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Chapter 1
General Introduction

Chapter abstract

Switched systems have drawn considerable attention from researchers due to their ability to represent a

wide range of practical systems. However, such systems are frequently exposed to unknown inputs and

faults caused by unpredictable external disturbances, measurement noise, and potential faults. It is, there-

fore, crucial to enhance the safety and reliability through well-designed algorithms capable of detecting and

compensating for faults that impact the system performance. This chapter provide an introduction to the

thesis topic and its motivation on switched systems. Furthermore, Fault-Tolerant Control (FTC) and vehicle

lateral dynamics concepts are presented. Finally, the chapter concludes by outlining the thesis structure and

summarizing its contributions.

1.1 Context

Switched systems recently drew considerable attention due to their ability to model complex and nonlinear behavior

and their extensive application in real-world scenarios [4]. Switched systems represent a special class of hybrid

systems involving a finite number of subsystems and a switching law specifying the active subsystem at each time

instant [5]. Switched systems have been widely studied for decades because of their importance both in theoretical

development and engineering applications. Some typical examples of switched systems with greater theoretical

challenges and high practical interest can be found, for instance, in aircraft [6], power systems [7], DC-DC converter

[8], hydro-Turbine Governing System [9].

The main design challenge of switched systems is ensuring stability when switching between subsystems with

a specified switching rule. Research in [10] demonstrates that the stability of a switched system is affected not only

by the dynamics of each subsystem but also by the characteristics of switching signals. Therefore, the stability of

switched systems is studied from two perspectives: analyzing the stability of switched systems with given switching

1
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signals (maybe arbitrary, slow switching) and identifying the switching signals guaranteeing the stability of a given

collection of dynamical systems [11]. In general, a switched system does not inherit the properties of the individual

subsystems. For example, the switched system might not be stable even if all the subsystems are exponentially

stable. Another remarkable fact is that one may carefully switch between unstable subsystems to make the switched

system exponentially stable [12].

There are various methods that can be considered when attempting to analyze the stability and design controllers

of switched systems. The basic definition of dwell-time has been introduced in [13] in order to formulate stability

conditions for general switched systems. The related studies for switched systems under dwell-time constraints are

available in the literature. Dwell time analysis for continuous-time switched linear positive systems is studied in [14].

In [15], piecewise quadratic functions utilized to characterize the Lyapunov function for obtaining a sequence upper

bounds of the minimum dwell time were deployed to analyze the stability of switched systems. A model predictive

control (MPC) was proposed in [16] to co-optimize the switching sequences and control input for switched linear

systems subject to persistent dwell time.

More recently, tremendous efforts from researchers and engineers have been devoted to the study of average

dwell time (ADT) switching since it is effective and flexible in various applications including stability analysis, stabi-

lization, and control synthesis. The ADT switching strategy enforces the slow-switching properties of the switching

signal so that the systems achieve global stability under the switching sequence. By ADT switching strategy, only a

limited number of switches are allowed within a finite time interval. The concept of average dwell time has been pro-

posed in [17] in order to obtain less restrictive conditions compared to dwell-time conditions. Since then, numerous

achievements in the literature have been focusing on ADT concepts as a way to efficiently characterize the stability

of switched systems or, more generally, the stability of hybrid systems. The works in [18] investigated the stability

problems of switched systems with stable and unstable subsystems using average dwell time. In [19], an ADT ap-

proach for FTC is developed for a class of uncertain switched linear delay systems. The authors in [20] deal with

the problems of H∞ state tracking model reference adaptive control for a class of switched systems by converting

into the stability analysis of the error switched system guaranteed under a class of switching signals characterized

by an average dwell time.

Note that the design of state feedback controllers requires the knowledge of full-state variables. In many practical

applications, however, the full-state vector cannot be completely measured or accessed. This is due to economic

and technical reasons, such as the high cost and insufficient precision of the sensors. To address this issue, ob-

server design techniques have been introduced to estimate the state vectors from inputs and output measurements

of the system. It is worth mentioning that state estimation plays a crucial role in a variety of fields, such as aerospace

engineering [21], automotive systems [22], and electrical power grid [23].

The state estimation problem for switched systems has been intensively investigated in the literature. For ex-

ample, in [24], a Luenberger-like observer is investigated for a class of switched discrete-time linear systems. The
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works in [25] have been extended to high-order sliding-mode observer proposed for continuous and discrete state

estimation of linear switched systems with unstable internal dynamics. In [26, 27], an alternative approach based

on adaptive fuzzy observer is designed for switched systems to estimate state and faults simultaneously.

However, the aforementioned observers are designed with the perfect knowledge of structural models and pa-

rameters. Therefore, the traditional observers, such as the Luenberger observer or Kalman filter, may be ineffective

in dealing with the state estimation issues in the presence of uncertainties coming either from external disturbances

and measurement noise or from the mismatch between the model and the real system.

To deal with this challenge, recently, a robust alternative approach, the so-called interval observer, has been

proposed in [28, 29]. The interval observer provides lower and upper bounds that encompass all possible state

trajectories of the uncertain dynamical system [30]. The problem of interval observer design is based on the as-

sumption that the uncertainties are unknown but bounded by prior known bounds. In addition to stability conditions,

it is worth mentioning that a specific feature of an interval observer is that the cooperativity of the estimation errors

should be guaranteed, which is based on the monotone system theory.

However, the additional cooperative condition is the main challenge of the problem of interval observer design

since searching for a single gain matrix simultaneously ensuring both the stability and positivity properties of the

estimation errors in the original state coordinate is not a straightforward task in some cases. To overcome this

challenge, interval observer design techniques based on coordinate transformations have been developed. These

advanced approaches aim to relax the restrictive design conditions imposed by the traditional design methods,

offering a more flexible and efficient framework for interval observer design. For example, studies in [31] and

[32, 33] considered a time-invariant change of coordinate for a class of continuous-time systems and discrete-time

systems. An extension to the time-varying change of coordinate to the LTI system is proposed in [34]. Another

possibility is presented in [35] to decompose the system into two coupled positive systems.

The concept of interval observer was initially introduced in [36] for estimating the state of biological systems

affected by unknown uncertainties. Since then, there have been numerous contributions and significant results

proposed to deal with the interval observer design problem for various types of systems, such as delay systems

[37], discrete-time LPV systems [32, 38], and time-varying systems [39, 40]. Although the abundant achievements

in the design of interval state observers are investigated in the literature, the field of interval observers design

remains an open question and requires further research.

Researchers have recently paid a great attention to the problem of interval observer design for switched sys-

tems. For example, in [41], the authors deal with the issue of interval observer design to estimate the states and

unknown input for switched linear systems with known switching signals in an unknown but bounded error frame-

work. The works in [42] introduced a solution to design H∞ interval observers for discrete-time switched systems

in the presence of unknown but bounded disturbances, aiming to obtain the optimal observer gain matrices. The

design of interval observers for switched uncertain systems with bounded uncertainties in both the state and out-
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put equations is structured in [43]. In [44], the researchers addressed the problem of the interval observer-based

event-triggered controller design for switched systems subject to additive disturbance and measurement noise. An-

other application of the interval observer presented in the reference [45] is to tackle the problem of L∞ interval

fault detection observer for a class of discrete-time switched systems with sensor faults. The extended results on

the interval observer-based switching control systems are investigated in [46] for nonlinear switched systems under

ADT constraints and non-linear vector function assumed to satisfy Lipschitz conditions.

In engineering applications, there are strict requirements for stability and performance criteria since faults/failures

are inevitable to occur. In this context, it is obvious that conventional feedback control design may result in unsatis-

factory performance in the event of malfunctions in the actuators, sensors, or other components of the system. In

extreme cases, this may even lead the system to instability. In order to maintain the current performance close to

the desired one and preserve the stability of the system in the presence of faults, fault-tolerant control techniques

are necessary to design for such scenarios. In recent years, FTC has become increasingly popular among industrial

and academic fields. Several survey papers and books have been published [47, 48].

In general, fault-tolerant control may be grouped into two main categories: passive fault-tolerant control and

active fault-tolerant control. A hybrid of these methods called Hybrid FTC is also constructed by combining both

parts [49, 50].

In the passive FTC scheme, the controller is synthesized offline with fixed structure and parameters during

the system operation [51]. This controller is capable of handling all anticipated faults without the need for fault

detection and identification (FDD). This control technique does not react to fault occurrence and fault-tolerance

is often achieved by considering faults as uncertainties. From the classical control theory point of view, passive

FTC is closely related to robust control. In practice, approaches like H∞ control and Sliding Model Control (SMC)

are often used since they can maintain stability and system performance despite the presence of faults. The H∞

methodology is a well-known technique in the field of robust control and can take into account the performance and

stability requirements [52]. The fundamental idea behind the H∞ control technique is to design a controller that

can ensure stabilizing properties while minimizing the effect of uncertainties or disturbances on certain outputs of

interest. Another robust control approach is SMC proposed in [53]. The key feature of SMC is its ability to provide

robustness against parameter variation and external disturbances by altering the dynamics of the system through

discontinuous control actions.

Researchers have explored various approaches to enhance the robustness and reliability of passive FTC sys-

tems without requiring real-time fault diagnosis or control reconfiguration. For example, the authors in [54] designed

a robustH∞ passive FTC for uncertain singular systems. In [55], a passive FTC system based on a regular and cas-

caded sliding mode controller (SMC) is studied for quadrotor application. Additionally, the works in [56] proposed a

solution to design an interval observer-based passive fault tolerant control for discrete-time LPV systems subject to
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component faults considered unknown but bounded. A passive FTC system design based on Feed-forward Neural

Networks is structured in [57] against partial actuator faults.

In comparison with passive FTC, the active fault-tolerant control strategy is designed to meet the control ob-

jectives with minimum system performance degradation by using the reconfiguration mechanism. Specifically, this

approach actively responds to faults/failures by adjusting the control actions to maintain stability and preserve ac-

ceptable system performance. It should be noted that in the framework of active FTC, the design process typically

begins with the construction of a module for fault detection and estimation, which monitors the systems and esti-

mates faults as occurring. A supervisory controller is then developed to automatically update the control scheme or

reconfigure the control setting in response to the information of fault estimation.

The main drawback of active FTC is that the fault is not tolerated during the time needed for the detection

process, possibly making the system unstable if the detection process takes too long. In other words, when a fault

occurs, it takes some time for the FDD module to detect, isolate, and identify the fault. Additionally, there may

also be some delay from the controller reconfiguration. During this phase, the system operates with the nominal

controller, and the performance of the system mainly depends on the severity of the fault and the robustness of the

nominal controller. It is evident that the controlled system may become unstable in this phase. In several contexts,

passive FTC is preferable as it does not require the fault detection and estimation framework. However, the active

FTC approaches have still received much more attention in the literature than the passive ones due to their superior

performance and ability to deal with various types of faults.

Over the past few decades, researchers have shown an increasing interest in the active FTC approaches, which

play a crucial role in the area of reliability and safety of dynamic systems. The active FTC method is applied across

various fields such as robotic manipulator [58], wind turbines [59], fixed wing UAV [60]. In the last three decades, a

lot of research has been carried out in the area of FDD and FTC for a class of switched systems. The authors in [61]

proposed an FTC approach for discrete-time switched linear systems using linear output feedback against multiple

actuator failures. The online controller re-design is performed such that the stability of the closed-loop system is

guaranteed with LMI pole-placement technique. The studies in [62] addressed the FTC problem of switched sys-

tems by using a new concept, namely the generalized separation principle, which allows the design of the observers,

controllers, and switching law separately. This method facilitates the design in engineering. In [63], an integrated

design scheme of active FTC is investigated for switched LPV systems under dwell-time constraints against actuator

faults in the discrete-time domain. The establishment of sufficient conditions for the stability of the switched systems

is formulated in terms of LMIs with ISS properties under dwell-time switching signal. Similarly, an integrated design

methodology is proposed in [64] to deal with the issue of switched fuzzy observer and FTC to stabilize the closed-

loop systems and compensate for the effects of different faults for switched Takagi-Sugeno (T-S) fuzzy systems

subject to actuator and sensor faults and external disturbances. In [65], an interval observer is deployed to estimate

simultaneously the system state and faults for polytopic LPV systems subject to uncertainties and actuator faults.
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Based on the estimated variables, an active FTC scheme is then proposed to stabilize the closed-loop systems

in the presence of faults. Besides, the works in [66] investigated an interval observer-based fault tolerant control

system for Heat Exchanger/Reactor affected by faults.

Recently, automotive manufacturers and researchers have increased their attention to techniques to assist

drivers, improve performance, and maintain vehicle stability by introducing and implementing numerous passive

and active safety systems. These safety systems include the Adaptive Cruise Control (ACC), which maintains the

preset desired distance [67]; the Anti-lock Braking System (ABS), which prevents wheel lock during braking [68];

Dynamic Stability Control (DSC); and the Electronic Stability Program (ESP), both of which are essential for con-

trolling the vehicle’s trajectory. Thanks to advanced modern technologies in embedded electronic systems, these

solutions have become more sophisticated, reliable, compact, and lightweight.

Despite being thought of as life-saving technologies, the design and implementation of these systems are con-

strained by accurate information on the available vehicle state and its environments. In fact, the safety systems

mainly depend on inexpensive measurement equipment such as optical sensors, radar sensors and inertial central,

etc. Additionally, some other important parameters of the vehicle, such as its lateral velocity, side-slip angle, and yaw

rate are challenging to measure directly due to constraints related to technical requirements and economical rea-

sons (high-cost sensor required and implementation of measuring instruments) and the design of feedback control

that guarantees closed-loop stability also could not be satisfied due to the uncertainties of such a model and some

lacking measurements. These challenges have been addressed in previous works based on the estimation/obser-

vation techniques using only the accessible and available measurements [69, 70].

One of the fundamental requirements for autonomous vehicle systems function effectively in unstructured envi-

ronments is the capable of accurately estimating the state in the presence of parameter uncertainties and distur-

bance inputs. The majority of existing approaches for estimating the state of the vehicle lateral dynamics model are

based on the perfect knowledge of structure model and dynamics parameters of the vehicle [69, 70].

Nevertheless, in real-world scenarios, vehicle parameters such as cornering stiffness, the position of the center

of gravity, and the mass can be subject to substantial uncertainties arising from many factors like vehicle dynamics,

varying load conditions, and road surface friction. Notably, these critical parameters are difficult or even impossible

to measure accurately and fluctuate due to various factors, including vehicle motion and environmental conditions.

Consequently, it is essential to take the impact of these parameter uncertainties on estimation errors into consider-

ation to achieve a desirable level of robust performance.

Another important aspect of automotive engineering is vehicle safety performance. Modern automobiles consist

of numerous interrelated subsystems, increasingly equipped with various actuators, sensors, and control units that

collectively enhance passenger comfort and safety, making them more safety-critical. Thus, the analysis, modeling,

and control of overall vehicle dynamics have become increasingly challenging due to stringent performance and
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safety requirements. Additionally, the need for robustness against external disturbances, modeling uncertainty, and

potential faults in sensors and actuators further complicates these tasks.

When a vehicle operates based on sensor signals and actuators, any faults/ failures can pose a significant threat

to the driver and the surrounding environment. Consequently, fault-tolerant control is designed to ensure stability

and maintain an acceptable performance level of vehicle dynamics in the presence of faults. These efforts are vital

for enhancing the performance and reliability of active safety systems. Many works dealing with FTC design for

vehicle lateral dynamics have been developed in the literature. For example, in [71], the FTC approach is proposed

to reform the yaw rate and the roll sensor failures of the vehicle lateral control system. The authors in [72] present

an output feedback observer-based FTC architecture for vehicle lateral dynamics with parametric uncertainties and

sensor faults. However, only sensor faults are considered in the aforementioned works. An extended approach

to actuator faults has been presented in [73], based on Proportional-Integral Observer, a fault-tolerant control is

proposed to preserve the stability of the vehicle lateral dynamics with roll effect even in the presence of sensor and

actuator faults.

1.2 Thesis objectives

With regard to the aforementioned challenging statement, specific thesis objectives are summarized as follows:

• Develop robust interval state observer approaches for uncertain switched systems. The first objective is to

design a interval observer which can deal with the uncertainties in switched systems. Based on the cooperative

theory, the interval observer guarantees that the actual system states are bounded within the lower and upper

estimation.

• Develop a co-design approach to handle bi-directional interaction: This goal is to incorporate the complex

bi-directional interactions between observers and controllers into the design process. This method ensures

that observer and control design is well integrated to achieve mutual optimization.

• Synthesize a fault-tolerant control strategy: a fault-tolerant control is designed to guarantee the stability of the

closed-loop systems and preserve the system performance level in the existence of faults.

• Apply approach to vehicle lateral dynamics model: Finally, the proposed approach is applied to the vehicle

lateral dynamics estimation and control. This application is to evaluate the effectiveness and performance of

the proposed methodology in the practical scenarios.

1.3 Thesis structure and contributions

Chapter 2 This chapter recalls the theoretical background of switched systems, interval observers, and fault-
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tolerant control systems. For this purpose, some fundamental definitions, key lemmas associated to the interval

observers are recalled and the stability of switched systems is analysed. Furthermore, the fundamental principles

of fault-tolerant control systems are presented, emphasising the role in maintaining system reliability and perfor-

mance level under fault conditions. In addition, sufficient conditions for the positivity and stability properties of

switched interval observer are formulated, along with an investigation of co-design approach which are foundational

to the techniques and applications deployed in the following chapters.

Chapter 3 The primary focus of this chapter is to design an unknown input observer-based FTC for a class of

uncertain switched LTI systems subject to unknown but bounded uncertainties. A switched unknown input interval

observer (SUIIO) is designed to estimate the lower and upper bounds of system states without being sensitive to the

negative effects of the unknown inputs. In real-world applications, the presence of unknown faults is unavoidable,

which necessitates effective handling within the control theory. In this chapter, a Dynamics Proportional Integral

Observer (DPIO) is also developed to deal with the fast time-varying fault signals. A co-design approach is adopted

to take the bi-directional interactions of observers and controllers into consideration during the design phase. The

sufficient and necessary conditional for the existence of the proposed methodology are provided through a single-

step LMI formulation. Finally, in order to illustrate the applicability and effectiveness of the proposed algorithm, the

vehicle lateral dynamics model is simulated under various scenarios, showcasing the the ability of the proposed

approach to maintain robust performance in the existence of faults.

Chapter 4 This chapter is dedicated to the development of robust state estimation, unknown input reconstruction

and a fault-tolerant control method for a class of continuous-time switched LPV systems with both measurable and

unmeasurable parameters. Notably, the observer design of switched LPV systems becomes more complex when

dealing with unmeasurable parameters. To overcome this challenge, this topic is addressed in this chapter by as-

suming that the unmeasurable parameters are unknown but bounded by prior known bounds. An algebraic unknown

input interval reconstruction is established to construct the lower and upper bounds of fault signals. A fault-tolerant

control technique is then developed to guarantee that the system tracks the reference system and maintains the sta-

bility of the closed-loop system, even in the presence of actuator faults. The sufficient conditions for the existence of

such observers and controllers are formed in terms of LMIs using multiple ISS Lyapunov functions associated with

ADT-constrained switching signals. An application to vehicle lateral dynamics estimation and control demonstrates

the effectiveness of the proposed approach.

Chapter 5 This chapter deals with the system state and fault estimation along with fault-tolerant control for a

class of discrete-time switched LPV systems subject to actuator faults as well as unknown but bounded external

disturbances and measurement noise. Traditionally, interval observer design approaches are usually based on the
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positive system theory, which ensures that the estimation errors remain nonnegative. However, the requirement of

nonnegativity can introduce conservatism. To deal with this problem, a coordinate transformation is proposed in

some existing works to relax the nonnegativity constraints. The transformation technique could be challenging to

integrate the coordinate transformation with additional control design constraints such as disturbance attenuation.

In the view of drawbacks, the main purpose of this approach is to propose a novel TNL interval structure. The

key idea is to provide more degree of freedom design of interval observer by introducing the weighting matrices in

addition to the gain matrices. First, the interval observer is designed using an augmented technique to simultane-

ously estimate the lower and upper bounds of state and fault vectors. Based on the estimated variable provided by

the interval observer, the chapter proposes a fault-tolerant control strategy synthesized to stabilize the closed-loop

system and compensate for the effects of the actuator fault. The simulation results on the vehicle lateral dynamics

are proposed to highlight the effectiveness of the proposed approach.

Chapter 6 This chapter provides a general summary and conclusion of the thesis. Furthermore, some discussion

on potential future works are outlined for this research that can complete and enhance the presented techniques in

a way that guarantees a wide use in real-time application.
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Chapter 2
Theoretical Background

Chapter abstract

This chapter provides theoretical background on control theory and optimization needed for the following

chapters. Some basic concepts including mathematical frameworks and stability analysis techniques for

switched systems are recalled. Key results from the literature on the estimation tools are introduced within

a concentration on interval observer theory. As the thesis primarily focuses on observer-based fault-tolerant

control for switched systems, the final section presents a state-of-the-art of fault-tolerant control methods in

this chapter.

2.1 Switched systems

2.1.1 Introduction to switched systems

Switched systems, as an important class of hybrid systems, consist of a family of subsystems with a switching signal

that determines which subsystem is active at a certain time interval. It is obvious that only one subsystem is active

at a given instant of time, and the selection of the active subsystem can be based on the time criteria, on the state

space regions, or on the evolution of certain physical parameters. Once a subsystem is selected, the switching

signal remains constant for every time interval.

Formally, a continuous-time switched nonlinear system is defined by the relation:


ẋ(t) = fσ(t)

(
x(t), u(t)

)
y(t) = hσ(t)

(
x(t), u(t)

) (2.1)

where x(t) ∈ Rnx is the state vector, u(t) ∈ Rnu is the control input vector and y(t) ∈ Rny is the measurement

output vector. Functions f : Rnx ×Rnu → Rnx and h : Rny ×Rnu → Rny are vector fields describing the different

11
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subsystems. Switching signal σ(t) ∈ N = {1, · · · , N} with N is the number of subsystems.

The representation (2.1) is very convenient since it is derived from the system knowledge and the physics equa-

tions, so it can fit most physical systems. However, there exist no systematic mathematical tools for identification,

observation, control synthesis, or analysis of these systems.

If the switched system (2.1) is described by linear vector fields, the following continuous-time switched system is

obtained: 
ẋ(t) = Aσ(t)x(t) +Bσ(t)u(t)

y(t) = Cσ(t)x(t) +Dσ(t)u(t)

(2.2)

where Aσ(t) ∈ Rnx×nx , Bσ(t) ∈ Rnx×nu , Cσ(t) ∈ Rny×nx and Dσ(t) ∈ Rny×nu , ∀σ(t) ∈ N are distribution matrices.

The discrete-time representation of a switched system (2.2) can be expressed as:


x(k + 1) = Aσ(k)x(k) +Bσ(k)u(k)

y(k) = Cσ(k)x(k) +Dσ(k)u(k)

(2.3)

where Aσ(k) ∈ Rnx×nx , Bσ(k) ∈ Rnx×nu , Cσ(k) ∈ Rny×nx , Dσ(k) ∈ Rny×nu , ∀σ(k) ∈ N are distribution matrices.

In general, switching signals can be categorized into two types of switching laws. The first type involves a

switching signal σ(t) is not a priori fixed, but its value is available instantly at each time t. This switching signal may

depend on various factors including the previous active mode, the state, and/or external signal. The second type

of switching signal σ(t) is designed to achieve specific control objectives such as stability or stabilizability. In both

cases, the design of the switching law plays a crucial role in the overall performance and robustness of switched

systems.

In practical scenarios, it is well known that uncertainties are inevitable in the dynamics systems due to factors

such as mismatching modeling between the actual system and its mathematical model, external disturbances, and

measurement errors. These uncertainties can significantly affect the system’s performance, potentially leading to

instability and degraded control accuracy. Consequently, designing controllers handling these uncertainties robustly

is essential to maintain the stability and the performance level under across a range of operating conditions. Robust

control theory deals with these challenges by taking uncertainties into account during the design process. Among

a variety of approaches in robust control, the norm-bounded uncertainty framework is a common and effective way

to represent uncertainties. In the context of norm-bounded uncertainties, the model’s parameters are assumed

to lie within a predefined convex set. This can be mathematically expressed using the concept of norm-bounded

uncertainties.


ẋ(t) =

(
Aσ(t) +∆Aσ(t)

)
x(t) +

(
Bσ(t) +∆Bσ(t)

)
u(t)

y(t) =
(
Cσ(t) +∆Cσ(t)

)
x(t) +

(
Dσ(t) +∆Dσ(t)

)
u(t)

(2.4)
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where ∆Aσ(t) ∈ Rnx×nx , ∆Bσ(t) ∈ Rnx×nu , ∆Cσ(t) ∈ Rny×nx , ∆Dσ(t) ∈ Rny×nu are uncertainties in system

matrices of appropriate dimensions which has the following form



∆Aσ(t) =Ma,σ(t)∆a,σ(t)(t)Na,σ(t)

∆Bσ(t) =Mb,σ(t)∆b,σ(t)(t)Nb,σ(t)

∆Cσ(t) =Mc,σ(t)∆c,σ(t)(t)Nc,σ(t)

∆Dσ(t) =Md,σ(t)∆d,σ(t)(t)Nd,σ(t)

(2.5)

where Ma,σ(t), Na,σ(t), Mb,σ(t), Nb,σ(t), Mc,σ(t), Nc,σ(t), Md,σ(t), Nd,σ(t) are known constant matrices of appropriate

dimensions that characterize the structure of uncertainties while ∆(t) is an unknown time-varying matrix function

satisfying 

∆T
a,σ(t)(t)∆a,σ(t)(t) ≤ I

∆T
b,σ(t)(t)∆b,σ(t)(t) ≤ I

∆T
c,σ(t)(t)∆c,σ(t)(t) ≤ I

∆T
d,σ(t)(t)∆d,σ(t)(t) ≤ I

(2.6)

2.1.2 Representation of switched LPV system

In general, LPV systems are a type of dynamics system characterized by linear dynamics that depend on time-

varying parameters referred to as scheduling variables or premise variables. LPV control techniques are designed

to provide stability and performance guarantee over a wide range of parameter variations. Due to the complicated

behavior of switched LPV system resulting from the combination of the hard switching between the subsystems,

which are LPV systems and the soft switching among the linear models within a subsystem, very few results on

such system appears in the literature.

Especially when each subsystem of a switched system (2.2) is a polytopic LPV system, resulting in the switched

system being a switched LPV system [74]. The switched LPV representation of (2.2) is expressed as:


ẋ(t) = Aσ(t)

(
ρ
)
x(t) +Bσ(t)

(
ρ
)
u(t)

y(t) = Cσ(t)

(
ρ
)
x(t) +Dσ(t)

(
ρ
)
u(t)

(2.7)

where x(t) is the state, u(t) is control input, y(t) output vector. Matrices Aσ(t)

(
ρ
)
∈ Rnx×nx , Bσ(t)

(
ρ
)
∈ Rnx×nu ,

Cσ(t)

(
ρ
)
∈ Rny×nx , Dσ(t)

(
ρ
)
∈ Rny×nu , σ(t) ∈ N are state-space matrices depending on the measurable or

unmeasurable schedule variables ρ.

It can be demonstrated that according to the following cases of ρ, various types of system (2.7) can be obtained:

• ρ̇ = 0, this implies that the parameter vector ρ is constant value, the representation (2.7) is referred to as
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switched LTI system.

• ρ̇ ̸= 0, this implies that the parameter vector ρ(t) is time-varying parameter.

– ρ = ρ(t) where the variation of parameter vectors with respect to time is known explicitly, the system (2.7)

is a switched Linear Time-Varying (LTV) system.

– ρ = ρ(t) is an externally measurable or estimated parameter vector, the representation (2.7) is referred to

as a switched LPV system.

– ρ = ρ(x(t)), the representation (2.7) is referred as a switched quasi-Linear Parameter Varying (qLTV )

system.

Thereby, a switched LPV system can be considered as a switched nonlinear system linearized along the tra-

jectories of varying parameters, denoted by ρ ∈ Pρ. This approach enables to describe the representation of the

dynamics of a nonlinear system while preserving the linear structure, making the system more tractable for analysis

and control design. In other words, by linearizing the nonlinear models along the trajectory of ρ, the switched LPV

system can capture nonlinear plant behaviors. Consequently, tools of linear control theory, with some modification,

can be effectively applied to such systems.

Based on the dependence of the state-space matrices on the scheduling parameters ρ, the switched LPV sys-

tems are categorized into two types, namely affine and polytopic switched systems.

Affine switched LPV system

An affine-switched LPV system is a switched linear parameter-varying system whose state-space matrices are affine

functions of the scheduling parameters ρ. In this case, let’s assume that all distribution matrices depend affinely on

the parameter vector ρ = {ρ1, · · · , ρnρ
} presented under the general expression:



Aσ(t)(ρ) = Aσ(t),0 +

nρ∑
j=1

Aj
σ(t)ρ

j

Bσ(t)(ρ) = Bσ(t),0 +

nρ∑
j=1

Bj
σ(t)ρ

j

Cσ(t)(ρ) = Cσ(t),0 +

nρ∑
j=1

Cj
σ(t)ρ

j

Dσ(t)(ρ) = Dσ(t),0 +

nρ∑
j=1

Dj
σ(t)ρ

j

(2.8)

where:

• ρj is the jth of ρ and Aj
σ(t), B

j
σ(t), C

j
σ(t), D

j
σ(t) are constant matrices of appropriate dimensions representing

the linear dependence of the system dynamics on the scheduling variables.
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• Aσ(t),0, Bσ(t),0, Cσ(t),0, Dσ(t),0 are switching constant matrices representing the constant terms.

• nρ represents the number of scheduling parameters.

The affine representation of switched LPV system (2.7) can be expressed as:


ẋ(t) = Aσ(t),0x(t) +Bσ(t),0u(t) +

nρ∑
j=1

ρj
(
Aj

σ(t)x(t) +Bj
σ(t)u(t)

)

y(t) = Cσ(t),0x(t) +Dσ(t),0u(t) +

nρ∑
j=1

ρj
(
Cj

σ(t)x(t) +Dj
σ(t)u(t)

) (2.9)

This is one of the most common switched LPV system formulations encountered in control synthesis, where the

affine-dependent system leads to a low degree of conservatism of stability conditions.

Polytopic switched LPV systems

In the LPV modeling framework, the dynamics of the switched LPV system can be represented by an equivalent

polytopic form. This representation allows each subsystem of the switched system to be described as a convex

combination of sub-models defined by the vertices of a convex polytope. The time-varying parameter ρ takes values

in the parameter space Pρ (a convex set) such that,

ρ = {ρ1, · · · , ρnρ
} ∈ Pρ (2.10)

representing nρ time-varying parameter vectors, and it is assumed that each parameter is bounded as

ρi(t) ∈
[
ρ
i

ρi

]
, ∀i = 1, · · · , nρ (2.11)

with ρ
i

and ρi are the minimum and maximum values of varying parameter ρi then the time-varying parameters ρ

evolve inside a polytope represented by 2nρ vertices.

The switched weighting function µj
σ(t)(ρ) for jth sub-model depending on the time-varying parameter ρ satisfies

the following convex sum properties:


0 ≤ µj

σ(t)(ρ) ≤ 1

2nρ∑
j=1

µj
σ(t)(ρ) = 1

, ∀j = 1, · · · , 2nρ (2.12)

The switched weighting functions µj
σ(t)(ρ) are generally non-linear and depend on the scheduling parameter ρ, which

is assumed to be available online, but not in advance.

It should be noted that when all scheduling parameters ρi(t) are independent and bounded in [ρ
i
, ρi], i.e. the set S
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is a hypercube of 2nρ vertices wi, as

ρ ∈ S {w1, w2, · · · , w2nρ } (2.13)

the state-space matrices of system (2.7) can be equivalently expressed as a convex combination of matrices at

vertices of a polytope: 

Aσ(t)(ρ) =

2nρ∑
j=1

µj
σ(t)(ρ)A

j
σ(t)

Bσ(t)(ρ) =

2nρ∑
j=1

µj
σ(t)(ρ)B

j
σ(t)

Cσ(t)(ρ) =

2nρ∑
j=1

µj
σ(t)(ρ)C

j
σ(t)

Dσ(t)(ρ) =

2nρ∑
j=1

µj
σ(t)(ρ)D

j
σ(t)

(2.14)

where

µj
σ(ρ) =

Π
nρ

j=1|ρj − S(wj)|
Π

nρ

j=1(ρj − ρj)
(2.15)

and S(wj)k is the kth component of the vector S(wj) defined as

S(wj)k :=
{
ρk : ρk = ρk if (wj)k = ρ

k
or ρk = ρ

k

}
(2.16)

Now, the polytopic representation of the switched LPV system is computed at each vertex of the polytopic system.

It means that a set of 2nρ sub-models is derived:


ẋ(t) =

2nρ∑
j=1

µj
σ(t)(ρ)

(
Aj

σ(t)x(t) +Bj
σ(t)u(t)

)

y(t) =

2nρ∑
j=1

µj
σ(t)(ρ)

(
Cj

σ(t)x(t) +Dj
σ(t)u(t)

) (2.17)

where Aj
σ(t), B

j
σ(t), C

j
σ(t), D

j
σ(t) are constant switching matrices of appropriate dimensions defined at jth vertex rep-

resenting the set of 2nρ local linear sub-models and 2nρ is the number of the sub-models. The switched weighting

function µj
σ(t)(ρ) is determined as:

µj
σ(t)(ρ) =

Π
nρ

k=1|ρk − S(wj)k|
Π

nρ

k=1(ρk − ρk)
, j = 1, · · · , 2nρ (2.18)

As illustrated in Figure 2.1 ( in the case of 2 scheduling parameters), the system evolves in a set according to

the parameter variation. This representation provides significant convenience in control design and implementation

by allowing each subsystem of the switched system to be described as a convex combination of a finite number of
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Figure 2.1: The polytopic implementation

LTI systems, which correspond to sub-models defined by the vertices of a convex polytope.

2.1.3 Stability of switched system

The stability of switched systems depends not only on the dynamics of each subsystem but also on the properties

of the switching signal [10]. Therefore, stability analysis of switched systems typically involves investigating the

stability properties of each subsystem and evaluating how the switching mechanism influences the overall system

behavior. It is important to note that the stability of all subsystems does not guarantee the stability of switched

systems under arbitrary switching and switched systems with unstable subsystems can still achieve stability under

certain desirable switching rules. In general, the stability studies of switched systems mainly focus on two kinds

of problems: analyzing the stability of switched systems under a given switching signal (may be arbitrary, slow

switching) and designing a stabilizing switching signal for a set of dynamics systems.

The concept of stability leads to the Lyapunov stability theory, a fundamental approach in the analysis and control

of dynamical systems. In the context of switched systems, techniques from hybrid system theory, such as common

Lyapunov functions or multiple Lyapunov functions, are frequently employed to analyze system stability. A Lyapunov

function is a scalar function that, by its construction, is positive definite, meaning it takes positive values everywhere

except at an equilibrium point where it equals zero. Its most important property is that it decreases along every

trajectory of dynamical systems, signifying that the system is evolving toward stable equilibrium. Hence, the method
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of Lyapunov functions plays a crucial role in stability analysis and control theory of dynamical systems. In fact,

it is the only universal framework for the investigation of the stability of nonlinear dynamical systems with general

configuration. For many classes of systems, the existence of Lyapunov functions is a necessary and sufficient

condition for establishing stability.

Stability of switched LTI systems

In this section, we will analyze the stability issues for autonomous switched linear systems without control input u(t),

the subsystems of which are continuous-time LTI systems

ẋ(t) = Aσ(t)x(t) (2.19)

or a collection of discrete-time LTI systems

xk+1 = Aσ(k)xk (2.20)

It is possible to analyze the stability of switched systems through the Lyapunov theory. First, if a constant

Lyapunov function is used, it leads to the following definition.

