N

N

Analyse numérique d’un probléme poroélastique a
coefficients aléatoires : Application a la géothermie
Adrien Beguinet

» To cite this version:

Adrien Beguinet. Analyse numérique d’un probléme poroélastique a coefficients aléatoires: Application a la
géothermie. Artificial Intelligence [cs.AI]. Université Paris-Saclay, 2024. English. (NNT: 2024UPASMO050).
(tel-05078048)

HAL Id: tel-05078048
https://theses.hal.science/tel-05078048v1

Submitted on 21 May 2025

HAL is a multi-disciplinary open access archive L’archive ouverte pluridisciplinaire HAL, est des-
for the deposit and dissemination of scientific re- tinée au dépoét et a la diffusion de documents scien-
search documents, whether they are published or not. tifiques de niveau recherche, publiés ou non, émanant
The documents may come from teaching and research  des établissements d’enseignement et de recherche
institutions in France or abroad, or from public or pri- francais ou étrangers, des laboratoires publics ou
vate research centers. privés.

Au‘to':'lizition
HAL Authorization


https://theses.hal.science/tel-05078048v1
https://about.hal.science/hal-authorisation-v1/
https://about.hal.science/hal-authorisation-v1/
https://hal.archives-ouvertes.fr

)
(1]
.
(@)
Jud
&)
(@
ge
Q
©
Q
7y
QD
L
-

o
N
o
=
0
<
o
D)
q
N
o
N
|_
Z
Z

o
universite

PARIS-SACLAY

Numerical analysis of a poroelastic problem with
random coefficients: Application to geothermal
energy

Analyse numérique d’un probléme poroélastique a coefficients aléatoires :
Application a la géothermie

Thése de doctorat de I’Université Paris-Saclay
école doctorale n°574 Ecole Doctorale de Mathématiques Hadamard (EDMH)
Spécialité de doctorat: Mathématiques appliquées

Graduate school: Mathématiques

Thése préparée dans I'unité de recherche FDM - Fédération de Mathématiques (Université Paris-Saclay, CNRS),
sous la direction de Ludovic GOUDENEGE (Directeur de Recherche CNRS, Université Paris-Saclay (LAMME)), le
co-encadrement de Danielle HILHORST (Directrice de Recherche CNRS émérite, Université Paris-Saclay (LMO)).

Theése présentée et soutenue a Gif-sur-Yvette, le 19 décembre 2024, par

Adrien BEGUINET

Composition du Jury

Benjamin BRIGAUD

Professeur des Universités, Université Paris-Saclay (GEOPS) Examinateur
Robert EYMARD

Professeur des Univsersités, Université Gustave Eiffel (LAMA) Examinateur
Olivier LE MAITRE

Directeur de Recherche, Institut Polytechnique de Paris, Inria (CMAP) Examinateur
luliu Sorin POP

Full Professor, Hasselt University, Belgium Rapporteur
Catherine POWELL

Full Professor, University of Manchester, UK Rapportrice




Remerciements

Arrivé au terme de cette aventure qu'a été ma these, je prends un moment pour exprimer ma gratitude a toutes
celles et ceux qui ont rendu cette expérience possible, enrichissante et mémorable. Chaque étape a été marquée
par des rencontres, des échanges et des soutiens qui méritent d'étre salués.

Je commence par remercier sincérement Danielle et Ludovic. Votre écoute et votre rigueur m'ont guidé a travers
les méandres de la recherche. Vos conseils avisés m'ont non seulement permis de progresser, mais également de
voir la recherche sous un angle inspirant et exigeant. Merci pour votre temps et votre implication.

Aux membres du jury, Benjamin Brigaud, Robert Eymard, Olivier Le Maitre, luliu Sorin Pop et Catherine Powell,
je suis profondément reconnaissant que vous ayez accepté de lire et évaluer ce travail. Vos retours ont enrichi ma
réflexion et apporté un regard précieux sur les fruits de ces années de travail. Merci pour votre bienveillance et pour
I'intérét que vous avez porté a cette these.

Je tiens également a remercier mes collégues du laboratoire de Mathématiques d'Orsay et de la Fédération de
Mathématiques a Centrale. Que ce soit dans les laboratoires, les séminaires ou méme lors de moments plus in-
formels, chacun de vous a laissé une empreinte dans ce cheminement.

A mes amis, merci Héléne, Antonin, Corentin, Luis pour tous ces moments. A ceux d'Orsay, merci Elise, Julien
et les autres. Merci aux magiciens rencontrés en colo, aux navigateurs généreux, a ceux du rugby qui s'entrainent
encore a faire des passes ou qui ont décidé de la jouer solo. Merci aux cyclistes, avec j'ai passé autant de temps sur
un vélo qu'a une table d'un resto.

Enfin merci a ma famille, vous avez été des repéres constants dans un univers parfois déroutant. Merci pour vos
encouragements, votre patience et votre présence réconfortante, méme dans les moments les plus intenses.

A toutes et tous, je vous suis infiniment reconnaissant. Cette thése est, en partie, le reflet de vos contributions
et de I'impact que vous avez eu sur moi. Merci.



Contents

|1 Introduction (francais)|

1.1

Introduction (TrancCais)| . . . . . . . o i v i e e e e e

1.2.1 Ecoulement dans les milieux poreux et petites déformationsdusol . ... ... ... ......
1.2.2 Meéthode de discretisation de gradient pour la solution numérique du probleme de Bio

1.2.3 Coeﬁlaents aleatoires et §ecom§osmon §e KarEunen-Loeve| ....................
1.2.4 Modele tﬁermo-poroe astique a coefficients a eat0|res| ........................

2.2.1 Flow in porous media and small deformations of theground| . . .. ... ... ... .......

2.2.2 Gradient schemes for the numerical solution of the Biot problem|. . . . . ... .. ... .....

2.2.3 Random coefficients and the Karhunen-Loeve decomposition|. . . . . . . . . . . . . .. .. ...

[2.2.4 Thermo-poroelastic model with random coefficients| . . . . ... .. ................

3 The Biot Problem

B _Introductionl . . . . . . . . e

[3.2 Thelinear elasticity equation| . . . . . . . . . . . o
.3 Blotsystem and poroelastiCity] . . . . . . . . o e

|§§’I Eunct|on SPACES| .« . e e e e e e
|3.3.2 Existence and uniqueness of the solution|. . . . .. ...... ... ... .. ... L.

3.4 Extra space regularities of the solution| . . . . . . . . . . e e e e

|3.5 Extra time regu arity of the solution] . . . . . . o . o v
3.6 Aprioriestimates] . . . . . . . . ...
3.7 Thermo-poroelasticproblem] . . . . . . . . . . . . e

|4 The Gradient Discretization Method for the Biot problem|

4.1

4.2

Gradient schemes for the Biot problem|. . . . .. ... ... ... ... .. .. L o

4.1.1 Known results for the Biot problem| . . . . . . . . . . . L
4.1.2  Space-time discretization for the pressure and the mechanical deformations| . . . . . . ... ..
4.1.3 Properties of the Gradient Discretization Methods| . . . . ......................
Existence and uniqueness of the solution of the discrete problem (4.24)-(4.26)( . . ... ... ... ...
4.2.1 Well-posedness for the discretized decoupled equations| . . . . .. .. .. ... ... ... ....
4.2.2 Existence and uniqueness of the solution of the discrete problem (4.24)-(4.26) . . ... ... ..

4.3.2 Interpolation inequalities for the exact solution (W,p).| . . . .. .. ... .. ... ... ......




[4.41 The Finite Flement Methodl . . . . . . . . . . . . e 68

4.4.2 FEM as a Gradient Discretization Methodl| . . . . . . . . . . . . . . e 69

44,3 Testcases|. . . . . . e e e e e e 70

[5 Error estimate for a Biot problem with truncated random coefﬁcients| 75
5.1 Poroelastic problems and their solutions| . . . . . . . . . . . e e e 75
5.2 The Karhunen-Loeve eXpansions|. . . . . . . . o i v i i i i e e e e e e e e e e e e 77
................................................. 77

5.2. onvergence ResUlts| . . . . . . . e e e e e e e e 78

[5.3 The Biot problem with truncated parameters| . . ... ........... ... .. ... .. ....... 79
B4 Themainerrorestimatel . . . . . . . v v v v e e 80

[6 Quantification of uncertainties for a thermoporoelastic problem| 88
6.1 Introduction] . . . . . . . . e 88
[6.2 Existence, uniqueness and a prioriestimates|. . . . . . . ... L o L o 89

|§21 ADFIOFTEStIMATES| . . . . o o e e e e e 91

0.6 _Applications to geothermal systems| . . . . . . . . ... ... e 107
6.6.1 The UPGEO project] . . . . . .. .. .. e 107
6.6.2 OrsayValleyandtheSaclayPlateau| . . . .. ......... ... ... .............. 107
6.6.3_Uncertainties QUantification] . . . . . . v v v vt i e e 110

7 _Numericalresults] . . . . . . . e e e e e e 110
6.7.T Random parameters|. . . . . . . . o i e e e e e e e e e e 110
6.7.2 NUmerical SOMUTIONS] « .« « « v v o v e e e e e e e 111

|7 Conclusion and Perspectives| 114




Chapter 1

Introduction (francais)

1.1 Introduction (francais)

L'objectif de ce chapitre est de présenter les différents sujets abordés dans cette thése, tout en les replacant dans le
cadre plus large du projet de recherche ANR (Agence Nationale de la Recherche) UPGEO, sur le stockage de I'énergie
géothermique. Le sous-sol est généralement composé de roches ou de sédiments plus ou moins perméables, et si
la perméabilité est suffisamment élevée, les fluides peuvent circuler librement. Dans sa forme la plus élémentaire,
I'écoulement monophasique des eaux souterraines est modélisé par une seule loi de conservation, basée sur la loi
de Darcy.

La géomécanique se concentre sur la mécanique des sols, une discipline d'ingénierie dans laquelle une représen-
tation détaillée des sous-sols est cruciale. Elle s'appuie sur des données et des modeéles géologiques et géophysiques
et joue un réle essentiel dans des domaines tels que l'exploration des hydrocarbures, I'exploitation de I'énergie
géothermique et le stockage du dioxyde de carbone.

L'objectif du projet UPGEO est de mieux comprendre les systemes géothermiques, en proposant des solutions
qui optimisent le développement de nouveaux outils. Pour ce faire, une connaissance précise de I'écoulement des
réservoirs grace a des simulations numériques fiables est nécessaire. Les échelles de temps et d'espace variant
considérablement selon le contexte, une méthode de résolution robuste est nécessaire. Par exemple, I'étude de
I'évolution d'un bassin sédimentaire nécessite I'analyse de centaines de kilometres carrés sur des millions d'années.
En revanche, I'évaluation de I'impact d'une infrastructure humaine telle qu'un puits se concentre sur quelques kilo-
metres carrés et une période de quelques décennies.

La poroélasticité concerne l'interaction entre la déformation mécanique élastique et I'écoulement des fluides
dans un matériau poreux. Elle peut donc étre considérée comme une combinaison de I'écoulement dans les milieux
poreux et de petites déformations mécaniques, modélisées au moyen de |'élasticité linéaire classique. La géomé-
canique des milieux poreux est un domaine dans lequel les principes de la mécanique des milieux continus sont
imbriqués dans les caractéristiques géologiques et le comportement des fluides. Ce domaine d'étude vise a mod-
éliser et a comprendre les interactions entre les déformations mécaniques des solides poreux et les flux de fluides
qui les traversent.

Un défi majeur est de développer des modeles mathématiques qui capturent avec précision les interactions entre
I'écoulement et la déformation du sol. La nécessité d'améliorer la compréhension des phénomenes géomécaniques
a conduit Terzaghi [41] et Biot [8] a proposer des modéles qui tiennent compte de la nature couplée des effets de
la poroélasticité.

Biot [9] a initialement introduit un couplage elliptique-parabolique. Plus précisément, il a introduit deux ver-
sions, couplant la déformation mécanique avec la pression ou la déformation mécanique avec la température sur
un domaine D et un intervalle de temps [0, T']. Nous sommes conduits au systéme poro-élastique suivant, avec u la
déformation mécanique et p la pression du fluide,



—div (2ue(@) + Adiv(w) Id —apId) =f, inD x[0,T),

Iy <H + ale(ﬁ)) — div(kVD) =g, in D x(0,T), (1.1)
=0, p=0, on dD x [0,T), '
p(-,0) = Po(") in D,

ou les coefficients et opérateurs seront introduits plus tard.
Biot a également considéré le probleme du couplage de la température et du déplacement, avec u la déformation
mécanique et 6 la température,

~div (2ue(@) + Adiv(@) Id - 801d) =f, inDx[0,T),
9 ( §+5)ﬁd1v( ) — div(xoV8) = P, in D x (0,7),
u=0, =0, on 9D x [0,T),
0(-,0) = bo(), in D.

Dans I'étude de la poroélasticité, les coefficients de Lamé, notés A et i, sont des parametres fondamentaux qui
décrivent le comportement élastique des matériaux. Ces coefficients sont intrinsequement liés au module d'Young
E et au coefficient de Poisson v, qui sont plus couramment utilisés dans les applications d'ingénierie.

Le module d'Young E mesure la rigidité d'un matériau, indiquant dans quelle mesure il se déforme sous une
charge donnée. Le coefficient de Poisson v décrit le rapport entre la déformation transversale et la déformation
axiale dans un matériau soumis a une contrainte uniaxiale, ce qui donne une idée de la réponse volumétrique du
matériau a la contrainte.

Les relations entre les coefficients de Lamé et ces parametres sont données par:

FEv E

S ) T ST &

Ici, A est le premier parameétre de Lamé, lié au module de masse, qui affecte la rigidité volumétrique du matériau,
et u est le module de cisaillement, qui indique la résistance du matériau a la déformation par cisaillement.
La perméabilité intrinseque

mesure la capacité du milieu a transmettre les fluides, en influencant la diffusion de la pression des fluides, avec k
la perméabilité et n la viscosité du fluide. Il est mesuré en Darcy(mD). Le coefficient de Biot « représente le couplage
entre la pression du fluide et la déformation mécanique. Il est défini par

K
a=1——
Ks
avec K le module d'inertie du milieu drainé et Kg le module d'inertie du composant solide. Le module de Biot M

est défini comme suit
K,-K

M = 5

(07

avec K, le module apparent non drainé du matériau.

Dans ce contexte, I'étude du systéeme de Biot avec des coefficients déterministes est une étape fondamentale
pour comprendre les interactions entre la déformation élastique de la matrice solide et I'écoulement des fluides
dans un milieu poreux. Cependant, les formations géologiques sont intrinséquement hétérogenes, avec des incerti-
tudes inhérentes a leurs propriétés physiques telles que la perméabilité, la porosité et les modules de déformation.
L'utilisation de coefficients déterministes, bien qu'instructive, n'est pas suffisante pour capturer la variabilité na-
turelle et les incertitudes associées aux propriétés géologiques des sous-sols.

C'est pourquoi il est pertinent d'introduire des coefficients aléatoires dans la modélisation du systeme de Biot.
Cette approche permet de prendre en compte les variations spatiales des parameétres géophysiques et géomé-
caniques, offrant ainsi une représentation plus réaliste et plus robuste des processus du sous-sol. Les coefficients



aléatoires permettent de modéliser les incertitudes naturelles et les variations locales des propriétés environnemen-
tales, qui sont souvent imprévisibles et non uniformes.

L'intégration de ces coefficients aléatoires permet d'évaluer I'impact des incertitudes sur les prédictions du com-
portement des réservoirs et sur la fiabilité des simulations. Cela permet non seulement de mieux comprendre les
mécanismes sous-jacents, mais aussi d'améliorer la prise de décision dans les applications pratiques. Par exemple,
dans le domaine du stockage de I'énergie géothermique, de la gestion des réservoirs d’hydrocarbures ou du stock-
age géologique du CO2, la précision et la fiabilité des modéles sont essentielles pour optimiser I'exploitation des
ressources et minimiser les risques.

Le passage a des coefficients aléatoires se justifie également par la nécessité de développer des méthodes de
simulation plus robustes, capables de gérer la complexité et l'incertitude des systéemes géomécaniques. En effectu-
ant des simulations stochastiques, nous pouvons quantifier les marges d'erreur et la probabilité d'occurrence de dif-
férents scénarios, fournissant ainsi une base plus solide pour I'évaluation des risques et la planification stratégique.
En résumé, l'introduction de coefficients aléatoires dans la modélisation du systeme de Biot améliore considérable-
ment la précision, la robustesse et la fiabilité des simulations géomécaniques, répondant ainsi aux exigences des
applications industrielles modernes.

La modélisation des réservoirs ou des aquiféres comporte une incertitude quant a la représentation réelle des
parametres du sous-sol. C'est pourquoi nous considérons certains parametres liés aux phénomenes géomécaniques
(perméabilité k, coefficients de Lamé u et A\) comme des champs aléatoires. Les problémes liés a I'hétérogénéité du
sous-sol et a I'imprécision des mesures justifient une description stochastique des parameétres concernés.

Les méthodes de quantification de l'incertitude (UQ) et la modélisation du systeme de Biot introduites par [15]
montrent la nécessité de considérer des équations différentielles partielles avec des coefficients aléatoires.

Pour modéliser les coefficients aléatoires du systeme de Biot, nous utilisons le théoréme de Karhunen-Loéve,
un outil puissant pour la décomposition et la représentation des processus stochastiques. Cette méthode trans-
forme un processus aléatoire en une série de composantes déterministes pondérées par des variables aléatoires
indépendantes. Grace a cette décomposition, les coefficients aléatoires peuvent étre exprimés comme une combi-
naison linéaire de fonctions propres, chacune multipliée par une loi gaussienne correspondante.

L'expansion de Karhunen-Loéve est particulierement bien adaptée pour traiter les incertitudes des parameétres
géophysiques et gé¢omécaniques, en capturant efficacement les caractéristiques statistiques essentielles des coeffi-
cients aléatoires tout en réduisant la complexité du probléme [7], [31], [18]. Dans la pratique, cette approche permet
d'approximer des champs aléatoires complexes avec un nombre réduit de termes, tout en préservant une grande
partie de la variabilité et de la structure spatiale des coefficients originaux.

Cette décomposition présente plusieurs avantages, notamment une meilleure gestion des incertitudes et une
simplification des simulations numériques. En réduisant le nombre de variables aléatoires nécessaires, elle améliore
I'efficacité des calculs tout en maintenant la précision du modéle. La méthode Karhunen-Loéve devient ainsi un outil
essentiel pour la modélisation de systémes complexes oU les parameétres incertains jouent un réle crucial.

Cependant, ce modele est trop simpliste pour les applications géothermiques, car le transfert de chaleur doit
également étre pris en compte. Plus précisément, le transfert de chaleur dans le sous-sol se fait principalement par
diffusion et convection. Pour tenir compte de ce phénomeéne, une équation de conservation de I'énergie est ajoutée
et couplée a I'équation de conservation de la masse par un terme de transport convectif, c'est-a-dire un transfert
de chaleur avec mouvement des particules de fluide. Le modéle de Biot peut également étre étendu aux effets
thermiques, ce qui conduit a un systeme thermo-poroélastique, c'est-a-dire au couplage de I'écoulement, de la dé-
formation élastique et du transfert de chaleur dans un milieu poreux. Méme avec une densité de fluide constante,
ce systéme présente une structure entiérement couplée entre les trois processus impliqués. Le dernier chapitre de
cette thése concerne différents aspects de la thermo-poroélasticité, en particulier la validation et I'analyse mathé-
matique d'un systéme thermo-poroélastique, et enfin son implémentation numérique.



—div | 2ue(T) + Adiv(u)) +aVp+ (1 —a)KsVe =f, in D x[0,7),
o (P + O4diV(ﬁ)) — div(sVp) = g, in D x (0,T),
2\ _ _ (1.2)
o (% +53) 8~ Sep+ Ks(1 — a)div(w) — - VA~ div(3V8) =h, in Dx (0,7),
ﬁv D, ?: Oa . . on 9D x [0,17)7
ﬁ(?o) :ﬁo(')7 9(50) = 90(')a in D.

Van Duijn, Mikelic et Wick ont étudié une version non linéaire du systeme (T.2) dans [43]. Cependant, ils ont
seulement prouvé que le probléme était bien posé dans une version semi-discrétisée du probléeme. De plus, Van
Duijn, Mikelic, Wheeler et Wick ont dérivé dans [42] un tel systéme par la méthode d’'homogénéisation. On peut
remarquer que ce systeme posséede une fonction de Lyapunov. Dans [3}[14], les auteurs ont proposé une méthode
Galerkin discontinue pour obtenir une solution approximative du probléeme non linéaire entierement couplé.

La diffusivité thermique (notée ) mesure la vitesse de diffusion de la chaleur a travers un matériau. Kg représente
le coefficient d'expansion solide, tandis que Kr représente le parameétre de couplage thermoélastique. Le stock-
age souterrain d'énergie thermomécanique consiste a injecter un fluide froid a haute pression dans un réservoir
souterrain et a extraire de l'eau chaude pour récupérer I'énergie thermique.

1.2 Contenu de la thése

1.2.1 Ecoulement dans les milieux poreux et petites déformations du sol

Dans le chapitre[3] nous introduisons tout d'abord I'équation d'élasticité linéaire pour le déplacement dans le milieu
poreux. Ce modeéle de base de la mécanique déformable sera utilisé tout au long de cette thése. Il est donné par le
modeéle de Biot (T.7), couplant la pression d'une seule phase fluide dans un milieu poreux saturé, ot les déformations
sont considérées comme quasi-statiques. Le fait que le probléme de Biot soit bien posé a été prouvé par [36], ainsi
que d'autres mathématiciens.

Nous montrons des résultats de régularité supplémentaires en espace et en temps pour la solution, ainsi que
des estimations a priori, qui seront utilisées plus tard dans la thése.

Enfin, nous introduisons un couplage thermo-poroélastique, modélisant I'évolution de la chaleur dans un milieu
poroélastique saturé (T.2). Nous rappelons quelques résultats d’existence et d'unicité relatifs a ce systéme.

1.2.2 Méthode de discrétisation de gradient pour la solution numérique du probléme de
Biot

Dans le chapitre [ nous rappellons la méthode de discrétisation de gradient (GDM), décrite pour la premiere fois
par Droniou & al [[24].

Les méthodes de discrétisation de gradient offrent un cadre d’analyse de convergence unifié pour diverses méth-
odes numériques appliquées aux équations aux dérivées partielles elliptiques et paraboliques, y compris les méth-
odes d'éléments finis conformes et non conformes, les éléments finis mixtes et les méthodes de volumes finis
généralisés. Un résultat de convergence uniforme dans le temps et forte dans I'espace pour les approximations
du schéma de gradient de ces équations est établi grace au développement d'outils discrets.

L'étude des systemes poroélastiques est essentielle pour comprendre l'interaction entre les déformations mé-
caniques et 'écoulement des fluides dans les milieux poreux. Leur discrétisation nécessite des méthodes numériques
robustes. Ce chapitre se concentre sur l'application de la méthode de discrétisation du gradient (GDM) aux modéles
poroélastiques, illustrant sa polyvalence et son efficacité dans le traitement de ces systémes couplés.

La méthode de discrétisation de gradient (GDM) est un cadre complet concu pour créer et analyser des schémas
numériques pour les modeéles de diffusion. La méthode GDM utilise un contexte d'analyse fonctionnelle discréte
pour établir la forte convergence L? des gradients approximatifs et la convergence uniforme en temps pour les
solutions approximatives. Afin de définir la méthode de discrétisation de gradient pour le déplacement mécanique
1, nous définissons



« XD un espace vectoriel de dimension finie,
« II? : XP s L%(D) une fonction linéaire de reconstruction,

« el XP — L2(D)? une reconstruction linéaire du gradient, de sorte que |[eZ - || .2(p) définit une norme sur
XD

u
et pour les flux de pression, la méthode de discrétisation de gradient est donnée par

. X;’ un espace vectoriel de dimension finie,
« II” : XP — L2(D) une fonction linéaire de reconstruction,

+ VP : XP — L?*(D)* une reconstruction linéaire du gradient, de sorte que ||V? - || ,2(py définit une norme sur

Nous définissons un pas de temps At et un maillage hp, et dénotons par Ei" et E;’”' I'erreur d'approximation
initiale.Nous prouvons que I'estimation d'erreur suivante est valable entre la solution du probléme de Biot et son
approximation numérique,

le(@) — e (W) ((0.1),22(p)) + Idiv(T) — diVE(u)H%w((o,T),H(D))
HIP = TPl 0,1:22(py) + VD = Vi pll720. 7,220y (1.3)
< CO(hp + A+ (B)") 2+ (BJ) ?)

oU (u, D) est la paire de solutions du probleme de Biot et (u, p) sa solution approximative. Des tests numériques
utilisant la méthode des éléments finis P1 pour I'écoulement et la méthode des éléments finis P2 pour les défor-
mations mécaniques ont été effectués. la méthode des éléments finis P2 pour les déformations mécaniques ([26])
mettent en évidence le comportement du modéle et la précision de la solution.

Notons qu'un probléme plus complexe d'écoulement diphasique impliquant également des fractures a été étudié
par [11], alors que [11] prouve la convergence de leur méthode numérique, nous pouvons également prouver
I'estimation de l'erreur (1.3) en raison de la linéarité du probléeme. Les simulations ont été réalisées en Python,
en utilisant la bibliothéque FeNiCs, disponible a sur https://fenicsproject.org/ .

1.2.3 Coefficients aléatoires et décomposition de Karhunen-Loeve

Dans le chapitre 5} nous discutons de la modélisation du systéme de Biot avec des coefficients aléatoires, en nous
concentrant sur la nature stochastique de la perméabilité et des coefficients de Lamé. Les équations différentielles
partielles a coefficients aléatoires ont été étudiées a plusieurs reprises dans la littérature, afin de modéliser les
incertitudes sur les modeéles. La modélisation et la discrétisation ont été introduites dans [7] ou [25]. En introduisant
un caractere aléatoire dans ces parametres, nous visons a capturer les incertitudes inhérentes présentes dans les
milieux poreux du monde réel. Cette approche améliore non seulement le réalisme de nos simulations, mais fournit
également un cadre robuste pour analyser la sensibilité et la variabilité de la réponse du systéme a ces incertitudes.

La méthode de Karhunen-Loéve nous permet de décomposer les champs aléatoires en une série de fonctions or-
thogonales, pondérées par des variables aléatoires non corrélées, fournissant ainsi un moyen systématique d'approximer
le caractére aléatoire avec un nombre fini de termes.

Nous traitons des variables aléatoires de la forme a = (W), avec W un champ aléatoire gaussien. Soit
@ l'opérateur de covariance du champ gaussien W, et soit (7;, e;):cn les valeurs propres et vecteurs propres de
l'opérateur

Tq : L*(D) — L*(D), fHTQ(f):/DQ(xw)f(x)dx-

Le champ aléatoire gaussien W admet la représentation

W(x,w) = Z nie; (x)Y; (w).

i€N



La série converge dans L?(€2, L?(D)) et presque s(rement (voir [4], [30]).

Le systeme de Biot décrit I'interaction entre I'écoulement des fluides et la déformation mécanique dans un milieu
poreux. Traditionnellement, ce systéme est modélisé avec des coefficients déterministes, qui peuvent ne pas refléter
avec précision la variabilité naturelle des formations géologiques. Pour résoudre ce probléme, nous modélisons la
perméabilité et les coefficients de Lamé comme des champs aléatoires, en utilisant I'expansion de Karhunen-Loéve
pour représenter ces processus stochastiques. Aprés avoir défini les champs aléatoires, nous tronquons 'expansion
de Karhunen-Loéve a un nombre raisonnable de termes, ce qui donne un systéme tronqué avec une approximation
a dimension finie des coefficients aléatoires.

L'expansion de Karhunen-Loéve tronquée du champ aléatoire gaussien W est donnée par

avec N € N un indice de cut-off pour W.

Ce modeéle tronqué simplifie les calculs tout en conservant les caractéristiques essentielles de la nature stochas-
tique des parameétres.

Un aspect clé de cette étude est de quantifier I'erreur introduite par la troncature de I'expansion de Karhunen-
Loéve. Nous comparons les solutions du systéme de Biot original avec des coefficients entierement aléatoires a
celles du systéme tronqué. Notre analyse révele que l'erreur entre les solutions du systéme initial et du systéme
tronqué est du méme ordre que l'erreur de troncature des coefficients. Ce résultat est crucial car il valide I'efficacité
de la méthode de troncature pour préserver la précision du modéle tout en réduisant de maniére significative les
exigences de calcul. Le principal résultat du Chapitre[5|est I'estimation suivante de I'erreur entre la solution tronquée
et la solution analytique, a savoir

E( sup Ie(uuzv)(t)llizw)> ++E< sup I(ppN)(t)lliz(m) < €63,
te(0,T) te(0,T)

ol C est une constante positive, et © 5 décrit I'erreur entre le coefficient
By A, K

and their truncated versions
MUN, /\N, KN .

1.2.4 Modele thermo-poroélastique a coefficients aléatoires

Dans le chapitre [6] nous couplons le probléme de Biot avec I'équation de la température, afin que notre modéle
devienne plus directement applicable a I'application géothermique impliquée dans le projet ANR UPGEO.

L'étude de la thermo-poroélasticité linéarisée avec des coefficients aléatoires est essentielle pour comprendre
et prédire le comportement des matériaux et des structures dans divers domaines scientifiques et techniques. Ce
travail se concentre sur un modéle thermo-poroélastique ou la perméabilité, les coefficients de Lamé et la diffu-
sivité thermique sont considérés comme des variables aléatoires. Cette approche tient compte des incertitudes
inhérentes aux propriétés des matériaux et aux conditions externes, qui sont souvent rencontrées dans des appli-
cations réelles telles que la modélisation de I'écoulement souterrain et la géomécanique.

Ces dernieres années, des progres significatifs ont été réalisés dans I'approximation numérique des équations
différentielles partielles a coefficients aléatoires, en particulier dans le contexte de la quantification de l'incertitude
(UQ). Par exemple, I'approximation par éléments finis des équations aux dérivées partielles elliptiques a coefficients
aléatoires, couramment utilisées dans la modélisation de I'écoulement souterrain, a démontré les défis posés par
la régularité limitée du coefficient de diffusion [7], [19]. En traitant soigneusement le probléme du modeéle presque
slrement dans le paramétre aléatoire, les chercheurs ont été en mesure d'établir des limites uniformes sur l'erreur
des éléments finis, facilitant une analyse rigoureuse des méthodes Monte Carlo a plusieurs niveaux pour ces prob-
lemes elliptiques.
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Sur cette base, le présent travail étend I'étude au probléme thermo-poroélastique avec des coefficients aléa-
toires. Ce probléme est pertinent pour les scénarios ou les mesures sont insuffisantes ou incertaines. Grace a
un schéma de discrétisation basé sur des méthodes d'éléments finis, cette recherche garantit la mesurabilité de la
solution, en dérivant des limites de moment sur l'erreur d'approximation quadratique moyenne. Cette approche,
associée a une approximation appropriée des coefficients et a un pas de temps stable, conduit a un algorithme
entierement discret pour résoudre les équations aux dérivées partielles paraboliques aléatoires, fournissant des
limites d’erreur globales et une validation numérique.

