N
N

N

HAL

open science

Analyse du Laplacien hypoelliptique de Bismut dans la double
asymptotique des grandes frictions et basses températures

Xingfeng Sang

» To cite this version:

Xingfeng Sang. Analyse du Laplacien hypoelliptique de Bismut dans la double asymptotique des grandes
frictions et basses températures. Mathématique discrete [cs.DM]. Université Paris-Nord - Paris XIII, 2025.

Francais. (NNT: 2025PA131026). <tel-05628890)

HAL Id: tel-05628890
https://theses.hal.science/tel-05628890v1

Submitted on 21 May 2026

HAL is a multi-disciplinary open access archive
for the deposit and dissemination of scientific re-
search documents, whether they are published or not.
The documents may come from teaching and research
institutions in France or abroad, or from public or pri-
vate research centers.

L’archive ouverte pluridisciplinaire HAL, est des-
tinée au dépot et a la diffusion de documents scien-
tifiques de niveau recherche, publiés ou non, émanant
des établissements d’enseignement et de recherche
francais ou étrangers, des laboratoires publics ou
privés.

Au‘to':'lizition
HAL Authorization


https://theses.hal.science/tel-05628890v1
https://about.hal.science/hal-authorisation-v1/
https://about.hal.science/hal-authorisation-v1/
https://hal.archives-ouvertes.fr

Université Paris XIII - SORBONNE PARIS NORD

Ecole Doctorale Sciences, Technologies, Santé Galilée

Analyse du Laplacien hypoelliptique

de Bismut dans la double,
asymptotique des grandes frictions et

basses températures

THESE DE DOCTORAT

présentée par
Xingfeng SANG

Laboratoire d’Analyse, Géométrie et Applications
(UMR 7539)

Pour 'obtention du grade de

DOCTEUR EN MATHEMATIQUES

soutenue le 16 mai 2025 devant le jury d’examen composé de :

BISMUT Jean-Michel professeur émérite, Université Paris Saclay ............... Examinateur
BONTHONNEAU Yannick, chargé de recherche CNRS, Université Paris XIII ...Examinateur
LE ROUSSEAU Jérome, professeur des universités, Université Paris XIII .. Président du jury

LUDWIG Ursula, professeur des universités, Université Cote d’azur ............. Examinatrice
MA Xiaonan, professeur des universités, Nankai University ........................ Rapporteur
MICHEL Laurent, professeur des universités, Université de Bordeaux ............ Rapporteur
NIER Francis, professeur des universités, Université Paris XIIT ............ Directeur de thése

VALCU Maria-Caterina, maitre de conférences, Université Paris XIII ........... Examinatrice



Resumé :

Dans ma thése, on s’intéresse au bas du spectre du Laplacien hypoelliptique de Bismut. Pour
y parvenir, on commence par refaire une démonstration de l'inégalité sous-elliptique pour les
opérateurs de Kramers-Fokker-Planck géométriques, une classe d’opérateurs dont fait partie le
Laplacien hypoelliptique. Dans un second temps, on établit la convergence spectrale du Laplacien
hypoelliptique de Bismut vers le Laplacien de Witten dans la limite de basse température et de
grande friction. Cette convergence permet la comparaison entre le spectre de ces deux opérateurs.

Summary :

In my thesis, we focus on the lower part of the spectrum of Bismut’s hypoelliptic Laplacian. To
achieve this, we begin by revisiting a proof of the sub-elliptic inequality for geometric Kramers-
Fokker-Planck operators, a class of operators to which the hypoelliptic Laplacian belongs. In the
second step, we establish the spectral convergence of Bismut’s hypoelliptic Laplacian to the Wit-
ten Laplacian in the low-temperature and high-friction limit. This convergence enables a compa-
rison between the spectra of these two operators.
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Chapitre 1

Introduction

Rappelons d’abord les deux modélisations classiques du mouvement brownien. Historique-
ment, le premier modele, 1ié a 'approche d’Albert Einstein et appelé aussi Langevin suramorti,
se formule maintenant a 'aide d’'une équation différentielle stochastique, écrite ici dans le cas
scalaire euclidien,

dg=-+VV(g)dt+dW
E(uo(g()lg(t =0)=q) =ulq,?) ;
diu=-3VV(g)oqu+3Au , ulg,t=0)=uolq)

et qui correspond a une dynamique suivant le gradient du potentiel avec bruit sur la vitesse (dW
représente le bruit blanc gaussien). La mesure invariante, solution stationnaire pour 'opérateur
2V \%4
adjoint 0,4.(04 + %OqV)u =0 est e” 7 dq et on conjugue par e% pour aboutir a 'opérateur
1

1 1 1 1 , 1 “1 o
E(aq - EVV)(aq + ZVV) = i(Aq - ﬁlVVl((]) + EAV(q)) = WAV,}L

étudié dans l'espace L2(R?,d q). On reconnait le Laplacien de Witten sur les fonctions Aﬁg)h qui est

un opérateur auto-adjoint (une fois le domaine précisé) et elliptique. La limite basse tembérature
correspond 4 une limite semiclassique 2 — 0% pour le Laplacien de Witten.
Un modele plus fin, proposé par Langevin, est donné par la dynamique stochastique

dq = pdt
__1 2y
dp=-;-VV(q)dt—ypdt+ \/m—ﬁdW
u(q,p,t) =Euo(q(t), p(¥)lq(0) = q,p(0) = p))
Oru =[p.0g — =0,V (q).0plu+ mlﬁ(ap -mpp).oyu , u(g,p,0)=uo(q,p),

ou le bruit est sur I'accélération comme un terme de force aléatoire. Les parameétres sont :

— m la masse de la particule;

— 7> 0 le coefficient de friction;

— B= k%T I'inverse de la température;
Un changement d’échelle permet de se ramener a m =1 et & un ensemble réduit de parameétres
indépendants

— h=2kpT =% ici

_Vh _ V2

— etb= 7 = W .
Si % n’est pas exactement proportionnel a y, nous dirons abusivement que la limite b6 — 0% est
une limite de grande friction et 4~ — 0" une limite de basse température.
Lopérateur associé a la description de Langevin du mouvement brownien est 'opérateur de
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Kramers-Fokker-Planck, qui est non auto-adjoint. La mesure invariante est ici, avec m =1 et
les parametres

2vV2 2
(b,h)=(—‘f =]

VBY B

2 2
%+V(q) . X %*V(") .
r dqdp et une conjugaison par e~ %  conduit a 'étude de l'opéra-

la maxwellienne p = e 2

teur
3/2

h 2 g
[P0y =04V (@)0p1+ S (= + p|

W
ou encore apres un changement d’échelle en p

1
h

1 -A,+Ipl2-d

04V 0p)+ 33 5

1
\/ﬁb g(p.aq -

dans L2(R%2? dqdp). Cet opérateur n’est plus ni symétrique ni elliptique mais il est hypoellip-
tique et sa fermeture est maximale accrétive.

Le Laplacien que Witten introduit dans [Wit] est un Laplacien de type Hodge agissant sur
les formes différentielles de tout degré qui généralise 'opérateur associé au modele de Langevin
suramorti. Formellement, le Laplacien de Hodge standard domine dans la limite 2 — +oco tandis
que la topologie des courbes de niveaux de V et plus précisément la théorie de Morse (si V est une
fonction de Morse) domine quand A — 0. C’est ainsi que Witten propose une démonstration ana-
Iytique des inégalités de Morse, reliant le nombre de points critiques d’indice p avec les nombres
de Betti de la variété.

Plus récemment, Bismut dans [Bis041l, [Bis042], [Bis05] a introduit un opérateur, appelé mainte-
nant Laplacien hypoelliptique de Bismut. A 'instar du Laplacien de Witten, il agit sur les formes
différentielles et généralise la description de Langevin du mouvement brownien avec les deux
parameétres b > 0 et 2 > 0. Un des objectifs est d’interpoler entre la limite formelle 6 — +oo ou le
flot géodésique (ou hamiltonien si V # 0) domine et la limite & — 0, “grande friction” ou ’on doit
retrouver Langevin suramorti et donc le Laplacien de Witten dans un premier temps. Combiné
avec la limite 2 — 0%, ce programme vise donc a faire un lien entre propriétés dynamiques de la
variété et sa topologie, via la théorie de Morse.

Rappelons briévement I’histoire récente des travaux sur 'analyse spectrale de ces deux opéra-
teurs dans les asymptotiques A~ — 0% pour le Laplacien de Witten et (b,A) — (07,0") pour le
Laplacien hypoelliptique.

Les Figures et illustrent 1’évolution de nos connaissances sur le spectre du Laplacien de
Witten.
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FIGURE 1.1 — Spectre du Laplacien de Witten.



— Dans [Wit] et [CFKSI], les auteurs séparent les valeurs propres du Laplacien de Witten
avec un potentiel de Morse en deux groupes : celles d’ordre O(h%?) et les autres.

— Ensuite, Helffer—Sjostrand [HeSj4] améliorent ce résultat : les valeurs propres d’ordre
O(h®2) sont exponentiellement petites (cest-a-dire O(e™#) avec une constante ¢ > 0), sans
donner plus de précision sur leurs tailles respectives.

— Inspirés par la théorie de Freidlin—Wentzell, Bovier—Eckhoff-Gayrard—Klein donnent dans
IBEGKI, avec des arguments de théorie du potentiel, des valeurs précises des valeurs
propres exponentiellement petites dans le cas scalaire, degré p = 0. Dans le méme temps
Helffer—Klein—Nier dans [HKN]| obtiennent les mémes asymptotiques avec une approche
purement spectrale et semiclassique.

— Finalement dans [LNV2], Le Peutrec—Nier—Viterbo donnent les échelles exponentielles de
toutes les valeurs propres en tout degré pour un potentiel V. 6°° avec un nombre fini de
valeurs critiques. Les constantes cﬁlp )dela figure sont en fait données par les longueurs
des barres de degré p et p—1 (avec une extrémité de degré p) dans le code barre du poten-
tiel. Les échelles exponentiellement petites des valeurs propres du Laplacien de Witten en
limite semiclassique sont donc liées a ’homologie persistante et sont donc tres robustes en
tant que quantités topologiques.

2 n
h
Teral !

FIGURE 1.2 — Spectre du Laplacien de Witten semiclassique : valeurs propres en e ; trou spectral
on séparant les valeurs propres exponentiellement petites des autres.

La premiere valeur propre non nulle du Laplacien de Witten encode le temps moyen né-
cessaire pour que le mouvement Brownien atteigne I'équilibre. La déterminer de facon précise
correspond donc a des estimations dites de trou spectral pour estimer la vitesse de retour a
Iéquilibre. En fait les valeurs propres exponentiellement petites, et leurs différentes échelles
exponentielles, donnent des informations sur la durée de vie d’états métastables On sait depuis
Arrhenius que distinguer ces échelles de temps est la base de la cinétique chimique. Par ailleurs
ces idées ont dépassé le cadre initial de la chimie et de la physique statistique pour étre déve-
loppées dans le cadre de 'optimisation via des algorithmes de recuit simulé ou de dynamique
moléculaire ou de telles informations sont aussi utiles. Enfin le modéle de Langevin, par rapport
a Langevin suramorti, offre plus de flexibilité et conduit & des méthodes numériques parfois plus
performantes que sa version suramortie. Nous renvoyons au texte de Lelievre-Stoltz [LeSt] pour
plus de détails sur les enjeux de modélisation et de traitement numérique.

Il est donc naturel d’envisager le méme programme de détermination précise du bas du spectre
pour le Laplacien hypoelliptique de Bismut.

Sur le Laplacien hypoelliptique, Bismut et Lebeau dans [BiLel] étudient essentiellement 'asymp-
totique b — 0" a k > 0 fixé, pour relier le spectre du Laplacien hypoelliptique a celui du Laplacien
de Witten. Dans [Shell, Shen étudie directement la double asymptotique (b,2) — (0%,0") en sup-
posant b x VA (y est borné et T — 0") et avec une métrique bien choisie au voisinage des points
critiques.

Dans cette thése nous arrivons a une description plus générale pour la double asymptotique
(b,h) — (0%,0") avec des conditions précisées plus loin. Nous vérifions en particulier que les pe-
tites valeurs propres du Laplacien hypoelliptique, sont réelles, = 0, exponentiellement petites et
que avec les bonnes hypothéses de comparaison entre b et &, leurs échelles exponentielles sont
données par celles des valeurs du Laplacien de Witten et donc par le code barre de la fonction
potentiel.
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FIGURE 1.3 — Spectre du Laplacien hypoelliptique de Bismut : valeurs propres ¢ ; %x la valeur
propre du Laplacien de Witten correspondante proche e ; g = e .

Lidée initiale était d’obtenir des estimations spectrales fines pour le Laplacien hypoelliptique

de Bismut en suivant la stratégie développée dans [LNV2] pour le Laplacien de Witten. Celle-ci
localise ’analyse a ’'aide de problemes aux limites (conditions de Dirichlet et de Neumann) artifi-
cielles. La premieére idée consistait donc a étudier le Laplacien hypoelliptique avec des conditions
aux limites. Motivés par cette problématique du cas a bord, nous avons commencé par revisiter
I'inégalité sous-elliptique (voir [NSWI] ou Chapitre [2), avec une approche locale, différente de
celle de Lebeau dans [Lebl] et [Leb2ll, qui utilise les opérateurs intégraux de Fourier. Par sa na-
ture locale notre approche est plus robuste et a plus de chance d’étre transposée au cas a bord.
Notons qu’a I'heure actuelle les résultats d’analyse sur le Laplacien hypoelliptique a bord, hormis
des cas scalaires spécifiques, restent limités a ’'analyse fonctionnelle (voir [Nie]l et [NiSh]) et ne
disent rien sur le comportement asymptotique quand (b,k) — (0,0).
Une fois I'inégalité sous-elliptique obtenue, et avant méme que nous ayons eu le temps de nous
pencher sur le cas a bord, nous avons été informés des travaux de Z. Tao avec Q. Ren sur le
mouvement brownien cinétique (voir [ReTall), version trés simplifiée et scalaire du Laplacien
hypoelliptique pour laquelle ils ont introduit un probléme de Grushin bien adapté a I'analyse
asymptotique du bas du spectre. Il nous est alors apparu, avec nos estimations sous-elliptiques
précises dans le cas sans bords, que nous pouvions étendre cette méthode pour faire 'analyse
compléte du bas du spectre dans 'asymptotique (b,2) — (0,0). Cela fait 'objet du deuxiéme ar-
ticle INSW2] ou Chapitre |3l L'analyse asymptotique du Laplacien hypoelliptique avec conditions
aux bords est un programme a continuer.
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1.1 La géométrie de la variété de base @

On se place sur une variété Riemannienne compacte de dimension d (Q,gT?,VLC), ou gT@
désigne la métrique sur le fibré tangent T'Q et VZC la connexion de Levi-Civita associée.
Soit E un fibré vectoriel sur @, avec 7y la projection de E sur @. Ce fibré est muni d'une connexion
plate VZ ainsi que d’'une métrique hermitienne AZ. Il n’est pas nécessaire de supposer que la
connexion VZ et la métrique 2¥ sont compatibles, c’est a dire que nous ne supposons pas :

VZEERE < 0,

Suivant 'usage nous notons Q*(Q;E) 'ensemble des formes différentielles lisses de degré k& a
valeurs dans le fibré E
QHQ;E)=€¢™@Q;\N'T*Q o E).

Pour plus de précision sur la régularité des sections, nous utiliserons la notation Z(Q; A*T*Q ®Q
E), ou F pourra étre L? ou #%, ce dernier étant défini aux paragraphes .
La regle de Leibniz alternée, définie pour tout %,¢ € {0,1,...,d} , s € Q¥@Q;C) et u € QUQ;E),
s’écrit :
VEGsAuw) =d¥ Au+(-1)sAVEu.
Elle permet d’étendre la connexion :
VE: 6°(Q;E) — QY(Q;E)

a toutes les formes a valeurs dans E :

vV Q'(QE) ~ QHQE).
1.1.1 Cohomologie a valeurs dans un fibré vectoriel plat

Le complexe ci-dessous

0 vE 1 vE vE d
00— Q°(Q;E) — QYQE) —> ... —> QYQ;E) —> 0 (1.1.1.1)

est un complexe de cochaines si et seulement si la courbure R¥ = 0. La proposition suivante nous
donne la raison de cette équivalence.

Proposition 1.1.1. Légalité ci-dessous est vérifiée
vEovE =RE,
Une preuve de la Proposition(1.1.1|se trouve dans [BeGeVel.
Démonstration. En prenant les mémes notations que ci-dessus, un calcul direct fournit :
VEVES Au=sAVEVEY,

Cela montre que VZ o VE est Q(Q)-linéaire. Il suffit alors de vérifier cette relation sur les sur les
0-formes u € €°°(Q;E). Pour ces formes, nous avons :

(VEVEW) U, V) = VEVEu - VEVEu -V, Jju=REWU, V)u.

12



Comme la connexion V¥ est supposée plate, le complexe (Q°(Q;E),VF) est un complexe de
cochaines. Rappelons quelques terminologies associées a ce contexte :

Définition 1.1.2 (forme fermée/ forme exacte). Soit u une forme a valeurs dans E, on dit que u
est:

— Ferméesiue Ker(VE), ie. VEu=0.

— Exacte si u € Im(VE), i.e. il existe une forme @ tel que u = VE .

Sachant que VEVE =0, on en déduit que toutes les formes exactes sont fermées. Autrement
dit :
Im(VE) c Ker(VE).

Définition 1.1.3 (Cohomologie a valeurs dans un fibré vectoriel plat). La cohomologie de ce com-
plexe de cochaines est définie par :

. _Ker(VE)
H'@B)=1cr

De maniere plus précise :

Ker(VE : Q*(Q;E) — Q**1(Q;E))

k(). —
VEEO o dl, HARE) =1 (GF . 0 1@iB) — 0FQ:E)

avec les conventions suivantes :
QNQ;E)={0} et QINQ;E)=1{0}.

Un exemple de tel fibré plat sur lequel nous revenons au paragraphe ci-dessous est
pour A > 0 le fibré vectoriel trivial hermitien E = @ x C, muni de la métrique hermitienne A® =
e~2kdz®dz avec V une fonction lisse et de la connexion plate VEZ = d9. Cela permet de voir le
Laplacien de Witten comme un Laplacien de Hodge sur un tel fibré.

1.1.2 Théorie de Hodge

Dans la section précédente, la métrique gT® sur @ n’a pas été utilisée. Pour développer la
théorie de Hodge, cette métrique permet de définir 'espace LQ(Q,dvong ;AT*Q®F), qui contient
les formes a valeurs dans E.

La métrique g7? induit un isomorphisme entre le fibré tangent 7'Q et le fibré cotangent 7* @,
défini comme suit :

TQ — T*Q

Pg1Q : T
o u e lug Q’

ou, pour u € T;Q, la forme LugTQ € T;Q est donnée par :
VoeT,Q, & W) =glr%Wu,v).

Par identification canonique, nous utilisons la méme notation pour la section lisse ¢ zr¢ de End(7Q;T* @)
et pour la forme bilinéaire g79. Avec cette convention, 'égalité suivante est vérifiée :

Vu,veTyQ, g?;Q(u,v)=< u ’ gz;Q(v) >
On note @ e extension de ¢ rq sur l'algebre extérieure par la régle :
Yu,ve ATQ, (pgATQ(u/\U):(PgATQLL/\(PgATQU.
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De méme, on définit ¢ r+¢ a partir de gT°Q = (gT@)1 .
Vu,veT*Q, g' %u,v)= < gT Q@) ’ v >
La métrique sur AT*Q compatible avec g7? est donnée par :
Yu,ve AT*Q, g™ u,v)= < P gnrq(u) | v >
En tensorisant la métrique g7 9 avec la forme hermitienne 2¥, on obtient une forme hermi-
tienne AAT Q®E sur AT*Q ® E, définie par :
Vu,0e Q' (@),Ve,f € €°@Q;E), h M ¥ Ewee,vef)=g"T u,v)hb e, f).

Définition 1.1.4 (Les espaces L2(Q,dvol§Q;AT*Q QF)et LZ(Q,dvong;AkT*Q ® E)). Une sec-

tion u de AT*Q ® E appartient a I'espace L2(Q,dvong;AT*Q ® E) si l'intégrale suivante est
finie :

2 _ AT*QGE
= < 0o0.
”u”LQ(Q,dvolgT,Q;AT*Q@E) /Qh (u,u) dvol grq < o0

Ici, dvolgm désigne la mesure associée a la métrique gTQ. Pour 2 €{0,1,...,d}, 'espace L2(Q,dvol§Q AT Qe

E) est constitué des éléments homogeénes de degré £ de L%(Q,d vong ;AT*Q®E). Nous avons ainsi
la somme directe orthogonale suivante :

L%Q,dvol*;AT*"QeE)= P L%*Q,dvol % \"T*Q e E).
O<k=d

Définition 1.1.5 (La codifférentielle). Ladjoint formel de la différentielle VZ par rapport au
produit scalaire sur L%(Q,d volZ;Q;AT *Q ® E), noté VE* | est appelé codifférentielle :

vEE QU@E) - QTURE) .
Elle est définie par :

VYu,veQQ;E), <u|VEv> =<VE’*u|v> .

LY(Q;AT*QE) L%(Q;AT*Q®E)
Remarque 1.1.6. La codifférentielle satisfait également VE-*VE:* = 0, et le complexe Q*(Q;VE*)
est un complexe de chaines.

Définition 1.1.7 (Le Laplacien de Hodge). Le Laplacien de Hodge AF est un opérateur différen-
tiel défini par :

AE = yEyE | yEyE*
Ce Laplacien agit degré par degré, et nous notons AZ®) son action sur les £—formes pour % €
{0,1,...,d}.

Rappelons que le Laplacien de Hodge est un opérateur auto-adjoint positif, elliptique d’ordre
2 dans le calcul pseudodifférentiel classique sur @, avec une résolvante compacte. Le théoréme
suivant porte sur la décomposition de Hodge.

Théoreme 1.1.1 (Décomposition de Hodge). Lespace L2(Q,dvol§Q;AT*Q ® E) se décompose en
somme directe orthogonale :

L%@Q,dvolt%;AT*Q®E) = Ker(AF)®Ran(AE). (1.1.2.1)

On a également :

L%Q,dvol "% AT*Q 9 E) = (Ker(vE)m Ker(VE’*)) ®Ran(VE) @ Ran(VE-*)

ou 7€ =Ker(AF) = (Ker(VE )N Ker(VE* )) est l'espace des formes harmoniques.

14



Ce résultat classique remonte au moins aux travaux de Gaffney [Gaf] et une version un peu
plus générale pour des problémes a bords en faible régularité est donnée dans [GMM]I, Proposi-
tions 2.3, 2.4 et Corollaire 2.5, et rappelée dans ’Appendice A de [LNV2].

1.1.3 Le Laplacien de Witten semi-classique comme cas particulier du Lapla-
cien de Hodge

Considérons, pour A > 0, le fibré vectoriel trivial hermitien £ = @ x C, muni de la métrique
hermitienne 4% = e 2% dz ® d avec V une fonction lisse et de la connexion plate VE = d€9.

Dans ce cadre, I'espace L%(Q,dqdp;AT*Q ® E) s’identifie & L%(Q,e " *dqdp;AT*Q) par la
transformation unitaire :

| L2Q,dvol*;AT*QE) — L%Q,dvoli;AT*Q)
. VvV .

o v
u — eru
On a alors v 1
od9% ' =d9+ —=—d
A h V,h>
oudy = hd® +dy est la différentielle de Witten. Le Laplacien de Hodge AF se transforme en :
1
ﬁ AV,h ’

avec :
Ay p =h2AC+ gTUVV, VV) + W( Loy + Luv),

ou Ay, est le Laplacien de Witten semi-classique associé au potentiel V, A® le Laplacien de
Hodge usuel sur les formes, et VV est le gradient de V pour la métrique g7<.
1.1.4 Connexion de Levi-Civita

La connexion de Levi-Civita est 1 'unique connexion sur le fibré tangent T'Q qui est compatible
avec la métrique et sans torsion.
La compatibilité avec la métrique :

Yu,v e €¢°@Q;TQ), d(gT9w,v))=gT2VECu,v)+gT9@u,viC).
L’absence de torsion :
Vu,v e €%°@Q;TQ), T(u,v)=VECo-vEiCy _[u,v1=0.

La courbure de la connexion de Levi-Civita, notée RT9 € Q%(Q;End(TQ)), est une 2-forme a va-
leurs dans les endomorphismes de 7'Q. Elle est définie par :

Yu,v,w € €°Q;TQ), RT?(u,v)w= V50V£‘Cw - VfCVfng - V[Luc’v]w.

Proposition 1.1.8 (Symétrie du tenseur de courbure). La courbure RTQ est anti-symétrique par
rapport & la métrique gT9 :

Vu,v,w,z€ €°@Q;TQ), g ®RT(u,v)w,z)=-g"%w,RT®u,v)2).

Les symboles de Christoffel : ‘
Si (e1,...,eq) un repere de TQ et (el,...,e?) le repére dual. Les symboles de Christoffel i)
associés a ce repeére sont définis par :

Vi, jefl,...,d}, Vg‘icej:l"fjek.
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— Si le repére est associé a un systéme de coordonnée alors les symboles de Christoffel satis-
font :

. . k _ k
Vi,j,kel{l,...,d}, Fij = rji’

— Si c’est un repére orthonormé alors les symboles de Christoffel satisfont :

Vi,j.ke{l,....d}, T%=-T}.

1.2 DLespace total du fibré cotangent

L'espace total X du fibré cotangent de @, est naturellement muni d’une projection 7x : X =
T*Q — Q. C’est une variété symplectique exacte définie via la 1—forme tautologique 7 :

VxeX, tTy=nyx.

Il s’agit bien d’'une 1—forme sur 7*X puisqu’elle est le tiré en arriére par 7x de la forme duale
x € T*@Q. La forme symplectique 0 = dt est définie comme la différentielle de 7.
Rappelons quelques quantités liées a cette stucture :

— Energl'e cinétique :
La métrique g7 induit une métrique sur T*Q, notée g7 9, et définit une fonction sur
I’espace total X par :

H(x) = %gT*Q(x,x).

Cette fonction représente I’énergie cinétique, qui est la moitié du carré de la norme mesu-
rée via g7 @ de la forme linéaire x € T*Q.
— Champs Hamiltonien :
Comme toute fonction sur X, I'énergie cinétique - induit un champ hamiltonien 2 défini
par 'équation
lyo +d A =0.

En coordonnées locales x = (¢1,...,q%, p1,...,pq), le champs Hamiltonien s’écrit :

ij 0g"
Y= ~28"(@p,0q, + 5 (OPiPOpe:

1.2.1 Décomposition horizontale verticale du fibré tangent 7X et du fibré co-
tangent 7" X

La connexion de Levi-Civita V€ sur TQ permet de définir, par transport parallele, une dis-

tribution horizontale (TX)H sur le fibré tangent T'X, de sorte que :
dnx (TX)H —TQ

est un isomorphisme de fibrés vectoriels. (voir Figure [1.4).

Plus précisément, si on considere un vecteur e € Ty dans l'espace tangent au point q € @,
alors il existe un chemin y :]—¢,e[— @ définissant le vecteur e = ¥'(0). La connexion VZC sur le
fibré vectoriel T*@Q permet de faire un relévement paralléle du chemin y en un chemin y passant
par x € X = T, Q définit sur 'espace total X du fibré cotangent de @ i.e T

7(0)=x

Txoy
LC

Vy, Y

Il
o=
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FIGURE 1.4 — Transport parallele

Le vecteur e € T, X tel que (x).e = e alors défini par e = y'(0), ne dépend pas du chemin y choisi

pour définir e. La distribution horizontale (T'X )xH au point x est I’ensemble des vecteurs e ainsi
construit. Lapplication suivante est un isomorphisme d’espaces vectoriels

(rxf — T,Q

— e

(dmx)x |(TX)xH :

En choisissant un repére de TQ, on construit un repére de (TX)H via 'isomorphisme ré-

ciproque. Par exemple le repeére (d,1,...,0,4) associé a un systeme de coordonnées sur @ nous

donne (eq,...,eq) comme repere sur TX H g¢fini par :

ei =0, —Thprdp, Vie(l,...d). (1.2.1.1)

La distribution verticale (TX)V est définie canoniquement comme (TX)V = ker(dnx), et un re-
pere de celui-ci est donné par (9,,,...,0,,).

Remarque 1.2.1. Le champ Hamiltonien % associé a ’énergie cinétique # = % gpip j dans ce
repére s’écrit :
% =g"(q)pjei.

Il existe un isomorphisme de fibré vectoriel sur X entre (TX) et 7y TQ donnée par

3 TQ — (TX)H

(x,e) — e=efl”

one=el eT, X etdnx(e)=ec Try)@-
De méme, 'application suivante est un isomorphisme de fibré vectoriel :

eT*Q — (TX)V
aé) — =6V’ (1.2.1.2)

oué=p;dq'e T;;X(x)Q et é=p;0,, € T,X. Un repére de (TX)V est donné par (é1,...,é%), ou :
Vie{l,...,d}, & =0,,. (1.2.1.3)
Le fibré tangent TX de X se décompose en somme directe :

TX =(TX)" o(TX)V.
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De méme, le fibré cotangent T X de X se décompose en somme directe :
T*X =(T*X)" o (T*X)V,
avec :

(T X =((TX)H)* = eT*X Vee(TX),t(e)=0}
T*X)V =(TX)V)* = {eT*X,Yee(TX) t(e)=0}

définis par dualité. De plus, on a :

Vect(el,ez,...,ed)
Vect(é1,...,é4)

(T*Xx)2
(T*x)V

avec .
' el = dqi
Viel,...d}, { é: dpi+rf’jpkdqj-

12

Pour la suite de ce texte, on utilisera toujours un repére adapté pour la décomposition hori-
zontale verticale pour le fibré tangent T'X ou cotagent 7" X de l’espace total.

1.2.2 Meétrique et connexion sur 7'X et sur 7" X

Comme TQ et T*Q sont munis respectivement de la métrique g79 et g7 @. On définit une
métrique sur TX de sorte que la somme directe TX = (TX) & (TX)V soit orthogonale et les
isomorphismes (TX)V = nyT*Q et (TX W = ny TQ soient des isométries. Ainsi dans le repere
(e1,...,eq,éL,...,6%) la représentation matricielle de cette métrique g7¥ = g79 @ gT°? g’exprime
simplement par :

g™ o
( 0 gT*Q)
Dans le repere (el ... e 6q,... ,€4) de TX la connexion vTX - n;((VTQ oVT'Q)sur TX s’exprime
par :
VZiXej = Ffjek VZZ_XQJ = —F{kék
ViXe; = 0 viXel = o.

Remarque 1.2.2. Cette connexion n’est pas la connexion de Levi-Civita associée a la métrique

gTX = n}gTQ ot n}gT*Q sur le fibré tangent.

— La torsion TTX gécrit :

. 1%
Va=(g,p)eX, T™(ese)=-R"), proy, =RT 20,,0,)p #0,

ol RT*Q(Oqi,OqJ‘)pV désigne 'unique vecteur de (TX)X qui s’identifie a RT*Q(aqi,an-)p €
T, @Q via l'isomorphisme donnée en (1.2.1.2).
— Elle est compatible avec la métrique :
dg"™* U, V) =g VXU, V)+ g WU, VHV)

quels que soient les champs de vecteurs U,V considérés.
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De méme le fibré cotangent T*X de X avec la décomposition T*X = (T*X Y e (T*X)V, ot
(T*X)H ~ nyT*Q et (T*X VW = 7y TQ, permet de définir une métrique sur celui-ci

gf? o
0 gTQ

d

et une connexion VI X sur 7*X a laide du repeére (el,...,e?,é1,...,64) sur T*X et du repére

(e1,...,eq,éL,...,6%) sur TX. Pour tout i, j € {1,...,d}

"X ,j — J Lk T*X 5 k 5
Vei* eJ. = _rike Ve,-* é;j rijek
vI'Xel = 0 vI'Xe;, = 0.
e e
1.3 Fibré tiré en arriére n, K =&
Le tiré en arriere du fibré vectoriel E sur la base € définit un fibré vectoriel & = ny, E sur

Pespace total du fibré cotangent X, avec le diagramme commutatif :

PTE

& —— E

e

Xi)Q.

Ce fibré & est naturellement muni d’une structure de fibré plat hermitien. La métrique étant
donnée par h¢ = n;(hE , la tirée en arriére de la métrique sur E :

vu,ve&, héw,v)=hrEprew),prew)),

ou prg désigne la projection de & sur E. La connexion tirée en arriére est définie par :

&
Vg v

pr;:(vgc;v)
q
Véu
e

0

J

Vie{l,...,d}, {
pour toute section v de E qu’on identifie avec son tiré en arriére sur & et le repére (e, ...,eq,6%, ... ,6%)
défini par les égalités (1.2.1.1) et (1.2.1.3).
Loscillateur harmonique verticale & est un opérateur différentiel défini globalement dont
Pécriture locale en coordonnées x = (g, p) et dans un repére du fibré AT*X ® &, adapté a la dé-
composition horizontale et verticale de T* X et plat pour la connexion V¢ sur &, par :

1 S
0= 5(—gij(q)é’éf)+g”(q)pipj). (1.3.0.1)

Loscillateur harmonique vertical s’applique composantes par composantes. la cléture de cet opé-
rateur est auto-adjointe et constitue une intégrale directe, par rapport a q¢ € U ouvert de carte de
@, d’oscillateurs harmonique en la variable du fibre p.

On définit un opérateur sur les fonctions, appelé le Laplacien horizontal Az, par

Ag=(e)) g ej=Ng—g;j6"¢, (1.3.0.2)
ou Ag désigne 'opérateur de Laplace-Beltrami sur les fonctions. Son action est définie par
Agf =div(Vf),

avec div I'opérateur de divergence et Vf le gradient de f associé a la métrique g7%. Le laplacien
horizontal est symétrique sur €;7°(X;C) mais ne posseéde pas de réalisation auto-adjointe évidente
(voir [BeBol).
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1.3.1 Une forme bilinéaire non dégénérée sur AT*X

Grace a la décomposition horizontale-verticale de T'X, on peut définir la forme bilinéaire
n=g"%+bo
sur TX. Par dualité, celle-ci induit une forme bilinéaire ¢ non dégénérée sur 7*X donnée par

Vo,0eT*X, ¢plw,p)=(w|p)y,=(w] nglmT*XxTX-

La forme bilinéaire sur AT*X est donnée par :

Vo,pe AT*X, ¢p(w,p)=(w|pdy, =0 | (A0™)p)aTxxATX,

ou /\(n_l)(wl A= Awg)= (n_lwl) Ao A (n_lwd).

1.4 Le Laplacien hypoelliptique de Bismut

Le Laplacien hypoelliptique de Bismut, dans le cadre de la théorie de De Rham est défini
comme une déformation de 'opérateur de Dirac d + d*. Plutot que de définir ’adjoint de la diffé-
rentielle extérieure a 'aide d’'une forme bilinéaire symétrique définie positive, Bismut le définit
dans [Bis05][BiLel via une forme bilinéaire non dégénérée sur L?(X,dqgdp;AT*X ® &) reposant
sur la forme 7, introduite précédemment et qui combine 2 la fois la structure métrique de (Q,gT9)
et la forme symplectique ¢ sur le cotangent.

1.4.1 Forme bilinéaire non dégénérée sur L%(X,dqdp; AT*X ® &)

La forme bilinéaire définie sur L2(X,dqdp; AT*X ® &) est une forme bilinéaire continue non
symétrique

/ (ulv)y,ensdqdp.
X
Ladjoint formel de la différentielle extérieure d® = V¢ par cette forme bilinéaire non dégénérée
est noté di’*. On a évidement la relation d* 0 d%* = 0.
b bp Py
1.4.2 Définition du Laplacien hypoelliptique de Bismut

Le Laplacien hypoelliptique de Bismut 22, est un opérateur différentiel dépendant d’'un pa-
rametre b > 0, défini par :
2 _ 138 3657 _ 38 18,5 | 18,5 18
A7 =[d ’d<pb 1=d d(pb +d¢b de.
C’est un opérateur différentiel. La formule de Weitzenbock donnée par Bismut dans [BisO5][BiLell

exprime 'opérateur sous la forme suivante :

1 1
Qllz) = b—2a+g[3+y,

avec :
— Lopérateur différentiel a est donné par :

2Ny —d
a=0+"2"C,

ou Ny est le nombre vertical.
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— LDopérateur différentiel B contient a la fois la dérivation par rapport au champ % ainsi
gqu’un terme provenant de la métrique hermitienne A%.
— Lopérateur matriciel d’ordre 0, non borné y contient des termes liés a la géométrie de la
base comme
RT %p,eip,e;)
et aussi des termes qui sont liée a la courbure du fibré vectoriel E sur @
VE w(vE, g% )e;).

Notons également que pour bien traiter la dualité de Poincaré, nous devons travailler avec
deux versions du Laplaciens hypoelliptiques

1
2
AL, = 2" gﬁi R E
pour lesquelles 'analyse est essentiellement la méme.

Nous renvoyons au Chapitre 3 et plus particulierement a la Section [3.2.5| pour plus de détails.
Bismut montre aussi la formule suivante :

_ 1
70 (Y~ ﬂiailﬂi) Tx,0 = §AE, (1.4.2.1)

avec 74 la projection sur le noyau de a.. qui est essentielle pour comparer le Laplacien
hypoelliptique Ql_zt , avec le Laplacien de Hodge AE sur la base, ce point est étudié dans [BiLe] et
repris dans notre deuxiéme article (voir Chapitre [3).

1.5 Les espaces de Hilbert

1.5.1 Lespace L2(X,dqdp;AT*X ®&)

L'espace Lﬁ,(X ,dqdp; AT*X ® &), défini sur les formes différentielles a valeurs dans &, est
introduit en considérant une section w de End(AT*X ® &). Le carré de w est appelé poids, bien
que w soit en réalité une matrice.

Les sections u de AT*X ® & appartiennent a L2 (X,dqdp; AT*X ® &)) si et seulement si :

2 2 AT*X®8
14133 ¢ dqapinr-xos = 1ol = [ ¥ o ww dadp <oo.

L}(X,dqdp;AT Xe6) ~ [
Selon les textes et les situations, la matrice w peux prendre les formes suivantes :

— w =1id dans [NSW1],

Ny Ny

— w={p)” 2 ®idg dans [NiShl],

— w= (p)NV ® idg dans [Lebll et [Leb2l.

Pour une matrice w générale, celui-ci doit satisfaire des conditions pour garantir 'analyse
qu’on fait.

Le produit scalaire sur cet espace est défini par :

AT*X&&
(u | v)r2(X,dgdp;AT* X&) = /Xg (wu,wv)dqdp.

L'application suivante est une isométrie évidente :

L2(X,dqdp;AT*X®8) — L?,(X,dqdp;AT*X®8)

u — wu.

Cette isométrie permet de ramener I'analyse sur 'espace non pondéré L2(X,dqdp; AT*X ® &) =
L?,(X,dqdp; AT*X 8 6).
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1.5.2 DLéchelle de Sobolev

Dans cette section, nous considérons une version simplifiée scalaire du cas général traité dans
[INSW1I. Lespace total du fibré cotangent X = T*@Q =~ @ x [RZZ est non compacte. Par conséquent, les
espaces de Sobolev globaux ne sont pas canoniquement définis et on doit préciser le comportement
des fonctions a l'infini, ici dans 'asymptotique p — oo, des sections.

Localement X s’identifie & T*U = U x [Rg avec U un ouvert borné de [Rg, les opérations natu-
relles sur cet espace incluent la multiplication par ¢°, la dérivation par g, la multiplication par
p; et la dérivation par p; (pour tout i). Les transformations naturelles ¥ considérées sur le fibré
cotangent sont des transformations qui préservent la structure du fibré vectoriel :

d d d d
) Rq X IRp — IRq X IRP
(g,p) — (W(@),A(Qp),

ou g — A(q) est une application bornée de Rg a valeurs dans GI(R?). Lorsque A(q) = '(dw(q)) 1,
on retrouve le cas particulier des transformations symplectiques sur X = T*Q induites par le
changement de variable ¥ sur la base @.

Apres une transformation W(q,p) =(§,p) =&, les opérations se transforment comme suit :

0’ : ? —1y¢
(\P*aqi)\ic = a—qi(q)aqj|3~c+a—qi(q)(A )k(q)p?aﬁju
\P*apiix = A;aﬁjb
p = Alpp
g = v(g).

Il est naturel de construire un espace de Sobolev qui préserve l'ordre de ces opérateurs apres ce
type de transformation :

ord(dg:) = ord(dg) = ord¥.0, ord(05,) = ord(d,,)
ord(q*) = ord(g") ord(p.)

ord(W.0p,)
ord(p.).

Ces relations conduisent a définir les ordres des opérateurs comme suit :

opérateur ordre
0qi ,e; 1
0p, =€ 1/2
xpi,(p) 1/2
champ hamiltonien & 3/2
oscillateur harmonique verticale @ 1

Ces ordres sont définis & homothétie prés. Cependant, en fixant la convention ord(d,-) = 1, ils
deviennent uniques.

Lespace de Sobolev #5(X;C) est construit pour respecter ces considérations sur lordre des
opérateurs. Une fonction u appartient & #°(X;C) si, dans chaque ouvert de carte, elle satisfait la
condition :

kAl Ad
[<p)*0q0;,u ||L2(X,dqdp;m <00,
quelque soit I, € N? et k € N, avec la restriction
|J|+F
2

Un choix légerement différent est fait dans [Leblll, [Leb2] et nous reviendrons sur ce point dans
la Section

1]+

=s.
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1.6 Opérateur de Kramers-Fokker-Planck géométrique

Le Laplacien hypoelliptique de Bismut s’inscrit dans la classe des opérateurs de Kramers-
Fokker-Planck géométriques. Cette classe d’opérateurs a été introduite initialement par Lebeau
dans [Leb1l,[Leb2]. Nous en proposons ici une version qui permet de traiter le cas des formes
différentielles a valeurs dans des fibrés généraux, comme c’est le cas dans la théorie du Laplacien
hypoelliptique de Bismut [BiLe]. Cette version géométrique est définie sur le cotangent d’une
variété riemannienne compacte, X = T*Q, et généralise I'opérateur de Kramers-Fokker-Planck
classique, qui s’écrit sur sur Rg‘ju = T*Rg sous la forme :

~A,+Ipl?—d

O+ —2 £

p q 2 ’

ou

A, +Ipl2-d
5 )

Soit E un fibré plat muni d’une métrique hermitienne A% et d’'une connexion V¥ .

p.0q—04V(q).0p +

Définition 1.6.1 (Opérateur de Kramers-Fokker-Planck géométrique). Un opérateur différentiel
A, p, dépendant d'un parametre b > 0 , défini sur les sections du fibré pull-back & = 73 E sur
X, est un opérateur de Kramers-Fokker-Planck Géométrique si celui-ci s’écrit localement sous la
forme :

Arp= b—]é@’ + %vg + My,
ou:

— O est loscillateur harmonique vertical,

— % est le champ hamiltonien associé a ’énergie cinétique,

— My = Mi(b)pi "‘M?(b)api +My(b), avec M ,Mi2 et My, des opérateurs de multiplications ,

satisfont des conditions spécifiques liées a la matrice w introduite dans la section|1.5.1

Les conditions sur M sont :

1.
_ v1,5(b)
|OwM1(b)w 1||$(7/78(X;g);7/78(x;g)) = Z )

. 1
[wMo®)w™ | 4701978 = Vo.5(B) (1 Tp2)

3. Les constantes vy s et vo s sont telles que :

Cs + 91/0’3

2
16 1+56%).

Vv € (0, +00),v} ((b)b” <
Remarque 1.6.2. Les conditions imposées sur M}, M 12 et My garantissent plusieurs propriétés
importantes pour les opérateurs considérés :
— La substitution locale de Vg par la dérivation scalaire % (définie lorsque l'on fixe un
repére pour E) dans L%(X,dqdp;&) engendre une terme d’erreur Rp. Celui-ci est de la
méme forme que My, a savoir :

Ry =Ri(b)p; + R%(b)dy, + Ro(b),

avec Ri,R? et Ry satisfont les mémes conditions que M, M 12 et M.

— Lopérateur différentiel A, 5, défini sur S (X;&) c LZQU(X ,dgdp;&), est conjugué a un opé-
rateur de méme type mais par rapport a w =id.

— Lopérateur agissant sur #°(X;&) peut étre ramené, par conjugaison, a un opérateur de
méme type défini sur L2(X,dqdp;&).

23



1.7 Résultats

On rappelle que notre problématique consiste a étudier le spectre du Laplacien hypoellip-
tique de Bismut, rappelé en Section en fonction des deux parametres b > 0 (inverse de la
friction) et A > 0 (proportionnel a la température). Plus particulierement nous nous intéressons
a la double asymptotique b — 0% et A — 0% . La premiére étape consiste a écrire des estima-
tions sous-elliptiques les meilleures possibles (exposant de gain de régularité optimal) et un
contréle des constantes dans les inégalités par rapport au jeu de parametre b et h. En fait le
parametre h peut-étre oublié dans un premier et on se concentre sur la classe générale des opé-
rateurs de Kramers-Fokker-Planck Géométriques de Lebeau, rappelée en Section[1.6] C’est 'objet
du premier travail dont le détail est au Chapitre |2 avec une stratégie sensiblement différente de
[BiLelllLeb1l[Leb2] que nous expliquons brievement.

En adaptant les idées de Q. Ren et Z. Tao [ReTal et en utilisant d’'une part les estimations sous-
elliptiques du premier travail et d’autre part des propriétés tres spécifiques du Laplacien hypo-
elliptique, a savoir sa structure de Hodge et des propriétés de PT-symétrie, nous avons pu dans
un deuxiéme texte aboutir a une justification complete de la description du bas du spectre du
Laplacien hypoelliptique dans la double limite 6 — 0* et A — 0", correspondant a la figure
Les deux paragraphes qui suivent résument les résultats et approches de ces deux articles.

1.7.1 Estimation sous-elliptique maximale pour les opérateur de Kramers-Fokker-
Planck géométrique (voir Chapitre 2)

Dans ce paragraphe, nous nous placons dans le cadre des opérateurs de Kramers-Fokker-
Planck géométriques introduits par Lebeau dans [Lebll ( voir Définition [1.6.1| ci-dessus), une
classe d’opérateurs qui contient le Laplacien hypoelliptique de Bismut. Les inégalités sous-elliptiques
présentées dans [Lebll et [BiLel ont été améliorées dans [Leb2] sous forme maximale. On rap-
pelle que ces inégalités sous-elliptiques maximales s’expriment avec un gain de régularité d’ex-
posant maximal, ici 2/3, en lien avec la notion de hypoellipticité maximale d’Helffer et Nourrigat
dans [HeNoll. Par ailleurs, les estimations sous-elliptiques de [Leb2]] incluent un contréle des
constantes dans ’asymptotique b6 — 0" (limite grande friction), mais ne donnent aucune informa-
tion dans le cas b — +oo.

Concernant les techniques employées, la méthode de [Leb2] repose sur une réduction microlocale
via des opérateurs intégraux de Fourier, dans I'esprit du chapitre XXVII du livre de Hérman-
der [HormIII]. Un des objectifs initiaux de cette thése était d’étendre ces résultats au cas d'une
variété a bord. Dans ce contexte, I'usage d’opérateurs intégraux de Fourier s’avere délicate, ce
qui nous a conduit a privilégier une méthode de démonstration purement locale, en reprenant
d’abord le cas sans bord.

De plus, les résultats obtenus améliorent légerement ceux de [Leb2ll, car nous obtenons un enca-
drement des constantes dans le régime b — oo, absent dans les travaux de Lebeau. Par ailleurs,
nous avons pu associer 1’échelle de Sobolev, naturelle pour analyser les opérateurs de Kramers-
Fokker-Planck Géométriques, a un opérateur auto-adjoint géométriquement défini dans le cas
scalaire. Plus précisément, il s’agit de 'opérateur :

W2=C-Ayg+C06?

ou Ay est le Laplacien horizontal sur X = T*@ (voir et le texte de J.P. Bourguigon et
L. Bérard-Bergery [BeBol sur le sujet), @ l'oscillateur harmonique vertical, et C une constante
positive suffisamment grande. Cet opérateur peut étre intéressant pour étudier des modeles ci-
nétiques écrits sur le cotangent d’une variété Riemannienne. A partir de cet opérateur scalaire,
on introduit un opérateur ayant la méme partie principale agissant sur les sections d’un fibré
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hermitien &, ou E est un fibré sur . Pour une partition quadratique de 'unité (6;);cs en q € @,
telle que

VgeQ, Y 0Hg)=1

jed
on définit un opérateur W =Y jesb; Wsc JB ou W represente Iaction de opérateur W2, com-
posante par composante, dans un repere orthonorme du fibré hermitien au-dessus du support de
0;.

On vérifie que Wg2 a une réalisation auto-adjointe et commute au sens fort avec l'oscillateur har-
monique vertical @. Nous introduisons alors les espaces de Sobolev définis par :

WS (X;8) = {u € & (0) (WD) 3 u e LAX,dqdp; &)},

avec la norme Hilbertienne associée :
joren = 1@ WDHE
21l 5155 = NIC 9) 2 ullLex dgdp:6)-
Notons que le cas s; =0 et sg = s correspond aux espaces introduits dans la section

Théoréme 1.7.1. Soit P, p p = 1 =0 + ;Vg + M(b) un opérateur de Kramers-Fokker-Planck Géo-
métrique. Pour tout s € R, il exzste une constante Cgs = 1 déterminée par les données géomé-
triques (gT@ E hE VE), telle que l'opérateur Z—Z + P, p M soit essentiellement maximal accrétif sur
cgg"(X;NtE”‘) (ou F(X;&)) dés lors que xp = Cg (1 + b5). Notons par Pi,b’M la fermeture de Py p u
dans W*(X;&). Linégalité suivante est vérifiée :

lull? +xpllullZ

Kp —
Re <(ﬁ +Pi7b’M)u | v )WS(X,&)

Wis(X;8) Wos(X;8)

8b2
De plus,

— l 1
”(Pi,b,M - ?)u ”7/70’5(X;éf’) + ﬁ [l ”7/70’5(X'é§’)
1

=z —————— |z ulyos + —(+V —iull 0%
Cg,s(1+b7) ” ”7;/0 (Xg) ” ay ”7//0 (X’g)

1 AL Joss
+w”u||;,70,s+2/3(x;g)+ m”(m) u”;io,s(X;éa) . (1711)

Ces deux inégalités sont vraies pour toutes les sections u dans le domaine de I_Jf_,,b’M et pour tout
1,b) € R x (0, +00).

L'inégalité ci-dessus montre que ces opérateurs sont hypoelliptiques avec un gain de régula-
rité d’exposant 2/3. De plus I'inégalité

—s A 1 1 ) Vi
1P p— lg)u”WOvs(X;AT*X@é“) + b2 lellyrosx AT x28) = m YE ||(U) ullypos ;AT x06)

dit que l'opérateur est cuspidal au sens de [Niel, c’est-a-dire que I'on dispose de bonnes estima-
tions de résolvante en dehors d’'un cusp (voir Figure [1.3). Cette terminologie a été inspirée par
celle des opérateurs sectoriels (voir [ReSill).

Pour démontrer ce théoréme, on conjugue 'opérateur P, ; 3 par I'opérateur (Wgz)% qui définit
#05(X;&). Nous sommes amenés a 'étude d’'un opérateur Pipym = (Wg)%PJ_,,b’M(WHQ)_% sur l'es-
pace L2(X,dqdp;&). Lopérateur M’ est simplement une perturbation de la partie principale de
lopérateur :

1 1_g
Pi,b :Pi,b,o = ﬁ@ + iEV@/.
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I1 suffit donc de prouver le résultat dans le cas L2 avec M'(b) = 0.

Une des difficultés pour I'étude de notre opérateur provient du fait que ’espace total X n’est
pas compact. Les opérateurs de multiplication par # et p;, pour tout i, sont des opérateurs non
bornés.

On commence par localiser I'opérateur P, ; dans un ouvert de carte en utilisant une partition
quadratique de I'unité (g;) e sur @, telle que :

VgeQ, ) oi@=L
jed

pour j € J fixé on est dans un ouvert de carte n;(l(U) =~U xR? avec U un ouvert de carte de @. on
utilise deux fonctions lisses 0,0 satisfaisant :

1 .
supp(f) [1,4], supp(6) < [0,4],

et

[e.0]
VieR,, 624+ 0227 =1.
=0

A partir d’elles, on construit une famille de fonctions (6/)_1<¢<+00 définie par :

6(8A4(x))  sit=-1

cette famille forme une partition quadratique et dyadique de I'unité :

veeX, Y 0%x)=1.
(=-1

Voire la Figure pour le support de la fonction 6,. L'étude de 'opérateur P, j; sur X est équi-
valent a I'étude de la famille dépendant de ¢ d’opérateur P, ; agissant sur 'ensemble :

(xeX, 20 < (x) <2/} si0#-1
xeX, <} sif=-1"

Pour / fixé, on effectue un changement d’échelle dans la variable p € T; @ du fibre. On se retrouve
avec l'opérateur :

1( . 0p, Op;\ 1 ..
Pipi=5rs g (@2 p)2'p)-gi j(q)ﬁﬁ - Eg”(2[p Dei

agissant sur I'espace compact

4 —

x,l < #(x)<4) sit#-1
{x, A(x) < 4} sil=-1 "

Par la suite, nous découpons la variété de base U = I]%g en réseau et effectuons une partition
quadratique et en réseau de l'unité, définie a partie d'une fonction ¥ € C6(‘)"’(IRd; [0,1]) telle que :

VqEIRd, Z Y2(g-m)=1.

mez<
Pour un paramétre A >0 et un ¢ = —1 fixé, on pose, pour tout m € Z% :

q—A2‘im)
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FIGURE 1.5 — Partition dyadique : représentation du support de 8, avec ¢ # 0.

FIGURE 1.6 — Partition en réseau sur la base @

de sorte que :
VgeR?, Y W2, (@)=Ll
mez4

Voire la Figure [1.6] qui illustre une cellule de la partition en réseau dans les différentes
couches d’énergies dépendant de ¢. A partir d’'un certain rang en ¢, la taille du réseau A2~¢
devient plus petite que le rayon d’injectivité de la variété Riemannienne . Par conséquent, le
support de ¥,, s 4 est contenu dans le domaine d’'une carte normale centrée en A2 m, pour
mez¢9.

Fixons m € Z%, on se place alors dans la carte normale centrée en A2~!m. Pour s’approcher du
cas Euclidien, on effectue un changement de variable non symplectique, qui peut étre interprété
comme un changement d’échelle en g, donné par :

(q,p)— 27 q,82  9)p).

Remarquons que dans le cas g = (0;;)1<;, j<d, 12 composition des deux changements de variables
successifs (¢, p) — (¢,2¢p) et (¢, p) — (27Yq, p) est le changement d’échelle symplectique, mais ce
n’est plus le cas pour une métrique générale.

Apres ce changement, 'opérateur s’écrit comme suit :

Pipom=Pipr+Rpom,

avec
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— lopérateur
2¢

. 1 24¢ .
Pipe= ﬁ@é - i75upjaqi,

— loscillateur harmonique G, est unitairement équivalent au cas euclidien (¢ = 0)

1 . _
Oy = 5(22é5ljpipj -2 2€5ij0piapj).
L'étude du cas euclidien sur la base des inégalités sous-elliptiques pour l'opérateur d’Airy
complexe, donne I'estimation uniforme en ¢ = —1,

1
Vuey(ng‘i,,m Il @u||Lz<c 1P etz + w5 llull

— Le terme de perturbation Ry ¢ ,,, contient différents termes dont I'un d’entre eux a la forme

TS L 122(gUi (2 g) - 5 )pip; — 2 (g2 q) -5, i)0p,0p 1,
avec |2 /gl < A2,
On voit alors (il en est de méme pour les autres termes contenus dans R, 3 ¢) que R, p ¢
est une perturbation relativement bornée avec borne aussi petite que l'on veut, de Pi,b,g
pour ¢ = ¢y avec o > 1 assez grand .

Nous en déduisons pour ¢ = ¢ avec ¢ > 1, I'inégalité

Kp A Kp = A 1 - A
H(ﬁ+Pi,b,€,m—lg)u||m—||(§+Pr,b,z’—lg)u||m —§||( +Py lg)u”m,

b2
qui permet de ramener I'inégalité sous-elliptique pour P, p ¢, a celle pour le modele euclidien
Pi,b, ¢ aisément déduite de celle pour 'opérateur d’Airy complexe.
Pour I'ensemble fini des ¢ < ¢, les opérateurs de multiplication par % ou p; ( pour tout
i) sont des opérateurs uniformément bornés et les inégalités d’hypoellipticité classiques pour
gij(q)piaqj — %Ap suffisent.

1.7.2 Comparaison entre le Laplacien hypoelliptique de Bismut et le Lapla-
cien de Witten (voir Chapitre 3)

Dans ce paragraphe, nous examinons le Laplacien hypoelliptique de Bismut, noté 2[;)2 v » défini
*h
sur les formes a valeurs dans le ﬁbrgfvtiré en arriére &, du fibré en droites plat £ = @ x C muni
d’une métrique Hermitienne A% = e~ dZdz. Aprés un changement unitaire

L%(X,dqdp;AT*X®¢&) — L*X,dqdp;AT*X®C)
\4

v — e kv,

Popérateur correspondant au Laplacien hypoelliptique 2( 2V sera noté B b,V Dans [BiLel, il est

montré que dans le régime grande friction (b — 0), avec une température ﬁxee h =1, cet opéra-
teur converge vers le Laplacien de Witten sur la base . Shen montre ensuite dans sa these [Shell
que, dans le régime grande friction et basse température avec condition %2 =~1, et avec un poten-
tiel V de Morse accompagné d’un choix de métrique g79 bien adaptée autour des points critiques
du potentiel, I'opérateur converge également vers le Laplacien de Witten sur la base @. Récem-
ment, dans [ReTal, les auteurs Z.Tao et Q.Ren utilisent un probleme de Grushin pour montrer la
convergence, dans un cas plus simple, du Laplacien hypoelliptique scalaire sur la cospheére vers

le Laplacien de Witten sur la base.
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Inspirés par leurs travaux et en vue de notre texte [NSW1[, nous avons envisagé d’adapter
leurs idées a notre cas. En procédant ainsi, nous obtenons une comparaison quantitative des
résolvantes entre le Laplacien hypoelliptique de Bismut B +p,V SUL I’espace total X et le Laplacien
de Witten semi-classique sur la base @. Comme opérateur différentiel ce dernier est défini sur
I’espace total X comme suit :

Uz U.
FXAT X 98) 5 AQAT*QeE) 2 #(QAT*QeE) — F(X;AT*X 9 8),

N

ou:
— lopérateur Ay j, est le Laplacien de Witten semi-classique sur la base @,
— Tapplication U, envoie les formes en ¢ définis sur la base @ dans le noyaux de a.. Dans
le cas +, 'application est donnée par

pour le cas —, la formule un peu moins explicite vient de dualité de Poincaré,
— Tladjoint L2 de Uy, U 1, s'interprete comme une intégrale a poids gaussien le long des fibres
de T* Q.

