for L2
dS = 1, ℓ = 1, and µ = q = 0.1.

After exploring the full available phase space depicted in Fig. 3.2, we can summarise the general behaviour
of the potential. As a visual aide, we illustrate a examples of these trends in Figs 4.4 and 4.5. For a fixed Q,
V(rpeak) is largest near point O and decreases towards U, remaining largest along the extremal branch OU.
The amplitude of the potential decreases significantly as we increase M from the near-extremal OU branch
to the near-Nariai NU branch. Despite this, the potential retains its shape on r+ < r < rc. We can also
identify the effect of the scalar field parameters on the barrier potential. For example, raising ℓ increases
the magnitude of V(r), as expected. From Fig. 4.5, we see that even for the suppressed peak of Fig. 4.4c,
elevating µ increases the amplitude of the peak and smoothes out the local minimum. As suggested in Ref.
[247], a strong barrier potential emerges in the µM≫ 1 regime on the region of interest r+ < r < rc. Raising
q, on the other hand, suppresses the effective potential.
From these observations, the application of QNM techniques dependent on barrier potentials (e.g. WKB-

based, potential-based, and photon-orbit techniques) seems permissible throughout the sharkfin (except
for the extremised regions), provided the field parameters support a barrier potential. Recall from Section
2.3 that the standard WKB method (e.g. the Schutz-Iyer-Will approach) remains a good approximation
provided the local maximum of the potential is “high enough” for ℓ ≥ 1. Even if a local minimum follows
the localmaximum,WKB-basedmethods remain fairly reliable providedV(rpeak) exceeds the value towhich
V(r) asymptotes as r → ∞. In this case, Ref. [155] claims that neglecting the local minimum does not result
in significant error.
With these arguments in mind, we shall make use of a modifiedWKBmethod in our QNM investigations

within the RNdS phase space. This method was established in Ref. [238] and employed for scalar QNMs of
nonzero mass and charge in the RNdS context in Refs [248, 249]. The value of this method lies in the fact
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(a) For q = 0.1, V(rpeak) scales with µ.
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(b) For q = 5, the amplitude is suppressed.

Figure 4.5: The influence of scalar field parameters on the QNM scalar potential within Fig. 3.2 for L2
dS = 1, M =

0.185, Q = 0.016, and ℓ = 1.

that it allows us to define the position of the potential peak explicitly through Eq. (4.19) and to produce the
QNF as a series expansion à la Eq. (2.43) that maintains the space-time and field parameters − (M, Q, Λ)

and (µ, q, ℓ), respectively − as free parameters. We shall introduce this method in Section 4.2.1. There, we
shall also discuss a number of limitations associated with this method.

4.2 The QNF spectrum in RNdS space-time

4.2.1 The semi-classical calculation of QNFs in a RNdS background

In this section, we compute the QNFs using a modified WKB approach applied to the RNdS black hole
space-time by Fontana et al. [248, 249] in the eikonal regime for small Q/M and qM. The method is based a
Borel-resummation technique proposed in Ref. [238] that exploits the well-cultivated relationship between
the bound states of anharmonic oscillators [250] and black hole QNFs [150, 162, 163].
Like theDolan-Ottewillmultipolar expansionmethod [156] discussed in Section 2.2, theQNF is expressed

as a series expansion in inverse powers of L,

ω = ∑
k=−1

ωkL−k . (4.17)

Note, however, that L =
√
ℓ(ℓ+ 1) in this case. The series expansion is then inserted into

ω =
√

V(rmax
⋆ )− 2iU ,

U ≡ U(V(2), V(3), V(4), V(5), V(6)) . (4.18)

The objective of the method is to solve iteratively for the ωk coefficients for increasing orders of k. V(rmax
⋆ )

corresponds to the peak of the barrier potential, located at

rmax
⋆ ≈ r0 + r1L−2 + ... ,

V(rmax
⋆ ) ≈ V0 + V1L−2 + ... , (4.19)

where subscripts refer to terms in a series expansion around the peak. The explicit expressions for U,
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V(rmax
⋆ ), and rmax

⋆ are presented in Appendix F.
The numbered superscripts in Eq. (4.18) refer to derivativesV j, takenwith respect to a generalised tortoise

coordinate, such that

V j =
djV(rmax

⋆ )

drj = f (r)
d
dr

[
f (r)

d
dr

[
...
[

f (r)
dV(r)

dr

]
...
]]

r→rmax
⋆

. (4.20)

This method is most reliable in the large-ℓ regime, and for small values of Q and q. Beyond these limi-
tations, the method allows us to maintain the black hole and scalar field parameters as free variables. In
other words, the iterative procedure required to produce an expression for the QNF, Eq. (4.17), can be com-
puted with reasonable accuracy without pre-defining the masses, charges, overtones, or harmonics (which
is required for many other semi-classical methods e.g. consider Refs [155, 251] and references therein). It
is for this reason that we employ this method here: to provide analytical insight into the behaviour of the
QNFs throughout the phase space, in order to identify the parameters that warrant further exploration in a
follow-up investigation based on more accurate techniques.
However, we must address a number of weaknesses in this method for our particular QNM analyses.

As already mentioned, the method itself does not yield very precise results. The Borel-resummation tech-
nique of Ref. [238] derives the function U in a simplified manner, which is equivalent to the result of Ref.
[153]; the higher-order corrections to Ref. [153], summarised in [155], are not included. Furthermore, the
WKB method is most accurate in the eikonal regime. When ℓ → ∞, Im{ω} is independent of ℓ. Recall
that in asymptotically flat and de Sitter space-times, the imaginary component tends towards the Lyapunov
constant describing the decay time scale of the perturbations [157]. Techniques that capture the behaviour
of the imaginary component of the QNF more precisely are better suited to investigations concerning the
imaginary component.
As we shall discuss in the next section, the QNF frequency spectrum associated with the RNdS black

hole space-time and a massive charged test-field is complicated by the number of free parameters and the
breaking of the QNF reflection symmetry. For these reasons, it is useful to employ a flexible technique like
theWKB-basedmethod to scan the parameter space for general trends in the QNF behaviour and to identify
key benchmark points that warrant further investigation (which we reserve for a follow-up work).

4.2.2 Classifying charged QNMs in the RNdS space-time

Within spherically-symmetric black holes with Λ > 0, Ref. [247] asserts that the QNMs can be categorised
into two main branches:

(I) “Schwarzschild modes”: the modes of an asymptotically flat black hole corrected by a Λ > 0 term;

(I I) “de Sitter modes”: the modes of an empty de Sitter spacetime corrected by the presence of a black
hole.

When Λ→ 0 and M→ 0, these reduce to Schwarzschild an pure de Sitter modes, respectively. While there
are both real and imaginary components for large-µM, the real modes vanish for smaller values of µM for
the de Sitter branch [247].
As first stipulated inRef. [246], and further explored inRefs [203, 241, 249, 252], QNMs in theRNdS space-

time can be classified into three qualitatively distinct types based on the structure of their QNF solution: a
(i) “photon-sphere” type, a (ii) “de Sitter” type, and a (iii) “near-extremal” type. The photon-sphere type
connects smoothly to the “Schwarzschild” branch, while the de Sitter type connects to the “de Sitter” branch
[253]. The near-extremal type, on the other hand, is unique to the RNdS space-time. We find that each of
these can be loosely associated with a particular region in the Fig. 3.2. With this in mind, we can categorise
the QNFs according to their structure [246] and position in the phase space, viz
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(i) photon-sphere modes occupy a wide space beneath the M = Q line and approach the NU line,
characterised by large Re{ω} and for which Im{ω} is related to the instability time scale of null
geodesics near the black hole photon sphere in the eikonal regime. Closely following the charged
Nariai NU branch for smaller Q values,

Im{ωPS} ≈ −i
(

n +
1
2

)
κ+ ; (4.21)

(ii) de Sitter modes can be found near Point O, following closely along branch OU and in competition
with the near-extremal modes. Here, κc ∼ 1/LdS and

ωdSn=0 ≈ −iℓκc , ωdSn ̸=0
≈ −i(ℓ+ n + 1)κc ; (4.22)

(i) near-extremal modes arise near the OU line where r− ∼ r+,

ωNE ≈ −i(ℓ+ n + 1)κ− = −i(ℓ+ n + 1)κ+ . (4.23)

These hold for electrically-neutral and charged scalar test fields. We note that we observe a non-zeroRe{ω}
part in each of these regions for low values of µ and q. However, in the case of the near-Nariai region, this
contribution is very small: Re{ω} ∼ O(0.01) for Q < 0.1.
Let us now consider the QNM spectrum itself. Irrespective of the space-time parameters, when study-

ing q = 0 QNM problems in spherically-symmetric space-times, there are two sets of QNFs for which the
imaginary parts are identical and the real parts are of equal magnitude but opposite sign. This is a natural
consequence of the QNM reflection symmetry ω → −ω∗, such that the complex conjugate ω∗ is the QNF
corresponding to the QNM φ∗ which satisfies Eq. (4.12). Upon introducing a non-zero field charge, the
QNM reflection symmetry is broken, leaving us with two distinct sets of QNF solutions, such that if φ has a
charge q, then φ∗ has a charge −q. To elaborate: if ω = ωa + iωb is a QNF associated with the QNM φ, then
−ω∗ = −ωa + iωb is a QNF associated with the QNM φ∗. In other words, we must allow for both positive
and negative values of Re{ω}. We assume q > 0.
Furthermore, we find that ourWKB-based analysis yields two families of QNFs for nonzero q, as observed

inRefs [203, 249]. Following the convention of Ref. [203], we refer to the two families of solutions as a “black-
hole family” ω+ and a “cosmological horizon family” ωc. For a fixed q, we find that |Re{ω+}| < |Re{ωc}|
and |Im{ω+}| < |Im{ωc}|.
In the next section, we shall focus on the influence of µ on theQNF spectrum. We highlight the anomalous

decay first noted in Ref. [183] for the Schwarzschild case, in which the QNF damping decreases with the
angular momentum number for µ below a critical field mass µcrit.

4.2.3 On the scalar field mass of the QNF

In Section 2.3, we initiated our investigation into the relationship between µ and ℓ for the QNF spectrum
in spherically-symmetric black holes. There, we determined that an increase in ℓ or an increase in µ leads
to increased |Re{ω}|. Similarly, |Im{ω}| scales with ℓ. On the other hand, |Im{ω}| decays with increas-
ing scalar field mass µ. As such, heavier modes are expected to be less damped and longer lived. This is
demonstrated in Fig. 4.6, where we plot the imaginary part of the QNF for increasing values of µ. There, we
set M = 1/

√
27 and Q = 0, corresponding to Point N of Fig. 3.2: the uncharged Nariai solution at which

r+ ∼ rc. Irrespective of the value of ℓ, the magnitude of the imaginary part of the QNF |Im{ω}| decreases
with µ.

For (massive) scalar QNMs in a spherically-symmetric space-time, it is expected that |Im{ω}| scales with
ℓ [14, 47]. However, this relationship was only observed for heavier modes in Fig. 2.7. Similarly, we do
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Figure 4.6: A graphical indication of the critical mass µcit ∼ 1.4083 at Point N, where r+ ∼ rc for L2
dS = 1,

M = 1/
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27, and Q = 0.
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Figure 4.7: At Point E, where M = Q = 0.104 for L2
dS = 1, the critical mass is µcrit ∼ 2.065 for q = 0.

not see this throughout Fig. 4.6: |Im{ωℓ=10}| > |Im{ωℓ=30}| for lower values of µ and |Im{ωℓ=10}| <
|Im{ωℓ=30}| for larger values of µ. In other words, only past a certain mass value do we observe “regular”
QNF behaviour. In Fig. 4.6, this “critical mass” is given by µcrit ∼ 1.4083 and corresponds to a very small
Im{ω} ∼ −0.0114. We observe that for these values of µ = µcrit and (M, Q) = (1/

√
27, 0), Mµ ∼ 0.3; this

is the smallest possible µcrit for the RNdS black hole parameterised as LdS = 1.
This “critical mass” µcrit value has been observed in Schwarzschild (and Kerr) black hole space-times

beyond which the magnitude of the imaginary part increases with larger values of ℓ [183]. This has been
noticed also for the charged, massive scalar field in the RN and RNdS space-times [248, 249]. Here, we study
this effect in greater detail, to determine the parameter range for which it is valid.
We can solve for µcrit by setting Im{ω−2} = 0 [249] (see Appendix F). At the lowest order in Q,

µ2
crit =

18045ΛM2 + 137
29160M2 . (4.24)

As shown in Fig. 4.6, we can also determine µcrit graphically by plotting −Im(ω) vs µ. A common point of
intersection, irrespective of the hierarchy in ℓ, denotes the value of µcrit. We observe that this coalescence
indicates a negligible dependence of the QNF on ℓ at µ = µcrit, and confirm it analytically.
In particular, we observe in Fig. 4.6 that for the uncharged Nariai case, the critical mass corresponds to
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Figure 4.8: At Point E, where M = Q = 0.104 for L2
dS = 1, there is no longer an intersection to denote µcrit for

q = 0.1.

µcrit ∼ 1.4083 for all q. This same result is found using Eq. (F6) for q = 0. This is the maximum M for which
we see an intersection. We do not observe further intersections along the NU branch, and since Q = 0, the
charge q has no influence on the QNF at point N (recall that q and Q couple in the potential, Eq. (4.12)).
For q ≈ 0, the intersection point shifts to the right of Fig. 3.2 as we increase Q, and as we increase M (from
zero) the intersection point shifts left. For fixed values of M and Q, the intersection point shifts left as we
increase q (along the small domain of q).
When q = 0, the influence of Q is negligible on µcrit. We find that large M corresponds to a small µcrit;

µcrit decreases with increasing M, such that for M ∼ 0, µcrit ∼ 20. When M > 1/
√

9Λ for non-zero Q,
we observe growing rather than decaying modes for large values of µ e.g. when µ > 5 for ℓ ∼ 10 and
µ > 15 for ℓ ∼ 30. For q > 0, we do not observe an intersection of all lines, but the anomalous behaviour
in which |Im{ωℓ}| > |Im{ωℓ+1}| is noted for smaller values of µ (see Fig. 4.8). As we would expect from
the coupling between q and Q, Q has a more obvious effect for the nonzero q, such that the spacing between
modes increases with Q.
As a final comment and brief aside on the scalar field mass, we consider whether scalar QNFs with a

non-zero mass and charge satisfying the FL bound could be observable. To do so, we invoke the arguments
presented in Section 2.3.1, where we derived Eq. (2.56). For convenience, we repeat it here

m =
1

mBH

h̄c
G

Mµ .

As before, we scale the black hole mass as mBH ∼ 10χ M⊙ to obtain Eq. (2.57), viz.

m ∼ 10−(χ+10)Mµ eV .

We have seen that for the critical mass in the regime µM ≫ qQ, µcrit M ≤ 0.3. To satisfy the FL bound of
m > 10−3 eV, this means we can only consider compact objects corresponding to χ < −8, such as micro
black holes. With this, we surmise that the FL bound rules out the possibility of observing weakly-charged
scalar QNMs from astrophysical black holes.

In this section, we focused on the scaling of the imaginary part of the QNF with respect to the black hole
and field parameters. We shall continue our QNM investigation of the RNdS black hole with a semi-classical
analysis of the preservation of cosmic censorship. We shall rely on the arguments presented in Section 3.3
to do so, invoking the criterion for the preservation of SCC determined in Ref. [231].
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Figure 4.9: With L2
dS = 1 and for µ = ℓ = 1 and q = 0.1, we shade the parameter space in which ω+ (blue), ωc

(orange), and both families (magenta) violate the condition for SCC preservation.

4.3 On the issue of Strong Cosmic Censorship

As discussed in Section 3.3, there is an expectation based on Penrose’s SCC conjecture that the presence
of a Cauchy horizon in the RN back hole interior leads to the infinite amplification of perturbations in the
interior region through a “blue-shift” mechanism. The Cauchy horizon then is destabilised and behaves as
a singularity beyondwhich the initial data cannot be extended. Such a phenomenon allows for determinism
to be protected within GR.
For the RNdS case, the presence of the cosmological horizon complicates matters, as the resultant “red-

shift” effect introduced by the positive vacuum energy competes against the blue-shifting in the black hole
interior. This leads to a delicate balance between the damping of the perturbations in the exterior and the
amplifications from the black hole interior. As discussed in Section 3.3, the criterion for the preservation of
(the Christodoulou formulation of) SCC is provided in Eqs (3.32) and (3.33), viz.

