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ABSTRACT

Once its phase-space density is high enough, an interacting dilute Bose gas can be de-
scribed by a macroscopic wave function obeying nonlinear dynamics. Ultracold Bose
gases thus form coherent quantum fluids whose behavior becomes particularly rich in
one dimension, where interactions and integrability tightly guide the evolution. In this
thesis, we study a two-component weakly interacting 1D Bose gas that maps onto the
attractive nonlinear Schrödinger equation (NLSE) in a certain limit, and more gener-
ally onto the Landau–Lifshitz equation (LLE), governing spin-chains. This correspon-
dence enables the controlled preparation and exploration of multi-soliton solutions of
both models.
We first realize NLSE multi-solitons and characterize their dynamics, including their
distinctive breathing behavior. Using the full LLE mapping, we then extend this imple-
mentation to multi-solitons with arbitrary depletion, thereby accessing a broader family
of solitons and revealing features intrinsic to the underlying spin-chain description.
Finally, we investigate weak integrability breaking and show that it drives the decom-
position of multi-solitons into their constituents, rendering their encoded scattering data
experimentally accessible. This provides a controlled pathway to probe integrable struc-
tures, opening prospects for studying soliton gases, interacting nonlinear waves, and the
emergence of complex dynamics from nearly integrable systems.

RÉSUMÉ

Pour une densité de l’espace de phase suffisamment élevée, un gaz de Bose dilué en
interaction peut être décrit par une fonction d’onde macroscopique obéissant à une dy-
namique non linéaire. Les gaz de Bose ultrafroids forment ainsi des fluides quantiques
cohérents dont le comportement devient particulièrement riche à une dimension, où
les interactions et l’intégrabilité guident fortement l’évolution. Dans cette thèse, nous
étudions un gaz de Bose 1D à deux composantes en interaction faible, qui se décrit
par l’équation de Schrödinger non linéaire attractive (NLSE) dans un certain régime, et
plus généralement par l’équation de Landau-Lifshitz (LLE), régissant la dynamique de
chaînes de spin. Cette correspondance permet la préparation et l’exploration contrôlées
de solutions multi-solitons des deux modèles.
Nous réalisons d’abord des solitons multiples NLSE et caractérisons leur dynamique,
notamment leur comportement respirant distinctif. En utilisant une description com-
plète via LLE, nous étendons ensuite cette mise en œuvre à des solitons multiples avec
une déplétion arbitraire, accédant ainsi à une famille plus large de solitons et révélant
des caractéristiques intrinsèques à la description sous-jacente de la chaîne de spin.
Enfin, nous étudions la brisure de l’intégrabilité et montrons qu’elle entraîne la décom-
position des multi-solitons en leurs constituants, rendant ainsi leurs données de diffu-
sion accessibles expérimentalement. Cela fournit une voie contrôlée pour sonder les
structures intégrables, ouvrant des perspectives pour l’étude des gaz de solitons, des
ondes non linéaires en interaction et de l’émergence de dynamiques complexes à partir
de systèmes presque intégrables.
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Reduced Planck constant h̄ = h

2π = 1.054 571 817× 10−34 J s
Boltzmann constant kB = 1.380 649× 10−23 J K−1 (exact)
Vacuum permittivity ε0 = 8.854 187 818 8(14)× 10−12 F m−1

Vacuum permeability µ0 = 1.256 637 061 27(20)× 10−6 H m−1

Elementary charge e = 1.602 176 634× 10−19 C (exact)
Electron mass me = 9.109 383 713 9(28)× 10−31 kg

Bohr radius aB = 4πε0 h̄2

2me
= 5.291 772 105 44(82)× 10−11 m

Bohr magneton µB = eh̄
2me

= 9.274 010 065 7(29)× 10−24 J T−1
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1

INTRODUCTION

At the turn of the 20th century, Planck introduced his now-famous constant to explain
blackbody radiation [1], a phenomenon that had resisted classical interpretation. Fol-
lowing this initial breakthrough, quantum physics rapidly developed into a general and
robust theoretical framework describing the behavior of matter, particularly at atomic
scales. Quantum mechanics challenges our classical intuition while simultaneously pro-
viding some of the most precise and far-reaching predictions in science. Its interpreta-
tion has remained a subject of debate [2], epitomized by the Einstein–Podolsky–Rosen
“paradox” [3], which awaited experimental resolution for nearly half a century [4].

Among its major successes is the statistical description of many-body systems,
where particle indistinguishability leads to two fundamental quantum statistics: those
of bosons and fermions. In particular, Bose and Einstein showed that non-interacting
bosons can macroscopically occupy a single quantum state [5, 6], when cooled at
a sufficiently low temperature. This phase transition, now known as Bose-Einstein
Condensation, endows the system with a collective wavefunction shared by all particles,
allowing it to be described as a coherent field. This peculiar state of matter was first
realized experimentally in dilute atomic gases in 1995 [7–9]. Its field-like nature was
soon made manifest through landmark interference experiments, where distinct parts
of the condensate were allowed to overlap, revealing high-contrast fringes that directly
demonstrated long-range phase coherence [10, 11].

Taking interactions into account is a major challenge, as they generate correlations
that require exploring a Hilbert space whose dimension grows exponentially with the
system size. A paradigmatic example is the physics of high-temperature superconduc-
tors, which continues to stimulate intense research efforts [12]. In contrast, weakly in-
teracting systems allow significant simplifications. For dilute Bose gases with contact
interactions, the dynamics can be accurately captured by a mean-field description, the
Gross-Pitaevskii Equation (GPE) [13, 14], also called the Nonlinear Schrödinger Equa-
tion (NLSE). The resulting nonlinearity is the price paid for this reduction of complexity:
although the full many-body wavefunction evolves according to the linear Schrödinger
equation, its effective description as a coherent field obeys intrinsically nonlinear dy-
namics. This equation has proved extraordinarily fruitful: it accounts for the collective
excitation modes of Bose–Einstein condensates [15], supports topological defects such as
quantized vortices [16], and provides a theoretical framework for understanding super-
fluid flows [17].

Equations sharing the same nonlinear-wave character arise in many areas of physics,
including optics and fluid mechanics, underscoring the broad relevance of nonlinear
wave dynamics. In hydrodynamics, prominent examples include the Navier–Stokes
equation [18, 19] and the Korteweg-de Vries (KdV) equation [20], though the diversity
of fluid behaviors naturally leads to a variety of effective models [21]. In particular,
under a deep-water approximation, the envelope of surface waves is governed by the
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attractive NLSE [22]. Nonlinearities play an equally central role in optics, where the in-
tensity dependence of a medium’s refractive index leads to Kerr effects [23], self-phase
modulation, and the reshaping of optical pulses [24]. In this context, the NLSE emerges
as the fundamental equation governing the propagation of slowly varying envelopes of
electromagnetic fields in optical fibers [25]. These parallels between hydrodynamics, op-
tics, and quantum gases highlight the universality of nonlinear wave equations and the
broad range of physical phenomena they capture.

Nonlinearities are often associated with chaos: setting arbitrarily close initial condi-
tions on a chaotic system will ultimately cause their phase-space trajectories to diverge, a
behavior formally characterized by a positive Lyapunov exponent [26]. Such systems are
very rich and can exhibit striking structures, such as Lorenz attractors [27]. In fluid flows,
this sensitivity to initial conditions manifests as turbulence [28], a high-dimensional form
of chaos in which energy injected at large scales is redistributed through the Kolmogorov
cascade down to progressively smaller eddies [29]. This phenomenon was recently ob-
served in a cold-atom platform [30], where energy was pumped into the largest length-
scale and the following transfer was characterized. Nonlinear equations are also central
to the study of rogue waves [31–35], which aim to model and understand the emergence
of these rare and extreme events.

Despite these complex behaviors, nonlinear media were also found to host peculiar
“solitary waves”, first reported by Russell in a shallow-water canal [36]. These localized
wavepackets propagate while retaining their shape, a remarkable property in a disper-
sive medium, where linear physics would normally cause any wavepacket to spread. In
1965, Zabusky and Kruskal performed a pioneering numerical experiment showing that
these waves even preserve their form after colliding with one another [37], prompting
them to coin the term soliton to describe these structures. Solitons were subsequently
observed across a wide range of physical systems, including optical fibers [38], ferro-
magnetic materials, and even polymer chains [39].

A breakthrough in the study of nonlinear systems was realized with the analysis of
the Fermi-Pasta-Ulam-Tsingou (FPUT) problem [40], which was also the motivation of
the work of [37]. First formulated in the 1950s, it explores the dynamics of a chain of
coupled oscillators with weak nonlinear interactions. Originally designed to investigate
thermalization in a simple model of a crystal lattice, the FPUT experiment revealed an
unexpected recurrence phenomenon: instead of distributing energy evenly among the
normal modes, the system exhibited quasi-periodic returns to its initial state. This sur-
prising behavior challenged early assumptions about energy equipartition in nonlinear
systems. It was recently studied in optical fibers [41, 42], evidencing periodic resur-
gences of given wavepackets.

Eventually, the common origin of these peculiar structures in nonlinear equations
was elucidated from a mathematical standpoint through the introduction of the Inverse
Scattering Transform (IST). This method was first applied to the KdV equation [43], and
later extended to the NLSE [44] and other classes of integrable equations [45], following
a reformulation proposed by Lax [46]. Conceptually, the IST can be seen as a nonlinear
extension of the Fourier Transform, in which the time evolution of the system is repre-
sented in a transformed space where the relevant data, representing a scattering prob-
lem, evolve trivially. This formalism extends the notion of integrability [47], which in
classical dynamical systems refers to the existence of a set of conserved quantities whose
number matches the degrees of freedom of the system. In addition to formally solving
the corresponding nonlinear equation, the IST provides profound physical insight. It
reveals the central role of solitons in the system’s dynamics, explaining their remark-
able stability, and particle-like interactions, through the conservation of their associated
scattering data.



Introduction 3

The development of ultracold-atom experiments has opened a new arena for study-
ing nonlinear wave dynamics. These systems offer unprecedented tunability, allowing
many nonlinear equations to be realized in clean and controllable conditions. Beyond
their relevance for nonlinear dynamics, ultracold atomic gases have emerged as ex-
traordinarily versatile quantum platforms [48]. A key advantage of these systems is
the precise and independent control over both internal and external degrees of free-
dom. Spinor gases, for instance, exploit the internal hyperfine structure to realize mul-
ticomponent quantum fluids with tunable spin interactions and rich magnetic phases
[49]. Interparticle interactions can be finely adjusted using Feshbach resonances [50,
51], enabling access to regimes from weak to strongly correlated. Simultaneously, ex-
ternal trapping potentials can be engineered with remarkable flexibility: optical lattices
allow the clean realization of lattice Hamiltonians [52], while spatial light modulators
provide arbitrary, dynamically reconfigurable landscapes [53]. These capabilities under-
pin landmark achievements. We can mention the observation of the superfluid–Mott
insulator transition [54]. For fermionic gases, interaction tuning has allowed the ex-
ploration of the BEC–BCS crossover [55], providing a unified picture of pairing across
interaction regimes. Atomic precision metrology has likewise benefited from these sys-
tems, with optical lattice clocks reaching unprecedented accuracy [56]. In the context
of quantum information, Rydberg-atom arrays now constitute a powerful platform for
programmable quantum computation and quantum simulation [57]. Finally, quantum
gas microscopes have revolutionized the study of strongly correlated matter, enabling
single-atom, single-site resolution in Bose and Fermi Hubbard systems [58–61]. Alto-
gether, these developments illustrate the exceptional tunability and breadth of phenom-
ena accessible in cold-atom experiments, making them uniquely suited for probing com-
plex quantum many-body physics.

Ultracold atomic gases provide a natural platform to study nonlinear excitations, and
solitons in particular. Interactions can be finely tuned, and the system remains highly co-
herent. Bright solitons were first realized in attractive Bose-Einstein Condensates (BECs),
as demonstrated by [62], while repulsive interactions enabled the observation of dark
solitons [63]. Advances in experimental control have allowed the creation and manipu-
lation of soliton trains and collisions in quasi-one-dimensional geometries [64], demon-
strating the robustness of these objects. The range of accessible nonlinear dynamics is
broad, including solitons in optical lattices [65–68] and higher-dimensional solutions
such as the Townes soliton [69, 70]. In multi-component condensates, dark-bright soli-
tons, where a density dip in one component traps a localized peak in another, require
precise control over the internal spin states to engineer and stabilize the wavepacket [71,
72]. These experiments provide a highly controllable environment to study fundamental
aspects of nonlinear physics, revealing soliton interactions, stability, and the underlying
integrable structure of the system.

Studying multi-soliton states, that is wavepackets containing several solitons, is par-
ticularly important, as the interactions between solitons reflect the rich structure of in-
tegrable dynamics and provide a direct window into the conservation laws and scatter-
ing properties that govern these nonlinear systems. In particular, the Satsuma–Yajima
wavepacket [73], composed of multiple solitons moving at the same velocity, illustrates
how a complex wavepacket can retain and manifest its underlying solitonic structure
throughout its evolution. Such states have been investigated in optical fibers [74] and,
more recently, in attractive BEC experiments [75].

In our platform, we exploit the internal structure of Rubidium atoms to engineer
such states, creating effective attractive interactions. Moreover, the spinor nature of
the system allows a direct mapping onto ferromagnetic spin chains, described by the
Landau-Lifshitz Equation (LLE) [76], which provide a rich physical playground [77].
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Owing to the integrability of these spin chains, multi-soliton states exist [78] and can be
mapped to NLSE solitons [79–81], greatly facilitating their theoretical and experimental
study. While the dynamics of these multi-soliton states are fully determined by the
integrable structure of the underlying equations, small perturbations away from inte-
grability can lead to rich and experimentally accessible phenomena [82]. Tuning these
perturbations may even provide an inner view of the solitonic content of a wavepacket,
demonstrating experimentally the IST.

This thesis brings together the experimental tools available in our setup and the the-
oretical framework of integrable nonlinear dynamics to investigate multi-soliton physics
in a quasi-one-dimensional two-component Bose gas. The work presented here aims to
connect the capabilities of our platform with the predictions of the underlying models,
and to explore how controlled deviations from ideal conditions influence the observed
dynamics. The manuscript is organized as follows:

• Chapter 1 describes the experimental platform and the essential tools used
throughout this thesis. We detail the preparation of a quasi-two-dimensional BEC
of 87Rb atoms, along with the manipulation of both their external and internal
degrees of freedom.

• Chapter 2 provides a theoretical framework for our system, justifying the mean-
field treatment and the use of the GPE. We give insight into the superfluid prop-
erties of the gas in situations with broken translational invariance, and introduce
the key quantities characterizing spin mixtures, emphasizing the regime where the
system maps onto the attractive one-component NLSE.

• Chapter 3 introduces the IST and examines in detail its application to the attractive
NLSE. We explain how the method yields an exact solution of the nonlinear dy-
namics, clarify the physical connection between scattering data and solitons, and
discuss several relevant multi-soliton states.

• Chapter 4 presents our experimental generation of multi-soliton wavepackets gov-
erned by the NLSE, enabled by the deterministic imprinting of tailored wavefunc-
tions in a two-component spin mixture.

• Chapter 5 offers an alternative description of our system based on its mapping to
ferromagnetic spin chains described by the LLE. We detail the formal correspon-
dence between the NLSE and the LLE, which allows us to realize and characterize
multi-soliton states of the latter equation.

• Chapter 6 introduces perturbation theory within the IST framework and shows
how controlled departures from integrability provide direct access to the scattering
data of a given wavepacket.
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Introduction

This chapter presents the experimental apparatus used to realize and probe ultracold
atomic gases in our laboratory. Our setup is designed to produce a quantum-degenerate
gas of 87Rb atoms and to provide a high level of control over their external and internal
degrees of freedom. Since its construction was finished when I joined the team, we refer
the reader to previous PhD theses for additional details [83–86]. After obtaining a Bose-
Einstein Condensate (BEC) (Sec. 1.1), we can confine the atoms in tailored optical poten-
tials and shape their dimensionality, allowing the realization of quasi-two-dimensional
systems (Sec. 1.2).

A central aspect of the experiment is the precise manipulation of the atomic spin
states, which enables the preparation of spin mixtures and the implementation of co-
herent coupling schemes (Sec. 1.3). Finally, we discuss the imaging methods used to
measure the atomic density and spin populations with high accuracy (Sec. 1.4).

1.1 Preparation of a 3D Bose-Einstein Condensate

Rubidium-87 atoms were the first to be Bose–Einstein condensed [7], followed short-
ly after by sodium atoms [8]. These alkali species each possess a single valence electron,
resulting in a relatively simple electronic structure. In the case of 87Rb, the nonzero
nuclear spin gives rise to a hyperfine structure, leading to rich spin-dependent physics
[see for instance 87–89]. Moreover, the main optical transitions of rubidium correspond
to wavelengths accessible with commercially available lasers. For these reasons, 87Rb
remains one of the most widely used and versatile platforms in cold atom research.

1.1.1 The Rubidium atom

We use 87Rb atoms, a bosonic isotope with the electronic configuration [Kr]5s1. Con-
sequently, the atomic structure is primarily determined by the single valence electron.
Fig. 1.1 illustrates the energy levels of 87Rb relevant to this work. The fine structure
arises from the coupling between the electron’s orbital angular momentum L and its
spin S, giving the total electronic angular momentum J = L + S [see, e.g., 90]. The hy-
perfine structure, in turn, results from the coupling between J and the nuclear spin I,
leading to the total angular momentum quantum number F = J + I.

We use the D2 line of 87Rb for all stages of laser cooling and for absorption imaging.
This line includes a closed cycling transition F = 2 → F′ = 3, enabling efficient cooling
of atoms with a single optical frequency. However, atoms can occasionally decay or
be transferred to the F = 1 ground state, for instance through inelastic collisions or
off-resonant scattering. To repump these atoms, an Electro-Optic Modulator (EOM) is
used to generate frequency sidebands on the laser light. The modulation frequency,
approximately 6.8 GHz, brings one sideband into resonance with the F = 1 → F′ = 2
transition, thereby optically pumping the atoms back into the F = 2 manifold.

1.1.2 Experimental control

A precise control of many devices is required to reach the Bose-Einstein Condensa-
tion (BECn) phase transition. Besides, the imaging process is destructive, and one must
repeat continuously the experimental cycle.
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Figure 1.1: Scheme of the electronic structure of 87Rb, showing the ground state and the
first two excited states. The ground state has orbital angular momentum L = 0 and elec-
tronic spin S = 1/2, corresponding to the spectroscopic term symbol 2S+1LJ → 2S1/2.
All three states exhibit hyperfine structure; however, for clarity, the hyperfine splitting
of the excited states is not shown. In the presence of an external magnetic field, the
degeneracy of the hyperfine levels is further lifted due to the Zeeman effect. Only the
linear Zeeman shift is considered in this work, as the resulting splitting remains small
compared to the ground-state hyperfine splitting of 6.8 GHz. We highlight in orange
the hyperfine levels used in the experimental work of Chap. 4–6. For a comprehensive

review of the properties of 87Rb, see [91]. This schematic is not to scale.

Computer control

Most devices are operated during the experimental sequence using National Instru-
ments analog and digital interface cards. The analog outputs span a voltage range of
−10 V to 10 V, with a resolution of approximately 5 mV. Synchronization across all
cards is ensured by a shared clock signal provided by a field-programmable gate ar-
ray. The timing and parameters of each experimental sequence are defined using the
Cicero-Word Generator software [92]. Other instruments, such as waveform generators,
piezo controllers, and Digital Micro-mirror Devices (DMDs), are driven via dedicated
Python scripts. These scripts can also integrate instructions from Cicero-Word through
RS232 communication, allowing unified control of the entire setup.

Magnetic fields

Magnetic fields and magnetic-field gradients are essential tools for manipulating
atomic samples. For instance, defining a quantization axis suppresses spin-mixing pro-
cesses [93], while a magnetic-field gradient can exert a controllable force on the atoms.
Several sets of coils are used to generate and tune these fields:

• Three orthogonal coil pairs generate uniform magnetic fields at the position of the
atoms (red coils in Fig. 1.2b, closest to the glass cell). Their low inductance enables
rapid field adjustments throughout the experimental sequence. These coils are not
arranged in a Helmholtz configuration (see Chap. 4 for a discussion of the resulting
effects on the atoms).

• Four larger coils are positioned further from the atoms (red coils in Fig. 1.2a). The
coil along z provides a feedforward signal to compensate for parasitic magnetic
fields, primarily originating from the nearby subway. The coil along y produces
the quantization field used in the experiments described in Chap. 4–6.
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• Two sets of quadrupole coils (orange coils oriented along x and z in Fig. 1.2b) are
used to produce magnetic-field gradients. One set is used during the Magneto-
Optical trap (MOT) phase, while the other forms the magnetic trap used in the
initial stage of evaporative cooling (see Sec. 1.1.3).

• An additional single coil (orange, oriented along y in Fig. 1.2b) provides control
over the magnetic-field gradient along this direction.

z

y
x

(a)

z

yx

(b)

Figure 1.2: (a, b) Schematics of the coil assemblies surrounding the glass cell where the
87Rb atoms are trapped. Its dimensions are 25 mm× 25 mm× 105 mm. The largest coils,
which are around 1 m in size, surround the optical table. Red coils are used to generate
uniform magnetic fields, while orange coils produce magnetic-field gradients. See main
text for details. (b) Zoomed view of the coils located closest to the glass cell, not shown

in (a). The atomic source is positioned along the y direction, towards y→ ∞.

1.1.3 Bose-Einstein condensation

We describe in this section the main stages leading to the formation of a 3D BEC:

• A piece of 87Rb is heated in an oven, and part of the resulting vapor is captured
in a 2D MOT. A resonant push beam then directs the atoms toward the main glass
cell.

• The atoms are subsequently loaded into a 3D MOT for 7 s. This is followed by an
optical molasses stage, during which the quadrupole magnetic field is turned off
and the atoms are optically pumped into the F = 1 hyperfine state.

• The quadrupole coils along z (see Fig. 1.2b) then ramp the magnetic-field gradient
up to 240 G/cm. Low-field-seeking atoms in the |F = 1, mF = −1〉 state are mag-
netically trapped. A radio-frequency evaporation sequence lasting 12 s is applied,
yielding approximately 2× 107 atoms at a temperature of 20 µK.

• Before Majorana losses become significant, the atoms are transferred into a pair
of crossed optical dipole traps operating at λ = 1064 nm. These traps generate a
potential [94]:

V(r) = − 1
2ε0c
R(αλ)I(r) , (1.1)

where αλ is the ground-state polarizability at wavelength λ, and I(r) is the local
intensity of the trapping beam. Since R(α1064) > 0, the atoms are confined at the
intensity maxima. The laser power is gradually reduced over 4 s for a second stage
of evaporative cooling, resulting in a 3D BEC of approximately 4× 105 atoms at a
temperature below 100 nK.
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1.2 Lowering the dimensions

The final stage of the experimental sequence employs repulsive optical traps gener-
ated by a laser at λ = 532 nm. This configuration produces a quasi–two-dimensional
sheet of atoms confined in a flat-bottom potential. According to the Hohenberg–Mer-
min–Wagner theorem [95, 96], a true BECn cannot occur at the thermodynamic limit
in systems of reduced dimensionality at finite temperature. Nevertheless, owing to the
finite size of our system, quasi-long-range phase coherence can emerge [see, e.g., 97].
Thus, we obtain a 2D BEC. This aspect is further discussed in Sec. 2.1.4.

1.2.1 Optical accordion

After reaching the BECn, the atoms are loaded into a single node of an optical lattice
formed by two beams of repulsive light at λ = 532 nm, with an initial fringe spacing
of 13 µm. The objective is to confine the atomic cloud along the vertical direction in a
potential characterized by a frequency h̄ωz that greatly exceeds all other relevant energy
scales in the system, namely the thermal and interaction energies. Rather than increasing
the laser power to enhance confinement, an alternative approach, originally proposed in
[98], consists in dynamically tuning the lattice period, thereby realizing an accordion
lattice. The implementation of this technique in our setup is described in [85, 99]. We
illustrate this process in Fig. 1.3. A mirror is placed on a translation stage which is tuned
during the experimental sequence, hence effectively changing the lattice spacing.

Figure 1.3: Schematic of the accordion setup. Two polarizing beam splitters divide the
lattice light into parallel beams, and a quarter waveplate ensures that all light is re-
flected. An aspheric lens then deflects the beams such that they interfere at the position
of the atoms, and the interfringe is given by i = λ/[2 sin(θ/2)]. Translating the bottom
mirror leads to a change of the lattice period. We illustrate the initial (bottom) and final
(top) states with images taken on an auxiliary camera. The position of the central fringe
is adjusted at the beginning of each sequence thanks to a piezoelectric stack glued be-

low the top mirror.

The final lattice spacing is set to 3 µm. The trapping frequency is measured through
parametric heating [100], we reach ωz ' 2π× 4 kHz. Thus, the extent of the cloud along
z is approximately lz =

√
h̄/(mωz) ' 170 nm.
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1.2.2 Digital Micro-mirror devices

Since the atoms are trapped at a dark fringe of the accordion lattice, additional in-
plane confinement is required to prevent them from spilling out of the trap. This con-
finement is provided by the DMDs [see, e.g., 101, for details on the working princi-
ples of DMDs], whose light is projected onto the atoms through a microscope objective.
A schematic of the optical setup is shown in Fig. 1.4. A DMD consists of a matrix of
mirrors, which can be tuned independently and with a fast refresh rate (approximately
10 kHz). In practice, three DMDs are used to manipulate the atomic cloud, each consist-
ing of 1024× 768 mirrors. DMD1 and DMD2 operate with light at 532 nm, and shape
repulsive potentials in the atomic plane. Although derived from the same laser as the
accordion lattice, undesired interferences between these beams are suppressed using
Acousto-Optic Modulators (AOMs), which slightly shift the frequency of each beam.
The role of the DMD3 is discussed in Sec. 1.3.2.

All three DMDs are conjugated to the atomic plane, such that the image displayed
on the matrix of mirrors is imprinted on the atoms. It is possible to use DMDs to shape
the phase of the beam [102] by positioning them in a Fourier plane with respect to the
atoms. However, this option presents several drawbacks (additional calibrations, most
of the laser light is lost) and was not chosen in our setup.

Figure 1.4: Simplified optical setup involving the DMDs. The beams are combined with
a dichroic mirror before being focused onto the atoms through a microscope objective
with a numerical aperture of approximately 0.4, corresponding to a resolution of about
1 µm at 780 nm. A Charge-Coupled Device (CCD) camera (Chameleon) monitors the
green potential. An additional resonant beam at λ = 780 nm is combined with the
Raman beams (λR,1 and λR,2, see Sec. 1.3.2) using an interference filter and serves for
absorption imaging; its signal is collected on a second CCD camera (Pixis 1024 BR),

preceded by another interference filter.
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In practice, the atoms are initially confined using DMD1 alone. A final stage of evap-
orative cooling follows, during which the powers of the accordion lattice and DMD1
are gradually reduced. This process yields a 2D BEC containing approximately 1× 105

atoms at a temperature below 20 nK. We illustrate in Fig. 1.5 the resulting atomic den-
sities, using either a circle on DMD1, or after displaying a sequence of images to form a
ring (see Chap. 4 for details).
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Figure 1.5: Absorption images of the 2D BEC. The atoms are confined in a flat-bottom
box generated solely by DMD1. Left: Circle of radius 25 µm. Right: Ring of radius 20 µm
and width 3 µm. The colorbar is common to both pictures. The vertical confinement is

brought by the accordion lattice. The images are averages of 40 realizations.

Dithering

The DMDs 1 and 2 are imaged onto the atomic plane with a demagnification factor
of approximately 70. Each micro-mirror, of size 13.7 µm, therefore corresponds to about
0.20 µm in the atomic plane. This scale is well below the resolution limit of our micro-
scope objective (around 1 µm), which thus acts as a low-pass spatial filter. This property
allows us to overcome one of the main drawbacks of DMDs: they can only display bi-
nary images. In some contexts, the fast refresh rate of the DMD is used to modulate
light intensity over time, effectively creating smoother average profiles. However, such
temporal modulation could lead to heating of the atomic sample, since the trapping
frequencies lie in the kHz range, and we therefore discard this approach. Instead, we
employ the Floyd–Steinberg dithering algorithm [103] to approximate grayscale images.
Fig. 1.6 illustrates this procedure in the case of a triangular lattice potential (see Sec. 2.2.3
for a detailed description of the corresponding experiment).

Gray-level loop

The versatility of the potential landscape given by the DMDs can be further enhanced
through a feedback loop acting on the atomic signal [105]. Imperfections in the optical
beam and aberrations arising during propagation to the atomic plane can distort the
intended potential profile. This issue is mitigated by iteratively adjusting the image
displayed on the DMD based on the measured atomic response. Such a method was
employed, for example, in [70] to achieve a target atomic density distribution. In the
experiments presented in this manuscript, it was used to produce a flat-top beam in the
atomic plane. The desired potential was subsequently superimposed onto this calibrated
correction [see 106, Sec. 5.1.3 for details].



14 Chapter 1. Realization of ultracold Bose gases

−100 −50 0 50 100
−100

−50

0

50

100

x (pixel)

y
(p

ix
el

)

−100 −50 0 50 100

x (pixel)

0

0.5

1

Dithering

Figure 1.6: Left: Example of a grayscale image. To obtain an intensity profile I(x, y) =
I0 s(x, y) in the atomic plane, we use an input amplitude profile

√
A + B s(x, y), with

A and B chosen such that the square root remains between 0.1 and 1. Indeed, the
DMD acts as an amplitude modulator [104], and the lower bound of 0.1 ensures smooth
dithering results. Right: Corresponding binary pattern obtained after applying the
Floyd–Steinberg algorithm, ready to be projected onto the DMD. The zoom-in high-

lights the binary nature of the resulting image.

1.3 The spin degree of freedom

In our setup, the BEC is prepared in the |F = 1, mF = −1〉 hyperfine state. Precise
control over the Zeeman state of the sample is essential for realizing, among other appli-
cations, mixtures of different spin components. Such control can be implemented either
globally or locally, depending on the desired configuration.

1.3.1 Global control with microwaves

When a quantization magnetic field is applied to the atomic sample, the degener-
acy of all hyperfine sublevels is lifted. Each transition can then be selectively addressed
using a MicroWave (MW) field of the appropriate frequency. The system effectively re-
duces to a two-level configuration, which can be coherently driven. In this regime, Rabi
oscillations [107] enable controlled population transfer between the states. In practice,
two antennas are positioned around the glass cell, each driven by a Rohde & Schwarz
SMB100AV synthesizer. Typical Rabi frequencies are ΩR ' 2π × 10 kHz for all polar-
izations. Given the transition frequency ν ' 6.8 GHz, the wavelength of the MW field
is on the order of several centimeters, giving a homogeneous intensity across the entire
atomic cloud.

1.3.2 Local control with Raman beams

In order to locally manipulate the hyperfine state of the atoms, we address a two-
photon transition using Raman beams. This method was first demonstrated with cae-
sium atoms in [108] and is extensively described for our setup in [85]. We employ a
laser of wavelength λL ' 790 nm, close to the tune-out wavelength between the D1 and
D2 lines, so that no dipole potential acts on the atoms. The light is divided into two
paths: one passes through an EOM (ωEOM = 2π × 6.8 GHz) and an AOM (ωAOM,1 =
2π× 115 MHz), while the second goes through another AOM operating at a slightly dif-
ferent frequency (ωAOM,2 ' 2π × 80 MHz). The two paths are then recombined into the
same optical fiber and spatially modulated with the DMD3 before being projected onto
the atomic cloud (see Fig. 1.4). Because of the sidebands generated by the EOM, four
optical frequencies effectively interact with the atoms. Owing to the difference between
the two AOM frequencies, only one pair of beams fulfills the resonance condition for the
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two-photon transition, as illustrated in Fig. 1.7a. More precisely:

ωL + ωEOM + ωAOM,1 − (ωL + ωAOM,2) ' 2π × 6.835 GHz , (1.2)

and ωAOM,2 is finely adjusted to address the desired transition. For the experiments
described in Chap. 4–6, the Raman coupling drives the transition |F = 1, mF = −1〉 →
|F = 2, mF = 0〉, which requires one π-polarized and one σ+-polarized photon. Since
the beams propagate along the vertical z direction, the quantization axis must lie in the
x–y plane in order to have π-polarized photons. The two Raman beams have crossed
linear polarizations; assuming one is aligned with the quantization axis, the other can be
decomposed as σ+ + σ−. This configuration enables the desired transition. An example
of the resulting Rabi oscillations is shown in Fig. 1.7b, with a measured Rabi frequency
of approximately 30 kHz.
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Figure 1.7: (a) Scheme of the four optical frequencies of the Raman beams, and the
two-photon transition that can be addressed. The dashed gray line highlights that the
resonance condition is obtained for one pair of beams only. (b) Example of Rabi oscilla-
tions driven by the Raman beams. We project a white image on the DMD3, and restrict
the Region Of Interest (ROI) to an area comparable to the size of the desired soliton (see
Chap. 4). The damping is attributed to the finite linewidth of the two-photon excitation.

1.4 Imaging the atoms

At the end of each experimental sequence, the atomic cloud is imaged using absorp-
tion imaging. Several cameras are installed in the setup; however, all the data presented
in this manuscript were acquired along the z axis, corresponding to images of the x–y
atomic plane (see Fig. 1.4). We use a Pixis 1024 BR camera, which features a pixel size
of 13 µm. With an overall magnification of approximately 18, this corresponds to an ef-
fective pixel size of 0.71 µm in the atomic plane. The magnification was calibrated using
Bragg diffraction of atoms on an optical lattice generated by DMD2 [see 84, Chap. 7 for
details about this procedure].

A distinctive feature of this camera is its frame-transfer capability, which allows the
illuminated pixels to be rapidly shifted into a storage region of the sensor. This enables a
rapid sequence of imaging pulses, thereby minimizing possible fluctuations of the imag-
ing beam intensity. The accumulated frames are then read out in a single operation after
all exposures are completed.
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1.4.1 Absorption imaging

Partial-transfer

We rely on absorption imaging to measure the atomic density distribution. This tech-
nique is widely used in cold-atom experiments, although it is typically preceded by a
time-of-flight expansion so that the cloud becomes dilute. In contrast, in in-situ imag-
ing, nontrivial effects may arise [109–111], for instance due to multiple scattering events.
It is therefore crucial to maintain a low atomic density during the measurement. We use
a MW partial transfer to fulfill this criteria. Since the probe beam is resonant with the
|F = 2〉 → |F′ = 3〉 transition, only atoms in the |F = 2〉 hyperfine state interact with it.
To control the detected fraction of atoms, we apply MW pulses that transfer a chosen
population from |F = 1〉 to |F = 2〉. In this way, only a small portion of the atoms are
probed, while most remain in the dark |F = 1〉 state. The total atom number n is inferred
from the calibrated π-pulse duration tπ of the MW transition:

n(x, y) =
n|F=2〉(x, y)

sin2
(

π
2

t
tπ

) , (1.3)

where t is the MW pulse duration, and n|F=2〉 is the atomic density detected with absorp-
tion imaging.

Mean-field absorption imaging

Since the cloud is sufficiently dilute, one can apply Beer-Lambert’s law to describe
the evolution of the intensity I(r) of a beam through the atomic sample:

dI
dz

= −n(r) σ
I(r)

1 + I/Isat
, (1.4)

where n(r) is the local atomic density, and Isat takes into account the saturation effect of
the atomic transition [91]. The effective scattering cross section σ is defined as follows:

σ =
1
F

7
15

3λ2

2π
. (1.5)

F is a correction factor, typically close to unity, that accounts for non-ideal experimental
conditions (see Sec. 1.4.3 for its calibration). The factor 7/15 reflects the fact that the
probe beam is supposed to couple all Zeeman sublevels of the F = 2→ F′ = 3 transition
with a π-polarization.

Integrating the above expression yields:

σn2D(x, y) = ln
(

Ii

I f

)
+

Ii − I f

Isat
, (1.6)

where Ii and I f are the incident and transmitted intensities, and n2D(x, y) is the column
density. We obtain I f and Ii by taking two subsequent images of the atomic plane, with
and without atoms respectively. In the case Ii, f � Isat, we recover:

n2D(x, y) =
1
σ

ln
(

Ii

I f

)
=

1
σ

OD(x, y) , (1.7)
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where we introduced the Optical Density (OD). We assumed throughout this calculation
that the atomic density was time independent. This hypothesis is verified when the
imaging pulse is sufficiently short to neglect the displacement of atoms [112].