Dans le chapitre[6] nous présentons la bonne formulation du modele thermo-poroélastique linéarisé avec des
coefficients aléatoires, ainsi que les estimations a priori et I'estimation de I'erreur a 'aide d'une méthode d'éléments
finis avec des éléments P2 pour la mécanique, des éléments P1 pour la pression et des éléments P1 pour la tempéra-
ture. Un schéma d’Euler implicite est utilisé pour la discrétisation temporelle. En outre, nous explorons I'application
des méthodes de Monte Carlo a ce cadre et fournissons une estimation de l'erreur, combinant des contributions
numériques et statistiques. Ce travail contribue aux efforts en cours pour développer des méthodes numériques
robustes et fiables pour les systéemes thermo-poroélastiques complexes avec des parameétres incertains, améliorant
ainsi notre capacité a prédire et a gérer leur comportement dans des applications pratiques.
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Chapter 2

Introduction

2.1 Introduction

The aim of this chapter is to provide an introduction to the various topics covered in this thesis, while placing them
within the broader framework of the ANR (Agence Nationale de la Recherche) research project UPGEOQ, on geother-
mal energy storage. The subsoil is generally composed of rock types or sediments of varying permeability, and if the
permeability is sufficiently high, fluids can flow freely. In its most elementary form, single-phase groundwater flow
is modeled by a single conservation law, based on Darcy's law.

Geomechanics focuses on soil mechanics, an engineering discipline where a detailed representation of subsoils
is crucial. It relies on geological and geophysical data and models, playing an essential role in fields such as hydro-
carbon exploration, geothermal energy exploitation and carbon dioxide storage.

The aim of the UPGEO project is to gain a better understanding of geothermal systems, by proposing solutions
that optimize the development of new tools. To achieve this, accurate knowledge of reservoir flow through reliable
numerical simulations is required. As time and space scales vary considerably depending on the context, a robust
method of solution is required. For example, studying the evolution of a sedimentary basin requires the analysis
of hundreds of square kilometers over millions of years. On the other hand, assessing the impact of a human
infrastructure such as a well concentrates on a few square kilometers and a period of a few decades.

Poroelasticity concerns the interaction between elastic mechanical deformation and fluid flow in a porous mate-
rial. It can therefore be seen as a combination of flow in porous media and small mechanical deformations, modeled
by means of classical linear elasticity. Geomechanics in porous media is a field in which the principles of continuum
mechanics are interwoven with geological characteristics and fluid behavior. This field of study aims to model and
understand the interactions between the mechanical deformations of porous solids and the fluid flows that move
through them.

A major challenge is to develop mathematical models that accurately capture interactions between flow and
deformation of the ground. The need to improve the understanding of geomechanical phenomena led Terzaghi
[41] and Biot [8] to propose models that take into account the coupled nature of poroelasticity effects.

Biot [9] originally introduced an elliptic-parabolic coupling. More precisely, he introduced two versions, coupling
mechanical deformation with pressure or mechanical deformation with temperature over a domain D ¢ R? and a
time interval [0,7]. We are led to the following poro-elastic system, with @ the mechanical deformation and 7 the
fluid pressure,

—div (2 e(n) + Adiv(a) Id — apId) = £, inD x [0,7),

Oy <% + adiV(ﬁ)) — div(kVD) = g, in D x (0,T), (2.1)
=0, p=0, on dD x [0,T), '
p(-,0) = Po(") in D,

where all coefficients, unknowns and operators will be introduced later.
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Biot also considered the problem coupling with the temperature 6 and the mechanical deformation @

div (2pe(@) + Adiv(@) Id — 0 1d) =f, inDx[0,7),
( 0 + 0o ﬁdlv ))—div(ﬁzovg)zﬁ, in D x (0,7),
u=0,60=0 ondD x [0,T),

8(-,0) = 5() in D.

In the study of poroelasticity, the Lamé coefficients, denoted as A and p, are fundamental parameters that de-
scribe the elastic behavior of materials. These coefficients are intrinsically related to the Young's modulus E and the
Poisson’s ratio v, which are more commonly used in engineering applications.

The Young's modulus E measures the stiffness of a material, indicating how much it will deform under a given
load. The Poisson's ratio v describes the ratio of transverse strain to axial strain in a material subjected to uniaxial
stress, providing insight into the material's volumetric response to stress.

The relationships between the Lamé coefficients and these parameters are given by:

N Ev . FE
T -2 P aavy
Here, A is the first Lamé parameter, related to the bulk modulus, which affects the material’'s volumetric stiffness,
and p is the shear modulus, indicating the material’s resistance to shear deformation.
The intrinsic permeability

measures the medium'’s ability to transmit fluids, influencing fluid pressure diffusion, with & the permeability and n
the viscosity of the fluid. It is measured in Darcy(mD). The Biot coefficient o represents the coupling between fluid
pressure and mechanical deformation. It is defined by

o = KS
with K the bulk modulus of the drained medium and K s the bulk modulus of the solid component. The Biot modulus
M is defined as
M = 7[(” ; K
«
with K, the undrained bulk modulus of the material.

In this context the study of the Biot system with deterministic coefficients is a fundamental step towards under-
standing the interactions between elastic deformation of the solid matrix and fluid flow in a porous medium. How-
ever, geological formations are intrinsically heterogeneous, with inherent uncertainties in their physical properties
such as permeability, porosity and deformation moduli. The use of deterministic coefficients, while instructive, is not
sufficient to capture the natural variability and uncertainties associated with the geological properties of subsoils.

This is why it is relevant to introduce random coefficients into the modeling of the Biot system. This approach
enables spatial variations in geophysical and geomechanical parameters to be taken into account, providing a more
realistic and robust representation of subsurface processes. Random coefficients make it possible to model natural
uncertainties and local variations in environmental properties, which are often unpredictable and non-uniform.

By incorporating these random coefficients, we can assess the impact of uncertainties on predictions of reservoir
behavior and on the reliability of simulations. This not only provides a better understanding of the underlying mech-
anisms, but also improves decision-making in practical applications. For example, in geothermal energy storage,
hydrocarbon reservoir management or geological CO- storage, the accuracy and reliability of models are essential
to optimize resource exploitation and minimize risks.

The transition to random coefficients is also justified by the need to develop more robust simulation methods
capable of handling the complexity and uncertainty of geomechanical systems. By performing stochastic simula-
tions, we can quantify the margins of error and probability of occurrence of different scenarios, thus providing a
more solid basis for risk assessment and strategic planning. In summary, the introduction of random coefficients
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into the modeling of the Biot system significantly improves the accuracy, robustness and reliability of geomechanical
simulations, meeting the requirements of modern industrial applications.

Modelling reservoirs or aquifers entails uncertainty as to the actual representation of subsoil parameters. There-
fore we consider certain parameters linked to geomechanical phenomena (permeability x, Lamé coefficients x4 and
A) as random fields. The problems associated with subsoil heterogeneity and measurement inaccuracies justify a
stochastic description of the parameters involved.

The uncertainty quantification (UQ) methods and Biot system modeling introduced by [15] show the need to
consider partial differantial equations with random coefficients.

To model the random coefficients of the Biot system, we use the Karhunen-Loéve theorem, a powerful tool for
the decomposition and representation of stochastic processes. This method transforms a random process into a
series of deterministic components weighted by uncorrelated random variables. Thanks to this decomposition, the
random coefficients can be expressed as a linear combination of eigenfunctions, each multiplied by a corresponding
gaussian law.

The Karhunen-Loéve expansion is particularly well suited to deal with uncertainties in geophysical and geome-
chanical parameters, effectively capturing the essential statistical characteristics of random coefficients while reduc-
ing the complexity of the problem (see [7], [18], [31]). In practice, this approach enables complex random fields to
be approximated with a reduced number of terms, while preserving much of the variability and spatial structure of
the original coefficients.

This decomposition offers several advantages, including better management of uncertainties and simplification
of numerical simulations. By reducing the number of random variables required, it improves computational effi-
ciency while maintaining model accuracy. The Karhunen-Loéve method thus becomes an essential tool for modeling
complex systems where uncertain parameters play a crucial role.

However, this model is too simplistic for geothermal applications, as heat transfer also needs to be included.
More specifically, underground heat transfer occurs mainly by diffusion and convection. To account for this phe-
nomenon, an energy conservation equation is added and coupled to the mass conservation equation by a convective
transport term, i.e. heat transfer with fluid particle motion. Biot's model can also be extended to include thermal
effects, leading to a thermo-poroelastic system, i.e. the coupling of flow, elastic deformation and heat transfer in a
porous medium. Even with constant fluid density, this system exhibits a fully coupled structure between the three
processes involved. The last chapter of this thesis concerns different aspects of thermo-poroelasticity, in particular
the validation and mathematical analysis of a thermo-poroelastic system, and finally its numerical implementation.

—div <2ue(u) + Adiv(u)) +aVp+(1-a)KsVl =f, in D x [0,7),
O w + adiv(ﬁ)) —div(kVD) = g, in D x (0,T),
N B _ (2.2)
00 (%2 +55)7 - %5p+ Ks(1 — a)div(w)) = - VI~ div(5V8) =h, in D x (0,T),
u, p, @:O, . . on 0D x [O,T),
ﬁ(,()) = TQO(')? 3(,0) = 90(')7 in D.

Van Duijn, Mikelic, and Wick studied a nonlinear version of the system (2.2) in [43]. However, they have only
proved the well-posedness of a time semi-discretized version of the problem. Moreover, Van Duijn, Mikelic, Wheeler
and Wick have derived in [42] such a system by homogeneization method. As a remark, we can see that such
system possesses a Lyapunov function. In [3}[14], the authors have proposed a discontinuous Galerkin method to
approximate solution of the fully coupled non-linear problem.

The thermal diffusivity (denoted ) measures how quickly heat diffuses through a material. Kg represents
the solid expansion coefficient, while K1 represent the thermoelastic coupling parameter. Underground thermo-
mechanical energy storage involves injecting a cold fluid at high pressure into an underground reservoir and ex-
tracting warm water to recover thermal energy.
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2.2 Content of the thesis

2.2.1 Flow in porous media and small deformations of the ground

In Chapter[3] we first introduce the linear elasticity equation for the displacement in the porous medium. This basic
model of deformable mechanics will be used throughout this thesis. The Biot model couples the pressure
of a single fluid phase in a saturated porous medium, where deformations are considered quasi-static. The well-
posedness of the Biot problem has been proved by [36] as well as other mathematicians.

We show extra regularity results in space and time for the solution, as well as a priori estimates, which will be
used later in the thesis.

Finally, we introduce a thermo-poroelastic coupling, modeling the evolution of heat in a saturated poroelastic
medium (2.2). We recall some existence and uniqueness results related to this system.

2.2.2 Gradient schemes for the numerical solution of the Biot problem

In Chapter we introduce the Gradient Discretization Method (GDM), first described by Droniou & al [24].

Gradient schemes offer a unified convergence analysis framework for various numerical methods applied to
elliptic and parabolic partial differential equations, including conforming and non-conforming Finite Element, Mixed
Finite Element, and Generalized Finite Volume methods. A uniform in time, strong in space convergence result for
gradient scheme approximations of these equations is established through the development of discrete tools.

The study of poroelastic systems is essential for understanding the interaction between mechanical deformations
and fluid flow in porous media. Their discretization requires robust numerical methods. This chapter focuses on
the application of the Gradient Discretisation Method (GDM) to poroelastic models, illustrating its versatility and
effectiveness in handling such coupled systems.

The Gradient Discretisation Method (GDM) is a comprehensive framework designed for creating and analysing
numerical schemes for diffusion models. The GDM methods employs a discrete functional analysis background
to establish the strong L2-convergence of the approximate gradients and the uniform in time convergence for the
approximate solutions. In order to define the gradient discretization method for the mechanical displacement @, we
define

+ XD afinite-dimensional vector space,

« TP . XP s L2(D) a linear function reconstruction,

« el XP — L*(D)? a linear gradient reconstruction, so that |leZ - || ,2(p) defines a norm on X7,
and for the pressure flows the gradient discretization method is given by

. X;’ a finite-dimensional vector space,

« II” : X — L*(D) a linear function reconstruction,

« VP : XP — L*(D)* alinear gradient reconstruction, so that | V2 - || ,2(p) defines a norm on X 7.

We define a time step At and a meshsize hp, and denote by E.** and E/"™ the initial approximation error. We prove
that the following error estimate holds between the solution of the Biot problem and its numerical approximation,

[e(w) — eE(“)H%M((O,T),LQ(D)) + [|div(a) — divf(u)\\%w((o,T),L%D))
+Ip — pr”%OO(O,T;L?(D)) + VD - V;?pHQL?(&T;L?(D)) (2.3)
< C(hp + AP + (E)) 2+ (BT ?)
where (@, p) is the solution pair of the Biot problem and (u, p) its approximate solution. Numerical tests using the

scalar P; finite element method for the flow and the vectorial P, finite element for the mechanical deformations
(see [2€] for basic definitions of P, and P, methods) highlight the model's behaviour and the solution accuracy.
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Note that a more complex two-phase flow problem also involving fractures has been studied by [11]. While the
authors in [11] prove the convergence of their numerical method, we can also prove the error estimate (2.3) because
of the linearity of the problem. The simulations have been made in Python, using the FeNiCs library, available at
https://fenicsproject.org/.

2.2.3 Random coefficients and the Karhunen-Loeve decomposition

In Chapter[5} we discuss the modeling of the Biot system with random coefficients, focusing on the stochastic nature
of permeability and Lamé coefficients. Partial differential equations with randoms coefficients have been studied
several times in the litterature, to modelize the uncertainties on the models. Modelization and discretization has
been introduced in [7] or [25]. By introducing randomness in these parameters, we aim to capture the inherent
uncertainties present in real-world porous media. This approach not only enhances the realism of our simulations
but also provides a robust framework for analyzing the sensitivity and variability of the system’s response to these
uncertainties.

The Karhunen-Loéve method allows us to decompose the random fields into a series of orthogonal functions
e;, weighted by uncorrelated random variables Y}, thus providing a systematic way to approximate the randomness
with a finite number of terms.

We deal with random fields of the form a := (W), with W a Gaussian random field with mean zero. Let Q) be
the covariance function of the Gaussian field W, and let (7;, e;);en be the eigensequence of the operator

To : L*(D) — L*(D), f—To(f) = / Q(z, ) f(z)dx.
D
The Gaussian random field W admits the representation

W(x,w) = Z nie;(x)Y; (w).

i€N

Under assumptions on the random variables, this series converges in L?(Q, L?(D)) and almost surely (see [4], [30]).

The Biot system describes the interaction between fluid flow and mechanical deformation in a porous medium.
Traditionally, this system is modeled with deterministic coefficients, which may not accurately reflect the natural
variability of geological formations. To address this, we model the permeability and Lamé coefficients as random
fields, using the Karhunen-Loéve expansion to represent these stochastic processes. After defining the random
fields, we truncate the Karhunen-Loéve expansion to a manageable number of terms, resulting in a truncated system
with a finite-dimensional approximation of the random coefficients.

The truncated Karhunen-Loéve expansion of the Gaussian random field W is given by

N
Wy (x,w) = Z niei(x)Y;(w),
i=0

with N € N is a cut-off index for W.

This truncated model simplifies the computational complexity while retaining the essential characteristics of the
stochastic nature of the parameters.

A key aspect of this study is to quantify the error introduced by truncating the Karhunen-Loéve expansion. We
compare the solutions of the original Biot system with fully random coefficients to those of the truncated system.
Our analysis reveals that the error between the solutions of the initial system and the truncated system is of the same
order as the truncation error of the coefficients. This result is crucial as it validates the efficiency of the truncation
method in preserving the accuracy of the model while significantly reducing computational demands. The main
result of Chapter[5]is the Theorem[5.2.3|where we describe the error estimate between the truncated solution and
the analytical solution, namely

E( sup e(u—uN)(t)%z(D)> +E< sup (P—PN)(t)H%z(D)) < COy,
t€(0,T) t€(0,T)
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where C'is a positive constant, and © describes an error between the random fields u, A, k and their truncated
versions uy, Ay, ky with Karhunen-Loéve approximation.

2.2.4 Thermo-poroelastic model with random coefficients

In Chapter|[6] we couple the Biot problem with the temperature equation, so that our model becomes more directly
applicable to the geothermic application involved in the ANR project UPGEO.

The study of the linearized thermo-poroelasticity with random coefficients is essential for understanding and
predicting the behavior of materials and structures in various scientific and engineering fields. This work focuses
on a thermo-poroelastic model where the permeability, Lamé coefficients, and thermal diffusivity are considered as
random variables. This approach addresses the inherent uncertainties in material properties and external condi-
tions, which are often encountered in real-world applications such as subsurface flow modeling and geomechanics.

In recent years, significant progress has been made in the numerical approximation of partial differential equa-
tions with random coefficients, particularly in the context of uncertainty quantification (UQ). For instance, the finite
element approximation of elliptic partial differential equations with random coefficients, commonly used in sub-
surface flow modeling, has demonstrated the challenges posed by limited regularity of the diffusion coefficient
regularity [7], [19]. By carefully treating the model problem almost surely in the random parameter, researchers
have been able to establish uniform bounds on the finite element error, facilitating a rigorous analysis of multilevel
Monte Carlo methods for these elliptic problems.

Building upon this foundation, the current work extends the study to the thermo-poroelastic problem with ran-
dom coefficients. This problem is relevant for scenarios with insufficient measurements or uncertain material prop-
erties. Through a discretization scheme based on finite element methods, this research ensures the measurability
of the solution, deriving moment bounds on the mean-squared approximation error. This approach, coupled with
suitable coefficient approximation and stable time stepping, leads to a fully discrete algorithm for solving random
parabolic partial differential equations, providing overall error bounds and numerical validation.

In Chapter [6] we present the well-posedness of the linearized thermo-poroelastic model (2.2) with random co-
efficients, along with a priori estimates and error estimation using a finite element method with P, elements for
mechanics, P; elements for pressure, and P; elements for temperature. An implicit Euler scheme is employed for
time discretization. Furthermore, we explore the application of Monte Carlo methods to this framework, and provide
an error estimate, combining numerical and statistical contributions. This work contributes to the ongoing efforts to
develop robust and reliable numerical methods for complex thermo-poroelastic systems with uncertain parameters,
enhancing our ability to predict and manage their behavior in practical applications.
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Chapter 3

The Biot Problem

3.1 Introduction

Geomechanics and poroelasticity have various applications in a large range of engineering fields. A model coupling
geomechanics with flow has been introduced by Biot in [8], [9]. As a matter of fact, Biot has developed two versions
of this model, one coupling displacement and flow, and the other one coupling displacement and temperature. The
problem that we recall below couples pressure p and displacement @,

—div (2ue(@) + Adiv(u) Id —apId) =f, inD x[0,7),

o0 (F + adiv(@)) - div(kVp) = g, in D x (0,7),
,p =0, ondD x [0,T),
p(-,0) =Do(") in D,

whereas Biot also considered the problem coupling temperature 6 and displacement T,

—div (2pe(@) + Adiv(@) Id — 0 1d) =f, in D x[0,7),

O (x0 + 6B div(m)) — div(ko V) = h, in D x (0,7),
a,0 =0, on oD x [0,7),
0(-,0) = 0o () in D,

where f, g, f and h are external terms, Py and g are initial data, a, 3, M and y are constants, and ), y, x and kg are
parameters of the Biot model.

The project UPGEO which has been subsidizing the preparation of this PhD Thesis deals with geothermy. Geother-
mal energy, the capture of heat from the subsurface at various temperature levels, is a key method for achieving the
energy transition. However, France's new renewable energy plan has lowered targets for the deployment of deep
geothermal energy due to high geological risks. These risks include the possibility that new operations may not yield
geothermal resources with sufficient flow rates and temperatures to ensure project profitability over its lifespan.
This geological risk is a significant barrier to the future development of geothermal energy in France and the fle-
de-France region. The project aims to develop innovative modeling methods to optimize and explore new zones
in sedimentary areas. This optimization requires (1) a precise understanding of reservoir heterogeneity in terms of
sedimentary geometries, porosity/permeability, and reservoir connectivity, and (2) reliable numerical simulations of
flow and heat transfer over 30 to 100 years after production begins. In view of the UPGEO project, we are led to study
the following three-component problem involving mechanical displacement, pressure, and temperature (which is a
linear version inspired from [16, [17])
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—div|{ 2ue(q) + Adiv(u)) +aVp+ (1 —a)KsVo =f, in D x [0,7),
O 57ﬁ55 + adiv(m) ) — div(k Vp) = g, in D x (0,7),
0 (% +53) 0~ %5p+ Ks(1 - a)div(w)) —n V8~ div(8VE) =h, n D x (0,7),
ﬁ) D, ?:O’ . . on 0D x [O,T),
p(0,-) =Dy ("), 6(0,-) = bo(-), in D,

where f, g and h are external terms, B, and 0y initial data, o, 3, n, M, K7, K5 are constants, and A, 4 and x are
parameters of the Biot model.

The study and resolution of coupled poro-elastic models are well-developped research fields. Well-posedness
of such system has been proved by Showalter [39], and regularity results have been introduced by Mikelic et al. in
[36], where they introduced algorithm based on the iterative coupling of the mechanics and the fluid flow.

The numerical resolution of the coupled poro-elastic system relies either on a specific geometry which is compat-
ible with two resolutions, or to introduce some interpolation operator for the coupled terms in each equation, see
[29]. Thus several approach are frequently employed to solve the coupled poro-elastic system. We can cite Coulet
et al. [22] where the problem is solved by using Virtual Elements for the discretisation of the mechanics, and a TPFA
finite volume method to solve the flow equation. Otherwise, iterative schemes applied to the coupled poro-elastic
system (see, e.g. [1] ) allow to solve geomechanics and flow in decoupled equation. They are known as fixed-stress
split, fixed-strain split, undrained-split, and drained split schemes. Either we can obtain a contraction of the iterative
schemes, or at least conditionally stable.

Thus, specific numerical discretization are used to solve numerically the poro-elastic system. We propose to in-
troduce a particular framework, adapted to the problem which we can extract some numerical convergence results.
This framework is the Gradient Discretization Methods (GDM) introduced first by Droniou, Eymard, Gallouét and
Herbin in [24]. This framework covered several numerical methods such as

+ Multi-point flux approximation (see e.g. Nordbotten [37] for the application to a Biot system),
* Crouzeix-Raviart elements (see [1] with an iterative schemes),

+ Galerkin and Discontinuous Galerkin methods (see e.g. [20] for a DG schemes for the Biot's consolidation
problem).

There are several approaches to solve a coupled flow and geomechanics problem, refered as implicit scheme, ex-
plicit scheme and iterative scheme. Our work focuses on the numerical approximation of a poroelastic problem,
describes by the quasi-static Biot system, introduces in [8]-[9] and on the gradient discretization of the Biot system
with homogeneous Dirichlet boundary conditions. We refer in particular to the original Biot article [9] and to Mikelic
and Wheeler [36] for a well-posedness result. We prove regularity properties of the solutions of the continuous
problem to ensure the validity of the error estimates.

In this section, we study a linear system for flow in porous media coupled to small mechanical deformations
of the ground proposed by Biot and by Mikelic and Wheeler [9] and [36]. For the space discretization, we apply
Gradient Discretization Methods which include numerical schemes such as finite element methods and generalized
finite volume methods. Both flow and mechanical deformation are discretized by means of a gradient method and
our numerical schemes couples both equations. We prove the existence and uniqueness of the discrete solution
by means of an iteration scheme and then present error estimates and speed of convergence for this time-space
approximation.

3.2 The linear elasticity equation

Elasticity is a fundamental concept in the study of materials and structures, describing how solid objects deform and
return to their original shape when subjected to external forces. In engineering and applied physics, the equations
of linear elasticity form the backbone of many practical applications, from the design of buildings and bridges to
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the development of advanced materials and biomedical devices. Here we consider the quasi-static regime of linear
elasticity, a crucial approximation that simplifies the analysis by neglecting inertial effects.

In many practical scenarios, the rate of loading is sufficiently slow such that the dynamic effects, like inertia and
damping, can be neglected. This assumption leads to the quasi-static approximation, where the time-dependence
of the problem is simplified, making it possible to solve the equilibrium equations of elasticity without considering
the time derivatives of displacement.

The governing equations of linear elasticity are derived from fundamental physical principles: equilibrium of
forces, compatibility of strains, and constitutive relations. Thus, given D a bounded domain, with 9D its smooth
boundary, the linear elasticity problem consists in finding a vector-valued displacement fields @ : D +— R? in the
classical Sobolev space Hg (D) with vanishing trace at the boundary D such that

—V-o(m)=f,inD,
u=0,on0D.

The vector valued f : D — R? is the body force per unit volume and it is assumed to be in the classical Lebesgue
space L?(D). The mechanical behavior of the soil is described by o(u) as the Cauchy stress-tensor, which reads in
the case of linear isotropic elasticity as

_Vu+'vu

o(@) = 2ue(q) + Adiv(w)ld, e(q) 5 ,

(3.1

with e(@) represents the infinitesimal stress tensor which is matrix valued.

Here, 1 and A are the Lamé coefficients. They can be written in terms of the Young's modulus E (Pa) which
measure the relation between tensile or compressive stress and the deformation, and the Poisson ratio v (f)) which
measure the deformation of the soil. Thus we have

E Ev
SRR (e D) .

There could be mathematical issue when X is unbounded, which occurs when v increases to 1/2. It has been studied
in several work including [32]. In the following we will assume that  and X are bounded and strictly positive, which
could be infer from boundedness of E and v, and assuming v is strictly positive and less than 1/2.

We recall some classical results, which will be used concerning the elasticity equation. To clarify the notation, we
define a scalar product for real matrices.

Definition 3.2.1. For all square matrices A and B of size d x d, we define
d
A:B=Tr(A'B) =Y "> (A)i;(B)i;- (3.3)
i=1 j=1
Moreover, we also define the associated norm || A||? = A : A.
Lemma 3.2.1 (Korn inequality). For v € H} (D)4, there exists a positive constant Cy := C (D) such that
V11243 ) < Crclle)I2 . (3.4)
Next, we prove the following result
Lemma 3.2.2. Forall v € H} (D)%, we have
Id : e(v) = div(v) € L*(D). (3.5)

Proof. Indeed, we have

d d
Id:e(v) = Z Z(Id)ij(e(v))ij

i=1 j=1



20

Since (Id);; = 0if ¢ # j and (Id);; = 1, itleads to

d d d
D> (1) (e( = (e(v))ii = Y _ 0y, vi = div(v) in L*(D).
i=1 %

i=1 j=1

Lemma 3.2.3. Letv € H}(D)?, there holds

|[div(v)l|z2(py < Vdlle(v) L2 (p)- (3.6)
Proof. Givenv € H}(D)? there holds that

div(v) = Tr(e(v)) = Tr(e(v)Id).

Let's also notice that
le(W)Id]l < [le(v)[I[I1d]],

and

Nl

[Tr(e(v))Il = [ Te(e(v) e(v))2 .

Thus we have
|div(v)|| 2(py = Tr(e(v) Id)[|z2(p)
<[ Tr(e(v) e(v)) 2 Tr(1d)? | 12 p)
< Vd|le(v)||z2(p)-
where by B3) T (e(v)'e(v)) = [le(V)[|72(p)- O

Lemma 3.2.4. Given u,v € H} (D), there holds
/ —div(e(u))vdx :/ e(u) : e(v)dz,
D D
/ —div(div(u)Id)vdx = / div(u)div(v)daz.
D D

We impose the following hypothesis on the parameters.

Hypothesis 1. There holds that
f e L?(D).

Moreover, there exists some constants pg, Ao, M,, and My such that for all x € D
0<po<p(z) <My, and 0< X <A(z) <M.
Thus the following result holds

Theorem 3.2.1. Under Hypothesis there exists a unique solutiona € H} (D)<, in the sense of distribution, to the system

(3.8)
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Proof. Since the parameters A and i are bounded functions, the bilinear form

a(u,v) = /D 2ue(u) : e(v) + Mdiv(u)div(v)

is continuous with respect to the H} (D) norm, and it satisfies for u € H}(D)?

a(u, u) = / 2le(w) 2 + A|div(u)[2dz
D
> 2p0lle(w)]|Z2(py + Aolldiv(w)[|Z2p)-

Applying Korn's inequality [3.4|we deduce that this bilinear form is coercive. Since the form

I(v) = /Df~vd;z:

is continuous, Lax-Milgram theorem ensures the existence and uniqueness of the solutiont € H¢ (D) to the problem
a(u,v) = [(v) for all v € H}(D) which coincides with a solution to the problem in the sense of distributions
since the smooth test functions with compact support are in Hg (D).

O

3.3 Biot system and poroelasticity

The domain D represents an elastic porous medium saturated with slightly compressible and viscous monophasic
fluid, such that the domain is considered as quasi-static (with no inertia) [8], [9]. Let u be the mechanical deformation
vector and p the fluid pressure.

Thus the total stress-tensor induced on the soil is modelled by the Cauchy stress-tensor introduced in Equation
(3:7), to which we sum an additional term representing the pore pressure,

o(,p) = 2ue(q) + Adiv(w)ld — apld,

to obtain the displacement equation
—div(c(a,p)) =f. (3.9

The Biot coefficient « is the variation of the total stress induced by the pressure in the porous medium.
Darcy's law for a compressible fluid represents the relationship describing how the fluid flows through a porous
medium, where the flow rate depends on the pressure gradient, the permeability of the medium, and the fluid
viscosity. It models how pressure differences drive fluid movement in porous materials. Mathematically, it is repre-
sented by

k
vp= *H(VP*Pj'g) (3.10)

where g is the gravity vector field. It will not be considered in the thesis.
The pore-pressure equation in the Biot model is derived from the conservation of mass for the fluid phase,
coupled with Darcy’s law for fluid flow through the porous medium. The equation can be expressed as:

1
O <Mp + adiv(u)) +div(vy) =g. (3.11)
In this context, several parameters play a crucial role :

+ Permeability & : The permeability is a measure of the ability of the porous medium to transfer fluids. Itis a
property of the material that depends on the pore structure and connectivity.

+ Fluid Viscosity 1 : The dynamic viscosity of the fluid affects the resistance to flow through the porous medium.
It plays a significant role in determining the rate at which the fluid can move in response to pressure gradients.
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+ Fluid Storage Coefficient ) : This parameter characterizes the compressibility of the fluid-saturated porous
medium. It represents the ability of the medium to store fluid when subjected to changes in pore pressure.