Definition 2.1 The system (2.19) is said to be asymptotically stable if there exists a Lyapunov function V (x(t)) =

xT (t)Px(t) > 0 with a positive definite symmetric matrix P = PT satisfying:

AT
σ(t)P + PAT

σ(t) ≺ 0, ∀σ(t) ∈ N (2.21)

for the continuous-time case, or

AT
σ(k)PAσ(k) − P < 0, ∀σ(k) ∈ N (2.22)

for the discrete-time case.

In general, the existence of a single Lyapunov function is only sufficient for the asymptotic stability of switched

systems under arbitrary switching signals and the results could be rather conservative. Due to the conservative of

the common Lyapunov function, one reasonable approach to avoid this conservativeness is to use multiple Lyapunov

functions. The fundamental idea is to construct a non-conventional Lyapunov function by concatenating together

multiple Lyapunov functions, each associated to a single subsystem or region of the state space. Unlike conventional

Lyapunov functions, this multi-Lyapunov function may exhibit non-monotonic decreasing along state trajectories,

include discontinuities, and be only piecewise differentiable.

There are several versions of multiple Lyapunov function results in the literature. For example, the switching sig-

nals may be constrained such that, at every time when a certain subsystem switches, the value of its corresponding
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Figure 2.2: For each subsystem, the value of its Lyapunov function at the beginning of each activation interval
is greater than its value at the beginning of the next interval in which the same ith subsystem is active, then the
switched system is asymptotically stable.

Lyapunov function is strictly less than its value at the previous switching time. Under this condition, the switched

system is asymptotically stable [75]. In other words, for each subsystem, the sequence of its Lyapunov function

values at every switching instants is monotonically decreasing. Alternatively, the decreasing trend can be charac-

terized by the value of the Lyapunov function at the time a subsystem becomes active. This case is demonstrated in

Figure 2.2. Moreover, the Lyapunov function may exhibit temporary increases in value, provided that such increases

are bounded by appropriately defined continuous functions [10].

Stability of switched LPV systems

In the case, that each subsystem of the switched system (2.19) is an LPV system, the autonomous switched system

is expressed as:

ẋ(t) = Aσ(t)(ρ)x(t) (2.23)

Switched LPV systems combine aspects of both LPV systems, which depend on parameters that vary continu-

ously over time, and switched systems, which transition between different subsystems based on discrete switching

signals. The stability analysis of switched LPV systems involves studying the behavior of a dynamical system whose

parameters vary in a continuous manner based on a switching signal.

The LMI (2.21) is then given as:

AT
σ(t)(ρ)P + PAT

σ(t)(ρ) ≺ 0 (2.24)
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The problem with the formulation (2.24) is that it results in an infinite-dimensional problem due to infinite values

of ρ. Thus, one of the challenges in the LPV framework is how to relax this infinite-dimensional constraint into a

finite one. A popular and simple approach is to use the polytopic formulation. It can be turned into the following

polytopic switched LPV system:

ẋ(t) =

2nρ∑
j=1

µσ(t)(ρ)A
j
σ(t)x(t) (2.25)

Definition 2.2 The polytopic switched LPV system (2.25) is quadratically stable if and only if there exists matrix

P = PT ≻ 0 such that:

Aj
i

T
P + PAj

i ≺ 0 (2.26)

hold for all i ∈ N and j = 1, · · · 2nρ .

One of the drawbacks of quadratic stability is its high conservatism, which can result in an infeasible solution in

some cases. To mitigate the conservatism, a more flexible approach involves using multiple parameter-dependent

Lyapunov functions, which is investigated in [76].

Definition 2.3 The system (2.23) is said to be robustly stable if there exists a parameter-dependent Lyapunov

function Vσ(t)(x(t), ρ(t)) = xTPσ(t)(ρ)x > 0, Pσ(t)(ρ) = PT
σ(t)(ρ) ≻ 0 satisfying:

AT
σ(t)(ρ(t))Pσ(t)(ρ(t)) + Pσ(t)(ρ(t))Aσ(t)(ρ(t)) + ρ̇

∂Pσ(t)

∂ρ
≺ 0 (2.27)

Remark 2.1 Since Pσ(t)(ρ(t)) depends on the time-varying parameter ρ(t), its derivative is also taken into for system

stability. If Pσ(t)(ρ(t)) = Pσ(t), the multiple Lyapunov function is a special case of multiple parameter-dependent

Lyapunov function.

In the following, the additional conditions that must be imposed on the switched system (2.28) to ensure stability

under possible switching signals are presented. To this end, we present the method based on multiple quadratic

ISS Lyapunov functions to guarantee stability for the switched systems.

Input-to-State-Stability

First, the systems we deal with in this subsection are switched linear systems subject to additive bounded distur-

bances, without control input, described as follows:

ẋ(t) = Aσ(t)x(t) + δσ(t)(t) (2.28)

The concept of Input-to-State-Stability (ISS) was first introduced in [77] to provide theoretical concepts for describing

how the system stability is affected by bounded external disturbance regarded as inputs. An insightful discussion on
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ISS can be found in [78] where the concept is further elaborated, providing deeper theoretical insights and practical

applications. Further researches on ISS are given in [79], [80], [81], [82]. The following definitions and lemmas are

needed when ISS is introduced.

Definition 2.4 A function α: [0,∞) → [0,∞) is said to be of class K if it is continuous, strictly increasing, and

α(0) = 0. If α is also unbounded, then it is said to be of class K∞

Definition 2.5 A function β: [0,∞) × [0,∞) → [0,∞) is said to be of class KL if β(., t) is of class K for each fixed

t ≥ 0 and β(r, t) is decreasing to zeros at t→∞ for each fixed r ≥ 0.

We will write α ∈ K∞, β ∈ KL to indicate that α s a class K∞ function and β is a class KL function, respectively.

Definition 2.6 The system (2.28) is called input-to-state-stable(ISS) with respect to δσ(t)(t) if there exist functions

β ∈ KL and γ ∈ K∞, for all initial state conditions x(0) and all input δσ(t)(t), with ∀t ≥ 0 such that

∥x(t)∥ ≤ β
(
∥x(0)∥, t

)
+ γ

(
∥δσ(t)(t)∥∞

)
(2.29)

Stability analysis under arbitrary switching

Common quadratic Lyapunov functions offer a powerful framework for the study of the stability of dynamical systems.

In the literature, numerous achievements for analyzing the stability of switched systems using common quadratic

Lyapunov function have been researched in [83, 84].

Thus, if there exists a positive definite radically unbounded smooth function

V (x(t)) = xT (t)Px(t) (2.30)

with a symmetric positive definite matrix P ≻ 0 for the family of uncertain switched systems

ẋ(t) = Aσ(t)x(t) + δσ(t)(t), ∀σ(t) ∈ N (2.31)

such that for any given scalar ε > 0 and γ > 0

V̇ (x(t)) < −εV (x(t)) + γ∥δσ(t)(t)∥ (2.32)

for all x(t) ̸= 0 and bounded disturbance δσ(t)(t) with ∀σ(t) ∈ N , then the switched system (2.31) is ISS stable for

any switching signal σ(t).

This case refers to the fundamental concept known as uniform input-to-state-stability. This concept is usually

applied when there are no constraints imposed on the switching signal and requires that all subsystems possess

the property of input-to-state-stability.
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It is worth pointing out that stability assumption of each subsystem is not sufficient to assure stability for the

switched systems under arbitrary switching. It is well established in [5], [10] that if there exists a common Lyapunov

function for all the subsystems, then the stability of the switched system is guaranteed under arbitrary switching. In

general, the existence of a common quadratic ISS-Lyapunov function is only sufficient for the asymptotic stability of

switched linear systems under arbitrary switching signals. Moreover, finding such a function is not always feasible

and it could be rather conservative, limiting its practical application. Further research of the existence of common

Lyapunov functions for the switched system has been developed in [85, 86, 87], which provide related results not

discussed in this thesis.

Stability analysis under constrained switching

In general, it is not straightforward to find a single ISS-Lyapunov function for all subsystems to ensure the overall

stability of switched systems. This is because it is challenging to identify a single matrix that satisfies the stability

conditions for all subsystems, especially when each subsystem may have distinct stability requirements. Using a

common matrix may result in a conservative stability analysis. Moreover, when dealing with a large number of

subsystems (N), the task of searching for such a single Lyapunov function may be a considerable challenge.

Due to the conservatism associated with a common quadratic ISS-Lyapunov function, significant efforts have

been devoted to the development of a less conservative class of Lyapunov functions, known as multiple input-to-

state-stability Lyapunov function considered as a powerful and effective tool for both stability analysis and controllers

design in switched systems [88]. An overview of fruitful results in analyzing the stability of switched linear systems

based on multiple Lyapunov functions is presented in [11, 89, 30].

The key idea behind this methodology is that if multiple ISS-Lyapunov function exists for each subsystem, stability

can be guaranteed by putting appropriate restrictions on the switching signal. It has been proven in the literature

that the stability of switched systems when all subsystems are stable and the switching between them occurs slowly

enough [90]. To formulate this, the notion of average dwell time (ADT) is proposed in [17], which imposes minimum

time between switches. This concept ensures the system has enough time in each subsystem to maintain stability.

By combining multiple ISS-Lyapunov functions with ADT, this approach provides a robust framework for analyzing

the stability of switched systems (2.31).

The following lemmas are needed when the multiple ISS-Lyapunov function is introduced.

Lemma 2.1 [5] If there exist two positive numbers N0 ≥ 0, and τa > 0 such that the following condition

Nσ(t0, t) ≤ N0 +
t− t0
τa

(2.33)

holds for any t > t0, switching signal σ(t) has an average dwell time τa. Nσ(t0, t) is the number of discontinuities of

a switching signal on an interval [t0, t) and constant N0 is called the chatter bound giving the tolerance number of
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fast switching.

Lemma 2.2 [17] Switched system (2.28) is called Input-to-State-Stable with respect to disturbance δi(t) if there

exists a smooth function Vσ(t)(x(t)) such that the following inequalities

α∥x(t)∥2 ≤ Vi(x(t)) ≤ β∥x(t)∥2 (2.34)

V̇i(x(t)) < −εVi(x(t)) + γi∥δi(t)∥ (2.35)

hold for any σ(t) = i ∈ N with ε > 0, γi > 0, β > α > 0 and σ(t) is switching signal with average dwell time

τa ≥ τ∗a =
ln(η)

ε
(2.36)

where η = β
α with α = min

i∈N
λm(Pi) and β = max

i∈N
λM (Pi).

Here, we will briefly discuss the conditions outlined in Lemma 2.2. First, it’s important to note that the inequalities

in (2.34)-(2.36) are well-established in the literature, particularly in contexts involving average dwell-time switching

signals. As noted by [79], the existence of a function Vi(x(t)) that satisfies (2.34)-(2.35) is both a necessary and

sufficient condition for the ith subsystem to exhibit input-to-state stability (ISS).

Remark 2.2 The lemma 2.1 means that if there exists a positive number τa such that a switching signal has the

ADT property, the ADT between any two consecutive switching is no smaller than a common constant τa for all

subsystems.

Remark 2.3 If (2.36) holds for η = 1, then the condition (2.33) which the average dwell-time has to satisfy in order

that the system is ISS reduces to τa > 0, which means that the system is ISS for arbitrarily small average dwell

time. Actually, η = 1 in condition (2.36) implies the existence of a common ISS-Lyapunov function for the switched

system (2.31), and thus it is, in fact, ISS for arbitrary switching

Multiple polytopic ISS-Lyapunov function

If each subsystem of the switched system is an LPV system, then the switched system (2.31) becomes a switched

LPV system as:

ẋ(t) = Aσ(t)(ρ)x(t) + δσ(t)(t), ∀σ(t) ∈ N (2.37)

using a unique matrix Pσ(t) of multiple ISS-lyaunov functions in lemma (2.2) to ensure the stability of all the local

models Aj
σ(t) for all σ(t) ∈ N , j ∈ P that present the parameter-dependent switching matrix Aσ(t)(ρ) is considered

conservative. To avoid this issue, the concept of multiple polytopic ISS-Lyapunov functions is introduced in this

subsection.
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Polytopic Lyapunov functions exhibit linear dependence on the weighting functions µσ(t)(ρ). That is, the modeling

consists of designing quadratic functions for each sub-model of subsystems, and the global Lyapunov function is

then obtained by forming a convex combination of these functions. This kind of function is interesting as it takes

into consideration the information of weighting functions in the system analysis. The researchers have paid great

attention to the polytopic Lyapunov function for analyzing the stability of the LPV systems [91, 92, 93, 94].

Now, consider the multiple polytopic ISS-Lyapunov function V (x(t), ρ) = Vσ(t)(x(t), ρ), where Vσ(t)(x(t), ρ) is

given by

Vσ(t)(x(t), ρ) =

2nρ∑
j=1

µj
σ(t)(ρ)x

T (t)P j
σ(t)x(t) (2.38)

switches among Vi(x(t), ρ) =
2nρ∑
j=1

µj
i (ρ)x

T (t)P j
i x(t) for all i ∈ N in accordance with the piecewise constant switching

signal σ(t) with Pi(ρ) =
2nρ∑
j=1

µj
i (ρ)P

j
i .

It is worth mentioning that the stability criteria of the polytopic Lyapunov function require an investigation into the

derivative of the weighting functions, typically resulting in nonconvex conditions. This is a key point to use multiple

polytopic Lyapunov functions in switched LPV systems.

The main statement of ISS under ADT switching signal of system (2.37) is stated in the following lemma.

Lemma 2.3 [95] Switched system (2.37) is called Input-to-State-Stable with respect to disturbance δi(t) if there

exists a smooth function Vσ(t)(x(t)) such that the following inequalities

α∥x(t)∥2 ≤ Vi(x(t)) ≤ β∥x(t)∥2 (2.39)

V̇i(x(t)) < −εVi(x(t)) + γi∥δi(t)∥ (2.40)

hold for any σ(t) = i ∈ N with ε > 0, γi > 0, β > α > 0 and σ(t) is switching signal with average dwell time

τa ≥ τ∗a =
ln(η)

ε
(2.41)

where η = β
α with α = min

i∈N ,j∈P
λm(P j

i ) and β = max
i∈N ,j∈P

λM (P j
i ).

It is notable to emphasize that the use of the multiple polytopic ISS-Lyapunov function presented in lemma 2.3

for both polytopic subsystems and the switching modes allows a general approach which provides more degree of

freedom for analyzing the stability and designing observers for the switched LPV systems than the one obtained

with common Lyapunov function [96]. It is worth noting that, few research results on switched LPV systems with

average dwell time switching signals have been studied in the literature with the multiple polytopic ISS-Lyapunov

function.

In the following section, basic notions of fault diagnosis and terminology, classification of faults, and fault-tolerant
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control methods are presented in detail.

2.2 Interval observer

State estimation has been extensively discussed and reported in numerous engineering fields. The concept of

state observer was introduced by [97]. In control theory, an observer is a dynamic system that, using inputs and

measurement output information of the real system, constructs the evolution of the state of a given system. The

general structure of an estimator is illustrated in Figure 2.3.

Figure 2.3: General structure of an observer

However, in real-world applications where uncertainties are inevitable, traditional observers may face the chal-

lenge of providing accurate estimates of the system states in the existence of uncertainties coming either from

external disturbances or from the mismatch between the model and the real system. Since the conventional ob-

server’s convergence depends mainly on the accuracy of the mathematical model. The incorporation of uncertainty

into the observer design procedure in order to enhance estimation precision and improve the performance of the

system is of particular interest. In other words, the estimation error of a conventional observer generally does not

go to zeros in the presence of uncertainties as time to infinity.

To overcome the limitations of the conventional observers and effectively estimate the system states in the pres-

ence of large and fluctuating disturbances (parameter and/or model uncertainties), a novel class of estimators has

been developed recently known as interval observer based on set-membership and bounded error estimation

approaches. In contrast to the conventional state estimation approach, the interval observers are a pair of estima-

tors whose dynamic equation and initial conditions are defined such that their trajectories x(t) and x(t) represent the

lower and upper bounds of the system’s state x(t) at any time as depicted in Figure 2.4. This new methodology is

designed under the assumption that the uncertainties are unknown but bounded with a priori known bounds. There

are several approaches to designing the interval/set membership estimator [98, 99, 100, 101, 102, 103, 42]. This
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Figure 2.4: Conventional and interval observer

thesis is devoted to interval observer, which form a subclass of bounded error estimator and whose design is based

on the monotone systems theory [104].

The width of the interval e(t) = x(t)− x(t) is proportional to the size of model uncertainty and can be minimized

by tuning the observer parameters.

It is worth noticed that ensuring the positivity and stability properties of the estimation errors is a crucial aspect

in the design of interval observer. It is one of the most major challenges for the design of interval observers

corresponding to the cooperativity of the estimation error dynamics. It is obvious that finding the observer gain

matrices satisfying Hurwitz and Metzler conditions is not a straightforward task. Therefore, to address this challenge

and relax the design conditions of interval observers, recent research has demonstrated that, under some mild

conditions, a Hurwitz matrix can be transformed into a Hurwitz and Metzler (cooperative) form through a similarity

transformation of coordinates [39]. This coordinate transformation can take the form of either time-invariant as

proposed in [105] or time-varying as proposed in [32].

In the following section, we present the basics preliminaries and the design of interval observers.
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2.2.1 Nonnegative and Metzler matrices

In this subsection , some definitions and lemmas on interval observer will be given.

Definition 2.7 A matrix Aσ(t) is said to be non-negative if all its elements are non-negative for all σ(t) ∈ N , i.e.

Aσ(t) ≥ 0.

Lemma 2.4 A matrix Aσ(t) is a Metzler matrix if all its off-diagonal elements are non-negative for all σ(t) ∈ N .

Lemma 2.5 A matrix Aσ(t) is a Metzler matrix if and only if there exists a constant βσ(t) ∈ R+ such that Aσ(t) +

βσ(t)Inx
≥ 0 for all σ(t) ∈ N .

2.2.2 Positive switched systems

Definition 2.8 Positive system is a class of systems with states and output that remain non-negative, provided the

initial state and input are non-negative.

Lemma 2.6 [106] If Aσ(t) is a Metzler matrix, x(t0) ≥ 0 and δσ(t)(t) ≥ 0, ∀σ(t) and ∀t ≥ t0 ≥ 0 then the following

continuous-time system is a positive switched system.

ẋ(t) = Aσ(t)x(t) + δσ(t)(t) (2.42)

We have presented the positivity conditions of continuous-time systems which governed by differential equations.

However, theses conditions do not apply to discrete-time systems which are described by difference equation forms.

Next, we will introduce the equivalent positivity condition for discrete-time systems.

Lemma 2.7 [107] If Aσ(k) is a nonnegative matrix, x(k0) ≥ 0 and δσ(k)(k) ≥ 0, ∀σ(k) and ∀k ≥ k0 ≥ 0 then the

following discrete-time system is a positive switched system.

ẋ(k) = Aσ(k)x(k) + δσ(k)(k) (2.43)

At this stage, it is straightforward to verify whether the system is positive or not. In the following sections, we will

illustrate how this positivity property can be utilized to design interval observers for switched LTI systems.

2.2.3 Interval relation

An interval vector x(t) ∈ Rnx can be defined as x(t) ≤ x(t) ≤ x(t) where x(t) and x(t) are the endpoints and the

inequalities are understood element-wise. The relationship x1(t) ≤ x2(t) and A1 ≤ A2 is understood element-wise

for two vectors x1(t), x2(t) ∈ Rnx or matrices A1, A2 ∈ Rnx×nx , respectively.
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Definition 2.9 For a matrix A ∈ Rnm×nx , we define

A+ = max{A, 0}, A− = A+ −A (2.44)

For a vector x ∈ Rnx , we define

x+ = max{x, 0}, x− = x+ − x (2.45)

Lemma 2.8 [106] Let x ∈ Rnx be a vector such that x ≤ x ≤ x with x(t), x ∈ Rnx . If M ∈ Rnm×nx is a constant

matrix, then:

M+x−M−x ≤Mx ≤M+x−M−x (2.46)

IfM∈ Rnm×nx is a variable matrix satisfyingM≤M≤M for someM,M∈ Rnm×nx , then:

M+x+ −M+
x− −M−x+ +M−

x− ≤Mx ≤

M+
x+ −M+x− −M−

x+ +M−x−
(2.47)

In the following, a comprehensive study on the interval observers is presented for a specific class of switched

systems.

2.2.4 Interval observers design for switched systems

Throughout this subsection, we particularly focus on the design process and robust analysis of an interval observer

for a switched linear system affected by unknown but bounded disturbances. As discussed in [108], researchers

have developed a wide range of methodologies for defining the structure of an interval observer. In the subsequent

discussion, we present a novel interval observer design, drawing inspiration from the ISS paradigm detailed in

Section 2.1.3. This framework allows for a straightforward analysis of the impact of perturbation on the interval

estimation errors.

Let’s consider the following switched system:


ẋ(t) = Aσ(t)x(t) +Bσ(t)u(t) + wσ(t)(t)

y(t) = Cx(t)

(2.48)

where x(t) ∈ Rnx is state vector, u(t) ∈ Rnu is control input, y(t) ∈ Rny is measurement output, wσ(t)(t) ∈ Rnx is

disturbance input and switching signal σ(t) ∈ N = {1, · · · , N} is assumed to be available in real time with N is the

number of subsystems. The matrices Aσ(t) ∈ Rnx×nx and Bσ(t) ∈ Rnx×nu are known constant switching matrices.

Without loss of generality, the output matrix C ∈ Rny×nx is considered constant for all σ(t) ∈ N .

The pair
(
Aσ(t), C

)
is at least detectable with ∀σ(t) ∈ N and the disturbance wσ(t)(t) is assumed to be unknown
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but bounded by two priori known bounds.

wσ(t)(t) ≤ wσ(t)(t) ≤ wσ(t)(t) (2.49)

Additionally, the initial state conditions x(t0) is bounded by two prior known bounds x(t0) and x(t0)

x(t0) ≤ x(t0) ≤ x(t0) (2.50)

The main goal is to estimate the lower bound x(t) ∈ Rnx and the upper bound x(t) ∈ Rnx of the state x(t) with

ability to guarantee the robustness in the presence of unknown perturbation wσ(t)(t) for switched system (2.48).

The following structure of switched interval observer, similar to the structure of Luenberger observer is proposed for

system (2.48): 
ẋ(t) =

(
Aσ(t) − Lσ(t)C

)
x(t) +Bσ(t)u(t) + Lσ(t)y + wσ(t)(t)

ẋ(t) =
(
Aσ(t) − Lσ(t)C

)
x(t) +Bσ(t)u(t) + Lσ(t)y + wσ(t)(t)

(2.51)

where Lσ(t) is the interval observer gain matrices to be designed in order to ensure the stability and inclusion

properties of the interval observer.

• The inclusion property x(t) ≤ x(t) ≤ x(t).

By introducing the upper and lower estimation errors as follows:


e(t) = x(t)− x(t)

e(t) = x(t)− x(t)
(2.52)

From equations (2.48) and (2.51), the upper and lower dynamics of estimation errors are given as:


ė(t) =

(
Aσ(t) − Lσ(t)C

)
e(t) + wσ(t)(t)− wσ(t)(t)

ė(t) =
(
Aσ(t) − Lσ(t)C

)
e(t) + wσ(t)(t)− wσ(t)(t)

(2.53)

According to the condition (2.49), the following terms are non-negative:


wσ(t)(t)− wσ(t)(t) ≥ 0

wσ(t)(t)− wσ(t)(t) ≥ 0

(2.54)

Since the initial error conditions e(t0) = x(t0)− x(t0) and e(t0) = x(t0)− x(t0) are non-negative by the construction

(2.50), then according to lemma 2.6, the lower and upper estimation errors are non-negative, i.e. e(t) ≥ 0 and

e(t) ≥ 0, for all t ≥ t0 provided that Aσ(t) − Lσ(t)C are Metzler matrices ∀σ(t) ∈ N . This implies that the system
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state x(t) is bounded.

x(t) ≤ x(t) ≤ x(t) (2.55)

In order to guarantee that the system (2.51) is an interval observer of system (2.48), in addition to positivity

conditions, the stability conditions of the estimation error need to be satisfied.

• Stability property x(t)→ x(t)← x(t)

In order to analyze the stability of the proposed switched interval observer, the interval error is introduced as follows:

e(t) = x(t)− x(t) = e(t) + e(t) (2.56)

Based on equation (2.53), the dynamics of interval error is given as:

ė(t) =
(
Aσ(t) − Lσ(t)C

)
e(t) +∇σ(t)(t) (2.57)

with ∇σ(t)(t) = wσ(t)(t)− wσ(t)(t).

In the presence of the bounded disturbance ∇σ(t)(t), the main goal is to demonstrate that the interval error

e(t) remains within a certain bound. Moreover, the objective is to establish the relationship between the bound

of the interval error and the upper bound of perturbations denoted as ∆max, where max ∥∇σ(t)(t)∥ ≤ ∆max for all

σ(t) ∈ N . The sufficient condition for the existence of the switched interval observer (2.51) is performed by using

multiple ISS-Lyapunov functions under ADT. The main result is given by the following theorem.

Theorem 2.1 Under conditions 2.50, if there exists positive diagonal matrices Pi, a multiple ISS-Lyapunov function

Vσ(t)(e(t)) switching among Vi(e(t)) = eT (t)Pie(t), given matrices Wi and scalars ε > 0, ηi > 0, β ≥ α ≥ 0 and

positive scalar γi, such that the following LMIs hold for all i ∈ N

min
Pi,Wi

γ (2.58)

γi ≤ γ (2.59)

αInx ≤ Pi ≤ βInx (2.60) PiAi −WiC +AT
i Pi − CTWT

i + εPi Pi

Pi −γiInx

 ≺ 0 (2.61)

PiAi −WiC + ηiPi ≥ 0 (2.62)

then the interval observer (2.51) can estimate the lower and upper bounds of the state of the system (2.48) with

Li = P−1
i Wi.
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In addition, the system (2.53) is ISS with respect to the disturbance ∇i(t) under any switching signal σ(t) with

ADT satisfying the condition (2.36), and

lim
t→∞

∥e(t)∥2 ≤
√

γ

αε
max ∥∇i(t)∥∞ ∀i ∈ N (2.63)

Proof 2.1 Let’s consider the following multiple ISS-Lyapunov function

Vi(e(t)) = eT (t)Pie(t) (2.64)

where Pi ∈ Rnx×nx are positive diagonal matrices.

Then the first-time derivative of Lyapunov function along its trajectory is given as:

V̇i(e(t)) = ėT (t)Pie(t) + eT (t)Piė(t)

= eT (t)
((
Ai − LiC

)T
Pi + Pi

(
Ai − LiC

))
e(t) +∇T

i Pie(t) + eT (t)Pi∇i(t)

(2.65)

For any ε > 0 and γi > 0, adding and subtracting εVi(e(t)) and γi∇T (t)∇(t), one can obtain:

V̇i(e(t)) =

[
e(t) ∇i(t)

]
Ξi

 e(t)

∇i(t)

− εV (e(t)) + γi∇T
i (t)∇i(t) (2.66)

where

Ξi =

 PiAi −WiC +AT
i Pi − CTWT

i + εPi Pi

Pi −γiInx

 (2.67)

with the change of variables Wi = PiLi.

The following sufficient conditions for system (2.57) is ISS with respect to the disturbance ∇i(t) is that

Ξi ≺ 0 (2.68)

This condition implies that

V̇i(e(t)) ≺ −εVi(e(t)) + γi∇T
i (t)∇i(t) (2.69)

Then one obtain that

Vi(e(t)) ≤ Vi(0)e−εt + γi

∫ t

0

e−ε(t−τ)∥∇i(t)∥22dτ (2.70)

Recall that, from the condition (2.60), it follows that

α∥e(t)∥22 ≤ Vi(e(t)) ≤ β∥e(t)∥22 (2.71)
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Then the inequality (2.70) becomes

α∥e(t)∥22 ≤ β∥e(0)∥22e−εt + γi

∫ t

0

e−ε(t−τ)∥∇i(t)∥22dτ (2.72)

which leads to

∥e(t)∥22 ≤
√
βε∥e(0)∥22e−εt + γi∇max

αε
(2.73)

Therefore, when t → 0, the exponential term forwards to zero and with γi ≤ γ, the inequality (2.73) becomes LMI

(2.63).

lim
t→∞

∥e(t)∥2 ≤
√

γ

αε
∇max ∀i ∈ N (2.74)

Remark 2.4 The inequality (2.73) leads to the following conclusions:

• If there are no disturbances, i.e. ∥∇i(t)∥∞ = 0, then ∥e(t)∥ → 0 when t→∞.

• Moreover, when the system subject to the additive perturbations ∇i(t), the interval estimation error ∥e(t)∥ is

bounded by
√

γ
αε∆max. Consequently, the Input-to-State-Stability is established through the inequality (2.73).

In the next step, we need to ensure the Metzler property. According to lemma 2.5, Ai − LiC are Metzler matrices

for all i ∈ N and positive scalar ηi if

Ai − LiC + ηiInx
≥ 0 (2.75)

By multiplying the positive diagonal matrices Pi on the left side of (2.62) and performing the change of variables

Wi = PiLi, one can obtain:

PiAi −WiC + ηiPi ≥ 0 (2.76)

which prove the positivity of the lower and upper estimation errors e(t) and e(t) in the LMI of (2.62).

2.2.5 Useful lemmas

The following lemmas, which are applied later in the Theorems’ proofs, are recalled.

Lemma 2.9 [109] Suppose Q and S are symmetric matrices, the following statements are equivalent:

 Q R

RT S

 ≺ 0 (2.77a)

S < 0, Q−RS−1RT ≺ 0 (2.77b)

Q < 0, S −RTQ−1R ≺ 0 (2.77c)
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Lemma 2.10 [110] For given matrices X and Y with appropriate dimensions, if there exists matrix F verifying

FTF ≤ I, the following inequality is always true with an arbitrary scalar η > 0:

XFY + Y TFTXT ≤ ηXXT + η−1Y TY (2.78)

Lemma 2.11 [111] Given matrices X and Y with appropriate dimensions, for any invertible matrix F and scalar

µ > 0, we have:

XTY + Y TX ≤ µXTFX + µ−1Y TF−1Y (2.79)

Lemma 2.12 [112] Given matrices X ∈ Rn×m, Y ∈ Rm×p and Z ∈ Rn×p with rank(Y) = p, the general solution X

of the equation XY = Z is:

X = ZY† + Ξ(Im − YY†) (2.80)

where Ξ ∈ Rn×m is an arbitrary matrix

2.3 Fault-Tolerant Control

As modern technological systems become more complex, the corresponding control systems must also evolve to

handle faults effectively. A control that has the capability of accommodating faults among system components

while maintaining the system stability and the acceptable performance despite the occurrence of faults is called

Fault-Tolerant Control (FTC).

The field of FTC has gained significant importance across various fields, including aerospace engineering [113],

automotive engineering [114], robotics [115].

2.3.1 Types of fault-tolerant control

The Fault-Tolerant Control (FTC) approaches are designed to enhance the safety and reliability of control systems

by automatically compensating for faults, in some cases, failures in the system components while preserve the

system stability and desired performance level in the presence of faults [116]. Therefore, the main objective in

a FTC system is to design a controller with an appropriate structure to maintain stability and achieve the desired

performance, not only in the normal operation conditions, but also in the situations involving malfunctions in sensors,

actuators, or other system components (e.g. the system itself, control computer hardware or software).

Generally, the FTC system can be classified into two categories, namely, active FTC and and passive FTC

[117, 118]. Passive FTC refers to a type of control system designed to tolerate system component faults without

relying on the online faulty information to control the system. It is closely related to robust control where a fixed

controller is designed to be robust against a predefined fault in the system [119].
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In contrast with passive FTC systems, active FTC systems dynamically respond to occurrence of faults by

re-configuring the controller based on real-time information from a FDD scheme. The term ”active” signifies the

proactive nature of corrective actions taken actively by the reconfiguration mechanism to modify the control structure

and parameters to compensate for the fault effects.

Both passive and active FTC have advantages and disadvantages, and choice between passive and active FTC

depends on factors such as system complexity, performance specification and implementation feasibility.

In the following subsection, a brief illustration of the passive and active FTC are presented.

Passive and Active FTC

In this subsection, the objective is to investigate the recent studies in the field of passive and active FTC theory and

highlights their advantages and disadvantages.

Passive FTC In a passive FTC approach, the design of the control system is incorporated a predetermined list of

potential faults and failures which are assumed to be known a priori with normal operating conditions of the system

during the design stage. The main objective of passive FTC is to design a controller with constant structure or

parameters that makes the closed-loop system as insensitive as possible to certain faults. The structure of passive

FTC is illustrated in Figure 2.5.

Figure 2.5: Architecture of passive FTC

The passive FTC systems maintain the robustness and reliability of the system without requiring the on-line fault

information from FDD and reconfiguration mechanism. Therefore, there is no additional actions need to be taken

by the controller in response to the faults with both normal and fault conditions and the control system deals with all

expected faults passively.

In the literature, several approaches have been used in designing passive FTC varies from sliding mode control

approach [120, 121] to robust H∞ control [54], adaptive control [122], control allocation [123, 124]. These control

techniques are generally less complicated due to their simplicity in design and low computational complexity [48].

The main advantages of passive FTC techniques can be described as follows: Neither FDD nor controller

reconfiguration process is implemented and the control system operates with the same predefined parameters in all
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Figure 2.6: Architecture of active FTC

conditions [125].

Since both the FDI and controller reconfiguration are not taken into account during the control design, the time

response of the system becomes very fast. Therefore, there is no delay between the fault occurrence and the cor-

responding control actions. The control system always take the control actions to the fault occurrence immediately.

However, the detection of various types of faults may impose a considerable challenge for a passive FTC system

since it is designed to work in the off-line mode. Hence, its functionality would be limited and less effective with

complex and various kinds of simultaneous faults [126].

For these reasons, the active FTC system receives great attention among the researchers.

Active FTC In contrast to passive FTC technique, the active FTC system responses to each fault differently to

maintain the performance and stability of the system through the designed control technique and real-time informa-

tion provided by FDD system.

Generally, an active FTC system typically consists of three main subsystems as shown in Figure 2.6: FDD

scheme, reconfigurable controller and controller reconfiguration mechanism [127, 128, 129].

Based on this structure, the main goal in active FTC is how to develop an effective FDD scheme which offers

high sensitivity to fault information (time, type, magnitude) while minimizing uncertainties and external disturbances;

a control scheme which is effectively reconfigured to compensate for the fault-induced effects so that the stability

and acceptable closed-loop system performance are preserved; and a reconfiguration mechanism which aims at

recovering the pre-fault system performance in the face of faults. It is essential for these three units working together

to accomplish the control tasks.

The inclusion of both FDD and recongfigurable controller within the overall system structure is the main distin-

guishing active FTC from passive FTC.

In active FTC approach, the FDD scheme plays a vital role in enhancing the reliability, safety and performance

of the system. It provides as precisely as possible, the real-time information typically including details about the
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types, location and magnitude of faults to the controller. Based on the information provided by FDD, the active FTC

effectively reconfigure the controller to guarantee the stability and acceptable closed-loop system performance.

Therefore, the active FTC system can attain optimal performance provided that the diagnostic information from

the FDD scheme is accurate. Any uncertainties in FDD can result in loss of effectiveness in the designed controller.

The critical issues in any active FTC system are the limited amount of time available for the FDD to detect and

identify the error and the time taken to synthesize and deploy the new control schemes [130]. There is no action

performed until the new control system is synthesized. Therefore, the interval between the fault occurrence and the

initiation of the reconfigured controller plays an important role in maintaining the safe operation of the system. If the

FDD process takes unexpectedly long time, the integrity of the system may be in danger. In other words, the time

need to get the fault information and the time taken to reconfigure the control should be fast enough to ensure the

stability and performance of the system.