La résolvante mentionnée ici est définie de maniére similaire. La comparaison quantitative
nous permet d’effectuer une intégrale de contour, donnant une estimation de la différences entre
les projecteurs spectraux définis par les deux opérateurs. Le Laplacien hypoelliptique de Bismut
vérifie la PT-symétrie pour 'involution r: (g, p) — (g,—p) et son action unitaire r* sur les formes,
c’est a dire

* s\—1 _ p*
r Bi’b,%(r) _Bi,b,%

une fois les domaines précisés. En combinant I'estimation quantitative et la PT-symétrie nous
obtenons des informations sur les valeurs propres du Laplacien hypoelliptique de Bismut a partir
du Laplacien de Hodge. On définit g, comme un trou spectral pour le Laplacien de Witten semi-
classique, au sens suivant :
— Dans [CFKSI, pour un potentiel de Morse V, les auteurs distinguent les valeurs propres
du Laplacien de Witten semi-classique inférieures a pj = h?2 des autres.
— Dans [HeSj4], pour un potentiel de Morse V, les valeurs propres inférieures a g = ch,
¢ << 1, sont exponentiellement petites.
— Dans [LNVZ2], pour les potentiels avec un nombre fini de valeurs critiques, il existe une
constante C > 0 telle que pour tout £ < C positif alors :

VA € Spec(Ay 1), (/1 <pn= e_%) = (/1 < e_%).

Théoréeme 1.7.2. Soit g7% une métrique sur Q et V une fonction lisse avec un nombre fini de
valeurs critiques. Dans les cas suivants, il existe une constante Co = 1 assez grande de telle sorte
que :

a) des que bCy < hpp, < h alors toutes les valeurs propres de B £b,Y ayant une partie réelle

inférieure a fT’; sont des réels positifs, c’est-a-dire :
Spec(B, , v)Niz€C,Re z < 24} = Spec(B, , v)n[0,2%]
P i,b,% ’ - h2 =op i,b,% ’ h2 ’

out D(0, %) désigne le disque centré en 0 de rayon % dans le plan complexe et [0, %] désigne
le segment joignant l'origine 0 au point (%,0).

De plus leur nombre, compté avec multiplicité, est lié au nombre de valeurs propres du
Laplacien de Witten semi-classique sur la base, et dépend également du signe +, qui traduit

la dualité de Poincaré.
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b) Sous une hypothése plus forte bA*Cq < hpy, < h avec A = Cy, la comparaison entre le La-
placien de Witten semi-classique et le Laplacien hypoelliptique de Bismut sur les petites
valeurs propres est donnée par :

® +1
h2 ~(p_J’+;f; <1+CoA V2
Wt
ou
— /lyj ih est le j—éme valeurs propres du Laplacien hypoelliptique de Bismut B b,V SUT

les formes de degré p,

d
— /1(_pj ,i_ 2 (V) est le j-éme valeurs propres du Laplacien de Witten semi-classique sur les

formes de degré p — + d
Pour une illustration voir Fzgure

—t
¢) Quand bCq < hpy, le semi-groupe (e i’b’%)bo satisfait :

—tB _n®
o Buny _ s

pef0,...,2d} Jj

(p) »
wL ) |+ Baco,

ou :
— La norme du terme de reste Ry,(t) est contrélée par :

1, 1 o
IRADI 2 L2(xX;AT* X 86) ; LAXAT*X08) ) = b_2(h +;)e w2,

— Les familles de fonctions propres normalisées w'P). ) associées  la famille de valeurs

+,j ,h
propres ()L(f; p) et la famille WP : h) définie par dualité L? par rapport & la famille pré-
cédente, satisfont :

(§2) (p)
max (llu} - l2xar-xes) » 105 5 lL2cxarxs6)) < Co.

Il s’agit dans un premier temps de pouvoir utiliser les estimations sous-elliptiques du premier
texte (cf Théoréme Chapitre 2) de facon uniforme par rapport a 4 €]0,4¢]. Cela se fait par
un argument de dilatation riemannienne. Pour simplifier, nous présentons maintenant la straté-
gie du deuxieéme texte (Chapitre 3) pour démontrer le Théoréme ci-dessus dans le cas 2 = 1.
Inspirés par [ReTal, nous développons une approche de type probleme de Grushin pour le Lapla-
cien de Bismut (apres conjugaison), B, ;v . Suivant la stratégie de Q.Ren et Z.Tao, nous intro-
duisons une version modifiée, By 5 v + Q4 1,v, de cet opérateur avec une inversibilité renforcée,

ou
Ca+Av 1

QaLy =AU zap U=

et y est une fonction plateau satisfaisant :
supp(y)c[-2,2] et x()=1 pour¢e[-1,1]

En fait d’inversibilité, 'opérateur B, v + Q4 1,v — 2 devient inversible pour z € B(0, A;) grace a
une nouvelle estimation sous-elliptique sans reste pour B, , v + @4 1 v — 2z déduite en partie du
Théoréme Lopérateur matriciel

B, ,v+Qarvr—2 R-
- 7h
R, 0
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avec R_=U, et R, =UJm. est alors inversible d’inverse

E E.
E. E_.|

Le complément de Schur donne
(Bipv+Qarv-2 '=E-E,E_'E_

et il s’agit de faire un raisonnement perturbatif pour en déduire des estimations pour (B 3 v).
C’est 1a que le point de vue probléme de Grushin fait gagner en efficacité par rapport a une ap-
plication directe du complément de Schur comme elle est faite dans [BiLe]-Chap. XVII, puisqu’il
g’agit finalement comme indiqué dans [SjZw] de faire une étude perturbative pour les matrices
blocs inversibles et étudier

(Bi,b,V_Z R—)_l_(BJ_r,b,V+QA,L,V_Z R_)_l

R, 0 R, 0
Lutilisation de la formule de Bismut (1.4.2.1) et la formule du complément de Schur
-1

o~ 1= B -z R_ E E_
Al -1 16,V -z -
(Bi,b,% 2) E-E,E"E_ avec ( R. 0 ) (E+ E_+)

conduit alors a

AZ
1+ ————)bA 2+ A2
dist(z, 5Av 1)

C

S
1+56+/|Im z|

. 1 1y
I(B+pv —2) 1—U(QAV,I—z) YU gqisirs) <

sous les conditions

2
C,max(Ab,b,A <1 , |Re(z) < A? et dist(z,spec(%Av,l)) >CbA* .
Nous renvoyons en particulier a la Proposition (3.4.4]

Pour résumer, une discussion détaillée du choix de A, cette fois avec le jeu des deux para-
metres b >0 et A > 0, donne alors, par intégration de contour des résolvantes, la comparaison des
projecteurs spectraux :

”ﬂF,Bi’b,V - U”F,%AVU_IH,?(LZ;LZ) <1,
ou I' désigne un contour du plan complexe bien choisi (voir Section du Chapitre |3 et en
particulier la figure , nr,B.,y est le projecteur spectral associé a I'opérateur B. 5 v pour ce
contour I' et Tp 1p, €st le projecteur spectral associé a 'opérateur %AV , pour ce méme contour.
A partir de 1a, on utilise de fagcon combinée, la propriété de PT-symétrie et la structure de Hodge
de Bi,b,V|Ra NG, , ) pour obtenir la comparaison précise de toutes les valeurs propres prises

individuellement.

1.8 Compléments

1.8.1 Les différents espaces de Sobolev

Lebeau, pour le traitement a I'infini, construit ses espaces de Sobolev a ’aide d’'une compac-
tification projective fibre par fibre. La différence entre les espaces introduits par Lebeau dans
[Leb1ll [Leb2] et les espaces introduits dans la section réside en un choix différent pour les
opérateurs d’ordre 1 pour définir ces espaces.
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Lebeau considére les opérateurs (p)d,, # et 9, comme des opérateurs d’ordre 1. Ces considéra-
tions conduisent a la définition suivante :

VseN, (uew®)e=( Y  I1#"p)dp) dlulgz <oo).
I,JeN? keN
[I|+|J|+k<s
La symétrie de l'oscillateur harmonique verticale &, symétrique en p et d,, n’est pas reflétée dans
le choix des opérateurs fait par Lebeau.
Dans les travaux de Nier et Shen (voir [NiShl), ils choisissent de traiter I'infini a ’aide de 1’oscil-
lateur harmonique :

~ k
ko Jal
VseN, (we#®)=( ) 72050 ull 2 < 00).
I,JeN¢ N
II)+ 2Lk <

Dans la méme lignée, dans [NSW1I, nous avons pu associer & ces espaces 'opérateur W2 , voir
Proposition [2.3.5], auto-adjoint qui les rend plus simples a4 manipuler.

Pour I'échelle %', la multiplication par ./, la dérivation d, et la multiplication par {(p),0, sont
d’ordre 1. Pour I’échelle #, on demande en plus que 6?, soit d’ordre 1, d’ou I'inclusion :

VseN, WScw®.
Dans l’'autre sens, on a :

1
(76p>2 < ((p)0,)*((p)d)),
d’ou 'on déduit que :
VseN, wW¥Ecws.

On en conclut que :
Vse2N, WScwscws,

et ainsi I'espace de Schwartz des fonctions lisses a décroissance rapide par rapport a p égale

FS=N\#W°'=N\"°,
seN seN

et par dualité, 'espace des distributions tempérées (la tempérance valant pour la variable p) est

S=Uwe=Uw.
seN seN

1.8.2 Une histoire de poids

La différence entre la dérivée de Lie et 1a dérivée covariante est un tenseur, opérateur d’ordre
0, donné par :
Loy ~Va =piMi+ My,

ou M i et My, pour tout i, sont des opérateurs bornés sur L2(X;AT*X ® &), mais la différence
est un opérateur de multiplication non borné sur cet espace. Il est nécessaire d’introduire un
poids w?, avec w = (p)w ou w = (p)™v | pour que la différence soit un opérateur borné sur
L?U(X ;AT*X ® &). Cela permet donc de remplacer la dérivée de Lie %y, qui ne préserve pas la
décomposition horizontale/verticale, par la dérivée covariante Va , qui préserve cette décomposi-
tion.

Le Laplacien hypoelliptique de Bismut, en tant qu’opérateur non borné, est défini sur ’espace
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L2(X;AT*X ® &). Aprés conjugaison par w pour se ramener a 'espace L2(X;AT*X ® &) sans
poids, elle s’écrit sous la forme :

- 1
Py + 5<p>2R,

ou Pp, désigne un opérateur de Kramers-Fokker-Planck Géométrique et R un opérateur de mul-
tiplication borné.
Dans le régime de grande friction b — 0 , I'inégalité sous elliptique (1.7.1.1) nous dit :

YueD(Py), | % (p)’Ru lL2x:AT* x06) < C10ll b—lzﬁu lz2cx:AT*x88) < C2b 1Ppu lz2(x ;AT X 28)
(1.8.2.1)
donc le Laplacien hypoelliptique est une perturbation relativement bornée dun opérateur de
Kramers-Fokker-Planck Géométrique, avec une borne aussi petite qu’on le souhaite, pourvu que
b soit assez petit.
Conclusion : Dans la limite & — 0 le choix d’un poids est sans effet sur ’analyse. En revanche
pour la limite b — +oo, on doit faire face a deux difficultés. D’une part, le modele dit de Kramers-
Fokker-Planck géométrique est plus compliqué et demande une compréhension de la partie domi-
nante de 'opérateur, a savoir le flot géodésique qui domine le comportement diffusif. D’autre part,
le bon choix du poids w? est important pour assurer la comparaison du Laplacien hypoelliptique
de Bismut avec le modele de I'opérateur de Kramers-Fokker-Planck géométrique.
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Abstract

In this article we reconsider the proof of subelliptic estimates for Geometric Kramers-Fokker-
Planck operators, a class which includes Bismut’s hypoelliptic Laplacian, when the base man-
ifold is closed (no boundary). The method is significantly different from the ones proposed by
Bismut-Lebeau in [BiLe] and Lebeau in [Lebl] and [Leb2]. As a new result we are able to prove
maximal subelliptic estimates with some control of the constants in the two asymptotic regimes
of high (b — 0) and low (b — +o00) friction. After a dyadic partition in the momentum variable,
the analysis is essentially local in the position variable, contrary to the microlocal reduction tech-
niques of the previous works. In particular this method will be easier to adapt on manifolds with
boundaries. A byproduct of our analysis is the introduction of a very convenient double expo-
nent Sobolev scale associated with globally defined differential operators. Applications of this
convenient parameter dependent functional analysis to accurate spectral problems, in particular
for Bismut’s hypoelliptic Laplacian with all its specific geometry, is deferred to subsequent works.

MSC2020: 35G15, 35H10, 35H20, 35R01, 47D06, 58J32, 58J50, 58J65, 60J65

Keywords: Geometric Kramers-Fokker-Planck operators, analysis on manifolds, cotangent to-
tal space, subelliptic estimates, global pseudodifferential calculus, commutation of unbounded
operators.

2.1 Introduction

2.1.1 Background and Motivations

In [Bis041[][Bis042][Bis05] J.M. Bismut introduced the hypoelliptic Laplacian which can be
viewed alternatively as a deformation of Hodge theory on the cotangent bundle or as a gener-
alization to the case of arbitrary degree differential forms of the Fokker-Planck equation (often
specified as Kramers-Fokker-Planck equation in this case) associated with the Langevin process.
Very rapidly J.M. Bismut and G. Lebeau made in [BiLell a careful analysis of families of such
hypoelliptic Laplacians indexed by a parameteer b > 0, proving in particular the spectral conver-
gence as b — 0% of the hypoelliptic Laplacian to the Hodge Laplacian on the base manifold. It was
in the mood of those times to develop the accurate spectral analysis of parameter dependent non
self-adjoint hypoelliptic operators and we refer the reader to [Davl[DSZI[HerNil[HHSI for works
in this direction which still have many developments. In [BiLe] J.M. Bismut and G. Lebeau
combined such involved microlocal and semiclassical spectral analysis with the heavy geomet-
rical construction of the hypoelliptic Laplacian and this was continued by S. Shen in [Shel, for
the double parameter asymptotics where the first limit 6 — 0* allows to recover a semiclassical
Witten Laplacian on the base manifold let say with a parameter A — 0% which leads to Morse
theory as in [Witl[[HeSj41[Zhal. In [LeblllLeb2l, G. Lebeau introduced a general class of non
self-adjoint hypoelliptic operators for which accurate subelliptic estimates, a corner stone of the
spectral asymptotic analysis, can be proven.

About the Witten Laplacian on the base manifold, it was realized in [LNV1][LNVZ2] that the in-
troduction of artificial boundary value problems, associated with a suitable cutting and gluing of
the manifold, was a very convenient and robust way for the generalization of the accurate spec-
tral asymptotic analysis with a potential which can be more general than a Morse function. Such
accurate spectral analysis was motivated by various questions related with molecular dynamics.
This raised the question of understanding similar problems for the Langevin process, where the
arbitrary degree form formulation, involves boundary value problems for the hypoelliptic Lapla-
cian. The functional analysis was started in [Nie][NiSh] for fixed hypoelliptic Laplacians, which
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means with no parameter. The asymptotic spectral analysis with respect to one parameter b >0
or two parameters (b,4) € (0, +00)? remains to be done.

In this direction, the microlocal reduction approach proposed by in [BiLellLeb1l[Leb2] appears
to be not well adapted for a similar asymptotic analysis of boundary value problems. The present
article proposes an alternative approach which relies on some local approximation of the hy-
poelliptic Laplacian on the cotangent T*@ of a general compact Riemannian manifold @, by the
euclidean version. This euclidean approximation relies on the use of normal coordinates around
a point q¢ € @ while the Taylor expansion of the metric leads to controlled error terms in balls
B(qo,7b,p)) parametrized by the parameter b > 0 and the size of momentum variable p € Ty @ .
While doing so we are able to provide a control of constants in the global subelliptic estimates not
only as b — 0" but also as b — +oo which can be of interest for further developments. The spectral
analysis as b — 0% proving the spectral convergence to the Hodge or Witten Laplacian on the base
manifold, will be carried out in another text. Compared to the works of [BiLellShel, the approach
proposed here makes possible an easier extension to boundary value problems and a more direct
connexion with standard tools of spectral analysis like Grushin problems (seelSjZwi) and other
related works with similar spectral problems studied in [ReTal[Droll[Smil. In particular, global
Sobolev scales #5152(T*Q), s1,s2 € R, are associated with a pair of commuting self-adjoint opera-
tors which make use of the scalar horizontal Laplacian associated with a Sasaki type metric. This
synthetic formulation, of which the properties nevertheless rely on some global pseudodifferen-
tial techniques, was inspired by [ReTall and [BeBol. Again, it will allow a rather direct adaptation
of techniques developed for simpler spectral problems, namely scalar operators on a compact to-
tal space within the framework of standard Sobolev spaces, to the more involved framework of
the hypoelliptic Laplacian (and possibly other global analysis problems on the total space of the
cotangent bundle X = T*Q).

2.1.2 General Framework

In this text we shall consider geometric Kramers-Fokker-Planck operators on X = T* @, where
(], g) is a smooth compact d-dimensional Riemannian manifold without boundary. Points in X
will be denoted by x, and nx : X — @ will denote the natural projection T;‘Q 3x+— g €@ . Local co-
ordinates on @ will be denoted by (¢!, ... ,q%). We shall use Einstein’s convention of summing over
repeated up and down indices. If ¢ € @ and (U,q,...q%) is a local coordinate system for @, then
an element of the fiber p € T;‘Q will be written p =pjdqj, and (¢1,...,q%,p1,...,pq) will denote
canonical coordinates in U xR?% ~ T*U < T*Q . If local canonical coordinates (¢*,...,q9%, p1,...,pq)
have been fixed in a neighborhood T*U of a point x € X , then we shall write x =(q,p).

The metric g on @, i.e. on the tangent bundle n7¢ : TQ — @, will be denoted by g(q) = tg(q) =
(g Jk(q))lsj,ks Jorg=g jk(q)dqj qu . The corresponding dual metric on the cotangent bundle
nr+q : T*Q — @ will be denoted by g g = (gjk(q))lsj,ksd . Let VL€ be the Levi-Civita connection
on the tangent bundle 77 : TQ — @ associated with the metric g. By abuse of notation, we shall
also denote by V€ the connection on the tensor bundle

f"/—(k’[)TQ:TQ®"'®TQ®T*Q®"'®T*Q (2.1.2.1)

k times ¢ times

induced by the Levi-Civita connection on T'Q for every k,¢/ e N. If ¢ = (¢1,...,q%) are local coor-
VLC

dinates for @, then the Christoffel symbols associated the Levi-Civita connection are given
by
¢ =Ltgtaqo,, 0,48aj—0gagjr), 1<j,k,l<d 2.1.2.2)
jk—§g ( ¢/ 8ak t0gk8aj— q“gjk), =R, 0=a. (2.1.2.
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The connection VEC gives rise to a global decomposition
TX=THXoT"X, (2.1.2.3)

where TV X = ker(drny) is the vertical subbundle of TX associated with the projection 7x and
THX is the horizontal subbundle of TX defined at each point x € X by

Tf X ={y'(0): there exists ¢ > 0 and a smooth path y : (—¢,¢) — X such that ( )
2.1.2.4
7(0) = x and ngX(Y,(t))y(t) =0forall —e<t<e}.

In terms of local coordinates for X, the subbundles 72X and TVX may be described as follows.
If (¢1,... ,qd,pl, ...,Ppq) are local canonical coordinates for X, let

o] ¢ 0 .
ej_@-i-rjk(q)p[aka’ 1S]Sd, (2.1.2.5)
and let
;0 )
e=—1/)  1=<j=d. (2.1.2.6)
op;

Together these vector fields form a local frame (e, ...,eq,é",... ,%) for TX and locally we have
THX = span(ey,...,eq) (2.1.2.7)
and

TVX = span (61,...,Ed) . (2.1.2.8)

Since for every x = (¢, p) € X the differential dnx|, restricts to a linear isomorphism Tf X—-T,Q
while T}C’ X= T;‘Q , the decomposition (2.1.2.3) yields the identifications

TX =73(TQaT*Q). (2.1.2.9)

The total tangent space TX = T X & TV X is equiped with the metric n;‘((gé g~ 1), simply written
g ® g L, by using the above identification. Clearly horizontal (resp. vertical) vector fields on X
are given as sections in €°(X; THX) (resp. €°°(X;T" X)). Specific subspaces of horizontal (resp.
vertical) sections are provided by the fact that induces a natural imbedding

ig: 6®Q;TQOT* Q) — €X(X;n%(TQeT*Q)) = €°(X;TX)
and we introduce
G X TIX) = ig(6°Q;TQ)) « 6°(X; T X),
resp.  65°(X; TVX)=i,(6%@Q;T*Q) c ¢™(X;TVX).

These spaces ‘650(X :THX) and cgcf’zc’(X :TV Q) are €°(Q;R) modules. Additionally on €°(Q;TQ &

T*Q) a €*-norm can be fixed once and for all by using a finite partition of unity subordinate to
an open chart covering @ = U}]:l ); while changing the atlas and the partition of unity gives an

equivalent norm. We therefore can speak of |1, for T € ‘650(X THX) and T € Cég’(X TV X)
without specifying its expression.

It will be convenient to use the following families of vector fields.
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Definition 2.1.1. For any N € N and any k£ € N, the set 9’1\1;[}3 (resp. F/'A‘,’k) is defined by

T =A@, T e e TN  Vje il N IT g <1},
resp. TN, ={TY,... TR €CFXT XN, Ve (l,....N}ITY lgr <1}
By duality, we also have the identifications
T"X=T'QaeTq. (2.1.2.10)
If (¢1,... ,qd,pl, ...,pq) are local canonical coordinates for X, we let
e/ =dq’/, 1<j<d, (2.1.2.11)
and
é\j=dpj—rik(q)p[qu, 1<j<d. (2.1.2.12)
It is clear that (el,...,e%,&1,...,64) is a local coframe for T* X, and locally it is true that
(TP X)* = span (el,...,ed) (2.1.2.13)
and
(TVX)* =span(@y,...,e4). (2.1.2.14)

We also note that X is naturally a symplectic manifold with respect to the usual symplectic
form o given in local canonical coordinates (g, p) by

dpjndg’. (2.1.2.15)

d
g =

j=1

Since 0% # 0, the manifold X is orientable, and we orient X so that every local canonical coordi-
nate system (g, p) is positively oriented. The volume form on X for the metric g ® g~ ! is denoted
by dvolx and given locally by

dvolxy =dq ' A---Adq? AdpiA---Adpg. (2.1.2.16)

The volume form dvoly is related to o by

d(d+1) Ad

1
dvolyx = 5(—1)70 (2.1.2.17)

In particular, if H € C*°(X;R) and % is the Hamilton vector field of H with respect to the sym-
plectic form o, i.e. & is the unique smooth vector field on X such that .50 = —dH, then the flow

®! = exp(t%) on X generated by & preserves dvoly . In this text, we will be primarily concerned
with the situation in which H is the kinetic energy

1 1 .
H(g,p)=3 Ipl2 = §gfk(q)pjpk. (2.1.2.18)
In this case, the Hamilton vector field % of H is given locally by

» =g'*(q)pjer, (2.1.2.19)
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where e, is as in (2.1.2.5), and the projections of the integral curves of % to @ by nx are precisely
the smooth geodesic curves of the metric g. We will use also the metric-dependent Japanese
bracket

(P)g =1 +1pID)2=1+g"(@pip)"?, (2.1.2.20)
while the notation
. d
Py =1 +Ip»H2=1+6"p;p )21+ Y pH'2, (2.1.2.21)
i=1

will be used for the euclidean version.
Let E 2% @ be a smooth complex vector bundle over @ of complex dimension N that is equipped
with an affine connection VZ and a Hermitian metric g€ . Let & := nyE 2%, X denote the pullback

bundle of E 2% @ by the map 7x : X — @ . Locally, smooth sections u of & Z¢, X have the form

N
u@) =Y u@)f’(q), x=(g,peX, (2.1.2.22)
/=1
where (f Loy ) is a smooth local frame for E = @ and ui,...,uy are smooth locally defined

complex-valued functions on X . We equip & Z¢, X with the pullback connection V¢, which is
defined using the decomposition (2.1.2.9) of TX by the relations

(iju) (x) =:sz

=1

(ejun@f @)+ @)
aq/

N N (2.1.2.23)
(VEu)w =Y @uo@f@= Y 0pu0wf(@, x=(@peX, 1<j=d,
/=1 /=1

whenever u € C*(X;&) is of the form . Because the connection V?V is trivial for Ty €
TXV , the covariant derivative with respect to a vertical vector field will be identified with the
associated scalar first order differential operator. Accordingly the vertical Laplacian and the
vertical harmonic oscillator, written locally as,

1 1
Ay = Y 5gjk(q)vg;’i.v‘ei= Y 584(@)0p,0p, (2.1.2.24)
1<j,k=d 1<j,k=d
_ 1 L
0 = -0+ Iplg. (2.1.2.25)

are globally defined operators, which happen to be scalar differential operators in the sense that
in any local frame L., M) ofE@Q,

N N N N
Ap(Y urfi@) =Y (Dpun)@fi@) and G(Y ue)f(@) =Y Ou)x)f'(q).
£=1 £=1 =1 =1

We also equip the bundle & with the pulled back Hermitian metric g defined by

gw,u)="Y ug@u, ©g"(f (), f?q), x=(q,peX, (2.1.2.26)
01,02

where u = Y u/(x)f%(q) and u’ = Zu’[(x)ff(q). Using the Hermitian metric g€ on & and the
volume form dvolyx on X, we may introduce the Hilbert space L?(X;&) of square integrable
sections of & as follows. The space L2(X;&) is the set of measurable sections u such that

(W, ur2x.6) z/ gf (u(x),u(x)) dvolx(x) < +oo, (2.1.2.27)
X
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and it is a Hilbert space for the scalar product
(W1, u2)r2x;s) =/ gf(ul(x),ug(x)) dvolx(x), (2.1.2.28)
X

in which 6;°(X;&) is dense.

By recalling dvolx = dgdp , the operator @ is clearly self-adjoint with its maximal domain D(C) =
{u e L*(X,8),0u € LA(X;8)} , in which €°(X;&) is dense with the graph norm. It is also bounded
from below by % and V@ is well defined.

Let us now introduce some Sobolev type spaces, taking into account the different homogeneities
ofe;, p; and 0, .

Definition 2.1.2. For £ € N and u a sufficiently regular section of &, we define

lwllyn = sup H <p>é)’3v§H...v§H Ve Vo u , (2.1.2.29)
N1+N2;N3 <k 1 Ny 1 Ny L2(X;&)
(T,...TR DTN,
(T, TNDETy 4
and we take
~ oIl
Wi (X;8)=CP(X;&) . (2.1.2.30)

The space # (X ;&) is then defined for all s = 0 by interpolation and for s < 0 by setting #°(X;&) =
W ~5(X;6))* .
Finally the space # 15(X;&) is the space

W (X.€) = {u eWS(X:8), VOue WS(X;g)}

endowed with the norm ||V& ullyps -

Remark 2.1.3. The supremum norm over the families of vector fields ensure the geometrical
global meaning of the functional spaces #*(X;&) and therefore of #5(X;&) and # 15(X;&). It is
not the most convenient definition and in particular their Hilbert nature is not obvious here. A
more convenient presentation in terms of local coordinates and then the use of a specific pseudo-
differential calculus presented in Appendix [2.E]is detailed in Section[2.3]

Although those spaces are modelled on Lebeau’s spaces in [Leblll[Leb2] they slightly differ, e.g.
the case s = 1 allows Ny = 2 with two vertical derivatives bounded in L2 .

We shall define geometric Kramers-Fokker-Planck operators as second order differential op-
erators acting on sections of the pullback bundle & that depend on a parameter b € (0,00). Our
definition will be slightly more general than that of Lebeau [Leb1][Leb2] but in the same spirit.

Definition 2.1.4 (Geometric Kramers-Fokker-Planck Operator). A Geometric Kramers-Fokker-
Planck (abbreviated as GKFP) operator is a b-dependent operator P. j, + M(b) acting on C3°(X;&)
or (X ;&) with

and VseR, M@Ob)e LHY(X;8);W(X;8))

where % is Hamilton vector field of the kinetic energy (2.1.2.18) with respect to the symplectic
form o and @ is the vertical harmonic oscillator.
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Actually the term M(b) will appear as a perturbative term for which the norm estimates of
I M) LAV ) with respect to the parameter b > 0 can be discussed afterwards. Actually all the
analysis focuses on the case M(b) = 0. The Hérmander Theorem about sum of squares and type II
operators (see [Hor67]]) provides the local hypoelliptic nature of the geometric Kramers-Fokker-
Planck operator P, j; for every b € (0,00). By following the method of Lebeau in [Lebll[Leb2l
our aim is to provide accurate subelliptic estimates with the best regularity exponents, that will
also account for the behavior of P, ; as either b — 0" (the large friction limit) or b — oo (the low
friction limit).

2.1.3 Statement of the Main Result

Remember the following notion.

Definition 2.1.5. In a Hilbert space $) and densely defined operator A : D — §) is called essen-
tially maximal accretive, if it is accretive, therefore closable, and if it admits a unique maximal

accretive extension equal to its closure A :D(A)— $ with D(A) = l_)” la , IIuIIi = IIuII% + ||Au||% .

The main result of this paper is the following subelliptic estimate for geometric Kramers-
Fokker-Planck operators.

Theorem 2.1.6. Let P, j = b—lzﬁ + %Vg . There exists a constant Cg = 1 determined by the geometric
data (g,E, g% VE) such that the operator Z—’g + P, p is essentially maximal accretive on 65°(X;&)
(or on F(X;&)), when xp = Cg(1+ bd). Ifl_-"i,b denotes its closure, the inequalities

K JE—
Re(u,(b—g +Pupwn = 5 [lul,, +x, lulZ.] (2.1.3.1)
and
— iA 1 1 (7} 1
P.y- = — S — ~(+vé —ia
“( +.b b)u Lz+b2 ”ul|L2>Cg(1+b)7( bzu L2+ b( o — 1 )u L
+L lull .2 + (ﬂ)mu )
bp4/3 W3 (p)q 12
(2.1.3.2)

hold for every u € D(}_)J_,,b) and every (A,b) € R x (0, +00).

The proof of the Theorem [2.1.6| can be found in Section [2.6, Other results involving the
realizations of P, ; in the Sobolev spaces #°(X;&) or other perturbative results will be deduced
as corollaries in Section

2.1.4 Outline of the article

In Section an elementary integration by part provides the first a priori lower bound for
Re(u,P4 pu). This implies that the analysis of P, ;, can be localized in the g-variable via parti-
tion of unity. Comparison of different connections can be done locally which reduces the problem
to purely scalar operators and then the essential maximal accretivity on 65°(X;&) or #(X;&) is
proved.

The Sobolev spaces #°152(X;&) are then studied in Section After a localization via par-
tition of unity, the Definition is characterized in term of the suitable pseudodifferential
calculus, local in the g-variable but global in the p-variable. The construction of this pseudod-
ifferential calculus relying on standard techniques, nevertheless to be adapted, is detailed in
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Appendix Section ends with a very convenient global characterization of these Sobolev
spaces #°152(X;&) in terms of the functional calculus of two geometrically defined commuting
self-adjoint operators, namely @ and W2 = C — Ay + C6O? where Ap is a scalar horizontal Lapla-
cian.

Section is devoted to the localization process. A dyadic partition of unity in the p-variable
is used and then once the parameter 2/ of the dyadic partition if fixed, a grid partition in the
g-variable with the spacing 27/ is introduced. Near point of the grid, a Taylor expansion of the
metric in normal coordinates expresses the scalar GKFP operator as the euclidean one with a
(2/,b)-dependent error term.

In Section[2.5|the maximal subelliptic estimate, where the exponent 2/3 is obtained via the model
problem of the one dimensional complex Airy operator, is recalled. Actually the uniform estimates
with respect to the parameters (b,27,1) € (0, +00)? x R are carefully checked.

Section gathers the local comparison of the scalar GKFP operator with the euclidean model
of Section with the uniform estimates of the euclidean model. Error terms due to the two
partition of unities (dyadic in p and 2/-dependent grid in ¢) happen to be controlled by the lower
bounds of the parameter dependent euclidean model. While doing this, intermediate parameters
of the grid partition must be tuned carefully according to the two regimes 2/ >>1or 2/ <C.
Section completes Theorem with various consequences or precisions. In particular the
b-dependence of the perturbation M () in Definition [2.1.4] which allows the generalization of
Theoremis specified. A corollary is the W9*(X ;&) version of Theorem where a simple
conjugation reduces the perturbed operator in L2(X,dqdp;&).

The Appendices gathers known material. A rather long paragraph is about the global pseudod-
ifferential calculus on the total space X = T*Q. As already said, it follows the general approach
but things have to be specified in particular for proving, via the Helffer-Sjostrand formula, that
functions of self-adjoint globally elliptic operators in this class are pseudodifferential operators
with a good asymptotic expansion.

2.2 Reduction to a scalar operator

Here we write first a priori estimates for Geometric Kramers-Fokker-Planck (GKFP) opera-
tors coming from a simple integration by parts. The essential maximal accretivity of g—g +P.yp
is checked and all the perturbative terms coming from a partition of unity in the g-variable will
be shown to be of lower order with a uniform control of the constants w.r.t . Similarly a local
change of connection happens to be of lower order and this reduces the problem to local scalar
GKEFP operators.

2.2.1 Integration by parts and maximal accretivity

Proposition 2.2.1. Let P, j = 1 =0 + ;Vg There exists Co = 1, determined by the geometric data

(g,E,VE, g®), such that for all b >0, AeRand for xp = Co(1 + b?) the inequality
Re(u, (-2 + P, —idu) >i[||u||2 tplullaye| @210
) 2 i,b LZ(X;éa) = 4b2 WI’O(X;B) b LZ(X;é") Lo L.

2
and +P,p—ilu (2.2.1.2)

L2(X;8)

2
|Gs = oo (1l o)+ 0
holds for all u € 6;°(X;&).

Before proving this result let us specify the formal adjoint of Vg . Start with the vector bundle
ng - E — Q and the data (VF, gF) and consider the dual connection with respect to g% given by

XgP(s,s)=g"(s, Vs + g5 (Vy"s,s).
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The unitary connection

differs from VZ by
1
vEu _ygE = §w(vE,gE) € 6°(Q;T*Q ® End(E))

With the pull back we obtain with & = g/ (q)p;e j written in a local canonical coordinates system
Vo -G = 1 ”(q)plw(VE,gE)( 2)=a'@p;i , a'(q)eEnd(E,)

We also recall the formula

Vo,w € €°(X;8),VT € €°(X;TX), /ng(v,v?“w)dvolx = —/X g% (V5" v,w)+div(T)g? (v, w) dvolx

while here dvoly =dqgdp and div®% =0.
We find that the formal adjoint of Vg is nothing but

. 0 .
(V5" = V?)—g”(q)piw(VE,gE)(@)z—vg—a‘(q)pi. (2.2.1.3)

Proof of Proposition[2.2.1] Let U 12 = Q be a finite open chart covering of @ and let ZJ 10 i(q)? =

1 be a subordinate quadratic partltlon of unity, p; € €;°(€2;[0,1]). Because V@, ,Pip,0, are at
most first order differential operators in g we get

Kp . Kp .
(u ) (ﬁ +Pi,b - lA)LL)LZ(X;éa) = ;(uj, (ﬁ +Pi,b - l/l)l,tj)LZ(X;g)
]:

5 5 ) o1 5 >

=llu;Ii?

=[lu|?

#10x;6) #1.0(x;8)

for all u € 65°(X;&), by setting u; = pju € 65°(T*Q;8).
With canonical local coordinates (g, p) in T*Q;, (2.2.1.3) implies

2k —Ap +1pl2

1 .
op2 wixe Ty u), al@pigd e

Re(uJ , ( +P+ b~ il)uJ')LZ(X;g) = (uj,

b2
1 2 2 0
= 2b2 [” u] ||7f71’0(X;£’) + 2Kb ” u ||L2(X;€)] - ? ” u] HLZ(X;éa) ” uJ ”7/71,0(X;g)
1 2 2 1 2 12
2 25 1l * 266180 20k, | = 1m0, = 2C0 1 -

for some C{, > 0 determined by the geometric data (g,E ,g% VE). With X sz =Cy 12+bl; = % , the first

inequality (2.2.1.7) is proved for Co = 4062 .
Using Cauchy-Schwarz inequality in the left hand side of (2.2.1.1)) yields

”(b2 +Py l/l)u”LZ(X olulrzx.e = 2 [”u”W“’(X &) T Kb ”u”LZ(X )

We deduce at once ||(Z—Z +P,p—iMulrax.e) = i% lullz2cx ) - The latter inequality multiplied by

IS +Pup —iDullpacxs) yields @ZT2). -
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Corollary 2.2.2. Let P, = 1 50 + ;Vg, and let Cy = 1 be determined by the geometric data

(g,E,VE, g% according to Proposmon 2.2.1|. For xp = Co(1+b2) the operator % +P, p is essentially
maximal accretive on <€°°(X ;&) and therefore on F£(X;&).

Proof. Proposition says that the operator ( X%+ P, ») and its formal adjoint X 7 L+ P¥ iy are
accretive on c53"(X ; Wlth the lower bound (2.2.1.1] m
It suffices to prove that the range (% +P.p)€;°(X;&) is dense in L%(X;&). It is equivalent to
ueL*(X;8) 0o
Gt +Pr u=0e2'(X;6) [~
With P; p=Pzp ¥ a'(q)b; in local coordinates according to (2.2.1.3), Hormander’s hypoellipticity
result for type II operators (see [Hor67]) implies u € €°(X;&). For y € 65°(R;[0,1]) such that
% =11in a neighborhood of 0 and for € > 0 set u, = X(elplﬁ)u .
The above equation implies

Kp *
(ﬁ +Pi,b)u£ ==

P, xelpl2)|u=-
because ¥ f(|p |(21) =0. The form of the last commutator allows to write

(-2 +P38)

7 (1-¥elplp)u

Ap 2
“5p2° x(elply)

where } € 6;°(R;R) has a support included a neighborhood of 0 where y =1 and its derivatives
vanish, while ¥ = 1 in a smaller neighborhood of 0. By taking the scalar product with u., the
inequality (2.2.1.1) for P , implies

4b2 [||u8||7//1 0(X.&) +xpllue ”%2(){;(59) = Cg,x”us”y?l,o(x;g)”(l - )Z(E|p|(21))u||L2(X;g)

and
—||u ”l X =< ||u ” 7 = 4C 62“(1_ (£)|p|2)u||
2 ellL2( ;&) € 71/1»0(X;éa) 8:X X q LZ(X;éa) .

Lebesgue’s theorem for the limit € — 0 gives

d . -
\/ 3 1elzecrie) < 4Cq 10" lim (L= elpIg)ulaceis) = 0.

2.2.2 Localization

Proposition 2.2.3. Let P, j = i@ + lvé” and fix @ = U 1$2j a finite open chart covering of @ .
Let ZJ 10 J(q)z 1 be a subordinate quadratic partition of unLty, 0j € 65,°(Q;;10,11). There exists

Co= 1, determined by the geometric data (g,E,VE, gF), and now the partition of unity (p iM<j<d
such that for all b>0, A€ R and for kp = Co(1 + b?) the following equivalence of norms

+1

”(b2 +Pyp— l/l)u

SatSl <4 (2.2.2.1)

J
Zj:l

(35 +Psp— L/l)(gju)

L2(X;6)

holds for all u € 6;°(X;&).
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Proof. 1t’s a straightforward application of Corollary We have to check the assumption
(2.C.0.4) which says

Yu ECg(())O(X;g), Z ||( L/l)QJu”LQ(X £) = >2 Z ||[(b2 l/l) QJ1]QJu||L2(X )
JEJ JuJjed
+4 Z ||[[( +P+b i), sz] le]QJu”Lz(X ;8)°
J1,J2,J€d

for some r €[0,1). Because the operator P, ; is a first-order differential operator in the g variable
the first commutator equals
K

b 1 1
[ +Pep—id0il =43 0; = 278" @y

90,
Oq[ ’

for j1 € J where the right-hand side is written local canonical coordinate (g, p). Moreover the
double commutators indexed by j1,j2 € J all vanish.
We deduce the existence of C{; >0 such that

1
VuE‘ggo(X,é"), ”[( +P+b ll) QJ1]Q]u”L2(Xg)—C()b2 |||p|qgju||L2(Xéa)

and the summation over j1,j € J, combined with the inequality (2.2.1.2), yields

Vue6(X;6), Y ||[(b +Pyp—id), gh]g,u||L2(Xg)<co|J| Zn( 2 +Py=iM0jul sy -
Ju.jed '

With Cj |J] 1$be <Cj |J] é—SO , choosing Cj = 1 large enough guarantees the assumption (2.C.0.4)
withr=1. m

2.2.3 Changing locally the connections

With Proposition the analysis of P, j; can be localized in a chart open domain ;. Ad-
ditionally it can be assumed that there is a well defined local frame (f1(q),...,fN(q)) of the re-
stricted bundle E |Qj . In this frame a trivial connection V¥ on E |Qj and therefore a correspond-

70, is defined by pull-back. The operator Pi , defined locally can be
identified with a scalar operator according to

Zugf _(—@+ ~ve ) Zu f? (2.2.3.1)
glk(q)ap opn +g (Q)Pzpk 1 ik ¢
:Z 252 (o)t g™ (@piero) | f°. (2.2.3.2)

Proposition 2.2.4. Under the assumptions of Proposition with and with the additional
condition that E is trivialized by a local frame (fl(q),...,fN(q)) over Q; for every je{l,...,J}, let
p’ , be defined by (2.2.3.1). There exists Co > 1, determined by the geometric data (g,E ,VE gE)
and the partition of unity (0j)1<j<J, such that for all b >0, A € R and for x; = Co(1 + b2) the
following equivalence of norms

+1

(35 +Pip— M)u

L2(X;; 8)

=12 (2.2.3.3)

Z}Izl (% +Pi L/I)(qu)

L2(X;8)
holds for all u € 6;°(X;&).
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Proof. For a given j€{1,...,J} and for v € €;°(2;;&) we have

(Pep =P )0) = +5(Vg =V Ve () = lk(q)pﬂTX(Vi -vE )W)

3 3

where _
(V% V@ Mvelg, p)f (@] = ve(q,p)Ff,,k(q)f['(q)

aqk 6qk

with FY, , € €°(Q;R).
Applied to v = p;ju this gives the upper bound

!

- C
1P+ =P Nojwl* < b—;’n T CTD] .

where C|, depends only on the metric gF and the connection VZ given on the vector bundle E and
is uniform with respect to j € {1,...J}. The same argument as in the proof o Proposition [2.2.3]
shows that

. 1
I(Psp —Pi’b)(é)ju)”%Z(X;é‘)) 1153

4 b2 +P+b ll)(pju)”LZ(X &)

when the constant Cg in k = Co(1 + b2) is chosen large enough. The parallelogram identity
implies

. K .
e b2 +PJ — i 2x.0) = 3”(5_2 Py = iIDW ey )

. K i .
and ||(§ + P =i A3 5 x ) = 3||<b—;’ +P = i@ s x 6 -

By summation over j € {1,...,J} we obtain

+1
ZJ 1||( +P+b iA)(ejuw)lI?

L%(X;6)

The inequality (2.2.3.3) is obtained by taking the product with the result (2.2.2.1) of Proposi-
tion [2.2.3] O

2.3 Sobolev spaces

Like for the operator P, ; we firstly reduce the characterization of u € WEX;8),keN, toa
local problem with the possibility of replacing the connection V¢ by a trivial connection in a given
local frame. Then #°(X;%¥) and its norm will be expressed in terms of the functional calculus
of pseudo-differential elliptic self-adjoint operator W2 in the class OpS (®;C) presented in Ap-
pendix n Finally general spaces #°152(X;&), s1,s9 € R are introduced by using the functional
calculus of two commuting self-adjoint operators.

2.3.1 First properties of #*, ke N
We collect rather immediate consequences of the Definition The norm |[u|, is

lullyr = max  Pppy, N, N, (@) (2.3.1.1)
N+ Y2 s o
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where P, y, N, N, () is the smallest constant C > 0 such that
V(TY,.. . TR € 6CGTIXON V(TY ..., TN € 657X TV XN,

Ny Ny
N3 & & & & H \4
||<p>q3vT{,...nglvT1V...VTXZullesc [T 175 g TT 1T, legn

ni=1 ne=1
Because
N3 & & & & & & N3 & &
(P)a?Vey. . Vo, Ve, . Vey u=V2,.. Vo, (p)Vey...Vo, u
Plq TH T}gl TV TI‘(,Z TH T1131 Plq Y sz ,
lull,7+ also equals
N3 yé& &
P ny0,00pYg Vi - Vo )
1 N
lzell 7 = I]{Jlax ”h sup o - 2 (2.3.1.9)
+N3=j= v \4 0o( ¥ .MV YN
ke T TR EERGTY N [T 1T, llegn

Proposition 2.3.1. Let k€N, let 0 € €°(Q;End(E)) and fix any €*-norm on Q . The multiplica-
tion by 30 € €°(X;End(&)), n50(x) = 1% (0(rx(x))), is a bounded operator in WE(X;8) with

Vue WHX;8), 1(k0ulym < Crlbligr il . (2.3.1.3)

Proof. Because (p)é%Vf;V...ViV (n}@) = (n}@)(p)flv?*vé;v...Vf,V and owing to (2.3.1.2) the prob-
1 N 1 N
lem is reduced to ’ ’
Py n,,0,0((mx0)v) < Cr |18t Pr Ny, 0,0()
for all N1 €{0,...,k}.
It is obviously true for N1 = 0. If it is true for N7 € {0,...,k — 1} then for TZI\jI[l+1 € c65"(X;TXH)

with Ty, 11 = 1x «TH | € €°(Q;TQ), we write

Ni+1

&
VTH

" s & * (oEnd(E)
N1+1(”X9)U —(JTX(H)VT1131+1U)+[JTX(VTNIH Nlv.

We get

End(E
P13y 000Ven (Tx0)0) < Crot |10llgr-1Pr-1n,00Vom )+ IVER B9l gr-1Pp-1,3,,0,0(0)
TNa TN a Ny+1
<2Cr_1110ll4tPr,N,+1,0,00).
The obvious inequality

Pro1,n,,00(V5,  w)
Nqp+1

PNy +1,0,0(w) < L, suwp T
TN1+1€<€Q (X;THV) Ni+1 ¢k

ends the proof by induction. O
The previous statement contains two particular cases which allow the local scalar character-

ization of u e W*(X ;&) with a simpler norm.

vE,l vE,Z

Proposition 2.3.2. Fix k € N and consider two different connections and on the vector
bundle E % @ with the associated connections VéLland V62 on €5 X . Let 7I/ij(X ;8) and || [l
)

be the corresponding W*(X ;&) spaces and norms according to Definition
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1) The space W*(X;&) is a €°(Q;R) module and for any finite atlas @ = U}']:1 Q; and for any
subordinate partition of unity Z;.Izl 0j(q@) =1, a section u belongs to WE(X ;&) if and only
(T*Q;;6

. . k
if, forevery 1< j<dJ, pju€ WQj—Comp
maxi<;<Jllojullyn .
2) For two different connections VE1 and VE2 | the two spaces val(X ;&) and WVIZ(X ;&) are
equal and the norms || ||7,;1el and || ||7,;k2 are equivalent.
\% \%

T*Qj) and the norm |lull, is equivalent to

Proof. 1) Simply apply Proposition|2.3.1|with 0 € €*°(Q;R) . The definition of Wé._comp(T Q58| pe Qj)
J
and the other statements are explained in Appendix Simply use the triangular inequality

for lullyr = Jmaxi<j<sllojullm -

2) Remember V5* - Vo' = R(T) € End(E) with |R(T)ll+ < Cil Tllgr for any T € 6°(@Q;TQ).

Let P,J; N1.No.Na be the norms involved in (2.3.1.1)(2.3.1.2) for the two associated connections V&¢

for ¢ =1,2. We can make an induction proof with respect to N1 € {0, ..., .} like in Proposition|2.3.1
after reducing the problem to No = N3 =0 by noticing
vV e 63X TXY), Vol =Voy
and by using
Vo = Viu = nx(R(T))
for any TH € <€5°(X;TXH) with nx . TH =T € 6°(Q;TQ).

Actually the induction proof relies on

2 .2 2 &1 2 . H
Pk—l,Nl,o,o(VTlfvr ﬂv) SPk—l,Nl,O,O(vT]{]I +lv)+Pk—1,Nl,O,0([n (R(Ty, ,Plv)
1 1

1 &,1 1 * H
S Ok | Pro1n 00V lv)+Pk—1,Nl,0,0([” (R(Ty, ,)l)

. . Ni+
induction

/ H 1
S ClITN, aller Py ny 10,0000

Prop. 23]
and leads to ||u||7,7k2 < CZ ||u||7/;k r The result follows by symmetry. O
\ \Y

The atlas (2j)1<j<s can be chosen such that E|QJ_ is trivial with a local frame (f:.l,...,fJN),
fj’.l € €*°(Q j;E|Qi)' Above (; the connection VE can be replaced by the trivial connection V/-F
given by '

. N N
VT e 6%(@Q;TQ), V() val@)f])= ) (Tua)f}.
n=1 n=1

For a section u =YY u, i(x)f" of &|,.., we get
Y p=1Unjf] T:0; W€ 8
& I8 <j.E & N H H mV 1%
, JE o, Js _ £
VT{’"'VT{JIVTY"'VTIVV2u_n:1(T1 -~-TN1T1 ...TN2vn,J)fJ .

Proposition now implies that the #k-norm of

J J N
u= Z,IQ_]'(CI)U =) 1un,jf}Z

Jj j=1ln=

with u, ;€ 7/756 (T*Q;;C) c #W*(X;C), is equivalent to

j—comp

max |[Unp. il ) -
1=)<d ” n,J||7//k(X’C)

1l<n<N

The #*-spaces for £ € N and their norms is are thus fully understood in a local scalar setting.
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2.3.2 Pseudo-differential definition of #5, s € R

The end of Subsection reduced the description of #*(X;&) to the local description of
#*(X;C). We can thus focus on scalar sections, and we now give a pseudo-differential and a
global characterization.

We need the pseudo-differential calculus in Uy, OpSy(Q;C) introduced in Appendix We
recall that a € S(Q;C) if in doubly canonical coordinates (g, p,¢,n) in T*(T*Q) associated with
the local coordinates ¢ =(q%, ..., qd) on a chart open set Q c @, the uniform estimate

1B1+10]

s

1020501 05a(q, p,&:mI = Caypy s+ 1EP+Ipl* +In =

and that, the quantization is the standard one,given by the local kernel on T*Q x T*Q:

iMo—a' _p! dfd?]
D.. D Iony = il[(g—q").¢+(p—p').n] .
la(g,p,Dq,Dp)Nq,p,q’,p) /We alg,p,,m) 22l
Actually the general quantization of a € SG(Q;C) is defined by introducing a partition of unity
Z}le 0;(g@) = 1 and cut-off functions } € €;°(Q2;;[0,11), § =1 on supp; , and by setting a; ;(x,D ) =

Z}Izl(@ i(@)a)(x,Dy)o §;(q), and the set of pseudo-differential operators is
OpSy ={ap(x,Dx)+R,a € SH@Q;C),R € Z@Q;0)},

with Z2(Q;C) = L(¥(T*Q;C); #(T*Q;C)). It is proved in Appendix[2.E|that this pseudo-differential
calculus has the same properties as the usual pseudo-differential calculus, with a different ho-
mogeneity which takes into account the global estimates as p — co.

In canonical coordinates (g, p) associated with the local coordinates (g1, ...,¢%) on Q we know the
two frames (e1,...,eq) (resp. (1,...,6%) of T(T*QH (resp. T(T*Q)V) given by

0 L 0
4+ T —
Py M(q)pkap[
0

Copi

e;=

resp. é'

. . -8i,(9)3,.0, . +8(Q)pip;
As differential operators, the locally defined operators e;, aqi , PrOp,, O = thlail p2’ KL

belong to OpS\ly,Q_loc(Q;C), while py %, (p)q* and d,, belong to OpS}If’zQ_IOC(Q;C).

Thus any TH € cgg?"(X :TXH) is a differential operator that belongs to OpS}P(Q;C), and any
TV € <€5°(X;TXV) belongs to OpSy*(Q;C).

Let us introduce another operator which involves the scalar horizontal Laplacian Ag . We follow
[BeBol: On X with the decomposition TX = TX? e TXV ~ TQ & T*Q given by the Levi-Civita
connection associated with g we put the riemannian metric g @' g~! and consider the associ-
ated total Laplacian A,. The projection nx : X = T*Q — @ is now a riemannian submersion
with totally geodesic fibers and the horizontal Laplacian Ay = Ay — A, equals in local canonical
coordinates

An=g"(q)eie; ~TF (@er).

Because the volume of g @ g ! is equal to the symplectic volume dgdp and A, and Ap are
symmetric on #(T*Q;C), the operator Ay is symmetric on #(T*Q;C) for the L2(T*Q,dqd p;C)
scalar product. By introducing the adjoint differential operator e; = —dg — Ffi, PrOp, — F;i, and
owing to the symmetry or by explicit computations with

04ig" =0,8 (dq',dg) = g7 (T} ydq" dg)) + g (dq', T}, dg") = -T} g™ - T/ g™,

1
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the horizontal Laplacian is also given by
~Ap=e;g"(qe;,

without a divergence term because integrations are made with respect to the symplectic volume
dqdp .

Definition 2.3.3. The operator W2 is the closure in L%(X,dqdp;C) of the differential operator
Ce—Ag+ Cg@’Z 1 F(X;C)— F(X;C)c LA(X,dqdp;C) for C; =1 large enough.

*

exp(td,; )qQ , the commuta-

Notice that because the flow exp(te;) sends isometrically T; QtoT
tions
les,—Apl=le;,IpI21=1[e;,01=[An,01=[W?,61=0

hold true on F_10c(2;C).

As a consequence of Appendix we have a simple characterization of #°(X;C), in the case
when E = Q ® C. The general case can then be deduced either by the localization at the end of the
previous paragraph or by the approach proposed afterwards. Both are equivalent.

Proposition 2.3.4. For any s € R, the space #°(X;C) is characterized by
We(X;C)= {ue #'(X;C),YA € 0pSy(Q;C), Au e L2(X,dqdp;C)}

For C4 =1 large enough, Cg— Ag + Cgﬁz 1 #(X;C)— L%(X,dqdp;C) is a non negative essentially
self-adjoint operator, with self-adjoint extension W2 and D(W2) = #W%(X;C).

For any s € R, W = (W2)*2 is an elliptic operator in OpSy(Q;C) and the norm on #WS(X;C) can be
chosen as [Wéullr2x daqdp:c) -

Proof. a) If we start from the above definition of #*(X;C) the problem is reduced to the ellipticity
and the identification of the principal symbol of W2 = C ¢—Ag+C g@’2 . Because it is a differential
operator W2 = Z}]:l @j(q)Wzij(q) , and we obtain W2 = ap,7(x,Dy) witha —ag € S\II,(Q;C) and

C C
az(x,Z) = Cg +[E+ TH@panly + —FUplg + 9 = Cg +1€1G 2T @pinly + —FUpl +Inlg)

We used the notation ITI?I = gij(q)rirj for 7 = (f+1“.k.(q)pkn, T =p and |TI|¢21 = gij(q)ninj. The
ellipticity comes from

1 C,e
ag(x,2)=Cy+eglEl% - E—Ipl2|nl2 + %um“ +Inl*)
g

for some £5 > 0 given by g and the fixed open covering U}.Izl Q;. The ellipticity ag = Cg +£4(I¢]% +
Ip|*+1nl*) holds true if Cge2 — 12 8¢%.
The operator W? is symmetric with

J i -
(W, W2uy = Cgllul?,+ Y g (q) [(eie,(q)u)(ei/ej(q)u) —(0,10,)0,:0)|ul®| dgdp+CqglOul?,
J=1JT*Q;
’ 2.3.2.1)
for all u € #(X;C) when z;.’zlef.(q) =1 with 0; € 6;°(Q;;[0,1]). It is bounded from below by 1 for

C; >0 large enough.
It suffices to apply Proposition [2.E.22| of Appendix [2.E]|

b) For the identification of the two definitions of #°(X;C) and the equivalence of the norms, it
suffices to consider the case s =k € N, because all the other cases will follow by interpolation and
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duality.
We start from the Definition and Proposition 1) which says that the #*(X;C) norm of
u is equivalent to

max, lojullym

with Y7, 0/(¢) =1, p; € 65°(Q;5[0,1]). Additionally the definition of ng

that it is independent of the choice of a coordinate system (q',...,¢%) with equivalent norm for
two different choices. So let us work on 7*Q = Q xR? Rg x Rg and let us consider functions
ue L%_comp(T*Q;C) with a Q-support included in a fixed compact set K cc Q (a neighborhood
of suppp with p = o; when Q = Q;). Any vector field TH € €3 p(T*Qd;TXH) (resp. TV €

Q-com;
€ (T*Q%; TX")) can be written

Q—comp

_Comp(Qj;C) ensures

d d .
TH = Z t'(q)e; resp. TV = Z ti(q)é’
i=1 i=1

with max;<;<g It ll e = I TH |l pr (resp. maxi<;<g Itillgr = 1TV llgr).

We deduce
N.
KpYg TY ... TN TY ... T ul?, N L
o8 - V; v <Cxkp 1<.ma_x i II(p)q3ei1...eiNleh...eJNZ’ulle
Siq,enin, <
Moyt 1 gt Ty 1, s L1y <d
where

DYy ey . ey, €. e2ull 2 = IKD)S? (xer)... (xeiy @), (xe™2)ull 2

for some y = y(q) € 6;°(2;[0,1]) such that y =1 in a neighborhood of K > Q —suppu . Because
1(Qle; € ‘650_ (T*Q; TXH) and 1(@)é) € € (T*Q; TXV) the right-hand side is bounded by

comp Q-comp
CK,)(,k ”u”;ik .
By taking the supremum with respect to N1 + % <k, T{I yenns TZ{]II €6 comp(T*Q; TXH) and
T, s TN, € 68 compT % TXY). The norm |ully for u € L*(T*Q;C) with Q-support included
in K, is thus equivalent to
max  [(p)h0ei,...eiy @ &ula = max  [(p)Vies,...eq Ohullpe (2.3.2.2)

1<iy,...,in;=d Sig,eing =d

lsjl,...,szsd N1+|ﬁ|+2N3 <k

N+ M2

where we have replaced (p), = (1 +gij(q)pipj)1/2 by the equivalent quantity (p) = (1+ Zip?)l/z .

