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m’enseignait alors la théorie des graphes. Ce dernier m’offrait l’opportunité
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mercie également Sarra pour ses soirées inoubliables au (feu) Parmentier
club et Louise, dont la pendaison crémaillère aura entrainé la création de
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Merci Jiaxin pour les soirées karaoké que tu as organisées et merci Charles
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Chapter 1

Introduction

The theory of linear programming gained an important exposure with the
start of the second world war [56], leading to multiple discoveries such as
that of the simplex algorithm [19, 20] and raising numerous mathematical
questions. In particular, linear programming motivated researchers to study
matrices A ∈ Rn×m for which the following linear feasibility problem

Ax = b, x ≥ 0m (1.1)

possesses a solution. A first step in that direction was made in a seminal
paper by Chandler Davis [21], introducing the important notion of positive
spanning sets (PSSs), sets of columns of matrices for which equation (1.1)
admits a solution independently of the value of b ∈ Rn.
Initially, research on PSSs and positive bases - inclusion-wise minimal pos-
itive spanning sets - allowed for the discovery of new results involving the
convex hull of sets of vectors [61] or for the simplification of proofs in the
field of convex analysis [62]. Nowadays, these sets play an important role in
derivative-free optimization (DFO), a field concerned with solving optimiza-
tion problems where gradient information is unavailable or unreliable [6, 15].
In that context, the directions induced by positive spanning sets provide a
structured means of exploring the search space. Using PSSs allows for the
identification of descent directions even without access to gradient evalua-
tions, as such sets always contain at least one element that forms an acute
angle with any given nonzero vector. In the case of direct-search algorithms,
a subclass of DFO methods that relies solely on function evaluations, this
property guarantees convergence toward a critical point of the function to
be optimized. Moreover, worst-case complexity guarantees of direct-search
algorithms depend heavily on the positive spanning sets used throughout
the algorithm [77]. The quality of a positive spanning set is typically as-
sessed using the cosine measure [75, 40], in that a large cosine measure
implies a better coverage of the space and thus more effective search direc-
tions for optimization. As a result, derivative-free methods favor the use of
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PSSs with high cosine measure while maintaining low cardinality [77, 25].
Algorithms for computing the cosine measure of positive spanning sets are
non-polynomial time methods [31, 64]. In the case of positive bases, whose
non-constant size illustrates their complex structure [68, 21], the challenge
of finding a tight upper bound on their cosine measure was only successfully
tackled for bases of size n+1 and 2n [57, 65]. Recent research thus focused
on computing the cosine measure of classes of positive bases with simpler
structures [33].
Davis’s initial characterization of positive bases made use of Gale diagrams,
an important tool in polyhedral theory which allows for the representation of
certain polytopes in lower-dimensional spaces. Such diagrams can be used
to characterize positive k-spanning sets (PkSSs), a class of resilient PSSs
which remains positively spanning upon losing some elements [50, 79]. To
this day however, the literature on PkSSs is sparse and their properties re-
main relatively unknown.

This manuscript explores the properties of positive spanning sets, positive
bases and positive k-spanning sets, both through theoretical analysis and
practical applications. It aims at identifying novel, simple structural results
which characterize these sets, in order to simplify their use in optimization
methods.

1.1 Contributions

The first contribution of this thesis can be found in Chapter 2, where the
elementary properties of positive (k-)spanning sets are leveraged to obtain
a novel characterization of inclusion-wise minimal positive 2-spanning sets
of minimal size in Rn in Theorem 2.3.2.
Further contributions are found in Chapter 3, which presents an extended
version of an article published in the scientific journal Discrete Applied
Mathematics [17]. The chapter takes interest in network matrices, a con-
cept generalizing that of incidence matrix. We provide in Theorem 3.2.1 a
characterization of strongly connected digraphs, in that these are directed
graphs whose network matrices are positively spanning. Leveraging the rela-
tionship between strongly directed graphs and PSSs allows for the discovery
of a decomposition result on the latter, given by Theorem 3.3.1. We exploit
this result in Theorems 3.4.2, 3.4.3 and 3.4.4 to provide characterizations of
positive bases of size 2n− 1, 2n− 2 and n+ 2 in Rn. In turn, the relation-
ship between directed graphs and positive spanning sets allows us to derive
characterizations of minimally strongly connected digraphs of near extreme
sizes. Characterizations are provided for graphs on n vertices and m arcs
where m = 2n − 3, m = 2n − 4 and m = n + 1 in Corollaries 3.4.1, 3.4.2
and 3.4.3 respectively.
The contributions of Chapter 4 involve a polynomial time algorithm (Al-
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gorithm 1) for computing the cosine measure of orthogonally structured
positive bases - a concept originally introduced by Hare, Jarry-Bolduc, and
Planiden [31]. By applying this algorithm, we derive in Lemma 4.2.1 the
cosine measure of the canonical positive basis {e1, . . . , en,−1n}, which con-
tains the canonical vectors in Rn and their negative sum.We also introduce
the k-cosine measure (Definition 4.3.1), a tool that allows for the charac-
terization of positive k-spanning sets. We then provide simple methods
for building inclusion-wise minimal PkSSs with guarantees on the value of
their k-cosine measure - see Theorem 4.3.3 and Corollary 4.3.1. The results
associated with this chapter were published in Linear Algebra and Its Ap-
plications [17].
Our last contribution is found in Chapter 5, where we introduce a derivative-
free algorithm of direct-search type which exploits the properties of PkSSs to
guarantee convergence in the presence of failed function evaluations (Algo-
rithm 4). The method is endowed with complexity guarantees, that depend
on both on the size of the PkSSs used within the algorithm and on their
k-cosine measure.

1.2 Outline of the thesis

The remainder of this thesis is divided as follows. State of the art results on
positive spanning sets, positive k-spanning sets and positive bases are sum-
marized in Chapter 2 and exploited in Section 2.3.3 to derive new proper-
ties on the structure of PkSSs. Chapter 3 discusses a newfound relationship
between strongly connected digraphs and positive spanning sets and shows
how some key features of the latter can be deduced from those of the former.
Next, Chapter 4 takes interest in the cosine measure of positive spanning
sets. It demonstrates how this value can be easily computed for sets with
specific structures, then shows how to build positive k-spanning sets with
satisfying guarantees on the cosine measure of their subsets. Finally, Chap-
ter 5 aims at applying the results of Chapter 4 to derivative-free optimiza-
tion. It investigates the convergence rate of a newly built, derivative-free
algorithm that exploits the resilient properties of positive k-spanning sets,
and takes inspiration from articles by Dodangeh, Vicente and Zhang [77, 25].

1.3 Notations

In the remainder of this manuscript, we work in the Euclidean space Rn

with n ≥ 2, or a linear subspace thereof, denoted by L ⊂ Rn. Unless
explicitly stated otherwise, the dimension of such a subspace will always
be assumed to be at least 1. The set of real matrices with n rows and m
columns will be denoted as Rn×m. Those dimensions will always be assumed
to be at least 1. Bold lowercase letters (e.g. v,a) will be used to designate
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vectors and arcs in directed graphs, while bold uppercase letters (e.g. D)
will denote matrices. For a vector x ∈ Rn, the coordinate of index i ≤ n
will be denoted by [x]i ∈ R. In the absence of brackets, any notation of the
form xi should be understood as denoting a vector. The notations 0n and
1n will respectively be used to designate the null vector and the all-ones
vector in Rn, while In =

[
e1 . . . en

]
will denote the identity matrix in

Rn×n. Given a matrix D ∈ Rn×m, its set of columns will be denoted col(D)
while its linear span (i.e. the set of linear combinations of its columns)
will be denoted by span(D). The associated nullspace will be denoted by
Null(D) = {x ∈ Rm,Dx = 0n}. The matrix whose entries are the signs
of those of D will be noted sgn(D). Calligraphic letters such as D and S
will be used for finite families of vectors or of indices. For any integers a
and b in Z, we let [[a, b]] := {z : a ≤ z ≤ b, z ∈ Z}. Finally, for a digraph
G = (V,A) the notations (u, v) and u− v will respectively designate an arc
and an oriented path in A going from u to v.



Chapter 2

Positive spanning sets

In this chapter we formally define the concept of positive spanning set,
central to the thesis. The notion was introduced in a seminal paper by
Chandler Davis [21]. Davis took a particular interest in the study of frames
- inclusion-wise minimal PSSs, more commonly called positive bases - and
characterized their structure through diagrams [21, Theorem 5.3]. The study
of positive spanning sets and positive bases later allowed for the discovery
or simplification of results in the field of convex analysis [61, 62]. Since the
late 1990s, positive spanning sets have played a crucial role in continuous
optimization, particularly in derivative-free methods [6, 15], as discussed at
length in Chapter 5.

This chapter reviews the main results on positive spanning sets that are
relevant for this thesis, following several reference works spanning decades
of research on PSSs [63, 68, 64]. Section 2.1 is dedicated to listing the fun-
damental properties and definitions associated to PSSs. Next, important
structural results are presented in Section 2.2, namely Romanowicz’s char-
acterization of positive bases through criticality [68], as well as Davis and
Shephard’s works on Gale diagrams [21, 71]. These results are simplified
using the notion of structural equivalence [60], formally introduced in Sec-
tion 2.2.1. Last, we conclude our analysis of positive spanning sets by taking
interest in positive k-spanning sets (PkSSs) in Section 2.3, a particular sub-
class of PSSs which remain positively spanning upon removing some of their
elements. After summarizing the main properties of such sets, we discuss in
Section 2.3.2 an important connection between polytope theory, Gale dia-
grams and PkSSs, based on the works of Marcus and Wotzlaw [48, 50, 79].

2.1 Main definitions and properties

11
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We start this section by formally defining positive spanning sets (PSSs).
First introduced in a seminal paper by Chandler Davis [21], PSSs were
initially described as families of vectors or, equivalently, as sets of columns
of matrices. For both sake of simplicity and consistency of notations, this
manuscript shall adopt a slightly different approach and introduce them as
matrices.

Definition 2.1.1 (Positive span and positive spanning set) Let L be
a linear subspace of Rn and m ≥ 1. The positive span of a matrix D ∈
Rn×m, denoted pspan(D), is the set

pspan(D) := {Dx,x ∈ Rm,x ≥ 0m}.

A positive spanning set (PSS) of L is a matrix D such that pspan(D) = L.
When L = Rn, the matrix D will simply be called a positive spanning set.

As a relatively straightforward consequence of Definition 2.1.1, note that a
matrix D can only be a PSS for its linear span.

Example 2.1.1 The matrix D =

[
1 0 −1 0
0 1 0 −1

]
∈ R2×4 is a PSS. In-

deed, any vector x =

[
x1
x2

]
∈ R2 satisfies

x =

[
1 0 −1 0
0 1 0 −1

]
max(x1, 0)
max(x2, 0)
max(−x1, 0)
max(−x2, 0)

 .

More generally, a matrix D is a PSS for span(D) whenever span(D) is
nonnegatively spanned by D.

Example 2.1.2 Let D =
[
d1 d2 d3

]
∈ R2×3 be the matrix represented

on Figure 2.1 below. Then D is a PSS as any vector in R2 is a nonnegative
linear combination of its columns: for instance, v = d1 +d2. In the case of
Figure 2.2, however, the matrix D̃ =

[
d′
1 d′

2 d′
3

]
is not positively spanning

as v′ cannot be expressed as a nonnegative combination of d′
1,d

′
2 and d′

3.

v

d1

d2

d3

Figure 2.1. A PSS in R2.

v′d′
1

d′
2

d′
3

Figure 2.2. Not a PSS of R2.
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Numerous characterizations of positive spanning sets can be found in the
literature. Proposition 2.1.1 summarizes the most elementary ones [21, The-
orem 3.6], [64, Theorem 2.5].

Proposition 2.1.1 Let D ∈ Rn×m. The following statements are equiva-
lent.

(i) D is a PSS for some ℓ-dimensional linear space L ⊂ Rn, with ℓ ≥ 0.

(ii) pspan(D) = span(D).

(iii) There exists a positive vector x ∈ Rm such that Dx = 0n.

Statement (iii) of Proposition 2.1.1 justifies the use of the expression positive
spanning set, as it immediately entails that nonnegatively spanning a linear
space is equivalent to positively spanning it. Moreover when the matrix D
has full rank, statement (iii) provides a certificate that D is a PSS of Rn.
Conversely the next proposition - derived from Farkas’s lemma [22] - can be
used to obtain a certificate that a given matrix does not positively span Rn.

Proposition 2.1.2 [21, Theorem 3.1] A matrix D ∈ Rn×m does not pos-
itively span Rn if and only if there exists a vector y ∈ Rn\{0n} such that
y⊤D ≥ 0⊤m.

Taking a second glance at Figure 2.2 above and letting y = d′
1, it can easily

be observed that y⊤d′
i ≥ 0, for all i ≤ 3, providing yet another proof that

D̃ is not positively spanning. Later in this chapter, we shall see that the
result stated in Proposition 2.1.2 can be generalized to characterize PSSs of
arbitrary linear spaces - see Corollary 2.2.3. Proposition 2.1.2 also bears a
close connection with the concept of cosine measure, which will be the focus
of Chapter 4.

As pointed out in Proposition 2.1.1, the linear span of a PSS must always
be equal to its positive span. In fact, positive spanning sets have the property
of being resilient spanning sets, in the following sense.

Proposition 2.1.3 [21, Theorem 3.7] Let D ∈ Rn×m be a PSS of its linear
span. Any matrix Ddi

∈ Rn×(m−1) obtained from D by removing exactly one
column satisfies span(Ddi

) = span(D).

Based on the previous result, it is clear that dim(span(D)) is a lower bound
on the number of columns of a PSS D. The next proposition provides a
sharper bound.

Proposition 2.1.4 [21, Theorem 3.8] Let L ⊂ Rn be ℓ-dimensional. The
smallest possible size for a PSS D ∈ Rn×m of L is given by m = ℓ+ 1.

Just as there is no upper bound on the size of a spanning set, one easily
builds PSSs of L with an arbitrarily large number of columns. A natural next
step shall be to explore the largest possible size for positively independent
matrices - a notion that generalizes that of linear independence.
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Definition 2.1.2 (Positive independence) A matrix D =
[
d1 · · · dm

]
is positively independent when di /∈ pspan(

[
d1 . . . di−1 di+1 . . . dm

]
),

for all i ≤ m.

Alternatively, a positively independent matrix can be defined as one such
that all submatrices D̃ obtained by removing exactly one column from D
satisfy pspan(D̃) ̸= pspan(D) [64, Theorem 3.2].
It is well established that the maximal size for a linearly independent set in
Rn is given by n [9]. In the case of positive independence however, a finite
bound can only be obtained in dimension 2 or less.

Proposition 2.1.5 [64, Theorem 3.4] Let n > r ≥ 2 and let {d1, . . . ,dm}

be the set of vertices of a polytope in Rr. Then D =

[
d1 . . . dm

1n−r . . . 1n−r

]
is

positively independent in Rn.

The connection between polytope theory and positive spanning sets will be
studied at length in Section 2.2.3. For now, we simply note that Proposi-
tion 2.1.5 implies that the number of columns of a positively independent
matrix in Rn can be arbitrarily large, whenever n ≥ 3. In the case of posi-
tively independent PSSs however, we shall see that an upper bound can be
obtained.

Definition 2.1.3 (Positive basis) Let L ⊂ Rn be ℓ-dimensional. A posi-
tive basis of L of size ℓ+m, denoted DL,m, is a positively independent PSS
of L with ℓ +m columns. When L = Rn, such a matrix will be denoted by
Dn,m.

In the case L = Rn, we simply say that Dn,m is a positive basis (of size n+
m). Just as linear bases can be defined as inclusion-wise minimal spanning
sets, positive bases can be characterized as inclusion-wise minimal positive
spanning sets.

Proposition 2.1.6 [63] A matrix DL,m ∈ Rn×(ℓ+m) is a positive basis of L
if and only if pspan(DL,m) = L and no proper submatrix D̃ of DL,m satisfies
pspan(D̃) = L.

The structure of positive bases in Rn has been the topic of several articles.
For now, we simply provide the most fundamental properties in relation with
their cardinality. The next result, by Davis [21, Theorem 6.7], was initially
derived from a theorem of distance geometry by Blumenthal [12, Theorem
120.2].

Theorem 2.1.1 Let DL,m ∈ Rn×(ℓ+m) be a positive basis for L ⊂ Rn, with
dim(L) = ℓ. Then 1 ≤ m ≤ ℓ.

The structure of positive bases of extremal sizes shall be described in details
in Section 2.2.
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Definition 2.1.4 (Maximal and minimal basis) A positive basis DL,m
of the ℓ-dimensional space L ⊂ Rn is called maximal whenever m = ℓ. It is
called minimal, noted DL, whenever m = 1.

Note that although the lower bound in Theorem 2.1.1 is trivially obtained,
such is not the case of the upper bound. For the sake of completeness, we
provide a short proof that the size of a positive basis of L does not exceed
2dim(L), inspired by Audet [3] - see also [50, page 50] - and based on the
following result of linear programming.

Lemma 2.1.1 [53, Theorem 4.2.3] Let D ∈ Rn×m, b ∈ Rn and c ∈ Rm.
The linear program

maximize c⊤x subject to Dx = b and x ≥ 0m (2.1)

possesses an optimal solution if and only if it possesses a basic feasible so-
lution that is optimal. Basic feasible solutions denote feasible points with at
most n nonzero entries associated with linearly independent columns of D.

Lemma 2.1.1 implies that any vector contained in the positive span of an
arbitrary matrix D must also be contained in the positive span of a non-
singular submatrix of D. The partial proof of Theorem 2.1.1 then goes as
follows.
Proof of the upper bound in Theorem 2.1.1. Let DL,m ∈ Rn×(ℓ+m)

be a positive basis of L and let B ∈ Rn×ℓ be a submatrix of DL,m satisfying
span(B) = L. The negative sum sD of all columns of DL,m is contained in
L = pspan(DL,m). By Lemma 2.1.1, there exists a submatrix D̃ ∈ Rn×m̃

of DL,m satisfying sD ∈ pspan(D̃) and m̃ ≤ ℓ. Let M be a submatrix of
DL,m satisfying col(M) = col(B) ∪ col(D̃). As 0n ∈ pspan(M), by Propo-
sition 2.1.1 M must be a PSS of span(M) = L. Thus M = DL,m and so

ℓ+m =
∣∣∣col(B) ∪ col(D̃)

∣∣∣ ≤ 2ℓ. □

We conclude this section with an elegant procedure to build positive bases
of arbitrary sizes.

Proposition 2.1.7 [64, Corollary 5.5] Let B =
[
b1 . . . bℓ

]
∈ Rn×ℓ be a

linear basis of the ℓ-dimensional space L ⊂ Rn, consider a partition of [[1, ℓ]]
into m ≤ ℓ distinct sets Si and for all i ≤ m, let di = −

∑
j∈Si

bj. The matrix

DL,m =
[
B d1 . . . dk

]
∈ Rn×(ℓ+m) is a positive basis of L.

Note that the procedure described in Proposition 2.1.7 does not characterize
all positive bases: counter examples are provided in Chapter 3.

Example 2.1.3 D3,2 =

1 5 2 −6 −2
4 6 5 −10 −5
7 9 8 −16 −8

 and D̃3,2 =

1 0 0 −1 0
0 1 0 −1 0
0 0 1 0 −1


are positive bases associated to the partition [[1, 3]] = {1, 2} ∪ {3}.
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Although the fact that matrix D3,2 from Example 2.1.3 is a positive basis
should be clear at first glance, this property can initially seem harder to spot
in the case of matrix D̃3,2. The notion of structural equivalence, described
in the next section, is a handy tool to make positive spanning sets more
noticeable.

2.2 Structural results

In this section, we present a structural perspective on the positive span-
ning set property. Section 2.2.1 describes an equivalence relation between
matrices that characterizes certain transformations preserving the PSS na-
ture of a matrix. Section 2.2.2 focuses on the notion of criticality, which
is instrumental to the characterization of positive bases. Section 2.2.3 de-
scribes an alternate characterization of positive spanning sets and positive
bases through the use of Gale diagrams.

2.2.1 Structural equivalence

We have defined positive spanning sets and positive bases as matrices,
while the positive spanning property in its core applies to a set of vectors.
As a result, we can identify certain matrix operations that preserve the
positive spanning property. For instance, any permutation of the columns
of a PSS yields a matrix that is also a PSS and positively spans the same
linear space. More broadly, the positive spanning property is preserved by
structural equivalence, in the sense of Definition 2.2.1.

Definition 2.2.1 (Structural equivalence) Two matrices D and D̃ in
Rn×m are structurally equivalent if there exists a non-singular matrix B ∈
Rn×n, a permutation matrix P ∈ Rm×m and a diagonal matrix ∆ ∈ Rm×m

with positive diagonal entries such that

D̃ = B−1DP∆.

We then write D ≡ D̃.

Clearly the structural equivalence is an equivalence relation. An example of
structurally equivalent matrices is provided below.

Example 2.2.1 The two matrices D3,2 and D̃3,2 defined in Example 2.1.3

are structurally equivalent as D̃3,2 = B−1D3,2, where B =

1 5 2
4 6 5
7 9 8

.
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Alternatively, we now consider the two matrices

D′
3,2 =

1 2 5 −6 −4
4 5 6 −10 −10
7 8 9 −16 −16

 and D̃′
3,2 =

1 0 0 0 −1
0 1 0 0 −1
0 0 1 −1 0

 .

We have D̃′
3,2 ≡ D′

3,2 since

1 0 0 0 −1
0 1 0 0 −1
0 0 1 −1 0

 =

 1
2

−11
3

13
6

1
2

−1 1
2

−1 13
3

−7
3

1 2 5 −6 −4
4 5 6 −10 −10
7 8 9 −16 −16



1 0 0 0 0
0 0 1 0 0
0 1 0 0 0
0 0 0 0 1
0 0 0 1

2
0

 .

D̃′
3,2 D′

3,2B−1 P∆

The expression structural equivalence takes its origins in a research article
from 2003 [60, Definition 2.3]. The following proposition is primarily a
restatement of a result from a more recent work [64, Corollary 4.7].

Proposition 2.2.1 Let D ∈ Rn×m be a PSS for L ⊂ Rn. Any matrix
D̃ ≡ D is a PSS for some linear space L̃ such that dim(L̃) = dim(L).
Moreover D̃ is a positive basis for L̃ if and only if D is a positive basis for
L.

As a first and immediate corollary of Proposition 2.2.1, let us now describe
the structure of minimal positive bases in simple terms.

Corollary 2.2.1 [21, Theorem 3.8] Let DL ∈ Rn×(ℓ+1) be a minimal posi-
tive basis of the ℓ-dimensional space L ⊂ Rn. Then

DL ≡
[

Iℓ −1ℓ
0n−ℓ,ℓ 0n−ℓ

]
.

In the case of maximal positive bases, although far from being trivial to
obtain, the following result can be derived using tools presented in sec-
tions 2.2.2 and 2.2.3. While Davis does not state this result explicitly, it can
also be deduced from his work [21, Theorem 6.7].

Proposition 2.2.2 [68, End of section 2] Let DL,ℓ ∈ Rn×2ℓ be a maximal
positive basis of the ℓ-dimensional space L ⊂ Rn. Then

DL,ℓ ≡
[

Iℓ −Iℓ
0n−ℓ,ℓ 0n−ℓ

]
.

More generally, the combination of Propositions 2.1.1 and 2.2.1 yields the
following characterization of positive spanning sets.
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Corollary 2.2.2 Let D ∈ Rn×(ℓ+m) satisfy span(D) = L, where L ⊂ Rn is
ℓ-dimensional. Then D is a PSS of L if and only if there exist m vectors
d1,. . . ,dm in Rℓ such that

D ≡
[

Iℓ d1 · · · dm

0n−ℓ,ℓ 0n−ℓ · · · 0n−ℓ

]
and

m∑
i=1

di = −1ℓ (2.2)

2.2.2 Criticality and decomposition of positive bases

An important milestone in the study of positive spanning set was reached in
1987 with the publication of a research article by Zbigniew Romanowicz [68]
introducing the concept of criticality, from which was derived a characteri-
zation of positive bases of intermediate size. In short, any positive basis of a
finite-dimensional linear space L can be expressed as the union of minimal
bases to which affine transformations are applied. The main results leading
to this decomposition are detailed thereafter.

Definition 2.2.2 (Critical set, critical vector) A set C ⊂ L is critical
for the positive basis DL,m of L whenever no matrix D̃ obtained by replac-
ing an arbitrary column of DL,m with an arbitrary element of C satisfies
pspan(D̃) = L. The elements of C are called critical vectors for DL,m.

The notion of criticality is only meaningful with respect to a positive basis:
in the case of a non-minimal PSS D, it should be clear that D does not
possess any critical vector.

Example 2.2.2 The set C =

{[
1
1

]
,

[
−1
0

]}
is critical for D2 =

[
1 0 −1
0 1 −1

]
as none of the six matrices

[
1 0 −1
1 1 −1

]
,

[
−1 0 −1
0 1 −1

]
, · · · ,

[
1 0 −1
0 1 0

]
ob-

tained by replacing an arbitrary column of D2 with an arbitrary element of

C is a PSS. However C is not critical for D2,2 =

[
1 0 −1 0
0 1 0 −1

]
as it

contains the third column of D2,2.

Henceforth, we shall denote by C (DL,m) the set of all critical vectors of the
positive basis DL,m. The following proposition is a characterization of this
set [68, Equation 7].

Proposition 2.2.3 Let DL,m be a positive basis of L and for i ≤ m+ ℓ, let
Ddi

be obtained from DL,m by removing the columns of index i. Then

C (DL,m) = −

L\

 ⋃
i≤m+ℓ

int(pspan(Ddi
))


 . (2.3)
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The notation int(pspan(Ddi
)) designates the interior set of pspan(Ddi

).
Owing to the structure of Ddi

, this interior set is simply the set of positive
linear combinations of the columns of Ddi

.

Example 2.2.3 Consider the positive basis D2 =
[
d1 d2 d3

]
, whose

columns are represented in Figure 2.3. The set int(pspan(Dd1)) is drawn in
Figure 2.4 - note that it does not contain any of the two vectors d2 and d3.
Similarly, the set S =

⋃
i≤3

int(pspan (Ddi
)) is represented in Figure 2.5, while

critical vectors of D2 are shown in Figure 2.6. More precisely, C (D2) =
−
(
R2\S

)
is the set of all nonnegative multiples of any of the three vectors

given in Figure 2.6.

d1

d2

d3

Figure 2.3

d1

d2

d3

Figure 2.4

d1

d2

d3

Figure 2.5

−d1

−d2

−d3

Figure 2.6

As illustrated by Example 2.2.3, in the case of minimal positive bases DL,
the characterization of C (Dℓ) given by Equation (2.3) can be simplified. An
even heavier simplification occurs for maximal positive bases.

Proposition 2.2.4 [68, Equation (8)] Let DL ∈ Rn×(ℓ+1) be a minimal
positive basis of the ℓ-dimensional linear space L ⊂ Rn. Whenever 1 ≤ i <
j ≤ ℓ+1, denote by Ddi,dj

the matrix obtained from DL by removing its ith

and jth column. Then C (DL) = −
⋃
i<j

pspan
(
Ddi,dj

)
.

Moreover C (DL,ℓ) = {0n}, for each maximal positive basis DL,ℓ ∈ Rn×2ℓ of
L.

From the definition and properties of critical vectors that precede, a com-
plete characterization of positive bases can be derived: the next theorem
shows how such PSSs are structurally equivalent to matrices obtained by
stacking together altered minimal positive bases. It can be seen as an im-
proved version of a decomposition result for positive bases by Reay [63,
Lemma 6].

Theorem 2.2.1 [68, Theorem 1] A matrix DL,m ∈ Rn×(ℓ+m) with
span (DL,m) ⊂ L is a positive basis of the ℓ-dimensional space L ⊂ Rn if
and only if there exist linear spaces L1, . . . ,Lm and positive bases of minimal
size DL1 , . . . ,DLm associated to those spaces, such that

DL,m ≡
[
DL1 DL2 + c1 . . . DLm + cm−1

]
(2.4)
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with L1+· · ·+Lm = L, with Li∩Lj = {0n} whenever i ̸= j and where cj de-
notes a critical vector of the positive basis

[
DL1 DL2 + c1 . . . DLj + cj−1

]
of the linear space L1 + · · ·+ Lj.

A few remarks are to be made, regarding Theorem 2.2.1. First, note that
the structural equivalence given in (2.4) only involves a permutation matrix,
as the non-singular matrix B and the diagonal matrix ∆ can be assumed
to be identity matrices. Moreover, in the case where m = 1, note that
Theorem 2.2.1 yields the trivial decomposition DL = DL. Last and for the
sake of clarity, note that the critical vector c1 is defined with respect to the
positive basis DL1 and that the expression DLj +cj−1 should be understood
as the Minkowski addition [44] of the two sets col(DLj ) and {cj−1}.

Example 2.2.4 The positive basis

D5,3 =
[
I5 − (e1 + e2) − (e3 + e4) − (e2 + e5)

]
can be decomposed as:

D5,3 ≡


1 0 −1 0 0 0 0 0
0 1 −1 0 0 0 0 −1
0 0 0 1 0 −1 0 0
0 0 0 0 1 −1 0 0
0 0 0 0 0 0 1 −1


DL1 DL2 + c1 DL3 + c2

where L1 = span(
[
e1 e2

]
), L2 = span(

[
e3 e4

]
), L3 = span(12e2 + e5),

where DL2 =
[
e3 e4 −(e3 + e4)

]
, DL3 =

[
1
2e2 + e5 −(12e2 + e5)

]
,

where c1 = 05 and where c2 = −1
2e2 is critical for

[
DL1 DL2 + c1

]
.

As highlighted by its original author, we mention that Theorem 2.2.1 pro-
vides an immediate proof to not only Theorem 2.1.1 - the maximal achiev-
able size for D is reached when m = ℓ, that is when each subspace Li is
uni-dimensional - but also to the structural result given in Proposition 2.2.2
- when m = ℓ, each critical vector cj is zero while each positive basis DLj

consists of two vectors, each being a negative multiple of the other. For bases
of intermediate size however, the decomposition (2.4) might prove difficult
to determine owing to the potential presence of non trivial critical vectors.
The case when each critical vector in the decomposition (2.4) of a positive
basis DL,m is 0n has been the subject of a recent work [33] whose details
are discussed in Chapter 4.
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2.2.3 Gale diagrams and positive bases

The first characterization of positive bases due to Davis [21] leveraged the
concept of ⊕-canonical matrix. In the next definition, the notation Rn

+

designates the orthant {x ∈ Rn,∀i, [x]i ≥ 0}.

