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Abstract
Clustering is a fundamental task in data analysis, aimed at grouping objects into clusters
based on similarity. Traditional methods such as the k-means algorithm have dominated this
field for decades, providing a simple and efficient approach to partitioning data. However,
hard clustering techniques like k-means assign each object to a single cluster, which can be
limiting in applications where uncertainty or overlap between clusters must be accounted.
Soft clustering methods address this limitation by allowing partial memberships to multiple
clusters. Among soft clustering methods, evidential clustering, based on the concept of
the Dempster-Shafer theory, has received a lot of attention for its ability to deal with this
problem.
The objective of the research is to study and propose social trajectory clustering methods
that provide an effective representation of uncertainty and imprecision. Trajectory is the
movement or event dynamics of an object, like animals, humans, vehicles and natural
phenomena. Trajectory analysis and clustering are essential to learn the dynamic or
movement patterns of these objects.

In this thesis, we contribute to the research objective for evidential clustering of trajectory
analysis. We present a comprehensive review and comparative analysis of clustering
methods adapted to multidimensional sequential trajectories (MST). We examined
various approaches, including feature-based, raw-data-based and model-based methods,
focusing on their application to categorical or discrete longitudinal or time series data.
We also explore new frameworks, including the use of traditional evidential c-means
(ECM) algorithms combined with feature extraction and unsupervised feature selection
methods. We proposed new clustering algorithms based on belief functions for MST
clustering or, more generally, adapted to clustering of multidimensional trajectory
data, such as multi-view evidential c-medoids (MECMdd) and soft evidential c-means
(Soft-ECM). The effectiveness of the proposed algorithms is estimated on different
synthetics and real datasets. Experiments show that our proposed algorithms effectively
improve the traditional evidential partitioning methods and detect imbalanced or arbitrary
trjectories clusters, and characterizes the uncertainty and imprecision between these clusters.

Upon completion of these works, we have applied our frameworks and algorithms to a real-
life case study. We studied the clustering and the identification of typologies of chronic pain
trajectories through the application of the different contributions to the eDOL project data.
Afterward, we contributed to open-source with the implementation of the evclust Python
library providing several state-of-the-art evidential clustering algorithms, in a user-friendly
environment.

Keywords: Trajectory clustering – Evidential clustering – Multi-view relational clustering
– Categorical and discrete time series – Uncertainty and imprecision trajectory – Belief
functions.
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Résumé
La classification automatique est une tâche fondamentale en analyse de données, visant à
regrouper des objets en classes en fonction de leur similarité. Les méthodes traditionnelles,
telles que l’algorithme k-means, ont longtemps constitué une référence dans ce domaine,
en offrant une approche simple et efficace pour partitionner les données. Cependant, les
techniques de regroupement dur, comme les k-means, attribuent chaque objet à une seule
classe, ce qui peut être limitant dans les applications où il est nécessaire de prendre en
compte l’incertitude ou le chevauchement entre les classes. Les méthodes de regroupement
souple répondent à cette limitation en permettant des appartenances partielles à plusieurs
classes. Parmi ces méthodes, le regroupement basé sur les fonctions de croyance, fondé sur
la théorie de Dempster-Shafer, a suscité beaucoup d’attention pour sa capacité à traiter ce
type de problème.

L’objectif de cette recherche est de proposer des méthodes de regroupement des trajectoires
en science sociales et permettant une représentation efficace de l’incertitude et de
l’imprécision. Une trajectoire correspondant au mouvement ou à la dynamique des
événements d’un objet, comme des animaux, des humains, des véhicules ou des phénomènes
naturels. L’analyse et le regroupement des trajectoires sont essentiels pour comprendre les
modèles dynamiques ou de mouvement de ces objets.

Dans cette thèse, nous contribuons à cet objectif en développant des méthodes de
regroupement basées sur les fonctions de croyance pour l’analyse des trajectoires. Nous
présentons une revue complète et une analyse comparative des méthodes de regroupement
adaptées aux trajectoires séquentielles multidimensionnelles (TSM). Nous avons examiné
diverses approches, y compris les méthodes basées sur des caractéristiques, sur des données
brutes et sur des modèles, en mettant l’accent sur leur application aux données longitudinales
ou aux séries temporelles catégoriques ou discrètes. Nous explorons également de nouveaux
cadres méthodologiques, notamment l’utilisation de l’algorithme c-moyennes évidentielle
(ECM) traditionnel combiné à des méthodes d’extraction et de sélection non supervisées des
caractéristiques. Nous avons proposé de nouveaux algorithmes de regroupement basés
sur les fonctions de croyance pour le clustering des TSM ou, plus généralement, adaptés
au clustering des données de trajectoires multidimensionnelles, tels que le multi-view
évidentielle c-medoids (MECMdd) et le soft évidentielle c-means (Soft-ECM). L’efficacité
des algorithmes proposés a été évaluée sur différents ensembles de données synthétiques
et réels. Les expérimentations montrent que nos algorithmes améliorent efficacement les
méthodes traditionnelles de partitionnement basé sur les fonctions de croyance, détectent
des classes de trajectoires déséquilibrées ou arbitraires, et caractérisent l’incertitude et
l’imprécision entre ces classes.

A l’issue de ces travaux, nous avons appliqué nos approches et algorithmes à une étude de cas
réelle. Nous avons étudié le regroupement et l’identification des typologies des trajectoires
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de soins de la douleur chronique en appliquant les différentes contributions aux données du
projet eDOL. Enfin, nous avons contribué à l’open source en développant la bibliothèque
Python evclust, qui fournit plusieurs algorithmes de classification automatique basés sur les
fonctions de croyance.

Mots clés: Classification automatique de trajectoires – Classification automatique
évidentielle – Regroupement relationnel multi-vues – Séries temporelles catégorielles et
discrètes – Incertitude et imprécision des trajectoires – Fonctions de croyance.
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Chapter 1
Introduction

Abstract – In this chapter, we first state the motivation for the research of this thesis,
i.e., representation of uncertainty and imprecision for trajectoires clustering with the
theory of belief functions. After that, the main research objectives of this thesis are
discussed. Then, we highlight the contributions of this thesis. Finally, the structure of
this thesis is presented in detail.

Contents
1.1 Motivations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 19

1.2 Research objectives . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 20

1.3 Contributions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 20

1.4 Structure of the thesis . . . . . . . . . . . . . . . . . . . . . . . . . . . 22

18



1.1 Motivations

1.1 Motivations
Trajectories are essential data in numerous fields, representing the dynamic evolution of
individuals, objects or systems in space, time or sequential events [2, 3]. Trajectories provide
a structured way to study a variety of phenomena, such as the paths of satellites, vehicle
movements, cyclone paths, or web clickstream. They are also essential for understanding
trajectories from consumption behaviour, health pathways, or broader life-course [4].
These different applications show that trajectory data are omnipresent and useful for
understanding how objects evolve and change, whether over time or through sequences
of events [5]. In the social sciences, trajectory analysis has become an indispensable tool
for exploring how individuals and groups evolve through different states over time. We
are particularly interested in trajectories that describe ordered changes through distinct
categorical, or discrete states, often referred to sequential trajectories. For example,
researchers study sequences of educational steps, career progression or family dynamics to
understand the interaction between personal choices, structural opportunities and social
influences [6]. These analyses, often based on longitudinal, panel or time series data,
highlight the orderly progression of events and the factors that shape these pathways [7, 8].

In healthcare, sequential trajectories—often referred to as medical trajectories or care
pathways—represent the sequence of events experienced by patients over time, such
as diagnoses, treatments, hospitalizations, or follow-ups [9, 10, 11]. The study of such
trajectories is crucial for understanding patient pathways and optimizing healthcare
delivery. Medical trajectories are inherently characterized by categorical or discrete data,
representing transitions between well-defined care states [12, 13].

Despite their importance, analyzing sequential trajectories in healthcare presents unique
challenges, particularly due to the uncertainty and imprecision inherent in the data. Health
trajectories are often influenced by incomplete medical records, variability across individuals
and contexts, and the inherent complexity of human behavior and healthcare systems
[14, 15, 16]. Traditional clustering methods, which rely on deterministic or probabilistic
assumptions, struggle to adequately model this uncertainty. For instance, a patient’s
pathway can include overlapping or ambiguous states—such as receiving outpatient care
and undergoing rehabilitation simultaneously—or may not follow predefined sequences,
featuring concurrent diagnoses, delayed treatments, or even outliers that deviate from
established patterns [14].

Evidential clustering, based on the theory of belief functions, offers a robust alternative for
tackling these challenges [17, 18]. Unlike conventional clustering approaches, evidential
clustering models partial knowledge by allocating degrees of belief to multiple clusters
simultaneously, including the possibility of imprecise or intermediate states. The concept
of credal partitions, allows for a nuanced representation of an object’s association with
clusters, accommodating partial or conflicting information [19]. This flexibility makes
evidential clustering particularly well-suited for analyzing healthcare trajectories, where
uncertainty is not an exception but a defining characteristic.

The main motivation for this thesis is to use evidential clustering to study healthcare
trajectories more effectively. These trajectories often involve categorical data, uncertainty,
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1.2 Research objectives

and imprecision. By creating new clustering methods that handle these challenges, we
aim to gain deeper insights into patient pathways, helping both researchers and healthcare
practitioners make better decisions in real-world settings for personalized medicine.

1.2 Research objectives
In this thesis, we aim to address several major research problems related to the clustering of
healthcare trajectories and social science trajectories in general. Indeed, trajectories are
complex data in machine learning, and even more so when they are sequential trajectories
characterized by categorical or discrete event sequences based on longitudinal or time series
data. Moreover, in the health and social sciences, trajectory data tend to be subjective, often
ambiguous and imprecise due to their dependence on human factors.

To achieve this goal, we first review the origin and evolution of clustering techniques
applied to medical and social trajectories. A critical understanding of these methods, their
applicability to multidimensional trajectories, and their comparative effectiveness is essential
to establish a robust foundation for advancing trajectory clustering approaches. Next, we
explore the uses and adaptation of conventional clustering techniques, intially designed for
cross-sectional data, to the context of evidential trajectory clustering. These adaptations aim
to take into account temporal dynamics and uncertainty inherent in sequential trajectories,
particularly in applications like chronic pain trajectories. Finally, this thesis addresses the
challenge of handling uncertainty in clustering multidimensional trajectories by proposing
evidential clustering algorithms to model these complex data.

1.3 Contributions
In order to address the stated research problems identified in this thesis, we have proposed
several contributions in the field of evidential clustering for health trajectory analysis. The
following subsections present a concise overview and a summary of these contributions,
followed by publications from our works related of these contributions.

Thesis contributions
The first contribution consists of a comprehensive review and comparative analysis of
clustering methods adapted to multidimensional sequential trajectories [b],[c], [e], [k]. We
examined various approaches, including feature-based, raw-data-based and model-based
methods, focusing on their application to categorical or discrete longitudinal data. This
analysis highlighted the strengths and limitations of additive and combinatorial sequential
clustering techniques in the literature. In addition, we highlighted the importance of
considering uncertainty in trajectory data, which often arises from real-world variability
and measurement noise.

We then proposed a feature-extraction-based clustering framework grounded in evidential
theory for time series data [a],[c],[d], [i]. We begin by extracting and selecting relevant
attributes from chronic pain trajectories, followed by the application of an evidential
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1.3 Contributions

c-means algorithm. This framework enhances the interpretability of clustering results and
facilitates the use of traditional clustering algorithms.

The third contribution introduces a row-data-based multi-view evidential c-medoids
(MECMdd) method designed to handle scenarios where different types of proximity
measures for complex data, such multivariate time series trajectories [c], [g], [j]. By
assigning local or global weights to each view or each dimension of the series, this algorithm
facilitates collaborative learning of multidimensional sequential trajectory data and
produces credal partitions to reflect imprecision in cluster assignments, with interpretability
of clustering results.

We further developed a row-data-based soft-evidential c-means (Soft-ECM) algorithm
aimed at capturing uncertainty in non-Euclidean spaces [c], [f], [h]. This algorithm
reformulated classical evidential clustering so that numerical, categorical, and time series
data could be used directly. Soft-ECM also overcomes limitations of existing methods
by coherently defining imprecise cluster prototypes and facilitates the clustering of the
uncertain multidimensional sequential trajectory data.

Finally, we implemented the evclust Python library to provide a user-friendly environment
for conducting evidential clustering [l]. This toolbox state-of-the-art evidential clustering
algorithms, along with convenient utilities for visualizing and interpreting uncertain cluster
memberships.

Thesis publications

Workshops

[a] Armel Soubeiga, Violaine Antoine, Alice Corteval, Nicolas Kerckhove, Sylvain Moreno,
and Issam Falih. Clustering and Interpretation of Time-series Trajectories of chronic
pain using Evidential c-means. 16th International Conference of the ERCIM WG on
Computational and Methodological Statistics, CFE-CMStatistics 2023.

[b] Armel Soubeiga, Violaine Antoine, and Sylvain Moreno. Clustering flou de séries
temporelles discrètes pour la modélisation des trajectoires de soins de la douleur
chronique. Workshop : IA pour la santé, ECG 2024.

[c] Bastien Doreau, Armel Soubeiga, Violaine Antoine. Retour d’expérience de traitement
de données de santé cadre du projet eDOL. Atelier Traitement Informatique des Données
de Santé - TIDS (2024).

National conferences
[d] Armel Soubeiga, Jessem Ettaghouti, Violaine Antoine, Alice Corteval, Nicolas

Kerckhove, and Sylvain Moreno. Classification automatique de séries chronologiques
de patients souffrant de douleurs chroniques. Revue des Nouvelles Technologies de
l’Information, Extraction et Gestion des Connaissances, RNTI-E-39:651–652, 2023.
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[e] Armel Soubeiga, Violaine Antoine and Sylvain Moreno. Clustering multi-relationnel
flou des trajectoires de la douleur chronique. Rencontres francophones sur la Logique
Floue et ses Applications - LFA. Pp. 133-140, Brest, France, 2024. Best doctoral paper
award.

[f] Armel Soubeiga, Thomas Guyet, and Violaine Antoine. Soft-ECM : une extension
de l’algorithme EvidentielC-Means pour des données complexes. Revue des Nouvelles
Technologies de l’Information, Extraction et Gestion des Connaissances, RNTI-E-41, pp.
319-326, 2025.

International conferences
[g] Armel Soubeiga, Violaine Antoine and Sylvain Moreno. Multi-View Relational

Evidential C-Medoid Clustering with Adaptive Weighted. 2024 IEEE 11th International
Conference on Data Science and Advanced Analytics (DSAA). San Diego, CA, USA, 2024,
pp. 1-10, doi: 10.1109/DSAA61799.2024.10722777.

[h] Armel Soubeiga, Thomas Guyet, and Violaine Antoine. Soft-ECM: An extension of
Evidential C-Means for complex data. Accepted to FUZZ-IEEE, 2025.

Journals
[i] Armel Soubeiga , Violaine Antoine, Alice Corteval, Nicolas Kerckhove, Sylvain

Moreno, Issam Falih and Jules Phalip. Clustering and Interpretation of Time-series
Trajectories of chronic pain using Evidential c-means. Expert Systems With Applications,
Vol 260, pp 125369, 2025

[j] Armel Soubeiga, Violaine Antoine, Sylvain Moreno, and Jonas Koko. Evidential
clustering with view-weight learning for proximity data.Preprint submitted to
Neurocomputing – under review.

[k] Armel Soubeiga, Violaine Antoine, and Sylvain Moreno. Comparative analysis of
multidimensional sequential trajectories clustering methods. HAL preprint. pp 1-28. 2025.
<hal-05061916>.

Technical report

[l] Armel Soubeiga, Violaine Antoine. evclust: Python library for evidential clustering.
arXiv preprint, arXiv:2502.06587, 2025.

1.4 Structure of the thesis
Themanuscript is divided into seven chapters, organized into three main parts. The first part,
chapter 1 and chapter 2, provides the context and motivation of the thesis. It introduces some
related preliminary knowledge, including the theory of belief functions and other uncertainty
theories. The concepts and definitions of multidimensional trajectories applied to the medical
domain are also presented. The second part, chapter 3 to chapter 7, presents the core
contributions. The chapter 3 reviews and compares clustering methods for multidimensional
trajectories. The subsequent chapters introduce, novel evidential clustering algorithms
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for multidimensional categorical trajectories, and the development of evclust, a Python
framework for evidential clustering. The final part concludes the thesis, summarizing the
key contributions in chapter I, and future research directions in chapter II. The chapter III
presents an extended summary of the works in French.
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Chapter 2
Background

Abstract – In this chapter, we introduce the main background concepts and research
context for this thesis. We begin by describing the eDOL project, an innovative platform
that studies chronic pain through long-term data collection, data used in the application
of our work. Next, we discuss the notion of health trajectories, highlighting the
importance of modeling sequential data, such as eDOL data, for clustering chronic
pain trajectories. We then provide an overview of clustering methods and algorithms,
covering fuzzy, possibilistic, rough, and evidential approaches. Each of these handles
uncertainty differently, and we briefly outline their principles, and typical applications.
Overall, this chapter provides the foundation for the rest of the thesis, drawing together
both the practical context of chronic pain research and the theoretical tools needed for
clustering.
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2.1 eDOL project

2.1 eDOL project
This section presents the background of the eDOL project, an innovative initiative to study
chronic pain through longitudinal follow-up, as described in Section 2.1.1. Section 2.1.2 gives
an overview of the eDOL platform, designed to address the project’s objectives, highlighting
the types of data collected, in Section 2.1.3.1 and presenting the subsets of data that are
particularly relevant to our research objectives, in Section 2.1.3.2.

2.1.1 The project context
Chronic pain affects around 30% of the general population, and is one of the main causes of
disability, particularly among the older people [20, 21]. In addition to its socio-economic
costs, it has a major impact on professional life, with 60% of patients less able to work
and 20% losing their jobs [22]. At the same time, existing treatments, which are often old
and not very effective, have not progressed much, despite extensive research [23]. This
situation illustrates the need for innovation, both in the development of new therapies and
in patient characterization to adapt treatments more effectively [24, 25]. One promising
way is the use of digital tools, such as smartphone applications and online platforms,
offering a new perspective by enabling daily monitoring of pain and treatment under
real-life conditions [26]. These tools contribute to a better understanding of patients’ daily
experiences and facilitate informed decision-making for physicians, by providing a more
detailed characterization of patients, integrating biomedical, psychological, and social
dimensions [26]. Thus, eHealth technologies emerge as a promising solution to enhance
treatment adherence and encourage patients to take an active role in their care management
[27].

eDOL is an eHealth tool (combining a smartphone application and a web platform), created
by the Institut Analgesia1 with the aim of establishing an observational cohort of patients
with chronic pain in France. This cohort is intended for both healthcare and epidemiological
research purposes. Initiated in 2017, the project has gone through several versions (3rd

version to day). Efforts are currently underway to link the collected data with social security
data via the Health Data Hub (HDH). Figure 2.1 summarizes the progress of the project.

Figure 2.1: Background of the eDOL project.

Participation in the study was offered to patients with non-cancer chronic pain who regularly
used a smartphone and were being followed in a specialized pain clinic. Eligible participants

1https://www.institut-analgesia.org/
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2.1 eDOL project

included adults (≥ 18 years old) who could read and understand French and provide consent
for the study. During an initial inclusion visit, physicians introduced the study, verified
eligibility, explained the eDOL tool, and provided a brief training document. The smartphone
application link was provided to patients via email by their physicians, after initial visit.
Those agreeing to participate downloaded the eDOL smartphone application, completed
questionnaires via the smartphone application, and confirmed consent for the use of their
medical data. patient could withdraw his consent at any time by notifying the study sponsor.
Participants completed various questionnaires and evaluations via the eDOL application over
a two-week period (for an initial characterization of the patient), then repeatedly for those
wishing to continue using the application (at weekly, quarterly or six-monthly intervals,
depending on the questionnaires).

2.1.2 eDOL application

Data were collected using the eDOL platform, which includes a smartphone application for
patients to complete self-questionnaires and perform evaluations for semiological follow-up,
and a web interface for physicians, offering them a visualization of data summaries provided
by their patients for clinical and therapeutic monitoring.

Figure 2.2: eDOL platform: an easy-to-use interface, a chatbot for day-to-day assistance and
clinical and therapeutic monitoring.

The eDOL tool, developed by Analgesia in partnership with BePatient (2020-2023) then
Agaetis (from 2024), has benefited from collaboration with LIMOS to create a research
database and web interface enabling efficient data processing by researchers [c]. This
circuit, illustrated in Figure 2.3, is based on a web application developed with the Django
framework (Python), offering a powerful, scalable solution. It allows data storage in a
PostgreSQL database, interactive consulting, filtering and downloading, as well as the
creation of customized visualizations. Health data, which is particularly sensitive, is subject
to strict constraints, requiring it to be hosted by approved health data hosting establishments.
In this context, Analgesia, via the CHU (University Hospital Center) has authorized LIMOS
to access the data only after anonymization by an authorized partner (in this case Agaetis),
which replaces the identification information with a secret UUID [c]. To ensure security and
compliance with the RGPD (General Data Protection Regulation), Analgesia, in collaboration
with its partners (BePatient, Agaetis and LIMOS), carried out impact analyses via CNIL’s PIA
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software 2, resulting in documents describing security measures and processes to manage
risks.

Figure 2.3: eDOL data flow diagram.

2.1.3 eDOL Data
2.1.3.1 Available data

The data collected via the eDOL smartphone application are intended to answer clinical
and research objectives. These data can be organized into three main categories: Clinical
data, Socio-demographic data and Barometric data. Clinical and socio-demographic data
were mainly collected via questionnaires administered once or at regular intervals, while
barometric data were collected on a weekly basis. Data collection was carried out either by
patient self-reporting in response to questionnaires, or by entries made by the physician
during a medical visit (Figure 2.4).

Figure 2.4: Illustration of eDOL data collection approach.

Clinical data [28], is collected by physicians during consultations using specific forms
available on the eDOL web platform. This data includes medical information relating to the

2https://www.cnil.fr
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patient’s medical history and psychiatric, diagnostic results and prescribed treatments. This
information is collected through periodic self-questionnaires completed every three or six
months. Furthermore, physicians can also activate additional specific self-questionnaires,
which are completed by patients, to deepen diagnoses or evaluate the effects of treatments.
Finally, specific treatment-related information, such as adjustments or side-effects, is
recorded by physicians on dedicated forms during consultations.

Socio-demographic and general data [28], are collected at patient inclusion in the study,
and are completed both by patients via the smartphone application (personal information)
and by physicians via the web platform (inclusion questionnaire). Personal data include
information such as age, gender, lifestyle (such as smoking or alcohol consumption),
employment status, and elements related to the psychosocial impact of pain. Other data
include the patient’s pain status, and different dignostics on pain.

Barometric data [28], collected via the smartphone application, are weekly assessments
that measure changes in patients’ emotional or physical states. They include variables
such as pain, sleep quality, mood, fatigue, body comfort, stress and physical activity. This
standardized data, collected on a numerical scale, enables continuous, detailed monitoring.
These barometers are completed by patients, either manually (in version v1 of the tool), or
with the assistance of a chatbot (from 2020 in version v2).

Questionnaires sets were chosen for their relevance to the selected barometer classifications
and their ability to effectively monitor the impact of chronic pain on patients’ quality of life
in a real-life setting. While there are other classification systems such as AAPT, these do not
correspond to real-time monitoring elements of the impact of pain on patients’ quality of life,
but rather to elements for classifying the type of chronic pain and its repercussions. These
elements are not suitable for real-time weekly monitoring, but rather for longer-term follow-
up, particularly to assess the emergence of risk factors or comorbidities. The barometer
classifications of eDOL are based on what clinicians traditionally evaluate in terms of the
impact of chronic pain on patients’ quality of life, following recommendations from a group
of pain physician experts from the ePAIN group.

2.1.3.2 Interesting data for our research

In this thesis, we focused mainly on barometric data, which have a central role in the
identification of care trajectory typologies for patients with chronic pain. These data,
composed of eight attributes (pain, fatigue, mood, stress, sleep, body comfort, sporting
and non-sporting activity) measured weekly, allow measurement of pain intensity and its
impact on daily life. Socio-demographic and clinical data are used to explain clustering
results and to identify and characterize patient profiles.

Barometric data, shown in Table 2.1, present intrinsic challenges related to their temporal
and multidimensional nature. Firstly, each barometric attribute defines an univariate time
series, whereas a patient’s pain trajectory defined by all eight barometers constitutes a
multivariate time series. In addition, barometers can be treated and/or interpreted according
to different paradigms, such as discrete time series (DTS), categorical time series (CTS) or
continuous/numerical time series (CNTS). Each format presents unique challenges. Another
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important aspect is the subjectivity associated with these data. The scores assigned by
patients reflect their individual perception of pain, influenced by personal and contextual
factors and associated conditions, which introduces uncertainty into the measurements.
This subjectivity, amplified by the context of real-life data collection, directly impacts the
quality of analyses and complicates the interpretation of results. Moreover, these time series
are frequently irregular, as some patients do not use the smartphone application constantly.
This discontinuity presents an additional challenge for modelling, particularly as patients
have different basic length sequences, as they are not all included in the study at the same
time. Finally, the integration of barometers with clinical and socio-demographic data, used
to characterize patient profiles, adds a further layer of complexity. This involves combining
static information (initial profile) with dynamic time series (clinical data), while maintaining
robustness in the presence of missing and heterogeneity data.

Table 2.1: Illustration of attributes corresponding to barometers. In the Polarity column,
positive means symptom improvement and negative means worsening of symptoms.

Features Name Features Description Scale Polarity
Sleep Average sleep quality in the past

week
[0 10] high value is positive

Mood Average mood in the past week [0 10] high value is positive
Fatigue Average fatigue in the past week [0 10] high value is negative
Body comfort Body comfort quality in the past

week
[0 10] high value is positive

Stress Average stress level in the past week [0 10] high value is negative
Pain Average pain in the past week [0 10] high value is negative
Sports activities Intense physical activity (number of

hours per week)
[0 10] high value is positive

Non-sports
activities

Moderate physical activity (number
of hours per week), including
walking, daily housework, etc

[0 10] high value is positive

In summary, the eDOL data are particular due to their temporal, sequential, longitudinal, and
particularly subjective nature. They can be analyzed as categorical, discrete, or continuous
time series data. Since they are also secondary data (clinical term), the series do not start at
the same dates, meaning that they are of different (irregular) lengths. Regarding missing
data, while they can be imputed, they may also carry medical significance, such as indicating
patient non-adherence. All these characteristics add further complexity to modeling these
data.

2.2 Health trajectory
The concept of care pathways or health trajectories is increasingly being used to enhance
the quality of care and to optimize the use of resources for health care. Health trajectories
describe the evolution of an individual’s health states or events over time. These trajectories
are constructed from longitudinal or time-series data, which consist of repeated observations
of health-related features collected over a defined period [29]. In medical fields, these series
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of repeated observations are often categorical or discrete in nature. This characteristic
enables us to consider health trajectories, or care trajectories, as categorical or discrete
sequences, thus qualifying them as sequential trajectories [30, 31]. Thus, sequential
trajectory analysis concerns the analysis of sets of categorical or discrete sequences that
generally describe longitudinal or temporal data. The sequences analyzed are encoded
representations, for example, of individual care trajectories such as consultations, transitions
between outpatient and inpatient care, drugs consumed, but they can also describe daily or
weekly time use, or represent observed or self-reported health outcomes.

In the field of epidemiological research, the use of secondary data, as administrative health
databases or eDOL data studied here, has now become a widely used strategy thanks to
the always greater reliability of the detection methodologies adopted, which involve the
acquisition of high quality data [31]. They also offer an ever increasing amount of useful
information that allow to conduct epidemiological studies with less resources and cost
and time savings. Although they offer a growing amount of useful information, to date,
studies focusing on individual pathways have mainly remained descriptive, without taking
into account the possible evolution of care consumption over time. In a real-world setting,
classical statistical tools resulted to be insufficient to adequately consider a phenomenon
with such high variability and multidimensional, and has to be integrated with novel data
mining techniques suitable of identifying patterns in complex data structures [29]. Although
in recent years some methodologies were proposed to tackle this kind of information [?
], they are not always suitable to evaluate complex and multidimensional sequential or
longitudinal patterns of care and to be implemented on real-world data.

Sequential trajectory clustering, in healthcare in particular, is becoming a topic of growing
interest due to its potential to address the limitations of statistical group analysis approaches,
for personalized medicine [32]. Nguena Nguefack and al. [33], examined different trajectory
modeling techniques in epidemiology, highlighting the importance of clustering as a non-
parametric approach for identifying care typologies and characterizing patient profiles.
This enables healthcare professionals to design targeted interventions and optimize care
pathways. However, the complexity of multidimensional trajectories often demands
advanced computational techniques to process and analyze the data efficiently [34], requiring
further research.

2.3 Clustering approaches and algorithms
This section provides an organized overview of clustering approaches and algorithms,
starting with a taxonomy of clustering methods in 2.3.1. It explores key partitioning
frameworks, including fuzzy in 2.3.2, possibilistic in 2.3.3, rough in 2.3.4, and evidential in
2.3.5, highlighting their principles, applications, and algorithms.

2.3.1 Taxonomy for clustering
Clustering – the art and science of manipulating data without any supervision – has attracted
substantial attention in artificial intelligence and machine learning communities [35], and
has successfully permeated in a wide range of fields [36]. The goal of clustering is to
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identify structure in a data set without any prior information by objectively organizing
data into homogeneous groups where the within-group-object similarity is minimized and
the between-group-object dissimilarity is maximized. Clustering is necessary when no
labeled data are available regardless of whether the data are binary, categorical, numerical,
interval, ordinal, relational, textual, spatial, temporal, spatio-temporal, image, multimedia,
or mixtures of the above data types.
Based on the fundamental characteristics and approaches to grouping data, several different
clustering strategies have been proposed, each of which uses a different inclusion principle.
Fraley and Raftery [37] suggested dividing the clustering approaches into two different
groups: partition based methods, and hierarchical based methods. Saxena and al. [38]
suggested the following three additional categories, as density-based methods, model-based
methods and grid-based methods. Zhou and al. [39], extends and broadens the categorization
by adding families, spectral based methods, and neural networks based methods. A summary
of these approaches can be found in Table 2.2.

Table 2.2: Algorithms classified by underlying principles and characteristics.

Category Benefits Limitations Popular Algorithms
Partition-Based
Clustering

Efficient (low time
complexity). Simple to
implement.

Sensitive to outliers.
Drawn to local optima.
Requires predefined
number of clusters.

K-Means[40], PAM[41],
CLARA[41]

Hierarchical
Clustering

Does not require
predefined cluster
number. Dendrogram
provides hierarchy.

High time complexity.
Sensitive to
noise/outliers.

Agglomerative
Clustering[42], Complete
Linkage[43], Divisive
Clustering[44]

Density-Based
Clustering

Suitable for arbitrary
shapes. Efficient for
high clustering and
dense data.

Poor performance for
uneven densities.
Inefficient for large
datasets.

DBSCAN[45],
HDBSCAN[46], Mean-
Shift[47]

Grid-Based
Clustering

Fast. Handles arbitrary
cluster shapes.

Sensitive to grid
granularity.

CLIQUE[48], ST-
DBSCAN[49], Grid-
DBSCAN[45]

Model-Based
Clustering

Handles non-spherical
clusters. Membership
probabilities.

High time complexity.
Strong assumptions
about data.

GMM[50], HMM[51],
LDA[52], EM[53]

Spectral
Clustering

Detects clusters with
complex shapes.
Effective for small to
mid-sized datasets.

Computationally
expensive. Requires
predefined cluster
number.

Normalized Cuts[54],
Spectral Clustering[54]

Neural
Network-Based
Clustering

Handles
high-dimensional data.
Learns complex
structures.

Requires large datasets
and computational
resources.

SOM[55], DEC[56]

Among these approaches, the most popular and widely used clustering techniques are
hierarchical and partitioning methods [36]. Their fundamental characteristics, underlying
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principles, and approaches to grouping data are defined and discussed below. For other
techniques, these aspects are detailed further in Appendix A.

Hierarchical-Based Clustering(e.g. Figure 2.5a) – The concept of hierarchical clustering
lies in the construction and analysis of a dendrogram. A dendrogram is a tree-like structure
that contains the relationship between all the data points in the system. There is no need
to specify a predefined number of clusters. A horizontal cut in the dendrogram defines
clusters at the highest level, with each child branch representing a distinct cluster. However,
hierarchical clustering has a high time complexity for large datasets and sensitive to noise
and outliers, which can lead to sub-optimal results if not properly managed.
Partition-Based Clustering (e.g. Figure 2.5b) – Partition-based clustering algorithms
partition data into non-overlapping clusters in theory. The basic idea of these clustering
algorithms is to consider the center of data points as the center of the corresponding cluster,
which generally has low time complexity and high computing efficiency. However, they are
not well-suited for non-convex data, can be sensitive to outliers, can be easily drawn into
local optima, and require a predefined number of clusters, which can impact the performance
of clustering results.

(a) Hierarchical Clustering: the dendrogram on the left reflects object
relationships, while the right shows clusters resulting the dendrogram.

(b) Partition-Based Clustering: the original data on the left is clustered
using K-Means, with results displayed on the right.

Figure 2.5: Illustration of partition-based and hierarchical-based clustering approaches.
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There are two common representations of the datasets upon which partitioning methods
can be based, feature data (vector data or object-base) and relational data (proximity data
or distance-based) [57, 58, 59, 60, 61, 62]. When each object is described by a vector of
quantitative or qualitative values, the set of vectors describing the objects is called a feature
data. Alternatively, when each pair of objects is represented by a relationship, then it is
called relational data. The most common case of relational data is when one has (a matrix
of) dissimilarity data, say R = [τij], where τij is the pairwise dissimilarity (often a distance)
between objects i and j. Relational clustering is particularly useful when computing the
distance between objects is complex, when the distance measure cannot be expressed
in a simple mathematical way, or when clusters of similar objects cannot be efficiently
represented by a simple barycenter. These two approaches differ in how they represent and
process data.

Definition 2.3.1 (Object-Based Partitioning)

Let X = (xi) be a dataset where each xi ∈ Rd is a vector in a metric space. Object-
based partitioning involves dividing this dataset into c clusters {C1, C2, . . . , Ck} (with
k ≤ n), such that each xi belongs to exactly one cluster Cj .

Definition 2.3.1 (Relational-Based Partitioning)

Let E = (ei) be a dataset andR = [τij] a dissimilarity matrix where τij represents the
dissimilarity between ei and ej . Relational partitioning involves dividing this dataset
into c clusters {C1, C2, . . . , Ck} (with k ≤ n), using the values in R to determine the
relationships between objects.

In object-based partitioning, data must be available as vectors in a metric space. In relational
partitioning, only the relationships between objects, represented by a dissimilarity matrix
R, are needed. In object-based partitioning, distances are calculated directly in the data
space Rd. In relational approaches, distances are provided by R, and positioning in an
explicit space is not required. Relational methods are more flexible as they can handle
complex data. However, they may be limited by the quality and properties of the matrix R.
Three main methods fall under relational partitioning, each with distinct mathematical
formulations.

Relational Means-based [57, 59, 63] – Relational Means-based clustering extends the
classical concept of clustering to relational data byminimizing the total dissimilarity between
objects and the barycenter of their respective clusters. Given the relational data as a
dissimilarity matrix R = [τij], the goal is to partition the dataset into k clusters such that
the following objective function is minimized:

J(V) =
k∑

j=1

∑
ei∈Cj

τij, (2.1)

where V = {v1, v2, . . . , vk} is the set of barycenters, Cj represents the set of objects in
cluster j, and τij = ‖vj − ei‖2 is the distance between object ei and the barycenter vj
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of cluster j expressed in terms of R (necessarily be defined in a Eucludian space). The
barycenter vj of a cluster Cj is defined as the mean of the total dissimilarity to all other
objects in the cluster:

vj =
1

|Cj|
∑
ei∈Cj

ei. (2.2)

Relational Medoids-based [41, 64, 62] – Relational Medoids-based clustering selects
representative objects, called medoids, as cluster centers. The objective is to minimize the
total dissimilarity between objects and their closest medoids. The optimization problem is
formulated as:

J(V) =
k∑

j=1

∑
ei∈Cj

τij, (2.3)

where V = {v1, v2, . . . , vk} is the set of medoids, with vj ∈ {e1, e2, . . . , en}, Cj represents
the set of objects assigned to cluster j, and τij is the dissimilarity between object ei and the
medoid vj of cluster j. Unlike the means-based approach, the medoid vj of a cluster Cj is
defined as the objet that minimizes the total dissimilarity R(not need satisfy the axioms of
a distance) to all other objects in the cluster:

vj = argmin
ej∈E

∑
ei∈Cj

τij. (2.4)

Relational Multidimensional Scaling (MDS) based [65, 66, 67] – MDS-based aims to
embed relational data into a low-dimensional Euclidean space Rp while preserving pairwise
dissimilarities as much as possible. Given the dissimilarity matrixR = [τij], the optimization
problem is:

min
Y

n∑
i=1

n∑
j=1

(‖yi − yj‖ − τij)
2 , (2.5)

where Y = [y1,y2, . . . , yn]
> represents the coordinates of the n objects in Rp, ‖yi − yj‖ is

the Euclidean distance between yi and yj in the embedded space, and τij is the dissimilarity
between ei and ej in the original relational data and need not satisfy the axioms of a
distance. Based to Y, two main approaches can be used for clustering. The first approach
applies a traditional clustering algorithm directly to the coordinates Y. The second relies on
optimizing a partitioning function that directly adjusts a partition to best preserve R.

Partitioning methods (object-based or relational-based) can be broadly categorized into hard
partitioning and soft partitioning approaches [1, 36, 41, 68]. In a hard partition, each object
of the dataset is assigned to one and only one cluster. This ensures that clusters are disjoint,
and every object is uniquely associated with a single cluster. Among the popular algorithms
for hard clustering, the k-means algorithm [40] is widely used for its simplicity and efficiency
in handling object-based data, while the Partitioning Around Medoids (PAM) algorithm [41]
is particularly effective for clustering relational data. Soft partitioning generates a partition
where each object has a degree of membership in multiple clusters, reflecting the uncertainty
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or imprecision in the assignment process. Unlike hard partitioning, soft partitioning allows
objects to belong to more than one cluster simultaneously. For instance, fuzzy c-means [69]
and fuzzy c-medoids [70] assign membership values based on the proximity of objects to
cluster centers, while possibilistic variants such as possibilistic c-means [71] and possibilistic
c-medoids [70] focus on reducing sensitivity to noise and outliers. Additionally, rough c-
means and rough c-medoids [36] leverage boundary regions to handle overlapping clusters,
and evidential approaches like the evidential c-means [1] and c-medoids [68] integrate belief
functions to model and quantify uncertainty more robustly. Hard partitioning is suitable
for cases where precise and unique assignments are required, whereas soft partitioning
provides flexibility in representing overlapping or uncertain clusters. The choice between
these approaches depends on the nature of the data and the problem context. The following
definitions of object-based partitions can be extended and/or derived for definitions of
relation-based partitions.

Definition 2.3.2 (Hard Partition)

Let X = (xi) be a finite dataset and k ∈ N such that 2 ≤ k < n. A hard k-partition
of X is defined as a boolean matrix H ∈ Rn×c, where each element hij ∈ {0, 1}
indicates the membership of xi in cluster j. The matrix H satisfies the following
constraints:

n∑
i=1

hij > 0, ∀j ∈ {1, . . . , k}, (2.6)

where (2.6) ensures that no cluster is empty, and
∑c

j=1 hij = 1, ∀i, in (2.7) ensures
that each object belongs to exactly one cluster. The set of all hard c-partitions is
denoted by:

Mhp =

{
H ∈ Rn×k | hij ∈ {0, 1},

k∑
j=1

hij = 1,
n∑

i=1

hij > 0

}
. (2.7)

Where H is a hard partition andMhp is the set of all hard partitions matrices.

Definition 2.3.2 (Soft Partition)

Let X = (xi) be a finite dataset and c ∈ N such that 2 ≤ c < n. A soft c-partition is
defined by a membership matrix S ∈ Rn×c, where sij ∈ [0, 1] represents the degree
of membership of xi in cluster j. The matrix S satisfies the following constraints:

n∑
i=1

sij > 0, ∀j ∈ {1, . . . , c}, (2.8)

where (2.8) ensures that no cluster is empty. The set of all soft c-partitions is:

Msp =

{
S ∈ Rn×c | sij ∈ [0, 1],

n∑
i=1

sij > 0

}
. (2.9)

Where S is a soft partition andMsp is the set of all soft partitions matrices.
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While hard and soft partitioning methods have been extensively developed for single-
view data, they may not suffice in many real-world applications where data is naturally
represented in multiple views or modalities. For instance, an event can be captured through
text, audio, images, and video. In such cases, relying solely on single-view clustering
methods like k-means or fuzzy c-means may fail to fully capture the underlying structures
in the data, as these methods do not consider the complementary information provided by
multiple views. Multi-view clustering addresses this limitation by integrating information
from diverse views to produce more accurate and comprehensive clustering results. Early
approaches often concatenated features from all views into a single space, applying classical
single-view methods. However, this approach overlooks the distinct characteristics of each
view and often leads to suboptimal performance. Instead, modern multi-view clustering
methods leverage strategies such as view-specific weights, collaborative learning, and feature
weighting to enhance clustering performance while preserving the unique contributions
of each view. These methods have been successfully applied to both hard partitioning
frameworks, such as multi-view k-means [72, 73, 74, 71] and its variants, and soft partitioning
frameworks [70, 75, 76, 77, 36], including fuzzy, possibilistic and evidential clustering
approaches, reflecting their versatility and effectiveness in real-world scenarios.

Figure 2.6: The basic principles for choosing different clustering approches.

In the literature, numerous clustering algorithms have been proposed with various
categorizations. In the preceding sections, we discussed the most popular approaches and
algorithms. As summarized in Figure 2.6, these algorithms have been categorized based
on the type of data they handle object or relational based as well as whether they are
single-view or multi-view based, and on the assignment approach used for clustering,
distinguishing between hard and soft partitions. Our thesis work has focused on these
differentiations. However, the are other categorizations in the literature, such as those
based on data volume (e.g., big data), data flow (e.g., streaming), application domains, and
more [78, 79, 38, 80].
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In the next state-of-the-art, instead of discussing general issues and providing an exhaustive
survey of various clustering approaches, we concentrate mainly on issues and clustering
approaches related to soft partition, with an interesting focus on credal partitioning.

2.3.2 Fuzzy partition
This section provides an overview of fuzzy partitioning, starting with the basic principles of
fuzzy set theory in 2.3.2.1. It includes illustrative examples and examines the limitations of
the approach in 2.3.2.2, followed by a summary of key algorithms based on fuzzy partitioning
in 2.3.2.3.

