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Résumé : Cette thése contient trois themes: la
partition microlocale de I'énergie, le théoreme
du viriel, et le caractere bien posé des écou-
lements de jet. Le premier theme concerne la
maniere dont I'énergie des solutions des équa-
tions dispersives est distribuée également a
lintérieur et a I'extérieur du cbne de lumiére.
Ce phénomene a été fréequemment utilisé pour
étudier le comportement a long terme des
équations d'ondes (non) linéaires. Nous I'éten-
drons a une grande classe d'équations disper-
sives linéaires, en remplagant le céne de |u-
miere par une hypersurface dans I'espace des
phases et en caractérisant la partition de I'éner-
gie via des opérateurs pseudo-différentiels.

Le deuxieme theme examine I'équipartition

des énergies cinétique et potentielle pour les
systemes de vagues d'eau a deux phases. Cette
étude conduit a une description quantitative de
Iinstabilité du systeme lorsque le fluide supé-
rieur est plus dense que le fluide inférieur, ce
qui est connu comme linstabilité de Rayleigh-
Taylor et l'instabilité de Kelvin-Helmoltz.

Le troisieme theme traite du probléeme de
Cauchy pour I'évolution des fluides cylindriques
a frontiére libre, a savoir les jets. Nous établis-
sons le caractére localement bien posé pour
cette équation d’évolution dans les espaces
de Sobolev sans aucune hypothése de symé-
trie. Ce résultat constitue une étape fondamen-
tale versla compréhension du comportement a
long terme des écoulements de jets.

Title : Existence, instability and energy partition for linear or nonlinear evolution equations issued

from fluid mechanics

Keywords : Microlocal analysis, Dispersive equation, Partition of energy, Virial theorem, Rayleigh-

Taylor instability, Jets

Abstract : This thesis contains three themes :
microlocal partition of energy, the virial theo-
rem, and the well-posedness of jet flows. The
first theme explores how the energy of solu-
tions to dispersive equations is equally distribu-
ted inside and outside the light cone. This phe-
nomenon has been frequently used to study
the long-term behavior of (non)linear wave
equations. We will extend it to a large class of
linear dispersive equations, replacing the light
cone by a hypersurface in phase space and
characterizing the energy partition via pseudo-
differential operators.

The second theme examines the equiparti-
tion of kinetic and potential energies for two-

phase water-wave systems. This study leads to
a quantitative description of the instability of
the system when the lower fluid is no den-
ser than the upper one, which is known as
the Rayleigh-Taylor instability and the Kelvin-
Helmoltz instability.

The third theme addresses the Cauchy pro-
blem of the evolution of cylindrical fluids with
free boundary, namely jets. We establish the
local well-posedness theory for this evolution
equation in Sobolev spaces without any sym-
metric assumptions. This result constitutes a
fundamental step towards understanding the
long-term behaviour of jet flows.
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1 - Introduction

Cette these est consacrée a I'étude de trois problémes d'équations aux dérivées par-
tielles linéaires ou non linéaires dispersives : la répartition de I'énergie pour certaines
équations d'évolution linéaires, linstabilité de Rayleigh-Taylor en mécanique des fluides
et I'existence locale de solutions pour le probléme des jets.

Pour les équations d'ondes (non) linéaires, il est bien connu qu’'a long terme, I'éner-
gie se concentre prés du cone de lumiere et se répartit de maniére égale a l'intérieur
et a I'extérieur de celui-ci. Cette propriété constitue un outil fondamental dans l'analyse
des solitons des équations d’ondes non linéaires. Le premier travail de cette thése étend
cette propriété de concentration asymptotique de I'énergie a une large classe d'équations
dispersives linéaires, notamment I'équation de Schrédinger, I'équation de (demi-)Klein-
Gordon et I'équation linéarisée des vagues gravitationnelles ou capillaires. Une différence
majeure avec les équations d’ondes réside dans le fait que, dans ces cas, le cone de lu-
miere doit étre remplacé par une hypersurface dans I'espace des phases. De plus, la ca-
ractérisation précise de la localisation de I'énergie a l'intérieur et a I'extérieur du cbne de
lumiere nécessite 'usage d'opérateurs pseudo-différentiels. Dans le cadre de cette ana-
lyse, nous établissons la bornitude d'une classe d’opérateurs pseudo-différentiels dont les
symboles sont des fonctions caractéristiques de certains domaines convexes non bornés
dans l'espace des phases.

Un autre type de répartition de I'énergie découle du théoréme du viriel, qui énonce
gu'en moyenne temporelle, I'énergie cinétique et I'énergie potentielle deviennent asymp-
totiguement égales. Ce phénomeéne a été observé dans nombreux systemes hamiltoniens
issus de la physique, des mathématiques, de la biologie et de I'économie. Le systéme des
vagues a deux phases, qui décrit le mouvement de deux couches de fluides potentiels,
immiscibles, non visqueux et incompressibles, séparées par une interface libre, admet
une formulation hamiltonienne, rendant possible I'établissement d'un théoréme du viriel
dans cette thése. Lorsque la couche supérieure posséde une densité plus élevée que celle
de la couche inférieure, I'énergie potentielle du systéme est négative, tandis que I'énergie
cinétique reste non négative. Dans ce cas, le théoréeme du viriel implique une croissance
polynomiale de I'énergie cinétique et potentielle, entrailnant une augmentation corres-
pondante de la pente et de la courbure de l'interface. Cette instabilité, connue sous les
noms d'instabilité de Rayleigh-Taylor et d'instabilité de Kelvin-Helmholtz, a été large-
ment étudiée par expériences physiques et simulations numériques, et des descriptions
quantitatives rigoureusement justifiées seront développées dans cette these.

1M1



12 CHAPITRE 1. INTRODUCTION

Dans le cas des fluides cylindriques a frontiere libre, a savoir jets, un phénomeéne
physique d'instabilité provient d'un mécanisme différent. Plus précisément, I'effet de la
tension superficielle entraine une rupture (c'est-a-dire, le jet devient plusieurs gouttes
séparables) en temps fini, un phénomeéne connu sous le nom d’instabilité de Rayleigh-
Plateau. Avant d’'analyser cette instabilité, il est nécessaire d'établir le caractere bien posé
pour |'évolution de ces systémes en trois dimensions. En supposant que le fluide est axi-
symétrique, le probléme se raméne a un systéme en deux dimensions, et le probléme de
Cauchy peut étre résolu comme le systéme du vagues planaires en dimension deux. En
I'absence d'une telle hypothése de symétrie, des difficultés techniques supplémentaires
apparaissent a proximité de I'axe. Dans cette thése, nous abordons ces défis et établis-
sons un caractére localement bien posé dans les espaces de Sobolev, sans imposer des
conditions de symétrie.

1.1. Répartition microlocale de I'énergie

Pour les équations d'évolution, la répartition de I'énergie désigne la concentration
de I'énergie dans certains domaines spécifiques. Par exemple, considérons |'équation des
ondes linéaire sur R? :

(92 — Ayw =0,
(1.1.1) wli—o = wo € H(RY),
atw‘t:() =wi € LQ(Rd).

Il est bien connu qu’a long terme, I'énergie de ce systeme se concentre prés du cdne de
lumiere {|z| = [¢|}. Dans [ ; 1, les auteurs montrent que I'énergie se répartit
équitablement a l'intérieur et a I'extérieur du cone de lumiére. Plus précisément, étant
donnée la troncature critique de I'énergie a l'intérieur et a I'extérieur du céne de lumiére,

E™(wo, wy,t) == / (IVw|* + |0pwl]?) dz,
] <[¢]

B (o, wn,0)i= [ ([Vul + (o) da,
[]>¢]
en dimension impaire d, nous avons

soit Eint(wo,wl,t) = (leH%Q + vaOH%Q) , Vt=0,
(1.1.2)

soit  E®Y(wo, w1, t) >

o =N

(IlwrllZ> + [IVawollz2) . ¥t > 0.

Grace aux techniques de I'analyse non linéaire, cette propriété peut étre étendue a cer-
taines équations d’'ondes non linéaires. Puisque la coupure critique permet une locali-
sation exacte de I'énergie, cette répartition d'énergie peut étre utilisée pour localiser les
solitons des équations d’ondes non linéaires. Par exemple, cette stratégie est employée
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dans [ ; ] pour étudier les solitons de I'équation des ondes non linéaire fo-
calisante critique en énergie en dimension d = 3, 5. Nous pouvons également renvoyer a
[ ; ] pour I'application aux applications d'ondes équivariantes.

Notons que, en dimension paire d, la propriété (1.1.2) est vérifiée avec certaines cor-
rections supplémentaires, qui ont été calculées en détail pour les solutions radiales dans
[ ] et pour des données générales dans [ ; ]. Dans ces mémes articles, les
auteurs ont aussi découvert des données spéciales telles que la correction supplémen-
taire s'annule. Une application de ce résultat a I'équation des ondes focalisante critique
en énergie en dimension 4 se trouve dans [ 1.

La démonstration de (1.1.2) s'appuie sur les estimations dispersives de I'équation des
ondes linéaire, ce qui laisse présager un analogue pour d'autres équations dispersives.
Dans [ ], Delort a établi la premiére répartition de I'énergie pour I'équation de Schro-
dinger et I'équation des demi-ondes, ce qui implique le résultat (1.1.2) ci-dessus. Dans
le cas de I'équation de Schrédinger, dont la relation de dispersion est P(¢) = £2/2, le
cbne de lumiére est donnée par I'hypersurface |z| = |t||¢| dans I'espace des phases, et
la troncature critique de I'énergie est réalisée par des opérateurs pseudo-différentiels de
symbole 1, <j¢j¢) OU Ljz|>eje|- Etant donné que I'équation de Schrédinger ne présente au-
cune particularité dans ce probleme, le premier objectif de cette thése est d'étendre ce
résultat aux équations dispersives de type fractionnaire, couvrant la majorité des équa-
tions dispersives fréguemment étudiées.

1.1.1. Les équations dispersives de type fractionnaire

Considérons I'équation dispersive sur R? :

(?ﬁ - P(Da) u=0,

7

(1.1.3)
uli—o = ug € L*(RY),

ou la relation de dispersion P est radiale et lisse sauf en & = 0. Nous supposons en
outre que P est de type fractionnaire, a savoir qu'elle se comporte comme une fonction
fractionnaire au voisinage de zéro et a l'infini. Cette condition effectivement couvre la
plupart des équations dispersives connues.

Notons que I'équation de Korteweg-de Vries et de Benjamin-Ono sont définies en
dimension 1 et peuvent étre étudiées séparément en fréquence positive et négative, ce
quirameéne leurs relations de dispersion au cas P(¢) = [£]? et P(€) = |€|?, respectivement.

Dans ce cadre général, le cbne de lumiere est donné par

| = [t P ()],

qui définit une hypersurface dans l'espace des phases. Il est facile de vérifier que I'énergie
L? de la solution u a I'équation dispersive (1.1.3) se concentre prés du céne de lumiére.
En effet, pour toute fonction lisse a support compact y € C°(R?) valant 1 au voisinage
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Fquation Relation de dispersion P(¢)
Schrodinger |€]2/2
Demi-Klein-Gordon (&) = 1+[E]?
Korteweg-de Vries £
Benjamin-Ono 1313
Vague de gravité €112, 1€]Y2 tanh(|¢])
Vague capillaire IE122, €)%/ tanh([€])

Tableau 1.1 - Exemples d'équations dispersives de type fractionnaire

de zéro, nous avons, pour tout é > 0,

(1.1.4) Op (X (mp'(@>> (u(t)) = u(t) + or2(1), lorsquet — +oo,

jt]2+

ou l'opérateur pseudo-différentiel est défini par la quantification standard

0p (@i g [ e ala)i(e)ds

avec ¢ désignant la transformée de Fourier de w.
A partir de (1.1.4), la troncature critique en dehors du céne de lumiére peut étre na-
turellement définie par

2

(115 Ey(uo,t) = 0P (as(t)) (u(®) 72 = ||Op (as(®)) (" P)uo ) || .
avec le symbole as défini par

+tP’
(1.1.6) as(t,z, &) == x <xm1+5(5)> Liaf> 1P/ (o))-

Par souci de simplicité, nous nous concentrons sur la troncature en dehors du céne de
lumiére dans la suite, et le cas intérieur peut étre traité de méme maniére en remplacant
/ /
|z > [¢]|P'(E)] par [x] < [¢||P'(E)].
Le probleme de la répartition de I'énergie peut alors étre formulé ainsi :

Probléme 1.1.1. Existe-t-il une constante ¢y > 0 telle que la limite
; _ 2
(1.1.7) tl!TOOE(;(’U,Q,t) = COHUOHLQ

soit satisfaite pour tout état initial ug € L?(RY)?

Comparé au cas des équations des ondes, la troncature utilisée ici introduit une cou-
pure supplémentaire au voisinage du cone de lumiére, fournissant ainsi des informations
plus précises sur la localisation de I'énergie L2. En fait, il est possible de supprimer cette
coupure supplémentaire en utilisant la concentration de I'énergie (1.1.4).
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1.1.2. La répartition de I'énergie

La réponse au Probleme 1.1.1 est positive lorsque la relation de dispersion P est stric-
tement convexe ou concave, ce qui est vérifié pour de nombreuses équations dispersives,
y compris celles listées dans le tableau 1.1. De plus, la constante ¢y dans le membre de
droite de (1.1.7) dépend de §, qui décrit la taille de la région tronquée.

Lorsque 6 < 0, nous pouvons vérifier que le membre de droite de (1.1.4) devient
or2(1), ce qui signifie que la région tronquée est choisie si petite qu'aucune énergie ne
reste. A linverse, pour § > 0, nous nous attendons a ce que (1.1.7) soit vérifiée, en tenant
compte de (1.1.4). Le cas critique § = 0 doit étre traité séparément, car la limite (1.1.7)
pourrait ne pas prendre la forme coluo||2,, méme en I'absence de la troncature stricte

P NIIIGE

Théoréme 1.1.2. Supposons que le symbole de type fractionnaire P vérifie P > 0 ou P" < 0.
Alors, en toute dimension d > 1, la limite (1.1.7) est satisfaite pour tout ug € LQ(]Rd), avec ¢y
égala1/4 lorsque 0 < § < 1/2etégal a0 lorsque § < 0.

Dans le cas critique 6 = 0, I'énergie tronquée Es(ug,t) admet une limite lorsque t — +oo
pour tout ug € L?*(R%). De plus, il existe des choix de fonction x telle que cette limite soit
strictement positive pour tout ug # 0.

Rappelons que nous avons utilisé la troncature |z +tP'(¢)| < |t|*/?19, dont le membre
de gauche est, en approximation, de taille ¢. Ainsi, cette troncature devient trivial lorsque
0 > 1/2, et ce cas est donc omis dans le théoreme ci-dessus.

Pour0 < ¢ < 1/2, le résultat précédentindique qu'un quart de I'énergie est distribuée
en dehors (ou a l'intérieur) du cdne de lumiére, tandis que un demi de I'énergie est réparti
dans l'interaction entre les composantes intérieure et extérieure au cone. En comparai-
son, I'énergie de I'équation des ondes est également distribuée a l'intérieur et a I'extérieur
du cbne de lumiére. Cette différence est due a la vitesse de propagation constante. Dans
le cas de I'équation de Klein-Gordon, qui posséde une vitesse de propagation finie comme
I'équation des ondes, le Théoreme 1.1.2 implique qu’elle se comporte comme I'équation
de Schrddinger, avec un quart de I'énergie a I'intérieur et a I'extérieur du cbne de lumiere.

Corollaire 1.1.3. Soit w I'unique solution de I'équation de Klein-Gordon sur R,

(02 — A+ 1w =0,

w‘t:() =wp € Hl(Rd),

atw|t:0 =wi € LQ(Rd),
ou wy, wy sontréels, et donc w I'est aussi. Alors, I'énergie tronquée en dehors du c6ne de lumiere

B (wy, wy, t) =] 0p (a¥C (1)) dru(®) |22 + || Op (aC (1)) Veo(t)]22
+]10p (a"C(1) w(t)]72

vérifie

1
lim EKG(UJ(), wl,t) =

1k 0o 1 (lwoll 3 + llwillZ2)
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ou le symbole de 'opérateur de troncature est donné par

§
oG (t,z,6) = |x\>‘t<5>)x <\t\€> ’

avec 0 < e < 1, et y € C°(R?) est une fonction réelle, radiale, et égale a 1 prés de zéro.

Remarquons que le facteur x(¢/|t|€) dans le symbole de troncature a®¢ est ajouté
uniquement pour des raisons techniques, la partie principale étant la coupure critique

] > [t]|€/ ()1

La preuve du Théoréme 1.1.2 se déroule en deux étapes. Tout d’'abord, nous vérifions
que l'opérateur de troncature Op (as) est borné sur L2, uniformément en temps ¢ € R.
Ensuite, nous approchons ug par des fonctions régulieres et calculons directement la li-
mite (1.1.7). Etant donné que cette seconde étape a déja été étudiée dans [ 1. latache
restante consiste a démontrer la bornitude uniforme en temps de Op (as) sur L?, ce qui
est une question technique approfondie qui sera traitée au Chapitre 1.

1.1.3. Un sous-produit

Comme mentionné dans le paragraphe précédent, nous devons prouver la bornitude
sur L? de l'opérateur pseudo-différentiel Op (as). Dans le cas ou la relation de dispersion
est donnée par P(¢) = |€|PT/(p + 1) avec p # 0, un changement d'échelle permet de
réduire cette question a la proposition suivante.

Proposition 1.1.4. £n dimension générale d > 1, pour tout p € R, l'opérateur pseudo-
différentiel Op (1> ) est borné sur L?(R%).

En général, la bornitude sur L? des opérateurs pseudo-différentiels peut étre démon-
trée sile symbole appartient a certaines classes, par exemple la classe de Hérmander SO
(cf. [ 1), ou les symboles sont supposés étre lisses. Grace au calcul paradlfferentlel |I
est aussi possible de traiter des symboles ayant une régularité limitée en x, mais il n’existe
pas de théorie générale pour les symboles discontinus comme 1 ;s |¢[r-

Cependant, ce type de probléme apparait naturellement en mécanique quantique.
Soit u la fonction d'état d'une particule (c'est-a-dire une solution de I'équation de Schro-
dinger). Pour un ensemble mesurable E de l'espace des phases R% x ]R{‘g, la probabilité
gue cette particule se trouve dans E est donnée par

(1.1.8) (z,&)dxdE.

lci, W(u,u)(z, ), appelée distribution de Wigner, est définie par

1

W(“? U)(ZL’, §) =
(2)

;[ et + Dot~ D
2 JRd 2 2
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ce qui décrit la distribution de la particule dans I'espace des phases. Afin que la proba-
bilité (1.1.8) soit bien définie a une normalisation preés, il faut prouver l'intégrabilité de
la distribution de Wigner. De maniere équivalente, il suffit de montrer que l'opérateur
pseudo-différentiel Op™ (1) u (quantification de Weyl) défini ci-dessous est borné sur
L?:

1
(OpY (1g) u,v) 2 = ~ / 1g(z, W (u,v)(z, &)dzds, Vv € L2
(2m)2 JRIxRY
Si E estun ensemble mesurable arbitraire, la réponse est négative (cf. [ 1). Cepen-

dant, il a été démontré que les propriétés de l'opérateur Op" (1g) (bornitude, positivité,
spectre, etc.) sont liées a la géométrie de E. Par exemple, lorsque E est une ellipsoide,
dans | let[ 1les auteurs ont obtenu des estimations précises de la norme L? de
Op® (1g), enfonction de la taille de I'ellipsoide. Un autre exemple concerne le cas ou E est
un polygone dans R? avec NV cétés. Il a été démontré dans [ 1que lanorme £(L?) de
Op" (1) peut étre contrdlée par /N /2 pour N > 3. Le lecteur pourra consulter [ 1
pour plus de résultats sur ce sujet.

Une question naturelle est de savoir si des résultats similaires s'appliquent a la quan-
tification standard. Bien que la quantification standard soit souvent utilisée en analyse
mathématique, ce type de résultat reste rare. Or, la Proposition 1.1.4 fournit une réponse
positive pour des domaines E = {|x| > [£|P}. Avec la méthode développée dans le Cha-
pitre 1, nous pouvons également espérer établir la bornitude de Op (Il|z‘>f(|§‘)) pour des
fonctions convexes ou concaves f, au moins celles qui se comportent comme des fonc-
tions fractionnaires.

1.2. L'instabilité des vagues

La dynamique des vagues a deux phases décrit le mouvement de deux couches de
fluide séparées par une interface libre. Nous supposons que les fluides sont potentiels et
gouvernés par les équations d'Euler incompressibles, avec des conditions cinématiques et
dynamiques garantissant I'absence de vide entre les couches et I'équilibre des pressions.
Lorsque le fluide inférieur est moins dense que le fluide supérieur, il est bien connu que
le systeme possede un effet dispersif, et la relation de dispersion est donnée par

2_ 4 4 4 3
w(§) gl¢| P €17
ou A est le nombre d’Atwood, défini par

pt—p-

1.2.1 — ,

ou p™ et p~ représentent respectivement les densités du fluide inférieur et supérieur. Ici,
g > 0 désigne l'accélération de gravité et ¢ > 0 est le coefficient de tension superficielle.
Une question naturelle qui se pose est de déterminer les conditions de stabilité de ce
systeme.
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Suite aux travaux pionniers de Rayleigh [ ], de nombreuses recherches ont été
menées sur cette problématique. Dans les années 1990, Wu a rigoureusement établi le
caractere bien posé pour le systéme avec un seul fluide [ ; 1, sous I'hypothése
d’'une condition de stabilité connue sous le nom de condition de signe de Taylor ou
condition de Rayleigh-Taylor, exprimée par

(1.2.2) —ayP|interface > 0.

Ici, P désigne la pression et y est la coordonnée verticale. Cette condition, initialement

mise en évidence dans I'analyse linéaire de Rayleigh [ ] et Taylor [ 1, a été éten-

due aux systémes non linéaires a deux fluides (voir [ ] et les références associées) :
1L/ ot ) 4

1.2.3 —0yP] > — | —— | ¢ VIl oo

(123 0,71 > o (i) vl

ou [-] désigne le saut a l'interface et V' est la composante horizontale de vélocité.

Un contre-exemple notable a cette condition de stabilité est instabilité de Rayleigh-
Taylor, notamment le cas A < 0, c'est-a-dire lorsque le fluide supérieur est plus dense
que le fluide inférieur. Dans ce cas, le systeme linéarisé prend la forme

1
o 2
e = L
indiquant la présence de modes a croissance exponentielle. De telles instabilités ont été
largement observées dans des expériences physiques [ ]etd'autres études connexes.
Cependant, les investigations quantitatives de ce phénoméne, en particulier dans le cadre
non linéaire, restent limitées. La deuxieme partie de cette thése est consacrée a une des-
cription quantitative de l'instabilité de Rayleigh-Taylor.

L'approche développée dans le Chapitre 3 repose sur le théoréme du viriel pour
I'équation des vagues, introduit par Alazard et Zuily [ ]. De maniére informelle, ce
théoréme énonce que sila trajectoire du systeme reste dans un ensemble compact, nous
pouvons en déduire une égalité asymptotique entre I'énergie cinétique et I'énergie po-
tentielle au sens de moyenne en temps. Dans le cas de linstabilité de Rayleigh-Taylor,
I'énergie cinétique est non négative par définition, tandis que I'énergie potentielle peut
étre négative, a cause de sa composante gravitationnelle, entrainant ainsi une contradic-
tion. Par conséquent, la solution du systéeme doit croitre, et la vitesse de cette croissance
peut étre déterminée par une version quantitative du théoréme du viriel a développer
dans le Chapitre 3. Cette méthode, qui prédit une croissance polynomiale (plus faible que
celle obtenue par analyse linéaire), s'applique a une large classe de solutions régulieres,
avec ou sans effet de tension superficielle.

En adoptant une stratégie similaire, on obtient des résultats analogues dans le cas cri-
tiqgue A = 0. Notons qu'il existe un autre type d'instabilité, connue sous le nom d’instabilité
de Kelvin-Helmholtz (KHI), ou probléme des nappes de tourbillons, qui provient du
saut de vélocité a l'interface. Cette instabilité n'est pas directement liée a la gravité et
peut se manifester pour tout A € R. Dans notre formulation suivante, la continuité de
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vélocité est autorisée, ce qui rend peu plausible d'attribuer la croissance polynomiale a
une instabilité de type KHI. En fait, lorsque A = 0, le systeme est hyperbolique dégénéré,
ce qui peut naturellement engendrer une croissance polynomiale en temps.

1.2.1. Formulation du systéme

Soient QF(t) deux domaines connexes, séparés par une hypersurface () sans auto-
intersection, parameétrée par

(1.2.4) y(t): T4 = Tex] - HT H™ [, = ~(t,z).
Ici, H* €]0, +o0] désigne la profondeur, et nous notons
(1.2.5) It ={(z,y) € T* xR | y = FH*}

les frontiéres solides (ou fonds). Lorsque HT = +oco ou H~ = +oo, la frontiére solide
correspondante est ignorée. La dimension d est généralement égale a 1 ou 2 pour des
motivations physiques, bien que la plupart des arguments restent valables en toute di-
mension.

A N[)
H- N

O (1) n

\_/ .ZUETd

—_Ht

Figure 1.1 - Vagues a deux phases

Les domaines Q*(t) représentent des régions de fluide supposées parfaites, poten-
tielles et incompressibles. Par conséquent, le champ de vélocité admet une représenta-
tion potentielle u* = V, ,¢%, ol le potentiel * évolue selon I'équation de Bernoulli :

Vayd™ |

(1.2.6) P~ (@& + =

) + P* 4 pFgy =0, dans QF(1).

Ici, p* > 0 est la densité constante, P* la pression, et g > 0 l'accélération gravitationnelle.
L'incompressibilité du fluide impose que le potentiel ¢* soit harmonique :

(1.2.7) A, 9" =0, dans QF(¢).
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Les conditions aux frontieres (libres et solides) complétent la description du mouve-
ment des vagues. Sur les fonds I't, limperméabilité du fond impose :

(1.2.8) u® nf =0, surT¥,

ou nbjE est la normale extérieure. En cas de profondeur infinie H = +o0o ou H~ = +o0,
cette condition devient :

(1.2.9) lim u™ =0, ou lim uw =0.
Yy—r—00 Yy—r—+00

Deux conditions supplémentaires sont imposées a l'interface libre. La premiere est
la condition cinématique, qui garantit que la vitesse normale de l'interface et des fluides
coincident :

(1.2.10) Oy-n=ut-n=u"-n, surX(t),

ou n est la normale unitaire (vers le haut) a l'interface 3(t). La seconde condition exprime
I'équilibre des pressions avec la tension superficielle, appelée condition dynamique :

(1.2.11) Pt — P~ =0k, surX(t),

ou o > 0 est le coefficient de tension superficielle et s la courbure moyenne.
Ainsi, I'évolution des vagues a deux phases est décrite par le systéme suivant :

p* (0™ + 5| Vay¢™|?) + P+ pFgy =0, dans Q*(1),
Ay ydE =0, dans QF(t),

(1.2.12) n-Oy=n-Vyydpt =n-Vy,o, sur X(t),
Pt — P~ =0k, sur X(t),
(profondeur finie) nif - V, ,¢* = 0, sur I'E,
(profondeur infinie) limy_zoo Vi y¢™ = 0.

Grace a la formulation de Craig-Sulem-Zakharov, ce systeme peut étre reformulé de ma-
niére autonome, éliminant explicitement les pressions P* (voir [ ; ; 1.
D'une maniere imprécise, nous prenons la différence entre la partie + et — de la premiére
équation dans (1.2.12) limitée a l'interface 3(t), ou une annulation concernant les pres-
sions P* peut étre effectuée par la condition dynamique (1.2.11). Le systéme reformulé
de cette maniere contint seulement deux inconnues, l'interface «y et les traces des poten-
tiel ¢*, d'ol le potentiel se retrouve en résolvant Am,yéi = 0 sous certains condition au
bord. Cependant, bien que cette formulation soit compacte, elle introduit des difficultés
techniques qui ne seront pas abordées ici (voir [ ] pour une discussion détaillée).
En particulier, nous nous concentrons sur deux configurations importantes :

(1) Le cas du graphe : en dimension générale d > 1, X(t) est représenté par le graphe
d'une fonction n(t): T¢ =] — HT, H~[;

(2) Le cas de chevauchement : en dimension d = 1, 3(t) est une courbe sans auto-
intersection.

Ces deux cas jouent un rbéle fondamental dans I'étude des vagues a deux phases.
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Q- (1) Q- (t)
X(t)={y=nt2)} B(t)={y(t,s)}
N — 2T N — €T

—H* —H*

Figure 1.2 - Le cas du graphe & le cas de chevauchement

1.2.2. Lois de conservation et la structure hamiltonienne

Dans l'évolution de vague a deux phases (1.2.12), il est bien connu que la masse et
I'énergie sont conservées en temps. La masse est définie par

(1.2.13) M = / n-(0,y)dS,
b

ou dS désigne I'élément de surface (voir également (3.2.10) pour une formulation alterna-
tive). Pour la simplicité, nous supposerons que M = 0 pour tout temps. L'énergie totale
du systeme (3.1.10)

(1.2.14) E=FE,+E,

est composée par I'énergie cinétique E}, et I'énergie potentielle E,, qui sont définies par

1
(1.2.15) Bi=5) 07 // Vo™ [Pddy,
i o
Ag/ 2 o i d
1.2.16 E, . =— - (0, dS + —— |Aire(2(t)) — (2 ,
(1.2.16) b=y [ 078 & T |Aire(2(0) (2]

ol p* = p*/(pT+p~) estladensité relative, A estle nombre d’Atwood (1.2.1), et Aire(X(t))
représente l'aire de I'hypersurface X(¢). Remarquons que cette énergie n'est pas définie
positive lorsque le nombre d’Atwood A < 0.

Considérons la trace unifiée du potentiel,

(1.2.17) Vi=pTotls —p o7 |s.

Si, de plus, l'interface X(t) est le graphe d'une fonction 7, I'énergie E devient une fonc-
tionnelle non linéaire de (7, ¢) et le systéme (1.2.12) admet la formulation hamiltonienne
suivante,

OFE OFE

(1.2.18) "=y =
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Une dérivation formelle de cette formulation est donnée dans [ ; ] pour le cas
du graphe etdans [ ] pour le cas de chevauchement. En considérant cette structure
hamiltonienne (formelle), nous pouvons espérer |'établissement d'un théoréme du viriel
pour le systeme (1.2.12), ce qui sera discuté dans la section suivante.

1.2.3. Théoréme du viriel

Le théoréme du viriel, ou équipartition de I'énergie, décrit un phénomene selon
lequel, dans de nombreux systemes hamiltoniens, I'énergie cinétique et potentielle sont
égales au sens de la moyenne temporelle, si la trajectoire du systéme reste dans un do-
maine compact. Proclamé par Clausius [ 1en 1870, il est rapidement devenu un outil
puissant en physique [ ; ; 1. Les liens entre le théoréme du viriel et de
nombreux modeles importants en physique classique ont également été découverts au
cours des derniéres décennies [ ; ; ; ]. De plus, l'idée de ce théo-
reme a également été appliquée a certains sujets en biologie [ ] et en économie
[ 1

En mathématiques, le théoréme du viriel joue un réle important dans les problémes
d’explosion des EDP. Dans les années 1970, Zakharov-Sobolev-Synakh [ ] et Glassey
[ Jontmontré que le théoréme du viriel peut étre utilisé pour étudier les solutions ex-
plosives des équations de Schrédinger non linéaires. Cette approche a depuis été utilisée
dans divers contextes, notamment en mécanique des fluides et en physique des plasmas.
Cette technique est également utilisée par Merle [ ], Sideris [ ], Levine [ ;

], Keel-Tao [ ], et Kenig-Merle [ ]. Cette propriété est aussi montrée pour
I'équation des ondes et de Maxwell [ ], 'équation des ondes non linéaires [ :

], et le thermo-élasticité [ ]. Récemment, le théoreme du viriel a également été
établi pour I'équation des vagues avec gravité par Alazard-Zuily [ ], et les auteurs ont
en déduit I'instabilité de Rayleigh-Taylor.

Le présent travail s'inscrit dans cette lignée. Vu que le systeme de vague a deux phases
admet une formulation hamiltonienne, nous espérons une identité du viriel ci-dessous,
qui sera prouvée dans le Chapitre 3.

Théoréme 1.2.1. Soit (y, ¢, P*) une solution réguliére & (1.2.12). Alors, il existe une fonc-
tionnelle I de (v, ¢*|x), telle que

1d
1.2.1 ~—I=E,-E
(1.2.19) 5 7t K Ep + R,

ol E}, désigne I'énergie cinétique modifiée
3
(1.2.20) Zp // ( V.0t 2 + 4|ay¢i|2> dxdy,

E, est I'énergie potentielle, et le reste R est non-négatif.
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Remarquons que, dans [ ], les auteurs ont traité le cas du graphe avec une couche
de fluide et choisi I comme le produit scalaire de 7 (I'interface) et ¢ (la trace du potentiel),
ce qui forme les inconnus dans la formulation hamiltonienne (1.2.18). Dans cette these,
nous allons étendre cette quantité au cas a deux phases et au cas de chevauchement.

1.2.4. L'instabilité du systeme

Avant examiner l'instabilité, nous commencons par un rappel sur le caractére bien
posé. En I'absence de tension superficielle, le caractere localement bien posé peut étre
établie dans l'espace des fonctions analytiques. Par exemple, dans [ ; ], les au-
teurs ont utilisé le théoreme de Cauchy-Kowalewski pour prouver que si les données ini-
tiales admettent une extension a la bande complexe de largeur o > 0, alors il existe
une solution unique dans l'espace des fonctions analytiques dans la bande de largeur
r €]0,7o[, et le temps d'existence est de taille 7y — r. Ce résultat n'a été prouvé que pour
de petites données initiales, ou l'interface a un petit gradient et est plate a l'infini. Cette
condition de petitesse n'est pas essentielle dans le cas du tore 2D grace a Xie [ len
ramenant le systeme sur le disque unité via une transformation conforme.

En effet, le cadre analytique est optimal au sens ou la solution du probléme KHI ou
RTI est soit excessivement rugueuse, soit analytique. Plus précisément, pour le probléme
KHI en deux dimensions, Lebeau a prouvé dans [ 1 que, une fois que l'interface a
la régularité de Holder C1€ avec e > 0, la solution doit &tre analytique en temps et en
espace. Ce résultat a également été prouvé indépendamment par Wu dans [ ], ou
l'interface est supposée avoir seulement une régularité Lipschitz. Et pour le probleme RTI
en deux dimensions, grace a [ 1. la régularité de Hoélder C' de linterface garantit que
la solution est lisse, ou analytique dans l'espace avec I'hypothese supplémentaire que le
saut a l'interface n'a pas de zéro. Remarquons que la régularité minimale supposée pour
Iinterface doit étre Lipschitz afin de donner un sens approprié au systeme (1.2.12). En
outre, si le tourbillon est non trivial, Ebin a prouvé dans [ 1 que les problémes RTI
et KHI sont mal posés (au sens de Hadamard) dans les espaces de Sobolev. Un résultat
similaire a également été prouvé par Guo-Tice [ ] pour les fluides compressibles.

Pour RTI avec tension de surface, les cas ou le caractére bien posé est connu sont
rares sauf si la viscosité est non nulle. Lorsque le mouvement des fluides est gouverné
par I'équation de Navier-Stokes, les auteurs de [ ] ont montré le caractére locale-
ment bien posé dans les espaces de Sobolev d'ordre élevé pour les petites données et leur
décroissance presque exponentielle en temps. Si les fluides sont de plus supposés com-
pressibles, il est prouvé dans [ ; ; 1 que le probléeme est localement
bien posé pour de petites données initiales dans des espaces de Sobolev d’'ordre élevé et
gu'il est exponentiellement stable pres de I'équilibre lorsque la tension superficielle est
suffisamment grande.

Dans cette thése, au lieu du caractére bien posé, nous nous concentrons sur l'instabi-
lité du systeme (1.2.12). Grace aux discussion ci-dessus, les solution a étudier peuvent étre
supposées assez réguliere. Les résultats existants concernant l'instabilité sont principale-
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ment basés sur les méthodes du mode croissant ou de la régularité maximale [ ;

; ; ; ; ; ]. Méme si elles peuvent étre appliquées aux
contextes plus généraux, ces méthodes soulignent la comparaison entre systemes li-
néaires et non linéaires, et l'instabilité ne peut étre montrée que pour certains perturba-
tions proches de zéro en un temps court. En raison de la nature physique de ce probleme,
il faut s'attendre a une explosion (ou, au moins, a une croissance rapide) pour la plupart
des solutions régulieres, ce qui pourrait étre extrémement difficile en raison de la non-
linéarité totale du systeme. Comme indiqué dans [ ], une solution possible pourrait
étre l'identité du viriel (voir Théoreme 1.2.1), impliquant les résultats principaux suivants.

Théoréme 1.2.2. Soit (v, o=, P*) une solution réguliére a (1.2.12). Supposons que I'énergie
totale E vérifie

(1.2.21) E#0sic=0, etE<0sioc>0.

(1) En cas du graphe, notamment ~(t, z) = (x,n(t,x)) pour certaine fonction n, il existe une
constant C' > 0 qui dépend des données initiales, tel que, pour tout temps d’existence,

(1.2.22) EJt + 1(0) < C (14 | Van(t)]| o) ? ;
(2) En cas de chevauchement, 'inégalité ci-dessus deviens
(1.2.23) Bt +1(0) < C (1 + [[6(t)]| )7 -
Ici, I est la fonctionnelle construite dans Théoréme 1.2.1, et (t) est la courbure.

Remarquons que la condition (1.2.21) peut étre vérifiée par la plupart des données
réguliere lorsque o = 0. En considérant I'effet de la tension superficielle, la condition E <
0, nécessaire afin que le membre de droite de l'identité du viriel (1.2.19) soit positive, est
satisfaite par un nombre limité des données comme ¢*(0,2,y) = 0, n(0,2) = M sin(z),
avec M € R suffisamment grand. La caractérisation du cas £ > 0, ¢ > 0 est encore
ouverte.

Le Théoréme (1.2.2) fournit une singularité possible du systeme (1.2.12), la croissance
de la pente ou de la courbure. Cependant, d'autres types de singularité existent. Une pos-
sibilité est 'auto-intersection, qui est observée déja dans I'équation des vagues [ ]
et reste ouverte dans le contexte de RTI et KHI. Une autre possibilité est l'intersection
entre l'interface libre et les fonds. Dans le cas de RTI, il est bien connu que le largeur de
linterface, a savoir le largeur de la région de mélange, admet une croissance O(t2), ce qui
entraine l'intersection en temps fini entre l'interface libre et les fonds dont le profondeur
est finie.

La démonstration du Théoréme 1.2.1 suit de l'identité du viriel (1.2.19). Sous la condi-
tion (1.2.21) de I'énergie, nous pouvons montrer que le membre de droite de (1.2.19)
est minoré par une constant strictement positive dépendant que I'énergie totale, qui est
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conservée en temps. Cest-a-dire I'(t) > C(F) > 0, ce qui entraine que I admet une
croissance plus vite que O(t) :

I(t) = I(0) + C(E)t.

Dans le cas du graphe, d'aprés la construction de la fonctionnelle I dans Théoréme 1.2.1,
il est contrdlé par la norme L? de la trace du potentiel ¢* et donc par I'énergie cinétique
Ej, grace au théoréme de la trace.

I) < CM)D N5 llzsy < CO) Y IVeydE |2y ~ Cn)Ex = C(n)(E — Ey)
+ +

Notons que I'énergie totale E est conservée en temps (donc dépend que la donnée ini-
tiale) et I'énergie potentielle £, dépend que la forme 7 de l'interface. Alors, la majoration
de I peut étre réalisée par une fonction des normes de 7, plus précisément une fonction
de la pente ||V,n| = de linterface. Pour le cas de chevauchement, I'idée du preuve est
similaire et la seule différence est que, pour montrer le théoreme de la trace, il faut faire
un aplatissement de l'interface, une courbe générale sans auto-intersection. De cette rai-
son, nous devions introduire les coordonnées géodésiques normales, d'ou la courbure
apparait au lieu de la pente.

1.3. L'évolution des jets

L'écoulement de jet se référe au mouvement d'une fluide occupant un domaine cylin-
drique avec une interface libre ou solide. L'étude des jets posseéde une longue histoire en
physique. Ce n'est qu'au début du XIXe siecle que les chercheurs ont découvert que la sin-
gularité des jets, notamment la rupture de jets, estindépendante des forces extérieures,
comme la gravité, et qu'elle doit étre attribuée a la tension de surface, une propriété in-
trinséque du fluide. En 1873, Plateau [ ] a observé pour la premiére fois que cette
instabilité est liée a l'aire des jets. Peu apreés, en 1879, Rayleigh [ ] a développé une
méthode de stabilité linéaire permettant d’'expliquer ce phénoméne d’'un point de vue
théorique. Sile jet est périodique en direction de I'axe, le mouvement du jet est gouverné,
au moins au niveau linéaire, par une équation dispersive dont le relation de dispersion

est
o Li([¢|R)

2_ 7 2p2

ou o > 0 désigne le coefficient de la tension superficielle, p > 0 est la densité, et Iy, I;
sont fonctions de Bessel. Ici R > 0 est le rayon de référence, a savoir que la frontiére
libre est supposé étre proche du cylindre de rayon R. Pour les jets de fréquence grande,
d'apres l'effet dispersif, nous pouvons espérer sa stabilité. Si la fréquence est assez pe-
tite (|¢| < R™'), la relation de dispersion ci-dessus indique la possibilité d’'une croissance
exponentiel, qui est connue comme l'instabilité de Rayleigh-Plateau. Du point de vue
physique, ce mode d'instabilité exponentiel est la raison pour la rupture des jets.
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Cette étude linéaire est parfaitement en accord avec les expériences physiques, cf.
[ 1, bien que I'effet non linéaire soit peu pris en compte dans les calculs. Une question
naturelle est de refaire ce calcul pour le systeme non linéaire et en déduire la rupture des
jets. Un apercu historique et un état de l'art en physique se trouvent dans [ 1.

Les résultats mathématiques concernant des jets se limitent principalement au ré-
gime stationnaire (indépendant du temps), en particulier 'écoulement dans des tuyeres.
Pour des travaux sur les tuyeres infiniment longues, nous renvoyons a [ ; ; ;

]. Dans le cas des tuyeres semi-infinies (présentant une frontiere libre partielle), les
premiéres études utilisant la transformation hodographique et les applications conformes
remontent a [ ; 1, tandis qu’une approche plus puissante, reposant sur une for-
mulation variationnelle, a été développée par Alt, Caffarelli et Friedman [ ; ;

]. Des avancées récentes sur ce sujet sont disponibles dans [ ; ; ]
et les références citées. Outre les problemes liés aux tuyeres, d'autres résultats sur les
jets stationnaires peuvent étre trouveés dans [ ; 1.

Afin d'établir la théorie de stabilité/instabilité pour le mouvement des jets, il faut éta-
blir un caractére bien posé pour les systemes décrivant le mouvement des jets. Récem-
ment, le premier résultat d’existence et d’unicité a été obtenu par Huang-Karakhanyan
[ 1, qui ont démontré que les jets symétriques par rapport a I'axe sont localement
bien posés dans les espaces de Sobolev. Comme les perturbations des états stationnaires
ne sont pas forcement symétriques, il est nécessaire d’'étendre I'existence locale pour des
données sans conditions de symétrie, ce qui est I'objectif de Chapitre 4 de cette these.

1.3.1. Formulation du probléme

La forme des jets a étudier est représentée par une fonction scalaire 7, au sens ou
(1.3.1) Q(t) = {(z,2) ER* xR:z = 0or|z| <n(t z/|z],2)},
et l'interface libre associée est désignée par

(1.3.2) Y(t) = {(z,2) ER? xR : |z| = n(t,z/|z|, 2)}.

2] = n(t.6,2)

Figure 1.3 - Les jets sans conditions de symétrie

Pour la motivation physique, nous considérons deux situations :
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(1) Lejet est une petite perturbation du cylindre de référence (c'est-a-dire un cylindre de
rayon R > 0), et la perturbation tend vers zéro a l'infinie;

(2) Lejetestpériodique endirection de l'axe, et sa différence avec le cylindre de référence
peut étre grande.

Supposons que le fluide est incompressible, parfait, et de rotationnel nul,

o AV vsz:Oa d Qt7
(13.3) { U+ u 2u+ Vg, ans (t)

divy ,u =0, curl,.u=0, dans Q(t),

ou P désigne la pression associée a la tension superficielle.

Comme dans le probleme des vagues introduit dans la section précédente, des condi-
tions cinématique et dynamique sont requises pour la description complete du mouve-
ment des jets. La condition cinématique, déterminant I'évolution de la frontiére libre, est
donnée par

(1.3.4) n-y =mn-u, surx(t),

ou, n désigne la direction normale a X vers I'extérieur et v est la paramétrisation de X via
coordonnée cylindrique et la fonction 7.

A propos de la condition dynamique, nous ne considérons que I'effet de la tension de
surface,

1
(1.3.5) Ply =0 (H — QR) ;

ou o > 0 est le coefficient de la tension superficielle et H désigne la courbure moyenne.
Notons que 1/(2R) est une normalisation pour que P|y, tende vers zéro a l'infinie.

Remarquons que nous nous intéressons uniquement un systeme sans gravité, bien
que celle-ci soit un facteur essentiel dans les problemes de vagues. Ce choix est motivé
par notre objectif final : 'étude de l'instabilité de Rayleigh-Plateau, pour laquelle la tension
de surface constitue la seule source d'instabilité. Il est important de noter que ce modeéle
sans gravité peut étre considéré comme une approximation des systémes avec un grand
nombre de Froude — un régime typique des jets liquides fins et allongés (voir I'expérience
physique présentée dans [ 1.

Pour réécrire le systeme (1.3.3)-(1.3.5) sous une forme compacte sur un domaine fixé
en temps, nous introduisons la formulation de Craig-Sulem-Zakharov [ ; 1.
Comme u est de divergence et rotationnel nuls, il admet I'expression u = V, .¢ pour un
potentiel scalaire ¢ harmonique dans le domaine de fluide Q2. En notant par ¢ la trace du
potentiel ¢, qui peut étre récupéré a partir de ¢ en résolvant I'équation de Poisson

(1.3.6) { A0 =0, dans(t),

Plsy =,

nous avons la définition suivante de 'opérateur de Dirichlet-a-Neumann,

(1.3.7) G == /14 (/0% + 1020 - Vi 20| r—n,
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ou (r,w, z) est la coordonnée cylindrique. En termes de cet opérateur, nous pouvons re-
formuler le systeme (1.3.3)-(1.3.5) comme un systéme autonome de (7, ¢) sur le domaine
T x R (fixé en temps),

(13.8) { ne = G(n)y,

¢t+0’(H—ﬁ)+N:0,
avec le terme non linéaire N donné par

— — 2
LG+ Ve-V0) o (-1, 0,
2 14|y

_1 W, 2
N—Q\Vzp\ —

1.3.2. Probléme de Cauchy

En utilisant une stratégie similaire a [ 1, qui traite le systéme (1.3.8) comme les
équations des vagues planaire [ ], nous pouvons montrer l'existence et l'unicité du
systéeme (1.3.8) localement en temps dans des espaces de Sobolev.

Théoréme 1.3.1. Etant donné R > 0, soient (g — R, o) € HS’L%(T x R) x H%(T x R) avec
s > 3. Alors, pour tous données initiales (ng, o) Vérifiant ny > 0, il existe T > 0, tel que le
systeme (1.3.8) admet une unique solution

(n- R, ) € C (10, T H*H(T x R) x H*(T x R)).

En outre, pour tous temps d'existence t € [0,T'], nous avons n(t) > 0.
De plus, le flot associé est continue dans l'espace métrique (R + H5t %) x H*.

De maniere analogue a [ ], l'idée principale de la démonstration est d’étudier la
nature hyperbolique du systéeme (1.3.8). Plus précisément, nous reformulons le systeme
via calcul paradifférentiel sous la forme :

(1.3.9) 8Y + AY)Y = F(Y),

ou Y est une nouvelle variable définie comme un opérateur elliptique agissant sur (1, ¥)
et F(Y) est un terme de source relativement régulier, dépendant implicitement de Y.
L'opérateur linéaire d'ordre élevé A(Y') dépendant également implicitement de Y est an-
tisymétrique. Les méthodes classiques des équations hyperboliques permettent alors de
résoudre le probleme de Cauchy par les systemes approchés et les estimations de I'éner-
gie. Plus précisément, la démonstration du Théoreme 1.3.1 est décomposée par cinq
étapes ci-dessous :

Etape 1 (Paralinéarisation de G(n)) Afin d’exprimer l'opérateur de Dirichlet-3-Neumann
G(n) comme un opérateur paradifférentiel dont le symbole dépend explicite-
ment de n, nous devons reformuler I'équation de Poisson (1.3.6) sous forme d'une
équation elliptique sur un cylindre fixé. L'opérateur de Laplace A, qui intervient



CHAPITRE 1. INTRODUCTION 29

Etape 2

Etape 3

Etape 4

Etape 5

dépend alors de la métrique g, ou de maniere équivalente, de la forme 7. En dé-
composant le Laplacien en parties normale et tangentielle, nous montrerons que
la différence entre la dérivée normale de ¢ et un opérateur tangentiel agissant
sur ¢ satisfait une équation hyperbolique, ce qui implique la paralinéarisation de
G(n).

(Paralinéarisation des termes non linéaires) Le traitement du terme non linéaire
N est relativement simple puisqu'il s'exprime comme une fonction réguliére de
G(n)v, n, ¢ et de leurs dérivées, d'ou la paralinéarisation découle directement.
La méme technique s'applique a la courbure moyenne H, qui est une fonction
réguliére de n et de ses dérivées.

(Symétrisation) Grossierement, les résultats précédents permettent de réécrire
I'équation principale A(Y) dans (1.3.9) comme

AY)=V -V+L,

ou le premier terme est un opérateur de transport et le deuxieme est un opé-
rateur paradifférentiel dont le symbole est une matrice 2 x 2 dont les valeurs
propres sont purementimaginaires. Donc, apres des transformées simples, A(Y')
est antisymétrique modulo un opérateur régularisant.

(Probleme de Cauchy) Nous construisons une suite de solutions approchées de
I'équation :

OYe + Ae(Ye)Ye = F(Yo),
ou A.(Y') estuneversionrégularisée de A(Y'). Pour assurer la propriété A.(Y)* =
—A(Y), cette régularisation ne peut étre un simple lissage en variable de Fourier,
mais doit étre définie par insertion d’'un opérateur paradifférentiel bien choisi
dépendant de n dans A(Y').

(Continuité de la solution) Enfin, nous devons vérifier que la solution obtenue
comme limite des solutions approchées est continue en temps et en données
initiales. Au lieu des méthodes classiques, nous utilisons un résultat récent de
[ ], qui établit un théoréme d'interpolation non linéaire pour les systéemes
avec des estimations douces, qui est une conséquence du calcul paradifférentiel.

Dans ce schéma de preuve, il y a deux difficultés :

(1) Le calcul paradifférentiel de I'opérateur de Dirichlet-a-Neumann nécessite I'étude pa-
radifférentielle de I'équation de Poisson (1.3.6). Si le systéeme est symétrique par rap-
port a I'axe, elle se réduit a un probléeme sur un demi-plan de dimension deux et
les méthodes pour les vagues planaires s'appliquent ici. Sinon, la méme méthode ne
marche plus a cause des singularités sur l'axe. Dong, il faut directement étudier la
régularité de (1.3.6) dans un domaine presque cylindrique.

(2) Afin de clarifier la dépendance de la forme 7, il faut étudier la dérivée de la forme, qui
est bien connue dans le cas planaire, cf. [ ]. Dans le cas cylindrique, il faut traiter
les problemes techniques issus de la géométrie. Nous allons suivre les méthodes de



30 CHAPITRE 1. INTRODUCTION

Beyer-Gunther [ ], développées pour étudier le mouvement des gouttes (dont la
forme est presque une spheére).

1.4. Perspectives : Interaction fluide-structure

Notre travail ouvre des perspectives quant a la résolution d'autres problémes issus de
la mécanique des fluides, pour lesquels certains des idées et méthodes que nous avons
développé pourraient s'avérer fructueuses. Nous pensons en particulier avec questions
d'interaction fluide-structure, qui décrivent le comportement d'un fluide entouré par
une structure élastique, tel le sang s'écoulant dans une veine. Nous avons entamé un tel
travail, dans le prolongement de cette thése, dont nous décrivons ci-dessus les idées.

Rappelons d'abord que les effets dispersive peuvent étre utilisés pour abaisser le ni-
veau de régularité minimal a imposer aux données initiales pour pouvoir prouver un ré-
sultat d'existence locale. Par exemple, le mouvement des vagues ou des jets peut étre
décrit par une équation dispersive de la forme

O+ ip(Dy)u = N(u),

avec p(&) = |£]'/2 (resp. p(&) = [€]>/?) pour les vagues de gravité (resp. de capillarité),
N (u) désignant le terme non linéaire. Si l'utilisation du caractere hyperbolique de la partie
linéaire de I'équation permet en général d'obtenir le caractére bien posé local de I'équa-
tion non linéaire, les hypotheses de régularité des données initiales a introduire sont loin
d'étre optimales. Par contre, l'utilisation du caractere dispersif de I'équation peut per-
mettre d'affaiblir les conditions de régularité de la donnée sous lesquelles nous pouvons
prouver I'existence locale. Toutefois, en régle générale, nous ne pouvons abaisser le seuil
de régularité jusqu’au niveau de I'espace d'énergie de I'équation.

Plus spécifiqguement, considérons I'équation des vagues capillaires en dimension 2.
Il est montré dans [ ] que ce systeme est localement bien posé pour des données
(n,v) € H*T1/2 x H® avec s > 5/2, en utilisant uniquement des méthodes hyperboliques.
Si on fait appel en outre a des méthodes dispersives, telles les inégalités de Strichartz,
on peut affaiblir 'hypothése s > 5/2 en s > 9/4. Ce seuil reste largement supérieur a
celui correspondant a 'espace d’énergie s = 1/2. Néanmoins, dans le cas de l'interaction
fluide-structure que nous allons décrire ci-apres, nous espérons, en utilisant les méthodes
dispersives, atteindre le niveau de régularité de I'espace d'énergie (ce qui permet alors,
par conservation de I'énergie, de déduire d'un résultat local en temps un théoréme d'exis-
tence globale).

Considérons un fluide occupant le domaine

Qt) = {(z,y) e R* : y < n(t,x)},

pour certaine fonction scalaire 7(t, z). Le champ de vélocité v du fluide dans €(t) est sup-
posé étre gouverné par I'équation d'Euler incompressible sans rotationnel,

{Gtv + (v-Vay)v+ Ve, P+gy =0, dansQ(t),

divy, v =0, curly,v=0, dans Q(t),

(1.4.1)
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ou P désigne la pression et g > 0 est I'accélération de gravité. Le mouvement de la fron-
tiere libre X(t) = {y = n(t,x)} est contrdlé par la condition cinématique

(1.4.2) n-0(x,m) = n - ulse,

oU n estladirection normale a l'interface X(¢), ainsi que I'équation des plaques (cf. [ 1
pour la théorie générale des plaques)

(1.4.3) Ply—p = 020+ A2n.

Le systeme (1.4.1)-(1.4.3) admet aussi la formulation de Craig-Sulem-Zakharov. En écrivant
la vélocité sous la forme potentielle v = V, ¢, nous notons par % la trace du potentiel
scalaire ¢, et, comme dans (1.3.7) ci-dessus, I'opérateur de Dirichlet-a-Neumann est
donnée par

Gy ==V 1+n2n-Veydly—,.

En terme de la nouvelle inconnue

u =1+ G(n)Y,

le systeme (1.4.1)-(1.4.3) se réduit a un systeme sur R,

(1.44) 0 = G(n)(1+G(n)) ',
o Ou + 02 +n+ N(n,u) =0,
ou N est le terme non linéaire et nous prenons g = 1 par simplicité.

Il est connu que l'opérateur de Dirichlet-a-Neumann est égal au multiplicateur de Fou-
rier |D,| modulo un opérateur régularisant. Donc, la linéarisation du systéme (1.4.4) est
donnée par

U +ip(D,)U = F(U),
U = |D, |21+ | D )Y2(1 + | DoY) 2 + i,

ou la relation de dispersion est égale a

p(€) = [+ [€) 21 + €12,
et F(U) désigne le terme non linéaire. Remarquons que la relation de dispersive p est
similaire a laquelle de I'équation de Schrodinger.
En répétant 'argument pour I'équation des vagues, nous pouvons obtenir le caractére
bien posé dans l'espace (n,u) € H*"2 x H® avec s > 1/2. Et, via 'estimation de Strichartz,
cette régularité peut étre amélioré a s = 0, ce qui correspond a la régularité de I'énergie

E = ;/RUG(’I’})(l + G(n))_lud:v + ;/R ((92n)* + n?)dx.

Comme une conséquence, la conservation de I'énergie implique l'existence et l'unicité
globales en temps. Pour la démonstration, les difficultés se concentrent sur les estimation
de terme non linéaire, dont la dépendance en 7 (ou la partie réelle de U) est implicite.
Pour étudier précisément cette dépendance, il faut établir une paralinéarisation précise
de l'opérateur Dirichlet-a-Neumann et une formule pour la dérivée de la forme dans un
régime de basse régularité.
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2 - Microlocal Partition of Energy for Fractional-type
Dispersive Equations

This chapter is devoted to the proof of microlocal partition of energy for fractional-
type dispersive equations including Schrédinger equation, linearized gravity or capillary
water-wave equation and half-Klein-Gordon equation. Roughly speaking, a quarter of the
L? energy lies inside or outside the “light cone” |x| = [tP’(£)| for large time. In addition,
based on the study of half-Klein-Gordon equation, the microlocal partition of energy will
also be proved for Klein-Gordon equation.

2.1. Introduction

2.1.1. Background

The classical partition of energy states that the energy of the solution w to linear wave
equation

(02 — A)w =0,
(W) wli—o = wo € HY(RY),

at’w‘t:o = w1 € LQ(Rd),

inside and outside the light cone |x| = |¢| satisfies, in odd dimension d,

o) Jim (B o, w1,1) + E™ o, w1, —)) = Bewl35 + [ V|22,
1. lim (EOut(wo,wl,t) + B (g, wr, —t)) - ”8th%2 + vaH%z,

t—+o0
where
B (wo, w1, 1) ::/ (IVwl? + |Brw]?) de,
|z|<[t]
EO (g, wi, 1) 1= / (1Vwl? + |0w]?) de.
|z |>[t]
A proof of this can be found in [ ]and [ 1, where the authors applied this

result to study the soliton of focusing energy-critical nonlinear wave equation in dimen-
sion d = 3,5 via some nonlinear analysis on small data solutions. One may also refer to
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[ Jand [ ] for the application in equivariant wave maps. In even dimension
d, the limits (2.1.1) do not hold in general settings. It is essential to add some extra correc-
tions, which have been calculated in detail for radial solutions in [ ] and for general
datain [ ]. In these references, the authors also discovered some special data such
that the corrections vanish, an application of which to 4-dimensional focusing energy-
critical wave equation can be found in [ 1.

The above results have been recently revisited in [ ] using the tools of microlocal
analysis. Consider first a solution u of the half-wave equation

(%-1al)u=o

(HW)

u‘t:() =up € L2,

Since u = e'1P=ly, stationary phase formula shows that one expects the microlocalized
energy of the solution outside a convenient neighborhood of {(z,¢) : = = t%} at time
t to vanish when ¢ goes to infinity. Because of that, it is natural to ask whether the mi-
crolocalized energy close to the preceding point, truncated outside the wave cone, gives
rise to lower bound of the form (2.1.1). More precisely, if one defines this microlocalized
truncated energy as

(212) EXX(S(UO7 - Hop ( Xx(S(t)) u(t)HiQ ’

x —I—t— —
HW — Rkl
(2.1.3) ay'y 5(t,x,8) == x ( mEsE ) X ( g ) Lelld>

where x, ¥ € C°(R?) are chosen to be real, radial and equal to 1 near zero with § €]0, 1],
then it has been proved in [ ] that in any dimension d,

(2.1.4) lim (E;'}%I’é(u(), )—|—EXX5(UO,—t)) = |luol|32.

t——+o0

This result may be used to recover (2.1.1) in odd dimension by taking v = (—i0; + |D3|) w
Actually, the truncated energy in (2.1.2) may be expressed from the microlocalized trun-
cated energy for the solution u of the half wave equation and from extra terms. These
extra terms give a zero contribution at the limit ¢ tending to infinity in odd dimensions,
but not in even ones.

The heuristics underlying estimate (2.1.4) for the half wave equation are as follows.

Define the quantization Op ( ) x6> of the symbol (2.1.3) by

1 .
(Op (aX%0) £) () = (5 5a / e Cali 5(t, @, &) f (1, €)dE.
Then (2.1.2) may be written as
E;}gﬁ(uo’t) - <Op (a%\lz,é) el Op ( Ay X6 )eitlDZ|u0>L2

(2.1.5) B ~itIDl g HW 3\ HW it| Dyl
=(ug,e p (a’x,x,5) p (a’X7X75) € o 2
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If the symbols were smooth ones, so that symbolic calculus (whose details can be found

in[ ]) could be used, one would expect the composition Op (‘15%,5) Op <aX i3 5) to

be equal, modulo negligible remainders, to Op (b), with b =

a : 5 , and the conjugation

e~ D=1 Op (b) 1P| to be equal, up to remainders, to Op (c) where c(x, &) = b(x — t%).
Applying this to (2.1.5), one could write this quantity as (ug, Op (e) up) modulo a term
tending to zero when t goes to infinity, where e is given by

T N |z — |§|| |¢]
e(t,z,&) = 2 2 —bB )1
(hm8) =x (;t,w)" ( P o=ty

This symbol e roughly cuts-off the phase space on the domain

X +5 Xr — .
{< ) slel S 1, [o- o >t}

When t — 400, the truncated domain tends to the half-space

(2.1.6) {(a:,{) :sgn(t)x - m < 0}

As a consequence, the sum of truncated energy at time ¢t and —t covers the whole phase
space.