From
lei, FH(@pr1= Oy ) Dpr + (FF T )b,

we get by induction

B B _ '
eil...eiNlap —0qi1 ...6qiN1 b = u % X fa,ﬁ,,y(q)pmgag
als=N;-
|a|+\7\+2|ﬁ'| iN1+@

and we deduce
N PNVoer, . eiy, Ol =N I Ogis .0 v, Ol

N;-1 N aaAf
<Cgpe€ max eV p)Y Y3050, ullre .
ok la|<Nj—1 P q“p L
NL+16']

1|
lal+ 35— <N+
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Choosing € = e 1, for £ 5 > 0 small enough implies that the norm [lu ;7 is equivalent to

max  [(pYN*0%ah y(@ulle orJ Y IKpyNadapul?,.

N3+l
N
lal+=5—<k lal+ 3;"6|5k

But according Appendix and in particular Proposition [2.E.7|, it is equivalent to the norm
Wk x(@ully . O

Let us extend now this result to #5(Q;&). For a self-adjoint non negative scalar operator
A € OpSy(Q;0), like W2 with m =2 or W*, s = m € R, it is not possible to define directly its
action on sections of &. However a localization technique makes it possible, up to lower order
corrections.
We fix, as we did in Appendix the atlas covering @ = U}]:1Q ;i by assuming that for every
Jj€fl,...,J} the two properties are satisfied:

— the open set Q ;= UQJ_,QQJ.#Q) Qj is a chart open set;

— the restricted vector bundle E |Q,~ admits an orthonormal frame ( fjl, o f JN ) for the metric

8E -
If Z;’zl 9J2.(q) = 1is a quadratic partition of unity with 6; € 6;°(€2;[0,1]) we set

J
Ag=) 0;(q)oAs;00;(q),
=1

where Ag. ; is the scalar pseudo-differential operator in the othonormal local frame (f jl, e f JN )
above Q) i

Asej(upfH(@)g,p) = [Aur)g, )} (@).
When A =a,,(x,Dy)+R = z}’l _1(0j,(@a)x,Dy)e xj,(q)+ R € OpST(Q;C) we obtain

J
Ag=) 0j(@ Y Oi(@olax,Dy)ls;o0i(q@)ox,,(q)+Rg.
Jj1=1 QjﬂQJ'l;f{Z)

IfUj, j,(q) is the unitary matrix of(fll, ... ,fJ].Y) in the frame (fJJZ,...,fJZ.;]), the operator

Z Bj(Q)o[a(x,Dx)]sc,joej(q)
QJﬂQj1¢¢

with UanQj1¢¢ Q;c le cR?, is nothing but the operator @; (x,D,) with a;, € S(‘Pm,g\y;CN)
given by
Y. Ui i @800(q)a)o ()l lden)iU; j,(q),
Q;nQ;j, 7
where we recall (afib)(x,D,) =a(x,Dy)ob(x,D,).
Owing to the exact chain rules Uj, ; (q) = U}, j,oUj, j,(q) and Uj, j,(q) = Uj, j,(@HUj, j,(q) and
the exact commutation 0,(g)§U;, j,(q) = Uj, ;, (@)#0,,(q) , we can write

J
Ag= ) (0j,(@ag)x,Dy)oxj (@) +Rg=(ag)g(x,D:)+Rg
Jj1=1

with ap € S(Q;End, &) and Ry € Z(Q;8) .
Additionally, if A = apmpy(x,Dx)+Apm-1, Am-1€ OpS"\ﬁ_l(Q;C), then Ag = (an, ®Idg)y y(x,Dy) +
Agm-1 with Ag ;-1 € OpS’\}}_l(Q ;End&). In particular the principal symbol does not depend on
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the chosen orthonormal frames (fjl,...,fN) j=1,...,dJ.
If A is self-adjoint and elliptic, the same holds for Ay with

D(Ag) = H™(X:8) = {u e S X;8) Vel ), ulg =un@fH@),up WG e
= {ueF(X;8),VBe0pSH(Q;End&), Bu e LA(X,dqdp;&)} .

(10,0}

We can conclude with the following summary.

Proposition 2.3.5. Once the quadratic partition of unity Z}]:l 9]2.(q) =1 and the local orthonormal
frames (f1,....f JN ), 1=j =<, are fixed and for Cg = Cg g chosen large enough, the operator

J
W2 =Y 0/(q)(W)s ;0;(q) with DW3)={seL*(X,dqdp;&), Wise L*X,dqdp;&)}
j=1

is self-adjoint and bounded from below by 1.
For s € R, the space #W*(X;&) introduced in Definition for s =k € N and then extended by
interpolation and duality, equals

WEX;8) {ue #'(X;6),YBeO0pSy(Q;Endé&),Bu € L*(X,dqdp;&)}

lue7'(X;6), W2™ueLXX,dgdp;&)}

{ueép’(X;é"),Vje{l,...,J},u|QJ_=uk(x)fjl~e(q),Wsuk EL%j_lOC(T*Qj,dqdp;é")}
= {ue s X;8), (Cor W)™ ue LAX,dqdp; &)},

where the constant Cs > 0 is chosen large enough.

Proof. We already know that W2 =C s~ Ag+C gﬁz is elliptic, self-adjoint and bounded from below
by 1 for C; = 1 large enough with domain D(W?)=#?3X;C).

With the previous discussion this proves that Wg is elliptic and self-adjoint. The same compu-
tation as shows that W2 > 1: Actually the derivatives of the unitary matrix associated
with the change of frames, 9, UJ1 j2(@), bring lower order terms which are absorbed if C; =Cyz
is chosen large enough.

For W2 with a scalar principal symbol as®Ide = 1‘1’2 ® Idg, Proposition applies and
(W2)3/2 fs(W2) with f, € S(t)*2, 2L &%) s elliptic with the principal symbol fs(a2)®Idg ay?elds .
The local characterization with u|Qj =up(x) fj'."'(q) has been explained and with the reduction of

the previous paragraph and Proposition it shows that D((WHZ)k/ 2) coincides with #*(X ;&)
when % € N. This ends the identifications of the general spaces # (X ;&) for se R.

Because Wl = (W2)lsl2 = fis |(W2) is elliptic with the principal symbol alsl/2 for s #0, (Wl is
elliptic with the principal symbol a|2s 2 g Idg . It is self-adjoint with the same domain, #¥/(X;&),
as (Wg)‘s V2 Tt is bounded from below by Garding inequality. Adding a constant C ensures that
(Cs + (W) is bounded from below by 1 and invertible. O

2.3.3 Spaces #152(X;&)

A priori @ = g¥(q)pie ;j belongs to OpS?i{Q(Q;C) but it has locally some specific structure made
of e; € OpSlll,(Q;C) and followed by a multiplication by p;. We start with a simple commutation
result.

Proposition 2.3.6. The self-adjoint operator (W2,D(W2) =W2(X;&)) modelled on W? = Cs—Ap+
C g@’Z and introduced in Proposition ﬁand the vertzcal harmonic oscillator C with the maxi-
mal domain D(0) = {u € L%(X,dqdp;&), OuecL?*X,dqdp; C)} make a pair of strongly commut-
ing self-adjoint operators: For any Borel functions f,g :R — C, f(WHZ)g(@’) = g(@’)f(Wg) on the
intersection of their domain.
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Proof. The space L%(X,dqdp;&) is isomorphic to the direct integral fg L2R% d p)dvolg(q) after

)71/2

the pointwise gauge transformation (g, p) — (q,g(q .p). In this direct integral decomposition

-2 +p?
the operator @ is nothing but fg O dvolg(q) where O = Z;.lzl E2_—7 is the euclidean harmonic

2
oscillator.
The associated unitary group e'‘© satisfies e’toaqie_’to =0y, eOp;e 0 = cos(t)p; — sin(t)D,

and eitODpie_itO = sin(¢)p; + cos(t)D,, . We deduce that for any ¢ € R, e't0 is continuous from
#2(X;C) into itself, and therefore as a scalar operator from #2(X;&) into itself.

Because the unitary transform Ug : L2(X ;&) — fg’ L2(R?) dvoly(q) given by (Usu)(q,p") = u(q,g(q
is a special case of Proposition (it suffices to consider locally the effect on the scalar com-
ponents). It is an isomorphism of #2(X;&) = D(W92) and e"? is continuous from D(Wgz) into itself
for any teR.

Because the scalar operator W2 and @ commute on .#(X;C) we deduce that [W2,6] = 0 on (X ;&)
which is a core for Wg2 .

We have all the ingredients of [ABGI in order to conclude that

)1/2.p)

d . .
2 _ - —itOwr2 it0 _
adoWy =i—e """ Wye lpawz) =0,

and W92 and @ strongly commute. O

This leads to the introduction of the following, double indexed, spaces.

Definition 2.3.7. For any s1,ss € R, the space #°1°2(X;&) is the space associated with the func-
tional calculus of the two commuting self-adjoint operators @ and W02 and endowed with the
Hilbert norm

lllerss = 1052 (W) Pull 2.

In particular the space # 1°(T*Q;&) of Definition with the norm
lullyprs = 10 2wl s = (W26 2ul 1

is the particular case s; =1, s3 =s. Clearly the spaces #°52(X;&) contain a finer description of
the regularity properties. With

w2, = (W20 D2y, GW=20 D20y 2 < (WS V2RGE D2y 20 = ju)2

for s; =1, we deduce the continuous embeddings WOs2+s12(X. €) c s152(X ;&) for s; =0 and by

duality #5152(X ;&) c Ws1:524812(X . 8) for s1 < 0. We will essentially work with s; € {0,1}.
As a first order differential operator with respect to g the operator Vg can be written

J J .,
VE =Y 0(@V50,() =Y 0,(lg" (PpiVe,
J=1 j=1

7-0,10,(0),

where gii’(q)Pivf’ir |3‘*QJ- is expressed with the local coordinates in Qj .

With the cut-off function §; € ‘66’0((2 7;[0,1]) such that §; = 1in a neighborhood of supp8,(g) when
Q;NQ; # @, we can introduce the local scalar operator

pii=Xi@pields , Dj;=%q)Dp,, (2.3.3.1)
while  E;; =0;(9)g" (9)V,0,(q) € OpS}(Q;End &) (2.3.3.2)
with  E;; —(0/(q)g" (¢)e0,(q)®1dg) € OpS%(Q;End &). (2.3.3.3)
We have in particular

. Ld
Vg =) ) Ejiopji.
j=li=1
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Proposition 2.3.8. Let p; ;, DAj,i and E'j,i, je{l,...,J},i€{1,...,d}, be the operators defined by
©:3.3.3) and (2.3.3.2). For any s € R we have the estimates:

— 11Bj.ill ggrsgros + 1D ill gginsgpos < Cgs s

— NWH2p ;i (WD ™2 = p il orogiony + NWD2Dj j(W2Y 2 =D ill progony < Cas s

— W 2VE W)™ =V Il ypr0.2 < Cays-

Proof. All the operators and commutators are well defined continuous operators onn the space of
smooth rapidly decaying (w.r.t p) sections, #(X;&). The estimates are then extended by density.
For A=p;; or Dj,i we know A € OpS\llfz(Q;é") while A and (WHQ)J—’S € OpS\iI',S(Q;Endé") have scalar
principal symbols. We deduce

(W2AW2) ™S -~ A € 0pS"4(Q;End &) c (W 0(X;6), LAX;8)),

and ||A||$(7/71,S;7/70.5) = ||(W92)3/2A(Wg)_8/2 ||$(7/71’0;L2) = Cg,s .

For the second estimate we need a more accurate decomposition of (W(92)S/2A(W92)_3/2 —A. Let
us write A = a(q,p,Dp) with the local coordinate writing, a(q,p,n) = ¥j(g)p; when A =p;; and
alq,p,m = ¥;(q)n; when A=Dj; , and let w(q,p,é,m) = (Cg+ | ~T* pnlZ + Co/alp |2 + In|2)*) V2 be
the principal scalar symbol of Wg . If we forget the tensor product with Ids , we have

(Wgz)is -w**(q,p,Dq,Dp) = R*1l¢ OpS\i},S_l(Q;Endé")
and

(W2 A(W2)™* = A =w*(q,p,Dg,Dp)oAow(q,p,Dg,Dp)— A+As +R,
:2:,.3
with Ags = (W92)S/2R_S_1A +Rs_1w_1(q,p,Dq7Dp)A € z(Wl’O;WO’l),

and R, =(W)"[A,R™'1+R*A,w™(q,p,Dq,Dp)l € OpSyP*(@Q;End &) c LW 109 O1).

By pseudo-differential calculus the symbol of iA1 s equals
w®0pa.0,(w ™) —w'dpa.0y(w ) —w'dga.0iw ° +r

d
Y oy, @) 0,w?) + (W te,, )t w o, w?) + wdsw S td,a + 1,
k=1

N | »

with rg,rl € 8@3/2(Q;C).

An explicit computation shows that the operators (w_lapsz)(q,p,Dq,Dp) , (w_lapk w2)(q,p,Dq,Dp)
and d4a(q,p,Dp) belong to LHINX;8),L3X;8)).

The operators (w™'0,,a)(q,p,Dq,Dp), w™18,,a)q,p,Dq,Dp) belong to L(LAX;8);#W"HX;8)).
Finally the remainder (g, p,Dq,D,) € OpS3¥2(Q;C) c LW 1O(X;6); W *L(X;6)).

This ends the proof of

||(W92)8A(W02)_8 —A||$(7,71,o;7/70,1) = Cg,s for A = ﬁj,k or DAJ'J' .
: A v 2\— & :
We split (W)Vg, (W) s— Vg, into
J J

S WYE;ipji W)™ —Ejipji=Y [WE; (WS —E;;]o(W2)pj (W)™
j=1 j=2
+Ej o [WHpj (W™ —pji]
The factor [(W2)°E;;(W2)™ —E; ;] belongs to OpS},(Q;End&) ¢ L(LA(X;6);LA(X;&)) while the
operator (Wg)sﬁj,i(Wg)_s belongs to LPHX:8),LAX;8)).
The operator (Wg)sﬁj,i(Wez)_s —Pj,; belongs to LH X8, #W"L(X;&)) while the factor E'j,i be-
longs to OpSL(Q;End &) c LW *1(X;6),L%(X;8)). O
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2.4 A priori estimates on the scalar GKFP operator

In this section we work directly with the localized scalar version of GKFP operators. The
results of this section will then applied to the operators P s of Subsection |2.2.3 From now on,
we focus the analysis to the case + = +, because the other case + = — is the same, and we write
simply Pj and all the forthcoming related operators without the + index.

The chart coordinates open set 2 in @ is fixed and any coordinate system allows the identification
T*Q=QxRI c [Rg‘jv . The symplectic volume on Q x R? | is the usual Lebesgue measure dgdp

and the corresponding L2(Q x R%, dgd p;C)-norm will be denoted simply by || ;2. We consider a
scalar GKFP operator
Py, =i6’+1@ b €(0,00)
b2 b’ T
~8ij(0)0p,0p; +87(@)pip;
2 b

with ¥ =g (¢)pje; , O=
with the domain
D(P) = CF(Q xR%;0). (2.4.0.1)

By assuming Q cc Q; where ; is a bigger chart coordinates open subset of @ , we can assume
g|Ql/2 g|91/2 where g is a riemannian metric on R? which is euclidean outside a compact set, and
Q4/9 is an open neighborhood of Q such that Q cc Qq/ cc Q.

Alternatively the local scalar GKFP operators &, can be introduced directly on Q x R? c R?? with
a metric g which is a compactly supported perturbation of the euclidean metric.

2.4.1 Dyadic partition of unity

By following [LebIllLeb2] or [BCDI, let 6,8 € C(R) be such that supp(6) < [,4], supp (6) =
[0,4], and

o0
vtel0,00, 04+ Y 02 (2717 =1. (2.4.1.1)
=0
For xe T*Q and ¢ e Nu{-1}, set
0(272|p2|, ¢>-1,
O(x) = { - ( 2lp|q) (2.4.1.2)
041ply), 0=-
The collection {6/}72 _; constitutes a quadratic dyadic partition of unity for 7*( in the sense that
o0
VaeT*Q, Y 0%x)=1, (2.4.1.3)
(=-1
with
supp(0¢) < {27 < |pl, <2°*"} whenever ¢>-1, (2.4.1.4)
and
1
supp(6-1)c{0=|pl, =1}, and 6_1(x)=1for 0<|pl, < 5 (2.4.1.5)

Notice that because 0, is a function of | pI?I , B, satisfies
VleNu{-1}, #06,=0. (2.4.1.6)
When (g, p) are canonical coordinates on T*Q = Q x R? , we also observe

VaeN?, 3C, >0, VeNU{-1}, sup [0%0,(x)| < Co27!%’. (2.4.1.7)
xeT*Q
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Proposition 2.4.1. There exists a constant C 2,00 = 1 depending only on the metric g and the
functions 6 and 0 so that

2 2

1 Kp 5 Kp i/l)
- — 9’——9 Py — — <- —+P,——|0 2.4.1.8
45 (b2+ b ) éu H( +% )u L 2; (b2+ b5 ot L ( )
holds for all u € €5°(Q2 x [Rd;C) and all (A,b) e Rx R, when xp = Cgﬁ,g(l +b2).
Proof. Thanks to (2.4.1.6), we have the commutator identities
Kp id 1 00, 0 1 020,
+ P ,0p. | ==I10,0p.1=——g;i(q)— 2.4.1.9
b2 b~ b ] bz[ ’ [1] bzng(Q) apl apj zbzglj Q) lapj, ( )
and
Kp A 1 1 00y, 00y,
ﬁJﬁ@b—F,@h] ,942] = ﬁ[[@ﬁh]ﬁéz] bzgu(q) b op; (2.4.1.10)

for any ¢1,¢2 € Nu{-1}. From (2.4.1.7), (2.4.1.9), (2.4.1.10) and the integration by parts inequality
of Proposition [2.2.1] we deduce that there is a constant C’ . =1, depending only on the metric g

g.0,0 ~
and the functions 6 and § such that x, = Cupa(l+ b?), Wlth Cq06=Co +32C’ 5 and Co = 1 fixed

in Proposition [2.2.1] implies
2

K A 1 1
2 _g+gbb_?’6[1 Oru <C;90(Z(_4”Dp9fu”i2+_4||9[u||%2))
Lo lILe L2 = \b b
\ (2.4.1.11)
1 1 il
<C, +— + 9P __)0
and
. Cl - C/ . ) 5
Kp A 2 g.0.6 2,0,0 (Kb /1)
=+ __59 ,6 0 < < +2, - 2@
[/Xl}fz 270 [l] ’2] 1), = pr Ml < K2 2|\52 5 )7
(2.4.1.12)

for all A€ R, b >0, and u € CP(T*Q;C). The equivalence (2.4.1.8) then follows from Corollary

Wlthr—— O

For every ¢ = —1, we define the change of variable

O, OxRT — QxRY
(¢,p) — (g,2'p)

The change of variable in the integral give

K id
”(b2 + P - )Héulle = n<b—’; + Py 0=l (2.4.1.13)

with u,(q,p) = 2%9(|p|g)u(q,2€p) (for ¢ = —1 replace 6 by 6) and Py = q)zg’b(d)zl)*. After the
change of variable, operators are changed by

1 1
Py = =0, + =%, 2.4.1.14

bt = 3500+ 3 ( )

1 N
Op=D,0(0,1)" = 5@ Nglj(q)DpiDpj+22[g”(q)pipj) (2.4.1.15)
9
and %, =0, (®,1)* =2° ”(q)p,( +r;’,§(q)pmap ). (2.4.1.16)
k
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The equivalence (2.4.1.8) can be rewritten as

Vu € 6€°(Q xR%;0),

Z; ”(ﬁ + Py — ?)WIILz = ”(ﬁ +Pp - ?)ulle = 5; II(§ +Ppo— X)uzlle, (2.4.1.17)
where now uy € €5°(S,2;C) with

_ d 1
s, :{ fx=(q,p) € QxR % <|ply<R} for =0 (2.4.1.18)

x=(q,p)€QxR?, |p|q<1} for £=-1,

for any fixed R > 1.

2.4.2 Partition with a 2/-dependent grid in the open set Q c IRZ

Here the integer ¢ = —1 is fixed and the localization will be done with some translation in-
variance in R? by using a regular grid with a spacing of size A27¢ .
Let us start with the translation invariant partition of unity

Y yig-m)=1 with w e € ®RY;[0,1]). (2.4.2.1)

mezd

Forany A>0and /€7, ¢ = -1, it can be written

Y v (q Aqu;A)—l with gpea = A2 m.
mezq

Accordingly we set

( _ qd—9my A
Ym,e,A(Q) =Y Aol
and we get
SUPP(Wm,r,4) = qm,c,a + A2 Supp(y), (2.4.2.2)
Va,feN?, |al>0= DDy, 04 =0, (2.4.2.3)
VBeN?,3Cs, >0, 1AP12-PIDEy, ,al<Cp,. (2.4.2.4)

Proposition 2.4.2. Let &2, ¢y and Sy 2 be defined respectively by (2.4.1.14) and (2.4.1.18) for (€ Z,
¢ = —1. There exists a constant Cgy > 0 depending only on the metric g and the function y such
that

il 9 90 A,
—mezzd G+ D0 = S 0m e atls = i |2y, e au, < 1GE 45,0 - Soul?,
i 12z ) 1222 Y 1 v, - 12, + 222 [0 :
an b2 b0 — 7 UlTe = = e b0~ VUm0, AUl 2 + A2b2 YmeAl|

holds for all u € 65°(S¢2;C) and for all (1,b) € R x (0, +00).

Proof. The computation of commutators gives
K i1 A
[b—g + Py~ _,U/ml,é,A] [??/z,wm1 eal= ”(q)2[ —wg“f (q), (2.4.2.5)
[[b2 + P~ b ,W,ml,A],wm2,4,A] = g[[%,wml,z,A],sz,z,A] =0. (2.4.2.6)
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Because suppu < Sy2 < {x = (q,p),Iplqy < 2}, the estimate (2.4.2.4) of the derivatives of ¥, o
implies that the right-hand side of (2.4.2.5) satisfies

)3

mlt—:Zd

L i oo OWmiea 2 Cgy2¥
2 ol T mlA <
87(q)2"p;j (@DYmy,eau L= TAb?

2
b aq’ ”sz,[,Au“Lz

for all mq,m9 € Z% with a constant C gw > 0 depending only on g and y. Because the double
commutator vanishes, we apply the formulas (2.C.0.2) and (2.C.0.3). This yields the result with
the constant Cg = 462‘,111 . O

Since

{x=(q,p)€Sr2,q € SUPP(Wm 1,4} € B(gm,,4,CayA27) xRN Sy 2 (2.42.7)

‘ 2
when u € C3°(Sy,2;C), the problem is thus reduced to finding lower bounds for ” (% +Ppy 0 — %)v | 12

when v € Cf° (B (qm,g,A,CA’g,wATé) x R4 N S/2). When A2 is small enough, (2.4.2.7) is contained
in a ¢-ball with radius below the injectivity radius of the metric § on R%, and normal coordinates
around g, s can be used. Note also that the ball B(q . ¢.4,CgyA27¢) can be equivalently taken
for the euclidean metric or the metric g by possibly adapting the constant Cyg y, .

2.4.3 Use of normal coordinates

Due to (2.4.2.7), we are interested in (Z—’; +Pp 0 — %) vwhenve CSO(B(qm,g,A,(:’gﬂ,,AZ‘()x[R{d)ﬂ

S¢o. For 270A < £gy With £z small enough determined by the pair (g,), we may introduce
normal coordinates ¢ = (g1,...,G%) centered at qm,,A- The associated canonical coordinates on
B(0,CqyA27) xR < T*R? will be denoted by (¢, ) with 5 = (51,...,54). Since P, ; maintains
the same form under the coordinate change (g, p) — (¢, p), we may assume without loss
of generality when considering

(2.4.3.1)

2
(K—b + :@b,[ - %) v

L2

for 277A < €gy and v € CFP(B(gm .4, C'g,wA2_[) xR N Sy 2;C) that q,,, ¢ 4 =0 and that the metric
g satisfies

VaeN?, 02 (gijq)-08;;)=0(ql®1+). (2.4.3.2)

We note that since the Christoffel symbols for the metric g are given by

1 4 (08 0g jk 0gir
ri(@)=-g" s 2 (q) - == 2.4.3.3
i@ =58"(q) 3" (@) + 30 (@) 37 @], ( )
we have
VaeN?, 95T, (q) = 0(q 1%, (2.4.3.4)

in these coordinates. By taking &z, smaller if necessary, we may restrict our attention to func-
tions v € CS(B(0, C';,WA2‘4) x R% mS’M;C), where B(0, CA'é’g’u,AQ_’) denotes the Euclidean ball in R?
of radius é,lg,wAT( centered at the origin 0 € R?, CA';,,U, > 0 is a constant depending only on g and
y,and S}, = {(g,p)eR?: 1 <|p| < 4}. Here |p| = (p? +---+p3)1/2.

Let g(q) = (gi j(q))lsi, i<d extended to a function defined on the whole space R? with the same

properties. We now introduce the following non-symplectic change of coordinates on R2¢ :

Qom:(q,p)— (2_[q,g(2_[q)p), (2.4.3.5)
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and the associated unitary map

Uem: LPR2;C) — LAR*;0)
v — 275 /det(g2 ') woprm),

which sends L2(B(0,C, ,A27%) x R%;C) into LAB(0,C}, ,,A) x R%;C).

By taking &4, smaller if necessary, we can assume that the unitary map %/ ,, and the pull-back
¢}, send C((B(0,Cy , A27) xRN S/, ;;C) into G°((B(O,Cy ,, A) x R NS ;).

The change of variables in the L2-norm gives

L o (%m( + Py~ U Ui, (2.4.3.6)
where 1
I N IRV L 1O 7)) o A —
det(g(2=¢q))
with

P tm =0y Pt (Pp)" -

A straightforward computation shows that

'@b,(,m = ﬁf mt @/K ,m> (2.4.3.7)

b? b

i 1
Up Py U], = Po.pm+ |/ det(g(2" fq) Y| ——— (2.4.3.8)
: b | \/det(g(2%q)

where

ij DPzD l l
Ctm =@} mOrlpy)* —%m@’e%m——Z( QL1+ g;; (27 )2/ pi2 pj) (2.4.3.9)

20 of
and
* —1 * 20 oij 0 ij 0
o m = (p[’m@/g((p[,m) =276 pja—q. + fk (q,f)pipja— R (2.4.3.10)
£i'@.0:=2'Y gw i@ q)( -+ LT e g q>) (24.3.11)
%g)m@[%;m =Wy m+ det(g(2‘[q),??/g,m] _— (2.4.3.12)
’ \/det(g(2_[CI)
From (2.4.3.2) and (2.4.3.4) we know that
sup  |f(q,01<CA. (2.4.3.13)
qeB(0,C}, ,A)
Since det(g)o @y, = det(g(2~%q)), we have
i1 1 VPRI
b,0,m — s € o(p[,m =T l,m> € q
b2 by 5 \/det(g) 5 %, det(g(27%q))
1 1 \#
= 200wl Vdet(@)l(@y,)
1
= E[%’ vdet(g)lo@sm
2! .. 8y/det
- 35’*"pka—;i(@ Qim - (2.4.3.14)
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is bounded by some constant Cg’zp% on (B(O,CA'fg’wA) xRHNS 7 ¢ - With the identities (2.4.3.6) and
(2.4.3.8) we deduce

@ A

v Ut mol 2. (2.4.3.15)

K i A
| ||(b—;’ ¥ Pt = Uemolzz = 1G5+ Py =l |<C

Kb
b2

Proposition 2.4.3. There exists a constant Cgy = 1, determined by the metric g and the function
v, such that the inequalities

1 x A K A K A
Zu(b—;’ + Py om— ;)%,mvniz < ||<b—;’ + Py~ ;)vu,%z < 4||(b—;’ + Py om— 3)%,mv||§z, (2.4.3.16)

hold for all v € 65°((B(0,C} ,A2) xR)NS), ;0), all (1,b) € R x (0,00) when 2~°A < g~ and

B8 > Cg,w% :
Additionally, we recall
Uy mv € 65°(B(0,Cl , A) xRN S 4;0),

for all v € 6°((B(0,Cy , A27) xRN S}, ;).

Proof. The same integration by parts as in the proof of Proposition [2.2.1|now gives

Kp . 1 —
1G5+ Poem —iDullpalulze = 5 | Cll2™ Dpullza + Col2Iplulfe + xy lulZ,

1 ; 0
+ ERe<u,f,§J(q,€)pipjmTku>

Kp 4) A 2
= (m _Cg,wg)”u”Lz

for all u € €5°((B(0,Cl ,A) x RN S/, 4;C) , owing to @A3.13). For xp = 8C ), Ab we deduce

N K K i1
Yu € 6°((B(0,CY ,A) xRN S 4;0), 8—;’2 lull < ||<b—’; + Py pm =l
The inequality (2.4.3.15) now implies
Kb i Kp ) COLAb iy )
| 15 +Pbem — 5% mVlL2 = (o5 + P o — 0l | £ ———— (5 + Poem — 7 )% mv |l L2
b b b b b b
(2.4.3.17)
when «x; = SC{(;Z!/AIJ . It suffices to take Cg = max(SCgfL,, 16C§L,). O
The next step is to replace the & ,, with the euclidean version defined by
- 1
O¢ = 5(6ij2_2€DpiDpj +2%p|?), (2.4.3.18)
and we set according to (2.4.3.10)
. 1.1
Ppyom = ﬁ@; + E@&m , (2.4.3.19)
0 i 0
. _ 920 ) ij .
with %, =2 6‘Jp]a—qi +f, (q,ﬁ)plpjaka. (2.4.3.20)
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Proposition 2.4.4. There is a constant Cgy, =1 determined by the metric g and the function vy,
such that the following inequalities

A _ A
I (—+%zm - )u||Lz—Cg,wA22 2’”( bzm)u||Lz<|| (—+9>me - )uan
and
i i
”( +t@b5m b)u”L2<”(b2 +t@bém b)u||L2+ngA22 2[”(1)2 b2@[)u||L2

hold for all u e C6(?‘3((B(O,C A) xRHNS’ .,C), all €7, ¢=-1, and all (A,b) € R x (0, +00).

0,8
Proof. From the equality

. 1 -
Py om—Pom= 72 (@’[,m - @[) . (2.4.3.21)

The difference between 0y ,, and é[,m is given by
SRR T N S, Py, 20( . qo—lon sif)
Com—0p= 3 g7 (@277 q)-6;j|27"" Dp,Dp, +2° | gij(27 @)= 6" | pip;| - (2.4.3.22)
A unitary change of scale replaces (2¢p,27/D ») by (p,Dp) and the problem is reduce to the com-

parison of harmonic oscillator hamiltonians in Proposition[2.A.T|relying on global ellipticity. With
g%/ (27 ¢q) - 6| + |gij(2—fq) -6l = Cg,w,lAQZ_% , we obtain

1 -
>3 (Com —Gr)ullpe < CgyA?272 b—g + ﬁ@) ullzz, (2.4.3.23)
for some constant Cg, >0 determined by (g,v). The two inequalities of this proposition follow.
O
We set h = ﬁ,

Kp iA _os(Kph

bz +szgm—? =2 (T +szhf—1h/l) (2.4.3.24)
where
P Ls (WD, D, )+ 5 1siip +hfp; 9 (2.4.3.25)
bhf =g 6ij(hDp, pj 2b2 b Jal plp]apk'

The problem is now reduced to a careful study of the operator 93”1, h,f acting on <€°°((B(0 C’ ! A) X

R4 NS’ v g>C). We will firstly consider the euclidean case in Sectlon L where [ = ( fk )1<l k<d =
0, and the results for the general case will be obtained by some accurate perturbative argument
in Subsection [2.6.1] Passing from the local to the global estimates will be developed in the end of
Section [2.6|but preliminary results are collected in the next paragraph.

2.4.4 From the local models to the global estimates for a fixed ¢

We work in the framework of Subsection[2.4.2]and Subsection[2.4.3] Remember the notations
and assumptions:
— the partition of unity 3,7« w2(g—m) = 1 and the notations Ym,0,A(qQ) =y(;
A2 'm;
— Py 0= 0, + 3+, introduced in ©4119E4115)@41.16);
— the condltlon 27CA < Egy = c for £g 4 small enough which allows in Subsection w

the use of normal coordinates centered at gy ma = A2 'm, me 7%, and the comparison
between the metric g with the euclidean metric;

q- quA

), d¢mA =
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— the unitary transform % ,, associated with the change of variables ¢/ , : (¢, p) — (2_’ q,8(274q) p)

written in normal coordinates
— the operator &, ¢ ,,, = @[ m+ ?Z/g m introduced in (

Proposition 2.4.5. With the above notations and assumptions, in particular 27¢A < ﬁ , set for
u € 65°(S¢,2,C) and for any m € 7%,

Uom =UomWm,eat) €652(BO,C, ,A)xR)NS)4,0).

The following inequalities

23 ||(ﬁ Pyt - %)w,m 12, g0y~ % 22w | g = 155+ P %)uniwd),
and %+ P~ g < L SIS+ Do e = el Sen o2,
b2 L2(R24) = L*[R*) ~ A2p2 L2(R24)
hold true as soon as kxp = CgyAb and the constant Cgy = 1is chosen large enough.
Proof. Simply combine Proposition and Proposition[2.4.3] O

A similar result can be written for the hamiltonian vector field alone.

Proposition 2.4.6. With the same notations and assumptions as in Proposition [2.4.5|the follow-
ing inequalities

1.1 2¢,, ! - 2
szgngmm T I o e A262 522%’“2 LZ(R%)S||—(%—m>u||L2(R2d),
me

. 2/
and ||g(@/g—m>u||L2(R2d) Y 8l (%m iU m 20 a0, + Co g A2b2 b222£)||2 " —

mezd
hold true as soon as the constant Cgy =1 is chosen large enough.

Proof. In Proposition the operator (K + ,@b - %) can be replaced by %(@/g —1A) and this

produces the same error term —5% 225 ug mll72. In the same way, the calculation leading to
A b L
(2.4.3.15) can be done with (’I;—’g +Ppr— % iy replaced by %(@/g —1iA). This second step leads to

1 , 1 , A?
2@ = iU 0 sy < 215 Fe = i gy + 2ACG, Pz 1 %emv | ageny

and
1 . 1 .
5@ = iV aqgay < 2N 7 P m = iU m | gany + 2ACg, ]2— 1% m 0117 2 g2, -
Since 27¢A < le <1, we conclude that
2 9-20 72 o o
||%é mU”Lz(de) 52224 —— 12" %, mv”LZ(RZd) 5222[ ——;12%"%, mU”LZ(RZd)-

O

The last result of this paragraph is about the comparison between local and global estimates
of the #/?3-norm appearing in the lower bound of Theorem According to Proposition m
ii) in Appendix the #?3-norm of u € G (Q x R?;C) can be written

wl?p = 2 +(IDy
i = [ @020, + [1Dg?u

LZ(RZd) LZ([R2d)
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expressed with operators constructed in the euclidean case. The change of scale (p,D ) — @2p,27¢D p)
leads to consider
H D, |23y
LZ(Ide) q L2(R2d)

Proposition 2.4.7. With the same notations and assumptions as in Proposition and with
lwlly s o defined by (2.4.4.1)), the following inequalities

lu)2 ||(m)2/3 (2.4.4.1)

7/2/3 yam

2
2/3 l 2/3
14120 , < Ca X GOt ml 2ty + 112D PPt 22 gy +
mezd

”22% Uom

AY3 L2@®2)

hold true as soon as xp = Cg . Ab and the constant Cgy = 1 is chosen large enough.

Proof. With [(Dg)¥3u ||22(R2d) =(u,(1-Ap)%u) and (1-Ap¥3 = [(1+]¢%)?3 (g,Dy).

and Zmezd y2(g—m) =1, Weyl-Hormander pseudo-differential calculus with the standard metric
dg®+ ; €>2 (see [HormIII]-Chap XVIII) , provides a constant Cy, = 1 such that

]Weyl

D3 vl2, <Cy Y DSyl —mvl2,.

mezd

hd/2

By setting h = A2~ , y(15™) = Y 1,4(@) , v(q,p) = h¥2u(hg, p) and

h—d/2

h
Um,e,A(q,0) =W ra(Qulq,p) = 1//( w(hq,p),

the above inequality becomes

2 2
IADgl5ul?, <Cy Y IKADg)3vm a7, <2Cy

mezd

2 2 2
Zd NADg130m,e.al72 + 10m,e.al72ge) | -
meZ

4[/2

By multiplying both sides of the inequality by hs A4,3 , we get

20/3
IIIDqI3u||L2<ZCw > lDgl13 Um!A“Lz"‘ 12

2
Um,l,A ”Lz(RZd) .
mez<

A48

By adding [(@)ull}, gei) = Emeza 100)0m 0,417 2500, » We deduce

||u||7//2/3 0= CW

2¢4/3 2
Z ”Um l,A ”7//2/3 ¢ + m ”2 Um,0,A ||L2(|R2d):| ’
mezd

which is not exactly the seeked inequality expressed in terms of the u,, s o . By setting 0,,, p 4 =
2€d/2vm,[,A(q,2[p) we have on one side

lvm [A”;,/z/a ¢ =T, IA”W% 1

while on the other side

Omea(@,p) = 2y 0 a(@uiq,2'p) = 2" (U, ) 0.4 1(q,2' p)
Z[d l l 17 ~
= mum,[,A(2 q,g(Z q)_ 2 p):[%g’mﬁm,&A](q’p)
etlglsq
. . ) ) ]
with um,é,A(qap):2fdum,£,A(2[q,2[p) s [@/g,mw](q,p): - w(q,g(q) 1p).

det(g(q))
e . > 1
Proposition gives || %, mw||7,72/3 1= Cfg .)u/”LU”WZ/?: 1 and
1) 2 D 1204 \2/3 2 l 2/3 2
10m,0,41520 1 < [Cgy P lllim,e,a 120 <ICEL NGO w0417 gosy + 112° Do tim e, 4172 g0

while
||Um,€,A ||L2([R2d) = ||l7m,é,A ||L2(R2d) = ||ﬁm,l,A ||L2([Rg2d) = ||um,l,A ”L2(|Ra2d)-
This ends the proof after choosing the constant Cg , < 1 large enough. O
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2.5 Euclidean Case

In this section we consider the scalar euclidean case indexed by two parameters b,h >0 with
the Kramers-Fokker-Planck operator

5 1 .9 pl?. 1
Pon0=5(h Ap+—)+ ZpJa ; (2.5.0.1)
h D %,—J
:@b,h :ip'Dq

on R?? = RZ x RY where (q,p) =(q',...,q%,p1,...,pa) .

Proposition 2.5.1. There exists a universal constant C =1 such that the inequality
h . ) 9 h . 9 1 9
C”(g + yb,h,() —ihMu ||L2(R2d) Z”(3 + @b,h)u”Lz(RZd) + ”(Ep 'Dq - hA)u”LZ(RZd)

h_ 2 h
103Dl + 2l oy + (2.5.0.2)

( 2\/_MJ|rIp|)3u

LZ([RZd)

holds for all u € Cgo(led;C), all e R and all (b,h) € (0,00)2.

Proof. A unitary change of scale transforms (q,p,Dg4,D)) into (\/7 q,Vbhp, \/7 Dq, D p) and

g’b,h,o into 91,1,0 . The problem is thus reduced to the case b = A =1 and the final result will be
obtained after multiplying both sides of the specific inequality by h2/b2 .
Let us introduce some simplified notations:

— The partial Fourier transform with respect to the variable q is normalized as

qugu(f,p):/ e u(g, p)dg, ueCPR). (2.5.0.3)
[Rd

It is unitary from LQ(Rq “»dqdp;C) onto LZ(I]'-Rf e (2 )d dp;C).

— The operator 9‘1,1,0 is simply denoted by P and we set

. 1 .
P=9 1= 5(—Ap +1p®) +ip-Dy

T
_ R _ ®1 d
P:=9quoPo(quf) 1=/ —(-A, +|p| Y+i(p-&) ) & E)d, (2.5.0.4)
Rd

in the direct integral decomposition L2(R2% dp;C) = fRd L%(R?,dp;C)

&p’ (2 )d (2 )d )
— The harmonic oscillator hamiltonian € = %lm is decomposed as 0 = ijl O; with
. 10* 1,
T 20p? T2k

— For any fixed ¢ € R?, there exists an orthogonal matrix R¢ € 0(d) such that

%?(5):0&,0,...,0). (2.5.0.5)
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The corresponding unitary pullback on functions (%?)* : L2(R%) — L2(R%) is given by

(913?)* u(p) = u(@?p), u € L2(RY),
xy—1 *
and we let (%:)* := ((92?) ) be the inverse of (%?) . For ¢ e R?, let
D * D * 1 .
Peg:=(R]) 0 Pro(Ry)" = 5 (-A, +1p1?) +ip1 €| (2.5.0.6)

be the conjugation of 135 by (%?)* . From (2.5.0.6), it is clear that

Pig =01 +ip1lél+ ). 0. (2.5.0.7)
i

We now turn our attention to the topic of obtaining lower bounds for the quantity

1L+ P —il)ul| o gea (2.5.0.8)

when u € Cgo(led) and 1 € R. We begin by observing, via a straightforward calculation, that

2
1L+ 01+ i(p11El = Dul s ga, =

1 02
1___+i<p1|f|_m)u
( 20p%

L2(R9)
2

+lp1ull? o1 M
1 L2(RY) 9 L2(Rd)

2
L;

+ pPiy—

op1

2

p

_lu
2

L2(RY)
(2.5.0.9)
for any u € CSO(IRd), £eR?, and A € R. Meanwhile, an integration by parts argument gives
2

1 : 2 2 1.0 o
”(1 - 5@ + l(pllf' - /1))””L2([Rd) = ||u”L2(Rd) + §||aullL2(Rd) (25010)

for every u € Cgo(IRRd), £eR? and A € R. On the other hand, from Proposition , we know that
there is a universal constant Cy > 0, such that

1 . 1
Colll = 2 Ap, +i(p11¢] = Ml o gay =15 Ap, ul oy + P11 = Vel g

2 2
2 Al )3
+(I¢]3 +1)2|Iu|I]2;2(Rd)+ (—1+| |) u (2.5.0.11)
P1 L2(RA)
for every u € Cgo([Rd), EeR? and AeR. Since
1L+ DU s = 2y + P16l
VUl paga) =5 1Wlp2@e) T IP1UN L2y
2 2
P1 9o 1 0 9 0 9 1 2
+ ” ?u”Lz(Rd) + 5 ||p1au||L2(Rd) + ”au”LZ(Rd) + ”5@””1:2(”@)

for every u € Cgo([Rd), we deduce from (12.5.0.9[), (12.5.0.10I), and (2.5.0.11) that there is a universal
constant C7 = 1 such that

C1ll(1+61 +i(p1lél = DulFogay ZIA+ODLF o gy + 1P 1IEN = Dl F gy

2 2
[A] )3
1+1pql) @
P1 L2(RY)

(2.5.0.12)

2 2 2
+(E15 + D2l o gay +
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for every u € Cgo([Rd), feR? and LeR.
Next, we observe that elementary algebraic manipulations give the following identity:

2 2
(1+6Y-(1+061)°= (Z @j) +2(1+01) ) 0;= (Z @j) . (2.5.0.13)
J#1 J#1 j#1
A straightforward computation using (2.5.0.13) gives that
(A+Prg—iN A +Peg—id)=(1+01 —i(p11El - VN1 +01 +i(p1 1] — M)

9 9 (2.5.0.14)
+(1+0)y" -(1+0)
holds for every ¢ € R? and A € R. As a consequence, we have
2
~ . 2 .
|1+ Pe gz = iMu| oy 2 101+ 01 +i(p1 €] = Wl o oy + | Y Oju (2.5.0.15)
J#1 L2(RY)

for every u € Cgo([R{d), £eR?, and A € R. Combining (]2.5.0.12[) and (]2.5.0.15[) then leads to

Cill(L+Peg =i Mull} ogay = | ) Ojulys gy + 1L+ 0D F o gay + 111l = Dl F o g,
Jj#1

2 2
sl
S EE—— u
]—+|p| LZ([Rd)

+ (€7 + 12 ul

2
L2ed T

1
= I+ Ol o gay + 1(P11E1 = DUl 2 g
2 2
()
a—— u
1 + |P| LZ(Rd)
for every u € CP(R?), ¢ € R?, and A € R. From (2.5.0.5), (2.5.0.6), (2.5.0.16), and the unitarity of

(%?) , we see that there is a universal constant C = 2C1 = 1 such that

(2.5.0.16)

2 2 2
+(S13 + D7 ll7 o gay +

CIA+Pg = il o gay ZN A+ Ol o ay + 1D - = Dl 7 e
2 2
Al )
S —— u
1 + |p| LZ(Rd)

for every u € Cgo(Rd), &eR? and A €R. Using 42.5.0.4[), (12.5.0.17[) and the unitarity of &, .., we
obtain

(2.5.0.17)

2 2 2
+(E15 + D2 ull7 o gay +

CIL+P = i)ul? s gay ZN L+ OVl 3 oy + 1D - Dg = Dl e,

2 2
[T
I a— u
1+|p| LZ(R?d)

2
H 2
F1ADIF + Dul, g, +

for all u € Cgo([de) and A € R. The change of scale introduced in the beginning of this proof says
for A replaced by bA

b ~ ) b . 1
CUA+ 2P .0 = DA xgay 2N+ 3O wul T sy + (-2 D = DU T gy

2 2
3
b 2 9 [bA|
+ ||(|\/;Dq|3 + Dull7 o geay + (H—lﬂ) u
vhb L2(R2d)
forall u € CSO(IRM) and A € R. Multiplying both sides by (%)2 ends the proof. O
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2.6 Final proof of Theorem 2.1.6

We now collect all the information given by the localization techniques of Section and the
accurate estimates for the euclidean model in Section The first result will be the derivation
of the subelliptic estimate for the local model %, ¢ ,,, = b%@g + %@[,m introduced in at the
end of Subsection from the subelliptic estimates for the euclidean model. The second result
is about the other local operator 2 ¢ ,,, = b—lzﬁg,m + %@/&m introduced in (2.4.3.7)(2.4.3.9)(2.4.3.10).
These preliminary results hold for all momenta p ~ 2¢ and arbitrary values of the intermediate
parameter A > 0 introduced in the grid partition. Then, in the third paragraph, we consider the
case of large momenta or large ¢ and the summation with respect to the grid index m € Z% will
hold for A =1 large enough. Here the intermediate parameter A will be fixed to A = A, (b) =1
large enough according to the value of b > 0 and the geometric data.

Once A, (b) = 1 is fixed, the fourth paragraph collects the information when the momentum
p ~ 2% is bounded by Ca_ )b - For this part the term p x p x 8, , estimated by O(Ca_ 3),)9p ,
is controlled by a simple integration by parts argument provided x; is large enough. The sum-
mation with respect to the grid index m € Z% will be done by choosing another value for the
intermediate parameter A = Ay(b) with Ay(b) > 0 small enough according to the value of b >0
and the geometric data.

Finally all of the summations with respect to £ = —1 are carried out.

2.6.1 Comparison of the local model ﬁb,g,m with the euclidean case

We write general local subelliptic estimates for the local operator :@b,(’m = b—126~’g + %@/&m intro-
duced in (2.4.3.19) at the end of Subsection and parametrized by the dyadic scale 2/, b > 0,
the grid index m € Z% and the constant grid scaling A > 0.

Proposition 2.6.1. Let C = 1 be the universal constant given by Proposition[2.5.1|for the euclidean
metric.
There exists a constant Cfggj,, >0, depending only on the metric g and the function v, such that for

all (A,b)€(0,+00)?, kp = C(;L,Ab + 1 implies the inequalities

2 1

”(% +Phem %) ¢ L2R2) = Ji6p4 ”2%””%2@%) (26.1.1)
and
. 9 2 2
ac(1+¢$),p24?) (% +9§’b,g,m—%)u % blz(Kb *Ou| %(@/z,m—iﬁ)u L)
. (%D _) 2 (B
62" b2 L2(R2) b% 1+2/lp L2(R24) ’
(2.6.1.2)

when either  u€ %go((B(O,é;},’wA) x R%) NSysC) and (A, 0)€RxN,
or  ueEe(BO,C, ,A)xRYNS. 5,C) and AeR for (=-1.

Remember the notations of Subsection [2.4.3]

—_1
_h_bzzfa

— % +g§’b,€,m - % = 22[ (% +<@A’byh’f — ihl) = % (% +=@b,h,f — ihﬂ) 5
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2 Ip12
— @g = %@b,h with @b,h = w s
— Y =22(3p 04+ f,’ (q,0pip0p,) = £ (3D 0q + hf, (q,0pipj0p,),
— S\ g=1{(g,p)eR*, I <|p| <8} and S| s ={(¢g,p) € R*,|p| < 8}.
The result of Proposition is actually deduced from the same results for the operator
@’b,h, - This will be done in two steps.

Proposition 2.6.2. There exists a constant ngp > 0, depending on the metric g and the function
v, such for all (A,b) € (0, +00)? and for kp =1+ Cfgz},/Ab the inequalities

hxp o . 1 1
Re <(T + t@b,h,f - lh/l) u, u>L2 = _27b2 ||u ”%Jz(de) + 5 Z ||thju||i2(R2d) (2613)
J

2

“(%-{-g@bhlc—lhﬂ)

1 9 1 )
= 914p4 ||u”LZ([de) + 2812 Z ”hDPju”Lz(de) . (2.6.1.4)
J

hold true

when either u€<€5’°((B(0,CA" )XRd)ﬂS(')S,C) and (A, 0)eERxN,
or  ueEe(BO,C,,A)xRINS. 5,C) and AR for (=-

Proof. A straightforward computation gives

1H|p| 2
—|l=u

Re <(T + @b,h,f - lh)l) u, u>L2 :T ”u”L2(R2d) + 5; ||thJu ||L2(R2d) + Lz(de)
+Re <hf,§inpj—u,u> , (2.6.1.5)
apk L2

and, owing to |p| <8 and Ifikj(q)l < C(gl’zl,A according to (2.4.3.13),

i i ou h h ki
ij . ou _|r ‘ i
Re <hfk plpj@pk’u>Lz ‘2 < u,u>L2 <§k (f pz+fk pj) U,u>L2

<8hCY),Allul? (2.6.1.6)
for any u is supported in (B(O,CA'SN,,A) x [Rd)mS’[ g for £=0o0r¢=-
When /=-1and h = % we simply use

VUpin s —
fk plp]’@pk

Lz(RZd)

C(l)

hxp - )
Re <(T +Pyhf— Lh/l) u,u>L2 > 4b—IIuIIL2 + = Z ||thJu||L2(R2d)

2
2 5 lullz+ 5 Z |AD ]2 gy

if ki = 1+C$),Ab and CY), = 16CY), .
When ¢ =0 and suppu c (B(O,CA';,’WA) x RY) N So,8, we deduce with the lower bound |p| = 273 the
inequality

@ 2
hxp |~ . hxyp th v 1 s 1 0
Re<(7+%’h’f_lhﬁ)u’u>m = b 2 27b2)"u”L2+§;||thJ'u”L2(IR2d)’
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where again C(z) = 16C(1) is determined by the metric g and the function . The assumption
kp = C g,wAb 1mp11es

hxp . hxyp 1 2 1 2
Re <(T +Pypp - Lh/l) u,u>L2 > (E + W)nunmw) *5 Z ||thju||L2(R2d)
J

and this ends the proof of (2.6.1.3).

The second inequality (2.6.1.4) is deduced from (2.6.1.3) via the Cauchy-Schwarz inequality
like in the proof of Proposition [2.2.1]
O

We are now able to give a lower bound for the operator @b’h, f

Proposition 2.6.3. Let C = 1 be the universal constant given by Proposition[2.5.1|for the euclidean
metric.
There exists a constant C(?’) >0, depending only on the metric g and the function v, such that for

all (A,b)€(0,+00)?, and xp = C(3) Ab + 1 the inequality

th ~ . 2 Kbh ~ 2
1 (3)A22(—?} —/l) _—(—@)
C( +Cg’w b) b * b,h,f Lh “ L2([R2d) 4 b * b’h “ L2(R2d)
2
—H( p-o0 +hf,;J(q,€)plpj pk—zh/l)
4 LZ(de)
2 2
1|[|h 35 h 1 A 3
= (’—Dq 3+—)u . (th)Su 2.6.1.7)
2 b b Lz(de) 2 hb + |P| LZ(IR2d)
holds
when either ue‘ggo((B(O,C" A)leid)ﬂSBS,C) and (A,0)eRxN,
or  ueEe(BO,C,,A)xRYNS. 5,C) and AER for (=-
Proof. We start with the inequality
hxyp 2 1|(hxp ) 2 H i ou ||?
— 4+ —ihA = |[|—+2 —ihA - Tpipi—
H( b buhf ) L2(R2) 2”( b bhOTE L2(R2) fi plpjapk L2(R2)
(2.6.1.8)
and ou
Ihfy pipjo— P 17 2 goay < [64CY) A]ZZnthjunL(RZd), (2.6.1.9)

which comes from |p| <8 and (2.4.3.13). With x; =1 and C = 1 given by Proposition [2.5.1] the
inequality (2.5.0.2) combined with

2 2

h hixp—1
H(—+Q—zhﬂt)u - H(—+Q—ihl)u HM
L2([R2d) b LZ(RZd) LZ(RZd)
h h .
+2§—(K2 )u,(g +@b,h)u>l
=0

— & a1y |p|2
for Q=PppoorQ@=0p;= 5(—h Ap+—5 )
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implies

h 2 1| hxp 2 1 2
H(ﬁ+9’bh0—zha) —H(—mbh) + (—p-dq—ih/l)u
Lz(RZd) 2 b L2(R2d) b Lz(de)
2 2 2
2 1 2
[ Y e [ 1
b b L2(R2d) hb + |p| Lz(de)
(2.6.1.10)
Combining (2.6.1.8)(2.6.1.9) and (2.6.1.10) implies
2 2
h 1
(R N LN e
LZ([de) LZ(RZd) b LZ(IRZd)
2 2
1|[|~ 3 h 1 A 3
slaod <5l o3 (#L)%
2 b b LZ(RZd) 2 hb + |p| LZ(de)
2
—- C[64C, AT Y NRD ;s gea -
J
(2.6.1.11)
Putting
(1 0 'hﬂ,) i >1 (1 -0q +hf hxl) i
bp q ! u LQ(RZd) - 2 bp k plpj Pk -t LZ(de)
ij 2
- “hfk pipjapku L2(R2d)
1[(1 2
25 bp -0 +hfk pipj0p, —ithA|u L
(1) 412 2
~[64C,,Al Z |ADp,ul 22
J
into (2.6.1.11) gives
2 2
th 1
—+9Z —ihA >— “0g+h hA
(%52 e ma-ina)ul, =25 4 00a) il #3508 i i)
2
ey R
== —lu - — | u
2 b I b LZ(RZd) hb + |p| LZ(RZd)
(1) 2
-2C[64C,, Al Z”thju”Lz(RZd)
(2.6.1.12)
When «;, = C$),Ab the inequality @6.1.4) provides
|AD w7 geny < 276 (@w?’ —zh/l) ;
Pl L2(Red) = b b,h,f L@
and taking
CY, =max(Cy),,22CH, =1 , x,=2CP) Ab+1,
yields the result. O
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2.6.2 Comparison of the local models %, ; ,, and %’(’m

We now deduce subelliptic estimates for the local operator 22,  ,, = @[ mtT @[ m introduced
in (2.4.3.7)(2.4.3.9)(2.4.3.10) from the one obtained in the previous paragraph for ,@b ¢m- Itisa
consequence of the upper bounds for the differences (gb’[’m Py ¢.m) and Gy - Oy m) studied in
Proposition [2.4.4]

Proposition 2.6.4. There exists a constant Cf;il, = 1 such that for any A,b >0, xp = C(4) 1+
A)1+b)and 22 = CS), (1 +A)(1+b)A? imply

b 1
C(4w||(—2+%,g,m )uuLz(RZd) 51 12% 0l 2 g, (2.6.2.1)
and
A 1 2 1 2
C,(1+ A2 +b)? (—+%[m—%)u _‘—2(Kb+@,m)u = (W —id)u
LQ(RZd) b LQ(RZd) b LZ([R2d)
B Y (8 R W A
— (kp +O0¢)u — — |u | u ,
b2 LZ(RZd) b2 a b2 LZ(de) b2 1 + 24 |p| LZ(IRZd)
(2.6.2.2)

when

when either  u € 65°(B(0,Cl ,, A)xR)NS(5,C) and (A, 0)eRxN,
or  ueE(BO,C,,A)xRYNS. 4,C) and AeR for (=-1.

Proof. a) For the inequality (2.6.2.1) we must reconsider the proof of Proposition [2.6.2]after notic-
ing

~h2(gi /(270 q)~6:))0p,0p, + (g2  q)~ 6")p;p /b?

(bRPy g =Py pf + 9

With |g(27¢q)-1d| < Cg,wA22_2g we get

~h%(gij(27q) 60,0, + (g (27 q)— 6Y)pip j/b* >
u

{u, B

1
209-2¢ 2 2
= C'/g,wA 2 [ ”thu I|L2(R2d) + ﬁ ” u ||L2(R2d)

and

(u, (bh)( +9}”b tm = )u) (u, ( +37’b hf—1hA)u)

<Cj, A2 Re(u, (X +§¢’bhf—lhﬂt)u)

The lower bound for Re(u, (bh)( 5+ Ppom—1% Ay, and by Cauchy-Schwarz for ||(bh)( 5 +Ppo.m—
i 2 112 22 ATe thus deduced from Proposition when 2%/ > 2C"g',wA2 . The condltlons and the

inequality (2.6.2.1) are thus satisfied by taking ng/, >2Cyg ,, large enough.
b) Let us consider (2.6.2.2). We recall the inequality (2.4.3.23)

Iz (@ m = 60) ull ey < Cg y A227%)| [ =

2 b2@g)u||L2(de) ,
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which implies

%2+ L6, ul > 5% e, ur
bz b2 ¢ u LZ([RZd)—2 b2 b2 Z,m u LZ([RM)
xp 1 . 1 (xkp 1 1 (xkp 1 -
and | (ﬁ+b2m)u||m(w)zz|| §+ﬁ@,m)uniwd)+zu 73+ 3300 |l 2,
20 _ CeyA®
as soon as 2 2—\/5_1.