2.3.2.1 Fuzzy Set Theory

The fuzzy set theory, introduced by Zadeh in [81], provides a framework for representing
uncertainty and imprecision by allowing partial membership of elements in a set (fuzziness
degree). Unlike classical set theory, where membership is binary (0 or 1), fuzzy sets define
a membership function µA : X → [0, 1] that assigns to each element x ∈ X a degree of
membership in the set A. This degree, µA(x), represents how strongly x belongs to A,
with µA(x) = 1 indicating full membership, µA(x) = 0 indicating no membership, and
intermediate values reflecting partial membership. A fuzzy set A in a universe X can be
expressed as:

A = {µA(x)/x | x ∈ X}, (2.10)

where µA(x) is the membership degree of x in A. Classical (crisp) sets are a special case
of fuzzy sets where µA(x) ∈ {0, 1}. Key notions in fuzzy set theory include the support,
kernel, and alpha-cuts. The support of a fuzzy set A, denoted Supp(A), is the set of all
elements with non-zero membership, Equation (2.11). The kernel of a fuzzy set A, denoted
Kern(A), is the set of all elements with full membership, Equation (2.12). An α-cut of a
fuzzy set A, denoted A≥α, is the set of elements with membership degrees greater than or
equal to α, see Equation (2.13). For α = 1, the α-cut reduces to the kernel, and for α = 0, it
corresponds to the support.

Supp(A) = {x ∈ X | µA(x) > 0} (2.11)

Kern(A) = {x ∈ X | µA(x) = 1} (2.12)

A≥α = {x ∈ X | µA(x) ≥ α} (2.13)

Fuzzy set theory also extends the basic operations of classical set theory. For two fuzzy sets
A and B in X , the complement, intersection, and union are defined as follows:

µĀ(x) = 1− µA(x), (2.14)

µA∩B(x) = min(µA(x), µB(x)), (2.15)

µA∪B(x) = max(µA(x), µB(x)). (2.16)

These operations ensure that fuzzy sets can model complex systems where elements may
partially belong to multiple categories. Fuzzy set theory has found applications in various
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fields, including control systems, logic and approximate reasoning, decision-making, and
pattern recognition, through fuzzy partitioning techniques, refer to [81] for detailed reviews
on applications of the theory to other theories and real problems. In the following Section
2.3.2.2, we illustrate the use of fuzzy partitioning and highlight its limitations in practical.

2.3.2.2 Illustration and limites of fuzzy partition

We illustrate the concept of fuzzy partitioning with an example involving two clusters ω1,
and ω2, representing happy facial, and sad facial emojis, respectively.

Definition 2.3.3 (Example for Fuzzy Partitioning)

Let us consider the set X = {😀,🤣,😂,😞,😭,😩,😌,😳,😕,🐈,🌴}. We
aim to partition X into two classes Ω = {ω1, ω2}, representing happy, and sad facial,
respectively. For emojis clearly associated with one category, such as {😀,🤣,😂}
for happy, and {😞,😭,😩} for sad, the fuzzy partition aligns closely with a crisp
partition. The membership degrees are set to 1 for the corresponding class and 0 for
others.

However, for emojis associated with multiple classes, such as {😌,😳,😕} (happy
and sad), their membership degrees reflect this uncertainty. We can observe that the
emoji {😌} is closer to happy with 0.7 fuzziness degree. Emojis that do not fit any
category (e.g., {🐈,🌴}) are assigned ? to indicate undefined membership. These
objects are atypical and cannot be modeled, but in practice, they are assigned with
an equiprobable degree of membership. The resulting fuzzy partition is presented in
Table 2.3 and is illustrated in Figure 2.7.

Emojis ω1 ω2

😀 1 0
🤣 1 0
😂 1 0
😞 0 1
😭 0 1
😩 0 1
😌 0.7 0.3
😳 0.5 0.5
😕 0.5 0.5
🐈 ? ?
🌴 ? ?

Table 2.3: Fuzziness degree for partition
into two classes.

Figure 2.7: Illustration for partition into
two classes.

In the context of clustering applications, the interpretation of fuzzy partition degrees can
often be challenging to understand. Fuzzy partitioning is based on the premise of a closed
universe, where the sum of membership degrees is constrained to one. This limitation
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restricts the model’s ability to account for atypical objects. Moreover, it does not provide a
clear distinction between equiprobability and complete ignorance, and it is insufficient in
managing imprecision.

2.3.2.3 Algorithms based on fuzzy partition

Various clustering algorithms can be employed to generate fuzzy partitions. Among these,
the fuzzy c-means (FCM) algorithm proposed by Bezdek [69]. Numerous extensions of FCM
have been proposed to handle the complexities of different data types, including relational
data, for which the fuzzy c-medoids (FCMdd) algorithm [64] is well-suited. The soft partition
S is replaced by a fuzzy partition U in definition 2.3.1. The objective of the FCM algorithm
is to find the optimal fuzzy partition U and the cluster centers V, which minimize the
intra-cluster distance. The optimization problem is formalized through the minimization of
the following cost function:

JFCM(U,V) =
n∑

i=1

c∑
j=1

um
ijd

2
ij, (2.17)

subject to
c∑

j=1

uij = 1 ∀i, (2.18)

uij ≥ 0 ∀i, j. (2.19)

where m > 1 is the fuzzification parameter, which controls the degree of fuzziness in the
partition, and dij represents the distance between the i-th data point xi and the j-th cluster
center vj . The optimization of JFCM is achieved through an iterative process alternating
between updating V and U [69]. The iterative process stops when the objective function
converges, described in the Algorithm 1.

Algorithm 1 Fuzzy c-means algorithm (FCM)
Input: X = (xi), number of clusters c, fuzzification m > 1, and the convergence threshold

ε ≥ 0.
Initialization: Randomly initialize V0.
t← 0
repeat

t← t+ 1
Update membership degrees Ut = [uij] using Equation (11a) of [69].
Update cluster centers Vt using Equation (11b) of [69].

until The prototypes remain unchanged based to ε;

Output: Optimal solutions U, V.

2.3.3 Possibilistic partition
The possibility theory, introduced by Dubois and Prade in [82], expands fuzzy set theory
to model uncertainty. Unlike fuzzy theory, which quantifies uncertainty using additive
measures, possibility theory employs a possibility distribution Π. For simplicity, assume
that the universe of discourse Ω is a finite set. A possibility measure is a function Π from
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2Ω to [0, 1]. From this distribution, two measures are derived: the possibility measure Π and
the necessity measure N . The possibility measure Π assesses how plausible a set A ⊆ Ω is,
while the necessity measure N evaluates the certainty that A is true. These measures are
related as follows:

Π(A) = max
ω∈A

Π({ω}), N(A) = 1− Π(Ā)⇒ N(A) ≤ Π(A) ∀A, (2.20)

where Ā denotes the complement of A in Ω. The measures also satisfy the properties:

Π(Ω) = N(Ω) = 1, Π(∅) = N(∅) = 0, (2.21)

Π(A ∪B) = max(Π(A),Π(B)), N(A ∩B) = min(N(A), N(B)). (2.22)

This theoretical foundation inspired the development of possibilistic clustering methods
to address limitations in fuzzy partitioning, particularly for handling noise and outliers
in datasets. Unlike fuzzy clustering methods, possibilistic approaches do not enforce the
constraint 2.18. Instead, the degrees of membership indicate the degree of compatibility
between data points and individual clusters. This property makes possibilistic clustering
robust to atypics objets. The soft partition S is replaced by a possibilistic partition P in
definition 2.3.1.

The possibilistic c-means (PCM) algorithm, introduced by Krishnapuram and Keller [83],
was the first partioning approach based on the Possibility theory. Specifically, the objective
function of PCM is given by:

JPCM(P,V) =
n∑

i=1

c∑
j=1

pmijd
2
ij +

c∑
j=1

ηj

n∑
i=1

(1− pij)
m, (2.23)

subject to
c∑

j=1

pij ≥ 0 ∀i, (2.24)

pij ≥ 0 ∀i, j. (2.25)

where P is the possibilistic partition, V are the cluster centers, and dij represents the
distance between the i-th data point xi and the j-th cluster center vj . The exponent m > 1
is the fuzzification parameter, and ηj are user-defined constants that control the scale of the
membership degrees for each cluster. The terms (1− pij) ensure that the trivial solution
pij = 0 ∀i, j is avoided. The optimization rules for PCM alternate between optimizing the
membership degrees P and the cluster centers V [83]. The choice of hyperparameters ηj is
critical for balancing cluster coherence and outlier robustness. Despite this challenge, PCM
has proven effective in various applications where classical fuzzy clustering methods fail
[84, 70].
One application of PCM is the segmentation of fat and muscle from MRI images of the thigh.
Barra and Boire, in [85], proposed a fast, unsupervised, three-dimensional method using a
possibilistic clustering algorithm to extract muscle and fat volumes. This method has shown
statistical concordance with validated methods and has proven effective in clinical, fitness
and weight loss program contexts.
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Possibilistic partitioning addresses some fuzzy clustering issues but has limitations. Atypical
or outlier objects, assigned null possibility degrees, may be excluded from all clusters.
Additionally, the lack of constraints on the sum of membership degrees causes clusters to
behave almost independently, complicating the interpretation and control of the partitioning
process. In the next section, we briefly review the Rough partition.

2.3.4 Rough partition
Rough set theory, introduced by Pawlak [86], provides a mathematical framework for
handling uncertainty and vagueness by distinguishing between discernible and indiscernible
objects. This approach uses two approximations to describe a set: the lower approximation
and the upper approximation. Given a finite set X of objects and an indiscernibility relation
R, the pair (X, R) forms a rough set space. For a subset A ⊆ X, the R-lower approximation
R(A) and the R-upper approximation R(A) are defined as:

R(A) = {x ∈ X | [x]R ⊆ A}, (2.26)
R(A) = {x ∈ X | [x]R ∩ A 6= ∅}. (2.27)

The R-lower approximation R(A) contains all objects that certainly belong to A, while the
R-upper approximation R(A) includes all objects that possibly belong to A. The boundary
region of a set A with respect to the relation R denoted by R̂(A) is defined as the difference
between the upper approximation R(A) and the lower approximation R(A):

R̂(A) = R(A)−R(A). (2.28)

The boundary region represents the area of uncertainty where objects cannot be definitively
classified as members (A) or non-members of A (i.e. X \A). Indeed, for any object x ∈ X in
the boundary region, its equivalence class [x]R intersects both A and its complement, i.e.,
[x]R ∩A 6= ∅ and [x]R ∩ (X \A) 6= ∅. The soft partition S is replaced by a rough partition R
in definition 2.3.1.

Based on rough set theory and c-partioning, Lingras and West [87, 88] introduced the Rough
C-means (RCM) algorithm. In RCM, each cluster is characterized by its lower and upper
approximations, enabling a more flexible representation of the clustering structure. This
approach allows objects to partially belong to the boundary regions of clusters, reflecting
uncertainty in their assignment. The objective function of the RCM algorithm is defined as:

JRCM =
n∑

i=1

c∑
j=1

[
γ

nj

λijd
2
ij +

1− γ

nj

λijd
2
ij

]
, (2.29)

subject to
c∑

j=1

λij = 1 ∨
c∑

j=1

λij = 0, (2.30)

c∑
j=1

λij = 0 ∨
c∑

j=1

λij ≥ 2, (2.31)

λij, λij ∈ {0, 1} ∀i, j. (2.32)
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where γ ∈ [0, 1] is a fixed weight, nj and nj are the numbers of objects in ωj and
ωj , respectively. Each cluster ωj is express a lower approximation ωj and an upper
approximation ωj . V represents the set of cluster centers, and dij corresponds to the
distance between object xi and the center vj of the cluster ωj . The parameters λij and λij

represent respectively the lower and upper membership bounds for the i-th object in the
j-th cluster. The center vj of cluster X is first evaluated and, next the lower rij and upper
rij bounds are updated according to the distances between data points and cluster centers
[89].
One example of the use of RCM in medical imaging is the segmentation of MRI images
of the brain. In Study [90], Kumar and al. recently proposed a method for segmenting
brain tissue using the RCM clustering algorithm. The results enable different brain
structures, such as gray matter, white matter, cerebral spinal fluid and tumor tissue,
to be distinguished efficiently, taking into account the uncertainty and imprecision in images.

RCM clustering handles outliers by placing them in the boundary region, reflecting their
ambiguous membership. This approach, however, treats all boundary objects uniformly,
which may not fully capture the nuances of uncertainty. To address these limitations, in
the next section, Evidential Partitioning introduces more refined concepts through the
Dempster-Shafer theory of belief functions. This method is more robust in handling outliers
and structural uncertainty, providing a more nuanced representation of data uncertainty.

2.3.5 Evidential partition
This section introduces the foundational principles of evidential partitioning, grounded in
the theory of belief functions in 2.3.5.1, and explores its applications in 2.3.5.2. We discuss
illustrative examples and limitations of the approach in 2.3.5.3, followed by an overview of
algorithms tailored for object-based data in 2.3.5.4 and relational data in 2.3.5.5

2.3.5.1 Theory of belief function

The theory of belief functions, also referred to as evidence theory or Dempster–Shafer
theory (DST), is a generalization of the Bayesian theory of subjective probability, and a
general robust mathematical framework for representing and managing uncertainty, with
understood connections to traditional probability frameworks such as fuzzy, possibility and
rough. DST was introduced by Shafer [91] based on the earlier work of Dempster [92].

The framework provides a means of representing data in the form of a mass function that
quantifies our degree of belief in various propositions [93]. One of the major advantages of
Evidence Theory over conventional probability is that it provides a straightforward way
of quantifying ignorance and is therefore a suitable framework for handling outliers. In
Dempster-Shafer theory, mass functions (also referred to basic belief assignment (BBA))
help us define a range of probabilities for any given proposition, creating lower and upper
limits known as belief and plausibility, respectively. Instead of assigning an exact probability
value, we use this range to reflect uncertainty, which can be more intuitive and flexible.
This approach is practical when precise probabilities are difficult to determine, allowing us
to express confidence in a more general way.
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Let Ω be a finite set of mutually exclusive and exhaustive elements, called the frame of
discernment and expressed as:

Ω = {ω1, ω2, . . . , ωc}. (2.33)
The power set of Ω, denoted as 2Ω, consists of all subsets of Ω, including the empty set ∅ and
the full set Ω and is defined by (2.34). The mass function m is a mapping m : 2Ω → [0, 1]
that satisfies the (2.35) conditions.

2Ω = {∅, {ω1}, {ω2}, . . . , {ω1, ω2}, . . . ,Ω}. (2.34)

m(∅) = 0 and
∑
A⊆Ω

m(A) = 1. (2.35)

The quantity m(A) represents the degree of BBA to a subset A ⊆ Ω, and A is called a focal
element, if m(A) > 0. When m is defined such that all focal elements are singletons, i.e.
the cardinality of A, |A| = 1, ∀A ⊆ Ω, it reduces to a Bayesian probability distribution.
m is categorical if all belief is assigned to a single subset, i.e. m(A) = 1, A ∈ 2Ω. In cases
where m(Ω) = 1, it represents total ignorance, indicating a lack of information. From
Equation 2.35, the mass assigned to the empty set can be positive,m(∅) > 0, in a open-world
assumption, and indicates unknown states outside the frame of discernment. The belief, and
plausibility functions, defined in 2.3.5.1, are other equivalent representations of m.

Definition 2.3.4 (Belief and Plausibility functions)

For a given mass function m, the belief function Bel: 2Ω → [0, 1] and the plausibility
function Pl: 2Ω → [0, 1] are defined for A,B ∈ 2Ω as:

Bel(A) =
∑

∅6=B⊆A

m(B), (2.36)

Pl(A) =
∑

B∩A 6=∅

m(B), (2.37)

Pl(A) = 1−Bel(Ā). (2.38)

The belief function Bel(A) quantifies the total support for A, while the plausibility function
Pl(A) measures the extent to which A is plausible, given the evidence. These functions are
dual and related by (2.38), where Ā is the complement of A. And conversely, for finite A,
given the belief measure Bel(B) for all subsets B of A, we can find the masses m(A) with
the following inverse function:

m(A) =
∑

B⊆A,B 6=∅

(−1)|A|−|B|Bel(B). (2.39)

The combination of mass functions has a critical role in uncertain information fusion.
Dempster’s combination rule, also known as the orthogonal combination rule, is a method
for merging information sources within the framework of belief function theory. Depending
on the nature of the information of the sources, the combination can be conjunctive when
the sources are reliable and disjunctive when the sources are not reliable.
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Definition 2.3.5 (Rule of Combination)

Let m1 and m2 be two mass functions from two different sources that are reliable and
cognitively independent and defined on the same frame Ω.

The conjunctive combination of m1 and m2, denoted as m1 ∩m2, is defined as the
unnormalized mass function

m1∩2(A) =
∑

B∩C=A

m1(B)m2(C), ∀A ⊆ Ω. (2.40)

The disjunctive combination of m1 and m2, denoted as m1 ∪m2, is defined as the
unnormalized mass function

m1∪2(A) =
∑

B∪C=A

m1(B)m2(C), ∀A ⊆ Ω. (2.41)

Specifically, via (2.40, 2.41), the Dempster’s rule of combination is globally calculated
from the two sets of masses m1 and m2 in the following manner :

m1
⊕

2(A) =
1

1−K

∑
B∩C=A

m1(B)m2(C), ∀∅ 6= A ⊆ Ω, (2.42)

where K is a measure of the amount of conflict between the two mass sets, defined
as:

K =
∑

B∩C=∅

m1(B)m2(C). (2.43)

Dempster’s rule is associative and commutative, ensuring a consistent fusion of evidence.
However, it becomes inapplicable when the conflictK approaches 1, indicating contradictory
evidence [94].

For decision-making purposes, mass functions are often transformed into probabilities using
the pignistic transformation BetP or the plausibility transformation pm. The plausibility
transformation [95] consists in normalizing the probability distribution plausibility function,
resulting in (2.45). Alternatively, the pignistic transformation [96] distributes each
normalized mass uniformly to the elements of A by using (2.44). Another approach is
to approximate a mass function m as a set [97]. A simple choice is to select the focal set
A∗(m) with the largest mass, as defined by (2.46).

Definition 2.3.6 (Mass function transformation)

Given a mass function m, the different summarization of m are defined as:

BetP (ω) =
∑

{ω∈A}

1

|A|
m(A)

(1−m(∅))
, ∀A ⊆ Ω, m(∅) 6= 1. (2.44)
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pm(ω) =
pl(ω)∑c

ω′=1 pl(ω
′)
, ∀ω ∈ Ω. (2.45)

A∗(m) = argmax
B⊆Ω

m(B). (2.46)

where |A| denotes the cardinality of A.

2.3.5.2 Evidential partition

Let X = (xi) be a set of n objects. We assume that each object in X belongs to at most one
cluster in a set Ω = {ω1, . . . , ωc}. Using the formalism recalled in Section 2.1, evidence
about the cluster membership of each object xi can be described by a mass function mi

defined on the frame on Ω. The soft partition S is replaced by a credal (or evidential)
partition M in definition 2.3.1.

The concept of evidential partitions generalizes most of the clustering frameworks
discussed [98]. Inspired from [99] , we have the relationship between different clusters, as
shown in Figure 2.8. When all the mass functions mi are certain, M becomes equivalent
into a hard partition H, as defined in 2.3.1, which corresponds to complete certainty
regarding the membership of each object. In the case where the mass functions are
Bayesian, M reduces to a fuzzy partition U. The membership degree uik of an object
i to a cluster k is then given by uik = Beli({ωk}) = Pli({ωk}) ∈ [0, 1], where the
condition

∑c
k=1 uik = 1 holds. When the mass functions mi are consonant, they are

equivalently represented by their contour functions pli. The values plik = pli(ωk) quantify
the possibility that the object oi belongs to the cluster ωk, which is commonly used in
possibilistic partition P. Finally, when each mass function mi is logical with a focal set
Ai ⊆ Ω, the evidential partition becomes equivalent to a rough partition R. In this case, the
lower approximation ωl

k and the upper approximation ωu
k of the cluster ωk are defined as

ωl
k := {i ∈ X | Ai = {ωk}} and ωu

k := {i ∈ X | ωk ∈ Ai}.

The concepts of hard, fuzzy, possibilistic, rough, and evidential data reflect varying levels
of uncertainty and representation. Hard data assumes deterministic values, while fuzzy
data allows partial memberships quantified by uij ∈ [0, 1]. Possibilistic data further relaxes
constraints by modeling compatibility rather than probabilities. Rough data captures
uncertainty through lower and upper approximations, R(X) and R(X), and evidential
data generalizes these ideas using mass functions m : 2Ω → [0, 1], offering a belief-based
representation.

Each data type influences the corresponding partition structure, from exact assignments
in hard partitions to flexible models in fuzzy, possibilistic, rough, and evidential partitions,
which accommodate varying degrees of uncertainty and imprecision.
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Figure 2.8: Relationship between hard, fuzzy, possibilistic, rough, and evidential clusters.

2.3.5.3 Illustration and limits of evidential partition

To illustrate the functioning of an evidential partition, we revisit the example of partitioning
facial expressions, as discussed in Section 2.3.2.2. In this example, we consider two clusters,
ω1 and ω2, representing happy and sad facial emojis, respectively. This demonstrate how
the degree of belief is assigned to each cluster and how atypical and ambiguous facial
expressions are treated.

Definition 2.3.3 (Example for Evidential Partitioning)

Consider the set X = {😀,🤣,😂,😞,😭,😩,😌,😳,😕,🐈,🌴}. Our goal
is to partition X into two classes Ω = {ω1, ω2}, representing happy and sad emojis,
respectively. Evidential partitioning introduces more flexibility by assigning belief
masses not only to individual classes but also to subsets of Ω, enabling a richer
representation of uncertainty.

For emojis clearly belonging to one class, such as {😀,🤣,😂} (happy) and {😞,
😭,😩} (sad), the evidential partition aligns with crisp assignments. Their belief
masses are allocated entirely to ω1 or ω2. For ambiguous emojis, such as {😌,😳,
😕}, the mass is distributed across ω1, ω2, and Ω to reflect uncertainty. For instance,
😌 has m(ω1) = 0.1, m(ω2) = 0.2, and m(Ω) = 0.7.

Atypical emojis, like {🐈,🌴}, do not fit into any class. 🐈 is assigned a small
belief mass to Ω, while 🌴 represents total ignorance with m(∅) = 1. The
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evidential partition offers a nuanced approach by allowing multi-level differentiation,
as illustrated in Table 2.4 and Figure 2.9.

Emojis ∅ ω1 ω2 Ω

😀 0 1 0 0
🤣 0 1 0 0
😂 0 1 0 0
😞 0 0 1 0
😭 0 0 1 0
😩 0 0 1 0
😌 0 0.1 0.2 0.7
😳 0 0 0 1
😕 0 0 0 1
🐈 0.9 0 0 0.1
🌴 1 0 0 0

Table 2.4: Belief degree for partition into
two classes.

Figure 2.9: Illustration for partition into
two classes.

Themain limitation of evidential partitioning is its demand for large computational resources.
The number of clusters can increase exponentially because of the power set defined in (2.34),
to possible subsets of clusters. To manage this complexity, the size of the subsets can be
restricted to a specific number.

2.3.5.4 Object-Based Evidential Partition Algorithms

Evidential partitioning algorithms extend the concepts of clustering into the framework
of evidence theory, allowing more nuanced representation of uncertainty. The Evidential
c-means (ECM) [1] algorithm, introduced by Masson and Denœux, stands as a significant
development in this field. ECM can be viewed as an extension of FCM and noise clustering
(NC) [100], adapted to use mass functions for clustering in the evidential framework.

Let X = (xi) be a matrix of n individuals in Rn×q to be classified into a set Ω = {ω1, ..., ωc},
where c is the number of classes, and vk in Rq is the prototype (or centroid) of class ωk. Each
subset Aj ⊆ Ω with a cardinality greater than 1 is also represented by a prototype vj . In
ECM, it allows the object to be in any singleton clusters and meta-clusters with different
masses of beliefs mi, which are subsets of the clustering space Ω. It incorporates a noise
cluster, represented by the empty set ∅, to handle outliers. The objective function of ECM is
defined as:

JECM(M,V) =
n∑

i=1

∑
Aj⊆Ω,Aj 6=∅

|Aj|αmβ
ijd

2
ij +

n∑
i=1

δ2mβ
i∅, (2.47)
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subject to: ∑
Aj⊆Ω,Aj 6=∅

mij +mi∅ = 1, ∀i = 1, . . . , n, (2.48)

mij ≥ 0 ∀i = {1, . . . , n},∀Aj ⊆ Ω, (2.49)
n∑

i=1

mij > 0 ∀Aj ⊆ Ω. (2.50)

Here, dij represents the Euclidean distance between object ei and the center of subset Aj ,
while δ > 0 is a parameter controlling the influence of the noise cluster. The weight |Aj|α
penalizes allocations to larger subsets, and β > 1 is the fuzziness parameter, where higher
values lead to more distributed mass functions. For meta-clusters (i.e., |Aj| > 1), the centers
are defined as barycenters of their constituent singleton cluster centers, computed with
Equation 2.51.

vj =
1

|Aj|

c∑
k=1

sjkvk, sjk =

{
1, if ωk ∈ Aj,

0, otherwise.
(2.51)

Optimization of the ECM objective function alternates between updating the evidential
partitionM using Equations (2.47) and (2.50), and updating cluster centers based on Equation
(2.51). These optimization steps are summarized in Algorithm 2.

Algorithm 2 Evidential c-means algorithm (ECM)
Input: Objet data X = (xi) in Rp; number of clusters c; parameters α ≥ 0, β > 1, δ > 0,

and termination threshold ε.
Initialization: Randomly initialize V0, with c prototypes.
t← 0
repeat

t← t+ 1
Compute Mt using Equations (18-19, 29-30) of [1].
Compute Ht and Bt using Equations (36-37) of [1].
Solve HtVt = Bt.

until he prototypes remain unchanged based to ε;

Output: Optimal solutions M, and V.

Beyond ECM, several variants and extensions have been proposed. The Belief c-means (BCM)
[101] and Credal c-means (CCM) [102] algorithms redefine the distance between objects
and meta-clusters to address limitations in ECM. Constrained versions, such as CECM [103],
integrate prior knowledge through constraints, while semi-supervised approaches as SECM
[104] utilize labeled data to guide clustering. Recent advancements also explore evidential
clustering for categorical datasets, as CatECM [105] or ECM+ [106] when Mahalanobis
distances are used.

2.3.5.5 Relational-Based Evidential Partition Algorithms

Among the relational data-based clustering methods discussed in Section 2.3.1, the
medoids-based approach is the most popular due to its flexibility in representing cluster
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prototypes. In this context, the Evidential c-medoids (ECMdd) [107] algorithm stands
out as a significant development for relational data clustering, building on the principles
of evidence theory and credal partitioning, where the only required information is the
pairwise dissimilarity matrix R = [τ(ei, ej)].

Let E = (ei) be a set of n objets inRn×q to be classified into a setΩ = {ω1, ..., ωc}, where c is
the number of classes, and where the only required information is the pairwise dissimilarity
matrix R. In ECMdd, the credal partition M is computed by optimizing the same objective
function :

JECMdd(M,V) =
n∑

i=1

∑
Aj⊆Ω,Aj 6=∅

|Aj|αmβ
ijτij +

n∑
i=1

δ2mβ
i∅, (2.52)

subject to :

∑
Aj⊆Ω,Aj 6=∅

mij +mi∅ = 1, ∀i = 1, . . . , n, (2.53)

mij ≥ 0 ∀i = {1, . . . , n},∀Aj ⊆ Ω, (2.54)
n∑

i=1

mij > 0 ∀Aj ⊆ Ω. (2.55)

where τij is the dissimilarity between ei and the focal set Aj . The hyper-parameters α, β,
δ are adjustable and have the same meanings as those in ECM, view in (2.47). Let vΩk ∈ E
such that Aj = {ωk} (thus |Aj| = 1) be the medoid of a specific cluster, and let v2Ωj ∈ E
such that Aj ⊆ {ω1, . . . , ωc}, |Aj| > 1 be an imprecise cluster. When |Aj| = 1, we have
v2

Ω

j , vΩk thus τij = τ(ei, v
Ω
k ). Otherwise, when |Aj| > 1, the dissimilarity τij is defined as

follows:

τij =

τ(ei, v
2Ω

j ) + γ 1
|Aj |

∑
ωk∈Aj

τ(ei, v
Ω
k )

1 + γ
, (2.56)

where γ quantifies the impact of uncertainty on the dissimilarity between objects and
imprecise clusters.

The algorithm alternates between updating the credal partition M and determining the
optimal medoids V. Medoids for singleton clusters are chosen to minimize the total
dissimilarity to assigned objects, while medoids for meta-clusters are determined by
balancing the distribution of dissimilarities to the singleton medoids and the centrality
of the object [107]. The ECMdd algorithm is summarized in Algorithm 3
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Algorithm 3 Evidential c-medoids algorithm (ECMdd)
Input: Relational data R = [τ(ei, ej)] from E = (ei); number of clusters c; parameters α,

β > 1, δ > 0, η > 0, γ ∈ [0, 1], and the convergence threshold ε ≥ 0.
Initialization: Randomly initialize c medoids V0.
t← 0
repeat

t← t+ 1
Update the credal partition Mt using Equation (27) and (28) of [107].
Update the prototypes Vt using Equation (29) of [107].

until The prototypes remain unchanged based to ε;

Output: Optimal solutions M and V.

The ECMdd algorithm is closely related to other evidential clustering methods, such as
EVCLUS [67], which based to MDS relational approch, and RECM [63], an extension of ECM
related means-based relational approch. Other notable algorithms include Median ECM
(MECM) [108], which also use medoid as clusters center.
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Chapter 3
Review and comparative analysis of

multidimensional sequential
trajectories clustering methods

Abstract – In this chapter, we review and compare clustering methods for
multidimensional trajectories. We address the challenges posed by multidimensional
trajectories characterized by discrete or categorical longitudinal or time series data.
Our review encompasses existing methods for trajectory analysis, highlighting their
applications and differences. The trajectories are investigated and categorized. The
trajectory clustering techniques examined include feature-based, row-data-based, and
model-based approaches. A comparative study of non-parametric sequential clustering
approaches is conducted, focusing on multidimensional sequence dissimilarity analysis
with both hard and soft clustering methods. Additive methods are found to be the most
effective, despite their reliance on major assumptions about dimension interdependence.
We provide a critical analysis of the differences between the studied approaches, and
we proposed the exploration of a new multidimensional trajectory clustering approach
in a collaborative paradigm.
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3.1 Introduction
Over recent decades, the emergence of storage solutions has allowed scientists and
companies to collect large quantities of individual data from large populations over long
periods of time. Thus, longitudinal data and time series datasets have multiplied in the
form of panels, biographical surveys, and studies measured according to time or age.
The larger volume of data collected presents new opportunities and new challenges in
analyzing these data. Trajectory analysis has become a major perspective in computational
sciences for analyzing longitudinal data and time series at the individual level. Trajectory
analysis allows us to study the evolution of markers such as behavior, event, or another
measure of interest repeated over time. In practice, there are many methods for analyzing
trajectories, and they can be applied to a variety of fields and themes. Depending on
the research question and the data type, these methods can be modelling approaches or
individual-centered statistical approaches, such as clustering. Considering the critical
role of trajectory data mining in modern intelligent systems, this contribution surveys
the development of trajectory clustering. Clustering methods offer a unique advantage
in identifying hidden patterns and structures within complex datasets, particularly in
trajectory analysis [109]. Trajectory clustering thus provides a detailed and understandable
description of trajectory patterns between objects. Numerous researches have highlighted
the importance of trajectory clustering across various fields. For instance, in healthcare
and epidemiology, a study by S. Krishnagopal emphasized the role of trajectory clustering
in identifying distinct sub-groups of Parkinson’s disease based on disease progression
[110]. Furthermore, recent work by J. Ruof and al. showed for example the effectiveness
of trajectory clustering in revealing hidden patterns in urban mobility trajectories data [111].

The literature review on trajectory clustering studies reveals several definitions and
formulations of trajectories, with no clear and comprehensive categorization of the different
trajectory types. Moreover, while review works generally focus on temporal and spatial
trajectories, few comparative methodological and empirical papers have been published
describing non-parametric clustering on sequential trajectories [32]. Recently, K. Emery
and A. Berchtold, conducted an empirical comparison of two methods for multidimensional
sequential trajectories, noted multichannel sequence clustering, using the Swiss Household
Panel [112]. These methods are sequential analyses by status combination and by cost
combination, whereas the literature identifies five main methods [32]. In addition, their
work highlights limitations such as selecting only complete sequences without missing data,
relying on a single, relatively simple dataset, restricting the approach to one clustering
algorithm, and using only edit distance-based measurement functions for computing
sequence dissimilarities.

Our work extends their work by offering a comprehensive empirical comparison of the
multidimensional sequential trajectories methods in the literature [32]. These methods
include the relational clustering, a medoid-based procedure applicable to non-metric
proximity data, and methods inspired by multidimensional scaling. In addition to the two
approaches mentioned above [112], we also examine the distance combination approach
[113], the cluster combination approach [113], and the globally interdependent multiple
sequence analysis approach [14]. In relational clustering, the measure of dissimilarity
between pairs of trajectories is crucial [114, 115]. We generate dissimilarity measures
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using different sets of trajectories and a fixed dissimilarity function, or using a fixed set of
variables and different dissimilarity functions, or even using different sets of trajectories
and dissimilarity functions. In the literature, sequential clustering most often uses hard
clustering algorithms as Ascending Hierarchical Classification (CAH) or Partitioning
Around Medoids (PAM), both of which are relational clustering techniques using medoids.
However, in many real-world applications, trajectory data can be ambiguous or uncertain,
and in such cases, hard clustering may lead to insufficient accuracy. To address this issue
and capture the degree of ambiguity, we add to the review two additional medoid-based
soft relational partitioning algorithms, namely fuzzy c-medoid (FCMdd) [64] and evidential
c-medoid (ECMdd) [62]. These variants allow expressing uncertainty and/or imprecision in
clustering. The comparison is performed on different real datasets from various domains
and simulated datasets were considered in this study. In addition, for complete comparison,
we included large datasets characterized by large numbers of individuals, long-term
trajectories, and high dimensions.

In this review, we provide a comprehensive overview of the major existing works in
trajectory clustering and propose a contextual background for the diverse formulations
and definitions of trajectories. Instead of citing works chronologically, we categorize these
methods based on whether they work directly on the raw data, indirectly with features
extracted from the raw data, or indirectly with models built from the raw data, with a focus
on sequential trajectory clustering methods. We also offer a critical and empirical analysis
of the most representative multidimensional sequential trajectory (MST) clustering methods,
highlighting aspects of data, method process, application advantages, and limitations.
Additionally, we introduce a new approach to MST clustering based on multi-view relational
clustering. Finally, we discuss the current challenges in MST clustering and outline the
main opportunities for future work.

The subsequent sections of this chapter are structured as follows. First, Section 3.2 presents
a review of trajectory data and the main associated clustering methods. Next, Section 3.3
focuses on an extended analysis of clustering methods applied to sequential trajectories.
Section 3.4 explores specific clustering methods for multidimensional sequential trajectories.
In Section 3.5, an experimental comparison of multidimensional methods is conducted to
evaluate their performance. Finally, the Section 3.6 discusses the results obtained.

3.2 Review of trajectory data and clustering methods

3.2.1 Diverse formulations of trajectory definitions
Trajectory data is commonly represented as continuous repeated-measure data, such as
continuous time series or continuous longitudinal data. Spinsanti et al. [116] differentiate
trajectory data based on sources as Global Positioning System (GPS), Global System for
Mobile Communications (GSM), and geolocated social networks. Pelekis and Theodoris
later added Radio-Frequency Identification (RFID) and WiFi based data. Trajectory data is
generally examined in terms of the movements of people and objects, but can also include
activities and events of objects such as animals, vehicles and satellites [117]. Robette Nicolas
introduced social trajectories, used in fields such as health, psychology, and sociology
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[32]. Trajectory data is part of contextual data representations, incorporating temporal
or spatial properties. Although often treated as time series, trajectory data have more
properties than simple time series. They are ordered, spatial (location, orientation, speed,
direction), dynamic (constantly changing), multidimensional, heterogeneous (comprising
multiple variables from diverse sources), and temporal (repeated measures). Considering
these properties, we can define four main types of trajectory, as illustrated in Figure 3.1.
Sequential trajectories involve the ordering of events or states. Temporal trajectories
concern the tracking of data over time. Spatial trajectories refer to the tracking of data in
space. Finally, spatio-temporal trajectories cover the tracking of data in both space and time.

Figure 3.1: Possible classification of the different types of trajectories.

Sequential trajectory refers to the order of events or states over time. Sequential trajectories
generally relate to categorical or discrete longitudinal data and categorical or discrete
time series [32]. They are used in the human sciences and most often characterize human
trajectories or life courses, such as care trajectories, consumption trajectories, professional
trajectories, etc, [32]. In sequential trajectories, time may not always be explicitly defined,
and the trajectory is constructed based on a sequence of categorical measurements.
Since Andrew Abbott highlighted the importance of sequential methods for the social
sciences, sequential trajectory analysis, or optimal correspondence analysis, has become
popular in domains of sociology, economics, demography, political science and, more
recently, health [118]. For instance, medical trajectory research defines the healthcare
pathway as the sequence of events or care activities during a period of patient follow-up [33].

Temporal trajectory refers to the timeline of events of an object. Generally referred to as a
movement trajectory, temporal trajectories are related to continuous time series data and
often to continuous longitudinal data. Temporal trajectories clustering were the subject of
the first trajectory analyses but today, the main thrust of temporal trajectory research is
multidimensional [119].

Spatial trajectories generally refer to a sequence of observations or measurements related to
the location of an object. These trajectories are often treated similarly to spatio-temporal
trajectories, but a spatial trajectory is essentially a trace generated by a moving object
in geographic space [120]. Most research on trajectory clustering focuses on relational
clustering. For example, Dianfeng Qiao et al. [120] have used spatial neighbor analysis to
cluster trajectories related to natural phenomena such as hurricanes and ocean currents.
S. Sharmila and B. A. Sabarish analyzed and compared various distance measures in the
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context of clustering spatial trajectory data [121].

Spatio-temporal or geometric-temporal trajectory refers to both the spatial and temporal
information of an object or system, as it moves and changes over time in a given environment.
Spatial-temporal data is increasingly becoming universal as a result of the widespread
use of GPS, GSM, and RFID. In the recent paper on spatio-temporal trajectory clustering
[122], authors propose an extension of the DBSCAN (Density Based Spatial Clustering of
Applications with Noise) algorithm for spatio-temporal sub-trajectories clustering and the
concepts of entropy and silhouette index to validate the clusters. We can also mention
this paper on hierarchical clustering of trajectories for the exploration of spatio-temporal
periodic patterns [123], where a new algorithm (using spatio-temporal semantic information
such as direction, speed and time) is proposed and compared with three clustering methods:
Kernel function, Grid-based and Traclus.

3.2.2 Diverse formulations for trajectory Clustering
Trajectory clustering methods are broadly categorized into non-parametric (feature-based
or raw-data-based) and parametric (model-based) approaches [124, 80]. Non-parametric
approaches, which make no assumptions about data distribution, assign trajectories to
clusters based on proximity or object data, while parametric approaches use probability
models to infer cluster membership. Feature-based methods extract key features for
clustering, while raw-data-based approaches work directly with the data, preserving its
longitudinal structure. Model-basedmethods, on the other hand, rely on statistical models for
clustering. Non-parametric methods, particularly raw-data-based approaches, are effective
for complex trajectory data, allowing relational clustering algorithms to directly handle
longitudinal patterns without assuming underlying distributions. Figure 3.2 illustrates the
three major approaches: (a) feature-based, (b) raw-data-based, and (c) model-based.

Figure 3.2: Three trajectory clustering approaches: (a) feature-based , (b) raw-data-based, (c)
model-based.
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Overview of trajectory clustering methods shows that some methods are based on object
data, whereas most methods are based on proximity data (relational clustering), i.e. a matrix
of dissimilarities or distances between objects. Naturally, algorithms in the latter category
can also be applied to object data after computing a distance matrix. Relational clustering
approaches thus offer greater adaptability and allow the use of non-Euclidean distance
metrics. This flexibility facilitates the efficient clustering of complex data, such as temporal,
spatial and sequential data, which present hidden structures or do not lend a Euclidean
distance anytime. Indeed, such data, which cannot be represented in a Euclidean space, are
not compatible with object-based algorithms that are based on the properties of Euclidean
spaces, particularly for the computing of barycenters. Used an optimal distance function
adapted to each type trajectory data or to each dimension in data considerably improves
clustering performance [125].

In Figure 3.3, we illustrate the categorization of the main relational clustering algorithms
from the two broad families of traditional and popular clustering approaches, i.e. partitioning
approaches and hierarchical approaches [79], frequently used for trajectory clustering [117].
Hierarchical methods produce a dendrogram, a nested structure of successive groups of
input data. Hierarchical methods can be agglomerative, such as Agglomerative Nesting
(AGNES) and Sequential Agglomerative Hierarchical Non-overlapping (SAHN), or divisive,
such as Divisive Analysis (DIANA) [41]. In contrast, partitioning methods generally aim
to provide a unique partition of the data into a fixed number of clusters, often by locally
optimizing an objective function. Partitioning methods can be hard partitioning, such
as Partitioning Around Medoids (PAM) [41], or soft partitioning, which includes fuzzy
algorithms, such as Fuzzy Clustering (FANNY) [41], Relational Fuzzy c-means (RFCM)
[57], Non-Euclidean Relational Fuzzy c-means (NERF) [59], and Fuzzy c-medoids algorithm
(FCMdd) [64]. Soft partitioning methods also include evidential clustering algorithms, such
as Evidential Clustering (EVCLUS) [66], Relational Evidential c-means (RECM) [63] and
Evidential c-medoids [62]. We can also include in this list soft partition methods based on
possibilistic and rough theories, such as Relational Possibilistic C-Means (RPCM) [89] and
Rough Membership C-Means (RMCM) [89]. However, these methods are not studied in this
review.

Figure 3.3: An overview of relational clustering algorithms.
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3.2.3 Trajectory similarity measures

Computing the similarity between pairs of trajectories is a fundamental operation in
trajectory analytics that is necessary for distance-based clustering of trajectories (view in
Section 3.2.2). The similarity is used to determine the distance between two trajectories.
Similarity can be defined as the cost of transforming one trajectory into another based
on a specific similarity function. In the literature, there are many papers on comparative
study of trajectory similarity measures that allow us to observe thus the advantages and
disadvantages of these measures.

Prior research has reviewed four basic measures, including Euclidean distance (ED),
Dynamic Time Warping (DTW), Longest Common Subsequence (LCS), and Fréchet distance
[126]. More recent work presents an empirical comparative evaluation of popular trajectory
similarity functions, observing the advantages and disadvantages of these measures
[127, 115]. Comparisons are based on several criteria, including metric and non-metric
properties. A distance function is metric if it respects uniqueness, symmetry, non-negativity
and triangle inequality. Another distinction is between discrete and continuous measures,
depending on the format of the trajectories. Finally, criteria such as point offset or length
variation, as well as robustness to noise, outliers and missing data, are also taken into
account. These works also highlight the comparison in terms of computational cost,
memory usage, accuracy, and the amount of data to be processed beforehand to determine
their suitability for static or flow extraction applications. In paper [128], the authors begin
with a thorough conceptual and theoretical comparison. This comparison highlights the
similarities and differences between the measures in terms of the different characteristics
above.

We propose a classification of the most important and commonly used similarity measures
based on the type and format of the trajectories (see Figure 3.4). For distance measures within
the same category, theoretically, they have the same targeted information type (continuous
or categorical) and the same requirement of trajectory data type (sequential, temporal only,
or spatio-temporal trajectories).