We emphasize that all the arguments above are merely formal. They hold only if all
the involved functions are regular enough. In fact, it has also been proved in [ ] that

the cut-off operator Op (a ( X 5) may not even be bounded if the singular cut-off |z| > |¢|

is replaced by x - é—‘ > t, which seems to work formally.
The above formal point of view, though purely heuristic, suggests that the classical
result (2.1.1) might be extended to a large class of dispersive equations. In general system

(% - P00 u=o

1

as in half-wave equation, one may expect that the energy concentrates in the phase space
around z + tP’(£) = 0 and the partition of energy holds with generalized “light cone”

|z = [tP'(&)]-
The first result for Schrédinger equation has been given in [ ] with truncation
2
(2.1.7) EY" (uo, t) = H0p< ot )) U(t)] Lo
x4+ t&
(2.1.8) a5 (t, 7, €) = < i ) Liz|>[rg|
[tEl(V/TellgN) =+

The result is similar :

. 1
(2.1.9) lim (ESC”( t) + ESC“r(uo,—t)>:§HuoH%2-

t—+00



42 CHAPITRE 2. MICROLOCAL PARTITION OF ENERGY

Here the extra factors in the cut-off x is only for technical use, and the loss of half of total
energy ||ug||, is due to the convexity of P(§) = @

The goal of this chapter is to examine if the microlocal partition of energy results
(2.1.4), (2.1.9) may be extended to a large class of dispersive equations. In particular, this
generalized result covers the system of linearized gravity or capillary water-wave with in-
finite depth
(LGWW) %—m |20 =0,

1

)
(LCWW) D3 =0,
(3

or with finite and constant depth &,

(LGWW},) 9 | p, 1% tanh(h|DalJu = 0,

(LCWWS,) % — | D,|? tanh(h| Dy |)u = 0.

Moreover, the system of half-Klein-Gordon

(HKG) % — (Dy)u =0

can also be covered by the generalized result, and the associated conclusion will further
imply the microlocal partition of energy for standard Klein-Gordon equation

(02 — A+ 1w =0,
(KG) wli—o = wo € HY(RY),
atw‘t:() =wj € LQ(Rd).

One may have noticed that (2.1.4) and (2.1.9) are proved only for 6 €]0, ] or ]0, 3.
The case § > } seems useless since with such § the cut-off x gives no information in
the concentration of energy. The critical case 6 = 0, however, leads to some interesting
results in the limit of truncated energy. The related results will be presented in detail in
the next part.

2.1.2. Main results

We consider the fractional-type dispersive equation :

(at—P(D )>u:0,

1

(B)

u’t:U = Uo,

where P is radial and smooth except at £ = 0. For simplicity, P will be identified as a
function of p = |¢| in what follows. We further assume that P is a fractional-type symbol.
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Namely, the foIIowing hypothesis hold for some pg, p; # 0.

(1) P )is strictly positive and monotone on |0, +oo];
(2.0) 3Py = 0, p— 0+, [PW(p) — Py| ~ p™, [PP(p)| ~ pPo;
(Hpo.p1) (2.1)3P, >0, p — +oo, [PV (p) — Pi| ~ pP, [PP(p)] ~ pPr~ L
(3.0)¥j € N*,j > 3, ¥p €)0,1], [PV(p)| < p 1,
(3.1)Vj € N*,j > 3, ¥p €]1, 00, [PV (p)| < pPr 177,
We introduce the symbol
(2.1.10) a(t, 2, ) = ays(t,7,€) = X (W) Lo 77

where § € R, x € C®°(R?) is real with x(0) = 1. The corresponding truncated energy is
defined as

E(ug, t) = Ey5(uo,t) =[| Op (ays(1)) (u(t)) |72

(2.1.11) )
=110p (ay,s(t)) (™" Pug ) |13,
where
. 1 L
(21.12)  Op (ays(t) (atP(Dw)uo) () = gy / eI g (¢ 2 )iig(€)dE.

In Proposition 2.2.1, 2.2.2, and 2.3.1, we shall prove that, under some extra conditions
on P, operator Op (a(t)), together with its variations to be introduced later, is bounded
on L?, uniformly in |t| > 1. E(uo,t) is therefore a well-defined truncated energy, at least
when time |¢| is sufficiently large.

We first state the fundamental result which is available for fractional equations, na-
mely equation (E) with P'(¢) = [£[P& L such as Schrodinger equation (p = 1), linearized gra-

vity water-wave equation (p = —2) and linearized capillary water-wave equation (p = 5

Theorem 2.1.1. Let x € C°(R?) be a real function such that x(0) = 1. We further assume
that P satisfies hypothesis (H,, ,,) with Py = Py = 0.

(i)Ifo <0,
(2.1.13) im By s(uo,t) = 0.
(i) If § = 0,
1
(2.1.14) ||m E, s(ug,t) = W)d/GX(p’w)mO(pw)de1dpdw,

where (p,w) is polar coordinate. The function G (p,w) is defined, when P is convex, by

i —Hy\?

2
(2.1.15)  Gy(p,w) P"(p)rw + p—lpf(p)y) dydr

)

27T wo
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and, when P is concave, by

1 2

(2.1.16) Gy(p,w) = i

00 2002
/ / . x( —P"(p)rw + pflP/(p)y) dydr
0 y-w=0

(i) If0 < § < % we further assume that x is radial. Then

, 1
2.1.17) im_Bys(un. t) = 7 |luollZ-

t—+oo

Remark 2.1.2. /n (2.1.17), we manage to calculate the limit of E, s(uo,t) and E, s(ug, —t)
as t — oo, instead of their sum as in (2.1.1) and (2.1.9). Notice that the heuristics discussed
after (2.1.6) in the case of half-wave equations do not predict this fact. This shows the limitation
of this formal reasoning when sharp cut-offs are involved in the symbols.

Remark 2.1.3. For Schrédinger equation, the special structure of P'(§) = & allows us to
reduce the regularity required for x. In Appendix 2.C, we will show that limits (2.1.13) and
(2.1.14) hold for all x € L.

We will see later that our proof of Theorem 2.1.1 does not hold for P with nonzero
Py, Py, such as half-Klein-Gordon equation (HKG), where P, = 1. In order to deal with this
difficulty, one way is to add some cut-off in frequency £. To be precise, we introduce the
modified truncated symbol

(2.1.18)
a™d(t, x,8) = a3 (t, 2, ) = x (W) Ligs ooy (1 = x) (méeo> Xh <|tfq> 7
where ¢, €1 satisfies
+ o0, if —1<p1 <0,
(2.1.19) ()<60<p0+1, 0<e < _(pll—i_1>7 ifpy < 1,

and x;, xn € C° are radial and equal to 1 near zero. This symbol will be concerned only
when p; < 0 < pg, the reason of which will be explained later. The corresponding trunca-
ted energy is denoted by

E™ (ug, ) = E7$(uo,1) = || Op (a5(1)) w(®)|[3:.

Theorem 2.1.4. Let y € C°(R?) be a real function such that x(0) = 1. We further assume
that P satisfies hypothesis (Hy, ,,) with p1 < 0 < po, Py, P1 > 0, and e, €1 satisfy condition
(2.1.19).

(i) If 6 <0,

(2.1.20) Jim ET% (ug, 1) = 0.
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(i) If § = 0,

t—=o0

. 1 . -
(2.1.21) lim E;Zf;d(uo,t) = W/Gx(p,w)\uo(pw)%d Ydpdw,

where (p,w) is polar coordinate. The function G (p,w) is the same one defined by (2.1.15) and
(2.1.16).
(i) If 0 < 6§ < % we further assume that x is radial. Then

1
: d _ 2
(2.1.22) Nim BV (uo,t) = 7 lluollze-

Remark 2.1.5. In this theorem, we only consider the case p; < 0 < pg, which is enough to
cover all Py, P; # 0. Actually, when py < 0 (resp. py > 0), the hypothesis (Hy, ,,) with Py > 0
(resp. Py > 0) is equivalent to (Hy, ,,) with Py = 0 (resp. P1 = 0), which has been studied in
Theorem 2.1.1.

Another way to deal with nonzero Py, P; is to add extra factor in the cut-off x, namely,
considering an alternative truncated symbol

x+tP'(§)

(2.1.23) Mt 2,8) = a5, (t 2, 8) =x | 17—
a®(t,z,§) ax,é,A( r,§) =X ’t’§+5A(|t|§§)

) Liz|> 1P (o))

where A € C>=(R\{0}) is strictly positive, radial and satisfies the following condition for
some gg,01 € R :

p = +o0, A(p) ~ p7";
Vp €]0,1[, AW (p) < p70;

(Cop,01) , ,
Vp €]1, 00, AP (p) < p77;

The associated truncated energy is denoted by

B (uo, 1) = B 5 (uo,1) = 1 Op (a3 4(8)) u(t) 22,
and the result becomes

Theorem 2.1.6. Let x € C>°(RY) be a real function such that x(0) = 1. We assume that P
satisfies hypothesis (Hy, ,,) and A satisfies condition (Cy, »,) With oy > pg, o1 < p1.

()Ifo+ % <0,
(2.1.24) lim B \ (ug,t) = 0.

t—+oo
(i) If 5 + % =0,

. 1 . _
(2.1.25) Jm B a0, 1) = o / G2 (p, )i (pw) P~ dpdo,
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where (p,w) is polar coordinate. The function G;’(’f(p, w) is defined, when P is convex, by

2

1| [~ Lt i P(p)rw+/p~ P (p)y
(2.1.26) G (p,w) := / / 2 dydr| |
X (p,w) 2m) |/, o X W Y
and, when P is concave, by
(2.1.27) )
L[~ =il —P"(p)rw+/p~ P (p)y
G (p,w) = / / el 2 dydr
X (p ) (27T)d 0 y-w=0 X A1p7t Y

(i) If0 <+ F < % we further assume that x is radial. Then

1

: It 2

(2.1.28) tl!g]oo E;’(;’A(Uo,t) = ZHUOHLQ.

Remark 2.1.7. The proof of Theorem 2.1.1 fails when |x/t| is close to Py or Py. The extra
factor A together with condition og > pg,o1 < p1 allows us to eliminate this case, and a
demonstration similar to Theorem 2.1.1 will work when |z /t| is away from Py, P;.

As a byproduct of Proposition 2.2.1 and 2.2.2, where the uniform-in-t boundedness
on L? of Op (a(t)) and Op (a™9(t)) will be proved, these operators are also uniformly
bounded with x identically equal to 1, namely

Theorem 2.1.8. Let py,p1 # 0 and P satisfy the hypothesis (H,, ,,). There exists a constant
C' > 0 independent of t, such that,
(i) when Py = P, =0,
10p (Ljapsieprien) leqrzy < C
holds for all |t| > 0;
(ii) when Py, P, > 0,

& §
| Op (]1$>tP’(§)|(1 - X1) <|t|60) Xh (wq)) lzey <C

holds for all |t| > to > 1, where €y, €1 are arbitrary parameters satisfying (2.1.19) and x;, xn €
C° are equal to 1 near zero.

The boundedness of Op (1) for measurable sets E ¢ R?? is of great concern in
microlocal analysis, and the results above give a positive answer to some E defined via
convex functions. If one changes to Weyl quantization, this problem is known as localiza-
tion of Wigner distribution. In fact, in this case, we have

1

(OpY (1g) u,v) 2 = (27r)%

/ W(u,v)(x, &)dxdé,
E

where

- eV ey(z va_y
Wi ), €) = (%);/Rd (a+ Lyo(a— Dydy
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is the Wigner distribution of (u,v). It has been found that the operator properties of
Op" (1g) (boundedness, positivity, spectrum, etc) is related to the geometry of E. For
example, when FE is an ellipsoid, in [ Jand [ ], the authors gave some sharp esti-
mates of the L2-norm of Op* (1), which is related to the size of the ellipsoid. As another
example, when E is a polygon on R? with N sides, it was proved in [ ] that the norm
of Op" (1g) can be controlled by /N /2 for N > 3. In the same paper, the author also
proved that there exists open set E such that Op* (1) is not even bounded on L2, The
readers may refer to [ ] for more results on this topic.

By applying the results of Theorem 2.1.4 and 2.1.8 to half-Klein-Gordon equation (HKG),
we are able to obtain the following microlocal partition of energy for Klein-Gordon equa-
tion, which is an analogue of partition of energy for wave equation.

Theorem 2.1.9. Let w be the unique solution to Klein-Gordon equation (KG), nhamely

(02 = A+ 1w =0,
wli—o = wo € HY(RY),
8tw‘t:0 =wi € LQ(Rd),

where w, wy are real, so as w. Then, the truncated energy

EXC (wo, wr,t) = Op (ai () Oew(t)|[72 + 11 Op (ai“ () Vew(t)|7

(2.1.29)
+110p (a (1) w(t)] 72
satisfies
. 1

(2.1.30) im EXC(wy, wy, t) = 1 ([lwoll7r + llwill%2)
where

(2131) aKG(tawvg) = ag(G(t7$7£) =1 e |X <£> )

lel>[egs | \ el

0<e<1,andx € C*RY) is areal and radial function equal to 1 near zero.

Remark 2.1.10. /n view of the similarity between wave equation and Klein-Gordon equation,
one may ask what (2.1.30) will become if we apply the same truncation 1, as in classical
result (2.1.1). The answer is, for all 0 < ro < ry,

(2.1.32)

lim (10rw]* + [Vw]? + [w]?) dz = [}y (| Dzl Jwol 7 + L1001 D )un|Z2,

t—rFo0 ro<’%’<r1

where |po, p1|= P'~1(Jro, m1[). Since P’ takes value in [0, 1], we have in particular,

lim (Jow]? + |Vw|? + |w|?) dz = 0.
t—+oo || > [¢]

A detailed discussion of (2.1.32) will be given in Section 2.D.
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2.1.3. Non-nullity of the limit in the critical case

In Theorem 2.1.1, 2.1.4, and 2.1.6, we calculate the limit of energy in three cases. In
the sub-critical case § < 0 (or § + 5+ < 0), the truncated energy tends to 0, no matter
which x we choose. This phenomenon also exists in the super-critical case 0 < § < % (or
0 < d+ % < 1), where the limit is always half of total energy ||uo| z2. In the critical case
d = 0 (or d + % = 0), however, the limit does depend on our choice of x. If we further
assume x to be radial, it is not difficult to check that the limits (2.1.14), (2.1.21), and (2.1.25)
are bounded and non-negative.

In fact, when x is radial, the function G,, G;'t can be written in the form

2

1 1
4 (2m)d

9

. 962 w/2 /! / /
/ eﬁlgx<\/ip (p)z1 + /P (p)/pm) .
Rd

Ap°

where + and — stand for convex and concave case, respectively, x = (z1,2’) € R x R4-1,
and A > 0, o € R. By Plancherel Theorem, it equals to

ii£%+(\f£/2|2 ) & i ) ( ) )dzl
20007) d
/Rd ‘ X < +P"(p) - P’(p)§> +P"(p) \ P'(p) :

which, after a change of variable, reads
P @) +P (o)1
e T X (€)dE
Rd

Therefore, G can be estimated by

1 1

4 (2m)%d

2
1

(27T)2d

(2.1.33)

| =

1 1
0< Gylpw) < ;o

~ 112
4 (27T)2d HX”Ll
A natural question is then whether limits (2.1.14), (2.1.21), and (2.1.25) are nonzero for
nontrivial initial data wy. The answer is positive for fractional equation, i.e. with P'(§) =
€[P~Le, p # 0. More precisely,

Proposition 2.1.11. Under the assumption P'(¢) = |¢|P~1€, (2.1.33) can be written, up to

some multiple with constants, as

2
G(p) = /Rd elﬁppili%(lf%-i-lf’?))z (&) de| .

Ifp# 20+ 1and xy € S(RY) with x(0) # 0, G(p) is nonzero except on a set of null Lebesgue
measure.

Proof. Since y is a Schwartz function, the complex function

L isir (BER+3IE2) ¢
— 2 1
Flz): 2(27r)d/Rd“” A
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is analytic on upper half plane {z € C : Imz > 0} and continuous on its closure. In [ 1,
the authors proved that either the real zeros of such function form a set of zero Lebesgue
measure, or it is identically zero. The same result holds thus for G(p) = |F(p?~1727)J2
Due to the fact that x(0) # 0, G is nonzero as p?~'~271 is small enough, and G is therefore
nonzero almost everywhere. O

As a consequence, the limits (2.1.14), (2.1.21), and (2.1.25) are strictly positive for all
nontrivial ug € L? under the assumptionp # 1 (orp # 201 +1). If p = 1 (or p = 201 +1), the
function G, (p) (or G;’t) will no more depend on p and the limits (2.1.14), (2.1.21), (2.1.25)
will take the form ¢o(x)||uol|7 2, where

2
00 = |3 [, €]
To obtain a nonzero limit, it suffices to choose x such that the quantity above is nonzero.
For example, one may take
-x to be positive and supported in a sufficiently small ball centered at zero;
-x to be Gaussian;
-x of the form x = x(-/R), with x € C2°, x(0) # 0, and R > 1.

2.1.4. Plan of this chapter

The proof of Theorem 2.1.1, 2.1.4, and 2.1.6 will be divided into two parts : uniform
boundedness of truncated operator and calculation of limit. In Section 2.2, we will prove
that Op (a(t)) and Op (a™¥(t)) are uniformly bounded on L? in three steps. The first two
steps are exactly the same, while the difference arises in the last step where one may
see the difficulties caused by nonzero Py, P;. As a byproduct of this proof, Theorem 2.1.8
can be shown easily. Section 2.3 is devoted to the uniform boundedness of Op (aa't(t)),
which is much simpler than that of Op (a(t)) and Op (a™9(#)) thanks to the extra factor A.
The uniform boundedness of truncated operators allows us to calculate the limits stated
in Theorem 2.1.1, 2.1.4, and 2.1.6 only for some regular data ug, which will be precised
in Section 2.4. In Section 2.5, we will prove the microlocal partition of energy for Klein-
Gordon equation by studying the half-Klein-Gordon equation.

In Appendix 2.A, we collect technical inequalities which are frequently used in this
chapter, as well as some criteria of L2-boundedness for pseudo-differential operators.
Several stationary phase lemmas are presented in Appendix 2.B which is a key technique
in calculating the limit of truncated energy. As mentioned before, our main result Theorem
2.1.1 can berefined for Schrédinger equation, whose rigorous statement and proof will be
given in Appendix 2.C. Appendix 2.D is devoted to the discussion on the classical partition
of energy for Klein-Gordon equation due to the study of asymptotic behavior of solution
to half-Klein-Gordon equation. The last part, Appendix 2.E, contains some details omitted
in Section 2.4, especially for concave P.
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2.1.5. Notations and conventions

To end this section, we clarify some notations and conventions used in this chapter.
-We say a is a symbol on R?, if a is a function on {(z, ¢) € R x R?}. The corresponding
(pseudo-differential) operator is defined by

0p () /(&) 1= sz [ e Cala.)f(€)de

To make this definition meaningful, we will assume in this chapter that a is a measurable
function with at most polynomial growth in £ and that f belongs to the class of Schwartz
functions.

- For any function P : R¢ — C, which can be regarded as a symbol independent of z,
the corresponding operator will be denoted by P(D,,).

- The kernel (or kernel function) of a linear operator A : S(R?) — S'(R?) is defined as
(if it exists) a tempered distribution K on R? x R?, such that

Aufz) = / K (, y)u(y)dy.

For the simplicity of notation, in this chapter, we will use the symbol of kernel function to
represent the operator, i.e.

Ku(z) = / K (, y)u(y)dy.

- A function F : R — C is said to be radial, if there exists a function f : [0, co[— C,
such that F(z) = f(|z|) for all z € R%. In this case, we will not distinguish function F and
f. That is, we will write instead F(z) = F(|z|) or f(z) = f(|z|) for z € R,

- We will use ¢, C, sometimes equipped with superscripts and subscripts, to represent
all the small and large constants respectively.

- For non-zero quantities p, r, the notation p ~ r means that there exists constants
¢,C > 0,suchthate < £ < C.

2.2. L*-boundedness of microlocal truncation operators

The goal of this section is the demonstration of following proposition, which eventually
implies Theorem 2.1.8.

Proposition 2.2.1. Let py,p1 # 0,6 € R, and x € C(RY). There exists a constant C' > 0
independent of t, such that, for all |t| > 0,

0P (ay,s(t) lc2) < C,

where the symbol a,, s5(t) is defined in (2.1.10) and P satisfies the hypothesis (H,, ) with
Ph=P =0
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In parallel, we shall also prove the following result :

Proposition 2.2.2. Let py > 0 > p1, 6 € R, and x € C>®(RY). We assume that P satisfies the
hypothesis (Hy, ,,) with Py, P1 > 0. Then the modified truncated symbol

a;"’%d(t,l’,f) = ax,g(t,%g)(l - Xt) (’tﬁeo) Xn (‘ﬂil) ,

which has already been defined in (2.1.18), corresponds to a bounded operator on L?, uni-
formly in |t| > to > 1. Here x;, xn € C° are radial and equal to 1 near zero and e, €; satisfy
the condition (2.1.19).

One can see in the following proof that our demonstration cannot eliminate the trun-
cation in £ in the definition (2.1.18) of a™4, In fact, after some change of scaling, we will
decompose the symbol a (or a™°%) into three components, two of which are bounded
for all Py, P, > 0, while our treatment for the last component does not hold for nonzero
Py, P;. The complementary cut-off in £ is used to solve this problem. Remark that it is still
unknown whether such restriction is essential.

To begin with, one observes that, it is equivalent to study the cut-off inside the cone,

namely
. x +tP' (&
a"(t,z,€) = x (W) Lz <jeipr gl

x+tP'(€)
* ( 550 )

is bounded uniformlyin¢ and ¢ € R, due to Lemma 2.A.10 together with Lemma 2.A.5. In
this section, we will not distinguish a and «'" and denote both of them as a.

With a reflection in &, t can be assumed to be positive. The application of Lemma 2.A.4
allows us to replace a by

since the operator with symbol

2+P (5,
1

d(t,x,f) = a(t7 \/7?.’1), %) =X t575

j{

<

(€ .
P (%)
Now, we split @ into high and low frequency, namely @ = @ + a, where

@ (t,x,) = alt, =, §)x(€),

and y € C°(RY) is a radial function which equals 1 near zero. In the following, we shall
treat high and low frequency part at the same time. Before entering the next step, we
introduce some notations which will be frequently used in this section. In all cases, we set

p= 1772 €]0, +ool.
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With j = 0 for low frequency part and j = 1 for high frequency part, we set
-when P; = 0,

X(t,x) = @, 2(t, &) =P <5%> , Vv =+

-when P; > 0, P/ > P;

X(t,l‘) = @_Pj E‘(tvf) = P/ <51|€> _Pj7 Vj =+,
-when P; > 0, P/ < P;
N N

Remark that for all nonzero &, Z is strictly positive. With these notations, our problem
can be reduced to the uniform-in-u, t boundedness of

(Po+10X) & + (Po + 10E) &
bb(t,u,x,ﬁ)—x< Sl £|>10<§<1>~<<\i§>’

n
(Pr+unX)& + (PL+1nE)
w@%%®:X< S - - fQHM;da—@<§J-

We emphasize that our definition of X does not ensure its strict positivity, but one may

always eliminate the part X < 0, due to the uniform boundedness of operator with sym-
bol

X

W

which is also a consequence of Lemma 2.A.10 and Lemma 2.A.5.

Now, we decompose b* (¢ = b, ) as the sum of bg,l;b,bbl with cut-off 0 < % < 1and
~land0<1-— % < 1, respectively. To be precise,

C%+me443+waé>

(>

bb(t’ /,67.’13,5) = bé)(t’ /.,07.’13,5) + l;L(t“U,, 1"55) + bi(tu M7$7§)7
X
by (L, p, @, &) = b*(L, ps @, §) X0 < ) :

—_
—
—

—

_ X
b (t, p, @, &) = b*(t, p, , )W <:> :

—

X
bi(tvu7$7£) = bb(t,,u,a:,fbg <]— - :) ’

where xo, x1 and ¥ are radial, smooth and compactly supported. xg, x1 are supported in
a small neighborhood of zero and equal to 1 near zero, while ¥ is compactly supported in

10, 1[. By regarding p as a t-independent parameter, we can reduce Proposition 2.2.1 and
2.2.2 to the following proposition :
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Proposition 2.2.3. There exists t, u-independent constants C' > 0, such that,
(i) if Py, Py > 0, forall t, >0,

(2.2.1) 10p (85 (¢, 1)) 22y < C.

(2.2.2) 10p (5t 11)) lleqee) < €
(i) if P = P, =0, forall t,u > 0.

223) 0P (h(t. 1)) llzqe) < C

(iii) if Py, PL > 0and p1 <0 < pg, forall p>0,t > 1,

(2.2.4) HOp <bé(t,u)(1 - Xxt) < i )Xh ( ;i >>
t2 €0 12 €1

Before giving the proof, we indicate below the consequence of this proposition, which
implies Proposition 2.2.1, 2.2.2, and will be used in the end of this section to conclude
Theorem 2.1.8.

<C.
L£(L2)

Corollary 2.2.4. Let x, x;, xn be defined as before.
(i) If P verifies (Hp, p,) with po, p1 # 0 and Py = P, = 0, the operator

+ tP'
Op <x (W) IL|ac|>|tP’(§>|>

is bounded on L? uniformly in t # 0 and 1 > 0.
(ii) If P verifies (Hp, »,) With po, p1 # 0 and ey, €; satisfy conditions (2.1.19), the operator

Pl
Op <x (W) Liaf>1epr) (1 = xi) (7560) Xh <t2§>>

is bounded on L? uniformly int > 1 and p > 0.

2.2.1. Study of symbol b, and b

In this part, we shall prove (2.2.1) and (2.2.2). One observes that both b} and bt are
supported for X ~ =, which allows us to reduce our problem via dyadic decomposition.

Proof of (2.2.2). We start with a homogeneous dyadic decomposition

n
=3 (5):
where p € C°(R?) is radial and supported away from zero. In this way, we may decom-
pose b as 3", bk, and b’ as 3=, _, by, where
(2.2.5)
- <(Pj+1/jX)|£|+(Pj+VjE)§l>\IJ(

(] =<

ol 559

bk(tﬁl,%f) =X
1
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where ¢y € C>®(RY) is also radial and supported away from zero. The extra factor v
comes from the truncation X ~ Z ~ (t_%\ﬂ)pﬂ' ~ 2FPi_ This factors implies that the
by's are almost orthogonal so that it suffices to prove the uniform (in k, ¢, ) boundedness
of Op <5k>

Remark that, due to the compact support of xy and the factthat0 < ¢ < % <1—cfor
some small ¢ > 0, we have

kp; = = i = 5
9kD; N:,S ’X—Z‘ = "(PJ+VJX)1-" N ’<Pj+yj;)|§“

< ’(PJ + VJ’X)%‘ + (Pj + VjE)é” 5 M-

When $26®i+1) > 1, we shall apply Calderon-Vaillancourt Theorem (see Lemma 2.A.11).
For each derivative in z, if it acts on x, one gains t*%u—l S =22 kp; by (2.2.6). If 9, acts on
W or v, one obtains factors of size t‘%Q—’W’J‘. As for the derivatives in &, similarly, it leads
to factors of size P"(¢/v/D)t~2u~t, E=LP"(¢/v/1)t~2 or t~227%, which are all controlled
by ¢t~227F, as |¢| ~ 2%\/f and 2%Pi < pi. Since

(2.2.6)

7397k =297k — = lo—k(PitD) 4

9

we may conclude by a change of scaling (Lemma 2.A.4).
When ¢2¢(+1) < 1, we shall use Lemma 2.A.9. We first check the assumption (2.A.6)
of this lemma with py, €]0, +00[ defined below

p2=kPiif Py 4 v X~ 2kP
. = :
1b, if P, +1v;X ~ 1.

Note that we have either P; + ;X ~ Pj + ;2 ~ 1 or Pj + v;X ~ P; + v;E ~ 2FPi_ In
fact, by definition, P; + v; X and P; + v;Z are both strictly positive. Thus, it is sufficient
to consider |k| > 1. When P; is nonzero and kp; < 0, we have X ~ E ~ 2Mi < 1
and then P; + v; X ~ P; + v;E ~ 1. While P; is nonzero and kp; > 0, we have similarly
X ~E~2fi > 1and Pj +v;X ~ Pj + 1,2 ~ 25, Otherwise, P; equals to zero, which
implies trivially P; + v;X = X ~ 2"i and P; + v;E = = ~ 2*i. Due to observation
X ~ Z ~ 25 it is easy to obtain that, for all o, 3 € N©"1 and N € N,

d(w, *9)>—N
1k

0505 bkt 1,70, 8)| < Copgilr, )y 7N

)
where © = rw, £ = pf are polar coordinates and

ge(rp) = Lo il 3oks,

The operator of kernel g is controlled by

gkl 22 (arap) S (VE2F x VE2kPi)z = (1283 < 1,
whichis no more than the assumption (2.A.5) of Lemma 2.A.9. As a result, we may conclude
(2.2.2) by (2.A.7). O
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The idea of proof of (2.2.1) is similar. The only difficulty is that b; has a singularity near
X = Z. We may treat the part away from X = = as above and study the area near X = =
by convexity (or concavity) of P.

é ’

Proof of (2.2.1). As before, we begin with the homogeneous dyadic decomposition in 7

namely b} = 5,0 bix and B = 37, o by x, with

(P + v X) 5 + (P +v5) g X |
bl,k:X< | ‘,u 4] ]1%<1X1 <1—:>¢(2kp]X>80<2k€\/i).

It suffices to prove that Op (b x) is bounded on L?, uniformly in k, ¢, 1. In comparison with
Ek defined by (2.2.5), the main difficulty is that the non-smooth term cannot be deleted. In
the case ¢2F(Pi+1) < 1, we may repeat exactly the same argument as the study of by, since
this argument does not require any regularity in |x|, |]|.

When t2¢®i+1) > 1, we will separate the singularity near
decomposition :

£ = 1. Consider the following

bik = b1+ 1 g
1-p,
Vg = birx1(VE2E 2 (2 - X)),

where Y1 € C°(R?) is radial and equal to 1 near zero.
The proof of boundedness of ¥/ , is similar to that of the case 2k +1) < 1. By setting
pi €]0, +oo[ as before, namely

p27kei - if Py 4 v X~ 2k
e = :
1h, if P +1v;X ~ 1,

we may have, forall a, 3 € N“~tand N € N,

020881 (1, 1, 7w, pO)| < Cor b1, Pty “"WWVNa
where
(2.2.7) hi(rop) = Y 15,(r)Ly,(p),
n~\/%2’“pj;r1
with

1—

P 1-p;
Jn :[2k an, 2ij(n+ 1)]7
- o
VP! <t_;2k2p]n> — 2k

Pj—

1 1—p,; pi—1]]
7, V/tP' <t—52’“zj(n+1)>+c2’”z ,

if P” >0,

I, =< _

Pj pj—1

1—p. =1 1—p;
ViP' <t%2k2(n+ 1)> — 2F 7 \iP! (tézk 7 n> + 2k

if P < 0.
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Note that by writing in polar system r = [z| p = [¢], V], is supported for p ~ 2F/t and
1—p.
\/E2k%\5 — X| < 1 due to cut-off ;. We first make a decomposition in p, namely

pelclVrcvic |

Pj+1
nN\/f2k 2

1—ps;
and then the support v/#2¥ 2" |2 — X| < 1 ensures that r lies in I,, defined above, once

p belongs to J,,. This gives the control hj defined in (2.2.7).

In order to apply Lemma 2.A.9, it suffices to check that the operator with kernel hy is
uniformly bounded on L?(R. ), which can be reduced to |I,,||J,| < 1 and that {I,,} forms
a uniformly finite cover. In fact, since I,,'s are pairwise disjoint (except for end points), one
observes that, for all w € L?(R,),

2 2

L2(Ry)

H/hk(wp)w(p)dp

> 1.0 [ 11 (euiodp

n

< HalldallLn, )o@,y S D 1L0wl 2, ),
n n

L2(R4)
2

1,() / 15, (p)w(p)dp

L2(Ry)

where the last inequality follows from the first assertion |1, || J,| < 1. The second assertion
guarantees that each point of R, belongs to at most N intervals in {J,,} for some N ¢
N. This implies that ) ]]ILJ”w\\%Q(R+) < N]]w\\%Q(R+), which proves the uniform-in-t, k
L?(R,)-boundedness of operator with kernel hy.

pi+1
The first assertion is obvious since n ~ /#2F "z~ implies that

lfpj

1—p; .
sl £ 25 ([Vir (142 e ) - Vi (4250

1-p; 1-p;

1
<2 (VRO b R 2 ) 51

+ 202’“%21)

As for the second one, we observe that I,, N I,,; # @ if and only if
1—p. 1—p. .1
’\/EP’ <t—§2’“;]n> — VP! (t—§2’“f](n + l))' < 2e275

Without loss of generality, we may assume [ > 0. Actually, the left hand side has the
following equivalence :

1—p. 1—p.
’\/ZP’ (tb’“z’%) —ViP (tézkzpj(n + 5)> '

okt pr (t‘52k1_2pj(n + sl))

, forsomes € [0,1],
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lfpj lfpj

pi—1
~28 ] % <t52k 2 (n+sl)> , since |P"(p)| ~ pPi~!

2E T ok (p 1) — gk

pi+1
To prove the last equivalence, we may use the fact that n, n + 1 ~ v/£2¥ 2, which implies
that

Pj+1

p;+1
VI2F T <n<ntsl<n+1<CV2ka,

In conclusion, we have that I,, N I,,; # @ holds for finitely many . As a result, Op (b’1 k)
is bounded uniformly in ¢, k.
It remains to study the smooth symbol b} ., which reads

/) (Pj+VjX)§T+(Pj+VjE)% B 5
i :x< . v (27x) ¢ (Zk ﬁ>

2 (2 - X)).

x 1

[

—

<1X1 (1 - f) (1—x1) (Ve

Remark that this symbol is smooth, since the singularity % = 1is removed by (1 — x1)

factor. Under the condition t25®i+1) > 1, it verifies the condition of Calderén-Vaillancourt
1

Theorem (see Lemma 2.A.11). In fact, each derivative in z leads to a factor of size t "2 !

l—pj

(from ), £~ 227*Pi (from v and x1), or 2872~ (from (1 — ¥1)). The condition t2k®i+1) > 1

1—p;
implies that t227kp; < 2k while the compact support of x and support of (1 — x1)
ensures that

pj—1

2 SIX -2 S,

1—p;
ie. t_%/fl < 272 % The same argument for 0 gives that each derivative in ¢ leads to a
1-p

factor of size 272~ The desired result thus follows from a change of scaling (Lemma
2.A4). O

2.2.2. Study of symbol b, with P, = P, =0

In the case Py = P, = 0, due to the lack of almost orthogonality as Bk’s and by 's,
the remaining symbol b;, will be treated via Cotlar-Stein Lemma (Lemma 2.A.3). As before,
we start with homogeneous dyadic decomposition in &, namely bg = 1x>0 _j>ock and
b% = 1lx>0 Zk<0 ¢, With

(2.2.8) ck=x<(Pj+ij)|g+<Pj+l/j5)él>><o<X>s0< < )

[ E 2k\/t

It suffices to prove the (uniform in ) boundedness of ), _, ¢ as the multiplication with
Lxo is trivially bounded on L2,

We first check that Op (cx)'s are bounded uniformly in k, ¢, u. More precisely, all the
ci's satisfy the following estimate :
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Lemma 2.2.5. There exists C > 0 independent of k, t, such that for allt > 0 and k € Z,
229 [|Op (e oy < Cmin (max (1, (12800 ~Na) 2R+ )3 < ¢,
where Ny € N depends only on dimension d.

Proof. We observe that ¢, is supported for X < = ~ 2*P;, which implies, on the one hand,
asin (2.2.6),

#9 X -3 < (X0 4 (B 2) | S
and, on the another hand,

o] < V2RI Je] ~ ViR,

As a consequence of the second result, || Op (ck) [|(z2) can be trivially bounded by

d
10p (ck) llzczey S llekllpzmaey S (ZACARMEN
It remains to check that
1 OP (er) llo(za) < € max (1, (120 0)~Ne)

which can be proved via Calderén-Vaillancourt Theorem (see Lemma 2.A.11). In fact, from
1 1
each derivative in z, we may obtain extra factors of size t 2 ~! (action on ) or t—227*P
. 1 1 ) . —
(action on xg). As we have seenthatt~ 2! < t7227%Pj, each derivative in  leads to a fac-
. 1 L . . . 1

tor of size (+22%75) =1, Similarly, the action of 3¢ on x, xo, ¢ gives factors of size t ~2 =12k —1),
ik i & . 1 4 k(pj—1) < 9=k _1

t7227%, and t7227%, respectively. We may also check that ¢t=2 =" 2% i < 27Ft72.To
sum up, ¢, is smooth and satisfies

ol 18
s 1 1 .
(2.2.10) 050 ck(x,ﬁ)‘ <Cup <\/52kpj> <\/i2k> . Va,B e N

By Lemma 2.A.4, it is equivalent to consider rescaled symbol

p;i—1 p;i—1
&(@,8) = cn (2’“%:5,2—’“ E f) ,

which, as a result of (2.2.10), satisfies for all v € N2,
10, Bl Loo (m2ay S (t2kPs+1)y=hl,

By applying Calderén-Vaillancourt Theorem (Lemma 2.A.11) to ¢, we have, due to esti-
mate (2.A.8), that

10 (ex) llz2) = 11O () loqzz) < O max (1, (12805+1) =N ).
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In order to conclude (2.2.3) by Cotlar-Stein Lemma (Lemma 2.A.3), it is sufficient to
check condition (2.A.2) and (2.A.3), namely

Lemma 2.2.6. There exists t, u-independent constants C, such that for all t, u > 0,

(2.2.11) sup > [|Op () Op ()" |22y < C, sup > [1Op (ex) OP (e1)" 212y < C,

kEZy 17y kezZ— l€Z_
1 » 1
(22.12) sup Y [10p (ex)"Op (1) 1212y < C, sup > [[Op (c)” Op (c1) [|22) < C,
k€Z+ 17, k€Z— jc7,_

where 7. = 7ZN|—o0, 0] corresponds to low frequency part and Z... = ZN|0, +oo] corresponds
to high frequency part.

Proof of (2.2.11). By symbolic calculus, Op (cx) Op (¢;)* is an operator of symbol

Rl (2,6) = / ey (2, €+ m)aa@ + 9, + ).

(2m)

By definition (2.2.8), ¢/(w,€) is supported for || ~ 2!/t Thus, cxticf is nonzero only if
|l — k| < No for some large Ny € N*. As a consequence, (2.2.11) can be reduced to the
uniform boundedness of Op (¢;), which has already been proved in Lemma 2.2.5. O

Proof of (2.2.12). We apply again the symbolic calculus to obtain the following expression
of symbol of Op (¢)* Op (),

1

C;;ﬁcl(l‘, §) = (27T)d

/ e (y €+ ey, €)dndy.

Recall that ¢; is supported for |z| < /#2'Pi and |¢| ~ ¢22! with the estimate (2.2.10).
We shall check that forall [,k € N,

(2.2.13) 10p (cx)" Op (c1) [l o2y S 272,

which is enough to conclude (2.2.12). Due to (2.2.9), we may ignore the case |k — I| < Ny,
for some fixed large Ny € N. Remark that it is sufficient to prove (2.2.13) only for [ > k,
since for terms with [ < k, we have

0P (c4)" Op (e0) ez =1 (OP (ex)" O (e0))" ez
=[|Op (c2)* OPp (cx) |l pz2y S 272 1M,

One observes that the bound of operator with symbol ¢} fic; can be controlled by
1 0p (cifer) lzz2y S lekterll L2 deas) Sl /e_iynckz(y,er ey, §)dyll 2 anag)-

The integrand of the last integral is supported for

2214) |6+~ 2VE JE ~ 2VE, and Jy| S min(2 vV, 20 R).
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Moreover, we may apply integration by parts in y to obtain some extra bounds in the
estimate. To be precise, for all N; € N

/ e ey (y, €+ 1)y, £)dy

_ Ny S
:/ < InAQy) e Ve (y, €+ n)a(y, §)dy
:/eiyn(_Ay)N1 <MQ(%§)) ‘n‘*ZNldy

= Y Cas [Tl EF DOy, Olnl N dy
|| +|B]=2N1

Since we have reduced our problem to the case ! > k+ Ny, the integral above is supported
for |n| ~ 2!\/t. Together with (2.2.10) and (2.2.14), we have

‘ / e_iy”ck(y,é—kn)cl(yaf)dy‘

< 2 Cavﬁ/\aick(y,§+n)|‘85c,(y,§)’\77|2N1dy
|| +|B|=2N1

—lal -8
Z kp; Ip; I /1\—2N
]l\£+n|~2k\/£ﬂ|g\w2l\/i (2 & \/i> (2 b \/Z) (2 \[t) ! / ]l\y|§min(2kpj V2P \/i)dy
o] +18|=2N1

Shie ot yilgnarva(2VE 7 min (2’%‘ Vi, 2N/t

AN

)d—2N1

The estimate above holds for all Ny € N, thus for all N € [0, oo[. In particular, we choose
Ny = £, which gives that

10p (citer) ey <I / & Ve € T men(y: €)dyll L2 ande
5(21\/2)%” ]l|g+,7|~2k\/£]l|g\~25\/ZHL2(dnd§)

d

2

<@V x (2’“\/% X 21\/£> — 25(k=1) — o—5lk—Il,

As a conclusion, we have managed to prove that

sup > || Op (cx)" Op (c1) 1722 < sup > 9= =1l < oo,

k€EZ+ l€Z kEZ+ 1€Z

which completes the proof. O

2.2.3. Study of symbol b, with F,, P, > 0

Till now, we have finished the proof of Proposition 2.2.1. To complete the proof of
Proposition 2.2.2, it remains to check (2.2.4). Remark that the argument above relies on
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the fact that | X| < 2¥Pi implies x is supported in a region of area (1/¢2¥P)?, which is not
true in the case where Py, P, are non zero. To overcome this problem we need the extra
truncationin &.

Proof of (2.2.4). As above, we mayignore the non-smooth factor 1 It remains smooth

symbols

F(t,0,€) = x <(P1 AR (P“”E)§'> w(E)a-0(5) (),

We shall first check that & belongs uniformly to the Hérmander class S?’H for some k €
10, 1[, namely the collection of smooth symbols ¢(z, ) such that for all a, 8 € N¢,

0<Z <1

1050 c(w, )| < (€) 1Al

It is well-known that the operators of symbol in this class is bounded on L?, a proof of
which can be foundin [ 1. We begin with the observation that high frequency symbol
& is supported for t3 <€ S ¢z +e1 Before calculating the bounds of derivatives in z and
&, recall that our goal is to show (2.2.4) under the condition ¢ > 1.

For each derivative in &, we obtain from y a factor of size

cr PV~ (S e s g

The last inequality is due the support of &. More precisely,

()

From the factor xo, one gains

SIX-Z[Z ’(Pl +V1X)% + (P +V15)|§’ < p

[1]

< eyL
=i " EE~®

Trivially, we will also obtain (¢)~! from derivative on (1 — ) and x4.
1
As for derivatives in z, if 9, acts on y, one gains t 2p~! < (v/t=)~!. When it acts on
X0, the resulting factor is of size

L 1N\
=~ila) e

X PNV X 1

When 0 > p; > —1, we have

; (\51) €l = |l 5T S (@t E S (reataiong,
t \Vi ~ ~
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Thus, & € 57, for any x €]0,1[ such that

1 1
(5+e)l—r) -3 <0,

which is possible by choosing « close to 1. When p; < —1, the estimate above becomes

LN T — 14 (L +e)(1=K)—(pr1+D)er f o\
t<\/{> €] = ; (ﬁ) €7 St P (€)".

To conclude & € SY , it suffices to choose x €]0, 1] such that

1,1

1
-1+ (5 +e)(1—k)—(p1+1)e <0,

which is equivalent to

1 1
€1 <m 1—(§+€1)(1—I€) .
This can be realized by choosing « close to 1, due to the definition (2.1.19) of ;.

To prove the uniform boundedness of &, which is supported for 2= RS t2,
we shall apply Calderén-Vaillancourt Theorem (Lemma 2.A.11). As above one may check
easily that each o, gives

g7t S e

(B " g emrma,
VE\VE ~

As a consequence, the desired result follows from Lemma 2.A.4 and Calderén-Vaillancourt
Theorem (Lemma 2.A.11) once we have

while each 0, gives

_1 _1
tTate0 ¢ atPof <>

equivalently, (1 4 po)ep < 1, which is exactly the definition (2.1.19) of «. O

2.2.4 . Proof of Theorem 2.1.8

In all the proof above, we regard p = #0=2 €]0, +oo] as atime-independent parameter.
This allows us to take the limit 4 — 400 with all the uniform estimates remaining true.
Rigorously, due to Corollary 2.2.4, for all f,g € S(R?) andt € R, u > 0,

2215 |(£.0p (x () L2, ) 0)| < Cllflalloe

where Q = 1when Py = P, =0, and

Qt, &) =(1-x) (\t\io> Xh (@)
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when Py, P; > 0.
The left hand side of (2.2.15) is equal to

Pl
’ 2} /f Je i (x+|f|ﬂ(£)) Ljgp>pepr(e) Ut §)g(6)déd |

which, when y — 400, due to Dominated Convergence Theorem, tends to

1 )
‘(%)d/ F@)e™ " Ly o) Ut €)9(E) dedr

where we take x(0) = 1 without loss of generality. In conclusion, for all f, g € S(R%),

(£, 0P (Ljg>ep(e) 2t €) 9)| < CllFllz2llgll z2-

Theorem 2.1.8 follows from the density of S(R?) in L2

2.3 . L*-boundedness of microlocal truncation operators - An al-
ternative symbol

In this section, we will treat those P with nonzero Py, P} in an alternative way. Instead
of adding extra truncation in £, we shall add some extra factor in the main truncation y.
To be precise,

Proposition 2.3.1. Let P, Asatisﬁ/conditions( po,p1) aNd (Coy. Ul)ofSectionZ 1.2 respectively,
with p1 < 0 < po, o9 = po, and o1 < p1. We further assume that § + 2 < 2, j =0,1. Then
there exist time-independent constants C' > 0, to > 1, such that, for all |t| > tg

10p (a254(8)) lleqzz) < C.
where a;’(’f& A Is defined in (2.1.23)

Without loss of generality, we may assume ¢t > 0. Meanwhile, the change of scaling
(Lemma 2.A.4) allows us to reduce to the symbol

z 4 p(L lz| _ pr (Ll
(2.3.1) b(t,z,€) = x w i ﬁl<ﬁ> ,
°72A(8)

where H € Cp°(R\{0}) N L*>°(R). To recover the desired result in Proposition 2.3.1, it
suffices to take H = 1o 4of-
As in previous section, we set

-when P; =0,
X::m, E::Pl(’é>, vj = +;
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-when P; > 0, P/ > P;

1

X
XZ:%—Pj, :Z:PI<’\§7‘E>—P]', Vj:+;

-when P; > 0, P/ < P;

X=P—--—F,E=P-P , Vi = —.
J \/g \[ !

With these notations, via homogeneous dyadic decomposition, we may rewrite sym-
bol b as

b(t,z,&) = Zbk t,x,§),
keZ
(P X) i + (P 4+ nE) g X-= ¢
bp(t,x, &) = Hl—F—- —— ], Vk =0,
k(t,2,8) = x < té_EA o A P (\/52k>

(
B (Po -+ V()X) Tal (Po + V()E)% X _=
br(t,z,8) = x ( t(S_EA(g) H 7]&‘5_% A© <\[2k> , Vk <0,

where ¢ € C(R?) is radial and supported in an annulus centered at zero.
One observes that, due to factors x and ¢, by is supported for

X — | S 3A(E) ~ 192 (VE2R),

i
where j = O0when k£ < 0, j = 1 when k£ > 0. By using the fact that = ~ ‘%‘ "~ 2kPi, we

obtain
g 1‘ < t6+7772k(‘7] —pj) <« t5+%7%.

—
—

The Iast inequality is the consequence of our assumptions oy > pg and o1 < p;. Since
§+ % — L <o, if we further assume that t > ty >> 1, the inequality above implies that
X ~E, WhICh allows us to add a complementary factor (2775 X) to the definition of by,
where i) € C2°(R) is radial and supported in an annulus centered at zero. In this way, we
may reduce Proposition 2.3.1 to

Proposition 2.3.2. Under the same assumptions as in Proposition 2.3.1, the operator Op (by,)
is bounded, uniformly in t and k.

In what follows, we keep using the subscript j, where j = 0 for k < 0 and j = 1 for
k > 0. By definition,

(B X) G+ (B By X-= ¢ X
bk(t,l',f) =X ( t‘s_%A(f) H t(s_%/\(f) 12 <\/E2k> 1/} <2kpj> .

When P; = 0, by, is supported for

T 1 T
SR Pl § G ) B [ =
\xr+|§r'<X' EN f\’+X'( )ra‘
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<1 §-3

A(f) kpjt(Sf%(\/iQk)o'j — t5+%7%2k(o'jfpj).

When P; # 0, we observe that 297 < 2*75 < 1, due to the choice p; < 0 < po. By choosing
Supp ¢ small, which allows us to take Supp small, we have P; + v; X ~ 1. Thus, by, is
supported for

x x 13 3
—t | <5< (P + v X)— + P'+1/E‘+‘X—E‘
] |€|‘ Pj+qu‘( 5 VX =g Pj+v X ( ié
1 1 1 9 1
< T 93 A(E) ~ 92 (ViKY = 0t 3 9kas

If 126@st1) < 1, by setting p = 9+ 3 325 —P3) €]0,1] in the case Pj=0,and p =
93 =39k €]0, 1] in the case P; # 0, one may check that, for all o, € N¥~1 and N € N,

@ —|a|— d(w,—0), _
050, bi(rw, pf)| < 1o ‘6|]lr§\/z2kp]lp'w\/£2k<g> N

By applying Lemma 2.A.9, we have

10D (b1 ez S 111, <. yns Lyl 2a2y = CVE2 0D < €

If t2F(Ps+1) > 1, we decompose by as the sum of b}, b7, which are defined by
b(t, @, &) = b, (t, ., &) + by (t, 2, £),
1—p,
bt 0,6) = bovo (V2 (- 9)).

where xo € C°(R) is radial, supported in a neighborhood of zero, and equal to 1 near
zero.

Clearly, b} is smooth on R24, Thus, to prove the boundedness of Op (b)), we may apply
Calderén-Vaillancourt Theorem (Lemma 2.A.11). By definition, b reads

((Pj"i'VjX)ﬁ*‘(Pj""/jHNa) ( - = )
! PG NG

¢

i) ¢ (3 ) 0o (V2

| SETEAQ) ~ 17 R,

g
N——

which is supported for

pj—1

t*%Qk 2

SIX -

[I]

lfpj
2

As a consequence, t~(0+3) < gk(oj+
For each 9., when it acts on , one obtains in its bound an extra factor of size

lt;
5
Vi

_5A(£)_1 ~ t—(5+%)2— (@5-ps) <
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p;it+1 1—p;
When 0, acts on ¢ and (1 — xo) factors, we gain tm327kp < 2k = 283" and
1— —Pj -—1

2k, respectively. For each O¢, similarly, one gains 25”5 in its bound. Namely, for all
a,pe Nd,

(ol —181)

RO (. 6| <
The uniform boundedness of Op (b}) follows from Lemma 2.A.4 and Calderén-Vaillancourt
Theorem (Lemma 2.A.11).

It remains to study the symbol b}.. To overcome the singularity near X = =, we will
apply Lemma 2.A.9 with the same setting of x as in prewous paragraph, namely p :
19+ ~39K(0i-pi) €]0,1]in the case P; = 0,and pu := £+ 3 ~32% €]0, 1[in the case P; ;é 0.
It is easy to check that, forall o, 8 € Nd land N € N,

Y

d 7_9 _
8385bk(7“w,p9)‘ < o led=Blp,(r, p)<M> N

o
where
hi(rop) = > 11,(r)1y,(p),
nN\[Qkp‘]Qi

which is exactly the same one defined in (2.2.7). We have seen that the operator with
symbol hy is bounded on L?(R ) uniformly in k. By Lemma 2.A.9, we may conclude the
uniform-in-k boundedness of b, and the proof of Proposition 2.3.2, hence Proposition
2.3.1 is completed.

2.4 . Limit of truncated energy

In this section, we will complete the proof of Theorem 2.1.1, 2.1.4, and 2.1.6 by cal-
culating the limit of truncated energy for some regular initial data ug. These three results
will follow from the following proposition.

Proposition 2.4.1. Let a, 5 (t) be the symbol defined by
x +tP'(€)
(2.4.1) a=aysntz,8)=x|—"""5| 112 (6]
oA ) \t]%+5A(|t|%§) || >[t][P’ ()]

where P ¢ C°>°(R%\{0}) is assumed to be a real radial function satisfying that P"(p) # 0 for
all p €]0, oc[. Furthermore, we assume that x € C°(R%) is real and radial with x(0) = 1 and
that A verifies condition (C,, ) wWithout any restriction in oy, o1.

With these settings, if there exists to > 1, such that Op (a(t)) is bounded on L? uniformly
in [t| > to, for all ug € L?, the limits (2.1.24), (2.1.25), and (2.1.28) hold true.

Corollary 2.4.2. We consider the same symbol a with an extra truncation in &, i.e.

o +tP(¢ § €
a=aysa(t,z,§) =x <]t|€+5/\(|t(|§)§)> Ligp> P () (1 — xa) (\t\ eo> Xh <|t|q>
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where x;, xn € C°(R?) are equal to 1 in a neighborhood of zero, and g, ¢; > 0.

If P, A satisfy the same condlitions as in Proposition 2.4.1 and Op (asy,(t)) is bounded
on L? uniformly in |t| > to > 1, then, for all ug € L?, the limits (2.1.24), (2.1.25), and (2.1.28)
hold true with EJ" , (t) replaced by || Op (asxa(t)) u(t)|7..

In order to complete the proof of Theorem 2.1.1 and 2.1.6, we may combine Propo-
sition 2.2.1, 2.3.1 with Proposition 2.4.1, where we need to take A = 1 in the proof of
Theorem 2.1.1. In the same way, Theorem 2.1.4 follows from Proposition 2.2.2 and Corol-
lary 2.2.4 with A = 1.

Before calculating the limit of truncated energy, we remark that, in the hypothesis of
Proposition 2.4.1 and Corollary 2.4.2, Op (a(t)) (or Op (a(t))) is assumed to be bounded
uniformly in |¢t| > to > 1, which allows us to replace general ug € L? by those belonging
to some dense subset of L2. In what follows, we may assume that @y € C°(R\{0}). As a
consequence, by taking tg > 1,

=0 (7 ) o () 20(©) = o),

|t~ [t

which proves Corollary 2.4.2 from Proposition 2.4.1.
2.4.1. Super-critical case 0 < J + % < 1

In this part, we will study the case § + %+ €]0, %[ (associated to limit (2.1.17), (2.1.22),
or (2.1.28)) by following the same method introduced in [ 1.
By definition, the truncated energy introduced in (2.1.11) is

Eys.a(et) =] Op (aysa(et)) ulet)| 72

_ ! / (i (E~€)ict(PO-PE),, [ T+ P
2d Tisn .1
(2m) t2TOA(L2€)

x + etP' (&) R __ /
* (M\(t1§)> Lial pr(gy pr(eny 20(&) o (&) drddg,

where ¢t > 1 and e = +. In polar system z = rw, £ = pb, & = p'¢/, the integral above can
be written as

1 /ei(rpw-@—rp’w-@’)eist(P(p)—P(p’)) (Tw + EtP/(p)9> (Tw + EtP/(p/)9/>

(2m)2d t2TOA(t2 p) t2TON(t2 )
X s i), pr(p)tio(p0) o (p'0") (rpp") ' dOd6' dwdrdpdy'.

We firstly focus on the integral in 6, with integral in ¢’ treated in exactly the same way,

- +etP/(p)0)
(2.4.2) / irety (X LLD0Y 4 ooa.
t2 A (t2p)
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In this part, we always set
p= 772 €)0,1],

which is strictly positive and small, since we may choose ¢t > t; > 1. Due to Lemma 2.B.5,
(2.4.2) can be written as the sum of

(2m) T T i ()= Ty (‘””ﬂ) io(—epw)n ()

and a remainder
e’”pud’ls_%(w,ﬂ,p,g — P'(p), t;rpp) ( )
(

where k € C2°(]0, o0[) equals to 1 in a neighborhood of 1, and Sy, (w, u, p, 7', t; ¢) is sup-
ported for ¢ > ¢ >0, p ~ 1and |r'| < pand satisfies for all « € N1, j k, 1,y €N,

1020050407 S| < Cp~ (1T (=,

Remark that it is harmless to add an extra factor x, since the integrand of (2.4.2) is sup-
ported for r ~ t, which is a consequence of the cut-off y together witht > 1,6 + % < %
and p ~ 1. We may repeat this argument for the integral in ¢’ and the truncated energy
E, s a(et) can be decomposed into a principal part

1 / e—ier(p—s!) (P -P) [ T tP(p) | 7 = tP ()
(243) (27T)d+1 t2+5A( 3 ) t§+5A(t§pl)

N N d=1 r
X s pr(p), pr(p) o (—€pw) o (—ep'w) (pp') = K2 (;) dwdrdpdp’,

and remainders

1

—ier(p—p') yiet(P(p)—P(p")) ,2(d—1) .2 (T TPl rou?
)i /e e 0 K (t) Sm(w, 1, p, (p),t;rpp”)

T _
X S (w1 ' 5 = P (0), 570 1) s pr (), o ) (o)~ dwdrdpdp,

where (m,m’) takes values among (-G, -4y (L _doly (—dhL_dil) Note that

due to the condition § + % > 1, we have
rpu? = rpt2(5+%1)71 ~ 2003 S ¢ s 0.
The sum of these remainders can be simplified as

. N , 1 r r
— — t(P(p)—P / . / /0o
/e ier(p—p') yiet(P(p) (p))EE(w,u,p,p,r,t,;—P(p),g—P(p))

1 %>p/(p)’P/(p/)dwd7"dpd,0/,

(2.4.4)

where X(w, u, p, p', 7, t; 8, 8") is supported for r ~ t, p, p’ ~ 1 and |s|, |s'| < pu and satisfies
foralla e N1 j k. k. 1,7v,7 €N,

080500k 9L 07 x| < p el )yt
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Before stepping further, we introduce the following integral :

2.45) I(t,e1, €1, €2, € F) ::/ei[T(Elp“'lpl)_t(QP(p)*EéP(pl))]]l;>p/(p)7p/(p,)

X F(p,p',r,t;r — ereatP'(p),r — €eatP'(p))drdpdp'.

The limit of such integral has been studied in [ ] for strictly convex P, while the
concave case can be studied with almost the same argument. To be precise,

Proposition 2.4.3. Let F(p,p',r,t;(, (') be a smooth function on RY x R? and & e]%, 1[.
Assume that F' is supported for

pnol ~ 1, r~t, |§|a |C/| S t(s )
and forall j, 3", k,v,7v €N,
j 57’ qk ' —&'(k !
lazaz’arazaZ’F(pvplvrvt;C? CI)‘ St ( +’Y+W)'
We assume further that the following point-wise limit exists

lim F(p, o/, vVt +tP'(p), t; (V' ('VE) = Folp, o).

t——+00

Under all the assumptions above, we have

t——+o0

T [e.e]
im 1t —ce—caF)=3 [ Filpo)ds
0
foralle =+ and P € C* with P” > 0 or P" < 0.

The proof for strictly convex P follows from that of Proposition 3.1.3 in [ 1. As
for concave case, we will give a brief proof in Appendix 2.E. Remark that we compute the
limit of I(t, —e, €, —¢, €; F) for both signs e = +1, while in [ ] only the limit of the sum
of these two terms was determined. The proof of our stronger result is not essentially
different from the one in [ ] and we shall explain the modification one has to make
to the argument in Appendix 2.E.

With the notations above, the truncated energy E, ;5 A (et) given by the sum of (2.4.3)
and (2.4.4) equals to

EX’57A(6t) = I(t7 —€ € —6 € F) + I(t7 —€,€, —€ € FR)7

where

/ . N 1 r ¢ Cl
F@””““)‘QMH“gg)/X<5wmﬁm>x<ﬁ”méﬂ0

X g (—epu) o (—epw) (pp) T dw,

o t - /
Frlp, plyr,t;¢,¢) =t 20+3) / ;E(w,t“?l_%,p, o t; % C?)dw-
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It is easy to check that F, Fi satisfy the conditions of Proposition 2.4.3 with
1

=5+ 42

+ 2 + 2

Note that due to condition 6 + % €]0, 1[, we have &’ €]1, 1[, which is required by Proposi-
tion 2.4.3. The corresponding limit is

Folp. ) = oyt [ o(—comial—epw)(pp)) 5 o
0\P» (27_‘_)(1_’_1 0 0

and 0, respectively. Therefore, we may conclude (2.1.17), (2.1.22), and (2.1.28) by Propo-
sition 2.4.3. In fact, with e = &, one has

t_ll)?oo E,s(t) = t—ll—&moo E, s(et) = t—llToo I(t,—€,e,—€,6; F) + t—IlToo I(t, —€,e,—¢€,€; FR)

T o0
22/ Fo(p, p)dp +0
0

11 — 1
:4(27r)d/@o(—epw)ﬂo(—EPW)Pd_ldep = ZHUOH%Z’

2.4.2. Sub-critical and critical case § + % < 0

In the rest of this section, we will study, under the condition § + % < 0, the truncated
energy I, s a(uo,€t), with e = &, t > to > 1. Here, we only write the proof of the case
P” > 0, while the case P” < 0 can be calculated in exactly the same way.

By definition (2.1.11), the truncated energy E, 5 A (uo, €t) equals to

1 iw-(e—¢') iet(P()—P(e) . [ £+ etP'(§) z +etP'(£)
2d | € € X\ T L X\ T4 42
(2m) t2TOA(t2€) t2OA(t2¢)

X Lz 5 pre)) pr(en) o (§) o (€)dedE da,
which can be rewritten in polar system z = rw, £ = pf, £ = p'¢0’ as
1 /eiTW-(pr'9’)ei6t(P(p)P(p'))X Tw1+ EtPll(p)e T‘(JJ1+ Etpll(p/)el
(2m)2 tz A (t2p) tztON(t2 )
X Il%>P/(p)7p/(p/)ﬁ0(p9)ao(p’9’)(rpp')d_ldrdﬁdﬁ/dwdpd,o’.

We decompose E, s A (uo, €t) as the sum of £ (et), where £, E_ are defined as integral
over p > p, p) > p, respectively, and the dependence on Y, d, A, ug is omitted for the
simplicity of notation. Since E_ = E, it is enough to focus on the study of E (et). We
first check that

Lemma 2.4.4. The integral
1 iro-(of—o'0") ic P rw + etP'(p)0 rw + etP'(p")¢’
B (et) = 2251/6 (p0—p'0") giet(P(p)=P(p)) — 1( ) X — l( )
(2m) t2 0N (¢2 p) t2tOA(t2 )
X Lz pr(p) Lpspio(p0) o (p'0") (rpp' )~ drd0dd dwdpdyp’




CHAPITRE 2. MICROLOCAL PARTITION OF ENERGY 71

equals, up to some O(t‘é) terms, to
(2.4.6)
1

ei[\/ZP’(p)pw-(0—9’)+rpw-(0—0’)+wP’(p)€’-w] —ei[rw—i—%P”(p)wﬂ

e

rw+ eP'(p)f (r+ P"(p)w)w + €P'(p)0’
X ( PA(tEp) ) ' ( oatly) )

X ]1r>01lp>f>0|u0( epw)|? (P’(p))d ! P> =D dgde drdwdwdp.