Definition 2.2.3 (⊕-canonical matrix) A positively independent matrix
M such that M⊤ is also positively independent and that some linear space
L ⊂ Rn satisfies L ∩ Rn

+ = pspan(M) is called a ⊕-canonical matrix.

For a trivial example of a ⊕-canonical matrix, one can think of the iden-
tity matrix M = In. The following theorem is a reformulation of Davis’s
characterization of positive bases.

Theorem 2.2.2 [21, Theorem 5.3] A matrix D ∈ Rn×(ℓ+m) is a positive
basis for the ℓ-dimensional space span(D) if and only if there exists X ∈
Rm×(ℓ+m) such that col(X⊤) is a linear basis of Null(D) satisfies X ≡[
M M N

]
, where M is ⊕-canonical and col(N) ⊂ pspan(M)\{0}.

We call the matrix X a diagram for D. Note that just as for Theorem 2.2.1,
the structural equivalence in Theorem 2.2.2 only involves a permutation
matrix. It should be highlighted that the matrix N could be empty: in
fact, when determining the size of maximal positive bases of Rn, Davis
showed how such PSSs were exclusively associated to diagrams in which M
is diagonal and N is empty [21, Theorem 6.7].

Example 2.2.5 The diagram X1 =

[
1 0 1 0 1
0 1 0 1 1

]
attests that D3,2 =1 0 0 1 −1

0 1 0 −1 0
0 0 1 1 −1

 is a positive basis of R3, as span(X⊤
1 ) = Null(D3,2).

Similarly, the matrix X2 =

[
1 0 1 1 0
0 1 1 0 1

]
satisfying X2 ≡ X1 is a dia-

gram for D̃3,2 =

1 0 0 −1 0
0 1 0 0 −1
0 0 1 −1 −1

, as span(X⊤
2 ) = Null(D̃3,2).

Although not explicitly identified as such in Davis’s seminal article, the
diagrams used in Theorem 2.2.2 to characterize positive bases are exam-
ples of a key concept in polytope theory and affine geometry, namely Gale
diagrams [30, Section 5.4]. We detail thereafter some important results
related to this concept, reformulated to fit the chosen notations of this
manuscript [71].

Definition 2.2.4 (Gale diagram) Let D =
[
d1 . . . dℓ+m

]
∈ Rn×(ℓ+m)

satisfy rank(D) = ℓ. A matrix XD ∈ Rm×(ℓ+m) whose set of rows col(X⊤
D)

is a linear basis of Null(D) is a Gale diagram of D. We note XD =[
d̄1 . . . d̄ℓ+m

]
.
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Just as there exist infinitely many linear bases of Null(D), a matrix D ad-
mits infinitely many Gale diagrams. Unless explicitly stated otherwise, the
choice of the diagram XD will have no impact on the propositions and the-
orems listed in this section.
Theorem 2.2.2 showed how Gale diagrams can be used to characterize pos-
itive bases. More generally, they also provide a clear description of PSSs.

Proposition 2.2.5 [71, Corollary of theorem 1] The matrix D ∈ Rn×(ℓ+m)

is a PSS of its linear span if and only if 0m /∈ conv(XD), where XD is a
Gale diagram of D.

A few notes on Proposition 2.2.5: first, the statement 0m /∈ conv(XD) is
equivalent to saying that the only nonnegative linear combination of columns
of XD adding up to zero is the trivial combination. Second, using the well
known property that the orthogonal complement of a matrix’s null space is
equal to its row space [72], the result of Proposition 2.2.5 can be used to
improve that of Proposition 2.1.2. Indeed, saying that 0n is in conv(XD)
is equivalent to claiming the existence of a nonzero, nonnegative vector in
Null(D)⊥ = span(D⊤). We obtain the following characterization.

Corollary 2.2.3 A matrix D ∈ Rn×m is not a PSS of span(D) if and only
if there exists a vector y ∈ Rn\{0n} satisfying y⊤D ≥ 0⊤m and y⊤D ̸= 0⊤m.

The following example highlights the connection between Proposition 2.2.5
and Corollary 2.2.3.

Example 2.2.6 The matrix D =


0 1 1 0 −1
1 0 1 −1 −2
1 1 0 −1 1
1 1 1 −1 −1

, associated to the

diagram XD =

[
1 0 0 1 0
0 −1 2 0 1

]
has a linear span given by span(D) ={

x ∈ R4, [x]4 =
[x]1+[x]2+[x]3

2

}
. Letting v⊤ =

[
0 1

2 0 0 1
2

]
, we find that

XDv = 02, that is 02 ∈ conv(XD) and so D is not a PSS of its linear span,
as per Proposition 2.2.5.
Alternatively, as Null(XD) = span(X⊤

D)⊥ = Null(D)⊥ = span(D⊤), we
observe that v ∈ span(D⊤) thus there exists a vector y ∈ R4\{04} satisfying
y⊤D = v⊤ ≥ 0⊤5 . By Corollary 2.2.3, D is not a PSS of its linear span.

Building on Proposition 2.2.5, the following characterization of positive
bases can be obtained. Note that is is a reformulation of a theorem by
Shephard.

Theorem 2.2.3 [71, Theorem 3] The matrix D ∈ Rn×(ℓ+m) is a positive
basis of its linear span if and only if 0m /∈ conv(XD) and for all y ∈ Rm,
the vector X⊤

Dy does not admit a unique nonpositive coordinate.



2.3. POSITIVE k-SPANNING SETS 23

The characterization above is relatively straightforward to derive: it was
previously shown that the condition 0m /∈ conv(XD) was equivalent to D
being a PSS of its linear span. Moreover, since span(X⊤

D) = Null(D), the
second condition is equivalent to saying that no element of Null(D) has a
unique nonpositive coordinate, which simply translates into a condition of
positive independence.
In Section 2.3.2, we will take a closer look at Gale diagrams through polytope
theory.

2.3 Positive k-spanning sets

In this section, we take an interest in PSSs that retain their positively
spanning ability when one or more of their elements are removed. Such PSSs
were originally termed positive k-spanning sets (PkSSs) in the literature [48]
and we adopt the same terminology. After recalling the key definitions
and properties of positive k-spanning sets and positive k-bases [48, 50] we
highlight their connections with Gale diagrams and neighborly polytopes.

2.3.1 From PSSs to PkSSs

As for PSSs, we define positive k-spanning sets as matrices.

Definition 2.3.1 (Positive k-span and positive k-spanning set) Let L
be a linear subspace of Rn and k ≥ 1. The positive k-span of a matrix
D ∈ Rn×m, denoted pspank(D), is the set

pspank(D) :=
⋂

D̃∈Rn×m̃

m̃≥m−k+1
D̃ submatrix of D

pspan(D̃).

A positive k-spanning set (PkSS) of L is a matrix D such that pspank(D) =
L.

As for PSSs, a PkSS for L = Rn will simply be called a PkSS.
Equivalently to Definition 2.3.1, positive k-spanning sets of an ℓ-dimensional
space L ⊂ Rn are defined as matrices D ∈ Rn×m,m ≥ k, such that any
matrix D̃ obtained from D by removing k − 1 columns is a PSS of L. As
a result, any PkSS of L is also a PSS for L, and the two notions coincide
when k = 1 (as do the notions of positive k-span and positive span).

Example 2.3.1 The matrix D =

[
1 0 −1 0 1 −1
0 1 0 −1 1 −1

]
∈ R2×6 is a

P2SS. Indeed, any matrix D̃ obtained from D by removing one column ad-
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mits one of the two positive bases

[
1 0 −1
0 1 −1

]
and

[
−1 0 1
0 −1 1

]
as a sub-

matrix, thus pspan(D̃) = R2.

The geometric characterization of PSSs based on Farkas’s lemma can eas-
ily be generalized to positive k-spanning sets of Rn. This is the object of
Proposition 2.3.1, stating that the intersection of any open half-space with
the set of columns of a PkSS must always be of size k or more.

Proposition 2.3.1 [48] A matrix D ∈ Rn×m is not a PkSS if and only if
there exists a vector y ∈ Rn\{0n} such that y⊤D possesses at most k − 1
positive coordinates.

Equivalently, Proposition 2.3.1 states that any vector y ̸= 0n must make an
acute angle with at least k columns of any PkSS.

Example 2.3.2 The columns of matrix D ∈ R2×6 from Example 2.3.1 are
represented in Figure 2.7 below. Any nonzero vector in R2 makes a positive
dot product with at least two of these columns: for instance, the values
y⊤d1,y

⊤d2 and y⊤d5 are positive. However and as illustrated by Figure 2.8,
the matrix obtained from D by removing d5 is not a P2SS: only one of the
five vectors {d1,d2,d3,d4,d6} makes a positive dot product with y′ = d2.

yd2

d1

d4

d3

d5

d6

Figure 2.7. P2SS in R2

y′ = d2

d1

d4

d3

d6

Figure 2.8. Not a P2SS of R2

We stated earlier that positive k-spanning sets are PSSs retaining this
property when removing k−1 of their columns. As so, PkSSs of ℓ-dimensional
spaces must possess at least ℓ + k columns. Using Proposition 2.3.1 allows
to derive a sharper bound.

Proposition 2.3.2 [50, based on Corollary 5] Let L ⊂ Rn be ℓ-dimensional.
The smallest attainable size for a PkSS D ∈ Rn×m of L is given by m =
(ℓ− 1) + 2k.

Since the inequality (ℓ − 1) + 2k ≥ ℓ + k holds for all positive integers k
and becomes strict when k ≥ 2, the bound given in Proposition 2.3.2 is
an improvement over that of ℓ + k. Figure 2.9 below shows an example
of a PkSS satisfying the bound for k = ℓ = n = 2. Note that proofs of
Proposition 2.3.2 are far from being trivial and usually require the use of
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Gale diagrams of well chosen polytopes. We provide an alternative, algebraic
proof which does not explicitly use any property of polytopes.

d1

d2

d3

d4

d5

Figure 2.9. P2SS of minimal size in R2

Proof of Proposition 2.3.2. As always, we simply prove the result for
ℓ = n as all other cases directly ensue. First, consider a positive k-spanning
set D =

[
d1 . . . dm

]
of Rn. Clearly m ≥ n and we let y ∈ Rn\{0n} be

orthogonal to span(d1, . . . ,dn−1). Then the first n−1 entries of y⊤D ∈ Rm

are zero. As per Proposition 2.3.1, at least k other entries are positive.
Moreover this vector also possesses at least k negative coordinates as the
result of Proposition 2.3.2 also applies to −y⊤D. In total, we see that the
number m of entries must satisfy m ≥ (n− 1) + 2k.
Now, consider a matrix P =

[
d1 . . . d2k+n−1

]
∈ R(2k−1)×(2k+n−1) satis-

fying di =


i0

i1

. . .
i2k−2

, for all i ≤ 2k + n− 1. Clearly, P is of full rank and we

let XP ∈ Rn×(2k+n−1) be one of its Gale diagrams. We show that XP is a
positive k-spanning set in Rn. Indeed, let J ⊂ [[1, 2k+n−1]] be a set of car-

dinal k − 1 or less and let x ∈ R2k−1. The dot product x⊤di =
2k−2∑
j=0

[x]j+1i
j

is a polynomial of degree 2k − 2, with respect to i. Therefore x can be
chosen so that for all i, x⊤di = i2k−2−2|J | ∏

j∈J
(i− j)2. By construction, each

column di of P satisfies x⊤di ≥ 0 with an equality if and only if i ∈ J .
Now, letting y⊤ = x⊤P, we find that y ≥ 02k+n−1 and that XPy = 0⊤n , as
PX⊤

P = 02k−1,n. Last, let ỹ be the vector obtained from y by removing the
entries whose indices are in J and similarly, let X̃P be obtained from XP

by removing the columns of indices in J . Then ỹ is positive and satisfies
X̃Pỹ = 0, so by Proposition 2.1.1 X̃P is a PSS of its linear span. Since
the result holds for any subset |J | ≤ k − 1 and since span(XP) = Rn, a
quick induction based on Proposition 2.1.3 allows us to conclude that XP

is a positive k-spanning set. □

Throughout Section 2.1, we highlighted positive bases as a special class
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of positive spanning sets. We now define the counterpart notion for positive
k-spanning sets, that are termed positive k-bases. Note that although PkSSs
have been studied starting in the 1980s [48, 50, 79], the terminology positive
k-basis was formally defined in the context of this thesis.

Definition 2.3.2 (Positive k-basis) Let L ⊂ Rn satisfy dim(L) = ℓ, let
k ≥ 1 and let m ≥ max(k, ℓ). A matrix D ∈ Rn×m is called a positive
k-basis of L if and only if pspank(D) = L and no proper submatrix D̃ of D
satisfies pspank(D̃) = L.

Numerous properties of positive spanning sets and positive bases can be
adapted to PkSSs and positive k-bases in a straightforward manner. In this
chapter, we are primarily interested in cardinality results regarding both
PkSSs and positive k-bases. The minimal possible size for a PkSS (and thus
for a positive k-basis) was already established in Proposition 2.3.2. The
maximum possible size, however, is still an open problem.
In specific cases with added restrictions on the values of k and the (sub)space
dimension, Marcus [48] obtained the following bound on the size of a positive
k-basis.

Proposition 2.3.3 [48, Theorem 1 and Corollary 1] Let D ∈ Rn×m be a
positive k-basis for the ℓ-dimensional space L ⊂ Rn. Suppose that ℓ = 2, or
that k = 2 and ℓ ≤ 5. Then m ≤ 2kℓ.

Note that the bound given in Proposition 2.3.3 is tight as stacking k copies
of a maximal positive basis DL,ℓ of a linear space L together yields a positive
k-basis of L. In higher dimensions however, polytopes can be used to con-
struct positive k-bases whose size greatly exceeds 2kℓ [80]. We describe this
construction and the associated relationship between PkSSs and polytopes
in the next section.

2.3.2 Positive k–spanning sets and polytopes

The notion of Gale diagram - see Definition 2.2.4 - was introduced in Sec-
tion 2.2.3 where we showed how such matrices are used to characterize PSSs
and positive bases. Gale diagrams are more commonly used in convex geom-
etry to classify polytopes [55, 2, 74, 76], leading to an unexpected connection
between PkSSs and a class of polytopes called unneighborly polytopes. To
describe these results, we first provide background definitions from affine
and polyhedral geometry. An ℓ-dimensional affine space L̃ is defined as the
translation of a linear space L of similar dimension. Affine hyperplanes can
be characterized as sets of solutions to equations of the form

x⊤y = a, y ∈ Rn\{0n}, a ∈ R. (2.5)

Any affine hyperplane L̃ is associated to two half-spaces of Rn, defined by
replacing the equality symbol in (2.5) with the symbol ≥ or ≤. We say that
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L̃ is a supporting hyperplane for a set S whenever S is entirely contained
within one of the two associated half-spaces. An example is provided in
Figure 2.10 below.

d1 d2

d3d4 d5

Figure 2.10. Supporting hyperplane of a square

The properties of supporting hyperplanes of convex polytopes will be a
topic of interest.

Definition 2.3.3 (Convex polytope) A set P ⊂ Rn is a convex polytope
whenever it is the convex hull of a finite set {d1, . . . ,dm}. In other words,
P is the set of nonnegative combinations of the di whose coefficients add up
to 1.

As illustrated by Figure 2.10, the set of vertices of the polytope P =
conv({d1, . . . ,dm}) cannot be defined as {d1, . . . ,dm}. Instead, vertices
are defined using supporting hyperplanes of P.

Definition 2.3.4 (Face, vertex) The intersection of a supporting hyper-
plane with P is called a face. By convention, P is also considered as a face
of itself. A vertex is a face composed of a single point. The set of vertices
of P is noted VP .

It will often be useful to consider the complementary set of a vertex set
associated with the face of a polytope.

Definition 2.3.5 (Coface) Let P ⊂ Rn be a convex polytope. A set C ⊂
VP is called a coface of P if conv(VP\C) is a face of P.

Example 2.3.3 In the polytope P from Figure 2.10, VP = {d1,d2,d3,d4}.
The set {d1,d2} is a coface of P, associated to the face conv({d3,d4}).
Similarly, the coface {d1,d2,d3} is associated to the face {d4}.

Let us now highlight the key connections between Gale diagrams - see Def-
inition 2.2.4 - and convex polytopes. In the remainder of this section, for
a convex polytope P ⊂ Rn on m vertices we denote by P ∈ Rn×m a ma-
trix satisfying col(P) = VP . Any Gale diagram XP of the matrix P is also
called a Gale diagram of P. We shall take a particular interest towards
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convex polytopes whose affine hull - the smallest affine space in which they
are contained - does not contain 0n. To ensure that a polytope satisfies this
property, one can consider a copy P of this polytope in a space of higher
dimension, where each vertex is lifted above ground.

Definition 2.3.6 (Lifted polytope) A convex polytope P ⊂ Rn on m
vertices is said to be lifted whenever the last row of P is equal to 1⊤m.

The affine dimension ℓ of a lifted polytope P ⊂ Rn, which is defined as the
dimension of the smallest affine space in which P is contained, must always
satisfy ℓ ≤ n−1. Similarly, the number of vertices m must always be greater
than ℓ.

Example 2.3.4 By considering a lifted copy of the unit square represented
in Figure 2.10, one obtains a new polytope P ⊂ R3 whose associated matrix

is given by P =

0 1 1 0
0 0 1 1
1 1 1 1

.
We are now ready to state one of the main properties of Gale diagrams,
connecting them to the cofaces of lifted polytopes. The following proposition
is due to Marcus [48], and is adapted from a theorem by Shephard [71,
Theorem 1].

Proposition 2.3.4 [48] Let P ⊂ Rn be an ℓ-dimensional lifted polytope
on ℓ + m vertices. Let XP =

[
d̄1 . . . d̄ℓ+m

]
be a Gale diagram of the

associated matrix P. A set of vertices {di1 , . . . ,dij} ⊂ VP is a coface of
P if and only if the associated matrix

[
d̄i1 . . . d̄ij

]
is a PSS of its linear

span.

Note that Shephard’s alternative formulation of Proposition 2.3.4 was ap-
plied to convex cones in Rn instead of polytopes, and used to derive Propo-
sition 2.2.5. The reformulation given in this manuscript proves to be more
practical for studying positive k-spanning sets.

Example 2.3.5 Let P =
[
d1 d2 d3 d4

]
be the matrix from Exam-

ple 2.3.4. A Gale diagram is given by XP = [d̄1 . . . d̄4] = [−1 1 −1 1].
Clearly, the matrix

[
d̄1 d̄2

]
=
[
−1 1

]
is a PSS of R. The associated set of

vertices {d1,d2} is a coface of P as its complementary set {d3,d4} gener-
ates an edge of the square P. Conversely, the matrix

[
d̄1 d̄3

]
=
[
−1 −1

]
is not a PSS of R and {d1,d3} is not a coface of P as the complementary
set {d2,d4} generates a diagonal of the square instead of a face.

Let P ⊂ Rℓ+p be an ℓ-dimensional lifted polytope on ℓ + m vertices, with
m > p. Which properties should P satisfy in order to ensure that the
associated Gale diagram XP ∈ R(m−p)×(ℓ+m) is a positive k-spanning set ?
First, by Proposition 2.3.4, the matrixXP is guaranteed to be a PSS. Indeed,
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the set VP must be a coface of P as the empty set is a face. In fact, since any
vertex di ∈ VP is a face, the matrix XP,di

obtained from XP by removing
the column di is a PSS of its linear span which by Proposition 2.1.3 is equal
to span(XP) = Rm−1. Consequently, we obtain a first connection between
P2SSs and convex polytopes.

Proposition 2.3.5 [50, Corollary 1] Let P ⊂ Rℓ+p be an ℓ-dimensional
lifted polytope on ℓ + m vertices, with m > p. Any Gale diagram XP ∈
R(m−p)×(ℓ+m) of P is a P2SS of Rm−p.

The Gale diagram of an lifted square was given in Example 2.3.5 and we
saw it was equal to XP =

[
−1 1 −1 1

]
, which is indeed a P2SS of R.

In order to continue the induction that led us to Proposition 2.3.5, we now
consider polytopes P for which each set of k vertices or less is a face.

Definition 2.3.7 ((Un)neighborly polytope) A polytope P ⊂ Rn is
called k-neighborly if each set of k-vertices or less generates a face. If, in
addition, each vertex di is contained in at least one set of k + 1 vertices
which do not generate a face of P, the polytope is called k-unneighborly.

The expression unneighborly polytope originates from Mcmullen [54], and
has been featured more recently in the polytope literature [80].

Example 2.3.6 The tetrahedron P1 ⊂ R3 given in Figure 2.11 below is
4-neighborly as any set of 4 vertices or less forms a face. In fact, any
simplex in Rn is (n+1)-neighborly. The triangular prism P2 ⊂ R3 given in
Figure 2.12 is 1-unneighborly as for each vertex u, there exists some other
vertex v such that [u, v] is not an edge of P2

Figure 2.11. Tetrahedron P1 Figure 2.12. Triangular prism P2

When considering neighborly polytopes, the result of Proposition 2.3.5 can
be generalized.

Theorem 2.3.1 [50, Corollary 5] Let P ⊂ Rℓ+p be an ℓ-dimensional lifted
polytope on ℓ+m vertices, with m > p. A Gale diagram XP ∈ R(m−p)×(ℓ+m)

of P is a PkSS of Rm−p if and only if P is (k − 1)-neighborly. If moreover
P is (k − 1)-unneighborly, any such diagram is a positive k-basis.

Whenever ℓ ≤ 3, the only ℓ-dimensional, lifted, 2-neighborly polytopes are
simplices [26]. An example of a 2-neighborly polytope of higher dimension
is provided below.
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Example 2.3.7 The lifted polytope P ⊂ R6 on 8 vertices associated to the
matrix P below is known to be 2-neighborly [45]. One can easily check that
the associated Gale diagram XP is a positive 3-basis of R2. It follows from
Theorem 2.3.1 that P is 2-unneighborly.

P =


0 0 0 0 0 0 1 1
0 0 0 0 1 1 0 0
0 0 0 1 0 1 0 1
0 0 1 0 0 1 1 0
0 1 0 0 1 0 0 1
1 1 1 1 1 1 1 1

 XP =

[
0 −2 2 0 1 −1 −1 1
1 1 −1 −1 −1 1 0 0

]

As illustrated by the previous example, Theorem 2.3.1 can either be used to
build positive k-spanning sets or as a tool to prove that a given polytope is
(un)neighborly. Note that the relationship between a matrix P and its dia-
gram XP is symmetrical, in the sense that P is a Gale diagram of XP [71].
In consequence, Theorem 2.3.1 can also be used to build k-neighborly poly-
topes from positive (k − 1)-spanning sets.
The lower bound on the size of a PkSS given in Proposition 2.3.2 was de-
rived from Theorem 2.3.1 by Marcus by considering the Gale diagram of a
cyclic polytope - see for instance [16] for a definition - and exploiting the
neighborliness of such polytopes. In the case of this manuscript, while the
matrix P introduced in the proof of Proposition 2.3.2 was also that of a
cyclic polytope, we do not make use of this fact in our reasoning. In that
sense, our proof of Proposition 2.3.2 can equivalently be considered as a
proof on the neighborliness of cyclic polytopes.
We conclude this section with a quick summary of the results on the maximal
size of positive k-bases of ℓ-dimensional spaces. Marcus initially believed
this bound to be 2kℓ [50], a conjecture that he later dismissed. Explicit
counterexamples were provided by Wotzlaw [79] after a thorough study of
illuminated polytopes - a particular type of unneighborly polytopes [47, Def-
inition 2], [80]. The next three propositions and corollary, by Wotzlaw, were
initially stated for PkSSs in Rn. We provide a straightforward generalization
to all subspaces.

Proposition 2.3.6 [79, Theorem 10.3.1] Let k ≥ 2, n ≥ ℓ ≥ 1 and let
L ⊂ Rn be an ℓ-dimensional linear subspace. There exists a positive k-basis
of L of size fk,ℓ if k is even and of size fk,ℓ + ⌊ ℓ+1

2 ⌋ + 1 otherwise, where

fk,ℓ = ⌊k2⌋
(
⌊ ℓ
2⌋⌊

ℓ+1
2 ⌋+ ℓ+ 1

)
.

In short, Proposition 2.3.6 states the existence of positive k-bases of Θ(kℓ2)
columns, for ℓ-dimensional spaces. In particular, in sufficiently large di-
mensions, the size of positive k-bases can exceed 2kℓ: the smallest known
example is given by a positive 2-basis in R12 of size 49 = 2kn + 1. While
the existence of large positive k-bases in spaces of dimension ℓ < 12 remains
possible, as per Proposition 2.3.3 any such basis would satisfy ℓ > 5 or k > 2.
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Corollary 2.3.1 [79, Corollary 10.3.2] Suppose that n ≥ ℓ ≥ 12 and that
k is even, or that n ≥ ℓ ≥ 18 and that k is odd. Then there exists a
positive k-basis of the ℓ-dimensional space L ⊂ Rn with strictly more than
2kℓ columns.

An explicit formula for the maximal size of a positive k-bases is yet to be
found. Note that this size is known to be finite.

Proposition 2.3.7 [79, Theorem 10.4.2] Let k ≥ 2. The size of a positive
k-basis for an ℓ-dimensional space L ⊂ Rn does not exceed kℓ(ℓ+ 1)k−1.

2.3.3 Structural results

The structure of minimal positive bases in Rn was described in Corol-
lary 2.2.1, where we showed that such matrices were all structurally equiva-
lent to

[
In −1n

]
. Let us now investigate a generalization of this result for

positive k-bases of minimal size. With that purpose in mind, the following
two lemmas shall come as handy tools.

Lemma 2.3.1 Each row of a PkSS of Rn must contain at least k positive
entries and k negative entries.

Proof. If a row of D ∈ Rn×m contains strictly less than k positive (resp.
negative) entries, remove the columns associated to these entries and name
D̃ the resulting matrix. Then 1n /∈ pspan(D̃) (resp. −1n /∈ pspan(D̃)),
therefore D̃ is not a PSS and so D is not a PkSS. □

We emphasize that Lemma 2.3.1 does not characterize PkSSs. It is a
weaker formulation of Proposition 2.3.1. The next result states that at least
two additional vectors are required to build a PkSS from a positive (k− 1)-
basis.

Lemma 2.3.2 Let D ∈ Rn×m be a positive k-basis for an ℓ-dimensional
space L ⊂ Rn, let d ∈ Rn. The matrix

[
d D

]
is not a P(k + 1)SS of L.

Proof. The matrix D is a PSS and so d ∈ pspan(D). More precisely and
as entailed by Lemma 2.1.1, there exist a nonsingular submatrix B of D
such that d ∈ pspan(B). Thus up to structural equivalence we can assume
that D =

[
In S

]
, S ∈ Rn×(m−n), with d being nonnegative. Clearly,

(m− n) ≥ k as D is a positive k-basis. With the necessary setup complete,
we now proceed with the proof.
To show that

[
d D

]
is not a P(k+1)SS, we now remove its last k columns

and show that the resulting matrix D̃ =
[
d In S̃

]
is not a PSS. As D =[

In S
]
is a positive k-basis, the matrices obtained from S by removing

k columns can never contain a negative vector in their positive span. In
particular the cone pspan(S̃) does not contain any negative vector. Trivially,
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the result extends to any matrix obtained from S̃ by adding nonnegative
columns. Therefore D̃ is not a PSS as −1n /∈ pspan(D̃). □

At best, building a PkSS from a positive (k − 1)-basis can thus only
be done by stacking of two more columns. Using Lemmas 2.3.1 and 2.3.2,
we now investigate a generalization of Corollary 2.2.1, which characterized
minimal positive bases.

Proposition 2.3.8 Let D ∈ Rn×(ℓ+2k−1) be a minimal positive k-basis of a
ℓ-dimensional space L ⊂ Rn. Then

D ≡
[

Iℓ −1ℓ −X Y
0n−ℓ,ℓ 0n−ℓ 0n−ℓ,k−1 0n−ℓ,k−1

]
, X and Y positive in Rℓ×(k−1).

Proof. For the sake of simplicity, we assume that ℓ = n as the proof easily
generalizes to all other cases. We proceed by induction; when n = 1, the
result is trivially true for all values of k. Similarly, Corollary 2.2.1 shows
that the result is true for all n, when k = 1.
Let n ≥ 2 and k ≥ 2. Suppose the result to hold for all minimal positive
(k−1)-bases in Rn and for all values of k̃, in Rn−1. Let D ∈ Rn×(n+2k−1) be
a minimal positive k-basis. We easily deduce from Lemma 2.3.2 that D ≡[
D̃ d1 d2

]
, where D̃ is a minimal positive (k−1)-basis in Rn. The induc-

tion hypothesis applies and we haveD ≡ D1 =
[
In −1n −X̃ Ỹ ṽ w̃

]
,

with X̃ and Ỹ both positive in Rn×(k−2). By removing the first row of D1,
we obtain a positive k-spanning set in Rn−1 whose first column is 0n−1.
Remove this column too to obtain a PkSS D̃1 ∈ R(n−1)×(n+2k−2), which
must in fact necessarily be a minimal positive k-basis in Rn−1. Apply-
ing once again the induction hypothesis, we can thus write D ≡ D2 =[
In −1n −X Y v w

]
with X and Y both positive in Rn×(k−1) and

with v and w both in Rn, [v]i < 0 < [w]i for all i > 1 and −[v]1 =
[w]1 ∈ R\{0}. If [v]1 < 0 the result is immediately proved up to permuting
columns. Otherwise, it suffices to change basis using B =

[
v e2 . . . en

]
to obtain the desired structure.

□

In its current form, the structural result of Proposition 2.3.8 does not
characterize minimal positive k-bases: for instance, one easily checks that
the matrix

[
I2 −12 −e1 − 2e2 e1 + 2e2

]
in R2 is not a P2SS. In order

to attain such a result, additional restrictions should be applied to the two
blocks −X and Y contained in the minimal positive k-basis. In the case
where k = 2, these constraints can be explicitly determined. The following
characterization of minimal positive 2-bases ensues.