It is worth noting that this classification is not unique, and many other aspects can be used to
connect and distinguish those distance measures. For example, ED [129], DTW [130], STLC
(spatio-temporal linear combine) [11], Fréchet distance [131], spatio-temporal Euclidean
distance (STED)[129], and spatial locality in-between polylines (SLIP) are all derived by
calculating the Euclidean distance between certain parts of the given two trajectories.
While edit distance on real sequence (EDR) [13], edit distance with real penalty (ERP)[132],
edit distance with projections (EDwP) [133], LCS, and spatio-temporal longest common
subsequence (STLCSS) [134] actually reflect the proportion of the two trajectories that are
close to each other based on a distance function. From the perspective of the use of distance
functions, they can be grouped into the Lp−norm family (ED, optimal matching (OM), DTW,
STLC, Fréchet distance, STED and SLIP) and edit distance family (EDR, ERP, EDwP, LCS
and STLCSS).
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Figure 3.4: Categorization of trajectory distance measures.

3.3 Review of sequential trajectory clustering

3.3.1 Related sequential trajectory data
Sequential trajectories or categorical sequences are widely used in various fields to describe
the evolutionary state of the process under study. In the social sciences, sequences are
defined through longitudinal categorical or discrete data. In computer science, sequential
trajectories are defined as categorical time series. Longitudinal and time series data
are confusing when it comes to analyze trajectory data. There are no strict and formal
definitions on which a large number of data analysts agree. In the literature, we have
noted that there are few papers on the topic. And in those few papers that mention the
topic, the definition is only briefly [135]. Based on our review, we propose the following
definitions illustrated in Figure 3.5. Time series data refer to observations (values) of a single
object collected over an extended time period. Cross-sectional data, in contrast, consists of
observations (values) of multiple objects at a single time point. Longitudinal data (or panel
data), involving multiple objects observed at multiple time points. Indeed, longitudinal
data are often referred to as cross-sectional time series, because they incorporate temporal
information based on multiple objects.

Longitudinal data, like time series, can be structured as a three-dimensional tensor (or data
cube) defined by items N , variables M , and time points T , where each cell X(i)

jt represents
a measurement for objet i at time t on feature j [136]. Both longitudinal and time series
data can be balanced or unbalanced (T (i) = T ), spaced equally or unequally in time, and
impacted by missing data, with T (i) ≤ T . Specific properties of longitudinal data allow for a
lag, or the temporal difference

∣∣∣T (i)
t − T

(i)
l

∣∣∣ between two objects. Longitudinal data can be
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formatted as long or wide. Wide format accommodates balanced data and places all subject
i data in one row, while long format uses one row per observation. When M > 1, we refer
to multidimensional ( in contrast to unidimensional) longitudinal data or multivariate (
versus univariate) time series. In this case, the trajectories studied are multidimensional
sequential trajectories. However, in this section, we focus first on one-dimensional sequential
trajectories for M = 1.

Figure 3.5: Illustration of categorical or discrete time series and longitudinal data.

3.3.2 Related works on sequential trajectory clustering
Model-based clustering approachs was early work for sequential trajectory clustering.
Commonly used techniques include latent class modeling approaches, i.e. growth mixture
modeling (GMM), group-based trajectory modeling (GBTM), latent class analysis (LCA)
and latent transition analysis (LTA) [33]. Indeed, latent class modeling approaches have
long been used in the social sciences [16] and, increasingly, in healthcare. For example,
Deville-Stoetzel, N and al. [137], used latent class analysis to identify patient profiles
patterns based on their experience of access and continuity at team-based primary
healthcare clinics in Canada. Other model-based clustering approach including Markov
models (MM), have been studied in the literature [138]. For Markov model-based clustering
approaches, the model type is often specified a priori, such as hidden Markov models
(HMMs), variable-length Markov chains (VLMCs), double-chain Markov models (DCMMs)
or mixture transition distribution (MTD) models. The model structure (e.g., the number of
hidden states in an HMM) can be determined by model selection techniques and parameters
estimated using maximum likelihood algorithms.

Feature-based clustering approaches are often explored first for trajectory clustering,
because they simplify the complexity related to the temporal dimension. Feature extraction
transforms data into a cross-sectional tabular format. Although most extraction methods
are generic, the specific features extracted generally depend on the application [124].
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For sequential trajectories, extracted features can include entropy measures such as Gini
dispersion, Shannon, Chebycheff, and other measures such as, uncertainty coefficient,
Pearson measure, Sakoda measure, Φ2-measure, see [139] for a detailed review of candidate
features. Feature-based clustering approaches use both existing object-based clustering
algorithms and existing relational clustering algorithms.

State-of-the-art of Row-data-based clustering of sequential trajectory shows that the most
popular works are often extensions of traditional clustering algorithms to consider the
temporal dimension (object-based clustering), or relational clustering algorithms with
adapted similarity measures[32, 33]. Dias and Cortinhal introduced the sequential K-means
(SKM) [140], an extensions of k-means for categorical time series, which iteratively assigns
each object to the nearest cluster centroid represented by a transition probability matrix
based on the symmetric Kullback–Leibler distance. Although numerous works on the
adaptation of traditional clustering algorithms to various types of trajectories characterized
by continuous data can be found in the literature, for example longitudinal k-means [141],
sequential trajectories remain under-explored and need more attention.

Table 3.1 summarizes the strengths and limitations of the model-based, feature-based, and
row-data-based clustering approaches, highlighting the key advantages and challenges of
each method.

Approach Strengths Limitations
Model-based

• Directly models the underlying
dynamics.

• Good at handling noise and
uncertainty using probabilities.

• Assumptions about the model can
be too strict.

• Sensitive to model misspecification.
• Can be complex to estimate in some

cases.
Feature-based

• Extracts useful features (statistical
summaries, metrics) to simplify
comparison.

• Reduced dimensionality helps with
analysis and interpretation.

• May lose fine dynamic or structural
details.

• Clustering quality depends heavily
on the chosen features.

• Requires a solid feature engineering
phase.

Row data-
based
(Including
distance-based
and object-
based)

• Uses raw data, preserving all
inherent information.

• Flexible in choosing similarity
measures (distance, alignment, etc.).

• Computation-intensive, especially
for large datasets or long series.

• Sensitive to noise and outliers.
• Needs careful selection of the

distance measure to properly reflect
similarity.

Table 3.1: Strengths and limitations of sequential trajectory clustering approaches.

In this review, we focuse on Row data-based clustering of sequential trajectory using
relational or proximity data (distance-based methods) and we propose a comparative
framework of multidimensional sequential trajectories clustering. In a distance-based
cluster approach, trajectories are clustered based on their pairwise similarity, as measured
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by a user-specified dissimilarity metric, i.e., distance measure. This approach comprises two
main steps. The first step consists of a sequential analysis, including the extraction and
processing of sequences and the calculation of proximity data between sequences (relational
data). This enables fast experimentation with different measures of similarity suitable to
the application at hand. The main goal of sequence analysis is the knowledge discovery
from event or state sequences describing trajectories. The second step consists in applying
a clustering algorithm based on these relational data. The advantage of a distance-based
approach is that domain knowledge can be taken into account in specifying the distance
measure to capture the relevant properties of the trajectories. Another advantage is that
the pairwise distances between trajectories yields a hierarchy which provides additional
information on the sequential trajectory.

In the next subsections, we describe the ontology of processing, similarity and clustering
of sequential trajectories. These steps involve sequential trajectory data processing
(Section 3.3.2.1), the definition of similarity functions (Section 3.3.2.2), and the application
of relational clustering methods (Section 3.3.2.3). The overall framework summarizing these
stages is illustrated in Figure 3.6.

Figure 3.6: General framework of raw-data distance-based sequential trajectory clustering.

3.3.2.1 Sequential trajectory data processing

Sequence mining and/or sequence construction from categorical or discrete longitudinal or
time series data is the first step in the sequential trajectory analysis. But in many instances,
sequences are not directly present or visible in the data, and have to be reconstructed.
Chongming Gao and al. [142], consider that extracting knowledge from trajectory data is
the most important step, and consists in generating a good representation of the trajectory.
Sequence construction is a laborious task, due to the nature of trajectory data. Moreover,
the literature contains few references to help identify the main formats and types of
structure of sequential data, [143] representing one of the few exceptions. The following
ontology can be used to define and describe the main formats and representations of
sequences. Indeed, the main difference between sequences is that they contain states or
events [32]. Both are referred to as status at a point in time. It is also important to determine
whether status alignment is based on an internal temporal reference (where temporality is
explicitly defined) or on an external reference (where temporality is missing). Based on the
characteristics of trajectory source data, we can highlight the following commonly used
sequential representations [144, 145]:

• The states sequence (STS) format: STS is an intuitive and common representation where
successive states (statuses) of an individual are listed in consecutive columns. Each
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column typically corresponds to a predetermined time unit, but it can also handle
sequences without time references.

• The state permanence sequence (SPS) format: Proposed by Aassve et al. in 2007 [146],
in SPS format, each distinct state in the sequence is paired with its duration. In one
variant, state/duration pairs are enclosed in parentheses.

• The distinct successive state (DSS) format: DSS provides more compact representations
by listing only one of several identical successive states.

• The vertical time-stamped event (TSE) format: TSE lists the events experienced by
an individual along with the time of occurrence, allowing sequences of events to be
constructed easily from this format. Events are listed from the first significant change
of state, instead of starting with the initial state.

Consider the treatment trajectory of patient i with a serious chronic pathology, where
their care pathway is tracked monthly for one year from diagnosis. The variable j records
the patient’s care status for each month of follow-up. Different representations of their
treatment sequence S(i)

j are shown in Figure 3.7. Each state in the sequence is chosen from
a finite domain or alphabet Σ = {D,C, T, S}, which defines the set of all possible care
statuses that a patient can experience during follow-up. |Σ| is the number of states in the
alphabet, i.e. the cardinality.

Figure 3.7: Examples of Sequence data representations.

In sequential analysis, it has been shown that the methods used to handle missing data have a
significant impact on the results. For sequential clustering, the choice of imputation method
directly affects the dissimilarity measure and can even determine which measure should
be used. The three most common strategies for addressing missing data in sequences are:
treating missing data as an additional state in the alphabet, imputing it, or simply deleting
any missing data. The first strategy is generally applied to non-random missingness, where
its presence is meaningful, as opposed to missing completely at random or missing at random
[147]. Gap coding treats missing values as distinct states, creating a separate alphabet for
them. Imputation can be simple (mean, median, mode) or multiple. Multiple imputation,
based on predictive methods such as random forest or multinomial regression models,
considers the longitudinal nature of the data, allowing covariates, including time-dependent
ones, to be included in the model.
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3.3.2.2 Sequential trajectory similarity functions

A measure of sequential dissimilarity quantitatively assesses the degree of dissimilarity
between two sequences, providing insights into their resemblance. Sequential trajectory
dissimilarity measures can be classified into three categories, [32]: i) Distribution-based
measures; ii) Attribute-based measures counting common attributes across sequences; and
iii) Edit distances, which assess the cost of operations required to transform one sequence
into another. In this section, we introduce these three families of similarities, highlighting
their objectives and properties, including state distribution (Distribution), state duration
(Duration) and state order (Sequencing) in sequences. We can also include the number of
distinct states in the sequence (Experience or Alphabet) and the time of appearance of states
within the sequence (Timing) [148].

Distances between probability distributions. The first approach distributions-based used
to measure the dissimilarity between sequences is based on Chi-square (Chi) [149], i.e. Chi
distance between state distributions, and focuses on the longitudinal state distribution within
each sequence. Indeed, each sequence is represented by a distribution vector. For example,
in the example sequence in Figure 3.7, the state distribution is (4/12, 2/12, 3/12, 3/12).
Given these distribution vectors, the dissimilarity between two sequences is evaluated via
Euclidean or Chi-square distance. The squared Chi-square measure weights the squared
differences for each state by the inverse of the overall proportion of time spent for the state,
gives more importance to a rare state than to a frequent state. Let pk|s1 be the proportion of
time spent in state k in sequence s1, and pk the overall proportion of time spent in state k,
the Chi distance reads as follows:

dChi(s1, s2) =

|Σ|∑
k=1

(pk|s1 − pk|s2)
2

pk
. (3.1)

Chi-square is sensitive to the duration parameter and robust for sequencing and timing.
Several improvements to address these limitations have been developed [149]. Other related
measures based on the Chi-square measure have also been proposed, including distance
based on conditional distributions of subsequent states. This was proposed by [150] and
defined as the sum of position-dependent distances computed at successive positions.

Distances based on counts of common attributes or attribute-based. These are
dissimilarity measures based on the common subsequences which LCS measure. They
are adapted to handle transitions between state while they take into account the order in
the sequence. They are also able to handle sequences of different lengths. If A(s1, s2) is the
number of common attributes, between sequence s1 and s2 then the sequences are close for
a large value of A(s1, s2) and dissimilarity measure is as follows:

d(s1, s2) = A(s1, s1) + A(s2, s2)− 2A(s1, s2). (3.2)

The dissimilarity is maximal when A(s1, s2) = 0, i.e., when the two sequences have
no common attribute. We can mention two attribute-based dissimilarities introduced
by C. Elzinga [151] in Sequence similarity: the longest common prefix (LCP) and the
longest common subsequence (LCS). LCP use the number of successive common positions
starting from the beginning of the sequences, that can be noted Ap(s1, s2). A derivative
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of LCP is the reversed longest common prefix or longest common suffix (RLCP). It
looks for the common elements from the end rather than from the beginning of the
sequences. For LCS, it use the number of common consecutive states in the subsequence
As(s1, s2). Thus in the same way, [152], proposed Simple Hamming distance which
measuring the dissimilarity between two sequences by the number of positions with
non-matching states. It applies only to pairs of sequences of the same length and is very
sensitive to timing mismatches. We get the Hamming distance with Equation 3.2 by using
Ah(s1, s2)/2 as proximitymeasure, whereAh(s1, s2) is the number of no-matching positions.

Edit distances or optimal matching (OM). It was first introduced in sequence analysis by
[153]. OM transforms the sequence s1 into the sequence s2 using three possible operations:
insertion, deletion, and substitution. Dissimilarity is computed as the cost associated to the
smallest number of operations. Let Ai = A1, ..., A` be a set sequence of actions (insertion,
deletion and substitution) of length ` to transform the sequence s1 to s2. And Ai(E

k, Ek
′
)

is the action for aligning Ek, the kth state of s1 against Ek
′
, the k

′th state of s2. We can
use several possible action sequences to match the two sequences. Considering this, let
Aj

i = Aj
1, ..., A

j
`j
, be the set of all possible transformations and γ(Aj

i ) ∈ R+
0 the cost of each

action or elementary transformation. The OM dissimilarity is then :

dOM(s1, s2) = min
j

`j∑
i=1

γ(Aj
i ). (3.3)

The method seems simple and relatively intuitive, but the choice of the costs is a delicate
operation. This topic is subject to lively debates in the literature [154] mostly because of
the difficulties to establish an explicit and sound theoretical frame. Generally insertion
and delete actions have the same cost and are called indel action. Substitution costs can be
theoretical or empirical, for the empirical case, the costs are determined from the estimated
transition rates, a detailed knowledge is provided in [154]. Among the main variants of
OM, we can mention Generalised Hamming distance and Levenshtein II. The generalised
Hamming distance does not allow indels while Levenshtein II distance discard substitutions
and measure the distance by counting the number of indels necessary to transform one
sequence into another. Dynamic Hamming distance (DHD), proposed by [155], focuses on
OM without indels, such as generalized Hamming, and proposed that substitution costs
should depend on the position t in the sequence. Localised OM, proposed by [156], aims to
make indel costs dependent on the two adjacent states. The motivation is that inserting or
deleting a state similar to its neighbors would only change the length of the spell in that
state, without affecting the sequencing. We can also cite OM sensitive to spell length by
[157] and OM between sequences of transitions by [158]. Other edit distances have been
proposed for specific sequences. For example, the Time Warp Edit Distance (TWED) is a
distance measure for matching discrete time series with temporal elasticity [130].

3.3.2.3 Relational clustering of sequential trajectory

Sequential analysis allows the construction of trajectories from categorical longitudinal
data or categorical time series (sequential processing) and the measurement of similarities
between these trajectories (sequential similarity), as shown in Figure 3.8. Relational
clustering allows to group objects from the distance matrix between trajectories obtained
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with the dissimilarity measure. In the literature, sequential trajectory clustering are often
based on algorithms like Ascending Hierarchical Classification (CAH) with usually Ward
aggregation method or Partitioning Around Medoids (PAM) [32], and are both relational
clustering techniques using medoids. In this work, we include two soft relational partitioning
algorithms, fuzzy and evidential clustering, presented in Figure 3.3. We used medoid-based
versions of soft clustering algorithms such as relational fuzzy c-medoids (FCMdd) [64] and
relational evidential c-medoids (ECMdd) [62]. Medoid-based clustering offers the advantage
of not requiring the distance or dissimilarity matrices between trajectories to be Euclidean, as
is the case with mean-based clustering approaches or c-mean relational algorithms. Indeed,
this will enable us to explore and use several optimal distance functions for each trajectory
dimension.

3.4 Review of multidimensional sequential trajectory
clustering

Figure 3.8 illustrates the clustering process of sequential trajectories, from raw longitudinal
data to the final partitioning. The framework integrates both unidimensional and
multidimensional sequential trajectory clustering (MST). It follows a structured pipeline,
starting with data preprocessing, followed by similarity computation, and finally relational
clustering and cluster validation.

Figure 3.8: Illustration of the clustering process of sequential trajectories.

3.4.1 Definitions and concepts of multidimensional sequential
trajectory

Multidimensional sequential trajectories (MST) refer to the simultaneous evolution of
multiple events or states across several categorical or discrete longitudinal datasets or
time series for a given set of objects. In fact, an MST includes multiple categorical sequences.
Let χ be a three-tensor multichannel sequence data constituted of a set of N individuals in
RN×M×T . The trajectory τ (i) of an individual i can be defined as the set of sequences Sj (see
Figure 3.9), with j = 1, ..,M . The sequence Sj of the variable j is a list of states or events
E

(k)
t , ordered by t = 1, ..., T (i) chosen from a finite alphabet Σ (sequence domain), with

k = 1, ...,Σ. An alphabet is the set of all possible states that can appear in the sequences.
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A sequence Sj can be represented as a succession of pairs (Et, Tt), with Et representing a
state and Tt a date of state measurement.

Figure 3.9: Illustration of a sequence extraction (S(i)) and a trajectory or pathway
construction (τ (i)) from multidimensional longitudinal data χ.

3.4.2 Review of row-data distance-based clustering for MST
In multidimensional sequence analysis (processing multiple sequences and/or computing
similarities between them), it is often complex to simplify successive sequence elements into
a unique and limited set of states. Methodological adaptations is then necessary to handle
the diversity and complexity of the status [112]. The concept of measuring similarity in
sequences has traditionally focused on unidimensional data [159]. However, the extension
to multidimensional sequences has been explored, and adapted measures, such as LCS or
DTW are used to compare multidimensional sequential trajectories. Clustering methods for
multidimensional sequential trajectory found in the literature can be grouped into five main
categories.

Combination of states (Cstat). Cstat consists of creating a new state variable that
combines the simple states composing each dimension [112]. For example, in the case of the
care trajectories defined in Section 3.3.2.1, one can notice that the care status variable is a
result of combinations of states. Possible non-combined states would include: diagnosed/not
diagnosed, on treatment/not on treatment; suppressed infection/infection not suppressed,
in care/not in care. But in certain cases, this can quickly lead to a large alphabet, i.e. a
very large set of states. Thus, in the case of four dimensions each containing three simple
states, the combined variable would potentially have 3× 3× 3× 3 = 81 states. Such an
extension of the alphabet may be impractical with optimal matching when it comes to
setting substitution costs specifically adapted to each pair of states.

Combination of costs (Ccost). Ccost method, most common and often called multiple
sequence analysis (MSA) or multichannel sequence analysis (MCSA), is based on combining
the costs of substitution matching actions between different dimensions. A possible
combination is to sum or average the costs defined for each dimension [112], or to apply
weighted sum [7]. In [160], MCSA was used to identify six life trajectory clusters of 304
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students transitioning to adulthood based on Education, Career, Partnership, and Parenthood
data. Substitution costs were defined separately for each variable and averaged for overall
analysis. In practice, taking into account multiple dimension within an OM framework,
as defined by equation 3.3, is relatively simple and only requires adapting the substitution
costs and the indel costs, so that they reflect the relationship between equivalent dimension.
The multichannel version of these terms can be expressed as follows:

Γsub(Ek, Ek
′

) =

∑Nc

c=1 γ
subc(Ek, Ek

′
)

N c
; Γind(Ek, Ek

′

) =

∑Nc

c=1 γ
indc(Ek, Ek

′
)

N c
. (3.4)

with N c the number of channel or dimension, and (Ek, Ek
′
) ∈ Σc the alphabet of each

dimension studied. γsubc and γIndc are respectively the specific substitution and indel cost
matrices associated with each dimension studied.

Combination of distance (Cdist). Cdist method consists of computing a distance matrix
for each sequence dimension separately, then combining them into a single distance matrix
by a linear combination [15]. In [161], Philippe Blanchard used Cdist method to study
the socio-political careers of activists in the main French association devoted to anti-Aids
(AIDES) based on questionnaire data. OM method was used to calculate similarity matrices
for each sequence dimension.These matrices are aggregated by a sum function into a single
matrix used in relational clustering.

Combination of clusters (Cclust). Cclust method uses sequence clustering created
separately for each sequence dimension and then deriving the joint final cluster from
clustering constructed for each dimension [15]. This approach is not widely adopted
because of its limites to generate a large number of clusters, which quickly become sparse
as the number of dimensions increases.

Globally Interdependent Multiple Sequence Analysis (GIMSA) [14]. GIMSA method
computes a distance matrix for each dimension, then uses multidimensional scaling (MDS)
followed by multiple factor analysis techniques like symmetrical or canonical Partial Least
Squares (PLS). First, Optimal Matching (OM) or another dissimilarity measure calculates
distances within each dimension. Next, MDS reduces the dimensionality of each dissimilarity
matrix, mapping objects while preserving pairwise distances. Given a multiple dissimilarity
matrix D, MDS finds the largest eigenvalues of each matrix and, symmetric PLS combines
them to maximize covariance, based for their linear relationships and structural strength.

3.4.3 Characteristics and taxonomy
Cstat, Ccost, Cdist, Cclust, and GIMSA methods can be systematically compared and
classified according to the criteria multidimensionality, parsimony and interdependence
[32] in Table 3.2. Multidimensionality refers to the explicit and flexible contribution of each
sequential dimension to the final clustering results. Cstat method masks dimensions by
combining multiple sequences into a single one. For example, it is not possible to have
specific parameters for each dimension, or to evaluate the impact of each dimension on the
results. Parsimony refers to the question of whether a method can produce a limited number
of trajectory clusters. Cclust method leads to a high number of clusters. Interdependence
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refers to the consideration of relationships between dimensions. In Cdist, the relationship
between multiple sequences is hidden. Methods Cstat and Ccost, focus on the dependency
between dimensions transversely, at each point of the sequence. In Clust and GIMSA
methods, the focus is on the dependency between dimensions via global sequences. We
can also categorize methods according to the type of approach. This is the step at which
multidimensionality is taken into account in the diagram in figure 3.8. Distance matrices
are computed independently for each dimension in Cdist, Cclust and GIMSA, and different
dissimilarity measures can be used. The dissimilarity matrix for each sequence can be
computed based on the same distance function. Different distance functions can be used
for each sequence dimension [32]. For the Ccost method, it is relatively related to the OM
distance family.

Table 3.2: Taxonomy of multidimensional sequence analysis strategies.

Methods Multidimensional Parsimony Interdependence Type
1 - Combination of states (Cstat) No Yes local Processing
2 - Combination of costs (Ccost) Yes Yes local Similarity
3 - Combination of distance (Cdist) Yes Yes No Clustering
4 - Combination of clusters (Cclust) Yes No global No
5 - Globally Interdependent Multiple
Sequence Analysis (GIMSA)

Yes Yes global Similarity

3.5 Experimental comparison of multidimensional
methods

3.5.1 Experimental setting
To compare the performance of the five MST clustering methods, both synthetic and
real datasets described by categorical, ordinal, and discrete sequences are considered.
Several dissimilarity matrices were computed in line with the recommendations of the
five approaches (Section 3.4) to account for multichannel sequences. Among the most
commonly used methods for treating missing data in sequences, described in Section
3.3.2.1, multiple imputation via the random forest model or adding a new status for missing
values were explored. Motivated to the literature [7], we use the following dissimilarity
measures. For synthetic data, we use optimal matching with substitution costs based
on transition rates. For real data, the optimal distance for each dimension is selected
from among OM, HAM, TWED, LCS, CHI2, and EUCLID. All matrices were normalized
based on overall dispersion, i.e. in each matrix, dissimilarities d(ek, ek′ ) are normalized
as d(ek, ek′ )/T , where T =

∑n
k=1 d(ek, g), and g is the overall prototype of the matrix,

computed as l = argmin1≤h≤h

∑n
k=1 d(ek, eh).

Relational clustering algorithms, as described in Section 3.3.2.3, are used to partition the
dissimilarity matrices generated by each approach, according to 3.8 workflow. The relational
hard clustering algorithms CAH and PAM is applied to these proximity data to obtain a set

–70–



3.5 Experimental comparison of multidimensional methods

of groups G = (G1, . . . , GK). FCMdd is also applied to these matrices to initially produce a
fuzzy partition into K fuzzy clusters. Subsequently, a hard partition G = (G1, . . . , GK)
is derived from this fuzzy partition by defining the hard cluster Gk(k = 1, ..., K) as
Gk = {xi : uik ≥ uim ∀m ∈ {1, . . . , K}}. ECMdd is similarly applied to these similarity
matrices to initially establish a credal partition into 2K credal clusters. Then, a hard partition
G = (G1, . . . , G2K ) is derived from this credal partition by a pignistic transformation
[62]. The quantity uik represents the membership degree of object xi(i = 1, . . . , n) in
fuzzy cluster k(k = 1, . . . , K). The quantity mik indicates the membership belief of object
xi(i = 1, . . . , n) in credal cluster k(k = 1, . . . , 2K). Each relational clustering algorithm
was run (until the convergence to a stationary value of the adequacy criterion) 50 times and
the best result was selected according to the adequacy criterion (minimum of the objective
function).

To compare the clustering results, an external criteria, such as the corrected Rand index
(CR) [162], and internal criteria, like the Average Silhouette Width (ASW) and Hubert’s C
(HC) index [163], are considered. Clustering validation criteria include CR [−1, 1] and ASW
[−1, 1], both maximized for better clustering, and HC [0, 1], minimized for closer alignment
with the ideal partition. The experiments were conducted on a high-performance computing
(HPC) server. The server is equipped with two AMD EPYC 7452 32-Core processors, offering
a total of 64 physical cores with hyper-threading, and 512 GB of RAM. These powerful
hardware specifications enabled efficient and accurate execution of the experiments, ensuring
reliable results. The programs were implemented using R version 3.6.3.

3.5.2 Synthetic categorical longitudinal data
We simulated data for two multidimensional sequential trajectories characterized by
longitudinal categorical and/or ordinal data sets. First one dataset includes two independent
variables, a three-modality categorical variable and a four-modality ordinal variable, while
the second one contains four variables comprising two correlated ordinal variables with
three and four modalities and two independent categorical variables with three and four
modalities. Each data set contains 150 objects split into four groups of different sizes,
distributed according to distinct probability distributions. More details on the model
simulations are available in Section B.1 of Appendix B.

We build the sequences of each trajectory, containing 2 and 4 sequences respectively.
Dissimilarity between pairs of sequences is calculated using the OM measure for both
datasets. Depending on MST, one or more dissimilarity matrices are calculated for each
trajectory. For the Cstat, Ccost and GIMSAmethods, a single dissimilarity matrix is obtained.
Cdist and Cclust, in contrast, generate one dissimilarity matrix per sequence. The CAH, PAM,
FCMdd and ECMdd clustering algorithms were applied to the dissimilarity matrices to obtain
a four-cluster partition, whether hard, fuzzy or credal. The hard cluster partitions (obtained
from the fuzzy or credal partition transformation, or obtained directly from CAH and PAM)
were compared with the class partition known a prior. Table 3.3 shows the performance of
the CAH, PAM, FCMdd and ECMdd clustering algorithms for each of the Cstat, Ccost, Cdist,
Cclust and GIMSA multidimensional sequential approaches. Performance was evaluated
using the CR index.
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Table 3.3: Performance of the multidimensional sequential clustering approaches on the
synthetic datasets: The Rand index.

Methods Synthetic dataset 1 Synthetic dataset 2

CAH PAM FCMdd ECMdd CAH PAM FCMdd ECMdd
Cstat 0.583 0.605 0.554 0.628 0.582 0.588 0.572 0.607
Ccost 0.528 0.612 0.282 0.645 0.576 0.596 0.496 0.612
Cdist 0.593 0.674 0.500 0.602 0.590 0.606 0.471 0.663
Cclust 0.575 0.614 0.502 0.637 0.529 0.612 0.501 0.649
GIMSA 0.594 0.594 0.567 0.502 0.529 0.608 0.507 0.643

Table 3.3 shows that Cdist method performed the best on both synthetic datasets, achieving
the highest values of the Rand index. This means that this method successfully clustered
multidimensional data in a manner consistent with the real class structure. Among the
algorithms used by the Cdist method, PAM performed best on synthetic dataset 1, with a
value of 0.674, while ECMdd performed best on synthetic dataset 2, with a value of 0.663.
These algorithms were able to find the optimal cluster medoids, taking into account the
different dissimilarities between the variables. The other methods and algorithms exhibited
lower or similar performance, depending on the variance between variables and between
classes.

3.5.3 The biofam dataset
The biofam dataset, created using information from the Swiss Household Panel’s 2002
retrospective biographical survey by [164], contains individuals aged 30 or over at the time
of the survey. The dataset examines trajectories of family life between the ages of 15 and 30,
focusing on aspects such as residence status, marital status, and parenthood. This random
sample of 2,000 individuals provides 16 years of follow-up per individual, resulting in 32,000
observations for each of the three dimensions.

Muller et al. [164] used this dataset for life course classification with optimal matching (OM)
and identified five optimal clusters. In this study, we aimed to obtain a five-class clustering
using two different configurations for dissimilarity calculation. The first configuration
applied standard OM across all dimensions, while the second used LCS for residence
status, CHI2 for parenthood, and OM for marital status. This choice is motivated by the
characteristics of the variables and similarity measures. The CAH, PAM, FCMdd, and ECMdd
clustering algorithms were applied to the dissimilarity matrices to generate hard, fuzzy, and
credal partitions into five clusters, which were compared through internal performance
criteria, ASW and HC. Table 3.4 and Table 3.5 show the performance of the CAH, PAM,
FCMdd and ECMdd clustering algorithms for each of the Cstat, Ccost, Cdist, Cclust and
GIMSA multidimensional sequential approaches. Performance was evaluated using the
ASW and HC index.
Tables 3.4 and 3.5 compare the performance of multidimensional sequential clustering
methods on the biofam dataset. TheTable 3.4 is based onOMdissimilarities for all dimensions,
while the Table 3.5 uses OM, LCS and CIH2 dissimilarities for each of the three dimensions.
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Table 3.4: Performance of the multidimensional sequential clustering approaches on the
biofam dataset with Standard OM dissimilarity function.

Methods CAH PAM FCMdd ECMdd

ASW HC ASW HC ASW HC ASW HC
Cstat 0.344 0.139 0.433 0.089 0.318 0.165 0.433 0.089
Ccost 0.367 0.093 0.394 0.087 0.330 0.101 0.356 0.092
Cdist 0.369 0.017 0.404 0.025 0.376 0.097 0.336 0.037
Cclust 0.363 0.091 0.399 0.083 0.337 0.096 0.403 0.079
GIMSA 0.339 0.097 0.362 0.156 0.260 0.252 0.357 0.154

Table 3.5: Performance of the multidimensional sequential clustering approaches on the
biofam dataset with Standard OM, LCS and CHI2 dissimilarities functions.

Methods CAH PAM FCMdd ECMdd

ASW HC ASW HC ASW HC ASW HC
Cdist 0.474 0.042 0.508 0.048 0.515 0.055 0.687 0.097
Cclust 0.405 0.059 0.454 0.041 0.410 0.051 0.322 0.074
GIMSA 0.325 0.102 0.362 0.156 0.260 0.252 0.209 0.150

The PAM and ECMdd algorithms display the highest performance in terms of silhouettes
(ASW) and stability (HC) of the final partitions. For the Cstat method, PAM and ECMdd
show similar ASW and HC values, at 0.433 and 0.089 respectively. In contrast, for the Cdist
method and the ECMdd algorithm, these values are 0.687 and 0.097 respectively. Considering
the ASW and HC performance criteria separately, the Cstat and Cdist methods perform best
in the 3.4 table, while in the 3.5 table, the Cdist method stands out.

3.5.4 American youth (AY) dataset
The National Longitudinal Survey of Youth (1979 – 2012) is a project tracking the transition
to adulthood trajectory of young Americans on various life aspects from 1979 to 2012 [165]
with an annual survey. The sample includes 12,685 participants and 243,071 observations,
with an average follow-up of over 19 years per individual. In this work, we identified life
trajectory typologies for these young people by considering multiple dimensions, including
social, economic, health, education, and employment aspects. Twelve categorical sequences,
each with two to eight status, were considered. We retained data for 10,532 individuals
with at least 12 years of follow-up to ensure homogeneous sequence durations, facilitating
multi-channel method comparisons. Sequences for poverty and employability status had
13% and 16% missing data, respectively. In one configuration, missing data were treated as
possible values, adding an NA status to the alphabet. In another, a random forest model was
used to impute missing data. Standard OM (with constant substitution and insertion costs)
was applied to all dimensions for similarity measures. Based on [166], life trajectories were
grouped into three classes, and CAH, PAM, FCMdd, and ECMdd clustering algorithms were
applied to create hard, fuzzy, and credal partitions into three clusters. The hard partitions

–73–



3.5 Experimental comparison of multidimensional methods

were compared using internal performance criteria, ASW and HC. Tables 3.6 and 3.7 present
the performance of the CAH, PAM, FCMdd and ECMdd clustering algorithms for each of
the Cstat, Ccost, Cdist, Cclust and GIMSA multidimensional sequential approaches using
extended alphabet and multiple imputation to treat missing data. Performance was evaluated
using the ASW and HC indices.

Table 3.6: Performance of the multidimensional sequential clustering approaches on the
American youth dataset with Standard OM dissimilarity function with the extended alphabet.

Methods CAH PAM FCMdd ECMdd

ASW HC ASW HC ASW HC ASW HC
Cstat 0.119 0.306 0.083 0.250 0.158 0.171 -0.042 0.644
Ccost 0.274 0.117 0.234 0.217 0.297 0.084 0.111 0.236
Cdist 0.396 0.105 0.342 0.207 0.399 0.087 0.212 0.225
Cclust 0.502 0.108 0.523 0.097 0.530 0.092 0.223 0.272
GIMSA 0.110 0.338 0.124 0.318 0.188 0.280 0.078 0.252

Table 3.7: Performance of the multidimensional sequential clustering approaches on the
American youth dataset with Standard OM dissimilarity function with multiple imputation.

Methods CAH PAM FCMdd ECMdd

ASW HC ASW HC ASW HC ASW HC
Cstat 0.133 0.291 0.037 0.300 0.178 0.170 -0.170 0.745
Ccost 0.277 0.186 0.279 0.161 0.298 0.065 0.094 0.248
Cdist 0.385 0.089 0.391 0.154 0.402 0.069 0.288 0.071
Cclust 0.480 0.096 0.495 0.095 0.497 0.089 0.199 0.226
GIMSA 0.102 0.349 0.118 0.318 0.195 0.264 0.070 0.263

Tables 3.6 and 3.7 present the performance of sequential multidimensional clusteringmethods
on AY dataset using the OM dissimilarity function with respectively an extended alphabet
and multiple imputation for the treatment of missing data. The Cclust method seems
to show the best results in terms of ASW index values in both tables (0.530 and 0.497)
followed by the Cdist approach. The FCMdd clustering algorithm performs best for the
two approaches Cclust and Cdist in both tables, in opposition to the ECMdd algorithm
which performs lowest compared to all approaches in both tables. We can also observe that
although the Cclust method shows superior performance when missing data is processed
with an alphabet extension (in Tables 3.6), and in Tables 3.7, methods Cdist and Cclust show
improved performance, i.e. when missing data is treated by multiple imputation.

3.5.5 Primary Biliary Cirrhosis (PBC) dataset
Available on UCI Machine Learning1, these data are from 312 patients with PBC. The
initial protocol included visits at 6 months, 1 year, and with visits due to worsening

1https://archive.ics.uci.edu/ml/index.php
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health. We search for typologies of treatment trajectories by simultaneously considering
the maximum amount of categorical information to extract treatment sequences for each
patient. We applied dissimilarity measures adapted to each sequence refers to [5]. Matching
subsequences function was used for binary variable sequences to handle missing values and
alignment issues. CHI2 was applied to sequences of categorized age and gender, considering
only state frequencies. OMslen was used for other variables to account for sequence length
variability. We considered survival status (alive, transplanted, deceased) as the a prior
class partition to compare multidimensional sequential methods [167]. Performance was
evaluated using the CR index. The CAH, PAM, FCMdd, and ECMdd algorithms were applied
to dissimilarity matrices, generating hard, fuzzy, and credal partitions into three clusters.
The hard partitions were compared with the known a priori class partition. Table 3.8 shows
the performance of the CAH, PAM, FCMdd and ECMdd clustering algorithms for each of the
Cstat, Ccost, Cdist, Cclust and GIMSAmultidimensional sequential approaches. Performance
was evaluated using the CR index.

Table 3.8: Performance of the multidimensional sequential clustering approaches on the
Primary Biliary Cirrhosis dataset with DHD, CHI2, and OMslen dissimilarity functions: The
Rand index.

Methods CAH PAM FCMdd ECMdd
Cdist 0.428 0.425 0.474 0.537
Cclust 0.477 0.475 0.503 0.532
GIMSA 0.424 0.517 0.463 0.508

Table 3.8 presents the performance of multidimensional sequential clustering methods on
PBC dataset, using the dissimilarity functions DHD, CHI2 and OMslen. The Rand Index
measures the similarity between the clusters obtained by the clustering algorithms. We
observe that for this dataset, the Cclust method obtains the slightly highest values on two of
the four clustering algorithms (CAH, FCMdd). However, the Cdist method shows a slightly
high performance for the ECMdd clustering algorithm and values approaching Cclust for
the CAH and PAM algorithms, although it is slightly lower for FCMdd. Overall, the Cclust
method seems to perform best for these data, closely followed by Cdist.

3.6 Results and discussion

3.6.1 Comparative analysis and discussion
In this section, we propose a comparative analysis of methods Cstat, Ccost, Cdist,
Cclust, and GIMSA, state-of-the-art of row-data-base relational clustering approaches for
MST. We used several MST characterized by real and simulated datasets, composed of
categorical/ordinal/discrete time series and longitudinal data, with different dimensions and
time lengths, see Table 3.9. The dissimilarity matrices were computed using either a single
dissimilarity function for all trajectory dimensions, or different dissimilarity functions, has
a strong impact clustering results. In this context, Studer and Ritschard [5] have formulated
guidelines, aimed at orienting the appropriate selection of the measure. Sébastien Massoni
and his colleagues [168] have suggested the use of an optimal convex combination of different
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dissimilarity measures to determine the most appropriate one. We use critical difference
plots based on classical Friedman and Nemenyi non-parametric statistical tests [169], to
analyze the differences in performance (RI, ASW and HC) of the single-view relational
clustering algorithms (CAH, PAM, FCMdd, ECMdd) for each MST clustering method (Cstat,
Ccost, Cdist, Cclust, GIMSA).

Table 3.9: Characteristics of differences between datasets and run-times by method, #Σ
corresponds to the maximum alphabet in all dimensions.

Datasets Nrow Ncol #Σ K Times (mins) Measures

Cstat Ccost Cdist CclustGIMSA
Synthetic 1 150 2 4 4 0.008 0.010 0.011 0.014 0.012 OM
Synthetic 2 150 4 4 4 0.011 0.012 0.022 0.031 0.023 OM
Biofam: Cf. 1 2000 3 3 5 0.033 0.370 0.040 0.451 0.022 OM
Biofam: Cf. 2 2000 3 3 5 0.064 0.747 0.022 OM, LCS, CHI2
AY 10532 12 9 3 0.435 0.321 0.058 0.676 0.454 OM
AY imputation 10532 12 9 3 0.371 0.478 0.020 0.786 0.879 OM
PBC 312 8 5 3 0.064 0.121 0.075 NMS, OMslen, CHI2

The RI-based critical difference diagram presented in Figure 3.10, allows us to observe that
there is no significant difference between methods, however the Cclust is the best of all
followed closely by Cdist. The ASW-based critical difference diagram is shown in Figure
3.11. The figure shows that Cdist is the best approach of all, followed by Cclust, but the
two approaches are not significantly different. The Ccost, Cstat and GIMSA approaches are
clearly less accurate. We observe that Cdist and Cclust are both significantly different from
the approaches Ccost, Cstat and GIMSA. In the HC-based critical difference diagram shown
in figure 3.12, we can see that Cdist is the most stable, followed by Cclust. GIMSA and Cstat
remain the least stable. We can conclude that, in the majority of cases on experimental data,
Cdist method performs best and more robustly, followed by Cclust. Methods Ccost, Cstat
and GIMSA are ranked respectively after these.

2 3 4 5

CD

Cclust

Cdist

GIMSA

Cstat

Ccost

Figure 3.10: Critical difference diagram between Cstat, Ccost, Cdist, Cclust and GIMSA
based on Rand Index.

However, a critical review can also be made of the differences between these five methods.
Indeed, these approaches differ in their theoretical background and are selected according
to the specific goals of MST analysis, each offering a unique perspective for understanding
multiple sequential data. For example, the differentiation criteria presented in Section
3.4.3, i.e. multidimensionality, parsimony, type and local and global interdependence,can
or cannot be appropriate depending on the research questions or data. Another main
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Figure 3.11: Critical difference diagram between Cstat, Ccost, Cdist, Cclust and GIMSA
based on Average Silhouette Width.
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Figure 3.12: Critical difference diagram between Cstat, Ccost, Cdist, Cclust and GIMSA
based on Hubert’s C.

distinction can be the assumption of independence of the dimensions assumed by Ccost
and Cdist methods. They assume implicitly that the sequential measurements (status)
were done independently in each dimension (sequences) [15]. We can wish to use Ccost
and Cdist even if dimension independence is not effective, for example because the costs
and distances obtained are simpler to interpret. In such cases, it is crucial to be conscious
of the constraints imposed by the procedure on costs for Ccost and on dissimilarities for Cdist.