+ Biot's coefficient «: This dimensionless parameter quantifies the coupling between the pore pressure and
the volumetric strain of the solid matrix. It reflects how changes in pore pressure contribute to the overall
deformation of the material.

+ Source term g: This term accounts for any external addition or removal of fluid within the porous medium. It
is used to model scenarios such as injection or extraction of fluids.

*+ Gravity Term p;g : This term represents the gravitational force acting on the fluid within the pores, where
py is the fluid density and g is the gravitational acceleration vector. Gravity impacts fluid flow and pressure
distribution, especially in large-scale or vertical systems.

The Gravity term pyg will be added to the right-hand-side of (3.11), and we denote by

the diffusion coefficient in the pressure equation. The Biot system with homogeneous Dirichlet boundary conditions
is given by
—div (2ue(a@) + Adiv(@) Id —apId) =£f, inD x[0,T),

) O (£ + adiv(@) - div(xVp) = g, in D x (0,T),
p=0, u=0, on oD x [0,T),
p(+,0) = po(-) in D.

Since p(-,0) is known, we can solve the first equation of the system at time ¢ = 0, which is an elliptic equation for
u(-,0) in D. Setting tp(z) == u(z,0) for all z € D, we deduce that wy € H} (D)% is the unique weak solution of the
elliptic problem

—div(2p e(dy) + Adiv(dp) Id — ap, Id) = £(0), in D,

3.12
uy =0, on 9D. ( )

Hypothesis 2. There holds that
feCH([0,T];L*(D)), and ge C([0,T]; L*(D)).
The initial data satisfies
Py € Hy(D).

The functions i, A, and k satisfy o
w, A, k€ C™(D),

and there exist constants (o, Ao, ko and M, My, M, such that for all x € D
0<po<p(z) <M, 0<X<Az)<My, and 0<ky < k(r) <M,
Moreover, M and « are positive constants.

First, under Hypothesis |2} we deduce from Theorem that the problem (3.T2) possesses a unique weak
solution @, on which we have the following estimate.

Lemma 3.3.1. There holds that

Ho — — A0y ge
FK"UO||2L2(D) < M0||€(UO)H%2(D) + 7||d1V(u0)||%2(D)

c .2 (3.13)
K 2 — |2

< —||f — .
< T IEO) 20, + 55 IPollEaco)
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Proof. We multiply Equation (3:12) by Ty, and integrate over the domain D to obtain

/2u|e(ﬁ0)|2dx+/ )\|div(ﬁ0)|2dx:/ f(O)-ﬁod:c+a/ podiv(dp)da, (3.14)
D D D D

so that

2401 e(Wo) (172 (py + Aolldiv(@o) 172 ()
Ck 2 Ho — 12
< UK 0155012,
< 4%” (O)Z2(py + CKHUOHLZ(D) (3.15)
a? A0 (g e
J'_%HPOH%?(D) + §||d1V(uo)H2L2(D)~

Applying the Korn inequality to up, we deduce that

L9 22 < L2 o) 2o
Then
polle(o) 3y + 2 v (o) )
2
< TEIO o) + 55 7ol o
which coincide with (3:13). O

3.3.1 Function spaces

We define the spaces of functions
V={vecC(0,T};Hy(D)?") : de(v)e L*(D x (0,T))**},
W={qe H(Dx(0,T)) : q€C([0,T}; Hy(D))}.

We define a weak solution of problem (P) as follows:

Definition 3.3.1. The function pair (1, p) is a weak solution of problem (P) if, for allt € [0, T'), we have for all v € Hg (D)4
and g € Hj(D)

/ {2pe(@) : e(v) + Adiv(n) - div(v) — ap div(v)} dz = / fv dz, (3.16)
D D
/ O (p + adiv(u))q dz + / kVp-Vqdz = / gq dz, (3.17)
D M D D

p(z,0) =Dpy(x), forallx € D.

For the sake of completeness, we recall the following well-posedeness result and its proof which have already
been given by Mikelic and Wheeler in [36].

Theorem 3.3.1 (Mikelic & Wheeler). There exists a unique weak solution (u,p) € V x W to the problem (P).

The proof is based on the following section where we prove that there exists a contraction with a unique fixed
point, which coincides with the unique solution of problem (P). We cite also [33] where they develop inf-sup theory
to prove existence and uniqueness of solution.



3.3.2 Existence and uniqueness of the solution

We recall the undrained split iterative method, from [36], which consists in imposing constant fluid mass during the

structure deformation.
We set p° = p, and 1, = 0. We want to iterate the relation and ensure that

"t =p" — aMdiv@@"t —a").
Thus, for all n € N, our iterative process is to solve the following system

—div(2pe(@m ) 4+ Mdiv(@"HId + Ma2div(@m*)Id) =
—div(ap" + Ma?div(T")) + f, in D x [0,T),

a"tt =0, ondD x|[0,7),

and

1
O <Mp"+1 + adiv(u"+1)) —div(kVp" ) =g, in D x (0,T),

pn,—i-l =0, on dD x [0,T),
(-, 0) = P (), in D.

We define a distance d, s on the space V x W as follows :

dus ((2,7), (W, 0)) =150 max |[V(y = O ®)32 )

M o<t<T
2#00&

+ Mo+ Ma? 10ve(z — W) | 72(px (0.7

+ o?||Opdiv(z — W)H%2(D><(O,T))

2

O(y — ¢) + adidiv(z — w)

H M L2(Dx(0,T))

Up to the boundary condition that are slightly differents, we obtain the same result as in [36].

(3.18)

(3.19)

(3.20)

(3.21)

Theorem 3.3.2. Under the Hypothesis[2] the mapping .7 : Vx W — V x W defines a strict contraction so that its admits

a unique fixed pointin V.x W.

Proof. For (w1,(1) € V x W and (wa, (2) € V x W, we define (z1,71) and (z3,72) as
(w1, G) = (z1,m), (W2, () = (22,72)

so that

—div(2pe(z;) + Mdiv(z;)Id + Mo?div(z;)Id)
= —div(a¢; + MaAdiv(w;)) +fin D x (0,T),
z; =00n 9D x (0,T),

2 (;ﬂ . adiv<zi>) div(kVy) = £, inD x (0,7),

~v; =0,0n 90D x (0,7T),
’yi(tZO) = Do, inD.

(3.22)

(3.23)

(3.24)



Taking the difference of equation (3:23) for i = 2 and i = 1 and differentiating in time yields

—div(2udie(zg — 21) + Nodiv(ze — 21)Id + Ma?0;,div(zs — 2;)1d)
= —0;V((¢&a — ¢1) + Ma2div(wy —wy)) in D x (0,7),
8tZ2 — 8tz1 =0o0n 9D x (O,T).

(3.25)

We take the matrix scalar product ":" of (3.25) with 9;(z2> — z1), and integrate in D which gives in view of (3.5)

/D 2udie(zy — z1) : Ore(za — z1) da
+ /D()\ + Ma?)0,div(zg — 21)0,div(zo — 2;) dz
:/D Oi(a (G — 1) + Ma? div(wy — wy))0rdiv(ze — 21) do
—Ma / o, (1\14@2 &) + adiv(ws — w1)> Oydiv(zs — 71)dz
_M/ O ( ((o — (1) + adiv(wy — W1)> (a0pdiv(zy — 21))dz
and thus by applying Young's inequality for alle > 0

zuo/ 10ye(25 — 70)2dz + (Ao +Ma2)/ 10,div(zs — 7) 2w
D

2

< 26 / ’Mat Co — (1) + adidiv(we — wy)| dx

Ma’e

+

/ |0y div(zy — z1)|?dz
D

We multiply B:27) by 5527 which yields

2u0a2
Ao+ Ma2(1 —
Ma?
2e(No + Ma?(1 - %))

/ |0se(zo — z1)*dz + o? / |0, div(zo — z1)|2dz
) Jp D

£
2

1
/ |5200(Ga — 1) + adydiv(wy — wy) P
D

Taking the differences of equation (3.24) for i = 2 and i = 1 yields

27

1
Oy ( Yo — 1) + adiv(zg — zl)) —div(kV(y2 —71)) =0in D x (0,7,

Y1 — Y2 = 0 on 0D x (O,T),
(’Yz — ’Yl)(t = 0) =0in Q.

(3.26)

(3.27)

(3.28)

(3.29)

We take the scalar product of the partial differential equation in (3:29) with 9;(v2 — 1) and integrate in D x (0,7")

which gives
/ / ( (72 — ) + adydiv(zz — Zl)) Ot(v2 — y1)dxdT

t
0
[ [ 21902 = ) Pdade = o
0 JD 2

(3.30)
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Since v2 —v; = 0 att = 0, there holds that

/ / < 8t ’72 - ’Yl) + aatdIV(ZQ — Zl)) 8t(’}/2 — ’yl)dde

(3.31)
52 [ 1900 = )0 Pdadt < 0
D
Thus we have
K 1
/ / |—0¢(v2 — 1) + adidiv(ze — z1)|2dxdt
0 JD M
/ / ( Ot(y2 — 1) + addiv(zs — zl)) adydiv(ze — z1)dxdt
1
/ / ( — 1) + adediv(zs — z1)> Mat('yg — 1)dadt (3.32)
/ / ( O¢(y2 — m1) + adydiv(zs — zl)) adydiv(zg — 2 )dzdt
—@/ V(12 — 1) () Pdadt
M/, Y2~ .
Finally, applying Holder’s inequality on the right hand side of (3.32) , we have that
K 1
/ / | —0:(y2 — 1) + adidiv(ze — z1)|2dxdt
0 JD M
t (3.33)
+@/ V(72 — ) (0)]2de g/ / 02|0,div(zy — 2)dadt.
M D 0o JD
Integrating (3.28) in time and adding (3:33) yields
2o /t/ 2
— dxdt
N+ Ma2(1-2) )y Jp [Ove(z2 = 20)|" dw
t
1
+/ / |M8t(’yz — 1) + adidiv(zg — z1)|*dadt
0D - (3.34)
~o _ 2
0 [ 1902 = 0Pz
Ma? 1 . 2
2200 T Ma2(1—2)) M&g((g — (1) + addiv(wg — wy)| dadt.
We sete = 1225 + 1 in order to minimize the coefficient on the right hand side of (3:34), which yields
4o
" iOMoﬂ/ / |0re(zo — 21)|*dx
t
1
—|—/ / |— 0 (2 — 71) + adydiv(zy — z;)|*dadt
0 JD M
(3.35)

2 [ 190n - w0

Ma? \° [ 1 5
< —= — - i — .
< <>\0 n Ma2) /0 /D |M8t(C2 C1) + adidiv(wy — wy)|[“dadt
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Since 0 < ,\0%7](\!42&2 < 1, we have that
Ma? 2
dus ((22,72) — (z1,71)) < (>\()~FM@2> dus (W2, C2) — (W1,G1)),
so that the operator . is a contraction. O

Corollary 3.3.1. The unique fixed point (a,p) € V x W of .7 is the unique solution of problem (P).

3.4 Extra space regularities of the solution

We propose to detail some regularity results on the solution (1, p) that will be needed later.

Theorem 3.4.1. There exists a unique weak solution (a, p) of the problem (P) such thatu € V and p € W. Moreover, @
and p satisfiy
2pe(u) + Adiv() Id € L*(0,T; Haiv (D)), (3.36)

p e L*(0,T; H*(D)), (3.37)
so that the partial differential equations in problem (P) are satisfied in L*(D x (0,T)).

Proof. We recall the parabolic equation
Oy (]\14 P+ adiv(u)) —div(kVp) = g,
and the following regularity properties :
« £ e CY0,T; L3(D)%)
* g€ C(0,T;L*(D)),
* Odiv(T) = O Tr(e(u)) € L*(D x (0,T)),
« op e L*D x(0,7)).

It follows from [27| Theorem 7.5] we deduce (3.37).
Inspecting the terms of the elasticity tensor 2u e(t) + A div(u), we have that adiv(p Id) € L?(D x (0,T)), and
since
—div(2ue(T) + Adiv(w) Id) = —adiv(p Id) + f,

we deduce (3.36). O

3.5 Extra time regularity of the solution

In this section we suppose that the initial data are smooth enough to prove smoothness in time properties for the
solution pair (a,p).
We consider the following problem, which corresponds to Problem (P) which has been differentiated in time.

—div{2pe(u) + Adiv(u) Id — ap Id} = 0:f, inD x [0,T),
1y O (H + adlv(u)) — div(kVp) = By, in D x (0,7),
p=0, u=0, on oD x [0,T),

ﬁp( 0) + adiv(i(-,0)) = g(0) + div(kVp,), in D.
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Hypothesis 3. We make the following assumptions on the data :

of € C([0,T),L*(D)),
{ drg € L*(D x (0,T)),
Py € Hi (D) N H%(D).

From [36], we have the following

Theorem 3.5.1 (Mikelic-Wheeler). Suppose that the initial data and the right-hand side satisfy Hypothesis[3| Then there
exists a unique weak solution (u, p) of the problem (P’), such thatu € Vandp € W.

Proof. The differentiate problem (P’) coincides with the problem (P), except for the source terms and inital func-
tions. Thus the proof is exactly the same than Theorem and in [36]. O

As far as we know, the following properties about the time regularity of the weak solution of problem (P) are
new. Indeed, we prove that the solution pair is in fact continuously differentiable in time. This property is necessary
to prove the error estimates that we will study later.

Theorem 3.5.2. Suppose that the initial data and the right-hand side satisfy Hypothesis[3| Then, the weak solution pair
(u,p) of problem (P’) is the time derivative of the weak solution pair (@, p) of problem (P), namely u = d;u and p = O;p.
Consequently, u € V and p € W, and in particular, we have that

a e C'([0,T]; Hy (D)), (3.38)
and
p € C'([0,T); Hy(D)). (3.39)
Moreover, there holds that
2ue(t) 4+ Mdiv(@)Id € HY(0,T; Hyi (D)) € CY2([0,T]; Haiw(D)), (3.40)
pe HY0,T; H*(D)) c CY2([0,T); H*(D)). (3.41)

We recall that the spaces C*/2([0, T]; H) are the spaces of Hélder continuous functions of exponent 1/2 with values in the
space H.

Proof of Theorem[3.5.2]
We set

t t
55:/ 5r)+7,,  and a:/ f(r) + .
0 0

We will show that the pair (1, p) coincides with the unique solution of the problem (P).
We integrate in time the pressure equation in problem (P’) :

/Ot (at (]\54 + adiv(ﬁ)) - div(nvm) dr — /Ot Dy dr

which implies

% B(t) + adiv(ii(t)) — div (/{V ( /0 o) d7)> — £(t) — £(0) + div(sVpy) + £(0),

where we have used the initial condition for (p, 1), namely

1

2 P(0) + adiv(@(0)) = div(xVp,) + £(0).
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Then we have for almostall t € (0,7):

% p(t) + addiv(u(t)) — div (n (/Ot p(r) dr +p0>> = f(t).
Finally we conclude that the pair (u, p) satisfies the following equation in D x (0,7):
% oD + adydiv(a) — div(kVDp) = ¢ (3.42)
We recall thatin D x (0,T), the pair (1, p) satisfies:

—div (2 e(T) + Adiv(@) Id — a p Id) = ,f. (3.43)

We integrate (3.43) in time to obtain :

t t t t
—div (2ue (/ u dT) + Adiv (/ u dT) Id — o / pdr Id) = o fdr. (3.44)
0 0 0 0

And since p = fot pd7 + Py, and U = fot udr + o, the equation implies that
—div(2ue(@ — To) + Adiv(d — o) Id + o (5 — By) Id) = £ — £(0), in D x [0, T)

or else
—div(2ue(u) + Adiv(u) Id + apId) = £ — £(0) — div(2ue(Tp) + Adiv(dp) Id + ap, Id).

Since the pair (uy, p,) satisfies (3.12), we deduce that
—div(2ue(u) + Adiv(u) Id + apId) =f£. (3.45)
Thus, we have shown that (1, p) satisfies the equations (3.42) and (3.45), together with the initial conditions
* p(-,0) =Dy in D,
« u(-,0) =1y in D,
and the boundary condition
*u(,t)=0, p=(-,t)on dD, forallt € (0,T).

We conclude that the pair (u, p) coincides with the unique solution (4, p) of problem (7).
Moreover, from (3:37) and (3:36), by applying Theorem[3.4.1to (1, p) := (9,1, &;p) there holds that

2ue(dya) + Adiv(d,a)Id € L*(0,T; Haiy (D)),
op € L*(0,T; H*(D)).
Thus we can ensure that 2ue(t) + Adiv(a) € H*(0,T; Haiy (D)) and p € HY(0,T; H?(D)). O

Finally, one can prove that, given more regularity on the data, the solution (u, p) is smooth in time.

Corollary 3.5.1. Assume that £(*) € C(0,T; L%(D)), g € L*(D x (0,T)), and AR\~ € L2(D); then the associated
k-times differentiated problem (P*)) has a unique solution (@®), (")) € V x W.
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3.6 A priori estimates

We introduce the following Gréonwall's lemma,

Lemma 3.6.1. Given z a continuous function of [0, T] in RY, and a, b € RT such that

¢
z2(t) < b+ a/ z(s)ds.
0
Then,
2(t) < be®. (3.46)

Theorem 3.6.1. Let (U, D) be the weak solution of the problem (P); there exists a positive constant C which depends on
T, the initial conditions and the source terms such that

sup *II @O)I72(py + sup *HdW( ()72
te[0,T] te(o, ] (3.47)
2 S
\Y <C.
+t€b[%PT] 2MHP( Wzzpy + Kol VP Z2(px0.1)) <

Proof. Let (u,p) be the solution of problem P. We multiply the equation for @ by 9,u and the equation for p by p,
and integrate by parts in D to obtain

/ 2ue(q) : dre(@) 4+ Adiv(w)didiv(a) — apddiv(d) dz = / f oade,
b b (3.48)

/@Vﬁ-Vﬁdx:/ gpdx.
D

/—8tpp+oz3fdlv( )pdx+/
p M

D
There holds

/ 1y |e(@)|? + %8t|div(ﬁ)|2 do — /
D

apoydiv(a) do = / f.oade,
D

) P (3.49)
/—3t|p| + addiv(a )pd.’L-l—/ I{‘VﬁPdI’Z/ gpdzx.
p 2M D

We sum the two equations of (3.49) and integrate them over (0, ¢) for ¢t € (0,T) to deduce that
1 _
polle(T(t))l|72(p) L2 IIdIV( EDNZ20) + 537 PONZz () + £l VP2 (D 0,1y
/ / f-oudadr +/ / gpdadr +.MM|| e(W)||72(p) (3.50)

+7 ||d1V(U0)HL2(D) + 57 2M Hp0||L2(D)

Integration by parts gives

¢ ¢
//f~8tﬁdxd7:/f(t)oﬁ(t)dx7//5‘tf'ﬁdxd77/f'ﬁodx,
0o Jp D 0o JD D
¢
0o Jp

Ho |~
7o) + f”u(t)ﬂgm(p)

so that,

(3.51)
CK
Hatf”L?(Dx(O ™t oA 20 ||uHL2(D><(O )

+§Hf(0)||L2(D) + §Hﬁ0|\L2(D)a
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where Ck is the constant from Korn's inequality.
Finally, from Korn inequality, since [[a(t)[|7py < Crk [le(@(t))|7z2(py. there holds
t
_ Ck 1o
| [ ¢-omasdr < ZEIRO )+ S0 o

CK Moy
T o 2# 10£11Z2 (D 0.7y) + 7|\6(U)||2L2(DX(0,T)) (3.52)

+§||f( Wiemy + 5 ||u0||L2(D)
Moreover, there holds
g _ M, 1
A DgpdfﬂdT < 7||9||L2(Dx(o,T)) + m||p||L2(D><(O,T))' (3.53)
We deduce from (3.50), (3.52) and (3.53) that

By Aoy e L -
7”6(“(75))”%2(13) + ?Hdlv(u(t))HQL%D) + WHP(UHZL‘Z(D) + k0llVBZ2(py

Ck Ck Ho
< =If)I72(p) o ||atf||L2(D><(0 ) + 5 le@Z2(px 0.1
20 2 (3.54)
2 1 — 112 .
+§Hf(0)”L2(D) + §HUOHL2(D)
2 1 =112 1 = 1|12
+?||g||L2(D><(O,T)) + m”pnm(px(om) + m”poHL?(D)-
Thus, we have
1o\ 1
7||€(u(t))||2L2(D) + m”ﬁ(t)HQL?(D)
CK Mo\
< 27||f( Miz(m) HatfHL?(Dx(O ™ T 5 ”e(u)”%?(Dx(O,T))
3.55
L (3.55)
+§||f(0)||L2(D) + §||u0||L2(D)
2 1 =112 1 — 12
+7”9”L2(D><(0,T)) + m”P”m(Dx(o,T)) + mHPoHLZ(D)-
Under Hypothesis[2] and with (3:3:T), we obtain that the following quantity is bounded
Ck Ck 1 1, M
ﬂteﬁ[lép £t )H%Z(D) + %HatfH%%Dx(o,T)) + §Hf(0)|\%2(p) + 5”“0“%2(13) + 7”9”%2(D><(0,T))'
So that by applying Gronwall's Lemma on (3.55) we obtain
Ho | 1
B e(@(t)) o) + 577 1P 3oy < C' (356
Thus there holds that )
Mo — _
?”e(u)HQL?(Dx(O,T)) + WHPHQL%Dx(o,T)) <TCe". (3.57)
Reinject this in (3.54) to conclude. O

Theorem 3.6.2. We set vy = min(uo, Ao, %, 537) and note C the positive constant from Korn inequality (3.4). Under
Hypotheses[2 and 3] there holds

[Ore(u )||L2(D><(0 7)) + [0ediv(T )HLZ(Dx(o T))

+|0:p + sup [[Vp
9@l z2px 0.y + sup 9P 7200 358)

1 (Ck Mo
< 1 (S foutliapiory + g olloniomy + 22 IR )
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In other words, there exists a positive constant C = C(Ck, uo, 70, £, g) depending on the Korn constant C'k, 1o, o and
the sources terms f and g such that

[Ore(T )||L2 px (0, T [|0div(T )||L2(Dx(0T))

HIOBIZ (b 0.1y + S 197 )22(py < C(Cic, 0,70, £, 9)- (3.59)
Proof. Therefore since (u, p) is the solution of problem (P) there holds
O <]\14p—|— adiv(u)) —div(kVp) =g, inD x (0,T). (3.60)
Moreover (9,1, 8;p) is the solution of (P’) so that
—div(2udse(T) + Ay div(T)Id — ad;pld) = §,f, in D x (0,T). (3.61)

Thus multiplying (3.60) by ¢ € W and taking the integral over D, multiplying by v € V and taking the integral
over D leads to

/ 2ude(n) : e(v) + A dydiv(@)div(v) — ad¢p div(v) dz = / Ofv dz,

D
/6,5<M+cud1v( ))qu—l—/i/ Vp - qua:—/qux

We set v = 0;11, ¢ = 9;p and integrate in time to obtain

t
/ / (20l0,e(@) 2 + AOdiv(w)?) dedt
0 D

t t
0 JD 0 JD

t
1
0 JD

t t
+ / / kVD - 0, Vpdadt = / / goypdadt.
0o JD o Jp

We take the sum of (3.62) and (3.63) to obtain

(3.62)

(3.63)

t
/ / 2u|0se(W)[? + \|Opdiv (@) [2dadt
0 JD
! 1 2 1 2 2
+/ / —10:p| dxdt+f/ k(|VD(t)]* — | VD, |*)dx (3.64)
0 DM 2 D

t
= / / 8tf . atll + g@tﬁdmdt
0 JD

Applying Young's inequality to the equation (3:64) and Hypothesis[2]and[3] we have for any e, > 0
2H0H8t€( )||L2(D><(O 7)) T Aol|Opdiv(a )||L2(D><(O T))

+7||atﬁHL2(D><(O,T)) + SEHP . ?”vﬁ(t)HLz(D)
||3tf|\L2(Dx(0 T)) + 2 ||(91t11||L2 (Dx(0,T)) (3.65)

+7H9HQL2(Dx(o,T)) + m”a@H%?(Dx(o,T))

M o
+7||VP0H%2(D)
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By Korn inequality, there exists C'x, depending on D, such that
196TZ2 (D 0,7)) < CrlOre@)I72(px (0,17 (3.66)
We sete; = CL so that (3.65) reads as

M()Hate( )||L2 Dx(o,r)) T Aol dediv(a )||L2 (Dx(0,T))

+m||3tﬁ”L2(Dx(o,T)) + tes[l(l)%] ?”Vﬁ(t)HL%D) (3.67)
Ck M M
< — . 10| L2 (Dx (0,1)) + 7||g||%2(D><(O,T)) + THVPO”%Z(D)

Then we set g := min(o, Ao, %2, 737) to obtain

[|Ore () H2L2(Dx (0,7 T |0div (@) H%ﬁ(Dx (0,7))

+10:pI12 + sup |[VA()||7
191 z2px 0.y + sup VP340 (3.68)

1 (Ck Mo
< 2 (S outliapiory + g ollwxiomy + 22 IR )

3.7 Thermo-poroelastic problem

In geothermy, the temperature play a role alongside the pressure and the displacement. Therefore, we consider a
thermo-poroelastic system, which can be seen as a generalization of the Biot system. There has been several study
of a thermo-poroelastic system including non-linear convective therms, coupling the Darcy flow v, and the gradient
of the temperature V6. In Chapter[6] we propose to focus on a thermo-poroelastic problem with a linear convective
terms, which we introduce below

—div (2pe(a) + Adiv(a)) + aVp+ (1 — @) KsVl = f, in D x [0,7),

0y (2= KSH + adiv(a )) —div(kVD) = g, in D x [0,7T),

) (% +57) 8- K5+ Ks(1 - a)div(a)) —n- V0 - div(8V0) = h, in D x[0,7) (3.69)
u,p 0=0 B in 0D x [0,7),

p(+,0) =Py, 0(-,0) = 0o, in D.

We introduce the following parameters, which comes fom the temperature coupling in the thermo-poroelastic sys-
tem. Here, the coefficient 7 is a constant to replace a non-linear term in the problem studied in [17].

+ Solid Expansion Coefficient K5 : This coefficient represents the degree to which the solid matrix of the
porous material expands or contracts in response to temperature changes. It is a measure of the thermal
expansion of the solid framework.

+ Thermoelastic Coupling Parameter K : This parameter quantifies the interaction between thermal effects
and elastic deformation in the material. It describes how temperature variations can induce mechanical stresses
and strains in the solid matrix.

+ Thermal diffusivity 5 : Thermal diffusivity characterizes the rate at which heat spreads through the porous
medium. It is a key parameter in determining the transient thermal response of the material to temperature
changes.
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The initial condition on p, and 6, permits to compute an initial solution @, := (¢ = 0), as done in the Biot system.

We look for (@, p, #), with homogeneous Dirichlet boundary condition, a weak solution of the following variational
formulation such that there holds

(2ue€ﬁ), e(v)) + (Adiv(a) — ap — Kg(1 — a)d,div(v)) = (f,v), Vv € HY(D),
9, (LA’;S" + )\div(ﬁ)) ,q) + (kVD, Vq) = (9,9), Vg€ H'(D),  (3.70)
(Ou((£2 +57) 0 - K35+ Ks(1 — a)div(@), 8) + (1 V0, 5) + (8V9,VS) = (h,S), VS € H'(D).

An existence and uniqueness result has been proved in [17, Theorem 3.1], where they assume suitable regularity
for the initial data and source terms.
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Chapter 4

The Gradient Discretization Method for
the Biot problem

4.1 Gradient schemes for the Biot problem

A Gradient Discretization Method (GDM) is based on finite-dimensional vector spaces and operators, first introduce
in [24] by Droniou et al. Given the variational formulation of problem (P), the continuous spaces and operators
are replaced by corresponding discrete spaces and operators. This method has been used to study linear elliptic
or parabolic problem (in [23]) The system which we study is essentially composed of two parts, a flow computation
and a mechanical deformation computation. For both of these parts, we present a Gradient Discretization Method.
Such a coupling between flow and mechanical deformation has already been studied in [10}[11}12}[13] in @ nonlinear
context and they prove the convergence of the algorithm. Here we deal with a linear case which permits us to present
an error estimate for the discrete solution obtained by means of this Gradient Discretization Method.

4.1.1 Known results for the Biot problem
The Biot system with homogeneous Dirichlet boundary conditions is given by

—div (2ue(@) + Adiv(a) Id — apId) =f, inD x[0,7T),

! (& + adiv(@) - div(xVp) = in D x (0,T),
p=0, =0, on 9D x [0,7T),
p(+,0) =Dpo(-) in D.

The following hypothesis is a version of Hypothesis 1 with three variables and with time dependent second mem-
ber.

Hypothesis 4. We assume that
f e C'([0,T];L*(D)), g € C([0,T}; L*(D)).

The initial data satisfies
Po € Hy(D)N H?*(D).

The functions p, A, and k satisfy o
w, A\, k € C>®(D),

and there exist constants (o, Ao, ko, M, My and M, such that for all x € D
0<po<p(z) <My, 0< Ao <Az) <My, 0<rko<k(r) <M,

Moreover, M and « are positive constants.
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We recall that under Hypothesis [4 we have the following regularity which is enough for the numerical approx-
imation. This regularity has been proved in Chapter [3|(see Theorem[3.5.2) and it is the only novelty compared to
known litterature.

Theorem 4.1.1 (from Theorem(3.5.2). There exists a unique weak solution (@, p) of problem (P) which satisfies
u e C'([0,7]; Hy (D)), p € C'([0,TT; Hy (D)).

and
2ue(T) + Adiv(@)Id € H(0,T; Hyiy (D)) € CY2(0,T; Hyiy (D)),

pe HY0,T; H*(D)) c C'/2(0,T; H*(D)).

In view of the regularity of @ and p, the system of equations is satisfied almost everywhere.

4.1.2 Space-time discretization for the pressure and the mechanical deformations

The Gradient Discretization Method for the Darcy flow with homogeneous Dirichlet boundary conditions is defined
by a vector of unknowns as well as suitable operators defined as follows :

Definition 4.1.1. Gradient Discretization Method for the pressure
The GDM for the pressure p is defined by D), = (X, 11, VD) where:

+ X, Is a finite dimensional real vector space of discrete unknowns,
+ the linear function reconstruction 117’ : X, — L*(D),
+ the linear gradient reconstruction V7 : X, — L*(D),

* an interpolator TP : Hj(D) — X, such that

I,y = arqgegin(llﬂfq —PlZ2p) + V5 a = VI 72(p))- (4.1)

We also assume that ||4||D := || V24| L2 (p) defines a norm on X,

The Gradient Discretization Method for the displacement with homogeneous Dirichlet boundary conditions fol-
low almost the same definition, with a slightly different definition of the differential operator.

