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Abstract ix

Inpucing Periopic Errects IN BoseE-EINSTEIN CONDENSATES:
Soliton Oscillations and Superfluid Fraction

Abstract

This thesis investigates two phenomena in Bose-Einstein condensates related to periodicity: temporal in
the first case and spatial in the second. The theory is reviewed and experiments are performed with
ultracold atoms. More specifically, our experimental platform consists of a two-dimensional gas of
rubidium atoms confined in a flat-bottom box of adjustable geometry. Our setup provides high control
over the gas, allowing us to engineer arbitrary potentials and spin-textures.

The first investigation explores solitons, stable wave packets that maintain their shape while propagating.
After reviewing theoretical foundations, the thesis presents the experimental realization of magnetic
solitons. These appear as a localized spin component immersed in a bath of another component. When
subjected to a constant force, these solitons exhibit oscillatory motion. This behavior is similar to an
electron in a crystal performing Bloch oscillations, despite the absence of a periodic potential. This
remarkable phenomenon stems, in both cases, from the inherent periodicity of the energy-momentum
relationship. Experiments in both linear and ring geometries verify these oscillations. In the ring
configuration, we demonstrate that the oscillations can generate quantized currents. This represents a
novel mechanism for creating persistent currents in quantum fluids.

The second study examines how spatial modulation affects superfluidity, the ability to exhibit frictionless
flow. The thesis experimentally demonstrates that breaking translational symmetry in a Bose-Einstein
condensate reduces the superfluid fraction. This confirms predictions from the pioneering work of
Leggett. We use optical lattices to create controlled density modulations. The superfluid fraction is
measured using two methods: through sound propagation and compressibility measurements, and via
analysis of the density profile of the cloud. The results confirm the expected reduction of superfluid
fraction. These findings have particular relevance for supersolids, a state of matter exhibiting superfluid
properties coexisting with spontaneous spatial ordering.

Keywords: bose-einstein condensates, superfluidity, many-body physics

Résumé

Cette thése étudie deux phénomenes dans les condensats de Bose-Einstein liés a la périodicité : temporelle
dans le premier cas et spatiale dans le second. La théorie est passée en revue et des expériences sont
réalisées avec des atomes ultra-froids. Plus précisément, notre plateforme expérimentale consiste en un
gaz bidimensionnel d’atomes de rubidium confinés dans une boite a fond plat de géométrie ajustable.
Notre dispositif offre un controle élevé sur le gaz, nous permettant de concevoir des potentiels et des
textures de spin arbitraires.

La premiére investigation explore les solitons, des paquets d’ondes stables qui maintiennent leur forme
pendant la propagation. Aprés avoir revu les fondements théoriques, cette thése présente la réalisation
expérimentale de solitons magnétiques. Ceux-ci apparaissent comme une composante de spin localisée
immergée dans un bain d’une autre composante. Lorsqu’ils sont soumis a une force constante, ces
solitons présentent un mouvement oscillatoire. Ce comportement est similaire a celui d’un électron dans
un cristal effectuant des oscillations de Bloch, malgré I’absence de potentiel périodique. Ce phénoméne
remarquable découle, dans les deux cas, de la périodicité inhérente a la relation énergie-impulsion. Des
expériences dans des géométries linéaires et en anneau vérifient ces oscillations. Dans la configuration en
anneau, nous démontrons que les oscillations peuvent générer des courants quantifiés. Cela représente
un nouveau mécanisme pour créer des courants persistants dans les fluides quantiques.

La seconde étude examine comment la modulation spatiale affecte la superfluidité, c’est-a-dire la capacité
d’un fluide a s’écouler sans friction. La thése démontre expérimentalement que briser la symétrie
translationnelle dans un condensat de Bose-Einstein réduit la fraction superfluide. Cela confirme
les prédictions des travaux pionniers de Leggett. Nous utilisons des réseaux optiques pour créer des
modulations de densité controlées. La fraction superfluide est mesurée en utilisant deux méthodes : par
la propagation du son et les mesures de compressibilité, et via I'analyse du profil de densité du nuage. Les
résultats confirment la réduction attendue de la fraction superfluide. Ces découvertes ont une pertinence
particuliére pour les supersolides, un état de la matiére présentant des propriétés superfluides coexistant
avec un ordre spatial spontané.

Mots clés : condensats de bose-einstein, superfluidité, physique a n corps

Laboratoire Kastler Brossel
11 place Marcelin Berthelot — 75005 Paris — France
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Introduction

The early 20th century witnessed a revolution in physics with the development of quantum
mechanics. A key development in understanding the statistical behavior of identical
particles was the formulation of quantum statistics. Following Planck’s work on black-
body radiation, Bose provided a novel derivation of it [1]. Einstein recognized the profound
implications of Bose’s approach, extending it to an ideal gas of massive particles [2—4].
Below a critical temperature, he predicted that a macroscopic fraction of integer-spin
particles (bosons) would condense into the single-particle ground-state. This novel phase
transition, termed Bose-Einstein Condensation (BECn), leads to the emergence of a new
state of matter, purely quantum mechanical in origin. The concept of BECn was then
extended to interacting systems by Penrose and Onsager [5], by defining BECn as the
emergence of Off Diagonal Long-Range Order (ODLRO) in the one-body density matrix
of the system.

The link between BECn and another fascinating quantum phenomenon, superfluidity,
was first established by London [6]. A theory of superfluidity was then developed by
Landau, who explained that superfluidity is a state of matter where part of the fluid flows
with zero viscosity [7]. The ratio of this dissipationless flow to the total flow is called the
superfluid fraction. Superfluidity was first observed in liquid *He [8, 9], where a finite
Bose-Einstein Condensate (BEC) fraction was later measured [10, 11]. It is now understood
that superfluidity and BECn, despite sharing a link, are two different phenomena. Indeed,
superfluidity can be observed in systems that do not display BECn such as fermionic *> He
[12], but also Berezinskii-Kosterlitz-Thouless (BKT) fluids [13-15] like two-dimensional
*He films [16] or two-dimensional Bose gases [17].

It is only seventy years after Bose’s and Einstein’s works, enabled by remarkable
advances in atomic physics techniques, specifically laser cooling and trapping, followed
by evaporative cooling, that BECn was achieved in a dilute atomic gas [18, 19]. Contrary
to liquid helium, where the condensate fraction is approximately 10%, the condensate
fraction of dilute atomic gases can reach values arbitrarily close to one. A few years later
a degenerate Fermi gas was also realized [20]. These breakthroughs have fostered an
exciting and rapidly growing field of research [21]. The first experiments cooling mixtures
of different atomic species were built in the early 2000s [22—25] opening the door to the
study of ultracold dipolar molecules [26], with the recent remarkable achievement of a
BEC of polar molecules [27]. Ultracold atoms offer an unprecedented level of control
over the system, allowing for the tuning of interactions using Feshbach resonances 28,
29] and manipulation using static magnetic fields and electromagnetic radiation across a
wide range of wavelengths, from radio frequency to optical. Light plays a crucial role in
controlling ultracold atoms, as it can be used to imprint potentials on them. One of the
most prominent examples is the creation of optical lattices, which are typically formed
by interfering several laser beams to produce a standing wave. These lattices provide
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2 Introduction

a spatially periodic potential whose depth can be easily tuned by adjusting the laser
intensity. Several lattice geometries can be engineered along 1, 2, or 3 dimensions of space.
In addition to conventional optical lattices, modern devices such as Digital Micromirror
Devices (DMDs) [30] and spatial light modulators [31] allow for even greater flexibility,
enabling the creation of complex light patterns and arbitrary optical potentials.

Optical lattices have become a powerful tool for studying the physics of interacting
quantum particles on a lattice, leading to numerous breakthroughs in both bosonic and
fermionic systems. A pioneering achievement was the realization of the Bose-Hubbard
model, for which the celebrated superfluid to Mott insulator transition was observed [32].
For a deep enough lattice, the superfluidity of the system vanishes completely. The Fermi-
Hubbard model, which describes the physics of strongly correlated fermions, has also
been realized in optical lattices [33-35]. Richer quantum spin models have been realized
subsequently by implementing spin-dependent interactions, such as the Heisenberg model
[36-38]. Optical lattices also enable the study of topological phenomena through artificial
gauge fields; these approaches have led to implementations of the Hofstadter model [39,
40] as well as the Haldane model [41].

Optical lattices externally impose a periodic modulation of the atomic density; how-
ever, in quantum gases this periodicity can also appear spontaneously. This is the case, for
instance, for a vortex lattice in a rotating BEC that orders spontaneously in a triangular
lattice [42—44]. In this case there is only a single order parameter shared both by the
lattice structure and the superfluid, meaning that the lattice structure disappears when
crossing the superfluid transition. When a system displays superfluidity simultaneously
with crystalline order and these two orders correspond to different order parameters, it
is called a supersolid [45]. The existence of a supersolid was debated at length. Notably,
Leggett showed that the modulation of the density is associated with a reduction of the
superfluid density at zero temperature [46]. Experiments first looked for signatures of
supersolidity in solid helium [47, 48], but direct evidence remained elusive [49]. The
realization of supersolids was one of the major achievements in the field of cold atoms
over the past decade, accomplished through various innovative approaches. These include
coupling atoms to optical cavities [50, 51], creating spin-orbit coupled BECs [52, 53],
employing periodically driven BECs [54], and using BECs with strong magnetic dipole-
dipole interactions [55-57], which have been the most extensively studied. These recent
developments have motivated us to revisit Leggett’s original work and to experimentally
investigate the influence of a periodic modulation of the density on the superfluid frac-
tion in a well-controlled configuration. This work was not done in a supersolid, but by
modulating the density of a BEC externally using an optical lattice.

Optical lattices have also been used to study the dynamics of individual particles in
a periodic potential. This situation is analogous to a non-interacting electron gas in a
solid. In this context, Bloch and Zener [58, 59] strikingly predicted that, in the absence
of dissipation, an electron in a crystal lattice subjected to a constant electric field would
oscillate, a phenomenon known as Bloch Oscillations (BOs). The period of the oscillations
is inversely proportional to the lattice spacing. In natural crystals the period of BOs is
very large compared to the typical scattering rate of electrons, making them impossible
to observe. BOs were first observed in a semiconductor superlattice [60-62] where the
larger lattice spacing yields a shorter oscillation period. A few years later, BOs were
observed with cold atoms in an optical lattice [63, 64]. Since then, they have become
a powerful tool for metrology applications, such as short-range force measurement or
gravimetry [65-71] as well as measurement of the fine structure constant [72, 73]. They
can also be used to measure the topological properties of a system [74, 75]. BOs are a
consequence of the periodicity of the energy of the system in momentum that appears
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in the presence of a lattice. By submitting the particle to a uniform force, its momentum
will increase linearly in time; provided the evolution is adiabatic, the particle will explore
the ground state of the system. Because the energy is periodic in momentum, the particle
will oscillate in real space. Note that the presence of a lattice is not necessary to observe
BOs, as long as the energy is periodic in momentum, which is precisely the case of one-
dimensional systems in the thermodynamic limit [76]. BOs without a lattice have been
first demonstrated experimentally with an impurity immersed in a one-dimensional Bose
gas [77]. In this work, we observe BOs of a wave packet, made of few thousands of atoms
in a one-dimensional BEC, in the absence of a lattice.

To observe the oscillations, the wave packet must stay localized throughout the dy-
namics. For this reason, we create a wave packet in the form of a soliton. Solitons are
localized wave packets that maintain their shape while propagating, making them ideal for
studying such dynamics. Solitons constitute another fascinating phenomenon in quantum
gases, particularly in BECs. They emerge as solutions to nonlinear Partial Differential
Equations (PDEs), which makes them ubiquitous across various physical systems. They
are encountered in nonlinear optics, superconductivity, polymer physics, plasma physics,
high-energy physics, and cold atomic systems [78, 79]. In the context of BECs, solitons
arise as solutions of the Gross-Pitaevskii Equation (GPE), the equation that governs the
classical field describing a weakly-interacting BEC at zero temperature [80]. In our work,
we realize a specific soliton called a magnetic soliton in a one-dimensional BEC with two
spin components. This represents the first realization of a magnetic soliton in a system
where the two components are immiscible, meaning they tend to spatially separate rather
than mix.

The results presented in this thesis were obtained using an experimental setup consist-
ing in a two-dimensional ®Rb Bose-gas trapped in a flat-bottom potential; I describe it
in the first chapter. The results are organized into two parts. In the first part we induce
temporal periodicity by applying a force on a magnetic soliton so that it undergoes BOs,
whereas in the second part, spatial periodicity is imposed in a BEC by an optical lattice,
and its influence on the superfluid fraction is studied. The outline of the thesis is as
follows:

* In chapter 1, I describe the experimental setup used to create and manipulate a
two-dimensional BEC of *’Rb atoms.

* In chapter 2, I review the theoretical as well as the experimental aspects of matter-
wave solitons in one and two-component BECs. This chapter focuses on the static
properties of solitons, in particular for the magnetic soliton. Our creation of a static
magnetic soliton in a two-component one-dimensional BEC is presented.

* In chapter 3, I discuss the dynamical properties of solitons with a focus on our
experimental observation of BOs of a magnetic soliton as well as the theoretical
framework used to describe this phenomenon.

* In chapter 4, I present the theoretical framework used to study superfluidity with
an emphasis on zero-temperature systems with broken translational symmetry. This
framework is then applied to our experimental platform, namely a BEC in the
presence of an optical lattice.

* In chapter 5, I present our experimental results on the reduction of the superfluid
fraction of a BEC due to the periodic modulation of the density induced by an optical
lattice.
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CHAPTER 1

Producing arbitrarily shaped ultracold Bose gases in reduced
dimensions

Outline of the current chapter

1.1 Three-dimensional Bose-Einstein Condensate production 6
1.2 From a 3D to a 2D Bose-Einstein Condensate 6
1.2.1 A two-dimensional Bose-Einstein Condensate . . . . . . . .. 6
1.2.2 Optical dipole potentials . . . . . . .. ... ... ... .... 7
1.2.3 Vertical confinement . . . . .. ... ... .. ......... 9
1.2.4 In-plane confinement . . ... ... ... ... ... ... 10
1.2.5 In-plane optical potential . . . . ... ... ... ....... 10
1.3 Controlling the internal atomic state 11
1.3.1 MicroWave transfers and imaging . . . . ... ... ... ... 11
1.3.2 Raman transfers . . . .. ... ... ... . ... ... ... 12
1.4 Control of the magnetic field 13
Conclusion 14

In this chapter, we describe our experimental apparatus to produce a ®Rb two-dimensional
Bose gas. This chapter does not aim at providing a detailed and comprehensive description
of our setup as this was already done by several PhD theses preceding this one [81-86], its
purpose is rather to give the keys to understanding the subsequent chapters and pinpoint
the specific parts of the setup that are less common in cold-atoms experiments and thus
worth highlighting.

In section 1.1, we outline the production of a three-dimensional BEC.

In section 1.2, we explain how we transition from a 3D to 2D cloud and how BECn
can be achieved in 2D for finite size systems. We present the vertical optical lattice that
strongly confines the atoms, as well as the in-plane flat-bottom traps obtained by shaping
light with a DMD. We also explain how, by using a DMD, we can engineer almost any
potential shape for the atoms.

In section 1.3, we discuss the two tools we can use to control the internal state of the
atoms. We can either use MicroWave (MW) for global transfer between states or a pair of
Raman beams that allows us to perform the transfer with spatial resolution.
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6 CHAPTER 1. Arbitrarily shaped ultracold Bose gases in reduced dimensions

Finally, in section 1.4, we explain how we control magnetic field gradients to generate
uniform forces on magnetic-field sensitive states.

1.1 Three-dimensional Bose-Einstein Condensate production

We describe in this section the production of a ¥ Rb three-dimensional BEC. An energy
level diagram of ®’Rb is displayed in fig. 1.1. The atoms are first trapped and cooled in a
commercial 2D Magneto-Optical Trap (MOT) from SYRTE. A resonant beam then pushes
the atoms into the glass cell where the rest of the cooling takes place and where all the
science is done subsequently. The ultra-high vacuum inside the glass cell ensures that the
lifetime of the cloud is of the order of several minutes. The atoms are then captured in a
3D MOT and cooled down. We cool the atoms further, below the Doppler limit, in optical
molasses, and the atoms are subsequently pumped into the F = 1 manifold. Afterward,
the magnetic quadrupole trap is switched on; it consists of a pair of anti-Helmholtz coils,
along the vertical axis, capable of generating a magnetic gradient up to 240G cm™' on
the atoms. Only the atoms in the low-field-seeking state |F = 1, mp = —1) are captured.
The first evaporative cooling stage is performed in the magnetic quadrupole trap through
radio-frequency evaporation. Because Majorana losses prevent us from producing a BEC
in this trap, the atoms are transferred to a crossed optical dipole trap, consisting of two
far-off resonant beams at a wavelength A = 1064 nm. A second evaporative cooling stage
is performed in the optical dipole trap to cross the BEC transition. At the end of this series
of steps, totaling a duration of ~ 255, we obtain a degenerate three-dimensional cloud of
~ 5 x 10’ atoms at a temperature of ~ 100 nK.

1.2 From a 3D to a 2D Bose-Einstein Condensate

This section explains how we create a 2D BEC starting from a 3D BEC. While the production
of ¥Rb 3D BEC is fairly standard for a cold atoms experiment, a 2D BEC in a flat-bottom
potential is much less common. Figure 1.2 is a layout of the optical system relevant for
this section and the next ones of this chapter.

1.2.1 A two-dimensional Bose-Einstein Condensate

The Hohenberg-Mermin-Wagner theorem states that long-range order cannot exist at T>0
for a dimensionality d<3 [87, 88]. Thus, BECn cannot happen for an infinite 2D system at
finite temperature. Indeed, BKT theory predicts that the one-body correlation function,

g (r) = (¥ ()% (0)), (1.1)

where W(r) is the annihilation operator for a particle at position r, decays algebraically
at temperatures close to zero [89], and thus vanishes when [r| — co. However, for finite-
size systems, if the size of the system L is larger than the characteristic decay length of
g1, BECn can be reached at finite temperature. To illustrate that, we can estimate the
condensed fraction, defined as the largest eigenvalue I, of the one-body density matrix.
For a uniform Bose gas of N particles trapped in a box of size L, the condensed fraction
can be computed at temperatures close to zero by using [89]:

)1/2DI (1.2)

I, ~ (mgN /#H*
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Figure 1.1: Electronic structure of *’Rb, we only represent the energy levels relevant for
this thesis. We represent the ground state of the fine structure, 525, and the first two
excited states. Each of these states is split into hyperfine states. We only represent them
for the 5°S,,, level, where the splitting lies in the MW domain. The MOT, molasses and
imaging are done along the cycling transition F = 2 — F’ = 3 (the latter state is not
represented here) of the D2 line. In the presence of a magnetic field B the levels are further
split. Provided that the energy splitting is low compared to the hyperfine splitting, i.e.
ppB < 6.84 GHz (which is always the case in this work), the hyperfine levels are split into
the Zeeman sublevels depicted here. This diagram is not to scale.

where D = nA}g is the phase-space density, n = N/L? the density, and Apg = h/+/2emkgT
is the thermal de Broglie wavelength. In our experiment, we prepare two-dimensional
samples of N ~ 1 x 10° particles in a box of size L ~ 40 um, with a temperature T < 20nK,
with a typical interaction parameter g = 0.15 x #>/m, such that the typical condensed
fraction of our samples is I, > 0.99.

1.2.2 Optical dipole potentials

In all subsequent subsections, we rely on external potentials, whether it is to confine the
atoms vertically, in the horizontal plane, or to imprint in-plane potentials. To achieve this,
we use optical dipole potentials with light at a wavelength A = 532 nm, far-off-resonant
and blue-detuned with respect to the D1 and D2 lines. The potential seen by an atom in
the presence of a light field with an intensity distribution I(x, y, z) is [90]:

Vix,y,2z) = - R(a)(x,v,z), (1.3)

2€4C
where R denotes the real part and «a is the complex scalar polarizability of the 5°S,,, state
at A = 532 nm, which is negative. This means the potential is proportional to the light
intensity, with a positive factor in our case.
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Figure 1.2: Layout of the optical setup, we only represent the simplified optical paths
for the three DMDs and the imaging beam. The beams illuminating DMD1 and DMD2
have a wavelength A = 532nm. DMD3 is illuminated by two copropagating beams at
the tune-out wavelength A, their frequency difference, equal to the hyperfine splitting
~ 6.84 GHz, is fine-tuned to match the energy of the transition between the state of the
F =1 and the state of F = 2 we want to address. The beams outgoing of all three DMDs
and the imaging beam, go through the same microscope objective that has a numerical
aperture of 0.45 and are focused on the atoms inside the glass cell. The light is collected by
an identical microscope objective, a Charge-Coupled Device (CCD) camera (Chameleon)
monitors the intensity of the green light in the atomic plane, while the PIXIS camera is
used for absorption imaging of the cloud. An interference filter is placed in front of the
camera that only lets light at A = 780 nm through.
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Figure 1.3: Layout of the vertical optical lattice with dynamical period. Two coherent
parallel beams interfere at the focal plane of the lens where the atoms sit; the larger the
distance d between the beams, the smaller the period of the lattice. The beams come from
a single beam split in two by using two polarizing beam splitters. The mirror on top of the
two beams is mounted on a piezoelectric actuator that allows us to translate the mirror
slightly along the vertical direction in order to change the phase of the lattice. The mirror
before the two beam splitters is placed on a motorized translation stage; by moving it, the
distance between the two beams is changed. The two pictures displayed are taken by a
camera imaging the light intensity in the atomic plane. The bottom one is taken when the
lattice period is 13 pm. The atoms are loaded in a single node of this lattice before it is
compressed by moving the translation stage to form a lattice that has a period of 3 um, as
captured in the top image.

1.2.3 Vertical confinement

To reach the 2D regime, we confine the atoms using a harmonic potential of frequency w,
along the vertical direction with an energy spacing of its levels, fiw,, large compared to
the other energy scales. Specifically, the thermal energy: #iw, > k3T and the interaction
energy: fiw, > |u|, where y is the chemical potential. Under these conditions, the atoms
will not populate the excited states of the potential and will remain in the ground state.
The dynamics along the vertical direction are thus frozen. We are strictly speaking in the
quasi-2D regime: kinematically the cloud is 2D, however, the extent of the cloud along z,
I, = \Jh/mw, ~ 170 nm, is large compared to the scattering length, a ~ 100 a, (with a, the
Bohr radius), such that the interactions remain 3D.

Experimentally, we achieve this by loading our BEC in a single node of an optical
lattice. The optical lattice is created by two coherent laser beams interfering in the plane
of the atoms, as shown in fig. 1.3. Because the light is blue-detuned, the atoms will sit
on a dark fringe of the lattice. To avoid loading any other nodes of the lattice, we need a
period large compared to the size of the cloud. However, the frequency of the potential
at the center of the fringe scales as 1/p,, the period of the lattice. Instead of finding a
compromise, we use an optical lattice with a dynamical period [91]. The cloud is loaded
in a lattice with a period p; # 13 pm, ensuring a single node is loaded. The period of the
lattice is then adiabatically decreased, in 150 ms, to p; ~ 3 um for which we end up with a
trap frequency w, ~ 27t x 4kHz.
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Figure 1.4: Absorption images of atoms in different trap geometries projected by DMD1,
each image is obtained by averaging 10 realizations. These trap geometries are used for
the experiments presented in this manuscript. (a), A tube of dimensions 60 pm x 3 pm.
(b), A ring of outer radius 25 pum and a width of 3 um. These two geometries are used in
part I. (c), a square box of size 40 um, this geometry is used in part II.

10 pm

1.2.4 In-plane confinement

The optical lattice only confines the atoms vertically; an additional confinement in-plane
is required to fully trap the atoms. This confinement is also done by light shaped by
a DMD (Vialux V-7001) that we label DMD1, providing a very high versatility in the
confinement geometry. The DMD can display any binary image of 1024 x 768 pixels on its
rectangular array of micromirrors with a pitch size of 13.7 pm. The DMD chip is directly
imaged on the atoms with a magnification of ~ 1/70, yielding an effective pixel size on the
atoms of 0.2 um. Following the transfer into this in-plane potential, we perform a final
evaporative cooling stage, resulting in a two-dimensional quantum gas of ~ 1 x 10> atoms
at temperatures below 20 nK.

With blue-detuned light, the atoms are trapped in the dark regions, making it more
convenient to make homogeneous traps than with red-detuned light. Examples of different
trap geometries generated with DMD1 and used in the experiments presented in the next
chapters are displayed in fig. 1.4. The DMD can also display movies with a refresh rate up
to 23 kHz. This feature is particularly advantageous for the geometries in fig. 1.4b and
fig. 1.4c: we initially load the atoms in a larger box trap, and then dynamically compress
it to the desired final geometry. This compression procedure significantly increases the
final atom number compared to direct loading into the target geometry.

1.2.5 In-plane optical potential

In addition to DMD1, a second DMD that we label DMD?2, identical to DMD1, is present
on the setup. This DMD is also used to project optical potentials on the atoms. The
purpose of having these two devices is that the trap potentials projected by DMD1 and
DMD?2 are independent, as they are illuminated by separately controllable beams. This
configuration allows the height of each potential to be varied independently by adjusting
the incident light power on each DMD without changing the displayed image. DMD?2 is
used in chapter 5 to generate lattice potentials on the atoms.

To generate arbitrary potentials with a DMD, the procedure is the following. If the
desired potential is of the form V(x,y) = V,v(x, y) where v is a function taking dimension-
less values, we have to imprint an intensity proportional to v(x, y) in the atomic plane.
Since the DMD chip can only display binary images (each pixel is either 0 or 1), we employ
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the Floyd-Steinberg dithering algorithm [92] to approximate grayscale patterns. The
optical transfer function of our imaging system naturally acts as a low-pass spatial filter,
smoothing the binary pattern and yielding the desired continuous intensity profile at the
atomic plane. In this way, the DMD acts as an amplitude modulator [93]. We thus dither
the following function to obtain a binary image that we then load on the DMD:

VA + Bv(x,v), (1.4)

where the numerical coefficients A and B > 0 are chosen to keep the argument of the
square root between 0.1 and 1, as the dithering algorithm requires an image with values
between 0 and 1. A lower threshold of 0.1 is imposed to prevent the square root from
approaching zero, to ensure the smoothness of the profile.

