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Ã"Å��E²X± ³ j ¹e­E² ¼E­A³´®°¯"Å´­E²0±e²1³ j ¼ jAl Å j »°³´±¶·æå ±eÃ ikj ¹e±0��±�¯ V ±
¯

W
ÃÁ­E² ¯z·°±eÃ¦Ç)­A²X¹
¯"Å´­E²XÃ

¹
­E² ¼E± Ú ±
Ã l ¸��E®°³´Å´Ó l ±
Ã ()±
¯ iXj Å l ± i ­E® l W * 	°ï½­E®XÃD²°­E®XÃ}Å¾² ¯Ò¸ l ±eÃÁÃ"± l ­E²XÃ 
z·°±eÃD¸
Ê�® j ¯ÒÅ¾­E²XÃ i ³´®XÃ
�E¸
²X¸ l"j ³´±
Ã�Ê�®°±¦¹
±e³´³¾±,� ¹eÅæº j Å´Ã}±e³´³¾±eÃ j ® l ­E² ¯�¯Ò­E®°¯"±eÃ�®X² i ­EÅ¾² ¯�¹e­Eº ºI®X²NÅ´º i ­ l ¯ j ² ¯�Èk³ j ²X­E²³¾Å´²X¸ jAl Åê¯Ò¸ jAi°ikjAlÒj � ¯ l"j ¯"­E®ý¿Á­E® l Ã!
N¯ lÒj ¼E± l ÃI®X²°±O¹
­E² ¼E­E³¾®°¯ÒÅ¾­E²�	�ò}±e¹
Å j ÃÁÃ"® l ±�·X±
Ã iXl ­ iXl Å´¸
¯"¸eÃ·X± l ¸��E®°³ jAl Å¾¯Ò¸¦·X±eÃ�ÃÁ­E³´®�¯ÒÅ´­A²XÃdÊ�®XÅg²X­A®XÃ i ± l º ±
¯"¯ l ­E² ¯�·°±¶²X­E®XÃ�¹e­A²X¹e±
²�¯ l ± l ÃÁ® l ³´±
Ã�¸
¯"®X·X±eÃÊ�® j ² ¯"Å¾¯ j ¯ÒÅ¾¼A±eÃ i ³¾®°¯ / ¯�Ê�®°±�ÃÁ® l ·X±eÃ l ¸
Ã"®X³ê¯ j ¯"Ã �k²XÃ�·æå ± Ú Å´Ã ¯Ò±e²°¹e±�­E®�·�å ®X²°Å´¹eÅê¯Ò¸�·X±�ÃÁ­E³´®°¯"Å´­E²°Ã�	ô_å jAiXiXl ­�¹ÛÑ°± iXl ­E» j »°Å´³´Å¾ÃÁ¯"± j ÃÁÃ"­�¹eÅ´± 
:¹e±�¯"¯"±O¸
Ê�® j ¯ÒÅ¾­E²G®X² i°l ­�¹e±eÃÁÃ"®XÃ¦·X±£×0Ì�Î&Í&ØF? �]Ê�®X±³Så ­E²7Ê�® j ³¾Å �k± lÒj ·X±1²°­E² ³¾Å´²X¸ j Å l ±��D·X­A²�¯�³ j ³´­AÅd±eÃ ¯�Ã"­A³´®°¯"Å´­E²=·X±0³`å ¸eÊ�® j ¯"Å´­E²7·æå ¸
¼E­A³´®°¯"Å´­E²
( Ù Ä ô�* 	�ò}± iXl ­�¹e±
Ã"Ã"®°Ã���Ê�®XÅaÃ"± l"j ¯"­E®ý¿Á­E® l Ã_²X­A¯"¸ (Xt)t≥0

�E±eÃ ¯}³Så ®°²XÅ´Ê�®X±KÃÁ­E³´®°¯"Å´­E²¶·°±½³Så ¸
Ê�® j �¯"Å´­E²:·XÅ���¸ l ±
²�¯"Å´±
³´³´±íÃÁ¯Ò­�¹ÛÑ j Ã ¯ÒÅ¾Ê�®°±�ÃÁ®XÅ¾¼ j ² ¯"± È






X t = X0 +
√

2Bt −
∫ t

0

∇V (Xs) ds−
∫ t

0

∇W ∗ us(Xs) ds

L(X t) = ut(dx)

­
	 L(Xt)
·X¸
Ã"Å��A²X±D³ j ³´­EÅ�·X± X t

	 # l �A¹
± 
í¹
±
¯Á¯Ò±DÇ)­ l ºI®X³ j ¯ÒÅ´­A²���­E²I¹
­Eº iXl ±
²X·¶®X² i ±e®¶º Å´±e® Ú³ j · Â ² j ºOÅ¾Ê�®X±OÊ�®XÅ l ¸
�EÅ¾¯�³Så ¸�¼E­E³¾®°¯ÒÅ¾­E²3È�³ j ¼ j l Å j »X³´± j ³¾¸ j ¯"­EÅ l ± Xt

Ãeå Å´² ¯"± l"i°l Ó
¯"±�¹
­EºOº ± ³ j¼�Å¾¯"±eÃÁÃ"±I·æå ®X² ikj l ¯ÒÅ¾¹e®X³¾±¦Ê�®XÅ�Ã"®X»°Å¾¯d®°²X± j �EÅê¯ j ¯"Å´­E²B» l ­6[�²°Å´±e²°²X±��f®X²X±zÇ)­ l ¹e±¦·X± lÒj iXi ±
³�¼A± l Ã³¾±�ºOÅ¾²XÅ´ºI®°º ·°±
V
±�¯�®°²X± j ®°¯ l ±�Ç)­ l ¹
±�·X± lÒjAiXi ±e³]Ê�®XÅ]·°¸ i ±e²X·�·X±�³ j ³´­AÅ)
¶³`å Å´²XÃ ¯ j ² ¯ t 	
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]�­E®°¯"±
Ç)­EÅ¾Ã���¹e± i°l ­�¹e±eÃÁÃ"®XÃ�²°­E²�³´Å¾²X¸ j Å l ±�²æå ±eÃ ¯ ikj Ã i ³´®XÃ½Ç j ¹eÅ¾³´±!
�¸
¯"®X·XÅ¾± l Ê�®X±z³`å ¸eÊ�® j ¯"Å´­E²
j ® Ú ·X¸ l Å¾¼E¸
±eÃ ikjAl ¯"Å´±
³´³´±
Ã�	còíå ±eÃ ¯�³�
MÊ�®X±B³`å Å´·°¸e±NÅ´²XÅê¯ÒÅ¾¸e± ikjAl 
zÌ��?±�¯:× ��
¶ÕkÌ�ã-±e² ¯ l ±�±
²¿Á±
®1È l ±eº i ³ j � ­E²°Ã½³¾± i°l ­�¹e±eÃÁÃ"®XÃí²X­E²�³¾Å´²X¸ j Å l ± ikjAl ®X² iXl ­�¹
±eÃ"ÃÁ®XÃd³¾Å´²X¸ j Å l ±�¹e­E²XÃ ¯ÒÅê¯Ò®X¸¦·X± Nikj l ¯ÒÅ¾¹e®X³¾±eÃ�±
²1Å´² ¯"± lÒj ¹
¯ÒÅ¾­E² ikjAl ³`å Å´² ¯Ò± l º ¸e·XÅ j Å l ±z·X± ³´±
® l ºO±
Ã"® l ±O±
º i Å l Å¾Ê�®X±�	&çd²M­E»°¯"Å´±e² ¯
j ³¾­ l Ã}³´±�Ã Â Ã ¯ÒÓeº ±�·X± ikjAl ¯"Å´¹
®X³´±
ÃK·XÅ¾¯ ���
	���
�� 	 ��� 
�� � ��j Ã"Ã"­�¹eÅ¾¸ 
 ( Ù Ä ô'*�È











dX i,N
t =

√
2dBi

t −∇V (X i,N
t ) dt− 1

N

N
∑

j=1

∇W (X i,N
t −Xj,N

t ) dt

L(X i,N
0 ) = X i

0
i ­E® l i = 1, . . . , N.

ô]±eÃ_¼ jAl Å j »X³¾±eÃ j ³¾¸ j ¯"­EÅ l ±eÃ (X i
0)1≤i≤N

ÃÁ­E² ¯}Å¾·X±e² ¯ÒÅ¾Ê�®X±eº ±e² ¯V·XÅ´Ã ¯ l Å´»X®X¸
±eÃc·X±�³´­AÅ u0

� Å´²X·°¸ i ±e² �
· j ²�¯"±eÃ ±
¯ Å¾²X·X¸ i ±e²°· j ² ¯Ò±
Ã�·X±
Ã º ­E®°¼A±eº ±e² ¯ÒÃ » l ­6[�²°Å´±e²°Ã (Bi

. )1≤i≤N

	cô_å ¸
¼A­E³´®°¯"Å´­E²3·æå ®X²X±
ikj l ¯ÒÅ¾¹e®X³¾± ikjAl ºOÅ N ±
ÃÁ¯V¯ l ÓeÃcÇ j ¹eÅ¾³´± 
�¹e­Eº iXl ±e²X· l ±¦È ±
³´³¾±KÃ"®X»XÅê¯V®X²X± j �EÅ¾¯ j ¯ÒÅ¾­E²I» l ­�[�²XÅ´±
²X²X±��®X²°±�Ç)­ l ¹e±�·°± l"jAiXi ±e³]Å¾²X·X®XÅê¯Ò± ikj l V ±�¯�±eÃÁ¯ j ¯Á¯ÒÅ l ¸e± � ¹ jAl W ±eÃ ¯ ikj Å l ±�±
¯�¹
­E² ¼E± Ú ± � ¼A± l Ã³¾±eÃ j ®°¯ l ±
Ã iXjAl ¯"Å´¹e®°³´±eÃ iXjAl ³`å Å´² ¯Ò± l º ¸e·XÅ j Å l ±¦·°± W 	&ò}± Ã Â Ã ¯ÒÓ
ºO± ±eÃ ¯ 
 iXl ¸eÃÁ±e² ¯z»�± j ®X¹e­E® i
i ³¾®XÃDÇ j ¹
Å´³´± 
¶¸�¯Ò®X·XÅ¾± l Ê�®X±�³`å ¸eÊ�® j ¯"Å´­E²N·X±�·X¸ ikjAl ¯��aº � ºO±�ÃÁÅ]³ j ·XÅ´º ±e²°Ã"Å´­A²:·X±¦³Så ±
Ã ikj ¹e±�Ã"® l³¾±eÊ�®X±e³]Å¾³�±
ÃÁ¯�·X¸ �k²°Å]±eÃÁ¯4� l"j ²X·X±0	
Ù ²X¹
­ l ±�Ç j ®°¯ �ªÅ¾³°Ê�®X±½¹e±
¯Á¯Ò±�Ã"Å¾º i ³´Å �X¹ j ¯"Å´­E² jAiXi ­ l ¯"±½®°²X±�Å´²°Ç)­ l º j ¯ÒÅ´­A²zÃ"® l ³¾± iXl ­E»°³´Óeº ±D·X±·X¸ ikjAl ¯�	aÆ�­A® l ¹
±e³ j Å¾³æÇ j ®°¯ � ¯ l ±�¹ jAiXj »X³´±�·X±�º ­E² ¯ l ± l Ê�®�å ®X²°± ikjAl ¯ÒÅ¾¹e®X³¾±�· j ²XÃ½®X²�Ã Â ÃÁ¯ÒÓ
ºO±·X± � l"j ²X·X±:¯ j Å´³¾³´±�� l ±
Ã"Ã"±
ºI»X³¾±�� j ® iXl ­�¹
±eÃÁÃ"®XÃO²X­E²3³´Å¾²X¸ j Å l ±0	_¬�®XÅê¼E­E²°Ã ®°²X± iXjAl ¯"Å´¹e®°³´± j ®ÃÁ±eÅ´²:·�å ®X²NÃ Â Ã ¯ÒÓ
ºO±�·X± i ³´®XÃD±
² i ³´®XÃ � lÒj ²°·�	kçd² i ±
®°¯Kº ­E² ¯ l ± l Ê�®X±�Ã j ³¾­EÅa¯Ò±e²°·N¼A± l Ã½¹
±e³¾³´±·æå ®X²X± ikjAl ¯ÒÅ´¹
®X³´±�²X­A²�³´Å¾²X¸ j Å l ±0	 É å j ®°¯ l ± iXjAl ¯���ÃÁÅf³Så ­A²�¹e­A²XÃ"Å¾·XÓ l ±�·X±
® Ú�ikjAl ¯"Å´¹
®X³´±
ÃV·°­E²X²X¸
±eÃ��³¾±e® l Å´² ¯Ò± lÒj ¹�¯ÒÅ´­A²£ºI®°¯"®X±e³¾³´±���Ã"±íÇ)­A²X·:· j ²XÃ}³ j º j Ã"ÃÁ±��fÈ�±e³¾³´±eÃÀ·X±
¼�Å¾±e²X²X±
² ¯�Å¾²X·X¸ i ±
²X· j ² ¯Ò±
Ã�	ò}± i ÑX¸
²X­Eº Óe²X±0� j iXi ±
³´¸ 	 � 
 	 
���
 � � 

� � � 	���
 
 � � j ³´Å¾±e®N·X±�º j ²°Å´Ó l ±d¯ l ÓeÃ4�E¸e²X¸ l Å¾Ê�®°± i ­E® l·X±
Ã�¸
Ê�® j ¯ÒÅ¾­E²XÃ�Ê�®X±z²°­E®XÃ�¹e­E²°Ã"Å´·°¸ l ­A²XÃ�º j Å¾Ã j ®XÃ"ÃÁÅ i ­E® l ¹
± l ¯ j Å¾²X±eÃ½¸eÊ�® j ¯"Å´­E²°Ã½·°± Ë�Ø�Ö�&�� �

;dÌ�ã�ã iXjAl ± Ú ±eº i ³´±0	 Ù ²1Ç j Å¾¯��]³Så Å¾² ¯Ò± lÁiXl ¸�¯ j ¯"Å´­E² iXl ­E» j »°Å´³´Å¾ÃÁ¯"± jAiXi ­ l ¯"±O±
²X¹e­ l ± i ³¾®XÃ È�³¾±eÃ¹
­E² ¼E± l �E±e²°¹e±eÃ�¹
Å�� ·X±eÃÁÃ"®XÃ�­E² ¯í³¾Å´±e® i ­E® l ³´±
Ã iXl ­�¹
±eÃÁÃ"®XÃdÃÁ® l ·°±eÃíÅ¾² ¯Ò± l ¼ j ³´³¾±eÃK·X±�¯Ò±eº i Ã½»f­ l �²X¸
Ãd±
¯í²X­E² iXj Ãí®X²°Å´Ê�®X±eº ±e² ¯ i ­E® l ³´±
Ãí³¾­EÅ´Ã 
O®X²�Å¾²XÃÁ¯ j ² ¯ t 	�ï�­A¯"­E²XÃ½¯Ò­E®°¯"±
Ç)­EÅ¾Ã�Ê�®X±0� i ­E® l³ jNi ³´® ikj l ¯�·X±
Ã jAi°i ³´Å¾¹ j ¯"Å´­E²XÃ
��ÃÁ±e®X³c¹e­Aº i ¯"±¶¼ l"j Å´º ±e² ¯�³´±¶¹
­Eº i ­ l ¯Ò±
ºO±
²�¯�·X± ut
i ­E® l ®X²Å¾²XÃÁ¯ j ² ¯ t ·°­E²X²X¸0	aòíå ±
ÃÁ¯ i ­E® l Ê�®X­AÅæ²X­E®XÃ i°l Å¾¼�Å¾³´¸��AÅ´± l ­E²XÃÀ³´±eÃ l ¸eÃÁ®X³¾¯ j ¯ÒÃ��X²XÃK·X±�¹e­A²�¼A± l �E±e²X¹
±j ®N²XÅê¼E± j ®�·°±eÃ�³´­EÅ¾ÃDº jAl �EÅ¾² j ³¾±eÃD·X±
Ã iXl ­�¹e±
Ã"Ã"®°Ã�	

�¦ø(���Eü��fú�ùýö�ú(ûQø(�5þ�ü �)öc�1ü�� �&ùýü�ü�� H�û)ùýû�����ü
ï½­EÃ iXl ±
ºOÅ¾± l Ã l ¸eÃÁ®X³¾¯ j ¯ÒÃK¹
­E²X¹
± l ²°±e² ¯í³ j ¹e­E² ¼A± l �A±e²X¹
±z·X±�³ j º ±eÃÁ® l ±�±
º i Å l Å¾Ê�®X±d·X®BÃ Â Ã �¯"Óeº ±0·X± ikjAl ¯"Å´¹
®X³´±
Ã�	½ï�­E®°Ã�º ­E² ¯ l ­A²XÃ��4� l � ¹e± j ®-¹ l Å¾¯ÒÓ l ±0·X±1¹
­E® l »°® l ± ·°±[Ë½Ì�ÍgÎ�Ï ±
¯

�<;�ÕaÎ�Ï � Ê�®XÅ½±eÃÁ¯O®X²�¹ l Åê¯ÒÓ l ±�·°±�¯ Â�i ±�¹e­E² ¼A± Ú Å¾¯"¸ � �cÊ�®X±�³¾±BÃÁ±eº Å�� � l ­E® i ± (PN

t )t≥0

·X®
Ã Â Ã ¯ÒÓ
ºO±�·X± ikjAl ¯"Å´¹
®X³´±
ÃK·XÅ��f®XÃ"Åê¼E±
Ã�±
²�Å´² ¯"± lÒj ¹
¯ÒÅ¾­E²N·X±�¯ Â�i ±�¹ÛÑ j º i º ­ Â ±e²N¼E¸ l Å �k±¦®°²X±¦Å¾² �¸
� j ³´Åê¯Ò¸�·X± �aØ���ØgÖ�ÕQ?�³´­�� jAl Åê¯ÒÑXº Å´Ê�®X±�·°­E² ¯�³ j ¹e­E²XÃ ¯ j ² ¯"±¶²X±I·X¸ i ±
²X· ikj Ãd·°®�²X­EºI» l ±z·X±
ikj l ¯ÒÅ¾¹e®X³¾±eÃ
	 É ¸ �X²XÅ´ÃÁÃ"­E²XÃ½Å´¹
Åæ³`å ±e² ¯ l ­ i Å¾±�·X±�³ j Ç)­E²°¹
¯ÒÅ¾­E² f 2 ikjAl�lÒj iXi ­ l ¯ 
 ®X²X±�º ±eÃ"® l ± µ È

Ù ² ¯
µ

(

f 2
)

:=

∫

f 2 log f 2 dµ−
∫

f 2 dµ log

∫

f 2 dµ.

çd² j j ³´­ l Ã�� i ­E® l ¯"­E®°¯"±�Ç)­A²X¹
¯"Å´­E²NÃ"® �OÃ j º ºO±
²�¯ l ¸��E®X³¾Å´Ó l ±��
Ù ² ¯

P
N

t

(

f 2
)

≤ CtP
N

t

(

|∇f |2
)

.
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ô j ¹e­E²°ÃÁ¯ j ²�¯"± Ct

±eÃ ¯½·X±�³ j Ç)­ l ºO±

Ct =
2

ρ

(

1− e−2ρt
)

i ­E® l ®X²5¹e± l ¯ j Å¾² ρ l ¸e±
³ jAiXi ±e³´¸B¹e­A® l »X® l ±B·X® ÃÁ±eº Å�� � l ­E® i ±�	Vçd²[¼E­EÅê¯ j iXikjAl"j�� ¯ l ±:¯ l ­EÅ´Ã¹
­Eº i ­ l ¯Ò±eº ±e² ¯"Ã i ­EÃÁÃ"Å¾»X³´±
Ã i ­E® l ³´±�Ã"±
ºOÅ�� � l ­E® i ±dÃ"±
³´­E²B³´±�ÃÁÅ��E²°±�·X± ρ 	Æ�­E® l ³Så ¸
Ê�® j ¯ÒÅ¾­E²�·X±
Ã£º Å´³´Å¾±e® Ú � lÒj ²�®X³ j Å l ±eÃ ( Ù Ä ô'*,�À¹e±�¯"¯Ò±�¹e­E® l »X® l ±�±eÃÁ¯£ÃÁ¯ l Å´¹�¯Ò±eº ±e² ¯
i ­EÃ"Åê¯ÒÅê¼E±B³´­ l Ã"Ê�®X±�³¾± i ­A¯Ò±
²�¯"Å´±
³ V ±
ÃÁ¯NÃ ¯ l Å¾¹
¯"±eº ±e² ¯£¹
­E² ¼E± Ú ±0	Kîª³í±e²*·°¸e¹e­A®X³´±�Ê�®X± Ct

±eÃÁ¯
»�­ l ²°¸e±�®X²XÅêÇ)­ l º ¸eº ±e² ¯K±
²B¯"±eº i Ã ikjAl 2/ρ

	
ô]­ l Ã"Ê�®X±N­
	 V ±eÃ ¯O²�®X³1�g­E²3º ­E² ¯ l ±:Ê�®X±N³¾±£Ã Â ÃÁ¯"Óeº ±�·°± ikjAl ¯"Å´¹
®X³´±
Ã¶±eÃÁ¯ ·X±:¹
­E® l »X® l ±º Å´²X­ l ¸e± ikjAl 0

	 É j ²XÃ�¹e±�¹ j Ã�� Ct

±
ÃÁ¯½¸�� j ³´± 
 4t
	

Ù ²
�X²��DÃ"­AÅ´±e² ¯ a ( l ±eÃ i b
*�®X²°±�Ç)­E²X¹�¯ÒÅ´­A²*·X±

R
d × R

· j ²XÃ:³Så ±
²XÃ"±
ºI»X³¾±�·X±eÃ:º j ¯ l Å´¹
±eÃ·X¸ �k²XÅ¾±eÃ i ­EÃ"Åê¯ÒÅê¼E±eÃ ( l ±eÃ i · j ²XÃ
R

d
*¦±
¯

κ
®°²X±�Ç)­E²X¹�¯ÒÅ¾­E² l ¸��E®X³¾Å´Ó l ±�·°±

R
· j ²XÃ

R
	�¬�Å}³Så ­E²

Ã
å Å¾²�¯"¸ l ±eÃ"ÃÁ± 
¶³Så ¸
Ê�® j ¯ÒÅ¾­E² j ® Ú ·X¸ l Åê¼E¸e±
Ã iXjAl ¯"Å´±e³¾³´±
Ã}Ã"®°Å¾¼ j ² ¯Ò± È

∂u

∂t
=

d
∑

i,j=1

∂2

∂xi∂xj
[aij(x, κ ∗ u)u]−

d
∑

i=1

∂

∂xi
[bi(x, κ ∗ u)u],

­E²N±
ÃÁ¯ j º ±e²X¸ 
¶¹e­E²°Ã"Å´·°¸ l ± l ³´±�Ã Â Ã ¯ÒÓeº ±�·X± ikjAl ¯"Å´¹
®X³´±
Ã
{

dX i,N
t =

√
2σ(X i,N

s , κ ∗ ΠN

s (X i,N
s )) dBi

s + b(X i,N
s , κ ∗ ΠN

s (X i,N
s )) ds

X i,N
0 = X i

0
i ­E® l i = 1, . . . , N

­
	
a � σσ∗

±
¯
ΠN

t

±
ÃÁ¯�³ j º ±eÃÁ® l ±�±eº i Å l Å´Ê�®X±í·X®�Ã Â ÃÁ¯ÒÓ
ºO± j ®N¯Ò±
º i Ã t È

ΠN

t :=
1

N

n
∑

k=1

δXk,N
t
.

çd²BºO­E² ¯ l ±�Ê�®X±��aÃ"­A®XÃí·X±
Ã�Ñ Â�i ­A¯ÒÑXÓ
Ã"±
Ãd·X± l ¸��A®X³ jAl Å¾¯"¸d±
¯�·æå ±e³´³¾Å i ¯"Å´¹
Å¾¯Ò¸0��³ j ¹e­E® l »X® l ±¦·X±�¹e±Ã Â Ã ¯ÒÓ
ºO±¦±eÃÁ¯�º Å´²X­ l ¸e± ikjAl ®X² l ¸
±e³ (Q²X¸
� j ¯ÒÅêÇ *}Ê�®XÅ�²X±�·X¸ i ±e²°· ikj Ã½·X± N 	�ô]±¦ÃÁ±eº Å�� � l ­E® i ±¼A¸ l Å �k± ·X­E²X¹ ®X²°± Å¾²X¸�� j ³´Åê¯Ò¸z·°± �aØ���ØgÖ�ÕQ?*³´­:� jAl Åê¯ÒÑXº Å´Ê�®X±¦º j Å¾Ã j ¼E±
¹ ®°²X±O¹
­E²XÃ ¯ j ² ¯Ò± Ê�®XÅ¹ l ­ � ¯]± Ú�i ­E²X±e² ¯"Å´±e³¾³´±
ºO±
²�¯&±
²�¯"±eº i Ã�	�ô&±
Ã&¸eÊ�® j ¯"Å´­E²XÃ&·X±D× ��
IÕkÌ�ã �ªóIÖ�Ì �(ØF? �
Ê�®°Å ²æå ±
² ¯ l ±
² ¯
ikj Ã�± Ú°j ¹
¯"±eº ±e² ¯�· j ²XÃ�³´±g¹ j · l ±À·X±c³Så ¸
Ê�® j ¯ÒÅ¾­E²�¹eÅ��ª·X±
Ã"Ã"®°Ã�� i ±
®°¼E±
² ¯�²X¸ j ²Xº ­EÅ´²°Ã � ¯ l ±_¯ lÒj Å¾¯Ò¸
±eÃ·X±�º j ²XÅ¾Ó l ±íÃ"Å´º Å´³ j Å l ±�	 Ù ³´³¾±eÃKÃ"­A²�¯ iXl ¸eÃÁ±e² ¯Ò¸
±eÃí±
²�·°¸
¯ j Å´³ j ®B¹ÛÑ jAi Å¾¯ l ± 7 	ô_å Å´²X¸
� j ³¾Å¾¯Ò¸c·X± ��Ø��fØgÖ�ÕQ?�³´­:� j l Å¾¯"ÑXº Å´Ê�®X±_±eÃ ¯_±e²°Ã"®XÅê¯Ò±D®°¯"Å´³¾Å´Ã"¸ i ­E® l ­E»°¯Ò±
²XÅ l ·X±
Ã iXl ­ iXl Å¾¸,�¯"¸eÃí·°±I¹e­E²°¹e±e² ¯ lÒj ¯"Å´­E²0Èf·æå jAiXl ÓeÃd³Så j l �E®Xº ±e² ¯�·X±���ÕaÎ���� & �f³¾±eÃíÊ�®X±
®X±eÃ�·�å ®X²°±IºO±
Ã"® l ±zÊ�®XÅ¼A¸ l Å �k±z®°²X±zÅ¾²X¸�� j ³´Å¾¯"¸�·X± ��Ø ��ØgÖ�ÕQ?5³¾­:� jAl Å¾¯ÒÑ°ºOÅ¾Ê�®°±�·X±z¹
­E²XÃÁ¯ j ² ¯Ò± 2c i ±
®°¼E±
²�¯ � ¯ l ±z¹e­Aº �ikj l ¸e±
Ã 
O¹
±e³¾³´±eÃ�·æå ®X²X±I³¾­EÅ � j ®XÃÁÃ"Å´±
²X²X±I·°±Iº j ¯ l Å¾¹e±�·X±I¹
­�¼ j l Å j ²X¹e± cI 	fô j ³´­AÅ�·°®�Ã Â ÃÁ¯"Óeº ±Ã j ¯ÒÅ¾ÃÁÇ j Åê¯�·X­A²X¹ 
d·X±eÃcÅ¾²X¸�� j ³´Å¾¯"¸eÃ�·X±K¹e­A²X¹e±
²�¯ lÒj ¯"Å´­E² � j ®XÃ"ÃÁÅ´±e²°²X± j ®°¯"­E® l ·X±KÃ j ºO­ Â ±
²X²X±0	 Ù ²
ikj l ¯ÒÅ¾¹e®X³¾Å´± l � i ­A® l ¯Ò­A®°¯Ò±IÇ)­E²°¹
¯ÒÅ¾­E²�³¾Å i ÃÁ¹ÛÑXÅ¾¯.�eÅ´±
²X²X± f ·X±¶²X­ l ºO±¦·X±�Ügâhá � ����â &��NÅ¾²°Ç)¸ l Å´±
® l ±
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±
¯�¯"­E®°¯

r ≥ 0
�°­E² j

P

(∣

∣

∣

∣

∣

1

N

N
∑

i=1

f(X i,N
t )− Ef(X i,N

t )

∣

∣

∣

∣

∣

≥ r

)

≤ 2 exp

(

−Nr
2

Ct

)

,

­
	
Ct

±eÃ ¯�³ j ¹e­E²XÃ ¯ j ² ¯"±�·°±�³Så Å¾²X¸�� j ³´Åê¯Ò¸í·°± �aØ���ØgÖ�ÕQ?J³´­:� jAl Åê¯ÒÑXº Å´Ê�®X±0	
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¯Á¯Ò±d±
ÃÁ¯ÒÅ¾º j ¯ÒÅ´­A²5
�®X² l ¸eÃ"®°³¾¯ j ¯}·X± iXl ­ ikj � j ¯"Å´­E² Ç j Å¾»X³´±�·X®£¹ÛÑ j ­EÃ�� � � � � j ®ÃÁ±e²XÃ½·X±�³ j ¹
­E² ¼E± l �E±e²°¹e±z·°±eÃ½±eÃ i ¸ l"j ²X¹
±eÃ½·X±�Ç)­E²X¹
¯"Å´­E²°ÃK³´Å i Ã"¹ÛÑXÅê¯ �eÅ¾±e²X²°±eÃ��k·°±�³ j Ç)­ l º ±
∣

∣Ef(X i,N
t )− Ef(X t)

∣

∣ ≤ Kt√
N
,

­E² ­E»°¯"Å´±
²�¯ j ³¾­ l Ãc·X±
ÃÀÅ¾² ¯Ò± l ¼ j ³´³¾±eÃc·X±½¹e­E²
� j ²X¹e±½± Ú°j ¹�¯ÒÃ i ­E® l ³ j ¹
­E² ¼E± l �E±
²X¹e±d·°±�³ j º ±eÃÁ® l ±±
º i Å l Å¾Ê�®°±d·X®BÃ Â ÃÁ¯"Óeº ±¦·X± ikj l ¯ÒÅ¾¹e®X³¾±eÃD¼A± l Ã½³ j ÃÁ­E³´®�¯ÒÅ´­A²:·X® i°l ­E»X³¾Óeº ±d²X­E²B³´Å¾²X¸ j Å l ±0	
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P

(∣

∣

∣

∣

∣

1

N

N
∑

i=1

f(X i,N
t )−

∫

f(x)ut(dx)

∣

∣

∣

∣

∣

≥ r +
Kt√
N

)

≤ 2 exp

(

−Nr
2

Ct

)
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¬�Å��E² j ³´­E²XÃÀÊ�®X±�· j ²XÃ}³´±d¹ j ÃK­
	:³´±�¹e­�± � ¹eÅ¾±e² ¯�·X±d·°Å��f®XÃ"Å¾­E² σ ²X±�¹
­Eº i ­ l ¯Ò± iXj ÃD·æå Å´² ¯Ò± l �j ¹�¯ÒÅ¾­E²���²X­E®XÃDº ­E² ¯ l ­E²XÃDÊ�®X±�³ j ¹e­A²XÃÁ¯ j ² ¯Ò± Kt

ÃÁ±�¹e­Eº i ­ l ¯"±í·X±�³ j º � ºO±�º j ²XÅ´Ó l ±íÊ�®X± Ct±
²BÇ)­E²°¹
¯ÒÅ¾­E²:·X®N¯Ò±
º i Ã�±�¯�·°±�³ j ¹e­E® l »X® l ±�	

�¦ø4� H_øaù�ú�ü��1ü��fú¶ü�� ú�ü�� H � �)ø(� 

ô j ·X±e® Ú Å¾Óeº ± ·XÅ l ±e¹
¯"Å´­E²G±
º iXl ®X² ¯Ò¸
±O±
ÃÁ¯¦³ j ·X±
Ã"¹ l Å i ¯"Å´­E²M·X®M¹e­Eº i ­ l ¯"±eº ±e² ¯�±e²M¯Ò±eº i Ã³¾­E² � ·X±�¹e± l ¯ j Å¾²X±eÃ½¸eÊ�® j ¯ÒÅ´­A²XÃ�·°± × ��
IÕkÌ�ã �ªóIÖ�Ì �(ØF? �k±�¯ i°l Å´²°¹eÅ iXj ³´±
ºO±
²�¯�·°±eÃí¸
Ê�® j ¯ÒÅ¾­E²XÃ·X±
Ã ºOÅ¾³´Å´±
® Ú � lÒj ²�®°³ j Å l ±eÃ
	_ô_å ± Ú Å´ÃÁ¯"±e²X¹
±�±�¯ ³`å ®X²XÅ¾¹eÅ¾¯"¸£·X±N³ j º ±eÃÁ® l ±NÃ ¯ j ¯"Å´­E²X² j Å l ± i ­A® l ³´±

iXl ­�¹
±eÃÁÃ"®XÃ½²X­E²B³´Å¾²X¸ j Å l ±�±eÃÁ¯½­E»�¯Ò±e²�®X± ikjAl ³ j ºOÅ¾²XÅ´º Å´Ã j ¯ÒÅ¾­E² ·æå ®°²X±�Ç)­A²X¹
¯"Å´­E²X²°±e³´³¾±í¹
­E² ¼E± Ú ±0	É j ²XÃ�³´±�¹ j Ã½·°±�³Så ¸
Ê�® j ¯ÒÅ¾­E²:·æå ¸
¼A­E³´®°¯"Å´­E² ( Ù Ä ô�* �k³ j Ç)­E²X¹�¯ÒÅ¾­E²X²X±
³´³´±�Ê�®XÅ]¹ jAl"j ¹
¯"¸ l Å´Ã"±�³Så ¸
Ê�®°Å��³¾Å´» l ±d±eÃ ¯�·°­E²X²X¸
± ikj l È

E(u) :=

∫

u(x) log u(x) dx+

∫

V (x)u(x) dx+
1

2

∫ ∫

W (x− y)u(x)u(y) dx dy.

Æ�­E® l ³¾±í¹ j ÃD³´Å¾²X¸ j Å l ±0� Ê�®XÅf¹
­ l"l ±eÃ i ­E²°· 

W = 0

�
E
±eÃ ¯K³`å ±e² ¯ l ­ i Å¾± l ±e³ j ¯ÒÅê¼E± iXjAl}l"jAiXi ­ l ¯ 
³ j ºO±
Ã"® l ±�Å¾² ¼ j l Å j ²�¯"±d·X±�·X±e²°Ã"Å¾¯"¸ exp(−V )

	
¬�± i ­EÃ"± j ³´­ l Ã�³ j Ê�®°±eÃÁ¯"Å´­E²�·X±¦³ j ¼�Åê¯Ò±eÃÁÃ"±I·°±¦¹
­E² ¼E± l �E±e²°¹e±I¼E± l Ãd¹
±
¯í¸eÊ�®XÅ´³¾Å´» l ±�	�çd²�ÃÁ­E® �Ñ j Å¾¯Ò±�Å¾¹eÅ]®X² l ¸eÃÁ®X³¾¯ j ¯4�E³´­A» j ³æ±�¯í± Ú°i ³´Å´¹
Å¾¯"±$#k¹Aå ±eÃ ¯�� 
 �ª·XÅ l ±�Ê�®X±z³Så ­E²B·X­EÅê¯½¸
¯ j »X³´Å l ·æå ®°²X± iXjAl ¯Ê�®X±d³ j ¹e­A²�¼A± l �E±e²X¹
±�²æå jIiXj ÃDÃ"±
®X³´±
ºO±
² ¯K³´Å¾±e® j ®O¼E­EÅ¾Ã"Å´² j �E±í·°±d³`å ¸eÊ�®XÅ¾³´Å´» l ±½±
¯K·æå j ®°¯ l ± iXjAl ¯Ê�®X±I³¾±eÃd¹
­E²XÃ ¯ j ² ¯Ò±
Ã�Ê�®XÅ l ¸��EÅ¾Ã"Ã"±
² ¯�³ j ¹e­E² ¼E± l �E±
²X¹e± Ã"­A²�¯d± Ú�i ³´Å¾¹eÅê¯Ò±eÃ�±e²�³¾±eÃí¹
­�±�� ¹eÅ´±
² ¯ÒÃd·X±³Så ¸
Ê�® j ¯ÒÅ¾­E²�	EÆ�­E® l ­E»�¯Ò±e²°Å l ·X±D¯"±e³´Ã l ¸eÃÁ®X³¾¯ j ¯ÒÃ
�E²X­E®XÃcº ­E² ¯ l ­E²XÃ_·æå ®X²X± ikjAl ¯cÊ�®X±�³´±eÃ l ¸eÃÁ®X³¾¯ j ¯ÒÃ·X± iXl ­ iXj � j ¯"Å´­E²£·°®B¹ÛÑ j ­EÃKÃ"­A²�¯�®°²XÅ¾Ç)­ l ºO±
Ã}±
²N¯"±eº i ÃD±�¯�·æå j ®°¯ l ± ikjAl ¯DÊ�®°±�³´±dÃ Â Ã ¯ÒÓ
ºO±�·X±

ikj l ¯ÒÅ¾¹e®X³¾±eÃ½¹e­E² ¼A± l �A±¶± Ú�i ­A²X±e² ¯ÒÅ¾±e³¾³´±eº ±e² ¯�¼�Åê¯Ò±�¼E± l ÃdÃ j£i°l ­ iXl ±zº ±eÃÁ® l ±I·�å ¸
Ê�®°Å´³´Å¾» l ±0	�ï�­E®XÃ±
²[·°¸e·X®XÅ¾Ã"­E²°Ã¶®X²X±:¹e­A²�¼A± l �E±e²X¹
± 
�³Så ¸
Ê�®XÅ´³¾Å´» l ± j ®JÃÁ±e²XÃ ·X±:³ j ¼ jAl Å j ¯ÒÅ¾­E²0¯"­A¯ j ³¾±�±�¯ ·X±:³ j·XÅ¾ÃÁ¯ j ²X¹e±�·°±&%[Ì � �(ÕaÎ � &&Õ�âhã3È

'
2(µ, ν) :=

√

inf

{
∫∫

1

2
|x− y|2dπ(x, y)

}

­
	G³Så Å¾²
�kºI®Xº¤±eÃ ¯ iXl Å¾Ã�Ã"® l ³¾±eÃ�º ±eÃ"® l ±eÃ�·X± iXl ­E» j »°Å´³´Åê¯Ò¸ π ÃÁ® l R
n × R

n
·X± º jAl �A±eÃ l ±
Ã �

i ±e¹�¯ÒÅ¾¼A±eÃ µ ±
¯ ν 	aï½­E®XÃ�¸
¯ j »X³¾Å´Ã"ÃÁ­E²XÃ j ³¾­ l ÃD³¾± l ¸
Ã"®X³ê¯ j ¯�ÃÁ®XÅ¾¼ j ² ¯�	
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E(u) =

∫

u(x) log u(x) dx+

∫

V (x)u(x) dx+
1

2

∫∫

W (x− y)u(x)u(y) dx dy
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� � � � ��� � � �ï½­E®XÃ iXl ¸
Ã"±
²�¯"­E²XÃD· j ²XÃV³´±K¹ÛÑ jAi Å¾¯ l ± ��®X²X± jAiXi°l ­�¹ÛÑX± i ³´®XÃ �KÅ´² ¯ l Å´²XÃÁÓeÊ�®X± ��·X±½³ j ¹e­E² ¼A± l �
�E±
²X¹e± 
�³`å ¸eÊ�®XÅ¾³´Å¾» l ± i ­E® l ³Så ¸
Ê�® j ¯ÒÅ¾­E²1²°­E² ³´Å¾²X¸ j Å l ±0	�ò}±
¯Á¯Ò±£º ¸
¯"ÑX­�·°±���Å´²XÅê¯ÒÅ´¸
± ikjAl 
 &)&&Ø
i ­E® l ³`å ¸eÊ�® j ¯"Å´­E²I·°±eÃ_º Å´³´Å¾±e® Ú�i ­ l ±e® Ú ±
¯ j · jAi ¯Ò¸
± ikjAl �íÌ�Î&Î&âhÖ�Ö�Ø � × ���íÌ�ã�ãN±�¯_ó¶âhÖ�Ö�Ì�ã�â
i ­E® l ³´±eÃ�ºOÅ¾³´Å¾±e® Ú � lÒj ²�®X³ j Å l ±eÃ��(Ç)­E® l ²XÅ¾¯�³ j ¹e­E² ¼A± l �A±e²X¹
± 
í³Så ¸
Ê�®XÅ´³¾Å´» l ±V±
²I¯Ò± l º ±eÃg·X±}³ j Ç)­A²X¹,�¯"Å´­E²X²°±e³´³¾±

E
	 É j ²XÃ¶¹e±�¯"¯"± ikjAl ¯ÒÅ´±O²X­E®XÃz¸
¯Ò®°·XÅ´­E²°ÃI±e² ikj l ¯ÒÅ¾¹e®X³¾Å´± l ³Så ¸
Ê�® j ¯ÒÅ¾­E² ·X±
ÃIº Å´³´Å¾±e® Ú

� l"j ²�®X³ j Å l ±
Ã5( Ù Ä ô'*¦· j ²°Ãz³´±O¹ j Ã¦­
	 ³¾± i ­A¯Ò±
²�¯"Å´±
³ V ±eÃÁ¯I²�®°³"	�ï�­E®XÃ�¼E± l"l ­A²XÃI¹e³ j Å l ±eº ±e² ¯ÃÁ® l ¹e±�¯O± Ú ±eº i ³´± iXjAl ¯"Å´¹e®°³´Å´± l ��·X¸p¿.
�¸�¯Ò®X·XÅ¾¸ ikjAl Ë�Õaã&Ì�����ØgÞ�Î � 8�Ø�Ï_ã�Õ�&)&&Õ)�gìÀÌ�Ö�Ì�Ï�±
¯
óÀÌ�Ö�Ö�Øgâ �:�]Ê�®°±£³´± Ã Â Ã ¯ÒÓeº ±£·X± ikjAl ¯ÒÅ¾¹e®X³¾±eÃ�®XÃ"®X±
³ j Ã"Ã"­�¹eÅ¾¸ i ­EÃÁÃ"Óe·°±£®X²1¹
­Eº i ­ l ¯Ò±
ºO±
²�¯�±
²¯"±eº i ÃÀ³¾­E² ��ºO­AÅ´²XÃc»�­E²�Ê�®X±d¹
±e³¾®XÅa·X±í³ j ÃÁ­E³´®°¯"Å´­E² ·X±�( Ù Ä ô'*c¹
±íÊ�®XÅ�³´Å¾ºOÅê¯Ò±}Ç)­ l ¯Ò±
ºO±
²�¯}Ã"­E²Å¾²�¯"¸ l�� ¯�	Xï�­E®XÃ�º ­E² ¯ l ­E²XÃ�¹e­Eº º ±e² ¯�¹e­E² ¯"­E® l ²°± l ¹e±�¯"¯Ò±�·XÅ � ¹e®X³ê¯Ò¸�· j ²°Ã½³Så j ²X²X± Ú ±¦ò 	
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 Xö#���)ü �zþ�üD�Eø(�#"�ö ���EüPH_ø(�&ù �)ü � ���	K 	
�0ö#�Oþ)X%$'&<1
2F&
ò}­AºOº ±�²X­A®XÃ£³`å j ¼E­E²°Ã�¼�®��}³¾±eÃ l ¸eÃ"®°³¾¯ j ¯ÒÃ i°l ¸e¹
¸e·X±
² ¯ÒÃNÇ)­E® l ²°Å´Ã"ÃÁ±e² ¯:·X±
Ã£Å´² ¯"± l ¼ j ³¾³´±
ÃO·X±¹
­E²
� j ²°¹e±¶± Ú°j ¹�¯ÒÃ
�æ±
¯�²°­E² ikj Ã j Ã Â º i ¯Ò­A¯"Å´Ê�®X±eÃí¹e­Eº ºO±¦³´±�Ç)± lÒj Å´±e² ¯í®X²�¯ÒÑX¸
­ l Ó
ºO±z¹e±e² ¯ lÒj ³³¾Å´º Å¾¯Ò±O­E® ®°² iXl Å´²X¹
Å i ±:·X±�� lÒj ²X·°±eÃ ·X¸
¼�Å j ¯ÒÅ´­A²XÃ�	cÆ�­E® l ¯ j ² ¯��VÅ´³¾Ã¶²X±�ÃÁ­E² ¯ iXj ÃO®�¯ÒÅ´³¾Å´Ã j »X³´±
Ã

i ­E® l ³ j:l ¸eÃ"­A³´®°¯"Å´­E²G²�®Xº ¸ l Å¾Ê�®X±O·°±eÃ�¸eÊ�® j ¯"Å´­E²XÃ j ® Ú ·X¸ l Å¾¼E¸
±eÃ ikjAl ¯"Å´±
³´³´±
Ãd· j ²°Ã¦³ j º ±eÃÁ® l ±­
	7³´±�Ã Â ÃÁ¯ÒÓ
ºO±0·X± ikjAl ¯ÒÅ´¹
®X³´±
ÃN²X± i ±
®°¯ � ¯ l ±MÃÁÅ´ºI®°³´¸�·X±Mº j ²XÅ´Ó l ±�± Ú°j ¹�¯Ò±0	�ï½­E®XÃ j ¼E­E²XÃ
j ³¾­ l Ã¶¹ÛÑ°± l ¹ÛÑ°¸��V±e² ¹
­E³´³ j »�­ lÒj ¯"Å´­E² j ¼E±e¹�ìÀÌ�Ö�Ì�Ï � 
M¸�¯ j »X³¾Å l ·°±eÃ Å´²X¸
� j ³´Åê¯Ò¸
ÃI·X± ��Ø���Ø�Ö�ÕQ?
³¾­:� jAl Å¾¯ÒÑ°ºOÅ¾Ê�®°±eÃ i ­E® l ³¾±eÃ Ã"¹ÛÑ°¸eº j ÃO·�å �DÞ�Ö�ÕaÎ7Å¾º i ³´Å´¹
Å¾¯"±�±
¯ ± Ú°i ³´Å´¹
Å¾¯"±£±e² l ±e³¾Å j ² ¯ j ®°¯ j ² ¯Ê�®X± i ­EÃ"ÃÁÅ´»X³¾±�³´±e® l Ã�¹e­E²°ÃÁ¯ j ²�¯"±eÃ j ¼E±e¹�¹e±
³´³¾±eÃK·X±�³ j ·°Å��f®XÃ"Å¾­E² j Ã"ÃÁ­�¹
Å´¸e±0	ò}­A²XÃ"Å¾·X¸ l ­E²XÃ�³´± iXl ­�¹
±eÃ"ÃÁ®XÃ�·X±I·XÅ���®°Ã"Å´­A² (Xt)t≥0

Ã"­E³¾®°¯ÒÅ¾­E²�·X±¦³`å ¸eÊ�® j ¯"Å´­E²�·XÅ��f¸ l ±e² ¯ÒÅ¾±e³´³¾±Ã ¯Ò­�¹ÛÑ j ÃÁ¯"Å´Ê�®X±�Ã"®°Å¾¼ j ² ¯Ò± È

Xt = x+

∫ t

0

b(Xs) ds+

∫ t

0

√
2σ(Xs) dBs.

ô]±�Ã"¹ÛÑ°¸eº j ·æå��DÞ�Ö�ÕaÎM·X± ikj Ã�·X±�·XÅ¾Ã"¹ l ¸
¯"Å´Ã j ¯ÒÅ¾­E² γ ±
ÃÁ¯½·X¸ �X²XÅ ikjAl
Xγ

n+1 = Xγ
n + b(Xγ

n)γ +
√

2σ(Xγ
n)
(
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i ±e®°¯ � ¯ l ±í¹ÛÑX­EÅ´ÃÁÅæ·X±d³ j Ç)­ l ºO± 1− 2ργ

·XÓeÃKÊ�®X±0� i ­E® l ¯"­E®°¯ x· j ²XÃ
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∣
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Ã i ­E® l ·X±e® Ú Ù É Æ²X­E²�³´Å´²°¸ j Å l ±eÃ � � � � � � � 	 
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)
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Varν(f)
·X¸
Ã"Å��E²X±�³ j ¼ jAl Å j ²X¹
±�·X± f Ã"­E®XÃ ν È

Varν(f) :=
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f 2 dν −
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∫

f dν

)2
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(
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f 2
)

≤ 2 Eγ
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γ(f

2)
Ê�®XÅ]·°¸eÃ"Å��E²X±�³`å ±e² ¯ l ­ i Å¾±�·X± f 2 ikjAlKlÒj iXi ­ l ¯4
 ν ±
ÃÁ¯½·X¸ �k²XÅ¾± iXjAl

Ù ² ¯
γ

(

f 2
)

:=

∫

f 2 log f 2 dγ −
∫

f 2 dγ log

∫

f 2 dγ.
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(

e−tx+
√
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Ptf(x) = E(f(Xt)|X0 = x).
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Lf(x) = f ′′(x)− xf ′(x),
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∂tPtf = LPtf = PtLf.
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®X³&ÃÁ¯Ò­�¹ÛÑ j Ã ¯ÒÅ¾Ê�®°± ��·æå j ®°¯ l ± iXjAl ¯�	�ò}­A²XÃ"Å¾·X¸ l ­E²XÃ½³´± iXl ­�¹e±
Ã"ÃÁ®XÃ (Xt)t≥0

ÃÁ® l
R

d
ÃÁ­E³´®°¯"Å´­E²N·X±

³Så ¸
Ê�® j ¯ÒÅ¾­E²:·XÅ��f¸ l ±e² ¯ÒÅ¾±e³¾³´±dÃ ¯Ò­�¹ÛÑ j ÃÁ¯"Å´Ê�®X±�Ã"®°Å¾¼ j ² ¯Ò± È

Xt = X0 +

∫ t

0

√
2σ(Xs) dBs + +

∫ t

0

b(Xs) ds

­
	
(Bt)t

±eÃ ¯}®X² º ­E®°¼E±
ºO±
² ¯À» l ­�[�²XÅ´±
²OÃ ¯ j ²°· jAl · Ã"® l
R

d
�
σ
( l ±
Ã i b *g±
ÃÁ¯V®X²X± jAiXi ³¾Å´¹ j ¯ÒÅ¾­E²l ¸��E®X³¾Å´Ó l ±�·X±

R
d
· j ²°Ã}³`å ±eÃ ikj ¹
±í·X±
Ã}º j ¯ l Å´¹e±
ÃcÃ Â ºO¸�¯ l Å´Ê�®X±eÃ i ­EÃÁÅ¾¯"Å¾¼E±
ÃÀ·°±�¯ j Å´³´³¾± d× d ( l ±
Ã i· j ²XÃ

R
d
* 	aô&±�ÃÁ±eº Å�� � l ­E® i ±�·X±I×0Ì�Î&Í�ØF? j ÃÁÃ"­�¹eÅ¾¸�±
ÃÁ¯½·X¸ �k²XÅ ikjAl È

Ptf(x) = E(f(Xt)|X0 = x) = E
xf(Xt).
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ô j Ç)­ l ºz®X³´±d·�å �.&�
1Ç)­E® l ²XÅê¯�³ j ·X¸
¹e­Eº i ­AÃ"Å¾¯"Å´­E²:·°± f(Xt)
È

f(Xt) = f(X0) +

d
∑

i,j=1

∫ t

0

σij(Xs)
∂f

∂xi
(Xs) dB

j
s +

∫ t

0

Lf(Xs) ds,

­
	O³´± �E¸
²X¸ l"j ¯Ò±
® l
L
·X±

(Xt)t≥0

±
ÃÁ¯}³`å ­ i ¸ lÒj ¯"±e® l ·XÅ���¸ l ±e² ¯"Å´±e³a·X®OÃ"±
¹e­E²X·:­ l · l ±�Ã j ²XÃÀ¯"± l ºO±¹
­E²XÃÁ¯ j ² ¯½·X¸ �k²°Å iXjAl

Lf(x) =

d
∑

i,j=1

aij(x)
∂2f

∂xi∂xj
(x) +

d
∑

i=1

bi(x)
∂f

∂xi
(x),

³ j º j ¯ l Å¾¹e± a ¸
¯ j ²�¯½¸
� j ³´± 
 σσ∗ 	ô j ¼ j l Å j ¯ÒÅ´­A²0Ê�® j · lÒj ¯"Å´Ê�®X± 〈M〉t
·X±O³ jNikjAl ¯ÒÅ´± º jAl ¯"Å´² � j ³´± Mt

·°±
f(Xt)

±eÃ ¯I·X­A²X²X¸e±
ikj l È

〈M〉t =
d
∑

i,j=1

∫ t

0

aij(Xs)
∂f

∂xi
(Xs)

∂f

∂xj
(Xs) ds.