A comparison of the temporal complexities of the approaches (Table 3.9) shows that the Cdist
method has generally lower computation times than the others. In detail, we observe that the
Cstat method is generally the fastest for small datasets, and its runtime increases with dataset
size. Ccost method has variable run times, and Cclust method generally has the highest
run times of all methods, particularly for large datasets. Run times for the GIMSA method
are generally comparable to those of Cstat and Ccost. The missing data processing method
(state extension or multiple imputation) has an impact on time complexity and differs from
methods. Multiple imputation appears to reduce the time complexity of the Cstat and Cdist
methods, but increases the runtime of the Ccost, Cclust and GIMSA methods. Moreover,
although the main focus of this work was on the comparison between these five approaches,
the procedure we have presented can serve as a guide for performing multidimensional
sequential trajectory clustering. The work also contributes to the comparison of hard (CAH
and PAM) and soft (FCMdd and ECMdd) clustering algorithms in the context of sequential
trajectory analysis. We can thus see on Figure 3.13 of the critical difference diagram, that
the PAM algorithm is the best, followed by ECMdd, and CAH is the least performing of all.
However, although we can classify them, these differences are not statistically significant
for PAM, ECMdd and FCMdd.
Our work has some limitations. Although we have exploited simulated and real datasets that
are very different from each other, and studied different scenarios of these data, we cannot
claim to have taken into account all possible situations of MST. In addition, choices related
to the clustering algorithms and dissimilarity measures used could have been different,
which could have led to alternative conclusions. For dissimilarity measures, although a large
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Figure 3.13: Critical difference diagram between clustering algorithms CAH, PAM, FCMdd
and ECMdd based on Rand Index.

variety of measures exist, we concentrated on those that are sensitive to the differences
characteristic of each dimension of our data.

3.6.2 Exploring multi-view relational methods for MST clustering
Cdist is the most powerful and robust method for MST clustering according to Section
3.6.1, even though its main limitation is the ignorance of dimension correlation. Our
approach aims to extend Cdist into a collaborative dimensional framework with relevance
weights for each dimension, which we named Codist (distance collaborative). In contrast
to Cdist, Codist matches all columns of the classification Table 3.2, because it provides
a global interdependence of the dimensions (sequences) and, more importantly, allows
direct interpretability of the clustering results, which no method in the literature
offers. This proposition provides an application framework, offering a new approach
to clustering multi-dimensional sequences. To compare the performance of Codist
against methods in the literature (Section 3.4), we used eDOL dataset and two clustering
algorithms based on multi-relational partitioning hard and fuzzy designed to learn a
relevance weight for each dissimilarity matrix, i.e. multi-relational dynamic clustering
algorithm (MRDCA) [125], and the multi-relational fuzzy c-medoids (MRFCMdd) [61]. The
comparisons presented in Table 3.10 focus on variants where matrix relevance weights
are calculated locally for each cluster, with optimization constraints based on a sum
function. A detailed analysis of the other variants is available in Section 3.6.2.2. For more
details on relational multi-view partitioning algorithms, see Section B.2 of Appendix B.
The same setting contexts of the single-view relational algorithms (defined in section
5.6.2.1) have been used for the application framework of the multi-view relational algorithms.

The data come from the eDOL project, presented in Section 2.1.1 of chapter 2. We are
interested on barometers composed of eight attributes measured weekly, as detailed in
Table 2.1, allowing for the evaluation of pain intensity and monitoring: pain, fatigue, mood,
stress, sleep, body comfort, sports and non-sports activities. These dataset, as described in
Section 2.1.3.2, are complex and subjective, and can be treated either as categorical time series
(CTS), discrete time series (DTS), or continuous time series (TSC). We worked on data from
636 patients, extracted from eDOL in June 2023, totaling 14,090 self-reported care events,
with an average follow-up of 5 months and a total duration of approximately 19 months.
We used dissimilarity measures adapted to discrete time series, the time warp edit distance
(TWED) for all eight dimensions. The TWED distance, noted δλ,ν , measures the minimum
cost of operations needed to transform one discrete sequence into another. Its computation
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has a complexity of O(n2). It depends on two parameters: λ > 0, which penalizes time
gaps, and ν ∈ [0, 1], which controls its elasticity. The PAM, FCMdd, and ECMdd single-view
relational clustering algorithms were applied to the dissimilarity matrices obtained from
Cstat, Ccost, Cdist, Cclust and GIMSA. For the new Codist method, corresponding multi-
view relational clustering algorithms, include MRDCA, and MRFCMdd were applied to the
dissimilarity matrices.

Table 3.10: Performance of the multidimensional sequential clustering approaches on the
eDOL dataset with TWED dissimilarity function.

Methods PAM/MRDCA FCMdd/MRFCMdd ECMdd

ASW HC ASW HC ASW HC
Cstat 0.477 0.033 0.372 0.298 0.449 0.251
Ccost 0.560 0.154 0.462 0.417 0.345 0.214
Cdist 0.348 0.066 0.505 0.155 0.568 0.155
Cclust 0.160 0.399 0.471 0.302 0.432 0.189
GIMSA 0.200 0.497 0.341 0.417 0.504 0.284
Codist 0.568 0.130 0.585 0.201 - -

Table 3.10 presents the performance of the clustering algorithms PAM, FCMdd, and ECMdd,
along with the hard and fuzzy multi-view counterparts, i.e. MRDCA, and MRFCMdd, across
the Cstat, Ccost, Cdist, Cclust, GIMSA, and Codist methods. Performance was evaluated
using the ASW and HC indices. We shows that Codist combined with fuzzy clustering
(MRFCMdd) offers the best performance, achieving the high compactness (ASW=0.585),
making it the most efficient approach, but less stable (HC = 0.201). Cstat with hard
clustering (PAM) has good stability. Cdist balances compactness and stability, particularly
with fuzzy clustering.

We conducted an exploratory evaluation of Codist, comparing in detail the different variants
of the MRFCMdd and MRDCA algorithms. Indeed, relevance weights are calculated at each
iteration of the algorithm and can be estimated locally for each cluster, or globally for all
clusters. Readers are referred to Section B.2 of Appendix B for further details.

3.6.2.1 Experimental setting

On the eDOL datasets, using the TWED dissimilarity function, the proximity matrices
obtained on each sequential dimension were normalized according to their global dispersion.
This involves each dissimilarity dii′ = δλ,ν

(
S
(i)
j , S

(i′)
j

)
in a dissimilarity matrix j = 1, . . . , 8,

was normalized according to the formula 2 × dii′/(m + dii′), where m represents the
maximum possible dissimilarity of the matrix j. The default parameters ν = 0.5 and λ = 0.5
are used. The algorithms were run 10 times, with the number of clusters fixed to 3. Next,
we select the ASW values corresponding to the lowest cost of the objective function of the
algorithm. The fuzzy partitions are transformed into hard partitions using the maximum
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rule, as follows: Gk = {xi : uik ≥ uim ∀m ∈ {1, . . . , K}}. The default value m = 1.5 of
the fuzziness parameter is used.

3.6.2.2 Results

Table 3.11 shows that the MFCMdd-RWG-S andMFCMdd-RWL-S algorithms have the lowest
objective function costs (0.098). MFCMdd-RWL-S offers the best partitioning performance,
with an ASW of 0.539. MRDCA algorithms have higher costs and lower silhouette indices,
indicating lower performance.

Table 3.11: Performance of clustering algorithms in terms of ASW.

Algorithmes JCost ASW

MFCMdd-RWG-P 6.330 0.520
MFCMdd-RWG-S 0.098 0.528
MFCMdd-RWL-P 6.310 0.521
MFCMdd-RWL-S 0.098 0.539
MRDCA-RWG 8.280 0.481
MRDCA-RWL 8.240 0.509

A qualitative comparison of fuzzy partitions using contingency matrix or matching matrix
between partition MFCMdd-RWL-S and the others, illustrated in Figure 3.14, shows that
classification errors are relatively low, with similar results in 96% of cases. Figure 3.15 shows
a high degree of membership of patients in clusters 1 and 2 to their respective clusters,
indicated by a median close to 1. In contrast, cluster 3 has more imprecise objects, given the
degree of fuzziness of several patients close to 1/3.

Figure 3.14: Comparison of fuzzy partitions using matching matrix between partitions.

Table 3.12 shows the relevance weight values for each dimension or sequence (pain,
stress, fatigue, sleep, mood, body comfort, non-sports activity, sports activity) in each
cluster according to the best partition given by MFCMdd-RWL-S. The values represent the
relative importance of each dimension in the characterization of each cluster. Cluster 1 is
characterized by high values for the dimensions of Pain, Fatigue, Sleep and Body Comfort,
suggesting profiles associated with chronic pain with fatigue, sleep disturbance and altered
body comfort. Cluster 2 shows higher values for the dimensions of stress, mood, non-sports
activity and sports activity, indicating trajectories where stress, emotional aspects and
physical activity play a more prevalent role. Cluster 3, on the other hand, appears to be

–80–



3.7 Conclusions

Figure 3.15: Distribution of fuzziness.

more generalist than the others, with no specific characteristics in terms of symptoms or
behaviours.

Table 3.12: Relevance weight values for each trajectory dimension in each cluster.

Cluster 1 Cluster 2 Cluster 3
Pain 0.147 0.136 0.142
Stress 0.135 0.137 0.131
Fatigue 0.148 0.135 0.146
Sleep 0.143 0.125 0.135
Mood 0.129 0.133 0.130
Body Comfort 0.120 0.095 0.115
Non-sports Activity 0.086 0.124 0.109
Sports Activity 0.093 0.114 0.091

3.7 Conclusions
In this work, we propose a review of trajectory clustering methods. In this context, we
provide diverse formulations of definitions and methods of trajectory clustering in a first
part. In a second part, we discuss sequential trajectory clustering methods, focusing
on a comparative analysis of multidimensional methods. Four types of trajectory are
thus highlighted, including sequential, temporal, spatial and spatio-temporal trajectories.
Common clustering methods are organized into three main categories, depending upon
whether they work directly with the raw-data, indirectly with features extracted from the
raw-data, or indirectly with models built from the raw-data. The most recent studies on
clustering multidimensional sequential trajectories (MST) based directly on raw data have
been grouped into five main methods: additive (Ccost or Cdist), combinative (Cstat or
Cclust) or factorial analysis (GIMSA).

In the light of critical and experimental analysis of the real and simulated MST datasets
considered, the Cdist method is the best performing and most robust, followed by the Cclust
method. However, we have demonstrated that Cdist assumes dimension independence and
hides the relationship between dimensions, and that Cclust is not parsimonious in terms of
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the final number of clusters. It is important to be aware of these limitations when choosing
these methods. We have also proposed to explore the Codist method, an extension of Cdist,
which is more efficient and addresses the limitations of the Cdist method. Codist also has
the advantage of learning dimensional relevance weights, allowing clustering results to be
explained. This work also contributes to the comparison of hard (CAH and PAM) and soft
(FCMdd and ECMdd) clustering algorithms in the context of sequential trajectory analysis.
When data are complex and subjective, soft algorithms, particularly ECMdd, perform well
and offer a finer representation of uncertainty.

Although the initial results illustrate the performance of the Codist method, these promising
results open up new opportunities for application. In sum, although there is a possibility
for improvement in methods presented in this chapter, the main opportunity for future
work on MST clustering could be to work on new evidential clustering algorithms to
effectively represent uncertainty and imprecision and to enable collaboration between
multi-dimensions or multi-sequences using object-based or relational-based data.

In the next chapters, i.e. chapter 4, chapter 5 and chapter 6, we explore new Frameworks
and propose new algorithms for evidential clustering of MST or, more generally, for
multidimensional trajectory data. Chapter 4 focuses on the exploration of feature-based
evidential clustering, while Chapters 5 and 6 present algorithms for distance-based and
object-based evidential clustering respectively.
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Chapter 4
Feature-Based Evidential C-Means

Clustering

Abstract – In this chapter, we explore the feature-based clustering of trajectory data
related to chronic pain from eDOL. By employing a soft clustering approach, we aim
to uncover distinct care trajectories. Our method involves extracting and selecting
key features from the data using advanced techniques like Tsfresh and unsupervised
feature selection. We then apply Evidential C-Means algorithms to identify care
trajectory typologies, taking into account uncertainty based on subjectivity and the
nature of the data. The results reveal two clear clusters associated with discomfort and
well-being, along with an uncertain cluster representing intermediate characteristics.
Through descriptive analysis, statistical tests, and multinomial regression, we identify
patient profiles within these trajectories, enhancing our understanding of chronic pain
management.
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4.1 Introduction

4.1 Introduction
Chronic pain affects millions of patients in France, approximately 30% of the general adult
(18 years and older) population [170]. This high prevalence of chronic pain has a significant
impact on individuals suffering from it, as well as on society as a whole. Patients with
chronic pain face a deterioration in their daily functioning, both physically and socially,
compromising their quality of life. Improvements in the treatment and management of
chronic pain can increase patients’ quality of life and reduce societal costs. However,
as highlighted in the study [28], currently available treatments are often outdated, have
limited effectiveness, and can lead to significant adverse effects. Furthermore, due to the
complexity of care pathways for patients with chronic pain, the outcomes in terms of
health improvement are often unsatisfactory. Evaluating state of the art machine learning
approaches in chronic pain research has shown that further research is needed on machine
learning approaches for personalizing treatments, rehabilitation, and self-management of
chronic pain [171]. Thus, identifying typologies of care pathways and better characterizing
patient profiles would allow healthcare professionals to improve care outcomes and better
support patients. This could help identify predictive factors for treatment success and guide
physicians in the initial choice of treatment and patient follow-up.

The eDOL project, initiated in 2017 by the ANALGESIA Institute, as outlined in Section 2.1.1
of chapter 2, has brought innovation to chronic pain management through an mHealth
application that accompanies patients in their daily pain management, leading to better
treatment. This project aims to enhance care pathways by identifying clusters and
characterizing patient profiles more effectively. It facilitates collecting of follow-up data to
evaluate pain intensity and its longitudinal impact, fostering new research directions.

Prior work has already been conducted in the field of time series trajectory clustering,
as extensively reviewed in reference [124, 172, 173]. According to these works, there
are three main approaches. Firstly, feature-based approaches, which are our focus in
this work. These approaches aim to extract significant features from time series for
clustering purposes. Secondly, raw-data-based approaches, which use the time series
data directly without prior feature extraction. Finally, model-based approaches, which
employ statistical or probabilistic models for clustering time series. Our decision to opt
for feature-based approaches is based on several considerations. Our time series data
exhibits strong irregularities, including unequal spacing between data points and varying
lengths characterized by differing follow-up duration (unbalanced time series). These
irregularities are compounded by the complex and uncertain nature of our chronological
data. Uncertainty due both the uncertain medical nature of the data and the way in which
they are collected, mainly by patients themselves, who provide subjective assessments of
their pain, stress, fatigue, comfort, etc., in the course of their treatment. Thus, all these
factors pose challenges when performing clustering directly on raw data [174]. By adopting
feature-based approaches, we address these challenges and enhance the clustering process.

This article presents a soft clustering application approach that utilizes feature extraction
and selection from sequential data to enhance interpretability and optimize clustering
performance. Indeed, the extraction of features from time series has enabled us to deal
effectively with the complex and noisy nature of the data [124]. Feature selection, as opposed
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to projection, maintained interpretability, reduced dimensionality without significant loss
of information, and improved clustering performance [175]. Evidential Clustering, a credal
variant of Fuzzy C-Means, was used to modelling uncertainty and imprecision in the data [1].
The first step involves extracting features from the available time series and selecting the
most important attributes. For this purpose, we use a time series feature extractor (Tsfresh)
and unsupervised feature selection methods, including unsupervised Random Forest,
Laplacian Score, and unsupervised Spectral Feature Selection. The second step involves
using the evidential c-means (ECM) clustering algorithm on the most important attributes
selected. The interpretability of the determined partitions through shape values, descriptive
analysis, statistical tests, and repeated measures multinomial regression on clinical and
demographic data allowed us to determine the profile of patients in the identified trajectories.

This chapter is organized as follows. We begin by introducing our methodological approach
in Section 4.2, which includes feature extraction, unsupervised feature selection, and the
Evidential Clustering Method. In Section 4.3, we apply our methodology to the dataset,
providing a detailed overview of the data and showcasing the results of feature extraction,
selection, and clustering. Finally, Section 4.4 provides a thorough discussion of our findings,
their implications, and potential future research directions.

4.2 Research framework
In this work, our objective is to identify and describe typologies of chronic pain without
having prior knowledge. However, due to the complexity, uncertainty, noise, and temporal
dependence of our data, as presented in Section 4.3.1, traditional automatic classification
methods become inadequate. Therefore, on one hand, we resort to feature extraction and
selection techniques that contribute to improving both the accuracy and interpretability of
most learning algorithms by focusing on the most informative features while discarding
irrelevant or redundant ones [176]. These techniques allow us to identify and extract the
most relevant and informative features from the raw data, thereby reducing noise and
redundancy. Varying length multivariate time series can be characterized by multiple
summary statistics; however, some statistics may contain useless or redundant information,
and some features may be coupled [177]. Then, by focusing on the most discriminating
characteristics extracted by selection, our model can achieve greater precision in grouping
care trajectories. Additionally, the selected features provide us with a better understanding
of the model and underlying relationships present in the data, thus enhancing result
interpretability (see Figure 4.1).
Furthermore, in order to account for the uncertainty related to the possibility of each
data point belonging partially to multiple clusters with different degrees of imprecision
and uncertainty, we opted for a soft clustering approach [178]. Among the three types of
clustering methods, namely (1) density-based approaches, (2) hierarchical approaches, and
(3) prototype-based approaches, we chose the prototype-based ones, based on the k-means
algorithm, for several reasons. In addition to benefiting from the advantages offered by soft
clustering variants of prototype-based approaches, such as considering the uncertainty and
complexity of the data, the key advantage of prototype-based methods is the concept of
a prototype (or centroid), which allows for a more meaningful representation of clusters.
Moreover, they exhibit reduced computational complexity, making them efficient even

–85–



4.2 Research framework

Figure 4.1: Formulations of feature-based for trajectory Clustering.

for large amounts of data compared to hierarchical approaches. Unlike density-based
approaches, which tend to merge data into a single group, prototype-based methods can
effectively separate groups, even when they are strongly intertwined. However, unlike
the K-means method (or Hard C-means (HCM)) that categorically assigns an individual’s
membership to a specific class, its soft variants (C-means algorithms) propose a smoother
approach. They minimize an objective function to determine the degree of uncertainty of
each data point regarding its membership in a specific class. Fuzzy C-means (FCM) [179]
and evidential C-means (ECM) [1] are two variants of the C-means clustering algorithm
that allow for soft partitioning of the data. FCM utilizes fuzzy set theory to assign partial
degrees of membership to each data point for each cluster, while ECM uses belief function
theory to determine belief masses for each data point for each cluster. In previous works on
soft clustering applied to time series, fuzzy clustering is one of the most commonly used
partitioning tools [180, 181]. D’Urso et al. [182, 183, 184, 185] propose robust techniques
based on quantiles or DTW for feature-based time series clustering using fuzzy c-means
and its relational variant fuzzy c-medoid. The same authors also contribute to model-based
fuzzy clustering of time series with their approach based on B-splines [186]. A number
of studies comparing HCM and FCM on different types of data have been conducted in
the literature [187, 188, 189, 190]. While some research concluded on the performance
of HCM, others also specified that FCM was the better performer. For time series data,
these same results are highlighted, regardless of the approach used, i.e. feature-based,
raw data or model-based. In conclusion, as mentioned in their comparative review of
image segmentation between HCM and FCM [191], Pugazhenthi A. and al. underline that
the optimal clustering method depends on the qualitative requirements of the clustering
process, the applications and the unique characteristics of the data used. FCM can process
data with imprecise boundaries compared to HCM. However, the approach proposed by the
FCM algorithm does not provide satisfactory results if the studied data contains noisy or
outlier data [1]. ECM allows for modeling both uncertainty and imprecision, something
that FCM cannot achieve as it is limited to modeling imprecision alone. We therefore chose
to use ECM, not only for its strengths mentioned before, but also because its separability
performance compared to k-means on our data has been demonstrated [d].

Thus, our approach is based on three steps, and its entire operation is illustrated in Figure
4.2: (1) Transformation and extraction of time series features, (2) Attribute selection through
a comparison of three unsupervised selection algorithms, and (3) Partitioning, evaluation,
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and analysis of clusters.

Figure 4.2: Flowchart of the global workflow.

4.2.1 Transformation and feature extraction

Clustering based on raw time series data involves working with data that is highly noisy
and irregular, limiting the interpretability of the results. These include random variations,
measurement errors, outliers, and heterogeneous series lengths. Such disturbances can
introduce inconsistencies and errors in clustering analysis as they can distort the underlying
relationships and structures present in the data. Thus, feature extraction from time series
plays a crucial role in improving the quality and usability of the data, as well as the
interpretability of machine learning results. This extraction helps capture the inherent
structure of the series, reduce uncertainty, manage complexity, and mitigate the effects
of noise. Several feature-based clustering methods have been proposed to address these
concerns [192, 193, 194]. While most feature extraction methods are generic in nature, [124]
explain that the extracted features should generally depend on the application domain. In
other words, a set of features that works well for one application may not be relevant for
another. [195] developed tsfresh (Time Series Feature Extraction on the basis of Scalable
Hypothesis tests), a Python package, which is widely used in the literature and automatically
extracts over 100 features from a time series. These features can include basic characteristics
of the time series (e.g., maximum value, mean, or number of peaks) and complex features (e.g.,
symmetry or time shift statistics). Furthermore, these extracted features reflect the shape
and inherent nature of the data model of the series (e.g., distribution or autocorrelation).
Some typical features are illustrated in Figure 4.3.

Thus, a large number of features, which capture information about the behavior, dispersion,
homogeneity, kurtosis, asymmetry, and trend of the raw time series of the barometers, were
computed using the tsfresh package. The features considered in this study are derived,
on the one hand, from research on feature extraction from temporal data for medicine
[196, 197, 177]. Guo, C. and al. have evaluated several clinical and biostatistical studies on
time series summary statistics as features for clinical prediction tasks [177]. On the other
hand, some features are derived from well-known statistical techniques such as standard
deviation and mean, and the remaining features were recommended in our study to capture
the discrete nature of our time series.
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Figure 4.3: The name, design principle, and computing method of some features in Tsfresh

4.2.2 Unsupervised Feature Selection
Intuitively, not all features have the same importance. Some features may be redundant,
some may be irrelevant, and some may even distort the clustering results. Reducing
the dimensionality of such a representation improves interpretability and enhances the
performance of the clustering procedure. The idea is to construct a clustering approach that
is interpretable, meaning that it is suitable for an expert in the field to perform subsequent
analysis. In order to select relatively more concise and useful features, we have proposed
and compared three unsupervised feature selection algorithms. Unsupervised feature
selection is a complex research area that has received much attention in recent years
[198, 199, 200]. This is mainly due to its ability to identify and select relevant features
without requiring class label information. Although many feature selection methods have
been proposed over the decades, most of them were specifically developed for supervised
classification tasks [201]. Unsupervised feature selection also differs from feature extraction,
which uses transformation techniques to reduce the dimensionality of features. In the
context of unsupervised selection, it becomes challenging to determine which features to
retain in the absence of class labels, as there are no clear criteria to guide the selection.
However, in addition to being unbiased and performing well when labels or prior knowledge
are lacking, unsupervised selection also has the advantage of reducing the risk of overfitting
the data [202]. Unlike supervised selection methods that may struggle with new data
classes, unsupervised selection offers greater adaptability.

In the literature, unsupervised feature selection methods can be classified into three
main approaches: filtering methods, wrapper methods, typically based on a specific
clustering algorithm, and hybrid methods that seek to combine the advantages of filtering
and wrapper approaches [201]. We focus on filtering methods and wrapper methods,
which are distinguished by their speed and scalability. Filtering and wrapper methods
offer distinct approaches to unsupervised feature selection. Univariate filtering evaluates
features individually, while multivariate filtering considers feature relationships, adept at
handling redundancy. Iterative wrapper methods address feature selection as an estimation
problem, avoiding combinatorial search unlike sequential methods. In general, there is no
best approach or unsupervised selection method for all types of data and domains; each
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approach has its own advantages and disadvantages. Nevertheless, from our literature study,
we can highlight some methods that have proven effective for variable selection in the
healthcare domain, namely Random Forests, Laplacian, and Spectral algorithms [203, 204].
In this paper, we compare the Laplacian Score-based univariate filtering algorithm, the
Unsupervised Spectral Feature Selection-based multivariate filtering algorithm, and the
unsupervised Random Forest feature selection-based iterative wrapper algorithm.
Unsupervised Random Forest feature selection (URF) [205, 206]. Random Forest has
been extended to handle unlabeled data and enable unsupervised learning. In this approach,
the original data is considered as class 1, and a synthetic second class of the same size
is created and labeled as class 2. To construct this synthetic class, random samples are
drawn from the univariate distributions of the original data. Thus, class 2 has a distribution
of independent random variables, each having the same univariate distribution as the
corresponding variable in the original data. This destroys the dependency structure present
in the original data. Using this artificial two-class configuration, Random Forest is applied
for learning. Formulating the problem in this way has several advantages, such as outlier
detection, missing value imputation, etc. However, the most significant gain in our context
is the ability to estimate the importance of each variable.
Laplacian Score feature selection (LS) [207]. It is a linear unsupervised feature selection
method. For each feature, the algorithm computes a Laplacian score that indicates its ability
to preserve locality. The approach is based on the observation that two data points are likely
to be related to the same subject if they are close to each other. In many learning problems,
the local structure of the data space is more meaningful than the global structure. To model
this local geometric structure, Laplacian Score constructs a graph of nearest neighbors and
searches for features that respect this structure. The algorithm relies primarily on Laplacian
Eigenmaps and Locality Preserving Projection methods.
Unsupervised Spectral Feature Selection (US) [208]. The algorithm utilizes Laplacian
decomposition, also known as spectral decomposition or eigendecomposition of the
Laplacian matrix, to find the most relevant features in data sets. Indeed, from a
neighborhood graph, a similarity matrix measuring the relationships between pairs of
objects is constructed. This matrix, unlike the Laplacian approach, captures the global
structure of the data. Graph theory demonstrates that information about the structure of a
graph can be obtained by analyzing its spectrum. Spectral feature selection focuses on how
to choose features based on the graph structures.

In summary, unsupervised feature selection methods generate a score for each feature in
order to rank them. Some methods calculate feature importance using the coefficients of
a classification, sometimes using pseudo-labels (as in the case of unsupervised Random
Forest). Other methods perform selection by preserving the original structure of the data
based on a similarity matrix between objects. This matrix is constructed using all the
features, and from it, a form of mapping is performed using spectral information (as in the
case of unsupervised Spectral) or Laplacian information (as in the case of Laplacian score).
These methods differ in their approaches, the feature importance measures they use, their
ability to reduce the dimensionality of the data, and the complexity of the algorithm they
involve.
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4.2.2.1 Common process for unsupervised filtering

All unsupervised filtering feature selection algorithms are based on studying the similarity
between data sets. In unsupervised filtering algorithms, the integration and projection steps
play an important role in reducing the dimensionality of the input data (see Figure 4.4).
Integration involves combining the input features to create new representations of the data,
while projection reduces the dimension by projecting the data into a lower-dimensional
space. The integration step is typically performed by applying a mathematical function
(Laplacian, Spectral) that preserves some of the underlying structure of the data. The
projection step involves mapping the integrated features to the new feature space. This can
be done by applying additional linear mathematical transformations or techniques to the
integrated features.

Figure 4.4: Common workflow of unsupervised features selection

Let’s consider a dataset X consisting of n objects, X = (x1,x2, . . . ,xn), where xi ∈ Rm. Let
F1, F2, . . . , Fm be the m features, and f1, f2, . . . , fm be the corresponding feature vectors.
The similarity between pairs of objects, which does not require class label information, is
captured by the scalar s. This similarity value is constructed using the Radial Basis Function
(RBF) kernel. The RBF kernel measures the similarity between two instances xi and xj based
on their Euclidean distance and is mathematically defined as follows:

sij = exp
(
−‖xi − xj‖2

2σ2

)
. (4.1)

Where ||xi − xj|| represents the Euclidean distance between objects xi and xj, and σ is a
parameter that controls the influence of distance on similarity. In the context of Laplacian
and Spectral approaches, S = [sij] is used to capture the relationships and structures in
the data. These algorithms utilize sij to perform data integration operations, focusing on
preserving the similarity between objects. They use a utility function U(.) to evaluate the
extent to which the set of features preserves the data’s similarity structure. Solving this
function is often done through a greedy selection of the best features that maximize their
individual utility U(F ).

max
S

U(S) = max
S

(S)
∑
f∈S

U(f) = max
S

(S)
∑
f∈S

f̃
′

S̃f̃. (4.2)

Which U(S) is utility of feature set similarity S, U(f) utility of feature F , f̃′ and S̃ are
transformation of respectively feature vector f and feature similarity matrix S. Thus, the
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two algorithms differ in how the vector f and the similarity matrix S are transformed into f̃,
f̃
′
, and S̃.

The Laplacian Score selection method begins by constructing an undirected nearest neighbor
graph G from the source data X. G is constructed using the nearest neighbors approach.
However, it’s important to note that the nearest neighbors algorithm typically relies on
Euclidean distance for distance measurements. The weight matrix S of the graph G, which
captures the local structure of the data space, is defined as sij if nodes i and j are connected,
and 0 otherwise. This weight matrix represents the connections or similarities between edge
graph nodes. Next, we construct the diagonal matrix Dii =

∑
j Sij ∀i, and the Laplacian

matrix L = D− S. Here, 1 = [1, . . . , 1]T represents a column vector, the Laplacian Score of
feature Fi is calculated using the following formula [207]:

LSscore(Fi) =
f̃i

′

Lf̃i
f′iDfi

, where f̃i = fi −
f
′

iD1
1′
D1

. (4.3)

The Spectral selection method, unlike the Laplacian score, utilizes an eigendecomposition
of the normalized Laplacian matrix in its selection process and aims to preserve a global
structure of the data. To begin, the similarity matrix S = [sij] is computed on the source
data X. Next, the undirected graph G is constructed from the obtained similarity matrix
S. The Laplacian matrix L = D − S is obtained by subtracting the similarity matrix S
from the degree matrix Dii =

∑
j Sij ∀i, which represents the degree of each node in

the graph. The degree matrix is obtained by calculating each diagonal element Dii as the
sum of the weights of the edges connected to node i in the similarity graph G. Thus, L
captures the connectivity information of the data, but it is based on similarity rather than
direct neighborhood relationship, and the normalized Laplacian L is defined as follows
L = D− 1

2LD− 1
2 . Now, we can obtain the eigenvectors and eigenvalues of the Laplacian

matrix. For L, we compute its spectral decomposition (λj, ξj) where ξj is its eigenvector
and λj is the corresponding eigenvalue, with 0 6 j 6 n − 1, and λ0 ≤ λ1, . . . ,≤ λn−1

satisfying the equation L × ξj = ξj × λj . This is known as the eigendecomposition, and
according to Equation 4.2, the spectral score of feature Fi is defined as follows [208]:

SPscore(Fi) =
f̃i

′

Lf̃i
1− f̃i

′

ξ0
, where f̃i =

D
1
2 fi

‖D 1
2 fi‖

, (4.4)

and λ0 = 0, ξ0 = D
1
21 , and (λ0, ξ0) is usually called the trivial eigenpair of the graph.

It can be noted that in Laplacian Feature Selection, the graph is constructed directly from
the source data, whereas in Spectral Feature Selection, the graph is constructed from the
similarity matrix obtained from the source data using a kernel function. Additionally, in
Laplacian Feature Selection, the Laplacian matrix is computed from the weight matrix,
whereas in Spectral Feature Selection, it is computed from the similarity matrix. This reflects
the difference in graph construction and similarity measures used in the two approaches.
Furthermore, although both algorithms use the matrix D, the way it is computed differs. In
Laplacian Score, it is computed by diagonalizing the similarity matrix S, while in Spectral
Feature Selection, it is obtained directly from the graph by computing the node degrees.
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Algorithm 4 Spectral Selection
Input :X, σ
Output :scores - the ranked feature list

Construct S, the similarity matrix from
X
Construct undirected graph G from S
Build D and L from G
for each feature vector fi of Fi do

f̃i ← D1/2fi
‖D1/2fi‖

scores(i) ←
SPscore(Fi)

end
Ranking scores in ascending order

return scores

Algorithm 5 Laplacian Score
Input :X, σ
Output :scores - the ranked feature list

Construct nearest neighbor graph G
from X
Construct S, the weight matrices from
G
Build D and L from S
for each feature vector fi of Fi do

f̃i ← fi − f
′
iD1

1′D1
1 scores(i) ←

LSscore(Fi)
end
Ranking scores in ascending order

return scores

4.2.2.2 Data normalization

The extracted data undergo a number of transformations (centering and/or scaling
normalization) before being used by the selection algorithms. In the literature, a consensus
among researchers emphasizes the significance of normalization, as it grants equal
importance to all input attributes in variousmachine learning approaches, thereby facilitating
rapid convergence. Moreover, our study underscores the importance of considering
data fluctuations stemming from the application of multiple aggregation functions for
transformation. However, it is crucial to note that the Random Forest algorithm operates
distinctively as it is not a distance-based model but rather a tree-based one. In Random
Forest, each node performs splits based on sorted lists, necessitating absolute values for
branching. The algorithm’s predictive capabilities rely on data partitioning rather than direct
feature value comparison, rendering normalization unnecessary. To ensure a standardized
evaluation process and foster effective comparisons, we conducted a comparative analysis of
selection performance using both normalized and non-normalized data across all algorithms.
We consider both centering and scaling normalization. Mathematically, let D be the dataset,
σ be the standard deviation of D, and µ be its mean. Then, the normalized D is given by the
following equation:

Centered and Scaled: x̂ =
x− µ

σ
∀x ∈ D (4.5)

4.2.2.3 Performance evaluation metrics for selection

The performance of a selection is measured based on the quality of the obtained clustering
using the selected features. Specifically, the data corresponding to the selected variables are
first normalized. Then, the best partition and the corresponding optimal number of clusters
are calculated on this normalized data using aGrid-search approach. The clustering algorithm
used for evaluation is ECM, and the quality criteria are the normalized nonspecificity (Section
4.2.3) of the partitions for determining the number of clusters and the Average Silhouette
Width (ASW) for assessing the best separability.
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4.2.2.4 Evaluation and comparison of selection algorithms

As observed in Figure 4.2, the proposed selection approach involves multiple iterations, with
comparisons within each algorithm and a final comparison among the three algorithms
to ensure robustness. In practice, each selection algorithm was evaluated using the elbow
method with different selection options. For each option, we first performed a Grid-search
to find the optimal number of clusters C , ranging from 2 to 10, that minimizes the criterion
of normalized nonspecificity [209]. Then, we calculated the Average Silhouette Width
corresponding to the optimal number of clusters for each selection. The best selection that
maximizes the ASW is retained, as a high ASW score indicates a better situation, where
points within the same cluster are tightly grouped and well separated from other clusters.
The worst value is -1, and values close to 0 indicate overlapping clusters. Thus, this criterion
allows for comparing the clustering quality produced by different partitioning methods
with varying numbers of clusters [210]. Moreover, it does not rely on specific statistical
assumptions about the data. Finally, the best selection from each algorithm is retained, and
a final evaluation comparing the best performances of the three algorithms helps determine
the optimal selection. Figure 4.5 summarizes the complete feature selection approach based
on data from feature extraction.

Figure 4.5: Summary of the complete feature selection approach based on data from feature
extraction.

4.2.3 Evidential c-means (ECM) Clustering
The ECM algorithm [1], presented in Section 2.3.5.4, is an extension of k-means based on the
theory of belief functions (Section 2.3.5.1). This approach handles ambiguous, uncertain, or
atypical objects by assigning belief masses to subsets of clusters. The theoretical framework
and the general functioning of ECM, including the objective function in Equation 2.47, and
iterative steps in algorithm 2, are detailed in the Background chapter (chapter 2).

The performance of the ECM algorithm is evaluated using the standardized non-specificity,
a internal metric that quantifies the imprecision in the clustering results. This measure,
introduced in [209], is defined as:

N∗(c)
∆
=

1

nlog2(c)

n∑
i=1

N(mi) with N(m)
∆
=

∑
A∈2Ω/∅

m(A)log2 |A|+m(∅)log2 |Ω| (4.6)
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Algorithm 6 Feature Selection approach algorithm
Input :Dataset X, Feature Selection algorithms (FS) = {URF, LS, US}
Output :Optimal parameter for Feature Selection

foreach FS algorithm do
Run Feature Selection algorithm FS with default parameters using X;
Manually identify different selection levels based on algorithm’s importance order
(elbow method);
foreach Selection Options (opt) do

Extract data Xopt from X,
for c = 2 to 10 do

Set ECM hyperparameters α = 0.1, β = 1.1, and δ2 = 80, cf. [d];
Run ECM using c, Xopt, and compute Non-specificity (N), cf. 4.6;

end
end
Select c∗ corresponding to the minimum of N;
for each parameter of FS do

Run ECM using c∗ and compute Average Silhouette Width (asw);

end
Select asw∗ corresponding to the maximum of asw;

end
Select best parameter corresponding to the maximum asw∗;
return Optimal Parameter for Feature Selection;

The standardized non-specificity takes values in [0, 1] and must be minimized. A lower
non-specificity reflects a better specificity of belief masses assigned to clusters. This metric
is particularly useful for evaluating ECM in scenarios where imprecision plays a significant
role, such as multidimensional and uncertain data.

4.2.4 Cluster analysis
We evaluate the interpretability of clusters by examining the number of selected features at
each iteration. The use of a limited number of features promotes easier human understanding
and a more concise representation, which is a key characteristic of interpretable clusters.
Furthermore, once different groups of trajectories are identified, it is essential to categorize
each cluster by calculating comparative statistics and profiling patients in each cluster using
statistical analysis techniques such as descriptive statistics, statistical tests, and logistic
regressions. Categorization involves quantifying the overall magnitude of differences with
the proportion of explained variance and comparing means conditionally to the clusters of
active variables. Indeed, a variable is considered more active if its proportion of explained
variance is high. Additionally, if its conditional mean is large within a given cluster, it
plays an important role in characterizing the membership of observations in that cluster.
Descriptive analysis, on the other hand, will assess the significance of other variables in the
study (personal questionnaire and self-questionnaire) relative to the cluster’s variable of
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interest. Mean and standard deviation Mean(sd), are presented for quantitative attributes,
and numbers and proportions for qualitative attributes n(%). For results from statistical
tests performed, Student tests for quantitative attributes and Chi-squared test for qualitative
attributes are used. In order to account for repeatedmeasures of certain explanatory variables,
as described in Section 4.3.1, we employ appropriate paired statistical tests. We used the
paired Student’s t-test for quantitative variables and the Fisher’s exact test for categorical
variables. P-Value were adjusted using Bonferroni correction to control family-wise error
rate.

4.3 Application and results
Statistical analysis is performed using R software v3.6.3 and Python software v3.10.4. The
Type I error rate α is set to 0.05 for two-tailed statistical tests. No adjustment of the α
threshold is made. Missing values corresponding to periods of non-observation are not
imputed and are treated as such. Patients with less than one month of follow-up (less than
5 recordings) are excluded from the analysis (Figure 4.6). For each patient, the date of study
inclusion is defined as their index date.

4.3.1 Data presentation
The data used in this study were collected via the eDOL platform, a digital health tool
described in detail in Section 2.1.2 of the chapter 2. This platform combines a smartphone
application for patients and a web interface for physicians, enabling comprehensive data
collection for clinical and therapeutic monitoring.

As outlined in Section 2.1.3.1, the eDOL platform captures three main types of data:
socio-demographic and lifestyle information, clinical evaluations, and barometric data.
For this study, the focus is primarily on the barometric data, which are collected weekly
through self-assessments on attributes such as sleep, mood, fatigue, stress, body comfort,
and pain. These attributes are summarized in Table 2.1. The barometric data present unique
challenges for analysis, as detailed in Section 2.1.3.2. These include irregularity in the time
series due to inconsistent patient participation, the discrete nature of the measurements
on a scale of 0 to 10, and the inherent subjectivity of the data, which reflects patients’
perceptions in real-life conditions. These factors introduce uncertainty and complexity that
must be accounted for during feature extraction and clustering.

The feasibility clinical study conducted in 2019 and published in 2022 [28] showed a
continuous adherence and utilization rate of the eDOL application at 61.9%. However, we
did not have sufficient patient follow-up data during the manual version of eDOL (version
1), which lasted 1 year between 2019 and 2020. Indeed, the sensitivity analysis of the switch
to version 2 (chatbot-assisted) shows that the utilization rate increased from 21.09% (version
1) to 62.01% (version 2, the date at which we extracted the data used in this study). To
date, 1590 patients have been included in the study, with an adherence rate of 62.01% (986
patients). Approximately 38% of patients (604 patients) were excluded due to the absence of
barometric and personal data. Among the 986 patients who have enrolled with completed
data, from 664 patients have been analyzed. Because, we excluded 322 patients from the
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study due to insufficient adherence to the barometer completion. These patients had less
than one month of follow-up, which resulted in less than 5 times of barometer questionnaire
completion. In fact, we considered a minimum follow-up period of one month, equivalent to
5 completions of the questionnaire. This decision was based on the observation that patients
need a period of one month to adapt to using the application. The Figure 4.6 summarizes
the patient selection process for the study. A total of 14,090 fillings have been considered,
with an average of 22 fillings per patient, corresponding to an average follow-up period of 5
months, and a total follow-up duration of 73 weeks (approximately 19 months). The patients
were over 18 years old, with an average age of 48 years, and predominantly employed with
a A levels + 2 education level.

Figure 4.6: Patient Flow-Chart.

We examined the characteristics (trend and dispersion variables) of the time series for the
barometers using box plots (cf. Figure 4.7). On average, the scores for pain and fatigue are
relatively high, while the scores for stress and sports activity are relatively low. We also note
the low variability of the fillings series for all barometers, except for sports and non-sports
activities, which are relatively more dispersed. These characteristics describe the time series
of the barometers and provide new insights into the evolution and variation of the fillings
series, which can be extracted and considered instead of raw data [195, 211, 212].

Figure 4.7: Boxplot of barometers – visualization of trend and dispersion of all fillings series
for the eight barometers – � corresponds to the mean.

According to Figure 4.8, the density curves indicate that the features Pain, Stress, Fatigue,
Sleep, Mood, and Body Comfort have density curves that resemble normal distributions. On
the other hand, the characteristics Non-sport Activities and Sport Activities have density
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curves that deviate from normality. The Non-sport Activities feature exhibits a right-skewed
distribution, indicating a higher frequency of higher values compared to lower values.
The Sport Activities feature shows a bimodal distribution, suggesting the presence of two
distinct groups within the data. Overall, the normal-like distributions of certain features
indicate a relatively balanced spread of data, while the deviations from normality in others
highlight the presence of outliers or potential data clusters that require further investigation.
Furthermore, the barometers are not correlated with each other. However, linear causal
relationships indicate that the scores for fatigue, stress, and pain evolve in the same direction,
while sleep, body comfort, and mood also show a positive trend. Finally, The width, shape,
and position of the density curves further confirm the dispersion and variability observed
in Figure 4.7 above.
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Figure 4.8: Assessing Normality and Correlation in Variable Distributions of barometers.

4.3.2 Applying feature extraction and selection
We initially extracted features based on manual observations through visualizations of
time series during the data exploration stage. These manually extracted features included
maximum, minimum, mean, and median values. Subsequently, additional features were
automatically extracted using tsfresh. As a result, a large number of features capturing
information about behavior, dispersion, homogeneity, kurtosis, asymmetry, and trend of
the raw barometer series were extracted. In total, 23 features were computed from the
raw data of each of the 8 barometers. The resulting table had a size of 664 patients and
184 variables. Features with a high proportion of missing values, i.e., greater than 80%,
were removed, resulting in the elimination of 6 variables. The elimination threshold of
80% was based on manual observations and evaluations of repeated experiments. The
remaining variables with missing values, 5 in total, were imputed using a semi-parametric
multiple imputation approach (Predictive Mean Matching - PMM). After feature extraction
and handling of missing data, we were left with a final dataset consisting of 178 variables.
From this stage, we can now proceed to selecting the most relevant variables for our analysis.