1.3 Controlling the internal atomic state

In this section we present the different tools we have in the experiment to control the
internal state of the atoms.

1.3.1 MicroWave transfers and imaging
1.3.1.1 Controlling the internal state

As stated before the BEC is produced in the hyperfine state |F = 1, mp = —1). We can
subsequently transfer the atoms to other hyperfine states using a MW field. The signal
from a microwave signal generator is amplified and sent to an antenna. In this way we can
perform 7, 0" and o~ transitions between the F = 1 and F = 2 manifolds with a typical
Rabi frequency of QO ~ 27 x 20 kHz. Starting from |F = 1, mp = —1), all the 8 states of the
5S,,, manifold can be reached, by doing one or several successive MW transfers.

1.3.1.2 Partial-transfer absorption imaging

MW transfers are systematically used when imaging the cloud. Almost all results presented
in this thesis were obtained using in-situ absorption images. For samples as dense as BECs,
the Beer-Lambert law does not apply, thus in-situ absorption imaging of the cloud is rarely
used in BEC experiments. To give an order of magnitude, in-situ absorption imaging of our
cloud with a typical density of 50 pm~> would lead to an optical density of approximately
7. Absorption images are typically taken after a Time of Flight (ToF), the sample is then
more dilute. To image a BEC in-situ, we use a technique called partial-transfer absorption
imaging [94].

All experiments conducted in this manuscript were performed with atoms in the F = 1
manifold. To image the cloud, we use a laser beam resonant with the |F = 2) — |F = 3)
transition of the D2 line. We transfer a small fraction of the atoms from the F = 1 to the
F = 2 manifold and immediately image them afterward. This fraction must be sufficiently
small such that the density of atoms in F = 2 remains in the regime where the Beer-Lambert
law is applicable. In this case, the 2D density can be deduced from the optical density
profile, OD(x, v):

OD(x,v)

Np=s(x,9) = oy (1.5)

where 0, is the scattering cross-section for the |F = 2) — |F = 3) transition. If we know
the Rabi frequency of the MW pulse and its duration, the total initial density profile can
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be reconstructed. In the case of a resonant MW transfer, we have:

nP:2(~x} ?)

2 . A (1.6)
sin®(Qgt,/2)

n(x,y) =

where t,, is the duration of the MW pulse. The Rabi frequency can be measured precisely
by performing Rabi oscillations. The pulse duration is shorter than 71/Qp ~ 50 ps, which
is too brief for any atomic motion to occur, thus ensuring we capture an in-situ image.
With this technique, we can image our cloud in-situ across a wide range of densities.

Equation (1.5) is valid when the imaging is not saturated. Furthermore, to know
the precise value of ¢, one must know the exact polarization of the imaging beam. To
accurately calibrate the imaging system, we assume that the density is proportional to
the optical density as in eq. (1.5), but with an additional factor, F, that is calibrated
experimentally:

Np—p(x,y) = fw, (1.7)
0o

To calibrate this factor, we primarily employ two techniques. The density can be measured
using the density-dependent frequency shift of the clock transition |F = 1, mp = 0) —
|F = 2, mp = 0). This shift, on the order of 10 Hz for the typical densities of our samples,
is measured via Ramsey spectroscopy. The density can also be measured by measuring
the speed of the sound given by ¢ = y/gn/m. The protocol used for this measurement is
detailed in chapter 5.

1.3.1.3 Precise control of atomic density

The same microwave transfer procedure employed for partial-transfer imaging can also be
used for precise control of the cloud density. The density can be reduced to a predetermined
value through a two-step process. First, we transfer the excess atoms from the F = 1 to the
F = 2 manifold using a microwave pulse. Second, we selectively remove these atoms in
the F = 2 state by applying the same resonant imaging beam used for absorption imaging.
The atoms remaining in the F = 1 manifold are unaffected by this beam, resulting in a
cloud with precisely controlled density.

1.3.2 Raman transfers

We can transfer the atoms to different hyperfine states using MW fields; however, their
wavelength is of the order of the cm making it impossible to do this transfer in a spatially
resolved way. For that, we rely on lasers and perform two-photon transfers. We have a pair
of coherent beams that have a frequency difference of the order of the hyperfine splitting.
By adjusting the frequency difference between the two beams, we can do coherent two-
photon transitions between a state of the F = 1 manifold and a state of the F = 2 manifold.
In our setup the maximal Rabi frequency of this transfer is of the same order magnitude as
the one of the MW transfer. The wavelength of the laser is tuned between the D1 and D2
to the tune-out wavelength [83]. This wavelength is defined as the wavelength at which
the contribution of the D1 and D2 lines cancel each other so that the total light shift of
the electronic ground state is zero. Thus, no modification of the phase occurs during the
transfer. The two Raman beams are coupled into the same optical fiber, ensuring they are
perfectly superimposed at the output of the fiber. With this configuration, no momentum
is transferred to the atoms during a Raman transition. The two copropagating beams
are then shaped using a DMD labelled DMD3; it is imaged on the plane of the atoms
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with a magnification of 1/30, yielding an effective pixel size of 0.45 pm. We now describe
how we transfer atoms, in a spatially resolved way, between two Zeeman states, |i), |f),
lying in different hyperfine manifolds. We suppose that the intensity profiles of the two
Raman beams on the atoms are respectively I;s(x,y), I,s(x,v), where the function s has
dimensionless values and describes the shape of the profile. The shape is the same for the
two beams as they are superimposed. The fraction of atoms transferred to state |f) is:

r(x,9) = sin®(Qgp(x, 9)t,/2), (1.8)

where ¢, is the duration of the pulse and the Rabi frequency Qg(x,y) oc VI;1,s(x, ). If we
want to have a fraction of atoms in component |f) given by r(x, y) we have to dither the
following profile and imprint it on DMD3:

flx,y) = \/% arcsin(\/r(x,y)). (1.9)

1.4 Control of the magnetic field

In the work presented in this thesis we rely on magnetic field gradients to exert forces on
atoms in a magnetic field sensitive state. For magnetic fields low enough to generate a
splitting small compared to the hyperfine energy (which is always the case in this work),
the magnetic field creates the following potential for the atoms:

Vinag(X,9,2) = gempppB(x,9,2), (1.10)

where gr and my are respectively the Landé factor and magnetic quantum number of the
state considered, pp is the Bohr magneton and B is the norm of the magnetic field. To
control the magnetic field, we have bias coils along the three directions of space, generating
uniform fields at the position of the atoms. Furthermore, the MOT coils can generate a
quadrupolar field at the position of the atoms. Assuming the origin is at the center of the
cloud, the magnetic field seen by the atoms reads:

B(x,,2z) = (B, + b;z)e; + (B, + byx)e, + (B, + byp)e (1.11)

yl
where the three bias fields B; are controllable independently but not the three gradients
b;. We also assume that along every direction b;l; < B, = /B + B} + BZ, where /; is the
extent of the cloud along direction i. If we expand the magnetic field norm to first order,
we have:

bxxBx by_VBy N bZZBZ

B(x,y,z) ~ B
(x,9,2) o+ B + B B

(1.12)

In the experiment we usually choose a quantization axis along which the bias field is
significantly larger than along the other directions; it is usually z. The previous equation
can then be written:

B b,vB
bxxx+y3}y

B(x,y,z) = B
(x,9,2z) ~ B, + B B

+b,z. (1.13)

z z

'This is true as long as the magnetic field, in the reference frame of the moving atom, rotates slowly
compared to the Larmor frequency, such that the spin remains aligned with the field.
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Using eq. (1.10) we deduce that the magnetic field exerts a force with an in-plane compo-
nent given by:

b,B,  byB
Fy = —gpmppg (_B e, + ‘% yey)' (1.14)

z

The potential along the z direction does not affect the cloud as it is much smaller than the
potential of the vertical optical lattice. To control the force created by the magnetic field,
we usually fix the value of the gradients b,, b,, b, by fixing the current circulating in the
MOT coils. The orientation and magnitude of the force is then varied by adjusting the
bias fields B, and B, that can be independently controlled by changing the currents in the
different coils. The force given by eq. (1.14) is calibrated using Ramsey interferometry as
detailed in [86].

Conclusion

In this chapter, we have described our experimental apparatus for producing and studying
two-dimensional *’Rb Bose-Einstein condensates. We began with an overview of our 3D
BEC production sequence, which follows well-established cooling protocols to produce a
degenerate quantum gas with approximately 5 x 10° atoms.

We then detailed our approach to dimensionality reduction, focusing on the vertical
optical lattice that strongly confines atoms along one axis with a dynamically adjustable pe-
riod. This confinement, combined with our versatile in-plane trapping potentials shaped
by DMD1, enables the creation of two-dimensional quantum gases in various geome-
tries such as tubes, rings, and square boxes. Additionally, DMD?2 can project potential
landscapes with depths independently controlled from the main trapping potential.

We presented our methods for controlling the internal state of the atoms, either globally
using MW fields or with spatial resolution using Raman beams. These techniques are
essential for our partial-transfer absorption imaging protocol, which allows for in-situ
measurements of high-density condensates without time-of-flight expansion.

Finally, we explained our magnetic field control system, which enables the application
of calibrated forces on atoms in magnetic-sensitive states through precisely controlled
field gradients.

Having described the experimental tools necessary for understanding our work, we
will proceed in the subsequent chapters to present the experiments performed with this
apparatus.
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Introduction

This chapter introduces the concept of solitons, focusing on their theoretical description
and experimental realizations in ultracold quantum gases. We begin by a short definition
of the concept of solitary waves and solitons (section 2.1). We then explore one-component
matter-wave solitons governed by the Gross-Pitaevskii equation (section 2.2), including
bright solitons in the attractive case and dark solitons in the repulsive case. We then
extend our analysis to two-component systems (section 2.3), discussing vector solitons in
the Manakov limit and beyond, including dark-bright and dark-dark solitons. Finally, we
introduce magnetic solitons, which are at the heart of our experimental work. Throughout
the chapter, we connect theoretical descriptions with experimental implementations,
culminating with our realization of a magnetic soliton at rest in a flat-bottom trap. This
provides the foundation for understanding the dynamics of magnetic solitons which will
be the focus of the following chapter.

2.1 Solitary waves and solitons

2.1.1 Whatis asoliton?

Providing a comprehensive and mathematically rigorous definition of a soliton represents
a significant challenge. However, we can establish a conceptual framework by examining
a fundamental case. We begin our analysis with a very well-known problem, namely the
one-dimensional Schrédinger equation, that reads in dimensionless form

JY 197
Yot T T2 0x2

(2.1)

It is well known that if the initial condition is a localized wave packet, meaning that ¢(x, 0)
approaches a constant at infinity, then it will spread out spatially due to the kinetic energy
dispersive term —g—:; and its peak norm will go to zero. These types of solutions are called

radiative. If we add a cubic nonlinearity to the previous equation, we obtain the attractive
GPE

d 10°
=l =2

The nonlinear term —|z,b|21,l) has a focusing effect on the wave packet that has the opposite
effect of the dispersive term. The equation still has radiative solutions, but by choosing
the right initial condition, we can make these two effects balance each other and obtain a
solution that stays localized in space and can propagate while conserving its shape [79]

aexp (i(vx - L(a® - v?)))

P(x,t) = , (2.3)

cosh(a(x — vt))
where 1/« is the width of the wave packet, and v its speed. These types of solutions are
called solitary waves. Equation (2.3) describes a situation where the shape of the envelope
l(x, t)|* does not change over time. Not all solitary waves have this feature. As pointed
out in ref. [79], some solitary waves, called breathers, have an oscillatory behavior of the
envelope; they stay, however, localized in space. In the case of the 1D attractive GPE,
the Kuznetsov-Ma breather is an example of such a solution [95, 96]. The attractive GPE
serves as an illustrative example, but solitary waves can be found in many different non-
linear PDEs including the Korteweg-de Vries equation [97], the Landau-Lifshitz Equation
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(LLE) [98, 99], and the sine-Gordon equation [100, 101]. However, not all solitary waves
are solitons. The latter have the additional property of conserving their shape and speed
when interacting with other solitons or radiative solutions [78, 102]. They can, in a sense,
only interact “elastically”. However, in the literature, the term soliton is often used to
refer to any solitary wave, and this meaning will be adopted in this manuscript.

2.1.2 Soliton resolution

Solitons play a pivotal role in the resolution of nonlinear dispersive PDEs. Indeed, if
one sets as an initial condition of the 1D attractive GPE a smooth and localized arbitrary
function, the time evolution leads to a radiative part (that spreads out spatially), whose
peak amplitude goes to zero, and a finite number (possibly zero) of solitons moving at
different speeds. This property is called soliton resolution. In the case of eq. (2.2), this
property is justified through the inverse scattering approach [103, 104], that proves that
the GPE is integrable. We can thus think of solitons as generalized Fourier modes of
dispersive non-linear PDEs. The 1D attractive GPE, can be extended to a more general
equation namely the non-linear Schrodinger equation in dimension d:

a1,
oS- yle, 2.4

where 1 : R?x R — C and p,d € IN. In this general case, however, the equation is not
necessarily integrable, and the soliton resolution remains a conjecture, as pointed out in
ref. [105].

2.2 One-component matter-wave solitons

2.2.1 The scalar Gross-Pitaevskii Equation

We now examine solitons of the 1D GPE that describes a weakly-interacting BEC at zero
temperature in the mean-field regime:

L oY 9% 2
W30 = am g TSI (2

where g is the interaction parameter, and ¢ is normalized such that f |1,l)|2dx = N the
number of particles. The parameter g is positive (resp. negative) when the interactions
are repulsive (resp. attractive). Equation (2.5) is also notably used to describe the electric
field for the propagation of a light pulse in an optical fiber with Kerr nonlinearity [106],
with the difference that t plays the role of the longitudinal coordinate and x the role of
time. Fiber optics has been a very fruitful field for experimental observations of solitons
[107-112]; however, in the following, we will focus solely on matter-wave solitons realized
with cold atoms. The equation can be solved by the inverse scattering method; it is thus
integrable [104]. However, in the vast majority of cold-atom experiments, a harmonic
potential is present that breaks integrability.

The study of solitons in Bose gases also extends beyond the mean-field regime, where
additional quantum effects become relevant [113, 114], however it is beyond the scope of
this manuscript.
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2.2.2 Attractive case
2.2.2.1 Bright soliton description

In the attractive case (g < 0), an example of a soliton was previously presented in eq. (2.3);
this solution is called a bright soliton. We start with the bright soliton at rest [115]

o ot
Y, _o(x,t) = —— 2.
h,V—O(x t) COSh(Kx) € ( 6)
mN N IN?
where « = |g|, U = —K2 . HQ = _mg

2h? 8h?

W, »-0(x, t) is normalized to the number of particles N. The chemical potential y is given
by u = #Q). The whole class of propagating bright solitons can be generated using the
Galilean invariance of eq. (2.5):

m

\Ijb,v(xl t) = \Ijh,v:o(x - vt, t) eih (vx—%t)' (2.7)

where v is the speed of the soliton. The bright soliton has a vanishing background density.
We can treat the soliton as a semi-classical particle and associate an energy and momentum
with it:

oW,
p = i de ¥, 23— Ny (2.82)
1 0%,. ¢, > mg’N®  p?
E(N, P) = g[\pb,v] = de ﬁ ox + E'Wb;v| - I’l|\I]bﬂ/| 12H#2 + INm'
(2.8b)

Its behavior corresponds to that of a classical particle; if a force f is applied to a bright
soliton at rest, its Center-of-Mass (CoM) position evolves as x(t) = ft*/2m.

2.2.2.2 Experimental realizations

Bright solitons were first observed experimentally using 'Li [116, 117], followed by nu-
merous subsequent realizations [118-127]. In these experiments, a BEC with repulsive
interactions is prepared in an anisotropic trap with loose longitudinal confinement and
tight radial confinement, referred to as a cigar-shaped trap. The interactions are then
transformed from repulsive to attractive by using a Feshbach resonance, leading to the
formation of one [116, 118, 120, 122, 124-127] or several [117, 119, 121, 123, 124] bright
solitons.

These experimental realizations differ from ideal bright solitons of the 1D GPE for
several fundamental reasons. First, the presence of an axial harmonic potential modifies
eq. (2.5). As demonstrated in ref. [128], the trapping axial potential stabilizes the soliton
and increases its energy gap with respect to non-solitonic states, enhancing its robustness
against, for example, thermal effects. A harmonic potential also enables the creation of
3D solitary waves, which cannot exist in its absence [129]. Second, residual 3D effects
influence the nature of collisions; integrability is broken and collisions between solitons are
no longer elastic [130]. These effects were particularly evident in ref. [116]. Experiments
have also demonstrated superpositions of two [125] and three [127] solitons. When each
soliton contains the appropriate number of atoms, they maintain zero relative velocity
and form a breather. These solutions are detailed in ref. [131].

Additionally, bright solitons have been observed in gases with repulsive interactions.
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This is achieved by placing the gas in a weak optical lattice and preparing it at the band
edge where the effective mass becomes negative [132]. These solitons are called bright
gap solitons.

2.2.3 Repulsive case
2.2.3.1 Dark soliton description

In the repulsive case, solitons with vanishing background density do not exist ; they are
only possible with non-vanishing background densities. One example of such a soliton is
the dark soliton, which manifests as a density dip over a uniform density background [80,
133]:

v v? (x —vt) V2| iusm
W, (x,t) = \/n_0[1z +4/1 - = tanh( ” 1- C—2)] e M (2.9a)

h
with # = mgno’ U=gn, C= ‘%, (2.9b)

where 1, is the background density, v is the speed of the soliton, c is the speed of sound, u
is the chemical potential. We also define & = 11/V2, the healing length of the condensate.
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Figure 2.1: Profiles of dark solitons at different speeds. (a), modulus squared and (b),
argument of the wave function.

In fig. 2.1, we present the modulus squared and argument of 1, , for different speeds.
Unlike the bright soliton, the class of dark solitons cannot be generated by Galilean
transformations, as these transformations do not affect the speed of the density dip relative
to the background. When v = 0, the density depletion (the fraction of atoms missing at
the center of the soliton) is complete, and the wave function undergoes a sign change.
This sign change manifests as a +7 phase jump across the center of the soliton. As the
speed of the soliton approaches c, the depletion diminishes. In the limit v — c, the soliton
evolves into a flat-density profile, corresponding to the ground state of eq. (2.5). We point
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out to the reader that some of the literature terms the solutions given in eq. (2.9) as “gray
solitons”, while “dark solitons” is preferred for solitons exhibiting a full depletion (i.e.,
v = 0). This convention is not the one followed here, and we will use the term “dark
soliton” without distinction throughout this work.

2.2.3.2 Experimental realizations

Similar to bright solitons, all experimental realizations of dark solitons have been con-
ducted in elongated harmonic traps. The first realizations of dark solitons employed a
technique called phase imprinting, which involves imprinting a specific phase on the
BEC without manipulating its density profile. This technique was first demonstrated
with ®’Rb [134] and *’Na [135], and was subsequently employed in later studies [136,
137]. For phase imprinting, a far off-resonant laser beam is briefly directed at the BEC
to avoid spontaneous emission. The laser beam generates a potential V(x), inducing a
light-shift on the cloud given by exp(itpV(x)/h), where t, represents the pulse duration.
When t, < p/h, atomic motion can be neglected during the pulse duration, preventing any
density changes. To generate a dark soliton, half of the cloud is illuminated with the laser
pulse, creating a phase shift between the two halves. One might initially conclude that
imprinting only a phase jump is insufficient to generate a soliton and that the full wave
function of eq. (2.11) must be imprinted on the BEC. However, as discussed in section 2.1.2,
solitons and radiative solutions are the equivalent of generalized Fourier modes. Therefore,
it is not surprising that with the appropriate initial conditions, the system evolves after
some time to a state containing solitons. Indeed, as shown in ref. [138], imprinting a
phase step function of amplitude A¢ results in the production of a single dark soliton
with v/c = cos(A¢/2). However, due to finite optical resolution, one cannot imprint a
discontinuous phase jump, but only a rapidly varying phase profile. A consequence of this
limitation is the generation of several solitons, as demonstrated in ref. [138]. This effect
was indeed observed in ref. [134, 135]. Another consequence is that there is a minimal
speed for solitons produced with phase imprinting [139]. More broadly, phase imprint-
ing has also been used to generate dark solitons in ultracold fermions [140], enabling
the study of their behavior across the Bardeen—Cooper—Schrieffer to the Bose-Einstein
Condensate crossover. In ref. [139], the authors improved the protocol. In addition to
phase imprinting, they employed another far-detuned laser pulse, applied over a longer
duration, to shape their cloud’s density. This approach achieved full control over the initial
wave function, limited only by the optical resolution of the experiment. As demonstrated
through simulations in ref. [141], a discontinuous phase jump is not necessary to generate
solitons at arbitrarily low velocities, provided one has control over the density profile.
Indeed, in ref. [139], they successfully created solitons with zero velocity by controlling
both the phase and the density profile of the cloud.

Other techniques can be used to generate dark solitons without requiring phase-
engineering of the wave function. Placing a barrier in the middle of the condensate and
then removing it can generate dark solitons, as demonstrated in ref. [142-144]. This
technique, however, always generates more than one soliton. Finally, solitons can also
form spontaneously without any manipulation of the wave function, appearing as defects
caused by the Kibble-Zurek mechanism [145, 146].

2.2.3.3 Dark soliton characteristics

Deriving the energy and momentum of the dark soliton is more involved than for the
bright soliton. The energy of the dark soliton can be defined as the energy difference
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between the presence and absence of the soliton:

E(v) = £[Wa,] - E[Vnol, (2.10)

where € is the Gross-Pitaevskii (GP) free energy functional defined in eq. (2.8b). However,
as pointed out by Shevchenko [147], this naive approach does not yield the correct result,
as also discussed by Pitaevskii in ref. [148]. The reason is that both n, and \¥; ,, are solutions
of the GPE but with different boundary conditions. The solution with uniform density
n, satisfies periodic boundary conditions, whereas eq. (2.9) satisfies twisted boundary
conditions, meaning the phase at +L/2 differ.

To recover periodic boundary conditions in the presence of the soliton, the bath needs
to acquire a velocity that will generate a phase gradient capable of compensating the phase
variation near the center of the soliton. This movement of the bath is called backflow, as it
flows in the opposite direction of the current generated by the soliton. The backflow can
be found by using a Galilean transformation, resulting in a change of reference frame to
one moving at velocity u with respect to the lab frame. The soliton wave function becomes:

mu mu

A
q]d,v(xl t) = \yd,v(x — ut, t) el( T t)' (211)

where we choose u such that arg (¥, ,(L/2,t)) = arg (¥, ,(-L/2,t)) + 2w, where w is an
integer and L is the size of the system. In the case £ < L,

- - L
arg (W, ,(L/2,0))—arg (¥, ,(-L/2,0)) = 2arctan L sign(v) + muz

, (2,12
. =, (2.12)

where we choose the convention that the phase jump is negative for v = 0. Therefore, the
speed u is given by:

h 1 (v 1 .
U= ﬁ(w— ;arcsm(z)+ Emgn(v)). (2.13)

2
To compute the energy and momentum, we use fdx |‘I’d’,,| = noL + N; where:

2
Ny = 2nyn4|1 - v_2 = —ﬂxly - mv?, (2.14)
gVm

c

is the number of particles missing due to the presence of the soliton. The energy of ¥, , is
given by [80]:

4 h 3/2 mg’N]
E(v) = E[V,,] - E[Vno] = 3 Vg (p—mv®)"" =- T (2.15)
From this, we can deduce the energy of the dark soliton:
- mg’N;
E'(v) = €Wy, ] - E[Vio] =~ + N, (2.16)

In the equation above, we used the fact that fdx 8x|‘Ifdl,, |2 = 0. The momentum of the dark
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Figure 2.2: Dispersion relation of the dark soliton in the thermodynamic limit.

soliton is given by:

2
Py = —ifi de v 0., , = fing [27114/ - 25\ [1- :—2 + 1t sign(v) — 2 arcsin (%)] +Nymu.

(2.17)

Taking the thermodynamic limit, i.e., L — oo with n, constant in eq. (2.13) yields u — 0.
Both second terms of the right-hand-side (rhs) of eq. (2.17) and eq. (2.16) thus vanish.
The latter, represents the energy of the backflow generated by the soliton. Consequently,
the energy of the dark soliton in the thermodynamic limit is given by eq. (2.15) and the

momentum by
2mw 27}\/1 v + 7t sign(v) 2arcsin(v) (2.18)
c c? 8 cl|’ '

One can verify that the momentum defined in eq. (2.18) corresponds to the canonical
momentum of the soliton v = (JE / apr )y. We notice that in the definition of the momentum

P:hno

there is an integer w that is not present in the energy. This suggests that solitons with
momentum P and P + hn, have the same energy. While we could not find an analytical for-
mula for E(P), we computed it numerically and plotted it in fig. 2.2, where the periodicity
is clearly visible. This is a more general property of 1D systems that we will discuss in
section 3.5.2. The soliton at rest has a momentum P /# = wwhny(2k + 1) where k € Z and its
energy is maximal. Conversely, when the soliton speed approaches c, the energy becomes
minimal.

The dispersion relation of the dark soliton is concave, meaning the effective mass of
the soliton:

925)‘1_ 1(8}5)’ (2.19)

mefF(W =\

is negative, as confirmed by [149]:

2
Megs = 2mMNy = —dmngn[1 — :—2 (2.20)
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2.3 Two-component matter-wave solitons

2.3.1 The vector Gross-Pitaevskii Equation
2.3.1.1 Miscibility of spin mixtures

We now consider a two-component BEC, i.e. a BEC composed of a single atomic species
but with different internal states |1) and |2). We assume there are no processes that can
transfer atoms from one component to the other (in the case of a spin-mixture, this means
no spin-exchange collisions). In the mean field regime, the system is described by two
coupled GPEs:

I _ 7 I’

i W = _%W +g11/llll)1 +g1,2n2¢1 (2.21&)

i % - _h_2824)2
dt  2m Ix?