Definition 4.1.2. Gradient Discretization Method for the displacement
The GDM for the displacement u is defined by D,, = (X,,, 112 D) where:

« X, is a finite dimensional real vector space of discrete unknowns,

« a displacement reconstruction linear operator 1P : X,, — L?(D),

* a symmetric gradient linear operator e? : X,, — L?*(D, S4(R)), where S4(R) is the space of symmetric matrices of
sized x d,

* an interpolator TP : H}(D) — X, such that

I = argmin ([I7v — @72 p) + llew) (v) = e(@)[Z2p))- (4.2)

veXy,

We define a norm on X, such that

VIl = llex (V) 2 (o) (4.3)
We define, for v € X,, the discrete divergence operator
div? (v) = Tr(eP(v)), (4.4)

so that [|div? (v)] 2(p) < ValleP (¥l 2.
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For the time discretization of problem (P), we will apply a backward Euler scheme with a constant time step which
involves :

« adiscretization of the interval [0, 7] 0=t <t! < ... <tV =T,
+ We define At = tF+1 —tk forall 0 < k < N — 1, as the constant time step, so that T = NAt,

+ Given a function g continuous in time, we note

(L

1
k+1 _ L
g = A /tk g(s) ds. (4.5)

As soon as we have a sequence of iterates given by the backward Euler scheme in spaces (D,,, D,)), we can associate
a piecewised constant function in the time variable using the following

Definition 4.1.3. We define for all 0 <k < N — 1, for all t € (t*,t**1), for all v € X, and q € X,,
v(t) = vFHL,
q(t) = ¢"*',

where v**1 and ¢**1 are given by the backward Euler scheme that will be defined later.

4.1.3 Properties of the Gradient Discretization Methods

Under the abstract formulation of a Gradient Discretization Method, we will define a “space size” hp of D. But, in
the study of convergence of a GDM, we will have a sequence of “space sizes" that converges to 0 corresponding to a
sequence of GDM. We denote this sequence (D"),en.

Since we have two variables, we denote (D} ),.en and (Dy;).en respectively for the pressure and the displacement.

They will have corresponding “space sizes” (h2" )nen and (h2" ), e, and we will asumme that hp» := max{h2", hD"}
will converge to 0 as n grows to infinity.
Next, we recall the properties of the pressure discretization as presented by [24].

Definition 4.1.4 (Properties for the pressure discretization).

+ Coercivity of D,,.
For a Gradient Discretization Method D,,, let CZ? be defined by

HD
CP = max I, allezo) | (4.7)
a€Xp\{0} lallp

Asequence (D)) .en of Gradient Discretization Method is coercive if there exists C;, > 0 such that C), > CcP", for all
n € N. This coercivity property is analogous to the Poincaré inequality in the continuous case.

+ Consistency of D,
For a Gradient Discretization Method D,, let ST : H} (D) — [0,40c) be defined by

for all ) € H} (D),

Dy . . D D (4.8)
Sy (W) = e {llv =10 qll 2oy + IV = V. dll 2y } -

A sequence (D )nen of Gradient Discretization Method is said GD-consistent if

forall+ € HY(D), lim SP" () = 0. (4.9)

n—oo P
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* Limit-conforming of D,
We note Hq;y (D) := {y € L?*(D) : div(y) € L*(D)}.
For a Gradient Discretization Method D,, let W;? : Hgiv (D) — [0, +00) be defined, for all 1 € Hga; (D), by

1

WD( ‘= max ——
a€x,\{0} [lq|lp

p

/ (div(p)IIDg+p - VEq) dz|. (4.10)
D
A sequence (D )nen of Gradient Discretization Method is said limit-conforming if

forall 4 € Hai(D), lim WP (y) =0. (4.11)

Next we present the definition of the space size for the pressure discretization.

Definition 4.1.5. Let D, be a Gradient Discretization Method for the pressure in the sense above. We introduce the
following quantities:

Dyl ) Sy () 1
sp (Ho (D)) =sup § 7————, ¢ € Hy(D)\{0} ¢,
H@HH&(D)
D) (4.12)
W,
wf(HdiV(D)) =sup{ ——————, ¥ € Hg;,(D)\{0} ¢ .
1% ]| fai, (D)
We define the space size of D, as
hY = max{s] (H} (D)), wD (Hy(D))}. (4.13)
Next, we recall the properties of the displacement discretization as presented by [24].
Definition 4.1.6 (Properties for the displacement discretization).
+ Coercivity of D,
For a GDM D, let CP be defined by
HD
P e mpax ) MVlezo) | (4.14)
veXx,\{0} 1V ||
A sequence (D) ,en of Gradient Discretization Method is coercive if there exists C,, > 0 such that C,, > CP ", forall
neN
This coercivity property is analogous to the Korn inequality in the continuous case.
+ Consistency of D,
Let SP : H} (D) — [0, +00) define by
forall € Hy (D),
S0 i= min (e TV +lle(e) Rl @19
A sequence (D}).cn of Gradient Discretization Method is said to be GD-consistent if
forall p € H'(D), lim SP~(p) = 0. (4.16)

n—oo

+ Limit-conformity of D,
We note Hqiy (D) := {y € L*(D) : div(y) € L*(D)}.
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Let WP : Hgi (D) — [0, +00) be defined, for all 1 € Hyiy (D) by

1

wpb = —_—
(W) = max T

u

/ (¢ : el (v) + divep - TIDv) dz|. (4.17)
D
A sequence (DI'),en of Gradient Discretization Method is limit-conforming if

for all 4 € Hyio(D), lim_ WP(ap) = 0. (4.18)

We now introduce a space size depending on the regularity of the approximation:

Definition 4.1.7. Let D, be a Gradient Discretization Method for the displacement in the sense above . We introduce the
following quantities:

D
SP(HY(D)) = sup {st) o H&(D)\{O}} ,
? o) (4.19)
B (D) =sup { T,y e (o)},
We define the space size of D, as
hP = max{sP(H}(D)), wP(Hy(D)}. (4.20)

Now that the space sizes k> and h7) of the Gradient Discretization Method (respectively for pressure and dis-
placement) have been defined, we introduce the total space size as being the maximum size of the mesh for both

discretizations.

Definition 4.1.8 (Space size). We note

hp = max(h],h) (4.21)
Proposition 4.1.1. Let p € Hg;, (D), then
W () < holl @l p)- (4.22)

Proof. Given ¢ € Hgiy(D) we have that

W ()

W2 () =
b 11l 21050

||<P||Hd,v ) S wl 1@l ) < hollellma, (p)-
O

Before introducing a variational formulation for the gradient problem, we show the following Lemma which is
an analogous result to that of Lemma[3.2.2}

Lemma4.1.1. Forv € X,
Id : eP(v) = divP(v) in L*(D). (4.23)

Proof. We consider v € X,,. We have that {Id};; = 0if i # j, and {Id},;; = 1. In view of (4.4), it follows that

Id:eP ZZ{Id}U{e Z{e

= Tr(eu (v)) = div?(v).
O

By application of (4.23), we define the gradient problem as a variational formulation with the discrete operator
defined above.
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Definition 4.1.9. A solution (U, P) € X! x XN*1 of the gradient scheme associated to the problem (PP) is a pair
U:=’...,uM)and P = (p°,...,p") such that for all k € [0, N

2/ pel (u*) : eP(v) da +/ Adiv? (u¥)div? (v) dz
b b (4.24)
—a/ prkdivf(v) dz = / f*1Pv, forallv € X,
D D

and for all k € [1, N]

) PP A Gl
— ——— Ml gdr + « 17 q dx
14 p
M/ At D At (4.25)

—|—/D nv]?pk . Vz?q dzr = /ngﬂfq dz, forall ¢ € X,
with
P’ =IDp,. (4.26)

We remark that, given (.23), we deduce the following equality from (4.24), for all k € [0, N]:
/ (QM eP(u) + AdivP (u*) 1d — aHZ?pk Id) ceP(v) dz
D

:2/ pel (u*) : eP(v) dz +/ Miv? (uf)divP (v) dz
D D

— a/ prkdivf(v) dz = / f*11Pv, forallv € X,,.
D D

The existence and uniqueness of a solution of problem (4.24)-(4.26) will be proved in the next section.

4.2 Existence anduniqueness of the solution of the discrete problem (4.24)-
(4.26)

In order to study the discrete problem (4.24)-(4.26) we will apply the undrained iterative split method, which has
been introduced by Mikelic and Wheeler in [36]; the proof of the existence and uniqueness of the solution to the
gradient scheme (4.24)-(4.26) relies on the Banach-Picard fixed point theorem.

At each time step k, given (u”, p¥), we compute a sequence (u™*, p™*), cy such that the limit fixed point of this
sequence is set to be (uf*1, pk*+1). In what follows we define

B Ma?

L:
2

(4.27)

Definition 4.2.1. Let k > 1 be fixed. First we set (u%*, p*-F) := (u*, p*). Then, given uw™* and p™*, we define the solution
of the discrete problem at the iteration n + 1 as the pair (u"t1k prtLk) € X, x X, solving the following system. First,
we define u™ ¥ such that, for all v € X,, we have

/ 2ueP (k) eP(v) dz + (A + L) / div? ("R div? (v) dz =
D D

a / (pr"’k + Ldivf(u”’k)) divP(v) + £% - TPy do.  (4.28)
D
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Then, given u™ 1, we define p"*+1* such that, for all ¢ € X,, we have

1 HD(pn+1,k _pk) le? un+1,k _ uk
a f, A e s [ S g
D D

D, n+l,k oD _ k17D
+/Df-£Vpp -qudm—/Dg I,ygdz. (429

4.2.1 Well-posedness for the discretized decoupled equations

We first prove that there exists a unique solution of (4.28) and then there exists a unique solution of (4.29).

The displacement equation

We remark that the application u,v € X,, — [, eZ(u) : e (v) dz defines a scalar product on the space X,,.
In Equation (@.28), we remark that the right-hand-side will be a linear map and the left-hand-side is a bilinear

form. Thus, it justifies the following definition with F™¥ € L2?(D) being given as a (prnv’“ + Ldivf(u"*’“)).
c a(u,v) = 2/ pel (u) : eP(v) do + (A + L)/ div? (u)div? (v) dz,
D D
< (V) :/ Frk divP (v) + £F - 1Py da.
D
The problem {@:28) has the form

Find u" ™% € X,,, such that, forall v € X,,a(u"1* v) = 4(v). (4.30)

In order to show the continuity of the linear form ¢, we deduce from the Holder inequality that

< |g||L2(D)”diVE(V)HLz(D)'

/ GdivP(v) da
D

Moreover, from Definition we have Hdivf(v)HLz(D) < Vd||ePV| 12(p), and from the coercivity assumptions
(4.14) there holds [TIDv|| 12 (p) < CulleR (V)| 2(p). SO that

()] < (Cu+ VA|GllL2(py)ller (V) z2(p)-

Next we show that the bilinear form a(u, v) is coercive. Indeed, given v € X, we have
a(v,v) = 2p [l (V) 72y + (A + D)lldivy (V)| 72
> 2u[v][Z2(py-

Finally we prove that the bilinear form a(u, v) is continuous. Indeed, given (u,v) € X,, x X, we have

la(u,v)| = ‘2 /D peP(u) : €l (v) dz + (A + L) /D div? (u)div? (v) da

< 2uller (W)l L2 oy ler (V) z2(py + (A + L) [[divyy ()| 2oy | dive, (V)] 2 (o)
< (2p+d+ L)l ()l 2o e (V)| 2 ().

It then follows from Lax-Milgram theorem that there exists a unique solution u"*t* ¢ X, of the variational problem
(4.30); this also implies the existence and uniqueness of the solution u®** ¢ X,, of problem (4.28).
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The pressure equation

The pressure equation reads as
1 D._n+1l,k (7D D, _n+l,k D D
M/Dpr I, q dz + kAt DVpp -V, qdz = At D]-'Hpqu,

where the source term F depends on the source term of (4.29) and thus on p¥~—! and u™+1:%,
We remark that the bilinear application p,q € X, — fD pr . qu dz defines a scalar product on the space Xj,.
We can then define the following bilinear and linear forms

*m(p,q) = 47 [pIPp g dz + kAL [, VDp - VDq dz,
< bg) = fD}'HEq dz.
Next, we show that the linear form b is continuous. Indeed, we deduce from the coercivity assumptions that
b(a)| < |1 F N2y all r2(py < CpllFllr2cmy IMZ qll 22(p)-
Moreover, since
I ql1Z2py + AtallVE allizpy = CIVE allZz(pys
then the coercivity of the bilinear form m(p, ¢) follows.

Finally, we deduce from Lax-Milgram theorem that there exists a unique solution p™** of problem (4.29).

4.2.2 Existence and uniqueness of the solution of the discrete problem (4.24)-(4.26)

In this section, we prove that a suitable map defines a strict contraction so that it possesses a unique fixed point
which we identify as the solution of (@.24)-(4.26). Thus, given (u*~!, p*~1) at the previous time step k— 1, we consider
the operator

S:(w, ) = (z,7)
such that (z, v) is the unique solution of the problem for all v € X,, and ¢ € X,

/ 2uel(z): eP(v) dz + (A + L) / div?(z)divP (v) dz
D D

(4.31)
= /D(H;Jg + Ldiv2? (w))divE (v) + gF - TIPv dz,
and
P~ — ph—1 D k-1
i/ (L y —p )Hpqdwra/ divi)(z—u') o
+/ WI% - qu dx = / kafq dz,
D D
which is given by solving the iterative variational problem (4.28)-(4.29).
We define the distance on the space X,, x X, by
d*((u,p), (v,q)) = 4pL|lef (w = V)|[72(py + AL [|divy, (@ = v)|[72(p) 4.33)

F2AtRL |V (9 = a)lI22(py | + |17 (9 — g) + Ldivy (u = v) |22 p).-

Theorem 4.2.1. The mapping operator S : X,, x X,, = X,, x X,, defines a strict contraction so that it admits a unique
fixed point in X,, x X, which coincides with the unique solution of the problem (4.24)-(4.25).



Proof. For (w1,(1) € Xy, x Xp and (wo, (2) € X, x X, we define (z1,71) and (z2,v2) as
S(wi, 1) = (z1,m), S(W2, () = (22,72).
Since (z1,v1) and (z2, 72) satisfy the equations (4.37)-(4.32), we have that
/D 2 eP(zy — 71) : P(v) dw + (A + L) /D div® (zp — 21)div (v) de
= [ @TP( = )+ Laiv? (v = w2 (v) do
and

1 HE(’D M) _p divD(z2 —71) _.p
— —— " TI-qgd — 4= TI7qgd
M/D At ot ”“LO‘/D Af p 1T

+/D kV(y2 —71) - Vgdz =0.
We set v = zs — 71, and deduce from (@.35) and Young's inequality that for any € > 0
241 16D (22 — 1) 32 (py + A+ L) [1divE (22 — 21) 132
— /D (aﬂf(g‘g -G)+ Ldivf(wQ - w1)> divf(zz —zp)dx
< % [l HE(@ — (1) + Ldiv] (wa — Wl)”%Q(D) + g divy, (z2 — Z1)||2L2(D)'
Thus
20]le? (22 = 20)l[32(0) + (A+ L= 5 ) ivE (22 = 21) 321
< o 10T (G — ) + LaivD(ws — wi) ).
We take e = A + L in (@.38) and multiply this inequality by 2L which gives

ApL|lef (22 — 21)||72(py + (AL + L?) [|divy, (22 — 21) 172 ()

L .
< N1 L HaHf(Cz — (1) + LdlvE(WQ — wl)H%Z(D).

Setting ¢ = 2LAt(y2 — 1) in yields
2L D 2 : D D
a7 Wy (2 = 1)llz2(p) + 2La i div,, (22 — 2011, (2 — 1) d
+2AtL| V] (Y2 = 1)l 72 () = 0.
Adding (4.39) and (#.40), we obtain
AuL ||eg (22 — 21)|[72(p) + AL [|divy, (22 — 21) |72 (p)
F2AURL |V (v2 = )1 Z2(p) + L? [ldivy, (22 — 21) 72 (p)
2L .
2 Y (v2 = ) I72 () + 2L04/Dle5(Z2 —21)1ID (v, — 1) da

L

<
T A+L

[l HE(CQ — 1) + LdivE (wy — W1)||2L2(D)~

43

(4.34)

(4.35)

(4.36)

(4.37)

(4.38)

(4.39)

(4.40)

(4.41)
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We remark that
laTIY (2 = 1) + Ldivy, (22 — 21)l172(p)
= a®||TI7 (v2 = )12z (py + L2 divy, (22 — 21) 1)
—|—2L0¢/D diVE(ZQ — Zl)Hf(’}/g —m) dx
2L D 2 2|35, D 2
= 37 My (2 = )llz2(p) + L7 [ldivy (22 — 21) 22
+2Loz/D div? (zy — zl)HE(vg — 1) dz.

where we have use ({#.27).
Substituting (4.42) into (@.47) yields

ApL |l (22 — 21)||72(p) + AL [[divy, (22 — 21) |12y
+2ALRL||V] (v2 = y)l[72(py + @ TI] (32 — 71) + Ldivy (22 — 21) 172 ()

< [@TIZ (C2 — ¢1) + Ldivy, (w2 —w1)|[Z2(p)-

A+ L

Thus, adding positive terms on the right-hand-side, we obtain
AL ey (z2 = 21)|[72(py + AL |Idivy (22 — 21) |72 (p)
+2AL6L||V] (v2 = y)ll72(py + @ TI] (32 — 71) + Ldivy (22 — 21)[172(p)

L .
37 L (4ML e (wa —w1)[[72(py + AL [|divy (W — w1)[|72(p)

F2AtRL |V (G2 = Q122 (py + I (G2 — G) + Ldivy (w2 — W1)||2L2(D))
which in view of (@.33) can be rewritten as

P(S(wa, ), S(w1, ) < 1y P ((war o) (w1, ).

Thus S define a strict contraction on X,, x X, so that it possesses a unique fixed point.

(4.42)

(4.43)

(4.44)

(4.45)

We concludes that given (u*~!, p*~1) we can define (u*, p*) as the unique fixed point of S, which completes the

proof.

O
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4.3 Error estimates

4.3.1 Error estimate for the GDM

In this section, we obtain an error estimate between the exact solution (a,p) of problem (P) and the approximate
solution (u, p) obtained by means of a Gradient Discretization Method. As far as we know, these results are new
since these error estimates have been obtained for special numerical methods (Coulet Giraud et Almani et al.),
whereas we develop an error estimate for a Gradient Discretization Method that includes all these Finite Element
and Generalized Finite Volume methods. Moreover, we obtained previously enough regularity on the continuous
solution, so that we don't have to make the usual assumption about existence of a smooth solution.

We define the following initial interpolation errors

B = [le(Wo) — 7Pl o) + [div(mo) — divy P2 p): (4.46)

E = |py — 127 PPoll 2 () (4.47)

and we suppose that po € H2(D) and f € H*(0,T; L*(D)).
In the sequel, we will prove the following error estimate.

Theorem 4.3.1. Let assume Hypothesis[4) Let (u,p) be the weak solution of problem (P), and (u, p) obtained by means
of a Gradient Discretization Method defined in (4.24)-(4.26). Then it holds:

le(q) — eE(U)HQL‘x’((O,T);L?(D)) + ||div (@) — din(“)H%w((o,T);N(D))
+p — HEPHQLoo((o,T);H(D)) +[|Vp — VEPH%Q((O,T);LQ(D)) (4.48)
< C(hp + A + (E)") ? + (B ?)
where Ei", E." are defined in (¢.46)-(4.47), and the constant C does not depend on hp and At.

In the following, Theorem [4.3.T| will be proved by means of several successive lemmas, that we will described
below. But first, we recall some known results about numerical error estimates for such problems. In [1], [22] and
[34], the authors have obtained error estimates for other numerical methods.

Concerning the GDM, remark that the following result about control of consistency of the approximations holds.

Lemma 4.3.1. Let p € H}(D)?, there holds

(lp — PP |22 + lle() — €2 1Pl 1) * < SP(ep), (4.49)
and
(le = I2ZP|3 py + Idiv() — divETPp|22 1)) * < VST (). (4.50)
Let ) € H}(D), there holds
(Il = DT 22 ) + V4 — VPZPY[2a 1)) < SD (). (4.51)

Proof. To prove the inequality (4.49), we recall the definition of S (y):

Si () = min {llp = TEVI|L2(p) + lle(@) = e (V2o } -

By definition of ZP ¢ in (#.2), for all v € X,,, we have that

N

(MZZY e = eliap) + lle(w) — el I @l 7))

1
< (IIZv = @2y + lled (v) = e(@)ll72(p)) >
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and in particular for v € X,, minimizing the quantity SP.

1

(ke ~ 2T |22 ) + () — €2 TP 03 p))

1

< (llp = TFV[[72(py + lle(e) = ex (VI72(py) *-

Since all the quantities in (4.52) are positive we deduce

1
(le = TLVIIZ2 () + lle(e) = e (Vll72p)) *
< (e = TPVIlz2(0) + lle(e) = e (V)llz2(m)) < S ()

and (4.49) immediately follows.

(4.52)

(4.53)

From ) we apply trace operator and recall that div2ZP ¢ = Tr(ePZP¢) and div(y) = Tr(e(p)) and from
the same computatlons performed in (3.6), we have the result @.50). Similarly, the inequality (4.5T) follows from the

definitions in 4.7) and (@.8).

4.3.2 Interpolation inequalities for the exact solution (1, 7).
First, we present the time-space approximation of the true displacement.

Lemma 4.3.2. There exists two constants Cy, Cs such that
tk+1

1
- a(Bdt — HDID tk+1
5 [, e -mPzPa)

1 1
e(At / u(t)dt) ePTPh(tP )
tk

L2(D)

N < Ci(At + hp),

L?(D)

e(@t!)) —e(m(t®))  epZy(@(tMt!) —u(th)) <o
At At poy .
and
div(a(tkt)) — div(ﬁ(tk)) divPZPu(th+1) — divPZPu(t*) <o
At At oy 2

Proof. We recall from Theorem that the solution u belongs to C1([0, T]; Hi (D)). We remark that:

k+1
1 t

Kt/ﬁ u(t)dt — I Z (e )

L*(D)
1 tk+1

x /tk a(t)dt —a(t" )

+ ) — IR ZPaE ) || 2 )
12(D)

L
He <A1t/ u(t)dt) ePTPw(tk+1)
tk

u(t)dt) — e(u(th*l))

and

L3(D)
1 tk+1

€</ + [le@t* ) — 2Tt || 2 (p)-
At S

L?(D)

O

(4.54a)

(4.54b)

(4.54¢)

(4.55)

(4.56)
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It follows from (#.49) that

1 tk+1 1 tk+1

Kt/k a(t)dt — TPz () + e(At /k u(t)dt) ePTPh(th )
t LQ(D) t
tk+1 tk+1

< i/ a(t)dt — (") +|le i/ a(t)dt | — e(m(tk*t))

At Jir L2(D) At S

Ha(E ) = TP ZPaE ) [ L2 ) + le@EH)) — eDZPaE )| L2
1 tk+17 _ 1 tk+17 7
Kt/k u(t)dt —a(th+t) + Kt/k a(t)dt | — e(m(t*+t) + 2 SP(m(th+hy).
! L2(D) ! 2(D)

Two possibilities occurs :
« ifa(t**1) = 0, then we have that SP (w(t*+1)) = 0 so that in particular S? (u(t*+1)) < rP,
« else, in view of (4.20) we have that

Se @)
m”u(t * M1 (D)
0

< hg”‘l(tkH)HHg(D)-

SD( (t/c-l-l))

Then using Definition and Theorem there exists a constant C such that
SP@(t*)) < C1hT /2.

The regularity properties of @ and e(u) in time of Theorem[3.5.2]imply that :

1 tht1
E/ a(t)dt —a(t" ) < C1At)2,
t L2(D)
1 th+1
e (At/ u(t)dt) — e(u(th 1)) < C1At/2.
¢ L2(D)

Finally from (@.57) we have

tk+1

1 D7D 4k+1
At/tk a(t)dt — IPTPa(t+1)

tk+1
e(Alt / u(t)dt) ePTPu (k1)
tk

which completes the proof of (4.54a).
Since d;u € C(0,T; L*(D)) we have

_|_
L2(D)

< Cl(At + hf) < Cl(At + hp),
L*(D)

tk+1

sl
At J,n

dpu(t)dt = Alt ( (#+1) — u(tk)).

(4.57)

(4.58)
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and so by linearity of the operator ZP defined in (#.2), we have in view of #.T5) and Lemma inequality (#.50)

diva(th+!) — diva(tk)  divPzPu(t ') — divPZPua(tk)

At At
L2(D)
(k1Y w4k (k1Y w4k
gy (B =WYoo (W) — ()
At At £2(D)
< Jigp (B — (k)
- u At '
which in view of (@.58) completes the proof of (4.54d). The proof of (4.54b) follows in the same way. O
Next we present our result for the flow interpolation.
Lemma 4.3.3. There exists two constants C, Cy such that
(el _
p(t 1
/t ) it) dt — P ZPp(t*+)
o ) (4.59a)
+ ||V (/ pA(tt)dt> — VPIDp(tF ) < C1(At + hp).
" 12(D)
and ( k+1) ( k) ( k+1) ( k)
p(t —plt prpP(t —p(t
VAN S CEVANR | (/cf o SEREAE AU | [P . 4,
H 7 » L N7 < Cohp (4.59b)

Proof. We follow the proof of Lemma Theorem [3.5.2] ensures that p belongs to C1([0,T]; Hi(D)). We also
have
Rl

(S s

We remark by (£.57) that

tk’+1

p(t) DD k41
‘/tk Edt—HpIpp(t"')

tk,+1

< /t %dt —p(t*th

L2(D) L2(D)

H[P(E ) = IPZPBE )| 2y +

and

v (/t: pﬁ?dt) — Vp(tF+h)

+HIVD(tH) = VPP || 12 ()

<

L?(D)

L?(D)

[B(E541) = TPZPRE )12y + [ VBE) = VEZPBE ) 120y < 252 ()
Two possibilities occurs :
o if(+k _ D (=(+k _ i i D (m(+k+1 D
if p(t**1) = 0, then we have that SP (p(t**')) = 0 so that in particular S7 (p(t**')) < A2,
« else, in view of (4.T3) we have that

Sy (")
SP (p(h+1)) = P CLEn NI

< h;?”ﬁ(tkH)HHg(D)-
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In view of Definition and Theorem there exists a constant C such that
Sy (")) < Cihy /2.

We conclude, applying again Theorem that

tk+1

p(t) DD skt 1
—2dt — H I t
/tk At B )

L?(D)
k+1

Bt
\Y ( /t ) pA(t)dt> - VPIPp(t*t)

which completes the proof of (.59a). Moreover, by (.57) and linearity of the operator Z, there holds

Hp@”“)—p@ﬂ__HDIDp@“4>—pu%

N < Ci(At+ D),

L*(D)

At por At

<sp (DY,

L2(D)

In view of Theorem 10:VD| 11 (py is bounded. Thus there exists a positive constant Cs such that

Hp(t’““) —B(t")

<
At < G

‘Hé(D)
and by the same arguments as in (4.60) we conclude that
o (PEFTY) —p(tF) D
Sp (At S Cth )
which completes the proof (4.59b).

4.3.3 Error estimates

We note
1>

IS

— TPT(t) — u
=TI, p(t*) — p*.

7

3

S

(4.60)

(4.61)
(4.62)

the interpolation error between the continuous solution and the numerical solution defined in Definition(4.2.1

We will apply the Abel's formula given by

N-1
Zak (be —b—1) = — Y _ (ars1 — ar)bk + anby — arbo.
k=1

Moreover, to simplify the notations we define
o(4,p) :==2ue(q) + Adiv(a) Id — ap 1d,

and
Uzzp(u,p) =2 el (u) + A (divf(u)) Id — aHZ))pId.

(4.63)

(4.64)

(4.65)
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We have by (3:5) and (4.23):
/D<2,ue(ﬁ(tk)) el — 1 4 Ndiv(a (tk))divf(sﬁ—sfj_l)) dx
~ [ (el ety s REk - ) A (D (el - <) do

D

—{a/D B(#)divD (eh — k- 1)da;—a/D TP divD (e — ek )dx}

(4.66)
=2 [ p(elat)) - eDlu) s Dl — ek 1) da
D
+/ A (div(@(tF)) — div? (uF)) 1d : eP(ek — k1) da
D
— a/ (ﬁ(tk) — prk) Id : ef(&ﬁ — 55_1) dz
D
We sum on k the right-hand-side of (4.66) and apply the Abel formula (4.63) with
ax = 20 (e(@(t?)) — e (u*)) + A (div(u(t")) — divy (u*)) Id — o (p(t*) — I7p") 1d
= U(ﬁ(tk)7ﬁ(tk)) - in(ukapk)a
where ¢ and o7, have been defined in @.64)-4.65), and
b = ey (e4)
to obtain
N
Sz [ plelae)) - P eBleh b do
k=1 7D
N
+Z/ A (div(@(th)) — divP (ub)) 1d : eP(eF — k1) da
k=1"D
N
—Zoz/ (B(tF) —TDp*) Id : €D (e — ek™t) dw
k=1 D
=— 2/ a(th ) —a(th ML ub)) :eP(ek) da
Z n(e a(t")) ( ) : e (e4) 4.67)
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In what follows, we will obtain a bound for the quantity
£ = Z [ @) () = Dt — ) s D(el) da

N-1
+ Z / A (div(@(t* ) —a(th)) — divP (uF 1t — uk)) 1d : P (eF) da
k=1"D

Y a / (B — B(t*) — T2 (P — b)) 1d - P(eF) da.

k=1 “D

We define
Go=2 [ (et —a() - D - b)) D (eh) do
D
+ / Adiv(@* ) —a(tk)) — div? (ub+ — uF))Id : eP (k) da (4.68)
D

—a/ (P = p(t") — I (P — pF))Id : el (e}) da

so that by (4.67)

N
TF)) — P (uk) : €D (eF — k1) da
;z/DMe(u(t ) — D) s Dk — k)
+/ A (div(@(tF)) — div? (uF)) 1d : eP(ek — k1) da
D
—a/ B(tr) — 1'[D PP Id: eP(eh — k1) da
D
= [ (o). 56) = oD, pY)) s D) da
N-1
—/D (a(ﬁ(tl)j(tl))—Uﬁp(ul,pl)) ceP (%) dx — Z &
k=1

Lemma 4.3.4. Forall 1 < k < N, the general term of the sequence & satisfies the following inequalities

6% < CAthpllel (eh) | r2(p), (4.69)
and
N—-1
6] <C > Athpllel ()2 (p), (4.70)
k=1

with a constant C which only depends on T.