2.3.2 Classification of fault

Each type of fault present a unique challenges for strategy of FDD in the control system. Therefore, identifying faults

from different perspectives can result in comprehensive approaches for detecting, isolating, and mitigating faults in

order to address a specific type of faults and maintain the stability and performance of control systems in a variety

of operating conditions. From a different point of view, faults can be categorized into various types.

Fault classification based on components

As can be seen in Figure 2.5, faults based on their component type can be classified into three categories namely

component faults, sensor faults and actuator faults.

• Component faults: this category of fault refers to the malfunction or defect in individual component of the

system which can affect the system’s dynamics.

• Sensor faults: sensors are essentially the output interfaces of a system with the external environment. It

provides the feedback to the control system. In the closed-loop systems, the measurement obtained by sensor

are used to generate the control inputs. Hence, the accuracy and effectiveness of control signals can be

compromised if a sensor fault occurs. Sensor faults may include:

– Sensor Saturation: when a sensor reaches its maximum or minimum measurement range and the sen-

sor’s out remains constant at its the highest or lowest values despite further increase of decrease in the

signal being measured.

– Sensor Bias: Systematic errors in sensor readings, resulting in consistent deviations from the true value.
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– Sensor Failure: refers to a critical malfunction in which the sensor completely loss its functionality in the

sensor, resulting in the absence of feedback signals.

– Sensor Noise: refers to the random fluctuations in measurement output, making it challenging to discern

true system behavior.

– Sensor Drift: Gradual changes in sensor readings over time, leading to inaccuracies in feedback signals.

• Actuator faults: Actuators represent the functional components that are responsible for implementing the

control actions based on the control system’s commands. Hence, actuator faults can disrupt or modify the

system’s input signal, it may lead to the increased energy consumption and, in severe cases, complete loss of

control. The most common scenarios of actuator faults can be listed as.

– Actuator saturation: when an actuator reaches its maximum or minimum output, limiting the ability to

respond to the control signal effectively.

– Actuator Bias: systematic error in the actuator response leading to a consistent offset from the desired

control action.

– Actuator failure: complete loss of functionality in the actuator, preventing it from executing the control

command altogether.

– Actuator Deadband: this occur when the actuator dose not respond to the small control signal, leading to

less precision in control action.

Faults classification based on representation

Faults can be also categorized into two groups, depending on how they are represented in model: additive or

multiplicative [131]. This can be seen from Figure 2.7

• Additive Fault: a category of faults, impacts either on the input or output signal of the system. These fault are

commonly represented by an additional term. Additive faults are often associated with issues in sensors and

actuators.

• Multiplicative Fault: this category of fault is characterized by a multiplicative term which can modify the system’s

structure by affecting the model parameters.

2.3.3 Co-design of observers and controllers

Unlike the traditional FDI approach, fault estimation (FE) is considered a powerful alternative methodology in FTC

systems, and considering a direct estimation of the fault signal via FE can offer significant advantages. FE func-

tions take over both the fault detection and isolation roles and the more complex FDI role is thus eliminated. In this
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Figure 2.7: Additive and Multiplicative Faults

approach, the control system directly utilizes the reconstructed or estimated variables from the FE to compensate

for the fault effects. Many techniques in FE design for FTC have been reported in the literature, e.g., based on

sliding mode observer [132], unknown input observer [133], adaptive observer [134]. The observer-based controller

approaches have been drawn considerable attention of researchers [135, 136]. However, most works are designed

based on the Separation Principle, which states that the design of the observer and controller can be performed

independently and then combined to ensure stability and performance. It may lead to the loss of the closed-loop

stability in the presence of uncertainties and disturbances. This motivates researchers to develop an integrated

control system by jointly designing the fault estimation (FE) and FTC system that consider the bi-directional interac-

tion between the FE and FTC system during the control design process [137, 138, 139, 140, 141]. As a result, the

concept of the co-design problem is presented to indicate the simultaneous design methodology of FE and active

FTC using an integrated framework. In other words, the main objective of the proposed approach is to determine

the observer and controller gain matrices in a joint way through a single-step LMI formulation. The structure of

co-design is demonstrated in Figure 2.8.

Notably, the direct application of FE without requiring the reconfigurable mechanism provides tremendous con-

venience and potential in the field of FTC system design. This method can pave the way for the development of

robust approaches to co-design FE and FTC by taking the bi-directional interaction into consideration. Nevertheless,

few results on the integrated design of FE and FTC have been proposed. The authors in [142] deal with the inte-

grated design problem with fault compensation as a UIO-based FTC loved through H∞ optimization. In [143], the

problem of integrated fault reconstruction and FTC in linear systems subject to actuator fault via learning observer

is investigated. The works in [144] developed an integrated design of EF and FTC schemes for nonlinear Lipschitz

systems in the presence of disturbances and actuator failures.

There is a bi-directional interactions between FE and FTC designs:

• The FE performance is influenced by the control system since the observer is constructed by using the system

model in which the existence of the system mismatch is inevitable.
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Figure 2.8: Structure of co-design of FE and FTC

• The FTC performance is affected by the estimation sine FTC system is synthesized based on the estimated

variable from the estimators.

Let’s consider the uncertain switched LPV system subject to faults which is assumed to be constant or slow-

varying signal, i.e. ḟ(t) ≈ 0.


ẋ(t) =

(
Aσ(t)(ρ(t)) + ∆Aσ(t)(ρ(t))

)
x(t) + Bσ(t)(ρ(t))

(
u(t) + f(t)

)
y(t) = Cx(t)

(2.81)

It is assumed that there is no uncertainty in distribution input matrices ∆Bσ(t)(ρ(t)) = 0.

By considering fault as an auxiliary state variable. Define the augmented state xa(t) =

x(t)
f(t)

, then it follow from

(2.81) that 
ẋa(t) =

(
Aσ(t)(ρ(t)) + ∆Aσ(t)(ρ(t))

)
xa(t) +Bσ(t)(ρ(t))u(t)

y(t) = Cxa(t)

(2.82)

where Aσ(t)(ρ(t)) =

Aσ(t)(ρ(t)) Bσ(t)(ρ(t))

0 0

, Bσ(t)(ρ(t)) =

Bσ(t)(ρ(t))
0

, ∆Aσ(t)(ρ(t)) =

∆Aσ(t)(ρ(t))

0

, C =

[
C 0

]
.

Then the state xa(t) can be estimated by the following traditional observer:


˙̂xa(t) = Aσ(t)(ρ(t))x̂a(t) +Bσ(t)(ρ(t))u(t) + Lσ(t)(ρ(t))

(
y(t)− ŷ(t)

)
ŷ(t) = Cx̂a(t)

(2.83)
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where Lσ(t)(ρ(t)) =
2nρ∑
j=1

µj
σ(t)(ρ(t))L

j
σ(t) is time-varying observer gain matrices.

Once x̂a(t) is obtained, the state and fault are determined as:


x̂(t) =

[
Inx

0

]
x̂a(t)

f̂(t) =

[
0 Inf

]
x̂a(t)

(2.84)

Let’s e(t) = xa(t)− x̂a(t) be the estimation error. Subtracting (2.83) from (2.81) yields the estimation error system:

ė(t) =
(
Aσ(t)(ρ(t))− Lσ(t)(ρ(t))C

)
e(t) + ∆Aσ(t)x(t) (2.85)

Consider the state feedback control law u(t):

u(t) = −Kσ(t)(ρ(t))x̂(t)−Kσ(t),f (ρ(t))f̂(t) (2.86)

where Kσ(t),f (ρ(t)) is accommodation gain and its value is Kσ(t),f (ρ(t)) = B†
σ(t)(ρ(t))Bσ(t)(ρ(t)) and Kσ(t)(ρ(t)) is

the state feedback gain to be designed in order to ensure the stability of the closed-loop system.

By substituting the control law (2.86) into the system (2.81), one can get the following closed-loop system:

ẋ(t) =
(
Aσ(t)(ρ(t))− Bσ(t)(ρ(t))Kσ(t)(ρ(t))

)
x(t) + Bσ(t)(ρ(t))Hσ(t)(ρ(t))e(t) + ∆Aσ(t)(ρ(t))x(t) (2.87)

where Hσ(t)(ρ(t)) =

[
Kσ(t)(ρ(t)) Kσ(t),f (ρ(t))

]
.

From (2.85) and (2.87), the FE-based FTC system is given as follows:

ẋ(t)
ė(t)

 =

Aσ(t)(ρ(t))− Bσ(t)(ρ(t))Kσ(t)(ρ(t)) + ∆Aσ(t)(ρ(t)) Bσ(t)(ρ(t))Hσ(t)(ρ(t))

∆Aσ(t) Aσ(t)(ρ(t))− Lσ(t)(ρ(t))C


x(t)
e(t)

 (2.88)

It is obvious that the coupling effects are represented by the off-diagonal elements Bσ(t)(ρ(t))Hσ(t)(ρ(t)) and

∆Aσ(t)(ρ(t)) in the system distribution matrix of system (2.88). It is clear evidence for the existence of bi-directional

interactions between the FE and FTC systems. Therefore, by designing the gains Kσ(t)(ρ(t)) and Lσ(t)(ρ(t)) while

taking the coupling effects in to consideration, the stability of system (2.88) can be guaranteed to against the bi-

directional interactions between observer and controller.

The presence of bi-directional interaction breaks down the Separation Principle, thus the stability of the closed-

loop system cannot be ensured by separately designing gain matrices for the controller and observer Kσ(t)(ρ(t))

and Lσ(t)(ρ(t)) where the coupling effects are ignored.
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Figure 2.9: Bi-directional interaction between observer and controller

2.4 Conclusions

In this chapter, the theoretical background on stability of switched systems subject to unknown but bounded distur-

bances are recalled. Additionally, relevant lemmas and definition are mentioned for facilitating the exploration of the

thesis. The interval observer and co-design methodologies are investigated for switched systems.
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Chapter 3

Switched Unknown Input Interval Observers-based

Fault-Tolerant Control For Uncertain Switched

Systems

Chapter abstract

This chapter delves into the challenge of co-designing a switched unknown input interval observer (SUIIO)

and a fault-tolerant control system for the lateral dynamics of a vehicle. The lateral dynamics are modeled as

an uncertain switched linear system, characterized by unknown but bounded uncertainties. In the proposed

methodology, a switched unknown input interval observer (SUIIO) and a dynamic proportional integral ob-

server (DPIO) are introduced. These observers serve the purpose of estimating the lower and upper bounds

of key parameters, including the sideslip angle, yaw rate, and the unknown input. Utilizing the estimates

obtained from the observers, a Fault-Tolerant Controller (FTC) is developed. This controller aims to stabilize

the closed-loop system and achieve reference model tracking, even in the presence of faults. The synthesis

of such interval observers and controllers is based on sufficient Linear Matrix Inequalities (LMIs) conditions,

expressed through Multiple Input-to-State-Stability (ISS) Lyapunov functions under average dwell time (ADT)

conditions. The proposed approach demonstrates its effectiveness through evaluation in Matlab-Simulink,

particularly under various vehicle handling maneuvers.

43
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3.1 Introduction

3.1.1 Related works

Since modern vehicles are highly complex systems consisting of many interrelated subsystems, achieving more

precise control designs and increasing the effectiveness of a vehicle dynamic control system become an enormous

technical challenge. This necessitates an accurate knowledge of vehicle parameters, in particular, sideslip and yaw

rate. Indeed, the value of these parameters plays crucial roles in vehicle handling, lateral stability, and performance

enhancement. Nevertheless, onboard vehicle sensors are not always available in commercial vehicles due to eco-

nomical and/or technical reasons [145]. The commercial physical sensors for the measurement of lateral speed or

yaw rate are extremely expensive devices that cannot be directly applied in real-world applications [146]. Therefore,

it is necessary to develop virtual sensors or estimation algorithms to reconstruct unmeasured vehicle dynamics state

vectors using the available measurements from low-cost sensors.

The accurate estimation of states is pivotal in contemporary control theory, especially, within the intricate realm

of vehicle dynamics. In practical applications, vehicles contend with an array of challenges, including unknown in-

puts, exogenous disturbances, measurement noise and potential faulty components. Addressing these complexities

necessitates the development of robust and effective unknown input observers (UIO) capable of reliably estimating

the vehicle’s state vectors, especially without being sensitive to these unknown inputs [3]. Within the domain of

vehicle dynamics, various UIO approaches have been explored, yielding promising outcomes as documented in the

existing literature [147]. The authors in [69] present a robust state and fault estimation of vehicle lateral dynamics

in the presence of road bank and sensor noise by means of unknown input proportional multiple integral observers

(UIPMIO). An UIO is proposed in [148] to accurately estimate the lateral speed and yaw rate of the lateral dynam-

ics described by the quasi-exact Takagi-Sugeno (T-S) structure with unmeasurable premise variables. A polytopic

linear parameter varying (LPV) UIO is proposed to simultaneously estimate the lateral velocity, steering angle and

the effective engine torque [112]; sideslip angle and driver torque [149] for nonlinear vehicle dynamics. A notewor-

thy approach is proposed in [150] where two cascaded unknown input observers are investigated to deal with the

problem of lateral dynamics estimations of a vehicle.

However, the aforementioned works on UIO have designed the observers with the perfect knowledge of structure

models and parameter information. In real-world scenarios, the vehicle dynamics model is inevitably encountered

with uncertainties arising from the mismatching model, exogenous disturbances, and measurement noise. There-

fore, it could be a non-trivial task for classical UIOs to deal with the problems of accurate estimation of the system

state in the presence of uncertainties. To fill this gap of traditional observers, this motivates to the robust estimation

methodology, the so-called interval observer. Unlike conventional observers, interval observers guarantee that un-
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measured variables always belong to a given interval all the time in dynamical systems. The interval observer was

first introduced in [36] to estimate states of uncertain biological systems. Since then, tremendous achievements

have been reported in the literature, particularly regarding the development of unknown input interval observer

(UIIO). In [151], an UIIO is designed using a coordinate transformation in order to ensure the positivity of the es-

timation errors. The stability of the observer is achieved through the ISS property, facilitated by the utilization of

multiple Lyapunov functions under ADT conditions. Other researchers have explored novel structures of UIIO for

LPV systems, ensuring L2-gain and L∞-gain performance in [152]. The work in [43] introduced a novel interval

algebraic technique to guarantee and robust the estimation of vehicle lateral tire forces with respect to the corner

stiffness variations. A switched unknown input interval observer (SUIIO) is trained in [153] to estimate the states of

the vision system and vehicle lateral dynamics subject to unknown but bounded cornering stiffness.

Although the above-mentioned studies can effectively handle the problem of vehicle dynamics estimation and

unknown input decoupling, none of the above literature takes the unknown input estimation or reconstruction into

consideration. To address this issue, the problem of constant unknown input reconstruction is converted into an

augmented state estimation with an augmentation technique [154]. In another approach, an algebraic relationship

between system states and unknown input is established in [63]; this solution developed an UIO to simultaneously

estimate the system states and the slow time-varying unknown input. A similar approach is proposed in [3] where

an interval observer is developed to estimate vehicle states and unknown input interval reconstruction is then con-

structed to estimate the interval lateral wind gusts throughout the algebraic relationship between the estimated

vehicle states and unknown input. It is worth mentioning that the fault estimation findings discussed above demon-

strate satisfactory performance for slowly varying fault signals. However, if the faults change rapidly, the estimation

algorithm may become ineffective in constructing fast time-varying fault signals [155]. To fill this gap, this chapter

introduces a dynamics proportional integral observer (DPIO) with H∞ performance index designed to deal with

fast time-varying unknown input signals and efficiently attenuate the effects of uncertainties on the estimation error.

Generally speaking, the estimated fault information can be utilized to synthesize fault-tolerant control.

Moreover, an important aspect of automotive engineering is vehicle safety performance. Over the last few

decades, various advanced technical solutions have been fully equipped in modern vehicles. These safety systems

include adaptive cruise control (ACC), antilock braking system (ABS), dynamic stability control (DSC), and electronic

stability program (ESP). In general, the controller of the safety systems heavily depend on sensor signals and

actuators, any faults/ failures can pose a significant threat to the driver and the surrounding environment. It is

worth pointing out that the conventional feedback control approaches are incapable of adaptation in the case of

system failures. To overcome this challenge, some researchers have paid considerable attention to developing

a control strategy that has the ability to guarantee stability and maintain an acceptable performance level of the
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vehicle even when various faults occur. This task is commonly known as fault-tolerant control (FTC) which is

extensively researched in both theoretical and practical aspects of modern control [156, 157]. For example, in [73],

a proportional integral observer (PIO)-based FTC is adapted to stabilize vehicle lateral dynamics in the presence

of faults. An extension to a novel adaptive fault-tolerant lateral tracking control scheme is proposed in [158] for

autonomous vehicles subject to intermittent actuator faults. An alternative controller that utilized a spatial learning-

based FTC design was proposed in [159] for accurate lateral tracking of uncertain autonomous vehicles subject

to exogenous disturbances and multiplicative actuator failures. In [160], an FTC based on a fuzzy neural network

is investigated for autonomous vehicles in the event of faults in both sensors and actuators. Several researchers

have proposed integrated designs of fault estimation (FE) and FTC for uncertain linear systems with additive or

multiplicative faults and disturbances using reduced or full-order unknown input observers to estimate both the state

and the fault vectors [161].

3.1.2 Chapter contributions

The main objective of this chapter is to investigate the problem of simultaneous state and actuator fault estimation

and design Fault-Tolerant Tracking Control (FTTC) for uncertain switched linear systems in the context of vehicle

dynamics. To the best of the authors’ knowledge, works on Switched Unknown Input Interval Observer (SUIIO)-

based FTTC for vehicle lateral dynamics with unknown but bounded uncertainties subject to faults have not been

fully reported in the literature.

The contributions of this chapter are listed below:

• A novel switched unknown input interval observer is investigated for vehicle lateral dynamics model described

under uncertain switched systems affected by unknown but bounded uncertainties. Unlike the approach in

[151], this method avoids resorting to the transformation of coordinates to ensure the positivity property of the

interval observer.

• A dynamic proportional integral observer (DPIO) is introduced to estimate the actuator faults. Along with

the H∞ index, the observer allows to attenuate the negative effects of the uncertainties on the estimation.

Compared with the results in [63, 73, 162, 2], the proposed fault estimation technique can deal with fast

time-varying signals.

• An extension to work in [112, 153], a fault-tolerant control is designed to guarantee stability and track the

reference vehicle lateral dynamic states in the presence of actuator faults. In contrast to the Separation

Principle as discussed in [163, 2], an integrated technique is proposed to design the interval observers and

controllers at the same time.

• The existence of such observers and controllers is mainly formulated in terms of one-step LMIs using multiple



3.2. PROBLEM FORMULATION 47

Input-to-state-stable (ISS) Lyapunov functions with average dwell time (ADT) which being less conservative

than common one in [1].

With the proposed method, an SUIIO is designed to estimate the lower and upper bounds of the vehicle lateral

dynamics states without being sensitive to the influence of actuator faults. Simultaneously, a dynamic proportional

integral observer (DPIO) is developed to reconstruct the unknown input. Based on these estimated variables, fault-

tolerant controllers are synthesized to compensate for the actuator fault’s effects and track the reference vehicle

model. The chapter provides sufficient conditions for the existence of such observers and controllers, which is

applied to the vehicle lateral dynamics model.

This chapter is structured as follows: the used vehicle models are introduced in Section 3.2. The design proce-

dure of SUIIO and DPI observer for uncertain switched vehicle lateral models affected by actuator fault is presented

in Section 3.3.1 and 3.3.2. In Section 3.3.3, FTC is then synthesized to stabilize the closed-loop system and to track

the reference vehicle lateral dynamics model. The simulation results on the two-degree-of-freedom bicycle model

demonstrate the effectiveness of the proposed methodology in Section 3.4 before the conclusions in Section 3.5.

3.2 Problem formulation

3.2.1 General case

Consider the continuous-time uncertain switched systems:


ẋ(t) =

(
Aσ(t) +∆Aσ(t)

)
x(t) +Bσ(t)u(t) + Fσf(t)

y(t) = Cx(t)

(3.1)

where x(t) ∈ Rnx , u(t) ∈ Rnu , f(t) ∈ Rnf , y(t) ∈ Rny represent the state vector, the control input, the fault vector

and measurement output vector respectively. Switching signal σ(t) : R+ → N = {1, 2, . . . , N} depends on time t

and N is the number of subsystems.

The matrices Aσ(t) ∈ {A1, A2, . . . , AN}, Bσ(t) ∈ {B1, B2, . . . , BN}, and Fσ(t) ∈ {F1, F2, . . . , FN} are known

constant matrices with appropriate dimensions corresponding to nominal systems. Without loss of generality, we

assume that the output matrix C is constant ∀σ(t).

The term ∆Aσ(t) ∈ {∆A1,∆A2, . . . ,∆AN} is an unknown time-varying matrix, representing system parameter

uncertainties and is assumed to be bounded with a priori known bound. This uncertain state matrix can be structured

under the form:

∆Aσ(t) =Ma,σ(t)∆a(t)Nσ(t) (3.2)

with Ma,σ(t) ∈ Rnx×nm and Nσ(t) ∈ Rnn×nx are known matrices with appropriate dimensions where Ma,σ(t) rep-
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resents the maximum percentage of the state matrices variation, and Nσ(t) are matrices including nominal values

while ∆a(t) ∈ Rnm×nn is unknown matrix satisfying property ∆T
a (t)∆a(t) ≤ Inn .

3.2.2 Case study: switched vehicle lateral dynamics model

This subsection provides a concise overview of the fundamental concepts and methods for modeling the lateral

behavior of vehicles. The system is based on a single-track bicycle vehicle model, which describes the lateral and

yaw motions [164]. By using Newton’s law of motion, the differential equations below can be used to describe the

two-dimensional model characterizing the vehicle’s lateral model:

 mvx
(
β̇ + r

)
= Fyf + Fyr

Iz ṙ = lfFyf − lrFyr +Mz

(3.3)

where m is vehicle mass, Iz is the yaw moment of inertia, vx is longitudinal velocity, r is the yaw rate, lf and lr are

the lengths from the front and rear axles to COG, while Fyf and Fyr are the lateral forces of front and rear tires and

Mz is corrective yaw moment to handle the system performance which can be realized by braking wheels.

For normal driving situation, the lateral forces Fyf and Fyr is assumed to be linear function with slip angle:


Fyf = cfαf

Fyr = crαr

(3.4)

where cf , cr are the cornering stiffness of front and rear tires and αf , αr are the front and rear wheel slip angles

defined as: 
αf = δf − β −

lf
vx
r

αr = −β +
lr
vx
r

(3.5)

Note that the validity of this assumption restricts analysis to maneuver low lateral acceleration.

In the proposed model, the longitudinal velocity vx(t) and front steering angle δf (t) are assumed to be available

for measurement while the measurements of the sideslip angle and yaw rate are assumed to be unavailable due to

cost reasons of the corresponding sensors.

Substituting equations (3.4) and (3.5) into system (3.3) and selecting β(t) and r(t) as state variables with x(t) =β(t)
r(t)

, leads to the following LPV vehicle lateral dynamics:


ẋ(t) = A

(
ρ(t), ξ(t)

)
x(t) +Bu(t) +D

(
ρ(t), ξ(t)

)
δf (t)

y(t) = Cx(t)

(3.6)
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where A
(
ρ(t), ξ(t)

)
=

 − cf+cr
mvx

crlr−cf lf
mv2

x
− 1

crlr−cf lf
Iz

− crl
2
r+cf l

2
f

Izvx

, B =

 0

1
Iz

, D
(
ρ(t), ξ(t)

)
=

 cf
mvx

cf lf
Iz

, C =

[
0 1

]
and the time-

varying parameters ρ(t) =
[

1
vx
, 1

v2
x

]
and ξ =

[
cf , cr

]
represent measurable and uncertain parameters.

A single observation or controller, however, may not be sufficient to achieve optimal performance when the

longitudinal velocity vx(t) significantly varies over a wide range.

As a result, it is necessary to consider multiple observations or controllers that can adapt to different values of

vx(t). One effective strategy to handle the challenges posed by a large variation range of parameter vx(t) is to use

the switched system technique which involve dividing the parameter vx range into smaller sub-regions.

Note that, when lateral acceleration becomes high, the tire forces are no longer linear with respect to the wheel

slip angles due to the tire saturation property. Accordingly, the cornering stiffness parameters cf and cr used in the

linear tire model (3.4) will vary when the road friction changes or when the nonlinear tire domain is reached. To deal

with these variations, the following linear adaptive tire model is used to correct the cornering stiffness values via the

uncertain variables ∆cf and ∆cr as: 
Fyf = (cf0 +∆cf )αf

Fyr = (cr0 +∆cr)αr

(3.7)

The cornering stiffness: 
cf = cf0 +∆cf

cr = cr0 +∆cr

(3.8)

where the linear part denoted by ξ0 =

[
cf0 , cr0

]
presents a known nominal value and the uncertainty term

denoted by ∆ξ =

[
∆cf , ∆cr

]
is assumed to be unknown but bounded with priori known bounds. Consequently,

the uncertain parameters are expressed ξ = ξ0 +∆ξ.

Therefore, the vehicle lateral dynamics can be represented by an uncertain switched model with actuator faults

as follows: 
ẋ(t) =

(
Aσ(t) +∆Aσ(t)

)
x(t) +Bu(t) +

(
Dσ(t) +∆Dσ(t)

)
δf (t) + Ff(t)

y(t) = Cx(t)

(3.9)

The system is switched according to forward speed variations vx(t) which vary in a large range. The switching

signal is σ(t) ∈ N = {1, 2, . . . , N} with N is the number of subsystems.

The system matrices

A
(
ρ(t), ξ0

)
=

 − cf0+cr0
mvx

cr0 lr−cf0 lf
mv2

x
− 1

cr0 lr−cf0 lf
Iz

− cr0 l
2
r+cf0 l

2
f

Izvx

 , D
(
ρ(t), ξ0

)
=

 cf0
mvx

cf0 lf
Iz

 (3.10)
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The uncertain term ∆Aσ(t) =

 −∆cf+∆cr
mvx

∆crlr−∆cf∆lf
mv2

x

∆crlr−∆cf lf
Iz

−∆crl
2
r+∆cf l

2
f

Izvx

, ∆Dσ(t) =

 ∆cf
mvx

∆cf lf
Iz

 and ∆Aσ(t) is assumed to be

expressed as:

∆Aσ(t) =Ma,σ(t)∆(t)Na (3.11)

with Ma,σ(t) and Na are known constant matrices with compatible dimension which characterise the structure of the

uncertainties while ∆(t) satisfies the inequality ∆T (t)∆(t) ≤ I.

Note that in the model, the yaw moment is chosen as the control input, as is typical in the yaw moment control

problem, where the steering angle input set by the driver is not controlled. However, the presented method can be

applied to any other configurations, including active steering and steer-by-wire vehicles.

The following assumptions are introduced for system (3.9).

Assumption 3.1 The initial condition and the front steering angle of the system (3.9) are assumed bounded by

known vectors:
x(t0) ≤ x(t0) ≤ x(t0)

δf ≤ δf ≤ δf
(3.12)

Assumption 3.2 There exist known constant matrices ∆Aσ(t), ∆Aσ(t) and ∆Dσ(t), ∆Dσ(t) for all σ(t) ∈ N such

that:
∆Aσ(t) ≤ ∆Aσ(t) ≤ ∆Aσ(t)

∆Dσ(t) ≤ ∆Dσ(t) ≤ ∆Dσ(t)

(3.13)

Assumption 3.3 The following rank condition holds considering B = F

rank(CF ) = rank(B), ∀σ(t) ∈ N (3.14)

Assumption 3.4 It is assumed that the fault and its first-time derivative are bounded by known limits.

These assumptions are not limiting. Assumption 3.1 is widely employed within the framework of interval observer

synthesis. Similarly, Assumption 3.2 is frequently invoked when dealing with uncertain LPV systems. The presence

of Assumption 3.3 is essential to ensure the existence of the observer. Finally, assumption 3.4 is also common and

is necessary for DPI Observer synthesis.

3.3 Main results

In this section, we choose an interval observer in order to estimate the lower bound x(t) and the upper bound x(t)

of the real state x(t). Besides, a DPIO is also designed to reconstruct the actuator faults for the system (3.9).
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3.3.1 Switched Unknown Input Interval Observer

In this subsection, an SUIIO is proposed to estimate the boundaries of the real state vector without being affected

by unknown input for vehicle model (3.9). The positivity properties of the interval observer used for the estimation

error ensure that the real state is always within the two estimated limits.

The following structure is SUIIO for system (3.9)



ξ(t) = Nσ(t)ξ(t) + Jσ(t)y(t) +Hσ(t)u(t) + Tσ(t)δf (t) + Ωσ(t)(t)

x(t) = ξ(t) + Eσ(t)y(t)

ξ(t) = Nσ(t)ξ(t) + Jσ(t)y(t) +Hσ(t)u(t) + Tσ(t)δf (t) + Ωσ(t)(t)

x(t) = ξ(t) + Eσ(t)y(t)

(3.15)

where
(
ξ(t), ξ(t)

)
is the lower and upper of the observer state vectors and

(
x(t), x(t)

)
is the lower and upper esti-

mates of system states x(t). Matrices Nσ(t), Jσ(t), Hσ(t), Eσ(t) are constant switching matrices of proper dimensions

which must be designed in order to ensure stability of the interval observer and to reject the unknown input effects.

The terms Ωσ(t)(t) and Ωσ(t)(t) are chosen as:


Ωσ(t)(t) = Q+

σ(t)∇σ(t)(t)−Q−
σ(t)∇σ(t)(t)

Ωσ(t)(t) = Q+
σ(t)∇σ(t)(t)−Q−

σ(t)∇σ(t)(t)

(3.16)

with ∇σ(t)(t) and ∇σ(t)(t) are the lower and upper bounds of ∇σ(t)(t) = ∆Aσ(t)x(t) + ∆Dσ(t)δf (t).

According to assumption 3.2 with ∆Aσ(t) ≤ ∆Aσ(t) ≤ ∆Aσ(t), and the state system x(t) is bounded by the lower

x(t) and upper x(t) bounds, i.e x(t) ≤ x(t) ≤ x(t). Then applying lemma 2.8, the item ∆Aσ(t)x(t) is bounded by

∇A
σ(t)(t) and ∇A

σ(t)(t), i.e. ∇A
σ(t)(t) ≤ ∆Aσx(t) ≤ ∇

A

σ(t)(t) with


∇A

σ(t)(t) = ∆A
+

σ(t)x
+(t)−∆A+

σ(t)x
−(t)−∆A

−
σ(t)x

+(t) + ∆A−
σ(t)x

−(t)

∇A
σ(t)(t) = ∆A+

σ(t)x
+(t)−∆A

+

σ(t)x
−(t)−∆A−

σ(t)x
+(t) + ∆A

−
σ(t)x

−(t)

(3.17)

In the same manner, according to assunptions 3.1, 3.2 with ∆Dσ(t) ≤ ∆Dσ(t) ≤ ∆Dσ(t) and δf ≤ δf ≤ δf . Then

applying lemma 2.8, the item ∆Dσ(t)δf is bounded by ∇D
σ(t)(t) and ∇D

σ(t)(t), i.e. ∇D
σ(t)(t) ≤ ∆Dσ(t)δf ≤ ∇

D

σ(t)(t) with


∇D

σ(t)(t) = ∆D
+

σ(t)δ
+

f −∆D+
σ(t)δ

−
f −∆D

−
σ(t)δ

+
f +∆D−

σ(t)δ
−
f

∇D
σ(t)(t) = ∆D+

σ(t)δ
+
f −∆D

+

σ(t)δ
−
f −∆D−

σ(t)δ
+

f +∆D
−
σ(t)δ

−
f

(3.18)
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Therefore, the uncertain item ∇σ(t)(t) = ∆Aσ(t)x(t) + ∆Dσ(t)δf (t) is bounded by ∇σ(t)(t) and ∇σ(t)(t) as follows:

∇σ(t)(t) ≤ ∇σ(t)(t) = ∆Aσ(t)x(t) + ∆Dσ(t)δf (t) ≤ ∇σ(t)(t) (3.19)

where 

∇σ(t)(t) = ∇
A

σ(t)(t) +∇
D

σ(t)(t)

= ∆A
+

σ(t)x
+(t)−∆A+

σ(t)x
−(t)−∆A

−
σ(t)x

+(t) + ∆A−
σ(t)x

−(t)

+ ∆D
+

σ(t)δ
+

f −∆D+
σ(t)δ

−
f −∆D

−
σ(t)δ

+
f +∆D−

σ(t)δ
−
f

∇σ(t)(t) = ∇
A
σ(t)(t) +∇

D
σ(t)(t)

= ∆A+
σ(t)x

+(t)−∆A
+

σ(t)x
−(t)−∆A−

σ(t)x
+(t) + ∆A

−
σ(t)x

−(t)

+ ∆D+
σ(t)δ

+
f −∆D

+

σ(t)δ
−
f −∆D−

σ(t)δ
+

f +∆D
−
σ(t)δ

−
f

(3.20)

The upper and lower estimation errors are defined as:


e(t) = x(t)− x(t)

e(t) = x(t)− x(t)
(3.21)

By substituting x(t) = ξ(t) + Eσ(t)y(t) and x(t) = ξ(t) + Eσ(t)y(t) from the observer (3.15) into equation (3.21), the

estimation errors are expressed as: 
e(t) = ξ(t)−

(
I − Eσ(t)C

)
x(t)

e(t) =
(
I − Eσ(t)C

)
x(t)− ξ(t)

(3.22)

By setting Qσ(t) = I − Eσ(t)C, the estimation errors are then governed by:


e(t) = ξ(t)−Qσ(t)x(t)

e(t) = Qσ(t)x(t)− ξ(t)
(3.23)

Combining equations (3.15) and (3.23), the dynamics of the lower and upper observer errors are then determined

as: 

ė(t) = Nσ(t)e(t) +
(
Nσ(t)Qσ(t) + Jσ(t)C −Qσ(t)Aσ(t)

)
x(t)

+
(
Hσ(t) −Qσ(t)B

)
u(t) +

(
Tσ(t) −Qσ(t)Dσ(t)

)
δf (t)

−Qσ(t)Ff(t) + Ωσ(t)(t)−Qσ(t)∇σ(t)(t)

ė(t) = Nσ(t)e(t) +
(
Qσ(t)Aσ(t) −Nσ(t)Qσ(t) − Jσ(t)C

)
x(t)

+
(
Qσ(t)B −Hσ(t)

)
u(t) +

(
Qσ(t)Dσ(t) − Tσ(t)

)
δf (t)

+Qσ(t)Ff(t) +Qσ(t)∇σ(t)(t)− Ωσ(t)(t)

(3.24)
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In order e(t) and e(t) converge to zero, Nσ(t) should be Hurwitz and make the following relations hold:

Nσ(t)Qσ(t) + Jσ(t)C −Qσ(t)Aσ(t) = 0 (3.25)

Qσ(t)B = Hσ(t) (3.26)

Qσ(t)Dσ(t) = Tσ(t) (3.27)

Qσ(t)F = 0 (3.28)

The estimation errors (3.24) are then simplified to:


ė(t) = Nσ(t)e(t) + Ωσ(t)(t)−Qσ(t)∇σ(t)(t)

ė(t) = Nσ(t)e(t) +Qσ(t)∇σ(t)(t)− Ωσ(t)(t)

(3.29)

Now, the positivity of the estimation errors (3.29) is considered.