+ &Math) + &12M s, (2.21b)

where g;, g, are the intracomponent interaction parameters, g , is the intercomponent

2 .
interaction parameter, and n; = |4),| . We also define N; = fdx [ (x, t)|?, the number of
atoms in each component and n, = n; + n,, the total density.

The relative values of the interaction parameters determine the miscibility degree of
the two species. The miscibility parameter is given by [150]:

A=2gg _812,2~ (2.22)

For A > 0 (resp. A < 0) the mixture is miscible (resp. immiscible). The case of equal
interaction parameters, g, = g, = & », is called the Manakov limit, or SU(2) point. Unlike
the one-component case, the two-component GPE is not integrable in the general case.
However, it is integrable in the Manakov limit [151].

2.3.1.2 Effective one-component description

We will show in this subsection that near the Manakov limit, in the low depletion regime
(i.e., ny(x)/n(x) < 1 without loss of generality), the two-component BEC can be described,
in the static case, by an effective one-component GPE [84, 152].

We begin with the assumption that the interaction parameters are close to the Manakov
limit, where the total density undergoes only weak perturbations in the regime of low-
energy dynamics: n,(x) + n,(x) = n,, + on(x), with 6n <« n,,. This will be explained in
detail in section 2.3.3.2. The coupled GPEs of the static system are:

#? 9*

i = _%Wlﬁl + &y + 1My (2.23a)
#? 9?

o, = _%ij + £, + 812111, (2.23b)

with py, p, the chemical potentials. We now suppose that component |2) is localized in
space. Thus, the chemical potential of |1) is y; = g n,,. Near the Manakov limit, if the
initial spatial variations of ¢; and ¢, occur at a scale much larger than the healing length,
they will remain so during the dynamics [150]. In this regime, the kinetic terms %QXZ
can be treated as order 1, such that d;¢; can be replaced by aﬁm (assuming a
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real-valued function). Equation (2.23a) then becomes:

#? >\ — 1,
§ion = 2mfi. =11, Ix? + (81— 81,21 (2.24)
) 2

Substituting the previous expression in eq. (2.23b) yields:

hz 921#2 3 h2 82 l’loo - 1’12
(VZ _gl,Znoo)llbz - _ﬁ ax2 +g€17b2 + 2mm 8X2 11[]2'

(2.25)

where g, = ¢, - gi2 /g1 = —A/g; is the effective interaction. Thus, if g; > 0, a miscible (resp.
immiscible) mixture yields an effective repulsive (resp. attractive) interaction.

Up until now there was no assumption on the depletion of |1). If we add to the
previous assumption that the depletion is negligible, i.e. n,/n,, < 1, at minimal order in
the previous quantity we obtain:

n? 9°
petr = =58 v g [y, (226)

where y, = p, — g1 ,1,, is the effective chemical potential. In the case of the one-component
GPE, we saw that the characteristic length scale is the healing length, which with common
densities is smaller than 0.5 pm. This makes it very difficult to perform precise phase or
density engineering as well as to image the cloud in-situ. By working with the effective
one-component system of eq. (2.26), the relevant length scale becomes the spin healing
length & = fi//2mg,n,. Near the Manakov limit g, < g1, £», g1 .», the spin healing length is
much larger than the healing length, ~ x10 in ref. [152] (which allowed us to treat the ;-
as a low order term). Therefore, it is a much more convenient length scale for experiments.
While the effective one-component description is useful in certain regimes, we will now
focus on solitonic solutions that genuinely require a two-component description and
cannot be reduced to a single-component model.

2.3.2 Bright and dark vector solitons
2.3.2.1 Vector solitons in the Manakov limit

We consider eq. (2.21) in the repulsive Manakov limit, we defineg = ¢, =g, =8,, >0
as the interaction parameter. We describe here solitonic solutions with a non-vanishing
background density.

Dark-bright soliton We start with the dark-bright soliton [153, 154]:

Py (x,t) = \/ng {isin (a) + cos (a) tanh [k (x — vt)]} e /M (2.27a)

VN, x /2 eimvx/h—imt—iyt/h

cosh [k (x — vt)]

P(x,t) = (2.27b)

As its name indicates, the dark-bright soliton consists of a dark soliton (component |1))
and a bright soliton (component |2)). Here, N, is the total number of atoms in component
|2), n; is the background density of component |1), and « is the inverse width of the soliton.
The parameter n = #i//mgn, is defined as for the dark soliton, as well as the speed of

sound ¢ = /gny/m. The maximum depletion of component |1) reads: cos’(a). To simplify
the notation, we define the dimensionless inverse width ¥ = x# and the dimensionless
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Figure 2.3: Density plots for dark-bright solitons. The blue (resp. red) curves are the
density profiles of component |1) (resp. |2)). The purple curve is the total density. (a,
b) are bright solitons at rest, (c, d) are bright solitons with v = 0.12¢. For (a,c) N, = 2
whereas for (b, d) N, = 8.

atom number N, = N, /nyn. The parameter a is related to v by:
v
o= K tan(a). (2.28)

The inverse width of the soliton is given by:

& =-N,/4+ \/cos2(a) + (N2/4)2. (2.29)

We observe in the equation above that « is a decreasing function of N,, meaning that
at a given speed and bath density #n,, the dark component of the dark-bright soliton is
wider than a one-component dark soliton. Finally, w is given by:

1, #%°

hw = =mv .
2 2m

(2.30)

In contrast to the dark soliton, the state of uniform density corresponds to a speed of 0
rather than c, as shown in fig. 2.4b. For fixed parameters, two different soliton profiles
can share the same speed, as seen in fig. 2.4a. Plots of the density profiles of the soliton
can be found in fig. 2.3. The total atomic density is given by:

1—(2

- (2.31)
cosh”(x(x — vt))

no(x,t) = [y |” + |9 = no (1 -

We can use the same procedure used in section 2.2.3.3 to find the momentum and
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energy of the dark-bright soliton in the thermodynamic limit:

P = N,mv + fin, [2nw + 1t sign(v) — 2 arctan(%) - 2L} (2.32a)
K 1+

4 2\
E = fingyc [5123 + % (122 + :—2)1\12]. (2.32b)

We do not address finite-size effects, as they will be studied in detail for the magnetic
soliton, which is the primary focus of our experimental work. The energy is displayed
in fig. 2.4c as a function of v, and in fig. 2.4d as a function of P. In the thermodynamic
limit, we see that the energy is periodic in momentum, as for the dark soliton. As stated
before this is a more general property of one-dimensional systems, that will be explained
in section 3.5.2. The dark-bright soliton at rest has a momentum P = (2k + 1)fin,n with
k € Z. Its effective mass at rest is negative, as can be seen from the curvature of the energy

in fig. 2.4d. Since mey = (9’E[dP? )_1 = v~ JE[dv, we can see from fig. 2.4c that the
effective mass changes sign after E(v) reaches a maximum.

SU(2) rotations: generating the dark-dark soliton family In the Manakov limit, the
coupled GP equations possess a SU(2) symmetry, meaning that if ¥7 = (i, ¢,) is a
solution, then for any matrix U € SU(2), UW is also a solution. This allows us to generate
a whole family of solitons starting from the dark-bright soliton [155] (see also [156]). If
we only consider solutions where the bath is at rest, we can restrict ourselves to SO(2)
transformations that we parametrize by 6. The family of solutions is:

1(x, 1) = cos(0)y/npisin (@) + cos (@) tanh [ (x — vt)]} e #/*

VN2K/2 eimvx/h—iwt—iyt/h (2333)

- Sin(9)cosh [k (x — vt)]

y(x, 1) = sin(6)y/nplisin (a) + cos (a) tanh [k (x — vt)]} e/
m eimvx/h—iwt—i,ut/h ) (2‘33b)

cosh [k (x — vt)]

+ cos(0)

For 6 = 0, we recover a dark-bright soliton described in eq. (2.27), while for N, = 0, each
component is a dark soliton. In the general case, when tan(6) and N, are finite, we have a
dark-dark soliton, as both components have a finite density at infinity. Due to the SU(2)
symmetry, the total density profile ¢, |2 + |1,b2|2 is independent of 6. However, the density
of each component oscillates at frequency w. While we have presented single soliton
solutions here, analytical multi-soliton solutions can also be derived [154, 157].

2.3.2.2 Bright and dark solitons outside the Manakov limit

The solitons given in eq. (2.33) exist only in the Manakov limit. However, we can investigate
solutions of the GPE outside the Manakov limit using either a bright or a dark soliton as
an ansatz for each component. In this way, bright and dark solitons can be generalized
beyond the Manakov limit. We will assume however in the following that all the interaction
parameters are positive. This analysis was conducted by Mao et al. [158], who employed
a Lagrangian approach. It is important to note that solutions like eq. (2.33), which mix
bright and dark solutions for each component, are not included in their ansatz. Another
constraint is that they examine only solutions with the same inverse width parameter « for
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Figure 2.4: Plot of different characteristics of the dark-bright soliton, in the thermodynamic
limit, for different dimensionless atom numbers N, represented by plots of different colors.
(a), speed of soliton as a function of the depletion of component |1). For each speed
there are two different solitons with the same density and atom number in component
[2). (b), Inverse dimensionless width, &, as a function of speed. The soliton reaches its
minimum width at v = 0, corresponding to a bright soliton at rest and a dark soliton at
rest. Conversely, the maximum width is attained when x = 0, representing an infinitely
diluted component 1) in a bath of component |2) with a flat density profile. (c), Energy
as a function of speed; for v = 0 the solution at lowest energy has an inverse width « = 0.
(d), Energy as a function of momentum; the energy is periodic as in the case of the dark
soliton.

both components, as is the case in the Manakov limit. Mao et al. identified three different
solutions depending on the values of the interaction parameters:

* Dark-dark solitons, where both components’ wave functions are given by a dark
soliton.

* Dark-bright solitons, where one component is a dark soliton and the other a bright
one, with the total density featuring a density bump as in the Manakov limit.

* Bright-dark solitons, identical to the dark-bright solitons except that the total density
features a hump; this solution is not present in the Manakov limit.

In all three cases, the solutions are more constrained than in the Manakov limit: for
the dark-dark soliton, the ratio of background densities is constrained; for the bright-dark
and dark-bright solitons, the number of atoms in the bright soliton is constrained by the
background density of the dark soliton. The different soliton regimes are shown in fig. 2.5.
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Figure 2.5: Solitons of the two-component GPE for different interaction parameters. In
this plot all the interaction parameters are positive. The purple point is the Manakov limit.
The dashed line represents the miscibility limit, above this curve the mixture is miscible
whereas below it is immiscible. The dotted line are the points for which g, , = g, + g»;
on this line the solitons have a constant total density and are called spin solitons. The
number inside the domains indicate which component is the bright one. The hatched areas
correspond to solitons with a bright component whose extent diverges when submitted to
a force, c.f. section 3.5.3.

At the border between the dark-bright and bright-dark cases, defined by 2g, , = g; + £,
the total density is constant. These solitons are called spin solitons [158, 159] and do not
exist in the Manakov limit.

Other types of solutions exist that are not contained in the ansatz used by Mao et al.
One example is the dark-antidark soliton [160].

2.3.2.3 Experimental realization of dark-bright solitons

The first realization of a dark-bright soliton was achieved by Anderson et al. [161]. This was
also the first time a soliton was created using wave-function engineering, i.e. controlling
both the density and the phase. They used *’Rb with hyperfine states that are near the
Manakov limit. Their experiment was not conducted in a 1D geometry but in a spherical
trap. To create a dark-bright soliton, they start with a BEC in hyperfine state |1) and do
a spatially resolved transfer [1) — |2). They create a state of two domains of atoms in
state |2) separated by a narrow strip of atoms in state |1) with a 7t phase shift between the
domains. This initial condition then evolves into a dark-bright soliton, with |2) forming
the dark component. With this technique, only profiles with a total constant density can
be imprinted. In addition to creating dark-bright solitons, they were also able to create
dark solitons by removing all atoms of component |1).

A subsequent experimental realization reported in ref. [136] employed an immiscible
mixture of ¥Rb atoms. The soliton generation protocol used a pair of Raman beams with
a physical mask imaged onto the atomic cloud, ensuring illumination of only half the
sample. Through the application of a 27t pulse, they establish a = phase difference between
the two segments of the cloud remaining in the initial state |1). At the mask boundary,
coinciding with the cloud’s center, the reduced beam intensity results in partial population
transfer to state |2). Similar to previous experimental configurations, this approach is
constrained to generating density profiles with constant total density.
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Dark-bright and dark-dark solitons were also generated with a miscible mixture, in a
cigar-shaped trap. In ref. [162, 163], hyperfine states with opposite magnetic moments
were used to generate solitons. Starting from a mixture of both species that overlapped
spatially due to their miscibility, they applied a magnetic gradient, causing the species
to flow in opposite directions. When the flow slightly exceeded a critical velocity v,,,
it triggered a modulational instability leading to the generation of dark-bright soliton
trains [162]. For faster flows, > 3v,, in ref. [163], the modulational instability led to the
generation of generalized dark solitons described by eq. (2.33). It should be noted, however,
that eq. (2.33) was derived in the Manakov limit, while the interaction parameters in the
experiment [163] were outside this limit, though close to it. The authors still used this
equation to describe the observed solitons.

2.3.3 Magnetic solitons

This section is adapted from [164]. While the core material remains from the original publication,
I have significantly restructured the presentation of it and included supplementary information
to better integrate it within the broader framework of the thesis.

We now turn our focus to another type of soliton of the two-component GPE: the mag-
netic soliton. Unlike the solitons previously mentioned, the magnetic soliton is not a
combination of a dark and a bright soliton. Since this is the soliton we have studied
experimentally in our group, we will examine it in greater detail. After reviewing its
theoretical background, we will present our experimental implementation.

2.3.3.1 The Landau-Lifshitz Equation

Magnetic solitons were first studied in the case of the 1D LLE with uniaxial anisotropy
[98, 165]:

oM I’M
W = OIW + ﬁeZ(M . ez) x M. (234)

This equation describes the magnetization, M, in a ferromagnetic crystal or spin chain
in the long-wavelength approximation, i.e., considering that the spatial variation of M is
slow compared to the lattice spacing. In the microscopic model, the exchange interaction
between atomic spins is anisotropic; here we assume there is a symmetry axis z so that
the anisotropy is uniaxial. We distinguish different situations according to the sign of
B. If p > 0, the magnetization preferentially aligns along z (the easy-axis case); if § < 0,
the magnetization preferentially lies in the (x, y) plane (the easy-plane case). Obviously,
if B = 0, the system is isotropic. The LLE conserves the total magnetization M?, which
is chosen to be spatially uniform. We set it to 1 to simplify notation. M can then be
parametrized with only two real variables in spherical coordinates 0, ¢:

sin(0) sin(g) |. (2.35)

sin(0) cos(¢)
]
cos(6)
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So that eq. (2.34) becomes

%(cos(@)) = —a%(sinz(e)g—f) (2.36a)
2 2
sin(@)%—(tp = a% — sin(0) cos(0) (ﬁ +a (g—f) ) (2.36b)

2.3.3.2 Link with the Gross-Pitaevskii equation

Physical quantity Rescaling to obtain physical units

h
Distance és= ———
\ /2n0m| g5|
ImE?
Time T, = o = L
fi ”0|gs|
Atom number in |2) n,é,
Current 1/t = ”0|gs|/h
' |gs|”0
Velocit = =
elocity s = &/t m
h
Momentum (E_) n,&s) = hing
h
Energy (T—) Moés) = nofic
. h
orce
ngs

Table 2.1: Scaling factors to go from dimensionless to physical units. Since the factor ny&
is dimensionless, the scaling factors are not uniquely defined. This table presents the
choices we made for rescaling the different physical quantities.

Let us now consider a two-component BEC described by eq. (2.21). We note that in
experiments, the external static and uniform magnetic field B, would add a term in both
equations of eq. (2.21), leading to a time-dependent and uniform relative phase between
the two states. This phase, however, can be eliminated by a unitary transform and does
not play any role in the studied phenomena. We assume the two species have symmetric
interactions, i.e., g = g, = g. We define g, = g, , — g. Furthermore, we consider the
mixture to be close to the Manakov limit: |g,| < g, which implies |g,| < g; ,. In this case’,
the spin modes, describing the evolution of n; —n,, are decoupled from the density modes,
describing the evolution of n, + n, [166, 167]. We can then make the hypothesis of total
constant density, i.e., ano/ax = 0. In this case, the spinor describing the mixture can be

This condition is sufficient if neither #n; nor n, get too close to zero. It can be easily satisfied for a miscible
mixture, but not for an immiscible one. The hypothesis of constant density is more challenging for the latter
case; see eq. (10) of [166]
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parametrized with three fields, O(x, t), @(x,t),®(x, t):

i) _ id/2 COS(Q/z)e—i¢/2
(1702) - \/n_oe (Sln(9/2) e+ifP/2)- (237)

Where @, = (P - ¢)/2 and O, = (D + ¢)/2 are respectively the phases of ¢, and ,. The
total particle current is defined as

h * *
x(x,t) = ZI(”blax’abl +1,0,4,), (2.38)
where 7 (z) is the imaginary part of z. It satisfies the continuity equation:

ang N dx(x,t)
ot ox

=0 (2.39)

Under the assumption of constant total density, the continuity equation yields d, x = 0.
The total particle current is thus space-independent. We now set the spin healing length

& =h/ /2n0m|gs| as the length unit and 7, = h/(n0|gs|) as the time unit. In the following,

we use the “ notation for dimensionless quantities. Table 2.1 indicates the scaling of the
different physical quantities to go from dimensionless to physical units.

By substituting eq. (2.37) in eq. (2.38), we obtain the following expression for the
dimensionless total particle current:

X(%,F) = ngé [cos’(0/2) (0D — dzp) +sin’(0/2) (D + )] . (2.40)
For convenience, we introduce | = ¥/(n,&,). Using eq. (2.40), we get the relation
0:D = cos(0) dzp + ] (2.41)

We can now rewrite the 2-component GPE given in eq. (2.21) as a function of the three
variables 0, ¢ and J:

0; 0 = —2 cos(0)(dzp)(d:0) — sin(0)dZqp — [0 (2.42a)

20 .
@) Jozp. (2.42b)

9 p = —cos(0) [sign(g,) + (Isp)’] +

The previous equation closely resembles the LLE in spherical coordinates eq. (2.36). Indeed,
there exists an equivalence between the LLE and the two-component GPE with the constant
density hypothesis [166, 168, 169]. If we define the effective spin as

L[ 2RaY)
M=-—| 2Z@)) |, (2.43)
Al =[]

where R(z) is the real part of z, then M satisfies the LLE in a moving frame at speed J:

M OM_ (M
of x| dx?

+ sign(g;)e, (M - ez)) x M. (2.44)

For a miscible mixture (g, < 0), the mixture is equivalent to an easy-plane ferromagnet,
whereas for an immiscible mixture (g, > 0), the mixture is equivalent to an easy-axis
ferromagnet.
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2.3.3.3 Lagrangian approach and conserved quantities.

Starting from the GP Lagrangian density:

Ch( oY LOY, Oy Oy ) n 10y |7 |9,
ﬁ—lz(%at M Zhe Pl vt Rl vt 23 i vl | el Bl e

S (jenl* + [al”) - il

) (2.45)

2

and using the parametrization of eq. (2.37) we obtain the following dimensionless La-
grangian density:

Mok 9_<v_9_®]_1(9_6)2 (8_<0)2 (8_<D)2 92 9¢
£=7 {[COS(Q)az o]~ 2|\ax) T\ax) T(5x

+ cos(0) 5% 9%

. (2.46)
2 2

- = 0);.

> sin ( )}

Euler-Lagrange equations give eq. (2.41) and eq. (2.42). The Lagrangian does not depend

explicitly neither on ¢, ® nor on t. From Noether’s theorem we derive two conserved

quantities [169-171]:

N = % Jdi [1-cos(0)] (2.47)
E= 411 fdi {(a,ze)2 +sin%(0) [1 + (a,#p)z] + fz}. (2.48)

The quantity N = N,/(n,&,) is associated with the atom number in the wave packet. The
quantity E corresponds, up to an overall constant term, to the total energy of the system.
We also note that the Lagrangian doesn’t depend on x, applying Noether’s theorem again
yields?:

a0 1 L. L -
57 = s (K(L/Z,t) —L(—L/Z,t)), (2.49)
with
L/2 5 ~
B Jaz = L
Q= J:i/z 2dx =f (2.50)

Q corresponds to the dimensionless momentum given by the GPE:
~ 1 L/2
0= [ Wioep + pidsn) ds 2:51)
17’10 _i/2

We emphasize that Q, is not necessarily a conserved quantity due to boundary effects.

2.3.3.4 Soliton solution

Magnetic solitons in cold atoms were first studied for miscible mixtures [167]. The first
experimental realization was also conducted in a miscible mixture of **Na in ref. [172],
where they created a pair of magnetic solitons via phase imprinting.

*When applying Noether’s theorem, we do not forget to take into account boundary terms that do not
necessarily vanish.
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Figure 2.6: FWHM and depletion of a magnetic soliton. We focus on the soliton at rest
(7 = 0and | = 0). This graph is plotted using typical parameters of the experiment:
o = 330 um ™" and & = 2 um. The dashed blue line represents the limit of a spin domain.
The two vertical gray lines represent the typical atom number used experimentally in the

case of a static or moving soliton.

For the following discussion, we will focus on the immiscible case (g, > 0). It is impor-
tant to mention that the solitonic solutions presented herein, while requiring interactions
to operate within the Manakov limit, cannot exist precisely at the Manakov limit where
& =0.

We consider a system of size L, assumed to be much larger than the soliton’s size.
We seek solitonic solutions of eq. (2.42), where component |2) is localized. This implies
limg .7/, 8in(0/2) = 0 and lim,_,,;/, | dp/d% | = 0. Additionally, traveling wave solutions
are desired, expressed as: O(%,f) = 0(% — 9f), p(%,f) = QF + ¢(X — ¥f), where 7 represents
the soliton’s velocity in the laboratory frame. This family of solutions, parametrized by
(Q, ), is called magnetic solitons. It has been studied, for instance, in ref. [99] for the case
J = 0. For arbitrary values of J, it can be shown that:

4x?
cos[O(%)] =1- (2.52a)
2+ Q+VQ? + ii? cosh(2xX)
: 1 20 - #* +2VQ? + 12
P(x) = Eﬁ}? + arctan " ;_KIZ v tanh(xx)|, (2.52b)

where i = # — ] is the velocity of the soliton in the frame moving with the current in the

bath and x = /1 + Q — i12/4. These solitonic solutions exist provided that 1 + Q > ii*/4.
We notice that the function ¢ is not defined for @ = 0, Q > 0. Indeed, we have

. . T

ﬁ—>})1+1:n(1>0 ¢ = _aey-r,n(bo ¢ = 27 nH(%), (2.53)
where H is the Heaviside function. These two solutions describe the same physical situation
as shown in fig. 2.9. At this point the bath is fully depleted at the position of the soliton
and @, features a +7 phase jump.

We illustrate the properties of the soliton at rest by showing in fig. 2.6 the evolution
of the Full Width at Half Maximum (FWHM) size of the wave packet in |2) as a function
of N, for our typical experimental parameters. The associated depletion of the bath,
corresponding to 1 —min,, [n;(x)/n,] is also plotted on the same graph. In the limit N > 1,
the soliton becomes a spin domain of size N,/n, in physical units.

The expressions for the conserved quantities N and E in terms of the parameters ()
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and 7 are given by:

- 2+Q+2 - 2
N =1In (ﬁ) or equivalently sinh(N) = (22—41—cﬁ2 (2.54)
E= 21<+de]— (2.55)
With some algebra we obtain from eq. (2.54):
inh?(N)) 2V
Sln— u2 +tanh2(N) (Q_ #) = 1. (2.56)
4 sinh”(N)

From the previous equation we see that in the (i, () plane the soliton solutions with
constant N lie on an ellipse, displayed in fig. 2.9 for the case N = 2. Like for the dark-
bright soliton to each speed correspond two different solutions.

Starting from eq. (2.41), we can derive the following equation:

Ku

VQ? +i? -

where A®; = ®,(-L/2) — ®,(L/2). Combining eq. (2.54) and eq. (2.55) with the previous
equation, we obtain the following equation for the energy of the soliton

sm 2(AD, /2 +]L/4 J‘]

smh

AD, + JL = %J.(l —cos(6)) 8—¢ dX = arctan

> — (2.57)

E =2tanh(N/2)+4

(2.58)

2.3.3.5 Two different geometries

We now describe the situation with two different boundary conditions, both were realized
experimentally in our setup.

Periodic boundary conditions The system is a ring, this is the geometry we used to
derive the momentum and energy of the dark and dark-bright soliton. For a system
with periodic boundary conditions, the wave-function is single-valued at x = +L/2
implying: ®,(-L/2) = ®;(L/2) (mod 2m). With periodic boundary conditions we have
L(L/2) = L(~L/2), eq. (2.49) then implies that Q is a conserved quantity. Q is the canonical
momentum of the soliton P:

P=Q=]JL/2. (2.59)
Inserting this expression in eq. (2.58), we obtain

sm(/)

52
[2) 2 (2.60)
smh(N) L

E(N,P) =2tanh(N/2)+ 4
The energy is plotted in fig. 2.7b.
Due to the presence of the last term, the energy is thus not a periodic function of
D in finite systems. As with the dark and dark-bright cases, this last term represents
the backflow energy, which vanishes in the thermodynamic limit, thereby restoring the
energy’s periodicity.
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Strict boundary conditions Since the system is confined within a segment, the strict
boundary conditions require that the total current J(t) remains zero at all times, such that
eq. (2.41) becomes:

We can thus rewrite the Lagrangian of the system given in eq. (2.46) using only two fields:
O(x,t), @(x,t). Keeping in mind that the Lagrangian can be defined up to a total derivative,
the Lagrangian density of the system with strict boundary conditions can be written as:

foc 5 o0 58352+ (3] s3] oo}

Jox
We previously assumed the segment was large compared to the extent of the soliton, so
that cos O(L/2) = 1, 6?,26|XZ+L/2 =0, and 8£q0|x:+u2 = 0, yielding:

(2.62)

Lepc(L/2,t) = Lgpc(-L/2,1). (2.63)

The Lagrangian density Lggc does not explicitly depend on %. Applying Noether’s theorem,
and noting that the boundary terms vanish as stated above, we derive the following
conservation law:

Z -, (2.64)

p = % j [1-cosO(x)] g—(g dx. (2.65)

The quantity P is the momentum of the soliton, which is conserved. Using eq. (2.61) and
remembering that ®; = (P — ¢)/2, we can rewrite it:

P = AD,, (2.66)

such that the dimensionless momentum of the soliton is given by the phase difference
between to the ends of the bath: A®, = ®,(-L/2) — ®,(L/2). Moreover, under the assump-
tion of zero total current, the phase of the bath is uniform away from the localized wave
packet of the minority component, i.e. when cos(6) = 0, as can be seen using the continuity
equation eq. (2.39). The phase difference A®;, can then be evaluated by choosing any two
points far from the center of the soliton, not necessarily at the system’s edge. We notice
that unlike the case with periodic boundary, P # Pgpg.