β ≡ −Im{ωn=0}
|κ−|

<
1
2

.

Using the semi-classical technique described in Section 4.2, we explore the RNdS (M, Q) parameter space
in order to determine for which space-time and scalar field parameters we find evidence for β > 1/2 for ℓ =
1. The SCC is largely preserved within the sharkfin; we only find evidence of its violation for intermediate
and large values of M and Q. In particular, we consistently find evidence that SCC is violated within the
shadedOEU region of the sharkfin and on certain points on theOU line, particularly near M ∼ Q ∼ 0.089 for
near-zero mass and charge. For ℓ = 1 and q = 0.1, we find that µ = 0.1 and µ = 1 violate identical regions,
yielding Fig. 4.9. When q = 1, however, a larger region of the parameter space is violated, extending from
the extremal r− ∼ r+ regime.
Finally, we note with interest that for a very small parameter space on the OU line corresponding to
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dS = 1 and for µ = 0.1, q = 1, and ℓ = 1, we shade the parameter space in which ω+ (blue), ωc
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extremal black holes, we observe in Fig. 4.11 a µcrit for which β > 1/2. Only in the extremal region r− ∼ r+
do we observe β values that approach or exceed 1/2.

4.3.1 Comparisons with other works

Irrespective of the scalar field parameters, we have found that scalar QNFs satisfy the condition for SCC
preservation in the near-Nariai limit r+ ∼ rc.This result is confirmed in Refs [252, 254] for the massless
charged case for small q. Only in the regime µM≫ 1 and qQ≫ 1 do we observe β > 1/2 for Q ≳ 0.2.

As we mentioned earlier, we find that violations of the SCC occur only for intermediate and large values
of M and Q. Near Point O, where r+ is significantly smaller than rc, β ≪ 1/2. This follows from Ref.
[255], where a universal result for spherically-symmetric black holes was determined: provided r+ ≪ rc
and irrespective of the near-horizon geometry, Im{ω{< κ−/2.
In Ref. [203], it is shown that even for large q, there is always a region in the extremal r− ∼ r+ regime for

which SCC is violated. In this work, the authors considered a WKB-based analysis of their own, following
the Dolan-Ottewill method outlined in Ref. [256] and using a series expansion in inverse powers of q, i.e.

ω =
+∞

∑
k=−1

ω(k)

qk + non-perturbative . (4.25)
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Figure 4.11: For L2
dS = 1, M = 0.157, and Q = 0.158, we plot the critical mass µcrit ∼ 1.7 corresponding to a

violation of the condition for SCC preservation.

Let us consider the series up to the order O(q−2) for the “black hole” family of solutions, where

ω
(−1)
+ =

Q
r+

ω
(0)
+ = − i

2
κ+ ,

ω
(1)
+ =

κ+
2Q

{
r2
+µ2 + ℓ(ℓ+ 1) +

1
4

[
9

r3
c + (Q2 + r2

c )r+
rc(r2

c + rc r+ + r2
+)
− 7− Q2

r2
+

]}
,

ω
(2)
+ =

i κ2
+

16Q2rc r+

[
rc

(
8r4

+µ2 + 3Q2 − r2
+

)
+ 15

r3
+

(
Q2 − rc r+

)
r2

c + rc r+ + r2
+

]
,

where
ωrc = ω− qQ

r+
.

While theWKB-based analysis of Ref. [203] is tailored to the large-q regime, we find reasonable agreement
between our result and theirs for the point showcased in Fig. 4.11: M = 0.157, Q = 0.158. There, for µ = 0.1,
q = 0.1, and ℓ = 1,

βlarge−q ≈ 0.531576 ,

βlarge−ℓ ≈ 0.532152 .

4.4 Discussion on the behaviour of QNMswithin the RNdS space-time

Within Chapters 3 and 4, we have explored the full range of the RNdS phase space and the behaviour of
QNMs within it. In so doing, we have investigate the wide array of applications of QNMsFurthermore,
we have evaluated the implications of scalar field mass and charge on the behaviour of the QNFs; we can
observe directly how each of these behaviours manifest in different regions of the sharkfin, i.e. for different
values of M and Q, and how these affect principles such as cosmic censorship.

Through this study of the interplay of black hole and scalar field parameters, we have determined the
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maximum black hole mass for which a µcrit exists in the case of massive charged scalar QNMs, at point N
corresponding to the uncharged Nariai solution. Black hole mass scales inversely with µcrit: for M ∼ 0,
µcrit ∼ 20 whereas for the maximum M ∼ 1/

√
27, we obtained the minimum µcrit ∼ 1.4. For fixed values of

M and Q, the value of µcrit decreases as we increase q. When q = 0, the influence of Q is negligible on µcrit.
For larger values of q > 1, we did not observe an intersection in the −Im{ω} vs µ plot but the anomalous
behaviour in which |Im{ωℓ}| > |Im{ωℓ+1}| is noted when µ > 0 is sufficiently small. Due to the coupling
between q and Q, Q has a more obvious effect for the nonzero q, such that the spacing between modes
increases with Q (see Figs 4.6, 4.7, 4.8). This value of µcrit corresponds to a point in the QNF spectrum
for which dependence on the angular momentum number is negligible. It is interesting to note that the
introduction of charge offsets this value, suggesting perhaps that the behaviour of the charged scalar field
cannot be decoupled from angular momentum.
Furthermore, using dimensional analysis, we also found evidence suggesting that the FL bound rules

out the possibility of observing weakly-charged scalar QNFs from astrophysical black holes. For scalar test
fields oscillatingwithin the exterior of an astrophysical black hole, recent studies [133, 188–190] suggest that
modes scaling as Mµ ∼ O(1)may undergo a superradiant amplification on timescales of suitable length to
be observed by current and next-generationGWdetectors. Here, we find that Mµcrit ∼ 0.3. By Eq. (2.57), we
infer that only from compact objects of the order m ≲ 10−8 M⊙ can we expect to observe QNMs satisfying
the FL bound.
Fromour analysis of the evolution of the potentialwithin the phase space, we found that a barrier potential

characteristic of QNM behaviour was shown to exist on r+ ≤ r ≤ rc for ℓ > 0 (with the “valley” suggestive
of superradiant amplification suppressed or lying beyond r = rc). The only exception to this could be
found in extremised regions of the RNdSparameter space, where the coalescence of horizons suppressed the
potential (i.e. Figs 4.2 and 4.3) and the ℓ = 0 case (see Fig. 4.1, where the “valley” falls within r+ < r < rc).
However, as demonstrated in Figure 4.5, increasing µ can uplift the localmaximumof a suppressed potential
within non-extremised regimes.
Finally, we note that in Section 3.3, the condition for the preservation of SCC was violated within the

shaded OEU region of the RNdS phase space and on certain points on the OU line, particularly near M ∼
Q ∼ 0.089. For non-zero µ, black holes “colder” than the cosmological horizon were associated with SCC
violations. In fact, this question ofwhether large, cold black holes respect SCChas recently been investigated
in Ref. [257]. Moreover, we noted also that a µ = µcrit value could be observed on the extremal OU line,
corresponding to a β in violation of SCC.
A more qualitative aspect of these chapters was to demonstrate the value in beginning QNM studies by

first contextualising the space-time in which we perform our QNM analysis; for this reason, we established
a means by which we could observe the evolution of the QNF spectrum, throughout the available phase
space. This process allowed for a clarification of the effect of the non-zero cosmological constant on the
black hole solution space:

(i) the widening of the parameter space to include black hole solutions where Q > M, as well as
analytical limitations on the possible black hole mass;

(ii) the presence of a cosmological horizon that confines the size of the black hole such that r+ ≤ rc ≤ LdS;

(iii) the near-Nariai solution which, although unphysical, represents a black hole in which event horizon
and cosmological horizon are infinitesimally close but never overlapping.

This concludes our investigation into the QNMs of charged black holes in de Sitter space-time. We now
proceed to the next component of our investigation into the applications of black hole perturbations, focusing
here on the possibility of detecting evidence of extra dimensions.



Chapter 5

Compact negative spaces as
higher-dimensional manifolds

...negative curvature means nothing or, equivalently, permits everything...

Marcel Berger in A Panoramic View of Riemannian Geometry [258]

Compact negative-curvature spaces (i.e. spaces with negative Ricci scalar curvature) have been inter-
rogated extensively within the mathematical literature [258, 259]. Among members of the string theory
community, a burgeoning interest in such spaces is developing in the wake of a recent observation that
negatively-curved manifolds are a requirement for classical de Sitter solutions with orientifold planes [260–
262]. In the context of particle physics, extra-dimensional models characterised by partial or total negative
scalar curvature remain comparatively under-explored.
Phenomenologically, studies on compact negative spaces are promising for their capacity to include cos-

mological observations such as homogeneity and flatness [263–265]. Moreover, these models could be used
to address the hierarchy problem between the Planck and the electroweak scale by virtue of their geomet-
rical properties. Compact negative-curvature spaces possess two characteristic length scales: ℓc, associated
with local properties like the curvature and fixed by the equations of motion, and ℓG, associated with global
properties like the volume and independent of the equations of motion. Their volume grows exponentially
with ℓc/ℓG, leading to an exponential reduction of the Planck length, which in turn yields a natural expla-
nation for the perceived discrepancy in energy scales [266]. Furthermore, the KK mass spectra associated
with such spaces are usually similar to those of Randall-Sundrum models [267] in that they accommodate
the electroweak-Planck scale hierarchy without introducing light KK modes [266].
Motivated by these implications, a series of investigations [128, 268–271] have focused model-building

efforts on a compact, negatively-curved manifold whose tangent vectors form a Lie algebra that is nilpotent
viz. a nilmanifold N3 (see Refs [272, 273]). In the sections that follow, we shall outline how the nilmani-
fold is constructed from the Heisenberg algebra and demonstrate the KK expansion of a scalar field in this
context, as established in Ref. [128]. With these elements in place, we may proceed to the construction of
our Schwarzschild-nilmanifold setup, and the KK reduction that allows us to treat the oscillations travelling
through the 7D product space-time as a massive 4D scalar field.

72
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5.1 Constructing the 3D nilmanifold

Any Lie group of dimension d can be understood as a d-dimensional differentiable manifold. Under certain
conditions (see Ref. [274] for a review), a solvable20 Lie group G can be divided by a lattice Γ, a discrete
subgroup of G, to construct a compact solvmanifold (i.e. a twisted torus) bymeans of discrete identifications
[275]. “Nilpotent”21 groups are a special subclass of solvable groups. For them, the compactness criterion
requires the structure constants to be rational in some basis [276]. We refer to their corresponding compact
manifolds as “nilmanifolds”.
Consider the d-dimensional Lie algebra g generated by the vectors {Za, a = 1, ..., d} satisfying

[Zb, Zc] = f a
bc Za . (5.1)

Here, the structure constants satisfy f a
bc = − f a

cb . The corresponding d-dimensional manifold admits a
globally-defined orthonormal frame {ea, a = 1, ..., d} (where this basis defines the dual space of one-forms
g⋆). This frame obeys the Maurer-Cartan equation

dea = −1
2

f a
bc eb ∧ ec = −∑

b<c
f a

bc eb ∧ ec , (5.2)

with the exterior derivative d. Since the dual space g⋆ ≈ TeG⋆, {ea, a = 1, ..., d} provides− by left invariance
− a basis for the cotangent space TxG⋆ at every point x ∈ G, the one-forms are globally defined on the
manifold. These one-forms will have their non-trivial identification through the “lattice action" when G is
divided by Γ. Note that f a

bc is related to the spin connection.
In flat indices and for a unimodular Lie algebra, the Ricci tensor is given by

Rcd =
1
2

(
− f b

ac f a
bd − δbgδah f h

gc f a
bd

+
1
2

δahδbjδciδdg f i
aj f g

hb

)
, (5.3)

with δab serving as a Euclidean metric. For the nilpotent algebra, and thus for the nilmanifold case, the first
term vanishes. The Ricci tensor is thus nowhere-vanishing and the corresponding Ricci scalar emerges as

R = −1
4

δadδbeδcg f a
bc f d

eg . (5.4)

The Ricci scalar is strictly negative.
FromEq. (5.2), we can see that d = 3 is the lowest dimensionality forwhich this expression is non-trivially

satisfied. For d = 3, there is the trivial Abelian algebra that leads to a three-torus, as well as three different
solvable algebras. Of these, one is nilpotent: the “Heisenberg” algebra

[Z1, Z2] = −fZ3 , [Z1, Z3] = [Z2, Z3] = 0 , (5.5)

with f = − f 3
12 ̸= 0 such that the Maurer-Cartan equation becomes

de3 = fe1 ∧ e2 , de1 = 0 , de2 = 0 . (5.6)

The only nonzero structure constant f = − f 3
12 ∈ R is the “geometric flux” serving as the nilmanifold’s

“twist parameter”. The corresponding geometric properties of the nilmanifold can be relayed through the
20A Lie group G is solvable if its Lie algebra g terminates in the null algebra i.e. the sequence g0 = g, gn+1 = [gn, gn] for n ≥ 0 reduces
to the null algebra after a finite number of steps.

21A Lie group G is nilpotent if the sequence gn+1 = [g, gn] reduces to the null algebra after a finite number of steps.
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Maurer-Cartan equation Eq. (5.6), from which we define

e1 = r1dy1 , e2 = r2dy2 , e3 = r3(dy3 + Ny1dy2) (5.7)

for the constant radii r1,2,3 > 0, angular coordinates ym ∈ [0, 1], and the integer N = r1r2f/r3 [128].
The discrete identifications that make the compactification possible are

y1 ∼ y1 + n1 , y2 ∼ y2 + n2 , y3 ∼ y3 + n3 − n1Ny2 , (5.8)

for nm=1,2,3 ∈ [0, 1]. In other words, these identifications correspond to the lattice action responsible for
establishing N3 as a nilmanifold. Eq. (5.8) leaves Eq. (5.7) invariant.

In this way, the compact manifold is fully characterised as a twisted S1 fibration over layered tori T2. The
twist is along the fibre coordinate y3, while the base is parameterised by the coordinates (y1, y2). Physi-
cally, ym=1,2,3 are angles defined on [0, 1]. The constant radii rm have units of length, the coordinates ym are
dimensionless, and f has units of inverse length (i.e. energy).
The most general left-invariant metric for the nilmanifold is given by

ds2 = δabEaEb , Ea =
(

L−1
)a

b
eb, (5.9)

where we use Ea to denote the one-forms related to the orthonormal basis ea through the constant GL(3, R)

transformation L.
To demonstrate the construction of the scalar mass spectrum, we shall consider the simplified special case

in which rm = 1 and f = 1. The nilmanifold metric then becomes

ds2
nil = δabeaeb = (dy1)2 + (dy2)2 + (dy3 + y1dy2)2 . (5.10)

To understand the behaviour of a scalar field on this space, we consider the massive Klein-Gordon equa-
tion. Let us begin with the Laplacian

∇2Φ =
1√
g

δm (
√

ggmnδnΦ) , (5.11)

where the determinant √g = r1r2r2 reduces to 1 in our simplified metric. We may write

∇2u =

(
∂2

1 +
(

∂2 − y1∂3

)2
+ ∂2

3

)
u , (5.12)

as we shall consider the expansion of u on the space of functions invariant under Eq. (5.8), beginning
with the functions depending only on the base coordinates (y1, y2). In this case, the Laplacian is easily
diagonalised: (

∇2 + µ2
β,γ

)
ṽβ,γ = 0 , (5.13)

where we define
ṽβ,γ(y1, y2) = e2πiβy1

e2πiγy2
, (5.14)

for β, γ ∈ Z, as invariant under Eq. (5.8), and the Klein-Gordon masses as

µ2
β,γ = 4π2

(
β2 + γ2

)
. (5.15)

We can present a more generalised expression using the “Weil-Brezin-Zak” transforms [277] for a basis
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of invariant functions uκ,λ,

uκ,λ(y1, y2, y3) = e2πκi(y3+y1y2)e2πλiy1 (5.16)
×∑

σ

e2πκσiy1
f (y2 + σ) ,

for κ, λ, σ ∈ Z. Since uκ,λ is invariant under Eq. (5.8) for all values of f (x), the functions remainwell-defined
across our nilmanifold N3. Upon substituting Eq. (5.16) into Eq. (5.12), we obtain

∇2uκ,λ = e2πκi(y3+y1y2)e2πλiy1
∑
σ

e2πκσiy1 (5.17)

×
[
∂2

2 − 4π2
(

κ2 + (κ(y2 + σ) + λ)2
)]

f (y2 + σ) ,

where we require that κ ̸= 0 to retain the y3-dependent terms.
If we introduce zσ = y2 + σ + λ/κ and g(zσ) = f (y2 + σ), we can rewrite the above Laplacian as

∇2uκ,λ = e2πκi(y3+y1y2)e2πλiy1
∑
σ

e2πκσiy1 (5.18)

×
[
∂2

zσ
− (2πκ)2

(
z2

σ + 1)
]

g(zσ)
]

.

