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Résumé

La renormalisation en théorie quantique des champs est un des concepts importants en physique
théorique. Par exemple, elle permet en théorie perturbative des champs de donner un sens à une
théorie en ajoutant des contre-termes dans son lagrangian nu, de telle sorte que les quantités physiques
de cette dernière soient libres des divergences ultraviolettes. Par exemple, en quatre dimensions, la

théorie scalaire massive ϕ4 comporte un terme d’interaction de la forme λϕ
4

4!
où λ > 0 est la con-

stante de couplage. Les contre-termes requis pour renormaliser la théorie sont ceux pour la masse,
le couplage et pour la fonction d’onde. La renormalisation est un procédé qui n’est pas limité à
une seule méthode. En effet, des preuves de renormalisabilité de théories des champs incluent des
analyses des intégrales apparaissant dans les diagrammes de Feynman tandis que d’autres preuves
utilisent les équations de flot du groupe de renormalisation. Dans cette thèse, nous utilisons la méth-
ode par les équations de flot. Au lieu d’analyser les diagrammes de Feynman et leur combinatoire,
les fonctions de corrélation à n points Lα0,α

n sont étudiées comme des fonctions d’un paramètre
dit de flot α ∈ [α0,+∞) où α0 correspond à une coupure ultraviolette régularisant la théorie. La
limite α → +∞ correspond à l’échelle physique. Développées en série perturbative, elles sont les
uniques solutions des équations de flot pour des conditions de bord imposées. Les équations de
flot donnent un schéma inductif permettant de trouver des bornes sur les fonctions de corrélations
Lα0,α
n . La théorie est dite renormalisable si les bornes obtenues permettent de montrer que les limites
lim
α0→0

lim
α→+∞

Lα0,α
n soient finies.

Une des questions majeures sur la théorie ϕ4 concerne la trivialité en quatre dimensions. Elle
correspond au fait qu’en partant d’une théorie regularisée, la limite que l’on trouve en enlevant la
régularisation est la théorie libre. Des arguments heuristiques en faveur de la trivialité incluent la
croissance du couplage effectif et la présence du pôle de Landau pour la théorie ϕ4 en quatre dimen-
sions. Des travaux dus à Aizenman, Fröhlich et Duminil-Copin [1, 2, 3] figurent parmi les résultats
rigoureux les plus connus. Ils prouvent que la limite du continu de la théorieϕ4 en d ≥ 4 dimensions
à une ou deux composantes régularisée sur réseau est triviale. Elles reposent entre autres sur des
inégalités de corrélation, bien connues pour des champs à une ou deux composantes. La preuve pour
d = 4 est considérablement plus difficile que pour d > 4 car ces inégalités ne sont pas concluantes
pour d = 4. Des inégalités plus fines et en utilisant une analyse multi-échelle ont néanmoins permis
de prouver le cas d = 4 [3] mais les preuves restent limitées aux champs à une composante (modèle
Ising). Plus récemment, Kopper a développé une approche avec l’aide des équations de flot mais
en approximation de champ moyen [4]. Il a d’abord construit de manière générale les solutions des
équations de flot non-perturbatives en champmoyen, en particulier des solutions asymptotiquement
libres à partir d’un lagrangien nu non polynômial. Il a également analysé le problème de la trivialité
sous l’hypothèse de faibles couplages nus. Les conditions de bord en champ moyen sont imposées
à la coupure ultraviolette α0. Il a analysé un ansatz pour la fonction à deux points connectée et am-
putée. Des bornes inductives sur les coefficients de l’ansatz ont été obtenues avec les équations de
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flot en champ moyen qui montrent que l’ansatz est bien défini. Les autres fonctions de corrélations
à n points se déduisent des équations de flot et il suit que la théorie construite en champ moyen est
triviale.

Cette thèse est dédiée à l’étude non-perturbative et perturbative des équations du groupe de
renormalisation pour la théorie ϕ4 en quatre dimensions, aussi notée théorie ϕ4

4. Dans la première
partie de cette thèse, nous avons analysé à nouveau le problème de la trivialité. Nous avons étendu
le résultat de Kopper à des couplages nus arbitraires. Nous avons obtenu des bornes plus fines sur
les coefficients de l’ansatz qui généralisent celles établies par Kopper. Ensuite, nous nous sommes
intéréssés aux théories scalaires avec un nombre de composantes N ≥ 1, qu’on appelle modèles
O(N). Une difficulté a été de dériver les équations de flot sous un schéma inductif permettant de
répéter notre méthode. Nous avons utilisé les propriétés de symétrie du modèle O(N) pour déter-
miner la structure tensorielle des fonctions de corrélation afin de réduire les équations de flot en
champ moyen sous une forme généralisant celle trouvée par Kopper pour le champ à une com-
posante. Nous avons à nouveau montré la trivialité du modèle O(N) en suivant notre méthode.
Nous avons également confronté nos résultats à ceux obtenus par Amit, Moshe et Zinn-Justin dans
la limite N → +∞. L’unicité de la solution construite a aussi été étudiée. En effet, les arguments
usuels d’analyticité ne fonctionnent pas puisqu’il n’a pas été possible de montrer que nos solutions
obtenues soient analytiques en α0. En utilisant une formulation intégrale des équations de flot en
champ moyen, d’abord pour le champ à une composante puis pour le modèle O(N), nous prouvons
l’unicité.

La deuxième partie de cette thèse est dédiée à l’étude du lien entre nos solutions triviales et
la théorie des perturbations. Nous avons en particulier analysé le problème de la sommabilité au
sens de Borel de la théorie des perturbations régularisée et renormalisée en champ moyen. Les
développements perturbatifs en théorie des champs sont divergents. Les sources de cette diver-
gence sont liées aux minima non triviaux de l’action et à la renormalisation, elles incluent donc
les instantons et les renormalons. Cette dernière provient de la nécessité de la renormalisation et
apparaît pour la théorie ϕ4 en quatre dimensions. La sommabilité au sens de Borel est un concept
permettant à nouveau de définir rigoureusement les fonctions de corrélation à partir de leur série
perturbative. Des résultats sur la convergence locale de la transformée de Borel de la série perturba-
tive et sur la sommabilité au sens de Borel ont été obtenus pour diverses théories des champs. Keller
et Kopper ont en particulier établi l’existence locale de la transformée de Borel de la théorie ϕ4 per-
turbative avec les équations de flot perturbatives [5, 6]. Nous avons analysé de manière générale
les équations de flot perturbatives en champ moyen avec les conditions de renormalisation BPHZ
(Bogoliubov-Parasiuk-Hepp-Zimmermann). Des bornes pour les solutions perturbatives en champ
moyen ont été obtenues. Ensuite, pour établir un lien entre nos solutions triviales et la théorie des
perturbations, les solutions triviales ont été écrites sous forme d’une série perturbative tronquée en
un couplage renormalisé convenablement choisi, ainsi qu’un reste. De plus, nous avons montré, à
l’aide d’une méthode de point fixe, que des conditions de renormalisation spécifiques, incluant les
conditions de renormalisation BPHZ, pouvaient être imposées pour nos solutions triviales. Ensuite,
nous avons montré que nos solutions triviales ont un développement perturbatif en un couplage
renormalisé convenablement choisi. En particulier, la fonction à deux points connectée amputée en
champ moyen est analytique en le couplage renormalisé. Puis, nous avons obtenu des estimations
sur les restes qui impliquent l’existence locale de la transformée de Borel de la théorie regularisée et
renormalisée en champ moyen. Enfin, pour traiter le problème de la sommabilité au sens de Borel,
nous avons utilisé un théorème dû à Nevanlinna et réactualisé par Sokal. Notre analyse sur le cas
d’un couplage réel s’étend en fait dans le cas d’un couplage complexe. Toutes les hypothèses du
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théorème de Nevanlinna-Sokal étant vérifiées, nous avons obtenu la sommabilité au sens de Borel.
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Introduction

Quantum field theory is a fundamental framework of theoretical physics that unifies both quan-
tummechanics and special relativity. It is a powerful tool to study systems with a large or an infinite
number of degrees of freedom. For instance, Euclidean field theory is used in statistical mechan-
ics to analyze the critical behavior of systems (critical exponents), while the degrees of freedom
in high-energy physics are described using relativistic (Minkowski) field theory. In quantum field
theory, one of the main obstacles for a rigorous formulation is the definition of the path integral.
In most systems, the path integral is generally ill-defined. However, Euclidean field theory can in
some cases be defined rigorously from a mathematical point of view. If the so-called Osterwalder-
Schrader axioms [7, 8] can be verified, the Euclidean field theory can be analytically continued to
Minkowski space. Also, the correlation functions of relativistic field theory are usually obtained
via an analytic continuation of the Euclidean ones. Euclidean free field theories are well described
using gaussian measures, while interacting field theories require a regularization to start on safe
grounds. A motivation for regularization in quantum field theory arises from perturbative quantum
field theory. The connected amputated correlation functions that appear in transition amplitudes
are expanded in a power series w.r.t. a coupling constant λ. The coupling constant λ represents the
strength of the interaction. Feynman diagrams constitute a useful diagrammatic representation of
these perturbative contributions. The number of vertices V of these diagrams corresponds to the
order λV of these contributions. Unfortunately, some contributions are apparently ill-defined. An
example of theory where these divergences appear is the scalar ϕ4-theory in four dimensions. The
interaction term is of the form λ

4!
ϕ4, where λ is the dimensionless coupling constant. In the Stan-

dard model, the Higgs field after spontaneous symmetry breaking typically behaves as a ϕ4-theory
although the Higgs field is coupled to the fermionic degrees of freedom and the gauge bosons. For
the ϕ4-theory in four dimensions, the first order correction to the two-point function is quadrati-
cally UV-divergent. A regularization of the theory by momentum cutoff renders all contributions
finite. After regularizing the theory, renormalization is performed. Renormalization is a set of tech-
niques to ensure that the physical quantities in the regularized theory are finite upon removing
the regularization. Typically in ϕ4-theory in four dimensions, the parameters of the theory (mass,
coupling constant) and the normalization of the propagator are adjusted by adding a finite num-
ber of counterterms to the lagrangian to cure the UV-divergences; ϕ4-theory in four dimensions is
perturbatively renormalizable.

Perturbative renormalizability was first analyzed in Dyson’s work [9, 10] and in the late six-
ties, the BPHZ-version (Bogoliubov-Parasyuk-Hepp-Zimmerman) [11, 12] was implemented with
momentum space subtraction to heal the UV-divergences. Different regularization schemes were
invented: Pauli-Villars regularization [13], analytical regularization [14], dimensional regulariza-
tion [15, 16, 17] which is often used in gauge theory calculations. These different regularization
schemes can be viewed to be equivalent, see e.g. [18] and they may impact on the symmetries of
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the unregularized theories. For instance, the symmetries of the lattice regularized theory are dif-
ferent from those of the continuum limit, e.g. the lattice-regularized Euclidean field theories are
not invariant under rotations. Nevertheless, the original symmetries should be restored upon re-
moving the regularization. Most of the aforementioned methods include an exhaustive analysis of
the integrals entering in Feynman diagrams. We can mention for instance Zimmermann’s forest
formula [19] which allows one to treat the overlapping divergences by ordering the subintegra-
tions in a single Feynman diagram. First developed for massive theories, Lowenstein extended the
BPHZ-renormalization for massless particles [20]. While these methods constitute powerful tools,
the rigorous renormalizability proofs of quantum field theories based on Feynman diagrams are
delicate because of their analytic and combinatorial complexity. In particular, at high order loop l,
counterterms of loop order l′ < l actually enter into the diagrams of loop order l, meaning that the
counterterms of order loop l depend on the counterterms of loop order i ≤ l − 1.

A much simpler proof of renormalizability is based on the differential flow equations of the
Wilson renormalization group [21, 22]. They were introduced by Wegner and Houghton [23]. In
the Wilsonian renormalization group, the local effective action undergoes a continuous evolution.
This non-perturbative point of view of renormalization is used in condensed matter physics to study
critical points. In rigorous mathematical physics analysis, the renormalizable UV-asymptotically
free Gross-Neveumodel in two dimensions has been constructed [24, 25] by splitting themomentum
range in the functional integral into a union of discrete and disjoint sets and successive integration
of the quantum fluctuations; this idea is similar to Wilson’s idea of block-spins partition in lattices
in statistical physics. A new construction of the massive Euclidean Gross-Neveu model in infinite
volume has been performed by Duch [26] by solving the flow equation without a discretization
of phase-space, a tree expansion or a cluster expansion. Rigorous non-perturbative analysis of the
renormalization flow has been treated in lecture notes, see e.g. [27] and in themonograph [28] where
the question of formally summing perturbation series is dealt with. In perturbative renormalization,
Gallavoti and Nicolò [29, 30] followedWilson’s ideas by decomposing the propagator of a free scalar
field into disjoint momentum slices, the field is decomposed into a sum of independent random
variables. Then the so-called tree expansion method has been developed by Gallavoti, Nicolò and
Benfatto. This method has been adapted to prove renormalizability of quantum electrodynamics
and has been used to analyze fermionic systems; see e.g. [31].

Polchinski in his seminal paper [32] proved the perturbative renormalizability of the scalar ϕ4-
theory in four dimensions. The perturbative Schwinger functions are regularized by an UV-cutoff
Λ0 and an infrared cutoff Λ, also called flow parameter. This flow parameter interpolates the the-
ory between the theory at the UV-cutoff (called bare theory) and the effective physical theory at
low energy scale. The flow equations are differential equations whose solutions are the regularized
connected amputated Schwinger functions. They describe how they evolve w.r.t. flow parameter Λ.
The solutions of these equations are bounded by using an inductive scheme. These bounds are suffi-
ciently strong to prove renormalizability [33]. The proof of perturbative renormalizability based on
this method has been extended to the massless ϕ4-theory in four dimensions [34], to the non-linear
σ-model [35], to the spontaneously broken SU(2) Yang-Mills theory [36] and the theory without
the Higgs mechanism [37], ϕ4-theory in four dimensions in Minkowski space [38]. Other results in
mathematical physics established using the flow equations are the convergence of the operator prod-
uct expansion in perturbation theory [39] and the local Borel summability of perturbative Euclidean
massive ϕ4-theory in four dimensions [5, 6].

An important question about ϕ4-theory in d dimensions, also noted ϕ4
d-theory, is the question
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of triviality. Triviality means that when one starts from a regularized interacting field theory, the
only limiting theory upon removing the regularization is the free theory. Arguments in favor of
triviality include the positivity of the beta function of ϕ4-theory and the existence of the so-called
Landau pole, although these arguments were obtained using perturbative methods which become
unreliable when the coupling constant becomes large. Numerical results seem to confirm triviality
of ϕ4

4-theory; see e.g. [40, 41, 42]. Rigorous results on triviality of ϕ4
d-theory have been established;

the most famous of these results are those established by Aizenman, Fröhlich and Duminil-Copin
in [2, 43, 44]. They proved the triviality of the continuum limit of lattice regularized Euclidean one-
component ϕ4

d-theory for d > 4 and for d = 4 with an infinite wavefunction renormalization, in
the sense that the truncated four-point function of the theory, which is related to the renormalized
coupling, vanishes in this limit. These proofs were only established for one or two component
scalar fields because they relied on correlation inequalities, e.g. Lebowitz inequality [45]. See [46]
for correlation inequalities for ϕ4

d-models. These correlation inequalities and their applicability have
yet to be established for higher spin models. Aizenman and Duminil-Copin extended the proof to
d = 4 in [3] using multi-scale analysis to sharpen the bounds obtained in [1] on the truncated four-
point function for the one-component theory. The question whether the Standard model is trivial
or not remains open because the aforementioned proofs are restricted to scalar fields. No rigorous
framework has yet been completely developed to tackle this problem. However, we canmention that
Lüscher analyzed lattice quantum electrodynamics (QED) in d dimensions in [47], and he obtained
bounds on the renormalized charge. He concluded that for d > 4, the renormalized charge goes to
zero in the continuum limit, meaning that the theory is trivial while the question in four dimensions
remains open.

The first part of this thesis deals with the triviality problem of ϕ4
4. We tackle this problem using

the non-perturbative renormalization group equations in the mean-field approximation. Kopper de-
veloped this approach in [6] to construct uniformly bounded asymptotically free scalar fields from
a non-polynomial bounded bare effective action. He also analyzed the triviality problem. From a
fixed bare interaction lagrangian for the ϕ4

4-theory, he constructed inductively mean-field trivial
scalar fields using the mean-field flow equations from an ansatz for the two-point function. Never-
theless, his analysis is restricted to a one-component theory with small bare couplings. Furthermore,
a technical simplification of the infrared cutoff was performed at the level of the regularized propa-
gator in momentum space to simplify the calculations. Then, natural questions arise: Can we extend
the triviality statement to arbitrarily large couplings ? to the O(N)-model, N ≥ 1 ? to the theory
without the technical infrared assumption ? How can we adapt the mean-field flow equations to
these cases ? How can we adjust the ansatz for the two-point function ?

We also tackled the analyticity of themean-field flow equations. The trivial solutions constructed
cannot be shown to be analytic with respect to the flow parameter at the bare scale. Therefore the
uniqueness of the solutions cannot be proven using usual analyticity arguments. Nevertheless it is
known that if the bare action is bounded from below, then the flow equations have an integral for-
mulation. This integral formulation implies the uniqueness of the Schwinger functions as solutions
of the flow equations for fixed boundary conditions.

Another aspect of this thesis is the perturbative analysis of the mean-field flow equations. Physi-
cists often ask themselves whether triviality means that no perturbative theory should exist. Wilson
pointed out that triviality and perturbation theory are not incompatible [48] by citing the example
of the Lee model [49], in which the theory is trivial but the renormalized perturbation theory exists.
In physics experiments, the maximum energy scale is related to an UV-cutoff, meaning that exper-
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imental results are obtained for an effective theory while triviality is a limiting property. Before
the discovery of the Higgs boson, consequences of triviality on the mass of the Higgs boson were
discussed; see e.g. [50] for a discussion on the range of allowed values of the mass of the Higgs
boson. In the second part of this thesis, we wanted to know the relation between our mean-field
trivial solutions and perturbation theory. Can we obtain a renormalized perturbation theory from
the mean-field trivial solution ? Does this theory make sense ?

The last question is of great importance. Indeed in quantum field theory, perturbative expansions
are divergent. The sources of this divergence can be classified in two types:

· Instanton singularities when one analyzes non-trivial minima of the classical action in the
complex coupling [51]. These singularities are related to the fact that carrying out an expan-
sion in terms of Feynman diagrams leads to a number of diagram increasing very quickly at
high orders in perturbation theory.

· In four dimensions, renormalon singularities appear. They have been introduced by ’t Hooft
[52]. They manifest through Feynman graphs with a number of renormalization subtractions
proportional to the order of perturbation theory. For the ϕ4

4-theory, graphs withN insertions
of bubble graphs contributing to the six-point function typically behave as N !, making the
perturbative expansion apparently divergent.

In spite of these two sources of divergence, ϕ4 Schwinger functions can in some cases be re-
covered from the perturbative expansion through Borel summation. In ϕ4

2 models [53], the n-point
Schwinger functions Sn(g) have an asymptotic series in g

Sn(g) ∼
∑

m≥0

amg
m (0.0.1)

which is divergent, i.e. |am| > O(m!) [54]. The Borel transform of this series is defined by

h(t) :=
∑

n≥0

an
n!
tn . (0.0.2)

The Borel transform (0.0.2) has a finite radius of convergence around t = 0 and it can be continued
analytically for t > 0. Then, the Schwinger functions are recovered via the Laplace transform of the
Borel transform

Sn(g) =

∫ +∞

0

e−th(gt)dt . (0.0.3)

Other results regarding the local Borel summability of perturbation theory include the seminal
work of de Calan and Rivasseau [55]. They proved that even in presence of the two mentioned
sources of divergence in ϕ4

4-theory, the Borel transform of the perturbative expansion has a finite
radius of convergence, i.e. the perturbative amplitudes at order K do not grow more rapidly than
CK K! where C is a constant. A main result is a bound on the number of graphs requiring k ≤ K
renormalization subtractions. This number is bounded by

CKK!

k!
, (0.0.4)
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so that the bound on the amplitudes is of the form

C ′KK! , (0.0.5)

where C ′ is another constant, thus implying the existence of the local Borel transform of pertur-
bation theory. These bounds have been improved and generalized in [56]. Other results include
the local existence of the Borel transform for QED [57] and construction and Borel summability of
planar Euclidean ϕ4

4 theory [58]. Keller [5] used for the first time the Wegner-Wilson-Polchinski
flow equations to prove the local Borel summability. Then Kopper [6] analyzed the existence of the
local Borel transform of perturbation theory with the flow equations at large order in perturbation
theory and obtained bounds on the whole set of Schwinger functions and their behavior at large
momenta. Most of the results obtained dealt with the local existence of the Borel transform (0.0.2).
The stronger result of the reconstruction of the Schwinger function with the Borel sum (8.1.5) is
more difficult to prove, since it requires explicit expressions of the correlation functions. Unfortu-
nately, obtaining such expressions is often beyond reach. In our construction we have an explicit
expression of the two-point function from which all the other mean-field n-point functions, n ≥ 4,
can be generated inductively using the mean-field flow equations. We can reformulate our initial
questions on triviality and perturbation theory. How can we expand our mean-field trivial solutions
in a perturbative series ? What would be the renormalized coupling to perform such an expansion ?
Can we prove the local Borel summability of the mean-field regularized renormalized perturbation
theory ?

In Ch.1, we recall the perturbative renormalizability proof of ϕ4
4-theory by the flow equations

in [59] as an introduction to the flow equations. In Sect.1.1, we introduce the notion of regular-
ized propagator in momentum space, the first step towards the derivation of the flow equations. In
Sect.1.2, we introduce the bare interaction lagrangian and we derive the flow equations, the main
mathematical tool in this thesis. In Sect.1.3, we review the perturbative proof of renormalizability
of ϕ4

4-theory by the flow equations to illustrate its main application. In Ch.2, we review the most
prominent results on the triviality of ϕ4

d-theory. In Sect.2.1, we review Aizenman’s proof for d > 4.
He started by analyzing the Ising model. He used the random current representation to derive the
tree-diagram bound on the truncated four-point function. This bound implies that the (dimension-
less) renormalized coupling vanishes in the continuum limit for d > 4. The tree-diagram bound in
[1] is inconclusive for d = 4. Aizenman’s proof also applies to ϕ4-theory. In Sect.2.2, we review
the results for d = 4. In Sect.2.2.1, we review briefly Fröhlich’s proof. Starting from a ϕ4-theory
on a lattice, he derived bounds on the renormalized coupling using random walk representation as-
suming an infinite wavefunction renormalization. These bounds imply triviality of the continuum
limit of the theory. In Sect.2.2.2, we shortly review Aizenman and Duminil-Copin’s result for d = 4
without the infinite wavefunction renormalization assumption. Through amulti-scale analysis, they
obtained a sharper correction to the tree-diagram bound, implying triviality. In Ch.3, we review the
construction of mean-field scalar fields using the mean-field flow equations. This work was done
by Kopper in [4] and served as the starting point of this thesis. The mean-field flow equations are
presented in Sect.3.1. In Sect.3.2.4, mean-field trivial solutions under the assumption of small bare
couplings were constructed. In Ch.4, we analyze theO(N)-model and we adapt the mean-field flow
equations method to it, we derive them in Sect.4.2. In Ch.5, we prove the triviality statement. In
Sect.5.1.1, we construct the mean-field trivial solution as in [4] but with arbitrarily large bare cou-
plings. In Sect.5.1.2, we prove the uniqueness of the mean-field trivial solution for fixed mean-field
bare boundary conditions. In Ch.6, we analyze the (one-component) theory with the natural IR cut-
off; i.e. with a mass. Again we derive the mean-field flow equations in the new setting in Sect.6.1
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and prove the triviality in Sect.6.2. In Ch.7, we establish the relation between the mean-field trivial
solution and perturbation theory. We analyze the perturbative mean-field flow equations in Sect.7.1,
and we obtain bounds on the mean-field perturbative Schwinger functions for fixed mixed mean-
field boundary conditions in Sect.7.1.1. Mean-field flow equations for the remainders are derived
in Sect.7.1.2. In Sect.7.2.1, we show that we can prescribe specific renormalization conditions, in-
cluding the BPHZ renormalization conditions. This allows us to choose a renormalized coupling.
In Sect.7.2.2, we expand our trivial solution in a perturbative series in a conveniently chosen renor-
malized coupling. In Ch.8, we prove the local Borel summability of the regularized renormalized
perturbation theory. In Sect.8.2, we prove the local existence of its Borel transform for a positive
renormalized coupling and show that it is asymptotic to the non-perturbative theory by deriving
explicit estimates on the remainders. In Sect.8.3, we finally prove the local Borel summability of the
regularized renormalized perturbation theory by extending our analysis to complex couplings with
positive real parts. We end with a few conclusions and some future perspectives.
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Chapter 1

Perturbative renormalizability of

ϕ44-theory by the flow equations

Here we briefly review the perturbative proof of renormalizability ofϕ4
4-theory by the flow equa-

tions [59]. The purpose of this chapter is to introduce the flow equations, the central mathematical
tool of this thesis.

We will expose the perturbative proof of renormalizability of non-symmetric ϕ4-theory in the
Euclidean space R4 to illustrate how convenient the renormalization group equations are as a math-
ematical tool. We adopt the following convention and shorthand notation for the Fourier transform

f(x) =

∫

p

eipxf̂(p) ,

∫

p

:=

∫

d4p

(2π)4
. (1.0.1)

This implies for the functional derivatives δ
δϕ(x)

δ

δϕ(x)
= (2π)4

∫

p

e−ipx
δ

δϕ̂(p)
. (1.0.2)

1.1 Regularized propagator in momentum space

To start on safe grounds, we define the theory on a finite volume in R4. Let us consider a four-
dimensional torus Ω of volume |Ω| = ∏4

i=1 li. A point x ∈ Ω has coordinates xi ∈ [− li
2
, li
2
). The

fields ϕ are assumed to be periodic ϕ(x+ nl) = ϕ(x), where x ∈ Ω and

nl = (n1l1, · · · , n4l4), ni ∈ Z . (1.1.1)

The momenta form a discrete set indexed by integers ni

k := k(n) =

(

2πn1

l1
, · · · , 2πn4

l4

)

, ni ∈ Z . (1.1.2)
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Let m,Λ0 be positive constants, with 0 < m ≪ Λ0 and 0 ≤ Λ ≤ Λ0. First we define the
covariance in finite volume by

CΛ,Λ0(x− y,m) =
1

|Ω|
∑

n∈Z4

eik(x−y)

k2 +m2
(e

− k2+m2

Λ2
0 − e−

k2+m2

Λ2 ) . (1.1.3)

This covariance (1.1.3) has a well defined limit in the infinite volume limit whose expression is given
by

CΛ,Λ0(x− y,m) =

∫

k

eik(x−y)CΛ,Λ0(k,m) (1.1.4)

where we define the regularized propagator in momentum space

CΛ,Λ0(k,m) :=
1

k2 +m2
(e

− k2+m2

Λ2
0 − e−

k2+m2

Λ2 ) . (1.1.5)

The regularized propagator in momentum space (1.1.5) satisfies the following properties:

· CΛ,Λ0(k,m) is analytic w.r.t. Λ > 0.

· CΛ0,Λ0(k,m) = 0 1.

· At Λ fixed, CΛ,Λ0(k,m) falls off more rapidly than any power of |k|.

Taking the limits Λ → 0 and Λ0 → +∞, we obtain the Euclidean free scalar propagator

lim
Λ→0

lim
Λ0→+∞

CΛ,Λ0(k,m) =
1

k2 +m2
. (1.1.6)

The role of the parameter flow Λ is to interpolate differentiably bewteen the vanishing propaga-
tor at Λ = Λ0 and the regularized propagator at Λ = 0. The Gaussian measure associated with the
regularized propagator (1.1.3) is supported with probability one on C∞(Ω), see e.g. [60]. Some prop-
erties of Gaussian measures taylored for our purposes, can be found in [59, 61] and in Appendix
A.1. More generally a regularized propagator in momentum space as in (1.1.5) can be chosen by
introducing a function RΛ,Λ0(k,m) defined by

RΛ,Λ0(k,m) = σΛ0(k
2)− σΛ(k

2) (1.1.7)

and writing the regularized propagator in the more general form

CΛ,Λ0

mod (k,m) =
RΛ,Λ0(k,m)

k2 +m2
. (1.1.8)

The modified propagator (1.1.8) is admissible as long as the function σΛ0(k
2) verifies the following

properties

· (A1): For fixed Λ, σΛ(k
2) falls off more rapidly than any power of |k|.

1The corresponding Gaussian measure corresponds in this case to a δ-type measure on function space.
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· (A2): At fixed k2, σΛ(k
2) increases with Λ.

The regularized propagator (1.1.5) corresponds to

σΛ(k
2) = e−

k2+m2

Λ2 . (1.1.9)

The function σΛ(k
2) in (1.1.9) clearly satisfies properties (A1)-(A2).

1.2 The flow equations in momentum space

We now derive the flow equations, which are the central tool in this thesis. First, we start from
a local action in four-dimensional spacetime. The terms entering in the action usually take the
form of a polynomial in the fields and their derivatives. The free part of the theory determines the
propagator, which is bilinear in the fields. If we define the mass dimension by 1 for each derivative,
then the scalar field ϕ has the mass dimension d−2

2
if d denotes the spacetime dimension. Since the

action is dimensionless, the mass dimensions of the interaction couplings entering the interaction
lagrangian are determined from the mass dimension of the corresponding interaction term. A local
term in the action will be called irrelevant[21, 22, 48] if its mass dimension is greater than d and
relevant if its mass dimension is lower than d. Terms with mass dimension d are called marginal.
For instance in the ϕ4

4-theory with a quartic interaction term gϕ4, the coupling g is dimensionless.
In perturbation theory, it turns out that in four dimensions, the UV-finite Schwinger functions are
obtained by only considering relevant and marginal interaction terms and by prescribing a finite
number of renormalization conditions. This number is equal to the number of relevant operators.

We consider the quantum field theory of a real scalar field ϕ with mass m on four-dimensional
Euclidean spacetime. First we consider a four-dimensional torus Ω, i.e. a finite volume, before
passing to the infinite-volume limit. We study bare interaction lagrangians of the form

LΛ0,Λ0(ϕ) =

∫

Ω

d4x

(

f

3!
ϕ3(x) +

g

4!
ϕ4(x)

)

+

∫

Ω

d4x

(

v(Λ0) ϕ(x) +
a(Λ0)

2
ϕ(x)2 +

z(Λ0)

2
(∂µϕ(x))

2

+
b(Λ0)

3!
ϕ3(x) +

c(Λ0)

4!
ϕ4(x)

)

.

(1.2.1)

Since the regularized Gaussian measure is supported on C∞(Ω), the quantities in LΛ0,Λ0 , i.e. ϕ2(x),
ϕ4(x), · · · are well-defined. The first integral in (1.2.1) contains the field’s self-interaction with real
finite coupling constants f and g of respective mass dimensions 1 and 0. The remaining integral
includes the counterterms. They depend on Λ0, and diverge when Λ0 → +∞. They are required so
that the physical quantities are finite when the UV-cutoff is removed, i.e. Λ0 → +∞. The quantity
a(Λ0) corresponds to the mass counterterm, c(Λ0) to the coupling counterterm, and z(Λ0) to the
wavefunction counterterm. The bare interaction lagrangian has O(4)-symmetry. If we set f = 0,
the counterterms v(Λ0) and b(Λ0) are not required, and the theory is symmetric under ϕ→ −ϕ, i.e.
the theory has a Z2-symmetry.
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We define the generating functional of the Schwinger functions of the regularized theory on a
finite volume by

ZΛ,Λ0(J) :=

∫

dµΛ,Λ0(φ)e
− 1

ℏ
LΛ,Λ0 (φ)e

1
ℏ
⟨φ,J⟩ . (1.2.2)

where we set ⟨f, g⟩ :=
∫

Ω
d4xf(x)g(x) and J ∈ C∞(Ω) is called the source. The parameter ℏ has

been introduced to perform a loop expansion to be considered later. The measure µΛ,Λ0 in (1.2.2)
is the Gaussian measure associated to ℏCΛ,Λ0 . In order for the functional integral (1.2.2) to be well
defined, we assume that g + c(Λ0) > 0 and z(Λ0) ≥ 0. Then, the bare interaction is continuous in
any Sobolev norm of orderM ≥ 1 and is bounded from below, i.e. for some finite constant κ

−∞ < κ < LΛ0,Λ0(ϕ) , ϕ ∈ supp(µΛ,Λ0) . (1.2.3)

Then, we obtain the uniform bound in Λ at fixed Λ0

|ZΛ,Λ0(J)| ≤ e−κ
∫

dµΛ,Λ0(φ)e
1
ℏ
⟨φ,J⟩ = e−κ+

1
2ℏ

⟨J,C0,Λ0J⟩ , (1.2.4)

where we used (A.1.3).

We define the generating functionalWΛ,Λ0(J) of the truncated regularized Schwinger functions2

1

ℏ
WΛ,Λ0 = ln(ZΛ,Λ0(J))− ln(ZΛ,Λ0(0)) . (1.2.5)

The truncated Schwinger functions in position spaceWΛ,Λ0
n (x1, · · · , xn) are obtained by successive

functional derivatives

WΛ,Λ0
n (x1, · · · , xn) :=

δn

δJ(x1) · · · δJ(xn)
WΛ,Λ0(J)

∣

∣

∣

J=0
. (1.2.6)

We perform a change of variable φ = ϕ̃+CΛ,Λ0 ∗J , where CΛ,Λ0 ∗J(x) =
∫

Ω
d4y CΛ,Λ0(x−y)J(y),

and J ∈ C∞(Ω) is supposed to be compactly supported in momentum space. Using (A.1.5), the
generating functional of the Schwinger functions ZΛ,Λ0(J) reads

ZΛ,Λ0(J) = e
1
2ℏ

⟨J,CΛ,Λ0∗J⟩
∫

dµΛ,Λ0(ϕ̃)e
− 1

ℏ
LΛ0,Λ0 (ϕ̃+CΛ,Λ0∗J) . (1.2.7)

For ϕ = CΛ,Λ0 ∗ J , we define

e−
1
ℏ
LΛ,Λ0 (ϕ) :=

1

ZΛ,Λ0(0)
e−

1
2
⟨ϕ,(ℏCΛ,Λ0 )−1ϕ⟩ZΛ,Λ0

(

(CΛ,Λ0)−1ϕ
)

. (1.2.8)

From (1.2.7) we find

LΛ,Λ0(ϕ) = −ℏ ln
(

∫

dµΛ,Λ0(φ)e
− 1

ℏ
LΛ0,Λ0 (φ+ϕ)

)

+ ℏ ln(ZΛ,Λ0(0)) , (1.2.9)

or equivalently

2In terms of a Feynman diagram expansion, only the connected diagrams contribute.
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LΛ,Λ0(ϕ) =
1

2
⟨ϕ, (CΛ,Λ0)−1ϕ⟩ −WΛ,Λ0

(

(CΛ,Λ0)−1ϕ
)

. (1.2.10)

LΛ,Λ0 is called theWilson effective action at scale Λ. We note from (1.2.8) that LΛ,Λ0(0) = 0. The
moments of the Wilson effective action are the connected (free propagator) amputated Schwinger
(CAS) functions3 which give access to the physical contents of the theory since in expressions of
scattering amplitudes in quantum field theory, correlation functions factorize into CAS functions.
The expression (1.2.9) can be extended to ϕ ∈ supp(µΛ,Λ0) so that the Wilson effective action is de-
fined for arbitrary field ϕ in the support of the Gaussian measure µΛ,Λ0 . The term ZΛ,Λ0(0) depends
on the volume |Ω| and diverges when the volume exhausts R4. We can define the vacuum part of
the theory

IΛ,Λ0 = −ℏ ln(ZΛ,Λ0(0)) (1.2.11)

so that the Wilson effective action can be rewritten as

e−
1
ℏ
(LΛ,Λ0 (ϕ)+IΛ,Λ0 ) =

∫

dµΛ,Λ0(φ)e
− 1

ℏ
LΛ0,Λ0 (φ+ϕ) , (1.2.12)

The flow equations are obtained by taking the Λ-derivative of the generating functional of the
CAS functions. We denote ĊΛ := ∂ΛC

Λ,Λ0 . We obtain using the change of covariance formula
(A.1.7)

d

dΛ

∫

dµΛ,Λ0(φ)e
− 1

ℏ
LΛ0,Λ0 (φ+ϕ) =

ℏ

2

∫

dµΛ,Λ0(φ)

〈

δ

δφ
, ĊΛ δ

δφ

〉

e−
1
ℏ
LΛ0,Λ0 (φ+ϕ)

=
ℏ

2

〈

δ

δϕ
, ĊΛ δ

δϕ

〉

∫

dµΛ,Λ0(φ)e
− 1

ℏ
LΛ0,Λ0 (φ+ϕ) ,

(1.2.13)

where in the second line, we used the dependence of the integrand on the field φ. The bare inter-
action lagrangian LΛ0,Λ0(ϕ) in (1.2.1) is twice differentiable w.r.t. ϕ. From (1.2.12) and (1.2.13) we
obtain the functional differential equation

d

dΛ
e−

1
ℏ
(LΛ,Λ0 (ϕ)+IΛ,Λ0 ) =

ℏ

2

〈

δ

δϕ
, ĊΛ δ

δϕ

〉

e−
1
ℏ
(LΛ,Λ0 (ϕ)+IΛ,Λ0 ) . (1.2.14)

Explicit differentiation w.r.t. Λ in (1.2.14) yields

d

dΛ
(LΛ,Λ0(ϕ) + IΛ,Λ0) =

ℏ

2

〈

δ

δϕ
, ĊΛ δ

δϕ

〉

LΛ,Λ0(ϕ)

− 1

2

〈

δ

δϕ
LΛ,Λ0(ϕ), ĊΛ δ

δϕ
LΛ,Λ0(ϕ)

〉

.

(1.2.15)

The functional differential equation (1.2.15) is called the Wilson flow equation. The functional dif-
ferential equation (1.2.14) looks like a heat equation. The Wilson effective action can be formally
recast as follows: we define a functional Laplacian operator ∆Λ,Λ0 by

3The CAS functions are actually distributions.
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∆Λ,Λ0 :=
1

2

〈

δ

δϕ
, CΛ,Λ0

δ

δϕ

〉

. (1.2.16)

Then, we have
e−

1
ℏ
(LΛ,Λ0 (ϕ)+IΛ,Λ0 ) = eℏ∆Λ,Λ0e−

1
ℏ
LΛ0,Λ0 (ϕ) . (1.2.17)

By noting ∆̇Λ,Λ0 := ∂Λ∆Λ,Λ0 and the fact that∆Λ,Λ0 commutes with ∆̇Λ,Λ0 , the r.h.s. of (1.2.17) also
satisfies the Wilson flow equation and the initial condition at Λ0 since ∆Λ0,Λ0 = 0 and IΛ0,Λ0 = 0.

In [62], the generating functional is first defined on a finite spacetime lattice to begin on safe
ground. Then, a perturbative flow equation is derived with finite-dimensional Gaussian integrals.
Then the limit to continuous infinite spacetime is performed. The Wilson flow equation (1.2.15) has
been analyzed beyond perturbation theory with convergent expansion techniques in [27]. See also
[28] for a review of these techniques.

From the flow equation (1.2.12) for the generating functionalLΛ,Λ0(ϕ), a system of flow equations
for its moments, i.e. the CAS functions can be obtained. To derive the flow equations, we have
defined the theory on a finite volume. It turns out that when passing to the CAS functions, the
infinite volume limit exists; see [33, 59] for more details. We will now treat the flow equations for
the CAS functions in this limit. The generating functional is expanded in a formal power series in
the Fourier transform of the field ϕ̂(p) (we suppose that ϕ ∈ S(R4)). Due to translation invariance
in position space, the total momentum is conserved; we can factorize the CAS functions, which are
symmetric under any permutation of the set of the external momenta, in the infinite volume limit
as

L̄Λ,Λ0
n (p1, · · · , pn) = δ4

(

n
∑

i=1

pi

)

LΛ,Λ0
n (p1, · · · , pn), pn = −p1 − · · · − pn−1 . (1.2.18)

The term δ4
(

∑n

i=1 pi

)

also implies that we performed the infinite volume limit since it corresponds

to the infinite volume limit of the factorized volume. The CAS functions LΛ,Λ0
n (p1, · · · , pn) are

obtained by successive functional derivatives

(2π)4(n−1) δ

δϕ̂(p1)
· · · δ

δϕ̂(pn)
LΛ,Λ0(ϕ)|ϕ=0 = δ4

(

n
∑

i=1

pi

)

LΛ,Λ0
n (p1, · · · , pn) . (1.2.19)

They are completely symmetric under permutations of p1, · · · , pn. From the flow equations
(1.2.15), we obtain the flow equations for the smooth n-point functions LΛ,Λ0

n (p1, · · · , pn)

∂ΛLΛ,Λ0
n (p1, · · · , pn) =

ℏ

2

∫

k

∂ΛC
Λ,Λ0(k,m)LΛ,Λ0

n+2 (k,−k, p1, · · · , pn)

− 1

2

n
∑

r=0

∑

i1<···<ir
LΛ,Λ0

r+1 (pi1 , · · · , pir , q)∂ΛCΛ,Λ0(q,m)

· LΛ,Λ0

n−r+1(−q, pj1 , · · · , pjn−r
) ,

(1.2.20)
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with q = −pi1 −· · ·− pir and p1+ · · ·+ pn = 0. In the quadratic term, for the given set of momenta
{pi1 , ..., pir}, i1 < · · · < ir, corresponds a unique set of momenta {pj1 , ..., pjn−r

}, j1 < · · · < jn−r
such that

{pi1 , ..., pir} ∪ {pj1 , ..., pjn−r
} = {p1, ..., pn} . (1.2.21)

The quadratic term can be rewritten in the more compact following form

− 1

2

n
∑

r=0

∑

i1<···<ir
LΛ,Λ0

r+1 (pi1 , · · · , pir , q)∂ΛCΛ,Λ0(q,m) · LΛ,Λ0

n−r+1(−q, pj1 , · · · , pjn−r
)

= −1

2

∑

n1+n2=n
ni≥0

S

(

LΛ,Λ0

n1+1(p1, · · · , pn1 , q)∂ΛC
Λ,Λ0(q,m)LΛ0,Λ

n2+1(−q, pn1+1, · · · , pn)
)

,

(1.2.22)

with q = pn1+1 + · · · + pn = −p1 − · · · − pn1 and S the symmetrisation operator summing over
the permutations which do not leave invariant the two unordered sets of momenta {p1, ..., pn1} and
{pn1+1, ..., pn}.

We will now perform a perturbative analysis of the flow equations (1.2.20) through a loop ex-
pansion of the CAS functions as formal power series in ℏ

LΛ,Λ0
n (p1, · · · , pn) =

+∞
∑

l=0

ℏ
l LΛ,Λ0

n,l (p1, · · · , pn) . (1.2.23)

We introduce the following shorthand notation for the momentum derivatives

w = (w1,1, ..., wn−1,4), wi,µ ∈ N0, |w| :=
∑

i,µ

wi,µ

∂w :=
n−1
∏

i=1

4
∏

µ=1

(

∂

∂pi,µ

)wi,µ

, w! :=
n−1
∏

i=1

4
∏

µ=1

wi,µ! .

(1.2.24)

From the flow equations (1.2.20) and the loop expansion (1.2.23), we obtain the following system of
flow equations for the LΛ,Λ0

l,n and their momentum derivatives

∂Λ∂
wLΛ,Λ0

l,n (p1, · · · , pn) =
1

2

∫

k

∂ΛC
Λ,Λ0(k,m)∂wLΛ,Λ0

l−1,n+2(k,−k, p1, · · · , pn)

− 1

2

∑

n1+n2=n
ni≥0

∑

l1+l2=l
li≥0

∑

w1+w2+w3=w
wi≥0

c{wi}S

(

∂w1LΛ,Λ0

l1,n1+1(p1, · · · , pn1 , q)

· ∂w3∂ΛC
Λ,Λ0(q,m)∂w2LΛ0,Λ

l2,n2+1(−q, pn1+1, · · · , pn)
)

,

(1.2.25)
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where we have introduced the combinatorial factor

c{wi} :=
w!

w1! w2! w3!
, (1.2.26)

which originates from the Leibniz’s rule. Note that for l = 0, the linear term in the r.h.s. of (1.2.25)
is absent.

It is important to remark that thanks to translation invariance in position space, the CAS dis-
tributions can be factorized as in (1.2.18). Therefore the flow equations in momentum space allow
us to directly analyze the smooth part of the CAS distributions, also called the CAS functions. The
flow equations in position space have also been used to prove renormalizability of quantum field
theories in spaces where translation invariance is broken: renormalizability of massive ϕ4

4-theory
on Riemannian manifolds [63], renormalizability of ϕ4-theory on the half space R+ × R3 [64, 65].
In these cases, bounds are obtained by smearing the CAS distributions with suitably chosen test
functions.

1.3 Proof of perturbative renormalizability

Now we pass to the perturbative renormalizability proof of the regularized theory (1.2.1). We fix
coupling constants f, g and perform a loop expansion of the coefficients of the counterterms

v(Λ0), a(Λ0), z(Λ0), c(Λ0), i.e. for v(Λ0)

v(Λ0) =
+∞
∑

l=1

ℏ
l vl(Λ0) . (1.3.1)

These coefficients are chosen so that the following limits of the CAS functions at every loop order

lim
Λ0→+∞

lim
Λ→0

LΛ,Λ0

l,n (p1, · · · , pn) (1.3.2)

are finite. To adjust the counterterms, we impose that the CAS functions at the physical scale Λ = 0
have specific values for a chosen set of external momenta. In our analysis, we will consider a massive
theory m > 0 so that the renormalization conditions can be prescribed at zero external momenta.
To take into account the Euclidean symmetry, we have for l ≥ 1



















L0,Λ0

l,1 (0) = vRl ,

L0,Λ0

l,2 (p,−p) = aRl + zRl p
2 +O((p2)2) ,

L0,Λ0

l,3 (p1, p2,−p1 − p2) = bRl +O(p21, p
2
2) ,

L0,Λ0

l,4 (0, 0, 0, 0) = cRl .

