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Abstract

This thesis studies the probability of the Condorcet paradox, a situation in which the aggregation of
individual preferences yields a cyclic outcome, despite each voter having transitive preferences.

While most previous work focused on probabilistic approaches, we investigate an alternative
route based on analytic combinatorics. We first consider the uniform distribution of preferences
using a graph-based encoding of voting profiles, leading to significant results on regular graphs
and balanced matrices that stand on their own. We then extend the analysis to more general
preference models via saddle point methods, not only recovering known limits for the probability of
a Condorcet winner but also refining them by providing explicit convergence rates. This approach

also produces results in multivariate analytic combinatorics that are of independent interest.

Finally, since we assume throughout the thesis that voters provide complete rankings, the last
chapter departs from the probabilistic study to address a practical question: how can we help voters
to efficiently elicit their full preferences, particularly when the number of candidates is large?
To tackle this problem, we propose sorting algorithms and discuss their potential applications in

real-world voting contexts, illustrated by the 2025 Australian federal election.






Résumé

Cette these étudie la probabilité du paradoxe de Condorcet, une situation dans laquelle I’agrégation
des préférences individuelles conduit a un cycle, méme quand chaque électeurice possede des

préférences transitives.

Tandis que la plupart des travaux précédents utilisent des approches probabilistes, nous explorons
une voie alternative fondée sur la combinatoire analytique. Nous commengons par étudier la
distribution uniforme des préférences en encodant un profil de vote sous forme de graphe. Au
passage, nous obtenons des résultats pertinents sur les graphes réguliers et les matrices équilibrées.
Nous étendons ensuite I’analyse a des modeles de préférences plus généraux. Via des méthodes de
point col, non seulement nous retrouvons des limites connues pour la probabilité d’existence du
paradoxe de Condorcet, mais nous obtenons en plus des taux de convergence. Cette approche fournit

également des résultats en combinatoire analytique multivariée présentant un intérét indépendant.

Enfin, puisque I’ensemble de la these suppose que les électeurices fournissent des classements
complets, le dernier chapitre s’écarte de I’étude probabiliste pour aborder une question pratique :
comment aider les électeurices a construire efficacement leur classement ? Nous proposons une
procédure de tri et discutons de ses applications potentielles dans des contextes réels de vote a

travers I’exemple de I’élection fédérale australienne de 2025.
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Introduction

What is a voting rule? Before beginning this PhD, I used to think of voting rules simply as
the mechanism used on election day, where each voter places a single name on a ballot and the
candidate with the most votes either reaches the second round or wins. Yet, voting rules encompass
far more than this familiar picture. In theory, voting rules are formal procedures for transforming

individual preferences into collective decisions.

In particular, these individual preferences can take the form of rankings, where each voter provides
an ordered list of all candidates according to their preference. Systems that rely solely on rankings
belong to the family of ordinal voting rules, which consider only the relative ordering of candidates
rather than any numerical score or intensity of preference. The rankings given on the ballots can be
either truncated, and in the extreme case contain only the top-ranked candidate, or complete, as
illustrated in Figure 1.1, where voters express their preference rankings over a set of 3 candidates
(here fruits).
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Fig. 1.1: Illustration of a voting rule. On the left, voters having preferences over the 3 candidates: banana,
orange and watermelon. The red arrow represents a voting rule that would elect the watermelon.
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The difficulty of aggregrating rankings. Even before considering the specific mechanisms of
voting rules, the aggregation of ranked preferences already gives rise to interesting and sometimes
paradoxical phenomena. In 1785, Nicolas de Condorcet [Con85] introduced the notion that now
bears his name, the Condorcet winner: a candidate who defeats every other candidate in a pairwise
majority comparison. Formally, a candidate w is a Condorcet winner if, for any other candidate c, a
strict majority of voters prefer w to c. In Figure 1.1, for instance, the watermelon is a Condorcet
winner. This concept shows that the preference profile of a population can exhibit a natural
structure even before specifying any particular voting rule. Yet, as Condorcet also observed, such a
winner does not always exist because individual rational preferences can combine into collectively
inconsistent outcomes. This phenomenon, called the Condorcet paradox, occurs when majority

preferences form a cycle. For instance, if three voters rank the candidates 1, 2, and 3 as
1>2>3, 2>3>1, 3>1>2,

then each candidate is defeated by another in a head-to-head contest, and no Condorcet winner
exists. This paradox exemplifies one of the fundamental difficulties in collective decision-making:
even when each voter behaves rationally and expresses a consistent ranking, the aggregation of

their preferences may lead to a collective inconsistency.

These difficulties are formalized in several key theorems in social choice theory. The most famous
is Arrow’s impossibility theorem [Arr50], which considers the problem of aggregating individual
rankings into a collective ranking. Arrow identified a few requirements that one might reasonably
expect from such an aggregation rule: it should work for all possible preference profiles (unrestricted
domain), it should not reduce to simply following the will of a single voter (non-dictatorship),
it should respect unanimous agreement (Pareto efficiency), and the relative comparison between
two options should not depend on the presence of other alternatives (independence of irrelevant
alternatives). Arrow’s theorem states that no rule can satisfy all of these conditions at once when
there are at least three alternatives.

A complementary perspective is provided by the Gibbard-Satterthwaite theorem [Gib73], which
considers voting rules that output a single winner rather than a full ranking. It shows that any
voting rule that is not dictatorial and can elect at least three different candidates in some profiles
is necessarily vulnerable to strategic behaviour: voters may have an incentive to misreport their
preferences to obtain a more favourable outcome. In other words, manipulation is unavoidable,

except in trivial cases.
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The axiomatic framework. Since these impossibility theorems show that no voting rule can
satisfy simultaneously all desirable criteria, part of the literature has focused on defining and
classifying voting rules according to the properties that they might reasonably be expected to satisfy,
namely the axiomatic approach. For example, Young [You74] showed that the Borda rule is the
unique voting rule that satisfies neutrality (treating all candidates equally), reinforcement (if two
disjoint profiles elect the same candidate, their union also elects that candidate), faithfulness (if
there is only one voter, the winner is their top candidate) and cancellation (whenever all pairwise

majority margins cancel out across the electorate, the rule must return a perfectly tied outcome).

The axiomatic framework has provided powerful and elegant characterisations of voting rules. By
formalizing normative principles, such as Condorcet consistency (always electing the Condorcet
winner whenever there is one), it allows us to characterize what different aggregation mechanisms
can or cannot achieve. Yet, by its very nature, the axiomatic approach usually yields qualitative
results: a rule either satisfies a given property or it does not. Even though there exist a few axiomatic
works that reason in probabilistic terms about the satisfaction of axioms, such as the framework
developed by Bardier [Bar25], these do not aim to compute probabilities of satisfaction or violation,
but rather to define an axiomatic perspective grounded in probability.

The probabilistic approach. A complementary probabilistic perspective seeks to enrich this
analysis by quantifying how frequently these properties hold or fail under specific models of
voter preferences. Rather than replacing the axiomatic framework, it extends it, shifting the focus
from the logical possibility of violations to their empirical likelihood. For example, knowing the
frequency of the Condorcet paradox can help inform the choice of an appropriate voting rule for
a given context. If the probability of encountering the paradox is low, it may be reasonable to
favor a rule that always elects the Condorcet winner, since situations without one are unlikely to
arise. Conversely, if the probability of the paradox is high, then focusing primarily on electing the
Condorcet winner may be less relevant, and other axiomatic properties, such as reinforcement or
participation (a voter cannot achieve a more favorable outcome by abstaining rather than voting),
might be more decisive. Therefore, the axiomatic and probabilistic approaches go hand in hand,

each complementing the other to better guide the choice of an appropriate voting rule.

A number of studies have investigated the likelihood of the Condorcet paradox under various
models of voter preferences, as documented in the book by Gehrlein [Geh06], which is entirely
dedicated to this topic. Early work often focused on specific distributions, such as the uniform
distribution, named Impartial Culture (IC), and computed exact probabilities for small numbers of

voters or candidates. Later contributions extended these results to asymptotic settings.




Among these contributions, Niemi and Weisberg [NW68] derived the limiting probability of the
Condorcet paradox as the number of voters tends to infinity, assuming only that voter preferences are
independent. More recently, Krishnamoorthy and Raghavachari [KROS5] revisited and modernized
this result. In this thesis, we refer to the framework used by these authors as the General Independent
Culture (GIC). Another interesting work is the one of Sauermann [Sau22], where she examined
scenarios in which the number of voters is fixed while the number of candidates is large (m — c0),

under the IC model, which is a special case of GIC.

A common denominator of most of these studies is their reliance on probabilistic methods. For
instance, Krishnamoorthy and Raghavachari [KR05] employ techniques from multinomial distribu-
tion theory to obtain their results, while Sauermann [Sau22] makes use of classical probabilistic
tools, such as Bonferroni-type inequalities, to derive bounds on the likelihood of certain events.

Another line of research has leveraged combinatorial and geometric methods, particularly through
Ehrhart polynomials, which allow to computate probabilities of events such as the Condorcet
paradox. These methods are specifically tailored for the Impartial Anonymous Culture (IAC), where
voters are anonymous and all rankings are equally likely. Extending these techniques to other

settings, such as the GIC model, remains challenging.

Analytic combinatorics. This motivates the use of analytic combinatorics, which provides a
systematic framework for deriving asymptotic properties of combinatorial structures. Its principle
is to encode combinatorial objects into algebraic structures, whose coefficients correspond to
quantities of interest. By seeing these algebraic objects as complex functions, one can then
apply techniques from complex analysis, thus then extract precise asymptotic estimates for these
coefficients. This methodology has been successfully applied in areas ranging from algorithm

analysis and random structures to statistical physics.

Its origins can be traced back to the early 20th century: Hardy and Ramanujan [HR17] used
complex analysis and number-theoretic ideas to evaluate the asymptotics of integer partitions
in 1917. In 1956, Hayman [Hay56] introduced a key technique in the field, the saddle point method,
providing a generalization of Stirling’s formula and laying the foundations for modern asymptotic

enumeration.

The field expanded significantly in the following decades, with many contributors refining the
methods and extending their scope. In particular, Knuth [Knu99] made extensive use of these
techniques in the study of algorithmic complexity, contributing to the emergence of a distinct area
now known as the analysis of algorithms. Flajolet and Sedgewick [FS09] also made substantial

contributions and standardized the methods, notably through their book Analytic Combinatorics,
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which presents the subject with a comprehensive framework, clear notation, and a wide range of

applications. This work serves as a primary reference throughout this thesis.

Overview of the contributions. In this thesis, we investigate how analytic combinatorics can
be applied to the study of the Condorcet paradox under the GIC model. Our goal is to derive
asymptotic probabilities for the existence of a Condorcet winner. We begin with a graph-based
approach under the uniform distribution, before extending our analysis to the general GIC model
using the saddle point methods. Along the way, we will see that this perspective not only sheds
light on classical questions in social choice theory, but also leads to results of independent interest
from the standpoint of analytic combinatorics. Finally, since the entire manuscript assumes that
voters express preferences as complete rankings, we conclude with a side project that steps away

from probabilistic analysis and examines how such preferences can be elicited in practice.

Even if the primary focus of the thesis is the probability of the Condorcet paradox, I also aim
to present this thesis as both an illustration of applied results in analytic combinatorics and as
an accessible introduction to the field. Therefore, even readers without a background in analytic
combinatorics should be able to learn the main techniques and, maybe hopefully one day, apply
them in their own research. Likewise, readers with no background in social choice theory can

follow this thesis without prior preparation.

Structure of the thesis. The chapters of this thesis are designed to be as independent as possible.
To this end, each chapter includes its own introduction, discussion of related work, and outline
of contributions, allowing readers to approach them selectively. Readers already familiar with
analytic combinatorics may freely navigate to any chapter of interest. However, Chapters 3 and 5
rely on techniques explained in Section 2.2 of Chapter 2, which should be read beforehand by

non-specialists.

To balance readability and modularity, certain definitions, such as that of the Condorcet winner,
are recalled in all chapters using it. While this may occasionally introduce redundancy, I believe
it is preferable to forcing constant back-and-forth between sections. At the same time, all social
choice terminology is collected in one dedicated place, namely Section 2.1 of Chapter 2, for readers

wishing to review this material in a single block.

Chapter 2 therefore serves as a reference chapter, introducing the necessary background in both
social choice theory and analytic combinatorics. It also presents a guiding example that illustrates

the main steps of the analytic combinatorics approach developed throughout the thesis.




Chapter 3 presents our first method for computing the probability of the Condorcet paradox,
based on a graph-theoretic encoding. This method applies to the uniform distribution (Impartial
Culture).

Chapter 4 and Chapter 5 present a second method, which extends the analysis to the GIC model,
providing a new proof of the result by Niemi and Weisberg [NW68] as well as additional contri-
butions, including convergence rates and applications to specific models such as IC and Mallows.
Chapter 4 outlines the overall strategy and states the main results, while Chapter 5 develops the

analytic combinatorics machinery required to derive them.

Chapter 6 departs from the probabilistic analysis and addresses a practical question: how can
individuals elicit their own preferences efficiently? Throughout the thesis, we assume that voters
hold complete rankings over candidates, yet when the number of candidates becomes large, eliciting
such rankings can be cognitively demanding. Therefore, we adress this question by proposing an
efficient sorting algorithm for constructing preferences and discuss its potential applications to
real-world voting contexts, notably the 2025 federal elections in Australia.

Chapter 7 concludes.
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2.1

Preliminaries

Social Choice Notions and Notations

In this section, I introduce the main definitions and notations from social choice theory that will be
used throughout the thesis. Most of these notions will be recalled later in the core chapters, since it
would be unrealistic to expect the reader to remember all details. Nonetheless, I find it useful to

gather here in one place all the basic concepts that will serve as reference points for the rest of the

manuscript.
Throughout the thesis, we define the set of voters as {1, 2, ..., n} where n is the number of voters,
and the set of candidates as {1, ..., m}, where m is the number of candidates. A profile represents

the preferences of the voters and is defined as a list of n rankings over the set of candidates. A

culture refers to a probability distribution over the (m!)™ possible profiles.

We assume that voters have independent and identically distributed preferences, meaning the culture
is characterized by a probability p, for each preference ranking . Surprisingly, there is no standard
terminology for this common assumption, which we refer to as a General Independent Culture
(GIC) in Chapter 4. We also assume that the culture is generic, in the sense that p, > 0 for every

ranking r. The notation P refers to the probability under the given culture.

The GIC model notably encompasses several classical cultures, such as the Impartial Culture (IC),
where all rankings are equally likely and which will serve in Chapters 3 and 4, as well as the
Mallows model [Mal57], which will notably illustrate theoretical results in Chapter 4. The Mallows
model is characterized by a reference ranking rg over the candidates and a concentration parameter
p € R>p. The probability of a ranking r is given by

py = e PArro)

where ~y is a normalization constant ensuring ., p, = 1, and d(r,ro) denotes the Kendall-tau
distance [Ken38], which counts the minimum number of adjacent swaps needed to transform r

into rg. Remark that when p = 0, all rankings are equally probable, recovering the IC model.




The thesis is dedicated to study the probability of occurence of a Condorcet winner. A Condorcet
winner is a candidate who is preferred to every other candidate by strictly more than 3 voters.
When there is a Condorcet winner, it is unique. The absence of a Condorcet winner is called the
Condorcet paradox. Without loss of generality, we will study IP(m is CW), the probability that

candidate m is the Condorcet winner.

2 2 2 2 4 3
1 1 2 2 3 3
2 3 1 3 1 2
3 2 3 1 2 1
2 2 2 4 4 1
1 1 2 2 3 3
2 3 1 3 1 2
3 2 3 1 2 1

Fig. 2.1: Voting profiles illustrating the Condorcet winner and the Condorcet paradox for m = 3 candidates
and n = 15 voters. Each profile lists all possible rankings, with the number of voters supporting
each ranking shown above in blue. Top: a profile in which candidate 3 is the Condorcet winner.
Bottom: a profile exhibiting the Condorcet paradox, i.e. no Condorcet winner exists.

Figure 2.1 illustrates two voting profiles with m = 3 candidates and n = 15 voters. In the top profile,
candidate 3 is the Condorcet winner, since it is preferred to candidate 1 by 2+4+3 =9 > |15/2|
voters, and similarly preferred to candidate 2 by 2 + 4 + 3 = 9 voters. The bottom profile exhibits
the Condorcet paradox: no candidate is a Condorcet winner. Indeed, candidate 3 is preferred to
candidate 1 by 9 voters, candidate 1 is preferred to candidate 2 by 8 voters, and candidate 2 is

preferred to candidate 3 by 8 voters, forming a cycle.

In Chapter 4, our theoretical results extend this question to a more general notion, which we call an
a-winner, defined as follows. Let A := {1,...,m — 1} be the set of adversaries of candidate m.
Consider a vector av := (v, ..., am—1) € (0,1)™~L, where each «; represents the proportion of
voters that candidate m needs on their side to win the pairwise comparison against candidate j. We
say that candidate m is an a-winner if m is preferred to each adversary j by more than a;jn voters.
The standard notion of a Condorcet winner corresponds to the special case o« = (%, ceey %) The
notion of a generalized Condorcet winner, as introduced by Sertel and Sanver [SS04], is recovered

by considering a vector a« whose coordinates are equal.
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Formally, a voting rule (or voting system) is a function that takes a preference profile as input and

returns a set of winning candidates (possibly of size one).

In Chapter 6, we notably discuss about the Instant-Runoff Voting system. This voting rule is also
known as Ranked-Choice Voting (RCV), Single Transferable Voting (STV), Preferential Voting, or

the Alternative Vote, and proceeds as follows:
1. Each voter submits a ranking of all candidates from most to least preferred.
2. The first-place votes are counted.

3. If one candidate obtains an absolute majority (more than half of the votes), that candidate is

declared the winner.

4. Otherwise, the candidate with the fewest first-place votes is eliminated. Ballots ranking this

candidate first are then transferred to the next preferred candidate listed on each ballot.
5. Steps 2 to 4 are repeated until one candidate achieves an absolute majority and is elected.

When ties occur, two main tie-breaking approaches can be distinguished. The first, immediate tie-
breaking, resolves ties as they arise using a deterministic or random rule (for instance, a predefined
candidate order or a random draw). The second, known as the parallel universes approach,
simultaneously considers all possible sequences of tie-breaking decisions. In this framework, each
possible choice defines a separate "parallel universe" in which IRV is executed, and the overall set
of winners corresponds to all candidates who win in at least one of these universes. Note that this

method does not necessarily yield a single winner.

Figure 2.2 illustrates the execution of the Instant-Runoff Voting (IRV) process on a profile with
m = 3 candidates and n = 11 voters. The profile of votes is shown in the first table. Each column
corresponds to a specific ranking of the candidates (displayed in black), while the number of voters
who submitted that ranking is indicated above in blue. In this initial profile, candidate 1 receives 3
first-place votes, while candidates 2 and 3 each receive 4 first-place votes. Therefore, candidate 1
has the fewest first-place votes and is eliminated according to the IRV procedure. The ballots are
then updated by removing candidate 1 from all rankings. This updated set of ballots is displayed in
the second table, and the remaining votes are transferred to each voter’s next preferred candidate.
The third table shows these transferred votes to illustrate the resulting profile after the elimination
of candidate 1. By examining this resulting profile, we see that candidate 3 now holds the majority
of first-place votes among the remaining candidates. Consequently, candidate 3 wins the election in

the second round.
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1 2 4 0 2 2
1 1 2 2 3 3
2 3 1 3 1 2
3 2 3 1 2 1
1 2 4 0 2 2

2 2 3 3
2 3 3 2
3 2 3 2

) 6

2 3

3 2

Fig. 2.2: Execution of the IRV process on a profile with m = 3 candidates and n = 11 voters. The first
table shows the initial profile of votes. Each column represents a ranking (in black), with the
number of voters choosing that ranking indicated above in blue. Candidate 1 receives the fewest
first-place votes and is therefore eliminated. The second table displays the ballots after candidate 1
is removed, and the third table shows the aggregated profile. In the second round, candidate 3
secures the majority and thus wins the election.

Instant-Runoff Voting (IRV) is widely implemented in Australia, not only in political elections but
also in various non-governmental decision-making contexts, such as job recruitment processes or
committee selections. Beyond Australia, IRV is employed in several national elections across the
world. Notably, it is used to elect the heads of state in India, Ireland, and Sri Lanka. A variant in
which ballots are truncated to the top three candidates is also used to elect members of the National

Parliament of Papua New Guinea.

Introduction to Analytic Combinatorics

The goal of this section is to introduce the main tools from analytic combinatorics that will be used
throughout the thesis. In broad terms, the approach of analytic combinatorics can often be seen as
proceeding in two steps. The first step is the symbolic method (presented in Section 2.2.1), which
allows one to translate the structure of a combinatorial class into an algebraic object. The second

step is the analytic extraction (developed in Section 2.2.2), which notably includes a classical
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method of analytic combinatorics, namely the saddle point method. So, readers already familiar

with analytic combinatorics, and in particular with these notions, may safely skip this section.

I use both techniques in Chapters 3 to 5, but while I apply them in multivariate settings, I chose

to present them here on a univariate guiding example, to provide a more accessible introduction.

Nonetheless, the results and methods described in this section naturally generalize to the multivariate

case, and are detailed when necessary in the thesis.

It was not easy to find a single example that could clearly illustrate both the symbolic method and
analytic extraction in a simple way. Indeed, a simple symbolic method example often comes with
a rather involved analytic extraction. I will give an intuitive explanation of why this happens in
Section 2.2.2. In general, I find analytic extraction to be more challenging to approach than the
symbolic method, in particular because it involves theorems from complex analysis. By contrast,
the symbolic method can be explained step by step, starting with the fundamentals and gradually
building up to the final problem. This incremental approach makes it possible to teach the method
effectively even when the underlying example is complex. Furthermore, the symbolic method used
in Chapter 3 contains several subtleties, so I believe that starting with a slightly more complicated

case will better prepare the reader to tackle that chapter. For these reasons, I chose an example that is

somewhat more intricate on the symbolic side but relatively classical on the analytic extraction side.

Moreover, the example I chose has the advantage to resemble the analytic extraction performed in
Chapters 4 and 5.

As a running example, I will use fragmented permutations of size n. This example is treated in
the book by Flajolet and Sedgewick [FS09]. In this section, I will expand on their treatment and

provide additional details.

A fragmented permutation on a set of n elements is a set of fragments, where each fragment
is a non-empty sequence of distinct elements, and every element in {1,...,n} appears exactly
once overall. In other words, a fragmented permutation is a decomposition of the n elements into

subsequences.

Consider the set {1,2,3,4,5}. A (classical) permutation is a single ordered list containing all
elements exactly once, for example:
(17 57 4’ 3’ 2)'

A fragmented permutation is a set of non-empty sequences (called fragments), where each element

in {1,...,5} appears in exactly one fragment. For instance,

{(1,5,4),(3),(2)}

2.2 Introduction to Analytic Combinatorics
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is a fragmented permutation consisting of three fragments: the sequence (1, 5,4) and the single-

element sequences (3) and (2).

Within each fragment, the order of the elements is significant. However, the global order between

fragments is not. For example,

{(1,5,4),(3),(2)} and  {(3),(1,5,4),(2)}
represent the same fragmented permutation.

On the other hand,
{(1,5,4),(3),(2)} and {(4,1,5),(3),(2)}

are different fragmented permutations, since the order within the first fragment has changed.

Symbolic Method

To find the number of fragmented permutations, we begin by applying what is known as the
symbolic method. The idea is to introduce formal variables linked to specific parameters that
define our counting problem. As mentioned earlier, applying the symbolic method to fragmented
permutations is not the easiest task, mainly because the underlying objects are labeled. For this
reason, I will first present the symbolic method on a simpler application case involving unlabeled
objects, and only afterwards return to the study of fragmented permutations. To this end, I will begin
by motivating the definition of the central object in the symbolic method, namely the generating

function, as I consider it a crucial notion to understand before applying the method itself.

Motivation

The beauty of the symbolic method is that it establishes a dictionary between constructions on
combinatorial classes and algebraic operations. Before explaining in detail what this entails, let us

first give a formal definition of a combinatorial class.

Formally, a combinatorial class (or combinatorial family) is a set A equipped with a size function

[]: A= N,
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such that, for each k& € N, the number of objects of size k in A is finite. For instance, let .A be the
class of binary words, that is, finite sequences over the alphabet {0,1}. We define the size of a word
to be its length. With this definition, A is indeed a combinatorial class.

Now, to provide a dictionary between combinatorial classes and algebraic operations, we seek an

algebraic object that satisfies three criteria:
* It admits a natural operation for extracting the number of objects of size n;
* Disjoint union corresponds to addition;
* Cartesian product corresponds to multiplication.

As we shall see just below, these requirements lead naturally to the following object.

Definition 1. Let A be an unlabeled combinatorial class, and let aj denote the number of objects
of size k in the class A. The ordinary generating function (OGF) of A is defined as the formal

power series

A(z) = Z apzt.

k>0

At this stage, the generating function appears to serve merely as a compact and formal encoding of

the combinatorial class under consideration. Let us check that all three conditions are satisfied.

First condition. For the class of binary words we already know the counting sequence a;, = 2¥,

hence (1,2,4,8,...). Therefore, the generating function of A rewrites

Az) = Z ok 2k,

k>0

The first criterion is then satisfied: once an explicit expression for A(z) is available, the number a,,

is recovered by coefficient extraction. The coefficient extraction is denoted by
[2"A(2) := ap.

Of course, in our case, the generating function is easy to explicit. But in some cases, it requires a

few more steps, which is the case of fragmented permutations, as we shall see later.

2.2 Introduction to Analytic Combinatorics
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Second condition. To illustrate how disjoint union corresponds to addition in generating func-
tions, we partition the class of binary words according to the parity of the number of 0’s. Let Aeyen
denote the subclass of words containing an even number of 0’s, and A,qq the subclass with an odd
number of 0’s. By construction, these two subclasses are disjoint, and their union is exactly the

original class:

A= Aeven U Aodd~

Let Aeven(2) and Aoqd(2) be the ordinary generating functions of Aeyen and Aqqq, respectively. For
a word of length k, the number of words with exactly ¢ zeros is (’Z) as it corresponds to choosing

¢ positions among k& to place the zeros. Hence, the number of words with an even number of

k
aiven — Z (E)’

/=0
£ even

ZEeros is

and the number with an odd number of zeros is

"k
odd __
=3 (4)
=0
£ odd
The corresponding generating functions are
k dd  k
Aeven(z) = Z aivenz s Aodd(z) = Z a% z".
k>0 k>0

Now, by the binomial theorem, for each k& we have

k
k
aekven + a%dd — § : <€> — 2k'
=0

This yields

Aeven(2) + Aodd(2) = Z b2k = A(z),
k>0

thus confirming that, in this case, the disjoint union of combinatorial classes corresponds to the

sum of their generating functions.

More generally, this property holds for any combinatorial classes. If B and C are two disjoint
combinatorial families with generating functions B(z) and C(z), then the generating function of
their disjoint union A = B U C is simply

A(z) = B(z) + C(2).
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Third condition. Now, let us form the product A x A, whose objects are ordered pairs (u,v)
where u and v are binary words. The size of such a pair is naturally defined as the sum of the
lengths of » and v.

The number of pairs (u,v) of total size k is then

k
> agag_e,
=0

The generating function Aproq(2) associated with A x A is therefore

k
Aprod(z) = Z (Z ay ak—€> Zka

k>0 \=0

which is precisely the Cauchy product (the usual product of power series) of A(z) with itself:
Aprod(2) = A(z) x A(2).

This example illustrates concretely that the Cartesian product of combinatorial classes corresponds

to the multiplication of their generating functions.

More generally, this property holds for any combinatorial classes. If B and C are two combinatorial

classes with generating functions B(z) and C'(2), respectively, and if the size of a pair (u,v) € BxC

is defined as |(u,v)| = |u| + |v|, then the generating function of their Cartesian product is

Explaining the Symbolic Method on Unlabeled Structures.

Now that we are convinced that generating functions are appropriate objects to work with, it
remains to explain how to make them explicit using the symbolic method. In the present example
we already know the exact value of the sequence of ay, but let us now attempt to recover it through
the symbolic method itself: this consists in introducing a formal variable associated with the

parameter of interest, and then unfolding the symbolic constructions.

In the case of binary words, the parameter of interest is the word length, i.e. the number of letters
in the word. We therefore associate to a letter the formal variable z. Since a word of length k£ can

be seen as the Cartesian product of k letters, it is naturally associated with the monomial z*. This

2.2 Introduction to Analytic Combinatorics
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makes the definition of the generating function even more natural, as the operation of coefficient
extraction
[2"]A(2) = an

precisely recovers the number of binary words with n letters.

Let us now apply the symbolic method to recover explicitly the generating function of binary words.
As said above, we start from the atomic class Z, consisting of a single object of size 1, which here

consists in a letter. Its generating function is simply
Z(z) = z.

A binary letter is not just an occurrence of the atomic class Z, but rather a choice between two

possible realizations, namely 0 or 1, i.e.,

£=1{o}u {1}

Here, I think it is worth clarifying why binary words are unlabeled objects, despite the apparent
distinction between O and 1. In the context of analytic combinatorics, an object is considered
labeled if each element carries a unique label that cannot be repeated. In a binary word, the letters
0 and 1 serve only as types and not as unique labels: multiple occurrences of O or 1 are allowed in

the same word.

Symbolically, each of these choices corresponds to one distinct copy of the atomic class, so we can
write
L=ZU Z,

where both Z and Z are distinct copies of the atomic class. Since both alternatives contribute the

same factor Z(z), the generating function of the class of binary letters is
L(z) = Z(z) + Z(z) = 2=.

A binary word is a finite sequence of letters. Symbolically, this corresponds to the combinatorial
construction

A = Seq(L).
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By definition, a sequence is either empty, or one letter, or the cartesian product of two letters, and

so on. Translating this, we sum over all possible lengths:

AZ)=1+LE)+LE)*+LE3+--- = Z L(z2)k.
k>0

Note that we recover the geometric series

1
A —
&) =1=T0
Finally, substituting L(z) = 2z, we get
A(z) = L _ Z ok
1-—-2z >0

In a nutshell, we have constructed the generating function of A step by step, by introducing a
formal variable z associated with letters, describing the objects in .4, and applying the dictionary we
developed earlier (disjoint union corresponding to sum, and Cartesian product to multiplication).

Notice that we made use of the construction Sequence, and showed that it translates to the algeabraic
operation z — i Along with disjoint union and Cartesian product, it is one of the most classical
operators in analytic combinatorics. Other standard operators exist, but for the sake of conciseness,
I will not present them here. For readers interested in these constructions, for unlabeled structures,
they are thoroughly presented in [FS09, Chapter I], and a comprehensive summary of the standard

combinatorial operations is given in [FS09, Figure 1.18].

Incorporating Labels.

So far, we worked on the unlabeled class of binary words. Fragmented permutations, however,
are defined on labeled elements (namely, integers). In this setting, the generating function must
be adapted to take the labels into account, so that the standard correspondences, disjoint union to

addition and Cartesian product to multiplication, remain valid.

At first sight, one might think of defining the generating function exactly as in the unlabeled case.

This would still work for the disjoint union, since counting objects in a disjoint union simply

amounts to adding their respective counts, independently of whether the objects are labeled or not.

However, it fails as soon as we consider the product of labeled combinatorial classes, since the

relabeling of atoms must be taken into account.

2.2 Introduction to Analytic Combinatorics
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Indeed, following Flajolet and Sedgewick [FS09], the product of two labeled objects x and y is
defined as the set of all possible well-labeled pairs that reduce to (x,y). The crucial notion here
is that of being well-labeled. Any object resulting from the product must itself be labeled, and
moreover properly labeled: this means that all labels appearing in the new object are distinct, and

that it is possible to unambiguously recover which component came from = and which from y.

Let us see this on a concrete example: consider the combinatorial class Aj,, of labeled sets of
atoms. Warning, this does not correspond to permutations, as we consider sets and not sequences,
for instance, {1, 2, 3} is the same set as {3, 1,2}, so the number of such sets of size n is 1, up to

relabeling.

Consider two labeled sets of sizes 3 and 2. Their product corresponds to a labeled set of size 5. To
form this product on the ground set {1, 2,3, 4,5}, we must choose which 3 labels are assigned to
the first component, while the remaining 2 labels go to the second component. Equivalently, we
can think of it as coloring the ground set {1,2, 3,4, 5}: elements in the first set are colored blue,
and elements in the second set are colored red. Each such coloring corresponds to a distinct labeled
product. Therefore, the number of possibilities is simply the number of ways of choosing 3 (or

equivalently 2) elements among 5:

{1,2, 3,4, 5} equivalently {1, 2,3}, {4,5}
{1,2, 3,4, 5} equivalently {1,2,4},{3,5}

{1,2, 3,4, 5} equivalently {3,4,5}, {1, 2}
Thus, the product {1,2,3} x {1,2} yields () = 10 distinct labeled objects.

To encode this correctly, a set of k labeled atoms should not be represented by the term z*

as
before, but rather by the term %T, as we will illustrate shortly. This k! factor, in essence, accounts
for all possible ways of assigning labels to the k£ elements. Consequently, we define the "new"

generating function and the associated coefficient extraction as follows.

Definition 2. Let A be a labeled combinatorial class, and let a,, denote the number of objects of
size n in the class A. The exponential generating function (EGF) of A is defined as the formal

power series

k=0 ’
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Accordingly, the coefficient extraction is then given by

nl[z"A(z) = an.

Returning to our example, the exponential generating function of Ay, is
) Zk;
A]ab(z) = ];) E .

Note that coefficient extraction works as expected:

1
n![z"] Al (2) = n!- 1= 1.

Now, the exponential generating functions of {1,2,3} and {1, 2} are g—? and 32—? Their product is

Extracting the coefficient gives

5 |
5120 ot [H)
Ml = g — (3) =19,

which is exactly the number of labeled products we enumerated manually!. If we (incorrectly) used
an ordinary generating function, the product of a size-3 set and a size-2 set would be encoded as

so that [2°] 2° = 1. This would incorrectly yield only one object. This confirms that expo-
nential generating functions provide the correct algebraic translation for the product of labeled

combinatorial classes.

Formally, in the general case, if B and C are labeled combinatorial classes with exponential
generating functions B(z) and C(z), and if A denotes their relabeled product, then

"Recall that this does not contradict the fact that A, has exactly one object of each size: here we are not counting
the objects of A themselves, but the different ways in which two such objects can be combined in the product
construction, yielding 10 possibilities as said above.

2.2 Introduction to Analytic Combinatorics
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This mirrors the situation in the unlabeled setting, where the Cartesian product also translates into

multiplication of generating functions.

To summarize, in the univariate case, we call ordinary generating functions the ones that track
unlabeled objects, while exponential generating functions track labeled objects via the k! factor.
In the multivariate case, we instead speak of ordinary variables for unlabeled components and
exponential variables for labeled ones. We will use this nomenclature throughout the following

chapters when dealing with multivariate generating functions.

Note that, unless explicitly computed, the generating function serves primarily as a compact and
formal representation of the combinatorial problem. The main goal is always to make it explicit in

order to perform coefficient extraction.

With this background in place, we are now ready to define the generating function of fragmented

permutations and to make it explicit.

Applying the Symbolic Method on Fragmented Permutations.

Recall that a fragmented permutation is a set of non-empty sequences (called fragments), where

each element in {1, ..., 5} appears in exactly one fragment. For instance,

{(1,5,4),(3),(2)}

is a fragmented permutation consisting of three fragments: the sequence (1, 5, 4) and the single-

element sequences (3) and (2).

In the case of binary words, the relevant parameter was the number of letters, thus the formal
variable z was representing a letter. Here, the relevant parameter is the number of elements in the
permutation, so we introduce the formal variable 2 associated to each one of these elements. As they

are labeled, we define the exponential generating function G(z) of fragmented permutations:

Zk
k>0 ’

where the coefficient g, is given by the coefficient extraction

k
z
n [71G(2) = 0l "] 3 gk = g
k>0 :
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Expliciting the generating function. To express an explicit form of the generating function
G(z), we follow the same step-by-step combinatorial construction as in the binary words case.

Let us first construct the generating function of a single fragment. A fragment is a non-empty

sequence of elements. If a sequence contains k elements, it contributes the term

Sk

k
k'y_ .

Here, the factor k! accounts for the number of ways to order the k labeled elements within the
sequence. Indeed, while a set considers only which elements are present, a sequence also cares
about their order, hence the coefficient k! arises naturally. For example, a fragment of size 3
corresponds to the term z3. Whether the labels are (1,3,2) or (2,5,4), there are always 3!

permutations of the chosen labels, matching the coefficient extraction
3![2%) 2% = 3.

Summing over all £ > 1, we obtain

Z+Z2+Z3+“’:

Now, a fragmented permutation is a set of such non-empty sequences. As previously said, a set

of k labeled atoms has generating function Zk—lj Replacing z with the generating function of any

i)
K\1—2/ "~

Let us look at the meaning of this generating function on a small example. For instance,

5 (i2)
2\1—=z

is the generating function of fragmented permutations with exactly 2 fragments. Expanding the

fragment we get:

inner sum gives

—

- k—
3 2

Therefore, the number of fragmented permutations of size 3 with exactly 2 fragments is given by

g 1 & 2
21> (k F—=3lx = =3l
2 —~ 2

2.2 Introduction to Analytic Combinatorics

21



22

This matches exactly the six possibilities:

{0, 2,3)} {1,682} {(2),13)} {2),6,D} {B).12)} {3), 21}

Finally, summing over all £ > 0, we get the generating function for fragmented permutations:

G(z) = exp (1 i z) .

In summary, the generating function we obtain is a direct consequence of the symbolic method: we
build generating functions using disjoint unions, which translate into sums of generating functions,
and exponential products, which translate into products of generating functions. Beyond these
basic operations, we use two additional constructions—Sequence and Set. The sequence operation

corresponding to z — ﬁ and the set operation to the exponential series.

As we saw previously, in the unlabeled setting, similar operations exist: the sequence operation also
corresponds to z — ﬁ Again, for readers interested in these constructions, they are thoroughly
presented in [FS09, Chapter I], and a comprehensive summary of the standard combinatorial
operations is given in [FS09, Figure 1.18]. In contrast, the constructions for labeled structures are
treated in [FS09, Chapter II], with a summary in Figure II.18.

Now, let us go back to finding the number of fragmented permutations of size n. We have

gn:n![z”]exp( : )

1—=z2

Several techniques can be employed to extract the exact coefficient [2"]G(z), such as solving

recurrence relations, applying known identities, or using direct algebraic manipulations. Here, the

z
1—z

all k. However, this involves a fair amount of calculation, and in some situations the asymptotic

k
exact coefficient can be computed explicitly by expanding ( ) for each k& and summing over
behaviour of the coefficients is more informative than their exact values. In our case, this asymptotic
can also be derived directly from the exact formula, but this requires several tedious steps and the
use of Stirling’s formula, which actually itself follows from the saddle point method, which is a

part of what follows.
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2.2.2 Analytic Extraction

The saddle point method is a cornerstone of analytic combinatorics. To apply it, one must first
interpret the formal power series as complex functions. This is precisely the beauty of analytic
combinatorics: it bridges the algebraic viewpoint with the analytic perspective. This idea of using
complex analysis to study coefficients originates in arithmetic, where early applications focused on
estimating number-theoretic functions such as the distribution of prime numbers. A comprehensive

reference on the topic is the textbook by Tenenbaum [Ten15].

In this subsection, we introduce all the necessary background to prepare for the saddle point method,

and then apply it to our guiding example.

Cauchy Integrals

As previously said, we now interpret generating functions not merely as formal power series, but as

analytic functions of a complex variable. Let us first recall the notion of analyticity.

Definition 3 (Analytic function.). Let U C Cbe an open setandlet g : U — C be a complex-valued

function. We say that g is analytic at a point w € U if there exists a power series expansion
[ee]
k
9(z) = gr(z —w)",
k=0

which converges to g(z) for all z in some neighborhood of w. If g is analytic at every point of U,
then g is said to be analytic on U. Note that the multivariate analogue of this definition is presented

in Chapter 5, see Definition 10.

Remark. Not every formal power series is analytic. For instance, the series 3~ k! 2* diverges

for every z # 0, and thus has radius of convergence 0.

A complex function defined by a power series is analytic only within its disk of convergence.
However, even if the series diverges outside this disk or on its boundary, the function it defines
may still admit a meaningful analytic extension beyond it. Let F'(z) be analytic on an open disk
Ur, and let 2 be a point on the boundary of Up. If there exists a function F (z), analytic on a disk
Uz centered at 2, such that F'(z) = F(z)forall z € Up N Us, then F(z) is called an analytic

continuation (or analytic extension) of F(z).