É å j ®°¯ l ± ikjAl ¯��X³ j ·X¸ �k²°Å¾¯ÒÅ¾­E²�µ:	97 	97¶·°±�³Så ­ i ¸ lÒj ¯"±e® l
Γ
j ÃÁÃ"® l ±�Ê�®°±

Γ(f, g)(x) =
d
∑

i,j=1

aij(x)
∂f

∂xi

(x)
∂g

∂xj

(x).

çd²:¼E­EÅê¯ j Å´²°Ã"ÅæÊ�®X±

〈M〉t =

∫ t

0

Γ(f)(Xs) ds.
ô]±G¹ j ³´¹e®°³�± Ú�i ³´Å¾¹eÅê¯Ò±�·X±

Γ2
· j ²XÃN³´±�¹ j Ã �E¸e²X¸ lÒj ³�±
ÃÁ¯N¯ l ÓeÃ i ¸
²XÅ´»°³´±�	Dï�­E®XÃ l ±e² ¼E­ Â ­A²XÃ


�³`å j ²X²°± Ú ±:ð i ­A® l¶i ³´®°Ã¶·X±N·X¸
¯ j Å´³¾Ã�	�îª²°Ã"Å´Ã ¯Ò­E²°Ã ¯"­E®°¯"±
Ç)­EÅ¾Ã¶Ã"® l ³¾±:¹ j Ã ­
	3³ j º j ¯ l Å´¹
±�·X±·XÅ���®°Ã"Å´­A²
σ
±
ÃÁ¯½¸�� j ³´± 
¶³`å Å´·X±
² ¯ÒÅ¾¯"¸�	Xç�²B­E»°¯"Å´±
²�¯ j ³´­ l Ã�� iXjAl ·X¸ �k²°Å¾¯ÒÅ¾­E²:·X±

Γ2
�

Γ2(f)(x) = ‖
� ±
Ã"Ã

f(x)‖2
2 − 〈

� j ¹ b(x)∇f(x),∇f(x)〉­
	 ‖ · ‖2

±
ÃÁ¯½³ j ²°­ l º ±�±e®X¹
³´Å¾·XÅ´±
²X²X±�Ã"® l
R

d×d
	

ô]±�Ã"±
ºOÅ�� � l ­E® i ±D¼E¸ l Å �X± j ³´­ l Ã_³´±K¹ l Å¾¯"Ó l ±�·X±�¹
­E® l »°® l ± ρ ÃÁÅk±
¯VÃ"±
®X³´±
ºO±
² ¯ÀÃÁÅ"� i ­E® l ¯"­E®°¯ x· j ²XÃ
R

d
��¯"­E®°¯"±eÃ}³¾±eÃc¼ j ³´±
® l Ã iXl ­ i°l ±eÃÀ·X±í³ j º j ¯ l Å´¹
±�¿ j ¹e­E»°Å´±e²°²X±í·X± b ±e² x ÃÁ­E² ¯Dº j ¿Á­ l ¸
±eÃikj l −ρ 	

��� � � ) �$	 
aö#�Qû)ú 	 �YR`ø � �Aú(û)ø(� �&ü����)ü��YH_ø �&ù �$� H�ùýøF�Eü � � � �Oþ�ü
� $<& � �_3
É j ²XÃz¹
±
¯Á¯Ò± Ã"±e¹�¯ÒÅ¾­E²��&²X­E®XÃ lÒj iXi ±
³´­E²°Ã�³¾±eÃ l ¸
Ã"®X³ê¯ j ¯"Ã�Å¾º i ­ l ¯ j ² ¯ÒÃ�ÃÁ® l ³´±eÃ�Å´²°¸�� j ³¾Å¾¯"¸eÃd·X±

�DØgâhã��æÌ�Î&àJ±
¯ �aØ���ØgÖ�ÕQ?�³´­:� jAl Åê¯ÒÑXº Å´Ê�®X±
Ã i ­E® l ³ j ³´­AÅ j ®J¯"±eº i Ã t ·æå ®°² i°l ­�¹e±eÃÁÃ"®XÃ ·X±×0Ì�Î&Í�ØF?
(Xt)

	�ô]±e® l Ã iXl ±e®°¼A±eÃKÃÁ­E² ¯D» j ÃÁ¸e±
ÃKÃ"® l ®X²X±í¸
³´¸
� j ² ¯Ò±�ºO¸�¯ÒÑX­�·X±½·X±íÃÁ±eº Å�� � l ­E® i ±±�¯ l ± i ­EÃÁ±e² ¯ Ã"® l ³´±£¹ l Å¾¯"Ó l ±£·X±:¹e­A® l »X® l ±�	gôcå jAiXi°l ­�¹ÛÑX± ��¯ lÒj ·°Å¾¯ÒÅ¾­E²X²X±
³´³¾± ��·X®X± 
0Ë�Ì�ÍgÎ Ï
±�¯ �<;�ÕaÎ�Ï7±
ÃÁ¯ iXl ¸
Ã"±
²�¯"¸e±O±e²M·X¸
¯ j Å´³g· j ²XÃ�³`å j ²X²X± Ú ± ð!	]îª³g±eÃ ¯ iXl Å´º ­ l ·°Å j ³�·X± l ±
º jAl Ê�®X± lÊ�®X±½³´±
ÃVÅ¾²X¸�� j ³´Åê¯Ò¸eÃ_·°± �DØgâhã��æÌ�Î&àO±�¯}·°± ��Ø ��ØgÖ�ÕQ?M³¾­:� jAl Å¾¯"ÑXºOÅ¾Ê�®X±}ÃÁ­E² ¯D·X±
ÃÀ¹
­E²XÃ"¸
Ê�®X±e²X¹
±
·æå ®X²X± l ±
³ j ¯"Å´­E² ·X±½¹e­AºOºI®�¯ j ¯"Å´­E²¶±
²�¯ l ±

Pt

±�¯
Γ
­E® √

Γ
	�ï�­E®XÃc¼E± l"l ­E²XÃV· j ²XÃÀ³´±�¹ÛÑ jAi Åê¯ l ± 5Ê�®X±�³´±
Ã�Å´²X¸
� j ³´Åê¯Ò¸
ÃÀÇ)­E²X¹�¯ÒÅ¾­E²X²X±
³´³´±
Ã i ­E® l ³´±
ÃKÃ"¹ÛÑX¸
º j Ã½·æå��DÞ�Ö�ÕaÎMÃeå ­E»°¯"Å´±
²X²X±e² ¯�·X±�º j ²XÅ´Ó l ±

j ² j ³´­:�A®X±�	
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(QÅ *Iò
(ρ)

� � � ��� � � � � � 
 	�

��� � 

���
��� 

� 	 � � 

� f ∈ A �

Γ2(f) ≥ ρΓ(f)

()Å´Å+* � 

��� � 

��� ��� 

� 	 � � 

� f ∈ A � � � 

��� t > 0 �

ΓPt(f) ≤ e−2ρt
PtΓ(f)

(QÅ´Å¾Å+* � 

��� � 

��� ��� 

� 	 � � 

� f ∈ A � � � 

��� t > 0 �

Pt(f
2)− (Ptf)2 ≤ 1− e−2ρt

ρ
PtΓ(f).

� � ��� �
	�� ��
 ��� ��� 	�� � �
ρ
� � � ��� � � � 	 

� ����� ��� ��� � ��� 	 � 
 	 � �

1− e−2ρt

ρ

	 
 � 2t �
� � � � ��� 	�� ï�­E®XÃ iXl ¸
Ã"±e² ¯"­E²XÃ�Å´¹
Å�®X²°± iXl ±
®°¼E± l"jAi Å´·°±z·X±I¹
± l ¸
Ã"®X³ê¯ j ¯í±e²�®°¯"Å´³´Å¾Ã j ² ¯�³´±�¼E­0�¹ j »X®X³ j Å l ±�·X® ¹ j ³´¹
®X³�ÃÁ¯Ò­�¹ÛÑ j Ã ¯ÒÅ¾Ê�®°± j �X² ·X±M»XÅ´±
² ÃÁ­E®X³´Å��E²X± l ³´±eÃB¹e­ l"l ±
Ã i ­E²X· j ²X¹e±
Ã j ¼E±
¹³Så jAi°iXl ­�¹ÛÑX± ikjAl ÃÁ±eº Å�� � l ­E® i ±0	 � t

� Ú ¸0��¹
­E²XÃÁÅ´·X¸ l ­E²XÃ�³ j Ç)­E²X¹
¯"Å´­E²N·X¸ �k²XÅ¾± iXjAl

F (s, x) := E
x(f(Xt−s)) = f(x) +

∫ t−s

0

E
x(Lf(Xr)) dr,

±�¯ jAiXi ³¾Å´Ê�®X­E²XÃK³ j Ç)­ l ºI®°³´±d·æå �.&�
 
¶³ j Ã"±
ºOÅ��ªº jAl ¯"Å´² � j ³´±
ΓF (s,Xs)

È

E
x(ΓF (t, Xt))− Γ(Exf(Xt)) = 2

∫ t

0

E
x

(

2Γ

(

F,
∂F

∂s

)

+ LΓF

)

dr

= 2

∫ t

0

E
x(−2Γ(F,LF ) + LΓF ) dr

= 2

∫ t

0

E
x(Γ2F (r,Xr)) dr.

ï½­A¯Ò­E²°Ã j ³´­ l Ã α(s) = E(ΓF (s,Xs)|X0 = x)
	]¬�­E®XÃ�³`å Ñ Â�i ­A¯"ÑXÓeÃÁ±Oò (ρ)

·X±¶¹
­E® l »X® l ± º Å��²X­ l ¸e± ikj l ρ �k­E²N­E»°¯"Å´±e² ¯

α′(s) = 2 E
x
Γ2F (s,Xs) ≥ 2ρE

x
ΓF (s,Xs) = 2ρ α(s).

ô]±�³´±
ºOº ±d·X±-$IÎ�Øgã � Ì�Ö�Ö Ç)­E® l ²XÅ¾¯K³Så Å¾²X¸�� j ³´Åê¯Ò¸½Ã"®XÅê¼ j ²�¯"± È

α(t)e−2ρt ≥ α(0),
­E®N±
²X¹e­ l ±�� ikjAl ·°¸ �k²XÅê¯ÒÅ¾­E²:·X± α ±
¯ F �

Γ[Ex(f(Xt))] ≤ e−2ρt
E

x(Γf(Xt)) .
ï½­E®XÃ j ¼E­E²XÃ�·X­A²X¹�¸
¯ j »X³´ÅæÊ�®X± (i)

Å´º i ³¾Å´Ê�®X± (ii)
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F (t, Xt)

2
È

E
x
(

F (t, Xt)
2
)

− F (0, x)2 = 2

∫ t

0

E
x

(

F (s,Xs)
∂F

∂t
(s,Xs)

)

ds

+

∫ t

0

E
x
(

L
[

F (s,Xs)
2
])

ds

= 2

∫ t

0

E
x(ΓF (s,Xs)) ds.

Æ jAl ·X¸ �k²°Å¾¯ÒÅ¾­E²:·X± F �X­E² j ·°­E²X¹

(pµ:	>� *
VarL(Xt)(f) = 2

∫ t

0

E
x(ΓF (s,Xs)) ds.

çd²N®°¯ÒÅ¾³´Å¾Ã"± j ³¾­ l Ã (ii) i ­A® l ­E»°¯Ò±
²XÅ l

VarL(Xt)(f) ≤ 2

∫ t

0

E
x
(

Γ
(

E
Xsf(Xt−s)

))

ds

≤ 2

∫ t

0

e−2ρ(t−s)
E

x
(

E
XsΓf(Xt−s)

)

ds

≤ 1− e−2ρt

ρ
E

x(Γf(Xt)).

Ù ¯ j Å¾²XÃ"Å (ii) Å´º i ³´Å¾Ê�®°± (iii)
	

ô j ·X± l ²XÅ¾Ó l ±¶Å¾º i ³´Å´¹ j ¯ÒÅ¾­E²NÃ"± ·X¸
ºO­E² ¯ l ±¶±e²�Ç j Å¾Ã j ² ¯�®°²M·°¸
¼E±
³´­ i°i ±
ºO±
²�¯�³¾Å´º Å¾¯Ò¸�·X±¶³Så Å¾² �¸
� j ³´Åê¯Ò¸�·X± �DØgâhã��æÌ�Î�à j ®:¼E­EÅ¾Ã"Å¾² j �E±�·X± t = 0
	

Æ�­E® l ­E»°¯"±e²XÅ l ®X²°±�Å¾²X¸�� j ³´Å¾¯"¸D·X± ��Ø���Ø�Ö�ÕQ?G³´­:� jAl Åê¯ÒÑXº Å´Ê�®X±0�AÅ´³XÇ j ®°¯ j ¿Á­E®°¯"± l ³`å Ñ Â�i ­A¯ÒÑ°ÓeÃ"±Ê�®X±£³¾±�ÃÁ±eº Å�� � l ­E® i ± ±eÃÁ¯I®X²X±£·XÅ���®°Ã"Å´­A²�	�ò}±e¹eÅÀÇ)­E® l ²°Å¾¯¦·X±eÃIÇ)­ l ºI®X³¾±eÃ�·X±£¹ÛÑ j ²��E±eº ±e² ¯¶·X±¼ jAl Å j »X³¾±eÃ i ­E® l
LΦ(f)

Ê�®XÅ]Ã"­E² ¯½®°¯"Å´³´Å¾Ã"¸
±eÃK·X±�º j ²XÅ´Ó l ±d¹ l ®X¹
Å j ³¾±�· j ²XÃ�³ jIiXl ±
®°¼E±0	
���	��
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(Pt)t≥0
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(QÅ *Iò
(ρ)

� � � ��� � � � � �
()Å´Å+* � 

��� � 

��� ��� 

� 	 � � 

� f ∈ A � � � 

��� t > 0 �

√

ΓPtf ≤ e−ρt
Pt

(

√

Γf
)

(QÅ´Å¾Å+* � 

��� � 

��� ��� 

� 	 � � 

� f ∈ A � � � 

��� t > 0 �

Pt(f
2 log f 2)−Pt(f

2) logPt(f
2) ≤ 2

ρ
(1− e−2ρt)PtΓ(f).

ô_å Ñ Â�i ­A¯"ÑXÓeÃÁ±I·X±z·°Å��f®XÃ"Å¾­E² i ± l ºO±�¯í·°­E²X¹z·�å ­E»�¯Ò±e²°Å l ®X²X± l ±e³ j ¯ÒÅ¾­E²N·X±z¹
­EºOºz®°¯ j ¯"Å´­E²N·X®ÃÁ±eº Å�� � l ­E® i ± j ¼A±e¹ ³ j£l"j ¹eÅ¾²X±¶·X®G¹ jAlÁl ¸¶·X®G¹ÛÑ j º i ±
¯�²°­E² i ³´®XÃ�ÃÁ±e®X³¾±eº ±e² ¯ j ¼E±
¹ ³¾±¶¹ jAlÁl ¸·X®3¹ÛÑ j º i ³´®XÅ��ªº � º ±�	�çd²[¯ l ­E®�¼E± l"j ®X²X± iXl ±
®°¼E±B·X±N¹e± l ¸eÃ"®°³¾¯ j ¯ ±
¯ ·X±eÃ ¹
­EºOº ±e² ¯ j Å l ±eÃ¹
­Eº i ³´¸eº ±e² ¯ j Å l ±eÃD· j ²XÃ�³`å j ²X²X± Ú ±�ð!	
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 � � � Å´²°¸�� j ³¾Å¾¯"¸¦·X±I¯ l ­E®Ã i ±
¹
¯ l"j ³ � � ��	 ������� � � � � � � ��� � 
 � 
 � ��� � � � � � ��
 ��� � � � 

��� � 

��� ��� 

� 	 � � 

� f ��
 � � A �

Eµ(f) = −
∫

fLf dµ.

� � � 	 ��	 � � � ��� −L
��
 � �

L
2(µ)

� � � � 

� 	 � � 	 � � � ��
 � � [0,+∞[ � � �
��� � ��� � µ

��� � � � � ��� �
� � � ��
 � � � � ��� ��� 

� � 	 ��	 ��� 
 � ��� 	 

� � � 
 ��� � λ

� �
0
� � � ��
 � � ��� 	 � 
 	 � � � ��� 	 � � � 

� � 
 	 � � ��
 � �

	 

� � � 
 ��� � � 	 
 � � � � � � � � 

� ��� ��� � � ��
 � � 
 � 	 � � � ����� � � 

��� � � � � � ��
 � � ��� � 	 � 
 	 � � � � 

� ��� � � � �
���
−L

� 

��� � � 	 � � ��� ��� � � � λ � �
� ��� 

� 
 ��� � � ��� � � � ����� � � � � 

��	 � � � ��	 � � � � 

� � � � � ��� � ���

exp(−tLf) � ���
��� 

� 	 � � 

� � � � ��� � � � 
 � � ��� � � � 	�

��� µ

��� � � � � � 


‖Ptf‖L2(µ) = ‖exp(−tLf)‖
L2(µ) ≤ e−λt‖f‖

L2(µ).

ô_å Å´²X¸
� j ³¾Å¾¯Ò¸G·X± ��Ø���Ø�Ö�ÕQ? ³¾­:� jAl Å¾¯"ÑXºOÅ¾Ê�®X±�Ç)­E® l ²XÅ¾¯�®X²X± º ±eÅ¾³´³¾±e® l ±M±
ÃÁ¯"Å´º j ¯ÒÅ¾­E²?·°± ³ j¹
­E² ¼E± l �E±e²°¹e±�¼A± l ÃO³Så ¸
Ê�®°Å´³´Å¾» l ± i ­E® l ³´±eÃ ÃÁ±eº Å�� � l ­E® i ±eÃz·X±�·°Å��f®XÃ"Å¾­E² i ®XÅ¾Ã"Ê�®æå ±e³´³¾± i ± l º ±
¯·X±�¹e­E² ¯ l./ ³¾± l ³ j ·°¸e¹ l ­EÅ´ÃÁÃ j ²°¹e±í·°±d³`å ±e² ¯ l ­ i Å¾± l ±e³ j ¯ÒÅê¼E± ikjAl}l"jAiXi ­ l ¯ 
¦³ j º ±eÃÁ® l ±�Å´² ¼ jAl Å j ² ¯Ò±Ê�®XÅ]±
ÃÁ¯½·X¸ �X²XÅ´± ikjAl
Ù ² ¯ (ν |µ) :=

∫

dν

dµ
log

dν

dµ
dµ =

∫

log
dν

dµ
dν.

ò}± l ¸eÃ"®°³¾¯ j ¯:±eÃ ¯N»XÅ´±
²*¹e­E²X²�®7º j Å´Ã�²°­E®XÃ:±e²=·X­A²X²X­E²XÃ:³ j1iXl ±e®°¼A± i ­E® l Ê�®X±�³¾±�³´±
¹
¯"±e® l
i ®°Å´Ã"ÃÁ±¦³ j ¹e­Eº ikjAl ± l�j ¼E±
¹z³ j �E¸
²X¸ l"j ³´Å¾Ã j ¯"Å´­E² j ®�¹ j · l ±�²X­E²B³´Å¾²X¸ j Å l ±íÊ�®°± iXl ¸eÃÁ±e² ¯Ò±¦³´±�¹ÛÑ j �
i Åê¯ l ± � 	�ò}­E²XÃÁÅ´·X¸ l ­E²XÃ¶³¾± iXl ­�¹
±eÃÁÃ"®XÃ¶·X±B×0Ì�Î&Í&ØF?-Ã"­E³¾®°¯ÒÅ¾­E²1·°±£³`å ¸eÊ�® j ¯"Å´­E²1·XÅ��f¸ l ±e² ¯ÒÅ¾±e³´³¾±Ã ¯Ò­�¹ÛÑ j ÃÁ¯"Å´Ê�®X±�Ã"®°Å¾¼ j ² ¯Ò± È

Xt = X0 +

∫ t

0

√
2σ(Xs) dBs + +

∫ t

0

b(Xs) ds

­
	
(Bt)t

±eÃ ¯}®X² º ­E®°¼E±
ºO±
² ¯À» l ­�[�²XÅ´±
²OÃ ¯ j ²°· jAl · Ã"® l
R

d
�
σ
( l ±
Ã i b *g±
ÃÁ¯V®X²X± jAiXi ³¾Å´¹ j ¯ÒÅ¾­E²l ¸��E®X³¾Å´Ó l ±d·X±

R
d
· j ²XÃ�³`å ±eÃ iXj ¹e±�·X±
Ã�º j ¯ l Å´¹
±eÃK·X±�¯ j Å´³´³¾± d× d

( l ±
Ã i · j ²XÃ
R

d
* 	

ï½­A¯Ò­A²XÃ
ut

³ j ·°±e²XÃÁÅ¾¯Ò¸¶·°± iXl ­A» j »XÅ¾³´Å¾¯"¸�·X±¶³ j ³¾­EÅ&·X± Xt

	�ð�³´­ l Ã�� i ­E® l ¯Ò­A®°¯Ò±zÇ)­A²X¹
¯"Å´­E² f·X±�¹
³ j ÃÁÃ"± C2
�k³ j Ç)­ l ºz®X³´±�·æå �.&�
1Ç)­E® l ²XÅ¾¯D³ j¶l ±
³ j ¯"Å´­E²
∫

f(x)ut(x) dx−
∫

f(x)u0(x) dx =

∫ t

0

∫

Lf(x) us(x) dx.
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ô j ·X±e²°Ã"Å¾¯"¸ ut

±eÃ ¯½·X­E²X¹�Ã"­A³´®°¯"Å´­E²£Ç j Å¾»X³´±í·X±�³`å ¸eÊ�® j ¯"Å´­E² j ® Ú ·X¸ l Å¾¼A¸e±eÃ ikjAl ¯ÒÅ¾±e³´³¾±eÃDÃÁ®XÅ¾¼ j ² ¯"±
∂ut

∂t
= L

∗ut,
­
	N³Så ­ i ¸ l"j ¯Ò±
® l

L
∗
±
ÃÁ¯½³`å j ·ý¿Á­EÅ¾² ¯K·X±

L
i ­A® l ³ j º ±eÃ"® l ±�·X±IÜgÕ �fÕ��ýä_Þ�ÕMÈ

L
∗f(x) =

d
∑

i,j=1

∂2

∂xi∂xj
(aij(x)f(x))−

d
∑

i=1

∂

∂xi
(bi(x)f(x)).

���	��

��������
 ��� � � 	 � � 
 � � (Pt)t
��� ����� � � � � 

��	 � ��� ���  � � � 

� ��� � � � ��� � � � ��
 � � 
 ��� �

µ � � � ��� � µ
��� � � � � ��� � � � � ��
 � � � � ��� ��Ø��fØgÖ�ÕQ? ��
 ��
 � � � � � � ��� � ��� 	 

� � � 
 ��� � c � � ��

� � �

	�

��� � 

��� ��� 

� 	 � � 

� f
� � � � 
�� � � ��� � � � � � ��� � � �

Ù ² ¯ (ut |µ) ≤ Ù ² ¯ (f |µ)e−4t/c.
� � � � ��� 	�� ç�²N¹ÛÑX± l ¹ÛÑX± 
¶·X¸
¯"± l º Å´²°± l ³`å ¸
¼A­E³´®�¯ÒÅ´­A²£¯Ò±eº i ­ l ±
³´³´±í·X±�³ j Ç)­E²X¹�¯ÒÅ¾­E²

α(t) = Ù ² ¯ (ut |µ) =

∫

log
ut

µ
dut.

çd² j j ³´­ l Ã

α′(t) =

∫

∂ut

∂t

(

log
ut

µ
+ 1

)

dx =

∫

(L∗ut)

(

log
ut

µ
+ 1

)

dx

=

∫

L

(

log
ut

µ

)

ut

µ
dµ

= −
∫

Γ

(

ut

µ
, log

ut

µ

)

dµ
(pµ:	>C *

= −
∫

Γ

(

ut

µ
,
ut

µ

)

µ

ut
dµ.

(pµ:	9�:*
Æ�­E® l ­E»°¯"±e²XÅ l ( µ:	>C * �kÅ´³fÇ j ®°¯ l ±eº jAl Ê�®°± l Ê�®X±

Eµ(Γ(f, g)) = −Eµ(f,Lg)
i ®°Å´Ã"Ê�®X± µ ±eÃÁ¯À³ j º ±eÃÁ® l ±½Å´² ¼ jAl Å j ² ¯Ò±K·X± L

(Q¹ å ±
ÃÁ¯�� 
 �ª·°Å l ±KÊ�®X±
Eµ(Lf) = 0

* 	 É å j ®°¯ l ± ikj l ¯��³ j Ç)­ l ºI®°³´±d·X±�¹ÛÑ j ² �E±eº ±e² ¯�·X±�¼ jAl Å j »X³´±
Ã i ­E® l
Γ
�kÊ�®°Å]Ãeå ¸e¹ l Å¾¯

Γ(f,Φ(g)) = Φ′(g)Γ(f, g),
Ç)­E® l ²XÅê¯ ( µ�	8�:* 	kçd²£¼A­EÅ¾¯ j Å´²XÃÁÅ�Ê�®X±�³ j ·X¸ l Å¾¼E¸
±�·X± α ±
ÃÁ¯�²X¸
� j ¯"Å¾¼E±0	k¬�­A²:­ iXi ­EÃ"¸�ÃÁ± lÒj¶j iXi ±
³´¸����� � � 	 
 � � 

� � � � ��� � 
 	 ��� º � º ±�Ã"Å"�a· j ²XÃ�³¾±¦¹
­E² ¯Ò± Ú ¯"± �E¸
²X¸ l"j ³&·X±z³ j iXjAl ¯"Å´± � �a³ j Ç)­E²X¹�¯ÒÅ¾­E² �²X±
³´³¾±d·X­E² ¯½­E²B¸
¯Ò®°·XÅ´±�³ j ·X¸e¹ l ­EÅ¾Ã"Ã j ²X¹e±�²æå ±eÃÁ¯ i ³¾®XÃD¯Ò­E®�¯4
 Ç j Åê¯K®X²X±�±
²�¯ l ­ i Å´±�	

� ¹ l Å¾¼A­E²XÃ 
 iXl ¸eÃ"±
² ¯�³Så ±
²�¯ l ­ i Å´± l ±e³ j ¯ÒÅ¾¼A± α(t)
±
²[Ç)­E²°¹
¯ÒÅ¾­E² ·X±N³Så ±
²�¯ l ­ i Å´±£Å¾²�¯"± l ¼E±e² j ² ¯· j ²XÃ�³`å Å´²X¸
� j ³´Åê¯Ò¸½·X± ��Ø��fØgÖ�ÕQ?3³´­�� jAl Åê¯ÒÑXº Å´Ê�®X±�È

Ù ²�¯ (ut |µ) = Ù ² ¯
µ

(

ut

µ

)

.

É å jAiXl ÓeÃ�³`å Å´²°¸�� j ³¾Å¾¯"¸í·X± ��Ø��fØgÖ�Õ�?J³¾­:� jAl Å¾¯"ÑXºOÅ¾Ê�®X±���­E² j

α(t) ≤ c

∫

Γ

(√

ut

µ
,

√

ut

µ

)

dµ =
c

4

∫

Γ

(

ut

µ
,
ut

µ

)

µ

ut
dµ.
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çd²N­E»°¯"Å´±e² ¯ j Å¾²XÃ"Å]Ê�®X± α ¼A¸ l Å �k±�³`å Å´²X¸
Ê�® j ¯ÒÅ¾­E²:·XÅ���¸ l ±e² ¯"Å´±e³¾³´±dÃÁ®XÅ¾¼ j ² ¯"± È

α(t) ≤ − c
4
α′(t),

¹
±�Ê�®XÅ j ¹ÛÑXÓ
¼A±z³ jIi°l ±e®�¼E±�·X®B¯"ÑX¸e­ l Óeº ±�	
� � ��� �
	�� ��
 ��� ��� 	�� � � � 
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� � ��� 
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 � 	 � � � α′′(t) � 

� 	 � ��� � � 
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� α′′(t) ≥ ρ α′(t)

� � � ��� � 	 

� � � ��� � � 	 � � � 	 � � � � � � ��� 	 

��� "���� � C(ρ) �
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 	 � � � ����� �
�����F� EF� &}ü�� �
ø�ùýû��eö°ú(û)ø(� � � ô_å ®°²X±í·X±
Ã iXl ­ iXl Å¾¸
¯"¸eÃ}³¾±eÃ i ³´®XÃÀÅ´º i ­ l ¯ j ²�¯"±eÃc·X±
ÃDÅ´²X¸
� j ³¾Å¾¯Ò¸
Ã·X± �DØgâhã��æÌ�Î&à�±
¯ ��Ø��fØgÖ�ÕQ?M³´­:� jAl Åê¯ÒÑXº Å´Ê�®X±
Ã l ¸
Ã"Å´·°±í· j ²°Ã}³´±KÇ j Åê¯VÊ�®�å ±
³´³´±
ÃÀÃÁ±í¹
­Eº i ­ l ¯Ò±e² ¯
ikj l Ç j Åê¯Ò±eº ±e² ¯ iXjAl�ikj Ã"Ã j �E± j ® iXl ­�·X®XÅê¯�	&ò}­A²XÃ"Å¾·X¸ l ­E²XÃ�·X±e® Ú º ±eÃÁ® l ±
Ã¦·°± i°l ­E» j »XÅ´³¾Å¾¯Ò¸ µa±�¯
µb

Ã"® l ·X±
Ãz±eÃ ikj ¹
±eÃIº ±eÃÁ® l ¸
Ã (Fa,Fa)
±�¯

(Fb,Fb)
l ±eÃ i ±e¹�¯ÒÅê¼E±eº ±e² ¯zÅ´² ¼ jAl Å j ² ¯Ò±eÃ i ­E® l³¾±eÃ �E¸
²X¸ l"j ¯Ò±
® l Ã

La

±
¯
Lb

	Xîª³]±eÃ ¯ j ³´­ l Ã i ­AÃ"Ã"Å¾»X³´±í·X±�·X¸ �k²°Å l ³`å ­ i ¸ l"j ¯Ò±
® l
L = La + Lb

Ã"® l®X²°±í¹e³ j Ã"ÃÁ±í·X±½Ç)­E²X¹�¯ÒÅ´­A²XÃc·X±
Fa×Fb

· j ²XÃ
R
±e²�Ç j Å¾Ã j ² ¯ j �EÅ l

La

Ã"® l ³ j�iXl ±
ºOÅ¾Ó l ±½¼ jAl Å j »X³¾±±�¯
Lb

Ã"® l ³ j ·°±e® Ú Å´Ó
ºO±0	aô j º ±eÃÁ® l ± iXl ­�·°®XÅ¾¯ µa ⊗ µb

±eÃ ¯ j ³¾­ l Ã}Å´² ¼ jAl Å j ² ¯Ò± i ­E® l
L
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µa

� � µb

��� � � � � ��� ��� � � � � ��
 � � � � � ��� �DØgâhã �æÌ�Î&à � � � � 	 ���
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� � � 
 ��� � � ca

� � cb

 ��

� � � 
 � � � ��� � µa ⊗ µb

��� � � � � ��� �
� � � ��
 � � � � ��� �DØgâhã��æÌ�Î�à � � � � 	 ��� ��Ø��fØgÖ�Õ�? ��
 ��
 � � � � � � ��� � � ��� 	 

� � � 
 ��� � º j(Ú (ca, cb) �
ò}±�¯"¯"± iXl ­ iXl Å´¸
¯"¸_±eÃ ¯�¯ l Ó
Ã�®�¯ÒÅ´³¾Å´ÃÁ¸e±g±
²¦º ¸e¹ j ²XÅ´Ê�®X±cÃ ¯ j ¯"Å´ÃÁ¯"Å´Ê�®X±4(h¼E­EÅ l]ikjAl ± Ú ±
º i ³¾± � ¬��F=O7 	 *,	çd² i ­A® l"l"j ±
²B¯ l ­E®�¼E± l ®X²X± iXl ±e®°¼A±¦±�¯½·æå j ®°¯ l ±eÃ�®°¯ÒÅ¾³´Å¾Ã j ¯"Å´­E²XÃÀ· j ²XÃ � ð 6Kò +

�B� 	1	
�����F� � � �¦ø � �Eü��fú�ù(ö°ú(û)ø(�Gþ�ü �)ö �1ü�� �&ù(ü � � Æ jAl ºOÅ�³´±eÃ�²X­EºI» l ±e®°Ã"±eÃc¹
­E²XÃ"¸
Ê�®X±e²X¹
±eÃV·X±eÃ·X±
ÃÀÅ¾²X¸�� j ³´Åê¯Ò¸eÃ�·X± �KØ�âhã �æÌ�Î&àO±
¯V·X± ��Ø��fØgÖ�ÕQ?G³´­�� jAl Åê¯ÒÑXº Å´Ê�®X±
Ã��ý³`å ®X²X±�·X±
Ã i ³¾®XÃc®°¯ÒÅ¾³´±
Ã_±eÃÁ¯Ê�®æå ±e³¾³´±eÃcÇ)­E® l ²XÅ´ÃÁÃ"±
²�¯}·X±eÃ}Å´²X¸
� j ³´Åê¯Ò¸
Ã_·X±d¹e­A²X¹e±
²�¯ lÒj ¯"Å´­E²O·X±í³ j Ç)­ l º ±�ÃÁ®XÅ¾¼ j ² ¯Ò±¦È i ­E® l ¯Ò­A®°¯Ò±Ç)­E²°¹
¯ÒÅ¾­E²

f
¯Ò±
³´³´±

Γ(f) ≤ 1
�

P(|f(X)− Eµ(f)| ≥ r) ≤ 2 exp (−h(r))
i ­E® l ¯"­E®°¯ r ≥ 0
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Æ�­E® l ®X²X±B·X±eÃÁ¹ l Å i ¯ÒÅ¾­E² ·°¸
¯ j Å´³´³¾¸e±:·X±
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∣
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6}± l ³´Å¾²���µ�=B�O5 � i 	]µ��M� � 7B�BC�	
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∑

j=1

δ(xi − xj)(vi − vj)|vi − vj|, i ­E® l i = 1, . . . , N.
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∑

i=1

vi∂xi

)

µ
(N)
t (x1, v1, . . . , xN , vN)
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³ j ¯"Å´­E² iXjAlclÒjAiXi ­ l ¯ 
�¯"­E®°¯"±eÃV³´±eÃg¼ jAl Å j »°³´±eÃ
�± Ú ¹
± i ¯"¸e±
Ã x1

±
¯
v1

	XÆ�­E® l ¹
±e³ j ²X­A®XÃ�²X­A¯Ò± l ­E²°Ã

f
(N)
j (t, x1v1, . . . , xj, vj) =

∫

dxj+1 dvj+1 . . . dxN dvN µ
(N)
t (x1, x1, . . . , xN , vN)

³ j ·X±e²XÃÁÅ¾¯"¸�·°± i°l ­E» j »XÅ´³¾Å¾¯Ò¸�·X± j ikjAl ¯ÒÅ¾¹e®X³¾±eÃ j ®:¯Ò±
º i Ã t 	Xîª³æ¼�Å´±e² ¯ j ³¾­ l Ã

(∂t + v1∂x1)f
(N)
1 (t, x1, v1) =

−ε(N − 1)∂v1

∫

dv2 φ(v2 − v1)f
(N)
2 (t, x1, v1, x1, v2).

ð�®�¼�®�·°±¶¹e±
¯Á¯Ò± l ±e³ j ¯ÒÅ¾­E²��aÅ´³�±eÃ ¯�¹e³ j Å l Ê�®°±¶³ j »�­E²X²X±¦Ç j � ­E²�·°± ikj ÃÁÃ"± l 
£³ j ³¾Å´º Å¾¯Ò±�±
ÃÁ¯�·X±
i ­EÃ"± l ε ¸�� j ³ 
 λ/N i ­E® l ®X²0¹e­�± � ¹eÅ¾±e² ¯ λ Ã ¯ l Å´¹
¯"±eº ±e² ¯ i ­EÃÁÅ¾¯"Å¾Ç 	&¬�® iXi ­AÃ"­E²XÃ 
 i°l ¸eÃÁ±e² ¯
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Ê�®X±¦³´±eÃ½·X±
²XÃ"Åê¯Ò¸eÃ
f

(N)
j

j Å´±e² ¯�·X±eÃ�³´Å¾ºOÅê¯Ò±eÃ � Ê�®X±z²X­A®XÃí²X­ ¯Ò± l ­E²XÃ fj
� Ê�® j ²°· N ¯"±e²X·�¼E± l Ã³Så Å¾²
�k²XÅ1	�îª³æ¼�Å´±
² ¯¦È

(∂t + v1∂x1)f1(t, x1, v1) = −λ∂v1

∫

dv2 φ(v2 − v1)f2(t, x1, v1, x1, v2).

¬�® iXi ­AÃ"­E²XÃ�±
²
�k²MÊ�®°± ÃÁÅg³´±
Ã�³´­EÅ¾Ãí·X±
Ã ikjAl ¯"Å´¹
®X³´±
Ã�Ã"­E² ¯�Å´²°·X¸ i ±e²X· j ² ¯Ò±eÃ�±
¯�Å¾·X±e² ¯"Å´Ê�®X±eº ±e² ¯·XÅ¾ÃÁ¯ l Å´»°®X¸e±
Ã j ®�¯"±eº i ÃdÅ¾²XÅ¾¯"Å j ³1� j ³´­ l Ã½±e³´³¾±eÃ½Ã"­E² ¯�·°±e® Ú 
�·X±e® Ú Å¾²X·X¸ i ±e²°· j ² ¯Ò±
Ã�±
¯�¸
Ê�®°Å´·XÅ¾Ã �¯ l Å´»°®X¸e±
Ã j ®£¯Ò±
º i Ã t 	kòíå ±eÃ ¯�³¾± i Ñ°¸e²X­Eº Óe²°±�·X± iXl ­ ikj � j ¯ÒÅ´­A²�·X®N¹ÛÑ j ­AÃ�	kô j ·X±
²XÃ"Åê¯Ò¸ f1

±eÃÁ¯
j ³¾­ l Ã}Ã"­E³¾®°¯ÒÅ¾­E²:·X±

(∂t + v1∂x1)f1(t, x1, v1) = −λ∂v1

∫

dv2 φ(v2 − v1)f1(t, x1, v1)f1(t, x1, v2)

= λ∂v1 [f1(t, x1, v1)φ ∗v f1(t, x1, v1)].ï½­E®XÃ j ¼E­E²XÃ j Å¾²XÃ"Å]­A»°¯Ò±
²�®B®X²X±�¸
Ê�® j ¯ÒÅ¾­E²N·X±eÃ½ºOÅ¾³´Å¾±e® Ú � l"j ²�®X³ j Å l ±
Ã�	¬�Å ³`å ­E²�¹e­E²°Ã"Å´·°Ó l ± 
 iXl ¸eÃ"±
² ¯�·X±
Ã iXjAl ¯"Å´¹e®°³´±eÃ i ³´­E²��E¸e±
Ã�· j ²XÃ&®X²�» j Å´²d¯"ÑX± l ºOÅ¾Ê�®X±���¹ÛÑ j ¹e®X²°±ÃÁ®X»XÅ¾¯V®X²°±�± Ú ¹
Å¾¯ j ¯ÒÅ¾­E²��E¯ l"j ·X®XÅê¯Ò± ikjAl ³Så j ¿Á­A®°¯V·æå ®°²�º ­E®°¼E±
ºO±
² ¯}» l ­�[�²XÅ´±
²���±
¯À®X²X±�Ç)­ l ¹e±�·X±Ç l ­A¯"¯"±eº ±e² ¯�� i°l ­ i ­ l ¯"Å´­E²°²X±e³¾³´± 
¶Ã j ¼�Å¾¯"±eÃÁÃ"±�	�ô_å ¸eÊ�® j ¯"Å´­E²N·X±�¼�Å¾±e² ¯

(∂t + v∂x)f =
·XÅê¼

v[σ∇vf + f(ρv + φ ∗v f)].

Ù ²
�X²:²X­E®XÃD²�å ¸�¯Ò®X·XÅ¾± l ­E²XÃDÊ�®X±�³¾± iXl ­E»X³¾Óeº ±���»f± j ®X¹e­A® i:i ³´®°Ã}Ã"Å¾º i ³´±���·X±�³`å ¸eÊ�® j ¯"Å´­E²�ÑX­0�º ­:�EÓ
²X±��&¹Aå ±eÃ ¯�� 
 �ª·XÅ l ±OÊ�®°±�²X­E®°ÃI­E®X»X³¾Å´± l ­E²XÃ�³ j ·X¸ i ±
²X· j ²X¹
±:±e² ³ j ¼ jAl Å j »X³¾± ·æå ±
Ã ikj ¹e± x 	ï½­E®XÃ i ­E® lÁl ­E²XÃ�¯Ò­E®�¯Ò±
Ç)­AÅ´Ãz¹
­E²XÃÁÅ´·X¸ l ± l ·X±eÃ i ­A¯"±e² ¯ÒÅ¾±e³´Ã¦±
¯z·X±eÃ¶Å¾²�¯"± l"j ¹
¯"Å´­E²XÃ�º ­EÅ´²XÃ�Ã i ¸e¹
Å��
�kÊ�®X±
Ã�Ê�®X±�¹
±e® ÚBiXl ¸eÃÁ±e² ¯Ò¸
Ãí¹eÅ��ª·X±
Ã"ÃÁ®XÃ�	�ô_å ¸
Ê�® j ¯ÒÅ¾­E² �E¸e²°¸ l Å¾Ê�®X±�Ã"± l"j ·°±�³ j Ç)­ l º ±IÈ

∂tf =
·XÅê¼

v[σ∇f + f(V +∇W ∗ f)].
ï½­E®XÃ j ® l Å¾­E²XÃ i ®:¹e­E²°Ã"Å´·°¸ l ± l ®X² j ®°¯ l ± ikj ÃÁÃ j �A± 
z³ j ³´Å¾ºOÅê¯Ò±�	 ¬�® iXi ­EÃ"­A²XÃDÊ�®X±�³´±
Ã ikj l ¯ÒÅ��¹
®X³´±
Ã}Ê�®XÅ�±
² ¯ l ±
² ¯K±e²:¹
­E³´³¾Å´Ã"Å¾­E² ²æå Å´² ¯Ò± lÒj �EÅ¾Ã"ÃÁ±e² ¯DÊ�®æå j ¼E±e¹�®X²°± iXl ­E» j »XÅ¾³´Åê¯Ò¸ α ±�¯D¹e­A²�¯"Å´²�®X±
²�¯³¾±e® l ÃÀº ­E®°¼A±eº ±e² ¯ÒÃV³´Å¾» l ±
Ã j ¼A±e¹ i°l ­E» j »XÅ´³¾Å¾¯Ò¸ 1−α 	�ô]±eÃ}¹ÛÑ°­�¹
Ã}Ã"­A²�¯Àº ­EÅ´²XÃ_Ç l ¸eÊ�®X±e² ¯"Ã}º j Å´Ãl ±eÃÁ¯"±e² ¯�·æå Å´² ¯Ò±
²XÃ"Åê¯Ò¸zÇ)­ l ¯Ò±0	 � ³ j ³¾Å´º Å¾¯"±��aÊ�® j ²X· N → ∞ j ¼A±e¹ Nα = λ

�f­E²G­E»°¯"Å´±e² ¯ iXjAl®X² lÒj Å´Ã"­A²X²X±eº ±e² ¯�ÃÁÅ´º Å´³ j Å l ±4
 ¹e±
³´®XÅ i°l ¸eÃÁ±e² ¯Ò¸¦¹eÅ��ª·X±
Ã"Ã"®°Ã½®°²X±¦¸
Ê�® j ¯ÒÅ¾­E²N·X±IË�ØgÖ�&�� ;dÌ�ã�ã 	

EF� EF� õcü�� ö#�]ú�ù(ü�� 	�� �&ö°ú(û)ø(� � 	 ú ��þ�û 	�ü��
EF� EF� ��� õVü�� 	�� �&ö°ú(û)ø(� ��þ�ü ��"���24$' +���1�$ �O�@3 � � ô]±
Ãg¸eÊ�® j ¯"Å´­E²°Ãg·X±eÃ�ºOÅ¾³´Å´±
® Ú � l"j �²�®X³ j Å l ±eÃ i ±e®°¼A±e² ¯ � ¯ l ±_¼�®°±eÃ�¹e­Eº ºO±�®X²�¹ j Ã ikjAl ¯ÒÅ¾¹e®X³¾Å´± l ·X±eÃ&¸
Ê�® j ¯ÒÅ¾­E²XÃ&·XÅ¾¯"±eÃ]·X±D× ��
IÕkÌ�ã �
óIÖ�Ì �(Ø@? 	�ò}±eÃ¦¸eÊ�® j ¯"Å´­E²XÃ i ±e®°¼A±e² ¯ Ã"± l ¼�Å l 
�º ­�·°¸e³´Å¾Ã"± l ®X² � j �5
:Ç)­ l ¯"±O·X±
²XÃ"Åê¯Ò¸O·X± ikj l �¯"Å´¹e®°³´±eÃ¦¹e­Eº º ±�³`å ¸eÊ�® j ¯ÒÅ´­A² ·X±�Ë�Ø�Ö�&�� ;dÌ�ã�ã l ±e²°·J¹e­Eº i ¯Ò±�·X®J¹e­Eº i ­ l ¯"±eº ±e² ¯I·X±
Ã-� j �
l"jAl ¸ �k¸eÃ ()¼A­EÅ l � ¬ �e²�=�µ)	&±
¯ � Ä ¸e³ =BC 	 *,	�ò}±eÃ�·X±e® Ú ¸eÊ�® j ¯"Å´­E²XÃ i ±e®°¼A±e² ¯ � ¯ l ±�­E»°¯"±e²�®X±
Ã ikjAl ®X²ÃÁ¹ÛÑX¸eº j�j ² j ³¾­:�E®X± 
í¹
±e³´®°Å�·X±
Ã_¸eÊ�® j ¯"Å´­E²°Ã�·X±
Ã_ºOÅ¾³´Å´±
® Ú � lÒj ²�®X³ j Å l ±eÃ�	 ô j ·XÅ���¸ l ±e²°¹e±D±
²�¯ l ±D³¾±eÃ·X±
® Ú ºO­�·XÓ
³´±eÃ l ¸eÃÁÅ´·X±�· j ²XÃ�³´±�Ç j Åê¯�·X± i°l Å¾¼�Å¾³´¸��AÅ´± l ³ j Ç l ¸eÊ�®X±
²X¹e±¦·X±eÃ�¹ÛÑX­�¹eÃí­A®�³¾±e® l Å´² ¯"±e² �ÃÁÅ¾¯Ò¸0	 É j ²XÃV³´± i°l ±eº Å´± l ¹ j Ã
��³´±eÃc¹
­E³´³¾Å´Ã"Å¾­E²XÃ�Ã"­E² ¯ÀÃ"ÅXÇ l ¸
Ê�®X±e² ¯Ò±
ÃDÊ�®æå 
�³ j ³¾Å´º Å¾¯"±��ý³´±eÃ_¯"± l º ±eÃc·X±¹
­E³´³¾Å´Ã"Å¾­E²:Ã"­A²�¯ l ±
º i ³ j ¹e¸
Ã iXjAl ·X±
Ã�¯"± l º ±eÃ�·æå Å´² ¯Ò± lÒj ¹�¯ÒÅ´­A²�·X±�¯ Â�i ±I¹ÛÑ j º i ºO­ Â ±e²�¯ lÒj ·X®°Å��Ã j ² ¯�³`å j ¯"¯ lÒj ¹�¯ÒÅ´­A²�­E®�³ j£l ¸ i ®°³´Ã"Å¾­E²�·X±
Ã iXjAl ¯"Å´¹e®°³´±eÃ
	�ð�®M¹
­E² ¯ l"j Å l ±�� i ­E® l ³¾±eÃ � j � lÒjAl ¸ �k¸
Ã��³¾±¦Ç j Å¾»X³´±¦²X­EºI» l ±I·X±¶¹
­E³´³¾Å´Ã"Å¾­E²XÃ�·X­E²°²X±��)
£³ j ³´Å¾ºOÅê¯Ò±0�k®X²�¯Ò± l ºO±z·X±z¯ l"j ²XÃ i ­ l ¯�³´Å¾» l ±¦±
¯�®X²²X­ ÂEj ®�·X±¦¹e­E³¾³´Å¾Ã"Å´­A²�	 É j ²XÃ�¹
±¦¯ lÒj ¼ j Å´³1�X²X­E®XÃ½²X±�²X­E®XÃ�Å´² ¯Ò¸ l ±
Ã"Ã"± l ­E²°ÃíÊ�®æå j ® Ú ¸eÊ�® j ¯"Å´­E²°Ã�·X±¯ Â�i ±�¹ÛÑ j º i º ­ Â ±e²�	
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ò}­A²XÃ"Å¾·X¸ l ­E²XÃ½³`å ¸eÊ�® j ¯"Å´­E² j ® Ú ·X¸ l Å¾¼A¸e±eÃ ikjAl ¯ÒÅ¾±e³´³¾±eÃD²°­E²N³´Å´²°¸ j Å l ±dÃÁ®XÅ¾¼ j ² ¯Ò±�ÃÁ® l
R

d
È

( 7 	¾µ * ∂u

∂t
=

d
∑

i,j=1

∂2

∂xi∂xj
(aij[x, u]u)−

d
∑

i=1

∂

∂xi
(bi[x, u]u),

­
	
u(t, ·) ±
ÃÁ¯½®X²X±�·X±
²XÃ"Åê¯Ò¸�·X± iXl ­A» j »XÅ¾³´Å¾¯"¸íÃÁ® l R

d
±�¯

b[x, ν] =

∫

b(x, y) ν(dy) j ¼A±e¹ b(x, y) ¼E±
¹
¯"±e® l ·X± R
r,

a[x, ν] = σ[x, ν]∗σ[x, ν],

σ[x, ν] =

∫

σ(x, y) ν(dy) j ¼E±
¹ σ(x, y)
º j ¯ l Å¾¹e±d·°±�¯ j Å´³¾³´± r × r,

i ­E® l ¯Ò­E®°¯"±�ºO±
Ã"® l ±�·X± iXl ­E» j »°Å´³´Åê¯Ò¸ ν 	 Ù ³¾³´±
Ã�Ã"­A²�¯N¹
­E²X²�®X±
ÃBÃÁ­E®XÃ:³¾±�²X­Eº ·æå ¸eÊ�® j ¯"Å´­E²XÃ·X±¶× ��
IÕkÌ�ã �ªóIÖ�Ì �(Ø@?[±
¯ l ±
� l ­A® i ±
² ¯dÊ�® j ² ¯ÒÅê¯Ò¸�·æå ¸eÊ�® j ¯"Å´­E²XÃ½¹e¸
³´Ó
» l ±
Ãd¹e­Eº º ±�¹
±e³¾³´±eÃ�·X±Ë�Þ�Î�ä_ÕaÎ �_­E®�·X± ��ÌO?�âhÕ�Î � � &&ØgÍgÕ��4(Q±e²�·XÅ¾ºO±
²XÃ"Å¾­E²�·X±
® Ú *]ÃÁÅ ³`å ­E² j ®°¯"­ l Å¾Ã"±g·°±eÃ&¹e­�± � ¹eÅ¾±e² ¯ÒÃÅ l"l ¸
�E®X³¾Å´± l Ã�	Æ�­E® l ¸�¯Ò®X·XÅ¾± l ¹
±
¯Á¯Ò±:¸eÊ�® j ¯ÒÅ´­A²���³¾± iXl ­A» j »XÅ¾³´Å´Ã ¯Ò± ³´®XÅ j Ã"ÃÁ­�¹
Å´±£®°² iXl ­�¹e±
Ã"Ã"®°Ã ·°­E² ¯ ³ j ³¾­EÅ±
ÃÁ¯dÃÁ­E³´®�¯ÒÅ´­A²�� 
 	 � � 