(1.3.3)

In each loop order l ≥ 1, the renormalization constants vRl , a
R
l , z

R
l , b

R
l and cRl can be chosen freely.

We can choose them to be independent of or to depend weakly on Λ0, i.e. the five constants have
finite limits when Λ0 → +∞. Here we choose the renormalization constants to be independent
of Λ0. The relevant part of the theory is completely fixed by these constants along with the other
constants at tree order l = 0. A simple choice is to set the five renormalization constants to zero.

First, we treat the tree order. The latter is determined by the classical part of the bare interaction
lagrangian (1.2.1). This bare interaction lagrangian can be viewed as an initial condition at Λ = Λ0
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upon integrating the flow equations downwards from Λ0 to 0 ≤ Λ ≤ Λ0, while going up in n. To
start the proof of renormalizability, we also require

LΛ,Λ0

0,1 = 0, LΛ,Λ0

0,2 (p,−p) = 0 , (1.3.4)

which can be deduced from (1.2.9)-(1.2.10). From (1.3.4) and (1.2.25) we find with the initial condition
in the bare lagrangian (1.2.1) that

LΛ,Λ0

0,3 (p1, p2,−p1 − p2) = f, (1.3.5)

and for n = 4 we have

LΛ,Λ0

0,4 (p1, p2, p3, p4) = g−f 2
(

CΛ,Λ0(p1+p2,m)+CΛ,Λ0(p1+p3,m)+CΛ,Λ0(p1+p4,m)
)

. (1.3.6)

We can then keep ascending in n to obtain the whole tree order. For n > 4, the initial conditions
at Λ0 are zero from the bare interaction lagrangian (1.2.1). First we prove

Proposition 1.1 (Boundedness). For l ∈ N0, n ∈ N, w from (1.2.24) and for 0 ≤ Λ ≤ Λ0, the

following bounds hold

|∂wLΛ,Λ0

l,n (p1, ..., pn)| ≤ (Λ +m)4−n−|w|P1

(

ln
Λ +m

m

)

P2

({ |pi|
Λ +m

})

, (1.3.7)

where Pk, k = 1, 2 are polynomials with nonnegative coefficients. The degree of these two polynomials

and their coefficients depend on l, n, w but not on {pi}, Λ,Λ0. For l = 0 the polynomials P1 are

constants.

Proof. Using the shorthand notation for the momentum derivatives (1.2.24), the derivatives of the
propagator (1.1.5) satisfy the bounds

|∂w∂ΛCΛ,Λ0(k,m)| ≤ Λ−3−|w|P
( |k|
Λ

)

e−
k2+m2

Λ2 , (1.3.8)

where P denotes a polynomial of degree |w| of the same type of Pi. Weaker bounds are also used,
namely

|∂w∂ΛCΛ,Λ0(k,m)| ≤ (Λ +m)−3−|w|P
( |k|
Λ +m

)

(1.3.9)

and the crude bound

|CΛ,Λ0(k,m)| ≤ 2

m2
. (1.3.10)

· We first treat the tree level, i.e. l = 0.

ś n + |w| ≤ 4: for n ≤ 3, the bounds (1.3.7) obviously follow from (1.3.4) and (1.3.5). For
n = 4 and |w| = 0, we use together (1.3.6) and (1.3.10) to obtain (1.3.7).
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ś n+|w| > 4: we go up in n and at n fixed and arbitraryw, we integrate the flow equations
(1.2.25) downwards from Λ0 with the initial conditions

∂wLΛ0,Λ0

0,n (p1, ..., pn) = 0 , (1.3.11)

which can be inferred from (1.2.1). For l = 0, we remind that the r.h.s. of (1.2.25) is re-
duced to the quadratic term. Using the weaker bounds (1.3.9) and inserting the induction
hypothesis, we have

|∂wLΛ,Λ0

0,n (p1, ..., pn)| ≤
∫ Λ0

Λ

dλ|∂w∂λLλ,Λ0

0,n (p1, ..., pn)|

≤ P ′
({ |pi|

Λ +m

})

∫ Λ0

Λ

dλ(λ+m)4−n−|w|−1

≤ P ′
({ |pi|

Λ +m

}) 1

n+ |w| − 4
(Λ +m)4−n−|w| ,

(1.3.12)

where P ′ is a polynomial with the required properties.

· Now we treat the higher loop orders, i.e. l ≥ 1. We proceed as follows

ś We go up in l.

ś For fixed l, we go up in n.

ś For fixed l, n, we descend with w to w = 0.

Through this scheme, the bounds (1.3.7) are produced inductively by successive integration of
the flow equations (1.2.25), all the terms on the r.h.s. of (1.2.25) are prior to that on the l.h.s.:

ś The linear term contains a term of loop order l − 1.

ś In the quadratic term, contributing terms of loop order l have a smaller value n due to
(1.3.4), the remaining terms have loop orders l′ < l.

We integrate the flow equations as follows:

ś For n + |w| > 4, since the bound (1.3.7) decreases as Λ increases, we integrate the flow
equations (1.2.25) from Λ0 downwards to 0 ≤ Λ ≤ Λ0 with the initial conditions

∂wLΛ0,Λ0

l,n (p1, ..., pn) = 0, n+ |w| > 4 , (1.3.13)

which can be inferred again from (1.2.1).

ś For n + |w| ≤ 4, the bound increases with Λ. Therefore, the flow equations (1.2.25)
are integrated for a specific set of momenta (renormalization point) from the physical
scale Λ = 0 upwards to Λ. Since we considered a massive theory, we have chosen
the renormalization conditions at zero external momenta. Using the renormalization
conditions (1.3.3), we get

∂wLΛ,Λ0

l,n (0, ..., 0) = ∂wL0,Λ0

l,n (0, ..., 0) +

∫ Λ

0

dλ∂w∂λLλ,Λ0

l,n (0, ..., 0) . (1.3.14)
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Note that for n = 1, there is no momentum dependence. If a bound has been obtained
using (1.3.14), then we can extend it to nonzero momenta using the Taylor formula with
integral remainder

f(p) = f(0) +
n
∑

i=1

pi

∫ 1

0

dt(∂if)(tp) (1.3.15)

for a differentiable function f on Rn. In the r.h.s. of (1.3.15), an additional term (Λ+m)−1

arises from the induction hypothesis due to the momenta derivatives. This factor is
combined with the momenta pi to obtain a new polynomial P2.

We can now proceed to bound successively the linear and the quadratic terms by distinguish-
ing the different cases and following the strategies mentioned above. In the rest of the proof,
we will denote by Pi, 1 ≤ i ≤ 6, polynomials of the same type as P1 or P2 according to the
parity of i. First using the bounds (1.3.8), (1.3.9) and the induction hypothesis, we bound the
r.h.s. of the flow equations (1.2.25)

|∂Λ∂wLΛ,Λ0

l,n (p1, ..., pn)|

≤
∫

k

e−
k2+m2

Λ2

Λ3
(Λ +m)4−n−2−|w|P1

(

ln
Λ +m

m

)

P2

( |k|
Λ +m

,
{ |pi|
Λ +m

})

+ (Λ +m)4−n−|w|−1P3

(

ln
Λ +m

m

)

P4

({ |pi|
Λ +m

})

.

(1.3.16)

In the second term of the r.h.s. of (1.3.16), the sum of the polynomials have been combined
into the product of two polynomials P3 and P4. In the integral, we perform the integration
by substituting k → Λk. Combining the result with the second term, we finally get

|∂Λ∂wLΛ,Λ0

l,n (p1, ..., pn)| ≤ (Λ +m)4−n−|w|−1P5

(

ln
Λ +m

m

)

P6

({ |pi|
Λ +m

})

. (1.3.17)

· First we treat the irrelevant terms, i.e. n+ |w| > 4. We integrate from Λ0 to Λ using the initial
conditions (1.3.13) and the bound (1.3.17) to obtain

∫ Λ0

Λ

dλ(λ+m)4−n−|w|−1P5

(

ln
λ+m

m

)

< (Λ +m)4−n−|w|P1

(

ln
Λ +m

m

)

(1.3.18)

with a new polynomial P1. Then to obtain (1.3.7), we use the fact that

P6

({ |pi|
λ+m

})

≤ P6

({ |pi|
Λ +m

})

, Λ ≤ λ ≤ Λ0 . (1.3.19)

· Now we treat the remaining cases. We first start with the special case n = 1 (momentum
independent), then with n = 2, |w| ≤ 2 and so on. We integrate the flow equations at the
renormalization point (zero external momenta) from Λ = 0 to Λ. From (1.3.14) and the renor-
malization conditions (1.3.3) we have

|∂wLΛ,Λ0

l,n (0, ..., 0)| ≤
∫ Λ

0

dλ(λ+m)4−n−|w|−1P5

(

ln
λ+m

m

)

≤ (Λ +m)4−n−|w|P1

(

ln
Λ +m

m

)

,

(1.3.20)
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whereP1 is again a polynomial with the required properties. Then, to obtain the bound (1.3.7)
for general momenta, we use together the bound (1.3.20) and (1.3.15)

|∂wLΛ,Λ0

l,n (p1, ..., pn)| ≤ |∂wLΛ,Λ0

l,n (0, ..., 0)|

+
n
∑

i=1

|pi|
∫ 1

0

dt(Λ +m)4−n−|w|−1P1

(

ln
Λ +m

m

)

P2

({ t|pi|
Λ +m

})

≤ (Λ +m)4−n−|w|P ′
1

(

ln
Λ +m

m

)

P ′
2

({ |pi|
Λ +m

})

,

(1.3.21)

where we have new polynomialsP ′
1 andP ′

2 which are obtained by combining the polynomials
P1,P2 and the momenta pi.

In Proposition 1.1, the bounds (1.3.7) do not rule out an oscillatory dependence in Λ0. To prove
convergence, we have

Proposition 1.2 (Convergence). For l ∈ N0, n ∈ N, w from (1.2.24) and for 0 ≤ Λ ≤ Λ0, the

following bounds hold

|∂Λ0∂
wLΛ,Λ0

l,n (p1, ..., pn)| ≤
(Λ +m)5−n−|w|

(Λ0 +m)2
P3

(

ln
Λ0 +m

m

)

P4

({ |pi|
Λ +m

})

. (1.3.22)

Proof. The proof is done by following the induction scheme stated in the proof of Proposition 1.1.
We will integrate again the flow equations (1.2.20) and take the Λ0-derivative of the perturbative
CAS functions afterwards. As a shorthand notation, we will note by ∂wRΛ,Λ0

l,n (p1, . . . , pn) the r.h.s.
of (1.2.25), so that

∂Λ∂
wLΛ,Λ0

l,n (p1, · · · , pn) := ∂wRΛ,Λ0

l,n (p1, . . . , pn) . (1.3.23)

From (1.3.4), (1.3.5) and (1.3.6), the claim clearly holds for l = 0 and n+ |w| ≤ 4.

· For n + |w| > 4, integrating again the flow equations (1.2.25) from Λ0 to Λ with the initial
conditions (1.3.13), we get

∂wLΛ,Λ0

l,n (p1, ..., pn) = −
∫ Λ0

Λ

dλ∂wRλ,Λ0

l,n (p1, . . . , pn) , (1.3.24)

so that we have

∂Λ0∂
wLΛ,Λ0

l,n (p1, ..., pn) = −∂wRΛ0,Λ0

l,n (p1, . . . , pn)

−
∫ Λ0

Λ

dλ∂Λ0∂
wRλ,Λ0

l,n (p1, . . . , pn) .
(1.3.25)

Due to (1.3.13), only the quadratic part in the flow equations (1.2.25) contributes to first term
in the r.h.s. of (1.3.25). Using Proposition 1.1 and (1.3.8) we get

|∂wRΛ0,Λ0

l,n (p1, . . . , pn)| ≤ (Λ0 +m)3−n−|w|P1

(

ln
Λ0 +m

m

)

P2

({ |pi|
Λ0 +m

})

≤ (Λ +m)5−n−|w|

(Λ0 +m)2
P1

(

ln
Λ0 +m

m

)

P2

({ |pi|
Λ +m

})

,

(1.3.26)
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since 0 ≤ Λ ≤ Λ0 and n + |w| > 4. To bound the second term in the r.h.s. of (1.3.25), we
observe first that

∂Λ0∂ΛC
Λ,Λ0(k,m) = 0 . (1.3.27)

We bound the integrand by following the steps to derive (1.3.17), using together the induction
hypothesis, Proposition 1.1 and the bounds (1.3.8) and (1.3.9), used in the linear term and in
the quadratic term respectively to obtain

|∂Λ0∂
wRΛ,Λ0

l,n (p1, . . . , pn)| ≤
(Λ +m)5−n−|w|−1

(Λ0 +m)2
P5

(

ln
Λ0 +m

m

)

P6

({ |pi|
Λ +m

})

. (1.3.28)

By integrating (1.3.28), we get

∣

∣

∣

∫ Λ0

Λ

dλ∂Λ0∂
wRλ,Λ0

l,n (p1, . . . , pn)
∣

∣

∣

≤
∫ Λ0

Λ

dλ
(λ+m)5−n−|w|−1

(Λ0 +m)2
P5

(

ln
Λ0 +m

m

)

P6

({ |pi|
λ+m

})

≤ (Λ +m)5−n−|w|

(Λ0 +m)2
P7

(

ln
Λ0 +m

m

)

P8

({ |pi|
Λ +m

})

.

(1.3.29)

Combining the result (1.3.29) with (1.3.26), we obtain (1.3.22) for the irrelevant cases.

· Now we turn to the remaining cases. We proceed as in Proposition 1.1. We integrate again
the flow equations (1.2.25) at the renormalization point from Λ = 0 to Λ and we take the
Λ0-derivative. Since the renormalization conditions (1.3.3) do not depend on Λ0, we have

|∂Λ0∂
wLΛ,Λ0

l,n (0, ..., 0)| ≤
∫ Λ

0

dλ|∂Λ0∂
wRλ,Λ0

l,n (0, . . . , 0)| . (1.3.30)

We remark that (1.3.28) has been obtained without restriction on n, l, w. Therefore, using the
bound (1.3.28) in the r.h.s. of (1.3.30), then we get after integration

|∂Λ0∂
wLΛ,Λ0

l,n (0, ..., 0)| ≤ (Λ +m)5−n−|w|

(Λ0 +m)2
P3

(

ln
Λ0 +m

m

)

. (1.3.31)

Then, we extend the bounds (1.3.22) obtained at zero momenta to general nonzero momenta
using again (1.3.15) as in the proof of Proposition 1.1.

Then we can state

Theorem 1.1 (Perturbative renormalizability of ϕ4
4-theory). Consider the massive ϕ4-theory in four

dimensions of bare interaction lagrangian (1.2.1). Then, the perturbative CAS functions LΛ,Λ0

l,n which

are solutions of the flow equations (1.2.25) with the renormalization conditions (1.3.3) and the initial

conditions (1.3.11)-(1.3.13) are such that the limits

lim
Λ0→+∞

lim
Λ→0

LΛ,Λ0

l,n (p1, · · · , pn) (1.3.32)

are finite.

27



Proof. For large values of Λ0, the bounds (1.3.22) can be rewritten as

|∂Λ0∂
wLΛ,Λ0

l,n (p1, ..., pn)| ≤
(Λ +m)5−n−|w|

Λ2
0

(

ln
Λ0

m

)ν(l,n,w)

P4

({ |pi|
Λ +m

})

, (1.3.33)

for an integer ν(l, n, w). By integrating these bounds w.r.t. Λ0, for Λ
′
0 > Λ0

|L0,Λ0

l,n (p1, ..., pn)− L0,Λ′
0

l,n (p1, ..., pn)| ≤
m5−n

Λ0

(

ln
Λ0

m

)ν(l,n,0)

P5

({ |pi|
m

})

. (1.3.34)

Using the Cauchy criterion, the limits (1.3.2) exist and are finite.

Perturbative renormalizability of massive ϕ4
4-theory is proven with the aid of Proposition 1.2.

Proposition 1.1 is purely technical but is required to prove Proposition 1.2. The bounds (1.3.7)-(1.3.22)
are not sharp but sufficient to prove renormalizability. Optimal bounds w.r.t. the momentum behav-
ior have been obtained by Kopper and Meunier [66]. Kopper [6] also analyzed the existence of the
local Borel transform of perturbation theory with the flow equations at large order in perturbation
theory and obtained sharper bounds on the whole set of Schwinger functions and their behavior at
large momenta.
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Chapter 2

Triviality results for the ϕ44-theory

In this thesis, we deal with the triviality of ϕ4
4-theory. As a result, it is useful to recall some

rigorous triviality results on ϕ4
d-theory. We review in particular the triviality results established by

Aizenman [1, 44], Fröhlich [2] and Duminil-Copin [3]. Other triviality results on ϕ4
d-theory have

also been established, but they are still restricted to scalar fields with one or two components. For
an exhaustive summary of these results, see e.g. [67] and the references therein. They proved that
the lattice regularized truncated four-point function vanishes in the continuum limit. It is important
to note that the triviality proofs for scalar ϕ4

4-theory are restricted to a single-component field or a
two-component real field [2] and in d ≥ 4 dimensions.

2.1 Triviality of the continuum limit of lattice ϕ4
d-theory in

d > 4 dimensions

Here we will review Aizenman’s result on triviality of the continuum limit of the lattice ϕ4
d-

theory, d > 4. The proof is established for the Ising model in dimension d > 4, since the ϕ4-theory
and the Ising model are closely related, see e.g. [68, 69, 3]. A more explicit proof for ϕ4-theory is
also done in this paper, it follows similar steps albeit being more complicated. We fix d > 4. The
starting point is a finite lattice Λ̂ ⊂ Zd. For the Ising model, at each site of the lattice, we consider a
spin σx = ±1, x ∈ Λ̂.

The hamiltonians corresponding to ferromagnetic pair interactions at zero magnetic field are of
the form

H(σ) = −1

2

∑

x,y∈Λ̂

Jx,yσxσy , Jx,y ≥ 0 . (2.1.1)

In the case of the Ising model with nearest-neighbor interaction onZd, we have Jx,y = δ|x−y|,1 where
we have defined

|x| =
d
∑

i=1

|xi| . (2.1.2)

The equilibrium states of the system are described by probability measures on the lattice. In
particular, Gibbs states describe the thermodynamic equilibrium at inverse temperature β = 1

T
(not
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to be confused with the β function introduced in Sect.3.2). For a finite system, the expectation value
of a quantity f is defined by

⟨f⟩Λ̂ :=
TrΛ̂[f(σ)e

−βH(σ)]

TrΛ̂[e
−βH(σ)]

, (2.1.3)

where the trace over Λ̂ is defined by

TrΛ̂ :=
∏

x∈Λ̂

(

1

2

∑

σx=±1

)

. (2.1.4)

For infinite systems, i.e. Λ̂ = Zd, the expressions are defined by suitable limits.

It is instructive to find an expression of expectation values ⟨f⟩Λ̂. First such a representation
will be derived for finite systems. For infinite systems, relations involving spin correlations, namely
f =

∏

x∈A σx, for a setA ⊂ Λ̂, obtained on a finite lattice are obtained by themonotone convergence
theorem.

First, we define the partition function

ZΛ̂ := TrΛ̂[e
−βH(σ)] = TrΛ̂





∏

b={x,y}
eβJbσxσy



 , (2.1.5)

with Jb := Jx,y. Then, we introduce the weight

w(n) :=
∏

b

(βJb)
nb

nb!
, (2.1.6)

where a currentn assigns an integer nb to the bond b of the lattice. We define the sum of two currents
n1 and n2 by m := n1 + n2 with mb = n1,b + n2,b. By expanding the exponentials in the partition
function (2.1.5)

eβJbσxσy =
+∞
∑

nb=0

(βJb)
nb(σxσy)

nb

(nb)!
, (2.1.7)

we can rewrite the partition function

ZΛ̂ =
∑

n

w(n)TrΛ̂





∏

x∈Λ̂

σ
∑

x∈b nb

x



 . (2.1.8)

We define the set of sources ∂n

∂n :=

{

x ∈ Λ,
∑

x∈b
nb ≡ 1 mod 2

}

. (2.1.9)

In the r.h.s. of (2.1.8), the trace is either zero or one for a fixed current n; it is nonzero only if ∂n = ∅.
Therefore we have
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ZΛ̂ =
∑

∂n=∅
w(n) . (2.1.10)

Similarly, for correlation functions, if σA =
∏

x∈A σx, A ⊂ Λ̂, we have, following the derivation of
(2.1.10)

⟨σA⟩ =
∑

∂n=Aw(n)
∑

∂n=∅w(n)
. (2.1.11)

It is possible to give a probabilistic interpretation of the spin correlations based on this repre-
sentation. The probabilistic interpretation is called the random current representation. For a fixed
current m, we decompose Λ̂ in clusters of connected bonds i.e. non-vanishing values of mb. For
x ∈ Λ̂, we define Cm(x) to be the connected cluster containing x. If y and x are connected then,
Cm(x) = Cm(y) or y ∈ Cm(x).

Now, consider duplicated independent currents n1, n2 of sources A1 and A2 and a probability
distribution proportional to w(n). For F an event, the probability of F with sources A1 and A2 is
denoted P[F | A1, A2] = P[F | ∂n1 = A1, ∂n2 = A2] and we note

N2 =
∑

∂n′
1=A1

∂n′
2=A2

w(n′
1)w(n

′
2) . (2.1.12)

We have

P[{n1,n2} | A1, A2] =
w(n1)w(n2)

N2

=
w(n1)w(n2)

Z2
Λ̂
⟨σA1⟩⟨σA2⟩

. (2.1.13)

The probability (2.1.13) can also be extended to a set of k ≥ 3 independent currents

P[{n1,n2, · · · ,nk} | A1, A2, · · ·Ak] =
∏k

j=1w(nj)

Nk

, (2.1.14)

where we defined

Nk :=
∑

∂n′
j
=Aj

1≤j≤k

k
∏

a=1

w(n′
a) = Zk

Λ̂

k
∏

i=1

⟨σAi
⟩ . (2.1.15)

In the rest of this section, P[K] will denote the measure of the currents n such that the event K is
true.

The connected four-point function U4(x1, x2, x3, x4), also called Ursell function is defined by

U4(x1, x2, x3, x4) := ⟨σx1σx2σx3σx4⟩ −
[

⟨σx1σx2⟩⟨σx3σx4⟩+ permutations
]

. (2.1.16)

In [43], the idea is to boundU4 so that it vanishes in the continuum limit. We will review here the
important results that lead to the Gaussianity of the continuum limit. A preparatory and technical
lemma is proven before finding bounds on U4
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Lemma 2.1 (Switching lemma). For a finite Λ̂, a set A ⊂ Λ̂, {x, y}, x, y ∈ Λ̂ and a set F of flux

configurations over bonds of Λ̂

∑

∂n1=A
∂n2={x,y}
n1+n2∈F

w(n1)w(n2) =
∑

∂n1=A∆{x,y}
∂n2=∅

n1+n2∈F

w(n1)w(n2)X(Cn1+n2(x) = Cn1+n2(y)) , (2.1.17)

where A∆B designates the symmetric difference of the sets A and B. X designates the characteristic

function, its value is one if its argument is true, zero otherwise.

Proof. See [1].

An immediate consequence is

Proposition 2.1. For x, y, z ∈ Λ̂,

⟨σxσy⟩2 = P[Cn1+n2(x) = Cn1+n2(y) | ∅, ∅] . (2.1.18)

and

⟨σxσy⟩⟨σyσz⟩ = ⟨σxσz⟩P[y ∈ Cn1+n2(x) | {x, z}, ∅] , (2.1.19)

Proof. First we square (2.1.11), then we use Lemma 2.1 with A = {x, y} so that A∆{x, y} = ∅

⟨σxσy⟩2 =
∑

∂n1={x,y}
∂n2={x,y}

w(n1)w(n2)
/

∑

∂n1=∅
∂n2=∅

w(n1)w(n2)

=
∑

∂n1=∅
∂n2=∅

w(n1)w(n2)X(Cn1+n2(x) = Cn1+n2(y))
/

∑

∂n1=∅
∂n2=∅

w(n1)w(n2) .
(2.1.20)

The ratio corresponds to the probability that the event Cn1+n2(x) = Cn1+n2(y) is satisfied in the du-
plicate ensemble of the two currents, this yields (2.1.18). For (2.1.19), the same argument is repeated,
the slight change is that the current n1 is constrained by ∂n1 = {x, z}.

The size of the connected cluster containing x for a currentm is defined by

|Cm(x)| :=
∑

y

Xx,y(m) , (2.1.21)

where Xx,y(m) is defined by

Xx,y(m) := X(Cm(x) = Cm(y)) . (2.1.22)

A useful consequence of Proposition 2.1 is an expression for the expectation of the size of the con-
nected cluster

E[|Cn1+n2(x)| | ∅, ∅] =
∑

y

P[Cn1+n2(x) = Cn1+n2(y) | ∅, ∅] =
∑

y

⟨σxσy⟩2 . (2.1.23)

From Lemma 2.1, an expression of U4 can be derived
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Proposition 2.2. For finite ferromagnetic systems,

U4(x1, ..., x4) = −2⟨σx1 · · · σx4⟩P[x2, x3, x4 ∈ Cn1+n2(x1) | {x1, ..., x4}, ∅]
= −2⟨σx1σx2⟩⟨σx3σx4⟩P[Cn1+n2(x1) = Cn1+n2(x3) | {x1, x2}, {x3, x4}] .

(2.1.24)

If x1 = x2, then ∂n = {x1, x2} or {x1, x2, x3, x4} becomes respectively ∂n = ∅ and {x3, x4}.

Proof. The result is true if x1 = x2 or x1 = x3 so we can suppose that all points are distinct. From
(2.1.11) and Lemma 2.1, the Ursell function can be rewritten as

Z2
Λ̂
U4(x1, ..., x4) =

∑

∂n1={x1,...,x4}
∂n2=∅

w(n1)w(n2)

−
[

∑

∂n1={x1,x2}
∂n2={x3,x4}

+
∑

∂n1={x1,x3}
∂n2={x2,x4}

+
∑

∂n1={x1,x4}
∂n2={x2,x3}

]

w(n1)w(n2)

=
∑

∂n1={x1,...,x4}
∂n2=∅

w(n1)w(n2)[1−Xx1,x2(n1 + n2)

−Xx1,x3(n1 + n2)−Xx1,x4(n1 + n2)] .

(2.1.25)

· For flux configurations n1+n2 such that the source x1 is connected to exactly one other source
xi, i ̸= 1, the corresponding term in the r.h.s. of (2.1.25) is zero.

· The only remaining possibility is that the source x1 is connected to all the other sources for
flux configurations n1 + n2.

Therefore, we obtain

Z2
Λ̂
U4(x1, ..., x4) = −2

∑

∂n1={x1,...,x4}
∂n2=∅

w(n1)w(n2)X(x2, x3, x4 ∈ Cn1+n2(x1))

= −2
∑

∂n1={x1,x2}
∂n2={x3,x4}

w(n1)w(n2)X(Cn1+n2(x1) = Cn1+n2(x3)) ,
(2.1.26)

where we used Lemma 2.1 with

F = {m | x2, x3, x4 ∈ Cn1+n2(x1)} . (2.1.27)

By dividing each side by Z2
Λ̂
and using (2.1.10), we obtain (2.1.24).

Proposition 2.1.24 implies the Lebowitz inequality [45], namely

U4 ≤ 0 (2.1.28)

and the lower bound
−2⟨σx1σx2⟩⟨σx3σx4⟩ ≤ U4 . (2.1.29)
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Correlation inequalities like the Lebowitz inequality are well-established for one-component or two-
component fields. These inequalities are the main ingredient to prove triviality, therefore restricting
the rigorous triviality proofs to one or two-component fields. Glimm and Jaffe derived a weaker up-
per bound for |U4| in [70] to bound the renormalized coupling constants. The following propositions
provide upper and lower bounds on |U4|

Proposition 2.3. For a finite ferromagnetic system,

2⟨σx1σx2⟩⟨σx3σx4⟩P[Cn1(x1) ∩ Cn2(x3) ̸= ∅ | {x1, x2}, {x3, x4}] ≤ |U4(x1, ..., x4)| (2.1.30)

and

|U4(x1, ..., x4)| ≤ 2⟨σx1σx2⟩⟨σx3σx4⟩P[Cn1+n3(x1) ∩ Cn2(x3) ̸= ∅ | {x1, x2}, {x3, x4}, ∅] . (2.1.31)

Proof. See [1].

Proposition 2.4 (Tree-diagram bound). For a ferromagnetic system, we have

|U4(x1, x2, x3, x4)| ≤ 2
∑

y

⟨σx1σy⟩⟨σx2σy⟩⟨σx3σy⟩⟨σx4σy⟩ . (2.1.32)

Proof. First the tree-diagram bound (2.1.32) is proven for finite systems. For currents (n1,n1) such
that Cn1+n3(x1) ∩ Cn2(x2) ̸= ∅, the size of the intersection is surely larger than one. Then, using
(2.1.19), (2.1.21), and the fact that Cn2(x2) ⊂ Cn2+n4(x2) we have

P[Cn1+n3(x1) ∩ Cn2(x2) ̸= ∅ | {x1, x2}, {x3, x4}, ∅]
≤ E[|Cn1+n3(x1) ∩ Cn2(x2)| |{x1, x2}, {x3, x4}, ∅]
≤ E[|Cn1+n3(x1) ∩ Cn2+n4(x2)| |{x1, x2}, {x3, x4}, ∅, ∅]

=
∑

y

⟨σx1σy⟩⟨σx2σy⟩
⟨σx1σx2⟩

⟨σx3σy⟩⟨σx4σy⟩
⟨σx3σx4⟩

.

(2.1.33)

It was assumed that both ⟨σx1σx2⟩ and ⟨σx3σx4⟩ are nonzero. Inserting this result in the r.h.s. of
(2.1.31), we obtain (2.1.32).

For infinite systems, the spin correlations ⟨ ⟩Λ̂ are defined by restriction of J to finite regions.
Then, since the sequence ⟨σA⟩Λ̂ are increasing, the monotone convergence theorem is applied to
obtain the limiting statement for infinite systems.

The renormalized coupling g is defined by

g :=
¯|U4|

χ2ξd
, (2.1.34)

where ξ(= m−1) is the correlation length and χ is the magnetic susceptibility

χ =
∑

x

⟨σOσx⟩ , (2.1.35)
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and ¯|U4| is defined by
¯|U4| =

∑

x2,x3,x4

|U4(O, x2, x3, x4)| . (2.1.36)

Proposition 2.4 implies
¯|U4| ≤ χ4 . (2.1.37)

For nearest-neighbor models, due to reflection positivity it has been proven that (see e.g. [71])

χ ≤ 1

β
ξ2
(

1 +O
(2

ξ

))

, (2.1.38)

for β < βc where βc is the inverse critical temperature. For β < βc, the susceptibility behaves as

χ ∼
(βc − β

βc

)−γ
, γ > 0 . (2.1.39)

Aizenman proved in [1] that γ = 1 for translation-invariant models on Zd with |J | := ∑x J0,x <
+∞ for which

∑

x

⟨σOσx⟩2 < +∞ (2.1.40)

at β = βc − ε, ε > 0. This class of model includes the nearest-neighbor interaction Ising model in
d > 4 dimensions.

Regarding the continuum limit, two points of view exist

· The spacing between two points goes to zero.

· The distance between two points is fixed and look at correlations at very large distances

Scont2n (x1, · · · , x2n) = lim
β→βc

α,η→+∞
α2n⟨σ[x1η] · · · σ[x2nη]⟩ , (2.1.41)

where [xiη] ∈ Zd is a vector whose components are the integer part of those of xiη. The
parameters α, η are chosen so that the limits exist (at least in the weak sense). This point of
view is closer to the statistical physics point of view since the lattice spacing a, which can be
viewed as a UV-cutoff is fixed. For more details on the continuum limit, see [72].

In [1, 3], the second point of view is chosen while in [2], the first point of view is favored.

If we go back to the renormalized coupling, using (2.1.38), it is bounded by

g ≤
O(1 + 1

ξ
)

β2ξd−4
. (2.1.42)

Since ξ → +∞ when β → βc [73, 74], then g → 0 when β → βc. We see that for d = 4, the bounds
are inconclusive.
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2.2 Triviality of the continuum limit of lattice ϕ4
4-theory

2.2.1 Under the assumption of infinite wavefunction renormalization

Here we review the results established by Fröhlich [2]. He proved triviality of the continuum
limit of lattice regularized ϕ4

d-theory, d ≥ 4. The proof is based on correlation inequalities. For
d = 4, under the additional assumption of an infinite wave-function renormalization, triviality is
also proven. The proof is valid for a one or two-component scalar field.

We denote Zda the d-dimensional simple hypercubic lattice of lattice spacing a ∈ (0, 1]. A real-
valued lattice field ϕj is attached at each site j ∈ Zda and we consider the corresponding distribution

dλ(ϕj) := e−
1
4
λϕ4

j+
1
2
µϕ2

j−εdϕj , (2.2.1)

where λ = λ(a), µ = µ(a) and ε = ε(a) are arbitrary functions of a with λ(a) > 0 and dϕj is the
Lebesgue measure.

We consider interaction hamiltonians of the form

H(ϕ) = −
∑

⟨j,j′⟩
ϕjϕj′ , (2.2.2)

where ⟨j, j′⟩ means that the sum ranges over the pairs of nearest neighbors in Zda. To start on safe
ground, the theory is first defined on a finite lattice Λ̂ of Zda. The infinite volume limit is performed
afterwards when Λ̂ exhaustsZda. Correlation inequalities [75, 76] imply that the infinite volume limit
exists. The equilibrium state at inverse temperature β is described by the measure (in the infinite
volume limit)

dµβ,a(ϕ) := Z−1e−β(a)H(ϕ)
∏

j

dλ(ϕj) , (2.2.3)

where Z is the partition function and β(a) is a positive function of a which will be specified later.
The correlation functions are defined as the moments of the measure (2.2.3), i.e.

⟨ϕx1 ...ϕxn⟩β,a :=
∫

ϕx1 ...ϕxndµβ,a(ϕ) . (2.2.4)

It is convenient to work in momentum space. The two-point function in momentum space is

⟨|ϕ̂(k)|2⟩β,a :=
∑

j

adeik.j⟨ϕ0ϕj⟩β,a , (2.2.5)

where k ∈ Rd and kα ∈ [−π
a
, π
a
]. It was shown in [77] that the two-point function in momentum

space satisfies the bound

0 < ⟨|ϕ̂(k)|2⟩β,a ≤M2
β,aδ(k) +

1

4
π2 1

ζ(a)k2
, (2.2.6)

where ζ(a) := β(a)a2−d andMβ,a is the spontaneous magnetization. In particular from (2.2.6) and
correlation inequalities

0 < ⟨ϕ0ϕx⟩β,a ≤M2
β,a +

cδ
ζ(a)|x|d−2

, (2.2.7)
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where cδ is a constant independent of β and a, see e.g. [67]. Under the assumption of an infinite
wave-function renormalization, we have ζ(a) → 0 when a → 0. The limit a → 0 corresponds to
removing an UV-cutoff in momentum space Λ0, i.e. Λ0 → +∞.

The connected four-point function, called Ursell function is again given by

u
(4)
β,a(x1, ..., x4) = ⟨ϕx1 ...ϕx4⟩β,a −

[

⟨ϕx1ϕx2⟩β,a⟨ϕx3ϕx4⟩β,a + permutations
]

. (2.2.8)

To prove bounds on the Ursell function, the following assumptions are chosen










0 < ζ(a) ≤ 1 ,
Mβ,a = 0 ,

0 < lim
a→0

⟨ϕ0ϕx⟩β,a ≤ supa⟨ϕ0ϕx⟩β,a < +∞ ,
(2.2.9)

where x = ze1 with 0 < z < 1, e1 being the unit vector in the 1-direction of Rd. The first two
assumptions in (2.2.9) can be seen as renormalization conditions since they prescribe the values of
ζ(a), and ofMβ,a since β is fixed. The last assumption in (2.2.9) ensures that the two-point function
does not blow up in the continuum limit at non-coinciding points. In [2], Fröhlich comments on the
compatibility of the renormalization conditions (2.2.9) for a theory in d dimensions.

Proposition 2.5. Assume that |xi − xj| ≥ δ, for δ > 0. Then for d ≥ 5 we have

−ad−4(Cδζ(a) + C ′) ≤ u
(4)
β,a(x1, ..., x4) ≤ 0 , (2.2.10)

for some positive constants Cδ and C
′. Moreover for d = 4,

−(Cδζ(a) + C ′′ζ(a)
ε

2−ε ) ≤ u
(4)
β,a(x1, ..., x4) ≤ 0 , (2.2.11)

for another constant C ′′ > 0 and 0 < ε ≤ 1.

Proof. See [2].

The upper bound in (2.2.10) and (2.2.11) is the Lebowitz inequality. The lower bound is obtained
using the random walk representation. The bounds (2.2.10) imply triviality for d ≥ 5. For d = 4,
the lower bound in (2.2.11) is sharper than the one in (2.2.10). It has been obtained using the bound

⟨ϕxϕy⟩β,a ≤
K

|x− y|ε , |x− y| > 1 , (2.2.12)

for K > 0 independent on a and 0 < ε < 1. If lim
a→0

⟨ϕxϕy⟩β,a is euclidean invariant, then from the

Källen-Lehman representation of the two-point function, we have

⟨ϕxϕy⟩β,a ≤
K

|x− y|α , |x− y| > 1 , (2.2.13)

for some α ≥ d− 2, and for a constantK that does not depend on a. Therefore (2.2.12) in the limit
a = 0 is satisfied with 0 < ε < 1 since |x− y| > 1. From Proposition 2.5, at non-coinciding points,

lim
a→0

u
(4)
β,a(x1, ..., x4) = 0 , (2.2.14)

assuming that
lim
a→0

ζ(a) = 0 , (2.2.15)

implying triviality for d = 4.
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2.2.2 Sharpened tree-diagram bound

Here we will briefly review the improvement of the tree-diagram bound (2.1.32) in [3] using
multi-scale analysis. The proofs are quite long and we will not review them. The formalism is
the same as the one introduced in [1, 43]. Uβ

4 denotes the truncated four-point function defined in
(2.1.16) at inverse temperature β. The correlation length at inverse temperature is denoted ξ(β) and
is defined in [3] by

ξ(β) := lim
n→+∞

− n

ln(⟨σ0σne1⟩β)
, (2.2.16)

where e1 is the unit-vector in the 1-direction of Z4. ⟨σxσy⟩β denotes the spin-spin correlation in-
troduced in Sect.2.1 at inverse temperature β. Then the following random variables are defined

Tf,L(σ) :=
1√
ΣL

∑

x∈Zd

f
(x

L

)

σx , (2.2.17)

where f ∈ C0(R
d) is the set of compactly supported continuous functions, and ΣL is the variance

of the sum of spins over the box of size L, i.e.

ΣL :=
〈

∑

x,y∈[−L,L]d
σxσy

〉

β
(2.2.18)

Aizenman and Duminil-Copin improved the tree-diagram bound (2.1.32)

Proposition 2.6. For the nearest-neighbor ferromagnetic Ising model in d = 4, for β ≤ βc, L ≤ ξ(β)
and |xi − xj| ≥ L for any i ̸= j

|Uβ
4 (x1, x2, x3, x4)| ≤

C

BL(β)c

∑

y

⟨σx1σy⟩β⟨σx2σy⟩β⟨σx3σy⟩β⟨σx4σy⟩β , (2.2.19)

for constants c, C > 0 and BL(β) is the bubble diagram truncated at distance L > 0 defined by

BL(β) :=
∑

x∈[−L,L]4
⟨σOσx⟩2β . (2.2.20)

Proof. See [3].

The proof of (2.2.19) relies on the random current representation and a sharper analysis of the
event Cn1+n3(x1) ∩ Cn2(x3) ̸= ∅ appearing in the r.h.s. of (2.1.31). The authors proceeded by par-
titioning the lattice in annuli Ann(lk+1, lk) := Λlk+1

\ Λlk , with Λn := [−n, n]d and (lk)k∈N is a
strictly increasing sequence, with l1 > 1 and lk+1 = lmk for m > 1. The bound (2.2.19) is sharper
than the tree-diagram bound (2.1.32) with the presence of the truncated bubble diagramBL(β). This
correction is crucial in the triviality proof. From Proposition 2.6,

Proposition 2.7. There exist positive constants c, C such that for the nearest neighbor ferromagnetic

Ising model on Z4, β ≤ βc, L ≤ ξ(β), f ∈ C0(R
4) and z ∈ R

∣

∣

∣

〈

exp[z Tf,L(σ)−
z2

2
⟨(Tf,L(σ))2⟩β]

〉

β
− 1
∣

∣

∣
≤
C∥f∥4∞ r12f
(lnL)c

z4 , (2.2.21)

where ∥f∥∞ := sup{|f(x)| , x ∈ R} for any bounded function f and rf is the diameter of the support

of f .
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Proof. See [3].

The factor lnL in the r.h.s. of (2.2.21) comes from the correction BL(β). In the limit 1 ≪ L ≤
ξ(β), the random variable Tf,L(σ) is close to a Gaussian variable of variance ⟨(Tf,L(σ))2⟩β . We recall
here that in order to pass to the continuum limit, the point of view in [1] is adopted: the spacing of
the lattice is fixed and correlations between spins at large distances are studied. The triviality result
has been established

· At criticality β = βc under the assumption of a sufficiently regular two-point function.

· For β < βc without any further assumption. It turns out that they proved that the two-point
function is regular at all scales up to the correlation length ξ(β).
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Chapter 3

Construction of asymptotically free/trivial

scalar fields with the mean-field flow

equations

In this chapter, we review the results from the paper [4]. The flow equations presented in Sect.1.2
allow to construct asymptotically free/trivial scalar fields in the mean-field approximation. We will
again study the ϕ4

4-theory and employ the flow equations, but this time in the mean-field approxi-
mation. Not only can the flow equations be used to prove perturbative renormalizability of quantum
field theories but they can also be used nonperturbatively to construct field theories with required
properties (asymptotically free, trivial) at the cost of the mean-field approximation. We will espe-
cially highlight how they can be used to prove triviality of mean-field ϕ4

4-theory under the assump-
tion of weak bare couplings.

3.1 Flow equations in the mean-field approximation

We will follow here the notations from [4] which differ slightly from [59]. We will follow the
choice of the regularized propagator as in [4]

Cα0,α(p,m) :=
1

p2 +m2

(

exp(−α0(p
2 +m2))− exp(−α(p2 +m2))

)

, (3.1.1)

where m is the mass of the field and α0 > 0 acts as an ultraviolet cutoff, and α ∈ [α0,+∞) is the
flow parameter. The regularized propagator (3.1.1) is positive, and locally analytic w.r.t. α. By taking
the limits α0 −→ 0 and α −→ +∞we recover the usual Euclidean propagator in momentum space,
namely

lim
α−→+∞

lim
α0−→0

Cα0,α(p,m) =
1

p2 +m2
. (3.1.2)

Then we consider bare interaction lagrangians of the form

LV
0 (ϕ) =

∫

V
d4x
(

b0(α0)(∂ϕ(x))
2 +

∑

n∈2N
c0,n(α0)ϕ

n(x)
)

, c0,4(α0) = g + c̃0,4(α0) , (3.1.3)
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where (∂ϕ(x))2 =
∑3

µ=0(∂µϕ(x))
2 and V is a finite volume of R4. The constants b0(α0), c0,n(α0)

are called the bare couplings, g is the bare interaction coupling in the ϕ4 interaction term and
b0(α0), c̃0,4(α0) are counterterms. The quantities in the sum for n ≥ 6 are the irrelevant terms
while b0(α0), c0,2(α0) and c0,4(α0) are relevant and marginal terms. Generally they are required
in order that the renormalized physical quantities such as the renormalized mass or the renormal-
ized coupling constant are finite upon removing the UV cutoff. They should be such that for some
constant CV ∈ R, depending on V

−∞ < CV < LV
0 (ϕ) < +∞ , ϕ ∈ supp(µα0,α) , (3.1.4)

where µα0,α is the normalized Gaussian measure associated to the propagator Cα0,α. The field ϕ is
supposed to belong to the support of the Gaussian measure µα0,α. Since the regularized propagator
Cα0,α(p,m) falls off more rapidly than any power of |p| in momentum space, its support is contained
in functions smooth in position space, see e.g. [78], so that the quantities in LV

0 i.e. ϕ2(x), ϕ4(x), · · ·
are well-defined.

If we assume that the bare interaction lagrangian (3.1.3) is twice differentiable w.r.t. ϕ, the flow
equations for L̂α0,α

n (p1, · · · , pn) := (n!)−1 Lα0,α
n (p1, · · · , pn) can be derived as before. They read

∂αL̂α0,α
n (p1, · · · , pn)

=

(

n+ 2

2

)∫

k

Ċα(k,m)L̂α0,α
n+2 (k,−k, p1, · · · , pn)

− 1

2

∑

n1+n2=n+2

n1n2S

(

L̂α0,α
n1

(p1, · · · , pn1−1, q)Ċ
α(q,m)L̂α0,α

n2
(−q, pn1 , · · · , pn)

)

,

(3.1.5)

with q = pn1 + · · · + pn = −p1 − · · · − pn1−1. S is the symmetrisation operator averaging over
the permutations σ such that σ(1) < σ(2) < · · · < σ(n1 − 1) and σ(n1) < σ(n1 + 1) < · · · <
σ(n). Since we considered a theory with a Z2-symmetry , only even moments (n, n1 and n2 ∈ 2N)
are nonvanishing as the flow equations do not break this symmetry. They are an infinite system
of non-linear differential equations, the solutions of which are the CAS functions. Here, we will
follow a different approach. After performing themean-field approximationwewill fix the boundary
conditions for those parameters at the bare scale α0 instead of the physical scale α −→ +∞.