1.4.2 Saturated correction

To obtain reliable absorption images, two conditions must be satisfied: the probe
intensity should remain low, and the pulse duration short. As a direct consequence, only
a small number of photons are collected on the camera, and the signal-to-noise ratio is
limited by photon shot noise. One way to circumvent this limitation is to relax one of
these constraints and operate with higher probe intensities. This approach has been
successfully implemented in, e.g., [112, 113]. Starting from Eq. (1.6), we note that the
light intensity in the atomic plane is not directly measurable. It is therefore convenient
to express the equation in terms of the camera counts:

σn2D(xj, yk) = ln
(

Ci

C f

)
+

Ci − C f

Csat
, (1.8)

where (xj, yk) denote the discrete pixel coordinates, and Cα is proportional to the corre-
sponding light intensity Iα. Calibrating this proportionality factor amounts to determin-
ing the parameter Csat. In our system, the procedure is as follows:

• Apply a flat-bottom potential to the atoms, so that the column density n2D(xj, yk)
can be assumed uniform.

• Acquire a series of images while varying the probe-beam intensity.

• Plot ddiff = Ci − C f as a function of dlog = ln
(

Ci
C f

)
. The resulting data should lie

on a straight line with slope −Csat.

We show in Fig. 1.8 the outcome of this calibration procedure. As illustrated in the
inset, the extracted value of Csat scales linearly with the imaging pulse duration timg,
as expected.

Then, Eq. (1.8) allows us to measure the column density. This calibration is used
throughout this manuscript when performing absorption imaging.

1.4.3 Atom number calibration

Eventually, the last step to determine precisely the atom number in our experiment
is the calibration of the correction factor F in the scattering cross section. Several meth-
ods can be employed, such as measuring the breathing frequency of a triangular atomic
pattern [85], or the speed of sound of the homogeneous Bose gas [106].

In the experimental work of Chap. 4-6, we implement a method introduced in [114].
It relies on measuring the frequency shift ∆ν of a MW transition, due to mean-field ef-
fects. This shift is given by [see e.g. 115]:

∆ν =
h̄
m

∆a√
2πlz

n2D , (1.9)

where ∆a is the difference in scattering lengths between the two hyperfine states. In
practice, we use the clock transition, for which ∆a = 6.0 aB [116]. By comparing with
n2D obtained through absorption imaging, we eventually measure F = 0.87(6), and
this value is used in Chap. 4-6. This calibration is performed regularly, due to the small
long-term variations of F .
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Figure 1.8: Calibration of the saturation coefficient Csat. To reduce shot noise, 20 rep-
etitions of the experiment are averaged for each probe-beam intensity, and the quanti-
ties ddiff and dlog are computed over 9× 9 pixel regions. The inset confirms that Csat
increases linearly with the imaging duration timg. Moreover, this calibration is veri-
fied to be independent of the atomic density: three datasets corresponding to different
MW partial-repump durations of 5, 7, and 9 µs (with a π-pulse duration of 43 µs) are
displayed as squares, circles, and diamonds, respectively. A linear fit yields Csat =
26(1)µs−1 timg. The main panel shows the dataset for timg = 20 µs and tMW = 7 µs, for

which the counts Ci were varied approximately between 200 and 1,000.

Conclusion

In this chapter, we have described the experimental apparatus used in this work.
We first detailed the production of a BEC of 87Rb, then introduced the instruments
that enable us to reduce the dimensionality of the atomic cloud and to shape its
potential landscape. We also presented the techniques employed to manipulate
the spin degree of freedom of the 87Rb ground state. Both the MW pulses and
the Raman beams introduced here will play a central role in the experiments dis-
cussed in the following chapters.
In Chap. 2, we turn to the study of the two-dimensional Bose gas, focusing on its
superfluid properties and on the behavior of spin mixtures.
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Introduction

In this chapter, we develop a mean-field description of the system introduced in
Chap. 1, within the framework of the Gross-Pitaevskii Equation (GPE), which provides
an accurate description of weakly-interacting Bose gases at low temperatures (Sec. 2.1).
This formalism captures both the static properties of the condensate and its collective
excitations, thereby linking the microscopic wavefunction to the macroscopic manifes-
tations of superfluidity. In particular, we discuss how superfluidity emerges from the
phase coherence associated with superfluid flow, and how it can be quantitatively char-
acterized through the superfluid fraction (Sec. 2.2). Finally, we extend our description
to spin mixtures of BECs (Sec. 2.3), and show how, in a suitable limit, our system can be
mapped onto an attractive single component Nonlinear Schrödinger Equation (NLSE).

2.1 Description at T=0

In this section, we establish a theoretical description of the Bose gas realized in our
experimental platform. We consider a system of N weakly interacting bosons of mass m,
in the dilute regime where only pairwise interactions are relevant [117]. The Hamiltonian
of the system can be written in the second-quantized form:

Ĥ =
∫ h̄2

2m

[
∇Ψ̂†(r)∇Ψ̂(r)

]
+ V(r)Ψ̂†(r)Ψ̂(r)d3r

+
1
2

∫
Ψ̂†(r′)Ψ̂†(r)U(r′ − r)Ψ̂(r′)Ψ̂(r)d3r′ d3r ,

(2.1)

where Ψ̂(r) and Ψ̂†(r) are the field operators annihilating and creating a particle at po-
sition r respectively. The term V(r) denotes the trapping potential, and U(r) is the two-
body potential, describing the interactions of pairs of particles. Our goal is to determine
the ground state of this Hamiltonian, corresponding to the zero-temperature limit of the
system. This is, in general, a challenging problem, as the Hilbert space grows exponen-
tially with the particle number N.

2.1.1 Collisions and dimensionality

A first step toward finding an expression for the ground state of Ĥ consists in simpli-
fying the two-body interaction potential U(r). At low collision energies, bosonic interac-
tions are dominated by s-wave scattering. In this regime, the details of the microscopic
potential become irrelevant, and the interaction can be fully characterized by a single
parameter: the scattering length a [117, 118]. In the case of 87Rb atoms in the ground
state, a ' 100 aB. The true potential U(r) can then be replaced by a pseudo-potential
acting on a function f as follows [119]:

Ũ[ f (r)] =
4πh̄2a

m︸ ︷︷ ︸
g

δ(r)
∂

∂r
(r f (r)) , (2.2)

where δ denotes the Dirac distribution, and g is the effective interaction constant. The
presence of the derivative and the prefactor r ensures a proper regularization of wave-
functions exhibiting a 1/r divergence, as encountered in three-dimensional scattering
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theory [118]. In cold atom platforms, the scattering length a can be tuned through Fano-
Feshbach resonances [see 51, for a review]. For 87Rb however, these resonances are rela-
tively narrow and occur only at high magnetic fields [120]. Therefore, we did not make
use of them in the experiments described in this work.

This simplification of the potential, however, does not straightforwardly extend to
the two-dimensional case. Indeed, in two dimensions the inverse of the scattering ampli-
tude diverges logarithmically as the collision energy approaches zero [97, 121], leading
to the interaction constant [117]:

g2D =
4πh̄2

m
1

ln
(
1/na2

2D

) , (2.3)

where n is the atomic density, and a2D the two-dimensional scattering length. In practice,
our system is not strictly two-dimensional: it is confined along one spatial direction with
a finite width lz =

√
h̄/(mωz). This quasi-2D geometry, discussed in [122, 123], allows

one to relate a2D to the 3D scattering length a and the confinement length lz as [123, 124]:

a2D = lz

(
2e−γ

√
π

B

)

︸ ︷︷ ︸
κ

exp
(
−
√

π

2
lz

a

)
, (2.4)

where B ' 0.915, and γ ' 0.577 is the Euler constant. Substituting this expression into
the logarithmic form of g2D yields:

g2D =
4πh̄2

m
1√

2πlz/a + ln(1/nκ2l2
z)
'
√

8πh̄2

m
a
lz

, (2.5)

where, in the last step, we neglected the logarithmic term, leading to a density-inde-
pendent interaction parameter. This approximation is well justified for our system, since
lz � a. This means that the interactions keep their three-dimensional character, resulting
in an effective coupling constant that mirrors the 3D expression. It corresponds to the
weakly-interacting regime, g̃ = g2Dm/h̄2 � 1. In our setup, we measure g̃ ' 0.16. The
fact that g̃ is dimensionless brings interesting features, such as scale invariance [70, 125].

2.1.2 The Gross-Pitaevskii equation

We now derive the evolution equation associated with the field operator Ψ̂. In the
Heisenberg representation, we obtain:

ih̄
∂

∂t
Ψ̂(r, t) = [Ψ̂(r, t), Ĥ] =

[
− h̄2

2m
∇2 + V(r, t) + gΨ̂†(r)Ψ̂(r)

]
Ψ̂(r, t) , (2.6)

where we used the standard bosonic commutation relations, and the pseudo-potential
Ũ. For a BEC, the atoms share the same single-particle wavefunction, described by the
order parameter ψ(r). We can then write:

{
Ψ̂(r) = ψ(r)â → Ψ(r) = ψ(r)

√
N

Ψ̂†(r) = ψ∗(r)â† → Ψ∗(r) = ψ∗(r)
√

N ,
(2.7)

where the arrow denotes the Bogoliubov approximation, in which the field operators
â, â† are replaced by the number

√
N. This amounts to neglecting their commutator,
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[â, â†] = 1, compared to the macroscopic particle number N. We also neglect the non-
condensed component [117]. The system can then be described by a classical field Ψ.
Inserting this expression into Eq. (2.6) yields the GPE, first derived independently by
[13] and [14]:

ih̄
∂

∂t
Ψ(r, t) =

[
− h̄2

2m
∇2 + V(r, t) + g|Ψ(r, t)|2

]
Ψ(r, t) , (2.8)

subject to the normalization condition:
∫
|Ψ(r, t)|2 d3r = N . (2.9)

Thus, we retrieve the atomic density n(r) = |Ψ(r)|2. This approach remains valid for a
two-dimensional gas in the limit T = 0. Indeed, BECn can also occur in such systems
[124]. The GPE (2.8) stays unchanged, except for the substitution g → g2D. We note that
the dimension of Ψ is also modified.

The physics described by the GPE is referred to as mean-field, in the sense that quan-
tum correlations between particles are neglected. Indeed, assigning a common wave-
function to all atoms amounts to performing a Hartree–Fock approximation of the many-
body wavefunction Φ:

Φ(r1, . . . rN) =
(

1√
N

Ψ(r1)
)

. . .
(

1√
N

Ψ(rN)
)

. (2.10)

Corrections beyond the mean-field approximation may arise due to quantum effects. We
can mention for instance the Lee–Huang–Yang correction [126, 127]. These phenomenon,
however, lie beyond the scope of this manuscript.

Gross-Pitaevskii energy

Another method to derive the GPE relies on a variational approach, using the energy
functional of the system:

E[Ψ] =
∫ [ h̄2

2m
|∇Ψ(r)|2 + V(r)|Ψ(r)|2 + g

2
|Ψ(r)|4

]
d3r , (2.11)

which we obtained under the Bogoliubov approximation. This approach provides an
alternative derivation of g2D: we write Ψ(r) = φ(z)ψ(x, y), where φ(z) is the ground
state of the harmonic oscillator with frequency ωz. Substituting this form into Eq. (2.11)
yields the 2D GPE for ψ, with a renormalized coupling constant g2D. However, it should
be noted that this derivation implicitly assumes the condition lz � a.

2.1.3 Ground state and Bogoliubov excitations

The GPE is a nonlinear equation, and solving it can, in general, only be done nu-
merically. We can build some intuition about its solutions by developing its equilibrium
properties, and the spectrum of excitations of the ground state of the equation. In this
section, we restrict ourselves to the description of 2D repulsive Bose gases, meaning
g2D > 0.
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Bogoliubov spectrum

We can determine the elementary excitations above the ground state by adding a
small perturbation and linearizing the resulting GPE. Considering a uniform gas (V = 0)
as a starting point, one obtains the Bogoliubov spectrum of excitations [128]:

h̄ωk =
h̄2k
2m

√
k2 + 4g̃n =

h̄2k
2m

√
k2 +

2
ξ2 , (2.12)

where we have introduced the healing length ξ = 1/
√

2g̃n. It sets the characteristic scale
over which the condensate wavefunction recovers its equilibrium value in response to
an external perturbation, and quantifies the balance between the kinetic and interaction
energy terms in the GPE. This point is illustrated in Fig. 2.1a, where we show the density
in a box with hard-wall boundaries for different atom numbers.

The spectrum of Eq. (2.12) presents two distinct regimes:

• For k � 1/ξ, the dispersion becomes linear, ωk =
√

g2Dn/m k = csk. The ex-
citations are then phonons, propagating in the system at the Bogoliubov speed
of sound cs. In our system, we estimate cs ' 2 mm s−1, assuming a density n =
50 µm−2. Sound propagation has been probed experimentally, for example in [129].

• For k � 1/ξ, the dispersion becomes quadratic, up to a constant, ωk = h̄k2/2m +
h̄/2mξ2. Thus, it approaches the free-particle limit.

The Bogoliubov spectrum, together with its asymptotic behaviors, is shown in Fig. 2.1b.
We note that there are no excitations at velocities below cs, a hallmark of superfluidity
(see Sec. 2.2 for a more detailed discussion).
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Figure 2.1: (a) Cut of the atomic density n in a two-dimensional box with hard-wall
boundary conditions. The solid curves, blue to green, show simulations of the GPE with
central densities nmax = 1, 10, 100 µm−2. The corresponding healing length ξ decreases
with increasing density. The black dashed curve shows the non-interacting Bose gas
limit. (b) Bogoliubov spectrum (solid blue line). The green dash-dotted curve indicates
the phononic regime, while the black dashed curve shows the parabolic free-particle

limit, up to an energy offset.

Finally, we note that the Bogoliubov spectrum can be extended to the case of a qua-
sicondensate [130], such as a two-dimensional Bose gas at finite temperature.
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Thomas-Fermi regime

Considering stationary solutions of the GPE, the wavefunction evolves according to
[see e.g. 117, Sec. 2.2]:

Ψ(r, t) = ψ(r) exp
(
− iµt

h̄

)
with µ =

∂E
∂N

, (2.13)

where we have introduced the chemical potential µ. We can then simplify Eq. (2.8), and
write the stationary GPE:

µψ(r) =

[
− h̄2

2m
∇2 + V(r) + g|ψ(r)|2

]
ψ(r) . (2.14)

The Thomas-Fermi approximation consists in neglecting the kinetic energy term, i.e. the
Laplacian term, in Eq. (2.14). It is relevant when the density varies slowly on the scale of
the healing length ξ. In this case, the atomic density n can be directly expressed as:

n(r) = |ψ(r)|2 =
µ−V(r)

g
, (2.15)

We thus obtain an example of Local Density Approximation (LDA) [see e.g. 117,
Sec. 13.6], which allows for a straightforward computation of the atomic density. In
particular, for a flat potential V(r) = 0, we have µ = g n(r), and the gas density is
uniform.

2.1.4 Zero-temperature hypothesis

We have so far focused on the description of a two-dimensional Bose gas at T = 0,
where BECn can occur. However, this T = 0 assumption is not realistic in experimental
systems. Besides, it was demonstrated by [95] and [96] that, for two-dimensional sys-
tems with short-range interactions at T > 0, no phase transition involving the sponta-
neous breaking of a continuous symmetry can occur. This result, known as the Mer-
min–Wagner–Hohenberg theorem, forbids BECn in weakly interacting (infinite) two-
dimensional Bose gases. Fortunately, in our case this restriction is circumvented by the
Berezinskii-Kosterlitz-Thouless (BKT) topological phase transition [131, 132], which re-
stores a quasi-Long-Range Order (LRO) and allows for BECn in finite-size systems.

The BKT transition

The origin of the BKT phase transition can be quantitatively understood by consid-
ering the behavior of quantized vortices [97]. Below a critical temperature TBKT, vor-
tices exist only as bound pairs of opposite circulation, leading to the cancellation of their
phase defects at long distances. As a result, quasi-long-range phase coherence is re-
stored at low temperature, and the system exhibits superfluidity. The transition point
for a weakly interacting Bose gas can be expressed in terms of a critical phase-space
density Dc as:

Dc = (nλ2
dB)c = log

(
C
g̃

)
(2.16)

where C = 380(3) is obtained from Monte Carlo simulations [133], and λdB =
h/
√

2πmkBT is the thermal de Broglie wavelength. In our system, we find
TBKT ' 250 nK, well above the gas temperature T . 20 nK, placing it deep in the
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superfluid regime. The BKT transition has been studied experimentally, first in 4He thin
films [134], and more recently in ultracold atomic gases [135].

Quasi-Long-Range Order

The BECn can be associated with the emergence of LRO in the system. This concept
is formally expressed by the Penrose–Onsager definition of BECn [136]:

lim
r→∞

g1(r) = Π0 > 0 where g1(r) =
〈

Ψ̂†(r)Ψ̂(0)
〉

. (2.17)

We introduced Π0, the largest eigenvalue of the one-body density function g1, which
corresponds to the condensed fraction. According to the Mermin–Wagner–Hohenberg
theorem, Π0 = 0 in infinite two-dimensional systems. However, below the BKT transi-
tion, the decay of g1 is algebraic rather than exponential, and thus much slower than in
the ideal two-dimensional Bose gas. In this regime, one finds:

g1(r) = ns

(
ξ

r

)1/(nsλ2
dB)

, (2.18)

where ns denotes the superfluid density. This slow algebraic decay gives rise to a so-
called quasi-LRO. In finite-size systems, such behavior can effectively lead to the restora-
tion of true BECn. An estimate of the condensed fraction is given by [97]:

Π0 '
(

π

g̃N

)1/(2nλ2
dB)

, (2.19)

where we have approximated the superfluid density by the total density n. Using typical
experimental parameters, N ' 1× 105 in a box of size L ' 40 µm, g̃ ' 0.16, and a
temperature T . 20 nK, we find a condensed fraction Π0 & 0.96. We can therefore safely
describe our experimental platform within the framework of the GPE.

2.2 Superfluidity of the Bose gas

This section describes a work performed during my thesis, which resulted in two
publications [137, 138]. It is extensively described in previous PhD theses [86, 106,
139], and we highlight here only the main results.

Superfluidity is a phenomenon that typically arises in systems of interacting parti-
cles, where coherence extends over macroscopic scales. It was first discovered and stud-
ied in liquid helium. In 1938, Kapitza [140], and independently Allen and Misener [141],
observed that 4He below a certain temperature could flow through extremely narrow
capillaries without any measurable viscosity, marking the onset of what is now known
as the superfluid phase. More recently, the study of superfluidity has been extended
to ultracold atomic quantum gases, with the realization and precise exploration of su-
perfluid phases in dilute Bose and Fermi systems [17, 142, 143], as well as in fluids of
light platforms [144, 145]. In particular, two-dimensional weakly interacting Bose gases
become superfluid below the BKT phase transition, a behavior that was experimentally
demonstrated in [146].
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2.2.1 The two-fluid model

Although dramatically reduced, the viscosity of a superfluid can remain nonzero,
as first demonstrated for liquid 4He by [147]. A thought experiment that helps to un-
derstand superfluidity more formally is the rotating annulus experiment [148, 149]. We
consider a cylinder of radius R rotating at an angular velocity ω, small enough to ensure
the absence of a persistent current. At a finite temperature T, we study the free energy F
of the system. For a classical fluid, we have:

F(ω) = F(0) +
1
2

NmR2ω2 , (2.20)

where N is the number of particles, each of mass m. For a superfluid, the expression
becomes [149]:

F(ω) = F(0) +
1
2

NmR2ω2 (1− fs) , (2.21)

where fs denotes the superfluid fraction. It represents the fraction of the fluid that is in the
superfluid state and was introduced within the so-called two-fluid model, developed
by Tisza [150] and Landau [151]. In this picture, the fluid is conceptually divided into
two components: a normal component of density nn and a superfluid component of
density ns, such that ntot = nn + ns. The superfluid fraction is then defined as fs =
ns/ntot, corresponding to the portion of the fluid that is not dragged by the walls of the
container, thus reducing the free energy. This reduction was experimentally observed
for liquid helium by [152]. It is important to note that the superfluid fraction should not
be confused with the condensed fraction associated with BECn.

This model had many successes, one of which is the prediction of two distinct sound
modes, corresponding to the normal and superfluid densities. They were observed for
a 2D Bose gas by [153], showing that one of the sound modes disappears at the BKT
transition when fs reaches zero.

2.2.2 The superfluid fraction in quantum gases

The superfluid fraction is a temperature-dependent quantity. It has been notably
measured in uniform quantum gases through the observation of two sound modes, both
in fermionic systems [154] and in bosonic ones [153, 155]. In this section, we focus in-
stead on systems at T = 0. A condition was established by Leggett [156] for a bosonic
system to exhibit a unit superfluid fraction: both the Hamiltonian and the ground state
must possess translational invariance and time-reversal symmetry [see 106, Sec. 4.2.1 for
details, and for the extension to fermionic systems]. For the remainder of this section,
we will only consider time-reversal symmetric systems.

As a consequence, one can expect that spatially modulated systems, even at T = 0,
may display a sub-unity superfluid fraction. A prominent example is the Mott-insulating
state [54, 157], in which atoms are pinned to fixed lattice sites and fs = 0. In general, the
superfluid fraction is reduced when the gas is confined in optical lattices. This effect has
been studied for bosons [158] and for fermions [159, 160] in one-dimensional lattices. A
similar reduction also occurs in disordered trapping potentials [161, 162].

We note that this reduction of the superfluid fraction arises whether the modulation
of the atomic density is externally imposed or self-generated, as in the case of super-
solids [148, 163], where [164] measured the superfluid fraction through the observation
of Josephson-like oscillations.
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The superfluid fraction tensor

We now generalize the concept of the superfluid fraction beyond the rotating annulus
experiment. Let us consider a three-dimensional system of size Lx, Ly, Lz containing N
particles. An external potential Vext is applied to the system and moves at a velocity v.
In general, the superfluid fraction is a tensor [165], where f (i,j)s quantifies the response of
the system along direction j to a perturbation applied along direction i.

We first consider the case where Vext is translationally invariant along y and z, and
the perturbation moves along the x direction, v = vxex, with ei the unit vector along axis
i. In the reference frame of the perturbation, the normal component remains at rest while
the superfluid component moves at a velocity −vx. For sufficiently small velocities, the
corresponding increase in energy is given at lowest order by [149]:

E(vx) ' E(0) +
1
2

Nm f (x,x)
s v2

x = E(0) + ∆E , (2.22)

We emphasize that the choice of reference frame is crucial, since it is only in the co-
moving frame that the Hamiltonian becomes time independent, and the ground-state
energy becomes a relevant thermodynamic potential [117, 148]. From this expression of
the energy, we obtain a general definition of the superfluid fraction:

f (x,x)
s =

1
Nm

lim
vx→0

∂2∆E
∂v2

x
. (2.23)

This reasoning can be extended to account for a general perturbation moving in an arbi-
trary direction, yielding [165]:

f (i,j)s =
1

Nm
lim
v→0

∂2∆E
∂vi∂vj

. (2.24)

So far, we have assumed periodic boundary conditions for the wavefunction ψ of the
system. Additional insights can be gained by using twisted boundary conditions, intro-
duced by [148]. This approach consists in taking a stationary external potential Vext, and
setting, for k ∈ {x, y, z}:

ψ(k + Lk) = ei∆θk ψ(k) with ∆θk � 2π . (2.25)

In this hydrodynamic regime, the superflow is generated by the relation between the
velocity field and the gradient of the phase θ of the wavefunction [117]:

vs =
h̄
m
∇θ , (2.26)

where vs denotes the superfluid velocity. For a uniform system, the gradient is simply
(∇θ)i = ∆θi/Li along each direction, as illustrated in Fig. 2.2a. In this case, f (x,x)

s = 1.
However, as soon as Vext 6= 0, the phase profile becomes more complex. We provide an
illustration of this phenomena in Fig. 2.2b, for which fs ' 0.58. The twisted boundary
condition precisely probes the phase stiffness of the wavefunction: it enforces a phase
twist ∆θi across the system, thereby mimicking a superflow with velocity vs. In the case
of a sub-unity superfluid fraction, the twist can be relaxed, and creates a lesser energy
increase compared to a uniform system for which f (x,x)

s = 1, as illustrated in Fig. 2.2. An
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alternative expression for the superfluid fraction can thus be derived [165]:

f (i,j)s =
mLiLj

Nh̄2 lim
∆θi→0
∆θj→0

∂2∆E
∂∆θi∂∆θj

. (2.27)

Of course, the two definitions of the superfluid fraction are equivalent, as can be shown
explicitly by considering the unitary transformation that connects the two boundary con-
ditions [106].
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Figure 2.2: (a, b) We perform two-dimensional simulations of the GPE with twisted
boundary conditions, setting ∆θx = 0.1 � 2π. We add an external potential Vext =
V0 cos(2πx/λ)/2, with λ = 4 µm. We show in blue the resulting densities, and in red
the phases θ of the wavefunctions. The grey area indicates the potential, expressed in
units of density. In (a) the potential is set to 0, whereas we use V0 = kB × 100 nK in
(b). In addition to the modification of the density profile, it leads to an adjustment
of the phase, with higher gradients in the low-density areas. We used the following

parameters: 〈n〉 = 60 µm−2 and g̃ = 0.16.

Bounds of the superfluid fraction

The definitions Eq. (2.24) and Eq. (2.27) of the superfluid fraction tensor rely on the
knowledge of the energy of the system under the action of a perturbation. However,
an analytical formula is in general not accessible. Nevertheless, one can establish some
bounds on the superfluid fraction. An upper bound was first proposed by Leggett in
[148]. He used a variational approach to estimate the energy, reducing the parameter
space of possible wavefunctions by taking a Hartree ansatz, with an additional separa-
bility condition on the phase [106], leading to:

f (i,i)s ≤ f (i,i)+ =
1
〈n〉

(〈
1
〈n〉j,k

〉

i

)−1

, (2.28)

where 〈·〉i =
∫
·di /Li is the spatial average along a given direction i, and 〈·〉 is the

average over the entire system. The indices j, k denote the directions orthogonal to i. We
note that these bounds only apply to the diagonal components of the superfluid fraction
tensor, meaning that the axis i should be an eigenaxis of the system.

This upper bound was later refined by Saslow [166, 167], using a more general vari-
ational ansatz. Considering twisted boundary conditions as in Eq. (2.25), the wavefunc-
tion can be written, at first order in the phase twist, as:

ψ = ψeq(R) exp(iφ(R)) with R = r1, . . . rN , (2.29)
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where ψeq is the equilibrium wavefunction in the absence of a phase twist, which can be
chosen to be real. The variational ansatz for the phase then reads:

φ(R) =
N

∑
k=1

θ(rk) . (2.30)

Under these assumptions, one obtains [138]:

S(i,j) = lim
∆θi→0
∆θj→0

1
〈n〉 〈∂iθ〉

〈
n ∂jθ

〉
and ∑

i,j
f (i,j)s

∆θi∆θj

LiLj
≤∑

i,j
S(i,j) ∆θi∆θj

LiLj
. (2.31)

One can deduce from the second equality that the eigenvalues of S are bounds of the su-
perfluid fraction. Eq. (2.31) can equivalently be expressed in terms of θ̃ = θ−∑i i ∆θi/Li,
which satisfies periodic boundary conditions. This yields [106]:

S(i,j) = δ(i,j) + lim
∆θi→0
∆θj→0

Li

N ∆θi

〈
n ∂j θ̃

〉
, (2.32)

where δ(i,j) is the Kronecker delta. Contrary to the bound proposed by Leggett, S(i,j)

provides a more general upper bound, which is relevant for any choice of axis. Since
the construction of [166] extends the variational space of [148], we have the hierarchy
f (i,i)s ≤ S(i,i) ≤ f (i,i)+ . Leggett also derived a lower bound for the superfluid fraction
[156]. In the more restrictive case of a Hartree–Fock-type wavefunction, as in the GPE,
this reads:

f (i,i)s ≥ f (i,i)− =
1
〈n〉

〈〈
1
n

〉−1

i

〉

j,k

. (2.33)

It is instructive to identify some cases where these inequalities are saturated:

• The assumption of Eq. (2.30) corresponds to a Hartree–Fock approximation and is
thus exactly satisfied for wavefunctions governed by the GPE, giving f (i,j)s = S(i,j).

• When, in addition, the density is separable, i.e. n(r) = ∏i ni(i) with ni > 0, all
bounds coincide [137]: f− = fs = S = f+.

These limiting cases provide striking examples in which the superfluid fraction, a dy-
namical quantity, can be inferred from purely static observables.

2.2.3 Experimental investigation of the superfluid fraction

Having established the theoretical framework for the superfluid fraction tensor and
its variational bounds, we now discuss its experimental characterization in our platform
for two distinct configurations of broken translational symmetry. In [137], we considered
a one-dimensional optical lattice (a similar geometry was also explored independently
in [168]), while a triangular lattice potential was later implemented in [138]. In the fol-
lowing, we detail the main results obtained for these two cases.

One-dimensional modulation

The atoms are confined in a uniform square box of size L = 40 µm, generated by
DMD1 (see Chap. 1 for details). A second DMD then superimposes a one-dimensional
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modulation of the form:

V(r) =
V0

2
cos(kx) + A with k =

2π

λ
, (2.34)

where A is a constant offset irrelevant for the physics at play. In practice, we set λ '
4 µm. The resulting atomic density is shown in Fig. 2.3: it exhibits a clear modulation
along x, while remaining uniform along y. From this symmetry, several consequences
follow immediately for the superfluid fraction tensor:

• The x–y basis is the natural one for the problem, and the tensor is diagonal in this
basis: a phase twist along x (resp. y) does not induce any current along y (resp. x).

• The density profile is separable, implying that the superfluid fraction equals both
the Leggett and Saslow bounds.

• Along the unmodulated direction y, the superfluid fraction is equal to unity. This
result can be directly obtained from Eq. (2.33).
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Figure 2.3: (a) Absorption image showing the atomic density in the potential of
Eq. (2.34), with V0 = 108(10) nK, λ = 3.93(4)µm, and 〈n〉 = 60(3)µm−2. It is an
average of 40 experimental realizations. (b) Averaged density profiles along y (blue
circles) and along x (black squares). The solid line is a sinusoidal fit. The pixel size is

1.15 µm.

Hence, in the x–y basis, the superfluid fraction tensor takes the form:

fs =

(
f (x,x)
s 0
0 1

)
=

(
f (x,x)
± 0
0 1

)
. (2.35)

We employed two complementary approaches to determine f (x,x)
s . The first is a static

method, based on the Leggett bounds given in Eq. (2.28) and (2.33), and the second is a
dynamic method relying on the hydrodynamic relation [117], valid for a BEC at T = 0:

f (x,x)
s = m κ c2

x and f (y,y)
s = m κ c2

y = 1⇒ f (x,x)
s =

c2
x

c2
y

, (2.36)

where ci is the speed of (second) sound along direction i, and κ is the compressibility. It
is a scalar quantity, defined by:

κ =
1
〈n〉

∂ 〈n〉
∂µ

. (2.37)
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For a uniform gas, κ = 1/(g2Dn) and f (i,i)s = 1, we recover the Bogoliubov speed of
sound ci =

√
gn/m. Following Eq. (2.36), we extract the superfluid fraction from mea-

surements of the sound velocities cx,y along the two principal directions. In practice,
we perturbatively excite the cloud and monitor the propagation of phonons through the
resulting center-of-mass oscillations. This method, already demonstrated in similar con-
texts [see, e.g. 129], provides a direct measurement of the lowest collective excitation
frequency νi, from which the sound velocity follows as ci = 2νiL. The results obtained
for various lattice depths V0 are presented in Fig. 2.4. We compare the values of f (x,x)

s
inferred from this dynamic approach with those deduced from the Leggett bound, com-
puted using the measured in-situ density profiles. The two independent methods yield
consistent results over the entire range of modulation depths, and both agree quantita-
tively with the predictions of a GPE simulation.
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Figure 2.4: Superfluid fraction along the modulated direction of the gas as a function of
the lattice depth V0. Red circles correspond to static estimates from the Leggett bound
of Eq. (2.33), while blue squares are obtained dynamically from the measured sound
velocities along x and y. The black solid line represents the prediction from GPE simu-

lations. The gray dashed line indicates the chemical potential µ.

Two-dimensional modulation

The one-dimensional optical lattice described above led to considerable simplifica-
tions in the estimation of the superfluid fraction, both for static and dynamic measure-
ments. We now turn to a more complex situation, in which the translational symmetry
is broken along two directions [138]. We consider a triangular lattice potential, given by:

V(r) = −2V0

9

2

∑
m=0

cos(km · (x, y) + φm) + A with km =
4π√
3λ

(
cos(2mπ/3)
sin(2mπ/3)

)
, (2.38)

where A is a constant offset irrelevant for the physics at play. In practice, we set λ '
6 µm. The phases φm are only relevant through their sum, Φ = φ0 + φ1 + φ2. Experi-
mentally, we measure Φ = 0.21(1)π. The resulting atomic density is shown in Fig. 2.5.
The density is clearly non-separable, and therefore the Leggett bounds are not saturated.
This can be explicitly shown by noting that (for V0 not too large) the average density
along y is uniform, as shown in Fig. 2.5b. Then, we directly compute that f (y,y)

+ = 1.
A complete discussion of the different Leggett bounds in this geometry can be found in
[106, 165].

Due to the threefold rotational symmetry of the potential in Eq. (2.38), the superfluid
response is isotropic, and the tensor reduces to a scalar quantity: fs = f (x,x)

s = f (y,y)
s .
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Figure 2.5: (a) Absorption image showing the atomic density in the potential of
Eq. (2.38), with V0 = 193(9) nK, λ = 6.0(1)µm, 〈n〉 = 51(2)µm−2. It is an average
of 40 experimental realizations. (b) Averaged density profiles along y (blue circles) and

along x (black squares). The solid line is a sinusoidal fit. The pixel size is 0.711 µm.

Even though the Leggett bounds no longer yield accurate estimates, the Saslow
bound, Eq. (2.31), remains saturated under our experimental conditions. Its determi-
nation relies on the measured in-situ density, from which the local phase field θ(r) is
reconstructed [106, 138]. The resulting values are shown in Fig. 2.6. In parallel, we
use the hydrodynamic relation of Eq. (2.36), measuring both the compressibility κ and
the speed of sound along y. The compressibility is obtained following the protocol of
[169], in which a small, uniform external force is applied to the cloud and the resulting
center-of-mass displacement is analyzed to extract κ [86, 106]. Together, these mea-
surements provide a consistent evaluation of the superfluid fraction in the triangular
lattice geometry, summarized in Fig. 2.6. The small but increasing discrepancy between
the experimental data and the GPE predictions may originate from finite-temperature
effects, which lie beyond the scope of this work.

µ0 100 200
0

0.5

1

V0 (nK)

f s

Figure 2.6: Superfluid fraction of the gas, modulated with the potential of Eq. (2.38), as
a function of the lattice depth V0. Red circles correspond to static estimates from the
Saslow bound of Eq. (2.31), while blue squares are obtained dynamically from the mea-
sured sound velocity and compressibility along y. The black solid line represents the
prediction from GPE simulations. The gray dashed line indicates the chemical potential

µ.
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2.3 Description of a spin mixture

2.3.1 Coupled Gross-Pitaevskii equations

We have so far considered a single BEC described by the GPE. However, using the
tools introduced in Sec. 1.3, we can realize spin mixtures, where atoms populate two
distinct internal states. Each spin component then forms its own BEC, characterized
by a macroscopic wavefunction. In the following, we restrict ourselves to the case of
two spin species, with wavefunctions ψ1 and ψ2. Their dynamics can still be described
within the mean-field approximation, but the interaction term becomes richer than in
Eq. (2.8), owing to the multiple possible collision channels. This situation is illustrated
in Fig. 2.7: each atom can interact either with another atom in the same spin state or
with one belonging to the other component. Consequently, three interaction constants

g1,1

g2,2

g1,2

|1,−1〉

|1,+1〉
Figure 2.7: Schematic of the possible interaction channels between atoms of two spin
states. We introduce intraspecies couplings (g1,1 and g2,2), and interspecies coupling
(g1,2). We represent atoms in the states |F = 1, mF = −1〉 and |F = 1, mF = +1〉, corre-

sponding to the mixture used in Chap. 4-6.

gi,j (with gi,j = gj,i by symmetry) are needed to describe all possible s-wave collisions
between atoms of species i and j. The two wavefunctions are thus linked through the
interspecies interaction g1,2, leading to the coupled Gross-Pitaevskii Equations [170]:




ih̄
∂

∂t
ψ1(r, t) =

[
− h̄2

2m
∇2 + V(r, t) + g1,1|ψ1(r, t)|2 + g1,2|ψ2(r, t)|2

]
ψ1(r, t) ,

ih̄
∂

∂t
ψ2(r, t) =

[
− h̄2

2m
∇2 + V(r, t) + g2,2|ψ2(r, t)|2 + g1,2|ψ1(r, t)|2

]
ψ2(r, t) .

(2.39)

Each equation thus includes both an intraspecies mean-field term (g1,1 or g2,2) and an
interspecies coupling (g1,2), which characterizes the nonlinear coupling between the two
condensates. We consider the case of repulsive interactions, gi,j > 0, relevant for the
ground state of 87Rb.