Proposition holds under the sufficient condition k3 = Cg’,zl,Ab +1 which can be simplified into
Kp = Cgﬂ(l + A)(1+ b) while the left-hand side of (2.6.1.2) can be replaced by

2
(3) 2 2
4CCg,w(1 +A)*(1+b)

Kp o~ A
(ﬁ +Pbtm ?) u

Therefore Proposition and Proposition say

LZ(de) ’

Kb A 3) 20-20) (Kb | & A
1z +Poem = ipul gy = (1_2\/ch’w(1+A)(1+b)Cg,u/A 2 + Poem = iUl 2@
1 xp = A
> 5 ”(ﬁ + Py om— lz)u"LZ(de)
as soon as

2% > 4,/CCY Cy (1 +A)1+Db)A%.

When all these conditions are satisfied this proves the seeked inequality with the upper bound
64CCD, (1 + AR+ B2ICL 4 By — i D ul?
&V b2 b,6,m — 1 b u L2(R2d) "
The result is thus proved by choosing
CY), = max(4,/CCS),Cy,,64CCY))

2
where the right-hand side is larger than C'%), and for which C%),(1+ A)(1+b)A2 = Z2r2

V2-1 "

2.6.3 Estimate for |p| ~ 2/ large

We now prove subelliptic estimates for &7, , by summing the local subelliptic estimates for
Py .0.m - All the error terms coming from the partition of unity Y, 7d w2(.—m) =1 and studied
in Subsections [2.4.2] [2.4.3| and [2.4.4] happen to be relatively small enough when the parameter
A = Ao (b) is much larger than 1 and ¢ is large enough so that 22¢ > [A,(b)1% x (1 +b).

Proposition 2.6.5. Let 2, s and Sy2 = Sp2 < Q x R? be defined respectively by (2.4.1.14) and
(2.4.1.18) for £ €N.
There exists a constant C$), = 1 such that Ax(b) = C$),(1+b), kp = C), Aso(b)x(1+b) = [CY) 12(1+

b)? and 2% = C$), [Ac(B)P(1+b) = [C), 14 (1 + b)* imply

[€c® Pa+b)t|[X 4+ o M)u ’ >‘ L ks +00u o, L@, —inyu ’
L4 b2 bt b L2R2) b2 b ¢ 2wy |b ¢ L2R2)
2 2
1 [ - o3 |2 2 2 1 Al )3
+—— | [(G)u +|[|Dg|? u | s——]| u , (2.6.3.1)
b8/3 || L2(R2) || q L2(R2) b2 1+2Z|p| L)

when u € 6;°(So,2;C), AeRand b>0.
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Proof Our conditions and A = Ax(b) = C§),(1+b) = 1 and 2% = C) A3(1+b) = CT),A? imply
A< A< ﬁ when Cgy =1 is the constant of Proposition [2.4.5 and Cg”ip is chosen larger

W

than Cz,,w . With xp = Cg,,A(l +b)= Cg,u,Ab , Proposition [2.4.5|says

2 = ”(ﬁ"'@b,f_?)u”]:z([l@zd)’

1
Z 3 ||(b2 Pyom— )u[,m ”1%2([1%2‘1) A2b2 H

mezd ")

with
VmeZ%, wpm=UrmWmeau) € €5(BO,C A xRN Sfg,0).

By choosing C(5) larger than the constant 2xC, (4) w of Proposition , the condition k3 = C?’L,A(l+

b)= Cf;,i;/(l +A)(1 + b) and the inequality (2.6.2.1) imply

d 4 iA 2 L 20 2
VmeZ y C( ) ”( +<@b,[,m _F)I'L[,m”LZ(de) _4”2 u[,m”Lz(RZd)a

) 2
CoyCeyb

With = % when A = C(5) (1+b)and C?,L, is chosen larger than 4/ C(4) Cg v, We obtain

iA Kp iA
sz ICt + Py~ 5 e oo < IG5 + Py e = 0l Tagony,

€
and the two lower bounds of |I(% +Pyom— %)u&m ”%,Z(RM) of Proposition can be used for
every m € Z% . The first one (2.6.2.1) already used gives now

il 1 Kp il
mEZZd 1G5 +Pb,6m Zeml o i 12220 gy < g + P = =N gy
The second one (2.6.2.2) with here 2A = (1+A) and combined with the second inequality of Propo-
sition it implies

+= (% iMu|?

Kp i1 1
210¢h) A3+ OG5 + P =3 lage, =I5 +00ul] )

L2([R2d)

2 2
———— | u
2 4
b= 1+2¢pl L2(R2d)

1 Cov  Cau |, o2
+ -5 12% wgm?
méd(cgf{,,b‘l A2p2  p292 m I L2(R2)

2 2

u
L2y b8/3 tm

= g,V = p b2 = p g

2
2
2/3
>
|(Kb +6)) Uom L@y = B

1 -
ﬁ(Kb +00)urm

” G23y

L2(R2d) b8/3 | M || L2(Red) *

Proposition implies

%2/3 2 l 2/3 2 2/3. 112 2/3, 112
Z ”@g u[,m ”LZ(RZd) + ”|2 Dq| u[,m ”L2(R2d) = C [II@ u”L2(|R2d) + ”quI u”Lz(RZd)]
mez< g,W
20/3 2
-2 127w mll
A3 M UL2(R2)
mezd A ~ -
<122¢upml?

L2(R2d)
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The complete error term in the lower bound is now bounded from below by

2 2 4
4 4 2 20 4/3 I L2(R24)
b* =4 cfg 2// A 2 A

which is non negative when
—®)
A=CP (1+b)
and 2% =C0) A*(1+b)=[CP), 1" A +b)* = CY),(1+b)?

with Cg{, large enough. The inequality (2.6.3.1) is then obtained by taking Cg,, > 28 C?’L,C g -

O

2.6.4 Estimate for |p| ~ 2! < Cogoy

We have fixed the value of A.(b) = C{(;L,(l +b) > 1 in Proposition in order to get a result
for all £ = ¢}, g, +1 with

220bsw*2 > [CD) 1H(1+ b)* = 22bev (2.6.4.1)

We now consider all the bounded values of ¢ € {—1,0, 1,...,¢ b,g,w} . Here the error terms related
with the partition of unity ¥, ¢ ¢2(. — m) = 1 will be relatively small by taking a new, small
enough, value for the intermediate parameter A >0 denoted by Ay(b) and the parameter x; > 1.

Proposition 2.6.6. Let ¢}, ¢, € N be such that 2.6.4.3) is satisfied. For all £ €{-1,0,1,...,0p ¢}
let Py o and S¢o < x R% be defined respectively by (2.4.1.14) and (2.4.1.18).
Take Ao(b) = m where Cl, , = maX(Cg,l,,,Cf;’L,), Cgy = 1is given by Proposition |2.4.5|and

Proposition E.4. 7|while nglf =1 is given by Proposition
There exists a constant C'® =1 such that Kp = Cgfi,,(l +b)° implies

g?w -
: 2 2 2
Kp iA 1 1 .
cO® 1+b0)? |2+ ——) 2‘— +0 +|| =@ -iar
g’w( ) b2 b’é b “ LZ(IR2d) b2 (Kb [)u LZ(RZd) b( ¢ ! )u L2([R{2d)
1 [ = 93 |2 2 2 1 [A] 3
+——|[(G)u +|[|Dg|® u | s——]| u ,  (2.6.4.2)
b8/3 || L2(R2d) || q L2(R2d) b2 1+2€|p| L2

when u € €;°(S¢2;C), (€ {_1’0’1""’45371//}’ AeRand b>0.

Proof. The proof has the same structure as the one of Proposition Choose now A = Ay(b) =

W , where the constant ng, will be fixed later in the proof.

With 27A <24 < W < le which combined with xj = C{o),(1+ )6 = 585 > Cg yAb in

Proposition [2.4.5] implies

ngu(ﬁ +=@b,/,m_?)u&m”L2(R2d)_ A2p2 ”2 Utm L2(R2) = ”(ﬁ"“@b,[_z)u”l}(“@d)a
meZzZ — . -~ ,
Uy PArb? X [CP, 1B(1+5)° ul|?
S‘T 8v LZ([RZd)
with

Uom =UomWm,e.at) €652(BO,C, , A xR)NSfg,0).
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for all m e Z¢ and all £ € {-1,0,1,...,0p 5.4}
The same integration by parts argument as for Proposition says that for xp = Cgle,(l +b)8 >

Cg?,,(l +b)? with Cgf:l, > 1 large enough

K2 [C) 121+ b)10

Kp b 2 2
T o 16b4 ”u”LZ([RZd) = 16b2 ”u”L2(R2d)-

163

i,
+<@b,[ - ?)u”L%RW) =

The bound 2% <[C),1(1 + b)* implies

(6) 12 2 6) 12r(5) 18 10
b2 = [,m LZ(de) - b2 LZ(RZd)

5) 18y (Kb Ay 2
= 16[Cng] ”(ﬁ + gzb,[ - F)u”llz(RZd) .
The additional condition [C(), 12 = 8[C}, , 1* thus implies

a[cy, , PICY), 181 + )10
b2

Kp i Kp A
16[CY) Pl 5 +Ps 0= =)l o e = 122113 o o +8LCE Y P N5 + P e ==V o o
b b NP b

>1+4
and

1 Kp lA 2
Y IG5+ Py rm— e mll o g
8" b2 s b M 12(R24)
mezd

2
+ ﬁ lwem ”i?(r}w)

s i
161CE 15 + Do = 2 ulFagan, =

Because 2/ > 1/2> C$) (1+b5)A = C$),(1+ A)(1+b)A2, the condition of Proposition [2.6.4 are
satisfied. Multiplying the above inequality by 8 x Cf;’ipél(l +b)? which is larger than 8C g4’1,/(1 +
AP(1+b)? =1, leads to

Kp il Kp A
2 Cay L+ BPICE PG5 + P 0 = )l o gony = ZZ Cany 1+ APA+ DIz + Poem = I em I Ty
me
2k2(1+b)? 2
+ Bl e, |72 g2y

Proposition combined with Proposition leads to

K i1 1
2904(34)2!/(1 + 5)2[0253!/]8 ”(b_g +‘@b,€ - ?)u”izmm) = ﬁ(Kb +@g)u||

+'
L2(R2d)
25(1+6)*  Cgy2%  Cgy2" 2
+ 2 b4 T TAZpZ  p292 l2e2,m 172 g2a)

1
2 . 2
L2yt I E(@/é - lA)u”Lz(RZd)

o)
————| u
b2 1+2/|p|

2
=9/3
0y°u

H ¢ Pom| Logady

2
[

Lz([R2d)



where we used that %ﬁ" > 1 when xj = Cg?,,(l +b)8 > Cg;},,(l +b)?2, as in the proof of Proposi-
tion Proposition [2.4.7|implies

%2/3 2 ¢ 2/3 2 2/3 2/3. 112
Zd ”@[ u[,m||L2(R2d)+ |||2 Dql u[,m”LZ(RZd) = Cgu/ [”@ ullLZ(RZd)+ ”|Dq| u”LZ(R2d)]
meZ

§ A4/3 Urm LZ(RM)
mEZ

\%

[”@2/3 + |Dq|2/3

2 2
u ||L2(R2d) u ||L2(R2d)]

Cg v

54[c§,w]3[c§;]8(1+b)4
The complete error term in the lower bound is now bounded from below by

K2(1+b)? @ o 1+0)10+1+b)° (1+b)*

3 2
méd T_4[C ][C 52 + E ))||ué,m||L2(R2d)

which is non negative as soon as
K%(l + b)2
b4
A sufficient condition is xp = C(6) (1+b)® with C(6) =1 large enough.
For the final writing of the the mequahty we also take C(S) >29C g WC(‘L) [C(S) ;8. O

10

2.6.5 Lower bound for [[(Py —iA/b)ull 2+ 1/b%|ul 2

After the dyadic partition of unity for Z;‘i_leﬁ(q, p)=1on QxR? of Subsection and by
setting
ue(q,p)= 2“/29z(q 2/p)u(q,2"p) € 65°(S2,0;0)  for u € 62(Q xR%;0),

the results of Proposition[2.6.5|and Proposition [2.6.6| give after a rescahng

(kp +0)
c”ip(l+b>4||<—+% )ezuuiwm) > ||—bb OcullZogesy + I3 ~@- P05 gy
Al
b8/3 ||9[u”7//2/3 b8/3 ||< >6[ ||L2(R2d)

for all e Z, ¢ = -1, as soon as kp = C(7) a+ b)5 and C(7) = 1 is chosen large enough. By
summation Wlth respect to £ = -1 Propos1t10n 1|and the same result with 22, —iA/b replaced

by bz@’ and Propos1t10nfor Il ll2s imply
(kp +0)

1
= +ll7 @ —idul;

LZ(R2d)
I/ll

— Nl + —m ll—
bS/3 W b8/3 (p)

ul?

Kp A
CopA+ 0G5+ P =i Dulfogery, = | 22wy

—Uu ”LZ([RZd)

for all u € €5°(Q2 x RZ;C) as soon as kp = C(Szp(l +b)® with C?i,, =1 large enough.
By taking Cgz 4 = C?}” large enough so that the comparison results of Proposition and

Proposition ii) can be applied with

(xp +0) :
g _/p[(l + b)ZH( +Pb )uIILz(de) = ||bb—u||L2([R2d) + || (V@ l/l)u”L?([RZd)

| |
b4/3 ||u||7,/2/3+ XIE ||< )lL”LZ(RZd)
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for all u € 65°(X;6), when xp = Cyg s (1+b)°
By writing

A 1 K A
Cg’./ﬂ(1+b)21(b ||(Pb—lz)u||L2(|R2d)+ﬁ”u”Ip(de) Zng./%(l'Fb)z"(b_g +Pb—13)ullL2(de)

and by noticing that the factor of the left-hand side can be
Co.tl(1+b)*xCq y(1+b)°=Cgq_y(1+b)

this ends the proof of the inequality (2.1.3.2) in Theorem [2.1.6
The essential maximal accretivity result for x = Co(1+ b2), Co = 1 determined by (g,E, g%, VE),

was proved in Proposition and Corollary

2.7 Consequences and optimality of Theorem 2.1.6

In this subsection we will discuss the optimality of the constants appearing in Theorem [2.1.6]
as well as several consequences and extensions of the subelliptic estimate.

2.7.1 About b-dependent constants

Obviously the constant m or the condition xp = Cg(1+ b)® of Theorem [2.1.6| can be re-
placed by a uniform constant and a uniform lower bound for x; when b €]0, b¢] for some bg > 0.
The question arises about the regime b — +0o. We do not claim that neither our lower bound nor
the condition on «; are optimal with respect to b as b — +oo, but they cannot be written with
uniform constants.

Actually, we show here that scalar GKFP operators admit quasimodes at A = 0 of size G(b72) as

b—o00.

Proposition 2.7.1. Let P, ; = b—lzﬁ + 1% be the scalar GKFP operator on X = T*Q where the
Hermitian bundle is E = @ x C with VE the trivial connection, g is the usual pointwise Hermitian
inherited from C, and 4((b) = 0. Then there exists u € C(X;&) = CP(X;C) with |ulrzx.e =1
satisfying

P22 2.6 < CO2, b E(0,00), (2.7.1.1)
for some constant C > 0 independent of b.

Proof. Let u € C*°(X;C) be any function of the form

u(q,p)=¢(pl2), (g,p)eX, (2.7.1.2)

where ¢ # 0 belongs to 6;°(R;C). By multiplying u by a non-zero constant if necessary, we may
ensure that ||ullz2x.c) = 1. Since u is a function of the kinetic energy, we have

HYu=0. (2.7.1.3)
Hence
1 1 s
1P+ ot 200 < 72 10ull+ 2 1Zul <Cb7%, be(0,00). (2.7.1.4)
O
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An immediate consequence of Proposition[2.7.1]is that the best possible constant appearing on
the right-hand side of 1| fails to be independent of b in general. Indeed, let P, ; = b—lzﬁ + %@/
be a scalar GKFP operator as in Proposition and let C(b) > 0 be the largest constant such

that
i1 1 O 1 e . Il 2/3
H(P**b_?)” +ﬁ”“”L2ZC(b)(‘b_2” 5 (75 -i)a]_+ s [l (<p>q) “ .
(2.7.1.5)
holds for every u € C3°(X;C). Taking A =0 in (2.7.1.5) gives
P () 2.7.1
1P+ pulox.c) trg ||u||Lz(X 02 25 1l e (2.7.1.6)
If u € CP(X;C) is as in Proposition [2.7.1], then (2.7.1.1) and (2.7.1.6) together give
C(b)<Cb73, be(0,00), (2.7.1.7)

for some C > 0 independent of b. Because 523 — 0 as b — oo, there cannot exist a constant Co > 0

such that C(b) = Cy for b > 1. In particular, C(b) cannot be constant with respect to b.

2.7.2 Perturbative Estimate

In this subsection, we consider the stability of the subelliptic estimate (2.1.3.2) under a gen-
eral class of perturbations.

Proposition 2.7.2. Let P, , = 50 + 1V%  let M(b) e LW 10(X;8);L%(X,dqd p;&)) satisfy
) b bW

M(b) = M1(b)+ My(b)
v1(b)

1
and [Mo(O)l ¢2.12) < Vo (1 + 2Z)

||M1(b)||$(7il,o;L2) <

and set
Pipym=Pyp+Mi(b)+Myb).

We assume that v1(b) and v satisfy

Vb e(0,+00), vA(b)bZ< G

RCRRALYI P b%),

where Cg = 11is the constant determined by (g,E, g VE) in Theorem - For xp =(Cg+16vo)(1+
bd), the operator 22 + Py p M is closable and its closure ZZ +P+ b,M 1s maximal accretive with

D(P.py)=DPp)and

— 1
VueD@Pupar), Retw, (3 +Popau) = o5 [l +rsluls) .

Moreover, the inequalities

+ b2 1+b)77

‘A llwllze
— u —
b2 L* = 8(Cy+ 16v0)2

H(ﬁi,b,M - ?)u

(0}
(n Zullp+ 15 (+vg—m>u||L2

) )

LZ
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and

ullgz + 1= (+vé" —iMulpe

| | 2/3
(< >q) “

+ — ||u||L2_

— i1
”(Pi,b,M_ ?)u 12 bZ

4Cz(1+0)7 (”

|

V&
LZ
hold for every u € D(ﬁi,b)M) and every (1,b) € R x (0, +00).

Proof. Let us first check the accretivity of P4 5 3y on 65°(X;&). For u € 65°(X;&), write

X 1 vi(b)
Re(u, (55 + Py + M(0) + Mo®lhw)rz = 1o Il +wplulfs| - = Izl
+ 2
—Vob—||u0||Lz
> 4—52[llulliﬂ,wxbnun;]—sznunw
1+b2
~@vi®) +vo—5llullz,
5 Kp+(Cg+8vo)1+b%) - 16vi(b)b
= @” ||7;1,0+ 552 ”u”Lz

1
2 o5 |l + Kol
This proves the accretivity of P, j s which is therefore closable.
From the inequality (3.2.7.8) for P, ; we deduce for any 1 € R

2
+xpllull?,

X% ,P 1
IG5 + Py~ iAulzlul = Retu, 3 + Paphdre = 25 (Il

and for all £>0

— i 1 Kb—2t7162
§||<b2+Pi,b—M>un§2 252 1450 + = iz

This inequality with ¢ = and

8v§(b)
Kp — 2t 102 =k — 16v2(b)b2 = (Cg + 16vo)(1 +b%) - 16v3(b)b? = 0

gives
2

. v2(b)
Z||<b2+Pi,b—zﬂt>u||izz 22 lullZ1 = 1M1 (B)ul)?, .

Actually the inequality (3.2.7.8) also gives

vo(1+b2) (Cg—16vo)(1+b?)
—2||u||L2 = 5
b 165

i II( 4P p—iDulle—IMo®)ulre = —25

1163 lullzz = 0.

ol -

Used with A =0, we have two closed accretive operators A = (Kbi—éb +13i,b) and C = (% +1_3J_r,b,M)
such that D = 6{°(X;&) is dense in D(A) = D(P. ;) and D(C) = D(P . ;, ) while

3
VueD, I(A-Oulp: = IAulg,
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with % < 1 and A maximal accretive. Theorem X.50 of [ReSi] tells us that C is maximal accretive
as well with D(C)=D(A).
We can take xp = (Cg + 16v)(1 + b2), and [[(A - C)ullp2 < %II(A —iM)ullz2 leads to

— . 1+ 52 Kp — . K
2Cy +16v0)[|(Pppr — iMullpz + ——llullpe] = ||(b—’;+Pi,b,M—m)uuLz+—’;||u||Lz
1
= JIGG +Pep—idulp: + 22 lulp;
1
= Z[||(Pi,b—i/1)u||[,2+b—2||u||L2],

and
_ 2 1. — 1
1P g — il + %nunp 2 L [1Pap = iDulpe + 5 lulps]

where, in both inequalities, the right-hand side is bounded from below by (3.2.7.9) of Theo-
rem [2.1.6] O

2.7.3 W3-versions

The subellitpic estimate of Theorem wich is concerned with the case L2(X,dgp;&) =
#O(X;&) can be extended to #5(X;&) subelliptic estimates for any s € R as follows.

Proposition 2.7.3. Let Py = 750 * V5 + M1(b) + Mo(b) satisfy

v1,6(b) 1+0b2
il IMo®) 75570 < V0.5

VseR, ||M1(b)||$(7il,s’7is) =

whenever C.+8
+ oV
Vb e(0,400), vi,(B0b% s ~E 2t (147,

For every s € R, there exists Cg s = 1 determined by the geometric data (g,E,g%,VE) and the pair
(vo,s,v1,5(.) such that, for xp =2 Cg (1 + bb), the operator 7 b+P, b M is closable in WS(X &) and its

closure & 5 +P+ bM LS maximal accretive with D(PJr b, M) = D(PJr b) W, SD(P+ b ) and

—W* Kp =W 1
VueDPryap), Re<u,(ﬁ+Pi,b,M)u>Wsz@[||u||§,1,s+xb||u||§,s .

Moreover, the inequalities

+ b2 1+b6)7

iA + llzell
— u NS = —
P 7Tsez,

H(hbM S

(n qunWs +1+ (+v<‘f —iMulyz,

o)

b2

|

64/3 ] ..z +

WS

and

(7} .
ullys + 1= (vg Al

b2
a5c)

b2 ||u||7,,5 = m(”

|

+ o |l g +

7
holds for every u € D(ﬁi,b,M) and every (1,b) € R x (0, +00).
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Proof. We use the pseudodifferential operator Wg introduced in Propostion which is self-
adjoint with D(W}) = #*(X;&) with an elliptic scalar principal symbol in SZ,(Q;End&) and for
which we can write

lullerss = 1652 W) 2ull e,

for any (s1,s2) € R? according to Definition [2.3.7]
Because €0 and (W92)S/ 2 commute on F(X;&), according to Proposition , when considering
the operator P, p 3y : (X ;) — #*°(X ;&) we may instead work with the operator

S50+ VG £ L O IV, (W14 (W) (M1 (b) + Moo )W)

W) PPy W) = 50+

initially defined from #(X;&) — L3(X;8).
The assumptions ensure

B v1,5(b) _ 1
W22 M1 BYWD 21 o gy < —o— and (WD) 2Mo® W2l p2z2) < vos(L+ 73
With (W2)~*2[V$ ,(W2)¥2]1= (W2)2VE (W2)*2 - V&, Proposition tells us
W) 218, , (W1l grop2) < Cs (2.7.3.1)

for some constant C g,s = 1 determined by (g,E, g¥,VE) . It then suffices to apply Propositionm
with M7(b) replaced by M1(b) = (W2)~*2[V§,,(W2)*?], v1(b) replaced by v14(b)+ Cy, and vo by
vo,s + ZCg,S . ]
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Appendix

2.A Comparison of harmonic oscillator hamiltonians

For a positive definite symmetric matrix g = (g;;)1<i j<qd € Mqq4(R) with g 1= (gij)lsi,jsd let
O4 denote the harmonic oscillator hamiltonian

~8ij0p.0p, +8" pip;
2
{ue L2®?,dp),Ya,feN?, al + || < 2,p*0hu € L2R?,dp)} = D(G1y).

6g =

D(G,)

dph—dn2
(p.m?

The following result is a consequence of the ellipticity of O in the Hérmander class S (p,n?, )(see

[HormIII]-Chap XVIII) combined with [Ogulr2 = %IIuIILz .

Proposition 2.A.1. For two positive definite symmetric matrices g1 and gg there exist two con-
stants Cg, g, >0 and Cg, >0 such that

+1
ol _
[P

and  ||(Og, O )ul| 2 = Cg, 182 = 811ayu | O i 2

hold for all u € D(Crg).

2.B Complex Airy Operator

We consider here the case of the one dimensional euclidean case of which the properties are
due to the fact that the complex Airy operator has a compact resolvent and an empty spectrum.
Set

1
P, M) =i(p1s—N) - EApl

with ¢, € R. It is maximal accretive with D(P1(£,1)) = {u e L’R,dp),P1(&,\)u ELQ(R,dp)} in
which €;°(R) is dense (with respect to the graph norm).

Proposition 2.B.1. There exists Cq = 1, such that for all (¢,1) € R? the inequality

1 A3
Coll(1+P1(¢, Dull = ||—Apu||+II(Plf—l)ull+(If|2/3+1)||u||+||( 4| ) ull, (2.B.0.1)
2 1+|p1l

holds for all u € D(P1(,A)).
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Proof. The lower bound
Yu € D(P1(E, M), (1 + P&, ADull? = [ul? + |P1(E, Dul?

is due to the accretivity of P1(¢,A).
With

1
||§Ap1u||2 + 1A= p1Oul® - (Eu, Dy, u)l

1 1
> ||§Ap1u||2+||(A—p15)u||2—[c4|||5|2/3u||2+gnAmunZ]

IP1(&, Mu|

v

11
> §||§Ap1u||2+||(A—p16>u||2—c;|||é|2/3u||2

Consider now the lower bound of ||P1(&, V)ull by || |€|2/3u|| . It is obviously true for { =0. For { #0,

the operator
. 1 A
P1(§>A):l(p_p0)§_§A])1 ’ p():Ea

is unitarily equivalent to 1E1Z3P1(1,0) = |€|2/3(ip1 - %Apl) and there exists ¢1 > 0 such that
Vu e D(P1(&,A),  IP1(& Dull = c1lé?ull.

There exists a constant C1 =1 such that
1
V(&A1) €R?,Vu € D(P1(&, 1)), cl||P1<£,A)u||2z||u||2+||§Ap1u||2+||<p16—A>u||2+|||£|2/3u||2.

The lower bound is then obviously true for |[A| < 1 and it suffices to consider the case
Az=1.

Take a dyadic partition of unity X(z)(spl) +2924 122 ¢p1) = 1 with supp yo Usupp y < [—4,4] and
for all £ € N, we define y, by

(€270 if € #£0

VieRy, “(t):{xo(et) if0=0.

We get

IP1E, M)l = Y I1P1E Dy eull® < Cye? [10,,ul® + [ul?] < 16C1C e P1(E, Mu )

=0
. . . 1 .
for some constant Cy, > 0 determined by the pair (yo,x). By taking ¢ < N it suffices to
consider
IP1(&, My o)l = ﬁnPl(&” 222 u|
with us(p1) = 272(y,u)(2¢p1) and suppu, c [—4e7 1, 4e71].
There are two cases
— 112%/] > 2(4e712%/|¢|) and then
20 3¢ 20 193¢ |A12%¢
Vpiesuppupe, [A2°° —p1E2°°|=|A12°° —4e7"2%%|¢| = o
This implies
122 A2
Cil —P1(523" A2l = Nl o=l = 1 5wl
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2/3
Finally with [1| =1 and || = RIRERS ('2%') we obtain

4AC 1 P 93¢ /1224) 2 w 23 2

IHW £27", uel” =l o uell”,
in this case.

— 11220 < 2(4¢71234)¢)) and then the lower bound

1
Cill 57 PrE2° A2 D = 116 e |

. . . _1
implies with |&| = 424?11'

1 44343 (12\23
Call g P12, A2 el > | (27) wel?

We conclude with the uniform equivalence

C:lpy<2/<C.(p)

1
8 1Cy

the pair (yo, ) for the dyadic partition of unity is fixed. O

on suppu, where € < and all the other constants are actually universal constants once

2.C Result used to localize the operator

In this appendix M is a manifold endowed with a volume density dvol and ng : E — M is
a smooth complex vector bundle endowed with a hermitian metric g%, so that L2(M;E) is well
defined with the norm || [|z2(ps.z) simply denoted by | ||

For a differential operator P acting on €;°(M;E) and a function y € €°(M), the equality
x¥P =Py —[P,x] and the triangular inequality give

Vu e 6,°(M;E), |IPyull—|I[P,xlull <|lyPull <||IPyull+ I[P, xlull.
It then follows that
oL 1 2 2 2 2 2
Yue<€, (M;E), 2||qu|| P, xlull® = [IxPull® < 2||P yull” +2||[P, yJull”.

After three iterations with the additional assumptions that third order commutators vanish,
which is relevant for differential operators of order less or equal to 2, we get the following state-
ment.

Proposition 2.C.1. Let P be a differential operator acting on 6;°(M;E) and let x1,x2 and x3 be
three €°° functions such that

[P, x1], x21, x31=0. (2.C.0.1)
The following inequalities hold for u in €;°(M;E)

llx1xexsPull® < 2lly2xsPyiull® +4llyslP, y1lyzul® +8IIIP, y1], y2lysull®

and
1
llx1xaxsPull® = §|Ixzx3P11ull2 —2/1x3lP, y1lxaull® — 4P, y11, x2lysul?.
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Applying the above proposition with a locally finite quadratic partition of unity (y¢)eer , x¢ €
65" 5 LoeL X% =1, and summing over theindices ¢1,¢2 and ¢3 leads to

IPu|? <2Z||Pmu|| +4 Y WP, xe,lxe,ull?+8 Y NP, xe,], xe, 110, ull? (2.C.0.2)
[1[2 [1a£27é3
and
1
WPull®= =Y IPypull? =2 Y P, xelxeul> =4 Y NP, xo,1, xe,1xe,ull® (2.C.0.3)
2 2 01,0 01,032,035

for all u € %SO(M;E).
With (2.C.0.2) and (2.C.0.3) we have

Corollary 2.C.2. Let (x¢)¢er be a family of functions such that

Yxi=1

(el

and let P be a second order differential operator such that

Yu € 65°(M;E), Zanun 22 Y P xolxeul®+4 Y NP, xol xeslxe ull® (2.C.0.4)

01,02 01,02,03
for some r€(0,1). Then
Vue6C(M;E), 2+1) Y IPyeull®=|IPull®2 —ZIIPWuII2 (2.C.0.5)
el

2.D N —loc and N —comp functional spaces

Let f: M — N be a ¥ map from the manifold M to the manifold N, let E % M be a vector
bundle and % (M;E) be a locally convex space of sections continuously embedded in 2'(M;E)
(abbreviated as a functional space of sections) such that for any y € 6;°(V;R) the multiplication
by xof is a continuous endomorphism of & (M;E) . The notation F¢_1,.(M;E) will denote the set
of sections s of E such that

VY€ EP(N;R), [yoflse F(ME).

Once F¢_1oc(M;E) is defined F¢_comp(M; E) is the set of sections s € F¢_j,.(M;E) such that there
exists y € €;°(N;R) with s =[yo fls. For s € Ff_1,.(M; E) the f-support of s is defined by

f —supps = N F = f(supps).
FcN
F closed

S|f‘1(N\F)EO
For a compact subset K of N and F¢_g(M;E) = {s € F¢_1oo(M;E), f —supps c K} and

Ff—comp(M;E) = U Fr_g(M;E).
K compact in N

When the topology on & (M;E) is known, the topology on Fr_jo(M;E) is the initial topology for
the collection of maps (s — [yof ]3))(6%'5"(N;R)- This induces the topology on Fr_g(M;&) and the
topology on F¢_comp(M;E) is the inductive limit topology.

We will use this in a particular case.
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Definition 2.D.1. Let M = T*N or M = T*(T*N) be endowed with the natural projection 7 :
M — N and let #(M;E) c 2'(M;E) be a functional space of sections of the vector bundle E M
which is a 6§°(IV;R)-module. We will use in both cases the notation Fy_1oo(M;E) = F;_10(M;E),
N —supps=n—-suppsc N, FN_g(M;E)=Fz_gk(M;E), FN_comp(M;E) = Fy_10c(M;E).

When N is a locally compact manifold, introducing a locally finite atlas and a subordinate
partition of unity Y ;c s xi(q) = 1 reduces the characterization of s € Fn_1,c(M;E), M = T*N or
M =T*(T*N) to the meaning of s € Fq_1oc(M;E), M =T*Q=QxR% or M = T*(T*Q) = Q x R3¢
and the invariance of Fq_1o(M;E) via a diffeomorphism ¢ : Q — Q. With the extension by 0
and the restriction, the embeddings Fq_comp(E) € FN—comp(N; E) € Far_10c(Q'; E) hold for two
different open sets Q and Q' in N .

Example:

The spaces A —comp(T*N;C), y](]_comp(T*N;C) and their respective duals y]@_loc(T*N;C) and
N —10c(T* N;C) are well defined for any locally compact manifold NV .

If additionally N is compact S _1oc(T*N;C) = SN —comp(T*N;C) (resp. y](,_loc = 5”1(,_ COInp) will be

simply denoted .#(T*N;C) (resp. #'(T*N;C)).
The Schwartz kernel theorem for continuous maps 65°(T*N;C) — 2'(T*N;C) implies that any
continuous map from A : N _comp(T*N;C) — 5”1(, (T*N;C) admits a kernel in K4 € .¥; (T*(N x

—loc N xN-loc
N);C). Additionally A is continous from 5”](, (T*N;C) to FN_10c(T* N;C) if and only if its ker-
nel K 4 belongs to Ay xN_loc{T*(N x N);C).

Other N —loc and N — comp spaces are introduced in the text.

—comp

2.E Some pseudo-differential calculus on X =7"Q

The manifold @ is either a compact manifold which can be endowed with any riemannian

metric or R?. The total space of the cotangent bundle is denoted by X = T*@ and symbols of
pseudo-differential operators are defined as functions of T*X = T*(T* Q).
The pseudo-differential calculus presented here and, of which the global geometrical meaning is
checked, implements the idea that 0, is an operator of order 1 while p;x and 0, are of order
1/2 as presented in [Leblll[Leb2]. However our presentation, like our definition of the spaces
#*(X;&) in Definition slightly differ from Lebeau’s approach (see Remark .

2.E.1 Definitions and properties

We give here the definitions and state the main properties but their global geometrical mean-
ing will be consequences of the subsequent paragraphs.

Definition 2.E.1. For any coordinate system (¢, ...,¢%) on a chart open set Q c @ , the associated
canonical coordinates on T*Q c X are (¢1,...,q%,p1,...,pq) with p = p;dq’ € T;Q. Accordingly
doubly canonical coordinates on T*(T*Q) c T*X associated with the coordinates (¢1,...,g%) on Q
will be (g, p,¢,n) with (&,n) = &idgt+ nidpi € T;‘pr for the canonical coordinates (q, p) associated
with the coordinates (ql,...,¢g%). Those coordinates will be abbreviated as X = (x,=) € Q x R3¢
with x =(g,p) € Q xR? and = = (£,n) e R?? .

Definition 2.E.2. The set S3(Q;C) is the class of functions a € €>°(T*X;C) such that for any
doubly canonical coordinate system (q, p,&,n) on T*(T*Q), where Q is a chart open set in @ , the
following inequalities hold:

VK ccQ,¥(a,B,7,8) €N ,3Cx 0. p.y.6 > 0,Y(q,p,&m € K x (RD)3,

1
iyl 1B+101

10205070%a(q, p, &I < Ck a py s+ EF+pl +InhH = . E.LD

93



The intersection Myer Sy (Q;C) is denoted by S™(Q;C). The topology on Sy(Q;C) is given by
the seminorms pg 4 g,y,5(a) which are the best constant Ck 4,5 in the above inequality. For
any open set Q c @, the spaces S@Q_IOC(Q;C) and S"\I}’Q_mmp(Q;C) are defined according to Ap-
pendix . Finally the equivalence relation a1 ~ a2 means a; —ag € S (},"O(Q;C) .

Actually S3™(Q;C) = S-10(T*(T*Q);C) = L(T*(T*Q);C) with the notations oprpendix

Definition 2.E.3. The quantization of a symbol a € S g_comp(Q;C) is given by

alg,p,Dq,Dplu = / e/t~ e=Ply(q, p.¢ Mulq’,p) dg'dp'dédn € Fy_ oo (T*Q;C)
QxR3d

for any u € fé_comp(T*Q;C).

The global definition of a(g, p,D4,D)) for a € SF(Q;C) is given by

N
alg,p,Dg,Dp)u =Y (xn(q)aXq,p,Dq,Dp)(Fn(q)u) (2.E.1.2)

n=1

for some partition of unity Zﬁ’zl xn =1 on @ subordinate to a finite atlas @ = Ufy:lQn with ¥, €
65°(Qp;10,1]), ¥n =1 in a neighborhood of supp y, .

The set Z(Q;C) of regularizing operators is Z(¥'(T*Q;C); #(T*Q;C)).

The set {a(q,p,Dq,Dp) +R,a € ST(Q;C),R € Z(Q;C)} is denoted OpST(Q;C) and OpSy™(Q;C) =
Z(Q;C) with the equivalence relation A; ~ A in OpS@(Q;C) iff Ay =A9s+R with R € Z(Q;C).

This pseudo-differential calculus has the same properties listed below as the classical pseudo-
differential calculus and our approach relies on the global pseudo-differential calculus when @ =
R? recalled in the next paragraph.

Properties:

a) For any vector bundle € isomorphism @ : T*Q — T*Q’ given by

(¢',p") = ®(q,p) = (¢(9),L(9).p) with L(g) € GI(T4Q; Tp)@"),

the pull-back ®* defined by [®*al(x,Z) = a(P(x), dDP 1(x).Z) with x = (¢, p) and = = (¢, 1)
defines a continuous isomorphism from S(’I}(Q’ ;C)to S "\I}(Q;C).

Any a € S7(Q;C) equals YN xn(q@)a for any finite partition of unity ¥_, x,(q) =1. The
particular case where L(q) = ‘d¢(q)~! says that y,a € S(I’,l’Qn_comp(Qn,C) is independent of
the choice of the coordinate system (q1,...,q%).

b) When a € S Q_Comp(Q;tl:) and 71 and j2 are two elements of 6;°((2;[0,1]) such that ¥; -

¥2 =0 in a neighborhood of Q2 —suppa, the operator a o[}1 — J21 belongs to OpS;™(Q;C).
This property ensures that the quantization (2.E.1.2) is actually independent of the choice
of the ¥, cut-off functions as a map from S"\I}(Q;C)/SE}’O(Q;C) to OpS@(Q;C)/OpS;‘”(Q;C).

¢) For any a € S{H(Q;C) the operator a(q,p,Dq,D)p) defined by (2.K.1.2) is continuous from
F(X;C) to #(X;C) and from .#'(X;C) to #'(X;C).

d) The set Up,cr OpSy(Q;C) is an algebra for the composition product with
al(q’p’anDp) Oaz(qapaD(pr) = [a1a2](qapaDQaDp) mOd Ops$l+m2_1(Q;C)7

1 -
[al((bp;Dq,Dp)y az(qapaDQ1Dp)] = [?{alaZ}](q7p7Dq’Dp) mOd OpS’l;lll+m2 2(Q;C),

for aj, € S$k(Q;C) and {a1,as} = 0¢.a104a2 + 0pa1.0pa2 — 0qa1.0¢az — 0pa1.0paz in doubly
canonical coordinates.
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e) For any family (a;) en withaj € S"\;_j(Q;C) there exists a € S{(Q;C) such that a—Z}]:O aj€
S"\I}_J_I(Q;C) , which is simply written a ~ } jena;

In particular for any a € OpS”\;(Q;C) which is elliptic (Ja(q, p,&,n)| = ClA+1E2+Ipl*+
In1*)™2) there exists b ~ > obj with b = % such that b(q,p,Dq,Dp)oalq,p,Dq,Dp) ~
a(q,p,Dq,Dp)ob(q,p,Dyq,Dp) ~1d.

f) For any a € S},(Q;C), alq,p,Dq,D,) € L(L*(X,dqdp;C)) with

la(q,p,Dq,Dp)ll g2 <C sup Papys(@)
la|+|Bl+|yl+I61<Ng

for some Nz € N determined by d =dim @ .

g) When ®:T*Q — T*Q' is a €*-isomorphism like in a) and Ug : L2(X’,dq'dp’;C) — L*(X,d qdp;C)

is the unitary map defined by [Uoul(g, p) = /| det(dp(q)) det(L(q))lu(¢p(q),L(q).p) then for
any a € ST(Q";0), U(pa(q’,p’,qu,Dpr)Uq_)1 =b(q,p,Dq,D,) € OpST(Q;C) with b ~ Z;’;O b;
and by =(P*a).

When L(q) = ‘d¢(q)~! and ¢ € Q a chart open set in @ , this result contains the fact that
the space of pseudo-differential operator OpS\I, O—com p(Q;<C) does not depend on the choice
of coordinates on @ with a functorial transformation of the principal symbol. With the
local definition of the quantization and b), the space OpS{(Q;C) has a global

geometric meaning.

h) The vector bundle version of pseudo-differential operators a(q, p,D4,Dp) € OpSy(Q; 5 (End(E)))

acting on sections of 75 (E) where X =T*@Q X Q and T*X z @ are the natural projection
and E % Q is a vector bundle over @ , is reduced to the case of matricial pseudo-differential
operators acting on CV-valued sections via the localized definition (Z.E.1.2). It has the
same properties as the scalar pseudo-differential operators except for the principal symbol
of a commutator. We will use the abbreviation OpSy(Q;End&) for OpSy(Q; 75 (End(E))).

i) The seminorm topology on OpS{(Q;C) and the continuity properties of (A1,A2) — Aj0As
and of A - UgpoAo U(Ijl are discussed in Subsection m

2.E.2 Global calculus when @ = R?

Let T*(T*R%) = IR4 4P and consider the function

Y(g,p,5,m = \/1+ 1§12+ Inl* + |pI*.

The symbol class S(m, gy) is the set of a € €°(R*?;C) such that:

d — 4d aAB AY A0 _M_M
Va,B,y,6 eN?,3Cq 5,5 >0,YX =(q,p, &M ERY,  1850,0707a(X)| < C g py 5m(X)P(X) .
and the topology on S(m, gy;C) is given by the family of the seminorms
02050} 05a(X)
pm’k(a) - \m+|a|
la|+|Bl+]yl+16I<k | m(X)WY ™ lyl- (X)

XeR*
We follow the terminology of [Bonl.
2
Proposition 2.E.4. The metric gy = dqg?+ ‘\i;; + d@ + d% on T*Rgfl Rgdp en is a splitted Hor-
mander metric with the gain function ¥Y(q,p,¢&,n).
Additionally it is geodesically temperate with g3, = Y2gy .
For any s € R, the function V* is a gy-weight for any s € R and an elliptic symbol in S(V*,gy).
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Remember that o = sz dZ; Adx; denotes the canonical symplectic form on IR4 v, with here
x=(q,p)and Z=(&,n).
We follow the usual abusive convention for the presentation of Weyl-Hérmander calculus and
write shortly gy x(T') for the quadratic form applied to the tangent vector T' = (¢,,t=) instead of
gvx(T,T).

Proof. The properties g‘fp = ¥2gy and 8w x(ty,—t=z) = gw x(ty,t=) (g is splitted), ¥ = 1 (Hor-
mander uncertainty condition) and ¥* € S(¥¥, gy;C) are obvious.

The i lit

e inequality — POV (w1

( : ) Smax{l,( ) ,( ) }, (2.E.2.1)
8v.x Y(X') Y(X")

says that the slowness and (geodesic) temperance are proved when YV is a slow and (geodesically)
tempered weight for gy .

-1
Slowness: Set X =(q,p,¢,n) and X' =(¢',p’,¢',n') For gy x(X'-X) < }% let us prove (%) =

R? for R > 1 large enough.
The assumption implies

g < YL _© With{ = T
R R = TpEat

We deduce

&2 <218 +218 &P =1+ I%xé‘ﬂ,
and

&% <22 + }%@)2.

This gives for R = 2,

1- —)<€> =2(f)? =201+ —)<£>

and
¥g,p.&m |y, 2
Yo o m) =21+
¥(g',p,¢",m R
Let us consider now the quantity
( ¥(q',p,¢'m) )ﬂ
\Il(q”p/’é-,,n/)

while noticing that the first result and the assumption gy x(X - X') < I% implies

e V20 + 2R

1 9
lp-p'l<=¥(g,p,&n Y(q',p, & mY? < R+ 1&'12 + plt+ InIHY4

R - R
\/2(1+2/R2) 2
and  |np-7'|< T\y(q’,p,f’,n)m < o1+ €2+ p|* + V4

2<€l>1/2(1 + |ﬁ|2 + |ﬁ|2)1/2
R

, 2
with E(1+|f/|2+|p|4+|n|4)1/45

by setting p = (¢')"2p and 7 = (¢/)"25). By using the same normalization for (5',7') we deduce
that the vectors Y = (p,7) and Y’ = (p',7') satisfy

2
Y-Y'|<s=(
| I<R()
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and again

52(1+i)

(g, p,&\m \ 2 ()
RACEV:EFUVR . -

¥(q',p',¢" ) X7
when R/2> 2.
We deduce the uniform inequality

( Y(X) )ﬂ _ ( ¥(g,p,5,m) )ﬂ y ( ¥(q',p.&m)
¥(g'p.¢\m) " \W(dp'E )

Y(X")
as soon as gy x (X' - X) < % ifR =212,

+1
)+ <21+ i)4(1+ i)2 <22 <R
R2 R2

Geodesic Temperance: With g, > dq?+dé? +dp?+dn?, we get 8y xX-X")=|X —-X'? and
the same inequality holds for the geodesic distance for g¢,, d},(X,X") = |xX-X'|.
From

2
W(g',p', ¢\ s 14187 +(p' 1P+ In'1)? < 1+ 21817 + 21" = &1 + (21| + 21p" ~ pI* + 2101 + 210 - 17])

we deduce
W', p',&' )2 <64¥(q,p, &> +IE -2 A+1p' - pl2+1n —n*)?

and the symmetric version results from the exchange X — X'. We obtain

(‘I’(X)

+2
\P(X’)) <64(1+1g—q'P+1E=&P+1p" = p* +1n' —nI*)’ <641+ 1X - X'1*)°.

With | X -X'|2 < min(gy, X(X—X');dg,(X,X’)2) , this proves that the weight ¥, and the metric gy
owing to (2.E.2.1), are geodesically tempered. O

All the result of [HormIII]-Chap XVIII can be applied for the Weyl quantization a" (g, p,Dy,Dp)
when a € S(m,gy) and m is a gy-weight. Because gy is splitted the Weyl and standard quanti-
zations are equivalent and we recall a(x,D,) = bW(x,Dx) with

a = e'P=D=12p :NZ_IM

n=0 n!

n=0 n!

b +RN,+(b)

a+Ry _(a)

where every n-th term is continuous from S(m,gy) to S(m¥V ™", gy) while the remainders
are continous from S(m,gy) to S(m¥yY—N, gvy). Accordingly if altiWag (resp. aifas) denote the
symbols of a‘{V(x,Dx)oagV(x,Dx) (resp. a1(x,D,)oaq(x,D,)) we know
a1t ag(X) = e 7P P01 (X1)aa(Xo)|y,_x,-x
B N-1(io(Dx,,Dx,)/2)"

n=0 n!

a1(X1)az(X2)|x,_x,-x +RN @1,a2),

and respectively

. N_l(iDED )
atfaa(X0) = P50y (Xaa(Xo)[y g,y = 3 oo

a1X1ax(Xo)|x _x,_x + Bn(a1,az)

)

=Y

n=0 |a|sn

1

il

agalagaz +Rpy(aq1,a92),
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where every n-th term is is bilinear continuous from S(m1,gy) x S(mg,gy) to S(m1mo¥V ™", gy)
while the remainder is bilinear continous from S(m1,gy) x S(mg, gy) to S(mlmg‘P_N,gq:). Two
differences: a"(x,D.)* = (@)W (x,D,) remains true only modulo S(m¥~1,gy) for the classical
quantization while f(x)a(x,D,) = (fa)(x,D,) remains true only modulo S(m¥ !, gy) for the Weyl
quantization.

In [BoChl] were introduced the general Sobolev spaces H(m,g) for any Hérmander metric g and
g-weight m as Hilbert spaces with the norms [|ullz(m g) = IIMW(x,Dx)uIILz , where M € S(m, g) is
any fixed elliptic invertible operator.

We are concerned here with a simple case.

Definition 2.E.5. For s € R the space #*(R??;C) is nothing but H(¥*%, gy) with the norm
lulys = 1MW (2, D )ullge .
with M = (C + P!*!)%i€s for some C5 > 1.

The invertibility of Mg(x,D,) : #$(R2¢;C) — L2(R??,dgd p;C) comes from (C, + ¥~ 14W(C, +
vishy=1+6(1/Cs) in S, gv).
Because gy is geodesically tempered with g¢, = Y2gy , J.M. Bony provides us a simple version of
Beals criterion in [Bonl. In our particular case the symbol class S*(1,gy) is nothing but the set
of a € €°(R%?;C) such that for any i € {1,...,d} dqia € S(W,gw), 0;,a€S(1,8y), while 0,,a and
0pia belong to S(¥12; gy). An operator A equals aV (x,D,) with @ € S(1,gv) if and only if all the
commutators adb‘{V(x,Dx) ... ade(x,Dx)A for b, € S*(1,gvy) are bounded in LL3?).
Alternatively, the simpler and original version of Beals criterion in [Beal works here according
[BoChl (see [NaNil for a detailed version of Remark 5.6 in [BoChll) owing to the three properties
— The metric is diagonal in the canonical basis 9 of R*¢ = T*(R2¢) , written as

B ={04:,0p,,06,,0, , 1<i<d},

'
while the convex hull Cx g = {Ycca tegw x(e) Ve, (t)ecs € [-1,11#} satisfies
3r€10,1],VX eR* = T*(R*?), By, (0,r)<Cx g <Bg, x(0,2).

— If L(e) = (o(e, X))V for e € B with 0 =dnAadp +d& Adq and X the radial vector field , we
get L(04i) =—Dgi, L(8p,) = —Dp, , L(3;,) = q" and L(9,:) = p" .
— For a finite familly E = (e, )1<n<n of elements of % the weight mg(X) equals

N1 =4{k,ep € {0 }}

Ng
_ 12 _ —N;—-Ngy/2 .
mE(X)—nl:[lg\P,X(ek) =Y¥(X) with { N2:u{k;ek€{api,ani}}

The Beals criterion thus says that A = aW(q,p,Dq,Dp) with a € S(V?, gw) for some gy-weight m
if and only if all the commutators
B_qY ,30
adgad, aqu adeA
initially defined as continuous operators on . (R24;C) (or on .#'(R??;C)) actually belongs to
1B1+10]

g(WSO(R2d : C), WS()—S+|(Z|+ — (R2d : C))
for some sg € R (and equivalently for all sy € R). Additionally the topology on .#(¥?;gy) is equiv-
alently defined by the family of seminorms (qys z)ren Or (§ws £)ren

a_ B 37 1)
IIadqadpaquadeAII 1BI+16] -«

s p(A) = i
qy 7k j(Lg;W—sHaHT)

max
lal+|pl+lyl+161<k

Beals criterion is especially convenient for the link between a global pseudo-differential calculus
and functional analysis.
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Proposition 2.E.6. Let A = a%(x,D,) be a self-adjoint operator in L2(R%?,dqdp;C) with an el-
liptic (and real) symbol a € S(VH, gy) (ellipticity means here a = X ¢ Y uniformly on R24) such that
D) = W”([Rz‘i C). Then forany f € S({(t)*, <t>2,C) the operators f(A)and flA)- f(a)W(q p,Dg¢,Dp)
are pseudo-differential operators with symbols respectively in S(¥*, gy) and S(¥*~1 gy).
Ifadditionally A = Cld;2 with C > 0, then the same result holds for A® and AS—(aS)W(q,p,Dq,Dp).

Proof. The proof of Bony in [Bonl-Theorem 3.8 relies on Helffer-Sjostrand functional calculus
formula very convenient with Beals criterion (seminorms on S(W*, gy) are expressed in terms of
norms of commutators). We refer the reader to [Bonl[DiSjl[HeSjl or to the end of Subsection [2.E.4]
for a more detailed use of Helffer-Sjostrand formula. The only thing which was not verified in
[Bonll, because it is about a more general framework, is the principal symbol statement. Actu-
ally we can focus on = 0 and when one knows that (z - A) 1= bW(x D,) with seminorms of b,

estimated by py-u(b) < Cj, |I<2> |Zk it suffices to write (—) o(z—A)=1+rY(x,Dx) with semi-

norms of 7, € S(¥~1, gy) estimated by py-1 1) = C’ @ . We deduce (ﬁ)w —-(z-A) 1=

!
‘Nk-v-l

Insertlng this into Helffer-Sjostrand formula

//

cy (x D,) with py-u-1 k(cz) estimated by

Imz |N];’+1
proves the result for s <0, by 51mp1e 1ntegrat10n For s = 0, write f(A) = (i + A)N fxy(A) with
N =G+t NF@) e Sy, <t>2) and N large enough. O

The former result provides us an easy way for comparing various simple definitions of the
spaces #*(R2%;C) and the equivalence of the norms.

P ition 2.E.7. Consider the self-adjoi A=1-n2+ (22228 50 1@ ggdpsc
roposition 2.E.7. Consider the self-adjoint operator A = at 5 in L*“(R“*,dqgdp;C)
with domain D(A) = #W2(R??;C). Let )y Hg(t) =1 on [0,+00) be a quadratic dyadic partition of
unity like in @4.1.1). Then the following squared norms on #*(R??;C) equivalent with | II;S:

i) A5 2y|2 for any seR;

L2(R24,dqd p;C)
-A +|P| s

ii) I(—5—)’u ||L2(R2d ,dqdp;C)

iii) Y32, 10.(Ipl? )u”w ;

iv) fors=keN, Z|a|+lﬁl+ly\ -, 9§ pPaLull?

+IDs P ul? fors=0;

L2(R24 ,dqdp;C)

L2(R2d dqdp;C) ;

V) fors=keN, T won_, Ip)YM0G 05l

la|+=3-L L2(R2?? dqd p:C) 2

Proof. The equivalence with i) is a direct application of Propositionbecause C+A=d"(q, p,Dg¢,Dp)
witha=C+1+|&%+ %(Ipl2 +[n12)? mod S(¥!, gw) which and « is elliptic for C > 0 large enough.

For s € R the functional calculus says that A2y 12 is equivalent to | (C + A2y 72 . But for C =

C;s > 0 large enough (C + A)*? =a¥(q,p,D4,D,) with a; elliptic in S(¥*,g,) and [(C + A)*2ulp:

is equivalent to [lull s .

The statement ii) is actually a consequence of the functional calculus with (1 +¢%+¢' Zys <25 4 ¢
for all t =0, = d/2 when s = 0 is fixed.

For s = k the squared norms of iv) and v) are equivalent to (u, B;,u)r2 and (v, B,u) with

128

Biy=C+ ) D;D?Iapzﬁpg , B,=C+ Y D;D3a<p>2N3D;

|a‘+|ﬁ|;m <k la |_‘_Nsﬁlw <k

which both have a symbol elliptic in S(¥2*, gy) for C > 0 large enough. By Proposition[2.E.6| the
operators (C +B;,)"2 and (C + B,)"2 have an elliptic symbol in S(¥*, gy) for C > 0 large enough
and the two norms of iv) and v) are equivalent to ||u|, for £ € N.
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Finally for iii), the partial Fourier Fq_,g transform with respect to ¢ sends L2(R??,dgdp;C) onto

the direct integral [p, L%(R%,dp;C)
alent to

and for s = k € N the squared norm in Wk(le; R) is equiv-

(2 )d

Nep@w?=Clul?:+ Y. lE%Pajul?,

lal+ \ﬁ\;m <k

and to X.gjq|+|8]+/y|<2 Nc,k_l(é"‘p/36}{,u)2 . We are considering operators of order 2 in d,, and Corol-
lary[2.C.2| can be applied with a recurrence with respect to 2 € N and gives

Z Nex@:(Ipl*)u) < Nexpw)? < Cy Z Ncx0(IpPu)?,
Ck =-1 =-1
for all u € C@‘;"(IRM;(IZ) and by density for all u € #*(R??;C). The result for s € R follows by inter-
polation and duality. O

Remark 2.E.8. The equivalence with ii) could be done with a semi-classical calculus " (VA p, \/_ hDp)

1
VC+E12

2
di) with 1+ hTQ(_Ap + |p|2)2 = al(\/ﬁp,\/ﬁDp), aq elliptic in S((p,n)4, Z}’;z + (17)2) and )([(|p| )E

2
S(l, o )2 + %) (see e.g. [Robl or [NaNil). The necessity of two Héormander metrics suggests the
link w1th the second microlocalization of [BoLell. The chosen elementary method suffices here.

with the semiclassical parameter A = with the symbol classes S({p,n)* (p)H2(n)Hs, p>2 +

2.E.3 Localization and geometric invariance

For the localization in Q x R3¢ q € Q, Q open set of R? | it is more convenient to work with
the classical quantization:

AN il¢(g—g")+n.(p-p") dod dean
la(g,p,Dq,Dp)Nq,p,q",p )—/Rwe a(q,p,6,m ———o @2
for which p(q)a(x,D,) =[p(q)al(x,D,).
Every a € A | (Qx R34;C) gives rise to a kernel in .%, RO loc(Q x Q x R2¢;C) and therefore a
continuous operator A, from . _comp(L2 X R%:C) to &, _1OC(Q x R? ;C) and a — A, is a bijection.
Consider the symbol classe ST’ (Q;C) characterized by (2.E.1.1) with the associated space
¥,Q-loc

S@Q comp (Q;C) and the spaces #5q_10c(Q;C), WS_comp(Q;C). For two open sets Q and Q' of R?
and € <€°°(Q;<E) we have the following continuous embeddings when the letter E in E(Q)) stands

forS$,7/73, & or &

E0—comp(Q) € Egi_eompR?) € Eqy_1(Q)
Q(Q)EQ’—comp(Q,) < 0(q)E ga 7comp(Rd) < EQ—ComP(Q) :

Notice also for « =1loc or comp:

ﬂ WS- (Qx Rd;C) =S0-.(Qx [R{d;C) and U WS a_o(Q x Rd;C) = yé_.(Q X Rd;C)

seR seR

In particular symbols a € ST (Q;C) can be viewed as symbols a € S(W™,gy). Therefore

¥,Q2—comp
a(x,D,) defines a continuous operator from WS_Comp(Q x R%;C) to - (QxR%;C). For ye

comp

6;°(€2;10,1]) such that y =1 on a neighborhood Qy of 2 —suppa we have

a6, DY) : WG _1( QX REC) = o (Q x RE )
and  a(x, DY@y =ale, Dyl
x*COm

Qy —comp
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For two different choices of y and y’' which are equal to 1 in a neighborhood of Q —suppa, a €

S¥.0-comp!C), the differences alx, D:)x(q) - alx,Dx)y'(q) = alx,Dx)(x(q) - x'(q)) = b(x, Dy) with

b e S(¥~*,gy) and therefore is continuous from #, | (Q'x R%:C) to Fr-comp(Q x R%:C), where
Q' = Q or any other open subset of R% .