Proof. We remark that (4.68) can be written as

Ep :At/D (QW <W> + Adiv (W) Id> el (M) da

(k1Y _ ik
—At/ awld:ef(aﬁ)dx
D At

k+1 k k+1 k
_ p(fUu ~—u o (U —u . Dk
At/D (2ueu ( A7 ) + Adivy, ( A7 ) Id) ey (ey) dz

pEHL b
+ At/ aﬂfiId s eP(eh) da.
D

At



52

In order to prove Lemma|4.3.4} we will search a suitable estimate for the terms

/D (2,ue (u(t’”‘l)At— u(tk)> + Adiv (u(tk+1)At— u(tk)> 1d

Sk _ 54k
—« w Id> el (M) da

uk+l gk wF+l gk
- 2P [ ——— )+ ANdivP ([ —————— ) Id
, (amer () orant (5

k41 k
pP~ —P . Dk
— Hp T Id> L€y (Eu) dx

We recall the definition of WP, used in the limit conformity properties (4.T7). For ¢ € Hga;, (D), we have

We set

WPe) = max o | [ (R)(0)  o(o) + MDV(a) - dive(@)) dal.
- ﬁ(tk+1) _ ﬁ(tk) ) ﬁ(tk+1) _ ﬁ(tk)
P =2ue (At) + Adiv <At> Id
p(t*+h) —p(th)
-« N Id.

It follows from the partial differential equation for @ that almost everywhere in D

£(R ) —£(tY)

Since (U, P) satisfies the displacement equation (4.24), for all k there holds that, for all vin X,

k+1 _f k
_/ div(gy,) - TIPv dz :/ M -MPvdx

k41 _ ik k1 _ ok
B p(ut—u . p (Ut —u D
—/D (2ueu (At ) + Adivy, (At ) Id) cey, (V) da

k+1 _ ok
pP P . D
- a/D <Hp ; Id> tey (V) dz

Moreover, since p,, verify the equality .73), for all v in X,,, we have

k+1y _ p(4k
/ Pp el (v) — Fe) — £() TPv dx = / (@ €D (v) +div(p,) - IIDv) dz
D At D

and that the quantity W.P (g,,) is well defined. From the definition of WP there holds

[ i) My 7y s D) de < WD @) [0,

Next we look for a suitable bound for WP (g,,). We have that

WP (5,) = e B

- 1Zel s o
H‘pk”Hdiv(D) kIl Hyiv (D)

which in view of (4.19), (4.20), (4.27) implies that

WP (g,) < hp 1kl #1450 (D) -

(4.71)

(4.72)

(4.73)

(4.74)

(4.75)

(4.76)

(4.77)
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Substituting v = ¢* in ([@.76) leads, for all k, to
| (@) 2k +5, 2 (e8)) do < ol g, o[ o (@.78)

We remark that by (3:36) , %, is uniformly bounded in Hg;, (D). Thus there exists a constant C which only depends
on T, such that

/ (divy, - IDek + B, : el (X)) da < Chopllel ()] 12(p), for all k. (4.79)
D

Thus by substituting (4.74) and (4.75) in (4.79) leads to

—/ <2u eP(uFtt — uk) + AdivP (uF T — u¥) 1d - ozl_[f(pkJrl —ph) Id)
D (4.80)
ceP(em) dx + At/ B : €L (k) dz < CAthp Heg(eﬁ)HLz(D).
D

From (3.5), #.23) we recognize the term & on the left-hand-side of (4.80) which completes the proof of (4.69) and
. O

To obtain an estimate of the right-hand-side of (4.67), we also have to estimate the term
[ (@), 56%) = o2, ", 5) s D(el) da
- [ (@) pe) - o2l p) s €Dl da
D

which in view of (4.64)-(@.65) can be rewritten as

(4.81)

[ (@) 56%) = o2, (0" )+ D(el) s

— [ (o)) = o2, (' 1) D () da

= [ (2 @) — 2+ Aaivie)) - D) 1) D) do
—a [ (%)~ 1EpY) 143 B (e) do

{ [ (e - ety + 2 aivae) - aivd ) 10) : 2() o
~a [ ) -1y 1 eD(E2) de .

More generally, we will prove the following result.

Lemma 4.3.5. Forall k € {1,...,N}, forall v € X, there exists a constant C such that

/ <2u (e(@(tF)) — eP(u*)) : eP(v) + A (div(T(t¥)) — div? (u*)) Id) eP(v) dx
D

—a / (P(t") —1Tp*) 1d : el (v) da (4.82)
D

< Cholleg (V)| z2(p)-

Proof. We recall that by (3:36), (3:37), (3.:38) and (3:39),
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« 2ue(T(th)) + Adiv(u(t*)) Id — ap(t*) 1d € Hg;, (D) for all k,
« 2ue(u) + Adivuld — ap Id € C1([0,T]; L?(D)).
We follow the same steps as in the proof of Lemma[4.3.4] We recall that almost everywhere in D
—div (2pe(a(t®)) + Adiv(a(t®)) Id — ap(t*) Id) = £(t*). (4.83)

Since (u, p) is the solution to the discrete displacement equation (4.24), it follows from (4.83) that for all v € X,

/ div(2p e(@t*)) + Adiv(T@(t*)) Id — ap(t*) Id) - TPv dz = — / £(t*) - TP vdx
D D
(4.84)
= —/ (2p P (u*) + A div? (u*) Id - aHEpk Id) : eP(v) da.
D
Thus we have that for all v € X,

/D (2pe(@(t®)) + Adiv(a(t®)) Id — ap(t*) Id) : D (v) da

= /D (2pe(@(t®)) + Adiv(u(t*)) Id — ap(t*) 1d) : eF (v) dz — /D £(t*) - TP vdx

+ /D div (2ue(@(t*)) + Adiv(@(t*)) Id — a p(t*) 1d) - 10 da (4.85)
<wpP <2u e(T(t*)) + N div(T(t*)) Id — ap(t*) Id) 12 (V)| 22y — /D £(t%) - TIPv.
Substituting (4.84) into (4.85) leads to the following equation
/D (2ue(T@(tF)) + Adiv(T(tF)) Id — ap(t*) 1d) : eP(v) dz
- /D (2uel (W¥) + Adivy (u¥) Id — aTIDp* 1d) : €F (v) da (4.86)

< WP ue(u(t*)) + Adiva(th) Id — ap(t*) 1)||e? (v)]| 12(p).
By rearranging the terms in (.86), we have that
| (o (efuteh)) = €D + A ivie!) — aivD(w) 1) : €2 (v) do
—a [ () - 2P Dv) da
< Wy (2ue(m(th)) + Adivﬁ(tk)LI)d —ap(t") 1d) [le (V)] 22 (p)-
In view of (4.22) and (@.23), and where we have used the regularity results in Theorem we have
/D (20 (e(@(t")) = eB (")) + A (div(T(t)) - divE (")) 1) : eD(v) da

—a/ (B(th) — Hl?pk)ld el (v) da
D

< hp [|2pe(@) + Adiv(@) Id — P Id|| oo (0,754, () 1t (V)| L2(D) -
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We set k = 1and v = £2 in (4.82) which gives:
/ (zﬂ (e(@(t")) — eP(u')) + A (div(T(t!)) — divD (u')) Id) L eP(%) da
b (4.87)

—a [ (Ble) - IPpId s D() do < Chp D) 120y
D

Then, with k = N and v = £, from (#.82) we have:

2/ pe@(t™)) — el (u™) : el (e) + A (div(@E™)) — divy, (w™))Id : e (1)
D

—a (p(t") —TFp™)Id « e (1)) da < Choplley) ()| 2(p)-

(4.88)

We can now conclude by the following Lemma,

Lemma 4.3.6. There exists a positive constant C such that the following inequality holds
N
2 [ ettt - D) s D(eh ~ k) do
k=1 7D
+ / A (div(@(#)) — divP (uh))divP (eF — k1) da
D (4.89)
“a / (B(t*) — P )i (h — 5 1) da
D
N-1
< Chp <Z At |leD (e8) 2oy + ller (e0)l 2oy + ||€5(€2)||L2(D)> :
k=1

Proof. From Lemma we have the following result

N-1
6 <O Athpllk].
k=1
From Lemma we have the following result
/D (e@(t™),p(tY)) — op (™, p™)) : €7 (edf) da < Cholley () 220y
/D (e@(t"),p(t!)) —op,(u',ph)) e (€h) do < Chplley (€0) | 2(p)-
We recall from (325), 4-23) and (4.67)
N
2 [ lelat)) - R eBieh b do
k=1 /D
+ / A (div(@(th)) — div? (ub))divP (eF — eF1) da
D
—a / (B(t*) — PP )divD (h — k1) do
D
==t [ (@) — oD (V") D (e do
~ [ (@) p) - o, (1) : €D (eD) do
D

so that it complete the proof of Lemmal4.3.6 O
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Thus the left-hand-side of (4.67) is bounded. let us remark that, given (4.46) and (4.47), it follows that

e(u(t*)) — P (ut) = (e<u<tk>> - efzfuuk))

(4.90a)
+(ed T7U(t") — e (u*)),
div(T(t?)) — divP (u¥) = (div(u(tk)) - divEIqu(tk)> (4.90b)
+ (divPZPu(t*) — div? (u*)),
p(th) —1IDp~ = (p(tk) — Hfzfp(tk)> + (IPZPp(t") — IDp"). (4.90c)

To obtain an error estimate, we will get a suitable estimate of the second terms on the right-hand-side of (4.90a),(4.90b)
and and bound the first terms of (4.90a),(4.90b) and (4.90c) which amounts to prove interpolations inequali-
ties.

Thus, we substitute (@.90a),(@.90b) and (4.90¢) in the left hand side of (4.67) to obtain

N
e(U(t®)) — eP (u* (W) — divP (u”
kZ_l/D(mu (1)) — P () + A (div(T(E%)) — divP(ut)) 1d
~ () < D) 10) Dk - ) e =

N
; /D (2p (e(@(t*)) — ePTPH(EM)) + A (div(T(th)) — divPTPa(h)) 1d o

~ a(p() ~ TIPTP(E) 1) - D (e — <) do
+
N
> [ uleRTPu) - @) + A @vEIuE) - divD(at)) 1d
k=1"D
— a(HfIfﬁ(tk) — prk) 1d) : ef(sﬁ’ — 55_1) dz

and substitution #.67), (4.62) in (4.97) we have

N
Z/ (2peP (eR) + N divP (k) 1d — aHEEZId) ceP(eh — gkl =
k=17D

N
kZ:; /D <2ﬂ (e(U(t®)) — el (u*)) + A (div(u(t*)) — divE (u¥)) Id
—a(p(t") —17p") Id) ceP(eh — b1y dg (4.92)
N
=3 [ enlet@t) - RTPT(E) + Adiv(a() - (@vETPEE) 1d
k=1"D
—a(p(t") ~IPIPB(M) 1d) : e (h — b ") do

Since the first term on the right-hand-side of (#.92) is bounded by Lemma[4.3.6] it remains to bound the second
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term, namely
(20 et - e2T2a(0)) 4 A aiv(aeh) - divPZZu(r) 1
- ()~ IPZZp()) 10 ) s (el - k)
3 | letae)) - ePTPu() s D (eh — e ) do (4.93)
b

+/ Adiv(T(th)) — divPZPu(t*)Id : P (ek — k1) da
D

- a/ B(t*) — HEII,Dﬁ(tk))Id ceD(ek — k) da
D

We prove the following interpolation inequality.

Lemma 4.3.7.

N
S /D p(e((th)) — PIP(H)) : €D (e — ek ) da
k=1

+ [ Meliv(a) - DIl s Dl - k) do
D

(4.94)
~a [ () - MPIDR I €D ek - b
D
N
< Chp Z Atllel (e8) 2 ()
k=0
Proof. We will use again Abel's formula, so we define
ar =2p (e(@(t*)) — ePTPT(F)) + A (div(ﬁ(tk)) divP7Pu (tk)) 1d
— o (p(t*) - TIDZDp(t*)) 1d
and
by = el (e})
We set
7 = 2ue(@t®) + Mdiv(u(t*) Id — ap(t*) Id (4.95)
and
of = 2ueDTPu(t?) + N divy ZPu(t) Id — a IDZPp(t%) 1d (4.96)
such that the left-hand-side of (4.94) satisfies
N
> | el - Rz - Dk -
k=
/ A (div(@(#F)) — divPTPE(H)) 1 : eP(ek — eb1)da
(4.97)

—a [ (B(t") ~TPIPp(t")Id « e (e — e ™)

J,
A

N
Z T —en) e (e — ey da
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Applying the Abel formula to the right-hand-side of (4.97) gives

N N-1
S [@ )R- ar=- 3 [ (@ -7 - e - eh) Dl o
k=1"D k=1"D (4.98)

4 [ @ =) D) - @ - o) s €Dl da
D
It remains to obtain a suitable estimate for the right-hand-side of (4.98).

We have from Lemmal4.3.2|and Lemma for a positive constant C,

e(@(t*th))—e@(t*)) EDID(ﬁ(t’““)*ﬁ(t’“))‘

u Tu

At At

< Chp,
12(D)

u Tu

< Chp,
12(D)

div(@(* ) —div(@*)) divDID(ﬁ(thrl)fﬁ(tk))‘
At At

Y Bk ozl et —p(t*))

At At < Chp.

L*(D)
Moreover, we have immediately from (4.95) and (4.96)

k—+1 —k k+1 k
TP en —en

At At o
(Tt — e(u(tk ePTP (u(tF+1) — w(tk
2u( (uE™)) —e@(t®)) e, /(@) —u(t )))

2

At At
iv(@(tEt)) — div(a iv a(tkt) —a (4.99)
_chw“»d<umm_dﬁ%@H><mH0

At At

p(tF ) — p(t*) IDZP (p(tH1) — p(th))
e ( Al Id — Al Id) .

We deduce from (4.95), (4.96) and the Lemmas and that

_ _ k
P %" of —of

At At
Finally in the right-hand-side of (#.98), we deduce from (@.3)

< Chp. (4.100)

N-1

N-—1
> /D (@ =3F) = (o™ — oh)) R (k) dw < Chp > Atflel (e5)]| 2Dy (4.101)
k=1 k=1

The remaining terms on the right-hand-side of (4.98) can be bounded in a similar way. Indeed
| @ =)Dl ao
D

<18~ — ol 2y lleX (€M) | L2 (py
< ChpAtllel ()l z2(p),

(4.102)

and
[ @ =il ao
D
<|®" — el llel (€0l 2oy
< ChpAtllel ()|l 2(p)-

We sum (@.T0T) with (4-702) and (@.703), and for some constant C, in view of (4.95) and (4.96) it concludes the proof
of Lemmald37 a

(4.103)
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We can now prove the following result

Lemma 4.3.8.

N
Z/Que : D(gkfg )+)\dlv (e )dlv (5 fek h
D

k=1
D_k ko k-1
—all 5pd1v (ep —ep ") da (4.104)

N-1
< Chp (Z Atllel (eI 2py + ek (€M) |2 (o) + ”65(52)”L2(D)>
k=1

Proof. It follows from (4.92) that the left-hand-side of coincides with the sum of left-hand-side of and
(4.94). Summing the inequalities (4.89) and (@.94) gives (4.704) a

The pressure equation

Next we present a similar estimate for the pressure equation, which will permit to conclude the proof Theorem|4.3.1
It follows from the definition of WpD in (4.10) that

/[ HDwdsdw—i-//tk

thtt

Vi (s)
<Ww, (/tk At ds) ||wHZ,), forallw € X,

wds dx

and thus by multiplying by x we have

tk+1

T

/ o

tm (4.105)
< kW, ( ) Hw||D forallw € X,,.

tk

Moreover since is the pair (u, p) is the solution of problem (IP), it follows from integration of the second equation
in Problem (PP) between ¢* and tk*1 that
1 BR+1) — Btk W) — w(k
LB —p() | w(E) — ()
M At At

k1 kt1 (4.106)
_K/t Ap(s) . _/t 9(5) 4,
ik At 1k At
and thus for all w € X,
thtt k+1 k
Ap(s) o / pt™™) —p(t") =p
1L, — 1L,
/D“/tk Ar pwdsdr=7 At wdz
_(atth) —ath)\ oo
II 4.107
a/D div ( 7 pwdr ( )

tk+1

/ / HDw ds dzx.
tk
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Next we plug (#-107) into (4.705) to deduce that

1 p(t*t) — p(t*) Tt —a(t) o
/ (M At + adiv At Hp w dx

tk+1

A

tk+1

HDw ds dz + / /
tk
o1
Vp(S)
D D
<R W (/t I ds> ]2

Next we recall that (U P) is defined as the unique solution of the gradient scheme (4.24)-(@.25). In particular, and
in view of (@.5), (u”, p*) satisfies for all k and for all w € X,

pwdsdz (4.108)

/ / At HDw ds dx
fk

1 P k+1
:/ (MHIZ’)N+ad1V (At>>HDwdx

D, k+1 D
+//$Vpp -V, w dz.
D
Then substituting the source term in (4.708) leads to the following, for all w in X,

/ <1p<t’““>—p<t’“>+adiv (u<t*>—u<t>)> 2w da
D

M At At
Rl
Vp(s) oo
V2w ds d
Jr/[)ﬁ/tk At pwdsdr
1 k+1 _ ok k+1 _ 1k
—/ <MH§pAtp +adiv? (“At“» 12w da (4.109)
D

—/ ﬁprkH . Vfw dz
D

tk+1

Vi (s)

D D
<K W] (/ 2 ds | .
In what follows we perform the substitutions

« div(T(th)) — divP (u*) = div(T(t¥)) — divPZPu(t*)
+divPZPa(tk) — div? (u*),

« p(tF) — IDp* = p(t*) — IDIPH(t*) + NDIDPp(tF) — IDpF,

* VPF — VEp* = Vp* — VPIDB(th) + VEIPR(t) — VDb,
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The equation .109) then reads as

1 (p(t*) —B(t") DD tk+1 D
+o / <divW —divfzf( u(t u(t?) )) 2w dz
D
thtt
+/ n(/ VZ( Las - vP1Pp( tk“) VPuw do
tk
k+1 k k+1 k
e I s
k1) ak+l
u(t (t*)
+a ( vPTP < )—div ( ))wadx

+ /D K(Vfl'ppﬁ(tkﬂ) - Vgpk'H) : Vfw dz

el
Vp(s)
<R WP (/t I ds) ] 2.

Next we present an error bound for the first three terms of (4.110).

Lemma 4.3.9. There exists a positive constant C = C(T') such that, for all w in X, there holds

A (e ()

[ (o (S5 e (S e win

tk+

/D (/tk Vi(t>d ~VPIPp (tk“)) VPw da

< ChDHH;,DwHLz(D) + C(At + h’D)”v;?w”LQ(D)-

1

+a

+K

Proof. We apply Cauchy-Schwarz, inequality, and use from Lemma [4.3.2] and (4.59a)-(4.59b) from Lemma
433 O

We recall the notations e+ = ZPa(th+1) — uh* and ef ! = ZPp(th 1) — phtt.

Lemma 4.3.10. There exists a positive constant C = C(T') such that

Z/ —HD 5 *z’:‘ )HngJraHDak div? (eh —eb=1) da

(4.112)
At D _ k|2
5 | K|VPek? dz < C(hp + At)2.
Proof. We deduce from (@.770) and (4.711), and the notation recall above, we have
k+1 k - Ek+1 Ek n
M/ dex—i—a/dlv <N>prdx
(4.113)

+ /D kVPertt . VPw dz < C(At + hp)||VEw| 12(p).
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Then we chose w = At e} and sum over k @TT3) which gives
Z/ —HD (b — el hnPek + aTDek divy (eh —eb™!) da
+At/ k| VPek 12 dz < Zcm (hp + A VD ek 12(p)
D

pi”
k=1

We apply Holder's inequality as follows :

At
CAt(hp + AV epll 2 (p) < HV eplliz(py + 5 (Clhp + At)?
gives the result
N
Z/ (b —eb=mDek + aTDek - divy) (e — i) da
k=1

N
+Atg/ IVPeb? de < Y CAt(hp + At)?.
D k=1

4.3.4 Proof of theorem4.3.1]

Given the previous results, by summing the two equations (4.704) and @.172), we avoid to estimates the coupled
term in the system (PP).
We can ensure the following Lemmas,

Lemma 4.3.11. There exists a positive constant C = C(T'), such that

Z/ —HDs —5 HDs:k—i-At /\V

2 (u eP(ek) ceP(eh — b1y 4 N divD (eF)divD (eF — Ek_l)) dz

(4.114)

N

< C’Atz <(hD + At)2 + hp||ef(5ﬁ)||Lz(D)>
k=0

+Chop(|leX (e 2Dy + lleX () 2 (p))-

Proof. We deduce from (@104) in Lemma[4.3.8/and (4:23) that
Z/ 2 eP(eh) : eP(eh — b1y £ AdivE (F)divD (ek — eE 1)
D_k 1; k k-1
—all, Epdlvu (g —eu )) dz

N
< Chp (Z Atlleg ()l z2(py + llez (€2) 1 z2(p) + ||€5(€3)IIL2(D>> -

k=1
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From (#172) in Lemma[4.3.70]we have
Z/( HDE —E )HDE’“—FaHD Fodivy (eh —ehm 1)) dz

N
+At= / VDb de < Y CAt(hp + At).

k=1
Summing these two inequalities yields (#.1T4). O

Lemma 4.3.12. There exists a positive constant C such that
Aj.. D
M||€5(€uN)||2L2(D) + §||d1Vu (EiV)H%z(D)

N
1 K
+7M||H55év”%2(13) T3 Z At”VfSISH%z(D)
k=1

N (4.115)
< CALS ((hp + A + hplleD (e5) [ 2(p)
k=0
C(||€5(52)||2L2(D) + ||H;?52||%2(D) + HdiVE(E?L)H%?(D))
+Chop(|lex (€)llL2(py + lleX (eM) |2 (py)-
Proof. We recall that for all a, b € R, the following equality holds :
2% 1
ala—b) =2 + =(a—b)% (4.116)
2 2
In view of (4.176), we have for all k
MPeSTID(eh — b 1) _ (IPeh)? - (Deh)2 i
M - 2M ’ ’
241 D(ek) 1 €Dk — 51 > p(eD ()2 - pu(eD(h 1)), (4.117b)
d-D k 2_d-D k—1\\2
Adiv? (£F)divD (b — gb=1y > )14V (En) 2( v (87 )7 (4.117¢)
Summing (#.1T7a), (4.17176) and @.TT70) leads to :
H'D kHD gk —Ek l) 1
Z/ pEp p p dz > m(”nfﬁguiz(p) - ||H552H%2(D))a (4.118a)
> 2uel(eh) el (eh — e do > plled ()72 (py — ek (€012 (p)); (4.118b)
and
A .
Z)\dlv B)divP ek — k=1 da §(||d1V (e ;V)H%Q(D) - ||d1v5(62)||2L2(D)). (4.118¢)

Substituting dﬂ_’l’gb in the left hand side of (Z.T14) permits to conclude the proof of Lemma[4.3.72 O
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Lemma 4.3.13. For At such that (1 — At) > 4,

N
I A K
Z||€E(55)||2L2(D) + §||dlV EDNT2 ) + 2MHH D72y + 5 ZAt\|V;?5§H%2(D)

< CT(hp + A2+ £ Z Atl|e (822

Cller (€122 (py + Ildivy, (Eu)llm(p) + I epllzz ),

where % and ), are defined by @.61) and @.62) respectively, for 0 < k < N.
Proof. We have from Holder's inequality

C2h2
Cholleg (€3l z2(p) < 2/;’

Substituting (4.720) in (4.775) gives

"
+ §||65(5{LV)||;22(D)~

N
o A K
5”'35(55)”%2(D) + §||d1V (e )||L2(D) + 2]\4”H H2L2(D) + 3 ZAtHVZJD@l;H%z(D)
k=1
C?h2,
2u

N
< CALY” ((hp + A? + hop el (e8]l 2()) +
k=0

C(lleg (eD1F2(py + ldivy (€72 + T eplIF2(py) + Cho(llel (€2l 2(p))-
On the right-hand-side of @.127), we have by Holder’s inequality

N N
C? I
o8 ol Rieb o < 3 0t (G0 + GIeR )
k=0
N-1 M
- AtZ—hD FAEY B () By + P

k=0

At,u

We remark that

2
Z At—h2 < Q(T +1)h2,

At(hp 4+ At)? < T(hp + At)?,

Mz

k

C C
Chopllel (el 2(p) < 5}% + 5”65(52)”%2(13)7

1

then @127) leads to

(1= OB RN o) + 5 12 () s
1 D_N|2 K > D_k
+m”ﬂp &p 220y + §Atz IVpe HL?(D)
< H p )
<5 kz Atllel (e0)I72(py + CT(hp + At)?

Cller (EDNZ2m) + ldivy (€)1 22 oy + TP ep 122 (p)) + Chollel (€90)]] 2 ().

llex? (en)lI72(p)-

(4.119)

(4.120)

(4.121)

(4.122)
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So that (4.122) becomes
Ky Dy Nyj2 Al oD N2
(1- At)§||eu (e 20y + §||d1Vu (e Mz2(p)
1 K ol
+mllﬂf€ﬁl\iz(p) T3 Z At\Wf‘l‘ﬁH%(D)
k=1
N-1
< B3 Al () 7y + CT(ho + At)?
k=0
Clllex (eI 2(py + 1divy €)1 72 ) + T Dl 2y )-
This concludes the proof of Lemma}4.3.13 O

We recall the discrete Gronwall Lemma which coincides with Lemma 6 in [22].

Lemma 4.3.14 (Discrete Gronwall Lemma). Let {ax}r=0.1,2,..5, {bk}k=01,2,. N be two positive sequences. We assume
that

ap + bo S €
and that there exist a positive constant K such that
N-1
ay +by <K Y ax+%, forall N > 1.
k=0

Then there holds
any +by <€ exp(KN), forall N > 0.

It will permit to obtain the following Lemma.

Lemma 4.3.15. There exists a constant C = C(T) such that

N
I A K
ZHeE(Eg)HiQ(D) + §||d1V (eu )||L2(D) + 2M“H H%%D) + 5 ZAtHV;?5§H%2(D)
- (4.123)

N
< (Z CAt(hp + A?) + C(lley) ()72 ) + IIerglliz(D))) exp(CT).
k=1

Proof. We set:
* ap = gl (€D 72 (py and an = flle? (€))7 ()
. o =N
* by = 3lldivy €20y + a7 T ep 13200y + 5 et ALV Rl 2( 1y
« K =At;
£ 6 = CT(hp + A1 + C(1eD D) Za gy + VD ()22 ) + T2 ))-
We apply the discrete Gronwall Lemma to the inequality @.179), which gives (@.123). O

Lemma 4.3.16. Let (u,p) be the solution of problem (P). There exists a constant C = C(T') such that forall 1 <k < N
there holds

le(@(t*)) — eDZPT(t")| 2(py < hol[All Lo 0,733 (D)) < Choy

 [ldiv(a(t*) — divPIPU(E) |12 () < Bl o,y () < Chos



p(t*) = TPZPB(t*) || 22Dy < hollpll o 0,752 (p)) < Chp;

< IVB(t*) = VPIPB(t9)] L2y < holIPll L 0,182 (p)) < Chop.
Proof. We deduce from Lemma[4.3.7]that

*lle@@(th) — eRZPU(E) || L2y < S7(T(E)),

 [ldiv(@(t)) — divy Z7a(t)| 2 (p) < VAST @(tY)),
p(t") = IPTYB(t") | 2oy < S5 (B(tY)).

The result of Lemma|4.3.16{follows from the definition of S in &.15) and S in (4.8), as well as from @T9), (&.20),

@.12), @.13) and @.

O

Lemma 4.3.17. At the initial time, in view of the definitions of E."* and Ei" in @.4€), @.47) and of <}, <)) in @.67), (4.62)

and [@.26) we have
* €2 (D L2(py < Chp + EI™,
. ||H552||L2(D) < ChD + E;;m
Proof. We recall that, also using (@.26), and Lemma[4.3.1
*leR () < el o — e(To) |2 (o) + lle(@o) — ef S PTol|2(py < Chp + E™
o |[divy (e9)]| < [|div; ZPTo — div(Wo)||z2(p) + [|div(Ho) — divy Pl r2(p) < Chp + EI
 IPepll < P LY 5o — Pollza(py + I1Po — 177 Boll2(p) < Cho + B

Next we prove the following error estimate.

Lemma 4.3.18. There exists a constant C = C(T) such that

le@(t™)) — e (@™)II22(py + ldiv(a(t™)) — divyy (a™)[|2: )
N

HpEY) — TN [G2(py + D AUVE(ER) = V7 p* 72
k=1

Proof. From (4123), we have
1 A
KD ()32 o) + SIdivE ()22

N
1 K
JFWHH;DE;V”%Z(D) T3 Z At||vz?‘€];”%2(D)
k=1

N
< (Z Ot + ALY + C(IEP () By + ||H552||%2<D>>) exp(CT).
k=1

In view of (.67), (@.62), there holds

le(@(E™)) = €2 (™) 22y < 2 (le(@t™)) — ePTPHE) 2 ) + €2 N B )

(4.124)
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[div(@(t™)) — divg, (u")|[72(p) < 2 (lldiV(ﬁ(tN)) — divy Z7a(tY) |72 py + Hdin(Ef)HQmD)) :
IP(™) ~T20Y 2y < 2 (IPGY) ~ TIZEB0) By + IT2EN 132(0))
andforall0 <k <N
IV @) ~ V2 By < 2 (IVE(E) ~ TIP3 + 190 o) ) -
Thus in view of (¢.123) and Lemmal[4.3.76} it follows

le(@(t™)) — e (™)1 (py + |div(a(t™)) — divyy (a™)[|7 )

N
HIp(Y) = TPV 122y + Y AUIVB(E) = Vo0 22 )
k=1
N
< (cannd + a8+ CUR IR0, 4125)
k=1

+|H§sg||§2(D))> exp(CT) + C(1 4+ T)h3,
< C(h + A8) + exp(CT) (e edll72py + T epll i ()

In view of Lemma this completes the proof of [4.3.78| O

Proof of Theorem|4.3.1} Using the same arguments than in Lemma |4.3.18] we have the same estimation for all in-
dexesk e {1,...,N}

le(@(t*)) — el (W) |72y < C (hp + A + (EM)? + (E)™)?) (4.126a)

[div(m(t*)) — divyy (u¥)[|72py < C(h%, + At 4 (B2 4 (E;;m)2>, (4.126b)

IB(t*) = p*||72(p) < C(h% + At? + (B2 4 (E;m)2>. (4.1260)

> AHIVE(E) = VI |7y < C’<h% + At? 4 (B2 4 (E;,M)2>. (4.126d)
k'=1

Moreover, we have from Theorem|3.5.2} for all ¢ such that ¢ € (t#~1, ¢¥].
le((t)) — e (u")|[Z2(py < C(lle(u(t)) — e(@t*)|2:(p,
o)) - ()] o) @127
< C(AE + fle(@(th)) — e (u®)[[22(p)):

Idiv((t)) — divy, () 22(py < C(lldiv(a(t)) — div(@(t®))l|7z(p) + Idiv(@(t*)) — divy (@) [22p)) (4.127b)
< C(A + ||div(u(t)) — divE (u*)]|72(py). |
and
90 ~ TI20 35y < CIB(E) — D) 32 ) + [P(H5) ~ TIZDF ) #1270
< C(AE + |[B(tF) = TN |F2(y)-
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From Theorem[3.5.2], Lemma[4.3.18and (4.6)

T el
/0 IVB() — V2p()ll 20 :Z / I9B(r) — V2p(r) |20y

tk+1

/ IVB(r) — VB2 pydr

N-1 (4.128)
+ Z AH|VR(E) = VI [T 1y
=0
N—-1
<D CAL + Y AL VREET) — VI3 )
k=0
<C(hd + A + (E)? + (E)™)?).