The interplay between intra and interspecies interactions determines whether the
two components spatially overlap or separate. By comparing the interaction energies of
mixed and demixed configurations, one can introduce the miscibility parameter [170]:

∆ =
g2

1,2

g1,1 g2,2
. (2.40)

The mixture is miscible when ∆ < 1, meaning that the overlap of the two components is
energetically favorable. Conversely, for ∆ > 1, the interspecies repulsion dominates, and
it becomes favorable for the two BECs to demix, forming spatially separated domains.
Such phase separation has been observed experimentally in, e.g., [171–173]. This behav-
ior is illustrated in Fig. 2.8: Fig. 2.8a shows an example of time-evolved system with
initially overlapping, immiscible components, while Fig. 2.8b displays a corresponding
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ground state configuration. We observe that the two spin species interpenetrate each
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Figure 2.8: (a, b) Illustration of the immiscibility of two spin components in a two-
dimensional system, with cuts at constant y. The initial (uniform) densities are set to
n1 = n2 = 25 µm−2, and the dynamics are obtained from numerical simulations of the
coupled GPEs, Eq. (2.39), setting ∆ = 1.2 and g1,1 = g2,2. (a) Result of the time evolu-
tion of the system (initialized with a small phase noise): the two components dynam-
ically demix, forming domains whose characteristic size agrees with predictions from
the Bogoliubov analysis (see main text). (b) Ground-state configuration obtained by
imaginary-time evolution, showing the spatial separation of the two components with
a narrow overlap region around x = 0. The left / right symmetry breaking is induced

by the initial phase noise inputted in the simulation.

other around x = 0, and the region of this overlap has a characteristic length given by
ξs, the spin healing length. Restricting ourselves to the case of the symmetric mixture of
Fig. 2.7, for which g1,1 = g2,2 = g, we define [174, 175]:

ξs =
ξ

(√
∆− 1

)1/2 =
h̄√

2mn |δg|
with δg = g1,2 − g , (2.41)

where ξ is the single component healing length, and n the atomic density. For typical
experimental parameters (see Chap. 4), δg � g, thus ξs � ξ. In particular, the spin
healing length becomes larger than the resolution of our microscope objective, allowing
the observation of spin dynamics.

Bogoliubov spectrum

A Bogoliubov analysis can be performed on the coupled Eq. (2.39), in direct analogy
with the single-component case discussed in Sec. 2.1.3. We consider an initially uniform
configuration, with densities ni for each spin component i. The excitation spectrum then
takes the form [170]:

(
h̄ω±k

)2
= (h̄c±k)2 +

(
h̄2k2

2m

)2

, (2.42)

where the sound velocities of the two branches are given by:

c2
± =

1
2

(
c2

1 + c2
2 ±

√(
c2

1 + c2
2

)2
+ 4(∆− 1)c2

1c2
2

)
, (2.43)
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and ci =
√

nigi,i/m denotes the speed of sound in each component. The spectrum thus
exhibits two excitation branches. When ∆ > 1, the lower branch becomes dynami-
cally unstable, since c− acquires an imaginary part. This leads to exponentially growing
modes for k < kc = 2m|c−|/h̄, with the maximum growth rate occurring at k = kc/

√
2.

For the case shown in Fig. 2.8a, this corresponds to a characteristic wavelength λ ' 7 µm,
in good agreement with the size of the emerging domains. This instability mechanism is
analogous to the modulational instability of the one-component attractive GPE, discussed
in Sec. 3.4.2.

2.3.2 The low-depletion limit

The dynamics induced by the coupled GPE (2.39) are both rich and complex [93, 176,
177]. Yet, in certain limits it is possible to describe the system with an effective single
field [178, 179]. We consider here the case of a bath of density n1 = |ψ1|2, and a minority
component ψ2 of much smaller density n2(x)� n1(x). Denoting by n0 the static density
of the bath in the absence of the minority component, we write:

ψ1(r, t) = [
√

n0 + δψ1(r, t)] e−iµ1t/h̄ with µ1 = g1,1n0 , (2.44)

where δψ1 is a small correction induced by the presence of atoms of component 2. Fol-
lowing the approach of [179], we substitute this expression into Eq. (2.39), obtaining:

ih̄
∂

∂t
δψ1 +

h̄2

2m
∇2δψ1 = V(r) [

√
n0 + δψ1(r, t)] + g1,2(

√
n0n2 + n2δψ1)

+ g1,1n0 (δψ1 + δψ∗1) + g1,1
√

n0

(
δψ2

1 + 2|δψ1|2
)

,
(2.45)

where terms of order higher than two in δψ1 have been neglected. An important hy-
pothesis consists in neglecting the explicit time evolution of δψ1. This can be viewed as
an adiabatic approximation: the bath dynamics, governed by a timescale of order h̄/µ1,
are much faster than those of the dilute minority component. Consequently, the bath
density adapts quasi-instantaneously to the evolution of ψ2.

Identifying in Eq. (2.45) the terms corresponding to g1,1|ψ1|2 and expanding δψ1/
√

n0
in powers of the depletion n2/n0, we can substitute back into the equation for ψ2 obtain-
ing:

ih̄
∂

∂t
ψ2 = − h̄2

2m
∇2ψ2 + Ve(r)ψ2 + ge|ψ2|2ψ2 +O

(
n2

n0

)
(2.46)

where the effective potential and interaction strength are:

Ve(r) =
(

1− g1,2

g1,1

)
V(r) and ge = g2,2 −

g2
1,2

g1,1
. (2.47)

To zeroth order in the depletion n2/n0, Eq. (2.46) thus reduces to a single-component
GPE, with both the potential and interaction terms dressed by the bath. Notably, for im-
miscible mixtures, one has ge < 0, leading to an effective attractive nonlinearity for the
minority component. This effective equation thus provides a powerful framework to en-
gineer and explore attractive nonlinear dynamics, such as solitons, within a repulsively
interacting BEC.
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Conclusion

In this chapter, we have established a mean-field framework for describing our
system, based on the GPE. This approach accurately captures the behavior of
weakly interacting Bose gases at low temperatures and provides direct access
to their superfluid properties. By analyzing the response of the condensate to
phase twists and external perturbations, we defined the superfluid fraction and
explored its evolution in the presence of external modulations. We have also
shown how this mean-field formalism naturally extends to multi-component con-
densates, where additional internal degrees of freedom give rise to rich coupled
dynamics.
Altogether, this mean-field description provides the theoretical foundation for in-
terpreting the experimental observations presented in the following chapters. In
particular, Chap. 3 will address the integrability of the one-dimensional attractive
NLSE, to which our system can be mapped.
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Introduction

The Nonlinear Schrödinger Equation is of fundamental importance in physics, par-
ticularly in the context of cold-atom platforms. A central question concerns how such an
equation can be solved. The NLSE describes a system with an infinite number of degrees
of freedom. In Hamiltonian systems with a finite number n of degrees of freedom, spec-
ifying n integrals of motion is sufficient to render the system integrable. However, when
dealing with infinitely many integrals of motion, the situation becomes more subtle and
requires a more sophisticated framework: the Inverse Scattering Transform (IST). The
discovery of solitonic solutions provided the first indication of this hidden integrability.

This chapter aims to describe the IST in the context of the NLSE. We first provide an
overview of solitons in various physical systems (Sec. 3.1). We then detail the IST method
and its profound connection to solitons (Sec. 3.2). This method can be reformulated to
construct explicit many-soliton solutions (Sec. 3.3). Finally, we highlight some variations
of the method to illustrate its richness (Sec. 3.4).

3.1 Omnipresence of solitons

3.1.1 Discovery and first observations

The first documented observation of a soliton is attributed to John Scott Russell in
his Report on Waves [36], where he describes a “wave of translation”: a soliton. Rus-
sell lacked the theoretical explanation for this phenomenon, which was provided a few
decades later with the rediscovery of the Korteweg-de Vries (KdV) equation [20] (it had
already been formulated by Boussinesq in a footnote in [180]). This equation describes
the water level in a low-depth, one-dimensional channel and is an approximation of the
Navier-Stokes equations [see e.g. 39, Appendix A]. It can be written in dimensionless
form:

∂φ

∂t
+ 6φ

∂φ

∂x
+

∂3φ

∂x3 = 0 , (3.1)

where φ represents the water height compared to equilibrium, and x, t are space and
time coordinates respectively. Eq. (3.1) is expressed in a frame moving at the speed of
sound. Of the three terms in this equation, the second is nonlinear. Its effect can be
qualitatively understood by removing the last term, which leads to the inviscid Burgers
equation. Then, each portion of the wave will move with an approximate velocity 6φ,
resulting in steeper wave fronts and shock waves. Conversely, considering the case of
φ → 0, thus linearizing the equation, we observe that the dispersion relation for plane
waves φ ∝ ei(kx−ωt) is ω = −k3. Hence, the last term creates some dispersion of the
initial wavepacket. The balance of these two terms in the KdV equation enables solitons
to exist.

Because Eq. (3.1) is nonlinear, it is difficult to find its solutions. In particular, the
plane waves are no longer an eigenbasis, rendering the Fourier Transform (FT) useless.
One can search for solutions of the form φv(x, t) = φ(x− vt), corresponding to solutions
which propagate without any deformation at a velocity v. This approach matches the
“natural” definition of a soliton. After some algebra, one can obtain:

φv(x, t) =
v
2

sech2
[√

v
4
(x− vt)

]
with v > 0 , (3.2)

which is the solitonic solution of Eq. (3.1) with velocity v. The condition v > 0 does not
indicate symmetry breaking because it corresponds to v > cs in the laboratory frame.
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It simply means that KdV solitons are always supersonic. We also have φv > 0, which
indicates that solitons are bulges of fluid.

However, this procedure overlooks many solutions, due to our ansatz only consid-
ering wavepackets that do not deform. In particular, we can mention the two-soliton
solution. One example of such a solution is shown in Fig. 3.1. We see that at |t| → ∞
this solution is similar to two independent solitons. Despite the nonlinearity of the KdV
equation, we observe that they collide elastically, with no exchange of energy, momen-
tum, or particles. A numerical experiment performed by [37] revealed the remarkable
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(a) Numerical simulation of KdV solitons. (b) Picture from Terry Toedtenieier, 1978.

Figure 3.1: (a) Example of a two-soliton of the KdV equation. When |t| → ∞, we
recover two separated solitons well-described by Eq. (3.2). The first has an amplitude of
8, the second an amplitude of 2. The collision results in a shift in position for these two
solitons, meaning it is not a linear superposition of two independent wavepackets. (b)
A qualitative illustration of two solitons colliding. The position shift is clearly visible,

while the waveform is conserved.

fact that solitons retain their shape after interacting with each other. The explanation be-
hind this feature of the KdV equation was found closely afterwards by [43], who intro-
duced a new method for solving certain nonlinear Partial Differential Equations (PDEs),
now called the IST. This powerful method allows one to construct all solutions of such
an equation. In particular, it is applicable to the NLSE, which is the main focus of this
chapter.

3.1.2 Solitons of the 1D GPE

Before presenting the general solution to the NLSE, we will briefly review some of
the work that has been done on solitons within the context of this equation. We recall
that in one dimension, the NLSE (also called GPE for cold atoms) reads:

ih̄
∂ψ

∂t
= − h̄2

2m
∂2ψ

∂x2 + g|ψ|2ψ and
∫
|ψ(x)|2 dx = N , (3.3)

where g is the interaction parameter, and ψ is normalized to the atom number. We can
rewrite this equation in a dimensionless form by setting:

t̃ =
t
t0

= t
N2mg2

2h̄3 , x̃ =
x
x0

= x
Nm|g|

h̄2 and u(x̃, t̃) =
√

x0

N
ψ(x, t) . (3.4)
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The last equality is set by requiring
∫
|u|2 dx = 1.1 We obtain the following equation:

iut + uxx ± 2|u|2u = 0 , (3.5)

where the ·̃ have been omitted, and subscripts indicate a derivative with respect to the
variable. The positive or negative sign of the nonlinearity expresses whether we have
the focusing / attractive or defocusing / repulsive NLSE respectively. Eq. (3.5) arises in many
different physical contexts, in addition to cold atoms: plasma physics to describe small
amplitude Langmuir waves [181], optical fibers [38, 182] (where the roles of the space
and time coordinates are swapped), bulk Kerr media [183] (where the propagation hap-
pens along a second space axis instead of time), deep-water waves [22], etc.

Eq. (3.5) admits solitonic solutions, the most famous ones being the bright and dark
solitons in the case of the attractive and repulsive equation respectively. We can write
explicitly these solutions. For the bright soliton:

u(x, t) =
κ

cosh(κx)
eiκ2t , (3.6)

for a soliton of mass
∫
|u|2 dx = 2κ. The dimensional form can be recovered using

Eq. (3.4). It is possible to obtain this solution when searching for solutions that propagate
without any deformation, similarly to the KdV case [39]. This wavepacket naturally
concentrates all atoms around x = 0, due to the attractive interactions. Conversely,
atoms with repulsive interactions will tend to spread over the whole space. Hence, the
dark soliton of the repulsive NLSE is associated with a density dip, and is given by:

u(x, t) = tanh(x)e−2it . (3.7)

We note that the dark soliton is an excited state, while the bright soliton is the ground
state of the focusing NLSE. Both bright and dark solitons have been extensively studied
in cold-atom platforms, using atomic species with either attractive or repulsive inter-
action parameters: [62, 184–186] and [63, 187, 188] observed bright and dark solitons
respectively. We illustrate in Fig. 3.2 a historical example of each.

The NLSE (3.5) is Galilean invariant. This means that one can obtain solutions in a
reference frame moving at a uniform velocity v with respect to the initial one thanks to
the following transformation:

u(x, t) −→ u(x− vt, t) ei(vx−v2t/2)/2 . (3.8)

This equation can be directly applied to the bright soliton (3.6) in order to obtain solitons
moving at a velocity v. However, in the defocusing case, the dark soliton exists on a
nonzero background whose phase and current are modified by a Galilean boost, thus
breaking the invariance of the solution itself. The Galilean transformation can also be
extended to non-inertial reference frames [190], for example to express the solutions in
the case of a uniform and constant force.

Similar to the KdV equation, the solitons of the NLSE exhibit remarkable stability
properties. In particular, bright solitons maintain their shape and velocity when they
collide with one another. Experiments investigating this phenomenon have been con-
ducted in cold-atom systems [64] and in optical fibers [191]. The mathematical reasons
behind this feature will become clear in the following sections.

1This normalization to unity sets the amplitude of a bright soliton of width x0/2, and atom number N.
In the following we will allow the norm of u to vary in order to keep a common x0 while varying the atom
number.
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(a) Bright soliton.

struction of the soliton. This instability is essentially sup-
pressed for solitons in cigar-shaped traps with a strong
radial confinement [9], such as in our experiment [15].

As can be seen from Eq.(1), the local phase of the dark
soliton wave function varies only in the vicinity of the DS-
plane, x ≈ xk, and is constant in the outer regions, with
a phase difference ∆φ between the parts left and right to
the DS-plane (see, e.g., Fig.1b).

FIG. 1. Density distribution (a) and phase distribution (b)
of a dark soliton state with ∆φ = π. The density minimum
has a width ∼ l0. The scheme for the generation of dark
solitons by phase imprinting is shown in (c), where le is the
width of the potential edge.

To generate dark solitons we apply the method of phase
imprinting [13], which allows one also to create vortices
and other textures in BEC’s. We apply a homogeneous
potential Uint, generated by the dipole potential of a far
detuned laser beam, to one half of the condensate wave-
function (Fig.1c). The potential is pulsed on for a time
tp, such that the wavefunction locally acquires an ad-
ditional phase factor e−i∆φ, with ∆φ = Uinttp/h̄ ∼ π.
The pulse duration is chosen to be short compared to
the correlation time of the condensate, tc = h̄/µ, where
µ is the chemical potential. This ensures that the effect
of the light pulse is mainly a change of the phase of the
BEC, whereas changes of the density during this time can
be neglected. Note, however, that due to the imprinted
phase, at larger times one expects an adjustment of the
phase and density distribution in the condensate. This
will lead to the formation of a dark soliton and also to
additional structures as discussed below.

In our experimental setup (see [16]), condensates con-
taining typically 1.5× 105 atoms in the (F=2, mF =+2)-
state, with less than 10% of the atoms being in the ther-
mal cloud, are produced every 20s. The fundamental fre-
quencies of our static magnetic trap are ωx = 2π × 14Hz
and ω⊥ = 2π × 425Hz along the axial and radial di-
rections, respectively. The condensates are cigar-shaped
with the long axis (x-axis) oriented horizontally.

For the phase imprinting potential Uint, a blue de-
tuned, far off resonant laser field (λ =532nm) of inten-
sity I ≈ 20W/mm2 pulsed for a time tp = 20µs results
in a phase shift ∆φ of the order of π [17]. Spontaneous

processes can be totally neglected. A high quality optical
system is used to image an intensity profile onto the BEC,
nearly corresponding to a step function with a width of
the edge, le, smaller than 3µm (see Fig.1c). The corre-
sponding potential gradient leads to a force transferring
momentum locally to the wave function and supporting
the creation of a density minimum at the position of the
DS-plane for the dark soliton. Note that also the velocity
of the soliton depends on le (see Fig.3c).

After applying the dipole potential we let the atoms
evolve within the magnetic trap for a variable time tev.
We then release the BEC from the trap (switched off
within 200µs) and take an absorption image of the den-
sity distribution after a time-of-flight tTOF = 4ms (re-
ducing the density in order to get a good signal-to-noise
ratio in the images).

In series of measurements we have studied the creation
and successive dynamics of dark solitons as a function of
the evolution time and the imprinted phase. Fig.2 shows
density profiles of the atomic clouds for different evolu-
tion times in the magnetic trap, tev. The potential Uint

has been applied to the part of the BEC with x < 0. For
this measurement the potential strength was estimated
to correspond to a phase shift of ∼ π.

For short evolution times the density profile of the BEC
shows a pronounced minimum (contrast about 40%). Af-
ter a time of typically tev ≈ 1.5ms a second minimum
appears. Both minima (contrast about 20% each) travel
in opposite directions and in general with different ve-
locities. Fig.3a) shows the evolution of these two minima
in comparison to theoretical results obtained numerically
from the 3D Gross-Pitaevskii equation.

One of the most important results of this work is that
both structures move with velocities which are smaller
than the speed of sound (cs ≈ 3.7mm/s for our parame-
ters) and depend on the applied phase shift. Therefore,
the observed structures are different from sound waves in
a condensate as first observed at MIT [18]. We identify
the minimum moving slowly in the negative x-direction
to be the DS-plane of a dark soliton.

FIG. 2. Absorption images of BEC’s with kink-wise struc-
tures propagating in the direction of the long condensate
axis, for different evolution times in the magnetic trap, tev.
(∆φ ∼ π, N ≈ 1.5 × 105, tTOF = 4ms).

2

(b) Dark soliton.

Figure 3.2: (a) First observation of a bright soliton. The wavepacket was formed by
preparing a repulsive BEC, and fine tuning the interactions to the attractive side via a
Feshbach resonance. We observe that it retains its width and height over time. Figure
adapted from [62]. (b) First observation of a dark soliton. It was created using phase
imprinting: a constant potential is added to one half of the cloud to generate a phase
difference between the two halves. Figure adapted from [63]. We note that due to the
imperfect imprinting of the waveform, the authors actually formed a pair of so-called
gray soliton. This soliton is not stationary, and the phase jump across it is less than π

[see 189, Chap. 3, and references therein for details].

Stability of solitons

Until now, we have considered objects that are solutions of Eq. (3.5). One might
wonder about the stability of such solutions in physically realistic systems, such as cold
atoms. In particular, atoms are typically confined within cigar-shaped traps. This means
that they experience a harmonic confinement along the longitudinal direction. The three-
dimensional nature of the atomic cloud should cause it to implode in the case of the
focusing NLSE [192]. Besides, the GPE is a mean-field description and neglects some
quantum effects. Let us briefly discuss the validity of our assumptions:

• The longitudinal trap a priori breaks the integrability of Eq. (3.5). When the trap
is shallow enough, one can show that the solitonic solutions still exist and remain
stable [193].

• The atoms are typically confined in harmonic traps of frequency ω⊥ in the trans-
verse directions. The ground state wavefunction has a typical size in the transverse
plane of aho =

√
h̄/(mω⊥). In order to have a frozen motion in this plane, it is

necessary that the quantum of energy of the harmonic oscillator is much greater
than the chemical potential µ, meaning h̄ω⊥ � |µ|. We can rewrite this condition:
aho/|a| � N, with a the scattering length between two atoms.

• For attractive interactions, the absolute ground state of the atomic cloud approa-
ches a Dirac peak. However, a local energy minimum corresponding to a soliton
exists under the condition that N|a|/aho . 0.7 [194].

• The solitonic solution was found within the Hartree ansatz hypothesis, which un-
derlies the GPE. By relaxing this constraint, [195] found the true N-particle ground
state of interacting attractive bosons. This solution converges to Eq. (3.6) when
N � 1. Quantum effects were also studied by [196, 197], who discovered the
quantum analog of a dark soliton.

Dealing with effects resulting from these considerations lies outside the scope of this
manuscript, and we will assume in the following that the NLSE (3.5) is fully valid.
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3.1.3 A widespread topic

For the moment, we have only considered two equations that contain solitonic solu-
tions. However, solitons are ubiquitous, even when restricting to cold-atom platforms.
We should mention that, although most solitons are held in one-dimensional equations,
there are several exceptions. Recently, the Townes soliton has been realized in our team
[70] and in [69], and the Jones-Roberts soliton in [198]. They are, respectively, solutions
to the attractive and repulsive two-dimensional NLSE.

We will detail below some important solitonic solutions linked with the NLSE, re-
stricting ourselves to one-dimensional systems.

Solitons on a background

In this section, we consider the focusing NLSE. The bright soliton of Eq. (3.6) and the
multi-solitonic solutions we mentioned have the particularity that lim|x|→∞ |u(x, t)| = 0.
Another class of solutions exists for which lim|x|→∞ |u(x, t)| = 1. We can mention the
Kuznetsov-Ma soliton [199, 200], the Akhmediev soliton [201], or the Peregrine soliton
[202]. One should note that these solutions are not stable with respect to the modu-
lational instability [203]. These structures have been proposed as prototypes of rogue
waves [see e.g. 204, for a recent review], due to their localized (either in space or time)
growth and decay reminiscent of a rogue wave. The wavefunctions of these solutions
are illustrated in Fig. 3.3, and can be written out explicitly:

uAkhm(x, t) =

[
1 +

(2− 4a) cosh(2bt) + ib sinh(2bt)√
2a cos(kx)− cosh(2bt)

]
e2it with 0 < a < 1

2 , (3.9a)

uPereg(x, t) =
[

1− 4(1 + 4it)
1 + 4x2 + 16t2

]
e2it , (3.9b)

uKuzn(x, t) =

[
1 +

(2− 4a) cos(2bt)− ib sin(2bt)√
2a cosh(kx)− cos(2bt)

]
e2it with a > 1

2 , (3.9c)

with b = 2
√

2a|1− 2a|, k = 2
√
|1− 2a|. One can also introduce a shift in either space or

time in the x, t coordinates. The Akhmediev soliton corresponds to a structure of peaks
periodic in space appearing around t = 0 while the Kuznetsov-Ma soliton is periodic
in time, and the peaks are localized near x = 0. The Peregrine soliton is the limit of
these solitons, both mathematically by taking a → 1/2, and in the sense that it has only
one maxima located at (x, t) = (0, 0). These solutions have been observed in optical

(a) Akhmediev soliton. (b) Peregrine soliton. (c) Kuznetsov-Ma soliton.

Figure 3.3: (a) Akhmediev soliton with a = 0.2. (b) Peregrine soliton, which corre-
sponds to a → 1/2 from either the positive or negative side. (c) Kuznetsov-Ma soliton
with a = 0.6. (a-c) Note the heights of the peaks for each solution are different, but all

wavefunctions approach |u| → 1 at infinity.
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fibers [205–207], and more recently in the cold-atom platform where some features of
the Peregrine soliton have been observed [208].

We highlight that despite their names, these objects seem to have only a tenuous
similarity with the bright soliton. This begs the question: why are they called solitons?
They do not follow the criteria of propagating with no deformation. The answer to this
question lies once again in the IST, and will be tackled in Sec. 3.4.2.

Vector solitons

A possible extension of the NLSE is to consider coupled equations. In the BEC con-
text, we can consider the case of a spin mixture described by the wavefunctions u, v:

{
iut + uxx − 2|u|2u− 2α|v|2u = 0 ,

ivt + vxx − 2|v|2v− 2α|u|2v = 0 ,
(3.10)

where we have taken the same (repulsive) intra-species interaction strength for u and v.
This corresponds for instance to the case of the spin mixture studied in Chap. 4-6. The
constant α ∈ R indicates the magnitude of the inter-species interactions, which are by
nature symmetric. Eq. (3.10) also admits solitonic solutions.

In the case α = 1, we obtain the so-called Manakov system, which was shown to
be integrable by [209]. One of the most well-known solution of this system is the dark-
bright soliton [210–212], which we illustrate in Fig. 3.4. It was realized with cold atoms
by e.g. [71, 72, 177]. Thanks to the SU(2) symmetry of the interaction strengths, it is also
possible to write more general solutions [213].
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(a) Profile of a dark-bright soliton. (b) Experimental realization.

Figure 3.4: (a) Numerical profile of a dark-bright soliton: it consists of a bright soliton
sitting in the minimum of density of a dark soliton. Top: Phases of the two components.
We also have the π phase jump associated to dark solitons. Bottom: Density profiles,
the solid black line shows the total density. (b) Oscillation of a dark-bright soliton in a
harmonic trap. In particular, the subfigure (c) shows the optical densities of each spin
component, and we observe that the minority lies in the density hole of the majority

component. Figure adapted from [71].

When α 6= 1, Eq. (3.10) is no longer integrable. However, keeping α ' 1, we can
map the spin mixture to a one-dimensional ferromagnetic chain of spins [76] (see [77]
for a review about spin chains and in particular magnetic solitons, fundamental solu-
tions of such a spin chain). Such a mapping will be the subject of Chap. 5, we postpone
discussions until that chapter. We simply mention that magnetic solitons have been
demonstrated in cold-atom systems in [214, 215].
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3.2 A linear reformulation of the NLSE

The Inverse Scattering Transform was first introduced by [43] in order to solve the
KdV equation. While exact soliton solutions can be derived by ansatz in special cases,
most solutions of a nonlinear equation cannot be obtained directly. The IST provides a
systematic method to compute all solutions by mapping the nonlinear problem into a
linear spectral problem.

Their method was reformulated by Lax in [46], which allowed an easier extension
to other nonlinear equations. In particular, [44] showed that it was applicable to the
NLSE, and [45, 216] further generalized this work. The broad idea of this technique is
to reformulate the nonlinear equation in order to successively solve three linear prob-
lems instead of a nonlinear one. The principle is quite similar to the FT, and the IST is
sometimes called “nonlinear Fourier transform”. This analogy is developed in Fig. 3.5.

∫
ueikx dx

∫
ûe-ikx dxDifferential equation

with initial condition
u(x, 0)

Fourier transform of
initial condition

û(k, 0)

Time evolution of
the Fourier transform

û(k, t)

Inverse Fourier
transform to obtain

u(x, t)

Dispersion
relation

(a) Pathway to solve certain linear PDEs.

Direct
scattering

Inverse
scatteringDifferential equation

with initial condition
u(x, 0)

Scattering data
{aλ , bλ}
{λj , cj}

Time evolved
scattering data

Linear step to obtain
the time evolved

u(x, t)

Trivial time
evolution

(b) Pathway to solve certain nonlinear PDEs.

Figure 3.5: (a) Linear equations that are invariant under spatial translations can be ef-
ficiently solved using the FT because plane waves naturally form the basis of their so-
lution space. An example of this is the Helmholtz equation and its paraxial approxi-
mation, which describes the propagation of light. The time-evolved solution to such an
equation can be easily found by performing a (trivial) time evolution in Fourier space
and then inverting the result at the desired time. (b) The IST operates on the same prin-
ciple. The initial condition is mapped to an auxiliary spectral space, or scattering data,
where its time evolution is straightforward. The most important aspect of this method

is that these three steps are linear.

In this section, we will detail the three steps shown in Fig. 3.5b for the focusing NLSE
and demonstrate how the IST provides new insights into solitons. We will restrict our-
selves to the case of lim|x|→∞ u(x, t) = 0, which is the focus of the original works of [44,
45]. We will mention extensions of this case in Sec. 3.4.2.

3.2.1 The Lax pair

We consider in this section the focusing NLSE:

iut + uxx + 2|u|2u = 0 . (3.11)

This equation has a well-defined solution when an initial condition, u(x, 0), is given. We
consider the problem on the infinite line, meaning x ∈ R. The method introduced by
Lax involves finding two operators (L̂, Â), that depend on u and its spatial derivative,
but not its temporal derivative; and (L̂, Â) satisfy:

u(x, t) solution of Eq. (3.11) ⇐⇒ dL̂
dt

=
[
Â, L̂

]
, (3.12)
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where [·, ·] is the commutator between two operators. There is no uniqueness of the
(L̂, Â) pair, one possible choice is [189]:

L̂ = i
(

∂x u
u∗ −∂x

)
and Â = i

(
2∂2

x + |u|2 ux + 2u∂x

u∗ + 2u∗∂x −2∂2
x − |u|2

)
, (3.13)

where ·∗ means complex conjugation. One can immediately verify that this choice satis-
fies the equivalence Eq. (3.12). There is no straightforward method for forming the oper-
ators (L̂, Â) for a given equation. As indicated by [46], determining them often relies on
educated guesses. In our case, the operators (L̂, Â) act on the space of two-component
spinors:

Φ(x, t) =
(

φa(x, t)
φb(x, t)

)
with φa,b(x, t) ∈ C . (3.14)

This is not a general feature of the IST: for the KdV equation for instance, L̂ is the one-
dimensional Schrödinger operator. In the following, the subscripts a, b will denote the
components of the spinors. The goal is now to “replace” the nonlinear evolution of u by
the evolution of Φ, which is governed by linear operators.

3.2.2 The scattering data

The first step of the IST method consists of solving the so-called Zakharov-Shabat
eigenvalue problem:

L̂Φ = λΦ that is

{
i∂xφa + iuφb = λφa ,
−i∂xφb + iu∗φa = λφb .

(3.15)

We begin solving this system by detailing a few key properties:

• Since L̂ is not hermitian, the spectrum λ can be complex. In the following, we will
write λ = ξ + iη, with ξ, η ∈ R.

• The time variable t is a dummy variable in this equation, and will be omitted.

• The function u, although it is complex-valued, now plays the role of a localized
potential. Anticipating on what follows, we can already guess that this will lead to
both localized and radiative eigenstates, similarly to the linear Schrödinger equa-
tion. This analogy is most easily seen by taking λ = 0, which leads to ∂2

xφa,b =

−|u|2φa,b.

• An important symmetry of the system of Eq. (3.15) is the following:
(

Φ =

[
φa
φb

]
, λ

)
solution ⇐⇒

(
Φ̄ =

[
φ∗b
−φ∗a

]
, λ∗
)

solution . (3.16)

This involution property, noted ·̄, informs us that the spectrum of λ is symmetric
with respect to the real axis.

• If U, V are two solutions of Eq. (3.15), then:

d
dx

(UaVb −UbVa) =
d

dx
W(U, V) = 0 , (3.17)

with W the Wronskian.
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• Since u(x) → 0 when |x| → ∞, the system of Eq. (3.15) can be rewritten in this
limit:

∂xφa = −iλφa and ∂xφb = iλφb , (3.18)

whose solutions are:
φa ∝ e−iλx and φb ∝ eiλx . (3.19)

Jost functions and analytic properties

We focus first on the case λ = ξ ∈ R, meaning η = 0. With this restriction, we
are guaranteed to avoid any divergence from Eq. (3.19). We define the so-called Jost
functions Φ, Ψ [44, 216] which are solutions of Eq. (3.15). We take the following boundary
conditions, which are natural given Eq. (3.19):

Φ(x, ξ) ∼
(

1
0

)
e−iξx as x → −∞ , (3.20a)

Ψ(x, ξ) ∼
(

0
1

)
e+iξx as x → +∞ . (3.20b)

Following Eq. (3.16), we also define Φ̄, Ψ̄. Thus, Φ, Φ̄, Ψ, Ψ̄ are all eigenfunctions of
Eq. (3.15) for the eigenvalue ξ. Not all of them are linearly independent: only the pairs
(Φ, Φ̄) and (Ψ, Ψ̄) are. Hence, there exists coefficients such that:

{
Φ(x, ξ) = a(ξ)Ψ̄ + b(ξ)Ψ
Φ̄(x, ξ) = b̄(ξ)Ψ̄− ā(ξ)Ψ

i.e. (Φ, Φ̄) = (Ψ̄, Ψ)S , (3.21)

where we introduced the scattering matrix:

S(ξ) =
(

a b̄
b −ā

)
. (3.22)

It contains the scattering coefficients a(ξ), b(ξ) which carry the information of the direct
scattering process. This relation allows us to connect the limits of x → −∞ (boundary
condition for Φ and Φ̄) and x → +∞ (boundary condition for Ψ and Ψ̄). For instance,
we can write:

x → −∞ : Φ(x, ξ) ∼
(

1
0

)
e−iξx , (3.23a)

x → +∞ : Φ(x, ξ) ∼ a(ξ)
(

1
0

)
e−iξx + b(ξ)

(
0
1

)
e+iξx . (3.23b)

The physical interpretation is straightforward: the solution Φ corresponds to a plane
wave of amplitude |a(ξ)| coming from x → +∞. It is partially reflected on the potential
u(x) with an amplitude |b(ξ)|, and partially transmitted (with a coefficient of transmis-
sion normalized to unity). We note that |a(ξ)|2 + |b(ξ)|2 = 1,2 following from the facts
that det(S) = −aā− bb̄ = −1 and ā(ξ) = a∗(ξ), b̄(ξ) = b∗(ξ).

Hence, ξ ∈ R is an eigenvalue of Eq. (3.15), and we have constructed a basis of eigen-
functions, Φ and Φ̄. An example of numerical resolution of Eq. (3.15) is presented in

2Dividing this equation by |a|2, we obtain 1 = 1/|a|2 − |b/a|2, which differs from the usual expression
for reflection and transmission coefficients in Hermitian scattering problems. This difference arises because
the Lax operator L̂ is non-Hermitian, and the system exhibits different conserved quantities. In the defocus-
ing case, however, L̂ becomes hermitian and the sign changes, yielding: 1 = 1/|a|2 + |b/a|2, as expected.
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Fig. 3.6, and illustrates the scattering problem. We highlight once more that the com-
plete knowledge of the eigenfunctions is not necessary for the IST method, and only the
scattering coefficients a(ξ), b(ξ) are needed.
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Figure 3.6: Illustration of a numerical resolution of Eq. (3.15), taking u(x) = 2.45/ cosh x
and ξ = −0.25. We only show the real part of Φ =

(
φa φb

)ᵀ for clarity. We recover the
limits given in Eq. (3.23a) and (3.23b). The coefficients |a(ξ)| and |b(ξ)| can be directly
read off from the amplitudes of the traveling waves when x → +∞. The behavior of
the eigenfunction around x ' 0 is complex and not relevant for the present discussion.

The next step is to extend the definition of the Jost functions to (parts of) the complex
plane, meaning η 6= 0 (we recall that λ = ξ + iη). One approach to solving this problem
is to rewrite Eq. (3.15) in an integral form. More precisely, we can view these equations
as a first-order differential equation where the terms in u act as source terms. Then,
it is possible to formally integrate them using the method of variation of parameters.
Extending the boundary conditions defined in Eq. (3.20), we obtain so-called Volterra
integral equations:

Φ =

(
φa
φb

)
=

(
e−iλx

0

)
+
∫ x

−∞

(−u(y)eiλ(y−x)φb
u∗(y)eiλ(x−y)φa

)
dy , (3.24a)

Ψ =

(
ψa
ψb

)
=

(
0

eiλx

)
−
∫ +∞

x

(−u(y)eiλ(y−x)ψb
u∗(y)eiλ(x−y)ψa

)
dy . (3.24b)

We introduce the auxiliary functions φ̃a,b = φa,beiλx and ψ̃a,b = ψa,be−iλx such that:

Φ̃ =

(
φ̃a
φ̃b

)
=

(
1
0

)
+
∫ x

−∞

( −u(y)φ̃b
u∗(y)e2iλ(x−y)φ̃a

)
dy , (3.25a)

Ψ̃ =

(
ψ̃a
ψ̃b

)
=

(
0
1

)
−
∫ +∞

x

(
−u(y)e2iλ(y−x)ψ̃b

u∗(y)ψ̃a

)
dy . (3.25b)

It is clear that for λ ∈ C+ the integrals on the right-hand-side converge. Indeed, the
exponential coefficients are bounded, and u decays sufficiently fast such that u ∈ L1(R).
In [216] the authors add that the condition ∀n ∈ N,

∫ ∞
−∞ |x|

n|u(x)|dx < ∞ is necessary
to extend the analyticity to the real axis. Thus, Φ̃ and Ψ̃ can be analytically continued to
the upper half of the complex plane. A similar reasoning can be followed for Φ̄ and Ψ̄,
meaning that Φ̄e−iλx and Ψ̄eiλx are analytic in the lower half of the complex plane. This
last property is quite natural given Eq. (3.16).
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The scattering coefficient a can be naturally extended to λ ∈ C+. Indeed, using
Eq. (3.21) and the fact that W(Ψ, Ψ̄) = −1:

a(λ) = W(Φ, Ψ) = φaψb − ψaφb = W(Φ̃, Ψ̃) . (3.26)

Similarly, ā(λ) = W(Φ̄, Ψ̄) is analytic for λ ∈ C−. However, b and b̄ have no general
analytic continuation, unless some more stringent constraints are applied to u.