Definition 2.E.9. For an open set () the set of regularizing operators is

R(Q;C) = LS 1062 x REC); Fa-comp(Q x RE ).

loc

For two operators A,B continuous from #q_comp(L2 x R%;C) to 9('2 (Q x R%;C) the equivalence
A ~ B is defined by A - B € Z(Q;C).

The set OpSy(Q;C) is the set of sums a(x,D,)x(q) + R with a € SQ’Q_wmp(Q;C) cS(W™,gvw), x€
€;°(€2;[0,1]) with y =1 on a neighborhood of (2 —suppa, and R € %#(€;C) . The set OpSy™(Q;0)

is Z(Q;C).

—comp

With the previous remarks Up,cr OpSy(Q;C) is an algebra and clearly My,cgr OpSy(Q;C) =
2(Q;C) = OpSy™(;C). Moreover if Aj = aj(x,Dy)x;(q) +R; € OpSF(Q;;C) for j = 1,2 then
A10Aj € OpSy(Q1 UQg;C) with AjoAg ~ ai(x,Dy)oas(x,Dy)x(q) = (a1fas)(x,Dy)x(q) for any
X € 6,°(Q21 NQg;C) such that y =1 on a neighborhood of 2 —suppa; NQ —suppas.

Definition 2.E.10. For A € £(F-comp(QxR%;C);H, 1 (AxR?%;0)), the notation A ~ Y% a(x, D)
is thought of as a localized asymptotic sum, for a sequence a; € S $Jﬁ—loc(Q;C) with lim; ..om; =
—oo and (m;)jen decreasing. It means that for any pair g, y € €;°(€%;[0,1]), with y =1 on a neigh-
borhood of Q2 —suppp, there exists a, € S@O(Q;C) such that p(q)A ~ a,(x,Dy)x(q) and for any

JeN, ap—-¥7 0(g)a; €SH(X0).

—loc

Notice that if A = p(g)A ¥(q) for some g, § € 6;°(Q;C) and a; = p(q)a; for all j € N, the above
condition is reduced to a - Z}]:O a; € S™7+1(Q;C) with a independent of p. Moreover the localized
definition means that we can always consider this simpler case.

The previous definition is justified by the following standard result.

Proposition 2.E.11. For any sequence aj € S(Y™/, gy) with m j decreasing and lim; ..o m j = —oo,
there exists a € S(Y™, gy) such that a — Z}]:oa eS(W"/+1 gy).

For A € L(S0-comp(Q2 X Rd;C);yg’z_loc(Q xR%;C)), A ~ Z;’;O aj(x,Dy) is equivalent to the apparently
weaker condition A~Y7_gaj(x,Dx) € LW te (QxRECKHE (QxRE0) with limgy—oopiy =
—00.

Proof. The first statement can be reduced to the case where m; = mo — j by putting together
bn = Xmo-n-1<m;<mo-n@j. Then use the standard Borel summation in S(¥™°,gy) by taking

a=Y>,1-y) (Nn(l'*'p\yijO’”,n(bn))) by for y € €5°(R;[0,1]) equal to 1 in a neighborhood of 0 and the
sequence (IN,),en being increasing fast enough such that for every £ € N,

oo v
mo- 1- b
nZ:kP\p ot g | X)(Nn(1+p\lf’”0”,n(bn)) n

< +00.

For the second statement, fix o,y € €°°(€2;[0,1]) with y =1 in a neighborhood of p. Then take
ap € S(Y™°, gy) such that a, - Zj‘:o o(@la; € S(Y"/*1, gy). For any J € N, the difference D =
0(@)Ax(q) —a,(x,Dy)x(q) equals

J m;
D = o(@)Ax(q) - ap(x,D)x(q) = p(gNA - Y aj(x,D)x(q)+(ap(x,Dx)— Y (o(@)a;)x,D))x(q)
j=0 j=0
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and belongs to L(# ~* (R?¢;C); #* (R??;C)) for all J € N with D = g(q)D i(q) for some pair , j €
6;°(Q;10,1D) < €>°(R?;[0,1]). This implies that D = p(q)Ax(q) —ap(x,Dy)x(q) is continuous from
F'(R??;C) to #(R24;C) and with D = p(¢q)D 7(q) it means D € Z(Q;C). O

In particular when A € OpS'\;k(Q;C) with Ay = ap(x,D)xx (@) + Ry, ap € Sf;,kg_comp(ﬂ;@) we

can write as usual

AjoAs~ Y

aeN2d il“lal

With the previous localization method, the global differential calculus of Subsection is
well defined with all its properties, if the following two conditions are satisfied:

O?alazaz.

. d. : .
— the class of symbols S$’Q_Comp(Q,C) c S"\If,Rd_comp(R ;C) is sent onto S$’¢(Q)_Comp(¢(Q,C) c
S @Rd_comp([Rd;C) by the canonical transformation ®. : [R‘;‘ju’ en Réi’ en induced by a dif-

feomorphism ¢ : R¢ — R? with ®(q, p) = (¢(q),'dP(q)~L.p) and @, : T*R2¢ — T*R2?;
— when Uy is the unitary transform in L2(R%?,dqd p;C) given by

(Upu)q,p)=uo®(q,p)=ulp(q),'dp(q)1.p)

satisfies Uq>a(x,Dx)Uq;1 ~ X0 obn(x,Dy) in OpS@(Q,C) with b, € S$b”_comp(Q;C), by =
ao®d, =D*a in S”\I}’Q_comp(Q;C) ,for any a € S$,¢(Q)—c0mp((’b(9);q:) .
In particular all the sets Q x Rg and Q x Rf’]dfn can be replaced by T*Q and T*(T*Q), with a
natural geometrical meaning.
Actually we will consider more general changes of variables on which can be viewed as vector

bundle isomorphisms of R?¢ = T*R? . We consider the following change of variables

RZd

(¢,p)=D(q,p) =(¢p(q),L(q).p) (2.E.3.1)

which is a €¥*°-diffeomorphism, a bijection such that d¢(q) and L(q) belong to GL4z(R) for all ¢
with the following estimates

VaeN?,3Co >0, [105ddlre+105(dp) e+ 105 LI+ 105L oo < Cor. (2.E.3.2)
Note that @~ ! takes the same form with
o71G,p) = (g,p) = (U@, LG UGN p).

It is given by a change of variable ¢ : Rg — IRi‘qi when L(q) = tdc/)(q)_1 .
Its differential is given by

tq) _ dg(q).tg )_( dp(@) 0 )(tq)
AP )'(tp)‘((dL<q>.p>.tq+L<q).tp “\aL@p L@)\t,)

and
‘de()™! —tdqb(q)—”[L<q).p]tL(q)—1):(L1<q) (Lz(Q)-p))
0 tL(g)! 0 L3(q) |’

where all linear maps L1,L9 and the bilinear map L9 have uniformly bounded derivatives of any
order with respect to g € R?.
The canonical transformation ®, : T*R2¢ — T*R29 is thus given by

'da(g,p)t = (

q q ¢(q)
Pl_o. |P]= L(q).p

¢ ¢ L1(q).¢+La(q).p.n
f n L3(q).m
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With the transformation ® given by @.E.3.1) we associate the unitary transform Ug in L2(R??, dgd p;C):
(Usu)q,p) = | det(dp(q)) det( L) *ul(q), L(q)p) = T *(@)u(¢(q), L(g)p). (2.E.3.3)
Let us consider the simplest versions of spaces of functions.

Proposition 2.E.12. For the tranformation ® given by (2.E.3.1) the following properties hold for
any s €R:

i) The operator Uy ( resp. qul) is continuous from F(R2;C) and from &'(R24;C) onto itself
For any open subset Q € R? it is continuous from S”J(Q)f_((,b(Q)x RZ;C) (resp. 5”5_.(Qx RZ;C))

onto 5”5_.((2 xR%;C) (resp. ng(Q)—-(d’(Q) xR%;C)) where, with respective correspondence, &1
stands for & or &' and ¢ means loc or comp.

ii) The map a — ap = a oD, is continuous from S(W*,gy) onto itself. For any open subset Q
in R? and any m € R, it is continuous from Sn\I—’l,d)(Q)—comp(q)(Q);C) onto S@,Q—comp(Q;R)'

Proof. 1) It suffices to consider J - 2(q)Uq) because IOgJ 121 < C g forall a e N? . We write

0, T V2 Ugu)(q, p) = 0s ()0 NP, L(g).p) + 0 L(q).p) 0, ub(@), L(g).D)
0p,(J V2Uou)q, p) = L(q)] (3, u)¢(q), L(q).p)

1
C—®<1+ lg12 +p®) < 1+1p(q)12 +|L().p|% < Co(1+|q|* + pI?),

where the last inequality is a consequence of 1+ [¢(q)| < Cy(1 + lg1%) owing to |d¢| < Cp and its
reverse inequality for ¢~ 1.
ii) The formula for a o D, is

ao®, =al(p(q),L(q).p,L1(q).¢ + La(q).p.n,L3(q).n).

Let us first compare ¥ and Yo @, :

Y20 ®,(q,p,&,n = 1+|L(g).pI* +1L1(q). + La(g).p.nl* + |Ls(q).n|*
< Co(1+IpI* +1E2 +IpIPIn® + %)
<2Co¥2(q,p,&,n).

Applied to W2 o (@71, , this provides the equivalence

1

oS Yo (d), <CpW.
(0]

The operators d,i, 0p, , ¢, , ani applied to a o ®, are equivalent to the following %?(R‘;;R) linear
combinations (abbreviated as L.C) of elementary operators acting on a:

04t L.Cofdg), pr0p;,Si0c;, pinjagg , O, , which all are continuous from S(¥*¢, gy) to S(W*, gw).
0p;: L.C.of 0, , 1/0¢, , which are continuous from S(¥*, gy) to S(W*~ 12, gy).
0, L.C. of 0;; which are all continuous from S(¥*, gy) to S5 1 gy).

Opit L.C. of p;0¢, and of O which are all continuous from S(W¥?, gy) to S(\Ifs_m,g\y).
This proves the continuity of a — a o ®, from S(¥?*, gy) to S(V*,gy). O

Let us consider the functoriality of the transformation of the quantization rule a — a(x,D,)x(q)+
R witha € S@ (/)(Q)—comp(Q;C)’ 1 =1 in a neighborhood of ¢p(Q2) —suppa and R € Z($H(Q2);C).
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Proposition 2.E.13. For any A = a(x,D.)x(q)+R € OpSy(4(Q);C), the operator UpAUy is equal

to bo(x,D ) x(P(q)) + Ro with Re € Z(P(Q);C) and by € S@l Q_comp(Q;ﬁ:) and satisfies

00
UpAUg ~ Z bn(x,Dy)
n=0

according to Definition with by =ao®, . More precisely when () is a bounded open subset,

with 8§ oo (G0 S(Y™,gy) and S ) o (HQ);0) € ST, gy),
N-1
bo= ) bp+ron(a)
n=0

with a continuous map ron : S(¥Y™,gy) — S(‘I’m_N,gw) for every N € N.

Remark 2.E.14. Except for the principal symbol this result does not say that the transforma-
tion a — bg corresponds by = ao®, . It works exactly only for functions a(q,p) and in partic-
ular for the cut-off functions with respect to ¢. But when Q is a bounded open subset of R?,

Ucpa(x,Dx))((q)Uq;1 = by(x,D)x(P(q)) defines a continuous operator from S ([)(Q)—comp((p(Q);C) to
S@,Q—comp(Q;C) :

Proof. With the localization we can assume Q = R%, @ € S(¥™;gy), R? — suppa compact, and
R = 0. We introduce another cut-off function j € <€§°(Rd;[0,1]) equal to 1 on ®(Q2) when Q is
bounded and, for a more general choice of Q, equal to 1 in a neighborhood of suppy .

Because the function J*V2(¢) € S(1, gy), the problem is reduced to the study of the operator

(I (U 1(@)alx, D) 1 (g V2(q)Ugp) "

of which the Schwarz kernel is given by the oscillating integral

. i i i d d
K(x,y)= HLE9@=9(a N +1.L@)-p~L@) P (g W), L(q).p, &, 1T ¢ 2’; _
R2d (27[)

Metrics and cut-off: On Rﬁ‘i

>

, = With x =(q,p), ' =(¢’,p) and = = (¢,n) we consider the metrics

2 2 2 2
Gf:dq2+dq/2+di+dp +%+di
f f f f

for  f=W(g,p,&EM=A+[E2+plt+InMY2 and f=P =1+ +Ip/*+1p'1*+ InHY2.

The metrics Gy and G are slow (same proof as for gy). But the slowness of g, implies

( Y(g,p,¢,n)
Yig',p',¢,m

and therefore with the above notations

+1
) <Cy when |p—p’|sC\;,1\I’(q,p,f,n)1/2

for some large enough constant Ci, =1, and

~ 1
ceS(¥Y™,Gy) & ceS(P™,Gg) when suppec {(x,y,E) eR% |p-p'I< C—,\PW} .
v
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For 6 € 65°(R;[0,1]) and >0, e < Ci, fixed later consider the two cut-off functions
4

lg—q
62

Ip—p’lz)

=y N _
01(x,%',5) = 01(g,9) = 0 Sy

) and Oy(x,x,=) = 9(

By looking at the region 2"*10 < ¥ < 27*12 contained in a fixed shell for the rescaled vari-
able (p,p',&,7) = (2_"/2p,2‘”/2p’,2‘”5,2‘”/27)), a homogeneity argument gives 02 € S(1,Gg¢) N
S(1,Gy). The following properties become obvious when a € S(W™,gy)

by.e = X(P(@)alp(q),L(q).p,&, M (p(g) € S(¥™,Gy),
01,02,1-02€S8(1,Gg)nSA,Gy).

We now write the kernel K(x,x') or the operator K : Fa_;,.(R%2¢;C) — y[RZd—comp(RZd;q:) as
K= Kdiag +K1 +K2
with  Kq(x,x))= / HEHD-Ha 1L P LGP @ (g, g Vb gl ', E) LT
’ R2d ’ LEE (2m)2d

dédn
(zﬂ)Zd

Kg(x,x’) _ / ei[f.(<P(q)—<P(¢I’))+TI.(L(q).p—L(q’)-p’)](al(q, q')(l _ @2(x’x” E))b)z,gb(x,x,, =)
R2d

re _ ’ _ ’ ’ dédn
) N = il§.(p(q)—p(g"N+n.(L(q).p—L(g").p")] ! I =Vh - I =
Kdlag(x,x )= /de e ©1(q,9)02(x,x ,-—)bx,<p(x,x = (@m)2d s
and use the same symbol K;,e , K12 for the associated operators Frad_10e(R24;C) — yﬂéd_comp(RZd;C)
with uniformly controlled supports.
Non stationary phase in g: For a given £ € N, N = N}, 4 integrations by parts with
1 (B(q) - (g ). D | W0 _ it b@-9la
lp(q) — plg")? °
and the lower bound
1
¥(g,q") € supp(1-©1)NV2, lp(q)— p(q) = =— (2.E.3.4)

Cro’
fore < % , small enough, and V; a compact neighborhood of supp } , implies that for all (a;, 8;,7;) €
N3¢ 2la;|+1B;1+1yjl <k, for j=1,2, the kernel
(-1)®*7205' pP1o} 002 (p')2 0] Ko (x,x')

of (85 pP1a}}) o K1 0(05? pP20}?) belongs to LAR!?,dqdpdq'dp’;C). Actually the estimates with
powers of p’ is deduced from our estimates with powers of p via integration by parts with

DneiT].(L(q).p—L(q/).p’) — (L(Q).p _L(q/)'p/)ein.(L(q).p—L(q').P')_
We deduce that K is Hilbert-Schmidt and therefore bounded operator from Wk (R24 ;C) to WEk(R2,C)
for any %k € C. With the fixed compact Q-support, K; € Z(&'(R%?;C); #(R2¢;C)). It has a symbol
in #(R*;C)c S(¥Y™°, gy) with a compact support in Q.

Kuranishi’s trick: Write

1
E(P(@)— (@) +n.(L(q)p — L(g"p") = (£,m).(D(x) - D(x)) = (&, ). /d(b((l—t)x+tx’)dt
0

o)
p-p'
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and remember with x; =(1-t)x+tx', q; =(1—-t)g+tq', ps =1 —-t)p +tp’

1 Lode(g) 0 [Lde(qy) dt 0
dO(x) dt = dt = 0
/0 o) /O(dL(Qt)-pt L(qt)) Lf, (1-dL(g,) dtl.p +[ [y tdL(g,) dtlp’ [, Lig,) dt

Because (Rgdq, —suppK) csupp f xsupp i, we can fix € < ﬁ small enough so that the inequalities

2
1
V(q,q") € supp©®; N V2, VA € Conv(ddp(g,q' D) UConv(L(q,q'D), |det(A) = oo (2.E.3.5)
7@
where Conv(M([q,q’]) stands for the convex hull in .#;(C) of the set M([q,q']) = {M(q;:,t €[0,1])} =
M4(C), while (2.E.3.4) remains valid. We obtain for (g,q")

/ / N A o
[EP(@) = b(g) +n(L(q).p — L{g).p)] = (A(q,q) B(q,q").p+C(q,q ).p)(é)] .(q q)

0 D(q,q") nll \p-p'
with  E(x x/):(A(q,q’) B(q,q’).p+C(q,q’)-p’)_l:(A(q,Q’)‘1 B’(q,q’)-p+C’(q,q’)-p’)
’ 0 D(q,q" 0 D(q,q")!

and A,B,C,D,AY,B71,C'.D'e€SQ1,dq®+dq% 4y(R)).

We obtain
dédn
(27.[)2d ’

rr (o T o _ dédn
. . —_ 1
K giag(x,x) = /% . el a0 ; 4 (x, 2, E(x,x).E) | det(E~1)(g, ¢ @0

Ko(x,x') = / dei[f'(q_q/)+”‘(p_p')][@1(1—@2)bi,¢](x,x',E(x,x').E) |det(E~)(q, ¢l
RZ

where choosing ¢ < = L small enough, ensures

vor

2
O1(x,x',E(x,x).5) = 0(|q£—;1|) =01(q,q9") e S(1,Gy),
lp-p'I?
e2¥(0,p,A(q,9".¢ +B'(q,9").p.n+C'(q,q").p'n,D(q,q") 1.0
by, E(x,x').E) = ((@)i(q)a(p(q),L(q).p,Alq,q").¢ +B'(q,q").p.n+C(q,q").p'n,D(g,q") ')
[(1-09)bj¢l(x, ", E(x,2).2) € S(P™ dx® + dx® +dE®) , [Ogbj¢l(x,x',E(x,x").E)e S(¥™,Gg).

@2(x,x',E(x,x').E):9( €S(1,Gy),

Actually it suffices to check
¥2(0,p,E(x,x').E) < CA + (& +plinl + 1p' D2 + 1pI* + 1p"1* + In1*) < C"P?2

with the symmetric version by applying the same result to ¥2(0, p, E(x,x')"1.Z) and then to use

G\l -
the equivalence (%) < C, when |p - p'| < P2 owing to the slowness of Gy .

Non stationary phase in p: Despite the bad a priori estimate of [(1 - 02)bj41(x,x',E(x,x').Z),
N = N}, 4 integrations by parts for a given £ € N with

N
(;(p _P,)Dn oilé(a=a+n.(p=p" _ ,ilé.(g—¢)+n.(p—p")]
lp-p'l?
1 -
and V(x,x') € supp(1-0O2)(.,.,E(,.).), |p—-p'l= ?‘Pm ,

leads to the property that the kernel of (95 p#10}')o Ko 0(05? pP26)?) is Hilbert-Schmidt and there-
fore bounded in Lz(led,dqdp;C) for |aj| + lﬁjlzﬂ < k. We conclude as we did for K; that Ko
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belongs to L(F'(R%¢;C); #(R??;C)). It has a symbol in F(R*?;C) c S(¥~°, gy) with a compact
support in Q.

Gauss transform : The kernel of Ky, can be written

Kdiag(x,x") =b(x,D,) with b(x,Z)=eP=D+ [[0102b3,¢1(x, 2, E(x,x)E)]|

x=x'"

0 0 0
where the metric G is slow on R%? | the B-dual metric of Gy for B = (O 0 %Idde) is the
0 2Idga O
degenerate metric GB = $2dq"? + Pdp'? + d&% + Pdn?. Fortunately Gy is GB-temperate along
the vector space Vj = {(x,x’ ,E)eRST x=x } and ‘T’|VO can be replaced with ¥ . Theorem 18.4.11
of [HormlIIIf tells us that b € S(¥™, gw) with the asymptotic expansion

b(x"l)x)N Z bn(x’Dx)

n=0
b,eS(Ym",gy)

and the first term bo(x,Z) = by 3(x,%,E) =a o P.(x,Z). O

Remark 2.E.15. We could have used the general theory of global Fourier integral operators of
J.M. Bony in [Bonl. At least when ¢p—Idg« and L —Idgs have a compact support, this describes Ug
as a Fourier integral operator of which the global symbol is a section of the fiber bundle of affine
metaplectic operators .4 — ¥, above the graph of ¢.., 9p = {(X,®.(X)), X eR?} with a value
above (X, P(X0)), xo = (q0,P0,$0,70) Which is the composition 74x,)Ux,7-x, Where 7(,, =,) is the
phase translation e!G1-Px=%1.-D2) gnd U X, 1s a metaplectic representation of the linear symplectic
map dP.(Xy).

The proposed methods mimics the classical techniques of pseudo-differential calculus for the
metric dq? + é—iz modulo the localization process only in the g-variable and for specific linear
transformations in the p-variable. It is informative from this point of view and provides a more
explicit formulation for the functoriality of the principal symbol.

From Proposition [2.E.12[and the definition of WS_.(Q;C), e =loc or comp, deduced from Defi-
nition [2.E.5| we obtain the following result.

Proposition 2.E.16. Consider the unitary map Ug : L2(R2% dqdp;C) — L2(R2¢,dqdp;C) given
by Q.E3.1)2.E.3.2)2.E.3.3) with the additional assumption that ¢ —Idge and L —Idga have a
compact support. Then for any s € R?, Ugp and Uq_>1 are isomorphisms from #W*(R?%;C) into itself,
with Rg — supp qu;lu = (,bﬂ(lRig — suppu) for every u € W5(R%%;C).

Proof. The support property is obvious from the definition of Up . With the additional
support assumption on ®—Idge , we can write for any u € 7/73(|R2d;¢:) , Uopu =Ugpy1(d(@)u+x2(q)u
for y1,x2 € <€°°(Rd;[0, 11), x1+ x2 = 1 and supp y1 compact. From the Definition and the
global pseudo-differential calculus in S(¥25, gy) remember

C; " Re(u, Mag(x, D)uyre < llullZ, = IMY (x,D)ull?, < CeRe(u, May(x,D)udrz,

for M = (Cs + ¥'s)s1878 with C, = 1 large enough.
We deduce
1Usx1(d(@)ull?, < CsRelu, U(;(Xl(q)MZS)(anx)UdJXl((;b(q))u)-

By Proposition [2.E.13| we know

U (11(@)M2s)(x, D)Ua x1(4(@) = bas(x, D)o y1((@) = ¢l (6, D) bag,cas € S(T, gw),
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and the pseudo-differential calculus in S(¥2%, gy) gives
U x1(p@)ullZ, < ChlullZ, .

By the triangular inequality Ug : #°(R2¢;C) — #5(R%?;C) is continuous and we conclude with

Ugl=Ugp-1. O
All this section gives a meaning to y&_.(T*Q;C), S(’I}’Q_mmp(Q;C), 2(Q;C), OpSF(Q;C) and

WS_.(T *();C) (with &7 =% or %’ and « meaning loc or comp) when Q is a chart open set in the

compact manifold @ .

The topology, the continuity properties and the global ellipticity that we need will be better dis-

cussed in the global setting which avoids considerations of inductive limit topologies.

2.E.4 Globalization on @ and applications

Let us fix, an atlas covering of @ , @ = U}]:lQ ; such that Q ;= UQJ_,QQJ.#QS Qj is still a chart
open set. We take a finite partition of unity Z;.]:lg i(q) = 1 subordinate with the atlas covering
Q= U}]:l Q) and cut-off functions y; € €;5°(2;;[0, 1]) such that y; = 1 in a neighborhood of supp; .
Notice that y;y; # 0 implies ; NQ; # 0 and in this case p;,0;, xj, X, are cut-off functions in the
coordinate charts ; and Q -

The spaces S{j(Q;C) (resp. #°(T*Q;C)) are the sets a = Z}]:l 0(q)a with pj(q)a € S\'I’,L’Q

S(¥Y™,gy) (resp. pja € 7?/;2

j—comp

(Q};0) <

j—comp

(T*Q;;C)) with the topologies given by

J
Pmpl@) =) pa,wmp0j(@a), keN
J=1

J
2 - ‘ 2
resp. ||a||775(Q;O _J; ||QJ(Q)G||775(T,,Q;C).

The subscript o in pg yn refers to the choice of some local coordinates in Q;. But Propo-
sition and Proposition for the conjugation a — Ucpa(x,Dx))((q)Uq_)1 with ®(q,p) =
(p(q),'dp(q)~L.p), says that the seminorms pﬂj’q,m,k(pj(q)a) can be replaced by pfzj/,‘l"",k(é)j(q)a)
for any j' €{1,...,J} such that Q; c er .

A vector bundle isomorphism on T*@® , written locally as @ : (g, p) — (¢(q),L(q).p) with the asso-
ciated unitary operator Ug , gives rise to an isomorphism of the space #3(Q;C) according to the
local result of Proposition This gives a first application, which is not exactly due to the
pseudo-differential calculus

Proposition 2.E.17.
For any riemannian metric g = g,;(q)dq'dq’ on TQ with the dual metric g"(q)dp;dp;jon T*Q,
Yo 4 9?(25) =1 is a quadratic dyadic partition of unity like (2.4.1.1) and Iplg =g"(q)pipj, then

2 : . oo 2 2
for every s € R the squared norm ”u”7/78(Q;¢:) is equivalent to }.7° | IIBg(IpIq)uII 5@:0)"
Proof. It suffices to use the local gauge transform given by @ : (¢,p) — (q,g_m(q). p) with | pI?I =
tpg 1 (q)p =187 V2(q).p|? and to write

o0

o0 (e 0]
[}_Z_l 16.(UpI2)ulZ,, = [_Z_l 1T 0,(p12)ulZ,, = z; 16:(1p*Ug ull2,

and Proposition gives

(0]
2 2 _ -1. 12 _ 2
2 10IpIully, = UG uliy, = ull,.
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The intersection Nseg #°(T*Q;C) is nothing but #(T*Q;C).
On Z(Q;C) = L(F(T*Q;C); A(T*Q;C)) ~ L(T*Q x T*Q;C), the Fréchet space topology is equiv-
alently defined by the family of (semi)norms

kB = IR o7+ ot o> REN-

Before giving an explicit family of seminorms on

J

J
OpSy(Q;C) = { (ej(@)a)x,Dy)oyj(@)+R,aeSHQ;C),Re %(Q;C)} ;
-1

let us check that any A € OpSy(@;C) admits a canonical decomposition after fixing some cut-off
function on @ x @ .

Attention must be payed to the following point: although p;(g)a; = p;(q)a; for all pairs (j, ;') al-

lows to define a(x, =) = z;’,:l 0j/(q)ai(x,Z), the equality Z}Izl(g (@)aj(x,Dy)oy j(q)_z}’:l(g (@)a)x,Dy)o
1j(@) =R € Z(Q;C) is true with R = 0 only under the equality of the operators

(0j(@)a;)x,Dy)o yx;(q) = (0j(q)a;)x,Dy)o x(q)

for all pairs (,j').
With the subset Q; = Uq ,no,#5 Q; take a cut-off function ¥, € 65°(Q2;;[0,1]) such that ¥, =1 on
a neighborhood of

U suppy;> J suppe;
QinQ;#8 QnQ;#3
Because for all j€({1,...,J}, Qj(q))(j(q’) and )Zj(q)lQ\Qj(q’) vanish in a neighborhood of the diag-
onal Ag =1{(q,q), q € @}, there exists O1 € €°(Q x Q;[0,1]) such that ©1 =1 in a neighborhood of
Ag and

0i(@01(q,9"xi(@") =0/ @Fi(0)O1(q,9"x(q)
J

0 (@xi(q)
j'=1

0i(@)B1(q,q")

= (@ ©1(q,9"x,(g"

0;(qQ) x(g), (2.E.4.1)

J
Y 0i(@1(@O1(g,9")
J=1

where the equalities hold as multiplication operators on ' (T*Q; x T*Q;;C). Additionally the
function ©; can be chosen symmetric: ®1(g,q’) =01(¢’,q), and we set

62(Q7 ql) =1- ®l(q’ q/) .
For any K € L(#(T*Q;C); ¥ (T*Q;C)), identified with its Schwartz kernel K(x,x') € &' (T*@Q x
T*Q;C), we set
Kdiag(xyx’) = ®I(Q7q,)K(x’x,) ’ Koff(x,x,) = GZ(Q,CI’)K(x,x’) ) K = Kdiag +K0ff. (2.E.4.2)

Notice that K — (Kgiag, Kofr) is an isomorphism between .#'(T*Q x T*@Q;C) and the closed set of
(TR xT*Q;C)x L (T*Q xT*Q;C)

{(K1,K2) e S(T*"Q xT*Q;C) x L(T*Q x T*Q;C), ©1(q,¢"Ka(x,x') — O2(q,q)K1(x,x") = 0} .
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With (2.E.4.1), we have the additional properties

J J J
Kaiag= Y 0j(@)oKdgiag=Y_0j(@o | D (0jXj)Ng)oK o x,;(q)
= =] j= diog
J J J
and ) [(0/(@)a)(x, D)0 ¥ (D] giag = 2 05(@0 | X [(Qj/)ij)(q)a](x,Dx)] oxi(q)
J=1 Jj=1 J'=1 diag

for some }; € €;°(€2;[0,1]) such that y; =1 in a neighborhood of suppy; .

Proposition 2.E.18. Every A = Z}] 1(0j(@a)x,Dy)xq + R € OpSE(Q;C) admits a unique decom-

position
J
A=) (pi(@Qlasgx,D))xi(@)+ Ry ,
N s/ =Lloff

-~

:Adiag

with as € SH(Q;C) and Ry € Z(@Q;C).
Additionally this provides a topological direct sum on OpS™(Q;C), because the map

SyP@;0)x Z@Q;C) — Sy;C)x Z(Q;C)

J
(@,R) — (aa,Ra) , A=) (0j(@)a)x,Dy)yj(q)+R

j=1
is continuous when ST (Q;C) x Z(Q;C) is endowed with the seminorms (pm (@) + qr(R))ren -

Remark 2.E.19. When A is a differential operator or more generally a local operator with respect
to g-variable, then we can write A = Agjae With a vanishing remainder R4 =0.

Proof. The decomposition of A = Z}]_l(gj(q)a)(x,Dx) oxj(@)+R=A,+R

A=(4, +R)diag +(Aq +R)off = Aa,diag + Rdiag + Aa,off"‘Roff,
with  Rog(x,x") = Oa(q,q")R(x,x") € #(T*Q x T*Q;0),

J
Agofr(x,x) =) Ajom(x,x") ,  Ajosrlx,x') = Oa(q,q"N(j(@)a)(x,Dy)o x(q)x,x)
=1

J
J J
Raiag = Y_0j(@)0 Z(Qj’Xj/)(q)OR] ox;(q),
J=1 J'=1 diag
J J
and  Aggiag= ) 0j(@° | Y [(oj¥j)Ng)alx,Dy) ox;(q).
Jj=1 J'=1 diag

The kernel of A o with coordinates in Q; is

dédn

ilE(g=¢)+n(p-P")g Ne - (g 2221
/[R K 2(a:0,(@a(a. p.E D) 5T

A non stationary phase argument with %Dgei[“q_q’)m‘p_p’) = ¢l¢q=a"+1(p=P"] with the fac-
tors ¢;(q)0;(¢q') implies that the map a — A ,(x,x’) is continuous from S(¥™, gy) to F([R*;C).
Again with the controlled support, the map a — A o is continuous from SF(Q;C) to Z(Q;C).

This proves that the map
J

(a@,A)— Ao = Ror + Z Aj,off
j=1
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is continuous from SF(Q;C) x Z(Q;C) to Z(Q;C).
For the diagonal part, let us first notice at the operator level that the sum with respect to j’ is
introduced for

0/ (q) [(ij(j)(q)M]diag =0 ( @i (DI (DX (OIM lgiagx i (@) x;7(q)

with M =R or M = (¥ (q)a)(x,D,).

It remains to identify these operators as the quantization of symbols. Every term indexed by
(j,j) for a fixed j' €{1,...,J}, has a kernel with a @ x @ support that is compact in Qj/ x Qj/ . We
choose coordinates in Q j» in order to compare the terms of the double sum for different values of
Je{l,...,J}. For [(0; %) (q)R]giag the kernel

(0 1/ N@R(x,2)01(q,q") = pj(@)R(x,x")O1(q,9)x (¢

belongs to # (2 x 2 x R27;C). With the factors p 1(@)x;(q"), it can be written a i yeg(x,Dy) With
i reg € L(RI;C) c S(P~°, gy).
For A, giag , the kernel is localized in the same way and equals

. L dédn
il$.(g=g"+n.(p—p"1 , ® Ny (o) ——"L
AZd e Q] (q)a(q’p’é,n) l(qu )Xj (q )(271')2d ’

We obtain
[l ¥7(@)alx, D)) gy = b (%, D)

where b is given by the Gauss transform

bj(x,&) = PP+ 0;(q)alg, p,&,MO1(q,q"1(@ ) x_xr = e P7 0(@)alq, p,&MO1(a, )1 oy »

where the variables (p,n) are now simple parameters. We deduce that the map a — b, is con-

tinuous from S(¥™,gy) to S(Y™,gy). With b;(x,Dy) = ¥(q)b;(x,D,) we deduce that b; €
m ° .. m .

S\P,Qj—comp(QJ’C) < S\P(Q,C) .

So we have written

(0j(@b)x,Dy)o x;(q)

Rdiag: (Qj(q)bj,reg)(x:Dx)OXj(q) > Adiag:
j 1

J=1 J
with  bjreg €SV (@;C) , bjeSHQ;0)

and Vi, 7 efl,...,d}, 0(@)B;+bjreg) =0i(@)bj +bjreg),

J J

The last identity follows the same strategy as at the operator level except that we consider only
left multiplications by functions of ¢ , which commute with the Gauss transform. O

Definition 2.E.20. According to Proposition [2.E.18| the topology on OpS{(Q;C) is equivalently
defined by the family of (semi)norms (g, z)ren and (G, z)ren With

J
amp(A)=pmi(as) +qr(Ra) withA=) pi(qlas(x,Dy)oxj(q)+ Ra
j=1 —~—
N o =Ar

-

=Agiag

and
J
Amp(A)= inf{pm,k(aﬂ qr(R),A =) (pj(q)a)x,Dy)oxj(q)+R,a e SH@Q;C,R € %(Q;C))} .
j=1
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Definition 2.E.21. We now write a, ,(x,D,) = Z}]:l(gj(q)a)(x,Dx)oxj(q) for a € S"\I}(Q;C). A
symbol a € SF(Q;C) is said to be elliptic if there exists x = 1 such that |a| = %‘I’m for ¥ =x. An
operator A = a, ,(x,D,)+R € OpSy(Q;C) is said to be elliptic if it admits a symbol a which is
elliptic.

The product of two operators A =a, ,(x,D,)+R,A' = ab’x(x,Dx) +R' € OpS{(Q;C) equals

AocA' = aQ,X(x,Dx)oaz),X(x,Dx) +fzp,x(x,Dx)0R' +Roay,(x,D)+R ORi

e%(é;@)

and the treatment of every non vanishing term p;(q)a(x,Dy)yi(q)o;(q)a(x,D,)x ;(q) of the prod-
uct ap,x(x,Dx)oaz,’X(x,Dx) can be studied in the chart open set Q j with the expansion of the Gauss

transform eiDEerzal(Xl)az(X2)|X1:X2:X in S(\I’mm/,gw). We deduce that

N
AoA'=} bnla,a)y,(x,Dy)+Ry1(4,A)

n=1

With ppsm—n 1 (bn(@,a")) < Cr i n kP m e, (@Pm ¢, (A) and the remainder estimated by
Qm+m’—N—1,k(RN+1(A,A,)) = C;nym/’N+1ykqm,[N+l’k (A)qm,[NH,k (A/) s

when p, r(@) < Cpeqm.e(A) and py, e(@a’) < Crprqme(A'). According to Remark differ-
ential operators provide a wide family of examples where the latter condition holds true. And
this can be extended for operators of which the Schwartz kernel is explicitly localized in a small
neighborhood of the @-diagonal.

The rough version of this continuity property says

N
A OA, = Z BI’L(AyA,) +RN+1(A7A’)
n=1
with Qm+m’fn,k(Bn(AaA,)) = Cm,m’,n,k qdm,ly, (a)Qm’,ﬂn,k (A'), and
Qm+m’—N—1,k(RN+1(A,A,)) = C’,rrlym/’N+1ykqm,[N+l’k (A)qm,[N+1’k (A/)

Similarly for a vector bundle isomorphism @ : T*Q — T*@® , the conjugation by the associated
unitary transform A =a, ,(x,Dy) + R — Uq;AU(I_)1 can be written

N
U(DAUq_jl = Z [bn,tb(a)]g,x(x;Dx) +R®,N+1(A)

n=1

with continuity estimates gathered from the local model treated in Proposition [2.E.13| It can be
written more roughly as

N
UpAUg' = ) Bnao(A)+Roni1(A)

n=1

with qm—n,k(Bn,(D(A)) = C(D,m,kqm,[nyk(A)
and  gm-N-1:RoN+1(A) = Cqy Ny 1Tm ety k(A).

Because the function (g,9") — ¥;(@)%,(¢") [Zgjmo,»#@ 0;/(@)01(q,¢"%;(q) - x(@)01(g,9)e;(q")|,
which is symmetric if ®1(g,q’) = ®1(¢’,q), has a compact support away from the diagonal A, the
decomposition of the formal adjoint can be reduced to the local model with the formula b(x,D,)* =
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[eiP=D:p)(x,D,). The formal adjoint A* of the operator A = apy(x,Dy) + R € OpSF(Q;C) can be
written

N N

A* = Z [bn]g,x(x,Dx) +Ry4+1(A) = Z Bn(A)+Rpy41(A)

n=0 n=0
with bo = a and the estimates p;—n(bn) < Cpynrdm,,,(@) and qu—nk(Bn) < Cpynkqm,e, ,(A)
and ¢, -N-1t(BN+1) SCr Nk Qm,ty.1,k(A) .
All the classical estimates can be decomposed in this way by going back to the @ = R%-model.
The condition pp, ¢(a) < Cyy rqm,(A) holds true if one starts with an operator A = a, (x,D,) +
0, exactly given by the local quantization rule with no regularizing global remainder, and a ¢
Sy7(Q;C). For example this is the case if A is a differential operator. The estimates are then
propagated via the operations.
The local Calderon-Vaillancourt theorem and our choice of the norm g on Z(Q;C) gives at once
the existence of a k4 € N determined by the dimension of @ , such that |A|l »2) < Cqo,(A).
Similarly the Garding inequality says that if A € S{(Q;C) has an elliptic non negative symbol
a= %‘I’m for ¥ = «, there exists C, =1 and k1 € N such that

. 1
Vue A (T*Q;C), Re(u,Au)r:= C—||u||§im/2 = Cx@m e, Al s
K
All these properties extend to OpSy(Q;Endé&) with the following constraint for the symbol of

the adjoint: The reduction to a € S{§ Q_Comp(Q;./%d(C)) is done by chosing Q ; such that the vector

bundle E| a admits an orthonormal frame (fjl,..., f JN ) for the metric gg. Then the adjoint of
A=ampy(x,Dy)+Ay-1€0pSHQ;End&) can be written

A* =@} 6, D)+ Al | with Al | €O0pS7 (Q;Endé&)

and this property is invariant by a change of orthonormal frame.
Actually if U(q) € %n(C) is the unitary matrix which represent another orthonormal frame
(f}v,...,fj\’) in the frame (f}v,...,fj\’) for E|Qi , the symbol of @, p y(x,Dy) + A1 equals

bm(x,E) = U(Q)am(x, 2)U Nq) = U(Q)am(x,E)U*(q) with b, (x,E)=U(q)a,,(x,Z2)U*(q).

The norms (g, £)ren are very convenient for handling the ellipticity as it is done in the case of
the global pseudo-differential calculus on R? . We focus here on the case of non negative elliptic
operators.

Proposition 2.E.22.

Let A€ OpS"\Pl(Q;Endé"), m >0, be an elliptic operator with A =(an, ®1dg)y y(x,Dyx)+Apm-1, am =
%‘I’m for VY =zx, A1 € OpS"\I}_l(Q;Endéb). If additionally A is symmetric on S (T*Q;&) then it
is self-adjoint with D(A) =W "™(T*Q;&), bounded from below, and its resolvent is compact.

In the case when m =2, if A=a,(x,Dy)+R € OpS?P(Q;Endé") fulfills the above conditions, then

for every f € S(<t>8,%), s € R, the operator f(A)— f(ag)g,(x,Dy) belongs to OpSy 1(Q;Endé&)

while f(ag)ES?If(Q;Endé").

Proof. The first results are the standard ones.

We just show how Helffer-Sjostrand formula can be used in this framework and we focus on the
case m =2. We write a in the form a = a9 ®Idg +a1 with a; € S}I,(Q;Endé’) and ag ® Idg is simply
written as .

By the Leibniz formula applied to 1 =(z —a2)™! x (z —as) for z € C\ R, the seminorms p_2,k(2_1a2)
are estimated by

>k

|Imz|k+1 :

D2k ( ) <Crp2r(a)

z—as
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By taking B, = S Ap— 1 ] (x,D,)+0, the second term of the expansion of B,o(z—A), to be
(Y4

z—ay ' (z—ag)?

studied in S \II,(Q;End &), can be reduced to

1 1
aijoai+

1
071072 ———.09'05 as + a1l

T\ PPN q -p
(z - ag)? lay|+lasl=1 ailag! ¢ T (z—ag)

and it is of order —2 with seminorms estimated like the seminorms p_g z( z—lag ). We deduce

B,o(z—A)=zB,—B,0A=(1-rg(2))

with g_g (r1(2) < C}, % . By left multiplying with ¥ r1(2)" we obtain

M
ri(z)'oB,o(z—A)=1-rp(z)M*1,
n=0
. Nas ke Ny
with g y-124lrL @Y1 < Corp 2w and Ir@Y M gz < Cyppzmer - In the

right-hand side of
M
(z-A)1=Y ri(2)"oB)+(z-A) tor 2y,

n=0
all terms except the remainder term (z — A) L orz(s)”*! are known to be pseudo-differential
Nn
operators 7 (2)" o B(z) € OpSy”" (@;End &) and q_s(z+1)x(r1(2)" 0 B(2)) < Ckumg—fvil . But we
can do the same for the right-multiplication and obtain similarly:
M
(z-A)1=Y Byorp@+rp@M*z-4)",
n=0
with the same upper bounds.
We deduce
a1 1 a1 £ M+1 -1
(z-A)y = Z p;(g)X + 2) (x,Dx)x(q)+ Z b,(z)+rp(z) (z-A) rL(z)A'@.lE.4.3)
= z—as (z—ag) n=1 A ~ g
=ry(2)
1 by<c. , N N
wit q-2+1),k(bn) = Cp e Tzl 17 sl gpzrsvea gpmreay < M N

Inserting (2.E.4.3) into the Helffer-Sjostrand formula (see [HeSj[[[D1S;]) gives
1 -
FA)= —— / 0:F(2)z—A) L dzndz
2im Jc

while f(a2)=i / 0:f(2)Nz—ag) Y dzndz f’(@:i / 0:f(2)Nz—a2) 2 dzndz,
A% C 2im C

with  fe€™(C;C) , suppfc{zeC,|Imzl<Criz)} , flg=F,
Imz Y

o @

and VNeN,3ICy>0,10:f(z)<Cn

when f € S({#)?, %), s < 0, we obtain by integration of the respective terms by choosing N =

max {N, », Ny}
oM

FA) =1 (@)l @, D) + [ (@2)a1ly,(6,D) + Y [Bnlpy (6, D)+ Rar
n=1
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with B, € S;2""P(Q;End &) for n = 1 while f(a) € S3?(Q;End&).
Let us first conclude for s € [-3/2,0[. Take € S~4(Q;Endé&) such that § ~ 2521 Bn . For every
MEeN,

flA)= [f(aZ)]Q,X(x,Dx) + [f/(aZ)al]g,X(x,Dx) + ﬂp,)((x,Dx) +Rﬁ,2M+1 +Ry

with Rpop+1 € OpSy”®Y " (Q;End &) and Ry € LW ~M*ea;jyM-ca). By taking M arbritrarily
large, this says that f(A)—[f(ag)]g,x(x,Dx)—[f’(az)al]p,x(x,Dx)—ﬁp,x(x,Dx) belongs to Z(Q;End &) .
Because s € [-3/2,—0[, we know f(as) € SZ(Q;End&) with 2s = -3 and f'(a2) € S?¢"D(Q;End &),
f(ag)a1 € S%1Q;End&), while B, € SyHQ;End&), ~4<-3-1<2s—1.

Now for a general s <0, simply write {t)° = (¢£)*1"! with s1 €[-3/2,0[ and n1 € N. The composition
of pseudo-differential operators says that the principal symbol of (A)®* = (A)%10...0(A)®! is {a9)®.
Any power (t)°, s € R, can be written (t)2N<t>s’ with s’ <0 and N e N. With (£)2V = (1+2)N e R[¢] ,
(A)® is a pseudo-differential operator with principal symbol {a9)® for any s € R. Finally a general
function f € S((¢)*; %) is written ()**¥2f(¢) with f; € S(() %2, %)-

For the End & version it suffices to notice that all the explicit computations above, are done es-
sentially with scalar symbols. O
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Abstract

The name “Grushin problem” refers here to the variation of Schur complement technique
introduced by J. Sjostrand in his early works, which is now a commonly used tool in spectral
analysis. Recently Q. Ren and Z. Tao proposed such an approach for the analysis of the low
lying eigenvalues in the large friction limit for a simple scalar kinetic model. Inspired by this
recent work and with the introduction of functional spaces adapted to the analysis of geomet-
ric Kramers-Fokker-Planck operators in a previous article, the authors now study the combined
asymptotic analysis of Bismut’s hypoelliptic Laplacian, in the high friction & — 0" and possibly
low temperature 2 — 0% regimes.

MSC2020: 35H10, 35H20, 35K65, 35R01, 47D06, 58J50, 58J65, 60J65, 82C31, 82C40
Keywords: Bismut’s hypoelliptic Laplacian, Grushin problem and spectral convergence, multi-
scale analysis, large friction, low temperature.

Contents

3.1 Introduction

3.1.1 Problem and motivations

In [Bis041][Bis042], J. M. Bismut introduced the hypoelliptic Laplacian which allows to ex-
tend to p-forms the generator of the semigroup associated with the Langevin process. The Wit-
ten Laplacian, self-adjoint and elliptic, corresponds to the simpler description of the Brownian
motion, proposed by Einstein and where the temperature denoted by A > 0 is essentially the only
parameter. The full Langevin process written here in the euclidean case:

dg=pdt , dp= —%Oqut— %pdt+ %dW

involves actually the two independent parameters 2 > 0 and b > 0, where 2 > 0 can be inter-
preted (after rescaling) as a temperature and % as a friction parameter. The low temperature
limit 2 — 0* is known as the semiclassical limit for the semiclassical Witten Laplacian Ay ;, and
many works have been devoted to its analysis after the seminal articles [Witl[HeSj4[[CFKS] or
to its consequences for the theory of topological invariant of manifolds (see e.g. [ZhallBiZhl). It
also has obvious relationships with all the asymptotic results of Freidlin-Wentzell theory (see e.g.
[FrWel) and its development in the study of simulated annealing in the late 70’s (see e.g. [HKS]|
or [Mic]). We refer the reader to [Ber] for additional references and a historical background and
to [LeSt] for the presentation of more recent applications and issues for the design of effective
algorithms in molecular dynamics.

It was rapidly shown in [BiLe] that the large friction limit 6 — 0* (and A > 0 fixed) of Bismut’s
hypoelliptic Laplacian, is related to the Witten or Hodge Laplacian on the base manifold. It is
summarized by the commonly used terminology of “overdamped Langevin process” for Einstein’s
description of the brownian motion.

Motivated by the applications to molecular dynamics or kinetic theory many works have been
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devoted in the last twenty years to the accurate computations of small eigenvalues of such op-
erators, with the aim of providing quantitative information about the trend to the equilibrium.
Even in the elliptic, self-adjoint and purely semiclassical framework of the semiclassical Witten
Laplacian new questions arouse concerned with the accurate computation of spectral element in
various geometrical or topological landscape and possibly with boundary value problems. In par-
ticular, in [LNVZ2] it was proved that when the potential V € €°°(Q;R) has finitely many critical
values and @ is a closed manifold, dim @ =d , the various exponentially small scales of low-lying
spectrum of the semiclassical Witten Laplacian’s Ay j in the limit 2~ — 0" are determined by a
topological object: the persistent homology bar code of the function V .

One question addressed in this text is whether a similar result holds for Bismut’s hypoelliptic
Laplacian in the limit 6 — 0* and 2 — 0% .

Before giving our main result, let us recall, what is known about similar problems:

— The accurate description of exponentially small eigenvalues for semi-classical Witten Lapla-
cians, in connection with Eyring-Kramers asymptotics, the generalized Arrhenius law, or
the study of quasistationnary distributions, has been studied or used in [BEGKI [BGKI]
[HKNI [HeNi2] [Leplll [LeNil [DLLN] [LeNell [LNV1] [LNV2] and references therein.

— For the Langevin process, the semiclassical regime, which after a rescaling corresponds to
b x vh and h — 0", for functions (0-forms) in the euclidean space with a Morse poten-
tial V was considered in [HHS]. An accurate study of the tunnel effect, with microlocal
analytic techniques, led to a full asymptotic description of the bottom spectrum under the
above assumptions.

— A similar asymptotic framework was considered in the Ph.D thesis of S. Shen (in [Shel) for
Bismut’s hypoelliptic Laplacian on the cotangent of a closed riemannnian manifold with
box Vh,h — 0", the potential V is a Morse function and the metric is euclidean in Morse
coordinates around critical points.

— In [BLMI] the analysis of Hérau-Hitrik-Sjostrand was extended to a more general class of
still scalar (0-forms) semiclassical non self-adjoint and subelliptic operators. Such meth-
ods have been developped in [Norll[Nor2] for other relevant kinetic scalar models where
the diffusive part is no longer given by a harmonic oscillator hamiltonian but by a possibly
non local operator in the momentum variable.

— In [BFLS] the authors considered the scalar operator for the Langevin dynamics in the
euclidean space but with rather general kinetic energy and potential function. They dis-
cuss according to the friction and temperature parameter, the size of the spectral gap (or
resolvent estimate). Their variational (so called “hypocoercive”) method is combined with
a Schur complement method which is reminiscent of the formal calculations of [BiLel-
Chap 17.

— In [ReTall Ren and Tao developed a Grushin problem approach for a simple kinetic model in
a high friction l_imit Y= % — +00. Their operator is & —yA‘g, on the cosphere bundle S*Q =
{(g,p)eT*Q,gY(q)pipj =1}, where ¥ is the hamiltonian vector field of the geodesic flow
and A‘s; is the vertical Laplace-Beltrami operator on the spherical fiber.

The results of S. Shen in [[Shell are up to now the only accurate asymptotic results on p-forms for
Bismut’s hypoelliptic Laplacian in the combined limit & — 0" and A — 0%, and it is done under
some restricted assumptions. We note that the works of [BiLel and [[She] are also concerned with
the convergence of generalized determinants in connection with Ray-Singer metrics on determi-
nant bundles and other topological invariants, by developing the strategy of [BiZhl[Zhall.

Additionally it is known from the various studies of the elliptic case, i.e. the semiclassical Witten
Laplacian, that 1-forms can be extremely useful even if one is only interested in the scalar case
(degree 0). This is due to the supersymmetric argument: if w is an eigenvector in degree p then
for a Hodge type operator, (d+d*)? = dd* +d*d, dw # 0 (resp. d*w #0), dw (resp. d*w) is an
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eigenvector of degree p + 1 (resp. p —1). For these reasons, it is very natural to explore the accu-
rate description of the small eigenvalues in the combined asymptotic regimes b — 0* and 2 — 07" .
Although our previous work, was initially intended to the study of Bismut’s hypoelliptic Lapla-
cian with boundary conditions, it rapidly appeared after we heard of Ren and Tao article [ReTal,
that our functional framework should allow a rather straightforward transposition of their method.
Briefly said, it suffices to replace the total Laplacian A, , on the total space S*@ by the opera-
tor WB2 introduced in [INSW] for the definition of global Sobolev spaces adapted to the analysis
of Bismut’s hypoelliptic Laplacian. This combined with various explicit geometric formulas in
[BisO5l[BiLell finally convinced us that an accurate description in the double asymptotics b6 — 0"
and & — 0" (it works for A = 1) and for a general potential V € €*°(Q;R) should be accessible.

3.1.2 Main result and comments

We are concerned with the spectral and semigroup properties of Bismut’s hypoelliptic Lapla-
cian, denoted here by B, 1y on X =T*Q, where b,h > 0 are parameters . Actually, the operator

B, p v is equal to 2(%[(’/% N Jé,)z with the presentation of [BiLell-Section 2 and the additional pa-

rameter A > 0 is introduced by replacing V' by %V. We refer to Subsection below for a
detailed presentation. The semiclassical Wltten Laplac1an on the closed base manifold @ is given
by Ay = (v +d* )2 with dyp, =e h(hd)eh = hd +dV A and we refer the reader to Sub-
section [3.2.3| and Subsectlon [3.2.6] for various unitarily equivalent presentations adapted to our
problem. We use the h—dependent version of the double exponent Sobolev spaces 7// %2 intro-
duced in Definition [3.2.2|for & = 1 and in Definition [3.2.6|for A €]0,1].

The data of our problem are the spectrum of the semiclassical Witten Laplacian Spec(Ay ;) =
Spec(Ay 1), where Vii(q) = %V(hq) is defined on a dilated manifold (see Subsection , and
the parameters b,k €]0,1].

The following definition makes sense if one considers asymptotic regimes where 2 — 0% and
when V € €°°(®;R) has a finite number of critical values.

Definition 3.1.1. The parameter gj €]0, 1] parametrized by A €]0,1] measures a spectral gap for
Ay p, according to

1
Spec(2Avh)ﬁ[0 orlc0,e” h]C[O ]

1
and Spec(EAV,h)ﬂ]Qh, +oolc [4pp, +ool

for all A €]0,1]. We call A4,(V) the rank of 1[0,9,1](%Av,h) and JVi(p)(V) the rank of 1[0,gh](2A(ph)
for p €{0,...,d}, where the + sign refers to the choice of the line bundle F, = @ xC or F_ =
(@ xC)®org.

For every p €1{0,...,d} the eigenvalues of 1AP

27V,h
by /l(p ) h(V) 1<j=<A(V),in the increasing order.

in [0, 011, repeated with multiplicity, are labelled

It was proved in [HeSj4]| (resp. in [LNV2]) that one can take g5 = ch with ¢ >0 (resp. g, =e” ]
with € > 0 arbitrarily small) when V € €°°(Q;R) is a Morse function (resp. has a finite number of
critical values). Additionally the number of eigenvalues of lA P) » counted with multiplicities, in
[0,011, is fixed for h €]0,h¢l, o > 0 small enough, and determlned by the topological properties of
the sublevel sets of V , via Morse theory, or more generally via the barcode of persistent homology.
We note also that the Poincaré duality implies &, +(p (V)= ¥ 4PN~V for every p€{0,...,d}.
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Definition 3.1.2. For every p € {0,...,2d}, the eigenvalues of B(p 4 v lying in D(0, h2) repeated
—1 7h
»

i’j’h)lsj BYTCE The characteristic

according to their algebraic multiplicity, will be denoted by (A
space

P  _ 1 ® -
E = Ran(2m/ :%( B_,b v) dz)
h

has the dimension A/ p) _ dlm(E(p b, h) When B(p | E(p) is diagonalizable (see Theorem [3.1.3}

+, 7}1
(p) )
+,j,h 7 1<j= P -

(p)

a)), a basis of eigenvectors is written (u, ik

)lsjsﬂ(p> and 1ts L2 dual basis is denoted by (v

Theorem 3.1.3. Let g be a metric on @ and let V € €°°(Q;R) be a potential function with finitly
many critical values. In the following statements Cg; = 1 denotes a large enough constant deter-
mined by s € R.

a) When bCq < hpy, < h all the eigenvalues of B £b,Y with real part below L are real and non
negative:

Spec(B, , v)N{z € C,Rez < %} = Spec(B,, , v) N0, %1.

In degree p €1{0,...,2d}, their number, counted with multiplicity, is given by JVJ_r(p) = JVi(p 2
which is 0 if p >d (resp. p <d) in the + case (resp. — case). Poincaré duality implies
AP ; 5 /1(_2‘;;1‘” ), Additionally the restricted operator B( ) | g® s diagonalizable.
*s > bk
b) Under the stronger assumption bA*Cqo < hop, < h with A = Co, the comparison between the
Witten Laplacian and Bismut’s hypoelliptic Laplacian of the low lying spectrum, is given

by

s(p-4+2) 5(p-%
A ik V) Aiin

Vpelo,...,2d},Vje(l,..., AP}, (1+CoA™ VA1 =2 = <A<P> L <(1+CoA™VH) 210

—tB
c) When bC; < hpy,, the semigroup (e s )i>0 satisfies:

_tBJr v —t/l(p).
e *hi= ) > e twh|u(p) h)(v(p) pl +Ra(?)
pel0,...2d} j
ith IR < L2 byt
wi 705 2705y = —= —)e
RNl w,*) = p2 P
( (p)
and maX(||u£;.,hII7,7ho,s,IIUf’j,hIIW;ho,s)SCS,

(p)

for suitably normalized basis of eigenvectors (u L, w1 NP

The second statement b) says in particular that in the limit 2~ — 0% the eigenvalues of Bis-
mut’s hypoelliptic Laplacian have the same exponentially small asymptotic behaviour as the
eigenvalues of the Witten Laplacian. The latter were shown in [LNVZ2] to be related to the bar
codes of persistent homology.