The mean-field approximation is a tool to simplify the system (3.1.5). It is worth to note that in
statistical physics the critical behavior is exactly obtained in d > 4 dimensions (Ginzburg criterion)
[2, 1, 43] using the mean-field approximation. We hope that important aspects of the theory are
preserved in this approximation. There the n-point functions are momentum independent and the
mean-field flow equations are obtained by setting all momenta to zero [4]. We write

Aα0,α
n = L̂α0,α

n (0, · · · , 0) . (3.1.6)

The mean field effective action Lα0,α
mf (φ) takes the form of a formal power series (no assumption at

this stage about the convergence of the series) in the mean-field variable φ ∈ R

Lα0,α
mf (φ) =

∑

n∈2N
Aα0,α
n φn . (3.1.7)
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In [4] an additional technical simplification is to set m = 0 in Cα0,α(k,m), and then to analyze
the theory in the interval α ∈ [α0, αmax], αmax := 1

m2 to avoid infrared problems. This technical
simplification does not change the conclusions on triviality, see [79]. The regularized propagator
then reads

e−α0p
2 − e−αp

2

p2
=

p2≪1
α− α0 +O(p2) , (3.1.8)

so that the infrared cutoff αmax plays here the same role as 1
m2 in the original theory. We will choose

units such thatm2 = 1 which corresponds to assuming α ∈ [α0, 1].

In the mean-field limit the flow equations (3.1.5) then become

∂αA
α0,α
n =

(

n+ 2

2

)

cαA
α0,α
n+2 − 1

2

∑

n1+n2=n+2

n1n2A
α0,α
n1

Aα0,α
n2

, α ∈ [α0, 1] , (3.1.9)

where cα := c
α2 with c := 1

16π2 . As in [4], we perform a change of function and variable to factor
out a combinatorial factor and the power counting in α. We define

fn(µ) := α2−n
2 c

n
2
−1nAα0,α

n , (3.1.10)

where µ := ln
(

α
α0

)

. The mean-field flow equations can then be written in terms of the fn(µ) in the

following reduced form

fn+2(µ) =
1

n+ 1

∑

n1+n2=n+2

fn1(µ)fn2(µ) +
n− 4

n(n+ 1)
fn(µ) +

2

n(n+ 1)
∂µfn(µ) , µ ∈ [0, µmax] ,

(3.1.11)

where µmax := ln
(

1
α0

)

. The mean-field flow equations (3.1.11) have been analyzed in [4, 79] as

follows:

· Fix a bare interaction lagrangian (3.1.3).

· Impose the mean-field boundary conditions corresponding to (3.1.3)

· Define an ansatz for the two-point function f2(µ) and use the mean-field flow equations
(3.1.11) to construct inductively smooth solutions fn(µ), n ≥ 4.

3.2 Mean-field solutions of the mean-field flow equations

Wewill review here smooth mean-field solutions of the flow equations (3.1.11) analyzed by Kop-
per [4]. We are also concerned with the existence of the UV-limit of the mean-field solutions of the
flow equations (3.1.11). Since taking the limit α0 → 0 corresponds to taking the limit µmax → +∞,
the existence of the mean-field solutions of the flow equations (3.1.11) in this limit is equivalent to
show that the limits

lim
µmax→+∞

fn(µmax) , n ≥ 2 (3.2.1)

exist and are finite.
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3.2.1 Bounded smooth mean-field solutions

The simplest solutions of (3.1.11) to construct are scale-invariant, i.e. ∂µfn ≡ 0. Then, the
dynamical system (3.1.11) reads

f4 =
1

3
f2(f2 − 1) ,

fn+2 =
1

n+ 1

∑

n1+n2=n+2
ni≥4

fn1fn2 +
1

n+ 1
fn

[

2f2 + 1− 4

n

]

.
(3.2.2)

Upon fixing the value of f2, then one can analyse the behavior of fn, n ≥ 4. Felder [80] analyzed in
great generality the global solutions of the partial differential equation

−λ∂λu =
1

2
∂xxu−

1

2
(∂xu)

2 + du− d− 2

2
x∂xu (3.2.3)

in 2 < d < 4 dimensions. He studied in particular the fixed points that are global solutions of the
ordinary differential equation

1

2
∂xxu−

1

2
(∂xu)

2 + du− d− 2

2
x∂xu = 0 . (3.2.4)

He concluded that in d = 4 − ε, the non-trivial fixed point solution u4 in 3 < d < 4 dimensions
tends to zero. Nevertheless his analysis does not exclude the existence of fixed points other than
those he found. The flow equations (3.1.11) can be formally obtained from (3.2.3) when d → 4 by
expanding a solution u(x) in a power series in x

u(x) =
∑

n≥0

fn
n
xn . (3.2.5)

We will go back to that remark later on. If the other fixed points are excluded, then we can conclude
from [80, 4] that the moment expansion (3.2.5) is not valid for arbitrary x ∈ R or it does not ensure
the regularity of the solution u(x) that would be obtained from such an expansion.

We can analyze the fixed-point solutions of (3.2.2), by distinguishing different regimes according
to the value of f2.

· 0 < |f2| ≤ ε≪ 1: we see that f4 = O(ε) with the opposite sign to that of f2, f6 = O(ε2) and
0 < fn = O(ε), n ≥ 8. Therefore this regime is non-perturbative in the sense that fn is not
of increasing order in ε when n increases. Moreover, the action is bounded from below.

· 0 < f2 < 1: we have f4 < 0 but this time we do not control the sign of fn in general.

· f2 = 1: we have fn = 0, n ≥ 4, we have the so-called free theory, also called high-temperature
fixed point.

· f2 > 1: by induction on n, we see that fn > 0 and they are increasing as functions of f2 and
are bounded by a constant to the power of n. For instance, if one chooses f2 = 1 + ε, with
0 < ε≪ 1, we obtain f4 =

1
3
(1 + ε)ε, f6 =

1
15
(1 + ε)2ε and fn = O(ε), n ≥ 4.
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· f2 < 0: the signs of fn are beyond control and their modulus |fn| can be arbitrarily large.

Now we suppose that f2(µ) and its derivatives are uniformly bounded on [0, µmax]

−K1δ ≤ f2(0) ≤ −δ < 0 ,

|∂lµf2(µ)| ≤
K l

1δ
l+1

(l + 1)2
l! , l ≥ 0 ,

(3.2.6)

with 0 < δ ≤ 1 andK1 > 1. The sign of f2(0) is in agreement with the sign of the mass counterterm
in perturbation theory for ϕ4

4-theory at lowest order.

Proposition 3.1. For K ≥ sup(K1, 4) and if f2(µ) satisfies the bounds (3.2.6), then for n ∈ 2N + 2,
l ≥ 0 and µ ∈ [0, µmax]

|∂lµfn(µ)| ≤
Kn+l−2δl+1

(l + 1)2
(n+ l − 2)!

(n− 2)!
. (3.2.7)

Proof. See [4] or Appendix E.1.

If we go back to the dynamical system (3.1.9), we can recover the mean-field solutions Aα0,α
n

from the mean-field solutions fn(µ). Especially if the mean-field solutions fn(µ) satisfy the bounds
(3.2.7) in Proposition 3.1, we obtain the estimate for the mean-field solutions Aα0,α

n

|Aα0,α
n | ≤ δ

(αK2

c

)
n−2
2 1

αn
. (3.2.8)

Therefore the mean-field effective action (4.2.2) is locally analytic w.r.t. φ ∈ R and the radius of
convergence of the series is greater than

√

c
αK2 for 0 < α0 ≤ α ≤ αmax fixed.

3.2.2 Asymptotically free mean-field solutions

We recall that in perturbative quantum field theory, the β(g) function is defined as the derivative
of the effective coupling constant g(λ) w.r.t. the logarithmic scale λ

β(g(λ)) := λ
dg

dλ
(λ) . (3.2.9)

Therefore, the β function controls the flow of the effective coupling g(λ) with respect to the loga-
rithmic energy scale. In practice β(g(λ)) can only be calculated to a finite order in the perturbative
expansion. In asymptotically free theories, the leading term of the expansion of β(g) in a formal
power series in the renormalized coupling is negative so that the coupling constant vanishes at high
energies, g(λ) −→ 0 for λ −→ +∞. Since g(0) is the renormalized coupling, in renormalized
perturbation theory the Schwinger functions are expanded in a formal power series in g(0) and the
vanishing of the effective coupling (asymptotic freedom) implies that they vanish asymptotically at
high energies.

In our setting we call the logarithmic energy scale µ, the UV-limit corresponds to µ = 0. λ, µ
are related by

λ = µmax − µ . (3.2.10)
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To remain consistent with the above discussion, we set

f̃n(λ) := fn(µ)|µ=µmax−λ . (3.2.11)

It is important to note that fn(λ) depends on µmax which is the UV-cutoff. Taking the UV-limit
amounts to take the limit µmax → +∞ and keeping the physical couplings at λ = 0 fixed. Asymp-
totically free solutions satisfy

lim
λ→+∞

f̃n(λ) = 0 , (3.2.12)

keeping the physical couplings f̃n(0) fixed. Mean-field solutions satisfying

lim
λ→+∞

f̃n(0) = 0 (3.2.13)

while keeping the bare couplings f̃n(µmax) fixed are called trivial. Wewill come to the trivial solution
later.

Among the class of the bounded smooth mean-field solutions of the flow equations (3.1.11) sat-
isfying Proposition 3.1, a particular subclass of solutions which also define a mean-field theory in
the UV-limit, i.e. the limits (3.2.1) are finite, are the asymptotically free scalar field theories. Smooth
mean-field solutions fn(µ) can be constructed by the following choice of f2(µ)

f2(µ) = −δ(µ), δ(µmax) = δ > 0 ,

∂µf2(µ) = −βδ2(µ), 0 < δ, β <
1

2
,

(3.2.14)

where

δ(µ) =
δ

1 + (µmax − µ)βδ
. (3.2.15)

We note that βδ2 plays the role of the β function in perturbation theory. We have

∂lµf2(µ) = (−1)lβll! (f2(µ))
l+1 (3.2.16)

so that f2(µ) satisfies (3.2.6). In particular we have

lim
µmax→+∞

∂lµf2(µmax) = −βll! δl+1 , l ∈ N0 . (3.2.17)

Proposition 3.2. Among the solutions from Proposition 3.1, there exist nontrivial asymptotically free

mean-field smooth solutions which verify

f2(µmax) < 0, f4(µmax) > 0 ,

lim
µmax→+∞

fn(µmax) exist, n ∈ 2N,

lim
µmax→+∞

∂lµfn(0) = 0, l ∈ N0, n ∈ 2N .

(3.2.18)

Proof. See [4]. The proof proceeds similarly as the one of Proposition 3.1. We remark in particular
that f4(µmax) > 0 ⇔ δ(δ+1)−βδ2 > 0. Choosing β, δ as in (3.2.14), this condition holds. Proceeding
inductively in n + l, going up in n, all the fn(µmax) have limits upon removing the UV-cutoff, i.e.
µmax → +∞. It follows from (3.2.15) that f2(µ) satisfies the last statement.
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We remark that by taking β < 0 and fixing δ(0) > 0 not too large, we obtain

δ(µ) =
δ(0)

1− µβδ(0)
, (3.2.19)

valid as long as 1−µβδ(0) ̸= 0 for µ ∈ [0, µmax]. This leads to trivial solutions with nonpolynomial
bare action, in the sense that

lim
µmax→+∞

fn(µmax) = 0 , (3.2.20)

by proceeding as in the proofs of Propositions 3.1-3.2. We will come back to the trivial solution.

An important remark is that the bare actions constructed from fn(0) in Proposition 3.2 are not
necessarily bounded from below. Here we look for nonnegative and monotonic mean-field solutions
fn(µ), i.e.

fn(µ) ≥ 0, ∂µfn(µ) ≥ 0 . (3.2.21)

This ensures that the bare action is bounded from below so that the functional integral remains
well-defined. We consider two-point functions f2(µ) of the form

f2(µ) = 1 + δ(µ) , 0 < δ(µ) < 1 , ∂µδ(µ) = β(δ(µ))2 , 0 < β < 1 . (3.2.22)

We see that f2(µ) is no longer of order δ if we compare it to (3.2.14). Writing f4(µ) as

3f4(µ) = (1 + δ(µ))δ(µ) + β(δ(µ))2 (3.2.23)

we have from (3.2.22),

∂lµf4(µ) ≥ 0 . (3.2.24)

Proposition 3.3. For a suitable K > 1 and f2(µ) of the form (3.2.22), the mean-field solutions fn(µ)
are smooth and for n ∈ 2N+ 2, l ∈ N0

0 < ∂lµfn(µ) ≤ δ(µ)
Kn+l−2

(l + 1)2
(n+ l − 2)!

(n− 2)!
. (3.2.25)

Proof. The proof is done again by induction in n + l, going up in n. The positivity follows from
(3.2.22)-(3.2.24) and the mean-field flow equations (3.1.11). For the upper bounds, one proceeds as in
the proof of Proposition 3.1. The difference is that the derivatives of fn(µ) are no longer bounded
by a power of δ(µ) since f2(µ) is not of order δ(µ). Again,K = 4 is admissible.

Going back to the dynamical system (3.1.9), for the mean-field solutions fn(µ) satisfying Propo-
sition 3.3, the mean-field solutions Aα0,α

n verify

0 < Aα0,α
n < (δn,2 + δ(µ))

(αK2

c

)
n−2
2 1

αn
, 0 < α0 ≤ α ≤ αmax . (3.2.26)

Since we have fn(0) ≥ 0, the mean-field bare action has positive moments. From (3.2.26), the mean-
field effective action (4.2.2) is analytic w.r.t. φ in a disc of radius ≥

√

c
αK2 . These solutions turn out
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to be asymptotically free as well. In fact by fixing δ = δ(µmax) > 0 we have again (3.2.15) and we
have statements similar to (3.2.17)-(3.2.18), namely

lim
µmax→+∞

∂lµf2(µmax) = δl,0 + βll! δl+1, lim
µmax→+∞

f4(µmax) =
1

3
(1 + δ)δ + βδ2 ,

lim
µmax→+∞

fn(µmax) ∈ R+ ,

lim
µmax→+∞

∂lµf2(0) = δl,0 , lim
µmax→+∞

∂lµfn(0) = 0 , n ∈ 2N+ 2 .

(3.2.27)

It would be interesting to analyze these solutions more systematically.

3.2.3 Mean-field smooth solutions of bounded bare action

Themean-field effective actionsLα0,α
mf (φ) corresponding to the solutions constructed in Sect.3.2.1,

3.2.2 are analytic w.r.t. the constant variable φ in a disc of radius ≥
√

c
αK2 . In particular, at the end

of Sect.3.2.2, nonnegative asymptotically free mean-field solutions have been constructed. But the
mean-field effective bare action L0(φ) = Lα0,α0

mf (φ) is not well-defined for arbitrary φ ∈ R. If the
mean-field effective bare action Lα0,α0

mf (φ) is obtained as the mean-field limit of a interaction func-

tional LV
0 (ϕ(x)), it is in general not well-defined on the support of the Gaussian measure, despite

the presence of the regularization. Now we present precise bounds for the mean-field solutions
which ensure that the bare mean-field action functionals are well-defined. In particular, it has been
shown that the mean-field solutions from this section are actually subclasses of those considered in
Sect.3.2.1,3.2.2.

To assure boundedness, we consider non-polynomial local bare action functionals of the form

LV
0 (ϕ(x)) =

∑

n∈2N

∫

V
d4x c̃0,n(α0) sin(α

n
2
0 ϕ

n(x))α
−n

2
0 , (3.2.28)

where c̃0,n(α0) denote the bare couplings of the theory. In the mean-field limit and in the infinite-
volume limit, we have the mean-field bare action

Lα0,α0

mf (φ) =
∑

n∈2N
Ãα0,α0
n sin(α

n
2
0 φ

n)α
−n

2
0 . (3.2.29)

We define the dimensionless Schwinger functions ã(n) which are related to Ãα0,α0
n by

Ãα0,α0
n :=

1

n
α

n
2
−2

0 ã(n) . (3.2.30)

We also define the µ-derivatives of ã(n) at µ = 0

ã(n, l) := ∂lµã(n) . (3.2.31)

If (3.2.28) is expanded in moments of φ and mean-field limit is performed, then the mean-field
flow equations for ã(n) are obtained by taking the value at α = α0
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ã(n+ 2) =
1

n+ 1

∑

ν≥1
(1+2ν)n′=n+2

(n′ − 1)
(−1)ν−1

(2ν)!
ã(n′)

+
1

n+ 1

∑

ν≥1
(1+2ν)n′=n+2

n′ (−1)ν−1

(2ν − 1)!
ã(n′)

+
1

(n+ 1)c

∑

n1+n2=n+2, ν1,ν2≥0
(1+2ν1)n′=n1

(1+2ν2)n′′=n2

(−1)ν1+ν2

(2ν1)! (2ν2)!
ã(n′)ã(n′′)

+
2

(n+ 1)c

n− 4

2n
ã(n) +

2

(n+ 1)c

∑

ν≥1
(1+2ν)n′=n

n′ − 4

2n′
(−1)ν

(2ν + 1)!
ã(n′)

+
2

(n+ 1)c

1

n
ã(n, 1) +

2

(n+ 1)c

∑

ν≥1
(1+2ν)n′=n

1

n′
(−1)ν

(2ν + 1)!
ã(n′, 1)

+
2

(n+ 1)c

∑

ν≥1
(1+2ν)n′=n

(−1)ν
ν

(2ν + 1)!
ã(n′) .

(3.2.32)

In particular, we have

ã(4) =
1

3c
(ã(2)(ã(2)− 1)) + ã(2, 1)) . (3.2.33)

It is useful to introduce the following notation. For any positive integer n, its prime number
decomposition is given by

n =
∏

j∈P

jpj(n) , (3.2.34)

where P denotes the set of prime numbers, pj(n) is the j-adic valuation of n, i.e. the multiplicity of
the prime number j in the prime number decomposition of n. We define

B(n) :=

[

2
p2(n)

4 · 3
p3(n)

4 · 5
p5(n)

2

∏

j∈P, j≥7

j
9pj(n)

8

]−1

,

Bε(n, l) := B(n)
(n+ l)!

n!
εl+1 , ε > 0 , l ≥ 0 .

(3.2.35)

Lemma 3.1. For ε > 0 sufficiently small, there exists 0 < ε′ ≤ ε such that if

|ã(2, l)| ≤ Bε′(2, l) , l ≥ 0 , (3.2.36)

then for n ≥ 2
|ã(n, l)| ≤ Bε′(n, l) , l ≥ 0 . (3.2.37)

Proof. See [4].
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For ε′ sufficiently small, one sees that the assumptions (3.2.36) imply those (3.2.6) in Proposition
3.1 for µ = 0. If f2(µ) is chosen as in (3.2.14) with β, δ close to ε then f2(0) satisfies (3.2.36). We can
choose β, δ sufficiently small so that the assumptions (3.2.6) are satisfied by f2(µ).

Then from consequence of Propostions 3.1, 3.2 and of Lemma 3.1

Theorem 3.1. We consider the mean-field solutions of the mean-field flow equations for the bounded

mean-field bare action (3.2.29). There exist nontrivial asymptotically freemean-field solutions of bounded

mean field action of the mean-field flow equations. Moreover for ε > 0 sufficiently small, 0 < ε′ ≤ ε,
mean-field solutions which obey (3.2.36) have a bare mean field action L0(φ) which is bounded by

ε
∑

n∈2N

1

n
5
4

. (3.2.38)

3.2.4 Mean-field trivial solution for weak bare couplings

Now we turn to the trivial solution constructed by Kopper [4] under the assumption that the
bare couplings are small. The result in this section is weaker than the triviality results [43, 1, 2, 3]
reviewed in Sect.2. As discussed before, a solution is called trivial if the couplings at the physical
scale vanish for fixed bare couplings if the UV-cutoff is sent to infinity. In our setting, the logarithmic
energy scale µ is used and we say that the ϕ4-theory is trivial if

lim
µmax−→+∞

f2n(µmax) = 0 , 2n ≥ 4 , (3.2.39)

while keeping the bare value f4(0) fixed.

We study the following bare lagrangian without irrelevant terms i.e. c0,n = 0, n ≥ 6

LV
0 (ϕ) =

∫

V
d4x
(

c0,2ϕ
2(x) + c0,4ϕ

4(x)
)

(3.2.40)

and the following (fixed) mean-field boundary conditions which can be read off from (3.2.40):

f2(0) = 2(2π)4α0c0,2, f4(0) = 4π2c0,4, fn(0) = 0, n ≥ 6 . (3.2.41)

A consequence of (3.2.41) is

Lemma 3.2. For smooth solutions fn(µ) of (3.1.11) with boundary conditions (3.2.41), we have

∂lµfn(0) = 0 , n ≥ 6, 0 ≤ l ≤ n

2
− 3 . (3.2.42)

Proof. The proof is done by induction in n+ 2l, going up in l at a fixed value of n+ 2l. We start at
n = 6 and l = 0. For n ≥ 6 and l = 0, the claim follows from the boundary conditions (3.2.41). For
0 ≤ l ≤ n

2
− 4, we derive (3.1.11) l times and we evaluate at µ = 0. Then, solving ∂l+1

µ fn(0), we see
that

∂l+1
µ fn(0) = 0 (3.2.43)

because we used the induction hypothesis and the fact in the quadratic term, all the products

∂l1µ fn1(0)∂
l2
µ fn2(0) , n1 + n2 = n+ 2 , l1 + l2 = l (3.2.44)

are zero since we have either l1 ≤ n1

2
− 3 or l2 ≤ n2

2
− 3 due to the constraint 0 ≤ l ≤ n

2
− 4.
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Then from Lemma 3.2, we can factorize fn(µ) as follows

fn(µ) = µ
n
2
−2gn(µ) , n ≥ 4 , (3.2.45)

where gn(µ) are smooth. Therefore the flow equations for gn(µ) are determined from (3.1.11)

µ2gn+2 =
1

n+ 1

∑

n1+n2=n+2
ni≥4

gn1gn2 + µ
1

n+ 1
gn

(

2f2 + 1− 4

n

)

+
n− 4

n(n+ 1)
gn +

2

n(n+ 1)
µ∂µgn .

(3.2.46)

If we expand f2 and gn as a formal Taylor series around µ = 0

f2(µ) =
∑

k≥0

f2,kµ
k, gn(µ) =

∑

k≥0

gn,kµ
k , (3.2.47)

we eventually have

f2,k+1 =
1

k + 1

(

3g4,k + f2,k −
k
∑

ν=0

f2,νf2,k−ν

)

, (3.2.48)

gn,k+2 = − n− 4

n+ 2k
gn,k+1 −

2n

n+ 2k

k+1
∑

ν=0

gn,νf2,k+1−ν −
n

n+ 2k

∑

n1+n2=n+2
ni≥4

k+2
∑

ν=0

gn1,νgn2,k+2−ν

+
n(n+ 1)

n+ 2k
gn+2,k .

(3.2.49)

(3.2.48) corresponds to (3.2.46) at n = 2 while (3.2.49) corresponds to (3.2.46) for n ≥ 4. Regu-
larity at µ = 0 implies for n ≥ 4 the following inductive system

n− 4

n
gn,0 +

∑

n1+n2=n+2
ni≥4

gn1,0gn2,0 = 0 , (3.2.50)

n− 2

n
gn,1 + 2

∑

n1+n2=n+2
ni≥4

gn1,0gn2,1 + gn,0

(

2f2,0 + 1− 4

n

)

= 0 . (3.2.51)

If we start from arbitrary f2,0, g4,0 then from (3.2.50)-(3.2.51), all the gn,0 and gn,1 will be determined.
The coefficients of the asymptotic series f2,k′ and gn,k′ , k

′ ≥ 2 are computed from (3.2.48)-(3.2.49).

Lemma 3.3. We consider smoothmean-field solutions fn(µ) of (3.2.48)-(3.2.51) which satisfy the mean-

field boundary conditions (3.2.41). If for 0 < ε ≤ 10−2

|f2,0| ≤
ε

4
, 0 ≤ f4,0 = g4,0 ≤

ε

32
, (3.2.52)
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then

|f2,1| ≤
ε

2
, |f4,1| ≤

ε2

32
(3.2.53)

and for n ≥ 6

|gn,0| ≤
ε

n
2
−1

2n2
, |gn,1| ≤

ε
n
2
−1

n2
(3.2.54)

with gn,0 = (−1)
n
2 |gn,0|.

Proof. From (3.2.48), we have

|f2,1| ≤ 3f4,0 + |f2,0|(|f2,0|+ 1) ≤ ε

2
. (3.2.55)

From (3.2.51) we have

|g4,1| ≤ 4g4,0|f2,0| ≤
ε2

32
. (3.2.56)

We proceed by induction in n. First we bound gn,0 for n ≥ 6. Using (3.2.50), we find

|gn,0| ≤
n

n− 4

1

4

∑

n1+n2=n+2
ni≥4

ε
n
2
−1

n2
1n

2
2

≤ ε
n
2
−1

2n2
. (3.2.57)

For gn,1 we use (3.2.51) to find

|gn,1| ≤
2n

n− 2

1

2

∑

n1+n2=n+2
ni≥4

ε
n
2
−1

n2
1n

2
2

+
n

n− 2

ε
n
2
−1

2n2

(ε2

2
+ 1− 4

n

)

≤ ε
n
2
−1

n2
.

(3.2.58)

The bounds on the sums over n1, n2 can be obtained by hand for n ≤ 10 while for n ≥ 12 we have

∑

n1+n2=n+2
ni≥4
ni∈2N

1

n2
1n

2
2

≤ 1

16

∑

n1+n2=
n
2
+1

ni≥2
ni∈N

1

n2
1(
n
2
+ 1− n1)2

≤ 1

8

∑

3≤n1≤n
2
+1

4

n2
1(n+ 2)2

+
1

8

1

(n− 2)2

≤ 1

2(n+ 2)2

(

ζ(2)− 5

4

)

+
1

8

1

(n− 2)2
,

(3.2.59)

where the ζ function is defined for n ∈ N \ {1} by

ζ(n) =
+∞
∑

k=1

1

kn
. (3.2.60)
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In particular ζ(2) = π2

6
. Since

n

n− 2

(1

5

1

(n+ 2)2
+

1

8

1

(n+ 2)2

)

≤ 1

2n2
(1− ε2) (3.2.61)

we obtain the bounds as claimed. The statement of the sign of gn,0 is proven by induction in n, using
(3.2.50).

Lemma 3.4. Under the assumptions of Lemma 3.3

|gn,k| ≤ 2k−2ε
n
2
−1
(

k +
n− 4

2

)

! , |f2,k| ≤ 2kε |k − 1|! . (3.2.62)

Proof. The proof is done by induction in N = n+ k, going up in N . At a fixed value of N , we start
at n = 0 or n = 1 and we go up in k. For gn,0, gn,1, f2,0 and f2,1 we use the bounds in Lemma 3.3.
Using (3.2.49) and inserting the induction hypothesis, we obtain

|gn,k+2| ≤
n− 4

n+ 2k
|gn,k+1|+

2n

n+ 2k

k+1
∑

ν=0

|gn,νf2,k+1−ν |+
n

n+ 2k

∑

n1+n2=n+2
ni≥4

k+2
∑

ν=0

|gn1,νgn2,k+2−ν |

+
n(n+ 1)

n+ 2k
|gn+2,k|

≤ 2kε
n
2
−1

[

n− 4

2(n+ 2k)

(

k + 1 +
n− 4

2

)

! +
nε

n+ 2k

k+1
∑

ν=0

(

ν +
n− 4

2

)

! |k − ν|!

+
n

4(n+ 2k)

∑

n1+n2=n+2
ni≥4

k+2
∑

ν=0

(

ν +
n1 − 4

2

)

!

(

k + 2− ν +
n2 − 4

2

)

!

+
n(n+ 1)ε

4(n+ 2k)

(

k +
n− 2

2

)

!

]

≤ 2kε
n
2
−1

(

k + 2 +
n− 4

2

)

!

[

n− 4

n2
+

4ε

n
+

1

4
+
n+ 1

2n
ε

]

≤ 2kε
n
2
−1

(

k + 2 +
n− 4

2

)

! .

(3.2.63)

We used the following inequalities

n−a
∑

ν=0

(n− ν)! ν! ≤ 2 n! , a ∈ N, a ≤ n . (3.2.64)

and

k
∑

ν=0

(a+ ν)! (b+ k − ν)! ≤
k
∑

ν=0

(A+ ν)! (A+ k − ν)! , A := max(a, b), a, b ∈ N . (3.2.65)
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For f2,k, we use (3.2.48) to obtain for k ≥ 1

|f2,k+1| ≤
1

k + 1

(

3|g4,k|+ 2kε(k − 1)! +
k
∑

ν=0

2kε2|ν − 1|! |k − ν − 1|!
)

≤ 2k+1ε k!

k + 1

(

3

8
+

1

2k
+ 2ε

)

≤ 2k+1ε k! .

(3.2.66)

The sum in (3.2.66) is bounded as follows

k
∑

ν=0

|ν − 1|! |k − ν − 1|! = 2(k − 1)! +
k−2
∑

ν=0

ν! (k − 2− ν)!

≤ 2(k − 1)! + 2(k − 2)! ≤ 2 k! .

(3.2.67)

Unlike the bounds derived in Proposition 3.1, the bounds in Lemma 3.4 are not sufficient to prove
that the Taylor series around µ = 0 converges. At this stage, the expansion (3.2.47) stands as a power
series. The factorials in the bounds (3.2.62) are not optimal but seem close to optimality. We will
come back to this remark. Nevertheless these bounds are sufficient to prove the existence of trivial
solutions. In fact as shown in the following

Proposition 3.4. There exist smooth mean-field solutions fn(µ) of the mean-field flow equations

(3.1.11) satisfying the mean-field boundary conditions (3.2.41) such that they vanish in the UV-limit,

i.e. lim
µmax→+∞

fn(µmax) = 0.

Proof. The key point of the proof is the construction of a two-point function f2(µ) such that the
mean-field smooth solutions fn(µ) turn out to be trivial. We study an ansatz for the two-point
function f2(µ) of the form

f2(µ) =
∑

q≥1

bq
xq−1
q

1 + xqq
, q ≥ 1, xq := qµ . (3.2.68)

The ansatz (3.2.68) for the two-point function satisfies f2(0) = b1. If the series
∑

n≥1 bn con-
verges, then the ansatz (3.2.68) is well-defined. In that case, it is easy to see that

f2(µmax) = O
( 1

µmax

)

, (3.2.69)

meaning that f2(µmax) → 0 when µmax → +∞. If the derivatives of the ansatz (3.2.68) w.r.t. µ are
well-defined, then we also have

lim
µmax→+∞

∂lµf2(µmax) = 0 , l ≥ 0 . (3.2.70)
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In that case, it follows from the mean-field flow equations (3.1.11) and (3.2.70) that fn(µmax) → 0 for
n ≥ 2 when µmax → +∞, i.e. the mean-field smooth solutions fn(µ) constructed from the ansatz
(3.2.68) are trivial.

By expanding f2(µ) as in (3.2.47), its Taylor coefficients are

f2,k = (k + 1)k
k+1
∑

ρ=1

b{ k+1
ρ

}(−1)ρ−1 1

ρk
, (3.2.71)

where by convention b0 = 0 and

{m

n

}

:=

{

m
n

if m
n
∈ N

0 otherwise.
(3.2.72)

From (3.2.68)-(3.2.71), f2,0 = b1 and f2,1 = 2b2 − b1 where f2,1 = 3f4,0 − f2,0(f2,0 − 1). Therefore
the values of b1 and b2 are fixed by the free choice of f2,0 and f4,0. The bn’s, n ≥ 3 are then uniquely
determined by (3.2.48)-(3.2.50) because of the boundary conditions (3.2.41) and the smoothness con-
dition. From (3.2.71) we also have for q ≥ 1

bq+1 =
f2,q

(q + 1)q
−

q+1
∑

ρ=2

b{ q+1
ρ

}(−1)ρ−1 1

ρq
. (3.2.73)

We choose f2,0, f4,0 so that the assumptions of Lemma 3.3 are satisfied, meaning that the bounds
on f2,k in Lemma 3.4 hold, namely

|f2,k| ≤ 2kε |k − 1|! . (3.2.74)

Now we prove by induction in q ∈ N that

|bq| ≤ 4
(3

4

)q

ε . (3.2.75)

The claim is easily verified for q ≤ 3 using Lemmata 3.3, 3.4. For q ≥ 3 we have

|bq+1| ≤ 2q
(q − 1)!

(q + 1)q
ε+

q+1
∑

ρ=2

|b{ q+1
ρ

}|
1

ρq

≤
(

inf
(1

4
,
(3

4

)q)

+ 4

q+1
∑

ρ=2

(3

4

)
q+1
ρ 1

ρq

)

ε

≤ 4
(3

4

)q

ε ,

(3.2.76)

where we used
q+1
∑

ρ=2

(3

4

)
q+1
ρ 1

ρq
≤

q+1
∑

ρ=2

1

ρq
≤ ζ(q)− 1 ≤ 21−q . (3.2.77)

The bounds (3.2.75) show that the ansatz is well-defined, since the series (3.2.68) converges ab-
solutely and uniformly in µ ∈ [0, µmax]. By uniform convergence of the series (3.2.68) on [0,+∞)
and its derivatives
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∑

q≥1

bq ∂
l
µ

xq−1
q

1 + xqq
(3.2.78)

the mean-field two-point functions f2(µ) and its derivatives vanish in the UV-limit

lim
µmax→+∞

∂lµf2(µmax) = 0 . (3.2.79)

By induction in n ≥ 2, we prove that ∂lµfn(µ), l ≥ 0 vanish in the UV-limit as well.

· The claim is verified for n = 2 and l ≥ 0.

· Using the mean-flow equations (3.1.11), the claim follows for n ≥ 4.

Collecting these findings, we get

Theorem 3.2 (Triviality in pure weakly-coupled mean-field ϕ4-theory). We consider the mean-field

smooth solutions of the flow equations (3.1.11). For boundary conditions (3.2.41) such that

0 ≤ c0,4 ≤
ε

27π2
, |c0,2| ≤ Λ2

0

ε

27π4
, 0 < ε ≤ 10−2, Λ−2

0 = α0 . (3.2.80)

there exist smooth solutions of (3.1.11) fn ∈ C∞([0, µmax]) which vanish in the UV-limit, i.e., in the

limit µmax −→ +∞.

Proof. We have seen in Proposition 3.4 that such solutions exist.

The main difference between the trivial solution constructed here and the solutions constructed
in Sect.3.2.1, 3.2.2, 3.2.3 is that it cannot be shown that the trivial solution is analytic w.r.t. µ ∈
[0, µmax]. The point of non-analyticity is at µ = 0. This is related to the fact that the Schwinger
functions fn, n ≥ 6 have to be zero at µ = 0, this infinite set of conditions is read off from the
polynomial bare lagrangian (3.2.40). This infinite set of constraints does not appear in Sect.3.2.3
since Kopper considered a non-polynomial bare lagrangian. This constitutes a major difference
w.r.t. the solutions constructed previously. Several remarks can be made about the constructed
trivial solution. They served as motivation for this thesis.

· The Landau pole: if we fix the physical coupling

g̃ = g̃(0) = f2(µmax) , (3.2.81)

then, using the notation introduced in Sect.3.2.2,

g̃(λ) := f2(µmax − λ), λ = µmax − µ (3.2.82)

diverges at a finite value of µ unless g̃(0) → 0. In our case, if we truncate the ansatz to the
lowest order

f2(µ) = a1
1

1 + µ
(3.2.83)
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corresponding to the first term in (3.2.68), we obtain

g̃(λ) =
g̃(0)

1− βg̃(0)λ
, β =

1

a1
. (3.2.84)

Therefore the Landau pole is λL = 1
βg̃(0)

. Usually in perturbative ϕ4
4-theory, the physical

coupling is defined by g̃ = f4(µmax). But since f4(µ) and f2(µ) are related by (3.1.11) and f2(µ)
and f4(µ) are of the same order when µ is large, we can re-express f2(µ) in terms of f4(µ) and
vice versa so that the conclusion remains the same. If we take the full ansatz (3.2.68), we arrive
at the same conclusion since we have an absolutely convergent series and all entries in the
series behave similarly when µ → +∞. It is important to note that perturbation truncations
get out of control before reaching the Landau pole; perturbation theory does not allow one to
make rigorous statements on triviality.

· It was also proposed to analyze the trivial solution and establish a comparison between them
and the mean-field solutions of the Ising model and the correlation functions considered in [1,
44, 3, 2] in the mean-field limit. This was not done in this thesis.

· The triviality statement for the mean-field theory is restricted to the one-component and
weakly coupled theory. In the triviality proofs [43, 2, 3], no assumption on the size of the
bare coupling is made. Nevertheless the proofs are still restricted to one or two component
scalar fields since no sufficiently strong correlation inequalities have been established for N -
component scalar fields, N > 2. In this thesis, we extended the triviality proof to theories
with arbitrarily large bare couplings and theories withN real scalar components (N ≥ 1) but
still in the mean-field approximation.

· The technical simplification m = 0 in the propagator and the introduction of an artificial IR
cutoff could be dropped. In this thesis, we proved triviality of the mean-field theory in this
new more physical setting.

· The approach is non-perturbative; the solutions constructed in Sect.3.2.1-3.2.3 are not bounded
by a power proportional to n of δ or ε. For the trivial solution, the bounds (3.2.62) reveal a
factor ε

n
2
−1. It has been suggested that it would be interesting to recast the power series in ε

as a power series in g, g being the renormalized coupling. Consequently, we analyzed in this
thesis the link between the trivial solution and perturbation theory.
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Chapter 4

The mean-field flow equations for the

O(N)-model

Now we turn to the main part in this thesis. In the next two chapters we will tackle two points
mentioned in the previous chapter: extension to multi-component real scalar field theory, exten-
sion of the triviality result to arbitrarily large bare couplings. We analyze the self-interacting N -
component vector scalar field theories on four-dimensional Euclidean space. The results we will
review here are found in our paper [79]. The N -component vector model with O(N) symmetry,
called the O(N)-model was first introduced by Stanley [81] to generalize the Ising model (N = 1),
the XY model (N = 2) and the Heisenberg model (N = 3). In the continuum description the scalar
field ϕ has now N real components ϕ(x) = [ϕ1(x), · · · , ϕN(x)]T , and the lagrangian has a global
O(N) symmetry. Since ϕ 7→ −ϕ is a O(N) transformation, the theory has Z2 symmetry. Stanley
[82] thought that the large N -limit of this model is linked to the spherical model introduced by
Berlin and Kac[83]. This relation between the two models has been proved rigourously for fixed
non-critical temperature [84] and for critical temperature [85, 86]. Through an expansion in powers
of 1

N
, the behavior of the solutions of theO(N)model in the largeN limit has been studied in detail

in [87] and by Moshe and Zinn-Justin [88]. We will go back to this remark in Sect.5.2.

To derive the mean-field flow equations for the O(N)-model, we will

· follow the steps in [4] to derive the flow equations

· perform the mean-field approximation afterwards.

Using O(N) symmetry, the form of the mean-field flow equations actually generalizes those of the
single-component theory. Again, we will adopt the convention of the Fourier transform and its
shorthand notation (1.0.1).

4.1 The flow equations for the O(N)-model

To derive the flow equations for the O(N)-model, we choose a regularized propagator of the
N -component massive vector scalar field theory in momentum space which is given by a diagonal

57



N × N matrix to be called Cα,α0

N (x − y,m). The matrix elements of the regularized propagator in
momentum space read

Cα0,α
N ; ij(p,m) = Cα0,α(p,m)δij . (4.1.1)

The quantity Cα0,α(p,m) is the propagator introduced in (3.1.1). This regularized propagator is
positive and satisfies

· Cα0,α
N ; ij(p,m) is analytic w.r.t. α.

· Cα0,α0

N ; ij (p,m) = 0.

· At α and i fixed, Cα0,α
N ; ii(p,m) falls off more rapidly than any power of |p|.

As in the one-component case, we study the following bare interactions lagrangians

LV
0,N(ϕ) =

∫

V
d4x
[

∑

n∈N

c0,n(α0)(ϕ
2(x))n

]

, (4.1.2)

where ϕ2(x) :=
∑N

i=1 ϕ
2
i (x) and V is a finite volume in R4. It is clear that this bare interaction

lagrangian has O(N)-invariance. The quantities c0,n(α0) are again the bare couplings. In the bare
interaction lagrangian (4.1.2), we did not include this time the wavefunction renormalization coun-
terterm because the field ϕ is constant in the mean-field limit. In four dimensions, the terms in the
sum for n ≥ 6 are irrelevant, while for n = 2 and n = 4 they are respectively relevant and marginal.

The functional integral with the bare lagrangian LV
0,N(ϕ) is well-defined if for some constant

CV
N ∈ R, depending on V and N

−∞ < CV
N < LV

0,N(ϕ) , ϕ ∈ supp(µα0,α
N ) , (4.1.3)

where µα0,α
N is the normalized Gaussian measure associated to the propagator Cα0,α

N . We suppose
that the field ϕ belongs to the support of the Gaussian measure µα0,α

N associated to the propagator
(4.1.1) so that it is smooth as in Sect.3.1. Again the infinite-volume limit of the connected Schwinger
functions exist, we will drop the subscript V .

We define the correlation or Schwinger functions for the O(N)-model by

⟨ϕi1(x1)ϕi2(x2) · · ·ϕin(xn)⟩α0,α :=
1

Zα0,α
N

∫

dµα0,α
N (ϕ)e−L0,N (ϕ)ϕi1(x1)ϕi2(x2) · · ·ϕin(xn) ,

(4.1.4)
where Zα0,α

N is a normalization factor.

The generating functional of the regularized connected amputated Schwinger functions (CAS)
e−L

α0,α
N

(ϕ) at scale α satisfies

e−L
α0,α
N

(ϕ) =
1

Zα0,α
N

∫

dµα0,α
N (φ) e−L0,N (φ+ϕ) . (4.1.5)

We expand Lα0,α
N (ϕ) in a formal power series in the components ϕ̂i

Lα0,α
N (ϕ) =

∑

n∈2N

∑

1≤i1,··· ,in≤N

∫

p1,p2,··· ,pn
L̄α0,α
n;i1i2···in(p1, · · · , pn)ϕ̂i1(p1) · · · ϕ̂in(pn) . (4.1.6)
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Again, the CAS distributions L̄α0,α
n;i1i2···in(p1, · · · , pn) or moments of Lα0,α

N can be factorized due to
translation invariance in position space as

L̄α0,α
n,i1i2···in(p1, · · · , pn) = δ4

(

n
∑

i=1

pi

)

Lα0,α
n;i1i2···in(p1, · · · , pn), pn = −p1 − · · · − pn−1 . (4.1.7)

Through functional derivation, we obtain the CAS functions Lα0,α
n;i1i2···in(p1, · · · , pn)

(2π)4n

n!

δ

δϕ̂i1(p1)
· · · δ

δϕ̂in(pn)
Lα0,α
N (ϕ)|ϕ≡0 = δ4

(

n
∑

i=1

pi

)

Lα0,α
n;i1i2···in(p1, · · · , pn) . (4.1.8)

The flow equations are obtained upon differentiation of (4.1.5) w.r.t. α using the change of
covariance formula (A.1.7)

∂αL
α0,α
N =

1

2

N
∑

i=1

〈 δ

δϕi
, Ċα δ

δϕi

〉

Lα0,α
N − 1

2

N
∑

i=1

〈 δ

δϕi
Lα0,α
N , Ċα δ

δϕi
Lα0,α
N

〉

, (4.1.9)

where Ċα = ∂αC
α0,α. Using (4.1.6),(4.1.7) in (4.1.9), the flow equations for the moments Lα0,α

n;i1i2···in
read

∂αLα0,α
n;i1i2···in(p1, · · · , pn) =

(

n+ 2

2

) N
∑

j=1

∫

k

Ċα(k,m)Lα0,α
n+2;i1i2···injj(p1, · · · , pn, k,−k)

− 1

2

∑

n1+n2=n+2

N
∑

j=1

n1n2S

[

Lα0,α
n1;i1i2···in1−1j

(p1, · · · , pn1−1, q)Ċ
α(q,m)

Lα0,α
n2;jin1 in1+1···in(−q, pn1 , · · · , pn)

]

,

(4.1.10)

with q := −p1 − p2 − · · · − pn1−1. Here S is a symmetrisation operator which permutes the pairs
(ij, pj). It averages over the permutations σ ∈ Sn such that σ(1) < σ(2) < · · · < σ(n1 − 1) and
σ(n1) < σ(n1 + 1) < · · · < σ(n) . Due to Z2-symmetry, only even moments (in n, n1 and n2)
are nonvanishing. One sees that the dynamical system (4.1.10) generalizes the one-component flow
equations (3.1.5).

4.2 The mean-field approximation

In the mean field approximation, the n-point functions are assumed to be momentum indepen-
dent. As in the single component-case, we consider the correlation functions per unit of volume in
the infinite volume limit without fluctuations

Aα0,α
n;i1i2···in := Lα0,α

n;i1i2···in(0, · · · , 0) . (4.2.1)

We recall that the critical behavior of Ising type systems in d > 4 dimensions is exactly ob-
tained [44], [2] in the mean-field approximation. Since in higher dimensions, the theory is non-
renormalizable (this means that the theory requires an infinite number of counterterms when going
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higher in perturbation theory), we conjecture that the only way to obtain finite physical quantities in
the UV-limit would be to set to zero all the renormalized quantities, leading to a trivial theory. This
has not been discussed and studied in this thesis. For d < 4, construction of nontrivial ϕ4

d-theory
has been performed:

· d = 3: e.g. see [89, 90, 91]

· d = 2: see [92] for a semibounded polynomial P which includes the ϕ4 model.