2.2 Introduction to Analytic Combinatorics
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For instance, consider the series F'(2) = }_,( 2", whose radius of convergence is 1. The point
—1 lies on the boundary of this disk. To obtain an analytic continuation at this point, we use the
fact that F'(z) = 1/(1 — z). We may rewrite

1 1 1 (I+4+2)" ~
= = —— =: F(2).
- el D TS
-z 2 1-7 w30 2nt
The new series F (z) has radius of convergence 1, and is therefore analytic at z = —1. Moreover, it

coincides with F'(z) on all points satisfying both |z| < 1 and |1 4 2| < 1, and thus provides an

analytic continuation of F'(z) at —1.

Definition 4 (Singularity.). Let g be a complex function analytic on an open domain D C C. A
point zg € C is called a singularity (or singular point) of g if g cannot be analytically continued
to any neighbourhood of zy. Equivalently, zq is a singularity if it lies on the boundary of D and ¢

admits no analytic continuation across it.

Having defined what is a singularity, we now turn the notion of a residue, which describes the
local behavior of a function near an isolated singularity. This concept forms a crucial link between
formal power series and complex analysis, allowing us to express coefficients as complex integrals

and apply analytic tools to combinatorial problems.

Definition 5 (Residue). Let g be a complex function defined on a punctured disk around w € C,
and suppose that g admits a Laurent expansion:

g(z) = Z gk(z—w)k.

k=—00

The residue of g at w, denoted Res,—,, g(z), is the coefficient g_1:

Res,—, 9(z) == g_1.
We now turn to the notion of a positively oriented simple closed curve, which provides the proper
setting for integrating analytic functions around isolated singularities. This concept ensures that

integrals along such curves behave consistently, allowing us to deform paths without changing the

integral’s value as long as singularities are avoided.
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Definition 6 (Positively Oriented Simple Closed Curve). A simple closed curve + around a point
w € C is called positively oriented if it can be continuously deformed to a parametrization of the
form

tw+re®™ e (0,],

while remaining entirely within the punctured disk

{z€C:0<|z—w| <R}
We are now ready to invoke a classical result from complex analysis, stated in Theorem 1.

Theorem 1 (Cauchy’s Residue Theorem). Let g be analytic on an open domain except for isolated
singularities, and let y be a positively oriented, simple closed contour. Suppose w is an isolated

singularity of g lying inside v, and that g is analytic in a neighbourhood of y. Then

/g(z) dz = 27i - Res,—, g(2).
”

Proof. Let g be analytic on an open domain except at an isolated singularity w, and let v be a

positively oriented simple closed contour enclosing w, with g analytic on and inside y except at w.

Since w is an isolated singularity, there exists a punctured neighbourhood around w where g admits
a Laurent expansion:
o0
k
g(z) = Z gk (2 —w)"”.
k=—o0
Choose a small circle C; of radius € > 0 around w entirely contained in this neighbourhood. « can

be continuously deformed to C. without crossing any singularity, so
/ g(z)dz = / g(z)dz.
Y Ce

On C., parametrized as z = w + ee? 9 e [0, 27], we can integrate term-by-term the Laurent

series:

0 2 .
g(z)dz = Z gk/ (eeVrice® df = 2mig ;.
Ce k= —o0 0

Hence,
/g(z) dz = 2mi - Res,—, g(2). O
.
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A particularly useful consequence in our setting is the following.

Corollary 1 (Cauchy’s coefficient formula). Let f(z) be analytic in a domain containing a simple

closed contour y encircling the origin. Then, for every n € N,

i) = = LBy

= — z.
27i Jy 2n L

Proof. This follows directly from the Residue Theorem applied to the function g(z) = an(i)l , which

has a simple pole at z = 0 with residue equal to the coefficient f,, = [2"]f(z). Hence,

) = 5§, D a: =

270 Jiz=p 20T

Remark. Note that this formula is both applicable to ordinary generating functions and expo-
nential generating functions, with the appropriate factorial normalization when necessary, as done

below.

In our setting, since G(z) is analytic within the radius of convergence R = 1, Cauchy’s formula
applies and gives an integral representation of the coefficients. In particular, the quantity [2"]G(z),
which corresponds to the number of fragmented permutations of size n, divided by n!, can be

expressed as the contour integral

P 6G) = 5 f ) d

n! C2mi Syt T

where v is a positively oriented simple closed curve centered at the origin with radius r < R.

Saddle Point Method

Framework. To estimate the integral

MG() = — 7( Gy,

- ; n+1
2mi Sy 2

for large n, a powerful tool from complex analysis is the saddle point method. This method notably

permits to evaluate complex integrals of the form

% A(2)e"??) dz,
c
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where n is large and the functions A(z) and ¢(z) are analytic. Integrals of this form correspond to

the classical large powers setting. Fragmented permutations, however, do not fall under this case.

Indeed, in our setting we consider the integral

2

1
[2"G(z) = —j{exp (log G(z) — nlog 2) dz—z
ol
So we have

1
¢(z) =logG(z) —nlogz = % —nlogz, and A(z)= -,
—Z z
which is slightly more intricate than the standard large powers case, since the exponential function
¢ itself depends on n. This setting falls within a broader framework known as Hayman admissibility
that I will not detail, but the reader may refer to [FS09, Definition VIII.1] if interested.

Note that such situations are common when applying the saddle point method to combinatorial

examples, due to the form of the integrand Sfﬁ , where G(z) typically does not depend on n.

Intuition behind the saddle point method. In complex analysis, the value of an integral

jgg(z) dz

remains unchanged under any continuous deformation of the path -, provided the endpoints are
preserved and no singularity of the integrand g(z) is crossed. In our setting, this means that -y must
remain a positively oriented simple closed curve avoiding the singularities of g(z). The purpose
of such deformations is to select an integration path along which the dominant contributions are
concentrated around a few isolated points. This is desirable because we can then apply local

approximations, such as Taylor expansions of g(z), and reduce the integral to a simpler form.

Now, to do so, observe that a crude upper bound on any integration path +y is

ﬁg(z) dz

Minimizing this bound ensures that the magnitude of the integral remains close to its theoretical

< § 19(:)]ld=] < (length of 9) - supg(:) |
v z€y

upper limit, thereby forcing the path to pass through the points that contribute most significantly to
the integral. To achieve this, we must select a path that minimizes sup,¢., [g(2)|. Geometrically,
if we visualize the surface |g(z)| over the complex plane, this corresponds to passing through a

"mountain pass" between two peaks: along the chosen contour ~y, the point appears as a maximum,
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but in the transverse direction it is a minimum, as illustrated in Figure 2.3. No nearby deformation

of the contour can reduce this value further.

Fig. 2.3: Canonical "moutain pass" surface z = 2 + (iy)? = 22 — y?, and the adequate path (in black)
passing throught it. This "mountain pass" geometry provides the intuition behind the saddle point
method in complex analysis, where integration paths are deformed to pass through such points.

Since the modulus of a non-constant analytic function cannot have a local maximum (Maximum
Modulus Principle), any point ¢ with ¢’(¢) = 0 exhibits a mountain pass-like behavior. Along
the chosen path, it appears as a local maximum, while in some transverse direction it is a local
minimum. Consequently, the path of minimal maximum must pass through the points where

g'(z) = 0. Those points are called the saddle points of g.

Definition 7 (Saddle point). Let g be analytic. A point ( is called a saddle point of g if

g'(¢) =0.

The name "saddle point" comes from the shape of the surface of the modulus of g near such a point:

it resembles a saddle, as shown in Figure 2.3.

In practice, we are often interested in integrals of the form

f{ A(2)e??) dz,
g
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where A(z) varies slowly while the exponential term e®() dominates the asymptotics when the
parameter tends to infinity (here n). Since the growth or decay of the integrand is essentially
dictated by the real part Re(¢(z)), it is sufficient to focus on the stationary points of ¢(z). The
prefactor A(z) only contributes to multiplicative corrections, but does not determine the location of

the main contribution. Thus, in our context, a saddle point ( is defined as satisfying the condition

¢'(¢) =0.

Note that, in the case of fragmented permutations, the function ¢ depends on n, and consequently
the saddle point ¢ also varies with n. For the sake of readability, we choose not to make this
dependence explicit in the notation, but it must be kept in mind.

Finally, when the integrand is a series with nonnegative coefficients, the maximum modulus on
any circle centered at zero is reached on the positive real axis (direct consequence of the triangular
inequality). Hence, in combinatorial applications, the saddle point is always real and positive,

which we can see in Figure 2.4.

Location of the saddle point for fragmented permutations. For fragmented permutation, re-

call that the function ¢ is equal to

¢(2) = log(G(2)) — nlog(2).

So we look for the saddle point ( that solves

d n
'(2) = —logG(z) — — =0
#(2) = - log G(z) — -
By classic derivate computations this is equivalent to
1 n
- 20
(1-2)2 =z

which leads to
nz? —(2n+1)z+n=0

This quadratic equation gives two solutions

_2n—|—1:|:\/4n+1

C+ ™
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We choose the solution that is lower than 1, as 1 is a singularity of the function and we rather avoid

it when possible.The exact solution is

_2n+1—\/4n+1_1_\/4n+1+i

2n 2n 2n’

¢

Using Taylor expansions, we compute an approximation that will be useful later to justify and

perform expansions of ¢:

-1 .1 —3/2
(=1 \/ﬁ+2n+0(n ).

Fig. 2.4: Visualization of the saddle point for our guiding example. The 3D plot shows log(|G(z)/z"|)
in the complex plane for n = 30, where the logarithm is used for better visualization. The plot
exhibits two peaks at z = 0 and z = 1, with the saddle point ¢ located near the latter.

Figure 2.4 visualizes log(|G(z)/2"|) in the complex plane for n = 30, where the logarithm is
applied purely for visualization purposes. Therefore, this plot highlights the saddle point structure.
At the saddle point ¢ (near 1), the surface exhibits a local maximum along the imaginary axis and a

Chapter 2 Preliminaries




local minimum along the real axis, confirming the characteristic shape that justifies the use of the

saddle point method for asymptotic analysis.

Let us choose as our contour the circle centered at the origin with radius (. We decompose this

contour into two parts:

* The central part ,, a small arc around the point ( whose size depends on n. More precisely,
it is the arc of the circle of radius ¢ passing through ¢, with endpoints (e~*" and (e’*",

where &, = n~? for some 3 > 0 to be specified later.

* The tail part (or tails), consisting of the remainder of the circle, which we will show to be

negligible in the asymptotic analysis.

Central part. The central part is

We perform the parametrization z = (e'®. As we have € [—¢,,, ,,], we get

En
or |, e (0(¢e™)) a0
Expanding the integrand near the saddle point ( amounts to performing a Taylor expansion of ¢
around # = 0, and then discarding terms that become negligible as n tends to infinity. In principle,
the required order of the expansion is not known a priori. In practice, it is often sufficient to expand
up to order 3 and then determine the conditions under which the cubic term becomes negligible,
verifying afterwards that all higher-order terms are indeed negligible. As we shall see later, this
approach is valid in our case; hence, we restrict the Taylor expansion to this order. Nevertheless, it
is important to keep in mind that, in more delicate situations, higher-order terms may need to be
included.

Notations. Because we will need to differentiate § — ¢((e'?), we introduce, for any differen-

tiable function F'(z), the notations

0.F(z):=F'(2) and (20,)*F(z):= 20.(20.F(z)).
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Observe that for any differentiable function F'(z)

OpF(Ce™) = ((i20-)F(2))

2=Cel?"

Therefore, for any k,

Op—o" B(Ce™) = ((izaz)%(z))zzc'

Expanding the integrand around the saddle point  yields

1 e

2m J ¢,

A 62 L 63
exp <¢(c> + Op=00(Ce™) 0 + D=0 6(Ce") 7 + Dp—0”d(Ce") ot ) de.

Factoring out the term ¢?(¢) and using the fact that the saddle point cancels the linear term
Dp—od(Ce?) = (¢ (¢) = 0, we obtain

5 / exp [ Bg—o20(Ce™) — + dp—op(Ce®) = + ... | do.
T J_e, 2 3!

We now observe that, if we prove that all terms of order greater than 3 are negligeble, and if we

consider the variable change u = / \3(9:02(25@ ei?)| 0, then the integral converges to a Gaussian,
under the condition that the integration bounds tend to infinity. Our goal is therefore to define

en = n~ P s0 that the following two conditions are verified:

* Neglect higher-order terms: This ensures that, in the central region, the function ¢ may be

replaced by its second-order Taylor approximation.

e Capture the full Gaussian mass: This requires that, after the change of variable, the
integration bounds tend to infinity so that the truncated integral may be replaced by the full

Gaussian integral.

Regarding the first condition, as mentioned previously, in principle one should verify that every
term in the Taylor expansion is negligible. In practice it will be sufficient here to check that the

cubic term vanishes asymptotically, that is,
90-0%¢(Ce)| en® — 0, 2.1)

and to verify afterwards that this criterion was indeed sufficient.
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For the second point, setting u = 1/|9p—o>$(ei?)| §, changes the bounds to 41/ |9p—o> B (Cei?)]| ey,

and so it implies the condition
0p=0>p(Cei?)| e — +o0. (2.2)

Let us then express the conditions 2.1 and 2.2 as conditions on 3. Expliciting the derivatives of ¢

we have

C(1+¢

) 1+4C+¢2
(1-¢)?

and  9g—o>p(Ce?) = —i¢ a0

o= $(Ce") = —
Using the approximation ¢ = 1 — ﬁ + ﬁ + (’)(n_3/ 2), we see that

and
1-¢=0m""Y?), so (1-¢)?>=0n">?.

Hence

Dp=09(¢e) = ©(n*?).

Similar calculations yield
Dp—0’0(¢e”) = O(n?).

Thus, the conditions (2.1) and (2.2) become
4P 500 and n2n 3P 0.

In other terms

3
1—B>0 and 2-—38<0.

Therefore, in the end, 5 must satisfy

2 3
—<p <.

3 p 4
For instance, 8 = % is a suitable choice.

Now that 8 has been chosen using the heuristic condition, we need to actually perform the
approximation and check that everything is correct. We apply Taylor’s theorem in its integral

form:
(0 —t)?

2!

0\ _ 2 it ‘972 b 3 it
B(Ce™) = 0(0) + Doo¢e™) 5 + [ DPo(ce) S,
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which rewrites

62 (6 —t)?

' 0
6e”) = 9(6) = (0:V0(2)) o =1 | (00(2)) o -l

For |t| < e, we have

92e(ce™)| =

6 6 6 1

144z + 22
(1—2)

e TGS T CHOWR = T3 1 o

With our choice e, = n~ 7/ and ¢ =1 — -+ + O(n~1), we see that

7n
18_71( — 0, hence ‘8753(;5(@“6“) = O(n?).
Using the triangle inequality, when |0| < &,, we have
(0 —t)°

[ v
0 2

0 d(Ce™ )5

5 dt = O(En3n2) .

</
0

With our choice of 3, we know that €,,°>n? tends to zero, therefore

2

H(C?) = 6(0) — (2 0:70(2)) _ & + o),

where the small o holds uniformly for € in [—&,,, &,].

Thus, we get

En

2 J_¢,

En 2
exp(@(¢e?)) do L7 exp <¢(4) — ((20:)%(2)) . % - 0(1)> do

2 J_¢,

ex En 2
~ Pgi@/_ exp<((zaz)z¢(z))zzg(’2> do.

We can now apply the change of variable

Chapter 2

du
J(0%6(2).

u = \/((z 82)2¢(Z))z:g 0 sothat df =
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We get

ex (¢(C)> €n 92 ox (@(C)) i
el exp<_((Z62)2¢(z))Z:<2> “= ZW\/((ZI(;Z)2¢(2)) ~ [

where the bounds on the integration domain are

V(20:26(2)) _ en-

Using ((z az)2<b(z))z_ c= O(n3/?) and &, = n~7/19, straightforward calculations give

V((0.)%6(2)) _en = O(n'™),

which tends to infinity. Thus the integral over the whole real line is recovered and converges to

V27, Hence
% j; exp(qb(gei@)) df ~ expéﬁ(g)) /oo 6,u2/2 du — exp(qﬁ(g)) \/ﬂ 1

e 2m \/((Z 82)2¢(Z))Z:<
So finally, the central part is asymptotically equivalent to

G(Q) |
¢my/2m ((20:)%0(2)) .

At this stage, this is a standard result for functions G(z) belonging to a certain class called Hayman-
admissible functions. Indeed, it coincides with the formula given in [FS09, Theorem VIII.4], where

the notation differs slightly: our ((z 9,)¢(z))__. corresponds to their b(¢).

z=¢
We now want to estimate this asymptotic in our particular setting. We already have

((= 8Z)2¢(2))z:< ~on3/2

Now, replacing ¢ by its asymptotic 1 — ﬁ, we get

and
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which yields
G
(©) ~ 122V

Cn

Therefore, the central part is equivalent to
e—1/2+2vn
2y/mn3/4

The final task is now to prove that the rest of the integral, namely the tail part, is negligible compared

to the asymptotics of the central part.

Tails. The integral on the tail part is

1

2m—en .
o | explo(ce)as.

It is bounded by

1
2

. 1 '
xp((Ce”))| df = 5 xp(Re((¢e™))) db.
/[—m\[—an,en] jexp(e(¢e)) 2 /[—W,w)\[—smsn]e p(Re(o(Ce™)))

Expliciting the real part we have

; 1 1—¢e ™™
Re(gb((e 9)) = Re(l—Ce”) —1—nlog(¢) = Re(]l—(ﬁd%) —1—nlog(¢)
B 1—Ccosf
T (1—Ccosh)? +(2sin2f 1= nlog(¢)
1-— 0
T 1+ ECQOCSCOSG — 1= nlog(()
1 1-¢ 1

2 14 ¢%—2Ccosh — 3~ nlog0).

As a function of 0, this expression increases on [—, 0] and decreases on [0, 7]. Therefore, its
maximum on [—7, 7) \ [—&y, 5] is attained at either —&,, or &,,. By the parity of the cosine function,

these two values are in fact equal. Hence we have

1

27 Jlr )\ [—en ]

exp(Re((¢e™)))df < exp(Re(o(¢e™))).

Now, recall
2

HC?) = 6(0) — (2 0.%0(2)) . & + o).
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which implies

En

exp(Re(#(¢e™) ) = exp(6(C)) exp<—<<zaz>2¢<z>>z:< 2 + o<1>) :

The term ((2 82)2¢(Z))Z:g £,2 is of order ©(n!/10). So the tail is bounded by exp(¢(C)) exp(—0O(n'/10)),
which is super-polynomially small relative to the main term exp(¢(¢)). So, the tail is negligible

compared to the central part.

Final expression. We have obtained an asymptotic for the central part and shown that the tail

part is negligible compared to it. Therefore,

gn  el/2H2vm

ol ™ St asn — oo. (2.3)

We can go further by multiplying both sides by n! and using Stirling’s formula

n
n! ~V2mn (n) .
e

gn ~ in_l/4 (n>ne_1/2+2\/ﬁ asn — oo.
n \/i e

This gives

This asymptotic is rather crude and not particularly informative. Indeed, in Flajolet and Sedgewick
[FS09], they do not even perform this calculation and simply retain Equation (2.3), which is easier

to interpret. For instance, using Landau’s notation, we have the compact formula

g—? = O(n_3/462ﬁ). (2.4)
n!

We immediately see that the coefficients 93 grow to infinity exponentially fast, as the dominant

growth is exponential in /7, while the polynomial factor n~3/4

provides merely a slow correction.
Consequently, Equation (2.3) provides a reliable approximation even for moderately large n, as the

exponential term quickly dominates the behavior.

This concludes our introduction to analytic combinatorics. You are now ready to see the extention

of all the methods presented here to the multivariate setting, as developed in the core of the thesis.
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3.1

Enumeration of Graphs with
Degree Constraints

Introduction

In 1785, Nicolas de Condorcet [Con85] introduced the notion of a Condorcet winner: a candidate
who is preferred to each adversary by a majority of voters; in other words, a candidate who wins
all their pairwise comparisons. However, such a candidate does not always exist. For instance,

consider three candidates and three voters, with the following preference rankings:
1>2>3, 2>3>1, 3>1>2.

In this case, no candidate beats both of the others in pairwise comparisons. This phenomenon is

known as the Condorcet paradox.

As mentioned in the introduction of the thesis, the Condorcet paradox is a major concept in
social choice theory, evidenced by Gehrlein’s book [Geh83], which is entirely devoted to studying
the probability of its occurrence. It shows that collective preferences can be cyclic, even when
all individual preferences are transitive and complete. This reveals a fundamental difficulty in

aggregating individual rankings into a consistent group decision.

Given the central role of the Condorcet paradox in social choice theory, we were motivated to
compute its probability with greater precision. Despite the large body of work on this topic, we
identified room for new methodological approaches. This led us to explore a novel encoding of
preference profiles into bipartite graphs with some degree constraints, allowing us to reformulate

the problem in purely combinatorial terms. This encoding is detailed in Section 3.2.

The present chapter focuses on the enumeration of graphs with degree constraints. Although this
approach yielded results for analyzing the Condorcet paradox that are only of limited interest, it
led to new findings in graph enumeration that are of independent significance. In particular, we
derive results on the enumeration of x-regular graphs (where all vertices have degree «), which

are of combinatorial interest beyond the context of social choice. For readers less familiar with
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analytic combinatorics, a concrete example is provided in Chapter 2 to illustrate the main concepts

used in this chapter and the next two ones.

Related Work

Since this graph-based method was eventually set aside as a tool for studying the paradox itself,
the related work discussed in this chapter will concern only the combinatorial and graph-theoretic
aspects of our contribution. A full review of the literature on the probability of Condorcet paradox
will be provided in the next chapter, where we introduce a more suitable methodology for addressing
that question directly.

The enumeration of graphs with constrained degrees has a long history. For instance, in 1992,
Gropp [Gro92] provided insights on work concerning this topic dating back over 100 years. The
most famous graphs with degree constraints are s-regular graphs, where all vertices have the same
degree k. There are two natural generalizations: graphs with a given degree sequence (see for
instance [BC78]), and graphs where all vertices have their degree in a given set, which we consider
in this chapter. We focus our review of the literature on the exact enumeration of graphs with a fixed
number of vertices and constrained degrees, referring the reader interested in asymptotic results to
the survey by Wormald [Worl8].

Before deriving an exact formula for an enumeration sequence, it is sometimes convenient to first
establish that it satisfies P-recursiveness, either to gain insight into the generating function or
because the problem of exact enumeration is too difficult to tackle directly, which was the case for

graphs with degree constraints.

A sequence (ay,) is said to be P-recursive if it satisfies a linear recurrence with polynomial
coefficients, for example

(n+ 2)ant2 — 3napy1 + an = 0.

Equivalently, a generating function A(z) = >, an2" is said to be D-finite if it satisfies a linear

differential equation with polynomial coefficients, for example
(1 —-32)A"(2) + 2z A'(2) + A(z) = 0.

It is a classical result by Lipshitz [Lip89] that these two notions are equivalent: a sequence is

P-recursive if and only if its generating function is D-finite.

Chapter 3 Enumeration of Graphs with Degree Constraints




Let SG&L”) denote the number of x-regular graphs on n vertices. Read [Rea59b], applying results
from [P6137], notably proved that SG7(13) is D-finite and computed the corresponding differential

equation. Read and Wormald [RW80] extended this result to SG,(;‘) using a different technique.

This approach consists in identifying a finite set of graph-like families containing a small number
of loops and multiple edges, together with combinatorial operations transforming one family into
another (such as removing an edge or a vertex). These operations translate into analytic relations
between the corresponding generating functions, and solving the resulting system produces the
differential equation for the generating function of SG,SL4). This technique has been applied in
several subsequent works to enumerate graph families with constrained degrees under various

connectivity assumptions (see for instance [CPR0O7]).

Regarding the explicit computation of generating functions, Read also contributed numerous
works [Rea59a; Rea59b; Rea60]. His initial observation was that, letting the variable x; mark the
degree of vertex j for all j > 1, the generating function of all graphs (with arbitrary sizes) is

II @+ ). (3.1)

1<5<e

Indeed, each pair of vertices (j, ) is either disjoint, contributing 1 to the generating function, or
connected by an edge, which increases the degree of vertices j and £ by 1 and thus contributes the
monomial x;x,. A graph is then a collection of such pairs. Taking the Cartesian product over all

distinct pairs of vertices then corresponds to multiplying all factors (1 + z;x,) for 1 < j < £.

The number of x-regular graphs on n vertices is then obtained by the coefficient extraction

[ZL‘lﬁ"‘l‘nH] H (1—|—$j:L‘g).
1<j<f

This approach has the advantage of providing a generating function that is easily interpretable. Its
main drawback, however, is that it requires an infinite number of variables, since graphs of arbitrary
size are considered, and the coefficient corresponding to graphs of size n requires n variables. This
makes it infeasible in practice to extract explicit numbers for graphs with degree constraints in the
general case. This limitation motivates the search for alternative formulations that keep track of
degree information while using only finitely many variables, at least when the maximum degree is
bounded.

Going back to D-finiteness, starting from Equation (3.1), Goulden et al. [GJR83] and Goulden and
Jackson [GJ86] used a method based on expanding a symmetric function in power sums to compute

the differential equation of the generating functions of SGS’), SG,(f) and of graphs with degrees
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at most 4. They conjectured that for any finite set of allowed degrees, the generating function of
graphs is D-finite. Gessel [Ges90] proved this conjecture by applying tools developed by Read
[Rea60], rewriting the coefficient extraction in a symmetric series as a scalar product. Computer
algebraic tools were developed by Mishna [MisO5] to turn the equations from [Ges90] into a
program computing, for any given «, the linear differential equation satisfied by the generating
function of SG;"). Those computations are costly and Chyzak and Mishna [CM24] recently
obtained the differential equations only up to x = 7. Finally, a new proof of the formula for SGS’)
based on inclusion-exclusion was obtained by Chen and Louck [CL99]. For general values of &, the
differential equation satisfied by SGS’) is still unknown. We hope that our work, which provides a

new expression for the generating function, is a step toward its discovery.

Contributions

This chapter is based on a joint work with Elie de Panafieu [CP23], where we consider both
multigraphs, which allow multiple edges and loops, and simple graphs, which have neither multiple
edges nor loops. In the literature, the term "graph" usually refers to simple graphs unless otherwise
specified. In this chapter we adopt this convention, but when necessary, we explicitly distinguish

between these two types to avoid confusion. Our main contributions are the following:

* We formalized the encoding of the Condorcet problem into a bipartite simple graph enumera-

tion one.

I derived an explicit formula for the generating function of bipartite simple graphs, where
vertex degrees lie in prescribed sets—possibly distinct on the two sides. The approach relies
on the symbolic method [BLL97; FS09] and on multivariate Hadamard products. I also

proved that the generating function is D-finite.

* [ expressed the probability of having a Condorcet winner using the generating function of

bipartite simple graphs with degree constraints.

* I showed that the bipartite simple graph enumeration formula can also be applied to count
balanced 0-1 matrices, highlighting the broader combinatorial interest of the method beyond

the initial social choice motivation.

« Elie de Panafieu extended this construction to simple (non bipartite) graphs without loops, by
adapting the bipartite framework to the general case with an adjustment for loop exclusion.
This yields, in particular, a new expression for the generating function of k-regular graphs,

and its D-finiteness is also established.
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3.1.4

* Building on this framework, Elie de Panafieu recently obtained the full asymptotic expansion
of the number SGS{‘“) of k-regular graphs [Pan24]:

(rr/e)™/

2
SGg{) N 67(5271)/4\/5 (1 + Cgfi)n—l + Cgﬁ)n—2 4t O(nfr)> ’

KT

for any r. Previously, only the dominant term was known [BC78], and the first few coefficients

were conjectured in [McK83]. This asymptotic aspect is not detailed in this chapter.

Limitations

While the results presented in this chapter offer new insights and tools for the enumeration of

constrained graphs, several limitations remain.

Combinatorics. Although we prove the D-finiteness of our generating functions for various
classes of graphs, we do not derive the associated differential equations, nor do we offer an
algorithmic method to extract coefficients. Moreover, no asymptotic estimates are obtained in this
chapter, although the formulas are well suited to such analysis, as confirmed by Elie de Panafieu’s
independent work [Pan24].

Connection to voting theory. The application to social choice is currently limited to the Impartial
Culture model, where all preference profiles are assumed equally likely. While this assumption
is standard in the theoretical analysis of voting rules, it is a strong simplification of real-world
scenarios. Furthermore, the resulting expression for the probability of the Condorcet paradox,

although exact, remains intricate and currently resists simplification or asymptotic analysis.

Despite these limitations, the combinatorial framework developed here introduces a novel perspec-

tive on the problem and yields independently valuable results in enumerative graph theory.

Roadmap

This chapter is structured as follows. Section 3.2 introduces the encoding of the Condorcet winner
problem as a graph enumeration problem. Section 3.3 introduces the notations and formal setup
required for the computation of generating functions in the subsequent sections. The core results
appear in Section 3.4, which addresses the enumeration of bipartite simple graphs and multigraphs.

Section 3.5 presents how to apply the results on bipartite graphs to the calculation of the Condorcet

3.1 Introduction
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paradox probability, and to the enumeration of 0-1 matrices. Section 3.6, extends the computation

of generating functions to non bipartite simple graphs and multigraphs. Section 3.7 concludes.

Encoding the Condorcet Problem Into Graph
Enumeration

To determine whether a candidate is a Condorcet winner (i.e., a candidate who defeats every other
one in pairwise majority comparisons), it is sufficient to record, for each voter, which opponents
they rank above the candidate of interest. This naturally leads to encoding the problem as a bipartite

graph that captures these pairwise defeats.

Figure 3.1 illustrates this process on a concrete example with four voters and four candidates. We
focus on candidate 4 and highlight their position in each ranking. For each voter, we identify the
candidates ranked above 4. This yields a 0-1 matrix where entry (7, j) equals 1 if voter i ranks

candidate j above candidate 4, and 0 otherwise.

This matrix can be interpreted as the adjacency matrix of a bipartite graph: each left-hand vertex
corresponds to the ranking ballot r; casted by voter ¢ , and the right-hand vertices correspond to the
opponents of candidate 4. An edge between ranking r; and candidate j indicates that j is ranked
above 4 in voter ¢’s ranking. In this representation, candidate 4 is a Condorcet winner if and only if
every right-hand vertex (i.e., opponent) has degree strictly less than n/2, where n is the number of

voters. In our example, with four voters, this means degree strictly less than 2.

It is important to note that multiple voting profiles may correspond to the same 0-1 matrix, since
only the pairwise comparisons involving candidate 4 matter. Figure 3.1 illustrates two distinct
profiles yielding the same adjacency matrix. Therefore, in order to enumerate the voting profiles
where a candidate, say candidate 4, is the Condorcet winner, it is not enough to count the bipartite
graphs satisfying the appropriate degree constraints on the right vertices. One must also account for

the multiplicity arising from the fact that a given bipartite graph corresponds to multiple profiles.

More precisely, consider the general case with m candidates and focus on the event where candi-
date m is the Condorcet winner. Suppose that a ranking places candidate m in position k. The
number of full rankings that induce the same comparison pattern with respect to m is equal to the
number of ways to permute the k£ — 1 candidates ranked above m, and the m — k candidates ranked
below. This yields a multiplicity factor of (kK — 1)!(m — k)!. In the graph representation, a left-hand

vertex of degree k — 1 corresponds to such a ranking and must therefore be associated with this
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Fig. 3.1: Illustration of the transformation from a voting profile to a bipartite graph.Each column shows a
voter’s ranking with candidate 4 highlighted. In the center, the corresponding 0-1 matrix records
each occurence of a voter ranking a candidate above candidate 4. On the right, the bipartite
simple graph encodes these pairwise preferences as edges between voters and adversaries. The
two example profiles on the left differ slightly (e.g., swaps in r; and 74 highlighted in blue in the
bottom profile), yet yield the same graph, showing that multiple profiles may correspond to the
same structure.

factor (k — 1)!(m — k)!. Then the bipartite graph is counted with a multiplicity that is equal to the
product of these factors. This framework reduces the problem to enumerating bipartite graphs with
degree constraints on the right vertices, and where the multiplicity depends solely on the degrees of

the left vertices.

Thus, the probability that candidate m is a Condorcet winner corresponds to the ratio of the
number of bipartite graphs in which all right-hand vertices have degree strictly less than n/2, to
the total number of such graphs; in both cases, each graph is counted according to the multiplicity

described above.

Both the multiplicity and the degree constraints can be accounted for by appropriately defining the
generating function of bipartite graphs, which we do in Section 3.4. We postpone the explicit com-
putation of probabilities to Section 3.5.1, as it becomes more straightforward once the generating

functions are defined properly.

3.2 Encoding the Condorcet Problem Into Graph Enumeration
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Notations and Conventions

Classic notations. We denote by « the infinite vector (xq,x1,x2,...). This bold notation
extends naturally to other indexed families of variables. The notation 1 stands for (1,1,...,1),

with length clarified by the context.

In Section 3.6, we use a double factorial, denoted by

(2k)!
Given an integer vector k = (ki, ..., k), we define
k! = kil Ky,
(2k — 1) = (2 — DI+ (2k, — D1, (3.2)
wh = w*

We follow the definition of ordinary and exponential variables from [FS09]. Namely, in a generating

function of the form 5
Y
F(z,y) = %f@,kxzﬁa

we call x an ordinary variable and y an exponential variable. As explained in Chapter 2, exponential
variables are used for labeled elements (such as vertices), and ordinary variables for unlabeled ones

(such as degrees). Also, the nth coefficient of a formal power series is denoted by
k 2*
n n
[z ]Z%Z =a, or nl[z ]Za’fﬂ = ap.
k k
This notation extends to the multivariate case

k
z
[z"] zk: apz® = an or n![z"] %akﬁ = .

Useful objects. Throughout Section 3.4, where we enumerate bipartite graphs, the variable §4
is associated with left-hand vertices of degree d, and &, with right-hand vertices of degree d. We
denote by 9 the infinite vector (dg, d1, 02, . . .), and similarly by J the vector (50, 61,09, .. .). When
these variables are bounded by some D, we also write d for the finite vector (dg, d1,...,dp), and

likewise for & , with the size of the vector understood from the context.
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The sequences d and & can be viewed as parameter functions tailored to the problem at hand. For

instance, in the context developed above, setting

dg = d\(m —d)! and da = Lgen/2s

where n is the number of left-hand vertices and m := m — 1 is the number of right-hand vertices,
precisely encodes the multiplicities and degree constraints discussed earlier. These functions will

be incorporated into the generating function in a suitable way.

Throughout Section 3.6, where we enumerate "general” graphs, i.e. graphs that are not necessarily
bipartite, the variable J; marks vertices of degree d. As in the bipartite case, a particularly useful
specialization is obtained by fixing a set D of nonnegative integers and evaluating ;3 = 14cp. This
restricts the count to graphs in which all vertex degrees lie in D. In particular, choosing D = {x}

yields the generating function of k-regular graphs.

Given an exponential variable y, we associate to ¢ and § the generating function

yd
d>0 ’

Given variables (1, z2, . ..) and y, we also define the series

H(y,x) =Y 9.

j=1

The rationale behind introducing these generating functions stems from the step-by-step construction
of graphs and the use of symbolic method. Its precise interpretation will be discussed when it first

apears, in the proof of Lemma 1.

The support of a vector 9 is the set of indices corresponding to nonzero values
support(d) = {d | 4 # 0}.

We say that § has finite support when its support is a finite set. Observe that A(y, d) is then a

polynomial.

Hadamard product. Throughout this chapter, we make extensive use of the exponential Hadamard

product, that is, the coefficient-wise product of exponential generating functions. We refer the

3.3 Notations and Conventions
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reader to [Joy81, Theorem 3] and [BLL97, Section 2.1] for a broad treatment of the topic. It is
denoted by and defined as

Zaj @sz Zaj

We denote by ®,—,, the exponential Hadamard product followed by the evaluation at z = u

Zaj @Zqu— Za]

The multivariate exponential Hadamard product is defined as

Z aa ®z Z bisy Z a;b;
This extension is compatible with the univariate product in the sense that
A(21)B(22) O(z ,2) C(21,22) = A(21) ©z; (B(22) Oz, C(21,22)) -

In particular, we have

6x12/2+...+xD2/2 @w A(:I?) — 8_rE12/2 ®I1 em22/2 @xz . '6$D2/2 @xD A(il))

Bipartite Graphs

In this section, we enumerate successively several bipartite graph-like families with degree con-
straints: bipartite weighted multigraphs, bipartite weighted simple graphs, and finally bipartite
simple graphs. They are all depicted in Figure 3.2. The generating function of bipartite weighted
multigraphs is expressed directly in Lemma 1. In Lemma 2, the generating function of bipartite
weighted multigraphs is expressed using the generating function of bipartite weighted simple
graphs, and this relation is then inverted. Finally, the generating function of bipartite simple graphs

is obtained in Theorem 2 by restricting the weights to 1.

This approach is motivated by the fact that computing the generating function of multigraphs is
straightforward. In particular, the symbolic method applies naturally when connecting edges, as
there are no constraints beyond matching the total number of left and right endpoints. Moreover,

transforming a bipartite simple graph into a bipartite weighted multigraph is intuitive, as illustrated
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(a) Bipartite (b) Bipartite (c) Bipartite
weighted multigraph weighted simple graph simple graph

Fig. 3.2: Steps of the transformation of a bipartite weighted multigraph into a bipartite simple graph. The
left-vertices are circled while the right-vertices are framed. The edges’ labels are represented by
blue integers inside diamond-shaped frames, while weights are represented by black integers.

in Figure 3.2: when viewing the graphs from right to left, one can see that it suffices to assign
weights and replace each edge by multiple parallel edges , with the only condition that their total
weight matches that of the original edge.

Bipartite Weighted Multigraphs

As mentioned above, our quest starts by expressing the generating function of bipartite weighted

multigraphs with degree constraints.

Definition. A bipartite weighted multigraph G is a finite sequence

where V(G) (resp. V(G)) is the set of n left-vertices (resp. 7 right-vertices), and for all j > 1,
E;(G) is the finite set of k; edges of weight j. The labels of the edges in E;(G) are {1,...,k;}
and each edge is a triplet (u,v,¢) where w is a left-vertex, v is a right-vertex and / is the label. Thus,
all edges are undirected, and loops are not allowed. We define the degree of a vertex as the sum of

the weights of its adjacent edges.

3.4 Bipartite Graphs
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Note that the notations are not standard in graph theory, but we chose them to align with the
Condorcet setting: there are n left vertices corresponding to n voters, and m = m — 1 representing
the m — 1 adversaries.

Example. Let G denote the graph (a) from Figure 3.2. We have

V(G) ={1,2}

V(G) ={1,2,3}

Ei(G) ={(2,3,1),(2,2,2),(2,2,3),(1,1,4)}
Ey(G) ={(1,2,1),(1,1,2)}

The left-vertices 1 and 2 have degree 2+14-2 = 5 and 14 1+1 = 3 respectively. The right-vertices
1,2 and 3havedegree2+1=3,24+1+1=4and 1.

Generating function. We use the exponential variable z (resp. Z) to mark the left-vertices (resp.
right-vertices). For all j > 1, we use the exponential variable w; to mark each edge of weight j.
Additionally, we introduce & and 8, the vectors of variables associated respectively with the degrees

of the left- and right-vertices.

The generating function of a bipartite weighted multigraphs family A is then defined as

s < % w;ki \ 2 zm
A(z,z,w,é,é) = z ( H 5deg(u)) ( H 5deg(v)> (H klj.' ) ﬁ% (3.3)
ueV(G) veV(G) 7 o

GeA j>1

Note that since each bipartite weighted multigraph G has a finite number of edges, each product in
the definition of A(z, Z, w, 4, 5 ) has finite support.

In particular, we note BWMG(z, Z, w, 9, g) the generating function of all bipartite weighted
multigraphs.

Lemma 1. Let A(y, ) and H(y, x) denote the formal power series

d .
Ay, d) = Zéd%> H(y,x) =Y 9.

d>0 j=>1
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And let Py (2, 6), denote the formal power series
Ponic (2,8) = Ay, 6) 0y ¢H02)

Then, the generating function of bipartite weighted multigraphs is equal to

BWMG (z,,w, 8,8) = e*Pwnc(w:0) o oZPwnia(w9)

When & and & are vectors of real values with §; = 0 and 65 = 0 for d > D, Pwwmc (w,d) and
Pwma (w,g) become polynomials and

BWMG(z,z, (w1, . .. ,wp), &, g) — e?Pwma(wi,ewp,6) Ow 62PWMG(U717-~~7WD7:§).