The energy of the soliton, given by eq. (2.58) reads:

Sm( P/2)
smh(N)

E(N,P) =2tanh(N/2) + 4 (2.67)

This relation is periodic in P = A®;. We note that the energy for the system with strict
boundary conditions and finite size is the same as the one with periodic boundary condi-
tions at the thermodynamic limit. The energy is plotted in fig. 2.7a.
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Figure 2.7: Dimensionless energy as a function of dimensionless momentum for the
magnetic soliton. For different N and a system of dimensionless size L = 20, (a), with
strict boundary conditions, (b), with periodic boundary conditions. For finite-size systems
the energy is a periodic function of the momentum in the first case but not in the second.
(c), The solid lines are the dimensionless energies for N = 0.5, and L € {20, 50, 100}, the
darker the curve, the smaller the system. The dotted lines are E(0) + P?/L, the energy of
the backflow offset by the energy of the system at rest.

Link between periodic and strict boundary conditions. Ata given (N, P) the solution for
periodic or strict boundary conditions give the same density profile for both components
but a different phase profile. This is because the solution are linked by a change of reference
frame. Starting with a soliton with strict boundary conditions in a reference frame R, we
can obtain the profile of a soliton with periodic boundary condition by doing a change of
reference frame to a frame R’ moving at a relative speed:

20D, 4n
Vprip = —— + —w, 2.68
RIIR i i (2.68)
1 L/2
with w=— oD, % dx .
-L/2

The integer w is called the phase winding number. In the new frame we have ®, »/,(L/2) =
®, »/(-L/2) + 2w, ensuring periodic boundary conditions. The fast phase jump around
the central position of the soliton in frame R, A®, r, is compensated in frame R’ by a slow
linear variation of the phase. This slope in the phase manifests itself physically by the
presence of a backflow [148], a current of atoms in the bath given by:

- (AQDLR N 27zw)

Jrr =2 7 (2.69)

In the frame R’ with periodic boundary conditions the momentum Py, of the soliton is
Jr/L/2. So we find:

Pr, = Pg + 2mw. (2.70)

This explains that at a given N and P (mod 27) a magnetic soliton will have the same den-
sity profile for both components, whether it obeys periodic or strict boundary conditions.
The phase profiles however differ, as can be seen in fig. 2.8, where the phase profiles of
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Figure 2.8: Bath phase profile for a soliton with N = 2. (a), P = 27/3, with strict boundary
conditions. (b), P = 27t/3 with periodic boundary conditions, here the winding number
w = 0. (c), P = 21t/3 + 27 with periodic boundary conditions, here the winding number
w = 1. The black dotted line has a slope P/L and jumps of a value: P — 2ntw at & = 0,
the central position of soliton. The density profiles of components |1) and |2) remain

unchanged in each of the three cases described here.

the bath in frame R and in frame R’ are plotted. The previous reasoning is reminiscent of
the case of the dark or dark-bright soliton where we also did a change of reference frame
to have a solution obeying periodic boundary conditions. The energy difference between
the soliton on fig. 2.8b and fig. 2.8a is

(tr/r)’ _ PR

=, 2.71
2 L ( )

the energy of the backflow current.
We conclude by mentioning that in both cases the momentum of the soliton is given
by [169-171]:

Ku

tan(P/2) = —. (2.72)
(F12) VO + a2 -Q+ %
We also have for both boundary conditions:
inP  JE
=200 _ 22 (2.73)
sinhN  dP|

This confirms that the quantity P verifies the definition of a canonical momentum.

Summary for strict boundary conditions. In fig. 2.9, we summarize our results for the
strict boundary conditions. The soliton with # = 0, () < 0 exhibits a flat bath phase, has
zero momentum, and minimizes the energy. Conversely, the solution atv = 0, Q > 0
features complete depletion of component |1) and a 7 phase jump in ®,. This solution
has momentum P = 7t and maximizes the energy.

2.3.3.6 Our experimental realization of a magnetic soliton at rest

In this subsection, we demonstrate the experimental realization of a stationary magnetic
soliton in a segment. This is the first realization of a magnetic soliton in an immiscible
system. Notably, in contrast to the experiments discussed earlier, that relied on cigar-
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Figure 2.9: Magnetic solitons with strict boundary conditions. The ellipse in the (¥, ()
plane represents all soliton solutions for N = 2. The polar coordinate on this ellipse
corresponds to the bath phase jump A®,, or equivalently, the soliton momentum. The
four insets correspond to solitons with the minimum and maximum speeds in absolute
value. In each inset, the top graph shows the density of component |1) in blue and |2) in
red, while the bottom graph displays the phase of component |1).
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shaped traps, axial confinement is completely absent in our setup. To the best of our
knowledge, the only other instance of a matter-wave soliton realized without residual
harmonic confinement is the Townes soliton [152], a two-dimensional soliton. Additionally,
we directly imprint the soliton’s wave function, a method rarely employed in previous
experiments. Among all the experiments cited earlier, only [139] directly imprinted the
soliton profile. In all others, solitons typically emerged from an evolving initial profile
rather than being imprinted directly. We imprint a soliton with v = 0, (O < 0 so with
zero momentum, corresponding to the bottom point of fig. 2.9, where the phases of both
components are flat.

We generate a soliton with a large size such that we remain in the low depletion limit.
In this limit, i.e., N, — 0, we have (Q — 0. From eq. (2.52a) and eq. (2.37), we find that
the stationary profile of the minority component is given by:

n,(x) = N,/[20 cosh®(x/0)], (2.74)

where N is defined as the stationary atom number and o = #°/(mg,N;) is the corresponding
width. We recover the shape of a bright soliton given in eq. (2.7). This is not surprising
because, as we saw in section 2.3.1.2, at low depletion the two-component GPE can be
mapped to an effective one-component model. To first order in g, the effective interaction
parameter becomes g, ~ —2g;, establishing the correspondence between eq. (2.74) and
eq. (2.7). Interestingly, in this regime, the soliton shape remains independent of the atom
number, in contrast to the general case as seen in eq. (2.52).

The soliton is realized using the mixture |1) = [F = 1,mp = -1),|2) = |F = 1,mp = 1).
By symmetry, |1) and |2) have the same intra-species scattering length a; = (100.4 —
0.18) ay, where a, is the Bohr radius. The interspecies scattering length is a; = (101.3 +
0.18) a, [173]. For both scattering lengths, we have added the correction due to magnetic
dipole-dipole interactions [174], which are non-negligible in this geometry because of
the strong confinement along the z direction. This mixture is thus weakly immiscible
(a; > ay). Its immiscibility is enhanced by magnetic dipole-dipole interactions compared
to the case of ref. [175], where demixing dynamics have been studied in a 3D geometry.
The precise value of g, depends on the detailed shape of the trapping potential along y
and its calibration is discussed below.

We prepare a single tube of N, ~ 2 x 10* atoms in an optical dipole trap. The tube,
with a length of L = 60 um and uniform linear density n, = N;/L = 330 um™’, is derived
from a horizontal uniform planar 2D Bose gas. The atoms are initially confined within
a rectangular box potential. A series of 50 interpolated images, displayed every 10 ms
on DMD1, gradually transforms the box potential into a segment geometry. The final
transverse confinement is achieved using a flat-bottom optical potential of full width
0, = 3 pm, smoothed by the projection system’s resolution of 1 pm. For this experiment,
the vertical lattice trapping frequency w, = 27t x 4.3(1) kHz corresponds to a ground-state
wave function size of ~ 160 nm. The initial gas temperature is below 20 nK, placing it in
the weakly interacting regime with a Lieb-Liniger parameter *[176] y ~ 107"

The soliton is generated using a two-step process from a cloud initially in state |1).
The first step is a spatially-resolved two-photon transfer from state |1) to state |3) =
|F = 2,mp = 0). To do so, we use a pair of Raman beams at a wavelength of 790 nm, in
between the D1 and D2 transitions and close to the tune-out wavelength, to limit the effect
of dipole forces. In the absence of dipole forces, the phase of both components is unaffected
by the Raman beams and remains flat. The Raman beams are shaped using DMD3 to
imprint the desired solitonic profile n;(x). The pulse duration is ~ 20 ps, adjusted to

*This value of y should be considered with care because we are not strictly in the 1D regime.
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Figure 2.10: (a), Reconstructed absorption image of the initial density profiles in both
[1) and |2). The colors represent the relative weight of the atomic densities #n; and n, of
both components. The opacity of the image is proportional to the total density of the
system. (b), Integrated density profile of component |2) along the transverse direction
of the absorption image. The solid line is a fit of the data to a 1/ cosh” function, which
corresponds to the expected shape of the soliton in the limit of low values of n,/n,; at the
soliton position.

control the soliton amplitude. The total density n, = n;(x) + n3(x) remains unaffected
by the transfer, because of the low dipole force exerted by the Raman beams combined
with their short pulse duration. Because the soliton shape is independent of N, in this
regime, the pattern on DMD3 remains the same for all atom numbers. In the second step,
immediately after the first one, a microwave transfer completes the state preparation by
transferring all atoms in |3) to state |2), without affecting atoms in |1). The microwave
pulse is of the order of 10 ps and is performed immediately after the Raman pulse, such
that the mixture |1), |3) remains static. This two-step procedure is more efficient than
a direct two-photon transition with Am = 2, whose amplitude cancels in the limit of a
detuning larger than the hyperfine splitting. With this technique we don’t modify the
phase of either component.

An example of a soliton generated with the aforementioned protocol is displayed in
fig. 2.10. We measure the soliton expansion and determine the stationary atom number
N;. By varying N, and analyzing the short-term evolution of the soliton width, we confirm
that for N, =~ 400, the soliton remains stationary over 30 ms as shown in fig. 2.11a.
To quantitatively determine N, we fit the expansion data to t — o, + at* as shown in
fig. 2.11b. The stationary soliton condition corresponds to a = 0, yielding N, = 370(60)
and an interaction parameter of g, ~ 4.0(6) x 107*' Jm™, in agreement with theoretical
predictions for our geometry. This yields & =~ 1.7 nm, which is close to oy, the full width
of the tube. This confirms that the system is 1D with respect to the spin degree of freedom,
even though it is not for the total density, as 0, > &.
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Figure 2.11: (a), We vary the atom number transferred to the minority component and
monitor the short-time evolution of the size of the wave packet. Solid lines are fits of
the function t — o, + at’ to the data. The error bars correspond to the statistical error
obtained from the fit of the density profiles. (b), Evolution of the expansion coefficient «
as a function of the atom number N,. The value N corresponds to the atom number for
which the wave packet is stationary. This experiment thus demonstrates the realization of
a magnetic soliton at rest.

Conclusion

In this chapter, we established a definition of solitary waves and solitons and provided an
overview of matter-wave solitons. We examined the theoretical framework and experimen-
tal realizations of matter-wave solitons, starting with bright and dark solitons described
by the scalar GPE. Moving beyond single-component systems, we explored dark-bright
solitons in two-component BECs, considering both the integrable Manakov regime, with a
single interaction parameter, and beyond.

Building on this foundation, we introduced the theoretical framework for magnetic
solitons, which constitute the main focus of our experimental work. We then detailed our
experimental realization of a magnetic soliton at rest, presenting the first realization of a
magnetic soliton in an immiscible mixture.

While this chapter has focused on the static properties of solitons, the next chapter will
address the dynamics of magnetic solitons when submitted to a force. A recurring theme
throughout this chapter has been the periodicity of energy in momentum, a property that
will be at the origin of the remarkable dynamical behavior of magnetic solitons: BOs.
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This chapter is adapted from [164]. While the core material remains from the original
publication, I have significantly restructured the presentation of it and included supplementary
information to better integrate it within the broader framework of the thesis.

Introduction

This chapter explores the dynamics of magnetic solitons in two different geometries: a
segment and a ring. In both cases, applying a constant force to the soliton leads to a
surprising effect: the oscillation of its position.

We begin by examining solitons in harmonic traps (section 3.1), where they undergo os-
cillations. This behavior is expected, and it is fundamentally different from the oscillations
exhibited by magnetic solitons in the subsequent sections.

We then develop the theoretical framework to describe magnetic solitons under a
constant force (section 3.2) and derive a particle-like model for their dynamics. Finally,
we present our experimental implementation and calibration of such a force.

We then study the dynamics of a soliton, first, in a segment under a uniform constant
force (section 3.3). A parallel is drawn between this situation and Bloch oscillations of a
particle in a periodic potential. We then present our experimental observation of soliton
CoM oscillations, with matter-wave interference revealing the underlying phase dynamics
of the bath.

Next, we investigate the dynamics in a ring geometry, where the behavior becomes even
richer (section 3.4). The interplay between oscillatory motion and backflow effects leads
to complex phenomena, including the pumping and depumping of topological superfluid
currents. We explore both single and multiple soliton configurations, revealing that the
generation of topological currents is suppressed in the latter case. Here too, the CoM
motion is observed experimentally while matter-wave interference is used to measure
quantized supercurrents in the bath.

We conclude by situating our findings within the broader context of one-dimensional
systems (section 3.5). Almost all 1D systems presented in this chapter and the previous
one exhibit an energy that is periodic in momentum. We prove here that this is a general
property of 1D systems in the thermodynamic limit. Since Bloch oscillations stem from
this periodicity, they are expected in many such systems. However, they do not necessarily
occur in all cases, and we discuss the specific conditions required for their observation.

3.1 Solitons in harmonic traps

3.1.1 Solitons oscillations in harmonic traps

All the dark, bright and dark-bright solitons presented in chapter 2 were realized in traps
with a residual axial confinement V(x) = mw’x?/2, where w is the trap frequency. For
solitons with a dark component, this harmonic potential modifies the functional form of
the soliton. In the case of a dark soliton in a harmonic trap, the solution at zero velocity is
displayed in fig. 3.1. On top of the modifying the underlying density, if the soliton is not
at the center of the trap the harmonic potential exerts a force on it.

The bright soliton is the most straightforward case, as it behaves like a classical particle
(c.f. section 2.2.2.1) by oscillating at a frequency w. Bright soliton oscillations have been
observed experimentally [121, 122, 124, 129]. For dark solitons, the dynamics are more
complex to derive. Provided that the width of the soliton is much smaller than the size
of the condensate the soliton oscillates at a frequency w/V2 [154, 177]. There were
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Figure 3.1: Dark soliton in harmonic trap. We plot the density for ®Rb in a cigar-shaped
trap with a transverse frequency of 27 x 2 kHz and longitudinal frequency of 27t x 193 Hz.

several experimental observations of such oscillations [136, 137, 139, 140, 142]. For dark-
bright solitons the dynamics are richer, they are described in ref. [154] and were observed
experimentally in ref. [136].

3.1.2 Soliton collisions

When several solitons are placed in a harmonic trap they will collide. Soliton collisions
were studied experimentally for bright and bright collisions [121, 124], dark and dark
collisions [137, 142], and dark and dark-bright collisions [136]. We recall that in the
literature, the term soliton is often used to describe solitary waves, so their shape can be
altered by collisions. For example remaining 3D effects can make bright solitons collapse
or merge [121, 128, 130]. To the best of our knowledge, collisions between dark-bright
solitons have never been studied experimentally, they are studied theoretically in ref. [154,
178-180].

The following sections examine soliton behavior under constant external forces, with-
out harmonic trapping potentials. Unlike the oscillations in harmonic traps discussed
previously, the phenomena explored here arise from fundamentally different physical
mechanisms and exhibit remarkable properties with an entirely different origin and nature.

3.2 Magnetic soliton submitted to a force

3.2.1 Theory of the magnetic soliton in the presence of a force

We now extend the description of the magnetic soliton from the previous chapter by
introducing two forces: f;(x) and f,(x) acting respectively on |1) and |2). We define U, (x)
and U,(x) as the potentials associated respectively to f;(x) and f,(x). Rewriting the coupled
GPEs including the potentials yields:

d #? 9?
i % ~Tom 9;[;1 + gy + ginyy + Uqy (3.1a)

o n? 9%y
! a_tz T om 8x22 + 8Ny + & + Us1p,. (3.1b)
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We obtain the associated equations on (6, @), eq. (2.42), but with additional terms due to
the potentials:

0; 0 = —2cos(0)(dzp)(d:0) — sin(0)dZp — [0 (3.2a)
20 - B
95 p = —cos(0) |1+ (9’| + S0 = TOugp + 1o, (U = Un). (3.2b)

Only the second equation has an additional term due to the presence of the forces. More-
over, the dynamics only depend on the relative potential U = U, — U;. We also define
f = f, — fi, the relative force. We do not attempt to solve eq. (3.2) analytically due its
complexity. Instead, to study the influence of the force on the soliton we make the adiabatic
approximation, that supposes that all the atoms in the soliton feel the same potential, i.e.
Fo < gn,, o being the size of the soliton. This condition is given by Kosevich et al. in
ref. [181] and is equivalent to assuming that the work done by the force across the wave
packet extension is much smaller than the spin interaction energy scale. On top of that, we
assume the system size L satisfies L < ct,,, where t,,, is the characteristic timescale of
soliton dynamics and ¢ = 4/gn,/m is the speed of sound for density modes. Since density
perturbations equilibrate through phonons over a time 7 = L/c, our assumption ensures
T < tg,- Consequently, on the slow timescale of spin dynamics, the bath (including
its phase) remains in quasi-static equilibrium, which justifies our initial assumption of
decoupled density and spin modes and thus a space-independent total current. These two
assumptions guarantee that even with the presence of the forces, the solution remains a
soliton described by eq. (2.52). Because of the force, () and i are time-dependent. However,
N remains constant, such that Q) and i vary along the ellipse described in fig. 2.9. To
study the dynamics we rely on a Hamiltonian approach. The energy of the soliton given
in eq. (2.58) has’, in the presence of the forces, the following additional term:

jf]l(fc) cos? (@) + U, (%) sin’ (@)dz - jfjl(x) + (0,(%) - U, (%)) sin® (@) dx

where X is the position of the center of the soliton. In the last equality, we used the
adiabatic approximation to neglect the potential variation over the extent of the soliton.
The first term of the rhs of the last equation is constant, we can offset the energy to get rid
of it. The energy of the soliton in the presence of the force then reads:

+ 4—Sin (~{2) +

E(N,P,X) = 2tanh(N/2) Sinh(N)

j d% J2/4 + NU(X), (3.4)

E is, like N, a conserved quantity and can be seen as the Hamiltonian of the magnetic
soliton. In this particle-like model, the soliton is viewed as a single particle with position
X and momentum P, with dynamics governed by the Hamiltonian E(N, P, X). Using the
Hamilton-Jacobi equations we find that P is not conserved in the presence of the forces
and evolves according to:

dp _dU
- NaEl
X

(3.5)

'This expression remains valid because we supposed that the profile remains a magnetic soliton.
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which is simply Newton’s law:

db .
= = » 3.6
where F = Nf.

3.2.2 Experimental implementation of the force
3.2.2.1 Magnetic gradient

We apply a constant, uniform force to the system using an external magnetic field with a
linear variation along x. This magnetic field gradient b’, of typical amplitude 1Gm™, is
switched on slowly before the partial transfer of atoms to the minority component. The
associated force is opposite for the states |1) and |2) because of their opposite magnetic
moments +ug/2, with yg the Bohr magneton. The differential force between the two species
is thus f = ugb’ ~ 1 x 107>’ N. The associated energy difference between both ends of the
system is ~ ppb’L ~ 1nK, which is small compared to all other relevant energy scales in
the problem. We transfer part of the atoms from [1) to |2) at time t = 0. Atoms in state |2)
thus experience an abrupt application of the force. We verified numerically that in the
range of parameters explored in this work, the dynamics of the wave packet is given by
the difference of force f between the two components as predicted by section 3.2.1.

3.2.2.2 Calibration of the force

We calibrate the magnetic field gradient b’ by performing Ramsey spectroscopy. We use
a microwave field at a frequency of ~ 6.8 GHz, resonant with the |F =1,m; = -1) —
|F = 2,m, = —2) transition. This transition being magnetic-field-sensitive, the magnetic
field gradient causes a spatial dependence of the transition frequency. We measure it
performing two identical microwave pulses, separated by a wait time f,,. We then image
the |F = 1,m; = —1) component and observe interference fringes with a spatial period A.
The magnetic gradient is given by:

h
- Aty pug(g1my — g,m,)

|V’ ) (3.7)

| 2n
B 3Ath/lB

where £ is the Planck constant and g, , = +1/2 the Landé factors [86].

3.3 Bloch Oscillations of a magnetic soliton in a segment geome-
try

We will start by studying the dynamics with strict boundary conditions. For the seg-
ment geometry the force f is assumed to be uniform. Prior to returning to our analysis
of magnetic solitons, we will digress briefly to introduce the physical phenomenon of
Bloch oscillations, which provides essential context for the subsequent theoretical and
experimental development.
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3.3.1 Bloch Oscillations in the presence of a periodic potential

A single isolated particle moving in a lattice with spatial period a and subjected to a
constant force f exhibits BOs [58, 59] with a period:

_ I
-

This peculiar motion is due to the periodicity of the lattice band structure. The dynamics
in momentum space correspond to periodic Bragg reflections of the particle when its
wavelength matches the period of the lattice. The observation of BOs requires phase
coherence during the oscillations and a force weak enough to ensure the adiabatic following
of the lowest energy band. It has been observed in ultracold atom platforms [63, 64, 182]
as well as in semiconductor structures with large lattice periods [61].

BOs at the single-particle level are extensively used in cold atom experiments for
precision measurements [66, 70, 72, 73] and for characterizing the topological properties
of band structures [74, 75]. Classical analogues of BOs have also been realized with
optical [183, 184] and acoustic waves [185] and in plasmonic waveguide arrays [186].

While BOs are well understood for single particles, their generalization to an ensemble
of interacting particles remains largely unexplored. In such systems, interactions often
lead to unwanted damping of the oscillations [187-190]. Studies of BOs of a weakly-
bounded ensemble of interacting particles have been limited to the two-particle case,
where the oscillation period is halved compared to the single-particle case. This behavior
has been observed both with repulsively-bound dimers [191] and in photonic simulations
using waveguide arrays [192]. Recent work has also explored the role of quantum anyonic
statistics through electrical circuit simulations [193]. In the following sections, we extend
these studies by observing the position oscillations of a mesoscopic solitonic wave packet
containing approximately 1000 atom:s.

Tp (3.8)

3.3.2 Theory of the dynamics
3.3.2.1 Equations of motion

We have already written one of the Hamilton-Jacobi equations that can be derived from
eq. (3.4) in eq. (3.5). For strict boundary conditions we remind that J vanishes at all times
so that P = A®, and eq. (3.5) becomes :

d@] ~
— = = . 39

With the second Hamilton-Jacobi equation, we find d,X, and by integration:

1 - cos(FT)

(3.10)
Equation (3.10) describes a situation analogous to the above-mentioned BOs: when the
soliton is submitted to a constant force f it oscillates; with the key difference that the
periodic potential is absent in this case.

Concerning the evolution of the spatial profile of the soliton, eq. (3.9) tells us that
during the dynamics, the ellipse of fig. 2.9 is explored at a constant angular velocity, and
Q),v are periodic functions of time. In the experiment we start at time t = 0 with the

solution () < 0,v = 0 (at the bottom of the ellipse) so at every odd-numbered half-period
the soliton is described by the solution (2 > 0, v = 0 (at the top the ellipse) which features a
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full depletion of the bath and a 7= phase jump of ®,. At every even-numbered half-period
the spatial profile is the same as the initial one.

The period and full amplitude of the oscillation are given by:

7=2r (3.11)
f

- 4

.A = = T = (312)
F sinh(N)

converted to physical units using table 2.1, they read [169, 194]:

noh

T=— (3.13)
N, f

4g:m5&,

A= - . 3.14

Nof sinh (N /(7o) 544

Equation (3.13) is reminiscent of eq. (3.8) but with two major differences: (i) the lattice
period a is replaced by the inverse of the linear bath density n, and (ii) in our case, T
depends on the total force 7 = N, f acting on the atoms of the wave packet.

BOs of a single particle in a periodic potential and the oscillations of a magnetic
soliton in a segment derive from one peculiar property that both systems have in common:
the periodicity of E with respect to P. For this reason we decide to use the term Bloch
Oscillation also for the magnetic soliton dynamics. However, in this case the oscillation
period scales inversely with the atom number, thus revealing its collective nature and
generalizing the two-particle case where a halving of the frequency was observed [191,
192].