Theorem 2.3.2 A matrix D ∈ Rn×(ℓ+3) is a positive 2-basis for some ℓ-
dimensional space L ⊂ Rn if and only if there exist two positive vectors x
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and y in Rn, with [x]1 = [y]1 = 1 and whose entries are in strictly increasing
order, such that

D ≡
[

Iℓ −1ℓ −x y
0n−ℓ,ℓ 0n−ℓ 0n−ℓ 0n−ℓ

]
, with max

s∈[[2,n]]

[y]s
[x]s

< 1 and ∀i ∈ [[2, n− 1]]

mi+ < mi−, where mi+ = max
s∈[[i+1,n]]

[y]s−[y]i
[x]s−[x]i

and mi− = min
s∈[[1,i−1]]

[y]i−[y]s
[x]i−[x]s

.

Proof. We only prove the result for ℓ = n as all other cases easily ensue.
Suppose that D ≡ D0 =

[
In −1n −x y

]
, where x and y satisfy the

conditions listed above. Let us prove that D0 is a P2SS (and so, a positive
2-basis), as the same will then hold for D. This amounts to proving that
any matrix obtained from D0 by removing exactly one column is positively
spanning. First, observe that by removing one of the three column −1n, −x
and y, we obtain a matrix in which one of the two positive bases

[
In −1n

]
and

[
In −x

]
is contained. This matrix must thus be a PSS. Now, let

i ≤ n and denote by Dei the matrix obtained from D0 by removing its
ith column. In order to prove that Dei is a PSS, it suffices to show that
pspan(

[
−1n −x y

]
) contains a vector z with a unique positive coordinate,

the ith: indeed, this is equivalent to saying that ei ∈ pspan(Dei).

If i = 1 then z = y− max
s∈[[2,n]]

[y]s
[x]s

x is a suitable choice as max
s∈[[2,ℓ]]

[y]s
[x]s

< 1 = [y]1
[x]1

.

If i = n we take z = y − [y]n−11n.
If i ∈ [[2, n− 1]], since [x]i > [y]i and [x]i > [x]1 = 1, we start by observing

that [y]i
[x]i

− [y]i−[y]1
[x]i−[x]1

> 0, thus mi− < [y]i
[x]i

. Now, let w = y − εx, where

ε ∈]mi+ ,mi− [. From what precedes, [w]i > 0. Moreover we find that [w]s <
[w]i, for all s ̸= i. Thus if max

s ̸=i
[w]s ≤ 0, we take z = w. Otherwise, we take

z = w − max
s ̸=i,[w]s>0

[w]s1n.

Conversely, let us show that all positive 2-bases D ∈ Rn×(n+3) satisfy
the conditions listed above. Combining the result of Proposition 2.3.8 with
some rescaling and permuting, we write D ≡ D0 =

[
In −1n −x y

]
with

x and y both positive in Rn and 1 = [x]1 = [y]1 < [y]2 < · · · < [y]n. The
proof is then done by contradiction.
First, suppose that [x]i+1 ≤ [x]i, for some index i ≤ n − 1. Then each
vector z ∈ pspan

([
−1n −x y

])
satisfies [z]i ≤ [z]i+1 and in particular,

the ith coordinate of any such vector z is never uniquely positive. Therefore
ei /∈ pspan(Dei) and so Dei is not a PSS.

Now, let s ∈ [[2, n]] and suppose that [y]s
[x]s

≥ 1. For all ε > 0, let zε = y− εx.

In order to show that pspan(
[
−1n −x y

]
) does not contain a vector z

whose first coordinate is uniquely positive, we prove that [zε]1 is either
nonpositive or less than [zε]s. Indeed, if ε ≥ 1, then [zε]1 ≤ 0. Yet if ε < 1,
we find that [zε]s− [zε]1 = [y]s− [y]1+ε ([x]1 − [x]s) ≥ ([x]s−1)(1−ε) > 0.
From what precedes we have e1 /∈ pspan(De1) and so De1 is not a PSS.
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Last, suppose that some index i ∈ [[2, n − 1]] satisfies mi+ ≥ mi− . Once
again we consider zε = y − εx, where ε > 0; we show that [zε]i is either
nonpositive, non-maximal or non-uniquely maximal. Indeed, if ε < mi+

then let s > i maximize the ratio [y]i−[y]s
[x]i−[x]s

. If ε ≥ mi+ , then ε ≥ mi−

and we let instead s < i minimize this ratio. We find [zε]i ≤ [zε]s, as
[zε]i − [zε]s = ([y]i − [y]s) + ε ([x]s − [x]i) < 0. □

When building a positive 2-basis using Theorem 2.3.2, it is worth noting
that the condition mi+ < mi− may be heavily simplified, depending on value
of the vector y ∈ Rn considered.

Example 2.3.8 Let y =
[
1 2 . . . n

]⊤
and let [x] ∈ Rn satisfy [x]1 = 1

and max
i∈[[2,n]]

[y]i
[x]i

< 1. One easily checks that the inequality mi+ < mi− holds

for all i ∈ [[2, n − 1]] if and only if each such index i satisfies [x]i+1 −
[x]i > [x]i − [x]i−1. In consequence, the matrix D =

[
In −1n −x y

]
is

a positive 2-basis in Rn, where [x]i =
i(i+1)

2 for all i ∈ [[1, n]].

2.4 Summary of Chapter 2

This chapter described the main results on positive spanning sets (PSSs),
which span the whole Euclidean space with nonnegative linear combinations,
and on positive bases, which are inclusion-wise minimal for this property.
The two concepts were introduced in Section 2.1, a section dedicated to
providing formal definitions based on matrix theory and to restating the
main properties of PSSs from that angle.

In Section 2.2, an important emphasis was put on the structure of pos-
itive bases, a topic that will be of particular interest in Chapter 3. In that
regard, the concept of structural equivalence - developed in Section 2.2.1 -
was introduced and used as a powerful tool to reformulate some classical
results characterizing positive bases: first, Romanowicz’s important work
on criticality - discussed in more depth in Chapter 3 - then Davis’s and
Shephard’s works on Gale diagrams.

Last, positive k-spanning sets (PkSSs), a class of resilient PSSs, were
examined in Section 2.3.2. The main properties of such sets were formalized
in Section 2.3.1, where the expressions positive k-basis and positive k-span
were coined. We provided a short, algebraic proof on the minimal cardinality
of such bases, inspired by Marcus’s geometrical proof of this result. In
Section 2.3.2, an important connection between polytope theory and positive
k-spanning sets was highlighted. We showed how this relationship could
be enabled by considering neighborly polytopes and their Gale diagrams.
We concluded the chapter by discussing the structure of positive k-bases,
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with a particular emphasis on those of minimal size which we successfully
characterized, in the case where k = 2.
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Chapter 3

Ties between positive
spanning sets and strongly
edge-connected digraphs

This chapter presents important results on strongly edge-connected digraphs,
a class of directed graphs sharing an interesting relationship with positive
spanning sets. After listing the main properties of said graphs, the relation-
ship is highlighted through the use of network matrices in Section 3.2. The
main result of this chapter, generalizing the ear-decomposition of strongly
edge-connected digraphs to positive spanning sets and positive bases, is de-
rived in Sections 3.3 and 3.4. Building on this work, the last section of the
chapter is dedicated to determining a similar relationship between strongly
k-connected digraphs and PkSSs. The first four sections of this chapter
correspond to an article published in Discrete Applied Mathematics.

3.1 Strongly edge-connected digraphs

3.1.1 Background on directed graphs

In this chapter, we recall classical results on the ear-decomposition of strongly
edge-connected digraphs. We first define the main concepts and properties
of digraphs to be used [10, 70]. We consider directed graphs of the form
G = (V,A), where V denotes a set of vertices and A denotes a set of arcs.

Definition 3.1.1 (Directed path, circuit) A directed path in the digraph
G = (V,A) is a sequence of arcs of the form {(ui, ui+1)}i=1,...,k. Directed
paths such that u1 = uk+1 with u2, . . . , uk all distinct are called circuits.

When the set of arcs of a digraph G = (V,A) does not contain any circuit,
we say that G is acyclic.

37
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Example 3.1.1 Figure 3.2 below gives an example of an acyclic digraph.
The set of dashed arcs in Figure 3.1 represents an oriented path from u to
v, while the three remaining arcs form a circuit.

u v

Figure 3.1. Oriented path and circuit Figure 3.2. Acyclic digraph

We take a particular interest in oriented spanning trees contained in a di-
graph.

Definition 3.1.2 (Oriented spanning tree) We say that the digraph T =
(V, Â) is an oriented spanning tree of G = (V,A) (or simply a spanning tree
of G) if the underlying undirected graph associated with T is a tree. We say
that the oriented spanning tree T is contained in G when Â ⊂ A.

We focus on the properties of strongly edge-connected digraphs, defined
thereafter.

Definition 3.1.3 (Strongly edge-connected digraph) A digraph G is
strongly edge-connected whenever for any pair (u, v) of its vertices, it con-
tains a directed path going from u to v.

As should immediately be clear, any circuit is strongly edge-connected. An
alternative example of a strongly edge-connected digraph is found in the
digraph G from Figure 3.1, which consists of two circuits stacked to one
another. We shall see that any strongly edge-connected digraph can be
built in a similar fashion. In fact, G is also an example of a minimally
strongly edge-connected digraph.

Definition 3.1.4 (Minimally strongly edge-connected digraph) A di-
graph G = (V,A) is minimally strongly edge-connected if it is strongly edge-
connected and all digraphs obtained from G by removing exactly one arc are
not strongly edge-connected.

The number of arcs in a minimally strongly edge-connected digraph on n
vertices is not fixed. The next proposition provides exact bounds, along
with structural results.

Proposition 3.1.1 [27, Lemma 3] Let G = (V,A) be minimally strongly
edge-connected on n ≥ 2 vertices. Then

n ≤ |A| ≤ 2 (n− 1) . (3.1)
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Moreover |A| = n if and only if G is a circuit and |A| = 2(n−1) if and only
if G is a bi-directed tree.

The expression bi-directed tree, used in Proposition 3.1.1, denotes a directed
graph formed by replacing each edge in a tree with two arcs in either direc-
tion.

Example 3.1.2 Figures 3.3 and 3.4 below are two examples of minimally
strongly edge-connected digraphs of minimal and maximal size, on n = 4
vertices.

Figure 3.3. |A| = n Figure 3.4. |A| = 2(n− 1)

We conclude this section with a characterization of strongly edge-connected
digraphs based on cuts [28, page 7]. Although the next proposition is
straightforward, we include a short proof for the sake of completeness.

Proposition 3.1.2 A digraph G = (V,A) is not strongly edge-connected
if and only if there exists an oriented cut of G, i.e. a set Ã ⊂ A and two
vertex-disjoint subgraphs G1 = (V1, A1) and G2 = (V2, A2) of G with V1 ̸= ∅,
V2 ̸= ∅, such that

A = Ã ∪A1 ∪A2 and ∀(u, v) ∈ Ã, u ∈ V1 and v ∈ V2.

Proof. Suppose first that there exists an oriented cut of G given by Ã ⊂ A,
G1 = (V1, A1) and G2 = (V2, A2). Let v1 ∈ V1 and v2 ∈ V2. By definition of
an oriented cut, there does not exist a directed path in A joining v2 to v1,
proving that G is not strongly edge-connected.

Conversely, suppose that G is not strongly edge-connected and let v1, v2
be two vertices for which there is no v2 − v1 path in A. Let V2 ⊂ V be the
set of vertices v such that A contains a v2 − v path and let V1 = V \ V2. If
A1 (resp. A2) denotes the set of arcs between vertices of V1 (resp. V2), then
G1 = (V1, A1), G2 = (V2, A2) and Ã = A\ (A1 ∪A2) define an oriented cut
for G as by construction, the arcs in Ã (if any) must be of the form (u1, u2)
with u1 ∈ V1 and u2 ∈ V2. □

Proposition 3.1.2 provides a negative certificate for strong connectivity.
In the next section, we turn towards finding a positive certificate associated
to such a property.
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3.1.2 Ear-decomposition

Circuits were highlighted in Section 3.1.1 as a basic example of strongly
edge-connected digraphs. In fact, it is easy to deduce from Definition 3.1.3
that any vertex of a strongly edge-connected digraph must be contained in
a circuit. Based on this observation and on the concept of ears in digraphs,
a decomposition result can be derived [10, Section 5.3].

Definition 3.1.5 (Ear and ear-decomposition) An ear of the digraph
G = (V,A) is a directed path {(ui, ui+1)}i=1,...,k ⊂ A such that for any
i ∈ [[2, k]], ui is the head and the tail of exactly one arc in A.
The digraph G = (V,A) possesses an ear-decomposition if there exists a
sequence of digraphs {Gi = (Vi, Ai)}i∈[[1,s]] such that

(i) V1 ⊆ V2 ⊆ · · · ⊆ Vs = V ,

(ii) A1 ⊆ A2 ⊆ · · · ⊆ As = A,

(iii) G1 consists of one vertex and no arcs,

(iv) For any i ∈ [[2, s]], Ai\Ai−1 defines an ear of Gi.

Figures 3.5 to 3.8 describe an ear-decomposition of a digraph which happens
to be strongly edge-connected.

Example 3.1.3 Each of the digraphs below is obtained from the previous
one by adding an ear. Together, these graphs form a sequence corresponding
to an ear-decomposition of Figure 3.8.

Figure 3.5 Figure 3.6 Figure 3.7 Figure 3.8

As announced, ear-decompositions are used as a tool to characterize strongly
edge-connected digraphs.

Theorem 3.1.1 [70, Theorem 6.9] A digraph G = (V,A) is strongly edge-
connected if and only if it possesses an ear-decomposition.

Theorem 3.1.1 thus provides a positive certificate for the strongly edge-
connected property. It is known that finding an ear-decomposition of a
strongly edge-connected digraph can be done in linear time [10, Corollary
5.3.7]. On the other hand, determining the existence of an ear-decomposition
with few non-trivial ears, or with ears of specific lengths is NP-complete [34,
10].
Let us now highlight a relationship between digraphs and PSSs based on
network matrices. Using this relationship, we aim at creating an analog
result to Theorem 3.1.1, adapted to PSSs.
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3.2 Network matrices

This section outlines the main properties of a particular class of totally uni-
modular matrices constructed using directed graphs and oriented spanning
trees [69, Section 13.3]. In particular, we show how such matrices can easily
be made to be positively spanning.

3.2.1 Definition and examples

We take a particular interest in network matrices, a notion that generalizes
that of incidence matrices.

Definition 3.2.1 (Network matrix) Let G = (V,A) be a digraph with
A = {(uj , vj)}mj=1 and let T = (V, Â) be an oriented spanning tree with

Â = {(ûi, v̂i)}ni=1. The network matrix associated with G and T is the matrix
M ∈ Rn×m satisfying, for all i ∈ [[1, n]] and all j ∈ [[1,m]]

Mi,j =


0 if the path uj − vj in T does not pass through (ûi, v̂i),
1 if uj − vj passes through (ûi, v̂i) in forward direction,
−1 if uj − vj passes through (ûi, v̂i) in backward direction.

Note that there is no ambiguity in the definition as any path joining two
vertices in T is unique. The incidence matrix of any digraph G = (V,A) is
a network matrix, as illustrated by the example below.

Example 3.2.1 The figure below represents a circuit G = (V,A) on three
vertices and its incidence matrix M. After adding a new, isolated vertex in
red, we obtain a new digraph Ĝ = (V ∪ {u}, A). An oriented spanning tree
T of Ĝ is easily obtained by transforming u into a universal vertex. This
tree is represented by the dashed, red arcs. Then M is a network matrix
associated to Ĝ and T as for all i, the ith column of M represents the ith

arc of Ĝ.

u

3

1 2

1 32
 1 0 −1
−1 1 0
0 −1 1



Figure 3.9. Incidence and network matrix

For simplicity, we focus on network matrices whose associated spanning
tree T is contained in the associated digraph G - see Definition 3.1.2. An
example is provided below
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Example 3.2.2 The network matrix M below is associated to the directed
graph G on its left and to the spanning tree T contained in G and represented
by the non-dashed arcs. The ith column of M represents the arc labeled i.

1 2

3

5

4 1 0 0 0 −1
0 1 0 −1 −1
0 0 1 −1 0



Figure 3.10. Digraph, spanning tree and network matrix

Network matrices play an important role in linear programming, as they
are totally unimodular [70]. Moreover, two network matrices associated to
the same graph and spanning tree but to a different ordering of the arcs are
structurally equivalent, in the sense of Definition 2.2.1 [69, Section 19.3, page
277]. This is the object of Proposition 3.2.1, which we state and demonstrate
below. Owing to this proposition, in the rest of this manuscript and unless
otherwise needed, we will not specify the arc orderings anymore.

Proposition 3.2.1 Let G = (V,A) be a strongly edge-connected digraph
with |V | = n+1 and |A| = m. Let T = (V, Â) with Â ⊂ A be a spanning tree
of G and let M ∈ Rn×m be the associated network matrix. Then, a matrix
M′ is a network matrix for G and for a spanning tree T ′ contained in G if
and only if M′ = B−1MP where B ∈ Rn×n is nonsingular, col(B) ⊂ col(M)
and P ∈ Rm×m is a permutation matrix.

Proof. Letting A = {a1, . . . , am} and T = (V, Â), we assume without loss
of generality that Â = {a1, . . . , an} and that the columns of M, denoted
by c1, . . . , cm, correspond to the arcs a1, . . . , am in that order. Since M
is a network matrix, we thus have ci = ei for every i ∈ {1, . . . , n}, while
any ci with i ∈ {m + 1, . . . , n} has coefficients in {−1, 0, 1}. Suppose first
that M′ is a network matrix associated with G and with a spanning tree
T ′ = (V, Â′) such that Â′ ⊂ A, and let ai1 , . . . , ain denote the arcs in Â′

with 1 ≤ i1 < i2 < · · · < in ≤ m. There exists a permutation matrix
P ∈ Rm×m such that the columns of Pi = M′P−1, denoted by c′1, . . . , c

′
m,

correspond to arcs a1, . . . , am in that order. Then, for any 1 ≤ j ≤ n,
we have c′ij = ej . Moreover, since Â′ defines a tree on G, the columns

ci1 , . . . , cin of M define a basis of Rn. Letting B ∈ Rn×n be the matrix
defined with those columns in order, it follows thatB is a nonsingular matrix
defining the change of basis from {ci}i=1,...,n to col(B) = {cij}j=1,...,n. As a
result, we have Bc′ij = Bej = cij for any 1 ≤ j ≤ n and Bc′i = ei for any
1 ≤ i ≤ n, from which it follows that BPi = M. Overall, we have shown
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that BM′P−1 = M with B nonsingular such that col(B) ⊂ col(M) and P
a permutation matrix.
Suppose now that M′ = B−1MP with B ∈ Rn×n nonsingular such that
col(B) ⊂ col(M) and P a permutation matrix. Since B is nonsingular, the
columns of B, which we denote by ci1 , . . . , cin with 1 ≤ i1 < i2 < · · · < in ≤
m, define a basis of Rn. Consequently, those columns define a set of arcs
Â′ = {aij}j=1,...,n such that T ′ = (V, Â′) is a spanning tree for G. Since B
represents the change of basis from c1, . . . , cn to ci1 , . . . , cin , the columns
of B−1M represent the expression of each path in the basis {cij}j=1,...,n.
It follows that B−1M = M′P−1 is a network matrix, hence M′ is also a
network matrix associated with the same spanning tree. □

3.2.2 Network matrices and positive spanning property

We now turn to the main result of this chapter, which establishes a direct
connection between PSSs and strongly edge-connected digraphs. A similar
result was stated without proof by Marcus [50]. However, to the best of our
knowledge, Theorem 3.2.1 in its present form and its proof are new.

Theorem 3.2.1 Let T = (V, Â) be an oriented spanning tree contained in a
digraph G = (V,A) with |Â| = n. Let M ∈ Rn×m be the associated network
matrix. Then, the matrix M is a PSS for Rn if and only if the graph G is
strongly edge-connected.

Proof. Without loss of generality, we consider an ordering A = {ai}mi=1 such
that Â = {ai}ni=1. As a result, the first n columns of M form the identity
matrix In, thus ensuring that M has full row rank. We now proceed with
the proof.

Suppose first that G is strongly edge-connected and consider an ear-
decomposition {Gi = (Vi, Ai)} associated with G. Since G1 consists of a
single vertex without arcs, there exists no circuit within G1. Now, for any
i ∈ [[2, k]], consider the ear of Gi defined by Ai\Ai−1. The arcs in this ear
belong to a circuit of G that possibly contains other arcs in Gi−1. Let xi ∈
Rm be the characteristic vector of this circuit, i.e. [xi]j = 1 if arc aj is in the
circuit, and [xi]j = 0 otherwise. Then, we have Mxi = 0n. Finally, consider
the vector x =

∑s
i=2 xi. This vector has positive coefficients, since every

arc in G is contained in an ear of the decomposition. We have thus found a
positive vector x such thatMx = 0n, henceM is a PSS by Proposition 2.1.1.

Conversely, suppose that G is not strongly edge-connected. We will show
that there exists a vector y ∈ Rn such that y⊤M ≥ 0m, thereby implying
that M is not a PSS thanks to Proposition 2.1.2. Since G is not strongly
edge-connected, Proposition 3.1.2 ensures that there exists a set Ã ⊂ A and
two subgraphs G1 = (V1, A1), G2 = (V2, A2) that define an oriented cut of
G. Then, since G is connected, we find that Ã ∩ Â is non-empty. Without



44

loss of generality, we assume that Ã ∩ Â = {a1, . . . , ak} for some k ≤ n.
Consider the vector y =

∑k
ℓ=1 yℓ, where yℓ is the ℓth column of M. Since

the first n columns of M correspond to the identity matrix, it follows that

y⊤yi =

{
1 if i ∈ [[1, k]]
0 if i ∈ [[k + 1, n]].

In addition, if i ∈ [[n+1,m]], then two situations can occur. If arc ai belongs
to either A1 or A2, then the directed path in T linking the head and tail of
ai must thus contain an even number of arcs in Ã (possibly 0), with half of
them used in the forward direction. As a result, one must have

y⊤yi =
k∑

ℓ=1

y⊤
ℓ yi = 0.

Otherwise ai belongs to A \ (A1 ∪ A2), that is ai ∈ Ã therefore the tail of
ai is in V1 and its head is in V2. As a result, the directed path in T linking
the head and tail of ai must use an odd number of arcs in Ã ∩ Â, with one
more arc in the forward direction. Thus,

y⊤yi =

k∑
ℓ=1

y⊤
ℓ yi = 1.

Overall, we have shown that y⊤M ≥ 0m, from which we conclude that M
cannot be a PSS. □

Theorem 3.2.1 provides positive and negative certificates regarding the
PSS (or non-PSS) nature of a network matrix based on those for strongly
edge-connected digraphs. More generally, the theorem yields the following
relationship between positive bases and minimally strongly edge-connected
digraphs.

Corollary 3.2.1 Let G = (V,A) be a connected digraph with |V | = n and
|A| = n − 1 + s and let T = (V, Â) be an oriented spanning tree contained
in G. Let D ∈ R(n−1)×(n−1+s) be a network matrix associated with {G,T}.
Then, D is a positive basis for Rn−1 if and only if G is minimally strongly
edge-connected.

We illustrate below the results of Theorem 3.2.1 and of its corollary.

Example 3.2.3 (A PSS network matrix) The positive basis M1 is a
network matrix associated to the minimally strongly edge-connected digraph
below and to the spanning tree formed by the thick arcs.
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2

31

4

6

5

M1 =


1 0 0 0 −1 0
0 1 0 0 −1 0
0 0 1 0 −1 −1
0 0 0 1 0 −1



Example 3.2.4 (A non-PSS network matrix) Let T = (V, Â) be the
spanning tree formed by the thick arcs in the digraph G below. The wavy cut
Ã certifies that G is not strongly edge-connected. Similarly, the network ma-
trix M2 is not a PSS as the characteristic vector y⊤ =

[
1 1 0 0 0 0

]
of Ã ∩ Â in T satisfies y⊤M2 ≥ 010.

6

3

2 4
5

17

8

9

10
M2 =


1 0 0 0 0 0 −1 1 0 0
0 1 0 0 0 0 1 −1 1 0
0 0 1 0 0 0 −1 0 0 0
0 0 0 1 0 0 −1 1 −1 −1
0 0 0 0 1 0 −1 1 0 −1
0 0 0 0 0 1 −1 0 0 0



In the next section, we will exploit the link between strongly edge-connected
digraphs and PSSs by showing that the ear-decomposition can be extended
to more general matrices.

3.3 Ear-decomposition for PSSs

Theorem 3.1.1 states that a digraph is strongly edge-connected if and only
if it admits an ear-decomposition. Together with Theorem 3.2.1, it thus
implies that a network matrix is a PSS if and only if its associated graph
admits an ear-decomposition. We will now establish a similar result for
positive spanning sets, thereby generalizing Theorem 3.1.1. To this end, we
start this section by extending the notions of circuits and acyclic graphs to
matrices.

3.3.1 Acyclic and circuit matrices

The ear-decomposition for strongly edge-connected digraphs relies on the
fundamental notion of circuit. Our goal is to define an equivalent concept
for matrices. To this end, we first introduce the companion notion of acyclic
matrix, inspired by acyclic graphs.

Definition 3.3.1 (Acyclic matrix) A matrix A ∈ Rn×m is called acyclic
if

[ Ax = 0n and x ≥ 0m ] ⇔ x = 0m.
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Per Definition 3.3.1, any network matrix associated to an acyclic graph
is acyclic. Alternative characterizations can be obtained from Gordan’s
Lemma [46].

Proposition 3.3.1 For any A ∈ Rn×m, the following statements are equiv-
alent.

(i) The matrix A is acyclic.

(ii) There exists a nonzero vector y ∈ Rn such that y⊤A > 0⊤m.

(iii) For any Ā ∈ Rn×m̄ with col(Ā) ⊂ col(A) and m̄ > 0, pspan(Ā) is not
a linear space.

Proof. The equivalence between (i) and (ii) is a restatement of Gordan’s
lemma. The equivalence between (i) and (iii) follows from that between the
first and last statements of Proposition 2.1.1. □

From Proposition 3.3.1, we note that matrices with positive entries are
necessarily acyclic. In fact, positive entries characterize acyclic matrices in
the following sense.

Proposition 3.3.2 A matrix A ∈ Rn×m is acyclic if and only if it is struc-
turally equivalent to a matrix with positive entries.

Proof. Suppose first that A is acyclic. From Proposition 3.3.1(ii), there
exists y ∈ Rn such that y⊤A > 0⊤m. Then, there exists η > 0 such that the

matrix B =

y⊤

. . .
y⊤

 + ηIn ∈ Rn×n is invertible and BA has positive entries,

proving the desired result.
Conversely, suppose that A is not acyclic. Then, there must exist a nonzero
vector x ≥ 0m such that Ax = 0n. For any invertible matrix B, one then
has B−1Ax = 0n, hence the matrix B−1Amust have one non-positive entry.
□

Proposition 3.3.2 provides a certificate for showing that a matrix is
acyclic, by finding a basis defining a structurally equivalent matrix. A cer-
tificate for showing that a matrix is not acyclic is obtained by finding a
nonzero vector with nonnegative entries in the null space of the matrix.

We are now ready to provide the definition of a circuit matrix.

Definition 3.3.2 (Circuit) A matrix C ∈ Rn×m is called a circuit matrix
if it is a PSS for some linear subspace L of Rn and if any matrix C ∈ Rn×m̄

formed by 0 < m̄ < dim(L) + 1 columns of C is acyclic.



3.3. EAR-DECOMPOSITION FOR PSSs 47

The next proposition shows that circuit matrices can be identified with
minimal positive bases. Those are instrumental in obtaining decompositions
of PSSs, and we will use circuit matrices for a similar purpose in the next
section. In particular, the following structural equivalence will be leveraged.

Proposition 3.3.3 Let C ∈ Rn×m be a circuit matrix. Then C is a positive
basis for a linear subspace of dimension ℓ = m− 1, therefore

C ≡
[

Iℓ −1ℓ
0n−ℓ,ℓ 0n−ℓ

]
. (3.2)

Proof. By definition, C is a PSS for some linear subspace L of Rn. For
the purpose of contradiction, suppose that m > ℓ + 1, where ℓ = dim(L).
Since C is a PSS for L, Proposition 2.1.1 ensures that there exists a positive
vector x ∈ Rn such that Cx = 0n. In addition, there also exists a matrix
C̄ ∈ Rn×(m−1) formed by columns of C such that span(C̄) = L. Without
loss of generality, suppose that C̄ consists of the first m − 1 columns of C.
Since m − 1 > ℓ, the matrix C̄ has a nonzero null space, i.e. there exists a
nonzero vector ȳ ∈ Rm−1 such that C̄ȳ = 0m−1. Letting y = [ȳ⊤ 0]⊤, it
follows that Cy = 0n.

Now, the vectors x and y are not colinear since [x]m > 0 = [y]m. There-
fore, there exists σ ≥ 0 such that z = σx + y ≥ 0n with z having at least
one component equal to zero. Let C̃ be the matrix formed by columns of C
corresponding to nonzero components of z, and let z̃ be the vector formed
by those components. It follows from the construction of (C̃, z̃) that

C̃z̃ = Cz = C(σx+ y) = 0n.

As a result, we have shown that C̃ satisfies Proposition 2.1.1, and thus it
must be a PSS for some linear space of Rn. Therefore, C̃ is not acyclic, and
this contradicts the fact that C is a circuit, from which we conclude that
m = ℓ+ 1.

The second part of the result then follows from Corollary 2.2.1. □

Note that Proposition 3.3.3 justifies the terminology circuit matrix, as
a circuit of n + 1 vertices admits

[
In −1n

]
as a network matrix. Using

structural equivalence for circuits, we can obtain an improved certificate for
non-acyclic matrices.

Lemma 3.3.1 A matrix M ∈ Rn×m is not acyclic if and only if

(i) One of the columns of M is the zero vector 0n, or

(ii) There exists ℓ ∈ [[1, n]] such that

M ≡
[

Iℓ −1ℓ X
0n−ℓ,ℓ 0n−ℓ Y

]
,
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where the matrices X ∈ Rℓ×(m−ℓ−1) and Y ∈ R(n−ℓ)×(m−ℓ−1) can be
empty.