Remark. Py (x,0) is a generating function that retains meaning even beyond the context of
bipartite graphs, hence its name. We will see in the proof exactly what this generating function

enumerates.

D-finiteness. Observe that the function e*/wmc (Wi,wp.9) jg D_finite with respect to the vari-
ables (w1, ..., wp), since it is the exponential of a polynomial in these variables. An identical

5), which is likewise D-finite. Moreover, it is known that

argument applies to e WMG (W1, wD,
D-finite power series are closed under the multivariate Hadamard product (see [Lip89, Theorem
2.7]). It follows that the generating function BWMG(z,Z, (w1, . ..,wp), &, 5) expressed as the

multivariate Hadamard exponential product of the two functions above, is itself D-finite.

Proof. The proof essentially relies on the use of the symbolic method. The process is illustrated by

Figure 3.3.

Consider a bipartite weighted multigraph and let us replace each edge (u, v, £) of weight j and
label ¢ with two half-edges of weight j and label /, one attached to the vertex u, the other to
the vertex v. This yields a unique decomposition of the bipartite weighted multigraph into a
set of labeled vertices, each equipped with a set of labeled, weighted half-edges. The vertex set
is partitioned into two subsets: the left vertices, to which are attached left half-edges, and the
right vertices, to which are attached right half-edges. Accordingly we introduce, for each j, an

exponential variable u; (resp. v;) marking left half-edges (resp. right half-edges) of weight j.

3.4 Bipartite Graphs
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Fig. 3.3: Illustration of the decomposition used in the proof of Lemma 1, on a bipartite weighted multigraph
with k = (2,1,1). Each edge is replaced by two half-edges, one on each side, so that left and right
vertex contributions can be treated separately in the generating function.

Now we introduce an ordinary variable y marking the degree of a vertex. With those conventions,

the generating function of one left half-edge is

> iy’ = H(y,u).
i>1

The generating function of a set of left half-edges is then e/ (yw)

. We want to replace, for all
d > 1, each y® with &,. This operation corresponds to an ordinary Hadamard product of e ()
with >~ dqy? with respect to y. We write it instead as an exponential Hadamard product with
Zdzo 5d% = A(y,9)

1w @, 1 Ay, )

and recognize the expression of Py (u,d). Thus, Pwuc(u, d) denotes here the generating
function of a set of left half-edges. Note that it can also be used in a non bipartite context to denote
a set of half-edges, if w represents half-edges in general, which explains the chosen notation. The
generating function of a set of left vertices, each attached to a set of labeled left half-edges, is then

e?Pwma (w,9)

Similarly, The generating function of a set of right vertices, each attached to a set of labeled right

half-edges, is N
eZPwma (v,0)

Now, for each weight 7, the number of left and right half-edges of weight j must be equal. This

constraint is enforced by replacing for every j the variables u; and v; by a common exponential
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variable w;, and by performing an exponential Hadamard product between the left and right

generating functions with respect to w

BWMG(2,3,w, 8,8) = e*Pwaa(wd) o - ZPvmia (w.d), 0

Now that we have found the generating function BWMG of bipartite weighted multigraphs, we

want to express the one of bipartite simple graphs as a function of BWMG.

Bipartite Simple Graphs

To get the generating function of bipartite simple graphs, we first find the generating function of

bipartite weighted simple graphs, and then restrict it to the case where all weights equal 1.

Definition. A bipartite weighted simple graph is a bipartite weighted multigraph without multiple

edge and without label on the edges. So, it is a finite sequence

where V(G) = {1,2,...,n} is the set of n left vertices, V(G) = {1,2,...,m} is the set of m
right vertices, and {J; Ej(G) is a finite set of edges, which are distinct unordered pairs {u,v} of
vertices, where u € V(G) and v € V(G).

Bipartite simple graphs correspond to the case G = (V(G),V(G), F1(G)), so E; = () for
all j > 2.

Generating function. The generating function of a bipartite weighted simple graph family B is
defined as

GeB MueV(G)

5 k| 2" Fm
deg(v) H w; g ﬁ (3.4)
Jj=>1 T

)

The difference with Equation (3.3) is that because edges are unordered, every w; is now an ordinary

variable, hence it is not divided by k;!.

In particular, we denote by BWSG(z, Z, w, 9, 5) the generating function of all bipartite weighted
simple graphs, and by BSG(z,Z,w,d ,5 ) the generating function of all bipartite simple graphs.

3.4 Bipartite Graphs
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Condorcet winner. Now that we have introduced the generating function BSG, we can formally
express the probability that candidate m is a Condorcet winner. To do so, we recall how to define §
and & for encoding the Condorcet probability. On the left side (voters), we set §; = d!(m — d)! to
ensure that each graph is counted with the correct multiplicity. On the right side (adversaries), we
set 0y = 14<n/2, Which encodes the condition that candidate m must beat each other candidate in a

strict majority of votes—this being the definition of a Condorcet winner.

Under the impartial culture assumption, all rankings are equally likely and independently drawn by
each of the n voters. In this setting, every voting profile has the same probability. The generating
function BSG(z,Z, w, d, _) is thus well-suited to this model, as the role of 4 is to ensure that each
bipartite graph is counted with the correct multiplicity, corresponding to the number of ranking
profiles it represents. The desired probability is then obtained by taking the ratio of the number of

Condorcet-favorable graphs to the total number of graphs

[272™] Y, [w¥] BSG(z, 2,w, 8, 8)
[2727] oy [wh] BSG(z, Z,w,6,1)

P(mis CW) =

Under the impartial culture assumption, all candidates are symmetric, so the probability that any
given candidate is a Condorcet winner does not depend on m. Summing over all candidates then

gives the probability that a Condorcet winner exists

I

nzm k 5
P(there exists a CW) = m[z ~] Liw'] BSG(z % w9, 6).
[z 2] 3oy [w*] BSG(z, 2, w, 6, 1)

Having seen how BSG can be used to express the probability that a Condorcet winner exists, we
now return to the combinatorial analysis. In particular, we have not yet made the expression of
BSG explicit. The next lemma provides a closed-form expression for BWSG, from which BSG
will directly follow.

Lemma 2. Recall that vj(w) denotes the formal power series
vj(w) = [y log(1 + H(y,w)).

Then, the generating function of bipartite weighted simple graphs is equal to

BWSG(Z,Z,w,&,g) — e#Pwma(u,9) O (v (w) eZPwuc (w,0)

j=1
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Proof. We associate to any bipartite weighted simple graph G the following family M (G) of
bipartite weighted multigraphs, illustrated on a example graph in Figure 3.4.

Bipartite weighted Bipartite weighted
simple graph G multigraph family M (G)

Fig. 3.4: Left, a bipartite weighted simple graph G. Right, the four bipartite weighted multigraphs of the
family M (G) defined in the proof of Lemma 2. The labels of the left vertices are circled, the
labels of the right vertices are in squares, the labels of the edges are framed in blue diamond
shapes, the weights of the edges are the non-circled numbers.

M (G) contains all bipartite multigraphs such that for any left vertex v and and right vertex v, the

sum of the weights of the edges between u and v is equal to the weight of the edge {u,v} in G.

In particular, if {u,v} is not an edge of G, there is no edge of any weight between v and v in any
bipartite multigraph from M (G). Thus, one way to construct all bipartite multigraphs from M (G)
is to start with the bipartite simple graph G and replace each edge {u, v} of weight j with a set of
labeled weighted edges whose weights sum to j. As usual, we use a different label set for each
weight. There might be many different ways to decompose one weight j into a set of weights

summing to j and to label the edges. Each gives rise to a different bipartite multigraph from M (G).

Let v; denote the exponential variable marking labeled edges of weight j in bipartite weighted
multigraphs. The exponential generating function of nonempty sets of labeled edges (one label type

for each weight) whose weights is marked by the ordinary variable y is

eHyv) _ 1

3.4 Bipartite Graphs
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For example, the number of such sets with sum of the weights j, containing k9 edges of weight 2

and k5 edges of weight 5, but not other edge, is
kol [y vaF2vs 3] (1 W0) — 1),
Of course, this is 0 when 2ko + 5k5 # j. For any j > 0,
w;(v) =[] (") — 1) (3:5)

is the generating function of nonempty sets of labeled edges whose weights sum to j, with the

convention wy(v) = 0.

Let us go back to our bipartite weighted simple graph G. For all d, let ng (resp. my) denote its
number of left (resp. right) vertices of degree d, let n (resp. m) denote the total number of left (resp.
right) vertices, and for any j > 1, let k; be the number of edges of weight j. Then the generating
function of M (G), following (3.3), is

n zm

(I () (I57)

Using the variable w; to mark edges of weight j in bipartite weighted simple graphs, the generating
function of G (following (3.4)) is

sm

L) ()35
(31;11 J dl;[o d dl;[o d n! m!

We observe that the generating function of M (G) is obtained from the generating function of G
by replacing, for all j > 1, the variable w; with w;(v). By summation, we conclude that the
generating functions of bipartite weighted simple graphs and bipartite weighted multigraphs are
linked by the relation

BWSG (2,2, (w;(v));21,0,8) = BWMG(2,2,v,5, 3).

Equation (3.5) expresses w; as a function of v for all j > 0. Let us now invert it to express v; as a
function of w for all j > 0. We have

Hpw(©) = X wa(o)y’ = exp (S o) - 1

d>0 >1
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a straightforward calculation gives v; = [y/]log(1 + H (y, w(v))). We define

vj(w) = [y’]log(1 + H(y,w))

SO
BWMG(z,z,(v;(w));51,0,8) = BWSG(z,%,w,8, 8).

Now, recall that
BWMG(z,2,w, d, 5) = erPwac(w,d) ¢ egPWMG(w’g).

Substituting w with the vector (vj(w));>1 in BWMG amounts to evaluating the Hadamard product
at (vj(w));>1, as the vector w plays the role of a dummy variable in both components of the

product. As a result, we obtain

BWSG(Z,Z,’w,é?g) — e#Pwma(w,9) O (v (w)) 62PWMG(U75)‘ O

Jjz1

With all the preliminary components in place, we are now ready to derive a closed-form expression

for the generating function of bipartite simple graphs with degree constraints.

Theorem 2. Let A(y, d) and H(y, x) denote the formal power series

d .
A(yvé) = Z 5d%7 H(y7m) = ijyj'

d>0 >1

Let Py denote the formal power series
PWMG(wa 6) = A(ya 6) Oy=1 eH(y,w).

Define, forall j > 1

Then the generating function of bipartite simple graphs is equal to

BSG(z,Z,w,&,g) = e#Pwma(w.9) Ouz(h eFPwnic (u,0)

=(hj(w));>1

When 64 = 0 and 64 = 0 for all d > D, Py (w,08) becomes a polynomial in (uq, . .. ,up) and

BSG(2,2,w,8,8) = *Fwuc(ud) Ouz(hy (w) oZPwwic (w,6)

)1<i<D

3.4 Bipartite Graphs
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D-finiteness. Note that the same reasoning used to establish the D-finiteness of BWMG applies
to BSG. The only difference is that the Hadamard product involved is univariate rather than
multivariate, which still preserves D-finiteness as a special case of the result in [Lip89].

Proof. Remember that a bipartite simple graph is a bipartite weighted simple graph with every
edge of weight 1. Therefore, we have the following equality

BSG(z,%,w,8,8) = BWSG(z, Z, (w,0,0,...),d,d).

Now, using Lemma 2

BWSG(Z,Z,’(U,&&) — e?Pwma(w,9) Oz (v (w)) 65PWMG(U76)’

Jjz1

and replacing w with (w,0,...)

vj(w) = [y/]log(1 + wy) = ——— = hj(w),

gives

BSG(Z,Z,’LU,(S,E) — eZPWMG (uva) ®u_(h]' (w) QZPWMG("M(;). D

= )i>1

Applications

This section first details the original motivating application: computing the probability that a Con-
dorcet winner exists under the impartial culture assumption. Then, we demonstrate the versatility
of our framework by applying the same formulas to the enumeration of 0-1 balanced matrices,
illustrating its relevance beyond the context of social choice.

Condorcet Winner

Having obtained a closed-form expression for the generating function of bipartite simple graphs
with degree constraints, we now turn to its application to the existence of a Condorcet winner. This

is done by specializing the degree functions § and 4 to encode the Condorcet winning condition.

First, with this explicit formula at hand, the probability that a Condorcet winner exists under the

impartial culture assumption can be rewritten as
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[zng;ﬁ] Zkgnﬁz[wk] ezPwwma(u,9) Ou=(h; ())1<5 eEPWMG(U:g)

[zn5m] > henm Wk ePwnc (o) @, g,

P(there exists a CW) = m - - .
(W) 1<s <k eZPwwuc(u,1)

Note that in both the numerator and denominator, the sum over k is restrictedto 0 < &k < n - m.
This restriction arises because we are enumerating bipartite simple graphs, where the number
of edges is bounded by the product of the sizes of the two vertex sets (here, n and m). In the
numerator, which corresponds to Condorcet graphs, the number of edges is in fact further bounded
by ([n/2] — 1) - m; however, this tighter bound is implicitly enforced by the choice of d, so there

is no need to explicitly incorporate it in the summation limits.

Since the Hadamard exponential product acts only on the w variables, we can extract the coefficients
in z and Z independently. Applying the standard identity

(ZPWMc;(u, 5))k 1

[Zn] ezPWMG(u,ﬁ) _ [Zn] Z i _ E (PWMG(U7 5))”,

k

a direct computation yields

2 k<nm [wk} ((PWMG(uv 4))" Ou=(h;j(w)1<j<k (PWMG(“’ 5)>m)

m - = .
S pmin (0] (Pwnic (2, 8))" Guc e, o (Pwmic (w,1))™)

Therefore, the key is to make explicit the forms of Py (u, d), Pwmc (u, g), and Pwya(u, 1),

given the following degree sequences
(Sd = d'(ﬁ’L - d)' and (SNd = ﬂ-dﬁ(n/Z]—l'

By direct computation, we have the following expressions

m d
PWMG(U, 6) - Z d'(ﬁl — d)' :(y:l‘) ®y:1 eH(yvu)7
d=0 :

/21 4

Pwwnc(u, 8) = 3 % Oyt HOW),
d=0 ’

Pymc(u,1) = Z y) Oy=1 )
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In each case, the expansion of the exponential generating function e/ (yu) plays a central role. This

expansion can be expressed in terms of the Bell polynomials (see, for instance, [Bel19]),

k ' k d
exp [ S | = 3 Batw
j=1 d=0 :

where By(u) = Bg(ui,ug,...,u;) denotes the truncated Bell polynomial of order d, i.e., the
coefficient of y? in exp (Z?Zl ujyj). Using this notation, we can rewrite these expressions as

m

Pwma(w,8) = (m —d)! - By(u), (3.6)

[n/2]-1 Ba(w)

Pyyc(u,0) = 30— 3.7)
d=0 '
n-m B
PWM(;(U, 1) — Z Z(:L)? (38)
d=0 :

Just for the sake of completeness, let us now write the expression for the probability using Bell

polynomials

Zkgn.ﬁl {wk} <(Z§L_O(m —d)!- Bd(u))n ®u:(hj(w))1gjgk ( Iii/()ﬂ_l Bil(!U))m>

D h<nm (W] ((Zgl:o(m —d)!- Bd(u)>n Ou=(h; (w))1<5<k (ZdZO de(!u)>%>

m

At this point, we are faced with the sheer complexity of the expression. Ideally, one would hope to
at least extract the coefficient [w*] by hand. However, the interplay between the Hadamard product

and the Bell polynomials renders even this task unmanageable.

Thus, while the formula is, in principle, computationally tractable (especially thanks to the efficiency
of evaluating Bell polynomials and Hadamard products via symbolic computation), it is clearly
intractable by hand, even for small values of n and m. Furthermore, despite being formally a
closed-form expression, it provides no direct combinatorial or probabilistic insight. The presence
of nested sums, Hadamard products, and symbolic Bell polynomials makes the structure highly
nontransparent, and thus difficult to interpret.

Finally, the extension of this method to other voting problems or cultures appears to be limited.
Indeed, the encoding via § depends solely on the number of adversaries ranked above a given

candidate, without capturing finer details of the rankings. As a result, it fails to encompass other
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natural cultures commonly studied in social choice theory. Furthermore, more intricate voting
problems may involve dependencies on the voting rule itself or introduce structural constraints,
such as interactions between adversaries, that break the bipartite structure underlying the current

approach. This makes the method inapplicable in more general settings.

This discussion highlights the limitations of the method in addressing the Condorcet problem,

which ultimately led us to abandon this approach in that context. Nevertheless, a more effective

and conceptually coherent method will be developed and explored in detail in Chapters 4 and 5.

For now, let us turn to a different application, outside the realm of social choice theory, where the

current method proves more naturally suited.

Balanced Matrices

Time to play! After all these intricate combinatorial constructions, its time to take a well-deserved
break - let’s unwind with two puzzles to keep our minds sharp. Fill in the grids of Figure 3.5
following the rules detailed above the grids. If you prefer to skip the fun, feel free to move on to

the next paragraph. Otherwise, you can check your solutions in Figure 3.6.

Binairo Not Alone

¢ Each row and each column must contain

* Each row and each column must contain
an equal number of zeros and ones.

an equal number of zeros and ones.

* No more than two identical digits can ap-
pear consecutively in any row or column * The patterns 010 and 101 are forbidden
(i.e., no sequences like 000 or 111). in rows and columns, that is, no isolated

o digits, except at the borders.
¢ All rows and all columns must be distinct.

01]0 110 0
1 111 1
011 0
1 1
0 0 1
1|1 1 1

Fig. 3.5: Left - a 6 x 6 Binairo puzzle. Right - a 6 x 6 Not Alone puzzle.
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In [Dou+24], the authors consider the enumeration of 0-1 balanced matrices subject to certain
pattern-avoidance constraints. Their motivation originates from a variant of the well-known Takuzu
puzzle (also known as Binairo), namely the Not Alone puzzle published by The New York Times.
The objective of this puzzle is to fill a square grid with zeros and ones such that each row and

column contains an equal number of zeros and ones, and the patterns 010 and 101 are forbidden.

01 110]0{|1 1{0]0(|1 110
11011 11010 1 1 1101010
0] 1101 110 011 110101
00| 1])10]1 1 o)1 1}10f0]1
11700 1|01 0)1]0)0]1 1 1
1) 1}10f0(f11]0 11001 110

Ci Ry C1 Ry

Ca Ry

Cs R3

Cy Ry

Cs Rs

Ce Rg

Fig. 3.6: Top - solutions to the Binairo and Not Alone puzzles proposed in Figure 3.5. Bottom - associated
bipartite graphs.

As a first step, they study the enumeration of 2k x 2n 0-1 balanced matrices without any pattern
constraints, for a fixed number % and an arbitrary symbolic n. Formally, a 0-1 balanced matrix is a
matrix with entries in {0,1}, such that each row and each column contains exactly the same number
of zeros and ones. This enumeration appears in OEIS as sequence A376935, which can be seen as
the most general form of such enumeration currently available in the database. Noting b (n) the
number of 2k x 2n balanced matrices, they show that the family of sequences by (n) is D-finite for

each fixed k. To do so, they use the ‘holonomic nonsense’, referring [AZ06; Kau23; Zei90], which
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guarantees the existence of such a recurrence and also outlines a method to construct it. Using the
efficient implementations of [Kou09; Koul0; Koul4] they were able to compute these recurrences
fork=2and k = 3.

The enumeration of such objects can be performed using Theorem 2. Indeed, a 0-1 matrix can
be interpreted as the biadjacency matrix of a bipartite graph, where the columns C4,...,Cs,
correspond to the left vertex set, the rows Ry, ..., Roj to the right vertex set, and an edge connects
R; to Cj if and only if the entry (i, j) of the matrix is 1. The condition that each row and column
contains an equal number of zeros and ones translates to each vertex I?; having degree n and each

vertex Cj having degree k.

Therefore, our approach provides an alternative proof of the D-finiteness of by (n) for each fixed &,
as noted in the remark following Theorem 2. We hope that the explicit formula below will serve
as a stepping stone toward obtaining more numbers in the already existing OEIS sequence, and
toward deriving concrete recurrence relations for £ > 4. However, note that our method does
not accommodate pattern avoidance constraints, as these would require modeling dependencies

between adjacent edges, which fall outside the scope of our framework.

Computing the number of 2k x 2n balanced 0-1 matrices is similar to evaluating the probability
of the Condorcet paradox: both ultimately rely on defining d and 5 appropriately, followed by
extracting coefficients from power series expansions. However, the definitions of § and 8 used here

will significantly simplify the task.

We begin by expressing the quantity as a coefficient extraction
(2n)!(2k)! [z2" 2% w?F"] BSG(2,2,w,6,0),

where 6, = 14—, and 64 = 14, for every d > 1. Note that, unlike the Condorcet case, there is no
summation over the number of edges. This simplifies the overall expression. Expliciting BSG we

obtain N
(2n)!(2k)! [Z2n22k:w2k:n] (eZPWMG(u75) ®u:(hj (0))1<<20m eFPwmic (u, )) _

As in the Condorcet computation, the Hadamard product is independent of z and Z, allowing us to

extract the corresponding coefficients beforehand

i) 7] (e Pes ) o, , ).

j(w))1§j§2kn [
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Extracting the coefficients in the the exponentials, we get
[w%n] (PWMG(U,5)2n Ou=(h;(w))1<;<2kn PWMG(uag)Qk) :
Here lies the main simplification, we have
Panic (w,8) = 03By (ut, - . . uskn) = Bi(w), Panic (w,0) = 8, Bn(u1, . .. uzkn) = Bn(w),

where By (u) is the (truncated) Bell polynomial in w = (uy, . . . ,ugky ). This expression is much

simpler than its counterpart in the Condorcet setting. Substituting yields

[102] (Bi(w))™" ©u(hy ()1 <y <o (Bu()™).

We now expand the Hadamard product and evaluate at u = (h;(w))1<j<2kn

2n 1 () ¢
w3 (@) Br(w)™) - (O[] Ba(w)) - T () .

01,eslafen >0 j=1"7°
Now, note that the degree constraints already impose that the total number of edges equals 2kn.

Therefore, there is no need to extract the coefficient in w; simply evaluating the expression at w = 1

yields the same result. Hence we obtain

. Ny "~ 'an (1) 4
S (Bew)) - (wfBaw®) o ] (=)

£, lagn >0 Jj=1

The remaining steps involve computing the coefficients of Bell polynomials, which can be made

fully explicit. First, remember that
k ' k i
exp [ > ujy’ | = Bd(u)ﬁ’
j=1 =0 ’

Therefore,

2kn

2kn
By (u) = k![y*] exp (Z ujyj) and Bj,(u) = n![y"] exp (Z ujyj) :
j=1 Jj=1
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Expanding (By(u))?" and extracting the coefficient of u? yields

2n
2 k!
[ur™ - - g ] (Br(un, -, ugn)) ™" = > 11 (@) 45D’
s s(2n) epn i=1 ?Eri st !j!Sf

S s =t; Wie{1,....2kn}

Zjﬁ’} i 5=k vie{1,....2n}

and similarly for [uf] B, (u)?*.

Now, observe that the Bell polynomial conditions

2kn 2n

Zj sgi) =k and Zsy) =/l
j=1 i=1

imply that
2kn

> jtj = 2kn.
j=1

This shows the consistency with the fact that we only want to consider terms where the total number

of edges is 2kn; this condition is automatically encoded in the Bell polynomial coefficients.

Consequently, the expression becomes

2kn i
Z ([ue]Bk(u)Qn) : ([ue]Bn(u)%) - L) H (_,1)é .

010l >0 j=1 \J

While the resulting expression remains somewhat heavy, as the coefficients in the Bell polynomials
are not particularly simple, unlike in the Condorcet case, it has the advantage of being fully explicit
and combinatorially meaningful. Also, we obtain a finite formula that allows for polynomial

computation.

With this manageable formula at hand, we can now return to the enumeration of graphs with degree

constraints, this time moving beyond the bipartite setting.

General Graphs (Non Bipartite)

Note that this section can safely be skipped by readers primarily interested in social choice aspects.

Many of the underlying arguments closely mirror those developed in the bipartite case. However,

for those curious about the enumeration of general (non bipartite) graphs, it offers a self-contained
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discussion of the additional subtleties involved, most notably the proper handling of loops, which
are absent in the bipartite setting, and the fact that the vertex set is no longer partitioned into two

parts.

Thus, similarly to the bipartite case, we enumerate successively several graph-like families with
degree constraints: weighted multigraphs, loopless weighted multigraphs, weighted simple graphs
and finally simple graphs. They are all depicted in Figure 3.7. The generating function of weighted
multigraphs is expressed directly in Lemma 3. Inclusion-exclusion is applied to express the
generating function of loopless weighted multigraphs in Lemma 5. In Lemma 7, the generating
function of loopless weighted multigraphs is expressed using the generating function of weighted
simple graphs, then this relation is inverted. Finally, the generating function of simple graphs is

obtained in Theorem 3 by restricting the weights to 1.

. . (b) Loopless
(a) Weighted multigraph weighted multigraph
1
3
3
3 4 3 4
2
(c) Weighted simple graph (d) Simple graph

Fig. 3.7: Steps of the transformation from a weighted multigraph to a simple graph. Vertex labels are
shown as circled integers, edge labels appear in blue diamond-shaped frames, and edge weights
are indicated by unframed black integers.
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3.6.1 Weighted Multigraphs

Definition. A weighted multigraph G is a finite sequence

where V(G) = {1,2,...,n} is the set of n vertices, and for all j > 1, E;(G) is the finite set
of k; edges of weight j. The labels of the edges in £;(G) are {1,...,k;} and each edge is a
triplet (u, v, ) where u and v are vertices from V' (G) and ¢ is the label. Thus, all edges are
oriented, and loops (edges containing twice the same vertex) and multiple edges (set of edges
linking the same vertices) are allowed. For example, in the multigraph G from Figure 3.7 (a), we
have F2(G) ={(4,3,1),(4,4,2),(1,5,3)}.

The degree deg(u) of a vertex u is defined as the sum of the weights of all edges adjacent to it,

counted twice if they are loops. For example, in Figure 3.7 (a), vertex 5 has degree 2 x 3+ 2 = 8.

Generating function. We use the exponential variable z to mark the vertices, and for all 7 > 1,
we use the exponential variable w;/2 to mark each edge of weight j. This factor 1/2 will prove
useful in Lemma 6 to compare the generating functions of multigraph and graph families (see also
the discussion in [Pan18, Section 2.3]). Additionally, for each d > 0, the ordinary variable §4 is
introduced to mark vertices of degree d. The generating function of a weighted multigraph family
A is then defined as

Alz,w,0) = ) < I 5deg<u>) (g W)’; (39

GeA Mu=1

Note that since each weighted multigraph G has a finite number of edges, each product in the
definition of A(z,w, d) has finite support. In particular, we note WMG(z, w, §) the generating
function of all weighted multigraphs.

Lemma 3. Recall that A(y, 8) and H (y, ) denote the formal power series

d .
Ay, d) = Zéd%, H(y,z) => .
d>0 : i>1

And Py (x, 8) denotes the formal power series

Pynvc(z,0) = Ay, 0) Oy=1 H W)
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The generating function of weighted multigraphs is equal to

WMG (2, w, §) = ™ /245224 oy g2 Pwmia((w!225)521).0),

When & is a vector of real values with §; = 0 for all d > D, Py (x, 8) becomes a polynomial
in(x1,...,zp) and

2 2 1/2 1/2
WMG (2, w, §) = e [2+t2p®/2 o eZPWMG(wl a1,wp'/ep,8)

Remark. The right-hand side of our last result contains half-powers in w;. However, after the
Hadamard product with e%i’/2, only even powers in x; are kept, so the result is, as expected, a

formal power series in w; (instead of w; 1/ 2).

Before proceeding with the proof, we first state this standard result in the literature.

Lemma 4. Consider F(y,x) a formal power series in y with coefficients in the polynomial ring on

(xj)jzy Then

/2wt 2 o Py g) = > 2k — DN[z**]F(y, z). (3.10)
k

with the sum over all infinite vectors of nonnegative integers.

Proof. (Lemma 4) First observe that

2k)! 22k zt 0 if £ is odd,
I 2l = 3 e Ot 0 =4
o 20K (2R)! PG it =2k

so for any polynomial () of the polynomial ring on (z;);>1, we have

er 2 o,y Q) = Y2k — 1)1 [2Q()
k

where the sum is over all infinite vectors of nonnegative integers. Note that [22*]Q(x) is nonzero

for finitely many vectors k, all with finite support (as no monomial of Q(x) can have infinitely
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many variables), so the sum is always finite. Now, consider F'(y, x) a formal power series in y with

coefficients in the polynomial ring on (z;);>1. First, decompose F'(y,x) with respect to z:

Flyx) =Y ['|F(z.x)y".

>0

Applying the Hadamard product with e®1”/2+2/24 giyes

ex12/2+aj22/2+... @,7;:1 F(ij) _ 61312/2-{-:(:22/24,-‘.. @mzl Z[Zt]F(z,w) yt.
t>0

We can then exchange the Hadamard product and the summation:

et 2 o S F(z) yt =Y (65”12/2”22/2*” Oz=1 [zt]F(z,cc)) y'.
>0 >0

By definition of the exponential Hadamard product, this becomes

ZZ(Qk -1l [zta:%] F(z,x) o,

t>0 k

and finally we can regroup by powers of y, yielding

A2 o,y Py,m) = Y (2k — DI [&] F(y,@). =
k

With this result at hand, we can now turn to the proof of Lemma 3.

Proof. (Lemma 3) Consider a weighted multigraph G. Let us cut each edge (u, v, £) of weight j
into two labeled half-edges of weight j, one linked to the vertex u and of label 2¢ — 1, the other
linked to the vertex v and of label 2¢. We see that any weighted multigraph decomposes uniquely
as a set of labeled vertices, each attached to a set of labeled weighted half-edges, where the number
of half-edges is even for any weight j. Let us now derive the corresponding generating functions,
using the symbolic method from [FS09]. We start with just one half-edge. We use the exponential
variable x; to mark the labeled half-edges of weight j and the ordinary variable y to mark the
degree (for now equal to the weight), so the generating function of one half-edge is

H(y,:l)) = Zﬂjjyj,

j=1
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We use the exponential variable z to mark vertices. Since each vertex has a set of labeled half-edges
of various weights attached to it, and its degree is the sum of the weights of those half-edges, the
generating function of one vertex with attached half-edges is

e (y:®)

For each d, instead of marking each vertex of degree d with 3%, we want to use the variable d.
Since the variable y is ordinary, this could be achieved by taking the ordinary Hadamard product of
2 W2) with dod>1 5qy®. However, we are reluctant to introduce two notations for the exponential
and ordinary Hadamard products. Instead, we observe that the ordinary Hadamard product of
any series A(y) with 3,4 dqy? is equal to the exponential Hadamard product of A(y) with
dod>1 5d%7 = A(y, d). The generating function of one vertex then becomes

2A(y,8) Oy=1 eTW®) = 2 Pynia(z, 8).

The generating function of a set of vertices, each attached to a set of half-edges, is

e?Pwma(2,0)

For any sequence of nonnegative integers k with finite support, the coefficient
(Qk) ! [ka] ezPWMg(m,J)

is the generating function of sets of labeled vertices, each coming with a set of half-edges, with
globally 2k; half-edges of weight j, for all j > 1.

For all j > 1, we introduce the exponential variable w; /2 to mark edges of weight j. We deduce

that the generating function of weighted multigraphs is equal to

k.
B 2k _=Pamc (@) TT (Wi/2)"™
WMG(s,w,8) = 3@k e el [T

Using the double factorial notation (3.2), this generating function becomes

WMG (2, w, 8) = > (2k — 1)!1[z?F]e*Pwmc @)k,
k

This expression is simplified by applying Lemma 4

WMG(z,w,é) _ 6112/2+x22/2+... Ope1 eZPWI\/IG((wjl/Qmj)jzl,é)_ —
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A multigraph is loopless if it has no edge containing twice the same vertex. The generating
function LWMG(z, w, d) of those weighted multigraphs is defined following the convention from

Equation (3.9) and we use inclusion-exclusion to express it.

Lemma 5. Let Ppwc(x, w, 8) denote the formal power series
Powwic (@, w,8) = Ay, 8) Oy @D HEw)/2)
then the generating function of loopless weighted multigraphs is equal to
LWMG (2, w, &) = e/ 24 o e#Prwnc ((w;/22)51,w,6)

When 8 is a vector of real values with 5 = 0 for all j > d, then Pywwc(x, w, d) becomes a

polynomial in (z1,...,xp,w1,...,wp) and

LWMG(z, w, §) = &"/2H+e0%/2 o e#Prwna((wi'%e)i<i<pw.0)

Proof. To enumerate loopless weighted multigraphs, we will apply the generating function formu-
lation of the inclusion-exclusion principle [FS09, Section III. 7.4.]. Let WMG(z, w, 4, u) denote
the generating function of weighted multigraphs from Equation (3.9), with an additional parameter
u marking all loops (edges containing twice the same vertex). The motivation for introducing
this generating function is that the generating function of loopless weighted multigraphs is then

obtained by evaluation at u = 0
LWMG(z,w,d) = WMG(z,w, d,0). (3.11)

The inclusion-exclusion principle suggests to consider weighted multigraphs where an arbitrary
subset of loops is distinguished and marked by an ordinary variable v. The generating function of
this family is WMG(z, w, §,v + 1), because each loop is either marked by v, or left unmarked. To
express this generating function, we follow the proof of Lemma 3. We cut each edge that is not a
distinguished loop into two weighted labeled half-edges. Using the exponential variable x; to mark
half-edges of weight j and the ordinary variable y to mark the degree, the generating function of
one half-edge is, as previously,

Szl = H(y, ).

Jj=1
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We use the exponential variable w;/2 to mark the distinguished loops of weight j. Each loop

increases the degree by 25, so the generating function of distinguished loops is

0> Sy = wH ()% w) /2.
= 2

The exponential variable z marks the vertices. Each vertex is attached to a set of half-edges and a

set of distinguished loops, so the generating function of one vertex is

ZeH(y,w)JrvH(yz,w)/Z'

For each d, instead of marking the vertices of degree d with ¢, we want to mark them with the
ordinary variable d4. As in the previous proof, this corresponds to an exponential Hadamard product
with A(y, d), so the generating function of the half-edges and distinguished loops attached to one
vertex is

2A(y,8) Oy—i H () +oH (y* w) /2.

Let us set
Q(z, w,8,v) = A(y,8) Oy=1 oH (@) +oH (> w) /2.

The rest of the proof is identical to the one of Lemma 3 and we deduce the following expression for

the generating function of weighted multigraphs where v marks a subset of loops
WMG(z,w, 8,0+ 1) = 1% /24 w2 24 o Q0 22) 51 0.6.0)

In order to express the generating function LWMG(z, w, §) of loopless weighted multigraphs,
equal to WMG(z, w, §,0) according to Equation (3.11), we evaluate the last equation at v = —1.
The result of the lemma follows, after defining

PLWMG(mawa(s) :Q($,w767_1)‘ O

Simple Graphs
Definitions. A weighted simple graph G is a finite sequence

where V(G) = {1,2,...,n} is the set of n vertices, and |, E;(G) is a finite set of distinct edges,

which are unordered pairs of distinct vertices. E;(G) denotes the set of edges of weight j and its
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cardinality is k;. Thus, edges are undirected and unlabeled, loops and multiple edges are forbidden,
and two vertices cannot be linked by two edges, even if those edges have different weights. The
degree of a vertex is still defined as the sum of the weights of its adjacent edges.

Simple graphs correspond to the case G = (V(G), E1(G)), so E; = () forall j > 2.

Generating function. The generating function of a weighted simple graph family B is defined as

B(z,w,8) = 3 ( I1 5deg(u)> ( I1 wj’%') = (3.12)
u=1

;-
GeB i>1 n:

Since vertices are labeled and edges are unlabeled, this generating function is exponential with
respect to the variable z marking the vertices, and ordinary with respect to the variables (w;);>1
marking the edges. Note that the generating function of an edge of weight j is w; (for weighted
multigraphs, we used the convention w; /2, linked to the fact that edges were oriented).

In particular, we denote by WSG(z, w, §) the generating function of all weighted simple graphs.

From a weighted simple graph family, a natural way to construct a weighted multigraph family is
to orient and label the edges in all possible ways. Our next result is that the generating functions
of both families, using the distinct conventions for simple graphs and multigraphs, are equal. We
will not need this result in the rest of this chapter, but we believe it sheds light on the connections

between simple graphs and multigraphs.

Lemma 6. Consider a weighted simple graph family B and the weighted multigraph family A
obtained from B by labeling and orienting the edges in all possible ways. Let A(z,w, ) and
B(z,w, d) denote the generating functions associated to the families A and BB using the conventions
from (3.9) and (3.12), then

A(z,w,d) = B(z,w, ). (3.13)

Proof. The number of weighted multigraphs identical up to changes of edge orientation and edge
label depends on the number of loops and multiple edges. However, the key point of this lemma is

that by constructions, the multigraphs from A contain neither loops nor multiple edges.

Consider a weighted simple graph G from B with k; edges of weight j for all j. The number of
ways to label and orient its edges is exactly [; 2k; k;!, which is also the number of multigraphs in

A corresponding to G. Grouping them, we deduce

3.6 General Graphs (Non Bipartite)
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n wi/2 kj on
o= (T (0 225
GeA “u=1 >1 J :
n . k; n
(0 (o) (1)
GeB N j>1 i 51 k;! n!
n zn
= Z ( H 5deg(ﬂ)) < wjkj)n,
GeB “u=1 §>1
= B(z,w,9) u

Observe that the convention on the generating function of weighted multigraph families to mark

edges of weight j with w; /2 instead of w; allows Equation (3.13) to be particularly elegant.

Lemma 7. For j > 0, let vj(w) and Pywsc(x, w,8) denote the formal power series

eHyz)

v;(w) = [yj] log (14 H(y,w)), Pysc(x, w,0) = Ay, d) Oy=1 T Hw)

then the generating function of weighted simple graphs is equal to

WSG(z,w,8) = en1*/2Ha2® /20 1 zPwsa (0 (w) !/ 22)) j21w.8),

When 8 is a vector of real values with 64 = 0 for all d > D, then Pwsc(x,w,0) becomes a

polynomial in (z1,...,xp,w1,...,wp) and

WSG(z,w,8) = /20 F20% 2 6y o2Pwsa((vi(w)'Paiigi<pw ),

Proof. We associate to each weighted simple graph G the following family L(G) of loopless
weighted multigraphs, illustrated in Figure 3.8. L(G) contains all weighted multigraphs such that
for any two vertices u, v, the sum of the weights of the edges linking « to v or v to u is equal
to the weight of the edge {w,v} in G. In particular, if there is no edge {u, v} in G, then there is
no edge linking v and v in any multigraph from L(G). Observe that, by construction, the degree
of a vertex in G is equal to the degree of the corresponding vertex in any multigraph from L(G).
Said otherwise, any weighted multigraph from L(G) is obtained by replacing each edge {u, v} of
weight j from G with an arbitrary set of labeled oriented weighted edges linking « to v or v to w,

and whose weights sum to j.
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Weighted simple graph G Weighted multigraph family L(G)

Fig. 3.8: Left, a weighted simple graph Gy. Right, the six weighted multigraphs of the family L(G)
defined in the proof of Lemma 7. The labels of the vertices are circled, the labels of the edges are
circled and in blue, the weights of the edges are the non-circled numbers.

For each j > 0, we use the exponential variable v;/2 to mark edges of weight j in loopless
weighted multigraphs, with the convention vy = 0 (as we forbid edges of weight 0). Thus, the
generating function of one edge, oriented from a vertex s to a vertex t, of arbitrary weight marked

by v, is
Uq
> gyd‘
d>1

Since this edge cannot be a loop, it has two distinct possible orientations, so the generating function

of one edge either oriented from s to ¢ or from ¢ to s, is obtained by multiplying the previous

Z vdyd.

d>1

expression by 2

The generating function of a nonempty set of such edges is

exp <Z vdyd) — 1.

d>1

Setforall 7 > 0

Zvdyd) — 1) , (3.14)

wj(v) = o) | exp (
d>1

so w;(v) is the generating function of a nonempty set of edges whose weights sum to j and

wp(v) = 0. Consider our weighted simple graph G and let ny denote the number of vertices of

degree d, n the total number of vertices and k; the number of edges of weight j. Then L(G) has

generating function (following the convention from Equation (3.12))

() (o)

d>0
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Let us use the ordinary variable w; to mark edges of weight j in our weighted simple graph G.