The unsupervised feature selection algorithm, Spectral Feature Selection, assigns
equal importance to all variables, while the Laplacian and Random Forest algorithms offer
different levels of selection based on their importance. This characteristic of Spectral Feature
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Selection is due to its approach of constructing the Laplacian matrix used for calculating
variable importance scores. Specifically, when variables are strongly correlated, as in our
case after feature extraction, it becomes more challenging to select the most relevant
variables because the spectral approach produces a Uniform Laplacian [208]. In this case,
during the decomposition of eigenvectors, the obtained importance scores are uniform
or equal for all variables. Additionally, the Spectral algorithm solely relies on similarity
measures in its approach, without considering the individual contributions of variables, i.e.,
differences between the values of the data sets. This leads to an equal importance assigned
to variables, which conceals the differences between them. This characteristic of Spectral
Feature Selection does not align with our objective, which is to eliminate the least important
variables to improve the quality of our clustering and simplify for explanatory modeling.
Therefore, we focused on selection based on the Laplacian and Random Forest algorithms.

10 15 20
Feature Importance criterion (RFscore(Fi))

F
ea

tu
re

 In
de

x

Random Forest feature selection

0.0 0.5 1.0 1.5
Feature Importance criterion (LSscore(Fi))

Laplace Score feature selection

cut of selection

Figure 4.9: Visualization of the top 50 most important attributes and selection options .

According to the importance curves (Figure 4.9), the LS and URF algorithms offer several
selection options based on minimizing and maximizing importance criteria, respectively.
In total, we studied 15 selection options. For the Unsupervised Random Forest Feature
Selection algorithm, we identified options 6, 7, 13, 18, 19, 22, 26 (first variables) based on the
order of importance established by the algorithm. For Laplacian Score Feature Selection, the
selections concern 7, 10, 15, 18, 19, 26, 29 (first variables). As for the Unsupervised Spectral
Feature Selection algorithm, which assigns equal importance to all variables, we used all 184
available variables. For each selection option, we performed a grid search to determine the
optimal number of clusters C (ref. to Section 4.2.2.4). This search was conducted both for
normalized data using the standardized approach and for raw data without normalization.
Interestingly, all selection options, whether combined with normalization or not, showed an
optimal number of clusters C equal to 2 or 3, considering minimal Non-specificity, as can
be seen in Figure 4.10. In all selection options with a large number of variables, the non-
specificity value was high, regardless of the value of C . In all cases, the Nonspecificity value
was maximized as C increased. Next, we evaluated the separability quality of the partitions
for each selection using the optimal number of clusters (C optimal). The optimal selection
for each algorithm, which maximizes separability (ASW) and minimizes compactness (Non-
specificity), is retained (Figure 4.11). The final best selection is obtained with the URF
selection algorithm, which retained 7 variables primarily related to the trend of the source
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data. This selection exhibits partitioning quality with an ASW of 0.27 and a Non-specificity
of 0.29, and it is based on non-normalized data (Table 4.1).
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Figure 4.11: Selection of the best partition.

4.3.3 Applying evidential clustering and analysis of results
The parameters of the ECM clustering algorithm were optimized during the final
classification. The optimal values of the hyperparameters for a better partition were
α = 0.1, β = 1.1, and δ2 = 80. Initialization by k-means was also chosen, and a type
of simple focal sets was used to obtain atypical (empty set) and uncertain clusters. Thus,
with the optimal number of clusters set to 2, ECM identifies a total of 22 partitions. The
credal partition is converted into a hard partition using the maximum mass function for
each patient. Indeed, a hard partition G = (G1, . . . , G2K ) is derived from credal partition by
defining the hard cluster Gk(k = 1, ..., 2K) as Gk =

{
xi : mik ≥ mil , ∀l ∈

{
1, . . . , 2K

}}
.

The quantity mik indicates the membership belief of object xi(i = 1, . . . , n) in credal cluster
k(k = 1, . . . , 2K). This allows us to obtain three hard partitions, i.e. two singleton clusters
(cl_1 and cl_2) and an uncertain subset (cl_1, cl_2) which we have labeled cl_uncertain, as
shown in Figure 4.12. The respective sizes of these clusters are 216, 157, and 291 elements.
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Table 4.1: Final Comparison: Optimal Selections of each selection algorithm. Standardization
indicates if performance (high asw and low nonspecificity (NS)) is achieved when data is
normalized or not.

Algorithms Nbr of
features

Standardization C NS ASW Time

Laplacian Score 7 Yes 2 0.31 0.27 1.1
Random Forest 7 No 2 0.29 0.27 2.7
Spectral Score 184 Yes 2 0.34 0.02 3.7
Baseline 184 Yes 2 0.34 0.02 3.7

The average diameters of the clusters are 27.84, 29.12, and 28.92. The average distances
within the clusters are 9.12, 9.96, and 8.61, while the median distances are 8.65, 9.27, and 8.14.
The Dunn index value is 0.04 for each cluster, suggesting limited separation between the
clusters. This means that the clusters are relatively close to each other. Finally, the entropy
is 1.07 for each cluster, indicating some uniformity in the distribution of elements within
each cluster.
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Figure 4.12: Visualization of the crisp credal partition clusters on the normalized PCA
factorial axes of the selected features

Advanced analysis of the clustering model parameters reveals the significant impact
of the uncertain cluster on the quality of the identified typologies. By removing the
uncertain elements, several improvements are observed. The silhouette of the final partition
significantly improves (ASW=0.55), undicating increased separability between the cl_1
and cl_2 clusters. Additionally, clustering stability indicators such as the determination
coefficient (R2sq with uncertain set = 0.52, R2sq without incertain set = 0.75) and the Calinski-
Harabasz Fisher index (CHsq with incertain set = 365.95, CHsq without uncertain set =
689.68) confirm that eliminating uncertain points enhances dissimilarity between clusters
and increases the variability explained by clustering. Analysis of variance and density
also support this trend. In conclusion, excluding uncertain points improves the quality of
the final partition in terms of cluster separability and explained variability. These results
highlight the crucial importance of considering data uncertainty to obtain clusters that
reflect reality.

–100–



4.3 Application and results

4.3.3.1 Evidential clustering compared with various clustering approaches

To compare the performance of ECM with various partitioning algorithms (HCM and FCM)
and a hierarchical clustering algorithm (CAH) on our complex data, we utilize the best
combination of feature selection obtained in Section 4.3.2.

The hard clustering algorithms CAH and HCM are applied to these selected data to obtain
a set of groups G = (G1, . . . , GK). FCM will also be applied to these selected data to
initially produce a fuzzy partition into K fuzzy clusters. Subsequently, a hard partition
G = (G1, . . . , GK) is derived from this fuzzy partition by defining the hard cluster Gk(k =
1, ..., K) such Gk = {xi : uik ≥ uim ∀m ∈ {1, . . . , K}}. The quantity uik represents the
membership degree of object xi(i = 1, . . . , n) in fuzzy cluster k(k = 1, . . . , K). For CAH,
we used Ward’s (ward.D2) dissimilarity measure for the link between clusters. Thus, based
on the hard ECM partition and to define a hard partition comparison framework for the
algorithms overall, we posit k = 3. Each clustering algorithmwas run (until the convergence
to a stationary value of the adequacy criterion) 100 times and the best result was selected
according to the adequacy criterion. To compare the clustering results provided by these
approaches, an external criteria, such as the Adjusted Rand Index (ARI), and internal criteria,
like the Average Silhouette Width (ASW), are considered.

{ w1, w2, { w1, w2} , θ}
{ w1, w2, θ}
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Figure 4.13: Evidential clustering compared with various clustering approaches. With the
atypical cluster ∅ = {}.

The Figure 4.13 compares the clustering silhouette quality of ECM with other clustering
algorithm variants using the ASW criterion. Overall, ECM appears to perform best, followed
by HCM, FCM and CAH. The gray bar corresponds to the ASW value when the uncertain
partition is not considered, as discussed in the second paragraph of section 4.3.3. ARI allows
us to compare the assignments between different clusters determined by the algorithms. It
considers pairs of patients and measures the degree to which these pairs are grouped in
the same way in two partitions obtained from two different algorithms. Thus, we observe
in the Figure 4.14, that in most cases, the algorithms (FCM and CAH) do not agree with
ECM regarding the classification of patients in the uncertain cluster (cluster 3). Indeed, FCM
and CAH classify a significant portion of patients from the uncertain cluster into cluster 2.
Additionally, all three algorithms also classified a number of patients from ECM’s cluster 1
in their cluster 3.
The low performance of CAH on our data is certainly due to the complexity of the data
and, in particular, the high presence of outliers and noisy values. However, HCM and FCM,
although robust to noisy data, do not have the ability to exclude outliers in the process of
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Figure 4.14: Comparing based of degree of similarity between partition furnished by ECM
with various partitioning approaches.

selecting prototypes. We also remarked that when the fuzziness parameter (m) of FCM is
less than 1.3 (its value considered in the final result (Figure 4.13), its performance is very
close to that of HCM. For values of m greater than 1.5 (its default value in the algorithm),
performance drops, leading to complete fuzziness, meaning that all data points have equal
membership to all clusters.

4.3.3.2 Categorization of clustering results

The categorization of clusters is based on comparing the means of active variables across
clusters while considering the overall interpretability of each variable, see Figure 4.15. The
idea is to compare the means of the variables that give the best partition, selected in the
section 4.3.2, and conditional on the clusters obtained. By analyzing the total explained
variability, it appears that the definition of groups is mainly influenced by aspects such as
sleep, fatigue, and bodily comfort. These variables contribute significantly, accounting for
approximately 65% of the variability. Stress and mood, on the other hand, contribute slightly
(between 30% and 40%) to this clustering. Comparing the means of active variables during
clustering shows that cl_2 is strongly determined by variables such as Sleep_mean,
Sleep_median, Bodily.comfort_mean, and Mood_mean. On the other hand,
cluster cl_1 is more explained by variables like Fatigue_mean, Stress_mean,
and Pain_mean. cl_2 groups patients suffering from chronic pain related to Fatigue
and Stress. In contrast, cl_1 groups patients suffering from chronic pain related to Sleep,
Bodily comfort, and Mood. Patients belonging to the uncertain cluster are those who exhibit
common characteristics of both groups.
The analysis of variability explained by the variables performed above is a traditional
approach used to try to understand the decisions made by the clustering algorithm in
its grouping process, i.e. to explain the contribution of the variables and categorize
the clusters. Various explainable artificial intelligence (XAI) methods, such as SHapley
Additive exPlanations (SHAP) [213], have recently been proposed to estimate feature
contributions agnostically to learning processes. The use of SHAP in the explicability
of totally unsupervised models such as clustering is post-hoc (central approaches). Indeed,
we train a supervised model on the cluster assignment given by the clustering algorithm
with regard to our input data. We considered the supervised RF algorithm for exploring the
explicability of the ECM algorithm. Note that it was possible to choose other supervised
learning algorithms for this task, such as XGBoost [214], or to choose the best performing
one by comparing them. However, our choice was motivated by the fact that unsupervised
RF performed best for the feature selection step on our data. We trained the RF to predict
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Figure 4.15: Categorization of clustering results: Comparison of means of active variables
by group and proportion of variance explained. %epl: percentage of variability explained by
the clustering of each feature .

the cluster numbers assigned by ECM. The optimized parameters (number of trees to grow
(225) and maximum depth (2)) achieved an ARI of 98%. This model was used with SHAP to
explain the clustering results obtained by ECM. In Figure 4.16, we can observe the SHAP
values and the average SHAP values obtained for each feature.
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Figure 4.16: Density scatter plot showing SHapley Additive exPlanation (SHAP) values for
each feature, reflecting how much impact each feature has on a predictive random forest
model output trained on ECM clustering assignment.

The averages of the SHAP values confirm the observations obtained in the Figure 4.15. The
variables Sleep_mean, Sleep_median and Mood_mean contributed more to cl_2
while the variables Fatigue_mean, Stress_mean and Pain_mean contributed
more to cl_1. However, we can observe that Bodily.comfort_mean behaved
differently from previous interpretations. SHAP offers more interpretability; for example,
we can observe the weights of each individual in the clustering locally in each cluster and
in each variable. While patients in cluster 1 tend to have high mean sleep over time, those
in cluster 2 have low mean sleep. We also observe that the SHAP values in the 3rd graph of
the figure (uncertain cluster versus (cluster 1 and 2)) are distributed evenly on either side
of the vertical line (v). This means either a single cluster crossed by v, or two clusters on
either side.
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4.3.3.3 Descriptive analysis of socio-demographic factors associated with clusters

The interpretability of clusters through descriptive analysis and statistical tests of factors
associated withmembership in each cluster allowed us to identify the profile of these patients.
Our initial examination focused on the clearly identified clusters (clusters 1 and 2) and socio-
demographic variables (Table 4.2). Statistical analysis of socio-demographic variables among
patients with chronic pain from cl_2 and cl_1 clusters revealed several significant results
(p < 0.05). Regarding age, a significantly different distribution was observed between the
two clusters, with a higher proportion of patients over 50 years old in the discomfort cluster
(26%) compared to the well-being cluster (12%). Furthermore, the frequency of pain showed
a significant association, with a larger proportion of patients reporting continuous pain
throughout the day in the discomfort cluster (26%) compared to the well-being cluster (11%).
As for smoking, a significant difference was found between the two clusters, with patients
in the discomfort cluster being less likely to be smokers (18%) compared to the well-being
cluster (31%). Similarly, alcohol consumption differed significantly between clusters, with
a higher proportion of patients in the discomfort cluster reporting alcohol consumption
(69%) compared to the well-being cluster (58%). Variables such as nocturnal awakening,
sleep disturbance, and frequency of episodes were also significantly associated with the
discomfort and well-being clusters. However, variables such as education level, number of
children and family situation did not show significant differences between the two clusters
(p > 0.05). In summary, the statistical analysis of socio-demographic variables highlights
significant differences between the cl_1 and cl_2 groups. These differences mainly
concern age, smoking, alcohol consumption, pain frequency, and crisis frequency.

Table 4.2: Descriptive analysis of socio-demographic features associated with clusters .

Variables Cl_2,
N = 1571

Cl_uncertains,
N = 2911

Cl_1,
N = 2161

p-value2

Age <0.001
18 to 30 years

excluded
3 (1.9%) 5 (1.7%) 12 (5.6%)

30 to 50 years
included

113 (72%) 237 (81%) 179 (83%)

Over 50 years 40 (26%) 49 (17%) 25 (12%)
Number of Children <0.11

1 to 2 children 69 (44%) 143 (49%) 81 (38%)
No children 74 (47%) 118 (41%) 108 (50%)
More than 2 children 14 (8.9%) 30 (10%) 27 (12%)

Education Level <0.12
Advanced 32 (20%) 64 (22%) 32 (15%)
High School Diploma 34 (22%) 54 (19%) 54 (25%)
Intermediate 57 (36%) 86 (30%) 67 (31%)
Secondary 34 (22%) 87 (30%) 63 (29%)

Smoker <0.020
No 129 (82%) 219 (75%) 150 (69%)
Yes 28 (18%) 72 (25%) 66 (31%)

Blood Alcohol Level <0.043
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No 48 (31%) 95 (33%) 90 (42%)
Yes 109 (69%) 196 (67%) 126 (58%)

Pain Frequency <0.001
Throughout day 41 (26%) 58 (20%) 24 (11%)
Frequent 19 (12%) 29 (10.0%) 11 (5.1%)
Night and day 48 (31%) 131 (45%) 134 (62%)
Rare 3 (1.9%) 1 (0.3%) 1 (0.5%)
Very frequent 46 (29%) 72 (25%) 46 (21%)

Pain Crisis Frequency <0.001
Exceptional 13 (8.3%) 3 (1.0%) 1 (0.5%)
Frequent 52 (33%) 136 (47%) 99 (46%)
Rare 60 (38%) 74 (25%) 37 (17%)
Very frequent 32 (20%) 78 (27%) 79 (37%)

Night Awakening <0.001
At least once per

night
23 (15%) 65 (22%) 44 (20%)

Never 33 (21%) 17 (5.8%) 8 (3.7%)
Several times per

night
25 (16%) 88 (30%) 104 (48%)

Sometimes 76 (48%) 121 (42%) 60 (28%)
Prevents Sleep <0.001

Never 33 (21%) 25 (8.6%) 6 (2.8%)
Sometimes 79 (50%) 137 (47%) 81 (38%)
Often 34 (22%) 102 (35%) 71 (33%)
Every night 11 (7.0%) 27 (9.3%) 58 (27%)

Family Situation <0.4
Single 45 (29%) 84 (29%) 79 (37%)
Relationship 109 (69%) 199 (68%) 133 (62%)
Widow / Widower 3 (1.9%) 8 (2.7%) 4 (1.9%)

1n(%),
2Fisher’s Exact Test for Count Data with simulated p-value; Pearson’s Chi-squared test
2Student’s t-test

4.3.3.4 Descriptive analysis of clinical factors associated with clusters

Thedescriptive analysis of clinical factors associated with clusters revealed several significant
results (p < 0.05), as shown in Table 4.3. These results highlight significant differences
between the cl_2 and cl_1 groups across various parameters. Firstly, variables related to
pain-related perceptions and beliefs showed significant differences between the two clusters.
Cluster cl_2 had a higher proportion of patients with high levels of catastrophizing (21%)
compared to cluster cl_1 (48%). Additionally, kinesiophobia (fear of movement) was
more prevalent in cluster cl_1 (73%) than in cluster cl_2 (54%). Significant differences
were also observed regarding depression, anxiety, and cognitive disorders. Cluster cl_1
exhibited higher rates of depression, anxiety, and cognitive disorders compared to cluster
cl_2. In terms of impact on daily life, patients in cluster cl_1 reported higher levels of
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impact on work, physical appearance, and life satisfaction compared to patients in cluster
cl_2. Furthermore, sleep disturbances were more prevalent among patients in cluster
cl_1 compared to those in cluster cl_2. In summary, the analysis of clinical factors
reveals significant distinctions between the cl_2 and cl_1 groups, with important clinical
implications. These differences involve pain-related perceptions and beliefs, personality
traits, the presence of depression, anxiety, and cognitive disorders, impact on daily life, and
the prevalence of certain health problems.

Table 4.3: Descriptive analysis of clinical factors associated with clusters

Variables Cl_2,
N = 3081

Cl_uncertain,
N = 5141

Cl_1,
N = 3521

p-value2

Catastrophism <0.001
Proven Catastrophizing 66 (21%) 159 (31%) 168 (48%)
Unproven Catastrophizing 242 (79%) 355 (69%) 183 (52%)

Kinesiophobia <0.001
Confirmed kinesiophobia 167 (54%) 331 (64%) 260 (73%)
Unproven kinesiophobia 140 (46%) 185 (36%) 98 (27%)

Alexithymia <0.001
Proven alexithymia 60 (38%) 146 (50%) 137 (64%)
Unknown alexithymia 97 (62%) 144 (50%) 78 (36%)

Optimist 12.55 (2.27) 11.95 (2.04) 11.52 (2.03) <0.001
Belief in justice 18.4 (4.4) 17.3 (4.1) 16.4 (4.1) <0.001
Belief in injustice 13.6 (5.4) 15.6 (4.8) 17.2 (4.6) <0.001
Depression <0.001

Proven depression 66 (22%) 215 (42%) 206 (58%)
No-proven depression 240 (78%) 302 (58%) 151 (42%)

Anxiety <0.001
Proven anxiety 24 (7.8%) 123 (24%) 153 (43%)
No-proven anxiety 282 (92%) 394 (76%) 204 (57%)

Cognitive problems <0.001
No-probable disorders 156 (52%) 177 (35%) 61 (17%)
Probable disorders 146 (48%) 329 (65%) 289 (83%)

Sleep problems 316 (58%) 364 (41%) 127 (21%) <0.001
Impact on work 11.7 (5.5) 13.2 (5.4) 13.8 (5.1) <0.001
Impact on physique 6 (9) 10 (12) 8 (12) <0.001
Life satisfaction 22 (6) 19 (7) 16 (6) <0.001

1Mean(sd) or n(%),
2Fisher’s Exact Test for count data with simulated p-value; Pearson’s Chi-squared test
2Pairwise Student’s t-tests

4.3.3.5 Identification of patient profiles

The phase of statistical tests was used to select variables that significantly explain
membership in a cluster. However, this analysis does not take into account multidimensional
interaction. To address this, we used multinomial logistic regression, which isolated the
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effects of each explanatory variable, identifying residual effects on cluster membership.
Furthermore, for variables with multiple occurrences, we will use mixed multinomial
logistic models. The use of this more advanced approach allows us to obtain a more
comprehensive understanding of the marginal effects and complex interactions of factors
that influence membership in different clusters, see Figure 4.17.

Figure 4.17: Estimation of the average marginal effects of significant explanatory variables
in a multinomial context. Marginal effects measure the impact that an instantaneous unit
change in one variable has on the outcome variable (clustering variable) while all other
variables are held constant.

The results of multinomial regressions explaining the clusters reveal diverse profiles among
the identified cluster patients. These profiles cover socio-demographic aspects, pain
perceptions by patients, their psychological states, comorbidities, and quality of life. In
cluster 2, generally older patients who do not wake up at night are observed. In terms of
the psychological profile, these patients do not show signs of depression, anxiety, sleep
disorders, catastrophism, or kinesiophobia. Regarding quality of life, they appear to have
overall good health, although autonomy and mobility issues are present. For cluster 1,
patients are characterized by a higher frequency of pain crises, preventing them from
sleeping every night. They perceive their pain as perpetual. Patients in this cluster also
likely exhibit cognitive disorders. In terms of quality of life, these are patients who express
high satisfaction in their life. These results highlight the heterogeneity of profiles among
patients with chronic pain, emphasizing the importance of a personalized approach to their
management.
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4.4 Discussion
We conducted multiple experiments by varying feature representations, unsupervised
feature selection techniques, and clustering algorithms. Within the clustering approach
proposed in this study, we observed differences among clustering algorithms and applied
feature selection techniques. Among these experiments, concise representations were
achieved through feature selection using the Random Forest (RF) algorithm for hand-crafted
features and tsfresh extraction features. When combined with ECM clustering using the
Euclidean distance metric, this approach exhibited superior performance, achieving an ASW
score of 0.27. The main application of our results would be to enable an assessment of the
trajectories of chronic pain and the care instituted in parallel. Analysis of these trajectories,
combined with detailed patient characterization, could lead to the creation of predictive tools
for the effectiveness of care and/or the evolution of the pathology. These tools would provide
personalized medicine for each patient profile, assisting clinicians in managing their patients.

However there are several possibilities for improving this work. First, the linearity of our
approach, due to the use of the linear clustering algorithm ECM, can be seen as a limitation.
However, we also believe that a nonlinear algorithm will not answer the doctors’ questions
about explicability. Furthermore, preliminary study on a nonlinear exploration using
the Kernel k-means algorithm [215] shows not satisfying results are not very satisfying.
Indeed, we can observed that separability over several nonlinear kernels into three clusters
yields silhouettes (asw) inferior to those of ECM (asw=0.27) on the selected data and
baseline data (Figure 4.18). However, the exploration was conducted with the default
configuration of kernels hyperparameters, and the simple change of initialization of kernel
parameters completely changes the cluster population, but with silhouettes close to the
default parameters. This raises an important question about the repeatability of the results
[216]. Other nonlinear algorithms based on neural networks, such as Deep Embedded
Clustering (DEC) [56], or other nonlinear soft clustering kernels like the fuzzy c-mean
kernel [217], could be explored. We have not verified the ASW of these algorithms, but
we doubt that the results are more interesting on this type of data, especially given the
problems of reproducibility and repeatability, a linear approach might be more stable.
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Figure 4.18: Kernel k-means clustering based on the kernel type .

Also, like all partitioning clustering approaches, ECM presents the limitation associated
with defining the number of clusters (c). However, the optimal c with clustering algorithms
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like Mean Shift reinforces our results. Mean Shift clustering conducts classification of a
set of data points by using steepest ascent to local maxima in a kernel density estimate
[218]. Based on a linear approach for nearest neighbor searches and a Gaussian or RBF
(Radial Basis Function) kernel applied to our data from the selection step, we observe on the
Figure 4.19, that the optimal number of clusters is between 2 and 4, with silhouette accuracy
between 17% and 39% respectively, with a very large neighbor search radius (r = 3.5). The
parameter bandwidth r is very important in the Mean Shift algorithm and must be chosen
in the same way as the number of clusters in partitioning algorithms. We therefore tested
several values of r, knowing that the most commonly used default value is 1, this confirms
the noisy aspect of our data.
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Figure 4.19: Number of clusters depending on bandwidth.

It is also important to note that the comparison between ECM and the other variants of
clustering algorithms in Section 4.3.3.1 has limitations in generalizability. Because, as we
specified in the section 4.2, according to Pugazhenthi A. and al., the optimal clustering
method depends on the qualitative requirements of the clustering process, the applications
and the unique characteristics of the data used.

From a practical perspective, incorporating new explanatory variables (e.g., medical
hospitalization, drug, etc.) could contribute to a more detailed characterization of patient
profiles within each cluster. From a general standpoint, although the approach applied
in this paper, which is based on feature extraction and selection, yields results with
easy interpretability, we believe that clusters separability performance could be enhanced.
Furthermore, feature extraction may have limitations when the extracted features do not
capture all the information present in the raw data, particularly when data is complex,
subjective and uncertain. Indeed, an evidential clustering approach that directly uses raw
data (longitudinal or time series data) might offer improved clustering performance for
this type of data while accounting for the uncertainties inherent in these data. This entails
selecting appropriate similarity functions and employing an evidential relational clustering
approach. The algorithms studied show a low capacity to efficiently separate our data,
despite the careful search for the optimal number of clusters. Thus, in future work, we plan
to explore mixed clustering, i.e. applying hierarchical clustering with the ECM partition as
prior knowledge (for example, semi-supervised CAH [219]). Indeed, the ECM partition is
considered as a preliminary (pre-classified) partition. The resulting dendrogram will mainly
allow a more refined and parsimonious suggestion of potentially identifiable sub-partitions.
The result will not be an immediate increase in data separability performance. However,
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it will allow us to manage outliers and noisy data, while identifying potential sub-clusters
within the clusters generated by the ECM. By taking advantage of the robustness of ECM and
hierarchical clustering, we aim to improve our in-depth understanding of clustering results
and manage uncertain individuals more effectively. In the context of our future perspectives
as well, we wish to emphasize the importance of fairness in clustering approaches. It would
be interesting for researchers working on the ECM algorithm to examine whether the model
exhibits bias towards certain specific observations based on certain variables. This could
contribute to a better understanding of the performance of the ECM algorithm and its
ongoing improvement.

4.5 Conclusion
We have proposed an approach to identify typologies of care trajectories for patients
suffering from chronic pain. This involves clustering longitudinal or time series data related
to chronic pain, and more generally, clustering repeated-measurement data. This approach
is based on feature extraction from raw-data, unsupervised feature selection of the most
significant characteristics, and the use of an evidential clustering technique that takes into
account uncertainties in the data. This approach, based on feature extraction from the time
series, effectively dealt with the complex and noisy nature of the data. Feature selection, as
opposed to projection, maintained interpretability, reduced dimension without significant
loss of information, and improved clustering performance. It also made it possible to
deal with the complex and irregular nature of the data, as well as the varying lengths of
the sequences, thus ensuring a good balance between interpretability and performance
of the results. The advantage of evidential clustering over fuzzy clustering and k-means
clustering lies in its ability to model both uncertainty and imprecision in the data, while
fuzzy clustering can only model imprecision, offering a better representation of nuances
and variations in complex, raw data.

The results suggest that patients whose pain is related to fatigue and stress can be grouped
together (cluster 1), while patients with pain related to sleep, physical comfort, and
mood form another group (cluster 2). These groups exhibit distinct profiles covering
socio-demographic aspects, patients’ pain perceptions, psychological states, comorbidities,
and quality of life. In cluster 2, older patients are found who do not experience sleep
disturbances or mental health issues but face mobility challenges. In contrast, cluster
1 is characterized by a higher frequency of pain crises, a perception of perpetual pain,
and possible indications of cognitive issues. These findings highlight the importance of
considering the identified groups or clusters to guide a personalized and targeted approach
in the management of patients with chronic pain, with the aim of improving their well-being
and quality of life.

In the next chapter (chapter 5), we aim to improve silhouette accuracy by exploring clustering
methods based on theory of belief function and using a similarity measure tailored to raw
data, such as Soft-DTW or editing measures like Optimal Matching. We introduce a new
relational clusteringmethod, calledMulti-View Evidential C-Medoid clusteringwith adaptive
weightings (MECMdd).
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Chapter 5
Distance-Based Multi-View Evidential

C-Medoids Clustering

Abstract – In this chapter, we address the challenges of evidential clustering of
trajectory data using the row-data distance-based approach. Indeed, in real-world
clustering applications, proximity data (or relational data) are often the easiest to
collect as they can handle objects characterized by complex and multiple types of data,
by selecting the appropriate distance function. Relational clustering, which aims to
identify clusters of similar objects based on their mutual relationships, is essential for
dealing with such data. Nevertheless, most existing relational clustering methods
cannot efficiently handle multi-view datasets while representing uncertainty and
imprecision when confronted with objects in overlapping clusters. We introduce a new
relational clustering method, called Multi-View Evidential C-Medoid clustering with
adaptive weightings (MECMdd), to address this limitation. Based on the theory of belief
functions, our approach characterizes partial knowledge in cluster assignment. The
approach integrates view weight assignments, estimated locally for each cluster with a
weight sum constraint (MECMdd-RWL-S) or a weight product constraint (MECMdd-
RWL-P), and globally with a weight sum constraint (MECMdd-RWG-S) or a weight
product constraint (MECMdd-RWG-P), within a collaborative learning framework.
We evaluated our proposed algorithms through multiple experiments on real-world
datasets, comparing their performance and advantages against related and state-of-the-
art methods. Additionally, we applied them to a real-world case study on chronic pain
care pathways, highlighting their effectiveness and interpretability.
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5.1 Introduction
Clustering is an essential data analysis technique focused on uncovering underlying
structures within a collection of objects. In general, these objects, characterized by matrices,
sequences, time series, images, text, etc., can be clustered using one of three common
representations: vector data, symbolic data or relational data. For relational data, we have a
matrix of dissimilarity data, denoted as R = [τij], where τij is the pairwise dissimilarity
(often a distance) between objects i and j. Relational clustering uses this dissimilarity
matrix R to partition data into clusters, uncovering underlying latent structure. Relational
clustering is particularly useful when computing the distance between objects is complex,
when the distance measure cannot be expressed in a simple mathematical way, or when
clusters of similar objects cannot be efficiently represented by a single prototype, such as a
centroid for example.

The literature presents numerous techniques for relational clustering. Among the efficient
methods, partition-based approaches such as the k-means algorithm and its relational
equivalent, Partitioning Around Medoids (PAM) [41], are extensively utilized. These
approaches are favored for both computational simplicity and ability to adapt to large data
sets. K-means and its relational extensions, identifies clusters using a centroid, respectively
a medoid, and generates a hard partition, in which each object is distinctly assigned to a
single cluster. However, in many real-world applications, objects from various groups are
not well-separated, making hard clustering less accurate. To address this limitation and
better capture clusters ambiguity, soft clustering methods have been developed, which
enable the expression of uncertainty and imprecision in the resulting partition.

Representing the core paradigm of soft clustering, Fuzzy c-means (FCM) [69] represents
uncertainty by allowing an object to belong to different groups with different degrees
of fuzziness. Different relational variants of the FCM algorithm have been proposed
[220, 221, 222], with fuzzy c-medoid (FCMdd) [64] being the most popular. Although fuzzy
clustering approaches have shown promising results, they are not robust to noise and
outliers, and they do not explicitly describe the imprecision of cluster assignment results. In
fact, both uncertainty and imprecision in clustering often need to be expressed. For example,
as Figure 5.1 shows, objects located between different clusters are indistinguishable and
can be considered imprecise and/or uncertain. An evidential clustering variant of FCM,
named evidential c-means (ECM), has been proposed to address this issue [1]. ECM, which
is based on the belief functions theory [91, 96], creates a credal partition that improves hard
and fuzzy partitions [223]. This enhancement allows for more precise expression of partial
knowledge regarding cluster membership of various objects. Robust and efficient relational
variants of ECM, such as centroid-based RECM [63] and EVCLUS [66], have been developed.
Additionally, medoid-based variants like ECMdd [62, 107] and median-based variants such
as MECM [108] have been introduced.

In order to address the limitations of relational fuzzy clustering, relational evidential
clustering effectively express in a rich manner the imprecision and uncertainties regarding
the class membership of the objects, and allow a direct representation of outliers.
Unfortunately, these clustering methods are based on the assumption of single-view data.
In several real-world applications, data have multiple representations or sources, which
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Figure 5.1: Illustration of imprecision and uncertainty in clustering.

usually have complementary information and can be used to improve the accuracy of the
clustering task [224]. Integrating these views allows for more robust and accurate clustering
results, instead of considering only a single data view. For multi-view data, the traditional
approach involves clustering based on a global matrix, created by a uniform combination of
partial similarities. However, this method can be inefficient, as different similarity matrices
do not necessarily contribute equally to defining the categories of similar objects [60]. It
then becomes necessary to learn cluster-dependent relevance weights for each similarity
matrix in order to achieve meaningful clustering across all similarity matrices. In the
field of belief-based clustering, this issue has recently been explored for vector data by
simultaneously performing clustering and feature discrimination [225, 226]. However, this
approach has not yet been investigated for relational data.

In this contribution, we propose MECMdd, a new medoid-based multi-view relational
evidential clustering framework. Initially, we developed MECMdd-RWL-S and MECMdd-
RWG-S, which are algorithms incorporating relevance weights for each relational view, i.e.
each dissimilarity matrix, estimated locally and globally, respectively. These algorithms
leverage a sum-based matching function for the dissimilarity matrix weights, constraining
that the sum of the weights equals 1. Despite MECMdd-RWL-S and MECMdd-RWG-S
being able to characterize uncertainty and imprecision in cluster assignment, they are
sensitive to small variations in the weights of the dissimilarity matrices and, thus, to the
variability of clustering data. Indeed, the sum constraint tends to favor a relatively balanced
distribution of weights, which may limit the algorithm’s ability to optimally adjust the
weights for certain complex data. To address these limitations, we extended MECMdd by
introducing a product-based matching function for the weights, leading to the development
of MECMdd-RWL-P and MECMdd-RWG-P. These extensions provide a more flexible and
adaptive framework for weight adjustment in multi-view clustering.

The rest of the chapter is organized as follows. Sections 5.2 and 5.3 present, respectively,
previous work on relational multi-view clustering and the general context of evidential
clustering. Sections 5.4 and 5.5 include a detailed presentation of the proposed MECMdd
clustering algorithm, along with a discussion of the complexity of the proposed algorithms
compared to other multi-view clustering methods. The performance and effectiveness of
the new algorithms are analyzed using synthetic and real datasets in Section 5.6, which also
includes an analysis of parameter sensitivity, and an application to eDOL dataset. Finally,
Section 5.7 exposes a conclusion and perspectives about the work.
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5.2 Related works on relational multi-view clustering
Big data is more and more represented through multiple views or modalities. To fully
explore and exploit multi-view data, a number of multi-view clustering methods have been
developed [227]. Concerning relational clustering of multi-view data, several approaches
have been explored in the literature.
In [125], Francisco de A.T. and al. propose partitioning hard clustering algorithms based
on multiple dissimilarity matrices (MRDCA). MRDCA is an extension of the dynamic
hard clustering algorithm for relational data [228]. These algorithms cluster objects by
simultaneously considering their relational descriptions from p multiple dissimilarity
matrices and determine relevance weights for each matrix. The MRDCA has two variants,
MRDCA-RWL and MRDCA-RWG, which can compute relevance weights for each
dissimilarity matrix, respectively, locally for each cluster, or globally for the whole partition,
such that each matrix has different influence on the clustering process. However, these
algorithms consider that the relationship between objects and clusters is hard, i.e. an
object cannot belong to more than one cluster at the same time. In real data, imperfect
information is omnipresent. These input data may incorporate uncertainty due to the
lack of information, conflicting evidence, ambiguity, measurement errors. In addition to
uncertainty, imprecision, vagueness, and inconsistency can be associated with data [229].
This, and the inherent variability of the data linked to aleatoric uncertainty makes hard
partition too rigid. Consequently, soft relational clustering approaches based on fuzzy
clustering have been proposed.

In [60], Frigui and al proposed the Clustering and Aggregating Relational Data (CARD)
algorithm that uses multiple dissimilarity matrices to represent the relational descriptions.
Frigui and others propose the extension CARDR [57] based on the relational fuzzy c-means
(RFCM), and Non-Euclidean Relational Fuzzy c-means (NERF) algorithms [59], as well as
the CARDF [41], a variant based on the Fuzzy Clustering (FANNY) algorithm, to group
relational data represented in the form of multiple dissimilarity matrices. CARD aggregates
the matrices and learns a relevance weight for each matrix of each cluster. Francisco de
A.T. et al. [61] introduced multiple relational fuzzy c-medoids (MRFCMdd), an extension of
the FCMdd algorithm [64]. This algorithm uses several dissimilarity matrices to partition
objects, with the aim of obtaining a consensus partition. MRFCMdd provides a partition
and a prototype for each fuzzy cluster, and learns a relevance weight for each dissimilarity
matrix. MRFCMdd is also designed to estimate weights in two ways: locally, i.e. a relevance
weight for each matrix in each cluster (MRFCMdd-RWL), and globally, i.e. a global
clustering weight for each matrix (MRDCA-RWG). Fuzzy clustering [230], by generating
a fuzzy partition, offers a way to handle uncertainty by allowing objects to belong to
multiple clusters to varying degrees. While fuzzy clustering has shown some success, it
does not fully capture partial information. Yet, in real-world applications, uncertainty and
imprecision are common in cluster structures, making it challenging to distinguish cluster
information for certain objects. To address this challenge, new approaches have been
proposed in the framework of possibilistic theory [84], rough set [231], and belief function
theory (or evidence theory) [1]. The belief function theory is particularly well known for its
rich modeling of partial information. The evidential c-means (ECM) clustering [1], which
is the evidential counterpart of fuzzy clustering, is effective in handling uncertain and
imprecise cluster structures and producing meaningful clustering results.
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Few multi-view clustering derived from ECM have been proposed [225, 226]. Liu and al.
[225] propose a new adaptive weighted multi-view evidential clustering (WMVEC) method.
They introduce view weights to capture the different contributions of each view in clustering
and employ entropy regularization to regulate the distribution of viewweights. In [226], they
further develop WMVEC method and present a weighted multi-view evidential clustering
with feature preference (WMVEC-FP) to eliminate the interference of redundant features,
thereby improving the clustering performance. Unfortunately, WMVEC and WMVEC-FP
are built upon the assumption of access to multi-view vector data. In this contributions, we
propose a new adaptive weighted multi-view evidential relational medoid-based clustering
(MECMdd) method. In the next Section 5.3, we introduce the evidential clustering framework.

5.3 Background

The background necessary for the development of the MECMdd method is introduced
in Section 2.3.5.2 of chapter 2. Indeed, relational evidential clustering methods, such as
ECMdd [107], extend the principles of evidential c-means (ECM) to relational data. Unlike
object-based methods, ECMdd operates on pairwise dissimilarity matrices, allowing it to
process more complex data structures. As discussed in Section 2.3.5.5, ECMdd optimizes a
credal partition by minimizing its objective function, as defined in Equation 2.52, which
balances penalties for imprecision and the handling of outliers through the belief masses
assigned to the empty set. The iterative optimization process is described in algorithm 3,
which alternates between updating the credal partition and the medoids prototypes.

While the theoretical foundation of ECMdd is detailed in the chapter 2, additional examples
of credal partitions further illustrate its functionality. Table 5.1 provides an example of a
credal partition for four objects classified into two clusters. This example highlights the
algorithm’s ability to represent diverse scenarios: certain assignments (e.g., m1({ω1}) = 1),
Bayesian distributions (e.g., m2), imprecise beliefs (e.g., m3), and outliers (e.g., m4(∅) = 1).

Table 5.1: Example of a credal partition.

A m1(A) m2(A) m3(A) m4(A)

∅ 0 0 0 1
{ω1} 1 0.9 0 0
{ω2} 0 0.1 0 0
Ω 0 0 1 0

Let vΩk ∈ E such that Aj = {ωk} (|Aj| = 1) represent the medoid of a specific cluster, and
v2

Ω

j ∈ E such that Aj ⊆ {ω1, . . . , ωc}, |Aj| > 1, represent an imprecise cluster. When
|Aj| = 1, the dissimilarity τij is computed as τ(ei, v

Ω
k ). Otherwise, for |Aj| > 1, the

dissimilarity is defined as shown in Equation 2.56.
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5.4 MECMdd with constraint based on sum for weights
learning

5.4.1 MECMdd with relevance weight for each dissimilarity matrix
estimated locally

This algorithm is designed to provide a credal partition and a prototype for each credal
cluster, while also learning a relevance weight for each dissimilarity matrix with constraint
based on sum for weights learning. These weights are estimated locally, changing at each
iteration of the algorithm, and vary from one cluster to another.

5.4.1.1 Formulation

Let E = {e1, . . . , en} be the set of n objects and p dissimilarity matrices defined by Rl =
(τl(ei, ej)) for l = 1, . . . , p. The relational evidential c-medoids clustering algorithm with
relevance weights for each dissimilarity matrix estimated locally (referred to as MECMdd-
RWL-S) aims to find the partition M, the corresponding prototypes V, and compute the
vector of relevance weights (one for each cluster) Λ = (λ1, . . . ,λk, . . . ,λc), such that λk is
a vector of size p. The objective function of MECMdd-RWL-S is:

JMECMdd−RWL−S(M,V,Λ) =
n∑

i=1

∑
Aj 6=∅

|Aj|αmβ
ij

p∑
l=1

(λjl)
s τijl +

p∑
l=1

δ2l

n∑
i=1

mβ
i∅. (5.1)

Where
∑p

l=1 (λjl)
s τijl represents the global relation between an object ei ∈ E and the

subset prototype v2Ωj ∈ E , parameterized by s > 1. The weight λjl is the view weight of
lth view in the subset Aj , τijl = τl(ei, Aj) = τl(ei, v

2Ω

j ) is the local dissimilarity between
ei ∈ Aj and the subset prototype v2Ωj ∈ E in dissimilarity matrix Rl, and is obtained using
Equation (2.56). The parameter α, and β are the same as in ECMdd. The parameter δ works
as a threshold, assumed at a fixed distance from any individuals, at which objects can be
considered outliers, and controls the rate of individuals considered outliers. Motivated by
the noise clustering (NC) approach, presented as robust to atypical individuals [100], and
by the adaptive weighted multi-view evidential clustering proposal [225], the threshold δ
based on several dissimilarity matrices is calculated as follows

∑p
l=1 δ

2
l

∑n
i=1m

β
i∅. Indeed,

as Denœux et al. [1] underline, the parameter δ, assumed to be at a fixed distance from
all individuals, allows robustness to atypical individuals, by controlling the proportion of
individuals considered as outliers. We formulate the hypothesis that this distance is variable
for each dissimilarity matrix.
JMRFCMdd−RWL−S is optimized under the following constraints:∑

Aj⊆Ω,Aj 6=∅

mij +mi∅ = 1 ∀i = {1, . . . , n}, (5.2)

mij ≥ 0 ∀i = {1, . . . , n}, ∀Aj ⊆ Ω, (5.3)
p∑

l=1

λjl = 1 ∀Aj ⊆ Ω, (5.4)

λjl ≥ 0 ∀l = {1, . . . , p}, ∀Aj ⊆ Ω. (5.5)
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5.4.1.2 Optimization

Similarly to ECM and its variants, we provide a Gauss-Seidel method to minimize (5.1),
constrained with (5.2)-(5.3) and (5.4)-(5.5). More specifically, we employ the Lagrange
optimization method to alternately update one variable while leaving others fixed. The
details of each update step are provided in Theorems 5.4.1, 5.4.2, and 5.4.3 for the variables
M, Λ, and V, respectively.