From the normalised Hermite functions

Xν(z) = e−z2/2Hν(z) , ν ∈N , (5.19)

where Hν represents the Hermite polynomials, we may define

Xρ
ν(z) = |ρ|1/4Xν(|ρ|1/2z) (5.20)

for ρ ∈ R∗ [277]. By the properties of Hermite polynomials, Eq. (5.20) satisfies the differential equation

(∂2
z − ρ2z2)Xρ

ν(z) = −(2ν + 1)|ρ|Xρ
ν(z) . (5.21)

With the insertion of g(zσ) = X2πκ
ν (zσ) into Eq. (5.18), we obtain the 3D Klein-Gordon equation(

∇2 + M2
κ,λ,ν

)
ũκ,λ,ν = 0 , (5.22)

where the masses and wavefunctions are, respectively,

M2
κ,λ,ν = (2πκ)2

(
1 +

2ν + 1
2π|κ|

)
, (5.23)

ũκ,λ,ν(y1, y2, y3) = e2πκi(y3+y1y2)e2πλiy1
∑
σ

e2πκσiy1

×X2πκ
ν

(
y2 + σ +

λ

κ

)
(5.24)

for σ ∈ Z, ν ∈N, κ ∈ Z∗, and λ = 0, ..., |κ| − 1. The range of λ is derived from the fact that λ itself is defined
modulo κ, which in turn is a consequence of the identity

ũκ,λ+κτ,ν(y1, y2, y3) = ũκ,λ,ν(y1, y2, y3) ∀ τ ∈ Z . (5.25)
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By virtue of Eq. (5.23)’s independence of λ, there exists amass degeneracy. Thewavefunctions are param-
eterised by a finite number of inequivalent values of λ such that the level of the degeneracy is |κ|. Note that
only one zero-mode (i.e. with vanishing mass) exists for this Klein-Gordon equation, ṽ0,0, corresponding to
the modes of the torus base.
We conclude this discussion on the nilmanifold space with the physical spectrum associated with a scalar

field propagating onN3. This is achieved by reintroducing dimensional parameters rm and f [128]. Wemay
distinguish between “torus modes”,

vβ,γ(y1, y2) =
1√
V

e2πiβy1
e2πiγy2

, (5.26)

µ2
β,γ = β2

(
2π

r1

)2
+ γ2

(
2π

r2

)
, (5.27)

and “fibre modes”,

uκ,λ,ν(y1, y2, y3) =

√
r2

|N|V
1√

2νν!
√

π
e2πκi(y3+Ny1y2)

× e2πλiy1
∑
σ

e2πκσiy1
Xρ

ν(wσ) , (5.28)

M2
κ,λ,ν = κ2

(
2π

r3

)2
+ (2ν + 1)|κ|2πf

r3 , (5.29)

for which we define
ρ =

2πf

r3 κ , wσ = r2
(

y2 +
σ

N
+

λ

Nκ

)
,

and the volume
V =

∫
d3y
√

g = r1r2r3 . (5.30)

The scalar spectrum on the nilmanifold contains a complete tower of modes on the torus that is inde-
pendent of the fibre coordinate and radius. The fibre modes, whose mass spectrum is a function of the
radial components and the curvature-related energy scale f, have been shown to be tunable in Ref. [128] by
varying parameters in the generalised case; the fibre modes can be made lighter than their toroidal coun-
terparts and the energy gaps in the spectrum may be enhanced. From the structure of Eq. (5.29) itself, we
understand that the fibre modes present with a unique mass spectrum: added to the typical 1/R KK term is
the novel f-dependent term that enforces more finely-spaced modes, which follow a linear Regge trajectory.
From the characteristic fibre-mode spectrum, we would expect a unique experimental signature.
To see clearly the distinctive spectrum of the nilmanifold, let us compare the fibre-mode masses of Eq.

(5.29) to the KK masses of a standard compactification Mst;κ,λ,ν on a three-dimensional torus T3,

M2
st;κ,λ,ν = κ2

(
2π

r1

)2
+ λ2

(
2π

r2

)2
+ ν2

(
2π

r3

)2
, (5.31)

where κ, λ, ν ∈ Z. For simplicity we shall take all internal radii to be equal, r1 = r2 = r3. Moreover we shall
consider a nilmanifold N3 with minimal twist, N = 1. The ratio R of excited KK masses to the lowest-lying
one is then independent of the size of the radii of the internal manifold. For N3, R2

nil is given by

R2
nil =

M2
κ,λ,ν

M2
1,0,0

=
2πκ2 + (2ν + 1)|κ|

1 + 2π
. (5.32)
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In contrast, for the standard T3, R2
st is given by

R2
st =

M2
st;κ,λ,ν

M2
st;1,0,0

= κ2 + λ2 + ν2 . (5.33)

Table 5.1: Mass ratios Rnil for the 3D nilmanifold N 3, corresponding to Eq. (5.32) for κ = 1, 2.
ν 0 1 2 3 4 5 6 7 8 9 10

R2
nil (κ = 1) 1.0 1.3 1.6 1.8 2.1 2.4 2.6 2.9 3.2 3.5 3.7

R2
nil (κ = 2) 3.7 4.3 4.8 5.4 5.9 6.5 7.0 7.6 8.1 8.7 9.2

×
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Figure 5.1: Mass ratios R2
nil ≤ 6 corresponding to Eq. (5.32) for N3 for κ = 1 (purple) and κ = 2 (orange).

Table 5.2: Mass ratios R2
st for the standard 3D torus T3, corresponding to Eq. (5.33).

(κλν) (100) (110) (111) (200) (210) (211)

R2
st 1 2 3 4 5 6

Since nilmanifolds allow for the possibility of analytically calculating the spectrum of propagating fields,
they can be promising tools in the construction of effective BSM frameworks. Such models may be embed-
dable in string theory compactifications [128]. As mentioned in the introduction, recent investigations into
GW signatures of compact extra dimensions predict observables at frequencies of the order of 1012 − 1014

Hz and higher [35, 37, 108, 109, 112, 113] − several orders of magnitude beyond the 104 Hz upper bound
on modern detectors. However, these investigations suggest also that the KK GW spectrum is sensitive to
changes in geometry. For example, introducing a non-trivial warp factor, as shown in Ref. [113], can lower
the first KK mass by at least 69% as compared against the standard KK spectrum on a torus Td. This is
promising for the high-frequency GWs in extra-dimensional frameworks, as the relationship between fre-
quency and KKmass implies that lower KKmass corresponds to GW frequencies closer to the sensitivity of
modern instruments.
In Figs. 5.1 and 5.2, we see a similarly encouraging behaviour when we compare the fibre-mode spectrum

with that of the standard torus modes. While we centre this investigation on the feasibility of detection
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Figure 5.2: Ratios R2
st ≤ 6 corresponding to Eq. (5.33) and Table 5.2 for T3.

with present-day data from the LVK Collaboration, this effect motivates further investigation into the GWs
propagating in nilmanifold spaces.
In the next section, we shall consider a case study for the investigation of black hole QNMs in an extra-

dimensional setup constructed using the nilmanifold. Before we move on to this analysis, however, we
include a brief aside on a toy dark matter model introduced in Ref. [128] that demonstrates how structures
produced in this section can be incorporated into a BSM framework. While such a study is beyond the scope
of this thesis, it is a useful illustration of the phenomenological applications of negative compact spaces.

5.1.1 Constraints from a dark matter model

In Ref. [128], a simplified darkmatter model was set up as a proof of concept for the nilmanifold framework.
There, a neutral scalar field singlet under the SM was allowed to propagate throughout the bulk while the
4D SM fields were confined to a point on the nilmanifold. For consistency, the setup requires an orbifold
containing the singular points where the 4D brane supporting the SM fields can be localised. For this scalar
field to be a dark matter candidate, a minimum requirement is that at least one additional symmetry is
imposed upon the orbifold space: a dark matter parity under which KK modes are labelled, such that the
lightest KK state serves as the dark matter candidate. The lightest KK state is odd under this parity, such
that a decay to SM fields or zero modes is forbidden. The only coupling permitted between the bulk scalar
field and the SM is via a Higgs portal coupling.
The symmetries of the nilmanifold space can be summarised as follows:

orbifold: y1 ←→ y2 , y3 → −y3 − Ny1y2 ;

dark matter parity: y1,2 ←→ −y1,2 , y3 → y3 .

As specified in Section 5.1, we focus on the fibre modes whose mass spectrum is defined in Eq. (5.23). Here,
k > 0; for even (odd) k, we consider 0 < j < k/2 (0 < j < (k+ 1)/2). For even k, the degeneracy of themass
spectrum is consistently k/2 for the dark matter-odd and dark matter-even states of both the orbifold-even
and the orbifold-odd scalar fields. In the case of the odd k, the degeneracy is (k + 1)/2 for dark matter-even
states and (k− 1)/2 for darkmatter-odd states for both the orbifold-even and orbifold-odd fields. Following
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Ref. [128], the fibre mode mass spectrum is expressed in terms of units of the torus radius (r/2π)2 as

µ2
KK = |N|

(
k2ξ +

k(2p + 1)
2π

)
, ξ ≡ 1

|N|
( r

cr3

)2
. (5.34)

Here, ξ is a dimensionless parameter and N = r1r2f/r3. There are dark matter-even and dark matter-odd
states for all mass levels, except for k = 1: in this case, there are no darkmatter-odd fibremodes. The lightest
KK state is thus the dark matter-even mode for which k = 1, j = p = 0, and

ξ <
2π − |N|

2π|N| . (5.35)

If we set N = 1, ξ = 0.84 and µ = 0.9996. The dark matter state lives in the dark matter-odd (i.e. k = 2,
j = p = 0) fibre tier for

ξ <
π − |N|
4π|N| , (5.36)

where ξ = 0.17 for N = 1, and µ = 0.9992. From Eq. (5.34), we understand that a dense spectrum of fibre
states forms above a mass gap determined by the radius of the torus base, provided ξ is small (and/or r3

is large). Since these states are lifted and the torus modes dominate for ξ > 1 [128], we avoid increasing ξ

(i.e. decreasing r3).
Let us look to some of the limits considered in the literature for the nilmanifold structure as it is set up

in this work. In Refs [112, 113, 268], the “small fibre/large base" limit is presented with the intention of
generating a hierarchy between the geometric flux f and the KK scales 1/rm for m = 1, 2, 3 (rm > 0). From
the definition of f, the approximation is proposed as

|N|r3 ≪ r1 , |N|r3 ≪ r2 , (5.37)

to suggest that the fibre along e3 is much smaller than the toroidal base along the e1, e2 directions. The
consequential hierarchy is then

|f| ≪ 1
r1 ,

1
r2 ≪

1
r3 , (5.38)

i.e. the energy scale generated by the geometric flux is light compared to the KK scale of the base, which is
in turn light compared to the fibre KK scale. To that end, we consider r3 ≫ r1, r2.
We shall conclude our example here, and reserve a deeper investigation into the applications of the nil-

manifold to such dark matter models for the future. In the next section, we shall consider the development
of a “Schwarzschild-nilmanifold” metric and the perturbations thereof.

5.2 The effective 4D QNM problem

In combining the Schwarzschild metric with the nilmanifold metric of Eq. (5.10), we can construct our
extra-dimensional manifold

ds2
7D = ds2

BH + ds2
nil . (5.39)

In the absence of mixing terms, we consider a 7D scalar field propagating on this direct product space to be
expressible as

Ψs
nℓm(z) =

∞

∑
n=0

∞

∑
ℓ,m

ψsnℓ(r)
r

Ys
mℓ(θ, ϕ) Z(y1, y2, y3) e−iωt . (5.40)
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To determine the QNM behaviour, we have shown that we may use the Klein-Gordon equation. Recall that
the Laplacian of a product space is the sum of its parts, such that

∇2Ψ(z) =
(
∇2

BH +∇2
nil

)
Φs

nℓm(x)Z(y) . (5.41)

However, if we choose to impose a KK reduction, wemay encode the higher-dimensional behaviour through
an effective mass term representing a KK tower of states. This allows us to formulate the 7D scalar field
evolution as a 4D “massive" Klein-Gordon equation,

1√−g
∂µ

(√
−ggµν∂νΨ

)
− µ2Ψ = 0 , (5.42)

where
∇2

nilZ(y) = −µ2Z(y1, y2, y3) . (5.43)
Using the derivative of the tortoise coordinate dr⋆ = dr/ f (r), we extract the radial component of the

QNM to produce a characteristic wave-like equation containing the QNF and the effective scalar potential,

d2ψ

dr2
⋆
+
(

ω2 −V(r)
)

ψ = 0 , (5.44)

where
V(r) =

(
1− 2M

r

)(
ℓ(ℓ+ 1)

r2 +
2M
r3 + µ2

)
. (5.45)

Eq. (5.45) exactly resembles the effective potential of the massive scalar QNM considered in Section
2.3. This proves advantageous, as it allows us to apply our knowledge of QNM techniques to the extra-
dimensional problem at hand. However, recall also that the parameter space of µ is confined in the QNM
context. Recall Fig. 2.4, in which we highlight that QNM behaviour is preserved provided the barrier po-
tential remains intact. This places an upper bound on µ, such that Re{ω2} > µ2. For a scalar test field in
the Schwarzschild black hole space-time, we therefore consider the bound from the semi-classical analysis
to be µ ≲ 0.6.
We shall demonstrate in Chapter 6 how constraining µ can serve in our search for evidence of extra di-

mensions. As an aside, however, we first discuss the possible roles this mass-like term may play in various
scenarios of new physics, reframing arguments from Section 2.3.

5.2.1 The interpretation of a mass-like term in the context of new physics

In Eq. (5.45), we demonstrate how a mass-like term incorporated into the effective QNM potential can be
used as an artefact of the extra-dimensional submanifold, representing the KK tower of states on the com-
pact space. This mass-like term results in QNM behaviour corresponding to that of a massive scalar test
field. As addressed in Section 2.3, when considering massive bosonic fields in the region of an astrophysical
black hole, the dimensionless parameter Mµ acts as a scaling for the suppression of the instability timescale.
Specifically, when the Compton wavelength of the perturbing field is of the order of the black hole’s radius,
the dimensionless parameter scales as Mµ ∼ 1, leading to the strongest super-radiant instabilities [14, 47].
Recall also that a number of BSM conjectures depend on the existence of light or even ultralight particles
(e.g. light scalars of mass 10−32 ≤ m ≤ 10−10 eV as in the “string axiverse” scenarios [191], dark or hid-
den photons, and other candidates [3]). For this reason, massive QNMs may be useful in complementary
searches for a variety of exotic signatures.
Although we have positioned the extra-dimensional µ parameter as a component of the QNM potential,

our next step is to connect it to parameters that are physical. To obtain a sense of magnitude of this term,
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Figure 5.3: An illustration of the scales probed by QNFs for Mµ ∼ 1 using Eqs (5.47) and (5.48).

recall that we can revert back to SI units such that the mass of the black hole and the µ parameter become

M =
GmBH

c2 and µ =
mc
h̄

. (5.46)

From dimensional analysis, we can show that M and µ have dimensions of length and inverse-length, re-
spectively, such that Mµ is indeed dimensionless. It is straightforward then that

Mµ =
GmBHm

h̄c

⇒ m =
1

mBH
h̄c
G

Mµ . (5.47)

With the values h̄c/G ∼ 10−16 kg2, 1M⊙ ∼ 1030 kg, and Mµ ∼ O(1), we can scale the black hole mass as
mBH = 10χ M⊙ and thereby express the extra-dimensional contribution through

m ∼ 10−χ10−46kg ∼ 10−(χ+10)eV/c2 . (5.48)

We may use this expression to explore possible constraints. From the well-known mass limit for non-
evaporating primordial black holes mPBH ≳ 1015 g [40], m ≲ 10−28eV/c2 such that χ ≳ 18. On the other
hand, χ ∼ −8 corresponds to a micro black hole of the same mass as the moon. For the ∼ 62M⊙ black hole
remnant corresponding to the GW150914 event [43], χ ∼ 2.
We can also contrast this against the dynamical lower bound on the graviton Compton wavelength λg ≥

1013 km, as determined by the LVK Collaboration at a 90% confidence (using null tests against the modified
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dispersion relation of massive-graviton theory introduced in Ref. [278]). This in turn corresponds to the
upper bound on the graviton mass mg ≲ 10−22 eV/c2 [60], which leads to the bound χ ≳ 12.
As a visual aide, we sketch the magnitudes of m and χ in Fig. 5.3. We include the upper bounds for the

photon mass [165] and the graviton [3], as well as the lower mass bound for massive primordial black holes
[40]. We note that particles of thesemagnitudes correspond to those of the “string axiverse” scenarios [191].