Corollary 3.1.4. When V € <€°°(Q'[RZ) has finitely many critical values and under the condition
Cgb < hoy, , the eigenvalues (A pJ h)1<]<ﬂ(p> satisfy limy .o+ —hlog(/l(p) h) = [;.p), where [E.p) is the
length of a bar, indexed by j, with a degree p endpoint in the bar code associated with V. The —

case is obtained by Poincaré duality with JL(_p) /1(2‘]1 hp )

Comments:
— Actually all these results are related with resolvent estimates of which the accurate for-
mulation is given in Proposition [3.4.4] after introducing other intermediate quantities.
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— In order to write a general statement, we preferred to express things in terms of the non
explicit spectral gap p; of Definition For a general function V € €°(Q;R) with
finitely many critical values the result of [LNV2] says that one can take g5 = e 7 with
€ > 0 arbitrarily small. But when one knows better the geometry of the critical sets an
algebraic expression g = A" can be obtained. The basic example is when V(x) = x" in R,
in which case a simple rescaling argument gives gy = B2

— When the potential V is a Morse function, the condition Cyb < pph says b < ch?, which
is stronger than the condition b < c¢Vh suggested by the works of S. Shen [She] and
Hérau-Hitrik-Sjostrand [HHS], where they considered b < VA . Actually our method re-
lies on the elimination of the potential term, as a perturbative term, after the rescaling
On:Q— Q"= %Q of Subsection A similar analysis of what is proposed here, could
be developed with better treatment of the Morse potential function. Instead of the above
dilation take ¢ 7 : Q — Q‘/ﬁ = \/iEQ and use on Q‘/E a partition of unity in riemannian

balls of radius MvA with M =1 large enough. With a more inclusive description of the
scalar quadratic model in every ball, which takes better into account the quadratic Taylor
approximation of the potential V‘/E(q) = \/%IV(\/EQ) , subelliptic estimates of [NSW] can be
improved in particular by using the accurate quantitative estimates of [BNV] for quadratic
Kramers-Fokker-Planck operators in the euclidean space. In the end the rescaling leads
to the comparison of the spectral gap for AV\/’?,l on Q‘/ﬁ, which by unitary equivalence is

equal to %Qh o 1 and the rescaled parameter \% instead of % . One then recovers the nat-

ural condition b < ¢v/A . This is just a sketch and an accurate spectral analysis remains to
be done. In this article, we preferably considered a ¥ °°-function without assuming that it
is a Morse function, in order to highlight the generality of the Grushin problem approach.

— In [LNVZ2] results were given for non smooth potentials, in particular when V is a Lipschitz
subanalytic function. This more general case is not considered here and it would require
a specific analysis, which could follow partly the strategy presented here.

— Theorem|3.1.3|is a digest of what can be deduced from the Grushin problem method. Many
intermediate resolvent estimates can be used and maybe improved for other purposes.

— Finally, we have not considered as in [BilLe] and [She] the convergence of generalized
determinants. Actually, for topological invariants which do not depend on the riemannian
metric, the simplifying assumptions of [Shel suffice for a general treatment. It is not clear
that a more accurate and general analysis would bring relevant improvements.

3.1.3 Outline of the article

The geometric framework, the operators, the various scalings and the functional spaces are
defined in Section Remember that Bismut’s hypoelliptic Laplacian is a second order non
self-adjoint and non elliptic operator acting on differential forms defined on the total space X
of the cotangent bundle T*® of the closed riemannian manifold (®,g). The definition of the
hypoelliptic Laplacian in[Bis05/][BiLel, the associated Weitzenbiock formula, and the introduc-
tion of adapted functional spaces, strongly relies on the horizontal and vertical decomposition
T(T*Q)=TX = THX & TV X recalled in subsection[3.2.2] The exact definition of the Witten Lapla-
cian and the hypoelliptic Laplacian are given in Subsections [3.2.3] and [3.2.5] An h-dependent
change of scale is introduced in Subsection[3.2.6] This allows to get easily uniform constants with
respect to A €]0,1] in all the subelliptic estimates which are used in the text. The first of these
subelliptic estimates in Subsection is an adaptation of the general results of [NSW] to the
present framework. Although Theorem is expressed for the operator B, , 1y = B, . 2 L.b)

on X =T*@Q, all the analysis of this text is carried out on the dilated geometry of Subsection
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with the operator B, ; yi = B (g gt v pr), ' = % and where the / is dropped afterward) where
the h-dependence is easier to track.

In Section various perturbations or modifications of the operator B, ; y» are considered,
which have no spectrum around 0. For such new operators, resolvent and possibly subelliptic
estimates are specified. One of them, denoted by B, j, y» + @4 1, v+, is directly inspired from the
work [ReTal of Q. Ren and Z. Tao. In a crucial way, this section aims at providing subelliptic
estimates for B, j, y» + @ 4 1, y» With a uniform lower bound with respect to b, €10,1] for a large
enough new additional parameter A = 1. Due to the new complexity of our problem but also in
order to improve Ren-Tao lower bounds, this is done in two steps with the intermediate operator
B, pyrt A2710,J_r easier to handle, especially if one uses the maximal subelliptic estimates.

The writing of a Grushin problem in Section [3.4] allows an accurate comparison of the resol-
vents (B, pyi +@Qavi—2) 1, Bypyr—2)1, (Aya1—2) F and (Ays 1 +Q 4 1 yr —2) 1. Although
the resolvent estimates of Section [3.3|can be written with uniform constants which are indepen-
dent of the Sobolev exponent s € R, the range of validity for the parameters b,2,A > 0 actually
depends on this Sobolev exponent s. Attention must be paid to the formal calculations which are
not done in the general distributional setting but rather in an arbitrarily fixed range of Sobolev
exponents S € [Smin, Smax] -

The proof of Theorem [3.1.3] is achieved in Section The resolvent comparison in Sec-
tion and the spectral information of the semiclassical Witten Laplacian, summarized in Defi-
nition , provide the first accurate localization of the spectrum of B, ;, y» around 0, with new
accurate estimates for the resolvent and the semigroup. We finally use the Hodge structure and
the PT-symmetry property, r*B, , y»r* =B i,b,vh with r* a unitary involution, in order to make
an accurate comparison between the eigenvalues of B, j, y» , identified now as the squared sin-
gular values of a restricted differential, and the eigenvalues of the Witten Laplacian Ay ; , with
Spec(Ay 1) = Spec(Ay ).

3.2 Framework

3.2.1 Total space X of the cotangent bundle

Let (@, gT?) be a closed Riemannian manifold of dimension d, V€ the associated Levi-Civita
connection and let X = T*Q be the total space of the cotangent bundle. On one side, the total
space X is a symplectic manifold with the canonical symplectic form o. One the other side, the
kinetic energy function is globally defined by

\ P2 1 .
Va=(q,p)eT;Q, Hl(x)= 7" = EgT ®p,p). (3.2.1.1)

Then the hamiltonian vector field % of the geodesic flow is given by
dX 7 +igo =0. (3.2.1.2)

The scalar vertical harmonic oscillator @ is the self-adjoint differential operator defined with its
maximal domain in L2(X,dqdp;C) by

1 . d 1
5(gTQ(Dp,Dp)+gT Qp,p)= 5Id with D, = S0, (3.2.1.3)
l

where —Avert = 279D p>Dp) is the fiberwise vertical Laplacian.
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3.2.2 The horizontal-vertical decomposition

The Levi-Civita connection induces a splitting of the tangent space and cotangent space of X
given by

TX =TX) o (TX) 27" (TQeT*Q) ; T*X=T'X)"He(T*X) 27*(T*QoTQ) (3.2.2.1)

where 7: X = T*Q — @ is the natural projection, (TX)” = 7*(TQ) is the horizontal distribution
and (TX)V = ker(dn) = 7*(T*Q) is the vertical distribution. Once a frame u1,us,...,ug and the
associated coframe ul,...,u? are locally chosen, we take a copy of those two frames @ 1,9,...,04

and 21,...,2% where the above identification is written
(IX)¥ =Span(uy,...,uq) ; (TX)V =Span(@?!,...,0%

and
(T*X)H ~Span(u?!,...,u?) ; (T*X)V ~Span(iy,...,dq).

In the rest of the text we will use the above identification with the following additional conven-
tions
— When u;’s are associated to a coordinate system on @ i.e. u; = 0%[- forallie{1,...,d} then
we use the notation
T (ui)=e; = 9 +r’?.pki eTx)f ; nr@hH=é=—eTx)
dq" Y " 0p; opi

and
ntwh=e'=dq' (T X)" ; n*(@)=éi=dp;-T};prdq’ e(T*X)".

Where Ffj denote the Christoffel symbol for the Levi-Civita connection, defined by VLLC % =
Oqi

r* (q)i
ij dq*
— When u;’s is an (local) orthonormal frame of 7@ we will use the notation

w)=fie X . 7r@H=FfeTx)V (3.2.2.2)
and 7'@WH=Fe(X)! ; n*@)=Ff T Xx)V. (3.2.2.3)

Passing from one writing to another is simply given by a section P of the fiber bundle GL(T'®)

above @. Indeed for all i € {1,...,d}
;0
o Jj

The following relations hold on TX and T*X

fi =P(q)e, fi=@@™ie,
and f'=(P(g)Me/ fi=P(@)é;.

With this decomposition
— The metric g7¥ on TX is defined as g7¥ = g7 o1 gT"Q with respect to the decompo-
sition 3:2.2.1). The frame f1,...,f4,f%,...,f® is an orthonormal frame with respect to
gTX. Similarly we define the metric g7 X = gT"'? o1 g7 on the cotangent space T*X
of X. For the exterior algebra we use AT*X = (AT*Q)®(ATQ) as a vector space and
gM "X = gAT"X @ oATX  With the orthonormal frames f2,...,f%, f1,...,f%, an orthonormal

.....
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— The hamiltonian vector field % defined by (3.2.1.2) can be written

o d
=gl e’ e pjei=Y pifi
i=1
where p =p;dq' =p;fie T,Q.
— The vertical Laplacian equals

.4
AV = gT9%e;,e)é'el = Y (F)%
i=1

— The tautological connection on TX and T*X, extended to AT*X or AT*X @ n*or(®), is
defined by the following formula

TX, _ Tk ) TX s _ _TJ sk
Veiej = Fijek ;0 Ve, ¢/ = Fike ,
ViXe. = 0 . viXel = 0
TelX y ik TelX k
Xol = _1Y . Xy, — 5
and Vei* e/ = Ive” Vei* é;j = Tién,
vi'Xel = 0 ; VvI'Xe; = 0.
e e

3.2.3 Hermitian trivial bundle F over @

Although Bismut’s theory of the hypoelliptic Laplacian in [Bis041[[Bis042][Bis05] works in a
much more general framework, we focus here on the simpler case which makes the connection
with the standard semiclassical Witten Laplacian on the base manifold @. Namely we work
with the trivial bundle F' = @ x C on the base manifold @, equiped with the hermitian metric
gF = exp(-2V(q))dz ® dz and the trivial connection V¥ = d9. When smooth duality arguments
are used on a non-oriented manifold @, the trivial bundle € x C must be replaced by (@ x C) ® org
where org is the orientation bundle on @. Locally nothing is changed.

By following Bismut’s notations, set
w(V",g") ="'V g" =24V,

which is here a real scalar 1-form on Q. The adjoint connection V¥* of VF with respect to g%
equals
v =d? -2dv

and the associated unitary connection V7% is
Vi =g _qv.

Contrary to the general case studied in [BisO5l[BiLel, here the unitary connection V¥ is flat

since its curvature R is given by RF = —%w(VF,gF) Aw(VF, gFy=—-dV AdV =0.

In Bismut work and more generally for a probabilistic approach, the natural L2-space is L%(Q, dVolg; AT*Q®
F) where the notation recalls the non trivial metric g¥ = ¢72V@ on F = Q ® C, in the L2-scalar

product

(U, ) 12(Q,dVol ;AT QeF) = /QgAT*Q(E’v) ™V @ dVoly(q).

For the accurate spectral analysis it is simpler to work in the standard L2-space, L2(Q,d Vol o AT Q®
C), with the scalar product

(U,0)12(Q,dVol ;AT*QaC) = /QgAT*Q(ﬁ,v) dVolg(q).
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Functional space Lz(Q,dVolg;A’T*Q ®F) L2(Q,dVolg;A'T*Q ®C)
Sections v=e"u u=e"Vu
metric gf =exp(-2V) 1
Connection vF =q9 d® +dVv
Endomorphism w w(VF,gFy=-2dV w(VF, gFy=—-2dV
Adjoint connection vE* = dQ —2dV d® -dv
unitary connection vEu d@
differential d9 dQ +dV A =: dv1
codifferential dF" =2V qQre 2V = d9* + 2iyy do* +iyy =:dy
Hodge/Witten Laplacian O9F = (d9 +d@F*)2 Avi=(dy,1+dy )2

Table 3.2.1 — Correspondance of L? spaces

Vig)
Passing from one formulation to the other via the unitary multiplication by e* % is summarized

by the following table.
We recall the formulas

O9F = (d949* +d9*d?) + 2%y,
e V(e =d+dVA , dy,=e’(d"e” =(dy,)* =d* +ivy,
(dv,i+dy ) =(dvady +dy 1dy1) = (@2dD" +dD"d) + IV P + (Loy + Loy).

dv1

Ay 1

The subscript 1in dy 1, d{", 1 and Ay ; refers to the specific case & = 1 for the semiclassical Witten
differential, codifferential and Laplacian:

v v v v
dyp=e #(hd)er , dy,=er(hd) e *
Avp =(dyp+dy ,)? =h*dd* +d*d)+|VV* + h(Lyv + Loy).

Within the presentatlon of Table [3.2.1] the semlclagsmal regime can be introduced by simply re-
placing V by 7 and by choosing the metric gF = e n . This actually leads to

2
07 =@ +d®"d)+ = Lov
in L%(Q,dVoly; AT*Q ® F), transformed in the L%(Q;d Vol,; AT*Q ® C) picture into
(@@ +d* Q39+ L 1ve s Ly + 22y = =
B2 A vv vV _h2 V,h-

We will explain in the specific Subsection how the semiclassical asymptotic regime, or more
generally A €]0,1], can be easily introduced in the analysis of geometric Kramers-Fokker-Planck
operators of [NSW], where the parameter A €]0, 1] was actually not considered.

3.2.4 Functional spaces on X

The isomorphism of vector bundles & and n*({\T *Q ® ATQ ® F) is provided by the horizontal-

=E
vertical decomposition (3.2.2.1) of AT*X ® 7*F . With this identification, the vector bundle & is
endowed with the metric 7* (g7 ?  gAT? ® gT') where we recall F = @ xC (or possibly F = (@ xC)®
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org) and gf = e‘wdé ® dz . The pulled back vector bundle will be denoted by § = AT*X @ n*F
and depending on the case &; = AT*X ®C and &_ = AT*X ® C® n*(org). With the symplectic
volume denoted by dgdp = dVol,g14-1, the associated L? space, denoted by L%(X,dqgdp;&) and

\4
equal to L2(X, e‘wdqd p;&4+), is given by the hermitian scalar product

*X — _2V@)
<u’v>L2(X,dqdp;<§’) =/ gAT X(u, vle” *» dgdp .
X
Vig) V(g)
After setting i = e~ huandi=e v , it can be replaced by the standard L2(X,dqdp;&,) with
the scalar product

<ﬁ’}5> :/ gAT*X(Ey 5) dqdp = <u: U)LZ(X,dqu;gi) °
X

Those L? spaces and the Schwartz space of rapidly decaying (as p — co) smooth sections, (X ;&)
and #(X;&,), coincide with the obvious density result. The first L2-norm depends on z > 0 while
the second L?-norm does not change with z >0 and is more convenient here.

We work in L2(X,dqdp;&y).

When necessary, formulas of [Bis05][BiLel written in L%(X,dgdp;&) with the corresponding
scalar product and duality, will be translated later by extending the general rules of Table

For the analysis it is more convenient to work with a local presentation on the base manifold
@ of the functional spaces and associated differential operators.

Definition 3.2.1. Let Z‘J.IZIBJZ.(q) = 1 be a quadratic partition of unity on @, such that above

a neighborhood 7 ; of every supp@;, there are smooth dual orthonormal frames (u},...,u‘;) of
T*Q|79 cand (uj1,...,ujq) 0fTQ|7,9j. Set fi =n*(u') e (T*X)H and fi =1*(u;) € (T*X)V according

to (3.2.2.3).

For F=@Q xCor F =(Q xC)®org, let # g and % x denote the product of isometries:

I0.q LH@,dVolg AT* Q@ F)— éJL%%;,J-,dVolg;(AT*Q R, )~ éJ L2(%_j,dVol;C)
<js . <js

Ic{1,....d}
(3.2.4.1)
S — (HjS)lsjsJ e jH,QSZ(Sj,I) 1<j<dJ
Ic{1,...,d}
(3.2.4.2)
with .
— . I gl _ LI
Ojs = Z s],I(q)uj , u Ul N AU
I<{1,....d}
and

1 1
Jfa,x:L2(X,dqdp;éai)ﬁls?sJLz(n*(%,j),dqdp;él o) T 2, L*(n*(%,j),dqdp;C)

1<j<
1K<{1,..d}

(3.2.4.3)

s — 0s)1<j<J — (85%[) 1<jsd >

I, Kc{1,..,d}
(3.2.4.4)

with
0:s= K I, 2. I _ rix i £ _ . 3
JS— Z sj,l(q)fj/\fj,K ’ f]_fj /\"'/\fj ’ f],K_f‘],kl/\"'Af‘],km\

I,Kc{1,...,d}
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Let us gather obvious properties of the isometries % ¢ and % x:
— The adjoints of % ¢ and . x are given by

I

I |50 15j=d Y. 0i(@)sjrul,
I<fl,....d} 1<jsd
Ic{1,...,d}

* K K oI , ¢
and j@,X (sj,I) 1<j<d = Z GJ(CI)SJJ]“] Afj,K~
I,Kc{1,...,d} 1<j<dJ

Ic{1,...,d}

— The isometry % g is continuous from €°(Q; AT*Q®F) to & 1<j<g 6;°(¥3,;;C), resp. Fp x
Ic(l,...d}
is continuous from .#(X : £1) to & 1<j<g F (7" (¥p,;);C) while the supports satisfy supp 35.{ I
Ic{l,..d} ’
n*(suppd;), with

J;’QJQ,Q = Isz s fe*’Qfg’Q |<€°°(Q;AT*Q®F) = Id‘é‘”(Q;AT*Q@F) 5
and gy Ipx=Id2 , I xIox| sxe = o6, -

— The vertical harmonic oscillator hamiltonian given by (3.2.1.3) satisfies as a self-adjoint
operator
—Avert +|p |g

®IdCJX22d jH,X (3.2.4.5)

with the functional calculus given by

—Avert + [P

2
f@) =% f(Tq)cbIdCMzd Fo.x (3.2.4.6)

for any Borel function f:R— C.
The vertical degree NV written locally as Z?Zl fiini .18 diagonal according to

J»

VvV *
N :ja’X

1
® 0 |K|IdCJX2d ] Fox- (3.2.4.7)

<{1,...,

We recall now the general definition of the global Sobolev spaces #5152(X;&y), (s1,s2) € R?, intro-
duced in [NSWI.

With the horizontal-vertical decomposition and the metric g79, the horizontal scalar
Laplacian (see [BeBol) is given by

Ag :gij(Q)(eiej _r?jek) =(e;)* ogij(q)oej,

while the vertical scalar harmonic oscillator operator @ has already been introduced in (3.2.1.3).
The scalar operator W2 is defined as the closure in L%(X,dgdp;C) of the differential operator
Ce—Ag+ Cg@2 : L(X;C) — F(X;C) for C4 = 1 large enough. The operator W? is self-adjoint and
(W2,0) is a pair of commuting self-adjoint operators.

The non scalar version We2 is modelled on the scalar version after using the quadratic partition
of unity on @, Z}Izl sz.(q) =1 and the isometry % x . It is given by

J
W2 =55 W2 01dg,.00 | Jox = Zle i(@)oW2, 00,(q). (3.2.4.8)
J:
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where Wszcj is defined by using the connection V/ which is trivial in the orthonormal frame
(f},--,fj‘-i,}?j,l,--fj,d)-

Again for Cg = 1 large enough, (Wg,@’) is a pair of strongly commuting self-adjoint operators in
L%(X,dqdp;&.). We refer the reader to [NSWI for details.

Definition 3.2.2 (Sobolev Spaces). For all s1, s € R, the double exponent Sobolev space #51°2(X ,dqd p; &)
is defined by

WS (X;8.)={ue y’(X;é"i),@’%(Wg)”/zu e L%(X,dqdp;&.)).

The norm is defined as ||u 75182 X:6,) = II@’%(WGQ)%2 ul|lz2. For simplicity, those spaces will often be
denoted by #5152

The pseudodifferential calculus associated with W92 was introduced in [NSWI] where the order
of operators is recalled here:

pi,Dp, (12) , O,e; (1) , Vo (32) , (WH*2(s),
and it says in particular

N()Sz%-sf1 751,89 70,59
W P el At /A

~ - 05951
WOs2 g —s1s2 c 023 for s1=0,s9 € R,

and
n W55 = P(X;E,) URWSLSZ =#'(X;&.) foralls;eR.

so€R S2€

We end this section by adding some notations and by recalling some functional analysis prop-
erties.

Definition 3.2.3. For a continuous operator A : #(X;&;) — # (X ;&,), which is closable in the
Hilbert space #%5(X;&,), its closure will be denoted by A’ while A = ZO .
Its formal adjoint for the #%%(X;&,)-scalar product will be written A" : #%5(X;8) — F(X;E4),
with A’ = A"9 . The same notation will be used for its restriction to (X ;&) instead of A" | PXBs) -
Its adjoint for the #%5(X;&.) will be denoted by A** : D(A**) — #%$(X;&.) with u € D(A**)
characterized by

3C, =20, VYve L (X;8), u, Av)ypos| < Cusllvllypos.

Again the simpler notation A* = A*? is reserved for the case s =0.

Because (Wg)S/2 HO5(X;8,) — L2(X,dqdp;&y) is unitary, while it is a continuous automor-
phism of #(X;&,) (resp. #'(X;E&.)), the study of A : F(X;&4) — WO(X;&,) is equivalent to the
one of

A= (WHZAWZ) 2. #(X;8.) — LAX,dpdp;&s).

This is in particular convenient when A : #(X;&) — F(X;&) is continuous. Actually A’ =
(Wgz)’S/ ZATSO(Wg)S/ 2 and we can simply work in L2(X,dqdp;&,) with the family of densely de-
fined operators (As)scg as we already did in the proof of Proposition

We deduce in particular the formulas:

A = [wera,w 2] = w2y [(Wg)‘SQAS(Wg)S/Z]/(Wg)s (3.2.4.9)
= (W2 PAL W
(A" = Al (3.2.4.10)
and (A™%), = A (3.2.4.11)
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In all of our cases the operator A and its formal adjoint A’ are continuous from #(X;&,) to itself.
Alternatively A is continous from .#(X ;&) to itself and from .%'(X; &, ) to itself. We always have

— —
A" cA™® and AjcA;

in the sense that A'=' is the minimal extension of A" | #(x:6.) While A** is its maximal extension.
Under the above assumption the case of equality is treated via the equivalence

(A" =a*) o (4, =47).

Remember that accretive operators are closable and with an additional positive constant they are
one to one and have a closed range. Essential maximal accretivity, under the above assumptions,
means exactly A”® = A™® or, equivalently, A, = A .

3.2.5 Bismut’s hypoelliptic Laplacian

We do present here neither the construction of the hypoelliptic Laplacian as a deformed Hodge
type operator, nor the various various versions of it which are presented in [BisO5][BiLe]. We
directly start with the Weitzenbock formula for the version denoted by 29[’ s in [BiLel-p 32
formulas (2.3.12)(2.3.13). According to [BiLe]-p32 (see formula (2.3.14)) 1t makes sense as an
operator acting on #(X;&) and the formal adjoints are computed with the scalar product of
L%(X,dqdp;8)=L%X,e 2V @dqdp;&,). For this presentation the parameter A €10,1] is not yet
considered but it suffices to replace like in Subsection @I the potential V by % and various
equivalent representations are explained in Subsection [3.2.6
Formulas (2.3.12)(2.3.13) of [BiLel say for a local orthonormal frame f1,...,f; of TQ:

1
2, = T30t T ﬁ+ +7} (3.2.5.1)
where

o :%(—AV+Ip|§i(2fiifi -d)), (3.2.5.2)

Bl =—(xvp X ~(FVIVAT), (3.2.5.3)

/ 1 i / £ \e .
Ye="7 <RTQ(fi,fj)fk,fe>(f =P = Fiy,, pudy, e (3.2.5.4)
- (i <RTQ(p,fi)p,fj> - (fi(f;V)+ ff’jka)) (f' - fi)ifj+fj , (3.2.5.5)

and Fk (q) =f k(V?Q fj) the Christoffel symbol expressed in this frame.
In order to have good duality arguments when the base manifold @ is not oriented, the vector
bundle & must be AT*X ® C in the + case and AT*X ® C® n*(org) in the — case.
In [Bis05], Propositions 3.14 also provides the formula
OeF
2 b

mo+ (Y, — ,6+a+ ﬁ+)no += (3.2.5.6)
where 79 1 is the orthogonal projection on the kernel of ker(a,) . In the formula (3.2.5.6), there is
an identification between operators acting on Ran 7o + and operators defined on the base manifold
@ which is detailed below. Let us keep for the moment the notations of [Bis05[[BiLell.

In our framework, i.e. when we work in L2(X,dqdp;&,), it suffices to conjugate all the oper-
ators according to A — e~V AeV . We obtain

[y

Bipy=2e"A e’ = Gas+ S Bty (3.25.7)
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where

as =0y = %(—AV +Ipl% = @fiiy - ), (3.2.5.8)

ﬁi :e—V(q)‘BIieV(q) — _e—V(q)(ivé\/'T*Xébn*F,u _(fiV)V}\i'T*X)eV(q)’ (3.2.5.9)
1 T

ve=rh == (RYGFi s fo) F = FXF = iy, ey e (3.2.5.10)

- (i <RTQ(p,fi)p,fj> —(fi(ij)+ffjka)) (f* —fi)ifj+,@.f- (3.2.5.11)

The only non trivial calculation is for .. According to Table [3.2.1, e V(@VF V(@ = gQ and we

obtain
o V@OyANT Xem' Fu ,=V(g) _ yé.

where VI'X is the tautological connection on 7* X associated with the Levi-Civita connection on
TQ and V?* is the exterior algebra extension.
We obtain

Bs =~V ~(FiVIVE) (3.2.5.12)

Because a/, commutes with e*V(@ the kernel of a; and the orthogonal projections To,+ are not
changed. By Table we also know

e V@OORF V@ _ 7y

The formula (3.2.5.6) becomes

and when the potential V is replaced by % , h€]0,1],

_ 1
70,0y = Brai! B)mo s = 5 AV b, (3.2.5.13)

where Ay 3 =(dv 5+ d;*, h)2 is the semiclassical Witten Laplacian.

Another property proved in [Bis05][BiLe] which will be useful for proving Spec(B. pv) <
[0, +oo[ for b > 0 small enough, is related with the Hodge structure of B, ;v = 22[:;) iy that
we briefly recall here.

Definition 3.2.4.

— The tensorial operations Ag and g, expressed in the orthonormal frames (f;, f L, fi)ls i<d »
are log=f'A ifi (resp. po = fi A ir,) which increases the horizontal (resp. vertical) degree
by 1 and decreases the vertical (resp. horizontal) degree by 1. As nilpotent elements of
End(AT*X), their exponential e*4 (resp. e**0) are polynomials.

— ForaeR,r,: X — Xisgivenbyrq(q,p)=(q,ap)andr} : #(X;6.) — F(X;8,) is the natu-
ral pull-back. The simpler notations r and r* will be used for the isometric involutions ob-
tained for a = —1. The linear map K, : ¥#(X;6+) — F(X; &) is given by Ka(sg(q,p)fIfJ) =
ad/2sg(q,ap)(f1f,])|x with a trivial action in the bases (fI,fJ)]’JC{l ,,,,, a,at x = (g,p) and

— The hermitian form (, ), on #(X;&+) is given by

(u,v)r=(u,r*v).
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The operator Ql:_r » equals

6+ b \4 + 6+ b \%4 1 *.r *.r
Bupy =2 s =25 = Sl00pv0 Ly +0 yOspy], (3.25.14)
with  8ypv =Kpe ™e " dY, e e K, =ee™V(Kyd K, eV et(3.2.5.15)
+
and 87, =e et VK, d K e TV eth (3.2.5.16)

where d%X* stand for the standard Hodge codifferential for the metric 7*(g® g !) on TX =
(T"Q).
The operator 5 v 18 actually the (, ),-formal adjoint of 6. p v:

Vu,ve L X;8,), (u,r*(éi’z VIV =81 pvu,riv).

The important properties for us are 62 bV = 0,0 12 V)2 =0 and the fact that %Bi,b,h is the square
of the (, ), symetric operator 2l

Let us explain how m&hm and (3.2.5.16) written in our setting are deduced from the
formulas (2.1.23) (2.1.24) and (2.1.28) of [BiLe] (see also Section 2 and Section 3 of [Bis05[):

— The factors e*V come from our choice of scalar product ( , ) instead of (, ) L2(X,dqdp:s) and
the correspondance of Table Once this is settled, this factor can be forgotten for the
comparison with the formulas of [BiLel.

— For a general b >0, the formula (2.1.28)-[BiLel

K—l
¢1,ib%]&” b

Ny, w0 = Koy, are 7Ky = Ko,
b
allows to extend the formulas (2.1.22)(2.1.23)-[BiLel written for the case b =1 to the gen-
eral case. Because K; commutes with yo (and /10) this provides the formula (3.2.5.15).
Because K; commutes with r* it implies that 5"’ . b v 18 the (, ),-formal adjoint of 6. p v .
— Finally the explicit expression of 64 5 v is obtained after using the property that Ay is the
(, )-formal adjoint of ug, and the involutive identity r*Agr* = —Ag.
Like in [BiLel-page 32 but with now the L%(X,dgdp; AT*X) scalar product ( , ), we recall the
elementary functional properties of @+ and f.. Meanwhile, we make the identifications hidden
n and more explicit by using the isometries % x and .% g of Definition
— The operator ay =@ +(NV —d/2) is self-adjoint on its domain #2°(X;&,),. By using the
fiberwise change of variable p; = (v/g(q))p j the Hilbert space L%(X,dqdp;&,) can be
written as the direct integral

(3]
L*(X,dqdp;8.) = / L2®R%,dp;C%") dVoly(q)
Q

if we notice dgdp = |det(g(¢))|2 dgdp . In this direct integral representation, a is noth-
ing but

® —Ap+1pI?
ay = — 5 ®Idy2a + (Ny —d/2) dVolg(q)
Q
—As+IpI2 g "0.4P% . . .
where —5— =3}, —5 is the euclidean scalar harmonic oscillator. Therefore the

spectrum of . equals N. The kernel of a. is given by horizontal forms times exp (- ﬂ)

and the kernel of a_ is given by the exterior product of horizontal forms with a top vertical

form times exp ( - %)
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— With the orthogonal projection 7( . on the kernel of a, and 1-m¢ 1 =7 4 its orthogonal
complement, we have

i L
L*(X,dqdp;8.)=kera, ®Rana, = Ranng s ®Ranm 4
and S (X;8:)=(Ranmy:nF(X;8:) e (Ranm, + NF(X;E.))

while the functional calculus says that a, :Rannm; 4 N #W29X;&.)— Rann 1,+ is invertible
with the norm of a;lnL,J_r equal to 1.

— The differential operator . maps kera, N #(X;&:) = Ranmg .+ N L (X;E+) into Rana, N
L (X;8:)=Ranm| s NF(X;E4).

— With (3.2.4.5)(3.2.4.6)(3.2.4.7) we can write

—Avert + |p|3

f(a+)—ng 2

Fo.x

+ (K| - d/Z)) ® Td gz

for any Borel function f :R— C. In particular for f = 1y, we obtain

R0 =Ty x gy (e ;'p - d)1{0}(|K| ~d/2+d/2)| Iox.
2
The kernel of the harmonic oscillator % equals C¢ :1 with
g

P dp =1 det(e(@l .

We deduce that r
P
Up=Tix | x| S0 (3.2.5.17)

is a unitary transform U, g :L2(Q,dVolg;AT*Q ®C)— Ranm, g =ker(a,) in the + case. In
the — case, we choose 1 € €*°(X ANT* X)) @ n*(org)) to be a normalized non vanishing
section, which can be written locally as f TANA f .4 with the suitable orientation. Then
the unitary transform U_ g :L2(Q,dV01g; AT*Q ®Ce®org) — Rann_ o =ker(a_) is given by

Ip12

U_p=I5x (o9 A1) (3.2.5.18)

When % g(s) =(sj1) 1<j<g forse Lz(Q,dVolg;AT*Q Q®F) (F =@ xC in the + case and
F = (@ xC®org) in the — case) we get

ﬁ
Ueos= Y. 0/@sj1(@) il (3.2.5.19)
1sj<dJ
IC{IJ,...,d}
Ipl2
and  U_gs= Y 0,(@)sji(q):> d/4f Afjin..Afja. (3.2.5.20)
1<j<dJ
Ic{1,...,d}



When .9 x(s') = (35.{1) 1sj<g fors'€ LAX,dqdp;&.) we get

I,Kc{1,..,d}
_ iy
— e 2
Ulld=U"ys'= ¥ 0,(q) / qu?[(q,p) dp u§ (3.2.5.21)
’ ’ 1=j=d T:Q 7
I<{1,....d}
_Ipig
- e 2 {1,..d A 2
and U_)IHSIZU_’QS,Z 1<JZ<J BJ(q) /T*Q WS;’I }(q,p) dp) u§/\fj’1/\.../\fj’d.
Ic(l,....d}
(3.2.5.22)

The unitary map U, g :L2(Q,dVolg;AT*Q ® F) — Ranng + = ker(a) clearly induces an
isomorphism depending on the case:

Usip @ EC@QANT QeC)— F(X;8)nkeray

U.p @ €C@QAT'QeCoorg)— S (X;6-)nkera_ .

Other functional spaces can be considered. With those notations, formula (3.2.5.13) means
precisely

_ _ 1
UZplmos(ye — fraz' B)mo U+ g = T (3.2.5.23)
IpI2 IpI2 a
Notice also that ej(e™2 a(g))=e" 2 0—;(q) implies
-1 2 . > 1
Uiﬂ[n’o,iwg ﬂO,i]Ui,H = j97Q (C + CZ — §AQ) ® IdCszd fg,Q (3.2.5.24)

where Ag is the scalar Laplace-Beltrami operator on @ .

Lemma 3.2.5. There exists a constant Cgg = 1 determined by the metric g and the quadratic
partition of unity Z}Izlejz.(q) =1 such that

2

-1 2 2 & 2
CohlulZ,, < lulZ, + 195 ul?, < Ceollul?,,

holds for all u e #(X;8:)Nkera. .

Proof. We first notice that for any connection V and all u € #(X;&.)nkera.,

2 2
Iplg Iplg

Vagu=e % Vge * mo.u.

Because Vf; is a first order differential operator we have

J J
VG w2, =Y IVe O @wlZ, — Y I 0)ull2,.
j=1 j=1

With the local formula

Ipl2

. . p2 . .
Y0, = g*(q)pr0g'0,)(q)=e T g pr(0g'0,)(qle T

Ipi3 .
and [le* moll ¢ 2) < Cg we obtain

J J
- &y &+ &+
Cep Zl 10,(@)ull? 2 + IV O @w)2, < lullFs + Vo ul7, < Zl 10 (@)uls, + 1V @ (w2 .
J= J=
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Above the neighborhood 7j ; > supp@;, we use the connection V/ which is trivial in the local
orthonormal frame ( fjl ... f;l, Fityeoosfia)-

The relation

2 2
Iplg Iplg

VeV, =e 1 g (pp(VE — V] )e T
allows the same comparison which leads to

C7 (162, + V5 @12 ) < 10;ull s + 195, 0,012 < C; (10;ullZ, + 15 @12,

With the trivial connection V/ in the orthonormal frame (fjl,..., f Jd , f Gl f .d) the estimate of

Ipl2

d/4e_Tqa(q) for

the middle term is reduced to the computation of |It9ju||%2 + ||@(0ju)||%2 foru=n"
a € 6,°(7y,;;C). We compute

Ip12 . ; ‘ 1
|2 (e 2 0,0)11%, = /Q /R ) |glk(q)pk(6qi(Gja)|27'[_d/2e_gk(q)p’pk dp] dg=3 /Q IVE(0a)12dVolg(q).

Similarly the definition W92 = fg* X [W2 ® IdC Jxo2d ] ¥p.x reduces the problem to the computation of

Oju, W20,u) = ;u,[C - Ay +CO*10,u)

1p12

with u =7~ %e™"2 a(q), a € €5°(%,j;C) . We obtain like in (3.2.5.24)
0u, W20 uy=(C cd2 0.al2,+2 [ 1VE0,0)2dVol
Oju, juy=(C+ T)” JaIIL2+§ QI 7(0;0)[“dVolg(q)
and this ends the proof. O

3.2.6 Scalings

When we consider semiclassical Witten Laplacians, it is natural to introduce semiclassical
Sobolev spaces. Accordingly the space #°%°(X;&,) has to be defined with an A-dependent norm.
There are various transformations on the operators, Witten’s and Bismut’s Laplacian, and on
the functional spaces which allow to reduce the A-dependent problem, A €]0,1], to the case A =
1. This simplifies the asymptotic analysis with respect to the pair of parameters b > 0,2 > 0.
In particular, the initial subelliptic estimates of [NSWI|, where only the parameter b > 0 was
considered, can be easily translated into a b,h-dependent version.

Semiclassical Witten Laplacian: The semiclassical Witten Laplacians Ay 5, on the riemannian
manifold (@, g) can be given several equivalent presentations. It is better to think in terms of
the four data (@,g,V,h) where (@, g) is the riemannian manifold V € €°°(Q;R) is the potential
function and A €]0,1] is the semiclassical parameter.

The semiclassical Witten Laplacian equals

Avp=0Qev.n =Wy p+ d{k,’i)z
_v v *,8 _y % v % .
where  dyp=e #(hd)er =hd+dV A d5 =e 7 (hd™¥)er =hd"™® +iy,v,

where the subscripts recall that the Hodge star operator, the codifferential and the gradient all
depend on the chosen metric g.

Relations between the following differential operators acting on €*°(Q;AT*Q ® F.) can be writ-
ten:

1
d*’ﬁg — hzd*’g , VeV= h2ng
h2

1 -
_ *8 _ g h2 —
dvp=hdy,  dyy=pdvy > DQevim=08q4 k-

h2’



For the L2-spaces we note that

dVol , , =h"“dVol, /Q (5,8 1 dVol 1, = /Q (h*)385 =2 (s 5"y ¢ dVol,

and the map s — h%2-4e85¢ j5 g unitary map from L?(Q;AT*Q ® F.) onto L?, g(Q;AT*Q oF,).
w2

Semiclassical Sobolev spaces are defined by replacing derivatives of vector fields with g-norms

bounded by 1 , by vector fields with %g-norms bounded by 1 or g-norms of size O(h). By using

a Laplace type operator A g,0,1) or Ho g = z;.’:le 1(@)Asc,g0(q) the semiclassical Sobolev norms
are given by

_ 2 s/2 — |5 S —deg §/2
=[1+hA H(),g) u”Li(Q) =|hz 1 +H0’h%g) u”LZ%(Q)'
3

Another introduction of the scaling relies on the fact that (@, g) can be isometrically embedded
in the euclidean space (R%; 8giq), according to Nash embedding theorem (see e.g. [Grol). This
isometric embedding can be done such that ng@ (0,Q) =1 and one may consider the homothetic

transformation of @ with center 0 and ratio ,—11 , Q" = %Q or Q" = ¢, Q with ¢y (q) = %q for g € R% .
The tangent and conormal vector bundle TQ® , N*Q = {v € T*R% |Q, VteTQ,v.t = O} are well

defined and the euclidean metric ngQ allows to identify
* *mpd * RYQ\-1
T'Q={veT"R%|,, YweN'Q, @) '(w,w)=0}

. The same can be done with @” which is endowed with the metric g” = ngQ |TQh><TQh . Then
the riemannian manifold (Qh, gh) is isometric to (@, h_12 g) and when H, gh = Z'j]:l 0;(h)Ag. 0;(h.)

and V"(q) = 2V (hq) we obtain

sc,g

Ph D@t g v 0Phs =A@ g 1v,1) = DQeV A

*h2

d_ d_
172 deg(1+HO,h%g)s/2u||L1 (@= Ikt deg(1+H0,gh)3/2<ph,*u||Lzh(Qh).

u s, =
Il 21 g ,

If instead of the quadratic partition of unity Z}Izl sz.(q) =1 on @ one takes an A-dependent par-

ition of unity ) " >.(q) = 1 subordinate to an atlas U°".Q;; = Q wi iam in) < or
tition of unity ", 62, (¢) = 1 subordinate t tlas U Q)5 = Q with diamg(Q; ) < Ch

(diam 1 £ j.n) < C) and an intersection number uniformly bounded with respect to %, one sees
h

that gh in a coordinates system in ¢,(2; ; satisfies
”aggh ”Loo(thﬂj,h) + ”ag(gh)_l ”Loo((thj,h) S Ca’ .
Although the volume of @", Vol(Q") = h~4Vol(Q) increases as h — 0, the above quantity [/(1+

Hy g1 )°vll L, @ correspond to the standard Sobolev space norm on Q" with a uniform control
g

of the local variations of the metric while V. V" is uniformly bounded as well as its covariant

derivatives with respect to vector fields with a bounded g”-norms. We will use the short notation
H3Q";AT*Q" ®F.) for H;’,}(Qh;AT*Qh ®F.).

Bismut hypoelliptic Laplacian: We do the same kind of scalings as above for the Bismut hy-
poelliptic Laplacian. Actually we will start from the expression (3.2.5.7)(3.2.5.8)(3.2.5.9)(3.2.5.10)

138



Figure 3.2.1 — The grey areas represent on @ a ball of radius 1 (resp. ) for the metric %g (resp.
g) and on Q" the isometric ball of radius 1 for the metric g” .

of the operator B b,Y which is actually determined by the data (@, g, ,b) where (@, g) is the base
riemannian mamfold V € €*°(Q;R) is the potential function and b,k > 0 are the two parameters:

1 1
B by =BiQetn=3%Q0* 3 Pr@e )T V@l

By mimicking what we observed for the Witten Laplacian, we firstly want to establish a simple

relation between B oandB, o 1, v, . Wenotice

v
+@,8,7, 28T

(hzg) ®(— g)_ (h2g)€B(h2 g™h

while the Christoffel symbols I }i‘j(q) are the same for the metric g and the rescaled metric ,%g
and the Levi-Civita connection is not changed. If local orthonormal frames given by and
(3.2.2.3) are denoted by (f; g)i<i<d ,(féi,)lsisd (fé)lsisd and (fi,g)lsisd for the metric g, orthonor-
mal frames for the metric % g are given by

" 1 ..
fii :hfi,g s fll :Efé s

52 28

and f = fg ’ fi%g:hfi,g-

h2g ’h

Other simple relations for the kinetic energy and the hamiltonian vector field % are:

s IpI?
|P|2,g g7(qQ)pip; y 4,758 1
< S a0 by = s and =50,

while the symplectic form 0 = dp A dq on T*@ is not changed.
Although B, (@1 b) Preserves the total degree |I|+ |J|, it mixes the horizontal degree |I| and

vertical degree |J| for sections s J(x)f!£7. The different homogeneities in the conformal change
of metric from g to h2 g must be considered carefully as well.

Because X = T*Q is a vector bundle on @, while & = 7*(AT*Q ® ATQ ® F.), we define the
mapping ¥j, : #(X;81) — S (X;61) by

2 _a _ _ A _d _ N
MCICR RIS R R O e L L R S
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We obtain
_ 1 _ Ao
Wil (@ 9.0)%h = 5 (—h 2AY + h2|p|§ ¢+ C@figif - d)) = ai,(Q)h%g)

and W, (B, (g gv)Wh = ~(+hVy; (ﬂng&)———(v

1

1

Er y _

%, p2 - (f; —g_)vfil )_Zﬁi,(Q,h%g,%)'
728

h

For ‘I’}‘Llyi,Q, ¢V firstly notice that the Riemann curvature tensors are compared according to

T T
RI®=n?R"

5
while the coefficient T’ fj(q) =f k(V;Q f;) satisfies
k - =
I ()= h e

The definition of the mapping ¥ ensures the identity of the tensorial operations

i\ FioA if o
\P;_ll(Ag )\Ph: W28 and \P;—L (ﬂg)‘llh: . w28

- A r 15
i.g fi L g 1 Fs
We deduce 1
-1 _ -
Y re@eH¥n =137 @ be k)
We have proved
1 [A? h 1
-1 _ L | n -
Vi Br@etnVn=15 2% @p0 gl Ht r@pe |~ 2Br@bel)

Let us consider now what happens on the functional spaces.
The linear map ¥}, is actually a unitary transform from L2, (X dqdp;&.) to L2 (X,dqdp;8+).

n2

The h-dependent norms for the W*152(X; £, ), were not studled in [NSW] but we follow the dilata-
tion trick presented for the Witten Laplacian in order to reduce the problem to uniform estimates
in the case h=1.

Definition 3.2.6. On the cotangent space X = T*Q where @ is endowed with the riemannian
metric g, the h-dependent norm, 4 €10,1], of #5152(X; &, ) is given by

/2 2 /2
lwllrse = 10% =Wy )™ ull 26,

where

J
W5, = 0j(q)Cg—h*Ap+CgG*)0,(q).
j=1
Remember that the operator W92 5, 1s an elliptic self-adjoint operator for any fixed (@, g,h) with
h €]0,1] when Cg = 1 is chosen large enough. However the uniformity of the subelliptic estimates
for B, @.g.L.b) with these h-dependent norms requires some explanation.
We keep track of the change of riemannian metrics with subscripts like before and write Ay =
2 _ 2 o g . . _ 2
Apg.g and We We he . Actually the definition of AH, Lg gives AH’ Lg= h“Ap.g and

—-1yw72 _ 2 2

140



After the riemannian embedding @ — R and the identfication of X = T*Q as a subbundle of
(T*Iqu)|Q the dilatation @ : ¢ — £ in R9@ with @5, : X = T*Q — X" = T*Q" is a symplectic
map, and an isometry from (X,(%g) ol (h2g™1) to (X", g" &+ (g")™1). We obtain

Oy W, WG, JVRD, = W5 s

and
. _ $1/2 1172 $9/2 _ 81/2 (1x72 s9/2 -1
”u”;//h‘i;,sz(X;éai) = ||@g (WH,h,g) 2 u”Lé(X;gi) = ”@)gh (We,l,gh) q)h?*\Ph u”LZh(Xh;(Dh,*gi)
— -1 _
- ”q)h,* \Ph u“y/lSl;fz(Xh;q)h,*gi) .
»8

The above discussion can be summarized by the following statement.

Proposition 3.2.7. With the above notation (Dh,*‘l’}:l is a unitary map from 717hslg’s2(X ,E1)g to
7/7181;’:2(Xh;®h,*6"i) for all s1,s2 € R with

1
-1 w«_ L
Pn ¥y B et 0)Yn®Ph = 7584 @1 gh vt
O W, @ Q.00 Vi D)y = Qs (@i 1)
1 1
-1 * -1 *
Pn ¥y Pr@eH)VhPh =3 Pr@ugr vy > Pha¥h Vi)Y r®h =737 @k g vh

—1yr2 * _ W2
and Oy Yy WH,g,h\Phq)h - We(h.),gh,l’

with V™(q) = +V(hq), 0;(h.)(q) = 0,(hq) for q € Q™. Additionally V1 V" and g" and (g")!,
expressed in the coordinates associated with the atlas Q" = U}Izl %Q j (or % times the coordinates

associated with @ = U}’zl Q;) have uniformly bounded derivatives.

This result and what we recalled just above for the semiclassical Witten Laplacian, allow to
eliminate the parameter A €]0,1] in the analysis. Actually it suffices to make the analysis for
Q", gh,Vh) and (Q", gh,Vh, %) where the parameter b is replaced by % and to use the uniform
control of all the norm estimates with respect to 2 €]0,1] on the dilated manifolds Q" and X" =
T*Q" .

3.2.7 The Hypoelliptic Laplacian as a perturbed Geometric Kramers-Fokker-
Planck operator

Although we are ultimately interested in Bismut’s hypoelliptic Laplacian B, , v = B, @g.L.b)
Proposition [3.2.7| with

1
-1 * _
Pne ¥ By ety Vn®Ph = 73Brqrgn i)

allows to reduce the analysis to B, byh = B, (@ ,ghVh 2 with uniform controls of the local deriva-

tives (in coordinate charts) of V V" g" and (g")~!. For the sake of simplicity we replace % by
b >0 and we write B, , yr =B, gh gh vi p)-

We will use the short notations &}; =®y, &, for the vector bundle above X h = 7*Q" and the con-
nection V=" will be the connection on éaf_f associated with the metric g on Q" .

With these modifications, Bismut’s hypoelliptic Laplacian can be written as
1

Bi,b’vh = Pi,b +R0’h +R2,h + b

Ri1n, (3.2.7.1)
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where the principal part is

1 1
Pip=r5tug ¥ 5V (3.2.7.2)
&
and the three lower order corrections are
1 pT 2 R .
Rop, = —Z(RghQ(fi,gh,fj’gh)fk’gh,fg,gh)(f;h _fi’gh)(f;h _fj’gh)lfk,thff:h lfz,gh+f;h +(fi,gh(fj,ghvh)
=k hyei £ e _
+Fij,ghfk’ghv )(f;h _fi’gh)lfj,gh+f;h
Riip = Ri= (fi,gth)V%’h

gh

- —(pTe . Y _
Rop = +<Rgh (p’fi,gh)p’fj,ghﬂf;h_fi,gh)lfj’gh_'_fzh

where we have neglected the + sign in the notations B¢ ,,R1,1 »,R2p -
These notations are motivated by the following conditions, for a given differential operator A,
indexed by i =0,1,2 :

VseR,3Cs; >0, ||A||$(7/7i,0;L2) + ||A||2(L2;7/7—i,0) + ||(W32)S/2A(W92)_8/2 - Al g2 =<Csi, (3.2.7.3)
HO,iAHO,i =0. (3274)

The collection of operators R 5, R1, = R1, | »,R2 4 are differential operators in the class OpS}I,(Qh ; End(ébf_}))
introduced in [NSW| while (Wez)S/ 2¢ OpSfI,(Qh;End(éai’)) has a scalar principal symbol. We recall
that actually Wg = Wgzgh and that, because of the uniform bounds of Proposition @ all of the
local seminorms of syinbols are uniformly controlled with respect to 4 €]0,1]. Therefore R,
R1,1 p, Ry all satisfy, uniformly with respect to & €10,11, [(W2)*2R; ,(W2) ™2 - R; |l oz2.12) <
Cs,i , while the inequality |R; I ppiore) + ”Ri’hng(Lz;y}—i,O) < C; according to the index i =0,1,2
is straigthforward.

Finally the index L in Ry | j recalls that Ry, = R 5 satisfies the condition (3.2.7.4).

The following result allows to reduce the analysis of Bismut’s hypoelliptic Laplacians in any
WO’S(Xh;éDf_f) space to the case s=0.

Proposition 3.2.8. The conditions (3.2.7.3) and (8.2.7.4) are left invariant by a conjugation by
(Wg)s’/ 2 for any s' € R, or by taking the formal adjoint for the L?-scalar product. Namely if A
satisfy condition (resp.(3.2.7.4) ) then (W92)S’/2A(W92)_S’/2 and the formal L%-adjoint A’

also satisfy (3.2.7.3) (resp. (3.2.7.4)).
The conjugation of Bismut’s hypoelliptic Laplacian by (W02

!
»72, s' €R, equals

! ol / ! ]_ !
W)* B yn W)™ = Poy + By, + RSy + 2R |
with Ry, =W RopW) " | RS, =W 2Ry, (W5)"
&,k

’ ’ ’ _3 /o ’ gﬁh o
and Ry | ), =Ry, = (W) 2R p (W)™ 5 | (W)™ 2V W)™ = Vg

where Rf)’h,Ril h’RZ/h satisfy the condition (3.2.7.3), uniformly with respect to h €]0,1], for the

respective values of 1 = 0,1,2 and R} | , = Rilh satisfies the condition (3.2.7.4). Additionally
(Rop=0and Ryj, =0)= (RS, =0and R, =0).
Finally the formal adjoint B:s; vh for the w5 (X", é"i‘) scalar product, according to Definition|3.2.3

satisfies

! / ! ! 1 !
(WY 2B, yn (W) ™% = (Py )0+ (R ) + (R ) + S BY L5 (3.2.7.5)

1 1
with (Pi,b)’:ﬁai,ghigvgi;h . LAX",dqdp;&) — F'(X"Eh.  (3.2.7.6)
8
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Proof. The invariance of actually comes from the continuous imbeddings #*° c L2 c
W0 fori=0,1,2.

The invariance of is due to the commutation of (Wg)s’/ 2 with mo + = Lio(ay gn): Actually
WQ2 strongly commutes with 0, and preserves the vertical degree. It therefore commutes with
@, o» and with any functions of a, 4 .

For the last property it suffices to check that A = [(Wgz)31/2V§*;L}L(Waz)_s//2 - ijhh satisfies the
g g
two conditions (3.2.7.3) for i =1 and (3.2.7.4).

The estimate

” ||$(7//10 LZ) = CS’ (3277)

28126+ ,h (1ir2 —s’/2_ <5’+,
W) 20 W)

was proved in [NSWI]-Proposition 3.8, where the uniform constant C} with respect to A €]0,1]
is made possible by the uniform control of the derivatives of g" and (g)~! recalled in Proposi-
tion By duality and because «/,, + o/ € ZL(L?) we deduce as well

! Ei,h —s' Ei,h
[ [(Wg)s/zvgih W)™ ="l g gp10) < Cy.
& &

Because Vg*’ € OpS3/2(Qh éah) while (WZ)S/2 € OpSy, Q"; éah) with a scalar principal symbol,

we deduce that Ay € OpSl/ 2(Qh,é”f_f) , with local seminorm of symbols uniformly bounded with
respect to 2 €]0,1]. Therefore (WQZ)SA@gh(Wg)_S —A@gh € OpS\_I,l/z(Qh;End(éoil)) is a bounded oper-
ator in L2(X",dqd p gh) with norm uniformly bounded with respect to 4 €]0,1].

The condition is due to the identity 7 +V@,’ mo,+ = 0 as continuous operator on ' (X";&").

For the formal adjoint BJ_r,b,Vh , it suffices to apply (8.2.7.5)(3.2.7.6) after noticing that B, ; v is
continuous as an operator y(Xh;é"i‘) — 9(Xh;£’f_f) and y’(Xh;éaf_f) — y’(Xh;é"f_f). The expres-

sion of Pﬁr , comes from the fact that a, ,» is self-adjoint and V;ﬂihh is anti-adjoint because the
+, *, ;

connection V&+" ig unitary. O

Proposition 3.2.9. There exists a constant Cg = 1 determined by the metric g and, for any s € R,
a constant Cgy s = 1 determined by s € R, the metric g and the potential function V € €°(Q;R)
such that the following properties hold when 0 < b < C_lg and xg=Cgyvs:

The operator % +B, , y», as an unbounded operator in WO’S(Xh;éoil), is essentially maximal ac-
cretive on %go(Xh;é"i‘) (or on V(Xh;&_}})).

IfB i’b’Vhs denotes its closure according to Definition the inequalities

Re(u,(b +B+bvh )u>7//03 - 16b2 [”u”j//ls +KS”u||7//Os] ) (3.2.7.8)
and
s A L 25 1 (% (o
H(Bi,b,Vh —F)u Jon b2 IIuIIWm_—( 3z Y ~O’s+ E(V m) -
Al 2/3 |/1|1/2
+W ||u||W03+3 + (<p>q) u||7,70,3+ + (W) ||u||7,70,s)

(3.2.7.9)

hold for every u € D(Bi)b’vhs) and every A1 €R.

The formal adjoint B"s vh and adjoint B*’s vh of Definition {3.2.3| satisfy (B'j’b’vh|y(xh;g£))o =
B ,, While the formal adjoznt B+ BV (W2) SB’+ », Vh(Wg)s satisfies (3.2.7.5)(3.2.7.6).

+b
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Remark 3.2.10. It will be checked after Proposition that Cgv ¢ +Bi’b’vhs is maximal accre-
tive with
VueDB, yyn), Re(u,B,,yrt)jos=0.

Proof. By Proposition the problem is reduced to the case s = 0 for the operator

1
Pip+R, +R5, + bRuh 320s +v "+ Mo,o(b,h) + My5(b,h) + Ra
with
£@f; gripi ~d)+d Y
Mo s(b,h) = T FRp+ R —Rop  IMos(b, Wl zqnn < -5
1 Vi, C +8V0,
Misb,1)= 2Ry, 1MW)l pipnozs) < b—,f < %m b?),
R2 = +(R (p fz gh)p fJ gh)(féh _fiagh)ifjgh+fj‘gh , ”R2”$(7/72’0;L2) <wv
Actually

RS, —Rop = (W))*Ra(W) % — Ry, € OpSYy, Q" End(8])) « L(L*; L)

and the above inequalities hold true for suitably well chosen s-dependent values of vo s > 0 and
v1,s > 0 when 0 < b < 1, uniformly with respect to ~ €]0,1]. The last result concerned with the
equality of the minimal and maximal extension of the formal adjoint results from the essential
maximal accretivity, as it is recalled after Definition

When the final term R 5, is replaced by 0, the result is actually given by Proposition 7.2 in [NSW]
with the following changes

— the lower bound 8b2 [IIuIIW10 + Ky IIuIIiZ] in (3.2.7.8)

— the coefficient = (1 T in the right-hand side of (3.2.7.9), under the sufficient condition
8
ks =(Cg+ 16v0 (1 +b2);
— the term ( T ) lullz2 in the right-hand side of (3.2.7.9) which is not written in [NSWI.

For the last term of (%) lullzz in (3.2.7.9), it suffices to notice the interpolation inequality

|A|V2 1A
(_b3/2 )”u”LzS [b4/3”< e ullge + 2||(p)2u||L2]

1 Al

2[64/3 Iyl + 33 ||@ghu||L2] :

Because 0 < b <1, it suffices to replace the constant Cg ;4 of Proposition 7.2 in [NSW| by C, =
Cg,new29 x 13Cg 014 and then to choose Cg s = 2(Cg new +16vos) .