It is important to emphasize that even though for any λ their exists a corresponding Φ
to satisfy the Zakharov-Shabat eigenvalue problem Eq. (3.15), we do not have in general
Φ ∈ L2(R), due to an exponential blow-up in x → +∞. The same remark applies to
(Φ̄, λ).

Taking a look back at Eq. (3.26), we notice that under the condition a(λ) = 0, the
Wronskian W(Φ, Ψ) = 0. It means that Φ and Ψ are linearly dependent:

a(λk) = 0⇒ Φ(x, λk) = ckΨ(x, λk) , (3.27)

where we noted λk the zeroes of a(λ), k = 1, 2, ...N. We have λk ∈ C+, since it is the
domain of definition of a(λ). There is only a finite number of zeroes, and they lie within
a bounded region [216]. Following this relation, we obtain the boundary conditions for
Φ:

x → −∞ : Φ(x, λk) ∼
(

1
0

)
e−iλkx =

(
1
0

)
eηkxe−iξkx , (3.28a)

x → +∞ : Φ(x, λk) ∼ ck

(
0
1

)
eiλkx = ck

(
0
1

)
e−ηkxeiξkx , (3.28b)

where we have written λk = ξk + iηk and ηk > 0. A numerical example is shown in
Fig. 3.7, where we observe that for these eigenvalues Φ ∈ L2(R), due to the boundary
conditions of Eq. (3.28). Similar reasoning with ā(λ) in the lower half of the complex
plane leads to analogous results concerning Φ̄. The eigenvalues λ̄k = λ∗k owing from the
property ā(λ) = a∗(λ∗). This symmetry comes from Eq. (3.16).
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Figure 3.7: Illustration of a numerical resolution of Eq. (3.15), taking u(x) = 2.45/ cosh x
and λ1 = 1.95i. We only show the absolute value of Φ =

(
φa φb

)ᵀ for clarity. We
recover the limits given in Eq. (3.28a) and (3.28b), meaning an exponential decay for
both x → ±∞: Φ is a localized eigenstate in the potential u. We have c1 = 1, which

explains the symmetry between φa and φb.

We have now explored all solutions of the Zakharov-Shabat system, Eq. (3.15). In
addition to λ ∈ R, this system can also host physically relevant solutions for which
λ ∈ C \R, at the condition that a(λ) = 0.
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Summary of the scattering data

We have distinguished two cases when solving Eq. (3.15):

• λ ∈ R led to the scattering data a(λ), b(λ) which represent the transmission and
reflection coefficients of a plane wave on the potential u.

• λk ∈ C \R correspond to localized states in the potential u. The associated scatter-
ing data are the coefficients ck.

One may wonder what information this scattering data conveys. One way to an-
swer this question is to see that the scattering data tends toward the usual FT when the
nonlinearity disappears. Indeed, in the limit when u(x) becomes infinitesimally small,
b(λ) = FT (u∗)(2λ) [see 45, Eq. (4.19a)]. Of course, this picture is valid when no soliton
is present in the wavepacket, as will be discussed in Sec. 3.2.5.

3.2.3 Time evolution of the scattering data

Throughout the previous section we have omitted the time dependence of all func-
tions. In order to pursue the IST scheme sketched in Fig. 3.5b, we now reintroduce the
time variable and figure out the time evolution of the scattering data. The operators L̂, Â
implicitly depend on time through the function u(x, t). Their time evolution is captured
by Eq. (3.12). Before using this relation, we define the evolution operator Û (t):

dÛ
dt

= Â(t)Û (t) and
dÛ−1

dt
= −Û (t)−1Â(t) , (3.29)

where Û (0) = 1, and the second equation can be deduced from the first one using
d
dt (Û Û−1) = 0. We observe that Û−1 differs from the adjoint of Û because Â is not a
Hermitian operator. Multiplying by Û−1 and Û on each side of Eq. (3.12), we derive:

d
dt

[
Û−1(t)L̂(t)Û (t)

]
= 0 i.e. L̂(t)Û (t) = Û (t)L̂(0) . (3.30)

Taking an eigenvector Θ(0) of the operator L̂(0) associated with the eigenvalue λ(0) ∈
C+, we see that:

L̂(t)
[
Û (t)Θ(0)

]
︸ ︷︷ ︸

Θ(t)

= λ(0)
[
Û (t)Θ(0)

]
︸ ︷︷ ︸

Θ(t)

. (3.31)

We deduce that λ(0) is still an eigenvalue of the operator L̂(t), with the eigenvector Θ(t).
Using Eq. (3.29), we see its evolution is governed by:

dΘ
dt

= Â(t)Θ(t) . (3.32)

Once again, only the behavior of the scattering data is of interest to us, and we will solve
this equation when x → ±∞. In this limit, we can simplify Â:

Â = −2i
(

1 0
0 −1

)
L̂2 . (3.33)

Since Θ(t) is an eigenvector of L̂(t), Eq. (3.32) becomes:

dΘ
dt

= −2iλ2
(

1 0
0 −1

)

︸ ︷︷ ︸
σ

Θ(t) i.e. Θ(x → ±∞, t) = e−2iλ2σt Θ(x → ±∞, 0) . (3.34)
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However, Θ does not satisfy the boundary conditions defined in Eq. (3.20). It is necessary
to add a global phase factor to the eigenvector in order to recover these conditions [see
216, Eq. (1.4.1)]. Hence, we multiply the result of Eq. (3.34) by e2iλ2t for Φ and by e−2iλ2t

for Ψ. Finally:

Φ(t) =
(

φa(t)
φb(t)

)
=

(
φa(0)

e4iλ2tφb(0)

)
, (3.35a)

Ψ(t) =
(

ψa(t)
ψb(t)

)
=

(
e−4iλ2tψa(0)

ψb(0)

)
. (3.35b)

Using these expressions, it is now straightforward to establish the time-dependence of
the scattering data. We first recall that a(λ) = W(Φ, Ψ) = φaψb − φbψa. It follows that:

a(λ, t) = a(λ, 0) thus λk(t) = λk(0) , (3.36)

where the second equation is immediately deduced from the fact that the zeros of a(λ)
do not evolve with time, and confirms Eq. (3.31). Similarly, b(ξ, t) = −W(Φ, Ψ̄) (for
ξ ∈ R) and:

b(ξ, t) = b(ξ, 0)e4iξ2t (3.37)

Then, using Eq. (3.27):
ck(t) = ck(0)e4iλ2

k t (3.38)

The set of Eq. (3.36), (3.37), (3.38) gives us the time evolution of the scattering data and
completes the second step of the IST scheme.

3.2.4 Solving the equation

Position of the problem

The third step of the IST method consists of retrieving the potential, meaning u(x),
from a given set of scattering data {a(ξ), b(ξ), λk, ck}. In this section, the time variable
t plays no role and is therefore omitted from the equations. All functions should be
understood as having an implicit time dependence.

We impose the condition that u(x) decays faster than any exponential. It leads to
a(λ), b(λ), ā(λ), b̄(λ) being analytic in the entire complex plane. This hypothesis leads to
an easier derivation of the result, even though the main result holds under less stringent
constraints [45, 216]. We begin by writing the eigenfunctions Ψ and Ψ̄ in the following
way:

Ψ(x, λ) =

(
0

eiλx

)
+
∫ ∞

x
K(x, s)eiλs ds , (3.39a)

Ψ̄(x, λ) =

(
e−iλx

0

)
+
∫ ∞

x
K̄(x, s)e−iλs ds . (3.39b)

These equations resemble the Volterra Eq. (3.24), with the major difference that K, K̄ do
not depend on λ. We write K =

(
K1 K2

)ᵀ and K̄ =
(
K∗2 −K∗1

)ᵀ. The proof that these
quantities exist and are unique is given in [45, 216], and will not be detailed here.

The crucial point is the relation between K and the potential u. It can be obtained by
performing developments of Eq. (3.39) and (3.24) in the limit of |λ| → ∞. Developing
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Eq. (3.39), we can write:

ψa(x, λ)e−iλx =
∫ ∞

x
K1(x, s)eiλ(s−x) ds (3.40a)

=

[
K1(x, s)

iλ
eiλ(s−x)

]∞

x
−
∫ ∞

x

1
iλ

∂K1

∂s
(x, s)eiλ(s−x) ds (3.40b)

= − 1
iλ

K1(x, x) +O
(

1
λ2

)
, (3.40c)

where we performed successive integration by parts. Doing a similar calculation for
Eq. (3.24) yields:

ψa(x, λ)e−iλx = − 1
2iλ

u(x) +O
(

1
λ2

)
. (3.41)

We immediately deduce that u(x) = 2K1(x, x).3 Thus, our goal in retrieving the potential
from the scattering data is to have an equation for solving for K.

Solving for K

We can substitute Eq. (3.39) in Eq. (3.21) (extended to the complex plane) to obtain:

Φ(x, λ)

a(λ)
=

(
e−iλx

0

)
+
∫ ∞

x
K̄(x, s)e−iλs ds

︸ ︷︷ ︸
Ψ̄(x,λ)

+
b(λ)
a(λ)

[ (
0

eiλx

)
+
∫ ∞

x
K(x, s)eiλs ds

︸ ︷︷ ︸
Ψ(x,λ)

]
. (3.42)

Now, we consider a contour C in the complex plane ranging from −∞ + i0+ to ∞ + i0+,
which is above all the zeros of a(λ), meaning it is above all λk. We perform an integration
over this contour, 1

2π

∫
C eiλy dλ (for y > x), on both sides of the equation:

0 = K̄(x, y) +
(

0
1

)
F(x + y) +

∫ ∞

x
K(x, s)F(s + y)ds , (3.43)

where the integral on the left-hand-side vanishes and we have used the Dirac distribu-
tion δ(x) = 1

2π

∫
C eiλx dλ. We have defined:

F(x) =
1

2π

∫

C

b(λ)
a(λ)

eiλx dλ (3.44a)

=
1

2π

∫ ∞

−∞

b(ξ)
a(ξ)

eiξx dξ − i
N

∑
k=1

c̃keiλkx , (3.44b)

where the second line corresponds to the case where the zeros of a(λ) are simple and we
have performed a sum on the residues, with c̃k = ck/a′(λk). We have used a′(λk), the
derivative of a(λ), evaluated at λk. Eq. (3.43) is called the Gelfand-Levitan-Marchenko
integral equation, and although solving it may be difficult, it remains linear.

In the particular case of b(ξ) = 0, meaning a potential u containing only solitons, as
discussed below, we can explicitly write a formula for a(λ) [44]:

a(λ) =
N

∏
i=1

λ− λi

λ− λ∗i
. (3.45)

3Note the absence of a minus sign compared to e.g. [216]. This comes from our difference in the choice
of L̂. One can recover the conventions from [216] by substituting u→ −u in all equations above.
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It is obtained by noting that |a(λ)| → 1 over the whole boundary of C+. This equation
allows in particular the direct computation of a′(λk).

The Eq. (3.43) completes the IST procedure:

• The scattering data is obtained by looking at the behavior at |x| → ∞ of the eigen-
functions of the Lax operator L̂.

• The time evolution of the scattering data is trivial, and in particular ∂tλk = 0.

• Inverting the scattering data to recover u(x, t) involves solving the Gelfand-Levi-
tan-Marchenko Eq. (3.43).

3.2.5 Solitons as building blocks of any wavefunction

One of the interests of the IST procedure is the insights provided by the scattering
data. In particular, we observe that for certain potentials u the reflection coefficient b(ξ)
vanishes identically [73]. This case in fact corresponds to a wavefunction only containing
solitons. We can look at the example of the bright soliton in order to build a better
intuition [see 189, for additional details on the phase and position of a soliton]. A soliton
of amplitude κ and velocity v = 2k is given by:

u(x, t) =
κeikx

cosh[κ(x− 2kt)]
ei(κ2−k2)t . (3.46)

The scattering data of such an object is fairly simple: b(ξ) = 0, λ1 = − k
2 +

iκ
2 , c1(0) = 1.

We can immediately infer several properties:

• The real part of the eigenvalue λk corresponds to the velocity of the associated
wavepacket.

• The imaginary part of the eigenvalue λk corresponds to the amplitude of the asso-
ciated wavepacket.

• Since ∂tλk = 0, the velocity and amplitude of the wavepacket are conserved
through time.

We thus call soliton the wavepacket connected to a given λk, and one can view solitons
as a “nonlinear basis” of wavefunctions. The invariance of λk immediately explains
the conservation properties of solitons, in particular the elastic collisions: they should
emerge from a collision with the same velocity and amplitude with which they entered.
This point is illustrated in Fig. 3.8 with a numerical example of two solitons colliding.
The IST also allows for the calculation of the phase and position shifts of solitons after a
collision (which can be seen in Fig. 3.8a) [44].

One may then ask about the physical meaning of b(ξ) 6= 0. For example, if a spectrum
has one λk, then the initial wavefunction is not precisely described by Eq. (3.46), but
rather contains additional atoms that distort it. However, these atoms will spread over
time, because each has a velocity given by ξ. At t → ∞ we obtain a wavepacket which
is now well described by Eq. (3.46), and radiated atoms that spread over the entire x
axis. Another way to phrase this is to say that forming a soliton is the only way to have
a localized macroscopic number of atoms moving at the same velocity. This explains
why solitons are relatively easy to create: it is not necessary to be very precise when
imprinting the wavefunction because it will evolve towards to the desired solution by
radiating “unwanted” atoms.
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Figure 3.8: (a) We perform a numerical integration of NLSE with the initial wavefunc-
tion u(x, 0) = 1

cosh(x+5)eix/5 + 1.5
cosh(1.5(x−5))e−ix/3. Since the two solitons are far apart at

t = 0, this is a good approximation of the exact two-soliton wavefunction. They collide
at t ' 7, and emerge from the collision with identical velocities and amplitudes. (b)
Eigenvalues of the wavefunction u(x, t). These values are constant in time. We have
highlighted the real axis to remind that λ ∈ R is always a solution of the eigenvalue
problem. However, since b(λ) = 0 here, it carries no weight. R and I indicate the real

and imaginary parts respectively.

3.2.6 Numerical implementation of the IST

In some rare cases, it is possible to solve the eigenvalue problem Eq. (3.15) exactly.
We can mention the potential u(x) = A/ cosh(x) explored by [73], or the “box” case of
u(x) = A for x ∈ [0, 1] and u(x) = 0 elsewhere [see e.g. 217, section 2.4.1]. However,
most cases can only be treated numerically. We will detail in this section some numerical
methods in order to perform the IST [see 218, 219, for recent reviews].

Collocation method

A natural way to solve Eq. (3.15) would be to discretize all functions on a given
spatial grid of length L by replacing ∂x with a central finite-difference between adjacent
grid points. The eigenvalues are then obtained by diagonalizing a matrix of size 2N,
with N the number of points of the grid. However, this method converges slowly, and
can be improved by formulating the problem in Fourier space [217, Sec. 2.4.3]. The idea
is to take the FT of the Zakharov-Shabat system, Eq. (3.15), then expand the different
functions in Fourier series:

u(x, 0) =
N

∑
n=−N

uneink0x where k0 =
2π

L
. (3.47)

Writing similarly ϕa,n and ϕb,n the Fourier coefficients of φa and φb respectively, we obtain
[217, Eq. (2.180)]:

i




ik0



−N 0 . . .

0 −N + 1
...

. . .







u0 u−1 u−2 . . .
u1 u0 u−1 . . .
...

. . .







u0 u−1 u−2 . . .
u1 u0 u−1 . . .
...

. . .




†

−ik0



−N 0 . . .

0 −N + 1
...

. . .










ϕa,−N
...

ϕa,N
ϕb,−N

...
ϕb,N




= λ




ϕa,−N
...

ϕa,N
ϕb,−N

...
ϕb,N




(3.48)
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where ·† means Hermitian conjugation. The left-hand-side matrix has a size 2(2N +
1), and its blocks naturally correspond to the differentiation, in Fourier space, and to
the convolution by u(x). One can then find its eigenvalues and eigenvectors to solve
Eq. (3.15). However, this method does not yield the norming constants c̃k of solitons and
is inefficient to compute the scattering data for λ ∈ R [219].

Transfer method

Another method introduced by [220] allows the complete retrieval of the scattering
data. We first rewrite Eq. (3.15) as a first-order differential equation for a given λ:

∂xΦ =

( −iλ −u(x)
u(x)∗ iλ

)

︸ ︷︷ ︸
Q(u(x),λ)

Φ (3.49)

Then, discretizing this equation on a spatial grid for x ∈ [−L, L] with 2N + 1 intervals of
width δx, we have with a direct integration:

Φ(xn + δx) = exp[δxQ(un, λ)]︸ ︷︷ ︸
V(un)

Φ(xn) . (3.50)

Then, the authors of [220] write a more general scattering matrix S taking into account
both Φ and ∂λΦ:

(
Φ(L)

∂λΦ(L)

)
=

(
Σ(λ) 0

∂λΣ(λ) Σ(λ)

)

︸ ︷︷ ︸
S(λ)

(
Φ(−L)

∂λΦ(−L)

)
with Σ(λ) =

−N

∏
j=N−1

V(uj) . (3.51)

We recognize the previously introduced scattering matrix of Eq. (3.21) as Σ(λ). Using
the known boundary condition:

Φ(−L) =
(

eiλL

0

)
and Φ(L) = a(λ)

(
e−iλL

0

)
+ b(λ)

(
0

eiλL

)
, (3.52)

we recover all the scattering data. One drawback of this method is that it only evaluates
the scattering data for the user-chosen value of λ. Hence, finding the roots of a(λ), mean-
ing the λk, relies on a minimization algorithm such as the Newton–Raphson method
[219]. It is possible to verify whether all λk have been found by checking a generalized
Parseval relation:

∫ ∞

−∞
|u(x)|2 dx = − 1

π

∫ ∞

−∞
ln
(
|a(ξ)|2

)
dξ + 2i

N

∑
k=1

(λ∗k − λk) . (3.53)

Fig. 3.9 shows an example of the results of the above-described procedure, using: u(x) =
1.4 eix/cosh(x). We notice that compared to the general equation for a bright soliton,
Eq. (3.46), we used a slightly larger amplitude. This leads to b(ξ) 6= 0, as illustrated in
Fig. 3.9a.

Inverting the scattering data

The time evolution of the scattering data is straightforward and can be incorporated
into the definition of the function F of Eq. (3.44b). We then need to solve Eq. (3.43). We
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Figure 3.9: (a, b) Illustration of the scattering data of the potential u(x) =
1.4 eix/cosh(x), determined using the procedure given in [220]. We write λ = ξ + iη.
(a) Norm squared of the reflection and transmission coefficient b, a, on the real axis.
Since b(ξ) 6= 0 we have a surplus of atoms compared to a pure soliton. The dashed
line indicatesR(λ1). The relation |a(ξ)|2 + |b(ξ)|2 = 1 is well-verified. (b) Norm of the
reflection coefficient a in the upper-half of the complex plane. We identify a single zero
λ1 of a(λ), and calculate the corresponding coefficient c̃1. We verify with Eq. (3.53) that

we did not miss any λk.

can rewrite this equation with the change of variable s→ s + x in the integrals:





−K1(x, y) +
∫ ∞

0
K∗2(x, x + s)F∗(s + x + y)ds = −F∗(x + y)

K∗2(x, y) +
∫ ∞

0
K1(x, x + s)F(s + x + y)ds = 0

(3.54)

We can, for a given x = xk, discretize this equation on a grid. We take an interval [0, L],
with L large enough, and write s = [s1 = 0, s2 = δs, ..., sN = L] on this interval. Since
y ≥ x, discretizing y on the same grid leads to yn = xk + sn. This last equality allows
us to have the same arguments for the functions K1,2 in Eq. (3.54). Thus, it is possible to
rewrite this problem as a matrix inversion problem:

( −1N H∗(xk)D
H(xk)D 1N

)(
k1(xk)
k∗2(xk)

)
=

(− f ∗(xk)
0

)
, (3.55)

where we have used the following matrices:

(k1,2(xk))n = K1,2(xk, xk + sn), ( f (xk))n = F(2xk + sn), (H(xk))j,n = F(2xk + sn + sj) ,
(3.56)

and D = δs
3 diag(1, 2, 4, 2, ..., 4, 1) is used to perform Simpson’s rule on the integrals.

Eventually, we obtain u(xk, t) = 2(k1(xk))0 after performing the matrix inversion. We
can repeat this operation for all the points xk necessary to fully reconstruct u(x, t), com-
pleting the inversion process.

3.3 The IST as a Riemann-Hilbert problem

We have presented in the previous section a historic approach of the IST. Another
framework consists of formulating the IST problem as a Riemann-Hilbert problem [217,
221]. Even though it carries the same physical information, it leads to additional insights,
and an explicit formula for the n-soliton solutions.
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We will formulate a matrix Riemann-Hilbert problem. In the previous section, we
have seen that the real axis plays a peculiar role in the IST of the NLSE. Thus, we will
define a function P on C \ R and find the jump condition across the real axis. More
generally, a Riemann-Hilbert problem can be set with a contour Σ and a matrix P defined
on the complementary of Σ. Our goal is to have a function G defined on Σ such that
P+(ξ)P−(ξ) = G(ξ), where P+ and P− are the limits of P above and below the contour.
A usual boundary condition is that limλ→∞ P(λ) = 12.

3.3.1 Formulation of the problem

We begin by reformulating the Lax pair (L̂, Â), and now consider the following equa-
tions [45, 217]:

∂xΦ =

(−iλ −u
u∗ iλ

)
Φ = ÛΦ , (3.57a)

∂tΦ =

(
−2iλ2 + i|u|2 −iux − 2λu
−iu∗x + 2λu∗ 2iλ2 − i|u|2

)
Φ = V̂Φ , (3.57b)

where the first one is simply a rewriting of Eq. (3.15), and the second one can be deduced
from the development of Â in powers of L̂ [189]. The equivalence between this set of
equations and the NLSE is found by imposing the compatibility condition ∂t(∂xΦ) =
∂x(∂tΦ), and λ is now a free parameter, independent of time. The set of matrices (Û, V̂)
is also called a Lax pair.

The Jost solutions Φ, Ψ of Eq. (3.57a) can be defined in the same way as in Eq. (3.20),
and we have the scattering matrix S defined by Eq. (3.21): (Φ, Φ̄) = (Ψ̄, Ψ)S. We can
then construct the matrix:

P+(x, λ) = (Φ(x, λ), Ψ(x, λ))eiλσx with λ ∈ C+ and σ =

(
1 0
0 −1

)
. (3.58)

From the properties of the Volterra Eq. (3.24), P+ is analytic in the upper-half of the
complex plane. Besides, we have the limit:

P+(x, λ)→ 12 when λ ∈ C+ → ∞ . (3.59)

This can be demonstrated by developing Eq. (3.24) in terms of 1/λ. In general, finding
P− requires to look at the adjoint of the scattering problem, Eq. (3.57a) [see for instance
217, Eq. (2.30-34)]. However, due to the involution properties, Eq. (3.16), this is not
required here. We can express P− as [see 217, Eq. (2.57)]:

P−(x, λ) = (P+)†(x, λ∗) = e−iλ∗σx
(

Φ∗(x, λ∗)
Ψ∗(x, λ∗)

)
. (3.60)

This leads, for ξ ∈ R, to:

P−(x, ξ)P+(x, ξ) = G(x, ξ) with G(x, ξ) = e−iξσx
(

1 b∗(ξ)
b(ξ) 1

)
eiξσx (3.61)

where we have used the fact that b(ξ) = φaψ∗a + φbψ∗b . Thus, we obtain the desired
Riemann-Hilbert problem. The goal is to solve for P±, knowing the scattering data,
meaning G. As previously, we will recover u(x) from the asymptotic behavior of P±.
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Writing for instance:

P+(x, λ) = 12 +
1
λ

P+
1 (x) +O

(
1

λ2

)
when λ→ ∞ , (3.62)

we can express:

P+
1 (x) =

1
2i

(∫ x
−∞ |u(s)|

2 ds −u(x)
−u∗(x)

∫ −∞
x |u(s)|2 ds

)
. (3.63)

We have directly: u(x) = −2i(P+
1 (x))1,2.

3.3.2 Resolution of the equation

In general, an explicit solution cannot be found for Eq. (3.61). Here, we will only
present a few noteworthy limiting cases and refer interested readers to [217, Sec. 2.1.2]
for a more complete discussion.

Solution to the regular Riemann-Hilbert problem

When det(P+(λ)) 6= 0, meaning a(λ) 6= 0, in the upper half of the complex plane,
the Riemann-Hilbert problem is said to be regular. We recall that this corresponds to the
case when no soliton is present in the wavepacket. We can rewrite the problem as:

(P+)−1(ξ)− P−(ξ) = (12 − G)(P+)−1(ξ) . (3.64)

Under this form, we can use the Sokhotski–Plemelj theorem, and the boundary condi-
tions, to obtain the solution [217]:

(P+)−1(λ) = 12 +
1

2πi

∫ ∞

−∞

(12 − G)(P+)−1(ξ)

ξ − λ
dξ with λ ∈ C+ . (3.65)

As expected, we do not obtain a closed-form expression.

The solitonic solutions

Since solitons appear at the points where a(λk) = 0, it is necessary to adapt the
solution above in order to incorporate them. We suppose that we have N simple zeros,
and introduce the vectors vk that constitute the kernels of P+(λk). It was shown by [222]
that it is possible to reduce this nonregular Riemann-Hilbert to a regular one. More
precisely, defining:

P+(λ) = P̃+(λ)Γ(λ) , (3.66a)

P−(λ) = Γ−1(λ)P̃−(λ) , (3.66b)

leads to the regular Riemann-Hilbert problem:

P̃−(ξ)P̃+(ξ) = Γ(ξ)G(ξ)Γ−1(ξ) , (3.67)

and we have used:

Γ(λ) = 12 +
N

∑
j,k=1

vj
(

M−1)
j,k v†

k

λ− λ∗k
with (M)j,k =

v†
j vk

λ∗j − λk
. (3.68)
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Considering now pure solitonic solutions, meaning b(ξ) = 0, yields great simplifica-
tions. We obtain G(ξ) = 12, thus, using Eq. (3.65), P̃+(λ) = 12, leading to P+(λ) = Γ(λ).
Developing this expression in powers of 1/λ results in:

u(x, t) = −2i

(
N

∑
j,k=1

vj

(
M−1

)
j,k

v†
k

)

1,2

, (3.69)

where the (x, t) dependence is hidden inside the vectors vk. We derive it using the fact
that P+e−iλσx−2iλ2σt is a solution of Eq. (3.57a) and (3.57b), and P+vk = 0. We determine:

vk(x, t) = vk(0, 0)e−iλkσx−2iλ2
kσt =

(
ck
1

)
eθk , (3.70)

where we have taken without loss of generality vk(0, 0) =
(
ck 1

)ᵀ. The numbers ck ∈ C
will determine the initial positions and phases of each soliton. We eventually obtain:

u(x, t) = −2i
N

∑
j,k=1

cje
θj−θ∗k

(
M−1

)
j,k

with (M)j,k =
1

λ∗j − λk

[
e−(θk+θ∗j ) + c∗j ckeθk+θ∗j

]
. (3.71)

This explicit solution allows us to write multi-soliton wavefunctions. In particular, one
can check that inputting λ1 = iκ/2− k/2 and c1 = −1, we retrieve the bright soliton of
Eq. (3.46).

3.3.3 The n-soliton solution

Using the formula from Eq. (3.71), one can express multi-soliton solutions of the
NLSE. Furthermore, if all the λ2

k values are commensurate and the λk purely imaginary,
the solution will be periodic in time, since the time variable only appears as a phase fac-
tor. From this class of solitons, [73] have shown that taking λk = i

(
k− 1

2

)
, k ∈ {1, 2, ..., n}

leads to the initial wavefunction u(x, 0) = n/cosh(x) (for well-chosen ck). We illustrate
these wavefunctions and their periodicity in Fig. 3.10. From an experimental point of
view, this means that imprinting the same waveform as that of a bright soliton will re-
sult in different behaviors when the amplitude is increased sufficiently, i.e., when the
number of atoms is increased.

These multi-solitons were realized in optical fibers by [38, 74], who observed the
autocorrelation of optical pulses. They identified multi-solitons from n = 1 to n = 4 by
progressively increasing the power of the optical pulses. In a cold-atom platform, [75]
have used 6Li atoms to create multi-solitons thanks to a Feshbach resonance. Quenching
the interaction strength by the correct amount has the same effect as increasing the
number of atoms via the parametrization of Eq. (3.4). We will discuss in greater details
the realization of multi-solitons in our platform in Chap. 4.

We note that the application of the general multi-soliton formula given by Eq. (3.71)
extends beyond the solutions established by [73]: one can adapt the amplitudes of ck in
order to adjust the initial positions of the solitons, use complex-valued λk with a real part
to impart a given velocity to solitons, etc. This point is illustrated in Fig. 3.11, where we
show a multi-soliton solutions with 3 solitons, one of them having a non-zero velocity.

3.3.4 n-soliton: superposition or bound state?

We have seen that n-soliton solutions are characterized by n eigenvalues of the IST.
As such, they constitute a nonlinear superposition of n individual solitons. We consider
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Figure 3.10: (a, b) We use the formula of Eq. (3.71) to numerically show the evolution
of multi-solitons for which λk = i

(
k− 1

2

)
. The commensurate angular frequency is

ω = 4
(
λ2

2 − λ2
1
)
= 4

(
9
4 − 1

4

)
= 8, which leads to a period of π/4. Thus, we show here

two periods. (a) We have two eigenvalues: i/2 and 3i/2. Choosing c1 = 1 and c2 = −1
leads to the solution explored by [73]. (b) We have three eigenvalues: i/2, 3i/2 and 5i/2.

We have taken c1 = 1, c2 = −1 and c3 = 1.
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Figure 3.11: Multi-soliton of the NLSE, computed using Eq. (3.71) with the eigenvalues:
λ1 = i, λ2 = i/

√
2, λ3 = i/2 + 0.1. The breathing between the two solitons at zero

velocity depends on their initial positions. In particular, the differential position shift
induced by the collision with the third soliton alters the breathing pattern, though the

periodicity remains.
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in this section, for clarity, the case explored by [73], and take λj = i(2j− 1)/2. These
eigenvalues correspond to the wavefunctions:

u(x, 0) =
n

cosh(x)
and uj(x, 0) =

2j− 1
cosh((2j− 1)x)

, (3.72)

where u, uj are the wavefunctions of the n-soliton and its constituents respectively. We
can verify that the atom number of the n-soliton is equal to the sum of the atom number
of its component solitons:

∫
|u(x)|2 dx = 2n2

=
n

∑
j=1

2 (2j− 1)︸ ︷︷ ︸
κj

=
n

∑
j=1

∫ ∣∣uj(x)
∣∣2 dx .

(3.73)

Similarly, we can compute the energy of the n-soliton:
∫
|∂xu|2 − |u|4 dx = −2

3
n2(2n2 − 1)

= −
n

∑
j=1

2
3
(2j− 1)︸ ︷︷ ︸

κj

3 =
n

∑
j=1

∫ ∣∣∂xuj
∣∣2 −

∣∣uj
∣∣4 dx .

(3.74)

Therefore, the n-soliton is not a bound state of several solitons. This is consistent with
the point of view given by the IST: solitons are the basis from which other wavefunctions
are formed. We will explain in Chap. 6 how to reveal this basis experimentally, through
controlled integrability breaking.

3.4 More advanced IST topics

For now, we have only discussed about the IST only in the settings of the NLSE, and
restricted ourselves to the case of lim|x|→∞ u(x) = 0. However, this method applies to a
wide range of equations. This section will briefly cover some possible extensions.

3.4.1 AKNS hierarchy and more complex solitons

A first notable broadening was given by [45]. They considered a more general Lax
pair, namely:

Û =

(−iλ q
r iλ

)
and V̂ =

(
A B
C D

)
. (3.75)

The coefficients A, B, C, D are chosen such that the compatibility condition is satisfied.
There are infinitely many solutions, and one can retrieve several well-known equations
such as the KdV equation, the modified KdV equation, or the NLSE. These solutions are
said to belong to the Ablowitz-Kaup-Newell-Segur (AKNS) hierarchy. In this equation,
q and r are two independent fields, and we recover the matrix Û we used in Eq. (3.57a)
by setting q = −u and r = u∗.
Leaving these fields as two independent variables, we can arrive at the coupled NLSE:

{
iqt + qxx − 2q2r = 0 ,

irt − rxx + 2r2q = 0 .
(3.76)
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Note that this equation is different from Eq. (3.10), which describes a spin mixture. Most
importantly, the involution property of Eq. (3.16) is not verified anymore. This leads to
λ̄k not being equal to λ∗k . When this property breaks down, the behavior of solitons can
become less intuitive. For instance, we can have single solitons for which the amplitude
is not constant [217]. Taking e.g. R(λ1) 6= R(λ̄1) and I(λ1) = −I(λ̄1) produces an
exponentially increasing / decaying soliton amplitude, as is illustrated in Fig. 3.12.
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Figure 3.12: (a, b) Single soliton of the coupled system of Eq. (3.76), with λ1 = i and
λ̄1 = 0.1− i. (a) Norm of the component q, its amplitude is exponentially decreasing.
(b) Norm of the component r, its amplitude is exponentially increasing. The conserved
quantities of Eq. (3.76) are functions that involve products of r and q, which justifies the

existence of such solutions.

Manakov systems

There exists other classes of integrable equations, which are not described by the
AKNS hierarchy. A notable example is the Manakov system, shown to be integrable by
[209]. Its Lax pair consists of three-by-three matrices. As mentioned earlier, the defocus-
ing Manakov system, Eq. (3.10) with α = 1, exhibits dark-bright solitons. The focusing
case also admits solitonic solutions, that resemble the standard bright soliton of NLSE,
except they have an additional parameter called polarization, which controls the relative
weight of the two components. This polarization does not remain constant during soli-
ton collisions [223], which leads to power redistribution between the two solitons within
each component.

3.4.2 Solitons on a background

The IST can also be extended to systems for which the condition lim|x|→∞ u(x) = 0 is
not verified anymore. New solutions can then be found. A first notable example is the
case of the defocusing NLSE: no soliton exists if lim|x|→∞ u(x) = 0, but the system holds
dark solitons when lim|x|→∞ |u(x)| = A 6= 0. The IST of this system was performed
by [224]. We will mention in this section a couple of boundary conditions, restricting
ourselves to the focusing NLSE.

Modulational instability

Before diving into the IST, we recall the concept of modulational instability, which is
a central topic of the focusing NLSE. The wavefunction u(x, t) = Ae2i|A|2t, A ∈ C is a so-
lution of the focusing NLSE. One interesting question is how stable such a wavefunction
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is. We can perform a Bogoliubov analysis by looking at the dispersion relation of this
initial solution perturbed by plane waves:

u(x, t) = A
[
1 + ε

(
Uei(kx−wt) + V∗e−i(kx−w∗t)

)]
e2i|A|2t , (3.77)

with U, V ∈ C and ε � 1. Plugging this expression in the NLSE, we have at first order
in ε the system: (

w− k2 + 2|A|2 2|A|2
2|A|2 −w− k2 + 2|A|2

)(
U
V

)
= 0 . (3.78)

We have non-zero solutions for (U, V) if and only if the determinant of the matrix can-
cels. We deduce the dispersion relation:

w2 = k4 − 4k2|A|2 . (3.79)

When k ∈ [0, 2|A|], the frequency ω becomes imaginary. This results in an exponential
growth of perturbations at these wavenumbers, a phenomenon called modulational in-
stability. It was observed with cold atoms in e.g. [225–227]. Two different boundary
conditions can be set in order to treat this system with the IST.