In this chapter, we have considered an extra-dimensional setup comprised of a Schwarzschild black hole
embedded in a 7D product space-time whose extra dimensions form a negative compact space − specifi-
cally, a nilmanifold built from Heisenberg algebra. By positioning the extra-dimensional contribution as an
effective mass-like µ2 term in the QNM potential, we have demonstrated that we can apply our experience
in massive QNMs from Section 2.3) to place a possible upper bound on this µ. For the scalar test-field and
Schwarzschild space-time background considered here, µ ≲ 0.6.

In the next chapter, we take this QNM analysis further by considering constraints we can extract fromGW
data. These shall be combined with our QNM computations of Section 2.3 to establish a rough sensitivity
bound on observable QNFs to traces of new physics. To pursue this avenue of inquiry, however, we must
first engage in a short overview of the data capturing, processing, and analysis strategies of the LVK Col-
laboration. For this reason, Chapter 6 begins with a pedagogical introduction to the Bayesian techniques
favoured by the LVK Collaboration before focusing on the ringdown analysis tools and concluding with the
extraction of the sensitivity bound on the QNF spectrum.



Chapter 6

Searching for extra-dimensions in
gravitational-wave ringdown

In physics, we live and breathe for discoveries like the one reported by
LIGO, but the best is yet to come...

Emanuele Berti in The First Sounds of Merging Black Holes [279]

On 14 September 2015, the twin LIGO detectors observed a GW transient signal GW150914; its false alarm
rate was estimated to be less than 1 event per 203 000 years, equivalent to a significance of 5.1σ. The signal
was consistentwith the inspiral-merger-ringdownwaveformof a binary black holemergerwhose progenitor
(source-frame) masses were 36.3+5.3

−4.5 M⊙ and 28.6+4.4
−4.2 M⊙, with a final black hole mass of 62.0+4.4

−4.0 M⊙.
Approximately 3.0 M⊙ of energy (∼ 5.4× 1047 J) was radiated in the form of GWs, at a distance 1.4 ± 0.6
×109 light years (∼ 410 Mpc) from Earth. The combined matched-filter SNR ratio (SNR) was a striking
ρ ∼ 24, with ρ ∼ 14 for frequencies f > 154.7 Hz in the post-peak region [43, 114]. For these reasons,
GW150914 is considered a “golden” event whose sufficiently high SNR allows for separate analyses of pre-
and post-merger phases. As such, the first direct detection of GWs presents as an ideal candidate for studies
of binary black hole dynamics and the nature ofwarped space-time under extreme conditions, awide variety
of tests of GR, and even searches for modifications to gravity [280].
For our purposes, this high post-merger SNR invites investigations centred on the ringdown phase, to

which we can apply the QNM theory that we have outlined in Chapters 1 and 2 to the data captured by
the LVK Collaboration. We are particularly interested in the possibility of finding evidence of new physics,
where we focus on the extra-dimensional scenario of Chapter 5. However, to proceed along this line of
inquiry, we must begin with a brief foray into the the methodology employed by the LVK Collaboration to
capture, process, and analyse GW data. Specifically, we shall highlight this last point.
It is important to remember that the statistical analyses favoured by the LVK consortium is distinct from

that used in collider-based experiments: while the frequentist approach dominates the latter, the former
relies primarily on Bayesian techniques. In the frequentist picture, probabilities are based on repeated events
collected over extended periods, such that probabilities are considered fixed and objective; in other words,
probabilities are assigned to data rather than tomodels or hypotheses. Bayesian statistics, on the other hand,
considers probabilities to be adaptable. The Bayesian approach acknowledges assumptions in the analysis
by incorporating prior knowledge, and then updates hypotheses as additional data is collected. Data is then
considered to be fixed and objective, and probabilities are assigned to hypotheses.

83
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In the context of GW studies, the signal-processing method preferred is known as the “matched-filtering
technique”. It involves a correlation between a set of observed data and a bank of theoretical templates
tuned with the appropriate source parameters to identify a GW signal. The technique itself is a subset
of the “maximum likelihood” detection method, for which the likelihood function is maximised over the
parameter space to find the best-fit parameters of the GW signal. In so doing, the SNR can be enhanced
and the physical properties of astrophysical events can be extracted with greater precision. Furthermore,
the matched-filtering technique was noted in Ref. [281] to be sensitive to post-Newtonian effects of the
waveforms for coalescing binaries, making it ideal for analyses related to compact merger events.
Following themodus operandi of the LVK Collaboration, we shall briefly outline how the processing of de-

terministic GW signals with a Gaussian noise background is performed. We will then discuss the ringdown
analysis tool that we employed in our work, viz. the Python package pyRing. Thereafter, we shall elaborate
on the comparisonmade between our semi-classical QNM computation and our search for GR deviations in
the ringdown data of GW150914, after which we shall conclude with the constraint we have determined on
the application of QNMs in the search for new physics. Specifically, the objective of this chapter is to outline
a means by which we can determine the sensitivity range of observable black hole QNMs to new physics.

6.1 Identifying and processing signals with the LVK network

GW detection operates on the principle of Michelson interferometry. For example, each of the twin LIGO
detectors are arranged in an L-shaped configuration; each is made up of two perpendicular arms within
ultra-high vacuum environments, terminating in carefully positioned and highly reflective mirrors. A laser
beam is split and directed down each orthogonal arm, reflected, and recombined to form an interference
pattern. Passing GWs introduce minute changes in the length of the path travelled, thereby altering the
relative phases of the returning laser beams by as little as 10−18 m. Thanks to this precision, LIGO can
detect GW strains of the order of 10−21, over frequency ranges from 10 Hz to several kilohertz.
While GW detectors represent a triumph in both engineering and physics, the acquisition of GW data is

made meaningful by the careful statistical interpretation thereof. In this section, we shall review how a GW
signal is isolated from raw data, closely following the guide issued by the LVK Collaboration, Ref. [15].

6.1.1 Model comparisons: the matched filter

GW searches rely on the comparison between a null hypothesisH0 (claiming that the observed data repre-
sent only noise) and the signal hypothesis H1 that asserts the data detected contains both noise and a GW
signal. The likelihood of observing data corresponding to each of these hypotheses is quantified as

p(d|H0) = p0(d) and p(d|H1) = p1(d) (6.1)

Here, d = n + h: the sum of the GW response of the detector h and all the noise sources in the detector n
gives the time series d collected from the interferometer. To accommodate the fact that true GW signals in
the detector are not known, h = h(θ) is used instead, which represents a signal model defined in terms of
a set of parameters θ (e.g. masses and spins of the binary black hole system).
One of the main quantities reported by the LVK Collaboration is the “posterior probability”, which de-

scribes the probability of the signal hypothesis given the observed data,

p(H1|d) =
p(H1)p1(d)

p(H0)p0(d) + p(H1)p1(d)
=

p1(d)
p0(d)

[
p1(d)
p0(d)

+
p(H0)

p(H1)

]−1

. (6.2)

The values p(H0) and p(H1) denote our prior beliefs of whether, respectively, a signal is absent or present
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within the data. The “likelihood ratio”

Λ(d|θ) = p(d|H1)

p(d|H0)

p1(d)
p0(d)

, (6.3)

is independent of prior beliefs, and is therefore considered an optimal test statistic. The log of the likelihood
ratio is often presented in the literature,

log Λ(d|θ) = (d|h(θ))− 1
2
(h(θ)|h(θ)) . (6.4)

From here, we obtain another optimal test statistic: the “matched filter” (d|h(θ)).

6.1.2 Signal-to-noise ratio and template banks

The parameters θ are not known a priori. The optimal detection statistic must therefore be obtained by
“marginalising” the likelihood ratio Λ(d|θ) over the unknown parameters. This is achieved by integrating
the likelihood ratio over the unknown parameters. Consider, for example, the inclination ι of the binary
orbit relative to the line of sight for a compact binary GW source: the signal probability density over ι is
uniform in cos ι.
As a linear function of the signal model, the exponential of the log likelihood ratio (i.e. the likelihood

ratio itself) is sharply peaked about its maximum. For this reason, the maximum value of Λ(d|θ) over the
unknown parameters θ is expected to be a good approximation to the marginalised likelihood ratio (with
the inclusion of a possible rescaling constant). The maximisation procedure is equivalent to minimising the
residuals (r = d− h) This becomes more clear when we write the log likelihood ratio as

Λ(d|θ) = −1
2
[d− d(θ)| (d− d(θ)] +

1
2
(d|d) , (6.5)

where we see that the parameters θ that maximise the log likelihood ratio are those that minimise the resid-
uals.
The parameter θ through which the observed strain in the detector is described represents the amplitude

A observed in the detector (which is inversely proportional to the distance to the source of the GW), the
phase ϕ is the sinusoidally-varying signal that is observed in the detector, the arrival time t of the signal (i.e.
the moment the GW signal reaches its peak), and the set of physical parameters µ to characterise the GW
source (e.g. mass, spin, etc. of the components). These are related by

h(θ) = A [p(t,µ) cos ϕ + q(t,µ) sin ϕ] , (6.6)

where p(t,µ) and q(t,µ) are waveforms that are, respectively, in-phase (cosine) and quadrature-phase
(sine). These are normalised such that (p|p) = 1 = (q|q) and orthogonal to one another i.e. (p|q) = 0.
We maximise over the phase and the amplitude by substituting Eq. (6.6) into (6.4) to obtain

log Λ(d|θ) = Aρ(t,µ) cos(ϕ− φ)− 1
2

A2 , (6.7)

for

φ ≡ arctan
(d|q(t,µ))
(d|p(t,µ)) ; (6.8)

ρ(t,µ) ≡
√
(d|p(t,µ))2 + (d|q(t,µ))2 . (6.9)

This is the “SNR time series” for waveform templates with parameters µ (i.e. the set of parameters of the
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binary constituents, e.g. masses, spins, etc.). Log Λ, the log-likelihood, is maximised for the amplitude
Â = ρ and ϕ̂ = φ, such that

max
A,ϕ

log ≡ log Λ(t, Â, ϕ̂,µ) =
1
2

ρ2(t,µ) . (6.10)

Times for which the signal is most likely to be present are indicated by peaks in the time series.
The parameters represented by µ affect the morphology of the GW. To accommodate the wide range of

possible masses, spins, etc. that a binary system might present, a “bank" of signal templates spanning the
parameter space is produced, and each template in the bank can then be used as amatched filter. A condition
specified in Ref. [15] for the template bank used in the signal search is that its density in parameter space
is sufficiently high such that the loss in SNR between a true signal and the best-fit template is no more than
3%.

6.1.3 Inferring waveforms and physical parameters

Since GW signals are notoriously weak, the uncertainties in the physical parameters of the system whence
the signal emerged can be large. This necessitates a priori assumptions about the amplitude and phase of the
GW signals, which in turn affects the reconstruction efforts. This motivates the use of “Bayesian parameter
estimation” in GW analyses, which allows for the inference of a GW signal waveform based on physical
parameters of the system and the background. Specifically, we may apply Bayes’ theorem to define the
“posterior probability density function” i.e. the posterior for θ,

p(θ|d, M, I) ≡ p(θ|M, I)
p(d|θ, M, I)

p(d|M, I)
. (6.11)

Here, M is the GW signal model constructed from the physical parameters of the system θ that allows for
the waveform prediction, I is the background or “prior” information, and d is the set of observed data.
Three terms are introduced through this expression: the “prior probability density function” p(θ|M, I), the
“likelihood function” p(d|θ, M, I), and the “evidence”

p(d|M, I) =
∫

dθp(θ|M, I)p(d|θ, M, I) . (6.12)

The Bayesian parameter estimation used by the LVK Collaboration centres on the computation of the pos-
terior for θ from the model M and the analysis assumptions I, from which the prior distribution and the
likelihood function may be uniquely determined.
Let us first consider the latter. The signal model M determines the functional form of h(t;θ) necessary for

the calculation of the likelihood function; the parametric forms of h(t;θ) are computed by solving Einstein’s
equations. Since exact analytical solutions are not easily obtained, the models used are based on pertur-
bative solutions (e.g. “Taylor” family of waveforms), effective-one-body approximations, or phenomeno-
logical approaches (e.g. the “Phenom” family of waveforms). The latter two employ full inspiral-merger-
ringdown modelling and are particular popular in GW studies. In the case of GW150914, SEOBNRv222 and
IMRPhenomPv223 were appropriate and effectively equivalent choices for the GW data analysis as the binary
systemwas approximately “face-off" i.e. with the orbital angular momentum vector pointing away from the
Earth.
The former refers to the prior probability distributions for the physical parameters required to characterise

the GW signal emergent from the coalescing binaries. If we consider a quasicircular orbit, there are 15
22Spin-aligned effective-one-body numerical-relativity model that models the dynamics of spin vector components along the direction
of orbital angular momentum.

23Models precessing binaries, based on inspiral-merger-ringdown model IMRPhenomD − which models spinning, but non-precessing,
binaries. IMRPhenomPv2 takes into account the in-plane spin vector components, as well as those along the direction of the orbital
angular momentum.



Chapter 6: Searching for extra-dimensions in gravitational-wave ringdown 87

parameters [11, 15] are required to describe fully the coalescence within a GR framework. These can be
subdivided into “intrinsic parameters”, viz.

⋆ the masses of the coalescing bodies M1 and M2 (where M1 ≥ M2, by convention);

⋆ the spin vectors S⃗1 and S⃗2.
Then we have the “extrinsic parameters”,

⋆ a reference time tc (typically associated with the peak of the GW strain) and phase ϕc;
⋆ the sky position of the binary, in terms of the source’s right ascension α and declination δ;
⋆ the luminosity distance dL;
⋆ the binary’s orientation, described through the its inclination ι and its polarisation angle ψ.

We can also introduce the angle θjn between the total angular momentum J⃗ and the direction in which the
GW propagates n̂. Furthermore, there is the total source mass M = M1 + M2, the dimensionless symmetric
mass ratio ν = (M1 + M2)/M, and the mass ratio q = M1/M2 ≥ 1. Finally, we must also take into account
the detector masses, Mdet

1 = (1 + z)M1 and Mdet
2 = (1 + z)M2, where z is the redshift. Note that if the black

holes have spins aligned or anti-aligned with the orbital angular momentum, only 11 parameters need to be
considered. In such a case, we define χi = |S⃗i|/M2

i for i = 1, 2.
A number of these “priors" are defined according to symmetries of the parameter space. Notable examples

include the priors dL, α, and δ. From the Friedmann-Lemaître-Robertson-Walker model, we understand that
the number density of GW sources is uniform in the cosmological co-moving volume. As such,

p(DL, α, δ|M, I) ∝ dV

reduces to
p(DL, α, δ|M, I) ∝ D2

L| cos(δ)|
for redshift z ≪ 1. When we cannot apply invariance arguments, we opt for forms of priors that produce
the most easily interpretable results. For the spin vectors S⃗1 and S⃗2, as well as the orientation angles ψ

and θjn, priors are chosen such that these remain uniform for the azimuthal angles on [0, 2π] and the co-
sine of the polar angle [−1, 1]. Several options are available for the magnitude of the spin vectors, such as
p(|S⃗i| | M, I) ∝ |S⃗i|2 or p(|S⃗i| | M, I) ∝ 1. For the components of the coalescing binaries, p(m1, m2|M, I) ∝ 1,
with a lower bound of m1, m2 > 1M⊙.