According to (3.19), the item∇σ(t)(t) is bounded by∇σ(t)(t) and∇σ(t)(t), then applying the lemma 2.8 forQσ(t)∇σ(t)(t)

the following condition is obtained:

Q+
σ(t)∇σ(t)(t)−Q−

σ(t)∇σ(t)(t) ≤ Qσ(t)∇σ(t)(t) ≤ Q+
σ(t)∇σ(t)(t)−Q−

σ(t)∇σ(t)(t) (3.30)

From (3.16) and (3.30), it is obvious that the following terms are positive:


Ωσ(t)(t)−Qσ(t)∇σ(t)(t) ≥ 0

Qσ(t)∇σ(t)(t)− Ωσ(t)(t) ≥ 0

(3.31)

With assumptions 3.1 , it is easy to confirm that the lower and upper initial error conditions e(t0) = x(t0)− x(t0) and

e(t0) = x(t0) − x(t0) are positive. Then based on lemma 2.6, this means that e(t) ≥ 0 and e(t) ≥ 0 if Nσ(t) is a

Metzler matrix ∀σ(t) ∈ N . Hence, it ensures that the state x(t) is bounded by x(t) and x(t).

We will now present a procedure for determining the parameters of the SUIIO.

From the relation (3.28) and matrix Qσ(t), one can have:

Eσ(t)CF = F (3.32)

The solution of matrix Eσ(t) for (3.32) is given by [112]:

Eσ(t) = F (CF )† + Zσ(t)

(
I −

(
CF

)(
CF

)†) (3.33)
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where Zσ(t) is an arbitrary matrix of appropriate dimension.

For simplification convenience, let’s Θ = F (CF )† and Ψ = I − (CF )(CF )†, matrix Eσ(t) in (3.33) is parameterized

as:

Eσ(t) = Θ+ Zσ(t)Ψ (3.34)

After the matrix Eσ(t) is determined, the matrix Qσ(t) is obtained:

Qσ(t) = I −ΘC − Zσ(t)ΨC (3.35)

With setting Qσ(t) = I − Eσ(t)C, the condition (3.25) is rewritten as:

Nσ(t)

(
I − Eσ(t)C

)
+ Jσ(t)C −Qσ(t)Aσ(t) = 0 (3.36)

→ Nσ(t) = Qσ(t)Aσ(t) − Jσ(t)C +Nσ(t)Eσ(t)C (3.37)

→ Nσ(t) = Qσ(t)Aσ(t) −
(
Jσ(t) −Nσ(t)Eσ(t)

)
C (3.38)

→ Nσ(t) = Qσ(t)Aσ(t) − Yσ(t)C (3.39)

where

Yσ(t) = Jσ(t) −Nσ(t)Eσ(t) (3.40)

Substituting (3.39) into (3.40), one can have

Jσ(t) = Yσ(t)
(
I − CEσ(t)

)
+Qσ(t)Aσ(t)Eσ(t) (3.41)

Remark 3.1 It is obvious that the design of the observer gain matrices in (3.15) is reduced to determine the matrices

Yσ(t) in (3.39) and Zσ(t) in (3.34) such that the lower and upper estimation errors in (3.29) are ISS as well as positive

systems to ensure the properties of interval observer.

3.3.2 Dynamic Proportional Integral Observer

In this subsection, the estimation of fast time-varying fault signal using a Dynamic Proportional Integral Observer

(DPIO) is considered. The main objective of DPIO is to reconstruct the fault signal with robust performance quanti-

fied with H∞ index. The reconstructed fault is used to design FTTC to compensate for the fault effects in the next

section.
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The structure below is DPIO for system (3.9).



˙̂x(t) = Aσ(t)x̂(t) +Bu(t) + LP
σ(t)

(
y(t)− ŷ(t)

)
+ F f̂(t) +Dσ(t)δf (t)

v̇(t) = LI
σ(t)

(
y(t)− ŷ(t)

)
f̂(t) = v(t) + λσ(t)F

TCT
(
y(t)− ŷ(t)

)
ŷ(t) = Cx̂(t)

(3.42)

where x̂(t) is the state estimation and f̂(t) is estimated fault vector. LP
σ(t) and LI

σ(t) are proportional and integral

observer gains, respectively, that are designed to ensure stability and performance. A constant parameter λσ(t) is

an auxiliary variable.

By defining ex(t) = x(t)− x̂(t) and ef (t) = f(t)− f̂(t) are the state and fault estimation errors respectively.

From (3.9) and (3.42), one can get the dynamics of the estimation errors as:


ėx(t) =

(
Aσ(t) − LP

σ(t)C
)
ex(t) + Fef (t) + ∆Aσ(t)x(t) +Dσ(t)δf (t)

ėf (t) = ḟ(t)− LI
σ(t)Cex(t)− λσ(t)F

TCTCėx(t)

(3.43)

The estimation error system (3.43) is then expressed under augmented form as follows:

ė(t) = J̄σ(t)
(
Āσ(t) − L̄σ(t)C̄

)
e(t) + w̄σ(t)(t) (3.44)

where the augmented error vector e(t) =

ex(t)
ef (t)

 and

J̄σ(t) =

 Inx
0

λσ(t)F
T
σ(t)C

TC Inf


−1

, Āσ(t) =

Aσ(t) Fσ(t)

0 0

, L̄σ(t) =

LP
σ(t)

LI
σ(t)

, C̄ =

[
C 0

]
, w̄σ(t)(t) = J̄σ(t)

∇σ(t)(t)

ḟ(t)



Theorem 3.1 If there exists symmetric positive definite matrix P̄i and matrix Q̄i, ∀i ∈ N such that the following LMI

are satisfied

Υ =

 He
{(
P̄iJ̄iĀi − Q̄iC̄

)}
+ Ina

P̄i

(∗) −γ2

 ≺ 0 (3.45)

then the DPI observer (3.42) robustly estimate the fault vector and ∥e(t)∥2 < γ̄∥w̄σ(t)(t)∥2 with L̄i = J̄−1
i P̄−1

i Q̄i,

na = nx + nf

Proof 3.1 Theorem 3.1. Consider the following Lyapunov function candidate:

Vfi(e(t)) = eT (t)P̄ie(t) (3.46)
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and the first-time derivative along trajectory (3.44) is given by:

V̇fi(e(t)) = He
{
eT (t)P̄iJ̄i

(
Āi − L̄iC̄

)
e(t)

}
+He

{
eT (t)P̄iw̄i(t)

}
(3.47)

The H∞ performance index is introduced as:

lim
t→∞

e(t) = 0, w̄i(t) = 0, ∀t ≥ 0∫ t

0

eT (s)e(s)ds ≤ γ̄2
∫ t

0

w̄T
i (s)w̄i(s)ds, w̄i ̸= 0

(3.48)

Combining (3.47) and (3.48) yields:

V̇fi(e(t)) + eT (t)e(t)− γ̄2w̄T
i (t)w̄i(t) ≺ 0 (3.49)

The inequality (3.49) is then rewritten as:

[
eT (t) w̄T

i (t)

]
Υ

 e(t)

w̄i(t)

 ≺ 0 (3.50)

This implies that Υ ≺ 0 which completes the proof.

3.3.3 Fault-tolerant controller

In this subsection, the aim is to design a fault-tolerant tracking controller to stabilize the closed-loop system in the

case of fault occurrence and track the reference model considered as the perfect behaviors of lateral dynamics.

The idea is to force the vehicle to track the desired trajectories xr(t) =

βr(t)
rr(t)

 given by the reference model which

represents the ideal response of the vehicle according to driver maneuvers.

For the controller synthesis, let’s consider the following fault-free lateral dynamics system without uncertainties

as reference model:  ẋr(t) = Aσ(t)xr(t) +Bur(t) +Dσ(t)δf (t)

yr(t) = Cxr(t)
(3.51)

where ur(t) ∈ Rnu is the nominal reference yaw moment control input vector set to be equal to zero, xr(t) ∈ Rnx is

the reference state vector and yr(t) ∈ Rny is the output vector of reference model.

The interaction of among the uncertain switched LPV systems (3.9), switched unknown input interval observers

(3.15) and fault-tolerant tracking control is outlined in Figure 3.1. In this diagram, the interval observer inputs consist

of the system input u(t) and the system output y(t) whereas the fault f(t) is treated as unknown input.
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Figure 3.1: Robust co-design of the interval observers and controllers.

The obtained state and fault estimates are combined to design state feedback to track the desired yaw rate. The

control law is given as follows:

u(t) = −Kσ(t)

(
x(t)− xr(t)

)
−Kσ(t)

(
x(t)− xr(t)

)
−Kf f̂(t) + ur(t) (3.52)

where Kσ(t), Kσ(t) are the lower and upper switching state feedback gain matrices and Kf is the accommodation

gain matrix to be designed to mitigate the effects of faults. It is determined as Kf = B†F

For the purpose of tracking reference state xr(t), let’s define tracking error er(t) = x(t) − xr(t), its dynamics is

then determined as:

ėr(t) =
(
Aσ(t) −BKσ(t) −BKσ(t)

)
er(t)−BKσ(t)e(t) +BKσ(t)e(t)

+ ∆Aσ(t)er(t) + Fef (t) + ∆Aσ(t)xr(t) + ∆Dσ(t)δf (t)

(3.53)

The error system consists of (3.29) and (3.53) is expressed as:



ėr(t) =
(
Aσ(t) −BKσ(t) −BKσ(t)

)
er(t)−BKσ(t)e(t)

+BKσ(t)e(t) + ∆Aσ(t)er(t) + w1,σ(t)(t)

ė(t) = Nσ(t)e(t)−Qσ(t)∆Aσ(t)er(t) + w2,σ(t)(t)

ė(t) = Nσ(t)e(t) +Qσ(t)∆Aσ(t)er(t) + w3,σ(t)(t)

(3.54)
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where 
w1,σ(t)(t) = Fσ(t)ef (t) + ∆Aσ(t)xr(t) + ∆Dσ(t)δf (t)

w2,σ(t)(t) = Ωσ(t)(t)−Qσ(t)

(
∆Aσ(t)xr(t) + ∆Dσ(t)δf (t)

)
w3,σ(t)(t) = Qσ(t)

(
∆Aσ(t)xr(t) + ∆Dσ(t)δf (t)

)
− Ωσ(t)(t)

The design procedure is conducted under LMI framework using MATLAB-based optimization solvers.

Remark 3.2 It is clear that there is an interconnection between estimation errors and tracking error in the augmented

error system (3.54). On the one hand, the performance of the lower and upper estimation errors, i.e. e(t), e(t) is

affected by the tracking error er(t) through terms Qσ(t)∆Aσ(t)er(t). On the other hand, the performance of the

tracking error is also influenced by the lower and upper bounds of the state and fault estimation errors via terms

BKσ(t)e(t) and BKσ(t)e(t). The bi-directional effects break down the Separation Principle as discussed in work

[163].

Remark 3.3 The fault estimation error ef (t) is regarded as a disturbance in the augmented system (3.54).

Let us define the augmented vectors χ(t) =


er(t)

e(t)

e(t)

 and wi(t) =


w1,i(t)

w2,i(t)

w3,i(t)

 before Theorem 3.2 is stated for the

augmented system (3.54).

Theorem 3.2 Suppose assumptions 3.1-3.4 of system (3.9) are satisfied and if there exists positive diagonal matri-

ces P1,i, P2,i, Pi = diag(P1,i, P2,i, P2,i), a quadratic ISS-Lyapunov function Vσ(t)(χ(t)) switching among Vi(χ(t)) =

χT (t)Piχ(t), matrices Xi, Wi, Gi, Gi given positive scalars η1,i, η2,i, η3,i for all i ∈ N and constant scalars

α2 > α1 > 0, γi > 0, ε > 0 and ρ > 0 such that the following LMIs hold:

min
Pi,Xi,Wi,Gi,Gi

γi

γi ≤γ
(3.55)

α1I3×nx
≤ Pi ≤ α2I3×nx

(3.56)

O =


O11 O12 O13

(∗) O22 O23

(∗) (∗) O33

 ≺ 0 (3.57)

P2,iAi − P2,iΘCAi −XiΨCAi −WiC + ρP2,i ≥ 0 (3.58)

then the augmented system (3.54) is stable with Zi = P−1
2,i Xi and Yi = P−1

2,i Wi, Ki = GiP
−1
1,i and Ki = GiP

−1
1,i .
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O11 =

Γ′′′
P

′

i

P
′

i −γi

 (3.59)

O12 =



P1,iN
T
a,i 0 0

0 T2Ma′ ,i 0

0 0 T2Ma,i

0 0 0


(3.60)

O13 =



−BGi BGi 0 0

0 0 Inx
0

0 0 0 Inx

0 0 0 0


(3.61)

O22 = −


(
η−1
1,i + η−1

2,i + η−1
3,i

)
0 0

(∗) η2,i 0

(∗) (∗) η3,i


−1

(3.62)

O23 = 0 (3.63)

O33 = −



µ−1P1,i 0 0 0

(∗) µ−1P1,i 0 0

(∗) (∗) µP1,i 0

(∗) (∗) (∗) µP1,i


(3.64)

Γ
′′′

=


Γ

′′

11 0 0

(∗) Γ
′

22 0

(∗) (∗) Γ
′

33

 (3.65)

P
′

i =


Inx

0 0

(∗) P2,i 0

(∗) (∗) P2,i

 (3.66)

Γ
′′

11 = He
{
AiP1,i −BGi −BGi

}
+ η1,iMa,iM

T
a,i + εP1,i (3.67)

Γ
′

22 = He
{
P2,iAi − P2,iΘCAi −XiΨCAi −WiC

}
+ εP2,i (3.68)

Γ
′

33 = He
{
P2,iAi − P2,iΘCAi −XiΨCAi −WiC

}
+ εP2,i (3.69)

T2 = P2,i − P2,iΘC −XiΨC (3.70)
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In addition, the system (3.54) is ISS with respective to wi under any switching signal with average dwell time

satisfying condition (2.36), and

lim
t→∞

∥χ(t)∥2 ≤
√

γ

α1ε
max ∥wi(t)∥∞ ∀i ∈ N (3.71)

Proof 3.2 (Theorem 3.2) Let’s consider the following multiple ISS-Lyapunov functions:

Vi
(
χ(t)

)
= V1,i

(
er(t)

)
+ V2,i

(
e(t)

)
+ V3,i

(
e(t)

)
= eTr (t)P

−1
1,i er(t) + eT (t)P2,ie(t) + eT (t)P2,ie(t)

(3.72)

Taking the first-order derivative of (3.72) along trajectory of (3.54) as:

V̇i
(
χ(t)

)
= V̇1,i

(
er(t)

)
+ V̇2,i

(
e(t)

)
+ V̇3,i

(
e(t)

)
(3.73)

The derivative Lyapunov functions V̇1,i
(
er(t)

)
, V̇2,i

(
e(t)

)
and V̇3,i

(
e(t)

)
are expressed as:

V̇1,i(er(t)) = eTr (t)P
−1
1,i ėr(t) + ėTr (t)P

−1
1,i er(t)

= He
{
eTr (t)P

−1
1,i

(
Ai −BKi −BKi

)
er(t)

}
−He

{
eTr (t)P

−1
1,i BKie(t)

}
+He

{
eTr (t)P

−1
1,i BKie(t)

}
+He

{
eTr (t)P

−1
1,i w1,i(t)

}
+He

{
eTr (t)

(
P−1
1,i Ma,i∆Na,i

)
er(t)

}
(3.74)

V̇2,i(e(t)) = eT (t)P2,iė(t) + ė
T
(t)P2,ie(t)

= He
{
eT (t)

(
P2,iNi

)
e(t)

}
−He

{
eT (t)

(
P2,iQi∆Ai

)
er(t)

}
+He

{
eT (t)P2,iw2,i(t)

}
(3.75)

By substituting matrices Ni in (3.39) and ∆Ai in (3.11) into (3.75) and setting Ma′ ,i = −Ma,i,, the derivative of

V̇2, i(e(t)) is expressed as:

V̇2,i(e(t)) = He
{
eT (t)P2,i

(
QiAi − YiC

)
e(t)

}
+He

{
eT (t)

(
P2,iQiMa′ ,i∆(t)Na,i

)
er(t)

}
+He

{
eT (t)P2,iw2,i(t)

} (3.76)
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V̇3,i(e(t)) = eT (t)P2,iė(t) + ėT (t)P2,ie(t)

= He
{
eT (t)

(
P2,iNi

)
e(t)

}
+He

{
eT (t)

(
P2,iQi∆Ai

)
er(t)

}
+He

{
eT (t)P2,iw3,i(t)

}
(3.77)

By substituting matrices Ni in (3.39) and ∆Ai in (3.11) into (3.77), the derivative of V̇3, i(e(t)) is expressed as:

V̇3,i(e(t)) = eTP2,iė(t) + ėTP2,ie(t)

= He
{
eT (t)P2,i

(
QiAi − YiC

)
e(t)

}
+He

{
eT (t)

(
P2,iQiMa,i∆(t)Na,i

)
er(t)

}
+He

{
eT (t)P2,iw3,i(t)

}
(3.78)

Consider Majorization lemma 2.10 for derivative of Lyapunov of (3.73) with any positive scalars η1,i, η2,i and η3,i ,

one can obtain:
V̇1,i(er(t)) ≤ He

{
eTr (t)P

−1
1,i

(
Ai −BKi −BKi

)
er(t)

}
−He

{
eTr (t)P

−1
1,i BKie

}
+He

{
eTr (t)P

−1
1,i w1,i

}
+He

{
eTr (t)P

−1
1,i BKie(t)

}
+ η−1

1,i e
T
r (t)N

T
a,iNa,ier(t) + η1,ie

T
r (t)P

−1
1,i Ma,iM

T
a,iP

−1
1,i er(t)

(3.79)

V̇2,i(e(t)) ≤ He
{
eT (t)P2,i

(
QiAi − YiC

)
e(t)

}
+ η2,ie

T (t)P2,iQiMa′ ,iM
T
a′ ,i

QiP
T
2,ie(t) + η−1

2,i e
T
r (t)N

T
a,iNa,ier(t)

+He
{
eT (t)P2,iw2,i(t)

} (3.80)

V̇3,i(e(t)) ≤ He
{
eT (t)P2,i

(
QiAi − YiC

)
e(t)

}
+ η3,ie

T (t)P2,iQiMa,iM
T
a,iQ

T
i P

T
2,ie(t) + η−1

3,i e
T
r (t)N

T
a,iNa,ier(t)

+He
{
eT (t)P2,iw3,i(t)

} (3.81)

With any scalars ε > 0, γi > 0 for all i ∈ N , equations (3.79), (3.80) and (3.81) are rewritten as:

V̇i(χ) ≤
[
χT (t) wT

i (t)

]
Ξ

 χ(t)
wi(t)

− εVi(χ(t)) + γiw
T
i (t)wi(t) (3.82)
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where

Ξ =

Γ P

P −γi

 (3.83)

Γ =


Γ11 Γ12 Γ13

(∗) Γ22 Γ23

(∗) (∗) Γ33

 (3.84)

P =


P−1
1,i 0 0

(∗) P2,i 0

(∗) (∗) P2,i

 (3.85)

Γ11 = He
{
P−1
1,i Ai − P−1

1,i BKi − P−1
1,i BKi

}
+ η1,iP

−1
1,i Ma,iM

T
a,iP

−1
1,i

+
(
η−1
1,i + η−1

2,i + η−1
3,i

)
NT

a,iNa,i + εP−1
1,i

(3.86)

Γ22 = He
{
P2,iAi − P2,iΘCAi −XiΨCAi −WiC

}
+ η2,iT2Ma′ ,iM

T
a′ ,i
T T
2 + εP2,i

(3.87)

Γ33 = He
{
P2,iAi − P2,iΘCAi −XiΨCAi −WiC

}
+ η3,iT2Ma,iM

T
a,iT T

2 + εP2,i

(3.88)

Γ12 = −P−1
1,i BKi (3.89)

Γ13 = P−1
1,i BKi (3.90)

Γ23 = 0 (3.91)

with Xi = P2,iZi and Wi = P2,iYi.

The following is a sufficient condition for system (3.54) to be Input-to-State-Stable:

Ξ ≺ 0 (3.92)
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Using pre-and post-multiplication Ξ by

Pp 0

0 I

 with Pp =


P1,i 0 0

0 Inx
0

0 0 Inx

, one can get:

Ξ
′
=

Γ′
P

′

P
′ −γi

 ≺ 0 (3.93)

with

Γ
′
=


Γ

′

11 Γ
′

12 Γ
′

13

(∗) Γ22 Γ23

(∗) (∗) Γ33

 (3.94)

P
′
=


Inx

0 0

(∗) P2,i 0

(∗) (∗) P2,i

 (3.95)

Γ
′

11 = He
{
AiP1,i −BGi −BGi

}
+ η1,iMa,iM

T
a,i

+
(
η−1
1,i + η−1

2,i + η−1
3,i

)
P1,iN

T
a,iNa,iP1,i + εP1,i

(3.96)

Γ
′

12 = −BKi (3.97)

Γ
′

13 = BKi (3.98)

where Gi = KiP1,i and Gi = KiP1,i

The term Ξ
′

can be written as:

Ξ
′
= Ξ

′′
+ X TY + YTX (3.99)

By considering Young relation lemma 2.11 for Ξ
′
, one can obtain the following inequality:

Ξ
′
⪯ Ξ

′′
+ µX TFX + µ−1YTF−1Y (3.100)

where

Ξ
′′
=

Γ′′
P

′

P
′ −γi

 (3.101)
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Γ
′′
=


Γ

′

11 0 0

(∗) Γ22 0

(∗) (∗) Γ33

 (3.102)

F =

P1,i 0

0 P1,i

 (3.103)

X =

− (
BKi

)T
0 0 0

(BKi)
T

0 0 0

 (3.104)

Y =

0 Inx
0 0

0 0 Inx 0

 (3.105)

Then apply the Schur complement lemma 2.9 to (3.100), we get:

Ξ
′
⪯

 Ξ
′′

O13

(∗) O33

 (3.106)

Therefore, the sufficient condition (3.92) is satisfied if

 Ξ
′′

O13

(∗) O33

 ≺ 0 (3.107)

In the same manner, one can get the LMI (3.57). This ensures that V̇i(χ(t)) ≤ −εVi(χ(t)) + γiw
T
i (t)wi(t). Hence,

according to lemma 2.2, the augmented error system (3.54) is ISS with respect to additive disturbance wi(t).

Then integrating this inequality from tk to t, we can get:

Vi(χ(t)) ≤ εe−ε(t−tk)Vi(χ(tk)) + γi∥wi(t)∥2∞ (3.108)

Recall the condition (3.56), it follows that

α1∥χ(t)∥2 ≤ Vi(χ(t)) ≤ α2∥χ(t)∥2 (3.109)

From (3.108) and (3.109), one obtains

∥χ(t)∥2 ≤

√
e−ε(t−tk)Vi(χ(tk))

α1
+

γi
εα1
∥wi(t)∥2∞ (3.110)
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Hence, when t→∞ the exponential term goes to zero and γi ≤ γ for all i ∈ N , the inequality (3.110) becomes LMI

(3.71).

Furthermore, Ni is a Metzler matrix, if Ni + ρInx
≥ 0 with any ρ > 0, ∀i ∈ N . LMI in (3.58) can be obtained by

multiplying P2,i on the left side along with change of variables Xi = P2,iZi and Wi = P2,iYi. This completes the

proof.

Remark 3.4 It should be noted that the augmented state vector χ(t) has an upper bound defined by
√

γ
α1ε

max ∥wi(t)∥∞.

This upper bound should be minimized as much as possible to improve the robustness of the proposed observer-

based controller against perturbations. It is evident that this bound is tighter with smaller γ value for priori known

α1 and ε. Therefore, the minimization of the scalar γ plays a crucial role in minimizing the upper bound of the

augmented state χ.

Overall, the design procedure of the switched unknown input interval observer, the dynamics proportional integral

observer and FTTC is determined based on the following algorithms:

3.4 Simulation

The proposed approach is deployed to control yaw dynamics of the vehicle lateral dynamics model. The FTC

strategy aims to ensure that yaw moment at center of gravity of the vehicle remains stable, even if actuator faults

occur. For the simulation, the front steering angle δf (t) is influenced by the driver through the steering wheel and

based on the difference between the actual and reference signals, yaw moment Mz(t) is generated by differential

braking on the rear wheels e.g., the rear-left or rear-right brake. During the maneuver, a fault is injected into one

of the brake actuators responsible for generating the yaw moment. Cornering stiffness variations are reflected in

terms ∆cf and ∆cr which are assumed to be 20% lower than the nominal values.

The design procedure is conducted under LMI framework using MATLAB optimization routines such as SEDUMI

[165]. The obtained observers and the fault-tolerant controller are tested in simulation using the Simulink vehicle

dynamics blocksets models.

According to assumption 3.4, the actual actuator fault f(t) is depicted in Figure 3.5 and Figure 3.17, which

combines constant and sinusoidal forms.

In the simulation, the initial state conditions are set as x0 =

 −0.1

−0.25

 , x0 =

 0.05

0.1

 , x0 =

 0.1

0.25

 and

x0 =

 −0.4
−1.0

 , x0 =

 0.4

1.0


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Algorithm 1: Design procedure
for σ(t) = 1 : N do

if (rank(CF ) == rank(B)) then
• Solve LMI of (3.45) in Theorem 3.1 to find the matrices P̄σ(t) and Q̄σ(t).

The observer gains of DPIO are then determined as:
L̄σ(t) = J̄−1

σ(t)P̄
−1
σ(t)Q̄σ(t)

LP
σ(t) = L̄σ(t)

[
I 0

]
LI
σ(t) = L̄σ(t)

[
0 I

]
• Solve the optimization problem in Theorem 3.2

and obtain Xσ(t), P1,σ(t), P2,σ(t), Wσ(t), Gσ(t),Gσ(t).

Zσ(t) = P−1
2,σ(t)Xσ(t)

Yσ(t) = P−1
2,σ(t)Wσ(t)

Kσ(t) = Gσ(t)P
−1
1,σ(t)

Kσ(t) = Gσ(t)P
−1
1,σ(t)

• Determine matrices Eσ(t), Qσ(t), Hσ(t), Tσ(t), Nσ(t) and Jσ(t)
by equations (3.34), (3.35), (3.26), (3.27), (3.39) and (3.41), respectively.

Eσ(t) = Θ+ Zσ(t)Ψ

Qσ(t) = I − Eσ(t)C

Hσ(t) = Qσ(t)B

Tσ(t) = Qσ(t)Dσ(t)

Nσ(t) = Qσ(t)Aσ(t) − Yσ(t)C
Jσ(t) = Yσ(t)

(
I − CEσ(t)

)
+Qσ(t)Aσ(t)Eσ(t)

else
There is no solution for the set of LMIs.
The SUIIO does not exist

end
end
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3.4.1 General profile

For this scenario, three subsystems corresponding to three different longitudinal velocities v1x = 10(m/s), v2x =

20(m/s), and v3x = 25(m/s) are considered with switching signal σ(t) given as follows:

σ(t) =



1, vx(t) ∈
[
2.5 17.5

]
(m/s)

2, vx(t) ∈
[
17.5 22.5

]
(m/s)

3, vx(t) ∈
[
22.5 28.5

]
(m/s)

(3.111)

The switching signal σ(t) is given in Figure 4.1.
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Figure 3.2: Switching signal σ(t).

The observer and controller gain matrices solved by a set of LMIs in Theorem 3.2 are obtained as follows:

N1 =

 −2.4550 0.0666

0 −2.6996

 , Y1 =

 −1.0022
2.6996

 (3.112)

K1 =

[
3.5572 3.8237

]
,K1 =

[
3.5573 3.8237

]
(3.113)

N2 =

 −1.8413 0.1538

0 −1.7372

 , Y2 =

 −1.1176
1.7372

 (3.114)

K2 =

[
3.9536 3.5589

]
,K2 =

[
3.9537 3.5589

]
(3.115)
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N3 =

 −1.4730 0.0849

0 −1.7866

 , Y3 =

 −1.0618
1.7866

 (3.116)

K3 =

[
3.3659 3.8126

]
,K3 =

[
3.3660 3.8126

]
(3.117)

The front steering angle δf (t) and time-varying longitudinal velocity vx(t) profiles are shown in Figure 3.3 and

3.4. It also shows the correlation between front steering angle and longitudinal velocity. Especially during turning

maneuvers, when δf (t) changes from its baseline value, vx(t) decreases to allow the vehicle to navigate the turn

safely. Simulation results are presented from Figure 3.5 to 3.14.
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Figure 3.3: Front steering angle δf (t) profile.
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Figure 3.4: Longitudinal velocity vx(t) profile.

The actual actuator fault f(t) and its estimation f̂(t) are depicted in Figure 3.5. The fault signal is a sinusoidal

form at a frequency of 0.2387Hz and 0.0796Hz from 20s to 140s and from 160s to 230s, respectively. It combines

constant and sinusoidal forms. The fault signal is chosen to vary in order to prove the ability of the DPIO to accurately

estimate both constants and fast time-varying scenarios. Figure 3.5 shows a good estimation of the time-varying

actuator fault. The estimated fault signal rapidly reaches the actual actuator fault due to coefficient parameter λσ of

the DPIO (3.42).
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Figure 3.5: Actuator fault estimation f̂(t).
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Figure 3.6: Yaw moment control input u(t).

Figure 3.7 and 3.8 show the lower and upper estimations of sideslip angle β(t) and yaw rate r(t) of the vehicle

dynamics model. The lower and upper bounds estimation always bound the real vehicle states at all times, even

when actuator fault occurs. Additionally, the decoupling approach eliminates the effect of faults from the state

estimation errors.
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Figure 3.7: Sideslip angle β(t) interval estimation.
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Figure 3.8: Yaw rate r(t) interval estimation.

The results demonstrated in Figure 3.9 and 3.10 show that the vehicle lateral dynamics estimation accuracy

achieved by the proposed multiple ISS Lyapunov function-based stability analysis approach surpasses than that of

the common one discussed in [1].

Figure 3.9: Comparison of sideslip angle β(t) interval estimations between the proposed approach and compared
method in [1].

Unlike the traditional stability analysis using the common ISS Lyapunov function for switched systems [1], the

proposed multiple ISS Lyapunov function shows better stability and performance characteristics for vehicle lateral

dynamics.
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Figure 3.10: Comparison of yaw rate r(t) interval estimations between the proposed approach and compared
method in [1].

Notably, the system states obtained through the proposed framework exhibit tighter intervals and closer align-

ments to the actual system states, highlighting its effectiveness over the conventional common Lyapunov function.

This improvement is reasonable since each subsystem can have its own Lyapunov function, allowing for local sta-

bility analysis for each subsystem while the common ISS Lyapunov function ensures global stability.
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Figure 3.11: Comparison of sideslip angle β(t) between with and without FTC.

The fault-tolerant controller stabilizes the closed-loop system and preserves the performance in the presence

of faults. The actual state well tracks the reference state as depicted in Figure 3.11 and 3.12. The action of the
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FTC controller demonstrates significant improvement in tracking performance compared to an uncontrolled system

exhibiting a large tracking error. In fact, tracking errors are close to zero. However, when fast time-varying actuator

fault occurs at a frequency of 0.2387Hz, the tracking error oscillates around zero as illustrated in Figure 3.13 and

3.14.
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Figure 3.12: Comparison of yaw rate r(t) between with and without FTC.
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Figure 3.13: Sideslip angle tracking errors eβ(t)
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Figure 3.14: Yaw rate tracking errors er(t)

3.4.2 Double Lane Change Maneuver

A typical maneuver when considering vehicle handling improvement is the double-lane change maneuver. During a

double lane change test, the driver exerts a front-wheel steering angle δf in order to react to an emergency situation

such as obstacle avoidance. This maneuver excites the transient handling dynamics.

During the double lane change maneuver scenario, three subsystems are considered, each with different longi-

tudinal velocities v1x = 5m/s, v2x = 10m/s, and v3x = 15m/s. The switching signal σ(t) is defined as follows:

σ(t) =



1, vx ∈ [ 2.5 7.5 ](m/s)

2, vx ∈ [ 7.5 12.5 ](m/s)

3, vx ∈ [ 12.5 17.5 ](m/s)

(3.118)

The observer and controller gain matrices solved by a set of LMIs in Theorem 3.2 are obtained as follows:

N1 =

 −7.3651 2.7791

0 −4.8009

 , Y1 =

 −5.4104
2.9654


K1 =

[
5436.2 2873.2

]
,K1 =

[
5445.5 2876.8

] (3.119)
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N2 =

 −3.6825 1.2150

0 −1.7132

 , Y2 =

 −2.0707
1.7136


K2 =

[
3278.5 3316.9

]
,K2 =

[
3278.6 3317

] (3.120)

N3 =

 −2.4550 0.1567

0 −4.3194

 , Y3 =

 −1.3091
1.7194


K3 =

[
−13178 4827

]
,K3 =

[
−13178 4827

] (3.121)

In this scenario, it is assumed that there is an obstacle on the road; the vehicle moved to the adjacent lane at

16.5sec and then moved back to the previous lane again at 21sec. The corresponding front steering angle δf (t)

and the speed longitudinal vx(t) profiles are depicted in Figure 3.15 and 3.16. For safety reasons, the driver has

to manage the vehicle path in order to accomplish a successful double lane change maneuver so that the vehicle

does not break the lane barrier at maximum forward speed while none of the tires lifts off the ground. During the

maneuver, the vehicle is under a yaw moment fault signal depicted in Figure 3.17.
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Figure 3.15: Front steering angle δf (t) profile.

As shown in Figure 3.17, it shows a good estimation of time-varying actuator fault. The estimated variable rapidly

reaches the actual actuator fault.
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Figure 3.16: Longitudinal velocity vx(t) profile.
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Figure 3.17: Actuator fault estimation f̂(t).

Figure 3.18 and 3.19 show the lower and upper state estimation of sideslip angle β(t) and yaw rate r(t). The

actual trajectories of sideslip angle and yaw rate are consistently enclosed by these estimates despite the actuator

fault occurrence. Moreover, the decoupling approach still eliminates the effect of faults from the state estimation

errors.
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Figure 3.18: Sideslip angle β(t) interval estimation.
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Figure 3.19: Yaw rate r(t) interval estimation.

The fault-tolerant controller stabilizes the closed-loop system and preserves the performance level even when

actuator faults occur. The actual sideslip angle β(t) and yaw rate r(t) state well track the reference vehicle lateral

dynamics system as depicted in Figure 3.20 and 3.21 in which the dashed blue line and dashed green line are state

vectors with and without the proposed method, respectively. It is evident that the uncontrolled vehicle is not able to

perform the double lane change maneuver. The faulty system without the proposed method significantly deviates

from the reference system. In contrast, the vehicle equipped with the proposed controller guarantees the tracking

errors that are approximately zero as demonstrated in Figure 3.22 and 3.23.
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Figure 3.20: Comparison of sideslip angle β(t) between with and without FTC.
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Figure 3.21: Comparison of yaw rate r(t) between with and without FTC.
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Figure 3.22: Sideslip angle tracking error eβ(t).
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Figure 3.23: Yaw rate tracking error er(t).

Furthermore, some comparisons between DPIO and the integrated design given by our approach and PIO and

separation principle method in [2] are investigated.

From the analysis of Figure 3.24, Figure 3.25 and 3.26, it is evident that the proposed technique offers superior

performance compared to the method investigated in [2]. These figures highlight the effectiveness and robustness

of the proposed approach.

In particular, Figure 3.24 illustrates the superior capability of the proposed DPIO in effectively dealing with fast

time-varying faults compared to the traditional PIO method discussed in [2]. This advantage is attributed to the
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observer’s coefficient λσ in (3.42) which allows DPIO to dynamically adapt its response to rapid changes in the fault

signal. Unlike the conventional PIO approach, which may struggle to keep up with these fast transitions, the DPIO

guarantees that it remains robust and effective even under adverse conditions.
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Figure 3.24: Comparison of actuator fault estimation f̂(t) between the proposed approach and method presented
in [2].