Thus, by combining (4.126) with (4.127) and (4.128),

sup [le(@)(t) — exu(t)||F2(p)
te(0,7)

+ sup |[|div(@(t)) — divy, (u(t))l|72(p)
t€(0,T) (4.129)

+ S(%PT) 15(t) = Ty p(t)[122py + VP = V5Pl 2D (0.7
te (0,

< C(hp + At + (E,") + (B,")?).

4.4 Numerical method

4.4.1 The Finite Element Method

The aim of this section is to propose a conforming method which provides a specific Gradient Discretization Method
satisfying the assumptions of coercivity, consistancy, and limit-conformity. The numerical results obtained in The-
orem[4.3.1]include the special case of the following (Ps) — (P;) method. Since in the system, we need to combine
the function p with a first order space derivative of v, the choice (P2) — (P;) ensures that we can sum these two
components.

Given an integer [, we introduce the vector space

d
Pa= span{x?l g 0< g, ag <1 Y a < z} . (4.130)
The vector space P, 4 has the following dimension

dim (Pq) = (l Z d). (4.131)

From now on we omit the subscript d so that we write P, when the context is unambiguous. We define the space P,
as the vector polynomial space,
Pl = (Pl)d.

We chose to apply the Py finite element method for the computation of the displacement which are piecewise
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quadratic, and the P; finite element method which are piecewise linear for the computation of the pressure.
We set a triangulation 7, of D made of triangle (d = 2) or tetrahedra (d = 3) denotes T. The diameter of each
element 7' is denote hr, such that we define the meshsize of .7}, as

h = hr}.
Tnggi{ T}

For each T € 7, we let &(T) the set of edges of T, and &, the set of edges of .7,, such that &, = & + éaha with
« & the collection of all interior edges,
« &7 the set of boundary edges.

The (P3) — (P1) Lagrangian element is given by the pair (V3,, Q1) such that

Vi, = {vj, € C(D), € PX(T),VT € &7, vi, = 0};
n={vn € C(D), vp|r (T) no v =0} (4.132)

Qn = {an € C(D), qn|r € PH(T),VT € &7, g, = 0}.

4.4.2 FEM as a Gradient Discretization Method

We recall some notations of the Finite Element Method. Given the triangulation .7}, of D, we let "I/h’ be the set of
vertices of each triangle T of .7,. Moreover, we let %, be the set of midpoints of each edge of &.
Given {.137), there holds that

dim(Ps ) = 6, dim(P; 2) = 3.

Thus, it is necessary to evaluate the functions of V}, at 6 points, and to evaluate the functions of @)}, at 3 points. There
holds that

Lemma 4.4.1. Each function v € V,, is uniquely determined by its values on all vertices of ¥, and the midpoints ¥;M.
Each function q € Q, is uniquely determined by its values on all the vertices of ;..

We define the gradients spaces X,, and X,, by
* Xu=A{v=Wi)ieyiupm, vi €R, forall i e oMy,
* Xp ={0=(@i)icys, ¢ €R, forall ic 7,

which maps one-to-one to finite dimensional real vector spaces.
We set (1) ey, 1uy,m , the basis of the (P2) space, and () ;e the basis of the () space .
The Gradients operators are defined as follows, for v € X, and ¢ € X,

C TRV =iy Vit
*en(v) = e(IPv),
c 1P = Zie%{ Qi Pir
* Vi(g) = V(7 q).
The following properties holds

Lemma 4.4.2.

« X, is a vector-space on R, and
-l s v € X = ey (V)| 22 (o)

defines a norm on X,



70

+ X, is a vector-space on R, and
I++-llp 2 0 € Xp = IV dll2p)

defines a norm on X,

Finally we recall Theorem 8.10 from [24], which proves the needed properties of (P2) — (P;) method as a Gradient
Discretization Method, and the consistency, coercivity and limit-conforming properties of Definition and
for a sequence of GDM (D', D" men-

Theorem 4.4.1 (24, Theorem 8.10]). We note D" = (X 1D D) and D = (X P, 1D VD). Then D;* and
Dy are Gradient Discretisation Methods. They are consistent, coercive and limit-conforming.

4.4.3 Test cases

We will use the FENICS framework [2] using Python langage. This framework permits to describe equations in weak
form and to specify a large variety of numerical finite elements method. Solving the linear systems is devoted to the
FENICS framework that usually call UMFPACK library.

Parameter values

For the displacement equation, we recall the definition of the Lamé parameters as a function of the Poisson coeffi-
cient v and the Young modulus F
E Ev

NSy T U — )

We set the Poisson coefficient as v = 0.25 and the Young modulus as E = 1, so that the Lamé parameters satisfy

=04, \=0.4.

For the pressure equation we set the permeability x = 1.
The coupled Biot coefficients M and « are given by

We compute the solution on the time interval [0, T with T' = 1.

The domain D := (0,1) x (0,1) is discretized with a uniform triangulation, so that in each direction we have 2"
cells, which gives 22M+1 triangles and (2™ + 1) vertices. We note h the diameter of the triangulation which is given
by h = 5%, and set At = h for each triangulation of M so that the time-step and the diameter of the mesh are of
the same order. In the context of a Gradient Discretization Method, we can check that the physical space size h is a
bound for the “space size” hp defined in Definition |4.1.8|in the sense that there exists a constant C' depending on
the domain D such that hp < Ch.

Analytical test cases

We consider two different cases. First we consider the solutions of P which satisfy
—div(0.8e(w) + 0.4 div(w)Id — pId) = f,

and

We set the analytical solution (@, p) which satisfy the previous problem (PP) as

u(t.a) = (o) 5 ) plten) = to1 - a1 )
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so that
Do=0,p=00ndD,u=0o0ndJdD.

and we are able to compute numerically f and g. We distinguish the error for the mechanical displacement @ and for
the pressure pwith normsinthe spaces L?((0,T); L?(D)), L*>((0,T); L*(D))and L?(0,T; H}(D)), L*(0,T; H}(D)).
The following errors are plot in a loglog scale.

—o— L*(0,T: L3 T —a— L=(0, T, HiQ)) =T
W07 2. TR ) IS T 07y e 120, T HQ)) U
--- Order1 mm=" g --- Order 1 -
107% === Order 2 - w24 __. Order 2
=18 - o __-'”’
‘é 10-% 4 Ié 10-* A ’_".-""
T ] e _,.-""H
= 10 BT s
107 1073 5 =T
- .-"r”
ll} T T lD_ﬁ E T T
102 101 102 107t
Mesh Refinement Mesh Refinement
Figure 4.1 Errors  L%((0,T); L*(D)) and Figure 4.2: Error L*(0,T; H}(D)) and L>(0,T; H (D))
L>((0,T); L?(D)) for the pressure for the pressure
—a— L0, T, L2(0) =T —a— L*(0,T; 540)) "
-1 e - _ e _
071 o 2Ly e T R [SYET 2 11 1) e -
--- Order 1 sl ol ——- Order1 = 7
-z - -
107 7 ——- Order2 - 107§ ——- Order2
=l 3
5 1073 4 5 .
5 o 10773
=107 k3
107 5
107°
107 4
1079 ~
-
102 101 102 10t
Mesh Refinement Mesh Refinement
Figure 4.3 Error  L?((0,7);L*(D)) and Figure 4.4: Error L*(0,T; H} (D)) and L*>(0,T; H (D))
L>((0,T); L*(D)) for the displacement for the displacement

We estimate the rates of convergence on the numerical tests by fitting the slope by linear regression. For the

pressure, these slopes are listed in the following Table[d.7]
Thus, the convergence of p to p is almost order 1 in the spaces L2((0,T); Hi(D)) and L*((0,T); Hi(D)), and

almost order 2 in the spaces L?((0,T); L?(D)) and L*((0,T); L*(D)).
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| Mesh size h | 8.8e-02 [ 2.2e-02 | 5.5-03 |
Rates of convergence
Hp*p||L2((0,T);L2(D)) 1.82 1.97 1.99

Hﬁ —p||Lz((0’T)7H3(D)) 0.86 0.97 0.99

Hﬁ— u||L2((O,T);L2(D)) 1.90 1.98 1.99
Hﬁ— u||L2((O,T),H01(D)) 1.99 1.97 1.99

Table 4.1: Convergence of (u, p) to the solution (a, D)

Thus, the convergence of u to T is almost order 2 (but at least of order 1) in the spaces L?((0,T); H} (D)) and
L>((0,T); H} (D)), and almost order 2 in the spaces L?((0,T); L?(D)) and L>((0,T); L*(D)).
These results illustrate the estimates of Theorem[4.3.1]

The second analytical test cases which we consider follows from the resolution of () with f given by

f(x,t) = % C'os(x/\/i) sin(y/v/2) — 2.1072 ety
V2sin(z/v/2) cos(y/v2) +2.1072 etz

and g given by
g(x,t) = 0.5 et sin(x/V2) cos(y/V?2),

with

Do = sin (\%) sin (\%) as initial condition

A(z,y) = 102 <$;32> , Bt (z,y)) = e tsin <5§) sin (\%) on D.

Thus the exact solution are given by

d(z,y) = 1072~ <_x;;/2> , Bt (z,y) = e"tsin <5§> sin <\%> on aD.

which has already been studied by [35] and [21]. The order of convergence follows that of the previous case, The
time-step is given as At := h. The rates of convergence are given in the following Table[4.2]

and

| Mesh size h | 8.8e-02 [ 2.2e-02 | 5.5-03 |
Rates of convergence

HTD _p”LZ((O,T);LZ(D)) 1.49 1.96 2.05
Hﬁ _p”LQ((O,T),Ha(D)) 0.80 0.97 0.99
Hﬁ— u||L2((O7T);L2(D)) 1.90 1.98 1.99
Hﬁ* u”Lz((O,T),HOl(D)) 1.99 1.97 1.99

Table 4.2: Convergence of (u, p) to the solution (1, p)
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Figure 4.5 Error  L2?((0,7);L*(D)) and Figure 4.6: Error L*(0,T; H} (D)) and L*>(0,T; H (D))
L>((0,T); L*(D)) for the displacement for the displacement
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Figure 4.7: Error L? in space for the pressure Figure 4.8: Error H{ in space for the pressure

Test case with extraction and injection wells

In this subsection, we consider source terms as an injection and extraction wells. Thus, we set B; { €
D, |xt—02] <0.1, |y —0.6] < 0.1}, By .= {(z,y) € D, |z —0.8] < 0.1,]y — 03] < 1} and By = {(z,y) €

D, () — (05,0.5)] < 0.25).
f= (O, 0), g(t, (Z‘, y)) = —bt 1(w,y)€]E§1 + 5t 1(m,y)€]B%2>

57 (m7y) € ]BO
2) (IE,y) ¢ ]EO

The computation error is given as follows. We compute (u, p) the solution on a fine mesh of 524288 triangles, and
compare the solution to this precise solution. We remark that the orders in H{ (D) are respected, but that the orders

with the initial condition
ﬁo = {
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2 have been lost in L?(D), both in displacement and pressure variables.
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Figure 4.9: Error L? in space for the displacement
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Figure 4.11: Error L? in space for the pressure
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Figure 4.10: Error H} in space for the displacement
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Chapter 5

Error estimate for a Biot problem with
truncated random coefficients

5.1 Poroelastic problems and their solutions

Let (2, F,P) be a probability space, T’ a positive constant and let D C R¢ a bounded domain with a smooth bound-
ary 0D, where d is the space dimension.

We consider again the linear poro-elastic system, which we have studied in Chapter 3} but some of the coefficients
are now random. This is motivated by the fact that the coefficients are poorly known by the geologists

div(2ue(T) + Miv(@)Id) + aVp =f P-a.s.in D x [0,T),
O (377 + adiv(@)) — div(kVD) =g P-a.s.in D x (0,7,
(5.1)
p=0,u=0 P-a.s.on 9D x (0,7),
p(0,-) =Do() P-a.s. on D.

where f € C*([0,T); L?(D)) and g € C*([0,T); L*(D)) are deterministic source terms, and p, € H%(D).
Through out this chapter, we will assume that

Hypothesis 5. The functions p, A\, k are measurable on Q x D such that
1. There exist constants 0 < kg < M, < +o0o such that

ko <k <M, in L= x D);

2. There exist constants 0 < pg < M,, < o0 such that

to < pp < M, in L=(Q2 x D);

3. There exist constants 0 < \g < My < +oo such that

)\US)\SM)\ /nLOO(QxD)

We recall that, for fy := (¢ = 0) and p, given, the initial data @, is defined as the solution of the following problem
which is the same as problem (3.72) where we substitute f by fy — aVp,.

—diV(Z/j@(ﬁo) + )\le(ﬁ())Id) =fy— aVﬁU P-a.s.in D (5.2)
a =0 P-a.s. on 9D. ’
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Lemma 5.1.1. There holds

_ Aoy g
HOHe(uo)||2Loo(Q;L2(D)) + 3“d1v(u0)||%W(Q;L2(D))

(5.3)
OK 2 a2 — 2
< M”fOHL%D) + %HPOHL%D)a
and thus also
— 2 /\O PRy 2
tolle(@o)||72x py + ?Hdw(uo)”m(mm
2 (5.4)
< OK g2 X m 12
< %H ollZ2(py + m”poHL?(D)-
Proof. Both (5.3) and (5.4) follow from 3.13) in Lemma[3.3.1 O

Next we define the spaces
H = L*(Q,C ([0, T), H} (D)), and T = L*Q,C%[0,T],H}(D))) N L*(Q, H'(0,T; L*(D))). (5.5)
Theorem 5.1.1. There exists a unique solution (u, p) of Problem (5.7), which is such that
ueH,peT.
More precisely, there exists a positive constant C such that

[e() ||%2(Q><D><(O,T)) + [|div(a) ||2L2(Q><D><(O,T))

o (5.6)
+Pll22(x Dx (0,1)) < C,
and
10:e(@172(0x px 0.7y + [0 div( @720 px 0.7))
+Hatﬁ||2L2(QxDx(0,T)) + vai?(ﬂ,m@(0,T~,L2(D))) (5.7)
16 [ Ck M
< o <%||atf|L2(D><(O,T)) + 2||f|%2(D><(O,T))> .

Proof. By Hypothesis[5} for P-almost every w € €, the random coefficients satisfy the deterministic hypothesis. Thus
Chapter[3|ensures that there exists a unique solution (u(w), p(w)) such that

u(w) € C1([0,T], Hy (D)),
plw) € C°(0, 7], L*(D)) n H' (0, T; L*(D)).
By (3.58), there holds P-almost surely

[[Ore(w) ||%2(D><(O,T)) + (|0 div(w) ||%2(DX(0,T))

+||3tﬁH%2(Dx(o,T)) + [IVp(?) ||%2(D><(O,T)) (5.8)

16 / C M
< P (J)HaﬁfHLQ(DX(O,T)) + 2||9||2L2(Dx(o,T))) :

where yo = min(go, Ao, 3", 737 ). Moreover, the mapping

we€ N (U(w),plw)) (5.9)
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is measurable as a composition between measurable random coefficients and continuous function of the input co-
efficients u, A and x. Note that (5.8) implies (5.7).

Similarly, we deduce from that there exists a non-random constant C' = C(T') such that P-almost surely

1oy A0y e
sup 7”@(“(15))”%2@) + ts[‘éPT] 7Hd1V(u(t)>H%2(D)
€lo,

t€[0,T) (5.10)
I 2 —112 .
— _Ip(t <C
+tESE\(1)%] 2MHP( Niz2py + 5ol VD2 (px 0,1y < €
Taking the expectation in (5.T0) under Hypothesis 5]yields (5.6). O

5.2 The Karhunen-Loéve expansions

5.2.1 Description

Given an open bounded domain D C R and a probability space (22, F,P). The Karhunen-Loéve expansion of a
stochastic process
Z:QOQxD—R

is a spectral decomposition, that decomposes the process in terms of components that are both orthogonal on D
and Q. More precisely we consider a process Z € L?(Q; L?(D)) which verifies the following hypothesis.

Hypothesis 6. * Forallx € D, E[Z(z)?] < oo,
« Z is a zero-mean process, E[Z(x)] = 0 for all x € D,
* Forall z, y € D, the covariance function cov[Z](x,y) = E (Z(x)Z(y)) is well-defined, and continuous on D x D.

We define the self-adjoint operator T, as
Ty : feL*(D)w— /700V[Z](37, N f(z)dx € L*(D) (5.11)
D

and note {\,, 5, } the sequence of eigenpairs associated with the operator T.

Theorem 5.2.1. The stochastic process Z admits the following representation

Z(w,2) =Y /1B (@) Yn(w), (5.12)
n=1
where the real random variables Y;,(w) are uniquely defined by
1
Y, (w) = / Z(w,x)Bn(x)dx. (5.13)
(@) N (w,z)Bn ()

They are uncorrelated random variables with zero mean and unit variance.
Moreover, we define

N
Zn(w,x) =Y /1B (@) Yy (w) (5.14)

so that there holds
sup E[(Z — Zy)?(x)] — 0 as N — 4o0.
zeﬁ
Proof. The results of Theorem are presented in [5], [40], [28]. O
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5.2.2 Convergence Results

We follow the articles of Andrea Barth and Andreas Stein ([6] and [7]), to construct well-defined coefficients. We
suppose that the following hypothesis holds. It will ensure that Hypothesis [5is verified.

Hypothesis 7. There exist nonnegative, continuous and bounded function &, Iz, X € CY(D), continuously differentiable
positive functions ¢, ¢, ox € C*(R), and a Gaussian field W € L*(Q, D), such that

s k(w,z) =FR(z) + o (W (w, x)),
* pw,z) =7(z) + o (W (w, 2)),

* Mw,z) = Az) + ear(W(w, x)),

where W is a zero-mean Gaussian random field assoaciated to a covariance operator (). Moreover, we assume for all
x € D that 7
ko/2 < R(x) < My/2, pno/2 < fi(x) < M,/2, Ao/2 < Az) < M\y/2,

and ¢, ., px verifies that there exists ¢o and ¢, > 0 such that for all x € R | ()] + |¢}, ()] + @) (x)| < ¢o exp(p1)
and that
Kk0/2 < () < M /2, p10/2 < pu(x) < Mp/2, Ao/2 < palz) < My/2,

so that the Hypothesissti// holds, i.e. P-almost surely we have for all x € D
Ko S Kj(wvx) S Mrm Ho S u(w,x) S M[La >\0 S )\(W,.’L‘) S M}w (515)

We write the random field W in the form of its Karhunen-Loéve expansion

W(w,z) = /0B (z)Yn(w). (5.16)
n=1
The corresponding truncated expansion Wy is given by
N
Wi (w,2) =Y /il B (7)Y (w). (5.17)
n=1

We recall below some results from litterature ([6], [7], [18]) which ensure the convergence of the Karhunen-Loeve
truncature. To that purpose, we make the following

Hypothesis 8. The eigenfunctions j3,, are continuously differentiable on D, there exists positive constants Cy, Cs,(, v
such that 2¢ < ~, there holds for alln € N

1allzeepy < Cr, max (02 Bull= () < Cin, X_jlnnm <Cy
Define forall N € N, Oy = >\ n,, then under Hypothesiswe have

lim Oy =0. (5.18)
N—+oco

Theorem 5.2.2. Let Hypothesis[8|holds. Then for any N € N* we have that
IW — Wl L2, =(py) < CONZ,

where the positive constant C'is independent of N.

Proof. We apply Theorem 3.8 in [€]. O
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The approximate coefficients are defined by

kN (W) =R(z) + o (Wn(w, z)) (5.19a)
pn(w) = a(x) + pu (Wi (w, x)) (5.19b)
An (W) = Az) + ex(Wn (w, x)), (5.19¢)
so that
ko SN S My, po < py <My, X <Ay <M. (5.20)

We can also deduce the following results from [6] Theorem 3.12,

Theorem 5.2.3. Let Hypothesis[8 hold. Then there exists C > 0 such that for any N € N,
N — pllL2(0, D)) < 09%2,

AN — Ml z2(,L (D)) < 09%27

||I€N — H||L2(Q7LM(D)) § 09]1\,/2

Hence, we deduce from that (un, A, k) Strongly converge to (u, A, k) in L*(2, L>°(D)) as N — +oo.

5.3 The Biot problem with truncated parameters

Next, we introduce the Biot problem with truncated coefficients.

—div(2une(dn) + Andiv(any)Ild) + aVpy =f P—a.s.in D x [0,T)

O; (37pn + adiv(ly)) — div(knVoy) =g P—a.s.in D x (0,T)
(5.21)

pny=0,any =0 P —a.s.ondD x [0,T)

pn(w,x,0) =Py(xz) forP-almostallw € Q and forall z € D.

The following result holds

Theorem 5.3.1. We suppose that Hypothesis[7] holds and fix N € N. For P-almost every w € (), there exists a unique
solution (Uy,pn) € H x T of Problem (5.21). It is such that there exists a deterministic constant C = C(T') such that

||€(ﬁN)||%2(QxDx(o,T)) + ||diV(ﬁN)||%2(QxDx(o,T)) + HT?NH%?(QXDX(O,T)) <, (5.22)
and

||8t6(ﬁN)||%2(QxDx(o,T)) + ||8tdiv(ﬁN)||2L2(Q><D><(O,T))
H|0pNllz2xDx(0,1)) + IVDNIIL2(9,L0,1:22(D))) (5.23)
<O (llo

\%Q(Dx(o,T)) + HgHQLZ(Dx(O,T))) ;
where the constant C' does not depend on N.

Proof. The proof is similar to that of Theorem|5.1.1 O
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5.4 The main error estimate

The main result of this chapter are the following error estimates.

Theorem 5.4.1. There exists a deterministic constant C' = C(T') such that

E( sup e(u—uN)(t)QLZ(D)) +E< sup |diV(u—uN)(t)||2L2(D)>

te[0,T) tel0,T

]
T (5.24)
+E ( sup ||(p - pN><t>||%z<D>> +E ( | [ ive- pN><t>|2dxdt> |
te(0,7T) 0 D
< CE (llinw = 1l () + Aw = Aoy + Il = KllEm ()
which tends to 0 as N — +oo by Theorem
Before proving Theorem we show a convergence result for the initial function uy .
We recall that given py (t = 0) := By, Un o is defined as the solution of
—div(2une(tno) + Andiv(tn,)) = £(0) —aVp,, P—a.s.inD, (5.25)

un,0 = 0, P—a.s.ondD.

In view of the regularity of the data, the equation (5.25) is satisfied almost everywhere in D. Thus, given ay and ay o
the following results holds

Lemma 5.4.1. Given u, the solution of and Uy o the solution of (5.25), then there exists a deterministic constant
C = C(T) which does not depend on N such that

_ Ao
E (ot ~ wo)ls o) + 1div(0 ~ To)leqo)
(5.26)
< CE (lliny = 1l () + IAx = Al () -
Proof. Letu, be the solution of and let uy o be the solution of (5.25). There holds that

— div(Q,uNe(ﬁo — ﬁN,O) + )\Ndiv(ﬁo — ﬁN,O)Id)
= —div(2une(ty) + Andiv(tp)Id)

— < — diV(?ﬂNe(ﬁN70) + )\NdiV(uN’O)Id)>
= — diV(Q,U,Ne(ﬁ()) + )\Ndiv(ﬁ())Id
— ( — div(2pe(ao) + )\div(uo)Id))

= —div(2(uy — p)e(to) + (An — A)div(dp)Id).

(5.27)

We multiply (5.27) by @y — Ty o and integrate in 2 x D to obtain in view of
E (/ 2une(dy —un,o)|* + An|div(dp — uN70|2dx)
D

=E (/D 2(;},]\] — M)e(ﬁo) : €(ﬁ0 — ﬁN70) + ()\N — )\)div(ﬁo)div(ﬁo — uN70)dx) (5.28)

<E (2llpy — pllpe o lle(@o) | 22 (py le(@ = 0w ,0)[| 2(p))
+E (AN = All oo (py | div(TWo) || 2 (py |div(T — T 0) | £2()) -
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From (5.3) there exists a positive constant C' such that
E (/D 2unle(To — Tn,0)|* + An|div(to — uN,0)|2dx>
< (& (luy = nll=collef@ = o)l zzco) 5.29
E ([IAn = Alloe (pylldiv(T — T ,0)l 2(p)) )
Applying Young's inequality in (5.29) we obtain,
200 ([le(To — Tv0)l[ 320y ) + ME ([[div(Fo — Tn.0) 3 )
< OB (-l = nlle ) + ol — o) [
+0%8 (Sl = Al o) + —Ondiv( ~n)lEecm)
< C’E <||,uN 3 T o ||/\N >‘|L°°(D)>
+£ (olle(o — o) o) + %Hdw(ﬁo ~ ol ).

which in turn implies (5.26). O
Next, we prove Theorem
Proof of Theorem We remark that by (5.7) and (5.27), there holds

—div(2ue(m) + Adiv(w)ld) + aVp

5.30
= —div(2une(an) + Andiv(uy)Id) + aVpy (5-30)
in L2(2 x D x (0,T)), and that
1
1 (5.31)
= 8t(MfoN + adiv(ty)) — div(kn VDy)
L?(Q x D x (0,T)). We deduce from (5.30) that
—div(2une(@ —un) + Aydiv(a —un)Id) + aV(p — Py)
= —div(2une(T) + Anydiv(@)ld) + aVp
— < — diV(QﬂNe(ﬁN) + )\Ndiv(ﬁN)Id) + Ctva>
(5.32)

= —div(2une(T) + Aydiv(a)ld) + aVp
( div(2pe(T) + Adiv(w)ld) + an)
= —div(2(un — pe(@) + Ay — A)div(w)1d).
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We deduce from (5.37) that
1 . —
< (P —Pn) + adiv(u - UN)> —div(kn V(P - Dy))

( ! P+ adiv(a > — div(kny VD)

(875 ( Dy + adlv(uN)) - div(fiNVpN)> (5.33)
_o, (1\14;0 + adiv(a ) — div(kVP) + div(kVD) — div(kn V)
< ( Py + adlv(uN)> - div(ﬁNVpN)>
—div((kny — k) VD).
We multiply (5.32) by 9;(u — uy) and integrate in 2 x D x (0,T) to obtain in view of (3.7)
! 2 AN s = V(2
E / / unOle(@—uy)|* + 78t|d1v(u —uy)|*dzdr
0 D
t
_oF ( / / (B — By )Ordiv (i — uN)da:dT> (5.34)
o Jp
=E (/ / (b= py)e(@) : Ge(@ —un) + (A — Ay)div(w)d:div(a — uN)dxdT) .
We multiply (5:33) by » — py and integrate in Q x D x (0,T) to obtain
(/ / —&Ip pnl* + K|V (B~ D)l dxdT)
t
+aE (/ / Odiv(a —uy) (D pN)dde> (5.35)
o Jp
t
=E </ / (kw —kK)VD - V(p—pN)dxdT) .
0 D
We deduce from
- Ao
B (pole(@ ~ )03 + o (= ) )
t
-E (/ / a(p — pn)odiv(a — uN)da:d7'>
0P (5.36)
(/ / (un — ) Oe(U —un) + (Ay — A)div(w)d:div(a — uN)dwdT)
— — 2 >\N . — 2
+E (/ pnle(@o — Unpo)|” + 7|d1v(uo —Unyo)| dx)
D
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and since py o = Dy

£ ([ galo) - pw(0ac)

2 ([ [ addn(a—m) - py)asar)
+E (/Ot/D/idV(p—pN)gdxdT)
E(/Ot/D(/{N—n)Vp-V(p—pN)dxdT>.

S Ao
E(uole(uw)(t)%z(pﬁ Idiv(@ — Tw) (1) 72 ()

(5.37)

We sum (5.36) with (5.37) to obtain

1
+E <2M||p(t) N Z2(py + ol V(P = P72 (D% 0,0))

)
)
gE(//Q(uN—M) ) - 8teu—uNdxdT>
)
)

(5.38)
(/ / Ay — A)div(w)dydiv(d — uy)dzdr

—HE(// (kny — kK)VD - V(p — Dy )dadr
_ _ 2 )\ . — 2
+E pnle(@ —ano)|” + 7|d1v(uo —Upn,)|“dz ).
D

Next we integrate by parts the first term on the right-hand-side of (5.38). There holds

E ( /O t /D 2jun — p)e(d) : Dye(d — uN)dxdT)

—5 ([ 20w~ wefu(t) s efa— wy)(e)

-E (/ / (1 — 1) Dpe(T) - (uuN)dxdT)

5 2 et s el wa)d )

(5.39)

We estimate each term on the right-hand-side of (5.39) by Holder's inequality. By (5.70), there exists a positive
constant C such that
le(@()||z2(py < C P-almost surely,

so that

([ 20— wetato) - e - uy) 0o

< E (2l|pny — pll ooy lle@#)] L2 0y lle(@ = TN ) (t) [ 22 (D))
< CE ([lun — pll oy le(@—un)(®) |22 (py) -

(5.40)

By (5.8) there exists a positive constant C' such that

10:e(@) || 22(px (0,1)) < C, P-almost surely,
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so that

E (/Ot /D 2w — 10)dpe(T) : e(T — uN)d;z:dT>

_ _ (5.41)
< 2E (v — pll Lo (o 10ee(@) || L2(Dx (0,6 le(@ = TN ) | L2(Dx (0,6)))
< CE (lun — pllpepylle(@—an) | L2(px(0,6))) -
By (3.73) there exists a positive constant C such that
lle(Wo)|| r2(py < C P-almost surely,
so that
£ (| 2 w)e(m) e~ ivo)
D
_ _ (5.42)
< 2E (un — pllzee(pylle(@o) | L2y lle(@o — Tn0) [ 2())
< CE ([lpn — plloe(pylle(@o — an o)l 22(p)) -
Then we integrate by parts the second term on the right-hand-side of (5.38). We obtain
t
E (/ / (An — A)div(Tm)odiv(a — llN)dZL'dT>
0 D
~E ( / (A — N div(@(t))div(T — uN)(t)da:)
b (5.43)

E ( /O t /D O\ — N3y div(@)div(d — uN)dxdT>
E ( /D O — A)div (i) div (o — uN,o)da,) .