We know that 15 (11) physical parameters must be inferred for quasicircular binary systems with spin
vectors left unspecified (aligned with the orbital angular momentum). However, an additional O(10) pa-
rameters per detector must be considered when performing GW analyses in order to define the calibration
uncertainty model needed to account for uncertainties in each detector’s phase and amplitude response.
For the LIGO-Virgo system currently in use, this gives a total of 45 parameters that must be sampled. A pa-
rameter space of such high dimensionality requires techniques beyond grid-based methods to be explored.
Instead, we use the stochastic sampler library LALInference [282] that implements both the the parallel
tempering Markov chain Monte Carlo24 algorithm and a nested sampling25 algorithm.

The output of the LALInference analysis are samples from the full posterior distribution for the parame-
ters that characterise the GWwaveform. To establish the nature of the components of the coalescing binary
system, the focus is placed on the masses and spins (i.e. the “intrinsic” parameters).
Let us consider the binary black hole collision GW150914, the properties of which were published by

LIGO in Ref. [114]. From Ref. [19], the constituent source-frame masses measured using a joint waveform
model comprised of equal numbers of samples from IMRPhenomPv2 and SEOBNRv3 were M1 ∼ 35.6M⊙ and
24generates samples from a multidimensional posterior distribution Eq. (6.11) [283]
25calculates Eq. (6.12), generating samples from the posterior distribution as a by-product [284]
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Figure 6.1: 1D and 2D marginal posteriors for source-frame masses, using O1 posterior samples.

M2 ∼ 30.6M⊙. To determine M1, for example, a marginalisation procedure is carried out over 14 of the 15
physical parameters, aswell as the calibration parameters, to obtain a one-dimensional posterior distribution
plot (see the top panel of Figure 6.1), from which the 90% credible region is then calculated. The same
is performed for M2 in the far-right panel of Figure 6.1. To establish a correlation between parameters,
multidimensional posterior distributions can be plotted, as shown in the central panel of Figure 6.1. Dashed
lines and contours indicate the 90% credible region while solid blue lines represent the mean.
With the fundamentals of GW analyses covered, we now turn specifically to the study of the ringdown

phase in the wake of a binary black hole collision. To do so, we make use of one of the few tools dedicated
to QNM analyses of GW data: the Python package PyRing [119, 123].

6.2 Using PyRing to search for deviations in GR

Within the GW community, searches for modified theories of gravity consider how GW signals may differ
from those of GR in terms of their generation, propagation, and polarisation [58–60]. In the case of massive
gravity theories, for example, it is well understood that additional polarisation states must be considered
to describe the extra degrees of freedom. While GR has only two tensor modes (i.e. plus h+ and cross h×
modes), a generalised metric theory of gravity can accommodate up to six polarisation modes: two tensor,
two vector, and two scalar modes [285, 286]. Similar effects can be seen in extra-dimensional setups e.g.
Ref. [35]; in such cases, however, these can often lie far beyond detectable range [37, 108]. The situation
is complicated further by the known difficulty in relating these null tests to one another [287]. For these
reasons, we suggest a new avenue of pursuit by which to probe extra dimensions within extant GW data,

https://dcc.ligo.org/LIGO-P1800370/public
https://lscsoft.docs.ligo.org/pyring/
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inspired by tests for deviations from GR within the post-merger phase [59, 60].
PyRing was recently developed to perform Bayesian parameter estimation and ringdown studies through

a combination of observed GW data with simulation and numerically-generated waveform templates, fol-
lowing the Bayesian framework detailed in Ref. [15]. Using a reference time t0 computed directly from an
approximation of the peak of the strain (h2

+ + h2
×), PyRing is focused exclusively on analyses of the post-

merger signal through a native time-domain likelihood formulation. The software is fully integrated into
the LVK infrastructure, where it serves as a vital component of hierarchical tests of GR covered in Refs [59,
60]. Treating GR as the null hypothesis, PyRing tests for deviations from the QNF oscillation frequency
(Re{ω} = ω) and decay timescale (1/Im{ω} = τ) at the linear level,

δω = ωGR(1 + δω) ,

δτ = τGR(1 + δτ) . . (6.13)

Here, we run an agnostic test of GR deviation in GW data from the GW150914 black hole merger event
[43] using the provided Kerr220 waveform template corresponding to the ℓ = m = 2, n = 0 mode (see Fig.
6.2). The analysis through PyRing is conducted using the publicly-available data from the LVK Collabo-
ration [288]. To reduce computational cost, we employ medium-resolution data, simplified noise estima-
tion, and simplified sampler settings, as well as tight priors. Specifically, we follow Ref. [119] in sampling
4096s of data from the Hanford and the Livingston LIGO detectors, sampled at 4096 Hz with the raw strain
band-passed over f ∈ [20, 2028] Hz before being split into 2-second noise chunks. We set the trigtime
in H1 to t = 1126259462.423227 s in GPS time.26 We run the analysis over prior bounds for final mass
M f ∈ [50.0, 90.0] M⊙, spin a f ∈ [0.6, 0.9], amplitude A220 ∈ [0.0, 5.0× 10−20], and phase ϕ220 ∈ [0, 2π]. In
testing for deviations from GR, we sample over δω, δτ ∈ [−1, 1].
To carry out its Bayesian inference, PyRing exploits the nested sampling algorithm of cpnest [284, 289].

The package’s implementation is based on an ensemble Markov chain Monte Carlo (MCMC) sampler, for
which we only need to input the specifics of the analysis. We use 2048 live points and set the maximum
MCMC steps to 2048, with the default 1234 seeds; at the end of the analysis, we are left with ∼ 8000 in-
dependent samples. We visualise these results in Fig. 6.2. With Corner, we plot the 2D posteriors and
1D histograms on (δω, δτ), where (0, 0) is the GR-predicted value. Dashed lines and contours demarcate
the 90% credible region; the blue line indicates the mean. Pixelation is an unfortunate consequence of the
narrow priors we have chosen, in an effort to reduce computation cost.
Our rudimentary analysis serves primarily as a proof-of-concept. Due to its focus on a single event and

the loss of precision caused by the narrow priors, its results cannot serve as definitive evidence of deviations
from GR. In fact, it is well known that GR remains the favoured hypothesis in all tests against gravity per-
formed to date [3]. However, since the broader objective of this study is to examine the efficacy with which
QNMs can be used in the search for evidence of new physics, we rely on the joint constraints reported by
the latest series of test for GR deviations reported by the LVK Collaboration, viz.

δω220 = 0.02+0.07
−0.07 ,

δτ220 = 0.13+0.21
−0.22 . (6.14)

These joint constraints represent a hierarchical combination of the LVK Collaboration’s strongest bounds on
GR deviations to date, using the ringdown data of 21 events whose Bayesian evidence parameter favours the
presence of signal over pure Gaussian noise when the most sensitive Kerr template is utilised (see Refs [19,
59] for detailed selection criteria). While the combined log odds ratio of −0.90± 0.44 at 90% uncertainty
indicate that the null hypothesis of GR is favoured, we shall make use of Eq. (6.14) in the next section to
indicate how statistically-significant deviations from GR could be exploited in the future.
26The “trigtime” is an estimate of the coalescence time of the signal. The time given here corresponds to 14 September 2015, 09:50:45
UTC, the merger time reported in Ref. [43]. See also the GW150914 data release page.

https://corner.readthedocs.io/en/latest/
https://gwosc.org/s/events/GW150914/GW150914.html
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Figure 6.2: A rudimentary parameter estimation of GR deviations using PyRing for event GW150914.

6.3 Constraints from GWs using QNMs

In this section, we combine our semi-classical study of the massive QNM problem with our tests for devia-
tions in GR. To create a correspondence between the two, we consider ω = Re{ω} and the damping time
τ = 1/Im{ω} asω = ωµ=0 (1 + δω) and τ = τµ=0 (1 + δτ), respectively. In other words, we interpret our
µ = 0 results to be equivalent to the GR prediction (δω, δτ) = (0, 0) i.e. ωGR = ωµ=0. Our results for the
semi-classically generated parametric deviations are provided in Table 6.1. We observe that the parametric
deviations match the bounds predicted in Eq. (6.13) for µ ∼ 0.2.

If we exploit the QNF series expansion provided in Eq. (2.52), we can solve for µ explicitly. In doing so
(for the real part and using the dominant ℓ = 2, n = 0 mode), we find that we can impose the upper bound

µ ≲ 0.3681 . (6.15)

This serves as an upper bound on the sensitivity of QNFs to extra-dimensional KK resonances, as con-
structed in this framework. Using Eq. (5.47), we can explore the physical insights that can be extracted
from this limit.
Since we have set M = 1, we can interpret this as a bound on the dimensionless parameter Mµ. As such,

Mµ ∼ O(0.1). Then for the final M ∼ 62M⊙ black hole remnant of GW150914, χ ∼ 3. This leads to the
upper bound on the QNF probe,

m ≲ 10−13eV/c2 . (6.16)
In other words, we observe that applying static black hole QNFs as a direct probe into an agnostic extra-

dimensionalmodel demonstrates that QNFs cannot detect KKmasses beyond roughly m ∼ 10−13eV/c2. We
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Table 6.1: QNFs computed with the Dolan-Ottewill method as parametric deviations from GR

µ ω(ℓ, µ) δω δτ

0.0 0.4836− 0.0968i 0.0000 0.0000
0.1 0.4868− 0.0968i 0.0065 0.0113
0.2 0.4963− 0.0924i 0.0262 0.0473
0.3 0.5124− 0.0868i 0.0594 0.1149
0.4 0.5352− 0.0787i 0.1066 0.2302
0.5 0.5653− 0.0676i 0.1687 0.4306
0.6 0.6032− 0.0532i 0.2472 0.8206
0.7 0.6500− 0.0343i 0.3440 1.8181

note that particles of this mass correspond to light scalar hypotheses rather than the TeV-scale KKmasses of
typical extra-dimensional conjectures [3]. Additional examples are illustrated in Fig. 5.3 and the surround-
ing discussion.
However, there are a number of improvements that could be made to this preliminary study that may

lead to more stringent bounds, particularly in the application to other BSM scenarios. For example, we
would expectminor corrections from the use of themore astrophysically-relevant Kerr black hole space-time
and gravitational QNFs; this would be necessary for greater precision than the order-of-magnitude study
conducted in this work. More significantly, we recognise that this investigation was limited by the need
to adopt an agnostic approach to our pursuit of evidence of extra dimensions. As the LVK Collaboration
developsmore sophisticated andmodel-specific ringdown templates to test for parametric deviations in GR,
it would be interesting to observe how theoretical frameworks can be adapted to the question of searches
for extra-dimensional signatures in GWs.
A further point to consider is the application of our search for extra-dimensional signatures to other GW

experiments. Recall that massive fields are short ranged; from Section 2.3, the relationship between field
mass and Compton wavelength suggests that there is an effective observational cut-off at a distance which
is related to the Compton wavelength of the field. The observational window exists only when the mass is
very small and the wavelength is thus very large. As illustrated in Ref. [290], pulsar timing array observa-
tions by the likes of NANOGrav are sensitive to long-wavelength GWs (see Section 1.1), and therefore could
be sensitive to the extra-dimensional signatures generated in our Schwarzschild-nilmanifold setup.

In this chapter, we have explored the analysis techniques employed by the LVK Collaboration, in order
to provide a context for our study as well as to understand how QNMs are treated within the domain of
GW astronomy. In so doing, we have demonstrated that combining GW considerations with the numerical
approach to QNF calculations can lead to more stringent limits on the BSM parameter space that can be
explored. With this, we conclude our investigation into the QNMs of extra-dimensional scenarios.



Chapter 7

Conclusions

Within this thesis, we have explored the applications of black holes and their perturbations in the search
for a deeper understanding of fundamental physics as well as for evidence of new physics. As our inves-
tigations developed, we found that QNMs could be applied in several contexts: the more familiar, such as
superradiance and instability, as well as the more formal case of cosmic censorship and the exotic case of
detecting extra dimensions. In the spirit of GW astronomy, we have used QNFs as windows into different
physical phenomena.
For this reason, we began with an investigation into the scalar QNMs of a Schwarzschild black hole space-

time. This is the simplest black hole space-time in GR, with the scalar field acting as a proxy for the full non-
linear gravitational field. First we studied the effect of field mass on the QNF spectrum. This demonstrated
how mass can drive QNFs into the “quasiresonance” regime: beyond a certain field mass, QNFs become
arbitrarily long-lived and lose their QNM character. From Fig. 2.4, it can be seen that the corresponding
effective potential becomes suppressed; the potential barrier is made flat. We found that this occurred for
µ ≳ 0.6 when ℓ = 2 and n = 0.
Moreover, massive QNFs display “anomalous”QNMbehaviour formasses below a critical mass µcrit, first

shown here in Fig. 2.7. Recall that for scalar QNMs in a spherically-symmetric space-time, it is expected that
|Im{ω}| scales with ℓ [14, 47]. However, this relationship was only observed for heavier modes in Fig. 2.7.
This same “anomalous” behaviour for µ < µcrit was observed in the charged black hole case, provided q = 0
for the scalar field charge. For example, in Fig. 4.6, |Im{ωℓ=10}| > |Im{ωℓ=30}| for lower values of µ and
|Im{ωℓ=10}| < |Im{ωℓ=30}| for larger values of µ. In other words, only past µcrit do we observe “regular”
QNF behaviour.
To embark on a more in-depth investigation into the relationships between space-time parameters (black

hole mass M, black hole charge Q, and the cosmological constant Λ) and field parameters (scalar field mass
µ, scalar field charge q, and multipolar number ℓ), we elevated our discussion to the case of a charged scalar
QNM in the RNdS space-time. In so doing, we determined the maximum black hole mass for which a µcrit
exists in the case of massive charged scalar QNMs, at point N of Fig. 3.2 (i.e. (M, Q, Λ) = (1/

√
27, 0, 1))

corresponding to the uncharged Nariai solution. We have found that hole mass scales inversely with µcrit:
for M ∼ 0, µcrit ∼ 20 whereas for the maximum M ∼ 1/

√
27, we obtained the minimum µcrit ∼ 1.4. For

fixed values of M and Q, the value of µcrit decreases as we increase q.
Fromour analysis of the evolution of the potentialwithin the phase space, we found that a barrier potential

characteristic of QNM behaviour was shown to exist on the domain of the black hole exterior r+ < r <

rc for ℓ > 0 (with the “valley” suggestive of superradiant amplification suppressed or lying beyond the
cosmological horizon r = rc). The only exception to this could be found in extremised regions of the RNdS
parameter space, where the coalescence of horizons suppressed the potential (i.e. Figs 4.2 and 4.3) and the
ℓ = 0 case (see Fig. 4.1, where the “valley” falls within r+ < r < rc). With this in mind, we considered the
use of a WKB-based method for our computations of the QNFs within the RNdS space-time to be accurate
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enough to depict the trends in QNM behaviour, the goal of this investigation.
Finally, we note that in Section 3.3, the condition for the preservation of SCC was violated near M ∼

Q ∼ 0.089. For non-zero µ, black holes “colder” than the cosmological horizon were associated with SCC
violations. In fact, this question of whether large, cold black holes respect cosmic censorship has recently
been investigated in Ref. [257], where it was found that near-extremal charged black holes may collapse into
naked singularities during photon emission. This certainly invites further study, particularly concerning the
possible constraints we can consequentially apply to the black hole and the photon emitted, as well as the
possible implications this may have for SCC preservation.
In our final investigation, wehave considered a novel extra-dimensional setup comprised of a Schwarzschild

black hole embedded in a 7D product space-time whose extra dimensions form a nilmanifold built from
Heisenberg algebra. We have pursued a strategy for an extra-dimensional search using QNFs. By posi-
tioning the extra-dimensional contribution as an effective mass-like µ2 term in the QNM potential, we have
demonstrated through a numerical study a possible upper bound on this µ. For the scalar test-field and
Schwarzschild space-time background considered here, µ ≲ 0.6.