Furthermore, Figure 3.25 and 3.26 illustrate a comparison of the state tracking performance between the in-

tegrated and separated design methods. Although both the proposed technique and the method from [2] deliver

satisfactory state tracking results, it is obvious that the proposed methodology consistently outperforms the results

in [2].

In other words, the results obtained using the separation principle approach in [2] presented by the dashed green

line exhibit a noticeable deviation from the reference vehicle states. This deviation highlights the key limitations of

the separation principle approach, where observers and controllers are designed independently. In contrast, the

vehicle states generated by the proposed method, represented by the dashed blue line, are closer to the reference

states depicted by solid red line. This improvement is due to taking the bi-directional interaction between observers

and controllers into account during the design process.

3.5 Conclusions

The proposed approach contributes to vehicle dynamics enhancement under actuator faults. The approach provides

a fault-tolerant tracking controller that compensates for the effects of actuator fault and ensures tracking of the refer-

ence model, which is critical for safe and efficient operations during cornering, lane keeping and lane change. The
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Figure 3.25: Sideslip angle β(t) performance between the proposed co-design approach and separation principle
design method discussed in [2].
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Figure 3.26: Yaw rate r(t) performance between the proposed co-design approach and separation principle design
method discussed in [2].

approach uses an SUIIO to estimate the lower and upper bounds of the vehicle’s state vector without being affected

by the effects of unknown input, which is helpful for accurate tracking. The approach uses multiple ISS Lyapunov

functions and LMIs to determine the observer gain matrices, guaranteeing stability and positivity properties. This

ensures the vehicle’s stability and robustness during operation. Applying the proposed approach for different driving

scenarios demonstrates its effectiveness in handling uncertainties and faults that may occur during the vehicle’s

operation.
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Chapter 4

Simultaneous Interval State and Unknown Input

Estimation and Fault-Tolerant Tracking Control

For Uncertain Switched LPV Systems

Chapter abstract

This chapter investigates the problem of designing a fault-tolerant tracking control procedure for vehicle lat-

eral dynamics. Vehicle dynamics are modeled as an uncertain switched linear parameter varying (LPV)

system, subject to actuator faults and characterized by unknown yet bounded uncertainties. First, a switched

unknown input interval observer (SUIIO) designed to estimate the lower and upper bounds of system states

while remaining unaffected by unknown input disturbances. An algebraic unknown fault interval reconstruc-

tion is then established based on the relationship between the unknown input and the lower and upper

estimation of the system states. Finally, a fault tolerant controller is developed to guarantee the reference

performance in the presence of faults. To establish the viability of such observers and controllers. Suffi-

cient Linear Matrix Inequalities (LMIs) conditions are formulated using Multiple Input-to-State-Stable (ISS)

Lyapunov functions integrated with average dwell time (ADT). The efficiency of the proposed methodology is

analyzed using Matlab-Simulink, providing a comprehensive assessment of the approach’s practicality and

applicability in the context of lateral vehicle dynamics estimation and control.

83
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4.1 Introduction

4.1.1 State of the art

In the context of vehicle dynamics, fault estimation and control are important aspects since they can deal with

the detection, isolation and correction of possible faults that may affect the performance and safety of the system.

For example, unidentified actuator or sensor faults, component malfunctions or external disturbances may cause

undesirable behaviors or even catastrophic failures. Therefore, it is essential to design robust and reliable approach

that can estimate and compensate for such failures. This task is well known as Fault Tolerant Control (FTC) widely

studied in the field of automotive engineering [73], [166].

The synthesis of observers for vehicles has been the subject of numerous studies over the past two decades.

More specifically, the estimation of lateral speed or the sideslip angle represents a major challenge. In [167],

nonlinear observers based on flatness have been suggested. Observers and controls based on sliding modes have

been proposed in [168]. Extensions of Luenberger observers, such as the Proportional Integral observer, have been

put forward in [169, 170]. The application of interval observers has been specifically addressed in [3].

Besides, state estimation in the presence of unknown inputs is one of the most crucial aspects of modern

control theory and practical control applications. Beyond the case of the nominal model, a system in practice is

subject to various uncertainties and exogenous inputs. This problem has been extensively developed over the past

decades and motivated by synthesizing robust state estimates that remain insensitive to these uncertainties and

disturbances. This leads to the challenge of developing effective unknown input observers (UIO). Several works

have been conducted in the framework of UIO for LPV systems to extend linear UIO to LPV systems. The most

common method is to transform the LPV system into a polytopic representation with parameter-dependent weighting

function satisfying the convex sum property. For example, the work reported in [171] aims at proposing a solution

to design functional UIO for nonlinear discrete-time systems under polytopic Takagi-Sugeno (TS) representations

which are similar to polytopic LPV systems. Authors in [172], [173] designed UIO for TS fuzzy systems subject

to unknown inputs which influence states and outputs simultaneously. In references [174], [175] an interesting

approach taking the time derivative of parameter varying into consideration is proposed for the design of modified

UIO for a class of LPV systems with parameter varying output matrix. The study in [176] addressed the problem of

designing the LPV UIO which its structure can vary along with the change of parameters for polytopic LPV systems.

However, all the aforementioned works on the UIO for polytopic LPV systems are designed with perfect knowl-

edge of parameter information and structure models. This may face some limitations for classical observer design,

especially in the cases of LPV systems subject to modeling uncertainties and disturbances. This motivates to study

a new robust estimation approach so-called interval observer to deal with a class of systems with uncertainties.

A successful framework for interval UIO which can be applied to the problem of fault detection and isolation is

proposed for uncertain continuous-time LPV in [157]. The results in [151] have introduced disturbance-decoupling
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methods for discrete-time linear switched systems using unknown input interval observers (UIIO) to obtain a sub-

system free from disturbance effects. The interval observer stability is guaranteed by Input-to-State-Stability (ISS)

property using multiple Lyapunov functions under average dwell time (ADT).

Moreover, the major limitation of the above studies is that the authors only focused on the problem of the

disturbance-decoupling approach and did not take the unknown input reconstruction problem into consideration.

Therefore, several fruitful results on unknown input interval observers and unknown disturbance reconstruction for

LPV systems have been recently studied. The works reported in [63] aim at deploying an interval observer to obtain

the lower and upper bounds of system output using the coordinate transformation technique. A novelty algebraic

UIO is then designed for linear systems to estimate the system state and reconstruct unknown input simultaneously

based on the estimated output variables. Other researchers in [3] have investigated the problem of SUIIO and

unknown disturbance interval reconstruction for switched linear systems in the presence of parameter uncertainties

and unknown disturbances.

4.1.2 Chapter contributions

The main contribution of this chapter is listed as follows:

• Investigate the problem of the state estimation for uncertain switched LPV lateral vehicle dynamics which are

represented by a switched polytopic model with unknown input. The SUIIO can estimate the vehicle states,

such as the lateral velocity and the yaw rate while rejecting the unknown input effects. In contrast to the study

in [63], the design allows to avoid resorting to the change of coordinates.

• Unlike the results in [63], this work presents a new approach to reconstructing both the lower and upper

bounds of unknown disturbances using algebraic equations involving the interval observer estimates and UI.

• As an extension to work of [3, 63], an integrated design of the observers and fault tolerant control is developed,

based on the estimated variables, to not only stabilize the closed-loop system but also to ensure the accurate

tracking of the reference lateral vehicle dynamics even when the actuator faults occur.

To the best of the authors’ knowledge, few works on Switched Unknown Input Interval Observer (SUIIO)-based fault

tolerant control and unknown disturbance interval reconstruction for switched LPV systems with disturbances and

unknown but bounded uncertainties have been studied in the literature.

With the proposed method, an SUIIO is first designed to estimate the lower and upper boundaries of the system

state without being affected by unknown inputs. An unknown disturbance interval reconstruction is then investigated

to reconstruct the lower and upper bounds of unknown inputs. Finally, a fault tolerant control is designed for the

system in the presence of faults. Sufficient conditions for the stability of the interval observers and the closed-loop
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system are expressed in terms of Linear Matrix Inequalities (LMIs) with multiple ISS Lyapunov functions under

average dwell time.

This chapter is organized as follows: the vehicle lateral dynamics model is presented in Section 4.2. It takes

the form of an LPV switched system which handles vehicle parameters variations and verifying some conditions.

Section 4.3.1 and 4.3.2 are dedicated to the presentation of the proposed polytopic switched unknown input interval

observers for state and fault estimation. Section 4.3.3 provides the fault-tolerant controller which ensures model

reference tracking with fault effect compensation. The application of the proposed theoretical results to the lateral

vehicle dynamics estimation is presented in Section 4.4 before the conclusions and recommendations for possible

future works in Section 4.5.

4.2 Problem formulation

4.2.1 General case

Consider the following uncertain switched LPV systems:


ẋ(t) =

(
Aσ(t)

(
ρ(t), ξ(t)

)
+∆Aσ(t)

(
ρ(t), ξ(t)

))
x(t) +Bσ(t)

(
ρ(t), ξ(t)

)
u(t) + Fσ(t)

(
ρ(t), ξ(t)

)
f(t)

y(t) = Cx(t)

(4.1)

where x(t) ∈ Rnx , u(t) ∈ Rnu , f(t) ∈ Rnd , y(t) ∈ Rny are the state vector, control input, fault vector and measure-

ment output respectively. The matrices Aσ(t)

(
ρ(t), ξ(t)

)
, Bσ(t)

(
ρ(t), ξ(t)

)
, Fσ(t)

(
ρ(t), ξ(t)

)
are switching parameter

varying matrices with proper dimension. Without loss of generality, the output matrix C is assumed to be con-

stant. The switching signal is σ(t) ∈ N =
{
1, 2, . . . , N

}
with N is the number of subsystems. The uncertain term

∆Aσ(t)

(
ρ(t), ξ(t)

)
is assumed to be expressed as ∆Aσ(t)

(
ρ(t), ξ(t)

)
=Ma,σ(t)∆(t)Na with Ma,σ(t) and Na are known

constant matrices with compatible dimension while ∆ satisfies the inequality ∆T (t)∆(t) ≤ I.

Parameters ρ(t) ∈ Rnρ and ξ(t) ∈ Ξ represent measured and unmeasured scheduling parameters with known

set Ξ. Since the parameter vector ξ(t) is not available to measure in real-time, the nominal value ξ0 that is assumed

to be known a prior is only used. Time-varying parameters ρ(t) =
{
ρ1(t), ρ2(t), ..., ρnρ

(t)
}

represent nρ parameter

vectors and ρk(t) ∈
[
ρ
k
, ρk

]
for all k = 1, ..., nρ with ρ

k
and ρk are the lower and upper bounds of ρk(t) then it evolves

inside a polytope represented by 2nρ vertices.

The polytopic representation involves switched weighting functions µσ(t)(ρ(t)) verifying the convex sum property

for all σ(t) ∈ N and j ∈ P = {1, · · · , 2nρ} 
0 ≤ µj

σ(t)(ρ(t)) ≤ 1

2nρ∑
j=1

µj
σ(t)(ρ(t)) = 1

(4.2)
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The matrices of the system (4.11) are transformed into polytopic forms with respect to the parameters and are given

by:

Mσ(t) (ρ(t), ξ0) =

2nρ∑
j=1

µj
σ(t)(ρ(t))M

j
σ(t) (4.3)

with M ∈ {A,B,∆A,F} and M j
σ(t) are known constant matrices for all σ(t) ∈ N , j ∈ P.

Based on (4.2) and (4.3), the uncertain switched LPV system (4.1) can be then expressed exactly in polytopic

representation as follows:


ẋ(t) =

2nρ∑
j=1

µj
σ(t)(ρ(t))

((
Aj

σ(t) +∆Aj
σ(t)

)
x(t) +Bj

σ(t)u(t) + F j
σ(t)f(t)

)
y(t) = Cx(t)

(4.4)

4.2.2 Case study: Switched LPV vehicle lateral dynamics model

This subsection provides a concise overview of the fundamental concepts and methods for modeling the lateral

behavior of vehicles. The system is based on a bicycle vehicle model, which describes the lateral and yaw motions

[164]. The differential equations below can be used to describe the two-dimensional model characterizing the

vehicle’s lateral model:  mv̇y +mvxr = Fyf + Fyr

Iz ṙ = lfFyf − lrFyr +Mz

(4.5)

where m, Iz are the mass and the yaw moment, vx(t) and vy(t) are lateral and longitudinal velocities, r(t) is the yaw

rate, lf and lr are distances from the front and rear axles to COG, while Fyf and Fyr are the lateral forces of front

and rear tires and Mz(t) is corrective yaw moment to handle the system performance. For normal driving situation,

the lateral forces Fyf and Fyr can be formed as:


Fyf = cfαf

Fyr = crαr

(4.6)

where cf , cr are the cornering stiffness of front and rear tires. And the front and rear wheel slip angles are defined

as: 
αf = δf −

vy
vx
− lf
vx
r

αr = −vy
vx

+
lr
vx
r

(4.7)

In the proposed model, we assume that the available measurements are longitudinal velocity vx(t), yaw rate r(t),

and front steering angle δf (t). Gathering equations (4.5), (4.6), (4.7) and chosen vy(t) and r(t) as state variables,



4.2. PROBLEM FORMULATION 88

leads to the following LPV system:


ẋ(t) = A

(
ρ(t), ξ(t)

)
x(t) +Bu(t) +D(ξ(t))δf (t)

y(t) = Cx(t)

(4.8)

where x(t) =

vy(t)
r(t)

 is state vector, u(t) = Mz(t) is corrective yaw moment control input, y(t) = r(t) is measure-

ment output, δf (t) is front steering angle and the system matrices A(ρ(t), ξ(t)) =

 − cf+cr
mvx

crLr−cf lf
mvx

− vx
crlr−cf lf

Izvx
− crl

2
r+cf l

2
f

Izvx

,

B =

 0

1
Iz

, C =

[
0 1

]
, D(ξ(t)) =

 cf
m

cf lf
Iz

. The time-varying parameters ρ(t) and ξ(t) represent measurable

and unmeasurable scheduling parameters.

Time-varying parameters ρ(t) =
{
ρ1(t), ρ2(t)

}
=

[
vx,

1
vx

]
represent 2 parameter vectors and ρk(t) ∈

[
ρ
k
, ρk

]
for

all k = 1, ..., 2 with ρ
k

and ρk are the lower and upper bounds of ρk(t) then it evolves inside a polytope represented

by 22 vertices. A single observation or controller, however, may not be sufficient to achieve optimal performance

when the time-varying parameter ρ(t) varies over a large range. Therefore, it is necessary to consider multiple

observations or controllers that can adapt to different values of ρ(t). One possible way to deal with the infeasibility

problem caused by a large variation range of parameter ρ(t) is to apply the switched system approach. This method

divides the parameter ρ(t) domain into smaller sub-regions.

Note that, when lateral acceleration becomes high, the tire forces are no longer linear with respect to the wheel

slip angles due to the tire saturation property. Accordingly, the cornering stiffness parameters cf and cr used in the

linear tire model (4.6) will vary when the road friction changes or when the nonlinear tire domain is reached. To deal

with these variations, the following linear adaptive tire model is used to correct the cornering stiffness values via the

uncertain variables ∆cf and ∆cr as: 
Fyf = (cf0 +∆cf )αf

Fyr = (cr0 +∆cr)αr

(4.9)

The cornering stiffness: 
cf = cf0 +∆cf

cr = cr0 +∆cr

(4.10)

where the linear part denoted by ξ0 =

[
cf0 , cr0

]
presents a known nominal value and the uncertainty term denoted

by ∆ξ(t) =

[
∆cf , ∆cr

]
is assumed to be unknown but bounded with priori known bounds.

Consequently, the lateral vehicle dynamics can be represented by an uncertain switched LPV model with actuator
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faults as follows: 
ẋ(t) = Aσ(t)

(
ρ(t), ξ0

)
x(t) +Bσ(t)u(t) +Dσ(t)

(
ξ0
)
δf (t) + Fσ(t)f(t)

+ ∆Aσ(t)

(
ρ(t),∆ξ(t)

)
x(t) + ∆Dσ(t)

(
∆ξ(t)

)
δf (t)

y(t) = Cx(t)

(4.11)

where f(t) is fault vector and the switching signal is σ(t) ∈ N = {1, 2, . . . , N} with N is the number of subsystems.

The uncertain terms ∆Aσ(t)

(
ρ(t),∆ξ(t)

)
and ∆Dσ(t)(∆ξ(t)) are assumed to be bounded with priori known bound

∆Aσ(t),∆Aσ(t) and ∆Dσ(t),∆Dσ(t) respectively.

∆Aσ(t) ≤ ∆Aσ(t)

(
ρ(t),∆ξ(t)

)
≤ ∆Aσ(t)

∆Dσ(t) ≤ ∆Dσ(t)(∆ξ(t)) ≤ ∆Dσ(t)

(4.12)

The term ∆Aσ(t)

(
ρ(t),∆ξ(t)

)
can be expressed by following structure:

∆Aσ(t)

(
ρ(t),∆ξ(t)

)
=Mσ(t)∆(t)Na (4.13)

with Mσ(t) and Na are known constant matrices with compatible dimensions where Mσ(t) denotes the maximum

percentage of the state matrices variation and Na represents the nominal values while ∆(t) satisfies the inequality

∆T (t)∆(t) ≤ I.

The front steering control input δf (t) and initial conditions of lateral velocity vy(t0) and yaw rate r(t0) are also

assumed to be bounded by priori known bounds.

x(t0) ≤ x(t0) ≤ x(t0)

δf ≤ δf (t) ≤ δf
(4.14)

Moreover, the following rank condition holds for all σ(t) ∈ N .

rank
(
CFσ(t)

)
= rank

(
Fσ(t)

)
(4.15)

4.3 Main results

In this section, the objective is to design interval observers in order to estimate the lower trajectory x(t) and the

upper one x(t) of the real state x(t) and reconstruct the lower and upper bounds of the unknown disturbances.



4.3. MAIN RESULTS 90

4.3.1 Switched unknown input interval observer

In this subsection, a polytopic switched unknown input interval observer is proposed to estimate the boundaries of

the real state vector without being affected by the unknown disturbance input.

The following SUIIO structure is proposed for system (4.11).



ξ̇(t) = Nσ(t)(ρ(t))ξ(t) + Jσ(t)(ρ(t))y(t) +Hσ(t)u(t) +Qσ(t)δf (t) + Ωσ(t)(t)

x(t) = ξ(t) + Eσ(t)y(t)

ξ̇(t) = Nσ(t)(ρ(t))ξ(t) + Jσ(t)(ρ(t)(t))y(t) +Hσ(t)u(t) +Q
σ(t)

δf (t) + Ωσ(t)(t)

x(t) = ξ(t) + Eσ(t)y(t)

(4.16)

where ξ(t), ξ(t) are the lower and upper of the observer state vectors and x(t), x(t) are the lower and upper estimates

of system states x. Matrices Nσ(t)(ρ(t)), Nσ(t)(ρ(t)) ∈ Rnx×nx , Jσ(t)(ρ(t)), Jσ(t)(ρ(t)) ∈ Rnx×ny are switching

parameter varying matrices of proper dimensions which must be designed in order to ensure the stability of the

interval observer and to decouple the unknown input effects. Matrices Hσ(t), Hσ(t) ∈ Rnx×nu , Eσ(t), Eσ(t) ∈ Rnx×ny

and Q
σ(t)

, Qσ(t) ∈ Rnx×nuδ are constant switching matrices.

By setting Tσ(t) = Inx
− Eσ(t)C and Tσ(t) = Inx

− Eσ(t)C, the terms Ωσ(t)(t) and Ωσ(t)(t) are chosen as:


Ωσ(t)(t) = T

+

σ(t)∇σ(t)(t)− T
−
σ(t)∇σ(t)(t)

Ωσ(t)(t) = T+
σ(t)∇σ(t)(t)− T

−
σ(t)∇σ(t)(t)

(4.17)

with the lower and upper bounds ∇σ(t)(t) and ∇σ(t)(t) defined using lemma 2.8 such that ∇σ(t)(t) ≤ ∇σ(t)(t) =

∆Aσ(t)

(
ρ(t),∆ξ(t)

)
x(t) + ∆Dσ(t)

(
∆ξ(t)

)
δf (t) ≤ ∇σ(t)(t) are expressed as:



∇σ(t)(t) = ∆A
+

σ(t)x
+(t)−∆A+

σ(t)x
−(t)−∆A

−
σ(t)x

+(t) + ∆A−
σ(t)x

−(t)

+ ∆D
+

σ(t)δ
+

f −∆D+
σ(t)δ

−
f −∆D

−
σ(t)δ

+
f +∆D−

σ(t)δ
−
f

∇σ(t)(t) = ∆A+
σ(t)x

+(t)−∆A
+

σ(t)x
−(t)−∆A−

σ(t)x
+(t) + ∆A

−
σ(t)x

−(t)

+ ∆D+
σ(t)δ

+
f −∆D

+

σ(t)δ
−
f −∆D−

σ(t)δ
+

f +∆D
−
σ(t)δ

−
f

(4.18)

Let’s define the lower and upper state estimation errors as follows:


e(t) = x(t)− x(t)

e(t) = x(t)− x(t)
(4.19)
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With the system (4.11) and the interval observer (4.16), the state estimation errors are then governed by:


e(t) = ξ(t)− Tσ(t)x(t)

e(t) = Tσ(t)x(t)− ξ(t)
(4.20)

After computations with equations (4.11), (4.16) and (4.20), their dynamics are given by:



ė(t) = Nσ(t)(ρ(t))e(t) +
(
Nσ(t)(ρ(t))Tσ(t) + Jσ(t)(ρ(t))C − Tσ(t)Aσ(t)(ρ(t))

)
x(t)− Tσ(t)Fσ(t)f(t)

+
(
Hσ(t) − Tσ(t)Bσ(t)

)
u(t) +

(
Qσ(t) − Tσ(t)Dσ(t)

)
δf (t) + Ωσ(t)(t)− Tσ(t)∇σ(t)(t)

ė(t) = Nσ(t)(ρ(t))e(t) +
(
Tσ(t)Aσ(t)(ρ(t))−Nσ(t)(ρ(t))Tσ(t) − Jσ(t)(ρ(t))C

)
x(t) + T σ(t)Fσ(t)f(t)

+
(
Tσ(t)Bσ(t) −Hσ(t)

)
u(t) +

(
Tσ(t)Dσ(t) −Qσ(t)

)
δf (t) + T σ(t)∇σ(t)(t)− Ωσ(t)(t)

(4.21)

Based on the convex sum property of weighting function (4.2) and (4.3), the estimation error dynamics (4.21) can

be then expressed exactly in polytopic representation as follows:



ė(t) =

4∑
j=1

µj
σ(t)(ρ(t))

(
N

j

σ(t)e(t) +
(
N

j

σ(t)Tσ(t) + J
j

σ(t)C − Tσ(t)A
j
σ(t)

)
x(t)− Tσ(t)Fσ(t)f(t)

+
(
Hσ(t) − Tσ(t)Bσ(t)

)
u(t) +

(
Qσ(t) − Tσ(t)Dσ(t)

)
δf (t) + Ω

j

σ(t)(t)− Tσ(t)∇j
σ(t)(t)

)
ė(t) =

4∑
j=1

µj
σ(t)(ρ(t))

(
N j

σ(t)e(t) +
(
Tσ(t)A

j
σ(t) −N

j
σ(t)Tσ(t) − J

j
σ(t)C

)
x(t) + T σ(t)Fσ(t)f(t)

+
(
Tσ(t)Bσ(t) −Hσ(t)

)
u(t) +

(
Tσ(t)Dσ(t) −Qσ(t)

)
δf (t) + T σ(t)∇

j
σ(t)(t)− Ωj

σ(t)(t)

)
(4.22)

In order e(t) and e(t) converge to zero, N j
σ(t) and N

j

σ(t) should be Hurwitz and make the following formulas hold for

all σ(t) ∈ N , j ∈ P:

N
j

σ(t)Tσ(t) + J
j

σ(t)C = Tσ(t)A
j
σ(t), N j

σ(t)Tσ(t) + Jj
σ(t)C = Tσ(t)A

j
σ(t) (4.23)

Hσ(t) − Tσ(t)Bσ(t) = 0, Hσ(t) − T σ(t)Bσ(t) = 0 (4.24)

Qσ(t) − Tσ(t)Dσ(t) = 0, Q
σ(t)
− T σ(t)Dσ(t) = 0 (4.25)

Tσ(t)Fσ(t) = 0, T σ(t)Fσ(t) = 0 (4.26)
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The estimation errors (4.21) are then simplified to:


ė(t) =

4∑
j=1

µj
σ(t)(ρ(t))

(
N

j

σ(t)e(t) + Ω
j

σ(t)(t)− Tσ(t)∇j
σ(t)(t)

)

ė(t) =

4∑
j=1

µj
σ(t)(ρ(t))

(
N j

σ(t)e(t) + T σ(t)∇
j
σ(t)(t)− Ωj

σ(t)(t)
) (4.27)

With the estimation errors in (4.27), the following theorem is presented.

Theorem 4.1 For system (4.11), the estimations x(t) and x(t) of the SUIIO (4.16) satisfy x(t) ≤ x(t) ≤ x(t) provided

that N
j

σ(t) and N j
σ(t) are Metzler matrices ∀σ(t) ∈ N , j ∈ P and the initial state conditions are chosen such that

x(t0) is bounded by two known vectors, i.e. x(t0) ≤ x(t0) ≤ x(t0).

Proof 4.1 (Theorem 4.1)

From equation (4.17) and lemma 2.8, it is obvious that the following terms are positive:


Ω

j

σ(t) − Tσ(t)∇j
σ(t) ≥ 0

Tσ(t)∇
j
σ(t) − Ωj

σ(t) ≥ 0

(4.28)

By selection the bounds of x(t0), the lower and upper initial estimation error conditions e(t0) = x(t0) − x(t0) and

e(t0) = x(t0) − x(t0) are positive. Then based on lemma 2.6, this means that e(t) ≥ 0 and e(t) ≥ 0 if N
j

σ(t) and

N j
σ(t) are Metzler matrix ∀σ(t) ∈ N , ∀j ∈ P. Hence, it ensures that the state x(t) is bounded by x(t) and x(t) for all

t ≥ t0, i.e. x(t) ≤ x(t) ≤ x(t)

We will now present a procedure for determining the parameters of the SUIIO before analyzing the stability of

the interval observer.

From the relations (4.26) and matrices Tσ(t), Tσ(t), one can have:


Eσ(t)CFσ(t) = Fσ(t)

Eσ(t)CFσ(t) = Fσ(t)

(4.29)

By seting Υσ(t) = Fσ(t)(CFσ(t))
† and Λσ(t) = Iny − (CFσ(t))(CFσ(t))

†, the general solution of (4.29) ∀σ(t) ∈ N is

given by [112] : 
Eσ(t) = Υσ(t) + Zσ(t)Λσ(t)

Eσ(t) = Υσ(t) + Zσ(t)Λσ(t)

(4.30)

where Zσ(t), Zσ(t) are arbitrary matrices of appropriate dimension.
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From (4.30), the matrices Tσ(t) and Tσ(t) are expressed as:


Tσ(t) = Inx −Υσ(t)C − Zσ(t)Λσ(t)C

Tσ(t) = Inx
−Υσ(t)C − Zσ(t)Λσ(t)C

(4.31)

The relations (4.23) are then equivalent to:


N

j

σ(t) = Tσ(t)A
j
σ(t) − Y

j

σ(t)C

N j
σ(t) = Tσ(t)A

j
σ(t) − Y

j
σ(t)C

(4.32)

with Y
j

σ(t) = J
j

σ(t) −N
j

σ(t)Eσ(t) and Y j
σ(t) = Jj

σ(t) −N
j
σ(t)Eσ(t)

At this stage, the task of designing the interval observer (4.16) is now turned to determine the matrices Y
j

σ(t) and

Y j
σ(t) such that matrices N

j

σ(t) and N j
σ(t) are Metzler and Hurwitz to ensure the stability and cooperativity properties

for all σ(t) ∈ N , j ∈ P.

4.3.2 Unknown input interval reconstruction

This subsection aims at investigating an algebraic relationship between the previously designed interval observer

and unknown input to reconstruct the lower and upper trajectories of disturbance inputs f(t). The following unknown

disturbance interval reconstruction is proposed for system (4.11).



f(t) = Φ+
σ(t)

(
ẏ(t)− CBσ(t)u(t)− CDσ(t)δf (t)− C∇σ(t)(t)−

(
Ψ+

σ(t)(ρ(t))x(t)−Ψ−
σ(t)(ρ(t))x(t)

))
− Φ−

σ(t)

(
ẏ(t)− CBσ(t)u(t)− CDσ(t)δf (t)− C∇σ(t)(t)−

(
Ψ+

σ(t)(ρ(t))x(t)−Ψ−
σ(t)(ρ(t))x(t)

))
f(t) = Φ+

σ(t)

(
ẏ(t)− CBσ(t)u(t)− CDσ(t)δf (t)− C∇σ(t)(t)−

(
Ψ+

σ(t)(ρ(t))x(t)−Ψ−
σ(t)(ρ(t))x(t)

))
− Φ−

σ(t)

(
ẏ(t)− CBσ(t)u(t)− CDσ(t)δf (t)− C∇σ(t)(t)−

(
Ψ+

σ(t)(ρ(t))x(t)−Ψ−
σ(t)(ρ(t))x(t)

))
(4.33)

with Φσ(t) =
(
CFσ(t)

)† and Ψσ(t)(ρ(t)) = CAσ(t)(ρ(t)).

Note that, ẏ(t) can be obtained by applying various approaches such as sliding mode or algebraic differentiators.

The algebraic observer (4.33) is interval reconstruction of unknown disturbance input f(t), i.e.

f(t) ≤ f(t) ≤ f(t) (4.34)

if the interval observer (4.16) exists the rank condition 4.15 holds. From the output measurement of system (4.11),



4.3. MAIN RESULTS 94

its derivative can obtain as:

ẏ(t) = C
(
Aσ(t)(ρ(t))x(t) +Bσ(t)u(t) +Dσ(t)δf (t) + Fσ(t)f(t) +∇σ(t)(t)

)
(4.35)

Due to the assumption (4.15) satisfied, the unknown input f(t) can be expressed as follows:

f(t) = Φσ(t)

(
ẏ(t)−Ψσ(t)(ρ(t))x(t)− CBσ(t)u(t)− CDσ(t)δf (t)− C∇σ(t)(t)

)
(4.36)

Let’s introduce the lower and upper estimation error of disturbance


ef (t) = f(t)− f(t)

ef (t) = f(t)− f(t)
(4.37)

From (4.33) and (4.36), these estimation errors are expressed as follows:



ef (t) = Φ+
σ(t)

(
Ψ+

σ(t)(ρ(t))e(t) + Ψ−
σ(t)(ρ(t))e(t) + C

(
∇σ(t)(t)−∇σ(t)(t)

))
+Φ−

σ(t)

(
Ψ+

σ(t)(ρ(t))e(t) + Ψ−
σ(t)(ρ(t))e(t) + C

(
∇σ(t)(t)−∇σ(t)(t)

))
ef (t) = Φ+

σ(t)

(
Ψ+

σ(t)(ρ(t))e(t) + Ψ−
σ(t)(ρ(t))e(t) + C

(
∇σ(t)(t)−∇σ(t)(t)

))
+Φ−

σ(t)

(
Ψ+

σ(t)(ρ(t))e(t) + Ψ−
σ(t)(ρ(t))e(t) + C

(
∇σ(t)(t)−∇σ(t)(t)

))
(4.38)

According to lemma 2.8, the following terms are positive


C
(
∇σ(t) −∇σ(t)

)
≥ 0

C
(
∇σ(t) −∇σ(t)

)
≥ 0

(4.39)

Moreover, the lower and upper state estimation errors e(t) = x(t) − x(t) and e(t) = x(t) − x(t) are also positive by

the construction of switched unknown input interval observer (4.16).

The terms Ψ+
σ(t)(ρ(t)) and Ψ−

σ(t)(ρ(t)) are positive due to element-wise maximum. Therefore, the following terms

hold: 
Ψ+

σ(t)(ρ(t))e(t) + Ψ−
σ(t)(ρ(t))e(t) ≥ 0

Ψ+
σ(t)(ρ(t))e(t) + Ψ−

σ(t)(ρ(t))e(t) ≥ 0

(4.40)

With positive terms in (4.39) and (4.40), one can get:


Ψ+

σ(t)(ρ(t))e(t) + Ψ−
σ(t)(ρ(t))e(t) + C

(
∇σ(t)(t)−∇σ(t)(t)

)
≥ 0

Ψ+
σ(t)(ρ(t))e(t) + Ψ−

σ(t)(ρ(t))e(t) + C
(
∇σ(t)(t)−∇σ(t)(t)

)
≥ 0

(4.41)
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In the same manner, the lower and upper unknown input estimation errors are element-wise non-negative for all

t ≥ t0. 
ef (t) = f(t)− f(t) ≥ 0

ef (t) = f(t)− f(t) ≥ 0

(4.42)

It implies that the unknown input f(t) is bounded by f(t) and f(t).

Knowing that e(t) and e(t) converge asymptotically to zero then ef (t) and ef (t) also converge asymptotically to zero

in case ∆Aσ(t)

(
ρ(t),∆ξ(t)

)
= 0 and they are bounded in other cases.

4.3.3 Observer-based fault tolerant control

The objective here is to co-design the interval observer and fault-tolerant control to stabilize the closed-loop system

and track the reference model considered as a perfect behavior of the lateral dynamics. The idea is to force the

vehicle to track desired trajectories xr(t) =

vyr(t)
rr(t)

 given by a reference model which represents the ideal response

of the vehicle according to the driver manoeuvres.

Let us consider the fault-free system without uncertainties as the reference. Its LPV-switched form copies that of

the system: 
ẋr(t) = Aσ(t)(ρ(t))xr(t) +Bσ(t)ur(t) +Dσ(t)(ξ0)δf (t)

yr(t) = Cxr(t)

(4.43)

where xr(t) and ur(t) are states and control input of the reference system.

In combination with SUIIO and unknown input interval reconstruction to track the reference model and com-

pensate the influence of faults, the following structure of fault tolerant control law is synthesized to stabilize the

closed-loop system:

u(t) = −Kσ(t)

(
x(t)− xr(t)

)
−Kσ(t)

(
x(t)− xr(t)

)
−Kσ(t),ff(t)−Kσ(t),ff(t) + ur(t) (4.44)

where Kσ(t) and Kσ(t) are the lower and upper state feedback gain matrices which need to be designed. The

accommodation gain is chosen in order to cancel the effect of the fault. Its value is Kσ(t),f = Kσ(t),f = 1
2B

†
σ(t)Fσ(t).