Next we estimate each term on the right-hand-side of (5.43) by applying Holder’s inequality. By (5.10), there exists
a positive constant C' such that
div(T(t)| 2(py < C P-almost surely,

so that

E ( /D Ay — N div(a(t))div(a — UN)(t)dx>

o C 5.44

< E (I = Ml (o) ldiv (@) 20 Iiv( = ) ()l 20 o449

< CE (|An = Moo () ldiv(@ = an) (1) 2(p)) -
By (5.8) there exists a positive constant C such that

10:div(T) || L2(Dx (0,1)) < C P-almost surely,
so that
t
E (/ / (AN — A)Owdiv(@)div(a — uN)dxdT)
o (5.45)

< E (|An = Mz 0y 19:div (@) || 22 x (0, 1div(T = Wn) | 2D x (0,4)))
< CE (|Ay = Ml (py ldiv(T — Un) || 2D (0,4))) -

By (5.3) there exists a positive constant C such that

l|div(Wo)||2(py < C P-almost surely,
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so that

R ( /D Ovw — A)div () div(Ty — uN,o>>

iv(a, s r(Tin — T 5.46
< E (A = Mz o) ldiv(@o) | 2oy [ div(to — Gx,0)ll22()) (5.46)

< CE (|An = Al o (o) 1div(@o — T o)l 22()) -

By (5.70) there exists a positive constant C such that
VBl 2(px(0,r)) < C almost surely,
so that
t
E (/ / (kv —K)VD-V(D —pN)dxdT>

e (5.47)

<E (||"5N — E|lLe () IVDl L2(Dx (0,00 | V(D *T?N)HH(Dx(o,t)))
< CE([|en = £l IV(® = Ba)llL2(px(0.4))) -

Substituting (5.39), (5.40), (5.47), (5.42) and (5.43), (5.44), (5.45), (5.46) and (5.47) in the right-hand-side of (5.38), we

deduce that there exists a positive constant C such that

— A0 e
B (ol = ) 0 + 3 v = ) )

1
+E<m||p(t) N7z (p) + Foll V(0 — pN) IIL:a(DXm)))

< CE (|lun — pllze(pylle(@—an) ()l 22(p)
+CE ([|pn — pll Lo (pylle(@—uy ||L2(Dx 0,1))
+CE (||)\N = Moo (pylldiv(@ —an) (1) 2(p
FOE ([[An = Mz oy |div(@ — )| 22 (D x (0.0
+CE (lun — pllze(p)lle(@o — Tn0)ll 2o
+CE ([An = Al (py [ div(To — Tn,0) |l 22(p)
+ CE (|en — &ll oo () IV (@ = )l L2 (D x 0,0)) ) -

(5.48)

)
)
)
)
)
)

We apply Young's inequality to the right-hand-side of (5.48). There holds that
CE (lun — pll oo (pylle@—1un) ()l 22(p))

(5.49)
< 8 (gl = il ) + B (2 le(@ = m) @l m))

CE (|lun — pll(pylle@—un) |l z2(px(0,0)))

1 vo. (5.50)
< 08 (gl = il ) + B (e = 0 B o)

CE ([An = Mz (pylldiv(@ — Tn) (1)) [ 22(p))

. Ao (5.51)
CE (AOHAN - An%w(m) +E (j||dw<u - uth)lliz(m) :

IN



and
CIIE (|An = All oo (py ldiv(@ — 0n) | L2 x (0,4)))

1 A0 e
< OB (5w~ Mgy ) + B (1@ = 000 ) -

There holds that
CE (llun — pllpe(pylle(@o — Un,o)ll L2(p))

1 —
< O (gl = il ) ) + B (ol ~ o) o).

and
CE (|Ay = Al (p) ldiv(To — Tn.0) [l 22(p))

. Ny
<% (g~ Mo ) 42 (G100~ Bl ).

It follows from (5.53), (5.54) and (5.26) that there exist a positive constant C such that

E (llun — pll (o) lle(@o — an0)llL2(py) -
+E ([xy — /\||Loo(D)||diV(ﬁo —n0)llL2(p)))

1
<CE|— =) T 3 [An = Al )
(gl = oy + gy = Mo

+CE (Jlux — m\%mw) + ||AN ~ M) -
Finally there holds that
CE (||HN - HHLOO(D)HV(T?—]7N)||L2(Dx(o,t)))

Ko —
< OB (Gl = e ) +E (IVE -2 Eronion)
Thus from (5.48), there exists a positive constant C such that
E Ho — = 2 )\0 div(ad—u 2
?He(u —un) ()72 + ZH iv(d —un)(t)l|72p)
1 _ _ 2 Ko _ _ 2
HE | 537 1P(®) = Pn Oz ) + IV = P2 (D2 (0,0))
< CE (llun = il o) + IAn = Al ) + 6w = 113 D>)
[ - Ao
+ (4 1e(@ = i)l oo + 2L I = ) o0

We set

and

(0 = B (et = an) O + 2 Iiv(@ - a) e, ).
)

b= CE (lun = il (o) + AN = M) + llon = £llE ()
so that there holds z(t) < b+ fot z(7)dr. By Gronwall's Lemma there holds that
Moy —  — 2 A0 v 2
E{ 5 le@=an)®)llz2p) + - lldiv(@ — ) ()2 (p)

< CE (Jlun = il 0y + A8 = Al ) + 153 = £llEm () ) "

86

(5.52)

(5.53)

(5.54)

(5.55)

(5.56)

(5.57)
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We substitute that into the right-hand-side of Equation (5.57), thus we obtain a uniform bound in time of the left-
hand-side. There exists a deterministic constant C' = C(T") which does not depend on N such that

L T — A0y g
E <2||€(U — N3~ (0.1):L2(Dy) + ZHle(u - uN)||2Loo((o,T);L2(D)))

1 2 Ko 2
+E (2M|P =Nz (0,1):02(0)) T+ EHV(I? =N 22D 0,1
< CE (lliny = 1l () + IAn = Aoy + 16 = 5l )+

which completes the proof of (5.24). O
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Chapter 6

Quantification of uncertainties for a
thermoporoelastic problem

6.1 Introduction

Thermo-poroelasticity is a multidisciplinary field that explores the coupled interactions between thermal, hydraulic,
and mechanical processes within porous materials. These interactions are critical for understanding and predicting
the behavior of geological formations, engineered systems, and biological tissues under various environmental con-
ditions. Traditional models of thermo-poroelasticity typically assume deterministic coefficients (see [44]) ; however,
in real-world applications, many of these coefficients exhibit inherent uncertainties due to spatial variability and
measurement limitations.

In this chapter, we extend the classical thermo-poroelasticity framework to incorporate random coefficients,
specifically focusing on the permeability, Lamé coefficients, and thermal diffusivity. By considering these coefficients
as random fields, we aim to capture the uncertainty and variability present in natural and engineered porous media.

To address the computational challenges posed by the stochastic nature of the problem, we apply a Monte Carlo
method combined with a finite element discretization. Several methods can be used to discretize thermo-poroelastic
problem as finite element method or finite volume method, see [38]. We use P2 elements for the mechanical dis-
placements, P1 elements for the pressure, and P1 elements for the temperature. This discretization scheme ensures
a high level of accuracy and stability in the numerical solutions.

We derive an error estimate for the numerical method, which quantifies the accuracy of the finite element ap-
proximation in the presence of random coefficients.

This chapter is structured as follows. We present the mathematical formulation of the thermo-poroelasticity
equations with random coefficients. Then we describe the numerical method and the finite element discretization.
We prove an error estimate combining the finite element approximation and a statistical error from the Monte-Carlo
method. Numerical results are presented at the end of this chapter.

The problem which we consider is the following linear thermo-poroelastic problem, modelizing the pressure flow
and the temperature in the ground.

—div( 2ue(q) + )\div(u)) +aVp+(1—a)KsVo =f in D x[0,7)
0, (P=Es? 4 adiv(ﬁ)) —div(kVp) = g in D x [0,7)
P 2\ — _ _ 6.1
®) O (%—&-%) —%T?—I—Ks(l—a)div(ﬁ)) —n-VO—-div(Vl)=h inDx|[0,T) ©-D
w,p0=0 ~ in 9D x [0,7T),
p(+,0) =Po(+), 0(-,0) = bo(-) in D.

Problem (PP) is similar to the linear problem introduced in [17] (2.7a) — (2.7f), where they study a corresponding
mixed-formulation. We will use their results about existence and uniqueness of the solution. We introduce n to
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replace the convective transport term Vp - V6, so that the convective terms in the heat equation in (6.T) is replaced
by a linear terms. In the following, n is a constant, but it could be a space function, as soon as n € L>°(D) is small
enough.

We remark that given 5(0,-) and 6(0,-) € L%(D) being defined, we can solve the mechanical equation at time
t = 0 by applying Lax-Milgram theorem on a suitable variationnal formulation, together with Korn inequality.

Introducing random parameters into the system of thermo-poroelasticity equations is crucial due to the inherent
uncertainties in real-world geothermal phenomena. The material properties, such as Young's modulus (E), perme-
ability (x), Lamé coefficients (v) and thermal diffusivity (), can vary significantly based on environmental factors and
the specific conditions of the study site. These variations and uncertainties may stem from measurement errors,
material imperfections, or spatial variations that are difficult to precisely characterize. Therefore, modeling these
parameters as random variables is essential for achieving more realistic and robust simulations. The stochastic ap-
proach helps capture uncertainties more effectively and provides more reliable estimates of geothermal behaviors,
facilitating uncertainty quantification (UQ) and statistical analysis of the results.

Later, in Section 6.3} we introduce the random linear thermo-poroelastic problem, wich contains randomness
on the parameters of the problem. The parameters y, A, x and 3 are considered to be random, so that they depend
on a parameter w € Q. We will discuss of their regularity later.

6.2 Existence, uniqueness and a priori estimates

We first consider the problem with deterministic coefficients. To ensure the existence and uniqueness of the solu-
tion, and to ensure bounds on the solution, we assume the following hypotheses on the parameters and functions
involved in the system.

Hypothesis 9. The coefficient i, ), k and (3 satisfy
peCHD), \e CY(D), k€ CY(D), B € CY(D).

Moreover, there exists positive constants

Ko, Ao, Kos Bo
and
My, My, My, Mg
such that
0<po <p(z) <M, <oo, 0< X <A(z) <M,y < o0, 6.2)
0 < kg <k(r) <M, <00, 0< By <B(z) < Mg < oo,

and By — Klgf > (0. Moreover, there holds that

f e C*([0,T),L*(D));
g € C'([0,T], L*(D));
h e CY([0,T], L*(D));
and
Do € H&(D)§
6o € Hy(D).

In [17], the authors proved the existence and uniqueness of a weak solution (1, p, ) under the Hypothesis@
Gathering the regularity of [17, Theorem 3.1], we can state the following result.
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Theorem 6.2.1 ([17, Theorem 3.1]). There exists a unique solution (i, p, 0) € H& (D) of the thermo-poroelastic problem
such that

ue H'(0,T;L*(D)),
e(w) € H(0,T; L*(D)

pe H'(0,T; Hy(D)

0 c H(0,T; Hy (D)

)

)
)
);
)

Remark 6.2.1. The proof of this theorem closely follows the analysis presented in [17], where the well-posedness of the
thermo-poroelastic problem is established in a mixed variational framework. The existence and uniqueness of a weak
solution are obtained using a Galerkin method and a priori estimates.

This regularity can be improved which we do below. This regularity will be used later.

Corollary 6.2.1. The solution (1, p, 0) of (P) verifies

e(@) € Wh*(0,T; Hyiy (D)),
p € L*(0,T; H*(D)),
0 c L*(0,T; H*(D)).

Proof. Theorem 3.1 from [17] states that
9 (aVp+ (1 —a)KsV) € L=(0,T; L*(D)).
The mechanical equation from Problem (P) leads to

—div(2pe() + Mdiv(w)ld) = —aVp — (1 — a)KsVA+£, inD x [0,T],
u=0, on 9D x [0,T].

Thus, there holds
2ue(0) + Adiv(w)Id € Wh°(0, T; Haiy (D).

We recall that div(a) = Tr(e(@)), and from (3.2.3) almost everywhere in (0,7T)
ldiv (@) z2(py < Velle@®))llz2 ()

Thus we have that
e(@) € Wh*(0,T; Hyiy (D)).

From the pressure equation, there holds that

{ —div(rkVp) = g — 9, (E=B58 4 adiv(w), in D x[0,T],
p=0, on 9D x [0,T].

From the regularity of g and Theorem 3.1 of [17] there holds that
p € L*0,T; H*(D)).

Finally, there holds that

~div(BV0) = h— Ou((£2 + 57) 0 - 55+ Ks(1 - a)div(w) +7- V0, in D x [0,7],
0 =0, on dD x [0,T).

We deduce from the regularity of 4 and 3, and from Theorem 3.1 of [17] that the results holds. O
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6.2.1 A priori estimates
We recall the following inequalities, used in the proof of the next theorem.

Lemma 6.2.1 (Korn inequality). For v € H} (D)4, there exists a positive constant Cy := C (D) such that
IVIZ (p) < Crlle()llz2(p)- (6.3)
Lemma 6.2.2 (Poincaré inequality). For q € H}(D), there exists a positive constant Cp := Cp(D) such that
gl 20y < CplIVdllL2(D)- (6.4)
Theorem 6.2.2. There exists a positive constant C' (depending on constants of the problem) such that

sup [|e(T(t)[1Z2(p) + Sup div(@(®))II2 ()

te(0,T)
+ sup [B(0)]|72(py + sup. ||9( 22y
te(0,T) te(0,
HIVEIZ2(px 0,y + IV L2 (px(0,7)) < C(um/\07K07ﬁoaMu7MAaMmMﬁ) (6.5)

(HathLZ(Dx(o,T)) + tES[%PT] IEONZ20y + 9172(px 0,7 + 121 Z2(p)

+1PollZ 2y + \\50\\%2(1))) :

Proof. From Corollary[6.2.1} we multiply respectively the mechanical equation in (IP) by 9,1, the pressure equation
by p and the temperature equation by 6, and integrate over D. For a fixed ¢ € [0, T, there holds that

/D2ue( U) : de(T) + Adiv(w)d.div(T)

(6.6a)
—/ apdydiv(a) + (1 — a)Kso,div(u)dz = / f - oadx
D D
/ Oy (p—K@ + adiv(d ))pdaﬁ—&—/ K| Vp|*dz :/ gpdx (6.6b)
M D D
Ks_
/ O((== —|— 7)9 — —p+ (1 — a)Ksdiv(n))fdx
M
(6.6¢)

—/ n-vde/ 5|V§|2dx:/ hida.
D D D

First we consider the right-hand-side of (6.6a). By taking the integral over (0,T) and integrate by parts in time, we

have . .
/O /D £ gyudadt = /D (£(t) - T(t) — £(0) - 6(0)) d — /O /D 0,f - . 67)

Moreover, we remark that

1 _ -2 ﬁ—KSg _ Ksﬁ—K2§ -
mat |p—K59| = (at)p_ (atjws 0
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Thus, by taking the integral over (0, T)) of the sum of (6.6a), (6.6b) and (6.60), we obtain in view of (6.7)

//,uﬁ'f u)? + 3t|dlv( IRGE

t
8t _ - S N2
+//—p—K59 dxdt—i—// 0¢|0|*dxdt
o Jp2M | o Jp 2Kr ad

t
+/ / k|VD|* + B|VO]? —n- VO Odxdt (6.8)
0 D

_ /D £(t) - u(t) — £(0) - w(0)dz — / / 0,f - udadt

//gpdxdt+/ / hOdzxdt.

The following inequality holds,

polle(@(t)[|72(py + *Hle( )72y
L. 7 A0\ 112
+m||10(t) — KsO(t)[|72(py + %HGU)HH(D)

+r0lIVBIZ2 (e 0.1)) + Boll VO T2 0.7

— K - K _ .7 (6.9)
§/ f(t)~u(t)d:c—/ / atf~udxdt+/ /gp—i—h@dxdt
D

M
—/Df(o)' W(0)dz + My le(@o)lIZ2 +7||d1V(Uo)HL2(D)
. Ks = -
"’m”po—K590||L2(D)+E||90||L2(D)+/O | o0t

We apply Holder's inequality on the right hand side of (6.9), and with Poincaré and Korn inequality,

_ Ck Ho
| #6050z <E IO ) + @)
t
Ho |
| [ ot wawdt <1081 00y + P Ne@ ooy
t
_ Cp
P+ hod dt<—P 2 h (6.10)
/0/Dgp+ x 72R0||g||L2(D><(O,T))+ Bo I1P1172(px 0,7

R0 _ —
+ ?HVPH%Q(DX(O,T)) + ZHVGHQLQ(DX(O,T))

L R Ks o
+ s Vo fdxdt < K VOl L2(px(0,1)) + %HHHLQ(DX(O,T))'
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Thus from (6.9)
Ho — A0 (4o e
7”4“(0)”%2@) + 3“(11‘7(“(15))”%2(17)

1 ) 2 Ks 5 2
537 1P(0) = KDl 3200, + 552 100 220

Kgn?
Kt

Ko _ 1 —
+§||VPH%2(Dx(o,T)) + 5(50 - NIVO)72py

Ck

YK (6.11)
210

< (||6tf||2L2(Dx(0,T)) + ||f||2L2(D><(O,T))

Cr T
+%H9HL2(D><(O,T)) + BCr 1”22y
1 1.
+§Hf(0)||2L2(D) + §Hu()H2L2(D)
"o Ks -
+?He(u)“2L?(D><(O,T)) + E||0H%2(D><(O,T))'

We set

Ck
A =—2(18,f))? + sup [[f(®)|?
2uo(” Iz (D 0.1)) te[QT]H Ozz2(p))

Cp, o 1 2 6.12
+ TKOHQHLZ(DX(O,T)) + ﬂOTP”hHLZ(D) (6.12)
1 1
+ §||f(0)\|%2(D) + §||u0||%2(D><(O,T))'
Thus by applying Gronwall Lemma'’s, there holds that (for a small € > 0)
U _ A0 g
B e@®) 2y + 5 Idiv(@E) I3 n)
1 _ Ky —
— || - K 22 P 22

Ko _ -
+?HVPH2L2(D><(O,T)) + 5\|V9(t)||%2(p)
<exp(T)A+Texp(T)A+ A.

We set

and dividing equation (6.T3) by x leads to the results. O

6.3 Random Parametrization

Let (Q2, F,P) be a probability space, T' a positive constant and let D ¢ R? a bounded domain with a smooth boundary
0D, where d is the space dimension. We suppose that the Lamé parameters A and p are random, namely we will
write A(w, z) and u(w, =) and that the diffusion coefficients x and 3 are also random, namely we will write x(w, z)
and S(w, x) for w € Q.
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—div <2u(w, z)e(U(w, z,t)) + AMw, z)div(a(w, z, t))) +aVp(w,z,t) + (1 — a)KsVo(w, z,t) = f(z,1)

O (]\Zp(w,x,t) - %g(w,x,t) + adiv(u(w, x,t))) —div(k(w, 2)VP(w, z,t)) = g(z,t)

Kr M a2
—n-Vl(w,z,t) — div(B(w, z)VO(w, z,t)) = h(z,1),

9, ((KS N Kg) Uw,2t) — B 5w, 2 8) + Kg(1 — a)div(u(w,x,t)))

together with the boundary conditions, P-almost surely
u=0,p=0,0 =0, ondD x [0,7),
and the deterministic initial conditions P-almost surely
P(w,+,0) =Py ("), O(w,+,0) =bo(:), in D.
We generalize Hypothesis[9]as follows.

Hypothesis 10. We suppose that almost surely
E e C'(D),

and there exists positive constant Ey, Exax such that, for P-almost all w € Q, we have
0< Ey < E(w,z) < Epax < o0in D.

We define
Ew,z)
2(1+v)’

E(w,z)
1+ v)(1—2v)

u(w,az) = /\(w,x) =

We suppose that
e L®(QxD), A€ L®(Qx D), ke L*(Qx D), eL>*QxD,).
so that there exists positive constants
Ho, )‘0, Ro, 60

and
M/I,7MA7MR7M[3

such that for all x € D, P-almost all w € ), we have

0<po < plw,z) <M, <oo, 0< A < Aw,z) <My < oo,
0 < ko < K(w,z) <M, <00, 0< fy < Bw,z) < Mg < oo,

The following result holds :

Theorem 6.3.1. There exists a unique solution (4, p, 0) such that

e L*(Q,L>(0,T; H(D))),
pe L*(Q,L>(0,T; H'(D)))
0 e L*(Q,L>°(0,T; H(D))).

Moreover, there exists a determinstic constant C such that (1, p, 0) satisfies

(6.14)

(6.15)

(6.16)

(6.17)
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E[ sup [le(@(®)[|72(p)] +E[ sup |[ldiv(@(t))|72(p)]
te(0,T) te(0,T)

+E[ sup Hﬁ(t)H%z(D)]-F]E[ sup ||§(t)‘|%2(D)]
te(0,T) te(0,7)

+E[IVDIIZ2 (o 0,0)] + EBUIVOIZ2(px 0,7
(6.18)
<C <8tf||L2(D><(O Ty T S[UP] IE)1172( )
Hlgll72px 0.y + 1P172(py
+Poll72 () + ||§0||2L2(D)) :
Proof. We choose w € €, such that Hypothesis[1Q]is fulfilled. Thus, there exists a unique solution
U(w), p(w), O(w).
Consider the measurable mapping
Jiwe Q= (uw), Aw), k(w), Bw)),
since the solution (w, p, ) is continuous in its coefficients (u, A, &, 8) (see [7] p.1550), then the mapping
S:we N (u(w),pw),fw))
is measurable.
From Equation (6.5), we have for P-almost every w € Q2
sup le(@(w, t))l[72(p) + sup [[div(@(w,t))lI72(p
te(0,T) te(0,T)
+ sup ||B(w, t)l|72p) + sup H9(w lz2p
te(0,7T) te(0,
‘ VD) 72(px (0,1y) + VO 12 0,1)) < C(N0>>\07HOvﬁoaMuaMA’MmMﬁ)
<||8tf|%2(D><(O,T)) + tESE%PT] IEO172 () + N90172(px0.1)) + 1Pl Z2(y
B0 l1320) + WBoll3z(0 )
and since the left-hand-side is independent of w, by taking the means the result holds. O
6.4 Pathwise Discretization Schemes
We consider a conforming triangulation KC; = {K7, ..., K,,, } of D, and we define the diameter of the partition of D
as
h; = Ir{nealécl diam(K). (6.19)
We introduces the finite element spaces for the displacement u, the pressure p and the temperature 6 :
Vi={v; € C°(D)| vilap =0and vi|x € Po(K)?, K € K;} CV (6.20a)
Q= {ql € OO( )d | ql|dD =0and ql|K S Pl(K), K e ’Cl} cQ (6.20b)
0, := {0, € C°(D)? | ¥)op =0and 9|k € PL(K), K € K;} C ©. (6.20¢)
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The set P; (K) denotes the space of polynomials function of degree 1 on the triangle K. The set P,(K) denotes the
space of polynomials function of degree 1 on the triangle K. (v;) correspond to the basis functions of V;, which are
computed at the vertices and the middle points of the edges of K;. (¢;) and («J;) are the basis functions of Q; and
O, which are computed at the vertices of the triangle ;.

Given an element K € K, let z1,--- ,z; € D denote the vertices of K. We define three families of linear nodal
basis of P, (K), and a local interpolation operator on K for each set of functions,

J
viG v TNK)  CUEK) = PUK)Y, v Y v v (6.21a)
=1
s J
a,...qf, IV(K): CO(K) = Pi(K), g > q(z)gf (6.21b)
=1
- J
95, 0f, IUK)  COK) = Pu(K), 9 = Y 0z )k (6.21c)
i=1

Thus, from each operators in (6.217), we can define a global interpolation operator

[Z*v](z) = [Z*(K)v](z), forz € D, where K € Kissuchthatz € K (6.22a)
[ZPq)(z) == [ZP(K)q)(z), for z € D, where K € Kissuchthatz € K (6.22b)
[Z09)(x) == [Z°(K)0](z), for z € D, where K € K is such thatz € K. (6.22¢)

The two following lemmas are classical results from approximation by P, and P, elements.

Lemma 6.4.1. Given h the diameter of the triangulation, for v € H?(D), q € H'(D), there exists a constant C such that
1L =2Vl a2(py < Chy |1 = I )allmr 0y < Chy (1= T7)dllz (p) < Ch
Lemma 6.4.2. Let D C R™ be a bounded Lipschitz domain and let T > 0.

« Assumep € L*(0,T; H?(D)) and 6 € L*(0,T; H?(D)), and they are approximated by piecewise linear finite ele-
ments Py on a triangulation Ty, with maximum element diameter h.

« Letu € L?(0,T; H'(D)?), where its symmetric gradient e(u) = 1(Vu + Va’) belongs to L?(0,T; Haiv (D)),
meaning that V -1 € L?(D). Assume that U is approximated by quadratic finite elements P,.

Then, for all t € [0, T, there exists a constant C, independent of h, such that the following error estimates hold:
1. Error estimate for p and 0 (approximated by P,):
1B(t) = Ba Ol oy + 10) = Ou ()l 210y < Ch (B |2y + 108|122y -
where p, () and 0,(t) are the P finite element approximations of p(t) and (t), respectively.
2. Error estimate for u (approximated by P-):
[a(t) = ()l 1 (py < Chlle(@)(t)] 1y, (D)-

Here, u,,(t) is the P, finite element approximation of u(t), and e(q)(t) denotes the symmetric gradient of u(t).
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We introduce the semi-discrete version of the weak formulation of (6.74).

Suppose that the source terms f, g and h satisfy the hypothesis above; the semi-discrete formulation can be
written as : find (u;,p;,6;) € HY(0,T;V,) x HY(0,T;Q;) x H'(0,T;6;), so that for t € [0,T], for all (v,q,9) €
VYV x Q; x ©, for almost all w € Q, there holds that

/ 2u(w, z)e(w(w, x,t)) : e(vi(z)) + AMw, z)div(w(w, z,t))div(v(z))dx
D
—a/ pr(w, z, t)div(v(z))de — Kg(1 — a)/ 0)(w, x, t)div(v(z))dx (6.23a)
D D
:/ f(x,t) v(z)de
D

/ a( Ksal +div(w)) (w, 2, )g(x)da

(6.23b)
+ [ sl Vi) Vatoite = [ gty
D D
Ks .

/ O (aoel VAL + Ks(1— Oé)le(lll)> (w, z, t)Y(x)dx
D (6.23¢)

+/ B(x)VO(w,z,t) - VI(z)dx —|—/ n- Vo (w,z,t) ¥ x)de = / h(z)¥(z)dx

D D D

w(w,-,0) =Ty, pi(w,-,0)=IFpy, Oi(w,-,0)=Ib. (6.23d)

The interpolation of the initial data are well-defined since g, py and 6, are continuous in D in the space variable.

Theorem 6.4.1. Under previous assumptions described in Lemmas and|6.4.1} let (1, B, §) be the solution to problem
©.74) and (uy, pi, ;) be the solution to the system (6.23). Then, there is a positive constant C > 0 such that

sup (II (ufuz)(t)lliz(pﬁHdiV(ﬁ*Uz)(t)Hiz(DﬁII(ﬁ*ngfpz+Ks9z)(t)H%z(D)+||(5*91)(t)||2m(p>) <C

te[0,T]

(II (1= ZMe(@o)lI72(p) + (1 = Z)div(TWo) 72y + (1 = Z)Bo)l72(p) + 11 = Z7)8o) IIiz(m) :
Proof. We define the following error
gl ::ﬁ—ul,eé =P —p, cy=0—0,. (6.24)

We recall that ag = % + %’ Thus, for a fixed w € Q, for a fixed ¢ € [0,T], there holds

/ 2ue(el) : e(v) + Mdiv(el, )div(v) — asédiv(v) — Ks(1 — a)eydiv(v)dz = 0, (6.25a)
D
el — Kgel o .
/ O(———— + adiv(e,))gdz + / kVe, - qdz =0, (6.25b)
D M D
Ks
/ O <a0€9 — ﬁg + Kg(1 —a)div(e )> ddx
D (6.25c)
+/ BVEé'Vﬁdl‘+/ n-Vehddx =0,
D D
Eé(w, 50) = (Do — Ilpﬁo)(wv ), El@("‘}v ) 0) = (50 - If@o)(w7 s (6.25d)

forall (v,q,9) € V; x Q; x ©;. Next we set

v =0 (Z/a(w, -, t) — w(w,t)), ¢ = Ilpﬁ(w, ) —pi(w, -, t), ¥ = If?(w, ot) — 0 (w, -, 1)
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and integrate over [0, ]. Since

a—w=TMu—-w)+W-w), Tp—p=Tp-p) + @—p) T/0— 0= (T)0—0) + (0 — 1),
from (6.25a), we obtain

t
/ / udyle(ey)| + iatldiV(Ei)Idedt
0 JD 2
t
—/ / aséﬁtdiv(ez) — K5(1 — a)ehdydiv(e! )dadt
(6.26a)
/ / 2ue(el) - (1 — TM)o,a + Mdiv(el )div((1 — ") 9,a)dzdr

_ /O /D acl div((1 — T)0,m) + Ks(1 — a) ) div((1 - Z2)0,m)dadr.

From (6.25b) there holds

¢ el — Kgel
/ / Oy (p]wse + adiv(e) sé, + H\VsuzdxdT
0o /D

(6.26b)
KSEO . 1 D\ — t 1 D\ —
3t ——— +adiv(e,) | (1 —Z}) pdedT + kVe, V(1 — I} )pdzdr.
o Jp
As well from we have
/ / Oy (a/OEe — —a + Kg(1 — a)div(e )) eh + B|Veb2dzdt
/ / Oy (a059 — —5 + Kg(1 — a)div(e )) (1 — Il‘g) Odxdr (6.260)

+//wsg.v(1—If)mn-vsg(l—zﬁ)ém-wgsgdxdt.
0 JD

Since
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and by integrating by parts the first terms on the right-hand-side of (6.26b), we have

/ / Oy (Seg + adiv(sz)) (1—1Z7)pdaxdr

K
SL(W adiv(aL(t))) (1-127)p(t)dzx

t €l - K €l
—/ / <”MS" +adiv(g;)> (1 —7F) 0;pdxdr
D JO

B /D (W + adiv(ggm))) (1-17) p(0)da

1 _
< 2M” e (t) — KS5l9(t)||%2(D) + Wll(l —INDPWI72(p)
€2 . 1 _
+5||d1V(55L(t))H%2(D) + EH(I —INDPO)I72(p)
1 _
+m||€ — Ksepll32px oy + m”(l —I)0iPl 72 (px (0.1

€4 5. 1 _
+5||d1V(EL)H%2(D><(O,T)) + Zﬂ(l —ID)DlI72 (o (0,1

1 _ l
B /D (W + adiv(sg(o))> e, (0)dz.