To obtain the mean-field flow equations for theO(N)-model following [4], we expand the mean
field effective action Lα0,α

mf (φ) as a formal power series in the (constant) field φ ∈ R

Lα0,α
mf (φ) =

∑

n∈2N
Aα0,α
n φn . (4.2.2)

As in [4], we make the technical simplification from [4] and set m = 0 in Cα0,α(p,m), we then
restrict the analysis of the theory to the interval α ∈ [α0,

1
m2 ] so that the upper limit on α takes the

role of the infrared cutoff, thus replacing the mass of the original theory. In Sect.6 we will drop this
simplification.

In the mean-field limit, the regularized propagator becomes

e−α0p
2 − e−

1
m2 p

2

p2
=

p2≪1

1

m2
− α0 +O(p2) . (4.2.3)

Then the mean-field flow equations can be rewritten as

∂αA
α0,α
n;i1i2···in =

(

n+ 2

2

)

c

α2

N
∑

j=1

Aα0,α
n+2;i1i2···injj

− 1

2

∑

n1+n2=n+2

n1n2

N
∑

j=1

S

[

Aα0,α
n1;i1i2···in1−1j

Aα0,α
n2;jin1 in1+1···in

]

, c :=
1

16π2
.

(4.2.4)

Without any further input, the flow equations (4.2.4) do not let us construct inductively (in n) the
CAS functions since only the contraction of Aα0,α

n+2,i1i2···in+2
w.r.t. its last two indices can be related to

the CAS functions Aα0,α
n′;i1i2···in′

, n′ ≤ n. To overcome this difficulty, key properties must be satisfied

by the mean-field solutions for the O(N) model of the flow equations. These properties are

· (P1): Aα0,α
n;i1i2···in = 0 if n is odd (Z2-symmetry).

· (P2): Aα0,α
n;i1i2···in is symmetric under any permutation of its indices i1, i2, · · · , in (Bose symme-

try).

· (P3): Aα0,α
n;i1i2···in is O(N)-invariant in the following sense: let O be an orthogonal matrix i.e.

OTO = OTO = I , then

Oi1j1Oi2j2 · · ·OinjnA
α0,α
n;j1j2···jn = Aα0,α

n;i1i2···in . (4.2.5)

Properties (P1), (P2) and (P3) require knowledge on the O(N)-invariant symmetric tensors.
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4.2.1 Isotropic Cartesian tensors

We define Isotropic Cartesian tensors and useful contraction properties which will be used to
recast the dynamical system (4.2.4) into an inductive scheme.

Definition 4.1 (Cartesian tensors). Let X be an Euclidean space of finite dimension N ≥ 1. We

identify X with its dual space X∗. A rank n-tensor T is an element of
⊗n

i=1X . Assuming that we

work with an orthonormal basis, we do not need to distinguish the contravariant and the covariant

components of a tensor. Then, T ∈ ⊗n

i=1X is called a Cartesian rank n tensor. Its components are

denoted by Ti1i2···in .

Definition 4.2 (Isotropic Cartesian tensors). A Cartesian rank n tensor T is said to be isotropic if for

any matrixM ∈ SO(N)

Mi1j1Mi2j2 · · ·MinjnTj1j2···jn = Ti1i2···in . (4.2.6)

Proposition 4.1. Let T be a real rank n-tensor, n ∈ 2N . If T is symmetric and O(N)-invariant, then
it is of the form

Ti1i2···in = A
∑

σ∈Sn

δiσ(1)iσ(2)
· · · δiσ(n−1)iσ(n)

, A ∈ R , (4.2.7)

where Sn denotes the set of permutations in {1, · · · , n} .

Proof. The most general forms of real isotropic Cartesian rank n tensors are

· n < N :
Ti1i2···in =

∑

σ∈Sn

λσ δiσ(1)iσ(2)
· · · δiσ(n−1)iσ(n)

, λσ ∈ R . (4.2.8)

· n = N :

Ti1i2···in =
∑

σ∈Sn

λσ δiσ(1)iσ(2)
· · · δiσ(n−1)iσ(n)

+ µ εi1i2···in , λσ, µ ∈ R . (4.2.9)

· n > N and N even:

Ti1i2···in =
∑

σ∈Sn

λσ δiσ(1)iσ(2)
· · · δiσ(n−1)iσ(n)

+
∑

σ∈Sn

µσ εiσ(1)···iσ(N)
δiσ(N+1)iσ(N+2)

· · · δiσ(n−1)iσ(n)
,

(4.2.10)
where λσ, µσ ∈ R .

Here εi1i2···in is the Levi-Civita tensor defined by

εi1i2···in =







1 if (i1i2 · · · in) is an even permutation of (1, 2, · · · , n)
−1 if (i1i2 · · · in) is an odd permutation of (1, 2, · · · , n)
0 otherwise.

(4.2.11)

For a proof see [93].

If T isO(N)-invariant, it is an isotropic Cartesian tensor. It then takes the form (4.2.8), (4.2.9),(4.2.10)
depending on n . We consider the reflection R in the hyperplane through the origin, orthogonal to
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ek, 1 ≤ k ≤ N , where ek denotes a canonical basis vector of RN . The matrix expression of R is
given by

Rij = δij − 2δikδjk . (4.2.12)

Then we have
Ri1j1 · · ·RiN jNεj1···jN = det(R)εi1···iN = −εi1···iN . (4.2.13)

Then from (4.2.13) and (4.2.8), (4.2.9), (4.2.10), symmetric and O(N)-invariant tensors take the form
(4.2.7).

Now we turn to contractions of O(N)-invariant tensors. We recall the symmetric part of a rank
n-tensor T by

T(i1i2···in) :=
1

n!

∑

σ∈Sn

Tiσ(1)iσ(2)iσ(n−1)iσ(n)
. (4.2.14)

and we define

Fi1i2···in := δ(i1i2δi3i4 · · · δin−1in) =
1

n!

∑

σ∈Sn

δiσ(1)iσ(2)
· · · δiσ(n−1)iσ(n)

. (4.2.15)

Proposition 4.2. We have the following identities:

N
∑

j=1

Fi1i2···injj =
N + n

n+ 1
Fi1i2···in ,

N
∑

j=1

S

[

Fi1i2···in1−1jFin1 in1+1···inj
]

= Fi1i2···in . (4.2.16)

Proof. Let F (x) be the generating series of Fi1i2···in defined by

F (x) :=
∑

n∈2N

∑

i1,i2,··· ,in
xi1 · · · xinFi1i2···in =

+∞
∑

n=1

|x|2n , |x|2 :=
N
∑

i=1

x2i , x ∈ R
N .

The result of the action of the Laplacian on F (x) is

∆F (x) =
N
∑

j=1

∂2jF (x) = 2N +
∑

n∈2N

∑

i1,i2,··· ,in
xi1 · · · xin(n+ 2)(n+ 1)

N
∑

j=1

Fi1i2···injj . (4.2.17)

On the other hand we have for n ∈ N

N
∑

j=1

∂2j |x|2n = 2n(N + 2n− 2)|x|2n−2 (4.2.18)

and therefore

∆F (x) = 2N +
∑

n∈2N,n>2

n(N + n− 2)|x|n−2

= 2N +
∑

n∈2N
(n+ 2)(N + n)|x|n

= 2N +
∑

n∈2N

∑

i1,··· ,in
xi1 · · · xin(n+ 2)(N + n)Fi1···in .

(4.2.19)
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Now (4.2.17) and (4.2.19) imply

N
∑

j=1

Fi1i2···injj =
N + n

n+ 1
Fi1i2···in . (4.2.20)

For the second identity in (4.2.16), we compute

∥∇F (x)∥2 :=
N
∑

j=1

(∂jF (x))
2 = 4|x|2

∑

n1,n2≥1

n1n2|x|2(n1+n2−2) =
∑

n1∈2N,n2∈2N
n1n2|x|n1+n2−2

= 4|x|2 +
∑

n∈2N,n>2

∑

n1+n2=n+2

n1n2

∑

i1,··· ,in
xi1 · · · xinFi1···in .

(4.2.21)

And on the other hand, we have

∥∇F (x)∥2 = 4|x|2 +
∑

n∈2N,n>2

∑

n1+n2=n+2

n1n2

∑

i1,··· ,in
xi1 · · · xin

N
∑

j=1

F(i1···in1−1jFjin1 ···in) , (4.2.22)

leading to
N
∑

j=1

F(i1···in1−1jFjin1 ···in) = Fi1···in . (4.2.23)

From the definition of a symmetric part of a tensor T in (4.2.14) and the fact that S is an average
operator, we obtain

N
∑

j=1

S

[

Fi1i2···in1−1jFjin1 in1+1···in

]

= Fi1···in . (4.2.24)

4.2.2 The reduced mean-field flow equations for the O(N)-model

With knowledge onO(N)-invariant tensors, we can recast the flow equations (4.2.4) in a reduced
form. From Proposition 4.1, we set

Aα0,α
n;i1i2···in = Aα0,α

n Fi1i2···in (4.2.25)

with Aα0,α
n smooth.

The mean field flow equations (4.2.4) read

∂αA
α0,α
n Fi1i2···in =

(

n+ 2

2

)

c

α2
Aα0,α
n+2

N
∑

j=1

Fi1i2···injj

− 1

2

∑

n1+n2=n+2

n1n2A
α0,α
n1

Aα0,α
n2

N
∑

j=1

S

[

Fi1i2···in1−1jFjin1 in1+1···in

]

.

(4.2.26)
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Using Proposition 4.2, the flow equations for the coefficients Aα0,α
n are

∂αA
α0,α
n =

(

n+ 2

2

)

N + n

n+ 1

c

α2
Aα0,α
n+2 − 1

2

∑

n1+n2=n+2

n1n2A
α0,α
n1

Aα0,α
n2

. (4.2.27)

The factor
(

n+2
2

)

leads to a combinatorial instability: iterated integration w.r.t. α of the mean-field
solutions of the infinite dynamical system for the functions Aα0,α

n would produce at each step factors
of order n2 , meaning that the solutions blow up when n ≫ 1. Therefore, we have to follow the
strategy from [4, 79]:

· Start from a smooth two-point function Aα0,α
2

1 and fix mean-field boundary conditions at the
bare scale, i.e. α = α0 .

· Smooth solutions Aα0,α
n are constructed inductively (in n) using (4.2.27) whose properties de-

pend on Aα0,α
2 .

Adopting the change of function and variable in (3.1.10)

fn(µ) := α2−n
2 c

n
2
−1nAα0,α

n , µ := ln

(

α

α0

)

, (4.2.28)

the mean-field flow equations now read

fn+2(µ) =
1

n+N

∑

n1+n2=n+2

fn1(µ)fn2(µ) +
n− 4

n(n+N)
fn(µ) +

2

n(n+N)
∂µfn(µ) , n ≥ 2 ,

(4.2.29)

for µ ∈ [0, µmax] where µmax := ln
(

1
α0

)

. One sees that the reduced mean-field flow equations

(4.2.29) generalize the dynamical system (3.1.11) (N = 1) to the O(N)-model. From the flow equa-
tions (4.2.29), fn+2(µ) is expressed in terms of a linear term in fn(µ) and its derivative and a quadratic
term in fn′(µ), n′ ≤ n as in Ch.3.

Remark. · The statements in Ch.3 on the local analyticity w.r.t. µ of uniformly bounded smooth

solutions fn(µ) and the analyticity of the bare-mean field action w.r.t. ϕ remain valid forN > 1.

4.3 Local analyticity w.r.t. α of the mean-field CAS functions

During the thesis, we came upon a non-trivial point regarding the analyticity of the CAS func-
tions. Therefore it is useful to comment on the analyticity of the mean-field CAS functions w.r.t. α.
The regularized propagator in momentum spaceCα0,α(p,m) introduced in (3.1.1) is analytic w.r.t. α.
If we construct the solutions Aα0,α

n+2 of the flow equations (4.2.4) as indicated, we have the following
local analyticity and uniqueness statements

Proposition 4.3. · Let Aα0,α
n be mean-field smooth solutions of (4.2.4). The boundary conditions

are assumed to be induced by a two-point function Aα0,α
2 and its derivatives at α = α0 which is

locally analytic w.r.t. α. Then Aα0,α
n is locally analytic w.r.t. α .

1The properties of two-point function A
α0,α

2
will be specified later.
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· Let Aα0,α
2 and Ãα0,α

2 be locally analytic w.r.t. α. If Aα0,α
n and Ãα0,α

n are constructed from Aα0,α
2

and Ãα0,α
2 respectively, using the flow equations (4.2.4) and if

∂kαÃ
α0,α
2 |α=α0 = ∂kαA

α0,α
2 |α=α0 , k ≥ 0 , (4.3.1)

then we have for arbitrary α

∂kαÃ
α0,α
n = ∂kαA

α0,α
n , k ≥ 0 , n ≥ 2 . (4.3.2)

Proof. The proof of the first statement proceeds by induction in n. It obviously holds for n = 2.
From (4.2.27), we have

Aα0,α
n+2 =

2

c(n+N)(n+ 2)
α2∂αA

α0,α
n +

α2

c(n+N)(n+ 2)

∑

n1+n2=n+2

n1n2A
α0,α
n1

Aα0,α
n2

. (4.3.3)

which implies the statement using the induction hypothesis.

The second statement is proven by induction in N = n+ 2k, going up in n for fixed N . It then
follows directly from the fact that locally analytic functions are uniquely defined by their Taylor
expansions within their radius of convergence, and from the fact that sums of products of locally
analytic functions are again locally analytic.

Proposition 4.3 has the following consequence:

· We start from a locally analytic two-point function Aα0,α
2 .

· We compute the successive CAS functions Aα0,α
n using (4.2.27).

· The locally analytic mean-field solutions Aα0,α
n are unique for fixed boundary conditions at

the bare scale.

This result is non-trivial because in the next section, we will see that this uniqueness result cannot
be used since the trivial solution we will construct is not analytic at µ = 0. Unlike the trivial
solution, the asymptotically free scalar field theories constructed in Sect.3.2.2 are not plagued by
this obstruction to analyticity. The uniqueness of the trivial solution will be reviewed in Sect.5.1.2.
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Chapter 5

Triviality of mean-field ϕ44-theories

5.1 Construction of the mean-field trivial solution

Nowwe turn to the triviality of the puremean-fieldO(N)ϕ4
4-theory. First we prove the existence

of solutions of (4.2.29) which vanish in the UV-limit for fixed mean-field boundary conditions. Then
we will prove the uniqueness of the mean-field trivial solution. We will again follow the method in
Ch.3 and [4]. Our result is published in [79].

5.1.1 Existence of a mean-field trivial solution

We consider the following bare lagrangian without irrelevant terms i.e. c0,n = 0, n ≥ 6

LV
0,N(ϕ) =

∫

V
d4x
(

c0,2ϕ
2(x) + c0,4ϕ

4(x)
)

(5.1.1)

and the following (fixed) mean-field boundary conditions following from (4.2.1), (4.2.2), (3.1.10) and
(5.1.1):

f2(0) = 2(2π)4α0c0,2, f4(0) = 4π2c0,4, fn(0) = 0, n ≥ 6 . (5.1.2)

Lemma 3.2 remains valid for themean-field smooth solutions fn(µ) of the flow equations (4.2.29),
we can set

fn(µ) = µ
n
2
−2gn(µ) , n ≥ 4 , (5.1.3)

where gn(µ) are smooth. Then, we follow the method in Sect.3.2.4: we rewrite (4.2.29) as

µ2gn+2 =
1

n+N

∑

n1+n2=n+2
ni≥4

gn1gn2 + µ
1

n+N
gn

(

2f2 + 1− 4

n

)

+
n− 4

n(n+N)
gn +

2

n(n+N)
µ∂µgn, n ≥ 4 .

(5.1.4)
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As before, we expand f2 and gn as formal Taylor series around µ = 0

f2(µ) =
∑

k≥0

f2,kµ
k, gn(µ) =

∑

k≥0

gn,kµ
k , (5.1.5)

so that we obtain the relations between the coefficients of the (Taylor) power series

f2,k+1 =
1

k + 1

(

(N + 2)g4,k + f2,k −
k
∑

ν=0

f2,νf2,k−ν

)

, (5.1.6)

gn,k+2 = − n− 4

n+ 2k
gn,k+1 −

2n

n+ 2k

k+1
∑

ν=0

gn,νf2,k+1−ν −
n

n+ 2k

∑

n1+n2=n+2
ni≥4

k+2
∑

ν=0

gn1,νgn2,k+2−ν

+
n(n+N)

n+ 2k
gn+2,k .

(5.1.7)

(5.1.6) corresponds again to (5.1.4) at n = 2 while (5.1.7) corresponds to (5.1.4) for n ≥ 4. Again,
regularity at µ = 0 implies for n ≥ 4

n− 4

n
gn,0 +

∑

n1+n2=n+2
ni≥4

gn1,0gn2,0 = 0 , (5.1.8)

n− 2

n
gn,1 + 2

∑

n1+n2=n+2
ni≥4

gn1,0gn2,1 + gn,0

(

2f2,0 + 1− 4

n

)

= 0 . (5.1.9)

We will follow the steps in Ch.3

· Choose the two-point function as in (3.2.68).

· Derive bounds on gn,k and f2,k for given on g4,0 and f2,0.

· Derive bounds on bn implying that f2(µ) is well-defined on [0, µmax].

· Show that all the fn(µ) are well-defined on [0, µmax].

5.1.1.1 Bounds on the coefficients gn,k, f2,k

We bound the coefficients gn,k, f2,k. Since we considered a theory with arbitrarily large bare
couplings, the required bounds have to be sharper than the ones derived in Lemmata 3.3-3.4. We
start proving

Lemma 5.1. Let fn be solutions of (4.2.29) which respect the boundary conditions (5.1.2). For given

f2,0, f4,0 we choose K > 1 sufficiently large such that

|f2,0| ≤
√
K

4
, |f4,0| = |g4,0| ≤

√
K

32
. (5.1.10)
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Then

|f2,1| ≤
KN

2
, |g4,1| ≤

K

32
, (5.1.11)

and for n ≥ 6

|gn,0| ≤
K

n
2
− 3

2

2n2
, |gn,1| ≤

K
n
2
− 3

2

n2

(

1 +
nK

2

)

. (5.1.12)

Proof. From (5.1.6) we have

|f2,1| = |(N + 2)g4,0 + f2,0 − f 2
2,0| ≤

KN

2
. (5.1.13)

and

|g4,1| = 4|g4,0f2,0| ≤
K

32
.

We proceed by induction in n. For n ≥ 6, we find from (5.1.8) and for K large enough

|gn,0| ≤
n

n− 4

1

4

∑

n1+n2=n+2
ni≥4

K
n
2
− 3

2
+1− 3

2

n2
1(n+ 2− n1)2

≤ K
n
2
− 3

2

2n2
.

From (5.1.9), for n ≥ 6 and choosing K > 4

|gn,1| ≤
2n

n− 2

1

2

∑

n1+n2=n+2
ni≥4

K
n
2
− 3

2
+1− 3

2

n2
1(n+ 2− n1)2

(

1 +
n2K

2

)

+
n

n− 2

K
n
2
− 3

2

2n2

(√
K

2
+ 1− 4

n

)

≤ K
n
2
− 3

2

n2

(

1 +
nK

2

)

.

The previous bounds for the sums over n1 can be checked for n ≤ 10. For n ≥ 12, we use Lemma
C.1 in Appendix C.1.

Now we state our main result on bounds on gn,k, f2,k.

Proposition 5.1. Under the same assumptions as in Lemma 5.1, we have for n ≥ 4, k ≥ 2, N ≥ 1,
for K sufficiently large

|gn,k| ≤ N
n
2
+k−2K

n
2
+k− 3

2

∣

∣

∣

n

4
+ k − 3

∣

∣

∣
!

1

(k!)
1
4

, |f2,k| ≤ Nk+1Kk+ 1
2

|k − 3|!
(|k − 1|!) 1

4

. (5.1.14)

Proof. See Appendix F.2.

In Sect.3.2.4, the bounds (3.2.62) in Lemma 3.4 imply that the coefficients gn,k and f2,k grow at
most as 2k k! for a fixed value of n. In (3.2.73) and from Lemma 3.4, the first term in the r.h.s. of
(3.2.73) is bounded as follows

|f2,k|
(k + 1)k

≤ 2k
(k − 1)!

(k + 1)k
ε ≤

(

inf
(1

4
,
(3

4

)k)

ε , k ≥ 3 . (5.1.15)

Then the series (3.2.68) can only be shown to be convergent for small bare couplings.
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Here we have shown that the coefficients gn,k and f2,k grow at most asNk Kk [k!]
3
4 , sharpening

the asymptotic behavior in k. This improved behavior turns out to be crucial to show that the func-
tion f2(µ) and then also the fn(µ) are well-defined for µ ∈ [0, µmax], see (5.1.19) and Propositions
5.2-5.3. Indeed the first term in the r.h.s. of (3.2.73) is now bounded by

Nk+1Kk+ 1
2

|k − 3|!
(|k − 1|!) 1

4 (k + 1)k
. (5.1.16)

BecauseK can be chosen to be arbitrarily large in the assumptions of Lemma 5.1, the factor 1

(|k−1|!) 14
is necessary to ensure that this term is bounded by a term of a convergent series, regardless of the
value of K . This behavior has been conjectured due to the presence of the denominators 1

n+2k
and

1
k+1

in the r.h.s. of (5.1.6)-(5.1.7) which fall off with k. They are in fact the most important terms in
the proof of Proposition 5.1. Upon examining the proof of Proposition 5.1, any denominator of the
form (|k − 1|!)s with s ≤ 1

4
would fit because this would not completely exhaust the denominators

1
n+2k

. The limiting case s = 1
4
exhausted them in the proof of Proposition 5.1.

The inductive bound in Proposition 5.1 also depends geometrically on K . We had to choose K
sufficiently large so that the inductive proof works, and this does not pose a problem from the point
of view of the convergence of the series

∑

q≥1 bq for the reasons mentioned above. The technical
part of the proof of Proposition 5.1 was to bound the quadratic terms, namely the second and third
terms in the r.h.s. of (5.1.7) and the last term in the r.h.s. of (5.1.6). To bound them, we established
inequalities on the sums of the form

k+2−b
∑

ν=a

∣

∣

n1

4
+ ν − 3

∣

∣!
∣

∣

n2

4
+ k − ν − 1

∣

∣!

[(k + 2− ν)! ν!]l
, n1, n2 ∈ 2N, a, b, k ∈ N0 , l ∈ (0, 1) (5.1.17)

which include the aforementioned quadratic terms. These inequalities are collected in Appendix F.1.
Moreover, we had to modify the arguments of the factorials in the numerator of the bounds (5.1.14).
Indeed in Sect.3.2.4, the factorial (n

2
+ k − 2)! is chosen so that the last term in the r.h.s. of (3.2.49)

is combined with the combinatorial factors and the induction hypothesis to get

n(n+ 1)(n
2
+ k − 1)!

n+ 2k
≤ 2
(n

2
+ k
)

! . (5.1.18)

But doing so does not take into account the k-dependence of the denominator. Therefore, we substi-
tute the factor n

2
by n

4
so that in the last term in the r.h.s. of (3.2.49), we can use the k-dependence of

the denominators 1
n+2k

. Another point is that the factor−2 inside the arguments of the factorials in
the bounds (3.2.62) has been chosen so that in the proof of Lemma 3.4, the analysis of the quadratic
term yields the correct bound. Upon establishing our bounds (5.1.14), this factor −2 had to be re-
placed by a factor −3 to repeat this step. Despite these improvements, arguments in the modulus
of the bounds (5.1.14) become rational numbers and can be negative. Consequently, we had to pay
attention to the signs of the arguments of the moduli in the proof of Proposition 5.1.

5.1.1.2 Bounds on the coefficients bn

If we use the bound (5.1.14) in (3.2.73) we have for n ≥ 1

|bn+1| ≤ cn,N +
n+1
∑

ρ=2

|b{n+1
ρ

}|
1

ρn
, cn,N := Nn+1Kn+ 1

2
|n− 3|!

(|n− 1|!) 1
4 (n+ 1)n

. (5.1.19)
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We set CN :=
∑

n≥0 cn,N < +∞. Now we establish bounds on the bn’s. We prove the following

Proposition 5.2. There exists C(N,K) > 0 such that

|bn| ≤ C(N,K)
n2

2n
, n ≥ 1 . (5.1.20)

Proof. The proof is done by induction in n ∈ N. For n = 1, b1 = f2,0 and the bound is obtained

choosing any constant C(N,K) ≥ N
√
K

2
. For n ∈ N, we use (5.1.19) to obtain

|bn+1| ≤ cn,N +
n+1
∑

ρ=2

C(N,K)

(

n+ 1

ρ

)2
1

2
n+1
ρ ρn

≤ cn,N + C(N,K)
(n+ 1)2

2n+3
+ (n+ 1)2C(N,K)

n+1
∑

ρ=3

1

2
n+1
ρ ρn+2

.

(5.1.21)

There exists a constant C̃(N,K) > 0 such that

cn,N ≤ C̃(N,K)
(n+ 1)2

2n+3
, n ≥ 1 . (5.1.22)

Moreover we have

n+1
∑

ρ=3

1

2
n+1
ρ ρn+2

≤
n+1
∑

ρ=3

1

ρn+2
≤
∫ n+1

2

dx

xn+2
=

1

2n+1(n+ 1)
− 1

(n+ 1)n+2
≤ 1

2n+2
. (5.1.23)

From (5.1.22) and (5.1.23), we get

|bn+1| ≤
[

C̃(N,K)

4
+
C(N,K)

4
+
C(N,K)

2

]

(n+ 1)2

2n+1
≤ C(N,K)

(n+ 1)2

2n+1
, (5.1.24)

if we choose C(N,K) ≥ C̃(N,K).

In Sect.3, Kopper obtained the geometric bounds (3.2.75). Since ε plays a marginal role in (3.2.75),
we thought that the bounds (3.2.75) could be extended to large bare couplings. Herewe found bounds
of the form C ′n2rn, C ′ > 1 and r < 1, andK is recast into an unspecified constant C(N,K) which
is sufficiently large. This is only possible due to the sharp bounds (5.1.14). Again, the constant K
plays a marginal role in the bounds (5.1.20) which will imply triviality.

We can comment the second term in the r.h.s. of (3.2.73). This term mixes the preceding bq
for q < n + 1 and inverse powers of q. Therefore, we are restricted to geometric bounds. Upon
examining the proof of Proposition 5.2, the geometric bounds 1

2n
is not the only possible choice but

it is sufficient here to prove that the ansatz (3.2.68) is well-defined.
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5.1.1.3 On the mean-field solutions constructed from the ansatz (3.2.68)

In order to show that the mean-field theory is well-defined, we need to prove first that actually
all the derivatives of f2(µ) from (3.2.68) are well-defined. We proved the following

Lemma 5.2. For l ≥ 0, n > l + 1, we have

∣

∣

∣

∣

∂lµ
xn−1
n

1 + xnn

∣

∣

∣

∣

≤ nn+l−1µn−l−1

1 + xnn
Cl , µ ∈ [0, µmax] , (5.1.25)

where the integers Cl are defined by C0 = 1 and

Cl+1 = 1 +
l
∑

j=0

(

l + 1

j

)

Cj ≤ 4l+1(l + 1)! . (5.1.26)

Proof. We prove the Lemma by induction in l ≥ 0.

· The case l = 0 is obvious.

· We use the following formula

(

f

g

)(l)

=
1

g

[

f (l) − l!
l
∑

j=1

g(l+1−j)

(l + 1− j)!

1

(j − 1)!

(

f

g

)(j−1)
]

, (5.1.27)

for f, g smooth functions with g > 0. See Appendix C.2 for a proof. We have for n > l + 2
and µ ≥ 0

∣

∣

∣

∣

∂l+1
µ

xn−1
n

1 + xnn

∣

∣

∣

∣

≤ 1

1 + xnn

[

nn−1

l
∏

m=0

(n− 1−m) µn−2−l

+ (l + 1)!
l+1
∑

j=1

1

(l + 2− j)! (j − 1)!
nn

l+1−j
∏

m=0

(n−m) µn−l−2+j n
n+j−2µn−j

1 + xnn
Cj−1

]

≤ 1

1 + xnn

[

nn−1nl+1µn−l−2 + µn−l−2

l+1
∑

j=1

(

l + 1

j − 1

)

nl+2−jnn+j−2Cj−1

]

≤ nn+lµn−l−2

1 + xnn

[

1 +
l
∑

j=0

(

l + 1

j

)

Cj
]

≤ nn+lµn−l−2

1 + xnn
Cl+1 .

The bound on Cl can be straightforwardly proven by induction in l.

Now we can prove the main feature of the constructed mean-field theory, namely the mean-field
smooth solutions fn(µ) vanish in the UV-limit.

Proposition 5.3. · f2(µ) is well defined on [0, µmax] and

lim
µmax−→+∞

∂lµf2(µmax) = 0, l ≥ 0 . (5.1.28)
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· The functions ∂lµfn(µ), l ≥ 0, n ≥ 4, are well defined on [0, µmax] and

lim
µmax−→+∞

∂lµfn(µmax) = 0, n ≥ 4, l ≥ 0 . (5.1.29)

Proof. As a consequence of Lemma 5.2, for l ≥ 0, n > l + 1 and µ ≥ 0
∣

∣

∣

∣

∂lµ
xn−1
n

1 + xnn

∣

∣

∣

∣

≤ n2lx
n−l−1
n

1 + xnn
Cl . (5.1.30)

For 0 ≤ l < n − 1, the function g(µ) =
(nµ)n−l−1

1 + (nµ)n
defined on R+ reaches its maximum at µ̃ =

1
n

(

n
l+1

− 1
) 1

n and

∥g∥∞ = g(µ̃) =
l + 1

n

(

n

l + 1
− 1

)1− l+1
n

≤ 1 . (5.1.31)

Proposition 5.2 and the bounds (5.1.20) imply the uniform convergence of f2 and its derivatives on
[0, µmax]. As a result we have

∀l ≥ 0, ∀m ≥ 1, lim
µ−→+∞

∂lµ
xm−1
m

1 + xmm
= 0 =⇒ ∀l ≥ 0, lim

µmax−→+∞
∂lµf2(µmax) = 0 . (5.1.32)

The proof of the second statement is done by induction in n+l, going up in n. We can then easily
check the case n = 4 using (4.2.29) and (5.1.28). For n ≥ 4, we obtain by differentiating (4.2.29) l
times w.r.t. µ

∂lµfn+2 =
2

n(n+N)
∂l+1
µ fn +

n− 4

n(n+N)
∂lµfn +

1

n+N

∑

n1+n2=n+2

∑

l1+l2=l

(

l

l1

)

∂l1µ fn1∂
l2
µ fn2 .

(5.1.33)
Using the induction hypothesis, ∂lµfn+2(µ) are well defined on [0, µmax] and they vanish when
µmax −→ +∞.

Collecting our findings, we can now state our existence result.

Theorem 5.1. Consider an O(N) vector model ϕ4
4-theory of bare interaction lagrangian (5.1.1). Let

fn(µ) be smooth solutions of the mean-field flow equations (4.2.29). We consider the mean-field bound-

ary conditions (5.1.2) with

0 < c0,4 < +∞, |c0,2| < +∞ . (5.1.34)

There exist smooth solutions of (4.2.29) fn(µ) ∈ C∞([0, µmax]) such that they vanish in the UV-limit,

i.e.

lim
µmax−→+∞

fn(µmax) = 0, n ≥ 2 . (5.1.35)

Proof. For 0 < c0,4 < +∞ and |c0,2| < +∞ fixed, there exists K such that

0 ≤ c0,4 ≤
√
K

27π2
, |c0,2| ≤ Λ2

0

√
K

27π4
, Λ−2

0 = α0 . (5.1.36)

Using Lemma 5.1 and Proposition 5.2, we choose K such that the bounds (5.1.14) hold. Then we
choose a smooth two-point function f2(µ) as in (3.2.68). From Proposition 5.2, Lemma 5.2 and
Proposition 5.3, the obtained smooth solutions fn(µ) vanish in the UV-limit.
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We conclude with a few remarks.

· The limit µmax → +∞ or α0 → 0 is equivalent to removing the UV-cutoff.

· From the point of view of statistical mechanics, a lattice with a spacing h is fixed. This spacing
h corresponds to a fixed UV-cutoff. We can then interpret µmax → +∞ as the limit α → +∞
at α0 fixed.

· The bounds we have derived in Proposition 5.1 could be sharpened, but they are sufficient
to prove triviality. As mentioned earlier, the choice of the bounds (5.1.14) and (5.1.20) is not
the only possible one. We think that the denominator |k − 1|! 14 is close to optimality upon
examining the proof of Proposition 5.1. Moreover, the bounds (5.1.20) could be sharpened by
improving the common ratio of the geometric bound.

· So far we have only established a theorem stating the existence of trivial solutions. The
uniqueness of the mean-field solutions for fixed mean-field boundary conditions is proven
in the next section.

5.1.2 Uniqueness of the mean-field trivial solution

It is important to note that the bounds derived in Propositions 3.4-5.1 do not show that the ansatz
(3.2.68) is analytic at µ = 0. They only imply that the ansatz (3.2.68) belongs to the Gevrey-class,
i.e. there existsM1 > 0, σ > 0 such that

|∂lµf2(µ)| ≤M l
1 [l!]

1+σ . (5.1.37)

Herewewould have σ = 1
4
. We think that the infinite set of constraints fn(0) = 0, n ≥ 6 implies that

the solutions are non-analytic at µ = 0 but this has not been analyzed in depth. Therefore, we cannot
use our statements from Sect.4.3 to prove the uniqueness of the smooth mean-field solutions. To
prove uniqueness, note that the flow equations have an integral formulation through the definition
of the Wilson effective action in (1.2.8). This integral formulation implies the uniqueness of the
solutions of the flow equations for fixed boundary conditions. In our setting, we applied the mean-
field approximation after deriving the flow equations. It is not obvious that such an approximation
breaks or preserves the initial integral formulation. This will be proven in the following.

5.1.2.1 The case N = 1

For simplicity, we restrict to the one-component case,N = 1. The more general caseN > 1 can
be treated analogously. The mean-field flow equations (4.2.29) can be derived by following Felder’s
steps [80] for d = 4. He first considered the continuum limit of the hierarchical model, introduced
by Dyson [94]. In this model, the effective action at the scale L−1λ, where L > 1 is a number, is
related to the effective action at the scale λ by

e−u(L
−1λ,x) =

∫

dµL(y)e
−L4u(λ,L−1x+y) , λ ∈ (0,Λ0] , (5.1.38)

where µL is the one-dimensional Gaussian measure defined by
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dµL(y) :=
1

√

2π(L− 1)
e−

y2

2(L−1)dy . (5.1.39)

Both the r.h.s. and the l.h.s. of (5.1.38) have a well defined limit whenL −→ 1, since the Gaussian
measure µL becomes a Dirac measure in the limit L −→ 1. Differentiating the l.h.s. of (5.1.38) and
evaluating at L = 1 yields

∂Le
−u(L−1λ,x)

∣

∣

∣

L=1
= ∂λu(λ, x) (5.1.40)

while the r.h.s. of (5.1.38) becomes

∂L

[

∫

dµL(y)e
−L4u(λ,L−1x+y)

]

∣

∣

∣

∣

∣

L=1

= −1

2
∂xxu(λ, x) +

1

2
(∂xu(λ, x))

2 − 4u(λ, x)

+ x∂xu(λ, x) .

(5.1.41)

Felder obtained the partial differential equation (3.2.3) in d dimensions using this method. Here we
have d = 4. We assume that the effective action u(λ, x) is twice differentiable w.r.t. x. The next step
is to expand u(λ, x) as a power series in x

u(λ, x) =
∑

n∈2N

(2)
n
2 fn(λ)

n
xn . (5.1.42)

The moments or the coefficients of the power series fn(λ) are solutions of the dynamical system

− 1

n(n+ 1)
λ∂λfn = fn+2 −

1

n+ 1

∑

n1+n2=n+2

fn1fn2 +
4

n(n+ 1)
fn −

1

n+ 1
fn . (5.1.43)

If we set λ = Λ0e
−µ

2 , we obtain the flow equations (4.2.29). In [80], Felder derived (3.2.3) in two
ways:

· Simplyfing Wilson’s renormalization group equations [21, 22] using the local potential ap-
proximation [95].

· Considering the continuum limit of the recursion relation of the hierarchical model introduced
by Gallavotti [96]. Above we proceeded in this way.

It is important to note that the momentum expansion (5.1.42) may not be valid for arbitrarily large
x ∈ R. We prove that within the momentum expansion, the mean-field moments fn(µ) constructed
in Sect.5.1.1 permit us to recover themean-field effective action u(λ, x) by this expansion, i.e. u(λ, x)
is locally analytic w.r.t. x. We proceed as follows:

· We bound the derivatives ∂lµf2(µ).

· We bound inductively ∂lµfn(µ) using the mean-field flow equations (4.2.29).

We introduce the new variable X := nµ and we define

pn(X) =
Xn−1

1 +Xn
. (5.1.44)
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Lemma 5.3. We have for l ∈ N0 and n ∈ N

|∂lXpn(X)| ≤















l! 3l+1e3l

nl+1µ2l+1
X ∈ (0, 3)

3l+1l!

µl+1nl+1
X ≥ 3 .

(5.1.45)

Proof. ForX ∈ (0, 3), the proof is done by induction in l ∈ N0. The case l = 0 is obvious. For l > 0,
we use (5.1.27). Inserting the induction hypothesis in the r.h.s. of (5.1.27) gives

|∂lXpn(µ)| ≤
1

1 +Xn

[

l−1
∏

i=0

(n− 1− i)Xn−1−l + l!
l
∑

j=1

∏l−j
i=0(n− i)Xn−l−1+j

(l + 1− j)! (j − 1)!

(j − 1)! 3je3(j−1)

njµ2j−1

]

≤ l!

nl+1

[

3l

µ2l+1l!
+ 3l+1

l
∑

j=1

e3(j−1)

(l + 1− j)!

1

µ2l+1

]

≤ l! 3l+1e3l

nl+1µ2l+1
.

(5.1.46)

For X ≥ 3, we expand pn(X) as a power series in 1
X
, then we have

|∂lXpn(X)| ≤
∞
∑

k=0

(nk + l)!

(nk)!

1

Xnk+l+1

≤ 2ll!

X l+1

∞
∑

k=0

2nk

Xnk
≤ 3l+1l!

µl+1nl+1
.

(5.1.47)

Now we can derive bounds for the derivatives of f2(µ)

Proposition 5.4. We have for a constant K1(1, K)

∣

∣∂lµf2(µ)
∣

∣ ≤ [K1(1, K)]l+1 l!

Ml(µ)
, l ≥ 0, µ ∈ (0, µmax] , (5.1.48)

where we defined

Ml(µ) := min{µ2l+1, µl} . (5.1.49)

Proof. From Proposition 5.3 and Proposition 5.2

|∂lµf2(µ)| ≤ C(1, K)

[

∑

n< 3
µ

n

2n
l! 3l+1e3l

µ2l+1
+
∑

n≥ 3
µ

n2

2n
l! 3l+1

µl

]

≤ K1(1, K)l+1l!

Ml(µ)
,

(5.1.50)

if we choose K1(1, K) > 24 C(1, K).
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Nowwe prove bounds for the derivatives of fn(µ). It is convenient to distinguish the two regimes
µ < 1 and µ ≥ 1. We have

Proposition 5.5. Let fn(µ) be smooth mean-field solutions of the flow equations (4.2.29) and we as-

sume that the derivatives of the two-point function ∂lµf2(µ) satisfy the bounds (5.1.48). Then we have

for a constant K2(1, K) > K1(1, K)

|∂lµfn(µ)| ≤
K2(1, K)n+l−1

(l + 1)2
(n+ l)!

n!

1

µ2l+n−1
, n ≥ 2, , l ≥ 0 , µ < 1 , (5.1.51)

and

|∂lµfn(µ)| ≤
K2(1, K)n+l−1

(l + 1)2
(n+ l)!

n!
, n ≥ 2, , l ≥ 0 , µ ≥ 1 . (5.1.52)

Proof. The proof is done by induction in n + l, going up in n. We will prove our statement for
0 < µ < 1. For n = 2, bounds follow from (5.1.48) sinceMl(µ) = µ2l+1. For n > 2 we differentiate
(4.2.29) l times w.r.t. µ and we insert the induction hypothesis. We get

|∂lµfn+2(µ)| ≤
2

n(n+ 1)

K2(1, K)n+l

(l + 2)2
(n+ l + 1)!

n!

1

µ2l+2+n−1

+
1

n+ 1

K2(1, K)n+l−1

(l + 1)2
(n+ l)!

n!

1

µ2l+n−1

+
K2(1, K)n+l

n+ 1

∑

n1+n2=n+2

∑

l1+l2=l

(

l

l1

)

(n1 + l1)! (n2 + l2)!

(l1 + 1)2(l2 + 1)2
1

n1! n2!

1

µ2l+n
.

(5.1.53)

We will proceed term by term.

· First term: it is bounded by

K2(1, K)n+l+1

(l + 1)2
(n+ l + 2)!

(n+ 2)!

1

µ2l+n+1

2

K2(1, K)
. (5.1.54)

· Second term: since µ < 1, it is bounded by

K2(1, K)n+l+1

(l + 1)2
(n+ l + 2)!

(n+ 2)!

1

µ2l+n+1

1

4K2(1, K)2
. (5.1.55)

· Third term: We use the following inequality, which follows from the Vandermonde identity
(

l

l1

)(

n+ 2

n1

)

≤
(

n+ l + 2

n1 + l1

)

. (5.1.56)

Then we obtain
(

l

l1

)

(n1 + l1)! (n2 + l2)!

n1! n2!
=

(

l

l1

)(

n+ 2

n1

)

(n1 + l1)! (n2 + l2)!

(n+ 2)!
≤ (n+ l + 2)!

(n+ 2)!
. (5.1.57)

From Lemma C.4 we obtain the following bound

K2(1, K)n+l+1

(l + 1)2
(n+ l + 2)!

(n+ 2)!

1

µ2l+n+1

6

K2(1, K)
, (5.1.58)

using again the fact that 0 < µ < 1.
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Summing the three bounds (5.1.54), (5.1.55) and (5.1.58) yields

|∂lµfn(µ)| ≤
[

8

K2(1, K)
+

1

4K2(1, K)2

]

K2(1, K)n+l+1

(l + 1)2
(n+ l + 2)!

(n+ 2)!

1

µ2l+n+1

≤ K2(1, K)n+l+1

(l + 1)2
(n+ l + 2)!

(n+ 2)!

1

µ2l+n+1
.

(5.1.59)

For µ ≥ 1, we can bound the negative power of µ in (5.1.48) by 1 and then we proceed as above.

From Proposition 5.5, the mean-field effective action u(µ, x) is locally analytic w.r.t. x for µ > 0.
Its radius of convergence R(µ) is such that

R(µ) ≥ min{µ, 1}√
2K2(1, K)

, µ ∈ (0, µmax] . (5.1.60)

For µ = 0, the boundary conditions (5.1.2) imply that u(0, x) is polynomial in x, the solution u(µ, x)
is well-defined for µ ∈ [0, µmax]. We claim that for fixed mean-field boundary conditions, the so-
lution u(µ, x) is unique. Note that the r.h.s. of (5.1.60) goes to zero in the limit µ → 0 while it is
constant when µ ≥ 1. This is in agreement with our expectation although it does not prove the
non-analyticity of the mean-field solutions at µ = 0.

Collecting our finding we can state the uniqueness theorem

Theorem 5.2 (Uniqueness of the mean-field trivial solution for the pure ϕ4
4-theory). We consider the

bare interaction lagrangian of a pureϕ4
4-theory (5.1.1). For fixed mean-field boundary conditions (5.1.2),

consider smoothmean-field solutions fn(µ) of themean-field flow equations (4.2.29) which satisfy (5.1.2)

such that the corresponding mean-field effective action u(λ, x) is locally analytic w.r.t. x ∈ R. Then

they are unique.

Proof. For fixed mean-field boundary conditions (5.1.2), let fn(µ) be the mean-field solutions of
(4.2.29) constructed in Sect.5.1.1 which satisfy (5.1.2). Let f̃n(µ) be solutions of the mean-field flow
equations (4.2.29) which satisfy fn(0) = f̃n(0). We assume that the corresponding mean-field ef-
fective action ũ(λ, x) is locally analytic w.r.t. x for λ < Λ0. Then u(Λ0, z) = ũ(Λ0, z) for any
arbitrary z ∈ R since they are polynomial in z. It follows from (5.1.38) that for a fixed λ < Λ0,
u(λ, x) = ũ(λ, x) for 0 < |x| ≤ ελ, ελ > 0. This implies that fn(µ) = f̃n(µ).

5.1.2.2 The case N > 1

The extension to the more general case N > 1 is done by considering the mean-field effective
action u(λ,x), x ∈ RN . We recall the Euclidean scalar product in RN

(x,y) :=
N
∑

i=1

xiyi, |y|2 := (y,y) =
N
∑

i=1

y2i . (5.1.61)

The relation (5.1.38) is generalized as follows

e−u(L
−1λ,x) =

∫

dµN,L(y)e
−L4u(λ,L−1x+y) , λ ∈ (0,Λ0] , (5.1.62)

77



where µN,L is the N -dimensional Gaussian measure defined by

dµN,L(y) :=
1

√

2π(L− 1)
e−

|y|2

2(L−1)

N
∏

i=1

dyi . (5.1.63)

The generalization of the partial differential equation (3.2.3) is

−λ∂λu =
1

2
∆u− 1

2
|∇u|2 + 4u− (x,∇u) . (5.1.64)

Now we expand u(λ,x) as a power series in |x| to get

u(λ,x) =
∑

n∈2N

(2)
n
2 fn(λ)

n
|x|n . (5.1.65)

If we set λ = Λ0e
−µ

2 , then we find again (4.2.29). Propositions 5.3-5.5 and Theorem 5.2 can then be
extended toN > 1 since in the proofs of Propositions 5.4-5.5, only the constantsK1(1, K), K2(1, K)
have to be modified and the factor 1

n+N
in the mean-field flow equations (4.2.29) is bounded by 1

n+1
.

It may be possible to include a N -dependent term in the bounds but the bounds we have derived in
Propositions 5.4-5.5 are sufficient to prove local analyticity.