Let us consider now the case with the final term Ry, = $(R§,?(p, figh)p, fj’gh>(f;h _fi,gh )if,-,gh +/Zh .

We set Ag(b,h) =P, p+Mos(b,h)+Mq4(b,h)and we now consider As(b,h)+Rqj by perturbative
arguments. The accretivity of As(b,h)+Rg 4 is due to

|[Re(u Ry hu)L2| <C! ||u||7V10

while we know

2
lull

IRe(u,As(b,h)u)L2 = #1.0

1 2
a5z [1eho +rslulZe|
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It thus suffices to assume 0 < b < 4\/167 . The second inequality (3.2.7.9) for As(b,h) implies
g

2K 1
VueD(As(b,h)), [As(b,h)ullrz+ b—;llullp = ——50gullpz = IRopullze.

C b2 Cgvgh?

Therefore Ry 3, is a relatively bounded perturbation of A¢(b,h) with relative bound Cgv gb2 <1/4<
1 provided that 0 < b < By [ReSil-Theorem X.50, As(b,h)+ Ry is maximal accretive

1
24/Cqvq '
with the same domain as A4(b,h). This relative boundedness also implies

2K

”(Bi,b,Vh - lﬂ)u”Lz + b2

2K 3 — .
2S||u||L22Z [(Ag(b,h)—iullge + llzell g2

b

and the subelliptic estimate (3.2.7.9), with the coefficient % in the right-hand side follows.
We end the proof by adjusting a new value of Cg according to Cg e, = max(4/3Cg,/4Cy,2,/Cgvy).

O

Let us recall a few consequences of Proposition
1. For any s € R and z € C, the compact imbedding: 7/70’S+2/3(Xh;<£"f_j) c WO’S(Xh;éai‘) implies
B J_r,byvhs -z:D(B i’b’VhS) — WX h;é"il) is a Fredholm operator with index 0. Therefore the

o S. .
spectrum of B, ; y» is discrete.

2. By a bootstrap argument when z ¢ Spec(BJ_,)b,Vhs) the resolvent (Bi’b’vhs —2)~! sends con-

tinuously A (X h;é’i‘) to A (Xh; éafj) and the same holds for (B iz vh —z)~1. Hence for two dif-

ferent s,s' € R the resolvent (B, , yn —2) "' and (B, , y» —2)" coincide as L(F(X";6%); 7' (X 61))-

valued meromophic functions and Spec(B i’b’Vhs) does not depend on s € R as well.

3. The subelliptic estimate (3.2.7.9) ensures that Bi,b’vhs is cuspidal according to the termi-
nology of [Nie] (see also [HerNil[HeNil[EcHal[BiLel) and the integral representation

1 -
—/ e_ltz(z—Bi,byhs)_1 dz
Iy

—_S
e_tBt,b,Vh =
2im

is a convergent integral for ¢ > 0 when

1
Iy = {zeC,Rez: —(Imz)l/z—Cb}
Cyp

and e Beovt . PI(XP; 1) F(XPED).

This implies that the poles of the resolvent (z —Biybyvh)_l are continuous finite rank oper-
ators from y'(Xh;gil) to §P(Xh;&}_j).

4. Changing the contour I'y, above allows to isolate the main contribution to e Besvh agso-

ciated with eigenvalues with small real part from the others with exponentially smaller
remainder as t — +00.

5. With the scaling and Proposition all these functional properties can be transferred
to the operator B, , v associated with (@, g, %, b) after replacing the condition 0 < b < Clg

by 0 < % < Clg , the spaces 7/731’32(Xh;éaf_f) by the spaces 7/7h31’32(X;<5"i) according to Defini-
tion and by multiplying the spectral parameter by # or the time by h2.
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3.3 Improved lower bounds for modified operators

In this whole section we work with the rescaled Bismut Laplacian B, ; y» associated with
the scaled data (Q",g",V",b) and the Sobolev spaces Wsl’SZ(Xh;éail) = 717131’32(Xh;6"f_j). Although
the connection, the vector field %, the terms a4, B+, Y+, and some other related quantities de-
pend on A or the metric g, we will drop the corresponding subscript notations for the sake of
simplicity. This is especially relevant owing to the uniform estimates Proposition and of
Proposition For further comparisons, we keep the memory of the ~A-parameter only via the
notations V”, Qh, X", é"f_j and V&=
For the accurate spectral asymptotic analysis we need subelliptic estimates for the operator
B J_,’b’Vhs itself without adding the constant % in order to study the spectrum around 0. Because
o+ and possibly Bi,b,vhs have a non trivial kernel, resolvent estimates must be given for opera-
tors modified in such a way that the singularity of the resolvent at z = 0 is removed with a good
control as the parameter b tends to 0 (uniform with respect to & €]0,1]). The first modification
consists in adding Azﬂo,J£ with A = A(b) suitably chosen according to b, the second modification

consists in looking at m, +B, j y» 71 + with 7, + =1—-7m0 .. Finally the third one consists in

2
adding Azno,ix(%)no,i with y € 65°(R;[0,1]) instead ofAznoyJ_, .

3.3.1 The first modified operator B, ;, y: + A?mg .

The main result of this paragraph is about a subelliptic estimate for B j, y» +A2ﬂ0,i without

adding a remainder term 72’—5'1 and where the lower bound has coefficients which can be fixed large,
independently of b6 — 0. With this aim, the maximal subelliptic exponent 2/3 is replaced by the
lower value 2/9 as a result of interpolation.

Proposition 3.3.1. There exist two constants C,Cs = 1, which are respectively uniform and s-
dependent, s € R, such that the condition Csmax(Ab,b,A™1) < 1 implies that B, pyn +A2n0,;

with DB p, yn + A%mo + — ATZ )= D(Bi,b’vhs) c 7170’S(Xh;6"i‘) is maximal accretive with

C By pyn+A%m0s—2)u A2{ulgo. + A2 |Oull o, + A% (V5" ~iTm 2|

HWO,S =
8

2 1/2 2,2
+bA%Im z|"“[lullypos + A°b3 IIuIIWO,S% + llzll

4 ~0,s+Z
(blIm z|V2y5 70

16
+AT ul .0z (3.3.1.1)

for all u € (X h;é"f_}) and all z € C such that Rez < A;, and where we recall that the operators

O,% and the Sobolev spaces W52 depend on the metric g".

Remark 3.3.2. The constants C,C, = 1 in Proposition|3.3.1|are obtained after several steps, and
at every step the values of the constants C,C; are suitably tuned. We will often conclude such
an intermediate analysis at step n with the sentence “Choose (Cew,CR s new) = Expression of
(Co1d>CRs,01a), Where 414 refers to the values obtained at step n—1 and 5., to the conclusion for
the step n.

Before starting a proof let us verify the maximal accretivity announced in Remark 3.2.10

Corollary 3.3.3. For all s € R there exists Cs = 1 such that C; +Bi,b’VhS is maximal accretive when
C;b<1and h€]0,1]:

VueDB, yyr), Re(u,(Cs+B,,yn)u)ys=0.
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Proof. It suffices to notice

Re (u, (A® +B, pyn)u)yos 2Re (w, (By pyn +A%m0, ) 05 2 0

when C; ;g max(Ab,b, %) <1, tochoose A=C;q,b= 021 and to take Cj ;e = C? old - O
s,old ’
We start the proof of Proposition with the simpler operator
1 2
Pip+ gRl,L,h +A%T0,4 (3.3.1.2)

where A is a positive number and P, ;, and Ry | ;, are defined as in (3.2.7.1). Remember that the
conjugated operator (WQZ)%[PJ_,,I, + %RI,L,h +A2n0,i](W92)_% with (Wg)% = (ngh)% , takes the same

form P, ; + %Rl,s,i,h +A2n0,J_, with a new s-dependent remainder term %RI,J_,h with the same
uniform estimates. After this we will consider

1

By pyn=[Psp+ >

Ry x1+Rop+Rop

by a simple perturbative argument.

We use the notations ug=mo+(u) and u| =7 su=u—ug foru € tS”’(Xh;éai’}). The following
properties are obvious

— The equality Ouo = Ognuo = %uo holds and therefore

d 1
2 2 2
luol3ys = 5 ol 72 = 5 ol fz.

— With ay =0 +(N, —d/2) we have O +d/2= a. =0 — d/2 and

d d
lu i W+ Sl nlze = Qo @xur) = il - 5 lu11748.3.1.3)

while we know (Wi,asu )= IIullliZ . (3.3.1.4)
We begin with the following integration by parts.

Proposition 3.3.4. For all A,b e R}, the inequality

2
2 2 2
Re((Pap + A%mo.)u, w01 = "l 10+ A% ol (3.3.1.5)

holds for all u € y(Xh;é"il).
Proof. Just use Re(P, pu,u)= b—lz(uL, a+u ) and (3.3.1.3)(3.3.1.4). O
Proposition 3.3.5. There is a positive constant cg >0, such that for all € > 0, the inequality

2

1
2
crIRe(R1 1 pu,u)l<eluoly,+(1+ E) llee L1510

holds for all u € Sﬂ(Xh;é"i‘).

Proof. From conditions (3.2.7.3), (3.2.7.4) we deduce

! 1 "
Ry p= ﬂO,iRl,h”J_,J_r + ﬂl,iRl)h”O,i + 7TJ_,J_rR1)h7TJ_,J_r,
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with R ,,R7 R, € L#1O;L?). The triangular and Cauchy-Schwarz inequalities yield
Re (R, pu,u)l < [(Ryui,uo)l+I(RY yuo,ur ) +I(RYyur,u)l
<

Cr (lupllypro lluollze + llwollze lw g2 + llw Lo lupllz2)

1 _ _ I ~ d " - "n -
where 0 < 5 = Cp = suppepo,ymax(IBy , l zgr10,.2), \/;“R Li oL IRl ppio,p2) < oo by
our hypothesis on Ry | .

crlRe(Ry1 1 pu,u)l <lluilljolluolze + ||u¢||§,71,o~
The result follows when we apply the inequality
* 2 1 2
Va,b,e€Ry, 2ab<ea”+-07,
€

with a = [lugliz2 and b = [|u | ||l 10. O
The following proposition is a consequence of Proposition and Proposition [3.3.5]

Proposition 3.3.6. There is a constant Cr s = 1, which depends s € R, such that the condition
max(Ab,b, %) < & implies the inequalities

1 3A2
1 2 2 2
Re((Pi,b +sR1 1 +A no,i)U,u>7,70,s = m ”uJ_”;,;:l,s + o ||u0||7,;0,5 (3.3.1.6)
2
|Pap+ 2Ry p+A2M0s — iU o, = Il (3.3.1.7)
2 4
and  |(Pip+3R11pn+A%m0:— iU 0, = 2@z el + T 1ol (3.3.1.8)

forall ue y(Xh;é"i‘) and all A € R. Moreover under the above condtion, (P4 p + %RI,L,h +A2n0,i)
is essentially maximal accretive on (X h;éail) in Wos(X h;@f_j).

Proof. We begin with the case s =0, Proposition gives

1 2 1

Re((P,  + A2 R “\d+2)b®  ber
e(( +pt T[O’i—'—b 1)J_,h)lL,u>L2>((d+2)b2 bCR

1 2 2 € 2
1+ E)) ||u¢||7,;1,0 + (A - E)Iluollp,

for all £ > 0. Choosing € = Abvd +2 and the sufficient conditions
CR 4vVd +2 -

b< d <A
%@+ ™ .
imply
2 1 1 1 3A2
( - - =z d (A2- =22
(d +2)b? begr bcgre (d +2)b2 bep 4
——’ ——

1 1
< <—
T 2Ad+2b2 T 2(d+2)b2

This proves (3.3.1.6) under the condition max(Ab,b, %) = ﬁ, with Cg = max(_Z(ci;%’ d+2,% c(f:z) :
With flui12,,,= ¢z, 12, and

1 1
Re((P4 +A2n0’i + ERl,L,h)U, uyr2 =Re((P+p +A2”O,J_r + ZRI,L,h —iMu,uje
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the Cauchy-Schwarz inequality combined with (3.3.1.6) gives

3A2 3A2
lu L7z + =~ ol . = = —llullf, (3.3.1.9)

1 .
I(Psp+ 7R, +A%mo .+ —iDull2lullz: = .

_da
2(d +2)b?

as soon as m > A? | which is implied by vd + 2Ab < Cr,0Ab < 1. This yields (3.3.1.7).

The inequality (3.3.1.8) is a consequence of (3.3.1.7) and (3.3.1.9).

For the maximal accretivity property, the decomposition

!

1 c 1 __1 1 c 1
Pip+3Riin +A%mg s = 23t a0 F ngf’h +oRLLh|+ A?mg— 2z £ Ny —d/2)

shows that (P ; + %R Lia+ A2n0,i) is a bounded perturbation of

C’ c' 1
_+Pi,b,M:ﬁ+ﬁ

1 _&.n
b2 V@/" +M1

@__
b

where M = %R 1,1, fulfills the assumptions of Proposition 7.2 in [NSW|| when Cg ob <1. Then
Proposition 7.2 in [NSW] says that I% + P, p m is essentially maximal accretive on #(X h;éz’il ) for
C’ > 0 chosen large enough.

Finally, the case with a general s € R amounts to the case s = 0 owing to
W2)5 (Psy + LR A? W2) 5 =P,y + RS |, + A2
(W, ( bt plLLA + ﬂo,i)( f; =Lspt 0L LA +A T,
O

Below we give a first global subelliptic estimate without remainder for P, 4 + %R LLa+ A7y,

Proposition 3.3.7. There exist two constants C,Cgrs = 1, which are respectively uniform and
s-dependent, s € R, such that the inequality

> A2 |ulljos + A2 16Ul jo. + A%D ||(v§i’h —iIm z)u‘

Y/ 4 0,s

1
o H(Pi,b + 7Ry +A%mo s —2)u

7170,3

+A2b§||u||W 2 + A%b|Imz |V [lull 0, (3.3.1.10)

0,5+ %
holds for all u € y(Xh;é"i‘) and all z € C, such that Rez < A; as soon as Cg ¢ max(Ab,b,A ) <1.

Proof. Owing to the accretivity of Proposition , the case of a general z € C, Rez < A; , 18
reduced to the case z=iA, A €R. Actually the accretivity of P, ; + %Rl,l,h +A2n0,i - A; implies

1 1 A
”(Pi,b + gRl’J_,h +A2H0’i —Z)u||7;o,s = ”(Pi,b + ER]_’J_’h +A2T[0yi — 7 - zImz)uII;;o,S

when Rez < ATZ . But the inequality (3.3.1.7) also says

1 AZ 1 _ 2
I(P+p+ ERI,J_,h +A%mg . — 5 " iMullypos = 1(Pyp + ERI,J_,h +A2my 1+ — iM)ullyos — 5 el o

1 1 .
=3 (P p + ERI,J_,h +A%mo . — il 0. -
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So we focus on the case z=i1, LeR.
In the case s = 0 we refer again to Proposition 7.2 in [NSWI|. Actually with Ry ; 5 =0, we set
Mo =A%mg: + 75 (Ny —d/2) and

2 )
P,p+A°mo+= 52 @+ bV@/

1
+|A%mp . + 23NV - d/Z)] =P, p M,
where the right-hand side refers to the notation introduced in [NSWI|. The operator My = A2710,J_r +

#(NV —d/2) fulfills the assumptions of Proposition 7.2 in [NSW] with v; = 0 and a uniform v¢ > 0.
It provides us the subelliptic estimate

Caf

/

0 C/ & | |1/2
+oglulze) = 5 ||u||Lz+ ||@u||L2+b”(V+ —ilu

+—|| Ijog+ g Ielze,

lg)u

or after replacing % by A,

! !

CLIPsp My = iAW 2+ 5 el 2) = % ||u||Lz+ IGulL2+ M2
bz

1
2+b_§”u”7’70’%+ lwlzz,
(3.3.1.11)
for fixed uniform constants C| = 1 and C{, = 1 when b < 1. Interpolation or the functional calculus
tells us

( V —-ilu

1/2 1/2 1/2 1/2 -1
s < Nullzo Nulyze, = luly0ulls, < dlullypos +0 10Ul - (3.3.1.12)

Applied here with s =0 and 6 = /C{, this implies
C b2 C,

(||P+bM0u||L2+ ||u||L2)
\/ CO

1 C C
IRy pulze < TRuun;m < TR x

and

/ ! !

CrC; Co
t72 O llullg2)=Ch|1- \I;F (|Pxp,p1, — l/l)u||Lz+ O llulge)-
0

By assuming Cg omax(Ab,b, %) <1 the inequality (3.3.1.7) implies

Caf

1
ZRi n+A%m0. —ilu
b b : 12

CrC}b o

=Cy|1- (|P.p.21, - M)u||L2+ O lulge).

With b < zckﬁé’, after a multiplication by 242562 we obtain
1

‘(P+b+ leJ_h"‘A 7o+ —iA)u

C'l(l b2A2)

!

C;
C} (2A%b% +4Cy) > A2D2C) (|| (P, — l/l)u”Lz-f- 2 lullge)

1
Pyp+ ERl,J_,h +A%m0. —ilu
L

> ChA? lulle + A |Oul: + A% | (V" — b |

272/3 2)9,1/2
+A%D ||u||7,70,§+bA A Nl .

Because A2b2 < (CRIO)Q < C{, we deduce

6C,C) > A2 |ull2 + A2 |Gull2 + A2b ||(vf;’h —ibu

1
(Pep+2R1 1 +A%mo . —idu

L2 L®

21.2/3 2 1/2
+ AP0 ull sz +BAPIAI 2.
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We have proved the result for s = 0 if we take C = 6C’1C6, after replacing the initial value of
2C'C
Cr,0 =CRr,0,01d by CR,0,new = max(CR 0 1d, IC,R ).
0
Let us now consider the case of a general s € R. We apply the inequality (3.3.1.11) in the case s =0

to the operator P, ; +A2n07i + %Ri = (WHQ)%(Pi,b +A2n07i + %Rl,L,h)(Wg)_% and the function

v= (Wg)gu, with the constant C = 6C}C{. Because R] | b
with respect to 2 €]0,1] as R1 | 5, there exists a constant Cg s > 1 such that when max(Ab, b, %) <

CL we have
R,s

satisfies the same estimates uniform

1
6C,Ch ||(Psp + Ao + SR1Lp =i =A%\l 0. + A21Oull 0. + A2BI(VE" —ib A 2

7/7 0,s

+ AP ul g,z + APBIM P Jullpos.  (3.3.1.13)

We use again (3.2.7.7) which gives the uniform bound |I[V§*’h,(WH2)%](W92)_% |I$(7,71,0;L2) < C,. Thus
the decomposition ng’hv = (Wg)%vgi’hu + [Vg*’h,(Wgz)%](Wg)_év entails

Ve = ibDullgos < (Vo™ = ib A2 + Csllwlls

The interpolation inequality (3.3.1.12) used with 6 = 1 tells us w715 < l[ulljpos + |Gull4p0s While
. 12C,C"
(3.3.1.13) gives [[ulljp1s = —5 1P p +A27t0,i + %Rl,L,h)ull;;o,s.

We finally obtain

> A2 ull o, + AZIGu] 0,

7/70,5

1
6C)C,(1+2C,b) ”(Pi,b +A%m0 + R~ iAu

+AB)\(Vo " — ib Ml o

21.2/3 2 1/2
+ A2 ull o5 +AZBIA ull 0.

It now suffices to take C = 18C(,C , while Cg s new = max(Cg s 014,2C;) for the result concerned
with z =i, and to take C = 3 * 18C|,C] for a general z € C such that Rez < %2 . O

The subelliptic estimate is not yet satisfactory because the norm |ull 023 appears
in the right-hand side with the factor A26%2 which is too small as b — 0. By possibly reducing
the 2/3-gain of regularity, we seek a factor of the form A%, @ > 0. In order to do this we write for
ue L (X" eh
1
b
where we focus again on the case z = i1 and decompose u and the right-hand side f according to

(Pip+ Ry p+A%mo—iMu=f
U=uotuL =mo+U+7mT +U f:f0+fl:n0,if+nj_,if~
Lemma 3.3.8. There is a constant Cg s = 1, which depends on s € R, such that the inequality

2(d +2)b”
lwLllys = P — £ 1705 + € llwollpos (3.3.1.14)

holds true for all u € Sﬂ(Xh;é"f_j) and all € €]0,1] as soon as Cg ¢ max(Ab,b, A" )< 1.

Proof. In this case inequality (3.3.1.6) and orthogonality give

1
2
@r20? N L5510 < 1fo, wodypos + {1, uLdypos | < Wfollgros lwollzros + 1 Lllgpos 1w L0 -
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By using af < 2 with (a, ) = (1l follpos, Rluollpo.) and (@, f) = (\/ 2H2BI 100,/ 3oz £ 12 Ll j0s)
we obtain

1 b . £ (d +2)b? +2)b2 d 5
A2 ||uJ_||7//15 = 3a2 I£oll50s + 22 IIuollws IIﬁIIWOS WA+ D)2 e L1570, -
=2uilyLs
Multiplied by 2(d +2)b2, it becomes
(d +2)b* 2(d +2)%b*
lui i, = ——=— IIfoIIWOS +ex(d+2) IIuoIIWOS Tllﬁllws.
50
By choosing €9 = 4/ me, € €10,11<]0, v d], we obtain
2Ad + 2)254 2(d +2)b2 2
IIuLIIqu S— IIfII,,/OS +e? IIuoIIWOS S £l 705 + € lluolljpos

O

Lemma 3.3.9. There exist two constants C,C R.s = 1, which are respectively uniform and s-dependent,
s €R, such that Cg ¢ max(Ab,b, A1) <1 implies

1 1
& luolyora = BIAY22(b + D o+ b2 11 f ot (3.3.1.15)

for all ue (X", &M,

Proof. We start with the proof in the s = 0 case.

Let 7; + denote the spectral projection on the eigenspace of the operator a. associated with the
eigenvalue i € {0, 1,2}. By projecting the equation f = (Pi,b + %RLL,h +A27r0,J£ - iﬂt)u on Ran(my 1),
we obtain

1 1
(ﬁ —iMul ¥ gﬂlvé@ot’h(uo +tug)+ gﬂlRl,J_,hu = f1,

Exh Es,h

where u; =7, su and f; = m; . f for i €{0,1,2}. By isolating 71V, uo = Vg uo, it gives:

Vg*’ uo —bfl—(——zb/l)ul 1V Eush us—miRy u.

Eh

An upper bound of ||V HLz is thus given by

1
||V§*’huo||L2 = b 1fulze + 2 B fuslz + luslyos + |Ry,cu 2. (3.3.1.16)

We now use the inequality (3.3.1.14) with the two regularity exponents s =0 and s = 1 and with
different values of € €]0,1]. It makes sense under the following constraints

max(Crg 0,Cr.1)max(Ab,b,A™ )< 1.

We obtain ,
4(d +2)b°
— luillpe < 2162 u1ll: < 20wt o < 2ERE | £l + 20 luolze

4(d+2)b?
— Nualiyor < 20wl < LE20 1|0+ 261 luolpor
d 2(d+2)b? d 2
— | Rusu]z = Cp g lello = Cp olluLlyroty/ L luolips) < Cp oL £ a4 (\/Lrer) luol2,)

)
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where Cl/?,o = SUPpel0,1] I|R1,J_7h||$(;i1,0;L2) < 00. The upper bound (3.3.1.16) becomes

[ ua| , < (b+M £l

£
2¢ d 4(d + 2)b?
( 2wty 4 e, 0([ +£2)) ||u0||L2+T|IfII7,70,1+2£1 lwolizpo -

On #(X h;é’ﬁ) NRanmg . = (X h;éf’f) Nkera., Lemma provides the equivalence

Cho2(d +2)b2)

+lluolLz = Colluolyron

& ||uo||7,01s“vg,, uol|,

for some uniform C = 1 so that

4(d +2)b
[200]

d 4(d + 2)b?
( 20 BIAMa2 4 ), 0([ +52)) oz + ———==1fllyros

The integration by parts inequality (3.3.1.7) of Proposition[3.3.6|says

C’, 2(d +2)b>
&0 ) If 12

1
(CTO —281) lwoll o < (b +

2
luollze < llullge < ﬁ”f"[} .

We have proved that (% —2€1)lluoll4poa is less than
0

4(d +2)b 2d+2)Cq0b% 2 2 d
b+—(b|/1|1/2)2+—R0+—(1+To(b|7t|1/2)2+0}{’0( S +e2) [If s

€0 €9 A2
4(d +2)b?
+———\f o1,
and we choose 1
80=£2=Vd+2[)ASCR,0AbS]. , €1=—=2=<1.
4Cy
This implies that ||u0||;,/o 1 is bounded by
oWd+2 12 2vd+2C}3’0b 9 2w/d+ 12,2, v2dC}3’0 2vVd+2C% b
b+ bIAT) +T+P ——(BIAITH + e + 1 £ llze
+16Co(d +2)b2Iflljoa
and
4v/d +2 1.2 4Vd+2Ch b 9 V2 CRO 0
— 701 < —(bJA _ 16Co(d+2
2Colluolly,/o,1<(b+ A GIATHY" + 1 +A2+ e 1£122+16Co(d+2)67 (I f | 0. .

The condition C}% Omax(b,A_l) <1 ensures

1 2 3
YR lwolljor < (b + Z(G\/d +2+ ok V2d))(bIMY2) 2| Fll 2 + 16Co(d +2)b2 Il f l 0 -
0
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We conclude the proof of the case s = 0 by choosing new values of the constants Cr o and C
according to

Cronew = max(Cy o,CR001d;CR1),
VE = max(2C,6Vd+2+v2d+2,16Co(d+2)=1.
For general s € R, writing (W2)*2f = (W2)*2(P.p + %Rl’L’h + A% 4 )(W2)2(W2)¥2y in the form
1
b

reduces the problem to the case s =0 with R | ; replaced again by

(WP f = (P + RS | +A%m0,:) W) u

Rij_’h — (Wgz)S/2R1,J_,h(W62)_S/2 + (W92)8/2V§t’h(we2)_3/2 _ vg_r,h )
O

Lemma 3.3.10. There exist two constants C’,CR,S = 1, which are respectively uniform and s-
dependent, s € R, such that Cg s max(Ab,b,A™1) < 1 implies

1 1
g sl < (b|A| V22 (b + Z) IF 1705 + B2 1 170001 (3.3.1.17)

forall ue y(Xh;é’f_}).

Proof. Apply the inequality with s replaced by s+1 and e = 1:
I et < 2(d + 2D [If llposss + ol o -

With we deduce

. . 1
It e < b2 (2(d +2) + C) I f 0501 + C (b 1 GBIMYH2 | £l 0 .

Finally choose Cyey = 2(d +2) + Cy1q and Cg s new = max(CRr s Lemma 5338, CR s, Lemma339) - O

We now decompose the equation

1
b
into terms which adapt the low and high-frequency analysis of [ReTall: The frequency truncations
are actually replaced by spectral truncations associated with (Wgz) .

Let us set:
— fL= ]l{W92< 1 f the orthogonal projection of f on the low lying spectral part of (Wg2 );
b

f=Pip+—Ry p+A%m0:—iMu

— fo= ]l{W92> 1y f the spectral projection of f corresponding to high energies of (W02);

b
— ur, =Pyp+ER11 5+ A%+ —iA)"LfL, the preimage of f1, by P.p + 2R1,1 5 +A%mo s —iA;
— ug=Pysp+ %Rl,L,h +A2710,J_r - i)L)_lfH the preimage of fg by P, 5 + %Rl,l,h +A2n0,i —iA.

Lemma 3.3.11. Under the condition Cpg_ max(Ab,b,A™1) < 1 with constants C’,CRys =1, which
are respectively uniform and s-dependent, s € R, the inequalities

éb<b|l|1/2>2

lugllposa < A | fall 70541, (3.3.1.18)
é<b|ﬂ|1/2>2
lurllposa < —a 7L 10 - (3.3.1.19)

hold for all u € y(Xh;é"i}f).
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Proof. By the triangular inequality and the continuity of the inclusion # 15*1 — #95+1 e know

2
el jpose1 < Nwollyposes + \/ 7 e 1 et

~ = 2
C=CLemmaBE3a+ \/ ECLemma 8310 > Crs=max(Cgsi1,Lemma B339 CR,s+1,Lemma @])

Let us fix

We can now apply inequality (3.3.1.15) to [[uollj70s+1 and inequality (3.3.1.17) to [lu L [l )y151 with
1 1
7 o =< BIAYA2(b + DI lzos + 621 o (3.3.1.20)
The functional calculus gives

Ifoljpoes = ElfLlpoe,

IA

I £ 10,5 bllfallpos.

By combining (3.3.1.20) for « = uz and u = uy, respectively, we deduce

A

lurllposa = 2CMBIMY2)2b + D) I fL 10,
lumlpos = 2CBGBIAYEHZ2B + D) I fulljos .
Since we assumed Cg ;Ab <1 it suffices to take Crew =4C14 . O

Lemma 3.3.12. Under the condition Cg s max(Ab,b,A™1) < 1 with constants C',CR,S =1, which
are respectively uniform and s-dependent, s € R, the inequalities

IA

CbIAM2 S )
lzer === fLlypos,

7/70,s+% i g
C<b|/1|1/2>4/5
8
5

I\

lumll I 705

W‘O,H%
hold for all u € #(X";&M).

Proof. When we interpolate between integration by parts inequality (3.3.1.7)

2
”U«L”;/;o,s = E ||fL||7[70,s ,

and (3.3.1.19) 5
C<b|A|1/2>2
lurllposa < T”fL”yio,s.
We obtain \ s \
25C5 (b|A|V2)5
lurll sosz = ———F5——fLlzos.

5

By doing the same with the subelliptic estimate (3.3.1.10), we get

C
= —2 ”fH”;iO,s 5

lumll o2
7T A2
and (3.3.1.18) B
Cb(b|A|1/2>2
lugllgpos < — i I e llp0s
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and thus

T (bIAV2y5
lunl o,y < C3C8———Ifulzo..
5

Take C,ep = max(2%,C%)C'§. The result follows for some large enough constants Cs,Crs=1. [

Proposition 3.3.13. There exist two constants C,Cr s = 1, which are respectively uniform and
s-dependent, s € R, such that Cg smax(Ab, b,A™1) <1 implies

1
c H(Pi,b + 7Ry +A%my . —2)u

2 . 2 _ 2 Eh
2 A%l + A% 10Ul e + A b5 " —ibau| .
8

2
AT Nl o, + ol
b

A |1/2>g

+AZBIM w0, + AT el 0. (3.3.1.21)

forall ue y(Xh;é’f_f) and all z € C such that Rez < ATZ

Proof. When z =1iA the result follows from Proposition|3.3.7|and the inequality

C(bIAIV2)5 V2C(bIAIV2)5
Nl joez SNzl o +luml sonz s ——5——(fLlzos + 1 falzo) s —————Iflzo..
5 5

/\

For a general ze C, Rez < A; , we use again the inequality

b

71/0,3

1
H(Pi,b + 7R +A%mg s —2)u Ry +A%m0 s —ilmz)u

1 1
= —|[(Pyp+—
3H( +b

7/70,5 b

which is a consequence of Proposition [3.3.6]
Taking C = 3v/2(Cy;q + 1)C , the inequality

1
C H(Pi’b + ERl,i,h +A2n0,J_, —-2)u

2 - 2 5 2 ébt,h_-
o2 A%l + AT 10Ul o, + A b”(V@ zzm)u“%0
8

+A2b5 u|

052 T llull .2
09+3 ( |/1|1/2>% Wo,s+5

+AZBIAM Y2 w0 (3.3.1.22)

is proved. The Inequality (3.3.1.22) above implies

1
C H(Pi’b + ERl’l’h +A2n0,J_, —-2)u

= ——lull ,..2
wos (pIAVE P
> AZBIAYZ) lull o -

1
and C H(Pi’b + ZRl’l’h +A27T0,i -2)u

7170,5
Interpolation gives
1 2
C|Prp+ Ry 1p+Amos—2)u|| =A% 9 Jlull S5l
b WOS 71/
Finally, taking C},.,, = 2C, the inequality (3.3.1.21)) is satisfied. O
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End of the proof of Proposition We use
1
By pyvr =[Pep+ Ry a1+ Rop+ Rop,

where Proposition [3.3.6| (resp. Proposition [3.3.13) provides the result about the maximal accre-
tivity (resp. the des1red subelliptic estimate) with some constants C,Cg s =1 when R4 =0 and
Ry, =0

The property of Ry, and Ry j, implies the uniform inequality

] o o ™
1Ro,nll 2posgpnsy + IR2p I s gposy + IR2p Nl pgrsgi1y = C

.. 2° .
For the accretivity of B, , yn + A2mg + — % we write

A 1 34? A
2 9 5 .
Re (u,(Bypyr+A EO_?)U>W0,S > A2 ||ul||;171’s+_4 leolZ,, — 2 200w ”71/15__”””7,/05
1 A2 A2
- 1 9 W )
=lgape 26— il + 17 = dC lwollyo, =0

Where the 1nequahty A% > 4d C(l) holds when C; =1 is large enough, and where the inequality
(d+2)b2 2C(1) A holds as soon as Csmax(Ab,b, A)< 1.
For the subelhptlc estimate, (3.3.1.21) implies

(1)

I(Rop +Rop)ullpos < CPUullpos + lullypes) < I(Psp+—R1 1 p+A%m0 2 —iMulljos

A2 b
ZCC(I) .
= A—||(P+ bt le Lh +A” 7o+ — tM)ullp0s

when

Crsmax(Ab,b,A"1)<1.

0

We conclude by choosing A such that ZCC % % which is ensured by the new value

Cs =max(Cp ¢,1/4CCY),
and provides the result of Proposition with the new value C,,.,, = 2C . O

3.3.2 Second modified operator 7, B, j yr7} +

Another lower bound without the term Z—S can be obtained after considering the block diagonal
restriction of B, , y» to Ranm + =ker(a). Actually it is not a subelliptic estimate because there
is no gain of regularity. But the strong accretivity inequality with a lower bound b—lz will be

strong enough for our applications. Because Wg2 commutes with 79 . and 7, . the same notions
of closure, formal adjoint and adjoint, as in Definition can be considered with #%5(X h;é"i‘) ,
L (X h;é’f_f) and (X h;éaf_}) replaced respectively by

mL WX Y , ml S X6 and my .S (XM ED).

All the discussion after Definition and the properties of Proposition can be adapted
with
Bypyr) =n1:Bypyniiy s,
(Wg)S/zBi,b,Vh)J_(Wgz)_S/2 — ﬂJ_,i

1
S S S
Pip+Rj, + gR1 LatBRop s

P, ,+(R; h)+ (R Lop) @Ry (e

1,8 _ 1,8 _
BJ_r,b,Vh,J_ - nl’i(Bi,b,Vh WL =T
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Proposition 3.3.14. There exists a constant Cy = 1 which depends on s € R such that the condition

Cb <1 guaranties the following results.

The densely defined operator B, p yr | =71 +B, p yr7) +in JTL,J_,WO’S(Xh;é"J’_}) with domain ni,iy(Xh;é’f_f)
is essentially maximal accretive with the inequality

Vuen S (X"6), Re(u,lny By yyami cudjo. = (3.3.2.1)

. . S W .
Addtionally the resolvent of its closure B, v | =[m1 B, j yn JU,J_,]M” satisfies

1 —_—s
VZEC Rez < —— 24b2 , ”(Z_Bi,b,Vh,J_ ) ”2(7/705 Wos)_24b
Finally the closure of the m| HOS (XN é°h) formal adjoint B"* LbVhL satisfies
1,8 °  plhx
Bi,b,Vh,J_lﬂ’(Xh;gﬁ) _Bi,b,Vh,J_'

For the proof, we check firstly the accretivity in Proposition [3.3.15|and secondly the injectivity
of the adjoint B’ o VL = (B, pvr 1)"° in Proposition |3.3.16, The final statement above is just a
consequence of the essential maximal accretivity.

Proposition 3.3.15. There exists a constant Cg = 1 which depends on s € R such that, under
the assumption Csb <1, the operator B, , yr | =71 +B, j ya7 ) + is accretive in nL,J_,WO’s(Xh;é"i‘),
with

Vuen A (X"6%), Re(w,B.,yyn ). 2 )2

1 2 2
2d 1252 s = g raype 14lhos = Topz 14l
(3.3.2.2)

. a5 S . .
Hence its closure B, j, y» | is one to one with a closed range.

Proof. Takeu =u,since | +mo 7| + = 0 the inequality (3.3.1.6) holds at least with an arbitrary
A > 0 that satisfies the required condition. Integration by parts gives

1
—RLJ_,h)u , u);/;o,s + Re((R(),h +R2,h)u , u);,;o,s

1
Re(B. pyrtt, u)yos = ﬁRe((Piyb + 5

2 2
||u||7,,13 IR o1l pigposgposyllellpo, = IR2n Nl s syl -

2 —_—
(d +2)b2

The condition (3.2.7.3) ensures Rgj € LW, %#%%) and by interpolation Rs K€ LS, W19,

Remember that ¢ ||u|| < |ul? Finally

7//03 7//19

Re(Bi’b’th, u);,;o,s =

1 1 2”RO,h ||$(7{70,s;7/70,s)b2
ﬁ (d+2) - d - ||R2,h||$(;i1,s;7;71,3)b ||u||Wls

1 1
( (—+1)CRb el 41s

d+2

with Cr = supcjo 1) [”Ro,h I os gosy + 1 R2,n ||$(7;1,s;7;71,s)].

Taking C, > —”Zé"’(d +2) and Cg s as in Proposition |3.3.6, we have

1 2”R0,h”$(7170,s;7/70,s)b 1
- ||R2h||$(7l/lsyy ls)b
d+2 d 2(d +2)

as soon as Csb < 1. O
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Proposition 3.3.16. There is a constant Cs = 1 which depends on s € R, such that the adjoint
Bf_r’j),vh,L =By pyn, Ls)*’s is one to one and therefore B, j, yn LS is maximal accretive, as soon as
Csb=<1.

Proof. Assume w € ker(B+ by L )52

tion is equivalent to (W2 ) 2B
The problem is reduced to

) and let us prove w = 0. By setting w = (W92 v, the assump-

(W2)™"2y = (W2)"2B* (W2)¥2y =0 andv e LA X", dqdp; ™).

+b,Vh | b,V L

Mo |PL,+(RE,) + 3RS ) + RS [715v=0 in (X80 R
veLAX" dqdp;&")

5] _ p/ s
We set B,y yn, 1 =Pl + (B, + 3RS |,

changed sign before Vgi’h and remainder terms R ,R1 | »,R2 ) respectively replaced by the s-

)’ +(R; ) which has the same form as B, j, y» with a

dependent versions (R , ! (R 1L, h)’ (RS h)’ In particular .B, b,vh 71+ 1s accretiveon 7 4+ (X h, é"h)

for the L2(X",dqd p;éoi‘) scalar product, with the same lower bounds as in (3.3.2.2), as soon as
Clb <1 for some Cl>1.
We take two cut-off functions y, ¥ € C°(R, [0, 1]) such that

— y and ¥ is equal to 1 near O ,

— supp(}) < x~td1h ,
and we recall that f (Wgz) is continuous from .#'(X h;é”f_j) to (X h;é”‘f_j) and commutes with 7
and more generally with any function of a for all f € €;°(R;C). For ¢ >0 we set v, = X(EWBZ)U €
L (X h;é"f_j). A straightforward computation shows

> 5] 2
nL,iBi,b,Vh,an_,iUS =7, +[B+ bV S’X(EWH )]T[J_’iv

1
=mLslty v "R, + SRE L)+ B WD Ls0,  (3.3.23)

-D
where D is a differential operator in OpS?Ifz(Qh;Endé"il). The Helffer-Sjostrand formula for the
commutator gives
[D, x(W2)] = [D, WZIW, 2y (e WDeW? + re,
where

1
re=-g— / 0:1(2)e(z — eW2) HID, W21, Wal(z — eW2) 2dz ndZ.
Cc

By pseudo differential calculus in OpS{"P(Qh;Endé”f_f), the commutator [[D,W02],W92] is a pseudo

differential operator of order % +2-1)+2-1) = % This implies that [[D,Wg],Wg](Wgz)_% is
bounded. The inequality

7 782 1+ (2)2
e W) 1z - e W) 2|l < su u '

0 o) =0zl 2012 Al T 22

yields
”rE||$(L2;L2) < CR)3€1/4 , (3324)

where again the constant Cg s is uniform with respect to 4 €]0,1].
The obvious equality y'(¢) = (1 - 7(¢))x'(¢) for all ¢ € R implies

[D, y(eW)]=[D,WZIW, 2y (eW)eWZ(1 — H(eW)) + 7. (3.3.2.5)
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Let us consider the following scalar product by using (3.3.2.3) and (3.3.2.5)

Re(ve, [D, WEIW, 2y (eW2)eWF(1 - f(eW2)v) 12 + Rev,, rev) e
Re(eWZy (eWW, 2[W2,D' v, (1 - #(eW2)v) 12 + Re(ve, rev) s

Re(ue, M1 2B p yh 671 +Ve) 2

Applying the Cauchy-Schwarz inequality to the right-hand side of this equality yields

Re(e, 1 +B | i 7012ve) 2 < €WK (€ WHW, 2IWG, D' Togll L2 (1 = TEeWFNvli 2 + lvell L2 7 evll 2.
(3.3.2.6)
By functional calculus the operator £WH2 1 (£W92) is a bounded operator

NeW2x (€W 2z <M= sup |ty (t)] <oo,

te[0,+ool

while (3.2.7.7) and (3.2.7.3) ensure

1
b
eLW1OL2) eL(L%L2)

1
W, 2 W;, D'l = T W, *[W}, ngb"] + W, 2[Wg, R, + ~R |, +R5 1.

J

The left-hand side of (3.3.2.6) is thus bounded by

5 2 4y, 12
Reue, 1 +B pyr 71 sVe)2S MCRay sllvelypoll(1— F(eWgvllpz + Crse™ " vll72
MCraw sp

oo (= HEWDIZ, +Cr se 017,

1,

2
= 55 MCR,@,S,I)”UEHWLO +
where

1 - &k -
CR,@,S,Z) = Z sup maX(”Wg Q[Wgav@;’ ]”3(7171’0;[,2)’ WQ Z[Wgz,szo 1 2-h]”$(L2;L2))'
he]0,1] e

By Proposition3.3.15/and (3.3.2.2) applied now to 7| +B + b vh 71+, the left hand-side is bounded

from below by mllvgllgﬂ0 when C;b<1.
1

. o .
By choosing &' = @b MCry 0 Ve obtain

1
< ————— vl < 2d +26°M>CY, 4 11— HEW)IWIZ, + Crse 10117,

———— v %,
8(d + 2)b? L* ™ 4(d + 2)b2

When ¢ goes to 0, the spectral theorem and the dominated convergence Theorem imply
lim [[vlI7, = oI, and lim||1-feWwl7. =0.

We have proved v =0 and B**

is on ne.
L pyh L 180 e to one

3.3.3 Final modifications with a frequency or spectral truncation

For y € 65°(R,[0,1]) such that

Supp(y)<=[-2,2] and y()=1 for te[-1,1].

2
let Qarz = Azﬂo,i X(%)ﬂo,i for L,A =1, where we drop subscript 5 although it depends on
h €]0,1], and consider the operator
Bi,b’vh + QA,L .
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Remember that the operator U, g =Us.g :L2(Qh,dVolgh;AT*Qh ®F.) — ker(a.) = ker(a, g1),
with F, =@ xC and F_ = @ x C x org, introduced in (3.2.5.17)(3.2.5.18)(3.2.5.19)(3.2.5.20) , is

unitary and satisfies

d? _
270, +(W2)mo + = Uy 9(2C + C— +Ho)U
[ —
Cq
where Hy = H ;, is the non negative elliptic, Laplace type operator, Hy = — Z;.Izl 0j(hq)(Aq gh)sc0;(hq)
and where Ag . is the Laplace Beltrami operator, with a scalar realization in the orthonormal
Owing to the uniform estimates of g" and V” stated in Proposition the operators (th +
h h

d9"**")2 and the Witten Laplacian Ay ; = (d?" +d9" 2 IVVR(@)I? +(Lyyn + L5y are ellip-
tic operators in the classical space OpS2(Qh;€i}_‘) with the same scalar principal symbol as Hy and
with uniformly controlled lower order corrections.

By choosing the above constant C = C; v = 1 large enough and by setting again Cy =2C +C %2 ,
we deduce for every s € R the equivalence of norms

+1
el ) :( I(Ca +Ho)*?ull:

Yue H' Q" AT*Q" o F.),
=7 ICa + Ayr D2ull g2 ICq + Ayn 1 )2ullre

With the operator U, g we also have
U+ ptll 5105 = 1@ 2(We)*2U gull

d\* S9/2
=(§) I(Cq+Ho)*“ullyz

d\™ S9/2
=13 lwllgse = ICq +Ayr 1) ullgz.

Because we aim at clarifying the relations between Spec(B, 4, y») and Spec(Ay 1) = Spec(Agr gh iy 1) =
Spec (A@Q,¢g,v 1)) (see Subsection (3.2.6), we consider the two perturbations of B, ; v

2W; Cq+H
2 0 2 d 0 -1
QA,L =A nO,ioX((LA)2)On0,i'=A Ui,HOX( (LA)2 )oUi,g (33'3'1)
Cig+A
and QA,L,Vh :AZUi’eoX(w)oU;ﬁ_ (3.3.3.2)

(LA)?
The comparison of @4,1, and Q4 1, y» is easier to understant while staying on the base manifold
Q" and we also use the following notations.
Definition 3.3.17. The operators QA,L (E&'QMAT*QMeF ) — €°(Q"; AT*Q"oF,) and Q~A7L,Vh :
E'QMAT*Q" 0 F.) — €°(Q"; AT*Q" ® F.) are defined by
Cd + AVh,l

(LA)?

C,+H

= 42
Qar=A%x( LAY

) and Q41 yh =A%
These two operators are bounded as well as A27T()7i -Qar and Azﬂo,i —Q4 1 v - We will prove
the following result.

Proposition 3.3.18. There are constants L=1, Cs =1 and C, s = 1 respectively uniform, s € R-
dependent and (y,s)-dependent, such that inequality

1 s s 9 s
Z”(Bi,b,vh +A27T(),i —Z) u”;io,s < ”(Bi,b,Vh +QA,L,Vh —Z) u”W(),s < Z”(Bi,b,vh +A27T0’i —Z) u”W}o,s

161



holds for all u € D(Biyb,vhs) and all z € C, such that Rez < ATZ , as soon as
1
Csmax(b,Ab,Z)s 1. (3.3.3.3)

Therefore the subelliptic estimate (3.3.1.1) holds true with B j, yn +A2710,J£ replaced by B j yn +
Q4 1 v+ and the constant C = 1 replaced by 4C'.
Proof. 1) We start with the simpler perturbation @4 1. instead of @4 7, y» and we write:

Wy
Tap)"o?

B pvr+Qar—2 = Bipyn +A2710,J£ —z+ (Azno,i(l —)()(

2

2
= (1+A%mo.(1- 7()((LA)2

According to Proposition and under the condition |3.3.3.3] the resolvent (B, ; yr + A2n0 -
2)~! is continuous from 7//03 to #%5*5 with norm less than S o . Because y =1 on [-1,1], the

0,2 (B, yn + A%m0,+ —2) By yn + Ao 1 — 2).

operator (1- )()(ﬁ) is a bounded operator from #%5*5 to #°¢ with norm less than ( A) >. When
9
L =(2C)? we obtain

2

2
1427041 = (3%

S
IA
[\D_I =

)71'0 +(B+th +A 7T()+—Z) ”3(7470,5;7170;)5

Therefore the operator

9 2
1+A2 1-
Tto, +( N—= 79 A)2
is invertible by Neumann series and the norm of its inverse is less than 2, while its norm is
bounded by 3/2. We have proved

)7[() +(B+ b, \% +A 7[()+ —Z)

3
_”(B+th+A27[0+ Z) u||WOSS||(B+th+QAL z) Ullgpos = = ||(B+th+A2ﬂ()+ 2) o,

. ) (3.3.3.4)
for all u € D(B, , y» ) and all z € C such that Rez < 4-.
2) We now use the similar perturbative argument for
B,pyr+Qaryr—2=B, pyn +Qar—2—(QaL—Qar v
The inequality (3.3.3.8) of Lemma [3.3.19|below gives
. . CysA?
1Qa.L —Qa v guposgosy=1QaL—Qa vl e < LAY (3.3.3.5)
when L,A =1, uniformly with respect to A €]0,1].
The subelliptic inequality (3.3.1.1) combined with (3.3.3.4), leads to
2
1B pyh +Qarvi—Dulypos — 1By pyi + QAL —Dullyos| < Cx,sm el 70
2CC

<y 1Bepvs + Qapulyos.

By taking C; pew = 1 such that Cj ;¢ max(b,Ab, %) <1limplies A = ,/4CC, s and (LAY = 4CCy s,
the right-hand side is less than (B, , y» +Qa L)l 05 .
We conclude by stating the result with Cs = C e = max(,/4CCy 5,Cs o14)- O
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Lemma 3.3.19. For all s,s’ € R there exists Cys,s = 1such that

h 1 Cy+ -
”X(W)”g([{s;[_[s’) + ”X(ﬁ)”g(}p;l_]s’) = C)(,s,s’(LA)(s st3,336)

VzeC,R A = +Q Il < 2 ! 3337)
Zz ez — —_ -2z S TSy < 07 0.90.
’ g > g V1T RALV! LHH) = g pe s ma| - A2+ 2Ims]

and
Cd+H0 Cd+AVh1 C ,8,8
< 3.3.3.8
I ) M~ g e < (LA)2 ( )

hold as soon as CAS,L =1 and for all h €]0,1].

Proof. The two first inequalities and are straightforward applications of the
functional calculus, because the H*-norm is equivalently evaluated with [(Cq + Ho)*?ullz2 or
with |[(Cq + Avh’1)3/2u||L2 .
For (3.3.3.8), the difference

RarLn Z(Cd+AVh,1)—(Cd + Hy) (3.3.3.9)

satisfies [|[Ra 14 | s;m5) < C( s uniformly with respect to 2 €]0,1].
The Helffer-Sjostrand formula gives

Nz— Cd Avh 1) RALh(Z Cd Ho) dzndz,

x(
Zzn

zae T ag (LA)2 0Dy (LA)2

where } € 6;°(C;C) is an almost analytic extension of y with
057(2)| < Cy v IIm, 2V

while 957 = 0 in a neighborhood of 0. The £L(H?®;H®)-norm of this difference in given by the
L(L2;L%)-norm of

Cd+AVh’1 Cd +HO

TR TN (Cq +Ho)™

(Cq+Ayn )7 | x(

or, by setting R4 1,5, =(Cq + AVh,l)_S/2RA,L,h(Cd +Ho)¥2 , of

1 1
2in Jc (LA)2

(327X Nz —Cq—Ayn1) 'Rarn(z—Cq—Ho) ' dzndz.

(LA)2

With
5 2
IRALAN2@212) < CONRA LA 2@ 1),

and the inequalities

_ _ 1
l(z— Cd - AVh,l) 1”$(L2;L2)||(2 - Cd —Hy) 1||$(L2;L2) = m s

z IImzl2
d 0zi(—=)| < e
a simple integration yields the result. O
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3.4 The Grushin problem

3.4.1 Functional analysis of the Grushin problem

We consider the operators

B + -z U B’ +@ n—2 Usg
@, = 20V ff“"’“"’h SO and g = |Tebvt ALY 1. 4Ly
Ui’gﬂo U;,Hﬂo 0

Remember that B, , y» € OpS¥*(Q",End(&1)) while @, 1 v : (X EM) — (X8 and U. g
is an isomorphism from H*(Q"; AT*Q"&F.) to Wo’s(Xh;é"i‘)mker(ai) forall se R, with F, =@ xC
and F_ = (@ xC)®orgs . In particular, the operators &, 2] are bounded

P, 2L WX M e H QM AT Q" o Fr) — WO 32X, 6" e HS Q" AT* Q" o F.) (3.4.1.2)

for all s e R. With

mRWO’S(Xh;é"f) o H Q" AT*Q" o F.) FX"EMe€¢®Q";AT*Q" o F.), (3.4.1.3)
SE - -

u #O0S(XM M e HSQ";AT*Q" o F.)

seR

L' X" EMe &' QAT Q" oF.) (3.4.1.4)

the continuity also holds with these spaces endowed with their usual topology.
We will use the following abbreviations

W5 eHY = WX eMeHY QAT Q" eF.),
FeE® = LX"EMNeE™®Q";AT*Q"eF.),
BQ,Z = Bi,b,Vh +QA,L,Vh —z and B/Q,z = B{_F,b,Vh +QA,L,Vh -Z.
We recall
1 1
By pyr= P2 + Eﬁi e

. 1
with  mo+Bg m1 += ”O,i(gﬁi +YITL 1,

1
71 +BQ Mo+ = ”L,i(gﬂi +Y)Mo, 4,

and mo,+Bq Mo+ =m0 +(y+ + QA,L’Vh —2)70,+ -

We check that 22, and 22 are invertible in a weak sense under suitable conditions and then we

deduce via the Schur complement formula an explicit expression of (B, , y» + @4 L,Vho —-2)7las
an operator from wWOos(X h;éaf_}) — WOs3(X h;éaf_f). Because the condition b < Cis , which ensures

the invertibility of 7, +(B, j y» —2)7 L+ in Proposition depends on s, there is no choice
of parameters which guarantees the meaning of some formulas simultaneously for all s € R, but
only for all s in a fixed interval [Syin,Smax] € R. Therefore not all the compositions of operators
in what follows make sense with the topologies of (3.4.1.3) and (3.4.1.4) and products or inverses
must be handled carefully. In particular, although we make product of continuous operators
between different spaces, they do not necessarily have a closed range and we must distinguish
clearly left-inverses and right-inverses. Alternatively it is better handled by the separate studies
of the uniqueness and of the existence of solutions for linear systems.

Proposition 3.4.1. Assume that the condition b < Cls of Proposition holds true for all
S € [=Smax,Smaxl, for some sp,4x €13, +o0l .
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1) When |s| < Spax and Rez < the operator @, : F & €™ — W* & H**1 admits a left-

inverse

24172 ’

(gz — E E+ € E(Wo,is @His+1;7/70’is @His_l).
E E_.

The same result holds of 2, : S & € — W™ & H***1 with the left inverse

4. =

z

(EE/, El';‘:, ) € ,%(71/0 Fs EBH+S+1 7//0 Fs EBH+S 1)
- —+

2) For |s| < Smax —3/2 and Rez < the relations

- 24b2 ’

452 o gﬁz = iWO,iS@His_,7/70,t373/2$Hisf5/2
and (gzl, O'@Z/ = iWO,?S$Hisq7/70,¥sf3/2$H¥sf5/2
make sense as the products AoB, with A € L(W0*5732 g H+s712,3y/0.£5-32 g [y+5s-52y 4 q
Be 3(7[0,4_-3 @ HS: 7{70,is—3/2 @His) c g(;io,is EBHis.WO,is—WZ EBI{is—l/2)
3) For|s|<smax—3/2,2€ C\o(B, , yn+Q 4 1 vr) and Rez < 24b2 , the operator E_, € L(H V2, [H5752)
L(€°;&") admits a right-inverse (E_Jr);1 € L(€*°;6°)and a left-inverse (E_+)€ € L& 8N
with (E_.);' € L(H*;H**?3) for all s' e R and (E_); | e = (B} L.
4) For |s| < Smax — 4 the equality

Bipyr+Qaryr —2) '=E-E(E_.),'E_ (3.4.1.5)

holds in the sense of LW ;W0’5_3)-valued meromorphic functions in {z eC,Rez< leZ} .

+

Proof. 1) The range of &2, | yage 18 included in & &€ . Let us check that for ! ) €S ®E™ the

u -
equation 22, = admits at most one solution in #%% @ H3~1 when |s| < s max -
U- f+

By applying 7 . to the first line of the system
BQ’Zu+Ui’9u_ :f
U;,lg To,+U =f+

we must have 1
my B my cu+ ”J_,i(zﬁi +y)Usofr =71 +f .

When 7y +Bg .71 + =71 +(By  yr —2)7m1 + is invertible

1
u=my su+mosu=I[n1(B,yn ) ) f - ”L,i(gﬁi +y U of+)+Uxpof+

With the conditions b < C_ and Rez < 24b2 and by noticing 7 +( Pr+y:)Usp € LHSL, W 09),
Proposition actually says

u=Ef+E.f:
with  E=@B,yyn, —2) ‘11 € LW, (3.4.1.6)

[ 1 -
and E.=U.g-B vy, -2 'n 1( B +yeUsp € LHTLH) (3.4.1.7)
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By applying the projection g + on the first line of the system, we must have
1 1
mo+f =m0+ (= Pr+y+ +QA,L7Vh -2)u+U;pu_= nO,i(gﬁi +Y T su+mo (Y £ +QA,L,Vh =2+ of++Us gu_

and ”O,i(%ﬁi +Y++Qaryr—2)E LW H51) now gives

u-=E_f+E_,f4,
1 - -
with B =Uygmos—U, 7o (5 s +y)Boyyry —2)  m e LW OSHTY, (3.4.1.8)

_ _ 1 - _ 1
E  =U_ymoz=Qaryr—y:)Usp+ Ui}gno(gﬁi +y Byl —2) 1m,1<3ﬁi +Y:)Wsp,
and E_,e LHLHS. (3.4.1.9)

The result for 2] is straightforward because

. (B;,b,vh +Qarvi-Z Ui,e)
U;})ﬂo 0
. <
and (B/i,b,vh,l _E)=(W92)S(Bi,b,vh’J_ —z)*’s(Wg)_s.
2) By 1) and |s| < Spqx — 3/2, we know that ¥, € L(W 532 ¢ H5712,3/05-32 g 5752 ig a left-
inverse on ¥ @ €*° and we deduce

u u u
v ESOE®, G oP, = .
u_ u_ u_

The density of &€ in # " e H?® , combined with 2, € L(FdE€®; FeE°INL W SeoHS; W 0532¢
H* 12y and 9, e (W32 ¢ H5~12)  yields the result.

3) Let us prove firstly that for u_ € € < H*"52 the equation E_, f; = u_ admits at least one
solution in f, € € c H5 12 when |s| < smax — 3/2, z QO'(Bi’b’Vh +QA’L7V}1) and Rez < biz . Take
w= (Bi,b’Vhs +QarLvh— 2)71U. gu_ which belongs to D(BJ_r,b,VhS ) < #%5'+23 gaccording to Propo-

sition where the condition 0 < b < h < Clg does not depend on s’ € R. Set u = mp1w €

70,4 (nsre[R 7/70"9') =U,p€* andv=m  ;wem 4+ (ns/eR 7/70’3') =) +< . By projecting the equa-
tion (B, p y» + @4 1, v —2)w = UL pu— written in & with the projections 7¢ + and 7 + , we obtain:

1
m0+(@a L yr+Y:—2)u +7TO(Z,3¢ +y2v=Uspu-_,
1
and ”L’i(gﬁi +yJ_,)u +nl,i(Bi,b,Vh —Z)U =0.