Then the generating function of G (following the convention from Equation (3.9)) is

() )i
j>1 d>0 G

Observe that the generating function of L(G) is obtained from the generating function of G by
replacing w; with w;(v) for all j. Summing over all weighted simple graphs G yields

WSG(z, w(v),d) = LWMG(z, v, d).

Equation (3.14) expresses w; as a function of v for all j > 0. Let us now invert it to express v; as

a function of w for all 7 > 0. We have

H(y,w(®) = 3 wa(w)y® = exp (Zvjyj) Y

d>0 >1

a straightforward calculation gives

vj = [y’]log(1 + H(y, w(v))).

Defining
vj(w) = [y’]log(1 + H(y, w))

yields
WSG(z, w,d) = LWMG(z, v(w), d).

Injecting the expression of LWMG(z, w, d) from Lemma 5, we obtain

WSG(z,w,d) = /2w /24 g erPrwmc (v (w)!/225) 51 0(w),5)

)

where
PLWMG(m’ w, 6) = A(ya 6) ®y=1 eH(y,m)—H(yQ,w)/Q.
Let us set
Pysa(x,w,0) = Powwa(z, v(w), §)
SO

WSG(z,w, 8) = ™t /2He" 24 e#Pwsa (v (w)22;)j21w,0)
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By definition of v(w), we have

H(y,v(w)) =Y vj(w)y’

i1
=[] log(1 + H{(t, w))y’
i1

=log(1 + H(y,w))

SO %)
oH (y,@
611 (y7m) H (y27l,(lL))/2 — Y

VI+Hy? w)
e (yx)

V1+ Hy? w)

and

Pysa(z, w,0) = Ay, ) Oy—1

We finally arrive at (unweighted) simple graphs in our next result by keeping only edges of

weight 1.

Theorem 3. Recall that A(y, §) and H (y, x) denote the formal power series
y! »
Aly,0) =D day,  Hly,m) =3 zjy.
d>1 j>1
Let Psg(x, w,0) denote the formal power series

ell(y,z)

V14 wy?’

PSG(mv wvd) = A(yv 5) Oy=1

and set forall 7 > 1

Then the generating function of simple graphs is equal to

SG(Z, w, 5) — 6112/2+I22/2+~~ Opet ezPsG((hj(w)l/sz)jzl,w,J).

When 64 = 0 for all d > D, Psg(x,w,d) becomes a polynomial in (x1,...,zp,w) and

SG(z, w, 5) — 6x12/2+---+xp2/2 Ope1 ezPSG((h]-(w)l/zmj)lgng,w,J).
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Observe again that the square roots of /j(w) are just apparent, as only the even powers survive the

exponential Hadamard product with e®1”/2++2p?/2,

Proof. A simple graph is just a weighted simple graph where all edges have weight 1. Thus, simple
graphs are enumerated by application of Lemma 7 with w = (w, 0,0, ... ,0), so
(—w)’

vj(w) = [1’]log(1 + wy) = — i hj(w)

and

H(y? w) = wy?,

and we define
Psg(w,w,a) :Pwsg($, (w,O,...,O),é). D

We now turn to k-regular graphs, a case of particular interest.

Corollary 2. Consider k > 2 and the polynomial
K (—nE+/2 j
o [ )

Pra x(z) = [y Ny

The generating function of k-regular graphs is equal to

2 2
e$1 /2+ +xk /2 @m:]_ €ZPRG,I<($).

Thus, setting © = \/—1, the number SG,(f) of k-regular graphs with n vertices is

., €XD {Z 25—t CCJ?/]/\/;}) _ (3.15)

(k) _ sk x12 /24 Fx52/2
SG, =1i""e™ Oz=1 ([y ] N

Proof. Theorem 3 is applied with

0 otherwise.

1 ifd =k,
5d:{

Since the number of edges in a x-regular graphs is determined by the number of vertices, the variable
_(cw)

from
J

w marking the edges is redundant and simply evaluated at 1. The notation h;(w) =
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Theorem 3 becomes (_ljﬁ, the function A(y, &) becomes L; and Psg ((hj(w)l/zscj)jzl, w, 5),

by definition equal to
o (us(h(w)!/?25) 1)

Ay, d) Oy=
becomes
_1)G+1)/2 . _1)\G+1)/2 .
v o B ] e[, 2y

Oy=1

H /1 + yQ = /1 + yQ ’
which we denote by Prg (). Thus, Theorem 3 expresses the generating function of x-regular
graphs as

e$12/2+-~~+a:,;2/2 o) zPra k()

r=1 e .

The number SGgL’*) of k-regular graphs on n vertices is obtained by coefficient extraction

SG;IH) _ n![zn]ex12/2+-“+xn2/2 Or—1 eZPRG,n(w)
— €$12/2+"'+$m2/2 @w:l (n![zn]eszG,ﬂ(m)>

(—1)+1/2 n

exp [Z?:l ijy]}

z=1 [y’i] m

— €x12/2+“'+1’n2/2 ®

Applying the identity [y*]F'(ay) = o”[y"|F(y) with a = i concludes the proof of the second
result (3.15). [

Now, we have the following equation

e 6y Q(ar) = / Q)et/ T g, (3.16)

(—o00,+00)*

Applying it to our last result yields the following integral expression for SG&“)

([M exp [1 51 v/ V7] )n dat

Q) — o /

(70074,00)»@

V1—y?

where the integrand is a polynomial in ¢y, . .., .. This provides a path to apply analytic techniques
to our exact formula. Continuing in this direction, Elie de Panafieu recently computed the asymptotic

expansion of regular graphs [Pan24].
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Conclusion

In this chapter, we have explored the interplay between social choice theory and enumerative com-
binatorics, with a particular focus on the classical Condorcet paradox. By adopting a combinatorial
perspective, we reformulated the probability of the paradox in terms of the enumeration of bipartite

graphs with degree constraints, offering a novel viewpoint on this well-studied problem.

Building on this idea, we developed generating functions for both bipartite and non bipartite graphs
with degree constraints. While this approach turned out to be somewhat inefficient for addressing
social choice questions, it nonetheless revealed interesting structural features and proved relevant in
other contexts, such as the enumeration of balanced 0-1 matrices or x-regular graphs. These objects,
though originating in different areas, benefit from the same underlying combinatorial framework,

highlighting the broader applicability of the method.

That said, we now turn to a more robust framework for studying the Condorcet paradox using
analytic combinatorics. Grounded in complex analysis and singularity theory, this methodology

will allow us to go beyond explicit formulas and address asymptotic behaviors.
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Probability of the Condorcet
Paradox for Large Electorates

Introduction

We now turn to the second method for computing the probability of occurrence of the Condorcet
paradox. Before reading this chapter, I recommend referring to Section 2.2 of Chapter 2, where |
develop the guiding example of fragmented permutations to illustrate the methods that will be used

extensively throughout this chapter and the following one.

The previous method, while instructive, proved to be too rigid. It primarily allowed for the recovery
of known probabilities through direct enumeration, without offering much flexibility for extension

or deeper analysis.

This limitation motivates the introduction of more powerful tools from analytic combinatorics. This
chapter is devoted to encoding the problem with generating functions and to presenting the main
asymptotic results. Chapter 5 then introduces the multivariate analytic theorems from complex

analysis that provide the theoretical foundation for these results.

Motivation

As mentioned in the introduction of this thesis, a long-standing tradition in social choice theory
is to study the probability that a Condorcet winner exists, i.e. a candidate preferred to every other
candidate by a majority of voters. A comprehensive overview of this research is presented in
the book of Gehrlein [Geh06], which is entirely dedicated to this topic. Niemi and Weisberg
[NW68] derived the limit of this probability as the number of voters tends to infinity, under the
only assumption of independent preferences. More recently, Krishnamoorthy and Raghavachari

[KROS5] revisited and modernized this result.

Beyond limiting probabilities, however, it would be valuable to understand convergence rates.

For instance, in the context of epistemic democracy, one seeks to recover a hidden ground truth

by aggregating the votes of agents who each receive noisy information. Knowing how fast the
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probability of electing the correct candidate converges to 1, or how fast the probability of a wrong
outcome vanishes, provides a principled way to estimate the epistemic error as a function of the

number of voters, or to determine how many voters are needed to meet a desired confidence level.

To achieve this objective, we propose a methodological shift. To the best of our knowledge, all
previous studies on this question have relied on classical combinatorial or probabilistic techniques.
For instance, the results of Niemi and Weisberg [NW68] and Krishnamoorthy and Raghavachari
[KROS5] are primarily based on Gaussian approximations. In contrast, we introduce tools from
analytic combinatorics into this domain, drawing on the approach outlined in the reference book by
Flajolet and Sedgewick [FS09].

Contributions

This chapter and the next one are based on a joint work with Frangois Durand, Elie de Panafieu,
Marc Noy and Vlady Ravelomanana [Cai+25]. Since our contributions are distributed across both
chapters, we summarise here those related to social choice, while the multivariate analytic aspects

are presented in Chapter 5.

* Similarly to Niemi and Weisberg [NW68] and Krishnamoorthy and Raghavachari [KRO05],
we consider a general probability distribution over voter preferences which we call General
Independent Culture (GIC), with the primary assumption that individual preferences are
independent. Additionally, we assume that the distribution is generic, in the sense that every

possible ranking over the candidates has a positive probability.

* To obtain results as general as possible, we introduce the notion of an a-winner, a gener-
alization of the Condorcet winner, where the required victory threshold for each pairwise

comparison is not necessarily one-half of the voters.

* We encode the problem via the symbolic method, deriving an adequate multivariate generating
function. Using this encoding, we analyze the probability that a fixed candidate is an -
winner, with emphasis on its asymptotic behavior as the number of voters n grows, while the

number of candidates m remains fixed.

» We illustrate our theoretical results through applications to the Impartial Culture and Mallows
model. In particular, Elie and I carried out the asymptotic calculations for Impartial Culture,

while Francois and I jointly derived the calculations for the Mallows model.
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» These computations allow us to recover classical limiting probabilities while also providing
finer asymptotic expansions, including convergence rates and higher-order terms. In partic-
ular, we establish that the probability of a given candidate being the Condorcet winner in
Impartial Culture is ag + al,nn_l/ 2 + O(n'), where we explicitly provide the values of
the constant ag and the coefficient a1 ,,, which depends solely on the parity of the number of

voters n.

* Although we focus primarily on the Mallows model and Impartial Culture, our theoretical
results apply directly to a broad class of probabilistic models, including the Perturbed Culture
[WS67; Geh06], the Plackett-Luce model [Pla75; Luc59], Thurstonian models [Thu27], and,
more generally, random utility models (RUMs) [APX12]. While we do not develop these
applications in detail in this thesis, they fall within the scope of our framework.

* Francois Durand implemented the Python package Act invoting [Dur25], which we used

for symbolic mathematics and numerical simulations.

Beyond the specific problem we study, our approach opens new perspectives for the analysis of other
problems in social choice theory. The techniques we develop offer a blueprint for encoding such
problems into an analytic framework, with the explicit goal of serving as a tutorial for researchers
interested in applying analytic combinatorics in this domain. We highlight some of the possible

directions in the conclusion.

Related Work

Regarding the probability of a Condorcet winner, the standard reference is Gehrlein [Geh06]. In
the General Independent Culture (GIC), which assumes independent voter preferences, the cases
for finite values of voters n and candidates m were explored by Gehrlein and Fishburn [GF76b],
Gillett [Gil78], and Gehrlein [Geh83]. The most relevant works to ours are the papers by Niemi
and Weisberg [NW68] and Krishnamoorthy and Raghavachari [KR05], which derive the limiting
probability as n tends to infinity in this general setting. Our approach differs in methodology and

results: we use analytic combinatorics and provide more precise asymptotic behaviors.

Among the specific cases of GIC, the most studied is Impartial Culture (IC), where all rankings
are equally likely [Geh06]. For finite values of n and m or for the asymptotic regime where
m — 00, see the paper by Sauermann [Sau22]. Other works, like ours, focus on large electorates
(i.e. n — 00). An explicit formula exists for m = 3 [Gui52; NW68; GK68], while the limit for

m = 4 follows from a recurrence relation [May71; Fis73]. Explicit formulas for m € {5,6,7}

4.1 Introduction
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have been derived by Gehrlein and Fishburn [GF78] and Gehrlein [Geh83]. The general case of
arbitrary m with n — oo was addressed by Niemi and Weisberg [NW68] and Krishnamoorthy
and Raghavachari [KRO05], whose results we recall in Theorem 8. In IC, as in the broader GIC
framework, our main contribution is to provide the rate of convergence and a method for computing

higher-order terms in the asymptotic expansion.

Other specific cases of GIC have been studied, notably the Dual Culture [Geh06] and the Perturbed
Culture [WS67; Geh06]. Although the Mallows model [Mal57] is popular, the probability of
a Condorcet winner in this framework has received little attention. This is likely because, for
large electorates, the limiting behavior is trivial: the candidate favored by the culture becomes the
Condorcet winner with probability tending to 1. The question of the convergence rate, which we

explore here, is much more interesting.

More distant from our work, other models of culture fall outside the GIC framework as they do
not assume voter independence. Notable examples include Impartial Anonymous Culture (IAC)
[GF76a; Lep89; Geh06] and, more generally, Polya-Eggenberger models [BL92; Geh06].

One can also study the notion of a Weak Condorcet winner, a candidate who wins or ties in every
pairwise comparison. Krishnamoorthy and Raghavachari [KROS5] note that the probability of a tie in
a pairwise comparison tends to zero as the electorate grows, implying that the limiting probability
of a Weak Condorcet winner is the same as for a Condorcet winner. However, the convergence
speeds may differ, as discussed in our Section 4.5.2. Other works examine the probability that
the pairwise majority relation is transitive [Geh06; Kel74; Bel78; Bel81]. While this could be

addressed with analytic combinatorics, it is beyond the scope of this thesis.

Our analysis is based on representing voting configurations by polynomials, expressing probabilities
via coefficient extraction, and deriving asymptotics using the saddle point method. In Impartial
Anonymous Culture, many voting questions [Geh02; HC00; LLS08; WPO07] have been studied
using Ehrhart polynomials [Bar94], reducing the enumeration of voting configurations to counting
integral points in a polyhedron. Maassen and Bezembinder [MBO02] use generating functions to
express the probability of a Condorcet winner in Impartial Culture or its variant with weak orders,
obtaining exact expressions and asymptotics for several cases. However, none of these works apply
complex analysis to derive asymptotics. May [May71] uses the saddle point method like us, but to
study the asymptotics as m — oo of the limit as n — oo of the probability that a candidate is the
Condorcet winner in Impartial Culture. This double limit problem is not addressed in this thesis

and leads to very different computations, involving only a univariate real integral.
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4.1.4 Limitations

A limitation of our work is that we focus on the probability that a given candidate is an a-winner,
rather than the probability that at least one exists. For certain values of o, multiple candidates
may satisfy this condition simultaneously, requiring inclusion-exclusion techniques to compute the
probability of existence. We exclude this issue from the scope of this thesis, as it does not arise
for the Condorcet winner, who, if existent, is unique; thus, its probability is simply the sum of

individual probabilities.

Moreover, our main results concern the asymptotic behavior as n tends to infinity. While our
approach also provides exact expressions for finite n, these expressions are essentially the same as
those obtained using classical combinatorial methods. The main advantage of our method, therefore,
lies in its ability to analyze asymptotic behavior. Indeed, although the expressions we obtain often
involve complex integrals that cannot be exactly solved, they remain amenable to efficient numerical
evaluation. This contrasts with exact combinatorial computations, which tend to become intractable

as n increases—see, for instance, the discussion in Section 4.7.2 about Figure 4.5.

We assume that voters have independent preferences, excluding cases with more complex interac-
tions. However, De Finetti’s theorem [DF29; HS55] asserts that exchangeable random variables
(i.e., roughly speaking, symmetric ones) are conditionally independent given a latent variable.
In our case, the preferences of voters are exchangeable up to random relabeling. Therefore, the
problem can, in principle, be reduced to independent preferences by conditioning on the latent
variable and integrating over its possible values.

To avoid degenerate cases, we also assume that the preference distribution is generic, meaning
that all rankings have positive probability. While analytic combinatorics methods could be applied
without this assumption, doing so would introduce additional subcases that we prefer to avoid,
where the saddle point (which is defined in Chapter 5 in the univariate case, and which we will

define shortly in the multivariate case) has null or infinite coordinates.

Finally, in some situations, our method requires computing a sum that, in the worst case, may
contain up to O(2") terms (cf. Section 4.8). However, it is worth noting that merely specifying the

full probability distribution already requires m! real numbers in general.

4.1 Introduction
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Roadmap

Section 4.2 presents the necessary preliminaries. Section 4.3 translates our combinatorial problem
into an analytic question and introduces the notion of saddle point. Depending on the coordi-
nates of the saddle point, the analysis then branches into different cases, detailed in Sections 4.5
to 4.8. Section 4.9 extends the analysis by showing how to derive higher-order terms in the asymp-
totic expansion. Section 4.10 concludes. Chapter 5 establishes the technical results of analytic

combinatorics used throughout this chapter.

Preliminaries

In this section, we begin by introducing the main definitions and notations, and we formulate our

research question.

Recall that the number of voters is denoted by n. We define the set of candidates as {1, ..., m},
where m denotes the number of candidates. We assume that voters have independent preferences,
meaning the culture is characterized by a probability p,. for each preference ranking r. We refer
to this terminology as a General Independent Culture (GIC). We also assume that the culture is
generic, in the sense that p, > 0 for every ranking 7. The notation P refers to the probability under

the given culture.

A Condorcet winner is a candidate who is preferred to every other candidate by more than % voters.
Without loss of generality, we study the probability IP(m is CW) that candidate m is the Condorcet

winner.

Our theoretical results extend this question to a more general notion, which we call an a-winner,
defined as follows. Let A := {1,...,m — 1} be the set of adversaries of candidate m. Consider a
vector & := (a, ..., ay—1) € (0,1)™L, where each o represents the proportion of voters that

candidate m needs on their side to win the pairwise comparison against candidate j.

For an adversary j € A, we write m >, j, and we say that m wins against j in the sense
of a, if candidate m is preferred to j by more than ajn voters. For a subset of adversaries
X ={j1,...,Jk} € A, we write m >4 X, or equivalently m >4 ji, ..., Jjk, if m > j holds for
every j € X. Similarly, we write m <, 7, and we say that m does not win against j in the sense

of o, if candidate m is preferred to j by at most a;n voters.
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Thus, we say that candidate m is an a-winner if m >4 A, i.e. m is preferred to each adversary j

by more than ajn voters. The standard notion of a Condorcet winner corresponds to the special

caseaz(%,...,%).

The notion of a generalized Condorcet winner, as introduced by Sertel and Sanver [SS04], is

recovered by considering a vector a whose coordinates are equal.

The goal of this chapter is to study IP(m is a-winner), the probability that candidate m is an
a-winner, with a particular focus on its asymptotic behavior as the number of voters n tends to
infinity. Note that the probability of the existence of a Condorcet winner can be obtained as the

sum of the probabilities for all m candidates.

Our theoretical results will be illustrated using the Mallows model [Mal57]. This model is charac-
terized by a reference ranking ro over the candidates and a concentration parameter p € R>o. The

probability of a ranking r is given by
Dr = ry@_pd(rvro)’

where ~y is a normalization constant ensuring Y, p, = 1, and d(r,ro) denotes the Kendall-tau
distance [Ken38], which counts the minimum number of adjacent swaps needed to transform
r into rg. The Mallows model is commonly used in the field of epistemic democracy [Bra+16,
Chapters 8 and 10], where noisy evaluations from voters are collected with the aim of uncovering a
hidden truth. The reference ranking models the hidden truth, and the concentration parameter p
indicates the skill level of the voters. When p = 0, all rankings are equally probable, recovering the
classical Impartial Culture model. We denote by M., 145t (resp. M, first) @ Mallows culture with
parameter p, where the reference ranking ry places candidate m last (resp. first). We can assume,

without loss of generality, that the reference ranking is (1,...,m) (resp. (m,...,1)).

Finally, as in the rest of the thesis, we typeset vectors in boldface, e.g.  := (x1,...,Zpm—1). If
X is a set of indices, we define x,, := (x;);jcx. We define log(x) := (log(x1),...,log(xm-1)),
and similarly for the exponential. We write u < v if u; < v; for every coordinate j, with similar
notation for strict inequalities. We denote 0 := (0,...,0) and 1 := (1,...,1), where the vector’s
size is understood from context. The diagonal matrix with diagonal elements w1, ug, . . . is denoted
diag(w). Finally, for convenience, we set 3 := 1 — «, where « is the vector of victory thresholds

in the definition of an ae-winner.

4.2 Preliminaries
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From our Combinatorial Problem to its Analytic
Formulation

As for fragmented permutations, we first encode the problem of determining the probability that
a candidate is an a-winner. However, instead of a univariate infinite series, we now work with a
multivariate polynomial. We then show that the coefficient extractions can be achieved through
multivariate Cauchy integrals. Finally, to analyze their asymptotic behavior for large electorates,
we introduce the general principle of the saddle point method in the multivariate setting. Its different

sub-cases are later developed in Sections 4.5 to 4.8.

Symbolic Method

As discussed in Chapter 2, the first step of the symbolic method is to identify the relevant parame-
ter(s) of the problem. In the case of fragmented permutations, the natural parameter was the number
of elements in the permutations. Let us determine the appropriate parameter, restricting attention to

the case m = 3 for the sake of clarity.

To determine whether candidate 3 is the Condorcet winner, or more generally an a.-winner, it
suffices to know whether each voter ranks candidate 1 and/or 2 above candidate 3, rather than their
full ranking. Consequently, the relevant parameters are the scores of the pairwise comparisons

between 1 and 3, and between 2 and 3. Therefore, we introduce two formal variables:
* r; indicates when a voter prefers candidate 1 over candidate 3,
* 15 indicates when a voter prefers candidate 2 over candidate 3.

With the formal variables in hand, let us construct the generating function for a single voter. To
represent the probability distribution governing the preferences of a single voter, we introduce the
characteristic polynomial P(x1,x2), as illustrated in Figure 4.1. In this polynomial, the probability
of each ranking is multiplied by the appropriate formal variables, depending on whether candidate
1 and/or 2 is preferred over candidate 3. For instance, in the ranking (1,2, 3), both 1 and 2 are
preferred to 3, so we associate to this ranking the monomial zx9, whereas in the ranking (1, 3, 2),
only 1 is preferred to 3 so we associate the monomial ;. When no candidates are preferred to 3,

asin 3, 2, 1, we associate 1.

At this stage, the characteristic polynomial may appear to be merely a compact way of representing

the probability distribution of a single voter.
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P123 P132 Dp213 D231 p312 D321
1 1 2 2
2 1 1 2
2 1 2 1
122 T X129 ) 1 1

P(x1,22) = p1a3-T172+ p1s2-T1 +P213 - T1¥2+ pes1 -2 + paia-l 4+ paar- 1l
Fig. 4.1: Definition of the characteristic polynomial P(z1,x2) encoding the probability distribution for a

single voter when m = 3. The notation p23, for example, is a shorthand for p(; 2 3). The formal
variable x; marks rankings where candidate j is preferred to candidate 3.

Note that the characteristic polynomial can be rewritten as

P(z1,72) = pp + {1371 + payTe + P12} 7172, 4.1

where, for example, pyy 2} := p123 + p213 is the probability that a voter ranks both candidates 1
and 2 above candidate 3.

Introducing this formal polynomial makes it possible to express the probabilities via multivariate
coefficient extractions. This concept has already been encountered; however, we recall the unlabeled
case here for convenience. The n-th coefficient of a univariate unlabeled formal power series is

written as

[2"] Z arz® = ay.
k
This notation extends naturally to the multivariate case:
[2"] Z arz® = an.
k
Therefore, the probability P{1,2} := P123 +p213 can also be expressed as the multivariate coefficient
extraction [z1' 20| P (21, x2).

In the general case, i.e. for an arbitrary value of m and a subset of adversaries X C A4, we overload
the notation p by defining p,. as the total probability that in a random ranking, the set of adversaries
above m is exactly X'. We then encode the probability distribution for a single voter as follows.

Definition 8. The characteristic polynomial is defined as

P(x) = Z (px H xj).

XCA jeX
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89



90

In essence, the characteristic polynomial is the generating function that encodes the vote of a single
voter. Also, note that },. p, = 1 implies that P(1) = 1.

Now, returning to the case m = 3, let us examine what happens with several voters, beginning
with n = 2 voters. The core observation, illustrated in Figure 4.2, is that the algebraic operation
of developing P(z1,x2)? is isomorphic to the probability tree associated with the preferences of
two voters. For example, the probability that, among the two voters, exactly two prefer candidate 1
over candidate 3, and exactly one prefers candidate 2 over candidate 3 is given by the coefficient
extraction [z1229!| P (21, 2)? = 2p{1yp{1,23- Which coincides with the computation obtained from

the probability tree.

P //ZW1// | % P{1,2} 7172
AN AN AN

P{1yT1  P{1,2}T1%2 P{1}T1  P{1,2}T1T2  P{1}T1 P{1,2}T1T2  P{1}T1  P{1,2}T1%2

Py / \ P{1,2}
{1} P{2y

0 {1} {2} {1,2}

0 //{\2}\ 0 //{\2}&{172} 0 //{\2}\ 0 //y{l}\{?}

{1} {1,2} {1} {1,2} {1} {1,2} {1} {1,2}

Fig. 4.2: Top: Tree representing the algebraic expansion of P(x1,x5)?. Edges correspond to multiplica-
tions, and each path from the root to a leaf represents a term in the expansion. The highlighted
paths correspond to the terms involving 125!, Bottom: The probability tree for two voters
choosing a ranking. Some second-stage probabilities are omitted for readability. The highlighted
path corresponds to the probability that, among the two voters, exactly two prefer candidate 1 over
candidate 3, and exactly one prefers candidate 2 over candidate 3.

More generally, when m and n are arbitrary, for a vector £ € N™ !, the coefficient extraction
£ P n.__ 21 Lon—1 P n
[°]P(x)" = [x1" -+ 1 ™ P(21, - oy Ton—1)

corresponds to the probability that each adversary j is preferred to candidate m by exactly ¢;

voters.
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Now, for m to be an a-winner, every adversary j must be preferred to m by less than (1 — aj)n =
Bjn voters. Summing over all such cases, the probability that candidate m is an a-winner is
given by
P(m is a-winner) = [ <P P(z)" := Z [z P(x)".
£<pn
However, the coordinates of 8n are not necessarily integers, and we prefer to express the summation

bounds in terms of integers:

P(m is a-winner) = [x=[#"171 P(z)" := Z [zt P(x)". (4.2)
£<[Bn]—-1

Note that if we define a weak a-winner as a candidate preferred to any other candidate j by at least
a;n voters, then all the results of this chapter extend to weak a-winners by replacing [8n] — 1 with
| Bn]. In particular, our findings for the Condorcet winner naturally extend to the weak Condorcet

winner (defined analogously) by replacing all occurrences of [n/2] — 1 with [n/2].

Coefficient Extraction via Cauchy Integrals

As explained in Chapter 2, in analytic combinatorics, it is common to extract the coefficient f, of a
series F'(z) = 3" fr2" with a positive radius of convergence by expressing it as a Cauchy integral

[FS09, Th. IV.4]:
1 dz

() = 5 $ F(2) - (43)
The symbol § indicates that the integral is taken over a positively oriented loop around 0 in
the complex plane. To intuitively understand this equality, one can expand F'(z) into its series,
interchange sum and integral, and integrate over a circle of small radius centered at 0. The residue

k—¢—1

theorem then implies that all terms of the form 2 result in a zero integral unless k = £. For a

detailed proof, we refer the reader to Chapter 2.

Now, to extract [<L)F(2) := fo + - + fL we use the equality

[=="1F(2) = ["]

4.4)

. . . . F(z
which is obtained by remarking that g = (Zk szk) (Zk z’“) =>4 (Zf:o fg) 2.

4.3 From our Combinatorial Problem to its Analytic Formulation
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Equations (4.3) and (4.4) extend to the multivariate case. Applying them to Equation (4.2) gives

4.5)

P(m is a-winner) = P((w) da
1

o f
(2im)m—1 H;?@:_l 1—x;) H;n:—ll x][ﬁjﬂ ’

where § dx is a shorthand for ¢--- § dxy ... dx,,_1.

Saddle Point Method

We now investigate the asymptotic behavior of the complex integrals as n — +4oc0. To this end, we
apply the saddle point method. Since this method has already been presented in detail in Chapter 2,

I only recall here its main idea, specialized to our problem.

To build intuition and recall gently about the saddle point method, let us momentarily disregard the

ceiling function in Equation (4.5) and observe that

P(a)" da j{ o—n(—log(P())+8T log(x

)
(- ) i l‘fj 175" (1 =)

for an appropriately defined function A(x) and ¥(t) = —log(P(e!)) + BTt, where t = log(x)
and BT denotes the transpose of 3.

To analyze the asymptotic behavior of such integrals, the key idea is to find a contour of integration
where, as n approaches infinity, the integral’s dominant contribution arises from the neighborhood
of a specific point, while the contribution from the rest of the contour becomes negligible in

comparison.

For this approach to be valid, the chosen point must satisfy the condition that the gradient of the
function ¢ vanishes. In the univariate case, since a holomorphic function cannot exhibit local
extrema in modulus, the graph of the function’s modulus at such a point resembles a saddle. This is

why it is called a saddle point, even in the general multivariate case.

In our case, the presence of the integer parts | 3;n | does not fundamentally alter the method. The
necessary adaptations are detailed in Chapter 5. Moreover, Lemma 8 in Section 4.4 ensures the
existence of a unique saddle point. The absolute value of e =¥ (1°8(%)) at the saddle point is minimal
on the real line and maximal on the integration circle. These considerations lead to define the

following objects, which we will use extensively.
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Definition 9. The cumulant generating function of P is
K:teR™™ 5 log (P(eh)).

Observing that the function ¢ : ¢ — — K (t) + BTt is strictly concave on R™~! (an immediate
consequence of Lemma 14 in Chapter 5), we define the log saddle point T and the saddle point ¢ as

T :=argmax ( — K(¢) + 87t), ¢=¢€".
teRm—1
Remark that this implies that ¢ minimizes the function € (Rsg)™ ! Hp(x)ﬁj .
5%

To approximate the integral in Equation (4.5), a key ingredient is the Taylor expansion of ¢ at its
saddle point. In the univariate case, this implied to calculate the second derivative of the function
of interest. Here, we will need the Hessian of v at 7. Since the term 37t is linear, this Hessian

simplifies to H i (7), the Hessian of K (t) at 7, which can be computed either directly or as

Hp(C)
P(C)

Hi (1) = diag(C) diag(¢) + diag(8) — BBT. (4.6)

Probabilistic interpretation. There is a nice probabilistic interpretation for the cumulant gener-
ating function. For any vector parameter s € R~ !, we define the random vector X (%) as follows.

For any subset X C A of adversaries whose indicator vector is denoted £ € {0,1}1:

[xl]P(x)elTs B pXeZTs

P(X®) =) = (o) Ples)

Note that X () corresponds to the original probability distribution, as encoded by P. For s # 0,

the distribution of X (%) represents a perturbation of the original culture.

The cumulant generating function of X () is classically defined as
Ky : t — log(BE(e™*™)).

Remark that K = Kj. It is well known that the gradient and Hessian matrix of this function at
t = 0 are equal to the mean and covariance matrix of X (). Actually, all the information contained

in K can be retrieved through K thanks to the following observation.

2b1P(x))et"s . .
st = o 32 P ) o (5 ()40 ) o),

£ £

4.3 From our Combinatorial Problem to its Analytic Formulation
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which simplifies to
K,(t) = log(P(e*™)) — log(P(e")) = K (s + t) — log(P(e")),

so the mean and covariance matrix of X (*) are respectively equal to the gradient and the Hessian
of K(t)att = s.

Since T is the vector where the gradient of ¢ : t — —K(t) + 7t vanishes, it follows that the
gradient of K at T, i.e. the mean of X (), is equal to 8. In other words, the distribution of X (),
i.e. the perturbation of the original culture induced by 7, is such that, in expectation, candidate m

is precisely at the threshold for being an a-winner.

Criticality. Careful readers of Chapter 2 may recall that I mentioned how, when applying the
saddle point method on generating functions arising from classical combinatorics problems, the
integrand typically depends on n, and therefore the saddle point also varies with n. In our case,
however, this phenomenon does not occur: since the characteristic polynomial is raised to the power

n, the growth is exactly balanced by the division by 2".

Nonetheless, depending on the values of « and p, the saddle point ¢ changes, and we must be

cautious with the terms of the form ﬁ in Equation (4.5).
J

 If {; < 1, there is no issue, as we can integrate over a circle of radius (; that loops around 0

without enclosing the singularity at 1. In this case, we say that the coordinate (; is subcritical.

 If {; is critical, i.e., if {; = 1, then the integration path must be adjusted to slightly bypass
the singularity. In this case, we are in a situation similar to that of Chapter 2, where the

saddle point depends on n.

* If {; is supercritical, i.e., if {; > 1, then a circle of radius (; necessarily encloses a singularity,
and the issue remains even with slight deformations of the integration path, requiring the

singularity at 1 to be explicitly accounted for in the analysis.

In Section 4.5, we analyze the case where all coordinates are subcritical, while Section 4.6 focuses
on the case where all coordinates are critical. Section 4.7 extends the analysis to the mixed case,
where each coordinate is either subcritical or critical. To address supercritical coordinates, we
introduce the necessary techniques in Section 4.8, which makes it possible to tackle the most
general setting. Finally, Section 4.9 provides higher-order terms in the asymptotic expansion of
the previous formulas. Together, these sections establish the theoretical asymptotic behavior of an

a-winner in the GIC, followed by an application to the Condorcet winner in a particular culture.
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4.4 Satisfying the Conditions of the Asymptotic Theorems

in Chapter 5

The next three sections are devoted to applying results from multivariate complex analysis in order
to derive asymptotics. Specifically, we rely on Theorems 17 to 19, which are stated and proved in
Chapter 5, and which apply to generating functions that meet a number of structural conditions.
To illustrate both the required conditions and the type of conclusions these theorems provide, we
present here Theorem 17 in detail, without the proof. While the conditions to satisfy are identical

for all three theorems, the specific asymptotic formulas they yield differ.

Theorem 17 [Multivariate large powers theorem] Consider a power series B(z1, ..., zy) that

satisfies the following conditions.

e Nonnegative coefficients: all coefficients are nonnegative real numbers.

e Full rank: the rank of B(z), defined as the dimension of the real vector space generated by
the differences of exponent vectors of nonzero coefficients, equals the number of variables.

* Aperiodicity: B(z) is aperiodic, i.e. its exponent vectors do not lie in a proper arithmetic
sublattice of Z°.

* Convergence near the origin: B(z) converges in some neighborhood Q of 0.

Consider K (t) = log (B(e')) its cumulant generating function, and let X denote a vector of
positive rational numbers such that the function K (t) — X7t does not tend to its infimum on the
boundary of ¥ = {t € RY, et € QY. Let T denote the unique point of ¥ where K (t) — ATt reaches
its minimum and H denote the Hessian matrix of K (t) at T. Set { = e”. Consider a power series
A(z) analytic on the torus of radius { and satisfying A({) # 0. Then, consider 6 < 1/2 and a
sequence of vectors of real values

Kn = An + O(n%).
We have
A(¢) B(Q)"

2 A(2)B(2)" ~
A ~ e T

Therefore, to apply these results to our case, we must show that the characteristic polynomial
P(x) == Y ycu (p x [ ljex l’j) satisfies several assumptions, like the ones of Theorem 17. In
addition, the cumulant generating function of P(x) must not vanish at infinity, in other words, we

require the saddle point to have all coordinates finite.

4.4 Satisfying the Conditions of the Asymptotic Theorems in Chapter 5

95



96

Let us then demonstrate that all the conditions are satisfied. The characteristic polynomial P(x)
encodes a probability distribution over the preference rankings of a voter. This guarantees its
convergence on a neighborhood €2 of 0. Since we assume that the distribution of voter preferences
over rankings is generic, i.e. every ranking 7 has a positive probability, it follows that all coefficients
of the characteristic polynomial P(x) are positive. The following result establishes that this
assumption ensures that the remaining conditions required for the application of our asymptotic
theorems are satisfied.

Lemma 8. Consider a polynomial P(x1,...,x4) where forany X C {1,...,d}, the monomial
[Ijcx z; has a positive coefficient, while any other monomial has a zero coefficient. As usual,

define its cumulant generating function as
K : t s log(P(e")).

Then P(x) has full rank and is aperiodic. Furthermore, for any X € (0,1)? and £ on the boundary
of [—00, 4009, the function t — K (t) — ATt tends to infinity as t tends to £. Thus, there exists a

unique vector T € R® where the gradient of K vanishes.

Proof. By assumption, the support of P(x) contains 0 and e; for each j € {1,...,d}. Proposi-
tion 1 of Chapter 5 then implies that P(x) has full rank and is aperiodic. The proof is given in
detail in Chapter 5; we do not reproduce it here as it requires additional notation, but intuitively,
the presence of 0 and all unit vectors in the support ensures that the polynomial spreads across
every coordinate direction, which enforces full rank. At the same time, these elements prevent the
exponents from being restricted to a rigid arithmetic pattern, thereby guaranteeing aperiodicity.

Now, consider ¢ converging to £. Let X" denote the sets of indices j such that £; = +o00. Let px
denote the coefficient of P () corresponding to the monomial of exponents in X'. Let 1y denote

the vector of dimension d with value 1 at indices from X', and 0 otherwise. Then
P(et) > px exp (1;{t) ,

S0
K(t) — ATt > log(px) + 1Lt — ATt > log(px) + (Lx — A)T¢.

The vector 1 — A has positive coefficients at the indices where t tends to +oo, and negative
coefficients at the indices where ¢ tends to a constant or —oco. Since £ is on the boundary of
[—00, +00]?, it has at least one element equal to —oco or +00, so (1x — A)T¢ tends to infinity. This

implies that K (t) — ATt converges to +oc as well. Now, as K is strictly convex (see Lemma 14 in
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Chapter 5 for the proof), if its minimum is not reached on the boundary of its domain of definition,
it must be reached in its interior and is unique. Thus, there exists a unique point 7 € R? where the
gradient of K vanishes. O

In conclusion, our problem satisfies all the structural conditions required to apply the theorems

from Chapter 5 and derive asymptotics. This is precisely the purpose of the next three sections.

Subcritical Case

In this section, we study the case where all coordinates of the saddle point are subcritical. We
then illustrate this scenario with M3 1,5, a Mallows culture where the reference ranking is (1,2, 3),

making candidate 3 particularly unlikely to be the Condorcet winner.

Theoretical Result in the Subcritical Case

Since P(x) meets all the hypotheses of Theorem 17, we can now apply it. Recall that P(x) is
introduced in Definition 8, and that 7, ¢, and H i (7) are introduced in Definition 9.

Theorem 4. Assume that all coordinates of the saddle point are subcritical, i.e. (j < 1 for every
adversary j € A. Then:

P(m is a-winner) ~ PO" ! .
n—too [T ((1 = ¢;)¢ =) (2rn)™Tdet(Hi (1))

Note that using Landau’s notations, this yields

. . P\ 1
P - =0 . .
(m is a-winner) < <Hje_A Cjﬁj> nm—1>’ as n — 400

P(z)

To interpret this asymptotic behavior, recall that ¢ is the unique global minimizer of x —

PO _PQ)
Hj CJﬂj Hj 1%

tends to 0 exponentially fast.

B
LX)
5

Hence, = 1. Thus, Theorem 4 indicates that, in the subcritical case, IP(m is a-winner)
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Application: Mallows Culture M3 jast

In the model M3 1,4, defined in Section 4.2, candidate 3 is ranked last among the three options in
the reference ranking (1,2,3), which can be interpreted as representing the hidden truth. We now
analyze the probability of the a priori undesirable event in which candidate 3 nevertheless emerges

as the Condorcet winner.

To find this probability, the first step is to determine the saddle point. We provide the general

formula for an arbitrary number of candidates m.