5.2 The large N-limit

In this short section, we comment on the behavior of the mean-field solutions in the large N -
limit and as a crosscheck, we especially wanted to know whether we could recover the behavior in
N established in [87, 88].

In situations where N ≫ 1, the large N -expansion in powers of 1
N

is complementary to the
perturbative expansion in the coupling constant. This expansion is carried out first by rescaling
the coupling constant as g → g/N . Using this new expansion, the universal properties of critical
systems obtained in an expansion in ε = 4 − d can be obtained at fixed dimension but in this
expansion w.r.t. 1

N
[88].

We study the following bare interaction lagrangian with the aforementioned rescaling

L0(ϕ) =

∫

d4x
(

c0,2ϕ
2(x) +

c0,4
N
ϕ4(x)

)

. (5.2.1)

Lemma 5.4. Let fn be solutions of (4.2.29) which respect the boundary conditions (5.1.2). We assume

that for some K sufficiently large:

|f2,0| ≤
√
K

4
, |f4,0| = |g4,0| ≤

√
K

32N
. (5.2.2)

Then

|f2,1| ≤
K

2
, |g4,1| ≤

K

32N
, (5.2.3)

|gn,0| ≤
K

n
2
− 3

2

2N
n
2
−1n2

, |gn,1| ≤
K

n
2
− 3

2

N
n
2
−1n2

(

1 +
nK

2

)

, n ≥ 6 , (5.2.4)
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Furthermore

|gn,k| ≤
1

N
n
2
−1
K

n
2
+k− 3

2

∣

∣

∣

n

4
+ k − 3

∣

∣

∣
!

1

(k!)
1
4

, |f2,k| ≤ Kk+ 1
2

|k − 3|!
(|k − 1|!) 1

4

, n ≥ 4, k ≥ 0 .

(5.2.5)

Proof. We have

|f2,1| ≤
N + 2

N

√
K

32
+

√
K

4
+
K

16
≤ K

2
, |g4,1| ≤ 4

√
K

4

√
K

32N
=

K

32N
, (5.2.6)

since N ≥ 1. We can then proceed by induction in n, the r.h.s. of (5.1.8)-(5.1.9) give the correct
bound w.r.t. N on gn,0 , gn,1 by following the power counting of 1

N
. The proof of (5.2.5) is identical

to the proof of Proposition 5.1. To check the claimed behavior w.r.t. N , we plug the inverse powers
of N in the r.h.s. of (5.1.6)-(5.1.7) and we analyze power counting of 1

N
appearing in the different

terms. Upon performing this analysis, the non-trivial terms are the following

· In the r.h.s. of (5.1.6), the factor (n+N)gn+2,k produces a term
n+N
N

which is obviously bounded
by n+ 1.

· For the bound on f2,k+1, the term (N + 2)g4,k is bounded by N+2
N

≤ 3.

Due to these bounds, the bounds (5.1.20) still hold and using the results in Sect.5.1.1 allow us
to construct the trivial solution as before. The behavior in N of the bounds derived in Lemma 5.4
is actually sharp, and we see that the two-point function f2 does not blow up w.r.t. N while the
four-point function behaves as 1

N
in the large N limit. This result is in agreement with the results

obtained from partial, resummed perturbation theory [87, 88].
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Chapter 6

The case of a theory without the technical

IR-cutoff

In Sect.5.1.1, the trivial solution has been constructed using a technical IR cutoff supposed to
take the role of the mass and set the mass equal to zero in the propagator and its derivative w.r.t.
α. Here we will work with the true propagator of the massive theory. We choose a regularized
flowing propagator which also preserves the analyticity properties w.r.t. α . We will again prove
triviality of the mean-field massive ϕ4

4-theory but without the artificial IR cutoff we have introduced
in Sect.5.1.1. We restrict to the case N = 1 to avoid overloading the proof with technicalities but it
also goes through for N > 1 . Most of the content of this chapter is in our paper [79].

We adapt the flow equations to the new scheme and we will construct the trivial solution from
the same ansatz (3.2.68). We follow the steps as from Sect.5.1.1 to prove triviality. We also add a
result we did not publish, namely that we can obtain solutions such that the mean-field effective
action is locally analytic w.r.t. the field variable φ.

6.1 The mean-field flow equations

6.1.1 The flow equations

We fix α0 <
1

2m2 . We choose the following regularized propagator in momentum space

C̃α0,α(p,m) =
e−α0(p2+m2) − e−α(p

2+m2)( 1
m2 + α0 − α)m2

p2 +m2
, α ∈

[

α0,
1

m2
+ α0

]

. (6.1.1)

It satisfies the following properties

C̃α0,α0(p,m) = 0 , lim
α0→0

lim
α→ 1

m2+α0

C̃α0,α(p,m) =
1

p2 +m2
, C̃α0,α(p,m) ≥ 0 . (6.1.2)

At fixed α, C̃α0,α(p,m) falls off exponentially. Moreover it is smooth and analytic w.r.t. α. For
convenience, we set β̃0 := α0m

2 and β̃ := αm2 so that β̃ is dimensionless. Then we can rewrite the
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regularized propagator as

C̃ β̃0,β̃(p,m) =
e−

β̃0
m2 (p

2+m2) − e−
β̃

m2 (p
2+m2)(1 + β̃0 − β̃)

p2 +m2
, β̃ ∈

[

β̃0, 1 + β̃0

]

. (6.1.3)

We can proceed as in Sect 3.1 to obtain the flow equations. The procedure remains identical we
will not detail it again. For the CAS functions in momentum space, we can write the corresponding
flow equations as

∂β̃Lβ̃0,β̃n (p1, · · · , pn) =
(

n+ 2

2

)∫

k

˙̃C β̃(k,m)Lβ̃0,β̃n+2(k,−k, p1, · · · , pn)

− 1

2

∑

n1+n2=n+2

n1n2S

(

Lβ̃0,β̃n1
(p1, · · · , pn1−1, q)

˙̃C β̃(q,m)Lβ̃0,β̃n2
(−q, pn1 , · · · , pn)

)

,

(6.1.4)

where ˙̃C β̃(k,m) = ∂β̃C̃
β̃0,β̃(k,m) . If we compare the flow equations (3.1.5) to (6.1.4), only the

derivative of the propagator has to be modified.

6.1.2 The mean-field limit

In the mean field approximation, we replace Lβ̃0,β̃n (p1, · · · , pn) with its value at zero momenta

Aβ̃0,β̃n := Lβ̃0,β̃n (0, · · · , 0) as in Sect.3.1. From (6.1.4), we write down the mean-field flow equations

∂β̃A
β̃0,β̃
n =

(

n+ 2

2

)

I(β̃)Aβ̃0,β̃n+2

− 1

2m2
e−β̃(2 + β̃0 − β̃)

∑

n1+n2=n+2

n1n2A
β̃0,β̃
n1

Aβ̃0,β̃n2
, β̃ ∈ [β̃0, 1 + β̃0] ,

(6.1.5)

where I(β̃) := m2c(1 + β̃0 − β̃) e
−β̃

β̃2 +m2
∫

k
e−β̃(k2+1)

k2+1
. We recall that c = 1

16π2 .

If we chose the regularized propagator (3.1.1), then we would have to substitute I(β̃)with c e
−β̃

β̃2 .

Moreover if we tried bounding Aβ̃0,β̃n+2 inductively from Aβ̃0,β̃n′ , n′ ≤ n and from ∂β̃A
β̃0,β̃
n , we would

obtain bounds, by dividing by I(β̃), which blow up for β̃ −→ +∞ because of the presence of the

factor e−β̃ in I(β̃). Here, since we have chosen the regularized propagator (6.1.1), β̃ is limited by
1 + β̃0 instead of β̃ → +∞.

Again we factor out the scaling factor β̃
n
2
−2 and the combinatorial factor setting

Aβ̃0,β̃n := β̃
n
2
−2e

β̃n
2

1

mn−4

1

n
an(β̃) , β̃ ∈ [β̃0, 1 + β̃0] . (6.1.6)

For shortness, we omitted the upper index β̃0 on the r.h.s. of (6.1.6). Then the mean-field flow
equations (6.1.5) become

G(β̃) an+2(β̃) =
2

n(n+ 1)
β̃∂β̃an(β̃) +

n− 4

n(n+ 1)
an(β̃) +

1

n+ 1
β̃ an(β̃)

+
1

n+ 1
(2 + β̃0 − β̃)

∑

n1+n2=n+2

an1(β̃) an2(β̃) ,
(6.1.7)
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where G(β̃) := c (1 + β̃0 − β̃) + β̃2 eβ̃
∫

k
e−β̃(k2+1)

k2+1
. We can express the integral appearing in the

expression of G(β̃) as

β̃2eβ̃
∫

k

e−β̃(k
2+1)

k2 + 1
= 2 c β̃

∫ +∞

0

u3e−u
2

u2 + β̃
du ,

meaning that the limit β̃ → 0 is finite. It is straightforward that G(β̃0) = c+O(β̃0) when β̃0 → 0;
G(β̃) takes a role analogous to that of c in the theory for m = 0 , as can be seen comparing (6.1.7)
to (3.1.9).

To follow the method in from Ch.3, we perform the following change of variable

µ̃ := ln

(

β̃

β̃0

)

(6.1.8)

so that β̃∂β̃ = ∂µ̃. Setting fn(µ̃) = an(β̃) we obtain correspondingly

H(µ̃)fn+2(µ̃) =
2

n(n+ 1)
∂µ̃fn(µ̃) +

n− 4

n(n+ 1)
fn(µ̃) +

1

n+ 1
β̃0 e

µ̃ fn(µ̃)

+
1

n+ 1
(2 + β̃0 (1− eµ̃))

∑

n1+n2=n+2

fn1(µ̃)fn2(µ̃) , µ̃ ∈ [0, µ̃max] ,
(6.1.9)

with µ̃max := ln

(

1 +
1

β̃0

)

and

H(µ̃) := G(β̃0e
µ̃) = c(1 + β̃0)− c β̃0 e

µ̃ + h(µ̃) , (6.1.10)

where we set

h(µ̃) = β̃2
0 e

2µ̃

∫

k

e−β̃0e
µ̃k2

k2 + 1
. (6.1.11)

At this stage, we were wondering whether we could absorb the smooth factor H(µ̃) in a new
redefinition of the CAS functions. Due to Lemma D.1, the factor H(µ̃) is not singular and can be
absorbed through a new change of function

f̃n(µ̃) = (H(µ̃))
n
2
−1fn(µ̃) . (6.1.12)

Then, the dynamical system (6.1.9) can be rewritten in terms of f̃n(µ̃)

f̃n+2(µ̃) =
2

n(n+ 1)
∂µ̃f̃n(µ̃) +

n− 4

n(n+ 1)
f̃n(µ̃)−

n− 2

n(n+ 1)

[

∂µ̃ ln(H(µ̃))
]

f̃n(µ̃)

+
1

n+ 1
β̃0e

µ̃f̃n(µ̃) +
1

n+ 1
(2 + β̃0(1− eµ̃))

∑

n1+n2=n+2

f̃n1(µ̃)f̃n2(µ̃) .
(6.1.13)

It is convenient to explicitly write the flow equations for n = 2 and for n ≥ 4

f̃4(µ̃) =
1

3

(

∂µf̃2(µ̃)− f̃2(µ̃) + β̃0 e
µ̃ f̃2(µ̃) + (2 + β̃0 (1− eµ̃))f̃ 2

2 (µ̃)
)

, (6.1.14)
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f̃n+2(µ̃) =
2

n(n+ 1)
∂µ̃f̃n(µ̃) +

n− 4

n(n+ 1)
f̃n(µ̃)−

n− 2

n(n+ 1)

[

∂µ̃ ln(H(µ̃))
]

f̃n(µ̃)

+
1

n+ 1
β̃0 e

µ̃ f̃n(µ̃) +
2

n+ 1
(2 + β̃0 (1− eµ̃)) f̃2(µ̃)f̃n(µ̃)

+
1

n+ 1
(2 + β̃0 (1− eµ̃))

∑

n1+n2=n+2
ni≥4

f̃n1(µ̃)f̃n2(µ̃), n ≥ 4 .

(6.1.15)

If we compare the flow equations (6.1.14)-(6.1.15) to the flow equations (3.1.11), the former include
additional µ̃-dependent terms. Nevertheless they retain a similar form, so we expect the triviality
statement to remain valid as long as the µ̃-dependent terms are analytic w.r.t. µ̃. We collect a few
lemmas on the derivatives of these terms in Appendix D. They show that the functions h(µ̃), H(µ̃)
and ln(H(µ̃)) are well-defined on [0, µ̃max] and locally analytic w.r.t. µ̃.

6.1.3 The analyticity of the mean-field effective action in the new setting

Before turning to the triviality statement, we wanted first as a crosscheck, to verify that an
analogous proposition to Proposition 3.1 can be stated in our setting. This would comfort our idea
that the approximation m = 0 in the propagator is purely technical and should not affect the key
properties of the theory. This result has not been published in our paper [79]. We will here study
bounded mean field solutions of (6.1.9).

We have proved a first (weaker) version of Lemma D.2

Lemma 6.1. For l ≥ 0 and µ̃ ∈ [0, µ̃max]

|∂lµ̃h(µ̃)| ≤ 5l(l + 1)l−1c . (6.1.16)

Proof. See Appendix D.

Now we consider a smooth two-point function f2(µ̃) satisfying

−K1δ ≤ f2(0) ≤ −δ < 0 ,

|∂lµ̃f2(µ̃)| ≤ K l
1δ
l+1 |l − 2|l−2 , l ≥ 0 .

(6.1.17)

for 0 < δ ≤ 1 and K1 > 1 some fixed constants.

Proposition 6.1. For a suitable K > sup(K1,
1
δ
, C) with C the constant in Lemma D.1 and f2(µ̃)

satisfying (6.1.17), the mean field solutions fn(µ̃) of (6.1.9) are smooth and for µ̃ ∈ [0, µ̃max], n ≥ 2 and
l ≥ 0,

|∂lµ̃fn(µ̃)| ≤ Kn+l−25lδl+1 |n+ l − 4|n+l−4

(n− 2)!
. (6.1.18)

Remark. · We actually have

|∂lµ̃fn(µ̃)| ≤ K̃n+l (n+ l)!

n!
, (6.1.19)

for some constant K̃ . They follow from the bounds (6.1.18) and the following bounds on n! estab-
lished by Robbins [97]

√
2πn nne−ne

1
12n+1 ≤ n! ≤

√
2πn nne−ne

1
12n . (6.1.20)

The bounds (6.1.19) are in close analogy to the bounds (3.2.7) which were established form = 0.
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· Assume that f2(µ̃) can be analytically continued to complex values of µ̃ in a strip of width 2
5Kδe

around the real µ̃-axis [0, µ̃max]. Then the same holds for fn(µ̃).

Proof. See Appendix E.2.

There is an important consequence of Proposition 6.1. If we go back to the dynamical system

(6.1.5) whose solutions are the Aβ̃0,β̃n and we assume that all the fn(µ̃) satisfy the bounds (6.1.18),

then we obtain a uniform bound in β̃0 for A
β̃0,β̃
n

|Aβ̃0,β̃n | ≤ δeα

nα
(αK2eα)

n−2
2 , α ∈ [β̃0, 1 + β̃0] , n ≥ 4 . (6.1.21)

Then the mean field action
Lβ̃0,αmf (φ) =

∑

n∈2N
Aβ̃0,αn φn (6.1.22)

is analytic w.r.t. φ in a disk of radius
[

e−α

αK2

] 1
2
.

6.2 The triviality of the mean-field ϕ4
4-theory

For the triviality proof we actually follow the method in Sect.5.1.1. We expect the triviality
statement to be proven similarly despite the change of propagator and the modified flow equations.
Due to Lemma D.4, ∂µ ln(H(µ)) is locally analytic around µ = 0 . For |µ| sufficiently small

∂µ̃ ln(H(µ̃)) =
∑

k≥0

hkµ̃
k , hk =

∂k+1
µ̃ ln(H(µ̃))|µ̃=0

k!
, |hk| ≤ cCk+1 (5e)k+22k+1 . (6.2.1)

The bare mean-field boundary conditions for f̃n(µ) become

f̃2(0) = 2(2π)4α0e
−β0c0,2, f̃4(0) = (2π)4e−2β0H(0)c0,4, f̃n(0) = 0, n ≥ 6 . (6.2.2)

Again we will factor out a power of µ̃ in f̃n(µ̃) for n ≥ 4.

Lemma 6.2. For smooth solutions f̃n(µ̃) of (6.1.15) with boundary conditions (5.1.2), we have

∂lµ̃f̃n(0) = 0 , n ≥ 6, 0 ≤ l ≤ n

2
− 3 . (6.2.3)

Proof. The proof is done by induction in N = n+ 2l, going up in l. We start at N = 6 and we have
from the boundary conditions (6.2.2)

f̃6(0) = 0 .

For 0 ≤ l < n
2
− 3, we use (6.1.13) and we solve it for ∂l+1

µ̃ f̃n(0). Using the induction hypothesis, we

obtain ∂l+1
µ̃ f̃n(0) = 0 since in the products

∂l1µ̃ f̃n1(0)∂
l2
µ̃ f̃n2(0) ,

the constraints n1 + n2 = n + 2 and l1 + l2 ≤ l and l < n
2
− 3 imply that either l1 ≤ n1

2
− 3 or

l2 ≤ n2

2
− 3 .
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From Lemma 6.2, we can write

g̃n(µ̃) = µ̃2−n
2 f̃n(µ̃), n ≥ 4 , (6.2.4)

where g̃n(µ̃) is smooth w.r.t. µ̃. The flow equations (6.1.15) in terms of g̃n(µ̃) read

µ̃2g̃n+2 =
n− 4

n(n+ 1)
g̃n +

2

n(n+ 1)
µ̃∂µ̃g̃n +

1

n+ 1
(2 + β0 − β0e

µ̃)
∑

n1+n2=n+2
ni≥4

g̃n1 g̃n2

+ µ̃
1

n+ 1
g̃n

(

2(2 + β0 − β0 e
µ̃)f̃2 + β0e

µ̃ + 1− 4

n
− (1− 2

n
)∂µ̃ ln(H(µ̃))

)

.

(6.2.5)

Again, we perform a formal Taylor expansion of f̃2 and g̃n around µ̃ = 0, namely

f̃2(µ̃) =
∑

k≥0

f̃2,kµ̃
k , g̃n(µ̃) =

∑

k≥0

g̃n,kµ̃
k . (6.2.6)

From (6.2.6), (6.2.1) and the flow equations (6.1.14), (6.1.15), the coefficients of the formal Taylor
expansion of f̃2 and g̃n are related through the following inductive system

f̃2,k+1 =
1

k + 1

(

3g̃4,k + f̃2,k − (2 + β0)
k
∑

ν=0

f̃2,ν f̃2,k−ν − β0

k
∑

ν=0

1

(k − ν)!
f̃2,ν

+ β0

k
∑

ν=0

1

ν!

k−ν
∑

ν′=0

f̃2,ν′ f̃2,k−ν−ν′
)

.

(6.2.7)

g̃n,k+2 =
n(n+ 1)

n+ 2k
g̃n+2,k −

n− 4

n+ 2k
g̃n,k+1 +

n− 2

n+ 2k

k+1
∑

ν=0

g̃n,νhk+1−ν

− β0n

n+ 2k

k+1
∑

ν=0

1

(k + 1− ν)!
g̃n,ν −

(2 + β0)n

n+ 2k

∑

n1+n2=n+2
ni≥4

k+2
∑

ν=0

g̃n1,ν g̃n2,k+2−ν

+
β0n

n+ 2k

∑

n1+n2=n+2
ni≥4

k+2
∑

ν=0

1

ν!

k+2−ν−ν′
∑

ν′=0

g̃n1,ν′ g̃n2,k+2−ν−ν′

− 2
(2 + β0)n

n+ 2k

k+1
∑

ν=0

g̃n,ν f̃2,k+1−ν +
2β0n

n+ 2k

k+1
∑

ν=0

1

ν!

k+1−ν
∑

ν′=0

g̃n,ν′ f̃2,k+1−ν−ν′ .

(6.2.8)

Regularity at µ̃ = 0 implies that

0 =
n− 4

n
g̃n,0 + 2

∑

n1+n2=n+2
ni≥4

g̃n1,0g̃n2,0 . (6.2.9)
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and

0 =
n− 2

n
g̃n,1 +

n− 4

n
g̃n,0 + β0g̃n,0 −

n− 2

n
h0g̃n,0 + 4

∑

n1+n2=n+2
ni≥4

g̃n1,0g̃n2,1

− β0
∑

n1+n2=n+2
ni≥4

g̃n1,0g̃n2,0 + 4g̃n,0f̃2,0 .
(6.2.10)

Using (6.2.9), (6.2.10) can be recast as

n− 2

n
g̃n,1 + 4

∑

n1+n2=n+2
ni≥4

g̃n1,0g̃n2,1 + g̃n,0

[

4f̃2,0 +
(

1− 4

n

)(

1 +
β0
2

)

+ β0 −
(

1− 2

n

)

h0

]

= 0 .

(6.2.11)

As in Sect.5.1.1.1, bounds on g̃n,k and f̃2,k will be derived.

6.2.0.1 Bounds on g̃n,k and f̃2,k

Lemma 6.3. Let f̃n be smooth solutions of (6.1.14),(6.1.15). For given f̃2,0, f̃4,0 we chooseK sufficiently

large such that

|f̃2,0| ≤
√
K

16
, |f̃4,0| = |g̃4,0| ≤

√
K

32
. (6.2.12)

Then

|f̃2,1| ≤
K

2
, |g̃4,1| ≤

K

32
, (6.2.13)

and for n ≥ 4

|g̃n,0| ≤
K

n
2
− 3

2

2n2
, |g̃n,1| ≤

K
n
2
− 1

2

n
. (6.2.14)

Proof. From (6.2.7) we have

|f̃2,1| = |3g̃4,0 + (1− β0)f̃2,0 − 2f̃ 2
2,0| ≤

K

2
,

and from (6.2.11)

|g̃4,1| = 2|g̃4,0|
∣

∣

∣

∣

4f̃2,0 + β0 −
1

2
h0

∣

∣

∣

∣

≤ K

32

choosing
√
K > 7 cC > 4 since we have the sharper bound

h0 ≤ 7 cC ,

which can be easily obtained from the explicit expression of H .

We proceed by induction in n. For n ≥ 6, we find from (6.2.9) and from (6.2.11) for K large
enough

|g̃n,0| ≤
n

n− 4

1

2

∑

n1+n2=n+2
ni≥4

K
n
2
− 3

2
+1− 3

2

n2
1(n+ 2− n1)2

≤ K
n
2
− 3

2

2n2
,
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|g̃n,1| ≤
2n

n− 2
(n− 2)

∑

n1+n2=n+2
ni≥4

K
n
2
− 3

2
+2− 3

2

n2
1(n+ 2− n1)2

+
n

n− 2

K
n
2
− 3

2

2n2

(√
K

4
+ 2 +

1

2
7cC

)

≤ K
n
2
− 1

2

n
.

For n ≤ 10 the previous bounds for the sum over n1 can be checked explicitly, for n ≥ 12 we use
Lemma C.1 in Appendix C.1.

Proposition 6.2. Under the same assumptions as in Lemma 6.3, choosing K large enough we have

|g̃n,k| ≤ K
n
2
+k− 3

2

∣

∣

∣

n

4
+ k − 3

∣

∣

∣
!

1

(k!)
1
8

, |f̃2,k| ≤ Kk+ 1
2

|k − 3|!
(|k − 1|!) 1

8

, n ≥ 4, k ≥ 0 . (6.2.15)

Proof. See Appendix G.

We see that the bounds (6.2.15) are similar to our bounds (5.1.14). The slight difference lies in
the denominator, we have (k!)

1
8 instead of (k!)

1
4 . When comparing the mean-field flow equations

for the massive theory (6.2.8) and the mean-field flow equations (3.2.49) form = 0:

· The mean-field dynamical system (6.2.8) include additional terms.

· Unlike the mean-field flow equations (3.2.49), the coefficients in (6.2.8) are µ̃-dependent.

Therefore, it is expected that the upper bounds on g̃n,k and f̃2,k to be greater than those of Proposition
5.1. Moreover, from (6.2.15), the Taylor coefficients g̃n,k and f̃2,k obey the simpler bounds

|g̃n,k| ≤ K
n
2
+k
(n

4
+ k
)

!
1

(k!)
1
8

, |f̃2,k| ≤ Kk(k!)
7
8 , (6.2.16)

for a sufficiently large constant K . The bounds (6.2.16) are again sharper than the bounds (5.1.14)
for the same reasons exposed in Sect.5.1.1.1. They allow us to prove that the ansatz (3.2.68) is well-
defined for arbitrarily large bare couplings. However, as in Sect.5.1.1, the bounds (6.2.16) only imply
that the ansatz (3.2.68) belongs to the Gevrey-class (5.1.37). Here we would have σ = 1

8
.

6.2.0.2 Existence of a mean-field trivial solution for the massive theory

We choose a smooth two-point function of the form (3.2.68). It turns out that

· The sequence (bn)n≥1 satisfies bounds of the same type as (5.1.20) (N = 1 in our setting).

· Both Lemma 5.2 and Proposition 5.3 hold in our setting.

· The solutions f̃(µ̃) are all well-defined on [0, µ̃max] and they vanish again in the UV-limit.

Therefore the extension of Theorem 5.1 to the massive theory is straightforward. Collecting our
findings we have
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Theorem 6.1 (Triviality of pure mean-field ϕ4-theory for the theory with a physical IR cutoff).
Consider the ϕ4

4-theory of bare interaction lagrangian (5.1.1) for N = 1. Let f̃n(µ) be smooth solutions

of the mean-field flow equations (6.1.13) and the corresponding mean-field boundary conditions (6.2.2)

with

0 < c0,4 < +∞, |c0,2| < +∞ . (6.2.17)

There exist smooth solutions of (6.1.13) f̃n(µ̃) ∈ C∞([0, µ̃max]) such that they vanish in the UV-limit,

i.e.

lim
µ̃max→+∞

f̃n(µ̃max) = 0, n ≥ 2 . (6.2.18)

Proof. The proof is the same as for Theorem 5.1.

The uniqueness of the solutions can be proven following the reasoning in Sect.5.1.2. The differ-
ences remain purely technical as the coefficients in the r.h.s. of (6.1.13) are analytic functions in the
variable µ̃.
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Chapter 7

Triviality versus perturbation theory

Now we will focus on the second part of this thesis. So far, our approach was non-perturbative,
i.e. the solutions fn(µ) were not expanded as a formal power series in a renormalized coupling
g. The purpose of this chapter is to relate the trivial solution we have constructed in Sect.5.1.1 to
perturbation theory. First, we present the perturbative mean-field flow equations and find bounds
on the perturbative mean-field CAS functions. In Sect.8.2, we use them to prove the local existence
of the Borel transform of the regularized renormalized mean-field perturbative ϕ4

4-theory. We also
show that specific renormalization conditions which include the BPHZ renormalization conditions
can be imposed for our mean-field trivial solutions. Then, we prove that at a fixed UV-cutoff α0,
the mean-field trivial smooth solutions we have constructed can be expanded in a power series in a
renormalized coupling g. A preprint contains the results of the next two chapters [98].

7.1 The perturbative mean-field flow equations

We derive the perturbative mean-field flow equations. We keep the notations from Sect.3.1. Here
we will restrict to the case of a one-component real scalar field.

7.1.1 The mean-field flow equations for the perturbative solutions

We recall that the mean-field flow equations (4.2.29) are non-perturbative, i.e. the Schwinger
functions are not expanded in a formal power series in a coupling g. Before carrying out a formal
power series expansion, it is instructive to first define the renormalized coupling g.

Going back to the ansatz (3.2.68) and the mean-field flow equations (3.1.11), we find generically
in agreement with Proposition 5.3 for the asymptotic behavior of f2(µ) and f4(µ)

f2(µmax) = O
(

1

µmax

)

, f4(µmax) = O
(

1

µmax

)

, f2n(µmax) = O
( 1

µ2
max

)

, n ≥ 3 .

(7.1.1)

Now we define
g := f4(µmax) . (7.1.2)
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This corresponds to the standard definition of the renormalized coupling g in terms of the trun-
cated four-point function. From the mean-field flow equations (3.1.9)-(3.1.11) and the ansatz (3.2.68),
the renormalized CAS functions fn(µmax) can be expanded in powers of 1

µmax
or g. For Aα0,α

n , the
standard expansion in a power series w.r.t. g is

Aα0,α
n =

K
∑

j=1

gjAα0,α
n,j + gK+1∆Aα0,α

n,K+1 , (7.1.3)

where Aα0,α
n,j are smooth w.r.t. α, and gK+1 ∆Aα0,α

n,K+1 is the remainder of the finite perturbative
expansion of Aα0,α

n . The mean-field CAS functions Aα0,α
n,j satisfy the following properties:

· Aα0,α
n,j ≡ 0 if n is odd (Z2-symmetry).

· Aα0,α
n,j ≡ 0 if n > 2j + 2 since only connected amplitudes contribute (connectedness).

Note that Aα0,α
2,0 ≡ 0 so that we can start an inductive scheme to derive bounds on ∂mα Aα0,α

n,j for
m ≥ 0, j ≥ 1, n ≥ 2.

From the perturbative expansion (7.1.3), the mean-field flow equations (3.1.9) give a system of
mean-field flow equations for the coefficients of the (formal) perturbative expansion Aα0,α

n,j . They
read

∂αA
α0,α
n,j =

(

n+ 2

2

)

cαA
α0,α
n+2,j −

1

2

∑

n1+n2=n+2
j1+j2=j
2ji+2≥ni

n1n2A
α0,α
n1,j1

Aα0,α
n2,j2

. (7.1.4)

We can factor out combinatorial factors as follows

Aα0,α
n,j := c

n
2
−1nAα0,α

n,j , (7.1.5)

so that we obtain

∂αAα0,α
n,j =

n(n+ 1)

2α2
Aα0,α
n+2,j −

n

2

∑

n1+n2=n+2
j1+j2=j
2ji+2≥ni

Aα0,α
n1,j1

Aα0,α
n2,j2

. (7.1.6)

Now we proceed similarly as in [6]; we derive bounds on the mean-field perturbative CAS func-
tionAα0,α

n,j with the aid of the mean-field perturbative flow equations (7.1.4). In contrast to our previ-
ous non-perturbative analysis of the mean-field flow equations in [4, 79], we will impose boundary
conditions at the bare scale (α = α0) and (α = αmax = 1

m2 ). This is the standard prescription of
boundary conditions in perturbative analysis of the flow equations, see e.g. Sect.1.3. Here they are
imposed in the mean-field approximation.

For n ≥ 6, j ≥ 1, we integrate the flow equations upwards fromα0 toα, the boundary conditions
for the irrelevant part at the bare scale α0 can be read from the bare interaction lagrangian 5.1.1

Aα0,α
n,j = 0 , n ≥ 6, j ≥ 1 . (7.1.7)
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For the relevant part, we will integrate the flow equations downwards from α = 1
m2 to α, with

renormalization conditions imposed at α = αmax. We recall that they define the relevant parameters
of the theory. We will choose the BPHZ renormalization conditions

Aα0,αmax

2,j = 0 , Aα0,αmax

4,j = δj,1 , j ≥ 1 . (7.1.8)

At this stage, we analyze the mean-field perturbative flow equations without relating them to
the ansatz (3.2.68). The relation between the ansatz and perturbation theory will be established in
Sect.7.2. We now derive bounds for the regularized renormalized mean-field amplitudes.

Proposition 7.1. LetAα0,α
n,j be smooth solutions of the mean-field flow equations (7.1.6) for the bound-

ary conditions (7.1.7) and the BPHZ renormalization conditions (7.1.8). For α ∈ [m−2e−
1
2 , αmax],

αmax =
1
m2 , they satisfy the bounds

|Aα0,α
n,j | ≤ α

n
2
−2Cj−n

4
j!

(n
2
)2 (n

2
)!
, |∂kαAα0,α

n,j | ≤ α
n
2
−2−kCj−n

4
+k (j + k + 1)!

(k + 1)2 (n
2
)2 (n

2
)!
, k ≥ 1 ,

(7.1.9)

for a suitable constant C > 1.

Proposition 7.1 is sufficient to establish the local existence of the Borel transform. The subse-
quent bounds are stronger and imply those from Proposition 7.1

Proposition 7.2. LetAα0,α
n,j be smooth solutions of the mean-field flow equations (7.1.6) for the bound-

ary conditions (7.1.7) and the BPHZ renormalization conditions (7.1.8). For α ∈ [α0, αmax], αmax =
1
m2 ,

they satisfy the bounds

|Aα0,α
2,j | ≤ Cj− 1

2

α

j!

(j + 1)2

j−1
∑

λ=0

1

2λλ!
(1− ln(m2α))λ ,

|∂kαAα0,α
2,j | ≤ Cj− 1

2
+k

αk+1

(j + k + 1)!

(j + 1)2 (k + 1)2

j−1
∑

λ=0

1

2λλ!
(1− ln(m2α))λ, k ≥ 1 ,

(7.1.10)

and for n ≥ 4

|Aα0,α
n,j | ≤ α

n
2
−2Cj−n

4
j!

(j − n
2
+ 2)2 (n

2
)2(n

2
)!

j−n
2
+1

∑

λ=0

1

2λλ!
(1− ln(m2α))λ,

|∂kαAα0,α
n,j | ≤ α

n
2
−2−kCj−n

4
+k (j + k + 1)!

(j − n
2
+ 2)2 (k + 1)2(n

2
)2(n

2
)!

j−n
2
+1

∑

λ=0

1

2λλ!
(1− ln(m2α))λ, k ≥ 1 ,

(7.1.11)

for a suitable constant C > 1.

Proof. See Appendix H.
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The bounds (7.1.10)-(7.1.11) are similar to the bounds derived in [6] althoughwe restrict ourselves
to the mean-field approximation (zero momenta). However, they include derivatives w.r.t. α. The
bounds (7.1.9) will be used in Sect.8. The proof follows the steps in [6]. Had we replaced the BPHZ
renormalization conditions (7.1.8) by the more general renormalization conditions

Aα0,αmax

2,j = Aj , Aα0,αmax

4,j = Bj , j ≥ 1 , (7.1.12)

then the bounds (7.1.10),(7.1.11) and (7.1.9) still hold but the constant C in the bounds will depend
on Aj , Bj . We will return to this remark later. From the mean-field flow equations (3.1.9) and
the expansion (7.1.3), we can identify the mean-field perturbative CAS functions fn,j(µ) using the
definition (3.1.10)

fn,j(µ) = α2−n
2 c

n
2
−1nAα0,α

n,j = α2−n
2Aα0,α

n,j , ∆fK+1
n (µ) = α2−n

2 c
n
2
−1 n∆Aα0,α

n,K+1 . (7.1.13)

The perturbative expansion of fn(µ) corresponding to (7.1.3) is

fn(µ) =
K
∑

j=1

gjfn,j(µ) + gK+1∆fK+1
n (µ) . (7.1.14)

From Proposition 7.2, bounds for ∂mµ Aα0,α
n,j can be derived. They will be used in the proof of

the local existence of the Borel transform of the regularized renormalized mean-field perturbation
theory and in the proof of the local Borel summability of perturbation theory.

Proposition 7.3. There exists a constant C ′ > 1 such that the smooth perturbative solutions Aα0,α
n,j

satisfy the bounds

|∂mµ Aα0,α
n,j | ≤ (α0e

µ)
n
2
−2 (j +m+ 1)! C ′j+n

2
+m

(j − n
2
+ 2)2 (n

2
)2(n

2
)!
F(j, n, µ) , m ≥ 1 , (7.1.15)

where we defined

F(j, n, µ) :=

j−n
2
+θ̂(n)
∑

λ=0

1

2λλ!
(1 + µmax − µ)λ , (7.1.16)

and

θ̂(n) :=

{

1 if n ≥ 4
0 if n = 2 .

(7.1.17)

Proof. From the Faà di Bruno’s formula (see Appendix B.1) and Proposition 7.2 we get

|∂mµ Aα0,α
n,j | ≤

m
∑

k=1

|∂kαAα0,α
n,j |

∑

p(m,k)

m!
m
∏

j=1

(α0e
µ)λj

λj! (j!)λj

≤
m
∑

k=1

(α0e
µ)

n
2
−2 (j + k + 1)! Cj−n

4
+k

(j − n
2
+ 2)2(n

2
)2(n

2
)!
F(j, n, µ)Skm ,

(7.1.18)

92



where Skm is the Stirling number of the second kind defined by (see e.g. [99])

Skm :=
∑

p(m,k)

m!
m
∏

j=1

1

λj! (j!)λj
. (7.1.19)

Then we obtain

|∂mµ Aα0,α
n,j | ≤ (α0e

µ)
n
2
−2 Cj−n

4
+m

(j − n
2
+ 2)2(n

2
)2(n

2
)!
F(j, n, µ)

m
∑

k=1

(j + k + 1)! Skm

≤ (α0e
µ)

n
2
−2 Cj−n

4
+m

(j − n
2
+ 2)2(n

2
)2(n

2
)!
F(j, n, µ)

m
∑

k=1

(j + 1)! k!

(

j + k + 1

k

)

Skm

≤ (α0e
µ)

n
2
−2 Cj−n

4
+m

(j − n
2
+ 2)2(n

2
)2(n

2
)!
F(j, n, µ)(j + 1)! 2j+m+1a(m) ,

(7.1.20)

where we introduced the ordered Bell number a(n) (see e.g. [100]-[101])

a(n) :=
n
∑

k=0

k! Skn . (7.1.21)

The ordered Bell numbers a(n) satisfy the recursive formula [102]-[103]

a(n) =
n
∑

i=1

(

n

i

)

a(n− i) . (7.1.22)

From (7.1.22), we have |a(n)| ≤ en n! . Then

|∂mµ Aα0,α
n,j | ≤ (α0e

µ)
n
2
−2 (j + 1)! m! C ′j+n

2
+m

(j − n
2
+ 2)2(n

2
)2(n

2
)!
F(j, n, µ)

≤ (α0e
µ)

n
2
−2 (j +m+ 1)! C ′j+n

2
+m

(j − n
2
+ 2)2(n

2
)2(n

2
)!

F(j, n, µ) ,

(7.1.23)

if we choose for example C ′ = 2eC > C > 1.

Since we analyze the regularized renormalized mean-field perturbation theory, the bounds es-
tablished for µ close to µmax will be sufficient. From Proposition 7.3 we get

Proposition 7.4. For µ ∈ [0, µmax], the smooth solutions fn,j(µ) satisfy the bounds

|∂mµ fn,j(µ)| ≤
(j +m+ 1)! C ′′j+n

2
+m

(j − n
2
+ 2)2(n

2
)2(n

2
)!

F(j, n, µ) , (7.1.24)

for a constant C ′′ > 1.
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Proof. From Leibniz’ rule and Proposition 7.3, we have

|∂mµ fn,j(µ)| ≤
m
∑

k=0

(

m

k

)

(α0e
µ)2−

n
2

∣

∣

∣

∣

∣

n

2
− 2

∣

∣

∣

∣

∣

k

|∂m−k
µ Aα0,α

n,j |

≤ C ′j+n
2
+m

(j − n
2
+ 2)2(n

2
)2(n

2
)!
F(j, n, µ)

m
∑

k=0

(

m

k

)

∣

∣

∣

∣

∣

n

2
− 2

∣

∣

∣

∣

∣

k

(j +m− k + 1)!

≤ (j +m+ 1)! 2mC ′j+n
2
+m

(j − n
2
+ 2)2(n

2
)2(n

2
)!

F(j, n, µ)

≤ (j +m+ 1)! C ′′j+n
2
+m

(j − n
2
+ 2)2(n

2
)2(n

2
)!

F(j, n, µ) ,

(7.1.25)

choosing for instance C ′′ = 2C ′ > 1.

Proposition 7.4 implies

Proposition 7.5. For µ ∈ [µmax − 1
2
, µmax], the smooth solutions fn,j(µ) satisfy the bounds

|∂mµ fn,j(µ)| ≤
(j +m+ 1)! C ′j+n

2
+m

(n
2
)2 (n

2
)!

, (7.1.26)

for a constant C ′ > 1.

7.1.2 The mean-field flow equations for the remainders

At this stage, we have obtained bounds on the perturbative mean-field amplitudes fn,j(µ) and
their derivatives w.r.t. µ but we did not analyze the remainders yet. Using the perturbative expansion
(7.1.3) in the flow equations (3.1.9), the mean-field remainders ∆fK+1

n are solutions of the flow
equations

∆fK+1
n+2 (µ) =

2

n(n+ 1)
∂µ∆f

K+1
n (µ) +

n− 4

n(n+ 1)
∆fK+1

n (µ)

+
1

n+ 1

∑

n1+n2=n+2

[

gK+1∆fK+1
n1

(µ)∆fK+1
n2

(µ) + ∆fK+1
n1

(µ)
K
∑

j=1

gjfn2,j(µ)

+ ∆fK+1
n2

(µ)
K
∑

j=1

gjfn1,j(µ) +
∑

K<j1+j2≤2K
1≤ji≤K

gj1+j2−(K+1)fn1,j1(µ) fn2,j2(µ)
]

.

(7.1.27)

The flow equations (7.1.27) are inconvenient for our analysis due to the last term which renders
the dynamical system (7.1.27) inhomogeneous. We recast the flow equations (7.1.27) in a homoge-
neous form.

From the relation

gK+1∆fK+1
n (µ) =

K′
∑

i=K+1

gifn,i(µ) + gK
′+1∆fK

′+1
n (µ), K ′ > K ≥ 0 , (7.1.28)
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the quadratic term can be rewritten as

K
∑

j=1

gK+1fn2,K+1−j(µ) ∆f
j
n1
(µ) =

K
∑

j=1

(

K
∑

a=j

gafn1,a(µ) + gK+1∆fK+1
n1

(µ)

)

gK+1−jfn2,K+1−j(µ)

=
K
∑

j=1

K
∑

a=j

gK+1+a−jfn1,a(µ) fn2,K+1−j(µ)

+ gK+1∆fK+1
n1

(µ)
K
∑

j=1

gK+1−jfn2,K+1−j(µ) .

(7.1.29)

Then, we sum over n1, n2. Recalling the expansion (7.1.14) we get the homogeneous mean-field flow
equations for the remainders

∆fK+1
n+2 (µ) =

2

n(n+ 1)
∂µ∆f

K+1
n (µ) +

n− 4

n(n+ 1)
∆fK+1

n (µ)

+
1

n+ 1

∑

n1+n2=n+2

[

K
∑

j=1

fn2,K+1−j(µ) ∆f
j
n1
(µ) + fn1(µ) ∆f

K+1
n2

(µ)
]

.

(7.1.30)

In the r.h.s. of (7.1.30), the quadratic term is split into two terms:

· The first term is built from the perturbative mean-field amplitudes and mean-field remainders
of n′ ≤ n-point functions of order j ≤ K .

· The second term is built from the global mean-field solutions fn′(µ), n′ ≤ n and themean-field
remainders of n′ ≤ n-point functions of order K + 1.

The mean flow equations (7.1.30) will be used in Ch.8. The corresponding mean-field boundary
conditions for the remainders are determined by the mean-field boundary conditions for fn,j(µ) and
for fn(µ). To study the remainder of the mean-field CAS functions, we follow the inductive scheme:

· We start from the remainders ∆fK+1
2 (µ), K ∈ N.

· From (7.1.30), ∆fK+1
n+2 (µ) is calculated from the remainders ∆fK

′

n′ (µ) for n′ ≤ n and K ′ ≤
K + 1, from the perturbative solutions fm,j(µ) for m ≤ n and j ≤ K + 1 and the global
solutions fn′′(µ) for n′′ ≤ n .

The flow equations (7.1.30) allow us to derive inductive bounds on the remainders ∆fK+1
n (µ)

and their derivatives w.r.t. µ fromwhich we can prove the local Borel summability of the regularized
renormalized mean-field perturbation theory.

7.2 The perturbative expansion of the ansatz

In this section, we establish the connection between the trivial solution constructed in [4, 79]
to perturbation theory. Our main result is the following: For a fixed UV-cutoff α0, the mean-field
smooth solutions of the flow equations (3.1.11) fn(µ) have a perturbative expansion in powers of a
renormalized coupling up to any order K in perturbation theory. We assume µmax > 6.
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7.2.1 Fixing specific renormalization conditions

We start by showing that we can prescribe specific renormalization conditions in our setting
using a fixed-point method. For b1 ∈ R, we define Fµmax(b1) as the value of f2(µmax) starting from
the initial condition f2(0) = b1 and the ansatz (3.2.68). We fix |c| ≤ 1

3
. We show that we can choose,

for c0,4 fixed, b1 such that

Fµmax(b1) =
c

µmax

=: gc . (7.2.1)

We choose the renormalized coupling g = f4(µmax). Then the BPHZ renormalization conditions
compatibility amounts to show that there exists b1 ∈ R such that

Fµmax(b1) = 0 . (7.2.2)

This corresponds to c = 0. We recall that

f2,0 = b1 , b2 =
f2,1 + b1

2
=

3g4,0
2

+ b1 −
b21
2
. (7.2.3)

Therefore, we have

Fµmax(b1) =
b1

1 + µmax

+ b1
2µmax

1 + 4µ2
max

+ (3g4,0 − b21)
µmax

1 + 4µ2
max

+
∑

q≥3

bq
xq−1
max,q

1 + xqmax,q
, (7.2.4)

where xmax,q := qµmax. Then, we define

Gµmax(b1) := F (µmax)
[ c

µmax

− (3g4,0 − b21)
µmax

1 + 4µ2
max

−
∑

q≥3

bq
xq−1
max,q

1 + xqmax,q

]

, (7.2.5)

where

F (x) :=
(1 + x)(1 + 4x2)

1 + 2x+ 6x2
, x ≥ 0 . (7.2.6)

The renormalization condition (7.2.1) is satisfied only if

Gµmax(b1) = b1 , (7.2.7)

for some b1 ∈ R, meaning that Gµmax(b1) has a fixed point in R.