Non-zero boundary conditions

Perhaps the most natural boundary condition is to write lim|x|→∞ u(x, t) = Ae2i|A|2t

[200]. This is similar to the settings taken by [224] in the defocusing NLSE. The Lax
pair (L̂, Â), Eq. (3.13), still describes our system. The main difference lies in the bound-
ary conditions of the Jost functions, due to the modifications of Eq. (3.19). Looking for
instance at the limit x → ∞, the Jost basis is:

Ψ(λ) ∼ eipx

(
i
A (λ− p)e2i|A|2

1

)
and Ψ̄(λ) ∼ e−ipx

(
1

i
A (λ− p)e−2i|A|2

)
, (3.80)

where we introduced an additional parameter p(λ) = (λ2 + |A|2)1/2. We recover
Eq. (3.20) when |A| → 0. However, the good space to evaluate p is not the complex
plane, but a two-sheet Riemann surface, due to the square root. It has branch points
at −i|A| and i|A|, and we can take a branch cut along the imaginary axis between
these two points. The consequences are straightforward: all scattering quantities must
be defined by taking into account the sheet index, and the contour integrals need to
be evaluated around the branch cut. The calculations are then similar to the ones
performed in this chapter, and we refer interested readers to [200]. This method allows
one to obtain the Kuznetsov-Ma soliton (Fig. 3.3c), which corresponds to the scattering

data: b(ξ) = 0, λ1 = iα, p(λ1) = iβ = i
√

α2 − |A|2, with α, β > 0. From the condition on
β we see that α > |A|: λ1 cannot be located on the branch cut. Adding a real part to λ1
will lead to induce a velocity in the soliton. One should remember that these solutions
are still subject to the modulational instability.

Periodic boundary conditions

Taking periodic boundary conditions is more suited to tackle the modulational insta-
bility [228]. Indeed, the idea is that u(x, 0) described by Eq. (3.77) has a spatial period
L = 2π/k. Thus, the IST would allow us to evaluate the growth of such instabilities
beyond the simple Bogoliubov analysis shown above. This was the goal from [201],
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which led to the discovery of the Akhmediev soliton (Fig. 3.3a). This approach allows
the construction of a broad class of solutions of the NLSE [229–231].

The determination of the scattering data still relies on the Lax pair (L̂, Â). The oper-
ator L̂ is now L-periodic, due to u(x + L, 0) = u(x, 0). The Jost functions no longer offer
a good basis. We simply pick a point x0 at which we set the solutions:

Φx0(x0, λ) =

(
1
0

)
and Φ̄x0(x0, λ) =

(
0
1

)
, (3.81)

and the matrix Mx0(x, λ) = (Φx0(x, λ), Φ̄x0(x, λ)) satisfies Eq. (3.15). On the other hand,
we can write solutions Ψ of Eq. (3.15) using Bloch theory:

Ψ(x + L, λ) = eip(λ)Ψ(x, λ) = m(λ)Ψ(x, λ) , (3.82)

where p(λ) is the quasi-momentum. By definition of our basis there exists A, B such that
Ψ = AΦx0 + BΦ̄x0 . We define M̃(x0, λ) = M(x0 + L, x0, λ). The trace and determinant
of M̃ do not depend of the choice of x0. Evaluating Eq. (3.82) at x = x0, we arrive at:

M̃(x0, λ)

(
A
B

)
= m(λ)

(
A
B

)
. (3.83)

Solving this eigenproblem directly leads to the reconstruction of the Bloch eigenfunc-
tions and their quasi-momentum. Writing Tr(M̃) = ∆(λ), we can express the eigenval-
ues:

m±(λ) =
∆(λ)±

√
∆2(λ)− 4

2
, (3.84)

where we used the fact that det(M̃) = 1. Thus, the behavior of the Bloch eigenfunctions
relies on the value of the complex function ∆(λ). We can define bands of stability, for
which ∆2(λ) < 4, and areas of instability, for which ∆2(λ) > 4 (or I(∆(λ)) 6= 0). The
main spectrum consists of the points λk for which ∆(λk) = ±2 [see e.g. the Appendix of
228, for a complete discussion]. For instance, Stokes waves correspond to bands crossing
the real axis, which are stable [232]. On the other hand, bands in the upper-half of the
complex plane can lead to Rogue wave events [233].

An important feature is that ∆(λ) is invariant with the time evolution of u. Sim-
ilarly to the IST method for fast-decaying functions, the knowledge of this spectrum
already provides substantial information about u. The reconstruction of the wavefunc-
tions u(x, t) then relies on squared eigenfunctions and Riemann theta functions, and is
beyond the scope of this manuscript.
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Conclusion

The Inverse Scattering Transform is a widespread and powerful method to
solve nonlinear Partial Differential Equations. We described in this chapter this
formalism in the case of the Nonlinear Schrödinger Equation. It allowed us to
formulate a definition of solitons which encapsulates at the same time bright
solitons, dark solitons, Kuznetsov-Ma solitons, etc. They correspond to the poles
of the transmission coefficient a(λ) of the associated scattering problem, each
zero being associated with a soliton. Besides, the properties of the IST gave us an
immediate explanation for the extraordinary conservation properties exhibited
by solitons.
We should mention that there exist several other methods to solve integrable
PDEs. Examples include Bäcklung transformations [234], the Hirota bilinear
method [235, 236], the Darboux dressing method [237]. However, they are less
general and mainly used to obtain explicit many-soliton solutions.
We will explore in Chap. 4 an experimental realization of multi-solitons of the
NLSE. Finally, one might wonder about the robustness of this approach if the
original equation is perturbed. Although in most cases it breaks the integrability,
the IST formalism remains useful. This point will be discussed in Chap. 6.



67

4 REALIZATION OF MULTI-SOLITONS

Outline of the current chapter

Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 68
4.1 Experimental protocol . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 68

4.1.1 An immiscible mixture . . . . . . . . . . . . . . . . . . . . . . . . . 68
4.1.2 Reducing the dimensions . . . . . . . . . . . . . . . . . . . . . . . 69
4.1.3 Control of the magnetic fields . . . . . . . . . . . . . . . . . . . . . 70
4.1.4 Imprinting a waveform with the Raman beams . . . . . . . . . . 73

4.2 The stationary soliton . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 75
4.2.1 Experimental realization . . . . . . . . . . . . . . . . . . . . . . . . 75
4.2.2 Calibration of the interaction strength . . . . . . . . . . . . . . . . 77
4.2.3 “Excitation” of a soliton . . . . . . . . . . . . . . . . . . . . . . . . 77

4.3 Producing higher-order solitons . . . . . . . . . . . . . . . . . . . . . . . 80
4.3.1 Study of the frequency . . . . . . . . . . . . . . . . . . . . . . . . . 80
4.3.2 Damping and radiation . . . . . . . . . . . . . . . . . . . . . . . . 82

Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 84



68 Chapter 4. Realization of multi-solitons

Introduction

In the previous chapter, we explored the Inverse Scattering Transform and its pre-
diction of single and multi-soliton solutions of the NLSE. In this chapter, we translate
these theoretical insights into experiment, realizing both single and higher-order bright
solitons. These multi-soliton states, corresponding to multiple discrete eigenvalues in
the IST spectrum, exhibit characteristic periodic breathing dynamics. We present in
Sec. 4.1 the relevant experimental tools. They are used to prepare a bright soliton of
NLSE (Sec. 4.2), as well as multi-soliton solutions (Sec. 4.3).

4.1 Experimental protocol

We describe in this section the experimental conditions that allow us to have a system
described by the NLSE. Several key ingredients are required:

• A slightly immiscible mixture, such that we can apply the approximation described
in Sec. 2.3.2 corresponding to a low-depletion mixture.

• A one-dimensional system, at least in terms of the spin dynamics.

• The absence of additional force applied on the atoms.

4.1.1 An immiscible mixture

The electronic ground state of 87Rb counts 8 magnetic sublevels, distributed over
the hyperfine levels F = 1 and F = 2. We choose a mixture that is long-lived. In-
deed, because the spin dynamics are governed by τs = h̄/(δg n) � τ = h̄/(g n), with
δg = g1,2 − g (see Chap. 2), we expect phenomena to occur on timescales longer than
the density dynamics. In practice, we record the evolution of the wavefunction for sev-
eral hundred milliseconds. This criterion excludes the F = 2 states, which experience
spin-relaxation [115, 238]. Consequently, we select the mixture |1〉 = |F = 1, mF = −1〉
and |2〉 = |F = 1, mF = +1〉. This mixture has already been employed in previous ex-
periments [173, 215]. We use a quantization magnetic field of approximately 1.2 G along
y (see Chap. 1 for definitions of the coordinates). It leads to a Zeeman shift lifting the
degeneracy of the different mF states. Besides, the quadratic Zeeman shift prevents colli-
sions |mF = +1, mF = −1〉 → |mF = 0, mF = 0〉 [93], and we verify experimentally that
no atom is present in |F = 0, mF = 0〉 at the end of the time evolution.

The scattering lengths for this mixture are evaluated using the values reported in
[239, 240]. We take a0 = 101.78 aB and a2 = 100.40 aB, with aF being the scattering length
of atoms colliding in a channel of total spin F. It leads to:

a1,1 = a2 = 100.40 aB , (4.1a)
a2,2 = a2 = 100.40 aB , (4.1b)

a1,2 =
2
3

a0 +
1
3

a2 = 101.32 aB . (4.1c)

These values yield δg/g = (a1,2 − a1,1)/a1,1 ' 9× 10−3 > 0, indicating that we have a
slightly immiscible mixture (δg/g =

√
∆− 1).
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Magnetic dipole-dipole interactions

Due to the reduced dimensionality of our cloud, Magnetic Dipole-Dipole Interactions
(MDDI) must be taken into account [241]. Indeed, 87Rb atoms possess a magnetic mo-
ment of 1.0 µB [242], and an additional term must thus be added to the contact interaction
potential between atoms A and B:

V̂mag =
µ0µ2

B
πr3 [ŝA · ŝB − 3(ŝA · u)(ŝB · u)] , (4.2)

where ŝA,B denotes the spin of the outer electron of atom A, B respectively, r is the dis-
tance between the atoms, and u the unit vector linking A and B. Although its effect
averages out for a uniform 3D cloud, this potential leads to a shift in scattering lengths
when different geometries are used (see Appendix B for details). In the case discussed
in this manuscript, we obtain corrections equal to a fraction of the Bohr radius for each
scattering length of Eq. (4.1):

a1,1 = 100.40 aB − 0.18 aB , (4.3a)
a2,2 = 100.40 aB − 0.18 aB , (4.3b)
a1,2 = 101.32 aB + 0.18 aB . (4.3c)

The immiscibility of our mixture is enhanced: δg/g ' 1.3× 10−2. Thus, the MDDI allow
us to slightly decrease the time scale τs.

4.1.2 Reducing the dimensions

Our initial BEC is intrinsically 3D and described within the mean-field regime by the
energy functional of Eq. (2.11). However, similarly to the 2D case discussed in Chap. 2,
we can approximate the wavefunction φ(r) in the case of a strong confinement along
certain directions. We write φ(r) = ψ(x)θ(y)χ(z), with θ(y), χ(z) being given by the
ground state of harmonic oscillators with angular frequency ωy, ωz respectively. Their
wavefunctions can be taken of the form:

θ(y) =
1

(πl2
y)

1/4 exp

(
− y2

2l2
y

)
and χ(z) =

1
(πl2

z )
1/4 exp

(
− z2

2l2
z

)
, (4.4)

where ly,z =
√

h̄/(mωy,z). Since θ2 and χ2 are normalized to unity, it follows that
∫
|ψ|2 dx = N. This parametrization is valid, provided that h̄ωy,z � kBT, |µ|, where

T is the temperature of the cloud and µ the chemical potential. Inserting these expres-
sions in Eq. (2.11) yields:

E[ψ] =
∫ [ h̄2

2m
|∇ψ(x)|2 + V(x)|ψ(x)|2 + g

4πlylz
|ψ(x)|4

]
dx +

h̄2N
2m

(
1
l2
y
+

1
l2
z

)
. (4.5)

The last term corresponds to a constant energy offset and can be discarded. Defining
g1D = 2h̄a√ωyωz, we obtain the 1D GPE:

ih̄
∂ψ

∂t
= − h̄2

2m
∂2ψ

∂x2 + V(x)ψ(x) + g1D|ψ|2ψ(x) . (4.6)

This simple derivation remains valid as long as the interactions maintain their 3D char-
acter: ly,z � a [122]. The validity of the mean-field treatment is usually determined by
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the Lieb-Liniger parameter γ = g1Dm
nh̄2 , where n is the 1D density of the cloud [243]. This

dimensionless parameter compares the interaction energy and the kinetic energy terms
of Eq. (4.6). For the experiments described in this manuscript, we calculate γ ∼ 10−4,
which justifies our approach.

Experimental parameters

The confinement along the vertical direction is provided by the so-called accordion
lattice (see Chap. 1). We determine its frequency using parametric heating, and obtain
wz = 2π × 4.3(1) kHz. The in-plane confinement is produced by a DMD, referred to as
DMD1 in Chap. 1. In practice, the DMD1 initially projects a rectangular box of 40 µm×
50 µm on the atoms when loading the BEC from the red dipole traps. A sequence of
images is then displayed, interpolating between the initial box and a tube of 3 µm ×
50 µm. This sequence contains 160 images, changed every 2 ms. We recall that the pixel
size of DMD1 is approximately 0.20 µm in the atomic plane. Thus, subsequent images
differ by about one line of pixels on opposite sides of the rectangle. Although the DMD1
images have a flat bottom, the finite resolution of our objective (∼ 1 µm) smooths them.
We estimate a transverse confinement of ly ' 1.5 µm, corresponding to ωy ' 2π× 50 Hz.
We emphasize that the in-plane potential is not harmonic. The associated frequency
corresponds to the effective value of a harmonic potential that would produce similar
trapping.

We would like to verify that such a confinement allows us to use the 1D GPE. Equiv-
alently, we wish to assess to what extent h̄ωy,z � kBT, |µ|. Using µ = g1Dn, we estimate
|µ| ' h × 1 kHz, and kbT ' h × 200 Hz. Thus, the cloud is well confined along the z-
direction, but several excited states are populated along the y-direction. However, we are
dealing with binary mixtures, which allow us to relax the constraints on the confinement.
Indeed, the spin dynamics are governed by another energy scale: δg n. For our mixture,
δg ' 0.013 g1D and we verify that h̄ωy & |δg| n, corresponding to ωy/(2π) & 30 Hz.
Besides, we can introduce the spin healing length ξs = h̄/

√
2mn|δg| (see Sec. 2.3). We

notice that ξs ' ly, which confirms that the spin dynamics are confined to the axial di-
rection of the tube.

4.1.3 Control of the magnetic fields

The two spin states of our mixture have mF = ±1, and are therefore sensitive to
magnetic fields through the linear Zeeman effect. The corresponding energy shift reads:

∆E|F,mF〉 = µBgFmF‖B‖ , (4.7)

where gF=1 = −1/2 is the Landé factor, and B the magnetic field. Hence, ‖B‖ sets a
potential landscape for the atoms. In particular, a magnetic field gradient will result
in a force on the atoms. Since the states |1〉, |2〉 have an opposite sensitivity, a given
gradient would produce opposite forces. It is crucial for the experiments described in
this manuscript to keep gradients as low as possible. In practice, we limit |∇‖B‖| .
5× 10−2 G/m in the atomic plane.

Ramsey interferometry

Ramsey interferometry enables us to estimate the residual magnetic-field gradients
in the atomic plane. The principle is as follows:
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• Starting from |1〉, use a π/2 MW pulse to transfer half the atoms in a spin state
with a different magnetic field sensitivity. In practice, we use |F = 2, mF = −2〉 as
the second spin state to maximize our signal (see Eq. (4.9)).

• Wait for a given time t. Each atom in the cloud will accumulate a spatially-
dependent phase:

t
h̄

µBgFmF∇‖B‖ · r with r = (x, y) . (4.8)

We ignore the global phase created by ‖B‖ since it has no spatial dependence. We
also assume that the gradient is sufficiently small for the atoms to remain stationary
during t. This condition limits the maximal waiting time. In practice, t . 20 ms.

• Perform a second π/2 MW pulse. If a gradient is present, a stripe pattern appears,
due to the differential dephasing between the two spin states. Its period is given
by:

R =
h

tµB∆(gFmF)∇‖B‖
, (4.9)

where ∆(gFmF) = (gFmF)|1,−1〉 − (gFmF)|2,−2〉 = 3/2. Conversely, measuring the
period yields ∇‖B‖. Note that we cannot determine the sign of the period, and,
consequently, the sign of the magnetic field gradient. Since our goal is to cancel the
gradient, this is irrelevant to the present discussion.

Due to small fluctuations of ‖B‖, the overall phase of the stripe pattern is random from
one image to the next. Thus, we analyze each absorption image individually. An ex-
ample is provided in Fig. 4.1a. Then, we can identify the point at which we cancel the
gradient using a set of measurements, as shown in Fig. 4.1b.
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Figure 4.1: (a) Absorption image resulting from Ramsey interferometry. The initial
cloud is in a box of size 42 µm× 42 µm. The waiting time was set to 20 ms. Since we
cannot use partial MW repump, the density is quite high and not proportional to the
OD. We are still able to extract the period of the modulation, hence ∇‖B‖. (b) Series of
Ramsey interferometry measurements. We vary the current in one of the coil around the
glass cell. Each point is the average of five images. The square corresponds to the av-
erage from which is taken the image shown in (a). A linear fit (solid line) is performed,
from which we extract the current at which the gradient cancels (shown with the dashed

lines).

In practice, we use a set of orthogonal coils along x and y in order to cancel ∇‖B‖ in
the atomic plane. We highlight one subtlety: since we cancel the gradient of the norm of
the field, even coils in Helmholtz configuration can have an effect. Taking for instance a
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field of the form:

B = (Bx + bxx)x + (By + byy)y + (Bz − (bx + by)z)z , (4.10)

where Bi, bi are the field and gradient along axis i respectively, possibly resulting from
the combined effects of several coils. We take a quantization axis along y. Thus, By
is greater than all other fields and we can make a development at first order of ‖B‖.
Calculating the gradient of the norm, we obtain:

∂‖B‖
∂x

=
Bxbx

By
and

∂‖B‖
∂y

= by , (4.11)

Thus, canceling the field along x is sufficient to set ∂x‖B‖ = 0.

Atomic dynamometer

We can independently confirm the Ramsey-interferometry results using a soliton.
Indeed, solutions u(x, t) of NLSE can also be expressed in a non-inertial reference frame
with a uniform and constant force F. In a dimensionless form:

u(x, t) −→ u(x− Ft2, t) exp
[
−i(xFt + F2t3/3)

]
. (4.12)

Hence, when a wavepacket with zero initial velocity is imprinted at x = 0, its center
follows xcom(t) = 1

2m Ft2, where dimensional units are restored using Eq. (3.4). The dis-
placement is the same as that of a free particle. In our case, the force is to be understood
as a differential force between the two components of the mixture. We can give some
order-of-magnitude estimates: with a gradient of 0.1 G/m, we have xcom ' 50 µm after
t = 400 ms.

In practice, we sequentially use tubes oriented along orthogonal directions to con-
firm, and even fine-tune, the results obtained with Ramsey interferometry. For a given
configuration of magnetic coils, we are limited by the discretization of the National In-
struments analog cards that control the power supplies. Indeed, we use 12 bits analog
cards, which means the output voltage varies in discrete steps of 5 mV. Using the slope
of Fig. 4.1b and its equivalent along x, we estimate this corresponds to a precision of
36 mG/m along y and 15 mG/m along x.

This approach is valid in the low-depletion limit, when our system can be mapped
to NLSE. Yet, a calculation involving both components yields at short times the same
result, up to a renormalization of the force [see 86, Sec. 6.4.1]. We will discuss this point
in more details in Sec. 5.1.4.

Curvature of the magnetic field

The procedure described above allows the cancellation of ∇‖B‖ in the atomic plane.
However, we have so far neglected the effects of higher-order terms. Indeed, the coils
surrounding the glass cell are not arranged in a Helmholtz configuration, and may pro-
duce a quadratic magnetic field norm. Modeling the fields, we realize that these coils
may cause a harmonic potential with ω ' 2π× 1 Hz acting on the minority component.
Because the spin dynamics occur on the “slow” timescale τs, the effect of this potential
can be seen on the atoms. This effect is particularly relevant for the experiment described
in Chap. 6 for which the wavepacket is put into motion.

We mitigate this issue by changing the coils used to generate the quantization field.
The coils closest to the glass cell are completely switched off, and we employ another
pair of coils, placed at ' 1 m from the atoms (see Chap. 1). With this configuration,
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the residual quadratic potentials are below our detection threshold, and we will neglect
them in the following.

4.1.4 Imprinting a waveform with the Raman beams

Our initial system consists of a 50 µm tube of atoms in |1〉 = |F = 1, mF = −1〉.
Thanks to the flat-bottom potential imposed by the DMD1, the linear density is approxi-
mately uniform and we have n1 ' 570 µm−1. An absorption image is shown in Fig. 4.3a,
along with the linear atomic density. Then, we use another DMD with a pair of Raman
beams shined on it to tailor the distribution of transferred atoms [105] (see Chap. 1 for
details on the optical system).

However, it is not possible with our geometry to use Raman beams to populate the
state |2〉 = |F = 1, mF = +1〉, starting from atoms in |1〉. Indeed, it would require ∆mF =
2, but this transition is suppressed by destructive interference [we can derive a similar
calculation to the one done in 85, Appendix A]. Thus, we perform a two-step transfer
through the intermediate state |F = 2, mF = 0〉: first, the Raman beams illuminate the
atoms with the desired spatial profile; subsequently, a global MW π-pulse is applied.
This MW is resonant with the |F = 2, mF = 0〉 → |2〉 transition, and the atoms in |1〉
are not affected. Each step lasts on the order of 10 µs, during which no atomic motion
occurs. This process is illustrated in Fig. 4.2a. The resulting atomic densities are sketched
in Fig. 4.2b. We give in Fig 4.3b an experimental image of the minority component, along
with the integrated profile.

F = 2

F = 1 |1〉
|2〉

MW

Raman

(a)

x

x

n1

n2

(b)

Figure 4.2: (a) Scheme of the electronic ground state 5S1/2 of 87Rb, with the hyperfine
splitting between F = 1 and F = 2. The degeneracy of the different mF states is lifted
by a quantization field. The atoms are initially in |1〉. The Raman pulse is represented
with the green arrow (two-photon transfer with polarizations π, σ+), and it is followed
by a MW pulse to drive the atoms to the state |2〉. (b) Sketch of the atomic densities
in each spin state after the transfer shown in (a) is realized. The total density of atoms
stays constant. The depletion is modulated through DMD dithering and/or varying the

duration of the Raman pulse (see main text for details).

Controlling the depletion

We recall that the two Raman beams are co-propagating, and their intensity is given
on the atomic plane by I1s(x, y) and I2s(x, y). The function s is dimensionless and de-
scribes both the Gaussian envelope of the beams and the modulation created by the
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Figure 4.3: (a) Top: Absorption image of the initial atomic distribution, obtained from
an average of 20 shots. All atoms are in |1〉. Bottom: Integrated density along the
transverse direction, the density is approximately constant along the tube. The solid
line is a rectangle that indicates the expected length of 50 µm, and the plateau is set to
the average linear density of ' 570 µm−1. (b) Top: Absorption image of the atomic
distribution of atoms in |2〉, obtained from an average of 15 shots. The wavepacket
contains approximately 300 atoms. We displayed a profile ∝ 1/

√
cosh(κx) on the DMD.

We selectively imaged the minority component only, but the bath of atoms in |1〉 is still
present. Bottom: Integrated density along the transverse direction. The solid line is a fit
to a bright soliton profile ∝ 1/cosh2(κx). We obtain 1/κ ' 6.8 µm. Note that n2 � n1,

we are well within the low-depletion regime.

DMD. Since the process is coherent, Rabi oscillations occur, and the fraction of trans-
ferred atoms after a pulse of duration t is:

f (x, y) = sin2
(

ΩR(x, y)
t
2

)
with ΩR(x, y) ∝

√
I1 I2s(x, y) . (4.13)

The Rabi frequency ΩR is determined from the π-pulse calibration, giving tπ. This cal-
ibration is performed with a white image on the DMD, meaning that the maximum
amount of light is reflected. We assume that the Gaussian shape of the beams is neg-
ligible over the extent of the wavepacket of atoms in |2〉, meaning tπ is uniform for our
purposes. In practice, tπ is evaluated at the location where the wavepacket will be im-
printed. Thus, we rewrite:

f (x, y) = sin2
(

π

2
t

tπ
s̃(x, y)

)
, (4.14)

where s̃ is the modulation induced by the DMD only. Since the DMD is an amplitude and
not an intensity modulator, it is natural to write s̃ = r2, where r is the pattern displayed
on the DMD (0 ≤ r ≤ 1). We deduce that to obtain a target atomic distribution f , the
DMD must project the pattern:

r(x, y) =

√
tπ

t
2
π

arcsin
(√

f (x, y
)

with 0 < t ≤ tπ . (4.15)

Naturally, t and f must be chosen to ensure 0 ≤ r ≤ 1. Conversely, there are two ways to
adjust the amplitude of f : the time of the pulse duration t and the DMD pattern r. These
two parameters are used differently depending on the desired transfer fraction f :

• f � 1: we can linearize the arcsin function. Multiplying f by α then simply re-
quires to change t → √αt to keep r constant. Thus, we can vary the atomic profile
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while maintaining the same DMD image. This was used for the experiments de-
scribed in Sec. 4.2.

• f . 1: we set t = tπ to be able to reach the highest depletion levels. Then, the pat-
tern r is updated for each targeted f . This was used for the experiments described
in Sec. 4.3, Chap. 5 and Chap. 6.

We could in principle use t = tπ for all desired profiles. However, in the case f � 1,
it would lead to r � 1, which is detrimental to the dithering used to smooth out the
projected images.

4.2 The stationary soliton

4.2.1 Experimental realization

Given the tools discussed in the previous section, we now have all the ingredients
necessary to create a bright soliton of the NLSE in our spin mixture. As discussed in
Sec. 3.2.5, one could imprint a wavepacket with an arbitrary profile and atom number.
If the number is high enough, the wavepacket will converge to a soliton, and additional
atoms are radiated toward infinity. However, this approach is not well suited for exper-
iments, since losses and other imperfections, such as finite size effects, may hinder this
process. Thus, it is preferable to aim for the correct wavefunction to start with, meaning
both the right shape and amplitude. We recall that the bright soliton, solution of GPE
Eq. (4.6), is given by:

ψ(x, t) =

√
κN
2

1
cosh(κx)

exp
(

i
h̄κ2

2m
t
)

with N =
2h̄2κ

m|g1D|
, (4.16)

where 1/κ is the width of the wavepacket, and N its atom number. The width is a free
parameter, which generates a family of solutions. Since we canceled the potential V(x)
of Eq. (4.6) and the Raman beams do not imprint any phase, we focus on the bright
soliton with no velocity. Given that we work with a mixture, and in the low-depletion
limit, the interaction parameter is dressed by the bath (see Sec. 2.3.2) and can be written:

g1D = g2,2 −
g2

1,2

g1,1
' −0.026 g , (4.17)

where the second equality used the scattering lengths of Appendix B, and in particular
g1,1 = g2,2 ≡ g. Due to the proximity of all interaction constants, we have g1D ' −2 δg.
From the order of magnitude we have for the in-plane confinement, we can estimate for
e.g. 1/κ = 6.5 µm an atom number N ' 320 atoms. However, since the potential created
with the DMD is not harmonic, this value should be regarded as an order-of-magnitude
estimate.

Experimentally, we fix κ by displaying a constant image on the DMD. Then, we var-
ied the Raman pulse duration in order to transfer a different fraction of atoms from the
state |1〉 to the state |2〉. Identifying the bright soliton amounts to checking which atom
number yields a profile which is constant in time. Indeed, when the atom number is too
small, the kinetic energy dominates over the interaction energy, causing the wavepacket
to spread. Conversely, too many atoms result in the wavepacket contracting. We illus-
trate this process in Fig. 4.4a, where we highlight three of the curves to show the initial
and final profiles.

This behavior can also be explained from the point of view of the IST. An initial
profile with an amplitude which is too small (but still contains one eigenvalue λ1) will
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Figure 4.4: (a) The profile on the DMD is set to 1/
√

cosh(κx) with 1/κ = 6 µm. We
observe a slight broadening at t = 0, likely due to the imprinting through the micro-
scope objective. Varying the time of the Raman pulse leads to different amplitudes of
the wavepacket. The color of the curves encodes the time of the Raman pulse, from
lower (green) to higher (blue). We monitor the width of each wavepacket during the
first 50 ms of the time evolution. The error bars are 1-σ errors from 12 repetitions of the
experiment. The dashed lines are fits with parabolas 1/κ0 + Γt2, from which we extract
the expansion or contraction rates. Three curves are shown with higher opacity, we
highlight on the right their experimental profiles at the beginning (lesser opacity) and
the end (higher opacity) of the time evolution. The solid lines correspond to fits with the
function A/cosh2(κx), where A, κ are free parameters. Note that n1 ' 570 µm−2 and the
depletion remains below 0.1. (b) Summary of the extracted Γ, as a function of the atom
number. The error bars are 1-σ fit errors of the parabolas. We verify that integrating
the fitted profiles or the optical density gives compatible values for the atom number N.
The solid line represents a linear regression of the points. From this, we determine the
corresponding atom number of a bright soliton with initial width 1/κ = 6.45(19)µm:

we obtain N = 389(10).
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converge towards the solitonic profile associated with this eigenvalue. Since I(λ1) <
I(λκ) = κ/2, the resulting soliton has a larger width. The detailed study done by [73]
shows that the width will oscillate, with some damping, and stabilize towards the soli-
tonic value. The behavior we observe in Fig. 4.4a corresponds to the beginning of these
oscillations. The expansion or contraction of each wavepacket is fitted with a parabola
of the form 1/κ0 + Γt2, which is an approximation at short times of the evolution of the
width of wavepackets. The results are summarized in Fig. 4.4b. We identify the atom
number of the bright soliton by looking at the intercept of the solid line with zero, and
obtain N = 389(10). Thus, we manage to experimentally realize a bright soliton of
NLSE, with our spin mixture.

4.2.2 Calibration of the interaction strength

The measurement of the atom number of a bright soliton, shown in Fig. 4.4, can
also be interpreted as a calibration of g1D. Indeed, according to Eq. (4.16), |g1D| scales
inversely with N. We obtain:

g1D = 2h̄

(
a2,2 −

a2
1,2

a1,1

)
ω⊥ with ω⊥ = 2π × 334(27)Hz . (4.18)

Thus, we have measured the interaction strength in our 1D sample, using the mapping
of our mixture onto the NLSE. However, we should recall that this picture is only valid in
the low-depletion regime. Although n2/n0 was kept below 0.1, we can still investigate
possible corrections to our calibration. This point is developed in Chap. 5, where we
show that the natural soliton of our mixture is the so-called magnetic soliton. Of course,
it converges towards the bright soliton in the low-depletion limit. Using the results of
Chap. 5, we illustrate in Fig. 4.5 the slight adjustment of our calibration of g1D. We use
the Root Mean Square (RMS) size of the wavepacket to be able to compare magnetic and
bright solitons. We recall the definition:

RMS( f ) =
√∫ ∞

−∞
x2 f (x)dx with

∫ ∞

−∞
f (x)dx = 1 , (4.19)

which leads to RMS (|ψ|2bright)= π/(κ
√

12). We observe in Fig. 4.5 that the size of the
wavepacket is modified when considering a magnetic soliton instead of a bright soliton
in the low-depletion limit of our mixture. Conversely, using the calibration of Fig. 4.4 as
a fixed point, we can adjust the interaction constant to have the curves intersect at this
value (inset). We extract a corrected g1D, with ω⊥ = 2π× 347(28)Hz, to be compared to
the result of Eq. (4.18). It corresponds to a 4% adjustment. Thus, the soliton of Fig. 4.4
allowed us to complete the calibration of our system.

4.2.3 “Excitation” of a soliton

The behavior observed in Fig. 4.4 is, in fact, the beginning of some oscillations. A
natural question is whether these oscillations correspond to internal eigenmodes of a
bright soliton. For certain equations, one can find long-lived oscillatory modes of the
wavepacket [179, 244]. However, this behavior occurs only in non-integrable systems;
bright solitons do not possess internal modes. This fact can be seen as a consequence
of the IST that we described in Chap. 3: when only one eigenvalue is present in the
spectrum, the wavepacket will evolve toward the corresponding soliton.

In this section, we detail a more straightforward approach using the Bogoliubov
spectrum of a soliton to understand this phenomenon. We have already developed this
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Figure 4.5: Size of the soliton for a given atom number, either the bright soliton (solid
blue) or the magnetic soliton (dashed green) for a given g1D. The blue point corresponds
to our measure of the bright soliton (error bars have been omitted for clarity), it lies by
construction on the solid blue line. The bright and magnetic soliton coincide at low
atom number. The zoom highlights the slight discrepancy between the two around the
soliton we realized. The additional solid green curve corresponds to the adjustment of
a magnetic soliton to the experimental data, accounting for a minor correction to g1D. It

yields ω⊥ = 2π × 347(28)Hz.

method in the case of modulational instability in Sec. 3.4. It consists of considering small
perturbations around a known solution, the bright soliton, and linearizing the NLSE
at first order in these perturbations. We take u0(x) = κ/cosh(κx) as the unperturbed
bright-soliton wavefunction. We write the perturbed wavefunction:

u(x, t) =
[
u0(x) + ε

(
U(x)e−iωt + V(x)eiωt)] eiκ2t , (4.20)

with ε � 1, and U, V are unknown functions, representing the spatial structure of the
eigenmode of energy ω. Linearizing to first order in ε yields the following system:





V(x)
(
κ2 + ω

)
=
(

∂xx + 4|u0|2
)

V(x) + 2u2
0U∗(x) ,

U∗(x)
(
κ2 −ω

)
=
(

∂xx + 4|u0|2
)

U∗(x) + 2(u∗0)
2V(x) .

(4.21)

The resolution of this system is done in [245], and the results are more explicitly written
in [246]. We focus on the energy dispersion, that one can obtain by solving the system in
the limit |x| → ∞, for which u0 ' 0 [247]. The eigenmodes evolve as plane waves e±ikx

and we have:

ω = k2 + κ2 → h̄ω =
h̄2

2m
(
k2 + κ2) with k ∈ R , (4.22)

where we put back dimensions in the second expression. The constant term h̄2κ2/2m
corresponds to |µ| = −µ, i.e. the chemical potential of the soliton [189]. Since this
spectrum is bounded by |µ|, any excitation comes at the cost of extracting one particle
from the wavefunction. Moreover, since the eigenmodes behave like plane waves as
|x| → ∞, this particle is transported to infinity. Thus, there are no localized eigenmodes
of a bright soliton [see 246, Appendix B, for a discussion about the Goldstone modes,
which are not relevant in our context].
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We illustrate this analysis with a concrete example, using the initial wavefunction:

u(x, 0) =
1√

1 + ε︸ ︷︷ ︸
A

1 + ε

cosh((1 + ε)x)︸ ︷︷ ︸
κi

cosh(κix)

with ε� 1 . (4.23)

We have that
∫
|u|2 dx = 2, the same mass as a bright soliton with κ = 1. What is the

behavior of such a wavefunction? Some Bogoliubov modes become excited and carry
particles from the initial wavefunction to infinity. The interference between these modes
and the final wavefunction results in oscillations of the width of the wavepacket [see
e.g. 246, Eq. (14-15)]. From Eq. (4.22), we deduce that the lowest frequency is given by
h̄κ2/2m. This behavior is shown in Fig. 4.6a, where we simulate the evolution of the
wavefunction of Eq. (4.23) with ε = 0.1. This situation was experimentally realized in
[248], and we highlight their results in Fig. 4.6b. A bright soliton was formed in a cigar-
shaped trap. Then, they used a Feshbach resonance in order to quench the interaction
parameter to a slightly different value. This amounts to a change of the width of the
soliton, keeping constant the number of particles (see Eq. (3.4)).
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Figure 4.6: (a) Time evolution of the width of the wavefunction of Eq. (4.23) with ε = 0.1,
using a numerical simulation of GPE. The oscillations dampen towards the asymptotic
limit 1/κ f (see main text), shown with the red dashed-dotted line. The black dashed
line is set to 1, and represents the width of a bright soliton with the mass of the initial
wavepacket. (b) Experimental realization of the “excitation” of a bright soliton. The
blue diamonds / curve result from a quench of the longitudinal frequency of the trap ωz.
The wavepacket oscillates at a frequency

√
3ωz [249, 250]. When instead the interaction

strength is quenched (red circles / curve) a different frequency is observed, following
the interference with the Bogoliubov modes excitations. The green squares / curve are

obtained when creating a bright soliton.