(277)261 /O,Q’Eﬂ(ew-‘rSd—l)

Proof. To begin with, via change of variable,
r—rt? 4 tP'(p), p = p— —,

the integral £ (et) can be rewritten as

tdfl
(QW)Qd

/ei [tP/(p)pw-(Gfe’)+\/frpw-(070’)+ﬂwP’(p)0’-w+rw0’-w]

tOA(t2 p)
X X (W + VP (p)(w + €0') — eVH(P'(p) — P'(p - t_éw))9’>

t‘sA(t%p —w)

« SHPOP=3) (W + VP (p)(w + 69)>

% 1015 2 5ot (p0)io((p — £ 2w)0')

d—1
X (\;f + P'(p)) 4 (p— t_%w)d_ldﬁdﬂldrdwdwdp.

Due to y, ug factors, the integrand is supported for

1
0<rw<totz, p~i,

(2.4.7) Cl
lw+ €], |w + et| <023,

In fact, p ~ 1 follows directly from the fact that 4 is compactly supported away from zero.
Since y is compactly supported, the first x factor implies that

:‘ |(r + VtP'(p))w| — [VtP'(p) 9|‘
‘rw—l—\[P/ w+69)‘ SOA(t2p) ~ t0TT
which further implies that

Vitlw + 0] SIVEP' (p)(w + )|
<Jrw+ VAP (p) (w + e0)| + [r| S A3 p) ~ 1742
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By applying a similar argument to the second y factor, we obtain
w o [VEP/(p) = VAP (p — 2w
< ((r + VP (p)) — VP (p — t—%w)\ +r

< |+ VP! (0))w + Vi (p — ™ H )y

and that
Vil + et/ ~|VEP (p) (w + e8))
<Jrw + VIP (o) (w + /) = V(P! (p) = P'(p — "3 u))¢/
VHP'(p) = P'(p — t )|

91 71
ST frpw SOt

+r+

As a result, the boundedness of integrand implies that

. 1 oo\ 2(d-1) .
Ey(et) St x 2043 « <t5+21> — (206+5)d

Vit
which tends to zero as t — +oo when § + % < 0, and the limit (2.1.13), (2.1.20), and
(2.1.24) follow. In the remaining of this section, we take 6 + % = 0.

The support of integrand also allows us to simplify E (et), up to some O(t*%) terms,

as
(td_);d / 6i[tP'(P)Pw~(€—9’)+\/irpw'(0—0’)+\/ZWP/(P)GI‘W"‘T“)Q/'W]
2
% eei[\/fP’(P)w*%P”(P)wQ}X rw \/{fP’(p) (w+<0)
A (£2 p)
M ECES VP (p)(w + €b') — eP"(p)wt’
OA(t2 p)

X L5012 >0t0(pf)0(pf) (P'(p))™" p24=D a6’ drdwdwdp.

Here, we use the approximations

(ro=r (o=3p)) = (o () =537 o ()

t
=VtP' (p)w — %P”(p)w2 +0 <1> )

to simplify the phase and

(- (o 3)) i (50
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to simplify the argument of the second .
By applying a change of variable in 6, ¢,

01— t730 — cw,
0t 320 — €w,

we can rewrite F (et) as

1 / [ VIP (00 (0—0)4100-(0—0 )+ 0P (p)0 ot B rudc]
(27)% Jo.0r e Vi(ewtsi-1)
/
« efei[rer%P”(p)wQ}X Tw + EP; (P)9
tOA(t2p)
\ (r+ P"(p)w)w + eP'(p)0' — ef%P”(p)wH’
A (2 p)

X 1T>Uﬂp>%>0ﬂ0(féﬂe - Eﬂw)ﬁo(f%p@’ — €pw)
x (P'(p))"" p?@Vdoay drdwdwdp + O(t3),

where the integrand is supported for 0 < r,w < 1, p ~ 1, and |6, |6'| < 1 due to (2.4.7)

together with § + % = 0, which allows us to do another simplification and write E (et)
as (2.4.6). O

Till now, we have managed to write E (et), up to some admissible terms, as (2.4.6),
namely

1

/ ei[\/iP’(p)pw-(9—9’)+rpw~(0—9’)+wP'(p)9’~w] efei[rer%P”(p)wz}
(2m)2d 0,0’ e/t (ew+Sa—1)

rw + eP'(p)d N (r+ P"(p)w)w + eP'(p)0’
A (£2 p) A (t2 p)
X ]]-7‘>O:H-p>%>0 |tio(—epw)|? (P’(p))d*1 p? =V d0de’ drdwdwdp.
In the rest of this section, we will calculate the limit of this integral and conclude Propo-

sition 2.4.1. Since the integral in 6,6’ is over a sphere centered at ew with radius v/¢, we
may write 6, 6’ in local coordinate

0 = hew +y, h =Vt —\/t — |y?,
0 =hew+y, W=vVt—t— |y

where h, b’ € Ry, € wt := {z € R?: z-w = 0}. The condition of support implies that
|Bl, R, lyl, 1y’ < 1. 1tis easy to check that, as t — +oo

ﬁw.(e_ef)zeﬁ(ﬁ—\y’l?—W—'yz)%<W_W>’

2 2
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b= e (V- VT »0,
9'-w:e( t—\/t—|y/|2) — 0.

Therefore, by Dominated Convergence Theorem, as ¢ tends to infinity, the limit of £ (et)
equals to

1 / i P14 142 ) =ru- 5P (o)
e
¥,y €EwL rw>0

@)
X <W> X (“ + H(p)ff)pif eP’(my')

x |iig(—epw)|? (P'(p)) ™" p? 4~ Vaydy' drdwdwdp,

which, after a change of variable, is equal to

I|2

1 / al (2142 ) -ru-t2| [ /P(p)rw + e/p" P (p)y
1 . N
v,y €wl,rw>0

(27T)2d Alpal

(2.4.8) ‘- ( P"(p)(r + w)w + € p*P’(p)y’)
A1p%1

X |tio(—epw)|* p@ L dydy' drdwdwdp.
In order to give a compact form, we introduce the following functions,

1 2 2 P -1p/
H(r,w) := T / i 2" X< (p)m; Eal P (p)y> dy,
2 w=0 1p

F(r,w) /st

Remark that since xy € S(RY), H decay rapidly at infinity, uniformly in w. Thus, F is well-
defined. With these functions, we can rewrite the integral (2.4.8) as

1 o0 ©
(27r)d// H(ﬁ“)/ H(r + w,w)dwdr | (—epw)|* p? dwdp
0 0

1 o0
— e / /O 0, F (r,w) F(r,w)dr i (—epw)|” p*~" dwdp.
As a consequence,

lim E, 5 (uo, et) = I|m 2Re E (et)

{00
2
- (277) Re// O F (r,w) F(r,w)dr [ig(—epw)|* p*~ dwdp
B 27r // |F| (r,w)dr Jio(—epw) | p*~ dwdp

)2 [ito(—epu)? " dwdp,
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where
2
|F(0,w)[* =

Y

oo 24 |y|2 p -1pr
[t (T
0 y-w=0 1P

which is exactly G;'t(p,w) defined in (2.1.26), or (2.1.15) with 61 = 0 and A1 = 1. The limits
(2.1.14), (2.1.21), and (2.1.25) thus follow.

(2

2.5 . Study of Klein-Gordon equation

In this section, we shall prove Theorem 2.1.9 via a study of half-Klein-Gordon equation,
i.e. (E)with P(§) = (&). Letw be the (real) solution to Klein-Gordon equation (KG). We have
then

1

0=} -A+1Dw=— (a - P(D$)> (? + P(DI)> w.

Thus, the complex-valued function
0,
u = (Zt + P(Dw)> w,

is the unique solution to half-Klein-Gordon equation with initial data
g 1= Ulp=g = % + P(D,)wg € L.
Due to the fact that w is real-valued, we have the following relations
ow = —Imu, w=(D,) ' Reu.

In this section, we denote the truncation Op (aX®(t)), whose symbol is defined in
(2.1.31), as A(t), and define operators A4 (t) as Op (ak®(t)), where

+tP’
(2.5.1) aftG(t) =X (W) ]l\x|>\tP’(§)|X (i) )

0<6<30<e<landy e CX(R?) arethe same as in (2.1.31). Since we are interested
in the behavior as t — 400, it is harmless to assume ¢ > 1. Before continuing the proof,
we clarify that all the involved operators are bounded uniformly in ¢ > 1.

Lemma 2.5.1. There exists time-independent constant C > 0 and tq > 1, such that for all
t > to,
A 222y 1A£(Oll2) < C.

Proof. It is obvious that P(¢) = (&) satisfies hypothesis (H,, »,) with pg = 1, Py = 0, and
p1 = —2, P, = 1. In what follows, we shall focus on symbols aX®(t) (with aX®(¢) treated
in the same way) and decompose them in high and low frequency. Let ¥ € C°(R%) be
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a radial function which is equal to 1 in the ball B(0,1) and vanishes outside a larger ball
B(0,2). We may write

a5 () = af°(OX(), afS(1) = afP ()1~ R)(9).

For low frequency part afl (t), itis easy to construct a symbol F;(§) such that P, verifies
hypothesis (H,, ,,) with pg = p1 = 1 and Py = P, = 0, and that F;(§) = P(§) for all |£] < 2
In this way, we have

x £ tP/(§) 3
a:Ktcjl(taxag) =X (’t’%l‘s Il|ag\>|tP'(§)|X(f)a

where the factor involving ¢¢ disappears since the symbol is supported for || < 2 <
t¢, by choosing ¢t > 1. Now, we may apply Proposition 2.2.1 to obtain the uniform-in-¢
boundedess of operator with symbol

x +tP/(§)
X(W” Ligj>1epr(e)]

and hence boundedness of the operator Op <ai l(t))

The boundedness of Op (ai (L )) is actually an immediate consequence of Propo-

sition 2.2.2. More precisely, by choosing arbitrary ¢’ such that (¢, ¢) satisfies conditions
(2.1.19) associated to P (i.e. with pg = 1 and p; = —2), namely
1

1
0<é < =_, 0<e< ——= =1,
—(p1+1)

we are able to apply Proposition 2.2.2 to obtain the uniform boundedness of operator

with symbol
+tP'(¢ 3 §
X (x té+5( )) Lje|>(eP(g)| (1 = X) (te’) X (tf) :

If we add the high frequency truncation (1 — x)(¢), the symbol will be supported in |£] >
1> ¢t~ since we have chosen ¢ >> 1. As a result, the truncation (1 — x) equals 1 and the

uniform boundedness of Op (ai (L )) follows.

We have shown that A4 (t) = Op (a:Kt(,Sz(t)) + Op (afh(t)> is uniformly bounded on

L?. By repeating the same argument and replacing Proposition 2.2.1, 2.2.2 by Theorem
2.1.8, we may also obtain the uniform boundedness of A(t). O

Now we turn back to the proof of Theorem 2.1.9. By definition, the truncated energy
(2.1.30) can be expressed as

2 2

EXS(4t) = | A®t) Imu(£t)| 22 + HA(t) D peu(+) Re u(+t)

(D)

+aw

1
L2 <Dm> L2
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The three terms on the right hand side takes the form

(2.5.2) Q56 (t, €0, R) = i HA(t) (RU(it) + 60W) H; ;

where eg € {+, —} and Ris a bounded Fourier multiplier taking values among 1, D, (D)},

and (D,)~!. Due to the uniform boundedness of truncation operators A(t), A+ (t), (2.5.2)
can be written as

1 [As@RuCEn) + A OFTED], + 0 (A0 - Ax() Rux0)],2)
+0 (H(A(t) . Aﬂt))Ru(it)Hp)

LA Ru(a)|? +1HA (R (j:t)H2 + €0 Re { A () Ru(t), A (t) Ru(1))
_4 + U .2 4 T U 12 €0 + U y Ax U 12

+ O (I(A() = Ax(B) Ru(t) | 12) + O (|| (A1) - Az () RulFD)]| )
:é | A=) Ru(0) 72 + coRe (A (t) Ru(t), A< () Ru(E) ) |
+ O ([I(A®) = Ax(8)) Ru(+) ([ 2)

where we use the fact that for all complex-valued function f € L?

A f=A@)f, Ax(t)f = A< (t)f.

In order to conclude the desired limit (2.1.30), it suffices to prove

Proposition 2.5.2. Let vy, vy be two functions in L?. With A(t), A(t) as above, we have
following limits :

| ; > 1
(2.5.3) Jim AL (t)e* “D(Dz)vo’ Lo = gllvollze;
(2.5.4) t_liToo <Ai(t)ej:z'tP(DI)vO7 A:F(t)eiFitP(Dm)rUO,l>L2 =0,
2
. . +itP(Dz) —
(2.5.5) Jim [ a) - A< (0)e w| ,=0.

Once Proposition 2.5.2 is proved, we may apply the three limits with v9 = Rug and
vo,1 = Rup to obtain that

. 1
lim Qe (1,0, R) = L[| Ruo72,

t—+o0

since, due to the definition of u, we have, for all t € R,
Ru(t) = e P2) Rug, Ru(t) = e P2 Ry,
As a result, the limit (2.1.30) follows from

t—ILEI:noo EEKG (’wo, wi, t) = t_lirpoo EGKG(w(), wi, :Et)
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= lim Q ( 1,1)+Q:K|:G(t,—1,D< > )+Q (t717< > 1)

t——+00

2 2

x

2ol + || 22w
_8 0 L2 <Dx> 0

In the rest of this section, we shall prove the limits (2.5.3), (2.5.4), and (2.5.5). We have
seen that operators A(t), A+ (t) are bounded uniformlyint > to > 1. Asaresult, it suffices
to calculate these limits for those vy, vg 1 belonging to some dense subspace of L2. In what
follows, we assume 7y, 0,1 are smooth and supported in a annulus centered at zero.

The first limit (2.5.3) is no more than a consequence of (2.1.22) with P(¢) = (&), 1 =
& Xn = X, and any ¢ €]0, %]. The exceptional truncation yx; is not a problem, since it
disappears when |t| is large enough. For the remaining results (2.5.4) and (2.5.5), we will
apply a similar argument as in the proof of Proposition 2.4.1 for super-critical case.

Up

4

b
(D) g2

1 1
2 ) = ZlhuolZs = 5 (w3 + llw]32).
L

2.5.1. Limit of interaction term

We first calculate the limit (2.5.4). Clearly, via conjugation, it is enough to study the
limit of

(2.5.6) <A+(t)eitP(Dg;)vo’ Ai(t)e—itP(Dw)U0’1>L2 ’

since the other one can be recovered by relation

<A_(t)e—itP(DI)UO’ A+(t)6+itP(Dz)U071> <A_(t)e—itP(Dz)vo’ A+(t)6itP(Dz)U071>L2

= (A" PIag, A (e P

2=

where the Fourier transform of oy, 7o still belongs to the class C2°(R4\{0}).
By definition (2.5.1) of A4 (t) = Op (aXS(¢)), (2.5.6) equals, in polar system, to

1 /ei(rpw-Orp’w-G’)eit(P(p)+P(p’))X <T(JJ + tP,(p)9> N (T‘CL) — tP’(p/)9/>

(27‘[‘)2d t%-ﬁ-(s t%-i—é

X ]l§>P/(p),p/(p/)@0(/?9)@0,1 (00" (rpp ) 1dOde dwdrdpdp'.

Here we may omit the truncation in £ = pf and & = p’¢’ by taking t > 1. As in previous
section, we focus on the integral in # and #’, which are equal to, by Lemma 2.B.5,

_— +tP'(p)0\ ———
/ezv‘pw oy (mJl(p)) 0o (p0)do

t§+5
= e PputtSt, (w, u,p, P’(p)’t;rmf)ﬁ(%),

2

_pr
/e—irp'w.e’x (rw tIP (n")¢' ) B /gl)del

t§+5

i) _ _ T T
= IS ('S = PO i)k ()
2
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respectively, where p = =% and SE(w, p, p, ', t;¢) is supported for ¢ > ¢ > 0, p ~ 1 and
7| < pand satisfies for all « € N4=1, j k1,7 € N,
10205050407 S| < Cp~ (T (=,

Here we add extra factor k € C2°(]0, 4+00[), which equals to 1 in a neighborhood of 1, due
to the support of integrand.
As a consequence, (2.5.6) reads

1 . / ’ T
- i[r(=p—p")—t(=P(p)—P(p"))] g+ L _p . 2
o) /e So (w, s p, 5 = Pp), tirpp?)

_ r r
x Sy (w, p’, — — P'(p)), t;rp p?) K> <Z) L~ pr(p),Pr(p)
xmwmmww )% dwdrdpdp,

which can be rewritten as I(t, —, —, —, —; F) defined in (2.4.5), with
(2.5.7)
!
Flp.,r,1:6,¢) = S (w2, p, S bt )55 (w0, 08, %,t; Pt (1),
In [ ], the author has proved in Proposmon 3.1.1 that

Proposition 2.5.3. Let F(p, p/,r,t;¢, (') be a smooth function on RY x R? and &' €]3,1[.
Assume that F' is supported for

p’pl ~ 1, r~t, |C|a |</| S t6 )
Gndfor a”jaj/7 k?a%Vl € N,
i 93’ ok —6&'(k !
0900, 0F O F(p, pf 7, t:¢, ¢ < 70 047,
Under all the assumptions above, we have
lim I(t,+,+,+,+;F)=0.
t—-+o0

It is easy to check that the function F' defined in (2.5.7) satisfies the conditions above
with &' = § + £ and limit (2.5.4) follows.

2.5.2. Limit of energy outside the truncation area

It remains to prove (2.5.5), which requires a study of the L2-norm of (A(t)— A (t)) et (Pa) g,
As in previous part, by conjugation, it suffices to focus on

(A(t) = AL (1) Pe) g () = (zfr)d / MO (1 - x) (““3(5)) Lo/ jopr(6) P0(£)dé,

t%Jré

where we omit again the truncation in £ by assuming ¢ > 1. Actually, we have

(A(t) — A_(t))e=*PD)ug = (A(t) — Ay (1) PP,

with Ty belonging to the same subspace C>°(R%\ {0}).
We first check that the L2-norm of (A(t) — A, (t))e*F'(P=)yy concentrates near |z| = t,
ie.
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Lemma 2.5.4. There exists a radial function k € C°(R?) supported in an annulus centered
at zero, such that, when t — +oo,
X

(A(t) = A ()T PIug = & (5 ) (A®) = A (O)e T PIvo + O (1),

forany N € N.

Proof. Let kg € C°(R?) be a radial function supported near zero and equal to 1 near
zero. By definition,

, 1 oy P’
(A(t) — Ay (£)e™ Pl () = @y / et O (1 —x) <$+tj+5(§)> Lia|>[tPr(6)| 00 (&) €.

Due to the support of integrand, namely 0 < ¢ < [£| < C and |z| > tP’(|¢]), the function
above is supported for |z| > tco, where 0 < ¢y < P’(c¢). That is to say, when Supp g is
chosen small enough,

Ko (%) (A(t) — AL ()P PDyg(2) = 0, Vi, z.

Let k1 € C°(R?) be a radial function supported outside the unit ball. We further
assume that x; equals to 1 away from zero. By observing that |P'(¢)| < 1 for all € € RY,
we have

1 (Z) (4(0) - A4 () PPy () = S 1) J Oy <Htp(§)> ol

t (27T)d t%+5

Remark that the non-smooth term 1.~ p/(¢) is identically 1 as we add the cut-off x;. By
integration by parts in £, we may rewrite the quantity above as

r1 (%) /ei(x£+tP(§))_a§ . [ THEPUE) 1y (xHPI(Q> @o(f)} d¢

(2m)d i |z +tP(e)]? ES;
—'E;gd) /ei(x§+tP(§))q1(t,x,f)@o(f)dg+ ,zlggd) /ei(xﬁthP(ﬁ))qO(t’x,E)_@l@)dé’

where v (z) = zvy(x), and

qO(tvxvg) =

~¢ [ x+tP'(€) x +tP'(€)
i [Htpf(g)r?“ =) (wﬂ ’
x4 tP'(€) x+tP'(£)

are smooth symbols satisfying for all o, 3 € N¢,

02 0F it x,{)’ < 20y (g H0)lely(3-0)IBl = 0, 1.

By Calderon-Vaillancourt Theorem (Lemma 2.A.11) and Lemma 2.A.4, the £(L?)-norm of
operators Op (¢;)’s is bounded by t~2%, which implies that

s £ (llvoll g2 + loallz2) ~ ¢~ [[{@voll -

51 () (A@) = As )P Peluy
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By repeating this procedure for M times, we obtain

H”l (%) (A(t) — A+(t))eitP(Dz)v()’ )

S0z g S 172,

The last estimate follows from the fact that v, is a Schwartz function. The proof is com-
pleted by choosing k = 1 — kg — K1. O

Thanks to Lemma 2.5.4, it remains to estimate the L?(dz)-norm of

T

w(T) (AW = Ac@)e T Pug(a),
or equivalently, in polar system, the L?(r¢~!drdw)-norm of I(t,r,w) defined by

r o8 i rw + tP'(p)0 . _
(2.5.8) I(t,r,w) =k <;> /e poBeitP o) (1 — ) <tl+5(p)> Lstp(pyBo(p0) p* " dpdf
2

To begin with, we decompose (2.5.8) into three parts I (¢t,r,w), I_(t,r,w), In(t,r,w)

by inserting
w+0 w—10 w+0 w—~0
Xo\ -1 )Xo\ 51 ; 1 —Xo so1 ) X0\ o1
t° 2 t° 2 t°7 2 973

to the integral respectively, where yo € C>°(R?) is radial, supported in a small ball cen-
tered at zero, and equal to 1 near zero. The desired result (2.5.5) thus follows from the
lemma below :

Lemma 2.5.5. For all N € N, there exists constants C, C'y which is independent of t,r,w,
such that

(2.5.9) 14 (, 7, @) |72 (a1 gy < O,
(2.5.10) 1= (8,7, )| 72 (a1 gy < CE
(2.5.11) 1o (t 7, )12 (a1 apay < Ot

Proof of (2.5.9). The integral I (¢, r,w), by definition, reads

r i[rpw-0-+tP Tw+tp,(p)0 w0 ~ d—1

The intergand of I, is supported for
Ir—tP'(p)| = |—r0+tP'(p)8] > |rw-+tP (p)f]—r|f+w| > ctz 0 —Cegtxt? =2 = (c—Clo)tz o,
where 0 < ¢p < 1 is the radius of Supp xo. This implies that

lr —tP'(p)| > dta o,
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As a consequence, the integrand of I is smooth. This allows us to apply integration by
partsin p, since p ~ 1 and

rw -0+ tP(p)| = | —r +tP (p)| — rlw + 0] > (c — 2Cco)tz 0 > g3 +0,
More precisely, by using

i[rpw-0+tP(p)] _ —1 ) ifrpw-6+tP(p)]
° rw -0 +tP(p) pe ’

one may gain (219 from lrw -0+ tP'(p)|~* and t2~9 from each 0,. In conclusion, after
M times integration by parts in p we have

’I-‘r(t: T, w)‘ S t_QMa'

Due to factor «, I, is supported for r ~ t, which implies that

14 (s ) 12 gt gy S 0T <N,

where M is large enough so that4M§ —d > N. O

Proof of (2.5.10). Theintegral I_ will be treated as in Section 2.4. We first observe that the
integrand of I_(¢,r,w), which reads

r i[rpw-0+tP rw + tP/(p)e w—"0 ~ d—1
K ({) /e[p + (p)}(l - X) <t§+5 X0 E IL7~>1tP'(p)UO(P9):0 dpd?,

is supported for, as ¢t > 1,
lrw +tP' (p)0] = |r0 + tP'(p)0| — r|lw — 0] = r +tP'(p) — Ceotzt0 > ¢'t,

where 0 < ¢y < 1is the radius of Supp xo. That is to say, the factor (1 — x) is identically 1,
and /_ becomes

min(p1,(P") 1 (r/t)) , _
ey ) [ g (20)
t PO Sd 02

where 9y(pf) is supported for p € [pg, p1] and we use the convention (P')~1(s) = +oo
1
when s > 1. Now, we may apply Lemma 2.B.1 with A = rp, u = t°"2, and

Yy—=z\ - r—Y\ .
F(x7y7znu; p) = X0 ( [ )XO( [ >Uo(,0y)

Here vo € C>(R%) is chosen to be equal to 1 on the support of xo. Note that F' has to
be taken at (z,y,2) = (w,0,w) in order to recover the above integral. This corresponds
in the statement of Lemma 2.B.1toxz = 6§, y = ¢, and z = w (and no variable «’). The
extra term p is an extra parameter staying in a compact subset. Due to our choice of g, it
is clear that  ~ t and p ~ 1 imply A > ¢t?® >> 1. As a result, the integral in 6 equals to

_ .y o
/Sd o <u,:51 > G0(p0)d = (2m) % €t 1S s (w, p, i ppi®),
2
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with Sy, (w, p, 1; ¢) smooth, supported for p ~ 1, { > 1, and satisfying foralla, € N, j, k,~v €
N

05030500 Son (@, py 1 O < Cp1*=H ()™,

This formulation allows us to rewrite I,r%, up to multiplication with constants, as

. min(p1,(P')"L(r/t)) .
I_(t,rw)rs =k (%) / OIS, (w, p, s rpu?)p T dp.
PO

Now, we may apply integration by parts in p. Due to the fact that » 4+ tP’(p) ~ ¢ and
min(p1, (P)~1(r/t)) ~ 1, the boundary terms and remaining term are all bounded by
t=1, namely

‘I_(t, r,w)rd%l < Lyt 1,

which implies (2.5.10). O

Proof of (2.5.11). Unlike the study of I, Iy will be estimated via integration by parts in 6
variable. It is clear that the integrand of

r irowf i rw + tP'(p)o . _
Io(t,r,w) =k (;) /6 Bt (1 — y) <t;+5(p)> L= ()00 (p0)p" ™!

w+ 0 w—0
<[ (7)o (5577 |
t° 2 t° 2

is supported away from {6 +w = 0}, which allows us to rewrite the integral above in local
coordinate

0 =hw+V1—h%y, he [—1,1],y€wLﬁSd_1,

where w is defined as the hyperplane {y € R? : y - w = 0}. In this way, we may rewrite
Iy as
(2.5.12)

K (%) /eirphFo(t, 7, p,w, hw + /1 — h2y)(1 — hQ)%*l

" ll—XO <(h—|—1)w—|—\/1—h2y> v <(h—1)w+\/1—h2y>] dhdydp.

5 1 5 1
1 2 1 2

rw + tP'(p)6

FO(t77a7 p7w79) - eitP(P)(l - X) < tl+6 ) :H"r‘>tP’(p)60(p0)pd_l'
2

Remark that due to the cut-off away from 4w, the integrand of (2.5.12) is supported for

|(h+ 1w+ V1 — h2y[? > L,
By developing the inequality above we obtain

V1—h2> s,



84 CHAPITRE 2. MICROLOCAL PARTITION OF ENERGY

Thus, Fj is supported for p ~ 1 and satisfies for all k € N,

‘6’,5; <F0(t,7“, pyw, hw+ V1 — h2y))} < 17200k

The same estimates hold for (1 — 112)%‘1 and cut-off xq's in dimension d > 2, while in
trivial case d = 1, Iy is identically zero.

Now, we may apply M times integration by parts in h for (2.5.12). Asr ~ t, p ~ 1, each
dp, in the amplitude gives t!~2°, we have

‘IO(t> T, w)| S ]]-TNtt_2M6>

and (2.5.11) follows from

2 —4Mé+d —
”Io(t7 r7w)HL2(7‘d*1drdw) S t a + St N7

by choosing 4M§ —d > N. O

2.A . Technical lemmas

This appendix is a collection of technical lemmas which are used in previous sections.

2.A.1. Some technical inequalities

Lemma 2.A.1. For any real number m > d — 1, there exists constant C' = C'(m,d) > 0, such
that

sup (Rw — &) ™dw < CR™=1),
geRd Sd—l

Proof. By change of variable, it is equivalent to study the boundedness of

/ K(w — €)dw,
RSd—1

where K (x) = (1 + |z|™)~. This integral can be regarded as a convolution of K and the
Borel measure ug, which is defined by

¥ € CuRY, (urd)i= [ | ow)d.
RSd—1
We introduce the a-dimensional density of a Borel measure x :
(a) — /L(B(l‘,?"))
MM (z) fgg ——a
Remark that Mfﬁ;l)(g) = ijf_l)(g/R) and that Ml(jf_l) is a bounded function. Thus,
MY () is bounded uniformly in R > 0 and € € RY.
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Now, it suffices to show that there exists some constant ¢ = ¢(m, d), such that for any
Borel measure i on R¢,
K # p(€) < eM ().

By applying a translation, the problem can be reduced to the case £ = 0.
K+ pu(0) = y K(—y)du(y)
= / K (y)du(y)
Rd

1l n
= 1im =Y u(B(0,r")),
7j=1

n—00 N 4

where that last equality follows from dominated convergence theorem, with r§.n) defined
1

by K~'(1—1) = rj(.")Sd‘l. We may calculate rj”) explicitly rj(.”) = (11/]771)% Therefore,
by definition of (d — 1)-dimensional density, we have

K 5 p(0) < M1(0) lim 1i(r<n>)d‘1

n—oo N 4
7=1
1 no\ "
— MY9-D) lim = J/m "
( o0 2 ; 1—j/n
1 d—1
# (0) 0 1—2x v
The last quantity is finite since m > d — 1. O

Lemma 2.A.2. Let S_; € C®(R) with | (&)| < Ca(€)~17, for any o € N. Then, for any
N € N, there exists some constant C, such that

(2.A.1)

/R e“fs_l(odf\ < CA) N (1 +log_(]A]), YA#0,

where the integral on the left hand side should be understood as oscillatory integral and the
function log_ is defined by :

log_(t) :_{ |log(t)] it €10, 1]

0 otherwise

Proof. For simplicity, we may assume A > 0 and that S_; is supported in [cg, o[ for some
co > 0.

When A > ¢ for some small constant ¢ > 0, we may apply integration by part on &,
then the left hand side of (2.A.1) can be controlled by

S [ores
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To obtain arbitrary polynomial decrease for large A, we only need to apply integration by
parts several times.

When X\ < ¢, we introduce a cut-off y € C2°(R), such that x = 1 in a large neighbou-
rhood of 0. For the part where |\{| is small :

[ s e <c [T € <cariog o)
R “a

For the remaining part where || is large, we need to estimate

/R P81 (€)(1 = X)(AE)de.

By applying integration by parts in &, we will obtain two integrals. The first one is of the
form

/R NS (€)X (AE)dE,

which can be treated as above. The second one take the form

1

H /R S (E)(1 — x)(AE)dE,

which is bounded by
1

- 2d¢ < C.
- /Ig R
O

Lemma 2.A.3 (Cotlar-Stein Lemma). Let H be a Hilbert space and {T}};cn be a series of
bounded operators on H. If

1
(2.A.2) A=sup)_ TN 2 gy < o0,
JEN ken
1
(2.A.3) B=sup)_ T Tell 2 gy < o0,
JEN keN

the operator T =) jen Tj is well-defined via point-wise limit

J——+00 4

J
Vue H, Tu:= lim Y Tyu inH.
7=0

Moreover, T is bounded on H with estimate

(2.A.4) T || cemry < VAB.
The inequality (2.A.4) was first given in [ 1 for finite sum with || 15T} | £ sy and

77Tk c(zry decreasing exponentially in |j — k|. The generalized version stated above and
its proof can be found, for example, in Theorem 1, Chapter VIl of [ 1.
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2.A.2. Criteria on L?-boundedness of pseudo-differential operators

Lemma 2.A.4. Let a be a symbol on R% and )\ > 0. The rescaled symbol

o §
ax(z,§) = a(Az, X)

satisfies
10p(a)llz(z2) = [10P(a)ll£(L2)-

Lemma 2.A.5. Let a be a symbol on R¢ and symbol a is defined as

a(z,€) = a(&, x).

Then we have
10p (@) llzz2y = 10p (@) [ £(z2)-

Lemma 2.A.6. Let K be a kernel function of operator K defined as
Ku(z) = /K(:c,x — y)u(y)dy.
If there exists Ko € L*(R?) such that

|K (z,2)| < Ko(2), Yz, 2 € RY,

we have
1K £¢z2) < [ Koll -

Lemma 2.A.7. Let a and b be symbols satisfying
la(z, §)| < b, §),
and B € L(L?) be an operator defined by
Bu(o) = [ bl ()i

Then
10p(a)llzcz2) < [1Bllzcz2)-
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Lemma 2.A.8. Letm : S x S¥~1x]0, oo[— C be a smooth function satisfying for all o, o/ €
N=!land N € N
/ i, d(w, —w'
fagaﬁlm(w,w,, w)] < Ca,a/,NA,U_‘al_‘a |<(u)7uuj)>_N7
where A is a quantity independent of w and «, d is the distance on the sphere S*~1. For all
A > 0, the operator T), is defined by

T)\u(w/) — / eiAWW/m(w,w/7H)U(W)dOJ,
Sd-1
Then there exists a constant C > 0, such that
_d-1
1Tl 2(z2sa-1)) < CANT 2.

When € [1, 00], the condition on m becomes m(-, -, u) € C£°(S1 x S4=1) uniformly
in 1 > 1. By using the local coordinate of the unit sphere S%~! (which is compact and
thus can be covered by finite local patches), one can reduce the problem to R¢~! case
without considering the parameter u. The proof of this reduced case can be found in,
for example, [ 1, Theorem 2.1.1. As for the case p €]0, 1], one may refer to [ 1,
Proposition A.1.7. A direct consequence is stated as following :

Lemma 2.A.9. Let a(x,&, 1) be a smooth symbol on R? x R¢ depending on a parameter
p €]0,00[. Let b be a function on R2, such that the associated operator B defined below is
bounded on L?(R.), namely

2A5) IBllewamy < o BIT) = [ btrp) (o),
If, in polar system © = rw, £ = pb, a(x, &, p) satisfies for all o, 3 € N*~l and N € N,
2.A6) 0507 a(rw. p9.10] < Coavblrph” P10,

then we have

(2.A7) 10p(a)ll£z2meyy < ClIBllor2ry))
where C > 0 is a universal constant.

Proof. By definition of Op(a), we have

Op(a)u(rw) / / P a(rw, p)i(pf) p?~tdOdp.
271' §d—1

. d . —1
It is easy to check that ||f(p, O)||2(dpa0y = (27)2 [|ull 2 (ray, With f(p,0) = u(p&)p 7.
Thus,
d=1
| Op(a)ullL2ray = || Op(@)u(rw)r = || L2 (drdw)

H 2m)d / /Sd ) e a(rw, p) f(p, 0)(rp) T dbdp

L2(drdw)

d—1 .
Coll [y S0 [ e atrw. 1o 0)d8l g

L2(dr)
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By applying previous lemma with m(w, 0, 1) = a(rw, pf, ), where r, p should be regarded

as parameters, A = b(r, p), and A\ = rp, we obtain
; _d-1
| e"*a(rw, pf) f (p,0)d8 L2 (a) < C1(rp) ™2 (r, p)IIF (6, p) | 12 (a0)-

Sd—1

Thus,

10p(a)ull L2 (rey < CoCh

/0 b(r. )£ (6 ) | 2an o

L2(dr)
< CoChl|Bll ezl f(8s P L2(a0ap) = ClIBll 2@y lull 2 ray-
O

Lemma 2.A.10. Let a be a symbol on RY, depending on some parameter \ €]0, ool. If for all
a € N¢,

sup [[9g a(z, Iy < CoX?lol,
zCR4

the operator Op (a) is bounded on L?, uniformly in \.
Proof. Due to Lemma 2.A.4, the problem can be reduced to the case A = 1. The kernel of
operator Op (a) is K(z,y) = J(z,x — y), where

1 iz
W /6 £Q($,§)d§
We first observe that, for all z € R?, |J(z,2)] < (2m)~%a(z, 2z, which is uniformly
bounded. Then, by integration by part, we have, forall N € N,

“Z|2NJ(337 z)‘ S Z '/eizfaga(x,g)dg‘

|a|=2N

J(x,2) =

< Y sup [9Fa(e. )y < Co.
|a=2N 2€R

Thatis to say, J is bounded and has any polynomial decay in z, uniformly in z. In particular,
K (2,y)| = [T (2,2 — y)| < (& —y)~ @D,
The conclusion follows from Schur's Lemma. O

Lemma 2.A.11 (Calderdn-Vaillancourt Theorem). For smooth symbol a € Coo(Rd X Rd),
the following estimate holds :

(2.A8) 10P (@) ey §  sup 1070 all e zg xra)-
laf,|B]<Na

where Ny is a universal constant depending only on dimension d.

The earliest version of (2.A.8) was given in [ ] where a;, 5; are required to be no
morethan3forallj =1,2,--- ,d.Then,in[ ], the authors optimized itto Ny = [%]4—1,
while some other assumptions in «, 5 are given in the same paper. The readers may also
find an alternative proof via Gabor transform in [ 1.
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2.B . Stationary phase lemmas

Lemma 2.B.1. Let
F: (ST™Hix]o,1] — C
0,0, w,' p) — F(0,0 w W, pu)

be a smooth function supported for d(6',0) + d(0',w") < &', where d is the metric on sphere
S?1and &' > 0is a small constant. We assume that F satisfies forall a, o/, 8,5’ € N, j,N € N

d(@’,w)>_N'

105 05 955,00 F| < Cplel-lerl=181=3¢ .

(A.Jw’

For any parameter A > 0, we define the integral

I (0,w,w's \ ) = / eii)‘%/F(e,Ol,ij’,,u)del.

Sd—1
If ' is small enough (depending on the sphere SY=1), and Au? > ¢ > 0, then we can write
I(0,w,w's A i) = et SE (0, w,0, s M),
2

where Sfd;l (0, w,w’, w; ¢) is a smooth function supported for d(6,w") < 28, satisfying for all
2
a,B,8 €N, j,7,NeN

_d—1
2

(2.B.1) |aga£af,agagsf%| < Cp~le=I81=3 ¢y
Moreover, for |¢| > ¢ > 0, Sfu (0, w,w’, u; ¢) can be decomposed as
2
(2.B.2) (2%)%e$i%(d71)F(9, 0,w,uw, u)(f% + Sfﬂ 0,w,w, 15 ¢),
2

where Sf@ (0, w,w’, u; ) is smooth and supported for d(6,w") < 24, satisfying the estimate
(2.B.1) with d — 1 replaced by d + 1.
Lemma 2.B.2. Let
Fo: (SHix]o,1] — C
0,0 w, ' ) — F(0,0 w o, pw)
be a smooth function supported for min(d(¢’,6),d(¢’, —0)) > ¢’ > 0, where d is the metric on
the sphere S~ and &' is constant. We assume that F satisfies for all a.,o’, 3,3 € N, j,N € N

12 / - / N d 9,
050 050,03, Fp| < Cp~lelle "5'ﬂ<(ﬂ’w)>N-

For any parameter X > 0, the integral

Ii(9>W,W,§)\aM) = / eiiAGGIFU(Gv0/>w>wl7u)d0/

§d-1
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can be written as

Le(0,w,0'; A p) = e RE(9, w0 s M),

where RT(0,w,w’, u; ¢) is a smooth function satisfying for all o, 3,3 € N, j,7,N € N
(2.B.3) 050500800 RE| < Cp~ o181 )=V,

For the proof of Lemma 2.B.1 and 2.B.2, one may find a general result in [ 1,
Proposition A.1.1.

Remark 2.B.3. /In Lemma 2.B.1 and Lemma 2.B.2, the dependence on w' is not crucial in the
proof, we may eliminate the conditions and results involving w'. Meanwhile, if F (resp. Fp)
depends on some other parameters, the same condition can be inherited by S_ a1 (resp. R)
from F (resp. Fy). ’

Lemma 2.B.1 and 2.B.2, together with Remark 2.B.3, result in the following lemmas,
which are important techniques used in the main text.

Lemma 2.B.4. Let
G: (S1H2x)0,1] — C
0" w,p) = GO w,p)
be a smooth function supported for d(¢',w) < &', where d is the metric on S*~! and &' > 0 is
a small constant. We further assume that, for all o/, 3 € N¢=1, j. N € N,
/
o5/ 020} < 1o AL

For A > 0, € € {£}, we define
10, w, pu; A) == / e NGO, w, 1)do' .
Sd—1

Then, under the conditions that &' is small enough and that \u? > ¢ > 0 for some constant c,
the integral I may be written as the sum of principal terms

eigi)\/'bd_lsfﬂ (07 W, )‘/‘LQ)v

2

and a reminder
MUt IR0, w, s ),

where Sit(0,w, u; ¢) is a smooth function supported on d(0, +w) < 28, ¢ > ¢ > 0, satisfying
forall a,p € N*=1, j n N €N,

|05 950

w

j +
(92‘5’$| S M_|C¥_B|_]<C>m—n<d(ealuw)>_]v;
and R(0,w, u; €) is a smooth function satisfying for all N € N,
IRl < ().

Moreover, if G depends on some extra parameters, the same bound for G (and its derivatives

in parameters) can be inherited by Sf a1 and R.
2
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Proof. We only give the proof for e = +, while the other one can be treated in the same
way. To begin with, we introduce the functions

Fj:(ea Hla W, ”) = G(ielv :l:(/J, ”)X(e - 9/)7
Fo(0,0' w,p) =G0 ,w,pu) (1= x(0—6)—x(6+6)),

where y € C(R%) is radial and supported in a small neighbor of zero, with value 1 near
zero. By using these functions, we may rewrite the integral 7 into I + I_ + Iy with

I = / etV RL(0,6, tw, p)de,
Iy = / NV Fy (6,6, w, 1)db'.

It is clear that Fy, Fj verify the conditions in Lemma 2.B.1 and 2.B.2, respectively. Then,
by applying these lemmas, we can obtain the desired expressions and corresponding es-
timates. There remain two points to check : the support of Sfﬂ and the dependence on

extra parameters. The latter is merely an application of Remark 2.B.3, while the former
can be shown by observing that, when Supp x is taken to be small enough, the integrand
of integrals I is supported on d(+6',w) < § and d(0,60") < ¢'. O

Lemma 2.B.5. Let y € C°(RY) and f € C°(R\{0}). Assume that P is smooth on ]0, oo,
and A is a positive function, such that

A(p) ~ p?, asp — +oo,
\A“)(p)) S P77, Wp>po> 0,5 €N,
A(p)

as p — +o0o,

hold for some o € R and Ay > 0.
Then there exists to > 1 depending on f, P', and A, such that for e, e’ € {+1,-1},0+§ €
0,4 7> ¢ >0, and t > t,, the integral

- + €tp/(p)9
ele Tpwb rw 0)do
/Sd1 x( oA ) f(p9)

can be decomposed as a principal term

/
(27_‘_)‘151 iee’ T (d—1) —zee/rp(,r,p)—Cl;lX<r_tP(l)
t2

Y

)
and a remainder .
e P TLSag (w, o, 7= Pllp)tirpn?),

1

where 1 = t9Y273, Sy, (w, i, p, ', 15 C) is supported for ¢ > ¢ > 0, p ~ 1 and || < p and
satisfies for all o € N1, 5 k,1,v € N,

10505,050L 07 S_asa| < Cp= I+ (¢ym=
2
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Proof. Using the notation r = ¢(r' + P'(p)), where |/| < p = #9+5-3, we can rewrite the
integral as

L'+ P ‘w4 P + €t
(2.B.4) / IR oty (L2 §p 2D Fotya.
§d-1 t72T0A(t2p)

Consider the function

D=2 F(py).

rat Pp)e—y) o
v ju

F(z,y,z,up,r',t) = X ——— X(
pt” 2 A(t2p)

with ¥ € C°(R?) taking value 1 in a large ball centered at the origin. By setting A =
t(r' + P'(p))p > ¢ > 0, we may rewrite the integral (2.B.4) as

/ e—iee’)\(*ﬁw)eF(—ew,e, —€W, Pvrl7t)d9'
gi-1

Remark that the integrand in (2.B.4) ensures that |w + €] < u < 1, which allows us to add
x factors in the definition of F.

By using the fact that p ~ 1, itis easy to verify that when z,y, z € S¢~1, forall o, o/, 3 €
N1 4k I,N €N,

/ . / - .d
10005 02 05,080L, F(x,y, 2, 5 p,7')| < Cpu~ =1 1181371 (yu’ 2y-n,
and that F is supported for p ~ 1, |7/| < u, d(z,y) < Cop < 1, which ensures that
A = t20+2) (' 4+ P'(p))p > ¢ > 0. Therefore, the conclusion follows from Lemma 2.B.1
with extra parameters p, r/, t but without «’ variable. O

2.C. Arefined result for Schrédinger equation

In the case of Schrédinger equation P(§) = @ the structure of P/'(§) = ¢ allows us
to prove the parts (i) and (ii) of Theorem 2.1.1 for non-smooth x, namely

Theorem 2.C.1. Let a, s and E, s be as defined in (2.1.10) and (2.1.11), respectively. We

assume, as in Theorem 2.1.1, that A is identically equal to 1. Then, for any ug € L2 we have :
()if x € L' and § < 0,

(2.C.1) lim E, 5(ug,t) = t—llToo E, 5(uo,—t) = 0;

t—+00
(i)if x € L' and § =0,
1

i — i oy . 2 d-1
(2.C.2) tllToo E, s(up,t) = tﬂToo E, s(ug, —t) @) /Gx(w)\uo(pw)] P dpdw,

where (p,w) is polar coordinate, and function G, (w) is defined as

iz
/ e' 2 x(r)dx
z-w>0

1 2

(2m)4

?

(2.C.3) Gy(w) :=
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In order to prove the limit (2.C.1) and (2.C.2), we indicate that, compared with Theorem
2.1.1, the only difficulty is the loss of regularity in y, which can be overcame by finding a
bound of operator Op (a(t)) depending merely on ||x/||z:-

2.C.1. An alternative bound of truncated operator

The goal of this subsection is to find a uniform bound of Op (a(t)), which involves less
regularity of x than Proposition 2.2.1. Via Lemma 2.A.4, it suffices to study the symbol

b(z,§) = x <$:\r€> Lig)> e

where \ = |t|° €]0, oc[. To be precise, we shall prove the following proposition

Proposition 2.C.2. There exists constant C' > 0 independent of A, such that, for all A > 0,

10p (b) Il g(zz) < CAYIx||L1-

Proof of Proposition 2.C.2. Itis easy to calculate that

[ pieolas < [l (*5F)

[t ela < [ (555 de =2l

Thus, the desired estimate follows from Schur’'s Lemma and Lemma 2.A.7. O

dz = X|x|l 1,

2.C.2. Calculation of limit
By Proposition 2.C.2, when § < 0, we have
10p (@) llz(z2y < Ct*Ix]lpr = 0, ast — oo,

which implies (2.C.1).

In the critical case 6 = 0, when x is smooth, compactly supported, and constant near
zero, limit (2.C.2) follows from the limit (2.1.14). If x is no more than an L' function, we
may approximate y by some regular function in L!. To be precise, for all n € N, there
exists x, € C2°(R?) which are constant near zero, such that

1
X = Xnllzr < —.
n

To highlight the dependence in y, in the rest of this section, we will add subscript x for
concerning terms, for example,

T+t
ay(t,z,8) = x| — | Ljg|>t/jel-
]2
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Proposition 2.C.2 implies that, for all ug € L? and t # 0,

| Op (ay) e/ D)y — Op (ay,) eitP(DI)UOHLQ = || Op (ax—x») eitP(Dm)UOHB
< Clix = xnll g € Pug]| 2
1
< C—lluoL2-
n
Therefore, for fixed ug € L?, the limit
0p (ay) PPy — Op (ay, ) e P)ugin L2, asn — oo

is uniform in ¢. We may conclude (2.C.2) by passing to the limit ¢ — 4o :

GitP(Ds

. T ) 2
lim By s(up,t) = lim [ Op (ay) uol22

— i ; itP(Dy), (12
im lim [Op (ay,) uo |72

) eitP(D

— lim lim || Op (ay, |2

n—oo t—+o0

L 1 ~ 2 d—1
= Jim g [ G @lialpe) 2 dpe

= gt | Cxliolpw) B dpds

The last equality follows from Dominated Convergence Theorem and the continuity of G
on x € L', which is obvious due to the definition (2.C.3) of Gy.

2.D . Partition of energy for Klein-Gordon equation : a classical
setting

In this part, we shall give a proof of (2.1.32) via an alternative study of asymptotic
behavior of solution to half-Klein-Gordon equation (HKG), namely

(af - P(Da») u=0,

[

uli=o = uo,

where P(§) = (&) is a smooth symbol. As in Section 2.5, instead of studying the solution
w to Klein-Gordon equation (KG), we turn to

which is a solution to half-Klein-Gordon equation with initial data

w
Uy = Ulg=o = 71 + P(Dy)wy € L.
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Using this notation, we may rewrite the integral on the left hand side of (2.1.32) as

/ (19wl + [Vl + [w]?) de
r0<|% <ri

j
-

2 2 2
Lycsleni0] +[Losien Vo] +[Lucisent] )dx
2 D, 2 = 2
]lro<‘%‘<r1|mu‘ +Locfaenirpy REU| + [Lycz]cr, (D) Reu‘ dz
2 : 2 It
™ Lcfetent] + M Lcjzion (3] +[R Lrucjzin (D) o] ) do
. 2 ) D 2
itP(Dg) itP(Dyg) T
‘|m1T0<’%’<7‘16 UO‘ +‘ImHT0<|?|<’r’1€ <Dx>u0

+‘Re]l

7'0<’%’<r1

. 2
itP(Dz) <Dx>71u0‘ > dx

Notice that the term on the right hand takes the form of

(2.D.1)

/ ‘Ag (%) v(t,:z:)rd:n,

where A € {Re,Im}, g(y) = Lyo<lyl<ris and v is a solution to half-Klein-Gordon equation,
which can be written as v(t) = e (P=)y, with

D _
v = U, <D7‘T>uo7 (D)™ o,
xT

which all belong to L?, since ug € L. In order to calculate the limit of such quantity, we
need to study the asymptotic behavior of v, which will be given in the next part.

2.D.1. Asymptotic behavior

In this part, we shall state our problem in a general setting. Let u be the unique solution
to (E) with initial data ug € L2. We assume the symbol P is smooth except at zero, which
covers all the fractional-type equations. Since P’ is well-defined except at zero, we may
introduce v the push forward of Lebesgue measure under P/, i.e.

(2.D.2)

v(E) := Leb(P'~'(E)), VE C R’ measurable.

For all function g € L, we are interested in the following asymptotic formula :

(2.D.3)

g (%) u(t) = g(=P'(Dyz))u(t) + or2(1), ast — +oo.

We denote by G the collection of those function g satisfying this formula for all ug € L?,

namely

G :={g € L* : (2.D.3) holds for all uy € L?}
:={g € L : (2.D.3) holds for all ug with @iy € C>°(R%)}.
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The two definitions given above are equivalent since the multiplication with g(x/t) and
Fourier multiplier g(—P'(D,)) are both bounded on L? uniformly in time. The equivalence
then follows from the fact that the subspace F~1C°(R9\{0}) is dense in L?, where F is
the Fourier transform.

In order to prove (2.1.32), we may use the following lemma

Lemma 2.D.1. Let E C R? be any measurable set whose boundary has null Lebesgue mea-
sure, namely

Leb(OF) = 0.
If the measure v defined in (2.D.2) is absolutely continuous w.r.t. Lebesgue measure, we have
1g € g.

We assume this lemma is true and prove it later. It is easy to check that the assump-
tions in Lemma 2.D.1 hold true for P(¢) = (§) and E = {r¢ < |y| < r1}. As aresult, (2.D.1)
can be written as

/‘AHE (%) u(t,x)(zdxzf\AnE (=P(D)) v(t, 2)|* dz + o(1)

:/ AL o (I D2 ot )| da + o(1),

when t — +oo. Recall that |pg, p1[= P'~!(Jro,m1[). Actually, this formula implies (2.1.32),
since as t — +oo, we have

/ (|ow]* + [Vw|* + |w]?) dx
r0<|% <ri

D, 2

2
:/ (‘Im ]17,0<’%’<T1u(t,a:)‘ + 'Im Hr0<|%|<r1®u(t"r)

2
+ ‘Re ]1T0<’%’<T1<Dx>*1u(t,a:)‘ )daz

2

D,
-/ ("m Lo (1Dt 2)[ + "m by [ (1D:)) 5yt )

+ [Re 1y oo (1D ) (D) Mt )| ) dz + o(1)

= H]l]Poypl[(‘DxDathQL? + Hﬂ]Po,pl[(‘DxDvai? + Hﬂ]po,pl[“DmeHZL? +o(1)

2 2
= [10300,1((1D2)0etw|[ 2 + [|Ly00.1 (| D20 |2 + 0(1)
:HH]po,Pl[(‘Dx’)wl”%_]l + ||]l]p0,p1[(‘Dx’)w0”%/2 + 0(1).

In order to complete the proof of (2.1.32), we give now the proof of Lemma 2.D.1.
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Proof of Lemma 2.D.1. Without loss of generality, we may assume in what follows that 4 €
C>(R%). Now, we fix x € C>(R%) which equals to 1in a ball centered at zero and consider
the symbol

(2.D.4) ao(t, z,€) = x (wﬂp(g)> ,

|t‘%+5

where § €]0, 3[. We have seen that Lemma 2.A.5 and 2.A.10 imply the uniform-in-t boun-
dedness of Op (ao(t)). Moreover, by integration by parts, we can prove that for all ug € L?

lu(t) — Op (ao(t)) u(t)]| 2 — 0, ast — Foo.
By writing
E, = E+ B(0,ct219),
E, = E° + B(0,ct219),

where ¢ > 0 is a constant determined by Supp x, we may apply the uniform-in-time L2-
boundedness of multiplication with 1 z(z/t) and Fourier multiplier 1z (—P’(D,,)) to obtain
that, as ¢t — oo,

1p () ult.2) = 1e(=P (Do)u(t, 2)
=15 (7 ) Op (a0(t)) u(t, ) ~ Op (ao(t)) 1p(~P'(Da))ult. ) + op2(1)
=15 (7 ) OP (a0(t)) 1, (~P'(Da))u(t.x) = O (ao(t)) Lp(~P'(Da)u(t.2) + 012(1)
=15 (7 ) OP (ao(t)) L p(—P'(D2))ult. )
~ 15 (7) OP (a0(t)) Le(~P'(D2)ult, ) + 02(1)
=15 (7 ) OP (ao(t)) L\ (—P'(D2))ult. )

~ 15 (5 ) OP (a0(1)) L, (=P (D2))ult2) + 012(1)

Note that in the calculation above, it is possible to add extra cut-off in —P’(D,) since the
symbol ay(t) is supported for

;- CPE) <
As a consequence, the uniform boundedness of multiplication with 1 g(x/t), 1 g and
Op (ao(t)) implies that

lim sup HJLE (%) u(t) — 1g(—=P'(Dy))u(t)

t—4o0

L2

)

L2> (Plancherel Theorem)

Stim sup (|| L (P (D)) 2 + [ 150z, (- P (D2)yut)

—(27)"% limsup (H]lEt\E(—P’)ﬂOHLQ n H]lEmEt(—P’)zlo
t—+o00
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—(2m)" 3 (H]lmt>oEt\E(—P’)ﬂoHL2 n Hn%omﬁt(—P’)ag L2> (DCT)

S H]laE(_Pl)QOHB

The last quantity is actually zero since OF has zero Lebesgue measure and v is absolutely
continuous w.r.t. Lebesgue measure, which ensures that 1yg(—P’(£)) vanishes almost
everywhere. O

2.D.2. Further remarks on ¢

In the proof of (2.1.32), we only study the function

g(y) = ﬂro<|y|<'r1 .

A natural question is whether (2.1.32) holds true for other function g, or equivalently,
which type of function is contained in class G. In this part, we shall indicate an error in a
classical result and prove that G contains at least the continuous functions.

The asymptotic formula (2.D.3) is, to our knowledge, firstly studied in [ 1, where
the author claimed in Corollary 2.2 of [ ] that, when v is absolutely continuous w.r.t
Lebesgue measure,

(2.D.5) L =g.

However, the original proof givenin [ Jis false. Actually, the author managed to prove
in Theorem 2.1 that for general v,

{Fourier transform of finite measure} C G,
and reduce the conjecture to
(2.D.6) 1g C G, for bounded and measurable E ¢ R%.

The method used in [ Jis that, by regularity of Lebesgue measure, we may choose
a series of compact sets { K, },cy and bounded open sets {U,, }en, such thatforalln € N

K, C Knt1, Upp1 CU,, K, CE CUpy;
nﬂ)rpoo Leb(U,\K,) = 0.

Then it is easy to find smooth functions g, € C2°(U,,) which are non-negative, range in
[0,1], and equal to 1 on K. Clearly, 1 — g, is supported in U,,\ K,,, whose measure tends
to zero. By Dominated Convergence Theorem and the factthat0 < 1g — g, < 1, we have

fimsup (1 — ga)(—P'(Da))ull3= = (2m)~ (16 = gu) (=P (€) 0 (€) 2 “4 0,

t—+oo
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Remark that, to apply Dominated Convergence Theorem, we need (1g — g,)(—P'(€))
converges to zero almost everywhere, which is a consequence of absolute continuity of v
w.r.t Lebesgue measure. Therefore, in order to prove (2.D.6), it suffices to check that

n——+oo

(2.D.7) limsup ||(1g — gn)(a:/t)uHL2 —— 0.

t—+oo

Once it holds true, one has, for alln € N,
limsup ||1g(z/t)u — 1p(—P'(Ds))ul 2
t—+oo v

<limsup |lgn(2/t)u — gn(=P'(Dz))ull £z +limsup [[(1g — gn)(@/t)ul s

t—+oo t—+o0

+limsup[|(1g — gn)(—P'(Dx))ull 2
t—+oo

—imSUp (L = g)(/t)ul 12 + imsup (L = gu) (~P*(Du)ull
t—+oo —+o0

since g, is obviously the Fourier transform of some finite measure. The two quantities
on the right hand side vanish as n tends to infinity, and the desired conclusion 1 € G
follows.
The proof of (2.D.7) given in [ lis to find h,, € G such that
C=>h,>1p, and h, — 0, a.e.,

n

where O,, = U,,\ K, is an open set. If such h,, exists, one obtains immediately that

im_lim sup (L - gu)(x/1u(t) [ < lim_lim sup [ (z/Du(®) -

nN—=+00 ¢ yt00

< lim_limsup ||k, (=P (Dy))u(t)||72

n—=+00 ¢ 3400

= lim_(2n) ¢ [ B2(-TP©) lao(e) * d = 0.
Note that the second inequality is a consequence of h,, € G and the last equality follows
from Dominated Convergence Theorem.

Since we only know that G contains a subset of continuous function (Fourier transform
of finite measures), it is essential to assume h,,'s to be continuous. However, for general
decreasing bounded open sets O,,, even if their measures decrease to zero, such conti-
nuous h,'s do NOT exist. Otherwise, it is harmless to assume h,,’s are supported in the
same large ball. Then, for one thing by Dominated Convergence Theorem,

lim [ ha(y)dy = 0;

n—-+0o

and for another thing, we have

/hn(y)dy 2/ hn(y)dy = Leb(O,) > 0,
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where O, is the closure of open set O,,. Here the first inequality is due to the continuity
of h,,'s. As a result,
lim Leb(O,) = 0.

n—-+00

The contradiction arises from the fact that Leb(O,,) tends to zero does not imply that
Leb(O,,) tends to zero. For example,Let {r;} ey be a numeration of rational numbers in
the unit ball B = B(0,1) of R? centered at zero. Consider the series of open sets

On = UjGNB(ij 2,]',”)'
Clearly O,'s are open as the union of open sets and

Leb(0n) < ) Leb (B(r;,2777™) £ Y 27Ut w97 50, asn — foc.
jJEN jEN

Since {r;}jenisdensein B = B(0,1), the closure of each O,, contains at least the unit ball
B. As a consequence,

lim Leb(O,) > lim Leb(B)=Cy;>0.

n—-+o00 n—-+o0o

We emphasize that the argument above does not falsify (2.D.5) and it is still unknown whe-
ther this conjecture is true. Here we shall prove rigorously that all bounded continuous
functions belong to G.

Proposition 2.D.2. /fthe measure v defined in (2.D.2) is absolutely continuous w.r.t. Lebesgue
measure, we have
Cy(RY C G.

Proof. As in the proof of Lemma 2.D.1, we assume that ip € C2°(R?). To begin with, we
check that the Schwartz class S € G. Forany g € S,

(g(f) g(—P'(D,))) ult,z)

/ PO (g () = g(=P'(©)) ) fol€)de

g [ e ( + P ) / o (Ta - (- ) P©) drinf)ie
dt oy | ST [ / o (Ta-1-n)P) dTﬁo(fS)} d

o / reere) /0 o (52— 1 =P©) (r = VdrP"()ino(€)de

S 1
s [ €O [ (Fo = (1= P drieia(e)ds

Q.

&.

Notice that, by Lemma 2.A.5 and 2.A.10, the operator of symbol

' (Fr—1-nP©). g (Fr-1-7P©)
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is bounded uniformly in ¢t and 7 and that functions

P"(&)ao(§), Ogio(§)

belong to L2, since we have assumed iy € C°(R?). As a consequence,
[(5(5) —9=P@)ult.n)| <™ =0,

LI

By noticing that G is closed under L°°-norm, we have

Cl:={geC®: lm g(y)=0}=8Scg,

ly|—+o0

where S is the closure of S w.r.t. L>°-norm.