The purpose of this subsection is dedicated to the proof of existence (and uniqueness) of a fixed
point for Gµmax(b1) in R under the assumption of small bare couplings. The compatibility of (7.2.1)
boils down to the analysis of the dependence of the solutions fn(µ) in terms of b1 while c0,4 re-
mains free. In Chapters 3,5 bounds on the coefficients gn,k, f2,k were derived, now we analyze their
dependence on b1. We will use the Fuss-Catalan numbers of parameter s > 0

Cs(n) :=
1

sn+ 1

(

(s+ 1)n

n

)

. (7.2.8)

First, we obtain closed expressions of gn,0 and gn,1.
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Lemma 7.1. We have for n ≥ 4

gn,0 = (−1)
n
2 g

n
2
−1

4,0 C2

(n

2
− 1
)

, (7.2.9)

gn,1 = (−1)
n
2
−1g

n
2
−1

4,0 C2

(n

2
− 1
)(3n− 4

2
b1 +

n− 4

4

)

. (7.2.10)

Proof. See Appendix I.1.

The bounds on gn,0 and gn,1 previously derived in Chapters 3, 5 are satisfied as expected. More-
over, gn,0 and gn,1 are both polynomials in b1 of respective degrees 0 and 1.

Lemma 7.2. Let fn(µ) be the smooth solutions of the flow equations (3.1.11) with themean-field bound-

ary conditions (5.1.2). If

|f2,0| ≤ K , 0 ≤ g4,0 ≤
K

10
, K ≤ 1

30
, (7.2.11)

we have

|gn,k| ≤
(3

2

)k−2

K
n
2
−1
(n− 4

2
+ k
)

! , |f2,k| ≤
(3

2

)k

K |k − 1|! . (7.2.12)

Proof. The proof is done by induction in N = n+ 2k. We follow the inductive scheme in the proof
of Lemma 3.4. For k ≤ 1, we use the bounds in Lemma 7.1 to successively get

|gn,0| ≤
K

n
2
−1

30
n
2
−1

1

n− 1

(

3(n
2
− 1)

n
2
− 1

)

≤
(4K

15

)n
2
−1 1

n− 1
≤ 4

9
K

n
2
−1
(n− 4

2

)

! . (7.2.13)

|gn,1| ≤
K

n
2
−1

30
n
2
−1

1

n− 1

(

3(n
2
− 1)

n
2
− 1

)

(n− 4

4
+

3n− 4

2
|b1|
)

≤
(4K

15

)n
2
−1

K
n
2
−1
(1

4
+

3K

2

)

≤ 2

3
K

n
2
−1
(n− 2

2

)

! .

(7.2.14)

For k ≥ 0, the induction hypothesis is inserted in the r.h.s. of (3.2.48) to get
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|gn,k+2| ≤
n− 4

n+ 2k
|gn,k+1|+

2n

n+ 2k

k+1
∑

ν=0

|gn,νf2,k+1−ν |+
n

n+ 2k

∑

n1+n2=n+2
ni≥4

k+2
∑

ν=0

|gn1,νgn2,k+2−ν |

+
n(n+ 1)

n+ 2k
|gn+2,k|

≤
(3

2

)k

K
n
2
−1

[

2(n− 4)

3(n+ 2k)

(

k + 1 +
n− 4

2

)

! +
4nK

3(n+ 2k)

k+1
∑

ν=0

(

ν +
n− 4

2

)

! |k − ν|!

+
4n

9(n+ 2k)

∑

n1+n2=n+2
ni≥4

k+2
∑

ν=0

(

ν +
n1 − 4

2

)

!

(

k + 2− ν +
n2 − 4

2

)

!

+
4n(n+ 1)K

9(n+ 2k)

(

k +
n− 2

2

)

!

]

≤
(3

2

)k

K
n
2
−1

(

k + 2 +
n− 4

2

)

!

[

4(n− 4)

3n2
+

16K

3n
+

4

9
+

8(n+ 1)

9n2
K

]

≤
(3

2

)k

K
n
2
−1

(

k + 2 +
n− 4

2

)

! ,

(7.2.15)

where we used (3.2.64).

Now we bound f2,k. The bound holds for k = 0. Moreover, the claim can be verified for k = 1

|f2,1| ≤ 3g4,0 + |f2,0|(1 + |f2,0|) ≤
17

15
K ≤ 3

2
K . (7.2.16)

For k ≥ 1, we insert the induction hypothesis in the r.h.s. of (3.2.48) to get

|f2,k+1| ≤
1

k + 1

(

3
(3

2

)k−2

K k! +
(3

2

)k

K(k − 1)! +
(3

2

)k

K2

k
∑

ν=0

|ν − 1|! |k − ν − 1|!
)

≤
(3

2

)k+11

2

(8

9
K k! +

2

3
Kk! + 4K22

3
k!
)

≤
(3

2

)k+1

K k! .

(7.2.17)

The bounds in Lemma 7.2 look like the bounds (5.1.14) in Proposition 5.1. While the bounds
(7.2.12) were derived under the assumptions of small bare couplings, and for N = 1, in Proposition
5.1, K had to be chosen sufficiently large to prove (5.1.14). Moreover Lemma 7.2 only provides
bounds on gn,k and f2,k while Lemma 7.1 gives a closed expression of gn,0 and gn,1. We think it
is not easy to find a closed expression of gn,k, f2,k for k ≥ 2 since they are coupled together in
(3.2.48)-(3.2.49). Now we give bounds for the coefficients bn.

Lemma 7.3. Under the assumptions of Lemma 7.2, we have

|bn| ≤
5

2

( 7

10

)n−1

K , n ≥ 1 . (7.2.18)
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Proof. The claim holds for n = 1 obviously. We successively have























|b2| ≤ 3
2
g4,0 + |b1|+ 1

2
|b1|2 ≤ K

(

1
20

+ 1 + K
2

)

≤ 7
4
K ,

|b3| ≤
|f2,2|+ |b1|

9
≤ K

(

1
4
+ 1

9

)

≤ 5
2

(

7
10

)2

K ,

|b4| ≤
|f2,3|
64

+ |b2|
8

≤ K
(

27
256

+ 3
16

)

≤ 5
2

(

7
10

)3

K .

(7.2.19)

For n ≥ 4 we get by inserting the induction hypothesis in the r.h.s. of (3.2.73)

|bn+1| ≤
(3

2

)n (n− 1)!

(n+ 1)n
K +

5

2
K

n
∑

ρ=2

( 7

10

)
n+1
ρ

−1 1

ρn
+

K

(n+ 1)n

≤
( 7

10

)n3K

10
+

5

2

2

2n
K +

K

(n+ 1)n
≤ 5

2

( 7

10

)n

K ,

(7.2.20)

where we used the subsequent two inequalities whose proofs can be found in Appendix C.5.

(3

2

)n (n− 1)!

(n+ 1)n
≤
( 7

10

)n 3

10
, n ≥ 4 (7.2.21)

and
3

10
+ 2x

(5

7

)n

+
( 10

7(n+ 1)

)n

≤ x , x ≥ 1, n ≥ 4 . (7.2.22)

The bounds in Lemmata 7.2-7.3 are uniform in b1.

From Lemma 7.1, gn,0 and gn,1 are both polynomials in b1 of degrees 0 and 1, respectively. We
generalize this observation to the coefficients gn,k, k ≥ 0 with the following lemma

Lemma 7.4. We have

gn,k = Pn,k(b1) , f2,k = Pk(b1) , (7.2.23)

where Pn,k and Pk are polynomials whose coefficients are real and depend, respectively, on n, k, g4,0
and on k, g4,0. We have also deg(Pn,k) ≤ k and deg(Pk) = k + 1.

Proof. Again, the induction scheme is the same as the one in the proof of Lemma 3.4. From Lemma
7.1, the claim holds obviously for n ≤ 1. For k ≥ 0, we insert the induction hypothesis in the r.h.s.
of (3.2.48) and the claim follows.

For f2,k, the statement holds for k = 0. For k ≥ 0, the claim follows by inserting the induction
hypothesis in the r.h.s. of (3.2.48). In particular, it is straightforward that the coefficient of the leading
term of f2,k as a polynomial in b1 equals (−1)k.

From Lemma 7.4, we write down the polynomial expansion of gn,k and f2,k

gn,k =
k
∑

ν=0

gn,k,ν b
ν
1 , f2,k =

k+1
∑

ν=0

f2,k,ν b
ν
1 . (7.2.24)
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From Lemma 7.1, we have in particular

gn,0,0 = gn,0 , gn,1,0 = −gn,0
n− 4

4
, gn,1,1 = −gn,0

3n− 4

2
. (7.2.25)

From (3.2.48), we also get

f2,0,ν = δ1,ν , f2,1,0 = 3g4,0 , f2,1,1 = −f2,1,2 = 1 . (7.2.26)

From (3.2.48) and (7.2.24), we have

f2,2,0 =
3

2
g4,0 , f2,2,1 = −9g4,0 +

1

2
, f2,2,2 = −3

2
, f2,2,3 = 1 . (7.2.27)

Inserting the polynomial expansion of gn,k, f2,k (7.2.24) in (3.2.48), we now obtain two inductive
systems for the coefficients gn,k,ν and f2,k,ν

gn,k+2,ν = − n− 4

n+ 2k
gn,k+1,ν −

2n

n+ 2k

k+1
∑

ρ=0

min{ρ,ν}
∑

ν′=max{ν−(k+2−ρ),0}
gn,ρ,ν′f2,k+1−ρ,ν−ν′

− n

n+ 2k

∑

n1+n2=n+2
ni≥4

k+2
∑

ρ=0

min{ρ,ν}
∑

ν′=max{ν−(k+2−ρ),0}
gn1,ρ,ν′gn2,k+2−ρ,ν−ν′

+
n(n+ 1)

n+ 2k
gn+2,k,ν

(7.2.28)

and

f2,k+1,ν =
1

k + 1



3g4,k,ν + f2,k,ν −
k
∑

ρ=0

min{ρ+1,ν}
∑

ν′=max{ν−(k+1−ρ),0}
f2,ρ,ν′f2,k−ρ,ν−ν′



 , (7.2.29)

where for convenience, we set gn,k,ν = 0 for ν > k and f2,k,ν = 0 for ν > k + 1. The proofs of
the subsequent Lemmata 7.5 and 7.7 are similar to the proofs of Lemmata 7.2-7.3, therefore they are
deferred to Appendix I.2.

Lemma 7.5. Under the assumptions of Lemma (7.2)

|gn,k,ν | ≤
1

4
K

n
2
−1
(n− 4

2
+ k
)

!

(

k

ν

)

, |f2,k,ν | ≤ |k − 1|!
(

k + 1

ν

)

. (7.2.30)

Proof. See Appendix I.2.

Now we analyze the dependence of the coefficients bq in terms of b1.

Lemma 7.6. We have

bq = Bq(b1) , (7.2.31)

where Bq is a polynomial of degree q whose coefficients are real and depend on q, g4,0. In particular, the

leading coefficient of Bq is (−1)q−1

qq−1 .
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Proof. The proof is done by induction in q. The claim holds for q = 1, and it follows for q ≥ 1 by
inserting the induction hypothesis in the r.h.s. of (3.2.73).

From Lemma 7.6, we now write the polynomial expansion of bq

bq =

q
∑

ν=0

aq,ν b
ν
1 . (7.2.32)

Then from (3.2.73) and (7.2.32) we get

aq+1,ν =
f2,q,ν

(q + 1)q
−

q+1
∑

ρ=2

a{ q+1
ρ

},ν(−1)ρ−1 1

ρq
. (7.2.33)

Now we bound the coefficients of the polynomials Bq
Lemma 7.7. We have the following estimates

|aq,ν | ≤
1

q

(3

4

)q−2
(

q

ν

)

, q ≥ 1 , 0 ≤ ν ≤ q . (7.2.34)

Proof. See Appendix I.2.

Now we analyze Gµmax(b1) from (7.2.5). First we establish that Gµmax(b1) is differentiable on
[−K,K].

Proposition 7.6. The function Gµmax(b1) is differentiable on [−κ, κ], for a positive constant κ ≤ 1
30
.

Moreover

|Gµmax(b1)| < κ ,
∣

∣

∣

∂Gµmax

∂b1
(b1)
∣

∣

∣ < 1 , b1 ∈ [−κ, κ] , (7.2.35)

where we choose µmax > 6.

Proof. From Lemma 7.6, the coefficients bq are smooth in b1. From the bounds in Lemma 7.3 we have

|Gµmax(b1)| ≤ |F (µmax)| κ
[ c

µmax

+
( 1

10
+ κ
) 1

2µmax

+
1

µmax

∑

q≥3

|bq|
q

]

≤ 3κ

4

[1

3
+

1

15
+

5

2

∑

q≥3

1

q

( 7

10

)q−1]

≤ 3κ

4

[1

3
+

1

15
+

5

2

10

7

(

ln
(10

3

)

− 189

200

)]

< κ .

(7.2.36)

On the other hand, we have from Lemma 7.7

∣

∣

∣

∂bq
∂b1

∣

∣

∣
≤
(3

4

)q−2
q
∑

ν=1

ν

q

(

q

ν

)

|b1|ν−1 =
(3

4

)q−2
q−1
∑

ν=0

(

q

ν

)

|b1|ν =
4

3

(3(1 + |b1|)
4

)q−1

. (7.2.37)

The sequence of functions

δq(b1) :=
(

bq
xq−1
max,q

1 + xqmax,q

)

q∈N

(7.2.38)
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depends on b1 only through bq. For |b1| ≤ 1
30
, the bounds (7.2.37) imply the uniform convergence on

[−κ, κ] of the series of functions

(

N
∑

q=1

∂bq
∂b1

xq−1
max,q

1 + xqmax,q

)

N∈N

. (7.2.39)

Therefore, Gµmax(b1) is differentiable w.r.t. b1 ∈ [−κ, κ]. Then we can bound the derivative of
Gµmax(b1)

∣

∣

∣

∂Gµmax

∂b1
(b1)
∣

∣

∣ ≤ |F (µmax)|
[ κ

2µmax

+
4

3µmax

∑

q≥3

1

q

(3(1 + κ)

4

)q−1]

< 1 . (7.2.40)

Now we collect our findings

Proposition 7.7. For |c| ≤ 1
3
, for g4,0 ≤ κ

30
, 0 < κ ≤ 1

30
, there exists a unique b1 ∈ [−κ, κ] such that

Fµmax(b1) = gc =
c

µmax

. (7.2.41)

Proof. From Proposition 7.6, the function Gµmax(b1) satisfies the assumptions of Banach-Picard fixed
point theorem [104, 105]. The unique fixed point of Gµmax(b1) is found through iterative procedure:
choose an arbitrary b ∈ [−κ, κ] and set u0 := b. For n ∈ N0, un+1 = Gµmax(un). Then the sequence
(un)n∈N0 converges to the unique fixed point of Gµmax(b1) in [−κ, κ].

For c ̸= 0, one sees using the mean-field flow equations (3.1.11), that f2(µmax) = gc and
f4(µmax) = −1

3
gc + O( 1

µ2max
). This behavior is in agreement with (7.1.1). We can, for instance,

expand the two-point function f2(µ) in a power series w.r.t. 1
µmax

. If such an expansion is possible,

the mean-field flow equations (3.1.11) imply that all the fn(µ) have such an expansion.

Proposition 7.7 implies that for |c| ≤ 1
3
, c0,4 and c0,2 are related; i.e. c0,2 = φc,µmax(c0,4) with

φc,µmax a bijection. Fixing the renormalization conditions in our construction corresponds to fix c0,2
and c0,4 with a non-trivial relation between them. We could ask ourselves how they evolve with
different values of c or µmax.

The case c = 0 is special.

· We have

f4(µmax) = O
( 1

µ2
max

)

.

We think this behavior is not generic for |c| ≤ 1
3
. But we did not analyze it in detail.

· Proposition 7.7 not only proves that the BPHZ renormalization condition for the mass is com-
patible with our procedure. It also shows the uniqueness of the bare coupling associated with
this condition.
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· We do not know the sign of g = f4(µmax). We were unable to deduce its sign from the ansatz.
Nevertheless, we think that g > 0 for c0,4 > 0. An argument in favor of positivity comes
from the perturbative expansion (7.1.3), the definition (7.1.13) and the BPHZ renormalization
conditions (7.1.8). Indeed, at first order in perturbation theory,

0 < 4π2c0,4 = g +O(g2) . (7.2.42)

However, the l.h.s. of (7.2.42) does not depend on α0 while the r.h.s. of (7.2.42) vanishes when
µmax → +∞, i.e. α0 → 0. Another argument in favor of positivity comes from the analysis
of the functional integral through discrete renormalization steps [106] between α0 and αmax.
Through this analysis, the variation of the fn at each step is controlled and one finds that the
renormalized coupling is positive.

7.2.2 The perturbative expansion

Nowwe show that the ansatz for the mean-field two-point function has a perturbative expansion
in a renormalized coupling. We note first that the ansatz (3.2.68) can be rewritten as follows forµ > 1

f2(µ) =
1

µ

∑

q≥1

bq
q

1

1 + 1
µqqq

. (7.2.43)

We define the function

f̃2(z) := z
∑

q≥1

bq
q

1

1 + zq

qq

, z ∈ (−1, 1] , (7.2.44)

From Proposition 5.2 f̃2(z) is well-defined for z ∈ (0, 1] and f2(µ) = f̃2(
1
µ
).

Moreover, in Ch.5 we proved that f2(µ) is locally analytic w.r.t. µ for 1 < µ ≤ µmax. It turns out
that we can analytically continue f̃2(z) to the complex plane as follows

Proposition 7.8. f̃2 is locally analytic w.r.t. z on the disk D(0, 1
2
) := {z ∈ C | |z| < 1

2
}.

Proof. First we define

f̃q(z) :=
bq
q

1

1 + zq

qq

. (7.2.45)

Clearly, f̃q(z) is locally analytic w.r.t. z ∈ D(0, 1
2
). We can bounds the partial sums

∣

∣

∣

∑

q≥m+1

bq
q

1

1 + zq

qq

∣

∣

∣
≤
∑

q≥m+1

|bq|
q

1

|1 + zq

qq
| ≤

∑

q≥m+1

|bq|
q

1

1− 1
2qqq

≤ 2
∑

q≥m+1

|bq|
q

. (7.2.46)

Since the series
∑

q≥1
bq
q
is absolutely convergent, the series of functions

∑

1≤q≤N z f̃q(z) uniformly

converges to f̃2(z) on D(0, 1
2
). Therefore f̃2(z) is locally analytic on the disk D(0, 1

2
).

For |z| < 1
2
, we can expand f̃2(z) as a power series in z

f̃2(z) =
∑

m≥1

cmz
m , (7.2.47)
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where we define

cm :=
∑

k≥0,q≥1
qk+1=m

(−1)kbq
qm

. (7.2.48)

In particular, we have

c1 =
∑

q≥1

bq
q
, (7.2.49)

while for cm, m ≥ 2, the sums in (7.2.48) are finite. From Proposition 5.2, it follows that for some
constant C > 0 independent ofm

|cm| ≤ C , m ≥ 1 . (7.2.50)

We fix µ so that ε(µ) := µmax −µ < 1. We choose c ̸= 0, for instance c = 1
4
, and the unique b1 such

that f2(µmax) = gc. We will perform a perturbative expansion of f2(µ) w.r.t.

g̃ :=
1

µmax

. (7.2.51)

Since
1

µ
=

1

µmax − ε(µ)
=

+∞
∑

k=1

ε(µ)k−1

µkmax

, (7.2.52)

we have (formally)

f2(µ) =
+∞
∑

m=1

cm

(

+∞
∑

k=1

ε(µ)k−1

µkmax

)m

=
+∞
∑

m=1

m
∑

α=1

∑

k1+···+kα=m
ki≥1

cα
ε(µ)m−α

µmmax

= F2(µ, g̃) ,

(7.2.53)

where we defined for y < 1
6

F2(µ, y) :=
+∞
∑

m=1

am(µ)y
m , (7.2.54)

with

am(µ) :=
m
∑

α=1

cαε(µ)
m−α

(

m− 1

α− 1

)

, m ≥ 1 . (7.2.55)

From the perturbative expansion (7.2.53) and the mean-field flow equations (3.1.11), one sees that all
the fn(µ) have a (formal) perturbative expansion w.r.t. g̃. Had we performed the expansion (7.1.14)
w.r.t. g̃, it would follow from the expansion (7.2.53) that the coefficients aj(µ) correspond to the
mean-field perturbative amplitudes.

Lemma 7.8. The functions am(µ),m ≥ 1, are analytic on Ω1 := {µ > 6 | ε(µ) < 1} and

|am(µ)| ≤ C(1 + ε(µ))m−1 , |∂µam(µ)| ≤ C(m− 1)(1 + ε(µ))m−2 , (7.2.56)

where the constant C is the one introduced in (7.2.50).
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Proof. First, the functions am(µ) are obviously analytic w.r.t µ ∈ Ω1. Then, using (7.2.50), we have

|am(µ)| ≤ C

α
∑

m=1

(

m− 1

α− 1

)

ε(µ)m−α = C(1 + ε(µ))m−1 , (7.2.57)

and

|∂µam(µ)| ≤
m−1
∑

α=1

(

m− 1

α− 1

)

|cα|(m− α)(ε(µ))m−α−1 ≤ C

m−1
∑

α=1

(

m− 1

α

)

α(ε(µ))α−1

= C(m− 1)(1 + ε(µ))m−2 .

(7.2.58)

Since ε(µ) < 1, we also obtain uniform bounds in µ

|am(µ)| ≤ C 2m−1 , |∂µam(µ)| ≤ C(m− 1)2m−2 . (7.2.59)

From Lemma 7.8, the series (7.2.53) is convergent for g̃ < 1
6
. Moreover, from Lemma 7.8, F2(µ, y)

is analytic w.r.t. (µ, y) ∈ Ω2 := Ω1 × [0, 1
6
). Note that the perturbative expansion (7.2.53) starts at

m = 1 so that the inductive scheme in Sect.7.1.1 works. From (7.2.53), the renormalization conditions
for the mean-field (connected) two-point function are

f2,j(µmax) = aj(µmax) = cj = c δj,1 . (7.2.60)

From themean-field flow equations (3.1.11) and the perturbative expansion (7.2.53), we get the renor-
malization conditions for the mean-field (connected) four point function

f4,1(µmax) = − c
3
, f4,j(µmax) =

1

3

(

∂µaj(µmax) + c2δm−1,1

)

, j ≥ 2 . (7.2.61)

From Lemma 7.8, we have for j ≥ 2,

|f4,j(µmax)| ≤ B j 2j , (7.2.62)

for a constant B that does not depend on j. Since F2(µ, y) is smooth in y, we obtain using the Taylor
formula

f2(µ) = F2(µ, g̃) =
K
∑

j=1

g̃j aj(µ) + g̃K+1∆fK+1
2 (µ, g̃) , (7.2.63)

where

∆fK+1
2 (µ, g̃) =

1

K!

∫ 1

0

dt (1− t)K ∂K+1
y F2(µ, tg̃) . (7.2.64)

Proposition 7.9. We have for l ≥ 0

|∂lµ∆fK+1
2 (µ, g̃)| ≤ CK+1+l

1 (K + 1 + l)!

(K + 1)!
, (7.2.65)

for a constant C1.
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Proof. Since F2(µ, y) is analytic w.r.t. (µ, y) ∈ Ω2, and for t ∈ [0, 1], (µ, tg̃) ∈ Ω2, we have

|∂lµ∂K+1
g̃ F2(µ, tg̃)| ≤ CK+1+l

1 (K + 1 + l)! (7.2.66)

for a constant C1. From the uniform bounds (7.2.66), we have

|∂lµ∆fK+1
2 (µ, g̃)| ≤ CK+1+l

1 (K + 1 + l)!

K!

∫ 1

0

dt (1− t)K =
CK+1+l

1 (K + 1 + l)!

(K + 1)!
. (7.2.67)

From Proposition 7.9, the Borel transform of the perturbative series (7.2.53) w.r.t. g̃ exists ev-
erywhere. However, we also want to analyze the remainders ∆fK+1

n (µ) for n ≥ 4. The latter are
constructed from the remainder∆fK+1

2 (µ, g̃) using themean-field flow equations for the remainders
(7.1.30). From Proposition 7.5, we expect the terms containing the perturbative amplitudes fn,j(µ)
in the r.h.s. of (7.1.30) to spoil the global existence of the Borel transform of the perturbative series
(7.1.14). A caveat is that the bounds in Proposition 7.5 were established after imposing the BPHZ
renormalization conditions. We will go back to that remark in the next chapter where we show that
the Borel transform of the perturbative series (7.1.14) exists locally. To simplify the notation, we will
omit g̃ in the remainders ∆fK+1

n (µ), since µmax is fixed and the variable g̃ does not appear in the
mean-field flow equations for the remainders (7.1.30).
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Chapter 8

The local Borel-summability of the

regularized renormalized mean-field

perturbation theory

Here we prove the local Borel-summability of the regularized renormalized mean-field pertur-
bative ϕ4

4-theory constructed from our ansatz (3.2.68). Before passing to the main statement, we
make a short reminder on local Borel-summability in Sect.8.1. Then we will consider in Sect.8.2 the
simple case of a real renormalized coupling to obtain the local existence of the Borel transform of
our theory. We also show that at fixed order K in perturbation theory, we obtain estimates on the
difference between the global solution and its perturbative expansion up to order K . They imply
that the perturbative theory we constructed is asymptotic to the non-perturbative theory. Finally,
we prove the local Borel summability of our theory in Sect.8.3.

8.1 Reminder on local Borel-summability

We recall the definition of the local Borel summability. Let F (t) be a formal powers series

F (t) :=
∑

n≥0

ant
n . (8.1.1)

The formal power series F (t) is said to be locally Borel-summable if the series

· B(t) :=
∑

n≥0
an
n!
tn has a non-zero radius of convergence r > 0. This is the local existence of

the Borel transform of F (t).

· B(t) can be analytically continued to a neighborhood of the positive real axis.

· The function

g(z) :=
1

z

∫ +∞

0

dt e−
t
zB(t) (8.1.2)

converges for some z ̸= 0.
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Proof. The proof is done by induction in n+K + l, going up in n,K at a fixed value of n+K + l.
For n = 2, the bounds follow from Proposition 7.9. The bounds (8.2.5) can be checked explicitly for
n = 4. Differentiating (7.1.30) l times w.r.t. µ and solving ∂lµ∆f

K+1
n+2 (µ), we get

∂lµ∆f
K+1
n+2 (µ) =

2

n(n+ 1)
∂l+1
µ ∆fK+1

n (µ) +
n− 4

n(n+ 1)
∂lµ∆f

K+1
n (µ)

+
1

n+ 1

∑

n1+n2=n+2
l1+l2=l

(

l

l1

)

[

K
∑

j=1

∂l2µ fn2,K+1−j(µ) ∂
l1
µ∆f

j
n1
(µ) + ∂l1µ fn1(µ) ∂

l2
µ∆f

K+1
n2

(µ)

]

.

(8.2.6)

We analyze each term in the r.h.s. of (8.2.6):

· The first term is bounded as follows

2

n(n+ 1)
CK+n+l

2

(n+K + l + 1)!

(n− 1)!
≤ CK+n+l+1

2

(n+K + l + 2)!

(n+ 1)!

2

C2(n+K + l + 2)
.

(8.2.7)

· The second term is bounded by

n− 4

n(n+ 1)
CK+n+l

2

(n+K + l)!

(n− 1)!
≤ CK+n+l+1

2

(n+K + l + 2)!

(n+ 1)!

(n− 4)

C2n2
. (8.2.8)

· From Proposition 7.5 and the induction hypothesis, the third term is bounded by

1

n+ 1

∑

n1+n2=n+2
l1+l2=l

(

l

l1

) K
∑

j=1

Cj+n1+l1−1
2 C ′K+1−j+n2

2
+l2

(n1 + j + l1 − 1)!

(n1 − 1)!

(K + 1− j + l2 + 1)!

(n2

2
)2 (n2

2
)!

,

(8.2.9)
where we used the (crude) inequality

1

(n2

2
)!

≤ 3

2

(n2 − 2)!

(n2 − 1)!
, n2 ∈ 2N .

Using again the Vandermonde inequality (C.4.11) andm! n! ≤ (m+ n)!, we obtain

1

n!

(

K

j

)(

l

l1

)(

n

n1 − 1

)

(n1 + j + l1 − 1)! (n2 +K − j + l2)! ≤
(n+K + l + 1)!

n!
. (8.2.10)

Since
K
∑

j=1

(

K

j

)−1

≤ 6 ,

if we choose C2 > 2πC ′ the third term is bounded by

1

4
CK+n+l+1

2

(n+K + l + 2)! l

(n+ 1)! (n+K + l + 2)
≤ CK+n+l+1

2

(n+K + l + 2)!

(n+ 1)!

1

4
. (8.2.11)
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· From Lemma 5.5 and the induction hypothesis, we obtain

1

n+ 1

∑

n1+n2
l1+l2=l

(

l

l1

)

Kn1+l1−1
2 (n1 + l1)!

n1! (l1 + 1)2
CK+n2+l2−1

2 (n2 +K + l2)!

(n2 − 1)!
. (8.2.12)

We use again (C.4.11) to get
(

l

l1

)

(n2 +K + l2)! (n1 + l1)!

n1! (n2 − 1)!
=

(

K

0

)(

l

l1

)(

n+ 1

n1

)

1

(n+ 1)!
(n2 +K + l2)! (n1 + l1)!

≤ 1

(n+ 1)!

(

n+K + l + 1

n1 + l1

)

(n2 +K + l2)! (n1 + l1)!

≤ (n− 2 +K + l)
(n+ l +K + 1)!

(n+ 1)!
≤ (n+K + l + 2)!

(n+ 1)!
.

(8.2.13)

Then, the fourth term is bounded by

CK+n+l+1
2

(n+K + l + 2)!

(n+ 1)!

π2

12C2

(8.2.14)

choosing C2 > K2.

Summing together (8.2.7), (8.2.8), (8.2.11) and (8.2.14) we get

|∂lµ∆fK+1
n+2 (µ)| ≤

[

1

C2

+
1

C2

+
1

4
+

π2

12C2

]

CK+n+l+1
2

(n+K + l + 2)!

(n+ 1)!

≤ CK+n+l+1
2

(n+K + l + 2)!

(n+ 1)!
,

(8.2.15)

if we choose C2 > max{K2, 4}.

Lemma 8.1 not only implies the local Borel summability of the regularized renormalized mean-
field perturbation theory but it also gives estimates on the remainders, i.e. the deviation between
the global solution and its perturbative expansion up to orderK .

· At a fixed order in perturbation theory, the estimates (8.2.5) imply that

fn(µ) ∼
g̃→0

K
∑

j=1

g̃j fn,j(µ) , K ≥ 1 . (8.2.16)

This means that the regularized renormalized mean-field perturbation theory is asymptotic to
our non-perturbative mean-field solutions.

· For fixed g̃, the remainders satisfy (8.1.3). In [6], Kopper established the local Borel summabil-
ity of renormalized perturbation theory. His perturbative analysis was carried out for arbitrary
external momenta by expanding the Schwinger functions as a power series in ℏ (loop expan-
sion) instead of an expansion in powers of g̃. The two perturbative expansions are equivalent.
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· Despite the fact that our mean-field smooth solutions fn(µ) are trivial for µmax → +∞, as
long as the UV-cutoff is maintained, the fn(µmax) and the perturbative expansion are non-zero
and the perturbative series is asymptotic to the full solution.

Finally, we collect our findings in

Theorem 8.1 (Local existence of the Borel transform of the regularized renormalized mean-field
perturbative ϕ4

4-theory). Consider the bare interaction lagrangian (5.1.1) and the smooth solutions

fn(µ) of the mean-field flow equations (3.1.11) for the mean-field boundary conditions (5.1.2). We

assume that

0 < c0,4 ≤
K

40π2
, |c0,2| ≤

K

25π4
Λ2

0 , K ≤ 1

30
. (8.2.17)

These mean-field solutions fn(µ) vanish in the UV-limit, i.e.

lim
µmax→+∞

fn(µmax) = 0, n ≥ 2 . (8.2.18)

There exists a renormalized coupling satisfying g(α0) →
α0→0

0 such that for α0 > 0, the renormalized

regularized mean-field CAS functions fn(µ) have a perturbative expansion in powers of g

fn(µ) =
K
∑

j=1

gjfn,j(µ) + gK+1∆fK+1
n (µ) , µ ∈ (Mµmax , µmax] . (8.2.19)

The Borel transform of the regularized renormalized mean-field perturbation exists locally. In particular

we have the following estimates

∣

∣

∣

∣

∣

fn(µ)−
K
∑

j=1

gj fn,j(µ)

∣

∣

∣

∣

∣

≤ gK+1 C̃K+n (n+K)!

(n− 1)!
, n ≥ 2, K ≥ 0 , µ ∈ (Mµmax , µmax] ,

(8.2.20)

for a constant C̃ > 0.

Proof. We consider smooth solutions of the mean-field flow equations fn(µ) constructed from the
ansatz for the mean-field two point function (3.2.68). They are trivial. From Proposition 7.7 we
choose the unique c0,2 such that f2(µmax) =

c
µmax

for some 0 < c < 1
3
. Then the mean-field smooth

solutions have a perturbative expansion w.r.t. g̃ = 1
µmax

. The local existence of the Borel transform of
the regularized renormalized mean-field perturbation theory and the estimates (8.2.20) follow from
Lemma 8.1.

If we choose c = 0, namely the BPHZ renormalization conditions, the renormalized coupling
is unexpectedly of order 1

µ2max
. But we think that this behavior is not generic. We conjecture that

we can still perform a perturbative expansion of the trivial solutions as before and prove the local
existence of the Borel transform of the regularized renormalized mean-field perturbation theory.

In the literature, proofs are usually limited to the local existence of the Borel transform of pertur-
bation theory because explicit expressions of the Schwinger functions are not available. In contrast,
we have an explicit expression of the mean-field two point function f2(µ) and we derived some of
its properties in Sect.7.2.2. In Sect.8.3, we will prove the local Borel summability of the regularized
renormalized mean-field perturbation theory using the Nevanlinna-Sokal theorem.
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8.3 Extension to a complex renormalized coupling and local

Borel summability

Now we turn to the local Borel summability statement by extending our analysis to complex
renormalized couplings. The variable µ remains real. From the perturbative expansion (7.2.53) and
Lemma 7.8 in Sect.7.2.2, F2(µ, y) has an analytic continuation to Ω3 := Ω1 ×D(0, 1

6
). We fix R > 0

such that CR ⊂ D(0, 1
6
) and g̃ ∈ CR.

· The estimates on the mean-field CAS functions fn(µ) established in Lemma 5.5 and the re-
mainders in Lemma 8.1 still hold.

· The first part of the Taylor expansion in the r.h.s. of (7.2.63) is locally analytic w.r.t. g̃.

· To conclude, we need to verify that the remainder is analytic w.r.t. g̃. This is the purpose of
the following lemma.

Lemma 8.2. The remainder ∆fK+1
2 (µ, g̃) is analytic w.r.t. g̃ ∈ CR.

Proof. For t ∈ [0, 1], the integrand in (7.2.64) is obviously analytic w.r.t. g̃. We fix a closed curve
γ ∈ CR. From the uniform bounds (7.2.66) which remain valid in our setting, Fubini’s theorem yields

∮

γ

dg̃ ∆fK+1
2 (µ, g̃) =

1

K!

∫ 1

0

dt(1− t)K
∮

γ

dg̃ ∂K+1
g F2

(

µ, tg̃
)

= 0 . (8.3.1)

We conclude with Morera’s theorem.

From the mean-field non-perturbative flow equations (3.1.11) and the mean-field flow equations
for the remainders (7.1.30), the mean-field trivial solutions fn(µ) satisfy the assumptions of the first
statement of the Nevanlinna-Sokal theorem. We can now state

Theorem 8.2 (Local Borel summability of the regularized renormalized mean-field perturbative
ϕ4
4-theory). Consider the bare interaction lagrangian (5.1.1) and the smooth solutions fn(µ) of the

mean-field flow equations (3.1.11) for the mean-field boundary conditions (3.2.41). We assume that

0 < c0,4 ≤
K

40π2
, |c0,2| ≤

K

25π4
Λ2

0 , K ≤ 1

30
. (8.3.2)

Then these solutions of (3.1.11) fn(µ) vanish in the UV-limit, i.e.

lim
µmax→+∞

fn(µmax) = 0, n ≥ 2 . (8.3.3)

There exists a renormalized coupling satisfying g(α0) →
α0→0

0 such that for α0 > 0, the renormalized

regularized mean-field Schwinger functions fn(µ) have a perturbative expansion in powers of g. The
renormalized regularized mean-field perturbative ϕ4

4-theory is locally Borel-summable.

Proof. We consider the smooth solutions of the mean-field flow equations fn(µ) constructed from
the ansatz for the mean-field two point function (3.2.68). They vanish in the UV-limit. We choose
g(α0) =

1
µmax

. The local Borel summability follows from Lemma 8.1, Lemma 8.2, and theNevanlinna-
Sokal theorem.
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Chapter 9

Conclusions

In this thesis, we analyzed non-perturbatively and perturbatively the ϕ4
4-theory with the renor-

malization group flow equations in the mean-field approximation. For the one-component theory,
the bare interaction lagrangian is given by

LV
0 (ϕ) =

∫

V
d4x
(

c0,2ϕ
2(x) + c0,4ϕ

4(x)
)

.

We did not include the wavefunction renormalization counterterm since it vanishes in the mean-
field approximation. The corresponding boundary conditions in the mean-field approximation for
the rescaled mean-field Schwinger functions fn(µ) are

f2(0) = 2(2π)4α0c0,2, f4(0) = 4π2c0,4, fn(0) = 0, n ≥ 6 .

We proceeded as follows:

· The first step was to drop the weak bare couplings assumptions in [4]. We chose the more
general assumptions on the bare couplings

0 ≤ c0,4 ≤
√
K

27π2
, |c0,2| ≤ Λ2

0

√
K

27π4
, Λ−2

0 = α0 ,

for some finite constant K which is not bounded from above. We again analyzed an ansatz
for the mean-field two-point function of the form

∑

q≥1

bq
xq−1
q

1 + xqq
, xq := qµ .

With the mean-field flow equations, we proved that this ansatz is well defined on [0, µmax].
for the mean-field boundary conditions we considered. The remaining mean-field solutions
fn(µ) of the mean-field equations satisfying the mean-field boundary conditions we imposed,
are constructed inductively from the mean-field flow equations and the ansatz. They are all
well-defined and vanish upon removing the UV-cutoff:

lim
µmax→+∞

fn(µmax) = 0 ,
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meaning that the mean-field theory we constructed is trivial. Then we also discovered that the
uniqueness of the mean-field solutions fn(µ) for fixed mean-field boundary conditions could
not be solved using analyticity properties. This led to non-trivial aspects on analyticity of the
CAS functions. The mean-field solutions fn(µ) are thought not to be analytic at µ = 0, this
should be related to the infinite set of constraints fn(0) = 0, n ≥ 6, forcing all the trajectories
of the Schwinger functions for n ≥ 6 pass through zero at the bare scale.

· We managed to find a way to prove uniqueness, relying on an integral formulation of the
mean-field flow equations. We were inspired by Felder’s approach of deriving the following
partial differential equation

−λ∂λu =
1

2
∂xxu−

1

2
(∂xu)

2 + 4u− x∂xu ,

with an integral formulation. The integral formulation approach turns out to work if the bare
interaction lagrangian is polynomial in the fields and bounded from below, and if the effective
mean-field action is locally analytic w.r.t. the mean field variable.

· We extended our approach to the O(N)-model, we considered the case of a N -component
real scalar field ϕ = [ϕ1, · · · , ϕN ]. This case is not treated in the celebrated papers by
Aizenman, Fröhlich and Duminil-Copin. We treated the model in close analogy to the one-
component theory. We especially analyzed the tensor structure of the mean-field Schwinger
functions to obtain simplified mean-field equations which allow us to apply our method from
the one-component case. We again studied the same ansatz for the two-point function. We
obtained bounds which generalizes those derived in the one-component case, again without
any constraints on the size of the bare couplings. We draw the same conclusion as in the one-
component case: the ansatz is well defined for µ ∈ [0, µmax], leading again to triviality. The
uniqueness proof can be straightforwardly extended to the O(N)-model. As a crosscheck,
we verified that our results in the large N limit results agree with the analysis carried out by
Amit, Moshe and Zinn-Justin in which they resummed perturbation theory in powers of 1

N
.

· We also dropped the technical assumption that m = 0 in the propagator. We thought that
this assumption should not affect the key properties of the theory. In order not to overload
the proofs with technicalities, we analyzed the one-component theory. We chose another
regularized propagator in momentum space

C̃α0,α(p,m) =
e−α0(p2+m2) − e−α(p

2+m2)( 1
m2 + α0 − α)m2

p2 +m2
, α ∈

[

α0,
1

m2
+ α0

]

.

We derived the corresponding mean-field flow equations and studied again the ansatz (3.2.68).
We found that we obtain triviality again. Furthermore, we verified that themean-field effective
action is locally analytic w.r.t. φ for asymptotically free mean-field solutions as in [4].

In the second part of the thesis, we analyzed the relation between triviality and perturbation
theory. We analyzed the mean-field perturbative flow equations and obtained bounds on the mean-
field perturbative CAS functions with BPHZ renormalization conditions.

· We checked that specific renormalization conditions, including the BPHZ renormalization
conditions can be satisfied by our mean-field trivial solutions.
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· We expanded the mean-field trivial solutions fn(µ) perturbatively in a series in a conveniently
chosen renormalized coupling g̃ > 0, up to order K in perturbation theory

fn(µ) =
K
∑

j=1

g̃jfn,j(µ) + g̃K+1∆fK+1
n (µ) .

· We used the bounds on the mean-field perturbative CAS functions to obtain estimates on the
mean-field remainders∆fK+1

n (µ) for a positive renormalized coupling g̃. They imply that for
a fixed UV-cutoff, the perturbative expansion up to a fixed order in perturbation theory exists
and is asymptotic to the global mean-field solutions in the limit g̃ → 0 and the estimates imply
the local existence of the Borel transform of the regularized renormalized mean-field theory.

· Then, we finally proved the local Borel summability of the regularized renormalized mean-
field theory. The estimates obtained in the real coupling case still hold, and it turns out that our
analysis in the real case can be extended to complex couplings. The celebrated Nevanlinna-
Sokal theorem implies the local Borel summability.

We end with remarks and possible perspectives:

· In this thesis, we considered c0,4 > 0 so that the bare lagrangian (3.2.40) is bounded from
below. Nevertheless, the bounds we obtained in this thesis are valid for c0,4 ≤ 0 or c0,4 ∈ C.
However, the uniqueness argument we came up with in Sect.5.1.2 does not work anymore.
The case c0,4 < 0 is related to ultraviolet asymptotic freedom; see e.g. [111] and the literature.
It could be interesting to investigate this case and compare the results with ours and those
obtained in the literature.

· We could study the relation between c0,2 and c0,4 in our fixed-point method and analyze the
specific case c = 0.

· So far we studied the mean-field O(N)-model. The Z2-symmetry is an underlying symmetry
of the theory. It could be interesting to analyze theories breaking this symmetry; we expect
the triviality result to hold. We could also analyze theories with a polynomial bare interaction
lagrangian. This modifies the mean-field boundary conditions and aspects of our proof at a
technical level, but we expect the triviality result to hold.

· So far, we studied real scalar field theories. We could also analyze theories with fermions or
even gauge fields. Such theories have already been analyzed using the flow equations. In
particular, quantum electrodynamics is thought to be trivial since its beta function is positive.

· Finally, it would be natural to drop themean-field approximation. The construction of the CAS
functions would be more complicated. Due to momentum conservation, the n-point functions
actually depend on n−1 external momenta while being symmetric under any permutation of
the external momenta due to the Bose symmetry. Then there also arises the question whether
the so-constructed CAS functions respect the axioms of a (Euclidean) quantum field theory.
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Appendix A

Gaussian measures

A.1 Properties of Gaussian measures

We consider a Gaussian probability measure dµ on the space of continuous real-valued functions
C(Ω), where Ω is a finite (simply connected compact) volume in Rd, d ≥ 1 .

A.1.1 Covariance of a Gaussian measure

We recall here the definition of the covariance of a Gaussian measure, details can be found in
[61]. A Gaussian measure of mean zero is uniquely characterized by its covariance

∫

dµC(φ)φ(x)φ(y) = C̃(x, y) = C̃(y, x) . (A.1.1)

C̃ is a positive non-degenerate bilinear form defined on C∞(Ω)× C∞(Ω) . We assume that C̃(x, y)
is translation invariant, then C(z) := C̃(x, y) , z = x− y , is well defined. Using the notations

⟨φ, J⟩ =
∫

Ω

ddxφ(x)J(x) , ⟨J, CJ⟩ =
∫

Ω

ddxddy J(x)C(x− y)J(y) (A.1.2)

with J ∈ C∞(Ω), the generating functional of the correlation functions is

∫

dµC(φ)e
⟨φ,J⟩ = e

1
2
⟨J,CJ⟩ . (A.1.3)

The generating functional is also called the characteristic functional of the Gaussian measure µC .
For C = (−∆ + I)−1, where ∆ denotes the Laplacian operator in Rd, the corresponding Gaussian
measure µC is supported on distributions with 1 − d

2
− ε continuous derivatives, ε > 0. For a

regularized propagator, the Fourier transform of which falls off rapidly in momentum space, the
Gaussian measure is supported on smooth functions.

A.1.2 Properties of Gaussian measures

We list here some properties of Gaussian measures. Proofs can be found in [61].
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· Integration by parts: Let A(φ) be a polynomial in φ(x) and its derivatives ∂µφ(x).