Lemma 9. Under the Mallows culture My, 1ast, the log saddle point T is given by

. (;npj(m;%p’m’ (m24)p>7

where p is the concentration parameter of the culture, defined in Section 4.2.

Proof. To prove this result, we leverage the probabilistic interpretation of the saddle point (Sec-
tion 4.3.3). In the distribution induced by the saddle point, candidate m is, in expectation, precisely

at the threshold for being an c-winner.

In the Condorcet case, this means that for each candidate j # m, the probability of all rankings in
which j appears above m must equal the probability of all rankings in which j appears below m,

after reweighting each probability according to ¢. Concretely, for each candidate j # m

oo Il a6 = > » ]I 6

ri=rm  k=rm r,m=rj  k>rm
where j >, £ means that candidate j appears above candidate ¢ in the ranking 7.
For the Mallows culture M, 15, the equilibrium condition can be formulated in terms of ranking

pairs. Specifically, due to the structure of the Mallows distribution, a ranking of the form (o, m, o”)

balances with the ranking obtained by swapping o and ¢’, i.e. (¢/,m, o).

For instance, when m = 5, the ranking (1, 3,2, 5,4) must be in equilibrium with (4,5, 1, 3,2),
yielding
P(1,3,2,5,4)C1C2C3 = P(4,5,1,3,2)C4~
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Therefore, for an arbitrary m, the saddle point satisfies m!/2 equilibrium equations. Indeed, for

each suitable pair of rankings r and 7/, the saddle point satisfies

br H Gk = prr H Cl-

k=rm k>,.m

By considering the equation
P =ray [
k#j
for each adversary j, we obtain a system of m — 1 independent equations with m — 1 unknowns
(except when m = 3, where the system reduces to a single equation). Solving this system, while
ensuring that all coordinates of the saddle point are nonzero, yields the desired result. In the case of
m = 3, the system simplifies to p;13(1 = py23C2. Adding the equation py; 2)(1¢2 = py provides

two independent equations, allowing for a unique solution. 0

In the case of three candidates, Lemma 9 yields 7 = (%@7 =), ensuring that both coordinates
of the saddle point are subcritical and allowing the application of Theorem 4. Standard algebraic

calculations then lead to the following result.

Theorem 5. Under the Mallows culture M3 145, the probability that candidate 3 is the Condorcet

winner has asymptotic behavior

' PEQ)" !
P(3isCW) ~ T (1= ¢)G 271 2mn/det (i (7))

jeA

— — e 2 e P/2 e e=r/2 e
where ¢ = (e=3°/2 e=P/2)  P(¢) = 2(1+ei([,1)J(rH:_pie_‘;)p) and det(Hg (7)) = %‘(H;p(/gfr_?)z.

As we saw in Section 4.5.1, this probability tends exponentially fast to 0. This can be viewed
as a generalization of Condorcet’s Jury Theorem [Con85], which gives the same result for 2

candidates.

As mentioned in Section 4.3.1, the counterpart of Theorem 5 for the weak Condorcet winner
is obtained by replacing [n/2] — 1 with |n/2]. Notably, for even n, the former simplifies to
n/2 — 1, while the latter becomes 7/2. Thus, although the limit remains 0 in both cases, the rates

of convergence for even n differ by a factor [];¢c 4 (-

4.5 Subcritical Case
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Numerical simulations To validate our results numerically, we developed the Python package
Actinvoting [Dur25]. This package notably compares our theoretical results with Monte Carlo
simulations, which estimate probabilities by generating a large number of random profiles. Ranking
samples in the Mallows model are obtained using the algorithms of Doignon et al. [DPR04] and Lu
and Boutilier [LB14].

Figure 4.3 illustrates the case of M3 145, showing the probability that candidate 3 is the Condorcet
winner as a function of the number of voters n. We provide three estimations: the theoretical approx-
imation given by Theorem 5, the exact result obtained via coefficient extraction from Equation (4.2),
and a Monte Carlo estimate based on 10,000 profiles per value of n. The concentration parameter
is set to p = log(2). This choice balances two opposing constraints observed in practice. Lower
concentration values require larger n for the theoretical approximation to be accurate, making direct
comparison with exact results difficult, as their computational cost grows exponentially in n due to
the algebraic expansion of P(x)"™. Conversely, higher concentration values cause probabilities to

decay rapidly, rendering Monte Carlo estimation unreliable.

10°

—— Theoretical equivalent
Exact results
—— Monte-Carlo results

107!
1072
1073
104
107°
10-6

P(3 is CW)

1077
1078
107
10—10

I
0 10 20 30 40 50 60 70 80 90 100
Number of voters n

Fig. 4.3: Probability that candidate 3 is the Condorcet winner as a function of n in a culture M3 1,y With
p = log(2), shown on a semilog scale. The theoretical equivalent is based on Theorem 5, while
exact results rely on Equation (4.2). Monte Carlo simulations use 10,000 profiles per point,
yielding an error of order 10~2. For n > 30, they return zero, which is not visible due to the
logarithmic scale.
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The computational costs of these methods vary significantly. For instance!, at n = 100, Monte
Carlo simulations take 46 s, the exact computation 17 s, and the theoretical approximation only
338 us. As previously said, the exact computation cost grows exponentially with n. Monte Carlo
simulations are also expensive, as their error scales as O(1/v/N), with N the sample size. In
contrast, the theoretical approximation has complexity polynomial in log(n), making it essentially

constant time in practice.

A striking feature of Figure 4.3 is the non-monotonicity of the curves, arising from parity effects in
the number of voters n. For small n, the exact and Monte Carlo curves are nearly indistinguishable,
while the theoretical approximation slightly overestimates the probability. When probabilities drop
below the order of magnitude of the Monte Carlo error, 1/v/N = 10~2, the Monte Carlo results
become unstable, and below 1/N = 10~* they are undetectable. As expected, for large n, the

theoretical approximation converges to the exact result while being much faster computationally.

Critical Case

In this section, we study the case where all coordinates of the saddle point are critical, which is

exemplified by the notion of Condorcet winner in the Impartial Culture.
Theoretical Result in the Critical Case

When ¢ = 1, it means that the expected proportion of voters who prefer candidate m to candidate j
is exactly «;, as explained in the probabilistic interpretation of Section 4.3.3. In other words, in

expectation, candidate m is precisely at the threshold of being an a-winner.

As soon as one coordinate (; is equal to 1, the term ﬁ in Equation (4.5) prevents integration
J

along a circle of radius (;. Theorem 18 in Chapter 5 is based on the idea that this difficulty can

be circumvented by choosing an integration path that slightly deforms around the singularity at 1.

Applying this result to the particular case where all coordinates are critical, we obtain the following

theorem.

Theorem 6. Assume that all coordinates of the saddle point are critical, i.e. (; = 1 for every

adversary j € A. Then:

. . . 1 o
lim IP(m is a-winner) = / e W HK(T) " u/2 0,
n—+00 ( ) \/(27-‘-)7)171 det(HK(’T)) (0,400)™—1

'All of our numerical simulations were performed on an 11th Gen Intel Core i9-11980HK processor (8 cores, 16 logical
processors) with 64 GB of RAM.
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In this case, Equation (4.6) simplifies to Hx (1) = Hp(1) + diag(8) — BBT because we have
¢=1=P(1).

Note that this integral is a relatively simple Gaussian integral of dimension m — 1, which can be
efficiently evaluated numerically. Thus, this theorem provides an explicit and practically computable

value for the limit.

For the critical case, Theorem 6 generalizes to cc-winners the result of Niemi and Weisberg [NW68]
and Krishnamoorthy and Raghavachari [KROS5, Equation (12)] on Condorcet winners. While
we derive this result via analytic combinatorics, their approach relies on a standard probabilistic
method: the Gaussian approximation. This method allows for interpreting the vector w as the
standardized outcome of each pairwise comparison between candidate m and their adversaries.
Integrating over the positive orthant corresponds to requiring that each comparison outcome exceeds

its expectation a;n.

The two approaches differ in the matrix involved. In their case, it is the correlation matrix of the
pairwise comparisons against each adversary, denoted R,, by both Niemi and Weisberg [NW68]
and Krishnamoorthy and Raghavachari [KR0S5]. Let us now recall its definition and establish the
relation R,,, = 4DH i (7)D, where D is a diagonal matrix, which is the identity matrix when

considering the notion of Condorcet winner.

For each j € A, let X; denote the random variable taking value 1 if candidate j is ranked higher
than candidate m, and 0 otherwise. Set Y = 2X — 1. We consider the covariance matrix H g ()
of X, whose coefficient (j,k) is

E(X;Xy) — B(X;)E(Xk),

while Niemi and Weisberg [NW68] and Krishnamoorthy and Raghavachari [KRO5] consider the

correlation matrix R,, of Y, whose coefficient (j,k) is

E(Y;Yi) - E()E(Y)
VA= EY)?)(1 - B(Y,)?

Observe that

E(Y;Y;) — E(Y))E(Y;) = E((2X; — 1)(2X), — 1)) - EQ2X; — 1)E(2X, — 1)
=4 (B(X; Xy) — B(X;)E(X})) -
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4.6.2

Let D denote the invertible diagonal matrix whose jth element is (1 — IE(Y;)2)~%/2, then
R,, =4DHg(T)D.
Thus, the change of variable u = 2Dw links the two formulas

—vTRmflv/2dv _

—UTHK(T)71U/2du.

1 1
) S Vi)
det(Ry,) J(0,400)m—1 det(H (7)) J(0,4+00)m—1
Therefore, we see that this rescaling has no impact. However, our analytic combinatorics approach
makes it easier to deal with non-critical cases and extends naturally to the computation of an
asymptotic expansion (see Section 4.9). For instance, in the subcritical case, their formula only

establishes that the limit is zero, whereas Theorem 4 additionally provides the convergence rate.

Application: Impartial Culture

Computing the limiting probability for a candidate to be the Condorcet winner in Impartial Culture

corresponds to applying Theorem 6 with 3 = 1/2. We obtain the following result.

Theorem 7. Under Impartial Culture with m candidates, the probability that candidate m is the

Condorcet winner has the following limit:

1 -1
lim IP(mis CW) = / e WHK(0) " u/2 g,
W PO W) = T a0 o0y
where, letting I denote the identity matrix and J the matrix where all elements are 1s, both of
dimension (m — 1) x (m — 1),
1 1

H(0) = ¢ <1+ ;J)  Hac(0) =6 <1 - m+1j) . det(H(0))

m+1

Proof. For each j € A, let X; denote the random variable taking value 1 if candidate j is ranked
higher than candidate m, and 0 otherwise. The probability generating function of the vector X
is P(x) and its cumulant generating function ¢ + E(et'X) is K : t + log(P(e?)). Thus, under
Impartial Culture We have E(X) = 1/2.

The Hessian of K at 0 is the covariance matrix of X, whose coefficient (j, k) is equal to

Mc(0)j5 = BIX; —1/2)(Xi —1/2)) = BOGXi) — .

4.6 Critical Case
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For j = k, we use that X;2 = X since X is an indicator variable, hence E(X,;?) = E(X;) = 1/2.
We deduce Hx (0);; = 1/4.

For j # k, note that in a random ranking r, the probability that each candidate from a given subset

Y of adversaries beats candidate m is Indeed, the ranking induced by ron Y U {m} is

Df\+1

uniformly distributed, so the probability that m is in the last position is This implies that

DJ\H
for j # k
B(X;X3) = — =
IR T oy Ty
yielding
1 1 1
Hr(0in=5-77 1

Letting I denote the identity matrix of dimension m — 1 and J the matrix containing only 1s,
we deduce

1 1

The expressions of its inverse and determinant from Equation (4.7) follow from straightforward

calculation. OJ

We showed that this result is the same as Equation (10) from Niemi and Weisberg [NW68] and
Equation (12) from Krishnamoorthy and Raghavachari [KRO5]. For completeness, we recall a
simpler univariate integral formulation introduced by Ruben [Rub54] to study moments of Gaussian
distributions, and linked to the voting setting first implicitly by Niemi and Weisberg [NW68], then
explicitly by May [May71] (Equation (7)).

Theorem 8 (May [May71]). Under Impartial Culture,

lim P(m is CW) f/%o (1—®(u)™ 'du (4.8)

n—-+oo

where ®(u) = 1 (1 + erf ( )) and erf denotes the error function: erf(u) = % Iy e’ dv.

Sl

Numerical simulations Figure 4.4 illustrates our results for the Impartial Culture with three
candidates. Computational times vary significantly: for n = 100, Monte Carlo simulations take 5
seconds (faster than for the Mallows model due to quicker random profile generation in IC), the
exact computation takes 22 seconds, and the theoretical approximation requires only 358 us. As
before, the Monte Carlo and exact result curves exhibit sawtooth patterns due to parity effects in the

number of voters n and remain nearly indistinguishable. In contrast, the theoretical approximation,
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which is just a numerical limit here, is simply represented as a horizontal line. Notably, for odd n,
the exact values closely match the limit, whereas for even n, they are significantly lower, although
they converge to the same value. In Section 4.9, we present the next term in the asymptotic
expansion of the probability, which improves the fit between the theoretical approximation and the

exact curve, and explains why the limit approximation is already very accurate for an odd number

of voters n.
0.4
0.3 4 I 111 oy ]
2
o 0.2 4
*
o,
0.1
—— Theoretical equivalent
—— Exact results
—— Monte-Carlo results
0 I I I I I I I I I

I
0 10 20 30 40 50 60 70 80 90 100
Number of voters n

Fig. 4.4: Probability that a given candidate is the Condorcet winner as a function of n in the Impartial
Culture with three candidates. The theoretical equivalent is based on Theorem 7, while exact
results rely on Equation (4.2). Monte Carlo simulations use 10,000 profiles per point, yielding
an error of order 102, When the exact results curve is not visible, it is overlapped by the Monte
Carlo results curve.

4.7 Mixed Case: Subcritical and Critical

We study the case where some of the coordinates are subcritical and some are critical, combining
the ideas developed in Sections 4.5 and 4.6.
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4.7.2
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Theoretical Result in the Mixed Case
As in the critical case, we apply Theorem 18 from Chapter 5, now in its more general form.

Theorem 9. Let S :={j € A, (;j <1} andC :={j € A, (j = 1} respectively denote the subset
of subcritical and critical coordinates of the saddle point. Assume A = S UC. Then:

P 1
P(m is a-winner) ~ (c) X

o Tes((0= GG flamm=1nlST det(Hi (7))

X / e W Mu/2 4,
(0,400)/Cl

where M is the submatrix of Hx (7')71 that corresponds to the rows and columns of C.

As in the subcritical case, this result establishes that the probability converges exponentially fast
to zero whenever at least one coordinate is subcritical. The Gaussian integral associated with the

critical coordinates is just a multiplicative constant in this asymptotic behavior.

Application: Mallows Culture M 1,

In Section 4.5.2, we established that for the Mallows culture M3 .5, all coordinates of the saddle
point are subcritical. In the case of 4 candidates, i.e. for M 1,5, Lemma 9 yields = (6_2'0 ,e P 1).
The first two coordinates are subcritical, while the last one is critical. We then apply Theorem 9.

Since the Gaussian integral is univariate in that case, we compute it explicitly.

Theorem 10. Under the Mallows culture My 1,4, denoting Mss is the bottom right coefficient of
H i (T)7L, the probability that candidate 4 is the Condorcet winner has asymptotic behavior

PQ)" 1

" too HS ((1- Cj)cjfn/ﬂ*l) drny/det(H g (7)) Mss’
JE

P (4 is CW)

In this expression, computing P(¢) by hand remains relatively straightforward and yields the
elegant result: P(¢) = 8ye (1 +e77) (% + e*’))2. However, the expressions of H  (7) and its
inverse being large and not particularly relevant when explicited, we omit them. More generally,
as m increases, the computation of P(¢) and Hx (7) is best left to the computer. The package

Actinvoting [Dur25] provides symbolic algorithms to efficiently compute these quantities.
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Numerical simulations Figure 4.5 ishows our results for M1, Exact computation requires
evaluating the polynomial P(z), which has 2! terms corresponding to all subsets of adversaries,
followed by expanding P(x)™, resulting in a computational cost of at least 2(m=1n_ Form = 4
and n = 25, this already takes over 7 minutes, making larger n impractical. So we did not perform
this calculation for larger values of n. In contrast, Monte Carlo simulations remain manageable,
taking 24 seconds for n = 25. However, as usual, their limitation lies in the precision of the
calculation: in particular, when the exact probabilities are small, Monte Carlo simulations often
return an empirical probability of zero. Finally, the theoretical approximation fits the exact curve
well while remaining extremely fast, taking only 437 us for n = 25. This illustrates that our
asymptotic approach not only accelerates computations but also makes them feasible where exact
methods become intractable.

—— Theoretical equivalent
Exact results
—— Monte-Carlo results

P(4is CW)

10—10

—
i
=]

TN T T T S 1 A W11 O N1 M AWM NI

0 5 10 15 20 25 30 35 40 45 50
Number of voters n

Fig. 4.5: Probability that candidate 4 is the Condorcet winner as a function of n in a culture My 1,y With
p = log(2), shown on a semilog scale. The theoretical equivalent is based on Theorem 10, while
exact results rely on Equation (4.2). Monte Carlo simulations use 10,000 profiles per point,
yielding an error of order 10~2. For n > 14, they return zero, which is not visible due to the
logarithmic scale. Exact results are not computed for n > 26 due to prohibitive runtime (e.g., 7
minutes for n = 25).
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4.8 Dealing With Supercriticality

4.8.1
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To compute P(m >, .A), our general approach relies on calculating the characteristic polyno-
mial P(x) and using the saddle point method. In Sections 4.5 to 4.7, the singularity at 1 arising
from the terms ﬁ in Equation (4.5) was not an issue, as each coordinate (; of the saddle point
was either subcritical or critical. Specifically, when (; is subcritical, the corresponding integration
contour is simply a circle that passes through (;, and hence does not encircle 1. When (j is critical,

the integration contour for that coordinate can be chosen to slightly bypass the singularity at 1.

We now consider the case where at least one coordinate (; is supercritical, i.e. ; > 1. In this
scenario, the integration contour, which must pass sufficiently close to ¢, inevitably encloses the
singularity at 1. In general, the contribution from this singularity is non-negligible and can be
determined via a residue calculation. However, rather than relying solely on calculus, we provide

an equivalent, more intuitive interpretation based on the complement rule.

Theoretical Result for Supercriticality

Assume that the coordinate (; is supercritical. The complement rule gives

P(m>=q A) =P(m =q A\ {j}) —P(m =a A\ {j} Am <q j). 4.9)

In the first term on the right-hand side, the event {m >, A\ {j}} means that m is an a-winner
after removing adversary j, reducing the competition to m — 2 adversaries. As we will elaborate,
the associated culture arises by setting z; = 1 in P (), allowing the application of the saddle point

method in a lower-dimensional space.

The second term is the probability that m defeats all candidates in .A \ {j} but not j in the sense
of a. As we will see, this probability is expressed by using a modified characteristic polynomial
and a new saddle point derived from {, which is modified solely by inverting its j-th coordinate,

thereby making it subcritical.

At this stage, the saddle point of the new characteristic polynomial may still have supercritical
coordinates. Thus, the process might need to be iterated, using the following generalization of
Equation (4.9). Let X and ) be disjoint sets of adversaries, and let j € X. Then,

P(m>=aq XAm=<aY) =P(m = X\{}Am=<ZaY) —P(m =q X\{j}Am <o YU{j}).
4.10)
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Once again, the first term reduces the dimensionality of the problem, while the second term enables
the inversion of a saddle point coordinate, which will be used in practice to transform a supercritical
coordinate into a subcritical one. By iterating this process, we systematically reduce the problem to
terms of the form P(m > X A m <o Y), for well-chosen sets X" and ).

To compute such terms, we define a new characteristic polynomial ij (x 5,y ), with variables
x, = (zj)jex and y,, = (y;)jey, derived from the original polynomial P(x) through the
following transformations. For each adversary j € X, the formal variable x; keeps its interpretation
and does not lead to a modification in the polynomial. For each adversary ;7 € ), instead of using

xj, which encodes when j is preferred to m, we introduce a new formal variable y; that encodes

when m is preferred to j. This variable will appear in all monomials that do not contain x; in P(x).

Finally, for each adversary j € A\ (X U)), we disregard the outcome of the pairwise comparison,

hence we eliminate the corresponding variable by setting x; = 1. This corresponds to the algebraic

operation:
1
Py TYy) ( H yﬂ) ( oy ’1A\<Xuy))’
JEY Yy
where yi := (y;71)jey. As an example, consider m = 3, X = {1}, and Y = {2}. From the
y

expression of P in Equation (4.1), we deduce:

Pg}} (z1,92) = Poy2 + P{1yT1Y2 + Py} + Py1,2} 71

Note that P (z,y,,) generalizes P(x), since P(x) = Pj'(x ,.y,). As in Equation (4.2), the
probability of interest is expressed as a coefficient extraction:

IP(m 0 X AM <0 y) = [ H xj<ﬁjn H ijajn}PJ)f(a:X,yy).
jEX jey

Given two disjoint sets of adversaries X and ), Definition 9 generalizes to the cumulant generating
function f((txuy)

K(t Xuy) (B ) Xuy)’ and the saddle point f =eT.

= log (Pj}/(exp(txw))), the log saddle point 7 = arg Maxy - eRIY0Y (—

As previously mentioned, transferring an adversary from &’ to ) results in the inversion of the

corresponding coordinate in the saddle point. The following lemma formalizes this process.

Lemma 10. Let X and Y be two disjoint sets of adversaries. Let C be the saddle point associated
withP(m =q X Am <q V). Letj € X, X' = X\ {j}, and Y = Y U {j}. Then the saddle
point associated with P(m = X' A m < V') has its k-th coordinate equal to CNk ifk # j and %

J
ifk=j.

4.8 Dealing With Supercriticality
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Proof. Transferring a candidate from X to ) corresponds to the following algebraic operation:

/ 1
Py (w,,.9,,) =y Py (z,,, y—j,yy), 4.11)

where y; encodes when m is preferred to j, whereas z; encoded the opposite.

Now, let (3,c) denote the threshold vector associated with P(m >=q X Am <o Y), and (B,&)
the threshold vector associated with IP(m —a X' Am <a Y ) Remark that B is the vector 3
where the coordinate 3; has been removed, and ¢ is the vector o where the coordinate «; has been
added. Finally, let us denote ¢ the saddle point associated with P(m o X' Am <o Y'). By
definition of ¢, extending the remark in Section 4.3.3, we have

P‘Xl‘l (mX/ ayy/)

(Rs) ¥/ wx/ﬁyy/a

So injecting Equation (4.11) we get

X 1
¢ = argmin By @i y)

(R>0)‘Xluy/| :BX/'Byjiﬁj yya

Since the minimum of a function over a positive orthant remains unchanged under the inversion of

a coordinate, setting x; = yi yields
J

PX(ZBHL.!I/) PX{IZ
min YUY in 7)}(;(7%;)7
(Rs0)1X/WY'] wx,ﬁyj_ﬁfyy“ (Rs0)l XY @, Py,
and more importantly, the transformation x; = i yields
R - - 1 - .
C:(Clv"ij—lv?ij—i—l?-'-aCm—l)- ]

G

This lemma, combined with the iterated application of Equation (4.10), allows expressing the
probability IP(m is a-winner) as a sum of terms of the form IP(m —a X AM < y), where all
the coordinates of all saddle points are either subcritical or critical. The following theorem provides
the asymptotic behavior of such terms. It directly follows from Theorem 18 in Chapter 5.

Theorem 11. Let X and Y be disjoint sets of adversaries. Let P(z,, Yy) = Py (x,.y,) and K

its cumulant generating function. Let ¥ and { respectively be the log saddle point and saddle point
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48.2

associated with IP(m —a X AMm <4 y). We assume that (1) X = S U C, where Ej <1, Vvjes
andéj =1,VjeC and(2) fj <1,Vj €Y. Then

Pim=q X Am=<aqY) ~

n—-+oo
p(é)n 1 1 —uTMu/Qd
[T &=ty gloomd T (1=§) \/ (2m)IXVInISUYl det (H (7)) 7 (0400)C! “
jes jey d jeSUY K

where M is the submatrix of H i (7)~! that corresponds to the rows and columns of C.

In summary, to handle supercriticality, the process consists in applying Equation (4.10) to one of
the supercritical coordinates of the original saddle point, and then iterating this step on each term
whose saddle point still contains supercritical coordinates, until every term satisfies the assumptions
of Theorem 11. The procedure is guaranteed to terminate, as each iteration either reduces the
dimension by one or decreases the number of supercritical coordinates. Once Theorem 11 is used
to compute the asymptotics of each term, some may be negligible compared to others, leading to a

simplified sum with fewer terms, as illustrated in the following application.

Application: Mallows Culture M3 g

Analogously to Lemma 9 for the culture M, 1o5t, Lemma 11 provides the expression of the saddle

point for M, first. The proof is similar and is provided in Section 4.5.2.

Lemma 11. Under the culture M, first, the log saddle point T is given by

. (ﬂ;p’(m;%p’.__’ (—m2+4)p)7

where p is the concentration parameter of the culture, defined in Section 4.2.

In the case of three candidates, Lemma 11 gives { = (63”/ 2 ep/ 2) , hence both coordinates are
supercritical. Consequently, we apply the procedure outlined in Section 4.8.1. In this specific case,
let us show that this approach effectively reduces to applying the inclusion-exclusion principle and

identifying the dominant term in the sum.

4.8 Dealing With Supercriticality
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First, it is needed to iteratively apply Equation (4.11) on the supercritical coordinates, until every
term is subcritical, which gives the following equality
1-PBisCW) = (P(3 =

{1H)+PEB =1 {2}) - PEB <1 {1.2}).

N|=
N|=

Subcriticality. Note that the characteristic polynomial associated with P(3 <1 {1,2}), namely
2

P?LQ} (y1y2), is actually the characteristic polynomial of the probability IP(3 is CW) under the Mal-
lows model M3 1,5. Therefore, we already know that the saddle point for this term is subcritical.

The characteristic polynomials Pg}} (y1,1) and P{{;}} (1,y2) associated respectively with IP(3 <
{1}) and P(3 <o {2}) are both univariate and of the form (g + py). Denoting £ a saddle point
associated with such a polynomial, a straightforward calculation yields £ = %. The verification of

subcriticality follows directly, by simply writing explicitly
P 1) = (7% +e79) + (1+2e7)1),

and
P{{;}}(l’y2) =7 ((e_p te P +e )+ (1+e”+ e‘zf’)yz) )

Dominating term. The first two terms can be associated with a Mallows culture with two can-
didates and a concentration parameter p = log(%). In the case of P(3 <o {2}), p = p. In the
case of P(3 <o {1}), p is equal to p multiplied by a quantity strictly less than 1. Therefore, this
Mallows is less concentrated than the first one. Thus, asymptotically, P(3 < {2}) will dominate

P(3 <a {1}).

In particular, as P(3 <4 {1,2}) < P(3 < {1}), the third term of the sum is also dominated by
P(3 <a {2}). Thus,
1-P@BisCW) ~ P(3<a{2}). (4.12)
oo

n—

Unsurprisingly, the dominant term that may prevent candidate 3 from being the Condorcet winner
corresponds to the event of not winning the pairwise comparison against the strongest adversary,

candidate 2.

Theorem 12. Under M3 s, the probability that candidate 3 is the Condorcet winner has asymp-

) 2 e—rIn/2] 2 n
L-PBCW) & V1o (1 +e/’> '

totic behavior
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Proof. Using Theorem 11 and Equation (4.12), we get

1301 on
P,
1-P(3isCW) ~ (ACLUN

n—+400 (1 — f)g["/% /Qﬂ_n%’

where £ = e 7, thus P{{Ql}}(l, £) =2ve P(1+e P+ e 2), withy =

1
142e—P42e=2P e3P "

Straightforward calculations yield the final formula. O

Numerical simulations Figure 4.6 illustrates these results. Since the probability that candidate 3
is the Condorcet winner tends towards 1, we now represent the complement probability on a semi-
logarithmic scale to visualize the difference with the limit. The computation times are similar to
those in Figure 4.3 as they involve the same culture and parameters. As in the previous cases, Monte
Carlo simulations become unreliable when probabilities are small. We observe good agreement
between the theoretical approximation, the exact results, and the Monte Carlo estimate when the

latter is relevant.

10° E —— Theoretical equivalent
: Exact results
| —— Monte-Carlo results
107! E
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Fig. 4.6: Probability that candidate 3 fails to be the Condorcet winner as a function of n in a culture M3 g
with p = log(2), shown on a semilog scale. The theoretical equivalent is based on Theorem 12,
while exact results rely on Equation (4.2). Monte Carlo simulations use 10,000 profiles per point,
yielding an error of order 10~2. When the exact results curve is not visible, it is overlapped by the
Monte Carlo results curve.
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Asymptotic Expansion

We now explain how to improve our asymptotic results. Both Theorem 4 for the subcritical case and
Theorem 6 for the critical case are encompassed by Theorem 9, which addresses the mixed case.
As detailed in Section 4.8.1, the supercritical case also reduces to the mixed case. Therefore, we
focus on this scenario, involving a set S of subcritical coordinates and a set C of critical coordinates.
Essentially, Theorem 9 provides a constant ag such that

PQ)" 1

PlmisCW)  ~ s T T2
JES 5j

Theorem 19 in Chapter 5 extends this result, establishing the existence of coefficients (ay )k n>1

such that, for any » > 0, we have

P(o)" 1
in|— S
[os (11 0172

P(m is CW) = (ao + a1,nn71/2 +---+ ar_l,nrf(rfl)/2 + O(n*T/Q)) :
In general, the coefficients aj, , may depend on 7, but only through the bounded vector [Bn]| —

1 — Bn. For example, in the case of the Condorcet winner, they depend only on the parity of n.

Such an approximation is called an asymptotic expansion. In the subcritical case, it is well known
[FS09; PW13, Section VIIL3][Chapter 5] and proven in Theorem 19, that a;,, = 0 for odd &,
leading to an expansion in powers of n~! instead of n~1/2. However, this does not hold in general,

as the following result illustrates.

For the Impartial Culture, Theorem 7 gives the limiting probability but not the convergence rate,
which we now address by computing a1 ,,. This explicit computation results in the application of
Lemma 16 in Chapter 5.

Theorem 13. Under Impartial Culture with m candidates, the probability that candidate m is the

Condorcet winner has asymptotic behavior

P(m is CW) = ag + a1 ,n~ Y2 + O(n™Y),
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where ag and a ,, are given by

1 M (0) /2
e du,
T Joser
0 ifnisodd,

Ain = 6 1 Tayo—tuTHg (0) " Lu/2 P
- mtl ¢(2W)m*1det(HK(0)) f(OerOO)m_l 1Tue du. lfn 15 even,

apg =

and Hx (0), its inverse and determinant are given in Equation (4.7).

Proof. A useful property of the cumulant generating function is that the third term of its Taylor
expansion ¢3 := t — [y°] log(P(e'¥)) (using the notation from Lemma 16 in Chapter 5) is equal
to the third central moment of X. Thus

o)=Y B - 12X~ 1/2)(Xe — /2t
Jokbe{ L m—1}
We develop
B((X; ~ )Xk~ 9)(Xe — ) = BX;XX0)
%( (X X) + B(X;Xp) + B(Xp X)) )
4 ZE(Xj) - é

As we saw earlier, we have E(X; X}, X,) = %. In all cases, whether j, k& and £ are distinct or some
of them are equal, we find the third central moment to be 0 and deduce ¢3(t) = 0.

The term a; , is then obtained by application of Lemma 16 withc =d =m —1,b = —1/2,
A(z) = 150 V4(¢) = 0, H = Hk(0), ¢p5(u) = 0 because ¢3(t) = 0, and K, — An =
([n/2] =1 —n/2)1. O]

Numerical simulations In Figure 4.4, we observed that the approximation by the limit value was
highly accurate for odd values of n. Theorem 13 provides an explanation for this: the term of the

~1/2 yanishes in this case. In contrast, for even n, the term is non-zero

asymptotic expansion in n
and negative, which is consistent with the previous observation that the exact values are significantly
lower than the limit in these cases. To illustrate this, Figure 4.7 shows the same curves as Figure 4.4

for the Monte Carlo simulations and exact values. However, this time, the theoretical approximation

4.9 Asymptotic Expansion
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Fig. 4.7: Probability that a given candidate is the Condorcet winner as a function of n in the Impartial
Culture with three candidates. The theoretical equivalent is based on Theorem 13, while exact
results rely on Equation (4.2). Monte Carlo simulations use 10,000 profiles per point, yielding an
error of order 10~2. Not all curves being visible mean that they overlap.

—-1/2

includes the term in n . As before, this approximation is computationally inexpensive: for

instance, it takes only 55 us for n = 100. Now, the three curves become nearly indistinguishable

~1/2

visually: the addition of this term in n significantly improves the accuracy of the approximation,

the error term being O(n~1).

Conclusion

Summary of the Contributions In this chapter, we have presented a method for calculating the
probability that a candidate is an a-winner under the GIC model, assuming each ranking has a
strictly positive probability. Our approach, based on analytic combinatorics, first computed the
characteristic polynomial, the cumulant generating function, and the saddle point. The asymptotic
analysis then split into cases based on whether each coordinate of the saddle point is subcritical,
critical, or supercritical. In all cases, we derived the limiting probability and rate of convergence.

Additionally, our method computed higher-order terms in the asymptotic expansion. We applied
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this approach to the Impartial Culture and Mallows models, providing explicit formulas supported

by numerical simulations.

For Impartial Culture, the probability that there exists a Condorcet winner is of the form
P(m is CW) = ag + a1 ,n~ Y2 + O(n™Y),

where ag and a, ,, are given by

1 —uHg(0)"1u/2
du,
Vv (2m)m=1det(H(0)) /(07-1-00)7”_1 ‘ “

0 if n is odd,
ain = 6 1
m+l . /(2m)m—1 det(H

ag =

©) S0 tooym1 1Tue W @7 0/ 2dy,if n is even,

and H x(0), its inverse and determinant are given in Equation (4.7).

In the case of the Mallows model, we studied two main variants: one in which the candidate

of interest occupies the first position in the reference ranking, and another where it appears last.

The latter variant was examined in two settings, with three and four candidates, corresponding
respectively to the models M3 1. and M4 1,5- For both cases, since the reference ranking can be
interpreted as representing the underlying ground truth, we showed that the probability of the a
priori undesirable event in which the candidate ranked last nevertheless emerges as the Condorcet
winner tends exponentially fast to 0. Conversely, under the model M3 g5, Where candidate 3
occupies the first position in the reference ranking, we showed that the probability that candidate 3

is the Condorcet winner tends exponentially fast to 1.

Future Work A natural direction for future work is to investigate cases where the saddle point
has null or infinite coordinates, which may arise in non-generic cultures. Additionally, it would be
valuable to perform a finer analysis of the complexity of the algorithm presented in Section 4.8
for handling supercritical coordinates, particularly to identify conditions under which it runs in
polynomial time. Another avenue is to examine the limiting behavior of the probability as the
number of candidates m tends to infinity. Finally, it would be insightful to extend our method
to other events, such as the transitivity of the majority relation, different kinds of monotonicity

failures, or the manipulability, i.e. the susceptibility to strategic voting.

4.10 Conclusion
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5.1

Multivariate Analytic
Combinatorics

Introduction

In the previous chapter, we were interested in the probability that a candidate is an a-winner. Our
objective was to determine its asymptotic behavior as the number of voters n tends to infinity. To
this end, we encoded the problem in a combinatorial framework by constructing the generating

function associated with one voter:

P(x) := Z (pX H xj).

XCA JEX

This encoding allowed us to express the desired probability as a coefficient extraction problem

P(m is a-winner) = ! ?{ (@)" dx . (5.1
(2im)m—1 ;.":11(1 — z;) st £ 1Pin]

In order to analyze this integral asymptotically, the next step is to apply the multivariate saddle

point method. Accordingly, we defined the cumulant generating function associated with P
K:teR™ i log (P(eh)),
and the log saddle point T and the saddle point ¢ as

7 :=argmax ( — K(t) + 87t), ¢C=e¢".
teRm—1
From this point on, the asymptotic analysis requires some care, as it is not always standard. Notably,
depending on the culture and on the vector a;, we have seen that the saddle point may coincide with
the singularity at 1, which is for instance the case when looking at the Condorcet winner under
Impartial Culture. In such cases, the asymptotic analysis requires a refined treatment. This chapter

is therefore devoted to developing the necessary multivariate analytic theorems to deal with all

possible situations, combining both existing results and new contributions obtained in this work.
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Our analytical results are developed at a more general level than required by our application. This
abstraction both clarifies the methodological framework and enables future extensions to other

settings.

Note that reading this chapter is not strictly necessary for the general understanding of the thesis,
as I have already presented the main ideas behind the theorems developed here in Chapter 2 and
Chapter 4. Thus, this chapter is primarily intended for readers who wish to dive into analytic
combinatorics and apply similar techniques in their research, or who are curious and motivated to
understand the machinery of the results presented previously. As this chapter is the most technical
part of the manuscript, we assume that the reader has consulted Chapter 2 or is familiar with the
field.

Related Work and Contributions

In univariate analytic combinatorics, several standard theorems and formulas are already available
for asymptotic analysis. For instance, one of the central results, the large power theorem [FS09,
Section VIII.8], provides sufficient conditions to derive the asymptotics of coefficient extractions of
the form [2*"] A(z) B(z)™ as n tends to infinity. A natural question is whether similar theorems

exist in the multivariate setting, extending this result to

[2*"] A(2) B(2)".

This extension is precisely formulated by the multivariate Laplace method presented in Pemantle
and Wilson [PW13, Theorem 5.1.2].

Theorem 14 (Multivariate Laplace Method.). Consider a compact neighborhood C C R% of 0
and two functions A(x) and ¢(x) analytic on C. Suppose that the real part of ¢(x) is strictly
positive except at the origin, that its gradient vanishes at the origin and that its Hessian matrix H

is non-singular there. Assume A(0) # 0, then

j’{ A)e=@) gy ~ (T)M ift()()m

and the choice of sign of the square root is defined by taking the product of the principal square

roots of the eigenvalues of H.
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Variants of this theorem exist for the case where A(0) = 0 and where the Hessian of ¢(x) is
singular at 0. In addition, if the assumptions of the theorem are satisfied, except ¢(0) # 0, then we

rewrite
j{A(m)e—”(’b(m)d-’L’ — ¢ 19(0) }{A(m)e_"(¢(m)_¢(0))dm,

and the theorem is appicable with ¢(x) replaced by ¢(x) — ¢(0). Finally, if the point where the
gradient of ¢(x) vanishes is some other point than 0, as long as the Hessian of ¢ is non-singular at
this point and A does not vanish there, the theorem is applicable after a translation sending this

point to 0.

However, it is challenging to verify that a given generating function satisfies its assumptions (e.g.,
localization and uniqueness of the saddle point). So, our first contribution is to introduce new
general results providing sufficient conditions for a generating function to meet the assumptions
of Theorem 14. Our results extend the univariate case [FS09, Section VIIIL.8] to the multivariate
setting. We consider the definitions of rank and periodicity for multivariate generating functions
as some of our most significant contributions, along with Lemma 15, which extends the Daffodil

Lemma [FS09, Lemma IV.1] to the multivariate case.

This allowed us to apply Theorem 14 in the subcritical case of Chapter 4, or more precisely, a
slighly broader version of it (Theorem 17), which takes care of the ceiling function in the coefficient

extraction.

When some of the coordinates of the saddle point are critical, it is not applicable anymore (saddle
point and singularities coalesce). We adapt its proof to our needs (introducing, in particular, a
different integration path), guided by general principles ([De 14]) and other cases of coalescence
(e.g. [Ban+01, Theorem 11]). This adaptation, Theorem 18, is our second contribution and we hope

it will help in the future with other cases of coalescence of saddle point and singularities.

Finally, analytic techniques are known for providing very precise asymptotic results, the so called
"asymptotic expansions". For example, asymptotic expansions for multivariate Laplace integrals
are provided by Pemantle and Wilson [PW13, Theorem 5.4.8].

Theorem 15 (Asymptotic Expansion Formula). Consider a compact neighborhood C C R? of 0
and two functions A(x) and ¢(x) analytic on C. Suppose that the real part of ¢(x) is strictly

positive except at the origin, that its gradient vanishes at the origin and that its Hessian matrix H is

5.1 Introduction
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non-singular there. Assume A(0) # 0. Then, there exist constants ay, depending on the derivatives

of A and ¢ at O such that, for each r > 1, the following asymptotic expansion holds:

d/2 A(O) r—1
—né(z) 7, _ 27T> —k/2 —r/2
?{A(z) e dz <n 7det(7—[) <1 + 321 apmn +O(n )] - 5.2)

Asymptotic expansions therefore provide a refinement of the expressions obtained from the previous
theorem. Indeed, Theorem 14 is a restricted version of Theorem 15, corresponding to retaining

only the first-order term of the latter.