� � j ®�Ã"±
²XÃíÇ j Å¾»X³´±0�k·X±z³Så ¸
Ê�® j ¯ÒÅ¾­E²�	fçd²�±eÃ ¯ j Å¾²XÃ"Å j º ±e²X¸!
O¹
­E²XÃÁÅ´·X¸ l ± l³Så ¸
Ê�® j ¯ÒÅ¾­E²:·XÅ��f¸ l ±e² ¯ÒÅ¾±e³¾³´±dÃ ¯Ò­�¹ÛÑ j ÃÁ¯"Å´Ê�®X±�Ã"®°Å¾¼ j ² ¯Ò± È

( 7 	87�*






Xt = X0 +

∫ t

0

σ[Xs, us] dBs +

∫ t

0

b[Xs, us] ds

L(Xt) = ut(dx).ï½­E®XÃ ikjAl ³´± l ­E²XÃ i ­E® l ( 7 	87�*�±
¯ i ­E® l (Xt)t≥0

·æå ¸
Ê�® j ¯ÒÅ¾­E² ·XÅ��f¸ l ±e² ¯ÒÅ¾±e³´³¾±}Ã ¯Ò­�¹ÛÑ j ÃÁ¯"Å´Ê�®X±½±
¯·X± iXl ­�¹e±
Ã"Ã"®°Ã¦²X­A²�³´Å´²°¸ j Å l ±eÃ
	æò}±
¹eÅg²°±IÇ j Å¾¯ ikj Ã l ¸�Ç)¸ l ±e²X¹
± j ®�Ç j Å¾¯íÊ�®°±¶³´±eÃí¹e­�± � ¹eÅ¾±e² ¯ÒÃ�·X±
( 7 	87�*í²X±OÃÁ­E² ¯ iXj Ã�³´Å´²°¸ j Å l ±eÃíº j Å¾Ã lÒjAi°i ±
³´³´±¶Ê�®X± � 
 ��
 � � � 	 � 
 	 � � � � � (X t)t≥0

� ��� � � ����� ���
��
 � �
	 � ��	 
 �	� 	 ��� ��� � 	ô_å ¸
¯ jAi ±�ÃÁ®XÅ¾¼ j ² ¯Ò±K¹
­E²XÃÁÅ´ÃÁ¯"±4
 j Ã"Ã"­�¹eÅ¾± lcj ® iXl ­�¹
±eÃÁÃ"®XÃ (X t)t≥0

®°² Ã Â ÃÁ¯ÒÓ
ºO±½·X± ikjAl ¯ÒÅ¾¹e®X³¾±eÃ±
²BÅ¾² ¯Ò± l"j ¹
¯"Å´­E² 	XÆ�­A® l ¹e±
³ j ��Å´³�ÃÁ®�� ¯½·X±�¹e­E²°Ã"Å´·°¸ l ± l ·X±eÃ ikj l ¯ÒÅ¾¹e®X³¾±eÃD·°Å l Å��E¸e±
Ã ikjAl ·°±eÃKº ­E® �¼A±eº ±e² ¯ÒÃ½» l ­�[�²XÅ¾±e²XÃ�Å¾²X·X¸ i ±e²°· j ² ¯ÒÃ½º j Å´ÃD±
²�Å¾²�¯"± l"j ¹
¯"Å´­E² ikj l ³¾±e® l º ±eÃÁ® l ±�±
º i Å l Å¾Ê�®°±IÈ

( 7 	9�:*










dX i,N
t =

1

N

N
∑

j=1

σ
(

X i,N
t , Xj,N

t

)

dBi
t +

1

N

N
∑

j=1

b
(

X i,N
t , Xj,N

t

)

dt

X i,N
0 = X i

0
i ­E® l i = 1, . . . , N.ò}±�Ã Â ÃÁ¯"Óeº ±���»XÅ´±
²�Ê�®X±�¼E­E®°¸�
 � ¯ l ±z·X± � l"j ²X·X±�¯ j Å¾³´³¾±�� j iXikjAl"j�� ¯ i ³¾®XÃKÇ j ¹eÅ¾³´± 
 ¸
¯Ò®°·XÅ´± l �a±
¯

i ³¾®XÃD¯ j l · 
 ÃÁÅ´ºI®°³´± l �°·X®NÇ j Åê¯K·X±�Ã j �í³´Å¾²X¸ jAl Å¾¯"¸�� 	ô j Ê�®X±eÃ ¯ÒÅ¾­E²G±eÃÁ¯ j ³¾­ l Ãí·X±¶Ã j ¼E­AÅ l Ã"­A®XÃ�Ê�®°±e³´³¾±eÃ�Ñ Â�i ­ ¯ÒÑXÓ
Ã"±eÃ
�&³´±IÃ Â Ã ¯ÒÓ
ºO± ·X± ikjAl ¯ÒÅ¾¹e®X³¾±eÃ
( 7 	9�:*}¹e­E²XÃ ¯ÒÅê¯Ò®X±�®X²X± �í»�­E²X²X± jAi°iXl ­ Ú Å´º j ¯ÒÅ¾­E² ��·X® i°l ­�¹e±eÃÁÃ"®XÃ�²X­E²B³´Å¾²X¸ j Å l ± j Ã"ÃÁ­�¹
Å´¸5( iXl ­0�
ikj � j ¯ÒÅ¾­E²B·X®�¹ÛÑ j ­EÃ *½±�¯�¹e±¦Ê�®�å Å¾³ i ± l ºO±�¯d·X±I·°Å l ±�Ã"® l ³`å ¸eÊ�® j ¯"Å´­E² j ® Ú ·X¸ l Å¾¼A¸e±
Ã ikjAl ¯"Å´±
³´³´±
Ã
( 7 	¾µ * (Q¹e­A²�¼A± l �E±e²X¹
±�
¶³`å ¸eÊ�®XÅ¾³´Å¾» l ±0��ÃÁÅ´ºI®X³ j ¯ÒÅ¾­E² . . . * 	
EF� EF� EF� õVü H�ù(øa÷�� ���1ü0þ�üS,���2 � �<$' ù"	 
(�$�QöXùýû�� 	 � � ç�² i ±e®�¯ j ®XÃ"ÃÁÅgÃeå Å´² ¯Ò¸ l ±
Ã"Ã"± l 
³Så ¸
Ê�® j ¯ÒÅ¾­E² j ® Ú ·°¸ l Åê¼E¸
±eÃ ikjAl ¯"Å´±
³´³´±
ÃDÃ"®°Å¾¼ j ² ¯Ò± È

∂u

∂t
=

d
∑

i,j=1

∂2

∂xi∂xj

[aij(x, κ ∗ u)u]−
d
∑

i=1

∂

∂xi

[bi(x, κ ∗ u)u].
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¬�­A²¦¸�¯Ò®X·X±À±eÃ ¯�¯ l ÓeÃ�Ã"Å¾ºOÅ¾³ j Å l ±�
½¹
±e³¾³´±c·X±V³`å ¸eÊ�® j ¯"Å´­E²�·X±K× ��
IÕaÌ�ã �ªó¶Ö�Ì �ýØF? 	ýçd²¦³¾®XÅ j Ã"ÃÁ­�¹
Å´±³¾±�Ã Â ÃÁ¯"Óeº ±�·°± iXjAl ¯"Å´¹e®°³´±eÃ�È
{

dX i,N
t =

√
2σ(X i,N

s , κ ∗ ΠN

s (X i,N
s )) dBi

s + b(X i,N
s , κ ∗ ΠN

s (X i,N
s )) ds

X i,N
0 = X i

0
i ­E® l i = 1, . . . , N­
	

a � σσ∗
±
¯

ΠN

t

±
ÃÁ¯�³ j º ±eÃÁ® l ±�±eº i Å l Å´Ê�®X±í·X®�Ã Â ÃÁ¯ÒÓ
ºO± j ®N¯Ò±
º i Ã t È

ΠN

t =
1

N

n
∑

k=1

δXk,N
t
.

ò}±�¯"¯Ò±¶¸
Ê�® j ¯ÒÅ¾­E² i ±e®°¯ � ¯ l ±I¼�®°± ¹
­Eº ºO±¦®X²X± l ¸
�E®X³ jAl Å¾Ã j ¯"Å´­E²B·X® iXl ­A»X³´Ó
ºO±¦·X± � &&Õaá���Ì�ã
(h¼E­EÅ l � ��ÑX± =O5 	 *,	
EF� EF� � � õ X 	�� �&ö°ú(û)ø(�¤þ&ü��D$Q3<� 2F&%+-, �%� �'2 �?ü���þ�ûb�1ü��$��ûQø(�¨þ&ü�� � � � ô j ¼�Åê¯Ò±
Ã"Ã"±
v(t, x)

·æå ®X² 3k®XÅ¾·X±í¼�Å´ÃÁÊ�®X±e® Ú ±
¯KÅ¾²X¹e­Aº iXl ±eÃÁÃ"Å´»°³´±í· j ²XÃD³¾± i ³ j ²£±eÃ ¯ �E­E®°¼A± l ²X¸e± ikjAl ³`å ¸eÊ�® j �¯"Å´­E²:·X± ��Ì ?�âhÕaÎ ��� &&ØgÍ�Õ �
{

∂v

∂t
(t, x) + (v · ∇)v(t, x) = ν∆v(t, x)−∇p·XÅ¾¼
v(t, x) = 0 ; v(t, x) → 0

Ê�® j ²X· |x| → ∞­
	
p
±eÃ ¯½³ jIiXl ±eÃ"ÃÁÅ´­E²B±
¯ ν > 0

±eÃ ¯½³ j ¼�Å´Ã"¹
­EÃ"Åê¯Ò¸ ()Ã"® iXi ­EÃÁ¸e±�¹e­E²XÃ ¯ j ² ¯"± *,	îª³�±eÃ ¯ i ­EÃ"ÃÁÅ´»X³¾±¦·X±¦·X­E²X²°± l ®°² iXl ­A»X³´Ó
ºO±�¸eÊ�®XÅê¼ j ³´±e² ¯í±e²�¹
­E²XÃ"Å¾·X¸ l"j ² ¯d³Så ¸
Ê�® j ¯ÒÅ¾­E²�Ã j ¯ÒÅ¾Ã �Ç j Åê¯Ò± iXjAl ³ j ¼E­ l ¯ÒÅ¾¹eÅê¯Ò¸ w ( ikjAl Ç)­AÅ´ÃK²X­A¯"¸e±�¹e® l ³ v *}·°± v Ê�®X±�³`å ­E²N·X¸ �k²°Å¾¯ j Å´²°Ã"ÅgÈ
w(x) = ∂2v1 − ∂1v2.

Ù ²B±
�f±
¯�� w ±
ÃÁ¯½Ã"­A³´®°¯"Å´­E²:·X±










∂w

∂t
(t, x) + (v · ∇)w(t, x) = ν∆w(t, x)

v(t, x) =

∫

K(x− y)w(t, y) dy

­
	
K
±eÃÁ¯½³¾±�²X­ Â j ®B·X±IË�âhØ &M±
¯ �aÌO?�Ì�Î &�·X¸ �k²°Å ikjAl

K(x) =
1

2π

1

x2
1 + x2

2

(−x2, x1).
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��� ����� � 	�

��� v �
Æ�­E® l ¹
­E² ¯Ò­E® l ²X± l ³´± i°l ­E»X³¾Óeº ±�·°±�³`å ± Ú�i ³¾­EÃ"Å¾­E² ·X± K ±
²

0
�V­E² i ±e®°¯ � ¯ l ± j º ±e²X¸ 


Å¾²�¯ l ­�·X®XÅ l ±z®°²0²X­ ÂEj ®M¯ l ­E²°Ê�®°¸ Kε

·X¸ �k²XÅ_·X± ³ j º j ²XÅ¾Ó l ±IÃ"®XÅê¼ j ² ¯Ò±�	&é�±eº jAl Ê�®°­E²XÃ�Ê�®X± ³´±²X­ ÂEj ® K Ãeå ¸e¹ l Å¾¯ i ­E® l ¯"­E®°¯ x ·°± R
2

K(x) = ∇⊥g(|x|) j ¼E±e¹ g(r) = − 1

2π
log r,

­
	
∇⊥f(x) = (∂2f,−∂1f).Æ�­E® l ε > 0

�æ­E²G¹e­E²°Ã"Å´·°Ó l ± gε

¯Ò±
³_Ê�®°±
gε(r) = g(r)

ÃÁÅ
r > ε

±�¯�Ê�®X±O³Så ­A² iXl ­E³¾­E² �E±zÃ"® l
[0, ε]

·°±B¯"±e³´³¾±£º j ²XÅ´Ó l ±:Ê�®X± |g′ε(r)| ≤ |g′(r)| ±
¯ |g′′ε (r)| ≤ |g′′(r)| 	Vçd² i ­EÃ"± j ³¾­ l Ã¶·°±º j ²XÅ¾Ó l ±í² j ¯Ò® l ±e³¾³´±
Kε(x) = ∇⊥gε(|x|).
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±eÃ

ikj l ·X±¶²X­Eºz» l ±
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·X±�º ­E² ¯ l ± l Ê�®X±�³`å ­E² i ±
®°¯}³¾±e® lcj Ã"Ã"­�¹eÅ¾± l ®X² iXl ­�¹e±
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	Vçd²[±eÃÁ¯ j ³¾­ l Ã j ºO±
²X± l

 l ¸
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ºO±
² ¯�±
ÃÁ¯g·°±}º ­E² �¯ l ± l �kÊ�®æå ±
²�®X²BÃ"±
²XÃ 
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¹eÅ¾Ã"± l �a³´±�Ã Â Ã ¯ÒÓeº ±z·°± iXjAl ¯"Å´¹e®°³´±eÃ�±
²�Å´² ¯"± lÒj ¹
¯ÒÅ¾­E²N±eÃ ¯ iXl ­�¹ÛÑ°±¦·X®
iXl ­�¹
±eÃÁÃ"®XÃ�²X­E²M³´Å¾²X¸ j Å l ± j ®XÊ�®X±e³_Å¾³g±eÃ ¯ j Ã"ÃÁ­�¹
Å´¸�	&ô j º ¸
¯ÒÑ°­�·X±¶®°Ã"®X±
³´³´±¶±
ÃÁ¯¦³ j ÃÁ®XÅ¾¼ j ² ¯Ò±NÈ)

N

� Ú ¸0�]­E²0¹
­E²XÃÁÅ´·XÓ l ± N iXl ­�¹e±
Ã"Ã"®°Ã¦²X­A²M³¾Å´²X¸ j Å l ±eÃd·°Å l Å��E¸eÃ ikjAl ³´±
Ã�º � ºO±
Ã�ºO­E®�¼E±eº ±e² ¯"Ã» l ­�[�²XÅ´±
²XÃ (QÅ¾²X·X¸ i ±
²X· j ² ¯ÒÃ *ÀÊ�®X±�¹e±
® Ú ·°®:Ã Â ÃÁ¯"Óeº ±�·X± ikjAl ¯ÒÅ¾¹e®X³¾±eÃ�	°çd²�¼ j ·X­E²°¹d¹e­Eº ikjAl ± l
dX

i

t = σ[X
i

t, ut] dB
i
t + b[X

i

t, ut] dt±�¯

dX i,N
t =

1

N

N
∑

j=1

σ
(

X i,N
t , Xj,N

t

)

dBi
t +

1

N

N
∑

j=1

b
(

X i,N
t , Xj,N

t

)

dt.

çd²�®°¯"Å´³´Å¾Ã"± j ³´­ l Ãí³ j Ç)­ l ºI®X³´±¦·æå �.&�
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∣

∣

∣
X

i
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t

∣

∣

∣

2
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∣
X
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t

∣

∣

∣

2
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t

N
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√
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t) dB
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i
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∫
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(
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³´± Ã Â ÃÁ¯"±eº Ã [�Å¾¯"Ñ ¹e­E²°ÃÁ¯ j ²�¯¯"Ñ j ¯c·X­�²X­A¯V·X± i ±
²X· ­E² ¯"ÑX±�Ã"Å��e±K­AÇfÃ Â ÃÁ¯"±eº Ã�	)]KÑXÅ¾Ã iXl ­�¼�Å´·X±
Ã �E­�­�· ±eÃ ¯ÒÅ´º j ¯"±eÃ_Å´²¶¯"ÑX±K³´Å¾ºOÅê¯
N → ∞ 	�ð�Ã j ¹e­E²°Ã"±eÊ�®X±
²X¹e±0� [À±¶·X± l Å¾¼A±I¯ÒÑX±z± Ú�i ­A²X±e² ¯ÒÅ j ³ l"j ¯Ò±zÇ)­ l ¯ÒÑ°±¶¹e­E² ¼E± l �A±e²X¹
± ¯"­±
Ê�®°Å´³´Å¾» l Å¾®Xº Ç)­ l ¯ÒÑ°±�²°­E²X³´Å¾²X± j l Æ É Ù 	
���	��

����� � ��
 � � 	 � � ��� � � ��� ��� � � 
 	 

� � � 
 ��� K

� � 	�� � ��
 � � 

� � ��� � � 	�
 � � � � ��� t �
‖ut − u‖1 ≤ K e−βt/2

� ��� � � u
��� � ��� ��� � ��� � � 
 � ��� � 

� 
 �

u(x) =
1

Z
exp (−U(x) −W ∗ u(x))

� � � � Z =

∫

exp (−U(x)−W ∗ u(x)) dx .
ðD¯�³ j Ã ¯�[À±}­A»°¯ j Å¾²z¹
­E²
�k·X±
²X¹e±}Å´² ¯Ò± l ¼ j ³´Ã&Ç)­ l ¯ÒÑX±À¹e­E² ¼A± l �A±e²X¹
±K­AÇX¯ÒÑ°±}±eº i Å l Å´¹ j ³ º ± j ÃÁ® l ±

j ¯�¯"Å´º ± t ¯Ò­ u È�Ç)­ l ±
¼E± lÁÂ r ≥ 0 j ²X·1±�¼E± l Â Ç)®X²X¹
¯"Å´­E² f Ç l ­Eº R
¯Ò­

R
[�Å¾¯ÒÑ0ô]Å i ÃÁ¹ÛÑXÅ¾¯.�

()Ã"±eº Å+*p²X­ l º »�­E®X²X·°±e·�» Â 1
�°¯ÒÑ°± i°l ­E» j »XÅ´³¾Å¾¯ Â

P

(∣

∣

∣

∣

∣

1

N

N
∑

i=1

f(X i,N
t )−

∫

f(x)u(x) dx

∣

∣

∣

∣

∣

≥ r +

√

K

N
+Ke−βt

)

Å¾ÃK»f­E®°²X·X±e·B» Â
2 exp

[

−Nβr
2

2

]

.

]KÑX±
Ã"±�¹e­A²
�k·X±
²X¹e±�Å´² ¯Ò± l ¼ j ³¾Ã jAl ± j Ã ¯ l"j Å��EÑ ¯ÁÇ)­ l [ jAl ·:¹
­E²XÃÁ±eÊ�®X±e²°¹e±z­ Ç�¯"ÑX± i ÑX±
²X­Eº ±e²X­A²B­ Ç¯"ÑX±�¹e­E²X¹
±e² ¯ l"j ¯ÒÅ¾­E²N­AÇ�ºO± j Ã"® l ±�Å´²X·X®°¹e±e·B» Â ¯ÒÑX±�³¾­:� jAl Å¾¯"ÑXºOÅ¾¹d¬�­E»f­A³´±
¼�Å´²X±
Ê�® j ³´Åê¯ Â 	
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¬�±e¹
¯"Å´­E²Y��	>��Å´Ã�·X±e·°Å´¹ j ¯Ò±e·¦¯Ò­�¯"ÑX±}Ã ¯Ò®X· Â ­ ÇX¯ÒÑX±À¹ j ÃÁ± U = 0
[�ÑXÅ¾¹ÛÑIÑ j Ã�»f±
±e²IÅ¾²�¼A±eÃ ¯ÒÅ�� j ¯Ò±
·Ç l ­Eº�¯ÒÑX± i°l ­E» j »XÅ´³¾Å´ÃÁ¯"Å´¹ i ­EÅ´² ¯�­AÇk¼�Å´±-[3» Â 6}±e² j ¹ÛÑX­E® l � � 
 � ()Ã"±e± � 6Dé%] � =M���06Dé � =M� 	+* 	gô]±
¯

®XÃ�º ±e² ¯ÒÅ¾­E²:¯ÒÑ j ¯½¯"ÑX±�¯ l ±e²X·B¯Ò­ ±eÊ�®XÅ´³¾Å´» l Å´®Xº Ç)­ l � l"j ²�®X³ j l ºO±
·XÅ j Å¾Ã j ³´Ã"­ Å¾²�¼A±eÃ ¯ÒÅ�� j ¯Ò±
·�» Âò jAlÁl Å¾³´³´­ � � 
 � (QÃÁ±e± � ò Ä � �°µ�	+* 	�]KÑX± Â3j l ±£­E²°³ Â Å´² ¯Ò± l ±
ÃÁ¯Ò±
·5Å¾²1¯ÒÑ°±£¹e­E² ¼A± l �A±e²X¹
±BÇ)­ l ¯ÒÑX±²X­A²X³´Å¾²X± jAl ±eÊ�® j ¯"Å´­E²N»X®°¯�¯"ÑX±eÅ lKl ±eÃÁ®X³¾¯"Ã jAl ±�ºI®°¹ÛÑ�º ­ l ± �A±e²X± lÒj ³1	¬�±e¹
¯"Å´­E² ��	95I·X± j ³´Ã [�Åê¯ÒÑ:¯ÒÑX± �A±e²X± lÒj ³æ¹ j Ã"±�­AÇ Ä ¹���± j ² ���d³ j Ã"­�¼�¯ Â�i ±�±
Ê�® j ¯ÒÅ¾­E²XÃKÅ1	 ±0	g¯ÒÑX±²X­A²X³´Å¾²X± jAl ·XÅ��f®XÃ"Å¾­E²:Å´ÃKÃÁ­E³´®�¯ÒÅ´­A²:­AÇ

(b��	>� *






dX t =
√

2σ(Xt, κ ∗ u(t, Xt)) dBt + b(X t, κ ∗ u(t, Xt)) dt
L(X t) = u(t, dy)
X t=0 = X0.[�ÑX± l ± σ � b j ²X· κ jAl ±}Ã"º ­�­A¯"Ñ j ²X·¶»�­E®X²X·°±e·¶Ç)®X²X¹�¯ÒÅ´­A²XÃ�	�îª² ¯"ÑXÅ´Ã�¹ j ÃÁ±��E¯ÒÑ°±KÃ"±e³êÇ �ªÃ ¯ j »XÅ¾³´Å��eÅ´²��i Ñ°±e²X­Eº ±e²°­E²�·°Å´Ã j iXi ± jAl ÃK»°®°¯#[}±�ÃÁ¯"Å´³´³ �E±
¯�±
ÃÁ¯"Å´º j ¯Ò±
Ã j ¯�¯ÒÅ´º ± T 	

� � EF� ÿ�ø4�1üP� �)ö#� ��ûb�Eö#�Vö#��þ �$�eü R �$�Dù(ü � � �hú �
ð iXl ­E» j »XÅ¾³´Åê¯ Â º ± j ÃÁ® l ± µ ­A²

R
n
Ã j ¯"Å´Ã �k±eÃ j ³¾­:� jAl Å¾¯ÒÑ°ºOÅ¾¹:¬�­E»�­E³¾±
¼JÅ¾²X±eÊ�® j ³¾Å¾¯ Â [�Å¾¯ÒÑ¹
­E²XÃÁ¯ j ² ¯ C Å¾Ç

(b��	85�* Ù ² ¯
µ

(

f 2
)

≤ C

∫

|∇f |2 dµ
Ç)­ l�j ³´³�ÃÁºO­�­A¯"ÑB±
²X­E® �AÑBÇ)®X²°¹
¯ÒÅ¾­E²XÃ f [�ÑX± l ±

Ù ² ¯
µ

(

f 2
)

=

∫

f 2 log f 2 dµ−
∫

f 2 dµ log

∫

f 2 dµ .

ô]±
¯�®XÃ l ±
¹ j ³¾³g¯![}­�¹e­E²°Ã"±eÊ�®X±
²X¹e±
Ã¶­AÇ}¯"ÑXÅ´Ã iXl ­ i ± l ¯ Â Ç)­ l µ 	 $�Å l ÃÁ¯��]Ç)­ l ±
¼A± lÁÂ r ≥ 0
� j ²X·±�¼E± l Â ô]Å i ÃÁ¹ÛÑXÅ¾¯.�dÇ)®X²X¹
¯"Å´­E² f ­E² R

n
(Q±eÊ�®XÅ i ±
· [�Åê¯ÒÑN¯ÒÑX± Ù ®X¹
³´Å´·°± j ²:¯Ò­ i ­E³¾­:� Â *)[�Åê¯ÒÑ

‖f‖
Lip

= sup
x6=y

|f(x)− f(y)|
|x− y| ≤ 1 ,

­E²°±�Ñ j Ã
µ(|f − Eµ(f)| ≥ r) ≤ 2e−r2/C .]KÑXÅ¾ÃKÅ´ÃD¯"ÑX±�Ã"­0� ¹ j ³¾³´±e·:¹
­E²X¹
±e² ¯ l"j ¯ÒÅ¾­E² i ÑX±e²X­AºO±
²X­E²��kÃÁ±e± � ô]±e·Q=M=
	1	¬�±e¹e­A²X·X³ Â �k·X±e²°­A¯Ò±�» Â '

2(µ, ν)
¯"ÑX± ' j ÃÁÃ"± l ÃÁ¯"±eÅ¾²�·XÅ¾ÃÁ¯ j ²X¹e± [�Åê¯ÒÑNÊ�® j · l"j ¯ÒÅ¾¹�¹e­EÃ ¯�Å1	 ±0	

'
2(µ, ν) =

√

inf

{∫∫

1

2
|x− y|2dπ(x, y)

}

[�ÑX± l ±D¯"ÑX±KÅ´²
�XºI®Xº Å´Ã l ®X²X²XÅ¾² ��­�¼E± lcj ³´³ iXl ­A» j »XÅ¾³´Å¾¯ Â º ± j Ã"® l ± π ­E² R
n×R

n
[�Å¾¯"Ñ l ±
Ã i ±e¹,�¯"Å¾¼E±¶º jAl �EÅ´² j ³´Ã µ j ²X· ν 	26 Â ¯ÒÑX± Ä ­E²��E±,� � j ²�¯"­ l ­�¼�Å¾¯"¹ÛÑ l ± i°l ±eÃÁ±e² ¯ j ¯ÒÅ´­A² (QÃÁ±e± � é j ¹ =°µ)	 *,�

[À±�Ñ j ¼E±
'

2(µ, ν)
2 = sup

{
∫

gdν −
∫

fdµ

}

[�ÑX± l ±�¯ÒÑ°±�ÃÁ® iXl ±eºI®Xº¢Å¾Ã l ®X²°²XÅ´² � ­�¼E± líj ³´³f¯"ÑX±�»f­A®X²X·X±
·BÇ)®X²°¹
¯ÒÅ¾­E²XÃ f j ²X· g Ã"®X¹ÛÑB¯ÒÑ j ¯

g(x) ≤ f(y) +
1

2
|x− y|2



��� ��� � 	 � � 	 � � � 	 ��� � ��� � � 	 � � � � �

Ç)­ l ±
¼A± lÁÂ x, y ∈ R
n
	 $k­E³¾³´­�[�Å´² � � ç � �M�
	1�_Å¾Ç

µ
Å¾Ã j »XÃÁ­E³´®�¯Ò±e³ Â ¹e­E² ¯"Å´²�®X­E®XÃ j ²X· Ã j ¯ÒÅ´Ã �k±eÃ

(b��	85�* � ¯ÒÑ°±e²���Ç)­ l ±
¼A± lÁÂ iXl ­E» j »°Å´³´Åê¯ Â º ± j Ã"® l ± ν j »XÃÁ­E³´®�¯Ò±e³ Â ¹
­E² ¯ÒÅ´²�®X­A®XÃ0[�Åê¯ÒÑ l ±
Ã i ±e¹
¯V¯Ò­ µ �

'
2(µ, ν)

2 ≤ C

2

�
(ν |µ)

[�ÑX± l ± � Å´ÃD¯"ÑX± l ±e³ j ¯ÒÅê¼E±�±
²�¯ l ­ i Â È

(b��	9C:* �
(ν |µ) =







∫

log
dν

dµ
dν =

∫

dν

dµ
log

dν

dµ
dµ

ÅêÇ
ν � µ

+∞ ­ ¯ÒÑX± l [�Å´ÃÁ± .
ð�²X­A¯ÒÑ°± l½jAiXiXl ­ j ¹ÛÑB­AÇ�¯ÒÑXÅ¾ÃD¯ÒÑX±
­ l ±
º¨Ñ j Ã�»�±e±e²BÃÁ¯"®X·XÅ¾±e·B» Â 6À­E» � ­�¼ � � 
 � Å¾² � 6 #�ô_�°µ 	1	ò}­A²XÃ"Å¾·X± l ²X­�[ j ·XÅ��f®XÃÁÅ´­E² i°l ­�¹e±eÃÁÃY[�Å¾¯"ÑJÅ´²
�k²°Å¾¯Ò±
Ã"Å¾º j ³ �E±
²X± l"j ¯Ò­ l

L
j ²X·JÃÁ±eº Å�� l ­E® i

(Pt)t

	Vð�Ã�®XÃ"® j ³´³ Â �
[À± j Ã"Ã"­�¹eÅ j ¯Ò±d¯"­
L
Å¾¯ÒÃ 	 
 � � � � � 	���
�� 	

Γ
·°± �k²X±
·�» Â

Γ(f, g) =
1

2
(L(fg)− fLg − gLf)

j ²°·N¯"ÑX±�­ i ± lÒj ¯Ò­ l
Γ2

Γ2(f) =
1

2
(L(Γf)− 2Γ(f,Lf)) .

]KÑX±½·XÅ���®XÃÁÅ´­E² �E±
²X± l"j ¯Ò­ l
L
Ã j ¯ÒÅ¾Ã �k±
Ã j ¹e® l ¼ j ¯Ò® l ±,� ·XÅ´º ±e²XÃÁÅ´­E² Å¾²X±eÊ�® j ³¾Å¾¯ Â ( [�Å¾¯"ÑO¹
® l ¼ j ¯"® l ±

ρ j ²X·B·XÅ¾ºO±
²XÃ"Å¾­E² n *DÅ¾Ç&Ç)­ l ±�¼E± lÁÂ Ã"º ­�­ ¯ÒÑ£Ç)®X²X¹�¯ÒÅ¾­E² f �

Γ2(f) ≥ ρΓ(f) +
1

n
(Lf)2 .

îª² ¯"ÑXÅ´Ã ikjAi ± l �<[}±�­E²X³ Â ·X± j ³#[�Å¾¯ÒÑ[¯ÒÑX±�Å´²
�X²XÅ¾¯"±�·XÅ¾ºO±
²XÃ"Å¾­E² j ³K¹ j Ã"±0	-ð �A±e²X± lÒj ³½ÃÁ¯"®X· ÂÅ¾Ã i ± l Ç)­ l º ±e·�Å´² � 6 Ù �O5 	"	 ]KÑX±¶¹
® l ¼ j ¯"® l ±¶Å¾²X±eÊ�® j ³¾Å¾¯ ÂBiXl ­(¼�Å¾·X±eÃd³¾­:� jAl Å¾¯"ÑXºOÅ¾¹¦¬�­E»�­E³´±�¼�Å¾² �±
Ê�® j ³´Åê¯ÒÅ´±
Ã�ÈgÇ)­A³´³´­�[�Å¾² � � 6 j � =M� 	"��Ç)­ lDj ² Â ρ ∈ R
��¯ÒÑX±íÇ)­A³´³´­�[�Å¾² � i°l ­ i ± l ¯ÒÅ´±
Ã jAl ±í±eÊ�®XÅê¼ j ³´±
²�¯

�

$k­ l ±
¼A± l Â f � Γ2(f) ≥ ρΓ(f)
�

$k­ l ±
¼A± l Â f � √

Γ(Ptf) ≤ e−ρt
Pt

√
Γf

�

]KÑX± iXl ­E» j »XÅ´³¾Å¾¯ Â ºO± j Ã"® l ±eÃ (Pt(·)(x))x

Ã j ¯ÒÅ¾Ã �k±
Ã j ³´­:� j l Å¾¯"ÑXº Å´¹�¬�­E»f­A³´±
¼£Å´²X±
Ê�® j ³´Åê¯ Â
[�Å¾¯"ÑB¹
­E²XÃ ¯ j ² ¯

Ct =
2

ρ

(

1− e−ρt
)

.

6À±eÃ"Å¾·X±eÃ
��ÅêÇ
ρ
Å´Ã i ­EÃÁÅ¾¯"Å¾¼E±0�X¯ÒÑX±¦³ j Ã ¯ iXl ­ i ± l ¯ ÂNl ±
º j Å¾²XÃK¯ l ®X±¦Ç)­ l ¯"ÑX±¦Å¾² ¼ j l Å j ²�¯½º ± j ÃÁ® l ±

µ
[�Åê¯ÒÑJ¹e­A²XÃÁ¯ j ² ¯ 2/ρ

	c]KÑXÅ´Ã i°l ­�¼�Å´·X±
Ã j ²J± Ú�i ­E²X±e² ¯"Å j ³ l"j ¯Ò±£Ç)­ l ¯ÒÑX±:± l �E­�·XÅ¾¹eÅ¾¯ Â ­AÇ½¯ÒÑ°±ÃÁ±eº Å�� l ­E® i È
�

(Pt |µ) ≤ Ke−2ρt.

� � � � TNû�� ��û H�ö°ú�û  �üNü�� ��ö�ú(ûQø(�$�
� � � � ��� & K&ü �0ø]þ�ü�� ��� ò}­E²°Ã"Å´·°± l ¯"ÑX±B²X­E²X³¾Å´²X± jAl ·XÅ��f± l ±e² ¯ÒÅ j ³K±eÊ�® j ¯ÒÅ´­A² ( � 	¾µ *IÅ¾²

R
d

[�ÑX± l ± W Å´Ãd¹
­E² ¼E± Ú ��±
¼A±e²��@[�Åê¯ÒÑ i ­E³ Â ²X­Eº Å j ³'� l ­�[K¯ÒÑ j ²°· U Å´Ãí®X²XÅ¾Ç)­ l º ³ Â ¹e­A²�¼A± Ú ()Å"	 ±�	
� ±eÃ"Ã

U(x) ≥ β
î Ç)­ l Ã"­AºO± β > 0

*,	S]KÑ°± l ± j ³ γ Å¾Ã ·X± �k²°±e· ¯"­0»�±:¯ÒÑX±B³ jAl �E±eÃ ¯ l ± j ³
()²X­E²X²X±
� j ¯"Å¾¼E±�*}Ã j ¯"Å´Ã Ç Â Å¾² � � ±
Ã"Ã W (x) ≥ γ

î 	
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(b��	8��*






dX t =
√

2 dBt −∇U(X t) dt−∇Wt(X t) dt ,
∇Wt(x) = E

[

∇W (x−X t)
]

,
u0

��� 
�

� � �
� � � 	 
 � 	 � 
 ����� � � � ��� ��� � � � 	 � 
 � ut

" � 
�� ��� � 	�
 � ��� 
 � � � � � ��� � � � � � � ��� � 

� ��� � � � � � �
����� � 
 � 	 � � � ��� � � 

�

	 �
ut

��� 
 � 
 � � �
� � � 

� � ��� � ��� � � � � � � 

� (X t)

� 
 � �
� �
ò}­A²XÃ"Å¾·X± l ²X­�[ ¯"ÑX±¶¯![}­BÅ´²X·°± i ±e²X·X±
² ¯z¹
­E³´³¾±e¹
¯"Å´­E²°Ã (Bi

. )i∈N

­AÇÀÅ´²X·°± i ±e²X·X±
² ¯�6 l ­�[�²XÅ j ²
º ­A¯ÒÅ¾­E²XÃ j ²°· (X i

0)i∈N

­AÇXÅ´²X·X± i ±
²X·X±
²�¯ l 	 ¼ 	�[�Å¾¯"Ñz³ j [ u0

	�]KÑX± ikjAl ¯ÒÅ´¹
³´±cÃ Â Ã ¯Ò±eº j ÃÁÃ"­�¹eÅ j ¯Ò±e·¯"­ ¯"ÑX±�²X­E²X³¾Å´²X± jAlDiXl ­�¹
±eÃÁÃ�Å¾ÃKÃ"­E³¾®°¯ÒÅ¾­E²:­AÇ

(b��	9�:*



















dX i,N
t =

√
2 dBi

t −∇U
(

X i,N
t

)

dt

− 1

N

N
∑

j=1

∇W
(

X i,N
t −Xj,N

t

)

dt

X i,N
0 ) = X i

0

Ç)­ l i = 1, .., N.

� � ��� ��� � � � ��� 	 � & � � ��
 � � 
 � ��
 � � � (X i

.)
� � � � � � 
 � � � 

� � ��� � 
 � ��� � 

� 
 � ( ��	97:* � ��� � �

� ��� 	 � 
 � � � 
 � � 

� � 

� (B.)
��� � � 	 � 
 	 � � " � (Bi

. )

 � � X i

0 = X i
0
� � ���

� � � � EF� ����û R øaù	� H�ù(ø*H�öI
�ö�ú(ûQø(��ø*R � K&öXø(� � �
���	��

����� � � � � � 	 � � ��	 	�
 ��� � ��
 � � ��� � 

� � � � 
 � � ��� 
 � � ��� � � � � � 
 � � � 

� ��� � u0

���
� � � � � � � ��� � � �

��� � � ��� ��� � � 
 K
� � 	�� � ��
 � �

� 

� � ��� � � N ≥ 1 �
(b��	9=:*

sup
t∈R

E

(

∣

∣

∣
X1,N

t −X
1

t

∣

∣

∣

2
)

≤ K

N

 � �

E

(

sup
0≤t≤T

∣

∣

∣
X1,N

t −X
1

t

∣

∣

∣

2
)

≤ K
T

N
.

� � ��� ��� � � � ��� 	 � � ��� 	 

� � � 
 ��� K
��� 	 � � �
� 

� β � γ


 � � 

� � ��� p � � � � 
 � � ��� 
 � u0� 

� 
 	�
 � � � p � ��
 � 	 

��� � 
 � � � ��� � � 
 � � � 
 � U

 � � W �

� � 
�
 � 
 � � ��� 

� ��� � � � � � 	�� ]KÑ°± iXl ­�­ ÇgÅ´Ã�Ê�®XÅê¯Ò±�Ã"Å´º Å´³ jAl ¯"­ ¯"ÑX±¦­A²X± i ± l Ç)­ l º ±e·B» Â 6}±,�
² j ¹ÛÑX­E® l � � 
 � Å¾² � 6Dé%] � =M�
	1	�ï�±
¼A± l ¯ÒÑX±
³´±eÃÁÃd¯ÒÑX±�¯Ò± l º � ∇U � i°l ­�¼�Å´·X±
Ã j »f±�¯"¯Ò± l ±
ÃÁ¯ÒÅ¾º j ¯Ò±Å¾²£¯ÒÅ´º ±�	 $k­ l ±
¼E± lÁÂ 1 ≤ i ≤ N

�

X i,N
t −X

i

t = X i,N
s −X

i

s −
∫ t

s

(

∇U(X i,N
r )−∇U(X

i

r)
)

dr

− 1

N

N
∑

j=1

∫ t

s

(

∇W (X i,N
r −Xj,N

r )−∇W ∗ ur(X
i

r)
)

dr.



��� ��� � 	 � � 	 � � � 	 ��� � ��� � � 	 � � � � �

6 Â î ¯ / å ÃKÇ)­ l ºI®°³ j �
N
∑

i=1

∣

∣

∣
X i,N

t −X
i

t

∣

∣

∣

2

−
N
∑

i=1

∣

∣

∣
X i,N

s −X
i

s

∣

∣

∣

2

= −2
N
∑

i=1

∫ t

s

(X i,N
r −X

i

r) ·
(

∇U(X i,N
r )−∇U(X

i

r)
)

dr
(b��	êµ�� *

− 2

N

N
∑

i,j=1

∫ t

s

ρ
(1)
ij (r) dr

[�ÑX± l ±

ρ
(1)
ij (r) =

(

X i,N
r −X

i

r

)

·
[

∇W (X i,N
r −Xj,N

r )−∇W ∗ ur(X
i

r)
]

=
(

X i,N
r −X

i

r

)

·
[

∇W (X i,N
r −Xj,N

r )−∇W (X
i

r −X
j

r)
]

+
(

X i,N
r −X

i

r

)

·
[

∇W (X
i

r −X
j

r)−∇W ∗ ur(X
i

r)
]

= ρ
(2)
ij (r) + ρ

(3)
ij (r).

]KÑX±�¼A±e¹
¯"­ l �k±e³¾· ∇W Å¾ÃK­�·X· j ²X·NÃ j ¯ÒÅ¾Ã �k±
Ã
(∇W (x)−∇W (y)) · (x− y) ≥ 0 .

]KÑX±
²��X¯ÒÑ°±�ÃÁ®Xº¢­AÇ
ρ

(2)
ij (r) j ²X· ρ(2)

ji (r)
[�ÑXÅ¾¹ÛÑ�Å¾ÃK±eÊ�® j ³æ¯"­

[

X i,N
r −Xj,N

r − (X
i

r −X
j

r)
]

·
[

∇W (X i,N
r −Xj,N

r )−∇W (X
i

r −X
j

r)
]

Å¾ÃK²X­E²N²X±�� j ¯ÒÅê¼E±�	cð�Ã j ¹
­E²XÃ"±
Ê�®X±e²X¹
±��
N
∑

i,j=1

ρ
(2)
ij (r) =

∑

1≤i<j≤N

ρ
(2)
ij (r) + ρ

(2)
ji (r) ≥ 0.

çd² ¯ÒÑ°±:­A¯ÒÑX± l Ñ j ²°·�� −E

[

∑N
j=1 ρ

(3)
ij (r)

] Å´ÃI»�­E®X²X·°±e·�()¯"Ñ j ² � ÃI¯Ò­Mò j ®X¹ÛÑ Â �p¬�¹ÛÑO[ j l ��Å¾² �
±
Ê�® j ³´Åê¯ Â *}» Â

(

E

[

∣

∣

∣
X i,N

r −X
i

r

∣

∣

∣

2
])

1
2

(θi(r))
1
2

[�ÑX± l ±

θi(r) = E





∣

∣

∣

∣

∣

N
∑

j=1

[

∇W (X
i

r −X
j

r)−∇W ∗ ur(X
i

r)
]

∣

∣

∣

∣

∣

2


.

]KÑX±
²��Q[À±!�E±�¯

θi(r) =

N
∑

j=1

E
(

|ξj(r)|2
)

+ 2
∑

1≤j<k≤N

E(ξj(r) · ξk(r)),

[�Åê¯ÒÑ:¯ÒÑX±�­E» ¼�Å´­A®XÃK²X­A¯ j ¯ÒÅ¾­E²
ξj(r) = ∇W (X

i

r −X
j

r)−∇W ∗ ur(X
i

r)



��� ��� � 	 � � 	 � � � 	 ��� � ��� � � 	 � � � � �

î Ç
j
Å´ÃK²°­A¯�±eÊ�® j ³æ¯"­ k �X­E²X±�­AÇ�¯ÒÑ°±eº¨Å¾ÃK²X­A¯½±eÊ�® j ³æ¯"­ i j ²X·B¯"ÑX±e² �

E(ξj(r) · ξk(r)) = 0
Å¾Ç
j 6= k

ÃÁÅ´²X¹
±O¯ÒÑ°± lÒj ²X·X­Eº ¼ jAl Å j »X³¾±eÃ X .

r
j l ±�Å¾²X·X± i ±
²X·X±e² ¯¶¹
­ i Å¾±eÃz­ Ç X1

r

[�Å¾¯"Ñ1·X±
²XÃ"Åê¯ Â ur

	�ðD¯
³ j ÃÁ¯��

E
(

|ξj(r)|2
)

= E

[

∣

∣

∣
∇W (X

i

r −X
j

r)−∇W ∗ ur(X
i

r)
∣

∣

∣

2
]

≤ E

(

∣

∣

∣
∇W (X

i

r −X
j

r)
∣

∣

∣

2
)

≤ K E

[

∣

∣

∣
X

i

r

∣

∣

∣

2p
]

+K E

[

∣

∣

∣
X

j

r

∣

∣

∣

2p
]

≤ 2KM2p.
' ±�Ñ j ¼E±�±eÃ ¯ j »X³¾Å´ÃÁÑX±e·

−E

[

N
∑

j=1

ρ
(3)
ij (r)

]

≤
√
KNα(r)1/2

[�ÑX± l ± α Å´ÃK·X± �k²X±
·�» Â
(b��	¾µAµ *

α(t) = E

[

(X i,N
t −X

i

t)
2
]

.

ô]±
¯�¯ j � ±O¯"ÑX±�± Ú�i ±
¹
¯ j ¯ÒÅ´­A²1­AÇ2( � 	¾µ��:* 	NÐ½Ã"Å´²���¯ÒÑ°±�± Ú ¹ÛÑ j ² �E± j »XÅ´³¾Å¾¯ Â ­AÇÀ¯ÒÑX±Oº jAl �EÅ´² j ³´Ãd­ Ç¯"ÑX± ikjAl ¯"Å´¹
³´±dÃ Â Ã ¯Ò±
º��kÅê¯�¹e­Eº ±eÃ
(b��	¾µ�7:*

α(t) ≤ α(s)− 2β

∫ t

s

α(r) dr +
2λK√
N

∫ t

s

α(r)1/2 dr.

]KÑXÅ¾ÃKºO± j ²XÃK¯ÒÑ j ¯
α′(t) ≤ −2β α(t) +

2λK√
N
α(t)1/2.

# l ­E²O[ j ³´³�³´±eº º j Å´º i ³´Å¾±eÃ (QÃ"Å¾²X¹e± α(0)
Å¾Ã

0
*À¯"Ñ j ¯

α(t)1/2 ≤ λK

β
√
N

[

1− e−βt
]

[�ÑXÅ¾¹ÛÑ�Å¾Ã ( ��	>= * 	
]KÑ°±VÃÁ±e¹
­E²X·z±
ÃÁ¯"Å´º j ¯Ò±gÅ¾²�¯ÒÑX±
­ l ±
º ��	>��	9�}Ç)­A³´³´­�[�Ãæ¹
³ j ÃÁÃ"Å¾¹ j ³¾³ Â Ç l ­Eº ( ��	>= * ()Ã"±e± � 6Dé%] � =M�
	 *,	

� � � � � � � ��ù
 Xö�ú ��ù(ü*ø*ROú�K�ü H�öXù�ú(ûb� �Qü � � �
ú�ü
� � � � ]KÑX±Nº j Å´²1­E»XÃ"± l ¼ j ¯"Å´­E²3Å´ÃI¯"Ñ j ¯¯"ÑX±�Å´²
�kºz®Xº ()­(¼A± l N *K­ Ç�¯"ÑX±�¹e® l ¼ j ¯Ò® l ±�­ Ç�¯"ÑX± ikjAl ¯"Å´¹
³´±�Ã Â Ã ¯Ò±eº¢Å¾Ã i ­AÃ"Å¾¯"Å¾¼A±�	
� � � ��� � � � ��� 	�� � ���
	 ��� ��
 � ��� � 
 � � ��� 	 
 � � � 	 � � � � � � ��� 
 � � � � � N

��� " 

��� ��� � " � ��
 �
" � β �
� � 
�
 � 	 � ' ± � l ÃÁ¯OÃÁ¯"®X· Â ¯ÒÑX±�Å´²
�X²XÅ¾¯"±eÃ"Å¾º j ³ �E±
²X± l"j ¯Ò­ l

L
N
­AÇí¯ÒÑX±

N
� ikjAl ¯ÒÅ´¹
³´±NÃ Â Ã ¯Ò±eº

[�ÑXÅ¾¹ÛÑ�Å¾ÃK·X± �X²X±e·�» Â
L

NF = ∆F −∇Ψ ·∇F



��� ��� � 	 � � 	 � � � 	 ��� � ��� � � 	 � � � � �

[�ÑX± l ±

(∇Ψ)i(x) = ∇U(xi) +
1

N

N
∑

j=1

∇W (xi − xj).