Theorem 5.4.1 (Updating M, with V and Λ fixed). The credal partition, denoted M, which
minimizes the clustering objective function J-MECMdd-RWL-S w.r.t constraints (5.2) and (5.3)
is computed using the following expression:

mij =

(
|Aj|α

p∑
l=1

(λjl)
sτijl

)− 1
β−1

∑
Ak 6=∅

(
|Ak|α

p∑
l=1

(λkl)
sτikl

)− 1
β−1

+

(
p∑

l=1

δ2l

)− 1
β−1

, (5.6)

mi∅ = 1−
∑
Aj 6=∅

mij. (5.7)

Theorem 5.4.2 (Updating Λ , with M and V fixed). The vectors of relevance weights λk =
(λk1, . . . , λkp), which minimizes the clustering objective function J-MECMdd-RWL-S, with
s > 1, and constraints (5.4) and (5.5), is obtained according to:

λjl =

(
n∑

i=1

s|Aj|αmβ
ijτijl

)− 1
s−1

p∑
h=1

(
n∑

i=1

s|Aj|αmβ
ijτijh

)− 1
s−1

. (5.8)

Theorem 5.4.3 (Updating V while fixing M and Λ). The prototype of the singleton cluster
eh? = vΩk of subsetAj = {ωk} with eh? ∈ E, which minimizes the clustering objective function
J-MECMdd-RWL-S, is first computed according to (5.9):

h? = argmin
1≤h≤n

n∑
i=1

mβ
ij

p∑
l=1

(λjl)
sτl(ei, eh). (5.9)

Next, the prototype of the imprecise cluster eh� = v2
Ω

j of subset Aj ⊆ {ω1, . . . , ωk} with
eh? ∈ E is determined according to equations (5.10) and (5.11) using (5.9):

h� = argmin
1≤h≤n

σ2
ij + η

1

|Aj|
∑

ωk∈Aj

p∑
l=1

τl(ei, v
Ω
k ), (5.10)

and

σ2
ij =

1

|Aj|
∑

ωk∈Aj

 p∑
l=1

τl(ei, v
Ω
k )−

1

|Aj|
∑

ωk∈Aj

p∑
l=1

τl(ei, v
Ω
k )

2

. (5.11)
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Proof. The prototypes minimizing the clustering objective function J-MECMdd-RWL-S is
computed in two steps, depending on whether the subset Aj represents a singleton cluster
or an imprecise cluster [107, 108, 232].

For singleton clusters Aj = {ωk} (i.e., |Aj| = 1), the prototype eh? = vΩk is computed
using Equation (5.9). The proof of this proposition is simple. This is justified by the
principle that the medoid of a singleton cluster should minimize the weighted sum of
dissimilarities between the objects in the dataset and the candidate prototypes. The term∑n

i=1m
β
ij

∑p
l=1(λjl)

sτl(ei, eh) reflects both the membership degree mij and the importance
of feature subsets λjl. The minimization ensures that the chosen prototype eh? best
represents the cluster under the given weighting scheme.

For imprecise clusters Aj ⊆ {ω1, . . . , ωk} (i.e., when |Aj| > 1), the prototype eh� =

v2
Ω

k is determined through Equations (5.10) and (5.11). This proposition is motivated by
two conditions: (1) the prototypes of the singleton clusters ωk ∈ Aj should have small
dissimilarities to the objects ei in Aj , measuring the uncertainty within the imprecise
cluster, and (2) the prototype should be close to all involved singleton prototypes ωk ∈ Aj

included in Aj to ensure representativeness. Based on these conditions, the variance of th
dissimilarities of object ei to the medoids of all the included specific classes of Aj could be
taken into account to express the degree of uncertainty. The smaller the variance is, the
higher uncertainty we have for object ei. Meanwhile, this is to distinguish the outliers,
which may have equal dissimilarities to the prototypes of some specific classes, but obviously
not a good choice for representing the associated imprecise classes. The above assumptions
allow us to define a medoid of |Aj| > 1 as follows:

h� = argmin
i:ei∈E

f
(
{τ(ei, vΩk );ωk ∈ Aj}

)
+ η

1

|Aj|
∑

ωk∈Aj

τ(ei, v
Ω
k )

 , (5.12)

where ωk is an element of Aj , vΩk is its corresponding prototype, and f denotes the variance
function among the dissimilarity values. In this contribution, we use the variance function
σ2
ij , given by Equation (5.11) to describe the variance of the dissimilarities between object ei

and the medoids of the involved specific classes in Aj . But, according to [107, 108], others
variance function f could be use.

5.4.2 MECMdd with relevance weight of each dissimilarity matrix
estimated globally

The variant of MECMdd-RWL-S with global relevance weight, called MECMdd-RWG-S,
has also been proposed to provide a credal partition and prototype for each cluster, while
learning relevance weights for all clusters in each view.

5.4.2.1 Formulation

MECMdd-RWG-S aims to find a partition M, the corresponding prototypes V, and a single
relevance weight vector λ of size p. The objective function of MECMdd-RWG-S can be
represented as follows:

–119–



5.4 MECMdd with constraint based on sum for weights learning

JMECMdd−RWG−S(M,V,λ) =
n∑

i=1

∑
Aj 6=∅

|Aj|αmβ
ij

p∑
l=1

(λl)
s τijl +

p∑
l=1

δ2l

n∑
i=1

mβ
i∅. (5.13)

Where
∑p

l=1 (λl)
s τijl represents the global correspondence between an object ei ∈ E

and the cluster prototype vΩk ∈ E, parameterized by s > 1 and by the weight vector
λ = (λ1, . . . , λp). τijl = τl(ei, Aj) = τl(ei, v

2Ω

j ) is the local dissimilarity between ei ∈ E

and the subset prototype v2Ωj ∈ E in dissimilarity matrix Rl(l = 1, . . . , p), and is obtained
from (2.56).
JMRFCMdd−RWG−S is optimized with the constraints (5.2)-(5.3) and (5.14)-(5.15):

p∑
l=1

λl = 1, (5.14)

λl ≥ 0, ∀l = {1, . . . , p}. (5.15)

5.4.2.2 Optimization

We use the same efficient iterative approach in Section 5.4.1, to minimize (5.13). These are
the Lagrange optimization technique to update variables one after the other, alternately. The
details of each update step are provided in Theorems 5.4.4, 5.4.5, and 5.4.6 for the variables
M, λ, and V, respectively.

Theorem 5.4.4 (Updating M while fixing V and λ). The calculation of the credal partition M,
which minimizes the clustering objective function J-MECMdd-RWG-S w.r.t. constraints (5.2)
and (5.3) is derived from the following expression:

mij =

(
|Aj|α

p∑
l=1

(λl)
sτijl

)− 1
β−1

∑
Ak 6=∅

(
|Ak|α

p∑
l=1

(λl)
sτikl

)− 1
β−1

+

(
p∑

l=1

δ2l

)− 1
β−1

, (5.16)

mi∅ = 1−
∑
Aj 6=∅

mij. (5.17)

Theorem 5.4.5 (Updating λ, while fixing M and V). Considering the constraint function
based on the sum of the relevance weights (5.14) and positivity (5.15) in the optimization scheme
of (5.13), the updating term of the weight vector λ = (λ1, . . . , λp) is obtained by:

λl =

 n∑
i=1

∑
Aj 6=∅

s |Aj|αmβ
ijτijl

− 1
s−1

p∑
h=1

 n∑
i=1

∑
Aj 6=∅

s |Aj|αmβ
ijτijh

− 1
s−1

. (5.18)
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Theorem 5.4.6 (Updating V while fixing M and λ). With M and λ fixed, the prototype of the
singleton cluster eh? = vΩk of Aj = {ωk} with eh? ∈ E, which minimizes J-MECMdd-RWG-S,
is first computed according to (5.19). Following this, the prototype of the imprecise cluster eh� ,
denoted as v2Ωk , associated with Aj ⊆ {ω1, . . . , ωk}, where eh� ∈ E, is determined based on
equations (5.10) and (5.11):

h? = argmin
1≤h≤n

n∑
i=1

mβ
ij

p∑
l=1

(λl)
sτl(ei, eh). (5.19)

Proof. The detailed proofs process can be found in proof 5.4.1.2.

5.4.3 Computation algorithms and complexities
The algorithms MECMdd-RWL-S and MECMdd-RWG-S converges after a fixed number of
iterations. Updating the credal partition M and the local relevance weight vector Λ using
Lagrangian multipliers does not increase the complexity, neither does the medoid-searching
scheme for prototypes of singleton clusters. We provide a summary of the proposed in
Algorithm 7 for MECMdd-RWL-S and in Algorithm 8 for MECMdd-RWG-S.

Algorithm 7 MECMdd-RWL-S
Input: p dissimilarity matrices.
Parameters: number of clusters c, and hyperparameters α, β > 1, δl > 0, η > 0,γ ∈ [0, 1]
Initialization: V0 and Λ0

while no convergence of the solution do
(1) Compute the prototypes of meta-clusters using (5.10) and (5.11);
(2) Compute the credal partition matrix M using (5.6) and (5.7);
(3) Compute the best relevance weight vector Λ according to (5.8);
(4) Compute the new prototype set V using (5.9)

end
Output: The optimal M, V and Λ

Algorithm 8 MECMdd-RWG-S
Input: p dissimilarity matrices.
Parameters: refer to parameters of Algorithm 7
Initialization: V0 and λ0

while no convergence of the solution do
(1) Compute the prototypes of meta-clusters using (5.10) and (5.11);
(2) Compute the credal partition matrix M using (5.16) and (5.17);
(3) Compute the best relevance weight vector λ according to (5.18);
(4) Compute the new prototype set V using (5.19)

end
Output: The optimal M, V and λ

The algorithmic time complexity of ECMdd shows that one iteration requires O(n2c + cn2)
[107], where n is the dataset size and c is the number of clusters. The update process for
mass membership M in MECMdd-RWL-S is similar to ECMdd with a single view. For a
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n × n dissimilarity matrix, ECMdd has a complexity of O(n2c), while MECMdd-RWL-S,
with p views, has a complexity of O(pn2c). Similarly, updating prototypes and calculating
dissimilarities has a complexity of O(cn2) for ECMdd, and O(pcn2) for MECMdd-RWL-S.
Computing the best relevance weight vectors involves calculating 2c denominators and
the numerator once, repeated for the p relevance weight vectors, resulting in a complexity
of O(p2c). Thus, the total time complexity of MECMdd-RWL-S and MECMdd-RWG-S is
O(t(pn2c + pcn2)), for t iterations.

5.5 MECMdd with constraint based on product for
weights learning

5.5.1 MECMdd with relevance weight for each dissimilarity matrix
estimated locally

This algorithm is designed to provide a credal partition and a prototype for each credal
cluster, while also learning a relevance weight for each dissimilarity matrix with constraint
based on product for weights learning. These weights are estimated locally, changing at
each iteration of the algorithm, and vary from one cluster to another.

5.5.1.1 Formulation

Let E = {e1, . . . , en} be the set of n objects and Rl = (τl(ei, ej)) , ∀l ∈ {1, . . . , p} be
p dissimilarity matrices. The relational evidential c-medoids clustering algorithm with
relevance weights for each dissimilarity matrix estimated locally based on a weight product
constraint for optimization (referred to as MECMdd-RWL-P) aims to find the partition M,
the corresponding prototypes V, and compute the vector of relevance weights (one for each
cluster) Λ = (λ1, . . . ,λk), such that λk is a vector of size p. It aims to locally optimize an
adequacy criterion, whose objective function, that measures the fit between the clusters and
their prototypes. The objective function of MECMdd-RWL is similar to MECMdd-RWL-S,
and is represented as follows:

JMECMdd−RWL−P (M,V,Λ) =
n∑

i=1

∑
Aj 6=∅

|Aj|αmβ
ij

p∑
l=1

(λjl)
s τijl +

p∑
l=1

δ2l

n∑
i=1

mβ
i∅. (5.20)

The difference with MECMdd-RWL-S lies in the hyperparameter s fixed to 1 and the
constraints used to optimize the objective function JMRFCMdd−RWL−P are:∑

Aj⊆Ω,Aj 6=∅

mij +mi∅ = 1 ∀i = {1, . . . , n}, (5.21)

mij ≥ 0 ∀i = {1, . . . , n}, ∀Aj ⊆ Ω, (5.22)
p∏

l=1

λjl = 1 ∀Aj ⊆ Ω, (5.23)

λjl > 0 ∀l = {1, . . . , p}, ∀Aj ⊆ Ω. (5.24)
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5.5.1.2 Optimization

Similar to MECMdd-RWL-S, this algorithm begins with an initial partition and alternates
between three steps until convergence. We use the same efficient iterative approach, in
Section 5.4.1, to minimize (5.20), subject to the constraints (5.21)-(5.22) and (5.23)-(5.24).
Specifically, we apply the Lagrange optimization method to alternately update one variable
at a time while keeping the others fixed. The details of each update step are provided in
Theorems 5.5.1, 5.5.2, and 5.5.3 for the variables M, Λ, and V, respectively.

Theorem5.5.1 (UpdatingM, withV andΛ fixed). The credal partitionM, whichminimizes the
clustering objective function J-MECMdd-RWL-P w.r.t constraints (5.21) and (5.22) is computed
using the following expression:

mij =

(
|Aj|α

p∑
l=1

(λjl)
sτijl

)− 1
β−1

∑
Ak 6=∅

(
|Ak|α

p∑
l=1

(λkl)
sτikl

)− 1
β−1

+

(
p∑

l=1

δ2l

)− 1
β−1

, (5.25)

mi∅ = 1−
∑
Aj 6=∅

mij. (5.26)

Proof. To prove the Theorem 5.5.1, we employ Lagrange multipliers, denoted as ξ =
{ξ1, . . . , ξn}, to tackle the constrained minimization problem of the J-MECMdd-RWL-P
objective function concerning M. The Lagrangian function associated to (5.20), (5.21), and
(5.22) is:

L(M , ξ) = JMECMdd−RWL−P (M,V,Λ)−
n∑

i=1

ξi

∑
Aj⊆Ω,
Aj 6=∅

mij +mi∅ − 1

 . (5.27)

By differentiating the Lagrangian with respect to the mij , mi∅ and ξi, we obtain the
derivatives (5.28), (5.29) and (5.30).

∂L(M, ξi)

∂mij

= βmβ−1
ij |Aj|α

p∑
l=1

(λjl)
sτijl − ξi, (5.28)

∂L(M, ξi)

∂mi∅
= βmβ−1

i∅

p∑
l=1

δ2l − ξi, (5.29)

∂L(M, ξi)

∂ξi
=

∑
Aj⊆Ω,Aj 6=∅

mij +mi∅ − 1. (5.30)

Annulling the derivatives (5.28) and (5.29) gives:

mij =

(
ξi
β

) 1
β−1
(

1

|Aj|α
∑p

l=1(λjl)sτijl

) 1
β−1

, (5.31)

mi∅ =

(
ξi
β

) 1
β−1
(

1∑p
l=1 δ

2
l

) 1
β−1

. (5.32)
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Using (5.31) and (5.32) in the annulation of (5.30), we can obtain the updating (5.33):

(
ξi
β

)− 1
β−1

=
∑
Ak 6=∅

(
1

|Ak|α
∑p

l=1(λkl)sτikl

) 1
β−1

+

(
1∑p
l=1 δ

2
l

) 1
β−1

. (5.33)

Introducing (5.33) in (5.31) gives the update formulas (5.25) - (5.26).

Theorem 5.5.2 (Updating Λ, with M and V fixed). Considering the constraints (5.23) and
(5.24), the vectors of relevance weights λk = (λk1, . . . , λkp), which minimizes the clustering
objective function (5.20), with s = 1, are computed according to:

λjl =

p∏
h=1

(
n∑

i=1

|Aj|αmβ
ijτijh

) 1
p

n∑
i=1

|Aj|αmβ
ijτijl

. (5.34)

Proof. In order to prove Theorem 5.5.2, we employ the Lagrange multiplier, denoted as
ξ = (ξ1, . . . , ξ2c), to solve the constrained minimization problem with respect to Λ. The
Lagrangian function associated to (5.20), (5.23), and (5.24) is written as follows :

L(Λ, ξ) = JMECMdd−RWL−P (M,V, )−
∑
Aj

ξj

(
p∏

l=1

λjl − 1

)
. (5.35)

We differentiate the Lagrangian L(Λ, ξ) with respect to the variables Λ and ξ:

∂L(Λ, ξj)

∂λjl

=
n∑

i=1

|Aj|αmβ
ijτijl − ξj

∏
h∈{1,...p},h 6=l

λjh, (5.36)

∂L(Λ, ξj)

∂ξj
=

p∏
l=1

λjl − 1. (5.37)

Then, we can isolate the expression of ξj by multiplying (5.36) with λjl and by reducing the
equation using (5.23) to obtain equation (5.38):

λjh = ξj
1∑n

i=1 |Aj|αmβ
ijτijl

. (5.38)

Next substituting (5.38) into the annulation of the derivative (5.36) allows to obtain a
straightforward formula for the Lagrange multipliers:

ξj =

p∏
h=1

(
n∑

i=1

|Aj|αmβ
ijτijh

) 1
p

. (5.39)

Combining (5.38) and (5.39) finally results in (5.34).
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Theorem 5.5.3 (Updating V while fixing M and Λ). The prototype of the singleton cluster
eh? = vΩk ∀k = {1, . . . , c} of subset Aj = {ωk} with eh? ∈ E, which minimizes the
clustering objective function J-MECMdd-RWL-P, is computed according to (5.40):

h? = argmin
1≤h≤n

n∑
i=1

mβ
ij

p∑
l=1

(λjl)
sτl(ei, eh) (5.40)

The prototype of the imprecise cluster eh� = v2
Ω

j of subset Aj ⊆ {ω1, . . . , ωk} with eh� ∈ E is
determined according to equations (5.41) and (5.42):

h� = argmin
1≤h≤n

σ2
ij + η

1

|Aj|
∑

ωk∈Aj

p∑
l=1

τl(ei, v
Ω
k ), (5.41)

σ2
ij =

1

|Aj|
∑

ωk∈Aj

 p∑
l=1

τl(ei, v
Ω
k )−

1

|Aj|
∑

ωk∈Aj

p∑
l=1

τl(ei, v
Ω
k )

2

(5.42)

The parameter η, which is typically set to 1, helps to identify outliers from potential
medoids when determining prototypes of meta-clusters and has minimal effect on the
final partitioning results.

Proof. The proof of Theorem 5.5.3 is straightforward according to the proving details of the
proof 5.4.1.2.

5.5.1.3 Computational algorithm and complexity

For ease of implementation, we provide a summary of the proposed method in Algorithm 9.

Algorithm 9 MECMdd-RWL-P
Input: p dissimilarity matrices.
Parameters: number of clusters c, and hyperparameters α, β > 1, δl > 0, η > 0,γ ∈ [0, 1]
Initialization: V0 and Λ0

while no convergence of the solution do
(1) Compute the prototypes of meta-clusters utilizing (5.41) and (5.42);
(2) Compute the credal partition matrix M using (5.25) and (5.26);
(3) Compute the best relevance weight vector Λ according to (5.34);
(4) Compute the new prototype set V using (5.40);

end
Output: The optimal M, V and Λ

In [107], the algorithmic complexity of ECMdd was analyzed. It was shown that one iteration
of the optimization procedure necessitates O(n2c + cn2) operations where n denotes the
dataset size and c is the number of clusters. The update process of mass membership M of
our proposition algorithm, MECMdd-RWL-P is similar to ECMdd with single view. For a
given n×n dissimilarity matrix, in this step ECMdd have O(n2c) complexity and MECMdd-
RWL-P introduces an additional sum on p views, then its complexity at this step is O(pn2c).
With the same approach the complexity for updating the prototypes and calculating the
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dissimilarity between objects and classes is O(cn2) for ECMdd, thus O(pcn2) for MECMdd-
RWL-P. The step of computation of the best relevance weight vectors needs the computation
of 2c denominators, the computation of the numerator just once, and to repeat that for the p
vector of relevance weights, so complexity of O(p2c). Therefore, the total time complexity is
O(pn2c + pcn2 + p2c). In summary, if the clustering process needs t iterations to converge,
the total time complexity of MECMdd-RWL-P is O(t(pn2c + pcn2)).

5.5.2 MECMdd with relevance weight of each dissimilarity matrix
estimated globally

The MECMdd-RWL-P algorithm can suffer numerical instabilities when it produces
single clusters or clusters containing objects with zero dissimilarity between them, i.e.∑n

i=1m
β
ijτijl → 0. Indeed, this term is at the denominator of the weight update terms,

Equation (5.34), and if it becomes too small, the value of the fraction tends to infinity. We
propose a variant, with global relevance weight, called MECMdd-RWG-P, to provide a credal
partition and prototype for each cluster, while learning relevance weights for all clusters in
each view via a weight product constraint.

5.5.2.1 Formulation

Let E = {e1, . . . , en} be the set of n objects and Rl = (τl(ei, ej)) , ∀l = {1, . . . , p} be
p dissimilarity matrices. MECMdd-RWG-P aims to find a partition M, the corresponding
prototypes V, and a single relevance weight vector λ of size p. The objective function of
MECMdd-RWG-P is represented as follows:

JMECMdd−RWG−P (M,V,λ) =
n∑

i=1

∑
Aj 6=∅

|Aj|αmβ
ij

p∑
l=1

(λl)
s τijl +

p∑
l=1

δ2l

n∑
i=1

mβ
i∅, (5.43)

with s = 1. The objective function is optimized under (5.21), (5.22) and the following
additional constraints:

p∏
l=1

λl = 1, (5.44)

λl > 0, ∀l = {1, . . . , p}. (5.45)

5.5.2.2 Optimization

In this subsection, we use the iterative approach, similar to Section 5.4.1, to minimize
(5.43). To achieve this, we utilize the method of Lagrangian optimization, allowing for the
alternate updating of variables while keeping the others fixed. The details of each update
step are provided inTheorems 5.5.4, 5.5.5, and 5.5.6 for the variablesM,λ, andV, respectively.

Theorem 5.5.4 (Updating M while fixing V and λ). The calculation of the credal partition,
represented as M, which minimizes the clustering objective function J-MECMdd-RWG-P w.r.t.
constraints (5.21) and (5.22) is derived from the following expression:
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mij =

(
|Aj|α

p∑
l=1

(λl)
sτijl

)− 1
β−1

∑
Ak 6=∅

(
|Ak|α

p∑
l=1

(λl)
sτikl

)− 1
β−1

+

(
p∑

l=1

δ2l

)− 1
β−1

, (5.46)

mi∅ = 1−
∑
Aj 6=∅

mij. (5.47)

Proof. The proof proceeds in the same way as that presented in Theorem 5.5.1. We utilize
the Lagrangian multipliers, denoted as ξ, to address the constrained minimization problem
concerning M. Lagrangian function of (5.43) can be written as follows:

L(M, ξ) = JMECMdd−RWG−P (M,V,λ)−
n∑

i=1

ξi

∑
Aj⊆Ω,
Aj 6=∅

mij +mi∅ − 1

 . (5.48)

By applying differentiation to the Lagrangian with respect to the variables mij , mi∅, and ξi,
and subsequently setting the resulting derivatives to zero, we obtain the same equations
(5.28), (5.29) and (5.30), whose resolutions allow us to obtain the optimal solutions of mij at
(5.46) and mi∅ at (5.47).
Theorem 5.5.5 (Updating λ, while fixing M and V). Considering the constraint function
based on the product of the positive relevance weights (5.44), and (5.45) in the optimization
scheme of (5.43), the updating term of the weight vectors λ is obtained by:

λl =

p∏
h=1

 n∑
i=1

∑
Aj 6=∅

|Aj|αmβ
ijτijh

 1
p

n∑
i=1

∑
Aj 6=∅

|Aj|αmβ
ijτijl

. (5.49)

Proof. To proveTheorem 5.5.5, the Lagrange multiplier ξ, is applied to tackle the constrained
minimization issue related to λ. Thus, the objective function (5.43) is modified to include ξj ,
under the constraints (5.44) and (5.45), enabling to obtain the following Lagrangian function:

L(λ, ξ) = JMECMdd−RWG−P (M,V,λ)− ξ

(
p∏

l=1

λl − 1

)
. (5.50)

The next of the proof proceeds in the same way as the Theorem 5.5.2. By taking the
derivatives of the Lagrangian with respect to λ and ξ variables and setting the derivatives
to zero, we obtain:

∂L(Λ, ξ)

∂λl

=
n∑

i=1

∑
Aj 6=∅

|Aj|αmβ
ijτijl − ξ

∏
h∈{1,...p},h6=l

λl = 0 (5.51)

∂L(Λ, ξ)

∂ξ
=

p∏
l=1

λl − 1 = 0, (5.52)
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Multiplying by λl equation (5.51) and reducing the formula using (5.52) results in (5.53):

λl =
ξ∑n

i=1

∑
Aj 6=∅ |Aj|αmβ

ijτijl
. (5.53)

Substituting (5.53) into (5.51) gives then:

ξ =

p∏
h=1

 n∑
i=1

∑
Aj 6=∅

|Aj|αmβ
ijτijh

 1
p

. (5.54)

Finally, combining (5.53) and (5.54) gives (5.49).

Theorem 5.5.6 (Updating V while fixing M and λ). With the credal partition matrix M and
dissimilarity matrix weight vector λ fixed, the prototype of the singleton cluster eh? = vΩk of
Aj = {ωk} with eh? ∈ E, which minimizes the clustering objective function of MECMdd-RWG-
P, is first computed according to (5.55).

h? = argmin
1≤h≤n

n∑
i=1

mβ
ij

p∑
l=1

(λl)
sτl(ei, eh). (5.55)

Following this, the prototype of the imprecise cluster eh� , denoted as v2Ωk , associated with
Aj ⊆ {ω1, . . . , ωk}, where eh� ∈ E, is determined based on equations (5.41) and (5.42).

Proof. The proof of Theorem 5.5.6 is straightforward according to the proving details of the
proof 5.4.1.2.

5.5.2.3 Computational algorithm and complexity

For ease of implementation, we provide a summary of the proposed method in Algorithm
10. Following a similar reasoning as in Section 5.5.1.3, we can conclude that the total time
complexity of MECMdd-RWG-P is also of the order of O(t(pn2c + pcn2)) for t iterations.

Algorithm 10 MECMdd-RWG-P
Input: p dissimilarity matrices.
Parameters: refer to parameters of Algorithm 9
Initialization: V0 and λ0

while no convergence of the solution do
(1) Compute the prototypes of meta-clusters utilizing (5.41) and (5.42);
(2) Compute the credal partition matrix M using (5.46) and (5.47);
(3) Compute the best relevance weight vector λ according to (5.49);
(4) Compute the new prototype set V using (5.55);

end
Output: The optimal M, V and λ
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Remark. It is interesting to note that, numerical instability, such as overflow or division
by zero, can always arise when calculating the relevance weight of each dissimilarity
matrix. This typically happens when the algorithm generates credal clusters such that∑n

i=1

∑
Aj 6=∅m

β
ijdijl → 0. However, the likelihood of these types of numerical inconsistencies

occurring is greater when relevance weights are estimated locally. Additionally, the exponential
growth in the number of clusters significantly increases computational complexity, making it
challenging to interpret the assignment of objects to high-cardinality meta-clusters. To address
this, constraints can be imposed to limit the number of focal elements in the meta-cluster.
For instance, similar in ECM [1], we can restrict the meta-clusters focal set to contain most 2
elements.

5.6 Empirical results
In this section, experiments were conducted on fifteen real-world multi-view and single-
view datasets, as well as on a synthetic dataset and a real case study, to evaluate the
performance and advantages of the proposed algorithms. First, in Section 5.6.1, we provide
a detailed evaluation of the performance of the proposed algorithms MECMdd-RWL-S,
MECMdd-RWG-S, MECMdd-RWL-P, and MECMdd-RWG-P, comparing them using validity
measures and tools adapted to credal partitioning, along with a sensitivity analysis of the
parameters of the proposed methods. Then, in Section 5.6.2, we assess the performance of our
algorithms against related and state-of-the-art algorithms, including a detailed description of
the datasets, the comparison process, and statistical significance analysis. Finally, in Section
5.6.1.4, we present a real-world case study of clustering chronic pain care pathways based
on subjective and complex temporal data using the MECMdd-RWL-S and MECMdd-RWL-P
algorithms.
Remark. All experimental data and R code are available in a public GitHub repository1. And
the algorithms also deployed in the python library evclust2.

5.6.1 Comparison of proposed algorithms on Iris dataset
In this experiment, we evaluate the performance based on credal partitions and weight of
views of the MECMdd-RWL-S, MECMdd-RWL-P, MECMdd-RWG-S and MECMdd-RWG-P
algorithms using the Iris dataset to highlight its strength. The Iris dataset comprises 150
objects distributed across 3 clusters under the edit framework Ω = {ω1, ω2, ω3}, where each
object is described by four features. We segmented the features relating to sepals (length
and width) into one view, and those describing petals (length and width) into another view
of the data. The relational data derived from each view was obtained using a Euclidean
metric. The four algorithms were executed with the same parameters: α = 2, β = 1.5,
δ = 10, γ = 0.5, and η = 1. The number of clusters was set to c = 3, and we considered
a ’full’ set of focal elements to compute all 2c subsets of Ω. Each clustering algorithm was
run 10 times until convergence to a stationary value of the objective function, and the best
partition, corresponding to the minimum value of this function, was selected for detailed
comparative analysis.

1The repository can be accessed at https://github.com/armelsoubeiga/MECMdd.
2evclust https://pypi.org/project/evclust.
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5.6.1.1 Validity metrics

We considered two defined entropy for belief functions, namely Credal Rand Indices (CRI)
[233] and Nonspecificity (NS) [209]. Based on the mass of belief, these metrics are adapted
in the multi-view credal partition context to assess the quality, performance, and behavior
of the partitions generated by the proposed algorithms. Inspired by [224], we also adapted
the silhouette index, a metric commonly used to evaluate clustering performance, to the
framework of evidential multi-view relational clustering with relevance weights for each
view. The definition of this metric is provided below, applied in the case where view weights
are estimated locally. However, for global weights algorithms, the metric is modified by
using the globally estimated relevance weight λl instead of λjl.

Credal rand indices Let M and M′ be two partitions to be compared and R =
(mij)1≤i≤j≤n and R′ = (m′

ij)1≤i≤j≤n be respectively their relational representation [84].
R is defined as a tuple, in which mij is a so-called pairwise mass function, defined by (5.56)
and (5.57), where sij denotes the proposition that objects i and j belong to the same cluster,
and ¬sij denotes the negation of sij on the frame Θij = {sij,¬sij}.

mij(∅) = mi(∅) +mj(∅)−mi(∅)mj(∅), (5.56)

mij({sij}) =
c∑

k=1

mi({ωk})mj({ωk}). (5.57)

The credal rand indices (CRI) is defined as follows :

CRI(M,M′) = 1−
2
∑

i<j ϕ(mij,m
′
ij)

n(n− 1)
, (5.58)

where ϕ is a distance between mass functions and n the number of objects. In this
contribution, we used the CRI consistency index, i.e., where ϕ is the degree of conflict.
However in [233], the authors proposed two others generalizations of the CRI where ϕ
corresponds to Jousselme’s distance and the L1 distance between belief functions. The CRI
varies from 0 to 1, with 1 corresponding to the optimal value, and an evidential partition M
is said preferable to another one M′ when M is more consistent with the true classes and
more precise [84], in other words, when CRI(M) > CRI(M′). M′ represented here the
credal partition of the true partition, i.e the vector of labels for the real classes encoding a
hard partition has been transformed into a credal partition [233].

Nonspecificity The average nonspecificity (NS) of a credal partition, as defined in [233],
and corresponds to the mean of the non-specificity of each mi:

NS(c)
∆
=

1

n

n∑
i=1

N(mi) with N(m)
∆
=

1

log2(c)

∑
A∈2Ω/∅

m(A)log2 |A|+m(∅)log2 |Ω| .

(5.59)
The non-specificity 1 ≥ NS(c) ≥ 0 must be minimized, as lower values of this index
indicate more certain partitions.
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Silhouette index Kaufman and Rousseeuw [41] introduced the silhouette index to
evaluate the compactness and separation of clusters for clustering algorithms generating a
hard partition. The silhouette value, ranging in [−1,+1], quantifies an object’s fit within its
cluster versus its separation from other clusters. Higher values indicate a better fit within
the cluster. The average silhouette weight (ASW) of the individual silhouettes s(ei) of each
object ei is generally used for global interpretation:

ASW =
1

n

∑
ei∈E

s(ei), (5.60)

where

s(ei) =
b(ei)− a(ei)

max(b(ei), a(ei))
, (5.61)

with a(ei) representing the average dissimilarity between ei and all other points of the
cluster to which ei belongs (if ei is the only observation in its cluster, s(ei) = 0 without
further calculations). For all other clusters Ak, the distance d(ei, Ak) is equal to the average
dissimilarity of ei to all observations of Ak such that ei /∈ Ak. Based on [224], we can define
in a multi-view clustering framework with relevance weights, a(.) and b(.) as :

a(ei) =

∑
e∈Aj

p∑
l=1

λjldj(ei, e)

|Aj|
, (5.62)

d(ei, Ak) =

∑
e∈Ak

p∑
j=1

λkldj(ei, e)

|Ak|
, (5.63)

b(ei) = min
Ak 6=Aj

d(ei, Ak). (5.64)

The credal partition of each object is converted into a hard credal partition using the Equation
(2.46), and all views are assigned the same relevance weight for {∅}.

5.6.1.2 Comparison of credal partitions

The comparison of the partitions below allows us to evaluate the quality and performance
of the four proposed variants of multi-view evidential relational clustering. Figure 5.2 (a)
assesses the quality and coherence of the credal partitions obtained with respect to the
true partition of Iris flowers according to their species. It can be observed that the four
credal partitions exhibit similar levels of coherence. The credal partition generated by
MECMdd-RWG-P is the best constructed, with a Credal Rand Index (CRI) of 84%, indicating
a good match with the real partition of the flowers, whereas MECMdd-RWG-S is the least
performant, with a CRI of 77%. Figure 5.2 (b) shows that the credal partitions generated
by MECMdd-RWL-P and MECMdd-RWG-P are the most specific, with Non-specificity
(NS) values of 0.046 and 0.048, respectively, meaning that they assign less belief mass to
meta-clusters, promoting well-defined clusters. However, according to the silhouette of the
obtained partitions (Figure 5.2 (c)), the MECMdd-RWG-S and MECMdd-RWL-S algorithms
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are the most performant compared to the others in terms of Average Silhouette Width
(ASW), which indicates a better separation of clusters. We can conclude that although the
MECMdd-RWL-P and MECMdd-RWG-P algorithms, where weights are optimized under a
product constraint, exhibit higher CRI and NS values, demonstrating that they generate more
coherent and specific partitions, the MECMdd-RWL-S and MECMdd-RWG-S algorithms,
optimized under a sum constraint, achieve higher ASW values, indicating better cluster
separation quality. This highlights that validity criteria are not limited to mere performance
but also reflect the significance of the generated credal partitions. Higher CRI and NS values
suggest increased coherence with the ground truth and reduced uncertainty, while higher
ASW values indicate good compactness and separation of clusters, even though this may
imply lower specificity in the credal partitions.

Figure 5.2: Performance and quality of clustering on Iris data, measured using the CRI, NS
and ASW validity criteria. The performance of Figures (a) and (c) are to be maximized, while
that of Figure (b) is to be minimized.

For advanced qualitative and visual analysis, the hard credal partition is then computed
using the maximum of belief on the credal partition, based Equation (2.46). We can observe
from Figure 5.3 that all four proposed algorithms identified imprecise subsets, i.e. objects
belonging to the meta-clusters {ω1, ω2} and {ω1, ω3}, while the MECMdd-RWG-P algorithm
additionally identifies the meta-clusters {ω2, ω3} and Ω subset. MECMdd-RWL-S and
MECMdd-RWG-S algorithms classified 5 and 3 objects in the meta-clusters, respectively,
while MECMdd-RWL-P and MECMdd-RWG-P classified 2 and 3 objects, respectively, as
imprecise. This explains the higher non-specificity (Figure 5.2) of the first algorithms, as
they are more uncertain about object assignment. The comparison with the true class of the
objects shows that the proposed algorithms are mostly in agreement, classifying the objects
into the expected clusters, except for MECMdd-RWL-P and MECMdd-RWG-S, which most
disagrees respectively on 35 and 30 objects.

5.6.1.3 Comparison of weight of views

Figure 5.4 shows the relevance weights for the sepal and petal views of the Iris dataset. The
values represent the relative importance of each view in characterizing the clustering, either
globally (Figure 5.4 (a) and (c)) or in characterizing each cluster locally (Figure 5.4 (b) and
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Figure 5.3: Qualitative comparison between obtained credal partitions and real clusters of
iris flowers using confusion matrices.

(d)). The sepal view is the most relevant in the overall clustering process in both weight
learning approaches, whether constrained by sum or product. However, a local observation
shows that the petal view is more informative for the majority of clusters, while the sepals
describe the membership of the flowers only in cluster {ω3} for MECMdd-RWL-S and in
clusters {ω1} and {ω2, ω3} for MECMdd-RWL-P.

(a) MECMdd-RWG-S (b) MECMdd-RWL-S

(c) MECMdd-RWG-P (d) MECMdd-RWL-P

Figure 5.4: Illustration and comparison of the weights of the sepal and petal views of the
Iris data from the proposed algorithms. (a) and (c) illustrate the global weights and (b) and
(d) illustrate the local weights in each cluster.

Figure 5.5 illustrates the dispersion of the best partition of the weights for each algorithm,
selected in Section 5.6.1. The algorithms with a product constraint learn to generate a wider
dispersion of relevance weights, which promotes a more pronounced differentiation between
views, particularly for MECMdd-RWL-P. This may indicate better local specialization in
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the clustering process. In contrast, the algorithms with a sum constraint promote a more
balanced distribution of weights, enabling a more homogeneous approach in terms of view
relevance. The local constraints (RWL) tend to showmore flexibility and adapt more precisely
to local characteristics, while the global constraints (RWG) favor consistency across the
entire dataset.

Figure 5.5: Distribution of view weights estimated by the MECMdd variants under sum and
product constraints.

5.6.1.4 Parameters and Convergence analysis

In this section, we first focus on the sensitivity of the results of the MECMdd-RWL-(S
and P) and MECMdd-RWG-(S and P) algorithms to the parameter β, and to the additional
parameters γ and η compared to ECM. We measured the CRI for several combinations of β,
γ, and η values. The other parameters declared in Section 5.6.1 were kept constant, i.e. α = 2
and δ = 10. The results are presented in Figure 5.6. It can be observed that the values of
β × γ and β × η have a significant impact on the performance of the algorithms. Indeed, in
the first two plots of Figures 5.6 (a), (b), (c), and (d), we observe that the performance of the
credal partitions (high CRI) is maximized for specific values of γ and η. Overall in these first
experiments, the partitions seem most effective when γ ≤ 0.5 and η ≤ 6. The selection of
appropriate values for γ and η can lead to an improvement in the algorithm’s performance.
These initial results do not show an obvious trend in the choice of the combination γ × η,
and at this stage, this choice must be made iteratively.
We also explored the convergence of the best partitions obtained (Section 5.6.1) on the Iris
dataset for the MECMdd-RWL-S, MECMdd-RWG-S, MECMdd-RWL-P, and MECMdd-RWG-
P algorithms. As shown in Figure 5.7, initially, as the number of iterations increases, the
value of the objective function decreases significantly. However, in the final stages, this
decrease slows down until convergence, which generally occurs after about ten iterations.
This shows that each algorithm reaches the minimum value at every iteration. Each curve
represents how the value of the objective function changes as the number of iterations
increases.
Finally, in this section, we also observed the behavior of the choice of δ on the clustering
performance of each developed MECMdd variant. As a reminder, δ controls the distance
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Figure 5.6: Sensitivity of parameters β, γ and η on the performance of credal partitions
based on CRI of MECMdd variants. The bars represent CRI values according to different
parameter combinations.
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Figure 5.7: Object function value convergence, x-axes represent the iterations and y-axes
the function values.

between objects and the empty focal set. The proposed algorithms allow setting a different
δ for each view, based on the idea that views have different dispersions as they represent
different sources of information describing the same objects. For instance, sepals and petals
are different pieces of information, but describe the same iris flowers. To this end, we
used the parameters set in Section 5.6.1 and varied δ. We considered two scenarios: one
where δ is set by default to the same value for all views, and another where δ is assigned a
different value for each view based on its dispersion. Each algorithm was run 10 times for
both configurations of δ, and table 5.2 shows different results for the CRI and mean ASW
validation criteria. Choosing a specific δ value for each view significantly improves the
performance of the algorithm compared to using a default value for all views.

Table 5.2: The sensitivity of the choice of the δ value on the clustering performance based
on the CRI and ASW of each variants of MECMdd algorithm. The Quantile95 corresponds
to the value greater than 95% of the distances between the objects.

Choice of δ Value of δ RWL-S RWG-S RWL-P RWG-P

Petal Sepal CRI ASW CRI ASW CRI ASW CRI ASW

Default 3 3 0.788 0.535 0.780 0.505 0.436 0.529 0.505 0.515

Quantile95 5 2 0.821 0.591 0.847 0.543 0.804 0.562 0.803 0.553

5.6.2 Comparison with other algorithms on real datasets
We start by outlining the experimental setting used to compare our algorithms with other
methods on real datasets in Section 5.6.2.1. Then, in Section 5.6.2.2, we present the results
obtained on these datasets in terms of clustering performance. Finally, in Section 5.6.2.3, we
perform a detailed statistical analysis of the results to assess the superiority or effectiveness
of the proposed algorithms compared to other methods.

5.6.2.1 Experimental setting

We performed experiments on fifteen publicly available real datasets. Data includes simple
vector data, multi-view data, categorical data and multivariate time series data. The
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state-of-the-art methods used to compare the performance of our methods consist of two
classical single-view relational clustering methods, namely FCMdd[64] and ECMdd [62],
a vector single-view ECM[1], and three representative multi-view relational and vector
clustering methods, which include MRDCA[125], MRFCMdd[61], and WMVEC[225].

For simple vector data, we considered four benchmark datasets selected from the UCI
machine learning repository [234], including Thyroid gland, Ecoli, Abalone, and Wine.
The main details of each dataset are summarized in Table 5.3, where n corresponds to the
number of instances, p to the number of features, and c represents the number of predefined
clusters.

Table 5.3: Summary of the simple vector data.