By introducing the tracking error as er(t) = x(t)− xr(t), its dynamics is then expressed by:

ėr(t) =

4∑
j=1

µj
σ(t)(ρ(t))

((
Aj

σ(t) −Bσ(t)Kσ(t) −Bσ(t)Kσ(t)

)
er(t) + ∆Aj

σ(t)er(t) + ∆Aj
σ(t)xr

−Bσ(t)Kσ(t)e(t) +Bσ(t)Kσ(t)e(t) +Bσ(t)Kσ(t),fef (t) +Bσ(t)Kσ(t),fef (t)
) (4.45)

One now need to define the error dynamics for the whole closed-loop system including the observer and the con-
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troller. The following augmented system is obtained:



ėr(t) =

4∑
j=1

µj
σ(t)(ρ(t))

((
Aj

σ(t) −Bσ(t)Kσ(t) −Bσ(t)Kσ(t)

)
er(t)

+ ∆Aj
σ(t)er(t)−Bσ(t)Kσ(t)e(t) +Bσ(t)Kσ(t)e(t) + wj

σ(t),1

)
ė(t) =

4∑
j=1

µj
σ(t)(ρ(t))

(
N

j

σ(t)e(t)− Tσ(t)∆A
j
σ(t)er(t) + wj

σ(t)

)

ė(t) =

4∑
j=1

µj
σ(t)(ρ(t))

(
N j

σ(t)e(t) + T σ(t)∆A
j
σ(t)er(t) + wj

σ(t)

)
(4.46)

where 
wj

σ(t),1 = Bσ(t)Kσ(t),fef (t) +Bσ(t)Kσ(t),fef (t) + ∆Aj
σ(t)xr(t)

wj
σ(t) = ∇

j

σ(t) − Tσ(t)∆A
j
σ(t)xr(t)− Tσ(t)∆Dσ(t)δf (t)

wj
σ(t) = Tσ(t)∆A

j
σ(t)xr(t) + T σ(t)∆Dσ(t)δf (t)−∇j

σ(t)

(4.47)

The following two vectors are defined for the sake of clarity: χ(t) =


er(t)

e(t)

e(t)

 and wj
i (t) =


wj

1,i(t)

wj
i (t)

wj
i (t)

.

The following theorem provides sufficient conditions for the existence of the switched unknown input interval ob-

server given in (4.16) and stabilization of tracking error given in (4.45). It is the primary contribution of this chapter.

Theorem 4.2 If there exists positive diagonal matrices P i, P i and symmetric positive definite matrix Pi with Ps,i =

diag
(
Pi, P i, P i

)
and multiple ISS-Lyapunov function Vσ(t)(χ(t)) switching among Vi(χ(t)) = χT (t)Ps,iχ(t), matrices

Xi, W
j

i , Gi, Xi, W
j
i , Gi for all i ∈ N , j ∈ P and constant scalars α2 > α1 > 0, γi > 0, ε > 0, κ > 0 and positive

scalars η1,i, η2,i, η3,i such that the following LMIs hold:

min
Ps,i,W

j
i ,Xi,Gi,W

j
i ,Xi,Gi

γi

γi ≤γ
(4.48)

α1I3×nx
≤ Ps,i ≤ α2I3×nx

(4.49)

O =


O11 O12 O13

(∗) O22 O23

(∗) (∗) O33

 ≺ 0 (4.50)

P iA
j
i − P iΥiCA

j
i −XiΛiCAi −W

j

iC + κP i ≥ 0

P iA
j
i − P iΥiCA

j
i −XiΛiCAi −W j

iC + κP i ≥ 0

(4.51)

then the interval observer (4.16) can estimate the lower and upper bounds of system states and the closed-loop
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system (4.45) is stable with Zi = P
−1

i Xi, Y
j

i = P
−1

i W
j

i , Ki = GiP
−1
i and Zi = P−1

i Xi, Y
j
i = P−1

i W j
i , Ki = GiP

−1
i .

where

O11 =

Γ′′′
P

′

P
′ −γi

 (4.52)

O13 =



−BiGi BiGi 0 0

0 0 Inx 0

0 0 0 Inx

0 0 0 0


(4.53)

O12 =


PiN

T
a,i 0 0

(∗) P iT iM
′j
i 0

(∗) (∗) P iT iM
j
i )

 (4.54)

O22 = −


(
η−1
1,i + η−1

2,i + η−1
3,i

)
0 0

(∗) η2,i 0

(∗) (∗) η3,i


−1

(4.55)

O33 = −



µ−1Pi 0 0 0

(∗) µ−1Pi 0 0

(∗) (∗) µPi 0

(∗) (∗) (∗) µPi


(4.56)

Γ
′′′

=


Γ

′′

11 0 0

(∗) Γ
′

22 0

(∗) (∗) Γ
′

33

 (4.57)

P
′
=


Inx 0 0

(∗) P i 0

(∗) (∗) P i

 (4.58)

Γ
′′

11 = He
{
Aj

iPi −BiGi −BiGi

}
+ η1,iM

j
iM

j
i

T
+ εPi (4.59)

Γ
′

22 = He
{
P iA

j
i − P iΥiCA

j
i −XiΛiCAi −W

j

iC
}
+ εP i (4.60)

Γ
′

33 = He
{
P iA

j
i − P iΥiCA

j
i −XiΛiCAi −W j

iC
}
+ εP i (4.61)

In addition, the system (4.46) is ISS with respective to wi(t) under any switching signal with average dwell time
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satisfying condition (2.36) according to Lemma 2.1, and

lim
t→∞

∥χ(t)∥2 ≤
√

γ

α1ε
max ∥wi(t)∥∞ ∀i ∈ N (4.62)

Proof 4.2 (Theorem 4.2)

Let’s consider the following multiple ISS-Lyapunov functions:

Vi(χ(t)) = V1,i(er(t)) + V2,i(e(t)) + V3,i(e(t))

= eTr (t)P
−1
i er(t) + eT (t)P ie(t) + eT (t)P ie(t)

(4.63)

Taking the first-order derivative of (4.63) along trajectory of (4.46), one can get:

V̇i(χ(t)) = V̇1,i(er(t)) + V̇2,i(e(t)) + V̇3,i(e(t)) (4.64)

where
V̇1,i(er(t)) = eTr (t)P iėr(t) + ė

T
r (t)P ier(t)

=

4∑
j=1

µj
i (ρ(t))

{
He

{
eTr (t)P

−1
i

(
Aj

i −BiKi −Bj
iKi

)
er(t)

}
−He

{
eTr (t)P

−1
i BiKie(t)

}
+He

{
eTr (t)P

−1
i wj

1,i

}
+He

{
eTr (t)P

−1
i Bj

iKie(t)
}
+ η−1

1,i e
T
r (t)N

T
a,iNa,ier(t)

+ η1,ie
T
r (t)P

−1
i M j

iM
j
i

T
P−1
i er(t)

}
(4.65)

V̇2,i(e(t)) = eT (t)P iė(t) + ė
T
(t)P ie(t)

=

4∑
j=1

µj
i (ρ(t))

{
He

{
eT (t)P i

(
TiA

j
i − Y

j
i C

)
e(t)

}
−He

{
eT (t)P iTi∆A

j
ier(t)

}
+He

{
eT (t)P iw

j
i

}}
(4.66)

V̇3,i(e(t)) = eT (t)P iė(t) + ėT (t)P ie(t)

=

4∑
j=1

µj
i (ρ(t))

{
He

{
eT (t)P i

(
TiA

j
i − Y

j
i C

)
e(t)

}
−He

{
eT (t)P iTi∆A

j
ier(t)

}
+He

{
eT (t)P iw

j
3,i

}}
(4.67)
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By applying the Majorization lemma 2.10 , the following inequalities are obtained:

V̇1,i(er) ≤
4∑

j=1

µj
i (ρ(t))

{
He

{
eTr (t)P

−1
i

(
Aj

i −BiKi −BiKi

)
er(t)

}
−He

{
eTr (t)P

−1
i Bj

iKie(t)
}
+He

{
eTr (t)P

−1
i wj

1,i

}
+He

{
eTr (t)P

−1
i Bj

iKie(t)
}
+ η−1

1,i e
T
r (t)N

T
a,iNa,ier(t)

+ η1,ie
T
r (t)P

−1
i M j

iM
j
i

T
P−1
i er(t)

}
(4.68)

V̇2,i(e) ≤
4∑

j=1

µj
i (ρ(t))

{
He

{
eT (t)

(
P i

(
T iA

j
i − Y

j

iC
))
e(t)

}
+He

{
eT (t)P iw

j
i

}
+ η−1

2,i e
T
r (t)N

T
a,iNa,ier(t)

+ η2,ie
T (t)P iT iM

′j
i M

′j
i

T
T iP

T

i e(t)

} (4.69)

V̇3,i(e) ≤
4∑

j=1

µj
i (ρ(t))

{
He

{
eT (t)

(
P i

(
T iA

j
i − Y

j
iC

))
e(t)

}
+He

{
eT (t)P iw

j
i

}
+ η−1

3,i e
T
r (t)N

T
a,iNa,ier(t)

+ η3,ie
T (t)P iT iM

j
iM

j
i

T
T iP

T
i e(t)

} (4.70)

For any positive scalar ε, γi, one can obtain:

V̇i(χ(t)) ≤
4∑

j=1

µj
i (ρ(t))

[
χT (t) wj

i

T
]
Ξ

χ(t)
wj

i


− εVi(χ(t)) + γiw

T
i (t)wi(t) (4.71)

where

Ξ =

Γ P

P −γi

 (4.72)

Γ =


Γ11 Γ12 Γ13

(∗) Γ22 Γ23

(∗) (∗) Γ33

 (4.73)

P =


P−1
i 0 0

(∗) P i 0

(∗) (∗) P i

 (4.74)
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Γ11 = He
{
P−1
i Aj

i − P
−1
i BiKi − P−1

i BiKi

}
+ η1,iP

−1
i M j

iM
j
i

T
P−1
i + εP−1

i

+
(
η−1
1,i + η−1

2,i + η−1
3,i

)
NT

a,iNa,i

(4.75)

Γ22 = He
{
P iA

j
i − P iΥiCA

j
i −XiΛiCAi −W

j

iC
}

+ η2,iP iT iM
′j
i M

′j
i

T
T

T

i P i + εP i

(4.76)

Γ33 = He
{
P iA

j
i − P iΥiCA

j
i −XiΛiCAi −W j

iC
}

+ η3,iP iT iM
j
iM

j
i

T
TT

i P i + εP i

(4.77)

Γ12 = −P−1
i BiKi (4.78)

Γ13 = P−1
i BiKi (4.79)

Γ23 = 0 (4.80)

with Xi = P iZi, W
j

i = P iY
j

i and Xi = P iZi, W
j
i = P iY

j
i .

The following is a sufficient condition for system (4.46) to be input-to-state-stable:

Ξ ≺ 0 (4.81)

Pre-multiplying and post-multiplying Ξ by

Pp 0

(∗) I

 with Pp =


Pi 0 0

(∗) Inx
0

(∗) (∗) Inx

, one can get:

Ξ
′
=

 Γ
′

P
′

P
′ −γi

 ≺ 0 (4.82)

with

P
′
=


Inx

0 0

0 P i 0

0 0 P i

 (4.83)

Γ
′
=


Γ

′

11 Γ
′

12 Γ
′

13

(∗) Γ22 Γ23

(∗) (∗) Γ33

 (4.84)
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Γ
′

11 = He
{
Aj

iPi −BiGi −BiGi

}
+ η1,iM

j
iM

j
i

T

+
(
η−1
1,i + η−1

2,i + η−1
3,i

)
PiN

T
a,iNa,iPi + εPi

Γ
′

12 = −BiKi, Γ
′

13 = BiKi

(4.85)

where Gi = KiPi and Gi = KiPi

The term Ξ
′

can be expressed as:

Ξ
′
= Ξ

′′
+XT

1 Y1 + Y T
1 X1 (4.86)

By applying Young relation lemma 2.11 for Ξ
′

with



X1 =

− (
BiKi

)T
0 0 0

(BiKi)
T

0 0 0


F1 =

Pi 0

0 Pi


Y1 =

0 Inx
0 0

0 0 Inx
0



(4.87)

one can obtain:

Ξ
′
≺ Ξ

′′
+ µXT

1 F1X1 + µ−1Y T
1 F

−1
1 Y1 (4.88)

with Ξ
′′
=

Γ′′
P

′

P
′ −γi

 , Γ
′′
=


Γ

′

11 0 0

(∗) Γ22 0

(∗) (∗) Γ33

.

Applying the Schur complement lemma 2.9 to the right side of inequality (4.88) lead to:

Ξ
′
≺

 Ξ
′′

O13

(∗) O33

 (4.89)

Therefore, the sufficient condition (4.81) is satisfied if

 Ξ
′′

O13

(∗) O33

 ≺ 0 (4.90)

In the same manner, one can get the LMI (4.50).

This ensures that V̇i(χ(t)) ≤ −εVi(χ(t)) + γiw
T
i (t)wi(t). Due to lemma 2.2, the augmented error system (4.46) is

ISS with respect to additive disturbance wi(t).
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Then integrating this inequality from tk to t, we can get:

∥χ(t)∥2 <

√
e−ε(t−tk)Vi(χ(tk))

α1
+

γi
εα1
∥wi(t)∥2∞ (4.91)

Hence, when t → ∞ the exponential term goes to zero and γi ≤ γ for all i ∈ N , the inequality (4.91) becomes

(4.62).

Furthermore, N
j

i and N j
i are Metzler matrices, if N

j

i + κInx
≥ 0 and N j

i + κInx
≥ 0 with any κ > 0,∀i ∈ N ,

∀j ∈ P. LMI in (4.51) can be obtained by multiplying P i and P i on the left side and performing the change of

variables W
j

i = P iY
j

i and W j
i = P iY

j
i . This completes the proof.

Overall, the design procedure of the switched unknown input interval observer, the dynamics proportional integral

observer and FTTC is determined based on the following algorithms:

Algorithm 2: Design procedure
for σ(t) = 1 : N do

if
(
rank(CFσ(t)) == rank(Bσ(t))

)
then

• Solve the optimization problem in Theorem 4.2
and obtain Ps,i,W

j

σ(t), Xσ(t), Gσ(t),W
j
σ(t), Xσ(t), Gσ(t).

Zσ(t) = P
−1

σ(t)Xσ(t)

Y
j

σ(t) = P
−1

σ(t)W
j

σ(t)

Kσ(t) = Gσ(t)P
−1
σ(t)

Zσ(t) = P−1
σ(t)Xσ(t)

Y j
σ(t) = P−1

σ(t)W
j
σ(t)

Kσ(t) = Gσ(t)P
−1
σ(t)

• Determine matrices Eσ(t), Eσ(t), Tσ(t), Tσ(t),N
j

σ(t), N
j
σ(t)

by equations (4.30), (4.31) and (4.32) respectively.
Then matrices J

j

σ(t), J
j
σ(t) and Hσ(t), Hσ(t), Qσ(t), Qσ(t)

are obtained by construction.

else
There is no solution for set of LMIs.
The SUIIO and controller do not exist

end
end

4.4 Simulation results

The proposed approach is deployed to estimate and control the dynamics model (4.11). The objective of FTC

strategy is to maintain the stability of the vehicle’s yaw motion at the center of gravity, regardless of the actuator faults.
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For the simulation, the driver controls the steering angle δf (t) of the vehicle with the steering wheel and the cornering

stiffness variations are reflected in terms ∆ξ = [∆cf ,∆cr] which assumed to be unknown but bounded, satisfying

|∆ξ| ≤ 0.2ξ0. The design procedure is conducted under LMI framework using MATLAB SEDUMI optimization [165]

and Matlab vehicle dynamics blockset.

4.4.1 Yaw rate profile tracking

For this case, the longitudinal velocity being available in real-time can be divided into three sub-regions given as

follows:

σ(t) =


1, vx ∈ [ 12.5 17.5 ](m/s)

2, vx ∈ [ 17.5 22.5 ](m/s)

3, vx ∈ [ 22.5 28.5 ](m/s)

(4.92)

The switching signal σ(t) is depicted in Figure 4.1.

0 50 100 150 200 250

Time (s)

1

2

3

Figure 4.1: Front steering angle and longitudinal velocity profile.

The observer and controller gain matrices are obtained as follows:

N
1

1 =

 −2.1043 4.3966

0 −4.3973

 , N2

1 =

 −2.1043 4.3963

0 −4.3973

 (4.93)

N
3

1 =

 −2.9460 4.4535

0 −4.3998

 , N4

1 =

 −2.9460 4.4541

0 −4.3997

 (4.94)
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N
1

2 =

 −1.6367 4.2226

0 −4.3997

 , N2

2 =

 −1.6367 4.2226

0 −4.3997

 (4.95)

N
3

2 =

 −2.1043 4.5487

0 −4.4006

 , N4

2 =

 −2.1043 4.5491

0 −4.4005

 (4.96)

N
1

3 =

 −1.2921 2.4866

0 −4.4076

 , N2

3 =

 −1.2921 2.4866

0 −4.4075

 (4.97)

N
3

3 =

 −1.6367 3.1486

0 −4.4072

 , N4

3 =

 −1.6367 3.1500

0 −4.4070

 (4.98)

N1
1 =

 −2.1043 3.9276

0 −4.0527

 , N2
1 =

 −2.1043 3.7814

0 −4.0527

 (4.99)

N3
1 =

 −2.9460 3.9925

0 −4.0550

 , N4
1 =

 −2.9460 3.8472

0 −4.0549

 (4.100)

N1
2 =

 −1.6367 3.8320

0 −4.0600

 , N2
2 =

 −1.6367 3.7393

0 −4.0600

 (4.101)

N3
2 =

 −2.1043 4.1555

0 −4.0608

 , N4
2 =

 −2.1043 4.0632

0 −4.0608

 (4.102)

N1
3 =

 −1.2921 2.5087

0 −4.0826

 , N2
3 =

 −1.2921 2.5141

0 −4.0825

 (4.103)

N3
3 =

 −1.6367 3.1712

0 −4.0822

 , N4
3 =

 −1.6367 3.1780

0 −4.0820

 (4.104)

K1 = 103
[
−0.6036 5.3442

]
,K1 = 103

[
−0.6061 5.3025

]
(4.105)

K2 = 104
[
−0.0407 1.0064

]
,K2 = 103

[
−0.4123 9.8996

]
(4.106)

K3 = 104
[
−0.0268 2.0591

]
,K3 = 104

[
−0.0278 2.0011

]
(4.107)

The longitudinal velocity vx(t) varies in a range [12.5m/s, 28.5m/s]. The variation of the front steering angle δf (t)

and the longitudinal velocity vx(t) are illustrated in Figure 4.2 and 4.3. The figure shows that the front steering angle
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δf (t) is inversely proportional to the longitudinal velocity vx(t), meaning that the vehicle steers more sharply when

it is moving slower and less sharply when it is moving faster. The simulation results are depicted from Figure 4.4

to 4.11. A comparison between the proposed approach and the method discussed in [3] is demonstrated from

Figure 4.12 to 4.17.
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Figure 4.2: Front steering angle δf (t) profile.
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Figure 4.3: Longitudinal velocity vx(t) profile.

The actuator fault profile is shown in Figure 4.4, it combines constant value and sinusoidal form of frequency

at 0.35Hz from 20sec to 145sec and at 0.5Hz from 160sec to 225sec applied as a differential yaw moment in lateral

vehicle dynamics.
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Figure 4.4 shows the fault interval reconstructions and the control input signal. They show a good estimation of

time-varying actuator fault. It is noted that the length of interval reconstruction of the unknown inputs depends on

the estimation accuracy of the system states.
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Figure 4.4: The actuator fault profile f(t) and its lower and upper bounds.

0 50 100 150 200 250

Time (s)

-5000

-4000

-3000

-2000

-1000

0

1000

2000

Figure 4.5: Yaw rate control input u(t).

Figure 4.6 and 4.7 depicts the lower and upper bounds of lateral velocity vy(t) and yaw rate r(t) where the

dashed green and blue lines are the lower and upper estimations, respectively, while the red line is the actual state

vectors. The lower and upper estimations still bound the real state at all times even when actuator faults occur.

Furthermore, the decoupling approach still effectively removes the influence of faults on the state estimation errors.
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Figure 4.6: Lateral velocity interval estimation vy(t).

Figure 4.7: Yaw rate interval estimation r(t).

The fault-tolerant controller stabilizes the closed-loop system and preserves the performance in the presence of

faults. The actual state well tracks the reference state as demonstrated in Figure 4.8 and 4.9 in which the dashed

blue line and dashed green line are state vectors with and without fault-tolerant control strategy, respectively. The

faulty system without the proposed method clearly deviates from the reference system. Concerning the controller

vehicle, the tracking errors are approximately zero, as illustrated in Figure 4.10 and 4.11.
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Figure 4.8: State tracking lateral velocity vy(t) with and without FTC.
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Figure 4.9: State tracking yaw rate r(t) with and without FTC.
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Figure 4.10: Lateral velocity tracking errors evy .
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Figure 4.11: Yaw rate tracking errors er.

A comparison between the proposed polytopic switched unknown input interval observer design approach and

method outlined in [3] is investigated to demonstrate its effectiveness.

As demonstrated in Figure 4.12, 4.13 and 4.14, the proposed approach outperforms the compared method

discussed in [3] in term of estimating the lower and upper of vehicle lateral dynamics model. The proposed approach

consistently exhibits better precision, as reflected by the interval width of the estimates. In Figure 4.13 and 4.14,

the red line presenting the interval width of the proposed technique remains consistently lower than the blue line,

which represents the compared approach. This tighter interval indicates that the proposed method achieves a
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more confident and accurate estimation of the vehicle lateral dynamics. This achievement plays a crucial role

in applications requiring precision vehicle state estimation and control where minimizing the uncertainty is key to

enhancing overall system performance and safety.

Figure 4.12: Comparison of lateral velocity vy(t) between the proposed approach with the method in [3]
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Figure 4.13: Comparison of lateral velocity interval width between the proposed approach with the method in [3]

As depicted in Figure 4.15, the proposed approach represented by the dashed blue and green lines is the most

accurate in estimating the lower and upper bounds of the actuator faults. The compared method presented by the

dashed orange and sienna lines also shows a good estimation of actuator fault but still exhibits significant deviation

in fault estimation. Hence, the proposed approach offers superior fault estimation performance.
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Figure 4.14: Comparison of yaw rate interval width between the proposed approach with the method in [3]

Figure 4.15: Comparison of unknown input interval reconstruction between the proposed approach with the method
in [3].

Figure 4.16 and 4.17 show a similar performance of both technique over time. It indicates that the proposed and

compared methods closely track the reference model. However, the co-design approach demonstrates outstanding

performance than that of the separated method. The dashed green line deviates slightly from the reference model,

while the dashed blue line stays close to the red line, indicating better tracking performance in the zoomed-in region.
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Figure 4.16: Comparison of lateral velocity vy(t) performance between the co-design approach with the separated
method.

Figure 4.17: Comparison of yaw rate r(t) performance between the co-design approach with the separated method.

These advancements are reasonable since the polytopic switched interval observers utilize the polytope to rep-

resent the range of possible system dynamics. This technique allows for more precise modeling of uncertainties

and typically results in less conservative interval estimation, offering tighter and more accurate bounds.
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4.4.2 Double Lane Change Maneuver

A typical maneuver when considering vehicle handling improvement is the double-lane change maneuver. During

a double lane change test, the driver exerts a front-wheel steering angle δf (t) in order to react to an emergency

situation such as an obstacle avoidance. This maneuver excites the transient handling dynamics.

In this case, three subsystems corresponding to three different longitudinal velocity subregions are also consid-

ered with switching signal σ(t) given as follows:

σ(t) =


1, vx ∈ [ 2.5 7.5 ](m/s)

2, vx ∈ [ 7.5 12.5 ](m/s)

3, vx ∈ [ 12.5 17.5 ](m/s)

(4.108)

The switching signal is shown in Figure 4.18.
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Figure 4.18: Front steering angle profile δf (t).

The following scenario simulates a situation where the vehicle encounters an obstacle on the road and has to

change lane to avoid it. The vehicle starts to steer left at 14sec with a steering angle of 0.616(rad), which moves it to

the adjacent lane. After that, the vehicle steers right with a positive steering angle, which returns it to the previous

lane. During this maneuver, the longitudinal velocity of the vehicle decreases to reduce the risk of collision as a

result of braking. The steering angle and the longitudinal velocity profiles for this scenario are shown in Figure 4.19

and 4.20. For safety reasons, the driver has to manage the vehicle path in order to accomplish a successful double

lane change maneuver so that the vehicle does not break the lane barrier at maximum forward speed while none of

the tires lifts off the ground. During this maneuver, the vehicle is under a yaw moment fault signal depicted by the
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solid red line in Figure 4.26.
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Figure 4.19: Front steering angle profile δf (t).
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Figure 4.20: Longitudinal velocity profile vx(t).

The observer and controller gain matrices solved by a set of LMIs in Theorem 4.2 are obtained as follows:

N
1

1 =

 −7.3651 3.4925

0 −2.8930

 , N2

1 =

 −7.3651 3.4925

0 −2.8930

 (4.109)
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N
3

1 =

 −14.7302 7.2460

0 −2.9456

 , N4

1 =

 −14.7302 7.2460

0 −2.9456

 (4.110)

N
1

2 =

 −2.9460 4.5450

0 −17.3889

 , N2

2 =

 −2.9460 4.5450

0 −17.3889

 (4.111)

N
3

2 =

 −7.3651 7.5719

0 −17.5414

 , N4

2 =

 −7.3651 7.5719

0 −17.5414

 (4.112)

N
1

3 =

 −2.1043 3.4144

0 −10.1027

 , N2

3 =

 −2.1043 3.4144

0 −10.1027

 (4.113)

N
3

3 =

 −2.9460 4.0365

0 −10.1081

 , N4

3 =

 −2.9460 4.0365

0 −10.1081

 (4.114)

N1
1 =

 −7.3651 3.5012

0 −1.6607

 , N2
1 =

 −7.3651 3.5081

0 −1.6607

 (4.115)

N3
1 =

 −14.7302 7.2570

0 −1.6909

 , N4
1 =

 −14.7302 7.2640

0 −1.6909

 (4.116)

N1
2 =

 −2.9460 3.5499

0 −12.3795

 , N2
2 =

 −2.9460 2.6600

0 −12.3795

 (4.117)

N3
2 =

 −7.3651 6.4238

0 −12.4881

 , N4
2 =

 −7.3651 5.5339

0 −12.4881

 (4.118)

N1
3 =

 −2.1043 2.7329

0 −4.7564

 , N2
3 =

 −2.1043 2.5070

0 −4.7564

 (4.119)

N3
3 =

 −2.9460 3.3419

0 −4.7589

 , N4
3 =

 −2.9460 3.1160

0 −4.7589

 (4.120)

K1 = 103
[

0.6861 3.2374

]
,K1 = 103

[
0.6861 3.2061

]
(4.121)

K2 = 104
[
−6.5851 2.4203

]
,K2 = 103

[
−6.5851 2.4203

]
(4.122)

K3 = 105
[
−1.4957 0.5771

]
,K3 = 105

[
−1.4957 0.5771

]
(4.123)
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Figure 4.21: Yaw moment control input u(t).
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Figure 4.22: Comparison of lateral velocity vy(t) performance with and without FTC.
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Figure 4.23: Comparison of yaw rate r(t) performance with and without FTC.
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Figure 4.24: Lateral velocity tracking error evy
(t).
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Figure 4.25: Yaw rate tracking error er(t).

The fault interval reconstructions are illustrated in Figure 4.26. They show a good estimation of time-varying

actuator fault. It is noted that the length of interval reconstruction of the unknown inputs depends on the estimation

accuracy of the system states. When the driver performs the double lane change maneuver, the length of the

interval of state increases. As a result, the fault interval length also increases from 14sec to 18sec.
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Figure 4.26: Actuator fault interval estimation.

Figure 4.27 and 4.28 show the lower and upper bounds of lateral velocity vy(t) and yaw rate r(t). The dashed

green and blue lines represent the lower and upper estimations, respectively, while the red line shows the actual

state vectors. The lower and upper estimations still enclose the real state even when there is an actuator fault. In
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addition, the decoupling approach can still successfully eliminate the impact of faults on the state estimation errors.
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Figure 4.27: Lower and upper bounds of lateral velocity vy(t).
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Figure 4.28: Lower and upper bounds of yaw rate r(t).

The closed-loop system remains stable thanks to the fault-tolerant controller, and the FTC enables the vehicle to

perform a double lane change maneuver to avoid obstacles safely even when actuator faults occur. The actual state

well tracks the reference state as depicted in Figure 4.22 and 4.23 in which the dashed blue line and dashed green

line are state vectors with and without the proposed method, respectively. One can see that the uncontrolled vehicle

is not able to perform the double lane change maneuver. The faulty system without the proposed method fails to

track the reference system and deviates significantly from the desired state. Concerning the controller vehicle, the
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tracking errors are approximately zero as illustrated in Figure 4.24 and 4.25.

4.5 Conclusions

The presented approach makes a contribution to vehicle lateral dynamics fault-tolerant control using UI interval

observers synthesis. First, the methodology proposed a polytopic Switched model of the vehicle dynamics for

which an SUIIO is synthesized to robustly estimate the lower and upper bounds of the state vector in the face of

unknown inputs and faults. Thereafter, an algebraic relationship is established to reconstruct the unknown input

interval estimation. Finally, a fault-tolerant control law is synthesized to compensate for the effects of actuator

faults and ensure the system performance. The approach uses multiple ISS-Lyapunov functions in conjunction

with average dwell time, which yields less conservative conditions. This integration, coupled with Linear Matrix

Inequalities (LMIs), is instrumental in determining observer gain matrices to guarantee the stability and positivity

properties of the interval observer. The effectiveness of the proposed approach is demonstrated through different

simulation scenarios. The consideration of parameter-dependence Lyapunov function within the proposed approach

is an appealing direction for further research.



Chapter 5

Interval Observer-based Active Fault-Tolerant

Control For Discrete-Time Uncertain Switched

LPV Systems

Chapter abstract

This chapter presents a novel method for co-designing TNL interval observer and fault tolerant control for

discrete-time switched linear parameter varying (LPV) systems with faults and unknown but bounded uncer-

tainties, state disturbances and measurement noise. Introducing the weighting matrices T and N provides

further degree of freedom for the calculation of the observer gain matrices to guarantee the cooperative

condition of the estimation errors. By considering the fault in an augmented state vector, the TNL interval

observer jointly estimates the lower and upper bounds of system state and faults. The fault-tolerant controller

(FTC) is designed to compensate the estimated fault and stabilize the closed-loop system in the presence

of faults. The sufficient conditions for the stability of the proposed methodology are formulated in terms of

Linear Matrix Inequalities (LMIs) obtained using Input-to-State-Stability (ISS) property with multiple Lyapunov

functions and Average Dwell Time (ADT). The proposed approach is successfully applied to the problem of

estimating and controlling vehicle lateral dynamics. The results demonstrate its efficiency for estimating the

lateral speed with a tight interval between the lower and the upper bounds while achieving the control of the

yaw rate.
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5.1 Introduction

5.1.1 State of the art

Observer-based controller is an important topic in theory of modern control. It has been widely applied in various

fields such as aerospace, robotics, and automotive. In real-world scenarios, it is inevitable for the system to en-

counter faults that may have impacts on its stability and performance. These faults can include unidentified actuator

or sensor faults, component malfunctions or external perturbations from the environment that may lead to undesir-

able behaviors or even catastrophic failures for the system. Therefore, it is essential to design a robust and reliable

approach to estimate and compensate for such failures. To deal with this challenging task, a common approach is

to synthesize an observer-based fault-tolerant controller which employs observers to simultaneously estimate both

the states and faults of the system and then design feedback FTC to compensate for the fault effects and achieve

the desired performance [177].

Moreover, systems are subject to process disturbances, measurement noise and modeling uncertainties which

introduce significant errors in unmeasured state estimation. Therefore, conventional observers may struggle to

cope well with the challenges of state estimation issues effectively [178]. This motivated the development of robust

estimation methods such as interval observer for different classes of systems.

The concept of interval observer has been an active area of research in the last decades as they have numerous

applications in control and estimation theory [179, 38, 180]. Unlike traditional observers, the interval observer

is a pair of estimators that provide the estimates of the lower and upper bounds of state at any instant of time.

Interval observer synthesis requires both stability and inclusion properties. When using classical design methods,

it is not straightforward to find the observer gain matrices to satisfy both Hurwitz and Metzler conditions. To deal

with this difficulty, recent research, as reported in [181], [33], [182] have investigated the utilization of coordinate

transformation to relax the cooperative property of the interval observer. Although the obtained results can provide

more flexibility for design conditions and reduce the conservatism, the interval observer performance is heavily

affected by selecting the non-singular transfer matrix [183].

To overcome this limitation, a novel methodology called TNL is proposed to deal with the challenge of ensuring

the cooperative property of the interval observer. The key idea, in addition to the traditional observer gain, is to

introduce a weighting matrix, which gives more flexibility to make the lower and upper estimation errors positive

without resorting to the change of coordinates.

Numerous achievements for TNL observers have been researched. For example, the study in [184], [185]

designed a new interval observer structure to estimate the lower and upper bounds of system state for discrete-time

linear systems with process disturbance and measurement noise. However, the limitation of these works is that

they did not take into consideration uncertainties in parameters which may affect the performance of the observers

in some realistic scenarios. The work in [122], [186] extended the TNL interval observer for continuous-time LPV
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system with parametric uncertainties while minimizing their influence and obtained a tight state interval. Authors

in [187] considered TNL interval observer for joint estimation of the state and unknown input by considering the

unknown input as an auxiliary state for discrete-time LPV system and for continuous-time switched system [188].

However, all the aforementioned approaches are only dedicated to the problem of state and fault estimation and

did not address the issue of FTC for systems with state disturbances and measurement noise. To fill this gap, the

study in [135] investigated the design problem of an active FTC for discrete-time LPV system subject to disturbance

and measurement noise. The state and fault are simultaneously estimated by an augmented system. The interval

observer synthesis and FTC are however separately designed by two sets of LMIs. It may lead to instability when

put together [138].

5.1.2 Chapter contribution

This chapter proposes a constructive methodology to design a TNL interval observer and fault-tolerant controller

for uncertain discrete-time linear parameter varying (LPV) switched systems represented under polytopic form with

unknown but bounded state disturbances and measurement noise. The main contributions of this chapter are listed

as follows:

• An extension of the results from [186, 187] on interval observer for uncertain discrete-time switched LPV

system subject to faults and unknown but bounded disturbances and measurement noise.

• Based on the estimated variables, an integrated design of the interval observer and fault tolerant control law is

developed synthesized to stabilize the closed-loop system and to compensate the fault effects. As previously

outlined, in [135] the design of the observer and controller are treated as separate tasks. Instead, in this

chapter, the observer and FTC are co-designed.

• Less conservative conditions compared to change of coordinates approach as discussed in [189]. In other

words, the TNL interval observer synthesis procedure provides more degrees of freedom in computing the

observer gains is designed to simultaneously estimate the lower and upper bounds of the system state and

faults through an augmented system.

• The sufficient conditions for the stability and co-operativity of the proposed interval observer and associated

FTC are formulated using switched ISS-Lyapunov functions under Average Dwell-Time (ADT). They are ex-

pressed in terms of Linear Matrix Inequalities (LMIs).

Finally, an application to the lateral vehicle dynamics is considered in order to evaluate the relevance and efficiency

of the proposed approach.

The chapter is organized as follows: preliminaries and problem formulation are given in Section 5.2. Section 5.3

provides the main contribution with the design procedure of a TNL interval observer-based controller for uncertain
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discrete-time switched LPV systems subject to faults and unknown but bounded state disturbances and measure-

ment noises. Simulation results of the proposed technique are described in Section 5.4. Finally, the conclusion and

future works are detailed in Section 5.5.

5.2 Problem formulation

Consider the uncertain discrete-time switched LPV system:


x(k + 1) = Aσ(k)(ρ(k))x(k) + Bσ(k)(ρ(k))u(k) + Fσ(k)f(k) +Dw

σ(k)w(k)

yk = Cx(k) +Dv
σ(k)v(k)

(5.1)

where x(k) ∈ Rnx is the system state, u(k) ∈ Rnu is control input, f(k) ∈ Rnf is fault vectors, w(k) ∈ Rnw is

disturbance vector, v(k) ∈ Rnv is measurement noise, y(k) ∈ Rny is system output. Switching signal σ(k) ∈ N =

{1, . . . , N} with N is the number of subsystems.