Proof. If (i) holds, then the matrix M is not acyclic as Proposition 3.3.1(ii)
fails. If (ii) holds, then the first ℓ + 1 columns of M form a matrix M̄
such that pspan(M̄) is a linear space. Thus, Proposition 3.3.1(iii) fails to
hold, hence M is not acyclic. Conversely, suppose that M is not acyclic.
Then by Proposition 3.3.1(iii), there must exist a matrix C formed by a
subset of columns of M such that pspan(C) is a linear space. Without loss
of generality, suppose that this matrix is minimal for that property, and
that it consists of the first ℓ + 1 columns of M (thus the linear subspace
spanned by C is of dimension ℓ). Then the matrix C is a circuit. Applying
Proposition 3.3.3, we then know that there exists an invertible matrix B,
a permutation matrix P and a diagonal matrix ∆ with positive diagonal
entries such that

B−1CP∆ =

[
Iℓ −1ℓ

0⊤n−ℓ,ℓ 0n−ℓ

]
.

Letting then P′ =

[
P∆ 0ℓ+1,m−ℓ−1

0m−ℓ−1,ℓ+1 Im−ℓ−1

]
∈ Rm×m, it follows that M ≡

B−1MP′, that has the desired structure. □

A consequence of Lemma 3.3.1 is that the vector x =

[
1ℓ+1

0m−ℓ−1

]
can be

used to attest thatM is not acyclic by structural equivalence, thus improving
over the certificate from Proposition 3.3.2.

3.3.2 A new certificate for positive spanning sets

Building on the results of the previous subsection, we now generalize the
concept of ear-decomposition of digraphs to matrices. As a result, we will
obtain a characterization of PSSs improving that of Corollary 2.2.2.

Definition 3.3.3 (Negative row echelon matrix) A matrix N ∈ Rn×s,
with 1 ≤ s ≤ n, is a negative row echelon matrix (NEM) if there exists a
sequence z0 = 1 < z1 < z2 < · · · < zs−1 ≤ n such that

(i) For all j ∈ [[1, s− 1]], for all i ∈ [[zj , n]], Ni,j = 0.

(ii) For all j ∈ [[1, s− 1]], for all i ∈ [[zj−1, zj − 1]], Ni,j = −1.

(iii) Ni,s = −1, for all i ≥ zs−1.
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An example of NEM is 

−1 × × ×
−1 × × ×
0 −1 × ×
0 −1 × ×
0 0 −1 ×
0 0 0 −1

 ,

where the crosses × indicate arbitrary values. Matrices of that form can be
used to create PSSs as follows.

Proposition 3.3.4 Let M ∈ Rn×(n+s) with s ∈ [[1, n]] such that M ≡[
In N

]
where N is a NEM. Then, M is a PSS.

Proof. Let N =
[
u1 · · · us

]
. Consider the vectors {wi}i=1,...,s defined

by

w1 = us

∀i = 1, . . . , s− 1, wi+1 = wi + 2∥wi∥∞us−i.

By construction, the vectorws is a positive linear combination of the columns
of N and all its components are negative. It follows that there exists a pos-
itive combination of columns of

[
In N

]
adding to 0n, i.e. a vector x ∈ Rn+s

with positive coefficients such that
[
In N

]
x = 0n. By Proposition 2.1.1(iii)

and structural equivalence, this implies that M is also a PSS. □

Proposition 3.3.4 complements Corollary 2.2.2 in that it provides a suf-
ficient condition for a matrix to be a PSS. Note that the result can be

generalized to any matrix M such that M ≡
[

Iℓ N
0n−ℓ,ℓ 0n−ℓ,m−ℓ

]
where N

is NEM. Such a matrix M is indeed a PSS for some ℓ-dimensional linear
space.

We now aim at providing certificates for determining whether a matrix
is a PSS using NEMs, based on identifying a desirable structure within
the matrix. Recall from Gaussian elimination that any matrix in Rn×m is
structurally equivalent to a matrix of the form[

Iℓ X
0n−ℓ,ℓ 0n−ℓ,m−ℓ

]
,

for some ℓ ∈ [[0, n]] and some matrix X ∈ Rℓ×(m−ℓ). When ℓ = n and X is a
NEM, such a structure allows to conclude that the matrix is a spanning set
of Rn. Following Proposition 3.3.4, we now define structures of interest for
positive spanning sets.

Definition 3.3.4 (IN and INA matrix) Given dimensions n,m, let ℓ ∈
[[1, n]] and k ∈ [[0,m− ℓ]].
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(i) An IN matrix in Rn×m is a matrix of the form[
In,ℓ N X

]
, (3.3)

where In,ℓ represents the first ℓ columns of the identity matrix in Rn×n,
k ≤ n, N ∈ Rn×k is a NEM when k > 0 and X ∈ Rn×(m−ℓ−k) is
arbitrary.

(ii) An INA matrix in Rn×m is a matrix of the form[
Iℓ N X

0n−ℓ,ℓ 0n−ℓ,k A

]
, (3.4)

where k ≤ ℓ < n, N ∈ Rℓ×k is a NEM when k > 0, X ∈ Rn×(m−ℓ−k)

is arbitrary and A ∈ R(n−ℓ)×(m−ℓ−k) is an acyclic matrix.

Since the definition of IN and INAmatrices allows for k = 0, any nonzero ma-
trix is structurally equivalent to an IN matrix with k = 0, per the Gaussian
elimination argument above. However, the NEM and acyclic components in
IN and INA matrices, respectively, allow for identifying positive spanning
properties (or lack thereof) of a matrix. This is the purpose of the following
theorem, that forms the central result of this chapter.

Theorem 3.3.1 Let M ∈ Rn×m be a nonzero matrix with n ≥ 2.

(i) M is a PSS of Rn if and only if M is structurally equivalent to an IN
matrix with ℓ = n and k > 0.

(ii) M is not a PSS of Rn if and only M is structurally equivalent to an
INA matrix.

Proof. For both results, the reverse implication is immediate. Indeed,
if M is structurally equivalent to an IN matrix with ℓ = n and k > 0,
Proposition 3.3.4 guarantees that this IN matrix contains a PSS of Rn,
thus both this IN matrix and M are PSSs of Rn. In addition, if M is
structurally equivalent to an INA matrix, Proposition 3.3.2 implies that
M is also structurally equivalent to a matrix whose last n − ℓ rows are
nonnegative.

In the rest of the proof, we thus focus on establishing the forward impli-
cation for both (i) and (ii) through an induction argument on the dimension
m. Note that m < n + 1 implies that M cannot be a PSS and that it is
structurally equivalent to an INA matrix with k = 0.

Suppose first that m = n + 1. On one hand, if M is a PSS, then it is
also a circuit matrix with ℓ = n. Proposition 3.3.3 then ensures that M is
equivalent to an IN matrix with ℓ = n and k = 1. On the other hand, if
M is not a PSS it is either acyclic - and structurally equivalent to an INA
matrix with ℓ = k = 0 - or it contains a circuit, say of length ℓ. We choose
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this circuit such that ℓ < n is as large as possible. From Proposition 3.3.3,

it follows that M ≡
[

Iℓ −1ℓ X̄
0n−ℓ,ℓ 0n−ℓ Ā

]
, where X̄ ∈ Rℓ×(n−ℓ) is arbitrary

and Ā ∈ R(n−ℓ)×(n−ℓ) is acyclic from the definition of ℓ. It follows that M
is equivalent to an INA matrix with k = 1, and we have thus shown that (i)
and (ii) hold for m = n+ 1 whenever n ≥ 2.

Suppose now that m > n + 1, and that (i) and (ii) hold for any n ≥ 2
and any m̃ ∈ [[n+ 1,m− 1]]. We will establish that (i) and (ii) hold as well.

On the one hand, suppose that M is a PSS of Rn. If there exists
a strict subset of columns of M that is a PSS of Rn, let M̄ ∈ Rn×m̄ be a
matrix formed by these columns. Then, M ≡

[
M̄ X1

]
for some matrix

X1 ∈ Rn×(m−m̄). Since m̄ < m by assumption, the induction argument
applied to M̄ guarantees that M̄ is equivalent to an IN matrix, i.e.

M̄ ≡
[
In N̄ X̄

]
,

where N̄ ∈ Rn×k is a NEM with k > 0. Letting X =
[
X̄ X1

]
, it follows

that M is equivalent to the IN matrix
[
In N̄ X

]
.

If no strict subset of columns of M is a PSS of Rn, we use the fact that M is
a PSS, thus it is not acyclic. Lemma 3.3.1 then guarantees that there exists
ℓ1 ∈ [[1, n]] such that

M ≡
[

Iℓ1 −1ℓ1 X1

0n−ℓ1,ℓ1 0n−ℓ1 M̄

]
. (3.5)

where M̄ ∈ R(n−ℓ1)×m̄ with m̄ := m− (ℓ1 +1) ∈ [[(n− ℓ1) + 1,m− 1]]. Since
M is a PSS of Rn, it follows from (3.5) that M̄ must be a PSS of Rn−ℓ1 .
Applying the induction argument to M̄ yields the structural equivalence

M̄ ≡
[
In−ℓ1 N̄ X̄

]
,

where N̄ is a NEM, and X̄ is arbitrary. With an appropriate change of basis,
the following equivalence holds:[

Iℓ1 X1

0n−ℓ1,ℓ1 M̄

]
≡
[

Iℓ1 0ℓ1,n−ℓ1 X2 X3

0n−ℓ1,ℓ1 In−ℓ1 N1 X4,

]
where N1 is a NEM and X2, X3, X4 are arbitrary. It follows that

M ≡
[
In N X

]
where N =

[
−1ℓ1 X2

0n−ℓ1 N1

]
and X =

[
X3

X4

]
.

Since N is a NEM by construction, we have shown that M is equivalent to
an IN matrix with ℓ = n and k > 0.
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On the other hand, suppose that M is a not a PSS of Rn If M is
acyclic, then it is an INA matrix with ℓ = k = 0. Otherwise, Lemma 3.3.1

guarantees that there exists ℓ1 ∈ [[1, n]] such thatM ≡
[

Iℓ1 −1ℓ1 M1

0n−ℓ1,ℓ1 0n−ℓ1 M2

]
,

where M2 ∈ Rn−ℓ1×(m−ℓ1) does not positively span Rn−ℓ as M is not a PSS
of Rn. Applying the induction argument, it follows that M2 is structurally
equivalent to an INA matrix, i.e.

M2 ≡
[
Iℓ̄ N̄ X̄
0ℓ̃,ℓ̄ 0ℓ̃ A

]
and so M ≡

 Iℓ1 −1ℓ1 0ℓ1,ℓ̄ X1 X2

0ℓ̄,ℓ1 0ℓ̄ Iℓ̄ N̄ X̄

0ℓ̃,ℓ1 0ℓ̃ 0ℓ̃,ℓ̄ 0ℓ̃,k A


with ℓ̄ < n− ℓ1, ℓ̃ = n− ℓ1 − ℓ̄, N̄ ∈ Rℓ̄×k a NEM and A an acyclic matrix.

Letting X =

[
X̄2

X̄

]
and N =

[
−1ℓ1 X1

0ℓ̄ N̄

]
we obtain M ≡

[
In−ℓ̃ N X

0ℓ̃,ℓ̄ 0ℓ̃ A

]
,

hence M is equivalent to an INA matrix with ℓ = ℓ̄ < n. □

Remark 3.3.1 Although Theorem 3.3.1 assumes n ≥ 2, a similar result
can be stated when n = 1. Indeed, given any nonzero matrix M ∈ R1×m,
is it clear that M is a PSS of R if and only if M ≡

[
1 −1 X

]
for some

arbitrary X ∈ R1×(m−2), while it is not a PSS if and only if M ≡
[
1 A

]
for some matrix A ∈ R1×(m−1) with nonnegative coefficients.

Akin to the proof of Theorem 3.1.1, the proof of Theorem 3.3.1 relies on an
induction argument based on any column of a PSS being part of a circuit.
The latter proof can thus be viewed as a generalization of the former. In
the next section, we will study implications of Theorem 3.3.1 on the char-
acterization of positive bases.

3.4 Consequences on positive bases

Positive bases can be succinctly defined as inclusion-wise minimal positive
spanning sets [15, Chapter 2]. We begin this section by drawing connections
with digraphs as in Section 3.2.2. We then provide a general characteriza-
tion.

3.4.1 Positive bases and digraphs

Recall from Section 3.2.2 that the network matrix of a strongly edge-connected
digraph is a PSS. In particular, as stated in Section 3.3.1, a circuit G on n+1
vertices admits the minimal positive basis

[
In −1n

]
as a network matrix.

Similarly, the maximal positive basis
[
In −In

]
is associated to a bi-directed

tree on n + 1 vertices. More generally, we stated in Corollary 3.2.1 that a
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network matrix was a positive basis if and only if the associated digraph G
was minimally strongly edge-connected.

Remark 3.4.1 Using the bound on the size of positive bases, we note that
Corollary 3.2.1 can be used to prove that the number of arcs in a minimally
strongly edge-connected digraph on n ≥ 2 vertices ranges from n to 2(n−1),
as stated in Proposition 3.1.1. To the best of our knowledge, such a proof
technique is novel.

Given the link between positive bases and minimally strongly connected di-
graphs, we seek a characterization of positive bases. Adapting Theorem 3.3.1
to such matrices, one sees that any positive basis Dn,s satisfies the structural
equivalence

Dn,s ≡
[
In N

]
where N ∈ Rn×s is a NEM. (3.6)

This structural characterization leads to the following result.

Lemma 3.4.1 Let G = (V,A) be minimally strongly edge-connected, let
T = (V, Â) be a spanning tree contained in G, and let Dn,s ∈ Rn×(n+s) be
the network matrix associated with (G,T ). Then, for any matrix

[
In N

]
given by (3.6), the matrix sgn(

[
In N

]
) is also a network matrix associated

with G and a spanning tree T ′ = (V, Â′) with Â′ ⊂ A.

Proof. By structural equivalence, the matrix M =
[
In N

]
can be writ-

ten M = B−1Dn,sP∆ where B ∈ Rn×n is nonsingular, P ∈ R(n+s)×(n+s)

is a permutation matrix and ∆ = diag(δ1, . . . , δn+s) is a diagonal matrix
with positive diagonal entries. Letting ∆̃ = diag(δ1, . . . , δn) ∈ Rn×n, we
find that ∆̃B−1Dn,sP =

[
In Ñ

]
, where sgn(Ñ) = sgn(N). It then fol-

lows from Proposition 3.2.1 that ∆̃B−1Dn,sP is a network matrix and thus
∆̃B−1Dn,sP = sgn(∆̃B−1Dn,sP) = sgn(M). □

Unlike Theorem 3.3.1 however, property (3.6) does not provide a full
characterization of positive bases. For instance, the PSS

[
I2 −e1 −12

]
satisfies (3.6) but is not minimal (the third column can be removed without
losing the positive spanning property).

Deriving a characterization thus requires a more precise study of the IN
matrices that correspond to positive bases, which is the purpose of the next
sections.

3.4.2 Criticality

A characterization of positive bases was given by Zbigniew Romanowicz [68]
based on the concept of critical vectors - see Section 2.2.2. Partly due to
this concept, this decomposition has proven difficult to use for characterizing
positive bases. We redefine the notion of criticality below, and show that it
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simplifies in the case of NEMs and IN matrices. To this end, we will make
use of special cones in Rn.

Definition 3.4.1 (Critical cones Ki,j(Rn) and Ki(Rn)) For all i ∈ [[1, n]],

we define Ki(Rn) = pspan

(⋃
k ̸=i

{−ek}

)
. It is a cone that consists of vectors

with non-positive coordinates with at least one coordinate equal to zero.

We also define Ki,j(Rn) = pspan

(
{1n} ∪

⋃
k/∈{i,j}

{−ek}

)
, for any pair (i, j) ∈

[[1, n]] with i < j. This cone consists of vectors with a nonnegative, non-
unique largest entry.

For the sake of clarity, we give a description of the critical cones Ki,j(Rn)
and Ki(Rn) in low dimension.

Example 3.4.1 The critical cones in R2 are given by

K1(R2) = pspan(−e2) K2(R2) = pspan(−e1) K1,2(R2) = pspan(12).

Considering all critical cones in Rn leads to the definition of critical vectors.

Definition 3.4.2 (Critical vector and critical matrix) The set of crit-
ical vectors in Rn, denoted by K(Rn), is defined as the union of all {Ki(Rn)}
and {Ki,j(Rn)}. A matrix X ∈ Rn×m is called critical whenever pspan(X) ⊂
K(Rn).

We emphasize that the set K(Rn) is not a cone, which partly explains that
the notion of critical vector is difficult to manipulate. We now describe the
link between our definition of critical vectors and that of Romanowicz [68]
- see Definition 2.2.2. In the latter, a vector x ∈ Rn is called critical with
respect to a positive basis Dn,s whenever no PSS can be obtained by substi-
tuting a column of Dn,s with the vector x. As explained in the proposition
below, those definitions are equivalent.

Proposition 3.4.1 A vector v ∈ Rn is critical in the sense of Defini-
tion 3.4.2 if and only if for all k ∈ [[1, n+1]], the matrix obtained by replacing
the kth column of

[
In −1n

]
with v is not positively spanning.

Proof. Let v ∈ Rn, M0 =
[
In v

]
. For any k ∈ [[1, n]], let Mk be the

matrix obtained from
[
In −1n

]
by replacing its kth column with v.

Suppose that v is a critical vector. On the one hand, if v ∈ Ki(Rn) for
some i ∈ [[1, n]], Proposition 2.1.2 entails that M0 and Mk are not positively
spanning, as certified by the vectors ei and −ek, respectively. On the other
hand, if there exist (i, j) ∈ [[1, n]]2 with i < j such that v ∈ Ki,j(Rn)\Ki(Rn),
then v satisfies [v]i = [v]j = max

ℓ∈[[1,n]]
[v]ℓ > 0. Without loss of generality,
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suppose that i ̸= k. Then, Proposition 2.1.2 certifies that M0 and Mk are
not positively spanning, using the vectors ei and ei − ek, respectively.

Conversely, suppose that v is not a critical vector. If all coordinates of
v are negative, then M0 is a PSS. Otherwise, the maximal coordinate [v]ℓ
of v must be strictly positive and unique since v /∈ K(Rn). As a result, we
can write 0n = v− [v]ℓ1n +

∑
k ̸=ℓ

([v]ℓ − [v]k)ek, and thus the zero vector can

be expressed as a positive linear combination of the columns of Mℓ. Using
Proposition 2.1.1, it follows that the matrix Mℓ is a PSS. □

Our characterization of positive bases will consist in identifying critical
matrices within a matrix decomposition, called the critical structure, that
applies to any IN matrix.

Definition 3.4.3 (Critical structure) Let M ∈ Rn×(n+s) be an IN ma-
trix as described in (3.6). There exist positive integers n1, . . . , ns satisfying
n1 + · · ·+ ns = n and matrices X1, . . . ,Xs−1 such that

M =

M1

. . .
Ms

 ,


M1 =

[
In1 O −1n1 X1

]
Mi =

[
O Ini O −1ni Xi

]
if i ∈ [[2, s− 1]]

Ms =
[
O Ins −1ns

] (3.7)

in which blocks of zeroes of arbitrary sizes are noted O. The structure de-
scribed by equation (3.7) is called the critical structure of M.

When s = 1, M has the trivial structure M = M1 =
[
In −1n

]
, which does

not involve any arbitrary block Xi, and it is then immediate that M is a
positive basis. In the general case, however, assessing whether an IN matrix
M ∈ Rn×(n+s) with ℓ = n and k = s ≥ 2 is a positive basis amounts to
checking the critical nature of the blocks X1, . . . ,Xs−1.

Theorem 3.4.1 Let M ∈ Rn×(n+s) be an IN matrix as described in (3.6).
Then, M is a positive basis if and only if and each block Xi in the critical
structure (3.7) is a critical matrix in Rni.

Proof. We first proceed by contraposition and suppose that there exists
i ∈ [[1, s− 1]] such that Xi is not critical. Then, there exist j0 ∈ [[1, ni + 1]]
and v ∈ pspan(Xi) such that the matrix obtained by replacing the jth0
column of

[
Ini

−1ni

]
with v is a PSS. Let j by the index of this column in

Mi, let mj be the jth column of M and let M′ be the matrix obtained by

removingmj fromM. Consider the matrixM′′ =

[
Xi

O

]
withm′ = n−m−ni

rows, where m = n1 + · · · + ni−1 so that M′′ is a submatrix of M′. Using
that v ∈ pspan(Xi), it follows that

M′u =

 x
v
0m′

 with u ≥ 0n+s−1 and x ∈ Rm. (3.8)
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Moreover, there exists a PSS M̂ of Rm and a zero matrix O such that

[
M̂
O

]
is contained in M′. Therefore equation (3.8) has a solution for any x ∈ Rm

and in particular, one can choose u such that M′u = mj. In other words,
mj ∈ pspan(M′), thus M′ is a PSS and M is not a positive basis.

Conversely, suppose that all matrices {Xi}i∈[[1,s−1]] are critical. Let c be

a column of M and let M′ =

M′
1

. . .
M′

s

 be the matrix obtained from M by

removing c. By construction of M′, there exists i ∈ [[1, s− 1]] such that one
of the columns of

[
Ini −1ni

]
is not a column of M′

i. Let vi denote that
column. By criticality of Xi, v /∈ pspan(M′

i), and thus M′
i is not a PSS.

As a result, M is no longer a PSS when one of its columns is removed, and
thus it is a positive basis. □

It follows from Theorem 3.4.1 that characterizing positive bases in Rn

reduces to describing critical matrices in Rm for all m ≤ n. The next
proposition lists such matrices in dimension n ≤ 3, and will be used to
characterize positive bases of near-maximal size.

Proposition 3.4.2

(i) X ∈ R1×m is critical if and only if it is the zero matrix.

(ii) X ∈ R2×m is critical if and only if col(X) is contained in one of the
critical cones defining K(R2).

(iii) X ∈ R3×m is critical if and only if col(X) is contained in one of the
critical cones defining K(R3) or in span(ei + ej) for some (i, j) ∈
[[1, 3]]2, i < j.

Proof. In all cases, the reverse implication is immediate, thus we focus on
proving the direct implication. To this end, we recall that a critical matrix
X ∈ Rn×m satisfies col(X) ⊂ pspan(X) ⊂ K(Rn) by definition.
(i) Since K(R1) = {0}, the result is immediate.
(ii) We start by proving that for any two columns x and y of a critical matrix
X, one of the critical cones defining K(R2) contains them both.We proceed
by contradiction: suppose the existence of two columns x and y which are
not contained in a same critical cone and for the sake of simplicity, suppose
that x ∈ K1(R2). Then [x]2 < 0, as x ̸= 02. Now, if y ∈ K2(R2) then x+ y

is not critical since x+ y < 02. Similarly, if y ∈ K1,2(R2) then −[y]1
[x]2

x+ y is
not critical as it is a positive multiple of e2. Both cases are absurd and the
preliminary result is proved.
Now, suppose that col(X) is not entirely contained in any of the critical
cones defining K(R2). Then there exists three (non-necessarily distinct)
columns x, y and z of X with x /∈ K1(R2),y /∈ K2(R2) and z /∈ K1,2(R2).
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Then the two vectors x and y must be contained in K1,2(R2) and similarly,
x and z must be two elements of K2(R2). Since K1,2(R2) ∩ K2(R2) = {02}
we obtain x = 02, a contradiction as 02 ∈ K1(R2).
(iii) Let S =

{
Ki(R3),Ki,j(R3), span(ei + ej) with i, j ∈ [[1, 3]]

}
.

We start by proving that for any two columns x and y of a critical ma-
trix X, some element of S contains them both. We proceed by contradiction
and assume the existence of two columns x and y which do not satisfy this
property.
• First, suppose that x ∈ K1(R3). Let {i, j} = {2, 3} and note that if
y ∈ Ki(R3) then x + y < 03, a contradiction as this vector would not be
critical. Therefore y is not contained in any of the cones Ki(R3). In par-
ticular, the maximal coordinate of y must be positive and non-unique as
y ∈ K(R3).
If y ∈ K1,2(R3), then x ∈ K1(R3)\K1,2(R3) and so [x]2 < 0. As a conse-
quence, if [y]3 < [y]1, then for ε > 0 sufficiently small, zε = εx + y is not
critical. If [y]3 = [y]1 then y ∈ K1,2(R3) ∩ K1,3(R3) therefore x /∈ K1,3(R2),
which entails [x]3 < 0. In that case the vectorx+y is not critical as its max-
imal coordinate is positive and unique. Both cases contradict the criticality
of X, therefore y /∈ K1,2(R3) and by a similar reasoning, y /∈ K1,3(R3).
If y ∈ K2,3(R3)\K1,2(R3), three cases are to be considered. First, suppose
that [y]1 = 0 and [x]2 = [x]3. Then x and y are both in span(e2 + e3),
a contradiction. Second, if [y]1 = 0 and [x]2 ̸= [x]3, then without loss of

generality [x]2 < [x]3 so the vector x+
∣∣∣ [x]2[y]2

∣∣∣y is non-critical: it is a positive

multiple of e3. Third, if [y]1 ̸= 0 then for a sufficiently large ε > 0, εx+y is
non-critical. Each of the three cases leads to a contradiction, therefore we
conclude that y /∈ K2,3(R3).
From all that precedes, the critical vector y is not contained in any of the
critical cones which define K(R3), an absurdity: by contradiction, we proved
that x /∈ K1(R3). This last result easily generalizes, and we now know that
none of the critical cones Ki(R3), i ≤ 3 contains any of the two vectors x
and y.
• Now, suppose that x ∈ K1,2(R3). If y ∈ K1,3(R3), the vector x + y is
non-critical: from x /∈ K1,3(R3) we deduce that the first coordinate of x+y
is positive and strictly larger than the other two. By a similar reasoning, if
y ∈ K2,3(R3) x+y is non-critical. In the end we conclude that y cannot be
contained in any of the critical cones that define K(R3), an absurdity as y
is a critical vector. Therefore x /∈ K1,2(R3) and the result easily generalizes
to K1,3(R3) and K2,3(R3).
By definition of X the vector x must be critical, yet we proved that it is not
contained in any of the critical cones, a clear contradiction. In conclusion,
for any pair (x,y) of columns of X, there must exist an element S of S that
contains them both.
We are now ready to prove the main result. We proceed by con-
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tradiction and assume that col(X) is not contained in any set S ∈ S. In
that case, each column x of X must be at the intersection of at least two
distinct sets S1 and S2 of S. Then x is contained in some set T ∈ T , where
T = {pspan(−ei),pspan(13), span(ei + ej) with i ̸= j}. Moreover, it is easy
to verify that for any two distinct sets T1 ∈ T , T2 ∈ T and any two nonzero
vectors x ∈ T1,y ∈ T2, there exist some value ε > 0 such that x + εy is
not an element of any T ∈ T . Therefore col(X) must be a subset some set
T ∈ T , a contradiction as any such set T satisfies T ⊂ S, for some S ∈ S.
□

Proposition 3.4.2 and Theorem 3.4.1 can be used to characterize positive
bases in Rn with critical structure (3.7) consisting of blocks Mi with at
most three rows. When all blocks Mi have one row, we recover the result of
Proposition 2.2.2 since all Xi blocks are necessarily zero matrices. Tackling
the other two cases requires the following auxiliary result.

Lemma 3.4.2 Suppose n ≥ 2. Any positive basis Dn,s is structurally
equivalent to an IN matrix as described in (3.6) whose critical structure (3.7)
satisfies col(Xi) ⊂ K1(R2) whenever ni = 2, and col(Xi) ⊂ K1(R3) or
col(Xi) ⊂ span (e2 + e3) whenever ni = 3.

Proof. Let M ≡ Dn,s be an IN matrix satisfying (3.6). Suppose that one
of the blocks Mi in its critical structure (3.7) has two rows and let mi =
n1+ · · ·+ni−1+1 be the index of its first row in M. Since Dn,s is a positive
basis, the block Xi is critical for R2 per Theorem 3.4.1. If col(Xi) ⊂ K1(R2)
there is nothing to prove. Otherwise, we must have col(Xi) ⊂ K2(R2) or
col(Xi) ⊂ K1,2(R2) by Proposition 3.4.2. If col(Xi) ⊂ K2(R2), permuting
the rows and columns of indicesmi andmi+1 inM (as well as other columns
if needed) creates a new matrix M′ whose critical structure (3.7) satisfies
col(X′

i) ⊂ K1(R2) and X′
j = Xj whenever j ̸= i. If col(Xi) ⊂ K1,2(R2),

replacing the (mi + 1)th row of M by its opposite and adding this new
row to that of index mi creates again a matrix M′ with the desired critical
structure up to further column permutation.
Suppose now that the block Mi has three rows. Since Xi must be critical
for R3, its columns must lie in one of the sets stated in Proposition 3.4.2.
If col(Xi) ⊂ span(e2 + e3) or col(Xi) ⊂ K1(R3), the desired conclusion
follows. More generally, if col(Xi) ⊂ span(ej + ek) or col(Xi) ⊂ Kj(R3)
for any (j, k) in [[1, 3]], permutations of rows and columns can be applied to
M to obtain a matrix M′ whose critical structure (3.7) satisfies col(X′

i) ⊂
K1(R3) or col(X′

i) ⊂ span(e2 + e3) as well as X′
j = Xj whenever j ̸= i.

By Proposition 3.4.2 and without loss of generality, the only remaining case
to consider is that where col(Xi) ⊂ K1,2(R3). In that case, up to column
permutations, the matrix M′ described above can be obtained by replacing
the mth

i row of M by its opposite and then adding it to the rows of index
(mi + 1) and (mi + 2). □
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We are now equipped with the necessary tools to extend the results of
Corollary 2.2.1 and Proposition 2.2.2 and to other sizes of positive bases.

3.4.3 Structure of nearly extreme-size positive bases

Having shown in Section 3.4.2 how the structure of any positive basis con-
nects to the critical structure of its associated IN matrix, we now apply
these results to fully characterize positive bases of size 2ℓ − 1, 2ℓ − 2 and
ℓ+ 2 of an ℓ-dimensional subspace of Rn. To our knowledge, those descrip-
tions are novel in both the positive spanning set and the minimal strongly
edge-connected digraph literature. For this reason, we state every result
using positive bases then provide an equivalent for strongly edge-connected
digraphs, starting with the size 2ℓ− 1.