It remains to pass to general continuous function g. In fact, we only need to consider
those g > 0, since once may always write g as the difference of two non-negative conti-
nuous functions, which are both bounded. Let us fix x € C$° which equals to 1 near zero
and define, forall R > 0,

Xr(Y) = X (%) -

For arbitrary R > 0, we have

limsup || (g(z/t) — g(—P'(Dy))) u(t)||,»

t—*+oo

<limsup [[((gx)(@/t) = (9xR) (= P'(Da)) u(t)]| 2

+limsup [[(g(1 — xr))(@/t)u(t)]| > + “tn_zigop [(9(1 = xr) (=P (Da))u(®)]| .2

t—*+oo

=limsup [I(g(1 = xr))(@/Hu(t)llz2 + limsup ||(9(L = xr) (=P (Da)u(t)|| .

t—+oo

since gxr € CJ. The second term on the right hand side can be calculated as follows

limsup [|(g(1 = X)) (= P'(D2))u(®)]| 2 = (27)7% [[ (91 = xR))(— )it 2

t—+oo

which, due to Dominated Convergence Theorem and the absolute continuity of v w.r.t.
Lebesgue measure, converges to zero as R — +o0. As for the cut-off in x, we observe
that,

limsup [[(g(1 — xr))(z/t)u®)llL> < llgllze |'gigop 11 = xr)(z/t)u®)]| L. -

t—=oo

Note that since xg € S C G, (1 — xr)(x/t)u(t) can be written, when ¢ — +o0, as
u(t) = xr(=P'(Dz))u(t) + orz2(1).
As a result,

im sup (1 = x)(a/t)u(t) |2 =limsup | (1 = xi) (=P (D)u(®)]

t—+o0
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_d "

=(2m)"2 [|[(1 = xr)toll 2 -
We have seen that the last quantity tends to zero as R — +o0. In conclusion, we have
proved that, for all ug € F~1C®(R?\{0}),

lim_imsup | (g(e/1) ~ o(~P(D2))) u)] ;2 =0,

and thus g € G. O

2.D.3. Proof of (2.D.5) for dispersive system

Before ending this section, we give a proof of (2.D.5) for dispersive system. To be
precise, we assume that there exists some dense subspace Dy C L2, such that

(2.D.8) 1P Po)yg | oo < Cluo)lt] ™2, Vug € Do, V[t| > 1,
where C(up) is a constant depending on wo.

Theorem 2.D.3. Assume that P is smooth except at zero and v defined in (2.D.2) is absolu-
tely continuous w.r.t. Lebesgue measure. Then the dispersion estimate (2.D.8), associated with
some dense subspace Dy C L?, implies (2.D.5).

Proof. Recall that, as mentioned in previous section, it has been proved in [ ] that,
when v is absolutely continuous w.r.t. Lebesgue measure, (2.D.5) is equivalent to (2.D.6).
Therefore, it suffices to check that, for all ug € Dy,

xr
H]lE (?) u(t) — ]lE(Dx)u(t)HL2 — 0, ast — +oo,

where E is any bounded measurable set.

In Lemma 2.D.1, we have proved this result for those E whose boundary has zero
Lebesgue measure. The idea of treatment of general F is to approximate it by finite union
of cubes and control the remaining part via dispersion estimate. To begin with, we fix an
arbitrarily small ¢ > 0. By outer regularity of Lebesgue measure, there exists open set
E. D E, such that

Leb(E\E) < %
Since any open set can be expressed as the union of almost disjoint closed cubes, we may

find finitely many closed cubes {Kj};v:l, such that K; C E. and

g N
Leb(E\E,) < where E, = AUIK]-.
]:

€
27
One may observe that

Leb(E\E. U E\FE) <e.

Now, for any ug € Dy, we have

|15 () uh) = 16(D2)u(e)|

L2
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<[ —1e) (5) u)]| , + |[1ec () u®) = 12 (D)uce)|
+ (15, — 1) (D)u(®)l 2
<C(uo) |1 = 1) (3], 1175 + |15 (F) u®) = 12 (D)uce)|

L2

L2
+(2m)7 ||(Lg, — 1g)iol 12
<C(uo) Leb(E\E, Ll E\E)? + HnE (f) ult) — ILES(Dx)u(t)’ p
+ (2m)” H]lE\EEuEE\E(ﬁ) )HLE
<Cluo)et + |15, (T) ult) = 1. Du(t)] ,+@m) % | 1p\m0m 6@ d0(E)] -

Due to the fact that E. is the union of finitely many closed cubes, the boundary of E, has
zero Lebesgue measure. As a result, the second term on the right hand side tends to zero
ast — £oo, i.e.

lim sup HTLE (%) u(t) — ﬂE(Dm)U(t)HLQ €7+ |1e\£.uEA\E()do HL2 :

t—+o0

Since 4y € L? and Leb(E\E. U E\E) < ¢, the right hand side becomes arbitrarily small,
if e > 0 is taken small enough. The desired result thus follows. O

The dispersion estimate (2.D.8) holds for all symbols P we deal with in the present
chapter, as a consequence of stationary phase lemma.

Proposition 2.D.4. Let P be radial and smooth except at zero. If P” > 0 or P"” < 0, the
dispersion estimate (2.D.8) holds with Dy = F~1C°(R¥\{0}).

Proof. Without loss of generality, we assume thatt > 1. Let uy be any function in Dy =
FLO®(RN\{0}). To prove the inequality (2.D.8), it is equivalent by definition to prove

that
H/ 7 x§+tP f)df

Since P is radial, we may write the inequality above in polar system £ = pf as

[NJisH

St
Lo°(dx)

[NJIsH

”/ MO (06) o™ dpdf

St
Loe(dx)

By denoting s = = - 0/t € R, it suffices to prove that

/ it(s0+P () 30 (o) = ldp‘f,t

l\-”\&

sup
s€R,HcSd—1

Since p stays between two positive constants and P” # 0 on ]0, +oo], this inequality fol-
lows from stationary phase lemma. O

Corollary 2.D.5. (2.D.5) holds for all P satisfying condition (Hp, ,.,) with pg, p1 # 0.
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2.E . Proof of Proposition 2.4.3

In[ ], the author has proved Proposition 2.4.3 for strictly convex P. In this part,
we will explain how the same argument works for strictly concave P and how to calculate
the limit for e = + respectively. Since most of calculations has been done in Section 3 of
[ 1, we will omit these details.

By definition I(t, —e, €, —¢, €; F') equals to

/ el o)~ POPEN Dy
x F(p,p',r,t;r —tP'(p),r —tP'(p'))drdpdp’,

which can be split into I, and I_, with domain of integral p — p/ > 0and p — p’ < 0,
respectively. Namely,

j / o)t POTPEN Y | b1,

x F(p,p',r,t;r —tP'(p),r — tP'(p"))drdpdy,
I / ) PORPEN Y 1

x F(p,p',r t;r —tP'(p),r —tP'(p)))drdpdp’.

In what follows, we study mainly integral I, with /_ manipulated in the same way. By
change of variable r — tr +tP'(p), p' — p — w, L1 reads

; / gietl=(r+P' (p=w))w—(~P(p)+Plo—w)ly _ 7. o
X F(p,p—w,t(r+ P'(p—w)),t;tr —tP' (p) + tP'(p — w), tr)drdpdw.
We introduce the following notation :

P(p") = P(p) = P'(p)(p' — p) + 9(p,0") (0 — p)*,

where g is strictly negative since P is concave;
Fp,p'r:6,¢") = Flp, pl  tr t:1¢, ("),
which is smooth, supported for
oo~ 1[I S

and satisfies for all 5,7/, k,v,7 € N,

0900,0800 00 F(p, o', ¢, ()] < #1700+
Moreover, we have the point-wise limit

/

r

lim Fp, /', it P'(p'),t; \2 \C/i) = Fo(p, ).
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With these notations, 1. can be expressed as

t/6—iet[rw—g(p—w,p)w2]ﬂr>0]1w>0
x F(p,p—w,r+ P'(p—w),t;r — P(p)+ P(p —w),r)drdpdw.

The same calculus as in Lemma 3.1.4 of [ ] shows that, up to some terms tending to
zero, I, equals to

t / e L0 IO B (p, p— w, + P (p), i, r)drdwdp
w r r r

N + P/(,O),t, o S
Vit Vi Vit Vi

whose formal limit by taking point-wise limit of integrand is

. . W 2 ~
:/ e Y, o ITVEI 0 F(p, p — )drdwdp,

o~

/ €T L0 VPO 10 Fo(p, p)drduwdp.

The error between this integral and I is actually o(1), due the calculation of the proof of
Proposition 3.1.3 of [ ]. In conclusion, we have

I, = / e_im“”]l,ﬂ>(JeiEg(p’p)w2 Tws>0Fo(p, p)drdwdp + o(1),
I = / e L, e~ IO L, o Fy(p, p)drduwdp + of1).
As a consequence, the limit of I(¢, —e¢, €, —€,€; F) is
o . 2 o 2
/6 s odr (e“g(p’p)w Lyso + e o) 11w<0> dwFy(p, p)dp
— [ —ie(w— ic0) " (cosleg(p. p)u?) + g (w) isin(eg(p. p)u?)) duFi(p. )y
Z/—iE(w —i€0) " cos(g(p, p)w?)dwFo(p, p)dp

. 02
+ / Sln(g(‘i”p))dwFo(p, p)dp,

where the integrals in » and w should be understood in the sense of oscillatory integral
and distribution, respectively.

Due to the assumption that P is strictly concave, or equivalently P” < 0, g is negative.
Since (w—1i€0)~! is homogeneous of degree —1, the right hand side of equality above can
be rewritten as

/ —ie(w — i€0) "t cos(w?)dwFy(p, p)dp

sin(w?
/ |£U| )dwFo(p,p)dp,
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For one thing, the distribution (w 4 i0)~! can be expressed as
1
(w £i0)~! = Fmwidy + P.V. —.
w

And for another thing, due to Dirichlet integral [;° S"‘Tydy = 7, we have

(12
/Sln(w )dw: i
|wl 2

These identities imply that

t——+o00

lim I(t,—e, e, —¢,6F) :/ <7r(50 —ieP.V. ;) cos(w?)dwFy(p, p)dp
T
+sgn(g) 2/Fo(p, p)dp
T
ZF/FO(P, p)dp — 2/EMM))dp

T
=3 /Fo(p, p)dp.

In the case of strictly convex P, it has been proved in [ ] that
lim I(t,—e. €, —¢,e;F) =/i6(w +i€0) " cos(g(p, p)w?)dwFy(p, p)dp

t——4o00
sin(g(p, p)w?
- / %p))dwFo(p, p)dp,

where g is positive. We may repeat the argument above and conclude that

1
lim I(t,—e¢,€e,—€,¢; F) :/ <7r(50 +ieP. V. w> cos(w?)dwFy(p, p)dp

t—+00

Y
Q/Rmm@

—vr/Fo(p,p)dp—g/Fo(p, p)dp

T
=3 /Fo(p,p)dp-
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3 - Virial Theorem and Its Applications in Instability
of Two-Phase Water-Wave

In this chapter, we analyze the dynamics of two layers of immiscible, inviscid, and in-
compressible potential fluids through a fully nonlinear system. Our goal is to establish
a virial theorem and prove the polynomial growth of slope and curvature of the inter-
face over time when the fluid below is no denser than the one above. These phenomena,
known as Rayleigh-Taylor instability instability, will be proved for a broad class of regular
initial data, including the case of 2D overlapping interface.

3.1. Introduction

3.1.1. Two-phase water-wave

Consider two fluids occupying the domains QF(t) ¢ T¢x] — H+, H~ [ separated by a
hypersurface 3(t) without self-intersection, parametrized by

(3.1.1) y(#): T¢ - Téx] - HT H™ [, =+ ~(t,z).
Here H* €]0, +oc] stands for the depth and we denote by
(3.1.2) It ={(z,y) €T xR:y=FH*}

the solid boundaries (or the “bottoms”). When the depth H+ = 400 or H~ = +o00, we do
not consider the corresponding solid boundary. Note that, in this chapter, the dimension
d is chosen to be 1 or 2 for physical relevance, while most of the arguments hold true for
general dimensions.

Since the fluids are assumed to be potential, inviscid, and incompressible, their velo-
city field u* is expressed as u* = V, ,¢* for some scalar potential ¢* and satisfies the
Euler equation with divergence-free condition,

p* (Opu* 4 u* - Vx,yui) + Vay (P* +prgy) =0, inQ*(1),
(3.1.3) divy, ut =0, in QT (),

ut =V, 0%, in QT (),
where p* > 0(with p*+p~ > 0to avoid trivial case) is constant density, P* is the pressure,
and g > 0 is the gravity acceleration. In order to complete the description of the system,

111
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A ny,
H- N

O~ (t) n

\/ .%ETd

_H+

Figure 3.1 - Two phase water-wave

we need to determine the boundary conditions on X(¢) and I'*. Since the fluids cannot
go through the outer boundary {y = FH*}, one has

(3.1.4) ut - nF =0, onT¥,

where nf = (0,F1) is the unit outward normal vector of the solid boundary I'*. Remark
that, in infinite depth case H™ = +oo or H~ = 400, this condition should be replaced by

(3.1.5) lim T =0, or lim w =0,
Y—r—00 Yy——+00

respectively. As for the interface X(¢), we assume that the normal component of the ve-
locity field is continuous to avoid vacuum area, which is known as kinematic boundary
condition,

(3.1.6) Oy -n=ut-n=u"-n, onX(t),

where n is the unit normal vector of interface. The last boundary condition is about the
pressure P*,

(3.1.7) Pt — P~ =0k, onX(t),

where o > 0 is the surface tension constant (¢ = 0 represents the case without surface
tension), and « is the mean curvature.

Since the velocity field u* can be expressed as the gradient V,, ,¢* of scalar potential
¢T, the divergence-free condition implies

(3.1.8) Ay y¢™ =0, in QF(t).
Consequently, the Euler equation (3.1.3) yields the Bernoulli’s equation,

+2
(3.1.9) ot <at¢i + W) + PE 4 pFgy =0, inQF(¢).



CHAPITRE 3. VIRIAL THEOREM AND INSTABILITY 113

Note that the right-hand side is generally a constant depending only on time and could
be taken as zero by absorbing the constant in the definition of the pressure P*. Now, we
can state the main system of (v, ¢*, PT) to be studied throughout this chapter,

p= (0™ + 5 Vay¢™?) + P+ pFgy =0, in QF(1),
Agyd* =0, in Q* (1),

(3.1.10) n-Oy=n- Vot =n-Vy,0, on X(¢),
Pt — P~ =0k, on X(t),
(finite depth) nif - V, ,¢* =0, on ',
(infinite depth) lim,_+o0 Vi 0 = 0.

In fact, it is possible to determine the pressure P* from (v, ¢*), via Craig-Sulem-Zakharov
formulation, cf. [ ; ; ]. Roughly speaking, we compute the difference of +
and — parts of the first equation in (3.1.10) and restrict this difference at the free boun-
dary X(t). Then the fourth equation in (3.1.10) could cancel the pressures. In this way,
we obtain a self-contained system involving only ~ and the traces of ¢+, from which we
can restore ¢~ by solving the Poisson equation A, ,¢* = 0 with proper boundary condi-
tions. We refer to [ ] for the detailed computations. To avoid technical details, this
formulation will not be used in this chapter.

There are two special cases to be studied in this chapter. One is the graph case where
d > 1and X(t) is a graph of some function n(t): T¢ —] — H*, H~[. The parametrization
~(t) can be fixed as v(t, z) = (x,n(t, z)).

Y Y

Q- (1) Q- (1)
S(t) ={y=n(t2)} S(t)={~(t,s)}
N—2¢eT¢ N — zcT

_H+ _H+

Figure 3.2 - Graph case & 2D overlapping case

Another one is the 2D overlapping case, where d = 1 and the interface is a curve in 2D.
In this case, we only consider the arc-length parameter v(t): R/L(t) — Tx] — H*, H |,
where L(t) denotes the total length of 3(¢). To avoid self-intersection, one may add the
chord-arc condition (see (4) of Definition 3.1.2 below).

3.1.2. Conservation laws and Hamiltonian structure
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For the two-phase water-wave system (3.1.10), there are two frequently used conser-
vation laws, the conservation of mass and energy. The mass is defined as

(3.1.11) M::/n-(O,y)dS,
by

where dS denotes the surface element (see also (3.2.10) for an alternative formulation).
For simplicity, we shall assume that M = 0 for all time (see (3) of Definition 3.1.2 below).
The total energy of the system (3.1.10) reads

(3.1.12) E=FEy+E,

with kinetic energy Ej, and potential energy E,, defined by

1 + +2
(3.1.13) Ey =3 Ei p //Qi |V ¢~ |“dady,
AQ/ 2 o d
3.1.14 E, =—= -(0 ds A Y(t)) — (2
3114 pi=ry [ on (078 + T [Area(a(r) — (2m)].

where p* = p%/(p* + p7) is the relative density, the constant

(3.1.15) A= pifpf
pr+p
is Atwood number, and Area(3(t)) is the area of the hypersurface X(t). This energy is pre-
served in time, while itis not positively definite when the Atwood number A < 0. Adetailed
justification of these conservation laws will be left to Section 3.2.2.
Consider the unified trace of scalar potential,

(3.1.16) Vvi=ptotls—p ¢ |x.

If, in addition, the interface X(¢) can be represented as y = 7(t,z) for some function 7,
the energy F will be a nonlinear functional of (n,) and the system (3.1.10) admits the
following Hamiltonian formulation,

oF oF
3.1.17 = — = ——.
( ) Uz 5w7 % 517
A formal derivation of this can be found in [ ; ] for graph case and in [ ]

for 2D overlapping case. In view of this (formal) Hamiltonian structure, one may expect
to establish a virial theorem for the system (3.1.10), which will be discussed in the next
subsection.

3.1.3. Virial theorem

The virial theorem describes the phenomenon that, in many Hamiltonian systems, the
kinetic and potential energy are equal in the time-averaged sense. Enunciated by Clausius
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[ ]in 1870, it quickly became a powerful tool in physics [ ; ; ]. The
connection between virial theorem and numerous important models in classical physics
has also been discovered in recent decades [ ; ; ; ]. In addition,
the idea of this theorem could also be applied to some topics in biology [ ] and
economics [ 1.

In mathematics, virial theorem serves as an important method in the blow-up pro-
blem of PDEs. In the 1970s, Zakharov-Sobolev-Synakh [ ] and Glassey [ ] pro-
ved the virial theorem for nonlinear Schrodinger equation and deduced the existence of
singular solution in defocusing settings. Such technique is also used by Merle [ 1,
Sideris [ 1, Levine [ ; 1, Keel-Tao [ 1, and Kenig-Merle [ ]. Recently,
Alazard-Zuily [ ] proved the first virial theorem for water-wave equation and establi-
shed the Rayleigh-Taylor instability for a large class of initial data, which will be discussed
in the next part.

Additionally, the virial theorem is often expressed as equipartition of energy which as-
serts that the kinetic and potential energy are equal, asymptotically in time. This pheno-
menon itself has also attracted lots of attentions in the mathematics and physics com-
munity. We refer to [ ] for the case of wave equation and Maxwell's equation, [ ]
for nonlinear wave equation, [ ] for thermoelasticity, and [ ] for more results on
nonlinear wave equation.

Inspired by [ 1, we shall prove in this chapter a virial theorem for the two-phase
water-wave problem (3.1.10).

Theorem 3.1.1. Let (v, *, P*) be a regular solution to (3.1.10) on [0, T'| (see Definition 3.1.2
below) for some T' €]0, +oc]. Then the following identity holds for all time t € [0,T],

1d

(3.1.18) 5 n-(0,y)dS = Ey — E, + R,

where 1 is defined in (3.1.16), E}, is the modified kinetic energy

(3.1.19) Ekup // (‘Vwéi i|8y¢i‘2)dxdy,

E, is the potential energy defined in (3.1.14), and R is a non-negative remainder.
The remainder R reads

(3.1.20) R= R+ R + R,
with

1P H* [ |Va0®|2de, when H* < +oo,
(3.1.21) RE=] L Jox V26|

0, when H* = +o0,

(o
(5-1.22) Re =g [Area ) +/ n-(0,1)2dS — 2(2m)?
200" +p-) (®)+ | In-(0,1)] (2)

Here Rff and R, are both non-negative.
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Note that, in [ ] where the authors focus on the one-phase graph case (namely,
pT =1and p~ = 0), the integral on the left-hand side of (3.1.18) is the inner product of
and v, which are variables in the Hamiltonian formulation (3.1.17). Our choice here is the
general version of the same quantity.

This theorem implies that the integral on the left-hand of (3.1.1) grows at least faster
than O(t), so as its upper bounds. Thus, we will attempt to control this integral by a func-
tion of some geometrical quantities (for instance, slope and curvature) and deduce their
growth. The detailed results will be presented in the next paragraph.

3.1.4. Instability of the system

Well-posedness of the problem

In the two-phase water-wave problem (3.1.10), if we assume that the Atwood number
A defined by (3.1.15) is negative, meaning that the denser fluid is placed above the other
one, the system will become highly unstable, which is known as the Rayleigh-Taylor Instabi-
lity (RTI), due to the pioneer work of Rayleigh [ ]Jand Taylor [ ]. Acomprehensive
physical description of this problem can be found in [ 1. Inthe degenerate case A = 0,
or equivalently p™ = p~, another instability arises from the jump of tangential velocity ins-
tead of the gravity, known as the Kelvin-Helmholtz Instability (KHI), which was firstly studied
by Kelvin [ ]1and Helmholtz [ ]. Let us first review the well-posedness of RTl and
KHI problems.

In the absence of surface tension, the local well-posedness theory can be established
in the space of analytical functions. For example, in [ ; ], the authors used the
Cauchy-Kowalewski theorem to prove that if the initial data could be extended to a com-
plex strip of width o > 0, then there exists a unique solution in the space formed by
analytic functions in a strip of width r €]0, rg[, and the existence time is of size vy — . This
result has only been proved for small initial data, where the interface has small gradient
and is flat at infinity. This smallness condition is not essential in 2D torus case due to Xie
[ ] by pulling the system to unit disc via conformal mapping.

Indeed, the analytic framework is optimal, since the solution to KHI or RTI problem
is either excessively rough or analytic. More precisely, for 2D KHI problem, Lebeau pro-
vedin [ ] that, once the interface has Holder regularity C1€ with e > 0, the solution
must be analytic in time and space. This result was also proved independently by Wu in
[ 1, where the interface is assumed to have only Lipschitz regularity. And for 2D RTI
problem, due to [ 1, Holder regularity C1 of interface guarantees that the solution
is smooth, or analytic in space with the additional assumption that the jump at interface
is non-vanishing. Remark that the minimal regularity assumed for the interface should
be Lipschitz in order to give a proper sense to the system (3.1.10). In addition, if the ir-
rotational condition is eliminated, Ebin proved in [ ] that both RTI and KHI problems
are ill-posed (Hadamard sense) in Sobolev spaces. A similar result was also proved by
Guo-Tice [ ] for compressible fluids.
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In the presence of surface tension, most of the mathematical researches are dedica-
ted to KHI, or equivalently the vortex sheet problem. In this case, the surface tension can be
shown to stabilize the system and better local well-posedness results could be expected,
compared with the case without surface tension. For example, in [ ] the authors pro-
ved the local well-posedness in high order Sobolev spaces for small initial data where the
interface is almost flat and the velocity is close to zero. The smallness condition is then
eliminated by Ambrose [ ]in 2D and by Ambrose-Masmoudi [ 1in 3D. We also
referto [ ; ] for similar results.

For RTI with surface tension, seldom results are obtained for inviscid fluids. However,
when the viscosity is considered, the well-posedness theory will be available, as in the
case of water-wave problem [ ; ; ]. For incompressible viscous fluids, in
[ ], the authors proved local well-posedness in high order Sobolev spaces for small
data and their almost exponential decay. In compressible viscous setting, it is proved in
[ ; ; ] that the problem is locally well-posed for small initial data in
high order Sobolev spaces and is exponentially stable near equilibrium when the surface
tension is large enough.

In this chapter, we will not concern the well-posedness problem, but concentrate on
the characterization of instability for the system (3.1.10). As discussed above, it is rea-
sonable to assume that there exist non-trivial solutions to the main system (3.1.10) and
that these solutions are smooth enough (see (1) of Definition 3.1.2 below), for the sake
of simplicity. Before stating our main results, we precise the solutions to be considered
throughout this chapter.

Definition 3.1.2 (Regular solutions). Given T €]0,+00], g, 0 € [0, +oo|, H* €]0, +o0], and
pt € [0, +oolwith pt +p~ > 0, we say (v, ¢F, PT) is a regular solution to the system (3.1.10)
on [0, T, if it solves (3.1.10) on the time interval [0, T[ with the following conditions :

(1) (Smoothness) The parametrization -, the scalar potential $*, and the pressure P,
7 [0, T[xT? = Q,  ¢*, P*: {(t,,y) : (z,9) € A1)} = R,

are all C in time. In space variable, ~(t) is C2, ¢~ (t) is C? up to boundary, and P*(t) is
C' up to boundary.

(2) (Finite energy) The kinetic energy Ei = Ey(t) defined by (3.1.13) is finite for all time t €
[0, T[ with E}y, € L2.([0,T).

loc

(3) (Zero mass) The mass M defined by (3.1.11) is zero for all time t € [0, 7.

(4) (No self-intersection) For all time t € [0, T, the parametrization ~(t) is a diffeomorphism
from T< to X(t). In particular, for 2D case (namely d = 1), we take ~(t) as the arc-length
parametrization and add the chord-arc condition : there exists 0 < ¢y < 1, such that, for
all s1,s0 € R/L(t) and all time t € [0,T,

(3.1.23) cols1 — so| < |y(t,s1) — (t, s2)| < |s1 — s2],

where L(t) is the length of ¥(t) and the absolute value |s1 — s2| should be understood as
the distance in R/ L(t).
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(5) (Distance between free and solid boundaries) If HT < +oo (resp. H~ < +oc), there exists
dop > 0 such that, for all time t € [0, T, the distance between the free boundary ¥(t) and
the solid boundary T't (resp. I'~) is larger than dy. Moreover, when H™ = H~ = +o0, we
take dy = +oc.

(6) (Growth of pressure) If HY = +oc (resp. H~ = +oc), the pressure P* (resp. P~) has at
most polynomial growth for all time t € [0, T|. Namely, for arbitrary 0 < T" < T, there
exists N € N such that

(3.1.24) sup  |PE(tz,y)| S 1+ [y)N.
z€Te, te[0,77]

Moreover, (v, ¢, P¥) is said to be global-in-time if T = +oc.

Remark 3.1.3. In infinite depth case where H* = 4o (resp. H~ = +oc), one could deduce
from the conditions (1) and (2), that the derivatives of the scalar potential ¢+ (resp. ¢~) is O
in space and decays rapidly at infinity. Rigorously, for arbitrary sub-interval [0, T'] C [0, T, we
have, for all k € N and o € N1 with |a| > 1,

m,sup V2,07 (ey)] =0,
Y——00 _ rd , ;
(3.1.25) €T4, te[0,T"]

resp. lim sup )ykvoﬂ (ﬁ’(t,x,y)’ =0.
Y00 1eTd, tef0,77] e

The proof of this decay is based on classical elliptic theories and will be detailed in Section 3.2.1.

Remark 3.1.4. The conditions (4) in Definition 3.1.2 is assumed so that the system (3.1.10)
is valid. However, it is unclear whether conditions (4) can hold for large time. In fact, the self-
intersection, also known as splash singularity has already been proved for 2D water-wave pro-
blem (p* = 1and p~ = 0), ¢f. [ 1, while the corresponding result for two-phase water-
wave is still open.

Remark 3.1.5. The conditions (5) in Definition 3.1.2 is also proposed for the validation of the
system (3.1.10). One should note that it fails in finite time for RTI with finite depths. Indeed, it
is well-known that the free boundary Y(t) is contained in a strip T x [—a*(t), a~(t)], known
as mixing area, with upper and lower heights a(t) of X(t) growing like O(t?), cf. [ ;

; ]. Therefore, the growth of mixing area could invalidate the system (3.1.10),
which is not the subject of this chapter.

Remark 3.1.6. The purpose of the condition (6) in Definition 3.1.2 is to avoid exponential
growth of P* at infinite. One can see from the first equation of (3.1.10) that P* solves the
elliptic equation

+
p
(3.1.26) ALyPi = _7Aﬂc7y (’vx7y¢i|2)

at least in the sense of distribution, where the right-hand side decays rapidly at infinity (see
(3.1.25)). Through separation of variables, P* can be written as the sum of a term with at
most polynomial growth in y and an exponentially increasing (in y) harmonic function. With
the condition (6) in Definition 3.1.2, this extra harmonic function will not appear.
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Stability criteria and the description of instability

In the one-phase case (p™ > 0 and p~ = 0), a well-known stability criteria is Taylor sign
condition :

_ayp+|2 >0,

which is rigorously justified by Wu in 1990s [ ; 1. For two-phase fluid, an ana-
logue is given by Kelvin for the linearized system :

gt -y > (L 2 |[u] !
do \ pT + p~ ’
where [u] denotes the jump of the horizontal velocity at the interface (see for example
Ch.X and Ch.XI of [ 1). This stability condition is then generalized to the nonlinear
problem (graph case) by Lannes [ 1:

N
0,71 > o (G2 ) Vil

where [—9, P] := —0,P*|s + 9,P |5 is the jump of y-derivative of pressure at the inter-
face, ¢(n) > 0is a constant depending on the shape of the interface, [V] is the jump of
the horizontal velocity at the interface.

According to these stability criteria, two potential sources of instability can be iden-
tified : gravity and the velocity jump at the interface. Evidently, the case with a negative
Atwood number A < 0—or equivalently p™ < p~—corresponds to an unstable regime,
known as the Rayleigh-Taylor instability. In contrast, the Kelvin-Helmholtz instability is
driven by a discontinuity in velocity across the interface. When there is no density jump,
i.e., p = p~, the RTl is absent, and the only remaining mechanism of instability is the
velocity jump (KHI). It is also noteworthy that even when the Atwood number is positive
(A >0,i.e. pt > p7), asufficiently large velocity jump can still lead to instability, as indi-
cated by the aforementioned stability criteria.

In this chapter, we focus on the instable regime A < 0 (namely, p* < p~) and at-
tempt to obtain a quantitative description of the instability. From the linear analysis (see
for example the summary [ 1), one may expect an exponential growth in short time.
In fact, the existing results, mainly based on growing mode or maximal regularity [ ;

; ; ; ; ; ] manage to find some data with such growth.
Even if these methods allow us to trait more general contexts (compressible, rotational,
viscous, etc), they do lay emphasis on the comparison between linear and nonlinear sys-
tems, from which one can only deduce the existence of unstable perturbation near zero
in short time. Due to the physical nature of this problem, one should expect the blow-up
(or, at least, rapid growth) for most regular solutions, which could be extremely challen-
ging due to the full nonlinearity of the system. As indicated in [ 1, a possible solution
could be the virial identity (see Theorem 3.1.1), which implies the following main results.
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Main results

For graph case, we shall prove that the slop of the interface X(¢) grows faster than
O(t?/%) (or O(t*/3) when p* = p~). Rigorously, we have

Theorem 3.1.7 (Instability of graph case). Consider d > 1, H* €]0,+oc], pt < p~, 0 >0,
and T €]0, +ool. Let (v, ¢, PE) be any regular solution to (3.1.10) on [0, T (see Defini-
tion 3.1.2) with v(t,z) = (x,n(t,z)) for some real-valued function n. We assume that the
total energy E defined by (3.1.12) satisfies

(3.1.27) E #0wheno =0, and E < 0when o > 0.

Then there exists a constant C' > 0 depending on dy (see (5) in Definition 3.1.2), such that, for
alltime t € [0, T,

(3.1.28) |E|t + / mpda
Td

< ClVanllz v/ T+ [Vanl o/ E + | Al Vanlle
0

t=

where 1 is defined in (3.1.16) and A < 0 is the Atwood number (see (3.1.15)). Note that, due
to Poincaré’s inequality, the quantity E + |A|g||V.1||% is non-negative.

Remark 3.1.8. When p* < p~, the polynomial growth observed in (3.1.28) may be due to
Rayleigh-Taylor instability, as the condition p* < p~ is critical in the proof. However, this
explanation does not apply in the case p™ = p~. Recall that in the formulation of the problem,
zero velocity jump across the interface is permitted, which precludes the direct connection with
Kelvin-Helmholtz instability. In fact, as shown in the formulation via vorticity in [ ], the
system is hyperbolic with degeneracy when p* = p~, which may naturally lead to polynomial
growth in time.

Among the conditions of Theorem 3.1.7, except for the reasonable assumptions listed
in Definition 3.1.2, the only non-trivial one is (3.1.27) about the total energy, depending
only on the initial data. Without surface tension, £ # 0 contains already a large class
of solutions. However, in the case with surface tension (o > 0), we have to make the
assumption £ < 0 so that the right-hand side of the virial identity (3.1.18) is positive.
Note that £ < 0 can be verified only by a few solutions such as those with initial data
¢*(0,z,y) = 0,1(0,2) = M sin(z), where M € R is large enough. The characterization of
instability for E > 0, o > 0 is still open.

For 2D overlapping case, instead of the slope, we shall consider the curvature of the
interface X(¢). In a similar manner, the L°°-norm of the curvature can be shown to grow
faster than O(t%/?) (or O(t'/?) when p* = p~), provided that the depths are finite.

Theorem 3.1.9 (Instability of 2D overlapping case). Consider d = 1, H* < 400, p™ < p~,
o > 0,and T €]0,+o0]. Let (v, ¢, PT) be any regular solution to (3.1.10) on [0, T (see
Definition 3.1.2) with ~ being the arc-length parametrization.
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If the total energy E defined by (3.1.12) satisfies the condition (3.1.27), then there exists a
universal constant Ny > 0 and another constant C > 0 depending on H™, such that, for all
timet € [0, T,

< Ce(t)3VIE] + |Alge(t) =3,

(3.1.29) Bl + / n- (0, y)dS
b)) t=0

with e(t) > 0 defined by

. (&)
3.1.30 = d
(3.1.30) e() := min <N0(|H(t)||L°° ) °>’

where 1) is defined in (3.1.16), x is the curvature, cg is the constant from the chord-arc condition
(3.1.23), and d is the constant appearing in the condition (5) of Definition 3.1.2.

Note that if the maximal time of existence T is large enough, the right-hand side of
(3.1.29) will be large enough so that e~ > d;!, which implies the growth of ||(t)]| . This
result should be understood as : if the self-intersection and the intersection between free
and solid boundaries never occur, then the curvature ||x(t)|| L~ grows faster than O(t*/?)
(or O(t'/3) for KHI). That is to say, in general, there are at least three possible singularities
in large time,

(1) The curvature ||s||~ tends to infinity (faster than O(¢%/°) for RTI and O(t!/?) for KHI);
(2) There exists self-intersection (see Remark 3.1.4);
(3) The free boundary X(t) intersects with the solid boundaries '+ (see Remark 3.1.5).

The proof of Theorem 3.1.7 and 3.1.9 are based on the virial identity (3.1.18). Noti-
cing that the right-hand side of (3.1.18) can be bounded from below by |E|/2 (see Corol-
lary 3.4.1), it suffices to control the integral of n - (0, y%) on X(t), where the main difficulty
is to bound # by quantities depending only on slope or curvature. Since 1 (see (3.1.16)) is
defined using the trace of scalar potential =, one may expect to apply the trace estimate.
Namely, the L2-norm of ) can be bounded by the L?-norm of V,, ,¢*, or equivalently, the
kinematic energy Ej (see (3.1.13)). Then the conservation of energy allows us to write
E) = E — E, with E,, depending only on the geometry of the interface X(¢), which can be
controlled by slope or curvature via some direct calculus.

3.1.5. Plan of the chapter and conventions

In Section 3.2, we shall clarify the decay of scalar potential (in infinite depth case) and
a proof of conservation laws will be given. Then the virial theorem 3.1.1 will be proved in
Section 3.3. Based on this, we conclude the instability results, Theorem 3.1.7 and 3.1.9,
in Section 3.4, where the graph case and 2D overlapping case are treated separately. In
Appendix 3.A, we will show that the normal geodesic coordinate realizes a global diffeo-
morphism, which is useful in the proof of Theorem 3.1.9.

Throughout this chapter, we shall frequently use the following notations and conven-
tions :
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1. T represents the periodic domain R/(27).

2. For non-negative quantities A, B and some parameter a, we write A <, B, if there
exists a constant C,, > 0 depending on « such that A < C,B. Furthermore, we
write A ~, Bwhen A <, Band B <, A.

3. For non-negative quantities A, B, we write A < B if there exists a large universal
constant C' > 0 such that A < CB.

4. In infinite depth case, the integral of a function f on Q* should be understood as

the limit
// fdzdy = lim // fdxdy.
[OF= ht—+o00 QEtn{Fy<ht}

The functions f to be studied in this chapter decay to zero as y — +oo, uniformly
in 2 € T?. The precised behavior of f at infinity will be clarified in the context.

3.2. Preliminaries

The aim of this section is to rigorously prove some results well-known in physics, in-
cluding the decay of scalar potential ¢* and the conservation of mass and energy.

3.2.1. Decay of scalar potential

In this part, we clarify how to deduce the rapid decay (3.1.25) of the scalar potentials
in infinite depth cases. For simplicity, we will focus on the lower fluid domain Q* with
H' = +oo (the argument for the upper domain is the same). To conclude the decay
(3.1.25), we choose a large depth —h™ that the free boundary ¥ does not reach. By using
the data at y = —h™ and the condition E;, < +oo, we will find an explicit formula for ¢,
which simply gives the desired decay. The detailed result is stated in the following lemma.

Lemma 3.2.1. Let (v, ¢, P¥) be a regular solution to (3.1.10) on the time interval [0, T'. If
the depth H* = o0 (resp. H~ = +0oc), then, for all time t € [0, T, ¢*(t) is C> inside QF (¢).
Moreover, for all 0 < T' < T, k € N, and o € N1 with |a| > 1, there holds

im  sup |4V 0t (Layy)| = 0,
Y7~ zemd, te]0,77)

(3.2.1) i
resp. lim sup )y \% ¢>7(t,l‘,?/)‘ = 0.
Yy——+00 2€T?, te[0,T7] Y

Proof. The smoothness of ¢*(t) is a consequence of elliptic regularity since A, ,¢* = 0.
For simplicity, in what follows, we focus on the decay of ¢, while ¢~ can be treated in the
same way.

Since the parametrization + is continuous on [0,7"] x T¢, there exists At > 0 such
that T?x] — oo, —h*] is contained in Q*(t), for all ¢ € [0,7"]. Since ¢+ is smooth in space
variables, we defined two functions f,g € C®(T%) by f(z) = ¢ (x,—h") and g(z) =
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dy¢t(z,—hT).Here the time dependence is omitted for simplicity, since all the arguments
below are uniformintime ¢ € [0, 7']. The smoothness of f, g guarantees that their Fourier
coefficients have arbitrary polynomial decay. Namely, for all N € N,

(3.2.2) IFO]+ 196 Sv (L + e,

Thanks to Ax,yczﬁ = 0 (the second equation in (3.1.10)), the standard Fourier method
gives the following explicit formula.

G (€)= (F(9)+ 161719(9)) + s @I (f(9) — el g(e)) . e #0
¢*(0,y) =3(0)(y + h*) + £(0),

where &*(5, y) is the Fourier coefficient of ¢ (y) at frequency £. We claim that §(¢) =
€| £(€) for all € € Z7. Otherwise, the L?(T?)-norm of V. ,¢* (-, ) admits a strictly positive
lower bound as y — —oo, contradicting the condition (2) in Definition 3.1.2 which implies
Vayo¢t € L2(Q7T). Consequently, we have

. 1 . L , . .
(€ ) = eI (F©) +1e19(9)), ifE£0, and ¢¥(0,y) = f(0).
Based on this, we compute, for all £ € N and o € N4+t with |a| > 1,

PVE,67 ()| Sl S el gl ) + 96|

¢ezd

Due to the rapid decay (3.2.2) of f(¢), §(€), the right-hand side, independent of z, converges
to zero as y — —oo, which completes the proof of (3.2.1). O

From this proof, one can see that the derivatives of ¢ has actually exponential decay
at infinity, while the polynomial decay is enough for the arguments in this chapter.

3.2.2. Conservation laws

In this paragraph, we will rigorously prove the conservation of mass and energy in-
troduced in Section 3.1.2. These conservation laws are well-known for graph case where
X(t) = {y = n(t,z)}, while the proof of general cases requires some geometrical argu-
ments. To begin with, we introduce a technical lemma which will be frequently used in
the proof of conservation laws and the virial identity (3.1.18) to be studied in Section 3.3.

Lemma 3.2.2. Consider two domains Q7 (t) filling the domain T¢x] — H~, H* [ and varying
intime t € [0, T[ with HY < +o00 and T > 0. These domains are assumed to be separated by
an interface %(t) that admits a parametrization ~ : [0, T[xT? — T¢x] — H~, H*[. We denote
by QF the time-space domains QOF = {(t,z,y) € [0, T[xT% x R : (z,y) € QF(t)}.

If v is CY in space and time, then, for all functions f* € C*(QF), there holds

(3.2.3) 4 / / frdzdy = / / O fFdxdy + / n-yfrdsS.
dt J Jo=) QE(t) 2(t)

Note that dS is the surface element on ¥(t).
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Proof. To prove the formula (3.2.3), we will prove that both side are equal as distributions
in time, namely D’(]0, T'[). This allows us to work on time-space domains, which is fixed.
Then the desired equality follows from divergence theorem.

Consider the time-space interface X* = {(t,z,y) € [0,T[xT% x R : (z,y) € %(t)},
which can be parameterized as (¢, z) — (t,v(t, z)). Therefore, the tangent space of ¥ is
spanned by (1,~;) and (0, 7;), where (7;) is arbitrary basis of the tangent space of X(t).
Consequently, the unit normal vector and surface element of 3. read

(3.2.4) ﬁ:w — 1+ (n-7)2dSdt,

L+ (n-y)?

respectively. Here n = n(t) denotes the unit normal vector of %(t).
For any test function ¢ = ¢(t) € C2°(]0, 1), we have

T
/ 4 / / fEdady |edt = — / / / o, pdtdxdy
0 dt Qj:(t) [OF=
(3.2.5) ://~ atfigodtd$dy—//~ 0t(figp)dtd:cdy
O OF
T
—/ // atficpdxdydt—//  O(fFp)dtdxdy.

0 QE(¢) O*

To handle the second term on the right-hand side, we apply the divergence theorem in
time-space,

(3.2.6) // . o fEp)dtdrdy = i//zn (fF,0,0)dS

Note that the solid boundaries {y = FH*} does not appear since the time-space version
of its normal vector equals (0,F1,0), whose scalar product with (f¢,0,0) vanishes. By
applying the formula (3.2.4) of 72 and dS, we have

(3.2.7) // gp,O 0) dsS = :F/ / n - %f pdSdt.

By combining (3.2.5), (3.2.6), and (3.2.7), one concludes

[ (il o= [ ([ s [ st o

for arbitrary ¢ = ¢(t) € C2°(]0,T'[), which implies the desired formula (3.2.3). O
Now, we are in a position to prove the conservation laws.
Proposition 3.2.3. Let (v, ¢*, P*) be a regular solution to the system (3.1.10) with depth
H* €]0, +oc]. Then the following conservation laws hold true :
d d
3.2.8 —M = —F =
( ) dt 0 dt 0
where the mass M and the total energy E are defined in (3.1.11) and (3.1.12), respectively.
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In order to overcome the difficulties caused by infinite depths, we will work on trun-
cated domains defined as below.

QF =0"n{y>-r"}, Q =0 n{y<h }
(3.2.9) e _ [ HE if H= < +o00;
~ | arbitrary number such that ¥ C {Fy < h*}, if H* = +oo.

In the proof of the infinite depth case, we will work on these bounded domains and take
the limit h* — +oc0 in the end.

Conservation of mass

Before proving the conservation of mass M defined in (3.1.11), we give an alternative
formulation of M. An application of divergence theorem in the domains Qf gives

// drxdy = // Ve (0,y)dzdy = :i:/ n-(0,y)dS :F/ ydx
of QF ) y=Fh*

:i/nmmyﬂs+@m%i:iM#%%ﬂﬂﬂ
b

where the last equality follows from the definition (3.1.11) of M. Thus, we conclude that

(3.2.10) M=+ (//i dzdy — (zﬁ)dhi> .
Qh

From this formula, the time derivative of M can be obtained via Lemma 3.2.2 with
f = 1and QF replaced by Q3.

d d
dtM—:tdt//Qfd:cdy—/zn'%dS.

Due to the third equation of (3.1.10), n - v can be replaced by n - V. ,¢*. Then we apply
the divergence theorem and use A, ,¢* = 0 to compute

= [ Veaetas= [ o
—M = [ n-V,,07dS = Oyp~—dx.
dt b Y yziFhi Y

In finite depth case, by choosing h* = H?* and using the boundary condition (the fifth
equation in (3.1.10)), we conclude that the right-hand side is zero. In infinite depth case,
as h* — +oo, the the right-hand side tends to zero due to the rapid decay of 9,¢* (see
(3.1.25)), which completes the proof of conservation law (3.2.8) for the mass M.

Conservation of energy.

Let us begin with the time derivative of potential energy F, (see (3.1.14)), which contains
two components concerning gravity and surface tension, respectively.

_ rav surf
E, =E8™ + E5U,

Ag 2 f
g :/En-(O,y )ds,  ET =

N%@@%mwﬂ
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Lemma 3.2.4. Under the hypothesis of Proposition 3.2.3, the following formulas hold.

d
3.2.11 F8rav _ 4 ~udS
( ) I Ep g/zn YydsS,
d o
3.2.12 Zpsurt — / -y kdS.
( ) qrr ot + - En TR

Recall that k is the mean curvature of the interface X.

Proof. The time derivative (3.2.12) of E;“rf can be simply obtained by the first variation of
area formula (see, for instance, Theorem 5.19 of [ D,

iArea(E(t)) = / n - yrdS.
dt 5

To calculate the time derivative of E§, as in the proof of the conservation of mass,
we could rewrite it as the linear combination of integrals on Qf (see (3.2.9)) so that the
formula (3.2.3) can be applied. The divergence theorem in Qf yields

2// ydxdy :// Ve - (0,y2)dxdy
2 @
= i/ n - (0,y%)dS :F/ yPde = i/ n - (0,y%)dS F (2r)%(h*)?
b y=Th* b

which implies

(3.2.13) B = Zp [// ydady + 2( w)d(hif] .

Recall that p* = p*/(p™ + p~). Then, via Lemma 3.2.2, we can conclude (3.2.11) by
4 gy = >t [oneruwds = Ag [ n-suyis,
2

where we used the fact that A = B+ —p~ (see(3.1.15)). O

grav

Remark 3.2.5. Note that the contribution E; " of gravity in potential energy has the same
signature as the Atwood number A. To see this, we consider the following real numbers

_ //Qi ydwdy + %(2w)d(hi)2-

It is clear that M~ + M~ = 0. Besides, we have

Mt > // ydxdy + 1(27r)d(h+)2 > // ydxdy + 1(27r)“’(h+)2 =0.
t, n{y<o} 2 {y<0} 2

These yield that there exists M > 0 such that M* = +M. Thus, E§" equals AM, whose
signature is the same as A. In particular, when A < 0, E§™" becomes non-positive.
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It remains to calculate the time derivative of kinetic energy Fy, (see (3.1.13)). Since it is
already written in terms of integrals on Q*, one may expect to apply the formula (3.2.3),
which is not valid for unbounded domains (namely, infinite depth case). To overcome this
difficulty, we introduce a truncated kinetic energy,

1
ho_ L + 42
(3.2.14) Ep = 5 Ei p //Qf |V o™ | dzdy,

where Qf are bounded domains defined by (3.2.9). Then we can compute the time deri-
vative of El by the following lemma.

Lemma 3.2.6. Under the hypothesis of Proposition 3.2.3, the following formula holds.

d o
3.2.15) —El = — / cykdS — A / yydS + i/
( ) 7 Ok P zn VR g zn Y ;EF,O ,

+ .+
. ¢y by du.

Proof. Through Lemma 3.2.2, the time derivative of truncated kinetic energy E7, defined
by (3.2.14), reads

iEhzzpi // VootV aqsid:cdyi/n»des
dt k if Qf z,y z,yYt 5 t 2

Then we apply divergence theorem to the integral in Qf together with A, ,¢* = 0 (the
second equation in (3.1.10)) and obtain

/ / , Vay®® - Va0~ dudy =+ / n- V¢ 0o dS ¥ / L Oydide
Q5 b y=TFh
—+ [nqa0tass [ ot
b y=Fht

where the second equality follows from the third equation in (3.1.10). By combing the
computations above, we can conclude by using the first equation in (3.1.10) that

SE=Y i/n-% gt + Yot dS:F/ Gy by da
dt - » 2 y=Fh¥* Y

P:t
= [qt/n-%<+ _+pigy>dSﬂFpi/ cﬁﬁdw]
T b pT+p y=Th*
o
= — — n-fy/idS—Ag/n~7de+ :Fpi/ O ot d.
p++p/z:t S Zi:yhiyt

Here, we use the fourth equation in (3.1.10) to obtain the last equality. O

=F

In the rest of this section, we will finish the proof of Proposition 3.2.3, which is a conse-
quence of Lemma 3.2.4 and 3.2.6.
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Proof of Proposition 3.2.3. Taking the sum of (3.2.11), (3.2.12), and (3.2.15), we have, for all
timet € [0,T],

t
Ey(t) + Ep(t) = Ep(0) + ER(0) + > Fp* / / oy (¢, @, FhF) ¢ (¢, @, FhF)dadt'.
T 0 JTd

Recall that, in finite depth case H* < +o0, we choose h* = H* (see (3.2.9)). Thus, the
truncated kinetic energy E,QL equals the real one E}, and the last integral on the right-hand
side vanishes due to the fifth equation in (3.1.10). The conservation of energy then follows.

The main difficulty is the infinite depth case HT = +o0o or H~ = +oo. Notice that,
from the fifth equation of (3.1.10) and the condition (2) in Definition 3.1.2, one could see
that, as h* — H¥, the truncated kinetic energy EI tends to the real one Ej. Thus, it
remains to show that, uniformly in time ¢ € [0, ¢], the integral

/¢;(t’,m,:Fhi)gbti(t’,x,:phi)dx
Td

tends to zero as h* — 4o0. Recall that the derivative gb;t of scalar potential has arbitrary
polynomial decay at infinity (3.1.25) (see also Lemma 3.2.1), which reduces our problem
to the uniform-in-time polynomial growth of ¢:. From the first equation in (3.1.10), we
can rewrite ¢;- as
(ﬁ: _ ’vx7y¢i|2 B pE

2 pt+p~
where the first term has polynomial decay thanks to (3.1.25), the last term is polynomial,
and the growth of P* is assumed in the condition (6) in Definition 3.1.2. In conclusion,
¢F (-, FhE) ey (-, FhF) decays polynomially at infinity, uniformly in time ¢’ € [0,¢], and its
integral in z tends to zero as h* — 400, which proves the conservation of energy in
infinite depth case. [

— 9Y,

3.3. Virial theorem

The goal of this section is to complete the proof of Theorem 3.1.1 via a direct calculus.
Recall that the virial identity reads

(3.3.1) %% Zn-(O,yq/))dS:Ek—Ep+R, R =R/ + R, + R,

where the modified kinetic energy E}, is defined by (3.1.19) and the formula of reminders
R;‘E and Ry is given by (3.1.21) and (3.1.22), respectively. The main idea is similar to the
proof of conservation laws in Section 3.2.2. We will rewrite the left-hand side of (3.3.1)
in terms of integrals on QF (see Lemma 3.3.1) and apply the formula (3.2.3). The only
difficulty is the term concerning curvature in (3.3.7), which will be studied in Lemma 3.3.3.
To conclude Theorem 3.1.1, we also need to check that the reminders R and R, are non-
negative. The fact RF > 0is obvious, while R, > 0 is not trivial and we shall use the same

method as in Lemma 3.3.3 to prove it.



CHAPITRE 3. VIRIAL THEOREM AND INSTABILITY 129

As in Section 3.2.2, to cover the infinite depth case H* = 400 or H~ = +oo, we will
work on the truncated domains Qf defined by (3.2.9), which we recall below

Q=0 "n{y>-nr"}, Q =0 n{y<h}
(3.3.2) e [ HE if H= < +00;
~ | arbitrary number such that ¥ C {Fy < h*}, if H = +oo,

and take the limit h* — +oc0 in the end.

Lemma 3.3.1. Let (v, ¢*, P*) be a regular solution to (3.1.10) (see Definition 3.1.2) and Qi
be truncated domains defined by (3.3.2). Then there holds

(3.3.3) /En (0,yp)dS =D p* [/ o dy (yo™)dady — hi/
+ h

y=Fh*

¢>id:c] .
Proof. Recall that ¢ is defined by (3.1.16). By divergence theorem on Q;, we have

[on-0.as = Zp/ - (0,y6%)dS

=20 [ /[ , Ve (0.96%)dody + /y . ygbid:p] ,

which completes the proof. O

Based on Lemma 3.3.1, it suffices to compute the time derivative of the terms on the
right-hand side of (3.3.3).

Lemma 3.3.2. Let (v, oF, Pi) be a regular solution to (3.1.10) (see Definition 3.1.2) and Qf
be the truncated domains defined by (3.3.2). Then there hold

3
ol / 0, (o) dzdy = [ / ( Voot + 2|ay¢i|2> dady
p* p*
3.34 — (0,y) [ £=— dS—hi/ —d
( ) /En ( y)< pi> y=Fht p:t !

—2g / / ydady + / by Oy(yo™ ) da
QF y=Fht

h

- +|2 P:I:
B35 4 / ¢rda = — / Moo, - / —pdu £ gh*(2m)".
dt Jy—gn+ y=Fht 2 y=h* P

Proof. The second equality (3.3.5) can be obtained directly from the first equation of
(3.1.10). In what follows, we focus on the proof of the first equality (3.3.4). An application
of the formula (3.2.3) gives

d
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_//Qiay( rvmmiP)dmy // ( )dxdy
/ / ?) dady £ /E n - Va6, (y¢)dS

where the second equality follows from the system (3.1.10). Now, we apply divergence
theorem to the second and the last term on the right-hand side,

p* P
dxdy = /n 0,y dS’:F/ y—rdzx
P P
:/n-(O,y) (ii> dS+hi/ —dz,
3 P y=Fh* P

:l:/zn : vx,y¢iay(y¢i)ds ://Qf vz,y : (vx,y¢iay(y¢i)) dl’dy

£ 5o
y=F

and deduce that

d vm +|2
dt //Qj: 8y<y¢i)d$dy ://Qi [V%y : (vw,y¢i8y<y¢i)) — 0y (y’?f|)} dzdy
h h P:t P:t
- : — ) dS — n*t ~d
/En (0,) <ipi> /y_iji p x
y:

h

Then the desired equality (3.3.6) follows from the following identity,

Veyo P\ 1 3
Vay - (Vayd™0y(ys%)) = 9, (y'f') = SIVad™? + 510,67,

which can be computed directly by using A, ,¢* = 0 (the second equationin (3.1.10)). O

By combining Lemma 3.3.1 and 3.3.2, we conclude that

d ~
dt/ n-(0,yy)dS =2(Ey — B8 + R, + R} _)
%

+ 9 Bz — 0 /n 0,y)kdS,
/y:mi y Oy (yo™) i s (0,y)k

where we used the fourth equation of (3.1.10) to make appear the mean curvature x and
used (3.2.13) to obtain Ej5 . Here E7 and R}, represent the truncated quantities

3 1
E} —ZP // < V6% % + 4|ay¢i|2) drdy, Ry, = 4pﬂ:hi/ V0% 2de,

y=Fh*

(3.3.6)
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whose limitas h* — H* equals FE) (see (3.1.19)) and Rgt (see(3.1.21)), respectively, accor-
ding to the fifth equation in (3.1.10) and the decay (3.1.25) of scalar potentials. With the
same reason, the second term on the right-hand side of (3.3.6) tends to zero as h* — H*.
As a conclusion, we have

l1d
2dt

(2

337 e
i 2(p* +p7)

n-(0,y)dS = Ej, — B8V - Rl'f + R, — / n - (0,y)rdS.
%

In comparison with the target (3.3.1), it remains to compute the last integral on the right-
hand side of (3.3.7).

Lemma 3.3.3. Let (v, ¢™, P¥) be a regular solution to (3.1.10) (see Definition 3.1.2). Then
there holds

(33.8) / n - (0,y)KdS = Area(s) — / in- (0, 1)[dS.
> >

To prove the identity (3.3.8), we introduce another method to represent the fluid do-
mains QF. For simplicity, we omit the dependence in time. There exists a C? function x
defined on Q := T?x] — H+, H~[, such that

QO ={x>0}, Q@ ={x<0}, T={x=0}

Such x is not unique, while our argument works for any choice of x. Let F' be an arbitrary
continuous function defined on €. Then the integral of f := F|x, on the interface ¥ equals

[ 75 = [[[ P00 dedy = limy [ Fo(0I9aldedy,
) [¢) e—0 o)

where ¢, := e 1p(-/€) with ¢ € C°(R) and (0) = 1. Note that the normal direction n
and the mean curvature x, which are both defined on ¥, could be rewritten as restrictions

and k= =V, - ( VX )
) Vx|

_ Vayx
Vx|

)
by
respectively.

Proof of Lemma 3.3.3. Through the representation above, the left-hand side of (3.3.8) reads

VX VeyX
n- O,y/{dS:// 2 (0,y) Ve, < Y )5)( Ve yX|dzdy
/E (0,9) G C e KGO

VayX
(3.3.9) :// YXyVay - < Y >5 x)dxdy
Q Y Y |V:v,yX| ( )

. VayX
= | T Y «(x)dxdy.
Em//ﬂ UXyVay <|Vm,y><‘) ey
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Then we apply divergence theorem to the right-hand side (note that the integrands vanish
near y = TH™ due to the cut-off ¢,) and deduce that

Vg
/ / YXyVay - (\V "zX,) Pe(x)dxdy

VayX
/ / 2(UXy) |<pe x)dzdy — / / YXy =2 (LX) Vayx) dzdy
7y

Veux|

c(x)dzdy — //8 (IVauxl) ype(x)dzdy
//szyx‘s@ (IV2.0x]) 2e(x)
- / /Q YXy|VeyxleL(x)dzdy.

Via integration by parts, the second term on the right-hand side equals
(3.3.11)

—//Q 3y(!Vx,yX|)ysoe(x)dmdy=/QIVm,yx\soe(x)d:Eder//nyy\vx,yxlwé(x)dwdy-
By combing (3.3.9), (3.3.10), and (3.3.11) above, we have

0,y)kdS =lim // B dmdy—l—//v,x (x)dxdy
JRX HO[ Q\v,yxr*” Vautlee()
2
xyX )

/ / ()| Vazyx|drdy + / / SOOIV yx|dzdy,
|nyX’ Q

where, in term of integrals on %, the right-hand side can be written as

—/ In - (0, 1)y2ds+/d5,
P %

which completes the proof of (3.3.8). O

(3.3.10)

Proof of Theorem 3.1.1. By inserting (3.3.8) into (3.3.7) and using the definition (3.1.14) of
potential energy E, together with the definition (3.1.22) of Ry, we are able to conclude
the virial identity (3.3.1).

1d
—E, - E¥V 4 Rf 4Ry - — [Area (t / n- (0,1 dS]
p b b 2(,0++P7) ( ()) E| ( )’
. . _
=E, — E§® - E' + R + R,

9 n- _ 9(27)¢
+ 3 1 ) [Area(Z(zﬁ))—k/2 (0,1)]dS — 2(2m) }
=Ey — E, + R} + R, + R,

The only remaining point is to show that R, > 0, which can be proved by using again
the method in the proof of Lemma 3.3.3. Recall that the remainder R equals

g

_ n- 2 —9(27)@
Rs_Q(p++p_) Uz<1+| (0,1)?) dS 2(2)},
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where the integral on ¥ can be expressed as an integral on Q = T¢x] — H+, H~[. Namely,

X
1+ |n-(0,1)]?)dS = // 1+‘ il
fa ( Vo]
:// IVeux| + Xy d(x)dzdy.
Q ’vx,yx‘

2
) () |V yx|drdy

Noticing that
2

Xy
>
Vaeyxl ~

’va:,yX| + 2|Xy|,

we have

/ (L4 |n-(0,1)]%)dS 22/ |xy|0(x)dxdy
)

VX >1 5(0) Vo y|drdy.
,yX|

In terms of integrals on ¥, this inequality can be rewritten as

/(1+n-(0,1)|2)ds>2/\n-(0,1)|ds>2
% %

Since V4 - (0,1) = 0, through divergence theorem on Q; (see (3.3.2)), the last absolute

value equals
/n~(0,1)dS‘:2/ dx
> y=—h"t

which proves the desired result Rs > 0. O

n - (0, 1)d5" .

2 =2(2n)¢,

3.4. Instability of system

The purpose of this section is to prove the instability of the system (3.1.10) in graph
case (Theorem 3.1.7) and 2D overlapping case (Theorem 3.1.9). The idea of the proof is
similar to that in [ ]. Based on the virial identity (3.1.18), we first show that the right-
hand side can be bounded from below by the absolute value |E| of the total energy FE
(see (3.1.12)), which is preserved in time. Then we apply the trace estimate to control the
integral on the left-hand side of (3.1.18) by the geometrical quantities such as slope and
curvature.

3.4.1. The consequence of the virial identity

In this part, we aim to prove the following corollary of the virial identity (3.1.18), stating
that, in the setting of RTI or KHI problem, the integral on the left-hand side of (3.1.18)
grows at least like O(t).
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Corollary 3.4.1. Consider d > 1, H* €]0,+o0], p* < p~, ¢ > 0, and T €]0, +o0]. Let
(v, ¢*, PT) be any regular solution to (3.1.10) (see Definition 3.1.2) on [0, T'|. If the condlition
(3.1.27) recalled below holds

E #0wheno =0, and E < 0 when o > 0,

then we have, for all time ¢t € [0, T,
341) 16> 10)+ Blt. 1) = [ n- 0.y0)ds,
where 1 is defined by (3.1.16),
Vv=p"oTs—p ¢ |5,
and E is the total energy defined by (3.1.12), which is preserved in time.

Proof. By integrating in time on both sides of the virial identity (3.1.18), we have

I(t) = I(0) + 2 /Ot (Ek(T) — Ey(1) + R(T)) dr > 1(0) + 2 /Ot <Ek2(f) B Ep@)) dr,

where the inequality follows from the fact that R > 0 and Ek > Ei/2, which can be
seen by comparing the definition (3.1.13) and (3.1.19) of kinetic energy E; and modified
kinetic energy E}, respectively. Then the desired inequality (3.4.1) can be reduced to the
following one,

E
0> veep

where FE is the total energy preserved in time. To prove this, we divide the condition
(3.1.27) into two cases : (1) £ < 0; (2) £ > 0 with ¢ = 0. For simplicity, we omit the
dependence in time in the sequel.

In the first case E < 0, the proofis direct

By Ey 3
—5 =By =2t — (B~ B) = |E|+ B, > |E|.

In the second case £ > 0 with ¢ = 0, we observe from the definition (3.1.14) that the
potential energy E, is non-negative since p™ < p~. Thus,

E
—*-E =5 (E—-Ep) —Ep

1 E|
2 2

E
=——-E,> ,
2 P 2

DO | o
| by

which completes the proof. O
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3.4.2. The graph case

In this section, we focus on the graph case, where the interface X(¢) is represented as
{y = n(t,z)} for some real-valued function 5, and complete the proof of Theorem 3.1.7.
By comparing the inequality (3.4.1) above and the target (3.1.28), it suffices to control the
integral I(t) defined in (3.4.1) above by a function of ||V,n]| L, which will be achieved by
trace estimate (see Proposition 3.4.2). Since the time dependence has no impact in the
arguments below, we will omit it for the sake of simplicity.