3.3.2.2 Josephson junction analogy

We have shown previously that the equations of motion of the soliton can be derived
from a Hamiltonian approach. In this subsection, we present a physical interpretation
of the dynamics of the magnetic soliton in a segment geometry through an analogy with
Josephson junctions [169, 195]. While this analogy is not as rigorous as the Hamiltonian
formulation, we believe it offers a more intuitive perspective on the phenomenon. The
physical situation is described in fig. 3.2. Thanks to the decoupling of the density and spin
modes, a quasi-static equilibrium is reached on a timescale associated with the propagation
of sound at a velocity ¢ = 1/gn,/M corresponding typically to L/c ~ 20 ms, much smaller
than the Bloch oscillation period. The total density is thus uniform at all times and the
phase of the bath is quasi-uniform on either side of the wave packet. Equivalently, there
is no current flowing in the system outside the region of the wave packet, as we saw
in section 2.3.3.5. The minority component wave packet moves with a velocity v(t) as
a response to the external force F. This leads to a change of the density distribution
of the bath associated with the current I(t) = —n,v(t). As we have seen previously, the
momentum of the soliton is linked to the phase difference A®; = ®, ;| — @, ; in the bath
between the two ends of the wave packet through P(t) = nyfig. Finally, applying Newton’s
law, we have dP/dt = F, and we obtain

ano, _ bt _F

= =, 1
f dt Mo Mo (3-15)
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Figure 3.2: Principle of the experiment. A two-component system with total constant
density is driven by a constant force which imparts to the wave packet of atoms in |2) a
velocity v. The motion of this wave-packet induces a current I in the bath to keep the total
density constant. This current is associated to a phase difference A® = @, ; — @,  in the
bath.

In addition, as we saw previously, for strict boundary conditions the energy of the soliton is
periodic in momentum. This property ensures that the velocity v(t) = JE/JP is a periodic
function of P, or equivalently of A®,. For the studied soliton, this dependence is sinusoidal
and given by

v(t) = v, sin[AD, ()] = v, sin (ﬁ) (3.16)
hn,

This is similar to the current/phase relationship of a Josephson junction where v, =
2¢,/ sinh(N,/ny&,) and ¢; = 4/g;ny/(2M) can be found using the Hamiltonian approach
[169]. This system is thus analogous to a Josephson junction where the wave packet
plays the role of a mobile tunnel barrier between two superfluids of order parameter
\Vho "1 and the force analogous to a potential drop drives a phase difference between
them. Remarkably, the energy n,fiv., equivalent to a tunneling energy, is independent
of the time-varying shape of the wave packet. From the 27 periodicity of A®,(t) and
eq. (3.15), we also recover the oscillation period introduced in eq. (3.13).

3.3.3 Experimental observation of Bloch Oscillations
3.3.3.1 Center-of-Mass dynamics

We study the response of the magnetic soliton to a state-selective constant force f, focusing
first on the CoM dynamics of the wave packet. We report the observation of BOs in fig. 3.3
for a wave packet of 1300(50) atoms subjected to a force of f = 9.0(7) x 107>* N = 6.4(5) x
107* Mag, where ag is the acceleration of gravity. The measured period T = 219(3) ms
agrees well with the expected value of 210(16) ms. Similar BOs are observed for different
values of N, and f and the measured period shown in fig. 3.4a matches the predicted
1/(N,f) scaling of eq. (3.13) without any fitting parameter. The agreement of the measured
amplitude with its prediction, given by eq. (3.14) is shown in fig. 3.4b. It is interesting to
emphasize that the period T is independent of the interaction parameters g and g;, thus
making it a robust observable. We verify that the adiabatic approximation is justified
in our case : fo/(gny) ~ 0.1 and that L/c ~ 20ms is smaller than the typical Bloch
oscillation period for our system. Note that the typical value of N, used for the static
soliton experiment (= 400) is different from the one used here (~ 1200) in order to make
the system behavior (expansion or contraction) less sensitive to the variation in atom
number (see fig. 2.6).
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Figure 3.3: Time evolution of the minority component in |2) for N, = 1300(50) atom:s,
1y ~ 350 um™" and under the action of a uniform differential force of f = 9.0(7) x 107** N,
showing the phenomenon of Bloch oscillations. The error bars correspond to the statistical
deviation obtained from 10 repetitions of each experiment. The solid line is a sinusoidal
fit to the data. Absorption images are shown every 30 ms from the initial preparation of
the wave packet. The dashed line is a guide to the eye to mark the initial position of the
wave packet.

3.3.3.2 Bath phase

We experimentally confirm the role of the bath phase ®; using matter-wave interfer-
ence [196-198] (see fig. 3.5). We prepare a second reference cloud next to the cloud of
interest, the edges of the two clouds are 4 um apart. This cloud is identical to the first one,
but it contains only atoms in |1) and constitutes a suitable uniform phase reference for
the low-temperature regime studied here. After releasing the two clouds from the trap
and allowing them to expand and overlap, we obtain matter-wave interference images.
Several examples of those interferograms are displayed in fig. 3.5, we mention that to
increase the signal-to-noise ratio of the fringes we saturate the imaging. The ToF sequence
optimizing the fringe visibility is the following. We first reduce the power of the vertical
lattice by a factor 7, 160 ps after, the in-plane box-like confinement is turned off, and the
cloud expands with the vertical lattice still on during 3 ms. Finally, the vertical lattice is
switched off and the cloud freely expands during 4 ms.

At time t = 0, we expect both clouds to have a uniform phase, which is confirmed by
the observation of straight and parallel fringes. At times t ~ T/2 and t ~ 3T /2, conversely,
we observe a contrasted density hole in the vicinity of the wave packet position associated
with a discontinuity in the fringes. This is consistent with the expected full depletion
of the bath density at this position and the 7= phase jump at these times. Thus, we have
realized the second zero-velocity soliton of the family of magnetic solitons, i.e. the one at
the top of the ellipse in fig. 2.9.

The phase difference A®, can be quantitatively measured from the interferograms. We
first process the images using a Goldstein filter [199] to reduce noise, then apply a Hilbert
transform to extract the phase information row by row. The region exhibiting the most
rapid phase variation corresponds to the location of the atoms in state |2), when A®;, is
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Figure 3.4: (a), Measured Bloch period and (b) amplitude when varying N, and the applied
magnetic field gradient b’, which creates the force f = pgb’. The different colors correspond
to different forces applied on the soliton. The linear bath density n, is fixed. The solid
black line is the prediction of eq. (3.13) without any free parameter. (c), CoM oscillations of
component |2) with a fixed force f = 9.0 x 107** N and n, and varying N,. As N, increases
the period and amplitude of oscillations decrease.
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sufficiently large. By computing the phase difference across this region, we obtain the
results displayed in fig. 3.5b.

3.4 Bloch Oscillations of a magnetic soliton in a ring geometry

We now study the dynamics of a soliton placed inside a ring. The transition from a
segment geometry to a ring geometry introduces two significant modifications. First, the
boundary conditions change from strict to periodic, as a direct consequence of the closed
ring structure, allowing an overall current to flow. Second, while we maintain a uniform
force in the plane as for the segment, its projection along the ring is no longer uniform. The
force experienced by the atoms thus changes. Specifically, the projection of the force along
the direction of motion is expressed as f(a) = f, cos(a), where « is the angle describing
the position of the wave packet, so that the position is given by X = J-L. The perimeter of
the ring is set to L = 150 pm.

3.4.1 Theory of the dynamics

3.4.1.1 Equation of motion

The energy of the system in the presence of the force for the ring reads:

sm( P/2)
smh(N)

E(N,P,X) = 2tanh(N/2) +4 + T —ﬁ) — sm(2T(X/L) (3.17)

The Hamilton-Jacobi equations read:

dp Nf, co (2”X) (3.18a)
dX 2sin(P) 2P
dF sinh(N) " L’ (3.18b)

the first equation being simply Newton’s law. Unlike the segment case, the coupled dif-
ferential equations have no easy analytical solutions, we will solve them numerically.
To benchmark the particle-like model, we conducted numerical simulations. Figure 3.6
presents a quantitative comparison between this model in a ring geometry and the numer-
ical solution of the GPE. The excellent agreement between these two models confirms, in
the range of parameters studied in this work, the validity of describing the solitonic wave
packet motion through the particle-like model within the adiabatic approximation.

3.4.1.2 The role of the backflow

As we have seen in section 2.3.3.5, the strong spatial variation of the phase of the bath
across the wave packet position is compensated by a slow linear variation over the rest
of the ring. It leads to a so-called backflow current, which carries the total momentum
P = #iAD, of the system as we showed in section 2.3.3.5. This global current was not
allowed in the previous case of the segment with hard walls. The second term of the
rhs of eq. (3.18b) reflects the acceleration of the wave packet induced by the backflow
current and goes to zero in the thermodynamic limit. The adiabatic dynamics under the
application of a constant force thus consists in an interplay between an oscillatory behavior
and the drag effect induced by the backflow current. The typical evolution of the phase
profile obtained from simulations of the GPE is shown in fig. 3.7. Interestingly, after one
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Figure 3.5: Combined evolution of the CoM of the wave packet and the phase difference
A®, in the bath. (a), Evolution of the CoM of component |2) for a force f = 9.0(7)x107>* N
and a typical density. The points are obtained by imaging atoms in |2), the solid line is a
sinusoidal fit. (b) shows the corresponding phase jump in |1), obtained by imaging atoms
in |1) after performing the expansion sequence described in the text. The phase difference
A®, is computed using the interferograms, the solid line is the linear phase evolution
obtained using the fitted frequency from (a). We display below (b) some example images of
interferograms. The black lines are the reconstructed positions of the bright fringes. The
red dashed lines show the position of the soliton measured independently. A discontinuity
of the fringes, corresponding to a rt-phase shift of the phase of the bath, is observed at the
positions where the wave packet’s velocity changes from positive to negative. On both
graphs the vertical lines indicate integer multiples of T/2, with T being the fitted period
of the oscillation in (a).
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Figure 3.6: Benchmarking of the particle-like model in a ring geometry to the direct
solving of the GPE. Time evolution of the position of the CoM of the wave packet when
subjected to a constant force with N, = 1100, ¥’ = 1Gm™", n, = 330um™". The green
solid line is the CoM of the wave packet obtained by solving the GPE. The dashed orange
line is the prediction of the particle-like model.

half-period the profile winds once around the ring. This corresponds to the creation of a
topological superfluid current around the ring, induced by the motion of the wave packet.
Our system thus realizes a new example of a vortex pump [200-202].

3.4.2 Experimental observation of short-term dynamics

We start by studying the dynamics for angles @ < 7t/2. In this regime, we can neglect the
angular dependence of the force, i.e. f = f,, and the speed of the soliton is:

2sin(NfF)  2Nff

V= - + — 3.19
sinh(N) L (3-19)
or in physical units:
2 Nyfot\  Nafot
vy —5 ( 2fo ) 2fot (3.20)
Sinh(nlz_é) fing Lmn,
So that in this limit the backflow causes a drag at constant speed v, = g;ﬁ;

3.4.2.1 Our experimental realization with one soliton

We consider first the dynamics of a single soliton subjected to a uniform force oriented in
the plane of the ring. We measure both the position « (c.f. fig. 3.8a) of the wave packet and

the phase winding number w = fozn da d,®,(a)/(21) € Z of the bath (c.f. fig. 3.8b). For
the former, we use matter-wave interferometry, as we did for the segment geometry. We
use a two-ring geometry. The inner ring serves as a phase reference where all the atoms
are in |1) (c.f. fig. 3.8c). The soliton is prepared in the outer ring. To create this geometry
we start with a 30 pm disk. This disk is then shrunk dynamically by displaying a movie on
the DMD. We obtain a ring of inner radius 16 pm and outer radius 25 pm. Then, we split
this ring into two rings by adding a 3 pm thick circular barrier with a central radius of
20.5 um. This procedure is meant to avoid supercurrents in either of the two rings [198].
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Figure 3.7: Phase of the bath for a soliton in a ring obtained with GPE simulations. The
parameters used for the simulation are, L = 150 pm, ¢ = 2.96 x 10>°Jm™, ¢, = 1.0135g,
ny = 333um™', N, = 1300 and b’ = 1 Gm™"'. Periodic boundary conditions impose the
same phase on both sides of the ring. Just after t = T /2, the phase profile winds once
around the ring leading to the creation of a supercurrent in the bath.

We estimate the frequency of unwanted windings around 4%. To obtain the winding
number, we make the reference ring interfere with the other ring. We lower the power
of the vertical optical lattice by a factor 3, we then switch off the in-plane confinement
during 4.5 ms before doing a 1 ms time-of-flight in the absence of the residual vertical
confinement. We finally perform absorption imaging to observe the interference patterns
and determine the winding number w of the spiral patterns. Examples of such patterns are
displayed in fig. 3.8d-f, like in the segment geometry we saturate the imaging to increase
the visibility of the fringes.

As expected, the wave packet exhibits an oscillatory motion, accompanied by a constant
acceleration induced by the backflow. Each time the wave packet’s velocity becomes
negative, we observe a jump of one unit in the phase winding of the bath. The solid lines
on both a(t) and w(t) are obtained from the equations of motions of the particle-like model
deduced from eq. (3.18). They are in excellent agreement with our data. In section 3.4.3
we will extend this study to the long-time dynamics, for which the angular dependence of
f» plays a significant role.
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Figure 3.8: Oscillation of a magnetic soliton under a constant force in a ring geometry. (a),
Time evolution of the polar angle a associated with the position of the soliton along the ring
(see the sketch in the inset) for N, = 1100(60), n, = 320(10) pm™" and f = 9.0(7)x 107*® N.
The soliton performs Bloch-like oscillations combined with an additional variation of
the CoM position due to the generation of a backflow in the ring. The solid line is the
prediction from the particle-like model. The dotted line is v,t*/2, the drag due to the
backflow. (b), Time evolution of the winding number w of the bath phase. The latter is
measured using matter-wave interference fringes obtained after an expansion from the
configuration sketched in (c) with two concentric rings. Just after t = T/2, the phase
profile winds once around the ring leading to the creation of a supercurrent in the bath.
Absorption images of the fringes at three different times are shown in (d), (e), (f). We
observe concentric rings (d), an anticlockwise spiral pattern (e) and an anticlockwise
double spiral pattern (f), which we assign tow = 0, w = 1 and w = 2, respectively. The
error bars represent the expected statistical errors for 4 repetitions of the experiment when
the residual probability to measure a relative winding between the two rings without any
soliton in the system has been estimated to be ~ 4%.
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3.4.2.2 Our experimental realization with two solitons

To further investigate the soliton dynamics in a ring, we performed an experiment with
two identical solitons, initially positioned diametrically opposed to one another. Their
positions are defined by the angles a; and ai with respect to their initial positions. As
illustrated in fig. 3.9a, the solitons exhibit synchronized oscillations as expected from the
relative orientation of the force applied to them. No additional acceleration of the solitons’
positions is observed in this case. This is consistent with the measurement of the bath
phase winding (c.f. fig. 3.9b-d) which shows no significant creation of superfluid currents.
This behavior reflects that the current generated by each soliton motion are opposite in
sign and thus cancel each other out. We conclude by mentioning that similar dynamics
were later predicted for a single or a pair of dark-bright solitons, outside the Manakov
limit, in a ring [203].

3.4.3 Experimental observation of long-term dynamics

In this subsection, we discuss the long-time dynamics of a single soliton in a ring, where
the angular dependence of f, now plays a role. The position of the wave packet and the
winding evolution are shown in fig. 3.10a and fig. 3.10b, respectively. The time range
studied experimentally is limited to ~ 1 s by atom losses and finite temperature effects.
Oscillations with a drift are also observed, and the winding number increases up to w = 3.
The additional feature with respect to the situation explored in the previous subsection is
the decrease of the winding number w when a > 7/2. Indeed, in this range, f, < 0 and
Bloch-like oscillations induce a depumping of the topological current. These observations
are in excellent agreement with the predicted equations of motion of the particle-like
model shown as a solid line.

We extend the study of the long-time evolution theoretically using the phase portrait
(a, P) shown in fig. 3.10c. The motion of the wave packet, represented by the violet line,
corresponds to a constant energy curve. After the first part of the experimentally observed
evolution (solid line), the wave packet reaches @ = @ with w = 0. The wave packet then
returns to @ = 0 (dashed line) with a winding that first decreases to w = —3 and then
returns to its initial value of w = 0. We thus have a long-time periodic evolution that
combines fast Bloch-like oscillations with a slower evolution determined by the angular
dependence of the force and the backflow, which finally leads to a global strictly periodic
evolution with a period much larger than the Bloch period T.

By varying the initial energy and velocity of the soliton, our study can be extended to
qualitatively different adiabatic trajectories of this quantum pendulum. For low kinetic
and potential (o = 7/2) energies, one recovers the behavior of a classical pendulum, with
an elliptical phase portrait trajectory and with P < 7, corresponding to w which is always
0 (see the ellipse in fig. 3.10c). For large initial velocities, open trajectories are expected,
corresponding to a wave packet making complete loops in the ring (see the unclosed line
in fig. 3.10c).

3.5 Taking a step back

3.5.1 Bloch Oscillations without a lattice in 1D systems

Our experiment is not the first realization of BOs without a lattice. They were first observed
by Meinert et al. with a single impurity [77]. In this experiment, a spin-polarized gas of
133Cs atoms is confined in a 1D geometry. The spin of a single atom is flipped to create an
impurity. When subjected to a force, this impurity exhibits oscillatory motion. However,
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Figure 3.9: Oscillation of two solitons under a constant force in a ring geometry. (a), Same
as fig. 3.8a but for two solitons initially at diametrically opposed positions denoted by
a; and ai. The two solitons have similar initial atom numbers (=~ 1500 atoms). They
perform in-phase Bloch oscillations. The solid lines represent a sinusoidal fit to the data
with opposite amplitude. (b), Time evolution of the winding number measured with
matter-wave interference. The interference pattern is obtained after an expansion from
the configuration sketched in (c) with two concentric rings. The data is consistent with no
observed winding. (d), Example of measured fringes, corresponding to w = 0. The error
bars represent the expected statistical errors for 4 repetitions of the experiment when the
residual probability to measure a relative winding between the two rings without any
soliton in the system has been estimated to be ~ 4%.
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Figure 3.10: Long-time evolution of a soliton in a ring. (a), Angular position of the wave
packet moving from one side of the ring to the other for N, = 1600(80), 7, = 320(10) um ™"
and f = 6.6(5) x 10 *Mag. (b), Corresponding phase winding of the bath. The winding
increases up to +3 and then decreases when a > 7t/2. In both plots, the error bars represent
the statistical errors obtained from the 4 repetitions of each experiment, and the solid
line is the prediction of the particle-like model. (c), Calculated phase portrait («, P) of
the soliton motion starting at « = P = 0 (violet line). The evolution is periodic. The first
part of the computed motion (solid line part) corresponds to the experimental observation
of figures (a), (b). The dashed part of the line shows the expected subsequent evolution.
The wave packet reaches the opposite side of the ring (¢ = 7) with zero momentum
and then returns to its initial position with its momentum taking negative values. The
two other solid lines correspond to different initial conditions. For a(t = 0) close to 7t/2
and with zero initial velocity, we obtain a classical-like trajectory (blue ellipse). For a
sufficiently large initial velocity, we obtain open orbits (green solid line). The colored
background contour plot is associated with different values of the energy of the system
with an arbitrary scale (energy increases from red to blue). The soliton trajectories are
associated with iso-energy curves.
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these oscillations are strongly damped compared to the ones we observe. The period of the
oscillation is T = nyh/f, where f is the force exerted on the impurity and n, is the bath
density. This period is consistent with eq. (3.11) when N, = 1. BOs of such impurities
were predicted theoretically [204-207], with the origin of the oscillation being, as in our
case, the periodicity of the energy with respect to momentum.

Regarding solitons, BOs have been predicted for other types of solitons, such as spin
solitons [159] and dark-bright solitons outside the Manakov limit [208]. In the latter
case, the oscillations are not sinusoidal, but in both cases the period matches that of the
magnetic soliton. Spinor solitons, such as the ferrodark soliton, also undergo BOs when
subjected to a constant force [209]. The occurrence of this behavior across different types
of 1D systems stems from a general property of 1D systems: the periodicity of the energy
with respect to momentum with a period h/n,.

3.5.2 Periodicity of the energy for 1D systems

We show in this subsection that the energy of a 1D system with periodic boundary condi-
tions is periodic with respect to the total momentum, in the thermodynamic limit. The
following argument is strongly inspired by [76]. We start by considering a 1D system of
size L, composed of N particles of mass m, governed by the following Hamiltonian:

A 1 . A
A= LY 5 Y via-s), (321)
i i<j

where (X;, p;) are the position and momentum operators of particle i. The Hamiltonian
commutes with the total momentum P = ¥ p;. An eigenstate of the system can be thus
characterized by its total momentum value Q and N — 1 additional quantum numbers that
we label s. We define their energies:

H |¢po,s) = E{(Q) |¢,s) - (3.22)
If we do a change of reference frame to the frame of the CoM, this state becomes:

Cos(x1 —%,...,x, — X) = exp (—i%x)ngls(xl, e X)), (3.23)

where ¥ = Z]. x;/N is the CoM. The state |CQ,5> satisfies P |CQ,5> = 0 and is also an eigenstate
of H with energy:

Q2
" 2Nm’

(Q) = E;(Q) (3.24)
It is crucial to note that despite having the same quantum numbers (Q = 0 and s) the
states |Cq ) obey different boundary conditions. Indeed, |1 ;) obeys periodic boundary
conditions. So that adding L to any x; leaves g ; unchanged, but it is not the case for Cy
that is multiplied by the factor:

QL )
_ ==, 3.25
£1Q) = exp(-igy (5.25)
so that the state |y ;) obeys twisted boundary conditions. Remarkably f(Q) = f(Q+Nh/L),
meaning that |CQ’S> and |CQ+Nh/L,5> obey the same boundary conditions on top of being
described by the same quantum numbers. This proves that these two states have the same
energy, or in other words that €(-) is a periodic function with period N//L. On the other
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hand, the energy of the state |1 ):

Q2

) 3.26
2Nm ( )

ES(Q) = es(Q) +

is not periodic for finite size systems. The second term of the rhs of the previous equation is,
in the case of a soliton, the energy carried by the backflow. However, in the thermodynamic
limit; L — o0, N = o0, L/N — ny; eq. (3.26) reads:

E\(Q) = &(Q), (3.27)

proving that the energy of a 1D system is periodic in momentum in the thermodynamic
limit with period nyh.

The previous reasoning dealt with systems having periodic boundary conditions. Never-
theless, we have seen, in the case of the magnetic soliton, that systems with strict boundary
conditions can feature an energy periodic in momentum, even at finite size.

3.5.3 Challenges in observing Bloch Oscillations

The presence of a periodic energy structure does not suffice to ensure that a system exhibits
Bloch oscillations. We state here some key properties to observe them.

3.5.3.1 Adiabaticity

Dark solitons and dark-bright solitons in the Manakov limit fail to exhibit Bloch oscillations
when subjected to a constant force. As their momentum approaches an integer multiple
of 21thn,, their spatial extent diverges. As a result, near these points, adiabaticity cannot
be maintained because the work done by the force over the soliton’s extent, Fo, becomes
non-negligible. In fig. 3.11, we present a numerical simulation of a dark-bright soliton in
the Manakov limit subjected to a force of comparable magnitude to that applied to the
magnetic soliton. The soliton initially moves in the direction opposite to the applied force
due to its negative effective mass and then spreads at the turning point without exhibiting
oscillatory behavior. A similar behavior is observed for the magnetic soliton when the
force is too strong.

For dark-bright solitons outside the Manakov limit, the soliton extent remains finite
over a certain range of interaction parameters, as identified by [208]. These parameters
correspond to the non-hatched regions in fig. 2.5, where the adiabaticity criterion can be
satisfied, thus allowing for the observation of BOs.

3.5.3.2 Quasi-stationarity

Another requirement to observe BOs is that the system, when submitted to a force, explores
stationary states. In the case of a magnetic soliton with strict boundary conditions, the
stationary soliton state exhibits a flat phase in the bath far from the soliton center. However,
the information in the bath propagates at the speed of sound. For a system with L > T,
signals do not have time to reach the edge of the system over a Bloch period. Therefore,
the system evolution cannot be quasi-stationary. In our experiment we only explore the
case L < cT. We show in fig. 3.12 numerical simulations in these two regimes. We see
that in the case L > T, because of the current in the bath, the evolution of the CoM of the
soliton is not periodic anymore. Nonetheless, it still has a distinctive oscillatory motion.
This is also observed theoretically in the case of an impurity [195, 207]. On top of that,
we see in fig. 3.12b that the current is not space independent anymore: e.g. at t = T the
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Figure 3.11: Time evolution of a dark-bright soliton in the Manakov limit with strict
boundary conditions. Parameters: L = 60 um, N, = 1300 atoms, n, = 330 pm_l, b =
1Gm™". The evolution is shown from bottom to top, with each curve vertically shifted for
clarity. The time difference between consecutive curves is ~ 10 ms, and the total evolution
time corresponds to approximately one Bloch period for the magnetic soliton.

total current in [—ct, ct] is roughly fin,1/mct whereas outside this region the total current
vanishes. This implies that the hypothesis of total constant density is not strictly satisfied
anymore.

3.5.4 Finite temperature and beyond mean-field effects

Temperature effects and beyond-mean-field corrections are not included in our treatment
of the problem, as we model it using the GPE. To the best of our knowledge, these additional
phenomena have not been studied in the context of solitons but only in the case of a single
impurity moving in a one-dimensional bath [195, 204, 205, 207, 210, 211].

For an impurity in a 1D bath, the energy exhibits periodicity in momentum, and Bloch
oscillations have been observed experimentally by Meinert et al. [77]. Notably, the motion
of an impurity in the bath leads to the emission of phonons (as is also the case for a
soliton). In the case of an infinite system at zero temperature, the coupling between the
impurity and the phononic bath leads to BOs superimposed on a constant drift velocity,
similarly to the case of the magnetic soliton in an infinite system [195, 205]. At finite
temperature, two-phonon interactions induce a temperature-dependent friction force of
the form «(7,v)v, where 7 is the temperature of the system. In the low-temperature
regime, the friction coefficient scales as « (7, v) o T4 [204, 212]. Notably, this model does
not predict damped oscillations, it leads to two distinct regimes. If the applied force is
below a threshold value F,;,, the impurity does not oscillate but simply accelerates until
it reaches a terminal velocity. Conversely, if the force exceeds F,,;,, the impurity velocity
undergoes oscillations around a value corresponding to the constant drift velocity. In an
integrable system, the friction coefficient vanishes. This happens when the impurity mass
matches that of a bath atom, and interactions are either in the Manakov limit or infinitely
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Figure 3.12: Comparison of the evolution of the bath phase for different geometries.(a),
Small system configuration, similar to the segment geometry explored in the main text.
Boundary effects make the phase profile almost constant on each side of the wave packet.
After one oscillation of the wave packet, the phase profile is uniform again leading to
periodic BOs. (b), Long system. We observe a linear variation of the phase associated to
the backflow over a distance ct. After one period a velocity field is present around the
soliton.
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strong.