A more quantitative analysis can be performed using the IST. The eigenvalue of the
wavefunction of Eq. (4.23) is λ = i (A− 1/2) κi [73]. The wavefunction will evolve to-
wards the corresponding bright soliton of width 1/κ f , with iκ f /2 = λ (see Sec. 3.2.5).
We can deduce the amount of radiated particles Nr:

Nr = 2
︸︷︷︸

Ni

− 2κ f︸︷︷︸
N f

= 2
(

1−
√

1 + ε
)2
∼ ε2

2
, (4.24)

where we used the fact that the initial mass is equal to 2. We note that, owing to
the quadratic dependence, Nr remains much smaller than the total atom number (see
Sec. 4.3.2 for a discussion on experimental parameters and observing Nr). Eventually,
the oscillations shown in Fig. 4.6a dampen, and the width reaches the limit 1/κ f . Thus,
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the unperturbed bright soliton u0 of Eq. (4.20) has a width 1/κ f and the oscillation fre-
quency is given by h̄κ2

f /2m, meaning the chemical potential of the final state.

4.3 Producing higher-order solitons

In the previous section, we explored the realization of a bright soliton and discussed
perturbations to this solution. In Sec. 3.3.3 we discussed the possibility of obtaining
multi-soliton solutions through the IST. In particular, [73] showed that using un(x, 0) =
nκ/cosh(κx), n ∈ N, gives n eigenvalues, aligned along the imaginary axis. We have
illustrated in Fig. 3.10 the cases n = 2 and n = 3. The experimental realization of such
higher-order solitons is the focus of this section.

4.3.1 Study of the frequency

Since the n-soliton wavefunctions are real and positive at t = 0, we can use the Ra-
man beams to imprint them directly onto the atoms. Moreover, they are proportional to
the bright soliton by a factor n: creating a wavepacket with the same shape as a bright
soliton but with an atom number scaled by n2 realizes an n-soliton. We show in Fig. 4.7
experimental images for the case n = 2. We observe successive contractions and expan-
sions of the wavepacket, with a periodic evolution. This breathing pattern was already
observed by [75], using a single-component gas of 7Li. Further insight can be gained
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Figure 4.7: (a) Experimental images of the time evolution of a two-soliton of NLSE. The
successive contractions and expansions of the wavepacket appear clearly. The initial
width is set to 1/κ = 8 µm. The images are averaged from 15 repetitions of the exper-
iment. (b) Maximum depletion of the minority component, obtained from a fit of the
density profile with Eq. (4.28). The dashed gray line denotes the time of the last image
of (a). We obtain that n2/n0 . 1/3 at all times, compatible with a low-depletion regime.

The error bars are 1-σ errors from 15 repetitions of the experiment.

from the results of the IST. Indeed, the eigenvalues of the two-soliton solution are:

λ1 = i
κ

2
and λ2 = i

3κ

2
. (4.25)

Plugging these values in the kernel F, defined in Eq. (3.44b), of the Gelfand-Levitan-
Marchenko integral equation, we obtain:

F(x, t) = −i
(

c̃1(t)eiλ1x + c̃2(t)eiλ2x
)

,

= −ie−iκ2t
(

c̃1(0)e−κx/2 + c̃2(0)e−8iκ2te−3κx/2
)

,
(4.26)



4.3. Producing higher-order solitons 81

where we used b(ξ) = 0 for the two-soliton wavefunction. We can gain some insight
without performing the inversion of the scattering data. Since the overall phase factor of
F is irrelevant, we deduce that F is periodic with frequency:

f =
4
π

κ2 → f =
2
π

h̄κ2

m
, (4.27)

where we reintroduced dimensions in the second expression. This periodicity is di-
rectly transferred to the function u(x, t) through the linear Gelfand-Levitan-Marchenko
Eq. (3.43). Remarkably, the frequency depends only on κ, and the interaction strength
g1D does not appear. This stems from the relation 1/t0 = h̄/(2mx2

0) linking the quanti-
ties of Eq. (3.4). We verify this relation experimentally by extracting the breathing fre-
quency of the wavepacket. We present the results in Fig. 4.8 for a wavepacket of width
1/κ = 8 µm, and we confirm that we manage to realize a two-soliton. We did not vary
the wavepacket width, as significantly larger widths are not feasible in our finite-size
system. Additionally, a smaller width implies a larger depletion, which is beyond the
scope of the NLSE description. It will be the subject of Chap. 5, in which we provide a
more general description of our mixture.
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Figure 4.8: The solid line indicates the breathing frequency of the exact two-soliton so-
lution 2κ/cosh(κx), given by Eq. (4.27). It is color-coded by the atom number on a loga-
rithmic scale, calculated from the calibration performed on the bright soliton. The circles
are experimental data, using an imprinted width of 1/κ = 8 µm. The atom number in
the wavepacket was slightly varied between each point, due to our experimental uncer-
tainty on the amplitude to imprint for the two-soliton. Thus, they are slightly spread
out vertically. The fact that they surround the solid line indicates the consistency of our
calibrations and the experiment. Inset: time evolution of the width of the wavepacket,
for the set of images shown in Fig. 4.7a (i.e. one given atom number). The error bars are
1-σ errors from 15 repetitions of the experiment. The frequency is extracted by fitting

with a damped sine (solid black line, discussed in Sec. 4.3.2).

The wavepacket width at time t is obtained by fitting the atomic density profile with
the function:

vt(x) =
A

cosh2(κ̃(x− x0))
, (4.28)

where A, κ̃, x0 are fitting parameters. It corresponds to the analytic solution of the two-
soliton at times tk = k/ f , k ∈ N. For t 6= tk, one could resort to the exact solution given
by Eq. (3.71). We decided not to use this solution on experimental data for two reasons:
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• The function vt is more robust to fit (imperfect) atomic images which include shot
noise, atom loss, etc.

• We slightly varied the imprinted amplitude of the atomic wavefunction, meaning
we set n close to 2 only up to experimental uncertainties. Thus, Eq. (3.71) does not
describe perfectly all data either.

We verified on a numerical example the overlap of the fitted functions vt(x) and the
exact solution w = |u(x, t)|2 by computing:

I(t) =
‖〈w|vt〉‖2

‖〈w|w〉‖‖〈vt|v〉‖
=

∫
|w(x, t)vt(x)|dx√∫

|w(x, t)|2 dx
∫
|vt(x)|2 dx

. (4.29)

We have I ≤ 1 from the Cauchy–Schwarz inequality, and I(tk) = 1. We obtain that
I(t) ' 0.97, where · indicates the time average over one period, and ∀ t, I(t) > 0.93.
Thus, the function vt provides a reliable estimate of the atomic wavefunction’s RMS
width.

4.3.2 Damping and radiation

Damping of the oscillations

As shown in the inset of Fig. 4.8, the width oscillations exhibit significant damp-
ing. This observation goes beyond the description established in Chap. 3, since the two-
soliton solution is exactly periodic. We used a damped sine function to calibrate this
decay:

1
κ̃(t)

= Ae−t/τ cos(2π f t) + o , (4.30)

where A, τ, f , o are fitting parameters. Once again, this function does not correspond to
the exact two-soliton solution, but it captures the experimental behavior, as well as that
of wavefunctions slightly deviating from Eq. (3.71). For the two-soliton, we have τ → ∞.
One possible explanation for the observed damping is that the imprinted wavefunction
amplitude was slightly offset:

utarget(x) =
2κ

cosh(κx)
→ uimprinted(x) =

2ακ

cosh(κx)
, (4.31)

where α ' 1. This would lead to the atom number being off by a factor α2, and also
affects the oscillation frequency, by a factor (2α − 1) [73]. In addition, this excitation
induces Bogoliubov modes (i.e. b(ξ) 6= 0), which interfere with the two-soliton. This in-
terference could manifest as damping on the first oscillations. We test this hypothesis by
performing numerical simulations of the GPE. However, we observe two discrepancies
with the experimental points:

• The order of magnitude is incorrect. For example, taking α = 0.95 yields fGPE '
6.5 Hz, close to the curve shown in Fig. 4.8, but τGPE ' 3.0 s whereas we observe
τ = 0.64(8) s.

• When α > 1 there is no damping, and the amplitude rather increases during the
first oscillations. This is inconsistent with the experimental data, for which the
damping is similar on all points.

Therefore, we must consider a second hypothesis. Finite-temperature effects may
perturb the exact solution. However, they are difficult to characterize, and lie beyond the
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scope of this manuscript. Instead, we examine the effect of a weak harmonic-oscillator
potential. This amounts to breaking the integrability of NLSE (we will discuss more
thoroughly perturbations of the IST in Chap. 6). This hypothesis is reasonable given the
discussions of Sec. 4.1.3. Thus, we add a potential term V(x) = 1

2 m(2π fHO)
2x2 to the

numerical simulations of the GPE and vary fHO. The results are presented in Fig. 4.9,
where we fitted the time evolution of the width using Eq. (4.30) to extract τ. We deduce
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Figure 4.9: We simulate the time evolution of the initial wavefunction 2κ/cosh(κx),
adding a harmonic potential of frequency fHO in the NLSE. The damping τ diverges
when fHO → 0. The blue area indicates the value of τ corresponding to the inset in
Fig. 4.8, with its width representing the 1-σ uncertainty. This damping is compatible
with a frequency fHO ' 0.3 Hz. The inset illustrates the time evolution for fHO = 0.6 Hz,
the decay of the oscillations is clearly visible. Note that a resurgence of the breathing

pattern appears, beyond the experimental time frame [246].

that a frequency fHO . 0.5 Hz is sufficient to explain the experimental observations. This
value is compatible with our estimate of the quadratic field, and affects by less than 0.1 %
the density of the bath. We also note that in [75] they used fHO = 1.12 Hz. In both cases,
we verify f / fHO � 1; the breathing frequency is dominated by the two-soliton.

We mention two additional factors, which have negligible effects:

• Atom loss: the one-body lifetime of the cloud is approximately 2 s. Thus, more
than 80% of the atoms remain after 400 ms. A significant atom loss leads to a chirp
of the oscillation frequency [251], which is not observed on the experimental data.

• Averaging: due to the fluctuations in the imprinted atom number, each repetition
of the experiment gives a slightly different frequency. This may lead to dephasing.
However, we verify that this effect is negligible by measuring the fluctuations at
t = 0. We have δN2/N2 . 6% for all datasets, corresponding at first order to
δ f / f . 6%. Thus, the dephasing is negligible on the observed timescale.

Radiated atoms

A second criterion to identify a two-soliton, in addition to its breathing frequency, is
the absence of excited Bogoliubov modes. Thus, it is (in theory) possible to measure the
atom number radiated from the original wavepacket: the minimum would correspond
to the realization of a two-soliton. To make this reasoning more quantitative, we can
extrapolate the discussion of Sec. 4.2.3 in the case of a two-soliton. Taking an initial
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perturbed wavefunction given by Eq. (4.31), we calculate the number of radiated atoms:

Ni − N f

Ni
=

8κ(α− 1)2

8κα2 =

(
1− 1

α

)2

, (4.32)

where Ni, N f are the initial and final atom number in the wavepacket respectively. In
practice, α ' 1. Taking for instance α = 0.95, we expect radiated atoms to account for
approximately 0.3% of the total atom number. In our experiment, this amounts to 3-4
atoms; this is not detectable in our system.

Conclusion

In this chapter, we have demonstrated the experimental realization of multi-
solitons and established a quantitative connection with the predictions of the IST.
By imprinting tailored wavefunctions onto a 1D BEC, we generated two-soliton
states and observed their characteristic periodic breathing dynamics. The mea-
sured oscillation frequency was found to agree with the theoretical value derived
from the IST eigenvalue spectrum, confirming the underlying integrable structure
of the NLSE.
We will develop in Chap. 5 a more complete description of our spin mixture, al-
lowing us to realize solitonic states with an arbitrary depletion. This description
will provide new insights on the spin dynamics, and extend the IST description.



III
THE LANDAU-LIFSCHITZ
DESCRIPTION AND RESULTS
BEYOND INTEGRABILITY





87

5 LANDAU-LIFSCHITZ MULTI-SOLITONS IN A

BOSE MIXTURE

Outline of the current chapter

Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 88
5.1 The Landau-Lifschitz equation . . . . . . . . . . . . . . . . . . . . . . . . 88

5.1.1 The 1D ferromagnetic spin chain . . . . . . . . . . . . . . . . . . . 88
5.1.2 Mapping to a spin mixture . . . . . . . . . . . . . . . . . . . . . . 89
5.1.3 The magnetic soliton . . . . . . . . . . . . . . . . . . . . . . . . . . 91
5.1.4 Bloch oscillations of a magnetic soliton . . . . . . . . . . . . . . . 94

5.2 A gauge transformation between NLSE and LLE . . . . . . . . . . . . . 95
5.2.1 Lax Pair of the LLE . . . . . . . . . . . . . . . . . . . . . . . . . . . 97
5.2.2 Gauge equivalence . . . . . . . . . . . . . . . . . . . . . . . . . . . 97
5.2.3 The Kotlyarov method . . . . . . . . . . . . . . . . . . . . . . . . . 99

5.3 Description of new LLE solutions . . . . . . . . . . . . . . . . . . . . . . 99
5.3.1 Conservation of the IST spectrum and time evolution . . . . . . . 99
5.3.2 LLE n-solitons . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 100
5.3.3 Symmetry breaking . . . . . . . . . . . . . . . . . . . . . . . . . . . 102

5.4 Experimentally increasing the depletion . . . . . . . . . . . . . . . . . . 103
5.4.1 2-solitons from NLSE to LLE . . . . . . . . . . . . . . . . . . . . . 103
5.4.2 Exploring 3-solitons . . . . . . . . . . . . . . . . . . . . . . . . . . 104

Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 107



88 Chapter 5. Landau-Lifschitz multi-solitons in a Bose mixture

Introduction

The easy-axis Landau-Lifshitz Equation (LLE) provides a classical field description
of a one-dimensional ferromagnet with uniaxial anisotropy, supporting localized excita-
tions known as magnetic solitons. In our experiment, this model becomes directly rele-
vant through its mapping onto the dynamics of a two-component spin mixture (Sec. 5.1).

A remarkable feature of the easy-axis LLE is its gauge equivalence to the attractive
NLSE (Sec. 5.2), an integrable equation whose soliton content and scattering proper-
ties were recalled in Chap. 3. This equivalence offers a powerful route to constructing
and interpreting solutions of the LLE: any NLSE soliton or multi-soliton solution can be
mapped to a corresponding magnetic configuration in the spin mixture (Sec. 5.3). Ex-
ploiting this correspondence experimentally, we engineer multi-soliton states of the LLE
and observe their subsequent time evolution (Sec. 5.4).

5.1 The Landau-Lifschitz equation

We introduce in this section an alternative description of our spin mixture, based
on a formal analogy with a 1D ferromagnetic spin chain. Such an object is generally
characterized by its local magnetization M(x, t). From this classical point of view, the
dynamics are obtained from the LLE, first established by [252]. In a setting with uniaxial
anisotropy, the LLE reads:

∂M
∂t

= M×
(

∂2M
∂x2 + β(M · ez)ez

)
, (5.1)

where ez is the unit vector along the z axis, and β characterizes the magnetic anisotropy.
We will detail the physical origin and meaning of this equation before linking it to our
spin mixture and introducing some fundamental solutions: the magnetic solitons.

5.1.1 The 1D ferromagnetic spin chain

We follow in this section the development of [77]. A magnetic material with localized
spins Ŝi can be described by the Heisenberg XYZ Hamiltonian:

Ĥ = −1
2 ∑
〈i,j〉

(
JxŜ(x)

i Ŝ(x)
j + JyŜ(y)

i Ŝ(y)
j + JzŜ(z)

i Ŝ(z)
j

)
, (5.2)

where Jk are positive constants denoting the exchange interaction along axis k, and the
sum on j runs only over the nearest neighbors. We can formally rewrite this Hamiltonian
by introducing B̂eff,i, corresponding to the local magnetic field generated by adjacent
spins:

Ĥ = γ ∑
i

Ŝi · B̂eff,i with B̂(k)
eff,i = −

Jk

2γ

(
Ŝ(k)

i+1 + Ŝ(k)
i−1

)
, (5.3)

where γ has the dimension of a gyromagnetic ratio. Using the Heisenberg equation of
motion, we obtain for each spin i:

∂Ŝi

∂t
= −γŜi × B̂eff,i . (5.4)

The LLE is recovered in the long-wavelength approximation, which assumes that the
spin dynamics vary slowly over a lattice spacing and can therefore be described in the
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continuum limit. We define the magnetization as M(xi) ∝
〈
Ŝi
〉

and assume that the
exchange interaction constants Jk are close to each other. This leads to:

∂M
∂t

= γM× Beff with Beff =

(
α

∂2M
∂x2 + (Jx − Jy)M(x)ex + (Jz − Jy)M(z)ez

)
, (5.5)

where M(k) = M · ek, and α is a positive constant, related to the inner spacing between
spins. This equation describes the general case of a biaxial ferromagnet, for which Jx 6=
Jy 6= Jz. In the following, we focus on the uniaxial case Jx = Jy. Introducing β = Jz − Jy,
we recover Eq. (5.1) after rescaling time and space into dimensionless units.

The physical interpretation of the different terms in Beff is straightforward. The sec-
ond derivative of the magnetization corresponds to the exchange energy, which favors
the local alignment of neighboring spins. The anisotropic term accounts for the differ-
ences between the exchange coefficients Jk, thereby favoring alignment along specific
directions. In particular, setting β > 0 leads to the so-called easy-axis anisotropy, where
the magnetization aligns along the z axis in the ground state, whereas β < 0 corresponds
to the easy-plane anisotropy, for which the magnetization lies in the x–y plane.

Angular variables description

The norm of the magnetization ‖M‖ is a conserved quantity of Eq. (5.1). Assum-
ing that it is spatially uniform, we can parametrize the magnetization using spherical
coordinates:

M =




sin(θ) cos(ϕ)
sin(θ) sin(ϕ)

cos(θ)


 (5.6)

where we have set ‖M‖ = 1 without loss of generality. The LLE (5.1) can then be rewrit-
ten as a pair of coupled equations for θ and ϕ [77]:





∂

∂t
[cos(θ)] = − ∂

∂x

(
sin2(θ)

∂ϕ

∂x

)

sin(θ)
∂ϕ

∂t
=

∂2θ

∂x2 − sin(θ) cos(θ)

(
β +

(
∂ϕ

∂x

)2
)

.
(5.7)

This formulation will allow for a direct connection with our spin mixture.

5.1.2 Mapping to a spin mixture

The mean-field description of our system involves the two spin components ψ1 and
ψ2, whose evolution follows the coupled GPE (2.39). Since these fields are complex, they
can be expressed in terms of four real variables. In order to establish a link with Eq. (5.7),
it is necessary to reduce the description to two independent variables.

We consider the experimentally relevant case where g1,1 = g2,2 ≡ g and δg = g1,2 −
g� g. In this limit, the total density can be approximated as constant,1 so that n1 + n2 =
n0 [76, 253]. Introducing the angles θ and ϕ, and the global phase χ, we write:

(
ψ1
ψ2

)
=
√

n0 eiχ/2
(

cos(θ/2)e−iϕ/2

sin(θ/2)e+iϕ/2

)
, (5.8)

1The correction term is of order δg/g ' 0.01. Strictly speaking, this approximation is valid only when
neither n1 nor n2 are too close to zero [253].
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where the individual phases are φ1 = (χ− ϕ)/2 and φ2 = (χ + ϕ)/2. The total particle
current is given by:

J(x, t) =
h̄
m
I
(

ψ∗1
∂ψ1

∂x
+ ψ∗2

∂ψ2

∂x

)
=

h̄n0

2m

(
∂χ

∂x
− cos(θ)

∂ϕ

∂x

)
. (5.9)

Thus, we can express the global phase χ as a function of θ, ϕ and J. Because the total
density is assumed constant, we have ∂x J = 0. Choosing the reference frame such that
J(x, t) = 0, we find:

∂χ

∂x
= cos(θ)

∂ϕ

∂x
. (5.10)

In fact, setting J = 0 is justified for a system with strict boundary conditions. The more
general case is discussed in [106, Sec. 2.3.3]. Substituting Eq. (5.8) into the coupled
GPE (2.39) and eliminating χ via Eq. (5.10), we obtain the following equations on θ and
ϕ: 




∂

∂t
[cos(θ)] =

∂

∂x

(
sin2(θ)

∂ϕ

∂x

)

sin(θ)
∂ϕ

∂t
=

∂2θ

∂x2 − sin(θ) cos(θ)

(
sign(δg) +

(
∂ϕ

∂x

)2
)

.
(5.11)

We have used dimensionless variables defined through the spin healing length ξs =
h̄/
√

2mn0|δg| and characteristic time τs = h̄/(n0|δg|). The correspondence between
Eq. (5.7) and (5.11) is then immediate: the spin mixture behaves as a ferromagnetic spin
chain with anisotropy parameter β = sign(δg) = ±1. This analogy is illustrated in
Fig. 5.1, where we sketch a magnetic soliton (a localized excitation, see Sec. 5.1.3) for both
a spin chain and a two-component spin mixture. Thus, an immiscible mixture (δg > 0)

x
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Figure 5.1: (a) 1D spin chain for an easy-axis ferromagnet. Each arrow represents the
magnetization on a given site. The color indicates the angle θ with the z axis. This
configuration illustrates a magnetic soliton at rest, for which ϕ = 0. (b) Immiscible
spin mixture described by coupled GPE. We have a bath of atoms in |1〉, in which are
immersed a packet of atoms in |2〉. The equilibrium state corresponds to a magnetic

soliton.

is equivalent to an easy-axis ferromagnet: a spin pointing along z corresponds to a fully
polarized state, with n1 = n0 or n2 = n0. We thereby recover the demixed configuration
described in Sec. 2.3. Conversely, a miscible mixture (δg < 0) maps to an easy-plane
ferromagnet, for which the spin lies predominantly in the transverse x–y plane.

Low-depletion limit

We have discussed in Sec. 2.3.2 the limit n2/n0 � 1, under which our spin mixture
can be described by a single effective GPE. Using the spherical coordinates θ and ϕ, this
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corresponds to the condition θ � 1. Following [77], we introduce the complex field ψ
as:

ψ =
√
|β| M(x) + iM(y)

2
and M(z) =

√
1− 4
|β| |ψ|

2 ' 1− 2
|β| |ψ|

2 , (5.12)

where the last approximation holds for θ � 1. Eq. (5.1) can then be rewritten in the form:

i
∂ψ

∂t
= −M(z) ∂2ψ

∂x2 + ψ
∂2M(z)

∂x2 + βM(z)ψ . (5.13)

We substitute M(z) by its expansion to first order in |ψ|2, retaining only the leading
nonlinear term proportional to |ψ|2ψ. We neglect higher-order nonlinearities, which in-
volve spatial derivatives. Disregarding terms proportional to ψ, which can be removed
through a gauge transformation, we obtain:

i
∂ψ

∂t
+

∂2ψ

∂x2 + 2 sign(β)|ψ|2ψ = 0 , (5.14)

which is the canonical dimensionless form of the GPE. The sign of β determines whether
the interactions are attractive or repulsive, in agreement with the effective coupling con-
stant derived in Eq. (2.46). Besides, we recover ψ = ψ2 in the limit θ → 0, which was
expected following the low-depletion limit established in Sec. 2.3.2.

5.1.3 The magnetic soliton

The ground state of Eq. (5.1) corresponds to a uniform chain of spins aligned along
the z axis. We now investigate the solitary-wave excitations of the LLE [254], which are
known as magnetic solitons. We summarize here some key results and refer the interested
reader to [77] for a comprehensive review. Magnetic solitons were first experimentally
realized in cold-atom systems with miscible spin mixtures, corresponding to the easy-
plane ferromagnetic regime (δg < 0) [214, 255]. In the following, we focus on the easy-
axis configuration, δg > 0.

We look for traveling-wave solutions of the form [77]:

θ(x, t) = θ(x− vt) and ϕ(x, t) = φ(x− vt) + Ωt , (5.15)

where v denotes the soliton velocity and Ω is an internal precession frequency. Including
the parameter Ω allows one to derive a more general family of solutions [whereas setting
Ω = 0, as in e.g. 256, restricts the class of accessible solutions]. Then, the system of
Eq. (5.7) can be integrated to obtain [see 77, 86, for mathematical details]:





cos(θ(x̃)) = 1− 4κ2

2 + Ω +
√

Ω2 + v2 cosh(2κx̃)

φ(x̃) =
1
2

vx̃ + arctan

[
2Ω− v2 + 2

√
Ω2 + v2

2κv
tanh(κx̃)

]
,

(5.16)

where κ =
√

1 + Ω− v2/4 and x̃ = x − vt. Solutions exist only when the condition
Ω− v2/4 > −1 is satisfied. The quantity 1/κ characterizes the width of the wavepacket.
In the low-depletion limit, 1/κ tends to the width of a bright soliton, see e.g. Eq. (3.46).



92 Chapter 5. Landau-Lifschitz multi-solitons in a Bose mixture

Conserved quantities

The solutions described by Eq. (5.16) correspond to magnetic solitons. In light of
the discussions in Chap. 3, the existence of a soliton basis suggests that the LLE is inte-
grable via the IST. This point will be developed in Sec. 5.2. We simply highlight here the
existence of several important conserved quantities [86, 257]:

• The magnetization N:

N =
1
2

∫ +∞

−∞
[1− cos(θ)]dx (5.17)

which quantifies the spin deviation from the ground state. In the spin-mixture
picture, it corresponds to the number of atoms N2 in the minority component |2〉,
given in dimensional units by N2 = n0ξsN. It can be expressed as a function of Ω
and v:

sinh(N) =
2κ√

Ω2 + v2
. (5.18)

• The total momentum P:

P =
1
2

∫ +∞

−∞
[1− cos(θ)]

∂ϕ

∂x
dx . (5.19)

Using Eq. (5.10), we can rewrite P as a function of the phase of the majority com-
ponent φ1 = (χ− φ)/2. This leads to the expression:

P = φ1(−∞)− φ1(+∞) = ∆φ1 . (5.20)

• The energy E:

E =
1
4

∫ +∞

−∞

{(
∂θ

∂x

)2

+ sin2(θ)

[
1 +

(
∂ϕ

∂x

)2
]}

dx . (5.21)

For a magnetic soliton, it can be expressed as:

E = 2κ = 2 tanh(N/2) + 4
sin2(P/2)
sinh(N)

. (5.22)

The energy is thus a periodic function of the momentum. This property suggests
the existence of Bloch Oscillations (BOs) in this system [257, 258], which will be
discussed in Sec. 5.1.4.

The number of atoms N does not uniquely define a magnetic soliton: a constant N cor-
responds to an ellipse in the Ω-v plane. This property is illustrated in Fig. 5.2. The point
(Ω, v) = (0, 0) corresponds to N → ∞, where the minority component forms a domain
extended over the whole space, thus fully replacing the majority component. Larger el-
lipses around this point correspond to solitons with a smaller number of atoms in the
minority component.

The ensemble of solutions at a given N lead to different momenta and energies, as
shown in Fig. 5.3. Only the solution for which P = ∆φ1 = 0 minimizes the energy,
whereas P = ±π maximizes it. This property follows immediately from Eq. (5.22).
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Figure 5.2: Schematic representation of the Ω-v plane characterizing the magnetic soli-
tons. The gray area indicates the region where no magnetic soliton exists. The point
(Ω, v) = (0, 0) is also excluded. The ellipses correspond to contours of constant N, with
N = 1, 1.5, and 2 from blue to green. The magnetic solitons at the points a, b, and c are

illustrated in Fig. 5.3.
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Figure 5.3: Magnetic solitons at different points of the Ω-v plane (see Fig. 5.2) for N = 2.
The phase of the bath φ1 is plotted in the top panels. It exhibits a phase jump of ∆φ1 = P,
the momentum of the soliton. The corresponding densities of the two components of
the spin mixture are shown in the bottom panels. At the maximal value of Ω (point c),

the majority is fully depleted, and we observe a discontinuity in its phase.
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5.1.4 Bloch oscillations of a magnetic soliton

This section describes a work performed during my thesis, which resulted in a
publication [215]. It is extensively described in previous PhD theses [86, 106], and
we highlight here only the main results.

Bloch Oscillations are a remarkable phenomenon, first introduced to describe the
periodic motion of a single particle in a lattice subjected to a constant force [259, 260]. In
simple terms, they can be understood as Bragg reflections in the particle’s momentum
space, occurring when its associated wavelength matches the lattice period. BOs were
first observed in cold-atom systems using optical lattices [261–263], and this property
remains widely exploited, for instance in precision measurement experiments [264].

Extending BOs to systems of interacting particles is generally challenging due to
damping effects [265]. Nevertheless, BOs with a halved period were observed by [266,
267] in systems of two strongly interacting particles. Perhaps more intriguing is the exis-
tence of BOs in the absence of any lattice. In particular, impurities in bulk systems have
been shown to exhibit energy dispersions that are periodic with respect to momentum,
a key ingredient for the realization of BOs [268]. Such oscillations were later experimen-
tally demonstrated, despite the presence of strong dissipation, in [269].

Magnetic solitons constitute a system with a macroscopic number of particles and
offer the possibility of observing BOs of the minority component wavepacket without
any lattice [215, 258]. We now consider the addition of a small, uniform force to our
system. In the LLE framework, the presence of a potential corresponds to the addition of
a spatially varying external magnetic field. In our spin mixture, this situation maps to an
external potential V(x) applied to the minority component. We assume that the applied
force is weak enough for the system to remain well described by a magnetic soliton,
although the parameters Ω and v become time-dependent [86, 257]. This defines an
adiabatic regime, valid when the work done by the force over the soliton’s spatial extent
is small compared to the interaction energy δg n0. In this limit, the energy dispersion
takes the form:

E = 2 tanh(N/2) + 4
sin2(P(t)/2)

sinh(N)
− N F x(t) with P(t) = P(0) + N F t , (5.23)

which shows that the momentum follows Newton’s law applied to the magnetic soliton,
experiencing a total force NF. The soliton’s motion can then be deduced from the Hamil-
ton–Jacobi equations, with its velocity given by v(t) = ∂E/∂P. Restoring dimensional
units, the period of the resulting oscillations reads:

T =
n0 h
N2 f

, (5.24)

where f = Fh̄/(τsξs) is the dimensional force. Comparing this expression with the
period of BOs in a lattice of spacing a, T = h/(a f ), we find that the oscillation period
is reduced by a factor equal to the number of particles in the minority wavepacket N2,
while the inverse density of the bath plays the role of the lattice period.

Experimentally, the magnetic soliton is created using the techniques described in
Chap. 4: Raman beams locally flip the spin of a fraction of the atoms in a tube of uni-
form density. The resulting soliton initially possesses a flat phase profile, corresponding
to (Ω(0), v(0)) = (−|Ω0|, 0), where Ω0 is set by the number of atoms in the minority
component. A magnetic field gradient, typically b ' 1 G/m, is then applied, inducing
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an oscillatory motion of the soliton, as shown in Fig. 5.4. This motion corresponds to
the wavepacket exploring the family of magnetic solitons represented by the ellipse in
Fig. 5.2, in an anticlockwise manner. During this process, a phase difference gradually
builds up across the soliton and reverses its sign each time ∆φ1 reaches multiples of π.
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Figure 5.4: Bloch Oscillations of the wavepacket of the minority component. The
absorption images are separated by 30 ms, with the dashed line indicating the ini-
tial center-of-mass position as a guide to the eye. The minority component contains
N2 = 1300(100) atoms, within a bath of density n0 ' 370 µm−1. The applied force is
f = 9.0(7)× 10−28 N, leading to a measured oscillation period of T = 219(3)ms, in

excellent agreement with the expected value T = 210(16)ms.

The phase of the majority component is thus intrinsically coupled to the oscillations
of the magnetic soliton. This phase can be probed by matter-wave interferometry, as
illustrated in Fig. 5.5. A second tube of atoms, identical to the bath and containing no
magnetic soliton, is used as a phase reference (see schematic in Fig. 5.5b). After a time-of-
flight expansion, interference fringes appear, allowing one to extract the phase difference
∆φ1 across the soliton position. In particular, measurements taken at t = kT/2, with
k ∈N, yield alternating values of ∆φ1 = 0 and π.

We have seen that BOs arise in our system as a consequence of the periodicity of
the energy with respect to the momentum, as given by Eq. (5.22). This property is
not specific to magnetic solitons: it can be shown to emerge more generally in one-
dimensional systems in the thermodynamic limit [215, 270]. However, such a periodic
energy–momentum dispersion is not, by itself, sufficient to ensure the observation of
BOs. The adiabaticity criterion discussed above must also be satisfied. For instance, in
the case of dark–bright solitons (see Chap. 3 for an introduction), the spatial extent of the
soliton diverges at mid-period (t = T/2). In this regime, the work done by the external
force over the soliton’s size can no longer be neglected, and the adiabatic approximation
breaks down [see 86, 106, for detailed discussions and numerical simulations].

5.2 A gauge transformation between NLSE and LLE

We have discussed in the previous section several solutions of the LLE in the easy-
axis regime, in particular the magnetic solitons characterized by the parameters Ω and v
(or equivalently κ and v). The existence of such a complete family of solitonic solutions
already suggests that the LLE is integrable. Integrability in the isotropic case (β = 0)
was established by [271], who constructed a Lax pair and carried out the IST. In parallel,
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(a) Simulated phase evolution of the majority component.
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Figure 5.5: (a) Simulated phase φ1 of the majority component at different times during
the BO. Each cylinder represents the atomic tube, with the red line indicating the spa-
tial variation of the phase (dashed on the back surface). The phase jump reverses sign
near t = T/2, corresponding to the turnaround of the minority wavepacket. (b) Left:
Schematic of the two interfering tubes of atoms. The left tube contains no magnetic soli-
ton and serves as a phase reference. Right: Matter-wave interference patterns obtained
after time-of-flight. The OD is saturated to emphasize the fringe contrast, and not pro-
portional to atomic density. The blue dashed line indicates the position of the minority
component, extracted from an independent measurement. The black solid lines high-
light the position of the interference fringes, showing that the phase jump ∆φ1 alternates
between ' 0 (at integer multiples of the period T) and ' ±π (at half-integer multiples

T/2, 3T/2, . . .).



5.2. A gauge transformation between NLSE and LLE 97

Lakshmanan demonstrated that the isotropic LLE is algebraically equivalent to the NLSE
[272, 273], directly linking the magnetization M and the wavefunction ψ. This result
revealed a deep correspondence between the two equations. In this section, we present
the IST for the easy-axis LLE and show how this equation is closely connected to the
NLSE.

5.2.1 Lax Pair of the LLE

The LLE is known to be integrable in the general case of a biaxial ferromagnet (Jx 6=
Jy 6= Jz) [274, 275]. In this framework, the Lax pair is expressed using elliptic functions of
the spectral parameter λ, defined on a rectangle of the complex plane, and the scattering
coefficients a(λ) and b(λ) satisfy specific periodicity relations. The inverse-scattering
reconstruction then reduces to solving a Riemann–Hilbert problem on a torus [274, 275].
This more involved procedure lies beyond the scope of the present manuscript. Here,
we restrict ourselves to the easy-axis case, which is the relevant regime for the mapping
to our spin mixture.

We begin by expressing the magnetization vector in matrix form:

M̂ = M(x)σ̂x + M(y)σ̂y + M(z)σ̂z =

(
M(z) M(x) − iM(y)

M(x) + iM(y) −M(z)

)
, (5.25)

where σ̂i denote the Pauli matrices, and we write σ̂ ≡ σ̂z in the following. We recall that
integrability is encoded in the existence of a Lax pair (L̂, Â) generating the associated
auxiliary linear problem:

∂xΦ = L̂Φ (5.26a)

∂tΦ = ÂΦ . (5.26b)

Consistency of these equations requires the compatibility (or zero-curvature) condition:

∂x(∂tΦ) = ∂t(∂xΦ) ⇐⇒ L̂t − Âx + [L̂, Â] = 0 ∀λ , (5.27)

which is satisfied if and only if M solves the LLE. A suitable Lax pair for the easy-axis
LLE, following [78, 276, 277], is given by:





L̂(x, t; λ) =
1
4
[
σ̂, M̂

]
+ iλM̂ ,

Â(x, t; λ) = − i
4
[
σ̂, M̂M̂x

]
+

i
2

M(z)σ̂ + λ

(
M̂M̂x +

1
2
[
σ̂, M̂

])
+ 2iλ2M̂ ,

(5.28)

where subscripts indicate partial derivatives and we have set β = 1 in Eq. (5.1). Both
operators are polynomial in the spectral parameter λ ∈ C. We denote by L̂(i) (resp. Â(i))
the coefficient multiplying λi in L̂ (resp. Â).

5.2.2 Gauge equivalence

Lax pairs of different equations can be related by a so-called gauge equivalence [278]:
if one can find a matrix ĝ satisfying:

{
L̂ = ĝL̂′ ĝ−1 + ĝx ĝ−1 ,

Â = ĝÂ′ ĝ−1 + ĝt ĝ−1 ,
(5.29)
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where (L̂′, Â′) is the Lax pair of a second integrable equation. Then, the solutions of the
two scattering problems are simply related:

{
∂xΦ = L̂Φ

∂tΦ = ÂΦ
⇐⇒

{
∂x(ĝ−1Φ) = L̂′(ĝ−1Φ) ,

∂t(ĝ−1Φ) = Â′(ĝ−1Φ) .
(5.30)

Such a gauge equivalence linking the isotropic LLE and attractive NLSE was pointed
out by [279]. A few years later, the easy-axis LLE was also shown to be equivalent to the
attractive NLSE [80, 81]. Note that this relation does not extend straightforwardly to the
easy-plane LLE (despite the claim of [276], which was later corrected by [80, 278]).