To begin with, we reformulate I(t) defined by (3.4.1) above in terms of 7. By fixing the
parametrization v as (¢, z) = (x,n(t,x)), the normal direction n and the surface element

dS read _—
ne SVem D) e AT V1[2de,
V1 +|Venl?

allowing us to express I(t) as

(3.4.2) I= | ———=(0,m)V1+ |Van|*dx —/ nypdz.
T4 /1 [Van]? (0 Vel T

Recall that ¢ is defined by (3.1.16), which can be written as,

(3.4.3) P(x) = ptot(z,n(x) — p~ ¢~ (x,n(x)).

The main difficulty is to control ) by some quantities depending only on 7. To do so, we
introduce the following trace estimate, whose detailed proof can be found in Appendix B
of [ 1.

Proposition 3.4.2. Let (v, T, PT) be a regular solution to the system (3.1.10) (see Defini-
tion 3.1.2) with depths H* €)0, 4-oc]. Then the following estimate holds,

(3.4.4) /T o @ (@) = m*[* de < O+ [ Vanllpoe ray) /Q |Vey* [ dady,

where m* ¢ R is the average of ¢*(-,n(-)) on T% namely

(3.4.5) m* = (271r)d /’[rd oF (z, n(z))dz.

Here the constant C > 0 depends on dy > 0 appearing in the condition (5) of Definition 3.1.2.

Remark 3.4.3. Indeed, the left-hand side of (3.4.4) can be refined as the Sobolev norm H'/2(T%),
while L?(T%)-norm is enough for the proof of Theorem 3.1.7.

Proof of Theorem 3.1.7. By using the reformulation (3.4.2) of I(t¢), the inequality (3.4.1)
reads

(3.4.6) |E|t + / nda
Td

< [ st agan
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Recall that, in the condition (2) of Definition 3.1.2, we have assumed that M = 0, where
the mass M is defined by (3.1.11) and can be expressed, in the graph case, as

(3.4.7) M(t) = / n(t,x)dz = 0.
Td

Therefore, from the formula (3.4.3) of ¢, the right-hand side of (3.4.6) equals

/ n(t, 2)y(t, x)de = Zipi/ n(t,x) (¢ (t, 2, 1(z)) — m™(1)) da,
Td T

Td

where the real number mi(t) (independent of z) is defined by (3.4.5). Thanks to the trace
estimate (3.4.4), we can control the inner product of n, v as

/Td npdz < ;PiHWHH(W)\//W 6% (2, n(x)) — m*|? da

Sdo Z HU\H(W)\/@ + [ Vanl Loo (ray) p* /Qi |Vay 6| dady
n

(3.4.8)

S Il 2oy /1 + IVamll o (g B,

where the last inequality follows from the definition (3.1.13) of kinetic energy Ej. Then,
we replace the \/Ej, on the right-hand side of (3.4.8) by \/E — E,,. The potential energy
E, defined by (3.1.14) can be expressed, in the graph case, as

_ Ay 2 g d
By = 5 Wllfague) + = [Area(n() — (2m)]

satisfying
Ag

2
Note that the Atwood number 4 = (p™ — p7)/(p* + p~) € [—1,1] is negative when
pT < p~. Therefore, by combining (3.4.6) and (3.4.8), we have

E — By <|E| = 2 |nl2ape) < B + |Algllnll22pa)-

2
49 |Blt+ [ mode]  Sag Inllacoey /T IVanlliomcoey B+ 1Ay

t=0
Thisinequality concludes the desired result (3.1.28) by observing [|n| 2 (ra) < | Vanll poo (14,
which is a consequence of the zero mass condition 3.4.7 (namely, the condition (3) in De-
finition 3.1.2). O

To end this part, let us assume that the regular solution (v, ¢, P*) studied in Theo-
rem 3.1.7 is global-in-time (we do not know whether such solution exists). Directly from
the inequality (3.1.28), we have

t2/5 5 van(t)”Loo(Td), ast — +oo.

In the absence of surface tension (o = 0), this growing rate of the slope [|V,n(#)|| oo (14
can be refined to O(t27¢€) for any 0 < ¢ < 1. More precisely, we have
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Proposition 3.4.4. Under the same assumption of Theorem 3.1.7, we further assume that
o = 0 and the regular solution (v, ¢+, P*) is global-in-time. Then, for all 0 < ¢ < 1, there
holds

Von)(6)|] oo
(3.4.10) fimsup L= lle=an _

t—+o00 t2=¢

Proof. The proof is based on a refined version of Corollary 3.4.1. We claim that, for all
time ¢t > 0, the right-hand side of the virial identity (3.1.18) can be bounded from below

by
|E| - Ep

(3.4.11) E,—E,+R> 5

To prove this, we first use the fact that E), > Ex/2 and R > 0 and obtain
- E
E,—E,+R> 7’“—Ep.

When E > 0, the right-hand side reads
E 3, _|Bl 3, |E-&

2 2Ty Tt Ty
where we used the fact that £, < 0 since there in no surface tension o = 0. When E < 0,
we have 3 E E, |E| _E, _|E|-E
Z _2E, == (E-E)--2=""41F P> 2L 7
=5 S 2 2
which completes the proof of (3.4.11).
By inserting (3.4.11) into the arguments in previous paragraphs, (3.4.9) becomes

2] -
[ =D +100) S Ul 1+ Vel B AT ey

Recall that 1(0), defined in (3.4.1), depends only on initial data and E,, = Ag|[n|| 12(pa)/2 is
non-positive. Therefore, the inequality above implies that
(3.4.12)

/0 F(r)dr < C (14 IVan(®) | o F@©) + 1), F(2) = |E| + [Alglln(®)]l 2ra),

for some the constant C' > 0 independent of time.
Assume that (3.4.10) is false. Namely, there exists time-independent constant M > 0
such that |[Van(t)|| e (re) can be bounded by Mt?>~<foralltimet > 1.Then (3.4.12) implies

t
(3.4.13) / F(r)dr <apr t72 (F(t) +1).
0
We claim that this will lead to arbitrary polynomial growth of F'(¢). Namely, for all N € N,

(3.4.14) t2 < F(), ast— +oo,
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which is a contradiction since there exists time-independent constant Cy > 0 such that,
forall N e N,

Ne

£5 S F(t) < |B| + | AlgCol| Van (D)l = (ze) < |E| + [AlgCoM £,

ast — +oo.

It remains to prove (3.4.14) for all N € N by induction. Firstly, the case N = 0 is trivial
from the definition (3.4.12) and the fact E # 0. Once (3.4.14) holds true for some N € N,
the inequality (3.4.13) gives,

Ne t Ne t €
tz < / T2dr < / F(r)dr < tl_E(F(t) +1),
0 0

which yields

(N+1)e
t—=2 <SF@i)+1, ast— +oo.
This is equivalent to (3.4.14) with N replaced by N + 1. Then the desired estimate (3.4.14)
follows from an induction in V. O

3.4.3. The 2D overlapping case

In this part, we shall focus on the 2D overlapping case and complete the proof of
Theorem 3.1.9. The strategy of the proof is the same as that in Section 3.4.2. The only dif-
ference is the trace estimate (3.4.4), while, in 2D overlapping case, we need to replace the
slope ||V .nl|| L~ appearing on the right-hand side of (3.4.4) by some quantities depending
on the curvature k.

In 2D overlapping case, the interface can be expressed via arc-length parameter s. In
what follows, we fix the parametrization ~(t) as

y(t): R/L() — Tx] — H*, H-|

(3415) S — ’y(t, 5) = (Oz(t,S),ﬂ(f, S))’

where L(t) is the length of the interface X(¢) and «a, 8 are horizontal and vertical com-
ponents of v(t), respectively. Recall that the interface is assumed to satisfy the chord-arc
condition (the condition (4) of Definition 3.1.2),

(3.4.16) cols — 8| < |y(t,s) —y(t,s")| < |s—§|, Vs,s € R/L(t).

Here |s — §'| should be understood as the distance in R/L(¢) and ¢y > 0 is a universal
constant.

In terms of arc-length parametrization (¢, s), the normal directionreads n = (—f;, as),
and the curvature « is given by

(3.4.17) Ts(8) = —k(s)n(s),
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where 7 := ~s = (as,[s) is the unit tangent direction. Besides, the surface element
dS = ds, yielding that the mass M defined by (3.1.11), the potential energy E, defined by
(3.1.14), and the integral I defined in (3.4.1) can be written as

g

pr+p

L Ag L
M :/ Basds, E,= 2/ B2asds + (L — 2m),
(3.4.18) 0 0

L

I—/ Bagpds.
0

Recall that v is defined by (3.1.16)

Wt s) = p T (t,(t5) —p ¢ (£7(,5))

in terms of the traces of scalar potentials ¢* at the interface 3.

Now we introduce the trace estimate in 2D overlapping case, which is an analogue of
Proposition 3.4.2. Since this result is independent of time, we will omit the time depen-
dence for simplicity.

Proposition 3.4.5. Let (v, ¢*, PT) be a regular solution to the system (3.1.10) with depths
H? €]0, +o0] (see Definition 3.1.2). We define ¢ > 0 as in (3.1.30),

. Co
(3.4.19) € := min < , d > ,
No([sl[z +1)" ™°

where 0 < ¢y < 1isthe chord-arc constant defined in (3.4.16), dy > 0is the constant appearing
in the condition (5) of Definition 3.1.2 (in infinite depth case, dy = +oc), and Ny > 1is a large
enough universal constant. For all C* function F on QF with ||V, , F|| r2(o+) < too, ifits trace
f = F|x has zero mean
/ fds =0,
b

then there exists a universal constant C > 0 such that

L
(3.4.20) 1fllz2z) < Cﬁ”v%yFHLQ(Qi)-

Recall that L is the length of the interface 3..
In particular, when the depths H* < +oc, the estimate (3.4.20) can be refined as

(3.4.21) £l 2e) < C(HT + H*)ef?’/?yyvx,yFHLz(Qi)

Proof. We focus on the domain 2", while the other one Q~ can be treated in the same
way. The proof of this proposition is based on flattening by normal geodesic coordinate
defined by

®: R/Lx[—€¢ — Tx]—HT H|

(34.22) (s,7) = (s) +rn(s)
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It is clear that, for Ny large enough, ® is diffeomorphic (see Proposition 3.A.1) and its
Jacobian is of determinant j(s,r) = 1 + rx(s) € [1/2,3/2], since

r(s)] < ells|| <DL <1
R{S E||R|| oo .
b SN SN

Remark that {r < 0} Cc QF, {r =0} = %, and {r > 0} C Q. In the sequel, we shall use
the restriction

O

—E\T

To begin with, we truncate F' inside {—e < r < 0} using

G(s,r):=Fo®(s,7)x (g) ,

where x € C°(R) is supported inside | — 1, 1[ and equals to 1 near zero. One may observe
that G has the same trace as F' and

1 2
/ 10,G(s,7)>dsdr = (VayF) o ®(s,)x <C> + =Fo®(s,1)X (C) dsdr
€ €

€
1 0 L
5// |Vx,yF|2dxdy—|—2/ / |F o ®| dsdr.
Q+ €& J-cJo

Since G is supported in {—e < r < 0}, we have trivially,

0
f(s) =G(s,0) = 0rG(s,r)dr,
thus

0
FEP<e / 0.G (s, )[2dr.

By integrating in s on both sides, one obtains

1 0 L
1F1Z2(s) < e//yarGPdsdrge//m yvx,yFFdxdije/ /0 |F o &% dsdr.

In order to conclude (3.4.20), we try to apply Poincaré’s inequality for the last term on
right-hand side. The difficulty is that the mean value m of F'o ®in [0, L] x [—¢, 0], namely

1 0 L
m = / / F o ®(s,r)dsdr,
eL —eJO

is non zero in general. To handle this problem, it suffices to check that this mean value
m can also be bounded by ||V, , F|[12(q). In fact, by repeating the argument above and
applying the zero mean condition for f = F o ®(-,0), one may write m as an integral of

Op(F o @),
1 0 L
=7 /6/0 F o ®(s,r)dsdr
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0 L r
:1/ / <Fo ®(s,0) +/ Op(F o @)(s,r')dr') dsdr
eL J_cJo 0
1 0 L pr
:/ / / Or(F o ®)(s,r")dr'dsdr,
€L —€JO 0
which implies the desired control of m :
0 L 0
|m| é\ﬁ/ / \/ |0y (F o ®@)(s,r")|2dr'dsdr
eL —eJO —€
0 L /0
gﬁLV cL \// / 0,(F 0 ®) (s, 1" [2dr"dsdr
€ —€eJO —e€

€ €
:\/;HE)T(FO D) 2 (j0,0)x[=,0) S \/Z\Va:,yFHm(m)

Now we are able to apply Poincaré’s inequality to F o ® —mon [0, L] X [—¢,0] :

0 L 0 L
/ / |F o ®|? dsdr <2/ / |F o ® — m|? dsdr + 2¢Lm?
—€JO —eJ0

€ L
<max{L,e}> / / Vir(F o @) dsdr + €|V y Fll7201)
—eJO

SL|VayFlz2 ),

where the last inequality follows from the fact that L > 27 and € < 1 by choosing Ny > 1.
As for the refined version (3.4.21) in finite depth case H* < +oo, it suffices to apply
Lemma 3.4.6 below. O

Lemma 3.4.6. Under the assumptions of Proposition 3.4.5, if we further assume that H+ <
+0o0, then the following inequality holds true.

(3.4.23) Le<2m(HT 4+ H™).
Proof. To prove this inequality, we shall use the change of variable ® defined in (3.4.22),
O(s,r) =v(s) + rn(s).

Let us denote by O, the image of [0, L] x [—¢, €] by ®, which is a subdomain of QT UXUQ ™.
Therefore,

L €
2r(H" + H™) =Vol(QT uXu Q™) > Vol(0,) = / / j(s,r)dsdr > Le,
0 —€
where j is the determinant of the Jacobian of ® and, due to the definition (3.4.22) of ¢,

)

N | =

j(s,r) =1 +rr(s) 21— ellnll= >

when Ny > 1 is chosen large enough. O



142 CHAPITRE 3. VIRIAL THEOREM AND INSTABILITY

Now, we are at the position to prove the main result Theorem 3.1.9. As Theorem 3.1.7,
we will combine Corollary 3.4.1 and the trace estimate (3.4.21).

Proof of Theorem 3.1.9. By comparing the consequence (3.4.1) of virial identity and the
target inequality (3.1.29), it suffices to control the integral I defined in (3.4.1) (see also its
reformulation (3.4.18)) by the right-hand side of (3.1.29). Since the arguments below are
independent of time, we shall omit the time dependence for simplicity.

Recall that in the condition (3) of Definition 3.1.2, we have assumed that the total mass
M is identically zero. Thus, from the reformulation (3.4.18) and the definition (3.1.16) of
1, we can write the integral I as

L L
1= 2" [ Bactlsds =Yk [ Ban(*ls - m)ds,
r J0 r Jo
where m* € R is the mean value of ¢* on %,

L
m* = /0 6% (1(s))ds.

Clearly, ¢ —m™ has zero mean on the interface ¥, allowing us to apply the trace estimate
(3.4.5).

1<y ptlBasllz) 6% ]s — m* | as)
+

S P lBasllaes) (HY + H7)e 2| Vay¢* |l 12(0)
+

S(H + H_)€_3/2||504s||L2(2)\/ E,

where the last inequality follows from the definition (3.1.13) and the fact p* = p*/(p™ +
p~) € [0, 1]. On the right-hand side, the L?(X)-norm of 3o, can be estimated by observing
6l < Land |as| < || =1,

L L
ol = [ 18RIouPds < 12 [ s = 12,
while E}, can be estimated through the expression (3.4.18) of E,,
i |Alg o 2 3
Ek—E—Eng—I—T Brasds < E + |AlgL”.
0

In conclusion, we have shown that the integral I can be bounded by

I < (HY+ H)e 3232 /E + |AlgL3,

which, thanks to Lemma 3.4.6, implies

I < Ce3\/|E| + |Alge3,

for some constant C' > 0 depending on H*. The proof of (3.1.29) is completed. O
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3.A. Normal geodesic coordinate

The purpose of this section is the following proposition, stating that the mapping @,
known as normal geodesic coordinate, defined in (3.4.22), realizes a diffeomorphism to its
image.

Proposition 3.A.1. Consider L > 0,0 < ¢y < 1, and Ny > 0. Lety : R/L — T x R be
the arc-length parametrization of a C? curve ¥ with length L, which satisfies the chord-arc
condition : for all s1,s9 € R/L,

(3.A.1) cols1 — so| < |v(s1) —v(s2)| < [s1 — s2l.
We define € €]0, +oc] as
Co
(3.A.2) €= ———,
Nol|&[| oo

where « is the curvature of the curve X. Then, if Ny is large enough, the mapping
®: R/Lx]—e€e — TxR
(s,7) = y(s) +rn(s)
is a diffeomorphism to its image, where n(s) is the unit normal vector.

(3.A.3)

Remark 3.A.2. Note that the choice of € above is not the same as (3.4.19). The extra dy in
(3.4.19) is to make sure that the image of ® lies in the fluid domain Tx]—H™, H~|, especially in
finite depth case. Actually, once Proposition 3.A.1 is proved, the injectivity of ® can be obtained
for any choice of e smaller than (3.A.2) above.

If |||~ = 0, the curve X is straight. In this case we have ¢ = +oo and that ® is
trivially a bijecttion. For non-trivial case ||s||L~ > 0 (thus € €]0, +oc[), one can compute
the determinant j of the Jacobian of ®,

Jj(s,r)=1+rk(s) €[1/2,3/2],
when Ny is large enough. Thus, @ is at least a local diffeomorphism with the desired cor-
respondence. In the sequel, we shall check that this property is global by showing the
injectivity of ®@. If ® is not injective, then

(3.A.4)
J distinct points (s, r), (s',7) € [0, L] x [—¢, €], such that y(s) + rn(s) = v(s') + r'n(s').

Without loss of generality, we may assume s < ¢, since s = s’ implies r = ' by de-
finition of ®. We will first prove that (3.A.4) holds only when s and s’ are close enough
(see Lemma 3.A.3 below) and deduce Proposition 3.A.1 by showing that ® must be locally
injective.

In this section, the identification that [0, 27| X R is a subdomain of C will also be used,
which enables us to define a real function 6 such that

(3.A.5) ’73(5) = (as(s)>ﬁs(5)) = ei@(s)‘
Then, by definition, the curvature reads

(3.A.6) R=—=Ts M= —Tss N = — Im(’)’ssm) =0
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3.A.1. Reduction to local injectivity.

Lemma 3.A.3. Let Ny > 2 and ||k||z > 0. Then, under the assumption of Proposition 3.A.1,
(3.A.4) implies

(3.A7) s— o] < —2
Nol|&[| o

Proof. In fact, the assumption (3.A.4) can be written as

S

v(s') = v(s) = rn(s) —r'n(s") = (r — " )n(s) + r’/ k(s1)7(s1)ds1,

where 7 is the unit tangent vector of X. The length of left-hand side can be bounded from
below by applying chord-arc condition (3.A.1),
cols — 8’| <] (s") —(s)l,

while the length of right-hand side is controlled by

S
Cy
lr — 7| + 7“'/ k(s1)T(s1)ds1| < |r — 7| +|s — &'le||k||pe < |r — 7| + F(;‘S — &
S/
By combining the estimates above, we have
cols = &' < |Jr —7'| + %L@ —§|.
Then, we can conclude by using the condition Ny > 2,
|s —§'| < 2|7"77“’| < ée< 4
Sl T e ol
which gives the desired inequality (3.A.7). O

3.A.2. Local injectivity.

We shall check below that, when s and s’ are close in the sense of (3.A.7), (3.A.4) can
not hold, which is a contradiction and Proposition 3.A.1 follows.

Lemma 3.A4. Let Ny > 1 and |||/~ > 0. Then, under the assumption of Proposition 3.A.1,
the inequality (3.A.7) yields

7(s)-7(s") > 7

Proof. By identifying the unit tangent vector 7 as complex number (see (3.A.5)), we have
7(s) - 7(s") = cos(f(s) — 0(s)).

Then the expression (3.A.6) of the curvature « gives

4
10(s) —0(s")| < |s —'|m Ny

ax|0'| = |s — s'|max |k| <
[s.5'] [s.5']

k| =
A 1%l
By choosing Ny large enough, we can assume cos(4/Ny) > 1/2, which proves the desired

result. O
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Proof of Proposition 3.A.1. Now we are able to deduce a contradiction to (3.A.4), based on
Lemma 3.A.4. Let us consider the real-valued function :

f: [—e€ — R
he = (s +hn(s") = () - 7(s)

Once (3.A.4) holds true, f will admit a zero h = 7/, while
(7(3’ + hn(s") —y(s) — hn(s)) - 7(8)

(/ T(s1 d31—|-h/ ns(s1 d51> -7(s)
(/ 7(s1)ds1 +h/ K(s1)T (51)d31> 7(s)

/ (L+ hr(s1))T(s1) - 7(s)ds1.

From Lemma 3.A.4, 7(s1) - > 1/2, and the definition of e ensures that
1+ he(s1) =1 — €|l zoe =1 — ~2 > 1/2,
No

for large enough Ny. Therefore, f has alower bound |s—s’| /4 > 0, which is a contradiction.
0
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4 - Cauchy problem for cylinder-like capillary jets

The motion of liquid jets plays an importantrole in physics and engineering, and needs
rigorous mathematical investigations. Recently, Huang-Karakhanyan proved the first local
well-posedness in Sobolev spaces for axisymmetric jets. In this chapter, we will extend this
result to general jets, namely without any axisymmetry condition.

4.1. Introduction

4.1.1. History of the problem

The study of liquid jets has a long history in physics. It is until the beginning 19th cen-
tury that researchers discovered that the singularity (namely, break-up) of jets is regard-
less of any exterior forces (gravity, for example), and should be due to surface tension,
which is a nature of the fluid. In 1873, Plateau [ ] firstly observed that this instability is
related to the area of jets. Soon in 1879, Rayleigh [ ] developed a linear stability me-
thod and explained this phenomenon from a theoretical point of view. Meanwhile, other
physical nature of jets were also widely studied. We refer to [ ] for more histories and
results on physics.

In mathematics, the study of jets is concentrated on the steady case (system inde-
pendent of time), especially the flow in nozzles. For the research on fixed infinitely long

nozzles, we refer to [ ; ; ; ]. In the case of semi-infinite nozzle (with
half free boundary), the early study using hodograph transformation and conformal map-
pings can be found in [ ; 1 and a stronger method via variational formulation is
developed by Alt, Caffarelli, and Friedman [ ; ; 1. Recent progress on this
topic can be found in [ ; ; ] and the references therein. Except for nozzle
problem, there are also some other results on stationary jets [ ; 1.

The purpose of this chapter is to demonstrate the local well-posedness of the time-
dependent system, which is the first step to the mathematical justification of Rayleigh-
Plateau instability [ ; ]. For the system depending on time, some formal construc-
tion of special solutions is established [ ; ]. The first study of the Cauchy problem
has recently been given by Huang-Karakhanyan [ 1, where the authors prove that the
axisymmetric jets are locally well-posed in Sobolev spaces. In [ ], the same authors
studied in detail the Dirichlet-to-Neumann operator in the problem of Taylor-cone ari-
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sing from break-up of jets. In what follows, we will extend the well-posedness obtained in
[ ] to the case without the axisymmetry condition.

4.1.2 . Setting of the problem
Cylinder-like jets

In this chapter, we are interested in the 3D jets that are not necessarily invariant by
rotation. The shape of such jets can be characterized by

(4.1.1) Q(t) = {(z,2) ER* xR:z = 0or|z| <n(t z/|z],2)},
and its free boundary is given by
(4.1.2) Y(t) = {(z,2) €ER* xR : |z]| = n(t,z/|z|, 2)},

where 7 is a strictly positive function defined on R x T x R. From physical background of
the problem, we focus on two cases : steady interface with little perturbation and periodic
interfaces. Rigorously, the following hypotheses on initial data 1y = n|=o will be made in
the whole chapter :

(HO) HCU, co > 0, such that ¢y < no < C();
(H1)  (Perturbative case) 3R > 0, such thatny — R € H*(T x R), for some proper s;
(H1)  (Periodic case) 4L > 0, such that 7y is periodic in z of period L.

In perturbative case, (H1) indicates that, when s > 1 and z — 400, no(w, z) tends to R
uniformly in w, which can be formally preserved for all time due to the governing equation
(4.1.7), while (H1) and (HO) will hold for short time from our main result Theorem 4.1.2.
In periodic case, one may check that (H1’) is preserved for all time by using the fact that
equations (4.1.3), (4.1.7), and (4.1.8) are invariant by translations in z-direction. Therefore,
n should be viewed as a function on R x T? (for simplicity, we may take L = 27). In what
follows, we focus on the perturbative case, while all the results hold true in periodic case
with normalizations eliminated.

We also assume that the fluid is inviscid, incompressible, and irrotational. Conse-
quently, the velocity field u satisfies Euler equation with divergence-free and rotation-free
conditions

(4.1.3) { du+u- vw,zu + vx,yP =0, in Q(t),

divy . u =0, curl,,u =0, in Q(1),

where P is the pressure driven only by surface tension.
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Boundary conditions

In order to fully determine the motion of fluid and free surface, we introduce two
boundary conditions on X(¢). The first one is the kinematic boundary condition,

(4.1.4) n-y =n-u, onX(t),

where, for all time ¢, n = n(t) is the outward unit normal direction to X(¢) in R* and
~v = 7(t) is the parametrization of X(¢),

y(t): TxR — R3
(w,2) = (n(t,w,z)cosw,n(t,w,z)sinw, z) .

In coordinate (w, z), n equals

1
(4.1.5) n= 7 (er — n—wew — nzez> ,
n

with
e, = (Cosw,sinw,0), e, = (—sinw,cosw,0), e, =(0,0,1),

and

2
(4.1.6) [ = \/1 + (”;) + 2.

As a result, (4.1.4) can be rewritten as

(4.1.7) e = <er - %‘}ew - nzez> : U‘E‘
The second boundary condition in need is the balance of forces on the free boundary
DI
(4.1.8) P| H !
. . = O‘ —_—
b R )

where ¢ > 0 is a constant and H is the mean curvature. The normalization 1/(2R) is
necessary in perturbative case, since the mean curvature

111 0u (M N2
4.1.9 H=-|=—-=2(2)-9,(£
@19 2[771 77<77l) a(l>]
tends to 1/(2R) as z — £oo under the hypothesis (H1) with s > 3. In periodic case, this
normalization can be omitted.

Remark 4.1.1. Although gravity is typically an essential factor in water-wave problems, in
this chapter we focus exclusively on the model without gravity. This choice is motivated by our
ultimate goal : the study of the Rayleigh-Plateau instability, where surface tension serves as
the only source of instability. It is worth noting that the zero-gravity model can be viewed as
an approximation of systems with large Froude number—a regime that characterizes thin and
elongated liquid jets (see, for example, the experimental study in [R]70]).
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4.1.3. Craig-Sulem-Zakharov formulation

Unlike standard 3D Euler equation, (4.1.3) is defined in a domain varying in time.
To overcome this difficulty, we follow the idea from Zakharov [ ] and Craig-Sulem
[ 1. which can reduce the problem to equations on a fixed domain T x R (or T2 in
periodic case).

To begin with, we observe that the irrotational and incompressible conditions guaran-
tee the existence of harmonic scalar potential ¢

(4.1.10) Ay 0=0, Vy.¢p=u, inQ(t).

In terms of ¢, (4.1.3) can be written as

2
Vo (00+ U5 p) <0,
which yields the Bernoulli’s equation
Va,20/?

(4.1.11) O +

5 + P =0, inQ(t).

Note that the right hand side should be a constant depending only on time, while, by
absorbing this constant in P, we may take it to be zero for simplicity.
Now, let us consider the trace ¢ of ¢ at the free surface 3(t), namely

(4.1.12) Y(t,w,z) = ¢ (n(t,w, z) cOsw,n(t,w, z) sinw, z) .

By definition, ¢ can be uniquely determined by « (and n implicitly) via the following linear
elliptic equation

(4.1.13) { A6 =0, inQ(t),

Plsy = .

Consequently, the right hand side of (4.1.7) can be regarded as a function depending
linearly on + and implicitly on n, which gives rise to the (formal) definition of Dirichlet-to-
Neumann operator,

(4.1.14) G(n) = <er - %’ew - nzez) S VA

It is easy to check that G(n) is linear, positive, and that nG(n) is self-adjoint. A rigorous
study of this operator will be given in Section 4.2 and 4.3. In terms of the quantities below

» 2 _ B2
(4.1.15) N=BV. <"6w+nzez> +|V27
0
(4.1.16) B=e Vol
(4.1.17) V = ew (co - Vood) |+ €2 (65 - Vird) |5
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we have

m = ( )dj B-V. <n6w +772€z> s
and, from (4.1.11) and (4.1.8),

Y =0 (¢ (t,ncosw,nsinw, z btls + neer - Va2 9|5

) =
(T ) (o ()
V<2+Bl>g<H2;> <B V. <new+nzez>>B
= H_ﬁ N.

In conclusion, the system (4.1.3), (4.1.7), and (4.1.8) is reformulated as the following
equationson T x R (or T2 in periodic case)

V4o (H—F5) +N=0.

4.1.4 . Main results

The main result of this chapter is that the system (4.1.18) is locally well-posed in So-
bolev spaces. More precisely,

Theorem 4.1.2. Let (g — R, 1) € H*T2(T x R) x H*(T x R) with s > 3. Assume that ng
satisfies the hypotheses (HO) and (H1), or (HO) and (H1") for periodic case. Then there exists
T > 0, such that the system (4.1.18) with initial data (no, o) admits a unique solution

(n— R, € C ([0 T[; H"3(T x R) x H*(T x ]R)) .
Moreover, the hypotheses (HO), (H1) or (H1') are preserved for all t € [0, T

Moreover, we shall prove that the flow map is continuous in the sense of following
theorem:

Theorem 4.1.3. Under the hypotheses of Theorem 4.1.2, for all 0 < r < 1, we denote by
Bg (1o, ;1) the collection of all (o, 1) with

[(no — R) — goHHH%(TxR) + [0 — Yol gs(rxr) < T,

which is a subset of H st3 (TxR)x H*(TxR). Then there exists T,. > 0 (depending on (no, 1o)),
such that the system (4.1.18) with initial data in Bs (1o, o; )+ (R, 0) admits a unique solution

(7, 4) on [0, T, with (7—R, ) € C ([O,Tr[; H*2(T x R) x H*(T x R)), and the hypotheses
(HO), (H1) or (H1') are preserved for all t € [0, T, .
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Moreover, the flow map

F: By(no,voir) — L2([0,T.[; H* 2(T x R) x H*(T x R))

(4.1.19) (Co, ) . (ﬁ(t) — R,qﬁ(t)) .

is continuous.

These well-posedness results have attracted lots of attention for planar water-wave

[ ; ; ; ; ; ; ; ; ]in recent years. And the
same problem with different geometric setting such as water drops [ ; ; ;
; ; ; ] has also been widely studied. [ ] provides the first re-

sulton cylinder, and the theorems above extend it by deleting the axisymmetric condition.

4.1.5. Idea of the proof

Formally speaking, we attempt to investigate the hyperbolic nature of water-wave
equation (4.1.3) with (4.1.7), (4.1.8), and reformulate the equivalent system (4.1.18) as

(4.1.20) Y + AY)Y = F(Y),

where Y is a new variable defined as an elliptic operator acting on (n,v) and F(Y) is
a (relatively) regular source term relying implicitly on Y. The high order linear operator
A(Y") also depends implicitly on Y with

Then classical methods for hyperbolic equations allow us to construct a series of approxi-
mate solutions and prove their convergence to a solution to (4.1.20) via energy estimates.
With a similar argument, one may also show the uniqueness of the solution, which com-
pletes the well-posedness stated in Theorem 4.1.2.

In the context of water-wave problem (4.1.18), there are several difficulties :

1. How to rewrite the nonlinear terms as A(Y)Y up to acceptible remainders?

2. What is the dependence of A(Y) in Y'? Or equivalently, how do G(n), N, and H
depend on (n,v)?

3. Does the unique solution depend continuously on time and initial data?

To solve these problems, we follow the idea of [ ; ] and apply the tech-
niques of paradifferential calculus. More precisely, we shall write all the nonlinear terms
as paradifferential operators acting on (7, v), where the implicit dependence in (7, ¥) will
be reflected in the symbols to be calculated explicitly.
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Paralinearization of G (7).

In order to write G(n) as a paradifferential operator with symbol depending explicitly
on 7, from definition (4.1.14), one can see that the core of this problem is to express
normal derivative of potential ¢ as tangential ones, where the implicit dependence on 7
is mainly hidden in Poisson’s equation (4.1.13). Asin [ 1, we will reformulate (4.1.13)
as an elliptic equation on a fixed domain (see (4.2.22)), where the Laplacian A, relies on
metric g, or equivalently n. Then, by decomposing the Laplacian in normal and tangential
part, we can see that the difference of normal derivative of ¢ and a tangential operator
acting on ¢ is governed by a hyperbolic equation, implying the desired paralinearization
(4.3.52).

A major difficulty in this step is that the coefficients are smooth in 5, which has limi-
ted regularity. As a consequence, if one applies directly the calculus above, most of the
remainders will have the same regularity as the principal terms. To deal with this lack of
regularity, we replace 1 by Alinhac’s good unknown U = 1) — Tgn defined by (4.3.19), which
is inspired by paracomposition (see Appendix 4.C.4 and [ 1). Note that it is possible
to recover v from U and .

Paralinearization of IV, H.

The treatment of IV is easy since it can be expressed as a smooth function of G(n), n,
1, and their derivatives. The desired paralinearization follows easily from classical formula
(4.C.19). The same formula also works for mean curvature H which is a smooth function
of n and its derivatives.

Symmetrization.

Given the paralinearizations above, we can rewrite the main equation (4.1.18) as (4.3.68),
which takes the form of (4.1.20) with

AY)=Ty -V +L.

The first part Ty - V can be roughly viewed as transport V - V with a Lipschitzian vector V,
and the classical arguments can be applied. The second part £ is a matrix of paradifferen-
tial operators and the symbol of each entry is homogeneous in Fourier variable £. After
simple linear transform, the matrix of symbols becomes anti-Hermitian (see Section 4.4).
To do the same symmetrization at operator level, it suffices to apply symbolic calculus as
in Section 4 of [ 1.

Cauchy problem.

As mentioned above, we will first construct a series of approximate solutions gover-
ned by

(4.1.21) OY. + A(Y.)Y. = F(Yo),



158 CHAPITRE 4. CAUCHY PROBLEM FOR JETS

where A.(Y") is a mollification of A(Y"). Note that, in order to maintain the property A.(Y)*
—A(Y), this mollifier cannot be taken as a simple localization in Fourier variable. Instead,
A (Y) will be defined by inserting a well-chosen paradifferential operator depending on
nin A(Y).

Another difficulty arsing from the convergence of approximate solutions Y, is that,
to compare Y, with another Y, it is necessary to calculate the Lipschitz norm of F. We
will see in Section 4.3.5 that the core of this problem is to study the derivative-in-n of
G(n)v, which is known as shape derivative. A standard proof of this can be found in Section
33 of [ 1, which does not work here due to some difficulties from the geometric
nature of the cylinder. Inspired by [ ], we first study the Hamiltonian formulation
(Proposition 4.2.5) of the system (4.1.18), which then implies the desired shape derivative
formula (4.2.42).

Continuity of the solution.

It remains to check that the unique solution constructed as the limit of approximate
solutions is continuous in time and initial data. It is possible to use the same strategy as
in Section 6 of [ 1, while, in this chapter, we will use another method. In a recent pa-
per [ ], the authors prove a nonlinear interpolation theorem (see Theorem 4.5.19),
which can be briefly stated as : if the flow map satisfies the contraction (4.5.50) and tame
estimate (4.5.51), the solution will be continuous in time and initial data. The former one
follows easily from the energy estimate, while the tame estimate holds due to the para-
differential calculus. In fact, all the estimates involving paradifferential operators require
the index of regularity to belong to an open interval. Then it is harmless to replace these
index by slightly smaller one, which gives the desired tame estimate.

4.1.6 . Plan of the chapter

In Section 4.2, we will construct a proper change of variable to pull the Poisson’s equa-
tion (4.1.13) back to a fixed domain and prove the elliptic regularity with details left to
Appendix 4.B. Moreover, the Hamiltonian formulation will be given and, as a result, we
will deduce the shape derivative formula.

In Section 4.3, we firstintroduce the homogeneous symbols to be studied in this chap-
ter and clarify the basic properties of paradifferential operator of these symbols (the ge-
neral theory will be reviewed in Appendix 4.C). Then the paralinearization of G(n), N, and
H will be given as well as the paralinearization of the system (4.1.18). In the end of this
section, we will justify that all the remainders arising from the paralinearization are Lip-
schitzian in (1, v).

With the symmetrization proved in Section 4.4, we are able to define the approximate
system in Section 4.5, where the energy estimate will also be proved. As a consequence,
we deduce the convergence of approximate solutions and the uniqueness of the solution,
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whose continuity in time and initial data is left to the end of Section 4.5 via nonlinear
interpolation.

The Appendix 4.A is devoted to a review of Sobolev spaces defined on domains with
smooth boundary which is used in the pull-back of the Poisson’s equation 4.1.13. And
Appendix 4.D contains a direct (but complicated) variational calculus, which proves the
most important identity in the Hamiltonian formulation of (4.1.18).

4.1.7 . Notations and conventions

In what follows, we list the notations and conventions frequently used in the whole
chapter. And a list of symbols is available at the end of this chapter.

- Let W € C}° be a fixed function (usually it is a constant). We denote by Hyj, the set
of functions f such that

[f Iz, = If = Wilas < +o0,

where H? is the Sobolev norm. For example, all n satisfying (H1) with R > 0 belong to
Hp(TxR). Furthermore, an operator L : Hyy — Hyy, issaid to belinear when (f—Wp) —
(Lf —Wh)is linear from H*®° to H*!.

- We denote by D the open unit disk in 2D, namely {y € R? : |y| < 1}. Its boundary is
denoted as S, which will be identify as the 1D torus T.

- We say x is a smooth truncation near K C R4, if y € Cg°(R?) is supported in a
(usually small) neighborhood of K and is equal to 1 in a smaller neighborhood of K.

- All the large constants will be denoted as C or C,, if this constant depends on some
parameter «. Moreover, we write C'(Q) for some quantity @ > 0 when C' > 0 is a smooth
increasing function of Q.

- We use the Einstein summation convention : if an index appears twice, a summation
in this index should be added automatically. For simplicity, theses summations will not be
precised in the formulas.

- We use double integral [[ for the integrals in domain (¢) (or its pull-back by diffeo-
morphisms), and single integral [ for those on interface ¥(¢) without precising the region
of integration.

- We say a linear operator 7' is of order m € R, if it is bounded from H* to H5~™ for all
s € R.When an operator is of order m for all m € R, itis said to be a smoothing operator.

- For real number s, we write s+ for s + ¢, where € > 0 is a small number, when the
exact value of e is not important. Similarly, s— stands for s — e with 0 < ¢ < 1.

4.2 . Preliminaries

In Section 4.1.3, we have reformulated our problem as (4.1.18) on fixed domain T x R,
while the implicit dependence on the shape of fluid, or equivalently 7, is hidden in the
definition of Dirichlet-to-Neumann operator G(n) and the non-linear term N. In order
to clarify this dependence, it is essential to rigorously investigate the relation between v
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and ¢, or equivalently the Poisson’s equation (4.1.13), where the main difficulty is that the
domain §2(t) varies in time. To reduce the problem to a fixed domain, in axis-symmetric
case [ ], the authors use an explicit change of variable :

[0,1] x T x R — Q(t), (p,0,z) — (pn(t,z)cos(9), pn(t, z)sin(0), z),

where the dependence on angular variable 6 can be omitted due to the symmetricity.
In this way, one may rewrite the Poisson’s equation (4.1.13) as an elliptic equation on
[0,1] xR,

@21) { Voo Q,1m:)Vpap =0, in[0,1] x R,

90|p:1 =1,
where @ is a smooth function of ), n, that can be calculated explicitly. At p = 0, there is no
boundary condition directly from (4.1.13), while one may add the compatibility condition
9| =0 = 0 to avoid singularity at the axis {p = 0} C Q(¢).

Clearly, this boundary condition is not reasonable in general case (with dependence
on angular variable). To overcome this difficulty, instead of looking for a generalized boun-
dary condition, we attempt to flatten (¢) in an alternative way so that no extra boundary
will be generated. In the study of water-drop, where €(¢) is a perturbation of unit ball,
Beyer-Guinther [ ]introduce a diffeomorphism from unit ball to the water-drop which
equals identity near zero, up to multiple of positive constants. Inspired by this work, we
shall extend n defined on T x R to a positive function ¢ = ((y, z) on D x R (see (4.2.5)),
such that in polar coordinate (y, z) = (p#f, 2), ¢ equals n at p = 1 and behaves like p near
p = 0. In this way, the domain (¢) can be characterized by z = ((p0,2)0,z = 2, and
there is no singularity at p = 0 since x = ((p#, z)0 behaves like pf = y near y = 0 (see
Proposition 4.2.2).

Via this change of coordinate, (4.1.13) can be reduced to an elliptic equation on D x
R, whose coefficients depend smoothly on 7. The desired elliptic regularity (Proposition
4.2.3) then follows from some classical arguments. As a corollary, we may obtain the high-
order estimates for Dirichlet-to-Neumann operator G(n) (Corollary 4.2.4).

Furthermore, this change of variable gives a rigorous meaning of the variational cal-
culus, which is required for Hamiltonian formulation (Proposition 4.2.5). In fact, from the
definition (4.2.29) of energy Hamiltonian H, it is clear that its variation in n can be redu-
ced to derivative-in-n of metric, which is a smooth function of  and its derivatives, due to
our construction of coordinate (z, z) = (((y, 2)y, z). Hence, in consideration of the elliptic
regularity (which guarantees all the integrands are integrable), all the derivatives-in-n of
potential and kinetic energy make sense.

As a result of Hamiltonian formulation (Proposition 4.2.5), we shall also deduce the
shape derivative formula (4.2.42), which provides a preliminary explanation of how Dirichlet-
to-Neumann operator G(n) depends on 7 (while more delicate results will be given in
Section 4.3 via paradifferential calculus).

Note that, in planar water-wave case (where free surface is homotopic to hyperplane),
it is easier to start by proving shape derivative formula (see Chapter 3 of [ ] forins-
tance), which implies the Hamiltonian formulation. To use this method, it is essential to
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find explicitly a harmonic extension of Bén appearing in the right hand side of (4.2.42)
so that one could calculate G(n)(B¢). However, this harmonic extension is not evident in
our context, preventing us to repeat the argument for planar water-wave. That is why we
begin with the Hamiltonian formulation and then prove the shape derivative formula. As
a by-product, during the proof of Proposition 4.2.8, we shall see that the shape derivative
formula is somehow equivalent to the variation of kinetic energy in n, which is the core of
Hamiltonian formulation.

Itis also worth mentioning the recent work by Baldi-Julin-Manna [ ] on the study
of liquid water drop. The authors develop an alternative method based on differential
geometry to deal with the singularity at the origin. This method allows us to prove directly
the shape derivative formula with little interior information involved (i.e. one can work
solely on the boundary). And it could be expected to work well for jets and the planar
water-wave with rough bottom (for example, the case studied in [ 1). Nevertheless,
these geometrical calculations require further justifications in low-regular context, which
may end up with more technical details. In the mean time, the equivalence between shape
derivative formula and Hamiltonian formulation is not revealed during the proof.

In this section, the hypotheses (HO) and (H1) (or (H1")) play an important role, while we
will not precise them in each statement for simplicity.

4.2.1 . Change of coordinate
As explained above, we aim to construct a diffeomorphism of the form

t(t): DxR — Q@) CR3

4.2.2
(4.2 2 = (GC(hy,2),2)

with boundary correspondence, where ( is an explicit extension of 7. To begin with, we

fix a general extension 7 of n to D x R, and construct ¢ in a proper way so that the map-
ping above is a bijective and thus a diffeomorphism. For simplicity, time variable ¢ will be
omitted in this part since each step below is independent of time. The construction of ¢
has been givenin [ ] for water droplets (free surface homotopic to S%). We will see in
the sequel that it also works for jets.

Extension of 7.

Let n be a function in H(T x R) with s > 2, satisfying (H0) and (H1) (or (H1")). Then
we may define 7, in polar coordinate (y, z) = (p#, 2), as

(4.2.3) (8, 2) == x1(p)Xo((p = 1)(Do.z)) [1(0,2) — R] + R,

where o, x1 are smooth truncation near 0 and 1 respectively, xo is even and [ xo = 1. It
is easy to check that this extension satisfies the following properties :
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Lemma 4.2.1. Let s > 2. The scalar function 7 defined by (4.2.3) belongs to H;Jr%(]]) x R)
with

(1) ﬁ‘pzl =1,

(2) 0,1 is uniformly continuous in I x R with 0,7|,=1 = 0,

(3) The linear application Lo : (n—R) — (7—R) is bounded from H*(T xR) to H st3 (R3),
and from C*~1(T x R) to C*~1(R3);

(4) There exists 0 < § < 1, such that, forall p € [1—§,1], 7 > & and |0,7| < 5. Moreover,
0 depends only on the H® norm of n.

Recall that ¢y is the constant appearing in (HO).

Proof. These claims are trivial except for the boundedness in Hélder space (from C*~1(T x
R) to C*~1(R3)). To prove this, we first show that the multiplier x1(p)o((p — 1){(Dy..)) is
bounded from C%(T x R) to C°(IR?). The kernel of this multiplier is given by

1
(27)?

where w = (6,2), w' = (#',2'), and £ is the Fourier variable associated to (6, z). A simple
calculus gives that

K (w,w'; p) = /éwf”?umma@—mxawa

1K (w,w'; p)| < x1(p)|1 — p| 2,
while

1
(27)?

5m@mr4W/&a@—n@»éﬂ4gxﬂmu—m1.

‘(w —w) K (w,w'; P)’ = ’ /ei(w_w,){Xl(P)a{ (Xo((p = 1)(£))) dﬁ‘

Similarly, one gains |1 — p| from each product with (w — w’), and thus for all N > 1,

-N
o Jw—w

(4.2.4) K (w, s p)| S xa (o)L = pl 2<|1_p|> :

which proves the boundedness of Lq from L>(T xR) to L>(R3). Provided thatn € C°(T x

R), then continuity of 7 = Lo(n — R) + Ron {p # 1} is obvious due to the continuity of K

in (w,w'; p) and the estimate (4.2.4) of K. To obtain the continuity at {p = 1}, we notice

that

/K(w, w'; p)dw’ = x1(p),

which, together with (4.2.4), guarantees that 77(p) — n as p — 1, locally uniformly in (6, 2)
(see Section 1.2.4 of [ 1.

For high order regularity, we observe that the derivatives in w = (0, z) is commutative
with Ly, i.e.

007l Lo (m3) = Lo ()| oo (m3) S 10| Lo (Txr), Vv € N2,
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As for the derivatives in p, one can see from the definition (4.2.3) that each derivative in p
leads to a (D,,), reducing the problem to derivatives in w. In conclusion, we have proved
that L is bounded from C*(T x R) to C*(R?) for all k € N and the case of non-integer s
follows from the interpolation between Hdlder spaces (see Section 1.1.1 of [ D. O

Here, we have managed to define 77 on R3, while we only consider its restriction in
D xR. Note that this construction is not unique and the next step is valid for any 7 verifying
Lemma 4.2.1.

Construction of (.

Let x € C2°(R) be an even function decreasing on [0, +oc], supported in | — 1, 1[, and
equaltolon|[—1+4,1 —d] with0 < ¢ < 1. Then we define

(4.2.5) ¢(rd, z) == (1 = x)(p)7(p0, 2) + ex(p) Mmn,

where 0 < ¢ < 1 is a constant depending on ¢y, Cp in (HO) and Mn € R is the mean of 7.
In perturbative case, when s > 2, (H1) implies that

1 l 2T
Mn:= i — = R.
T AN a /_ Jy o 2)dbdz = R

In the periodic case, My is the usual average of n on T?. Note that (HO) guarantees ¢y <
Mn < Cy.

Proposition 4.2.2. Let s > 2, § be chosen as in (4) of Lemma 4.2.1, and ¢ = 4%00. Then the
mapping . defined by (4.2.2) is bijective with boundary correspondence (S x R) = X. The
Jacobian of v is bounded from below by

3

4.2, = o p > ‘o
(4.2.6) detJ := det(d,t”) 1Cy’

where cq, Cy are constants in hypothesis (HO). Moreover, the linear application

L:(n—R)— ((—Rep)),

is bounded from H*(T x R) to H**2(D x R), and from C*~1(T x R) to C*~1(D x R), with
R, defined by

(4.2.7) Rc(p) =R —(1—¢)x(p)R.

Proof. The boundedness of L is a direct consequence of Lemma 4.2.1. To prove the bijec-
tivity of ¢, from the definition (4.2.2), it suffices to check that, in polar coordinate (y, z) =
(pB,2), 0,(p¢) > 0forall 0 < p < 1. By definition (4.2.5) of ¢, we have

9p(pC) = (1 = x)(p) (7 + pdpi) — pX'(p) (7 — eMn) + ex(p) M.
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The first term is positive since it is supported for 1 — 6 < r < 1, where 77 > ¢y/2 and
|p0,m| < ¢o/4 due to (4) of Lemma 4.2.1. The positivity of the second term follows from
the fact that eMn < eCy = ¢p/4 and 77 > ¢p/2 on Suppx’ C [1 — 4, 1]. The last term is
trivially bounded from below by ex(p)co. To sum up, for all p > 0,

2
Co o i)
2. = —(1—- - — > —.
(4.2.8) 0p(pQ) 2 (1 =x)(p) = X' (p) + ecox(p) 1o
Thus, by definition (4.2.2) of ¢, the Jacobian of « admits the lower bound det J = (9,(p¢) >
s/ (4Cy). O

For simplicity, in the sequel, we shall ignore the normalizations and say that { = Ln
is linear as in periodic case. As the extension 7 defined by (4.2.3), ¢ is well-defined in
H*+3(R3), up to Cg°(R?) normalization, whose restriction in D x R will be studied. Be-
fore entering the next section, we introduce some conventions and notations to be used
frequently in the following sections.

- We use Latin letters for the indices involving 5y € R? and Greek letters for those
related to (y, 2) € R3.

- We use u - v for the scalar product of vectors in Euclidean spaces, while uv” should
be understood as the matrix product. Besides, all the vectors are columns if there is no
further specifications.

- Let J = (aqp) be the Jacobian matrix of . defined by (4.2.2). It is easy to see that

T
(4.2.9) J:<J0 J1>:<C+Wy< y@))
0 1 0 1

whose inverse is denoted by

Jot =gt
(4.2.10) le(aaﬁ):< % 01 ! )

- Let (gap) := JTJ be the metric tensor whose inverse is denoted by (¢*%) = J=1J~T.
We use g to represent the determinant of (g,), which is equal to

(42.11) g = det(gap) = (det])* = (det Jo)> = [ (¢ +y - V,Q)I* = ¢ (9,(p())* > 0.

Note that its restriction at p = 1 is n* since 0,(|p,=1 = 0 due to our construction.
- We denote by V, the pull-back of V. . by ¢, namely

(4.2.12) Vy=J"1V,..

Moreover the pull-back of Laplacian A, . reads

1
(4.2.13) A, = ﬁaa (\/ﬁg“ﬁaﬁ) ;

which is clearly uniform ellipticon D x R.
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- Let ny be the pull-back of the conormal vector n defined by (4.1.5). One may check
that

(4.2.14) ng=J 1Y,

where Y = (y1,y9,0)7.
- In polar coordinate (y, z) = (pb, ), the restriction of V, at {p = 1} is

1 1 o UE
(4215) Vg = epﬁf)p + €p (7789 - ”728p> + €y (az - nap> N

where (e,, g, €. ) is the orthogonormal basis associated to polar variables (p, 6, z). Moreo-
ver, ny can be expressed as

1
(4.2.16) ng = — <ep — Dy - nzez> ,

while B, V, N defined in (4.1.16), (4.1.17), (4.1.15) read

1
(4.2.17) B = B(v) :E80p|p=17
1 2
(4.2.18) V= V(”tﬁ) = [ <§06 - W@p) eg + <902 - n@p) €Z:| ,
n n n p=1
2 n2
(4.2.19) N = N(¢)) =BV - (7379@9 + nzez> + W’QB,

where ¢ = ¢ o «. As a result, the Dirichlet-to-Neumann operator defined by (4.1.14) can
be expressed as

(4.2.20) Gy = g -Vgp| 1 =n(JTY)-Vgp| _ =B-V- (:77977) :

In addition, a simple calculation gives

(4.2.21) (89(?79 n ezaz> b=V +B <697Z79 4 eznz> .

4.2.2. Elliptic regularity

In this section, we shall solve (4.1.13) via variational formulation and illustrate the re-
gularity of ¢ from those of (7, ¢) with the help of diffeomorphism constructed in (4.2.2). As
a consequence, a rigorous definition of the Dirichlet-to-Neumann operator G(n), which is
defined formally by (4.1.14), and some high order estimates will also be established.

In the rest of this chapter, we denote by ¢ the pull-back of ¢ by change of variable ..
By definition (4.1.12) of ¢, it is clear that in polar coordinate (y, z) = (pb, 2),

V(0 2) = 80’,0:1 = ¢(0, 2).
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From (4.1.13), ¢ is the solution to

Agp =0,

4.2.22
(4.2.22) {sorp:1=weH80<TxR>.

Let U e H50+%(ID> x R) be an extension of i) supported near p = 1. One may repeat the
procedure in previous sections (construction of 77 from n) to obtain the desired . Then,
by writing ¢ = ® + ¥, the equation above can be restated as the following variational
problem

(4.2.23) / V& -V, H \/gdydz = — / VU -V, H\/gdydz, YH € H}(D x R).

Provided that n € H]S;%_(T x R) with s > 2, we have ¢ € Hf{l‘(]D) x R) from Proposi-
tion 4.2.2 and thus gas, ¢*?, g € L=(D x R). A classical argument by Lions-Lax-Milgram
theorem (see for example [ ]) guarantees a unique solution " € H&(]D) x R) to the
variational problem (4.2.23), which yields ¢ € H'(D x R). Moreover, by choosing H = &',
we obtain the estimate

e inf \/§H‘I’/H?{3(Dxm) <G sup VIl g2 xr) 1Y) 2 xRy

where 0 < ¢; < ( satisfies ¢; < (go‘ﬁ) < (4. Under the hypothesis (H0), by using the
definition (¢2#) = J~1J~T with J defined by (4.2.9) and lower bound (4.2.6), we have

19| 3 oxry < CLll® | 1wy
for some C depending only on ¢, Cy appearing in the hypothesis (HO).
Consequently, we are able to define G(n) by duality :

(4.2.24) /G(n)zﬁhd&dz = // Voo VyH\/gdydz, VH € H*(D x R), h = H|,—1.

An application of the trace theorem and duality of Sobolev spaces implies the following
estimate

3
6225 1GO, <€ (Wl ) Iy >

In order to obtain high order estimates, we need to prove the regularity of the elliptic
equation (4.2.22) or its variational form (4.2.23).

1_
Proposition 4.2.3. Letn € H?Q (T x R) and ¢ € H*(T x R) with s>3 and } < so < s.
Then the unique solution ¢ = ® + U to (4.2.23) verifies

(4.226) 160 03 oy < € (11 ) I

R (TxR)

where C > 0 is a smooth increasing function.
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The proof of this proposition is classic and we leave it to Appendix 4.B. As a corollary,
we are able to generalize the estimate (4.2.25) for high order Sobolev norms,

1_
Corollary 4.2.4. Letn € H}S;”? (TxR)s> % Then for all sy € [%, s|, we have

(4.2.27) ||G(77)||c(HSo(TxR);HSo—1(TxR)) <C <||77||Hs+§> )
R

where C' > 0 is a smooth increasing function.

4.2.3 . Hamiltonian structure

In this section, we investigate the Hamiltonian structure of (4.1.18). Recall that for stan-
dard water-wave equation where the interface is given by {(z,y) € R¥*! . y = n(x)}, the
Hamiltonian # is taken as the total energy, which is preserved in time and can be written
in terms of n and ¥ (restriction of scalar potential), and the Hamiltonian formulation reads

{ N = %7

_ 0
=3
This formulation has been firstly discovered by Zakharov [ 1, while the case of two-
phase fluid is studied by Benjamin-Bridges [ ]. For fluids with nonzero vorticity, Castro-
Lannes [ ] formally prove the Hamiltonian equation for the triple (1, v, w), where
can be defined by projection and w is the vorticity.

Inthe case of sphere-like interface, Beyer-Gunther [ ] pointed out that one should

modify 1 by p = n%), where d is the dimension of spherical interface ( perturbation of unit
sphere S9). Inspired by this, we turn to the new variable (1, p) := (1, 7¢) satisfying

{ ne = G(n),

4.2.28
(4.2.28) pi = —pG 4 (o (H = ) + N).

due to equation (4.1.18).
The total energy of the system (4.1.18) (or (4.2.28)) is
(4.2.29) H = E + E,,.

Here E is kinetic energy
(4.2.30

)
1 1 1
Buimy [ (Vesoffdodz =5 [[ 9yl Vadydz =5 [ w06 vasd.
2.)Jaw 2 ) Jpxr 2 Jrxr

where the last equality follows from divergence theorem and Ay = 0 (see (4.2.24)). E,
is potential energy

2 2
g o UL In — R|
(4.2.31) E::A:/) \ﬁ+<>+31
P2 2 g | n ! 2R

dodz,
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where A is the (normalized) area of interface X(¢) and R is the constant from (H1). In the
periodic case, these normalization can be omitted.

By regarding H as a function on n and p = 1, we have the following Hamiltonian
formulation.

1
Proposition 4.2.5. Let1 < so < sands > 3. Foralln € H?Q (T x R), on € H”%("JI‘ x R)
and p,op € H%(T x R), we have

(4.2.32)

Hp + edp, 1) = / nidpdbdz,

& e=0
d
4.2.33 —
( ) de| .

H(p,n+ edn) = /(—pt)577d9dz,
where n, and —p, should be understood as the right hand side of (4.2.28).

Note that the results in previous sections imply that g, (gas), (9°°) € o3 (DxR)and
1

¢ € H*T3(D x R), so as their variations in p or 7. These ensure that all the integrands
below are integrable.

Variation in p.

We first prove (4.2.32). In this paragraph, we fix n and use the notation

0Q = 4

de Q(p + €dp)

e=0

for any quantity depending on p. Since the potential energy (4.2.31) depends only on 7,
the variation can be applied merely for kinetic energy (4.2.30),

OH = 6E), = / / Ve oV gbo/gdydz
= / / (v9) 'V ) - V. .0pdydz
= / Y - (Vg V) dpdbdz,

where Y = (y1,12,0)7 and the last equality follows from divergence theorem with &1 the
restriction of §¢. By (4.2.11) and (4.2.20), we have

Y (VgI T Vgp) 09 = (JTTY) - Veen?sp = G(n)yné = G(n)dp,

Note that the last equality follows from ¢) = p/n and the fact that n is fixed. This completes
the proof of (4.2.32).
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Variation in 7.

Let us fix p and denote

d
0Q == e o Q(n + edn)

for any quantity depending on 7). The variation of potential part £, can be calculated di-
rectly,

o 1
(4.2.34) 0E, = 55/1 = 0/77 (H - 2R) ondldz,

where H is the mean curvature defined in (4.1.9). For the kinetic part, we have

Lemma4.2.6. Let1 < sy < sand s > 3. Foralln,on € CS_%(TXR) and p,dp € H*°(TxR),
we have

d
(4.2.35) OF) .= —
de

Ei(p,n -+ edn) = / (G () + ) Snddd:.
e=0

Note that, by Sobolev embedding, (4.2.35) and (4.2.34) implies (4.2.33). Here we may
temporarily ignore the hypothesis (H1) since all the integrals below make sense whene-
ver n,n (and ¢, 6¢) have Lipschitz regularity, which is ensured by the condition n,dn €
C*2(T x R), s > 2.

Proof. By definition (4.2.30) of kinetic energy E}, we have

(4.2.36) OB, =I1 + I,

1
(4.2.37) L= / / D pd(1/99°P) D5 pdydz,
(4.2.38) Iy :// Vg - Voo /gdydz.

As before, by divergence theorem, I equals

(4.2.39) I, = / (G(n)y) ndydodz = — /w(G(n)w) ondldz,

where the last equality follows from 6y = d(p/n) = —onp/(n?) = —dn/n.

Remark 4.2.7. Our final goal is to establish the Hamiltonian formulation w.r.t. variable (7, p).
Therefore, during the calculation of variation in n above, the kinetic energy Ex, which is a
function of (n,) due to definition (4.2.30), should be regarded as a function of (n, p), namely

E, = Ey, <77, 2) = ;/pG(n) (i) dz.

And the variation in 1 should be understood for fixed p,

d 1 P
602/]90(774-6577) <77+€577> dx

0B, = ~
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However, in most parts of this chapter, we are interested in variable (), ) instead of (p, ).
Then, the derivative in ) should be defined with fixed v instead of fixed p (in such case, p = ny
may vary in n). The main difference is that, when ) is fixed, I is automatically zero due to the
first equality of (4.2.39). This is the case of shape derivative to be studied in Section 4.2.4.

As for Iy, a direct calculus gives that
(4.2.40)

1 1 _ _
50(/59°%) 0050 =5V (J71Y Vgl VG0C) = Vi (V3T ™ Vg YT V,000)
+/9A40Y - V00¢,

the proof of thisis left to Lemma 4.D.1. The technical identity above implies, via divergence
theorem and Ay ¢ = 0, that

1
hi=3 /YTJ_IY Vgl n*ondodz — /YTJ_IVW YTV on?ondodz.

Note that, at boundary p = 1, we have /g = n?, as it has been noticed after (4.2.11). By
formula (4.2.10) of J~1, definition (4.2.9) of Jy, and Y = (y,0)7, we have,

YTy = Sy,
\/gly!

The expression (4.2.15) yields that, as p = 1,
Vo> =B+ V% YTV, = B.