Beyond these two effects, quantum fluctuations at zero temperature induce a dephasing
of the oscillations, leading to an algebraic decay of their amplitude of the form ™%, where
@ o F>. Whereas, thermal fluctuations cause an exponential decay of the oscillation
amplitude, given by exp(—ft), with g oc F>7 [195]. A strong damping of oscillations was
observed by Meinert et al., where the impurity was subjected to a force comparable to
gravity, so over three orders of magnitude larger than in our case. In our setup, no damping
of soliton oscillations is observed

Conclusion

In this chapter, we have investigated the dynamics of magnetic solitons subjected to
an external force, uncovering oscillatory behaviors fundamentally distinct from those
observed with solitons in conventional harmonic traps.

We first established the theoretical framework describing a magnetic soliton submitted
to a force, extending the model we derived in the previous chapter. After that, we presented
our experimental implementation of such a force using a magnetic gradient, as well as its
calibration.

In this chapter, we explored two different geometries: the segment and the ring; reveal-
ing different phenomena in each. In the segment geometry, BOs of a magnetic soliton were
predicted theoretically, and we observe them experimentally. This phenomenon, occurring
in the absence of an external periodic potential, stems from the inherent periodicity of the
soliton’s energy with respect to its momentum, a feature linked to the one-dimensional
nature of the system. We drew an analogy with a Josephson junction, providing an intuitive
picture where the soliton acts as a mobile barrier driven by a potential difference created
by the force. Our experimental measurements quantitatively confirmed the predicted
scaling of the oscillation period, notably revealing its collective nature through the inverse
scaling on the number of atoms in the soliton, N,. Furthermore, we directly measured the
associated bath phase dynamics, through matter-wave interferometry revealing charac-
teristic 7t-phase jumps synchronized with the soliton’s turning points at odd numbers of
half-periods.

Transitioning to the ring geometry introduced richer dynamics, that, to the best of
our knowledge, were unexplored until now, both theoretically and experimentally. These
dynamics are the result of the interplay between the oscillatory motion and the back-
flow current, allowed by periodic boundary conditions. This led to the pumping and
depumping of quantized topological superfluid currents in the bath, a phenomenon we
directly observed through measurements of the bath’s phase winding number. The study
of single-soliton long-term dynamics revealed complex trajectories where periodicity is
recovered at a larger timescale than the Bloch oscillation period, much like a quantum
pendulum. In contrast, experiments with two solitons demonstrated the suppression
of net current generation due to cancellation effects between the two solitons, further
underscoring the role of the backflow in the dynamics for the single soliton case.

Finally, we placed our findings in the broader context of one-dimensional systems. We
justified the generality of the periodicity of energy in momentum in the thermodynamic
limit for such systems, explaining why Bloch-like oscillations are a potentially widespread
phenomenon in one-dimensional systems. However, several phenomena can prevent their
direct observation, notably: thermal dephasing of the oscillations, friction originating
from two-phonon processes as well as the impossibility to maintain an adiabatic evolution.
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Outlook As an outlook several exciting directions can be explored, we highlight here
two of them. The first one is the study of interactions and collisions between magnetic
solitons, building upon our initial demonstration of creating soliton pairs in the ring
geometry. Investigating phase shifts resulting from collisions, as well as a deeper study of
interactions mediated by the bath would be particularly insightful. The second one is to
bridge the gap between experiments on Bloch oscillations of a single impurity and our
observation with solitons containing ~ 1000 atoms. Exploring the few-body regime where
the mean-field description is expected to break down, could reveal the role of quantum
effects.
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Introduction

This chapter introduces the theory of superfluidity, with a particular emphasis on non-
spatially uniform systems at zero temperature. It lays the theoretical foundation for the
subsequent chapter, which will focus on our experimental work.

In section 4.1, we define superfluidity and the superfluid fraction tensor. After re-
viewing the experimental discovery of superfluidity in liquid helium, first observed in
the late 1930s by Kapitza and Allen and Misener, we provide an intuitive explanation of
the superfluid fraction using the rotating bucket thought experiment. We then define the
superfluid fraction tensor, which generalizes this concept to cases where the superfluid
response is anisotropic.

In section 4.2, we focus on superfluidity at zero temperature. We explain how the
breaking of time-reversal symmetry or translational invariance can reduce the superfluid

71
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fraction of a system to values below unity. We place particular emphasis on systems with
broken translational invariance and discuss various bounds on the superfluid fraction that
can be calculated using only the static density profile of the system.

Finally, section 4.3 presents quantitative examples of how the superfluid fraction
behaves when the density is modulated periodically. We place these results in the context
of supersolidity, a topic that has recently attracted significant attention, particularly within
the cold-atoms community. The chapter concludes by outlining how the superfluid fraction
can be determined via the measurement of the speed of sound, after briefly reviewing
sound propagation in superfluids.

4.1 Superfluidity and superfluid fraction tensor

4.1.1 What is superfluidity?

A fluid is said to be superfluid if it can flow without resistance [213]. This remarkable
property was first observed in * He, independently by Kapitza [8] and Allen and Misener
[9] in 1938. When cooled below the A-point at 2.2 K, * He flows through thin capillaries
with viscosity below measurable limits. Superfluids also exhibit other distinctive phenom-
ena including quantized vortices, persistent currents, and two distinct sound modes. As
a boson, *He has a finite BEC fraction below the A-point, as confirmed by experimental
measurements [10, 11]; London first suggested the connection between BECn and superflu-
idity [6]. However, we stress that the condensate fraction and the superfluid fraction, that
will be introduced later, are two distinct quantities. Indeed, superfluidity is not limited
to bosonic systems. For instance, the fermionic atom *He displays superfluid behavior
when cooled below 2.7 mK [12]. Superfluidity can also emerge at finite temperature in
two-dimensional bosonic systems where BECn is absent [16], highlighting the distinction
between these two quantum phenomena.

In cold-atom systems, superfluidity was observed in both BECs [214, 215] and degen-
erate Fermi gases [216]. These gaseous systems exhibit the same superfluid behaviors as
liquid helium despite having densities nearly 10 orders of magnitude lower.

4.1.2 The rotating bucket thought experiment

Despite flowing without resistance through thin capillaries, superfluids do not necessarily
have zero viscosity. Keesom and MacWood demonstrated this for liquid helium [217] by
measuring viscosity with a rotating metal disk. While they observed a sharp viscosity drop
at the A-point, the value remained finite. To explain superfluid behavior quantitatively,
we use the concept of superfluid fraction, introduced by Landau [7].

Leggett illustrates this concept with the following thought experiment [46]. Consider
a superfluid confined in a cylinder of radius R and thickness d < R, with free energy F,
at rest. When the cylinder rotates at angular speed w, the rough walls drag any viscous
fluid within it.

For a classical fluid at equilibrium, the free energy in the rotating cylinder is:

1
Fy(w) = Fy + E1\rmR2wz, (4.1)

where N is the number of particles in the fluid and m is their mass. For a superfluid
rotating slowly enough such that no persistent currents are created, i.e.:

w < (4.2)

mR2?’
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but fast enough such that several particles could acquire one quantum of angular momen-
tum, #; i.e.:

f
) 4.
©> s (4.3)
the free energy is reduced compared to a classical fluid:
NmR?
F(w) = Fy(w) - 3 fa’. (4.4)

The quantity f, is called the superfluid fraction and quantifies the reduction in the
fluid’s rotational inertia. This result can be interpreted by dividing the flow into two
components: the normal flow with finite viscosity and the superflow with zero viscosity.
We deduce that a fraction f, of the fluid is not dragged by the cylinder walls; it contributes
to the superflow which, in the laboratory reference frame, remains zero.

In the rotating cylinder’s reference frame, the free energy of the system is:

_ NmR?

T f. (4.5)

Fr(w) >

In this reference frame, the normal flow vanishes, and the superflow accounts for the
entire current. This distinction explains many experimental observations of superfluids,
such as liquid helium flowing through thin capillaries without friction; the normal flow is
suppressed due to its viscosity, leaving only the superflow [98].

Having established the concept of superfluid fraction through the rotating bucket
experiment, we will now generalize this approach using linear motion in Cartesian co-
ordinates rather than rotation, which provides an equivalent but mathematically more
convenient framework.

4.1.3 Definition of the superfluid fraction tensor

We will now formalize the previous concept and provide a more comprehensive definition
of f,. While the superfluid fraction was scalar in the rotating bucket experiment due to
the system’s one-dimensional nature, in this section we define the superfluid fraction for
three-dimensional systems, where it becomes a tensor. We consider a three-dimensional
system with dimensions L,, Ly, and L, along the respective coordinate directions, with
periodic boundary conditions applied to all directions. The system, containing N particles
of mass m, is at finite temperature. Although the formalism presented here applies equally
well to one and two dimensions at zero temperature, finite-temperature behavior in lower
dimensions introduces additional complexities due to enhanced phase fluctuations [218].
The system is subjected to a moving external potential V., with velocity v, analogous to
the rotating walls of the cylinder in our previous thought experiment.

4.1.3.1 Three points of view

In the absence of external potential we consider the system is governed by the following
Hamiltonian:

& Pi A A
HO = . _m + ZV(Xi —X]'). (46)
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Point of view Hamiltonian Boundary conditions

1 H,+ 2 Vext(®; — vit) Periodic: P(x; + Ly, ..., 25) = P(xy, ..., 2N)

2 H, + Y VeX) —v- P Periodic: P(x; + Ly, ..., zy) = P(xy, ..., 2y)

3 H, + 2 Vext(X) Twisted: (x; + Ly, ..., 2y) = /A P(xy,...,2N)

Table 4.1: Summary of the three different points of view, adapted from [219]. Concerning
the boundary conditions, we write them for coordinate x;, but they apply to all 3N
coordinates, with the phase twist changing to A6,, A6, for y and z coordinates, respectively.

We present here three points of view to describe the system, [219]. In the first one, we
describe our system in the laboratory frame using the following Hamiltonian:

A, =H,+ Zvext(ﬁi —vt). (4.7)
i

In this point of view, the wave function ¢, of the system obeys periodic boundary conditions.
We can eliminate the time dependence of H, using the following unitary transformation:

(4.8)

N A" I3t
U = i )
152 = €Xp (1 7 )

where P = ¥ p; is the total momentum of the system. We obtain the following Hamiltonian:

A

H,=H,+ Zvext(ﬁi) —v-.P. (4.9)
i

The state |i),) = Ui |1h,) still obeys periodic boundary conditions. This unitary transfor-
mation represents a change of reference frame to one where V., is at rest.

We can eliminate the term v - P in eq. (4.9) by applying the following transformation:

N m R ,vaz
U2~>3 = exp —IEV- Z{X] +17t . (410)

We then obtain the following Hamiltonian:

Hy=Hy+ ) Veul®). (4.11)

This time, the state |1,b3> =U, |1,b2) does not obey periodic boundary conditions, but
twisted boundary conditions, meaning that for any particle k:

Y3(.o., Xk + Ly, Viy 255 -+ ) = exp(AAO)Ys(..., X, Vi» 2k -+ ) (4.12a)
s(eos X Uk + Ly, 2g, ... ) = exp(iA6, )ihs (..., Xk, Vs Zps -+ ) (4.12b)
7103( » Xk Vier 2 + LZ, ) = EXP(IAGZ)IP3( 2 Xie» Vier Zkes oo+ ), (412C)

where AG, = —-mv,L,/#h. Table 4.1 summarizes the three points of view.
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4.1.3.2 Superfluid fraction from free energy

After establishing the different points of view, we can give a definition of the superfluid
fraction tensor. To compute the superfluid fraction of a system obeying periodic boundary
conditions and governed by a Hamiltonian H, we apply a small perturbation: —v - P and
examine AF,, the difference in free energy between the perturbed and unperturbed system.
The superfluid fraction tensor is defined as [220]:

(@p) _ 1 . 82AF2

= i
Nm ve—0 dv,dvg’
V/g—>0

5 (4.13)

This definition relies on point of view 2: the perturbation creates a superflow responsible
for the energy increase. This is analogous to looking at the rotating bucket in the reference
frame of the moving walls.

Similarly, taking point of view 3, instead of applying a perturbation to the Hamiltonian,
we change the boundary conditions from periodic to twisted boundary conditions. The
phase twists along directions x, y, z are respectively A6,, AG,, AG,. We define AF; as the
free energy difference between the system with twisted and periodic boundary conditions.
The superfluid fraction tensor is defined as [220]:

@p _ MLalg . I°AF,
@h) _ lim =220 4.14
5 N7 8,0 IA6,0A0 (414
Aeﬁ—>0

This equation reveals that f, quantifies the phase rigidity of a system, i.e. the energy cost
of changing the phase at the boundary of the system.

In light of section 4.1.3.1, the two definitions of f, are equivalent.

4.1.3.3 Superfluid fraction from particle current

We can also define the superfluid fraction using the particle current instead of the energy.
We do this using point of view 2. Noticing that U,.,BUT , = P, we deduce that the
particle current in the laboratory frame, and hence the normal flow, is proportional to
(P),, where (-), denotes the thermal average in point of view 2. For sufficiently small v:

<pa>2 NNmZ(éa,ﬁ _fsa’ﬁ)vﬁ (415)
B
We can therefore define f; as [220]:
(arﬁ) _ _1; <PC¥>2
S =0, 7}1/31{11)0 —vaﬂ. (4.16)

This is a convenient definition of f, as it depends, at lowest order, linearly on v instead
of quadratically. As stated previously, these results are also valid in the case of a two-
dimensional system at zero temperature, which will be the focus of the remaining part of
this chapter.
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4.2 Superfluid fraction at zero temperature

4.2.1 The role of symmetries on the superfluid fraction
4.2.1.1 Fully superfluid systems at zero temperature

The superfluid fraction is a temperature-dependent quantity. Finite temperature typically
reduces the superfluid fraction compared to the zero temperature case. What, then, can
be said about the superfluid fraction of a system at zero temperature? Under certain con-
ditions, at zero temperature, the superfluid fraction of the system equals one. According
to Leggett [221] a sufficient set of conditions for a system of identical bosonic particles
with finite interactions to have a unit superfluid fraction at zero temperature are:

* The Hamiltonian and the ground state have translational invariance, i.e. for all vectors
r € R?, the wave function of the ground state satisfies Wy(r; +1, ..., 13 +T,... , Iy +T) =
Wolry, oo Tpy oo, IN)-

* The Hamiltonian and the ground state have time-reversal symmetry, i.e. the wave
function of the ground state satisfies Wy(ry, ..., ry) = Wo(ry, ..., ry), so the wave
function is real-valued.

For fermionic systems, an additional condition applies: given a direction e; € {e,, e, e,}, it
must be possible to find a path for every particle k:
(tq, oo Ty oo, ¥y) — (Tq, oo, T + Lje]-, e, TN, (4.17)

along which the wave function of the ground state remains bounded from below by a
constant independent of N and L;. This condition is automatically satisfied for bosonic
systems since, if the ground state has time-reversal symmetry, the wave function of the
ground state is positive definite (see [222] or corollary 3.1 of [223]). We point out that
the existence of such a one-particle path is not a necessary condition, as the existence of
two-particle paths is also sufficient.

4.2.1.2 Some examples of systems with sub-unity superfluid fraction at zero tempera-
ture

If at least one of the previous conditions is not satisfied, the system does not necessarily have
a superfluid fraction of 1 even at zero temperature. Consider the well-known superfluid
to Mott insulator transition [32, 224, 225], where the superfluid fraction can vanish
completely at zero temperature. In this case, translational invariance is broken by an
external periodic potential. Even without the Mott-Insulator transition, the presence of
periodic [226-229] or disordered [230-232] external potentials reduces the superfluid
fraction. In supersolids, that will be discussed in section 4.3.1, translational invariance is
broken spontaneously, also resulting in a sub-unity superfluid fraction at zero temperature
[46, 220, 233-238], as measured in ref. [239]. A similar situation emerges in astrophysics
in the context of neutron stars where the periodic lattice of nuclei influences the superfluid
density in the inner crust [240, 241]. Spin-orbit coupling breaks time-reversal symmetry,
and a reduction in the superfluid fraction at zero temperature in a spin-orbit coupled BEC
has been predicted [242].
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4.2.2 Bounds on the superfluid fraction at zero temperature
4.2.2.1 Deriving an upper bound

In his seminal work, Leggett [46] provided an upper bound for the superfluid fraction of a
system at zero temperature, relying only on the system’s density profile. His remarkable
result proves that a system with a non-uniform density profile has a superfluid fraction
strictly below one. To better understand this phenomenon, we summarize Leggett’s
approach below, focusing on a two-dimensional system to match the dimensionality of
the experiments discussed in the next chapter.

We consider a many-body system with periodic boundary conditions. We assume its
Hamiltonian H is invariant under time reversal and that its ground state |¥,) does not
break this symmetry. The wave function ¥, can thus be chosen as real. To estimate the
superfluid fraction, we use twisted boundary conditions with a twist A6, < 2 along
direction a. To simplify the notation, we define R = (ry, ..., ry) as the 2N-dimensional
vector of the particles’ coordinates. To find an upper bound of the ground state energy, we
rely on a variational approach. With twisted boundary conditions, at lowest order in A6,
the ground state wave function reads:

W(R) = exp (ig (R)) Wy(R), (4.18)

where @(R) is a real function (see paragraph below). Depending on the particle statistics,
W, and W are either symmetric or antisymmetric with respect to particle exchange, which
implies that ¢ is a symmetric function. The function ¢ obeys the following boundary
conditions: for all indices k, @(--, 1+ Lyey,-+) = @(-+, 1y, -+ ) + AO, @(-++, 1y +Lyey, ) =
@(-++, 1y, --+) + AG,. We define E, as the energy of the state |\W,); the energy of the state |WV)
is:

iy 22
E=Eo+— ;f(nga(m) W2(R)dR. (4.19)
To derive this expression, we used the fact that P, is real-valued, so the current:

h e

vanishes everywhere. The next step is to find ¢ that minimizes E to obtain the tightest
possible bound using eq. (4.14). To do so, we use a variational approach; we minimize E
by assuming the function ¢ obeys:

PR) =) $(r), (4.21)
j=1
where ¢(r+Le,) = ¢(r)+ A6, and ¢(r+Lye)) = ¢(r)+Af,. With this assumption, eq. (4.19)
becomes:

n? 2
Bu = Eo'+ 51 | 000 (V(r)’dr, 4.22)

where p(r) = Nf‘l’oz(r, Iy,...,Iy)dr,...dry is the particle density. Because E, is the
energy obtained using the variational ansatz of eq. (4.21), it is an upper bound for the
energy of the ground state with twisted boundary conditions. The function ¢ minimizing
the integral on the rhs of eq. (4.22) is found by solving its associated Euler-Lagrange
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equation:
V- (pVo) = 0. (4.23)

We will derive two upper bounds for the superfluid fraction. The first one, originally
derived by Leggett, is simpler but less tight than the second one.

Proof of eq. (4.18) To see that the wave function with twisted boundary conditions is
of the form given by eq. (4.18) at lowest order in AB,, we switch to point of view 2. We
examine the ground state |\¥;) of:

H2 :HI_V‘PA, (4.24)

where the second term of the rhs is treated as a perturbation. Thanks to time-reversal
symmetry, all the eigenstates of H,, | ¥, ), can be taken as real-valued functions. The matrix
elements (W, | v - P |W,) are thus all imaginary numbers. According to perturbation theory,
at first order in v we can write the perturbed ground state wave function as:

W, (R) = ¥,(R) +i0¥(R), (4.25)
with 6W a real-valued function. Again at first order in v:
Y, (R) = Y(R) +i0W(R) = Y, (R) exp (ig; (R)) . (4.26)

Equation (4.18) is then obtained by returning to point of view 3, which is accomplished
by applying the unitary transformation given in eq. (4.10) to \V;.

4.2.2.2 Leggett’s original upper bound

Leggett provided an upper bound for the diagonal components of the superfluid fraction
tensor. The calculations are performed, without loss of generality, for f;(x’x), so we set
A6, = 0. To derive the Leggett upper bound, we add a condition to our variational ansatz:
we assume that ¢ is a function of x only. In this case, eq. (4.23) becomes:

d d
E(p(x,y)g) =0. (4.27)

By integrating the last equation we obtain:
do A
dx  [p(x,y)dy’

where A is an integration constant. It is important to note that this solution generally does
not satisfy eq. (4.23). Therefore, the solution obtained does not necessarily minimize E,,;.
However, when the density is separable, i.e. p(x,y) = f(x)g(y) with positive functions f
and g, the solution given in eq. (4.28) does satisfy eq. (4.23). To simplify notation, we use
the spatial average over direction a: (-), = Ida - /L,. By integrating eq. (4.28) between 0
and L,, and using the boundary conditions of ¢, ¢(L,) — ¢(0) = A6O,, we obtain:

A 1
AHX = L—ny <@>x (429)

(4.28)
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Solving the previous equation for A and substituting back into eq. (4.28) yields:

d A
9¢ = # (4.30)
” < 1 > (o)L

), ]

We compute the associated energy using eq. (4.22):
2 -1
Euga = Eo + AO7 (<i> ) (431)
2m \\{p)y |,

Since we used a variational approach, the energy of the ground state with twisted boundary
conditions is smaller than E;,,. Leggett’s upper bound on the superfluid fraction follows
from eq. (4.14):

£ o g, (4.32)
with
-1
wr) 1 1 )
LN A 4.33
- P) (<<p>y > (4:3%)
where (p) = N/L,L, is the mean density. Similarly:
-1
(w9 o) 1 L> ' 4.34
AR (<<p>x y (34

4.2.2.3 A more refined upper bound

A few years later, Saslow published a more refined upper bound [243] (see also [244])
that, while more complicated to compute, provides tighter constraints. It relies on solving
eq. (4.23) to find V¢. We define

] A6, AG,

¢=¢- Lxx_L_yy (4.35)
N

u= L—xex + L—yey, (436)

so that ¢ obeys periodic boundary conditions. Substituting these definitions into eq. (4.23)
gives:

V- (pVP) = V- (pu). (4.37)

To solve this equation, we proceed as in refs. [220, 245-248] by introducing an auxiliary
field K(x,v) = (K™ (x,v), K" (x, 7)), defined by ¢(x,v) = K(x, p) - u. Substituting this in
eq. (4.37) yields:

V-[pV(K-u)] = -V (pu). (4.38)
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With this, we can derive the superfluid fraction by computing the trial energy:

Etrial = EO +

N (AG2 A0\ #? #?
( sz + Lzy)+_J"“'V(K-u)d”ﬁIP[V(K'qur- (4.39)
x v

2m m

By integrating by parts and using eq. (4.38) the last integral can be written:

Jp [V(K-u)]*dr = J(K -u)V(pu)dr = - J pu:-V(K-u)dr, (4.40)

where the boundary terms of integration by parts cancel as all functions obey periodic
boundary conditions. Substituting the above equation into eq. (4.39), we find:

7N (AO2 A6\ #?
( Lix + L;)+—qu-V(K-u)dr. (4.41)
X v

Eiial = Eo +
trial 0 m

2m

Using egs. (4.14) and (4.36), we derive Saslow’s more precise upper bound for the superfluid
fraction tensor (with an opposite sign convention for K compared to [220]):

W _ sip, L '
S = 50 1 JpaiK”’ dr, (4.42)
where ¢ is the Kronecker delta and K(x, ) is found by solving eq. (4.38)

4.2.2.4 Summary and saturation of the bounds

We have derived two upper bounds on the superfluid fraction tensor using variational
ansitze. If the ground state of the system satisfies the variational assumptions made to
derive a bound, the bound is saturated. This means its value equals the superfluid fraction.
The conditions under which each bound is saturated are the following.

Saslow’s upper bound, given by eq. (4.42), is saturated if:

* The Hamiltonian of the system and the ground state have time-reversal symmetry.

* The function ¢(R) has the form given by eq. (4.21).

For a system governed by the GPE and with time-reversal symmetry, the first condition is
naturally satisfied, and the second one follows from the Hartree ansatz. Thus, for such a
system:

£ gl (4.43)

This result is remarkable: the superfluid fraction, a quantity describing the dynamic
behavior of a system, can be characterized solely by the density profile, which is a purely
static quantity.

Leggett’s upper bound is saturated if the two conditions for the saturation of Saslow’s
bound are satisfied along with:

* The density is separable, i.e. p(x,v) = f(x)g(v), where f and g are functions that are
positive everywhere.

For a system governed by the GPE and with time-reversal symmetry, if the density is
separable, we obtain an even simpler expression for the superfluid fraction:

@i _ oG _ 1 ([ 1 -
Fook ‘<p>(<<p>]->,.) ' (444
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In this case, the off-diagonal components of the superfluid fraction vanish.