Datasets n p c
Thyroid gland (TG) 215 5 3
Ecoli (Ecoli) 336 7 8
Abalone (ABL) 4177 8 3
Wine (Wine) 178 13 3

For clustering algorithms that operate on single-view relational data, we computed a single
dissimilarity matrix by using the Euclidean distance across all attributes together. Inversely,
multi-view relational algorithms required the construction of multiple dissimilarity matrices,
each derived from a different attribute with Euclidean distance computed individually per
attribute. Multi-view vector algorithms and single-view vector algorithms, on the other
hand, applied directly to the raw data, treating each attribute either as a distinct view or as
a unified table combining all attributes, respectively.

The Table 5.4 shows basic information about the multi-view datasets used. We used
four publicly available multi-view datasets, including Multiple features [235], Prokaryotic
Phyla [225], WebKB [225], and MSRC [225]. The Prokaryotic Phyla dataset includes 551
prokaryotic species, characterized by three multi-view data such as text and two genomics
representations. MSRC is an image dataset and contains 210 samples of 7 types (bicycle,
tree, car, airplane, building, cow, face). There are five views in MSRC, and 30 images in each
category. WebKB is a dataset consisting of web pages and hyperlinks for 4 classes from
computer science departments, described by three views. Multiple features dataset contains
2000 handwritten digits from Dutch utility maps, each digit represented by six feature view
sets, we utilized three sets: Fourier coefficients, profile correlations, and Karhunen-Love
coefficients as in [235]. For each view in a multi-view dataset, one dissimilarity matrix was
computed considering all attributes in the view, according to the Euclidean distance. Single-
view clustering algorithms were applied to the Euclidean matrix obtained by considering all
attributes across all views.
To expand the applicability of our proposed multi-view relational clustering techniques and
to further validate their effectiveness, we also employed real-world datasets of categorical and
categorical/continuous time-series types. Table 5.5 outlines the features of three categorical
datasets of varied sizes from the UCI Machine Learning repository: Car Evaluation, Breast
Cancer, and Zoo. In these experiments, we transformed the categorical data into numerical
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Table 5.4: The details of the used multi-view datasets

Datasets n c p Views name Features

Multiple features (MF) 2000 10 3 Fourier coefficients 76
Profile correlations 216

Karhunen-Love coefficients 64

Prokaryotic Phyla (PP) 551 4 3 Gabor 393
Wavelet moments 3

CENTRIST 438

WebKB (WKB) 203 4 3 Text on web pages 1703
Anchor text in hyperlinks 203

Text in the tittle 203

MSRC (MSRC) 210 7 5 Local binary patterns 256
Histogram of oriented gradients 100

Color moments 48
Scale-invariant feature transform 200
Global image scene transform 512

format via one-hot encoding, enabling us to apply numerical vector methods like ECM
and WMVEC [41]. In the ECM approach, the algorithm utilizes all newly derived one-hot
encoded attributes collectively as a single view. Inversely, with the mean-based multi-
view method WMVEC, each set of encoded attributes from a specific variable is treated
as an independent view. The treatment of categorical data for relational clustering can be
performed using appropriate dissimilarity measures. Various measures have been proposed
in the literature (see [236] for a comprehensive review). We thus used two commonly
employed dissimilarity measures: Hamming distance [152] for individual binary categorical
variables and Gower distance [237] for individual multiple categories variables; when
the dataset included both binary and multiple categories variables, we used the Gower
distance. Using these dissimilarity metrics, we then applied medoid-based single-view
clustering methods (FCMdd and ECMdd) to the resulting dissimilarity matrices derived from
all attributes combined. For the multi-view medoid-based clustering algorithms (MRDC,
MRFCMdd and MECMdd), we computed separate dissimilarity matrices for each categorical
variable, by treating each as an individual view in the multi-view framework.

Table 5.5: Datasets information of the used categorical datasets.

Datasets n p c
Car Evaluation (CAR) 1728 6 4
Breast Cancer (BC) 286 9 2
Zoo (ZOO) 101 16 7

In Table 5.6, we show the characteristics of the four multivariate time series datasets selected.
The multivariate continuous time series datasets are available online at the UCR time series
[238]. The Biofam dataset is multivariate categorical time series from the data of the
retrospective biographical survey carried out by the Swiss Household Panel [145]. As shown
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in this Table, datasets with different number of time series, different length of time series,
and different number of classes are selected. In this experiments, we use Dynamic Time
Warping (DTW) [239] distance for clustering continuous time series data. DTW is the most
well known technique for evaluating dissimilarity of time series with respect to their shape
information. Unlike the Euclidean distance, DTW can compare time series of variable size
and is robust to shifts or dilatation across the time dimension. The dissimilarity between
pairs of categorical time series is calculated using the Optimal Matching (OM) [118] measure.
Each uni-variate time series is considered as a view. The single-viewmedoid-based clustering
algorithms were applied to the dissimilarity matrix obtained by a linear sum combination,
considering all dissimilarities of all views.

Table 5.6: Multivariate time series selected for experimental studies.

Datasets n p c Length Type of features
UWaveGestureLibrary (UGL) 120 3 8 315 Continuous
StandWalkJump (SWJ) 12 4 3 2500 Continuous
BasicMotions (BM) 40 6 4 100 Continuous
Biofam dataset (BF) 2000 3 2 30 Categorical

All dissimilarity matrices were normalized according to their overall dispersion [240] to
have the same dynamic range. This means that each dissimilarity d(ek, ek′ ) in a given
dissimilarity matrix has been normalized as d(ek, ek′ )/T , where T =

∑n
k=1 d(ek, g) is

the overall dispersion and g = eh? ∈ E = {e1, . . . , en} is the overall prototype, which is
computed according to h? = argmin1≤h≤n

∑n
k=1 d(ek, eh).

The relational and vector hard clustering algorithms used in the comparisonwere respectively
applied to the similarity matrices or vector data to obtain a set of groups G = (G1, . . . , Gc).
From all fuzzy partitions, we generate hard partitions with the maximum principle rule i.e.
by defining the hard cluster Gk(k = 1, ..., c) as Gk = {ei : uik ≥ uim ∀m ∈ {1, . . . , c}},
where the quantity uik represents the membership degree of object ei(∀i = {1, . . . , n}) in
fuzzy cluster k(∀k = {1, . . . , c}). For the proposed algorithms and credal partitions used in
the comparison, we can employ pignistic transformation [241, 1] BetP in (2.44) to turn the
credal partition into a fuzzy and hard partition. With such conversion, the mass of belief
of the meta-cluster is evenly distributed to the relevant singleton clusters. Each clustering
algorithm was run (until the convergence to a stationary value of the adequacy criterion)
two times and the best result was selected according to the adequacy criterion and the
parameters presented in Table 5.7.

5.6.2.2 Results on real datasets

To evaluate the performance of the different clustering algorithms and compare them, we
assume the ground truth is known. The hard partition generated by each algorithm for
each dataset was then compared with the predefined partition. The parameters of different
methods are presented in Table 5.7, and the comparison criteria used were the Adjusted
Rand Index (ARI) and the Precision (P) [162]. Higher values of these two indices indicate
better clustering results. The higher value of each index is kept according to the number
of iterations (2 times) and hyper-parameters of each algorithm (Table 5.7). Based on the
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analysis of evidential clustering parameters in [1, 62, 226], α have little impact on the results
and is considered fixed at 2 for all experiments. In the rest of the work, we have renamed
the following datasets UWaveGestureLibrary (UGL), StandWalkJump (SWJ) and Multiple
features (MF).

Table 5.7: The parameters setting of different algorithms. Q0.95 is the quantile function at
95%, p number of views.

Algorithms Parameters

ECM α = 1; β ∈ {1.1, 1.2, . . . , 2.0}; δ = 10

ECMdd α = 1; β ∈ {1.1, 1.2, . . . , 2.0}; δ ∈ {10, Q0.95(τij:i 6=j)};
η ∈ {1, 2}; γ ∈ {0, 1}

MECMdd α = 1; β ∈ {1.1, 1.2, . . . , 2.0}; δp ∈ {10, Q0.95(τij:i 6=j)};
η ∈ {1, 2}; γ ∈ {0, 1}; s = 2

WMVEC α = 1; β ∈ {1.1, 1.2, . . . , 2.0};λ ∈ {e0, e5, e10}
FCMdd m ∈ {1.1, 1.5, 2, 2.5, 3.0};
MRFCMdd s = 2

MRDC none

Tables 5.8 and 5.9 show the performance of the clustering algorithms on each dataset,
respectively according to ARI and Precision (P) criteria. We can observe from the results
that, compared with clustering methods based on a single view (i.e. ECM, ECMdd and
FCMdd), algorithms adapted to multi-view data, such as MECMdd, WMVEC, MRFCMdd
and MRDC, generally show superior performance on multi-view datasets (MF, PP, WKB and
MSRC). This underlines the inadequacy of using single-view clustering methods to cluster
multi-view data. We can also observe that, in general, relational algorithms perform better
than vector algorithms, the reason being that relational methods use an adapted distance
measure, unlike the Euclidean distance used with vector algorithms. In particular, while
medoid-based relational clustering approaches can cluster row data time series using adapted
measures, vector-based algorithms are not applicable. In general, variants of algorithms
that locally estimate the weights of the views (RWL) yield better results. We conclude from
these experiments that the proposed algorithms, i.e. MECMdd-RWL-S, MECMdd-RWG-S,
MECMdd-RWL-P and MECMdd-RWG-P, present comparable or superior performances to
the reference algorithms used in this comparative experiment. In addition, they provide the
advantage of a more robust representation of uncertainty in uncertain data contexts, and
can be transformed into hard and fuzzy partitions. In Section 5.6.2.3, we examine in detail
the statistical significance of these performances.

5.6.2.3 Results statistical analysis

In this section, we applied non-parametric Friedman and Nemenyi tests to analyze the
performance of the MECMdd variants in terms of Adjusted Rand Index (ARI) and Precision
(P). The critical difference (CD) diagrams based on these tests are presented in Figures 5.8 and
5.9, which allow us to visualize the relative performance of the algorithms. The two critical
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Table 5.8: Clustering performance of hard, fuzzy, and credal partitions algorithms with
different relational datasets based ARI. Values in bold indicate the best results per dataset.
The “-” indicates inappropriate methods for a given dataset.

Algorithm AB
L

Ec
ol
i

W
in
e

TG PP M
F

CA
R

BC ZO
O

BF UG
L

SW
J

BM W
KB

M
SR

C

ecm 0.59 0.80 0.72 0.53 0.48 0.90 0.51 0.55 0.90 - - - - 0.74 0.80
wmvec 0.66 0.70 0.72 0.63 0.62 0.92 0.56 0.54 0.67 - - - - 0.53 0.88
fcmdd 0.61 0.78 0.72 0.55 0.58 0.61 0.52 0.50 0.91 0.51 0.87 0.56 0.92 0.56 0.81
mrfcmdd-rwl 0.62 0.36 0.64 0.57 0.59 0.87 0.54 0.58 0.82 0.45 0.88 0.55 0.88 0.59 0.83
mrfcmdd-rwg 0.62 0.79 0.66 0.55 0.60 0.86 0.49 0.56 0.63 0.42 0.87 0.59 0.89 0.64 0.88
mrdca-rwl 0.62 0.80 0.85 0.52 0.62 0.92 0.66 0.56 0.90 0.50 0.89 0.55 0.90 0.64 0.89
mrdca-rwg 0.62 0.76 0.71 0.57 0.60 0.92 0.67 0.59 0.89 0.50 0.84 0.50 0.91 0.62 0.84
ecmdd 0.62 0.72 0.73 0.61 0.50 0.92 0.53 0.51 0.85 0.41 0.86 0.65 0.61 0.80 0.81

mecmdd-rwl-s 0.62 0.82 0.76 0.95 0.65 0.92 0.56 0.57 0.93 0.44 0.89 0.65 0.86 0.61 0.86
mecmdd-rwg-s 0.63 0.72 0.75 0.64 0.59 0.93 0.51 0.57 0.91 0.43 0.87 0.59 0.90 0.82 0.86
mecmdd-rwl-p 0.68 0.34 0.86 0.81 0.61 0.91 0.51 0.50 0.98 0.53 0.86 0.64 0.98 0.85 0.93
mecmdd-rwg-p 0.63 0.89 0.89 0.70 0.60 0.91 0.51 0.50 0.72 0.51 0.86 0.59 0.83 0.84 0.88

Table 5.9: Clustering performance of hard, fuzzy, and credal partitions algorithms with
different relational datasets using Precision. Values in bold indicate the best results per
dataset. The “-” indicates inappropriate methods for a given dataset.

Algorithm AB
L

Ec
ol
i

W
in
e

TG PP M
F

CA
R

BC ZO
O

BF UG
L

SW
J

BM W
KB

M
SR

C
ecm 0.41 0.77 0.59 0.59 0.45 0.47 0.61 0.63 0.92 - - - - 0.69 0.34
wmvec 0.45 0.68 0.59 0.69 0.53 0.58 0.70 0.58 0.33 - - - - 0.70 0.51
fcmdd 0.42 0.65 0.59 0.69 0.46 0.30 0.62 0.58 0.89 0.52 0.46 0.21 0.80 0.41 0.34
mrfcmdd-rwl 0.44 0.29 0.47 0.65 0.47 0.39 0.62 0.55 0.77 0.55 0.50 0.29 0.75 0.46 0.39
mrfcmdd-rwg 0.44 0.71 0.50 0.61 0.49 0.33 0.56 0.55 0.80 0.33 0.47 0.27 0.81 0.54 0.41
mrdca-rwl 0.43 0.73 0.78 0.60 0.53 0.64 0.70 0.61 0.88 0.42 0.51 0.23 0.76 0.51 0.42
mrdca-rwg 0.43 0.60 0.55 0.66 0.48 0.63 0.70 0.63 0.75 0.51 0.39 0.22 0.82 0.52 0.43
ecmdd 0.44 0.64 0.60 0.68 0.44 0.41 0.63 0.58 0.76 0.58 0.44 0.37 0.57 0.59 0.36

mecmdd-rwl-s 0.44 0.77 0.63 0.93 0.50 0.35 0.66 0.64 0.92 0.58 0.52 0.37 0.70 0.51 0.49
mecmdd-rwg-s 0.44 0.73 0.63 0.70 0.48 0.57 0.71 0.58 0.92 0.44 0.46 0.32 0.78 0.48 0.48
mecmdd-rwl-p 0.44 0.28 0.79 0.87 0.50 0.56 0.61 0.58 0.94 0.51 0.42 0.33 0.94 0.59 0.60
mecmdd-rwg-p 0.44 0.84 0.84 0.69 0.48 0.55 0.60 0.58 0.39 0.51 0.43 0.33 0.84 0.65 0.55
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difference diagrams highlight distinct rankings based on the Adjusted Rand Index (ARI) and
Precision. In the ARI-based diagram, MECMdd-RWL-S and MECMdd-RWL-P stand out as
the top-performing algorithms, followed by MRDCA-RWL. This indicates that algorithms
calculating relevance weights locally (RWL) achieve the best performance in terms of cluster
consistency. MECMdd-RWG-S and MECMdd-RWG-P, which compute weights globally, are
ranked next, demonstrating good performance but slightly behind their local counterparts.
In the Precision-based diagram, a similar pattern is observed with MECMdd-RWL-S and
MECMdd-RWL-P leading the rankings, followed byMECMdd-RWG-S andMECMdd-RWG-P.
This suggests that RWL algorithms not only provide more consistent partitions but also
exhibit better accuracy in assigning objects to clusters. The global weight algorithms (RWG)
also perform well but show a slight decrease in comparison to the local variants.
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Figure 5.8: Friedman critical difference test diagram between MECMdd variants based on
Ajuste Rand Index (ARI) considering all data on all data.
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Figure 5.9: Friedman critical difference test diagram between MECMdd variants based on
Precision (P) considering all data on all data.

5.6.3 Case study: application to real-life care pathways
In relational clustering analysis, the dissimilarity matrices can be generated using different
sets of variables (or different view) and a fixed dissimilarity function. Alternatively, a fixed
set of variables and different dissimilarity functions could have been utilized, or using
different sets of variables and dissimilarity functions. Indeed, the use of an optimal distance
function adapted to each dimension or view considerably improves clustering performance.
In this real-life case study, we illustrate this advantage of relational clustering approaches.

The objective of this case study is to identify the typical care pathways of patients suffering
from chronic pain, with explainability regarding their membership in a given typology.
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The data come from the eDOL project, presented in Section 2.1.1 of chapter 2. We are
interested on barometers composed of eight attributes measured weekly, as detailed in
Table 2.1, allowing for the evaluation of pain intensity and monitoring: pain, fatigue, mood,
stress, sleep, body comfort, sports and non-sports activities. These dataset, as described
in Section 2.1.3.2, are complex and subjective, and can be treated either as categorical
time series (CTS), discrete time series (DTS), or continuous/numerical time series (CNTS).
We worked on data from 636 patients, extracted from eDOL in June 2023, totaling 14,090
self-reported care events, with an average follow-up of 5 months and a total duration of
approximately 19 months.

We executed the MECMdd-RWL-S and MECMdd-RWL-P algorithms 5 times, using pairwise
trajectory similarity measures as Optimal Matching (OM) [118], Time Warp Edit Distance
(TWED), and Dynamic Time Warping (DTW) [239], when the data are respectively
considered as CTS, DTS, and CNTS data. We performed both algorithms with the same
parameters, based on the work of [i] (contribution of chapter 4): α = 2, β = 1.5, δ = 10,
with the number of clusters fixed at c = 2, [i] identified, via a careful search involving several
iterations, that 2 clusters corresponded to an optimal solution for evidential clustering. We
fixed γ = 0.5, and η = 1, since it gives efficient performances on the data sets. The ASW and
NS validity metrics were measured for each obtained partition. The experimental workflow
is summarized in Figure 5.10. Indeed, each variable is considered separately as a view and
transformed into either a categorical, discrete or continuous data sequence. The similarity
metric (OM, TWED, or DTW) is then calculated between pairs of objects to give a distance
matrix. For eachmetric, we obtain 8 relational matrices, which are then used in the clustering
process with matrix weighting in each algorithm.

Figure 5.10: Illustration of experimental workflow. � means the iteration process for
calculating optimum weights.

Table 5.10 shows the clustering results of the MECMdd-RWL-S and MECMdd-RWL-P
algorithms for the three similarity measures OM, TWED, and DTW. For each algorithm
and each measure, the result with the lowest objective function value was considered. We
observe that the OM similarity measure gives the best results for both algorithms, far ahead
of the other two measures, which yield similar results. This clearly shows that treating these
data as CTS is most recommended, as similarity measures used for categorical sequences
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like OM seem to better capture the unique characteristics of these data. We also note that
the MECMdd-RWL-P algorithm generates partitions where uncertainty is minimized, with
more precise and specific cluster assignments (as evidenced by a lower NS value), while
MECMdd-RWL-S creates well-defined and well-separated clusters (as evidenced by a higher
ASW value). In both algorithms, we obtain two specific clusters (singletons), which we
call Cl_1 and Cl_2, and an imprecise cluster {Cl_1, Cl_2}, intermediate between the two
clusters, which we call Cl_uncertain.

Table 5.10: Clustering results of the used eDOL dataset based ASW and NS performance
metrics and OM, TWED and DTW similarity metrics.

Similarity Metric MECMdd-RWL-S MECMdd-RWL-P

ASW NS ASW NS

OM 0.730 0.122 0.679 0.091

TWED 0.520 0.238 0.516 0.231

DTW 0.616 0.259 0.513 0.252

Analysis of variable relevance weights (Figure 5.11) allows for post-hoc categorization or
explainability of clusters. Learning the relevance weights of views (features) is a major
advantage of the algorithms we proposed, both in terms of performance and explainability
of results. In a classical approach, this explicative task is performed with other tools like
SHapley Additive exPlanations (SHAP) [213] after the clustering process. The comparison
of relevance weights shows that for the MECMdd-RWL-S algorithm (Figure 5.11 (a)), the Cl1
cluster is strongly determined by variables such as pain, stress, fatigue, and sports and
non-sports activities. In contrast, the Cl2 cluster is more explained by variables such as
sleep and mood. Cluster Cl2 groups patients with chronic pain related to sleep and mood,
while Cl1 groups patients with chronic pain related to stress and fatigue. Patients belonging
to the uncertain cluster exhibit characteristics common to both groups. These results
obtained with MECMdd-RWL-S are similar to results obtained in [213]. The comparison of
relevance weights for the MECMdd-RWL-P algorithm, however, is not comparable to this
study. Indeed, this algorithm gives a high weight to all features in the Cl1 cluster, with the
exception of features relating to sporting or non-sporting activities, which are determinant
in the Cl2 cluster.

5.7 Conclusion
In this contribution, we propose medoid-based relational multi-view evidential clustering
algorithm that are able to partition objects taking into account simultaneously their
relational descriptions given by multiple dissimilarity matrices. Referred to as MECMdd, it
based on the framework of belief functions. MECMdd is able to address the uncertainty and
imprecision of multi-view relational data clustering, and provides a credible partition, which
extends fuzzy, possibilistic and rough partitions. It can automatically learn the importance
of each views by estimated a weight locally for each cluster with a weight sum constraint
(MECMdd-RWL-S) or locally with a weight product constraint (MECMdd-RWL-P) and
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Figure 5.11: Visualization of the feature weights on eDOL dataset.

globally with a weight sum constraint (MECMdd-RWG-S) or globally with a weight product
constraint (MECMdd-RWG-P) in a collaborative learning framework. We define two
objective functions and develop corresponding iterative optimization algorithms to obtain
the optimal solutions, respectively. Experimental results obtained on several real datasets
and a case study demonstrate the potential and superiority of our proposed algorithm.

In the next contribution in chapter 6, we introduced a new algorithm, called Soft-ECM,
based on belief function theory, but able to group data not defined in a Eucludian space
using barycenters as ECM, i.e. based on row data directly.
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Chapter 6
Row Data-Based Soft-Evidential

C-Means Clustering

Abstract – In this chapter, we address the challenges of evidential clustering of
trajectory data using the row-data object-based approach. We reformulate the Evidential
C-Means, problem to accommodate non-Euclidean data such as mixed data (numerical
and categorical) and non-tabular data like trajectory data, for example time series, which
evidential traditional algorithms cannot handle due to their reliance on Euclidean space
properties. To overcome these limitations, we propose a novel algorithm, Soft-ECM,
capable of positioning centroids of imprecise clusters consistently using only a semi-
metric. Our experiments demonstrate that Soft-ECM achieves results comparable to
conventional fuzzy and evidential clustering methods on numerical data, while also
proving effective formixed data. Furthermore, we highlight its advantages in integrating
semi-metrics such as DTW for time series data, showcasing its versatility and potential
in diverse clustering applications. Furthermore, we applied Soft-ECM to the real-life
case study of chronic pain trajectory clustering, demonstrating its effectiveness.
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6.1 Introduction

6.1 Introduction
In numerous real-world applications, only partial information is available for objects,
and in these cases hard clustering can result in poor accuracy. To address this problem
and capture the degree of ambiguity regarding the class membership of the objects, soft
clustering variants have been proposed, including Fuzzy C-Means[69] and Evidential
C-Means[1]. These variants allow to describe the uncertainty and/or imprecision in the
partition. Fuzzy C-Means (FCM) [69] is based on fuzzy set theory, while Evidential C-Means
(ECM) clustering is based on belief function theory [1]. ECM allows objects to belong not
only to singleton clusters of the solution set Ω, but also to any subset of Ω (i.e. meta-clusters)
with different belief masses. This additional flexibility over FCM provides a deeper insight
into the data and improves robustness against outliers.

However, ECM was originally designed for tabular data and it handles only quantitative
attributes, i.e. data in a vector space. Indeed, ECM is based on Euclidean distance: the
problem formulation assumes the capability to compute barycenters as a mean position of
cluster elements. However, this is not always feasible. In order to adapt ECM to different
types of data, variants have been proposed. Among these variants, ECMdd [62] and
RECM [63] use relational similarity measures, while CECM [103] introduces clustering
constraints to better guide data partitioning and employs a specific Mahalanobis distance
for each cluster. ECM+ [106] improves the center definition when Mahalanobis distances
are used. Other variants, such as CatECM [105], are designed for categorical data.
Credal C-Means (CCM) [102] and Belief C-Means (BCM) [101] modify how objects are
assigned to meta-clusters. These approaches reconsider the computation of cluster centers
by considering distances between objects and clusters, avoiding the arithmetic mean
approximation, which improves accuracy for highly uncertain data. Furthermore, some data
types are not tabular, such as time series for which hard clustering methods have already
been adapted [242]. To the best of our knowledge, no evidential clustering methods have
yet been proposed to handle such data.

In this contribution, we propose Soft-ECM, a new algorithm that reformulates the ECM
problem as a constrained multi-class clustering, where singleton clusters and meta-clusters
(imprecise clusters) are individually optimized. In contrast to the classical ECM approach,
meta-clusters are here treated like singleton clusters, allowing greater flexibility in dealing
with uncertainties. A new constraint on meta-cluster barycenters ensures that they are
positioned consistently with those of singleton clusters. In this way, the Soft-ECM algorithm
is more flexible, and allows the use of non-Euclidean dissimilarity measures. This makes it
possible to deal with complex data, such as mixed data (tabular data with both quantitative
and qualitative features) or even non-tabular data such as time series.

6.2 Soft Evidential C-Means (Soft-ECM)
We propose to reformulate the ECM problem1, presented in Section 2.3.5.2 of chapter 2, in a
more generic way, so that the evidential clustering problem can be solved with dissimilarity

1We can observe that ECM uses the properties of Euclidean distance to define both the function to be
optimized (eq. 2.47) and the meta-cluster centroids (eq. 2.51).
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measures other than Euclidean distance. In ECM case, the centroids of meta-cluster defined
as in Equation 2.51 is correct when the data are in a Euclidean space. Intuitively, our
approach relaxes the definition of meta-cluster centroid as the explicit isobarycenter of
singletons’ centroids. In Figure 6.1, the meta-cluster centroid v{A,B} is constrained by both
being as close as the barycenter of its examples (green dashed lines) and being as close as
barycenter of the singletons clusters centroids (red dashed lines).

vA

x1

x3
x4

x2

x7
vBv{A,B}

x6

Figure 6.1: Illustration of a 2-cluster evidential clustering. Examples are represented in
green. Points in blue vA and vB indicate cluster centers, A and B. The red point v{A,B} is
the center of meta-cluster {A,B}. This point is both the barycenter of examples belonging
in the meta-cluster {A,B}; and the barycenter of vA and vB . The fine dotted lines indicate
the distances considered in computing the new clustering inertia.

Let X = (xi) denotes a set of objects in X (e.g., time series) and d denotes a semi-metric
between these objects.2 In a classical way [242], we can then define the barycenter (medoid)
of a set of objects as an element of X that minimizes inertia. More formally, the barycenter
(medoid), vE , of the subset E ⊆X is defined as follows:

vE = argmin
x∈X

∑
e∈E

d(e,x). (6.1)

Then, the Soft-ECM problem is formalized as the following constrained minimization
problem:

min
M ,V

Jα,β,δ(M ,V) =
n∑

i=1

∑
A⊆Ω\∅

|A|αmi(A)
βd(xi, vA) +

n∑
i=1

δ2mi(∅)β

subject to
∑
A⊆Ω

mi(A) = 1, ∀i ∈ {1, n},

vA = argmin
x∈X

∑
ωk∈A

d(v{ωk},x), ∀A ⊆ Ω.

(6.2)

In this formulation,M = (mi (A)) represents the mass functions on a focal element A ⊆ Ω,
while V = {vA} corresponds to the barycenters of all singleton clusters and meta-clusters.
In contrast to ECM formulation (eq. 2.47), which focused on the optimization of cluster
positions only and defined the positions of meta-clusters by the equation 2.51, here we

2a semi-metric is a symmetric, positive and defined dissimilarity measure metric, but it does not necessarily
hold the triangular inequality.
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optimize both. The second constraint enforces the centroid of each meta-cluster A to be the
barycenter of the cluster centroids (vωk

where ωk ∈ A). We find again the expression of the
equation that defines the barycenter (eq. 6.1).

Theorem 6.2.1. In the particular case where X = Rp and d is a Euclidean distance, the
problems of the equations 2.47 and 6.2 are equivalents.

Proof. To prove theorem 6.2.1, we start with the definition of the barycenter notion given
in Equation 6.1. Indeed, in the case where d is the Euclidean distance, we establish the
equivalence between the centroid vA of singleton clusters for |Aj| = 1 and meta-clusters
for |Aj| > 1, defined from this Equation vA = argminx∈X

∑
ωk∈A d(v{ωk},x) (minimization

of inertia). vA(A ⊆ Ω) is a set of centroids for the set of clusters (singleton andmeta-clusters)

We define the mapping ·̄ : Rp×c 7→ Rp×2c , which constructs a set of centroids for the set
of clusters from the singleton clusters centers. In inverse, · : Rp×2c 7→ Rp×c, selects the
centroids of singleton clusters from the set of centroids. Then, for any M and V , we have:

JECM(M ,V) = Jα,β,δ
(
M , V̄

)
,

Jα,β,δ (M ,V) = JECM (M ,V) .
(6.3)

This expresses that if the parameters of JECM consider only the centroids of singleton
clusters, the objective function includes the centroids of both singleton clusters and meta-
clusters (when computed using the Euclidean distance). We can then clearly see that V̄ = V .
With these definitions, we can now prove the theorem by proceeding by contradiction.
Suppose M ∗ and V∗ are the optimal solution of Jα,β,δ(M ,V) in Equation 6.2, and there
exists a better solution than (M ∗,V∗) to minimize JECM . We denote (M ′,V ′) this solution
such that :

JECM (M ′,V ′) < JECM (M ∗,V∗) . (6.4)

Using the equalities in (6.3), we have:

Jα,β,δ
(
M ′, V̄ ′

)
< Jα,β,δ

(
M ∗, V̄∗)

, (6.5)

and thus:
Jα,β,δ

(
M ′, V̄ ′

)
< Jα,β,δ (M ∗,V∗) . (6.6)

Moreover,
(
M ′, V̄ ′

)
satisfies the constraints of Equation 6.2. The mass constraints are

respected as (M ′,V ′) was a solution of Equation 2.47, which includes these constraints.
Additionally, by construction of V̄ ′, the added elements are barycenters of pure clusters,
minimizing inertia under Euclidean distances. Thus,

(
M ′, V̄ ′

)
is a better solution than the

optimal solution for Soft-ECM, which is a contradiction. Therefore, no solution better than
(M ∗,V∗) exists for JECM .
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6.3 Optimization scheme for Soft-ECM
The Soft-ECM problem is a bi-level optimization problem [243], i.e. an optimization problem
in which parameters are themselves defined by another optimization problem. We propose
a heuristic that relaxes the hard constraint of identifying the meta-clusters barycenters
into an additional numerical constraint in the global minimization function. The relaxed
minimization problem of Soft-ECM then becomes:

min
M ,V

n∑
i=1

∑
A⊆Ω\∅

|A|αmi(A)
βd(xi, vA) +

n∑
i=1

δ2mi(∅)β

+ λ
∑

A⊆Ω\∅

∑
ωk∈A

d(v{ωk}, vA),

subject to
∑
A⊆Ω

mi(A) = 1, ∀i ∈ {1, . . . , n}.

(6.7)

While the first and second terms are similar to those of ECM, the third term imposes the
additional constraint of consistency between the barycenters of the {ωk} clusters and
those of meta-clusters. The new hyperparameter λ ≥ 0 adjusts the importance given to
this constraint. The higher λ, the more the solution respects the inter-clusters positioning
constraint. We can use an alternating optimization scheme to solve the relaxed Soft-ECM
optimization problem (see Algorithm 11), with the following two steps alternating (until
convergence or a fixed number of iterations):

1) Optimization of M , with V fixed. The credal partition M , which minimizes the
objective function, is computed using the expression below:

mi(A) =
|A|−

α
β−1d (xi, vA)

− 1
β−1∑

B 6=∅ |B|
− α

β−1d (xi, vB)
− 1

β−1 + δ−
2

β−1

,

mi(∅) = 1−
∑
A 6=∅

mi(A).

(6.8)

This solution was proposed for ECM [1] and is still valid for Soft-ECM. Indeed, the term
added to the objective function does not depend on M , so the optimization with respect to
M of the problem in eq. 6.7 is the same as the problem in eq. 2.47.

2) Optimization of V , with M fixed. The optimization of eq. 6.7 when M is fixed is
equivalent to the following unconstrained optimization problem:

argmin
V

∑
A⊆Ω\∅

(
n∑

i=1

|A|αmi(A)
βd(xi, vA) + λ

∑
ωk∈A

d(v{ωk}, vA)

)
. (6.9)

We adopt a different approach from ECM and use a numerical method (gradient descent)
to find an approximate solution. The use of optimization tools based on automatic
differentiation allows to solve this problem efficiently. We note that the optimization of this
function requires the differentiability of d.

–150–



6.4 Experiments

Soft-ECM converges after a finite number of iterations as Jα,β,δ,λ decreases at each step and
is a positive function. Indeed, updating the credal partition M with Lagrange multipliers
does not increase the objective function Jα,β,δ,λ [1]. Regarding the optimization with respect
to V , the gradient descent ensure to not increase the objective function.

Algorithm 11 Soft-ECM Algorithm
Input: {x1, ...,xn}: n objects in Rn×p.
Parameters:
c: number of clusters
α: weighting for cardinality
β > 1: weighting for belief
δl > 0: threshold for outliers
ε, ξ > 0: convergence thresholds
ρ: learning rate

Initialization:
v0: Initialize c prototypes randomly
v0
A: Compute the mean of v0 for |A| > 1

t← 0
repeat

(1) Compute the credal partition matrix M
(2) Update the prototype vector:
θ ← 0
repeat
Vθ+1 = Vθ − ρ∇VJ

α,β,δ,λ(M,Vθ)
θ ← θ + 1

until ‖Vθ+1 − Vθ‖ < ξ;
t← t+ 1

until ‖Mt −Mt−1‖ < ε;

Output: Optimal solutions M and V .

6.4 Experiments
In this section, we present the results of several experiments. First, we demonstrate the
ability of Soft-ECM to perform clustering comparable to ECM on a classic toy problem.
Next, we compare various fuzzy clustering methods with our approach using real-world
datasets of different types, including tabular data (numerical and categorical) and time series.
Finally, we showcase the clustering of synthetic time series to illustrate how our approach
addresses the challenges of fuzzy clustering on complex data with a semi-metric.

6.4.1 Experiments with synthetic data
We compare the behavior of Soft-ECM and ECM on a classic dataset, Diamond [1]. It consists
of twelve objects (see Figure 6.2a), where objects 1 to 11 being normal, and object 12 is an
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outlier. Soft-ECM and ECM were run with the same parameters: α = 1
6
, β = 2, δ = 11 and,

for Soft-ECM, λ = 1.5. The data were partitioned into c = 2 clusters. Figures 6.2b and 6.2c
depict the 2c cluster masses (focal elements) – m(ω1), m(ω2), m(Ω), and m(∅) – for ECM
and Soft-ECM, respectively.

(a) Raw Data (b) ECM

(c) Soft-ECM (λ=1.5) (d) Soft-ECM (λ=3.5)

Figure 6.2: Illustration of the Diamon dataset clustering [1]. (a) illustration of raw data.
(b), (c) and (d) mass distributions for each example for ECM and Soft-ECM. A high mass
indicates cluster or meta-cluster membership.

Objects 1 to 5 and 8 to 11 are assigned to two distinct clusters by ECM and Soft-ECM, while
object 12 is identified as an outlier. For objects 6 and 7, ECM assigns most of the mass to the
ignorance (meta-cluster)Ω, as they are located near the centroid ofΩ, which is defined as the
average of the centroids of ω1 and ω2 (see Figure 6.2b). In contrast, Soft-ECM optimizes this
centroid more effectively, with most belief mass assigned to ω2 for object 7 (cf. Figure 6.2c).
When we increase λ, until 3.5 with this dataset, it further constrains inter-cluster positioning.
As shown in Figure 6.2d, object 6 was then classified into the ω1, consistent with the results
obtained by the authors in (BCM) [101] and aligned the raw data.

6.4.2 Experiments and comparisons with real data
6.4.2.1 Experimental setting

We evaluate here the performance of the Soft-ECM algorithm against ECM and its state-
of-the-art variants, using nine publicly available real-world datasets.3. The datasets are of
different types (numerical, categorical and time series). The characteristics of the datasets
are summarized in Table 6.1.

3https://archive.ics.uci.edu
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Data n p c Length Metric(s) Inputs

Abalone 4177 8 3 - Euclidean Numerical
Ecoli 336 7 8 - Euclidean Numerical
Glass 214 9 6 - Euclidean Numerical
Breast Cancer (BC) 286 9 2 - Hamming Categorical
Lung 32 56 3 - Hamming Categorical
Soybean 47 35 4 - Hamming Categorical
ERing 30 4 6 65 Euclidean, Soft-DTW Time series
BasicMotions (BM) 40 6 4 100 Euclidean, Soft-DTW Time series
AtrialFibrillation (AF) 15 2 3 640 Euclidean, Soft-DTW Time series

Table 6.1: Experimental dataset characteristics, n: number of objects, p: number of
dimensions and c: number of clusters.

The algorithm Soft-ECM was implemented in Python and based on the PyTorch [244]
framework for solving eq. 6.9.4 The benchmark algorithms used to evaluate the performance
of our algorithm include ECM for numerical data, Evidential C-Means for categorical data
(CatECM [105]), and Evidential C-Medoids (ECMdd [62]) for the relational format of data.
Additionally, we compare our results with a hard clustering approach, specifically K-means
and its variants K-modes and TimeSeriesKMeans (TSKmeans [245]).

Each algorithm was executed 10 times for each of the following parameter settings: α = 2.0,
δ = 10, β ∈ {1.1, 1.2, . . . , 2.0}, λ ∈ {1.0, 2.0, . . . , 10.0}. Each run was was stopped upon
convergence to a stationary value with ε = 10−3. The number of subsets for the meta-
clusters was limited to 2 for results interpretability and computational reasons. For each
dataset, the number of clusters corresponds to the prior number of clusters. For credal
partitions, the pignistic [1] transformation was applied to convert them into hard partitions.
Euclidean, Soft-DTW and Hamming metrics were used for clustering numerical, temporal
and categorical data respectively (see Table 6.1).

6.4.2.2 Analysis of λ parameter

In this section, we examine the sensitivity of Soft-ECM results to the new parameter λ
on each dataset. We use the average normalized specificity as the internal validity index
of a credal partition, as defined by (6.10), following the approach proposed in [1], where
0 ≤ N?(c) ≤ 1. We computed N? for several combinations of λ and β values for each
real-world dataset.

N?(c) =
1

n log2(c)

n∑
i=1

 ∑
A∈2Ω\∅

mi(A) log2|A|

 . (6.10)

Figure 6.3 illustrates the performance of Soft-ECM. We can observe that the values of λ and
β have a significant impact. Selecting appropriate values for λ on each dataset improves the
performance of Soft-ECM. These first results show no evident trend in the evolution of RI
and, at this stage, we recommend a tuning of the λ parameter for each new dataset.

4Code available: https://gitlab.inria.fr/tguyet/ecm-ts.
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Figure 6.3: Parameter sensitivity β andλ on the performance of the Soft-ECM (N∗) algorithm.

6.4.2.3 Comparison with other algorithms on real-world datasets

Two standard performance measures are computed on the partitions: accuracy and Rand
Index (RI) [162]. For each dataset, the parameters β and λ that minimize the non-specificity
(N?) are selected for the credal partitions. Next, we compute the mean and standard
deviation (σ) of the performance measures across the 10 executions. Table 6.2 shows the
performances obtained for each algorithm on each dataset. The accuracy is calculated using
a prior known class of data. Indeed, for each algorithm and each dataset, we calculated the
mean and standard deviation statistics in mean(σ) format in Table 6.2, for the 10 executions
(according to the parameters defined in Section 6.4.2.1 and those selected in Section 6.4.2.2).

The results show that Soft-ECM performs well across different data types, both in terms of
RI and accuracy. For numerical data, Soft-ECM achieves competitive results, often close
to or better than ECM and K-Means, with an average RI of 56.6% and accuracy of 51.6%.
However, it shows slightly higher variability in performance, according to σ. On categorical
data, Soft-ECM outperforms K-Modes and CatECM in many cases, though its performance
varies across iterations, with higher σ values. For time series datasets, where both Euclidean
and Soft-DTW metrics are used, Soft-ECM demonstrates competitive performance, often
surpassing TSKmeans, especially with Soft-DTW metrics on Accuracy. Overall, Soft-ECM
performs well in about 83% of cases across different data types, and proves its versatility
across multiple data types and metrics.

In conclusion, this experimentation confirms that Soft-ECM achieves comparable or superior
performance to the benchmark algorithms used in this comparative experimentation. This is
beyond the result of the Proposition 6.2.1, demonstrating the usefulness of a flexible problem
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Rand Index

Abalone 0.580 (0.00) 0.578 (0.023) - 0.566 (0.031) 0.554 (0.016) - -
Ecoli 0.886 (0.004) 0.826 (0.052) - 0.807 (0.060) 0.892 (0.017) - -
Glass 0.637 (0.046) 0.630 (0.057) - 0.665 (0.005) 0.641 (0.027) - -
BC - 0.581 (0.000) 0.581 (0.000) 0.585 (0.008) - 0.581 (0.000) -
Lung - 0.523 (0.061) 0.550 (0.058) 0.482 (0.122) - 0.597 (0.000) -
Soybean - 0.790 (0.105) 0.905 (0.061) 0.905 (0.018) - 0.905 (0.120) -
ERing (Eucl.) - 0.846 (0.037) - 0.784 (0.040) - - 0.914 (0.024)
BM (Eucl.) - 0.477 (0.103) - 0.573 (0.086) - - 0.426 (0.051)
AF (Eucl.) - 0.418 (0.044) - 0.496 (0.071) - - 0.402 (0.048)
ERing (SoftDTW) - 0.904 (0.026) - 0.760 (0.017) - - 0.862 (0.030)
BM (SoftDTW) - 0.564 (0.048) - 0.586 (0.094) - - 0.411 (0.044)
AF (SoftDTW) - 0.468 (0.078) - 0.525 (0.093) - - 0.399 (0.014)

Accuracy

Abalone 0.513 (0.000) 0.498 (0.013) - 0.516 (0.017) 0.488 (0.026) - -
Ecoli 0.816 (0.002) 0.744 (0.048) - 0.714 (0.067) 0.821 (0.028) - -
Glass 0.550 (0.040) 0.539 (0.054) - 0.585 (0.002) 0.569 (0.021) - -
BC - 0.703 (0.000) 0.703 (0.000) 0.707 (0.009) - 0.703 (0.000) -
Lung - 0.497 (0.031) 0.494 (0.053) 0.469 (0.071) - 0.531 (0.000) -
Soybean - 0.704 (0.103) 0.872 (0.095) 0.698 (0.122) - 1.000 (0.000) -
ERing (Eucl.) - 0.667 (0.075) - 0.557 (0.075) - - 0.810 (0.052)
BM (Eucl.) - 0.474 (0.021) - 0.410 (0.050) - - 0.400 (0.024)
AF (Eucl.) - 0.474 (0.021) - 0.513 (0.077) - - 0.460 (0.038)
ERing (SoftDTW) - 0.700 (0.067) - 0.547 (0.032) - - 0.797 (0.060)
BM (SoftDTW) - 0.468 (0.059) - 0.472 (0.069) - - 0.395 (0.026)
AF (SoftDTW) - 0.493 (0.056) - 0.503 (0.078) - - 0.467 (0.000)

Table 6.2: Clustering accuracy (Rand Index and Accuracy) of algorithms on real datasets.
Bold numbers indicate best results by dataset. - refers to inappropriate algorithms for a
given dataset.

formulation. In addition, it offers the advantage of a better fuzzy representation in uncertain
data contexts.