One may wonder why it is relevant to compute higher-order terms in the expansion. In Chapter 4,
for instance, the rate of convergence in the critical case could not be determined using only the first
term; it was necessary to consider the second-order term in the asymptotic expansion to obtain this

rate.

However, for the same reasons mentioned above, the critical and mixed cases require an adaptation
of the proof to derive these expansions. While obtaining an asymptotic expansion in our setting is
not unexpected, it still requires careful modifications and constitutes our third contribution. This

adaptation was carried out by Elie de Panafieu.

Summary of our Contributions and Roadmap

To summarize, our contributions are as follows.

* We formulate general sufficient conditions to reduce the multivariate coefficient extraction
of large powers to a Laplace integral. This extends to the multivariate setting results known
on the univariate case (see [FS09, Section VIIL.8]). We first establish a few lemmas in
Section 5.2 ensuring that the assumptions of the Laplace method are satisfied, then derive the
multivariate large powers theorem in Section 5.3. It is used in Chapter 4 for the subcritical

case from Section 4.5.

* We consider in Section 5.4 the case where the saddle point meets a singularity, which is
applied both in Section 4.6 and Section 4.7 of Chapter 4.

* In Section 5.5, Elie de Panafieu performs the computation of an asymptotic expansion,

improving the precision of our results. It is used in Section 4.9 of Chapter 4.
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5.1.3 Preliminaries

As always, we use bold letters to denote vectors, e.g. * = (z1,...,24) with d € N-¢. Given two
vectors & and y of the same dimension d and a scalar z, we define the notations

Y = xlyl .. ,xdyd7
x2¥ = (129, .. 1q2Y7),

log(m) = (log(xl)a s ,log(xd)).
In particular, we write e’ for the vector ((1e™, ..., (qe%4).
The cumulant generating function associated to the generating function B(z) then writes as

K(t) :=log (B(e")) = log (B(e',. .., €")).
As in Chapter 2, we consider analytic functions. Here is the definition in the multivariate case.

Definition 10 (Multivariate analytic function). Let U C C? be an open setand let F' : U — Cbe a
complex-valued function of d complex variables. We say that F' is analytic at a point w € U if

there exists a convergent power series expansion

F(z) = Z an(z — w)",

neNd

valid in some neighborhood of w, where we use multi-index notation

d
z=(21,...,24), n=(ny,...,nq), (z—w)"= H(z] —wj;)".
j=1

If F'is analytic at every point of U, then F' is analytic on U.

In practice, we often assume the function of interest to be analytic on a polydisc, which is a
Cartesian product of discs, and integrate it on a torus, i.e. a Cartesian product of circles.

To perform approximations as n tends to infinity, we need to consider the gradient of a function
B(z) at &, which is denoted here by V(x).
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Finally, Section 5.2 relies on the following notions. The support of a multivariate power series
B(z) is the set
Sp = {n, [2"]B(z) # 0}

and we define
A(Sp) :={n—m,n,m € Sp}.

We write 1 + qZ> for the set {r + ¢/, { € Z>¢}.

Analytic Conditions for Applying the Saddle Point
Method

This section develops a multivariate version of the Daffodil Lemma [FS09, Lemma IV.1], providing
sufficient conditions for the existence and uniqueness of the saddle point. To this end, we first
present general results on multivariate formal power series, introducing the notions of rank and
period. For a broader treatment of the Daffodil lemma, we refer the reader to Flajolet and Sedgewick
[FS09] for the univariate case and to Melczer [Mel21] for the multivariate case.

Rank and Periodicity of a Multivariate Generating Function

Lemma 12. The kernel of any integer matrix has a basis composed of integer vectors.

Proof. Let M denote a matrix and let its Smith normal form be
M=UDV,

where U and V' are unimodular integer matrices and D is an integer diagonal matrix. The dimension
of the kernel of M is equal to the number of zero elements on the diagonal of D). Consider such an
element of index j and let eU), denote the vector with a 1 in position j and 0’s everywhere else.

Set p(j ) = V~1el). Since V is unimodular, p(j ) has integer coefficients and is nonzero. We have
MpY) =UDVpY) =UDeY =0,

so pU) belongs to the kernel of M. The invertibility of V' ensures that the vectors pl9) are linearly
independent, hence they form a basis of the kernel. O
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Definition 11. We define the rank of a formal power series B(z) as the dimension of the real
vector space generated by A(Sp). We say that B(z) has full rank if its rank is equal to its number
of variables.

In particular, a formal power series on at least one variable and that has full rank cannot be a

monomial.
Lemma 13. [f the formal power series B(z1,...,zq) has rank k, then there exist d — k integer
vectors pV ..., pl4=F) generating a real vector space of dimension d—k and integers 1, . . ., rq_j

such that for all j € [1,d — k]
B(zy"") =y B().

Reciprocally, if such vectors p\9) and integers r; exist, then B(z) has rank at most k.

Proof. If B(z1, ..., z4) has rank k, by Lemma 12, the vector space orthogonal to A(Sp) has a
basis of d — k integer vectors (p(!), ..., p(¢=*)). Fix m in the support Sp of B(z) and define
rj = mTp(j), then for all n in Sp, we have

T ()

n' pV =ry, so B(zy?") =y B(2).

Reciprocally, if there are d — k linearly independent integer vectors (p!), ..., p(*~*)) and integers
r1,...,74—g such that
B(zy?"") =y B(2),

then each pU) is in the vector space orthogonal to A(Sp), so this vector space has dimension at
most k. O

In this thesis, we will consider a polynomial P having full rank. It is however worth noticing that

coefficient extraction in a power series that does not have full rank can be simplified as follows.

Say we are interested in the coefficient extraction [z2"]B(z) of a power series B(z) that does not

have full rank. Let p and r denote a nonzero integer vector and an integer such that
B(zy?) = y"B(z).
Since p is nonzero, there exists j such that p; # 0. Then for any n € Sp, we have

_r= Zé;&jpﬁnf
ST
J
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so n; is uniquely determined by (n4)¢-; and

ifn? r
("] B(=) = {0 Pz

n Nj—1_MNj+1 n, .
[zll---zjil Z 1 o2y B(z1, . 2j—1,1, 2j41, ..., 24)  otherwise.

Thus, coefficient extraction in a power series that does not have full rank reduces to a coefficient

extraction in a power series with fewer variables.

Consider a univariate probability generating function B(z) = ", b,2", meaning b,, > 0 for all n

and B(1) = 1. Its cumulant generating function K (t) is defined as
K (t) = log(B(e").

A classic result of probability theory states this function is convex on its domain of definition (direct
application of Holer’s inequality, see e.g. [DZ09]). Our next lemma is a multivariate variant of this
result. The proof is adapted from [FS09, Note IV.46].

Lemma 14 (Convexity of the cumulant generating function). Consider a series B(z) with nonneg-
ative coefficients, full rank, and analytic on a neighborhood ) of 0. Then its cumulant generating

function

K :t s log (B(e"))

is strictly convex on {t € R%, et € Q}.

Proof. Let X denote the vector of random variables parametrized by « € Rio N with distribution

By construction, those probabilities sum to 1. This is the so-called Boltzmann distribution associated
to the generating function B(z) (see [Duc+04]). We now follow the classical proof of convexity of
the cumulant generating function of a multivariate random variable, then prove that the assumption

that B(z) has full rank implies strict convexity.

The moment generating function of X is
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Observe that the cumulant generating function of X is equal to
log (E(e" X)) = log (B(xe")) — log (B(@)) = K (¢ + log()) — log (B()).

The vector of the means is
B diag(x)Vp(x)

E(X) B(z)

It is equal to the gradient of K (t) at t = log(x). The covariance matrix is
Var(X) = B((X - E(X))T(X - E(X))) = E(XXT) - BE(X)E(X)T.
It is equal to the Hessian of K'(t) att = log(x).
For any vector u € R¢,
T T N2
u” Var(X)u = B(((X - B(X))"w)?),
so Var(X) is positive semi-definite. Consider a vector u such that
0= u” Var(X)u = B(((X - B(X))"w)").
This implies (X — E(X))Tu = 0 so, for any n, m in the support of B(zx),

T

(n—m) u=0.

Our assumption that B(z) has full rank implies w = 0, which proves that Var(X) is positive
definite. Since Var(X) is equal to the Hessian of K (t) at log(x), we deduce that K (t) is strictly
convex on {t € R? et € Q). O

We recall below the definition of g-periodicity from Flajolet et al. [FSZ91, Section 4.2] for univariate

formal power series.

Definition 12. A univariate generating function B(z) is said to be g-periodic if there exist an

integer r and a formal power series C'(z) such that
B(z) = 2"C(29).
Equivalently, the support Sp of B(z) satisfies

Sg Cr+ qZZo.
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The series B(z) is said to be aperiodic if it is not g-periodic for any g > 2.
Let us now extend this definition to multivariate formal power series.

Definition 13. A multivariate generating function B(z1, ..., z4) is said to be g-periodic if there
exist nonnegative integers p1, . . . , pg, not all divisible by ¢, such that B(y?*, ..., yP?) is a g-periodic
univariate formal power series. An equivalent formulation on the support Sp of B(z) is that there

exists a nonnegative integer r such that
{p"n,nec S} Cr+ qZ>y. (5.3)

Yet another equivalent formulation is that there exists a formal power series E(z,y), integers

p1,- .., pq not all divisible by ¢ and an integer  such that
B(z1yPt, ... zqyPY) = y"E(z,y7).
We say that B(z) is aperiodic if it is not g-periodic for any g > 2.

Note that our definition of aperiodicity is related but distinct from the one from [Mel21, Defini-
tion 5.9]. Our next result presents a simple sufficient condition for a formal multivariate power

series to have full rank and be aperiodic.

Proposition 1. Let e; denote the vector with a 1 at position j, and Os everywhere else. Consider a
formal power series B(z1, ..., zq) whose support contains 0, e1, . .., eq. They B(z) has full rank

and is aperiodic.

Proof. Since the support of B(z) contains 0, we have Sp C A(Sp). Thus, A(Sp) contains d
independent vectors ey, . . ., €4, so it has rank d and B(z) has full rank. Consider an integer vector

p and integers 7 and ¢ > 2. Assume
{p"n,n € Sp} Cr+ qZ>o.

For n = 0, we deduce that ¢ divides r. For n = e;, we deduce that ¢ divides p; — r, so p; is a
multiple of ¢g. Thus, p is necessarily a multiple of ¢ and B(z) cannot be g-periodic, so B(z) is

aperiodic. O

With this background in place, we are now ready to state and prove a multivariate extension of the
Daffodil Lemma [FS09, Lemma IV.1].
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5.2.2 The Daffodil Lemma

The Daffodil lemma states that the absolute value of a univariate generating function with nonneg-
ative coefficients reaches its maximum at a unique point on any disk contained in its domain of
convergence if and only if it is aperiodic. Our following lemma extends this result to the multivariate
setting. This is reminiscent of [Mel21, Proposition 5.5] that provides sufficient conditions for the
minimal point (a central concept of singularity analysis, defined there) of rational functions to have

positive real coordinates.

Lemma 15 (Multivariate daffodil lemma). Consider a multivariate power series B(z1, ..., zq)
with nonnegative coefficients and a vector { € IRiO such that the domain of convergence of B(z)

contains the closed polydisc of radius ¢

D(C) = {Z, ’21| <GA...A |Zd| < Cd}
Then for all z € D(C), we have |B(z)| < B({).
Assume furthermore that B(z) has full rank. Then |B(z)| has a unique maximum on D(() if and

only if it is aperiodic.

Proof. Using the positivity of the coefficients of B(z), triangular inequality yields for any « €
D(¢)
|B(x)| =

Z bpx™

Assume |B(z)| = B(¢), then (|z1], ..., |zq|) = ¢, so there exists a vector t € [0,1)? such that
for all j, we have x; = (je%“ti. The case t = 0 corresponds to = (. Let us assume first £ = 0,

<Y balel" < 3 ba¢™ = B(Q).

and prove that there exists ¢ > such that B(z) is g-periodic. The equality |B(x)| = B({) implies

b Cn 621'7rnTt
§ n
n

= anC"7

so by the triangular inequality, for all o in the support Sp of B(z), the complex numbers g2imn’t

are aligned. This is equivalent with the existence of ¢ € [0,1) such that for all n € S, we have
n't = to mod 1.

Then for all n € A(Sg), we have
n’t=0 mod 1.
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Thus, for all n € A(Sp), there exist integers &y, such that

Let A(Sp)’ denote the set of vectors n from A(Sp) with an additional element —k, at the bottom,
and let ¢’ denote the vector ¢ with an additional element 1 at the bottom, then the previous equality
is equivalent with

nTt' =0

forall n € A(Sp)’. Since B(z) has full rank, A(Sp) generates a vector space of dimension d, so
the vector space orthogonal to A’(Sp) has dimension at most 1. It contains a nonzero vector, so
the dimension is exactly 1. By Lemma 12, there exists a nonzero integer vector w orthogonal to
A(Sp)'. We have t/, .1 =1land t’ proportional to the integer vector u, so t is a vector of rational
values. Recall that ¢ € [0,1)? and is nonzero. Thus, there exist ¢ € Z>3and p € Z‘éo with ¢ that
does not divide all p;, such that t = p/q, so forall n € A(Sp),

n'p=qky.
Fix r = mingegs, (n? p), then forall n € Sp,
n'p—r=qky.

Thus, g divides n” p — r. This implies the existence of a formal univariate power series C(y) such
that

B(yp17 o 7ypd) = yrc(yq)7 (54)

so B(z) is g-periodic.

Reciprocally, if B(z) is g-periodic for some g > 2, there exist nonnegative integers r, p1, . . . , Pd,
with ¢ not dividing all p;, and a formal power series C'(y) such that Equation (5.4) holds. Then for
all m € Sp, the integer ¢ divides n”p — r, so e2imn'p/q — 2inr/q_ For any ¢ € Rio such that the

domain of convergence of B(z) contains the polydisc of radius ¢, setting x = ¢ e2™P/4 we have

B@)| =| > bagre? ™ /e

nesSp

Z bn Cn62i7r7'

nesSp

Y ™

nesSp

= B(¢),

where the last equality comes from the fact that the coefficients of B(z) are nonnegative. Thus, on
the torus of radius , at the point &, which is distinct from ¢, we have |B(x)| = B((). O
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In this thesis, we only consider aperiodic polynomials. Nevertheless, it is worth briefly discussing
the periodic case, as it reveals useful simplifications in coefficient extraction. Indeed, coefficient
extraction in a periodic power series can be simplified as follows. Suppose we are interested in
the coefficient extraction [2™]B(z). If B(z) does not have full rank, we saw after Lemma 13 how
to simplify the coefficient extraction. Assume now B(z) has full rank, is analytic at 0, and is
g-periodic for some g > 2. Then there exist nonnegative integers r, p1, . . . , pg, With ¢ not dividing
all p;, and a power series £(z,y) such that

B(zyP) = y"E(z,y?).

‘We have
[2"]|B(z) = [z"y? "|B(z1yP", . .., zayP?) = [2"yP "y E(zyY).

Let j be such that p; # 0 (which must exist, otherwise ¢ would divide all p;). Let n, ; denote the
vector (N, ..., Mj—1,Mj41,- .. ,Nq) and similarly for z\ ;. Then B(z) having full rank implies

[z”ypT"]B(zyp) _ [ZC\jyan]B(zlyp17 e Zj_lypjfljypj,zj_"_lypﬁrl? o Zdypd).

Define

D(z\j,y) == E(21,.-,2-1,1,2j41, -+, 24, Y),

then
n 0 if ¢ does not divide p’n — 7,
B =1 ., ,

[z\jjy(p "_T)/Q]D(z\j, y) otherwise.

Thus, when | B(z)| reaches its maximum on a polydisc at several points, the coefficient extraction
[z"] B(z) can be simplified. This shows that the location of the maximum modulus of B(z) on a
torus is essentially independent of the choice of torus, as long as the torus is centered at the origin

and lies within the domain of convergence. The following corollary formalizes this property.

Corollary 3. Consider a power series B(z) and two complex torii Ty, Ty centered at the origin
and contained in the domain of convergence of B(z). If | B(z)| reaches its maximum on T at a

unique point, then it reaches its maximum on I at a unique point as well.

To conclude, we provided a formal framework of sufficient conditions for the existence and
uniqueness of the saddle point. Consequently, to apply the multivariate Laplace theorem, it suffices
to verify that the function of interest satisfies the conditions of Lemma 15, without explicitly
computing the saddle point. This considerably simplifies the analysis: checking these conditions

typically require only a few steps, as illustrates Section 4.4 of Chapter 4.
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With these conditions in place, we can now state the main theorems explicitly, beginning with
the case where the saddle point does not coincide with the singularity of the generating function,
namely the large powers framework.

Large Powers

When the saddle point does not coincide with the singularity, we are in the large powers framework,
so called because the generating function is raised to a large power. In this setting, exemplified
by the subcritical case of Section 4.5 in Chapter 4, the contour of integration can pass through
the saddle point without intersecting the singularity, and Theorem 14 provides the key asymptotic

result.

Therefore, in this section, we restate Theorem 14 under the sufficient conditions established above.
The result is first stated for coefficient extraction at index An with a fixed rational vector A, and
then extended to the more general case of indices given by sequences of real vectors of the form
Kn = An + O(n?), fitting the framework of Chapter 4.

Theorem 16 (Multivariate large powers theorem). Consider a power series B(z1, ..., zq) with
nonnegative coefficients, full rank (Definition 11), aperiodic (Definition 13) and convergent on a
neighborhood ) of 0. Let K (t) = log (B(e')) denote its cumulant generating function. Let
denote a vector of positive rational numbers such that the function K (t) — X't does not tend to
its infimum on the boundary of ¥ = {t € R%, et € Q}. Let T denote the unique point of ¥ where
K (t) — ATt reaches its minimum and H denote the Hessian matrix of K (t) at T. Set { = €™.
Consider a power series A(z) analytic on the torus of radius ¢ and satisfying A(¢) # 0. Then,

considering large values of n such that An is a vector of integers,

A(C) B()"
22 A(2)B(2)" ~ .
B ~ T

Proof. Lemma 14 ensures that K () is strictly convex, so K (t) — ATt is strictly convex as well.
Since it does not reach its minimum on the boundary of W, there exists a unique point T in ¥ where

K (t) — ATt reaches its minimum. We write the coefficient extraction as a Cauchy integral.

AR B(E)" = g § AR B S
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The analycity of B(z) at ¢ and its nonnegative coefficients ensure that B(z) is analytic on the torus

of radius ¢. We choose for the integration domain the torus of radius ¢

1 . . do
PGB = o [ ACEIBE) o

Introducing
T B(Ceie)
?(0) =X 0—log< B(C) ),
we have B 1
An n __ 10y _,—ng(0)
AR = " g /9 A s,

Since | B(¢e)| reaches its maximal value B(¢) only at @ = 0, the real part of ¢(8) is positive
except at @ = 0. The Hessian matrix of ¢ (@) at @ = 0 is equal to the Hessian matrix H of K (t)
at t = log(¢), and is nonsingular according to Lemma 14. The result of the theorem follows by

application of the Laplace method, recalled in Theorem 14. O

As mentioned above, applications often require greater flexibility than provided by the previous
result, notably in Chapter 4. Instead of extracting the coefficient at index An for some fixed rational
vector A\, we may consider indices k,, ~ An. This allows us to handle cases where A\ contains
irrational values or, as in Chapter 4, when the index involves a ceiling function. To obtain this

result, we follow the proof of Theorem 14, with slight modifications.

Theorem 17 (Multivariate large powers theorem, more general setting). Consider a power series
B(z1,. .., zq) with nonnegative coefficients, full rank, aperiodic and convergent on a neighborhood
Q of 0. Let K(t) = log (B(e')) denote its cumulant generating function. Let X denote a vector
of positive rational numbers such that the function K (t) — ATt does not tend to its infimum on
the boundary of ¥ = {t € RY, et € Q). Let T denote the unique point of ¥ where K (t) — X't
reaches its minimum and H denote the Hessian matrix of K (t) at T. Set { = ™. Consider a power
series A(z) analytic on the torus of radius ¢ and satisfying A(C) # 0. Consider 6 < 1/2 and a
sequence of vectors of real values
Kn = An+ O(n?).

We have

AQ) B

z2FA(z)B(2)" ~
#IA=)B(=) (27mn)? det(H) ¢

5.3 Large Powers
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Proof. We write again the coefficient extraction as a Cauchy integral on the torus of radius ¢

‘ ) de
IARBE) = G [ A BE)

and introduce

0
#(8) := iAo — log (B J(SC(Z) )> (5.5)
to rewrite it as
. B 1 P 0
20| A(2)B(2)" = én) o /(_M]dA(cea)e o0 (5.6)

Central part. We introduce a positive sequence &,, converging to 0 and specified later. The central

part of the integral is defined as

1 i0y,—ne0)___ 40
Crn = @n)d /(—an,an)d A(Ce)e prTm kL

Since ¢(0) = 0 and, by definition of ¢, the gradient of ¢(8) also vanishes at 0, the Taylor expansion
of (0) is
1
() = =507 HO + O(|6]1). (5.7)

For 0 € (—¢p,¢e,), we have
no(@) = —gGTHO + O(nen?).

We will choose &,, to ensure ne,> — 0 so that the term in the O is negligible. At the same time, we

-an)To

want n°e,, — 0, so ¢t(#n ~ 1 uniformly for 6 € (—e,, &,).

The change of variable t = \/n@ is applied

o _ /2

A Cein—1/2t)eftTHt/2+O(n€"3)dt.
(2m)? /<—ﬁann/ﬁfn>d

We have A(Cei”71/2t) — A(¢) and ne,® — 0, so

—d/2
Cp ~ A(C)

—tTHt/2
(2m)d /(—\/ﬁsn,\/ﬁsn)d e dt.
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We recognise a Cauchy integral and choose ¢, such that \/ne,, — +00, so

/2

4T A(Q)
Cn A(C) (27-[-)(1 /(_ too)d € ¢ ¢ dt (

271n)? det(H) '

To satisfy the three constraints on ¢,,, we define it as follows.
e, =n P with 8 € (max(d,1/3),1/2).

Tail. The tail corresponds to (—, 7]%\ (—&,, ,)%. The tail part of the integral (5.6) is bounded by

/(—Wvﬂ']d\(—smsn)d

0c(—m,m)d

We will prove in the next paragraph that for all large enough 7, the minimum of Re(¢(8)) on the
tail is reached at some points from [—&,,, £,]% \ (=&, £,)%. Thus, the tail is bounded by

o(1) sup e Re(@(9))
06[_5n75n]d\(_5n,5n)d

We replace ¢(0) with its Taylor expansion
“nRe(¢(8)) = —geTﬂo + O(nen®).
Our choice of €, ensures the O tends to 0. We divide 6 by &,, to bound the tail by

nen?

O(1) sup exp (— (en_IO)TH(sn_10)> :
—enen)d

O€[—en,en]\(

The vector £, 16 has at least one coefficient equal to —1 or 1, so it stays bounded away from 0.

Since H is positive definite, there exist a positive constant ¢ such that (g, 10)TH (s, 710) > ¢, so

the tail is bounded by
2
O(1) exp (—cm;n ) .

Since ne, 2 — 400, this converges exponentially fast to 0, so the tail is negligible compared to the

central part of the integral.
Now we need to locate the minimum of Re(¢(8)) on the tail. By definition of ¢(@), we have

B(¢e™)

Re(¢(0)) = Re (MTB ~ log( BT

)) = log(B(()) — log(|B(C€w)’)‘

5.3 Large Powers

A(Ce"")e—W(")]deg( sup IA(Ce"")I> /( " )de—"Re(¢<9>>d9.
-, —En,En
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Thus, the minima of Re(¢(8)) correspond to maxima of | B(¢e'®)|. By assumption, on the polydisc
of radius ¢, the maximum of |B(z)| is reached only at z = ¢, so the minimum of Re(¢(8)) is
reached only at @ = 0. As all points of the central part tend to ¢ with n, this minimum tends
to Re(¢(0)) = 0. By contradiction, let us assume that there is an infinite set of indices n for
which there exists a point in (—, )%\ [~&,, £,]¢ where Re(4(8)) reaches its minimum on the tail
(=7, )%\ (—€n, en)?%. We extract a converging subsequence u,,. The limit v must be 0, otherwise
lim,, Re(¢(uy)) = Re(¢(v)) > 0, which contradicts the fact that the minimum on the tail tends
to 0. The gradient of Re(¢(@)) vanishes at each 8 = u,,. From Equation (5.7), we deduce that the
gradient of Re(¢(0)) at @ = w,, is proportional to Hu,, + O(||uy,||?). Let g, denote the minimum
of the absolute value of all coefficients of u,,, then for all n

Uu
H—+ O(||lun]) = 0.
An
Left-multiplying by !, we deduce that u,, /¢, converges to 0, which is impossible as at least one

of its coefficients is equal to 1. This concludes the proof that for all large enough n, the minimum
of Re(¢(8)) on (—m, 7|4\ (—en, en)? belongs to [—£,, £n]? \ (—€n, en)?. O

Combining Large Powers and Singularity Analysis

When some coordinates of the saddle point coincide with singularities, the theorem stated in the
previous section must be adapted. This situation arises, for instance, in the subcritical case discussed
in Section 4.6 and the mixed case in Section 4.7 of Chapter 4, where the contour of integration
cannot pass through the saddle point without intersecting a singularity.

The following result generalizes Theorem 17 to the case where the saddle point coincides with
singularities. It provides the analytic foundation for Theorems 6, 9 and 11 and can be seen as
a multivariate combination of the large powers theorem [FS09, Theorem VIII.8] and singularity
analysis [FS09, Section VI]. The presence of large powers simplifies the singularity analysis and
avoids the more intricate complications of full multivariate singularity analysis [PW13]. A more

precise asymptotic expansion of this result will be derived in Section 5.5.

Theorem 18. Consider a power series B(z1,...,zq) with nonnegative coefficients, full rank,
aperiodic and convergent on a neighborhood §) of 0. Let K (t) = log(B(et)) denote its cumulant
generating function. Let X denote a vector of positive real values such that the function K (t) — X't
does not tend to its infimum on the boundary of U = {t € R?, et € Q). Let T denote the unique
point of U where K (t) — ATt reaches its minimum. Set ¢ = .

Chapter 5 Multivariate Analytic Combinatorics




We assume (; < 1 for all j and denote by S the set of indices such that (; < 1, and by C the
corresponding set for (; = 1. Note that by assumption, we have SUC = {1,...,d}. Let H
denote the Hessian matrix of K (t) at T and M the submatrix of H~! corresponding to the rows
and column in C. Consider a power series A(z) analytic on the torus of radius ¢ and satisfying

A(C) # 0. Consider a real value § < 1/2 and a sequence of vectors of real values
Kn = An+ O(n?).

Then

A(z)B(z)" B(¢
HjGSUC(l - Zj) ¢r

(2] A ! / emu Mu/2gy,
n (0,+c0)€l

[Tjes(1—¢) \/(2w)dn\sl det(H)

Remark. Note that this theorem actually encompasses Theorem 17, which corresponds to the
case where C is empty. We chose to present both versions because it is instructive to consider the
large powers theorem on its own, particularly to see it rewritten under the conditions developed in
Section 5.2. Similarly, the case where all coordinates are critical, as in Section 4.6 of Chapter 4,

corresponds to S = ().

Proof. We write the coefficient extraction as a Cauchy integral and apply again the change of
variable z = Ce’®. However, for j € C, as ¢j = L and z; = 1 is a singularity of the integrand, we
cannot let 6; go through 0. So in that case, fixing &, = n~# with 8 € (max(d,1/3),1/2), as in
the proof of theorem 17, we define the path of integration for 6; as (—m, —¢,,), then a half-circle
centered at 0, starting at —e,,, going through ie,, and stopping at &, then (¢, 7]. For j € S, we
have (; < 1 so we choose the integration path 6; € (—m,7]. The function ¢(t) is defined as in
(5.5) and eq. (5.6) becomes

[ZH"] A(Z)B(z)n B B( / Cez@ —ng(0) do
[Tiesue(l = %)) ¢rn o (2m)d [Liesue(1 = Gje i) gilkn—2An)T0"

Central part. It corresponds to the following part of the domain of integration, denoted by ~,,. For
J € C, we choose 6; on the half-circle described above. For j € S, we choose §; € (—&,,,€,). On
this domain we apply a Taylor expansion of the integrand Note that for j € C, as (; = 1, we have
1 — e 05 ~ —i6;, while for j € S, we have 1 — (e’ 05 ~ 1—¢;.

.y A e ™) dg | /A<<>eneTﬂe/2+O<n0n3> 0 68
@) Jy, Tesue(t = Ge) el ™ 2m)d | Tee (i) Ties( = G)

5.4 Combining Large Powers and Singularity Analysis
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Note that our choice of &, ensures that O(n||6||®) tends to 0. The change of variable ¢ = \/n@ is

applied. The integral is now equivalent with

A(C) Z|C\ eftTHt/Q
d
Hjes(l - Cj) (277)0{”‘8'/2 / Hjec tj b

where the domain of integration is the following. For j € C, t; is on the line from —/ne, to i,

then on the line from i to \/ne,,. For j € S, t; € (\/n — ep, /ney). The tails of this integral are
exponentially small, so we add them to simplify the expression. The central asymptotics becomes

|C| —tTHE/2
A(Q) i / e
(

[Tjes(1 = &) (2m)4nlSV2 Ji—oo,itoc)iClx(—c0,+00)i81 [jec ts

To further simplify the expression, we inject the following identity, valid for any ¢ with positive

1 too
- = —i/ e du.
t 0

Applying this identity for t = t; and j € C yields

imaginary part:

A(Q) / / ( L 7 ) )
exp | —=t" Ht+i E uit; |dudt.
(27T)dn‘8|/2 Hjes(l - Cj) (i—oo,i+oo)‘c|><(—oo,+oo)‘s‘ (0,+oo)‘c| 2 jec T

Let (uc, Os) denote the vector of dimension d with u; at any index j € C and 0 at any index j € S.
The matrix H is definite positive, so its inverse and square root are well defined. We interchange

the integrals and apply the change of variable s = v/t

A(¢) 1
[Tjes(1—¢5) (27r)d\/m
1

X / / exp <—8TS +i(uc, 03)T7-£1/2s) dsdu.
(0,400)I€l J(i—00,i4-00) €I x (—00,+00)ISI 2

The argument of the exponential is factorized

A(Q) 1 )
[Mjes(t = G) (27)d\ /nIS| det(H) / /
exp (—; (s —iH Y2 (ug, Og))T (8 —iH Y2 (ug, 05)) - %(UaOS)TH*l(UCv OS)) dsdu.
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The integrals with respect to each s; are now separated, each a Gaussian integral with value /2.

We deduce that the central part has asymptotics

A(¢) 1
[Tjes(1—¢) \/(27T)dn|$| det(H)

1
/ exp (—(uc,OS)TH_l(uC,05)> du.
(0,4-00)l€l 2

Tail. The proof that the tail is exponentially small compared to the central part is the same as in the
proof of Theorem 17. O

Asymptotic Expansion

In the previous chapter, we observed that applying Theorem 18 to the critical case only yields the
limiting value, not the rate of convergence. This is expected, since in this case the limit is nonzero,
and the first-order approximation is therefore equal to this limit. In situations of this kind, it is of
interest to determine the next-order term. More generally, one may seek asymptotic expansions of
arbitrary order. So, in this section, we explain how to obtain more precise asymptotic results, as

applied in Section 4.9 of Chapter 4.

As mentioned before, our treatment of the subcritical case, in Theorem 17, is an application of a
technique known as large powers, relying on the Laplace method. It is well known in the field (see
e.g. [PW13]) that the corresponding asymptotic expansion consists of terms in increasing powers of
1/n. The critical and mixed cases from Theorem 18 combine properties from large powers and
singularity analysis. In univariate singularity analysis [FS09, Section VI], the asymptotic expansion
is also found to be in powers of 1/n. Somewhat surprisingly, our next result shows that in the

critical and mixed cases, the asymptotic expansion is in powers of 1/,/n instead.

Theorem 19. Consider a power series B(z1,...,zq) with nonnegative coefficients, full rank,
aperiodic and convergent on a neighborhood ) of 0. Let K (t) = log(B(et)) denote its cumulant
generating function. Let X denote a vector of positive real values such that the function K (t) — Xt
does not tend to its infimum on the boundary of ¥ = {t € R%, et € QY. Let T denote the unique
point of ¥ where K (t) — ATt reaches its minimum. Set { = €.

We assume (; < 1 for all j and denote by S the set of indices such that (; < 1, and by C the
corresponding set for (; = 1. Note that by assumption, we have SUC = {1,...,d}. Let H

denote the Hessian matrix of K (t) at T and M the submatrix of ™" corresponding to the rows

5.5 Asymptotic Expansion
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and column in C. Consider a power series A(z) analytic on the torus of radius ¢ and satisfying

A(C) # 0. Consider a real value 6 < 1/2 and a sequence of vectors of real values
Kn = An + O(nd).

Then for any r > 1, there exist functions ay, p of K, — An (which are bounded with respect to n)
such that

A(z)B(z)"  B(O" 1 r—1 ) B
Mcssc—2) = oo wsI (,;ak”” V24 om 2>>' (5.9)

2"

An algorithm computing them is provided in the proof. In particular, ag := ag y, is independent of n

and is equal to
T
e U Mudu

1
. \/ (2m)4 det(H) /(07+°°)C'

and we will express a1, in Lemma 16. Furthermore, in the particular case C = (), then aj, , = 0

for all odd k.

Proof. We fix some r > 1. Let us say that a sequence u,, tends superpolynomially fast to 0 if for
any integer k, the sequence n*u,, tends to 0. For example, e~V tends superpolynomially fast to 0.
We proved that the tails tends superpolynomially fast to 0, so its contribution to Equation (5.9) is
negligible. We apply the change of variable ¢ = \/n8 in the left-hand side of Equation (5.8) and

deduce
[znn A(z)B(Z)n _ B(C)n 1
HjESUC(l - Zj) Cnn (27T)dnd/2
/ Cezt/xf —né(t//n) gt (1 o /2))
- Lo
HJESUC 1 - Cj et /\/ﬁ) cilkn—2n)Tt/\/n

where the domain of integration is the following. For j € C, t; is on the line from —/ne,, to 1,
then on the line from ¢ to \/ney,. For j € S, t; € (—\/ney, \/ney,). Let us set

iy A exp (5THE - o(ty)y?)
) e 2 ) sl — gyetom) @
JEC “itsy Jjes J

(5.10)

Recalling that {; = 1 for j € C and injecting F'(¢, ) in our previous expression leads to

o Alz)B(=)" = B(Q)" il°! F(tvn_l/Q) —tT /2 -r/2
[z ]Hj€SUc(1 —zj)  CFn (2m)dnlSI/2 / ect; e dt (1 +O(n )) _
(5.11)
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1—¢'tiY
—it;y

The term has a Taylor expansion at y = 0. Observe also that the valuation of %tT’Ht —
¢(ty)y~2 iny is at least 1, and that in the series expansion at (,%) = (0,0), each monomial where
the sum of the exponents of the ¢; is p has y at the power p — 2. This implies that F'(¢,y) has a

Taylor expansion at y = 0, denoted by

r—1
F(t,y) = Y By + O ((tr--ta)y")
k=0

where (3, is some sequence depending on r (we could prove 3, < 3r but will not need it) and each

Fj(t) is a polynomial in ¢ and in K,, — An, which is a bounded sequence in n. With our domain of
integration, we have for any 3,

ot y)Brp /2
(O o
Hjectj

1/2

so, injecting in Equation (5.11) the Taylor expansion of F'(t,y) at y = n~ /<, we obtain

Kn A(z)B(z)" _B(C)n 1 =l Fy(t) —tTHL/2
= ]HjeSuC(l_zj)_ grn n8|/2< [(27r)d Hjectje i

k=0

The tails of the integrals are exponentially small, so we add them to simplify the expression. After

S|

deformation, the domain of integration becomes (i — 00, i + 00)I¢l x (—00, +00)I°|. Defining

|C| Fi(t
A 1= = d/ k(t) 6_tTHt/2dt7
(2m)% J (i—o00,i+00)I¢l x (—o0,400)I8I [Tjec b

we obtain Equation (5.9).

The expression of ag was obtained and simplified in the proof of Theorem 18. Let us now
show how to apply the same ideas to the other coefficients. Write for any complex ¢ with positive

7 +oo it
- = / e du,
t 0

imaginary part

then
1

27)d

Akn = / / tP Fy(t) et HE/2+i(ue.08) "t gy
( (0,4-00)/c]

5.5 Asymptotic Expansion

n—k/2 + O(n—r/2)> ]
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We apply the change of variable s = v/t and factorize the argument of the exponential as in the
proof of Theorem 18. The coefficient ay, ,, is then equal to

Fk(7'[71/28)675%/2”(%’OS)TH_I/zsduds

1
(2m)d\/det(H) //(o,+oo)lc
‘Which rewrites as

fH—l/QS)e—(s—i?—t_l/z(uC,OS))T(s—iH_1/2 (”C’OS))/Q_"TM“/zduds.

1
(2m)d\/det(H) //(0,+oo)c| Ei(

We interchange the integrals and shift the vector s by iH /% (x, 0)

H Y25 +iH H(ue, 03)) e 8" 82t Mu/2 g,

1
= F,
k, (2m)¢\/det(H) J(0,+00)lc] / F (

Recall that Fj,(t) is a polynomial, so there exist polynomials Gy, , () (which are also polynomials

in K, — An) and a finite set .S, C Z%o such that

F, (H‘I/QS +i7-l_1(uc,0$)) = > sPGpp(u).
PESk

We deduce

/ spG;w(u)e_sTS/Q_“TM“/zdsdu.

A,n = (2m) ,/det pg; /o +o0)lC]

Each integral with respect to s;, for j € S UC, is simplified using the formula

/ spe_SQ/st _ 0 if p is odd,
(i—00,i+00) V2T (22qqq, if p = 2q.

We observe that in the expression of ay, ,,, only vectors p where all coefficients are even may

contribute. Let us define
Sl: = {q7 2q S Sk}a

then

1 2q:)!
Uy =~ ) ( 11 oo >/(0+ Jiel Grag(w)e ™ MW 2du.  (5.12)

(2m)d det(H) qes; N jeSUC 291 g;!

Chapter 5 Multivariate Analytic Combinatorics




In the particular case C = (), the function F}, is simply composed with H~/2s. If k is odd, by
construction, the sum of the exponents in each monomial of Fy(t) is odd. This implies that each
monomial of Fj,(H~'/2s) contains some s; at an odd power, so aj, , = 0.

An alternative approach to compute the coefficients ay ,, is to apply the change of variable
—tTt/2 = ¢(0) in the left-hand side of Equation (5.8). We refer the interested reader to [PW13,
Chapter 5]. ]

Theorem 19 essentially guarantees the existence of the coefficients, but does not present them in
a particularly transparent form. In particular, the proof establishes the existence of polynomials
G p(u) (depending on k,, — An) and of a finite set S}, C Z‘éo such that

_ 1 (2(]j)! / —uT Mu/2
Ak,p = Z ( H 25,1 | Jiosoeye Graq(u)e du,

(2m)d det(H) qes; \jesue

without making the individual terms explicit. Our next result provides a more concrete expression

for the coefficient a1 ;, in the asymptotic expansion from Theorem 19.

Lemma 16. With ¢ defined as in Theorem 19, define the polynomial

B(CG“’))
B(¢) )

$3(t) := [y°]log (

Observe that the sum of the exponents of each of its monomials is 3. Let ¢5(u) denote the polynomial

obtained by replacing each monomial tjtit, (with j, k, £ in S U C not necessarily distinct) with

—ef H ' (uc,05)ef H ™ (uc,05)ef H™ ' (uc, Os) (5.13)

-1 -1 -1 Ty
+<(H Jke€j + (H)jer + (H )j,kee) H™ (uc, 0s).