Theorem 3.4.2 Let n ≥ ℓ ≥ 2. A matrix DL,ℓ−1 ∈ Rn×(2ℓ−1) is a positive
basis for some ℓ-dimensional linear space L ⊂ Rn if and only if there exists
a non-positive vector x ∈ Rℓ−2 such that

DL,ℓ−1 ≡
[

Iℓ N
0n−ℓ,ℓ 0n−ℓ,ℓ−1

]
, with N =

 −1 0⊤ℓ−2

−1 x⊤

0ℓ−2 −Iℓ−2

 . (3.9)

Proof. We only prove the result when ℓ = n as the reasoning easily adapts
to all other cases. If ℓ = n and DL,ℓ−1 satisfies (3.9), the result holds. Con-
versely, let Dn,n−1 be a positive basis and M =

[
In N

]
be the associated

IN matrix through (3.6). Since N ∈ Rn×(n−1), the critical structure (3.7) of
M must consist of n−1 blocks Mi ∈ Rni×(2n−1). Using n1+ · · ·+nn−1 = n,
it follows that exactly one of the blocks Mi has two rows while the others
have one. By Theorem 3.4.1 and Proposition 3.4.2 each block Xi must be
critical and those with one row are zero matrices. Finally, Lemma 3.4.2
implies that the unique block Xi on two rows can be transformed into a

matrix

[
0⊤ℓ−2

x⊤

]
where x ∈ Rℓ−2 is non-positive, hence the conclusion. □

An implication of Theorem 3.4.2 in terms of strongly edge-connected
digraphs is given below, and illustrated through Example 3.4.2.

Corollary 3.4.1 A digraph G = (V,A) on n vertices and 2n − 3 arcs
is minimally strongly edge-connected if and only if it is the union of a bi-
directed forest F with a graph G\F such that

(i) G\F consists of circuits of size 3, all sharing a common arc a ∈ A.

(ii) Each tree in F contains exactly one vertex of G\F .
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Proof. Suppose that G is minimally strongly edge-connected and let M =
Dn−1,n−2 in R(n−1)×(2n−3) be an associated network matrix. By Theo-

rem 3.4.2, M ≡ M̃ =
[
In−1 N

]
, with N =

 −1 0⊤n−3

−1 x⊤

0n−3 −In−3

 and x ≤ 0n−3.

By Lemma 3.4.1, M̃ can be assumed to be a network matrix, implying
x ∈ {−1, 0}n−3. Write A = {a1, . . . , an} so that the ith column of M̃ is as-
sociated to ai, for all i. Recalling that {ai1 , . . . , aik} ⊂ A is a circuit in G if
and only if it is associated to an inclusion-wise minimal set of columns in M̃
which add up to 0n−1. Based on this remark, we observe that {a1, a2, an} is
a circuit of size 3 in G. Moreover, any other circuit of this size in G is given
by {a2, ai+2, an+i} where i ∈ [[1, n − 3]] satisfies [x]i = −1. We denote by
G′ = (V ′, A′) the union of these circuits and we let |A′| = m. Now, consider
the spanning tree T = (V, Â) associated to M̃. T can be decomposed as
the union of T ∩G′ with a sequence (Tj)j≤m of pairwise disjoint trees, each
touching a unique vertex in G′. It is easy to see that each arc in any tree Tj

is part of a circuit of size 2. Indeed, any such arc ai must satisfy i ∈ [[3, n−1]]
and [x]i−2 = 0, and as such is contained in a circuit {ai, an+i−2}. We have
thus established (i) and (ii).

Conversely, if a graph G admits such a decomposition, it must be edge-
connected and M̃ is a network matrix for G. Since M̃ is a positive basis, it
follows that G is minimally strongly edge-connected. □

Example 3.4.2 Figure 3.11 provides an example of a a minimally strongly
edge-connected digraph on n = 9 vertices, and 2n − 3 = 15 arcs. The bi-
directed forest F is represented in black while the circuits of G\F are in
blue.

a

Figure 3.11. Minimally strongly edge-connected with |A| = 2n− 3

We now turn to positive bases of size 2ℓ − 2 and the associated strongly
edge-connected digraphs. Recall how the critical structure (3.7) associated
to a positive basis Dn,n−1 consists of blocks Mi with two rows or less -
an essential element to the proof of Theorem 3.4.2. Likewise, it can be
observed that the critical structure of an IN matrix associated to a positive
basis Dn,n−2 through (3.6) consists of blocks on three rows or less: if one of
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those blocks has three rows, it is unique and the others all possess exactly
one row. Otherwise, exactly two blocks are on two rows while the others are
on one. By combining these observations with the results of Theorem 3.4.1,
Proposition 3.4.2 and Lemma 3.4.2 we obtain the following characterization
- whose proof is omitted as being nearly identical to that of Theorem 3.4.2.

Theorem 3.4.3 Let n ≥ ℓ ≥ 3. Then DL,ℓ−2 ∈ Rn×(2ℓ−2) is a posi-
tive basis for some ℓ-dimensional space L ⊂ Rn if and only if DL,ℓ−2 ≡[

Iℓ N
0n−ℓ,ℓ 0n−ℓ,ℓ−2

]
with

N =


−1 0⊤

ℓ−3

−1 x1
⊤

−1 x2
⊤

0ℓ−3 −Iℓ−3

 , N =


−1 0⊤

ℓ−3

−1 x⊤

−1 x⊤

0ℓ−3 −Iℓ−3

 or N =


−1 0 0⊤

ℓ−4

−1 0 x3
⊤

0 −1 0⊤
ℓ−4

0 −1 x4
⊤

0ℓ−4 0ℓ−4 −Iℓ−4

 ,

where x1 ∈ Rℓ−3,x2 ∈ Rℓ−3,x3 ∈ Rℓ−4, x4 ∈ Rℓ−4 are non-positive and
x ∈ Rℓ−3 is arbitrary.

Theorem 3.4.3 bears important consequences on the structure of minimally
strongly edge-connected digraphs, as described in the following corollary.

Corollary 3.4.2 A digraph G = (V,A) on n vertices and 2n − 4 arcs is
minimally strongly edge-connected if and only if G = F ∪H, where F is a
bi-directed forest whose trees all contain exactly one vertex of H, and the
digraph H is constructed through one of the two procedures below.

i) Draw a circuit
{a1, a2, a3, an}, where
a1 = (u1, u2), a2 = (u2, u3),
a3 = (u3, u4) and
an = (u4, u1).

ii) Add an arbitrary number of
vertices vi and for all i,
draw exactly one of the two
paths {(u2, vi), (vi, u4)} and
{(u4, vi), (vi, u2)}.

iii) If no path {(u2, vi), (vi, u4)}
was ever drawn: add an
arbitrary number of vertices
wj and for all j, draw
exactly one of the two paths
{(u3, wj), (wj , u2)} and
{(u4, wj), (wj , u3)}.

i’) Draw two edge-disjoint circuits
{a1, a2, an} and {a3, a4, an+1},
where a1 = (u1, u2), a2 =
(u2, u3), a3 = (v1, v2) and v4 =
(v2, v3). The arcs a1 and a3 are
allowed to share a common ver-
tex.

ii’) If a1 and a3 are vertex disjoint,
draw a bi-directed path from one
endpoint of a1 to one endpoint
of a3.

iii’) Add an arbitrary number of
vertices wj and for all j,
draw exactly one of the two
paths {(u2, wj), (wj , u1)} and
{(v2, wj), (wj , v1)}.
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Proof. Suppose that G is minimally strongly edge-connected and let M =
Dn−1,n−3 ∈ R(n−1)×(2n−4) be an associated network matrix. By Theo-

rem 3.4.3, M ≡ M̃ =
[
In−1 N

]
with

N =


−1 0⊤

n−4

−1 x1
⊤

−1 x2
⊤

0n−4 −In−4

 , N =


−1 0⊤

n−4

−1 x⊤

−1 x⊤

0n−4 −In−4

 or N =


−1 0 0⊤

n−5

−1 0 x3
⊤

0 −1 0⊤
n−5

0 −1 x4
⊤

0n−5 0n−5 −In−5

 ,

x1 ∈ Rn−4,x2 ∈ Rn−4,x3 ∈ Rn−5, x4 ∈ Rn−5 being non-positive and
x ∈ Rn−4 being arbitrary. By Lemma 3.4.1, M̃ can be assumed to be a
network matrix for G and for some spanning tree T̃ = (V, Ã), Ã ⊂ A. Thus
x ∈ [[−1, 1]]n−4 and x1 ∈ {−1, 0}n−4,x2 ∈ {−1, 0}n−4,x3 ∈ {−1, 0}n−5,
x4 ∈ {−1, 0}n−5. Write A = {a1, . . . , an} so that the ith column of M̃
is associated to ai, for all i. Clearly, each circuit of size 2 in G can be
associated to a pair of columns {ei,−ei} ⊂ col(M̃), where ei designates
some canonical vector. Since G is minimally strongly edge-connected, the
union of these circuits forms a bi-directed forest F in which every tree must
be connected to G\F in some way. Based on the structure of N, we see
that the digraph G\F consists of at most two connected components. If the
number of components is equal to 1, owing to the fact that G is minimally
strongly edge-connected, each tree in F must share exactly one vertex with
G\F . On the other hand, if that number is equal to 2, then one of the trees
in F must share exactly one vertex with each of the two components. Each
of the three possible structures for the matrix N were listed at the beginning
of this proof. Each of those is now to be considered.

• First, suppose that N has the left-most structure. Then G\F contains
a circuit of size 4, given by {a1, a2, a3, an}. This corresponds to the first
step of the left-most procedure. For i ∈ [[1, 3]] we write ai = (ui, ui+1),
and so an = (u4, u1). Let S1 (resp. S2) be the set of indices i such that
[x1]i = −1 (resp. [x2]i = −1). Now, consider any other arc of G\F and
denote by u /∈ {u1, . . . , u4} one of its two extremities. Owing to the structure
of N, the arc must be contained in a circuit of size 3 or 4 in G\F . If
it is part of a circuit of size 4, then S1 ∩ S2 ̸= ∅ as this circuit is given
by {a2, a3, ai+3, an−1+i} for some i ∈ S1 ∩ S2. Alternatively, the circuit
can be written as {(u2, u3), (u3, u4), (u4, u), (u, u2)} and therefore the arc
is some path {(u4, u), (u, u2)}, as announced in step ii) of the left-most
procedure. Alternatively, the arc could be contained in a circuit of size 3.
Then S1 ̸= S2 and this circuit is given by {a2, ai+3, an−1+i}, i ∈ S1\S2,
or by {a3, aj+3, an−1+j}, j ∈ S2\S1. Alternatively we write the circuit as
{(u2, u3), (u3, u), (u, u2)} and {(u3, u4), (u4, u), (u, u3)} and we easily identify
that the arc must be contained in one of the paths described in step iii) of
the left-most procedure. In conclusion, the digraph G\F can be obtained
by following steps i), ii) and iii).
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• Now, suppose that N has the center-most structure. Once again, the
circuit {a1, a2, a3, an} is contained in G\F , which corresponds to the first
step of the left-most procedure. Any other arc in G\F is contained in some
circuit of size 4 having one of the two forms {a2, a3, ai+3, an−1+i}, where
[x]i = −1 or {a1, an, aj+3, an−1+j}, where [x]j = 1. Such circuits contain
a path {(u4, vi), (vi, u2)}, vi ∈ V or a path {(u2, vj), (vj , u4)}, vj ∈ V , as
described in step ii) of the left-most procedure. Therefore G\F is obtained
by following steps i), ii) and iii).

• Finally, suppose that N has the right-most structure. If some i ∈
[[1, n − 5]] satisfies [x3]i = [x4]i = −1, then N is structurally equivalent
to a matrix with the left-most structure, for which the result is already
proved. Suppose instead that x3 and x4 do not share any negative en-
try. In that case, G\F contains two circuits of size 3, given by {a1, a2, an}
and {a3, a4, an+1}. Note that G\F does not possess any circuit of size 4.
Write a1 = (u1, u2), a2 = (u2, u3), a3 = (v1, v2) and a4 = (v2, v3). Then
an = (u3, u1) and an+1 = (v3, v1). This corresponds to the first step of
the right-most procedure. Since G is strongly edge-connected, the two
circuits must either share a common vertex or be connected by some bi-
directed path, as indicated in step ii′). Now, consider any other arc in
G\F . This arc is contained in some circuit of size 3, which we either ex-
press as {a2, ai+4, an+1+i} (where i ∈ [[1, n − 5]] satisfies [x3]i = −1) or
as {a4, ai+4, an+1+i} (where [x4]i = −1). The circuit can be rewritten as
{(u2, u3), (u3, u), (u, u2)} or {(v2, v3), (v3, u), (u, v2)}, u ∈ V , therefore we
recognize that the arc must be contained in one of the paths described in
step iii′) of the right-most procedure.
Conversely, consider any digraph G constructed using one of the two proce-
dures. Then G admits the positive basis M̃ as a network matrix therefore
it is minimally strongly edge-connected, by Corollary 3.2.1. □

The following example illustrates the result of Corollary 3.4.2: each of
the two digraphs below was obtained through one of the two procedures
described in the corollary.

Example 3.4.3 Figures 3.12 and 3.13 below show two minimally strongly
edge-connected digraphs on n vertices and 2n−4 arcs, with n = 8 and n = 18.
In both cases, the circuits of size 3 and 4 are drawn in blue. Note that
Figure 3.12 is obtained through the left-most procedure in Corollary 3.4.2
while Figure 3.13 is obtained through the right most procedure.

Let us now investigate the structure of positive bases of smaller size: the
next theorem characterizes bases of size ℓ+ 2.

Theorem 3.4.4 Let n ≥ ℓ ≥ 2. A matrix DL,2 ∈ Rn×(ℓ+2) is a positive
basis for some ℓ-dimensional linear space L ⊂ Rn if and only if there exists
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u1 u2

u3u4

Figure 3.12. |A| = 2n− 4

a1 a3u1 u2

u3

v1 v2

v3

Figure 3.13. |A| = 2n− 4

a non-positive vector x ∈ Rk, k ∈ [[1, ℓ− 1]] satisfying [x]1 = 0 and such that

DL,2 ≡
[

Iℓ N
0n−ℓ,ℓ 0n−ℓ,2

]
with N =

[
−1k x
0ℓ−k −1ℓ−k

]
.

Proof. As for Theorem 3.4.2, the converse implication is trivial and will not
be proved. Moreover, we assume that ℓ = n as the general result is easily
deduced from this specific case. Consider a positive basis Dn,2 of size n+ 2
in Rn and any IN matrix M =

[
In N

]
associated to it through (3.6). Note

N =

[
−1k w
0n−k −1n−k

]
, where k ∈ [[1, n − 1]] and w ∈ Rk is arbitrary. By

Theorem 3.4.1, w is critical and so, if this vector is non-positive, one of its
coordinates must be zero. In this case, the result is proved after permuting
rows and columns in M.
Otherwise and by definition of a critical vector, the maximal entry of w
must be non-unique and positive. Let [w]i = [w]j > 0 be two maximal
entries; denote by u and v the two columns of N. One easily checks that
B = {u, e1 . . . , en}\{ei} is a linear basis for Rn, moreover

ei = −u−
k∑

ℓ=1,ℓ ̸=i

eℓ and v = −[v]iu+
k∑

ℓ=1,ℓ̸=i

([v]ℓ − [v]i)eℓ −
n∑

ℓ=k+1

eℓ.

Note that each coefficient in the linear combination associated to ei is non-
positive. Similarly, the linear combination associated to v is non-positive
as [v]i = [w]i is a maximal entry of v, and this combination is not strictly
negative as [v]j−[v]i = 0. In consequence, lettingB ∈ Rn×n satisfy col(B) =
B, we see that up to rows and columns permutation, the matrix B−1M has
the announced structure. Since Dn,2 ≡ B−1M, the result is proved. □

Through the use of Lemma 3.4.1, the previous theorem is easily trans-
lated into a statement on minimally strongly edge-connected digraphs.

Corollary 3.4.3 A digraph G = (V,A) on n vertices and n + 1 arcs
is minimally strongly edge-connected if and only if it is the union of two
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circuits whose intersection defines an elementary path - potentially reduced
to a single vertex - in G.

Proof. We only prove the direct implication as the converse is trivial.
Let M = Dn−1,2 in R(n−1)×(n+1) be a network matrix associated to the
minimally strongly edge-connected graph G. By Theorem 3.4.4, M ≡ M̃ =[
In−1 N

]
with

N =

[
−1k x

0n−1−k −1n−1−k

]
and x ≤ 0k, k ≥ 1, [x]1 ̸= 0.

Using Lemma 3.4.1 we assume M̃ to be a network matrix, therefore x ∈
{−1, 0}k. Write A = {a1, . . . , an} and suppose that the ith column of M̃ is
associated to ai, for all i.
Based on the structure of M̃, the digraph G contains a circuit of size
k + 1, namely C1 = {a1, . . . , ak, an}. Moreover C2 is a circuit in G, where
C2 = {ai1 , . . . , aim , ak+1, . . . , an−1, an+1} and {i1, . . . , im} ⊂ [[2, k]] is the - po-
tentially empty - set of indices i such that [x]i = −1. We show that C1 ∩ C2
is an elementary path. For i ≤ 2, let Vi ⊂ V be the set of extremities of
the arcs in Ci and let v ∈ V1. Consider the sequence given by G0 = ({v}, ∅),
G1 = (V1, C1), G2 = (V1 ∪ V2, C1 ∪ C2). As C1 ∪ C2 = A, the sequence defines
an ear-decomposition for G. In particular (C1 ∪ C2)\C1 = C2\C1 is an ear of
G that defines a u− v path between two vertices in V . Then, since C2 is a
circuit, we find that (C1 ∪ C2) ∩ C1 = C1 ∩ C2 must be an elementary v − u
path. □

Proposition 2.2.2, Corollary 2.2.1 as well as Theorems 3.4.2 and 3.4.4 to-
gether imply that any positive basisDn,s, n ≤ 4 is associated through (3.6) to
an IN matrix

[
In N

]
where N has non-positive entries. Although positive

bases can always be generated from such IN matrix structures [64, Theorem
5.4], we emphasize that the equivalence no longer holds in dimension 5 or
higher, as could be anticipated from Theorem 3.4.3. Indeed, the matrix
D5,8 =

[
I5 −e1 − e2 − e3 −e2 − e3 − e4 e2 + e3 − e5

]
is both a posi-

tive basis and a network matrix, yet it cannot be associated through (3.6)
to any IN matrix with a non-positive N block.

3.5 PkSSs and k-strong edge connectivity

The previous sections of this chapter have highlighted the relationship be-
tween positive spanning sets and directed graphs. We now expand on this
relationship in hope of finding new properties for PkSSs.
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3.5.1 k-strongly edge-connected digraphs

Akin to the relationship between PkSSs and positive spanning sets, the
notion of k-strong edge connection in digraphs can be seen as generalizing
that of strong edge-connection.

Definition 3.5.1 (k-strongly edge-connected digraph) A digraph G =
(V,A) with |A| ≥ k− 1 is k-strongly edge-connected whenever it is strongly
edge-connected and remains so upon arbitrarily removing k− 1 arcs or less.

As should be clear from the definition, being strongly edge-connected is
equivalent to being 1-strongly edge-connected. By creating k copies of the
arcs of a strongly edge-connected digraph, one easily creates a k-strongly
edge-connected digraph. Other examples are provided below.

Example 3.5.1 The two digraphs on 5 vertices below are 2-strongly edge-
connected.

Figure 3.14. 2-strongly edge-
connected

Figure 3.15. 2-strongly edge-
connected

Alternatively, k-strongly edge-connected digraphs are sometimes defined
based on the following theorem - which can be seen as a corollary to Menger’s
theorem [29].

Theorem 3.5.1 [70, Theorem 15.4] A digraph G = (V,A) is k-strongly
edge-connected if and only if there exist k arc-disjoint paths between any two
vertices u and v.

Theorem 3.5.1 is easily illustrated by the two digraphs given in Figures 3.14
and 3.15. Moreover note that removing an arbitrary arc from any of these
graphs makes them lose their 2-strong connectivity. In that sense, we say
that they are minimal for this property.

Definition 3.5.2 (Minimally k-strongly edge-connected digraph) A
digraph G is minimally k-strongly edge-connected whenever it is k-strongly
edge-connected and loses this property upon arbitrarily removing one arc.

It is well known that the number of arcs in a minimally k-strongly edge-
connected digraph on n vertices is not fixed. The lower bound can easily be
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proved to be kn [10, Section 5.6]. The exact value of the upper bound was
determined by Dalmazzo [18] and generalizes that given in Proposition 3.1.1.

Proposition 3.5.1 [18, Corollary to Theorem 2] Let G = (V,A) be mini-
mally k-strongly edge-connected on n ≥ 2 vertices. Then

kn ≤ |A| ≤ 2k (n− 1) . (3.10)

As stated in Proposition 3.1.1, bi-directed trees are the only strongly edge-
connected digraphs on n ≥ 2 vertices with |A| = 2 (n− 1). The result
generalizes to minimally k-strongly edge-connected digraphs.

Proposition 3.5.2 [18, Theorem 4] Let G = (V,A) be minimally k-strongly
edge-connected on n ≥ 2 vertices. If |A| = 2k (n− 1), then G is obtained by
replacing each edge of a tree with 2k arcs, k in each direction.

Figures 3.16 and 3.17 below provide two examples of minimally 2-strongly
edge-connected digraphs with a maximal number of arcs: each contains
4 vertices and 16 arcs. As per Proposition 3.5.2, they are the only two
minimally 2-strongly edge-connected digraphs of such size.

Example 3.5.2 In the two figures below, a doubled arrow tip indicates that
an arc is doubled.

Figure 3.16. |A| = 2k(n− 1) Figure 3.17. |A| = 2k(n− 1)

When considering minimally strongly edge-connected digraphs with no du-
plicated arcs, note that the upper bound given in Proposition 3.5.1 can be
reduced [11]. A variety of scientific articles revolve around finding algorithms
to recognize k-strongly edge-connected digraphs [78, 82]. The general prop-
erties of k-strongly edge-connected digraphs are discussed at length in [10,
Section 5.6].
We conclude this section with a result bridging undirected graphs with k-
strongly edge-connected, directed ones, adapted from a theorem by Nash-
Williams [58]. We start by defining a concept of interest.

Definition 3.5.3 (k-edge-connected graph) Let G = (V,E) be undi-
rected. We say that G is k-edge-connected if it is connected and remains so
upon arbitrarily removing (k − 1) edges or less.
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Cycles are basic examples of 2-edge-connected graphs. Note that these can
easily be oriented into 1-strongly edge-connected digraphs, by turning them
into circuits. Nash-Williams [58] proved that the result generalizes to 2k-
edge-connected graphs.

Theorem 3.5.2 [58, Theorem 1] Let k ≥ 1, let G = (V,E) be a 2k-edge-
connected undirected graph on n vertices. Then G can be oriented into a
k-strongly edge-connected digraph.

Example 3.5.3 The 2-edge-connected, undirected graph below can easily be
transformed into a strongly edge-connected digraph, as shown in Figure 3.10.

Figure 3.18. 2-edge-connected, undirected graph

3.5.2 Links with positive k-spanning sets and positive k-bases

The relationship between PSSs and strongly edge-connected digraphs gen-
eralizes to positive k-spanning sets: the next proposition is deduced from
Theorem 3.2.1 and Proposition 3.2.1.

Proposition 3.5.3 Let T = (V, Â) be an oriented spanning tree contained
in a digraph G = (V,A). The associated network matrix M ∈ Rn×m is a
PkSS for Rn if and only if G is k-strongly edge-connected.

Proof. Suppose that G is k-strongly edge-connected and let M̃ be obtained
from M by removing k − 1 columns or less. In order to show that M is
positively k-spanning, it suffices to show that M̃ is a PSS. Name ai1 to aik−1

the arcs of G associated to the columns of M that were removed.
First, suppose that {ai1 , . . . , aik−1

} ∩ Â = ∅. Then M̃ is the network matrix

associated to G̃ = (V,A\{ai1 , . . . , aik−1
}) and to T . Since G is k-strongly

edge-connected, then G̃ must be strongly edge-connected; by Theorem 3.2.1,
M̃ is a PSS.
Suppose now that {ai1 , . . . , aik−1

} ∩ Â ̸= ∅ and let T ′ = (V, Â′) denote a
spanning tree of G whose set of arcs does not intersect {ai1 , . . . , aik−1

}. By
Proposition 3.2.1, the network matrix M′ associated to G and T ′ satisfies
M′ ≡ M. Thus M̃ is structurally equivalent to a submatrix M̃′ of M′.
Moreover M̃′ is the network matrix associated to G̃ and to T ′. In turn, it is
a PSS and so M̃ is also a PSS.



3.5. PkSSs AND k-STRONG EDGE CONNECTIVITY 69

Conversely, suppose that M̃ is a PkSS. The previous reasoning can be re-
versed to deduce that G must be k-strongly edge-connected. □

We easily derive from Proposition 3.5.3 that the network matrix of a
minimally k-strongly edge-connected digraph is a positive k-basis. Exploit-
ing this result and that of Proposition 3.5.2, one can describe the structure
of a specific type of positive k-basis. Indeed, we see that all positive k-
bases D ∈ Rn×2kn that are structurally equivalent to the network matrix of
some minimally k-strongly edge-connected digraph are obtained by stacking
together copies of a maximal positive basis.

Example 3.5.4 The matrix D =
[
I3 −I3 I3 −I3

]
=
[
D3,3 D3,3

]
is

both a positive 2-basis and a network matrix associated to the minimally
2-strongly edge-connected digraph G given in Figure 3.16.

In spite of these promising results, the relationship between digraphs and
positive k-bases quickly reaches its first limitation. Indeed, for k ≥ 2, there
is no clear correspondence between the size of minimally k-strongly edge-
connected digraphs and that of positive k-bases in Rn - see Propositions 2.3.2
and 2.3.6. Using a broader approach, let us now investigate the general
properties of k-strongly edge-connected digraphs with the hope of finding
an analog for PkSSs.

Partitioning matrices

We first take interest in Theorem 3.5.1, stating that any two vertices of a
k-strongly edge-connected digraphs are connected to each other through k
disjoint paths. An equivalent property for matrices is defined thereafter.

Definition 3.5.4 (Partitionable matrix) Let k ≥ 1 and x ∈ Rn. A
matrix D ∈ Rn×m is (x, k)-partitionable if D ≡

[
Dx,1 . . . Dx,k

]
, where

x is contained in the positive span of each block Dx,i. We say that D is
k-partitionable if it is (x, k)-partitionable for all x ∈ Rn.

It immediately follows from Definition 3.5.4 that all k-partitionable matri-
ces are positively k-spanning. Letting Dn,s ∈ Rn×(n+s) be a positive ba-
sis in Rn, a trivial example of a k-partitionable matrix in Rn is given by[
Dn,s . . . Dn,s

]
. In particular, we note that the network matrix of a min-

imally k-strongly edge-connected digraph of maximal size is k-partitionable.
In dimension 2 and more however, the columns of k-partitionable PkSSs can
usually not be decomposed in such a fashion: a counter example is given
by the pentagon represented in Figure 2.9. While the associated positive
2-basis D ∈ R2×5 is 2-partitionable, it is clear that the matrix cannot be
decomposed into a union of two PSSs as D only possesses five columns.
In the case of digraphs, we note that an analog negative result applies: ar-
bitrary k-strongly edge-connected digraphs G = (V,A) cannot always be
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decomposed into a union of strongly edge-connected digraphs Gi = (V,Ai),
i ≤ k.

Example 3.5.5 The directed graph G = (V,A) represented in Figure 3.19
below cannot be partitioned into a union of two strongly edge-connected di-
graphs on five vertices.

Figure 3.19. Minimally 2-strongly edge-connected

We indicated earlier that all k-partitionable matrices were positively k-
spanning. The converse implication, which generalizes the result of The-
orem 3.5.1, can be proved to be true in low dimensions.

Proposition 3.5.4 Let n ≤ 2. All PkSSs in Rn are k-partitionable.

Proof. The result trivially holds when n = 1 as any PkSS in R is struc-
turally equivalent to a matrix which contains k copies of the positive basis[
1 −1

]
in its columns.

Now, let x ∈ R2 and let D =
[
d1 . . . dm

]
∈ R2×m be a positive k-

spanning set, whose columns are assumed to be nonzero. We make the
additional assumption that x ̸= 02, as D is clearly (02, k)-partitionable.
Let Θ(u,v) ∈ [0, 2π[ denote the angle between two nonzero vectors u and
v. Without loss of generality, we assume to have Θ(x,di) ≤ Θ(x,di+1) for
all i and we let Mi =

[
di dm−k+i

]
. Then x ∈ pspan(Mi) for all i ≤ k, and

so the matrix D is (x, k)-partitionable.

□

Example 3.5.6 The regular heptagon
[
d1 . . . d7

]
represented below is a

3-partitionable P3SS in R2. For instance, the vector x is contained in each
of the three cones pspan(

[
d1 d5

]
), pspan(

[
d2 d6

]
) and pspan(

[
d3 d7

]
).
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x

d6

d7
d1

d2

d3

d4
d5

Figure 3.20. 3-partitionable P3SS

Note that the result of Proposition 3.5.4 does not hold anymore in higher
dimensions, as illustrated by the next counter-example.

Example 3.5.7 The P2SS D =

1 0 −1 −1 1 0 0
0 1 −1 −3 2 0 0
1 1 1 1 1 −1 −1

 in R3, whose

columns consist of a lifted pentagon and of two copies of the vector −e3, is
not (e3, 2)-partitionable. In turn, D is not 2-partitionable.

Reorienting matrices

We now turn our attention towards Theorem 3.5.2, stating that all 2k-edge-
connected undirected graphs can be oriented into k-strongly edge-connected
digraphs. Our aim is to translate this result into an equivalent one which
applies to a particular class of matrix, defined thereafter.

Definition 3.5.5 (k-spanning set) A matrix D ∈ Rn×m with m ≥ k is
a k-spanning set in Rn (alternatively, we say that D is k-spanning) if it is
linearly spanning and remains so upon arbitrarily removing k − 1 columns
or less. If no proper submatrix of M is k-spanning in Rn, we say that M is
minimally k-spanning.

k-spanning and minimally k-spanning matrices can be thought of as the
counterpart to positive k-spanning sets and positive k-bases. Our main
interest resides in k-spanning network matrices. Using Theorem 3.2.1 and
since all PkSSs are k-spanning, a first example is given by the network
matrix of any k-strongly edge-connected digraph. In order to generalize
Theorem 3.5.2, we now apply the concept of reorientation to matrices.

Definition 3.5.6 (Reoriented matrix) A matrix M̃ ∈ Rn×m is a reori-
entation of M ∈ Rn×m if it can be obtained by arbitrarily replacing columns
in M with their opposite.