Then, by using searches for parametric deviations fromGR, we further constrain this probe to µ ≲ 0.3681.
Via Eq. (5.47), we demonstrate that this corresponds to mKK ≲ 10−13eV/c2. The limit provided in Eq. (6.15)
can therefore be interpreted as a detectability bound on the QNM probe into extra dimensions. In other
words, with currently available signals, we find that KK masses higher than roughly mKK ∼ 10−13eV/c2

cannot be detected with QNMs.
Taking into account the limitations of present-day GW astronomy and the available LVK infrastructure,

we have restricted our study, using dimensional analysis to determine an estimate onQNF sensitivity to new
physics. As the LVK Collaboration develops more sophisticated and model-specific ringdown templates to
test for parametric deviations in GR, it would be interesting to observe how theoretical frameworks can be
adapted to the question of searches for extra-dimensional signatures in GWs.
A further open question is to what extent can we apply such constraints to place bounds on the size and

number of extra dimensions. For example, a next step for this study could be to subject the mass spectrum
of the toy dark matter model studied in Ref. [128] to this result in order to extract tangible bounds on the
radius of the nilmanifold extra dimensions herein constructed. Moreover, a detailed investigation of the
propagation of GWs in nilmanifold spaces is reserved for a future work.
As acknowledged in Ref. [60], there has been substantial progress in GW research from the analytical,

numerical, and experimental fronts. GW phenomenology and our ability to perform precision-level testing
of GR, however, are still in their infancy. It is our hope that the simple setup we have provided here may be
refined as our understanding of the applicability of GW detection in fundamental physics grows, bringing
these tests to a new level of accuracy.



Appendix A

Philosophical and mathematical
preliminaries on cosmic censorship

Recall that a well-defined theory is predictable and deterministic. This innocuous statement, often an im-
plicit assumption in our scientific thinking, has been the source of ongoing debate within the spheres of
physics and philosophy alike. Through the Laplacian view of the universe [291], Werndl argues in Ref.
[292] that determinism is an ontological position while predictability is an epistemological one. In other
words, determinism is an inherent quality of the state, while predictability is our description of the state
which is confirmed retrospectively by our observations of the evolution of the state. Determinism is the
requirement that it evolves uniquely: the properties of a state are a direct consequence of its past and serve
as the cause of its future. This can be considered a fundamental axiom in quantummechanics, for example.
Predictability, on the other hand, is a close cousin of reproducibility: it is the requirement that this unique
evolution can be accurately described by the theory in place. Chaotic systems are then fine examples of
deterministic models that are unpredictable.
Within the context of GR, the integrity of determinism is called into question when we consider a black

hole interior within which a Cauchy horizon can be found [293, 294]. It is this question of determinism that
serves as the underlying principle of the SCC conjecture. Particularly amongmathematicians, the argument
concerns the evolution of the metric over the Cauchy horizon and the regularity conditions that must be sat-
isfied for the corresponding equations of motion tomake sense. To understand the evolution of these partial
differential equations and how regularity conditions influence the preservation of SCC, the massless scalar
field serves as a convenient proxy for the full non-linear Einstein field equations. As such, our discussion
shall lead to and then focus on the linear dynamics of a scalar field satisfying the massless Klein-Gordon
equation, interacting with RN and RNdS black hole space-times.
However, to venture into these formal arguments, there are a number of mathematical preliminaries that

must be specified first. To address these, we rely primarily on Refs [6, 7, 295].
Furthermore, when discussing the evolution of partial differential equations and the physical insights we

might glean from them, it is imperative that we do so in the appropriate linear space. Note also that the
principles of functional analysis usually employed for this purpose of interpreting the partial differential
equation problem can only be applied after the problem of interest has been restructured in the form,

A : X → Y , (A.1)

where A serves as the operator encoding the structure, boundary conditions, etc. of the partial differential
equation and X, Y are the spaces of functions. As we shall see, the appropriate space for the linear partial
differential equations we consider here is the “Sobolev space”.
Let us begin with the properties of smoothness and continuity. Generally, the “smoothness” of a function
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is a property related to the highest order of its continuous derivatives. Consider a function f defined on
an open set on the real line R. Let k ∈ Z+. The function f is of differentiability class Ck if its derivatives
f ′, f ′′, ..., f (k) exist and are continuous on R. The function f is at least in the differentiability class Ck−1 if
it is k-differentiable, as this implies f ′, f ′′, ..., f (k−1) exist and are continuous on U. C0 then denotes the
space of continuous functions, so functions that are continuous but not differentiable; C1 is the space of
continuously differentiable functions (i.e. functions whose derivative is continuous over R, such that f ′ is
of differentiability class C0). We can summarise this with the definition,

Definition A.1 (Differentiability class). A function f :M ⊂ Rn → R belongs to differentiability class Ck if it is
k-differentiable onM and its k-order gradient is continuous onM.

As such, f is considered to be in the class C∞, “smooth" or “infinitely differentiable", if its derivatives of all
orders exist and are continuous. For example, a C∞ function such as f (x) = e2x has continuous derivatives
to all orders. Formally, we can then define “smoothness”:

Definition A.2 (Smoothness). A smooth curve C on a manifoldM is a C∞ map of R intoM, C: R → M. At
each point p ∈ M lying on the curve C, we can associate with C a tangent vector T ∈ Vp. Then the derivative of the
function f ◦ C: R→ R evaluated at p is T( f ) = d( f ◦ C)/dt.

A function that does not meet this criterion is then considered “rough”.
We can see that there is a hierarchy of strictness in place, where higher values of k correspond to greater

strictness. Recall also that differentiability is a stronger condition than continuity. For our purposes, the
preservation of SCC hinges on the inextendability of the metric across the horizon: the strongest version
of SCC therefore corresponds to a case C0, where the metric cannot be extended continuously across the
horizon. As already mentioned, this condition is not satisfied for the RN black hole’s Cauchy horizon [225,
293].
In order to allow for a weakening of the condition for differentiability, it becomes necessary to introduce

the “weak derivative”, which we shall refer to simply as a generalisation of the derivative defined on the
space for functions that are integrable but not assumed to be differentiable. We can introduce the more
formal definition for a locally summable function v.

Definition A.3 (Weak partial derivative). Let us suppose that u and v are locally summable on the Lebesgue
space L1 u, v ∈ L1

loc(U), where U ⊂ Rn Suppose also that that α is a multi-index such that α = (α1, ..., αn) and
|α| = α1 + ... + αn. Then we can say that v is the αth-weak partial derivative of u,

Dαu = v , (A.2)

provided that for all test functions φ ∈ C∞
c (U),∫

U
dx uDα φ = (−1)|α|

∫
U

dx vφ . (A.3)

Note that the c subscript refers to compact support in U for the C∞ function φ:U → R. With this, we can
introduce the definition for the Sobolev space,

Definition A.4 (Sobolev space). Let us consider the open set U ⊂ Rn The Sobolev space Wk,p(U) consists of all
locally summable functions u:U → R such that for each multi-index |α| ≤ k, the weak derivative Dαu exists and
belongs to the space Lp(U) for a fixed 1 ≤ p ≤ ∞ and k ∈ Z+.

Upon introducing the norm to Wk,p(U),

||u||Wk,p(U) ≡ ∑
|α|≤k
||Dαu||

Lp(U)
, (A.4)
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Wk,p(U) becomes complete and Eq. (A.4) represents a Banach space. If we impose p = 2, k ∈ N0, and
U = Rn,

Hk(U) = Wk,2(U) ; (A.5)
Hk(U) is then a Hilbert space as well as a Banach space, and H0(U) = L2(U).
The Sobolev space is ideal for defining functions and their weak derivatives. As in Definition A.1, k relays

how differentiable a function is; p on the other hand tells us about a function’s integrability. Spaces with
larger k generally contain smoother functions whereas larger p implies more “roughness”. For many cases,
there is a trade-off between smoothness and integrability: a function that belongs to Wk,p(Rn) belongs to
certain Wℓ,q(Rn) where ℓ < k and p > q. For a sufficiently large k and p, the function can be classified as
classically differentiable.
To make precise our discussion on the nature of SCC and its preservation in various space-time con-

figurations, we must specify one final point: unless otherwise stated, throughout our discussion on cosmic
censorship, we consider the space-time (M, g) to be a 4D time-orientable Lorentzianmanifold. Sincewe rely
on the initial-value approach to GR to define the cosmic censorship conjectures, we cannot proceed without
introducing the concept of “maximal Cauchy development” through the theorem of Choquet-Bruhat and
Geroch (see Chapters 7.6 of Ref. [6] and 10.2 of Ref. [7]), viz.

Theorem A.5 (Maximal Cauchy development). Let Σ be a three-dimensional C∞ manifold, let hab be a smooth
Riemannianmetric onΣ, and letKab be a smooth symmetric tensor field onΣ. Suppose that the initial data (Σ, hab, Kab)

satisfy the vacuum constraint equations,

0 = DbKb
a − DaKb

b , (A.6)

0 =
1
2

(
(3)R + (Ka

a)
2 − KabKab

)
, (A.7)

where Da is the derivative operator associated with the metric hab. Then there exists a unique C∞ space-time (M, gab)

known as the maximal Cauchy development of (Σ, hab, Kab) that satisfies the following properties:

(i) (M, gab) is a solution to the Einstein field equations.

(ii) (M, gab) is globally hyperbolic27 with a Cauchy surface28 Σ.

(iii) hab and Kab are the induced metric and extrinsic curvature, respectively, of Σ.

(iv) A space-time (M′, g′ab) satisfying properties (i)− (iii) can be mapped isomterically into a subset of (M, gab).
To elaborate, suppose (Σ, hab, Kab) and (Σ′, h′ab, K′ab) are initial data sets with maximal developments (M, gab)

and (M′, g′ab), respectively. Suppose also that there is a diffeomorphism between S ⊂ Σ and S′ ⊂ Σ′ that
carries (hab, Kab) on S into and (h′ab, K′ab) on S′. Then D(S) in (M, gab) is isometric to D(S′) in (M′, g′ab).
Finally, the solution gab onM depends continuously on the initial data (hab, Kab) on Σ.

27A setN is said to be globally hyperbolic if for any two points p, q ∈ N , J+(p)∩ J−(q) is compact and contained inN . In other words,
J+(p) ∩ J−(q) does not contain any points on the edge of space-time i.e. at spatial infinity or at a singularity [6].

28A Cauchy surface Σ inM, gab) is a surface that is intersected exactly once by every inextendible null and time-like curve in (M, gab)
[211].



Appendix B

Horizons and conformal diagrams: the
Schwarzschild example

A black hole is distinguished from other compact bodies by two features: its event horizon and the singu-
larity it encloses [65]. Within this thesis, we consider the black hole through the (semi-)classical lens, such
that infalling matter that passes the event horizon becomes trapped within the horizon but matter therein
has no possibility of escape.29 Since the causal relationship between the black hole interior r < r+ and the
exterior space-time r > r+ prove fundamental to the physics herein pursued, we set aside this appendix to
contextualise some of the terminology used, particularly in Chapters 3, 4, and 6. To do so, we largely follow
Refs [6, 7, 66, 73] and refer to the simple case of a Schwarzschild black hole in asymptotically flat space-time
when necessary.
We may begin with a formal definition of the black hole in an isolated system, viz.

Definition B.1 (Black hole). Consider a causal and asymptotically flat space-time (M, g). The space-time is said to
contain a black hole ifM is not contained in J−(I +). Then the black hole region is defined as B ≡ M− J−(I +).
The event horizon is the boundary of B inM, H ≡ J−(I +) ∩M.

Here, I + refers to the future null infinity (see Table B.1) and J− represents the chronological past. As
such, the event horizon is the boundary of the past of I +; it is a null hypersurface comprised of future
inextendible null geodesics without caustics.
We refer to this black hole as “stationary”. For B to be stationary, there must exist a one-parameter group

of isometries30 on the space-time (M, gab) whose orbits are time-like. These isometries are generated by a
“Killing (vector) field” ξa that is unit time-like (i.e. ξaξa → −1) at infinity. A null surface K to which the
Killing field ξa is normal is referred to as a “Killing horizon”. By the “rigidity theorems” attributed to Carter
[296] and Hawking [6], the event horizon of a stationary black hole must be a Killing horizon.
Since ξaξa = 0 on K , the vector ∇b(ξaξa) is also normal to K , by definition. Then these vectors must be

proportional at every point on the surface K . As such, we can introduce the “surface gravity” κ through
the expression,

∇b(ξaξa) = −2κξb . (B.1)
where κ is constant along each generator [6, 296]. It can be shown [7, 73] that

κ = lim
r→r+

a(−ξaξa)
1/2 , (B.2)

29Note, however, that the event horizon is not a “trapped surface”: a closed, space-like 2-surface whose area decreases locally along any
future direction, even along outgoing null (light-like) geodesics [211]. For stationary black holes, the event horizon is considered as
the boundary of the region containing the trapped surface.

30Recall: an isometry i :M→M on a space-time (M, g) is a diffeomorphism that leaves the metric invariant.
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where a is the magnitude of the acceleration of the orbits of (time-like) ξa in the region outside K . The use
of the term “surface gravity” for κ arises from the interpretation of (−ξaξa)1/2 as a “gravitational redshift
factor”, such that κ serves as the “redshifted proper acceleration” of the orbits of ξa near the horizon.

Finally, we introduce the “bifurcate Killing horizon”: a pair of null surfaces KA and KB that intersect on
a space-like 2-surface S , the “bifurcation surface”, such that KA and KB are each Killing horizons with
respect to the same Killing field ξa. It then follows that ξa must vanish on S . Assuming a non-zero κ, the
event horizon of a “maximally-extended” black hole comprises a branch of a bifurcate Killing horizon (see,
for example H +

R and H −
R of Figure B.1) [73]. The “extremal” black holes for which κ+ = 0, on the other

hand, do not possess this bifurcate event horizon.
Now that we have clarified our approach to black holes and their horizons, let us proceed to a discussion

on the causal relationships between the regions of space-time they establish. A key visual aide in this is
the “conformal space-time diagram”. Known also as “Carter-Penrose diagrams”, these were introduced
by Brandon Carter and Roger Penrose to illustrate the structure of infinitely-large black hole space-times.
These 2D projections are particularly useful as a concise geometric representation of space-time regions and
the causal relationships between them, with key features such as event horizons and singularities clearly
delineated. As demonstrated in our discussions on scattering in Section 2.1.1 and cosmic censorship in
Section 3.3, conformal diagrams allow us to visualise complex field behaviours within curved space-times.
In this section, we provide a brief overview of the construction of these space-time diagrams, using the
maximally extended Schwarzschild solution as an example and following Refs [6, 7, 10].
Without loss of information, the conformal diagrammust capture the characteristics of the (3+ 1)-dimensional

space-timewith a (1+ 1)-dimensional diagram. In the case of spherically-symmetric black holes, we are able
to suppress the angular dimensions (θ, ϕ)while maintaining the integrity of the global and causal structure
of the space-time. To do so, a coordinate transformation must be introduced such that

⋆ radial light rays are always at ±45◦ from the vertical axis (recall that c = 1);
⋆ points in the infinite past or future lie at a finite coordinate distance, at the boundary of the diagram.

In other words, the infinite space-time must be transformed into a finite diagram, with angles preserved but
distances compactified. This is possible through a conformal rescaling of the metric,

gµν(xµ)→ gµν(xµ) = Ω(xµ)2gµν(xµ) . (B.3)

Locally, the metric on the conformal diagram is then conformally equivalent to the metric of the space-time
depicted. Under such a conformal rescaling, the causal nature of a curve or vector field remains invariant: a
vector field is space-like with respect to gµν(xµ) if it is space-like with respect to gµν(xµ); a curve is time-like
with respect to gµν(xµ) if it is time-like with respect to gµν(xµ).