Our goal is to obtain an explicit expression for g, which would allow us to relate a
solution u(x, t) of the NLSE to a magnetization field M of the LLE through Eq. (5.29). We
first recall a Lax pair for the attractive NLSE. Following the conventions of [279]:





L̂′(x, t; λ) =

(
0 u∗

−u 0

)
+ iλσ̂ ,

Â′(x, t; λ) = i

(
|u|2 u∗x
ux −|u|2

)
+ 2λ

(
0 u∗

−u 0

)
+ 2iλ2σ̂ ,

(5.31)

where, here and in the following, primes indicate quantities associated with the NLSE.
Assuming the existence of g, we now derive the conditions that it must satisfy. Expand-
ing Eq. (5.29) order by order in λ yields five equations:

L̂(0) = ĝL̂′(0) ĝ−1 + ĝx ĝ−1 , (5.32a)

iM̂ = iĝσ̂ĝ−1 , (5.32b)

Â(0) = ĝÂ′(0) ĝ−1 + ĝt ĝ−1 , (5.32c)

M̂M̂x + 2L̂(0) = 2ĝL̂′(0) ĝ−1 , (5.32d)

2iM̂ = 2iĝσ̂ĝ−1 . (5.32e)

We omit explicit spatial and temporal dependencies for compactness. Eq. (5.32b) and
(5.32e) are identical, and express the condition: M̂ = ĝσ̂ĝ−1. From Eq. (5.25) we deduce
that M̂† = M̂, with ·† denoting Hermitian transpose. Thus, ĝ−1 = ĝ†, and ĝ is a unitary
matrix. Combining Eq. (5.32a) and (5.32b), one finds:

M̂M̂x = −2ĝx ĝ−1 , (5.33)

using the identities M̂L̂(0)M̂ = −L̂(0) and σ̂L̂′(0)σ̂ = −L̂′(0). Then, Eq. (5.32d) follows
automatically. Finally, Eq. (5.32c) determines the time evolution of ĝ, leading to a differ-
ential equation once an initial condition is specified.

Thus, we aim to construct ĝ such that Eqs. (5.32a) and (5.32b) hold for an initial
condition u(x, 0), which directly yields the corresponding magnetization M(x, 0). These
conditions can be combined into:

ĝ−1 ĝx = −L̂′(0) +
1
4

[
ĝ−1σ̂ĝ, σ̂

]
. (5.34)

Since ĝ is a unitary matrix, it can be parametrized by two functions g1 and g2 as:

ĝ =

(
g1 −g∗2
g2 g∗1

)
and |g1|2 + |g2|2 = 1 . (5.35)
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Substituting this form into Eq. (5.34) and extracting the lower-left entry gives:

u(x, 0) = g1g2x − g2g1x + g1g2 . (5.36)

Next, we express g1 and g2 in terms of the polar angles of M, using in particular the
identity M̂ = ĝσ̂ĝ−1 (details are given in Appendix C). This leads to the differential
equation:

u(x, 0) =
1
2
[θx + sin θ (iϕx + 1)] exp

[
i
(

ϕ− 2
∫ x

−∞
sin2

(
θ

2

)
ϕy dy

)]
. (5.37)

We have taken ĝ ∈ SU(2); allowing instead det ĝ = eiγ, γ ∈ R would merely multiply
u by a global (and irrelevant) phase, which we omit in Eq. (5.37) for clarity. If the initial
condition u(x, 0) is real, then:

u(x, 0) =
1
2
(θx + sin θ) and ϕ = 0 . (5.38)

These differential equations can be solved numerically (see Sec. 5.3.2), allowing us to
construct solutions of the LLE starting from an initial solution of the NLSE.

5.2.3 The Kotlyarov method

In addition to the gauge equivalence discussed in the previous section, the equiva-
lence between the easy-axis LLE and the attractive NLSE was also established by Kotl-
yarov [79]. His approach does not rely on comparing the Lax pairs of the two equations.
Instead, he starts directly from the LLE and introduces an auxiliary matrix Θ̂, which can
be identified with L̂′(0), which satisfies a differential equation comparable to Eq. (5.34).
The key point is that, under appropriate boundary conditions, the matrix elements of Θ̂
are shown to obey the attractive NLSE.

Because [79] is difficult to access, we reproduce and detail the main steps of this
method in Appendix C. Following this procedure, one ultimately recovers the differ-
ential Eq. (5.37), which establishes the correspondence between the initial NLSE field
u(x, 0) and the magnetization profile M(x, 0).

5.3 Description of new LLE solutions

We have detailed in Sec. 5.1.3 the fundamental solutions of the easy-axis LLE, namely
the magnetic solitons. However, given the integrability of this equation and its gauge
equivalence with the attractive NLSE, one naturally expects a much richer solution set,
including multi-soliton states. This topic has been extensively explored in the literature;
for instance, [280–285] develop several techniques to construct multi-soliton solutions.
These approaches, however, seldom yield simple closed-form expressions for the result-
ing configurations.

In this section, we provide a more accessible description of these multi-soliton solu-
tions by exploiting the gauge equivalence established above and the well-known soli-
tonic solutions of the NLSE reviewed in Chap. 3.

5.3.1 Conservation of the IST spectrum and time evolution

Following Eq. (5.30), the Jost solutions of the scattering problems for the LLE and
the NLSE exhibit important common properties. In particular, the proportionality of
the solutions Φ, Ψ associated with a given eigenvalue λk is identical for both equations.
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Thus, the eigenvalues λk are conserved under the gauge equivalence. We recall that they
characterize the presence of solitons in a given solution (see Chap. 3). Hence, we can
construct multi-soliton solutions of the LLE using the simple procedure:

• Choose the scattering data λk, ck (we set b(ξ) = 0, that is a solution with no radia-
tive part).

• Express the NLSE solution u(x) using Eq. (3.71).

• Solve the differential Eq. (5.37) to obtain M(x).

However, we do not a priori conserve the quantities ck during the gauge transfor-
mation. This property was shown to hold for the isotropic LLE [279], but is not verified
in the easy-axis case. Thus, this transformation from NLSE to LLE is injective, and we
are not guaranteed to recover all multi-solitons of LLE. This point is discussed in further
details in Sec. 5.3.3.

A key question concerns the time evolution of the magnetization M(x, t). We can
address this on several levels. First, the solution of the differential Eq. (5.37) can be
determined for any fixed time t. Consequently, the possible time periodicity of u(x, t)
is transferred to the magnetization M(x, t). Another approach consists in examining
the scattering data. We have seen for the NLSE that λk is time independent, and that
ck(t) = ck(0) e4iλ2

k t. In the case of the LLE, only the second relation is slightly modi-
fied, and we obtain ck(t) = ck(0) e4i(λ2

k+β2)t [see e.g. 78, Eq. (22)]. However, this global
phase e4iβ2t is common to all eigenvalues and therefore does not affect the behavior of
the reconstructed solution.

Following these arguments, the magnetization M(x, t) inherits the same temporal
behavior as the corresponding NLSE solution u(x, t). We illustrate this result through
numerical simulations in Sec. 5.3.2, before describing the experimental realizations in
Sec. 5.4.

5.3.2 LLE n-solitons

In this section, we describe several LLE multi-soliton configurations obtained
through the gauge equivalence with the NLSE. For simplicity, we restrict ourselves
to purely imaginary eigenvalues λk, which correspond to stationary (zero-velocity)
solitons.

A paradigmatic and experimentally relevant class of NLSE multi-solitons arises from
the initial condition u(x) = nκ/ cosh(κx) with n ∈ N∗, which we studied in Sec. 4.3 for
n = 1 and n = 2. As shown in [73], this profile generates discrete eigenvalues:

λk = i (2k− 1)κ/2, k = 1, . . . , n , (5.39)

and no radiative component, i.e. b(ξ) = 0. Moreover, choosing κ � 1 ensures an
immediate mapping between the NLSE and the LLE, owing to the low-depletion limit
discussed in Sec. 5.1.2 and 2.3.2. The gauge equivalence then allows us to explore the
corresponding LLE multi-solitons for arbitrary values of κ.

Setting n = 1 (a single bright soliton for u(x)) yields a magnetic soliton for M(x).
This is consistent with the Ω–v plane characterization of magnetic solitons shown in
Fig. 5.2: it can be recast as a κ–v plane using κ =

√
1 + Ω− v2/4. In this representation,

the domain of existence is simply κ > 0, and the κ–v plane may be viewed as the complex
plane of the eigenvalue λk, as illustrated in Fig. 5.6a. We also note that the point (κ, v) =
(1, 0), meaning λk = i/2, is singular, since the magnetization N diverges there.
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Fig. 5.6 presents two examples of n = 2 multi-solitons for κ = 0.31 and κ = 0.5.
Their qualitative behavior depends crucially on whether one of the eigenvalues fulfills
I(λk) > 1/2. Besides, we recover the low-depletion limit whenever all eigenvalues
satisfy I(λk)� 1.
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Figure 5.6: (a,b) Numerical examples of two multi-solitons generated from the eigenval-
ues λk = iκ/2, 3iκ/2, corresponding to the NLSE multi-solitons of Sec. 4.3 [73]. (a) Left:
Scattering data in the κ–v plane, with green squares for κ0 = 0.31 and orange circles for
κ1 = 0.5. The blue colorbar indicates the magnetization N of the associated magnetic
soliton, and highlights the divergence at λk = i/2. Right: Cut at v = 0 (dashed gray line
of left panel). For κ � 1 the curve becomes a straight line, N = 2κ, as expected in the
low-depletion regime. It is shown with the dotted black line. (b) Time evolution of the
minority component for the two multi-solitons. Left: A breather-like dynamics similar
to the 2-soliton solution of Sec. 4.3, featuring a flat initial phase. Right: A multi-soliton
with phase discontinuities at t = 0 in both the majority (φ1, solid red) and minority (φ2,
green dash-dotted) components, shown in the inset. These discontinuities arise when
one eigenvalue lies above κ = 1, and we note that the magnetic soliton associated to
this eigenvalue also exhibits such behavior (see Fig. 5.3, right panel). In the case when
κ > 1 (not illustrated here), both eigenvalues are above the divergence, and an addi-

tional phase jump appears in ϕ.

More generally, arbitrary distributions of eigenvalues λk generate multi-soliton states
of the LLE. However, retaining the initial condition u(x) = nκ/ cosh(κx) offers a con-
crete practical advantage: since u(x) ∈ R, the initial magnetization is obtained solving
Eq. (5.38), and it allows us to set the phase ϕ = 0. In this case, it is sufficient to en-
sure θ ∈ [0, π] in order to obtain a positive wavefunction at t = 0. Hence, one can
imprint the corresponding multi-soliton experimentally on our spin mixture using the
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Raman beams described in Chap. 4. This requirement is satisfied in the left panel of
Fig. 5.6b, and we verify numerically that having I(λk) < 1/2, ∀k is a sufficient condition
for multi-solitons of the form u(x) = nκ/ cosh(κx), with n ∈ N∗. Following Eq. (5.39),
this inequality sets more stringent requirements on κ as n increases. For instance, it leads
to κ < 1/3 for n = 2, and κ < 1/5 for n = 3.

5.3.3 Symmetry breaking

A notable feature of LLE multi-solitons is the emergence, when the eigenvalues λk
increase beyond the low-depletion limit, of an asymmetric density profile, illustrated
for instance in the inset of Fig. 5.6b. This behavior may be unexpected given that both
the LLE and the associated NLSE initial condition u(x) = nκ/ cosh(κx) are parity-
symmetric. Although this asymmetry is most striking when one of the eigenvalues sat-
isfies I(λk) > 1/2, it is already visible in regimes where all eigenvalues remain below
this threshold, as in the left panel of Fig. 5.6b. We highlight this point in Fig. 5.7 by
considering the case of n = 3, and increasing values of κ, up to I(λk) . 1/2.
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Figure 5.7: Multi-solitons of the LLE, obtained via the gauge equivalence with the
NLSE, and using the input profile u(x) = 3κ/ cosh(κx). The largest eigenvalue is
λk = 5iκ/2, imposing the constraint κ < 1/5 to remain below the divergence of the
magnetization N. The dashed gray line marks the position x = 0. As κ increases, both
a shift of the center-of-mass and a growing asymmetry of the density profile become

apparent. Curves are slightly vertically offset for clarity.

Despite this apparent asymmetry, parity symmetry is preserved at the level of the
LLE. Indeed, for any given magnetization profile M(x), a symmetric counterpart exists
and is obtained through the parity transformation x ↔ −x. For clarity, considering a real
function u(x), the corresponding solutions may be obtained from either of the relations:

u(x) =
1
2
(θx + sin θ) (5.40a)

u(x) =
1
2
(θx − sin θ) . (5.40b)

The sign difference between Eq. (5.40a) and (5.40b) reflects the implementation of the
parity transformation, noting that the global phase of u is physically irrelevant. More
formally, this structure follows directly from the Kotlyarov construction discussed in
Appendix C, or equivalently from choosing alternative but equivalent Lax pairs for the
LLE. This highlights the non-uniqueness of the gauge transformation. Numerically,
Eq. (5.40a) is stable when integrated from x → −∞, while Eq. (5.40b) is stable when
integrated from x → +∞. Applying these constructions to the n = 2 NLSE multi-soliton
yields the two distinct profiles shown in the left and center panels of Fig. 5.8.
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A natural question then arises: does a given gauge transformation allow one to re-
cover the full family of LLE multi-solitons? A closer inspection of Fig. 5.7 shows that the
observed asymmetry is correlated with a shift of the center of mass of the wavepacket.
This shift originates from a differential modification of the coefficients ck associated with
each soliton. For magnetic solitons, this relation between the coefficients ck and the soli-
ton position can be established analytically [see 78, Eq. (32)]. Owing to the linear struc-
ture of the IST, one therefore expects that appropriately shifting the relative positions of
the constituent solitons allows one to generate all asymmetric LLE multi-soliton profiles.
We verify this expectation numerically by constructing identical wavepackets either via
the gauge transformation or directly from the IST multi-soliton solutions [78]. An exam-
ple is shown in the right panel of Fig. 5.8, where a relative displacement of two NLSE
solitons reproduces the desired LLE profile after the gauge transformation, meaning the
multi-soliton of the center panel.
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Figure 5.8: Examples of gauge transformed multi-solitons, with the NLSE profiles in
the top panels and the corresponding LLE profiles below. The center-of-mass of all
solutions has been set to zero. The left and right panels are generated using Eq. (5.40a),
called Gauge “a”, and highlight that it is possible to have a given LLE profile and its
x ↔ −x symmetric by altering the relative positions of the solitons of the NLSE solution.
The center panel uses a different gauge transformation, given by Eq. (5.40b) and called
Gauge “b”, and shows that one can recover the symmetric of the solution of the left

panel by another mean.

5.4 Experimentally increasing the depletion

In Chap. 4, we described the experimental realization of NLSE multi-solitons, tak-
ing advantage of the low-depletion limit of our spin mixture, which allowed it to be
accurately described as a one-component attractive NLSE. This realization naturally fits
within the more general mapping of a two-component spin mixture to a ferromagnetic
spin chain. Exploiting this correspondence, we can experimentally realize LLE multi-
solitons with arbitrary depletion, thereby extending the family of solutions explored in
Chap. 4 beyond the low-depletion regime.

5.4.1 2-solitons from NLSE to LLE

Experimentally, we follow the procedure outlined in Chap. 4 to prepare a multi-
soliton state. Starting from a bath of atoms at uniform density n0 ' 550 µm−1, a con-
trolled fraction of atoms is transferred to the other spin state using spatially selective
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Raman beams. In this way, we realize LLE multi-solitons that are gauge-equivalent to
the NLSE profile u(x) = nκ/ cosh(κx), with the corresponding imprinted wavefunction
obtained by integrating Eq. (5.38).

The implementation of the n = 2 case is shown in Fig. 5.9. We choose 1/κ = 5 µm,
corresponding in dimensionless units to κ = 0.30(2). Representative absorption images
are displayed in Fig. 5.9a and can be compared to numerical simulations in Fig. 5.6b:
we observe the characteristic breathing associated with 2-solitons. As highlighted in
Fig. 5.9b, the depletion reaches values close to unity, demonstrating that the system is
far from the low-depletion limit and that the prepared states are genuine multi-solitons
of the LLE.
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Figure 5.9: (a,b) Realization of a LLE multi-soliton, with κ = 0.30(2) and eigenvalues
λk = iκ/2, 3iκ/2. We present in (a) averaged absorption images of the minority com-
ponent, spanning two periods of the temporal evolution. (b) Maximum depletion of
the minority component, obtained from a fit of the density profile with Eq. (4.28). The
dashed gray line denotes the time of the last image of (a). The error bars are 1-σ errors

from 15 repetitions of the experiment.

Following the discussion of Sec. 5.3.1, the temporal evolution of NLSE multi-solitons
is preserved under the gauge transformation. As a result, n = 2 solitons of the LLE
exhibit a breathing dynamics at a frequency, given by the same formula (see Chap. 4):

f =
4
π

κ2 → f =
2
π

h̄κ2

m
, (5.41)

where, in the second expression, we have reintroduced physical dimensions. Here, κ
sets the width of the NLSE multi-soliton u(x), which only corresponds to the width of
the LLE multi-soliton in the low-depletion limit. We test this prediction in Fig. 5.10,
comparing Eq. (5.41) with the measured temporal evolution of the atomic wavepacket
over a broad range of widths 1/κ, extending beyond the low-depletion limit explored in
Fig. 4.8. We find excellent agreement across all experimentally realized parameters, with
two additional widths compared to Fig. 4.8.

5.4.2 Exploring 3-solitons

Our experimental platform also enables the realization of multi-solitons with n > 2.
In Fig. 5.11, we show an example of the time evolution of a 3-soliton state with κ =
0.19(1). For this value of κ, the largest eigenvalue approaches i/2, resulting in a deple-
tion close to unity. Unlike the n = 2 case, where a single beating frequency produces
a clean breathing motion with the frequency of Eq. (5.41), the presence of three discrete
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Figure 5.10: Left: The solid line shows the breathing frequency of the exact two-soliton
solution, color-coded by atom number on a logarithmic scale, obtained from the cal-
ibration performed on the bright soliton (see Chap. 4). Circles are experimental data
obtained for three different imprinted eigenvalues 1/κ. The total atom number in the
wavepacket varies slightly between data points, due to our experimental uncertainty on
the amplitude to imprint for the two-soliton, producing a small vertical spread. Their
distribution around the solid line demonstrates the consistency of our calibrations and
measurements. Inset: temporal evolution of the wavepacket width 1/κ̃ for the data set
shown in Fig. 5.9a, fitted with the function of Eq. (4.28). Error bars represent 1-σ uncer-
tainties from 15 repetitions. The resulting breathing frequency is extracted from a fit to a
damped sinusoid (solid black line). Right: We present the same experimental data, but
the breathing frequency is plotted as a function of the atom number (colorbar of the left
panel). The three sets of widths are given from blue to green with the circles, squares
and diamonds for increasing values of κ. The solid black line indicates the theoretical
frequency. Its position results notably from our calibrations of the atom number and

interaction strength, and may be altered by possible systematic errors.
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eigenvalues introduces multiple beating terms. These generate several harmonics, giv-
ing rise to a more intricate breathing dynamics. This behavior is consistent with the
numerical NLSE 3-soliton shown in Fig. 3.10b, which already exhibits the same multi-
frequency structure.

Furthermore, the 3-soliton highlights the asymmetry discussed in Sec. 5.3.3. The
initial magnetization profile corresponds to the one plotted in Fig. 5.7 for κ = 0.19, and
we observe that this asymmetry persists throughout the subsequent evolution, as clearly
visible in Fig. 5.11c.
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Figure 5.11: (a) Time evolution of a LLE multi-soliton with n = 3, engineered with
κ = 0.19(1). The largest eigenvalue lies close to i/2, corresponding to a depletion ap-
proaching unity. Compared to the n = 2 case, the dynamics are markedly more intri-
cate, arising from the beating between the three discrete eigenvalues. A characteristic
period T ' 120 ms can be identified. (b) Numerical simulation of the time evolution of
a LLE 3-soliton, taking κ = 0.195. It is shown with the same space and time boundaries
as the experimental images of (a), using the experimental parameters of n0 and δg to
put dimensions on the axis. The same breathing behavior, with several harmonics, is
observed, with an overall period of 125 ms. (c) Density profiles of the minority compo-
nent at different times: t = 4 ms, 30 ms, and 60 ms ' T/2, highlighting the pronounced
spatial asymmetry discussed in Sec. 5.3.3. The profile at t = 120 ms is also plotted in
the first panel in dashed lines, and illustrates the periodic behavior. The majority com-
ponent is also shown in the right panel, indicating that the total density, plotted with
the solid gray line, remains approximately uniform. This point is consistent with the

assumption required for mapping the spin mixture onto the easy-axis LLE.
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Conclusion

In this chapter, we established the mapping between the well-known easy-axis
LLE and a two-component Bose mixture. We characterized its fundamental exci-
tations, the magnetic solitons, and probed their dynamics through BOs [215].
We then detailed the gauge equivalence between the easy-axis LLE and the attrac-
tive NLSE, which provides a unifying framework in which magnetic excitations of
a ferromagnet and nonlinear waves of the NLSE share the same integrable struc-
ture. Through the mapping to our spin mixture, this correspondence becomes
experimentally accessible: the initial magnetization profile can be engineered di-
rectly from a chosen NLSE soliton or multi-soliton configuration, and its subse-
quent evolution reflects the underlying scattering data.
Up to this point, the dynamics were interpreted within the framework of a per-
fectly integrable equation. In Chap. 6, we investigate controlled perturbations
to integrability. We show how weak integrability breaking provides a powerful
experimental probe of the inverse-scattering structure: multi-solitons gradually
decompose into their constituent solitons, making their encoded spectral infor-
mation directly observable through soliton fission.
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Introduction

Integrable equations, such as the NLSE, LLE, or KdV equation, provide idealized
models for a variety of physical systems. Real systems, however, inevitably exhibit fea-
tures that fall outside these ideal models: particle losses, higher-order nonlinearities,
external potentials, or other perturbations. These effects can often be incorporated by
adding corrective terms to the equation, but doing so typically undermines integrability.
Nevertheless, such deviations can still be addressed perturbatively by extending the IST
framework to weakly non-integrable regimes.

In Sec. 6.1, we introduce the basic elements of perturbation theory for the NLSE
within the IST formalism and summarize several key results established in optical fiber
systems. In Sec. 6.2, we then explore how a weak external potential can induce a con-
trolled breaking of integrability, in the sense that the solitonic content of a wavepacket
remains well-defined and evolves in a predictable manner. Finally, Sec. 6.3 presents the
corresponding experimental observations, in the contexts of both the NLSE and the LLE.

6.1 Correcting terms in the NLSE: one way into integrability
breaking

Modifying the NLSE generally breaks its integrability. One possible route is to mod-
ulate the interaction strength in time [286]. When the modulation is strong, the dynamics
become highly non-perturbative, and the resulting effective “eigenvalues” can even dis-
play fractal structures [287]. In contrast, remaining in the perturbative regime preserves
much of the intuition provided by the IST: the soliton eigenvalues undergo only small
shifts, and the overall solitonic content of a wavepacket remains unchanged [288]. In
this section, we summarize several results and illustrative examples of this perturbative
approach.

6.1.1 Perturbation theory

Perturbation theory within the IST provides a systematic way to track how weak
non-integrable terms affect the scattering data of the NLSE. The general formalism, de-
veloped notably by [289, 290], shows that small perturbations induce slow, explicit evo-
lution equations for both the discrete (solitonic) and continuous (radiative) components
of the spectrum. These methods were applied by [291] to quantify the deformation of
a single soliton under weak perturbations, and later extended to the case of two well-
separated solitons, revealing how their parameters evolve independently at leading or-
der [292]. It was also demonstrated how slowly varying external media, such as gradi-
ents, enter the IST evolution and modify soliton parameters adiabatically [293]. A com-
prehensive overview of these approaches and their implications for soliton dynamics is
given in the review [82].

Let us consider a perturbation term R added to the NLSE:

iut + uxx + 2|u|2u = iεR[u] . (6.1)

Such a term may represent, for instance, particle losses, εR[u] = γu(x), or the action of
an external potential, εR[u] = −iVext(x)u(x). The compatibility condition of Eq. (6.1)
with the Lax pair (L̂, Â) of the unperturbed NLSE becomes:

dL̂
dt

+
[
L̂, Â

]
= iεR̂ with R̂ =

(
0 R[u]

−R[u]∗ 0

)
. (6.2)
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Following the developments of [291], we consider the eigenvalue equation L̂Φ = λΦ,
with the Jost function Φ =

(
φa φb

)ᵀ, and compute its time derivative. Because of the
perturbation, the eigenvalue λ may be time dependent. Writing:

(
L̂− λ

)
(Φt − ÂΦ)︸ ︷︷ ︸

=0

= −iεR̂Φ + λtΦ , (6.3)

and taking the scalar product on the left with Φ̃, one finds:

∂λ

∂t
= iε

〈
Φ̃, R̂Φ

〉
〈
Φ̃, Φ

〉 with 〈ψ, φ〉 =
∫

∑ ψ∗i φi dx , (6.4)

Writing Φ̃ = (φ∗b , φ∗a ) allows a simplification for the discrete spectrum, thanks to the
identity given in [291, Eq. (2.25)]:

∂λk

∂t
=

ck

a′(λk)
ε
∫ +∞

−∞
R[u]∗φ2

a − R[u]φ2
b dx . (6.5)

where ck, a′(λk) are the scattering data associated with a discrete eigenvalue λk, intro-
duced in Chap. 3. This formula gives the exact evolution of the discrete eigenvalues
and does not, in itself, rely on ε being small. In the integrable limit ε = 0, we recover
that ∂tλk = 0, as expected. To obtain the complete dynamics of the perturbed system,
Eq. (6.5) must be complemented by the evolution equations for the remaining scattering
data, as discussed in [82, 291]. The difficulty of this method lies in the fact that one must
compute explicitly the Jost function associated to λk, contrary to the general IST method
which only relies on the scattering data.

Adiabatic approximation

The formalism described above makes it possible to characterize solutions of per-
turbed integrable equations in terms of their scattering data, and thus in terms of soli-
tons. However, analytical progress generally requires additional approximations, espe-
cially because explicit expressions of the Jost functions are available only for one- and
two-soliton solutions. The two-soliton case is discussed in Sec. 6.1.2; here, we focus on
the single bright soliton and mention some results obtained within the adiabatic approx-
imation.

We consider an initial wavepacket of the form:

u(x, 0) =
κeikx

cosh(κx)
, (6.6)

corresponding to the discrete eigenvalue λ1 = iκ/2− k/2. The adiabatic approximation
[291] assumes that a weak perturbation modifies the soliton only slightly: the waveform
remains a bright soliton at all times, but its parameters evolve slowly with t. In particu-
lar, the soliton width and velocity are allowed to become time-dependent: k → k(t) and
κ → κ(t). Under this assumption, the perturbed IST evolution equations for the scatter-
ing data reduce to a pair of ordinary differential equations for these two parameters.

For the specific case of particle losses, described by R[u] = γu(x) (γ < 0), [291]
obtained the analytical solution:

κ = κ0 exp(2γt) and k = k0 , (6.7)
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where κ0, k0 are the initial values. This result shows that the soliton retains a constant ve-
locity while its width 1/κ(t) increases exponentially. This behavior is quite natural, since
the atom number of the NLSE soliton is proportional to κ. The prediction of Eq. (6.7) is
compared in Fig. 6.1 with numerical simulations of the NLSE including losses, and we
highlight in Fig. 6.1b the regime of validity of the adiabatic approximation.
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Figure 6.1: (a) Numerical simulation of the temporal evolution of a bright soliton, with
the initial profile of Eq. (6.6), setting k = 0 and κ = 1. Losses are included, with γ =
−0.1. (b) The solid blue line gives the time evolution of the eigenvalue λ1 of the soliton
shown in (a), while the black dashed line is the result of the adiabatic approximation,
given in Eq. (6.7). We only display the imaginary part of the eigenvalue, since the real
part, corresponding to the velocity, uniformly cancels. The agreement is excellent at low
times. Importantly, the smallness of γ alone is not sufficient; the actual requirement is
γtmax � 1 as emphasized in [294]. Once this condition is violated, the cumulative effect
of losses becomes too large for the soliton to remain well-described by slowly varying

parameters.

6.1.2 n-soliton perturbations

The perturbation theory developed within the IST framework has provided a wealth
of analytical results for bright solitons, particularly in the regime of weak perturbations
where controlled approximations are available [82]. In contrast, extending these meth-
ods to multi-soliton states remains significantly more challenging. While the case of two
well-separated solitons can be treated under suitable assumptions [292], a general and
tractable perturbative theory for arbitrary n-soliton solutions is still lacking.

Multi-soliton waveforms possess an intricate internal structure: their constituent soli-
tons interact nonlinearly through their phases, amplitudes, and collision dynamics. As
a result, perturbations can trigger a wide variety of behaviours. For instance, in the
presence of linear losses, [294] demonstrated that the discrete spectrum exhibits a re-
markably complex time evolution driven by inter-soliton interactions. We illustrate this
phenomenon in Fig. 6.2, using as initial condition the n = 3 multi-soliton. Under losses,
we observe that two eigenvalues first coalesce, before separating into two branches of
identical amplitude but opposite velocities. Such behaviour depends sensitively on the
initial relative phases of the constituent solitons and highlights the highly nontrivial
dynamics of perturbed multi-soliton states. Similarly, [251] showed that, under linear
losses, the asymptotic broadening of an n = 2 multi-soliton depends sensitively on the
loss coefficient γ. In particular, the pulse width exhibits an oscillatory dependence on γ,
and, for certain values, the asymptotic broadening can even exceed that expected from
linear Schrödinger dispersion.
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Figure 6.2: (a) Numerical simulation of the temporal evolution of the n = 3 multi-
soliton, corresponding to the initial profile u(x, 0) = 3/ cosh(x). A perturbation in the
form of linear losses with strength γ = 1 is included. After an initial contraction, the
waveform splits into two components propagating with opposite velocities. (b) Time
evolution of the discrete eigenvalues associated with the perturbed waveform in panel
(a). Black crosses mark the initial values. The two largest eigenvalues first collide on the
imaginary axis at t ' 0.2, after which they split symmetrically by developing opposite
real parts (corresponding to opposite velocities). This illustrates the nontrivial spectral

dynamics induced by perturbations in multi-soliton states.

The case of wavepackets containing two solitons can be treated numerically thanks to
the existence of closed-form analytical expressions for the corresponding Jost functions
[294]. In this situation, one may integrate Eq. (6.5) directly, updating at each step the
Jost functions φa,b, the associated scattering data, and the field u(x, t). This approach
was developed by [295], who investigated a variety of perturbations relevant to optical
fibers. It was further analyzed by [294], who benchmarked the IST-based perturbative
evolution of the eigenvalues against direct numerical simulations of the perturbed NLSE
in the presence of losses.

6.1.3 Perturbations in optical fibers

Optical fibers have provided a well-controlled platform to experimentally study the
NLSE and its solitonic solutions [38, 74]. During the 1980s, the narrowing of optical
pulses has allowed the characterization of higher-order nonlinear terms, thus realizing
the breaking of the integrability of the NLSE.

Raman shift

In silica fibers the nonlinear response of the medium has a delayed component aris-
ing from molecular vibrations, associated with stimulated Raman scattering. For a local-
ized pulse, this delayed response transfers energy from the high-frequency side of the
spectrum toward the low-frequency side, producing a cumulative red-shift of the pulse’s
central frequency as it propagates, the Raman self-frequency shift. In the envelope equa-
tion, this effect appears as an additional perturbation term of the form R[u] ∝ u ∂x|u|2
in the NLSE [296]. The phenomenon was first observed experimentally by [297], who
reported the appearance of a satellite peak at a shifted frequency for optical pulses close
to the bright-soliton regime.
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The presence of this Raman term has important implications for multi-soliton states.
Using numerical simulations, [298, 299] proposed that the Raman shift could be used to
induce the fission of higher-order solitons of the form u(x) = n/ cosh(x). This prediction
was later confirmed experimentally by [300], who observed the breakup of an n = 10
pulse into several distinct constituents when sufficiently powerful pulses were used.

Beyond soliton fission, the Raman effect can also reveal the underlying solitonic con-
tent of a more general wavepacket. This principle was demonstrated by [301] for the
case n = 2. They showed that, in an appropriate parameter regime, the weak breaking
of integrability caused by the Raman term predominantly modifies the solitons’ veloc-
ities, while leaving their amplitudes essentially unchanged. We reproduce in Fig. 6.3a
numerical simulations based on their experimental parameters, illustrating the gradual
separation of the two solitons. The imaginary parts of their associated eigenvalues re-
main nearly constant (Fig. 6.3b), indicating that their amplitudes are preserved. As a
result, the system’s late-time profile directly reveals the number and relative strengths of
the solitons present initially. Due to the absence of femtosecond-resolved imaging at the
time, [301] relied on autocorrelation measurements at the fiber output. The appearance
of multiple lobes in the autocorrelation trace provided indirect but clear evidence for the
presence and separation of the two solitons.
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Figure 6.3: (a) Numerical simulation of the n = 2 multi-soliton including the Raman
perturbation, with parameters chosen to reproduce the experiment of [301]. The insets
show the initial and final wavepackets, highlighting the fission of the initial two-soliton
into two bright solitons of different amplitudes. Since the imaginary parts of the eigen-
values satisfy I(λk) = κk/2, and the peak intensity of each soliton is max(|u|2) = κ2

k ,
the ratio of their heights is close to 9. (b) Time evolution of the eigenvalues λk corre-
sponding to the perturbed waveform in (a). The black crosses indicate the initial eigen-
values λk. The Raman shift acts mainly during the pulse compressions, producing a
“staircase” evolution of the real parts of λk, i.e. the soliton velocities. Meanwhile the
imaginary parts remain approximately constant, indicating that each soliton’s ampli-
tude is nearly preserved. Thus, the asymptotic state reveals the solitonic content of the

initial multi-soliton wavepacket.

Dipersion management

Optical fibers offer the possibility to vary the effective nonlinear coefficient or the
group-velocity dispersion along the propagation direction, for instance through con-
trolled modulation of the core diameter. It is important to note that, compared to BECs
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described by the GPE, the roles of space and time in the NLSE for optical fibers are in-
terchanged. This leads to the framework of dispersion-managed fibers, described by an
NLSE with a periodically varying dispersion coefficient [302]. Such longitudinal vari-
ations act as a controlled breaking of integrability and enable a broad range of soliton-
manipulation strategies [66]. In particular, [288] showed numerically that a weak mod-
ulation at the intrinsic breathing frequency of a n-soliton induces a resonant response
that eventually separates its constituent solitons. At higher modulation strengths, [303]
demonstrated experimentally that a multi-soliton undergoes a pronounced fission into
several bright solitons. However, the magnitude of the perturbation prevented the re-
sulting amplitudes from faithfully reflecting the initial solitonic content.

6.2 Integrability breaking with a potential

In the previous sections, we discussed several mechanisms through which the inte-
grability of the NLSE can be broken by the addition of perturbative terms. Such mod-
ifications generally induce nontrivial dynamics, while the IST framework may still be
employed to interpret the resulting evolution in terms of solitonic degrees of freedom.
The main distinction with the fully integrable case presented in Chap. 3 lies in the fact
that the discrete eigenvalues λk become time-dependent.

Nevertheless, when the perturbation remains sufficiently weak, the evolution of the
scattering data can be controlled. In particular, certain perturbations predominantly af-
fect the real part of the discrete eigenvalues, corresponding to the soliton velocities, while
leaving their imaginary parts, and thus their amplitudes, nearly unchanged. This situa-
tion arises, for instance, in the presence of the Raman self-frequency shift in optical fibers
[302], illustrated in Fig. 6.3, or when spatially modulating the refractive index in planar
Kerr waveguides [see for instance the numerical studies of 304, 305]. In such cases, one
effectively realizes an “experimental IST”: the number and amplitudes of the solitons are
preserved, and the long-time dynamics reveals the individual solitons that were encoded
in the initial wavepacket. This approach is particularly valuable for probing bound states
of multiple solitons, where several constituents co-propagate at the same velocity.

6.2.1 Adding a small potential

Among the various routes to integrability breaking in the NLSE, a natural possibility
consists in introducing an external potential. Examples include step-like potentials [306,
307] or localized defects approaching a Dirac delta function [308]. We recall that the
NLSE remains integrable in the presence of a constant uniform force, highlighting that
not all external potentials remove integrability.