The relationship between reorientations of digraphs and matrices is discussed
in the next proposition.
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Proposition 3.5.5 Let T = (V, Â) be a spanning tree contained in a di-
graph G = (V,A) on n+1 vertices and let M1 =

[
In X1

]
be the associated

network matrix. Any network matrix M2 associated to some orientation of
G and T is structurally equivalent to a reorientation of M1.

Proof. Let G̃ = (V,A) be the orientation of G to which M1 is associated.
Let T̃ = (V, Â) be the associated orientation of T . Any other orientation of
G and T can be obtained by iteratively changing the direction of arcs in G̃.
Let ai ∈ A and let ci ∈ col(M) be the column associated to ai.
Upon reorienting ai, we change the sign of ci to create a new matrix M
which represents the relationships between the arcs of the modified digraph.
If ai /∈ Â, then ci ∈ col(X1) and M = M2 is thus a network matrix. On the
other hand if ai ∈ Â, then M does not possess an identity block anymore
as ci = ei ∈ col(In). We then change the sign of the ith row of M to obtain
the network matrix M2 =

[
In X2

]
≡ M. □

Example 3.5.8 The network matrix M2 below is structurally equivalent
to a reorientation of the matrix M given in Figure 3.10. Indeed, M2 is
obtained from M by successively changing the sign of the first row and the
first column.

1 2

3

5

4 1 0 0 0 1
0 1 0 −1 −1
0 0 1 −1 0



Figure 3.21. Digraph, spanning tree and network matrix

Note that two network matrices
[
In X1

]
and

[
In X2

]
are associated to

two orientations of the same digraph and spanning tree if and only if X2 is
obtained from X1 by switching the signs of some rows and columns. Let us
now restate Theorem 3.5.2 in terms of network matrices.

Proposition 3.5.6 Let M =
[
In X

]
be a 2k-spanning network matrix.

Then M admits a reorientation into a PkSS.

Proof. Let G = (V,A) be the digraph associated to M. Based on Theo-
rem 3.5.2 and Proposition 3.5.5, the result is proved upon showing that the
underlying undirected graph G̃ = (V,E) is 2k-edge-connected. The proof of
this last statement is essentially identical to that of Proposition 3.5.3. □

In the remainder of this section, we investigate the properties of 2k-
spanning matrices in Rn, with the hope of generalizing the result of Propo-
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sition 3.5.6 to non-network matrices. We start by proving that when k = 1,
the result holds for all 2k-spanning sets.

Proposition 3.5.7 Let M ∈ Rn×m be 2-spanning. Then M admits a
reorientation into a PSS.

Proof. Consider a matrix N =
[
In X

]
∈ Rn×m satisfying N ≡ M. Then

M admits a reorientation into a PSS if and only if N shares this same
property. As M is 2-spanning, so must be N. Thus for all i ∈ [[1, n]], the
block X admits a column whose ith entry is nonzero. Therefore there exists
a vector v ∈ pspan(X) which satisfies [v]i ̸= 0, for all i ≤ n. Now, consider
the diagonal matrix B ∈ Rn×n defined by [B]i,i = sgn(−[v]i), for all i ≤ n.
By construction, the matrix

[
B v

]
≡
[
In −1n

]
is a minimal positive basis

in Rn. Thus Ñ =
[
B X

]
is reorientation of N into a PSS, as each column

of
[
B v

]
is contained in pspan(Ñ). □

Example 3.5.9 The matrix M =

1 2 3 3 5
4 5 6 9 11
7 9 9 16 18

, which is 2-spanning

in R3, is structurally equivalent to N =
[
I3 e1 + e2 e2 + e3

]
. We reorient

N into a PSS by considering the matrix Ñ =
[
I3 −(e1 + e2) −(e2 + e3)

]
.

Since Ñ ≡

1 2 3 −3 −5
4 5 6 −9 −11
7 8 9 −15 −17

, we found a reorientation M̃ of M into a

PSS. While M̃ ≡ Ñ is a positive basis, we note that the 2-spanning matrix
M was surprisingly not minimal.

One can easily verify that k+n−1 is the lowest attainable size for the number
of columns of a minimal k-spanning set M ∈ Rn×m. On the other hand, it is
known that the maximal possible size is given by m = kn and that minimal
k-spanning sets of such size consist of k scalar multiples of a linear basis [49,
page 3]. Based on these observations, the result of Proposition 3.5.7 can be
generalized to all values of k, in dimension 2.

Proposition 3.5.8 Let n ≤ 2. For all k ≥ 1, all 2k-spanning sets M in Rn

admit a reorientation into a PkSS.

Proof. First, suppose that n = 1. Then M possesses 2k nonzero entries or
more, as it is 2k-spanning. Reorient M to ensure that k of these coefficients
are positive and k other are negative. The matrix M̃ thus obtained is a
PkSS in R.

Now let n = 2 and let M =
[
c1 . . . cm

]
∈ R2×m be 2k-spanning.

Clearly, m ≥ 2k + 1. For the sake of simplicity, we assume M to be min-
imally 2k-spanning; in particular, each column ci is nonzero. For any two
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nonzero vectors u and v in R2, we denote by Θ(u,v) ∈ [0, 2π[ the angle
from u to v. We reorder the columns of M and if necessary, reorient them
to ensure 0 ≤ Θ(e1, c1) ≤ Θ(e1, c2) ≤ · · · ≤ Θ(e1, cm) < π.
Initially, we assume each column ci to be unique. Then m = 2k+ 1 and we
claim that the matrix M̃ =

[
c1 −c2 c3 . . . −c2k c2k+1

]
is a PkSS. In-

deed and by construction, any submatrix of M̃ constituted of three columns
of indices i1 < i2 < i3 with i1 and i3 both odd and i2 even (resp. i1 and i3
both even and i2 odd) is positively spanning. Upon removing k−1 columns
of M̃, at least one such triplet is preserved in the resulting matrix N, thus
N is a PSS and so M̃ is positively k-spanning.
Now, we assume some column ci of M to be non-unique. As M is min-
imally 2k-spanning, some other column cj ̸= ci must also be non-unique.
Two cases are to be considered. First, assume that each column cℓ is non-
unique. Then M is a 2k-spanning set of maximal size 4kn and consists of
two copies of a k-spanning set. By orienting these two copies in opposite
directions, we obtain a PkSS M̃. Last, we assume the existence of some
index ℓ such that cℓ is unique. Then, the submatrix N =

[
ci cj cℓ

]
of

M is 2-spanning; up to permuting columns we write M =
[
N M̃

]
. Using

Proposition 3.5.7, we reorient N into a PSS. We now wish to orient the
matrix M̃ into a P(k − 1)SS. This reorientation can be achieved through a
recursive reasoning, upon observing that M̃ is 2(k − 1)-spanning. □

Example 3.5.10 Figure 3.22 below shows a 4-spanning set M of size 5 in
R2. The vectors are reoriented in Figure 3.23 to ensure Θ(e1, c̃i) < π, for all
i. Finally, each vector c̃i of even index is reoriented. We obtain the P2SS
given in Figure 3.24.

c1

c2

c3
c4

c5

Figure 3.22

c̃1

c̃5

c̃2
c̃3

c̃4

c5

Figure 3.23

c̃1

c̃5

−c̃2

c̃3

−c̃4

Figure 3.24

Now, consider the minimal 4-spanning set of size 7 given in Figure 3.25.
Combined with c4, the two redundant vectors c1 and c5 form a 2-spanning
set which we orient into a PSS. The four remaining vectors c2 = c3 and
c6 = c7 are non-unique and reoriented into a positive basis D2,2 to obtain
the P2SS given in Figure 3.26.
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c1, c2, c3

c4
c5, c6, c7

−c7

Figure 3.25

c1, c2−c3

−c4

c5, c6

−c7

Figure 3.26

We conclude this section with a counter-example illustrating that in the
general case, for larger values of k and n, 2k-spanning sets in Rn cannot be
reoriented into PkSSs.

Example 3.5.11 The matrix M =

1 0 0 2 1 1
0 1 0 1 2 1
0 0 1 1 1 2

 is 4-spanning, yet

cannot be reoriented into a P2SS. Indeed, by Lemma 2.3.1 and by symmetry

any such reorientation would be equivalent to M̃ =

1 0 0 −2 −1 1
0 1 0 −1 −2 1
0 0 1 −1 −1 2

.
Name M̃e2 the matrix obtained from M̃ by removing the column e2. Then
each element v of pspan(M̃e2) satisfies [v]2 ≤ [v]3, thus M̃e2 is not a PSS
and M̃ is not a P2SS.

3.6 Summary of Chapter 3

Throughout this chapter, we studied the links between graphs and positive
spanning sets. We showed that the properties of strongly edge-connected di-
graphs, a concept which extends that of connectivity in undirected graphs,
could be used to characterize PSSs and positive bases. We analyzed the main
properties of such graphs in Section 3.1, where we took a particular interest
in the characterization of strong connectivity through ear-decompositions -
see Section 3.1.2.
The bridging between graphs and PSSs was accomplished in Section 3.2
using network matrices: we showed in Section 3.2.2 that a network ma-
trix was positively spanning on the condition that the associated digraph
was strongly edge-connected. This was the object of Theorem 3.2.1, which
corresponds to the first contribution of this chapter. Building on this theo-
rem, we showed in Section 3.3 the existence of an analog result to the ear-
decomposition of strongly edge-connected digraphs, applied to PSSs. This
result, stated in Theorem 3.3.1, characterizes positive spanning sets and was
successfully derived upon studying the properties of circuits in matrices -
see Section 3.3.1.
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Aiming to refine Theorem 3.3.1 into a characterization of positive bases,
we studied in Section 3.4.2 the notion of criticality, which we had already
encountered in Chapter 2. Upon successfully characterizing the critical fam-
ilies for linear spaces of low dimension in Proposition 3.4.2, we were able to
properly describe the structure of positive bases of sizes 2n− 1, 2n− 2 and
n + 2 in Rn in Section 3.4.3; in turn, we used these newfound results to
characterize strongly edge-connected digraphs of near extreme sizes.
In the last section of this chapter, we discussed the link between positive
k-spanning sets and k-strongly edge-connected digraphs, a resilient class of
strongly edge-connected digraphs whose properties are listed in Section 3.5.1.
While the result of Theorem 3.2.1 was easily generalized, we quickly realized
that no decomposition result for PkSSs could be derived from the study of
positively k-spanning network matrices. Instead, we investigated general-
izations of some usual properties of k-strongly edge-connected digraphs -
see Theorems 3.5.1 and 3.5.2. Menger’s theorem states that two vertices
in a k-strongly edge-connected digraph are connected through k pairwise
disjoint oriented paths. We showed in Section 3.5.2 that the analog matrix
property, defined in Definition 3.5.4, was satisfied by all PkSSs in dimen-
sion 2 or less but did not hold anymore in higher dimensions. Similarly, we
saw that although all 2k-connected graphs could be reoriented into strongly
k-connected digraphs, the analog property for 2k-spanning sets - see Defini-
tions 3.5.5 and 3.5.6 - could only hold for low values of k and n. Most of the
content from Sections 3.1 to Section 3.4 have been accepted for publication
in Discrete applied mathematics [17]. New contributions of this thesis
are found in Theorem 3.4.3 and Corollary 3.4.2.



Chapter 4

Cosine measures and positive
spanning sets

This chapter focuses on the cosine measure, a tool which quantifies how
well the directions induced by the set of columns of a matrix cover the
Euclidean space and whose main properties are discussed in Section 4.1.2.
Various computational techniques have been proposed for determining the
cosine measure of a matrix [31, 65], a problem which was recently shown
to be APX-hard [38]. We take a particular interest in an algorithm by
Hare and Jarry-Bolduc, which we describe in Section 4.1.2. We then focus
on a recently identified class of positive spanning sets, called orthogonally
structured positive bases (OSPBs). First, we describe in Section 4.2 how
to identify such matrices and compute their cosine measures efficiently by
improving on Hare and Jarry-Bolduc’s algorithm. Then, in Section 4.3,
we turn towards studying positive k-spanning sets, for which we provide
a new notion of cosine measure that accounts for the resilient nature of
such matrices. By combining our results, we are able to use orthogonally
structured positive bases to create positive k-spanning sets with guarantees
on the value of their cosine measures.

4.1 The cosine measure

4.1.1 Definition and examples

Positive spanning sets and positive bases are now a standard tool used by
derivative-free optimization algorithms [15, 6]. The idea is to use directions
induced by the set of columns of a PSS in replacement for derivative in-
formation. In that setting, it becomes critical to quantify how well these
directions cover the space of interest, which is typically assessed through the

77
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cosine measure of this PSS [43, 40].

Definition 4.1.1 (Cosine measure and cosine vector set) Let D be a
matrix with nonzero columns Rn×m. The cosine measure and the associated
cosine vector set of D, noted cm (D) and cV(D), are given by

cm (D) = min
∥u∥=1
u∈Rn

max
d∈col(D)

u⊤d

∥d∥
and cV(D) = argmin

∥u∥=1
u∈Rn

max
d∈col(D)

u⊤d

∥d∥
.

The cosine vector set of a matrix D consists of all unitary vectors v whose
angular distance to their closest neighbor in col(D) is maximized. The value
cm (D) is given by the cosine of the angle between any such vector v and
its closest neighbor in col(D).

Example 4.1.1 Consider the basis D =
[
d1 d2 d3

]
=

[
1 −1

2 −1
2

0
√
3
2 −

√
3
2

]
whose columns are represented in the figure below. Then the vector v = −d3

is contained in cV(D) as the angular distance between v and its closest neigh-
bor in col(D) is maximal. We find that cm (D) = cos(π3 ) =

1
2 .

v

d1

d2

d3

Figure 4.1. A PSS in R2.

The cosine measure and cosine vector set are of particular interest in the case
of positive spanning sets, as shown by the result of Proposition 4.1.1. Its
proof can be found in key references in derivative-free optimization [6, 15].
Note that our analysis in Section 4.3 provides a more general proof in the
context of positive k-spanning sets.

Proposition 4.1.1 A matrix D ∈ Rn×m is a positive spanning set in Rn

if and only if cm (D) > 0.

An illustration that positive spanning sets have a positive cosine measure
is provided in Example 4.1.1. Conversely, the cosine measure of the non
positively spanning matrix D̃ =

[
d′
1 d′

2 d′
3

]
represented in Figure 2.2 is

negative as the angle between v′ = −d′
1 and each column of D̃ is obtuse.

Proposition 4.1.1 shows that the positive spanning property can be checked
by computing the cosine measure. This value further characterizes how well
the set col(D) covers the space, which is a relevant information in derivative-
free algorithms [40]. Both observations motivate the search for efficient
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techniques to compute the cosine measure. We note that the definition of
the cosine measure can be adapted to help recognize positive spanning sets
for proper subspaces of Rn [7]. Our approach in Section 4.3 will introduce
a new tool that allows for the recognition of positive k-spanning sets.
We conclude this section with results on the cosine measure of positive bases
of extremal sizes in Rn.

Proposition 4.1.2 [57, Theorem 2] Let Dn,n be a maximal positive basis
in Rn. Then cm (Dn,n) ≤ 1√

n
.

The bound given in Proposition 4.1.2 is tight, as it is attained by the positive
basis

[
In −In

]
. In the case of bases of minimal, a similar result can be

derived.

Proposition 4.1.3 [57, Theorem 1] Let Dn be a minimal positive basis in
Rn. Then cm (Dn) ≤ 1

n .

Again, the bound given in Proposition 4.1.3 is tight: it is attained by all
positive bases with uniform angles, such as the one given in Example 4.1.1.
In the case of the minimal positive basis formed by the coordinate vectors
and the sum of their negatives, we find

cm
([
In −1n

])
=

1√
n2 + 2(n− 1)

√
n
.

To the best of our knowledge, this formula has only been recently estab-
lished [37, 67] and no formal proof is available in the literature. In the next
section, we will develop an efficient cosine measure calculation technique for
specific positive bases, that will provide a proof of this result as a byproduct.

4.1.2 Computing the cosine measure

Finding the cosine measure of a matrix D by relying on the formula given
in Definition 4.1.1 would require an infinite amount of computations: those
of each dot product between unitary vectors in Rn with columns of D. To
address this challenge, several algorithms have been proposed [31, 65]. We
now summarize the one introduced by Hare and Jarry-Bolduc.

For a positive spanning set D ∈ Rn×m, the algorithm revolves around
the observation that each element u of cV(D) admits a non-unique closest
neighbor in col(D).

Lemma 4.1.1 [31, Corollary 19] Let D ∈ Rn×m be positively spanning and

let u ∈ cV(D). The set argmax
d∈col(D)

u⊤d
∥d∥ contains a linear basis of Rn.

Note that the result of Lemma 4.1.1 generalizes to all linearly spanning sets.
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Example 4.1.2 Let D =
[
d1 d2 d3

]
be the PSS associated to Figure 2.1.

Then the cosine vector v ∈ cV(D) is equidistant from d1 and d2, which form
a linear basis of R2.
Although the matrix D′ from Figure 2.2 is not a PSS, it is linearly spanning
and v′ is as distant as possible its two closest neighbors d′

2 and d′
3 in col(D′).

Together, these vectors form a linear basis.

Each linear basis B of Rn can be associated to a unique unit vector uB that
is equidistant to each column of B and whose dot product with these vectors
is positive. The exact value of this dot product can be expressed in terms
of the Gram matrix of B, as shown in Lemma 4.1.2.

Definition 4.1.2 (Gram matrix) Let M ∈ Rn×m. The Gram matrix of
M is the matrix G(M) = M⊤M ∈ Rm×m.

Lemma 4.1.2 [31, Lemma 12 and 13] Let B =
[
b1 . . . bn

]
∈ Rn×n be a

linear basis. There exists a unique unit vector uB ∈ Rn whose dot product

with each bi is positive and satisfies
u⊤
Bbi

∥bi∥ =
u⊤
Bbj

∥bj∥ , for all i and j. Moreover,

letting γB =
u⊤
Bb1

∥b1∥ , we have

γB =
1√

1⊤nG(B)−11n
and uB = γBB

−⊤1n. (4.1)

Computing the quantities (4.1) for all linear bases formed by columns of
D then gives both the cosine measure and the cosine vector set for D [31,
Theorem 20]. Indeed, we have

cm (D) = min
col(B)⊂ col(D)

B linear basis of Rn

max
d∈col(D)

u⊤
B

d

∥d∥
, (4.2)

while the cosine vector set is given by

cV(D) =

{
uB : max

d∈col(D)
u⊤
B

d
∥d∥ = cm(D)

}
.

In the next section of this chapter, we investigate a class of positive
spanning sets for which these values can be quickly computed.

4.2 Orthogonally structured positive bases and co-
sine measure

Theorem 2.2.1 showed that each positive basis in Rn could be decomposed
into a union of altered minimal bases of smaller linear spaces. Let us now
exploit this result to improve the efficiency of Hare and Jarry-Bolduc’s Al-
gorithm to specific cases.
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4.2.1 Structure and detection of OSPBs

For arbitrary positive bases, computing the Romanowicz decomposition
given in (2.4) is hard as it requires to determine the critical vectors and the
subspaces Li, that need not be orthogonal to one another. These consider-
ations have lead researchers to consider a subclass of positive bases with a
nicer decomposition [33], leading to Definition 4.2.1 below.

Definition 4.2.1 (Orthogonally structured positive basis, OSPB) bla
Suppose that n ≥ 2 and consider a positive basis Dn,s of Rn. If there ex-
ist subspaces L1, . . . ,Ls of Rn such that Rn = L1 ⊥ L2 ⊥ · · · ⊥ Ls and
associated minimal positive bases DL1 , . . . ,DLs such that

Dn,s ≡
[
DL1 DL2 · · · DLs

]
, (4.3)

where the structural equivalence only involves permutations of columns, then
Dn,s is called an orthogonally structured positive basis or OSPB.

By construction, note that for any 1 ≤ i < j ≤ s, any pair of columns
(d,d′) ∈ col(DLi)× col(DLj ) satisfies d

⊤d′ = 0.
The class of orthogonally structured positive bases includes common positive
bases, such as minimal ones and certain maximal positive bases such as those
formed by the coordinate vectors and their negatives in Rn. More OSPBs
can be obtained via numerical procedures, even for intermediate sizes [33].

Example 4.2.1 The positive basis D3,2 =

1 −1 2 −1 −1
1 −1 −1 1 0
1 −1 −1 0 1

 is an

OSPB. Indeed, for L1 = span(
[
13
]
) and L2 = span(

[
e1 − e2 e1 − e3

]
), we

see that the two linear spaces L1 and L2 are orthogonal to one another, that
the first two columns of D3,2 form a minimal positive basis for L1 and that
the last three columns form a minimal positive basis for L2.

While computing the cosine measure of an arbitrary matrix is APX-hard [38],
we will show in Section 4.2.2 that it can be computed in polynomial time
for OSPBs.
The favorable structure of an OSPB can be revealed through the properties
of the associated Gram matrix. We will show that when D is an OSPB, its
columns can be permuted to obtain a matrix D̃ = DP whose Gram matrix
G(D̃) = P⊤G(D)P possesses a block-diagonal structure which reveals the
decomposition of the basis, and thus its OSPB nature.

Theorem 4.2.1 Let n ≥ 2, s ≥ 2. The positive basis Dn,s is orthogonally
structured if and only if there exists a permutation matrix P ∈ R(n+s)×(n+s)

such that G(Dn,sP) can be written as a block diagonal matrix with s diagonal
blocks.
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Proof. Suppose first that Dn,s is an OSPB, with

Dn,s ≡
[
DL1 DL2 · · · DLs

]
.

For each permutation matrix P ∈ R(n+s)×(n+s), the matrix Dn,sP is an
OSPB associated to the same decomposition. Therefore without loss of
generality we assume the structural equivalence above to be an equality. By
orthogonality of the matrices DLi , the Gram matrix G(Dn,s) = D⊤

n,sDn,s

is then block diagonal with s blocks corresponding to G(DL1), . . . ,G(DLs),
and thus the desired result holds.

Conversely, suppose that there exists a permutation matrix P matrix
such that the matrix G(Dn,sP) = P⊤G(Dn,s)P is block diagonal with s
blocks. Then, by considering a partitioning with respect to those diago-
nal blocks, one can write Dn,sP =

[
M1 · · · Ms

]
so that G(Dn,sP) =

diag (G(M1), . . . ,G(Ms)). By definition of the Gram matrix, this struc-
ture implies that the columns of Mi and Mj are orthogonal for any i ̸= j,
thus we only need to show that each Mi is a minimal positive basis for its
linear span. To this end, we use the fact that Dn,sP is positively spanning.
By Proposition 2.1.1(iii), there exists a vector x ∈ Rn+s with positive coeffi-
cients such that Dn,sPx = 0n. By decomposing the vector x into s vectors
x1, . . . ,xs according to the decomposition

[
M1 · · · Ms

]
, we obtain that

Dn,sPx =
n∑

i=1

Mixi = 0n. (4.4)

By orthogonality of the columns of the matrices Mi, the property (4.4) is
equivalent to

Mixi = 0n ∀i ∈ [[1, s]].

Using again Proposition 2.1.1(iii), this latter property is equivalent to Mi

being a PSS for its linear span. Let ni be the dimension of this span, and
mi the number of columns in Mi. Since the Mi are orthogonal and since
span(Dn,sP) = Rn, we must have

∑s
i=1 ni = n. In addition, we also have∑s

i=1mi = n+ s =
∑s

i=1 ni+ s. Since mi > ni for all i ∈ [[1, s]], we conclude
that mi = ni + 1, and thus every Mi is a minimal positive basis. □

Note that the characterization stated by Theorem 4.2.1 trivially holds
for minimal positive bases. This theorem thus provides a characterization
of the OSPB property through Gram matrices. One can then use this result
to determine whether a positive basis has an orthogonal structure and, in
that event, to highlight the associated decomposition.

Corollary 4.2.1 Let n ≥ 2, s ≥ 1 and Dn,s be a positive basis in Rn. If
there exists a permutation matrix P ∈ R(n+s)×(n+s) such that G(Dn,sP)
is block diagonal with s blocks, then Dn,s is an OSPB, and its decomposi-
tion (4.3) is given by Dn,sP.
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Corollary 4.2.1 provides a principled way of detecting the OSPB structure,
by checking all possible permutations of the columns of the positive basis.
Although this is not the focus of this work, we remark that it can be done
in an efficient manner by considering a graph whose Laplacian matrix L
has nonzero coordinates in the exact same rows and columns as G(Dn,s).
Indeed, the problem of finding the permutation for matrix L reduces to that
of finding the number of connected components in the graph [51] and can
be solved in polynomial time [35].

4.2.2 Cosine measure of an OSPB

Orthogonally structured positive bases were defined as matrices which
admit a decomposition into minimal positive bases that are orthogonal to
one another. We now investigate how this particular structure allows for
efficient computation of the cosine measure.
Our approach builds on the algorithm by Hare and Jarry-Bolduc [31], that
computes the cosine measure of any positive spanning set in finite time
(though the computation time may be exponential in the problem dimen-
sion). This procedure, which consists of a loop over all possible linear bases
B formed by columns of the positive spanning set, was detailed in Sec-
tion 4.1. The next proposition shows how, when dealing with OSPBs, for-
mula (4.2) can be simplified to give a more direct link between the quantities
γB and the cosine measure.

Proposition 4.2.1 Let Dn,s be an OSPB associated to the decomposition[
DL1 . . . DLs

]
of minimal positive bases. Then

cm (Dn,s) = min
col(B)⊂ col(Dn,s)

B linear basis of Rn

γB and cV(Dn,s) = {uB : γB = cm(Dn,s)},

where γB = 1√
1nG(B)−11⊤

n

and uB = γBB
−⊤1n.

Proof. Using the decomposition of Dn,s, any linear basis B of Rn formed
by columns of Dn,s can be permuted into

[
BL1 · · · BLs

]
, where for all i,

col(BLi) ⊂ col(DLi) and BLi is a linear basis of Li. By construction, the
vector uB makes a positive dot product with every column bi of B (and
thus with every column of each BLi) equal to γB∥bi∥. Consequently, the
vector uB lies in the positive span of B, and its projection on any subspace
Li lies in the positive span of BLi .

Meanwhile, for any i ∈ [[1, s]], there exists di ∈ col(DLi) such that
col(BLi) = col(DLi) \ {di}, and this vector satisfies u⊤

Bdi < 0 per Proposi-
tion 2.1.1(iii), leading to

max
d∈col(Dn,s)

u⊤
Bd

∥d∥
= max

i∈[[1,s]]

{
max

d∈col(DLi )

u⊤
Bd

∥d∥

}
= max

i∈[[1,s]]

{
max

d∈col(BLi )

u⊤
Bd

∥d∥

}
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= max
d∈col(B)

u⊤
Bd

∥d∥
= γB,

where the second equality comes from u⊤
Bdi < 0 and max

d∈Dn,s

u⊤
Bd > 0, and

the last equality holds by definition of γB. Recalling that cm (Dn,s) is given
by (4.2) concludes the proof. □

One drawback of the approach described so far is that it requires comput-
ing the quantities (4.1) for all linear bases contained in the positive spanning
set of interest. In the case of OSPBs, we show below that the number of
linear bases to be considered can be greatly reduced by leveraging to their
decomposition into minimal positive bases.

Theorem 4.2.2 Let Dn,s be an OSPB of Rn associated to the decomposition[
DL1 . . . DLs

]
. Let B be a linear basis of Rn formed by columns of Dn,s

and such that col(B) = ∪s
i=1col(BLi), where every BLi is a linear basis of

the subspace corresponding to DLi. For each basis BLi, define

γBLi
=

1√
1⊤Li

G(BLi)
−11Li

,

where 1Li denotes the vector of all ones in Rdim(Li). Then,

γB =
1√∑s

i=1 γ
−2
BLi

=
1√∑s

i=1 1
⊤
Li
G(BLi)

−11Li

, (4.5)

with γB being defined as in (4.1).

As a result, the cosine measure and cosine vector set of Dn,s are given
by

cm (Dn,s) =
1√∑s

i=1maxdi∈col(DLi )
γ−2
DLi,di

, (4.6)

where DLi,di
denotes the linear basis obtained from DLi by removing the

column di, and

cV(Dn,s) =

uB =
[BL1 · · · BLs ]

−⊤1n√∑s
i=1 γ

−2
BLi

: col(B) =
s⋃

i=1

col(BLi)

 . (4.7)

Proof. The cosine measure and cosine vector set of Dn,s are pre-
served upon permuting columns. Therefore and without loss of general-
ity, we assume the structural equivalence Dn,s ≡

[
DL1 . . . DLs

]
to be

an equality. Consider any linear basis B of Rn formed by columns of
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Dn,s and write B =
[
BL1 · · ·BLs

]
. Then, the Gram matrix of B satisfies

G(B) = diag (G(BL1), . . . ,G(BLs)), implying that

γB =
1√

1⊤nG(B)−11n
=

1√
1⊤n diag (G(BL1), . . . ,G(BLs))

−1 1n

=
1√

1⊤n diag (G(BL1)
−1, . . . ,G(BLs)

−1)1n

=
1√∑s

i=1 1
⊤
Li
G(BLi)

−11Li

,

which proves (4.5).

In the rest of this proof and for each positive basis DLi , we use the
notation DLi,d to designate the matrix obtained from DLi by removing the
column d. Recall that every linear basis BLi can be expressed in such a
way. We combine this property together with (4.5) and Proposition 4.2.1 to
obtain

cm (Dn,s) = min
col(B)⊂col(Dn,s)

B linear basis of Rn

γB = min
BL1 ,...,BLs

col(BLi )=col(DLi )\{di}

1√∑s
i=1 γ

−2
BLi

= min
d1,...,ds

di∈col(DLi )

1√∑s
i=1 γ

−2
DLi,di

=
1√∑s

i=1maxdi∈col(DLi )
γ−2
DLi,di

,

proving (4.6).

Finally, combining (4.6) with the result of Proposition 4.2.1 on the cosine
vector set gives

cV(Dn,s) = {uB : γB = cm (Dn,s)}

=

uB : col(B) =
s⋃

i=1

col(BLi),
1√∑s

i=1 γ
−2
BLi

= cm (Dn,s)


Using the formula (4.1) for uB leads to

cV(Dn,s) =

{
uB : col(B) =

s⋃
i=1

col(BLi), uB = γB[BL1 · · · BLs ]
−⊤1n

}

=

uB : col(B) =
s⋃

i=1

col(BLi), uB =
[BL1 · · · BLs ]

−⊤1n√∑s
i=1 γ

−2
BLi

 ,



86

which is precisely (4.7). □

On a broader level, Theorem 4.2.2 shows that any calculation for a linear
basis being a submatrix of an OSPB reduces to calculations on bases which
are submatrices of each of the minimal positive bases in its decomposition.
This observation leads to a principled way of computing the cosine measure
from the OSPB decomposition, as described in Algorithm 1.