∫

dµC(φ)φ(x)A(φ) =

∫

dµC(φ)

∫

Ω

ddy C(x− y)
δ

δφ(y)
A(φ) . (A.1.4)

· Translation of a Gaussian measure: Let C be a covariance. Under a change of variable φ =
ϕ+ ψ for ϕ ∈ supp(µC) and ψ such that its Fourier transform ψ̂(p) is compactly supported.

dµC(φ) = e−
1
2
⟨ψ,C−1ψ⟩e−⟨C−1ψ,ϕ⟩dµC(ϕ) . (A.1.5)

· Decomposition of the covariance: Assume that

C = C1 + C2 , Ci > 0 .

Then for A(φ) as in (A.1.4)

∫

dµC(φ)A(φ) =

∫

dµC1(φ1)

∫

dµC2(φ2)A(φ1 + φ2) . (A.1.6)

· Infinitesimal change of covariance: We assume the covariance depends on a parameter t, and
is differentiable w.r.t. t

C(x− y) ≡ Ct(x− y) , Ċt(x− y) :=
d

dt
Ct(x− y) .

Let F (φ) be a smooth functional, integrable w.r.t. µCt
∀t . We have

d

dt

∫

dµCt
(φ)F (φ) =

1

2

∫

dµCt
(φ)

〈

δ

δφ
, Ċt

δ

δφ

〉

F (φ) . (A.1.7)
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Appendix B

Faà di Bruno’s formula

Here we recall the Faà di Bruno formula, discovered first by Faà di Bruno [112].

Proposition B.1. Let I, J,K intervals in R, g : I → J and f : J → K such that g has derivatives

up to order n at x ∈ I , y = g(x) ∈ J and f has derivatives up to order n at y = g(x). Then f ◦ g has
derivatives up to order n at x and

dn

dxn
(f ◦ g)(x) =

n
∑

k=1

dk

dyk
f(y)

∑

p(n,k)

n!
n−k+1
∏

j=1

(g(j)(x))λj

λj! (j!)λj
, (B.0.1)

where g(j)(x) denotes dj

dxj
g(x) and the set p(n, k) is defined as follows

p(n, k) :=

{

(λ1, · · · , λn−k+1) ∈ N
n−k+1,

n−k+1
∑

j=1

λj = k,

n−k+1
∑

j=1

jλj = n

}

. (B.0.2)

The formula (B.0.1) can be rewritten as

dn

dxn
(f ◦ g)(x) =

n
∑

k=1

dk

dyk
f(y) Bn,k(g

′(x), g′′(x), · · · , g(n−k+1)(x)) , (B.0.3)

where we introduced the Bell polynomials

Bn,k(x1, x2, · · · , xn−k+1) :=
∑

p(n,k)

n!
n−k+1
∏

j=1

x
λj
j

λj! (j!)λj
, n ≥ k . (B.0.4)
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Appendix C

A collection of identities and inequalities

We collect here useful identities and inequalities.

C.1 Bound on a sum

Lemma C.1. For n ≥ 12

n

n− 2

∑

n1+n2=n+2
ni≥4,ni∈2N

1

n2
1(n+ 2− n1)2

≤ 1

n2
. (C.1.1)

Proof. First we have for n ≥ 12

∑

n1+n2=n+2
ni≥4,ni∈2N

1

n2
1(n+ 2− n1)2

≤ 1

16

∑

n1+n2=
n
2
+1

ni≥2,ni∈N

1

n2
1(
n
2
+ 1− n1)2

.

We use the decomposition

1

X2(X − A)2
=

1

A2

(

1

X2
+

1

(X − A)2
+

2

AX
− 2

A(X − A)

)

, A > 0 .

We get

∑

n1+n2=n+2
ni≥4,ni∈2N

1

n2
1(n+ 2− n1)2

≤ 1

4(n+ 2)2

∑

2≤n1≤n
2
−1

(

1

n2
1

+
1

(n
2
+ 1− n1)2

+
2

(n
2
+ 1)n1

+
2

(n
2
+ 1)(n

2
+ 1− n1)

)

≤ 1

2(n+ 2)2

(

ζ(2)− 1 +
n− 4

n+ 2

)

≤ 5

6(n+ 2)2
,
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where we used the fact that
∑

2≤n1≤n
2
−1

1
n1

≤ n−4
4

. Therefore we have for n ≥ 12

n

n− 2

∑

n1+n2=n+2
ni≥4

1

n2
1(n+ 2− n1)2

≤ 5

6(n+ 2)2
n

n− 2
≤ 5

6n2

n2

(n+ 2)2
n

n− 2
≤ 1

n2
.

C.2 Derivatives of f
g

We prove

Proposition C.1. For f, g smooth with g > 0,

(

f

g

)(l)

=
1

g

[

f (l) − l!
l
∑

j=1

g(l+1−j)

(l + 1− j)!

1

(j − 1)!

(

f

g

)(j−1)
]

. (C.2.1)

Proof. The proof is done by induction in l ∈ N. For l = 1, the statement is easily verified. Then
differentiating (C.2.1) and using the induction hypothesis, we obtain

(

f

g

)(l+1)

=
f (l+1)

g
− g′f (l)

g2
+
g′

g2

l
∑

j=1

(

l

j − 1

)

g(l+1−j)
(

f

g

)(j−1)

− 1

g

l
∑

j=1

(

l

j − 1

)

(

g(l+2−j)
(

f

g

)(j−1)

+ g(l+1−j)
(

f

g

)(j)
)

=
f (l+1)

g
− g′

g

(

f

g

)(l)

− g(l+1)

g

f

g
− l

g′

g

(

f

g

)(l)

− 1

g

l
∑

j=2

[

(

l

j − 1

)

+

(

l

j − 2

)

]

g(l+2−j)
(

f

g

)(j−1)

=
1

g

[

f (l+1) − (l + 1)!
l+1
∑

j=1

g(l+2−j)

(l + 2− j)!

1

(j − 1)!

(

f

g

)(j−1)
]

,

(C.2.2)

where we used
(

n

k

)

+

(

n

k − 1

)

=

(

n+ 1

k

)

, n ∈ N0 , k ∈ N . (C.2.3)

C.3 Proofs of useful inequalities used in the proof of Propo-

sition 5.1

Here we prove the inequalities stated without proof in the proof of Proposition 5.1.
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C.3.1 Proof of (F.2.5)

We have
((k + 1)(k + 2))

1
4 |k − 2|!

n2
≤ k! , n ≥ 4, k ≥ 0 . (C.3.1)

Proof. · The bound is obvious for 0 ≤ k ≤ 1.

· For k ≥ 2, we have

((k + 1)(k + 2))
1
4 (k − 2)!

n2
≤

√
k + 2 (k − 2)!

n2

≤
√
k + 2

k − 1

(k − 1)!

n2
≤ 2

(k − 1)!

n2
≤ (k − 1)! .

(C.3.2)

C.3.2 Proofs of (F.2.10),(F.2.12)

Lemma C.2. We have for k ≥ 1 and n ≥ 4

(

k(k + 1)(k + 2)
) 1

4
∣

∣

∣

n

4
+ k − 4

∣

∣

∣! ≤ Ca

(n

4
+ k − 1

)

! , (C.3.3)

for a constant Ca which does not depend on n, k.

Proof. First we treat the cases such that n
4
+ k < 4 Since the number of these cases is finite, the

inequality (C.3.3) stands for a constant C > 0 which does not depend on C. Then for the remaining
cases we have

(

k(k + 1)(k + 2)
) 1

4
(n

4
+ k − 4

)

! ≤

(

k(k + 1)(k + 2)
) 1

4

n
4
+ k − 3

(n

4
+ k − 3

)

!

≤ C ′
(n

4
+ k − 1

)

! ,

(C.3.4)

for a constant C ′. Then (C.3.3) follows upon choosing Ca = max(C, C ′).

The inequality (F.2.12) is proven analogously.

C.3.3 Proof of (F.2.23)

We introduce the Beta function, also called Euler integral of the first kind, defined for complex
numbers z1, z2 such that Re(z1) > 0 and Re(z2) > 0 by

B(z1, z2) :=

∫ 1

0

dt tz1−1(1− t)z2−1 . (C.3.5)
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The Beta function is related to the Gamma function through

B(z1, z2) =
Γ(z1)Γ(z2)

Γ(z1 + z2)
. (C.3.6)

Then we have form ∈ N0

m!
(

m+ 1
2

)

!
=

Γ(m+ 1)

Γ
(

m+ 3
2

) =
1√
π
B
(

m+
1

2
,
1

2

)

. (C.3.7)

Using the integral definition of the Beta function (C.3.5) we have

m!
(

m+ 1
2

)

!
=

1√
π

∫ 1

0

dt
tm√
1− t

=
2√
π

∫ 1

0

dt (1− t2)m

=
2√
π

∫ π
2

0

dt sin2m+1(t) =
2√
π
W2m+1 ,

(C.3.8)

where {Wn}n∈N0 designates the sequence of Wallis integrals. It is well known that

W2m+1 =
1

2m+ 1

4m
(

2m
m

) . (C.3.9)

The inequality (F.2.23) is a consequence of

Lemma C.3. √
π

2

√

m+
1

2
≤ 4m
(

2m
m

) , m ∈ N0 . (C.3.10)

Proof. The proof is done by induction in m ≥ 0. For m = 0, the claim is obvious. For m ≥ 1, we
have

√
π

2

√

m+
1

2
=

√
π

2

√

m− 1

2

√

1 +
1

m− 1
2

≤
√
3
4m−1

(

2m−2
m−1

) =
√
3
4m−1

(

2m
m

)

m

2(2m− 1)
≤ 4m
(

2m
m

) .

C.4 Useful inequalities for the proof of Proposition 7.2

In order to derive bounds on the derivatives ∂kαAα0,α
n,j , we will first prove useful and elementary

bounds which we will use in the proof of Proposition 7.2.

Lemma C.4. For l ∈ N0, n ∈ N,

∑

l1+l2=l
li≥0

1

(l1 + 1)2(l2 + 1)2
≤ 5

(l + 1)2
,

∑

l1+l2=l
li≥1

1

(l1 + 1)2(l2 + 1)2
≤ 3

(l + 1)2

∑

n1+n2=n+1
ni≥1

1

n3
1n

3
2

≤ 4

n3
.

(C.4.1)
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Proof. For l ≤ 5, the inequality can be verified by hand. For l > 5, we have

∑

l1+l2=l
li≥0

1

(l1 + 1)2(l2 + 1)2
=

2

(l + 1)2
+

l−1
∑

k=1

1

(k + 1)2(l − k + 1)2

≤ 2

(l + 1)2
+

∫ l

0

dx

(x+ 1)2(l − x+ 1)2
=

2

(l + 1)2

+

∫ l+1

1

dx
(a+ bx

x2
+

c− bx

(l + 2− x)2

)

,

(C.4.2)

where

a =
1

(l + 2)2
, b =

2

(l + 2)3
, c =

3

(l + 2)2
. (C.4.3)

Then the integral equals

1

(l + 2)2

(

2

[

1− 1

l + 1

]

+
4

l + 2
ln(l + 1)

)

≤ 3

(l + 1)2
, l > 5 . (C.4.4)

The second statement in (C.4.1) follows directly from the first one, since a factor 2
(l+1)2

is subtracted
on the l.h.s.

Again we can verify the inequality for n ≤ 5. Assuming now that n > 5, we proceed as above
and we obtain

∑

n1+n2=n+1
ni≥1

1

n3
1n

3
2

=
∑

ni≥0
n1+n2=n−1

1

(n1 + 1)3(n2 + 1)3

≤ 2

n3
+ sup

1≤n1≤n−1

1

(n1 + 1)(n− n1)

∑

1≤ni
n1+n2=n−1

1

(n1 + 1)2(n2 + 1)2

≤ 2

n3
+

1

2(n− 1)

∑

1≤n1≤n−2

1

(n1 + 1)2(n− n1)2
≤ 2

n3
+

1

2(n− 1)

3

n2

≤ 4

n3
,

(C.4.5)

where we used the second statement in (C.4.1).

Lemma C.5. · For integers n ≥ 3, l ≥ 0, λ ≥ 0

∑

n1+n2=n+1
ni≥1
l1+l2=l

λ1≤l1,λ2≤l2
λ1+λ2=λ

1

(l1 + 1)2(l2 + 1)2n2
1n

2
2

n!

n1! n2!

λ!

λ1! λ2!

(n1 + l1 − 1)! (n2 + l2 − 1)!

(n+ l − 1)!
≤ K0

1

(l + 1)2
1

n2
,

(C.4.6)
where we may choose K0 = 20.

· For n ≥ 1, n1 = 1, n2 = n
∑

l1+l2=l
λ1≤l1,λ2≤l2
λ1+λ2=λ

1

(l1 + 1)2(l2 + 1)2n2
1n

2
2

n!

n1! n2!

λ!

λ1! λ2!

(n1 + l1 − 1)! (n2 + l2 − 1)!

(n+ l − 1)!
≤ K ′

0

1

(l + 1)2
1

n2
,

(C.4.7)
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where we may choose K ′
0 = 5.

· For integers n ≥ 3, l ≥ 0, λ ≥ 0, k ≥ α, α ∈ N0.

∑

n1+n2=n+1
ni≥1
l1+l2=l

λ1≤l1,λ2≤l2
λ1+λ2=λ
k1+k2=k−α

(k − α)!

k1! k2!

(n1 + l1 + k1)! (n2 + l2 + k2)!

(l1 + 1)2(l2 + 1)2n2
1n

2
2 (n+ l + k − α + 1)!

(n+ 1)!

n1! n2!

λ!

λ1! λ2!

1

(k1 + 1)2(k2 + 1)2

≤ K ′′
0

1

(l + 1)2
1

n2

1

(k − α + 1)2
,

(C.4.8)

where we may choose K ′′
0 = 75.

· For integers n ≥ 1, k ≥ 0, n1 = 1, n2 = n

∑

l1+l2=l
λ1≤l1,λ2≤l2
λ1+λ2=λ
k1+k2=k−α

(k − α)!

k1! k2!

(l1 + k1 + 1)! (n+ l2 + k2)!

(l1 + 1)2(l2 + 1)2n2 (n+ l + k − α + 1)!

(n+ 1)!

n!

λ!

λ1! λ2!

1

(k1 + 1)2(k2 + 1)2

≤ K ′′′
0

1

(l + 1)2
1

n2

1

(k − α + 1)2
,

(C.4.9)

where we may choose K ′′′
0 = 25.

Proof. First for n1, n2 ≥ 1, l1, l2, λ1, λ2 ≥ 0

n!

n1! n2!

λ!

λ1! λ2!

(n1 + l1 − 1)! (n2 + l2 − 1)!

(n+ l − 1)!

=
n

n1n2

(

n− 1

n1 − 1

)(

λ

λ1

)[(

n+ l − 1

n1 + l1 − 1

)]−1

.

(C.4.10)

From the Vandermonde identity, we have the following inequality

(

a

b

)(

c

d

)

≤
(

a+ c

b+ d

)

, a, b, c, d ∈ N0 . (C.4.11)

Then we show that for l = l1 + l2,

∑

λ1≤l1,λ2≤l2,
λ1+λ2=λ

λ!

λ1! λ2!
≤
(

l

l1

)

. (C.4.12)

We proceed as follows: we assume that l ≥ 1 and without loss l2 ≤ l1. By induction on 0 ≤ a ≤ l2
we prove that

Ak :=

[(

l

l1

)]−1
∑

λ1≤l1,λ2≤l2,
λ1+λ2=λ−a

(l − a)!

λ1! λ2!
≤ 1 . (C.4.13)
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We start fromA0 = 1 since in the sum, only λ2 = l2 and λ1 = l1 are allowed when a = 0. Assuming
that for a ≥ 1, Aa−1 ≤ 1, we find

Aa =
l1 − (a− 1)

l − (a− 1)
Aa−1 +

[(

l

l1

)]−1(
l − a

l1

)

≤ 1− l2
l − (a− 1)

+
l2
l

(l2 − 1) · · · (l2 − (a− 1))

(l − 1) · · · (l − (a− 1))
.

(C.4.14)

The latter expression equals 1 for a = 1. For a > 1, we can bound the upper bound in (C.4.14) by

1− l2
l − (a− 1)

(

1− (l2 − 1)(l2 − 2) · · · (l2 − (a− 1))

l(l − 1) · · · (l − (a− 2))

)

≤ 1 . (C.4.15)

For l2 < a ≤ l, the sum in Aa does not contain more non-vanishing terms than the one in Aa−1 and
we can bound them as follows:

(l − a)!

λ1! λ2!
≤ (l − (a− 1))!

(λ1 + 1)! λ2!
. (C.4.16)

Therefore, in that case, we have Aa ≤ Aa−1. Now, from (C.4.11) and (C.4.12) we have

∑

λ1≤l1,λ2≤l2
λ1+λ2=λ

n

n1n2

(n1 + l1 − 1)!

(n1 − 1)! λ1!

(n2 + l2 − 1)!

(n2 − 1)! λ2!

(n− 1)! λ!

(n+ l − 1)!
≤ n

n1n2

. (C.4.17)

Using Lemma C.4 we obtain statement (C.4.6). Proof of statement (C.4.7) follows the proof of (C.4.6).

To prove statements (C.4.8)-(C.4.9), we note that for n1, n2 ≥ 1, k1, k2, l1, l2, λ1, λ2 ≥ 0 and
0 ≤ α ≤ k

(k − α)!

k1! k2!

(n+ 1)!

n1! n2!

λ!

λ1! λ2!

(n1 + l1 + k1)! (n2 + l2 + k2)!

(n+ l + k − α + 1)!

=

(

k − α

k1

)(

n+ 1

n1

)(

λ

λ1

)[(

n+ l + k − α + 1

n1 + l1 + k1

)]−1

.

(C.4.18)

Then from (C.4.11) we have
(

k − α

k1

)(

n+ 1

n1

)(

l

l1

)

≤
(

n+ l + k − α + 1

n1 + l1 + k1

)

. (C.4.19)

Then the rest of the proof is identical to the proof of (C.4.6). Proof of statement (C.4.9) follows from
the proof of (C.4.8).

Lemma C.6. For s ∈ N, l ∈ N0 and α0 ≤ α ≤ αmax =
1
m2 ,

l
∑

λ=0

1

2λλ!

∫ α

α0

dα′α′s−1(1− ln(m2α′))λ ≤ 2αs

s

l
∑

λ=0

1

2λλ!
(1− ln(m2α))λ . (C.4.20)

Proof. Through successive integration by parts, we obtain for 0 ≤ λ ≤ l
∫ α

α0

dα′α′s−1(1− ln(m2α′))λ ≤ αs

s
(1− ln(m2α))λ +

λ

s

∫ α

α0

dα′α′s−1(1− ln(m2α′))λ−1

≤ αs

s
λ!

λ
∑

ν=0

(1− ln(m2α))ν

ν!

1

sλ−ν
.

(C.4.21)
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Summing over λ, we get

l
∑

λ=0

1

2λλ!

∫ α

α0

dα′α′s−1(1− ln(m2α′))λ ≤ αs

s

l
∑

λ=0

1

2λ

λ
∑

ν=0

(1− ln(m2α)ν

ν!

1

sλ−ν

=
αs

s

l
∑

ν=0

(1− ln(m2α))ν

2νν!

l−ν
∑

λ=0

1

(2s)λ

≤ 2αs

s

l
∑

ν=0

(1− ln(m2α))ν

2νν!
.

(C.4.22)

C.5 Proofs of (7.2.21) and (7.2.22)

C.5.1 Proof of (7.2.21)

We have
(3

2

)n (n− 1)!

(n+ 1)n
≤
( 7

10

)n 3

10
, n ≥ 4 . (C.5.1)

Proof. We set

an :=
(15

7

)n (n− 1)!

(n+ 1)n
, n ≥ 1 . (C.5.2)

We have for n ≥ 1

an+1

an
=

15

7

n(n+ 1)n

(n+ 2)n+1

≤ 15

7

(

1− 1

n+ 2

)n+1

≤ 15

7
e−

5
6 ≤ 1 .

(C.5.3)

Therefore we have

an ≤ a4 ≤
3

10
. (C.5.4)

C.5.2 Proof of (7.2.22)

We have
3

10
+ 2x

(5

7

)n

+
( 10

7(n+ 1)

)n

≤ x , x ≥ 1, n ≥ 4 . (C.5.5)

Proof. It is sufficient to prove the claim for n = 4. For n = 4 we have

3

10
+ 2x

(5

7

)4

+
(2

7

)4

≤ x⇔ x ≥ 7363

11510
. (C.5.6)
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Appendix D

Bounds on the derivatives of functions

H(µ̃), h(µ̃)

Lemma D.1.

0 <
1

H(µ̃)
≤ C , µ ∈ [0, µ̃max] . (D.0.1)

Proof. We choose α0 ≤ 1
2m2 so that β̃0 ≤ 1

2
. Obviously H(µ) > 0 for µ̃ ∈ [0, ˜̃µmax]. We have

successively

· For µ̃ ∈ [0,− ln(2β̃0)], we have H(µ̃) ≥ c(1 + β̃0 − 1
2
) ≥ c

2
> 0 .

· For µ̃ ∈ [− ln(2β̃0), µmax] we have

H(µ̃) ≥ h(µ̃) ≥ 1

4

∫

k

e−
3k2

2

k2 + 1
≥ 1

4e
3
2

∫

k,|k|≤1

1

k2 + 1
≥ 1

8e
3
2

∫

k,|k|≤1

1 =
c

16e
3
2

. (D.0.2)

Choosing C := 256 e
3
2 π2 , the bound (D.0.1) is satisfied.

The next two Lemmata provide bounds on the derivatives of h(µ̃) defined in (6.1.11).

Lemma 6.1. For l ≥ 0 and µ̃ ∈ [0, µ̃max]

|∂lµ̃h(µ̃)| ≤ 5l(l + 1)l−1c . (6.1.16)

Proof. The proof is done by induction in l ≥ 0. First we note that |h(µ̃| ≤ c for µ̃ ∈ [0, µ̃max]. For
l = 1 we have

|∂µ̃h(µ̃)| = |(2 + β̃0e
µ̃)h(µ̃)− cβ̃0e

µ̃| ≤ (4 + 2β̃0)c ≤ 5c ,

if β̃0 ≤ 1
2
. Using Leibniz’s rule, we obtain for l ≥ 1

∂lµ̃h(µ̃) =
l−1
∑

l1=0

(

l − 1

l1

)

(2δl1,0 + β̃0e
µ̃)∂l−1−l1

µ̃ h(µ̃)− cβ̃0e
µ̃ . (D.0.3)
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Inserting the induction hypothesis in the r.h.s. of (D.0.6) we get

|∂lµ̃h(µ̃)| ≤
l−1
∑

l1=0

(

l − 1

l1

)

(3 + β̃0)5
l−1−l1(l − l1)

l−2−l1c+ c(1 + β̃0)

≤ (3 + β̃0)5
l−1

l−1
∑

l1=0

(

l − 1

l1

)

ll−1−l1c+ c(1 + β̃0)

≤ (3 + β̃0)5
l−1(l + 1)l−1c+ c(1 + β̃0)

≤ 5l(l + 1)l−1c

(

7

10
+

3

2 · 5l
)

≤ 5l(l + 1)l−1c .

(D.0.4)

Now we prove a stronger version of Lemma 6.1.

Lemma D.2. For l ≥ 0 and µ̃ ∈ [0, µ̃max]

|∂lµ̃h(µ̃)| ≤ c (5 e)l|l − 1|! . (D.0.5)

Proof. The proof is done by induction in l ≥ 0 . To start the induction, we note |h(µ̃)| ≤ c for
µ̃ ∈ [0, µ̃max] . For l = 1 we have

|∂µ̃h(µ̃)| = |(2 + β̃0e
µ̃)h(µ̃)− cβ̃0e

µ̃| ≤ (4 + 2β̃0)c ≤ c 5 e ,

since β̃0 ≤ 1
2
. Using Leibniz’ s rule, we obtain for l ≥ 1

∂lµ̃h(µ̃) =
l−1
∑

l1=0

(

l − 1

l1

)

(2δl1,0 + β̃0e
µ̃)∂l−1−l1

µ̃ h(µ̃)− c β̃0 e
µ̃ . (D.0.6)

Inserting the induction hypothesis in the r.h.s. of (D.0.6) we get

|∂lµ̃h(µ̃)| ≤
l−1
∑

l1=0

(

l − 1

l1

)

(3 + β̃0)(5e)
l−1−l1 |l − 2− l1|! c+ c(1 + β̃0)

≤ (3 + β̃0)(5e)
l−1

l−1
∑

l1=0

(

l − 1

l1

)

(l − 1− l1)! c+ c (1 + β̃0)

≤ (3 + β̃0)(5e)
l−1(l − 1)! e c+ c(1 + β̃0)

≤ c (5e)l(l − 1)!

(

7

10
+

3

2 · 8l
)

≤ c (5e)l(l − 1)! .

(D.0.7)

Lemma D.3. For l ≥ 0, µ̃ ∈ [0, µ̃max] ,

|∂lµ̃H(µ̃)| ≤ 3 c (5e)l|l − 1|! . (D.0.8)
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Proof. From Lemma D.2

|∂lµ̃H(µ̃)| ≤ |c (1+ β̃0) δl,0 − c β̃0 e
µ̃|+ |∂lµ̃h(µ̃)| ≤ 3 c+ c (5e)l|l−1|! ≤ 3 c (5e)l|l−1|! . (D.0.9)

Lemma D.4. For l ≥ 1 and µ̃ ∈ [0, µ̃max] ,

|∂lµ̃ ln(H(µ̃))| ≤ cC l (5e)l+1 2l (l − 1)! . (D.0.10)

Proof. For l = 1 the bounds derived for h, ∂µ̃h in Lemmas D.1 and D.3 yield :

|∂µ̃ lnH(µ̃)| ≤ cC 15 e ≤ cC 50 e2 . (D.0.11)

For l ≥ 1, using (5.1.27), we get

∂l+1
µ̃ lnH(µ̃) = ∂lµ̃

(

∂µ̃H(µ̃)

H(µ̃)

)

=
1

H(µ̃)

[

∂l+1
µ̃ H(µ̃)− l!

l
∑

j=1

∂l+1−j
µ̃ H(µ̃)

(l + 1− j)! (j − 1)!
∂j−1
µ̃

(

∂µ̃H(µ̃)

H(µ̃)

)

]

.

(D.0.12)

Since ∂j−1
µ̃

(

∂µ̃H(µ̃)

H(µ̃)

)

= ∂jµ̃ lnH(µ̃), we can then proceed by induction on the r.h.s. of (D.0.12).

From Lemma D.3, we obtain

|∂l+1
µ̃ lnH(µ̃)| ≤ C

[

c (5e)l+1l! + l!
l
∑

j=1

4c(5e)l+1−j(l − j)!

(l + 1− j)! (j − 1)!
cCj(5e)j+12j(j − 1)!

]

≤ cC l+1(5e)l+2
[ l!

5eC l
+ 4cl!

l
∑

j=1

2j
]

≤ cC l+1(5e)l+22l+1l!
[ 1

10eC
+

1

4π2

]

≤ c C l+1 (5e)l+2 2l+1l! .

(D.0.13)

From Lemmas D.2-D.4, one sees that h(µ̃), H(µ̃) and ln(H(µ̃)) are all analytic w.r.t. µ̃.
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Appendix E

Bounds on the mean-field solutions

implying analyticity of the mean-field

effective action w.r.t. the mean-field

variable φ

E.1 Proof of Proposition 3.1

Proposition 3.1. For K ≥ sup(K1, 4) and if f2(µ) satisfies the bounds (3.2.6), then for n ∈ 2N + 2,
l ≥ 0 and µ ∈ [0, µmax]

|∂lµfn(µ)| ≤
Kn+l−2δl+1

(l + 1)2
(n+ l − 2)!

(n− 2)!
. (3.2.7)

Proof. The proof is done by induction in n + l ≥ 2, going up in n. Due to assumption (3.2.6), the
bounds (3.2.7) are satisfied for n = 2. For n ≥ 4, we insert the induction hypothesis in (3.1.11) and
it is straightforward to see that the bounds (3.2.7) hold. For n ≥ 4, we differentiate (3.1.11) l times
w.r.t. µ and we bound the r.h.s. with the induction hypothesis. We obtain

|∂lµfn+2(µ)|

≤ δl+2

n+ 1

∑

n1+n2=n+2
ni≥4

∑

l1+l2=l

(

l

l1

)

Kn+l−2

(l1 + 1)2 (l2 + 1)2
(n1 + l1 − 2)! (n2 + l2 − 2)!

(n1 − 2)! (n2 − 2)!

+
δl+1

n+ 1

∑

l1+l2=l

(

l

l1

)

Kn+l1−2

(l1 + 1)2
(n+ l1 − 2)!

(n− 2)!

[

δ
K2+l2−2

(l2 + 1)2
2(2 + l2 − 2)! + δl2,0

(

1− 4

n

)]

+
2δl+2

n(n+ 1)

Kn+l+1−2

(l + 2)2
(n+ l + 1− 2)!

(n− 2)!
.

(E.1.1)

We use (5.1.56) to obtain
(

l

l1

)

(n1 + l1 − 2)! (n2 + l2 − 2)!

(n1 − 2)! (n2 − 2)!
=

(

l

l1

)(

n− 2

n1 − 2

)

(n1 + l1 − 2)! (n2 + l2 − 2)!

(n− 2)!

≤ (n+ l − 2)!

(n− 2)!

(E.1.2)
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and

(

l

l1

)

(n+ l1 − 2)! (2 + l2 − 2)!

(n− 2)! (2− 2)!
≤ (n+ l − 2)!

(n− 2)!
. (E.1.3)

Therefore we find that (E.1.1) is bounded by

δl+2

n+ 1

∑

n1+n2=n+2
ni≥4

∑

l1+l2=l

Kn+l−2

(l1 + 1)2 (l2 + 1)2
(n+ l − 2)!

(n− 2)!

+
δl+1

n+ 1

∑

l1+l2=l

Kn+l−2

(l1 + 1)2
(n+ l − 2)!

(n− 2)!

[ 2δ

(l2 + 1)2
+ δl2,0

(

1− 4

n

)]

+
2δl+2

n(n+ 1)

Kn+l+1−2

(l + 2)2
(n+ l + 1− 2)!

(n− 2)!
.

(E.1.4)

We have used the fact that in the second sum, the Kronecker symbol δl2,0 only selects the term
corresponding to l1 = l so that we have the right combinatorial factor. We now chooseK sufficiently
large (we will detail at the end of the proof the possible values of K) such that for n ≥ 6

δl+2

n+ 1

∑

n1+n2=n+2
ni≥4

∑

l1+l2=l

1

(l1 + 1)2 (l2 + 1)2
≤ 1

3

K2

(l + 1)2
(n+ l)(n+ l − 1)

n(n− 1)
(E.1.5)

and

1

n+ 1

∑

l1+l2=l

1

(l1 + 1)2 (l2 + 1)2

[

2δ + δl2,0

(

1− 4

n

)]

≤ K2

2(l + 1)2
(n+ l)(n+ l − 1)

n(n− 1)
(E.1.6)

and
2δ

n(n+ 1)

1

(l + 2)2
≤ K

6

1

(l + 1)2
n+ l

n(n− 1)
. (E.1.7)

Then (E.1.4) is finally bounded by

[1

3
+

1

2
+

1

6

]δl+1Kn+l

(l + 1)2
(n+ l)!

n!
. (E.1.8)

If δ = 1 andK1 ≤ 4,K = 4 is admissible and if δ < 1 andK1 < 4, we can choose smaller values of
K .

E.2 Proof of Proposition 6.1

Proposition 6.1. For a suitable K > sup(K1,
1
δ
, C) with C the constant in Lemma D.1 and f2(µ̃)

satisfying (6.1.17), the mean field solutions fn(µ̃) of (6.1.9) are smooth and for µ̃ ∈ [0, µ̃max], n ≥ 2 and
l ≥ 0,

|∂lµ̃fn(µ̃)| ≤ Kn+l−25lδl+1 |n+ l − 4|n+l−4

(n− 2)!
. (6.1.18)
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Proof. We prove the proposition by induction inN = n+ l ≥ 2. The bounds hold for the two-point
function from the assumption (6.1.17). For n ≥ 2 we derive l times w.r.t. µ̃ (6.1.9) and we isolate
H(µ̃)∂lµfn+2(µ̃) in the l.h.s. of (6.1.9). We obtain

H(µ̃)∂lµ̃fn+2(µ̃) =
2

n(n+ 1)
∂l+1
µ̃ fn(µ̃) +

n− 4

n(n+ 1)
∂lµ̃fn(µ̃) +

1

n+ 1
β̃0∂

l
µ̃

(

eµ̃fn(µ̃)
)

−
l
∑

l1=1

(

l

l1

)

∂l1µ̃H(µ̃)∂l−l1µ̃ fn+2(µ̃)

+
1

n+ 1

∑

l1+l2=l

∑

n1+n2=n+2

(

l

l1

)

(

(2 + β̃0)δl1,0 − β̃0e
µ̃
)

∂l2µ̃

(

fn1(µ̃)fn2(µ̃)
)

.

(E.2.1)

Inserting the induction hypothesis in the r.h.s. of (E.2.1) and using Lemma 6.1 we get

H(µ̃)|∂lµ̃fn+2(µ̃)| ≤
2

n(n+ 1)
Kn+l−15l+1δl+2 |n+ l − 3|n+l−3

(n− 1)!

+
n− 4

n(n+ 1)
Kn+l−25lδl+1 |n+ l − 4|n+l−4

(n− 2)!

+
1

n+ 1
β̃0

l
∑

l1=0

(

l

l1

)

eµ̃Kn+l−l1−25l−l1δl−l1+1 |n+ l − l1 − 4|n+l−l1−4

(n− 2)!

+
l
∑

l1=1

(

l

l1

)

c(β̃0e
µ̃ + 5l1(l1 + 1)l1−1)Kn+l−l15l−l1δl−l1+1 (n+ l − l1 − 2)n+l−l1−2

n!

+
1

n+ 1

∑

n1+n2=n+2

l
∑

l1=0

l−l1
∑

l2=0

(

l

l1

)(

l − l1
l2

)

(

(2 + β̃0)δl1,0 + β̃0e
µ̃
)

Kn1+l2−25l2δl2+1 |n1 + l2 − 4|n1+l2−4

(n1 − 2)!

×Kn2+l−l1−l2−25l−l1−l2δl−l1−l2+1 |n2 + l − l1 − l2 − 4|n2+l−l1−l2−4

(n2 − 2)!
.

(E.2.2)

We focus on the five terms in the r.h.s. of (E.2.2).

· For the first term, we get

2

n(n+ 1)
Kn+l−15l+1δl+2 |n+ l − 3|n+l−3

(n− 1)!
≤ Kn+l5lδl+1 (n+ l − 2)n+l−2

n!

5δ

K
, (E.2.3)

where we used

|n+ l − 3|n+l−3 ≤ (n+ l − 2)n+l−2 , n ≥ 2, l ≥ 0 . (E.2.4)
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· For the second term we obtain

n− 4

n(n+ 1)
Kn+l−25lδl+1 |n+ l − 4|n+l−4

(n− 2)!
≤ Kn+l5lδl+1 (n+ l − 2)n+l−2

n!

2

K2
, (E.2.5)

where we used

n |n+ l − 4|n+l−4 ≤ 2(n+ l − 2)n+l−2 , n ≥ 2, l ≥ 0 . (E.2.6)

· The third term is bounded by

1 + β̃0
n+ 1

Kn+l−25lδl+1

l
∑

l1=0

(

l

l1

) |n+ l − l1 − 4|n+l−l1−4

(n− 2)!
, (E.2.7)

because Kδ > 1. For n = 2 we have

l
∑

l1=0

(

l

l1

)

|l − l1 − 2|l−l1−2 ≤
l
∑

l1=0

(

l

l1

)

(l1 + 1)l1 ≤ (l + 2)l ≤ lle2 . (E.2.8)

For n ≥ 4 we obtain

l
∑

l1=0

(

l

l1

)

(n+ l − l1 − 4)n+l−l1−4

(n− 2)!
≤ (n+ l − 3)n+l−4

(n− 2)!
≤ (n+ l − 2)n+l−2

(n− 2)! (n+ l − 2)2
. (E.2.9)

From (E.2.8) and (E.2.9), (E.2.7) is bounded by

Kn+l5lδl+1 (n+ l − 2)n+l−2

n!

3e2

2K2
. (E.2.10)

· The fourth term does not exist if l = 0. For l ≥ 1 it is bounded by

cKn+l−15lδl−1+1
[

2
l
∑

l1=1

(

l

l1

)

(n+ l − 3)n+l−l1−2

n!

+
l
∑

l1=1

(

l

l1

)

(l1 + 1)l1−1 (n+ l − l1 − 2)n+l−l1−2

n!

]

,

(E.2.11)

because Kδ > 1. The first sum in (E.2.11) is obviously bounded by (n + l − 2)n+l−2. For the
other sum, we use the following formula from Sect. 3 in [113]

m
∑

r=0

(

m

r

)

(r + 1)r−1(x− r)m−r = (x+ 1)m , m ∈ N, x ∈ N0 . (E.2.12)

Using (E.2.12), it turns out that

l
∑

l1=1

(

l

l1

)

(l1 + 1)l1−1(n+ l − l1 − 2)n+l−l1−2

≤
n+l−2
∑

l1=0

(

n+ l − 2

l1

)

(l1 + 1)l1−1(n+ l − l1 − 2)n+l−l1−2

≤ (n+ l − 1)n+l−2 ≤ (n+ l − 2)n+l−2e .
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Therefore, (E.2.11) is bounded by

Kn+l5lδl+1 (n+ l − 2)n+l−2

n!

(2 + e)c

Kδ
. (E.2.13)

· The fifth term is bounded by

3 + 2β̃0
n+ 1

Kn+l−25lδl+2
∑

n1+n2=n+2

l
∑

l1=0

l−l1
∑

l2=0

(

l

l1

)

F ′(l, l1, l2, n1, n2) .

where we introduce for simplicity and compactness

F ′(l, l1, l2, n1, n2) :=

(

l − l1
l2

) |n1 + l2 − 4|n1+l2−4

(n1 − 2)!

|n2 + l − l1 − l2 − 4|n2+l−l1−l2−4

(n2 − 2)!
.

Let (n1, n2) ∈ {2, · · · , n}2 such that n1 + n2 = n+ 2 and 0 ≤ l1 ≤ l.

ś First case n1 = 2, n2 = n: we distinguish two cases. If n = 2 we get, using (E.2.12)

l
∑

l1=0

l−l1
∑

l2=0

(

l

l1

)

F ′(l, l1, l2, 2, 2) ≤
l
∑

l1=0

l−l1
∑

l2=0

(

l

l1

)(

l − l1
l2

)

(l2 + 1)l2−1(l − l1 − l2)
l−l1−l2

≤
l
∑

l1=0

(

l

l1

)

(l + 1− l1)
l−l1 ≤ lle2 .

For n ≥ 4, using again (E.2.12), we obtain the following bound

1

n+ 1

l
∑

l1=0

l−l1
∑

l2=0

(

l

l1

)

F ′(l, l1, l2, 2, n) ≤
(n+ l − 2)n+l−2

n!

n

(n+ l − 2)2
. (E.2.14)

Overall we obtain the following bound for the double sums

1

n+ 1

l
∑

l1=0

l−l1
∑

l2=0

(

l

l1

)

F ′(l, l1, l2, 2, n) ≤
(n+ l − 2)n+l−2

n!
e2 . (E.2.15)

ś The case n1 = n, n2 = 2 is symmetric with the previous case.

ś The case ni ≥ 4 is relevant when n ≥ 6. We distinguish the case where one of the ni’s
is equal to 4 and the other case ni > 4 (this case is relevant for n ≥ 10). The first case
is treated the same way as in the previous cases. The computation gives the bound (we
choose here n1 = 4)

1

n+ 1

l
∑

l1=0

l−l1
∑

l2=0

(

l

l1

)

F ′(l, l1, l2, 4, n− 2) ≤ (n+ l − 2)n+l−2

n!
2 .

For ni > 4, we use the following inequalities

nne−n
√
n ≤ n! ≤ enne−n

√
n , n ≥ 1 . (E.2.16)
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They obviously hold for n = 1 while for n ≥ 2, they follow from (6.1.20).

Let (n1, n2) ∈ {6, n − 4}2 such that n1 + n2 = n + 2 and 0 ≤ l1 ≤ l. Then for
0 ≤ l2 ≤ l − l1 we use (E.2.16) and (5.1.56) to obtain

F ′(l, l1, l2, n1, n2)

≤
(

l − l1
l2

)

(n1 + l2 − 4)!

(n1 − 2)!

(n2 + l − l1 − l2 − 4)!

(n2 − 2)!

en+l−l1−6

√

(n1 + l2 − 4)(n2 + l − l1 − l2 − 4)

≤ (n+ l − l1 − 2)!

(n− 2)!

en+l−6

[

(n1 + l2 − 4)(n2 + l − l1 − l2 − 4)
] 5

2

.

(E.2.17)

Then, we sum over l2, and we use the Cauchy-Schwarz inequality and the following
bounds (assume that a > 0 and b > 0) which are obtained through elementary partial
fraction decomposition

1

(a+ l2)2(b− l2)2
≤ 1

(a+ b)2

[

1

(a+ l2)2
+

1

(b− l2)2
+

2

(a+ b)(a+ l2)

]

, 0 ≤ l2 < b ,

∑

l2≥1

1

l2
≤ 2 ,

∑

l2≥1

1

l3
≤ 2

(E.2.18)

and

1

(a+ l2)3(b− l2)3

≤ 1

(a+ b)3

[

1

(a+ l2)3
+

1

(b− l2)3
+

3

(a+ b)(a+ l2)2
+

12

(a+ b)2(a+ l2)

+
12

(a+ b)2(b− l2)

]

, 0 ≤ l2 < b

(E.2.19)

to get

l−l1
∑

l2=0

F ′(l, l1, l2, n1, n2) ≤
(n+ l − l1 − 2)! en+l−6

(n− 2)!

√
60

(n+ l − l1 − 6)
5
2

. (E.2.20)

Then we have using (F.1.4)

l
∑

l1=0

l−l1
∑

l2=0

(

l

l1

)

F ′(l, l1, l2, n1, n2) ≤
√
60(n+ l − 1)! en+l−6

(n− 1)!

l
∑

l1=0

1

l1! (n+ l − l1 − 6)
5
2

.

(E.2.21)

We use the fact that

l
∑

l1=0

1

l1! (n+ l − l1 − 6)
5
2

≤ 3

(n+ l − 9)
5
2

+
l
∑

l1=4

1

(l1 − 3)!
[

(l1 − 2)(n+ l − l1 − 6)
] 5

2

.

(E.2.22)
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For l < 4, we have using (E.2.16) and keeping only the first term in the r.h.s. of (E.2.22)

1

n+ 1

∑

n1+n2=n+2
ni>4

l
∑

l1=0

l−l1
∑

l2=0

(

l

l1

)

F ′(l, l1, l2, n1, n2) ≤
(n+ l − 2)n+l−2

n!
C1 , (E.2.23)

for a fixed constant C1 > 1. For l ≥ 4, (E.2.22) is bounded by

3

(n+ l − 9)
5
2

+
1

4(n+ l − 10)
5
2

l
∑

l1=4

1

(l − 3)!
≤ 4

(n+ l − 10)
5
2

.

As a result, we have

1

n+ 1

∑

n1+n2=n+2
ni>4

l
∑

l1=0

l−l1
∑

l2=0

(

l

l1

)

F ′(l, l1, l2, n1, n2) ≤
(n+ l − 2)n+l−2

n!
C2 (E.2.24)

for a fixed constant C2 > 1.

Overall, the fifth term is bounded by

Kn+l5lδl+1 (n+ l − 2)n+l−2

n!

C3δ

K2
, (E.2.25)

for a fixed constant C3 > 1.

Summing (E.2.3)-(E.2.5)-(E.2.10)-(E.2.13) and (E.2.25) yields

H(µ̃)|∂lµ̃fn+2(µ̃)| ≤ Kn+l5lδl+1 (n+ l − 2)n+l−2

n!

[

5δ

K
+

2

K2
+

3e2

2K2
+

(2 + e)c

Kδ
+
C3δ

K2

]

.

Using Lemma D.1 we get

|∂lµ̃fn+2(µ̃)| ≤ Kn+l5lδl+1 (n+ l − 2)n+l−2

n!
C

[

5δ

K
+

2

K2
+

3e2

2K2
+

(2 + e)c

Kδ
+
C3δ

K2

]

≤ Kn+l5lδl+1 (n+ l − 2)n+l−2

n!
,

(E.2.26)

choosing K > sup(K1,
1
δ
, C) sufficiently large such that

K ≥ C
(

5δ + 2 +
3e2

2
+

(2 + e)c

δ
+ C3δ

)

. (E.2.27)
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Appendix F

Proof of Proposition 5.1

F.1 Preparatory Lemmata

It is useful to define for n1, n2 ∈ 2N\{2} and k, ν ∈ N0

g(n1, n2, k, ν) :=

∣

∣

n1

4
+ ν − 3

∣

∣!
∣

∣

n2

4
+ k − ν − 1

∣

∣!

(k + 2− ν)! ν!
, (F.1.1)

where for n ∈ C\Z−
0 we define n! := Γ(n+ 1) with Γ the Gamma function. From the definition of

the factorial using the Gamma function, the definition of the binomial coefficient
(

n

k

)

can be extended
to n, k ∈ C\Z−

0 such that n− k ∈ C\Z−
0 by

(

n

k

)

=
n!

k! (n− k)!
.

We also define for l ∈ (0, 1), n1, n2 ∈ 2N\{2} and k, a, b ∈ N0

F (n1, n2, k, a, b, l) :=
k+2−b
∑

ν=a

∣

∣

n1

4
+ ν − 3

∣

∣!
∣

∣

n2

4
+ k − ν − 1

∣

∣!

[(k + 2− ν)! ν!]l
. (F.1.2)

The quantities g(n1, n2, k, ν) and F (n1, n2, k, a, b, l) both appear in the proofs of the bounds on gn,k.
Therefore it is useful to establish useful bounds on them which will be used in the inductive proofs
of bounds on gn,k.