Ç)­ l i = 1, . . . , N
	

� � ��� ��� � � � ��� 	 � � ��� " 
 � � � � � " 
 � �
∆


 � �
∇

� � 
 � � � 

� ���  � � � ��� � 
 � 
 	 � � 
 � 

� � 

�
R

dN
� ��� � � ∆


 � � ∇ � � � 	 ��	 � � ��� � � 
 � � � ��� � 
 	 � 
 	 � 
 � 
 � � � ��� � � 
 ����� ��� 
 	 � � 
 � 

� � 

�
R

d �
îª²B­ l ·X± l ¯Ò­ jAi°i ³ Â ¯ÒÑX±

Γ2
¹ l Åê¯Ò± l Å´­A²��
[À±�Ñ j ¼E±�¯Ò­ Ã"ÑX­�[-¯"Ñ j ¯

�Bü�� �
Ψ ≥ βIdN .é�± j ÃÁ­E²XÅ¾² � [�Å¾¯ÒÑN»X³¾­�¹ � ÃK­AÇ�Ã"Å��e± d× d

�X­E²X±�¹ j ²�ÃÁÑX­�[ ¯ÒÑ j ¯

(
�Bü � �

Ψ)ii =
� ±eÃ"Ã

U(xi) +
1

N

∑

j 6=i

� ±eÃÁÃ
W (xi − xj)

Ç)­ l i = 1, . . . , N

j ²°·

(
��ü�� �

Ψ)ij = − 1

N

� ±eÃÁÃ
W (xi − xj) ≤ 0

Ç)­ l i, j = 1, . . . , N j ²X· i 6= j .

]KÑX± l ±
Ã"®X³ê¯NÇ)­E³´³¾­6[�Ã£Ç l ­Eº ¯"ÑX±GÃ"Å´º i ³¾±�Ç j ¹
¯N¯ÒÑ j ¯N¯ÒÑX±M·XÅ j �E­E² j ³í­AÇ �Bü�� �
Ψ
Å´ÃNÃÁ¯ l Å¾¹
¯Ò³ Â·X­AºOÅ¾² j ¯ÒÅ¾² � 	�îª² j º ­ l ± i°l ±e¹
Å´ÃÁ± [ j�Â �

(
�Bü � �

Ψ)ii ≥ β −
∑

j 6=i

(
�Bü � �

Ψ)ij

Ç)­ l i = 1, . . . , N

Å¾º i ³¾Å´±
Ãc¯"Ñ j ¯D¯"ÑX±d±
Å��E±
²�¼ j ³¾®X±eÃ}­AÇ ��ü�� � Ψ jAl ± � l ± j ¯Ò± l ­ l ±
Ê�® j ³�¯"Ñ j ² β 	cçd²X±d¹ j ²:²X­A¯"Å´¹e±¯"Ñ j ¯ β Å¾Ã j ²B±eÅ��A±e² ¼ j ³´®X±
ÃK­AÇ ��ü�� � Ψ
[�Åê¯ÒÑN±eÅ��E±e² ¼E±
¹
¯"­ l (1, . . . , 1)

	
]KÑ°Å´Ãí±
²XÃ"® l ±eÃ�¯ÒÑ j ¯½¯ÒÑ°±zÃ"±
ºOÅ�� l ­A® i ­AÇ�¯ÒÑX± N � ikjAl ¯"Å´¹
³´±�Ã Â ÃÁ¯"±eº j ¯½¯ÒÅ´º ± t (QÅ1	 ±0	�¯"ÑX±�³ j [­AÇ
XN

t

Ã ¯ jAl ¯ÒÅ´²�� j ¯ x ∈ R
dN
*}Ã j ¯ÒÅ´Ã �k±eÃ j ³´­:� jAl Åê¯ÒÑXº Å´¹�¬�­E»�­E³¾±
¼£Å¾²X±eÊ�® j ³´Å¾¯ Â [�Å¾¯"ÑB¹
­E²XÃ ¯ j ² ¯

Ct =
2

β

(

1− e−2βt
)

.

çd²X±�¹ j ²NÇ)­ l ºI®X³ j ¯Ò± j ² j ² j ³´­��E­E®XÃ l ±eÃÁ®X³¾¯KÇ)­ l º ­ l ± �E±e²X± lÒj ³]Å¾²XÅ¾¯"Å j ³�¹e­A²X·XÅ¾¯"Å´­E²°Ã�	
� 

��
 � � � ��� � � � ��
 	�� � � �

Pt
" � 
 ���  � � � 

� ����� � � � 

� 	 � � � � 	 ��� ��
 � ��� � ρ


 � � 
 	 � 
#" �
 " � � � � � � � 

� ��� � u0(dy)
� 
 � ��� � � � � � 
 ��
 ��
 � � � � � � 	 � 
#" 
 � � � � � � ��� 
 � � � � � � � � 	 

� � � 
 ��� c0 �

� ��� � � ��� � 
 � 
 � Xt
� � � � � L(X0) = u0

� � 
 � ��� � � ��
 ��
 ��
 � � � � � � 	 � 
#" 
 � � � � � � ��� 
 � � � � � � � �
	 

� � � 
 ���

Dt =
2

ρ

(

1− e−2ρt
)

+ c0e
−2ρt.

� � 
�
 � 	 � ô]±
¯
f
» ÂBj Ã"º ­�­A¯"Ñ:Ç)®X²X¹
¯"Å´­A²�	_î ¯�Å´ÃK¹
³´± j l ¯ÒÑ j ¯

Ù ² ¯
Pt(·)(x)du0(x)

(

f 2
)

=

∫ Ù ² ¯
Pt(·)(x)

(

f 2
)

du0(x) + Ù ² ¯
u0

(

Pt(f
2)
)

.

]KÑX±�³¾­:� jAl Å¾¯ÒÑ°ºOÅ¾¹d¬�­A»f­E³¾±
¼�Å´²X±
Ê�® j ³´Åê¯ Â Ç)­ l ¯"ÑX±�Ã"±
ºOÅ�� l ­E® i ³¾± j ·°ÃD¯Ò­
∫ Ù ² ¯

Pt(·)(x)

(

f 2
)

du0(x) ≤
2

ρ

(

1− e−2ρt
)

∫

Pt(Γ(f))(x)du0(x).



��� ��� � 	 � � 	 � � � 	 ��� � ��� � � 	 � � � � �

çd²:¯ÒÑX±�­A¯"ÑX± l Ñ j ²X·��kÃ"Å¾²X¹e± u0

Ã j ¯"Å´Ã �k±eÃ j ³´­:� j l Å¾¯"ÑXº Å´¹�¬�­E»�­E³´±�¼£Å¾²X±eÊ�® j ³¾Å¾¯ Â �

Ù ² ¯
u0

(

Pt(f
2)
)

= Ù ² ¯
u0

((

√

Pt(f 2)
2
))

Å¾ÃK»f­E®°²X·X±e·B» Â

c0

∫

Γ

(

√

Pt(f 2)
)

=
c0
4

∫

ΓPt(f
2)(x)

Pt(f 2)(x)
du0(x) .

ï½­6[ �
√

ΓPt(f 2) ≤ e−ρt
Pt

√

Γ(f 2) = 2e−ρt
Pt

(

f
√

Γf
)

≤ 2e−ρt
(

Pt(f
2)
)1/2

(Pt(Γf))1/2

» Â ¯"ÑX±�¹e­Eº ºI®°¯ j ¯ÒÅ¾­E² l ±
³ j ¯"Å´­E² j ²X·�ò j ®X¹ÛÑ Â �p¬�¹ÛÑO[ j l �IÅ¾²X±eÊ�® j ³¾Å¾¯ Â 	
ð�Ã j ¹e­E²°Ã"±eÊ�®X±
²X¹e±0��¯ÒÑ°±¦³ j [-­AÇ

XN

t

Å¾Ã�¹
­E²X¹e±
² ¯ lÒj ¯Ò±e· jAl ­E®°²X·�Åê¯ÒÃ�ºO± j ² j Ã j # j ®XÃ"ÃÁÅ j ²¼ jAl Å j »X³¾± [�Åê¯ÒÑN¼ j l Å j ²X¹e± Dt/2
	)]KÑXÅ´Ã iXl ­(¼�Å¾·X±eÃ�¹e­A²
�k·X±
²X¹e±�Å´² ¯Ò± l ¼ j ³¾ÃDÇ)­ l ¯ÒÑX±�¹
­E² ¼E± l �E±e²°¹e±­AÇf¯ÒÑX±�±eº i Å l Å´¹ j ³Xº ± j ÃÁ® l ± È�Ç)­ lVj ³´³ g Ç l ­Eº R

d
Å´²

R
[�Å¾¯ÒÑ�ô]Å i ÃÁ¹ÛÑXÅ¾¯.��²X­ l º ³´±
Ã"Ãc¯ÒÑ j ² 1

� [À±
Ñ j ¼A±�Ç)­ l ±�¼E± lÁÂ r ≥ 0

P

(∣

∣

∣

∣

∣

1

N

N
∑

i=1

g(X i,N
t )− E

(

g(X1,N
t )

)

∣

∣

∣

∣

∣

≥ r

)

≤ 2 exp

(

−Nr
2

Dt

)

.

]KÑXÅ¾ÃKÅ´Ã�¿Á®XÃ ¯ j ¹
­E²XÃ"±
Ê�®X±e²X¹
±z­AÇ�¯ÒÑ°±�Ç)­A³´³´­�[�Å¾² � l ±
º j l � 	

� � ��� ��� � � � ��� 	 � & � � ��� � � 	 ��	���� ��� � 

� � 
 � g
� � 
 �

R
d
� �

R
��� " 

��� ��� � " � 1 � �

��� �
� ��� ��� 	 ��	���� � � � 

� � 
 �

G(x) =
1

N

N
∑

i=1

g(xi)

� � 
 �
R

dN
� �

R

��� " 

��� ��� � " � 1/
√
N �

� 

��
 � � � ��� � � � � � 	 �¦ø � �Eü��fú�ù(ö°ú(û)ø(� � 	 � � ��	 	�
 ��� � ��
 � u0(dy)
� 
 � ��� � � ��
 ��
 ��
 � � � � � � 	

� 
#" 
 � � � � � � ��� 
 � � � � � � � � 	 

� � � 
 ��� c0 � � 

�

 � � g

� � 
 �
R

d
� �

R
� � � � ��� 	 ��	���� � � � 

� � � � � �

� ��
 � 1 �
� � ��
����

P

(∣

∣

∣

∣

∣

1

N

N
∑

i=1

g(X i,N
t )−

∫

g(y)u(t, y) dy

∣

∣

∣

∣

∣

≥ r +

√

K

N

)

≤ 2 exp

(

−Nr
2

Dt

)

.

� 

� t > 0 � N ∈ N

 � � r ≥ 0 �

� � ��� ��� � � � ��
�� 	 � & � ��� 
 � � 
 	�
 � � � " � � � 
 � � � 
 " � ����� � ��� 	 

� 	 � ��� � 
 � � 

� 	 � 
 	 � � � � 

� �� � � � � � � ��
 � u0

��� 	 
 � 	 
 	 � � � � � 	 	�

� � � � � � ��� � � �
u0

� 
 � � � 

� � 
 � ��� � � 
 ��
 ��
 � � � � � � 	
� 
#" 
 � � � � � � ��� 
 � � � � � �



��� ��� � 	 � � 	 � � � 	 ��� � ��� � � 	 � � � � 	

� � � � ^_� � ��ù
 Xö�ú ��ù(üOø4R_ú6K&ü �&ø(� �Qû���ü�öXù �eü�� ûb
aù(ø(� H ��� ��±e± i Å´² ��Å¾² º Å´²°· ¯"Ñ j ¯�� ­E²X¹e±Åê¯ÒÃ&³ j [ j ¯�¯ÒÅ¾ºO± t Å¾Ã � ²°­6[�²IÇ)­ l�j ³´³ t � ¯"ÑX±}²°­E²X³´Å¾²X± j l]iXl ­�¹e±
Ã"ÃgÅ¾Ã j ²zÅ´²°ÑX­Eº ­:�E±e²°±e­E®XÃ Ä jAl � ­�¼iXl ­�¹
±eÃÁÃ#[�Åê¯ÒÑ �E±e²°± lÒj ¯Ò­ l
Lsf = ∆f − [∇U +∇W ∗ us] · ∇f ,Åê¯¦Å¾Ã i ­EÃÁÃ"Å´»°³´±¶¯Ò­�±eÃÁ¯ j »X³¾Å´Ã"Ñ j ³¾­:� jAl Å¾¯ÒÑ°ºOÅ¾¹¶¬�­E»�­E³¾±
¼GÅ´²°±eÊ�® j ³¾Å¾¯ Â Ç)­ l ¯ÒÑ°±�²X­E²°³´Å´²°± jAl ÃÁ±eº Å��

� l ­E® i 	Nô]±�¯z®XÃ¦Ã � ±
¯Ò¹ÛÑ ¯"ÑX± j · jAi ¯ j ¯ÒÅ¾­E²M¯"­B¯"ÑX±�Å¾²XÑX­Eº ­:�E±
²X±e­A®XÃ�¹ j ÃÁ±�­AÇD¯"ÑX± i°l ­�­AÇ iXl ±,�ÃÁ±e² ¯Ò±
·�Å´² � 6 j � =O� 	1	 $�Å l ÃÁ¯��X·X± �k²X±�¯ÒÑX±�­ i ± l"j ¯Ò­ l 	 
 � � � � � 	���
�� 	�j ¯½¯"Å´º ± s » Â

Γ(s)(f, g) =
1

2

[

Ls(fg)− fLsg − gLsf
]

j ²°·N¯"ÑX±�­ i ± lÒj ¯Ò­ l
Γ2(s)

» Â

Γ2(s)(f, g) =
1

2

[

Ls(Γs(f, g))− Γ(s)(f,Lsg)− Γ(s)(g,Lsf)
]

.

� � ��� ��� � � � ��
 
 	 � � 

�
� ��� 	 � � 	 � � � � Γ(f) � �

� � 	 ��	 � � ��� � �
Γ2(f) �

� � 
 � �
� � 

�
Γ(f, f) � �

� �� 	 ��	 � � ��� � �
Γ2(f, f) �

îª²c[�Ñ j ¯�Ç)­E³¾³´­�[�Ã��@[À± j ÃÁÃ"®Xº ± ¯ÒÑ j ¯
Γ
·X­�±eÃ�²X­A¯�·X± i ±
²X·1­A²M¯"Å´º ± s 	 ]KÑXÅ¾Ã�Å¾Ã�Å´º i ³´Å¾±e·» Â ¯ÒÑX± Ç j ¹�¯¦¯"Ñ j ¯¦Å¾¯�Å´Ã�¯ l ®X± Ç)­ l ¯"ÑX±O·°Å��f®XÃ"Åê¼E± ¹e­�± � ¹eÅ¾±e² ¯ÒÃI­ Ç

Ls
j ²°·1Å¾¯�Å¾Ã�¯ l ®X± Ç)­ l ¯ÒÑX±

� l"j ²�®X³ j l ºO±
·XÅ j ±
Ê�® j ¯ÒÅ¾­E²�	
' ± [�Å´³¾³�Ã j�Â ¯"Ñ j ¯ (Ls)s

Ã j ¯ÒÅ´Ã �k±eÃK¯"ÑX± 6 j � lÁÂ � Ù º ± l Â ¹ l Å¾¯Ò± l Å¾­E²:Å¾Ç&Ç)­ l ±�¼E± l Â s �
(b��	¾µ�� *

Γ2(s)(f) ≥ ρΓ(f).
îª² ikjAl ¯ÒÅ¾¹e®X³ jAl ��Ç)­ l ¯ÒÑX±�ÃÁ­E³´®°¯"Å´­E²:­ Ç ( ��	97:* � j ÃÁ¯ l"j Å��AÑ�¯ÁÇ)­ l [ jAl ·B¹
­Eº i ®°¯ j ¯ÒÅ´­A²:³´± j ·XÃD¯Ò­

Γ(f) = |∇f |2 ,

Γ2(s)(f) = ‖
� ±eÃÁÃ

f‖2
2 + (

� ±eÃÁÃ
U)(∇f,∇f) + (

� ±
Ã"Ã
W ∗ us)(∇f,∇f) ,

[�ÑX± l ± (
� ±
Ã"Ã

U)(X, Y )
ÃÁ¯ j ²X·XÃ}Ç)­ l ¯ÒÑ°±d»XÅ´³¾Å´²X± jAl Ç)­ l º j ÃÁÃ"­�¹eÅ j ¯Ò±
·�¯Ò­�¯ÒÑX± � ±eÃÁÃ"Å j ²:º j ¯ l Å Ú­AÇ

U
	)]KÑX±e²���(b��	¾µ�� *ÀÅ´ÃD¯ l ®X±�Ç)­ l β + γ

	
]KÑ°±0¹
­E²XÃ"±
Ê�®X±e²X¹
±1­AÇ�¯ÒÑ°±M¹
® l ¼ j ¯"® l ±GÅ¾²X±eÊ�® j ³¾Å¾¯ Â (b��	êµ�� *�Å´Ã£¯"ÑX±�¯ÒÑX±GÃ j ºO± j ÃBÅ¾²*¯ÒÑX±ÑX­AºO­:�A±e²X±
­E®XÃK¹ j Ã"±�	

� � 
 
 
�� ��
�� 
�� � � � ��
 � 	�� � ��� � 
 � ��
 � � � � 	 � 
 	 � � � ��� � 
 � � � ��� � ��
 � � ���� � � � 

� � ��� � � s

 � � f � Γ2(s)(f) ≥ ρΓ(f)

� � � � � 

� � ��� � � u, t

 � � f �

√

Γ(Pu,tf) ≤ e−ρ(t−u)
Pu,t

√

Γf
� � � � � � ��� 	 � 
#" 
 " � � � � � � � 

� ��� � � (Pu,t(·)(x))x

� 
 � ��� � � 
 ��
 ��
 � � � � � � 	 � 
#" 
 � � � � � � ��� 
 � � � �� � � � 	 

� � � 
 ���

Cu,t = Ct−u =
2

ρ

(

1− e−2ρ(t−u)
)

.

' ± jAl ±z²X­�[ j »X³¾±¦¯"­�Å´º iXl ­(¼A±¦¯"ÑX± iXl ­ ikj � j ¯ÒÅ´­A²�­AÇ l ±eÃÁ®X³¾¯-( ��	>= *,	íô]±
¯d®°Ãd·X± �X²X± u(k,N)
tj Ã�¯ÒÑ°±z·X±
²XÃ"Åê¯ Â ­AÇ�¯ÒÑX±¦³ j [�­AÇ

k ikjAl ¯ÒÅ´¹
³´±
Ã j ºO­E²�� N j ¯í¯"Å´º ± t j ²X· u(N)
t

[�Å¾³´³]Ã ¯ j ²X·°Ã�Ç)­ l
u

(N,N)
t

	



��� ��� � 	 � � 	 � � � 	 ��� � ��� � � 	 � � � � �

� � 
 
 
�� ��
�� 
�� � � � ��
 � 	�� � 

� k ≤ N �
� ����
����

sup
t≥0

‖u(k,N)
t − u⊗k

t ‖1 ≤ K

√

k

N
.

� � 
�
 � 	 � ]KÑX± � l ÃÁ¯ i ­AÅ´² ¯�Å´ÃD¯"­ ­A»°¯ j Å¾²
∥

∥u(k,N)

t − u⊗k
t

∥

∥

1
≤ 2

√

k

N

√ � (
u

(N)
t | u⊗N

t

)

.

]KÑXÅ¾Ã�± j ÃÁÅ´³ Â Ç)­E³´³¾­�[�ÃdÇ l ­Eº¤¯ÒÑX± ¹e³ j Ã"ÃÁÅ´¹ j ³ l ±
³ j ¯"Å´­E²�±
ÃÁ¯ j »X³´Å¾Ã"ÑX±
·0» Â ò}Ã"Å¾Ã.� � lzj ²X· ��®X³¾³´» j ¹ �
()Ã"±e± � Æ_Å´²�CB�
	+*
(b��	¾µ ��* ‖µ− ν‖TV ≤

√

2
�

(µ | ν)
( [�ÑX± l ± ‖ . ‖TV

ÃÁ¯ j ²X·XÃ Ç)­ l ¯ÒÑ°±�¯Ò­ ¯ j ³D¼ jAl Å j ¯"Å´­E²J²X­ l º2* j ²X·5¯"ÑX±NÇ)­E³´³¾­6[�Å¾² ��­E²X±B·X®X±N¯Ò­ò}ÃÁÅ´Ã.� jAl (QÃÁ±e± � ò}ÃÁÅ �B�
	+* 	
� � � ��� � � � ��
 � 	�� � � � (E, E)


 � � 

� ��� 
 " � � � 	 
 	 � 
 � � µ(N) " � 
 � ��� 	���
 � ��� 
 " � �
	 � 
#" 
 " � � � � � � � 

� ��� � 

� 
 	 � 
 � � 	 � � 	 
 	 � EN

� � 	�� � ��
 � µ(N) � ν⊗N
� 

� � 
 � � 	 � 
#" �
 " � � � � � � � 

� ��� � ν 

� E � ! � � 

� � " � µ(k,N) � ��� � 
 � ��� � 
 � 

� � ��� � � � � k

	 
�

� ��� � 
 � � �
� ��� � �

� 

� � ��� � � k ≤ N �
� ����
����

(b��	¾µ�5:* � (
µ(k,N) | ν⊗k

)

≤ 2k

N

� (
µ(N) | ν⊗N

)

.

ï½­�[-³´±�¯�®XÃ�ÃÁ¯"®X· Â ¯ÒÑ°±�»�±eÑ j ¼�Å¾­ l ­AÇ F ·X± �k²°±e·�» Â
F (t) =

� (
u

(N)
t | u⊗N

t

)

.

� � � ��� � � � ��
 � 	�� � ��� ��� � � ��
 � � ��� 
 � F
��� ��� ��� � " �

F ′(t) = −
∫

∣

∣

∣

∣

∣

∇u
(N)
t

u
(N)
t

− ∇u⊗N

t

u⊗N

t

∣

∣

∣

∣

∣

2

u
(N)
t

−
∫

[

∇u
(N)
t

u
(N)
t

− ∇u⊗N

t

u⊗N

t

]

[∇ΨN −∇Ψt]u
(N)
t

� ��� � �

(∇ΨN)i = ∇U(xi) +
1

N

N
∑

j=1

∇W (xi − xj)


 � �

(∇Ψt)i = ∇U(xi) +∇W ∗ ut(xi).
]KÑ°± iXl ­�­AÇ�­AÇ�¯ÒÑXÅ¾Ã l ±eÃ"®°³¾¯�Ç)­E³´³¾­�[�ÃDÇ l ­Eº j ÃÁ¯ lÒj Å��EÑ ¯"Ç)­ l [ jAl ·�¹
­Eº i ®°¯ j ¯ÒÅ´­A² j ²X· j ²�Å´² ¯"±,�

� l"j ¯ÒÅ¾­E²:» Â:ikjAl ¯ÒÃ
	 6 Â ¯ÒÑX±�» j Ã"Å´¹ i°l ­ i ± l ¯ Â ­AÇ j ² Â »XÅ´³¾Å´²X± jAl Ç)­ l º�È
2〈a, b〉 ≤ 〈a, a〉+ 〈b, b〉

[À± �E±
¯

F ′(t) ≤ −1

2

∫

∣

∣

∣

∣

∣

∇u
(N)
t

u
(N)
t

− ∇u⊗N

t

u⊗N

t

∣

∣

∣

∣

∣

2

u
(N)
t +

1

2

∫

|∇ΨN −∇Ψt|2u(N)
t .



��� ��� � 	 � � 	 � � � 	 ��� � ��� � � 	 � � � � �

ðD¯À³ j Ã ¯�� ut

Ã j ¯ÒÅ¾Ã �k±
Ã j ³´­:� jAl Åê¯ÒÑXº Å´¹D¬�­E»�­E³´±�¼¶Å´²X±
Ê�® j ³´Åê¯ Â [�Åê¯ÒÑ ¹e­E²XÃ ¯ j ² ¯ Ct

	 6 Â ¯Ò±
²XÃ"­ l Å´Ã j �¯"Å´­E²2(QÃÁ±e± � # l ­ �M5 	+* �AÅê¯�Å¾Ã�Ã ¯ÒÅ¾³´³A¯ l ®X± ( [�Å¾¯"Ñ¦¯"ÑX±ÀÃ j º ±À¹
­E²XÃÁ¯ j ² ¯ *]Ç)­ l u⊗N

t

	�ð�Ã j ¹e­E²XÃÁ±eÊ�®X±
²X¹e±0�
[À±�­E»°¯ j Å´²

F (t) ≤ 2

β + γ

∫

∣

∣

∣

∣

∣

∇u
(N)
t

u
(N)
t

− ∇u⊗N

t

u⊗N

t

∣

∣

∣

∣

∣

2

u
(N)
t .

]KÑX±
²B¯"ÑX±�Ç)®X²X¹�¯ÒÅ´­A²
F
Ã j ¯"Å´Ã �X±eÃ�¯ÒÑX±�Ç)­E³¾³´­�[�Å´² �¦·XÅ��f± l ±e² ¯ÒÅ j ³æÅ¾²X±eÊ�® j ¯"Å´­E²�È

F ′(t) ≤ −β + γ

4
F (t) +

1

2

∫

|∇ΨN −∇Ψt|2u(N)
t .

6 Â ¯"ÑX± l ±
Ã"®X³ê¯-(b��	9=:* �k¯ÒÑ°± i ­E³ Â ²X­AºOÅ j ³ � l ­�[K¯ÒÑB­AÇ U j ²°· W j ²X·B¯"ÑX±�®X²XÅ¾Ç)­ l º¨¹
­E² ¯ l ­A³]­AÇ¯"ÑX±�ºO­Eº ±e² ¯"ÃK­AÇ
us

Ç)­ l s Å´² [0,+∞)
�
[À±!�A±
¯

∫

|∇ΨN −∇Ψt|2u(N)
t ≤ K.

]KÑX±
²��k­E²X±�¹ j ²�®°Ã"± # l ­E²O[ j ³¾³�³¾±eº º j ¯"­ ­A»°¯ j Å¾²

F (t) ≤ K
[�ÑXÅ¾¹ÛÑ j ¹ÛÑXÅ´±�¼E±eÃ�¯ÒÑ°± i°l ­�­AÇ 	
� � � � � � Vdù6
aø]þ�ûb� ûhú � � � ð=ÃÁ¯ l"j Å��AÑ�¯ÁÇ)­ l [ jAl · j · jAi ¯ j ¯ÒÅ´­A²¶­AÇF]KÑX±
­ l ±
º 7 	87�Å´² � 6KòKòDÆ)=M�#	
³¾± j ·XÃD¯"­¶¯ÒÑX±�Ç)­E³¾³´­�[�Å´² �zÊ�® j ³´Åê¯ j ¯"Å¾¼E± l ±eÃÁ®X³¾¯�	
���	��

����� � � � ��
 � 	 � � ��� � � ��� ��� � ��
 ��� � ��� � u

� � 	�� � ��
 � � 

� 
 � � u0

� ����
����
(b��	¾µ�C *

lim
t→∞

‖ut − u‖1 = 0.

]KÑ°±I»f±
ÃÁ¯ [ j�Â ¯Ò­£¹ÛÑ j lÒj ¹�¯Ò± l Å��
±¦¯ÒÑ°±zÃÁ¯ j ¯ÒÅ¾­E² jAl Â ºO± j Ã"® l ± u Å¾Ã½¯"­£Ã"±
±IÅ¾¯ j Ã½¯ÒÑX±I®°²XÅ´Ê�®X±º Å´²XÅ¾ºI®Xº ­AÇ�¯ÒÑX±�Ç l ±e±�±e²X± l � Â Ç)®X²X¹
¯"Å´­E² j ³æ·X± �k²X±e·�» Â È

η(f) =

∫

f(x) log f(x) dx

+

∫

U(x)f(x) dx

+
1

2

∫∫

W (x− y)f(x)f(y) dx dy .

î ¯&Å¾Ã]²X­�[ i ­EÃ"ÃÁÅ´»X³¾±�¯Ò­ �EÅê¼E± j ²�± Ú�i ­E²X±e² ¯"Å j ³ l"j ¯Ò±c­AÇ�¹e­A²�¼A± l �E±e²X¹
±ÀÅ¾² ]KÑX±e­ l ±eº ��	>��	êµ�C�	�$�Å l ÃÁ¯��
[À±�²X±e±
· j¶iXl ±
³´Å¾ºOÅ¾² jAlÁÂ i°l ­ i ­EÃ"Åê¯ÒÅ¾­E² [�ÑXÅ´¹ÛÑB·X± j ³´Ã<[�Åê¯ÒÑ:¯ÒÑX±�¹
­E² ¼E± l �E±e²°¹e±¦¯"­ ±eÊ�®XÅ´³¾Å´» l Å´®XºÇ)­ l ¯"ÑX± ikjAl ¯ÒÅ´¹
³´±dÃ Â ÃÁ¯Ò±
º�	
� � 
 
 
�� ��
�� 
�� � � � ��
 
 	�� � 

�


 � � u0 � �
��� � � ��� ��� � � 
 	 

� � � 
 ��� K

� � 	�� � ��
 � � 

� 
 � � N� �
N


 � � t ≥ 0 � �
(

u(N)

t |µN

)

≤ KNe−2βt

� ��� � � µN

��� � ��� 	 � 
#" 
 " � � � � � � � 

� ��� � � � � � ��� � � � � �

(b��	¾µ��:* 1

ZN

exp

(

−
N
∑

i=1

U(xi)−
1

2N

N
∑

i,j=1

W (xi − xj)

)

.



��� ��� � 	 � � 	 � � � 	 ��� � ��� � � 	 � � � � �

� � 
�
 � 	 � î ¯½Å´Ã<[À±e³¾³�� � ²°­6[�² (QÃÁ±e± � 6 j � =B�#	 *}¯ÒÑ j ¯
�
(

u(N)

t |µN

)

≤
�
(

u⊗N

0 |µN

)

e−2βt.
çd²:¯ÒÑX±�­A¯"ÑX± l Ñ j ²X·��k®XÃÁÅ´² �¶¯ÒÑ°±�± Ú�i ³´Å¾¹eÅ¾¯D± Ú�iXl ±
Ã"ÃÁÅ´­E² ( ��	êµ6�:* �Q[}±�Ñ j ¼A±

�
(

u⊗N

0 |µN

)

=

∫

u⊗N

0 log f⊗N

0 −
∫

u⊗N

0 log µN

= N

∫

u0 log u0 +

∫

u⊗N

0 ΨN + logZN

≤ KN +K

N
∑

i=1

∫

u⊗N

0 P (|x1|)

+N log

(
∫

e−U(x1) dx1

)

,

[�ÑX± l ± P Å´Ã j�i ­E³ Â ²X­Eº Å j ³æ¯ÒÑ j ¯í·X­Eº Å´² j ¯Ò±eÃ�¯ÒÑ°±�� l ­�[K¯"Ñ�­AÇ U j ²X· W 	 ]KÑX±
²�¯ÒÑX± l ±eÃÁ®X³¾¯Ç)­E³¾³´­�[�Ã�	
É ±e²X­A¯"± » Â µ1,N

¯"ÑX± � l ÃÁ¯�º jAl �EÅ¾² j ³&­AÇ µN

	 ]KÑ°±e²��]Ç)­ l ±�¼E± lÁÂ Å¾²�¯"±��E± l N �F[}±¶Ñ j ¼A± » ÂÆ l ­ i ­EÃÁÅ¾¯"Å´­E²XÃ<��	9� 	¾µ�� j ²°· � 	9��	êµ6� �

‖ut − u‖1 ≤
∥

∥ut − u(1,N)

t

∥

∥

1
+
∥

∥u(1,N)

t − µ1,N

∥

∥

1
+ ‖µ1,N − u‖1

≤ K√
N

+K
√
Ne−βt.

] j � Å´² � N ­AÇ�¯ÒÑ°±�­ l ·X± l ­AÇ eβt/2
�Q[À±�Ñ j ¼E±�±eÃ ¯ j »X³¾Å´ÃÁÑX±e·N¯ÒÑX±�Ç)­E³¾³´­�[�Å´²�� l ±
Ã"®X³ê¯�	

���	��

����� � � � ��
�� 	 � � � � Pc �
� � � � c > 0 �

� � 
 � �
� � 

� � ��� ��� � 
 � � ��� 	 � 
#" 
 " � � � � ��� � � � � �
f
� � 	�� � ��
 �

∫

f(x) log f(x) dx+

∫

|x|4f(x) dx ≤ c.

� ��� � � �
��� � � ��� ��� � � 
 	 

� � � 
 ��� K � ��� 	 � � ��� � � 

� c

� � � 	�� � ��
 � � 

� � ��� � � 	�
 � � � � ��� t

 � �

u0

� � Pc �
‖ut − u‖1 ≤ K e−βt/2.

� � ��� ��� � � � ��
 � 	 � � ����� � � � � � � ��� 
 � 
 � ��� 
 � ����� 
 	 	�
 � ��� � � � � � � 	 � � ��� � 
 � � 
 � 	 

� ���� � ��� � 	 �$� 

� � ��� � 

� � � � � 
 � 	 � 
 	 � � � ��� � 

� � ��� 

� � 
 � � ��� 	 
 � � � 	 � � � � � � ��� �
ô]±�¯�®°Ã½ÃÁÑX­�[-¯ÒÑ j ¯K¯ÒÑX±�ÑX­ i ±�Å´²Bé�±eº jAl � ��	>��	¾µ�=IÅ´ÃK² j ¯"® lÒj ³]Å´²NÃ"­Eº ±�Ã"±
²XÃ"±0	

� � � ��� � � � ��� � 	�� � � � µ

 � � ν " � � � 
 	 � 
#" 
 " � � � � � � � 

� ��� � � 

�

R
n � � ��� � �

� 

�
� ��� � � 	 � 
#" 
 " � � � � � � � 

� ��� � � µN


 � � νN

� 

�
R

Nn
� � � � � � � � 	 ��	 � � ��� � 
 � ��� � 
 � � µ, . . . , µ
 � � ν, . . . , ν � �

2(µN , νN)2 ≥ N
�

2(µ, ν)
2.

]KÑ°Å´Ã�³´±
ºOº j Å´º i ³¾Å´±eÃV¯ÒÑ j ¯
'

2(u
(1,N), µ1,N) ≤ 1√

N

'
2

(

u
(N)
t , µN

)

.



��� � � � � � � � � � � � 	 � 	�� 	 � � �
� � � ��� ��� 	 � � � � � � � � � � 	 � � ��� ��� � � ��� � � �

6}±
Ã"Å¾·X±eÃ
� j Ã µN

Ã j ¯"Å´Ã �X±eÃ j ³¾­:� jAl Å¾¯ÒÑ°ºOÅ¾¹�¬�­A»f­E³¾±
¼*Å¾²X±eÊ�® j ³´Å¾¯ Â [�Å¾¯"Ñ?¹
­E²XÃÁ¯ j ² ¯ 2/β
�
µNÃ j ¯ÒÅ¾Ã �k±
Ã j ¯ l"j ²XÃ i ­ l ¯ j ¯"Å´­E²£Å¾²X±eÊ�® j ³´Å¾¯ Â Ç)­ l ¯ÒÑX±�Ê�® j · lÒj ¯"Å´¹�¹e­EÃ ¯�ÈgÇ)­ l ±�¼E± lÁÂ º ± j ÃÁ® l ± νN

­E²
R

dN
�

'
2(νN , µN)2 ≤ 1

β

�
(νN |µN).

]KÑX±
² [À± �E±
¯
'

2(ut, u) ≤ '
2

(

ut, u
(1,N)

t

)

+
'

2

(

u(1,N)

t , µ1,N

)

+
'

2(µ1,N , u)

≤ 2 sup
t≥0

(

E

[

∣

∣

∣
X1,N

t −X
1

t

∣

∣

∣

2
])1/2

+

√

K

N

�
(

u
(N)
t |µN

)

≤ K√
N

+Ke−βt .

ô]±
¯
N

�A­�±
Ã�¯"­ Å´²
�k²°Å¾¯ Â ¯"­ �E±
¯�¯ÒÑ°±�Ç)­A³´³´­�[�Å¾² � l ±
Ã"®X³ê¯�	
� � 
 
 
�� ��
�� 
�� � � � ��� 
 	��

�
2(ut, u) ≤ Ke−βt .

]KÑ°Å´ÃIÅ¾Ã¦¯ÒÑ°±£Ã j º ± l"j ¯Ò± j ÃIÅ´²0¯ÒÑX±£³¾Å´²X± jAl ¹ j ÃÁ±�	D]KÑXÅ¾Ã l ±
Ã"®X³ê¯ iXl ­(¼�Å¾·X±eÃ¶±��O¹
Å´±
²�¯I± Ú°j ¹
¯¹
­E²
�k·X±
²X¹e±OÅ´² ¯Ò± l ¼ j ³¾Ã�Ç)­ l ¯"ÑX± ¹e­E² ¼E± l �E±
²X¹e±:­ Ç}¯ÒÑ°±O±
º i Å l Å¾¹ j ³gº ± j Ã"® l ± j ¯�¯"Å´º ± t ¯Ò­B¯ÒÑX±Å¾²�¼ jAl Å j ² ¯Kº ± j Ã"® l ± u 	
� � 
 
 
�� ��
�� 
�� � � � ��� � 	�� � 

�

� ��� � � r ≥ 0 � �
��� 	 � 
#" 
 " � � � � �

P

(∣

∣

∣

∣

∣

1

N

N
∑

i=1

f(X i,N
t )−

∫

f(x)u(x) dx

∣

∣

∣

∣

∣

≥ r +

√

K

N
+Ke−βt

)

��� " 

��� ��� � " � 2 exp

[

−Nr
2

Dt

]

�

� � ^_� ÿ�ü��bR + �
ú�ö°÷�û��Sû���û�� 
�H�ùýøF�Eü � ���Oûhú6K �&ø(� ��ü 
aö°ú(û! �üD� �&ù  °ö°ú �&ù(ü
îª² ¯"ÑXÅ´ÃzÃ"±e¹�¯ÒÅ¾­E²��%[À±:ÃÁ¯"®X· Â ¯"ÑX±£¹ j Ã"± [�Ñ°± l ± U = 0

Å´² Ù Ê�® j ¯"Å´­E² (b��	97:*,	D]KÑXÅ¾ÃzÅ¾Ãz¯ÒÑX±
±
Ê�® j ¯ÒÅ¾­E²¶ÃÁ¯"®X·XÅ´±
·¶Å´² � 6Dé%] � =M� � 6}é � =M� 	1	_ô]±
¯g®XÃ_·X±eÃÁ¹ l Å´»�±KÊ�®°Å´¹ � ³ Â ¯ÒÑX± l ±eÃÁ®X³¾¯"Ãg¯ÒÑX± Â Ñ j ¼E±±
ÃÁ¯ j »X³´Å¾Ã"ÑX±
·�	�]KÑX± l ±�Å´Ã iXl ­ ikj � j ¯ÒÅ¾­E²�­AÇ�¹ÛÑ j ­EÃ j ²X·:º ­ l ± i°l ±e¹
Å´ÃÁ±e³ Â �°¯ÒÑ°± l ±�± Ú Å´ÃÁ¯"Ã j K > 0ÃÁ®X¹ÛÑ�¯"Ñ j ¯
(b��	¾µ�� *

sup
0≤s≤T

E

[

∣

∣

∣
X i,N

s −X
i

s

∣

∣

∣

2
]

≤ K
T 2

N
.

]KÑX± ÂBj ³´ÃÁ­¶±eÃ ¯ j »X³¾Å´ÃÁÑN¯"ÑX± iXl ­ ikj � j ¯"Å´­E²:­ Ç�¹ÛÑ j ­EÃ j ¯�¯ÒÑX±�³´±�¼E±
³]­AÇ i°l ­�¹e±eÃÁÃ"±
Ã�	

E

[

sup
0≤s≤T

∣

∣

∣
X i,N

s −X
i

s

∣

∣

∣

2
]

≤ KT

N
.
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 � � 

�
	 � 
���
�� � � �

��� ��� 	 � � ��� � 	 � � � � � � � � 	 ��	 � � 
 � ��� � � �
� ��� 
 � � 

� ( ��	êµ�� * ��� 
 � � ��� 

� ��� � 
 � � ��� � ��� 
 � � 
 � � ��� ��
 � � � 
#" 
 � � � 	 

� � � 
 ��� 
 � � ��� �

t �
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� � ^_� ��� & K&ü �£û �O� û � �&ù
 Xö°ú �&ù(ü=ø4R£ú�K�ü H�öXù�ú(û � �)ü � � ��ú�ü�� � � ' ± � l ÃÁ¯OÃÁ¯"®X· Â ¯ÒÑX±
N
� ikj l ¯ÒÅ¾¹e³¾±£Ã Â ÃÁ¯"±eº 	Jî ¯ÒÃ ¹e® l ¼ j ¯Ò® l ±NÅ´ÃI±
Ê�® j ³D¯Ò­ 0

Ç)­ l ±�¼E± l Â N È£¯"ÑX±:¼E±
¹
¯Ò­ l (1, . . . , 1)»�±e³¾­E² �EÃ½¯Ò­£¯ÒÑ°± � ± l ²X±e³_­ Ç_¯ÒÑX± � ±eÃ"ÃÁÅ j ²�­ ÇV¯"ÑX± i ­A¯Ò±
²�¯"Å j ³1	�ï�±�¼E± l ¯ÒÑ°±e³´±
Ã"Ã
� [À±¶ÃÁ¯"Å´³´³�Ñ j ¼E± j
l ±eÃ"®°³¾¯ j ¯K¯"Å´º ± t 	cîª² ikj l ¯ÒÅ¾¹e®X³ jAl ��[}±�Ñ j ¼A±�¯"Ñ j ¯��XÇ)­ l ±
¼E± lÁÂ T � N j ²°· r ≥ 0

�

sup
t≤T

P

(∣

∣

∣

∣

∣

1

N

N
∑

i=1

f(X i,N
t )− E

[

f(X
i

t)
]

∣

∣

∣

∣

∣

≥ r + t

√

K

N

)

≤ 2 exp

(

−Nr
2

2T

)

[�ÑX± l ± K Å¾ÃD¯ÒÑX±�¹
­E²XÃÁ¯ j ² ¯½Å´² ( ��	êµ�� * 	
' ±¶Ñ j ¼E±¶²°­6[�¯Ò­ i°l ±eÃÁ±e² ¯ j ²X­ ¯ÒÑX± ldl ±
Ã"®X³ê¯�±eÃ ¯ j »X³¾Å´ÃÁÑX±e·�Å¾² � 6Dé � =M� 	1	U]KÑ°± Â ÃÁÑX­�[ñ¯"Ñ j ¯¯"ÑX± l ±£± Ú Å´Ã ¯ÒÃ j ¹e­E²XÃ ¯ j ² ¯ K ÃÁ®X¹ÛÑJ¯ÒÑ j ¯zÇ)­ l ±
¼E± lÁÂ Ç)®X²X¹
¯"Å´­E² f ­AÇ�®X²°Å¾Ç)­ l º ²°­ l º j ²X·1­AÇô]Å i Ã"¹ÛÑXÅê¯ ��Ã"±
ºOÅ¾²X­ l º »�­E®X²X·X±
·�» Â 1

�
∣

∣

∣

∣

E

[

f(X
i

t)
]

−
∫

f(y)u(y) dy

∣

∣

∣

∣

≤ K

(1 + t)2
.

]KÑX±
²��Q[À±¦Ñ j ¼A± j ¹e­A²X¹e±
²�¯ lÒj ¯"Å´­E²BÅ´²°±eÊ�® j ³¾Å¾¯ Â 	

���	��

����� � ���$��� 	 � � 

�
� ��� � � r ≥ 0 �

P

(∣

∣

∣

∣

∣

1

N

N
∑

i=1

f(X i,N
t )−

∫

f(y)u(y) dy

∣

∣

∣

∣

∣

≥ r + T

√

K

N
+

K

(1 + T )2

)

leq2 exp

(

−Nr
2

2T

)

� ��� � � u
��� � ��� � 
 � ��� � 

�

u(x) =
1

Z
exp (−W ∗ u(x))

� � � � Z =

∫

exp (−W ∗ u(x)) dx .

� � ^_� EF� � ��ù
 Xö�ú ��ù(ü?ø4R:ú6K&ü �&ø(� �Qû���ü�öXù H�ù(ø@�Eü�� � � � ð�Ã�Å¾²�Ã"±
¹
¯ÒÅ¾­E²J��	>��	 � �<[À±�¹ j ²
j ÃÁÃ"­�¹eÅ j ¯Ò± ¯Ò­B¯ÒÑX±£²°­E²X³´Å¾²X± j l�i°l ­�¹e±eÃÁÃ j ¹
® l ¼ j ¯"® l ±�[�ÑXÅ´¹ÛÑJÅ¾Ã¦»�­E®X²°·X±e· »�±e³¾­�[ » Â γ > 0

	
]KÑX±
²��Q[À±¦Ã ¯ÒÅ´³¾³�Ñ j ¼A±�¯"ÑX± iXl ­ iXj � j ¯"Å´­E²:­AÇ�¹ÛÑ j ­AÃ�Ç)­ l »X³´­�¹ � Ã½­ Ç�ÃÁÅ��e± o(N)

	

� � 
 
 
�� ��
�� 
�� � ��� � � 	�� � 

� k ≤ N �
� ����
����

sup
t≥0

‖u(k,N)
t − u⊗k

t ‖1 ≤ K

√

k

N
.

� � � � &UK�üP
aü��&ü�ù(ö#� �Eö#�eü
]KÑ°Å´Ã ikjAl ¯&Å¾Ã&·X±e·XÅ¾¹ j ¯"±e·�¯Ò­�¯ÒÑX±VÃÁ¯"®X· Â ­AÇ�¯ÒÑX± �E±
²X± l Å´¹cº ­�·X±
³ ­AÇ�²X­E²X³¾Å´²X± jAl ·XÅ��f®XÃÁÅ´­E²XÃæ¯"Ñ j ¯¹ j ²N»f± jAiXi°l ­ Ú Å´º j ¯Ò±
·B» Â:iXjAl ¯"Å´¹e³¾±eÃKÅ¾²Bº ± j ² �X±e³´·NÅ¾²�¯"± l"j ¹
¯"Å´­E²�	�]KÑ°±�»�±��AÅ´²X²XÅ¾² �¶¹e­A²XÃ"Å¾ÃÁ¯ÒÃÅ¾² j Ã ¯ lÒj Å��EÑ ¯"Ç)­ l [ jAl · j ·ý¿Á®°ÃÁ¯Òº ±e² ¯�­AÇV¯ÒÑX± ¹
³ j ÃÁÃ"Å´¹ j ³_º ±
¯ÒÑ°­�· iXl ±eÃ"±
² ¯Ò±e·0» Â ¬ �e²XÅê¯Òº j ²GÅ´²� ¬ �e²Q=°µ)	1	



��� � � � � � � �
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� � � � � � � � �

� � � � ��� & K&ü �0ø]þ�ü�� ��� ô]±
¯í®XÃdÃ ¯ jAl ¯ [�Å¾¯"Ñ 6}­ l ±e³��ªº ± j ÃÁ® lÒj »°³´±�Ç)®X²X¹�¯ÒÅ´­A²XÃ bi(x, y) j ²°·
σij(x, y)

�
1 ≤ i, j ≤ d

��Ç l ­Eº
R

d × R
¯"­

R
d j ²°· κ Ç l ­Eº R

¯"­
R
	�ô]±
¯

(Bt)t≥0

»�± j
d
� ·XÅ´º ±e²XÃÁÅ´­E² j ³ 6 l ­�[�²XÅ j ²Bº ­A¯"Å´­E²�	 ' ±�Ã ¯Ò®X· Â ¯"ÑX±�Ç)­E³´³¾­�[�Å´² �I±
Ê�® j ¯ÒÅ¾­E²æÈ

(b��	¾µ�= *






dX t =
√

2σ(Xt, κ ∗ u(t, Xt)) dBt + b(X t, κ ∗ u(t, Xt)) dt
L(X t) = u(t, dy)
X t=0 = X0.]KÑX±�·X±
²XÃ"Åê¯ Â ­AÇ j ÃÁ­E³´®�¯ÒÅ´­A² j ¯K¯ÒÅ¾ºO± t Å´Ã � ²X­�[�²�¯"­ »f± j [}± j � Ã"­A³´®°¯"Å´­E²:­AÇpÈ

∂

∂t
u(s, x) =

d
∑

i,j=1

∂2

∂xi∂xj
[aij(x, κ ∗ u(s, x))u(s, x)]

−
d
∑

i=1

∂

∂xi

[bi(x, κ ∗ u(s, x))u(s, x)]
[�ÑX± l ± a Å¾ÃK±eÊ�® j ³]¯"­ σσ∗ 	
���	��

����� � ��� ��
 	 � & � σ � b 
 � � κ


 � � " 

��� ��� � 
 � � � ��
#" 
 � � � � � 	 ��	���� ��� � ��� 	 � � 

� � �� ��� 

� � ��� ��� � � � 	 � 
 � � ��� � ��� � � � � ��� 
 � � � 

� � ��� 
 � � 

� ( � 	¾µ�=:* �
� � � � EF� �¦ø �( fü�ù6
aü����Eü?ø4RNú6K&ü ö#� �eø@� û)ö°ú�ü�þ H�öXù�ú(û � �)ü � � �
ú�ü
� � � ô]±�¯

(Bi)i∈N

»f±
Å¾²X·X± i ±e²°·X±e² ¯ 6 l ­�[�²XÅ j ²�º ­A¯ÒÅ¾­E²XÃ_Å´²

R
d
	%]KÑX±íÅ¾²�¯"± l"j ¹
¯"Å´² � ikjAl ¯ÒÅ´¹
³´±KÃ Â Ã ¯Ò±
º j ÃÁÃ"­�¹eÅ j ¯Ò±
·O¯Ò­

(b��	¾µ�= *ÀÅ´ÃD¯"ÑX±�Ã"­E³¾®°¯ÒÅ¾­E²:­AÇ

(b��	87 � *






dX i,N
t =

√
2σ(X i,N

s , κ ∗ ΠN

s (X i,N
s )) dBi

s

+b(X i,N
s , κ ∗ ΠN

s (X i,N
s )) ds

Ç)­ l i = 1, ..., N

X i,N
0 = X i

0[�ÑX± l ± ΠN

t

Å¾ÃD¯ÒÑX±�±eº i Å l Å´¹ j ³�ºO± j Ã"® l ±�­AÇ�¯"ÑX±�Ã Â ÃÁ¯"±eº j ¯K¯"Å´º ± t Å1	 ±0	_Å¾¯KÅ¾ÃK±eÊ�® j ³]¯Ò­

ΠN

t =
1

N

n
∑

k=1

δXk,N
t
.