Let b denote the vector of size d with b; = —1/2 for j € C and b; = 152_]_ for j € S. Then the term

a1.n in the asymptotic expansion from Theorem 19 is equal to

R (9 1
" es(T=G) \J2m)d det(H)

< /(07+OO)C| (¢§<u> _

5.5 Asymptotic Expansion
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Proof. Our first step is to compute F (t) = [y']F(t, y), where F(t, ) is defined in Equation (5.10).
Using the expression of ¢3(t) from the lemma, we have the following Taylor expansions

A(Ce™) = A(¢) +iVa(Oty + O(y),

exp 5t HE ~ o(t)y?) = 1~ in(t)y + O1)

1 ]
Ty = L= gty + O,
—it;y
1 1 G

it 2

=Gt 1-¢ ta—geE vt O(y"),
1 .

cilkn—xn)Tty 1 —i(kn — An)Tty + OH?).

Using the vector b from the current lemma, we obtain the following Taylor expansion for the

products , 1
[jec I:f;;;y [Tjes(1 = (e's¥) Tibty + Oy)
We deduce
—iA(C) Va(€) T
iyl ClCke b (r5n — A |
F(e) Hjes(l ) <¢3(t) A(C) t (k n) t)

Following the proof of Theorem 19, our next step is to compute

Z( I ;?1?2]).:>G1,2q(U)-

qest N jesuc

It is obtained by the following transformation of F} (t). Replace t with % ~1/2s + iH ' (uc, 0s),

(29)
24q!

power 1 will be transformed into i ~!(uc, Os). By construction, ¢3(t) is a polynomial where the

then for each j and k, replace 3;? with 0 if k£ is odd, and with Lif k= 2q. Clearly, any t; at the

sum of exponents in each momonial is 3. Consider three integers j, k, ¢ in S U C. The monomial

t;trte will be transformed into

(eJT’H_l/Qs + ieJT’H_l(uc, Og)) (6{7‘[_1/28 +iet H ! (uc, 03))
X (e??—l_l/Qs +iel H (uc, 05))

where each sy, at an odd power is replaced by 0 and each s% is replaced by 1, forall h € SUC.

The expression becomes
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— ie??—[_l(uc, 05)6%7’[—1(11@, 03)6?7‘[_1 (uc,0s)

d
+ ie??—[_l(uc, 0s) Z eg’H—l/thegTH_l/th
h=1
d
+ie} H (ue, 05) Z ef’l—[_l/zehegTH_l/th
h=1
d
+iel H ' (uc,05) Z ef?—[ﬁl/thefol/zeh
h=1

which, given the symmetry of 1 ~'/2, is equal to (5.13). With ¢35(u) defined as in the lemma, we
deduce that after evaluating F (t) at t = H~/%s + iH ' (uc, 0s), then replacing for each j any
odd power of s; with 0 and s7 with 1, we obtain

Z ( H (qu)!>G1,2q(u) _

qes; N jesuc 29 ¢!
L * ) — VA(C) (ko — An T 1 u
[ljes(1=¢5) <¢3( ) [ A(C) +b—(kn—A )} H( c,03)>.

Injecting this in Equation (5.12) for & = 1 yields the expression of a; ,, from the current lemma. []

Conclusion

Summary of the Contributions. In this chapter, we developed multivariate saddle point theo-
rems. To this end, we first established sufficient conditions on the generating function to guarantee
the existence and uniqueness of the saddle point, thereby extending classical univariate results to the
multivariate setting. Then, building on this foundation, we formulated a multivariate large powers
theorem and formulated its adaption to cases where the saddle point coincides with a singularity
of the generating function. Finally, we derived asymptotic expansions of arbitrary order, enabling

finer precision in our results.

Future Work. In this chapter, we focused on the specific setting relevant to the previous chapter,

namely coefficient extraction of the form

(22" A(z)B(2)".

5.6 Conclusion
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A natural extension would be to explore more general frameworks, for instance when the polynomial
B(z) is not simply raised to the power n but appears through a more intricate functional form, as
in Chapter 2, where the classical large powers setting did not apply directly.

Another direction is to compute more terms in the asymptotic expansions, either manually or
with computer assistance. This could eventually lead to symbolic algorithms that perform these

computations automatically.
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6.1

Anytime Sorting Algorithms

Introduction

Now that we have examined the probability of encountering the Condorcet paradox, we shift our
attention towards the construction of the rankings themselves. Indeed, throughout the thesis, we
supposed that voters were able to provide complete rankings over their preferences, but in practice,

is it that simple for voters to elicit their own preferences?

In Australia, elections to the House of Representatives are conducted using the Instant-Runoff
Voting (IRV) system, which is based on preference-ranking ballots.

The Instant-Runoff Voting (IRV) system, also known as Ranked-Choice Voting (RCV), Single
Transferable Voting (STV), Preferential Voting, or the Alternative Vote, proceeds as follows:

1. Each voter submits a ranking of all candidates from most to least preferred.
2. The first-place votes are counted.

3. If one candidate obtains an absolute majority (more than half of the votes), that candidate is

declared the winner.

4. Otherwise, the candidate with the fewest first-place votes is eliminated. Ballots ranking this

candidate first are then transferred to the next preferred candidate listed on each ballot.
5. Steps 2 to 4 are repeated until one candidate achieves an absolute majority and is elected.

When ties occur, two main tie-breaking approaches can be distinguished. The first, immediate tie-
breaking, resolves ties as they arise using a deterministic or random rule (for instance, a predefined
candidate order or a random draw). The second, the parallel universes approach, simultaneously
considers all possible sequences of tie-breaking decisions. Each possible choice defines a separate
"parallel universe" in which IRV is executed, and the final set of winners corresponds to all
candidates who win in at least one of these universes. Note that this method does not necessarily

yield a single winner.
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Instant-Runoff Voting is widely implemented in Australia, not only in political elections but
also in various non-governmental decision-making contexts, such as job recruitment processes or
committee selections. Beyond Australia, IRV is employed in several national elections across the
world. Notably, it is used to elect the heads of state in India, Ireland, and Sri Lanka. A variant in
which ballots are truncated to the top three candidates is also used to elect members of the National

Parliament of Papua New Guinea.

Figure 6.1 illustrates the execution of the Instant-Runoff Voting process on a profile with m = 3
candidates and n = 11 voters. The profile of votes is shown in the first table. Each column
corresponds to a ranking of the candidates (displayed in black), while the number of voters who
submitted that ranking is indicated above in blue. In this profile, candidate 1 receives 3 first-place
votes, while candidates 2 and 3 each receive 4 first-place votes. Therefore, candidate 1 has the
fewest first-place votes and is eliminated according to the IRV procedure. The ballots are then
updated by removing candidate 1 from all rankings. This updated set of ballots is displayed in the
second table, and the remaining votes are transferred to each voter’s next preferred candidate. The
third table shows these transferred votes to illustrate the resulting profile after the elimination of
candidate 1. By examining this resulting profile, we see that candidate 3 now holds the majority of

first-place votes among the remaining candidates, so they win the election in the second round.

1 2 4 0 2 2
1 1 2 2 3 3
2 3 1 3 1 2
3 2 3 1 2 1
1 2 4 0 2 2

2 2 3 3
2 3 3 2
3 2 3 2

) 6

2 3

3 2

Fig. 6.1: Execution of the IRV process on a profile with m = 3 candidates and n = 11 voters. The first
table shows the initial profile of votes. Each column represents a ranking (in black), with the
number of voters choosing that ranking indicated above in blue. Candidate 1 receives the fewest
first-place votes and is therefore eliminated. The second table displays the ballots after candidate 1
is removed, and the third table shows the aggregated profile. In the second round, candidate 3
secures the majority and thus wins the election.
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In the federal elections of Australia, a ballot is considered valid only if all candidates are ranked.
Consequently, in each of the 151 electoral divisions, voters are asked to rank all candidates in
their division by order of preference. The number of options per division can vary significantly.
Some divisions present relatively few choices, for instance, during the 2025 federal election, the
divisions of Bean and Fenner each had only four candidates.However, others offer a much larger

selection. Notably, the divisions of Riverina and Calwell each featured as many as 13 candidates,

as consultable on the webpage [Bui].

CHRISTINE ONLEY [# =o

New South Wales

. . r— et o of v iNATIONALS
7o 76 (7E tor AONArS

ONENATION

= VICHAEL McCORMACK

FEDERAL MEMBER for Z2z/e/cna @

House of Representatives
m(s -' i Ballot Paper

VALXORI, Pheonix Electoral Division of Riverina
eoresns.

990DEN, James I SCREENSHOT ' & CRAIG, Mark
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ForNSW Senats LIBERTARIAN 4 r = HARDWICK, Grant
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N Wales - Electon of 6 Senators 1
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FAMILYFIRST | HANSON'S 1 GERARD RENNICK z izt o K, Michael
ONENATION | CHRISTIANS PEOPLE FIRST PATRIOTS NATIONALS THE NATIONALS
ROLFE, Jenny
DO NOT NUMBER ANY BOXES BELOW THE LINE. DO NOT NUMBER ANY BOXES BELOW THE LINE.
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Authorised by V Mencshelyi, National Party of Australia - NSW, Suite 3, Level 7, 50 Pitt Street, Sydney NSW 2000,

(a) “How to vote” card shared by candidate Christine On- (b) “How to vote” card shared by candidate Michael Mc-

ley on X. Cormack on X.

Fig. 6.2: “How to vote” cards distributed by two candidates running for the 2025 Australian federal election
in the Division of Riverina.

Since incomplete ballots are considered invalid, it is essential for voters to rank all candidates.
However, accurately ordering up to 13 candidates can be a challenging task. To assist with this,
political parties distribute how-to-vote cards at the entrance of polling stations on election day.
Figure 6.2 shows two examples of such cards, shared by candidates running in the Riverina district
for the 2025 Australian federal election. Both were posted on the social media platform X (formerly
Twitter). The first one was shared by Christine Onley, candidate for the Libertarian Party, in two
posts shown in Figure 6.3. The second one was shared by Michael McCormack, candidate for

the National Party, also in in two posts, shown in Figure 6.4. These cards raise several important

questions.
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First, do all parties have equal capacity to produce and distribute such material, or are smaller

parties disproportionately affected?

Second, is the order on these cards intended to be followed literally? On Christine Onley’s card,
the instruction reads: ‘““Start here and number every box as shown to make your vote count.”
However, in her April 21 post (Figure 6.3a), she explicitly encourages voters to "chose where [their]

preferences go". This mention disappears in her May 2 post (Figure 6.3b). It is therefore unclear

whether the order on the card reflects any real preference or was chosen arbitrarily.

4" Christine Onley - Libert... Sui
@ChrisOnleyLCR

As pre-polling opens here is the how

to vote card for the Libertarian party

in the Riverina. Remember, you chose
where your preference’s go so put the
Libertarian party first and then pick the
candidates that represent you the best to
get the changes we are fighting for in this
election.

Authorised by Christine Onley for the
Libertarian Party, 2 Lyn Parade, Prestons

A" Christine Onley - Libert... Sui
@ChrisOnleyLCR

How to Vote for the Libertarian Party in
the Riverina electorate and the Senate
plus another wonderful volunteer
assisting to get our freedom message out
there. Vote #1 Libertarian Party for real
change, your freedoms, reduced cost of
living and to be heard.

Authorised by Christine Onley for the
Libertarian Party, 2 Lyn Parade, Prestons
NSW 2170

NSW 2170

Traduire le post
21:24 - 21 avr. 25 -1 026 Vues

Traduire le post

10:58 - 02 mai 25 - 2 974 Vues

(a) Post from April 21, 2025. (b) Post from May 2, 2025.

Fig. 6.3: Two campaign-related posts shared by candidate Christine Onley on X during the 2025 Aus-
tralian federal election. The original posts can be found at https://x.com/ChrisOnleyL.CR/status/
1914399964072902675 and https://x.com/ChrisOnleyL.CR/status/1918228690695274875. For
better readability, the images originally attached to these posts (both being the "how to vote" card
from Figure 6.2a.) have been removed. In the first post, Onley emphasizes that voters only need to
place a 1 next to her name and that the rest of the preferences are up to them. In the second post,
this emphasis on voter freedom is absent.

In contrast, McCormack writes in his April 17 post (Figure 6.4a): “Follow my recommendations for
the best outcome,” which suggests some kind of strategic voting. This raises a broader question: are
these suggested rankings designed to genuinely reflect ideological proximity, or are they a strategic
tool meant to weaken rival parties? Interestingly, this phrasing disappears in a later post on April 21

(Figure 6.4b), leaving the strategic intent behind McCormack’s how-to-vote card ambiguous.

Therefore, several questions remain. Are these cards merely intended to teach voters how to cast a

valid ballot? If not, do they aim to help voters express their true preferences, or are they designed
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1/3
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R

To get Australia back on track, we need

a strong and experienced Nationals’
Member for Riverina who can continue to
deliver.

Traduire le post

10:07 - 17 avr. 25 - 557 Vues

Michael McCormack @M _Mc... -17 avr.
T En réponse a @\V_McCormackMP

2/3

Here’s how you can keep me fighting for

you:

- On the House of Representatives Ballot

(green paper), find Michael McCormack

(The Nationals) and write “1” in the box.

- You must number every box in order of

preference. Follow my recommendations

for the best outcome.

O1 n QO 225 Q]
(a) Post from April 17, 2025.

Fig. 6.4: Two campaign-related posts shared by candidate Michael McCormack on X during the 2025 Aus-
tralian federal election. The original posts can be found at https://x.com/M_McCormackMP/status/
1912780006163685441 and https://x.com/M_McCormackMP/status/1914205041185137021. For
readability and space considerations, the images originally attached to these posts (both being the
"how to vote" card from Figure 6.2b.) have been removed, as well as the portion of the April 17
tweet referring to the Senate. In the first post, McCormack explicitly encourages voters to follow

Michael McCormack
Li‘ @M_McCormackMP m
HOW TO VOTE FOR MICHAEL
McCORMACK

Early voting begins tomorrow (Tuesday)

at a number of centres throughout the
Riverina electorate - Wagga Wagga (72
Fitzmaurice Street and 182a Baylis Street)
Tumut, Yass and Goulburn - between
8.30am and 5.30pm.

Here’s my how to vote card.

Traduire le post

8:30-21avr. 25-1159 Vues

(b) Post from April 21, 2025.

the recommended ordering to "get better outcomes".

to guide them toward a tactical vote? Overall, wouldn’t it be preferable for voters to determine their

own rankings independently? If so, how can they be supported in doing so?

An alternative approach would be to help voters construct their preferences directly. The Build a
Ballot website [Bui], which lists all candidates by district, also provides direct links to party or
candidate webpages (when available), giving voters convenient access to political platforms. This

centralized and easily navigable resource offers a strong incentive to design methods that support

voters in eliciting their own preferences.
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Comparison-Based Elicitation

Rather than requiring voters to produce a full ranking all at once, it is more natural to allow
preferences to emerge progressively through simple pairwise comparisons. This method is not only
cognitively less demanding, but also reflects the way people typically evaluate alternatives when
relevant information is readily accessible. Moreover, to adapt to the varying levels of time and
effort that voters are willing to invest, the sorting process should be flexible—allowing voters to

stop at any time while still receiving a meaningful estimate ranking.

This motivates the use of anytime sorting algorithms—sorting procedures that can be interrupted at
any point and still return an estimate of the final sorted list. Such algorithms provide intermediate
outputs after each comparison. The core challenge is to design algorithms that require as few
comparisons as possible, which is particularly important when comparisons are costly, as is often

the case with human judgments.

The relevance of this approach extends beyond voting. For example, in scenarios involving human
input, assigning a utility score to each item is often unreliable, whereas pairwise comparisons tend to
yield more accurate judgments [GSS09]. In supervised learning tasks based on ordered data—such
as evaluating the quality of machine translations—providing sorted lists instead of numerical
scores is advantageous, since human comparisons are considerably more time-consuming than the
computational operations performed by machines. To optimize overall efficiency, it is therefore
crucial to distinguish the complexity of comparisons from the total computational complexity. In
this context, anytime sorting has two main applications: instead of performing exact sorting on a
small part of the raw input, one may wish to sort approximately more inputs. Uncertainty on the
input and processing rates make it desirable to have an anytime approach. Also, users may be worn
out after a certain amount of questions and want to stop the sorting process prematurely, so it is
essential for the algorithm to generate accurate intermediate estimates that closely approximate the

final sorted list.

Similar problems arise in situations where the considered items involve massive datasets requir-
ing data transfers for each comparison [MF18]. The expense associated with each comparison
necessitates the exploration of efficient algorithms that minimize the number of comparisons.
Furthermore, practical constraints may require the sorting process to be interrupted before the
algorithm’s termination, so we need a reliable and accurate estimate of the sorted order based on

the progress made thus far.
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6.1.2 Related Work

Limiting the number of comparisons when sorting is a well-known problem [Cor+09]. Among
many famous algorithms such as quicksort, mergesort, heapsort, binary insertion sort and Shellsort,
the Ford-Johnson algorithm [FJ59] stands out as very close to the theoretical limit in number of
comparisons, and even optimal for certain values [PecO4]. These algorithms do not consider a

possible premature interruption.

A related problem is that of sorting under partial information. This problem entails determining a
total order that is partially known, in the sense that a compatible partial order is available [Car+10].
Many variants of the sorting problem can be found within the realm of partial information, including
scenarios such as ranking the k best values [DM18]. While the partial information framework
does not consider intermediate estimates, similarities with our contributions exist as we propose an
algorithm that exploits the partial information extracted so far to determine the next comparison.
Furthermore, partial information relates to classical sorts when considering empty information.
For example, initializing Algorithm 1 in [Car+10] with no prior amounts to the classical binary
insertion sort, and their Algorithms 2 and 3 are both equivalent to mergesort (in its bottom-up

version, which we discuss further in this chapter).

Sorting when the probabilistic distribution of the inputs is known is another relevant problem to
consider. Moran and Yehudayoff [MY 16] propose a variant of insertion sort as a solution, which
has also been employed by Peters and Procaccia [PP21] for sorting with human comparisons.
However, our approach differs in two main aspects. Firstly, our algorithms focus on providing good
intermediate estimates throughout the sorting process. Secondly, we assume equal probabilities for

all input permutations. In that case, their algorithm is equivalent to binary insertion sort.

The potential interruption in the sorting process places us within the domain of anytime algorithms,
which maintain result estimates at all times. Surprisingly, sorting has received limited attention
in this literature, with studies focusing on specific algorithms like selection sort, Shellsort, and
quicksort [GZ96; Hor88]. However, the metrics used to measure the estimation error are not
always true distances. In our benchmark, we exclude selection sort due to its O(m?) comparison

complexity', while including Shellsort and quicksort for evaluation.

Among related problems, progressive algorithms can also be interrupted at any time, but the focus is

on provable bounds for worst-case performance rather than on empirical average efficiency [Ale+14].

'Since the elements to be ordered in our setting are the m candidates, all forthcoming results will be expressed in terms
of m rather than the conventional notation n. This choice is made to preserve consistency with the notation used
throughout the rest of the thesis.
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Contract-based algorithms also make a trade-off between time and accuracy, but assume that the

available time is known in advance [Zil95; Zil96].

One of the most closely related studies is the work by Giesen et al. [GSS09], which delves into the
link between the number of comparisons performed and the estimation error. Using Spearman’s
footrule metric (defined as the sum of the absolute differences between the ranks of elements in the
current list and in the sorted list) to evaluate the error, they show that, for a list of size m, the error

20~ (k/m)=6 ip the worst case. Conversely, they

20— (k/6m)+1_

after & < m(In(m) — 6) comparisons is at least m
introduce ASort, an anytime algorithm with guarantee that the error is less than m
While these results show that ASort is asymptotically optimal in some sense, the ratio between
the two bounds above (¢°%/6m+7) is at least e” > 1000 and potentially unbounded. This means
that the practical performance of ASort remains to be investigated. One of the goals of our work is
to provide a practical benchmark for ASort while also introducing new algorithms with superior

empirical performance.

Contributions

This chapter builds on several joint papers with Francois Durand and Fabien Mathieu: [CDM23b;
CDM23a; CDM24; CDM25]. The main contributions are as follows.

* I conducted the discussion about the Australian federal elections, notably the analysis of

how-to-vote cards and online voting assistants.

* In [CDM24], we consolidated and refined our previous work introduced in [CDM23b;
CDM23a].

— We generalized the work on ASort by Giesen et al. [GSS09] under the anytime frame-
work and proposed the anytime sorting problem, where the performance profile of an
algorithm is measured by the Spearman’s footrule metric between its tentative esti-
mates and the perfectly sorted list, as a function of the number of comparisons already

performed.

— We reexamined classical sorting algorithms from the perspective of anytime sorting.
Notably, we proposed simple heuristics called estimators, which leverage the available

partial information at each step to approximate the final sorted result.

— We introduced multizip sort, an enhanced variant of merge sort tailored for anytime use.
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— We introduced the Corsort family of anytime sorting algorithms, which rely on estima-

tors to determine the next comparison to perform.

— Using extensive simulations, we compared the behavior of ASort, Multizip Sort, and
Corsort, analyzing three types of complexity: the comparison complexity, the global
complexity, and the interruption complexity (i.e., the computational cost of producing
an intermediate estimate when the sorting process is interrupted). We also evaluated

the quality of their intermediate estimates.

* The estimators proposed in [CDM24] come with a high interruption cost of O(m?). This
issue is addressed in [CDM25], where Fabien Mathieu introduced a new estimator, denoted Y,
tailored for merge sorts. This estimator preserves the qualities of the previous ones, while

reducing the interruption cost to O(m logm).

Table 6.1 summarises the computational complexities. The interruption cost of each algorithm
depends on its estimator, indicated in its name (e.g., Multizip-p uses the estimator p). If unspecified,

the algorithm uses its native estimator.

6.1.4 Limitations

The anytime sorting algorithms we propose are designed to address specific scenarios, and their

suitability depends on the following assumptions:
* It is impractical or unreliable to assign numerical utilities to the items to sort.
» The sorting process may be interrupted due to tight time constraints or resource limitations.
* An approximate ranking is acceptable, although the approximation error does matter.
* Good empirical performance is required, possibly at the expense of formal guarantees.
* The cost of comparisons is orders of magnitude higher than other computing operations.
* Worse case scenarios and non-uniform dataset/inputs are not the point of the study.

If these assumptions do not hold, alternative solutions may be more appropriate. For example,
algorithms like Ford-Johnson are well-suited for situations with costly comparisons and a low
likelihood of interruption; contract-based algorithms offer better suitability when interruption times
are known and formal guarantees are required. ASort offers similar guarantees, even though it is

outperformed experimentally.
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Comparison Global Interruption  Interest(s)

complexity complexity  complexity

Ford-Johnson-p ~ mlogy(m) O(m?) O(m?) Comparison complexity

Binary insertion-p  ~ mlogy(m) O(m?) O(m?) Comparison complexity

Quicksort-p O(mIn(m)) O(mIn(m)) O(m?) Fast termination in prac-
tice

ASort O(mln(m)) O(mln(m)) O(m) Good native estimator
with theoretical guaran-
tees

Top-down merge-p  ~ mlogy(m) O(mln(m)) O(m3) Complexities

Bottom-up merge-p ~ mlogy(m) O(mln(m)) O(m?3) Good performance pro-
file, complexities

Multizip-p ~mlogy(m) O(mlIn(m)) O(m?) Very good performance
profile, complexities

Multizip-Y ~mlogy(m) O(mln(m)) O(mln(m)) Very good performance
profile, complexities

Corsort -p O(m?)* O(m*)* O(mlIn(m)) Best performance profile
empirically, comparison
complexity*

Tab. 6.1: Cost of the algorithms considered in this chapter (we exclude heapsort and Shellsort due to their
poor termination times, see Figure 6.12). For readability, we only include the most efficient
merge sort variant with the Y estimator; note that applying Y to other merge-based algorithms
would similarly reduce their interruption cost from O(m?) to O(mlogm). All complexities are
well-known results except for the last three rows.

* Simulations suggest O(m In(m)) comparisons, yielding a global complexity of O(m? In(m))
operations.

Furthermore, our proposal does not rely on any specific prior information about the input list. This
makes our proposal very generic but also means that if such prior exists, we do not leverage it to

reduce the average number of comparisons required, as it is done by Peters and Procaccia [PP21].

Lastly, we have not provided a formal proof that our Corsort algorithm has an average comparison
complexity in O(m In(m)). This conjecture is only supported by simulations demonstrating its

superior performance compared to heapsort, Shellsort, and quicksort/ASort.

Roadmap

The rest of the chapter is organized as follows. Section 6.2 formally defines anytime sorting, and
presents a way to transform any sorting algorithm into an anytime version. Section 6.3 presents

two new algorithms designed for efficient anytime sorting: Corsort and multizip sort. Section 6.4
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6.2

6.2.1

evaluates the proposed solutions through simulations. Section 6.5 discuss the real-life scenario of

Australian federal election. Section 6.6 concludes.

Transforming Classical Sort Into an Anytime Version

Formally, we want to sort a list X = (X[1],..., X[m]) of items, where m > 0, by performing
comparisons of the type: is X[i] less than X [j]? An anytime sorting algorithm is an algorithm
capable, after k comparisons have been performed, of returning an estimate Xj of the result,
for each £ € IN. By convention, if k is greater than the number of comparisons needed for the

algorithm’s termination, then Xy, is the sorted list.

We measure the error of an estimate X}, by the Spearman’s footrule metric between X}, and the
sorted list [DG77], defined as the sum S}, of the absolute differences between the ranks of elements
in X}, and in the sorted list:

m

Sk =D Ir(Xali]) —il,

=1

where 7(x) denotes the rank of z in the sorted list.

The function k£ — Sy, which represents the evolution of the error made as the algorithm runs, is

called its performance profile.

Ideally, we are looking for an anytime sorting algorithm whose performance profile is consistently
lower than that of the other algorithms tested.

Classical Sorting

Some classical algorithms can be seen as anytime because they maintain a list that converges to
the sorted list and can be used as an estimate X. This is the case of quicksort, mergesort, binary
insertion sort, and Shellsort, all of which we shall implement in a way that is favorable to the spirit
of the original algorithm. Note that an anytime algorithm is capable of returning an estime after
each comparisons, and not only after a complete step of execution. The following definitions of Xy

take into account that particular setting.

* Quicksort: The position of the pivot is updated in the list after each comparison, so that X}
is the list consisting of the left sublist, the pivot, and the right sublist placed in their current

positions, followed by the rest of the list that has not yet been processed.

6.2 Transforming Classical Sort Into an Anytime Version
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* Mergesort: X is the list consisting of blocks of fixed size arranged in their current order.

* Binary Insertion Sort: X consists of a sorted prefix of fully inserted elements, possibly
followed by one element currently being inserted (partially moved), and the remaining

elements still in their original order.

* Shellsort: X is the input list modified by applying, in order, the first £ comparisons
prescribed by the gap sequence. Each comparison may result in a swap, and the list reflects

only these k local updates; all other elements remain unchanged from their previous positions.

Changing the order in which comparisons are made may improve the intermediate estimates X. For
mergesort, the standard recursive implementation, also called top-down, sorts the left part, then the
right part of each considered sub-list (recursively), and reunites them by a merge procedure [Cor+09,
Chapter 2]. However, it is also possible to go through it bottom-up, by sorting sub-lists of increasing
size [Knu98, Chapter 5.2.4]. Figure 6.5 illustrates this difference on an example?® of size 8: the
top-down execution sorts completely the left side of the list before completely sorting the right side
of the list, whereas the bottom-up execution starts by sorting all lists of size 2, both on left and
right sides. In all classical mergesort implementations, the merge procedure is a single block. We
propose a variant of the bottom-up implementation, which we call multizip sort, where all merge
procedures of a given depth of the recursion tree are interleaved. Figure 6.5c illustrates the idea: the
first part of the execution is unchanged and sorts all lists of size 2. Then, when bottom-up sorts the
two lists of size 4 sequentially, multizip alternates comparisons in the two lists until they are both
sorted. The rationale for proposing multizip sort will be discussed in Section 6.3.1. Note that all
the considered variants of mergesort make the exact same comparisons, but not in the same order.
Intuitively, bottom-up and multizip ensure that the information available on the elements of the
list (through comparisons) is more balanced. This should be more favorable for the intermediate

estimates X}, as Section 6.4.2 will verify experimentally.

For quicksort, balancing the comparisons is equivalent to the ASort algorithm [GSS09], using
quickselect [Hoa61] as a subroutine for median identification. Specifically, ASort determines
the median, separates smaller from larger elements, and proceeds recursively. When utilizing
quickselect to identify the median, which uses successive pivots like quicksort, ASort performs
precisely the same comparisons as quicksort, albeit not in the same order. This is illustrated in

Figure 6.6.

Certain other classical algorithms allow to obtain an estimate X}, by a natural transformation of their

current state. For example, heapsort keeps in memory the heap associated to the partially sorted list.

ZFor brevity, we omit the commas to note the lists taken as examples in the tables and figures. For example, the list
(a,b,c,d)is noted as (abed).
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(c) Multizip sort execution.

Fig. 6.5: Sorting the list X = (51872643) with top-down merge, bottom-up merge and multizip sort. Each
edge represents a comparison. The bracket notation [ | ] delimits two sublists already sorted that
are being merged.

To obtain a fair estimate from the algorithm, we can first go through the heap (backwards), then

through the elements already sorted (forwards).

Finally, some algorithms like Ford-Johnson, whose internal state does not have a structure naturally
close to a list, do not seem to have a natural estimator. Since it is not always trivial to translate
the execution of an algorithm into intermediate estimators, we show in the next section how to

produce X, for any comparison-based sorting algorithm.

6.2 Transforming Classical Sort Into an Anytime Version
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(a) Quicksort execution. (b) ASort execution.

Fig. 6.6: Sorting the list X = (3246715) with quicksort or ASort. A node appears in bold if it has already
been used as a pivot: it partitions the list into smaller elements on the left and larger ones on the
right. Intermediate steps that do not perform any comparison are omitted. For ASort (6.6b), we use
quickselect [Hoa61] as median identification subroutine. Each step represents the application of a
pivot, and each edge represents a comparison. A node is circled twice if it has been identified as a
median. In the third step, since the median 4 has been found, we must compute the median of the
left sub-list (213); but note that it is useless to make any comparison with element 3, previously
used as a pivot, because it is is already in its final position.

Universal Estimators

To make an anytime version of any sort, we propose to use an estimator that ignores the execution

details and solely relies on the historical record of the comparisons made.

Let C, = {X[i1] < X[7],...,X[ix] < X[jx]} be the result of k comparisons. Cj, defines a
partial order <}, on the elements of the list by transitive closure®. We call estimator a function that

associates to any partial order one of its linear extensions, i.e. a compatible total order.

An optimal estimator would always return a total order that minimizes the expected Spearman’s
footrule distance to a uniformly random linear extension of the input partial order. Assuming the
linear extensions of <, are known, the problem reduces to solving an instance of the assignment
problem [Kuh55], where the cost of assigning element x to position ¢ is the total expected error
across all linear extensions. Since the Spearman distance is based on the L; norm, one can

equivalently associate each element with its median rank across the linear extensions; this yields

3We assume for clarity that all elements are distinct. In case of redundancy, uniqueness can be enforced by appending
to each element z its index ¢ in the initial list. For example, (17,42, 42) should be seen as ((17, 1), (42, 2), (42, 3)).
When sorting the list, it is possible to be in a situation where we already know that (17,1) <} (42, 2) but we do not
yet know how to compare (17, 1) and (42, 3).
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an optimal order when all medians are distinct integers. However, enumerating the set of linear
extensions is a #P-complete problem [BW91]. Consequently, the computational cost of the optimal

estimator is prohibitive.

Therefore, we propose to use classical score-and-sort heuristics [CU20; Rob97]: in case of
interruption, each element gets a score that reflects its estimated ranking in the list, and we return
the list associated with sorting the scores. Recall that global complexity is distinct from comparison
complexity: we assume that sorting m numerical scores is much faster than comparing two elements
of the list. In case of ties, we return the elements in their original order. By a slight abuse of

language, we also call estimator the score function itself.

To build our heuristics, in [CDM?24], we define descendants and ancestors as follows: if x is an

element of the list,
di(z) =Hy € Xy 2pz}| and ay(z) = |{y € X 1z 24 y}|

are respectively the number of known descendants and ancestors of x in <j, (z is included in both
sets by convention). Those quantities will be used in the score function, that is why we need to
compute them. A simple way to compute dj, and a;, for a given k is to build the transitive closure
of C., which can be done in (’)(m?’) using the Floyd-Warshall algorithm [Cor+09, chapter 25.2].

Thus, to adapt a sorting algorithm into an anytime version, it suffices to construct the partial order
only in case of interruption, using the Floyd-Warshall algorithm, at a cost of O(m?). Each element
is then assigned a score based on its position in the resulting partial order, and the elements are

sorted accordingly.

Naturally, an interruption cost of O(m?) leaves room for improvement. In [CDM24], we identified
this limitation and left it as an open problem. In subsequent work [CDM?25], Fabien Mathieu
addressed this issue for merge-based algorithms by designing a new estimator tailored to the specific

structure of the partial orders they generate. For now, we focus on the contributions from [CDM24].

The improved score function introduced in [CDM25] will be presented in Section 6.2.3.
Let us now consider the two score functions defined below:

* Ay, defined by Ag(x) = di(x) — ag(z), assigns to each x a score that reflects the average

between its lowest and highest possible positions.

* pi, defined by pi(z) = di(z)/(dr(x) + ar(x)), positions z as if its descendants and ancestors

were on average regularly spaced within the whole list.

6.2 Transforming Classical Sort Into an Anytime Version
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If there is no ambiguity, we will omit the index k. The score functions A, p, but also the median
rank med are valid estimators: one can check that if an element is greater than another in a partial
order, then its score is higher, which ensures that the returned estimate is a linear extension. In
particular, when the result of all comparisons is known, sorting the elements according to the score

function returns the sorted list.

&l
Sle
Sl

15 17
Estimator Returned estimate S
A (cde fghiajbklmnpoq) 16.2
P (cde fgahijklbmnpoq) 14.0
med (cde faghijklmbnpoq) 13.9

Fig. 6.7: Example of score-based selection of a linear extension. The input partial order, represented by the
edges of the graph, is the transitive closure of: @ < b,c <d < ... <n < 0,n < p < q. Nodes
horizontal positions are proportional to three different scores functions - from top to bottom: A, p,
and med. Returned estimates and expectation S of the error S are also provided for completeness.
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Figure 6.7 shows a partial order where the three estimators produce different outputs. In this
example, p performs better than A by more accurately placing the small chain component (nodes «
and b) relative to the larger Y-shaped component (nodes c through ¢g). However, it is outperformed
by the median rank estimator med, which happens to be optimal in this case since all median values

are distinct.

The superior performance of p was confirmed empirically: it usually outperformed A in our
simulations. Nonetheless, A has specific advantages in the context of Corsort. It will be discussed
in Section 6.3.2. Due to its empirical performance, p was chosen as the estimator for all simulations
reported in Section 6.4, except for multizip, for which we designed a dedicated estimator, developed
in Section 6.2.3.

In a nutshell, we found an estimator with strong empirical performance in terms of estimate quality,

but with a high interruption cost. We now turn to the question of reducing this cost.

Estimator Tailored For Mergesorts

At any moment during mergesort, the elements are partitioned into disjoint substructures, either
sorted chains or the current merging Y -structure, which actually corresponds to the case illustrated
in Figure 6.7. Since these substructures do not overlap, the relative position of an element within
the entire partial order depends solely on its position inside its local structure. This independence

enables computing positional scores separately and efficiently within each component.

For a chain of size B > 0, the optimal solution consists in spacing all elements by %ﬂ‘ For a
Y -structure of total size .S, consisting of two branches of sizes L > 0 and R > 0 connected to a

trunk of size B > 0, the optimal solution is described in Figure 6.8.

1 . S+1-B

L+1 S+1
| ]
I 1

T
1 . S+1-B
R+1° S+1

Fig. 6.8: Estimator Y assigning relative positions in a Y -shaped merge structure with trunk size B, left
branch size L, and right branch size R, totaling S = B + L + R. Positions in the trunk are spaced

by S%H, while branch positions are scaled by £ 43-1—13 and evenly distributed within each branch.
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Thus, the score Y (x) of an element z belonging to a Y structure (with possibly empty left and right
branches) is defined as

k
w if z is in the trunk (size B),
B S+1—B k
Y(z) = 51 + —g—l- T razl f(lx) if x is in the left branch (size L),
B S+1—B k
S + ; T ra}r; f(lx) if  is in the right branch (size R),

where rank, () denotes the position of « within the respective component.

Since each element’s score depends only on its local merge structure and its rank within it, the
computation of the estimate can be efficiently performed in case of interruption. Each merge
operation maintains three progress pointers—one for each branch and one for the trunk, to track
merging progress and update local ranks in constant time. As a result, all Y scores can be computed
in a single linear pass, yielding a total cost of O(m). Finally, since the interruption procedure
involves sorting the elements based on these scores, the total interruption cost is O(mlogm),

which remains lower than that of "naive" estimators like p.

How does estimator Y compare to p in terms of performance? In the partial order shown in
Figure 6.7, both estimators yield the same sorted list, as illustrated in Figure 6.9. This similarity
extends beyond this specific case. As confirmed by simulations, multizip equipped with either p or

Y shows equivalent performance (see Figure 6.13 in Section 6.4).

This similarity can be intuitively explained by the fact that both estimators rely on structural
information that closely reflects progress in the merge process. While p captures position via
the ratio of descendants to ancestors, Y estimates relative rank within local merge components.
In typical mergesort executions, these two perspectives often align, resulting in nearly identical
estimates. This confirms that the main motivation for using Y over p in merge sorts lies in its lower

interruption cost.

Finally, remember that the Y score is only applicable when the underlying structure permits
it—namely, chains and Y -shaped components. In other sorting procedures, such structural regularity

is absent, making p the necessary choice.
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6.3.1

1

3
1 2 3 4 5 6 e e
16 16 16 16 16 16 16 16

Fig. 6.9: Comparison of scores assigned by estimators p (top) and Y (bottom) on the same partial order. In
this case, p and Y yield the same estimate: (cdefghiajbklmnpoq).

New Algorithms

In this section, we introduce two new algorithms tailored for efficient anytime sorting: multizip sort
and Corsort. Multizip sort is a variant of mergesort well-suited for the A, p, and Y estimators. In
contrast, Corsort is a family of comparison-driven sorts that actively select the next pair to compare
based on the current partial order, aiming to improve the estimate as efficiently as possible. Both
algorithms are designed to produce high-quality intermediate estimates while keeping the overall

comparison complexity low.

Multizip Sort

As previously discussed, a standard mergesort execution typically produces a partial order composed
of chains (sorted sublists) and a single Y -shaped structure (the ongoing merge), as shown in
Figures 6.7 and 6.9. However, such structures tend to distort the estimates produced by A and p,
which motivated the introduction of the multizip sort in Section 6.2.1. In multizip, the partial
order consists of several Y -shaped components of similar size, better suited to these estimators. In

essence, multizip is a mergesort variant tailored to the structural assumptions behind A and p.

6.3 New Algorithms
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Subsequently, we introduced the estimator Y, which achieves similar performance to p but offers
lower interruption cost. For this reason, simulations primarily use multizip with Y, although
multizip remains compatible with A, p, or any valid estimator. This choice was guided solely by
efficiency and computational cost.

Multizip execution. In Figure 6.5c, we presented the execution of multizip sort on the list
(51872643), which we recall in Figure 6.10 for ease of reading. Here we detail this example.

0]0)0]10)0]10) Ol
(D I I (DI (@)

DIEIO OI@IEIE @
0J00JOI0I0I0]0)
[OIOJOJ0)
OJO1010101010

Fig. 6.10: Sorting the list X = (51872643) with multizip sort. Each edge represents a comparison. The

bracket notation [ | | delimits two sublists already sorted that are being merged.

After enough splitting operations, the initial list is decomposed into sublists of size 0 or 1. As, for
simplicity, we chose an example whose size is a power of two, the decomposition contains only
sublists of size 1 and no empty list. Then the merging process begins (the line numbers below refer
to Figure 6.5¢ or 6.10).

* First multizip merge:

— Line 1: Y1 = [5], YQ = [1], YE), = [8], Y4 = [7], Y5 = [2], YG = [6], Y7 = [4], Yé = [3]
Compare (5,1), (8,7), (2,6), and (4, 3), like in bottom-up merge sort.

* Second multizip merge:
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- Line 2: Y7 = [1,5], Y2 = [7,8], Y3 = [2,6], Ya = [3,4]. Compare (1,7) and (2, 3).