Algorithm 1: Cosine measure of an orthogonally structured posi-
tive basis

1 Input: An orthogonally structured positive basis Dn,s with
normalized columns.

2 Step 1. Compute a decomposition Dn,s ≡
[
DL1 · · · DLs

]
of the

matrix into s minimal positive bases DLi on subspaces of Rn.

3 Step 2. For every i ∈ [[1, s]], compute

βLi = max
d∈col(DLi )

γ−2
DLi,d

and Ai = argmax
d∈col(DLi )

γ−2
DLi,d

,

where DLi,d is obtained from DLi by removing the column d. For

all d ∈ Ai, write B
(d)
Li

= DLi,d.

4 Step 3. Return the cosine measure

cm (Dn,s) =
1√∑s
i=1 βLi

(4.8)

and the cosine vector set

cV(Dn,s) =
⋃

(d1,...,ds)∈A1×···×As

u ∈ Rn,u =

[
B

(d1)
L1

· · · B
(ds)
Ls

]−⊤
1n√∑s

i=1 βLi

 .

In essence, Algorithm 1 is quite similar to the generic method proposed
for positive spanning sets [31]. However, Algorithm 1 reduces the computa-
tion of the cosine measure to that over minimal positive bases, which leads
to significantly cheaper calculations. Indeed, for any minimal positive basis
DLi involved in the decomposition, the algorithm considers dim(Li)+1 linear
bases, and computes the quantities of interest (4.1) for each of those (which
amounts to inverting or solving a linear system involving the associated
Gram matrix). Overall, Algorithm 1 thus checks

∑s
i=1(dim(Li)+1) = n+s

bases to compute the cosine measure (4.8). This result represents a sig-
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nificant improvement over the
(
n+s
n

)
possible bases that are potentially re-

quired when the OSPB decomposition is not exploited, as in the algorithm
for generic PSSs [31]. We also recall from Section 4.2.1 that Step 1 in Algo-
rithm 1 can be performed in polynomial time.

To end this section, we illustrate how Algorithm 1 results in a straight-
forward calculation in the case of some minimal positive bases, by comput-
ing explicitly the cosine measure of the minimal positive basis

[
In −1n

]
.

In this case, the calculation becomes easy thanks to the orthogonality of
the columns within the matrix. Although the value (4.9) was recently
stated [37, 67] and checked numerically using the method of Hare and Jarry-
Bolduc [31], to the best of our knowledge the formal proof below is new.

Lemma 4.2.1 The cosine measure of the OSPB
[
In −1n

]
is given by

cm
([
In −1n

])
=

1√
n2 + 2(n− 1)

√
n
. (4.9)

Proof. For the sake of simplicity, we normalize the last column of the
matrix (which does not change the value of the cosine measure) and consider

Dn =
[
In − 1√

n
1n
]
. Since Dn is a positive basis, it follows that

cm (Dn) = min
i≤n+1

γBi ,

where Bi designates the matrix obtained from Dn by removing the column
of index i. Two cases are to be considered. Suppose first that i = n+ 1, so
that Bi = In. Then the Gram matrix of Bi satisfies G(Bi) = G(In) = In.
Consequently,

γBi =
1√

1⊤nG(Bi)−11n
=

1√
1⊤n 1n

=
1√
n
.

Suppose now that i ∈ [[1, n]]. ThenBi =
[
e1 · · · ei−1 ei+1 · · · en − 1√

n
1n

]
and we obtain that

G(Bi) =

[
In−1 − 1√

n
1n−1

− 1√
n
1⊤
n−1 1

]
and G(Bi)

−1 =

[
In−1 + 1n−11

⊤
n−1

√
n1n−1√

n1⊤
n−1 n

]
Since these formulas do not depend on i, we obtain that for all i ∈ [[1, n]],
we have

γBi =
1√

1⊤nG(Bi)−11n
=

1√∑n
j=1

∑n
ℓ=1[G(Bi)−1]j,ℓ

.

Summing all coefficients of G(Bi)
−1 gives n−1+(n−1)2+2(n−1)

√
n+n =

n2 + 2(n − 1)
√
n, hence γBi = 1√

n2+2(n−1)
√
n
. Comparing this value with



88

1√
n
yields the desired conclusion. □

Algorithm 1 allows for efficient calculation of cosine measures for specific
positive spanning sets that originate from OSPBs, as we will establish in
Section 4.3 in the case of positive k-spanning sets.

4.3 The k-cosine measure for positive k-spanning
sets

4.3.1 A cosine measure for PkSSs

This section aims at generalizing the cosine measure from Section 4.1
to positive k-spanning sets so that it characterizes the positive k-spanning
property. Our proposal, called the k-cosine measure, is described in Defini-
tion 4.3.1.

Definition 4.3.1 (k-cosine measure) Let D ∈ Rn×m be a matrix whose
columns are nonzero and let k ∈ N satisfy 1 ≤ k ≤ m. The k-cosine measure
of D is given by

cmk (D) = min
∥u∥=1
u∈Rn

max
S∈Rn×k

S submatrix of D

min
d∈col(S)

u⊤d

∥d∥
,

The k-cosine vector set associated with D is given by

cVk(D) = argmin
∥u∥=1
u∈Rn

max
S∈Rn×k

S submatrix of D

min
d∈col(S)

u⊤d

∥d∥
.

Note that Definition 4.1.1 is a special case of Definition 4.3.1 corresponding
to k = 1. In its general form, this definition expresses how well the columns
of the matrix of interest are spread in the space through submatrices of k
columns, which is related to Proposition 2.3.1. Our next result shows that
this quantity characterizes PkSSs.

Theorem 4.3.1 Let D ∈ Rn×m be a matrix with nonzero columns and let
k ∈ N satisfy 1 ≤ k ≤ m. Then D is a positive k-spanning set in Rn if and
only if cmk (D) > 0.

Proof. Without loss of generality we assume each column of D to be a unit
vector.

Suppose first that D is a PkSS. Then, by Proposition 2.3.1, for any unit
vector u ∈ Rn, there exist k columns of D that make a positive dot product
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with u. Let Su be a set consisting of such columns. By construction, we
have min

d∈Su

u⊤d > 0 and thus

max
S∈Rn×k

S submatrix of D

min
d∈col(S)

u⊤d ≥ min
d∈Su

u⊤d > 0.

Since the result holds for any unit vector u, we conclude that cmk (D) > 0.

Conversely, suppose that cmk (D) > 0. For any unit vector u, we have
by assumption that

max
S∈Rn×k

S submatrix of D

min
d∈col(S)

u⊤d > 0. (4.10)

In other words, at least k columns of D have a positive dot product with u.
Thus by Proposition 2.3.1, D is a positive k-spanning set.

□

As announced in Section 4.1, the proof of Theorem 4.3.1 covers that of
Proposition 4.1.1 as the special case k = 1.

To end this section, we provide an alternate definition of the k-cosine
measure that connects this notion to the cosine measure.

Theorem 4.3.2 Let D ∈ Rn×m be a matrix with nonzero columns and let
k ∈ N satisfy 1 ≤ k ≤ m. Then

cmk (D) = min
S∈Rn×(m−k+1)

S submatrix of D

cm (S) . (4.11)

Proof. Without loss of generality, we assume that D =
[
d1 . . . dm

]
where each di is a unit vector. In order to show that

min
∥u∥=1

max
S∈Rn×k

S submatrix of D

min
d∈col(S)

u⊤d = min
S∈Rn×(m−k+1)

S submatrix of D

cm (S) ,

we prove the equivalent statement

min
∥u∥=1

max
S∈Rn×k

S submatrix of D

min
d∈col(S)

u⊤d = min
∥u∥=1

min
S∈Rn×(m−k+1)

S submatrix of D

max
d∈col(S)

u⊤d. (4.12)

To this end, let u be a unit vector in Rn. We reorder the columns of D so
that for all i ≤ m − 1, u⊤di ≥ u⊤di+1 and we define S−

k =
[
d1 . . . dk

]
and S+

k =
[
dk . . . dm

]
. By construction, one has

u⊤dk = min
d∈col(S−

k )
u⊤d = max

d∈col(S+
k )

u⊤d. (4.13)



90

Moreover, the definitions of S−
k and S+

k also imply that

S−
k ∈ argmax

S∈Rn×k

S submatrix of D

min
d∈col(S)

u⊤d and S+
k ∈ argmin

S∈Rn×(m−k+1)

S submatrix of D

max
d∈col(S)

u⊤d.

(4.14)
Combining (4.13) and (4.14) gives

max
S∈Rn×k

S submatrix of D

min
d∈col(S)

u⊤d = min
S∈Rn×(m−k+1)

S submatrix of D

max
d∈col(S)

u⊤d. (4.15)

Since (4.15) holds for any unit vector u ∈ Rn, it follows that

min
∥u∥=1

max
S∈Rn×k

S submatrix of D

min
d∈col(S)

u⊤d = min
∥u∥=1

min
S∈Rn×(m−k+1)

S submatrix of D

max
d∈col(S)

u⊤d,

which is precisely (4.12) and, as a result, proves (4.11). □

The formula (4.11) is associated with another characterization of PkSSs,
namely that provided by Definition 2.3.1. In essence, the k-cosine measure
of a matrix D ∈ Rn×m is the minimum value of the cosine measure among
all submatrices of D with m − k + 1 columns. A useful corollary of that
result is that

cm (D) = cm1 (D) ≥ cm2 (D) ≥ · · · ≥ cmm (D) = −1.

In the next section, we will show how PkSSs built using OSPBs satisfy
stronger properties associated with the k-cosine measure.

4.3.2 Building PkSSs from OSPBS

In this section, we describe how OSPBs can be used to generate pos-
itive k-spanning sets or positive k-bases with guarantees on their k-cosine
measure.

A first approach towards constructing positive k-spanning sets consists
in duplicating the same PSS k times, so that every direction remains even
after taking out k − 1 elements. However, such a strategy creates redun-
dancy among the columns of the matrix. The purpose of this section is to
introduce a more generic approach based on rotation matrices that allows
for all columns to be distinct.

Proposition 4.3.1 Let Dn,s be an OSPB of Rn with s ∈ [[1, n]]. Let R(1), . . . ,

R(k) be k rotation matrices in Rn×n, and define D
(j)
n,s := R(j)Dn,s for any

j ∈ [[1, k]]. Then, the matrix D
(1:k)
n,s =

[
D

(1)
n,s . . . D

(k)
n,s

]
is a positive k-

spanning set with

cmk

(
D(1:k)

n,s

)
≥ cm (Dn,s) . (4.16)
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Proof. First, note that applying a rotation to a matrix does not change its

cosine measure since rotations preserve angles, hence cm
(
D

(j)
n,s

)
= cm(Dn,s)

for every j ∈ [[1, k]].

Consider a submatrix S of D
(1:k)
n,s with |col(S)| =

∣∣∣col(D(1:k)
n,s )

∣∣∣ − k + 1.

By the pigeonhole principle, one of the k positive bases obtained by rotation

must be a submatrix of S. Letting D
(jS)
n,s denote that positive basis, we have

cm (S) ≥ cm
(
D

(jS)
n,s

)
= cm(Dn,s). Using Theorem 4.3.2, we obtain that

cmk

(
D(1:k)

n,s

)
= min

S∈Rn×(k(n+s)−k+1)

S submatrix of D
(1:k)
n,s

cm (S) ≥ cm (Dn,s) .

In particular, this proves cmk

(
D

(1:k)
n,s

)
> 0, hence this matrix being posi-

tively k-spanning now follows from Theorem 4.3.1. □

Several remarks are in order regarding Proposition 4.3.1. First, note that
the result extends to any positive spanning set, but we focus on OSPBs since
in that case (4.16) gives a lower bound on the k-cosine measure that can be
computed in polynomial time. Moreover, when R1 = · · · = Rk = In, i.e.
when k identical copies of Dn,s are used, the resulting matrix is a positive
k-basis and relation (4.16) holds with equality. As a result, its k-cosine
measure can be computed in polynomial time using Algorithm 1. In general,
however, the matrix generated through Proposition 4.3.1 is not necessarily
a positive k-basis. For instance, if n = 2, setting D2 =

[
I2 −1n

]
, k = 2,

R1 = I2 and R2 =

[
1/2 −

√
3/2√

3/2 1/2

]
yields a matrix that is a positive 2-

spanning set but not a positive 2-basis.
In order to obtain a method which uses rotations to systematically create
positive k-bases, we first introduce a geometric characterization of these
matrices.

Definition 4.3.2 (Positive k-independence) A matrix D = [d1 . . . dm]
in Rn×m is positively k-independent if for any d ∈ col(D), there exists a
vector u ∈ Rn having a positive dot product with d and at most k − 1 other
columns of D.

Using Farkas’s Lemma, it should be clear that the notion of positive k-
independence in Rn generalizes that of positive independence given in Defi-
nition 2.1.2. In particular, the concept of positive 1-independence is equiva-
lent to that of positive independence. Positive k-bases are characterized as
positively k-independent PkSSs.
As announced, we now present a strategy to create positive k-bases with
rotations, tailored to OSPBs. Recall that OSPBs can be decomposed into
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minimal positive bases over orthogonal subspaces. Our proposal consists in
applying separate rotations to each of those minimal positive bases. Our
key result is described in Theorem 4.3.3, and shows that one can define a
strategy for rotating a minimal positive basis to obtain a positive k-basis.
The proof relies on two technical results, the first one being an intrinsic
property of minimal positive bases.

Lemma 4.3.1 Let DL =
[
d1 . . . dℓ+1

]
be a minimal positive basis of

an ℓ-dimensional subspace L in Rn. Then, there exists v1, . . . ,vℓ+1 ∈ L
satisfying

∀i ∈ [[1, ℓ+ 1]], d⊤
i vi > 0 and ∀1 ≤ j < i ≤ ℓ+ 1, d⊤

i vj < 0. (4.17)

Proof. By Proposition 2.1.1, the zero vector 0n can be obtained by a
positive linear combination of all columns of DL. Without loss of generality,

we rescale the columns of DL to ensure that
ℓ+1∑
i=1

di = 0n. Now, since DL is

a minimal positive basis, the matrix DL,dℓ+1
obtained from DL by removing

the column dℓ+1 is a linear basis of L. Suppose that we augment this
matrix with n − ℓ additional columns to form a basis B of Rn. Then, we

have di = Bei for any i ∈ [[1, ℓ]], while dℓ+1 = −B
(∑ℓ

j=1 ej

)
, where we

recall that e1, . . . , eℓ are the first ℓ vectors of the canonical basis.
We now define the vectors{

vi = B−⊤
(
−
∑ℓ

j=1 ej + (ℓ+ 1)ei

)
i ∈ [[1, ℓ]]

vℓ+1 = −B−⊤∑ℓ
j=1 ej .

Using orthogonality of the coordinate vectors in Rn, we have that d⊤
i vi =

ℓ∥ei∥2 = ℓ > 0 for every i ∈ [[1, ℓ]] and v⊤
ℓ+1dℓ+1 =

∥∥∥∑ℓ
j=1 ej

∥∥∥2 > 0. As a

result, the first part of (4.17) holds.
In addition, for any 1 ≤ j < i ≤ ℓ+ 1, we obtain that d⊤

i vj = −∥ei∥2 =
−1 < 0 if i < ℓ+ 1 and

d⊤
ℓ+1vj =

∥∥∥∥∥
ℓ∑

i=1

ei

∥∥∥∥∥
2

−(ℓ+1)∥ej∥2 =

ℓ∑
i=1

∥ei∥2−(ℓ+1)∥ej∥2 = ℓ−(ℓ+1) = −1 < 0,

thus the second part of (4.17) also holds. □

Our second technical result uses the result of Lemma 4.3.1 to define a
quantity characteristic of the angles between columns of a minimal positive
basis.

Lemma 4.3.2 Suppose that n ≥ ℓ ≥ 2 and let DL =
[
d1 . . . dℓ+1

]
be a

minimal positive basis of a ℓ-dimensional subspace L in Rn. Let v1, . . . ,vℓ+1
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be vectors in L that satisfy (4.17). For any pair (i, i′) ∈ [[1, ℓ + 1]]2, let
di,i′ be the orthogonal projection of di on L ∩ {vi′}⊥. Then, the quantity

ρDL := max
i,i′≤ℓ+1

d⊤
i di,i′

∥di∥∥di,i′∥
lies in the interval [0, 1).

Proof. Since di,i′ is a projection of di for any pair (i, i′), we have that
d⊤
i di,i′ ≥ 0, hence ρDL ≥ 0. Moreover, for any pair 1 ≤ i ≤ i′ ≤ ℓ + 1, we

have d⊤
i vi′ ̸= 0 by (4.17), hence di /∈ L ∩ {vj}⊥ and

d⊤
i di,i′

∥di∥∥di,i′∥
< 1. As a

result, ρDL < 1, completing the proof. □

The quantity defined in Lemma 4.3.2 is instrumental in defining suitable ro-
tations matrices to produce a positive k-basis. The construction is described
in Theorem 4.3.3.

Theorem 4.3.3 Suppose that n ≥ ℓ ≥ 2 and let DL =
[
d1 . . . dℓ+1

]
be

a minimal positive basis of an ℓ-dimensional subspace L in Rn. Let ρDL be
the quantity defined in Lemma 4.3.2 for some vectors v1, . . . ,vℓ+1 satisfy-

ing (4.17). Finally, let R
(1)
L , . . . ,R

(k)
L be k rotation matrices in Rn×n such

that

(i) R
(j)
L u = u, for any j ∈ [[1, k]] and any vector u ∈ L⊥,

(ii) for any pair (j, j′) ∈ [[1, k]]2 and any pair (i, i′) ∈ [[1, ℓ+ 1]]2,[
R

(j)
L di

]⊤
R

(j′)
L di′

∥R(j)
L di∥∥R(j′)

L di′∥
= 1 ⇔ j = j′ and i = i′,

(iii)

[
R

(j)
L di

]⊤
di

∥R(j)
L di∥∥di∥

> ρDL for any pair (i, j) ∈ [[1, ℓ+ 1]]× [[1, k]].

Let D
(j)
L := R

(j)
L DL, for all j. Then, the matrix D

(1:k)
L =

[
D

(1)
L . . . D

(k)
L

]
is a positive k-basis of L with no identical columns.

Proof. Owing to assumptions (i) and (ii), we know that the columns of

D
(1:k)
L are contained in L and pairwise distinct. Moreover, Proposition 4.3.1

guarantees that D
(1:k)
L is a PkSS for L. Therefore we only need to show the

positive k-independence of this matrix.
To this end, we consider an index i ∈ [[1, ℓ + 1]] and show that the

vector vi makes a positive dot product with exactly k columns of D
(1:k)
L ,

these columns being R
(1)
L di, . . . ,R

(k)
L di. For any j ∈ [[1, k]], we deduce from

condition (iii) in the theorem’s statement that[
R

(j)
L di

]⊤
di

∥R(j)
L di∥∥di∥

> ρDL ≥ d⊤
i di,j

∥di∥∥di,j∥
,
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where di,j is defined as in Lemma 4.3.2. Letting Θ(u,u′) denote the angle
(with values in [0, π]) between two elements u and u′ in Rn, the above prop-

erty translates to Θ(R
(j)
L di,di) < Θ(di,di,j). Using now that Θ(u,u′) ≤

Θ(u,u′′) + Θ(u′′,u′) for any vector triplet (u,u′,u′′) ∈ (Rn)3, we obtain

Θ(R
(j)
L di,vi) ≤ Θ(R

(j)
L di,di) + Θ(di,vi) < Θ(di,i,di) + Θ(di,vi) =

π

2
,

where the last equality comes from the fact that di,i and vi are orthogonal

vectors. We have thus established that v⊤
i R

(j)
L di > 0 for all j ∈ [[1, k]].

It now remains to show that v⊤
i R

(j)
L di′ ≤ 0 for any i′ ̸= i. First, using

the same argument as above yields Θ(vi,di′) =
π
2 + Θ(di′,i,di′) as well as

Θ(vi,R
(j)
L di′) ≥ Θ(vi,di′) − Θ(di′ ,R

(j)
L di′). Applying condition (iii), we

find that Θ(di′ ,R
(j)
L di′) < Θ(di′ ,di′,i), which finally leads to

Θ(vi,R
(j)
L di′) ≥ Θ(vi,di′)−Θ(di′ ,R

(j)
L di′) >

π

2
,

hence v⊤
i R

(j)
L di′ ≤ 0. Overall, we have established that the vector vi makes

a positive scalar product with exactly k columns in D
(1:k)
L . Since any vec-

tor d ∈ col(D
(1:k)
L ) is obtained by applying a rotation to some element

di ∈ col(D
(1:k)
L ), we conclude that D

(1:k)
L is positively k-independent, prov-

ing the desired result. □

Note that Theorem 4.3.3 only applies when ℓ ≥ 2 (thus requiring n ≥ 2
as well). Indeed, when the subspace L has dimension 1, none of the three
conditions (i), (ii) and (iii) can be fulfilled.

Remark 4.3.1 The first two conditions enforced on the rotation matrices in
Theorem 4.3.3 are designed to produce distinct vectors in L without affecting
the orthogonal complement of L in Rn. Indeed, condition (i) guarantees
that the rotation leaves any vector orthogonal to L invariant. Condition
(ii) enforces that all vectors produced by applying the rotations are distinct
since the angle between two different vectors has cosine less than 1. Finally,
condition (iii) ensures that the vectors are positively k-independent. These
conditions can be ensured through careful control of the eigenvalues of those
rotation matrices, according to the angles between the columns of DL.

Theorem 4.3.3 provides a principled way of building positive k-bases
from minimal positive bases. This approach naturally extends to OSPBs
through their decomposition into orthogonal minimal positive bases. Using
the technique described in Theorem 4.3.3 one can define rotation matrices
that act on a single subspace from the decomposition of the OSPB with-
out affecting the remaining subspaces thanks to orthogonality. The next
corollary states the result.
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Corollary 4.3.1 Let Dn,s ≡
[
DL1 . . . DLs

]
be an OSPB, decomposed as

in (4.3). Assume that for every i ∈ [[1, s]], dim(Li) > 1. Let k ≥ 1 and

for every i ∈ [[1, s]], let R
(1)
Li

, . . . ,R
(k)
Li

be k rotation matrices satisfying the

properties (i), (ii) and (iii) from Theorem 4.3.3 relative to DLi. Then,

D(1:k)
n,s =

[
D

(1)
n,s . . . D

(k)
n,s

]
, with D(j)

n,s =
[
D

(1)
Li

. . . D
(s)
Li

]
∀j ∈ [[1, k]],

is a positive k-basis with cmk

(
D

(1:k)
n,s

)
≥ cm (Dn,s).

Corollary 4.3.1 thus provides a useful strategy to design positive k-bases
with guaranteed k-cosine measure, since a lower bound on that quantity is
given by cm (Dn,s) and that measure can be efficiently computed through
Algorithm 1. In particular, applying this strategy to a minimal positive basis
yields a simple way of generating a positive k-basis with k(n + 1) vectors,
as shown by Theorem 4.3.3 above.

Similarly to the result of Theorem 4.3.3, the result of Corollary 4.3.1
does not apply to all OSPBs. In particular, the maximal OSPB

[
In −In

]
decomposes into n minimal positive bases over one-dimensional subspaces,
which precludes the application of Theorem 4.3.3. Note however that Propo-
sition 4.3.1 still provides a way to compute PkSSs with cosine measure guar-
antees for such a maximal OSPB.

4.4 Summary of Chapter 4

In this chapter, we have studied two classes of positive spanning sets through
the lens of the cosine measure, a tool that allows for a geometric charac-
terization of PSSs, as highlighted in Section 4.1.2. On the one hand, we
have investigated in Section 4.2 orthogonally structured positive bases, that
possess a favorable structure in that they decompose into minimal positive
bases over orthogonal subspaces. By exploiting this property, we described
an algorithm that computes this structure as well as the value of the co-
sine measure in polynomial time, thereby improving an existing procedure
for generic positive spanning sets. On the other hand, we have conducted
a detailed study of positive k-spanning sets in Section 4.3 and provided
several characterizations of these matrices, including the generalization of
the cosine measure through the k-cosine measure. We have also leveraged
OSPBs to build positive k-spanning sets with guarantees on their k-cosine
measure based on rotations. The results contained in this chapter have been
published in Linear Algebra and its Applications [32].
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Chapter 5

Using positive k-spanning
sets in derivative-free
optimization

Positive spanning sets are an important tool for derivative-free optimization,
a subset of continuous optimization that aims at minimizing a function using
only its values. In this chapter, we discuss the benefit of using positive k-
spanning sets over generic PSSs within a derivative-free algorithm.

Throughout the chapter, we focus on a particular class of methods in
derivative-free optimization, namely direct-search methods. We provide
background material for both direct-search methods and derivative-free op-
timization in Section 5.1.

5.1 Derivative-free optimization and direct-search

5.1.1 Derivative-free optimization techniques

Continuous optimization is a fundamental tool in the field of mathemati-
cal programming and operations research. It involves finding the optimal
solution to problems with continuous variables, which are ubiquitous in var-
ious scientific and engineering applications. Given a real valued function
f : Rn → R, we consider the minimization problem

minimize
x∈Rn

f(x). (5.1)

Without any convexity assumption on the function f , optimization algo-
rithms on differentiable functions such as gradient descent seek a first-order
critical point, i.e. a vector x ∈ Rn such that ∇f(x) = 0n [81]. In certain
cases, however, gradient information cannot be exploited, thereby precluding
the use of gradient-type methods. The difficulty may reside in the proper-
ties of the function itself, in that derivative values could either not exist

97
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or be hard to compute numerically, sometimes taking weeks for a single
evaluation. Additionally, the presence of noise can render gradient descent
methods inefficient, as it prevents the computation of derivative values to
be done accurately.

Derivative-free optimization methods have been developed to circumvent
these issues [15, 6]. Such methods have recently gained in popularity owing
to the increasing complexity in mathematical modeling [1, 66]. They can
be broadly divided into model-based methods and direct-search methods,
although hybrid approaches are becoming increasingly popular [41].
Model-based algorithms build a model of the objective function from past
evaluations in order to assess the next point to evaluate. Typical choices for
such models include polynomial interpolation or regression models. A good
model provides accurate approximations to the objective function and its
derivatives (gradients and beyond when applicable). For continuously dif-
ferentiable functions, examples of such models are obtained through simplex
gradients [6, Definition 9.5] or polynomial models obtained by interpolation
or regression using a set of function values f [15]. For a recent overview of
model-based methods, we refer the reader to the survey by Larson, Menick-
elly and Wild [42, Section 2.2].

The second class of methods and the focus of this chapter is that of direct-
search methods. Those algorithms proceed through successive function eval-
uations. Early approaches centered on evaluating f at the vertices of a sim-
plex, which is systematically modified at each iteration. This is the basis of
simplicial methods and of their well-known adaptation by Nelder and Mead,
which has remained widely used since its introduction sixty years ago [6,
Chapter 5] [59]. Alternatively, direct-search methods are sometimes based
on functions evaluations in a close neighborhood of the current candidate so-
lution. The properties of such methods, labeled as directional, are described
in Section 5.1.2.

5.1.2 Directional direct-search methods

Given a candidate vector xj for solving (5.1) and a positive spanning set
D, directional direct-search methods look for an improved candidate solu-
tion xj+1 among the neighbors of xj in the directions induced by D. The
associated algorithms are typically built around two main steps, repeated
iteratively [15, 6].
First, the search step consists in looking for xj+1 through function evalu-
ations at a finite number of trial points in the space. This optional step
can drastically improve the performance of the method and allows heuristic
subroutines to be embedded within the algorithm. In cases where the search
step is unsuccessful, a poll step is subsequently applied, where the function
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value at xj is compared to that of its close neighbors. Algorithm 2 combines
those two steps in an iterative framework.

Algorithm 2: Directional direct-search algorithm

1 Input: f : Rn → R function to be minimized, x0 ∈ Rn, α0 > 0,
ρ : R+ → R+ nonnegative function.

2 For j = 0, 1, 2, ..., choose a positive spanning set D(j) and:
3 Search step: Evaluate f at a each point of a finite set Sj ⊂ Rn. If

a point z ∈ Sj satisfies f(z) < f(xj)− ρ(αj), set xj+1 = z, declare
the iteration successful and skip the poll step. Otherwise, proceed
with the poll step.

4 Poll step: define a poll set Pj = {xj + αjd, d ∈ col(D(j))} and
evaluate f at the poll points. If one of these points satisfies
f(xj + αjd) < f(xj)− ρ(αj), set xj+1 = xj + αjd and declare the
iteration successful. Otherwise, declare the iteration unsuccessful
and set xj+1 = xj .

5 Parameter update: If the iteration was successful, set αj+1 ≥ αj .
Otherwise, set αj+1 ≤ αj .

An iteration of Algorithm 2 is deemed successful if the search step (resp.
poll step) identifies a point z for which the function value f(z) is suffi-
ciently less than f(xj); otherwise, the iteration is deemed unsuccessful. The
nonnegative function ρ serves as a tool to ensure this sufficient decrease con-
dition [15, Section 7.7]. In the remainder of this chapter, we shall always
choose ρ as a forcing function.

Definition 5.1.1 (Forcing function) A function ρ : R+ → R+ is called

forcing if it is continuous, non-decreasing and satisfies lim
α→0+

ρ(α)

α
= 0

Typical examples of forcing functions are given by those of the form ρ(α) =
cαq, where q > 1 and c is positive. In the next sections, we shall take a
particular interest in the choice ρ(α) = α2

2 .
In order to implement the search step (resp. poll step) of Algorithm 2,
one can compute the values f(z), z ∈ Sj (resp. z ∈ Pj) successively or
through parallel evaluations. In the former case, the opportunistic strategy
consists in terminating the step as soon as any point z is found such that
f(z) < f(xj) − ρ(xj), allowing for a reduction on the number of function
evaluations required at each iteration. In the case of parallel evaluations, a
complete strategy can sometimes be favored, where each poll point is eval-
uated.

We now briefly review classical directional direct-search algorithms. Our
first example is given by the coordinate search, an implementation of Algo-
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rithm 2 where the positive basis
[
In −In

]
is chosen at each step and the

forcing function is ρ(α) = 0. When the objective function f is assumed to
have bounded level sets, a convergence result is derived.