The initial state condition x(k0) is bounded by two known vectors x(k0) and x(k0), i.e.

x(k0) ≤ x(k0) ≤ x(k0) (5.2)

The state disturbance w(k) and measurement noise v(k) are assumed to be unknown but bounded by w(k) and

w(k), v(k) and v(k).

w(k) ≤ w(k) ≤ w(k)

v(k) ≤ v(k) ≤ v(k)
(5.3)

for some known w(k) and w(k), v(k) and v(k).

Matrices Aσ(k)(ρ(k)) ∈ Rnx×nx , Bσ(k)(ρ(k)) ∈ Rnx×nu are parameter varying matrices of appropriate dimension.

Matrices Fσ(k) ∈ Rnx×nf , Dw
σ(k) ∈ Rnx×nw , Dv

σ(k) ∈ Rny×nv are switching constant matrices and without loss of

generality, the output matrix C is constant matrix for all σ(k) ∈ N .

Time-varying parameters ρ(k) = [ρ1(k), ρ2(k), ..., ρP (k)] is assumed to be measurable vectors with P is the num-

ber of scheduling parameters and ρ(k) ∈ [ρ(k), ρ(k)] for all k = 1 · · ·P then it evolves inside a polytope represented

by 2P vertices. The switched weighting function µj
σ(k)(ρ(k)) guarantees convex sum property for all σ(k) ∈ N and

j ∈ P = {1, · · · , 2P } 
0 ≤ µj

σ(k)(ρ(k)) ≤ 1

2P∑
j=1

µj
σ(k)(ρ(k)) = 1

(5.4)
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The system matrices of system (5.1) are exactly represented under polytopic form:

Mσ(k)(ρ(k)) =

2P∑
j=1

µj
σ(k)(ρ(k))M

j
σ(k) (5.5)

whereM∈ {A,B}.

We introduce now lemmas which are necessary to prove the main results.

Lemma 5.1 [190] Let x(k) ∈ Rnx be a vector such that x(k) ≤ x(k) ≤ x(k) for some x(k), x(k) ∈ Rnx . IfA ∈ Rnm×nx

is a constant matrix, then:

A+x(k)−A−x(k) ≤ Ax(k) ≤ A+x(k)−A−x(k) (5.6)

If A ∈ Rnm×nx is a variable matrix such that A ≤ A ≤ A for some A,A ∈ Rm×nx , then:

A+x+(k)−A+
x−(k)−A−x+(k) +A−

x−(k) ≤ Ax(k) ≤

A+
x+(k)−A+x−(k)−A−

x+(k) +A−x−(k)

(5.7)

Lemma 5.2 [191] The switched system (2.43) is Input-to-State-Stable with respect to disturbance δi(k) if the follow-

ing inequalities

α∥x(k)∥2 ≤ Vi(x(k)) ≤ β∥x(k)∥2

∆Vi(x(k)) < −εVi(x(k)) + γi∥δi(k)∥
(5.8)

hold for any σ(k) = i ∈ N with 0 < α < β, 0 < ε < 1, γi > 0 and σ(k) is switching signal with average dwell time

τa ≥ τ∗a = − ln(µ)

ln(1− ε)
(5.9)

where µ = β
α .

5.3 TNL Interval Observer-Based Fault Tolerant Control

In this section, a new co-design approach of observer and controller for a class of discrete-time switched LPV

systems is presented. The TNL interval observer is proposed to simultaneously estimate the lower and upper

bounds of state x(k) and faults f(k), and an FTC is synthesized to stabilize the closed-loop system in the presence

of faults.

Before proceeding with the interval observer design, an augmented state z(k) incorporating the original state
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x(k) and fault f(k) into a single vector to facilitate simultaneous estimation is introduced.

z(k) =

 x(k)

f(k − 1)

 (5.10)

The system (5.1) is then rewritten under the augmented form:


Eσ(k)z(k + 1) = Aσ(k)(ρ(k))z(k) +Bσ(k)(ρ(k))u(k) +Dw

σ(k)w(k)

y(k) = Cz(k) +Dv
σ(k)v(k)

(5.11)

where Eσ(k) =

Inx
−Fσ(k)

0 0

, Aσ(k)(ρ(k)) =

Aσ(k)(ρ(k)) 0

0 0

, Bσ(k)(ρ(k)) =

Bσ(k)(ρ(k))
0

, Dw
σ(k) =

Dw
σ(k)

0

,

C =

[
C 0

]
.

Noted that, once the augmented state z(k) is well estimated, the estimation of x(k) and f(k) can be obtained

simultaneously from the construction (5.10). Therefore, the interval observer design procedure aimed at estimating

both the lower and upper bounds of the state x(k) and fault f(k) for system (5.1) is turned into the problem of interval

estimation of state z(k) for the system (5.11).

To proceed, the following TNL interval observer structure for the augmented system (5.11) is proposed:



ξ(k + 1) = Tσ(k)Aσ(k)

(
ρ(k)

)
z(k) + Tσ(k)Bσ(k)

(
ρ(k)

)
u(k) +∇σ(k)(k)

+ Lσ(k)

(
ρ(k)

)
(y(k)− Cz(k))

z(k) = ξ(k) +Nσ(k)y(k)

ξ(k + 1) = T σ(k)Aσ(k)

(
ρ(k)

)
z(k) + Tσ(k)Bσ(k)

(
ρ(k)

)
u(k) +∇σ(k)(k)

+ Lσ(k)

(
ρ(k)

)
(y(k)− Cz(k))

z(k) = ξ(k) +Nσ(k)y(k)

(5.12)

where ξ(k) and ξ(k) are the lower and upper state vectors of the observer, z(k) and z(k) denote the lower and upper

bounds of augmented state z(k). Matrices T σ(k) ∈ R(nx+nf )×(nx+nf ) and Tσ(k) ∈ R(nx+nf )×(nx+nf ), Lσ(k)

(
ρ(k)

)
∈

R(nx+nf )×ny and Lσ(k)

(
ρ(k)

)
∈ R(nx+nf )×ny , Nσ(k) ∈ R(nx+nf )×ny and Nσ(k) ∈ R(nx+nf )×ny are unknown matrices

of compatible dimension to be designed to satisfy the following relations.


Tσ(k)Eσ(k) +Nσ(k)C = Inx+nf

Tσ(k)Eσ(k) +Nσ(k)C = Inx+nf

(5.13)
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The terms ∇σ(k)(k) and ∇σ(k)(k) appearing (5.12) are chosen as



∇σ(k)(k) = T
+

σ(k)δσ(k)(k)− T
−
σ(k)δσ(k)(k)

−
((
Lσ(k)(ρ(k))D

v
σ(k)

)+
v(k)−

(
Lσ(k)(ρ(k))D

v
σ(k)

)−
v(k)

)
−
((
Nσ(k)D

v
σ(k)

)+
v(k + 1)−

(
Nσ(k)D

w
σ(k)

)−
v(k + 1)

)
∇σ(k)(k) = T+

σ(k)δσ(k)(k)− T
−
σ(k)δσ(k)(k)

−
((
Lσ(k)(ρ(k))D

v
σ(k)

)+
v(k)−

(
Lσ(k)(ρ(k))D

v
σ(k)

)−
v(k)

)
−
((
Nσ(k)D

v
σ(k)

)+
v(k + 1)−

(
Nσ(k)D

v
σ(k)

)−
v(k + 1)

)

(5.14)

where δσ(k)(k) and δσ(k)(k) are the upper and lower bounds of δσ(k)(k) = Dw
σ(k)w(k) determined under conditions

5.2, 5.3 and lemma 5.1. 
δσ(k)(k) = Dw

σ(k)
+w(k)−Dw

σ(k)
−w(k)

δσ(k)(k) = Dw
σ(k)

+w(k)−Dw
σ(k)

−w(k)

(5.15)

From (5.12), z(k + 1) and z(k + 1) are expressed as follows:



z(k + 1) = Tσ(k)Aσ(k)

(
ρ(k)

)
z(k) + Tσ(k)Bσ(k)

(
ρ(k)

)
u(k) +∇σ(k)(k) + Lσ(k)

(
ρ(k)

)(
y(k)− Cz(k)

)
+Nσ(k)

(
Cz(k + 1) +Dv

σ(k)v(k + 1)
)

z(k + 1) = T σ(k)Aσ(k)

(
ρ(k)

)
z(k) + Tσ(k)Bσ(k)

(
ρ(k)

)
u(k) +∇σ(k)(k) + Lσ(k)

(
ρ(k)

)(
y(k)− Cz(k)

)
+Nσ(k)

(
Cz(k + 1) +Dv

σ(k)v(k + 1)
)

(5.16)

First of all, let’s define the upper and lower estimation errors as follows:


e(k) = z(k)− z(k)

e(k) = z(k)− z(k)
(5.17)

From (5.11), (5.16) and (5.17), their dynamics are given as:



e(k + 1) =
(
Tσ(k)Aσ(k)

(
ρ(k)

)
− Lσ(k)

(
ρ(k)

)
C
)
e(k) +∇σ(k)(k) +Nσ(k)D

v
σ(k)v(k + 1)

− Tσ(k)D
w
σ(k)w(k) + Lσ(k)

(
ρ(k)

)
Dv

σ(k)v(k)

e(k + 1) =
(
Tσ(k)Aσ(k)

(
ρ(k)

)
− Lσ(k)

(
ρ(k)

)
C
)
e(k)−∇σ(k)(k)−Nσ(k)D

v
σ(k)v(k + 1)

+ T σ(k)D
w
σ(k)w(k)− Lσ(k)

(
ρ(k)

)
Dv

σ(k)v(k)

(5.18)

The aim is to prove that e(k) and e(k) are non-negative.
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Based on lemma 5.1 and the terms ∇σ(k)(k) and ∇σ(k)(k) in (5.14), the following terms are non-negative.


∇σ(k)(k) +Nσ(k)D

v
σ(k)v(k + 1)− Tσ(k)δσ(k)(k) + Lσ(k)

(
ρ(k)

)
Dv

σ(k)v(k) ≥ 0

−∇σ(k)(k)−Nσ(k)D
v
σ(k)v(k + 1) + T σ(k)δσ(k)(k)− Lσ(k)

(
ρ(k)

)
Dv

σ(k)v(k) ≥ 0

(5.19)

Moreover, with the initial state condition 5.2, x(k0) ≤ x(k0) ≤ x(k0) indicate that z(k0) ≤ z(k0) ≤ z(k0) due to the

construction. It implies that the initial augmented state conditions are non-negative, i.e. e(k0) = z(k0) − z(k0) ≥ 0

and e(k0) = z(k0) − z(k0) ≥ 0. Therefore, the error system (5.18) is a positive system thanks to lemma 2.7 if

Tσ(k)Aσ(k)

(
ρ(k)

)
− Lσ(k)

(
ρ(k)

)
C and Tσ(k)Aσ(k)

(
ρ(k)

)
− Lσ(k)

(
ρ(k)

)
C are nonnegative matrices for all σ(k) ∈ N .

In addition to the cooperativity property of estimation errors, it is essential for both Tσ(k)Aσ(k)

(
ρ(k)

)
−Lσ(k)

(
ρ(k)

)
C

and Tσ(k)Aσ(k)

(
ρ(k)

)
− Lσ(k)

(
ρ(k)

)
C to be Schur stable. This condition ensures that the interval error, defined as

e(k) = e(k) − e(k) approaches zero asymptotically in the nominal case and obtains a tight interval error in other

cases.

Remark 5.1 If matrices Tσ(k), Tσ(k) are set to identity matrices and Nσ(k) , Nσ(k) are set to zero then the TNL

interval observer (5.12) becomes the Luenberger interval observer.


z(k + 1) =

(
Aσ(k)

(
ρ(k)

)
− Lσ(k)

(
ρ(k)

)
C
)
z(k) +Bσ(k)

(
ρ(k)

)
u(k) + Lσ(k)

(
ρ(k)

)
y(k) +∇σ(k)(k)

z(k + 1) =
(
Aσ(k)

(
ρ(k)

)
− Lσ(k)

(
ρ(k)

)
C
)
z(k) +Bσ(k)

(
ρ(k)

)
u(k) + Lσ(k)

(
ρ(k)

)
y(k) +∇σ(k)(k)

(5.20)

Obviously, the advantage of the proposed TNL interval observer is that introducing matrices Tσ(k), Tσ(k) and Nσ(k)

, Nσ(k) gives an alternative solution in the cases when it is impossible to find the observer gains Lσ(k)

(
ρ(k)

)
and

Lσ(k)

(
ρ(k)

)
such that Aσ(k)

(
ρ(k)

)
−Lσ(k)

(
ρ(k)

)
C and Aσ(k)

(
ρ(k)

)
−Lσ(k)

(
ρ(k)

)
C are Schur stable and nonnegative

matrices. Consequently, the proposed methodology, in addition to offering tight intervals, is less conservative.

5.3.1 Observer matrices determination

The equation (5.13) is rewritten as: 
[
Tσ(k) Nσ(k)

]
Ωσ(k) = Inx+nf[

Tσ(k) Nσ(k)

]
Ωσ(k) = Inx+nf

(5.21)

with Ωσ(k) =

Eσ(k)

C

.
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The generalized solution of (5.21) is given as follows:


[
Tσ(k) Nσ(k)

]
= Ω†

σ(k) + Zσ(k)

(
I − Ωσ(k)Ω

†
σ(k)

)
[
Tσ(k) Nσ(k)

]
= Ω†

σ(k) + Zσ(k)

(
I − Ωσ(k)Ω

†
σ(k)

) (5.22)

where Zσ(k) and Zσ(k) are arbitrary matrices of proper dimension.

By setting α =

Inx+nf

0

, β =

 0

Iny

 and Θσ(k) = I − Ωσ(k)Ω
†
σ(k), matrices in (5.22) are then expressed as:



Tσ(k) = Ω†
σ(k)α+ Zσ(k)Θσ(k)α

Tσ(k) = Ω†
σ(k)α+ Zσ(k)Θσ(k)α

Nσ(k) = Ω†
σ(k)β + Zσ(k)Θσ(k)β

Nσ(k) = Ω†
σ(k)β + Zσ(k)Θσ(k)β

(5.23)

At this point, the observer design problem can now be solved by designing matrices Zσ(k), Zσ(k) and Lσ(k)(ρ(k)), Lσ(k)(ρ(k))

to ensure that matrices TσAσ(ρ(k)) − Lσ(ρ(k))C and Tσ(k)Aσ(k)(ρ(k)) − Lσ(k)(ρ(k))C are both nonnegative and

Schur stable for all σ ∈ N . The matrices Zσ(k), Zσ(k) and Lσ(k)(ρ(k)), Lσ(k)(ρ(k)) can be obtained by solving a set

of LMIs proposed in the next section.

Remark 5.2 The existence conditions of the interval observer (5.12) are determined by the solution of (5.21). A

solution to this equation can only be found if and only if the ranking condition rank(Ωσ) = nx+nf hold for all σ ∈ N .

5.3.2 Integrated observer and FTC synthesis

Throughout section we propose an integrated design of the TNL structure interval observer and a fault-tolerant state

feedback controller in order to ensure the stability of the closed-loop system in the presence of faults.

Before designing the control law, it’s essential to determine the interval estimations of the state and fault of

the original system (5.1). According to the construction of the augmented state vector z(k) in (5.10), the interval

estimation of state is determined by: 
x(k) =

[
Inx

0

]
z(k)

x(k) =

[
Inx

0

]
z(k)

(5.24)
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and the interval fault estimation is given as:


f(k − 1) =

[
0 Inf

]
z(k)

f(k − 1) =

[
0 Inf

]
z(k)

(5.25)

where x(k) and x(k) are the lower and upper bounds of the state estimation and f(k− 1) and f(k− 1) are the lower

and upper bounds of fault estimation.

Based on the estimated variables from the equations (5.24) and (5.25), the following control law is then synthe-

sized to stabilize the closed-loop system and compensate for fault effects:

u(k) = −Kσ(k)x(k)−Kσ(k)x(k)−Kσ(k),ff(k)−Kσ(k),ff(k) (5.26)

where Kσ(k), Kσ(k) are the lower and upper state feedback gain matrices and Kσ(k),f , Kσ(k),f are the lower and

upper accommodation gain matrices chosen in order to cancel the effect of the faults. Their values are given by

Kσ(k),f = Kσ(k),f = 1
2B

†
σ(k)(ρ(k))Fσ(k) with B†

σ(k)(ρ(k)) =
2P∑
j=1

µj
σ(k)(ρ(k))B

j
σ(k)

†
.

By replacing the control law input u(k) of equation (5.26) into the system (5.1), the closed-loop system is ex-

pressed as:

x(k + 1) =
(
Aσ(k)

(
ρ(k)

)
− Bσ(k)

(
ρ(k)

)
Kσ(k) − Bσ(k)

(
ρ(k)

)
Kσ(k)

)
x(k)

− Bσ(k)
(
ρ(k)

)
Kσ(k)exk

+ Bσ(k)
(
ρ(k)

)
Kσ(k)exk

− Bσ(k)
(
ρ(k)

)
Kσ(k),fefk + Bσ(k)

(
ρ(k)

)
Kσ(k),fefk

+Dw
σ(k)w(k)

(5.27)

with 
exk

= x(k)− x(k)

exk
= x(k)− x(k)

(5.28)

are the lower and upper state estimation errors while


efk = f(k)− f(k)

efk = f(k)− f(k)
(5.29)

are the lower and upper fault estimation errors.

It is now necessary to define the dynamics for the closed-loop system gathering the observer and the controller.
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As a result, the following system is obtained:


x(k + 1) =

(
Aσ(k)

(
ρ(k)

)
− Bσ(k)

(
ρ(k)

)
Kσ(k) − Bσ(k)

(
ρ(k)

)
Kσ(k)

)
x(k) + w1

σ(k)(k)

e(k + 1) =
(
Tσ(k)Aσ(k)

(
ρ(k)

)
− Lσ(k)

(
ρ(k)

)
C
)
e(k) + w2

σ(k)(k)

e(k + 1) =
(
Tσ(k)Aσ(k)

(
ρ(k)

)
− Lσ(k)

(
ρ(k)

)
C
)
e(k) + w3

σ(k)(k)

(5.30)

where 

w1
σ(k)(k) = −Bσ(k)

(
ρ(k)

)
Kσ(k)ex,k + Bσ(k)

(
ρ(k)

)
Kσ(k)ex,k

− Bσ(k)
(
ρ(k)

)
Kσ(k),fef,k + Bσ(k)

(
ρ(k)

)
Kσ(k),fef,k

+Dw
σ(k)w(k)

w2
σ(k)(k) = ∇σ(k)(k)− Tσ(k)D

w
σ(k)w(k)

+ Lσ(k)

(
ρ(k)

)
Dv

σ(k)v(k) +Nσ(k)D
v
σ(k)v(k + 1)

w3
σ(k)(k) = Tσ(k)D

w
σ(k)w(k)−∇σ(k)(k)

− Lσ(k)

(
ρ(k)

)
Dv

σ(k)v(k)−Nσ(k)D
v
σ(k)v(k + 1)

(5.31)

The following two vectors are defined for the sake of clarity: χ(k) =


x(k)

e(k)

e(k)

 and wσ(k) =


w1

σ(k)

w2
σ(k)

w3
σ(k)

. The following

theorem provides sufficient conditions for the existence of the TNL interval observer given in (5.12), the convergence

of the closed-loop system described by (5.27) and the minimization of the effects of disturbance wσ. It is the main

contribution of this chapter.

Theorem 5.1 If there exist a symmetric positive definite matrix P1,i and positive diagonal matrices P i, P i with Pi =

diag(P1,i, P i, P i) and multiple ISS Lyapunov function Vσ(χk) switching among Vi(χ(k)) = χT (k)Piχ(k), matrices

W i, W i and Y j
i , Y

j

i and Q
i
, Qi for all i ∈ N , j ∈ P and constant scalars γi > 0, ε > 0, 0 < α1 < α2, such that the

following LMIs hold:

min
Pi,W i,W i,Q

i
,Qi,Y

j
i ,Y

j
i

γ

γi ≤ γ

(5.32)

α1I3nx+2nf
≤ Pi ≤ α2I3nx+2nf

(5.33)

O1 =


−P XP P23

(∗) (ε− 1)P 0

(∗) (∗) −γi

 ≺ 0 (5.34)
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O2 =

X22
P 0

0 X33
P

 ≥ 0 (5.35)

then the system (5.30) robustly estimates the lower and upper bounds of the augmented state and stabilizes the

closed-loop system with Ki =W iP
−1
1,i , Ki =W iP

−1
1,i and Lj

i = P−1Y j
i , L

j

i = P
−1
Y

j

i and Zi = P−1
i Q

i
, Zi = P

−1

i Qi.

X11
P = Ai

(
ρ(k)

)
P1,i − Bi

(
ρ(k)

)
W i − Bi

(
ρ(k)

)
W i (5.36)

X22
P = P iΩ

†
iαAi

(
ρ(k)

)
+QiΘiαAi

(
ρ(k)

)
− Y i

(
ρ(k)

)
C (5.37)

X33
P = P iΩ

†
iαAi

(
ρ(k)

)
+Q

i
ΘiαAi

(
ρ(k)

)
− Y i

(
ρ(k)

)
C (5.38)

XP =


X11

P 0 0

(∗) X22
P 0

(∗) (∗) X33
P

 (5.39)

P =


P1,i 0 0

0 P i 0

0 0 P i

 (5.40)

P23 =


Inx

0 0

0 P i 0

0 0 P i

 (5.41)

In addition, the system (5.30) is Input-to-State-Stable with respect to additive disturbance w(k) under any switching

signal with ADT (5.9). Moreover,

lim
k→∞

∥χ(k)∥2 ≤
√

γ

α1ε
max ∥wi(k)∥∞ (5.42)

Proof 5.1 To study the ISS property of the interval observer-based FTC, multiple quadratic ISS-Lyapunov functions

applied to the augmented vector χk of the system (5.30) is defined by

Vi
(
χ(k)

)
= V1,i

(
x(k)

)
+ V2,i

(
e(k)

)
+ V3,i

(
e(k)

)
= xT (k)P−1

1,i x(k) + eT (k)P ie(k) + eT (k)P ie(k)

(5.43)

The derivative of the Lyapunov function along trajectory of (5.30) as follows:

∆Vi
(
χ(k)

)
= ∆V1,i

(
x(k)

)
+∆V2,i

(
e(k)

)
+∆V3,i

(
e(k)

)
(5.44)
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where
∆V1

(
x(k)

)
= V1

(
x(k + 1)

)
− V1

(
x(k)

)
= xT (k + 1)P−1

1 x(k + 1)− xT (k)P−1
1 x(k)

= xT (k)
(
Ai(ρ(k))− Bi(ρ(k))Ki − Bi(ρ(k))Ki

)T

P−1
1,i(

Ai(ρ(k))− Bi(ρ(k))Ki − Bi(ρ(k))Ki

)
x(k)

+ xT (k)
(
Ai(ρ(k))− Bi(ρ(k))Ki − Bi(ρ(k))Ki

)T

P−1
1,i w

1
i (k)

+ w1
i
T
(k)P−1

1,i

(
Ai(ρ(k))− Bi(ρ(k))Ki − Bi(ρ(k))Ki

)
x(k)

+ w1
i
T
(k)P−1

1,i w
1
i (k)− xT (k)P−1

1,i x(k)

(5.45)

∆V2
(
e(k)

)
= V2

(
e(k + 1)

)
− V2

(
e(k)

)
= e(k + 1)TP ie(k + 1)− eT (k)P ie(k)

= eT (k)
(
TiAi(ρ(k))− Li(ρ(k))C

)T

P i

(
TiAi(ρ(k))− Li(ρ(k))C

)
e(k)

+ eT (k)
(
TiAi(ρ(k))− Li(ρ(k))C

)T

P iw
2
i (k)

+ w2
i
T
(k)P i

(
TiAi(ρ(k))− Li(ρ(k))C

)
e(k)

+ w2
i
T
(k)P iw

2
i (k)− eT (k)P ie(k)

(5.46)

∆V3
(
e(k)

)
= V3

(
e(k + 1)

)
− V3

(
e(k)

)
= eT (k + 1)P ie(k + 1)− eT (k)P ie(k)

= eT (k)
(
TiAi(ρ(k))− Li(ρ(k))C

)T

P i

(
TiAi(ρ(k))− Li(ρ(k))C

)
e(k)

+ eT (k)
(
TiAi(ρ(k))− Li(ρ(k))C

)T

P iw
3
i (k)

+ w3
i
T
(k)P i

(
TiAi(ρ(k))− Li(ρ(k))C

)
e(k)

+ w3
i
T
(k)P iw

3
i (k)− eT (k)P ie(k)

(5.47)

From (5.45), (5.46), (5.47) and with any 0 < ε < 1, γi > 0 one can have:

∆Vi
(
χ(k)

)
=

[
χT (k) wT (k)

]
Ξ

 χ(k)

w(k)

− εχT (k)Pχ(k) + γiw
T
i (k)wi(k) (5.48)

where

Ξ =

XTP
′
X + (ε− 1)P

′
XTP

′

(∗) P
′ − γi

 (5.49)
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X =


X11 0 0

(∗) X22 0

(∗) (∗) X33

 (5.50)

P
′
=


P−1
1 0 0

(∗) P i 0

(∗) (∗) P i

 (5.51)

X11 = Ai(ρk)− Bi(ρ(k))Ki − Bi(ρ(k))Ki (5.52)

X22 = T iAi(ρ(k))− Li(ρ(k))C (5.53)

X33 = T iAi(ρ(k))− Li(ρ(k))C (5.54)

The following condition is a sufficient condition for system (5.30) to be input-to-state-stable:

Ξ ≺ 0 (5.55)

The term Ξ can be rewritten as follows:

Ξ =

(ε− 1)P
′

0

0 −γi

+

(P ′
X)T

P
′

P ′−1
[
P

′
X P

′

]
(5.56)

Applying Schur complement lemma 2.9 to equation (5.56), one can get:


−P ′

P
′
X P

′

(∗) (ε− 1)P
′

0

(∗) (∗) −γi

 ≺ 0 (5.57)

Pre-and post multiply (5.57) by Pp =


PI 0 0

(∗) PI 0

(∗) (∗) Inx+nf

 with PI =


P1 0 0

(∗) Inx+nf
0

(∗) (∗) Inx+nf

, one can obtain:

O1 =


−P XP P23

(∗) (ε− 1)P 0

(∗) (∗) −γi

 ≺ 0 (5.58)
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If the sufficient condition (5.55) holds, it follows that

∆Vi
(
χ(k)

)
≤ −εχT (k)Piχ(k) + γiw

T
i (k)wi(k) (5.59)

it indicates that

Vi
(
χ(k + 1)

)
≤ (1− ε)Vi(χ(k)) + γi∥wi(k)∥2 (5.60)

Then integrating (5.60) on the interval [k0, k) one can get the inequality

V
(
χ(k)

)
≤ (1− ε)k−k0V

(
χ(k0)

)
+ γi

k−k0−1∑
m=0

(1− ε)m∥wi(k)∥2 (5.61)

with LMI condition (5.33), it allows that

∥χ(k)∥2 ≤

√
(1− ε)k−k0∥χ(k0)∥22 + γi

∑k−k0−1
m=0 (1− ε)m∥wi∥22

α1
(5.62)

Once k →∞ and γi ≤ γ, LMI condition (5.42) is obtained.

It should be noted that the augmented state vector χk has an upper bound defined by
√

γ
α1ε

max ∥wi(k)∥∞. This

upper bound should be minimized as much as possible to improve the robustness of the proposed observer-based

controller against perturbations. It is evident that this bound is tighter with smaller γi value for priori known α1 and

ε. Therefore, the problem of minimizing the upper bounds is equivalent to the minimization of the scalar γi.

Moreover, T iAi(ρ(k)) − Li(ρ(k))C and T iAi(ρ(k)) − Li(ρ(k))C are nonnegative matrices, by replacing T i =

Ω†
iα + ZiΘiα, T i = Ω†

iα + ZiΘiα and multiplying by P i and P i on the left side and performing the change of

variables Y i(ρ(k)) = P iLi(ρ(k)), Y i(ρ(k)) = P iLi(ρ(k)), one can obtain the LMI in (5.35). This completes the proof.

Remark 5.3 In addition to ensuring stability, the interval observer design requires to satisfy an additional constraint

of positivity. Such a condition leads to more computational complexity and theoretical difficulty involved in identifying

the interval observer gains Lσ(k)(ρ(k)) and Lσ(k)(ρ(k)). One of the well-known approaches in the literature to

address this challenge is to deploy changes of coordinates. Such a technique has limitations since it is impossible

to determine the observer gains, simultaneously satisfying the inclusion property and the other performance criteria,

such as robust constraints. By introducing additional weighted matrices T σ(k) and Tσ(k), Nσ(k) and Nσ(k) in the

interval observer frameworks, it offers a novel solution to handle the complex design challenge associated with

coordinates transformation commonly deployed in the literature.

Overall, the design procedure of the TNL interval observer-based FTC is determined based on the following algo-

rithms:
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Algorithm 3: Design procedure
for σ(k) = 1 : N do

if
(
rank(Ωσ(k)) == nx + nf

)
then

• Solve the optimization problem in Theorem 5.1
and obtain Pσ(k), Wσ(k), Wσ(k), Y

j
σ(k), Y

j

σ(k), Qσ(k)
, Qσ(k).

Kσ(k) =Wσ(k)P
−1
1,σ(k)

Kσ(k) =Wσ(k)P
−1
1,σ(k)

Zσ(k) = P
−1

σ(k)Qσ(k)

Zσ(k) = P−1
σ(k)Qσ(k)

Lσ(k)(ρk) = P
−1

σ(k)

2P∑
j=1

µj
σ(k)(ρ(k))Y

j

σ(k)

Lσ(k)(ρ(k)) = P−1
σ(k)

2P∑
j=1

µj
σ(k)(ρ(k))Y

j
σ(k)

• Determine matrices Tσ(k), Tσ(k),Nσ(k), Nσ(k)

by equations (5.23) 

Tσ(k) = Ω†
σ(k)α+ Zσ(k)Θσ(k)α

Tσ(k) = Ω†
σ(k)α+ Zσ(k)Θσ(k)α

Nσ(k) = Ω†
σ(k)β + Zσ(k)Θσ(k)β

Nσ(k) = Ω†
σ(k)β + Zσ(k)Θσ(k)β

else
There is no solution for a set of LMIs.
The TNL interval observer does not exist

end
end
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5.4 Application to lateral vehicle dynamics

This section applies the developed procedure to the lateral vehicle dynamics model. A single-track 2-DOF model is

obtained from the nonlinear vehicle dynamics model with the second law of Newton and some simplifying assump-

tions [192]. The following structure of lateral vehicle dynamics is considered:

v̇y
ṙ

 =

 − cf+cr
mvx

crlr−cf lf
mvx

− vx
crlr−cf lf

Izvx
− crl

2
r+cf l

2
f

Izvx


vy
r

+

 0

1
Iz

u+

 cf
m

cf lf
Iz

 δf (5.63)

where vy is lateral velocity, r is yaw rate, δf is front steering angle commanded by the driver. The controller outputs

is u = ∆Mz which is a yaw moment obtained from differential wheels braking. This kind of controller is used in

vehicle handling improvement by reducing the sideslip angle and yaw rate deviations from the desired values. The

distances from the front and rear axles to the center of gravity are represented by lf and lr. Moreover, vehicle

mass m, longitudinal vehicle velocity vx, moment of inertia Iz are other important parameters that determine how

the vehicle responds to the lateral dynamics. The cornering stiffness parameters cf and cr depend on the friction of

the road surface and cannot be directly observable.

Then, the system (5.63) is expressed as:


ẋ(t) = Aσ(k)(ρ)x(t) + Bu(t) +Dδf (t)

y(t) = Cx(t)
(5.64)

By using the Euler’s discretization approach along with sampling time Ts = 0.01s, one can obtain the following

approximation:

ẋ(t) ≈ x(k + 1)− x(k)
Ts

(5.65)

Then, a discrete-time switched LPV system of continuous-time lateral vehicle dynamics model (5.64) with actuator

fault, process disturbances and measurement noise can be obtained as follows:


x(k + 1) = Aσ(k)(ρ(k))x(k) + Bu(k) +Dδf (k) + Ff(k) +Dww(k)

y(k) = Cx(k) +Dvv(k)

(5.66)

where the distribution matricesAσ(k)(ρ(k)) = Inx
+

 − cf+cr
mvx

crlr−cf lf
mvx

− vx
crlr−cf lf

Izvx
− crl

2
r+cf l

2
f

Izvx

×Ts, B = F =

 0

1
Iz

×Ts, C = [
0 1

]
,

D =

 cf
m

cf lf
Iz

 × Ts, Dw =

 1
m

lw
Iz

 × Ts, Dv = 1 and w(k) is disturbance wind gust, measurement noise v(k), distance

wind fore action lw.
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The vehicle motion is managed by two parameters known as longitudinal velocity and steering angle as depicted

in Figure 5.1 and 5.2. The steering angle δf (k) is the known control input which is controlled by the driver or steering

system through the steering wheel of the vehicle.

0 50 100 150 200 250

Time (s)

-0.15

-0.1

-0.05

0

0.05

0.1

Figure 5.1: Front steering angle δf (k) profiles.
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Figure 5.2: Longitudinal velocity vx(k) profiles.

As shown in Figure 5.2, the longitudinal velocity is considered as a time-varying parameter varying in a range

from 12.5(m.s−1) to 28.5(m.s−1). The polytopic representation is thus obtained by considering the two-dimensional

vector ρσ(k) =
[
ρ1σ(k), ρ

2
σ(k)

]
=

[
vx,

1
vx

]
. Therefore, there are four submodels for each subsystem.
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With the assumption

ρ1
σ(k)
≤ ρ1σ(k)(k) ≤ ρ

1
σ(k)

ρ2
σ(k)
≤ ρ2σ(k)(k) ≤ ρ

2
σ(k)

(5.67)

the weighting function µj
σ(k)(ρ(k)) are determined as follows:

µ1
σ(k)(ρ(k)) = µ11

σ(k)(ρ(k))µ
21
σ(k)(ρ(k)), µ2

σ(k)(ρ(k)) = µ11
σ(k)(ρ(k))µ

22
σ(k)(ρ(k))

µ3
σ(k)(ρ(k)) = µ12

σ(k)(ρ(k))µ
21
σ(k)(ρ(k)), µ4

σ(k)(ρ(k)) = µ12
σ(k)(ρ(k))µ

22
σ(k)(ρ(k))

(5.68)

where the functions µij
σ(k)(ρ(k)) are given as follows:

µ11
σ(k)(ρ(k)) =

ρ1σ(k) − ρ1σ(k)(k)
ρ1σ(k) − ρ1σ(k)

, µ12
σ(k)(ρ(k)) =

ρ1σ(k)(k)− ρ
1
σ(k)

ρ1σ(k) − ρ1σ(k)

µ21
σ(k)(ρ(k)) =

ρ2σ(k) − ρ2σ(k)(k)
ρ2σ(k) − ρ2σ(k)

, µ22
σ(k)(ρ(k)) =

ρ2σ(k)(k)− ρ
2
σ(k)

ρ2σ(k) − ρ2σ(k)

(5.69)

and the submodel matrices are determined at each vertex.

Therefore, the exact polytopic representation of the vehicle lateral dynamics (5.66) is expressed as:


x(k + 1) =

4∑
j=1

µj
σ(ρk)Aj

σx(k) + Bu(k) +Dδf + Ff(k) +Dww(k)

y(k) = Cx(k) +Dvv(k)

(5.70)

with Aj
σ are system and uncertain matrices at each vertex of the polytope.