In addition, we have seen in (4.2.20) that the trace of YT.J~1V ¢ is G(n)i/n. Conse-
quently,

(4.2.41) I = % / n(B? + |V|*)éndodz — / nG(n)yYBondfdz = / nNondodz,
thanks to (4.2.17), (4.2.18), (4.2.19), and (4.2.20). O

In conclusion, the variational identity (4.2.33) follows from (4.2.34) and (4.2.35). For-
mally, we may write (4.2.32) and (4.2.33) in classical form

_ O0H
= 3p>
OH
Pt = — o

As a consequence of this Hamiltonian formulation, the total energy # is preserved in time.
Note that for Cauchy problem, there is no difference between (n, ) and (7, p), since (H0)

1
together with n € H;Jr? (T x R), s > 3/2 guarantees that ¢y € H*(T x R) if and only if
p € H3(T x R). In the rest of this chapter, we shall still work on (7, ¢) for the simplicity of
notation.
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4.2.4 . Shape derivative

We have proved in Corollary 4.2.4 that G(n) is a 1-order operator for any fixed €
s+1
HRJr2 (T x R) with s > 2. In this section, we shall show that, for fixed v, G(n)¢ is derivable

w.rt.n e H;;%(T x R) and this derivative can be calculated explicitly, which is known as
shape derivative.

In the case of planar water-wave (¥ as a perturbation of R?), we refer to [ ], Sec-
tion 3.3 for a detailed study of shape derivative. The axis-symmetric version (system inde-
pendent of #) of shape derivative (4.2.42) is also proved in [ ]. Inthese references, the
authors calculate directly the derivative in n of (4.2.20). The main difficulty of this method
is to represent G(n)(Bdn) in terms of 0, ¢, and dp. To do so, one needs to apply variatio-
nal calculus for the elliptic equation (4.2.22) and then determine the harmonic extension
of Bdn, which cannot be obtained simply due to the (relatively complicated) change of
coordinate (4.2.2). Nevertheless, one will see in the proof of Proposition 4.2.8 that the va-
riational calculus (4.2.35) of kinetic energy is equivalent to (4.2.42), where the former one
has already been proved in previous section without using shape derivative.

Proposition 4.2.8. Let s > % and 1 < sg < s. Then for all fixed v € H*°, the map
S+% s0—1
H;?(TxR) — H° YT xR)
U — Gy

is C in the sense that, for all 5y € H*T2(T x R) or 6n € C**2(T x R),

d

€le=0

(4.2.42)

0
G+ i) = ~Gn)(Bon) ~ oo+ (Leo+ ve. ) n) - 20,

where V% V* are defined by orthogonal decomposition V- = (V? V*) = Veq + VZe.. Recall
that the second term on the right hand side should be understood as

1% 1%
v@,z - <<n€9 + VZ@z) 577) == 89 <n(577> + az (VZ(ST]) .

Proof. Asin previous section, § denotes the derivative in 7. To begin with, we write (4.2.42)
into integrated form, namely, for all f € C°(T x R),

[ Gy pasa:
V0
= —/nG(n)(Bén)fd@dz - /nv&z : <(7766 + Vzez> 577) fdodz — [ Bonfdodz
= —/BnG(n)fénd@dz — /Bféndﬁdz + / (V%g + V‘Zez) . (69?79 + ezaz) (nf)ondbdz

= —/BG(n)fnénd@dz — /G(n)v,bf&nd@dz —I—/ <V9J;0 + szz> ndndodz.
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Let F' be the harmonic extension of f, namely AjF = 0and F|,—; = f.Since f is regular,
F is well-defined as well as B(f) and V (f). By applying (4.2.20) and (4.2.21), we may write
the equality above as

[ Gy pavaz + [ Gnyesondsi:
= [ (B@)WV) - (Zon. )+ BHV®@) (L0 ) = B@W)B(f) + V(@) - V(f) ) nondsdz,
[ (Bewn- (n) () )

fromwhich, one can see that the desired result (4.2.42) is equivalentto: forall f € C°(Tx
R),
(4.2.43)

5 ( / nG(andedz)
-/ (B(¢)V(f) - (’Zjn) +BUV) (7%) — BW)B() + V() V(f)) §éndodz.

When 1 belongs to the same class C2°(T x R) as f, due to the fact that both sides are
symmetric quadratic form of (v, f), it suffices to check the case ¢» = f. According to
(4.2.30), the left hand side becomes

5 ( / nG(n)wdedz> — 2%E,

Note that, unlike in the proof of Proposition 4.2.5, ¢ is required to be fixed, instead of p.
Thus the terms involving §1 are automatically zero. By applying the same calculation as
in Lemma 4.2.6, we can conclude that

where 11, I; are defined in (4.2.37) and (4.2.38) with I = 0 as explained above. From
(4.2.19), when ¢ = f, the right hand side of (4.2.43) equals

2 B2
2 / <BV~ <Z;0”> + |V|2> nondodz = 2 / nN6ndfdz.

Till now, we have proved (4.2.42) for p € C°(T x R). Since C°(T xR) is dense in H*%0(T x
R), it remains to check that the left hand side of (4.2.42) satisfies

d
4.2.44 =
(4.2.44) H 4

Gl + eamw\

<€ (Il oy Wy ) Wl

e=0 Hso—1

To prove this, we apply the variation in n to the equation (4.2.22),

Aybp = —L0a (5 (y39™) 059)
5@"0:1 = 0.
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Recall that § should be understood as the derivative in € at ¢ = 0. It follows immediately
from (4.2.9)-(4.2.11) that§ (\/ggaﬁ) is a smooth function of ¢ and V,, .¢, depending linearly

in én and V, .on. Consequently, ¢ € HSO+%(D x R) implies that

5 (vag® )ageo)'mog(Dfoc(unnH;ﬂ( 16703 5 ) 1600t ey

el

In fact, 6 (/g9*?) can be written in terms of Fy(¢,V,4..¢)0¢ and F»(¢, V,0,:¢)V 0..0¢,
where I} and F, are smooth functions with F3(0) = F»(0) = 0. Since ¢ € Hf{fl(]D) x R)

with R, defined by (4.2.7), due to Proposition 4.2.2 and the assumption n € H]S;% (T xR),
the coefficients before ¢ and V , y .6¢ belong to H*(IDxR), up to some C;* normalizations
(see Proposition 4.C.22). In the mean time, when dn € H;Jr%(']l‘ x R), 6¢ € Hi'(D x R)
and V,4.0¢ € Hj, (D x R) for some W, W' € Cp°(D x R) due to Proposition 4.2.2,
which also guarantees that, as o € C*73(T x R), 5¢ € C*T2(D x R) and V0,0 €
CS*%(]D) x R). Therefore, the desired inequality follows from the estimate of products
(Proposition 4.C.8). As a consequence, an application of elliptic regularity (4.B.2) gives that

6249 10l ey gy < O (Il 100 ) [y

By expression (4.2.20), the variation of
Gn)y =Yg 05l pm1

is composed by two parts, the variation in coefficients (depending only on ¢{) and in ¢,
namely,

5 (Gw) =3 (Y9705, Lzl
= (scyegase)| _ + (¢ gasie)|

We can deduce from (4.2.45) that dzdp|,—1 € H* (T x R), while, up to C°(D x R)
normalizations, (Y ®¢g*? has H*(D x R) regularity, the trace at p = 1 of which belongs to
HS*%(T x R). By applying Corollary 4.C.9, we are able to conclude that the second part
(variation in o) lies in H%~1(T x R). As for the first part, we observe that (Y*¢*? can be
written as a smooth function of ¢, V, .¢, and Y, i.e.

Yy = G((, V0, Y),
for some smooth function G. The the variation in n reads

o (CYagaﬁ) = 81G(<7 vy,sz Y)5< + aQG(Ca Vy,sz Y)vy,z’é(y

whose trace at p = 0 belongs to HS‘%(T x R), thanks to the same argument as above.
Then, by Corollary 4.C.9, its product with dgp| =1 € H* (T xR) remainsin H*~}(TxR),
which completes the proof. O
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In the formula (4.2.42), the left hand side belongs to H*~1(T x R) while the first two
terms on the right hand side are only in H°=2(T x R). This indicates that there exists an
implicit cancellation between these terms. In fact, by choosing én = 1 € C’”%("]I‘ x R),
we can deduce from B/n € H*~(T x R), which is a consequence of Corollary 4.C.9 and
4.C.22, that

s+ 1
Proposition 4.2.9. Let s > 3 and 1 < sy < s. Then for all n € HR+2(’J1‘ x R) and ¢ €
H* (T x R), we have

(4.2.46) HG(n)B + <eena€ + ezaz) -V‘

. )> 1%]] Erso (TxR)

<C 1
<Ol

Hs0~1(TxR
where C > 0 is an increasing smooth function.

Proof. It remains to check that

9
H (6089 + ezaz> -V =V, - <Veg + Vzez> ’
n n

g C( 77 E} l > w S )
oot | HH;?(TxR) 11| £rs0 (TxR)

which is equivalent to

—1y/0 < . )
ooV sy < € (Wt ) Wl

(TxR

1 _1
We have seen that n € H}S;?("]I‘ x R), which implies 9yn~! € HZ_%(T x R), thanks to
Proposition 4.C.22. Since V? € H*~1, the desired result follows from Corollary 4.C.9. O

4.3 . Paralinearization of the system

This section is devoted to an explicit formulation of Dirichlet-to-Neumann operator
G(n) as paradifferential operator, up to some remainder of lower order. And, as a result,
we shall write the system (4.1.18) in paralinear form. Namely, all the nonlinear terms will
be replaced by paradifferential operators acting on (n,), up to proper regular remain-
ders. And the symbol of these paradifferential operators is a smooth function of n and its
derivatives and homogeneous in Fourier variable £. We shall follow the strategy used in
[ land [ ](seealso [ 1.

To achieve this, we first observe that, by (4.2.20),

1 m\° M6 P8 p=1
Gny =— 1+(> + 1% | Opplo=1 — ——— = 22| p=1
() 77( n 2 P ’p n " zz,p

1 % N9 Ve
o (Y ) B,
n n non

where the only implicit term is 0,¢|,—1, which is linear in 1) and depends implicitly on 7.
In order to represent normal derivative d,|,—1 as tangential ones, we follow the idea in
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[ ] and return to the Poisson’s equation (4.2.22). Formally speaking, we shall rewrite
Laplacian A, as

Ay = Ao(8, + A1)(9, — A1) + remainders,

where Ay, A1, and A} are elliptic operators involving only tangential derivatives. This de-
composition will be proved in Lemma 4.3.14, while the tangential operators should be
understood as paradifferential operator since the coefficients are smooth functions of n
and its derivatives and thus have limited regularity. As a result, the Poisson’s equation
(4.2.22) ensures that v := (J, — A1) solves the parabolic equation

(0, + A})v = regular terms,

whose smoothing effect leads to a higher regularity of v|,—; than ¢ (or ¢). Consequently,
one may replace d,|,—1 by Ai|,=1 and then deduce the paralinearization of (4.3.1) (see
Proposition 4.3.17).

With paralinear formula (4.3.52) of G(n)y, we are able to write the nonlinear terms
in (4.1.18) in a similar form. In fact, these terms (quadratic term N and mean curvature
H) can be represented as a function of 7, ¢, and G(n)v, together with their derivatives.
Hence, one may simply apply the paralinear formula (4.C.19) and the paralinearization of
G(n)v, which will be proved in Section 4.3.4.

In the end of this section, we shall check that all the remainders appearing in the
normalization of the system are Lipschitzian w.r.t. (n, 1) in proper functional spaces. This
is essential to prove convergence of approximate solution and uniqueness of the solution
(which will be studied in Section 4.5.3).

Inside this section, we always assume that (n,¢) € H;Jr% x H?® with s > 3, which is the
regularity required in the main theorem 4.1.2. One should pay attention to the fact that,
thanks to the paradifferential calculus (reviewed in Appendix 4.C), all the estimates to be
proved are tame, in the sense that they can be written as

Q<K (mu oyt uwum) |
HR

where @) stands for quantities to be studied, and the constant K = K { [0l .1, [[¢[lzs-
H

R
depends only on ||n]| ||| z7s. In Section 4.5, this obser-
H

|| s— instead of ||n]|
H

s+%7’ s+%7
R R
vation will lead to the tame estimate (4.5.51), implying the continuity of the solution to

(4.1.18) in time and initial data via a nonlinear interpolation (Theorem 4.5.19).

To simplify the computations, instead of the change of variable r = p((p0,2),w =
0,z = z defined in Section 4.2, where (z, z) = (rw, z) is the polar coordinate, we shall use
the same change of variable as in [ 1

(4.3.2) r=pm0,2),w=20,z==z
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Recall that this change of variable is easy to calculate and behaves well near the interface
r = n, while singularities exists at » = 0, which is out of concern in this section. By defini-
tion, the relation between (p, 8, z) and the variable (p, 6, ) studied in previous section is
given by

(4.3.3) (p,0,2) =1(p,0,z2) := (pg(pe’z),ﬁ, z) )

n(, z)

We denote by @ the potential ¢ in coordinate (p, 0, z) (equivalently, 3 oz = ¢). It can be
checked that @ has the same regularity as ¢ when p is close to 1. The proof of lemma
below is left to the end of Appendix 4.B.4.

Lemma 4.3.1. Let s > 3 and § > 0 be small enough. If ) € H* (T x R) with 3 < so < s and

1 _
ne H;;? (T x R), the potential @ in new coordinate (p, 0, z) satisfies

(4.3.4) H8;&@”CO([1—5,1];HSO—Z(’]I‘><R)) <C <H77HHS+%> Hd}HHs(ﬁ 1=0,1,2,3.
R

From now on, we will no more use the coordinate introduced in Section 4.2 and, for
simplicity of notation, we omit the bar over (p, 0, z) and . Moreover, all the functions to
be studied should be regarded as functions defined on T x R with parameter p € [1—4, 1].
By definition (4.3.2), the potential ¢ satisfies

(4.3.5) { Ly := (oz@f, +8-V.0,+ 0, + ﬁ@g + (93) p=0, VI-d<p<l,
80|p=1 = 1.

where
1 2
(4.3.6) a=— 1+ <”9> + 22 |,
7 1
2p  2om.
(437) 5 = <_n§7 - Gl ) )
PP
1 . 1
(4.3.8) y=—— <”§> —m <”2> + =5
o \n*/, 7). m

Note that by construction (4.2.5) of ¢, we have 9,¢|,—1 = 0;0|s=1. Thus, the formula
(4.3.1) for Dirichlet-to-Neumann operator as well as formulation (4.2.17), (4.2.18), (4.2.19)
of B, V, N remain unchanged. Before entering the next part, we introduce the following
estimates for «, 5, and ~, which will be frequently used in this section.

1_
Lemma 4.3.2. Letn € Hy,  with s > 3. Then we have

(4.3.9) P <HnHH;+§> [

(07 , ;
ol b

The proof of this Lemma is no more than an application of Proposition 4.C.22.
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4.3.1. Preliminaries in paradifferential calculus

During the whole chapter, the involved paradifferential operators have symbol homo-
geneous in Fourier variable £ and depending smoothly in n and its derivatives (see Defi-
nition 4.3.3 below). In this case, the general theory of paradifferential calculus reviewed
in Appendix 4.C can be refined with simpler formulas, which are collected in this section.
Note that most of these technical results have been presented in Section 4.1 of [ 1
where one may find detailed proofs.

Definition 4.3.3. Given m € R, we denote by ™ the collection of symbols on T x R that take
the form

(4.3.10) a(w, ) = a™ (w, &) + ™V (w, ),
where o™ and o™= takes the form

a(m)(w, §) =F(n,V.n;§),
"V (w,€) = 3 Galn, Vom:)05.1

<2
Here F', G,, are smooth functions and homogeneous of degree m, m — 1 in &, respectively.

1
Under the assumption that n € H}S;2 with s > 3 (true in the rest of this chapter), we have
a™ eI, anda™Y e T (see Definition 4.C.14). In the sequel, we shall regard a € ™

3/2+ 1/2+
: -1
as an element in Fg’;2+ + F’l’}H.

As a convention, we shall write all the equations in polar coordinate (y,z) = (pb, z)
and denote the Fourier variable associated tow = (0, z) € T x R as £ = (&, &) € R? (see
Section 4.C.1 for Fourier variables on torus). Furthermore, all the estimates in this section
are uniform in time, the dependence on which will be omitted for simplicity.

For symbols a,b € ¥™, we write

T, =T

if T,, — Ty is of order m — %—, i.e. maps H® to H*~™+5% for all s € R, with operator norm

controlled by C (HU"H;*) . Then an application of Proposition 4.C.18 gives that
R

1
Proposition 4.3.4. Lety) € H;, > with s > 3. For symbols a = o™ + o™= € ¥ and
b=bm) 4 pm' =1 e v with m,m’ € R, we have

4.3.11) T, Ty =~ Tag,
(4.3.12) T; ~ Ty,
where

43.13)  ath =a™pm) 4 (a§a<m> - Db 4 gmpm'=1) | a<m—1>b<m’)> eyt

43.14) o =al™ + (Dw  Beal™ + a<m—1>> esm
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Recall that we have regarded X" as a subclass of I3 + FT}Q}F Thus the parameter p

in Proposition 4.C.18 should be taken as 3/2+ or 1/2+. Moreover, all the involved operator
norms can actually be controlled by a positive smooth increasing function of ||5|| el
HR

For simplicity, we shall not precise these in the sequel.
As a consequence, we are able to calculate the symbol of commutator,

1_
Corollary 4.3.5. Let € Hy, 2 with s > 3. For symbols a = o™ + a(™=) € ¥™ and
b = o) 4 b =D ¢ 5™ with m,m’ € R, their commutator [T, Ty] is of order at most
m +m' — 1. More precisely, [Ty, Ty =~ T_ )y, where {-,-} is Poisson bracket,

i{atm) b

{a,b} = 9ea™ - 9,b'™) — 9at™ - ™) e T

Definition 4.3.6. Let symbol a = a\™ + a(™~1) € =™ with m e R. We say that a is elliptic, if
there exists 0 < ¢ < C' such that

cl¢I™ <Real™(w,&) < CIEI™, Yw e T xR, 40,

Proposition 4.3.7. Letn ¢ H?T with s > 3. For any elliptic symbol a € X™ with m € R,
we can construct another elliptic symbol a € X~ such that

(4.3.15) T, T =TT, ~id.

Proof. It suffices to take a(="a(™ =1 and a(~"—1) as the solution to

Bea™ . D L L gmg=m=1) | m=1)z(-m) _ o
¢ W g (m)

The ellipticity of a is obvious from this definition. The desired estimate (4.3.15) can be
checked directly from Proposition 4.3.4. More precisely, we have T, T; ~ Tg;; where

ata =a™a™ 4 (agaon) - Dya=™ 4 qmg-m=1) 4 a(m—na(—m))

g (aga(m DL amgemen | a(m—nd(—m)) .

1
a(m)
Therefore, T, T; ~ T}, which equals identity up to a smoothing operator. The proof of

T:T, ~ id is similar. It suffices to observe that

'laé'a(m) . 8wa(m)
(@)’

m) __

9ea"™).Dyya™ = 9 ——-Dya = 9ea'™.D dea™.Dyal=m),

1 I
am)’ Yalm)
which implies affa = affa = 1. O

Proposition 4.3.8. Letn € Hf;r. For any elliptic symbol a € ¥™ with m € R, we have the
following estimate,

(4.3.16) lullzr < € (Inll gz ) (ol + Jullg2) , ¥r € R,

where C > 0 is a smooth increasing function and the L?-norm of u can be replaced with any
other Sobolev norms.
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1
Ifn e H?Q with s > 3, (4.3.16) is a consequence of Proposition 4.3.7. For the refined
versionn € Hf;r, we refer to Proposition 4.6 of [ 1.

1
Proposition 4.3.9. Lety) € Hy, 2 with s > 3. For any a = a™ + a(m=1) € ™ with m € R
and Im a(™) = 0, we have the following equivalence,

4.3.17)  T,~T' < (T,—TF) isoforder (m —1—) < Ima™™Y = —%aw - 9eal™ .

Proof. The first assertion implying the second is easy. By Proposition 4.3.4, we have T, ~
Tu+, ensuring that T,, — T’} is of order (m — 3/2—) and thus of order (m — 1—).

To show that the second assertion implies the third one, we observe that, since T} ~
Tox, To—q+ is also of order (m — 1—). Moreover, a, a* belong to the class ¥™, meaning that
a — a* is the sum of a symbol homogeneous in ¢ of degree m and another one of degree
m — 1. Once the order of T;,_,~ is strictly smaller than m — 1, both components vanish and
consequently a = a*, while, due to the expression (4.3.14) of a*,

a—a*=a™ —qm — D, . dealm) + a™m=1 _ g(m=1) — i, - 8§a(m) +2ilmal™ 1)

which gives the third assertion.
If the third assertion holds true, the calculation above ensures that ¢ = a* and the
first assertion follows from 1)) ~ Ty« = T, O

4.3.2 . Paralinearization of normal derivative and good unknown

In this part, we shall separate Poisson’s equation (4.2.22) in normal and tangential di-
rections near boundary p = 1 and deduce that d,¢|,—1 equals some one order tangential
operator acting on 1, up to some remainders. To do so, we use the strategy in [ 1
(see also [ 1) where the authors apply paradifferential calculus in tangential direc-
tion and reduce the problem to a paralinear parabolic equation which yields the regularity
of remainders. The main result of this section is

1
Proposition 4.3.10. Let (n,1)) € H?Q x H* with s > 3 and 3 < sy < s. Then there exists
T € X! such that

4398) 100t = TNy <C (Il vy ) (W0l + Il oy 10l )
R

R

where
(4.3.19) U:=1¢—Tpne H°(T x R).

Moreover, T = A|,—o, where A(p) = AW (p) + A©)(p) is defined by (4.3.33) and (4.3.35)
below.
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Note that, under the assumption of Proposition 4.3.18, due to Proposition 4.C.8 and
Lemma 4.3.16, the new variable U satisfies

3
(4.320) [|U]la0 < [llsze0 + [ Tamlleo < C (unuHH%) [0, s> 3, 5 <s0< 5.
R

As indicated in [ ], the use of U instead of v is essential, which will be explained
briefly below. Let us consider the paralinearized version of Laplacian operator L appea-
ring in (4.3.5),

(4.3.21) P :=To0) + TipgiyOp — Tpzy2g 2.

One may expect that, Pp— Ly is much more regular than ¢, which is true if the coefficients
a, B,v,n~2 are smooth. However, under the assumption of Proposition 4.3.10, these coef-
ficients have only Sobolev regularity and then the paraproducts Tagwa, 17, 0,0 B appea-

ring in the remainders lie in C’SHSO_%, which is not enough to conclude (4.3.18) (we need

CSHSO*%JF). This lack of regularity is actually a consequence of paracomposition, the ge-
neral theory of which is sketched in Appendix 4.C.4. Let x represent the diffeomorphism
from (p,0,z) € [1—9,1] x T xR to (z, z) € Q(t) and X* be the paracomposition operator
associated to x. A formal application of Proposition 4.C.24 gives that

0= X*ALE72¢ = TaX*QS + R,

where the symbol a is the pull-back of symbol of Laplacian operator and remainder R has
the desired regularity (see Lemma 4.3.11 below). Note that A, . should be understood
as the paralinearized Laplacian operator differing from A, . only in low frequency. The-
refore, this difference only generates smooth remainders and can be omitted. Formally,
one may identify T, as P defined by (4.3.21), since Laplacian A, . is a differential ope-
rator. To sum up, we have PX*¢ € C[E’HSO_%*. Meanwhile, by Proposition 4.C.23, up to
remainders, the term X*¢ equal

X% =@ —Tyoxx = — T-15,,0M,
which suggests us to turn to Alinhac’s good unknown
(4.3.22) Q=@ —T)-19,,0M,
whose trace at p = 1 is equal to U defined by (4.3.19).
Lemma 4.3.11. Let (n,7) € H]S;% x H* with s > 3 and 3 < sy < s. Then
(4.3.23) Po =r.

where ® is defined by (4.3.22) and r1 satisfies

(4.3.24) 1710l g o044 < C <H77\|H;+§) [ 2o -
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During the proof of Lemma 4.3.11, we shall use the equivalence : for u, v defined on
1—-0] xTxR,

43.25) wre v =l gy e <C (I y ) Wl

with 0 < € <« 1 to be determined later.
To begin with, we check that

Lemma 4.3.12. Under the hypothesis of Lemma 4.3.11, we have,
(4.3.26) PO ~ —Tagwa — vaapw -8 — Tap@'y — PTnflappr],
in the sense of (4.3.25). Recall that w stands for the couple of variable (0, z).

Proof. By definition (4.3.22) of the good unknown &, we have

P® =Py — PT,-19,,pn

=Ta8,0 + Tig1r0pp — To2n2e34e29 — PTy-15,0PM

:Taﬁgcp + T3 - VuOpp + T,0,0 + Tpfz,rz@g@ + 0%p — PT-19,00m + (T2 — d%p)

=Ly = Toppa = Tv,0,0 - B = To,07 — :’783900727772 — PT-19,,0m

— R(92¢,a) — R(Vudpp, B) — R(0pp,7) — R(D0, p 0 2) + (—Te2ep — 02¢0)

~Lp = Toppa = T9,0,0 - B = To,07 — PT-19,007

=— Ta%poz —T19,8,p 8- Ty, — PTn_1ap¢pn.
Recall that L is the Laplacian in coordinate (p, 6, z) defined in (4.3.5). To check this equi-
valence, we first observe that, thanks to Lemma 4.3.1, V3 o € COH®* >~ and d,¢ €

CSHSO‘l‘. By Proposition 4.C.8, Remark 4.C.6, and estimate (4.3.9), we have the following
estimates :

?

1 Top 020~ + HR(ag%p‘Qn_2)llchso_%+€

+ | R(9Fe,n™?)

COF%0~3+e
P

< HTaggo(n_z - R_Q)HC()HSO—%Jre ”OOH,gof%jLe
p p

5(M”Mm@mﬁﬂﬁ+gn%w@mr%<c(wuﬂ%)wmm
R

R—2

comro-gte

2
S (HOCHC()H%+6+ + 1) Hap@HCSHSO*Q* + H/B||CSH%+e+Hvﬂ)ap(p”CSHSU*Q*

PTTR—2

<0 (Il ey ) Il

Yoot +Qumw@mol<c(muﬁéwwmw
R

<
HR(8PQO7,Y)H02H507%+E ~ <‘7HCSHP

—1Rr—2
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As for the remaining term —Tg20 — 920, we observe that, since the symbol of 92 equals
—£2, the difference —Tez — 02 is a smoothing operator. Namely, for all M >> 1, we have

2
=T = 026l e S lelcgnse <C (Il ey ) Wl

O

Let us proceed with the proof of Lemma 4.3.11. We observe that ry = P® is linear in
. Therefore, an interpolation argument allows us to reduce to the endpoints sy = % +4
and sg = s. If sg = % + d with § > 0 fixed and small enough, the regularity of ¢ reads

V2.0 € C,?H_%” and 9,p € CSH%” (see Lemma 4.3.1). As a result, by Proposition
4.C.8 and (4.3.9), we have

1To2000 + 19,0, - B+ Lo, lcomiore

< 115? )
S8l cyrgeallol e + IV 0Py gesl Pl + 100 cgipp sl g e

<
S (Il oy ) Wl 30

Meanwhile, Proposition 4.C.8 and Corollary 4.C.9 give

ITy-s0,eemllcgssse S I~ 0p8l gy ssllonl 7. S € <||n||H;+;_> 1ol

pIR

Since P is an operator of order 2, we can conclude
PP ~ —Tag¢a —15,0,0 08— To,pY — PanaMm] ~ 0.

Note that the extra term T, -15 o1 from Alinhac’s good unknown is useless in this case
so = 3/2 + 6, while it will be crucial in the case sy = s. In fact, when sy = s, the estimates
1 1
above are no more correct. For example, we can only prove Ty ,a € C’;?HS*E = CSHSOT
i P
instead of C)H* 2",
From now on, we take sy = s and check that the extra term PT, -1, ,pn is able to
cancel the low regular components of Tag@a, 1v.,0,, - B, and Ty, 7. To begin with, by
definition (4.3.21) of P,

P19, = Ta0, Tym19,000+ Tip.c0pTym10,00m+ Ty 0, 110,00 =T 2262 12 Tym10,000,

and we will separately study each terms on the right hand side. As a corollary of the fol-
lowing estimates, we are able to deduce that

(4.3.27)
PP~ — TB,?@DO‘ — vaap@ . ﬁ — Tap<p7 — T,B . Tn—lag@pvwn — Tﬁ . Tn—lapgovw’f]

— 20 T2 Ty, (10,0010 — P~ Ty=2T-19,0m00 — 20T, (-10,0)1= — PLy=10, Mz

when sg = s.
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Lemma 4.3.13. Under the hypotheses of Lemma 4.3.11, we have the following equivalences :

(4.3.28) ToD2T, 19,00 ~0,

(4.3.29) Ti5.605Ty 10,00 ~Ts - Ty10200Vwi) + T - Ty15,, Vo,
(4.3.30) T,0,T,y-19,,0m ~0,

4331) T, egie D19, ~207 T2 Ty 19,0)m0 + 07 T2 Tym19,,100

+ 2pTaz(77_18p80)nz + an_lapﬂonZZ’
in the sense of (4.3.25) with sy = s.

Proof. As before, we observe that n~'9,0 € CoH*~! and thus T,,-15 o1 € CSH”%. To
prove the first equivalence (4.3.28), we apply Proposition 4.C.8, Corollary 4.C.9, together
with (4.3.9) and obtain

HToca?;Tn—lapcpanCoHsféJre = ||T04T77—182<pp77 + 2T04T77—18f2)<p77”ch57%+5
o p

< (1ollegase, +1) (ITya3stl g g+ VTasagelogy )

—193 —192
< (1l s ) (I 38 Ncpmos 1l g yvcs + ™ 0 lcgrs- sy

R R

<0 (Wl oy ) (17" Bellcgms- + ™ ey )
R

<O (Wl oy ) (W gpeomn +1) (108 olcgus- + 1Belcgin-»-)
HR R—1

<C (Il 03 ) Wl

Recall that 93¢ € C) H*~? thanks to (4.3.4). The term Tjg.¢9,T,-15,,p7 in the second equi-
valence (4.3.29) can be written as

Tp - va (77*13390)/”7 +Tp - Tn—lggsopvwﬁ +Tp - va(n—mp@)n +Tp - Tn—13p¢vwn,
with
175 - va(nflaﬁw)pn + 15 TVw(n—lapcp)”Hc*gHsf%ﬂ

SJH/BHC'SHlJr HT w(n—lag<p)p77 + va(ﬂflap@)n”col_ﬁ*%*&
P

gC <H77HH5+%) <va (777165@) H02H5737 -+ va (nflapgp) HCEH5727> HnHCg)Hmax(%,sf%)JreJr
R

<C (Il 0y ) Wi

which proves (4.3.29). The third equivalence (4.3.30) is due to the estimate

||T’Ya,0T’I7_laprpn||CgHsf%vLe = ||T7T77_18;2,g0p77 + T"/TT]_laPCanchsf%+e

)
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< (Wi, 1) Ty agon+ Tyt gy < € (Il )
R

where one may apply Proposition 4.C.22 to deal with . The last equivalence can be
treated as follow,

~Tp2y2gg Ty=10,0P :p_lTn‘2T6§(n‘13pw)n +207 T2 Ty 10,400 + 07 Ty-2Ty-19,m00,
_T&-ng_lapSOpn :PTag(n—la,,cp)n + QPTaz(n—lapw)le + an—lapcpnzz
+ (_TEE - 83) Ty=19,0P;

where similar estimates as above can be derived :
||P_1Tn—2Tag(n—lap¢)77||CEHS_%Jre S (”77_2”}1;*,2 + 1> 185 (1™ 9pp) llcorrs—s- (/L[S R Py
g R
-1
S e e (L

and
T2 001000l g -3 S92 (071 050) logrrs=s=11mll masc o gyses
R
<C (Inlv3 ) 17 0ylcgurr < (Il .z ) Wl

The desired result (4.3.31) follows from (—ng - 0?) T,-14,,0m ~ 0 since (—ng —0%)isa
smoothing operator. O

Proof of Lemma 4.3.11. Till now, we have managed to prove that, in the sense of (4.3.25),
P®~0

when sy = % +d with 0 < § <« 1, and moreover, when sy = s, (4.3.27) holds. It remains to
check that the right hand side of (4.3.27) is equivalent to zero, namely

— Tafz)‘pa —T19,0,p 08— To,py —1p - Tn_1@g¢,pvwn —Tg- Tn_1apwvwn
— 20Ty 2Ty, (10,0010 — P~ Ty—2Ty=10,0m00 — 20T, (=10, 1= — PTy-10,Mzz ~ 0.
Firstly, we claim that
—Tagwa —Tg- Tnflagcppvwn ~ 0.

In fact, by symbolic calculus (Proposition 4.3.4) and commutator estimate (Corollary 4.C.19),
we have

Tg : Tnflagcppvwn NTn*18§@T5 : pvwn ~ Tag(anng : pvwn
NT@ngnflﬁ - pVun,
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where we use the fact that 3,771 € CSHS_% C I'g, and 950 € CYH® ™ C Tg,. As a

consequence, in each step above, the error can be written as a (0—)-order operator acting
1

on V,n, which lies in C’SHST*. Meanwhile, by definition (4.3.6) of «,

Tagwa ~ Taggo (77_4773 + p277_277§) ~ Tagup (T217—4179"79 + T2p27]_2172772) = Tagaprpn—lﬁ : vw”»
where the first equivalence is due to

2| S (e
R

R—2

1Tom 21 pro- e S 12l ire-2- 7
P

H

and the second equivalence is a consequence of Corollary 4.C.21.
Now our problem is reduced to

PP~ — vag)ﬂ(p : ﬁ — T@m@')’ — TB : Tnflapwvwﬁ
=207 T2 Ty (y-10,0)M0 — P T2 Ty-10,0700 — 20T0. (1-10,)1= — PLy-10,07z=-

We observe that
2p_1Tn*2T39(n’13p<P)779 :2p_1Tn*2T89(n*1)3p<P779 + 2p_1T77*2Tn*1893ps0779
NQp_lTn‘QTaprae(n‘l)W + QP_ITW—QT%@an‘”m
~2p" Ty, o T2 T, -1y10 + 2 Toy0,T—2Ty-11
N2p_1T3p¢Tn7280(n71)779 + 2P_1T698P¢Tn*3779

These equivalences are consequences of symbolic calculus (Proposition 4.C.18 and Co-
rollary 4.C.19) and commutator estimate (Corollary 4.C.19), as well as the fact that all the

involved symbols belong to CSHS_Z_ C F(l)/2+, which guarantees that the error in each

step takes the form of T'ny with T linear and of order —%—. Moreover, an application of
Proposition 4.C.8 gives

IT-sm0 = 020l ey <UD + R0~ m0)l g
< =3 <O
Sl g S (Il ).
and thus
20" T, -2 T, (1 ~ 207 Ty, T2, (-1yM0 + 20~ Toy0,0 (n°1p)
n=2L0p(n=10,0)110 ™ 2P L0, tn=20p(n=1)110 T 2L L3p0, 1T T10) -
Similarly, we have
20T, (n10,0)= ~ 20T0,0To. -1y + 20T5.0,¢ (77_177Z) :

By observing that

TG00, B=—20""To,0,0n1 10 — 2pTo.0,,0 "1,
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we can further reduce our problem to

PO ~ — Ty, — Ts - Ty19,5 Vel
— 20T, T 20,(-1y10 — P~ Ty-2Ty-19,0m00 — 20T, o, (-1y1= — pPTy-10,,z=
~ = To,07 = T, 1515 V)
=207 T, Ty20,(n-1yM0 = P T, Ty-sm00 — 20T, T, (1)1 — pTo,0 Ty1712,

due to symbolic calculus (Proposition 4.C.18 and Corollary 4.C.19). From definition (4.3.7)
and (4.3.8) of g and ~, respectively, it is easy to calculate that

—y=—n"'B-Vun+p ' 000 + pn 0+ p7 72
n B = (20" 20 (n "), 200.(n7 ")) .

As a result,
-1 -2 -1
PO~ —p Ty on >+ Ty,e (0B Vun —2T,-15 - Vun)
+p Ty, (0000 — Ty-3m00) + pTo,0 (1 022 — Tym1m22)

the right hand side of which is equivalent to zero in the sense of (4.3.25), due to the esti-
mates

oy ey S0yl 20y <C (1l p ) Wl
-

HT@P@ (7/’73/’799 - T”]73n09) ”H57%+6 gHz_‘ap%"j_‘nGH7773HI{57%+6 + HTapSDR(T’iB’ 1799)”}157%4“
|

SHOpl e llmeoll e+ ln 1

<C (Il 03 ) Wi,

Ml

57%4»6
R—3

1T RO ) ey
-1
I

”Tﬁptp (77717722 - Tn—177ZZ) ||H57%+€ gHTapSDTnzz,r] s se

SHOpspll o 1122 | e [l Yoe
1

o
<O (Il oy ) Wl
HR
as well as

HTapSO (7771/8 : vuﬂ? - 2T7]*16 : an) HH.Sf%JrE
SN0pell s In~' 8 - Ve = 2515 - Vil o34

—4 2 —2,2
<c (unuH;;%) blze (I8 = 2ty 0l o yoc + 7202 = 2Tzl )

<C (Il 03 ) Wl

which is a consequence of Corollary 4.C.21. O
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Now we are in a position to separate the normal and tangential derivatives.
1
Lemma 4.3.14. Letn € Hf;? with s > 3. There exists elliptic symbols a, A € ¥, such that
(4.3.32) P =T,(0,+1T,)(0, —Ta) + Ro + R10,,

where Ry is of order 5—, and Ry is of order — 2 —, satisfying

IR0y VBl gy <€ (1l ey ) Ve R

Moreover, a = a'V) 4+ a®) and A = AW + A©) can be computed explicitly,

(4.3.33) A0 — 1 4 59 S+E2) - (862 - i 5,

2a pn? 2a
(4.3.34) oV =L 10 < & +£z> (B-6)*+ ALY

2a p2n? 2ce
and

0) _ 1 A(I)V 1 1 1
(4.3.35) A ==y | T+ 9AY + 0V - DA )
e9)
(4.3.36) ¥ = 5 i " (—“ 11 9,AM + 90 -DwA(1)> .
a

Note that all the operators are defined on T x R with p € [1 — ¢,1] regarded as a
parameter.

Proof. From (4.3.32), we shall see what is the conditions required for a and A. In fact, the
right hand side of (4.3.32) equals

Ta(0p 4+ Ta)(0p — Ta) + Ro+ R10,
=Ty (0 + Ta—n0p — ToTa — Ty,4) + Ro + R10,
=T002 + (ToTa-a + R1) 8y — To (ToTa + Ty, ) + Ro.

By comparing it with definition (4.3.21) of P, one could see that (4.3.32) holds if the construc-
tion of a, A satisfies

T Ta A+R1 z,8£+'y>
Ty (TaTA —}—Tap ) Ry = T ~2p-2624£2-

1
Recall that by (4.3.6) and definition 4.3.3, a € X°. Since n € H;JFQ, the end of definition
4.3.3 shows in particular that o € F3/2+ + F1/2+ Moreover, « is elliptic and independent

of £. For all a, A € X', symbolic calculus (Proposition 4.3.4) gives that

ToTy—a = af(a—A) — Ta(afA)v
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To (TuTa + To,a) *ToTusar0,4 = Togiata+o,4) = Ta(agata, ) = Ta(aﬁ A40,AM)

where the difference in the first line is of order 0+1 — %— = —%— and those in the second
line is of order 0 + 1 4+ 1 — 2— = 1— allowing us to define

Ry :=Tyq—a) — ToTu-a,
Ro :=Ty(apar0,4) — T (TaTA + T(%A(U) :
Therefore, it suffices to construct A = A + A® and a = a(V) + a(©) verifying
ala—A)=iB-§+7,
{a (a4 +8,40) = p~2n 72 + &2,
From (4.3.13) and correspondence of order (in £), we only need to solve
a(a®) — AWy =g ¢,
a(@® — A0) =,

aaMAW = p=2n=2¢d + 2,
85(1(1) D AW + a0 AW 4 (1) 40) 4 apA(l) =0,

which allows us to obtain (4.3.33)-(4.3.36). O
By combining Lemma 4.3.11 and 4.3.14, we have
(4.3.37) To(0p+T0)(0p —Ta)® = —Ro® — R10,® + 1.

Under the hypothesis of Proposition 4.3.10, we have

(4.3.38) | = Ro® = Radp® + 71l g g4 S C <H77|H;+%_> [ 2220

In fact, the estimate for r; is a consequence of Lemma 4.3.11, and the definition (4.3.22)
of @, together with Lemma 4.3.1 and Proposition 4.C.8, implies that

(4339)  [[@ogmea + 10,2l cgrea-t + 1022 g0z < C (nnnHH;_) e
R

which implies (4.3.38).

By definition (4.3.6) of «, under the hypothesis of Proposition 4.3.10, a € H;_j ,

which is a symbol in Fg_3/2_ - Fg/2+. Since « is strictly positive due to hypothesis (H0),

1/a belongs to the same class of symbol. Consequently, Proposition 4.C.8 guarantees that

T:T, =1d+ Ro,

where Rj is of order %Jr. Now we may apply 77/, on both hands of (4.3.37) and obtain
that

(Op +Ta)(0p = Ta)® =T1 (—Ro® — R10,® + 11) — R2(0) + Ta)(9p — Ta)®.
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We claim that the C’OHSO_E+€ norm of the right hand side is bounded by C(||n]| SW )N 5o

In fact, the estimate of the first term follows from (4.3.38) and the fact that Tl/a is of order
zero. As for the second term, since T, and T4 are of order 1, we have

1ROt ) Oy =T)l gy 3 S WO+ T) (Bp=Ta) @l cgiren-2 < € (II??IIH;:;) e

where the last inequality is a consequence of (4.3.39).
To sum up, under the hypothesis of Proposition 4.3.10, we have seen that ® defined
by (4.3.22) satisfies

(Op +T,0)(0p —=Ta)® =T _0)(0p — Ta)® + 12,
with
Irlogy e <€ (101 ) Bl
Lemma 4.3.15 (Proposition 3.19 of [ 1). Letby € T}t and by € T with

Rebi(w,§) = c[¢]
forsomec > 0. Ifv € C’},H M for some M < R that solves the equation
0pv + Ty, v = Tyv + f,
with f € C’SHT for some r € R, then, for all ¢ > 0, we have
V|p=1 € HH

One may apply this lemma for b, = al") € T}, C T}, by = —a® €T{, C I, and

v=(0,—Ta)®with M =sy—1,7 =39 — 5 +¢and e = & to conclude that

@ =T, ey < (10,5 ) Wl

In order to recover d,¢ (appearing on the left hand side of (4.3.18)) from 0,®, we use the
definition (4.3.22) of @,

((89 - TA)q))‘p:1 = ap@’pzl - T.U — Tnflaggon’pzl - Tnflap@n’p:h

where U is defined by (4.3.19) with B givenin (4.2.17), 7 = A|,—1, and the remaining terms
verify

L (N P

T2 o e0ey SN 030l prso—2- Il
P R

R
Ty 20,6 s S Opcgr sl g < € (Wl oy ) b o
thanks to Proposition 4.C.8 and Corollary 4.C.9 together with Lemma 4.3.1. Note that,

when sg — 2 > 1, the estimate follows from sg < s, while, when sg —2 < %, we use the fact
that (so—) — 2+ s+ 4 — 1 > s + 5 since s > 3.



190 CHAPITRE 4. CAUCHY PROBLEM FOR JETS

4.3.3. Paralinearization of Dirichlet-to-Neumann operator

Thanks to Proposition 4.3.10, we are now able to write the Dirichlet-to-Neumann ope-
rator (4.3.1) in terms of tangential derivatives. We introduce the modified gradient (in w)

(4.3.40) v . 00

+e,0;,

which allows us to do the following calculation from (4.2.17)-(4.2.21) (attention that we
abuse the notation (p, 8, z) which has different meaning in Section 4.2 and here, whose
relation is given by (4.3.3)),

(4.3.41) p = e#lo=t.
77 [
(4.3.42) V =V|pr — T”amp:l,
2 2
(4.3.43) N =BV -Vn+ vysz
(4.3.44) G(n)y =B -V -Vn,
(4.3.45) V¢ =V + BVn.

Note that these formulas also imply

(4.3.46) p- G+ Ve vy

1+ Wn\?
(4.3.47) V =V — BVn,
= 5 )2
(4.3.48) - LGme+ Y‘QV”) .
2 1+ Wn\

The following estimate for (B, V) is no more than a consequence of Lemma 4.3.1 and
formula (4.3.41), together with Corollary 4.C.9 and Proposition 4.C.22.

1
Lemma 4.3.16. Let (n,¢) € H;;? x H* with s > 3 and 3 < sy < s. Then, by expressing
B,V as linear operators acting on v,

(4.3.49) B =By, V=V,

we have

(4.3.50) HsmnuupmH%4>+nvmnugpmHm4><c7<wnHH;>,
R

and, in particular,

#351) Bl + Vet <€ (Il ey ) ol
R
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We can now state the main result of this section as

1
Proposition 4.3.17. Let (n,v) € H?? x H® with s > 3 and 3 < sy < s. Let U = — Tpn
be the good unknown as defined in (4.3.19). Then there exists e//Ipt/c symbol \ € X1, such that

Gy =T\U — Ty - Vn+ fi
=T (¥ = To@yen) — Toepye - Vi + fi,

where B(n),V(n) are defined by (4.3.49) above and f1 = fi(n,v) is linear in v with

(4.3.52)

(43,59 11 ret <€ (Mg ) (Wl + o Wl )-
R

Moreover, A = \() 4 X(O) ¢ 521 can be calculated explicitly,

2 2
(4.3.54) A = \/<€9 + £2> <§;’n — 52779> , A0 = lnA |p=1,

n

where A©) js defined in (4.3.35), and [ is as defined in (4.1.6),

l:\/1+ (779) + 2.
7

Proof. During the proof of Proposition 4.3.17, we shall use the equivalence : for u, v defi-
nedonT x R,

wrew e =l gey <C (Il 0y ) Il
Recall that, from (4.3.1), G(n) can be written as

12 N9 Vo
G - ¥,
(my 7 o #lp=1 - .

=T, -1120p0|p=1 + Tapwpzln_llQ + R(n 1%, 050l p=1) — Ty-19y1 00 — Ty-10,1 "0
- R(77_17797 77_177[)0) - wz - Twzﬁz - ("72» sz)
~T-120p0l p=1 + T o),y 12 = Tyrgyn™ g — Tymryyn g — Ty tbz — Ty
=T, -1120pplp=1 + T, 1> = Ty - V) — Ty, - Vi
:Tn_llzapgp‘pzl + Tapw\p:1"7_1l2 — T@n . ?w - TB?n . ?n —Ty - ?17.
where we use the formula (4.3.45). To prove the equivalence, we observe that d,¢|,-1,
n~ 49 and 1, belong to H~! with norm bounded by C <|77|| - > 10| =0 USINg (4.3.4).
Thus, an application of Proposition 4.C.22 and Corollary 4.C.9 glves

IR, 0pplp=1) + R(0™  ig, 0™ 0) + R0z 2)| 14

1;2
< (H?? ! HH2+ + 1~ 779HH2+ + H772||H§+> c (HUHH?%> 19| 750

R—1
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< (Ial.03 ) Wl

Thanks to definition (4.3.19) of good unknown U, formula (4.3.41), and Proposition 4.3.10,
we have

Gy ~Ty 120,80l p=1 + T, 1> = Ty - Vo = T,y - Vi = Ty - Vi
Ty TeU + Ty, 0 1P =T, - V(U +Tpn) — Tys, - Vi — Ty - Vi
=T, -1pToU — T, - VU = Ty - Vi + Typn '1? = T, - VIn — Tpe, - Vi,

_1_
where the equivalence is due to estimate (4.3.18)and 112 ¢ H;_% .ensuringthat T, 12
is of order 0.

We claim that
(4.3.55) Ty-12TU ~ T2, U,
_ 1
(4.3.56) Ty VU ~ =5 Tine.l,, U,
(4.3.57) T,pn ' — Tg, - VIgn — Tpg, - Vi ~ 0.

With these equivalences (whose proof will be given later), we may conclude that

Gy ~T\U =Ty - Vi, A=n" 17 + mgzﬁN

which coincides with (4.3.54). O

Proof of (4.3.55). In Proposition 4.3.10 and Lemma 4.3.14, we have seenthat 7 = A|,—; €

_ 1
1. By applying Proposition 4.3.4 and using the fact that n~%2 € H, } < % (since
s—3— >3 +1duetos > 3), we have

Ty 10 = Ty € (il oy ) 10 < € (1l oy ) Il
HR HR

Note that, since n~!1? € X%isindependent of ¢ and has no Ff/12+

(4.3.13) yields

components, the formula

(n~ ') g = n~ 1 Pr.

Proof of (4.3.56). By definition (4.3.7), it is easy to see that

_i77£ : mp:l

9 = Zf@% + 1821z

We may decompose the left hand side of (4.3.56) as

Ts, - VU =T, (n7'0pU) + T,,.0.U

n
=T TnflagU -+ TnflngTaeynfl + T7771WR(?771, 89U) + Tiiznz U.

n~1ng
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Since n~tng,n71 € Fg/2+, an application of Proposition 4.C.18 and (4.3.20) gives that

I Tl = T Tres) 000y <C (Il oy ) DOWU e
R

¢ (115 ) Wl

with (n='ng) # (™) = n~2ny, from which one may deduce that

T,-1,,T,-10pU ~ 00U =

n=1ngdn U

5977

and the desired estimate (4.3.56) can be reduced to
T7771,70T39U7771 + Tn—lneR(nfl, 0pU) ~ 0.

In fact, thanks to Proposition 4.C.8 and Corollary 4.C.9, we have

I

HTnflneTann Ho0t% 3 S~ 779HH”HT30U77 1HHso+%

<C (1101 ) 1000 N s ™0 s
<C (Il 03 ) Wl
Ty RO, 000, vy Sl ol IR 0001,y
(nnn b ) g 100
<c (nnn ) Il
which completes the proof. O

Proof of (4.3.57). To prove (4.3.57), asinthe proof of Lemma4.3.11, we only need to consi-
der the case sg = % +dwith 0 < § < 1 and the case sy = s. In the first case, each term on
the left hand side of (4.3.57) is equivalent to zero. In fact, Proposition 4.C.8 ensures that

Ty lsss <InBll ol 21 (Hnn b ) Wl

R 1

Ty VTalas <IVnllirs [Vl ses < C (HmHH;) Tl o
R

¢ (Il ey ) 180yl <€ (g ) Wl

ey Dl SIBal 1905 <€ (Wil oy ) 1B
R

¢ (1915 ) Wl
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Note that the estimate for B has been given by (4.3.51).
If sp = s > 3, we are able to apply symbolic calculus (Proposition 4.C.18), since all

the involved symbols has at least Holder regularity in w. Recall that n € Hf;%_ and B €
H*~1=.Then we have
Tysn '1° = Tg, - VIpn — T, - Vi
=Typn "+ Typ (17 [Vf?) = Ty, (07109 (Tpn)) — T30 (Tn)
—Tp-18 (0 '00) — Ty 572
~T,B (77_1\?77|2) = Ty-1p, (n_lTBne) —T,.Tpn. — -1, (77_1?79) —T,.B7:
~TTy (07 Vnl?) = Tymag, Ty Tpng — 27T 12 — TaTy-1y, (07 100)
~Tp|V* = TpTy10,Ty1m9 — Ty, (0 '100) — T
~Tp|Vnl* = 2TBT, 1y, (1 16) — Th12
~Tp|V? — T (') — Tpn? = 0.

As a result of Proposition 4.3.17, we can replace the first equation in (4.1.18) by
(4.3.58) ne + Ty -V —ThU = f1.

Before entering to the paralinearization of nonlinear terms, we provide a calculation
concerning the subprincipal part A(?) of symbol A appearing in (4.3.52). We claim that

Lemma 4.3.18. The symbol A = \(V) + X\() constructed in Proposition 4.3.17 satisfies

(4.3.59) ImA© = f%aw 9D — %@ 9D,
n

Proof. Set a = n\. Since by (4.3.54), ImA\() = 0, Proposition 4.3.9 shows that (4.3.59)
will hold if we prove that the symbol nA verifies the second condition of (4.3.17), i.e. that
Tyx — Ty is of order 0—.

To prove this, we assume thatn € ngoo = NserHp and yp € H? for some fixed s > 1.
Under this regularity assumption, from (4.3.52) and (4.3.19), we have

nG ()Y =nTay — nT\Tgn —nTy - Vo + fi
=T, T\ + Tr,yn + R(n, T\y)) — nI\Tpn — nTv - Vn+ fi
=Toatp + (T,T\ — Tyn) ¥ + Tryyn + R(n, Tap) — nTaTsn — Ty - Vn + f1.

Sincen € Hgoo, thanks to Proposition 4.C.18, 4.C.8, and Corollary 4.C.9, it is clear that the
following terms are smoothing operator w.r.t. ¢,

(TyTx — To\) ¥, Tryyn, R(n, Tap), nTaTen, nTy - Vn,

while f is of order —% due to (4.3.53). Consequently, we have that

1
Ty» —nG(n) is of order — 2
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which, combined with the fact that nG(n) is self-adjoint, yields that
. 1
Ty = Tyx = (Tya = nG(n)) — (Tyx — nG(n))" is of order —

which concludes the desired result (4.3.59) for regular enough (n, v).

We emphasize that the regularity assumption on n and v has no impact in the identity
(4.3.59) since it can also be obtained by algebric calculus from (4.3.54) (which is far more
complicated). O

4.3.4 . Paralinearization of the nonlinear terms

In this section, we aim to rewrite the second equation of (4.1.18) in the similar form
as (4.3.58). The main difficulty is the paralinearization of the nonlinear terms, i.e.

1
Proposition 4.3.19. Let (n,v¢) € H;Jr? x H* with s > 3. Then there exists u € %? and
ro, 3 € H*' such that

(4.3.60) N =Ty -V — TGy — TgTy - Vn + 12,
1
(4.3.61) H = o =Ty + 73,

where ro = ra(n; 1, 1)) is quadratic in v and r3 = rs(n) is independent of ¢ with, for all
% <8< S and¢1,1p2 € H3,

4362 ratsvr, o)l + Iratos a0l < (Il oy ) Wl [l
R

4363 ratlias <€ (Il oy )l

Moreover, i = p? + uM) € %2 s elliptic with

2 2
(4.3.64) p? :% [<§6> +E+ <£9772 - fzng) ] :
U n U

Once this proposition is proved, the second equation in (4.1.18) can be replaced by
(4.3.65) v+ Ty - Vo + ol,n—TeGn)Y —TTy - Vn = —ry —ors,
which can be further written as
(8t+Tv-v)1/1—TB (8t+TV-@)77+aTMn: —Tr9 — OT3.

By combining this equation with (4.3.58), we obtain a reformulation of (4.1.18),
(4.3.66)

(D)oo (3) (G 0 ) (s 7)(0)=(5)
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where

(4.3.67) fo = fa(m;0,9) = —ra(n;9,9) — ar3(n).

Note that )
I o\ _ (1 o0
—Tg 1 T\ Ty I )

This identity allows us to recover from (4.3.66) an evolution equation for (7, ¢),

(4.3.68) (@*TV'?)<Z)+£(3):J0’
where

(4.3.69) L= ( TIB ? > ( UOTM _OTA > ( —ITB ? )
and

(4.3.70) = < TIB ? ) ( ﬁ ) N ( TBf{1+ fa ) '

Since X and p are elliptic, the operator £ can be symmetrized, which is the purpose of
Section 4.4.

Paralinearization of V

In this part, we shall prove (4.3.60) and (4.3.62). As before, during this proof, we shall
use the equivalence : for u, v defined on T x R and bilinear in (¢1,12),
(4.3.71)

u~ v S [[(u=v) (0591, ¥2)l oo+ (u—v) (03 b2, 1) |20 < C <||7l||Hs+;—> 191l rs-[[402]| oo

To begin with, from formula (4.3.43) for N, it is clear that N is quadratic in ¢ as well
as the three first terms on the right hand side of (4.3.60). As a result, r, is quadratic in ¥
(not necessarily symmetric).

Due to (4.3.43) and (4.3.44), one may rewrite N as follow,

(4.3.72)

v =YEEE payy
=Ty -V +TpB = TpG(n)Y = Tp_v.v,B + R(V,V) + R(B, B) + R(B, G(n)Y)
~Ty -V +TgB - TGy —Tg_y.5,B=Tv -V —=TgGn)¢ + Ty.¢,B
To prove the equivalence, it suffices to apply Proposition 4.C.8 and use the fact that B, V, G(n)y
are linear in ¢ with

3
4373 [Bllgos + WVilgoos + G vos < C (Il oy ) [z, ¥ €15,
R
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More precisely, we have
I1R(B (1), B(2)ll o SIBW VI 2+ 1B (2) [l reo-1-
<C (Il oy ) Vonll el
R

and the similar estimate holds for R(V, V') (note that R(-,-) is symmetric), while

IR(B(¥1), G(m)2)llmso + [[R(B(¥2), G(n)¢1)|| oo
SIB@) a2+ [|G) 2l grso-1- + |Gl g+ | B(h2) || prso—1-

<c <H77H ) énll o sl o
HR

Inserting (4.3.45) in the right hand side of (4.3.60), we can write it, up to ry, as
Ty - V¢ = TGy — TpTy - Vi = Tv'V + Ty - (BVn) — TpG(n)y — TeTy - V.
According to (4.3.72), this will be equivalent to IV if and only if
Ty 5nB ~ Tv - (BVn) — TsTy - V.
The difference of the two sides can be expressed as

Ty - (BVn) — TgTy -V — Ty.5,B
=TvTpVn+ Ty - Ty, B+ Ty R(B,Vn) — TgTy - Vi — Ty ¢, B
=[Tv, ]V + (Tv - Tg, — Ty.5,) B+ Ty R(B, V).

Therefore, it suffices to check the following equivalences :

(4.3.74) [Ty, Te] Vi ~0,
(4.3.75) (Tv - T, — Tyv.5,) B ~0,
(4.3.76) Ty R(B,Vn) ~0,

in the sense of (4.3.71). As before, the interpolation argument allows us to focus on the
case sy = % + dwith 0 < § < 1 and the case sp = s. In the latter one, by observing that
B,VeH 1 cIl, Vne H 2 C I'{., the equivalences (4.3.74), (4.3.75), and (4.3.76)
follows from Corollary 4.C.19, Proposition 4.C.18, and Proposition 4.C.8, respectively, to-
gether with (4.3.73).

In the case sy = % + 6, we shall check that all the terms concerned are equivalent to
zero. In fact, we have

1Ty (w0 T VOl 31 + 1Ty o) T Vill 345
SIV @D 1B 145l Vnllaz + 1V @2, 3405 1B @) L [Vl 2

<C (Il oy ) Wl il
HR
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which implies Ty TgVn ~ 0 and TgTy'Vn ~ 0 in the same way, yielding (4.3.74). For
(4.3.75), we apply Proposition 4.C.8,

| (val) Ty, — val).w) Bl y3vs + 1 Tviws) - Toy B 546
1Ty o BO g0
IV e Nl | BW s+ IV s 19l B
<O (Il oy ) Wl il
HR

The estimate corresponding to (4.3.76) is due to Proposition 4.C.8.

1Ty (1) R(B(12), @ﬁ)HHgM + T (o) R(B(31), @ﬁ)HHgM
<IV@D I B@2 1 vs I Vallz + 1V @2 140 IVl B (@2)] a2

<C (Il oy ) Il ol
HR

Paralinearization of H

In this part we prove (4.3.61) and (4.3.63). As before, we shall use the equivalence : for
u, v functions of 7,

@3.77) wreo & fulo) = ol <€ (Il oy )l o

By definition (4.1.9) of H and expression (4.1.6) of [, it is easy to calculate that the left hand
side of (4.3.61) reads

L _LIL O (m) 5 ()| - L
a 2}3_2[nl n(nl) az(l> 2R

1 1 +1[1779n9 1ngly 1 ] 1[ L, 1 ]

+ 5 nzﬁ - anz

Togl 2R 2 pi? g g2l
1 1 1| 72 L %980 (%) + 12N 1
onl 2R 2 |3l 22 l 2l e
1 [, 20: (%) + e
T3l z T

1 L 1[nmg  mg  mems 1
o 2R T2 [n3z B s T G T s ) e
L[ m3n?  non- 1 2
+§ |:_77313 + 772l3779Z_ j_lig Nzz

1 1 2 2
o (14n2) 20 _ 00102 4 4 <779> e
n non 7

ol 2R 2B 28
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=F(n,me,m:)+ Y G7*(n,m9,m:)ji
Jke{0,2}

where F' and G7* are smooth functions defined by

1 1 u?
F =
(@) =5 = ok * 2
1 142 1 Un 2
06 I zz o
(4'3~78) G (SU,'LL, ’U) = ﬁ?’ G (.T,’LL, 'U) = _ﬁ <1 + (;) > 5
1
G (x,u,v) =G* (x,u,v) := Y —ZZ,

with h(z, u,v) == /1 + (u/x)% + v2.Since F(R,0) = G%*(R,0) = G*(R,0) = 0, G (R,0) =
—(2R?*)7, and GZZ(R, 0) = —1/2, one may apply Proposition 4.C.22 and obtain
(4.3.79)

H - ﬁ :TFx(men)n + T(vu,vF)(nvaT]) ) v’wn + Tij(vauﬂ?)njk
+ kaTGJ'“(?? Vn)'! + Tnng(Vu,ijk)(n,an) V) + R (Ujk:’ ij(n’ VM])) tra,

where Einstein summation convention is applied for simplicity and the remainder r4 is
equal to
ra =F(n,Vun) = 1v, . .Fn.Vwn) = (1 Vi)

(4.3.80) "
+ Tﬁjk (G] (1, Vwn) — TV,;,u,Uij(n,an) - (n, an)) )

which lies in H2s—3-)-1 C H? due to (4.C.19) and Proposition 4.C.8, together with the
1_
fact thaty € Hy, 2. We claim that

Lemma 4.3.20. Under the hypotheses of Proposition 4.3.19, we have the following equiva-
lences in the sense of (4.3.77),

(4.3.81) Tp, (v ~ 0,
(4.3.82) T Ty B (1302 G0, V) ) ~ 0,
(4.3.83) (TanT(vumij)(n’vwn) - Tﬁjk(Vu,ijk)(men)) . an ~ 0.