This method is particularly well-suited to ultracold-atom platforms, where external
potentials can be shaped with high precision using additional laser beams. In our ex-
periment, such control is achieved using the DMD2, which allows for the programmable
creation of tailored potential landscapes. We consider a Gaussian perturbation of the
NLSE, implemented by choosing in Eq. (6.1) the perturbation term:

iεR[u] = Vext(x) u(x) = ε exp
[
− (x− x0)2

σ2

]
u(x) , (6.8)

where x0 and σ denote the position and the spatial width of the potential, respectively.
We show in Fig. 6.4 an example of a time evolution of a 2-soliton, as well as the eigen-
values of the wavepacket in Fig. 6.4b. We observe that each soliton acquires a small
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velocity, while their amplitude is conserved: the solitonic content is revealed at the end
of the time evolution.

Besides, once the spatial overlap between the external potential Vext and the wave-
function u becomes negligible, the perturbation term R[u] effectively vanishes. In prac-
tice, when the solitons acquire a sufficiently large velocity, they rapidly leave the region
where the potential is significant. Beyond this time, the system can again be regarded as
effectively integrable: the discrete spectrum becomes time independent and the conser-
vation properties associated with solitons are restored.

6.2.2 Which depth for the potential?

In the limit ε → 0, the perturbation vanishes and the dynamics reduce to those of
the integrable NLSE. Conversely, for ε � 1, the perturbation becomes strongly non-
perturbative and leads to a substantial distortion of the wavepacket, largely modifying
both the discrete and continuous scattering data, independently of the initial solitonic
content. This raises the practical question of choosing an appropriate value of ε that
maximizes the velocity imparted to the solitons, so as to induce a rapid spatial separa-
tion, while preserving their amplitudes.

Restricting ourselves to the case of a two-soliton bound state, we investigate in
Fig. 6.5 the effect of varying the depth of the potential, considering both positive and
negative values of ε. In this regime, we find that the perturbation of the solitons’
amplitude remain below the percent level, while the induced velocities are sufficient to
separate the constituent solitons after only a few breathing periods.

We further observe numerically that choosing ε < 0 results in a slower separation of
the solitons. In this case, the larger-amplitude soliton undergoes oscillatory motion in
the vicinity of the perturbation, as illustrated in the inset of Fig. 6.5. This behavior makes
negative values of ε less favorable for experimental implementations, and motivates re-
stricting to ε > 0, that is a repulsive potential, in the following.

6.2.3 Application to a two-component mixture

The results discussed above were derived for the one-component attractive NLSE.
We now turn to their applicability to our experimental platform, which consists of a two-
component (spin) mixture. Some numerical results were developed for spin mixtures by
[309], in the case of attractive interactions.

Low-depletion limit

In the limit n2/n0 � 1, where the density of the minority component is much smaller
than that of the bath, we showed in Sec. 2.3.2 that the coupled GPEs can be mapped onto
an effective one-component attractive GPE. In this mapping, the interaction strength is
dressed by the bath, and an effective external potential arises, see Eq. (2.47), which is
given by:

Vext(x) =
(

1− g1,2

g

)
Ṽext(x) = −0.013Ṽext(x) , (6.9)

where Ṽext denotes a potential applied equally to both components, and the numerical
value in the second equality corresponds to the interaction parameters of our mixture.
In particular, the condition ε > 0 discussed above implies that Ṽext must be attractive,
i.e. Ṽext < 0.
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Figure 6.4: Numerical simulation of the time evolution of a two-soliton state of NLSE
with initial wavepacket u(x) = 2/ cosh(x), in the presence of the localized perturba-
tion defined in Eq. (6.8). The parameters are σ = 0.1, ε = 0.02, and x0 = 0.25. The
initial discrete eigenvalues are λ1 = i/2 and λ2 = 3i/2. (a) Spatiotemporal evolution of
the wavepacket. Insets highlight the initial and final states, showing that the two con-
stituent solitons acquire different velocities due to the perturbation. The wavepacket
is shown in blue, while the external potential is shown in orange and magnified in the
insets for clarity. (b) Time evolution of the discrete eigenvalues associated with the
wavepacket in (a). The imaginary parts remain approximately constant, with less than
2% deviations, while the real parts evolve during the time interval when R[u] is signif-
icant, in agreement with the observed real-space dynamics. Black crosses indicate the
initial eigenvalues. (c) Close-up of the early-time evolution of the real parts of the two
eigenvalues. Time is rescaled in units of the two-soliton breathing period. Solid lines
correspond to the numerical evolution, while dashed lines show the prediction of first-
order perturbation theory, given by Eq. (6.5) evaluated at t = 0. Excellent agreement
is observed at times small compared to the first contraction of the multi-soliton, occur-
ring at t = π/8. The dotted curves correspond to numerical integration of the Eq. (6.5),
calculating the Jost solutions as well as u at each time step. We followed the method

described in [294, 295].
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Figure 6.5: Starting from a two-soliton wavepacket (n = 2), we introduce at t = 0 the
localized perturbation defined in Eq. (6.8), with σ = 0.1, x0 = 0.25, and a variable depth
ε. After the solitons have separated, the discrete spectrum of the wavefunction is com-
puted. We plot the ratio of the soliton amplitudes, given by the ratio of the imaginary
parts of the discrete eigenvalues. Only small deviations from the integrable value of 3
are observed, as indicated by the dashed gray lines. The sum of the imaginary parts
of the eigenvalues is conserved to good accuracy (deviations below 0.4 %, and below
0.05 % for ε > 0), indicating that the reflection coefficient remains negligible (b(ξ) ' 0)
and that no significant radiation is produced. Insets show the spatiotemporal evolution

of the wavepacket for ε = −0.15 and ε = 0.15.

Perturbations of the LLE

For arbitrary depletion of the minority component, the dynamics must be described
within the LLE framework. Since the addition of an external potential breaks integra-
bility, the results obtained for the NLSE cannot be directly transferred via the gauge
transformation established in Chap. 3. Nevertheless, the general structure of perturba-
tion theory, and in particular Eq. (6.5), remains valid. However, analytical treatments of
perturbed multi-solitons are still out of reach in this more general setting.

We therefore resort to numerical simulations of the coupled GPEs to assess the effect
of the localized potential introduced in Eq. (6.8). The position of the perturbation is
chosen relative to the center of mass of the multi-soliton, whose intrinsic asymmetry
leads to a shift of the density maximum. Overall, we obtain results qualitatively similar
to those found for the one-component NLSE in Sec. 6.2.2, with the following notable
differences:

• If |x0| is chosen too small (with a threshold that depends on κ and is of order unity),
the solitons do not separate within the simulated time window. Instead, both soli-
tons acquire nearly identical velocities.

• The dressing of the interactions by the bath allows for larger values of the pertur-
bation strength ε. As in the low-depletion limit, achieving a splitting of the solitons
with opposite velocities requires an attractive external potential, following the mi-
nus sign of Eq. (6.9).

6.3 Experimentally separating 2-solitons

We now turn to the experimental separation of multi-solitons. In the context of the
NLSE, the dissociation of multi-solitons has been investigated in optical waveguides
[310, 311], albeit using strong perturbations that significantly modify the initial discrete
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spectrum. In the context of optical fibers, we have already discussed the pioneering
work of [301], in which a Raman self-frequency shift induced the splitting of a 2-soliton.
We also mention the recent work of [312], where several solitons separate as a result of a
careful engineering of the initial conditions, while the system remains integrable.

6.3.1 Calibration of the potential

Following the discussion of the previous section, our goal is to realize a localized
attractive potential, due to the minus sign of Eq. (6.9). In the experiment, however, the
optical potentials generated with the DMDs rely on repulsive light at 532 nm. To cir-
cumvent this constraint, we project on DMD2 a spatially uniform background intensity,
onto which a localized dark feature is imprinted at the desired position of the poten-
tial. This approach effectively creates an attractive potential relative to the surrounding
background.

Prior to imprinting the local perturbation, we compensate for the Gaussian envelope
of the beam and for residual optical imperfections by implementing a feedback loop on
the DMD image, yielding a flat-top intensity profile at the position of the atoms. This
calibration procedure has been described in detail in previous works [see, e.g., Sec. 5.1.3
of 106]. Once the beam is flattened, we superimpose the desired optical potential, which
in the present case corresponds to a Gaussian profile with negative amplitude.

The shape of the potential is calibrated using a LDA applied to a homogeneous
two-dimensional gas at T = 0. Within this framework, the external potential satisfies
V(r) = −gn(r) up to a constant term accounting for the chemical potential. Accurate
measurements of the atomic density therefore provide direct access to the local potential
landscape. This calibration procedure is illustrated in Fig. 6.6, from which we extract
both the amplitude and the width of the potential. These measurements demonstrate
that we can reliably generate an attractive potential with well-controlled position and
strength.
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Figure 6.6: (a) One-dimensional cuts of the atomic density in the presence of a localized
attractive potential, for several values of the potential amplitude. Each density profile
is fitted with a Gaussian function, allowing us to extract the width of the potential,
σ = 2.1(1)µm, as well as its depth. The inset shows an averaged absorption image;
the excess atomic density is localized at the position of the potential. Away from this
region, the density remains flat, confirming that the constant background offset does
not affect the atoms. (b) Summary of the calibration of the potential depth as a function
of the light intensity projected by the DMD. The color code corresponds to the density

profiles shown in (a).
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6.3.2 Splitting of a 2-soliton

We first prepare a multi-soliton with n = 2, following the procedure described in
Chap. 4. A localized potential is then ramped linearly over 100 ms up to its final am-
plitude and positioned slightly off-center with respect to the multi-soliton. Absorption
images of the minority component are subsequently recorded, with a representative ex-
ample shown in Fig. 6.7a. In order to have a longer accessible length for the solitons to
propagate, we change the bath geometry from a 50 µm long tube to a 20 µm radius ring,
as shown in Fig. 1.5. The images are subsequently unwrapped to simplify their analysis.
The transverse confinement is also recalibrated, with the protocol given in Chap. 4, in
order to account for the change of the DMD profile.

Because the two solitons are expected to have markedly different amplitudes, by a
factor of 9 in density in the NLSE limit, we acquire two successive images within the
same experimental sequence, using different MW pulses to obtain an OD optimized for
each soliton.

The results for a low-depletion multi-soliton are shown in Fig. 6.7. The wavepacket
initially undergoes a contraction, as expected from the intrinsic breathing dynamics of a
2-soliton, before separating into two distinct wavepackets at around 150 ms. Each com-
ponent then propagates independently, conserving both its atom number and spatial
width, hallmarks of solitonic behavior. A quantitative analysis of the two wavepackets
is presented in Fig. 6.7b, confirming their solitonic nature. The measured ratio of atom
numbers is N2/N1 = 3.2± 0.1, in good agreement with the NLSE prediction of 3.

This experiment can be interpreted within the perspective of an “experimental IST”.
By applying a controlled, localized perturbation that primarily affects the solitons’ ve-
locities while preserving their amplitudes, the system effectively transitions back to an
integrable regime after the interaction with the external potential. The final state thus
provides direct access to the discrete scattering data of the initial wavepacket, allowing
the solitonic content of the multi-soliton to be revealed experimentally.

6.3.3 Splitting from NLSE to LLE

For the NLSE, the atom number carried by a soliton is proportional to its amplitude
parameter κ, so that Nk ∝ I(λk). As a result, the ratio of atom numbers in a split 2-soliton
directly reflects the ratio of the imaginary parts of the corresponding eigenvalues. This
simple relation, however, does not extend to magnetic solitons described within the LLE
framework.

Indeed, as shown in Chap. 5, magnetic solitons with a fixed atom number populate
an ellipse in the eigenvalue plane, following Eq. (5.18). Restricting to zero-velocity soli-
tons, such as those shown in the right panel of Fig. 5.6a, the atom-number ratio for a
2-soliton can be written as:

N2

N1
=

tanh−1(3κ)

tanh−1(κ)
, (6.10)

where we have used the identity tanh(N/2) = (2+ Ω−
√

Ω2 + v2)/2κ in the case v = 0
(we recall that Ω = κ2 − 1 < 0 in our situation). In the limit κ → 0, corresponding to a
weak depletion of the bath, one has tanh−1(x) ' x, and the NLSE result N2/N1 = 3 is
recovered. Eq. (6.10) is plotted in Fig. 6.8 over the range κ ∈ [0, 1/3], which corresponds
to 2-solitons prepared with a flat phase at t = 0, as discussed in Chap. 5.

By preparing multi-solitons with different values of κ, and thus varying the depletion
of the mixture, we apply the same splitting protocol as in the low-depletion regime. The
resulting wavepackets can again be identified with the constituent solitons of the initial
bound state. The measured ratio of atom numbers, shown in Fig. 6.8, therefore provides
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Figure 6.7: Experimental splitting of a 2-soliton of initial width 1/κ = 8 µm, thanks to a
localized potential. It is raised during the first 100 ms up to an amplitude of −9(1) nK.
It corresponds to ε ' −0.013×−8 ' 0.1 in dimensionless units (9 nK× kB ' 8 n0|δg|).
(a) Mean absorption images showing the initial breathing of the multi-soliton, before
it separates into two wavepackets, each of them evidencing characteristic behaviors of
solitons. The potential is placed at x0 . 0. The precise position is manually adjusted
in order to maximize the splitting distance between the two solitons at a given time. It
is therefore not well-calibrated, and we estimate it is situated around x0 ' −1/(2κ) '
−4 µm. (b) Analysis of the positions and widths of the wavepackets shown in (a). The
widths remain approximately constant after the separation, and their ratio is close to
3, as expected from the NLSE limit. The widths are detailed in the right panel. The
grey area indicates the time during which the two solitons are not properly split, during
which we notably observe the first breathing period of the wavepacket. After their

separation, the widths remain approximately constant.
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a direct experimental signature of the nature of the multi-soliton: it interpolates between
the NLSE limit at weak depletion and the more general LLE behavior, which exhibits a
pronounced divergence as κ increases.
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Figure 6.8: Ratio of atom numbers N2/N1 of the two solitons obtained after splitting
a 2-soliton, as a function of the soliton parameter κ. The solid line corresponds to the
theoretical prediction of Eq. (6.10), derived within the LLE framework for zero-velocity
magnetic solitons. The dashed horizontal line indicates the NLSE limit N2/N1 = 3,
recovered for κ → 0 (low-depletion regime). Experimental data points are obtained by
preparing multi-solitons with varying depletion and applying the same splitting proto-
col. The small vertical dispersion in the points for each value of κ corresponds to slight
variations of the initial atom number, similarly to the experiments of Chap. 5. The er-
ror bars are only represented for one of the points, and are similar for all experimental
values. The deviation from the NLSE value highlights the crossover from the weakly
depleted regime to the more general LLE description. The right panel illustrates the
splitting of a 2-soliton in the LLE regime, similarly to that of Fig. 6.7b for the NLSE. We

clearly observe the formation of two wavepackets, each forming a magnetic soliton.

Conclusion

In this chapter, we investigated how weak perturbations of integrable models
can be used to probe and control the solitonic content of nonlinear wavepackets.
Within the Inverse Scattering Transform framework, such perturbations induce
a slow evolution of the scattering data, allowing solitons to remain well-defined
while their eigenvalues evolve in time.
We reviewed perturbation theory for the NLSE, from the adiabatic description
of single solitons to the more intricate dynamics of multi-soliton states, where
interactions lead to nontrivial eigenvalue evolution. Although a general analytical
theory for perturbed multi-solitons is still lacking, numerical approaches provide
valuable insight into these dynamics.
Focusing on localized external potentials, we showed that integrability can be bro-
ken in a controlled manner, predominantly affecting soliton velocities while pre-
serving their amplitudes. This regime effectively realizes an “experimental IST”,
in which the final state reveals the discrete spectrum of the initial wavepacket.
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Applying this approach to a two-component ultracold Bose gas, we demonstrated
the controlled splitting of 2-solitons, from the NLSE limit to the more general LLE
description. These results illustrate how controlled integrability breaking enables
the identification and manipulation of multi-soliton states in complex experimen-
tal systems.
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SUMMARY AND OUTLOOK

This thesis has explored the physics of solitons and integrability in nonlinear
wave equations, using ultracold atomic gases as a controllable experimental platform.
By combining experimental realizations, theoretical mappings, and perturbative ap-
proaches within the Inverse Scattering Transform framework, it provides a coherent
investigation of how solitonic structures emerge, persist, and can be revealed when
integrability is weakly broken.

Chapter 1 introduced the experimental apparatus and the tools developed to
study nonlinear dynamics in ultracold atomic gases. We described the production
of quasi-two-dimensional Bose-Einstein Condensates of 87Rb and the preparation of
two-component spin mixtures with precise control over internal and external degrees of
freedom. Particular emphasis was placed on optical and microwave techniques enabling
state preparation, coherent spin manipulation, and high-resolution imaging. The use
of Digital Micro-mirror Devices was detailed, highlighting their role in engineering
tailored optical potentials with spatial and temporal control. Together, these tools
establish a versatile platform capable of realizing effective one-dimensional dynamics
and implementing controlled perturbations, which are essential for probing integrability
and soliton physics experimentally.

In Chapter 2, we developed the theoretical framework describing our system at the
mean-field level. Starting from the many-body Hamiltonian, we justified the use of cou-
pled Gross-Pitaevskii Equations in the weakly interacting and low-temperature regime.
We discussed superfluidity in inhomogeneous systems, emphasizing its connection to
phase coherence and its quantitative characterization through the superfluid fraction.
The properties of spin mixtures were then introduced, with a focus on interaction
parameters and collective modes. Finally, we identified a relevant regime in which the
dynamics of the minority component can be mapped onto an effective single component
attractive Nonlinear Schrödinger Equation, laying the groundwork for the emergence
of bright solitons in an otherwise repulsive atomic gas.

Chapter 3 was devoted to the concept of integrability and the IST, with a particular
focus on the attractive NLSE. We presented the IST as a nonlinear analogue of the Fourier
Transform, providing a formal solution of the equation in terms of scattering data. The
physical interpretation of this formalism was emphasized, notably the correspondence
between discrete eigenvalues and solitons. We discussed single- and multi-soliton solu-
tions, including bound states with equal velocities, and highlighted how their dynamics
encode conserved quantities of the integrable system. This chapter established the con-
ceptual link between soliton dynamics and the hidden integrable structure that under-
pins the subsequent experimental and perturbative studies.
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In Chapter 4, we presented the experimental realization of multi-soliton wavepack-
ets in a two-component ultracold Bose gas. By exploiting deterministic wavefunction
imprinting in a spin mixture, we demonstrated the controlled generation of states
corresponding to multi-soliton solutions of the NLSE. We characterized their temporal
evolution, observing hallmark features such as breathing dynamics and robust shape
preservation. Particular attention was given to equal-velocity multi-solitons, whose
dynamics reflect their underlying scattering data.

Chapter 5 introduced an alternative description of the spin mixture based on an anal-
ogy with ferromagnetic spin chains governed by the Landau-Lifshitz Equation. We es-
tablished a formal mapping between this equation and the NLSE through a gauge trans-
formation, allowing solitonic solutions to be translated between the two frameworks.
This mapping enabled the realization and characterization of magnetic solitons and
multi-soliton states, evidencing the similarities and differences from their NLSE counter-
parts. The chapter highlighted how the same experimental platform can access different
integrable models, enriching the physical interpretation of observed solitonic dynamics.

Finally, Chapter 6 addressed the effects of integrability breaking and the use of
perturbation theory within the IST framework. We reviewed key results of perturbative
IST for the NLSE and illustrated how weak perturbations induce a controlled time
evolution of the scattering data. We demonstrated experimentally and numerically that
suitably chosen perturbations, such as localized potentials, can predominantly affect
soliton velocities while preserving their amplitudes. This allowed the experimental
separation of bound multi-soliton states, effectively revealing their solitonic content
at long times. Extending these ideas to spin mixtures, we showed how the same
perturbative approach can be applied beyond the NLSE limit. By varying the depletion
of the minority component, we explored a continuous crossover from the effective
attractive NLSE to the more general LLE description. In both regimes, the controlled
splitting of bound multi-soliton states provides direct experimental access to their
solitonic content. This approach thus offers a practical means to probe how integrable
structures are modified across different effective descriptions of the system.

The level of control achieved in this work over multi-soliton states and over con-
trolled departures from integrability opens natural perspectives toward the experimen-
tal study of integrable turbulence. In such regimes, nonlinear wavefields are no longer
described by isolated coherent structures, but rather by dense ensembles of interacting
solitons, whose collective behavior is nevertheless constrained by the integrable struc-
ture of the underlying equations. The ability demonstrated here to access the solitonic
content of a wavepacket through weak, well-calibrated perturbations provides a power-
ful tool to probe these dynamics beyond the single- or few-soliton level, and to experi-
mentally connect microscopic scattering data to macroscopic observables.

Complementary to optical fiber platforms, ultracold atomic gases provide a set of
experimental capabilities that are particularly well matched to the study of soliton gases
and long-time nonlinear dynamics. While optical fibers excel at accessing propagation-
based phenomena over long effective distances, cold-atom systems naturally allow the
implementation of closed or periodic geometries, enabling the observation of tempo-
ral evolution without continuous energy injection or loss. In addition, integrability-
breaking terms, such as external potentials or time-dependent magnetic-field gradients,
can be introduced in a controlled and reversible manner, making it possible to finely
tune the departure from integrable dynamics and to dynamically shape the system’s
evolution within a single experimental sequence.
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Moreover, the high degree of control over state preparation in atomic systems en-
ables the deterministic imprinting of tailored initial waveforms, as well as the repro-
ducible generation of disordered or many-soliton configurations. This flexibility offers
a natural route toward controlled studies of modulational instability. Techniques such
as phase imprinting further provide access to controlled soliton velocities and relative
phases could also be impleted in our system. The would allow the systematic explo-
ration of the soliton phase space relevant to soliton gases and integrable turbulence.

From a theoretical perspective, soliton gases have recently emerged as effective mod-
els for the late-time dynamics of modulationally unstable systems, where an initially co-
herent wavepacket evolves into an ensemble of interacting solitons with well-defined
statistical properties. Such descriptions naturally connect to the framework of general-
ized hydrodynamics, which provides a coarse-grained description of integrable many-
body systems in terms of conserved quasiparticle densities. The experimental platform
developed here appears particularly well suited to testing these ideas, and to exploring
how soliton-gas descriptions extend to multicomponent systems and to regimes inter-
polating between the NLSE and LLE limits.
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B MAGNETIC DIPOLE-DIPOLE INTERACTIONS

B.1 Interactions in a two-component Bose gas

We consider a mixture of two states labelled 1 and 2. The interaction potential be-
tween two atoms A, B, at positions rA, rB, is given by:

Vα,β,γ,δ(rA − rB) = 〈A : rA, γ ; B : rB, δ| V̂ |A : rA, α ; B : rB, β〉 , (B.1)

where all greek indices are either 1 or 2. The interaction Hamiltonian resulting from this
potential reads:

Ĥint =
1
2 ∑

α,β,γ,δ

∫∫
Vα,β,γ,δ(r− r′) Ψ̂†

γ(r) Ψ̂†
δ(r
′) Ψ̂β(r′) Ψ̂α(r) d3r d3r′ , (B.2)

We notice that it contains both elastic and inelastic terms. In the following, we restrict
ourselves to elastic processes. For contact interactions, the interaction Hamiltonian is
recast in the following form:

Ĥcontact =
2πh̄2a1,1

m

∫
Ψ̂†

1(r) Ψ̂†
1(r) Ψ̂1(r) Ψ̂1(r) d3r

+
2πh̄2a2,2

m

∫
Ψ̂†

2(r) Ψ̂†
2(r) Ψ̂2(r) Ψ̂2(r) d3r

+
4πh̄2a1,2

m

∫
Ψ̂†

1(r) Ψ̂†
2(r) Ψ̂2(r) Ψ̂1(r) d3r ,

(B.3)

where aij correspond to the scattering lengths between atoms of components i and j.
Magnetic Dipole-Dipole Interactions lead us to consider the following interaction poten-
tial between atoms A and B:

V̂mag =
µ0µ2

B
πr3 [ŝA · ŝB − 3(ŝA · u)(ŝB · u)] , (B.4)

where ŝA,B denotes the spin of the outer electron of atom A, B respectively, r is the dis-
tance between the atoms, and u the unit vector linking A and B. Our goal is to evaluate
the contribution of this potential in the interaction Hamiltonian of Eq. (B.2).

B.2 The |1,−1〉, |1,+1〉mixture

In the following we will note |1〉 = |F = 1, mF = −1〉 and |2〉 = |F = 1, mF = +1〉.
We will calculate the matrix elements of V for this mixture. Since Eq. (B.4) involves only
the electron spin, we express |1〉 and |2〉 in the basis of the electron and nuclear spins.
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Thus, we decompose these states in the basis |sz, iz〉:

|1〉 = −
√

3
4

∣∣∣∣
1
2

;−3
2

〉
+

1
2

∣∣∣∣−
1
2

;−1
2

〉
, (B.5)

|2〉 =
√

3
4

∣∣∣∣−
1
2

;
3
2

〉
− 1

2

∣∣∣∣
1
2

;
1
2

〉
. (B.6)

It is necessary to evaluate ŝi |1, 2〉, with i = x, y, z. Since ŝx = 1
2 (ŝ+ + ŝ−) and ŝy =

1
2 (ŝ+ − ŝ−), their action would change the electronic spin, resulting in mF = 0 states.
Thus, these operators cancel in the |1〉 , |2〉 basis. All we need to do is evaluate the matrix
elements of the operator ŝz. We write:

ŝz |1〉 =
1
2

(
−
√

3
4

∣∣∣∣
1
2

;−3
2

〉
− 1

2

∣∣∣∣−
1
2

;−1
2

〉)
, (B.7)

ŝz |2〉 =
1
2

(√
3
4

∣∣∣∣−
1
2

;
3
2

〉
+

1
2

∣∣∣∣
1
2

;
1
2

〉)
. (B.8)

Because the matrix elements of the operators ŝx, ŝy are null, we only need to calculate the
contributions of the following operator:

V̂ ′mag =
µ0µ2

B
πr3 (1− 3 cos2 θ) ŝzA ŝzB , (B.9)

where θ is the angle between u and the quantization axis. We evaluate successively the
terms in Eq. (B.2):

V1111 =
µ0µ2

B
16πr3 (1− 3 cos2 θ) ,

V2222 =
µ0µ2

B
16πr3 (1− 3 cos2 θ) ,

V1212 = V2121 = − µ0µ2
B

16πr3 (1− 3 cos2 θ) ,

V1221 = V2121 = 0.

(B.10)

B.3 Shift in scattering lengths

It remains to evaluate the integral:

Ĥmag =
µ0µ2

B
16π

∫∫ 1− 3 cos2 θ

r3 Ψ̂†
2(rA) Ψ̂†

1(rB) Ψ̂2(rB) Ψ̂1(rA) d3rA d3rB . (B.11)

We first note that its average value cancels in the case of a uniform 3D gas. We consider
the case of the quantization axis lying in the atomic plane, which is relevant for this
manuscript. The general case is discussed in [115, 241]. Using a uniform density with a
gaussian distribution along z, we compute 〈Ĥmag〉 by using first a small exclusion radius
r0 around the origin (and r0 → 0 at the end of the calculation). Comparing with the
results of Eq. (B.3) allows us to express the results as a shift in scattering lengths. We
obtain:

• a1,1 = a(0)1,1 −
µ0

16π
mµ2

B
3h̄2 = a(0)1,1 − 0.18 aB

• a2,2 = a(0)2,2 −
µ0

16π
mµ2

B
3h̄2 = a(0)2,2 − 0.18 aB
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• a1,2 = a(0)1,2 +
µ0

16π
mµ2

B
3h̄2 = a(0)1,2 + 0.18 aB

where a(0)i,j are the scattering lengths given in Eq. (4.1).
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C EQUIVALENCE OF THE NLSE AND

EASY-AXIS LLE

We have explained in Chap. 5 that the NLSE and easy-axis LLE are equivalent in
some sense. More specifically, we have shown that we can link their Lax pairs by a gauge
transformation. Besides, it was shown by [79] that one can obtain an explicit formula to
link solutions of these two equations, using only some algebraic properties. However,
this article is only available in Russian (and in printed form). The goal of this Appendix
is to reproduce, detail and comment the calculations performed in this article. We are
helped in this task by [313], which is somewhat close in the sense that it treats the case
of the easy-plane LLE (which is not equivalent to NLSE).

C.1 Parametrization

We first write the LLE in the easy-axis settings:

Mt = M×
[
Mxx + β

(
M · e(z)

)
e(z)
]

with β > 0 , (C.1)

where M =
(

M(x), M(y), M(z)
)

is the magnetization vector, and e(z) the unit vector in
the direction z. The subscripts denote partial differentiation with respect to the given
variable. Using the Pauli matrices, we can rather rewrite this equation in the following
form:

iM̂t =
1
2
[M̂, M̂xx] +

β

4
{

M̂, σ̂
} [

M̂, σ̂
]

, (C.2)

where:

M̂ =

(
M(z) M(x) − iM(y)

M(x) + iM(y) −M(z)

)
, σ̂ =

(
1 0
0 −1

)
, (C.3)

and [·, ·], {·, ·} are the commutator and anticommutator respectively. Due to our para-
metrization: M̂2 = 12, M̂† = M̂ and Tr M̂ = 0, with ·† denoting the Hermitian transpose.
Anticipating some calculations of Sec. C.3, there exists a matrix ĝ ∈ SU(2) such that:

M̂ = ĝσ̂ĝ† and
{

ĝ† ĝx, σ̂
}
= 0 . (C.4)

We recall that ĝ−1 = ĝ† and det(ĝ) = 1 due to ĝ belonging to the special unitary group.
We can use these relations to rewrite Eq. (C.2). Multiplying it by −ĝ† on the left and ĝ
on the right, we obtain:

i
[
σ̂, ĝ† ĝt

]
= 2

(
ĝ† ĝx

)
x
− β

4
[
σ̂, R̂σ̂R̂

]
with R̂ = ĝ†σ̂ĝ , (C.5)
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where we used the fact that (ĝĝ†)x = 0 = (ĝ† ĝ)x to simplify the equation. We note the
useful identities: R̂† = R̂ and R̂2 = 12.

C.2 Link with NLSE

We introduce the matrices:

Θ̂ = ĝ† ĝx + ε

√
β

4
[
σ̂, R̂

]
, (C.6a)

D̂ = ĝ† ĝt + ε
i
√

β

4
[
Θ̂, R̂

]
, (C.6b)

where ε = ±1, and the consequences of the choice of sign are explained in Sec. C.4. It
allows us to rewrite Eq. (C.5) under the following form:

i
[
σ̂, D̂

]
= 2Θ̂x . (C.7)

General solutions of equations of the form i
[
σ̂, D̂

]
= X̂ can be written: D̂ = X̂0 + X̂1

where X̂0 is a solution of the homogeneous equation, meaning [σ̂, X̂0] = 0, and X̂1 is a
particular solution. Thus, we introduce the scalar function b(x, t):

D̂ = bσ̂− i
2
[
σ̂, Θ̂x

]
. (C.8)

One can check that the second part of the right-hand-side verifies Eq. (C.7), using the
fact that

{
σ̂, Θ̂x

}
= 0.

We now write the identity:
(

ĝ† ĝx

)
t
−
(

ĝ† ĝt

)
x
+
[

ĝ† ĝt, ĝ† ĝx

]
= 0 . (C.9)

We can replace in this equation the expressions of Θ̂ and D̂ to obtain:

Θ̂t − D̂x +
[
D̂, Θ̂

]
+ T̂ = 0 , (C.10)

with T̂ grouping the terms depending directly on β:

T̂ = −ε

√
β

4
(
[σ̂, R̂]t − i[Θ̂, R̂]x + [D̂, [σ̂, R̂]] + i[[Θ̂, R̂], Θ̂]

)
+

iβ
16

[[Θ̂, R̂], [σ̂, R̂]] ,

= −i
β

2
[σ̂, Θ̂] ,

(C.11)

where we notably used R̂t = [R̂, ĝ† ĝt] and R̂x = [R̂, ĝ† ĝx] to go from the first to the
second line. Since Θ̂ is anti-Hermitian and

{
σ̂, Θ̂

}
= 0, we can parametrize it as:

Θ̂ =

(
0 −ψ∗

ψ 0

)
. (C.12)

Thus, we can naturally seperate Eq. (C.10) into its diagonal and off-diagonal parts. The
diagonal part leads to:

bx12 = −i
{

Θ̂x, Θ̂
}

, (C.13)
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where we used Eq. (C.7) and the derivative of Eq. (C.8). It can be readily integrated to
give:

b12 = −i(Θ̂2 + α(t)12) . (C.14)

Then, the off-diagonal part of Eq. (C.10) reads:

iΘ̂t −
1
2
[
σ̂, Θ̂xx

]
+

(
Θ̂2 + α(t)12 +

β

2
12

) [
σ̂, Θ̂

]
= 0 (C.15)

Taking the lower-left coefficient of the matrix leads to:

iψt + ψxx + 2|ψ|2ψ− (2α(t) + β)ψ = 0 . (C.16)

We can set α(t) thanks to the boundary conditions on M. We take the natural boundary
conditions for an easy-axis ferromagnet:

lim
|x|→∞

M̂(x, t) = σ̂ and lim
|x|→∞

M̂x(x, t) = 0 , (C.17)

which translates in terms of the matrix ĝ:

lim
|x|→∞

ĝ(x, t) = 12 and lim
|x|→∞

ĝx(x, t) = 0 . (C.18)

Thus, we obtain α(t) = 0. Taking ψ̃ = ψe−iβt eventually leads to the usual form of the
NLSE:

iψ̃t + ψ̃xx + 2|ψ̃|2ψ̃ = 0 . (C.19)

We have shown the equivalence between the easy-axis LLE and NLSE. It remains to
derive an explicit formula ψ = f (M). Remarkably, we have an equivalence whatever
the sign of ε.

C.3 Expliciting the matrix ĝ

We can parametrize M with polar coordinates on the unit sphere, which leads to:

M̂ =

(
cos θ sin θ e−iϕ

sin θ e+iϕ − cos θ

)
, (C.20)

where θ and ϕ are functions of x, t. We want to show the existence of a matrix g satisfying
Eq. (C.4). We will prove this by constructing the matrix explicitly. We take a matrix ĝ of
the following form:

ĝ(x, t) =
(

g1 −g∗2
g2 g∗1

)
(C.21)

and write g1 = cos α eiδ, g2 = sin α eiγ. We have ĝ ∈ SU(2). Then, calculating ĝσ̂ĝ† shows
that this expression equals M if and only if we set: α = θ/2 and γ− δ = ϕ. Looking at
the anticommutator of Eq. (C.4), we establish the equivalence:

{
ĝ† ĝx, σ̂

}
= 0 ⇐⇒ δx = −ϕx sin2

(
θ

2

)
. (C.22)
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Thus, the following matrix ĝ satisfies Eq. (C.4):

ĝ(x, t) =
(

cos θ
2 eiδ − sin θ

2 e−i(δ+ϕ)

sin θ
2 ei(δ+ϕ) cos θ

2 e−iδ

)
with δ(x, t) = −

∫ x

−∞
sin2

(
θ

2

)
ϕy dy .

(C.23)
We note that ĝ is not uniquely defined since one can add a phase ξ(t) to δ(x, t). However,
using the boundary conditions of Eq. (C.17) leads to ξ(t) = 0.

C.4 Expression of ψ

We plug the expression of Eq. (C.23) in the definition of Θ:

ψ = g1g2x − g1xg2 + ε
√

βg1g2 ,

=
1
2

[
θx + sin θ

(
iϕx + ε

√
β
)]

exp
[

i
(

ϕ− 2
∫ x

−∞
sin2

(
θ

2

)
ϕy dy

)]
.

(C.24)

In the final expression of [79] and in the review [77, Eq. (6.38)] the choice of ε = −1 was
made. Since the overall phase of ψ is irrelevant for NLSE, we realize that flipping the
sign of ε corresponds to the change of variable x → −x. Thus, by interpreting Eq. (C.24)
as a differential equation and solving for θ, ϕ given a particular ψ, it yields a priori two
solutions that are symmetric with respect to one another. Numerically, ε = +1 gives a
stable solution when integrating from a boundary condition x → −∞, and likewise for
ε = −1 and x → +∞ (changing the definition of δ(x, t) accordingly).

Eventually, we have seen that ψ̃ = ψe−iβt is a solution of the NLSE:

iψ̃t + ψ̃xx + 2|ψ̃|2ψ̃ = 0 . (C.25)

Thus, we have an explicit expression linking solutions of NLSE and LLE in the easy-axis
case. This result cannot be extended to the easy-plane case. Indeed, changing the sign
in front of β in Eq. (C.2) leads to the substitution ε→ iε, and the matrix Θ̂ would not be
anti-Hermitian anymore. The implications of this result are discussed in [313].
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