� ­�[ Åê¯DÅ´Ã}± Ú�i ±
¹
¯"±e·��X¯"ÑX± iXl ­ ikj � j ¯"Å´­E²O­AÇ�¹ÛÑ j ­EÃ}ÑX­E³´·°Ã�	_îª²X·X±
±e· [}±�Ñ j ¼A±d¯ÒÑX±dÇ)­A³´³´­�[�Å¾² �±
ÃÁ¯ÒÅ¾º j ¯Ò±AÈ
���	��

����� � ��� ��� 	 � & � σ 
 � � b


 � � " 

��� ��� � 
 � �
� ��
#" 
 � � � � � 	 ��	���� ��� 
 � � κ ∈ C1
b
� � � � �" 

� � κ 
 � � � j ¹ κ 
 � � " 

��� ��� � � � � ��� � � � 

� 
 � � T ∈ R

+ � �
��� � � ��� ��� � � 


KT ∈ R

� � 	��
� ��
 � � 

� 
 � � i


 � � N
� �

N �
(b��	87�µ *

E

[

sup
t≤T

∣

∣

∣
X i,N

t −X
i

t

∣

∣

∣

2
]

≤ KT

N
.

� � ��� ��� � ��� � � 	 � & � 	 
 � " � ��� 
 � � � � � � � ��
 � � 

� � 
 � �
K ′

T
�

(b��	87B7:*
sup
t≤T

(

E

[

∣

∣

∣
X i,N

t −X
i

t

∣

∣

∣

2
])1/2

≤ K ′
T√
N
.

� � 	 � 
���
�� � � K ′
T

��� 
 � � ��� 

� ��� � 
 � exp(KT ) �
� 
 � � ��� � 
 � � � 
#" 
 � � � 	 

� � � 
 ��� CT


 � � ���
	 
 � � � 	 � � � � � � ��� 
 � � ��� �

T � ��� � ����	 � � 

� � � � � � � �
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 � 	 ��	 � 
 � 	 

��� 	�� îª²N¯ÒÑXÅ¾ÃKÃ"±e¹�¯ÒÅ¾­E²��I[À± [�Å¾³´³fÃ"® iXi ­EÃÁ±�¯"Ñ j ¯
σ
Å´Ãc±eÊ�® j ³a¯"­ I 	.]KÑ°±e²���Å¾¯cÅ´ÃcÃ ¯ÒÅ´³¾³°¯ l ®X±�¯ÒÑ j ¯c¯"ÑX±�²°­E²X³´Å¾²X± j l_iXl ­�¹e±
Ã"Ã}Ñ j Ã j »�­E®X²X·X±
· �ª»�±e³¾­�[()Å´²

R
*�¹e® l ¼ j ¯Ò® l ±�	W]KÑX±OÅ¾¯"Ã�³ j [ j ¯�¯ÒÅ¾ºO± t Ã j ¯ÒÅ¾Ã �k±
Ã j ³´­:� j l Å¾¯"ÑXº Å´¹¶¬�­E»f­A³´±
¼�Å´²X±
Ê�® j ³´Åê¯ Â 	]KÑXÅ¾ÃK±e²XÃÁ® l ±
Ã�¯"Ñ j ¯���Ç)­ l k ≤ N

�Q[À±¦Ñ j ¼A±

sup
t≤T

‖u(k,N)
t − u⊗k

t ‖1 ≤ KT

√

k

N
.

îª²MÇ j ¹
¯���Å¾¯�Å¾Ã i ­EÃ"ÃÁÅ´»X³¾± ¯"­ �E±�¯ j »f±
ÃÁ¯z±eÃÁ¯"Å´º j ¯Ò±�( j ¯¦¯"ÑX±�³¾±
¼A±e³V­AÇ iXl ­�¹
±eÃÁÃ"±eÃ *,	 $a­A³´³´­�[�Å¾² �
j Ã"® ���E±eÃ ¯ÒÅ´­A²0­AÇDÆ l ­AÇ)±
Ã"Ã"­ l É ±
³ Ä ­ lÒj ³.[}± ®XÃ"± j ºO±�¯ÒÑX­�·0·°±
¼E±
³´­ i ±e·0» Â 6}±e² j l ­E®XÃ j ²X·
��±
Å¾¯Ò­A®X²XÅ (QÃ"±
± � 6Àð �F=M= 	+*�Å¾² j ² j »°ÃÁ¯ l"j ¹
¯íÇ lÒj º ±-[À­ l � 	�ï½±
¼E± l ¯"ÑX±e³¾±eÃ"Ã�­E® l ¹ j ÃÁ±¶Å´ÃdÃÁÅ´º i ³´± l»�±e¹ j ®XÃ"±'[À± j ³ l ± j · Â Ñ j ¼A±½±
ÃÁ¯ j »X³´Å¾Ã"ÑX±
· ]KÑX±e­ l ±eº�� 	85 	97 	�ô&±�¯c®XÃ_ÃÁ¯ jAl ¯%[�Å¾¯ÒÑ¶Ç)± [ ²X­ ¯ j ¯"Å´­E²XÃ
È

� P
N

T

Ã ¯ j ²°·XÃ�Ç)­ l ¯"ÑX±0³ j [ ­AÇ
(XN

t )0≤t≤T =
(

(X1,N
t , ..., XN,N

t )
)

0≤t≤T

¯"ÑX± ikjAl ¯"Å´¹
³´±
Ã Â ÃÁ¯"±eº¢®X² ¯"Å´³�¯"Å´º ±

T
�

� P
k,N
T

·X±
²X­A¯"±eÃ£¯ÒÑ°±�³ j [¤­AÇ (
(X1,N

t , ..., Xk,N
t )

)

0≤t≤T

	 6 Â ± Ú ¹ÛÑ j ²��E± j »°Å´³¾¯ Â ��¯"ÑX± k �º j l �EÅ¾² j ³´ÃV­AÇ
P

N

T

·°­ ²°­A¯�·X± i ±e²°·�­E²N¯ÒÑX±�¹ÛÑX­AÅ´¹e±�­ Ç�¹
­�­ l ·XÅ´² j ¯Ò±
Ã��
�

³´±�¯
PT

»�±d¯ÒÑX±�³ j [?®X² ¯ÒÅ¾³æ¯ÒÅ¾ºO± T ­AÇ�¯ÒÑX±�²X­E²°³´Å´²°± jAlDi°l ­�¹e±eÃÁÃ�ÃÁ­E³´®�¯ÒÅ´­A²:­AÇ ( � 	¾µ�=:* 	
]KÑX± � ± ÂNi ­AÅ´² ¯�Å´ÃD¯"Ñ j ¯#[}± jAl ± j »X³´±d¯"­OÃÁÑX­�[-¯ÒÑ j ¯½¯"ÑX± l ±
³ j ¯"Å¾¼E±�±
² ¯ l ­ i�Â � (

P
N

T
|P⊗N

T

) Å´Ã
»�­E®X²X·°±e·BÅ´²

N
	

� � 
 
 
�� ��
�� 
�� � ��� ��� 	�� � ��� � � ��� ��� � ��
 	 

� � � 
 ��� KT

� � 	�� � ��
 � � 

� 
 � � N �
� (

P
N

T
|P⊗N

T

)

≤ KT .

� � 
�
 � 	 � 6 Â #�Å l Ã j ²X­�¼�¯ÒÑ°±e­ l ±eº �
P

N

T

Ñ j Ã j ·°±e²XÃÁÅ¾¯ Â [�Å¾¯"Ñ l ±eÃ i ±
¹
¯�¯Ò­
P
⊗N �EÅ¾¼A±e²N» Â

dPN

T

dP
⊗N

(Y ) = exp(HN

T
)

[�ÑX± l ±

HN

T
=

N
∑

i=1

∫ T

0

[

b(Y i
s ,

1

N

N
∑

j=1

κ(Y i
s − Y j

s ))− b(Y i
s , κ ∗ us(Y

i
s ))

]

dBi
s

−1

2

N
∑

i=1

∫ T

0

[

b(Y i
s ,

1

N

N
∑

j=1

κ(Y i
s − Y j

s ))− b(Y i
s , κ ∗ us(Y

i
s ))

]2

ds.

Ð½²X·X± l ¯ÒÑ°±íº ± j ÃÁ® l ±
P
⊗N �

((Bi
t)1≤i≤N)0≤t≤T

Å´Ã j N � ·XÅ´º ±e²XÃÁÅ´­E² j ³�6 l ­6[�²°Å j ²OºO­A¯"Å´­E² j ²°·
(

(B
i

t)1≤i≤N

)

0≤t≤T

·X± �X²X±e·�» Â

B
i

t = Bi
t −
∫ T

0

[

b(Y i
s ,

1

N

N
∑

j=1

κ(Y i
s − Y j

s ))− b(Y i
s , κ ∗ us(Y

i
s ))

]

ds



��� � � � � � � �
���
� � � � � � � � �

Å¾Ã j N �ª·°Å´º ±e²XÃÁÅ´­E² j ³�6 l ­6[�²°Å j ²Nº ­A¯ÒÅ¾­E²:®X²X·X± l
P

N

T

	�]KÑX±e²�Å¾¯DÇ)­E³¾³´­�[�Ã}Ç l ­Eº ( � 	9C *

� (
P

N

T
|P⊗N

)

= EPN
T

[

log

(

dPN

T

dP
⊗N

)]

=
1

2

N
∑

i=1

E

∫ T

0

[

b(X i,N
s , κ ∗ ΠN

s (X i,N
s ))− b

(

X i,N
s , κ ∗ us(X

i,N
s )
)]2

ds

≤ K

2

N
∑

i=1

E

∫ T

0

[

∣

∣κ ∗ ΠN

s (X i,N
s )− κ ∗ us(X

i,N
s )
∣

∣

2
]

ds

≤ K

2N

N
∑

i,j=1

∫ T

0

E

[

∣

∣κ(X i,N
s −Xj,N

s )− κ ∗ us(X
i,N
s )
∣

∣

2
]

ds.

' ± [ l Å¾¯"±

κ(X i,N
s −Xj,N

s )− κ ∗ us(X
i,N
s ) = κ(X i,N

s −Xj,N
s )− κ(X i,N

s −X
j

s)

+κ(X i,N
s −X

j

s)− κ(X
i

s −X
j

s)

+κ(X
i

s −X
j

s)− κ ∗ us(X
i

s)

+κ ∗ us(X
i

s)− κ ∗ us(X
i,N
s )

j ²°· �A±
¯��k» Â ]KÑ°±e­ l ±eº ��	95 	97 �

E

[

∣

∣κ(X i,N
s −Xj,N

s )− κ ∗ us(X
i,N
s )
∣

∣

2
]

≤ KT

N[�ÑXÅ¾¹ÛÑ j ¹ÛÑXÅ´±�¼E±eÃ�¯ÒÑ°± i°l ­�­AÇ 	
ï½­�[ [À±À¿Á®XÃ ¯KÑ j ¼E±d¯"­I®XÃ"± (b��	êµ65:* j ²X·£¯ÒÑ°±�ò}Ã"Å¾Ã.� � lKj ²X· ��®X³¾³´» j ¹ � Å¾²X±eÊ�® j ³¾Å¾¯ Â ( � 	¾µ�� *c¯Ò­

±
ÃÁ¯ j »X³´Å¾Ã"Ñ j ÃÁ¯ l ­E² � ¹e­E² ¼A± l �A±e²X¹
±z±eÃ ¯ÒÅ¾º j ¯"Å´­E² 	
���	��

����� � ��� ��� 	 � � 

�


 � � T

 � � N � �

��� � � ��� ��� � � 
 	 

� � � 
 ��� KT

� � 	�� � ��
 � �
� 

� 
 � �

k ≤ N �
∥

∥

∥
P

k,N
T

− P
⊗k

T

∥

∥

∥

TV
≤ KT

√

k

N
.

]KÑ°Å´Ã�Å´º i ³´Å¾±eÃ j Ã ¯ l ­E² � ¼E± l Ã"Å¾­E²�­ Ç iXl ­ ikj � j ¯ÒÅ¾­E²:­AÇ�¹ÛÑ j ­EÃKÇ)­ l »X³¾­�¹ � Ã�­AÇ�Ã"Å��e± o(N)
	

� � � � � � �¦ø � �Eü��fú�ù(ö°ú(û)ø(��ø4R�ú6K�ü ü�� H�ûQùýûb�Eö#�F�1ü�ö#� ��ù(ü � � ' ±D²X­�[�[ j ² ¯_¯Ò­í±eÃÁ¯ j »X³¾Å´Ã"Ñ¯"Ñ j ¯K¯ÒÑ°± iXjAl ¯"Å´¹e³¾±dÃ Â Ã ¯Ò±eº ()Å´²£¯ÒÑ°± �A±e²X± l Å´¹�¹ j Ã"±�*KÑ j Ã j »�­E®X²°·X±e· � »f±
³´­�[-¹
® l ¼ j ¯"® l ±0	)]KÑXÅ´ÃÅ¾ÃgºI®X¹ÛÑ ºO­ l ±K¹e­Aº i ³¾Å´¹ j ¯Ò±
·z¯ÒÑ j ²OÅ¾²I¯ÒÑX±�¹ j Ã"±'[�ÑX± l ± σ Å¾Ã_±eÊ�® j ³X¯"­ I 	�îª²X·X±e±
·���¯ÒÑX±�Ã"±
¹e­E²°·­ l ·X± l�ikjAl ¯_­AÇk¯ÒÑ°±}Å´²��k²XÅ¾¯"±eÃÁÅ´º j ³��E±e²X± lÒj ¯"­ l ±
Ê�®XÅ i Ã
R

dN
[�Åê¯ÒÑ j é�Å´±
º j ²X²XÅ j ²¦º ±
¯ l Å´¹)[�ÑXÅ¾¹ÛÑ¹ÛÑ j ² �E±eÃ�¯ÒÑ°±�²X­A¯ÒÅ¾­E²N­AÇ�� lÒj ·°Å´±e² ¯�	

��	95 	>��	êµ � � 

����� 
 � 
 � � ��� � � 	�	 ��	 ��� ��
 � ��� � 	�� $k­ l Ã"Å¾º i ³¾Å´¹
Å¾¯ Â å Ã�Ã j � ±0�.[}± [�Å¾³´³cÃ"® i°i ­EÃÁ±��Å¾²M¯"ÑXÅ´Ã�Ã"±
¹
¯"Å´­E²��
d = 1

	W]KÑX± ¹ j ÃÁ± d ≥ 2
¹ j ²0»f± ¯ l ± j ¯"±e·1» Â ¯ÒÑ°±OÃ j ºO± [ j�Â »X®�¯U[�Åê¯ÒÑ¹
­Eº i ³´Å´¹ j ¯Ò±
·�²°­A¯ j ¯"Å´­E²°Ã�	íîª²�é½±
º jAl � ��	85 	9=��*[À±¶Ã � ±�¯Ò¹ÛÑ�¯ÒÑ°±I¹ÛÑ j ² �A±eÃí¯"Ñ j ¯d­�¹e¹
® l [�ÑX±
² dÅ¾Ã � l ± j ¯Ò± l ¯ÒÑ j ² 2

	 ' ±d¯ l ± j ¯�ÑX± l ±�¯ÒÑX±�¹ j Ã"±�­AÇ Ù Ê�® j ¯ÒÅ¾­E² ( ��	êµ�= * 	_ðí² j ·°¼ j ²°¹e±e·NÃ ¯Ò®X· Â ­AÇ



��� � � � � � � �
���
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é�Å´±
º j ²°²XÅ j ²!�E±e­AºO±�¯ lÁÂ ¹ j ² »�±DÇ)­E®X²X· Å´² � # � ô_=M� 	k»°®°¯V³´±
¯g®XÃ_¯ lÁÂ ¯Ò­�·X±
Ã"¹ l Å´»�±K¯ÒÑX±KÃÁ±
¯"¯"Å´² �Å¾²£Ç)±-[ [À­ l ·°Ã�	Àò}­E²XÃÁÅ´·X± l ¯"ÑX±�·XÅ��f± l ±e² ¯ÒÅ j ³æ­ i ± l"j ¯Ò­ l L ­E² R
N
·°± �k²X±
·�» Â

L =

N
∑

i,j=1

gij(x)
∂2

∂xi∂xj
+

N
∑

i=1

hi(x)
∂

∂xi
.

î ¯"ÃVÃÁ±e¹
­E²X·�­ l ·X± lViXjAl ¯V±eÊ�®XÅ i Ã
R

N
[�Åê¯ÒÑ j ²OÅ¾² ¯ l Å¾²XÃ"Å¾¹Dº ±
¯ l Å´¹ g [�ÑXÅ´¹ÛÑO·X± i ±e²X·°ÃÀ­E² x ∈ R

N

j ²°· [�ÑXÅ¾¹ÛÑ�Å´Ã�¹ÛÑ j lÒj ¹�¯Ò± l Å��
±e·�» Â ¯ÒÑ°±zº j ¯ l Å Ú (gij)
()¯"ÑX±�Å´² ¼E± l Ã"±¦­AÇ (gij)

*,	 ]KÑX± �E±
­Eº ±
¯ l Â­AÇ
(RN , g)

Å´ÃKÊ�®XÅê¯Ò±�·XÅ���± l ±
²�¯�Ç l ­Eº ¯"ÑX±�®XÃ"® j ³]­E²X± j ²X·BÅ¾¯ jAiXi ± jAl Ã j ¹
® l ¼ j ¯"® l ±0	 ' ±�²X­�[ÃÁÑX­�[ ÑX­�[ ¯"­�¹
­E² ¯ l ­A³cé½Å¾¹e¹eÅ_¹
® l ¼ j ¯"® l ± ­AÇÀ¯ÒÑX± ·XÅ���± l ±
²�¯"Å j ³�­ i ± lÒj ¯"­ l Ã LN j Ã"ÃÁ­�¹
Å j ¯"±e·�¯Ò­
(b��	87 � * j ²X·B·X± �k²X±e·�» Â

(b��	87 � *
LN =

N
∑

i=1

gi(x)
∂2

∂x2
i

+

N
∑

i=1

bi(x)
∂

∂xi

[�ÑX± l ±

(b��	87	��*
gi(x) = a

(

xi,
1

N

N
∑

j=1

κ(xi − xj)

)

�
gi(x) =

1

gi(x)

j ²°·

bi(x) = b

(

xi,
1

N

N
∑

j=1

κ(xi − xj)

)

.

ï½­6[ ³´±�¯�®XÃ l ±e¹ j ³´³f¯ÒÑX± �E±
²X± l"j ³]·X± �X²XÅ¾¯"Å´­E²:­AÇ�¯ÒÑ°±¦é�Å´¹
¹eÅæ¹
® l ¼ j ¯"® l ±0	
� �����	��
�� 
�� � ��� ��� 	�� � � � � � ��� � � �
µ�	 � � � ��� � 
 	 ��� � � � � " 
 � � � 

� i, j, k = 1, ..., N 


Γj
ki =

1

2

N
∑

p=1

gip

(

∂gpi

∂xk

+
∂gkp

∂xi

− ∂gki

∂xp

)

;

7 	 � ��� � ����� 
 ��� 	 ��� ��
 ����� � � � � � 

� (Ri
qkl

)
� ��� � �

Ri
qkl =

∂Γi
qk

∂xl

−
∂Γi

ql

∂xk

+
N
∑

p=1

Γi
plΓ

p
qk −

N
∑

p=1

Γi
pkΓ

p
ql;

� 	 � ��� � � 	�	 � 	 ��� ��
 ����� � � � � � 

� (Rql)
� ��� � �

Rql =
N
∑

i=1

Ri
qil;

��	 � ��� � � � � � � � � � 

� (mij)
� ��� � �

Mij =
1

2
(∇ibj +∇jbi)


! ∇ibj =
∂bj
∂xi

+

N
∑

k=1

Γj
kibk.
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îª²:­A® l ¹
­E² ¯Ò± Ú ¯��°¯ÒÑX±íº j ¯ l Å Ú (Gij)
Å´ÃÀ·XÅ j �E­E² j ³ j ²°·£¯ÒÑX±
²:º j ² Â ¯Ò± l º Ã}Å¾²�¯ÒÑX± iXl ±�¼�Å¾­E®XÃ

·X± �k²XÅê¯ÒÅ´­A²XÃ jAl ±�±
Ê�® j ³]¯Ò­���	 $k­ l ± ÚXj º i ³¾±�� Γj
ki

Å¾ÃK±eÊ�® j ³]¯"­ � j Ã�ÃÁ­�­E² j ÃD¯"ÑX±�¯ÒÑ l ±e±�Å´²X·X± Ú
jAl ±z·XÅ���± l ±
²�¯�	 6 Â�j ÃÁ¯ l"j Å��AÑ�¯ÁÇ)­ l [ jAl ·�¹e­Eº i ®°¯ j ¯ÒÅ¾­E² [À±IÑ j ¼A±I¯ÒÑX±I± Ú�i ³´Å¾¹eÅ¾¯í± Ú�iXl ±eÃ"ÃÁÅ´­E²�­ Ç¯"ÑX±�é½Å¾¹e¹eÅ j ²X·N· l ÅêÇh¯K¯Ò±
²XÃ"­ l Ã�	

� � � ��� � ��� ��
 	�� � ��� � ����� ��� � 
 � � � 	�	 � � � � � 

� 
 � �

Rlq =
1

2

∂2

∂xl∂xq
log

g1...gN

glgq
+

1

4

∑

i6=q,l

(

∂

∂xl
log gi

)(

∂

∂xq
log gi

)

−1

4

∂ log gq

∂xl

∂

∂xq
log

g1...gN

glgq
− 1

4

∂ log gl

∂xq

∂

∂xl
log

g1...gN

glgq

 � �

Rqq =
1

2

∂2

∂x2
q

log
g1...gN

gq

+
1

2

∑

i6=q

gi∂
2gq

∂x2
i

+
1

2

∑

i6=q

∂gi

∂xi

∂gq

∂xi

+
1

4

∑

i

(

∂ log gi

∂xq

)2

− 1

4

∑

i6=q

gqg
i

(

∂ log gq

∂xi

)2

+
1

8

∑

i

gqg
i

(

∂ log gq

∂xi

)(

∂ log(g1...gN)

∂xi

)

.
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� ��
���� � ����� 
 � ��
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� � 


Mii = ∇ibi =
∂b

∂x
− 1

N

N
∑

k=1

κ′(xk − xi)
∂b

∂u
+

1

2

N
∑

k=1

∂ log gi

∂xk

� �

Mij =
1

2

(

∂bj
∂xi

+
∂bi
∂xj

)

+
(

1− gig
j
)∂ log gi

∂xj
bi +

(

1− gjg
i
)∂ log gj

∂xi
bj.

' ±�Ñ j ¼E±�²X­�[ ¯"­ ¹
­E² ¯ l ­E³æ¯ÒÑX±�Ã i ±
¹
¯ l ®Xº¢­AÇ�¯ÒÑX±�º j ¯ l Å Ú T �X±eÊ�® j ³]¯"­ R−M
	

� � 
 
 
�� ��
�� 
�� � ��� ��� 	�� & � � ��� � � ��� ��� � 
 c � � 	�� � ��
 � 1/c ≤ a(x, y) ≤ c

 � � � � � ����� � � �

� � � � 	 � ��� � � � � 
 � � ����	 

� � � ��� � � ��
 � � ��� � 
 � b � � � � 	 a
� 
 � � " 

��� ��� � " � c � � ��� � 	 ��	 � � � �


 � T
��� ��� � � 

� � � � " 

��� ��� � � 
 " 
 ��� 
 � � " � ��
 � � � � N ∈ N

" � 
 � � 
 � ��� � " � � ρ �
� � 
�
 � 	 � 6 Â #�± l Ã"Ñ �E­ l Å´² � � j ·X· j º jAl · ]KÑX±
­ l ±
º (QÃ"±
± � # l Å =M� 	 *,��Å¾Ç λ Å¾Ã j ²O±eÅ��E±e² ¼ j ³´®°±½­ Ç
T
�

|λ| ≤ max
1≤i≤N

(

N
∑

j=1

|Tij|
)

.

' ± jAl ± �E­EÅ¾² �¶¯Ò­ Ã"ÑX­�[-¯"Ñ j ¯��a®X²°·X± l ¯ÒÑX± j ÃÁÃ"®Xº i ¯ÒÅ¾­E²XÃ�­AÇ iXl ­ i ­EÃÁÅ¾¯ÒÅ¾­E² ��	95 	>��� Rqq

±
¯
MqqjAl ±£®X²XÅêÇ)­ l º ³ Â »�­E®X²°·X±e·3Å´² N [�ÑX± l ± j Ã Rql

j ²X· Mql
jAl ±:­AÇ�­ l ·X± l 1/N

	Gîª²3­ l ·X± l ¯"­·X± j ³F[�Å¾¯"ÑNÃ"Å´º i ³¾±d²X­A¯ j ¯ÒÅ¾­E²XÃ�� α [�Å´³´³f»f± j ¹e­AºOº ­E²N»f­A®X²X· � l ± j ¯Ò± l ¯ÒÑ j ² 1
Ç)­ l κ j ²X·NÅ¾¯ÒÃ
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·X± l Åê¼ j ¯ÒÅ¾¼A±eÃ
	�]KÑX±e² [}±�Ñ j ¼E±
∣

∣

∣

∣

∂2

∂xl∂xq
log

g1...gN

glgq

∣

∣

∣

∣

≤
∑

i6=l,q

∣

∣

∣

∣

∂2

∂xl∂xq
log gi

∣

∣

∣

∣

≤ 1

N2

∑

i6=l,q

∣

∣

∣

∣

κ′(xi − xl)κ
′(xi − xq)

∂2 log a

∂y2
2

∣

∣

∣

∣
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∣
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∂xq
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∣

∣
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|κ′(xi − xl)κ
′(xi − xq)|

(

∂ log a

∂y2

)2
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∑

i6=q,l

α2c4.
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|Mii| ≤ 3αc2

|Mij| ≤ 5αc5/N.
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∣

∣

∣
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N
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i=1

f(X i,N
t )−

∫

f(y)u(t, y) dy

∣

∣

∣

∣

∣
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√
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ρ = −17α2c6

KT = 6α4c2 exp (12α2c2T ).
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Ã"® l ±d·X±¦ÜgÕ���Õ��(ä_Þ�Õ:¹
­Eº ºO±½®X²X±í¼ jAl Å´¸�¯Ò¸-()·X±í·°Å´º ±e²XÃÁÅ´­E²Å¾²
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¯"Å´­E²°Ã¦Å¾²�¯"¸�� l"j »X³¾±eÃ�Ê�®X­A¯ÒÅ¾±e² ¯Ò¸ ikjAl ³ j
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∫
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1

2

∫∫

W (x− y)ρ(x)ρ(y) dx dy.
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² ¯ � lÒj · E �kÊ�®°Å]±eÃÁ¯½®X²B¹ÛÑ j º i ·X±�¼E±e¹�¯Ò±
® l Ã½¯ j ² �A±e² ¯ÒÃ�È
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∣
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³´³¾±�¯ l"j ·X®XÅê¯¶³ jº Å´²XÅ¾ºOÅ¾Ã j ¯"Å´­E²�·X±}³Så ¸
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(
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� � � 
 ��� � λ
� � � �

V
� � � 	 

� ������� � � � � 	 � ��� � 	 � ��� � ��� 	 

� ������� ���

	 

� � � 
 ��� � λ
�
�

� 	 � 
 � 

� 	 � � 

��� � � � � f 7→
∫

fW ∗ f �
� � � � ��� � ��� � � � � � � ��� � � ��� ����� � � 
�� � ��� �

∫

xf(x) dx �
� � � � � 	 � 
 	 ��� � ��� � 	 

� ������� � � � � 	 � ��� � 	 � ��� � ��� � � 	 � 
 	 ��� � ��� � 	 

� ������� ���	 

� � � 
 ��� � λ
� � � �

W
� � � 	 

� ������� � � � � 	 � � � � 	 � ��� � ��� 	 

� ������� ��� 	 

� � � 
 ��� � λ

�
�

� � � � ��� 	�� ï�­E®XÃ j ³´³¾­E²XÃ�ºO­A²�¯ l ± l ³¾±O¯ l ­EÅ´ÃÁÅ´Ó
ºO± i ­EÅ´² ¯�	�¬�­EÅê¯ f0

±
¯
f1

·X±
® Ú ·X±e²XÃÁÅ¾¯"¸eÃI·X±
iXl ­E» j »°Å´³´Åê¯Ò¸ j ·Xº ±
¯Á¯ j ² ¯�·X±
Ã�ºO­Eº ±e² ¯"Ãd·æå ­ l · l ±�7�±
¯ j�Â j ²�¯�º � º ±z¹
±e² ¯ l ± ·°± º j ÃÁÃ"± ()Å"	 ±�	
º � º ±Iº ­ Â ±e²X²°± *,	 É ¸
Ã"Å��E²X­E²XÃ�¹
­EºOº ± iXl ¸e¹
¸e·X±
ºOº ±e² ¯ ikjAl ∇φ ³¾±-� lÒj ·XÅ´±
²�¯�·°± Ç)­A²X¹
¯"Å´­E²¹
­E² ¼E± Ú ±�Ê�®°ÅD¯ lÒj ²XÃ i ­ l ¯"± f0

Ã"® l f1

	cçd²[²°­A¯Ò± lÒj � i ­E® l ÃÁÅ´º i ³´Å �k± l ³´±eÃ¶± Ú�iXl ±
Ã"Ã"Å¾­E²XÃ
� θ =
Id−∇φ 	Xîª³]²X­E®°Ã�Ç j ®°¯�¸
¯"®X·XÅ´± l ³ j ·X¸ l Å¾¼A¸e±�Ã"±
¹e­E²X·°±¦·X±�³ j Ç)­E²X¹
¯"Å´­E² α ·X¸ �k²XÅ¾± iXjAl

α(s) =
1

2

∫∫

W (x− y)fs(x)fs(y) dx dy

=
1

2

∫∫

W ([x− y]− s[θ(x)− θ(y)])f0(x)f0(y) dx dy.

Ð½²B¹ j ³´¹
®X³]Å´º º ¸e·XÅ j ¯}·°­E²X²X± j ³¾­ l Ã

α′′(s) ≥ λ

2

∫∫

|θ(x)− θ(y)|2f0(x)f0(y) dx dy.

ô j ·X¸ �X²XÅ¾¯"Å´­E²:·X± θ ±
¯½³¾±dÇ j Å¾¯KÊ�®X± f0

±�¯
f1
j Å´±e² ¯�º � º ±�¹e±
²�¯ l ±�·X±�º j Ã"Ã"±�·X­A²X²X±

∫

θf0(x) dx =

∫

xf0(x) dx−
∫

∇φ(x)f0(x) dx

=

∫

xf0(x) dx−
∫

xf1(x) dx = 0.

É ­A²X¹
α′′(s) ≥ λ

∫

|θ(x)|2f0(x) dx = λ
'

2(f0, f1)
2.
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^_�b��� � � TNû�� �eûbH�ö°ú(û)ø(� þ�ü=þ�û�� ��û H�ö°ú�ûQø(� þ)X ü ��ú�ù(ø4H�û)ü � � # l �A¹
±�
�³ j ·X±eÃÁ¹ l Å i ¯ÒÅ¾­E²3·X±eÃ
�E¸
­�·°¸eÃ"Å¾Ê�®X±eÃ
�°Å´³a±
ÃÁ¯ i ­EÃ"ÃÁÅ´»X³¾±�·°±í¹ j ³´¹e®°³´± l ³ j º j ¯ l Å¾¹e±½ÑX±eÃÁÃ"Å¾±e²X²X±í·X± E ±�¯D·X­A²X¹í·X±í¹ j ³¾¹e®X³¾± l³ j ·XÅ´ÃÁÃ"Å iXj ¯ÒÅ¾­E²:·X±�·XÅ´ÃÁÃ"Å ikj ¯ÒÅ¾­E²£·æå ±e² ¯ l ­ i Å¾±��k²X­ ¯Ò¸e± DD(E)

�XÊ�®XÅ&±eÃ ¯½·X¸ �k²°Å´± ikjAl

DD(E) =
∂2E

∂t2
〈
� ±
Ã"Ã

E · � l"j · E, � l"j · E〉.
� � � ��� �$��
 ��� 	�� � 
 ����� � � 	 
 � � 

� ��� ����� � � 	 
 � � 

� � � � ����� 
 	 ��� � � � � 

��� � � 	 
 �

DD(ρ) = 2

∫

ρ‖
� ±eÃÁÃ

p‖2 + 2

∫

ρ
〈

D2V p, p
〉

+

∫

〈

D2W (x− y)[p(x)− p(y), p(x)− p(y)]
〉

ρ(x)ρ(y) dx dy,


! p
� � � � � � � � 	 
 � � � 
 ��	 
 � 
���
 ��� 	 
 �

p = −(log ρ + V +W ∗ ρ).
^_�b��� ^_� �¦øa�\H_ø�ù�ú�ü��1ü��fú ü � ú�ü
�\H�� �)ø(� 
 � � ô j ¹e­A²�¼A± Ú Å¾¯"¸�·X± i ­A¯"±e² ¯ÒÅ¾±e³´Ã j Ã"ÃÁ® l ±³Så ± Ú Å¾ÃÁ¯"±e²X¹
±�±�¯�³`å ®X²XÅ¾¹eÅ¾¯"¸d·æå ®X²X±�º ±eÃ"® l ±�·æå ¸eÊ�®XÅ´³¾Å´» l ±dÊ�®XÅ]±eÃ ¯½¹ jAl"j ¹
¯"¸ l Å¾Ã"¸
±�¹
­Eº ºO±d³Så ®°²XÅ´Ê�®X±
i ­EÅ´² ¯À­
	:³ j Ç)­E²X¹�¯ÒÅ´­A²X²X±e³¾³´± E j ¯Á¯Ò±
Å´² ¯DÃÁ­E²:ºOÅ¾²XÅ´ºz®Xº�	B]�­E®�¯Ò±eÃK³¾±eÃÀ¹e­E²X·°Å¾¯ÒÅ¾­E²XÃVÃ"­E² ¯ l ¸e®X²°Å´±eÃ
i ­E® l�i ­E®�¼E­EÅ l�jAiXi ³¾Å´Ê�®X± l ³ j ÃÁ¯ l"j ¯Ò¸
�EÅ´±¦·X±�Ë½Ì�ÍgÎ�Ï ±
¯Y�<;�ÕaÎ�Ï�ÈfÃ"­E®°Ã�·X±eÃ�Ñ Â�i ­ ¯ÒÑXÓ
Ã"±eÃ�·X±Ã ¯ l Å¾¹
¯"±�¹
­E² ¼E± Ú Åê¯Ò¸�·°±eÃ i ­A¯"±e² ¯ÒÅ¾±e³´Ã
�c³ j ·XÅ´ÃÁÃ"Å iXj ¯ÒÅ¾­E²3·X±�·°Å´Ã"ÃÁÅ ikj ¯ÒÅ´­A²5·æå ±e² ¯ l ­ i Å¾± i ±e®�¯ � ¯ l ±º Å´²X­ l ¸e± ikjAl ®X²X±I¹
­E²XÃÁ¯ j ² ¯Ò±IÊ�®X±¶ºz®X³¾¯"Å i ³¾Å´±�³ j ·XÅ´ÃÁÃ"Å ikj ¯ÒÅ¾­E²�·�å ±
²�¯ l ­ i Å´±�	æòíå ±
ÃÁ¯�³Så j ² j ³´­:�A®X±·X® ¹ l Åê¯ÒÓ l ±�·X±�¹e­E® l »X® l ±�	DÐ½²X±�Å¾²�¯"¸�� l"j ¯ÒÅ¾­E² ÃÁ® l ³¾±�¯Ò±
º i Ã�·X­E²°²X± j ³¾­ l ÃO®X²X±�¼�Å¾¯"±eÃÁÃ"±�·X±¹
­E² ¼E± l �E±e²°¹e±�
¶³Så ¸
Ê�®°Å´³´Å¾» l ±0	XÆ_³´®°Ã iXl ¸
¹eÅ´ÃÁ¸eº ±e² ¯��k­A² j ³´± l ¸eÃÁ®X³¾¯ j ¯�Ã"®XÅê¼ j ² ¯¦È
���	��

������� �$��
 ��
 	 � � �

W
� � � 	 

� ������� � � V

� � ����� � � 

� � ��� � ��� 	 

� ������� � D2V ≥ λI
�����	
λ > 0

�
�

 ��

� �

E(f)− E(ρ∞) ≤ 1

2λ
D(f),

� � � � � � � 

��� � ��� � ��� � � � "�� � ����� 
�� � � � 
 ��� � � � ��� e−2λt �� �
V

� � � 	 

� ������� � � W
� � � ��� � � 

� � ��� � ��� 	 

� ������� � D2W ≥ λI


�����	
λ > 0

�
�

 ��

� �

E(f)− E(ρ∞) ≤ 1

λ
D(f),


! ρ∞

 � � ����� � 	 � ��� � � ���
� 

� ��� ��� � f � � � � � � 

��� � ��� � ��� � � � "�� � ��� � 
�� � � � 
 ��� � � � ���

e−λt �

^_� EF� �¦ø4�L�1ü��fú�öXûQù(ü��Iü ú �Eø4� H � 	
�0ü ��ú �
É j ²XÃd¹
±
¯"¯"±¶Ã"±
¹
¯ÒÅ¾­E²���²X­E®XÃí²X­E®XÃ i ³ j ¹
± l ­A²XÃíÃÁ® l

R
i ­E® l Ã"Å¾º i ³´Å �X± l ³´±
Ãí²X­A¯ j ¯ÒÅ¾­E²XÃ½º j Å´Ã¯"­E®°¯À¹e±e¹
Å l ±eÃÁ¯"±�¼ lÒj Åf±
²£·XÅ´º ±e²°Ã"Å´­A²XÃcÃ"® i ¸ l Å´±e® l ±eÃ
	XÐ½²£± Ú ±eº i ³¾± ikj l ¯ÒÅ¾¹e®X³¾Å´Ó l ±eº ±e² ¯VÅ´² ¯"¸ l ±
Ã �Ã j ² ¯}±
ÃÁ¯D¹
±e³¾®XÅa­
	O³Så ­A²O¹ÛÑX­AÅ´Ã"Åê¯ V ¸�� j ³ 
 0

±
¯
W
ÃÁ¯ l Å¾¹
¯Ò±
ºO±
² ¯}¹
­E² ¼E± Ú ±0	aò}­E²XÃÁÅ´·X¸ l ­E²XÃV·X­E²°¹³Så ¸
Ê�® j ¯ÒÅ¾­E²:Ã"®XÅê¼ j ² ¯Ò± È

∂u

∂t
=
·XÅê¼

[∇u+ (uW ′ ∗ u)].
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É å jAiXl ÓeÃc³´±À¯ÒÑX¸
­ l Ó
ºO±'� 	êµ:	9� � ut

¹e­E² ¼A± l �A±�¼A± l ÃÀ³Så ¸
Ê�®°Å´³´Å¾» l ± j ¼E±
¹�®X²°±�¼�Åê¯Ò±eÃÁÃ"±�± Ú�i ­E²X±
²�¯"Å´±
³´³´±0	ï½­A¯Ò­E²°Ã¦¯Ò­A®°¯Ò±�Ç)­EÅ´Ã¦®X²X± l ±eº jAl Ê�®X± ¯ l Ó
ÃIÅ´º i ­ l ¯ j ² ¯Ò±�	�ô j Ç)­E²°¹
¯ÒÅ¾­E²X²X±
³´³¾± E ±eÃÁ¯IÅ´² ¼ jAl Å j ² ¯Ò±
ikj l ¯ lÒj ²XÃ"³ j ¯ÒÅ¾­E²��°¹ å ±
ÃÁ¯ � 
 � ·XÅ l ±�Ê�®°± i ­E® l ¯"­E®°¯Ò±�º ±eÃÁ® l ± µ ±
¯�¯"­E®°¯ a �

E(µ) = E(µ ∗ δa).
ô_å ¸
¼E­A³´®°¯"Å´­E²:¯Ò±
º i ­ l ±e³´³¾±dÃ"±�Ç j Åê¯K· j ²XÃ½³ j ¹
³ j ÃÁÃ"±�·X±eÃ½ºO±
Ã"® l ±eÃ½·X±�º � ºO±�¹
±e² ¯ l ±¦·X±�º j Ã"ÃÁ±��
�
�
�
� ·X±0º � º ±GºO­ Â ±e²X²X±0	íÐ½²X±1º j ²XÅ¾Ó l ±�Ã"Å´º i ³¾±�·X±1³¾±G¼A­EÅ l ±
ÃÁ¯�·°± l ±eº jAl Ê�®X± l Ê�®X±0³´±iXl ­�¹
±eÃÁÃ"®XÃ½²X­E²B³´Å¾²X¸ j Å l ±�·X±�³´­EÅ (ut)

( � 	87�*
dX t =

√
2 dBt −W ′ ∗ ut(X t) dt

±
ÃÁ¯½·æå ±eÃ i ¸ l"j ²X¹
±¦²�®X³¾³´±�	
É j ²XÃ£³ j ÃÁ®XÅ¾¯"±�³´± iXl ­�¹
±eÃ"ÃÁ®XÃ (X

i

t)t≥0

·°¸eÃ"Å��E²X± lÒj ³ j Ã"­A³´®°¯"Å´­E²[·X±�³Så ¸
Ê�® j ¯ÒÅ¾­E²[·XÅ��f¸ l ±e² �
¯"Å´±e³¾³´±DÃ ¯Ò­�¹ÛÑ j Ã ¯ÒÅ´Ê�®X±�(b� 	97:*_·XÅ l Å��E¸
± ikjAl ³´±�º ­E®°¼E±
ºO±
² ¯}» l ­�[�²XÅ´±
² (Bi

t)t≥0

	 É ±
® ÚOiXl ­�¹e±
Ã"Ã"®°Ã
(X

i

t)t≥0

±�¯
(X

j

t )t≥0

� i ­E® l i 6= j
��Ã"­A²�¯D·X­E²X¹�Å´²X·X¸ i ±
²X· j ² ¯"ÃD±
¯}Å´·X±
²�¯"Å´Ê�®X±
ºO±
²�¯}·XÅ´Ã ¯ l Å´»X®X¸
Ã�	

É j ²XÃ � 6Dé�] � =M�
	1��Å´³X±
ÃÁ¯À¸
¯ j »X³´Å°Ê�®°±í³´± i°l ­�¹e±eÃÁÃ"®XÃ (X t)t≥0
j ·XºO±�¯V·X±eÃVºO­AºO±
²�¯"Ãc·X±½¯"­E®XÃ­ l · l ±
Ã�»f­ l ²X¸eÃ�®X²°Å¾Ç)­ l ºO¸
ºO±
²�¯ ikjAlKlÒj iXi ­ l ¯ j ®N¯Ò±
º i Ã
	

� � 
 
 
�� ��
�� 
�� �$��� ��
 	�� � �
E

(

∣

∣X0

∣

∣

2n
) � � � � � ��� �


 ��

� � � 	�

��� � 

��� n ∈ N �
� � ��� ��� � � ���

� � � � Kn
� � � ��� �

sup
t≥0

E

(

∣

∣X t

∣

∣

2n
)

≤ Kn.

Æ�­E® l ÃÁ±D¹e­A²�¼ j Å¾²X¹ l ±}·X±}³ j ¼A¸ l"j ¹eÅê¯Ò¸D·X±}³ j�i°l ­ i ­EÃ"Åê¯ÒÅ¾­E²U��	87 	êµ:�(Å´³�Ã"® � ¯g·æå ¸
¹ l Å l ±À³ j Ç)­ l ºI®°³´±
·æå �.&�
 i ­E® l (X

1

t )
2
±e² ¯ l ± �¶±�¯ t È

E

(

∣

∣

∣
X

1

t

∣

∣

∣

2
)

− E

(

∣

∣

∣
X

1

0

∣

∣

∣

2
)

= −2

∫ t

0

E

[

X
1

sW
′ ∗ us(X

1

s)
]

ds+ 2t

= −2

∫ t

0

E

[

X
1

sW
′(X

1

s −X
2

s)
]

ds+ 2t

= −
∫ t

0

E

[

(X
1

s −X
2

s)W
′(X

1

s −X
2

s)
]

ds+ 2t

ikj l Å´²°·X¸ i ±e²X· j ²X¹e±K·°±eÃ iXl ­�¹
±eÃ"ÃÁ®XÃ (X
1

t )
±
¯

(X
2

t )
±�¯_Å´º ikjAl Å¾¯"¸À·X± W ′

	Eô j ÃÁ¯ l Å¾¹
¯Ò±À¹e­E² ¼A± Ú Å¾¯"¸·X±
W

·X­E²X²X± j ³¾­ l Ã

E

(

∣

∣

∣
X

1

t

∣

∣

∣

2
)

−E

(

∣

∣

∣
X

1

0

∣

∣

∣

2
)

≤ −ρ
∫ t

0

E

[

(X
1

s −X
2

s)
2
]

ds+2t = −2ρ

∫ t

0

E

[

∣

∣

∣
X

1

s

∣

∣

∣

2
]

ds+2t.

ô]±�³´±eº º ±�·X± $IÎ�Ø�ã � Ì�Ö�Ö j ¹ÛÑXÓ�¼E±I³ j i°l ±e®�¼E± i ­E® l ³´±�¹ j Ã�·°± n = 1
	�ô&±
Ã j ®°¯ l ±eÃ½Ã"±¦Ç)­A²�¯

ikj lKl ¸e¹
® l"l ±e²X¹
±�	É j ²XÃc³´±D¹ÛÑ jAi Å¾¯ l ±#���A²X­E®XÃ j ¼E­E²°ÃV·°¸p¿.
 l ±
º jAl Ê�®X¸KÊ�®X±�³´±DÃ Â Ã ¯ÒÓ
ºO±�·X± ikjAl ¯ÒÅ¾¹e®X³¾±eÃ�� j Ã"ÃÁ­�¹
Å´¸
j ® iXl ­�¹
±eÃÁÃ"®XÃ½²X­E²B³´Å¾²X¸ j Å l ±�¹eÅ�� ·X±eÃÁÃ"®XÃ
�

dX i,N
t =

√
2 dBi

t −
1

N

N
∑

j=1

W ′
(

X i,N
t −Xj,N

t

)

dt,
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j ¼ j Å¾¯&®°²X±}¹
­E® l »°® l ±V²�®X³´³¾± j ®zÃ"±
²XÃ�®°Ã"®X±
³"	 Ù ²z±
�f±
¯��(³ j º j ¯ l Å¾¹e± (Hij)1≤i,j≤N

·X±V¹e­�± � ¹eÅ¾±e² ¯ÒÃ

Hii =
1

N

N
∑

j=1

W ′′(xi − xj)
±
¯

Hij = − 1

N
W ′′(xi − xj)

i ­A® l i 6= j,

j ·°ºO±�¯ 0 i ­E® l ¼ j ³´±
® l�iXl ­ i°l ± j ÃÁÃ"­�¹eÅ¾¸e± j ®z¼E±
¹
¯Ò±
® l (1, . . . , 1)
	ýð�Å´²XÃÁÅ"� l Å¾±e²I²°± i ±
®°¯ � ¯ l ±D·XÅ¾¯·X±zº j ²°Å´Ó l ±z¸�¼�Å¾·X±e² ¯"± ÃÁ® l ³¾±I¹e­Eº i ­ l ¯"±eº ±e² ¯d±
²G¯"±eº i Ãd³¾­E² �£·X®GÃ Â Ã ¯ÒÓ
ºO±¶·X± iXjAl ¯"Å´¹e®°³´±eÃ
	

Æ jAl ± Ú ±
º i ³¾±���³´±¦ºO­Eº ±e² ¯í·æå ­ l · l ±I·X±e® Ú ·X± X i,N
t

²æå ±eÃ ¯�®X²XÅêÇ)­ l º ¸eº ±e² ¯�»f­ l ²X¸I±
²�¯Ò±eº i Ãº j Å´Ã�±eÃÁ¯V·X±½³`å ­ l · l ±K·X± t 	�ô]±�¹e­Eº i ­ l ¯"±eº ±e² ¯c±e² ¯Ò±
º i Ãc·X® Ã Â Ã ¯ÒÓeº ±½·X± ikjAl ¯"Å´¹
®X³´±
Ã_Ãeå j ¼AÓ l ±·X­A²X¹�ºO­EÅ¾²XÃD»�­E²NÊ�®X±¦¹
±e³¾®XÅæ·X® iXl ­�¹e±
Ã"ÃÁ®XÃí²X­A²B³¾Å´²X¸ j Å l ± j ÃÁÃ"­�¹eÅ´¸0	
É ±Bº � º ±���³´± l ¸eÃ"®°³¾¯ j ¯¶·X± iXl ­ ikj � j ¯"Å´­E²1·X®3¹ÛÑ j ­EÃ ¸
¯ j »X³¾Å}· j ²°Ã � 6Dé%] � =M�
	K²�å ±
ÃÁ¯ ikj Ã®X²°Å¾Ç)­ l ºO±d±
²B¯"±eº i Ã�	�çd²N­E»°¯"Å´±
²�¯�®°²XÅ´Ê�®X±
ºO±
²�¯½³¾± l ¸eÃÁ®X³¾¯ j ¯�Ã"®°Å¾¼ j ² ¯�	

� � 
 
 
�� ��
�� 
�� �$��� ��� 	�� � �
X0

� � � ���
	 
 � � � � ��� � � � 
 " � � � 
 ��

� � � 	�

��� � 

��� T ≥ 0 �

sup
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∣

∣
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t

∣

∣

∣

2
)
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N
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^_� EF� ��� ) � R`ö#�&úSH�ù(ø � ü ú�ü�ù � � ]�±e² ¯Ò­E²°Ã�·X­A²X¹�·æå j ² j ³ Â ÃÁ± l:i ³¾®XÃ �k²X±
ºO±
² ¯�¹
±�Ê�®æå Å¾³dÃ"±
ikj Ã"Ã"±0	�ò}­Eº ºO±�³¾± i ­A¯"±e² ¯ÒÅ¾±e³æ·�å Å¾²�¯"± l"j ¹
¯"Å´­E² W ±
ÃÁ¯ ikj Å l �X­A² j

N
∑

i,j=1

W ′(xi − xj) = 0 i ­A® l ¯Ò­E®�¯ (x1, . . . , xN) ∈ R
N .