- Line 3: Z; = [1], Y1 = [5], Yo = [7,8], Z3 = [2], Y3 = [6], Y4 = [3, 4]. Compare (5,7) and
(6,3).

- Line4: Z; = [1,5], Y1 =[], Ya = [7,8], Z2 = [2,3], Y3 = [6], Y4 = [4]. For Z1, no more
comparaison is needed because Y7 is empty. Compare (6,4) to finish merging Y3 and Y} into
Zy.

* Third multizip merge:

— Line 5: Vi = [1,5,7,8], Y = [2,3,4,6]. Compare (1,2), (5,2), (5,3), (5,4), (5,6), and
(7,6), like in top-down or bottom-up merge sort.

Note that in multizip sort, the first multizip merge is always identical to the first round of merging
operations in bottom-up merge sort. Indeed, each sublist is of size O or 1, hence each merging
operation involves at most one comparison, which implies that there is no difference between
treating each merging operation as a block and performing the necessary comparisons in a round-
robin fashion. On the other hand, the last merging operation (between the two sorted half-lists) is
always the same for the three variants: top-down merge sort, bottom-up merge sort, and multizip
sort. Hence to show the difference between bottom-up merge sort and multizip sort, it is necessary

to have an example with three levels of merging, such as the one we present.

Multizip implementation. For the sake of clarity and conciseness, we present the pseudocode of
multizip sort (Algorithm 1) in a version that does not sort the list in place.

Algorithm 1 Multizip sort
Input: List X.

Output: List X sorted in ascending order.
1: Y7 .= X.
{:=1.
while 3; € {1,...,/},|Y;| > 1 do
Yi,...,Ye :=Split(Y, ..., Y)).
0= 24
while / > 1 do
Yi,..., Yo = Multizip merge(Y, . . ., Yo).

0:=10/2.
return Y7.

e A e
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Multizip sort uses two subalgorithms:

* Split (Algorithm 2) takes several lists and cuts each of them into two lists of equal sizes (up to
one element). In multizip sort, it is called enough times so that all lists end up being of size O or 1;

in particular, all of them are trivially sorted.

* Multizip merge (Algorithm 3) takes an even number of sorted lists Y7,..., Yo, and merges
them two by two, as in the classical bottom-up merge sort. The particularity here is that instead of
completely merging Y7 and Y5 (“closing one zipper”), then Y3 and Yy (“closing another zipper™), etc,
we perform only the first comparison for each merge operation, then only the second comparison
for each merge operation, etc. (metaphorically closing all zippers in parallel, little by little, in a

round-robin fashion).

Algorithm 2 Split
Input: Lists Y7,...,Y,.
Output: Lists Z1,...,Zy, where for each i € {1,...,¢}, Y; = concatenate(Zo;_1, Z2;),
| Zai—1] = [1Yi]/2], and | Z2;| = [|Y3]/2].
1: fori=1to/do

2 yi= Y]

3: m; = [y:i/2].

4: o1 = [Yz[l}, R ,Y,[mZH

5: Zyi = [Yi[mi + 1],..., Yi[ui]].
return 71,..., Zy.

Algorithm 3 Multizip merge

Input: An even number of lists Y7, ..., Yas, where each list Y; is sorted in ascending order.
Output: Lists 71, ..., Zy, where each list Z; consists of the elements of Y5; | and Y5;, sorted in
ascending order.

I Zy:=1]], Vie{l,... 0}

2: while 33, Y; # [] do

3: fori =1to/do

4: ifYy,_1 = H or Yo, = H then

5: Z; = concatenate(Z;, Yo;,_1, Y2;).
6: Empty Y5;_; and Y5;.

7: else

8: if }/21'_1[1] < ngl[l] then

9: Z;.append(Yz;—1.pop(1)).
10: else
11. return 71, ... ?ZZZ.Ze‘lppend(Ygl.pop(l)).
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Multizip complexities. As multizip schedules the same comparisons as mergesort, its comparison

complexity is equivalent to m logy (m) even in worst case, which is asymptotically optimal [Cor+09].

Each step requires O(1) computing operations so the global complexity is O(mIn(m)). If an
interruption occurs, we need to build the transitive closure of the comparisons made, which is done

in O(m?3) for the initial estimator p and done in O(m In(m)) for the Y -estimator.

To summarize, multizip sort provides a structured and efficient comparison schedule inspired by
mergesort, well-suited to estimators such as p and A. When paired with the estimator Y/, it offers a
promising compromise between performance and computational cost. However, its fixed structure
is leaving room for more adaptive strategies. The Corsort family of algorithms aims to guide the
comparison process dynamically, selecting at each step the most informative comparison with

respect to a chosen heuristic.

Comparison-Oriented Sort

We call Corsort (Comparison-ORiented Sort) a sorting algorithm that, at each step of its execution,
selects the next comparison based on the current partial order <. We assume that only pairs that

are not comparable yet (according to <j) are chosen until convergence is achieved.

The heart of a Corsort, i.e., the choice of the next comparison, aims at two objectives. Firstly, it
must ensure fast termination, i.e., minimize the total number of comparisons. This is a problem

of sorting under partial information, which amounts to choosing a comparison whose result is as

uncertain as possible [Car+10]. To this end, we propose to rely on closeness for a score function.

The rationale is that two elements having close scores should indicate a high uncertainty regarding
the outcome of their comparison. Secondly, to improve the quality of intermediate estimates X,
we need to acquire information on elements for which we have little, as these create uncertainty

that will be reflected in the error S. We introduce I () = d(z) + ar(x) to represent the amount

of “information” acquired on an element x, and we wish to compare elements for which [}, is low.

Experimentally, we compared several variants of Corsort and we selected the following one, called
Corsort-A:

* The next comparison is made by seeking a pair of incomparable items whose A scores are as

close as possible.

* We use [}, for tie-breaking. Specifically, among the pairs that minimize A-closeness, we pick up

one that minimizes max (I (x), I (y)).
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’ Xo = (42315), So = 6 ‘

’ X5 = (21345), S5 = 2 ‘

’ X = (21345), Sg = 2 ‘ ’ X7 = (12345), S7 = 0 ‘

Fig. 6.11: Execution of Corsort-A on the list X = (42315). Each step k depicts the partial order after
k comparisons. The next comparison to perform is visually highlighted by the two vertices
whose values of Ay (displayed above each element) are in red. Each subfigure represents py as
each element’s height and gives the corresponding estimate X, based on p; and the associated
error Sj,.

As for multizip sort, the intermediate estimates X}, can be given by any estimator, but we chose p

for efficiency reasons.

Corsort execution. As an example, Figure 6.11 shows the execution of the selected Corsort
on the list X = (42315). As we argued earlier that p is better than A, one may wonder why A
is preferred for the choice of the comparison. An intuition that explains the advantage of A is
the need of balance between termination and intermediate estimates: p can take O(m?) distinct
values, against O(m) for A. As a result, A generates more ties than p (a typical case is X4 on

Figure 6.11: p4(2) < pa(3) but A4(2) = A4(3)), so the tie-breaking rule, which targets accuracy
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of the estimate, is used more often. Experimentally, this gives a better performance profile than a

p-based Corsort, at the price of a (slightly) longer termination.

Corsort implementation. Algorithm 4 describes Corsort-A p, which uses A to choose the next
comparison to perform and p to estimate the sorted list. Some variants can be obtained by replacing

A and p with other estimators.

Algorithm 4 Corsort-A p

Input: List X of size m.

Output: List X sorted in ascending order if the algorithm ends with no interruption. An estimate
of the sorted list otherwise.

1: M := the identity matrix of size m, representing the empty partial order on X.
2: while there is no interruption and 3(i,5), M;; =0 do
3: Update A and [ according to M.
S = {(7“’])’ Mi,j = O}
(i,j) := argming (JA(7) — A(j)[, max(I(i), 1(5)))-
if X[i] > X[j] then
(273) = (Ja 7‘)
8: M :=Partial order update(M, (4, j)).
9: Update p according to M.
10: return X sorted by ascending value of p.

A A

Contrary to multizip sort and other classical sorts, Corsort leverages the partial order at each step of
its execution. Algorithm 5 updates the partial order M after each comparison, ensuring that the
transitive closure is maintained. To do so, it updates the descendants of the ancestors of the greater
element with the descendants of the smaller element, and conversely. The cost of this incremental

approach is O(m?) for each new comparison performed.

Algorithm 5 Partial order update
Input: A matrix M such that M, y = +1if k X ¢, M}, o = —1if k = £, and M}, o = 0 if we have
not compared k and /¢ yet. A pair (i, j).
Output: The transitive closure of M with the additional comparison ¢ =< j.
1: descendants; := {k, M} ; = +1}.
2: ascendants; := {{, M; , = +1}.
3: for k € descendants; do
4: for / € ascendants; do
5
6

Mk’g = +1.
: My = —1.
return M.
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Let M be defined with the convention of Algorithm 5 and ¢ be the index of an element. To compute
the number of ascendants a (i) or descendants d(z), it suffices to read the row or column ¢ of matrix
M:

a(i) =Y _1[M;; = +1],

d(i) = i 1[M;; = +1].

The computation of 1(7), A(7), and p(i) is straightforward:

(i)
NO|

d(i) + a(i),
d(i) — a(),
_ 4@

PO = G+ et

Corsort complexities. Corsort never compares a given pair twice, so it makes at most m(m —
1)/2 comparisons. At each step, one needs to compute the next pair, compare, then update a and d,
for a cost of O(m?) operations, which sums up to a global complexity in O(m?). The cost of

interruption, a score-and-sort in O(m In(m)), is comparatively negligible.

Therefore, Corsort incurs a high comparison and computational cost, but allows for efficient
interruption, as it incrementally maintains the partial order throughout the process. While the
theoretical comparison complexity of Corsort can reach O(m?) in the worst case, we shall see in
the next section that its empirical performance is significantly better, typically close to O(m logm)

in practice.

We now turn to a comparative evaluation of these algorithms, examining both their termination

time and their anytime performance, and contrasting them with classical sorting methods.

Evaluation and Comparative Results

To compare the performance of ASort, multizip sort and Corsort with the classical sorting algorithms
discussed in Section 6.2.1, we have developed an open-source Python package specifically designed
for creating anytime sorting algorithms and evaluating their effectiveness, we discuss of the

implementation details in Section 6.4.3.
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Uninterrupted Behavior: Termination Time

Let us first analyze the comparison complexity of each selected sorting algorithm. Figure 6.12
shows the termination time (measured in number of comparisons) for the different algorithms. The
curves for top-down merge, bottom-up merge, and both multizip sorts coincide as they represent
different scheduling variations of mergesort. Similarly, the curves for ASort and quicksort are
identical as they involve the same comparisons. We consider values of the list size m ranging from 8
to 2048. For each point, we generate 10,000 random lists and we record the number of comparisons
required for a complete sort. The y-axis shows the relative deviation from the theoretical lower
bound of logy(m!) = mlogy(m) — m/In(2) + logy(27m) /2 4 o(1) [Cor+09]: a curve closer to
0 indicates closer proximity to the optimal performance. To give a comprehensive view of the
results distribution, each algorithm’s median is depicted by a dark curve, while the 2.5% to 97.5%

quantiles form a 95% confidence interval represented by a light area.
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Fig. 6.12: Number of comparisons required for algorithm termination, as a relative overhead compared to
the information-theoretic lower bound. Each point is obtained by sorting 10,000 random lists.

We observe that Heapsort requires almost twice as many comparisons as necessary, and Shellsort
(here implemented with Ciura’s gap sequence [Ciu01]) approximately 60% more. Quicksort shows
better performance with less than 30% overhead for the studied values of m, but relying on a pivot

selection introduces high variance. The remaining four sorting algorithms demonstrate even lower
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overhead: 6% for Corsort, 2% for mergesort, 0.6% for binary insertion, and 0.3% for Ford-Johnson.
These algorithms also exhibit negligible variance. Based on these findings, we conclude that Corsort
emerges as a promising candidate, surpassing all other algorithms except those with comparison
complexities asymptotically equivalent to m log,(m) [FJ59]. Moreover, our simulations confirm
the asymptotical optimality of mergesort, further reinforcing the position of its multizip variant as a

strong candidate for anytime sorting.

Performance Profiles

We now analyze the performance, i.e. the quality of the intermediate estimates produced by each
algorithm. First, we compare Multizip equipped with p and with Y. Figure 6.13 shows their
performance profiles on a semi-logarithmic scale to better observe the termination behavior. For
each algorithm, we sort 10,000 random lists of size m = 1000. After every specified number
of comparisons k, the algorithm is interrupted and the estimation error Sy, is computed. As in
Figure 6.12, we represent the median and a 95% confidence interval. The error is normalized by
m(m—1)/2. We observe that Multizip with Y performs only slightly better than with p, confirming
that its main advantage lies in the lower interruption cost. Hence we will equip multizip with Y in

the rest of the simulations.

Figure 6.14 displays the performance profiles of the sorting algorithms. Heapsort and Shellsort
were excluded due to their poor termination times (cf. Section 6.4.1). The Ford-Johnson algorithm
employs the estimator p. Quicksort is examined in three variants: its natural implementation;
ASort; ASort version equipped with p. Three variants of mergesort are also considered: the natural
top-down implementation; bottom-up merge equipped with p; and multizip sort equipped with Y.
Binary insertion sort is explored with both its natural estimator and the estimator p. Finally, as
discussed in Section 6.3.2, Corsort utilizes A for selecting the next comparison (with additional

criteria in case of ties) and p for yielding estimates.

For each algorithm, we sort 10,000 lists of size m = 1000. After each specified number of
comparisons k, we interrupt the algorithm and compute the estimation error Si. As for Figure 6.12,
we represent the median and a 95% confidence interval. The error is normalized by the maximal
distance |m?/2]. The bounds from [GSS09] are not displayed because they are irrelevant for the
considered parameters: the lower bound starts from 0.005 and rapidly vanishes, while the ASort

guaranteed upper bound is always above 1.

First and foremost, Corsort stands out with its remarkable performance profile. It consistently

exhibits a decreasing trend with minimal variance, and outperforms other algorithms except for
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Fig. 6.13: Performance profiles of multizip-p and multizip-Y for m = 1000, each curve is obtained by
sorting 10,000 random lists. Spearman distance is normalized by m(m — 1)/2. The dashed line
shows the theoretical lower bound log, (m!) on the number of comparisons. A semi-logarithmic
scale is used to better visualize the termination behavior.

termination. Corsort emerges as a highly commendable anytime sorting algorithm, providing

accurate estimates within a reasonable timeframe.

Multizip-Y sort demonstrates notable performance, ranking second almost constantly in terms of
the performance profile. It offers a compelling option in scenarios where global speed is of utmost
importance, with a termination cost of O(m In(m)) total operations, including the interruption

cost.

ASort also exhibits a good profile, especially if one focuses on the median values, for which it
is slightly better than multizip for k£ € [5700, 7700]. Its main drawback is a significant variance,
shared with Quicksort, primarily explained by their pivot selection process. In contrast, the other
sorting algorithms showcase greater consistency in their performance: binary insertion sorts,
mergesorts, and Ford-Johnson exhibit relatively low variances, while Corsort demonstrates virtually

negligible variance.
Corsort, multizip, and ASort are anytime by design and outperform algorithms such as binary

insertion sort and Ford-Johnson. Yet, the differences between them are also significant, as illustrated

by Table 6.2, which links the number of comparisons and the estimation error on a few values.
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Fig. 6.14: Performance profiles for m = 1000. Each curve is obtained by sorting 10,000 random lists.
The error Sy, is normalized by the maximal distance [m?/2]. Results are dispatched on two
subfigures for better visibility. For the computation times, cf Section 6.4.1, and for the running
time, cf Section 6.4.3.
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6.4.3

# of comparisons  Corsort ~ Multizip ASort

4000 54(.7) 97114 117244
6000 12(13) 4462  43(9.0)
8000 02(02) 1120 1334

Tab. 6.2: Normalized error (in percent) depending on the number of comparisons for m = 1000. Each
entry shows the median value, then the 97.5% quantile in parenthesis.Numbers are rounded to the
first decimal place.

We also observe that the use of the estimators p and Y contributes to an improved performance
profile. Figure 6.14 only shows the case of binary insertion and ASort to limit the number of curves,
but we actually observed the same phenomenon for all algorithms from Table 6.1 that have a native
estimator. However, the impact of p is limited for ASort, where the gain is relatively small and

limited to the left part of the profile.

For bottom-up merge, p induces a non-monotonic behavior towards the later stages of the sorting
process. Indeed, p is optimal when the partial order is a set of independent chains, but p is
inaccurate when there are also (non degenerated) Y-shapes, like in Figure 6.7. Near completion of
the bottom-merge algorithm, the partial orders fluctuate between these two configurations, which
leads to the observed phenomenon. For example, the final two “bumps” in Figure 6.14 correspond
to the merge of quarters of the list. In contrast, by performing a round-robin on merge operations,
our improved algorithm multizip equipped with p stays monotonic, as illustrated by Figure 6.13,
and remains monotonic when equipped with Y. Consequently, whether it is equipped with p or Y,

multizip remains consistently below bottom-up merge equipped with p.

Implementation

The Corsort Package. The Python code of this article has been published on GitHub (https:
/lgithub.com/emczg/corsort) and PyPI (https://pypi.org/project/corsort/) under GNU General Public
license v3. The documentation (https://emczg.github.io/corsort/) provides detailed instructions for

package installation and for the replication of our results.

In particular, the Notebooks section of the documentation gives step-by-step intructions to reproduce

all the experiments we describe.

* The Termination times* notebook explains the computation of Figure 6.12.

“https://emczg.github.io/corsort/notebooks/termination.html
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 The Comparison of Corsort variants® notebook explains our selection of the Corsort-A p variant.

» The Impact of estimators® notebook compares natural estimators (if they exist) and the external

estimators A and p.
* The Performance profiles’ notebook explains the computation of Figure 6.14.

 The Examples with a chain and a Y-shape® notebook gives toy examples that illustrate the
behavior of estimators. In particular, it explains how the example of Figure 6.7 was built.

Running Time. For our benchmark of Figure 6.14, we sort 10,000 random lists of size 1,000.
We choose this size of list for two reasons. First, our framework addresses applications where the
comparisons are expensive, for example because they are manually performed by human experts, so
the typical use-case does not concern lists whose size is orders of magnitude higher. Secondly, since
this benchmark consists in interrupting the algorithms at each step to check the current Spearman
distance to the ground truth, it slows down the process; without this artificial additional delay, it is

realistic to use the algorithms with larger lists.

The table below reports the running time of each algorithm, based on experiments conducted on a
MinisForum UMS870 Slim equipped with an AMD Ryzen 7 8745H processor (16 threads).

Algorithm Time
Top-down merge 7 min 48 s
Binary insertion 6 min 30 s

Binary insertion p | 27 min 02 s

Ford-Johnson p 32 min 25 s

Quicksort 7min45s
ASort 8 min 07 s

ASort p 58 min 38 s
Bottom-up merge p | 16 min 11 s
Multizip Y 16 min 03 s

Corsort-A p 90 min 29 s

Shttps://emczg.github.io/corsort/notebooks/corsorts.html
®https://emczg.github.io/corsort/notebooks/rho_delta.html
"https://emczg.github.io/corsort/notebooks/profiles.html
8https://emczg.github.io/corsort/notebooks/examples_with_a_chain_and_a_y_shape.html
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6.5.1

Note that the reported times reflect a setting where the algorithm is explicitly paused at each step to
record and analyze intermediate estimates. As such, these measurements provide a theoretical upper
bound on computational cost and are primarily intended to illustrate the scale of our simulations.
They do not correspond to realistic deployment scenarios, which were not the primary focus of our
papers [CDM24; CDM25].

However, how can such tools be developed and deployed in real-life scenarios? The following

section explores this question in the context of the 2025 Australian federal election.

Australian Federal Election

As mentioned in the introduction, the Australian federal elections were one of our initial motivations
for studying anytime sorting algorithms: voters are required to rank all candidates, which can be
cognitively demanding. In such a context, an anytime algorithm appears particularly relevant. Now
that we have developed algorithms capable of producing meaningful intermediate rankings at any
point during execution, while maintaining low comparison and interruption costs, a natural question
arises: how might such tools be applied in practice, specifically in an electoral setting? Before
exploring this possibility, we first review the two main digital voting assistance tools that were

available to Australian voters during the 2025 federal election.

Existing Tools

As noted in the introduction, Build a Ballot was one of the main digital platforms available to
Australian voters ahead of the 2025 federal election. It not only offered a centralized database of
candidate information, but also included an interactive tool designed to help users elicit their own
political preferences. In this section, we take a closer look at this platform, along with another
widely used system, Vote Compass [Vox]. Both are among the top search results for Australian
voting assistance tools.

Build a Ballot presents themed lists of policy proposals (e.g., on energy, housing, or the environ-
ment) and allows users to indicate agreement with as many proposals as they wish within each
theme (see Figure 6.15). At the end, the system produces a ranked list of candidates based on a
computed percentage of compatibility, derived from overlap between the user’s approved proposals
and each candidate’s stated positions. The current implementation of Build a Ballot introduces

significant distortions in how voter preferences are inferred. For example, selecting all proposals
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How should the federal government help ease
cost-of-living pressures?

While infition has dronsed 6.2 4%. hichor or » What should the federal government do to cut
1le intlation has dropped 10 £.4%, higher prices are st Climate pollution?

Australia must aim for a 75% reduction in emissions by 2030 if
A Select as many as you agree with

A\ select as many as you agree with

Introduce a tax on the excess profits of large corporations (e.g. on
banks, gas companies)

Introduce short-term price caps (e.g. on rent and gas prices)

Support a significant reduction of individuals employed by the
public service

Prevent big companies from controlling the market and limiting
consumer choice (e.g. supermarkets)

None of the above

Stop fossil fuel project approvals and expansions

Accelerate the rollout of renewable energy projects

Strengthen policies that ensure Australia’s biggest polluters
genuinely cut their emissions

None of the above

(a) Example interface showing a question and multiple
proposals.

(b) Same interface showing a different question.

Fig. 6.15: User interface of the Build a Ballot platform. The tool presents users with a series of policy
questions, each offering a list of proposals associated with different candidates or parties. Users
select the proposals they agree with, which the system then uses to compute compatibility scores.

typically results in a very high compatibility score with left-wing candidates, in particular, The
Greens, as illustrated in Figure 6.16a. One explanation could be that the platform was developed
by Project Planet Inc., a climate-focused charity with strong environmental values, thus showing
bias towards climate-change oriented propositions. On the contrary, approving no propositions
results in a high compatibility score with the right-wing parties, as shown in Figure 6.16b. Thus,
failing to approve even a single one proposition often penalizes left-wing candidates and advantages
right-wing ones. This design choice not only skews compatibility scores when users do select most
proposals, but also introduces a slightly structural advantage for The Greens: since users almost
never leave all boxes unchecked, the party that authored or aligns with the largest share of proposals

is unlikely to ever appear at the bottom of the rankings.

Vote Compass, a tool developed by researchers at Vox Pop Labs, by contrast, shows one proposal
at a time and asks users to rate their agreement on a Likert scale ranging from “strongly disagree”
to “strongly agree” with an additional “I don’t know” option (see Figure 6.17). At the end of the
process, the algorithm places the user on a two-dimensional ideological map with some political
parties, thus showing their proximity spacially. The main problem is it excludes most of political
parties, which can leave users uncertain about how to translate the outcome into an actual voting

decision.
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when all proposals are selected for each question. when "None of the above" is selected for each question.

Fig. 6.16: Illustration of selection bias in Build a Ballot, based on test cases in the Riverina district. Selecting
all proposals leads to strong alignment with left-leaning parties (notably The Greens), whereas
consistently selecting "None of the above" favors right-leaning candidates.

-~
VEATE
COMPASS POLICY 6/30 POLLO/2  LEADERS 0/8  PROFILE 0/1
There should be a limit on how much landlords can raise the rent they
charge tenants.
csﬁtsrg;f;i Sg].?:g":z:t Neutral So;w;\év‘l:at Strongly agree Don't know

Fig. 6.17: Example interface from the Vote Compass platform. Users respond to a series of policy statements
on a Likert scale, indicating their level of agreement or disagreement. The platform then computes
the closest match with the positions of various political parties based on their responses.

Additionally, Vote Compass exhibits a similar bias as Build a Ballot, that is a directional bias in
how user preferences are mapped: strongly agreeing with all proposals tends to place the user
closer to left-leaning parties, while strongly disagreeing with all proposals favors alignment with
right-leaning parties; choosing neutral answers across the board typically positions the user near
the political center, as broadcast in Figure 6.18. Thus, it is legitimate to question whether some
statements could be reworded to achieve greater ideological balance. For instance, the statement
"There should be a limit on how much landlords can raise the rent they charge tenants" could
have been reframed as "Landlords should be free to set rental prices without restriction", offering

a reversed yet semantically parallel version. In contrast, for quantitatively structured prompts
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such as "How much should the Australian government spend to subsidise the cost of electricity
for consumers?", finding an equally neutral reformulation is more complex without altering the
question’s format. In this light, while Vote Compass does exhibit some degree of directional bias, it
appears to stem more from practical design constraints than deliberate political intent. Moreover,
the fact that neutral answers place users near the center suggests that the system maintains at least a

baseline of interpretive balance.

The fact that both tools exhibit bias could be explained by a structural limitation rooted in political
discourse rather than platform design. The perceived left-leaning bias may be attributed to an
asymmetry in the articulation of party platforms: left-wing parties are generally more inclined to
publish detailed, programmatic proposals, whereas right-wing parties tend to communicate broader
ideological positions with fewer concrete policy commitments. For example, in the domain of
education, the left-wing party The Greens outline 106 distinct and documented policy points®, while
the right-wing party The Nationals list merely two objectives'?, and the far-right party One Nation

provides only a four-line statement with no actionable measures!!

, accompanied with a 4min22s
video!? that is not directly related to the topic but that mentions the word "education" once. As a
consequence, platforms that rely on matching users to policy content may unintentionally favor
parties with more extensive and explicit agendas. This is not an intrinsic flaw of the platforms
themselves, but rather a reflection of the uneven communicative strategies employed by political

actors.

These limitations point to a deeper issue: as long as some candidates provide little or no detail
about their policy positions, no system based solely on proposal matching can treat them equally.
In practice, attempts to ensure fairness, such as balancing the number of proposals across the
political spectrum, may end up concealing substantial asymmetries in how parties engage with
voters. Equating a party that publishes a comprehensive program with one that offers only vague

statements creates the illusion of parity where there is none.

More fundamentally, both Build a Ballot and Vote Compass operate under the assumption that
a small, fixed set of questions is sufficient to capture voter preferences. While this design is
accessible, particularly for users who are unfamiliar with politics, it is better suited for offering a
rough orientation on the ideological spectrum than for supporting the construction of a complete

ranking of candidates. For voters who have already formed preliminary opinions, or who wish

*https://web.archive.org/web/20250728142213/https://greens.org.au/nsw/policies/education

https://web.archive.org/web/20250728142013/https://www.nationalsplan.org.au/

https://web.archive.org/web/20250728 141552/https://www.onenation.org.au/education

Phttps://web.archive.org/web/20250728 142546/https://www.youtube.com/watch?v=m4-Q2yDQHPA, https://www.
youtube.com/watch?v=m4-Q2yDQHPA
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Fig. 6.18: Positional bias in Vote Compass based on response patterns. Selecting strong agreement with all

policy statements tends to align users with left-leaning parties, strong disagreement aligns them
with the political right, and neutral responses place users near the center.
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to engage more deeply, such formats may prove overly reductive. This limitation motivates the

exploration of alternative approaches based on anytime sorting algorithms.

Anytime Sorting Tool

Building on our work in anytime sorting, we can envision a digital ballot assistant that allows voters
to construct their preferences incrementally through pairwise comparisons. As the voter interacts
with the interface, an anytime algorithm such as Corsort would maintain a consistent and evolving
estimate of their full ranking. At any point, the voter could stop, review the current estimate, and
optionally choose it as their final preference list. While this aproach requires voters to invest more
effort in seeking information either before of during the sorting process, it enables more informed
decision-making, and still allows for a full candidate ranking to be produced at any point, should

the voter decide to stop.

However, as highlighted in the previous section, implementing such a system in practice faces
significant challenges, foremost among them ensuring voters have sufficient information to make

meaningful comparisons. A centralized candidate-oriented platform could address this by:

* Including direct links to candidates’ official websites when available. For candidates without
an online presence, the platform might highlight this fact. At the same time, it is important
to recognize that smaller parties may lack the resources to provide a well-documented
website, highlighting a potential role for public authorities to ensure the access to basic web

infrastructure and hosting services.

* Providing candidate biographies authored by the candidates themselves, including key policy
positions, directly in the platform, for voters who wish to invest only a limited amount of
time in political investigation. In cases where candidates decline to supply this information,

the platform should clearly indicate this decision.

* Displaying both candidate biographies and website links alongside each pairwise comparison,
so that voters can access relevant information as needed. This reflects the time cost associated
with making informed comparisons, and reinforces the distinction between comparison

complexity and overall computational complexity.

It is worth noting that the first point is already implemented in the Build a Ballot platform. This
makes it feasible to envision a preliminary version of an anytime sorting assistant that leverages
this existing infrastructure. However, the second point is not currently implemented and would

require substantial effort to develop.
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Now, to foster voters trust, three key conditions must be met.
* The underlying algorithmic logic should be well-documented and accessible.

* The interface should allow voters to inspect previous comparisons made and all estimates
produced so far, so that they can verify the algorithm’s behavior and the consistency of the

estimates.

* The order in which comparisons are proposed must not introduce bias. To this end, early
comparisons, particularly the first m/2, should be sampled randomly to avoid favoring
specific candidates. This concern is not merely theoretical: before 1984, ballots listed
candidates alphabetically. Therefore, names starting with A were found to receive undue
advantage. A notable example was the 1937 Senate election, in which the Labor candidate
group in New South Wales consisted of Amour, Ashley, Armstrong and Arthur, all of whom

were elected. This phenomenon is known as "Donkey voting".

Beyond these implementation concerns, future work could explore extensions that accommodate
cases in which voters prefer not to compare certain candidates. This may occur when voters are
unfamiliar with one or both candidates in a given pair, or when they wish to express indifference. For
instance, a user might choose to engage only with comparisons involving well-known candidates

and stop once the remaining options fall outside their knowledge or interest.

Conclusion

Anytime Sorting. We have formalized the problem of anytime sorting and introduced novel
approaches to address it. Our proposed estimators allow to transform any comparison-based sorting
algorithm into an anytime algorithm. We have introduced the innovative algorithms of multizip

sort and Corsort. Through extensive simulations, their strong performance has been demonstrated,

showcasing their efficiency in terms of termination time and the quality of intermediate estimates.

Our work advances the understanding and effectiveness of anytime sorting algorithms. In particular,
despite its lack of proven upper bound and global complexity, we believe that Corsort de facto

replaces ASort as a benchmark for empirical evaluation of future anytime sorting algorithms.

The relative novelty of our approach opens up several avenues for future research in the domain

of anytime sorting. Exploring different scoring functions could potentially enhance Corsort even

further, and also improve the performance profiles of classical sorting algorithms like Ford-Johnson.

Formally proving that Corsort has an O(m In(m)) comparison complexity poses another challenge.

6.6 Conclusion
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Additionally, narrowing the gap between existing theoretical bounds and empirical observations is

a promising direction for future research.

Australian Elections. The integration of anytime sorting algorithms into electoral technology,
if done with precautions and transparency, could offer a promising path toward more flexible
and voter-centered decision-making tools, capable of accommodating varying levels of voter
engagement and information access. These tools open up several research directions. Empirical
studies are needed to understand how voters engage with such systems: how many comparisons
ar they willing to perform? How reliable or stable do their preferences appear across sessions?
From an algorithmic standpoint, extending anytime sorting methods to accommodate abstentions,
indifference, or uncertain responses would enhance their realism and inclusivity in practical voting

scenarios.
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Conclusion

Summary of the Contributions

In this thesis, I have presented two methods for calculating the probability of the Condorcet paradox

under the assumption of independent voters, both based on analytic combinatorics.

Since this thesis is also intended for readers who may be unfamiliar with analytic combinatorics, in

Chapter 2 I introduced the main ideas through a guiding example based on fragmented permutations.

I aimed to make this chapter accessible to readers not necessarily interested in the rest of the thesis,
providing detailed explanations of both the symbolic method and the analytic extraction process. I

hope that, taken on its own, this chapter has pedagogical value beyond the scope of the thesis.

The first method for studying the Condorcet paradox, developed in Chapter 3, focused on the
Impartial Culture model and relied on a graph-theoretic encoding of voting profiles. By representing
a voting profile as a bipartite graph with degree constraints, we were able to transform the original

voting problem into a question of graph enumeration.

While the results were intricate from a voting-theoretic perspective, this approach yielded interesting
combinatorial insights. In particular, we computed the generating function of 0-1 balanced matrices
using the bipartite framework. We then extended this enumeration to general (not necessarily
bipartite) graphs, which notably led to an asymptotic formula for s-regular graphs (graphs in which
all vertices have degree k).

Due to the complexity of the results and the rigidity of the graph-based approach—it could only
be applied to Impartial Culture and could not be generalized to the GIC model—we developed a
second method for computing the probability of the Condorcet paradox. This approach, presented
in Chapters 4 and 5, directly encoded pairwise comparisons, yielding a generating function that
is suitable for asymptotic analysis. Using the saddle point method, we derived asymptotic results
under the GIC model. This method not only recovered known limiting probabilities but also
provided new results on the rates of convergence. In particular, we applied the theoretical findings

to two cultures: Impartial Culture and Mallows.
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For Impartial Culture, the probability that there exists a Condorcet winner is of the form
P(m is CW) = ag + a1,n 2+ O(n7Y),

where ag and a; ,, are given by

1 —uH g (0) a2
d
v (2m)m=Tdet(Hk(0)) /(0,+<>o)ml ‘ “

0 if n is odd,
a1n = 6 1
- mAL | 2m)m 1 det(Hx (0

ag —

)) f(07+oo)m—1 1T’U,€_uT’HK(O)71u/2du‘ if n is even,
and H 5 (0), its inverse and determinant are given in Equation (4.7).

In the case of the Mallows model, we studied two main variants: one in which the candidate
of interest occupies the first position in the reference ranking, and another where it appears last.
The latter variant was examined in two settings, with three and four candidates, corresponding
respectively to the models M3 1. and M4 1,5- For both cases, since the reference ranking can be
interpreted as representing the underlying ground truth, we showed that the probability of the a
priori undesirable event in which the candidate ranked last nevertheless emerges as the Condorcet
winner tends exponentially fast to 0. Conversely, under the model M3 g4, Where candidate 3
occupies the first position in the reference ranking, we showed that the probability that candidate 3

is the Condorcet winner tends exponentially fast to 1.

Beyond these results, some of the multivariate analytic combinatorics theorems developed in
Chapter 5 were of independent interest. In particular, we consider the definitions of rank and
periodicity for multivariate generating functions as some of our most significant contributions,
along with Lemma 15, which extends the Daffodil Lemma [FS09, Lemma IV.1] to the multivariate

case.

Finally, Chapter 6 departed from the probabilistic analysis and addressed a practical question:
how can individuals elicit their own preferences efficiently? To tackle this, we proposed efficient
anytime sorting algorithms for constructing preferences, introducing estimators that transform
any comparison-based sorting algorithm into an anytime algorithm, as well as the new algorithms
Multizip Sort and Corsort. Extensive simulations demonstrated their strong performance in terms
of both termination time and the quality of intermediate estimates. In particular, although Corsort
lacks a formal upper bound and complexity analysis, it effectively replaces ASort as a benchmark

for empirical evaluation of future anytime sorting algorithms.
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This chapter also discussed potential applications to real-world voting contexts, illustrated by the
2025 federal elections in Australia. In particular, it opened a discussion around two online voting
assistants designed to help voters elicit their preferences, highlighting the practical relevance of

anytime sorting algorithms.

Overall, this thesis can be viewed as evidence that bridges naturally emerge between different areas
of mathematics and computer science. Each chapter, taken independently, either led to contributions
of interest in other domains, such as the analytic combinatorics results in Chapters 3 to 5, or opened
a more exploratory discussion, as the one in Chapter 6, which raised practical questions related to a

real-life voting scenario.

Future Work

Several directions for future research arise from the work presented in this thesis.

Condorcet Paradox and Saddle Point Methods. A natural direction is to investigate cases
where the saddle point has null or infinite coordinates, which may occur in non-generic cultures. It
would also be valuable to perform a finer analysis of the complexity of the algorithm presented in
Section 4.8 for handling supercritical coordinates, particularly to identify conditions under which it
runs in polynomial time. Another avenue is to examine the limiting behavior of the probability as
the number of candidates m tends to infinity. Finally, extending this method to other events, such
as the transitivity of the majority relation, other forms of monotonicity failures, or manipulability
(i.e., susceptibility to strategic voting), could broaden its applicability.

Analytic Combinatorics and Coefficient Extraction. Future work could explore more general

frameworks for coefficient extraction, beyond the specific setting
[2*"] A(=)B(2)",

for instance when the polynomial B(z) appears through a more intricate functional form. Another
direction is to compute additional terms in the asymptotic expansions, either manually or with
computer assistance, potentially leading to symbolic algorithms capable of performing these

computations automatically.
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Anytime Sorting and Preference Elicitation. The novelty of our approach opens several av-
enues in the domain of anytime sorting. Exploring different scoring functions could further
enhance Corsort and improve the performance of classical sorting algorithms, such as Ford-Johnson.
Formally proving that Corsort has O(m In(m)) comparison complexity is another challenge. Nar-
rowing the gap between existing theoretical bounds and empirical observations also remains a
relevant task. From an application perspective, empirical studies are needed to understand how
voters engage with these systems, including the number of comparisons they are willing to perform
and the reliability of their preferences across sessions. Algorithmically, extending anytime sorting
methods to accommodate abstentions, indifference, or uncertain responses would increase their

realism and inclusivity in practical voting scenarios.

Chapter 7 Conclusion
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RESUME

Cette these étudie la probabilité du paradoxe de Condorcet, une situation dans laquelle I'agrégation des préférences
individuelles conduit a un cycle, méme quand chaque électeurice posséde des préférences transitives. Tandis que la
plupart des travaux précédents utilisent des approches probabilistes, nous explorons une voie alternative fondée sur
la combinatoire analytique. Nous commengons par étudier la distribution uniforme des préférences en encodant un
profil de vote sous forme de graphe. Au passage, nous obtenons des résultats pertinents sur les graphes réguliers
et les matrices équilibrées. Nous étendons ensuite I'analyse a des modeles de préférences plus généraux. Via des
méthodes de point col, non seulement nous retrouvons des limites connues pour la probabilité d’existence du paradoxe de
Condorcet, mais nous obtenons en plus des taux de convergence. Cette approche fournit également des résultats en
combinatoire analytique multivariée présentant un intérét indépendant. Enfin, puisque I'ensemble de la these suppose que
les électeurices fournissent des classements complets, le dernier chapitre s’écarte de I'étude probabiliste pour aborder
une question pratique : comment aider les électeurices a construire efficacement leur classement ? Nous proposons une
procédure de tri et discutons de ses applications potentielles dans des contextes réels de vote a travers 'exemple de
I'élection fédérale australienne de 2025.

MOTS CLES

choix social, probabilité, paradoxe de Condorcet, systéme de vote, combinatoire analytique, méthode du point
col, méthode symbolique, tri interruptible, élicitation de préférence

ABSTRACT

This thesis studies the probability of the Condorcet paradox, a situation in which the aggregation of individual preferences
yields a cyclic outcome, despite each voter having transitive preferences. While most previous work focused on probabilistic
approaches, we investigate an alternative route based on analytic combinatorics. We first consider the uniform distribution
of preferences using a graph-based encoding of voting profiles, leading to significant results on regular graphs and balanced
matrices that stand on their own. We then extend the analysis to more general preference models via saddle point methods,
not only recovering known limits for the probability of a Condorcet winner but also refining them by providing explicit
convergence rates. This approach also produces results in multivariate analytic combinatorics that are of independent
interest. Finally, since we assume throughout the thesis that voters provide complete rankings, the last chapter departs
from the probabilistic study to address a practical question: how can we help voters to efficiently elicit their full preferences,
particularly when the number of candidates is large? To tackle this problem, we propose sorting algorithms and discuss
their potential applications in real-world voting contexts, illustrated by the 2025 Australian federal election.

KEYWORDS

social choice, probability, Condorcet paradox, voting rule, analytic combinatorics, saddle point method, symbolic
method, anytime sorting, preference elicitation
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