(6.27)

Since €,(0) = (1 — Z7)p(0) and by integrating by parts the first terms on the right-hand-side of and since

ag = % + Kﬁg we have
/ / o (S h— —( el — Ksep) + Ks(1 — a)div(sg)) (1 —177) fdadr

s/ (ngl(t) I]fj( e nge())+KS(1_a)div(5;(t))) (1-Z/) 0(t)dadr

/ / ( o ( y— Ksep) + Ks(1 - a)div(5;)> (1 1¢) 8,8dadr

- [ (Fa0- Ijju() Kseb(0) + Ks(1 - a)div(ed 0) ) (1 - 77) B0) e
< S leb Ol o) + g (1 = TN

€6 K2
37 1eb0) = Kseh Ol o) + 55710 = T80 a0

(KS(Q*‘”ZW 00
€7

€71 1
+ 5 lldiv(e) (Dl +
Kseg

Kg
HEGHL2(D><(O ™t o — S Kpe ||(1 _Ie)atGHLQ(D)
€9 K2 —
+M||€;Z - KSElGH%?(DX(O,T)) + ﬁ“(l —I0)0:01172(px (0.1))

(Ks(1— o))

2
10 . )
5 MA@ Eapxory + =510 = T9Bllz2 D01y

_ / ( Z 5(0) — %(ej,(o) — Kgeh(0)) + Ks(1 — a)div(g;(o))> e} (0)dzdr.

(6.28)
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Moreover, by applying Young’s inequality to we have that

,uo/ / O¢le \dxdT—Ff/ / O¢|div(e )|2dxdt

—/ / asé@tdiv(si) — Ks(1 — a)e}dydiv(el,)dadt
(6.29)
/ / dpe(el) : (1 — T)9,8 + Adiv(el )div((1 — T0)0,a)dadr

—/ / agl div((1 — Z/")0yu) + Ks(1 — o) e div((1 — Z}*)9,a)dadr.

Thus, we sum (6.26a) with (6.26b) and (6.26¢), and we inject (6.27) and (6.28). Thus for Iy, I, I3, I, which will be
specified later, there holds

Aoy
polle(€l) Ol Z2p) + *OIIdIV(sl )72y

K
l S 2
+m||5p(t) — Ksep(t)||72(py 5k Hfo( )Niz(p) (6.30)
n?
+rolVeplZ2(px oy + (Bo — )||V59||L2 (Dx(0,T))
with
€1 €2 4.
_7M||€é(t) — Ksep(t)|72py + §||d1V(€L(t))||2L2(D)
es Kg €6 €7 1.
+ 2R DNy + lleb) — Kseh@lscp) + F (L D)oy,
My, ..
Iy =M, le(},(0)[|72(py + 7||dlv(€i(0))||2m(p>
Lo l 2 Ks | 2 5;(0) — Ksey(0) . .
+ mH@p(O) = Kseg(0)[[22(p) + EHEG(O)HLZ(D) L\ + adiv(g,(0)) | £,(0)dz

_ / (I[;i ep(0) — I]\(j( eb(0) — Ksae(()))+KS(1—a)div(a;(o))) b (0)dzdr,

€3
I3 :m”[{ KS‘SHHLZ(DX(O T)) + Hle( ?u)Hiz(DX(O,T))

Kgeg

€9 €10 | 4.
+ 9K HEIGH%?(DX(O,T)) + M”% - KS€le||2L2(Dx(o,T)) + *Hle(fZ)HQL?(D)

€13

+ Myen He(fi)HQLz(Dx(o,T)) + Mz\€12||diV(EZ)||%2(Dx(o,T)) + - ||59||L2 (Dx(0,T))>

1 1 1

I =(opyp + 5y 0 = TNy + (37 + 5 >m T0)08l3 2o 0.1
Ks . Ki (Ks(l-a)?
G t et T e ATl

+ KS Kg' (Ks(l —a))2
2KT€8 2€9M 2610

A =Z7)0401172 (D (0.7))) -
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The error on the initial data are defined in
My .
Iy =My, |le(e}, (0)[|72(p) + THle(EZ(O))H%?(D)

1 Kg el (0) — K5l (0) )
+ m”’fé(o) - stle(O)HQB(D) + %H’SQ(O)HQB(D) - /D <pM€ + adiv(e,(0)) a;(o)dx

— /D (Kng(O) — —2(eh(0) — Kse5(0) + Ks(1 — a)div(gg(o»> b (0)dzdr.
We have I3 defined by

€3 .1 112 €40 12
I3 :m\\ﬁp — Ksegllz2(px0,m)) + §||d1V(€u)HL2(Dx(o,T))

Kgsesg €9

€10 | 4.
+ 5Ky H5l9|\2L‘2(Dx(o,T)) + M||€§; _KSEZGH%Z(DX(O,T)) + 7Hdlv(52)H%2(D)

. €13
+ Muell||6(€Z)||%2(Dx(o,T)) + MA€12\|d1V(€Z)||%2(Dx(o,T)) + 7||5l9\|%2(1)x(o,T))~

The interpolation error I is defined by

1 1 1 1
= PY5(1) || P\ 9 7|2
Kg K2 (Ks(1 - a))? ONT 12
1-77)0(t
+ et e+ =0 gz,
Ks K% | (Ks(1-a))? 0\ 5 7112
t i e B0 20081 iy

Inside I; we sete; = 1/4, e = 1/8 inside I, so that

we set ¢5 = 1/2, so that

and we set e = e7 = 22 so that

2 2 4
Inside I3, we set e3 = 1 and ey = £ so that
€3 + €9 o 1
2M CAM
and we set ey = 32, €10 = 32, €12 = 8}% so that
€1+ €10 Ao
Myerz = 22,
9 + M€ 1

and we set eg = §, €13 = 5 SO that

Kseg 613 KS

2K 2 4AKp’

and we set e;; = 47~ so that
u

M,uell = Wo-

(6.31)

(6.32)

(6.33)
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Then we have from (6.30)

Ao .
polle(el)(®)I72(py + Z”dlv(%(t))niz’(p)

1 Kg
+ m”f‘?é(t) — Ksep(t)|172(py + EHEIQO)H%%D)
12 n? 12
+ £0llVeyllz2(px0,m)) + (Bo — E)HVEHHL?(DX(O,T)) (6.34)

Aoy .
<polle@)|T2(px(0.1)) + Z||d1V(519)||%2(Dx(o,T))

+ ﬁ”gé - K55l9||2L2(Dx(0,T)) + %”%”%%Dx(o,ﬂ)
+ Iz + Iy
We recall that
le(e% (O Z2(py = (1 = Z1')e(@o) 72 (p)
div(e%, () 122y = (1 = Z1*)div (o) [ 22 ()
e (0) = Kseg(0)[|22(p) = II(1 = Z7)Po — Ks(1 = I7)ol122(py < 2011 = I7)Bo | 72Dy + 2K (1 = I7)Bol 22
b (0)][72(py = 1L = Z7)80)lI72 (-

If we apply the Gronwall Lemma, we obtain the bound for a fixed w, and since this bound does not depend on w we
obtain the conclusion on the expectation.
O

6.4.1 Time discretization
We introduce the temporal discretization for the semi-discrete problem (6.23), and thus we denote

ul(wﬂ R ')7 pl(w7 K ')7 91("‘)7 ) )

the solution to (6.23). We consider a fully discretisation of this problem, so that we consider the following time
discretization with an homogeneous step time

O=tg<t1 <---<tny=T,

for some N € N, such that ¢, — t; = At.
The temporal derivative is approximated by an Euler backward schemes

C(Wv '7ti) B C(UJ, '7ti*1)
At '

OrC(w, -, ;) ~ (6.35)

We recall the following result,

Thus, following the regularity of[6.2.1] we have

Theorem 6.4.2. Under Hypothesis[10] let o
u;, p, 0, i=0,..., N,

the solution to the fully-discrete problem. We consider its linear interpolation in [0,T] as follows,
uV(t) =}, t € [ti,tis1)

Pl () =pj, t € [tistitr)
ON(t) =0, t € [ti,tit1).
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Then there holds that

E[ sup |e(u; — uzN)HLz(D)]l/z < CAt (6.36a)
t€(0,T)
E[ sup |lpr = p 1720y + 1V21 = VD 72(px0.0y)) /2 < CAL (6.36b)
te(0,T)
E[ sup HQZ - 9[1\[”%2(17) + ||V9[ - V@lNH%z(DX(O,T))]l/? S CAt. (636C)
t€(0,T)
Proof. Under the Lipschitz regularity of the solutions, there holds that these following estimates holds. O

6.5 Monte Carlo estimators

The Monte Carlo method is a powerful statistical technique used to approximate solutions to complex problems
by sampling random variables. In the context of our thermo-poroelastic problem, where material properties such
as permeability, thermal conductivity, and elastic moduli exhibit randomness, the Monte Carlo method provides a
means to quantify the uncertainty in the system’s response. By performing numerous simulations with randomly
sampled inputs, we can estimate the distribution of the solution and derive statistical quantities of interest, such as
the mean or variance.

For assessing the accuracy of the Monte Carlo simulation in this context, we consider the Root Mean Square
Error (RMSE). RMSE measures the average magnitude of the errors between the numerical predictions and the true
or reference solution, accounting for the variability introduced by the random inputs. It provides insight into the
convergence of the simulation as the number of samples increases and allows us to validate the robustness and
reliability of the stochastic model in capturing the essential physics of the thermo-poroelastic system.

As we have generated samples from the solution (i, p, 6), and we are able to control the discretization error, we
may estimate its expected value.

Thus, considering a sufficiently fine spatial tesselation 7; with a time discretization At;, we denotes the time-
discrete finite element solution (u, p;, 6;). In this section we note (ug, po, 6p) the solution for an initial discretization
To, for the following time-step Aty.

Thus to approximates

E[u], E[p] and E[0],
we will consider the means of the finite element solutions
E[ul], E[pl] and E[@l]

Thus, we will compute estimators to this previous quantities, so that for M € N*, we draw the samples w®, for
1 <¢ < M and compute

lll = MZU[ w(

Enlp) = sz @), (6.37)

CE =7 Z 0, (w™)
The accuracy of our approximations is quantify with the RMSE, so that we aim to control
e(w) = (E (Baslm] - Ef)?)
0) = (E Euln] - ER)?) . 639
c(0) = (E (Exfo] —E@)°) .
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The approximation by Monte Carlo methods is bounded by the following Lemmas,

Lemma 6.5.1. Let M € N* and ¢ € L?(%; V). Then

¢l
IBS) — Enldlllza@ivy < =222, and [Barldllzacauw, < 6l

Proof. We consider M € N*.
Thus there holds that

Thus by taking the expectations,
e (4 e X>
M =1 l
v (1 5 X)
M i=1 7

and by the variance operator and since X are iid variables, there holds

v i%x - v
M’iil \/M .
O

In addition to this Lemma, we recall some notations and classical results, Thus, by considering the computed
solution and the analytic solution, we can ensure that

Theorem 6.5.1. Let Hypothesis[10|holds. For M € N*, the root mean-square error (RMSE) is bounded by

|E(a) — ]EM(UZ)HL2(Q,L<><>(0,T;H(}(D))) + [E®) = Exr(p)l 120, 0, 7:22(D)))

_ (6.39)
+ ||E(6) — EM(al)HLQ(Q’LOC(O’T;LZ(D))) < C(hi + Aty +1/VM)

where h; is the size of the spatial discretization, At the size of the time discretization and where C' is a positive constant
which depends on the initial data.

Proof. We set
V = L>(0,T; L*(D)).

Thus, we consider each elements on the left hand side of Equation (6.39).
For the mechanical displacements, there holds that

[E[] — Ex(w)lr2(0;v) < B[] — Ex[0]l|z20v) + [[Ba [0 — wlllp2(0:v)- (6.40)
From Lemma we bound the right hand side of Equation by
1

El — Exr G vy <——|ju V)
|E[xl] MUl _\/MH L2 (sv) (6.41)

IEar[@ — W]l 205y <[ — wllz2 vy
By Theorem there exists a positive constant C such that |[T|| 2o,y < C, and by Theorem 6.4.2|there exists a
positive constant C such that |[a — w||z2(0,v) < C(h + Aty).
We can extend this results to the solutions (7, 8) and (p;, 6;), so that Theorem is proved. O
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The control of the root mean-square error and the uncertainty by an € > 0, thus follows by
« hy, Atp = O(e),
« M =0(2).

Standard Monte-Carlo simulation is often computationally expensive. The complexity of the thermo-poroelastic
system, the need for high-dimensional meshes or the large number of samples required to reduce statistical error
arises a high computational cost.

Thus, we can introduce the Multi-Level Monte Carlo method designed to reduce the computational cost of es-
timating expectations in problems where standard Monte Carlo simulations are expensive. The main idea behind
MLMC is to exploit a hierarchy of discretziations of the PDEs, combining coarse meshes provideing cheaper solu-
tions and fine meshes giving more accurate solutions. Combinining these solution accross different levels reduce
the overall cost, without sacrificing accuracy.

6.5.1 Multi-level Monte Carlo

We are interested in finding the expected values of some quantity of interest @, which is expressed as a functional
of the solution (4, p, 9), a
Q=49(,p,0).
From the numerical schemes introduced previously, we approximate @ by
Qh = gg(uhapha ah)v

defined on a spatial grid 7},.
Thus for L € N let define a sequence of subspaces

‘/}LUC"'C‘/}LLa

with refinement size defined as hg > - -- > hp > 0. For sake of simplicity, we assume that the time-step At depends
directly on the spatial discretization, so that there exists a linear function ¢ such that

Aty = o(hy). (6.42)

Thus for each 0 < I < L, we are able to define Q},,, and by linearity of the expectation, E[Q] is written as a
telescoping sum:

L
E[Qn,] = E[Qn) + Y _E[Qn, — Qn,_,] (6.43)
=1

so that :

* @, is the approximation of the quantity of interest as the [—th discretization level in space and time,

* The term Qn, — Qn,_, represents the difference in the quantites of interest between successive levels, which
typically becomes smaller as the mesh is refined,

* Qn, correspond to the coearsest level (least accurate, but cheap),

« Lis the finest level of discretization.

The multi level Monte Carlo approximates these expectations using idenpendent Monte Carlo averages at each
level. The number of samples NN, at each level is optimiezd based on the variance of Q; — Q,;_; and the computational
cost at that level. The MLMC estimator is given by

L

EvrmelQLl - N ZQO w;) + Z ( Z Qu(wi) — Q1—1(wi))> (6.44)

where
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* N;is the number of samples at level [,

* w; represents an independent realization of the random parameter w. The same sample is used on both
discretization.

Theorem 6.5.2. Let Hypothesis[10|holds. There exists a positive constant C such that the RMSE is bounded as follows :
[E(@) — Enr (@)l 2, o 0,7;12 (0))) T @) = Ene ()]l 12 (0,00 0,722y

hl + At hyy 4+ Aty n 1 (6.45)
VM v My VM

+ HE( — Enr(01) HL2 Q,L°°(0,T;L2(D))) = < Clhr + Atp + Z

Proof. Following the proof of Theorem we have that

IE[@] — Exrzamclur]ll <|E[@] — Elug]llz2@iv) + IEuL] — EvacucllZz .
L M;
_ 1
<= sl + 13 (B wea] = 7 S en) — w0z

=1 i=1

Mo
+ || Efun,] Z up, (wi)llz2(v)
pt

L

1
C(hL—FAtL E ||ul—ul 1” 2(Q; + — ||ul || 2(0:V)-
ar; /7 L V) /7M0 o IL2(Q;V)

For all 1 <[ < L, there holds that for some positive constant C'

lw —wallrzv) <llw —allL2v) + -1 — 1l r2(0;v)
<C(hi + Aty + hi—1 + Aty_q).

Moreover,
g, [l 22 vy < Chy, + Atyy) + ([Tl 2 (1)

From Theorem @] L2(q;vy is bounded, and thus we have the following estimate

hl + Aty hlo + Aty n 1
\/ Ml+1 v My VM

We can conclude by applying the same reasoning to p and p, and their numerical approximations. O

|E(w) — ]EM(ul)HL2(Q,L‘X’(07T;Hé(D) < C(hy + Aty + Z )- (6.46)

Corollary 6.5.1. Let the hypothesis of Theorem holds. For L € N, considering a decreasing sequences hg > --- > hyp,
Aty > --- > Aty and M, € N such that

1
My

1 (hp + Atp)?
hy + At )2 and — ~ —%  —%) ,
~ (b r) M (h—i + Atl—l)zpyl

where v, > 0 for all | € N, such that

Then, there exists a positive constant C such that

[E(@) — Enr (W)l p2(0, 1o, 111 (D)) T IE®) — Ext ()l p2(00, 1 (0,7:22(D)))

(6.47)
+||E( EM 91 H <C(hL+AtL).

L2(Q,L>°(0,T;L2(D)))

Proof. We apply the hypothesis on the coefficients A; to Theorem[6.5.2] The result follows. O
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6.6 Applications to geothermal systems

This thesis was part of the UPGEO project from the French National Agency for Research (ANR) about the UPscaling
and the simulation of heat flows to improve the efficiency of deep GEOthermal systems.

This section will explain the main objectives of the UPGEO project, and how this thesis has partially answered to
practical questions of geologists.

6.6.1 The UPGEO project

In France, heat networks are largely dependent on fossil fuels (42%), and the share of deep geothermal energy ac-
counts for less than 5%. Its deployment in metropolitan areas is limited by a geological risk that is difficult to predict.
UPGEO has worked on developing a predictive digital tool that will enable thermo-hydro-mechanical simulations
and assess the performance of a specific location in Tle-de-France regarding its geothermal potential.

Geothermal energy, which refers to the mobilization of heat contained in the subsurface at very low, low, or
high temperatures, is one of the methods for achieving the energy transition. The new multiannual programming
for renewable energy has recently revised downward the targets for deploying deep geothermal energy in France,
particularly due to the high geological risks that a new operation may not yield a geothermal resource with sufficient
flow and temperature characteristics to ensure the project’s profitability over its lifespan. This geological risk poses
an obstacle to the future development of geothermal energy in France and the lle-de-France region. The UPGEO
project has focused on innovative modeling methods, proposing solutions that optimize and explore the develop-
ment of new areas in sedimentary domains. This optimization requires a precise understanding of the reservoir's
heterogeneity in terms of sedimentary geometries, porosity/permeability, and reservoir connectivity, and reliable
numerical simulations of flows and heat transfer over 30 years and even up to 100 years after production begins.

The main objective of the UPGEO project was to successfully scale the permeability measured in the laboratory to
the sedimentary connectivity of reservoir bodies at a kilometer scale. The way to homogenize effective coefficients
such as porosity, permeability, mechanical deformation (Gassmann tensor and Biot coefficient), or effective thermal
dispersion through equations valid at all points for fluid and solid constituents has constituted the major challenge
of this project, which has required coupling geological and mathematical data and concepts.

Among all the objectives of UPGEO project, there were questions of modelling and simulation codes:

* Proposing new equations for upscaling, i.e., Thermo-Hydro-Mechanical (THM) equations, including Biot's quasi-
static equations, for simulating flow in unfractured sands and in fractured siliciclastic and carbonate reservoirs.

« Implementing simulation codes that integrate upscaling into specific plugins on platforms such as Eclipse,
PumaFlow, OpenGeoSys, or DuMuX.

One of the challenges was to bring together two scientific communities that rarely collaborate in France: geolo-
gists and mathematicians.

6.6.2 Orsay Valley and the Saclay Plateau

In the context of the UPGEO project, we aim to apply the models and their numerical solutions to the Orsay Valley
and the Saclay Plateau, where geothermal activities are conducted daily.

Our primary objective is to demonstrate that our models align with the collected data and accurately reproduce
long-term behavior based on documented real-world data.

We use the data collected by the geology team at Orsay. The works focuses on the following domain (see Figure
[6.1), which is the geothermal complex at the Moulon District in Paris-Saclay.

CentraleSupélec and Orsay’s laboratory are closed to a geothermal production well, see Figure [6.2] for today’s
satellite view.

The water flow is in the direction of Paris (south-west to north-east), with a pressure differential between incom-
ing and outgoing flow of 4 Bars. We consider the following set of parameter,

E =5.10%Pa, v = 0.3,
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® Injection wells @ Production wells
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Figure 6.1: Exploitation of the geothermal effect in the area of Orsay Valley and Saclay Plateau

Figure 6.2: Today's view of the Moulon District from https://satellites.pro/. CentraleSupélec is on the left,
Orsay's Laboratory is at the bottom-left.
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with
E B Ev

= A .
F=oa+0) "~ 0+ -)
We set the coupling parameter « as o = 1. The water compressibility modulus verifies

c; =4.5E —5Pa~!
and the global porosity is set to 0.2. The permeability « is measured globaly in the domain as

Kk = 917.45in mD.

Finally, the viscosity is set at 0.8 x 10~3 kg.m ™,

1e5 Evolution of the pressure (in Pascal), GMOU1 Evolution of the Water height (in meter), GMOU1
12
12 1
10 A
10 1
0.8 |
0.8 1
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04
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0.2
02 | . . . . . 00{ -
0 1000 2000 3000 4000 5000 OO 0 1000 2000 3000 4000 5000 €000

Figure 6.3: Pressure over time in GMOU1 Figure 6.4: Water height over time in GMOU1

Figure 6.5: Matching between simulated data and real-world data.

Figure [6.4] represents the evolution of the water height, measured at GMOU1, while water is pumped at 200 Pa,
until 4320 min, inside GMOU2.

Since the water height is proportional to the pressure, the computational results representing the pressure evo-
lution is in accordance with the measured data on the well GMOU1 for water height.
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6.6.3 Uncertainties Quantification

The soil is randomly filled to reproduce a complete soil profile. This approach accounts for the natural heterogeneity
of soils, which is often difficult to model deterministically.

To quantify the uncertainties associated with soil modeling, we use the Monte Carlo method. This technique
involves conducting a large number of simulations by randomly sampling input parameters such as porosity, per-
meability, and mineral composition. Each simulation generates a set of results that reflect the variability of soil
conditions.

By studying the results to these uncertainties, we can identify the most influential parameters on the behavior
of the system. This analysis helps us understand how variations in soil properties can affect critical aspects such as
fluid flow, heat transport, and the mechanical stability of geothermal structures.

Furthermore, by integrating the results of the Monte Carlo simulations into a decision-making framework, we
can better assess the risks and opportunities associated with geothermal projects. This also allows us to formulate
evidence-based recommendations while considering the inherent uncertainties in our modeling.

In conclusion, quantifying uncertainties through the Monte Carlo method is essential for a reliable assessment
of the performance of geothermal systems, thereby ensuring informed decision-making and effective planning.

6.7 Numerical results

6.7.1 Random parameters

Given that Y is a random variable following a normal distribution A (1, o), we consider the following law X = X (()
which read as
42

X = exp(CY - ?)7

where ( is a positive parameter.
Thus, given u(x), A(z), «(z) and 3(z), we define the random parameter in the system as

plw, z) = p(2) X (Cu), Mw,z) = M) X (),
k(w,z) = k(2) X ((x), Blw, z) = B(x) X ((p).

0 5 (o (e - £)

2

E(X) =-exp (—g) - E (exp(CY)),

The expectation of X is given by:

We can rewrite the expectation as:

where exp —%2) is a constant factor that can be taken out of the expectation.

Since Y follows a normal distribution A/ (o, 1), its probability density function (PDF) is:

o) = o (-0

oV 2T 202

The expectation of exp(CY) is given by:

+o0o

E (exp((Y)) = / exp(Cy) fy () dy

—00

Substituting the probability density function of Y

E (exp(CY)) = /:o exp(Cy) - m}% exp (— b H)Q) dy
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We combine the exponential terms:

E (exp(CY)) = 127r /_;OO exp (Cy - W) dy.

g

Expanding the quadratic term in the exponent:

C=w? v -2yptp® _i+%_i
202 202 202 02 202
Combining with (y:
(y_M)Q 1 2 2 2
_ M P (9 — 2=
W= =53 27+ y—y i)

To evaluate the integral, we complete the square in the exponent, which results in a Gaussian integral for the
first term: )
(Co®+p)” w2

(v = (co® + )" + g2 g2

(y-—p? 1

207 207

Cy —

The integral resolves to:

B (exp(cv) = exp (G + < )

Recalling the constant factor exp (7%) we have:

2 2 2
E(X) =exp (—Cz) - exp (Q,u—&— CQU )

Simplifying the expression, we get:

2 2 2
E(X)exp<§,u+<20 C2>

Thus we conclude that the expectation of X is:

CQO.Q B 4-2)

E(X) = exp (Cu+ 5 5

This result is due to the exponential transformation applied to the normal variable, which results in a log-normal-
2
like distribution, adjusted by the —% term.

6.7.2 Numerical solutions

We consider the following analytical solutions given

n(t, z,y) = tz(l —2)y(l —y).

We set the functions (1, p, 0) as u(t, z,y) = (¢(t,2,y), C(t,z,y)), p = ((t,z,y) and 6 = ((t, z,y).
We consider the following parameters for the problem. The Young's Modulus F is set to 1, and the Poisson ratio
vp is set to 0.25. Thus, since
FE X - FE vp

2(1+I/7>)7 (1+vp)1 —2vp)
we set the Lamé parameters as & = 0.8 and A = 0.4. The diffusion coefficient are set as x = 1 and 8 = 1, while

the Biot coefficient is set as a = 0.5, the Biot modulus verify M = 1. The solid expansion coefficient and the
thermoelastic coupling parameter verifies Kg =1, Ky = 1.

ﬁ:



112

The randomness is introcuded as following. Given a positive parameter ¢, we set

plw) = EX(CM)7 AMw) = XX(C/\)a
K(w) =FX (Cx), Blw) = BX(¢p)-

We propose several realisations, by randomizing one of the parameter y, A, s or §.

First, setting the parameters (, = (x» = (g = 0, and (,, = 1, i.e. introducing randomness only on the parameter
x, we illustrate in Figure [6.6]the error for the pressure between the exact solution and the Monte-carlo computed
solutions over 200 samples of the permeability {x(w;)}i=1...200- This error is given by

1 200
HE[P] ~ 200 ;ph(wi)

)

L2(Dx(0,T))

for multiple sizes of the meshes h € {273, 274, 275 276} and corresponding time step At = h.

Mente Carlo error

05

04

03

Error for p

02

01

00

o 25 50 75 100 125 150 175 200
Samples

Figure 6.6: Error for p at several mesh-size

By setting (, = ¢, = (x = 0, (g = 1, i.e. introducing randomness only on the parameter , we illustrate in
Figure[6.7]the error for the temperature between the exact solution and the Monte-carlo computed solutions over
200 samples of the thermal diffusion {S8(w;)}i=1...200- This error is given by

200

E[f) ~ Y On(w:)

i=1

L2(Dx(0,T))

for multiple sizes of the meshes h € {273, 274, 275 276} and corresponding time step At = h.

By setting {, = ¢(x» = 1, and (., = (g = 0, i.e. introducing randomness only on the Lamé parameters p, A, we
illustrate in Figure[6.8|the error for the mechanical displacement between the exact solution and the Monte-carlo
computed solutions over 200 samples of the Lamé parameters {u(w;), AMw;) }i=1...200-

This error for 200 samples is given by

200

E[div(@)] — Z div (T (wi))

L2(Dx(0,T))

for multiple sizes of the meshes h € {273, 274, 275 276} and corresponding time step At = h.

Due to the approximation in space and time, there exists a remaining error of approximation, related to the size
of the meshes and time step, which explains why the Monte Carlo error does not converge to 0 on Figures[6.6]
and[6.8
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Figure 6.7: Error for 6 at several mesh-size

Monte Carlo error

— h=2
ht=2t

— hl=2

— b=

T AL

o 5 0 i3 100 125 150 175 200
Samples

Figure 6.8: Error for u at several mesh-size
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Chapter 7

Conclusion and Perspectives

This thesis focuses on the modeling of geological phenomena in a poroelastic medium and the quantification of
uncertainties applied to a (thermo-)poroelastic model. It addresses aspects such as finite element convergence,
time approximation, and the errors associated with Monte Carlo methods and Karhunen-Loéve expansions. The
thermo-poroelastic model studied captures the interactions between the elastic deformation of a porous material,
fluid diffusion within the pores, and thermal variations. This type of model is crucial in various industrial fields,
where it is essential to assess the impact of uncertainties inherent in material properties, measurements, boundary
conditions, and applied loads.

As a first step, we examined the regularity of the weak solution of a system based on the Biot model, exclud-
ing thermal diffusion. In this case, we proved in Theorem [3.4.1] and Theorem [3.5.2] that, under natural assump-
tions—such as sufficient spatial regularity of the initial pressure, adequate time and space regularity of the forcing
terms, and smooth parameters (see Hypothesis [2|and Hypothesis [3)—the solution achieves additional regularity in
both space and time. In a second step, we introduced a numerical approximation based on the Gradient Discretiza-
tion Method. We demonstrated the existence and uniqueness of a solution to the discrete problem and estimated
the numerical error in Theorem[4.3.1] This method was instantiated using (P;) — (P;) Lagrangian elements. In a
third step, we studied a Biot problem with random coefficients. Using uniform estimates with respect to the ran-
domness, we controlled the error between the true random solution and the solution obtained from a truncated
Karhunen-Loéve expansion. This error, described in Theorem is determined by the convergence rate of the
truncated Karhunen-Loéve expansion for the random parameters p, A and k.

Finally, we investigated the robustness and convergence of numerical methods, particularly the Finite Element
Method applied to both poroelastic and thermo-poroelastic models. Our analyses demonstrated that space-time
discretization via finite elements ensures the convergence of solutions towards the exact solution of the system un-
der certain conditions. Convergence studies were conducted to determine the rate of convergence and to minimize
the numerical error associated with this method.

To quantify uncertainties associated with model parameters, we applied the Monte Carlo method. This proba-
bilistic approach evaluates the effects of these uncertainties on the results of the thermo-poroelastic model, provid-
ing estimates of the system’s outputs. This error quantification is described in Theorem[6.5.1] The Monte Carlo error,
which depends on the number of simulations and the variance of the input parameters, was illustrated through nu-
merical simulations performed on a personal computer.

The combined use of finite element methods and Monte Carlo simulations enables accurate modeling while
rigorously quantifying uncertainties. Furthermore, applying the Multilevel Monte Carlo method offers more refined
quantification and resolution, with a reduced computational workload. Future research could focus on optimizing
simulation algorithms to achieve a better balance between accuracy and computational cost, as well as integrating
advanced uncertainty reduction techniques for more complex, large-scale applications.

Several aspects of this work could be further improved or expanded. For example, the Gradient Discretization
Method could be tested on different meshes adapted to the studied domain. Additionally, employing polynomial
chaos expansion on the poroelastic problem to account for parameter randomness while coupling it with the Gra-
dient Discretization Method, could provide a more generalized framework to address these problems.
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