Definition 5.1.2 (Bounded level sets) Let f : Rn → R. We say that f
has bounded level sets if for each y ∈ R, the set {x ∈ Rn, f(x) ≤ y} is
bounded.

Proposition 5.1.1 [6, Theorem 3.4] Let f : Rn → R be continuously
differentiable with bounded level sets. Consider the sequence of unsuccessful
iterates (xj)j>0 obtained through an implementation of Algorithm 2 in which
each successful iteration sets αj+1 = αj, each unsuccessful iteration sets
αj+1 = 1

2αj and the positive basis
[
In −In

]
is chosen at each poll step.

Then {xj} possesses an accumulation point x̂ such that ∇f(x̂) = 0.

In the general framework of direct-search, note that the PSS D(j) used in
the poll step is allowed to be modified at each iteration.
We stated earlier that the search step of Algorithm 2 was optional. In the
absence of such a step, we highlight that the choice of the candidate solution
x0 given as an input to the algorithms yields an impact on the convergence
speed. Indeed, each new candidate xj+1 for minimizing f generated by the
poll step is chosen in a close neighborhood of the incumbent solution xj .
In cases where the input x0 is distant from each critical point x∗ of f , the
number of steps required for Algorithm 2 to converge can be considerably
high. By implementing a search step, one can ensure the exploration of
points further away from the current candidate solution. More generally,
this additional step can improve the performance of the algorithm without
compromising its convergence guarantees. For instance, applying the correct
heuristic at each iteration of the search step can sometimes help Algorithm 2
converge towards a global minimizer of the objective function f , as opposed
to a local one [6, Section 7.2]. Implementations of the search step can be
done through the use of a mesh.

Definition 5.1.3 (Mesh) Let D ∈ Rn×m be a positive spanning set. The
mesh generated by D, centered at the incumbent solution xj ∈ Rn of coarse-
ness αj > 0 is defined by Mj = {xj + αjDy : y ∈ Nm} ⊂ Rn.

Mesh-based methods are then built from Algorithm 2 by ensuring that each
iteration of the algorithm starts with a search step in which the finite set
Sj is contained in the mesh Mj . This is the object of the generalized
pattern search algorithm [75]. Under the right assumptions, the generalized
pattern search algorithm can again be proved to converge [4]. The following
proposition is derived from a result by Audet and Hare [6, Theorem 7.7].

Proposition 5.1.2 Let f : Rn → R be continuously differentiable with
bounded level sets. Consider the sequence of iterates (xj)j>0 obtained through
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an implementation of Algorithm 2 in which each each set Sj generated at
the search step is contained in the mesh Mj, each successful iteration sets
αj+1 = 2αj and each unsuccessful iteration sets αj+1 = 1

2αj. Then (xj)j>0

possesses an accumulation point x̂ such that ∇f(x̂) = 0.

Note that generalized pattern search algorithms were extended into a family
of algorithms labeled mesh adaptive direct-search (MADS) [5]. Such algo-
rithms involve the presence of a frame, used to determine which positive
spanning set should be chosen at each poll step of the algorithm [6, Chapter
8].

5.1.3 Complexity results for direct-search

In this section, we review the standard complexity results for direct-search
based on sufficient decrease and positive spanning sets, based on the orig-
inal paper of Vicente [77]. We consider the following implementation of
Algorithm 2, which uses opportunistic polling and in which, for the sake
of simplicity, the search step was removed. Note moreover that the values
of the forcing function ρ and the parameter α0 have been fixed for simplicity.

Algorithm 3: Direct-search algorithm with sufficient decrease

1 Input: f : Rn → R, x0 ∈ Rn, α0 = 1.

2 For j = 0, 1, 2, ..., choose a positive spanning set D(j) and:

3 Poll step: define a poll set Pj = {xj + αjd, d ∈ col(D(j))} and
start evaluating f at the poll points. If one of these points satisfies

f(xj + αjd) < f(xj)−
α2
j

2 , then stop polling, set xj+1 = xj + αjd
and declare the iteration successful. Otherwise, declare the
iteration unsuccessful and set xj+1 = xj .

4 Parameter update: If the iteration was successful, set αj+1 = αj .
Otherwise, set αj+1 =

1
2αj .

In order to study the complexity of Algorithm 3, we will now consider
additional assumptions on the inputs. We emphasize that each complexity
result presented in this section would remain true in the presence of a search
step.

Assumption 5.1.1 The objective function f has bounded level sets. It is
continuously differentiable and ∇f is a Lipschitz continuous function asso-
ciated to the constant L > 0.

In addition to the objective function f , each positive spanning set considered
in Algorithm 3 should satisfy specific properties.



102

Assumption 5.1.2 There exists two constants κ > 0 and m ∈ N such that
each positive spanning set D(j) in the algorithm satisfies cm

(
D(j)

)
≥ κ and

possesses at most m columns. Each of these columns is a unit vector.

As stated in Proposition 5.1.1, the coordinate search algorithm applied to a
continuously differentiable objective function f that has bounded level sets
generates an infinite sequence of unsuccessful iterates, which admits an ac-
cumulation point that is critical for f . The following theorem generalizes the
result to Algorithm 3 and gives an upper bound on the norm of the gradient
of each candidate solution xj associated to an unsuccessful iteration.

Theorem 5.1.1 [77, Lemma 1 & Theorem 1] Under Assumptions 5.1.1
and 5.1.2, Algorithm 3 contains infinitely many unsuccessful iterations. Let-
ting j0 denote the index of any unsuccessful iteration of Algorithm 3, we have

∥∇f(xj0)∥ ≤ αj0(L+ 1)

2κ
.

The value of the parameter αj is halved at each unsuccessful iteration and
remains unchanged when the iteration is successful. In consequence, note

that the value
αj0

(L+1)

2κ given in Theorem 5.1.1 must converge to 0 and thus,
Algorithm 3 can be used to find a critical point for the objective function f .
In order to determine the worst case complexity of Algorithm 3, Vicente
computed upper bounds on the number of successful and unsuccessful iter-
ations needed for convergence and combined these values [77, Corollary 1].
The following theorem summarizes this initial complexity result by showing
the dependence in the cosine measure.

Theorem 5.1.2 [24, Theorem 3.2.1] Consider any application of Algorithm 3
under Assumptions 5.1.1 and 5.1.2 and let ε > 0. The algorithm finds a so-
lution xj satisfying ∥∇f(xj)∥ ≤ ε after at most O(κ−2ε−2) iterations and
thus, at most O(mκ−2ε−2) function evaluations. The value of the constant
in each O(·) can be fully expressed in terms of flow and L

The bounds given in Theorem 5.1.2 exhibit a factor mκ−2, that involves
both the cardinality and the cosine measure of the positive spanning set(s)
at hand. Both m and κ depend on the problem dimension n, and one aims
at selecting PSSs that yield the lowest value of mκ−2 possible. The next
theorem can be used to identify the optimal PSS to be considered.

Theorem 5.1.3 [25, Theorem 4.1] There exists a constant c > 0 such that
m cm (D)−2 ≥ cn2, for each PSS D ∈ Rn×m.

Consider any implementation of Algorithm 3 under Assumptions 5.1.1 and
5.1.2. We saw in Theorem 5.1.2, that the number of functions evaluation
was bounded above by O(mκ−2ε−2). As an immediate consequence to Theo-
rem 5.1.3, we see that this bound can at best be reduced to O(n−2ε−2), when

choosing PSSs that minimize the value m cm
(
D(j)

)−2
at each iteration.
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Example 5.1.1 Consider Algorithm 3 under Assumptions 5.1.1 and 5.1.2
in which the positive basis Dn is chosen at each poll step. The cosine mea-
sure of the positive basis Dn =

[
In −1n

]
was computed in Chapter 4, where

we showed that cm (Dn) =
1√

n2+2(n−1)
√
n
. The size of this positive basis is

given by m = n+ 1; we find m cm (Dn)
−2 = O(n3).

By Theorem 5.1.2, for any ε > 0, after at most O(n3ε−2) function evalua-
tions, the algorithm has found a solution xj satisfying ∥∇f(xj)∥ ≤ ε.

The cosine measure of the maximal positive basis Dn,n =
[
In −In

]
was

shown in Chapter 4 to be equal to 1√
n
. Thus, letting m = 2n we find

m cm (Dn) = 2n2. Using Theorem 5.1.3, we deduce that the coordinate
search algorithm, in which each iteration of the poll step consists in using
the positive basis

[
In −In

]
has an optimal worst-case complexity order.

Corollary 5.1.1 [77, Corollary 2] Consider any application of Algorithm 3
under Assumptions 5.1.1 and 5.1.2 and let ε > 0. Assume that the positive
basis

[
In −In

]
is chosen at each poll step. After at most O(n2ε−2) function

evaluations, the algorithm has found a solution xj satisfying ∥∇f(xj)∥ ≤ ε.

5.2 Algorithm based on positive k-spanning sets

5.2.1 Parallel evaluations and stragglers

Our motivation for using positive k-spanning sets in direct-search stems
from parallel computing, a paradigm in which the computations performed
at each iteration of an algorithm are carried out simultaneously across mul-
tiple processors.
Direct-search schemes have been adapted to parallel environments in several
ways. First, recall that a basic framework such as that of Algorithm 2 ei-
ther relies on opportunistic or complete polling, as discussed in Section 5.1.2.
Because complete polling is more expensive in terms of function values, op-
portunistic is often preferred in sequential environments. In the context of
parallel computing, however, these extra computations can sometimes allow
for a reduction of the total running time. Perhaps surprisingly, these can
also help reduce the total number of function evaluations needed for conver-
gence [23]. More recently, asynchronous variants of these parallel evaluations
procedures, that allow for opportunistic polling, have shown practical ben-
efit [36, 39, 8].
Recall that derivative-free optimization methods are employed when the gra-
dient ∇f of the objective function is difficult to compute or does not exist.
We now consider cases where the function evaluations themselves are costly
or unreliable. For instance, in optimal aeroacoustic shape design, a single
evaluation may take an entire day [52]. In other cases, such as minimiz-
ing helicopter rotor blade vibrations [13], the function may fail to return a
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value in more than two thirds of the trials due to hidden constraints [14].
To address these issues, we consider parallelized implementations of Algo-
rithm 3, where each function evaluation is assigned on a separate processor.
We impose a fixed time limit T > 0. At each step, any processor that either
fails or takes longer than T seconds to complete its function evaluation is
designated as a straggler, an expression that we borrow from the machine
learning literature [73]. In the presence of stragglers, the convergence of
Algorithm 3 is no longer guaranteed. Indeed, a number of values may be
missing at every poll step, and thus the poll step may no longer consists of
evaluations in directions forming a PSS. In the next section, we shall see how
positive k-spanning sets can be exploited to maintain convergence results in
such settings.

5.2.2 Algorithmic framework

We now present a derivative-free algorithm which exploits the resilient na-
ture of positive k-spanning sets, and handles the presence of stragglers. The
full description is provided in Algorithm 4.

Algorithm 4: Direct-search algorithm with PkSSs

1 Input: f : Rn → R, x0 ∈ Rn, α0 = 1, k ≥ 2.

2 For j = 0, 1, 2, ..., choose a positive k-spanning set D(j) and:

3 Poll step: define a poll set Pj = {xj + αjd, d ∈ col(D(j))} and
start evaluating f at the poll points. If one of these points satisfies

f(xj + αjd) < f(xj)−
α2
j

2 , then stop polling, set xj+1 = xj + αjd
and declare the iteration successful. Otherwise, declare the
iteration unsuccessful and set xj+1 = xj .

4 Parameter update: If the iteration was successful, set αj+1 = αj .
Otherwise, set αj+1 =

αj

2 .

In a nutshell, Algorithm 4 is obtained from Algorithm 3 by replacing
each PSS D(j) with a PkSS. As before, we study the complexity of Algo-
rithm 4 under Assumption 5.1.1. The assumption on the PSSs involved in
Algorithm 3 is replaced with a similar one on positive k-spanning sets.

Assumption 5.2.1 There exists two constants κ > 0 and m ∈ N such that
each positive k-spanning set D(j) in Algorithm 4 satisfies cmk

(
D(j)

)
≥ κ

and possesses at most m columns. Each of these columns is a unit vector.

Last, we allow for the presence of failed evaluations in the poll step of each
iteration. The number of stragglers is bounded above.

Assumption 5.2.2 For j = 0, 1, 2, ..., the poll set contains at most k − 1
stragglers.
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The complexity of Algorithm 4 under Assumptions 5.1.1, 5.2.1 and 5.2.2 is
investigated in the next section of this chapter.

5.2.3 Complexity analysis

In order to study the complexity of Algorithm 4, we exploit the similarities
that it shares with Algorithm 3.

Theorem 5.2.1 Consider any application of Algorithm 4 under Assump-
tions 5.1.1, 5.2.1 and 5.2.2 and let ε > 0. The algorithm finds a solution
xj satisfying ∥∇f(xj)∥ ≤ ε after at most O(κ−2ε−2) iterations and thus, at
most O(mκ−2ε−2) function evaluations. The value of the constant in each
O(·) can be fully expressed in terms of flow and L.

Proof. Each matrix D(j) considered in Algorithm 4 is a PkSS and in partic-
ular, these matrices are also positively spanning. Denote by D̃(j) the matrix
obtained by removing from D(j) each column d associated to a failed evalua-
tion of the quantity f(xj+αjd). By Assumption 5.2.2, D̃(j) is obtained from
D(j) by removing at most k−1 columns, therefore D̃(j) is a PSS. Finally, as
per Assumption 5.2.1 we have cmk

(
D(j)

)
≥ κ therefore by Theorem 4.3.2

we find cm
(
D̃(j)

)
≥ κ.

In the end, under the three assumptions that were considered, applying
Algorithm 4 amounts to applying Algorithm 3 under Assumptions 5.1.1
and 5.1.2. By Theorem 5.1.2, we obtain the expected result. □

In line with the results found in Section 5.1.3, we observe that the worst
case complexity of Algorithm 4, in terms of function evaluations, is depen-
dent on the value of the ratio m

κ2 , which should be minimized. In the case
of Algorithm 3, we saw in Theorem 5.1.3 that for k = 1 the ratio was in
Ω(n2). The proof of this result, by Dodangeh, Vicente and Zhang, uses
sphere coverings [25]. We now adapt this line of reasoning to cases where
k > 1, in order to determine the optimal order of worst case complexity of
Algorithm 4. We will show that this ratio is in Ω( n2m

m−k+1). We start with
preliminary results.

Lemma 5.2.1 [25, Generalized from Lemma 4.1] Let k ≥ 1 and consider
any PkSS D ∈ Rn×m with unit columns. Let m̃ ∈ [[m − k + 1,m]] and let
D̃ =

[
d̃1 . . . d̃m̃

]
∈ Rn×m̃ be a PSS with col(D̃) ⊂ col(D). The union of

the spherical caps centered at each d̃i with geodesic radius arccos(cmk (D))
covers the sphere Sn−1 ⊂ Rn.

Proof. When k = 1, we observe that m̃ = m and in consequence, the
positive spanning set D̃ is given by D̃ = D. Moreover, the value cmk (D)
corresponds to the cosine measure of D. As so, this case is a restatement
of [25, Lemma 4.1], whose proof we omit.
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Now, suppose that k ≥ 2 and let D ∈ Rn×m be a PkSS. Consider any
positive spanning set D̃ of size m̃ ∈ [[m − k + 1,m]] with col(D̃) ⊂ col(D).

By Theorem 4.3.2, we have cm
(
D̃
)
≥ cmk (D) and thus, arccos(cm

(
D̃
)
) ≤

arccos(cmk (D)). Moreover, by [25, Lemma 4.1], we know the sphere Sn−1

to be covered by the spherical caps centered at each d̃i with geodesic radius

arccos(cm
(
D̃
)
). Since arccos(cm

(
D̃
)
) ≤ arccos(cmk (D)), the covering

of the sphere Sn−1 is maintained upon setting the radii of each spherical cap
to arccos(cmk (D)). □

An upper bound on the k-cosine measure of positive k-spanning sets can
be deduced by combining Lemma 5.2.1 with the following result.

Lemma 5.2.2 [25, Lemma 4.2] Any covering of the sphere Sn−1 by m̃ ≥
n+1 spherical caps of geodesic radius ϕ satisfies cos(ϕ) ≤ c

√
n−1log(n−1m̃),

for some constant c > 0.

Observe that each PSS obtained by removing at most k − 1 column from a
PkSS D ∈ Rn×m has size m̃ ≥ n+1. As announced, an upper bound on the
k-cosine measure of D can then be derived from Lemmas 5.2.1 and 5.2.2.

Lemma 5.2.3 [25, Generalized from Lemma 4.3] Any PkSS D ∈ Rn×m sat-
isfies cmk (D) ≤ c

√
n−1log(n−1(m− k + 1)) ≤ cn−1

√
m− k + 1, for some

constant c > 0.

From the inequality cmk (D) ≤ cn−1
√
m− k + 1, it is easy to deduce a lower

bound on the value of the ratio m
cmk(D)2

, for any PkSS D ∈ Rn×m.

Theorem 5.2.2 Each PkSS D ∈ Rn×m satisfies m cmk (D)−2 = Ω( n2m
m−k+1).

As implied by Theorem 5.2.2, using positive k-spanning sets D(j) ∈ Rn×m

which minimize the ratiom cmk

(
D(j)

)−2
can help reducing the upper bound

on the number of function evaluations needed for Algorithm 4 to converge.
Theorem 5.2.2 suggests that the bound O( n2m

m−k+1ε
−2) can be attained by

considering the appropriate PkSS.
In the case of positive k-spanning sets of minimal size m = 2k + n − 1,
where n > 0 is fixed, we find Ω( n2m

m−k+1) = Ω(n2(1 + k−1
k+n)). Note this ratio

approaches Ω(2n2) for large values of k.
Alternatively, when the parameter k > 0 is negligible compared to the size
of the PkSS, the lower bound on the ratio m cmk (D)−2 greatly simplifies

as we obtain m cmk (D)−2 = Ω( n2m
m−k+1) = Ω(n2). This last scenario hints

at the existence of a positive k-spanning set that reduces the worst case
complexity for Algorithm 4 to O(n2ε−2).
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Special choices of PkSSs Let Dn,s =
[
DL1 . . . DLs

]
∈ Rn×(n+s) be

an OSPB decomposed as in (2.4). Suppose that each linear space Li satis-
fies dim(Li) > 1. A systematic method for building positive k-spanning sets
of size k(n + s) with a k-cosine measure bounded below by κ = cm (Dn,s)
was presented in Corollary 4.3.1. Using this procedure on a minimal posi-

tive basis with cm (Dn) =
1
n allows for the construction of a PkSS D

(1:k)
n ∈

Rn×k(n+1) for which we find m cmk

(
D

(1:k)
n

)−2
≤ 2kn3. Consequently, using

at each iteration of Algorithm 4 yields a complexity in O(2kn3ε−2) in terms
of function evaluations.
Note that for positive k-spanning sets of sizem = k(n+1), the bound in The-
orem 5.2.3 is re-expressed as Ω(n2(1+ k−1

kn+1)) and simplifies into Ω(n2(1+ 1
n))

for large values of k. This observation suggests the existence of PkSSs of size
n(k + 1) that could yield a complexity bound in O(n2(1 + 1

n)ε
−2) function

evaluations, an improvement over that associated to D
(1:k)
n .

Consider now Dn,n =
[
In −In

]
. For each i ≤ k, we choose an orthogo-

nal matrixPi and letMi = PiDn,n. Finally, we letD
(1:k)
n,n =

[
M1 . . . Mk

]
.

Then, lettingm = 2kn, the PkSSD
(1:k)
n,n ∈ Rn×m satisfiesm cmk

(
D

(1:k)
n,n

)−2
≤

2kn2. Using D
(1:k)
n,n at every iteration of Algorithm 4 yields a complexity in

O(2kn2ε−2) in terms of function evaluations. For small values of k, we ob-
serve that this value approaches the theoretical lower bound O(n2ε−2) that
was previously mentioned.

5.3 Summary of Chapter 5

This chapter presented an application of the results from Chapter 4.3 to
derivative-free optimization algorithms. We highlighted in Section 5.1.1 how
such methods are employed for minimizing functions that are noisy or whose
derivative is expensive to evaluate. We showed in Section 5.1.2 how positive
spanning sets play a crucial role for directional direct-search algorithms: the
directions they define are used to find new candidate solutions for minimiz-
ing the objective. The worst case complexity of such algorithms is known
to depend on the cosine measure and the size of the PSSs used in the im-
plementation. In that regard, we computed in Example 5.1.1 the worst case
complexity associated to the use of the positive basis

[
In −1n

]
at each

iteration of a directional direct-search algorithm.
Section 5.2.1 is motivated by parallel computing, which helps reducing the
running time of algorithms by performing calculations simultaneously across
multiple processors. We considered in implementations of direct-search al-
gorithms which allow for the presence of stragglers, that is, functions eval-
uations which fail or which are particularly time consuming. For naive
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approaches such as that described in Algorithm 3, allowing for failed evalu-
ations compromises convergence guarantees. The issue was tackled in Sec-
tion 5.2, where we introduced a new algorithm that exploits the resilient
nature of positive k-spanning sets to account for the presence of stragglers.
Last, we saw in Sections 5.2.2 and 5.2.3 that under the proper assumptions
on the PkSSs to be considered, the convergence of Algorithm 4 could be
guaranteed for the same classes of objective functions as Algorithm 3. An
upper bound on the worst case complexity of this new algorithm was found
in Theorem 5.2.1, where we showed that this complexity is dependent on
the k-cosine measure of the PkSSs considered in the implementation.



Chapter 6

Conclusion

6.1 Summary of the thesis

Throughout this manuscript, we investigated the structural properties of
positive spanning sets. An important relationship between such sets and
strongly connected digraphs was exhibited in Chapter 3, allowing for a novel
decomposition result for PSSs and positive bases. We showed that the result
could be leveraged and combined with properties on critical matrices - see
Definition 3.4.2 - to derive a characterization of positive bases in Rn. By do-
ing so, we were able to give a complete description of bases of near-extreme
sizes, as summarized in the table below.

Size of the positive basis Associated structure

n+ 1 (minimal) See [64, Theorem 6.1]

n+ 2 Theorem 3.4.4 (Contribution)

n+ 3 to 2n− 3 Unknown

2n− 2 Theorem 3.4.3 (Contribution)

2n− 1 Theorem 3.4.2 (Contribution)

2n (maximal) See [64, Theorem 6.3]

In turn, we obtained a characterization of minimally strongly connected di-
graphs on n vertices and m arcs for each m in {n+ 1, 2n− 3, 2n− 4}.
Chapter 2 highlighted how positive k-spanning sets were typically built
through the use of Gale diagrams. An alternative construction method was
introduced in Section 2.3.3 and allowed for a characterization of positive
2-bases of minimal size in Rn.

109
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The last two chapters of this manuscript took concern in the uses of pos-
itive (k-)spanning sets in optimization algorithms. Chapter 4 introduced
a method for computing the cosine measure of specific PSSs in polynomial
time. More importantly, it presented a simple method for constructing posi-
tive k-bases with a structure particularly well-suited for use in direct-search
algorithms. These results were exploited in Chapter 5, where we presented
an optimization algorithm which uses the properties of PkSSs to guarantee
convergence even in the presence of failed evaluations. Theoretical bounds
on the complexity of this algorithm were provided, though numerical exper-
iments remain to be conducted.

6.2 Perspectives

The third chapter of this thesis leveraged classical results in graph theory to
derive new characterizations of positive spanning sets. Similarly, the struc-
ture of positive bases of near-extreme sizes was successfully described by
exploiting the properties of critical matrices, which remain understudied. A
deeper understanding on the properties of these matrices should facilitate
the characterization of broader categories of positive bases. On that note,
this manuscript took concern in the study of critical matrices having at most
three rows. This work could naturally be expanded to matrices with larger
amount of rows. Alternatively, a study on the properties of critical matrices
with a small amount of columns could help achieve a better understanding
of their structure. As a last note on critical matrices, we emphasize that the
IN matrix associated to an arbitrary positive basis D through (3.6) is non-
unique. In consequence, the critical structure (3.7) associated to D is itself
non-unique and in particular, the sizes of each critical block can change from
one decomposition of the positive basis to another. Developing methods for
finding an optimal critical structure (3.7) of D - that is, one in which each
critical block is of relatively small size - could be an interesting direction for
future works.
Although a relationship between positive k-spanning sets and strongly k-
edge connected digraphs was discussed in Section 3.5, the results derived
from this relationship do not appear to be as strong as those obtained for
positive spanning sets. Alternative approaches should be favored in order to
study PkSSs. On that note, previous authors aimed at finding the maximal
possible size of positive k-bases through polytope theory. This promising ap-
proach has already led to the finding of a finite upper bound on the size of
positive k-bases. A deeper analysis on the properties of (k−1)-unneighborly
polytopes - see Definition 2.3.7 - could help reduce this bound, as positive
k-bases are characterized as being Gale diagrams for such polytopes. Alter-
natively, we note that the problem of finding the size of a maximal positive
basis in Rn is easily tackled through the use of a linear programming ar-
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gument. Determining whether this argument can be generalized for larger
values of k should prove as an interesting challenge.
Results with regard to the (k−)cosine measure of positive (k−)spanning sets
were detailed in Chapters 4 and 5. While general methods for computing
the cosine measure of a given set are exponential, we showed that this com-
plexity could be drastically reduced for OSPBs - see Definition 4.2.1. The
existence of other classes of positive spanning sets with a cosine measure
that can quickly be computed remains to be determined. On that matter,
a first attempt could consist in exploring results related to the structural
equivalence between matrices. Indeed, the cosine measure of a matrix D
is entirely determined by that of a structurally equivalent matrix D̃ ≡ D
and by the nonsingular matrix B involved in this structural equivalence.
In particular, when B is orthogonal the two matrices share an equal cosine
measure. Alternative hypotheses on the properties of the nonsingular matrix
B could be associated to similar formulas connecting the cosine measures
of the two matrices. In turn and for matrices that are structurally equiva-
lent to OSPBs, the computation of the cosine measure could sometimes be
greatly simplified.
The k-cosine measure is a novel tool whose properties remain to be studied in
depth. The structure of positive k-bases of minimal whose k-cosine measure
is maximal - and the value of this k-cosine measure - are easily determined
when k = 1. Future research could aim at generalizing these results to all
values of k. In the more general case however, the task of computing the
k-cosine measure of an arbitrary PkSS is particularly tedious. A more rea-
sonable challenge would consist in assessing upper and lower bounds on this
value.
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[27] J. Garćıa-López and C. Marijuán, Minimal strong digraphs, Dis-
crete Math., 312 (2012), pp. 737–744.

[28] J. Gollin, Connectivity and tree structure in infinite graphs and di-
graphs, PhD thesis, Staats-und Universitätsbibliothek Hamburg Carl
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MOTS CLÉS

Famille positivement génératrice, base positive, graphe fortement connexe, mesure cosinus, diagramme de
Gale, optimisation continue, optimisation sans dérivées, recherche directe directionnelle

RÉSUMÉ

Les familles positivement génératrices (PSSs) sont définies par leur capacité à engendrer l’entièreté de l’espace euclidien
par des combinaisons linéaires à coefficients positifs ou nuls. De telles familles de vecteurs jouent un rôle important dans
le cadre de l’optimisation continue, et plus particulièrement dans celui de l’optimisation sans dérivées. Dans ce contexte,
les algorithmes directionnels de recherche directe se basent sur l’utilisation de PSSs pour explorer l’espace en quête
d’un extremum de la fonction à optimiser. Les performances de ces algorithmes sont impactées par la taille des PSSs
considérés, mais aussi par la dispersion de leurs éléments dans l’espace, évaluée par leur mesure cosinus. Les bornes
de complexité se voient ainsi réduites pour des familles alliant une faible cardinalité à une mesure cosinus élevée. À
ce jour, il n’existe pourtant ni de caractérisation satisfaisante des bases positives - nom donné aux PSSs minimaux en
termes d’inclusion - ni d’algorithme polynomial permettant d’évaluer la mesure cosinus d’une famille de vecteurs.
Dans ce manuscrit, nous nous attachons à examiner chacun de ces deux problèmes, par l’étude théorique des pro-
priétés des familles positivement génératrices. Dans un premier temps, nous explorons les relations liant les matrices de
réseaux de graphes fortement connexes aux représentations matricielles des PSSs. Nous exhibons ainsi une nouvelle
caractérisation de ces familles, que nous affinons dans le but de caractériser les bases positives. Par la suite, nous
démontrons l’existence d’algorithmes polynomiaux permettant de déterminer la mesure cosinus de certains classes de
bases positives. Nous démontrons qu’il est possible, à l’aide de ces familles, de construire des PSSs résilients qui conser-
vent une mesure cosinus satisfaisante lorsqu’on retire un certain nombre de leurs éléments. Enfin, nous introduisons un
nouvel algorithme de recherche directe, plus robuste que ses prédécesseurs, basé sur l’utilisation de ces PSSs résilients.

ABSTRACT

Positive spanning sets (PSSs) are defined by their ability to generate the entire Euclidean space through linear com-
binations with nonnegative coefficients. Such families of vectors play an important role in the framework of continuous
optimization, and more specifically in derivative-free optimization. In this context, directional direct-search algorithms rely
on the use of PSSs to explore the space in search of an extremum of the objective function. The performance of these
algorithms is influenced not only by the size of the PSSs to be considered, but also by the spread of their elements in
space, assessed through their cosine measure. Complexity bounds can thus be lowered for families that combine low
cardinality with a high cosine measure. To date, however, there exists neither a satisfactory characterization of positive
bases - PSSs that are inclusion-wise minimal - nor a polynomial time algorithm for evaluating the cosine measure of a
family of vectors.
In this manuscript, we examine each of these two problems through a theoretical study of the properties of positive span-
ning sets. First, we explore the relationships between network matrices of strongly connected digraphs and the matrix
representations of PSSs. In doing so, we establish a new characterization of these families, which we refine to charac-
terize positive bases. Next, we prove the existence of polynomial time algorithms able to determine the cosine measure
of certain classes of positive bases. Using these families, we show that it is possible to construct resilient PSSs which
preserve a satisfactory cosine measure upon losing some of their elements. Finally, we introduce a new direct-search
algorithm, more robust than its predecessors, based on the use of such resilient PSSs.

KEYWORDS

Positive spanning set, positive basis, strongly connected digraph, cosine measure, Gale diagram, continuous
optimization, derivative-free optimization, directional direct-search
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