±�¯�³ j ºO±
Ã"® l ±�±eº i Å l Å´Ê�®X±í¼A¸ l Å �k± È

1

N

N
∑

i=1

X i,N
t =

1

N

N
∑

i=1

X i
0 +

√
2

N

N
∑

i=1

Bi
t.

ò}±�¯"¯Ò±NÊ�® j ² ¯"Å¾¯Ò¸:¯"±e²X·5»XÅ´±
²[¼A± l Ã 0
( i°l ±eÃÁÊ�®X±�Ã � l ±
ºO±
²�¯ * Ê�® j ²X· N ¯Ò±
²X·3¼E± l ÃO³Så Å¾²
�k²XÅ 
¯"±eº i Ã��k²XÅ]º j Å´Ã ikj Ã�®X²XÅêÇ)­ l º ¸eº ±e² ¯K±
²B¯"±eº i Ã�	

Nd®æå ±e²:±
ÃÁ¯ �ªÅ´³a·X±
Ã j ®�¯ l ±
Ã}¼ j ³´±
® l Ã iXl ­ iXl ±
ÃD·X±�³ j º j ¯ l Å¾¹e±½ÑX±eÃÁÃ"Å´±
²X²X± H � Æ�­E® l ³¾±�Ã j ¼E­EÅ l �Å¾³�Ã"® � ¯�·æå ¸e¹ l Å l ± H ·°±�³ j º j ²XÅ´Ó l ±dÃÁ®XÅ¾¼ j ² ¯Ò± È

H(x) = ρ

( îª· − 1

N
1I

)

+H(x)− ρ

( îª· − 1

N
1I

)

,

­
	
1I
±
ÃÁ¯½³ j º j ¯ l Å´¹
±d·X­E² ¯�¯Ò­E®°Ã½³¾±eÃK¹
­�±��O¹
Å´±
²�¯"Ã�ÃÁ­E² ¯½¸�� j ® Ú 


1
	kô j º j ¯ l Å´¹
± A ¸
� j ³´± 


A = ρ

(

Id− 1

N
1I

)

j ·°ºO±�¯ 0 i ­E® l ¼ j ³´±
® l½iXl ­ i°l ±IÃÁÅ´º i ³´± j ÃÁÃ"­�¹eÅ´¸
±�
 (1, . . . , 1)
±�¯
ρ i ­E® l ¼ j ³¾±e® l½iXl ­ iXl ±¦·X±ºI®°³¾¯ÒÅ i ³´Å¾¹eÅê¯Ò¸ N − 1

	 É å j ®°¯ l ± ikjAl ¯�� H − A
±eÃ ¯�®X²X±zº j ¯ l Å¾¹e± i ­EÃÁÅ¾¯"Å¾¼E±0	fð�Å´²XÃÁÅ�³ j º j ¯ l Å´¹
±

H j ·°ºO±�¯ 0 i ­A® l ¼ j ³´±
® lDiXl ­ iXl ±�ÃÁÅ´º i ³´±�±
¯�ÃÁ±eÃ j ®°¯ l ±eÃD¼ j ³¾±e® l Ã iXl ­ iXl ±
ÃKÃ"­E² ¯½Ã"® i ¸ l Å´±
® l ±
Ã­E®�¸�� j ³´±eÃ 
 ρ 	æò}±
³ j ÃÁ® �:�EÓ l ±IÊ�®X±¦³´±�¹e­Eº i ­ l ¯"±eº ±e² ¯í·°®�Ã Â Ã ¯ÒÓeº ±I·X± ikjAl ¯ÒÅ´¹
®X³´±
Ã�±
ÃÁ¯ i ³´®XÃ�íº j ®°¼ j Å¾Ã ��· j ²XÃ½³ j ·XÅ l ±e¹�¯ÒÅ¾­E² (1, . . . , 1)
Ê�®X±�Ã"® l ³Så Ñ Â�i ± l"i ³ j ² M �X·X¸ �k²XÅ ikjAl

M =

{

x ∈ R
N ,

N
∑

i=1

xi = 0

}

,
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Ê�®XÅK±
ÃÁ¯O­ l ¯"ÑX­:�E­E² j ³ 
 (1, . . . , 1)
	_ç�²[²X­A¯"± l"j · j ²XÃO³ j Ã"®XÅê¯Ò± B = (e1, . . . , eN)

³ j » j Ã"±¹ j ²X­E²XÅ¾Ê�®X±�·X±
R

N
±
¯ B′ ®X²X±�» j Ã"±�­ l ¯ÒÑX­A²X­ l º ¸e± (v1, . . . , vN)

·X±
R

N
¯Ò±
³�Ê�®X±

v1

Ã"­AÅ¾¯
³¾±£¼E±e¹�¯Ò±
® l 1/

√
N(1, . . . , 1)

(QÊ�®XÅ�±
ÃÁ¯ ­ l ¯"ÑX­:�E­A² j ³ 
 M *,	 Ù ²
�X² P ·°¸eÃ"Å��E²X±B³ j º j ¯ l Å´¹
±­ l ¯ÒÑX­��E­E² j ³¾±À·°­E² ¯g³ j ³´Å��E²X± i ±eÃ ¯_³´±V¼E±e¹�¯Ò±
® l vi

	E¬�Å
(Bt)t

·X¸
Ã"Å��A²X±D®X²¶º ­E®°¼A±eº ±e² ¯_» l ­6[�²°Å´±e²Ã ¯ j ²X· jAl ·�Ã"® l
R

N
� j ³´­ l Ã (Wt)t

·X¸ �X²XÅ ikjAl Wt = PBt

±eÃ ¯�±
²X¹e­ l ±c®X²�ºO­E®�¼E±eº ±e² ¯�» l ­6[�²°Å´±e²Ã ¯ j ²X· jAl ·B· j ²XÃ�³ j » j Ã"± B′ 	Æ l ­ý¿Á±
¯"± l ³¾±M¼A±e¹�¯Ò±e® l XN
Ã"® l M l ±
¼�Å´±
²�¯�¯Ò­E®�¯�² j ¯Ò® l ±e³´³¾±eº ±e² ¯�
5³¾®XÅ l ±�¯ lÒj ²X¹ÛÑX± l ³ jº ­ Â ±e²°²X±�·X±�Ã"±eÃ½¹e­�­ l ·X­E²X²X¸
±eÃ�ÈX²X­A¯"­E²XÃ Y N

³¾± iXl ­�¹e±
Ã"ÃÁ®XÃí·X¸ �k²XÅ ikj l

Y i,N
t = X i,N

t − 1

N

N
∑

j=1

Xj,N
t

i ­E® l ¯"­E®°¯ i = 1, . . . , N .

Æ jAl ·X¸ �k²°Å¾¯ÒÅ¾­E²:·X± Y N
�

X i,N
t −Xj,N

t = Y i,N
t − Y j,N

t .
ð�Å´²XÃÁÅ"�°Å¾³�¼�Å´±
²�¯

Y i,N
t =

√
2Bi

t −
1

N

N
∑

j=1

∫ t

0

W ′(Y i,N
s − Y j,N

s ) ds− 1

N

N
∑

j=1

Bj
t .

Ù ² j ·X­ i ¯ j ² ¯�³`å ¸e¹ l Å¾¯"® l ±d¼A±e¹�¯Ò­ l Å´±e³¾³´±0�X­E² j ±e²X¹
­ l ±

Y N

t =
√

2B(N)

t −
∫ t

0

∇H(Y N

s ) ds−
(

1

N

N
∑

j=1

Bj
t

)

v1 ,

j ¼E±
¹¦³ j ²X­A¯ j ¯ÒÅ¾­E²

H(y) =
1

N

N
∑

i,j=1

W (yi − yj) .

ô]±�Ç j Å¾¯ l ±eº jAl Ê�® j »X³´±�±eÃ ¯íÊ�®X±¦³´± iXl ­�¹
±eÃ"ÃÁ®XÃ (Y N)
±
ÃÁ¯�®X²X±¦·XÅ��f®XÃ"Å¾­E²NÃ"® l M 	 Ù ²�±,��±�¯��a³ j

iXl ­ý¿Á±e¹�¯ÒÅ¾­E²�·æå ®X²X±I·°Å��f®XÃ"Å¾­E²�²æå ±e²�±
ÃÁ¯ ikj Ãd®X²X±I±
² �E¸e²°¸ lÒj ³"	4]�­E®�¯Ò±
Ç)­AÅ´Ã���³`å Å´² ¼ jAl Å j ²X¹
±¦·°±I³ j·X¸ l Åê¼E± ikjAl ¯ lÒj ²XÃÁ³ j ¯"Å´­E² j Ã"Ã"® l ±�Å´¹
Å]¹e±
¯Á¯Ò± iXl ­ iXl Å¾¸
¯"¸�	
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ρ
(1− exp (−2ρt)).

É ±�¹e± l ¸
Ã"®X³ê¯ j ¯��°·X¸
¹e­E®°³´±e² ¯�·X±
Ã�Å´²X¸
� j ³´Åê¯Ò¸
ÃÀ·X±�¹
­E²X¹
±e² ¯ l"j ¯ÒÅ¾­E² � j ®XÃÁÃ"Å¾±e²X²X±�®°²XÅ¾Ç)­ l ºO±
Ã}±
²¯"±eº i Ã i ­A® l ³´± iXl ­�¹
±eÃ"ÃÁ®XÃ (Y N

t )t≥0
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ô]±�¯�®XÃ�¹
­E²XÃ"Å¾·X± l ¯ÒÑX± ·°Å��f®XÃ"Å¾­E² iXl ­�¹
±eÃ"Ã (Xt)t≥0

­E²
R

d
Ã"­E³¾®°¯ÒÅ¾­E² ­ Ç¶¯ÒÑX±1Ç)­A³´³´­�[�Å¾² �

Ã ¯Ò­�¹ÛÑ j ÃÁ¯"Å´¹�·XÅ���± l ±
²�¯"Å j ³�±eÊ�® j ¯"Å´­E² (`¬ É Ù *�È

Xt = X0 +

∫ t

0

b(Xs) ds+

∫ t

0

√
2σ(Xs) dBs,

[�ÑX± l ± (Bt)t≥0

Å´Ã j 6 l ­6[�²°Å j ²Nº ­A¯ÒÅ¾­E²£­E²
R

d j ²X· σ(x)
Å´Ã j d× d

º j ¯ l Å Ú�j ²°· b(x) Å´Ã j¼A±e¹
¯"­ l ­AÇ
R

d
	cô]±
¯

(Pt)t

»�±í¯ÒÑ°±dÃ"±
ºOÅ�� l ­E® i:j Ã"ÃÁ­�¹
Å j ¯"±e·£¯"­z¯ÒÑX±�ÃÁ·X±�	cÐ½²X·X± l ¯ÒÑX±d¹
® l ¼ j ¯"® l ±¹ l Å¾¯"± l Å´­E² Ù Ê 	 ( 5 	>� *,��¯ÒÑX±�º ± j ÃÁ® l ±
Ã (Pt(·)(x))x∈R

Ã j ¯ÒÅ¾ÃÁÇ Â ¯"ÑX±�³´­:� jAl Åê¯ÒÑXº Å´¹½Å´²X±
Ê�® j ³´Åê¯ Â
Ù ² ¯

Pt

(

f 2
)

≤ 2

ρ

(

1− e−2ρt
)

Pt(Γf).

îª²�¯ÒÑXÅ¾Ã ikj i ± l �*[}±I±
ÃÁ¯ j »X³´Å¾Ã"Ñ�Æ�­EÅ¾²X¹ jAl ¸ j ²X·�³´­�� jAl Åê¯ÒÑXº Å´¹d¬�­E»�­E³´±�¼NÅ´²X±
Ê�® j ³´Åê¯ÒÅ¾±eÃKÇ)­ l�jAi �
iXl ­ Ú Å¾º j ¯ÒÅ´²��0ÃÁ¹ÛÑX±eº ±eÃ
��¯ l Â Å´² �M¯Ò­J³´Å¾² � ¯ÒÑ°±�¹e­E²°ÃÁ¯ j ²�¯"Ã£¯Ò­1¯"ÑX±�­E²°±eÃ£­AÇ�¯"ÑX±�®X²X·°± l ³ Â Å´² �·XÅ���®°Ã"Å´­A²�	P]KÑX±:± j Ã"Å¾±eÃÁ¯ [ j�Â � j ²°·JÅ´² ÃÁ­EºO±OÃ"±
²XÃ"±:¯ÒÑ°±£ºO­AÃÁ¯I±�� ¹eÅ´±
² ¯ [ j�Â �_¯"­�Ã"Å´ºz®X³ j ¯"±¯"ÑXÅ´ÃD·°Å��f®XÃ"Å¾­E² iXl ­�¹
±eÃ"Ã�Å¾Ã}¯Ò­ ®XÃÁ±d¯ÒÑX± Ù ®X³¾± l Ã"¹ÛÑ°±eº ±2( [�Å¾¯"Ñ:Å´²X¹ l ±eº ±e² ¯ γ * 	_î ¯�Å´Ã j Ä j l � ­�¼¹ÛÑ j Å´²N­E²

R
d
·X± �X²X±e·�» Â

( 5 	¾µ *
Xγ

n+1 := Xγ
n + b(Xγ

n)γ +
√

2σ(Xγ
n)(Bn+1 − Bn),

�
�
�
� [�Å¾¯"ÑB¯ lÒj ²XÃÁÅ¾¯"Å´­E² � ± l ²X±e³ K ·°± �k²X±
·�» Â

K(f)(x) := E

[

f
(

x+ b(x)γ +
√

2γσ(x)Y
)]

,
[�ÑX± l ± Y Å´Ã4# j ®XÃÁÃ"Å j ² l 	 ¼ 	 N (0, Id)
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Xγ
t = Xγ

τ(t) + b(Xγ
t )γ +

√
2σ(Xγ

t )
(

Bt − Bτ(t)

)

� ��� � � τ(t)
� � 
 � �
��� 

� � ��� � ��� � ��� � 	 
 � � 
 � t/γ �

' Ñ°±e²�¯"ÑX±�¹e­�± � ¹eÅ¾±e² ¯ÒÃ
σ j ²X· b jAl ±�ÃÁ®�� ¹eÅ¾±e² ¯Ò³ Â Ã"º ­�­A¯"Ñ��°¯"ÑX±�Ã"¹ÛÑX±
ºO± (Xγ

t )
Å´Ã � ²X­�[�²

¯"­ ¹
­E² ¼E± l �E±�¯Ò­ (Xt)
()Ã"±e± � ] j ³ =MC 	�Ç)­ l�j l ±
¼�Å´± [-­AÇ�¹e³ j Ã"ÃÁÅ´¹ j ³ l ±
Ã"®X³ê¯ÒÃ *,	çd® l Ã ¯ lÒj ¯Ò±�� Â Å´²:¯"ÑXÅ´Ã ikj i ± l Å´ÃD¯Ò­ º Å´º Å´¹�¯ÒÑX±�ÃÁ±eº Å�� l ­E® i º ±
¯ÒÑ°­�·N®XÃÁ±e·B» Â � 6 j � =M� 	&Å´²¯"ÑX±O¹
­E² ¯ÒÅ¾²�®°­E®XÃ¦¯"Å´º ±¶Ç lÒj º ±-[À­ l � 	Bô]±
¯¦®XÃzÑ j ¼A± j ³¾­�­ � ¯Ò­B¯ÒÑXÅ¾Ã¦º ±
¯"ÑX­�· 	W]�­�±eÃÁ¯ j »X³¾Å´Ã"Ñ

j Æ�­EÅ¾²X¹ jAl ¸OÅ¾²X±eÊ�® j ³´Å¾¯ Â Ç)­ lzj Ä jAl � ­�¼MÃ"±eº Å�� l ­E® i (Pt)
[�Åê¯ÒÑMÅ´²
�k²°Å¾¯Ò±
Ã"Å¾º j ³ �E±e²X± lÒj ¯"­ l

L
�

6 j � l Â Å´² ¯ l ­�·X®X¹e±
·B¯"ÑX±dÇ)®X²X¹�¯ÒÅ¾­E² α ·°± �k²X±
·�» Â
α(s) = Ps

[

(Pt−sf)2].Ð½Ã"Å´²�� ¯"ÑX±�Ç j ¹
¯K¯"Ñ j ¯K¯"ÑX±�¯ÒÅ´º ±�·X± l Å¾¼ j ¯"Å¾¼A±�­AÇ
Ptf

Å´Ã
PtLf

�k­A²X±�¹ j ² �E±�¯
( 5 	87�*

α′(s) = 2PsΓPt−sf,[�ÑX± l ±
Γf :=

1

2

[

L(f 2)− 2fLf
]

.
ò}­Eº i ®°¯"Å´² �I¯"ÑX±�Ã"±
¹e­E²X·�·X± l Å¾¼ j ¯"Å¾¼E±�­ Ç α �X­E²X±�Ñ j Ã

α′′(s) = 4PsΓ2Pt−sf,[�ÑX± l ±
Γ2f :=

1

2
[L(Γf)− 2Γ(f,Lf)].
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Ð½²X·X± l ¯"ÑX± j Ã"ÃÁ®Xº i ¯ÒÅ¾­E²��M[�ÑXÅ¾¹ÛÑOÅ¾Ã � ²°­6[�² j Ã_¯ÒÑ°± 6 j � lÁÂ � Ù º ± lÁÂ ¹ l Åê¯Ò± l Å´­A² [�Å¾¯"Ñ ¹
® l ¼ j ¯"® l ±
ρ
�
( 5 	9�:*

Γ2f ≥ ρΓf,¯"ÑX±�Ç)®X²X¹
¯"Å´­E²
α′
Å´ÃKÃ"­A³´®°¯"Å´­E²:­AÇ�¯ÒÑ°±�Ç)­A³´³´­�[�Å¾² �I·XÅ���± l ±e² ¯"Å j ³æÅ¾²X±eÊ�® j ³´Å¾¯ Â È

α′′(s) ≥ 2ρα′(s).
]KÑXÅ¾ÃK±e²XÃÁ® l ±
Ã�¯"ÑX±�¹e­Eº ºI®°¯ j ¯ÒÅ¾­E² l ±
³ j ¯"Å´­E²
( 5 	>� *

ΓPtf ≤ e−2ρt
PtΓf.ðD¯�³ j ÃÁ¯��X­E²X±�®XÃÁ±eÃ ( 5 	 ��*}Å´² Ù Ê�® j ¯"Å´­E² ( 5 	87:*À¯"­ ­E»°¯ j Å´²:¯ÒÑX±�Æ�­EÅ´²X¹ jAl ¸�Å¾²X±eÊ�® j ³´Å¾¯ Â

Pt

(

f 2
)

− (Ptf)2 ≤ 1− e−2ρt

ρ
PtΓf.

� � ��� ��� � ��
 ��� 	 � � � ��� 
�� ��� � � 

� � 
 � � 	 
 � 	 ��� 
 � � 

� 	 � 
 ������� �
Γ(f) = |σ∇f |2 �

]�­�±eÃ ¯ j »°³´Å´ÃÁÑ j ³¾­:� jAl Å¾¯ÒÑ°ºOÅ¾¹c¬�­E»�­E³´±�¼�Å´²X±
Ê�® j ³´Åê¯ Â �A­A²X±DÑ j Ã�¯Ò­ l ±eÅêÇ)­ l ¹
±À¯ÒÑ°±D¹e­Eº ºI®°¯ j ¯ÒÅ¾­E²
l ±e³ j ¯ÒÅ´­A²�¯Ò­ �E±�¯

√

ΓPtf ≤ e−2ρt
Pt

(

√

Γf
)

,
[�ÑXÅ¾¹ÛÑ�Å¾ÃK²X­A¯"ÑXÅ´² �¶±
³´ÃÁ±�¯"Ñ j ²
( 5 	85�* |σ∇Ptf | ≤ e−ρt

Pt(|σ∇f |).îª²[¬�±e¹
¯"Å´­E²A5 	87 �.[}± j Ã"Ã"®°ºO±�¯"Ñ j ¯ σ Å´Ãz¹
­E²XÃ ¯ j ² ¯ j ²°·L[}± iXl ­�¼E±�¯"Ñ j ¯I¯"ÑX± � ± l ²X±
³ KnÃ j ¯ÒÅ¾Ã �k±
Ã j ³¾­:� jAl Å¾¯ÒÑ°ºOÅ¾¹d¬�­A»f­E³¾±
¼�Å´²X±
Ê�® j ³´Åê¯ Â [�Åê¯ÒÑN¹e­E²°ÃÁ¯ j ²�¯

Dγ,n =
2

λ(2− λγ)

(

1− (1− λγ)2n
)

,

[�ÑX± l ± λ Å´ÃD¯"ÑX± � l ± j ¯Ò±
ÃÁ¯ l ± j ³æÃÁ®X¹ÛÑ�¯"Ñ j ¯��XÇ)­ l ±
¼E± lÁÂ v j ²X· x Å¾² R
d
�

〈 � � j ¹ b(x)v, v〉 ≥ λ|v|2.
' ± j ³´ÃÁ­I±eÃ ¯ j »°³´Å´ÃÁÑ j Ã"Å´º Å´³ jAlcl ±
Ã"®X³ê¯KÇ)­ l ¯ÒÑ°±�Å´º i ³´Å¾¹eÅ¾¯ Ù ®X³¾± l ÃÁ¹ÛÑX±eº ± [�ÑXÅ´¹ÛÑNÅ´Ã}®XÃ"±
·�Å¾²£¯ÒÑX±¹ j Ã"± [�ÑX±
²�¯ÒÑ°±�¹
­�±�� ¹eÅ´±
² ¯ÒÃ jAl ±�²X­ ³¾­E² �E± l ô&Å i Ã"¹ÛÑ°Å¾¯ �0	îª² ¬�±e¹�¯ÒÅ¾­E²\5 	9� �_[À± ¹e­E²XÃÁÅ´·X± lzj �E±
²X± l"j ³c·XÅ��f®XÃÁÅ´­E² iXl ­�¹
±eÃÁÃ¦­E²

R
d j ²X·M±eÃ ¯ j »X³¾Å´ÃÁÑG¯"Ñ j ¯¯"ÑX±�Å¾¯Ò± lÒj ¯"±e· � ± l ²X±
³ Kn

Ã j ¯"Å´Ã �k±eÃ j Æ�­EÅ¾²X¹ jAl ¸�Å´²X±
Ê�® j ³´Åê¯ Â [�Åê¯ÒÑN¹e­E²°ÃÁ¯ j ²�¯

Cγ,n = cγ
1− (Cγ)

n

1− Cγ
,

[�ÑX± l ± c j ²X· Cγ

·X± i ±e²°·�­E²:¯ÒÑ°±�¹
­�±�� ¹eÅ´±
² ¯ÒÃ σ j ²X· b 	' ± i ± l Ç)­ l º ��Å´²�¬�±e¹�¯ÒÅ´­A² 5 	 � ��¯"ÑX±íÃ ¯Ò®X· Â ­AÇæ­E²X±í·°Å´º ±e²XÃÁÅ´­E² j ³k·XÅ��f®XÃ"Å¾­E²XÃ
	gîª² ikjAl ¯ÒÅ¾¹e®X³ jAl
[À±D±eÃ ¯ j »°³´Å´ÃÁÑz³¾­:� jAl Å¾¯ÒÑ°ºOÅ¾¹c¬�­E»�­E³´±�¼�Å´²X±
Ê�® j ³´Åê¯ÒÅ¾±eÃ]Ç)­ l º ­�·XÅ �k±
· Ä Å´³´ÃÁ¹ÛÑXÃÁ¯"±eÅ¾²IÃ"¹ÛÑX±
ºO±
Ã%[�ÑXÅ¾¹ÛÑ¯ lÒj ²XÃÁÅ¾¯"Å´­E² � ± l ²X±e³�Å´Ã �EÅê¼E±
²B» Â

Jf(x) := E

[

f
(

x+ γb(x) +
√

2γZ + σ′(x)σ(x)(Z2 − 1)γ
)]

,
[�ÑX± l ±:¯ÒÑ°±�³ j [ ­AÇ

Z
Å´Ã j�iXl ­E» j »XÅ´³¾Å¾¯ Â º ± j ÃÁ® l ±W[�Å¾¯"Ñ5¹
­Eº ikj ¹
¯ ÃÁ® iXi ­ l ¯��Àº ± j ²�� j ²X·¼ jAl Å j ²X¹
±¶µ:	 Ä ­ l ±e­�¼E± l ¯"ÑX±�¹e­E²°ÃÁ¯ j ²�¯½Å¾Ã �EÅ¾¼A±e²B» Â

c

ρ+O(γ1/2)

(

1− (1− ργ +O(γ3/2))2n
)

,
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[�ÑX± l ± ρ Å´ÃD¯ÒÑ°±�¹
® l ¼ j ¯"® l ±�­AÇ�¯ÒÑ°±�®°²X·X± l ³ Â Å´²�� ·°Å��f®XÃ"Å¾­E²�	îª²�¬�±
¹
¯ÒÅ¾­E² 5 	95 �I[À±�·°±e·X®X¹
±�Ç l ­Eº ¯"ÑX± iXl ±
¼�Å´­E®°Ã l ±eÃÁ®X³¾¯"ÃK± Ú°j ¹
¯½¹
­E²
�k·X±
²X¹e±�Å´² ¯"± l ¼ j ³¾Ã}Ç)­ l²�®Xº ± l Å´¹ j ³KºO±�¯ÒÑX­�·XÃ�	*îª²°·X±e±
·�¯ÒÑX± Ù ®X³´± l ÃÁ¹ÛÑX±eº ±�Å´Ã ®XÃÁ±e· ¯"­1ÃÁ­E³¾¼A±�Æ É Ù å Ã�» Â Ä ­A²�¯"±,�ò jAl ³´­MºO±�¯ÒÑX­�·XÃ
È�­E²X±�Ñ j Ã ¯Ò­ ÃÁÅ´ºI®X³ j ¯Ò± N Å´²°·X± i ±e²X·°±e² ¯ Ù ®X³´± l ÃÁ¹ÛÑX±eº ±eÃ j ²X·�¹
­E²XÃ"Å¾·X± l¯"ÑX±eÅ l ±eº i Å l Å´¹ j ³�ºO± j Ã"® l ± j Ã j �E­�­�· jAiXiXl ­ Ú Å¾º j ¯ÒÅ´­A²�­AÇ&¯ÒÑ°±�Ã"­E³¾®°¯ÒÅ¾­E²£­AÇ&¯ÒÑ°±�Æ É Ù 	XÆ l ­E» �
j »°Å´³´Å¾ÃÁ¯"Å´¹}º ±
¯"ÑX­�·XÃ j Ã Ù ®°³´± l Ã"¹ÛÑ°±eº ±eÃ j ²X·OÅ¾² ¯Ò± l"j ¹
¯"Å´² � ikj l ¯ÒÅ¾¹e³¾±KÃ Â ÃÁ¯"±eº Ã jAl ± j ³´Ã"­�±��O¹
Å´±
²�¯¯"­MÃÁ­E³¾¼A±N²�®°ºO± l Å´¹ j ³´³ Â Ä ¹ ��± j ² � �d³ j Ã"­�¼1±eÊ�® j ¯"Å´­E²XÃ
	 ]KÑX­EÃ"±B²X­E²°³´Å´²°± jAlIiXjAl ¯"Å j ³À·XÅ��f± l ±e² �¯"Å j ³a±eÊ�® j ¯ÒÅ´­A²XÃ}¹ j ²:»f± jAiXiXl ­ Ú Å¾º j ¯"±e·O» Â º ± j ² �X±e³´·�Å´² ¯Ò± lÒj ¹�¯ÒÅ´²��z·XÅ���®XÃÁÅ´­E²°Ã (QÃÁ±e± � ¬ �e²Q=°µ)	Ç)­ l�j ²MÅ´² ¯ l ­�·X®X¹
¯"Å´­E²�¯"­B¯"ÑX± i°l ­ ikj � j ¯ÒÅ¾­E²G­AÇD¹ÛÑ j ­EÃ�¯ÒÑX±
­ lÁÂ *,	 � Ä j ³ �°µ 	V®XÃ"±
Ãz³´­�� jAl Åê¯ÒÑXº Å´¹¬�­A»f­E³¾±
¼ j ²X·G¹e­E²°¹e±e² ¯ lÒj ¯"Å´­E²GÅ´²°±eÊ�® j ³¾Å¾¯ÒÅ¾±eÃí¯"­N·X±eÃÁ¹ l Å¾»f±¶¯"ÑXÅ´Ã�¹
­E² ¼E± l �E±e²°¹e±�	�ï�±�¼E± l ¯ÒÑX±
³´±
Ã"Ã��¯"ÑX­EÃ"± l ±eÃÁ®X³¾¯"Ã jAl ±K²°­A¯_®XÃÁ±
Ç)®X³°Ç l ­Eº j�i°lÒj ¹�¯ÒÅ´¹ j ³ i ­EÅ¾² ¯_­AÇa¼�Å´±-[ ()Ã"Å´²°¹e± j ¹e­Aº i ®�¯Ò± l ·X­�±
Ã_²X­A¯ÃÁÅ´ºI®X³ j ¯Ò±�± ÚXj ¹
¯Ò³ Â�j ·XÅ��f®XÃ"Å¾­E² * 	íîª²�¯ÒÑ°Å´Ã iXjAi ± l [À±��EÅ¾¼A± iXl ±e¹eÅ¾Ã"±I¹
­E²
�k·°±e²X¹
±¶Å´² ¯Ò± l ¼ j ³´Ã�Ç)­ l¯"ÑX±}¹
­E² ¼E± l �E±e²°¹e±�­AÇk¯ÒÑ°±D»f­ ¯ÒÑI± Ú°i ³´Å´¹
Å¾¯ j ²X·IÅ¾º i ³´Å´¹
Å¾¯ Ù ®X³¾± l ÃÁ¹ÛÑX±eº ±eÃg¯"­í¯ÒÑ°±DÃ"­E³¾®°¯ÒÅ¾­E²z­ Çk¯ÒÑX±²X­A²X³´Å¾²X± jAl Ä ¹ ��± j ² � �d³ j Ã"­�¼GÆ É Ù 	�îª² iXjAl ¯"Å´¹e®°³ jAl �_[À± ÃÁ¯Ò®°· Â � lÒj ²�®X³ jAl º ±e·XÅ j ±
Ê�® j ¯ÒÅ¾­E²XÃ
j ²°·N¯"ÑX±�ï j ¼�Å´± l � ¬�¯Ò­ � ±eÃ Ù Ê�® j ¯ÒÅ´­A²BÅ¾²N·XÅ´º ±e²XÃÁÅ´­E² 2

¯"Ñ j ² � Ã�¯Ò­¶¯ÒÑ°±�¼A­ l ¯"± Ú º ±
¯"ÑX­�· 	

� � EF� TNû�� � ��û)ø(� � �Oûhú6KS�Eø(�$�
ú�ö#�fúOþ�û � �$��û)ø(� �1ö°ú�ùýû �
îª²0¯ÒÑXÅ¾Ã�ÃÁ±e¹�¯ÒÅ´­A²���[À± j ÃÁÃ"®Xº ±O¯"Ñ j ¯�¯ÒÑ°±�·XÅ���®XÃÁÅ´­E²Mº j ¯ l Å Ú σ Å´Ã�¹e­E²°ÃÁ¯ j ²�¯ j ²X·0±eÊ�® j ³c¯Ò­¯"ÑX±�Å´·X±
²�¯"Å¾¯ Â º j ¯ l Å Ú Id 	Vîª²NÇ j ¹�¯'[}±�ÃÁ¯"®X· Â ¯"ÑX±�·XÅ��f®XÃ"Å¾­E² (Xt)t

[�ÑXÅ¾¹ÛÑ�Ã j ¯ÒÅ¾Ã �k±
Ã

dXt =
√

2dBt −∇U(Xt) dt
[�ÑX± l ± U Å´Ã j ÃÁºO­�­A¯ÒÑ:Ç)®X²°¹
¯ÒÅ¾­E²�	
� � ��� ��� � ��� ��
 	 � � � ��� 
 � � � � � � ��� � � 
 ����� ��� 	 

��� � � 

� ��� � � 
 ��� ��� � � � � � � ����	 

��� ��	 �
� � 

�!" � � � � � � � ��� ���  � � � 

� 	 � 
 	 � � � 
 � � � � � 
 	 	 � 
 � ��� 
 � � 

� � �

� ��� � � ��� � � � � �

 � 
 � 
 ��
 � 

� �� 

� 
 	 
 � " � � 

� � � � 	 � 
 	 � � � −∇U � � � � 	 � � � � �

U
� " � 
���� � � � 
 � � � � � � b � �

� � 	 � �

 	
b
�
�

� � EF� ��� & K&ü�ü �@H �Sûb� ûhúYV �$�Qü�ù����	K�ü��1ü � � ' ±�ÃÁ¯ÒÅ¾³´³ j Ã"ÃÁ®XºO±�Ñ°± l ±�¯"Ñ j ¯ ∇U Å´Ã j ²N®X²°Å��Ç)­ l ºO³ Â ô]Å i ÃÁ¹ÛÑXÅ¾¯.�£Ç)®X²X¹
¯"Å´­E²J­A²
R

d 	c]KÑX±:¯ Â�i Å´¹ j ³}± ÚXj º i ³¾±£Å´Ã¦¯ÒÑX±Bç l ²°ÃÁ¯Ò±
Å´² �ªÐ�ÑX³¾±e²�»�±e¹ �
iXl ­�¹
±eÃÁÃ ( U(x) = |x|2/2 * 	]KÑ°± j Ã"ÃÁ­�¹
Å j ¯"±e· Ù ®X³¾± l Ã"¹ÛÑX±
ºO±DÅ¾Ã�¯"ÑX± Ä j l � ­�¼z¹ÛÑ j Å´²U[�Å¾¯ÒÑ iXl ­A» j »XÅ¾³´Å¾¯ Â ¯ lÒj ²XÃ"Åê¯ÒÅ´­A² �EÅê¼E±e²» Â

Kf(x) = E

[

f
(

x−∇U(x)γ +
√

2γY
)]

[�ÑX± l ± Y Å´Ã j # j ®XÃ"ÃÁÅ j ² l 	 ¼ 	 N (0, Id)
Å´²

R
d
	

ô]±�¯
λ
»f±�¯ÒÑ°± � l ± j ¯Ò±eÃ ¯ l ± j ³]Ã"®X¹ÛÑB¯ÒÑ j ¯KÇ)­ l ±
¼E± lÁÂ x j ²X· v Å¾² R

d
�

( 5 	9C:* 〈
� ±
Ã"Ã

U(x)v, v〉 ≥ λ|v|2.
îª² [�Ñ j ¯�Ç)­A³´³´­�[�Ã
�0[À± [�Å¾³´³ j ÃÁÃ"®Xº ±�¯"Ñ j ¯ λγ < 1

	J]KÑXÅ´Ã ¯Ò±
¹ÛÑX²XÅ´¹ j ³ j Ã"ÃÁ®Xº i ¯ÒÅ´­A²5Å¾ÃO²X­ ¯
l ±eÃÁ¯ l Å¾¹
¯ÒÅê¼E±�ÃÁÅ´²X¹
±�¯"ÑX±�·XÅ´ÃÁ¹ l ±
¯ÒÅ¾Ã j ¯"Å´­E²:Ã ¯Ò± i γ Å´ÃKÃ"º j ³¾³"	ô]±�¯�®XÃ�±eÃ ¯ j »X³¾Å´ÃÁÑ�²X­�[ñ¯"Ñ j ¯�¯ÒÑ°± Ù ®°³´± l Ã"¹ÛÑX±
ºO± Ã j ¯ÒÅ´Ã �k±eÃ j ³¾­�¹ j ³�³¾­:� jAl Å¾¯"ÑXºOÅ¾¹�¬�­E»�­E³´±�¼Å¾²X±eÊ�® j ³¾Å¾¯ Â Å"	 ±�	�Ç)­ l ±�¼E± l Â n �æ¯"ÑX± � ± l ²X±
³´Ã (Kn(·)(x))x

Ã j ¯ÒÅ¾ÃÁÇ Â�j ³¾­:�0�p¬�­E»�­E³´±�¼NÅ´²X±
Ê�® j ³´Åê¯ Â
[�Åê¯ÒÑNÃ j º ±�¹e­A²XÃÁ¯ j ² ¯-()·X± i ±e²X·°Å´² � Å´² n *,	
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���	��

����� � ��� ��� 	 � � 

�
� ��� � � n ∈ N � x ∈ R


 � � � ��� 
�

� � � � ��� 	 � � 

� f
� � 
 �

R
d � 


R � Ù ² ¯
Kn

(

f 2
)

≤ Dγ,nK
n
(

|∇f |2
)

� ��� � � Dγ,n

��� � ��� 
 � � 


( 5 	8��*
Dγ,n =

4

λ(2− λγ)

(

1− (1− λγ)2n
)

.

� � ��� ��� � ��� � � 	 � & � λ ��� � ��� 
 � � 
 0 � Dγ,n

��

� � 
!" � ��� ��� � � � 
�
 � 

�
4nγ �

� � 
�
 � 	 � ]KÑX± � ± l ²°±e³ K(·)(x)x

�I[�Ñ°Å´¹ÛÑNÅ´ÃD²°­A¯ÒÑXÅ¾² �I±
³´Ã"±d¯"Ñ j ² j # j ®XÃ"ÃÁÅ j ²£¼ jAl Å j »°³´±#[�Å¾¯ÒÑ¹
­(¼ jAl Å j ²°¹e± 2γI
�XÃ j ¯ÒÅ¾ÃÁÇ ÂNj ³´­�� jAl Åê¯ÒÑXº Å´¹í¬�­E»�­E³¾±
¼£Å¾²X±eÊ�® j ³´Å¾¯ Â [�Å¾¯"ÑN¹e­E²XÃ ¯ j ² ¯ 4γ

	
Ä ­ l ±
­(¼A± l ��­A²X±�Ñ j Ã

∇Kf(x) = (Id − γ
� ±eÃÁÃ

U(x))K(∇f)(x).
]KÑX±
² [À± �E±
¯
( 5 	9�:* |∇Kf(x)| ≤ (1− γλ)K(|∇f |)(x).
]KÑ°±zÃÁ¯ lÒj ¯"±�� Â ¯"­ i°l ­�¼E±¦­E® l ¯ÒÑX±
­ l ±
º�Å´ÃK¯Ò­ ºOÅ¾ºOÅ¾¹í¯ÒÑ°±¦ÃÁ±eº Å�� l ­E® i ºO±�¯ÒÑX­�·B·X±
¼A±e³´­ i ±
·» Â 6 j � l ÂNj ²X· � ºO± lÁÂ Å¾²:¯ÒÑX±�¯ÒÅ¾ºO±í¹e­E² ¯ÒÅ¾²�®X­E®XÃ�¹ j Ã"±�	 ' ± i ± l Ç)­ l º ÑX± l ± j ·XÅ¾Ã"¹ l ±
¯"±�¯ÒÅ´º ±Å¾²�¯"±�� l"j ¯ÒÅ¾­E²£­AÇ�¯ÒÑ°±�±
² ¯ l ­ i�Â È

Ù ²�¯
Kn

(

f 2
)

= Kn(f 2 log f 2)−Kn(f 2) logKn(f 2)
Å¾ÃK±eÊ�® j ³æ¯"­

n
∑

i=1

{

Ki
[

Kn−i(f 2) logKn−i(f 2)
]

−Ki−1
[

Kn−i+1(f 2) logKn−i+1(f 2)
]}

îª² [�Ñ j ¯KÇ)­E³¾³´­�[�Ã�� gn−i

ÃÁ¯ j ²X·XÃKÇ)­ l √Kn−i(f 2)
	V¬�­ [}±�Ñ j ¼A±

Ù ² ¯
Kn

(

f 2
)

=

n
∑

i=1

Ki−1
[ Ù ² ¯

K

(

g2
n−i

)]

≤ 4γ

n
∑

i=1

Ki
[

|∇gn−i|2
]

,

ÃÁÅ´²X¹
±
K
Ã j ¯ÒÅ´Ã �k±eÃ j ³´­:� jAl Åê¯ÒÑXº Å´¹�¬�­E»�­E³¾±
¼£Å¾²X±eÊ�® j ³´Å¾¯ Â [�Å¾¯"ÑB¹
­E²XÃ ¯ j ² ¯ 4γ

	
ï½­�[ �Q[}±�º j � ±�®XÃ"±�­AÇ�¯ÒÑ°±�¹
­Eº ºI®°¯ j ¯ÒÅ´­A² l ±e³ j ¯ÒÅ¾­E² ( 5 	9�:*À¯Ò­ �E±
¯��XÇ)­ l 1 ≤ i ≤ n

�

|∇gn−i|2 =
|∇Kn−i(f 2)|2
4Kn−i(f 2)

≤ (1− λγ)2 [K|∇Kn−i−1(f 2)|]2
4KKn−i−1(f 2)

.

]KÑX±
²��kÃ"Å¾²X¹e±0�XÇ l ­Eº¢ò j ®X¹ÛÑ Â � ¬�¹ÛÑO[ jAl �IÅ¾²X±eÊ�® j ³´Å¾¯ Â �
(Kf)2

K(g)
≤ K

(

f 2

g

)

,

­E²°±�Ñ j Ã

[K|∇Kn−i−1(f 2)|]2
4KKn−i−1(f 2)

≤ K

[

|∇Kn−i−1(f 2)|2
4Kn−i−1(f 2)

]

= K
[

|∇gn−i−1|2
]

.

ð�Ã ¯ lÒj Å��EÑ ¯"Ç)­ l [ jAl ·NÅ´²°·X®X¹
¯"Å´­E²NÃÁÑX­�[�Ã½¯"Ñ j ¯���Ç)­ l 1 ≤ i ≤ n
�

|∇gn−i|2 ≤ (1− λγ)2(n−i)Kn−i
[

|∇f |2
]

.



� � � � ��	 � � ��� 	 � � � � 	�� � � � � � � � � � � 	 � � � � 	 � � � � � ��	 � � 	

]KÑX±
²�Åê¯KÇ)­E³´³¾­�[�Ã}¯ÒÑ j ¯

Ù ²�¯
Kn

(

f 2
)

≤ 4γ

[

n−1
∑

i=0

(1− λγ)2i

]

Kn
[

|∇f |2
]

= 4γ
1− (1− λγ)2n

1− (1− λγ)2
Kn
[

|∇f |2
]

=
4

λ(2− λγ)

(

1− (1− λγ)2n
)

Kn
[

|∇f |2
]

,

j ²°·N¯"ÑX± iXl ­�­AÇ�Å´ÃK¹
­Eº i ³´±
¯"±e·�	
� � EF� EF� & K&ü�ûb� H �Sûb� û)ú V �$�Qü�ù ���	K�ü��1ü � � îª² ¯ÒÑ°Å´ÃIÃÁ±e¹
¯"Å´­E²L[À± j ÃÁÃ"®Xº ±£¯ÒÑ j ¯ U Å´Ã j®X²°Å¾Ç)­ l ºO³ Â ¹
­E² ¼E± Ú Ç)®°²X¹
¯"Å´­E²NÅ"	 ±�	g¯"ÑX± l ±�± Ú Å´Ã ¯ÒÃ λ > 0

ÃÁ®X¹ÛÑ�¯"Ñ j ¯��XÇ)­ l ±
¼E± lÁÂ x, v ∈ R
d
�

〈
� ±
Ã"Ã

U(x)v, v〉 ≥ λ|v|2.
çd²X±�¹ j ² �E®°±eÃ"ÃÀ¯ÒÑ j ¯À¯ÒÑXÅ¾Ã}Å¾ÃV¯"ÑX±íÇ j Å l ±eÃ ¯}¹ j Ã"±0	Vï�±
¼A± l ¯ÒÑX±
³´±eÃÁÃ��X¯"ÑX± Ù ®X³´± l ÃÁ¹ÛÑX±eº ±dÅ´Ã � ²X­�[�²
¯"­I·XÅ¾¼A± l �E±�	Vçd²X±dÑ j Ã}¯Ò­z¹e­E²XÃÁÅ´·X± l ¯ÒÑ°±dÅ´º i ³´Å¾¹eÅê¯ Ù ®°³´± l Ã"¹ÛÑX±
ºO± [�Ñ°Å´¹ÛÑ:Å´ÃÀ¹e­E²°ÃÁ¯ l ®X¹
¯�» Â ¯ÒÑX±Ç)­E³¾³´­�[�Å´²��U[ j�Â È

Xγ
n+1 = Xγ

n −∇U
(

Xγ
n+1

)

γ +
√

2γY,
[�ÑX± l ± Y Å´Ã j ÃÁ¯ j ²X· jAl ·�# j ®°Ã"Ã"Å j ²:¼ jAl Å j »X³´±í­E²

R
d
	_îª²B­A¯ÒÑX± l [}­ l ·XÃ��aÅêÇ ϕ Å¾ÃK·X± �k²°±e·�» Â

ϕ(x) = (I +∇U(x)γ)−1(x),
¯"ÑX±e²N¯ÒÑX± � ± l ²°±e³ K ­AÇ�¯ÒÑ°± Ä jAl � ­(¼£¹ÛÑ j Å´²BÅ´Ã �AÅ¾¼E±
²�» Â

Kf(x) = E

[

f ◦ ϕ
(

x+
√

2γY
)]

.

î Ç N (x, 2γI)
Å´ÃD¯"ÑX± # j ®°Ã"Ã"Å j ²N·XÅ´Ã ¯ l Å´»X®°¯"Å´­E² [�Åê¯ÒÑBºO± j ² x j ²X·B¹e­�¼ jAl Å j ²X¹
±�º j ¯ l Å Ú 2γId

�
¯"ÑX±e²

Ù ² ¯
K

(

f 2
)

= Ù ² ¯
N (x,2γI)

(

(f ◦ ϕ)2
)

≤ 4γEN (x,2γI)

[

|∇(f ◦ ϕ)|2
]

.ï½­6[ �k» Â ¯"ÑX±�·X± �X²XÅ¾¯"Å´­E²N­AÇ ϕ �I[À±!�A±
¯
� j ¹ ϕ(x) = [Id + γ

� ±eÃÁÃ
U(x)]−1.

]KÑX±
²��XÇ)­ l ±�¼E± l Â v Å´² R
d
�k­E²X±�Ñ j Ã

〈 � j ¹ ϕ(x)v, v〉 ≤ (1 + γλ)−1|v|2.
¬�­��

|∇(f ◦ ϕ)| = |( � j ¹ ϕ)(∇f(ϕ))| ≤ 1

1 + λγ
|(∇f) ◦ ϕ|.

ð�Ã j ¹e­E²°Ã"±eÊ�®X±
²X¹e±0�À¯"ÑX± � ± l ²X±
³´Ã (K(·)(x))x

Ã j ¯ÒÅ´Ã Ç Â j ³¾­:� jAl Å¾¯"ÑXºOÅ¾¹ ¬�­E»�­E³´±�¼MÅ´²X±
Ê�® j ³´Åê¯ Â
[�Åê¯ÒÑ:¯ÒÑX±�¹
­EºOº ­E²:¹
­E²XÃÁ¯ j ² ¯

4γ

1 + λγ
.

çd²N¯ÒÑX±�­A¯"ÑX± l Ñ j ²X·��

∇Kf(x) = EN (x,2γI)[(
� j ¹ ϕ)(∇f) ◦ ϕ].

]KÑX±
²
K j ²X· ∇ Ã j ¯"Å´Ã Ç Â ¯ÒÑX±�Ç)­E³¾³´­�[�Å´²��z¹e­AºOºI®�¯ j ¯"Å´­E² l ±e³ j ¯ÒÅ´­A²æÈ

∣

∣∇K(f)(x)
∣

∣ ≤ (1 + γλ)−1K(|∇f |)(x).



� � ��� � � � � �
���
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$k­E³¾³´­�[�Å´²���¯"ÑX±í³¾Å´²X±
Ãc­AÇæ¯ÒÑ°± iXl ­�­AÇæ­AÇ@]KÑX±
­ l ±
º 5 	97 	97 ��­E²X±�Ã"±e±
Ã}¯ÒÑ j ¯}¯"ÑX±�Å¾º i ³´Å´¹
Å¾¯ Ù ®X³¾± lÃÁ¹ÛÑX±eº ±�Ã j ¯"Å´Ã �X±eÃ j ³¾­�¹ j ³�³¾­:� jAl Å¾¯"ÑXºOÅ¾¹d¬�­E»f­A³´±
¼�Å´²X±
Ê�® j ³´Åê¯ Â [�Åê¯ÒÑN¹e­A²XÃÁ¯ j ² ¯�È

4γ

1 + λγ

1

1−
(

1
1+λγ

)2

(

1−
(

1

1 + λγ

)2n
)

=
4(1 + λγ)

λ(2 + λγ)

(

1− 1

(1 + λγ)2n

)

.

���	��

����� � ��� ��� 	 � � 

�
� ��� � � n ∈ N � x ∈ R


 � � � ��� 
�

� � � � ��� 	 � � 

� f
� � 
 �

R
d � 


R � Ù ² ¯
K

n

(

f 2
)

≤ Dγ,nK
n(|∇f |2

)

� ��� � � Dγ,n

��� � ��� 
 � � 


( 5 	9=:*
Dγ,n =

4(1 + λγ)

λ(2 + λγ)

(

1− 1

(1 + λγ)2n

)

.

� � � � &UK�üP
aü��&ü�ù(ö#� �Eö#�eü
]KÑ°± j Å´º�­AÇ}¯ÒÑXÅ¾ÃzÃ"±
¹
¯"Å´­E²JÅ¾Ã�¯"­�±eÃ ¯ j »X³¾Å´ÃÁÑ1¯ÒÑ j ¯z¯ÒÑ°±£³ j [ ­AÇ

Xγ
n

·X± �k²°±e·J» Â Ù Ê�® j ¯"Å´­E²
( 5 	¾µ *íÃ j ¯"Å´Ã �X±eÃ j Æ�­AÅ´²X¹ jAl ¸ Å´²°±eÊ�® j ³¾Å¾¯ Â [�Åê¯ÒÑ j ²M± Ú�i ³´Å¾¹eÅê¯�¹e­E²XÃ ¯ j ² ¯�	£îª²X·X±
±e·���Å¾¯�·X­�±eÃ�²X­A¯ÃÁ±e±eº i ­EÃ"ÃÁÅ´»X³¾±:¯Ò­1±
ÃÁ¯ j »X³´Å¾Ã"Ñ j ³¾­:� jAl Å¾¯ÒÑ°ºOÅ¾¹:¬�­E»�­E³¾±
¼JÅ¾²X±eÊ�® j ³¾Å¾¯ Â Ç)­ l ¯"ÑX± Ù ®X³¾± l Ã"¹ÛÑX±
ºO±
j ÃÁÃ"­�¹eÅ j ¯Ò±
·N¯"­ j ·°Å��f®XÃ"Å¾­E²W[�Å¾¯ÒÑ j ²X­E² �ª¹e­A²XÃÁ¯ j ² ¯�·°Å��f®XÃ"Å¾­E²Nº j ¯ l Å Ú 	
���	��

����� � � � ��
 	 � & � σ 
 � � b " � ��

� �
� � 
 C1

b � �
��� � �

� 

� � ��� ��� n
� �

N

 � � � ��� � �

� ��� 
�

� � � � 

� ��� � � ��� 	 � � 

� f �
Kn(f 2)(x)− (Knf(x))2 ≤ Cγ,nK

n(|∇f |2)(x),� ��� � �

( 5 	¾µ�� *
Cγ,n = γc

1− (Cγ)
n

1− Cγ
.