6.4.3 Experiments with time series data
Regarding time series datasets, a Euclidean metric and a semi-metric, the Dynamic Time
Warping (DTW), are experimented. DTW is particularly useful for datasets where there is
temporal flexibility between instances of the same class (including time series of different
lengths). Since DTW is only a semi-metric, new approaches have been developed to
adapt clustering algorithms to DTW [242] but to our knowledge, there is no method for
performing credal partitioning of time series using DTW. In this section, we present the
results of two experiments obtained on artificial time series analysis. They illustrate the
relevance and ability of our algorithm to perform fuzzy partitioning of time series using
DTW, or more specifically Soft-DTW [246], which is its differentiable version.

In a first experiment, we use classic synthetic time series, named Cylinder-Bell-Funnel,
illustrated in figure 6.5. The dataset includes 50 items of each class. These items are
grouped according to index: from 1 to 50, from 51 to 100 and from 101 to 150, to facilitate
interpretation of the mass plots. To illustrate the flexibility of Soft-ECM, we applied it with
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two dissimilarity measures: the L2 metric and the Soft-DTW semi-metric. The results are
shown in figure 6.4.
The mass plots illustrate the expected partitioning for this dataset with c = 3. When we use
the L2 metric, the algorithm fails to identify the correct clusters. Indeed, the examples are
assigned equal masses for the three clusters, whatever the true behavior of the time series.
In contrast, with Soft-DTW, each expected cluster is mainly assigned to a singleton cluster,
representing a better clustering. This experiment demonstrates that our algorithm effectively
addresses the problem of fuzzy partitioning of time series, exploiting the advantages of
Soft-DTW.

0 20 40 60 80 100 120 140
Index

0.0

0.2

0.4

0.6

0.8

1.0

M
as

s o
f b

el
ie
f

Ma   of belief of each clu ter by Soft-ECM (Euclidean metric)
m(∅)
m(ω1)
m(ω2)
m(ω3)
m(ω1,ω2)
m(ω1,ω3)
m(ω2,ω3)

0 20 40 60 80 100 120 140
Index

0.0

0.2

0.4

0.6

0.8

1.0

M
as
s o

f b
el

ie
f

Mass of belief of each cluster by Soft-ECM (SoftDTW metric)

m(∅)
m(ω1)
m(ω2)
m(ω3)
m(ω1,ω2)
m(ω1,ω3)
m(ω2,ω3)

Figure 6.4: On top, plot of mass obtained using L2 distance. On bottom, mass graph obtained
by Soft-DTW.

In a second experiment, we aim to demonstrate the advantages of fuzzy clustering for these
time series. The previous task can be easily addressed using the DBA algorithm, for example,
but would not consider situations where time series could be fuzzily assigned to several
classes because they mix two behaviors. In this experiment, we therefore used class Bell,
class Funnel and a new class constructed by combining a series Bell+Funnel (M -shaped time
series).
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Figure 6.5: Illustration of the three-cluster raw-data on top: Cylinder (3 series in blue), Bell
(3 series in green) and Funnel (3 series in red). On bottom, mass plot obtained by clustering
with Soft-DTW for 2 classes (Bell and Funnel) and mixed examples (Bell+Funnel).

Figure 6.5 illustrates the results obtained by Soft-ECM clustering with c = 2 and a Soft-DTW.
We can see that the algorithm identifies two classes (here, the Bell and Bell+Funnel classes),
and the third class is identified as a mixture of the first two. For other initializations of
the algorithm, the two clusters that are identified are sometimes Bell and Funnel. For this
synthetic data, both results are acceptable, and of particular interest is to show the ability of
the model to identify examples as mixtures of the other two. This demonstrates that the
Soft-ECM algorithm is able to identify meaningful time series meta-clusters.
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6.4.4 Case study: application to real-life care pathways
The objective of this case study is to identify typical care pathways for patients with
chronic pain. The data are from the eDOL project, presented in Section 2.1.1 of chapter 2,
which collects clinical, socio-demographic and barometric information from patients and
their physicians concerning pain status. We are interested on barometers composed of
eight attributes measured weekly, as detailed in Table 2.1, allowing for the evaluation of
pain intensity and monitoring: pain, fatigue, mood, stress, sleep, body comfort, sports
and non-sports activities. These dataset, as described in Section 2.1.3.2, are complex and
subjective, and can be treated either as categorical time series (CTS), discrete time series
(DTS), or continuous/numerical time series (CNTS). We worked on data from 636 patients,
extracted from eDOL in June 2023, totaling 14,090 self-reported care events, with an average
follow-up of 5 months and a total duration of approximately 19 months.

We execute Soft-ECM with soft-DTW as the similarity metric between pairs of trajectories,
and in this case, the eDOL data have been interpreted as CNTS, since soft-DTW considers
the time series as continuous. We carried out 10 trials, for each initialization value of the
regularization parameter λ ∈ {.5, 1.0, 1.5, 2.0, . . . , 5.0}. To make the results comparable to
the different approaches and algorithms used in other contributions for clustering eDOL
data, we performed Soft-ECM with the same parameters: α = 2, β = 1.5, δ = 10, and c = 2.
Since the real classes are not known for the data sets, we used the non-specificity (N?) and
the average silhoute index (ASW) to evaluate the performance of each result. Considering
this criterias, the result giving the best partition corresponds to the highest ASW and lowest
N?.
Figure 6.6 presents the average with error bars (std: standard deviation) of N? and ASW
on the 10 trials of each values of λ. We observed that, for the eDOL data set the proposed
algorithm Soft-ECM performs, but has high variance. Best performance is obtained when
λ = 1.5, and we selected the partition with the minimal objective function value for this
value of λ with ASW = 0.34 and N? = 0.37.
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Figure 6.6: Average and std performance for ASW and N∗ varying with λ of the Soft-ECM
algorithm.
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Hard Partition is derived through the selected best partiton M (membership belief) using
Equation 2.46. We obtain two specific clusters (singletons), which we call Cl_1 and Cl_2,
and an imprecise cluster {Cl_1, Cl_2}, intermediate between the two clusters, which
we call Cl_1_2. The number of patients in each cluster is Cl_1 = 99, Cl_2 = 95 and
{Cl_1, Cl_2} = 442. Figure 6.7 shows the trajectories of the centroids in each cluster,
which can be analyzed as the average trajectories for each typology. For each centroid, we
observe the curves of the 8 dimensions (sequences) monitored in eDOL. Unfortunately, Soft-
ECM does not offer direct interpretability of patients’ cluster membership across dimensions
but other advanced tools, such as XAI explanations for multivariate time series, can also be
used [247, 248].
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Figure 6.7: Visualization of the shape (trajectory) of the centroids of each cluster of the best
partition obtained with Soft-ECM algorithm.

However, the analysis of the average total duration of each value ([0−10]) in each dimension
allows to obtain the explained average of each dimension to the cluster membership of the
objects. Combined with the analysis of Figure 6.8, which shows the transversal frequency
distributions of the values at each time point, we can conclude that cluster 1 groups patients
whose chronic pain is related to sleep and mood, while the chronic pain of patients in
cluster 2 is determined by stress and fatigue. Indeed, over the first 18 weeks of follow-up,
we observe that the trajectory of patients in cluster 1 is characterized by a moderate level of
sleep and mood, which improves from the 12th week onwards. For cluster 2, although stress
levels improve, patients’ state of fatigue declines from a high to a moderate level. These
results are generally comparable to the observations obtained in the previous chapters
(chapter 4 and chapter 5).
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Figure 6.8: Sequence frequency graph illustrating the most frequent measured values, each
represented by a transversal stacked bar.

6.5 Conclusion
In this contribution, we have proposed a generalization of the Evidential C-Means algorithm,
to Soft Evidential C-Means, named Soft-ECM, to provide a evidential clustering solution
adapted to complex data and not necessarily defined in a Euclidean space. Experimental
results show that Soft-ECM is able to produce comparable or even superior performance to
benchmark algorithms.

Furthermore, we have shown the capability of Soft-ECM to effectively achieve a fuzzy
clustering with new types of data and compared a semi-metric, such as time series with
a Dynamic Time Warping. In addition, a major advantage for uncertain data analysis is
its ability to offer a more effective representation of fuzziness. Although this extension
introduces new hyperparameters and is based on a numerical solution scheme, the flexibility
provided by Soft-ECM in the use of a semi-metric and the improved computation of meta-
cluster barycenters highlight its relevance for a wide scope of problems.
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Chapter 7
evclust: Python library for evidential

clustering

Abstract – A recent developing trend in clustering is the advancement of algorithms
that not only identify clusters within data, but also express and capture the uncertainty
of cluster membership. Evidential clustering addresses this by using the Dempster-
Shafer theory of belief functions, a framework designed to manage and represent
uncertainty. This approach results in a credal partition, a structured set of mass
functions that quantify the uncertain assignment of each object to potential groups.
The Python framework evclust, presented in this chapter, offers a suite of efficient
evidence clustering algorithms as well as tools for visualizing, evaluating and analyzing
credal partitions.

Contents
7.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 161

7.2 Description and architecture of evclust software . . . . . . . . . . . 162

7.2.1 Evidential Clustering Algorithms in evclust . . . . . . . . . . . . 162

7.2.2 Utils Functions in evclust . . . . . . . . . . . . . . . . . . . . . . 163

7.2.3 Metrics Functions in evclust . . . . . . . . . . . . . . . . . . . . . 163

7.3 Illustrations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 164

7.3.1 Example with Iris dataset . . . . . . . . . . . . . . . . . . . . . . 164

7.3.2 Example with multi-view dataset . . . . . . . . . . . . . . . . . . 166

7.4 Conclusion and Perspectives . . . . . . . . . . . . . . . . . . . . . . . 166

160



7.1 Introduction

7.1 Introduction
Clustering is a fundamental task in data analysis, grouping objects based on similarity.
Traditional methods like k-means [41] are efficient but assign each object to a single
cluster, which can be limiting in applications where uncertainty or overlap between
clusters must be accounted. Soft clustering methods allow partial memberships to multiple
clusters, addressing this limitation. Fuzzy clustering, for example, computes degrees of
membership for each object in all clusters, as implemented in Python libraries such as
scikit-fuzzy [249]. Possibilistic clustering [250], on the other hand, relaxes the sum
constraint on membership degrees, allowing better handling of outliers. Rough clustering
approaches [251] define lower and upper approximations for clusters, providing a nuanced
view of cluster membership. Building on these approaches, evidential clustering is a more
general framework that quantifies uncertainty using the Dempster-Shafer theory of belief
functions [99]. Instead of assigning simple degrees of membership, it uses mass functions
that distribute belief over subsets of clusters. This richer representation allows evidential
clustering to capture complex uncertainty patterns, such as partial ignorance, where an
object may belong to multiple clusters without a clear preference [99].

While R has tools like evclust [252] for evidential clustering, Python lacked a comprehensive
library for this purpose. To fill this gap, we introduce evclust, a Python library that
implements state-of-the-art evidential clustering algorithms. evclust provides a flexible and
user-friendly interface for analyzing credal partitions, along with tools for visualization and
evaluation. Based on the Python ecosystem, it integrates seamlessly with popular libraries
such as numpy, pandas, matplotlib, scipy, and scikit-learn. See Table 7.1
for software metadata.

This chapter is organized as follows. Section ⁇ explains the core concepts behind evidential
clustering. Section 7.2 focuses on the evclust software, outlining its structure and main
features, including clustering algorithms, utility tools, and performance metrics. Section 7.3
demonstrates how evclust can be used in practice. Finally, Section 7.4 discusses experimental
results and wraps up with the conclusion.

Table 7.1: Metadata for the evclust package.

Metadata Description
Current code version v0.2
Permanent link https://github.com/armelsoubeiga/evclust
Legal code license MIT License
Code versioning system git
Software languages, Python
Compilation requirements Python > 3.8, scipy > 1.10 scikit-learn > 1.3.0,

numpy, pandas
Operating systems Cross-platform (Windows, macOS, Linux)
Documentation Available on https://evclust.readthedocs.io
Support email armel.soubeiga@uca.fr
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7.2 Description and architecture of evclust software

7.2.1 Evidential Clustering Algorithms in evclust

Table 7.2 presents an overview of the evidential clustering algorithms implemented in evclust.
Some of these algorithms require attribute data, whereas others can handle proximity data,
i.e., a matrix of dissimilarities, or distances between objects. Each clustering algorithm
integrated into evclust includes an example section in its documentation, which provides
a practical illustration of how to use the algorithm. In evclust, for example, ECM is
implemented in function ecm().

ecm(x, c, g0 = NULL, type = 'full', pairs = NULL,
Omega = TRUE, ntrials = 1, alpha = 1, beta = 2,
delta = 10, epsi = 0.001, disp = TRUE)

This function requires at least two key inputs: the data matrix X, which has dimensions
n× p (n is the number of samples, and p is the number of attributes), and c, the number of
clusters.

The g0 argument is optional and allows to provide an initial matrix of cluster prototypes.
The type parameter defines the focal sets: ′full′ ( All subsets of Ω), ′simple′ (Only the empty
set, singletons, and Ω), and ′pairs′ (The empty set, singletons, Ω, and either all pair subsets)
or only the specific pairs provided through the pairs argument. If Omega = False, the set
Ω is excluded from the focal sets.

Other parameters control aspects of the algorithm, like the number of trials (ntrials),
the weighting coefficients (alpha, beta, delta), and the stopping criterion (epsi). One can
display the progression of the algorithm by setting disp = True. For more details, use
help(ecm).

The other functions in Table 7.2 follow the same parameter-setting scheme, with some
modifications depending on the algorithm, including or excluding specific parameters.

Table 7.2: Overview of clustering algorithms in evclust.

Method Inputs Complexity Function
ECM – Evidential c-Means [1] Attribute data O(n2c) ecm()
RECM – Relational Evidential c-Means [63] Proximity data O(nc2 + cn2) recm()
k-EVCLUS – k Evidential Clustering[67, 253] Proximity data O(n2c2) kevclus()
CatECM – Categorical Evidential c-Means[105] Categorical Attribute data O(n2c) catecm()
EGMM – Evidential Gaussian Mixture Model[254] Attribute data O(n2c) egmm()
BPEC – Belief Peak Evidential Clustering[68] Attribute data O(n2 + n2c) bpec()
ECMdd – Evidential c-Medoids [107] Proximity data O(cn2 + n2c) ecmdd()
MECM – Median Evidential c-Means[108] Proximity data O(n2c) mecm()
WMVEC – Weighted Multi-View Evidential Clustering[226] Multi-view Attribute data O(nw2c) wmvec()
WMVEC-FP – WMVEC with feature preference[226] Multi-view Attribute data O(nwp2c) wmvec_fp()
MECMdd-RWG – Multi-veiw Evidential C-Medoids [g],[j] Multi-view Proximity data O(pn2c + pcn2) mecmdd_rwg()
MECMdd-RWL – Multi-veiw Evidential C-Medoids [g],[j] Multi-view Proximity data O(pn2c + pcn2) mecmdd_rwl()
CCM – Credal C-Means[102] Attribute data O(n2c) ccm()
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7.2.2 Utils Functions in evclust
The evclust Python library provides a set of powerful utility functions, see Table 7.3,
designed to facilitate the exploration and analysis of credal partitions produced by evidential
clustering algorithms. These functions allow users to summarize, transform, and visualize
credal partitions, making them highly versatile for clustering tasks in various domains.

Credal partitions, which are more general than traditional clustering outputs, can be
converted into classical structures such as hard, fuzzy, or rough partitions [98]. This
transformation is achieved using functions like extractMass(), which computes key
outputs such as the plausibility and belief distributions, lower and upper approximations
of clusters, and other derived metrics. Visualization is another critical aspect supported
by evclust. The library includes functions such as ev_plot() for representing clusters
and approximations in a two-dimensional space, ev_pcaplot() for PCA-based cluster
visualization, and ev_tsplot() for analyzing clustering results in time-series data.
These tools provide an intuitive understanding of the results and help to interpret complex
clustering structures. In addition to these core functionalities, evclust offers tools for
creating and managing focal sets (makeF()), summarizing the properties of credal
partitions (ev_summary()), and detecting potential outliers. These utilities not only
enhance the usability of evidential clustering but also enable a deeper exploration of
uncertainty and ambiguity in cluster memberships, making evclust a valuable resource for
data scientists and researchers. Table 7.3 summarizes the main utility functions available in
evclust.

The evclust library provides access to several real-world example datasets through
its datasets module. These datasets, such as the Decathlon dataset from
load_decathlon(), the well-known Iris dataset load_iris(), Protein data
load_protein(), the fourclass dataset load_fourclass(), and the multi-view
ProPt dataset load_prop(), are available for users to explore and apply clustering
algorithms.

Table 7.3: Utility functions in evclust.

Function Description
makeF() Creation of a matrix of focal sets.
ev_summary() Extracts basic information to summarize a credal partition.
ev_plot() Generates plots of a credal partition.
ev_pcaplot() Plots PCA results with cluster colors of a credal partition.
extractMass() Computes different outputs from a credal partition.

7.2.3 Metrics Functions in evclust
The evclust library includes a set of metrics functions that facilitate the evaluation and
comparison of credal partitions. These functions address key aspects such as uncertainty
quantification, relational representations, and the comparison of clustering results, offering
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versatile tools for evidential clustering analysis.

One of the core metrics implemented in evclust is the measure of nonspecificity(), which
quantifies the imprecision of a credal partition. Introduced by Klir and Wierman [209],
Non-Specificity accounts for the uncertainty inherent in mass functions, distinguishing
between imprecision and conflict. This metric is particularly useful for analyzing the
degree of uncertainty in credal partitions and has been employed to determine the number
of clusters in evidential clustering [1]. To facilitate the comparison of credal partitions,
evclust implements the credalRI() function, which computes the Rand Index (RI)
adapted for evidential clustering. This function compares two credal partitions by first
transforming them into their relational representations and then evaluating the level of
agreement between them. The relational representation of a credal partition, computed
using pairwise_mass(), is expressed as a set of three relational matrices: Me, M1,
and M0, corresponding to the masses assigned to the empty set, singleton sets, and their
complements, respectively. The credalRI() function then uses these representations
to calculate the RI while allowing the user to specify a weighting scheme via its type
argument. Overall, these metrics functions provide robust tools for evaluating evidential
clustering results, enabling users to assess the level of uncertainty, extract insights from
relational structures, and compare multiple credal partitions effectively.

Table 7.4: Metrics functions in evclust.

Function Description
nonspecificity() Computes the non-specificity of a credal partition.
credalRI() Computes the Rand Index to compare two credal partitions.
pairwise_mass() Computes relational representations for credal partition.

7.3 Illustrations
In this section, we demonstrate the use of the main functions in the evclust library through
the analysis of some datasets.

7.3.1 Example with Iris dataset
This section demonstrates the use of evclust for evidential clustering with the Iris dataset. The
Iris dataset includes measurements of sepal length, sepal width, petal length, and petal width
for 50 flowers from each of three iris species. Assuming uncertainty in species assignments
and the possibility of overlapping species across clusters, we employ the ecm algorithm to
analyze the data and account for these uncertainties.

# Import requirements
import evclust
from evclust.ecm import ecm
from evclust.datasets import load_iris
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# Import test data
df = load_iris()
df = df.drop(['species'], axis = 1) # del label column

The ecm algorithm can be applied to these data by running function ecm():

# ECM with c=3
clus = ecm(x=df, c=3, beta = 2, alpha=1, delta=10)

We can summary the output of the ecm model, to see Focal sets or Number of outliers

from evclust.utils import ev_summary
ev_summary(clus)

------ Credal partition ------
3 classes,
150 objects
Generated by ecm
Focal sets:
[[0. 0. 0.]

[1. 0. 0.]
[0. 1. 0.]
[1. 1. 0.]
[0. 0. 1.]
[1. 0. 1.]
[0. 1. 1.]
[1. 1. 1.]]

Value of the criterion = 38.82
Nonspecificity = 0.22
Prototypes:
[[7.06131634 3.03675091 6.05972886 2.1474559 ]

[4.96375502 3.3462016 1.49213248 0.24695422]
[6.01335287 2.76720722 4.77762377 1.64225065]]

Number of outliers = 0.00

The output of the ev_summary function provides an overview of the credal partition
obtained from the ecm clustering algorithm. In this case, three clusters were identified
across 150 objects. The focal sets represent the subsets of clusters considered during the
evidential clustering process, including single clusters and combinations of clusters. The
prototypes indicate the centroids of the identified clusters in the feature space, showing the
average characteristics of each cluster. The clustering criterion achieved a value of Value
of the criterion = 38.82, indicating the fit of the model to the data, while the
Nonspecificity = 0.22 reflects the degree of imprecision in the partitioning. No
outliers were detected in this analysis, suggesting a robust clustering outcome.
Figure 7.1 shows a simple plot on the left and a plot on the axes of a PCA on the right.

from evclust.utils import ev_plot, ev_pcaplot

ev_plot(x=clus, X=df)
ev_pcaplot(data= df, x=clus, normalize=False,

splite=False, cex=8, cex_protos=5)
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Figure 7.1: Illustration of visualization of credal partition using ev_plot and
ev_pcaplot functions.

7.3.2 Example with multi-view dataset
We illustrate the example of multi-view evidential clustering with the WMVEC algorithm
using the wmvec function from evclust. The function is configured to learn c = 4 clusters
and for type=“simple” means that we are only interested in the focal set equal to 2.

#Import of modules
from evclust.wmvec import wmvec
from evclust.datasets import load_prop

# Multi-view data import
df = load_prop()

# wmvec clustering fit
clus = wmvec(X=df, c=4, alpha=2, delta=5, maxit=20,

epsi=1e-3, beta=1.1, lmbda=403, type='simple',
disp=True)

The Prop dataset contains three attribute views with different dimensions. When imported
using the load_prop() function, it returns a list containing these three views, each
represented as a DataFrame. The importance weight of each view can be accessed through
clus['param']['R']. This allows users to analyze the different attribute views and
their corresponding weights in clustering tasks.

clus['param']['R']

[0.31174353, 0.34414724, 0.34410923]

7.4 Conclusion and Perspectives
Evidential clustering offers a novel framework for clustering, where uncertainty about
cluster memberships is modeled using Dempster-Shafer mass functions. This approach
provides a richer representation of imprecision and ambiguity compared to traditional
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clustering methods, making it especially suitable for complex and uncertain datasets.

In this contribution, we introduced evclust, a Python library that implements a
comprehensive set of evidential clustering algorithms. These algorithms are designed to
address a wide range of clustering challenges, including handling non metric dissimilarity
data, discovering clusters with complex shapes, and performing model-base clustering.
Additionally, evclust provides tools for visualizing, evaluating, and exploiting credal
partitions. The open-source nature of the library and its implementation in Python ensure
broad accessibility and seamless integration into various workflows, benefiting from the
widespread use of Python in the data science community. evclust caters to a diverse
audience, including researchers, data analysts, students, programmers, and decision-makers,
with applications extending beyond clustering to data analysis and decision-making under
uncertainty.

We plan to expand evclust in several directions. Our road-map includes adding new
algorithms to address emerging challenges in data science, such as Belief Shift Clustering
(BSC), Dynamic evidential c-means clustering (DECM), Deep Evidential Clustering (DEC),
Decision tree-based evidential clustering (DTEC), Transfer learning-based evidential
c-means clustering (TECM), etc. We also aim to enhance the library’s usability through
simplified documentation and tutorial notebooks, making it more accessible for educational
and practical purposes. Encouraging community contributions via platforms like GitHub
will ensure continuous improvement and adaptation to the evolving needs of users. We aim
to improve usability with simplified documentation and tutorials, fostering accessibility
for education and practice, while encouraging community contributions on GitHub for
ongoing development.

In conclusion, evclust is a powerful tool for evidence clustering and beyond, with significant
potential for growth and impact in the data science community.
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Discussion and perspectives

I Limitations and discussion
In this thesis, we have contributed to research on evidential clustering for trajectory
analysis and, more specifically, to evidential clustering for sequential trajectory analysis in
medicine and social science in general. We have addressed the challenges posed by the
clustering of chronic pain care trajectories promoted by the eDOL project, whose data are
collected by patient self-declarations of their health feelings via an mhealth application.

However, beyond the analytical complexity of the eDOL data presented at the beginning of
our work in the Background chapter (chapter 2), certain limitations can also be highlighted
regarding these data. Indeed, we can highlight a sampling bias mainly because requiring the
use of a smartphone excludes patients who do not have or do not know how to use this tool.
This could exclude the oldest or most precarious patients. The second limitation to highlight
may be measurement bias, which frequently appears in observational studies [255]. In the
eDOL study, measurement bias may have resulted from the patients themselves entering
the data.

The contributions in this thesis provide complementary solutions to the complex problem
of clustering of multidimensional trajectories, by exploiting the potential offered the belief
functions. The aim was to propose robust evidential clustering methods adapted to discrete
or categorical multidimensional trajectories, but the approaches developed can be extended
to continuous or numerical temporal data. However, this work has some limitations.

Firstly, the feature-based approach introduced in chapter 4 is based on the extraction and
selection of relevant features, a key step in transforming trajectories into data that can
be exploited by traditional clustering algorithms. Although this method can yield clear,
interpretable typologies, it depends greatly on the quality of the features extracted and
selected. If inadequate or duplicate features are selected, this can introduce bias into the
results and limit the effectiveness of the approach. In addition, this step introduces a
significant dependency on extraction techniques, which may not be generalizable to all
data, contexts and field.

To address these limitations, the multi-view evidential relational clustering algorithm
(MECMdd) proposed in chapter 5 adopts a different perspective. By working directly on
proximity data, this method overcomes the problem of extraction and selection of relevant
features. However, MECMdd introduces other challenges. For example, the construction of
proximity matrices from raw-data can be sensitive to the choice of dissimilarity metrics and
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parameters, and still requires data transformation, which can have an impact on clustering
quality.

Finally, in chapter 6, the Soft-ECM algorithm aims to overcome the limitations associated
with raw data transformations, from feature extraction and selection and to the proximity
matrix construction. By working directly on raw-data, Soft-ECM offers an adapted
solution for processing complex data, including time series and mixed tabular data, without
depending on the properties of Euclidean space. However, this flexibility comes with a
cost, particularly in terms of the computational complexity associated with numerical
optimization. The convergence of the algorithm and the evaluation of distances in a
non-Euclidean space require significant computing resources, which can be problematic for
large datasets.

The results obtained from the three contributions to clustering care trajectories for chronic
pain in France, using data from the eDOL project, show very similar results but differing
levels of robustness, interpretability and uncertainty management. The three approaches
identify similar trajectory typologies, with two certain clusters related to distinct clinical
profiles (stress/fatigue vs. sleep/ mood) and an uncertain intermediate cluster. However,
the Soft-ECM method overcomes prior data transformations, providing better exploitation
of temporal information. In contrast, approaches based on features or proximity matrices
offer better interpretability, which is a weak point of Soft-ECM.

Table I.1: Overview of clustering methods and performance on eDOL.

Method Strengths Limitations Results on eDOL
NS1 ASW 2

Feature-
based (ECM)

Yields interpretable
typologies of trajectories.

Highly dependent on
feature extraction and
selection techniques,
which may introduce bias.
Requires data
transformation. Based on
Eucludian metric.

0.29 0.27

Raw data
distance-
based
(MECMdd)

Yields features relevance
and interpretable
typologies of trajectories.
Can use complex
similarity metric,
depending on trajectory
characteristics.

Sensitive to the choice of
dissimilarity metrics and
parameters. Requires
data transformation.

0.12 0.73

Raw data
object-based
(Soft-ECM)

Works directly on
raw-data and preserves
temporal information.

Involves high
computational
complexity. Object
membership is not
directly interpreatable.

0.37 0.34

1Performance using Non-specificity of the best partition.
2Performance using Average Silhouette Weight of the best partition.
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Table I.1 summarizes the strengths and limitations of each method, as well as quantitative
performance results regarding their applicability to clustering care trajectories from eDOL
data. These three methods perform respectively with Euclidean, Optimal Matching (OM)
and Soft-DTW similarity metrics. Despite quantitative differences in performance (NS and
ASW), and differences in the distribution of patients within clusters (Table I.2), the similarity
of results, in terms of the same number of clusters and subsets obtained for each method,
highlights the reproducibility of these approaches.

Table I.2: Cluster sizes for the best partition obtained for each clustering method on eDOL.

Method Similarity Metric Cluster sizes
Cl_1 Cl_2 {Cl_1,Cl_2}

Feature-based (ECM) Euclidean 216 157 291
Raw data distance-based (MECMdd) OM 539 19 78
Raw data object-based (Soft-ECM) Soft-DTW 99 95 442

II Perspectives and future research
Our research work opens up several perspectives, both for direct improvements of
our contributions and for wider exploration of the field of evidential clustering and its
applications to trajectory analysis.

A first immediately direction concerns the improvement of the Soft-ECM algorithm. We
plan to integrate bi-level optimization schemes [256, 257], providing more efficient problem
relaxation and enhancing the convergence properties of the algorithm. Furthermore, the
implementation of feature or dimension weighting [221, 226, 232] could significantly
improve the interpretability of results by highlighting the contribution of each attribute. In
addition, our work can be directly improved using feature-based clustering of subsequences.
Indeed, based on Subsequence time series clustering approaches [258], the objective is to
extract features from interesting and relevant trajectory subsequences.

In a larger context, several research directions on this topic can be explored. Firstly, the
development or use of non-linear dissimilarity measures adapted to MECMdd or Soft-ECM
algorithms is an interesting direction for better capturing complex relationships in data,
particularly in time series.
As one of the important steps of clustering, clustering validity is one of the important
factors that determines the quality of results [259]. The evaluation and/or validation of
credal partition and the Dempster-Shafer Theory in general are major challenge [94, 99].
While traditional clustering evaluation metrics have been widely studied, they may not
be directly applicable to the specific challenges posed by evidential clustering. In credal
partitions, each object can partially belong to several clusters, but also to sets of clusters,
making the use of traditional measurement indices more complex. Extending existing hard or
fuzzy internal measures to the evidential framework could provide a partial solution. Some
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external evaluation measures are proposed from traditional clustering evaluation metrics
to better suit the needs of evidential clustering [99], including evidential precision (EP),
evidential recall (ER), evidential rank index (ERI), and Credal Rand Index (CRI). However,
internal evaluation measures require prior research.
Finally, the application of the new Soft-ECM formulation to semi-supervised constrained
learning problems could be an interesting perspective. For example, incorporating ideas from
frameworks such as Constrained Evidential C-Means (CECM) [103] could enable a priori
knowledge to be better integrated into the clustering process, improving both performance
and interpretability.
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General conclusion

This thesis contributes to research on evidential clustering of multidimensional trajectories,
with a particular focus on the clustering and analysis of chronic pain care trajectories. Our
work has allowed us to explore and introduce several clustering approaches and algorithms,
addressing both theoretical and practical challenges related to trajectory data.

We reviewed existing clustering methods and, based on the identified challenges, proposed
novel approaches—including feature-based evidential clustering, a multi-view relational
evidential clustering algorithm (MECMdd) with adaptive weightings, the soft evidential
clustering (Soft-ECM) for non-Euclidean data, and the evclust Python library—to effectively
handle diverse and uncertain trajectory data. The results obtained from the application of
these approaches to the clustering of chronic pain trajectories are discussed.

Overall, this thesis makes a significant contribution by advancing both the theoretical
foundations and practical implementations of evidential clustering, thereby opening new
perspectives for clustering multidimensional and uncertain trajectories in real-world
applications.
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Résumé étendu en français

Dans le chapitre 3, nous avons examiné et comparé les méthodes de classification
automatique pour les trajectoires multidimensionnelles. Nous avons abordé les défis
de regroupement des trajectoires multidimensionnelles caractérisées par des données
longitudinales ou des séries temporelles discrètes ou catégorielles, mettant en évidence leurs
applications et leurs différences. Les techniques de regroupement de trajectoires examinées
incluent des approches basées sur les caractéristiques, les données brutes et les modèles. Une
étude comparative a été menée sur les approches basées sur les données brutes en calculant
les proximités ou relations (matrices de dissimilarité) à l’aide de l’analyse séquentielle
et utilisant des algorithmes de regroupement dur et souple relationnels. Les méthodes
additives se sont révélées les plus efficaces, malgré leur dépendance à des hypothèses
majeures sur l’interdépendance des dimensions. Nous avons fourni une analyse critique des
différences entre les approches étudiées et proposé l’exploration d’une nouvelle approche
de regroupement de trajectoires multidimensionnelles dans un paradigme collaboratif.

Dans ce chapitre 4, nous avons exploré le regroupement basé sur les caractéristiques des
données de trajectoires temporelles liées à la douleur chronique. En utilisant une approche
de regroupement souple, nous avons cherché à découvrir des trajectoires de soins atypique
ou uncertain. La méthode implique l’extraction et la sélection de caractéristiques clés à
partir des données en utilisant des techniques avancées telles que Tsfresh et la sélection
de caractéristiques non supervisée. Les caractéristiques extraites sont définies en suivant
les recommandations du domaine médical. Au total, 28 caractéristiques uniques sont
obtenues pour chaque série temporelle. Des algorithmes de sélection de caractéristiques,
tels que la forêt aléatoire non supervisée (le plus performant), le score laplacien et la
méthode spectrale non supervisée, ont été utilisés pour identifier les caractéristiques les
plus pertinentes. Nous avons ensuite appliqué un algorithme de C-Moyennes évidentielle
pour identifier les typologies de trajectoires de soins, en tenant compte de l’incertitude
basée sur la subjectivité et la nature des données. Les résultats ont révélé deux clusters
certains associés à l’inconfort et au bien-être, ainsi qu’un cluster incertain représentant
des caractéristiques intermédiaires. Grâce à l’analyse descriptive, aux tests statistiques et
à la régression multinomiale, nous avons identifié des profils de patients au sein de ces
trajectoires, améliorant ainsi notre compréhension de la gestion de la douleur chronique.

Dans le chapitre 5 suivant, nous avons proposé un algorithme de regroupement relationnel
multi-vue, particulièrement adapté aux données de proximité (ou relationnelles), qui
sont souvent plus simples à collecter dans des applications du monde réel. Ces données
permettent de gérer des objets caractérisés par des types de données complexes et variés.
Cependant, la plupart des méthodes existantes de regroupement relationnel multi-vue
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montrent des limites dans la gestion des ensembles de données incertaines et imprécises,
en particulier pour des objets appartenant à des classes chevauchantes. Pour surmonter
ces limitations, notre algorithme repose sur la théorie des fonctions de croyance, qui
permet de caractériser partiellement les connaissances lors de l’attribution des objets
aux classes. Ce nouvel algorithme, appelé Multi-View Evidential C-Medoid clustering
with adaptive weightings (MECMdd), calcule des poids de pondération pour chaque vue
dans un cadre collaboratif. Ces poids sont estimés localement pour chaque groupe, avec
une contrainte de somme des poids (MECMdd-RWL-S) ou une contrainte de produit des
poids (MECMdd-RWL-P), ainsi que globalement avec les mêmes types de contraintes
(MECMdd-RWG-S et MECMdd-RWG-P). Nous avons évalué ces algorithmes à travers
plusieurs expérimentations sur des ensembles de données réels, en comparant leurs
performances et leurs avantages à ceux de méthodes similaires et de pointe décrites dans la
littérature. De plus, nous les avons appliqués à l’étude de cas réelle de regroupement des
trajectoires de la douleur chronique, démontrant leur efficacité et leur interprétabilité.

Le chapitre 6 aborde le défi du regroupement de données complexes basé sur les objets
à l’aide des fonctions de croyance. Nous avons reformulé le problème de l’algorithme
C-Moyennes évidentielle pour permettre la prise en charge des données non euclidiennes,
telles que les données mixtes (numériques et catégorielles) et les données non tabulaires
comme les séries temporelles et les données longitudinales. Ces types de données ne peuvent
pas être traités par les algorithmes évidentielles traditionnels en raison de leur dépendance
aux propriétés de l’espace euclidien. Le nouvel algorithme proposé, nommé Soft-ECM,
est également capable de positionner les centroïdes de classes imprécises de manière
cohérente en utilisant uniquement une semi-métrique, contrairement au C-Moyennes
Évidentielles, qui utilise une moyenne arithmétique. Une semi-métrique est une mesure de
dissimilarité qui est symétrique, positive et définie, mais qui ne satisfait pas nécessairement
l’inégalité triangulaire. Nos expérimentations montrent que Soft-ECM obtient des résultats
comparables à ceux des méthodes classiques de classification automatique évidentielle sur
des données numériques, tout en étant également efficace pour les données mixtes. De plus,
nous avons démontré ses avantages dans l’intégration de semi-métriques comme DTW pour
les séries temporelles, illustrant ainsi sa polyvalence et son potentiel dans divers contextes
de regroupement. Enfin, nous avons appliqué Soft-ECM à l’étude de cas de regroupement
des trajectoires de la douleur chronique, mettant en évidence son efficacité.

Enfin, dans le chapitre 7, nous avons contribué à l’open source en développant la bibliothèque
Python evclust, qui met à disposition plusieurs algorithmes de classification automatique
basés sur les fonctions de croyance, parmi les plus avancés. Cette bibliothèque offre
un environnement convivial de regroupement evidentiel tout en incluant des outils de
visualisation et d’évaluation des resultats du regroupement.
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Appendix and supplemental material

The appendix is organized as follows. Section A provides further definitions of some concepts
used in the background chapter. In Section B.1, we present some more details of the synthetic
data simulation procedure. In Section B.2, we outline related work in multi-view relational
clustering and additional application results of Codist on eDOL dataset.

A Appendices for chapter 2
Model-Based Clustering – The basic idea is to select a particular model for each cluster
and find the best fitting for that model. Model-based clustering algorithms presume data
points are generated from a probabilistic model and seek to identify the most appropriate
model to explain the data distribution. Diverse and well-developed models provide means to
describe data adequately, and each model has its unique characteristics that may offer some
notable benefits in some specific areas. However, overall, the time complexity of the models
is relatively high, the premise is not entirely true, and the clustering result is dependent on
the parameters of the models that are chosen.
Spectral-Based Clustering – Spectral clustering leverages the eigenvalues of similarity
matrices derived from the data to perform dimensionality reduction before applying
traditional clustering techniques. This method is particularly effective for datasets with
non-convex clusters and complex structures. It excels in separating clusters that are not
linearly separable in the input space. However, spectral clustering requires computationally
expensive matrix operations and is sensitive to the choice of similarity measures, which can
impact its robustness and scalability.
Density-Based Clustering – Density-based algorithms aim to identify clusters in high-
dimensional regions of the feature space while also detecting noise points as outliers. These
algorithms have high clustering efficiency, are sensitive to parameters, and are suitable
for datasets of arbitrary shapes. In the case of uneven spatial data density, the quality of
clustering results will decrease. Additionally, higher computing resources are required when
processing large datasets.
Grid-Based Clustering – The fundamental principle of these clustering algorithms is to
partition the initial data space into a grid structure of a predetermined size for clustering.
While exhibiting low time complexity, high scalability, and compatibility with parallel
processing and incremental updates, these algorithms do come with considerations. The
clustering outcomes prove sensitive to the grid size, where the pursuit of heightened
calculation efficiency may come at the expense of cluster quality and overall clustering
accuracy.
Neural Network-Based Clustering – This approach combines traditional clustering
methods with new deep-learning techniques to improve feature extraction and identify
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complex patterns in data. These methods can learn complex data representations and handle
high-dimensional datasets effectively. They offer the advantage of adaptability, as they
can discover intricate patterns in data that traditional methods might miss. However, they
require substantial computational resources, are sensitive to hyperparameter tuning, and
often demand large amounts of data to achieve optimal performance.

B Appendices for chapter 3

B.1 Description of synthetic data simulation

The two datasets include: (1) two independent variables—a three-modality categorical
variable and a four-modality ordered categorical variable; (2) four variables—two correlated
ordered categorical variables with three and four modalities, and two independent
categorical variables with three and four modalities. Each dataset comprises 150 points
distributed across four classes of unequal sizes (50, 50, 15, and 35), simulated using
multinomial distributions with category probabilities derived from a Dirichlet distribution
with equal α parameters, ensuring equal likelihood for all modalities (see Table B.1).

To simulate longitudinal data, cross-sectional data are transformed into time-dependent data
by incorporating variable observation times and intervals. The number of measurements
per individual follows a non-zero Poisson distribution nCount ∼ Pois(λ = 6), while the
average time interval between observations is gamma-distributed mInterval ∼ Γ(k =
30, θ = 0.01), with a fixed variance vInterval.

Synthetic variable Distributions Mode of the variable Class

Three-modality categorical
variable: var_c_3m

0.36; 0.24; 0.4
Ibuprofen; Paracetamol; Aspirin

cl_1
0.5; 0.23; 0.27 cl_2
0.43; 0.32; 0.25 cl_3
0.38; 0.32; 0.3 cl_4

Four-modality categorical
variable: var_c_4m

0.28; 0.29; 0.18; 0.25 Rhinitis; Hypertension;
Migraine; Arthritis

cl_1
0.24; 0.2; 0.37; 0.19 cl_2
0.25; 0.26; 0.34; 0.15 cl_3
0.28; 0.21; 0.28; 0.23 cl_4

Four-mode ordinal categorical
variable: var_ord_3m

0.3; 0.2; 0.2; 0.3 NotClinic; ClinicNoTx;
TxUncontrolled; TxControlled

cl_1
0.2; 0.25; 0.25; 0.3 cl_2
0.3; 0.2; 0.24; 0.26 cl_3
0.28; 0.22; 0.27; 0.23 cl_4

Tree-modality categorical
variable: var_c_4m Mild; Moderate; SevereCorrelated with

var_ord_4m

Table B.1: Configurations of categorical data sets: distribution of class modalities.
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B.2 Related works on medoids-based relational multi-view
clustering

In this work [125], F. de Carvalho and al. propose MRDCA, an extension of dynamic hard
clustering for relational data, which uses multiple dissimilarity matrices. MRDCA has two
variants, MRDCA-RWL and MRDCA-RWG, which can compute relevance weights for each
dissimilarity matrix, respectively, locally for each cluster, or globally for the whole partition.
However, MRDCA assumes a hard relationship between objects and clusters, which is
unrealistic for real data that often contains uncertainty, imprecision, and inconsistency [229].
F. de Carvalho and al. [61] introduced multiple relational fuzzy c-medoids (MRFCMdd)
based on FCMdd algorithm [64]. MRFCMdd is also designed to estimate weights in two
ways: locally, i.e. a relevance weight for each matrix in each cluster (MRFCMdd-RWL), and
globally, i.e. a global clustering weight for each matrix (MRDCA-RWG). In [g], Soubeiga, A.
and al. proposed Evidential C-Medoid clustering with adaptive weightings (MECMdd) based
on ECMdd [62], with two variants MECMdd-RWL and MECMdd-RWG. Numerous other
non-Medoids multi-view relational clustering algorithms are available, illustrated in Figure
B.1. For instance, in [60], Frigui and al. introduced the CARD algorithm based on fuzzy
theory, which aggregates multiple dissimilarity matrices and learns a relevance weight for
each matrix in each cluster.

Figure B.1: Review of Multi-Relational clustering.
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