Lemma F.1. For n1, n2, k, a, b ∈ N0 such that

· a+ b ≤ k + 2

· 3− n1

4
≤ a and 3− n2

4
≤ b

we have

S(n1, n2, k, a, b) :=
k+2−b
∑

ν=a

g(n1, n2, k, ν) ≤
1

n1+n2

4
+ a+ b− 5

(

n1+n2

4
+ k − 3

)

!

(k + 2− (a+ b))!
. (F.1.3)
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Proof. We will use the following equality, found in Sect.1.10 of [113]

m
∑

ν=0

(

a+ ν

ν

)(

r +m− ν

m− ν

)

=

(

a+ r +m+ 1

m

)

, a, r ≥ 0, m ∈ N . (F.1.4)

Using (F.1.4) we get

S(n1, n2, k, a, b) =

k+2−(a+b)
∑

ν=0

(

n1

4
− 3 + a+ ν

)

!
(

n2

4
− 3 + b+ k + 2− (a+ b)− ν

)

!

(ν + a)! (k + 2− a− ν) !

≤
k+2−(a+b)
∑

ν=0

(

n1

4
− 3 + a+ ν

)

!
(

n2

4
− 3 + b+ k + 2− (a+ b)− ν

)

!

ν! (k + 2− (a+ b)− ν) !

≤
k+2−(a+b)
∑

ν=0

(n1

4
− 3 + a

)

!
(n2

4
− 3 + b

)

!

(

n1

4
+ a− 3 + ν

ν

)

(

n2

4
+ b− 3 + k + 2− (a+ b)− ν

k + 2− (a+ b)− ν

)

≤
(n1

4
− 3 + a

)

!
(n2

4
− 3 + b

)

!

(

n1+n2

4
+ k − 3

k + 2− (a+ b)

)

≤ 1
n1+n2

4
+ a+ b− 5

(

n1+n2

4
+ k − 3

)

!

(k + 2− (a+ b))!
,

(F.1.5)

where we used
a! b! ≤ (a+ b)! , a, b ≥ 0 .

A consequence of Lemma F.1 is

Lemma F.2. Let n1, n2, k, a and l ∈ (0, 1) such that

· 2a ≤ k + 2

· 3− n1

4
≤ a and 3− n2

4
≤ a

then:

F (n1, n2, k, a, a, l) ≤ [a!(k + 2− a)!]1−l
1

n1+n2

4
+ 2a− 5

(

n1+n2

4
+ k − 3

)

!

(k + 2− 2a)!
. (F.1.6)

Proof. We use the following identity

ν! (k + 2− ν)! ≤ a! (k + 2− a)! , a ≤ ν ≤ k + 2− a . (F.1.7)

Then from Lemma F.1, it follows that

F (n1, n2, k, a, a, l) ≤ [a! (k + 2− a)!]1−lS(n1, n2, k, a, a)

≤ [a!(k + 2− a)!]1−l
1

n1+n2

4
+ 2a− 5

(

n1+n2

4
+ k − 3

)

!

(k + 2− 2a)!
.

(F.1.8)
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F.2 Proof of Proposition 5.1

Proposition 5.1. Under the same assumptions as in Lemma 5.1, we have for n ≥ 4, k ≥ 2, N ≥ 1,
for K sufficiently large

|gn,k| ≤ N
n
2
+k−2K

n
2
+k− 3

2

∣

∣

∣

n

4
+ k − 3

∣

∣

∣
!

1

(k!)
1
4

, |f2,k| ≤ Nk+1Kk+ 1
2

|k − 3|!
(|k − 1|!) 1

4

. (5.1.14)

Proof. We proceed by induction going up inM = n+ k. For a fixed value ofM = n+ k we go up
in k. To initialize the induction, the bounds for k ≤ 1 for gn,k and f2,k follow from Lemma 5.1.

We will first bound gn,k+2. Using (5.1.7) we can then bound gn,k+2, knowing the bounds on the
terms appearing on the r.h.s. We proceed term by term.

1. We see that for the cases where n
4
+ k − 3 < 0, namely (n = 4, k = 0, 1), (n = 6, k = 0, 1),

(n = 8, k = 0) and (n = 10, k = 0), the bounds follow from Lemma 5.1.

2. We look at the different terms on the r.h.s. of (5.1.7).

· First term: this term vanishes for n = 4. For n ≥ 6 and k = 0 we use the bounds in
Lemma 5.1 to obtain

n− 4

n+ 2
|gn,1| ≤ N

n
2
−1n− 4

n+ 2

K
n
2
− 3

2

n2

(

1 +
nK

2

)

≤ N
n
2
−1K

n
2
− 3

2
+1

n

≤ N
n
2K

n
2
+2− 3

2

(n

4
− 1
)

!
1

K
.

(F.2.1)

Then for n ≥ 6 and k ≥ 1, using the induction hypothesis we obtain

n− 4

n+ 2k
|gn,k+1| ≤ N

n
2
+k−1 n− 4

n+ 2k
K

n
2
+k− 1

2

∣

∣

∣

n

4
+ k − 2

∣

∣

∣!
1

[(k + 1)!]
1
4

≤ N
n
2
+k−1K

n
2
+k− 1

2

(n

4
+ k − 1

)

!
(k + 2)

1
4

[(k + 2)!]
1
4

n− 4

n+ 2k

4

(n+ 4k − 4)

≤ N
n
2
+k−1K

n
2
+k+2− 3

2

(n

4
+ k − 1

)

!
1

[(k + 2)!]
1
4

1

K
.

(F.2.2)

· Second term: We can rewrite the second term as follows

2n

n+ 2k

k+1
∑

ν=0

|gn,νf2,k+1−ν | =
2n

n+ 2k

(

|gn,0f2,k+1|+ |gn,1f2,k|+ |gn,k+1f2,0|

+ |gn,kf2,1|+ |gn,k−1f2,2|+
k−2
∑

ν=2

|gn,νf2,k+1−ν |
)

.

(F.2.3)

For the terms with ν ≤ 1, we use the bounds in Lemma 5.1 to get:
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ś ν = 0:

2n

n+ 2k
|gn,0f2,k+1| ≤

2n

n+ 2k
Nk+2K

n
2
− 3

2

2n2
Kk+ 3

2
|k − 2|!
(k!)

1
4

≤ N
n
2
+kK

n
2
+k+ 1

2
((k + 1)(k + 2))

1
4 |k − 2|!

n2[(k + 2)!]
1
4

1√
K

≤ N
n
2
+kK

n
2
+k+ 1

2

(n

4
+ k − 1

)

!
1

[(k + 2)!]
1
4

1√
K

,

(F.2.4)

where we used (see Appendix C.3.1)

((k + 1)(k + 2))
1
4 |k − 2|!

n2
≤
(n

4
+ k − 1

)

! , n ≥ 4, k ≥ 0 . (F.2.5)

ś ν = 1:

2n

n+ 2k
|gn,1f2,k| ≤

2n

n+ 2k
Nk+1K

n
2
− 3

2

n2

(

1 +
nK

2

)

Kk+ 1
2

|k − 3|!
(|k − 1|!) 1

4

≤ 2n

n+ 2k
Nk+13K

n
2
− 1

2

4n
Kk+ 1

2
|k − 3|!

(|k − 1|!) 1
4

≤ N
n
2
+kK

n
2
+k+ 1

2

(n

4
+ k − 1

)

!
1

[(k + 2)!]
1
4

6√
K

,

(F.2.6)

where we used the inequalities, valid for n ≥ 4, k ≥ 0,

K
n
2
− 3

2

n2

(

1 +
nK

2

)

≤ 3K
n
2
− 1

2

4n
,

|k − 3|!
4n(|k − 1|!) 1

4

≤
(n

4
+ k − 1

)

!
1

[(k + 2)!]
1
4

,

(F.2.7)
which follow directly by inspection. From Lemma 5.1 and (5.1.6), we have

|f2,2| ≤
1

2
((N + 2)|g4,1|+ |f2,1|+ 2|f2,0f2,1|) ≤ NK

√
K . (F.2.8)

ś k − 1 ≤ ν ≤ k + 1 implies that k ≥ 1. We successively have

∗ ν = k − 1

|gn,k−1f2,2| ≤ N
n
2
+k−3K

n
2
+k− 5

2

∣

∣

∣

n

4
+ k − 4

∣

∣

∣!
1

(k − 1)!
1
4

NK
√
K

≤ N
n
2
+k−2K

n
2
+k−1

(

k(k + 1)(k + 2)
) 1

4

[(k + 2)!]
1
4

∣

∣

∣

n

4
+ k − 4

∣

∣

∣
!

≤ N
n
2
+kK

n
2
+k+ 1

2

(n

4
+ k − 1

)

!
1

[(k + 2)!]
1
4

Ca√
K

,

(F.2.9)

where we have used the following inequality (see Appendix C.3.2 )

(

k(k + 1)(k + 2)
) 1

4
∣

∣

∣

n

4
+ k − 4

∣

∣

∣! ≤ Ca

(n

4
+ k − 1

)

! , (F.2.10)

for a constant Ca which does not depend on n, k.
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∗ ν = k: From Lemma 5.1, we have

|gn,kf2,1| ≤ N
n
2
+k−2K

n
2
+k− 3

2

∣

∣

∣

n

4
+ k − 3

∣

∣

∣
!

1

(k!)
1
4

KN

2

≤ N
n
2
+k−1K

n
2
+k− 1

2

(

(k + 1)(k + 2)
) 1

4

[(k + 2)!]1
4

∣

∣

∣

n

4
+ k − 3

∣

∣

∣
!

≤ N
n
2
+kK

n
2
+k+ 1

2

(n

4
+ k − 1

)

!
1

[(k + 2)!]
1
4

Cb√
K

,

(F.2.11)

where we have used (see Appendix C.3.2)

(

(k + 1)(k + 2)
) 1

4
∣

∣

∣

n

4
+ k − 3

∣

∣

∣
! ≤ Cb

(n

4
+ k − 1

)

! , (F.2.12)

for a constant Cb > 0 which does not depend on n, k.

∗ ν = k+1: we have to bound |gn,k+1f2,0|, we go back to the first term to treat it.

Therefore from (F.2.9),(F.2.11) and the bound on the first term, |gn,νf2,k+1−ν | are
bounded by

N
n
2
+kK

n
2
+k+ 1

2

(n

4
+ k − 1

)

!
1

[(k + 2)!]
1
4

C√
K

, (F.2.13)

where C is a constant which does not depend on n, k.

ś 2 ≤ ν ≤ k − 2 We now bound the remaining sum in (F.2.3). Note that this sum is
non-zero only if k ≥ 4, so we assume k ≥ 4 from now on. The remaining sum is
bounded by

N
n
2
+kK

n
2
+k+ 1

2
n

2
√
K(n+ 2k)

F

(

n, 4, k − 2, 2, 2,
1

4

)

. (F.2.14)

Then from Lemma F.2 we have

n

n+ 2k
F

(

n, 4, k − 2, 2, 2,
1

4

)

≤ n

n+ 2k
[(k − 2)!]

3
4
4

n

(

n
4
+ k − 4

)

!

(k − 4)!

≤ 4

(

n
4
+ k − 1

)

!

[(k + 2)!]
1
4

(

k(k + 1)(k + 2)
) 1

4

n+ 2k

≤ 4

(

n
4
+ k − 1

)

!

[(k + 2)!]
1
4

.

(F.2.15)

Summing (F.2.4), (F.2.6), (F.2.13) and (F.2.15) we find

2n

n+ 2k

k+1
∑

ν=0

|gn,νf2,k+1−ν | ≤ N
n
2
+kK

n
2
+k+ 1

2

(n

4
+ k − 1

)

!
1

[(k + 2)!]
1
4

C2√
K

, (F.2.16)

where C2 > 0 is a suitable constant.
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· Third term exists only if n ≥ 6. It is bounded by

n

n+ 2k

∑

n1+n2=n+2
ni≥4

k+2
∑

ν=0

|gn1,νgn2,k+2−ν | ≤
2n

n+ 2k
I +N

n
2
+k−1 2K

n
2
+k+ 1

2n√
K(n+ 2k)

×

[

∑

4≤n1≤10
n1≤n2

n1+n2=n+2

F

(

n1, n2, k, 2, 2,
1

4

)

+
∑

12≤n1≤n2
n1+n2=n+2

F

(

n1, n2, k, 0, 0,
1

4

)

]

,

(F.2.17)

where we define

I :=
∑

4≤n1≤10
n1≤n2

n1+n2=n+2

(

|gn1,0gn2,k+2|+ |gn1,1gn2,k+1|+ |gn1,k+2gn2,0|+ |gn1,k+1gn2,1|
)

. (F.2.18)

The first and the second term in the r.h.s. of (F.2.17) contains a finite number of terms
which does not depend on n. In I , we have for example

|g4,0 gn−2,k+2| ≤
√
K

32
N

n
2
+kK

n
2
+k− 1

2

(

n

4
+ k − 3

2

)

!
1

[(k + 2)]!)
1
4

≤ A

32
N

n
2
+kK

n
2
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(n

4
+ k − 1

)

!
1

[(k + 2)!]
1
4

,

(F.2.19)

for a constant A > 0 which does not depend on n, k. Since I contains a finite number of
terms which can be bounded similarly, it follows from the bounds from Lemma 5.1 and
the induction hypothesis, that we can bound I as follows

I ≤ N
n
2
+kK

n
2
+k+ 1

2

(n

4
+ k − 1

)

!
1

[(k + 2)!]
1
4

C ′
√
K

, (F.2.20)

where C ′ is a constant which does not depend on n, k.

Then we use Lemma F.2 to obtain respectively

n

n+ 2k

∑

4≤n1≤10
n1≤n2

n1+n2=n+2

F

(

n1, n2, k, 2, 2,
1

4

)
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n+ 2k

[2k!]
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n
4
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2
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n
4
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(k − 2)!
(F.2.21)

and1

n

n+ 2k

∑

12≤n1≤n2
n1+n2=n+2

F

(

n1, n2, k, 0, 0,
1

4

)

≤ n

2

2
n
4
− 9

2

(

n
4
+ k − 5

2

)

!

[(k + 2)!]
1
4

. (F.2.22)

Using the inequality

(

m+
1

2

)

! ≤ 2m!

√

m+
1

2
, m ∈ N0 , (F.2.23)

1
12 ≤ n1 ≤ n2 implies n ≥ 22, so that the denominators are non-zero.
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we obtain finally

n

n+ 2k
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F

(

n1, n2, k, 2, 2,
1
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)
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1
4

,

(F.2.24)

where C ′′ does not depend on n, k.

Summing over all contributions, we get the bound

n

n+ 2k

∑

n1+n2=n+2
ni≥4

k+2
∑
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|gn1,νgn2,k+2−ν | ≤ N
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C3√
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,

(F.2.25)
for some finite positive constant C3.

· Fourth term: First, for k ≤ 1, we use the bounds in Lemma 5.1 to obtain

ś k = 0
n(n+N)

n
|gn+2,0| ≤ N

n
2K

n
2
+ 1

2

(n

4
− 1
)

!
1

K
. (F.2.26)

ś k = 1
n(n+N)

n+ 2
|gn+2,1| ≤ N

n
2
+1K

n
2
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2
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!
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. (F.2.27)

For k ≥ 2 we get

n(n+N)
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(F.2.28)

Summing (F.2.2), (F.2.16), (F.2.25) and (F.2.28), we obtain

|gn,k+2| ≤
[

1

K
+
C2 + C3√

K
+

4

K

]

N
n
2
+k K

n
2
+k+ 1

2

[(k + 2)!]
1
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4
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2
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2
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2
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1
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(n

4
+ k − 1
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! .

(F.2.29)

We will now bound the f2,k. One can check term by term that the bound (5.1.14) is true for
k ≤ 6. ForK large enough, and for k > 6 we obtain from (5.1.6) by induction
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|f2,k+1| ≤
1

k + 1

(

(N + 2)NkK
k+ 1

2 (k − 2)!

(k!)
1
4

+NkKk+ 1
2

(k − 3)!

[(k − 1)!]
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|ν − 3|!|k − ν − 3|!
[|ν − 1|! |k − ν − 1|!] 14

)
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(F.2.30)

We will bound each term in the r.h.s. of (F.2.30). Again, we proceed term by term.

· First term: we trivially have

1

(k + 1)

Kk+ 1
2 (k − 2)!
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1
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K(k + 1)

Kk+1+ 1
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· Second term: obviously
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1
4
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1
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2 (k − 2)!

(k!)
1
4

.

· Third term: we note that [(ν − 1)! (k − ν − 1)!]
3
4 ≤ [(k − 2)!]

3
4 ≤

(

k!
k(k−1)

) 3
4
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3 ≤ ν ≤ k − 3. Then the terms summed over 3 ≤ ν ≤ k − 3 are bounded by

(k!)
3
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(F.2.31)

The remaining terms are symmetric under ν ′ 7→ k − ν ′ so that we restrict ourselves to
0 ≤ ν ≤ 2. For k > 6, they are bounded by

(a) ν = 0:
6(k − 3)!

((k − 1)!)
1
4

≤ 6
(k − 2)!

(k!)
1
4

,

(b) ν = 1:
4(k − 4)!

((k − 2)!)
1
4

≤ 4
(k − 2)!

(k!)
1
4

,

(c) ν = 2:
(k − 5)!

((k − 3)!)
1
4

≤ (k − 2)!

(k!)
1
4

,

Then by summing we get
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k + 1

k
∑
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|ν − 3|!|k − ν − 3|!
(|ν − 1|! |k − ν − 1|!) 1

4

≤
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1 +
22

7

)
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(k!)
1
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.
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Altogether we find

|f2,k+1| ≤
(

1

K
+

1

K
+

5√
K

)

Nk+2K
k+1+ 1

2 (k − 2)!

(k!)
1
4

≤ Nk+2K
k+1+ 1

2 (k − 2)!

(k!)
1
4

. (F.2.32)

This ends the proof.

146



Appendix G

Proof of Proposition 6.2

Proposition 6.2. Under the same assumptions as in Lemma 6.3, choosing K large enough we have

|g̃n,k| ≤ K
n
2
+k− 3

2

∣

∣

∣

n

4
+ k − 3

∣

∣

∣!
1

(k!)
1
8

, |f̃2,k| ≤ Kk+ 1
2

|k − 3|!
(|k − 1|!) 1

8

, n ≥ 4, k ≥ 0 . (6.2.15)

Proof. The proof proceeds by induction in N = n + k going up in k, as in the proof of Proposition
5.1. The bounds we obtain are expressed in terms of positive constantsC , Ci , i = 1, . . . , 11 chosen
sufficiently large and then for K sufficiently large, depending on these constants. For k ≤ 1, the
bounds follow from Lemma 6.3. In the r.h.s. of (6.2.8), the first, second, fifth and seventh terms can
be treated as in the proof of Proposition 5.1. So we focus on the remaining terms.

· Third term: we separate the terms summed over 2 ≤ ν ≤ k − 2 and the remaining terms.
Using Lemma 6.3 we have, choosing K > 10 eC

ś ν = 0:

n− 2

n+ 2k
|g̃n,0hk+1| ≤
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ś ν = 1:

n− 2

n+ 2k
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K
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2
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For k − 1 ≤ ν ≤ k + 1, we have the following bounds

|g̃n,ν | ≤ K
n
2
+ν− 3

2

(n

4
+ k − 1

)

!
1

[(k + 2)!]
1
8

. (G.0.3)
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Using (6.2.1) we obtain

n− 2

n+ 2k
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1
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.

The remaining sum can be bounded for k ≥ 4 using Lemma F.2 and (6.2.1)
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(G.0.4)

Then the third term is bounded by

K
n
2
+k+ 1

2

(

n
4
+ k − 1

)

!

[(k + 2)!]
1
8

2

5
. (G.0.5)

· Fourth term: we proceed similarly as for the third term, then the fourth term is bounded by

K
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· Sixth term: Looking at the terms corresponding to ν ≥ k + 1 and using the bounds from
Lemma 6.3 we get

ś ν = k + 1
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ś ν = k + 2
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For the remaining part of the sum, we substitute F (n1, n2, k, c, c,
1
4
), c ∈ {0, 2} from the

analysis of the third term in the proof of Proposition 5.1 by F (n1, n2, k−ν, c, c, 18), c ∈ {0, 2}.
Then, the sixth term is bounded by

1

2
√
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. (G.0.7)

One can then extract the terms in the sum corresponding to ν ≤ 1 and bound them by
(n

4
+k−1)!

[(k+2)!]
1
8
. The residual sum is non-zero for k ≥ 2, it is bounded by
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Then we obtain
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Finally the sixth term is bounded by
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· Eighth term: first the term in the sum corresponding to ν = k + 1 is
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We follow the steps from the proof of Proposition 5.1 for the second term but substituting
F (n, 4, k − 2, 2, 2, 1

4
) by F (n, 4, k − 2− ν, 2, 2, 1

8
). Thus we have
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Therefore we can bound the eighth term by
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From the analysis of the sixth term, we deduce that the eighth term is finally bounded by

K
n
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1
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149



Summing (G.0.5), (G.0.6), (G.0.8) and (G.0.10) with the already treated terms in the proof of Proposi-
tion 5.1, we obtain

|g̃n,k+2| ≤
[
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5
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K
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C8√
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]
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! . (G.0.11)

The bounds for f̃2,k, for k ≤ 1, follow from Lemma 6.3. The bounds for k ≤ 6 can be checked by

hand noting that we can always factor out
1√
K

in the r.h.s. of (6.2.7) using the induction hypothesis

so that the bound holds choosingK sufficiently large. For k > 6we will focus on the last two terms
in the r.h.s. of (6.2.7) since the other terms are treated as in the proof of Proposition 5.1.

· Fourth term: it is bounded by

β0
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The sum can be bounded as follows
k
∑
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+
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(G.0.13)

Taking into account the factor 1
k+1

, the fourth term is bounded by

Kk+1+ 1
2
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1
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K
. (G.0.14)

· Fifth term: we separate the sum as follows:

1
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1
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(k + 1)(k − 1)!
|f̃2,0f̃2,1|+

1
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f̃ 2
2,0 .

The bounds for the last two terms follow from Lemma 6.3. The sum is bounded as in the proof
of Proposition 5.1 by a term proportional to

Kk+1+ 1
2√

K
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1

ν!

(k − 2− ν)!
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. (G.0.15)

This sum is then treated as in the fourth term. Therefore we have the final bound

Kk+1+ 1
2
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1
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Then, we obtain

|f̃2,k+1| ≤ Kk+1+ 1
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Appendix H

Proof of the bounds of the mean-field

perturbative CAS-functions

Proposition 7.2. LetAα0,α
n,j be smooth solutions of the mean-field flow equations (7.1.6) for the bound-

ary conditions (7.1.7) and the BPHZ renormalization conditions (7.1.8). For α ∈ [α0, αmax], αmax =
1
m2 ,

they satisfy the bounds

|Aα0,α
2,j | ≤ Cj− 1

2

α

j!

(j + 1)2

j−1
∑

λ=0

1

2λλ!
(1− ln(m2α))λ ,

|∂kαAα0,α
2,j | ≤ Cj− 1

2
+k

αk+1

(j + k + 1)!

(j + 1)2 (k + 1)2

j−1
∑

λ=0

1

2λλ!
(1− ln(m2α))λ, k ≥ 1 ,

(7.1.10)

and for n ≥ 4

|Aα0,α
n,j | ≤ α

n
2
−2Cj−n

4
j!

(j − n
2
+ 2)2 (n

2
)2(n

2
)!

j−n
2
+1

∑

λ=0

1

2λλ!
(1− ln(m2α))λ,

|∂kαAα0,α
n,j | ≤ α

n
2
−2−kCj−n

4
+k (j + k + 1)!

(j − n
2
+ 2)2 (k + 1)2(n

2
)2(n

2
)!

j−n
2
+1

∑

λ=0

1

2λλ!
(1− ln(m2α))λ, k ≥ 1 ,

(7.1.11)

for a suitable constant C > 1.

Proof. We proceed by induction as follows:

· we go up in j ∈ N.

· at a fixed value of j, we go downwards from n = 2j + 2 to n = 2.

· at a fixed value of j, n we go up inm.
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We start the induction at j = 1. The non-linear term in the r.h.s. of (7.1.6) vanishes. Direct
computation shows that

Aα0,α
4,1 = 1, Aα0,α

2,1 = 3
(

m2 − 1

α

)

, (H.0.1)

therefore the bounds (7.1.10)-(7.1.11) are satisfied. For a fixed j > 1, we start at n = 2j + 2 and we
go downwards to n = 2. The induction hypothesis holds for the set
{

(j′, n′, k′) ∈ N× (2N ∩ [1, 2j + 2])× N0,

(

(

{j′ = j} ∩ {n′ > n}
)

∪
(

{j′ < j} ∩ {n′ ∈ 2N ∩ [1, 2j′ + 2]}
)

)

∩ {k′ ≤ k}
}

.

(H.0.2)

For n > 2, we proceed as follows

· k = 0: We integrate the l.h.s. of (7.1.6) upwards from α0 to α for n > 4 and downwards from
α = 1

m2 to α for n = 4. We bound the r.h.s. of (7.1.6) with the induction hypothesis. We first
start with the linear term.

ś n > 4: The linear term is non-zero as long as n + 2 ≤ 2j + 2. We use Lemma C.6 to
obtain

n(n+ 1)

2

∫ α

α0

dα′ |A
α0,α

′

n+2,j|
α′2

≤ n(n+ 1)

2

∫ α

α0

dα′α′n
2
−3 Cj−n

4
− 1

2 j!

(j − n
2
+ 1)2(n

2
+ 1)2(n

2
+ 1)!

j−n
2

∑

λ=0

1

2λλ!
(1− ln(m2α′))λ

≤ α
n
2
−2Cj−n

4
j!

(j − n
2
+ 2)2(n

2
)2(n

2
)!

j−n
2
+1

∑

λ=0

1

2λλ!
(1− ln(m2α))λ

4(n+ 1)√
C(n− 4)

.

(H.0.3)

The non-linear term is always non-zero, we bound it first by

n

2

∑

n1+n2=n+2
j1+j2=j
2ji+2≥ni

∫ α

α0

dα′|Aα0,α
′

n1,j1
Aα0,α

′

n2,j2
| . (H.0.4)

We distinguish n1 = 2 or n1 = n from ni ≥ 4. We find for ni ≥ 4, ji ≥ ni

2
− 1,

∫ α

α0

dα′|Aα0,α
′

n1,j1
||Aα0,α

′

n2,j2
|

≤ Cj−n
4
− 1

2 j1! j2!

(j1 − n1

2
+ 2)2(j2 − n2

2
+ 2)2(n1

2
)2(n2

2
)2(n1

2
)! (n2

2
)!
×

∫ α

α0

dα′α′n
2
−3

j1−n1
2
+1

∑

λ1=0

1

2λ1λ1!
(1− ln(m2α′))λ1

j2−n2
2
+1

∑

λ2=0

1

2λ2λ2!
(1− ln(m2α′))λ2 .

(H.0.5)
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Setting the loop numbers lk = jk − nk

2
+ 1 for k = 1, 2 and l = j − n

2
+ 1, and summing

over the even integers ni ≥ 4, we have

Cj−n
4
− 1

2

l
∑

λ=0

∑

n1+n2=n+2
ni≥4,ni∈2N
l1+l2=l

λ1≤l1,λ2≤l2
λ1+λ2=λ

(n1

2
+ l1 − 1)! (n2

2
+ l2 − 1)!

(n1

2
)! (n2

2
)!

1

(l1 + 1)2(l2 + 1)2(n1

2
)2(n2

2
)2

λ!

λ1! λ2!
×

∫ α

α0

dα′α′n
2
−3 1

2λλ!
(1− ln(m2α′))λ .

(H.0.6)

Using Lemma C.5 (C.4.6) and Lemma C.6, we bound (H.0.6) by

α
n
2
−2Cj−n

4
j!

(j − n
2
+ 2)2(n

2
)2(n

2
)!

j−n
2
+1

∑

λ=0

1

2λλ!
(1− ln(m2α))λ

4K0√
C(n− 4)

. (H.0.7)

Forn1 = 2 orn2 = 2, we use again LemmaC.5 (C.4.7) and LemmaC.6 to get the following
bound

α
n
2
−2Cj−n

4
j!

(j − n
2
+ 2)2(n

2
)2(n

2
+ 1)!

j−n
2

∑

λ=0

1

2λλ!
(1− ln(m2α))λ

4K ′
0√

C(n− 4)
. (H.0.8)

Since ln(m2α) < 0, the summand is positive, therefore (H.0.4) is bounded by

α
n
2
−2Cj−n

4
j!

(j − n
2
+ 2)2(n

2
)2(n

2
)!

j−n
2
+1

∑

λ=0

1

2λλ!
(1− ln(m2α))λ 2(K0 + 2K ′

0)
n√

C(n− 4)
.

(H.0.9)

Summing together (H.0.3) and (H.0.9), we have

|Aα0,α
n,j | ≤

[

14√
C

+
6(K0 + 2K ′

0)√
C

]

α
n
2
−2Cj−n

4 j!

(j − n
2
+ 2)2(n

2
)2(n

2
)!

j−n
2
+1

∑

λ=0

1

2λλ!
(1− ln(m2α))λ

≤ α
n
2
−2Cj−n

4
j!

(j − n
2
+ 2)2(n

2
)2(n

2
)!

j−n
2
+1

∑

λ=0

1

2λλ!
(1− ln(m2α))λ ,

(H.0.10)

choosing C sufficiently large. For instance, we may choose
√
C = 194.

ś n ≤ 4: We integrate the flow equations downwards from αmax to α. We start with n = 4.
The linear term is non-zero if j ≥ 2. Inserting the induction hypothesis, the linear term
is bounded by

10

∫ αmax

α

dα′ 1

α′
Cj− 3

2 j!

(j − 1)2323!

j−2
∑

λ=0

1

2λλ!
(1− ln(m2α′))λ

≤ Cj−1 j!

j2222!

j−1
∑

λ=0

1

2λλ!
(1− ln(m2α))λ

80

3
√
C
,

(H.0.11)
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where we used
j−2
∑

λ=0

1

2λλ!

∫ αmax

α

dα′ (1− ln(m2α′))λ

α′ ≤
j−2
∑

λ=0

1

2λ(λ+ 1)!
(1− ln(m2α))λ+1

≤ 2

j−1
∑

λ=0

1

2λλ!
(1− ln(m2α))λ .

(H.0.12)

In the non-linear term, we have n1 = 2, n2 = 4 or n1 = 4, n2 = 2. The non-linear term
is non-zero if j ≥ 2. Therefore we get

4
∑

j1+j2=j
ji≥1

∫ αmax

α

dα′|Aα0,α
′

2,j1
Aα0,α

′

4,j2
|

≤ 4Cj− 3
2

j−2
∑

λ=0

∑

j1+j2=j
ji≥1

λ1+λ2=λ

j1! j2!

(j1 + 1)2j22 2! 22
λ!

λ1! λ2!

1

2λλ!

∫ αmax

α

dα′(1− ln(m2α′))λ .

(H.0.13)

Using Lemma C.5 (C.4.7) and (H.0.12), we bound the non-linear terms by

Cj−1 4K ′
0j!√

Cm2j2 22 2!

j−1
∑

λ=0

1

2λλ!
(1− ln(m2α))λ . (H.0.14)

Choosing
√
C ≥ 194 such that

80

3
√
C

+
4K ′

0

m2
√
C
< 1 (H.0.15)

yields the claim for n = 4.

For n = 2, we use the bounds established for n = 4. We bound the linear term by

3Cj−1 j!

j2222!

∫ αmax

α

dα′

α′2

j−1
∑

λ=0

(1− ln(m2α′))λ ≤ 3

2α
Cj−1 j!

(j + 1)2

j−1
∑

λ=0

(1− ln(m2α))λ .

(H.0.16)

The only terms in the non-linear term in the r.h.s. of (7.1.6) correspond to n1 = n2 = 2.
Since for nk = 2, lk = jk, the quadratic term is bounded by

Cj−1

j−2
∑

λ=0

∑

j1+j2=j
λ1≤j1,λ2≤j2
λ1+λ2=λ

j1! j2! λ!

(j1 + 1)2(j2 + 1)2λ1! λ2!

∫ αmax

α

dα′

α′2
1

2λλ!
(1− ln(m2α′))λ .

(H.0.17)

We use Lemma C.5 (C.4.7) to bound (H.0.17) by

Cj−1K ′
0

j!

(j + 1)2

∫ αmax

α

dα′

α′2

j−2
∑

λ=0

1

2λλ!
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≤ Cj−1K ′
0

α

j!

(j + 1)2

j−1
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1
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(H.0.18)

154



because ln(m2α) < 0. Choosing
√
C > 194 such that

3

2
√
C

+
K ′

0√
C

≤ 1 , (H.0.19)

we obtain the claim for n = 2.

· k ≥ 1

Wemultiply (7.1.6) by α2 and differentiate k times w.r.t. α and we solve ∂k+1
α Aα0,α

n,j . We obtain

∂k+1
α Aα0,α

n,j = −2k

α
∂kαAα0,α

n,j − k(k + 1)

α2
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.

(H.0.20)

We follow the convention that an empty sum is zero. We successively bound the terms in the
r.h.s. of (H.0.20). For n > 2, we successively obtain

ś First term:
∣
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(H.0.21)

ś Second term1:
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∣

∣
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(H.0.22)

1This term is non-zero if k ≥ 1.

155



ś Third term:
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(H.0.23)

since we have j ≥ n
2
.

ś Fourth term: We proceed as in the case k = 0. We use Lemma C.5, inequalities (C.4.8)-
(C.4.9) to obtain the following bound
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(H.0.24)

ś Fifth term2: We proceed as above using again Lemma (C.5) inequalities (C.4.8)-(C.4.9).
We obtain the following bound
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(H.0.25)

ś Sixth term3: We proceed as above using again Lemma (C.5) inequalities (C.4.8)-(C.4.9).

2This term is non-zero if k ≥ 1.
3This term is non-zero if k ≥ 2.
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We obtain the following bound
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(H.0.26)

Adding (H.0.21)-(H.0.26), we find
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(H.0.27)

choosing C such that

8

C
+

1

C2

(

9 + 32 + 38(K ′′
0 + 2K ′′′

0 )
)

≤ 1 . (H.0.28)

For n = 2, we repeat the same steps above. The essential difference w.r.t. the case n > 2 is that
in the r.h.s. of (7.1.10), the sum runs over 0 ≤ λ ≤ j − 1. Here we will only explicit the bounds for
the non-trivial terms.

· The first and second term in the r.h.s. of (H.0.20) are treated as above so that they are bounded
by terms similar to (H.0.21) and (H.0.22) with the aforementioned change.

· Third term: We insert the induction hypothesis to obtain
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∣

∣

∣

≤ 3

αk+2

Cj−1+k (j + k + 1)!

j2 (k + 1)2 4× 2

j−1
∑

λ=0

1

2λλ!
(1− ln(m2α))λ

≤ 1

αk+2

Cj+k+ 1
2 (j + k + 2)!

(j + 1)2(k + 2)2

j−1
∑

λ=0

1

2λλ!
(1− ln(m2α))λ

6

C
3
2

,

(H.0.29)
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· Fourth term: The non-linear term contains only contributions of the form

∂k1α Aα0,α
2,j1

∂k2α Aα0,α
2,j2

, k1 + k2 = k, j1 + j2 = j . (H.0.30)

Therefore, we bound the fourth term by
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(H.0.31)

Using Lemma C.5 (C.4.9), (H.0.31) is bounded by

1
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. (H.0.32)

· The remaining terms in the r.h.s. of (H.0.20) can be treated analogously. They are bounded by
terms similar to (H.0.25)-(H.0.26) with the aforementioned changes.

Summing the different bounds, we obtain the claim for n = 2.
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Appendix I

Useful Lemmata used to prove the

renormalization conditions compatibility

I.1 Exact expressions of gn,0 and gn,1

We recall that

C2(n) :=
1

2n+ 1

(

3n

n

)

, n ≥ 0 . (I.1.1)

Lemma I.1. We have
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Proof. We have
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(n2 + n1)C2

(n1

2
− 1
)

C2

(n2

2
− 1
)

=
∑

n1+n2=n+2
ni≥4
ni∈2N

(n+ 2) C2

(n1

2
− 1
)

C2

(n2

2
− 1
)

.
(I.1.3)

We use the convolution identity [114]

∑

i1+i2=m
ij≥0

Cs(i1)Cs(i2) =
2

(s+ 1)m+ 2

(

(s+ 1)m+ 2

m

)

, s ≥ 1, m ≥ 0 , (I.1.4)
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to get
∑

n1+n2=n+2
ni≥4
ni∈2N

n2C2

(n1

2
− 1
)

C2

(n2

2
− 1
)

=
n+ 2

2

∑

n1+n2=
n
2
−1

ni≥1

C2(n1)C2(n2)

=
n+ 2

2

[

− 2C2

(n

2
− 1
)

+
2

3n
2
− 1

(

3n
2
− 1

n
2
− 1

)

]

=
(n− 4)(n+ 2)

2n
C2

(n

2
− 1
)

.

(I.1.5)

Lemma 7.1. We have for n ≥ 4

gn,0 = (−1)
n
2 g

n
2
−1

4,0 C2

(n

2
− 1
)

, (7.2.9)

gn,1 = (−1)
n
2
−1g

n
2
−1

4,0 C2

(n

2
− 1
)(3n− 4

2
b1 +

n− 4

4

)

. (7.2.10)

Proof. First we prove (7.2.9) by induction in n ≥ 4. For n = 4, the result is obvious. For n ≥ 6 we
use (3.2.50) to obtain

gn,0 = − n

n− 4

∑

n1+n2=n+2
ni≥4
ni∈2N

(−1)
n
2
−1g

n
2
−1

4,0 C2

(n1

2
− 1
)

C2

(n2

2
− 1
)

= (−1)
n
2 g

n
2
−1

4,0

n

n− 4

∑

n1+n2=n+2
ni≥4
ni∈2N

C2

(n1

2
− 1
)

C2

(n2

2
− 1
)

= (−1)
n
2 g

n
2
−1

4,0

n

n− 4

∑

n1+n2=
n
2
−1

ni≥1

C2(n1)C2(n2) .

(I.1.6)

Using the convolution identity (I.1.4), we have

gn,0 = (−1)
n
2 g

n
2
−1

4,0

n

n− 4

[

− 2C2

(n

2
− 1
)

+
2

3n
2
− 1

(

3n
2
− 1

n
2
− 1

)

]

= (−1)
n
2 g

n
2
−1

4,0 C2

(n

2
− 1
)

.

(I.1.7)

To prove (7.2.10) we proceed by induction in n. The claim is true for n = 4. Then we have using
Lemma I.1

gn,1 = − 2n

n− 2

∑

n1+n2=n+2
ni≥4

gn1,0gn2,1 −
n

n− 2
gn,0

(

2f2,0 + 1− 4

n

)

= (−1)
n
2 g

n
2
−1

4,0

n

n− 2

[

2
∑

n1+n2=n+2
ni≥4

C2

(n1

2
− 1
)

C2

(n2

2
− 1
)(3n2 − 4

2
b1 +

n2 − 4

4

)

+
(

2b1 + 1− 4

n

)

C2

(n

2
− 1
)]

= (−1)
n
2
−1g

n
2
−1

4,0 C2

(n

2
− 1
)(3n− 4

2
b1 +

n− 4

4

)

.
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I.2 Behavior of the coefficients gn,k, f2,k, bn in terms of b1

Lemma 7.5. Under the assumptions of Lemma (7.2)

|gn,k,ν | ≤
1

4
K

n
2
−1
(n− 4

2
+ k
)

!

(

k

ν

)

, |f2,k,ν | ≤ |k − 1|!
(

k + 1

ν

)

. (7.2.30)

Proof. The proof is done by induction in N = n + 2k, going up in N and at a fixed value of N , we
go up in k. For k ≤ 1, we use (7.2.25) to get

|gn,0,0| ≤
K

n
2
−1

30
n
2
−1

1

n− 1

(

3(n
2
− 1)

n
2
− 1

)

≤
(4K

15

)n
2
−1 1

n− 1
≤ 1

4
K

n
2
−1
(n− 4

2

)

! , n ≥ 4 (I.2.1)

and

|gn,1,0| ≤
K

n
2
−1

30
n
2
−1

n− 4

4(n− 1)

(

3(n
2
− 1)

n
2
− 1

)

≤
(4K

15

)n
2
−11

4
≤ 1

4
K

n
2
−1
(n− 2

2

)

! , n ≥ 4 . (I.2.2)

We have as well

|g4,1,1| = 4g4,0 ≤
2K

15
≤ K

4
, (I.2.3)

|gn,1,1| ≤
K

n
2
−1

30
n
2
−1

3n− 4

2(n− 1)

(

3(n
2
− 1)

n
2
− 1

)

≤
(4K

15

)n
2
−13

2
≤ 1

4
K

n
2
−1
(n− 2

2

)

! , n ≥ 6 . (I.2.4)

We insert the induction hypothesis in the r.h.s. of (5.1.7)

· We treat the cases k = 2 and n ≥ 4. We have

|gn,2,ν | ≤
n− 4

n
|gn,1,ν |+ 2

1
∑

ρ=0

min{ρ,ν}
∑

ν′=max{ν−(2−ρ),0}
|gn,ρ,ν′f2,1−ρ,ν−ν′ |

+
∑

n1+n2=n+2
ni≥4

2
∑

ρ=0

min{ρ,ν}
∑

ν′=max{ν−(2−ρ),0}
|gn1,ρ,ν′gn2,2−ρ,ν−ν′ |

+ (n+ 1)|gn+2,0,ν | .

(I.2.5)

We use (7.2.25), (7.2.26) and (7.2.27) to get
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ś ν = 0:

|gn,2,0| ≤
n− 4

n
|gn,1,0|+ 2|gn,0,0f2,1,0|+

∑
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[( 4
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!
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4
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2
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2

)

!

(

2

0

)
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(I.2.6)

ś ν = 1

|gn,2,1| ≤
n− 4

4
|gn,1,1|+ 2|gn,0,0|+ 2|gn,1,0|+

∑

n1+n2=n+2
ni≥4

2
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2
∑

ρ=0

1
∑
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(
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2
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!

(
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2

)

!

(

ρ
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]
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n
2
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2
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]

≤ 1
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2
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where we used the Vandermonde formula
ν
∑

ν′=0

(

a

ν ′

)(

b

ν − ν ′

)

=

(

a+ b

ν

)

, ν, a, b ∈ N0 , ν ≤ a+ b . (I.2.8)

ś ν = 2: we have first

|g4,2,2| ≤ 2g4,0,0|f2,1,2|+ 2|g4,1,1||f2,0,1| ≤
1

3
K ≤ 1

4
K 2! . (I.2.9)

Then for n ≥ 6 we have

|gn,2,2| ≤ 2|gn,0,0|+ 2|gn,1,1|+
∑

n1+n2=n+2
ni≥4

2
∑

ρ=0

2
∑
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|gn1,ρ,ν′gn2,2−ρ,2−ν′ |

≤ 1

4
K
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2
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(n

2
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!
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2

2

)
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( 4
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2
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+ 2
( 4
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+
1

4

]

≤ 1
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K

n
2
−1
(n
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)

!

(

2

2
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.
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· n = 4 and k ≥ 1: First we see that g4,1,ν satisfy the bounds as claimed. The case k = 2 is
already treated. For k = 3, we have using (7.2.25), (7.2.26) and (7.2.27)

|g4,3,0| ≤
4

3

[

g4,0,0|f2,2,0|+
5

2
|g6,1,0|

]

≤ 4

3

[K

30

K

20
+

5

2

1

2
K2 1

300

]

≤ 1

4
K 3! , (I.2.11)

|g4,3,1| ≤
4

3

[

|g4,1,1f2,1,0|+ |g4,2,0f2,0,1|+ g4,0,0|f2,2,1|
]

+
10

3
|g6,1,1| ≤

1

4
K 3!

(

3

1

)

, (I.2.12)

|g4,3,2| ≤
4

3

[

g4,0,0|f2,2,2|+ |g4,1,1f2,1,1|+ |g4,2,1f2,0,1|
]

≤ 1

4
K 3!

(

3

2

)

, (I.2.13)

|g4,3,3| ≤
4

3

[

g4,0,0|f2,2,3|+ |g4,1,1f2,1,2|+ |g4,2,2f2,0,1|
]

≤ 1

4
K 3!

(

3

3

)

. (I.2.14)

Then, for k ≥ 2 we have, following the proof of Lemma 7.2 and (I.2.8)
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4
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(
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ν
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.
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· n ≥ 6 and k ≥ 1: We obtain

|gn,k+2,ν | ≤
n− 4

n+ 2k
|gn,k+1,ν |+

2n

n+ 2k
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(I.2.16)

For f2,k, we proceed by induction in k. The bounds are satisfied for k ≤ 2. For k ≥ 2 we have

|f2,k+1,ν | ≤
1

k + 1

(3

4
K k!

(

k

ν

)

+ (k − 1)!

(

k + 1

ν

)

+
k
∑

ρ=0
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k + 2

ν
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(
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1
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4
K +

1

k
+

4
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ν

)
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(I.2.17)

Lemma 7.7. We have the following estimates

|aq,ν | ≤
1

q

(3

4

)q−2
(

q

ν

)

, q ≥ 1 , 0 ≤ ν ≤ q . (7.2.34)
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Proof. The proof is done by induction in q ≥ 1. For q ≤ 4, the bounds can be checked by hand.
They obviously hold for q ≤ 2. We have from (7.2.33) and Lemma 7.5
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
























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3
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3
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3
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






































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We insert the induction hypothesis in the r.h.s. of (3.2.73). For q ≥ 4we use Lemma 7.5 to obtain

(q − 1)!

(q + 1)q−1
≤
(3

4

)q 1

5
, q ≥ 4 . (I.2.19)

We also have
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Therefore from (I.2.19) and (I.2.20) we have

|aq+1,ν | ≤
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)
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where we used
3

20
+ 3
(2

3

)q

+
( 4

3(q + 1)

)q−1

≤ 1 , q ≥ 4 . (I.2.22)
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