� � ��� ��� � � � ��� 	 � � ��� 	 

� � � 
 ��� Cγ

��� � ��� � ��
 � � ��� � 
 1 + c′γ
� 

� � � � 	 ��� ��� � � ��� 
 � � γ

� ��
 � � � � � � � � ��� � 

� � ��� 	 � ��� � � � � ��
 � γ

 	 	 � 
 � � � � � ��� ��� � � � 
 � 

� �

� ��� 	 

� � � 
 ��� Cγ

��� ��� � � � � " � � ��� 
 � � 

� ( 5 	¾µ�� * 
 � � ��� � � 	 � � 

� � � � 

�
γ

� � 	 � � 

��� � �
� ��� � �

� � 	 
 � " �
	�� 
 ��� � ��� � � 

� � � � � � γ ≤ γ0 �& � Cγ

��� � ��� 
 � � 
 1 � (1− (Cγ)
n)/(1− Cγ)

��

� � 
�" � ��� ��� � � � 
�
 � 

�
n �

� � 
�
 � 
 � � ��� 

� ��� � � � �
! 	�� ð�Ã�Å´²�¯"ÑX± iXl ±
¼�Å´­E®°Ã�Ã"±e¹�¯ÒÅ¾­E²��F[À± i ± l Ç)­ l º j ·XÅ¾Ã"¹ l ±
¯"±I¯ÒÅ´º ±Å¾²�¯"±�� l"j ¯ÒÅ¾­E²æÈ

Kn(f 2)− (Knf)2 =
n
∑

i=1

{

Ki
[

(Kn−if)2
]

−Ki−1
[

(

Kn−i+1f
)2
]}

=
n
∑

i=1

Ki−1
{

K
[

(Kn−if)2
]

−
[

K
(

Kn−if
)2
]}

.

]KÑX±
² [À±�Ñ j ¼E±�­E»°¯ j Å´²X±
·æÈ
( 5 	¾µAµ *

VarKn(f) =
n
∑

i=1

Ki−1
VarK

(

Kn−if
)

.
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���
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çd²X± ¹ j ²M²°­A¯ÒÅ¾¹e±¶¯ÒÑ j ¯�¯ÒÑX± ­ i ± l"j ¯Ò­ l
VarK()

Å¾Ãd¯ÒÑX± j ² j ³´­:�E­A®XÃd­AÇ
Γ
	 ]KÑX± � ± ÂGi ­AÅ´² ¯�Å´Ã¯"ÑX±e²N¯Ò­ ­E»°¯ j Å´² j ·XÅ¾Ã"¹ l ±
¯"±�¼A± l Ã"Å´­A²�­AÇ�¯ÒÑ°±�¹
­Eº ºI®°¯ j ¯ÒÅ´­A² l ±
³ j ¯"Å´­E²7( 5 	>� *�È

( 5 	¾µ�7:*
VarK(Kf) ≤ c(γ)KVarK(f),

[�ÑX± l ± c(γ) Å´Ã:²X± jAl ­AÇ e−2ργ
[�ÑX±
²

γ
Å´Ã:Ã"® �O¹
Å´±
²�¯"³ Â ÃÁº j ³¾³"	 ]KÑ°Å´ÃN±e²XÃÁ® l ±
Ã�¯"Ñ j ¯N¯ÒÑX±»�±eÑ j ¼�Å´­ l ­AÇK¯"ÑX± Ù ®X³¾± l Ã"¹ÛÑX±
ºO±�Å´Ã¦¯"ÑX±�Ã j º ±O¯ÒÑ j ²0¯"ÑX±£­E²X±O­AÇD¯"ÑX±�·XÅ���®°Ã"Å´­A² iXl ­�¹
±eÃ"ÃzÅ¾¯

jAi°iXl ­ Ú Å´º j ¯Ò±
Ã�	½îª²�Ç j ¹
¯��f­A²X±I¹ j ² iXl ­�¼A±��æ®XÃÁÅ´² � j ²�± Ú�ikj ²XÃ"Å¾­E²�­AÇ K(f)
��¯ÒÑ j ¯ c(γ) ³´­�­ � Ã³¾Å � ±

1− 2ργ + o(γ)
	V¬�­ �k­E²X±�¹ j ² l ±
Ç)­ l ºI®X³ j ¯Ò± ( 5 	êµ67:* j Ã

KVarK(f)−VarK(Kf) ≥ 2ργKVarK(f).
]KÑXÅ¾Ã}¹ l Å¾¯"± l Å´­E² Å´ÃÀ²X­A¯D± j Ã Â ¯Ò­z·X± j ³*[�Å¾¯"Ñ���Ã"Å´²°¹e±dÅê¯}Å¾Ã j Ã Â º i ¯"­A¯ÒÅ¾¹���»X®°¯}Å¾¯ÀÅ´Ã}Ê�®XÅê¯Ò±�­ i ¯ÒÅ¾º j ³
[�ÑX±
²z¯ÒÑ°±ÀÃ ¯Ò± i γ ¯Ò±
²X·XÃ�¯Ò­ 0

È&­E²X±V¹ j ² l ±e¹
­�¼E± l ¯ÒÑX±À¹e® l ¼ j ¯Ò® l ±À¹ l Åê¯Ò± l Å´­E²�Ç)­ l ¯"ÑX±}®X²°·X± l ³ Â Å´² �·XÅ���®°Ã"Å´­A²�	
îª²B­ l ·X± l ¯Ò­ �EÅê¼E± j ºO­ l ±d¯ l"j ¹
¯ j »X³´±í¹ l Åê¯Ò± l Å´­A² ( [�Å¾¯"Ñ j ²�± Ú°i ³´Å´¹
Å¾¯K¹
­E²XÃ ¯ j ² ¯ * �Q[}±�¹ÛÑX­�­EÃ"±¯"­¶³´­�­EÃ"±í¯"ÑXÅ´ÃKÅ¾·X± j ­ Ç�­ i ¯ÒÅ´º j ³¾Å¾¯ Â 	�ô]±
¯�®XÃK®°Ã"±�¯ÒÑX±�Æ�­EÅ´²X¹ jAl ¸�Å¾²X±eÊ�® j ³´Å¾¯ Â Ç)­ l ¯"ÑX± � ± l ²X±
³ K[�ÑXÅ¾¹ÛÑ£Å´Ãc¯ÒÑ°± # j ®XÃ"ÃÁÅ j ²O³ j [ [�Åê¯ÒÑ�º ± j ² x+ b(x)γ j ²°·£¹e­�¼ jAl Å j ²X¹
±�º j ¯ l Å Ú 2γσ(x)σ∗(x)

	
( 5 	¾µ�� *

VarK(f)(x) ≤ 2γ K
(

|σ(x)∇f |2
)

(x) ≤ cγ K
(

|∇f |2
)

(x)
ÃÁÅ´²X¹
±

σ
Å´ÃK»�­E®X²°·X±e·�	Àï�­�[ �k¯Ò­ �E±�¯ j Ã ¯ l ­A² �E± l�l ±e³ j ¯ÒÅ´­A²£¯ÒÑ j ²Bîª²X±
Ê�® j ³´Åê¯ Â ( 5 	êµ67:* �k­E²X±�¹ j ²¹
­Eº i ®°¯Ò± ∇Kf(x) j ²°·��E±�¯ÒÃ

E[(Id + γ
� j ¹ B(x) +

√
γ
� j ¹ (σ(x)Y ))∇f(x + γb(x) +

√
γσ(x)Y )].

ô]±
¯�®°Ã l ±e¹ j ³´³�¯"Ñ j ¯KÇ)­ l�j ² Â d× d
�ªº j ¯ l Å Ú A j ²°· j ² Â ¼A±e¹�¯Ò­ l v Å¾² R

d
�

|Av|2 ≤ ρ(AA∗)2|v|2
[�ÑX± l ± ρ(AA∗) Ã ¯ j ²°·XÃ:Ç)­ l ¯ÒÑ°±�³ jAl �E±eÃ ¯:±eÅ��E±e² ¼ j ³´®°±�­AÇ AA∗ 	 ]KÑX±
²���ò j ®X¹ÛÑ Â �p¬�¹ÛÑO[ j l �Å¾²X±eÊ�® j ³¾Å¾¯ Â ³´± j ·XÃD¯Ò­

|∇Kf(x)|2 ≤ E[ρ(A(x)A(x)∗)]K
[

|∇f |2
]

,
[�ÑX± l ±�¯ÒÑ°±�­A»�¼�Å¾­E®XÃ�²X­A¯ j ¯ÒÅ¾­E²

A(x) = Id + γ
� j ¹ B(x) +

√
γ
� j ¹ (σ(x)Y )

Ñ j Ã½»�±e±
²�®°Ã"±e· 	 ' ±�Å´² ¯ l ­�·°®X¹e± j ¯K¯"ÑXÅ´Ã i ­EÅ´² ¯K¯"ÑX±�Ç)­E³´³¾­6[�Å¾² �I²X­ ¯ j ¯"Å´­E²æÈ
( 5 	¾µ ��*

Cγ = sup
x

E[ρ(A(x)A(x)∗)].

]KÑX±
²��Q[À±¦Ñ j ¼A±
( 5 	¾µ�5:* |∇K(f)|2 ≤ CγK

[

|∇f |2
]

.
Ð½Ã"Å´²�� Ù Ê�® j ¯"Å´­E²°Ã ( 5 	êµ65:* j ²°· ( 5 	¾µ�� *}Å´² Ù Ê�® j ¯"Å´­E² ( 5 	êµEµ * �X­E²°± �A±
¯ÒÃ

Kn
(

f 2
)

− (Knf)2 ≤
n
∑

i=1

cγKi
(

∣

∣∇Kn−if
∣

∣

2
)

≤ cγ

(

n
∑

i=1

(Cγ)
n−i

)

Kn
(

|∇f |2
)

,

[�ÑXÅ¾¹ÛÑ j ¹ÛÑXÅ´±�¼E±eÃ�¯ÒÑ°± i°l ­�­AÇ 	
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� � � ����� � � � � 

� 
 � 	 

��� �

� � ��
����

∇K(f)(x) = E

[(

1 + b′(x)γ +
√

2γσ′(x)Y
)

f
(

x + b(x)γ +
√

2γσ(x)Y
)]

.

� ��� � 
 � 	�� � � � 	�� � 
 � � � � � ��� 
 � � � � 	 � 
 ������� � 

|∇K(f)|2 ≤ E

[

(

1 + b′(x)γ +
√

2γσ′(x)Y
)2
]

K
[

|∇f |2
]

≤
(

(1 + b′(x)γ)2 + 2γσ′(x)2
)

K
[

|∇f |2
]

,
� � � 	 � Y

��� 	 � ��� � � � � � � � � ��
 � � 
 � 	 �"! � � ��� � � ��� � ������	 � � � � � ��� � 	 ��� ��
 � ��� � 	 � � � � � � 

��� 
� 

� 
 � � x ∈ R �
−σ′(x)2 − b′(x)− γ

2
b′(x)2 ≥ ρ,

	 � 
 ������� � � ��� 	 
 � � ��� 
 � � 

� � � � 
 � � 

� 

|∇K(f)|2 ≤ (1− 2γρ)K

(

|∇f |2
)

.
� � ��� 
�� ��� � � 

� � 
 � �
	 
 � 	 ��� 
 � � 

� ��� 
 � � � ��
 � � ����	 ��� ��
 ����� � 	 � � � � � � 

� � 

� � ��� 

� � � ����� � � �� � 

� 
 � ���  � � � 

�

dXt =
√

2σ(Xt) dBt + b(Xt) dt,��� � ��� � ��
 � � ��� � 


σσ′′ +
σ′

σ
b− b′ ≥ ρ.

� � ^_� &UK�üP
aü��&ü�ù(ö#� �Eö#�eü�û���þ�û �1ü��$��û)ø �[ø(��ü
]KÑ°± iXl ±�¼�Å´­E®XÃíÃ"±e¹�¯ÒÅ¾­E²�Ñ j Ã�ÃÁ¯ l ±eÃÁÃ"±
·M¯"Ñ j ¯��*[�ÑX±
²�¯ÒÑX±I·°Å��f®XÃ"Å¾­E²�¹
­�±��O¹
Å´±
²�¯dÅ´Ã½²X­A¯d¹
­E² �Ã ¯ j ² ¯���¯ÒÑX± Ù ®X³´± l ÃÁ¹ÛÑX±eº ±�·X­�±eÃ¦²X­A¯¦Ã j ¯"Å´Ã Ç Â ¯ÒÑX±OÃ j º ±O¹
­Eº ºI®°¯ j ¯ÒÅ´­A² l ±e³ j ¯ÒÅ¾­E²�¯ÒÑ j ²0¯ÒÑX±·XÅ���®°Ã"Å´­A²�Åê¯ jAiXiXl ­ Ú Å¾º j ¯Ò±eÃ
	gçd® l�j Å¾º Å¾Ã�²°­6[0¯Ò­½ÃÁ¯"®X· Â �AÅ´²�·XÅ´º ±e²°Ã"Å´­A²�­A²X±��ýÃ"±�¼E± l"j ³ jAiXiXl ­ Ú �Å¾º j ¯"Å´² � Ã"¹ÛÑ°±eº ±eÃ [�ÑXÅ´¹ÛÑG»�±eÑ j ¼�Å´­ l Å´Ãdº ­ l ±¦¹e³¾­EÃ"±
³ Â�l ±e³ j ¯Ò±
·�¯Ò­:¯ÒÑ°±I­E²X±¶­AÇc¯"ÑX±¶·XÅ��f®XÃÁÅ´­E²

iXl ­�¹
±eÃÁÃ�	
� � ^_� ��� & K&üZ�Eø4�L� �]ú�ö°ú(û)ø(� ù(ü �)ö°ú(û)ø(�AR øaù ú�K�ü �Iü�ù �&ø(� ���Qû ��� K&ü��1ü � � ô]±
¯K®°ÃD²X­�[
Å¾²�¯ l ­�·X®X¹
±d¯ÒÑX± jAiXi°l ­ Ú Å´º j ¯ÒÅ¾­E²£Ã"¹ÛÑ°±eº ± [�Åê¯ÒÑ:¯ l"j ²XÃ"Åê¯ÒÅ¾­E² � ± l ²X±
³ J �EÅê¼E±
²B» Â È

Jf(x) := E

[

f(x+ γb(x) +
√

2γX)
]

,

[�ÑX± l ±:¯ÒÑ°±:³ j [ ­ Ç
X
Å¾ÃI¯ÒÑX± iXl ­E» j »°Å´³´Åê¯ Â ºO± j Ã"® l ± (1/2)δ−1 + (1/2)δ1

	L]KÑ°±£Ç)®X²X¹
¯"Å´­E²
σ∇Jf Å¾ÃK±eÊ�® j ³]¯Ò­°È

E

[(

σ(x)(1 + γb′(x) +
√

2γσ′(x)X)
)

f ′
(

x+ γb(x) +
√

2γσ(x)X
)]

,

j ²°·B¹ j ²B»f± l ± [ l Åê¯"¯Ò±
² j ÃeÈ

σ(x)∇Jf(x) = E

[

(1− αx(γ))(σf
′)
(

x + γb(x) +
√

2γσ(x)X
)]

,
[�ÑX± l ±

αx(γ) :=
σ(x + γb(x) +

√
2γσ(x)X)− σ(x)(1 + γb′(x) +

√
2γσ′(x)X)

σ(x+ γb(x) +
√

2γσ(x)X)
.
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� � � � � � � 	 � � 	����
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]KÑX± ] j�Â ³¾­ l Ç)­ l ºI®X³ jIi°l ­�¼�Å´·X±
Ã

σ
(

x + γb(x) +
√

2γσ(x)X
)

= σ(x) + σ′(x)
(

b(x)γ +
√

2γσ(x)X
)

+σ′′(x)σ(x)2X2γ +O(γ3/2).
]KÑX±
² [À± �E±
¯K¯"Ñ j ¯

αx(γ) =

[

σ(x)σ′′(x) +
σ′(x)b(x)

σ(x)
− b′(x)

]

γ +O(γ3/2),

ÃÁÅ´²X¹
±
X2 = 1 j ³´º ­EÃÁ¯DÃ"® l ±e³ Â 	)]KÑX±�¹e® l ¼ j ¯Ò® l ±¦¹ l Å¾¯"± l Å´­E²7( 5 	85�*}³´± j ·XÃD¯Ò­

αx(γ) ≥ ργ +O(γ3/2).
]KÑX±
²��kÅ¾Ç

γ
Å´ÃKÃ"® �O¹
Å´±
²�¯"³ Â ÃÁº j ³¾³"�

|σ(x)∇Jf(x)| ≤
[

1− ργ +O(γ3/2)
]

J(|σ∇f |)(x).
Ð½Ã"Å¾² ��¯ÒÑX±£Ç j ¹
¯z¯"Ñ j ¯I¯"ÑX± 6}± l ²X­E®°³´³´ÅV³ j [ Ã j ¯ÒÅ¾Ã �k±
Ã j ³´­:� j l Å¾¯"ÑXº Å´¹ ¬�­E»�­E³¾±
¼0Å´²X±
Ê�® j ³´Åê¯ Â

[�Åê¯ÒÑ�¹
­E²XÃÁ¯ j ² ¯ 2
(QÃÁ±e± � ð 6Kò

+
�B�
	+* ��­E²X±�¹ j ² �E±
¯£¯"Ñ j ¯£¯"ÑX±�Åê¯Ò± l"j ¯Ò±
· � ± l ²X±
³ Jn

­AÇ�¯ÒÑX±
6}± l ²X­A®X³´³¾Å�Ã"¹ÛÑ°±eº ±¦Ã j ¯ÒÅ¾Ã �k±
Ã j ³¾­:� jAl Å¾¯ÒÑ°ºOÅ¾¹d¬�­A»f­E³¾±
¼�Å´²X±
Ê�® j ³´Åê¯ Â [�Åê¯ÒÑN¹e­E²°ÃÁ¯ j ²�¯

2

ρ+O(γ1/2)

(

1− (1− ργ +O(γ3/2))2n
)

.

� � ^_� EF� 
�ø]þ�û "�ü�þ 
 û�����K$�
ú�ü�û�� ��� K&ü��1ü�� � � ]KÑ°± iXl ±�¼�Å´­E®XÃ l ±
Ã"®X³ê¯dÃÁ±e±eº Ã�¯"­�»�±zÃÁ® l �
iXl Å´ÃÁÅ´² �:ÃÁÅ´²X¹
± [À± Ñ j ¼E± ®XÃ"±
·M¯"ÑX±¶Ç j ¹
¯�¯"ÑX± 6}± l ²X­E®X³¾³´Å l 	 ¼ 	 Ã j ¯ÒÅ¾Ã �k±
Ã X2 = 1 j 	 Ã�	 ô]±
¯�®°ÃÃÁÑX­�[ [�Ñ j ¯ ­�¹e¹
® l Ã Ç)­ l j ºO­�·XÅ �k±e· Ä Å¾³´Ã"Ñ°ÃÁ¯Ò±
Å´²3Ã"¹ÛÑ°±eº ±�	 ò}­E²XÃ"Å¾·X± l ¯"ÑX± Ä jAl � ­�¼3¹ÛÑ j Å´²
[�Åê¯ÒÑ � ± l ²X±
³

Jf(x) := E

[

f
(

x+ γb(x) +
√

2γZ + σ′(x)σ(x)(Z2 − 1)γ
)]

,
[�ÑX± l ±:¯ÒÑ°±�³ j [ ­AÇ

Z
Å´Ã j�iXl ­E» j »XÅ´³¾Å¾¯ Â º ± j ÃÁ® l ±W[�Å¾¯"Ñ5¹
­Eº ikj ¹
¯ ÃÁ® iXi ­ l ¯��Àº ± j ²�� j ²X·¼ jAl Å j ²X¹
±Iµ:	.]KÑ°±!6À± l ²°­E®X³´³¾ÅfÃÁ¹ÛÑX±eº ±�Å´Ã j ²:± Ú°j º i ³´±d­ Ç�ÃÁ®X¹ÛÑBÃ"¹ÛÑX±
ºO±0	Àð�ÃKÅ´²£¯ÒÑ°± iXl ±�¼�Å¾­E®XÃÃÁ±e¹
¯"Å´­E² �I[}±�¹e­Aº i ®�¯Ò± σ∇Jf j ²X· �E±
¯eÈ

E

[

(1− βx(γ))(σf
′)
(

x+ γb(x) +
√

2γσY + σ′(x)σ(x)(Y 2 − 1)γ
)]

.
[�ÑX± l ±

βx(γ) := 1− σ(x)
(

1 + γb′(x) +
√

2γσ′(x)Y + γ(σ′′(x)σ(x) + σ′(x)2)(Y 2 − 1)
)

σ
(

x + γb(x) +
√

2γσY + σ′(x)σ(x)(Y 2 − 1)γ
) .

]KÑX±
² [À±�®XÃ"± ] j�Â ³¾­ l Ç)­ l ºI®°³ j ¯"­ ± Ú�ikj ²X· βx(γ)
j ²°·��E±�¯

βx(γ) =

[

σ(x)σ′′(x) +
σ′(x)b(x)

σ(x)
− b′(x)

]

γ +O(γ3/2).

]KÑX±�¹
® l ¼ j ¯"® l ±�¹ l Å¾¯"± l Å¾­E²7( 5 	85:*}³¾± j ·°Ã�¯"­

βx(γ) ≥ ργ +O(γ3/2).
]KÑX±
²��Q[À±!�E±�¯�¯ÒÑX±�¹
­EºOºz®°¯ j ¯"Å´­E² l ±e³ j ¯ÒÅ¾­E²æÈ

|σ(x)∇Jf(x)| ≤
[

1− ργ +O(γ3/2)
]

J(|σ∇f |)(x),
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[�ÑXÅ¾¹ÛÑ j ³´³¾­�[�Ã}®XÃD¯"­I±eÃ ¯ j »X³¾Å´ÃÁÑ j ³´­:� jAl Åê¯ÒÑXº Å´¹�¬�­E»�­E³¾±
¼ Å´²X±
Ê�® j ³´Åê¯ Â Ç)­ l ¯"ÑX±�Å¾¯"± lÒj ¯Ò±e· � ± l ²X±e³
Jn
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 ��
 ��
 � � � � � � 	 � 
#" 
 � � � � � � ��� 
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� � � 
 ���
c � �

��� � � ��� � � � � 
 � � ��
 � � � � � Jn 
 � � ��� � 
 ��� � � � � � � ��	�� � � � � � ��	������ � 
 � � � 	 � ��� � ��� µ� 
 � ��� � � � 
 ��
 ��
 � � � � � � 	 � 
#" 
 � � � � � � ��� 
 � � � � � � � � 	 

� � � 
 ��� 

c

ρ+O(γ1/2)

(

1− (1− ργ +O(γ3/2))2n
)

.

� � � � 
 H H��Qûb�Eö°ú(û)ø �$�
çd²X± ­AÇV¯ÒÑ°± º ­EÃ ¯�®XÃ"±�Ç)®X³ iXl ­ i ± l ¯ÒÅ¾±eÃ�­AÇÀ»f­ ¯ÒÑMÆ�­EÅ¾²X¹ j l ¸ j ²X·G³´­�� jAl Åê¯ÒÑXº Å´¹z¬�­E»�­E³¾±
¼�Å¾² �±
Ê�® j ³´Åê¯ÒÅ´±
ÃDÅ´ÃD¯"Ñ j ¯K¯"ÑX± ÂBjAl ±d¯Ò±
²XÃ"­ l Å´Ã j »X³´±0	

���	��

����� � ��� ��
 	 � � � � µ " � 
 	 � 
#" 
 " � � � � � � � 

� ��� � 

�
R

d � & � µ � 
 � ��� � � � 
 � 	 ��	 ��� 
 �
��
 	�� � � � 	 ��
 ��
 � � � � � � 	 � 
#" 
 � � ��� � � � ��� 
 � � � � � � � � 	 

� � � 
 ��� C � ��� � � ��� � � 

� ��� � µ⊗N 

�
R

dN
� � � � � � 
 � ��� � � � 
 � 	 ��	 ��� 
 � ��
 	 � � � � 	 ��
 ��
 � � � � � � 	 � 
#" 
 � � ��� � � � ��� 
 � � � � � � � � 	 

� � � 
 ���

C �
Ä ­ l ±
­(¼A± l ��¯"ÑX± Â�iXl ­�¼�Å´·X± ¹
­E²X¹e±
² ¯ lÒj ¯ÒÅ´­A² iXl ­ i ± l ¯ÒÅ¾±eÃ ��� 
 ¯"ÑX± � ± l »XÃ ¯�å Ã j l �E®Xº ±e² ¯5()Ã"±e±
� ô]±e·�=M= 	+* 	 ' ± [�Å´³¾³�Ã j�Â ¯"Ñ j ¯ f Å¾Ã α �pô]Å i Ã"¹ÛÑXÅê¯ �dÇ)®X²°¹
¯ÒÅ¾­E²NÅ¾Ç

sup
x6=y

|f(x)− f(y)|
|x− y| = α,

[�ÑX± l ± |·| ÃÁ¯ j ²X·XÃKÇ)­ l ¯"ÑX± Ù ®°¹e³´Å¾·X± j ²B²°­ l º 	
���	��

����� � ��� ��� 	 � & � 
 � � 

� ��� � µ 

�

R
d
� 
 � ��� � � � 
 � 	 ��	 ��� 
 � ��
 	 � � � ��� 
 � � � � � � � �
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� � ��� � � 1 � � � 	 ��	���� ��� � � 

� � ��� � � 	 � ����� 
 � � 
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�

P(|f(X)− Ef(X)| ≥ r) ≤ 2e−r/C .

& ��
 � � 

� ��� � µ 

�
R

d
� 
 � ��� � � ��
 ��
 ��
 � � � � � � 	 � 
#" 
 � � � � � � ��� 
 � � � � � � � � 	 

� � � 
 ��� C � ��� �� 

� � ��� � � 1 � ��� 	 ��	���� � � � � 

� � ��� � � 	 � ����� 
 � � 
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�

P(|f(X)− Ef(X)| ≥ r) ≤ 2e−r2/C .

� � � � ��� 
�ø ��ú�ü �¦öXù"�)ø �1ü ú6K�øæþ �LR øaù H�ö°ùýö°÷_ø �Qûb� � TWVYX � � � ' ± i°l ±eÃÁ±e² ¯:Å¾²[¯"ÑXÅ´ÃÃÁ±e¹
¯"Å´­E²¶¯"ÑX± jAiXi ³¾Å´¹ j ¯ÒÅ´­A²I­AÇF]KÑ°±e­ l ±eº 5 	95 	97d¯"­ iXl ­E» j »XÅ´³¾Å´Ã ¯ÒÅ´¹À²�®XºO± l Å¾¹ j ³Xº ±
¯"ÑX­�·XÃg¯Ò­�Ã"­E³ê¼E±Æ É Ù å Ã�	 ' ±zÃÁ¯Ò®°· Â � l ÃÁ¯d¯"ÑX±��E±
²X± l"j ³�¹ j Ã"± j ²X·P[À± j ³´ÃÁ­�Å´² ¼A±eÃÁ¯"Å�� j ¯Ò±z¯"ÑX±I¹ j Ã"± [�ÑX±
² σ Å´Ã¹
­E²XÃÁ¯ j ² ¯�	
5 	95 	êµ:	êµ � � ��� ��� � � � 
 � 	 

��� 	 � É ± �k²°±�¯"ÑX±�Ã"±e¹
­E²X·�­ l ·X± l ·XÅ��f± l ±e² ¯ÒÅ j ³æ­ i ± l"j ¯Ò­ l

L
» Â

L =
1

2

d
∑

i,j=1

aij∂ij +

d
∑

i=1

bi∂i

[�ÑX± l ±�¯ÒÑ°± d× d
º j ¯ l Å Ú a Å¾ÃK·X± �X²X±e·�» Â

a(·) = σ(·)σ∗(·).



� � � � � � � � 	 � � � 	 � � � � �

ò}­A²XÃ"Å¾·X± l ¯ÒÑ°±zò j ®X¹ÛÑ Â�i°l ­E»X³¾±eº
( 5 	¾µ�C * {

∂tu(t, x) = Lu(t, x)
Å´²

(0, T ]× R
d

u(0, x) = f(x), x ∈ R
d.

]KÑ°±¦ÃÁ­E³´®°¯"Å´­E²:­ Ç ( 5 	êµ�C *VÅ´Ã �EÅ¾¼A±e²:Ç)­ l ±�¼E± l Â (t, x)
Å¾²

[0, T ]× R
d
» Â

u(t, x) = Exf(Xt) = Ptf(x),
[�ÑX± l ± (Xt)

Å¾ÃKÃ"­E³¾®°¯ÒÅ¾­E²:­AÇ�¯"ÑX±�¬ É Ù È

( 5 	¾µ��:*
Xt = x +

∫ t

0

σ(Xs) dBs +

∫ t

0

b(Xs) ds.

îª²I­ l ·X± l ¯Ò­�Ã"­E³ê¼E±À²�®°ºO± l Å´¹ j ³´³ Â ( 5 	êµ�C * �E­E²°±}Ñ j Ã�¯Ò­�ºOÅ Ú ¯ÒÑX± Ù ®°³´± l Ã"¹ÛÑX±
ºO± j ²X·¦¯"ÑX± Ä ­A²�¯"±,�ò jAl ³´­Iº ±
¯"ÑX­�·�	_ô]±
¯ (Xγ,i
n )i=1,...,N

»�±
N
Å¾²X·X± i ±
²X·X±e² ¯½¹e­ i Å´±
ÃD­AÇ&¯ÒÑX± Ù ®X³¾± l ÃÁ¹ÛÑX±eº ± ( 5 	¾µ *

j ²°·B·°± �k²X±

uγ,N(t, x) =
1

N

N
∑

i=1

f
(

Xγ,i
t (x)

)

.

]KÑX± iXl ­E»X³¾±eº Å¾ÃD¯Ò­ �EÅ¾¼A±�±eÃ ¯ÒÅ´º j ¯"±eÃDÇ)­ l
|u(t, x)− uγ,N(t, x)|.

ð�² j ¯Ò® l"j ³]·X±e¹
­Eº i ­EÃÁÅ¾¯"Å´­E²£­ Ç�¯"ÑXÅ´ÃK± l"l ­ l Å¾ÃeÈ

|u(t, x)− uγ,N(t, x)| ≤
∣

∣u(t, x)− Ef
(

Xγ,i
t (x)

)∣

∣

+
∣

∣Ef
(

Xγ,i
t (x)

)

+ uγ,N(t, x)
∣

∣

:= αγ(t) + βγ,N(t).
]KÑX±O¹e­E² ¯ l ­E³V­AÇ αγ(t)

¹ j ²1»f± ± � ¹eÅ¾±e² ¯�	�îª² ikj l ¯ÒÅ¾¹e®X³ jAl ��Å¾¯�¹ j ² »�±�Ã"Ñ°­6[�²9()Ã"±
± � ]']#=M�#	+*
¯"Ñ j ¯

αγ = C(t)γ +O(γ2).
]KÑ°±½¯"± l º βγ,N

Å´Ã_®XÃÁ® j ³k¹e­A²�¯ l ­E³¾³´±
· » Â Ã ¯ j ²°· jAl · ¯Ò±
¹ÛÑX²XÅ¾¹eÃVÅ´² ¼E­E³ê¼�Å´² ��¹
±e² ¯ l"j ³k³´Å¾ºOÅê¯�¯"ÑX±,�­ l ±eº�­ l 6}± lÁlÁÂ � Ù ÃÁÃ"±e²¶Å¾²X±eÊ�® j ³´Å¾¯"Å´±
Ã�	_]KÑX±DÆ�­EÅ´²°¹ jAl ¸}Å´²°±eÊ�® j ³¾Å¾¯ Â�iXl ­�¼�Å¾·X±eÃ�»f±�¯"¯"± l ±
ÃÁ¯"Å´º j ¯Ò±
Ã�	îª²X·°±e±e· �*[À±�Ñ j ¼E±�¯ÒÑX±�Ç)­E³¾³´­�[�Å´²��I± Ú°j ¹�¯�¹
­E²
�k·°±e²X¹
±zÅ´² ¯"± l ¼ j ³1	
���	��

����� � ��� � � 	 � & � � ��� 	 
 �	� 	 ��� ��� � a


 � � b 
 � � ��� 
 � � 

� ( 5 	¾µ�C:* 
 � � ��� 	 ��	���� ��� 
 � �
" 

��� ��� � � ��� 	 � � 

� � � � ��� � � 

� � ��� � � 1 � ��� 	 ��	���� � � � ��� 	 � � 

� f 
 � � r ≥ 0 �

P

(∣

∣

∣

∣

∣

1

N

N
∑

i=1

f
(

Xγ,i
n (x)

)

− Ef
(

Xγ,i
n (x)

)

∣

∣

∣

∣

∣

≥ r

)

≤ 2 exp

(

−
√
Nr

Cγ,n

)

.

� � 
�
 � 	 � $k­ l ±
¼A± l Â i = 1, . . . , N
��¯"ÑX±�³ j [*­AÇ (Xγ,i

n (x))
Ã j ¯"Å´Ã �X±eÃ j Æ�­AÅ´²X¹ jAl ¸½Å´²X±
Ê�® j ³´Åê¯ Â

[�Åê¯ÒÑG¹e­E²°ÃÁ¯ j ²�¯ Cγ,n

(QÃÁ±e± Ù Ê�® j ¯ÒÅ¾­E² ( 5 	êµ�� * *,	56 Â ¯Ò±
²XÃ"­ l Å´Ã j ¯ÒÅ¾­E² (QÃ"±
± ]KÑ°±e­ l ±eº 5 	95 	êµ *dÅ¾¯
Å¾Ã½Ã ¯ÒÅ¾³´³�¯ l ®X±�Ç)­ l (Xγ,i

n (x))i=1,...,N

	 ]KÑX±e²�� jAiXi ³ Â Å´² �¶¯"ÑX±¦¹
­E²X¹
±e² ¯ l"j ¯ÒÅ¾­E²�Å¾²X±eÊ�® j ³´Å¾¯ Â ¯Ò­ ¯ÒÑX±
1
�pô]Å i ÃÁ¹ÛÑXÅ¾¯.�íÇ)®X²X¹�¯ÒÅ¾­E²

1√
N

N
∑

i=1

f(xi),



� � � � � � � � 	 � � � 	 � � � � �

[À± �E±
¯��XÇ)­ l ±
¼A± lÁÂ r ≥ 0
�

P

(∣

∣

∣

∣

∣

1√
N

N
∑

i=1

f
(

Xγ,i
n (x)

)

−
√
NEf

(

Xγ,i
n (x)

)

∣

∣

∣

∣

∣

≥ r

)

≤ 2 exp

(

− r

Cγ,n

)

,

[�ÑXÅ¾¹ÛÑ j ¹ÛÑXÅ´±�¼E±eÃ�¯ÒÑ°± i°l ­�­AÇ 	
� 

��
 � � � ��� � ��� ��� 	�� & � � ��� 	 
 �	� 	 ��� ��� � a


 � � b 

� � ��� 
 � � 

� ( 5 	¾µ�C:* 
 � � ��� 	 ��	���� � � 
 � �

" 

��� ��� � � ��� 	 � � 

� � � � ��� � � 

� � ��� � � 1 � ��� 	 ��	���� � � � ��� 	 � � 

� f 
 � � r ≥ 0 �

P

(∣

∣

∣

∣

∣

1

N

N
∑

i=1

f
(

Xγ,i
n (x)

)

− Ef(Xn(x))

∣

∣

∣

∣

∣

≥ r + C(t)γ +O(γ2)

)

��� " 

��� ��� � " � 2 exp

(

−
√
Nr

Cγ,n

)

�

5 	95 	êµ:	97 � � ��� � � 
 ����� ��� 	 

��� 	 � ô]±
¯½®XÃ�²X­�[ Å´² ¼E±
ÃÁ¯ÒÅ�� j ¯"±d¯ÒÑX±�¹ j Ã"± [�ÑX± l ±�¯"ÑX± �E±e²°± lÒj ¯Ò­ l
L
Å¾ÃK±eÊ�® j ³æ¯"­

Lf(x) =
1

2
∆f(x)−∇U(x) · ∇f(x).

' ±�ÃÁ¯ÒÅ¾³´³ j Ã"ÃÁ­�¹
Å j ¯"±d¯Ò­ U ¯ÒÑ°± l ± j ³ λ ·X± �k²°±e·�Å¾² Ù Ê�® j ¯ÒÅ´­A² ( 5 	>C *,	
���	��

����� � ��� ��� 	 � & � � ���$� ��� 	 � � 

� ∇U ��� ��� 	 ��	���� ��� � ��� � � ��� ��� 	 � � 	 � � � � � � � ��	������ �
� 
 � ��� � � � � ����� 
 � ��
 � � � � 	 

� 	 � ����� 
 � � 

� � � � ��� 
 � � � � 


P

(∣

∣

∣

∣

∣

1

N

N
∑

i=1

f
(

Xγ,i
t (x)

)

− Ef
(

Xγ,i
t (x)

)

∣

∣

∣

∣

∣

≥ r

)

≤ 2 exp

(

−Nr
2

Dγ,t

)

,

� ��� � � Dγ,t

��� ��� � � � � � � � ��� 
 � � 

� ( 5 	8��* �
& � U ��� � 
 ��

� ��� � ��� 	 ��	���� � � � ��� � � ��� ��� 	 � � 	 � � � � � � � ��	������ � � 
 � ��� � � � � ����� 
 � ��
 � � � �
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P

(∣

∣

∣

∣

∣

1

N

N
∑

i=1

f
(

Xγ,i
t (x)

)

− Ef
(

Xγ,i
t (x)

)

∣

∣

∣

∣

∣

≥ r

)

≤ 2 exp

(

−Nr
2

Dγ,t

)

,

� ��� � � Dγ,t

��� ��� � � � � � � � ��� 
 � � 

� ( 5 	>= * �
� � ��� ��� � ��� ��� 	 � � ��� � λ

��� 	�
 � � � � ��� � Dγ,t


 � � Dγ,t


 � � ��� � � 

� � � � " 

��� ��� � " � 

	 

� � � 
 ��� D

� 

� � ��� � � t ∈ R
+

 � � γ ∈ (0, γ0] � �

��� � � ��� 	 � � ��� 

� � 	 

� � ��� � 	 � � ��� � � ��
 � �

 � � ��� � � 

� � � � � ��� � Å"	 ±�	 � 

� � ��� � � t ≥ 0 �
� � � � EF� 
 ����ü�ö#�F+����)ö#�eø� ü�� �&ö°ú(û)ø(� � � � ]KÑX± iXl ­E» j »°Å´³´Å¾ÃÁ¯"Å´¹ Ù ®X³´± l ÃÁ¹ÛÑX±eº ±�Å¾Ã j ³¾Ã"­±��O¹
Å´±
²�¯:¯"­3Ã"­E³ê¼E±G²�®XºO± l Å¾¹ j ³¾³ Â ²X­E²X³¾Å´²X± jAl Æ É Ù å Ã�	 ]KÑXÅ¾Ã:Ã"±e¹�¯ÒÅ¾­E²=Å´Ã£·X±
·XÅ´¹ j ¯Ò±
·7¯"­J¯ÒÑX±Ã ¯Ò®X· Â ­AÇ Ä ¹ ��± j ² � �d³ j Ã"­�¼ Ù Ê�® j ¯"Å´­E² [�ÑXÅ¾¹ÛÑ�Å¾Ã �EÅ¾¼A±e²N» Â È

( 5 	¾µ�� *










∂

∂t
Pt =

1

2

d
∑

i,j=1

∂2

∂xi∂xj
(aij[x, Pt]Pt)−

d
∑

i=1

∂

∂xi
(bi[x, Pt]Pt)

P0

Å¾Ã �EÅ¾¼A±e²
,



� � � � � � � � 	 � � � 	 � � � � �

[�ÑX± l ± Pt

Å´Ã j iXl ­E» j »XÅ¾³´Åê¯ Â º ± j Ã"® l ±�­A²
R

d j ²X·

b[x, p] =

∫

Rd

b(x, y) p(dy) b(x, y)
»�±eÅ¾² � j ¼E±e¹�¯Ò­ l ­AÇ

R
d

a[x, p] = σ[x, p]σ[x, p]∗

σ[x, p] =

∫

Rd

σ(x, y) p(dy) σ(x, y)
»�±eÅ¾² � j d× d

º j ¯ l Å Ú
Ç)­ l p j¶iXl ­E» j »°Å´³´Åê¯ Â º ± j Ã"® l ±�­A² R

d 	
]KÑ°Å´Ã£±
Ê�® j ¯ÒÅ¾­E²*Ñ j Ã£»�±e±
²*Å´² ¯ l ­�·°®X¹e±
·*» Â � Ä ¹ � CO� 	 j ²X· ¯"ÑX±e²J[�Å´·°±e³ Â Ã ¯Ò®X·XÅ¾±e·�Ç l ­Eº»�­A¯ÒÑ iXl ­A» j »XÅ¾³´Å´Ã ¯ÒÅ¾¹ j ²X· j ² j ³ Â ¯"Å´¹ i ­AÅ´² ¯ÒÃÀ­AÇæ¼�Å´± [ (QÃ"±
± � Ä ¸e³ =MC
	aÇ)­ lÀjzl ±�¼�Å´±-[ * 	Vçd²X±�­ Ç]¯ÒÑX±

Å¾·X± j Ã�Å¾Ãd¯Ò­ j Ã"ÃÁ­�¹
Å j ¯"±I¯Ò­ Ù Ê�® j ¯ÒÅ´­A² ( 5 	¾µ�� *�¯ÒÑX± iXl ­�¹
±eÃÁÃ (Xt)
Ã"­E³¾®°¯ÒÅ¾­E²�­AÇ}¯"ÑX± ²X­E²X³¾Å´²X± jAlÃ ¯Ò­�¹ÛÑ j ÃÁ¯"Å´¹�·XÅ���± l ±
²�¯"Å j ³�±eÊ�® j ¯"Å´­E²æÈ







X t = X0 +

∫ t

0

σ
[

Xs, Ps

]

dBs +

∫ t

0

b
[

Xs, Ps

]

ds

L(X t) = Pt,
[�ÑX± l ± L(X t)

ÃÁ¯ j ²X·XÃKÇ)­ l ¯"ÑX±�³ j [ ­ Ç
Xt

	
]KÑ°Å´Ã i°l ­E» j »XÅ´³¾Å´ÃÁ¯"Å´¹gÅ¾² ¯Ò± lÁiXl ±�¯ j ¯"Å´­E²�Ã"®��:�E±eÃ ¯ÒÃ�¯ÒÑX±ÀÅ´² ¯ l ­�·X®°¹
¯ÒÅ¾­E²�­AÇ°¯"ÑX±ÀÇ)­E³¾³´­�[�Å´²�� ikjAl ¯"Å´¹
³´±Ã Â Ã ¯Ò±
º�È











dX i,N
t =

1

N

N
∑

j=1

σ(X i,N
t , Xj,N

t )dBi
t +

1

N

N
∑

j=1

b(X i,N
t , Xj,N

t ) dt

X i,N
0 = X i

0, i = . . . , N,
[�ÑX± l ± (Bi

. )i
jAl ± Å¾²X·X± i ±e²°·X±e² ¯ 6 l ­�[�²XÅ j ²0º ­A¯"Å´­E²XÃ�­A²

R
d
	 ]KÑX± Å´·°± j Å´Ãd¯Ò­ l ± i ³ j ¹e± ¯ÒÑX±³ j [ Pt

» Â ¯ÒÑ°±�±
º i Å l Å¾¹ j ³fºO± j Ã"® l ± µN

t

­AÇ�¯ÒÑX± ikj l ¯ÒÅ¾¹e³¾±dÃ Â ÃÁ¯"±eº

µN

t =
1

N

N
∑

i=1

δXi,N
t
.

]KÑX±N¹
­E² ¼E± l �E±e²°¹e±�­ Ç½¯"ÑX± ikjAl ¯ÒÅ´¹
³´±£Ã Â ÃÁ¯Ò±
º ¯Ò­�¯ÒÑ°±B²°­E²X³´Å¾²X± j lziXl ­�¹
±eÃ"Ã Ñ j Ã¶»�±e±
²5·°±e± i ³ ÂÃ ¯Ò®X·XÅ¾±e·�	_îª² iXjAl ¯"Å´¹e®°³ jAl ��Åê¯D¹ j ²:»f±íÃ"ÑX­�[�²:¯ÒÑ j ¯D¯ÒÑX±í³ j [=­AÇ&¯ÒÑX± ikjAl ¯"Å´¹
³´±½Ã Â ÃÁ¯"±eº j ¯À¯ÒÅ¾ºO± tÃ j ¯ÒÅ¾Ã �k±
Ã j ³¾­:� jAl Å¾¯"ÑXºOÅ¾¹K¬�­A»f­E³¾±
¼ Å¾²X±eÊ�® j ³¾Å¾¯ Â [�Åê¯ÒÑ j ¹e­E²°ÃÁ¯ j ²�¯ [�ÑXÅ´¹ÛÑ�·X­�±
ÃÀ²°­A¯D·X± i ±
²X·£­E²¯"ÑX±I²�®XºI»�± l ­AÇ ikj l ¯ÒÅ¾¹e³¾±eÃ�	 ]KÑ°Å´Ã iXl ­(¼�Å¾·X±eÃ�± ÚXj ¹
¯�¹e­A²
�k·X±
²X¹e± Å´² ¯"± l ¼ j ³¾Ãí»X®�¯�¯ÒÑX± Â�jAl ±I²X­A¯®XÃÁ±
Ç)®X³cÇ l ­Aº j ²�®Xº ± l Å´¹ j ³ i ­EÅ¾²�¯�­AÇ}¼�Å¾±-[ ÃÁÅ´²X¹
±O¯"ÑX­EÃ"± iXl ­�¹e±
Ã"ÃÁ±eÃIÑ j ¼A±O¯Ò­�»f± Ã"Å¾ºI®X³ j ¯Ò±
·�	ð ÃÁ¯Ò®°· Â ­ Ç�¯ÒÑX±�¹e­E² ¼E± l �E±
²X¹e±G­AÇí¯ÒÑX± Ù ®X³¾± l Ã"¹ÛÑX±
ºO±�Å¾Ã i ± l Ç)­ l º ±e· » Â � 6 ]#=MC�� 6 ]#=O� 	1	Ä ­ l ±e­�¼A± l � j ¹e¹
­ l ·XÅ¾² �z¯"­z¯ÒÑX± � l Ã ¯KÃ"±
¹
¯"Å´­E²���¯ÒÑX± Ù ®°³´± l Ã"¹ÛÑX±
ºO± j Ã"ÃÁ­�¹
Å j ¯"±e·£¯Ò­¦¯ÒÑX± ikjAl ¯"Å´¹
³´±Ã Â Ã ¯Ò±
º Ã j ¯ÒÅ´Ã �k±eÃ j Ã i ±e¹�¯ l"j ³ � j i Å´²X±
Ê�® j ³´Åê¯ Â [�Å¾¯"Ñ j ¹e­A²XÃÁ¯ j ² ¯í¯ÒÑ j ¯d·X­�±eÃí²X­A¯d·°± i ±e²X·�­E²Åê¯ÒÃKÃ"Å��e±
N
	cðíÃ j ¹
­E²XÃÁ±eÊ�®X±e²°¹e±���­E²X±�¹ j ²�±
ÃÁ¯ j »X³´Å¾Ã"Ñ:¯ÒÑ°±�Ç)­A³´³´­�[�Å¾² �I±eÃ ¯ÒÅ¾º j ¯"±�	

� � 
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 	�� & � � ��� 	 
 �	� 	 ��� ��� � b

 � � σ
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� � � ��� � � ��� � � � � � ��	������ � 

� � 
 	 � 
 � � � � 
 � ��� 
 � � 

� ( 5 	¾µ�� * � ¼�Å j � ����� � 
 � � � � � � ��� � � �
 	 � � � � 	 
 � � � 	 � � � � � � ��� � � 
 � ��� � � � �

� 

� � ��� ��� 1 � ��� 	 ��	���� ��� � ��� 	 � � 

� f 
 � � r ≥ 0 �

P

(∣

∣

∣

∣

∣

1

N

N
∑

i=1

f
(

Xγ,i,N
t (x)

)

− Ef
(

Xγ,i,N
t (x)

)

∣

∣

∣

∣

∣

≥ r

)

≤ 2 exp

(

−
√
Nr

Cγ
t

)

.
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� � � � � � & K&ü� �øaù�ú�ü � �0ü�ú�K�ø]þ R øaù0ú6K&ü �Bö  &ûQü�ù�+�ÿ�ú�ø � ü���ü�� ��ö�ú(ûQø(� û�� þ�ûb�1ü�� ��û)ø(�
ú �Iø ��� ]KÑX±¦¼A±e³¾­�¹
Å¾¯ Â v(t, x) ­AÇ�¼�Å´Ã"¹
­E®XÃ j ²X·�Å¾²X¹e­Aº iXl ±eÃÁÃ"Å´»°³´± 3k®XÅ¾·�Å¾²�¯ÒÑ°± [�ÑX­A³´± i ³ j ²Å¾ÃK· l Åê¼E±e²B» Â ¯ÒÑ°±¦ï j ¼�Å¾± l � ¬�¯"­ � ±
Ã Ù Ê�® j ¯"Å´­E²

( 5 	¾µ�= *
{

∂v

∂t
(t, x) + (v · ∇)v(t, x) = ν∆v(t, x)−∇p·°Å¾¼
v(t, x) = 0 ; v(t, x) → 0

[�Ñ°±e² |x| → ∞
[�ÑX± l ± p Å¾Ãí¯ÒÑX± i°l ±eÃÁÃ"® l ± j ²X· ν > 0

Å¾Ãí¯ÒÑX±I¼�Å¾Ã"¹e­AÃ"Å¾¯ Â ( j ÃÁÃ"®Xº ±e·�¯"­:»f±¶¹
­E²XÃÁ¯ j ² ¯ * 	 ]KÑXÅ¾Ã±
Ê�® j ¯ÒÅ¾­E²N¹ j ²B»f± l ±
Ç)­ l ºI®X³ j ¯Ò±
·æÈ_³´±�¯�®XÃ�Å´² ¯ l ­�·X®°¹e±d¯ÒÑ°±�¼A­ l ¯"Å´¹
Å¾¯ Â w(t, x)
�EÅ¾¼A±e²B» Â È

w(t, x) =
∂v

∂x1

(t, x)− ∂v

∂x2

(t, x).