A1
σ =

 − cf+cr
m ρ1

σ

crlr−cf lf
m ρ1

σ
− ρ2

σ

crlr−cf lf
Iz

ρ1
σ

− crl
2
r+cf l

2
f

Iz
ρ1
σ


A2

σ =

 − cf+cr
m ρ1σ

crlr−cf lf
m ρ1σ − ρ2σ

crlr−cf lf
Iz

ρ1σ − crl
2
r+cf l

2
f

Iz
ρ1σ


A3

σ =

 − cf+cr
m ρ1

σ

crlr−cf lf
m ρ1

σ
− ρ2σ

crlr−cf lf
Iz

ρ1
σ

− crl
2
r+cf l

2
f

Iz
ρ1
σ


A4

σ =

 − cf+cr
m ρ1σ

crlr−cf lf
m ρ1σ − ρ2σ

crlr−cf lf
Iz

ρ1σ − crl
2
r+cf l

2
f

Iz
ρ1σ



(5.71)
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Moreover, three subsystems are considered with switching signal σ(k) given as:

σ(k) =


1, 12.5(m.s−1) ≤ vx < 17.5(m.s−1)

2, 17.5(m.s−1) ≤ vx < 22.5(m.s−1)

3, 22.5(m.s−1) ≤ vx ≤ 28.5(m.s−1)

(5.72)
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Time (s)

1
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3

Figure 5.3: Switching signal σ(k) profiles.

As shown in Figure 5.8, the actuator fault profile consists of a constant and sinusoidal form of frequency at

0.35Hz between 20sec and 145sec and at 0.5Hz from 160sec 225sec. This fault profile is applied as a differential

torque in lateral vehicle dynamics.

The disturbance wind gust and measurement noise are shown in Figure 5.4 and 5.5. The wind gust affects the

vehicle dynamics from 50sec to 200sec with the variation between 250N and 450N . The measurement noise is a

random signal bounded by
[
−0.25, 0.25

]
.

Using the Matlab SEDUMI optimization tools [193], Theorem 5.1 provides a set of LMIs that is solved by mini-

mizing γ. The observer and controller gain matrices are obtained by solving LMIs in Theorem 5.1.

L
1

1 =


−0.0012

0.0000

2.4330

 , L2

1=


−0.0017

0.0000

2.4714

 , L3
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Figure 5.4: Disturbance wind gust w(k).

0 50 100 150 200 250

Time (s)

-0.25

-0.2

-0.15

-0.1

-0.05

0

0.05

0.1

0.15

0.2

0.25

Figure 5.5: Measurement noise v(k).
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The simulation results obtained by the proposed method are depicted in Figure 5.8 to 5.11.

In Figure 5.6 and 5.7, it shows a good estimation of lateral velocity vy(k) and yaw rate r(k) of the vehicle in

which the solid lines represent the actual system states and the dashed blue and green lines represent the lower

and upper bounds. The actual state is always bounded by the lower and upper estimation at any instant time.

0 50 100 150 200 250

Time (s)

-2.5

-2

-1.5

-1

-0.5

0

0.5

1

1.5

2

2.5

Figure 5.6: Lateral vehicle velocity vy(k) interval estimation.

Figure 5.8 shows the estimation of the actuator fault signal in which f(k) and f(k) are denoted by the dashed

green and blue lines, respectively. Additionally, the figure also illustrates the control input signal. The designed

controller ensures the desired stability and performance of the closed-loop system under actuator fault conditions.

The proposed FTC system can also effectively compensate for the actuator fault effects and maintain the vehicle
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Figure 5.7: Yaw rate r(k) interval estimation.

operation as demonstrated in Figure 5.10 and 5.11. The faulty system without FTC is unable to deal with the fault

and exhibits significant deviation from the fault-free system due to the fault effects. This result is achieved by the

design of FTC that adapts the gain according to increasing of actuator fault thanks to reconfiguration mechanism as

demonstrated in Figure 5.9.
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Figure 5.8: Actuator fault f(k) interval estimation.

To demonstrate the efficacy of co-designing the observers and controllers in this chapter, the proposed approach

is compared to the conventional separate-design strategy discussed in [135]. The comparative analysis of both

methodologies are illustrated in Figure 5.12 and 5.15.
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Figure 5.9: Yaw moment control input u(k).
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Figure 5.10: Comparison of lateral velocity vy(k) performance between with and without FTC.

The results depicted in Figure 5.12 and 5.13 show that the augmented state estimation accuracy achieved by

the proposed approach surpasses than of the approach investigated in [135].

In contrast to the Separate Principle-based design methodology, the co-design of observer and controller shows

better stability and performance characteristics as evidenced in Figure 5.14 and 5.15. The outcomes obtained from

both methods are compared to the state of the ideal fault-free system without disturbances and measurement noise.

Notably, the system states obtained through the co-design framework exhibit closer to the reference states high-

lighting its effectiveness over the conventional separate design approach. It is reasonable since the bi-directional
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Figure 5.11: Comparison of yaw rate r(k) performance between with and without FTC.

interaction between observer and controller is taken into consideration during control system design process.
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Figure 5.12: Comparison of lateral velocity vy(k) interval estimation between the proposed and compared method.

5.5 Conclusions

This chapter presented a co-design method of an integrated observer and fault tolerant controller for uncertain

switched LPV systems subjected to faults, unknown but bounded disturbances and measurement noise. The co-

design approach allows for tighter integration between the observer and controller. A TNL interval observer is
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Figure 5.13: Comparison of actuator fault r(k) interval estimation between the proposed and compared method.
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Figure 5.14: The lateral velocity vx(k) performance between the co-design and separated approach.

designed to jointly estimate the lower and upper bounds of the system states and the actuator faults. Afterward,

a fault-tolerant controller is synthesized to stabilize the closed-loop system and compensate for fault effects. The

existence conditions are formulated in terms of LMIs with multiple ISS-switched Lyapunov functions under the aver-

age dwell time. These conditions ensure stability, positivity and error attenuation. Introducing weighting matrices T

and N provides more design degrees of freedom in the determination of the observer gain matrices. The proposed

approach proves its efficiency when applied to lateral vehicle dynamics estimation and control as shown by the

simulation results conducted on varying longitudinal velocity and steering angle profiles. Future works will consider



5.5. CONCLUSIONS 147

0 50 100 150 200 250

Time (s)

-0.4

-0.3

-0.2

-0.1

0

0.1

0.2

0.3

100.888 100.89 100.892

Figure 5.15: The yaw rate r(k) performance between the co-design and separated approach.

the validation on experimental data obtained with a prototype vehicle. The conservativeness of the LMI conditions

will be further reduced by exploring the use of the parameter-dependent Lyapunov function.
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Chapter 6
General Conclusion and Perspectives

6.1 Conclusions

This thesis is mainly dedicated to the study of state estimation and fault-tolerant control for a class of switched

systems. Most of the proposed methodologies are introduced in the presence of unknown but bounded disturbances

and measurement noise.

In Chapter 1, a general introduction to the switched systems, interval observer, and fault-tolerant control has

been presented. After reviewing the state of the art, Chapter 2 provides fundamental concepts and theoretical

frameworks utilized in this thesis, Linear Matrix Inequality (LMI), Convex Optimization, the switched LTI/LPV systems

along with stability analysis, state feedback control design methodologies.

In Chapter 3, to deal with the additive fast time-varying faults, an active fault-tolerant control framework is pro-

posed to automatically estimate and compensate for actuator faults for uncertain switched systems with average

dwell time switching constraints. The AFTC framework integrates an estimation algorithm composed of a dynamics

proportional integral observer (DPIO) and a switched interval observer with a state feedback fault-tolerant control

(FTC) strategy. The DPIO provides fault estimation by integrated dynamic system behavior while the switched inter-

val observer enhances robustness by accommodating the uncertainties. Thanks to the reconfiguration mechanism,

the FTC adaptively generates appropriate corrective control action to ensure the system tracks the reference model

with minimal performance degradation, even in the presence of actuator faults.

In Chapter 4, a class of continuous-time switched LPV systems with both measurable and unmeasurable pa-

rameters has been considered. A decoupling approach is employed to isolate the effects of unknown inputs from

estimation errors. This isolation significantly improves state estimation accuracy, a crucial aspect of control syn-

thesis. Furthermore, an algebraic relationship is established between the unknown input and the interval observer

allowing to reconstruct the the boundaries of fault signals. To address the complexity of the design process, this

chapter introduces an innovative technique based on a polytopic framework leveraging a convex representation of

149
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system dynamics to achieve a finite-dimensional relaxation of the design conditions. Based on multiple Input-to-

State-Stability Lyapunov functions, the stability and cooperativity properties have been relaxed and expressed on

the vertices of each polytope.

In Chapter 5, a novel T-N-L interval observer structure has been proposed for uncertain discrete-time switched

LPV systems. It has been shown that this new structure deals with the problem of joint state and fault estimation

by reformulating into augmented state estimation using the augmented technique. The assumption made in this

context is that both external disturbances and measurement noise are not precisely known but are enclosed within

known bounds. Compared to the classical interval observer, the proposed approach demonstrates that the novel

T-N-L interval observer structure significantly reduces conservatism in terms of design conditions and provides

more design degrees of freedom by introducing additional weighting matrices. By incorporating fault estimation into

control law, the proposed fault-tolerant control enables proactive fault compensation and minimizes the effects of

the fault on the system behaviors.

Finally, the proposed interval observer-based control design approaches effectively address robust state esti-

mation and control in vehicle lateral dynamics. Future research directions to enhance robustness and optimize

performance are discussed in the next section.

6.2 Perspectives

There are still several issues that remain to be addressed. In particular, some future research directions are sug-

gested as follows:

• It is important to emphasize that the results presented in this thesis are mainly based on an ideal scenario.

Specifically, the assumption is that the switching between the system modes and observers or controllers is

perfectly synchronized. However, this assumption is often impractical in real-world applications. In reality,

the available information about the system modes is subject to delays, leading to asynchronous switching

between the system modes and the corresponding interval observers and controllers. This asynchronous

switching introduces significant challenges, as it invalidates the applicability of conventional techniques, such

as Average Dwell Time (ADT) switching methods. Addressing this limitation represents a promising direction

for future research. Exploring the impact of asynchronous switching and developing robust methodologies

to handle it could pave the way for more realistic and applicable solutions in observer and control design for

switched systems.

• In this thesis, fault estimation results are primarily obtained for additive actuator fault scenarios. Similar to

actuator faults, sensor faults can significantly degrade the system performance and in extreme cases, lead to

catastrophic events. Developing fault estimation and fault-tolerant control algorithms to deal with sensor faults
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would provide an additional layer of safety and reliability to systems.

• The presence of a time delay can affect the stability and the performance of dynamical systems and com-

plicate the fault diagnosis design problem. It is worth noting that, the findings in this thesis are focused on

switched systems without considering time delays. In the literature, few works deal with robust fault detection

for switched systems under a time-varying delay assumption. Thus, in future works, a time delay could be

introduced to consider fault diagnosis and fault-tolerant control problems for switched systems. Additionally,

the real-time implementation of FTC strategies on a prototype will be necessary to experimentally validate the

performance of the proposed method.
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Appendix A
Vehicle Lateral Dynamics Models

In order to analyze and design the observers and controllers for the yaw stability control system, it is essential to

develop vehicle dynamics models where mathematical model of vehicle dynamic motion is derived from Newton’s

2nd law that manages the forces and moments acting on the vehicle body and tires. In the following, the linearized

vehicle models applied in the scope of this thesis are introduced.

A.1 Bicycle model

Vehicle lateral dynamics may be modeled as a ”bicycle model” with two degrees of freedom as shown in Figure A.1.

The four wheels are regarded as one front wheel and one rear wheel at the center line of the vehicle in the bicycle

model.

This representation, known as the single-track model, has been proven to perfectly represent the vehicle lateral

dynamic behavior. The two degrees of freedom are represented by the lateral and yaw motion. The lateral motion

is measured along the lateral axis of the vehicle. The vehicle yaw motion is measured with respect to the global X

axis.

The differential equations below can be used to describe the two-dimensional model characterizing the vehicle’s

lateral model as describe in the following equations.

• Lateral motion: One can have the following:

mv̇y +mvxr = Fyf + Fyr (A.1)

• Yaw motion: One can have the following:

Iz ṙ = lfFyf − lrFyr (A.2)
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Figure A.1: Classical bicycle model.

where m, Iz are the mass and the yaw moment, vx and vy are lateral and longitudinal velocities, r is the yaw rate,

lf and lr are distance from front and rear axle to COG, while Fyf and Fyr are the lateral tire force of front and rear

tires.

For normal driving situation, the lateral forces Fyf and Fyr can be formed as:


Fyf = cfαf

Fyr = crαr

(A.3)

where cf , cr are the cornering stiffness of front and rear tires.

The front and rear wheel slip angles for linear tire forces are defined in the following equations:


αf = δf −

vy
vx
− lf
vx
r

αr = −vy
vx

+
lr
vx
r

(A.4)

In the proposed model, we assume that the available measurements are longitudinal velocity vx, yaw rate r, and

front steering angle δf .

By rearranging and simplifying (A.1), (A.2), (A.3) and (A.4), the differential equations of lateral velocity and yaw

rate variables can be simplified as a linear state space model as follows:

v̇y
ṙ

 =

 − cf+cr
mvx

crLr−cf lf
mvx

− vx
crlr−cf lf

Izvx
− crl

2
r+cf l

2
f

Izvx


vy
r

+

 cf
m

cf lf
Iz

 δf (A.5)
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A.2 Impact of lateral wind gust

Note that vehicles traveling at high speeds may experience lateral motion due to wind gust disturbances. The

resulting force, denoted as fw acts at the aerodynamics center (AC). The distance between the aerodynamics

center and the vehicle’s center of gravity is represented by lw. Consequently, the vehicle’s lateral motion under the

influence of wind force can be expressed as:

• Lateral motion: One can have the following:

mv̇y +mvxr = Fyf + Fyr + fw (A.6)

• Yaw motion: One can have the following:

Iz ṙ = lfFyf − lrFyr + lwfw (A.7)

The state space model is therefore given by:

v̇y
ṙ

 =

 − cf+cr
mvx

crLr−cf lf
mvx

− vx
crlr−cf lf

Izvx
− crl

2
r+cf l

2
f

Izvx


vy
r

+

 cf
m

cf lf
Iz

 δf +

 1
m

lw
Iz

 fw (A.8)

A.3 Direct yaw moment control

The active control of the yaw stability control system can be realized through active chassis control that is direct yaw

moment control or active steering control or integrated active steering and direct yaw moment control. In direct yaw

moment control, which can be implemented by active braking or active differential torque distribution, the required

yaw moment is generated by the designed controller that controls the desired yaw rate [194]. In this thesis, only

direct yaw moment control is considered.

Direct yaw moment control is recognized as an effective method to enhance the vehicle lateral stability during

crucial driving manoeuvre by controlling the slip ratio of individual wheel. As illustrated in Figure A.1, the required

corrective yaw moment ∆Mzwhich is generated by the transverse distribution of braking forces between the vehicle

wheels is calculated by the designed controller based on the error between actual and desired vehicle model.

• Lateral motion: One can have the following:

mv̇y +mvxr = Fyf + Fyr (A.9)
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• Yaw motion: One can have the following:

Iz ṙ = lfFyf − lrFyr +∆Mz (A.10)

The state-space representation is expressed as:

v̇y
ṙ

 =

 − cf+cr
mvx

crLr−cf lf
mvx

− vx
crlr−cf lf

Izvx
− crl

2
r+cf l

2
f

Izvx


vy
r

+

 cf
m

cf lf
Iz

 δf +

 0

1
Iz

∆Mz (A.11)

A.4 Vision system dynamics

The vision system model characterizes the evolution of angular and lateral displacements of the vehicle from the

center-line at a particular look-ahead distance ls in (A.2). These measurements are determined using images

captured by vision systems which consistently monitor the vehicle’s position relative to the road geometry.

The equations describing the vision system model are given by:


ψ̇L = r − vxρ

ẏL = vy + vxψL + ls(r − vxρ)
(A.12)

The system (A.12) can be rewritten in the following state representation form:ψ̇L

ẏL

 =

 0 0

vx 0


ψL

yL

+

0 1

1 ls


vy
r

+

 −vx
−lsvx

 ρ (A.13)

where yL and ΨL are the offset and angular displacement at a look ahead distance ls, while ρ represents the road

curvature.

A.5 Derivation using slip angle as a state variable

In, the vehicle sideslip angle β is defined as the angle between the lateral and longitudinal velocities. This angle is

modeled as arctangent of velocities at the vehicle center of gravity:

β = arctan
vy
vx

(A.14)

For small angle assumption, the sideslip angle equation becomes β ≈ vy

vx
, the vehicle lateral dynamics is given

by:
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Figure A.2: Vision system dynamics.

• Lateral motion: One can have the following:

mvxβ̇ +mvxr = Fyf + Fyr (A.15)

• Yaw motion: One can have the following:

Iz ṙ = lfFyf − lrFyr (A.16)
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For small sideslip angle β, the lateral tire forces are approximated as follows:


Fyf = cf

(
δf − β −

lf
vx
r
)

Fyr = cr

(
−β +

lr
vx
r
) (A.17)

Simplified (A.15), (A.16) and (A.17), the vehicle lateral dynamics model is given as follows:

β̇
ṙ

 =

 − cf+cr
mvx

crLr−cf lf
mv2

x
− 1

crlr−cf lf
Iz

− crl
2
r+cf l

2
f

Izvx


β
r

+

 cf
mvx

cf lf
Iz

 δf (A.18)

It should be noted that a formulation in terms of the vehicle sideslip angle β and yaw rate r is also used in this thesis

as well.

Remark A.1 It is obvious that the vehicle bicycle model (A.5) and the other previously derived formulations depend

on the longitudinal velocity vx, which plays a crucial role in shaping vehicle behavior and introduces significant

nonlinearities into the dynamics. Due to these nonlinear effects, the use of linear parameter-varying (LPV) models

presents a more flexible and less conservative alternative to stationary models, enabling a more accurate represen-

tation of the system’s behavior across varying operating conditions. In this framework, the longitudinal velocity is

selected as a measurable scheduling parameter, while the cornering stiffness, which varies due to factors such as

road surface conditions and tire wear, is treated as an unmeasurable scheduling parameter. However, when the sys-

tem exhibits a large parameter variation range, a single estimator or controller may lead to conservative performance

and the problem of searching for the observer and controller gains may become infeasible. To address this issue,

the switched LPV system can be employed. In this method, the longitudinal velocity parameter domain is divided

into multiple sub-regions, with a dedicated local observer or controller designed for each subsystem. As a result,

the vehicle lateral dynamics are then captured using a switched LPV model with measurable premise variables,

enhancing the overall robustness and efficiency of state estimation and control in dynamic driving conditions.

In this thesis, a switched system is adopted, where each subsystem operates within a specific subregion of

longitudinal velocity range (e.g., three subsystems corresponding to low, average, and high longitudinal velocity).

A switching signal, based on the measured longitudinal velocity, is then implemented to select the appropriate

subsystem in real-time.



Bibliography

[1] Sara Ifqir, Dalil Ichalal, Naima Ait-Oufroukh, and Saı̈d Mammar. Vehicle lateral velocity and lateral tire-road

forces estimation based on switched interval observers. 2020 American Control Conference (ACC), pages

3023–3028, 2020.

[2] Dongsheng Du and Vincent Cocquempot. Non-fragile actuator fault estimation and accommodation for

switched systems. IFAC-PapersOnLine, 51(24):110–116, 2018. 10th IFAC Symposium on Fault Detection,

Supervision and Safety for Technical Processes SAFEPROCESS 2018.

[3] Sara Ifqir, Dalil Ichalal, Naima Ait Oufroukh, and Said Mammar. Robust interval observer for switched systems

with unknown inputs: Application to vehicle dynamics estimation. European Journal of Control, 44:3–14, 2018.

Advanced Control and Observer Design for Nonlinear Systems via LMIs.

[4] Houssem Jerbi. An enhanced stabilizing strategy for switched nonlinear systems. Studies in Informatics and

Control, 28, 12 2019.

[5] D. Liberzon and A.S. Morse. Basic problems in stability and design of switched systems. IEEE Control

Systems Magazine, 19(5):59–70, 1999.

[6] Dariush Tavakolifar, Hamid Khaloozadeh, and Roya Amjadifard. Stabilization of switched systems with all

unstable modes: Application to the aircraft team problem. Journal of Systems Engineering and Electronics,

30(4):792–798, 2019.

[7] Shuji Chen, L. Jiang, W. Yao, and Q.H. Wu. Application of switched system theory in power system stability.

In 2014 49th International Universities Power Engineering Conference (UPEC), pages 1–6, 2014.

[8] F.S. Garcia Deaecto, J.C. Geromel and J.A. Pomilio. Switched affine systems control design with application

to dc–dc converters. IET Control Theory & Applications, 4:1201–1210(9), July 2010.

161



BIBLIOGRAPHY 162

[9] Mona Faraji-Niri, Vahid Asadzadeh, and Javad Fard. Stabilization of arbitrary switched nonlinear fractional

order dynamical systems: Application to francis hydro-turbine governing system. Information Technology And

Control, 48:401–414, 09 2019.

[10] Hai Lin and Panos J. Antsaklis. Stability and stabilizability of switched linear systems: A survey of recent

results. IEEE Transactions on Automatic Control, 54(2):308–322, 2009.

[11] Jin Lu and Lyndon J. Brown. A multiple lyapunov functions approach for stability of switched systems. In

Proceedings of the 2010 American Control Conference, pages 3253–3256, 2010.

[12] L. Vu, D. Chatterjee, and D. Liberzon. Iss of switched systems and applications to switching adaptive control.

In Proceedings of the 44th IEEE Conference on Decision and Control, pages 120–125, 2005.

[13] A.S. Morse. Supervisory control of families of linear set-point controllers - part i. exact matching. IEEE

Transactions on Automatic Control, 41(10):1413–1431, 1996.
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[133] Alberto San Miguel, Vicenç Puig, and Guillem Alenyà. Fault-tolerant control of a service robot using a lpv

robust unknown input observer. 2019 4th Conference on Control and Fault Tolerant Systems (SysTol), pages

207–212, 2019.

[134] Jing-Jing Yan, Guang-Hong Yang, and Xiao-Jian Li. Adaptive observer-based fault-tolerant tracking control

for t–s fuzzy systems with mismatched faults. IEEE Transactions on Fuzzy Systems, 28(1):134–147, 2020.

[135] Rihab Lamouchi, Tarek Raissi, Messaoud Amairi, and Mohamed Aoun. On interval observer design for active

fault tolerant control of linear parameter-varying systems. Systems & Control Letters, 164:105218, 2022.

[136] Jian Han, Xiuhua Liu, Xinjiang Wei, and Shaoxin Sun. A dynamic proportional-integral observer-based non-

linear fault-tolerant controller design for nonlinear system with partially unknown dynamic. IEEE Transactions

on Systems, Man, and Cybernetics: Systems, 52(8):5092–5104, 2022.

[137] Daoliang Tan and Ron J. Patton. Integrated fault estimation and fault tolerant control: A joint design. IFAC-

PapersOnLine, 48(21):517–522, 2015. 9th IFAC Symposium on Fault Detection, Supervision andSafety for

Technical Processes SAFEPROCESS 2015.

[138] Jianglin Lan and Ron J. Patton. A new strategy for integration of fault estimation within fault-tolerant control.

Automatica, 69:48–59, 2016.

[139] Jianglin Lan and Ron Patton. An iterative strategy for robust integration of fault estimation and fault-tolerant

control. Automatica, 145:110556, 2022.

[140] Abdelaziz Abboudi, Sofiane Bououden, Mohammed Chadli, Ilyes Boulkaibet, and Bilel Neji. Observer-based

fault-tolerant predictive control for lpv systems with sensor faults: An active car suspension application. Ap-

plied Sciences, 12(2), 2022.

[141] Saı̈d Mammar, Duc-To Nguyen, Dalil Ichalal, and Mohand Smaı̈li. Control and dynamic proportional integral

observer co-design for uncertain linear systems. In 2022 IEEE International Conference on Systems, Man,

and Cybernetics (SMC), pages 2209–2214, 2022.

[142] Jianglin Lan and Ron J. Patton. Integrated design of robust fault estimation and fault-tolerant control for linear

systems. 2015 54th IEEE Conference on Decision and Control (CDC), pages 5105–5110, 2015.



BIBLIOGRAPHY 173

[143] Yingchun Zhang Qingxian Jia, Wen Chen and Huayi Li. Integrated design of fault reconstruction and fault-

tolerant control against actuator faults using learning observers. International Journal of Systems Science,

47(16):3749–3761, 2016.

[144] S. Mahdi Fazeli and Mostafa Abedi. An integrated fault estimation and fault tolerant control method using -

based adaptive observers. International Journal of Adaptive Control and Signal Processing, 34(9):1259–1280,

2020.

[145] Hui Zhang, Xiaoyu Huang, Junmin Wang, and Hamid Reza Karimi. Robust energy-to-peak sideslip angle

estimation with applications to ground vehicles. Mechatronics, 30:338–347, 2015.

[146] A. Rezaeian, A. Khajepour, W. Melek, S.-Ken Chen, and N. Moshchuk. Simultaneous vehicle real-time longi-

tudinal and lateral velocity estimation. IEEE Transactions on Vehicular Technology, 66(3):1950–1962, 2017.

[147] Yongjian Hou, Fanglai Zhu, Xudong Zhao, and Shenghui Guo. Observer design and unknown input recon-

struction for a class of switched descriptor systems. IEEE Transactions on Systems, Man, and Cybernetics:

Systems, 48(8):1411–1419, 2018.

[148] Z. Yacine, D. Ichalal, N. Ait Oufroukh, S. Mammar, and S. Djennoune. Unknown input observer for vehicle

lateral dynamics based on a takagi-sugeno model with unmeasurable premise variables. In 2012 IEEE 51st

IEEE Conference on Decision and Control (CDC), pages 6211–6216, 2012.

[149] Anh-Tu Nguyen, Thierry-Marie Guerra, Chouki Sentouh, and Hui Zhang. Unknown input observers for si-

multaneous estimation of vehicle dynamics and driver torque: Theoretical design and hardware experiments.

IEEE/ASME Transactions on Mechatronics, 24(6):2508–2518, 2019.

[150] Zedjiga Yacine, Dalil Ichalal, Naı̈ma Ait-Oufroukh, and Saı̈d Mammar. Detection of critical situations in vehicle

lateral dynamics by lpv unknown input observers with finite time property. 2014 IEEE Conference on Control

Applications (CCA), pages 334–339, 2014.

[151] Ghassen Marouani, Thach Ngoc Dinh, Tarek Raı̈ssi, Xin Wang, and Hassani Messaoud. Unknown input

interval observers for discrete-time linear switched systems. European Journal of Control, 59:165–174, 2021.

[152] Nicolas Ellero, David Gucik-Derigny, and David Henry. An unknown input interval observer for lpv systems

under l2-gain and l∞-gain criteria. Automatica, 103:294–301, 2019.

[153] Sara Ifqir, Naima Ait Oufroukh, Dalil Ichalal, and Saı̈d Mammar. Vehicle lateral dynamics estimation using

switched unknown inputs interval observers: Experimental validation. 2018 Annual American Control Confer-

ence (ACC), pages 1138–1143, 2018.



BIBLIOGRAPHY 174

[154] Naoufal El Youssfi, Rachid El Bachtiri, Taha Zoulagh, and Hicham El Aiss. Unknown input observer design

for vehicle lateral dynamics described by takagi–sugeno fuzzy systems. Optimal Control Applications and

Methods, 43(2):354–368, 2022.

[155] Jian Han, Xiuhua Liu, Xinjiang Wei, and Shaoxin Sun. A dynamic proportional-integral observer-based non-

linear fault-tolerant controller design for nonlinear system with partially unknown dynamic. IEEE Transactions

on Systems, Man, and Cybernetics: Systems, 52(8):5092–5104, 2022.

[156] Seshan Ramanathan Venkita, Boulaid Boulkroune, Anurodh Mishra, and Ellen van Nunen. A fault tolerant

lateral control strategy for an autonomous four wheel driven electric vehicle. 2020 IEEE Intelligent Vehicles

Symposium (IV), pages 1492–1497, 2020.

[157] Damiano Rotondo. Background on Fault Tolerant Control, pages 129–145. Springer International Publishing,

Cham, 2018.

[158] Haiyan Liu, Yadong Wang, and Kunfeng Wang. Adaptive fault-tolerate lateral control for autonomous electric

vehicles with unknown parameters and actuator faults. Mathematical Problems in Engineering, 2023:1–11,

04 2023.

[159] Xuefang Li, Hongbo Li, and Deyuan Meng. A spatial learning-based fault tolerant lateral tracking control for

autonomous driving. IEEE Transactions on Vehicular Technology, 72(10):12567–12579, 2023.

[160] Turki Alsuwian, Mian Hamza Usman, and Arslan Ahmed Amin. An autonomous vehicle stability control using

active fault-tolerant control based on a fuzzy neural network. Electronics, 11(19), 2022.

[161] S.M.Savaresi, C.Novara, G.Balazs, and F.Forni. Fault-tolerant control for automotive applications: Trends and

challenges. Annual Reviews in Control, 2018.

[162] Manh-Hung Do, Damien Koenig, and Didier Theilliol. An integrated design for robust actuator fault accommo-

dation based on H∞ proportional-integral observer. 2018 IEEE Conference on Decision and Control (CDC),

pages 6346–6352, 2018.

[163] Wen-Bo Xie, Yu-Long Wang, Jian Zhang, and Ming-Yu Fu. Novel separation principle based h∞ ob-

server–controller design for a class of t–s fuzzy systems. IEEE Transactions on Fuzzy Systems, 26(6):3206–

3221, 2018.

[164] Rajesh Rajamani. Vehicle dynamics and control. Mechanical Engineering Series. Springer, New York, NY

Heidelberg, 2. ed edition, 2012.

[165] Jos F. Sturm. Using sedumi 1.02, a matlab toolbox for optimization over symmetric cones. Optimization

Methods and Software, 11(1-4):625–653, 1999.



BIBLIOGRAPHY 175

[166] M. Oudghiri, M. Chadli, and A. El hajjaji. Control and sensor fault-tolerance of vehicle lateral dynamics. IFAC

Proceedings Volumes, 41(2):123–128, 2008. 17th IFAC World Congress.
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Titre: Contrôle Tolérant Aux Défauts Basé Observateurs Par Intervalle Pour Systèmes LPV Commutés
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Résumé: Les systèmes à commutation attirent
de plus en plus l’attention dans le domaine sci-
entifique grâce à leur capacité à représenter des
phénomènes complexes issus de diverses applica-
tions en ingénierie.
L’estimation d’état joue un rôle clé dans ces
systèmes, notamment pour le diagnostic de pannes
et le contrôle. Toutefois, les méthodes classiques
d’observateurs peinent à traiter efficacement les in-
certitudes, limitant ainsi la précision et la fiabilité
des résultats. Dans les applications industrielles, les
perturbations externes, le bruit de mesure ou les
défaillances d’actionneurs engendrent fréquemment
des entrées inconnues ou des défauts.
Ces aléas peuvent dégrader les performances, provo-
quer une instabilité, voire conduire à des dysfonc-
tionnements critiques. Il devient donc primordial
de développer des solutions algorithmiques robustes
pour estimer et compenser ces anomalies, améliorant
ainsi la sûreté de fonctionnement.
L’un des axes principaux de cette étude concerne
l’estimation d’état robuste par intervalles, une ap-
proche novatrice permettant de borner les états
malgré des perturbations bornées ou un bruit de
mesure. Fondée sur la théorie des systèmes
coopératifs, la méthodologie proposée garantit des

bornes inférieures et supérieures aux estimations, of-
frant une robustesse accrue face aux incertitudes par
rapport aux observateurs conventionnels.
Parallèlement, des stratégies de commande active
tolérante aux défauts (AFTC) sont développées pour
maintenir la stabilité et les performances du système,
même en présence de défauts. Une approche de co-
conception intègre observateurs et contrôleurs dans
un cadre unifié, tenant compte des interactions en-
tre estimation et commande. Cette synergie optimise
la résilience globale et les performances. Les con-
ditions d’existence des observateurs par intervalles
et des contrôleurs sont exprimées via des inégalités
matricielles linéaires (LMIs), dérivées de la théorie de
Lyapunov et de la stabilité entrée-état (ISS) sous con-
traintes de temps de commutation moyen (ADT).
Enfin, les applications à la dynamique latérale d’un
véhicule, simulée sous MATLAB/Simulink, valide
l’efficacité des solutions proposées. Les résultats
démontrent que les observateurs par intervalles main-
tiennent des estimations précises malgré les incer-
titudes, tandis que les lois de commande AFTC
préservent la stabilité et les performances, même
dans des scénarios dégradés. Ces contributions ren-
forcent la fiabilité des systèmes complexes soumis à
des environnements imprévisibles.
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Title: Interval Observers-Based Fault-Tolerant Control Of LPV Switched Systems

Keywords: Linear Parameter Varying Systems, Switched systems, Interval observers, Fault tolerant control,
Robustness, Unknown input

Abstract: Switched systems have drawn consider-
able attention from researchers due to their ability to
model a variety of practical systems. The synthesis
of observers for this class of systems has gained in-
creasing interest over the past few decades since the
estimation plays a fundamental role in determining the
current system states, including measured and un-
measured variables, which is crucial for fault diagno-
sis and control. However, the conventional observer
synthesis technique may struggle to cope with the un-
certainties, resulting in reduced estimation accuracy
and reliability.
Moreover, in practical engineering applications, it is
inevitable to encounter unknown inputs and faults due
to unpredictable external disturbances, measurement
noise, and potential actuator faults. Such factors may
cause system performance degradation, instability, or
even catastrophic failures. It is, therefore essential to
enhance the system safety and reliability by develop-
ing well-designed algorithms that can effectively esti-
mate and compensate for faults affecting the perfor-
mance.
The objective of this thesis is to provide some con-
tributions to the state-of-the-art in the field of robust
state estimation and fault-tolerant control (FTC) for a
class of switched systems by addressing the afore-
mentioned problems.
The present research mainly focuses on address-
ing the challenge of robust state bounding esti-
mation using interval observer techniques for un-
certain switched systems subject to unknown but
bounded exogenous disturbances and/or measure-
ment noise. Based on the cooperativity system the-
ory, the methodology presents novel interval observer
structures that provide notable improvement, partic-
ularly in enhancing the robustness and accuracy of
state estimation under uncertain conditions. In con-

trast to conventional observers may struggle to deal
with uncertainties, the proposed observer can effec-
tively cope with the problems by offering guaranteed
lower and upper bounds of state estimations.
In addition to robust state estimation, the thesis also
focuses on the synthesis of active fault-tolerant con-
trol (AFTC) strategies designed to preserve system
stability and ensure desired performance levels, even
in the presence of faults. The approach employs a
co-design methodology, which integrates the design
of observers and controllers into a cohesive frame-
work. This integrated design approach considers the
bi-directional interaction between the estimation pro-
cess and control actions, leading to the optimized
overall system performance and enhanced resilience
to faults.
Sufficient conditions for proving the existence of the
interval observers and controllers are formulated in
terms of Linear Matrix Inequalities (LMIs) constraints.
These conditions are derived through a combination
of Lyapunov theory and Input-to-State-Stability (ISS)
under the Average-Dwell Time (ADT) concept.
Finally, to validate the efficacy of the proposed interval
observer structures and the synthesized control laws,
an application to the vehicle lateral dynamics model
is presented, using MATLAB Simulink. The simula-
tions validate the robustness of the interval observer
structures and fault-tolerant control strategies, show-
ing that the proposed approach can effectively main-
tain vehicle stability and control even in challenging
and unpredictable environments. The results high-
light the ability of the interval observers to accurately
bound state estimates despite uncertainties, while the
synthesized control laws successfully ensure system
stability and performance even in the occurrence of
faults.
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