With these underlying ideas in place, let us proceed to the construction of the diagram itself. We begin
with the introduction of new coordinates, motivated by the motion of physical particles. These are the
advanced and retarded Eddington-Finkelstein coordinates, defined respectively as

u = t− r⋆ and v = t + r⋆ . (B.4)

Here, t and r⋆ represent the Schwarzschild time coordinate and the tortoise coordinate, respectively. If we
treat v as a new time coordinate, we can rewrite the metric in the form of ingoing Eddington-Finkelstein
coordinates,

ds2 = −
(

1− 2M
r

)
dv2 + 2dvdr + r2dΩ2

S2 . (B.5)

Upon rewriting the (t, r)-component of the Schwarzschild metric in terms of both v and u, we obtain

ds2 = −
(

1− 2M
r

)
dudv , (B.6)
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Table B.1: Notation for asymptotic regions depicted in a standard conformal space-time diagram.

Region Symbol Coordinates
Schwarzschild Eddington-Finkelstein

Past horizon H − t→ −∞, r⋆ → −∞ v→ −∞, finite u
Future horizon H + t→ +∞, r⋆ → −∞ finite v, u→ +∞
Past null infinity I − t→ −∞, r⋆ → +∞ finite v, u→ −∞

Future null infinity I + t→ +∞, r⋆ → +∞ v→ +∞, finite u

with r = r(u, v). Radial light rays correspond to du dv = 0; ingoing light rays follow curves of constant
v while outgoing light rays follow curves of constant u. For r > 2M, outgoing light rays move towards
larger r while for r < 2M, the move towards smaller r; for this reason, any observer following a time-like
worldline eventually hits the space-like singularity r = 0. With these asymptotic behaviours in mind, we
can summarise the asymptotic regions of the space-time using the notation provided in Table B.1.
Let us now proceed to the construction of the conformal diagram. To do so, we introduce the Kruskal

coordinates,

X =
1
2

(
ev/4M + e−u/4M

)
= (r− 2M)1/2er/4M cosh

t
4M

, (B.7)

T =
1
2

(
ev/4M − e−u/4M

)
= (r− 2M)1/2er/4M sinh

t
4M

, (B.8)

X2 − T2 = (r− 2M)1/2er/2M . (B.9)

Here, ev/4M and e−u/4M are affine parameters along the outgoing and ingoing null geodesics, respectively.
We may then rewrite Eq. (B.6) as

ds2 =
32M3

r
e−r/2M(−dT2 + dX2) . (B.10)

Due to the symmetries of the (X, T)-plane, each surface of constant ris represented twice − two hyperbolas
have the same value of r. As a result, there are event horizons at T = ±X, an asymptotic region for X ≫ 0
and for X ≪ 0, as well as a r = 0 singularity for T > 0 and for T < 0. These symmetries prove useful in the
maximally-extended conformal diagram presented in Fig. B.1.
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Figure B.1: Conformal diagram for the maximally-extended Schwarzschild space-time.
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With a conformal rescaling of Eq. (B.10), we can generate Fig. B.1. Regions I and II are covered by
the ingoing Eddington-Finkelstein coordinates of Eq. (B.5), where Region II is the black hole interior and
Region I is the exterior asymptotically flat space-time. Here, H +

R and H −
R represent the future and past

event horizons, respectively; they intersect at the bifurcation two-sphere S . Hence, H +
R and H −

R are each
branches of a bifurcate Killing horizon, and share an equivalent surface gravity κ+.

When we discuss black holes formed from gravitational collapse, we consider only Regions I and II. Like
Region I, Region IV is asymptotically flat, but it is causally disconnected from Region I. Region III is referred
to as a “white hole”: in antithesis to a black hole, it is an object from which information can escape but
cannot enter. Regions III and IV are therefore treated as unphysical.



Appendix C

The Nariai black hole solution

The NU line of Fig. 3.2 is referred to in the text and literature as the “charged Nariai branch". While we
loosely refer to it in the diagram as the solution for which r+ = rc, the horizons do not actually meet but
instead become infinitesimally close. This is demonstrated explicitly in this appendix. Due to its relevance
to the FL bound, we begin with a short discussion on the Nariai solution and how it relates to black holes in
de Sitter space-time. The (uncharged) Nariai solution was constructed in 1950 [297, 298] from the isotropic
form of the line element,

ds2 = −eν(r)dt2 + eµ(r)(dr2 + r2dθ2 + r2 sin2 θdϕ2) . (C.1)

Assuming a homogenous static universe with spherical symmetry, Nariai determined that

ds2 =
1
Λ

[
−(A cos{log r}+ B sin{log r})2dt2 +

1
r2 (dr2 + r2dθ2 + r2 sin2 θdϕ2)

]
, (C.2)

for arbitrary constants A and B, satisfied the Einstein field equations for an empty universe with a non-zero
cosmological constant. We can reformulate this into a more tractable expression with the introduction of a
few transformations [298], viz.

t = τ

(
Λ

A2 + B2

)1/2
,

r = exp
{
± χ + tan−1

{
B
A

}}
, (C.3)

r1 = L sin{χ} ,

where L2 = 1/Λ. Upon setting these transformations into Eq. (C.2), we obtain

ds2 = − cos2 χdτ2 + L2(dχ2 + dΩ2) , (C.4)

for dΩ2 = dθ2 + sin2 θdϕ2. Since sin χ = r1/L, we can rewrite this expression as

ds2 = −
(

1− r2
1

L2

)
dτ2 +

(
1− r2

1
L2

)−1

dr2
1 + L2dΩ2 . (C.5)
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We can compare this to the purely de Sitter solution, where L2
dS = 3/Λ,

ds2 = − cos2 χdτ2 + L2
dS(dχ2 + sin2 χdΩ2) , (C.6)

= −
(

1− r2
1

L2
dS

)
dτ2 +

(
1− r2

1
L2

dS

)−1

dr2
1 + r2

1dΩ2 . (C.7)

For the purely radial case (dΩ2 = 0), Eq. (C.5) is nearly identical to pure de Sitter space. The Nariai space-
time is spherically-symmetric, homogeneous and locally static; it is not isotropic or globally static. It has the
geometry dS2 × S2 and a topology R× S1 × S2. The space-time satisfies Rµν = Λgµν, where Λ = 1/L2, and
has constant Ricci scalar curvature, R = 4Λ. Furthermore, the space-time is symmetric Rµνρσ;τ = 0 (see also
Refs [200, 299–301] for further discussion).
Under a particular limiting procedure, Ginsparg and Perry [302] showed that the Nariai solution can be

generated as the event and cosmological horizons of the Schwarzschild de Sitter approach one another: the
extremal Schwarzschild de Sitter black hole, where M = 1/

√
9Λ, is often referred to as the “Nariai limit".

Analogously, Hawking and Ross [303] obtained the charged Nariai solution of Bertotti [304] and Robinson
[305] as a limiting case of the RNdS black hole.
Along the NU branch of Fig. 3.2, the proper distance between the two outer horizons remains finite in

the r+ → rc limit, such that r+ → ϱ− ϵ and rc → ϱ + ϵ [81, 197, 303]. This is best illustrated by a change
in coordinates, where we use the example from Ref. [91] that allows for a smooth transition of the black
hole from a regular to extremal state. There, the coordinate r = rg is introduced, at which the competition
between the gravitational attraction of the black hole and the accelerating expansion of the universe cancel
and f (rg) = f ′(rg) = 0. A “geodesic observer" situated at this point travels along a time-like Killing vector
field which is also a geodesic. Suppose we let

ρ→ r− rg√
| f (rg)|

, τ →
√
| f (rg)| t . (C.8)

The metric then becomes

ds2 = − f (r)√
| f (rg)|

dτ2 +

√
| f (rg)|
f (r)

dρ2 + r2dΩ2 , (C.9)

and the magnitude of the electric field is unchanged.
From the perspective of the geodesic observer, the two horizons become infinitesimally close along the

NU branch, but they do not collide or overlap. There,

U(r)
U(rg)

→ 1− ρ2

L2
dS2

, r2 → r2
c . (C.10)

This produces the dS2 × S2 metric,

ds2 = −
(

1− ρ2

L2
dS2

)
dτ2 +

(
1− ρ2

L2
dS2

)−1

dρ2 + r2
c dΩ2 , (C.11)

where
L2

dS2
=

2
f ′′(rc)

=
1
6

(
1√

1− 12Q2
+ 1

)
=

(
3− Q2

r4
c

)−1

. (C.12)
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The corresponding S2 radius on the NU branch is

rc(Q) =

√
1
6

(
1 +

√
1− 12Q2

)
. (C.13)

We can see that this is equivalent to the value of the cosmological horizon rc in Eq. (3.22).



Appendix D

Quasinormal excitation factor
computation at leading-order

In appendix A of Ref. [50], the method for the computation of the QNEF at leading-order is briefly out-
lined. In the interest of clarifying the procedure employed by Dolan and Ottewill, we review and explain
the method in this appendix. As explained in Section 2.4, Dolan and Ottewill’s method is characterised by
a breakdown at the critical orbit r = rc = 3M. To circumvent this, the solution space for the QNM wave-
function is divided into an “interior” region near r = 3 and “exterior” regions defined by r > (3 + ϵ′) and
r < (3− ϵ′) for some infinitesimally-small ϵ′. While the exterior solution is based on the photon-sphere
arguments of the QNF calculation made in Refs [50, 156], the interior solution follows the low-order WKB
method of Refs [151, 152]; specifically, the interior solution reduces to the asymptotic form of the parabolic
cylinder function ψ1 ∼ Da((−1 + i)z).
The first step of the Dolan-Ottewill procedure is the introduction of a perturbation factor into the QNF

series expansion Eq. (2.43). At leading order,

ω̃ℓn = ωℓn + ϵ ≈ ω
(0)
ℓn + ϵ = ω−1L + ω0 + ϵ . (D.1)

Note that we refer to the “lowest-order” QNF as ω
(−1)
ℓn = ω−1L = L/

√
27 and the “leading-order” QNF as

ω
(0)
ℓn = ω−1L + ω0 = (L− iN)/

√
27. Furthermore, we make use of the superscript “(k)" to represent the

“order" of each function or variable. Throughout, we indicate variables or functions subjected to a perturba-
tion with an overhead tilde “∼". We distinguish between terms independent of ϵ and coupled to ϵ as being
of order O(ϵ0) and of order O(ϵ), respectively. Note also that ϵ is not related to ϵ′.

D.1 Interior solution: using parabolic cylinder function

We begin by introducing ℓ = L− 1/2 and the ansatz uℓω(r) = f−1/2ψ into[
d2

dr2
⋆
+ ω2 − f (r)

(
ℓ(ℓ+ 1)

r2 +
2M
r3

)]
uℓω(r) = 0 . (D.1.1)

This yields

f 3/2ψ′′ +
2M
r3 f 1/2ψ +

M2

r4 f−1/2ψ +

[
ω2 − f

(
L2 − 1/4

r2

)
− f

2M
r3

]
( f−1/2ψ) = 0 ,

104
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which we multiply by f−3/2 to obtain

d2ψ

dr2 + U(r)ψ = 0 , U(r) = f−2
[

ω2 − f
(

L2 − 1/4
r2

)
+

M2

r4

]
. (D.1.2)

Let us now set M = 1. Then consider the lower-order change of variables

r = 3 +

√
3
L

z , (D.1.3)

and the first two terms of Eq. (2.43) evaluated at the leading-order QNF,

(ω
(0)
ℓn )2 ≈ (ω−1L + ω0)

2 =
1

27
L2 +

2ω0L√
27

+ ω0
2 . (D.1.4)

Substituting these into Eq. (D.1.2) and extracting the dominant r-term, viz. f−2ω2, produces the potential

U(r) =
(

2
√

3ω0 +
z2

3

)
L +O(L1/2) (D.1.5)

at leading order (O(L1)). Eq. (D.1.2) can then be written as

d2ψ

dz2 +
(

2
√

27ω0 + z2
)

ψ = 0 ; (D.1.6)

upon the replacement of ω0 with the perturbed leading-order Eq. (D.1), we obtain

d2ψ

dz2 + (−2iN + 2
√

27ϵ + z2)ψ = 0 . (D.1.7)

Note that an equivalent expression was determined in Ref. [55] using arguments based on the WKB results
of Ref. [153]. Eq. (D.1.7) leads us to two independent solutions that can be expressed in terms of the
parabolic cylinder functions [151, 152, 164],

ψ1 = Dn+η [z(−1 + i)] , (D.1.8)
ψ2 = Dn+η [z(+1− i)] . (D.1.9)

Here, n is the overtone number and η = iϵ
√

27. The asymptotic behaviour of Eq. (D.1.8) is given by

ψ1 ∼


2(n+η)/2e− iπ(n+η)/4|z|(n+η)e+iz2/2 , z→ −∞ ,

2(n+η)/2e+3iπ(n+η)/4|z|(n+η)e+iz2/2

− (2π)1/2

Γ(−(n + η))

e+iπ(n+η)e−iz2/2

e3iπ(n+η+1)/4 2(n+η+1)/2 |z|(n+η+1)
, z→ +∞ .

(D.1.10)

The appropriate solution for this physical context is ψ1: as z→ ∞, the two terms of ψ1 correspondproperly
to outgoing and ingoing waves; ψ2 on the other hand has both outgoing and ingoing parts for z→ −∞. To
satisfy the requirement that waves are purely ingoing at the horizon, ψ2 cannot be used so we employ ψ1
only.
We then take the lowest-order approximation in ϵ (through η = iϵ

√
27 → 0), such that Eq. (D.1.10)
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becomes

ψ1 ∼


2n/2e− iπn/4|z|ne+iz2/2 , z→ −∞

2n/2e+3iπn/4|z|ne+iz2/2 + η
(2π)1/2Γ(n + 1)e−iz2/2

e3iπ(n+1)/4 2(n+1)/2 |z|(n+1)
, z→ +∞ .

(D.1.11)

D.2 Exterior solution: using the Dolan-Ottewill ansatz

We utilise the Dolan-Ottewill ansatz introduced in Eq. (2.42),

u±(r) = exp

{
± iω

∫ r

3

(
1 +

6
r

)1/2 (
1− 3

r

)
dr⋆

}
v±(r) , (D.2.12)

where the “±" superscripts indicate that we take into account the two types of boundary conditions in the
exterior region. The “+" sign represents the purely ingoingwave near the event horizon andpurely outgoing
wave at spatial infinity. These are the QNM boundary conditions; as such, only u+ corresponds to QNMs.
On the other hand, the “−" sign represents the purely outgoing wave near the event horizon and the purely
ingoing wave at spatial infinity. Note carefully, however, that under the perturbation of the QNFs as in Eq.
(D.1), the first order correction of the ingoing coefficient in thematching region also contributes to the study
of QNEFs. As such u− is required to provide a linear combination of in- and outgoingwaves in thematching
region. With this setup, the subsequent wave equation is given by

f
d2v±

dr2 +

[
2
r2 ± 2iω

(
1 +

6
r

)1/2 (
1− 3

r

)]
dv±

dr
+

[
27ω2 − L2

r2 ± 27iω
r3

(
1 +

6
r

)−1/2
+

1
4r2 −

2
r3

]
v± = 0 .

(D.2.13)
Near the critical orbit r = rc = 3, we can make the approximation by taking z = r(1− 3/r)

√
L/3 from Eq.