4.2.2.5 Leggett’s lower bound

Leggett provided a lower bound on the superfluid fraction in a subsequent article [221].
As with the upper bound, we assume that the Hamiltonian and the ground state obey
time-reversal symmetry, so that the wave function W, is real-valued. We will also assume
in the rest of this subsection that the function ¥, does not vanish. At lowest order when
twisting the boundary conditions, the wave function takes the form given by eq. (4.18):

W(R) = exp (ip (R)) W (R), (4.45)

The energy of the ground state is given by eq. (4.19):

n
E=Eo+o— Zj(Vj(p (R))” W2(R)dR. (4.46)
j=1

To find a lower bound on the superfluid fraction, we minimize this energy. The second
term of the rhs of the previous equation is a sum of N positive terms, so it is bounded
from below by N times the minimum term. Since the functions ¢ and W are symmetric
with respect to particle exchange (as noted earlier), we can relabel the particles such that
the minimum term of the sum corresponds to the first particle: I(Vl(p(R))z\Ifg (R)dR. The
lower bound on the energy E_ thus obtained is:

2

E =E,+ hz—g J(V1¢)2W§(R) dR. (4.47)

To simplify the minimization, we split the energy difference into two parts:

h N 2N
E —E,= J 8x1 J(a%) R)dR, (4.48)
and define
th dp
= ( Bxl) W2(R) dR (4.49)

th dp

E, = Wi(R)dR 4.50
)= ( 5 ) 3(R)dR (4.50)
where E, and E, are both positive. To obtain a lower bound on fs(x’x), we minimize E, and

use the fact that E_ — E;, > E,. The Euler-Lagrange equation for the phase ¢ minimizing
E, is:

d (dp ., B

By integrating the last equation with respect to x;, we obtain:

a(p\yg:

a_xl A(yllr2l---1rN)) (4.52)
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where A is an integration constant that depends on all coordinates except x;. Integrating
once more with respect to x; from 0 to L,, and applying the boundary conditions for ¢:

@(Ly, 91,15, ..., TN) = A0, + (0,1, 15, ..., Ty), (4.53)

we obtain the following constraint on the integration constant A:

L
* dx
AO, = A(y;,T,,...,T L 4.54)
Y1 N) . W(R) (
Solving for A and substituting back into eq. (4.52) yields:
dp  AG, [ [Hdx |
9% _ 2" J- izl . (4.55)
Jx, W \J, W

Substituting this into the definition of E, (eq. (4.49)), we obtain the following lower bound
for the energy:

n2N Loodx, \
E_—E, > A6} jd dr,...dr ( ! ) ) 4.56

This gives us a lower bound on the diagonal component of the superfluid fraction tensor:

Ly -1
dx, ) (4.57)

(0x) o fex) Z 1 1 Jd dr,...d
Fz =Ly | dyrdrdi] | G

For a wave function obeying the Hartree ansatz, where each particle is described by
the same single-particle wave function f;:

N
Wy(ry, o orn) = [ | ftr), (4.58)

with Jﬁf(r)dr =1, p(r) = N £ (r), (4.59)

e.g. in the case of the GPE, the many-body integral simplifies, yielding:

(x,x) — L l -
f o) <<P>x >y (4.60)

Similarly, the bound in the y direction is:

) — L l B
el

4.3 Measurement of the superfluid fraction in spatially modu-
lated systems

We saw in the previous section that breaking translational invariance produces a reduction
of the superfluid fraction at zero temperature. The study of superfluidity in spatially
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modulated systems is particularly relevant for supersolids, a rapidly growing research
topic since their first experimental realization in recent years.

4.3.1 Supersolids

The existence of supersolidity, a counter-intuitive state of matter combining the properties
of a solid and a superfluid, was debated at length. It was first suggested that a solid *He
crystal with vacancies could feature such properties [249]; however, supersolidity was
never observed in helium. A supersolid is defined as a system with a finite superfluid frac-
tion and with spontaneously broken translational invariance, where these two properties
are associated with two distinct order parameters [45]. Supersolids were first observed in
ultracold atoms through various approaches: in BECs with cavity-mediated interactions
[50, 51], in spin-orbit coupled BECs [52, 53], in periodically driven BECs [54], and in BECs
with strong magnetic dipole-dipole interactions [55-57], where they have been studied
most extensively. Dipolar supersolids were first realized along one dimension before being
realized along two dimensions [250]. More recently, first signatures of supersolidity were
observed in another platform: an exciton-polariton BEC [251].

Two-dimensional dipolar supersolids can crystallize in different phases, notably: the
stripe phase, where only one direction is modulated; the triangular phase; and the honey-
comb phase [236]. With our current experimental setup, we cannot produce a supersolid;
however, we can create density-modulated superfluids by applying an external periodic
potential to a BEC. In the next section, we quantitatively analyze how superfluidity is
affected by different lattice geometries.

4.3.2 Superfluid fraction for different profiles
4.3.2.1 Profiles studied and simulation parameters

In this subsection, we provide illustrative examples of the behavior of the superfluid
fraction in two-dimensional systems with three different density modulation profiles: a
one-dimensional sinusoidal lattice, a square lattice, and a triangular lattice. We study
these three cases by numerically solving the GPE:

d #n’
L =y gy + Vi, (4.62

where V(x, p) is the lattice potential. For all cases, we define p as the period of the lattice
and V| as the peak-to-peak amplitude of the potential. All simulations presented below
were conducted with the following parameters:

* a mean density, (p) = 50 um .

* an interaction parameter, g = 0.158 x #*/m.
* alattice period, p = 6 pm.

The superfluid fraction and bounds are calculated by simulating the system over a unit
cell. To compute the superfluid fraction, we examine the energy increase induced by a
phase twist and apply eq. (4.14). To calculate the Leggett and Saslow bounds, we use the
ground state density profile with periodic boundary conditions over a unit cell. Because
we describe our system using the GPE, the Saslow upper bound is saturated.
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Figure 4.1: Three-dimensional plots of the potentials studied. We plot the opposite of
the potential, so the maxima of the density correspond to the maxima of the plot. (a),
one-dimensional sinusoidal lattice; (b), square lattice; and (c), triangular lattice.
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Figure 4.2: Numerical simulation results for a one-dimensional sinusoidal lattice. (a),
Density profile for V; = 100 nK over a square unit cell. (b) The superfluid fraction tensor
components are plotted in solid lines. The Leggett upper bounds in the x and y directions
are saturated, causing the curves to overlap with the superfluid fraction. The vertical gray
dotted line indicates the chemical potential for V, = 0.

4.3.2.2 One-dimensional lattice

The one-dimensional sinusoidal potential is given by:
V(x,y) = = cos (?x) (4.63)

The superfluid fraction is diagonal in the x, y basis but not isotropic. In this case, the density
is separable and the Leggett upper bound is saturated, as shown in fig. 4.2. Therefore,
the superfluid fraction can be estimated from the static density profile using eqs. (4.33)
and (4.34). The superfluid fraction along y remains unaffected by the lattice and equals 1.
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Figure 4.3: Numerical simulation results for a square lattice. (a), Density profile for V, =
100 nK over a square unit cell. (b) The superfluid fraction tensor components are plotted
in solid lines. The curves for the Leggett upper bound in the x and y directions overlap, as
do the curves for the Leggett lower bound. The superfluid fraction diagonal components
are equal and the off-diagonal elements vanish, making the tensor proportional to the
identity matrix. The vertical gray dotted line indicates the chemical potential for V, = 0.

4.3.2.3 Square lattice

The square lattice potential is given by:
Vv 27 27
V(x,p) = ——> [cos(—x) + cos(— )] (4.64)
y 2 D D y

The density is not separable in this case (it would be without the g|1,b|21,l) term in eq. (4.62)),
so the Leggett bounds are not saturated. However, they provide a good estimate of the
superfluid fraction, as shown in fig. 4.3. The superfluid fraction is isotropic, making the
superfluid fraction tensor proportional to the identity matrix.

4.3.2.4 Triangular lattice

The triangular lattice potential is given by:

V(x,v) = —% [cos( j_p ) + cos(\/_px + z—ny) + cos(—%npx + 277{3))] (4.65)
or equivalently
3
V(r) = —% Zcos(kj 53] (4.66a)
j=1
. 41t [cos[(j — 1)m/3]
with k; = \/_p (sm[ 71/3])' (4.66b)
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Figure 4.4: Numerical simulation results for a triangular lattice. (a), Density profile for
V, = 100nK over a rectangular unit cell. The primitive cell is outlined in red. (b) The
superfluid fraction tensor components are plotted in solid lines. The superfluid fraction
tensor diagonal components are equal and the off-diagonal elements vanish such that the
tensor is proportional to the identity matrix. Unlike the square lattice, the Leggett bounds
along x and y differ. The vertical gray dotted line indicates the chemical potential for
Vy=0.

The primitive cell is a rhombus, as shown in fig. 4.4a. For convenience, we compute the
superfluid fraction and bounds over a rectangular unit cell, larger than the primitive
cell. The results are shown in fig. 4.4. The superfluid fraction tensor is proportional
to the identity matrix, as seen in fig. 4.4b. However, the Leggett bounds along x and y

directions differ. Notably, f+(y ) stays close to unity across the range of parameters explored
in fig. 4.4b. This can be explained by observing that the average of the potential along
direction x cancels out, meaning that in the linear regime, when the density modulation
is proportional to the potential, er(y'y) = 1. In special cases like this where the superfluid
fraction tensor is diagonal in all bases, the upper and lower bounds can be refined by
taking the minimum (for upper) or maximum (for lower) Leggett bound over all directions.
When doing so, we find that the tightest lower bound is f#?) and the tightest upper bound
is ﬁr(x’x).

While not plotted in the graphs above, we numerically computed the Saslow bound for
the square and triangular lattices and confirmed that it matches the superfluid fraction
obtained with twisted boundary conditions to our numerical accuracy.

4.3.3 Sound in superfluids

After establishing theoretical bounds on the superfluid fraction based on static density
profiles, we now turn to a dynamic method for experimentally measuring this quantity. In
our experimental work described in the next chapter, we determine the superfluid fraction
through speed of sound measurements. In this subsection we quickly review sound
propagation in superfluids with a focus on systems with broken translational invariance.

Landau predicted the existence of two sound modes in superfluid helium [7]. In helium,
first sound is an “ordinary” density wave, while second sound is a pure entropy wave. Both
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have been observed experimentally in liquid *He [252]. In cold atom systems, superfluidity
is also linked to the existence of two sound modes, but unlike in liquid helium, these
sounds generally do not correspond to pure entropy or density waves. Sound propagation
has been extensively studied experimentally in cold atoms, both in bosonic gases [253-260]
and fermionic gases [261-263].

In a uniform BEC, second sound at zero temperature is linked to the gapless Bogoliubov
excitation spectrum. At low momenta, the excitation spectrum features a phononic branch
e(k) ~ ck with:

k—

c= /8¢ (4.67)
m

where ¢ is the second sound speed or Bogoliubov speed of sound. This phonon branch
corresponds to the Goldstone mode of the spontaneously broken U(1) symmetry. In
the more complex case of a supersolid, the additional Goldstone modes associated with
broken translational invariance give rise to a richer excitation spectrum. Specifically, a
supersolid with D-dimensional modulation features D + 1 phononic excitation branches
[264]. Analytical formulas for the associated sound speeds have been derived for the D = 1
[265] and D = 2 cases [238, 266]. The two Goldstone modes of a supersolid with a one-
dimensional density modulation were observed in a dipolar supersolid in a harmonic trap
[267, 268]. Recently, Liebster et al. measured two different sound speeds corresponding
to two different phononic branches of a periodically driven supersolid in a flat-bottom
trap [54].

Taking the limit of an infinitely rigid lattice in these formulas yields a single speed of
sound along each direction:

(i,1)
SN (4.68)
Kxm
where:
dp 1dp

is the compressibility and p is the chemical potential. Equation (4.68) is thus valid for a
BEC at zero temperature with an externally imposed modulation, and we recover eq. (4.67)
for a uniform BEC. Therefore, by measuring compressibility and speed of sound along
a direction, we can determine the superfluid fraction at zero temperature along that
direction. For a one-dimensional modulation, the superfluid fraction along the direction
perpendicular to the modulation is 1. We can therefore determine the superfluid fraction
along the modulation direction by measuring c, and cj, the transverse and longitudinal
sound speeds relative to the modulation direction:

2
£=1 (4.70)
o
Speed of sound measurements provide a powerful method for determining the super-
fluid fraction in uniform systems at finite temperature. This technique has been applied
to measure the superfluid fraction in three-dimensional Fermi gases [261] and in both
two-dimensional [260] and three-dimensional [259] BECs. Alternative measurement
methods include the scissors mode frequency [56, 228] and, in supersolids, the frequency
of Josephson-like oscillations between density peaks [239].
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Conclusion

This chapter reviewed the concept of superfluidity, beginning with its initial observation
in liquid helium. We discussed how observed phenomena can be explained by considering
the flow is made of two components: a superflow with zero viscosity and a normal flow
analogous to that of a classical fluid. The rotating bucket thought experiment illustrates
how, within a rotating container, only the normal component is dragged by the walls. This
motivates the definition of the superfluid fraction as the factor quantifying the reduction
in the system’s response to rotation compared to a classical fluid.

Subsequently, we presented a more general definition of the superfluid fraction tensor,
characterizing it through the system’s response either to twisted boundary conditions or,
equivalently, to a small Hamiltonian perturbation of the form —v - P.

We then focused on superfluidity at zero temperature, demonstrating that bosonic
systems possessing both time-reversal symmetry and translational invariance exhibit a
unit superfluid fraction at zero temperature. We explained, however, that breaking either
of these symmetries leads to a reduction of the superfluid fraction below unity, even at
T =0.

Focusing on systems with broken translational invariance, we examined upper and
lower bounds on the superfluid fraction. We detailed the origin of Leggett’s bounds and
Saslow’s subsequent refinement of the upper bound, which provides a tighter constraint
but requires a more complex calculation. Crucially, these bounds depend solely on the
system’s static density profile. In the specific case of a BEC, the Saslow upper bound is
saturated, meaning the superfluid fraction is entirely determined by the density profile.
These bounds are particularly relevant for supersolids, where translational invariance is
broken spontaneously.

Looking ahead, the subsequent chapter will experimentally investigate the effect of
periodic modulation on the superfluid fraction at zero temperature. These experiments
utilize a BEC subjected to an external periodic potential, providing a controllable platform
to study broken translational invariance, as realizing a supersolid state itself is not the
focus of our current experimental work. The theoretical analysis presented earlier in this
chapter examined this specific scenario to illustrate how periodic modulation affects the
superfluid fraction and what information the bounds provide. Examples, including the
1D sinusoidal modulation and the triangular lattice geometries realized experimentally in
the subsequent chapter, were discussed. Finally, we briefly reviewed sound propagation
in superfluids and supersolids, explaining how measurements of the speed of sound,
combined with the compressibility, give access to the superfluid fraction experimentally.
Measuring these quantities, as well as calculating the bounds from density profiles, will
be the experimental approach employed in the next chapter.
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Introduction

After describing in the previous chapter the theoretical framework used for studying
spatially-modulated superfluids at zero temperature, this chapter presents our experimen-
tal work dedicated to studying the superfluid fraction of a BEC subjected to an externally
imposed periodic modulation. This chapter primarily focuses on the case of a triangular
lattice modulation, although experiments were also performed with one-dimensional
sinusoidal modulations; for the latter, we only present the final results.

89
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In section 5.1, we present the experimental platform used for this work, with particular
emphasis on explaining how the lattice potential is generated using a DMD. We also
provide the relevant experimental parameters.

In section 5.2, we detail the characterization of the potential used for the experiment.
We also discuss the calibration of the imaging system and its importance for reliably
characterizing the different bounds on the superfluid fraction from the measured density
profile.

Finally, in section 5.3, we present our measurements of both the speed of sound and
the compressibility of the atomic cloud, which allow us to compute the superfluid fraction.
We also detail the measurement of Saslow’s bound (which is saturated in our system) and
Leggett’s bounds, derived from the measured density profile. This section concludes with
the results obtained for a one-dimensional modulation.

5.1 Experimental platform

5.1.1 Two sets of experimental parameters

As stated in the previous chapter we conduct an experimental investigation of the influ-
ence of a density modulation, here imposed externally using an optical potential, on the
superfluid fraction of our two-dimensional cloud. We study two lattice geometries: the
one-dimensional sinusoidal lattice and the triangular lattice. The two experiments were
done two years apart, and the experimental parameters differ, but the experimental meth-
ods are roughly the same. One key difference is that for the one-dimensional lattice, the
compressibility is not measured directly; the superfluid fraction is accessed by measuring
the speed of sound along two directions and applying eq. (4.68). However, in the case
of the triangular lattice, we measure both the speed of sound and compressibility. The
experimental parameters for both lattices are given in table 5.1. The temperature of our
cloud is below 20 nK, so we consider our gas to be at zero temperature. In both cases, we
define V, the peak-to-peak depth of the lattice potential, as in section 4.3.2. Throughout
this chapter, we often express V, in units of the chemical potential in the absence of the
lattice, py = g(p), where (p) is the mean density.

Parameters One-dimensional lattice Triangular lattice
Mean density (um~?) 60(3) 51(2)

Lattice period (pm) 3.93(4) 6.0(1)

Box size (nm) 40.0(13) 42.0(8)

2D interaction parameter (xh®/m) 0.15(1) 0.16(1)

Table 5.1: Experimental parameters for the two lattice geometries studied

For the remainder of the chapter, we will focus on the case of the triangular lattice.
The one-dimensional case was already treated in previous PhD theses in our group [85,
86]. We will return to the one-dimensional lattice at the very end, where we will present
only the final results.

5.1.2 Trap and lattice potentials

The experiment uses a two-dimensional Bose gas, trapped inside a box potential. The box
is a square of size 42 pm, containing 7 lattice periods along the y direction.

As stated in chapter 1, the periodic potential is generated by a far off-resonant blue-
detuned laser-beam at a wavelength of A = 532 nm. The laser beam is shaped using DMD?2
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Figure 5.1: Layout of the experimental setup. Two DMDs are used for this project, both
illuminated with blue-detuned light at a wavelength A = 532nm. DMD1 is used to
generate the box potential whereas DMD?2 is used to imprint the periodic lattice potential,
in this case a triangular lattice. The picture loaded on DMD?2 is displayed, consisting
of a dithered triangular lattice pattern multiplied by the result of the feedback loop as
explained in the main text. Both DMDs are imaged through a microscope objective onto the
atomic cloud. The light is then collected by an identical microscope objective and imaged
on the control camera (Chameleon). The atomic cloud is imaged using absorption imaging
at A = 780 nm, with a PIXIS camera. We display an absorption image of the cloud taken for
a lattice potential depth V, = 4.3 i, averaged 40 times, we also display the corresponding
intensity profile taken by the control camera. The atoms are in a magnetic-field sensitive
state (|[F = 1, mp = —1)), and the MOT coils generate a magnetic field gradient, used for
both speed of sound and compressibility measurements.



92 CHAPTER 5. Probing superfluidity experimentally in a spatially-modulated BEC

and imaged onto the atomic cloud. Most cold-atom experiments generate optical lattices
by making several beams interfere. Using a DMD offers high versatility in generating
optical potentials without changing the optical setup. For a given lattice geometry, the
image displayed on DMD?2 remains the same; the depth of the lattice is varied by changing
the incident laser intensity on the DMD, Ipyp. The density of the cloud is measured
through absorption imaging. We also have a CCD camera in a plane conjugated to the
atomic plane that specifically monitors the light coming from the DMD; this camera is
referred to as the control camera.

A layout of the experimental setup is presented in fig. 5.1.

5.1.3 Profile on DMD

We determined that imprinting a triangular lattice profile directly on the DMD resulted
in an inhomogeneous lattice on the atoms. These inhomogeneities arise from both the
non-uniformities of the incident laser beam on the DMD and the defects introduced during
the propagation between DMD?2 and the atomic plane.

To solve this problem, we use a feedback loop developed earlier in our team [269]. The
loop computes the distance between the absorption images of the cloud and a desired
target, then adjusts the profile displayed on the DMD. Rather than targeting a triangular
lattice profile (since beyond the Local Density Approximation (LDA) regime, density
modulation is a non-linear function of the lattice potential), we use a flat density profile
as our target. To correct only the defects of the DMD, we set as a target for the feedback
loop a profile obtained by averaging 40 absorption images of the cloud without any light
on DMD2. We set Ipyp to a value approximately 4 times higher than the maximal value
used for the triangular lattice, thereby maximizing the error signal of the feedback loop.
To estimate the convergence of the loop, we use the following root-mean-square deviation
from the target:

\/ l]eIm[OD i ] _t(l ])]
Lipem ODGJ)

£ = (5.1)

where (i, j) € Im denotes the pixels of the image, f(-) is the target profile and OD(:) the
measured optical density of the cloud. The optical density profile is obtained by averaging
10 absorption images. Figure 5.2 shows the difference between the optical density and
the target profile before and after the loop, along with the reduction in the figure of merit
through iterations of the feedback loop. After the convergence of the loop, we obtain a
DMD profile c(x, ).

We want to imprint a triangular lattice on the atoms, so a potential proportional to:

v(x )Z—[COS(—x)+cos( x+2—7Z )+COS(__”,C 2r )

where p = 6 pm represents the period of the lattice. To generate a homogeneous lattice, we
modify the pattern displayed on the DMD by incorporating the correction profile obtained
from the feedback loop. The function ultimately imprinted on the DMD is thus:

(5.2)

g(x,y) = c(x, y)VA + Bv(x,p), (5.3)

where the numerical coefficients A and B > 0 are adjusted to ensure that 0.1 < g*(x, ) < 1
for all values of x and y (see section 1.2.5).
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Figure 5.2: Feedback loop for DMD?2, using the measured atomic profile with DMD?2
turned off as target. The figure of merit is plotted as a function of loop iteration. Iteration
number 1 corresponds to the initial state before any correction. After 7 iterations, the loop
converges to a profile with a figure of merit more than three times smaller than the initial
one. Insets (a) and (b) represent the difference between the measured atomic profile and
the target profile for iterations 1 and 8, respectively.

5.2 Calibration of the system

5.2.1 Optical characterization of the lattice potential

To characterize the potential imprinted by DMD2 on the atoms, we use the intensity
profiles recorded on the control camera. The potential seen by the atoms is proportional to
the light intensity (see section 1.2.2) with a positive proportionality coefficient. Therefore,
the lattice potential is proportional to the intensity profile on the control camera'. To
characterize the potential, we fit the intensity profile on the control camera using the
following function:

Ig(r) = Cy—Cicos(ky -r—¢) —Cycos(ky - r—p,) —Cscos(ky-r =Ky -1r—¢p;), (5.4)

where C;, C, and C; are positive. The fit parameters are Cy, ..., C;, ¢y, ¢,, ¢; and ky, k,,
totaling 11 scalar parameters. The function above describes a broader range of potentials
than the ideal triangular lattice studied in the previous chapter. For eq. (5.4) to represent
an ideal triangular lattice, the following conditions must be satisfied:

* C,=C,=C;.

* 0,, = 1/3, where 6, , is the angle between vectors k; and k,.
kgl = ik, |l

* =P =P+ 3 =0.

Note that changing the relative phase of the three cosines while keeping ¢ constant offsets
the position of the lattice without altering its shape, such that only the parameter ¢ is
relevant.

"We will discuss this assertion later.
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Our fit results are:

« C,/Cy = 1.00(2), C5/C; = 0.98(2).

61‘2 = 58.5(1)0.

Ik [/ 11k, ]l = 1.03(1).
« @ =-37.5(15).
The fit results show that the first three conditions for an ideal triangular lattice are almost

satisfied, but the last condition, on ¢, is not. We therefore model the potential seen by the
atoms as a generalized triangular lattice:

V(r) = —ZTVO [cos(ky - 1) + cos(k, - 1) + cos(k; - r — )] (5.5a)
. _ [cos[(j —1)m/3] _ 4
with k; =k (sin (- 1)71/3])' k= \/gp’ (5.5b)

where the period of the lattice is p = 6 um and the phase is ¢ = —37.5°. The potential
described by eq. (5.5) corresponds to the triangular lattice potential introduced in eq. (4.66),
with the addition of a relative phase ¢ in the third term. All the GPE simulation results
presented in this chapter were obtained using this potential and these parameters.

We confirm the value of ¢ by examining the atomic response at low potential depth,
where the density modulation is proportional to the potential. By fitting the density
modulation of the cloud with the function in eq. (5.4), we find ¢, = —41.0(15)°.

Changing the parameter ¢ affects the superfluid fraction of the system. However,
when varying this parameter, the superfluid fraction tensor remains proportional to the
identity matrix.

5.2.2 Density response to a lattice potential

After characterizing the lattice on the control camera, we need to calibrate the depth of the
potential on the atomic plane. Experimentally, we control Ipyp, the incident intensity on
DMD?2, and aim to determine the corresponding potential depth on the atoms. According
toeq. (1.3), this can be achieved by knowing the intensity in the atomic plane. However, this
intensity cannot be measured directly, as the atoms are inside the glass cell. Determining
the intensity in the atomic plane would require an accurate estimation of the beam waist
on the atoms and the losses in our optical system, which cannot be characterized with
sufficient precision. Consequently, we rely on the atomic response for calibration.

5.2.3 Calibration of the lattice potential
5.2.3.1 Density response to a lattice potential.

To calibrate the lattice potential, we need to understand the atomic response to such a
potential. The GPE reads:

",
=~V g P+ Vx 9y, (5.6)
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Figure 5.3: Harmonics of the triangular lattice. (a) The locations of the Fourier peaks for
different harmonics are plotted. Each color represents a different harmonic; we display
the first six harmonics. We also plot the lattice vectors k;, k, and k;. (b) Amplitude of
each harmonic as a function of the potential depth normalized to y,, computed from GPE
simulations. The weights of harmonics two and above are rescaled by a factor of 4 to
enhance readability. The curve for harmonic 4 is not visible because it is underneath the
curve for harmonic 5.

where V (x, ) is the external periodic potential. The density p(x, y) = |1,D|2 can be expanded
in Fourier series. For the generalized triangular lattice given by eq. (5.5), we can write:

p(r) = (p)+ ) p" " (r) (5.7)

n>0
with h(")(r) = [cos(q(ln) T — 4)1(")) + cos(q(zn) T — ¢§")) + cos(q(;l) T — (f);"))] , (5.8)

where the amplitudes p™ are positive. All harmonics have the shape of generalized
triangular lattices, meaning the three vectors qﬁ”) have the same norm ¢ for a given #,

and the angle between q(ln) and q(zn) equals the angle between q(zn) and qg") (which is 7t/3).
The period of the n-th harmonic is V34" /41, with harmonics ordered by decreasing period.

The vectors of the first harmonic q(ll), q(zl) and q(;) correspond to the lattice vectors k;, k,
and k;, respectively. For the second harmonic, q(lz) =k, +k,, with period p*? ~ 3.46 pm,
and for the third harmonic, q(13) = 2k, with period p®® = 3um. Figure 5.3a shows the
locations of the Fourier peaks for the first 6 harmonics.