Proof. From (4.C.20), we know that the composition of smooth functions with (n, Vn)
1
belong to H*~2. Thus, from Proposition 4.C.8, we have

1Tr, v umnll s S Ee (0, Vawn) || g Inll g, < C <H77H 5+%_> [l
HR HR

1Ty Tt yllizs + IR (s G751, Vo) ) e

SII??jkIIHHIIGik(m V) e llllms + Inell 3 1G7 (0, V)| .-y
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<C (Il s ) Wl sy
| (TfljkT(Vu,ijk)(n,an) N Tnjk(vu,va’“)(n,an)) V|
< (Il oy ) 190l g <€ (il oy )

where in the last inequality we apply Proposition 4.C.18 with the fact that ;;, and (V. ,G7¥) (1, V1)
are both in H5"3~ C Fg/2+. O

To sum up, we have proved that

1

(4.3.84) H - ﬁ NT(Vu,vF)(n,an) - Vi) + Tij(T],an)njk’ + Tnjk(vu,quk)(n,an) - Vun

=L ).V un)i€T ~ Lait (v ume;e + Ly (900G 0, V) i€
and we can define x(?, (M) as

— GT*(n, Vun)€i&r = n®@,

(4.3.85) , ; .

(vu,vF) (777 Vuﬂ?) ' Zf + Nk (Vu,ijk> (777 Vuﬂ?) : Zf = M(l)-

One can check by direct computation that () is given by (4.3.64). As for u(1), we are only
interested in its imaginary part, which will be useful in Section 4.4. We claim that

Lemma 4.3.21. The symbol i = 1 + u(Y) constructed in (4.3.61) satisfies

(2)

10y
(2) _5777.3&“ _

1
(4.3.86) Im p(V = — 50 Ocp

Proof. The idea of proof is similar to that of Lemma 4.3.18. We may assume n € ngoo =
NserHp and reduce the problem to show that 7)), — T, is of order 1— (we shall prove
that it is a smoothing operator).

To begin with, we recall that we can represent H as

1

~ 5 = F0nme,m2) + > & nyme,n:)mj,

j,ke{d,z}

where F(z,u,v) and G7¥(x,u, v) are smooth functions defined in (4.3.78). Then by regar-
ding H — ﬁ as a nonlinear operator of n (not (n, 79, 1)), one may calculate the derivative
w.r.t. n of n(H — %). Namely, for all on € H?® with s > 1, we have

del . [(77 + €dn) (H (n + €dn) — 21R>]
. [(1 + €dm) F (1 + €dm, Dp(n + €6m), D=(n + €dn))]
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d

+ > -
j,kef{6,z}

=F(n, Vn)on +nFe(n, Vun)on + 1 (VuuF) (0, Vun) - Vudn + nix G (10, Vun)dn

+ 1k GIE (0, Vun)n 4+ mmjn (Vu,ij’“) (1, Vun) - Vwdn + G (1, V1) 0;0k0n,

[(n + €61)GIF (1) + €6n, g (0 + €6n), D-.(1) + €0n))D;0 (1) + 6577)}
e=0

where the right hand side is a differential operator acting on én. By comparing it with
(4.3.85), we can see that the symbol of this differential operator equals nu+Fo(n, Vwn, V2 1),
where Fj is a smooth real-valued function.

Now, for any dnq, dn2 € H, with s > 1, we define

h(ei, e2) := A(n + e1dm + €20m2),

where A is the normalized area of interface 3(t), which is defined in (4.2.31). By (4.2.34),
we have

1
Outlao = [+ caom) (Hn+ cbm) - 51 ) o

which, together with the calculus above, yields

862861}7’|61=62=0 = /Op (77/1' + FO(U’ Vun, V%ﬂ])) 5772(57716111).

Due to the regularity of n, h is a smooth function of (e, e5) near (0, 0). Therefore, the order
of derivative is notimportant, from which one can deduce that Op (nu + Fo(n, Vaun, V1))
is self-adjoint. Since Fy is real-valued, the differential operator Op (nu) is self-adjoint.
Form the fact that the difference between differential operator and paradifferential ope-
rators with the same symbol is a smoothing operator, we conclude that 7;,, — T}, is a
smoothing operator, which completes the proof. O

Note that, as a by-product, we have re-expressed H — (2R)~! as

1 .
(4.3.87) = 2R =T + T 0.0y + InpTogr () o m T 8 (njk, Gk (n, an)>

+ (T"j’“T(Vu,ij’“)(n,an) - Tnjk(vu,qu’f)(n,an)> Vun + 7y

which can be seen by inserting (4.3.85) in (4.3.79). That is to say, the error r3 appearing in
(4.3.61) admits an explicit formulation :

_ _ A ,k
4.3.88) 3 =Tr,(n,vun) + T"jkTG?r’“(n,an)n +R (ng:, GI*(n, Vwﬂ))

T (T”JkT(Vu,ij’“)(n,an) - Tnjk(Vu,va"’)(n,anO “Vun + 74

Recall that F, G are defined in (4.3.78) and ry4 is given by (4.3.80).
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4.3.5. Continuity of source term

In previous sections, we manage to rewire (4.1.18) in paralinear form (4.3.68). Moreo-
ver, by combining estimates in Proposition 4.3.17 and Proposition 4.3.19, we are able to
decompose the source term f (see (4.3.70) and (4.3.67)) as

(4.3.89) F=rO04 4 @

where
(4.3.90)

FO) _ < 0 > FO ( fi(n,9) ) £ < 0 >
—ors(n) )’ 0 ’ T f1(0,0) —ra(n;,9) )7

are respectively independent, linear, and quadratic in ¢, with estimates (4.3.53), (4.3.62),

1
and (4.3.63). In these estimates, by taking so = s, we have, for all (n, ) € H;+2 x H* with
s >3, B € H* ! (see(4.3.51)) where s — 1 > 1, which, thanks to Proposition 4.C.8, yields

@390 WOy <O (Il eyl ) (Il oy + ol ) -
H x H H H
R R

Meanwhile, with 3 < sy < s — 2, we can prove the local Lipschitz regularity of f(n,v) in
1
W, ie. forallg e Hy 2 and iy, 4y € H* with s > 3,

4392 10,60~ 099 oy < C (100l [l ) a=lae

R

The goal of this section is to show that f(n, ) is also locally Lipschitzian in n, which
is important to prove the convergence of approximate solutions to the paralinear system
(4.3.68) and the uniqueness (see Section 4.5.3).

1

Proposition 4.3.22. Let (n1,%1), (2, ¢2) € H;;ﬁ x H?® with s > 3, such that

, w1 e, 1 <M
L R (RS Wi

for some M > 0. Then we have, for all 3 < sg < s —3

(4.3.93) | f(n1,¢1) — f(n2,¢2)]] < C(M)|I(m — m2,¢1 — )|

1 1 .
H*0T2 x %0 H%0T2 x H%0

The estimate (4.3.92) allows us to focus on the continuity in n by taking ¢ := ¢, =
1o € H?, and the desired result can be reduced to

6399 1) = FOm ) ey < C (o D0l ) =l

which can be further reduced to the boundedness of derivation in 7.
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1
Lemma 4.3.23. letn € Hf;?, on € HH%, and v € H?® with s > 3. Then the derivative of f
in n, defined by

d d
(4.3.95) 5f = %f(n,w) 0 = —- i f(n+ e, ),
satisfies, for all 3 < sy < s — 3,

L (e L e

Since f can be decomposed as (4.3.89) with £(0), f(!), and £ given by (4.3.90), we
need to study d f; and 0 fo (more precisely dro and drs, see definition (4.3.67) of f5). The
study of f; is the most difficult one, since the only formula for f; is (4.3.52), meaning that
itis unavoidable to calculate the derivative-in-n of G(n)y (depending implicitly in n), which
has been done in Proposition 4.2.8. As for the study of r9, we shall rewrite it as a func-
tion of B, V, and G(n)y and reduce the problem again to shape derivative (Proposition
4.2.8). The last term r3, according to its definition (4.3.61), depends explicitly on  and the
corresponding variational calculus is direct.

Derivative of f;

In this part, we shall prove (4.3.96) for f; (defined in Proposition 4.3.17), namely

(43.97 15500y < € (Il Wl ) 65

Before starting the proof, we introduce several technical lemmas which will be fre-
quently used :

1
Lemma 4.3.24. Letn € Hf;? and én € H* with s > 3 and% < s0 < s. All the functions u

1
taking the form u = F(n,Vn,...VEn) (k = 0,1, 2) belong to H;J(}’O)k with

(4.3.98) 50l s € (I ) 1y

1_
Proof. The fact that u € H;J(rj?i O)k is no more than a consequence of Proposition 4.C.22.

For the proof of (4.3.98), we focus on the case k = 2, while the other cases can be proved
in the same way. By definition, the derivative of v in n reads

k

Su=>Y_0;F(n,Vun,...Vin)Vi,on,
=0

where, again by Proposition 4.C.22, 9;F(n, Vyn,...VEn) € H5+%_k, up to constant nor-
malization, and Vi,6n € Hoots—i ¢ pgeota—k, Thus, Corollary 4.C.9 gives the desired
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estimate,

k

10l ey < S NOE G Vo, Vo) TEdnll
7=0

kol

S N E® V.o Ve IV5O] s
=0

<C (101 ) 1901

O

Lemma 4.3.25. Let7) € H, +3 , ¥ € H* and én € H* with s > 3 and 3 < sy < s. Then the
following estimate holds,

(43.99) 6B -1 + 1V 01 < (w g0l ) 16

Proof. Recall that, since on € H**+3, the derivative in n of G(n)y lies in H*~! due to
Proposition 4.2.8. The formula (4.3.46) allows us to estimate ¢ B. In fact, from (4.3.46), we
have

3 (Gly) | 8 (T0- V)

0B = = 2 = 2
l—i-}Vn‘ l—i-‘Vn}

(Gl + b ) 8 ((1 n \w?)‘l) .

From § (G (n)y) € H*0~1, the first term on the right hand side belongs to H*°~!, while the
other terms belong to the same space H*~! due to Lemma 4.3.24 and Corollary 4.C.9,
which completes the proof for § B. As for 6V, the formula (4.3.47) implies

§V =6 (Vo) +86BVn+ BS (V).

The desired estimate then follows from that of B and Lemma 4.3.24. O

1
Lemma 4.3.26. Let ) € H,, "2 and 6n € H®*3 with s > 3 and 3 < so < s leta =

a™ + a(m=1) be a symbol W/th m € R and

"™ = F(n, Vom;€), o™V =3 Galn, Von;6)5 .1,

<2

where F(x,u,v; &) and G (x,u,v;£)’s are smooth function of order m and m — 1 in &, respec-
tively. Namely, for all € N® and ~ € N?

O F(z,u,0:6)| < (€™M, sup |92, 07 Galw,u,v:6)| < (&N,

T,u,vE

sup |92

T, U,V
T,u,v T,u,v

Then T, and Ty, are of order m.
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+T"™-1 and thus T, is of order m. As for Tj,, a direct calculus

Proof. Clearly a € LYo, + N

gives that
a=058(Fn,Vum; &)+ Y 5(Galn, Vun; ) 0em + > Galn, Vaurp; )05,

<2 <2

By Lemma 4.3.24 and s > 3, all the terms on the right hand side belong to I'f’, or ng—l
except for those G (7, V1; £)0g ,dn with |o| = 2. To deal with these terms, we observe

that G (1, Van; €) has H*™2 regularity in w variable while the low regularity comes from
0p.0n € H®~3. By applying Corollary 4.C.9, it is easy to check that, for all |¢| > 1 and
v EN?,

10/ Ga(n, Vo §)9..0n o035 S NGaln, Vurs Ol o1 ll0nll vy ()1,

Then by Proposition 4.C.16, the associated paradifferential operators is of order m — 1

Whenso—%>1,or
m S0 9 =m S0 9 m,

when sg — % < 1(in the critical case sp — 3 = 1, one may replace so — 3 by S0 — 5—), which
completes the proof. O

Now we are ready to prove (4.3.97). As before, during this proof, we denote

(43.100) woew o u= ol gy < (Wl W0l ) 19l

The mainidea of the proofis to use (4.3.52) together with shape derivative formula (4.2.42)
to obtain an explicit expression of § f1, where most terms can be treated separately and
the remaining ones (see (4.3.104)) will be proved to admit some cancellation thanks to an
application of paralinearization (4.3.52) with v replaced by Bén and B.

From (4.3.52), the derivative of f; in n reads

§f1 =6 (G —Th\U + Ty - Vn)

:5G(77)1,ZJ — T(;)\U — T)\5U + T(;V . Vn + TV -0 (?n)
=06G(n)y — T5\U — Ta6U + Tyy - Vi + Ty - (—:;‘;577,0> + Ty - Vén.

By (4.2.42) and definition (4.3.19) of U, the right hand side can be further written as
0f1 =—G(n)(Bon) =V - <‘;€577, Vz5n> - Bnén — T5xU + 16 (Tsn)
Ty -+ Ty - <_;735n,0> Ty - Vén
=—G(n) (Bsn) — V- (Vén) + %V"én — Bné” — T5xU + TaTspn + ThTon

+ Ty - ?77 + Ty - (_Z‘;y%()) + Ty - ?577.
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Lemma 4.3.27. Under the hypotheses of Lemma 4.3.23, we have

Ul Bén N6
(4.3.101) LV, —, Ty - <—25n, 0> ~ 0,
n n 7
(4.3.102) T\Tsgn, Tsy - Vn ~ 0,
(4.3.103) Ts5\U ~ 0,

in the sense of (4.3.100)

Proof of Lemma 4.3.27. The proof of (4.3.101) is direct. Since B,V € H*~!, we are able to
deduce the following estimates from Proposition 4.C.8, Corollary 4.C.9, and Proposition
4.C.22,

76« -0 16 < -0
28V s S 123 s 1604 < <||n|| o 60 ) 1601

B(57] B
oy S I=llms=1llonll o1 < C{nll e Nlas ) 10ml] +s s
H 2 n H 2 2’ H 2

=
ITv - (—25om.0) | SVl 1 25 o) SVl 1251 191
Vv 772 "7> Hso+% ~ H1+ 772 77 H50+2 ~ H1+ 2 H50+2 77 Hso+2

<c (Il kuﬂs) 60l e

To prove (4.3.102), we recall that, due to Lemma 4.3.25, 6 B, §V € H%~1 As a result,
HT)\TKSBUH 50+% <C <”T’HH;+%> HT(SB’UH 50+§ ~ HdBHHSO 1H,'7HHmax(§+ 50+§)

c <||77HH;+;, ) 19014
75093 IV i I ey < € (o Wl ) 13

As for the last equivalence (4.3.103), it is no more than a consequence of U € H?® C
H*%3 and A € 2! with Lemma 4.3.26. 0O

It remains to prove (4.3.97), namely that
(4.3.104) §f1 ~ —G(n) (Bon) —V - (Vn) + TnTedén + Ty - Vén

is equivalent to zero in the sense of (4.3.100). Note that Jn is assumed to be in o3, per-
mitting us to apply the paralinearization of Dirichlet-to-Neumann operator (Proposition
4.3.17). More precisely, we have

|G (n) (Bon) — Tx (Bon — Ty ssyn) + Toimyson) = V| o+

C (Wl ey ) 1380 < € (Wl Wl ) 65
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Recall that linear operators B(n) and V(n) are defined in (4.3.49) with estimate (4.3.50).
1

Then an application of Lemma 4.3.16, together with Bdn € H**2, gives the following

estimates

ITcion - 9l v, VBt [ 90l 13 < € (1l g Il ) 1501
R

03 <IBOESD g Wiy < € (1010l ) D
R

Therefore, the following paradifferential calculus holds :

§f1 ~—T\(Bén) + ThTgdn — (V-V)én—V -Vén+ 1Ty - Vin
~ — T)T5, B + (G(n)B)én,

where the last equivalence is from Proposition 4.2.9 and the following estimate (recall
that we assume s > sg + 3/2)

s + || Tos, V|

||R(B’677)||Hsg+§ H50+% + HR(‘/? v(sn)‘ Hsg+%
SN0l g 3 1Bl ars—r + 1V gy 1V ]2z

<C (Il .y 1ol ) 1901
Our problem is now reduced to
(G(n)B)on — T\Tsy B ~ 0.
To prove this, we apply again Proposition 4.3.17 with ¢ replaced by B € H*~!, namely
G(n)B ~ Ty (B — Tpwysn) — Tyms - V.

Recall that linear operators B(n) and V(n) are defined in (4.3.49) and the estimate (4.3.50)

1

ensures that B(n)B,V(n)B € H*2.Since n € H;JFE and Vi € H*"2 due to Corollary
4.C.9, one can apply Proposition 4.C.8 to show that T\Tjz(,pn and Ty, - Vn belong to

HS_%, which implies that
G(n)B ~T)\B,

since s — 1/2 > sp + 1/2 (recall that in our assumption s > sy + 3/2). Consequently,
(G(n)B)dn ~ (TnB)én = TsyThB + Tr,pon + R(I\B, 1) ~ T, T\B,
where the last equivalence is due to

1T, 80N yogr s + 1R(TAB, 00| ge g S ITAB o201

Ho0+3

<€ (Il s ) VL0 < (Il oy Tl ) B3
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Thus,
G(n)Bon — T\TsyB ~ T5,T\B — T)\T5,B = [Tgn,T)\u)]B + [Tgn,TA(o)}B.

Since o € H*tz c T9,, A1) ¢ 3, and A0 € Y, , the commutator estimate

(Corollary 4.C.19) implies that [T5,, T\«)] and [T5,, Ty ] are both of order less than 0, and
the proof of (4.3.97) is completed by observing that B € H5~1 ¢ H0+3.

Derivative of f;

The purpose of this part is to show that the derivative in n of f; (defined by (4.3.67)) is
bounded, namely

(4.3.105) 1820, 9) 170 < C (nnnH?;, ||¢||Hs> 1090l yv -

We first claim that this estimate implies the desired result (4.3.96). In fact, by (4.3.97)
and the definition (4.3.70) of f, it suffices to show

(4.3.106) 16 (T fr + f2) a0 < C (IInIIH;;;v ||1/1||Hs> 1671] g+
which can be reduced to
15 Ta13) Lo < € (Il oy V0l ) 185

provided (4.3.105) is correct. In (4.3.97) and Lemma 4.3.25, we have seen 6 B € H*~! and
1 1
df1 € H*%2, while B € H5 ! and f; € H°"2. These estimates give

16 (T f1) [|zs0 < Tspfillmso + (| TBO fillms0
SIOB| grso—1 || full grmaxcsg.z+) + 1Bl e 110 fil| 20

SO (Il e W0l ) 603
R

which completes the proof of (4.3.106).
As before, during the proof of (4.3.105), we denote

(4.3.107) w~ v e fu— ol <C <||n||H;+;, Hwﬂs) 1691l o3

From definition (4.3.67), it suffices to prove that r, (defined in (4.3.60)) and r3 (defined in
(4.3.61)) are equivalent to zero. We shall begin with the estimate of rs.



CHAPITRE 4. CAUCHY PROBLEM FOR JETS 209

Study of ;.

By (4.3.60), o reads
ro=N—"Ty - ?@/) + TBG(W)1/J +TgTy - ?77.

As in Section 4.3.4, we shall decompose it as a function of B, V, and G(n)y and apply
Proposition 4.2.8. In this part, the shape derivative formula (4.2.42) is not necessary, we
only need the regularity of §(G(n)v) (see also Lemma 4.3.25).

Via the same calculus as in (4.3.72), we can reformulate r, as

V|2 + B2 _ _
- - BG(n)¢y — Ty - (V + BVn) + TsG(n)v + TTv - Vn

=TpB — TgyB — Tv - (BVn) + TgTy - Vn+ R(V,V) + R(B, B) + R(B,G(n)v)
=Ty.5,B — Ty - (BVn) + TgTy - Vn+ R(V,V) + R(B, B) + R(B,G(n))
= (Ty.g, — Tv - Tg,) B+ [T, Tv] - Vi — Tv - R(B, Vn)

+ R(V,V) + R(B, B) + R(B,G(n)v).

T2

And the desired result r, ~ 0 is no more than a consequence of the following lemma :

Lemma 4.3.28. Under the hypotheses of Lemma 4.3.23, we have the following equivalences
in the sense of (4.3.107),

(4.3.108) 5 ((Ty.e, — Tv - Te,) B) ~ 0,

(4.3.109) 8 ([T, Tv] - V) ~0,

(4.3.110) § (Tv - R(B,Vn)) ~ 0,

(4.3.111) 5 (R(V,V)+ R(B, B) + R(B,G(n)¢)) ~ 0

Proof. The left hand side of (4.3.108) is equal to
0 ((TVVn —Tv- T?n) B) =Tsv.oyB — Tov - Ty, B + TvﬂWn)B —Tv- Té(?n)B
+ (Ty.5, — Tv - Tg,) 0B,

where each term on the right hand side is equivalent to zero. In fact, since dB,§V €
— 1

H#%0~! (see Lemma 4.3.25)and § (Vn) € H®°°72 (see Lemma 4.3.24), one may obtain from

Proposition 4.C.18, 4.C.8, and Corollary 4.C.9 that

1Ty 5y Bl + 1 Tsv - Ty Bl rso
SISV -Vl o1 [| Bl grmaxcso.2+) + 10V | o1 [Vl zroe | B grmasce 2

SV o ¥l B < € (Wl o Wl ) 13

1Ty () Bllzzso + 1Ty - Ty Bllm=o
SIV -6 (V) e 1Bllso + 1V I+ 16 (V) [+ | Bl 2120
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<V s 18 (F0) lagss | Bllaro < C (rnr\H5+%, kuHs) 1600 oe
R

H (TV~?77 - TV ’ T@n) 6BHHSO

<C (II??IIH;:%, 61 ) 198 -s < € <||n||Hsf%, 6110 ) 1600005

R
Recall that the regularity of B and V' has been studied in Lemma 4.3.16.
The proof of (4.3.109) is similar. We first write its left hand side as

6 ([Ts. Tv] - V) = [T5p,Tv] - Vn+ [T, Tyv] - Vi + [T, Tv] - 6 (V1) ,

where we shall apply commutator estimate (Corollary 4.C.19) only for the last term on the
right hand side.

1[T55, Tv] - Vllaso + [[Ts, Tsv] - Vil mso
<\ TssTv - Vllaso + |Tv - TsgVnllaso + | T8Tsv - Vgl aso + | Tsv - TeVn| mso
S Bl g+ + IV r+) (10B grso-1 + 10V ]| grso—1) V0] grmaxcsg.2+)

<C (1l e W0l ) W5
R
[T, Tv] - 6 (Vn) |l mso
<c (unnH}?;, 610 ) 16 () 0 3 < € (nnnH}?;, 6110 ) 1600003
As for the estimate (4.3.110), we shall apply Proposition 4.C.8.
16 (Tv - R(B, V) [| %0
< Tsv - R(B,Vn)|lso + | Tv - R(6B,Vn)||uso + |Tv - R (B, 6 (Vn)) || o
SOV grso-1 IR(B, V) || gmaxcso 2 + [V | i+ [|R(6B, V)| 50
+ VIl IR (B.8 (Vn)) llz50
ot IV e (B o1 |Vl s
VI IBI 3418 (F0) -

2

SV gso-1 1Bl a1 |V

<C (Il ey 19 ) 1901
The last equivalence (4.3.111) is merely a consequence of Proposition 4.C.8.
16 (R(V,V) + R(B, B) + R(B, G(n)¥)) || =0
<SIREOV, V) lso + [|1R(OB, B)[[m=0 + [[R(6B, G(n)) |0 + [|1R(B, (G (n))) | zr0
SV o1V L2+ + 0Bl grso-1 | Bll 2+ + 1Bl rso -1 |G ()3 12+
+ 1Bl a2+ 16(G(m)) |0

<C (Il g1 ) 100y

where we use the fact that G(n)y € H*™ ! and §(G(n)y) € H*~! due to Proposition
4.2.8. O
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Study of rs.

In the end of Section 4.3.4, we have obtained an explicit formula (4.3.88) for r3. Then
it suffices to show that the derivative-in-n of the right hand side of (4.3.88) is equivalent
to zero in the sense of (4.3.107), which can be reduced to the following lemma.

Lemma 4.3.29. Under the hypotheses of Lemma 4.3.23, we have the following equivalences
in the sense of (4.3.107),

(4.3.112) 5 (F(n, Tvz e F (0, Vum) * (1, V) ~ 0,

(4.3.113) 5 (T, ( w) =T, Gt (. m) * (0 Vw))) ~ 0,
(4.3.114) 6 (Tr, (.50 ) ~0,

(4.3.115) O T Tt (7 m) n) 0 (R (njk,Gj’“(n, Vw))) ~ 0,

(
(4.3.116) 5 ((

Recall that F, G% are smooth functions defined in (4.3.78).

e w,wGIF) (0, Vwn) Tnjk(Vu,ijk)(n,anJ ’ an) ~ 0.

Proof of (4.3.114)-(4.3.116). The proof of these equivalences are similar to the study of
ro. Due to Lemma 4.3.24, the composition of smooth functions with (n, V,,n) belongs to
H*"% and their derivative in n liein H*~%, Then (4.3.114) follows from

10 (Try (0,90 ) 150 <UTs(5, (1,50 50 + 1Ty (15 00 57 E50
SO (Fe(n, Vo)) L+ 1m0l 70 + 1 F2 (0, V)| zr1+ 1107|250

<C (1903 ) 197 sy

while (4.3.115) is a consequence of
18 (T Tt ) o + 18 (R (s G0 Fum) ) ) Nz
ST Tt (9, M0 1T Ty ) M0+ 1T T,y Ol
+ 1 (mg0 G0, Fum) ) s + 1R (e 6 (G, Fum) ) ) g

6381 -3 G200, T )15 110 5.9 1 16 (GE1, o)) s Il

el G2 (o, o) s [0l oo + [18mel -3 11G2 (1, V)|
gl 318 (G2 T i) ) 1oy

<C (1903 ) 1973

As for (4.3.116), when the derivative § acts on V,,n, by Proposition 4.C.18, we have

H®0~ 3+

H (TnjkT(Vu’ijk)(n,an) - Tnjk(vuvajk)(n’vwn)> ‘VwénHHSo
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<C (Il oeg )10y < () 100

since the symbols 7;; and (V.. ,G7*) (1, V,,n) belong to H% C Pg/2+. When § acts on
the symbols, each terms are equivalent to zero,

1T T )y - Vatlizeo SI6mie 1 ey | (Va7 ) 00Tt} L I 40
1T Ty (90 rwum) - Voo Slmiells 16 ((FunG?) (0, Vum)) |y 3 IV wnllio,
1Ty (9058w - Vel S10m51 (VawG*) (0T )]sy g IVl 4.0
<0kl g3 I (VG ) 0 )l a1t [Vl
1T, (T nwum) - Vetllzzo Slmied ((VuwG*) (1, Vom) -y [Vl
<l 18 ((VawG) (0, V) |y IVl

the right hand side of which are all bounded by C (||17||H;+5> |\6n\|Hso+%. O

To prove (4.3.112) and (4.3.113), we need the following lemma,

1
Lemma 4.3.30. Letn € Hj, 2 and 6y € H with s > 3.and 3 < sy < s — . For all smooth
function F = F(x,u,v), we have

(4.3.117) |0 (F(m Vun) — T(Vz,u,vF)(’f],an) - (m, an)) |l s0 < C <HT7‘H;+§> ||577”H50+%'

Recall that § stands for the derivation in n.

Proof. The function on the left hand side of (4.3.117) reads
(vm,u,vF) (777 Vwﬁ)'(577> Vw577) _Té((VI,u,vF)(n,an)) '(77, Vm"]) _T(Vw,u,uF)(n,an) - (577, vw577).

Recall that Lemma 4.3.24 ensures that 6 ((VauoF') (1, Vun)) € H*~2.Then Proposition
4.C.8 implies

T3 1.7 0m)) * (1 Vi) 2220 SIS (Ve F) (10, Vo)) s 10 Vo) || 2220

<C (19l 03 ) 1503

The remaining term

(VaeuwE) (1, Vun) - (67, Vuon) = Ty, . P,V wn) * (01, Vwdn)
:T((Sn,vwén) (VauwE) (0, Vun) + R(VauwF) (1, Vun), (00, Viwon))

which, due to Proposition 4.C.8, can be bounded by

||T(5711Vw577) “(Veuo ) (0, Van) lgso SI(00, Vawdn)|| (VaeunE) (7, Vun) | zso

o3|



CHAPITRE 4. CAUCHY PROBLEM FOR JETS 213

<C (103 ) 1991

IR (Va,uwF) (0, Vun), (617, Vwon)) [ a0 S| (6, Vwén)HHsW% | (Vaunl) (1, an)”H%Jr

<C (1001 ) 1900

O

Proof of (4.3.112) and (4.3.113). (4.3.112) is a direct consequence of Lemma 4.3.30. For
(4.3.113), one may rewrite its left hand side as

Ténjk <ij<n7 vwn) - TVz,u,vG'jk(%an) ) <T’7 vwn)>

where the second term is equivalent to zero due to Lemmma 4.3.30 and Proposition 4.C.8,
while the first term can be estimated via (4.C.9) and (4.C.19),

1Tsn,0 (G0, V) = T, ot 9umy - (V) o

ik
rSH(SUijHsO—% 1G7(n, Vwn) — TVm,u,ij’“(n,Vwﬁ) - (n, v’wn)HHmax(%+,so)

<C (1903 ) 1903

4.4 . Symmetrization of the system

In previous section, the main system (4.1.18) has been reformulated into paralinear
form (4.3.68), which we recall here

8t<Z>+(TV-V+£)<Z>:f,

s (10 0 T I 0
“\1s 1)\ o, 0 T I )

The goal of this section is to check that this system is symmetrizable. Namely, the operator
Ty - V + L will be shown to be anti-self-adjoint, up to remainders with proper regularity.

1

Under the hypotheses of Theorem 4.1.2, (n,¢) € H;;ri x H* and thus the vector V and
has Lipschitz regularity, which guarantees that Ty, - V is anti-self-adjoint up to a remainder
of order 0 (see Lemma 4.5.14). The main difficulty is to prove that £ is symmetrizable. In
fact, the matrix of principal symbols associated to £ reads

0 M
(Uu‘” 0 )

where
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where A, ;2 are real and elliptic with ¢ > 0. When 7 (the coefficients of A, ) is regular
enough, a simple calculation of matrices gives the desired symmetrization

o@D 0\ 0 —/oAD ) @ AD 0
0 1 oA 2] 0 0 1)

This heuristic calculation indicates us to try to construct symmetrizer S such that

0 =T\ ~1
S< ol 0 >S
is anti-self-adjoint up to remainders. Meanwhile, one could also see the proper order of
symbols, which is stated in detail in Proposition 4.4.1. To rigorously construct the symme-
trizer S, we shall repeat the method in [ ] with the symbolic calculus introduced in
Section 4.3.1 and Appendix 4.C.3.

As in previous section, for a,b € ¥, we say that T, and T} are equivalent and write

T, =~ T iftheir differenceis of order m—3/2— with operator norm bounded by C <|]77|\H%+).
Besides, for any symbol a € ¥™ C 1‘},}}2+ + F’f};}r, we shall also use the notation (™ ¢
Fm

§, anda(m= ¢ F’l’;gi to presentits principal and subprincipal component respectively

(note that this decomposition is unique if we further assume that ("™ is homogeneous
in £ of order m).

1
Proposition 4.4.1. Let (n,¢) € H}?? x H?* with s > 3. There exist elliptic symbols p € s
and q € ¥° such that

T, O
(4.4.1) .:< Op Tq>

satisfies, for some elliptic v 23,
(4.4.2)

g 0 T\ \ _ 0 —T,Ty\ \ _ 0 -1, \ _ 0 -7, S
ol, 0 ) \ol,, 0 “\TT, 0 T\ 0
in the sense that T, T\ ~ T, T, and o1, T, =~ T3 T),.
Furthermore, we have,
(4.4.3) 1,1\ ~T,Ty, TTou =TT, Ty ~T,,
which is stronger than (4.4.2)

The construction of p, ¢, from A, i is exactly the same as in Section 4.2 of [ 1
which we recall here. To begin with, we investigate the conditions on ~y such that 777 ~ T.,.
By choosing

(4.4.4) Im~#/2) = 0,
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one may apply Propostion 4.3.9 to deduce that
(4.4.5) Im~(1/2) = —%aw -9y B/,

We shall next determine Re v(3/2), Re 4(1/2) and ¢ such that
(4.4.6) T, Ty, Ty ~ Ty T, T,, and T,Ty ~ T, T,.

This will provide a solution to the first two equivalencesin (4.4.3), plugging the last formula
of (4.4.6) inside the first one and using that A\ has a parametrix, since \ is elliptic (see
Proposition 4.3.7). By applying symbolic calculus (4.3.11), the first equivalence of (4.4.6)
follows from

af (opA) = (V) .
By (4.3.13), we can write this equality as

0 (o1tA) + 9q® - Dy (0p @A) + ¢ (o0
= (v47) ¢© + 0% (7@/2)7(3/2))  Dpq® + (489)@ ¢,

By comparing the principal part of both sides (terms of degree 3 in &), we are able to
determine

(4.4.8) ~32) =\ J o@D,

To deal with the subprincipal terms of (4.4.7), one may set

(4.4.7)

(4.4.9) V=0
and (4.4.7) becomes
0O (opth — Vi) =0 (7(3/2)7(3/2)) - Duq® — 9e¢® - D, ((w@) A(l))
(4.4.10) —0 (Uu(fz) A(l))  Dpq® — 8:¢® - D, (UM@) A(l))
%{ou(?) AW 4O}

where {-,-} is Poisson bracket. By comparing real and imaginary part of both sides of
(4.4.10) and setting

(4.4.11) Imq¢® =0,
we have
(4.4.12) Re (oA — v#y) =0, ¢Im (opuh — y4y) = —{ouPAW) ¢}

From the first equation in (4.4.12), we are able to solve Re v(1/2),

(4.4.13) 273/ Re4(1/2) = & (u@) Re A 4+ Re u(l))\(l)) = op@ Re N,
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where the first equality holds since 4(3/2), A1), and p(?) are real with (4.4.8), and the second
follows from Re u(l) = 0, which can be seen from the second formula in (4.3.85). Then
(4.4.13), together with (4.4.8) and (4.4.5), completes the definition of v. Meanwhile, to solve
the second equation in (4.4.12), we first calculate the coefficient before ¢(?) by applying
(4.3.59), (4.3.86), and (4.4.5),

Im (oA — )
— 601 - 9,00 4 o Im pOAD 4 5 mA©
+ 067D 9,73/2) _ 24(8/2) 1 (1/2)

= — 0@ - 92D — %aw D @AW — 381;7’77 DA — %M@)aw 9D
_ % M(z@;’? 9D 9y B/2) . 9,731 4 A2, 9 3/2)
- %ag 4@ . g0 (%aw(z) oA 4 %&u Bep@AD 4+ % 1P, - 0 A(l))
_ (331;77 EYCICp u@)&;‘;" 9 A(l)) + (369972 0,712 4 401D, 9ey(3/2))

%@ D £ % @ a0 _ g g u@amy _ T o (@)
30 - 0NV + T, 0D = Z0u - () — T2 O (AW

1
+ 5310 . 5§(7(3/2)7(3/2))

o 0 Oy 1

=71 AW @0 5777 O (H@) A(l)) + 50 De (434312 _ 5, (2) \(1))
o 0 Oy

=5{A(”,u(2> _ 5777 O (u<2)A(1)) ,

where we apply (4.4.8) to obtain the last equality. The equation for ¢(*) becomes
1 Ow
Lo [{Au),um} _ 777 5 (u(Q)A“))] EEHENOION

From (4.3.54) and (4.3.64), we have ;@ = a2 (A1) with

_3
4

(4.4.14) a=—(1+|VnP?) %,

1
V2
which is positive and independent of £. Furthermore, we look for ¢(°) also independent of
¢. Then the equation for ¢(9) can be written as

0
0wd o ) _ 10w gea _ 10w 50,

g "t 2 3 a

an obvious solution of which reads

(4.4.15) d© = phah =2k i (14 902}
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Clearly, ¢ = ¢© is elliptic.

Till now, we have constructed v € ¥2 and ¢ € XV satisfying (4.4.6), according to our
discussion before, it remains to construct p € ¥z with either 1\ ~ T,T; or T,T,, =~
T,T,. Here we focus on the former one. In fact, since A € X! is elliptic, by Proposition
4.3.7, there exists A € %! such that T\T5 ~ T\T5 = id. Thus, by symbolic calculus
(Proposition 4.3.4), one has

LI\ ~T)T, < T,1\TI5 = T, T,15 < T, = T(vﬂq)tiﬂ’

which gives a possible definition of p :
(4.4.16) p = (Vi) € B2,

whose principal symbol equals

+(3/2)0)

(1/2) _
(4.4.17) PP =

Hence, p is elliptic.
From Proposition 4.3.7, the ellipticity of p, ¢ implies that S has a parametrix S, in the
sense that

(4.4.18) 5SS ~ SS ~id,
where

g._ (T O
(4.4.19) S._< 0 Tq)

with 5 € 71/2 and ¢ € X0 the elliptic symbols constructed by Proposition 4.3.7.
To end this section, we introduce some commutator estimates involving S (see also
Section 2.4 of [ ] for the case of planar water-wave).

1
Proposition 4.4.2. Let (n,v) € H?? x H® with s > 3. For all symbol a € X™ with m € R,
the commutator [T,, 0] is of order m, with

(4.4.20) o0t sarmy < C (0l oy ) ¥r € R
R

In particular, the commutator between S and 0, is equal to

_ Tatp 0
[57 8t] B ( 0 Tf?tq >7

where Tj,,, is of order 1 and Ty, is of order 0.
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Proof. We intend to apply Lemma 4.3.26, which gives the invariance of order of T, under
derivative in i in a weaker space H%+3 with % < so < s. By Leibniz rule, it suffices to
check that n; belongs to this space for some sq e]%, s], which is a consequence of the first
equation of (4.1.18) together with Corollary 4.2.4 (with sqg = s), namely

m =Gy € H.
O

1
Proposition 4.4.3. Let (n, ) € Hy, 2 x H* with s > 3. Let a = a™ + a(™~1 be a symbol

inTy, + F?}g}r with m € R and

320 (@) 5. (€)™ + 192atm V()] _y, (&)1l S € (HHHH?;) ,

for all « € N2 and ¢ € R2. Then we have, for all r < min(s +m + 5,5+ 3—),

(4.4.27) H [T‘“TV ' ?] HL(HT;Hr—m) <C <H?7HH5+%7 M’”HS) .
R

In particular, we have, for all r < s + 3,

(4.4.22) T T - V1 gty S € (Hn\HH%, HwHHs) :
’ R
@.4.23) e [ (e T §
R

Proof. Letw be any functionin H" withr < s+m + % One may write

(To, Ty - V] u=[To, Ty=ie.]u+ ToTyo (T,-10pu + Toun™" + R(n™", 0gu))
— Tyo (Ty-109(Tau) + Toyryn ' + R(n™, 09(Tou)))
— [Ta, TVZigz] u+ [Ta, TveTnfl]agu + TaTve (Taeun_l + R(n_l, 891&))
— Tyo (T-1Topat + Toprymyn ' + R, 0p(Tau))) -
We shall check that each term on the right hand side liesin H"~". The firstterm [T5,, Ty=¢. ) u €
H"™ ™ is no more than a consequence of commutator estimate (Corollary 4.C.19). For the
second term (13, Ty T,-1]9pu, one may replace Ty67; -1 by T, -1y, since their difference

is of order —1— leading to an error term in H"~™", and apply again Corollary 4.C.19. The
third term can be estimated via Proposition 4.C.8,

1 TuTyo (Topun™ " + R, 0puw)) || grr—m

<O (Wl oy V0l ) o™+ RO~ Bp)
R

—1
o] Y Py N e o P (R Y Y PR

R—1
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which is bounded due to Proposition 4.C.22. To deal with the last term, we observe that
Tou € H™™™ ,and that Tj,, has the same order as T, due to Proposition 4.C.16 and the
factthat ny € H 3. Then, again by Proposition 4.C.8 and 4.C.22, we have

”TV9 (TnflTaeau + Tag(Tau)n_l + R(n_17 89(Tau))) ||Hr_m

<0 (Il oy 10l
R

<C (mu uwuHs) el
HR

||T77*1T89au + Tag(Tau)n_l + R(n_la 89(Tau)) ||H7"_m

<C N
(muH;f%_ e

R—1

<IIUHHr + 106 (Taw) || grr—m—1 ||77_1|le+%_>

Note that in the second inequality, we need the assumption » < min(s + m + %, s+ %—)
to apply Proposition 4.C.8. O

4.5 . Cauchy problem

In this section, we shall prove Theorem 4.1.2 and 4.1.3. Recall that in Section 4.3, we
have managed to reformulate the equation (4.1.18) as (4.3.68),

@ (2)ve(2) -1

where the linear operator £ admits a symmetrizer S defined by (4.4.1) (see Proposition
1
4.4.1). Moreover, provided that (n,¢) € H;rz x H® with s > 3, f = f(n,¢) belongs to

H*+3 x H* and has local Lipschitz regularity from H]S%OJF% x H® to H**3 x H*, for all
3 < sp < s— 3 (see Proposition 4.3.22).

Based on the definition (4.3.69) of £, we shall introduced a mollified version £¢ by
inserting proper smoothing operators (see (4.5.9)). The resulting approximate system
(4.5.10), which is nothing else than an ODE, has a unique solution (n¢,) on the time
interval [0, T,[ due to Cauchy-Lipschitz Theorem. Energy estimates (Proposition 4.5.5) gua-
rantee that the lifespan 7, admits a uniform lower bound 7" (see Corollary 4.5.6), and the

1
approximate solution (n¢, ¢) is bounded in H]S:? x H® with s > 3, and converges on [0, T

. so+i 3 3
in a weaker norm H, * x H* where 5 < sq < s — 5. Consequently, (n°,¢°) tends to a

solution (1, v) to (4.1.18) and the uniqueness follows from a similar argument used in the
convergence of approximate solution. Note that, by classical interpolation argument, the
limit of approximate solution has only L regularity in time, which can be optimized to C°
via nonlinear interpolation introduced in [ 1, which completes the proof of Theorem
4.1.2. As a by-product, we can also deduce the continuity of flow map, i.e. Theorem 4.1.3.

Before starting the proof, we introduce some notations and conventions used in this
section,
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Definition 4.5.1. For s € R, R > 0, and T' > 0, X}, denotes the collection of all (n,v) such

thaty € Handn— Re H 3+%, where we further assume that n satisfy hypotheses (HO) and
(H1) (or (H1"). For all (n1,v1), (n2,12) € X%, we denote

(4.5.1) dz, (1, 91), (2, 92)) = I = 2l yosy + 191 = ol

Itis clear that (X5, dxy ) is a complete metric space. Note that in periodic case (i.e. with hypo-
thesis (H1"), the normalization R should be omitted and (X*,dxs) becomes a Banach space.
Moreover, if (n,v) depends on time t € [0,T'], we denote by L X}, the space of L>°-functions
with value in X3, such that

sup [|(n(t) = B p(O)l ory e < F00-
t€0,7] H*T2 X H
Furthermore, we denote by C1X?® the subspace of L X*® where (n(t),v(t)) is continuous in
time w.r.t. the distance (4.5.1).

In the sequel, we focus on the perturbative case (with hypothesis (H1)) and the proof
for periodic case can be obtained simply by deleting all the normalization.
As in previous sections, for linear operators A, B of order m € R, we write

A — Bis of order m — %—,
(4.5.2) A~ B &
with operator norm bounded by C (||(77,1/1)H 1 > )

s+2 X
Hp “xH*®

4.5.1. Construction of approximate solutions

Recall that £ is defined by (4.3.69),

(L0 0 T I 0
T TB I (TT# 0 —TB I ’

Asin [ ], we introduce the mollifier J. := T}, (0 < e < 1), where the symbol j. is
given by
(4.5.3) je =@+ Y, G0 = exp (~ey®) Y = 50 - 0.

Recall that v(3/2) is constructed in Proposition 4.4.1. As a consequence of Corollary 4.3.5
and 4.3.9, all the symbols constructed as above satisfy the following property.

Lemma 4.5.2. Given m € R, we denote by G™ the collection of real functions F' = F(e, p)
which are smooth on {p > 0} with parameter e €]0, 1], satisfying that, for all k € Nand p > 0,

(4.5.4) sup ’8’;F(6,p)‘ < gk,
€€]0,1]
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1_
Letn e L%’H?Q with s > 3 and T > 0. For all F' € G™, we define symbol ar. . as

(4.5.5) ape:= a%‘??ﬁn/z) +ag§77€n/2_1), a%}:ﬂﬂ) F(e, 7(3/2)), a;f?en/g D _ 8 - O¢ (3m/2).
3m/2 3m/2—1 . . .
Then ap, belongs to 'y ;'\~ + ') ;' uniformly in e and t € [0, T'[ with
(4.5.6) Y
Moreover, for any F,G € G™, we have
(4.5.7) Top Tog, = Tog Tup,-
(3m/2) (3m/2 1) . 3m/2 3m/2—1
Proof. The uniform-in-(e,t) boundedness of a;; and a in |y and Iior

respectively, can be directly checked from the deflnltlon (4.4.8) of v(3/2) and the condition
(4.5.4) of F. Since F is real-valued, a(?’m/Q) is also real. Then an application of Proposition
4.3.9 gives (4.5.6). To prove the last equivalence (4.5.7), we first reduce it to apfag,e =
ag,fare, thanks to (4.3.11). In fact, by formula (4.3.13) and definition (4.5.5), we have

aFeﬁaG € aG’,eﬁaF,e

3m2 3m/2 3m/2 3m/2
—0cal™? - Dol — 0alm? - DyaE?

—F'(e, 7(3/2>)G/(6’ A 312)54B/2) . Dy B12) _ G e,y (e, 4 B/2)3en 312 . (312
=0.

O

In particular, by choosing F'(e, p) = exp(—ep) and G(e, p) = p, we have the following
property on j. constructed in (4.5.3),

1_
Lemma 4.5.3. Letn € LOOHSJr with s > 3 and T' > 0. Then the symbol j. defined above is
elliptic and belong to F3 o+ T F1 Jot uniformly in e > 0 and t € [0, T|. Moreover, we have

(4.5.8) J Ty = TyJe, J: =~ J,
uniformly in e, t.

Note that when e > 0, j. € 1“3/2Jr FT/?}- for all m < 0, and as a consequence, J,
serves as a smoothing operator. Nevertheless, the estimates of j. are uniformine > 0
only form > 0. In the sequel, we shall regard j. as an elementin 1“3/2+ 4—1“1/2Jr in symbolic
calculus.

Now, we define the mollification of £ as

. I 0 0 -1\ 5 I 0
o om0 (0 B Yss( L 0).
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where S is the symmetrizer of £ defined by (4.4.1) and S'is an inverse of S (in the sense
of (4.4.18)), which can be taken as (4.4.19). The resulting approximate system reads

(8 + Tv - VJ. + L) ( Z ) = f(Jen, Jeb),

41
(1,%)|t=0 = (110, %0) € Hp, > x H*,

(4.5.10)

where s > 3.

Proposition 4.5.4. Let s > 3 and € > 0. For all (no, o) € X}, there exists T, > 0 and a
unique solution (n°, ) € C1: Xy, to the Cauchy problem (4.5.10). Moreover, if T. denotes the
supremum of all such T, we have,

(4.511) T, = +oo, or T, < +oo with limsup <||7f(t) —R||

t—Te—

D) llae ) = +oc.

Hot 3

In the following, we still denote the approximate solution by (7, ¥) if there is no confu-
sion.

Proof. To prove Proposition 4.5.4, we attempt to apply Cauchy-Lipschitz theorem, requi-
ring the following quantities to be locally Lipschitizian on X,

Tv . S ( ! ) L ( ! ) F(Ten, J o).

As in Section 4.3.5, it suffices to check that the derivative-in-(n, ¢) of these quantities are
bounded in A (in this case, we can assume dn € Hs+%). This boundedness is no more
than a consequence of Lemma 4.3.25, 4.3.26, and Proposition 4.3.22, 4.C.8. The only term
that needs to be treated carefully is the n~! arising from the definition (4.3.40) of V, na-

mely
1
e (00 (1))

After applying derivatives in n or v, € > 0 ensures that 9y J.n, 9yJ.1, and their derivatives

in (n,) liein H> := Ncz H*. Therefore, their product with n~* or §(n~!) has regularity
1

H*"2 due to Corollary 4.C.9. Since Ty, is of order 0, the contribution of these terms is still

in Xp. O

4.5.2. Energy estimates

In this part, we shall make energy estimates for approximate solutions constructed in
Proposition 4.5.4, which also hold for the original system (4.3.68), namely in the case e = 0.
One should keep in mind that all the estimates in this section are uniform for ¢ € [0, 1].
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Proposition 4.5.5. Let (n9,v0) € X}, with s > 3. The approximate solution (n®, 1) obtained

1
in Proposition 4.5.4 satisfies, for some Ty depending only on Hf;r? x H#-norm of initial data

(7707¢0)/
(4.5.12) MT,e < C(M(]’e)MO’E, VT € [0, min(Tg,Te)[, VOo<e<,

where C'is a positive increasing function independent of ¢, T. > 0 is the lifespan of the ap-
proximate solution, and

(4.5.13) M= sup (I (t) = Rl ey + [0 @®)llae)
te[0,T]

As a corollary, the blow-up criteria (4.5.11) implies

Corollary 4.5.6. Under the hypotheses of Proposition 4.5.4, there exists Tp > 0 depending

1
only on H;;r? x H#*-norm of initial data (ny, 1), such that the lifespan T, satisfies,

(4.5.14) T, > Ty, Ve > 0.
As a result, the energy estimate (4.5.12) becomes
(4.5.15) Mg < C(Mo,e) Mo, YT €[0,Tp[, V0 <e< 1.

Remark 4.5.7. Note that, once we manage to prove the convergence of approximate solutions
(n°,¢°) in LP X}, or weaker space LX) (so < s), the limit (n, ) will inherit this uniform
bound, namely,

o) <0 (lomwl y ) Mool ey YT € 0T

s+1
L (Hy 2 xHs) R

Instead of proving Proposition 4.5.5, we shall consider a more general case.

1
Proposition 4.5.8. Let (1,v() € Hy? x H® and (n,v) € LPXE with R € R, R > 0,
T >0, and s > 3. Given sq €]3, s], we assume that
(1) The system

(8,5+TV?JE+£6) ( 77/ ) :f7

(77/7 1/}/) |t:0 = (77(/37 1/}6)7

(4.5.16)

1 _
admits a solution (n/,4') € L%’(Hg,r2 x H*®), where the operators Ty - V.J. and L€ are asso-

ciated to (n,v);
(2) The source term f verifies, for all t € [0,T,

(4.5.17) S C(N{T) (MY + ),

1 vt e
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where cy € [0, 1] is a constant,

ro._ / ! / .
(4.5.18) M = sup. (Il (®) = B sy + 10 @Ol )

and Ny is defined as

(45.19 Nj o= sup (|ln(t) = Bl .y + 00 ) + M.
t€[0,T]

(3) There exists 3 < s; < min(s — 3, so) such that (n, ) satisfies for all t € [0, T,

81+%

(4.5.20) 1]l oy 43 + N2l rsr < C(NET)N;

Then there exists 0 < Ty < T depending only on ||(n;, ¢6)||HS+% o and ¢y € [0,1], such
X S

R/

that for all e € [0,1] and t € [0, Tp),
(4.5.21) (M*)? < C(NGT) (M"Y +tC(N) (N2 + 1) (N) + ¢3),

where the smooth increasing function C > 0 is independent of € € |0, 1].
In particular, if so < s, the estimate above can be written as

(4.5.22) (M;°)? < C(NGT) (M) +tC(NS™) (M;°)* + ¢7), Vt € [0,Ty).

Meanwhile, if s > s—, ¢y =0, R' = R, and (/' ,¢') = (n,7¢) € CrX}, we have N] = 2M] as
well as

(4.5.23) N < C(NST)NS, Vit € [0, Ty).

Remark 4.5.9. In application of this proposition, we always have that (n, 1)) solves (4.3.68)
or the approximate system (4.5.10). Therefore, condition (3) is trivial. Besides, (n/, ") is equal
to either (n, ) or the difference of two solutions to (4.3.68) or (4.5.10). In both cases, we can
easily derive the equation (4.5.16) in (1).

When Proposition 4.5.8 is proved, Proposition 4.5.5 follows from (4.3.91) and (4.5.23)
with so = s, ¢y = 0, and (1, ¢’) = (n,v). In order to prove Proposition 4.5.8, we begin
with the following two lemmas.

Lemma 4.5.10. Let (n,) € LF X}, with s > 3 and T > 0. Then the following estimate holds
uniformly ine € [0,1] and t € [0, T,

I 0\ e 0 -TJ I 0
wsao s L )ea( g0 B )s( L),

The meaning of this equivalence between matrix of paralinear operators is that the correspon-
ding entries are equivalent in the sense of (4.5.2).
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Proof. By definition (4.5.9) of L¢, we have

I 0\ . 0 -7\ = I 0
S(—TB ])c_s<UTu ! )SJGS<_TB I).

Thanks to Proposition 4.4.1, the right hand side is equivalent to

0o -7, ~ I 0\ _ 0 -7, I 0
(5 o )ssus( i v)=(2 o7 )s(m 1)
where we use SS = id (see (4.4.18)). It remains to check that T3 Je =~ (T Je)*. In fact, by
(4.4.3) and Lemma 4.5.3,

(T Je)* = JG*T;k ~ JET,;" ~JTy =Ty ~ TV*JE.
O

Lemma 4.5.11. Let (n,v) € LF X}, with s > 3 and T > 0. Then the following estimate holds
uniformly in e € [0,1] and t € [0, T,

1

4525 |75, ] s, Ty - 911, <C(NF), r<s+ 3.

LOHTHT =3+ (HT3H™=3)

Proof. The commutator Tz and 0, reads
TB, 0 = Ty, B-

By Proposition 4.C.16, it suffices to prove that 9, B € H2". Thanks to formula (4.3.46) of B,
one may regard B as a smooth function of G(n)v, (n, V1), and (1, V). By Proposition
4.C.22 and Corollary 4.C.9, it suffices to check that the derivative in time of these quantities
belongs to H>*. From equation (4.1.18), we have

1
87577 = G(U)w € HSila 8151/) =0 (H - 2R> - NE¢€ H37%7
which is a consequence of Corollary 4.2.4, 4.C.9, and Proposition 4.C.22 (recall that B,V €
H*~! due to Lemma 4.3.16). This observation implies that 9;(n, V.,n) and 9;(1, V.,1) have
1
regularity Hz" since s > 3. As for the time derivative of G(n)v, we have
d _5 1
0 (G)) = 4 GOy O+ Gln)ow € H*3 € HIY,
thanks to Proposition 4.2.8 and 4.2.4.
It remains to study the commutator [Tz, Ty - V], whose estimate follows from Propo-
sition 4.4.3 with a = B € ') (see also (4.3.51)). O

Now, we are ready to prove Proposition 4.5.8. Recall that (1, ) solves (4.5.16), na-

mely
/
(8t+TV '?Je-i-ﬁe) ( ZZ/ > :f c L%O(Hs—i_% X Hs).
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By applying operator

I 0
(4.5.26) S( T I)

on both sides (recall that S is defined in (4.4.1)), one has

I 0 = c
S( 7y I>(8t+TV-VJe+£)

B _ I 0 0 —T,Je I 0

We claim that the remainder R; satisfies the following property.

(4.5.27)

Lemma 4.5.12. Under the assumption of Proposition 4.5.8, R, defined by (4.5.27) satisfies,
forallr €0, s|,

4.5.28 R < C(N;/7).
( ) | 1”1:(Hy%xm;mxm) )

Proof. We observe from the definition (4.4.1) of S, that

I 0 =
Ry = |:S< Ty T > ,at+Tv~VJ€:|

I 0 . 0 =T, Je I 0
+S<_TB I>£_<(T’YJ€)* 0 >S<TB I)
_ Tp 0 8t—|-TV'@J + R =R, +R'
T, T, )’ ‘ S
where

R — (T, 0 + Tv - VJ 0o
2\ [T T, 0+ Ty - VI [T,0,+Tv-VJ] )’

, I 0\ ne 0 —T,J I 0
w5y 1)e (0" )s( 1)

From Lemma 4.5.10, Rj satisfies the desired estimate, so as the commutator between T},
(and T;,) and 0; + Ty - VJ. (see Proposition 4.4.2 and 4.4.3). Thus, it remains to show that

_ L
the commutator [TqTB, Oy + Ty - VJE} is bounded from HRJ,r2 to H", with operator norm
bounded by C'(N; 7). In fact, we have

[TyTp, 0, + Ty - VJ| =T, [Tp,0; + Tv - VJ| + [Ty, 0: + Tv - VJ| T
=T, (Tp, 0 + T[T, Tv - V]J. + T,Ty - V[Tg, J]
+ [Ty, 0T + [Ty, Tv - VI Ts + Ty - V[Ty, J|T5.
Since T, T, and J. are of order zero, thanks to Proposition 4.4.2,4.4.3,and Lemma 4.5.11,
it suffices to study the term T, Ty - V[T, J.| and Ty - V[T, J.| T, which are bounded from
1
H;,r? to H"*2 since the commutators (T, J|, [Ty, J<| are of order (—1) due to Corollary
4.C.19 and 4.3.5. O
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As a consequence of Lemma 4.5.12, the quantity

(4.5.29) y=s( 10 "\ ¢ Op(HE x HY)

D - TB I wl T ?
verifying the direct estimate
(4.5.30) Y ()|l 5o xmrso < C(NST)M°, Vso € [0,s], t €[0,T],
solves the equation

= 0 =T, J. _
(4.5.31) oY +Ty -VJY + ( (T, J.)* 0 > Y =F,
with
B I 0 n'

(4.5.32) Fl_S(TB I>f_R1<zp’>'

Hence, the new source term F verifies, forall 0 < sp < sandt € [0, 77,
(4.5.33) IE @Ol (sroxaeo) < CONFT) (IF O uyig oo + M)

1
To obtain the H;(3+2 x H* estimate of (1/,4’) (namely (4.5.21)), we introduce a new
symbol § := g(s0) 4 3(s0-1) ¢ 515, defined by

2s .
(4534) B(so) = (7(3/2)) TO I /6(8071) - _%aw ° 8&5(80))

where 7(3/2) is constructed in Proposition 4.4.1. By applying Lemma 4.5.2 with F(e, p) =
p?*0/3, G (e, p) = exp(—ep), and Ga(e, p) = p, we obtain the following properties of 3.

1
Lemma 4.5.13. Letn € L?F"H;’;L2 with s > 3 and T > 0. Then the symbol (3 defined above is
elliptic and belong to Fg‘}Q Lt Ff‘}; uniformly in t € [0, T[. Moreover, we have

(4.5.35) TBTA/ ~ TfyTg, Tﬁje ~ JETﬁ,
uniformly in e, t, in the sense of (4.5.2).

As a result of Lemma 4.5.13 together with (4.4.3) and (4.5.8), we have

0 ~TJ\ 0 ~T.,J,
TB((TWJG)* 0 >N<(T7JE)* 0 )Tﬂ'

Moreover, thanks to Proposition 4.4.2, 4.4.3, and Corollary 4.C.19, the commutator bet-
ween T and (8; +Tv - V.J.) is bounded from H” to H"=* for all r € [0, s], whose operator
normis bounded by C(NN; ™). Now, we apply T3 to (4.5.31) and write the resulting equation
as

_ 0 -TJ
(4.5.36) OTRY + Ty - VJTRY + ( @iy 0 > TyY = Fy,
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with
(4.5.37) Fy = TgFl + R5Y,

where the remainder R, is bounded from H” x H" to H" %0 x H"~* for all r € [0, s],
whose operator norm is bounded by C'(N;/ ™), which, combined with (4.5.30) and (4.5.33),
yields the following estimate for F5,

4538)  IE0)lepnrs) < OO (IF Ol ey g + M°) Ve € 0,7

The L2-scalar product of (4.5.36) with T3Y" gives

%%”Tﬁw;x 12 = —Re(Ty - VJTsY,T5Y) + Re(Fy, T5Y).
We claim that

Lemma 4.5.14. Let (n,v) € LF X} with s > 3 and T > 0. Then we have
(4.5.39) Re(Ty - VITpY, TgY)| < C(NF ) T5Y |32y g2, VE €[0T,

where C > 0 is an e-independent smooth increasing function.

Once Lemma 4.5.14 is proved (the proof is deferred to the end of this section), we can
conclude using (4.5.30) and (4.5.38) that, for all ¢ € [0, T,

1T Y () |72 12

t
<IT5Y (0172 e +/0 (CONONTY ()72 g2 + 1T6Y () 2w 21 F2(t') | L2 2) dt’

t
SCINGOY (0) 750 1150 +/0 CINOIY @) asoxaso (1Y ) msoxaso + 1Fa() || 2xr2) dt’

t
SC(NGT)(ME)? + /0 C(NS™)MP (Mt +||f(t’)|\Hs0+%XHso)dt’

SOOI + O (M + 1 gy )

An application of (4.5.17) leads to the following estimate of T3Y,
(4.5.40) ITs0)Y (D112, g2 < CNG M) + 1O(N; )M (M + ).

Proof of (4.5.21). Compared with the desired estimate (4.5.12), we need to pass from the
estimate of T3Y to that of (1/',+’). Notice that j3, p, and ¢ are elliptic symbols. Then, by
Proposition 4.3.8, we have

3
2

+
0O ety < COE) (ITaY Ollese + 10Ol g )
R/
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1
Recall that, £¢ (defined in (4.5.9)) is bounded from HTJTQ x H" to H};l x H'"2 forallr € R
with operator norm controlled by C'(N; 7). Then, by (4.5.16), one can easily see that
3

3
i3, VEE[0,T],s" €]=,s— =],

75l =1+ 1o —s < CONGT)ME + £ (D)) 5

2 H-1xH® ~2 2
which yields, for all t € [0, T,
I1T5Y (0)][72 2 + (7', 2 ) D)2

H
~X 135 t 12><12 ” )

— 3
HO ' xH*0~3

_ 3
sp—1 sn—
r XH 072

R/
t
/ / / / / /
+2 /0 O P (L P [ I P

2 / /112
ST Olfcre + 106560y

t
2 167 Y s s (COGIMD + 1E O o 3)

t
STHY ()32 + (M) +2 / M (COGIME + 1T g1 et ) 2

2 2 _
<||T,6’Y(t)||[,2><L2 + (MSO) +tC(Ny )Mtso (Mtso + ||f||Lt°°(HsoleSo—%)>
<TsY ()22, p2 + (M) + tC(NFT)MO (MO + cf)
SONGT) (M) + tC(NFT)M® (M +¢y),
where we used again the assumption (4.5.17) and estimate (4.5.40) of T3Y".