(D.1.3),

exp

{
± iω

∫ r⋆

3

(
1 +

6
r

)−1/2 (
1− 3

r

)
dr⋆

}
≈ exp{±iz2/2 +O(L−1)} . (D.2.14)

With this, we have the exponential component of u±. At leading order, v±(r) of Eq. (D.2.13) reduces to

v±(0)(r) ≈ exp
{

S̃±0n(r)L0} . (D.2.15)

For each side of the potential barrier, the perturbed S̃±0n(r) functions may be written as:

S̃+
0n = S0n(r) + ηZ0(r) , (D.2.16)

S̃−0n = S0n(r)− [2N + η] Z0(r) . (D.2.17)

To determine S0n(r), we substitute the leading-order expression for vℓn(r) into Eq. (2.48) and solve for
dS0n/dr. We then integrate over r. Recall that to determine an explicit expression for dS0n/dr, we need to
introduce ω to order O(L−k). As such, for dS0n/dr, we evaluate the function at ωℓn = (L− iN)/

√
27. Note

that this leading-order expression is independent of the spin of the perturbing field.
Similarly, for S̃±0n we insert ω → ω̃ℓn = (L− i/2)/

√
27 + ϵ and Eq. (D.2.15) into Eq. (D.2.13). After the

integration, the term linear in ϵ (i.e. the O (ϵ) term) in Eq. (D.2.16) can be realised as ϵdZ0/dr. We then
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integrate this term with respect to r and impose that Z0(r)→ 0 as r → 2. As such,

dZ0(r)
dr

=

√
27

r2(1− 3
r )
√

1 + 6
r

(D.2.18)

⇒ Z0(r) = ln |r− 3| − ln(3 + 2r +
√

3r(r + 6)) + ln ξ , (D.2.19)

where ξ =
(

2 +
√

3
)2

. Note that Z0(r) is also independent of the spin of the field and the overtone number.
We emphasise that solving for S̃−0n, following the same procedure, yields S0n(r) and [2N + η]Z0(r); S0n(r)
contributes terms of order O(ϵ0) while [2N + η]Z0(r) contributes terms of both O(ϵ0) and O(ϵ). Using
η =
√

27iϵ and y =
√

1 + 6/r, the explicit expressions for Eqs. (D.2.16) and (D.2.17) may produced as

S̃+
0n =

1
2

ln
{

2
y

}
+ 2N ln

{
2 +
√

3
y +
√

3

}
+ η ln

{
r− 3

3 + 2r +
√

3yr
ξ

}
(D.2.20)

S̃−0n =
1
2

ln
{

2
y

}
+ 2N ln

{
2 +
√

3
y +
√

3

}
− [2N + η] ln

{
r− 3

3 + 2r +
√

3yr
ξ

}
. (D.2.21)

We then apply the change of variables from Eq. (D.1.3) into S0n(r) and Z0(r), and impose z/
√

L → 0 (for
|z| ≫ 1). This yields31

S0n(z) ≈ ln

{(
4
3

)1/4 ( ξ

12

)N
}

, (D.2.22)

Z0(z) ≈ ln
(

ξ|z|
2
√

27L

)
. (D.2.23)

Finally, we substitute the above approximations into Eq. (D.2.12) to obtain the asymptotics of u±,

u+(0) ≈ e+iz2/2 ×
(

1− 3
r

)n
exp{S0n(z) + ηZ0(z)} ,

≈
√

2e+iz2/2
( z

L1/2

)n
(

ξ

4
√

27

)N ( ξ|z|
2
√

27L

)η

, (D.2.24)

u−(0) ≈ e−iz2/2 ×
(

1− 3
r

)n
exp{S0n(z)− [2N + η]Z0(z)}

≈
√

2e−iz2/2
( z

L1/2

)−(n+1)
(

ξ√
27

)−N ( ξ|z|
2
√

27L

)−η

. (D.2.25)

D.3 Matching procedure

We now match the solutions for the regions r ∼ 3, r > (3 + ϵ′), and r < (3− ϵ′). These correspond to the
solutions u(0)

r=3, u(0)
r>3, and u(0)

r<3, respectively. As an aside: note that for the interior solution, uℓω = f−1/2ψ.
At leading order, Dolan and Ottewill approximate this as uℓω ∼ ψ. In Section 2.4, we shall see that this
“prefactor” from the metric function contributes non-negligibly at higher orders. Here, for the region near
r = rc = 3, we have already justified that the ψ1 is the appropriate choice for the interior solution, such that

u(0)
r=3 ≈ ψ

(0)
1 Dn+η(z(−1 + i)) . (D.3.26)

31In Eq. (D.2.23), we include the ξ missing from Eq. (A25) of the original work (c.f. the wavefunction of Eq. (A26) in Ref. [50], where
ξ is included once again).
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Then for the asymptotic regions,

u(0)
r<3 = C(0)

in u+(0) , (D.3.27)
u(0)

r>3 = B(0)
outu

+(0) + B(0)
in u− (0) (D.3.28)

for z → −∞(r < 3) and z → +∞(r > 3), respectively. For the former, we determine C(0)
in by matching ψ1

for z → −∞ of Eq. (D.1.10) to Eq. (D.2.24). For the latter, we determine B(0)
out by matching the first term

of Eq. (D.1.10) for z → +∞ with Eq. (D.2.24) and B(0)
in by matching the second term of Eq. (D.1.10) for

z → +∞ with Eq. (D.2.25). Note that these asymptotic limits for z are set for “mathematical convenience";
the exact matching region is described by a sufficiently large |z| with a finite (sufficiently small) |z|/

√
L.

This is because ϵ′ ∼ z/
√

L, as presented in Eq. (D.1.3). With this in place, the matching region shall satisfy
both interior and exterior solutions. We elaborate upon this in Section 2.4.4.
Explicitly, for C(0)

in ,

ψz→−∞ = C(0)
in u+(0)

2n+ηe−iπ(n+η)/4e+iz2/2 = Cin
√

2e+iz2/2
( z

L1/2

)n
(

ξ

4
√

27

)N ( ξ|z|
2
√

27L

)η

,

and by imposing η → 0 : C(0)
in = 22n2(n+1)/2Ln/2

(
ξ√
27

)−N
e−iπn/4 . (D.3.29)

Similarly, for B(0)
out, we use the e+iz2/2 term of Eq. (D.1.10) to obtain

ψ
(0)
z→+∞ = B(0)

outu
+(0)

2(n+η)/2e+3iπ(n+η)/4|z|(n+η)e+iz2/2 = B(0)
out

√
2e+iz2/2

( z
L1/2

)n
(

ξ

4
√

27

)N ( ξ|z|
2
√

27L

)η

,

and by imposing η → 0 : B(0)
out = (−1)nC(0)

in . (D.3.30)

Note how we have exploited e+3iπn/4 = eiπn−iπn/4, where (eiπ)n = (−1)n, to express B(0)
out as a function of

C(0)
in . Finally, for B(0)

in we use the e−iz2/2 term of Eq. (D.1.10) and Eq. (D.2.25).

ψ
(0)
z→+∞ = B(0)

in u−(0)

− (2π)1/2

Γ(−(n + η))

e+iπ(n+η)e−iz2/2

e3iπ(n+η+1)/4 2(n+η+1)/2 |z|(n+η+1)
= B(0)

in

√
2e−iz2/2

( z
L1/2

)−(n+1)
(

ξ√
27

)−N ( ξ|z|
2
√

27L

)−η

up to order O(ϵ) : η
(2π)1/2Γ(n + 1)e−iz2/2

e3iπ(n+1)/4 2(n+1)/2 |z|(n+1)
= B(0)

in

√
2e−iz2/2

( z
L1/2

)−(n+1)
(

ξ√
27

)−N
.

(D.3.31)

Note in particular the use of the property (Γ(−(n + η)))−1 = +η Γ(n + 1). Through a number of algebraic
manipulations to accommodate the introduction of the expression for C(0)

in , we find that

B(0)
in = ϵΓ(n + 1)2−nL−n

(
27π

iL

)1/2
e−iπn/2

(
ξ

2
√

27

)2N
C(0)

in , (D.3.32)

where we have corrected a minor typographical error in the original work by including the C(0)
in omitted

from Eq. (A34) of Ref. [50].
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D.4 Ingoing and outgoing coefficients

To compute the in-going and out-going coefficients, A±(0)ℓn , we require the contribution from the “phase
factors” [50]:

α
(0)
1 = exp

{
+ iω

∫ r=2

r=3

(
1 +

6
r

)1/2 (
1− 3

r

)
dr
f

}
exp{+iωr⋆}

= exp{iω[6−
√

27 + 8 ln 2− 3 ln ξ]} , (D.4.33)

β
(0)
1 = exp

{
+ iω

∫ r=∞

r=3

(
1 +

6
r

)1/2 (
1− 3

r

)
dr
f

}
exp{−iωr⋆}

= exp{iω[3−
√

27 + 4 ln 2− 3 ln ξ]} , (D.4.34)

γ
(0)
1 = exp

{
− iω

∫ r=∞

r=3

(
1 +

6
r

)1/2 (
1− 3

r

)
dr
f

}
exp{+iωr⋆} = 1/β

(0)
1 , (D.4.35)

α
(0)
2 = lim

r→2
eS̃+

0n = 1 , (D.4.36)

β
(0)
2 = lim

r→∞
eS̃+

0n = 21/2
(√

ξ/2
)N

, (D.4.37)

γ
(0)
2 = lim

r→∞
eS̃−0n = 21/2

(
2
√

ξ
)−N

. (D.4.38)

At leading order and evaluated at the perturbed QNF of Eq. (D.1),

A+(0)
ℓn

∣∣∣
ω→ω̃

(0)
ℓn

=
β
(0)
1 β

(0)
2

α
(0)
1 α

(0)
2

B(0)
out

C(0)
in

≈ 21/2(−1)n
(√

ξ

2

)N

exp{−iω(0)
ℓn [3 + 4 ln 2] +O(ϵ)} , (D.4.39)

since exp{3πin/4 + πin/4} = (eiπ)n = (−1)n. Then, evaluating at the perturbed QNF of Eq. (D.1),

A−(0)ℓn

∣∣∣
ω→ω̃

(0)
ℓn

=
γ
(0)
1 γ

(0)
2

α
(0)
1 α

(0)
2

B(0)
in

C(0)
in

≈ ϵΓ(n + 1)2−nL−n
(

27π

iL

)1/2 ( ξ

2
√

27

)2N
21/2

(
2
√

ξ
)−N

e−inπ/2

× exp{−iω(0)
ℓn [9− 2

√
27 + 12 ln 2− 6 ln ξ] +O(ϵ)} . (D.4.40)

From Eq. (D.4.40), it is clear that the in-going coefficient at orderO(ϵ0) vanishes; it is from the perturbation
in the QNF (see Eq. (D.1)) that we obtain a non-zero contribution from A−(0)ℓn . Eq. (D.4.40) can be viewed
as a Taylor-expansion of A−(0)ℓn with respect to ω̃

(0)
ℓn around the QNF ω

(0)
ℓn . We can demonstrate this explicitly

by writing the full perturbed expression for A−(k)ℓn ,

A−(k)ℓn |
ω→ω̃

(k)
ℓn

= 0 + ϵ

(
∂A−(k)ℓn

∂ω

) ∣∣∣∣∣
ω→ω

(k)
ℓn

+O(ϵ2). (D.4.41)

In this case, Eq. (D.4.40) is naturally of order O(ϵ) and higher, where the coefficient of ϵ shall be the first
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partial derivative term of A−(k)ℓn evaluated at ω
(k)
ℓn . That is, for the leading order herewith studied,(

∂A−(0)ℓn
∂ω

) ∣∣∣∣∣
ω→ω

(0)
ℓn

= Γ(n + 1)2−nL−n
(

27π

iL

)1/2 ( ξ

2
√

27

)2N
21/2

(
2
√

ξ
)−N

e−inπ/2

× exp{−iω(0)
ℓn [9− 2

√
27 + 12 ln 2− 6 ln ξ]} . (D.4.42)

The O(ϵ2) term will not contribute to the evaluation of the QNEFs. This is also the justification for main-
taining A−(k)ℓn only up to order O(ϵ) for our higher-order L−k results.

D.5 The leading-order quasinormal excitation factor

As shown in Eq. (2.25), the QNEF at order Lk is defined as

B(k)ℓn ≡
A+(k)
ℓn
2ω

(
∂A−(k)ℓn

∂ω

)−1 ∣∣∣∣∣
ω→ω

(k)
ℓn

(D.5.43)

Using the expressions for Eqs. (D.4.39) and (D.4.40), we find that the leading-order QNEF for general n
becomes

B(0)ℓn =
(−iL)n−1/2

n!(
√

27ω
(0)
ℓn /L)

exp{2iω(0)
ℓn ζ}√

8π

(
216

ξ

)n+1/2
, (D.5.44)

where we make use of the constant defined in Ref. [50],

ζ = 3−
√

27 + 4 ln 2− 6 ln
(

2 +
√

3
)

, (D.5.45)

and the property Γ(n + 1) = n!. This is precisely Eq. (A34) of Ref. [50], where we have corrected a minor
typographical error in the denominator. Note, however, that the QNEF result quoted in the main text of Ref.
[50], Eq. (31), can be obtained by substituting ω

(0)
ℓn ≈ (L− iN)/

√
27 into the exp{2iω(0)

ℓn ζ} of Eq. (D.5.44),
but only with the lowest-order ω

(−1)
ℓn ≈ L/

√
27 term being in the denominator. For the associated Fig. 4 of

Ref. [50], the values plotted correspond to Eq. (D.5.44) evaluated at ω
(0)
ℓn ≈ (L− iN)/

√
27 for n = 0, viz.

B(0)ℓn =

(
i
L

)1/2 B e2iζL/
√

27

1− i(n+ 1
2 )

L

(−iκL)n

n!

∣∣∣∣∣
n=0

=

(
i
L

)1/2 B e2iζL/
√

27

1− i
2L

, (D.5.46)

B =

(
27
ξπ

)1/2
eζ/
√

27 , κ =
216e2ζ/

√
27

ξ
,

where we have made use of the constants B and κ introduced in Ref. [50]. We simplify Eq. (D.5.46) further,

B(0)ℓ0 =

(
exp{2iω(0)

ℓ0 ζ}
ω
(0)
ℓ0

) √
L(

2 +
√

3
)√
−iπ

 , (D.5.47)

where ω
(0)
ℓ0 = ω−1L + ω0 refers to the QNF for n = 0 at leading order L(0).



Appendix E

Perturbed components of the QNM
wavefunction at higher orders

For convenience and reproducability, we list the explicit perturbed S̃±k0 functions for the fundamental QNM,
discussed in Section 2.4.3 and featured in Eq. (2.104):
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Upon imposing r → rp + α−1z and the limit ϵ → 0, we can derive the asymptotics thereof, which con-
tribute to Eqs (2.105) and (2.106):
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Appendix F

Details on the semi-classical method

When considering massive charged QNMs oscillating on the RNdS space-time, there are a number of free
parameters that must be taken into account for the scalar QNF (µ, q, ℓ, n) and the black hole space-time
(M, Q, Λ). To calculate the QNFs, we choose to make use of the semi-classical method of González et al. as
it produces the QNF in the form of a series expansion in L, such that these black hole and scalar field input
variables are left as free parameters (i.e. charges and masses do not need to be pre-defined, as is the case
in a variety of other methods [47, 160]). In this way, black hole and scalar field input parameters can be
substituted in after the iterative procedure has been applied, therefore allowing for a complete scan of the
available phase space for a number of different combinations of variables.
For N = n+ 1/2 and the derivative V j takenwith respect to a generalised tortoise coordinate, we compute

the values of the QNF series terms using Eqs (4.18-4.20) [238, 249], for which
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as first derived in Eq. (1.5b) of Ref. [153]. The coefficients featured in the series expansion Eq. (4.19) are

r0 ≈ 3M− 2Q2
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Similarly, the contributions to the series expansion of the potential Eq. (4.19) are
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The first term in the QNF series expansion is given by

ω0 ≈
qQ
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We perform a crude error estimation using ∆ωLk = |ωLk −ωLk−1 |/2 for order k, and tentatively consider
the decreasing error for increasing k as indicative of convergence (see Table F.1).

Table F.1: Error estimation for the WKB-based method used in Chapter 4, with M = Q = 0.1 and LdS = 1.
ℓ Re{ωL2} Im{ωL2} ∆Re{ωL0} ∆Im{ωL0} ∆Re{ωL1} ∆Im{ωL1} ∆Re{ωL2} ∆Im{ωL2}
1 3.2120 −0.9823 1.5160 0.4570 0.1808 0.4570 0.1808 0.0683
2 5.3550 −0.9367 2.6250 0.4570 0.3132 0.4570 0.3132 0.0683
3 7.500 −0.9254 3.7130 0.4570 0.4429 0.4570 0.4429 0.0683
4 9.6440 −0.9208 4.7930 0.4570 0.5718 0.4570 0.5718 0.0683
5 11.7900 −0.9185 5.8710 0.4570 0.7003 0.4570 0.7003 0.0683

To solve for the critical mass, we set Im{ω−2} = 0[249]. Up to O(Q4) and using B = ΛM2,
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