5.2.3.2 Characterization of the spatial frequency response

We calibrate the potential depth using the atomic response, specifically by examining the
response of the first harmonic p'" in the low potential regime. An expansion of the GPE
in powers of V|, yields:

(1)
pl 2V, 3
Py 2o+ & +OVa). 5-9)

with ¢, = #’k?/2m being the recoil energy of the lattice and y, = g{p) the chemical
potential for the uniform condensate. However, to reliably calibrate V,, we must account
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Figure 5.4: Diagram of our model for the optical system, showing the different transfer
functions between elements. All transfer functions are assumed to be rotationally invariant,
depending only on the wave vector norm. A triangular lattice with wave vector g is
displayed on DMD2. A laser beam of intensity Ipyp at wavelength A = 532 nm illuminates
the DMD, generating a triangular lattice potential with amplitude V|, at the atomic plane.
This potential creates a density modulation that can be decomposed into harmonics. The
transfer function between V,, and the amplitude of the first harmonic p(l) is given, at low
V,, by the equation in the blue ellipse. The cloud is imaged using absorption imaging with
alaser beam at A = 780 nm. The amplitude of the measured density modulation is pfﬁlas. A
control camera on a plane conjugated to the atomic plane records the intensity modulation
of the green light with amplitude I... We assume that the transfer function between the
atomic plane and the control camera is constant for the relevant spatial frequencies.

for the finite resolution of our imaging system, which acts as a low-pass filter for spatial
frequencies. We assume the imaging system has a rotationally invariant filter in Fourier
space, such that the density measured using absorption imaging is:

Pmeas(,9) = (p)+ ) B(a") p" " (x), (5.10)
n>0
where (g) is the attenuation” at wave vector q. The measured amplitude of harmonic n
is then pi,’fl_as =B (q(")) p™. To calibrate the potential depth using the measured density
profile at low lattice depth, we rewrite eq. (5.9):

Voz(g+%")pi$las/ﬁ(k), (5.11)

Thus, we need to measure both the density response of the BEC and the (k) coefficient.
Determining the f coefficients is crucial not only for calibrating the lattice depth but also
for reconstructing the actual density profile from measurements, which will be essential
for computing the bounds on the superfluid fraction. Therefore, we need the f coefficients
for higher harmonics as well.

5.2.3.3 Calibration of the f coefficients

To calibrate the § coefficients, we model our system as described in fig. 5.4. We make two
assumptions: first, that the light propagation between DMD?2 and the atomic plane can be
modeled in Fourier space by a rotationally invariant transfer function Tp_,4(q) = Tp_(9);

’The B coefficients take also other effects into account, such as the contrast decrease due to pixelization
effects on the PIXIS camera.
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second, that the intensity profile observed on the control camera is proportional to the
intensity profile on the atomic plane. In other words, the transfer function Tp_,c is
independent of spatial frequency across the range studied here.

The parameters we need to calibrate are:

* The coefficient relating Ipyp (the beam intensity sent to DM D?2) to the corresponding
potential depth V; when imprinting a triangular lattice with 6 pm period.

* The B coefficients for different harmonics of the triangular lattice to reliably recon-
struct the density profile.

Our approach examines the first harmonic of the density modulation. For f (q(")) coeffi-
cients of higher harmonics, we take advantage of the versatility of the DMD by directly
imprinting triangular lattice potentials corresponding to these higher harmonics.

Our calibration procedure is as follows: we load a triangular lattice pattern on DMD2
with wave vector g and vary Ipyp while measuring:

. pgz,as(q), the amplitude of the first harmonic of the density modulation, to compute

the slope a,(q) = pgl_as(q)/IDMD for low potential depths. This slope is proportional
to Tp_,4(q) % B(q).

* I..(q), the intensity modulation amplitude recorded by the control camera, to com-
pute the slope a..(q) = I..(9)/Ipmp- This slope is proportional to Tp_,4(q) X Ta_,c.

Since we have two measurements for three quantities (Tp_,4(q), Ta_.c, and (q)), we cannot
fully characterize the system. To resolve this, we also measure at a small g value for which
we assume (q) = 1, using a lattice with period 24 pm. Figure 5.5 shows the measurements
of aat(q) and acc(q)'

Using this approach, we determine the f coefficient for the first two harmonics: f(q'")) =
0.71(4) and ﬁ(q(z)) = 0.36(16). We also establish the calibration relating V, to Ipyp.

5.3 Experimental measurement of the superfluid fraction, and
its bounds

Now that we have described the calibration procedure, we focus on measuring the su-
perfluid fraction as well as Leggett’s and Saslow’s bounds. The superfluid fraction is
determined by combining two dynamic measurements: the speed of sound and the com-
pressibility. The bounds are calculated using the static density profile of the cloud.

5.3.1 Measurement of Saslow’s and Leggett’s bounds
5.3.1.1 Reconstruction of the profile for Leggett’s and Saslow’s bound calculation

Once the f coefficients have been calibrated, density profiles can be reconstructed up to
our imaging resolution. We fit the density profile to obtain the weights of the harmonics,
pf{féas, and then divide each weight by the corresponding attenuation coefficient f (q(")) to
reconstruct the density profile at the atomic plane. Since we only have a signal for the
first two harmonics, we have calibrated the § coefficients only for the 6 pm and 3.46 pm
periods.

When using the density profile to compute Leggett’s and Saslow’s bounds, a question
arises: are two harmonics sufficient for reliable estimation? At higher values of V,, higher
harmonics have greater relative weight (as shown in fig. 5.3b). For values of V, high
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Figure 5.5: Calibration of the f coefficients. Triangular lattices of different periods are
imprinted on DMD2. The point at period 12 pm is not used for the calibration but serves to
verify the flatness of the transfer functions at low spatial frequency. (a) Density modulation
amplitude versus incident beam intensity on DMD?2; dotted lines show linear fits. The
fitted slopes represent the coefficients a,;(q). The slopes for the two largest lattice periods
are nearly identical, confirming that the transfer functions remain flat at large periods.
(b) Intensity modulation amplitude on the control camera; dotted lines show linear fits
yielding the coefficients a..(q). Again, the slopes for the largest lattice periods are nearly
equal.

enough, typically above 3 , filtering the density profile and keeping only the first two
harmonics can result in negative density values, as shown in fig. 5.6. This causes 1/p to
diverge, making the computation of Saslow’s bound and Leggett’s lower bound impossible.

To address this issue, we adopt the following procedure: after reconstructing the
density profile using the first two harmonics, we set all values below a numerical cut-off
(in our case 10°°) to this cut-off. This ensures a positive reconstructed density profile. We
benchmark this procedure against density profiles from GPE simulations. The results are
shown in fig. 5.7. For the parameter range explored experimentally, we conclude that this
procedure allows reliable estimation of all bounds.

5.3.1.2 Measured amplitudes of the harmonics

The density profile p,.,s is obtained by averaging 40 absorption images. We fit these
profiles to extract the mean density and the weights of the first two harmonics, pgéas
and pgéas. Each weight is rescaled by its corresponding f coefficient, the results obtained
are displayed in fig. 5.8. Using these two harmonics we reconstruct a density profile
with a lower threshold ensuring the density remains positive everywhere. From this
reconstructed profile, we compute the Leggett lower bounds along the x and y directions
using eqs. (4.60) and (4.61), as well as the upper bounds using eqs. (4.33) and (4.34). We
also compute Saslow’s upper bound, which is saturated in our system as it is governed by
the GPE. The data analysis presented in this subsection was conducted by another PhD
student, Sarah Wattellier, the final results are presented in fig. 5.11a.
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Figure 5.6: Density profile for V, = 5.11 y, from a GPE simulation. (a) Density aty = 0
over a unit cell: the black solid line shows the density profile directly from simulation;
the blue dashed line (mostly overlapping with the blue solid line) shows the density
reconstructed using only the first two harmonics. This reconstructed density becomes
negative at some points; a non-physical situation that prevents computation of Saslow’s
upper bound and Leggett’s lower bound. By setting a small threshold (here 107%°) to which
all values below it are set, we obtain the solid blue curve, which closely approximates the
unfiltered density profile. (b) The density distribution over a unit cell; the red dotted line
indicates the cross-section plotted in panel (a).

5.3.2 Dynamical measurement of the superfluid fraction tensor

We now present the measurements of speed of sound and compressibility used to compute
the superfluid fraction. Since the superfluid fraction tensor is isotropic for a triangular
lattice potential, we measure the speed of sound only along a single direction, y in our
case.

5.3.2.1 Speed of sound measurement

Density oscillations in a box The speed of sound in a homogeneous two-dimensional
gas was measured previously in our group [258]. We use the same method, which works
for gases confined in flat-bottom rectangular traps. To measure the speed of sound along
the vy direction, we excite the longest-wavelength sound mode of the box (wavelength
A = 2L,) and measure its frequency:

v, = —— (5.12)

where L, and c, are the box size and speed of sound along direction y, respectively. The
oscillation frequency can be measured either by examining the system’s response to a
drive as in refs. [258-260] or by analyzing the impulse response as in ref [258] and in this
work.

To observe the impulse response, we prepare the system with a small density per-
turbation; in our case, a small linear density tilt given by op y/L, where 6p < (p). This
perturbation is released abruptly, triggering density oscillations. These oscillations can be
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Figure 5.7: Benchmark of Leggett’s and Saslow’s bounds computed using one or two
harmonics for density reconstruction, using profiles from GPE simulations. In all graphs,
black curves show bounds computed directly from the original density profile; pink curves
show bounds computed using only the first harmonic; and blue curves show bounds
computed using the first and second harmonics. In both reconstructed cases, a lower
threshold is applied to prevent negative density values. (a) Saslow bound versus potential
depth. Using just two harmonics provides a very good estimation of the Saslow bound
across the potential depths studied. (b) Leggett bounds versus potential depth, with
markers indicating the corresponding bound. The pink, blue, and amber vertical dotted
lines indicate where the reconstructed density, using the first harmonic, the first two
harmonics, or the first six harmonics, respectively, reaches zero. Without applying a lower
threshold, neither Saslow’s bound nor Leggett’s lower bound could be computed beyond
these points.
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Figure 5.8: Amplitudes of the first two harmonics as a function of the normalized potential
depth. The amplitudes are obtained by extracting the weight of the first two harmonics
from the density profile. Each weight is then divided by the corresponding f coefficient
to obtain the amplitudes plotted here. The pink points correspond to the first harmonic
and the blue points to the second harmonic. The solid lines correspond to the amplitudes
obtained with GPE simulations. The amplitudes of the second harmonic are rescaled by a
factor of 4 to enhance readability.
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decomposed into Fourier modes:

) _ o
p(,1) = po(y, 1) + ZW cos( - 7]) (5.13)

=1

where py(y, t) is the equilibrium density. We include only cos terms so that the velocity
vanishes at the box walls, at y = iLy/2. For an initial linear tilt, the non-zero coefficients
att = 0 are those with odd indices. The lowest excited mode (at j = 1) has an initial weight
W, = 46p/7z2. The next excited mode (at j = 3) has an initial weight W5 = W, /9, so the
tilt perturbation primarily excites the lowest mode. Provided that A > p, the amplitude
W; will oscillate at frequency v,,.

Measuring the oscillation frequency To observe these oscillations experimentally, we
monitor the CoM dynamics:

Ly/2 (L2
Ay = J J p(x,y)dxdy, (5.14)
N Ly/2 J-L, /z

where N = fp(x, y) dx dy is the total number of atoms in the system. The CoM oscillates
at frequency v,. We fit its evolution to a damped sinusoidal oscillation with no initial
velocity:

I,
Ayy + Ae /2 (ﬁ sin(wyt) + cos(w,t) |, (5.15)
y

where Ay, I‘y, A, and w, are fit parameters. The frequency is determined using:

vy, = Joj +([,/2)%/2m. (5.16)
Experimentally, we produce a cloud in the magnetic-field sensitive state |[F = 1, mp = 1),
with a quantization field along the z direction, orthogonal to the atomic plane. The
magnetic field produces, at lowest order, a uniform force in the atomic plane. We can
adjust the direction and magnitude of this force by shifting the magnetic bias field in-plane.
The typical magnetic field gradient used is approximately 5Gm™". The results of the
speed of sound measurements are shown in fig. 5.9.

5.3.2.2 Compressibility measurement

To measure the compressibility, we use a method inspired by ref. [270], deducing com-
pressibility from the system’s linear response to a constant force. We prepare the sample
in the presence of a uniform force along the y direction and measure the resulting CoM
shift. Experimentally, the protocol is similar to the speed of sound measurement, except
that instead of removing the force abruptly and studying the time evolution, we maintain
the force and measure the steady-state CoM displacement. The compressibility is then

calculated from the CoM response using:
12 Ay(F) - Ay,

= —=—, 5.17

oo (5.17)

where F = Fe,, is the force applied to the atoms. A proof of this formula is provided below.
Since we generate the force experimentally using a magnetic gradient, we can express
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Figure 5.9: Speed of sound along y normalized to the speed of sound in a uniform conden-
sate ¢y = 4/g(p)/m versus normalized potential depth. Green points show measurements
from CoM oscillation frequencies; the solid black line shows the prediction from numerical
GPE simulations. The inset shows CoM position versus time for one oscillation measure-
ment at potential depth V, ~ 2.2 yi, with a magnetic gradient of 6Gm™" applied for t < 0.
Green circles show experimental data (each point averages 10 experimental iterations);
the green solid line is a fit using the function from eq. (5.15).
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Figure 5.10: Compressibility normalized to the compressibility of a uniform condensate
ko = 1/g(p) versus normalized potential depth. Green points show measurements from the
response of the system to a uniform force (magnetic gradient); the solid black line shows
the prediction from numerical GPE simulations. The inset shows such a measurement
at potential depth V; = 2.2 y;. Green circles show the CoM shift versus applied force,
with each point averaged over 40 iterations, the error bars are smaller than the point size.
The solid green line shows a linear fit, from which we extract the compressibility using
eq. (5.17). The maximum applied force corresponds to a magnetic gradient of 40 Gm™".

the compressibility in terms of b, the gradient component along y:

12 (Ay(b,) - Ay,)
K =

5.18
L}%I’lbgFmFby ( )

where for the hyperfine state |[F = 1, mp = —1), the Landé factor gr = —1/2. We verified
numerically that eq. (5.18) remains valid, in the presence of a lattice, for values of b, <
75Gm™" [86].

In principle, the compressibility could be obtained from the speed of sound mea-
surements, as the amplitude A in eq. (5.15) gives Ay(F) — Ay,. However, we perform a
separate measurement for compressibility, using gradients up to 40 Gm™' to improve
the signal-to-noise ratio. Such forces would produce highly damped oscillations in the

dynamic measurements. The results of these compressibility measurements are shown in
fig. 5.10.

Proof of eq. (5.17) Equation 5.17 is valid for any lattice geometry. To prove it, we assume
a lattice vector or combination of lattice vectors collinear with e,. The density profile is
thus periodic along y with period p,. We further assume that p, is commensurate with the
system size along y: L,/p, = N, € N. In our experiment N, = 7. We assume N, is odd,
though the reasoning can be adapted for even .
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In the absence of a force, the static GPE reads:

#? 2
pp = =V +g[p| P+ Vix,9)p, (5.19)

with p as the chemical potential and p, = |1,b|2 as the density. When we add a force F = Fe,,
we define ¢ as the new ground state.

We apply the LDA over intervals [-L,/2 + (I - 1/2)p,,~L,/2 + (I + 1/2)p,] for | € NN,
centered at y; = —L, /2 + Ip,, assuming each interval has a local chemical potential y;. This
approximation is valid when the energy Fp, is small compared to other energy scales.
Within interval /, we can approximate Fy =~ Fy;, and the GPE becomes:

n
(4 + Fy)dp ~ =V + | ¥ + Vix, p)p. (5.20)

Thus, py = p + Fy;. The compressibility is defined as:

d
L otp) (5.21)
ROXKTE
Expanding to first order in y, the mean density in interval / becomes:
(oh ~ (po)(1 + xFy;). (5.22)

We can now calculate the CoM shift caused by the force by summing over all intervals:

L,/2 (Li/2
Ay - Ay, = j f — polx, p))dx dy
L/2J-L, /2
(5.23)
1 ) 1
=N l_Zl [—7 + (l - 5)”?] () = {po)) Lypy,
Substituting eq. (5.22), we obtain:
N, 2 3o (Ny=-1)/2
(po)kLypyF L, 1 (Po)kLpyF 7 2
Ay - Ayo—TZ—?+(l—§)py =N it (5.24)
I=1 j=(~N,+1)/2
Approximating Z /\//+21) ~ Ny3/12 and using (py)L,p, N, = N, we find:
L Fx
Ay A}}O = —2, (5.25)

which is equivalent to eq. (5.17).
Once both compressibility and speed of sound are measured, we calculate fs(y,y) using
eq. (4.68):
fs(y'y) = mc;K. (5.26)

For the triangular lattice, the superfluid fraction tensor is proportional to the identity
matrix. We therefore define the diagonal component of the superfluid fraction tensor as

fo= 10 = £,
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5.3.3 Final results

All experimental results for the triangular lattice are summarized in fig. 5.11, along with
predictions from GPE simulations.

We observe good agreement between the superfluid fraction obtained through our
speed of sound and compressibility measurements and the GPE simulations. The discrep-
ancy between experimental and numerical results increases with potential depth, with
measured superfluid fractions consistently lower than theoretical predictions. By examin-
ing figs. 5.9 and 5.10, we find that this discrepancy stems primarily from the measured
speed of sound being lower than numerical predictions. Several factors could explain
these differences. First, finite temperature effects may play a role, our experiments were
conducted at temperatures below 20 nK, however, we did not systematically investigate the
influence of temperature on our measurements of x and c, nor on the validity of eq. (5.26).
Second, despite our efforts to ensure regularity of the imprinted potential (as described in
section 5.1.2), residual irregularities may affect our results. Additionally, we observe that
higher potential depths lead to increased damping of the CoM oscillations, though the pre-
cise origin of this damping remains unclear. Regarding Saslow’s bounds, the vertical error
bars are small but should be considered preliminary. These error estimates incorporate
both statistical uncertainties in the § coefficients and fitting errors when extracting the
harmonics. Excepted for the highest potential depth point, the agreement with numerical
predictions is very good.

The measured Leggett’s bounds show excellent agreement with theoretical predictions.
The lower bound f** is slightly below numerical predictions, which is expected given
that we only include the first two harmonics in our analysis (see fig. 5.7b). Similar to
our observations with Saslow’s upper bound, the measurement at the highest potential
depth falls above the numerical predictions (except for f**)). The error bars for these
measurements are also preliminary. Overall, our approach of estimating Saslow’s and
Leggett’s bounds using only the first two harmonics yields satisfactory results across the
range of potential depths studied.

This chapter has focused on the triangular lattice geometry. However, we performed
the same experiment with a one-dimensional sinusoidal lattice using slightly different
experimental parameters, as shown in table 5.1. The key difference for the sinusoidal
lattice is that we did not measure compressibility directly. Instead, we measured the speed
of sound along both the longitudinal (c;) and transverse (c, ) directions of the lattice and
computed £/, the superfluid fraction tensor component along the longitudinal direction,
using eq. (4.70):

2
Cc
£l= 4 (5.27)

We also computed Leggett’s upper bound along the longitudinal direction (which is
saturated in this case) using the static density profile. As with the triangular lattice, we
reconstructed the density using the first two harmonics, with periods of 4 um and 2 pm
respectively. These results appear in fig. 5.12 and show excellent agreement with the
numerical prediction for both measurements.

Conclusion

In this chapter, we detailed our experimental investigation of the superfluid properties of a
zero-temperature BEC subjected to an external periodic potential. We began by describing
the experimental setup, highlighting the use of a DMD to generate a triangular lattice



106 CHAPTER 5. Probing superfluidity experimentally in a spatially-modulated BEC

Leggett’s bounds

Vol o Vol to

Figure 5.11: Measurements of superfluid fraction, Leggett’s and Saslow’s bounds for the
triangular lattice. (a) Green points show measurements using the dynamic approach,
computing f; from speed of sound and compressibility using eq. (5.26). Blue points
show measurements of Saslow’s bound from static density profiles. The black solid line
shows results from GPE simulations using twisted boundary conditions. (b) Blue points
show Leggett’s bounds computed from static density profiles; black solid lines show the

corresponding bounds from GPE simulations. The black dotted line shows the superfluid
fraction from GPE simulations.
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Figure 5.12: Superfluid fraction along the longitudinal direction for a one-dimensional
sinusoidal lattice versus normalized potential depth. Green points show measurements
from speed of sound; blue points show Leggett’s upper bound calculated from static
density profiles. The black curve shows predictions from GPE numerical simulations.
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potential. We explained the necessity of implementing a feedback loop to correct the
imperfections and ensure a homogeneous potential imprinted onto the atomic cloud.

Subsequently, we discussed the characterization of the system. We showed that the
density profile of the BEC in the lattice can be decomposed into harmonics of the funda-
mental lattice structure. An essential part of our work involved calibrating both the depth
of the optical potential and the spatial frequency response of our imaging system. This
calibration was done for the first two harmonics of the triangular lattice.

The accurate calibration of the imaging system’s frequency response is essential for
reliably reconstructing the atomic density profile from absorption images. This recon-
structed profile is then used to compute Saslow’s and Leggett’s bounds on the superfluid
fraction. We demonstrated through numerical benchmarks that, within the range of poten-
tial depths explored experimentally, analyzing the first two density harmonics is sufficient
to compute these bounds accurately.

Finally, we presented our experimental measurements. We described the methods used
to determine the speed of sound and the compressibility of the modulated BEC. Combining
these two dynamical measurements allowed us to compute the superfluid fraction for
the triangular lattice geometry. We presented these results alongside the experimentally
determined Saslow’s and Leggett’s bounds, showing good agreement with theoretical
predictions based on the GPE. To conclude, we also presented results obtained previously
for a one-dimensional sinusoidal lattice potential, where the superfluid fraction was
determined using measurements of the speed of sound along two orthogonal directions.

Outlook As an outlook, two directions can be taken. In the short term, while the
influence of disorder on the superfluid fraction has recently been studied theoretically
[231, 232], it has yet to be explored experimentally. In the longer term, we are constructing
a new experimental setup, largely similar to the one used for this work, but with a key
improvement: a laser system capable of performing Rydberg excitations. This laser
system will enable Rydberg dressing, a technique proposed as a way to realize supersolid
states [271, 272]. Indeed, the effective interaction potential between Rydberg-dressed
atoms closely resembles the soft-core interaction potential [273-276], which is known
theoretically to lead to supersolid phases of matter [220, 247, 248, 264, 277, 278]. It would
be interesting to explore the possibility of determining the superfluid fraction of such
systems.
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Conclusion

In this thesis, we have explored two phenomena using our experimental platform for
producing and manipulating two-dimensional *’Rb BECs: Bloch Oscillations of magnetic
solitons, and superfluidity in spatially modulated systems.

In chapter 1, we described our experimental apparatus for creating and studying two-
dimensional *Rb BECs. Dimensionality reduction is achieved by loading a 3D BEC into a
single node of a vertical optical lattice. Atoms are confined in-plane by flat-bottom traps
generated by shaping light with a DMD, offering high versatility in trap geometry, while
arbitrary potential landscapes can be imprinted using a second DMD. We have control over
the internal state of the atoms both globally using MW fields and in a spatially-resolved
way using a pair of Raman beams. This comprehensive toolbox is essential for conducting
the experiments presented in this thesis.

The first investigation presented in this thesis focused on BOs of magnetic solitons.
In chapter 2, we established the theoretical framework and reviewed experimental real-
izations of matter-wave solitons in both single-component and two-component systems
governed by the GPE. We then presented our experimental realization of a magnetic
soliton at rest in a two-component mixture, which is the first realization in an immiscible
mixture. In chapter 3, we extended our investigation to the dynamics of magnetic solitons
under external forces. By measuring both the soliton’s CoM position and the bath phase
dynamics via matter-wave interferometry, we observed remarkable phenomena in two
different geometries. In a segment geometry, we observed Bloch oscillations occurring
without an external periodic potential. These oscillations were accompanied by m-phase
jumps synchronized with the soliton’s turning points. The oscillations stem from the
periodicity of the soliton’s energy with respect to its momentum, a general property of
one-dimensional systems at the thermodynamic limit. We quantitatively confirmed the
predicted inverse scaling of the oscillation period with the soliton atom number, thus
revealing the collective nature of these oscillations. In a ring geometry, we observed more
complex dynamics arising from the interplay between the oscillatory motion and the
backflow current. This interaction leads to the pumping and depumping of quantized
topological superfluid currents in the bath, which we directly observed through matter-
wave interferometry. Looking forward, promising research directions include studying
interactions and collisions between solitons, as well as exploring the few-body regime
where mean-field descriptions break down.

The second study examined how density modulation reduces the superfluid fraction
at zero temperature. In chapter 4, we reviewed the concepts of superfluidity and the
superfluid fraction tensor, with particular attention to how broken translational invariance
decreases superfluid fraction at zero temperature. This concept is especially relevant to
the active research field of supersolids. We analyzed theoretical bounds on the superfluid
fraction tensor in systems with broken translational invariance, specifically Leggett’s
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and Saslow’s bounds, which can be computed from the system’s density profile. For
BECs described by the GPE, we demonstrated that Saslow’s upper bound is saturated.
This means the superfluid fraction is entirely determined by the density profile. We
also established how, hydrodynamically, sound propagation measurements, combined
with compressibility, provide experimental access to the superfluid fraction. Using GPE
simulations, we numerically illustrated the behavior of the superfluid fraction as well as
of Leggett’s and Saslow’s bounds for a BEC in different lattice geometries. In chapter 5,
we experimentally investigated these theoretical predictions by measuring the superfluid
properties of a BEC subjected to an external periodic potential. Using a DMD to generate
a triangular lattice potential, we determined the superfluid fraction via measurements
of the speed of sound and compressibility. A careful calibration of our imaging system
enabled a reconstruction of density profiles with the accuracy necessary to compute
Saslow’s and Leggett’s bounds. We also presented complementary results for a one-
dimensional sinusoidal lattice, where we measured the superfluid fraction through speed
of sound measurements along orthogonal directions. In both cases, we observed good
agreement between the experimental results and GPE predictions for both the bounds
and the superfluid fraction. We could extend this study in the short-term by investigating
the influence of disorder on superfluidity. In the long-term, using a new experimental
apparatus that is currently being built, we could potentially realize a supersolid through
Rydberg dressing techniques and characterize its superfluid fraction.
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