To sum up, we have proved that, for all t € [0, T,
(4.5.41)

1(m,4)(t) <C (Nt§+> (CNG)(Mg°)? +tO(N;T)M° (M + cy)) -

2
H 50+%
Hp x H*0

3
Notice that, itis harmless to replace C (Nf) by C ((Nfl)2> (recallthat 3 < s; < min(s—

%, s0)), where C' > 0 is smooth increasing function. From the definition (4.5.19) of N;*,
equation (4.5.16), and assumption (4.5.20), it is clear that, for all ¢t € [0, T,

o () <o () + [ e (()?) o) (O R

. /0 o () )

1
S1+§
Hp " 2xH=

! / / /
bV DO oy

t
<C (NG + / C (N5 leo(N;—)le+%dt’
0
t
<c (Vi) + [ o) Ny
0
<C(NG) +1C (V) N,
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and the right hand side of (4.5.41) can be bounded by

2 s— s— S
1 YOI iy, < (C (NE7) +1C (NF7) N
x (C(NG™)(Mg°)? + tC(N )M (M;° + cy))
SO(NGT)(Mg°)? +1C (NF™) N0 (M;°)? +tC(N;™) (M;°)* + f)
+ t2C(Nt87)Ntso ((Mtso)2 + C?)
SC(NGT)(M°)? + (t+ £2)C(Ny ™) (N7 +1) ((M°)? +¢f)
which completes the proof of (4.5.21) by taking T < 1. O

Proof of (4.5.22) and (4.5.23). When sy < s, (4.5.22) can be obtained by the trivial inequa-
lity N7° < N;7~. Now, we assume sy > s—, cy = 0, and prove (4.5.23) via a bootstrap
argument. Let

B, i= \[20(N§)(Ngo)2 +12 2 v > 0,
where v > 0 is a small parameter. We fix Ty, €]0, T such that
C(NgT)(NG*)? + To.C(B,)(B, + 1)B} < By,
or equivalently,
B2 + 12

To,,C(B,)(B, +1)B2 < 5

One may take Tj , as
BE + 12
4C(B,)(B, + 1)B2’
which depends only on initial data (n,)(0) and parameter 0 < v < 1. We claim that
N7 < B,.Otherwise, there exists o €]0,Tp,], such that

TO,V -

to = sup{t €]0, Ty, [: N;° < B, }.
The continuity-in-time of (n, 1)) guarantees that N = B,,. As a result, (4.5.21) gives
Bl = (N{°)? < C(N§)(Ng°)? + toC(By) (B, + 1) B, < By,

which is a contradiction. Now, by passing to the limit v — 040, one obtains (4.5.23). Note
that Ty, tends to Ty, which is a positive smooth function of N;° an Nj~. O

Proof of Lemma 4.5.14. We shall prove a general result covering the inequality (4.5.39) :
forallu € L?and t € [0, 7],

(4.5.42) Re(Ty - VJeu,u)| < C(N;7)||ul2e.
To begin with, a simple calculus gives

Ty - VJu =Tz, Tj.u+ TveTnfl Op(Jeu) + Tyro (Tag(Jeu)ﬁfl + R(nfl, 39<Jeu)))
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:Tvzié‘z I—jjeu + TVG TﬂilTaejeu + TV9T7771 jeiéeu
+ Tyo (Toygn " + R~ 09(Jew)))
where the last term can be omitted since, due to Proposition 4.C.8,
1Tyo (Top(reyn " + R~ 86(Jew))) 12 S Topaen " + R, 8o (Jew)) |l 2
A<JH6’9(Jw)HmlHn’lHH}z‘;1 S Oy )l ze-
Moreover, by Lemma 4.3.26 and the fact that g € H*, Ty,;j. is of order < 0, and thus
| Tyo T -1 To,5.ull 2 S C(Ny™)||ull L2

This estimate is independent of ¢ since j. € X% uniformly in € > 0 (that is, all the involved
estimates are uniform in €). Furthermore, by symbolic calculus (Proposition 4.C.18),

1Tv=ie. Tjou — Ty=jaig. ull 2 S C(Ny ) lull 2,
[Ty e Ty -1 T iepu — Trrlv%gigguHL? S CN)[ullze,
which reduces to
Re(Thu,w)| S CNF ) ullde, e = e (VEig. +n~'V7igy) € T,
By Proposition 4.C.18, Ty = T}, up to some operators of order 0—, with
h: :Fe+a§ Dw}Te: _he+a§ th76

Consequently,
1
Re(T} u,u) = Re <Th6+hg u, u> + 3 Re <u, (T;{e — Th:)> ,
2

where both terms on the right hand side are bounded by C(N;™)||ul|7.. O

4.5.3. Convergence of approximate solutions and uniqueness

In previous sections, we have constructed a sequence of approximate solution (n¢, ¢)
solving the approximate system (4.5.10), and that, for all e > 0, (¢, 1) is well-defined on
time interval [0, 7p] and uniformly (in € > 0) bounded. The goal of this section is to check
that these approximate solutions form a Cauchy sequence in a weaker topology LF X7,
where s < s — % and 0 < T7 < Tp, which proves the existence in Theorem 4.1.2. As
a by-product, one will see that the same argument allows us to compare two different
solutions to the system (4.3.68) and deduce the uniqueness part of Theorem 4.1.2.

Proposition 4.5.15. Under the hypotheses of Proposition 4.5.4, there exists 0 < T1 < T,
where Ty is defined in Corollary 4.5.6, such that the sequence {(n°,1°)}ccjo,1) IS Cauchy in
Cr X7 with 3/2 < s < s — 3/2. More precisely, we have

(4543)  lim sup sup ([ (1) = 02O ey + 10D = 92O ) = 0.
o sup_ sup ([0 = w0l ey + 1970 = 0 Ol
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During the proof of Proposition (4.5.15), we emphasize that the appearance of molli-
fier J. has no impact in the estimates and one may delete all the J.'s to obtain the proof
of uniqueness in Theorem 4.1.2.

Recall that, with 0 < €1 < €2 < 1, the approximate solutions (n%, %) (j = 1, 2) satisfy
(4.5.10), namely

ne
(]
€ ah€i\|, o — HS+% HS
(9,20 )|1=0 = (no,00) € Hy * x H?,

where V¢ and V% stand for the V and V associated to (7%, %), respectively. The diffe-
rence between approximate solutions

(81& + TVEJ . ve‘jJej + £€j) ( ) = f(Jejneja Jejwe'j)a

(4.5.44) (61, 8) == (12 — g, 2 — ) € O (H*T2 x H?)
satisfies

_ 5
(0 + Tyea - V2, + L) < 5 ) =h,

(5773 6¢) |t=0 — 07

(4.5.45)

where h equals

h =hy + ha — hg — hy — hs,
hl :f(Jeanv J521/162) - f(J€277€17 JQwEl)a
ho =f(Jen™, Jeab) — f(Jen™ s Je ),

_ — 1
hs = (Tv62 V2 — Tyq .Vel) Jey ( 77’61 ) )

_ €1
hy = (Tvel . VQ) (J€2 — Jel) ( ZJGI ) ,

e ay (17
o ().
1
Let us denote by M the upper bound of L3} (Hf;? x H?)-norm of approximate solutions
(n°, ¢°), namely

(4.5.46) M := sup ||(n, ¥ wl
S I )IIL%%(H;2 Y

which is finite due to Corollary 4.5.6. We claim that
Lemma 4.5.16. Under the assumption of Proposition 4.5.15, we have the following estimates,

(4.5.47)

el vt € [0,To[, k=1,3,5,

e [T
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(4.5.48)
1Ol g3 ggog < COD (1O OO gy oy +€5) 5 VEE 0T, k=24,

where 0 < v < 1 s a constant and C' > 0 is an increasing smooth function that does not
depend on time t and ¢;’s.

OnceLemma4.5.16istrue, one may apply energy estimate (4.5.22), with % < 50 < s—%

and ¢y = €5 € [0, 1], to conclude that, for all t € [0, Tp],

160080103y <C (Imes0 iy ) IGRID O,

R

Lo (H®0F 3 x Ho0)

10O (16100 e oy + )
~C0) (16100 oy + )

S0t 32 x H*0)
where we used the fact that (67, 61)|;=o = 0. Then, by choosing T} > 0suchthatT1C(M) <
1, we have

1(6m, 6¢) |

v
Ly (H°0+ % x50 <€ —0, asex = 0,

which completes the proof of (4.5.43).

Remark 4.5.17. In Lemma 4.5.16, €5 appears solely in the estimates concerning Je, — Je,.
Thus, in the proof of uniqueness, there is no €4 and the above inequality becomes (67, 01¢) = 0
forallt € [0,T], which proves the uniqueness (see Proposition 4.5.21).

By Proposition 4.5.15, the approximate solutions converges to (n,%) € L3 X7’ which
is the unique solution to (4.1.18). Besides, from the uniform bound of approximate solu-
tions in L X}, one may apply an interpolation argument to conclude that this solution
(n,v) hasregularity L3 X and Cp, X, . The continuity in time and the continuous depen-
dence in initial data (79, 1) (w.r.t. the topology of X’) will be given in the next section.

Proof of (4.5.47). In the term hy, hs, and hs, the difference comes from that of (n%, % ).
Thus, this estimate is equivalent to boundedness of derivatives in 7, ¢ of

n° e N°
f(env 61/}) Tye - J<we>7‘c<we>

in HH*0"2 x H*. For the derivative of the first term, if ¢ = 0, the desired result has been
given in Proposition 4.3.22. Otherwise, the following extra terms will appear

4]

)
(% 7f)(*]6777 Je¢)T5je¢7

oY

where the extra factors T, n and Tj; 1 do not change the desired estimate thanks to
Lemma 4.3.23. As for the other two terms, we observe that they are written in terms of
finitely many paradifferential operators (with symbol in £ for some m € R or equal to

f)(Je777 Je@b)T&jenv (
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B, V) acting on n° or 9°. Thus the desired estimates are no more than a consequence
of Lemma 4.3.26 and 4.3.25. The only case uncovered is when the derivative in n acts on
(n°)~! from V¢, whose contribution reads

i (4(£)]

The estimate of this term simply follows from Proposition 4.C.8 and Corollary 4.C.9. O

By Proposition 4.3.22, 4.C.8 and Corollary 4.C.9, (4.5.48) can be reduced to the follo-
wing lemma

Lemma 4.5.18. Under the hypotheses of Proposition 4.5.15, forallr € R and 0 < v < 1,
(4.5.49) 1o = Jerll g gy < COD) (IO gy oy +5)

where C > 0 is an increasing smooth function that does not depend on time t and ¢;’s.

Proof. By definition (4.5.3) of j., the principal symbol of J., — J, reads (the subprincipal

part can be treated in the same way)

exp(—e25”*)) — exp(—e1ny”?),
where 7](.3/2) stands for the ~ (defined in Proposition 4.4.1) associated to n%. One may
decompose this symbol as

(exp(—e2f?)) — exp(—e2*?)) + exp(—ern(”?) (exp(~(e2 = 1)) ~ 1)

The contribution of the first part is of order 0 due to Lemma 4.3.26. For the second part,

(3/2) o 12

since y; 324+ We have,

. (3/2)y _
exp(e¥) 2P = a0l -
(€2 — €1)V[¢]2

0
€34
and consequently,

. 3y
(2 —e1)™” exp(—€17§3/2)) (eXp(—(@ - 61)753/2)) - 1) €l

which implies the desired estimate (4.5.49). O

4.5.4 . Continuity in time and initial data

In this section, we finish the proof of Theorem 4.1.2 and 4.1.3 by showing that the
unique solution constructed in previous section is continuous in time ¢ and initial data
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(n0, 10). To achieve this, we shall apply the nonlinear interpolation theorem recently pro-

ved in [ ]. Recall that, in the statement of Theorem 4.1.3, we have defined a small
1

ball in H5t2 x H*, which we recall here

By (10, 0; 7) := {vo = (Co, o) € H*™2 x H® : || (o — R) — G|

And in previous section, we have proved that the following flow map (already defined in
(4.1.19)) is well-defined for all s > 3,

+ [[v0 — ol = < 7}

HetE

§: By(no,to;r) — LP(HT2(T x R) x H*(T x R))
Gortho) () = R9()

where (7j(t), 1(t)) is the unique solution to (4.1.18) with initial data (o + R, ). Note that,
when r > 0 is small enough, the life span of these solutions admits a minimum which is
denoted by T" here. To prove this, it suffices to combine the energy estimate (4.5.12) and
the same argument in Corollary 4.5.6.

Then Theorem 1 of [ ] can be stated as,

Theorem 4.5.19. Let sy, s,s1,7 € Rwith sg < s < s1,r > 0,and 0 < T <« 1. Assume that
the flow map § satisfies

(1)(contraction) for all vy, v\, € Bs(no,vo;r) N HT x HT,
(4.5.50)

1800) = SO0 o gy < € (100l gosh e+ 100l sk ) 100 = bl s
(2)(tame estimate) for all vo € Bs(no, vYo;7) N HT® x H,
@551 180 o dgrery < O (10l oy gr) 100 e g

Then § is continuous on the ball Bs(no, 1o;7) and §(vg) € C’T(H”% x H?®) for all vy €
Bg(no, o; 7).

Remark 4.5.20. This theorem can be generalized to more general case, for instant, Besov
spaces. One may refer to Theorem 18 of [/ ] for the setting.

Proof of tame estimate. The tame estimate (4.5.51) is a direct result of energy estimate
(4.5.21) (replacing (so, s—) by (s1,s)). In fact, let us consider any initial data (7o, ¢9) such
that vg = (o — R,v0) € Bs, (n0,%0;7). The energy of the resulting solution (7, v) is still
denoted as

S1 __ _ s —
NT—tes[Loxg[(nn(t) Bl ey 10 1) = 180 yore3, ey

We recall that (4.3.91) gives

11 sy < € (N 01 )il

1 1
Lo (Hy, 2 < H L (Hy 2 xHey

which, combined with energy estimates (4.5.23) yields the desired estimate. O
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The contraction condition (4.5.50) can be obtained directly from the following propo-
sition,

Proposition 4.5.21. Given s > 3, we take arbitrary (1o, o), (ny, ¥4) € X5 Let (n,v), (0',¢') €
L X}, be the solutions to (4.1.18) with initial data (no, 10), (5, V), respectively. Then, when
T < 1, the following estimate holds :

@552 10— 10 =0 ooy < C OO0 =6, 50 = 6) 141

where 3 < sy < s—3, and M > 0is the maximum of || (no, vo)|| o+l and || (b, ¥H) |l

L (Hyy 2 x H) L°°(HS+2 X Hs)

Proof. We shall only give the sketch of the proof, since the argument is the same as Pro-
position 4.5.15. By calculating the difference between the equations for (n, ) and (1, ¢’),
we are able to write the equation for

(6n,6¢) == (n—n', —') € L%O(HSOJ“% x H®).
More precisely,
_ on
@+1v-9+0) (51 ) =0
1 S
(61,69 =0 = (n0 — . Yo — ¥) € H*V3 x I,
where the source term g = g1 — go — g3 is equal to

g1 = f(n,¥) — f(n', ), gzz(Tv-V—vaV')<Z/>7 93 = (L~ £)<¢/>’

and V', V', £’ are associated to (1, +’). By using the same proof as for (4.5.47), one can
show that,

/ !/
190, by <C (000 ey #1000y )
) Ol e g

Then one may apply energy estimate (4.5.21) with sg and obtain
H (6777 (5w> HL°° H‘50+7 ><H50) X C(M)H((Sna 5¢)(0> HHSO+% < H 50 +TC )”(6777 (5w HLoo H50+§ XHSO)

Then the desired result follows by choosing TC(M) < 3. O

4.A . Fractional Sobolev spaces in regular domains

In this appendix, we give a brief review of the fractional Sobolev spaces defined on
regular domain 2. We focus on four types of domain : (1) Euclidean spaces, torus, and
their products, namely T4 x R with dy, ds € N; (2) half spaces RY := {(z/,dy) € R x
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R,z4 > 0}; (3) bounded subdomains of T% x R with smooth boundary; (4) cylindrical

domains Q x R, where € is a bounded subdomain of T% x R with smooth boundary.

For simplicity, the properties below will be stated only for R and its subdomains, while the

same results holds for T x R% and its subdomains. We mainly refer to [ ; ;
] for the detailed demonstrations.

Definition 4.A.1. Let s € R. When s € N, H*(Q) is the collection of distributions u with

ey == D 10%ulF2(q) < +oo.

|a|<s

When s = n + o withn € N and o €]0, 1|, the space H*(2) is defined by interpolation (see
Section 2.1 of [ ] for the definition and [ ; ] for general theory of interpolation
spaces)

H(Q) = [H"(Q), " Q)]

It is clear that the spaces defined above are Hilbert spaces, which allows us to define H*({)
with s < 0 by duality

/
Q) = (B©@)
where H)®'() is the closure of C2°(Q) w.r.t. the HI*l(Q)-norm.

In the case of full space R?, the Sobolev space can be characterized by Fourier trans-
form.

Proposition 4.A.2. IfQ = RY for all s € R, we have the equivalence

JulFyoy ~ [ (€% la(e) de
R4
From Definition 4.A.1, one can deduce the boundedness of restriction operator.

Proposition 4.A.3. For all s € R, the restriction operator

R: H*RY) — HQ)
u = ulg

is bounded.
In the mean time, any function in H*(Q2) can be continuously extended to R?.
Proposition 4.A.4. There exists an extension operator

E: H*(Q) — H3RY
U — U,

such that iilq = wand £ € L(H*(Q); H*(RY)) for all s € R.
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The construction of operator £ is not unique and we refer to Section 5.1 of [ ] for
one possible construction (see also Chapter 5 of [ ] for non-negative index s). Note
that, in these references, the extension operator is constructed for bounded domains and
half-space. As for the case of cylindrical domains Q = Qg x R ¢ R? (where € is bounded
domain), it suffices to fix a finite cover {U;} of Qg such that U; N € is diffeomorphic to
some subset of half-space ]R{flfl. Thus U; x R N Q is diffeomorphic to half-space RZ and
the problem is reduced to the case of half-space. The boundedness of restriction and
extension operator guarantees the following equivalence

Proposition 4.A.5. For all s € R, we have the equivalence
wll sy ~ _Inf |G| s (ray-
ilo=u
As a corollary, Sobolev space H*(2) is invariant by multiplication with C;*(Q2) func-
tions.
Corollary 4.A.6. Let W € C;°(R2). Then for all s € R, we have the following estimate,
(4.A) IWallz=() < CIW eyl =0,
where C > 0 and M € N are constants depending on s and dimension d and

[Wlleam ) = sup [|0“W| Lo (qy-

<M

Proposition 4.A.7. Let s € R and Q,Q C R? be two subdomains. x : Q' — Q is a smooth
diffeomorphism such that x and x~! are bounded as well as their derivatives. Then for all
u € H%(Q),

[ull s (@) ~ llw o Xl s (o)

We refer to Section 12.9 of [ ] for a proof of this invariance by change of coordi-
nate (see also Chapter 3 of [ 1). More precisely, we have the following refined version.

Proposition 4.A.8. Let s € Rwith s > 4 + 1. x : R? — R? s a diffeomorphism such that
(x —id) or (x~' —id) € H*. Then for all u € H*(R%), 0 < 59 < 5,

[|uo XHHSO(Rd) ~ HuHHso(Rd)-

We refer to Theorem 1.1 of [ ] for the proof of this proposition (see also [ 1.
Local result can also be obtained via paracomposition (see Proposition 4.C.23).

4.B . Proof of elliptic regularity

This appendix serves as a proof of Proposition 4.2.3 and Lemma 4.3.1. The former one
is no more than a special case of the following proposition,
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1_
Proposition 4.B.1. Let7 ¢ H;Jr? (TxR)and F € H* 2(D x R) withs>3 and 1 < 5o < s.
Then the equation

3
g S0—3
@B { Agp=F e Ho 2,

(P‘pzl =0,

admits a unique solution o in H*"2 (D x R) with

(482) HQDHHSO*'%(DXR) < C <||T]||H;+%_(T><R)> HFHHSO_%(DXR)'

where C > 0 is an increasing smooth function.

The idea of the proof of Proposition 4.B.1 comes from [ ], Chapter 2, where the
author focus on the water-wave with a bottom, the regularity of which is the same as
interface. In this case, the boundary condition at bottom should also be considered, which
does not exist in our problem. For axis-symmetric jets, one may find a similar proof in
[ 1

Note that the sy = 3 case can be proved by classical arguments via Lions-Lax-Milgram
theorem (see Section 4.2.2), which gives a unique solution. Therefore, for general case
sg > % it remains to show that this solution is regular in the sense of (4.B.2). We shall
apply an iteration in so. More precisely, we claim that

1
(4.B.3) If(4.B.2)is true forall sg € [2, 31} with s1 < s — 4, it also holds for sg = s1 + 6.

Here § > 0 is a small constant depending only on s, the choice of which will be precised
during the proof. From now on, we assume the assumption in (4.B.3) to be correct, and
turn to prove (4.B.2) with sg = s1 + 4.

To do so, we first show that it is possible to add a cut-off before ¢ via a commuta-
tor estimate, which allows us to study the equation (4.B.1) in interior part {p < %} and
boundary part {3 < p < 1}.

4.B.1. Localization

Let x € Cp°(IR?) be any smooth truncation. Then (4.B.1) can be localized as

(4.B.4) Ag(xp) = Fi := xF + [Ag, Xl
(x®)|p=1 = 0.

1_ .
Lemma4.B.2. If y € C;°(R3) andn € Hf;? (T x R) with s > 3, for all 0 < o < s, we have

485 180 Aullne sy < C (I y o ) Bl oy, Yoo € HO(D ),
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Proof. A simple calculus gives that
(A g, XJw = Baxg™® 0w + —=0a (gaﬁ ﬁaﬁxw) :
N

Recall that, from the construction of (¢*?) = J=1J~T and g by (4.2.10) and (4.2.11), res-
pectively, we have g*% g € H*~(D x R) up to C°(D x R) normalizations, provided that

n € H?éf(?l" x R) (see Proposition 4.2.2). As a result, 9,xg*”, %,gaﬁ\/gaﬁx belong to
H*= (D x R) up to Cp° (D x R) normalizations, while w € H?(D x R) and w € H?(D x R).
Since s > 3/2 and o < s, by Corollary 4.A.6 and 4.C.9, each term on the right hand side is
linear in w and belongs to H°~! (D x R). Note that the estimate for product, Corollary 4.C.9
is stated for Euclidean spaces, which also holds for domains such as D x R via Proposition

4.A.5. O

As a result, under the hypotheses of Proposition 4.B.1, the new source term F verifies
(4.B.6)

<
Il 03 gy SIF

a3 oxmr) T H(’OHHSO_%(DXR)

Sl gy * 12l 0 < € (Wl og ) 3y

R
once § > 0 is chosen to be strictly smaller than 1/2,i.e. so —1/2=s1+J — 1/2 < s1.
In the following, we shall take x to be smooth truncations near {p = 0} and {p = 1},
respectively, and show (4.B.2) with sp = s; + 0 and ¢ replaced by x¢.

4.B.2. Interior regularity

Let us fix x € C;°(R?) a smooth truncation near {p < 1/2}. The goal of this paragraph
is to prove the regularity of y¢ and deduce (4.B.2) with sy = s1+6 €]1/2, s] and ¢ replaced
by x . With such localization, it is harmless to extend the boundary value problem (4.B.4)
to R3 by zero extension away from D x R, since ¢ vanishes in a neighborhood of {p <
1/2}.

Let A = (D,.) be the Fourier multiplier of symbol (£), where ¢ € R? is the Fourier
variable associated to (y, z) € R3. Now, we apply A° to both sides of (4.B.4) and obtain

{ AgNo(xp) = Fp := A°Fy — [A°, Ag](x),

(4.B.7)
A(;(XSO)‘/):I = 0.

1_
Lemma 4.B.3. Lety € Hy, * (T x R) and ¢ € H*"2(D x R) with 3 < s1 < s — § and
s> % Then, when 6 > 0 is small enough, we have

é
488 A% A o gy <€ (19,1 )1y

R

Note that x € C°(R3) is supported near {p < 1/2} and thus xy can be extended to R? by
taking zero value outside D x R.



CHAPITRE 4. CAUCHY PROBLEM FOR JETS 241

Once this lemma holds true by using the assumption of iteration ((4.B.2) holds for
so € [1/2,s1)and F' € H%~ 2(]D) x R) with s = s1 4 0), we have

<[IA°Fy]| + 1A% Al (xe

”FQHHsl—%(D R) HSl—j DxR) )HHsl_%(]D)xR)

<

=S (CI L -

where the last inequality can be seen from estimate (4.B.6) as well as (4.B.2) with sq repla-
ced by s1. Then, for equation (4.B.7), the assumption of iteration ensures that A%(yyp) €
H51+5 (DxR). Furthermore, the desires result xyp € Ho+3 (D xR) follows from the elliptic
regularity of A% in R? and Proposition 4.A.5.

Proof of Lemma 4.B.3. By definition, A% is commutable with derivatives, then

1 1
6 _ 6 - af - o af
A% Agl0e) = [4% == 2 (627 VA5 xc0)) + =00 ([A79°7 V5] 95(x0)).
From ¢ € H51+%(1D> x R), where s; < s — 4§, and g*%, /g € H*~(D x R) up to C{° norma-
lization, it is easy to see that 0, (9°%,/g0s(xy)) € H*' =2 (R3) with s, — 3/2 < (s—) — 6
due to Corollary 4.C.9. Thus by Corollary 4.C.20 and the fact that 1/, /g € H*~(D x R), we
have

20— 0 (5 Vi) € o E @),

for some small 6 > 0. Similarly, by noticing that ds(x¢) € H*~2 where s1—3 <s—1-0<
(s—) —d and that g¢*# /g € H*~(D x R) up to C° normalization, we apply again Corollary
4.C.20 and obtain that

(45,903 D3(x) € B3 ()

and the desired estimate follows due to Corollary 4.C.9. O

4.B.3. Boundary regularity

The proof of the case where y is a smooth truncation near {p = 1} is similar to the
interior case. The main difference is that, to maintain the boundary condition, it is im-
possible to apply A%, which involves normal derivatives at boundary. Instead, we intro-
duce tangential multiplier A$. Let (Dy ) be a Fourier multiplier on T x R with symbol (),
where ¢ is the Fourier variable associated to (0, z) € T x R. Then, with polar coordinate
K (p,0,2) = (y,2), we can define A as

A = (Do) f o) o7,
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for functions f defined on DxR. Note that, forany 0 < 6 < 1, ¢|,—1 = 0implies Aggp\p:l =
0, and thus (4.B.7) becomes

AgA)(xp) = F3 := AJFy — [AS, Agl(xe),
Aj(x¢)|p=1 =0,

where the source term F3 can be estimated as F5 in interior case,

+ [ITAG, Agl (xo)l

(4.B.9)

1E5 ) <[AQF|

3 3 3
H*173 (DxR H*17 3 (DxR) H®173 (DxR)

<
S Py [ = e

<
S (LT [ PR

R

where the second inequality follows from Lemma 4.B.3 with A replaced by Ay, which is
possible since Corollary 4.C.20, the main step of Lemma 4.B.3, is also stated for multipliers
independent of the normal variable. As a result, the assumption of iteration ensures that
Aj(xp) € Ho 3,

Now we prove the regularity in normal direction. Recall that the coefficients of A,
lie in H5~(D x R) (2-order terms) or H*~1~(D x R) (1-order terms), up to C;°(D x R)
normalizations. Then, in polar coordinate, A, can be written as

aai +43- V@}Zap + 'yé?p + R + Ry,

where R; is a j-order differential operator in 6, z with coefficients in H*+7=2=(D x R),
a,f € H (D x R),and vy € H*"17(D x R), up to Cs°(D x R) normalizations. Moreover,

ais strictly positive and its lower bound depends only on ¢y, Co from (H0) and [|n|| 1.
HR

Therefore, Corollary 4.C.9 and Proposition 4.C.22 gives that
00 = 2 V0.0,00) — L0y (x0) — ~(Ro + Ra) () € HH -3 (D x ),
where we use the following regularities
Vo,:00(x0), V3. (xp) € H 73D x R), V,0.(xp) € H'H72(D x R).

Till now, we have showed V, 5..9,(x¢) € H**9~3(D x R), i.e. 8,(xy) € H* -2 (D x R),
which gives xp € HH0t3(D x R) = H*0"2(D x R) due to V. (xe) € H* 2 (D x R).
And the proof of Proposition 4.B.1 is finished.

4.B.4. Proof of Lemma 4.3.1

Recall that the goal of Lemma 4.3.1 is to show that, after a change of variable

ppd,2) Z)

(p,0,2) =1(p,0,2) = ( 1(0.2)
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the new scalar potential ¢ := ¢ o 7! satisfies (4.3.4). The proof is divided into four steps.
Firstly, we check that z—id has H8+%_-regularity away from p = 0(so as ! —id). Secondly,
we adopt Proposition 4.A.8 to prove that ¢ belongs to H50+%([1 —6,1] x T x R) for some
0 < § < 1 where so can be taken as any value in ]3/2, s|. In the third step, we complete the
case of sp = s by reducing the problem to Proposition 4.B.1. The last step is the application
of trace theorem so that one can obtain the continuity in p. During the proof, we identify
(y,z) € D x R with polar coordinate (p, 6, z) € [0,1] x T x R, if the information near the
axis {p = 0} is not important.

Step 1: Regularity of 7

1_
Lemma4.B.4. Letn € H;+2 (TxR) with s > % Then t defined in (4.3.3) is a diffeomorphism
from [0,1] x T x Rto [0,1] x T x R. Moreover, there exists 0 < 6,5 < 1 such thatt — id €
H 2 (1-6,1] x TxR)and it —id € H* 2~ ([1 = §,1] x T x R).

Proof. By definition (4.3.3) of z,

b2 (pcwz) - 77(972“)7070) |

n(, z)

which reduces our problem to showing that (¢(p6, z) — n(0, 2))/n(0, z) belongs to Heta
near p = 1. In Proposition 4.2.2, we have seen that ¢ € Hf{l(ID) x R) with R, defined in
(4.2.7), which indicates that R, equals R when pis close to 1. Thus, by choosing 6 > 0 small
enough, we have ( — R € H*"17([1-4,1] x TxR).And 5 € H;L%_(T x R) implies ( —n €
Ht2=([1—6,1] x T x R), from which one may conclude 1 —id € H*"2~([L —§,1] x T x R)
by applying Proposition 4.C.22 and Corollary 4.C.9.

To obtain the regularity of 7! near {p = 1}, due to [ ], Section 2, it suffices to
extend 7 as a diffeomorphism on R x T x R and check that its Jacobian has strictly positive
lower bound. One possible extension is as follow,

pG(pd, 2)
(0, z)

where y; is a smooth truncation near {p = 1} increasing on {p < 1} and decreasing on
{p > 1}, x— (x4 resp.) is a smooth function supported in {p < 1} ({p > 1} resp.) with
X—+x1+x+ = 1forallp € R, and fy is a smooth increasing function such that f4(p) = p
when p is away from 1 and fi(p) = l+p for p € Supp x1 with constants [ > 0 to be
determined later.

Clearly 7.,; coincides with the original one (4.3.3) when p is close enough to 1 and
equals identity when p is away from 1. Moreover, since the extended parts are smooth
and equal to identity when p is away from 1, we have 7.,y — id € HS_%_(R x T x R). The
Jacobian of 7.,; reads

Zea:t<pv 07 Z) = (f(p7 07 Z)? 07 Z) ) f(p7 97 Z) = X—(p)f—(p) + Xl(p) + X+(p)f+(p),

pC
n

8P(PC )

f =x- (P f(2) ¥ (o) ( - f<p>) )
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X0 (£10) = ) (40
= () (p) = X (p)p (747 _ > ) f%(npo

+ X4 (p)p <l+ — f,) +x+(0) 4 (p)-

Due to our construction, fi, —x’_, and x/, are non-negative. Besides, due to Proposition
4.2.2 (and estimate (4.2.8)), ¢/n and 9,(p¢)/n have upper and lower bounds depending
only on constants ¢y, Cy appearing in hypothesis (HO). Thus, by choosing 0 < I < 1 < 4,
the Jacobian of z.,; can be bounded from below by some positive constant. O

Step 2: The case sy < s Recall that ¢ = ¢ o 7! with ¢ verifying (4.2.26). Note that, in
polar coordinate (p, 6, z) € [0,1] x T x R, we can only deduce that ¢ € H50+%([1 —0,1] x
T x R) for 6 > 0. Then the condition sy < s guarantees so + 1/2 < s+ 1/2—, which allows
us to apply Proposition 4.A.8 and conclude that

(4.8.10) HSEHHSOJF%([lfg,l]XTXR) <¢ (”nHH”%(TxR)) HwHHSO(TXR),

R

forsome 0 < § < 1suchthat [l —4§,1] x T x Rliesinz—'([1 —4§,1] x T x R).

Step 3: The case s, = s Lete > 0 be small enough (to be determined later). When
v € H°(T x R), from Step 2, we have seen that ¢ € Hs%*f([l —6,1] x T x R). To obtain
the Her%-reguIarity, we notice that ¢ is the solution to equation (4.3.5), which we recall
here

{ L := (aa§+5-vg728,;+fyaﬁ+#angag)@:o, Vi-6<p<l,
@‘5:1:¢7

where «, 3,~ are defined in (4.3.6)-(4.3.8). Let x1 = x1(p) be a smooth truncation near
{p = 1} supported in [1 — §, +-cc[. By denoting A; := (D .), we have

LAS(x19) = [ = —A{[x1, Llg — [A, LI(x19), Vp € [0,1],
Plp=1 = AT

Note that the first equation is valid for all p € [0, 1] since both sides vanishwhen p < 1§,
thanks to the truncation ;. It is clear that f € HS_%_e([l —6,1] x T x R) (it suffices to
apply Corollary 4.C.20 to deal with [A{, L]). Then, via change of variable z, this equation
can be rewritten as -
Agpr = for, onD xR,
{ 901’/):1 = AW,

)) o t. Recall that we identify (y,z) € D x R with polar coordinate
(p,0,z) € [0,1] x T x R, since all the involved functions are supported away from the

s
>0
D
-
D
S
[y
Il
—_
-
=
=
=
i
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axis {p = 0}. By Proposition 4.A.8 and Lemma 4.B.4, the source term f o 7 belongs to
HS_%_E(ID) x R), while the boundary data A{y) € H*~¢(T x R). Due to Proposition 4.B.1,
we have ¢ € H”%*G(]D) x R). Finally, we apply again Proposition 4.A.8 and Lemma 4.B.4
to deduce AS(x15) € H*"2¢([1—6,1] x TxR) and thus AS@ € H*T2~([1—4,1] x T xR)
for some 0 < ¢’ < 4. One may recover the regularity in p from elliptic operator L as in the
proof of Proposition 4.B.1 and conclude that ¢ € HS+%([1 —¢§',1] x T x R), i.e. estimate
(4.B.10) also holds for sy = s. Here the difference between § and ¢ can be ignored since
we are solely interested in the behavior near {p = 1}.

Step 4: Trace estimate To complete the proof of Lemma 4.3.1, it remains to deduce
the estimate below from (4.B.10).

H8}5@HCO([I—S,I];HSO_Z(TXR)) < ¢ <‘77‘H5+%> ””‘ﬂ”Hé‘O? l= 07 17273'
R

Recall that in the assumption of Lemma 4.3.1, we have s > 3 and 3/2 < sy < s. Then the
case ! = 0,1 follows directly from trace estimate. For [ = 2, we observe that

1

2p=——
a

1 _
P </6 . V@Z@p + 78p + 7[32?’,2 802 + 83) Q.

where «, 3,y are estimated in Lemma 4.3.2 with o > ¢for some constant ¢ > 0 (depending
on ¢y, Cy appearing in hypothesis (HO)). An application of Lemma 4.3.2, Proposition 4.C.22,
and Corollary 4.C.9 gives 925 € C%([1 — 6,1]; H* (T x R)). The last case | = 3 can be
obtained by applying an extra 9, and repeating this argument.

4.C . Paradifferential calculus

In this section, we shall review the definition and properties of paradifferential ope-
rators on R, T, or T% x R% with dy + ds = d.
4.C.1. Pseudo-differential operator

Definition 4.C.1. Let a be a tempered distribution on R% x RY. For all Schwartz function
u € S(RY), we define

(4.C.1) (0p (@) u, V) g1y g = (2717)d// e Ca(x, &)u(&)v(x)dedr.

It is easy to check that Op (a) is a continuous application from Schwartz functions S(R?)
to tempered distributions S'(R%). We say that Op (a) is a pseudo-differential operator with
symbol a.
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Definition 4.C.2. Let p,d € [0, 1] and m € R. The class of symbols S}'s = %(R”l) is defined
as the collection of all symbols in C> (R x RY), such that, for all a, B € N,

0207 a(z,€)| < Ca gty +lel=1)
The following results are classic, whose proof can be founded in [ ; 1.

Proposition 4.C.3. Let0 < 6§ < p < 1lor0 < p = § < 1. Then the pseudo-differential
operator Op (a) € L(H® H*™™) for all a € S5 and s,m € R.

Proposition 4.C.4. Let 0 < § < p < 1 and m,m’ € R. For all symbols a € S}, and b € S5,
the composition Op (a) Op (b) and the adjoint Op (a)* are also pseudo-differential operators,
with symbol afb € ng‘;rm/, a* € Sy, respectively. Moreover, for all N € N, we have the
following symbolic calculus,

LI o ha m+m'—N(p—5)
(4.C.2) ah— —¢aDZb € S ,
lo] <N
* 1 B aYe > m—N(p—3)
(4.C.3) at— Y o Dya e S ,
la|<N
where D, = —i0,,.

In periodic case, there are two ways to define Op (a). One is to regard the Fourier
variable ¢ as an elementin N%, and symbols as distributions on T xN?. The only difference
with R¢ case is that the derivative in ¢ should be understood as finite difference :

Oca(x,€) :==a(xz, &+ 1) —a(x,§).

Another method is to regard functions on T¢ as periodic functions on R¢. Thus, for sym-
bols a € S(R? x R?), Op (a) u is a well-defined periodic distribution, which can be viewed
as a distribution on T¢. Then, for all a € 75, one may define Op (a) by density arguments.
Via this method, the derivatives in £ is just the same as those on Euclidean space. These
two methods are equivalent in the sense that the difference of pseudo-differential ope-
rators defined by two methods is of lower order than the itself. That is to say, if a € Sg;,
the difference of two definition should be an operator of order m — p, i.e. belonging to
L(H*; H5=(m=r)) for all s € R. A rigorous study of these definitions can be found in [ ;
1. For simplicity, we shall focus on R¢ case in the sequel.

One observes that all the results above requires the symbols to be smooth in x and
&. However, in applications, they are usually rough in z. For example, the A, defined by
(4.2.13) has only Sobolev regularity in (y, z) but smooth in Fourier variables. To overcome
this difficulty, we turn to a refined version known as paradifferential calculus developped
by Bony [ 1in 1980s.
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4.C.2. Paraproduct

To begin with, we consider the simplest case, multiplication operators. We fix a dyadic

decomposition
1=x(£)+2@(2§j> :
j=0

where x, ¢ are radial positive smooth truncations near {|¢| < 1} and {1 < [{| < 2},
respectively, such that

J
x(fj) =x(§>+§jso<2i), veeR’jEN.

k=0

Then we can define the following multipliers :

D, D,
A ::g0<2j>, S :zx<2j>.

Definition 4.C.5 (Bony's decomposition). For all functions a,b € S(R?),

Tab = Z Sj_gaAjb,
j=2
R(a,b) := ab — T,b — Tpa.

The linear operator T, is known as paraproduct.

Remark 4.C.6. In the definition of T,b, the low frequency part of b is eliminated. Thus, it makes
no difference to replace b by b plus any function whose Fourier transform is supported near
zero. In particular, we have

Tob=T,b—R), VR eR.

Now, we review the boundedness of T;,b and R(a, b) in Sobolev spaces,

Proposition 4.C.7. Leta € H*® b e H¥ with s, s' € R. Then we have,

) d
(4.C.4) ITabl e ovor— gy S Naller= Bl grors if s # 55
(4.C.5) 1R(a, D)l ev—g S llallasllBll 7o if 5+ 5" > 0.
Moreover, when a € C{° and b € H* with s’ € R, we have

(4.C.6) ITabll o < Nlall oo 1Bl o
(4.C.7) 172(a; D)l g < Hlallea (1Bl gor

for some M € N depending on s and dimension d. Recall that ||a|car := SUP| 4 <y |0%al| Loe.
And when a € H® and b € C}°, the estimate (4.C.6) above becomes

(4.C.8) I Tabllme < llallmslIbllew

where N € N depends on s and dimension d.
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These results are classical, one may find a proofin [ ] or Chapter 2 of [ 1
where the results are generalized to Besov spaces. By combining Proposition 4.C.7 and
Remark 4.C.6, we have the following result to be used frequently in this chapter.

Proposition 4.C.8. Let a € H;, and b € H, for some s,s' € R, with W € Cg° and R € R.
Then, we have, for all r € R,

. d
4.C9)  Tabllar < Cllalmg, + IWHL) B mosirr g i MaX(r,r 45 = 8) <s;
R

) d
(4.C10)  |[B(a,)a- < Clllallag, + IWlom)llol vg Ffr> =3,
R

where constants C' > 0 and M € N rely solely on r, s, s’ and dimension d.

If the normalization of b is not constant but a C;* function, the following corollary
follows from Proposition 4.C.8 with estimates (4.C.8) and (4.C.7).

Corollary 4.C.9. Given r > —%, we assume that a € Hj,, b € Hj, with s,s' > r and

Ri,Ry € C°. If ' + s > r + 4, there exists constants C > 0 and M € N depending onr, s, s’
and dimension d, such that

(4.C.11) labllzy, , < Cllallm, + [ Rallos)(Bll gy + llB2lloa)-

4.C.3. Paradifferential operators

The paraproduct operator T, defined in previous section can be regarded as a refine-
ment of multiplication operator, which is equal to the pseudo-differential operator Op (a).
This inspires us to study Op (a), where a = a(x, &) is a symbol with limited regularity in
x, by turning to the paradifferential operator T, defined below, which is no more than a
generalization of Definition 4.C.5.

Definition 4.C.10. Let a = a(x,&) be a symbol smooth in & # 0 with Sobolev or Hélder
regularity in x. Then the paradifferential operator of symbol a is defined as

(4.C12) Tou(z) == (271r)d /eix'fsz_za(x,é)so <2§]> a(€)de,
j=2

where S;_5 acts on x variable.

Remark 4.C.11. By construction, the low-frequency information || < 1 of w is eliminated,
which means that paradifferential operators are never bijective. Nevertheless, for elliptic sym-
bols (see Definition 4.3.6), it is possible to construct left and right inverse, up to some reasonable
remainders, which is known as a parametrix.
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Remark 4.C.12. The definition above is a special case of the general one introduced by Bony
[ 1
Ta = Op (d) ) EL($,§) = X(vag)a(vé‘)v

where x = x(n,€) is a smooth truncation near {|n| < (1 + |£])}, such that x = 0 on {|n| >
(14 [€))} with0 < e < € < 1 and for all o, B € N,

10208%(1, €)] S (€)1 17.

In fact, with different choice of x, the resulting paradifferential operators are equivalent in the
sense that their difference is a smoothing operator (see [. ] for more details).

Example 4.C.13. If a = a(z), the definition 4.C.5 and 4.C.10 coincide. For a = a(§),

i.e. T, equals the Fourier multiplier a(D,) up to a smoothing operator. Furthermore, for general
symbol a = a(x, &) and multiplier b = b(&), we have

T, 0 b(Dy) = Thp.

Definition 4.C.14. Let p > 0 and m € R. The symbol class I'" is defined as the collection of
symbols a = a(z, €) Hélder in 2 and smooth in &, such that for all oo € N¢,

1
108 aC ©)ller < Cale)™ ™, V1] > 35,

where C? is the class of Holder function for non-integer p and the usual Sobolev space W#->°
forpe N

Remark 4.C.15. If a = a(z,§) is homogeneous in £ of degree m, then it belongs to I'}" if and

only if
sup [|0ga(-€)]lor < Ca, Vo€ N,
lgl=1

In this chapter, we are interested in symbols with Sobolev regularity in z. An applica-
tion of Bernstein's Lemma (see, for example, Lemma 2.1 of [ 1) implies that

Proposition 4.C.16. Forallm € Rand a € I']" withr < 0, T, is of order m —r. In particular,
let s < % be a real number. We assume that a = a(x, &) is smooth in & with Sobolev regularity
in x, namely

Lo 1
|6ga(-,€)lms < Cate)™ 1, VIg] > 5.
Then T, is of order m — s + 4.

Now, we are able to generalize Proposition 4.C.3 and 4.C.4. The proof of following
results can be found in Chapter 5 of [ 1.
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Proposition 4.C.17. Given m € R, for all a € 'y, the paradifferential operator Ty is of order
m, namely

(4.C.13) T, € L (H%H*™), Vs € R,

Proposition 4.C.18. Leta € '] and b € F;”/ withm,m’ € Rand p > 0. Then the composition
T, Ty, and adjoint T,; are both paradifferential operators, such that T, Ty, — gy, Is of order
m+m' — pand T — T,- is of order m — p, where

1

(4.C.14) afph= > a@?aDg‘b,
lov|<p

* 1 —

(4.C.15) o =) —O¢Da
lorl<p

As a corollary, we have the following commutator estimate :

Corollary 4.C.19. [fa € I}, b € P;”' with m,m’ € R and p > 0, the commutator [T,,Ty) is

of order m +m’ — min(p, 1).
The following estimate concerning commutator will also be used,

Corollary 4.C.20. Let a € I, with s > % and W € C;°. There exists 0 < §y < 1, such that,
for all symbol X\ = X(&) in the class S5 (R?) (see Definition 4.C.2) with & < &o, we have

(4.C.16) 1Op (V). a]llggry < €, Vr < s =4,

where C > 0 and d, depends only on s, .
Moreover, the same result holds true if the symbol A = \(¢') depends only on &' (we write
£ = (¢,¢) € R x R) and belongs to the class S j(R?~1).

Proof. For allu € H", we decompose,
[Op (A),a]u=[Op (A), Tu]u+Op (A) (Tua + R(a,u)) — (Top(ayua + R(a, Op (A) u)) .

For the last two terms, we will use estimates in Proposition 4.C.8 and estimate (4.C.8). In
fact, u € H" implies

. d d
T,a € HMNGs+=3)= « g™+ R(a,u) € H*""2 ¢ H™*Y,

whenever s > r + dp and s — d/2 > &y. Consequently, Op (A\) (T,a + R(a,u)) liesin H".
With this choice of g, from Op (\) u € H"~ one may also deduce that

Topayua € HMM&547=0-5)= ¢ {7 R(a,0p (A\)u) € H**"9"% C H".

It remains to deal with the principal part [Op (A) ,T,] u. If A € S? o(R?), it is harmless
to replace Op () by T since their difference is a smoothing operator. Then by Corollary
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4.C.19, it is easy to see that [Ty, T,] u belongs to H" since A € I' and a € I'Y by choosing
s —d/2 > 6p. The proof for the case of full space (X € S?,O(Rd)) is completed.

If A depends only on ¢’ and belongs to S?’O(Rd—l), we observe from Definition 4.C.5
that

[Op (), TuJu =) _[Op (). SjalAu,

j>2

It is easy to see that, for each j > 2, the Fourier transform of [Op ()), Sja]Aju is suppor-
ted in 27C, where C is an annulus. Thus, by almost orthogonality, it suffices to check that
[Op (A), S;a] is bounded from L?(R?) to L%(R<) uniformly in j, and the problem can be
reduced to the following commutator estimate

(4.C.17) 1Op (A), blll £ r2(may) S N0l s

For any u € L*(R%), we fix arbitrary 24 € R and apply the result proved above (full space
case) on R4! (recall that we write = = (2/,24) € R¥™! x R).

Op (N), b za)Jul, @allzz, U oy lluCza)llce, S 1Bl s ey luls )l 2,

zq z/

where the second inequality is due to the classical trace theorem. The desired estimate
(4.C.17) follows by taking L?cd norm on both sides. O

Another useful corollary is

Corollary 4.C.21. Leta € Hj and u € H¥ with ¢ < s’ < s and R € R constant. Then there
exists C' > 0 such that

(4.C.18) Jau? = 2Tt gy < C (lallarg) Il
Proof. We may write au?® as

au® = Tyyu + Tyau 4+ R(au, v) =Tyuu + Ty (Tyu + Tya + R(a, v)) + Rau, u)
=2Tpu + (T Ty — To) w + T2a + Ty R(a, u) + R(au,u).

Since a, u can be regarded as symbolsin Fg,_d/Q, respectively, the operator T, T, — T}, is of
order —(s'—d/2) and thus (T,,T, — Tyu) u € H*t'~% (note thatwhen a, u are independent

of &, aff,u = au for all p > 0). By applying Proposition 4.C.8 and Corollary 4.C.9, we have
T2a € H, T,R(a,u) € H*+'=% and R(au,u) € H?'~%, which completes the proof. O

4.C.4. Composition

To end this section, we review the paradifferential calculus concerning composition.



252 CHAPITRE 4. CAUCHY PROBLEM FOR JETS

Proposition 4.C.22. Let F' be a smooth function and v € H*® with s > %. Then F(u) € HE o)
with

(4.C.19) 1F(u) = F(0) = Trruyull og < O (lullms) [Jullms.

H257

Consequently, when u € H3, with s > 4 and R € C;°, we have

(4.C.20) IE )z, < C (Nullms,) lullms,,

F(R) >

where C' > 0 is a smooth increasing function depending on F' and R.

The proof of this proposition can be found in [ Jor[ 1, Chapter 2.

Now we focus on the study of v o x, where u and x both have limited regularity. In
this case, the singularity concentrates on two terms, T/, x and the paracomposition X*u,
which is firstly studied by Alinhac in [ 1. In the sequel, we assume that x : Q" — Qs
a diffeomorphism, where Q, Q' are bounded domains in R¢ with smooth boundary, and
u is a function on  with Sobolev regularity. The following results can be found in [ ]
(see also [ 1), while the case of R is studied in [ 1(see also [ 1.

d
Proposition 4.C.23. Let x € Hll;(:2+0 and o € Ry \N. Then there exists a paracomposition

operator X*, such that, for allu € Hy , s > % +1,

(4.C.21) uwox =Tyo X + X u+ Ru,

. 14+o4min(14+o+2,s—1
where the remainder R € H, ( 2 )

loc

An important property of paracomposition operator x* is the following conjugation
formula,

d
Proposition 4.C.24. Let y € H, *' be as in Proposition 4.C.23 and a € I'"™ with m € R
and r > 0. The X* defined in Proposition 4.C.23 satisfies

(4.C.22) X'Ty =T+ X"+ R,

where x* is the pull-back by x and the remainder R is also a paradifferential operator with
symbol in T'g* ™.

Remark 4.C.25. The rigorous definition of the pull-back x*a depends on a delicate study
of pseudo-differential operators on domains (or smooth manifolds), which will not be preci-
sed here (refer to [ ], Theorem 18.1.17). In the case where «a is a differential operator
a(s,§) = Y, aa(x)E* (Laplacian operator, for example), x*a equals the symbol of the pull-
back of Op (a), which is clearly a differential operator and can be calculated simply by usual
change of variable.

Remark 4.C.26. An explicit definition of paracomposition operator X* is
X u = ZA]- (Ajuox),
J

which is hard to use in applications. Usually, we may define X *u via (4.C.21) when the remain-
der is not important.
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4.D . Variation in metric

This section is devoted to the proof of identity (4.2.40), which can be obtained via a
direct but complicated calculus.

Lemma 4.D.1. Under the hypotheses of Proposition 4.2.5, we have
(4.D.1)

1 1 _ _
L 5(V89°)uip0s0 = SV (7Y [V, VGSC) — VL. (3T V g0 YT V,080)
+ VgAY - VgpiC.

Recall that, in the coordinate (y1,y2, z), Greek letters are indices for {1, 2, z}, while Latin letters
correspond to {1,2}.

Proof. To begin with, by using (¢®%) = J~1J~T, one could right the left hand side as

S0(/T0™) a3 =10 (V) 0™ puips + L V008 (I T) V05
:%5 (detJ) |Vl = Vi o] 16T TV, 07
:% tr (J716.0) [Veol* g — Vi s J Vo9,
where we use formulas (4.2.11), (4.2.12), and

§(detJ) =tr(J7'6J)detJ and & (J ') =—J'6JI L.

From the definition (4.2.9), one may compute

g — Jyts¢ 0 N Jo 'yVTsc Jitysc.
0 0 0 0 ’

with Jo = ({6;; + vi(;)i5- As a result,

%tr( ~10J) Vel va

%tr (Jo 1) IVgel*vgo¢ + %tr (Jo 'yVy6C) Vel v/a

=Lt (05 [P0 + LI - V5V go

=5t () V40l VG0C + 5V, (J5 98IV, 0P) — 59y (5 oIV el v/3) ¢
=t (5 ) VgplPVa3C+ 59y - (U 0iCIV6P/G) — LV, - (y ulV,l?) Vi

- §’vg‘P‘2J0_1y : (Vy\/.a) o¢

1 B 1 -~ 1 _
:§tr (JO 1) |Vgg0\2\/§5§° + §vy ) (Jo 13/5CN990|2\/§) - §vy ) (Jo 1y|Vg90|2) V90¢
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1 _ _
— §]V9@|2J0 Ly - tr (J5 ' Vydo) V98¢
Note that the last equality is a consequence of
Vg = VydetJy = tr (J;'V,Jo) det Jy = tr (J; 'VyJo) v/g-

Therefore, we obtain the identity

1, 1 _
St (I7187) Vgl Vg = riy/gs¢ + 5V (7Y 8V V)

where

1 _ 1 _ 1 _ -
(4D2) ri=gtr (Jo 1) [ Vg]? — 5V (J5 ' y|Vgpl?) — §\Vgg0]2jo Ly tr (Jy 'V, do) -

In the mean time, it is clear that

5J:<5c+yv§5< y5<z>:<5< o>+<yv§5g yagz>’
0 0 0 0 0 0

which yields
V20817V 00/g
=Vip (J71V09) VIO, + 4 Vi (T Vg0) " /G
=V (J7V,40) VIO + Vs - (T VgouiVid(\/G) = Vs - (V3T Vaoyi Vi) 6
—Vio (J7'Vyp) VIS + VT, (J7V0Y TV 000\ /3) — V3T Vg - V. (4 Vi) 6C
— VgAY TV 43¢,

where the last equality is due to (4.2.12) and (4.2.13). Then the following identity holds
true,

VE0dJ TV go\/g = 12y/g0¢ + Vi (J 'V eV TV 08C) — \/gAg0Y TV 06¢,
with
(4.0.3) re = Vi (J7'V,e0) = (J7'Vep-V,.) (4:Vig) .
It follows that the desired result (4.D.1) is equivalent to
ry —rg = 0.

We notice that

r=—((Jo 'y Vy) Vi) Vap — %3z'a”yjlvgw\2 - %Jo‘ly tr (Jg ' Vydo) [Vl
(recall that (a¥) is defined in (4.2.10) with i, j taken in {y1,2}), and

ro = —; (J71Vg<p . V%z) V;gp.
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Then the problem is reduced the following identities

(4.D.4) —9ay; = Jyty - tr (Jg 1V, 0o)
(4.D.5) (Jo 'y - Vy) Ve) Vg =i (J 7 'Vep - V) Vi

To prove these, we shall use the following formulas which can be checked easily from
(4.2.9),

(4.D.6) 90a®" = —a®¥ Bpap.a’”,
(4.D.7) Dnap5 = 0,
(4.D.8) Oatip = 6iCa + 00iCp + YiCaps-

Note that we write the version for J, while the same formulas hold for Jy, which means
one could replace the Greek letters by Latin ones.
We first check (4.D.4). By (4.D.8), the left hand side is equal to

—0ia"y; =a™d,aaly;
=a'® (51Gi + Sy + yCa) ay;
=Ga™a¥y; + Gay;a" + a*ypaly;ca,

while the right hand side reads

Jo_ly - tr (Jo_lvyjo) :aijyjaklﬁialk
=a"y;a™ (611G + 60Cr + wiCir)
=Gay;a"* + GaFay; + alyaFy G,
which proves (4.D.4).
As for (4.D.5), the left hand side equals

a"ly;0;(a"pg) Vg
:aijyj@-aﬁagpgvggo + aijyjaﬁo‘gowvg‘go
= _ aijyjaﬁ’\aia,\ua“angg‘go + aijyjaﬁo‘cpwvg‘cp
=— aijyjaﬁkaiakua“awgvgcp + aijyjaf@a%gvgw
= — ay;a"" (GG + SinCu + YnCin) @ 0aV 5 + a7 y;a" iV

= — Gayjppa™a" Vo — psaaly;(a" Vo — psayraly;Gua Vo
+ay;a" gV

= — Gayjpia*d Vo — praay;at Vo — g yatlyGuat Ve
+ay;a” pig Vg,

while the right hand side can be written as

yiaﬁavg‘cpﬁg (awgpw)
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=4;a” V2 p05(a’ ;)

:yiaﬂaaﬁaﬁ@jvg@ + ajiyiaﬁagpjgvggp

= yiaﬁo‘ajkﬁgakla”gojvg‘tp + ajiyiaﬂagojgvggo

= — y:a"a* (81Cs + OrpC + ynlar)a" ©; Ve + al'ya™ 5V 0

= — p;a’"a"y;(pa" Vo — Gal'yip;a?*a* Vo — pja yealyiCaa® Ve
+al'yia" 5V %,

which gives (4.D.5). O
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Liste des Symboles

a* Adjoint of symbol, 246

B Radial componant of velocity fluid at
free boundary, 155

B(n) Trace of radial derivative of
harmonic extension, 190

Cy° Bounded smooth functions with
every derivative bounded, 159

Cr X}, Solution space (continuous in
time), 220

ab Composition of symbols, 246

o, Cp Lower and upper bounds of n, 152

D 2D Unit disk, 159
Ag4 Pull-back of A, . by ¢, 164
% Variation in 1, 167

Ei. Kinetic energy, 167

E, Potential energy, 167

~ Equivalence between paralinear
operators, 177

n Radius of free boundary, 152

~ Equivalence between functions, 181

§ Flow map, 156

f1 Error in paralinearization of
Dirichlet-to-Neumann operator,
191

G(n) Dirichlet-to-Neumann operator,
154

I} Symbol class for paralinear
operators, 249
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g Determinant of (g,3), 164
g°% Inverse of (gap), 164
gap Metric tensor of ¢+, 164

H Mean curvature of free boundary, 153

H? Sobolev space, 159

Hy;, Sobolev space with normalization
W, 159

‘H Hamiltonian, 167

¢ Diffeomorphism to straight cylinder,
161

J Jacobian matrix of ¢, 163
Je Smoothing opertaor, 221
Je Symbol of J,, 221

LF X7, Solution space (bounded in time),
220

L Principal operator in paralinearization,
196

L Approximate principal operator, 222

A Symbol of Dirichlet-to-Nemann
operator, 191

M7 Sobolev energy, 224
1 Symbol of mean curvature, 195

N Nonlinear term, 155

N7 Auxiliary Sobolev energy, 224

V Modified gradient, 190

V, Pull-back of V. by ¢, 164

n Conormal vector of free boundary, 153

ng Pull-back of the conormal vector n,
165
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(t) Domain of fluid, 152
Op (a) Pseudo-differential operator, 245

P Paralinearized Laplacian, 180
® Alinhac’s good unknown, 180
¢ Scalar potential, 154

1 Trace of scalar potential, 154

R(a,b) Remainder in Bony's
decomposition, 247

ro Error in paralinearization of nonlinear
term, 195

r3 Error in paralinearization of mean
curvature, 195

S Symmitrizer of the system, 214
Spts Symbol class, 246
Y(t) Free boundary, 152

¥™ Homogeneous symbols depending
onn, 177
S 1D circle, 159

T, Paralinear operator (paraproduct),
247
T 1D Torus, 159

V' Angular componant of velocity fluid at
free boundary, 155

V(n) Trace of anular derivative of
harmonic extension, 190

X* Paracomposition operator, 252
X5 Data space, 220

¢ Extension of n, 163



	Introduction
	Répartition microlocale de l'énergie
	Les équations dispersives de type fractionnaire
	La répartition de l'énergie
	Un sous-produit

	L'instabilité des vagues
	Formulation du système
	Lois de conservation et la structure hamiltonienne
	Théorème du viriel
	L'instabilité du système

	L'évolution des jets
	Formulation du problème
	Problème de Cauchy

	Perspectives: Interaction fluide-structure
	Références

	Microlocal Partition of Energy for Fractional-type Dispersive Equations
	Introduction
	Background
	Main results
	Non-nullity of the limit in the critical case
	Plan of this chapter
	Notations and conventions

	L2-boundedness of microlocal truncation operators
	Study of symbol b1 and tildeb
	Study of symbol b0 with P0,P1=0
	Study of symbol b0 with P0,P1>0
	Proof of Theorem 2.1.8

	L2-boundedness of microlocal truncation operators - An alternative symbol
	Limit of truncated energy
	Super-critical case 0<delta+sigma/2<1/2
	Sub-critical and critical case delta+sigma/2<=0

	Study of Klein-Gordon equation
	Limit of interaction term
	Limit of energy outside the truncation area

	Technical lemmas
	Some technical inequalities
	Criteria on L2-boundedness of pseudo-differential operators

	Stationary phase lemmas
	A refined result for Schrödinger equation
	An alternative bound of truncated operator
	Calculation of limit

	Partition of energy for Klein-Gordon equation : a classical setting
	Asymptotic behavior
	Further remarks on G
	Proof of (2.D.5) for dispersive system

	Proof of Proposition 2.4.3
	Références

	Virial Theorem and Its Applications in Instability of Two-Phase Water-Wave
	Introduction
	Two-phase water-wave
	Conservation laws and Hamiltonian structure
	Virial theorem
	Instability of the system
	Plan of the chapter and conventions

	Preliminaries
	Decay of scalar potential
	Conservation laws

	Virial theorem
	Instability of system
	The consequence of the virial identity
	The graph case
	The 2D overlapping case

	Normal geodesic coordinate
	Reduction to local injectivity.
	Local injectivity.

	Références

	Cauchy problem for cylinder-like capillary jets
	Introduction
	History of the problem
	Setting of the problem
	Craig-Sulem-Zakharov formulation
	Main results
	Idea of the proof
	Plan of the chapter
	Notations and conventions

	Preliminaries
	Change of coordinate
	Elliptic regularity
	Hamiltonian structure
	Shape derivative

	Paralinearization of the system
	Preliminaries in paradifferential calculus
	Paralinearization of normal derivative and good unknown
	Paralinearization of Dirichlet-to-Neumann operator
	Paralinearization of the nonlinear terms
	Continuity of source term

	Symmetrization of the system
	Cauchy problem
	Construction of approximate solutions
	Energy estimates
	Convergence of approximate solutions and uniqueness
	Continuity in time and initial data

	Fractional Sobolev spaces in regular domains
	Proof of elliptic regularity
	Localization
	Interior regularity
	Boundary regularity
	Proof of Lemma 4.3.1

	Paradifferential calculus
	Pseudo-differential operator
	Paraproduct
	Paradifferential operators
	Composition

	Variation in metric
	Références