By taking f. = —U;};u and by noticing (%ﬁi +y)u e WO5=32  with |s| < Smax — 3/2, we deduce

$—3/2

1 - 4.1
m0+(@a ryvr+Ye—2)u—7m0(FPr+Y)Bypyn | —2) 1(3ﬁi +ydu=Uspu-.

This means exactly that f, = U;bu € € c H 12 satisfies E_,f+ = u_ in H*"®2_ But the

U

formula fy = (E_,) lu_ = U;]éﬂ,'()(Bibe/h +QA7L,V}10 —2)" U4 gu_ for all s’ € R, proves that this
right-inverse (E_, ), 1 actually belongs to £(€°°;€).
With the dual statements of 1) and 2) this means also that the formal adjoint E' , € L(H5~V2, H5752) c

L(€°;8") admits the right-inverse (E' ) lu_ = UsgmoB' , i +QaLvh ’ 271U,y for all
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s'€R and (E',); € £(€>;€¢*). Duality implies that (E_,),! =[(E_,); ' € £L(&";6) is a left-
inverse of E_, € L(€*°;2'). With the formula
i ! ! !
(E_ )M = |UG B, vu +Qaryr —2) Usg| =UryBepyn+Qarys * 2.y,

(3.4.1.10)

the regularizing property of (E _+)Zl € L(H'; H*?3) and the identification (E _+);1 |<goo =(E); 1

are straightforward.

4) When |s| < $;qax — 3/2 and Rez < =5 , the first formula of 2) implies

= 24b2°
(EBq.+E. U ynou=u in W32 (3.4.1.11)
(E_Bq.+E_ U ymo)u=0 in H* 2, (3.4.1.12)

for all u € #%*. With |s - 5/2| < |s| +5/2 < $max ~3/2, and 3), the equality (3.4.1.12) becomes
U;,%)ﬂou = _(E—+)21E—BQ,zu in FS~5/2+2/3

fOI' V4 gO'(Bi’b’Vh + QA,L,Vh) .
Put in the equality (3.4.1.11) we obtain

(E-E.(E_);'E_)BgJu=u in #5221

s—2/3

when z ¢ 0B,y yh + Q4 1 yv#) and u € #%° . Applied to u = (B yy1 +Qu 1 v+ -2 lvew0s

for v e #9523  we obtain

s—2/3

(E —E+(E_+);1E_) =By +QaL v _2) " Lin %523, s -5/2-13y

and we know that the right-hand side is a meromorphic function of z in C.
The condition |s| < Spax — 4 < Smax — /2 —2/3 allows to replace s —2/3 by s, by noticing s + 2/3 —
5/2—-1/3=s-3, with

(E-E(E_ ) 'E_)=B,pyi +Qaryr —2) "

as an L# %%, % %5-3)-valued meromorphic function in {z €C,Rez< ﬁ} . O

3.4.2 Quantitative comparisons of truncated resolvents

After setting

0Baz=Bypyr +Qaryr—2) " - Ui,(?(%AVh,l +QaLvi—2) ULy (8.4.2.1)
we consider the finite rank operators
0BAzoQarvr and Qar yrodBar,
where L' = L > 1 will be fixed later.

Proposition 3.4.2. Let L = 1 be the uniform constant of Proposition and fix L' =1. For all
s €R, there exist constants Cs =1, determined by s such that the condition C max(b,Ab,A <1
implies the inequalities

3
bA?z
16B.Az0QA 1 vill piposgposy = Co———— (3.4.2.2)
FORALVILLOI = AT el
3
bA:
< : (3.4.2.3)

”QA L' Vho(sB,A,z”g Wos.gp0s)y = Cg—
o W 1+A-1y/Tmz]|

for all z € C such that |Rez| < A?z.
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Proof. For a given s € R we fix spax = |s|+10 so that the estimates of Proposition and the ex-
pressions of E,E_,E, and E_, given in the proof make sense for thg Sobolev exponent s replaced
b‘y s9 € [s,s+6]. Actually for |sg| < spmax —4 and Rez < % < min(%,fllﬂ), the equality (3.4.1.5)
gives

_ 1 ~ 1y
0BA:°Qar v =E-EE_);'"E_)Qu 1 yn — Ui,H(EAVh,l +Qp L yh—2) 1Ui,19QA,L/,Vh ,

as an equality of L(#%52;%#%5273).yvalued meromorphic functions. Actually because @ AL VhE
ZL(F";F) while dpa, € L(F,S) when Rez < ATZ, z & Spec(B, p, y» +QA,L)Vh°2), the left-hand
side as well as the final term belong to £(%';.%#). The above equality can therefore be extended
to an equality of L (# %%2; % 052)-valued meromorphic function. Actually with Rez < A%/2, z is not
in Spec(Ay» 1 + Q Arv+) and the final term is holomorphic. Owing to EQ 4 1, y» = Emo+ =0 and
with the expressions of E, and of E_, we obtain

- 1 < 1y
6B,A,ZOQA,L/,V}‘ = —E+(E_+)[ 1E—QA,L/,Vh _Uiﬁ(gAVh,l +QA,L,Vh —Z) lUi,leQA,L’,Vh
H+UD),

where

1 ~
() ~Upl(E_s);t + GAv 1 +@aLy~ 2) U Qa1 v

1.1 ~ 1 ~ 1y
_Ui,Q(E—+)€1[§AVh,l +QA,L,Vh -z +E_+](§Avh’1 +QA,L,Vh _Z) lUi,laQA,L’,Vh ,
/ _ 1 _ _
U = Bipyr. -2 'n L,i(zﬁi+yi)Ui,g(E_+),lUi’leQA’L/yVh.

and s}, is any other exponent such that |s}| < smax -
By combining Bismut’s formula (3.2.5.23), recalled here,

U plmo, sy — fray' B)mo s 1Us 0 = 5Avh 1
with the expression (3.4.1.9) of E_, , (I) becomes
1 ~
()= UJ_r,e(E_Jr)ZIU;’%no,J_,(III)Ui,g(§Avh,1 +Qarvi =2 ULpQa L v,

where 1 ., 1
UID=psai B = (2 pa+y)Bupyn =2 mLa(pfs+ys),

and |s’2'| < Smax - The above operator can be rewritten

1 E— 1
U = (Fps+yomslb®ar’ ~B,yyr. =2) L B+ 2

~b(Bs+by)ay my sys— by Be

" "
So

1 - -
(ph=+ y)ai 0Byt —2) = sl By

1
- Z)_IHJ_,i(EIBi +71)
~b(Bs +by)aiimy vy —bysaifs

"

1 - _ 1
(B 4y w2 [bfs +b%(re =By * = 2) L2 fr+y2)

arr
—b(f+ + in)‘X;l”L,iYi - b}’iailﬁi .
—(II1.3)
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Let’s rewrite (II1I') as the sum of (II1.1) and (II1.2) where

/

II11.1) = (- ,3++Y+)a’+ 7TJ_+[bﬁ++b Y+](B+thJ_ -z) 777J_+( ﬁ++Y+)

,T

!

(I11.2) —Zb (= ﬁ+ +Y+)C¥+ (B+th_L —Z) Ty, +( ,64_ +Y+)

The operator (I11.1) can be depicted by

7170,3 ¢ 7172,s+1 ¢ 7170,s+1 ¢ 7//03+7 ¢ 7//Os+2 ( 7//23+

%ﬁiﬂ/i (X+17[L+ b,ﬁi+b2y+ (B+th i—z) Tt bﬁ++y+
and “—(I11.2)/zb2" is depicted by

] W28+1 ] ;//Os+1 ] 7//Os+1 ] 7//25+2
1 1

B+ Y+ a+ T+ (B+th L_Z) T+

D“\
G“\

Combining the previous decomposition with, on one side

Vs1,52€R, fi+bys€OpSy 2 (P, &) (512 g
with semi-norms uniformly bounded with respect to b € (0,1], and on the other side

VSR, [(Byyyi) —2) ' mLillguposgios < 24b°

due to Proposition (3.3.14)as soon as Rez < 5 4b2, implies

IIILDN gui] g0, S6Cs and  NIIL2)] gpasngios < Clzlb?.

We claim that
||(III.3)||2(7,72,s+1;7/70,s) < Csb

Now we decompose (I) as
NH=UT.1DH+UT.2)-(1.3)

With (I.*) depicted by

;170,3 J 7/70,3 ¢ W2,s’ J WO,S’
Y UgE_);'U b (I11.%) CUsoyh +@pyn 2 UZhQy 11y
(3.4.2.4)

where the choice of s’ will depend on the cases for indexed by * .

1 5 —“177-1 1 A -15
||Ui,9(§AVh,1 QAL vi=2) U gQa 1 vill pupos grasy = 9 ||(QAV”,1+QA,L,V’1 —2) Qa L vill e
Cd+A
With @ 4 Lvh= AZy (S AT 1), the inequality (3.3.3.6) gives
1Q4 1 vrtel e < Crrs o AZAS ™9 lul|grs;

The inequality(3.3.3.7| gives

1 < 4
(_A + _Z)_l $9 IS0y K ——m89 ———
| g Vi Qarvr |z m) A2 +2|Imz|
when % < 01/ and Cy =1 large enough, and
1 . A AG—9)
(=Ayn 1+ -z)” FyhlU sy S Cg g ————.
G AV 1+ QAL v Qarvrillgparsn = Cos o713
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We conclude that

A=)

1 o) 1 1
1U+,0(5Ayn + n—2)"U; A= O i —
#0008y +QaLy s0Qarvrlzomgr < Cos Tom o=

For the left arrow, the expression (3.4.1.10) of E-1 combined with the subelliptic estimate of
Proposition [3.3.18|(and Proposition|3.3.1) gives

Cs
A2(1+b+y/Tm z))

We can now conclude for the norm estimate of I.* decomposed as (3.4.2.4)):
— For (I.x)=(I.1), we take s’ =s + % and we obtain

ICE —0); o sy <

1.1 Cs - 1111 —%
- - <
(1. )||$(7;/0,s;;y0,s) = 1t b\/— ———II( . )"f(;i;oys;”;o,w%) 1+2|Tmz|A~2

S 3

(1+b+/[Tmz|)(1 +2[Imz|A~ 2) ’

— For (I,*)=(1.2), we take s’ = s+ 2 and we obtain

IA

|z|b2
(1 +b+/|Tmz|)(1+2|Imz|A~2)

— For (I,*)=(.3), we take s’ =s+1 and we obtain

||(I-2)||$(7i0,s;7i0,s) =

b
*A(l+by/Tmz)(1 +2/Imz|A~2)

I3 ggos gosy < CsAT2NUIILB) | grgos gossyA < C

we proved

bA? +b%z|+ L
(1+b\/|I z)(1 +2|Imz]A-2)

”(I)Hg(;iOs,;iOs) =

The operator (I1) is depicted by

. o
B, pyh, —2) MLz 705 < 3Bty U p(E-4);'Uy

WO,S ¢

7 25+1 Qarh

W2,S+1 ( ( WO,S .

The same arguments as above lead to
Ab
*(1+by/Imz)(1 +2[Imz|A-2)

I DI pirosgposy < C

3
. bA2 +b2z]| :
The largest upper bound is Cj b v/ meX12lmalA- 2)) obtained for the term (7).

Under the condition |Rez| < A2 we have the inequaity

2|52 A% IImz|b
(1+|Imz]A-2)(1+b+/[Imz]) 1+2|Imz|A~2"

This leads to

bA:+byTm@) _ ,  bA:

16B,A,z© 1 vl ppos.gp0s < C <l ——
AzoQapvillggosgpon = Cey pmram <G o

Finally the estimate (3.4.2.3) for @4 1 y»0B,a . is obtained by taking the adjoints with z replaced

by z and B, ;, y» replaced by its formal adjoint B’ bVh which has the same properties as B, ;, y» .
O
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For all z ¢ Spec(%Avh’l +Q ALvh), we define the intermediate operators
MB,Z = I7/70,s - (Bi,b,Vh + QA,L,V" — Z)_IQA’L,Vh
1 ~ g

MA,Z = 17170,3 - Ui,H(EAVh,l + QA,L,Vh —-2z) lUi’leQA,L,Vh

3 1 ~ L
Mp, =1Igs - (§Avh,1 +Qaryi—2) "Qa Ly

while the other ordered products are recovered by taking the formal adjoints
My o =Ijos —QaryvrBuapyi +Qapyi—2) "
1 ~ Ay
M,A,E = I;,}o,s - QA,L,Vh Ui’0(§Avh,1 + QA,L,Vh -2) 1Ui,19

~ - 1 ~ B
M/A,E =1Igs _QA,L,Vh(EAVh,l +QA,L,Vh -2) L

Lemma 3.4.3. For s € R, there is a constant Cs = 1 depending on s and for all z € C the inequality
holds

Al s 7 dist(z, Spec(2 Ay 1))
1 A
. I 3.4.2.5
1M 2 iosgros) § dist(z,Spec(Ay 1)) | |

for all z ¢ Spec(3 Ay 1) N Spec(3Ayn 1 + Q4 1 vn).
The more accurate conditions

2

A 1
|Rez| = —
2

C_s’

1
. bAdist (2, 5spec (Ayn 1) =
Cymax(b,Ab,A <1,

suffice for the uniform estimates

1
-1 -1
1My ,0B,A:Qa,L vt piosgiosy+ IMp 0B 2QA L vH pposgros) <

(3.4.2.6)
» A?
”MB,z ||$(;i0,s;7;0,s) =C; (1 + diSt(Z,SpeC(Avh,l))) (3.4.2.7)
A2
(i i = Ce (1 ’ dist(z,Spec(Avh,1))) ' (3428

Proof. A straightforward computation gives

_ 1 ~ 1.1
MA,Z Z(EAV}‘,I_{_QA,L,V}L —-2z) l(éAV’L,l_z)-

We deduce that the operator My , is invertible when z ¢ Spec(%Avh,l) and the inverse is given by
-1 1 1.1 ~
MA,Z (§Avh’1_2) (EAVh’l +QA,L,Vh —Z)

~ 1 _
I+QA,L,Vh(§AVh,1 -2) 1.
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The functional calculus for the self adjoint operator %Avh’ 1 yields

A2
dist(z, Spec(%AVhyl)) .

IIM&IZ | 2@s;ms) < Cs |1+
The operator M , is actually invertible when z ¢ Spec(%Avh’l) for the following reason:
1 5 ~177-1
Mp, =71+ +70+ [ Txer(a,) — U¢,9(§Avh,1 +Qaryr—2) UL g@Qurvr]mos
=T x+ UJ_r,eMA,zU;,lg
and its inverse equals
My, =n, s +Us oMy U,
5 1 ~1777-1
217/70,3 +Ui,9 [QA,L,V"(EAV}Z,I_Z) ]Uiﬂ'

The estimate (3.4.2.5) of M&lz follows.
Another computation gives

Mp, =My, (I —Mg’lz5B,A,zQA,L,Vh)

we deduce that it is invertible as soon as ||M£’12 0B,72Qa,L vl g0 g70s) <1 and the norm of its
inverse is given by

-1 5 5
”MA,z ||$(W0,S;W0,S)

-1 ; }
”MB,z ||$(7//0,s;7//o,s) =< T 1M-1s —.
- ” A,z B,A,ZQA’L,V}I ”2(7{/0,3;7’/0,3)

Applying inequality (3.4.2.2) yields

A2 bA>
IMAL6BA QAL vill pposgosy < Cs|l+—
AzOBAZC ALV 05 7709) "\ dist(z,Spec(3Ayi ) ) | 1+A-1,/[Tmz|
7
___bat )
< * Gtz Spec Ay ) if Imz| <A
bAS ' \
Cs /2| if Imz| = A
Conditions |Imz| = A” and [Rez| < A?Z ensure
. 1 1 1 1
dlSt(Z,SpeC(QAVh,l)) > |Imz| = §|z| > Edlst(z,Spec(EAvh,l)). (3.4.2.9)

The condition Csmax(Ab,b,A"1) <1 and|3.4.2.9|allow us to give a sufficient condition for

-1
||MA,Z5B,A,2QA,L,V’L ||$(7/70,s;7/70,s) < 5

. . A4 1 . . / . . . ..
which is b—dist(z,Spec( L < 1 - Finally the estimate M Bs 18 obtained by taking the adjoints

with z replaced by z and B, ; y» replaced by its formal adjoint B/+ bk

properties as B, j yh . O

which has the same
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3.4.3 Quantitative comparison of resolvents

When Rez < %2 , Proposition|3.3.18/and the subelliptic estimate (3.3.1.1) for B, ; y» +A2710,J_r -z
say that z belongs to the resolvent set of B, ; y» +@ A,L’Vho and

Biyyi—2z = (I-QurviBypyvi+Qaryr—2) D Bypyn+Quryi—2)
= Mp (Byyyr+Qaryr—2) in (DB, yn ); W*8.4.3.1)

and B,,yi—2z = Buyyi+Qaryr—I~Buipyr+Qaryr—2) Qaryn)
= Bypyr+Qarvh—2)Mp, in W%, D(B** Vo) 8.4.3.2)

Because Corollary says that B, , y» + C,’ is maximal accretive, we focus on the case [Rez| <

ATZ under the condition A =Cs=>1.
Proposition 3.4.4. For s € R there exists Cs = 1 such that the conditions Cgmax(Ab,b,A 1) <1
and
A? , 1 4
|Rez| < - dlSt(Z,SpeC(EAvhJ))ZCSbA ,

imply the inequalities

_ 1 e
(B pyn—2) " - Usp(50yhg = 2) UL B) | giosgios)

Cs

1+by/Imz|

=

(3.4.3.3)

2
A2
1+ - bA 2 +A2
dist(z, Spec(3 Ay 1))

Proof. Let us decompose u € #%° as u = ujo, + Upigh With

(2LA)?

Ca+Ayn _ .
Ulow = U+ QX( LA )Ui};u = ‘%QA,L/,V}‘” with L, =2L
Uhigh = U—Ulow

The upper bound on the norm of the operator ® = (B, ; y» —2) ' - Ui’g(%Avh,l —z)_lU;é) will be
obtained by considering separately its action on the two pieces upign and u;gy.
For up;g, we have

1
-1 “177-1
IDupignllzpos <NBypyr—2) Unighllzpos + ”Ui,B(éAvh,l —2) UL punignllzos -

The second term of the right-hand side is bounded by

1 e 1
||Ui,6(§AVh,1_Z) lUi,lguhigh”;io,s = ”Uiﬂ(_AVhl 21— )(( ))U+9u||7,/03

(2LA)2

I\

M s m5) 1l o .

(A y g g S A
R v

. . ~ 2 Cd+Avh 1 .
The choice of the cut-off function y and @4 1, y» = A%y (W) ensure the equality
1 AV 1 1 - _1 Cd + Avh 1
—A 1 p(———=) = (ZAyn | + - 1-y(————=
(2 Vi1~ -2) ( X( (2LA)2 ) (2 Vh 1 QA,L)Vh z2) " o( )(( (2LA)2 )

where the two factors satisfy

4

]_ ~
(_A o+ h —Z)_l S HS) S —————
I(GAyr 1 +Q@a Ly sz cazs;me) A2+ 2|Imz|

and |[(1- x( ))||5€(HSHS)<C

+ Ay
(2LA)2
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respectively according to inequality (3.3.3.6) and inequality (3.3.3.7). We have proved

Cs - Cs 1

Ly 1-¥(——75— A2 +2Imz| ~ A%14py/Tmz|
I(GAv: —2)" ( X( (2LA)2 Dl < A?+2[Imz| ~ A% 1+b./|Imz|

According to the formula (3.4.3.1), the inverse of B ; y» — 2z equals

-1 -1
(Bi,b,Vh + QA,L,Vh - Z) M,B',E
(B pyn +Quapyr—2) (ML + ML - M)

Bypvr +Qaryr =2 (I +Mp; [QA,L,Vh(sB,A,z])M;-_l :

(Bupyr—2)"

Therefore, the subelliptic estimate given in Proposition |3.3.18| for B, j y» + @4 1, v» —2 when

|Rez| < %
Cs

||(B+ b,Vh QA Lvh 2) 1” W 0ss /0.5 = ’
7 T Z( HO) 42(1 b\/ Imz|)
and the inequality (3.4.2.6) imply

1B pvi —2) L tunign lljo.s c IMS  wnignlljos
+.b,V ighlly 3A2(1+b\/m) z ghlly

C lnighllos -
*A2(1+by/Tmz) e

We have proved
Cs 1

A21 4 /[imz|

The last inequality comes from the fact that @ 4 1, vrunigh = U+ o (—7 17—

||©uhigh 05 <
d+Avh 1 Cd+AVh 1 _
Tar - Grap WU pu =

0 implies M; 1uh1gh = - QA’L’VhUi,9(2Avh’1 z +QA,L,Vh) Uiﬁ) 1uhlgh =Uhigh-

For the u;,,,-component, u;,,, = ﬁQ AL,vhU, the formula (3.4.3.2) for B, ; y» and the analogous
one for %Avh’l give

_ _ - 1.1 ~ Ay
CD = MB}z(Bi,b,Vh + QA,L,Vh —Z) 1 - Ui,HMA}z(gAVh,l +QA,L,Vh —Z) lUi,le

_ _ ~ 1 1 ~ 1y
(MB,Z) 15B,A,z + (MB,z) 1 Ui,HMA)lei,le Ui,B(EAVh,l + QA,L,Vh - Z) lUi,b3434)
Owing to

-1 1 -1
(MB2) "B zUlow = E(MB,Z) 0B AR ViU,

the inequality (3.4.2.2) combined with the inequality (3.4.2.8) imply that the first term of (3.4.3.4)
applied to u;,,, is bounded by

_Cs A? bA®
I(MB.2) 0B A 2 Uiowllj0s < 1+ llzell7o.s -
Bz) OB AzUowlys = Yy diSt(Z,SpeC(%Avh’l)))(1+A_1 IImzl) "

On ker(a ) =Ran(U, g) , we know
UspM LU =My
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The second term of (3.4.3.4) thus equals

B N 1 - C1ye
(M) = UspMy UL h|Us oG A1 +@Qaryn —2)Ulh

_ _ 1 ~ 1y
= (MB,Z) I—MA’IZ Ui,Q(EAVh,1+QA,L,Vh_z) 1Ui}9.
Further computations show that the right-hand side is

_ _ 1 ~ 1y
(MB,Z) 1_MA,12]Ui70(§AVh,1 +QA,L,Vh_Z) 1Ui,19

_ I - .
Mgl | M.~ Mp: M3 U+ oG 0yvy +@ar -2 Ush

Mz. (M, - Mg,

. .1 ~ 1
UJ_r,BMA,lz(§AVh,1 +Qarvr—2) lUi,le

— 1 ~ -
MB,lz[(sB,A,zQA,L,Vh (UJ—"B(EAV’T,I —2) 1Ui}9)‘

By using again inequality (3.4.2.7) and Proposition for the right-hand side, the above oper-
ator is estimated by

| [ - U b3 U2}

1 ~ 1y
Ui,H(iAV’L,l +QaLvh—2) lUJ_r,%a

’g(yio,s;yio,s)

A2 bA? 1
=Cs|1+— T - T .
dist(z, Spec(3Ay» 1)) ) \ 1+ A~1y/|Imz| | dist(z,Spec(5Ayn 1))

By adding the two terms we obtain

2 1

A2 bA~3
1Duowllos <Cs |1+ .
e s( dist(z,Spec(%AVh,l))) (1+A‘1\/|Imz|)

By summing the two upper bounds for [Dup;gnlljpos and Doy llj0s , We get

1D pgosgposy < Cs | |1+ A (e ‘o 1/—
LW = s dist(z,Spec(3Ay4 1)) | \1+A-1/Imz[) A®1+by/|Imz|

which can be simplifed into (3.4.3.3) owing to b<A~!. O

K

3.5 Spectral consequences

This final section actually ends the proof of Theorem [3.1.3| and its various statements are
picked from Proposition [3.5.1) Proposition and Proposition A simple translation is
obtained after recalling the unitary equivalences

1 1 , b
Bipr=Biqety — 2Br@envien=igBipye b=,

Avh=08@Qegvhn —— Dghghvri=Ayng

b

S| O

% €Spec(B, ,v) — z€Spec(B, p yn) b' =

WX, 8s) — WX, 60
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Once this is fixed the first statement a) of Theorem is a corollary of Proposition (3.5.1

The second statement b) of Theorem is a rewriting of Proposition of which the proof

strongly relies on the Hodge structure of restricted operator B, j v | E. . and where the hermi-
- +,b,V

tian form ( , ), is positive definite by the PT-symmetry argument checked in the proof of

By pyn)
Proposition Finally the third statement ¢) of Theorem 3.1.3|about the semigroup expansion
is a transcription of Proposition

3.5.1 Rough estimates

The data of our problem are the spectrum of the semiclassical Witten Laplacian Spec(Ay ;) =
Spec(Ay 1) and the parameters b,h €]0,1]. We introduced the additional parameter A > 1 and
recall the condition

Csmax(Ab,b,A ) <1.

We recall, according to Definition [3.1.1] that the parameter gj €]0,1] measures a spectral gap for
Ay p, according to

Spec(=Ay 1) N[0, 051 <[0,e~F 1< [0, 2] 3.5.1.1)

2 2
1
and Spec(EAV’h)r‘n]Qhﬁoo[c [4pp,+ool (3.5.1.2)

for all 4 €]0,1]. Remember as well the notations

1 d
JVJ_r(p)(V) =rank l[o,ph](éA(‘I,D,)h) and JVi(V) = ZO‘/Vifp)(V)’
p=

where the + sign refers to the choice of the line bundle F, =@ xC or F_ =(Q xC)®org .

Making an accurate use of the quantitative comparison of the resolvents in Proposition
requires the identification of different areas in the complex plane, presented in the picture below,
and of which the accurate definitions are given just after.
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P\/
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Figure 3.5.1 — The left-hand side summarizes the spectral localization and the shape of contours
deduced from the analysis in |[Rez| < %2. In this picture Spec(%AVh,l) = Spec(%Av,h) is repre-
sented by the black circle around 0 and the thick real half-line [2pp, +o0l.

The picture on the right-hand side is zoomed into the region |Rez| < g5, and |Im z| < 1. The small
circles represent the eignvalues of B, ; y» in the region |Rez| < g, .

In both pictures the gray area represents a part of the resolvent set of B, j, v .

The curves I'. are defined by
Ti={z€eC, +[1+(Rez—-p;)?1=b’Imz}. (3.5.1.3)

The points M,N,Q,R are on the line Rez = p; with the respective imaginary parts 75 L,-1,-

The points 0,0’ (resp. P,P’) have an imaginary part equal to 1 (resp. —1) and real part equal to
—ATZ and —pp, .

We will use the oriented contours I' =T, +'g + I'_ with I'g = {z €eC,lz—pnl= b2 ,Rez < Qh} r,+
[MNOPQR]+T_, T +[MNO'P'QR]+T_,T', +[MR]1+T_ and [NO'P'Q].

The main results of this section are gathered in the two following propositions.

Proposition 3.5.1. There exists Cy = 1 such that A = Cy and ZCgb < pp implies the following
properties.
a) The sets {Rez < Az and |Im z| = 1} s {Rez < —Qh}, [N,Q] = {Rez =p0n,/Im z| < 1} and the

one partly delimited by T, {Rez = o5, and 1+ (Rez — p3)? < b%|Im 2|}, are all contained in
the resolvent set of B, j yn. The union of these sets (the gray area in the left-hand side
picture of Figure contains all the oriented contours listed above.

b) IfE P) b bV is the characteristic space, which is the range of

1 () 1 ( _
= -B®P = -B®P
"B, 2in NOPQ(Z ) 2in NO’P’Q(Z o)
then AP :=dmE?, | = NP(V)and NP :=dmE?) |, = NP=DW).
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¢) When r: X" — X" is the involution defined by r(q,p) = (q,—p) and r* denotes its action on
y(Xh;é"il), according to Deﬁnition then r* is a unitary involution ofL2(Xh;£’i‘) such
that r*B.  yn(r*) L =r*B, y yar* :B/i,b,Vh .
d) The hermitian form (u,v)— {u,v), = (u,r*v)z, of Definition is positive definite on
E, ,vr and B, Vh| E_, o is self-adjoint and positive for the scalar product { , ),. The
- - +,b,V

eigenvalues of B, p, yn in the disc {z € C, |zl = pp} actually belong to [0,p[. Additionally on
E . ; v» we have the equivalence of norms

VueE, pyn, 1/ 1-Cob2llullpe < llull, < llullge. (3.5.1.4)

Definition 3.5.2. The eigenvalues of B(f;; vh lying in [0, (k)] will be denoted by (/l(f;.)

with the associated (, ),-orthonormal basis of eigenvectors (u

1<j= AP
(p)<) : (p) -

+,j/1sjs A,

Proposition 3.5.3. For every s € R there exists Cs = 1 such that taking A = C; with the condition
on = bCS implies that the semigroup (e_tBiyV" )i>0 admits for every t > 0 the following convergent
integral representation

_¢B® 1 e*tz 1 eftz 1 eftz
£pVh — - = I — i -
¢ 2in Jr - BP) T NoPQ z—BP dzt 2in Jv,+imR1s1r. 2 — BP) @
+,b,Vh +,b,Vh * B +,b,Vh
) uan

In the above formula the first term equals

(p)
gl —tAP (), (p)
(D= ) e =ul M rrul’l
i=1 ’

+,j
with (@00 = Ir*u® 0. < Cs,
and the second term satisfies
1+t

The proofs of Proposition and Proposition [3.5.3] actually rely on the two following lem-
mas. The first one is an application of Proposition with the specific geometric partition of C
represented in Figure(3.5.1

Lemma 3.5.4. For any s € R, there exists Cs =1 such that A = C, and %h > C;bA* imply that the
norms of

_ - 1 Cdyom
Bipyr—2" , D;=Biyyr—2) I—Ui,g(§AVh,1—z) Uy,

have upper bounds given by the following table. Because B, j, y» and Ui,g%AvhJU;le preserve the
total degree p €1{0,...,2d}, (B, v — 2)"Y and @, can be respectively replaced by

® -1 ® _(p» -1 1 (p-4¢
Bipyn 2 D =B, —2) Uso(GAyi4

Proof. The conditions A = Cs and %" > C,bA* with pj, <1 ensure the validity of the hypotheses
of Proposition|3.4.4
1
C;max(Ab,b,A )<1 and dist(z,Spec(EAVh,l)) >(C,bA*

as soon as dist(z,Spec(%AVh’l)) = %h .
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Sets 1D 1| o gos gosy 1By 40 —2) o gposy | Label
{Rez <-4} 2 fors=0 @
{[Rez| < 4’ and |Im 2| > 1) Cs(bAT +A™2) Coliis +bAZ +A72) @)
Rez < —pp -2 bA? —2 . __1+bA?
{(orRezzgh)a“d'Im'fl} Clate i) | Clatgitia) | @
_ _1
{Rez:Oand IImzlzb—g} AZibAE 1 L I p— 4)

¥ by/Illmz| ~ 8by/Tm 2|

+ <
m 2l * gp\/|Im 2| ~ 4b+/IIm 2|

Table 3.5.1 — Resolvent norm estimates

(1) This line is only concerned with the case s = 0. By Corollary there is constant Co =1

such that

C() +Bi,b,Vh

is accretive as soon as Cob <1 and & €]0,1]. Take z € {Rez < —A;},

2
”(Bi,b,Vh -2)u ”LZ

= | Bypyr—ilm 2)ul?, +|Re z1*|ul?, + 2(-Rez) Re(B. 4 yru,u)

= |(Bypyn—ilm 2)ul?, + [Re 21> —2Co[Rez|][u?, + 2[Rez| Re((Co+B, p yr)u,u)

\%

2A2

2
2 (5 200l

When %2 > C(Cy, we obtain

[Re 21> - 2Co|Rez]] 7.

(2) For z€{|Rez| = A% and |Im z| = 1} we know
2

and

1 e
1U+0(5Ayn1=2) ULl s gosy <

1
dist(z, Spec(§ Avh’l)) >

||(BJ_,,b,Vh —-2)ullpz = z||u||L2 .

Proposition gives for a proper choice of C; = 1 the inequality

” @z ” 3(7,70,3;7/705)

— |JATZ+(1+
1+b+/|Im z|

4C,[A 2 +bA"2.

IA

=0
2
Imz| =12
2
1 1
) < <1. (3.5.1.5)
dist(z,Spec(3Ays 1))  Im 2]
2
4 2bA "

c 2

dist(z, Spec(%AVh,l))

(3.5.1.6)

The upper bound for (B, j y» — 2)! is deduced at once from (3.5.1.5) and (3.5.1.6).
(3) The following inequality holds for z € {(Rez < —pj or Rez = ;) and |Im z| < 1}

with the detailed cases:

2
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dist(z,Spec(gAVh,l))2 > % +|Im z|2,




2
— if Rez < —pp, then dis‘c(z,Spec(%Avh’l))2 >|z12 > 49}2Z +|Imz|? > %" +|Imz|?;
— if Rez2: on then the hypothesis (3.5.1.1) ensure that dist(z,Spec(%AvhJ))2 = (92—")2 +
[Im z|*.

Applying Proposition gives

bA7/2

1921l ggosgos < Cs | A2+ —— |
Sy = 02/4+ Tm 22

4) Ifze{Rez= and |Im z| = b—IZ} the distance to the spectrum is bounded by

. 1 1
dlSt(Z, EAVh,l) = IIm Zl = ﬁ .
Proposition (3.4.4] with Ab <1, implies
A1 pA: 1

||@ ” 70,5.74/0,5 SC < ,
LI =y lim 2] 8by/[Tm 2]

by choosing again A and % large enough. Finally

1 1 b2+1 1
+ < < .
Imz|  8b\/[Imz| by/Imz| 4by/|Im z|

-1
”(Bi,b,Vh -2) ”2(7/70,5;7170,5) <

O

The second lemma is a variation of [Niel-Proposition 2.15, which was itself inspired from the
article of Hérau-Hitrik-Sjostrand [HHSI.

Lemma 3.5.5. Let (B,D(B)) be a closed densely defined operator in a separable Hilbert space A,
such that (1+B)~! is compact, so that Spec(B) is discrete, and D(B) = D(B*). Assume that there
exists a unitary involution U* = U' = U such that U*BU = B*. Then the spectrum Spec(B) is
invariant by complex conjugation.
If additionally there exist y > 0, € €]0, ‘—i[, an orthogonal projection Iy = I1§ and a bounded contour
I', symmetric w.r.t z— z, such that:

— IyU =UTly =1Ily;

— the real part ReB = £ +ZB " is non negative and ReB = y(1-1lp) —¢y;

— with TIr = 5= [(z-B)™ dz,

ReTr

1
—,/B(Z—B)—1 dz
271 v

Tl

=Tr[Bllr]l<ey; (3.5.1.7)

then the following properties hold:
— The form (u,v)y = (u,Uv) is a hermitian positive definite form on Er = RanIlr.
— The norms |lully = v/{u,Uu) and |u| are equivalent

VYueEr, vV1-4elul<luly=lull. (3.5.1.8)

— The restricted operator B| B = Bl_Ir| B = HrB| o is self-adjoint and non negative for the
scalar product {, )y .

— The vector space ET admits a basis of eigenvectors of B, (e1,...,en), orthonormal for the
scalar product { , )y .
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— For all z € Cinside the contour T', the inequality

1
V1—4edist(z,{A1,...,AND)’

Iz = B) gl eEriin <

holds with the initial norm || || on Er.
— The “distance” d(Er,RanTly) = |(1 - o) | ¢ ) is bounded by v2¢ and Ty is an isomor-
phism from Et to IIyET.

Proof. The PT-symmetry property B* = U*BU implies
(z-B) '=-U'BU)'=U*-B)'U
whenever one of the resolvent exists, so that
Spec(B) = Spec(B*) = Spec(B)

and the spectrum Spec(B) is symmetric with respect to the real axis. The accretivity of B gives
Spec(B) c {z € C, Rez = 0}. Another consequence is that if the integration contour I' is symmetric
w.r.t the real axis and if z — f(z) is a holomorphic function satisfying f(z) = f(z) then

-1 f(2)

fF(B) :ﬂ r(f—B*) Z=

= _ *

1 f(2
2in | (z—B)

dz] U=U"fr(BU,
and in particular
1
Trlfr®) = (Trlfr(B))+Tr [U” frBU]) = ReTr [fr(B)] € R.

Therefore the condition (3.5.1.7) makes sense (take f(z) = z) when there are eigenvalues of B
with small real parts and multiplicities that are not too large. On the space Er = RanIl, the
form (u,v) — (u,v)y ={u,Uv) is a hermitian form and it is a scalar product when (u, u)yy > 0 for
any nonzero u € ET.

When u € Er with ||u| =1, it can be completed into an orthonormal basis (e; = u,eg,...,ey) of ET
for the scalar product ( , ). We have

N
ey=Tr(Bllr) = Re(Z(ej,Bej))
j=1
N
= Z(ej,ReBej)z(u,ReBu)2)’||(1—Ho)u||2—5y,
j=1
and
I(1=TIo)ull? < 2¢ = 2¢|ul?. (3.5.1.9)
Now compute
(w,Uu) = (u,llgUu)+u,1-TI)Uu)

ITow|® + (1 - Tp)u, U1 - To)u)
Iou ) = (1 - TIp)ul? = ful? - 211 - Mo)u|? = (1 - 4&)|ul® > 0.

v

This proves that the hermitian form (, )i is positive definite on ET and the equivalence of norms
comes at once.
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Let Br be the restriction of B to Er, which is a finite dimensional Hilbert space with the scalar

product ( )iy (and ¢, )). For u,v € Et, the series of equalities
{u,Brv)y = (u, UBII)v) (u,(BIIr)*Uv) = (BIIr)u, Uv)

= (Bru,v)y.

says that Br is self-adjoint on (ET,(, )7y). The two statements follow for the scalar product (, )i
and the norm || ||y, are consequences.
The equivalence of the norms || ||;7 and || || gives the upper bound on ||(z -B)1 |Er | 2ErEr) -

Finally the estimate on gl(Er;Ran I[1p) is due to (3.5.1.9) O

Proof of Proposition This is concerned essentially with the localization of the spectrum,
which does not depend on s € R for the closed realization Bi bV in #%%(X;&,). Therefore we

focus on the case s =0 in particular while applying Lemma
The conditions A = Cq and pp, = 2C(5)b , for Co =1, large enough, imply the conditions

A>C, and %" > CobA*

of Lemma
a) The first three complex domains considered in a) are covered by unions of (1),(2) and (3) in
Lemma For the last domain {Rez = o5 and 1+ (Rez — Qh)2 < b2|Im zl} we start with

”(Bi,b,Vh —Z)u||$(L2;L2) = ”(Bi,b,Vh —iIm z)uIILz - IReZIIIuIILz
= (4b Vv IIm z| - IReZI)IIuIILz .

We conclude by noticing that b1/|Im z| = \/1+ (Rez — p;,)? implies
bvIIm z| = [Rez —pp| = |Rez| -1

and |[Rez| <1+ b+/|Im z| <2b+/|Im z|.

We have actually proved (B, , y» — 274 PL2L2) < ﬁ in this domain.
+,b, ; 2

b) Let us consider now the operator

RP) — 1 P 4,
2im NO'P'Q z
which is the difference between the projection 7,  and the orthogonal projection ngf’) = Ui,gﬁgf)U ;19
b,V -
with 1 1 o
~(p) (p-4+9). 1
n}f) =— (Z__AV",IZ 2) dz.

B 2i7 NO'P'Q
The following bounds are consequences of Table of Lemma for s =0:

[ 0P dzlpary < 8Coon(AP+DAT)<8CA?+4ATE (35.110)

NO'UP'Q
8 4
S —+—,
C'O v Co
1
) -2 72 1
D;'d : < 2CoA " +2CpbA —_— 3.5.1.11
: oPUQN Aleazs ° ° /_1 (0n/2)* + t2 ( )
< 2C0(A2+2A0,1n) <2CoA™ 2+ A7V 225
- 2 2n

_+ s
Co v Co
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where we used CobA* < 92—” < % , and finally A = C for the last upper bounds. With Cy = 1 large
enough we have proved

Imge 1P @z <1.
+.b,Vh
With ||7T;f,)||$(LZ;L2) <1,we obtain

(p) (p)y_(p)
11 =75 h)ﬂ}f] l 2@z = 1T gm h—ﬂ,f 7 e <1,
+b,V +,b,V'

d,d
and T e :Rannﬁf’) ~EP , is one to one and JV(p) dimE? > in(p 2= 2)(V).

pvh b,V +,b,Vh
With (1~ 7))l 2.2 < 1, we obtain

(1 —ﬂgj))ﬂE(m . l 2.2y =11 - H?))HE@ (T g T H;f)))ng(m;m) <1,
+,b,V +,b,V

< NP

®) . (o) 5%%)
and 7, " :E R Ranm,

and mdependent of h €]0, ho]
¢) It comes from Bismut identification of B, ;, y» as a Hodge type operator for the (, ), hermitian
form, recalled in (3.2.5.14):

) is one to one and JV(p) dimE®

+.b,Vh (V), which is finite

By =20, pyn +07 2 (X EM — (XM,

which implies 7*B, , ys(r*) "L =r*B, , yar* = B, -
d) We apply Lemma with B = Cy +Bi,b,‘;; U =r*Tlp = 7o+ and the translated contour
I'=Cy+NO'P'Q . Let us check the assumption of Lemma while specifying the values of
Y >0 and € €]0, 1r.
— The equality IToU = UTl = 1y comes from the fact that r*a,(r*) ' = ay.
— The real part ReB = Cy + b—lzai +Rey, y» is non negative owing to the accretivity of Co +
B, p yn in Corollary The inequality ReB = y(1 —Ilj) — €y is obtained by the same
integration by parts computations as in Proposition and for the accretivity of Propo-
sition [3.3.1] Let us compute

vV

2 2
(u,ReBu)p. Collully. + b2<u S AL U) — IIYi,vhII$(7,;1,0;;;_1,0)IIuII;,~1,0

\%

CollulZ, + — (u, azu) — ||yi,vh||$(7;1,0;;,_1,0)( IMowl2, + 11~ Mo)ull%,,)

b2

IV

1
(Co—dlysy ||$(7;1,0.7;71,0))|| ul?, + (75 = 17wl gorrozo)I(L=Toul 2

\%

0
5 IulZe + o5 1A =Toullz

2b2

by fixing Co larger than 2d |y, v+ | 105710y and by using

1
FEEE 2C0A* 2 2C0 2 2]y, yill yrogp-10)-

=

With this constraint on Cy = 1, we have proved

(u,ReBu) 2 yI(1~ToJul 2 withy= 5.
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— For the upper bound of the trace Tr[BIIr] we use the notations
2d » d ("
dimE, jyr =N =) NP =) AP(V)=dimRand.
p=0 p'=0

We write:

ReTr B(z-B) 'dz

2im /CO+NO’P'Q

=CyN: +ReTr

1 -1
z2(z—B dz
%2in /NO'P’Q ( J_r,b,Vh)

1
—/ z29,dz
12/ NO'P'Q

C
< CoNe+ 2 Ne(@A2+8bA™20, D) 4 4, 0
27 2 2
<3Co N,
<ey,

=CoN. +ReTr +ReTr[ny]

with y = 2b2 like above and € = 6Co.4, b2 which belongs to 10, 4[ when b2 < 24C A . Re-
member that A% = dimRanii;, does not depends on & €]0,A].
The three above points ensure that all the hypotheses of Lemma|[3.5.5 are fulfilled. Therefore (, ),
is hermitian positive definite form on Ran Iy = E, , y» and the equivalence of norms is
a straightforward consequence of (3.5.1.8).
The space E ; y+ is a finite dimensional subspace of (X h;é’i}f) endowed with the positive def-
inite hermitian form (, ),. Additionally because 5+ bviBipyr =By pyrbypyr on 9(X h'éah)
and the same holds when 6, 4 y» is replaced by 6 pvh> Ve deduce that & +.p,ve and 5 bV send

E_ ,yninto itself. Thus formula (3.2.5.14) implies that B, pyn |E+b =[(64 v +6+ g Vh)|E+ . 12

is the square of a self-adjoint operator on (E, ; y»,(, ),). Therefore B, ;, y» |z o is a self-ajoint

non negative operator for (, ), and its eigenvalues are non-negative. O

Proof of Proposztzonm The expression of (I) is a consequence of Proposmon 1] because

it says that B+ b Vh| B is diagonalizable. Additionally the L? dual basis of (u +J)1<J< A in

E(f;) v 18 (77 (f;)kﬁd‘/(p) because

+l’ +l’ e

* (p) . (p)
1 ; is an eigenvector of B} Bvh

Let us check the uniform bound of || u(fj 70 . For s =0 it comes from (3.5.1.4) with

while r*B, j, yrr* =B pb v implies that r

(p) 1 ®, _ 1
||u+j||L2 = —||u+j||r =—=
- 1-Cob2 = V1-Cyb?
For s > 0 we use the equation

(p)

(p) _ A(p)
+,j

[B, 4 yn +A%mo s lul Lusj+APmoLu
where the subelliptic estimate of Proposition implies

CO 1P ljosi20 = AYP NPl posizn < CAP) + ADILE N0, < CA+CDILL) 70,
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by choosing A = Cy like in Proposition |3.5.1]. A bootstrap argument leads to
122 lpom < [CA+CFNF w2 < 20CA+CFP)*

for every %k € N and the general result for s > 0 follows by interpolation.

The integral
1 et
% 9z
in
rz—-B bV

converges if and only if the two integrals fh e tRez | (2 —B(f;) Vh)_lll |dz| converge. With the

parametrization of I'y given by z =u +pp + i(b_12(1 +u?)) for u € [0, +oo[ , we obtain

tRez (p) 1 oo e u
_ e Lo
/+e I(z-B bvh) lidz] < /0 ”z—B(p) ”2(7/70,5;7/70,8) 1_21b2‘du
+00 t(u+ph)
= | 122 au
0 4b\Vb2(1+u?)
e—tQh +00
/ e du
2b2 J,
e ter 1
< —-.
262 ¢t
The integral over the line segment MR is estimated by
5 tz
etph/b S __ du
_1%2 Z_Bi,b,Vh LA s 0s)
1+bA™2
scs/ (|u|—1+bA7/2+A—2)du+cs/ (A7 + ——)du
1<lul< lul<1 0,/4+u

1 1 1
<20,(~2Inb+@2bAT2 + A™2)(= — 1))+ C.2(A 2+ —(1+bA"2) )< =
b2 Ohn 2 b2

by using CsbA4 =% , CsbA™? = Abl£4 = 1—10 for A =1 large enough, b?|In(b)| < #Cs and
SZ < b—}“ < i < 10b2 for b > 0 small enough.

By conclude by adding the two upper bound for fh + fr, and f[MR] . O

3.5.2 Hodge type structure and accurate spectral estimates

We prove now the accurate comparison of Spec(B, 5, y»)N{z € C,|z| < g5} < [0, o[ and Spec(%AVhJ)m
[0,04] = Spec(3Av ) N[0,e7#].

Proposition 3.5.6.
Let (/l.(]p))].SjSJVi(p) be the eigenvalues ofBJ_r,b’Vh contained in [0, o[ and let (iip)(v))lsjsﬂi‘”(w be
0<p=<2d O<p=<d

the eigenvalues of %Avh,l contained in [0,e"#]. There exists Co = 1 such that for all A =Cqyand
with the additional condition 1= pj, = CoA*b = Cgb , the eigenvalues are compared according to

dd
.u(,E

Vpe(o,...,2d},Vje(l,...,. P}, (1+CoA~ V)1 i

(r-%+9)

(V) =AP <@+ CoA™ DA 22 W),

d.,d
—gig)

where we recall that JVir(p) = in(p vanishes when p — % + % Z1{0,...,d}.
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This result relies on the Hodge type structure of 2B, j, v | ., and Ay 4 |Ranl[0 (Bon ) and the
+,U, +,b, ) 0h vh1

identification of eigenvalues of those operators with the squares of singular values by following
the strategy of [HKNI[Lep[LNV2] and other related works. We start with three lemmas.

Lemma 3.5.7. Let E be a finite dimensional Hilbert space with the hermitian positive definite
form (., ). Let d be an operator such that dod =0 and set A =(d + d*)2 =dd* +d*d, where d* is
the adjoint of d for the scalar product ( , ). The E admits the orthogonal decomposition

E= ker(A)éLaRandéaRand* = ker(d)éRand* = ker(d*)éLaRand.

The eigenvalues of A are the squares of the singular values of d and equivalently d*. More pre-
cisely there exists an orthonormal basis (u;)1<j<aimE Such that (uj)1<j<n (resp. (u;)N+1<j<2N) IS
an orthonormal basis of Rand* (resp. Rand) and (uj)en+1<j<dimE IS an orthonormal basis of
ker A and

VjE{l,...,N}, duj:pjuj+N ﬂj>0.

We will set pj =0 for j ¢ {1,...,N} and write, with an abuse of notation du; = p;ju;.n for all
jefl,...,dimE}.

Proof. It suffices to notice A = 0@'dd*®'d*d in the decomposition E = ker(A)®* Rand @' Rand* .
Then one takes for (u;)1<j<ny an orthonormal eigenbasis of d*d|Ran q with d*du; = ,u?u j and to

setuj+N:Hijduj. O

Definition 3.5.8. In a finite dimensional Hilbert space (E,( , )), a basis 2 = (v)1<j<dimE 1S &-
orthonormal for € €]0, 1[ if [((v},vx)1<jk<dimE — Idgame|| < €.

The function 7 : L5 ;10,1[" —]0, +ool is defined by 7(¢1,...,&,) = ]_[g:1 L+e,

1-¢ °

The following lemma is extracted from Proposition 5.4 in [LNVZ2].

Lemma 3.5.9. Let B = (u)1<j<dimE (resp. B’ = (Vj)i<j<dimE) be an e1- (resp. €2—) orthonor-
mal basis of the Hilbert space (E,( ,)) for €1,e2 €]0,1[. For B € Z(E), let (1;(B))1<j<dimE (Tesp.
(Hj(é))lsjsdiml«:) denote the singular values of B (resp. of the matrix B = ((vy,, Buj))i<jk<dimE), in
the usual decreasing order. Then

Viell,...,dimE}, t(e1,e0) 2 < puj < 1(e1,89) 5.

Proof of Proposition We start the proof for B, ; y» and the case of B_ ;, y» will be recovered
in the end by a Poincaré duality argument.
We do not distinguish the form degree here and recall that the number of eigenvalues of %Avh’l

in [O,e_i] and of B, ;, y» in [0, 5] are equal to

2d d
Ne=Y NP =Y H(V)=H(V).
p=0 p=0

Let us set 7ij = Ly e-%](%Avh,l) =1 %](Avh,l) and 7, = U, o7, U7y . Because Ayny = (dyn; +

[0,2¢~
d;h,1)2 , Lemma tells us that there is an orthonormal basis (i )1<j< v, such that #; belongs
to Ran (d;‘,h,1|Ranﬁh) (resp. Ran (th’1|Ranﬁh)) for 1<j<N (resp. N+1<j<2N) and
(1 ; ifl<sj<N
dyn 18, = HjUj+N J
’ 0 otherwise,
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where fi;, 1< j <N, are the non zero singular values of dvh’1|Ran 7, - With the abuse of notation
of Lemma , it is summarized by thylﬁj =fja;.n forall je{l,..., A} with fi; =0 for j >N .
Letng , ., be the spectral projector associated with B, ;, y» given by

1 1
T =— z—B tdz
E+,b,Vh 27 /NO’P’Q( +,b,Vh)

like in Proposition|3.5.1
We consider B’ = (v;)1<j<, With

v = rbvh U, Huj]

- | |2

_ e - Plq
and U+,gu‘]:m[u]](q) , T = T
Let us compute the scalar products (vj,v;),:
Ly wvh ELpvh
~ ~ +,0, (el ~ ~
Wj,vjnr =g, , »Uspl), nE, , U+ pltj))r = Urptij, ng,, U+l
- - r*U+,5:U+,6 ~ ~
=(U,9tj, r*nE+,b,Vh WUyt 1) = U, ptij, TE, ,yn U0t )

=6;y+Usptij,[ng —nplUs gt ).

+,b,VR

But from (3.5.1.10) and (3.5.1.11) we deduce

InE_, . —7hl <10CoA™% +(4+2mA~ "2 <3047,

We deduce that 98’ is an e-orthonormal basis of E, j, y» with € = 304, A712 €10,1[ for A = Cy
large enough.
Remember g = fi Aig: introduced in Definition We now consider the basis 9% = (u)1<j<.#,
with

Uuj="mEg [e_#0U+,gL~Lj]=Uj+7TE [(e_”o—l)U_,.,gﬁj].

+,b,Vh +,b,Vh

From (e7#0 —-1)= ZZ 1 (Gt 1) (f, A lft) and RanU, g = Ranng + we deduce
(e—,uo - 1)U+,H =(1- 7T0,+)(e_'u0 - 1)U+,0 .
We write now

I7E (1—7To,+)||=II(1—710,+)*JT§+ I=1Q-mo)r*ng, , 7"

+b,Vh +b Vh

I Q=m0 me,, = A -0 mp, |

but we proved in Proposition after Lemma|[3.5.5| the upper bound

|1 =m0, g, Il = d(E, pyi,Ranm 4) < /2CH N, b2,

Remember also the equivalence of norms %Ilull < |llull; < 2|lull for u € Ei,b’Vh . Therefore there
exists a constant Cg_y, = 1 such that 2 (and %') are e-orthornormal bases of (E +.b,vh> €5 )r) with
e=Cox A" €l0,1[ for A22C]

We now apply Lemma [3.5.7| to

2By |E+,b,vh =0 p |E+,b,vh )(6+ b, Vh \E )+ (5+ b,Vh |E )(6+’b’vh |E+,b,vh )
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where we recall (3.2.5.15)

—ug —F-V" X 71 h
8, pyn=e Pe TV (KydX Ky etV et

Because 6, , yrB, p yr =B, p yr0, p v 00 FL(X",&") and E,pync F (X", &%) we know actually

o BVIE, yyn =TE  yn 0. b VE=TE i 6+7b,Vh TE, yyh
_ *,7 *,7
and o7 b viTE, oy = TE y yh 5+ AZ =TE, v 5+,b,V’l TE, yyh

We now compute (vjr, 0, p yritj)y:

W, 0, pyntidr = (E th(U+gqu) 0, pvhTE oy L(e MU gl j)),
= (E,, 2 Uspi),0, pyr(e U o),
= m,, W Uspip),e eV (KydX Ky De VUL i),
= (g, Usptij),e U gldyn 13D,

= fjlng,, Urettj), e U gl jiNDr

= AjUspty,rie Uy plajonl) + B4R jn
= [@jUsptiy,rie U gldjun]) + iR j 1
= fjer*Usoiijr, Uy gliijsn ) + iR jin
= [j0jj+N+ iR jh

where we used e"lOr*UJr,g = e"lOr*no,+U+,g =U, p in the last identity, where fi; = 0 for j > N and
where

~p) U+ g )l < 60A™Y2.

IR; jnl=ng_ _, —7plUsgtij), e U, gtijin)r| < 2lllng

+,b,Vh +,b,Vh

By Gaussian elimination like in [Lep] or equivalently by changing the basis %8’ into an other
e-orthonormal basis of (E, ; y,(, )r) with € = Co, JV+A_1/ 2 we deduce with a possibly enlarged
constant Cq_4, that the singular values, u; of 6, 5 v |z - satisfy:

7 +,b,V

Viell,..., M), (1+Cou AV i< ;< (1+Cox, A"V

We deduce the comparison between eigenvalues (1;)1<j<, of B.p 5 and 1 N<j<n, Or %Avh,l is
deduced from A; = % ,u? and A; = % ,a? , by doubling the constant Cyp=1.

Finally, still in the case of B ; y» , the degree can be followed by splitting the orthonormal ba-
sis (i1)1</.x, according to the degree p €{0,...,d} with {i;,1=<j < A} =ud_ 0{~‘P), d1<k<

N, +(p Y(V)}. In particular we notice that i ji= L"LEZ )

p (in this +-case).

implies that the total degree of u; and v; equals

Let us give some details for the Poincaré duality argument which gives the result in the —
case. Attention must be paid on the choice of the Thom form, the unitary map U_ gy, when @ is
not orientable and F' =@ xC # (@ x C)® orq . Let us split the basis & j y» constructed in the + case
according to the degree p € {0,...,d}, for the potential and let *x¢ (resp. xx) denote the Hodge
star operator on @ (resp X which is orientable). We construct the basis 9 (resp. %’) with the
vectors

u(.d+p)—7tE(d+p) e OU_Q[* u(d p)]_ E(d+p) *xx e MU, g[u(d p)]
J bV bV
d ~(d- ~(d—
resp. v§, +p)_nE(d+p) U_pl*xq @ ( p L= E.(d+p) *x Uy gl ( p)]
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The A1 ’z-orthonormality of %8 and %' is easily deduced from the + case. Then we must compute
6*,7' (d+p) _ —/1() —¢7L0+V K d* XK 1 ¢7L0 V /10 (d+p)
-b,Vh7j - Uj

—po , —FC+V -1 3%,X -1 _—-J6+Vh _(d—p)
= *xe P Kb*X d* *XKb e U, [ i é]h]

h h
— (_1)(d—p+1) *X e—uoe—d—f+v KbdXK—leﬂ—V U [u(d P)]
— ( 1)(d p+1)*Xe ”°U+9[d Vi1 u(d p)]

_  (_1\d-p+1) ~(d—p) —Lo ~(d p+
= (-1 By xxe U ol 7l

(d+p")

By taking the (, ), scalar product with U like in the + case, we obtain

<v‘(]f’i+P) 6*71;Vh §d+P)>r (- l)d p+1 6p e 15] k(])u Vh+ﬂ(d p)ﬁ(A 1/2)

We deduce that the singular values of 5 are comparable, with an (1+@(A~12)) fac-

b Vh |E(d+p)
+1)
-Vh 1

recall that Ay _y» 1 acts on €°(Q,AT*Q ®C). The elgenvalues of B( ;th are thus comparable

with an (1 +G(A12)) factor, with the eigenvalues of éAgf P ‘),h 1 which by Poincaré duality for

tor, with the singular values of d_y ; : Ran1jg, 2gh](A i h )— Ranlj 29h](A(d Pr ), where we

the Witten Laplacian are the eigenvalues of %A;f) W where we recall that Ap v ; acts on

6*(@,AT*Q ®C®org). O
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