]KÑX±
²
w
Å¾ÃD¯ÒÑX±�ÃÁ­E³´®°¯"Å´­E²:­ Ç�¯"ÑX±�Ç)­E³´³¾­6[�Å¾² �I²X­A²X³´Å¾²X± jAl Æ É Ù È

( 5 	87 � *










∂w

∂t
(t, x) + (v · ∇)w(t, x) = ν∆w(t, x)

v(t, x) =

∫

K(x− y)w(t, y) dy

[�ÑX± l ± K Å¾ÃD¯ÒÑX± � ± l ²°±e³&­AÇ 6}Å´­A¯ j ²X·�¬ j ¼ j l ¯½·X± �X²X±e·�» Â

K(x) =
1

2π

1

x2
1 + x2

2

(−x2, x1).

Ù Ê�® j ¯"Å´­E² ( 5 	97B� *D³¾­�­ � Ã�³´Å � ± j Ä ¹ ��± j ² � �d³ j Ã"­�¼N±
Ê�® j ¯ÒÅ¾­E² [�Åê¯ÒÑBÃ"Å´²��E®X³ j l ¹e­�± � ¹eÅ¾±e² ¯ÒÃ
	½îª²Ã i Å¾¯"±B­ Çí¯ÒÑ°Å´Ã ³ j ¹ � ­AÇ l ±��E®X³ jAl Åê¯ Â �cÅ¾¯ Å¾Ã i ­EÃÁÃ"Å¾»X³´±:¯Ò­M±eÃ ¯ j »°³´Å´ÃÁÑJ¯ÒÑX±B± Ú Å´Ã ¯Ò±
²X¹e±�­AÇ j [}± j �ÃÁ­E³´®°¯"Å´­E²£Ç)­ l ¯ÒÑX± j ÃÁÃ"­�¹eÅ j ¯Ò±e·�¬ É Ù È
( 5 	87�µ * {

dX t =
√

2νdBt +K ∗ w(t, Xt)dt
L(X t) = w(t, y) dy.

]�­¶­�¼E± l ¹e­AºO±d¯"ÑX±d± Ú�i ³¾­EÃ"Å¾­E²£­AÇ K j ¯ 0
��­E²X±dÑ j ÃD¯Ò­IÅ¾²�¯ l ­�·X®X¹
±e· j ¹
®°¯Ò­��f±e· � ± l ²°±e³ Kε

	
ô]±
¯�®°Ã�²X­ ¯ÒÅ´¹
±d¯ÒÑ j ¯ K ¹ j ²B»�± l ± [ l Å¾¯Á¯Ò±
²��XÇ)­ l ±
¼A± l Â x Å´² R

2
� j Ã

K(x) = ∇⊥g(|x|)
[�Åê¯ÒÑ

g(r) = − 1

2π
log r and ∇⊥F (x1, x2) =

(

∂F

∂x1
,− ∂F

∂x2

)

.

$k­ l Ã"­Eº ± ε > 0
�æ³´±�¯�®XÃ�¹e­A²XÃ"Å¾·X± l gε

ÃÁ®X¹ÛÑ�¯ÒÑ j ¯ gε(r) = g(r)
ÅêÇ
r > ε j ²X·�± Ú ¯Ò±
²X·X±
·­E²

[0, ε]
Å¾²N­ l ·X± l ¯Ò­ Ñ j ¼E± |g′ε(r)| ≤ |g′(r)| j ²°· |g′′ε (r)| ≤ |g′′(r)| 	VðD¯½³ j ÃÁ¯��

Kε(x) = ∇⊥gε(|x|).]KÑX±�Å´² ¯ l ­�·X®X¹
¯"Å´­E²:­ Ç�¯"ÑX­EÃ"±�Ã"º ­�­A¯ÒÑXÅ¾² � � ± l ²X±
³´Ã½Å´Ã i ± l Ç)­ l º ±e·B» Â � Ä Æ)�O7 	"	Àô]±
¯½®XÃ�Å´² ¯ l ­0�·X®°¹e±�¯ÒÑX± j ÃÁÃ"­�¹eÅ j ¯Ò±
·�Å¾²�¯"± l"j ¹
¯"Å´² � ikj l ¯ÒÅ¾¹e³¾±dÃ Â ÃÁ¯"±eº 	

X i,N
t = X i

0 +
√

2Bi
t +

∫ t

0

Kε ∗ ΠN,ε
s (X i,N

s ) ds

[�ÑX± l ± ΠN,ε
s

ÃÁ¯ j ²X·XÃKÇ)­ l ¯ÒÑ°±�±
º i Å l Å¾¹ j ³fºO± j Ã"® l ±�­AÇ�¯ÒÑX±�Ã Â Ã ¯Ò±
º��aÅ"	 ±�	

ΠN,ε
s =

1

N

N
∑

i=1

δXi,N
s
.
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]KÑX± l ±�Å´Ã i°l ­ ikj � j ¯ÒÅ¾­E²:­AÇ�¹ÛÑ j ­EÃ
	 Ä ­ l ± iXl ±e¹eÅ¾Ã"±
³ Â ��Ç)­ l ±
¼A± lÁÂ T > 0
�

E

(

sup
t≤T

∣

∣

∣
X i,N

t −X
i

t

∣

∣

∣

)

≤ Mε√
NLε

exp (c0TLε).

[�ÑX± l ± X i Å´ÃKÃÁ­E³´®�¯ÒÅ´­A²:­AÇ Ù Ê�® j ¯"Å´­E² ( 5 	87�µ * [�Å¾¯"Ñ
Bi

Å¾²XÃÁ¯"± j ·N­AÇ B (QÃ"±
± � Ä ¸
³ �M� 	+* 	
çd²X±�¹e­E®°³´·�± Ú°i ±e¹�¯ j ÃÁÅ´º Å´³ jAl¶l ±
Ã"®X³ê¯ [�ÑX±
² X i,N

t

Å´Ã l ± i ³ j ¹
±e·�» Â Å¾¯"Ã jAi°iXl ­ Ú Å´º j ¯ÒÅ¾² �¯"ÑX± Ù ®°³´± l ÃÁ¹ÛÑX±eº ± Xγ
	�$k® l ¯ÒÑX± l º ­ l ±0�]¯ÒÑX± ³ j [ ­AÇ

Xγ
n

Ã j ¯ÒÅ´Ã �k±eÃ j ³´­:� jAl Åê¯ÒÑXº Å´¹z¬�­E»�­E³´±�¼Å¾²X±eÊ�® j ³¾Å¾¯ Â [�ÑXÅ´¹ÛÑ i°l ­�¼�Å´·X±
ÃO¯ÒÑ°±BÇ)­E³¾³´­�[�Å´²���¹e­E²
�X·X±e²X¹
±�Å´² ¯"± l ¼ j ³SÈBÇ)­ l ±�¼E± lÁÂ 1
�pô]Å i Ã"¹ÛÑXÅê¯ �Ç)®X²°¹
¯ÒÅ¾­E²

f
�

P

(∣

∣

∣

∣

∣

1

N

N
∑

i=1

f(Xγ,i,N
t )− Ef(X t)

∣

∣

∣

∣

∣

≥ r +
Mε√
NLε

exp (c0tLε)

)

Å¾ÃV»�­E®X²°·X±e·O» Â 2 exp

(

− Nr2

K(t, ε)

) [�Ñ°±e²O¯"ÑX±½Å´²XÅê¯ÒÅ j ³°¹e­A²X·XÅ¾¯"Å´­E² Å¾Ã j�iXl ­E» j »XÅ¾³´Åê¯ Â º ± j ÃÁ® l ±
[�Åê¯ÒÑN¹e­Eº ikj ¹�¯�Ã"® i°i ­ l ¯�	
� � � � ^_�W` ù(ö#� �$�)öXùY�1ü�þ�ûQö:ü�� �&ö°ú(û)ø(� � � � îª² ¯"ÑXÅ´Ã_ÃÁ±e¹
¯"Å´­E² � [À±�·X± j ³Q[�Å¾¯ÒÑ¶¯"ÑX± � lÒj ²�®X³ jAlº ±e·XÅ j ±eÊ�® j ¯"Å´­E²�È

∂u

∂t
=
·XÅ¾¼

[∇u+ u(∇V +∇W ∗ u)],
[�ÑX± l ± ∗ ÃÁ¯ j ²X·XÃ}Ç)­ l ¯ÒÑX±�¹e­E² ¼A­E³´®°¯"Å´­E² j ²X· V j ²X· W jAl ±d¹e­E² ¼A± Ú:i ­A¯"±e² ¯ÒÅ j ³´ÃV­E²

R
d
	�]KÑXÅ´Ã

±
Ê�® j ¯ÒÅ¾­E²GÅ´²
R
[�Å¾¯"Ñ

V = |x|2/2 j ²X· W = |x|3 Ñ j Ã�»�±e±e²0Å´² ¯ l ­�·°®X¹e±
·0» Â � 6KòDÆ)=O� 	_¯Ò­·X±
Ã"¹ l Å´»�±�¯ÒÑX±½±
¼A­E³´®°¯"Å´­E² ­AÇ�ºO±
·XÅ j ¹e­Aº i ­EÃ"±
·�­AÇ�º j ² ÂIikjAl ¯"Å´¹
³´±eÃc¹
­E³´³¾Å´·XÅ¾² �dÅ´²°±e³ j ÃÁ¯ÒÅ¾¹ j ³¾³ Â Å´²
j ¯ÒÑ°± l º j ³æ» j ¯ÒÑ�	î ¯�Å´Ã i ­EÃÁÃ"Å´»°³´±�¯Ò­ ±eÃ ¯ j »X³¾Å´ÃÁÑB¯"Ñ j ¯�¯ÒÑX±�ÃÁ­E³´®°¯"Å´­E² ut

­ Ç�¯"ÑX±¦²°­E²X³´Å¾²X± j lKikjAl ¯"Å j ³�·XÅ��f± l ±e² ¯ÒÅ j ³±
Ê�® j ¯ÒÅ¾­E²3¹e­E² ¼E± l �E±B¯Ò­ j ²[±eÊ�®XÅ´³¾Å´» l Å´®Xº ·XÅ¾ÃÁ¯ l Å´»X®�¯ÒÅ´­A² u∞ 	�]KÑX±Bº ­ l ±:Å¾²�¯ l Å¾²XÃ"Å¾¹ [ j�Â ¯Ò­Ê�® j ² ¯"Å¾Ç Â ¯"ÑXÅ´Ã�¹
­E² ¼E± l �E±e²°¹e±zÅ¾ÃD¯Ò­ ®XÃÁ± j ²��E±
²X± l"j ³´Å�� j ¯"Å´­E²�­AÇ�¯"ÑX± l ±
³ j ¯"Å¾¼E±�±
² ¯ l ­ i�Â È

η(u) =

∫

u logu+

∫

uV +
1

2

∫ ∫

W (x− y)u(x)u(y)

���	��

����� � ��� ��� 	 � ò Ä � ��µ)	 � 	�� & � V ��� ��� � � 

� � � � 	 

� ����� �
�
�
�
�
� ±eÃÁÃ

V ≥ λI

 � �

W
��� � ��� � 
 � � 	 

� ����� � ��� �

η(ut)− η(u∞) ≤ Ke−2λt

� ��� � � u∞
��� � ��� ��� � ��� � � � � ��� � � � � 
 � η 

� � ��� � ��
 � � ��� � � � ��� ��� � ��� � � 
 � ��� � 

� 
 �

u∞ =
1

Z
exp (−V (x)−W ∗ u∞(x)),

� � � �

Z =

∫

exp (−V (x)−W ∗ u∞(x)) dx.

]KÑ°±-� lÒj ²�®X³ jAl ºO±
·XÅ j ±eÊ�® j ¯"Å´­E²XÃ�¹ j ²�»�±¦¼�Å¾±-[À±e· j Ã Ä ¹ ��± j ² � �d³ j Ã"­�¼�±eÊ�® j ¯"Å´­E²°Ã�	 ]KÑX±
j ÃÁÃ"­�¹eÅ j ¯Ò±
· ikjAl ¯ÒÅ¾¹e³´±�Ã Â Ã ¯Ò±
º Å´²OºO± j ² �X±e³´·OÅ´² ¯Ò± lÒj ¹�¯ÒÅ¾­E²�Å¾Ã0[À±e³¾³�·°± �k²X±
· j ²X·�¯"ÑX± i°l ­ ikj � j �¯"Å´­E²:­AÇ�¹ÛÑ j ­AÃ l ±eÃ"®°³¾¯�ÑX­E³¾·XÃK®X²XÅêÇ)­ l º ³ Â Å¾²N¯"Å´º ± (QÃÁ±e± � Ä j ³ �°µ 	+*�È

E

(∣

∣

∣
X i,N

t −X
i

t

∣

∣

∣

)

≤ c√
N
.
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]KÑX± ¹
­�±��O¹
Å´±
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ºO± Ñ j Ã�¯Ò­N»�± ±eº i ³´­ Â ±
·�	 ðD¯z± j ¹ÛÑMÃÁ¯Ò± i ��­E²X± Ñ j Ã�¯Ò­NÅ´² ¼A± l ÃÁ± jÇ)®X²°¹
¯ÒÅ¾­E² [�Åê¯ÒÑ
N
¼ jAl Å j »X³¾±eÃ!( [�ÑX± l ± N �f¯"ÑX±z²�®XºI»�± l ­AÇ ikjAl ¯ÒÅ¾¹e³´±
Ã�Å¾Ã � l ± j ¯ *,	 ]KÑXÅ¾ÃíÅ´Ã½²X­A¯¯"­�­�Ñ jAl · [�ÑX±e²£¯"ÑX± i ­A¯"±e² ¯ÒÅ j ³´Ã jAl ±�®X²°Å¾Ç)­ l ºO³ Â ¹e­E² ¼A± Ú Ã"Å´²°¹e±���Å´² ¯ÒÑXÅ¾ÃÀ¹ j Ã"±0��¯ÒÑ°± j ³��E­ l Åê¯ÒÑXºÅ¾ÃK± � ¹eÅ¾±e² ¯�	

¬�­ �O[}±�¹ j ² �A±
¯V¹e­E²��k·X±e²°¹e±½Å´² ¯Ò± l ¼ j ³´Ã�Ç)­ l ¯ÒÑX±�¹
­E² ¼E± l �E±e²°¹e±í­ Ç�¯"ÑX± Ù ®X³´± l Ã"¹ÛÑX±
ºO±�¯Ò­ u∞ 	
���	��

����� � ��� � � 	 � � ��� � � ��� ��� � � 
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 ��� c

� � 	�� � ��
 � �
� 

� � ��� � � ! � ��� 	 ��	���� ��� � ��� 	 �

� � 

� f �

P

(∣

∣

∣

∣

∣

1

N

N
∑

i=1

f(Y i,N,γ
t )−

∫

f du∞

∣

∣

∣

∣

∣

≥ r + c
√
γ +

c√
N

+ ce−λt

)

≤ 2e−Nλr2/2,

� ��� � � (Y N ,γ
n )n∈N
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¹
¯"® l ±N¬�± l Å¾±eÃÅ´² É Å���± l ±
²�¯"Å j ³ Ù Ê�® j ¯ÒÅ¾­E²XÃ��d¬�±eÃÁÃ"Å¾­E² � �dò j ¯ÒÑX­E³¾Å´¹�Ð�²XÅê¼ 	��zµ�=MCO�:* �½ð�Å l $k­ l ¹e±ç �O¹
±¦¬�¹eÅ1	ké½±
Ã�	��að l ³¾Å´² � ¯Ò­E²�� � j 	��]µ�=MCO� � i 	��Xµ � 5M� 	

� Ä ¸e³ =MC
	 ���_×1àaÖ�àkÌ�Î&Ý � � ð�Ã Â º i ¯Ò­A¯"Å´¹�»f±
Ñ j ¼�Å´­E® l ­AÇ_ÃÁ­Eº ±zÅ´² ¯"± lÒj ¹
¯ÒÅ¾² � ikjAl ¯"Å´¹
³´±�Ã Â Ã �¯Ò±
ºOÃ # Ä ¹ ��± j ² � �í³ j ÃÁ­�¼ j ²°· 6}­E³¾¯.�eº j ²X²ñºO­�·X±e³¾Ã �0�OÆ l ­E» j »°Å´³´Å¾ÃÁ¯"Å´¹3ºO­�·X±
³´ÃÇ)­ l ²X­E²X³¾Å´²X± jAl ikjAl ¯"Å j ³K·°Å��f± l ±
² ¯ÒÅ j ³½±
Ê�® j ¯ÒÅ¾­E²XÃ%( Ä ­E² ¯"±e¹ j ¯ÒÅ´²°Å ]�± l ºO±0��µ�=M=O5:* �¬ iXl Å´² �E± l ��6À± l ³¾Å´²��fµ�=M=MC � i 	�� 7 � =O5 	
� Ä ¸e³ �M�
	 � � ð ¯ l"j ¿Á±e¹�¯Ò­ l Å j ³ i°l ­�­AÇ Ç)­ l ¯ÒÑX±ñ¼E­ l ¯Ò± Ú º ±
¯"ÑX­�·¤Ç)­ l ¯"ÑX±ñ¯![À­0�

·XÅ´º ±e²°Ã"Å´­A² j ³ ï j ¼�Å´± l �p¬�¯Ò­ � ±eÃ0±eÊ�® j ¯"Å´­E²��0� � ��� � � 	 	 � � � � 
#" 
 " � � � ( 7B�M�M� * �
²X­ 	Q��� i 	æµEµ�=M� � µ67�µAµ:	

� Ä Æ)�O7 	 ���X×0Ì�Î ����âhØgÎ�Ø ��× � �DÞ�Ö ?�âhÎ&Õ�ã &&â � � � Â · l ­�· Â ² j º Å´¹eÃ&Å¾²�¯![À­d·XÅ¾ºO±
²XÃ"Å¾­E²XÃ
j ²X·:¼E­ l ¯Ò± Ú ¯ÒÑX±
­ lÁÂ �0� � 
 � �

� � 
 � � � �
� � � � � ^ (pµ�=M�O7�*,�°²°­ 	�� � i 	��M�M� � 5B�B��	

� ¬ �e²Q=°µ)	 
 � � ����� ��ã�â &_;dÌ�ã � � ]�­ i Å¾¹eÃ&Å´² iXl ­ ikj � j ¯ÒÅ´­A²�­ Ç°¹ÛÑ j ­EÃ �0� � ¹
­E³´±c·æå � ¯Ò¸V·X±VÆ l ­E» �
j »XÅ¾³´Å¾¯"¸eÃ�·X±N¬ j Å´² ¯�� $�³´­E® l ëíî ë�� µ�=M�M=�	�ô]±e¹
¯"® l ±
Ã ï�­A¯"±eÃIÅ¾² Ä j ¯ÒÑ 	��g¼A­E³dµ��OC � �¬ iXl Å´² �E± l ��6À± l ³¾Å´²��fµ�=M=°µ�� i 	]µ�CO5 � 7M5�µ:	

� ] j ³ =MC
	 Ô�� ìÀÌ�Ö�Ì�Ï � � Æ l ­E» j »XÅ¾³´Å¾ÃÁ¯ÒÅ¾¹G²�®°ºO± l Å´¹ j ³zº ±
¯"ÑX­�·XÃ�Ç)­ l�ikj l ¯ÒÅ j ³�·XÅ��f± l ±e² ¯ÒÅ j ³±eÊ�® j ¯"Å´­E²°ÃeÈc±e³¾±eº ±e² ¯ÒÃ�­AÇ j ² j ³ Â Ã"Å´Ã �0�kÆ l ­E» j »XÅ´³¾Å´ÃÁ¯"Å´¹�ºO­�·X±e³¾ÃDÇ)­ l ²X­E²°³´Å´²°± jAlKikj l �¯ÒÅ j ³À·°Å��f± l ±
² ¯ÒÅ j ³}±eÊ�® j ¯ÒÅ´­A²XÃ ( Ä ­A²�¯"±e¹ j ¯ÒÅ¾²XÅ<]�± l º ±���µ�=B=O5:*,�V¬ iXl Å¾² �E± l � 6}± l ³´Å¾²��µ�=M=MC � i 	]µ��M� � µ�=MC 	
� ]']#=M�
	 Ô��]ìÀÌ�Ö�Ì�Ï�� Ü �æì�Þ ��Ì�ÎfØ � � Ù�Ú�ikj ²XÃÁÅ´­E²:­ Ç]¯ÒÑX± �A³´­E» j ³f± l"l ­ l Ç)­ l ²�®°ºO± l Å´¹ j ³Ã"¹ÛÑX±
ºO±
ÃDÃ"­A³¾¼�Å´² ��ÃÁ¯"­�¹ÛÑ j ÃÁ¯"Å´¹í·°Å��f± l ±
² ¯ÒÅ j ³k±eÊ�® j ¯"Å´­E²XÃ �0� � � 
 	���

� � � 	 � � 
 � � � 	 	 � �� (pµ�=M=M� * �X²X­ 	I� � i 	��O�M� � 5B�M= (pµ�=M=°µ *,	
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#%$'&�$!(*),+.-0/2143456+07'/�)
8:9�;=<*>@?BA�CEDGF�HJI0ILKEM*NOK6P�QSRTQVUWRSX�M*YZK6QSR[NOM@\�C^]_HJ`�HJacb�deQSfgYZKh;=RiN=j�klRS?BA�Cm9,fgAT;mQiCn>oklCn>=AT;=Cn>
YZKhA�>=>pRSCnXTX�Cn>*qrQsK!?BA�C*>pN=RSfgXe>nUWCn>tNE9,f6>=MnCu\TCGvwfg;=kGATQSCn;:\�Cn>yx*;=R[NO<n;pCn>y9�fgA�;z\TCn>yklCn>=AT;=Cn>y9TQSA�>
YgM*X�Mn;=K6QSC*>n{4|}U~f6Pc�pC*N�\�ClxnClx�j�K69�R[NO;=C�C*>pNG\TC�9�;pMn>pCnXZNOC*;�QVUWA�X�\�Cn>�9�K6>^QSC*>^9TQSA�>ERSkl9�fg;pNOK6XZNO>
K6x*xnfgkl9�QiRS>E\�K6X�>�xnC�N=NOC!\�RS;pCnx*N=RSfgX�{�|2C�xn;=R[NO<*;=C!\TC�xnfgAT;=P�A�;pC���\�RSklCnX�>pRSfgX�q4\T���������JFB��C*N
��� b_FB�@q�9�Cn;pk�C�NECnXeC*�,C*N^\rUWM*NOK6P�QSRi;L\�C*>ERSX�M*YZK6QSR[NOM*>L\�C!��HJ���4�r��F"�efgA \�C¡]�HJ`,HJa¢b�d�Qifh�
YZKh;=RiN=j�klRS?BA�C�9,f6A�;�A�X�>=CnklR[��Yg;=f6A�9,ClfgA£>=K%k�C*>=A�;pC!RiXB¤hK6;pRsK6XZN=C6{�|oUWRS\TMnC!C*>pNu\�U¥K6>p>=fcxnRiCn;G�
A�X¦YgMnXTMn;OK§NOCnAT;:\�Cu¨©��F4�"Hrdª>=A�;�A�X�CE¤hK6;=RiM*NOMEA�XTC¡«Lxnf6A�;=P�AT;=C�¬­;pMnC*QSQSCEC�NLA�XTC�«L\�Rik�C*X¢�
>pRSfgX�¬%\�K6X�>

[1,∞]
CnXeC�®cN=;OK69�fgQsKhXBNEQiCGx¯Kh>^\TA�QSK69�QSK6xnRiCnX%>pA�;EA�X�Cu¤hK6;=RiM*NOM�;=RSC*k!KhX�X�RSC*X�X�C

x*fgk�9�K6x*N=C6{
° fgA�>�xnfgklk�C*X�±nf6X�>�9�K6;�M�NOA�\TRSCn;^QSC�xnK6>�\�A©>=C*k�R²�³Yg;pfgA�9�Cl\�U[´�F"��I.µ"b_�����=¶^·4acb��4`�b_�2�
x*fgk�klCzC¸®TC*k�9TQSCyvwfgX�\�Khk�C*XBNOK6Qr\�CEQSK�klM*N=j�fc\�Cy\�CE>=C*k�R²�³Yg;pfgA�9�Cy?cATR2xnfgX�>tNOR[NOA�CEQsKGx*QSC�v�\�C
¤6fg�TNOCE\�A­x�j�K69TRiNO;pC6{
8:9�;=<*>�K¯¤6fgRS;E9�;pMn>=C*XZNOM!QiCuxn;pRiNO<*;=C�\�ClxnfgAT;=P�A�;pC�CnX�\TRSklCnX�>pRSfgX RiXT¹�X�RiC6q2X�fgAT>^klfgXZNO;pfgX�>
?BArUWRSQ@Cn>pNlA�XTC¡xnfgX�\TRiNORifgX£>pATºl>OK6XZNOC»NO;p<n>u9�;=KhNORi?BA�C¡9,f6A�;GM*NOK6P�QiRS;�\TCn>�RSX�M*YZK6QiRiNOM*>�\�C�N=;=fgA
>p9,C*x*NO;=K6Q�f6A¡\�C�]�HJ`,HJacb�d�QSfgYZKh;=RiN=j�klRS?BA�C¼9�fgA�;�A�X¡>pCnklR[��Yg;=fgAT9,C�\�C�¨©��F"�4HrdmqTR½{~Ch{¢9�fgA�;
N=fgATNOC*>EQSCn>EklCn>pA�;=C*>

Pt(·)(x)
A�XTRivwfg;pk�M*k�C*XBNzCnX

x
{ ° fgA�>^M*NOK6P�QSRi>=>pfgX�>yCnXT>=A�R[NOCl?cATC�QiCu;=M��

>pA�QiNOKhNL;pCn>tNOC�¤c;=K6R�9�fgA�;�QsKlk�C*>=A�;pC�;pM*¤gC*;=>pRSP�QiC�\�A%>pCnklR[��Yg;=fgAT9,CE>=f6A�>L\�C*>zxnf6X�\�RiN=RSfgXT>�9TQSA�>
v'K6RiP�QSC*>z¾wxnCz>pfgXZN¿QSC*>Àxn;pRiN=<n;=C*>�RSXZN=MnYg;pMn>�Á¸{�|2CzxnK6>¼\�Cn>ÀYgMnX�M*;OKhN=CnA�;p>¼\�Cy\�R[��A�>pRSfgX�\�CzQSK�vwfg;=klC
∆−∇Φ · ∇ Cn>pN�Q½U~C¸®TC*k�9TQSCzvwfgX�\�K6k�C*XZN�K6Qr\TCEN=fgATN=CyxnC*NpNOC^M*N=A�\�C6{Â XT¹�XrqJX�fgAT>Gk�f6XBN=;=fgXT>�?BA�C�Q½U~RiX�MnYZKhQSRiN=Mu\�C�x*fgA�;=PTA�;=C¸�³\�Rik�C*X�>=RifgX�9�Cn;pk�C�NG\rU~K6klMnQSRifg;=C*;
x*Cn;pNOK6RSXT>J\�Cn>};pMn>pA�QiNOKhNO>J9T;=Mnx*Mn\�C*XZNO>n{ Â X�9�K6;tNORSx*A�QSRiCn;*q§C*QSQiC@vwfgA�;pX�RiN�QSC*>JxnfgXT>pN�KhXBN=Cn>ofg9TN=RSk�K6QSC*>
\�C*>�RiX�MnYgK6QSR[NOMn>y\TC­��HJ���4�r��F"�©C�N�\�C­]�HJ`,HJa¢b�dÃQSf6YZK6;=R[NOj�klRS?BA�C�9,fgAT;�QSK»klCn>pA�;=C�\�C�¤gfh�
QiA�k�C�>=A�;yQSK�>=9�j�<*;=Cl\�C

R
n
qrk�K6Ri>yK6A�>p>=R}QSC*>yRSX�M*YZK6QiRiNOM*>LC*XBN=;=fg9TRSC���MnX�C*;=YgRiCuQSfgYgK6;=R[NOj�klRS?BA�C*>

RiXBN=;=fc\�A�R[NOCn>�K6A¦x�j�K69�RiN=;=C
4∗
{

#%$iÄ�$�Å¿Æ²ÇZÈ2ÇcÉ�Ê�ËwÇ%143�ÌnÇcÉ£7sÍOÎ_-0/�34Ê}ÇÏ1mÆ�Ð¦ÑmÒ¿Ó6Ô�Õ,Ö³ÒÀ×0Ø%Ù¼ÚTÕ�Ò¿Û�ÕrÜJÝ
° fgA�>yKhQSQSf6X�>:M�N�K6PTQSRS;�A�X�C�X�fgAT¤6CnQSQiC�vwfgRi>LQ½U~RiX�MnYZKhQSRiN=My\�C!]�H�`�HJacb�dÞQSfgYgK6;=R[NOj�klRS?BA�Cy9�fgA�;
QSKGk�C*>=A�;pCyYZK6A�>p>=RSC*X�X�CEx¯KhX�fgX�Ri?cATCy>=A�;

R
n
{�ß4fgATN=C*vwfgRi>nq�QSKGk�M�NOj�fc\�CyC*k�9�Qif.àgMnCyRixnR½qT\�R[NOCz\�C

>pCnklR[�³Y6;=fgA�9�C6q2>pC�YgM*X�Mn;=K6QSRi>=Cn;=KÏK6A�x¯K6>G\�U~A�XTC�k�C*>=A�;pC�>=AT;�A�X�C�¤6Kh;=RSM�NOM�;=RSC*k!KhX�X�RSC*X�X�ClC*N
x*fgX�>pN=RiN=A�Cn;=K�QSKGxnQiC*vJ\TC^x*CEx�j�K69�R[NO;=Ch{
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� f6X�>=Ri\�Mn;pfgX�>LQiCE>=CnklR[��Yg;=f6A�9,Cy\�U[´�F"��I.µ"b_�����=¶^·4acb��4`�b_�2��>=A�;
R

n
x*fgklk�CERSQrK�M*N=M�RiX¢�

N=;=fc\�A�RiN�K6A�x�j�K69�R[NO;=C
2∗
{��:Kh9�9,C*QSfgXT>�?BA�C�>pfgXGYgM*X�Mn;=KhNOC*A�;�RiXT¹�X�R[NOMn>pRSk�K6QZ>nUWMnx*;=R[N¯q§9,fgAT;�NOf6ATNOC

vwfgXTx*NORifgX
f
\�K6X�> A q�Q½U¥K6QiYg<nPT;=Cz>tN�K6XT\�K6;=\¦K6>p>=fcxnRSM*C6q

Lf(x) = ∆f(x)− x · ∇f(x),?BArUWRSQÀK6\�klC*N
γ
qJQSKÏk�C*>=A�;pC»YZK6A�>p>=RSC*X�X�C¡xnK6X�fgX�Ri?BA�C¡>=A�;

R
n
qJ9�fgA�;�k�C*>=A�;pC¡;=M*¤6Cn;p>=RSPTQSC»C*N

?BArUWRSQr>pCE;=Cn9T;=Mn>pCnXZNOC�K6RSXT>=R��
Ptf(x) = E

(

f(e−tx+
√

1− e−tX)
)

f��
X
>=ATRiN�A�X�CEQSf6R�YZK6AT>=>=RiCnX�XTC�x*CnXZNO;pMnC^;=Mn\TA�RiN=C6{ Â X­9�K6;pN=RSx*A�QSRiCn;nq¢QSCy>pCnklR[�³Y6;=fgA�9�CL¤6Mn;=R[¹�C

¾w8�{��0Á ∇Ptf(x) = e−t
Pt∇f(x).

 C�9�QSAT>nq4RSQoCn>tNuxnQSK6RS;E?BA�C
Ptf(x)

xnf6XB¤6Cn;pYgC�¤gC*;=>
Eγ(f)

?BA�K6XT\
t
NOCnXT\£¤gCn;p>

+∞ {"!zX�K\�f6X�x
Â XZN

γ(f) = −
∫ ∫ ∞

0

∂s[Psf log Psf ] ds dγ

= −
∫ ∫ ∞

0

(logPsf + 1)LPsf ds dγ

=

∫ ∞

0

∫

∇ logPsf · ∇Psf dγ ds =

∫ ∞

0

∫ |∇Psf |2
Psf

dγ ds
¾'8�{$#gÁ

≤
∫ ∞

0

∫

e−2s (Ps|∇f |)2

Psf
dγ ds

≤
∫ ∞

0

∫

e−2s
Ps

(

|∇f |2
f

)

dγ ds
¾'8�{&%ZÁ

≤ Eγ

(

|∇f |2
f

)

∫ ∞

0

e−2s ds =
1

2
Eγ

(

|∇f |2
f

)

,

f��ª¾w8�{$#gÁLCn>tNEfgPTN=CnXBA�C�9�K6;y;pM*¤gC*;=>pRSP�RiQSRiN=M�\�C
γ
C*N�¾w8�{&%ZÁ:\�M*xnfgA�QiCu\�CuQVUWRSXTMnYZK6QiRiN=M�\�C(':��)�*

�2·r���O]_�2·,+L��F,-�{ Â X¦;=Cnkl9�QSK6±¯K6XZN
f
9�K6;

f 2
q_fgX­;=C�NO;pfgAT¤gC�QVUWRSX�M*YZK6QiRiNOM:\�C�]�HJ`�H�a¢b�d QSfgYgK§�

;pRiNOjTk�Ri?cATCz\�CExnfgXT>pN�KhXBN=C
2
9�fgA�;¼QSKGk�C*>=A�;pCEYZK6A�>p>=RSC*X�X�C
Â XZN

γ

(

f 2
)

≤ 2Eγ

(

|∇f |2
)

.8:RSX�>pRgQsKÀx*QSC�vT\�AE;=K6RS>pfgX�X�C*k�C*XBN"C*>pN4QsK@;=CnQSKhNORifgX�¾w8�{��0Á�\�CoxnfgklkGATNOKhNORifgXL\TC
Pt

C�N"\�C ∇ { ° fgA�>K6QiQSfgXT>m¤6fgRS;@?cATCyQSCLx*;=R[NO<n;pCz\�C��¿���JFZ��� ��� b_FB�£9,C*;=klC*N�\TCyx¯K6;=K6x*N=Mn;=Ri>=C*;�QSC*>À>=R[NOA�K§NORSf6X�>Àf��
√

ΓPtf ≤ e−ρt
Pt

√

ΓfC*>pN¿¤c;OK6RiCy9,fgAT;¼A�X¦x*Cn;tN�K6RiX
ρ
;=M*CnQ2C�N�N=fgATN

t
9,fg>pRiN=Riv {

#%$/.�$(02143�)�7�+07w/,)4Ì
 K6X�>ENOfgATNEQiCux�j�K69�R[NO;pC6qrX�f6A�>EX�fgA�>E9�QSK6xnC*;=fgX�>E>pfgA�>EQVUWjZà¢9�f6N=j�<n>pCl\�U¥K6QiYg<nPT;=Cu>pNOK6X�\�Kh;=\r{

� C*xnRy9�Cn;=klC*N�\�C��pA�>pN=Ri¹�C*;¡QSC*>�;OK6Ri>=fgXTX�CnklCnXZNO>¡\TC%N³à¢9�Ce>=C*k�R²�³Yg;pfgA�9�CÏ?BA�RyATN=RSQSRi>=C*XBN!\�Cn>
x*fgk�9�fg>pRiNORifgX�>@\�C

Pt

q
L
q�C*NOx�{*{n{
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�����������	��� 14Ç Ë Æ���ËwÎ����4-0ÇÏÌ*+���)�1 ��-§1"! {$# %'&)(+*-,�,�.-(-/10324/65�78(+9:/+&<;=/?>�2 *@&</?A
0CB
D@EGFGH / A >@/JI�.K&<;+9L7M.K&N(�O:>
7P9:/QA
0 D@EGFGH /R(+9MA
&�>�A H >+S-TU7P&<;+0C*�(-/Q>�A
&N(V9:.K*�(W08/=(X/=(	,NA@;=/=(

L
p(µ)

T
1 < p <∞ TY>@/+&N(-/Z>�A
&N([;=\NA@;+*]&^>�24/+*
5�_'%'&`>@/+aRA
&�>@/cb�;=/+9L9	/ZA
0 D@EGFGH /Z>�24d+9 H /e(+9fA F 08/g,NA H9	.K*�(h08/=(c.=,�i H A
9	/+* H (

Pt

TjA
7P&N(+7lkG*m/n,NA H
L
TY/+9�,NA H ;=.Kah,�.-(+7P9L7M.K&�A
o
/=;h08/=(lI�.K&<;+9�7M.K&N( C∞ kG*@7

(-.K&�9�&�*]0P08/=(p/+&
0
_�q . H (GkG*�/h0rA?as/=(+* H / µ /=(+9$*@&</t, H . F A F 7P0C7P9	i=T�&<.K*�(u>@/+aRA
&�>@/ H .K&N(u/+&Z,�0C*�(kG*�/Z;=/+9L9:/cA
0 D@EGFGH /c;=.K&�9L7M/+&�&</u08/=(1;=.K&N(+9fA
&�9	/=(=TY/+9"(-.K7P9$(+9MA F 08/Y,NA H ;=.Kah,�.-(+7P9L7M.K&�A
o
/=;h9	.K*]9	/=(08/=(jI�.K&<;+9L7M.K&N(

C∞
T"(GA
&N( H /=(+9 H 7M;+9L7M.K&`>@/c&�*@0P0C7P9:i?/+&

0
_

��K69�9�CnQifgX�>�P�;=Ri<*¤gC*k�C*XZN�QsK¦\TM*¹�X�R[NORifgX£\�C�Q½U~f69,M*;OKhN=CnA�;�x¯K6;p;=M�\�A�x�j�K6k�9 Kh>=>=fcxnRiM��%A�X
YgM*X�Mn;=KhNOC*A�;

L
��9�fgA�;

f
C*N
g
\�K6X�> A q

Γ(f, g) =
1

2
[L(fg)− fLg − gLf ].

° fgA�>¿9,f6AT¤gfgXT>:�u9�;pMn>pCnXZNzRiXBN=;=fc\�A�Ri;=CzQ½U~fg9�Mn;=KhNOC*A�;
Γ2
{

v^w3x �$y:�:y 
��z�������L{ {l# %'&|A+,�,�/+0P08/�fg9�Mn;=KhNOC*A�;
Γ2

0rAuI�. H as/ F 7P0C7P&<i3A
7 H /p(+}Kasi+9 H 7LkG*�/Z(+*@7PBoKA
&�9	/1~�,�.K* H f /+9
g
>�A
&N( A T

¾w8�{��BÁ
Γ2(f, g) �:�C���=

1

2
[LΓ(f, g)− Γ(f,Lg)− Γ(Lf, g)].

!zX¡X�fhNOCn;=K
Γ(f)
C*N

Γ2(f)
9,fgAT;

Γ(f, f)
C�N

Γ2(f, f)
{¢|"K�\�M�¹�X�RiN=RSfgX�8�{&%T{$#�>=Czx*fgk�9T;=C*X�\

P�RiCnX%>pR�Q½U~fgXÏxnfgX�>pRS\�<*;=CGQiC�9�;pf¢x*Mn\�M�RiNOM*;OKhN=Riv�>=A�R[¤6KhXBNn{�!zX%9�CnATNzxnfgX�>tNO;pA�RS;pCG��9�K6;tNORi;:\rUWA�X�C
vwfg;pk�ClP�RiQSRSXTM¯K6Ri;=C

Q
>=A�; A A�X�C¡K6A¢NO;=C�vwfg;=klC�PTRSQSRiX�M¯KhRS;=C B(Q)

C*X�9,fg>=K6XZN¯q49,f6A�;
f
C�N
g\�KhX�> A q

¾w8�{��gÁ B(Q)(f, g) =
1

2
[LQ(f, g)−Q(f,Lg)−Q(Lf, g)].

� QrC*>pN:xnQSK6RS;@?cATC�>pR
Q(f, g) = fg

q�K6Qifg;=>
B(Q) = Γ(f, g)

C�N B(B(Q)) = Γ2(f, g).

#%$/.r$'&_$R�LÈ2ÇcÉ�Ê�ËwÇ?��/�)�1 ��É�Çc),+���Ët$Y� ° fgA�>}9T;=Mn>pCnXZNOf6X�>oRSxnRcA�X�C�®¢C*k�9�QiC�YgM*X�Mn;pRS?BA�C�?BA�R
C*>pN�\�U¥K6RiQSQiCnA�;p>}QVUWA�X!\�C*>À>pCnA�Qi>@xnK6>Àf���QVUWfgXl>=fgR[NÀxnK69�K6P�QiC:\�U~C¸®T9TQSRSx*RiN=Cn;oQSC*>@fgPB�pC*NO>@xnfgXT>=RS\TMn;=M*>n{
° fgA�>yX�fgAT>^9TQsK6±*fgX�>y>=AT;

R
n
C�N�XTfgA�>EX�fgA�>E\�f6X�X�fgX�>yATX�CuvwfgX�x*N=RSfgX

Φ
\�C

R
n
\�K6X�>

R
\�C

x*QsK6>p>=C C2
NOC*QSQSCL?cATC ∫

Rn e
−Φdx

>=f6RiN¿MnYgK6QSCy� �g{�|}UWfg9�Mn;OK§NOCnAT;
L
\�M*¹�XTR49�K6;

Lf = ∆f −∇Φ · ∇f
K6\Tk�C�NÀ9�fgA�;mk�C*>=A�;pCL;pM*¤gC*;=>pRSP�QiC

µ
\�C:\�CnXT>=RiN=M

exp(−Φ)
{ Â X�C*�,C*Nnq¢9�fgA�;oNOfgA¢NOCn>mvwfgX�x�NORSf6X�>

f, g
\�K6X�> A q�fgX­K

∫

(Lf)gdµ = −
n
∑

i=1

∫

∂f

∂xi

∂g

∂xi
dµ+

n
∑

i=1

∫

∂f

∂xi
g
∂Φ

∂xi
dµ

−
n
∑

i=1

∫

∂f

∂xi

g
∂Φ

∂xi

dµ

= −
∫

∇f · ∇gdµ =

∫

fLgdµ.
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!zXÏklfgXZNO;pC^K6A�>=>pR�?BA�C
Γ(f, g) = ∇f · ∇g { � K6QixnA�QifgX�>���9�;pMn>pCnXZN Γ2(f)

{ !zX%KTq_RSXT\�Mn9�CnX¢�
\�Khk�klCnXZN¼\�C

µ
q

LΓ(f) = 2
∑

i,j

(

∂2f

∂xi∂xj

)2

+ 2
∑

i,j

∂f

∂xj

∂3f

∂x2
i ∂xj

− 2
∑

i,j

∂Φ

∂xj

∂f

∂xi

∂2f

∂xi∂xj

C�N

2Γ(f,Lf) = 2
∑

i,j

∂f

∂xj

∂3f

∂x2
i ∂xj

− 2
∑

i,j

∂Φ

∂xi

∂f

∂xj

∂2f

∂xi∂xj

−2
∑

i,j

∂f

∂xj

∂f

∂xi

∂2Φ

∂xi∂xj
.

� C*xnR2X�fgAT>�\TfgX�X�Chq�9�K6;¼\�M*¹�X�RiN=RSfgX»\�CEQVUWfg9�Mn;=KhNOC*A�;
Γ2
q

Γ2(f) = ‖ � Cn>p> f‖2
2 + (∇f)>(

� Cn>p>
Φ)(∇f),

f��

‖ � Cn>=> f‖2
2 =

n
∑

i,j=1

(

∂2f

∂xi∂xj

)2

.

° fgA�>�K¯¤gfgXT>lC*Xªv'KhRiNG;pC*N=;=fgAT¤6M¦\�K6X�>uA�X x¯Kh>l9�K6;pN=RSxnATQSRSC*;�QSKÏvwfg;=kGATQSC!\TC ��HJ�2·��4b_FÃ?BA�C
X�f6A�>¿ATNORiQSRS>pCn;pfgX�>¼�uX�fgA¢¤gC¯KhAÏA�X­9,C*A¦9TQSA�>¼QifgRSXr{
� ����� ���
	$����������� {l# �m7

∆
>@i=(+7 D &</e08/c0rA+,�0rA@;+7M/+& (+* H

R
n
Tt08/[;3A
08;+*]0@, H i=;=i3>@/+&�9 as.K&�9 H /kG*�/',�.K* H f /+9

g
>�A
&N( A T

Γ(f, g) = ∇f · ∇g /+9
Γ2(f) = ‖ � /=(=(jI ‖2

2.%'&)AQ>@.K&<;=T<,NA H 032 7P&<i D A
0C7P9:i1>@/ ':��)4�2·2�nB�]��2·�+z��F�-]Tm,�.K* H 9	.K*@9:/ I�.K&<;+9L7M.K& f >�A
&N( A T

Γ2(f) ≥ 1

n
(∆f)2.

#%$/.r$iÄ2$�
») Ê}Çc3
14Ç Î 1B/�É 1Z+.-§7'Ç_$t� 8�¹�XÃ\�C%P�RiCnX�xnf6k�9�;pCnX�\T;=C%QSK�9,C*;pN=RSX�C*X�xnC \�A
x*;=RiN=<n;pCl?BA�C�X�fgA�>�K6QiQSfgX�>yRiXZNO;=fc\�A�Ri;=ChqrRSQ}X�f6A�>^v'KhATN�v'KhRS;=CuATX�9�CnA�\TC�YgM*fgklM*NO;pRSCh{  K6X�>�QSC
9�Kh;OK6Yg;=K69�j�C^?BA�R�>pA�RiNnq_X�fgA�>�NOCnXZN=Cn;=f6X�>z\rU~K6QSQiRSC*;¼>=RSkl9�QiRSxnR[NOMyC�Nz;=RiYgA�C*A�;:C�NzX�f6A�>L;pCnXZ¤gf.àgf6X�>
��� � j�K���%��"f6A���� � |������"9�fgA�;¼ATX�CE9�;=M*>=CnXZNOKhNORifgX¦x*fgkl9�QS<�NOC6{
� fgRiN

M
ATX�C�¤hK6;pRSM�NOM¿xnfgkl9�K6x�NOC�\�C�\�RSklCnX�>pRSfgX

n
kGA�X�RiC¼\rUWA�X�CLklM*N=;=Ri?cATC�;pRSC*k!K6XTX�RSC*X�X�C

g
R½{~Ch{hA�XTC�K69�9TQSRSxnKhNORifgX^\�Ri�,Mn;pCnXZNORSK6P�QSCm>=AT;

M
?BA�RT�:NOfgA¢NJ9�fgRSXZN

x
\�C
M
K6>p>=fcxnRSC@A�XG9�;pf¢\TA�RiN

>px¯K6QSK6RS;pC�>pA�;GQVUWCn>p9�K6x*C!N�K6XTYgCnXZN��
M
C*X

x
{ !zX£9�CnATNG\�fgX�x�Ri\�CnXZN=Ri¹�C*;

gx

�ÏA�X�C!k!KhN=;=RixnC
\�M�¹�X�RiC�9�fg>=R[NORi¤6C6{ ° f6A�>z\�M*>=RSY6X�Cn;pfgX�>yK6Qifg;=>�>=f6X%RSXZ¤gC*;=>pCu9�K6;

g−1
x

{ ° fgA�>zX�fhNOCn;pfgX�>:CnXT¹�X
µQSK�k�C*>=A�;pCz\�Cz¤6fgQSA�klCLXTfg;=k�K6QSRi>=M*CzK6>p>=fcxnRSM*Cy�

(M, g)
{ � QrC�®¢Ri>pNOCy>pA�;

M
A�X»fg9�Mn;=KhNOC*A�;nq¢\�RiN

\�C������_ac�2�2b¢�p�:b_anµ"F2� � �Vq_?BA�RJYgM*X�Mn;=K6QSRi>=CGQSK�X�f6N=RSfgX%\TCuQsK69�QSK6xnRiCnX%>pA�;
R

n
¾'C�NE?BA�CuX�fgA�>

X�fhNOCn;pfgX�>¿CnXTxnfg;pC
∆
Á¸{ � fgX¦K6x*N=RSfgX»>=AT;�QiCn>¼vwfgX�x�NORifgX�>¼\�CExnQSK6>=>pC C∞ \TM*¹�X�R[N¿A�X­YgMnX�M*;OKhN=CnA�;\�CL¨©��F"�"H2de\�f6XBNoQiC¼>=C*k�R²�³Yg;pfgA�9�C¼K6>=>pf¢x*RSM¼C*>pNm;=M�¤gCn;p>=RiP�QSC¿>=AT;

L
2(µ)
{4!yXlKy\�C¿9�QiA�>nqg9�fgA�;

N=fgATNOCzvwf6X�x*N=RSfgX
f
\�C C∞(M)

q
Γ(f) = g−1(∇f,∇f).



��� �������
	���
���������
�� � �

|"K�\�C*;=X�Ri<n;pCuX�f6NORifgX%\�CuY6MnfgklM*N=;=RSC�;=RSC*k!KhX�X�RSC*X�X�C�\�fgXZNEX�fgA�>EKhA�;=fgXT>zP,C*>=fgRiXeCn>pNEx*CnQiQSC
\�A¡N=CnX�>pCnA�;¿\�C��y���2�2�"?BA�R2>pCn;=K�XTf6NOM �¿RSxh{���f6A�;¿A�X�Cz¤hK6;=RiM*N=My\�Cy\�RSklCnXT>=RSf6X

2
q�x*CyNOCnXT>=CnAT;

>*U~C¸®T9T;=RSklCy>=Rik�9TQSCnklCnXZN
�¿RSx

x = K(x)g−1
x ,f��

K(x)
\TMn>=RiYgX�C�QsKyxnf6A�;=P�AT;=C�>=x¯KhQsK6Ri;=C^¾'f6A�x*fgA�;=PTA�;=C�\�CyDG��)�I0I0Á �cxhU~C*>pN@QSC¼9�;pf¢\TA�RiNo\�C�QsK

9�QiA�>�9�C*N=RiN=C�C*N}\TC�QsKL9TQSA�>�Yg;OK6XT\�C�xnf6A�;=P�AT;=C¼CnX
x
\�C*>}xnfgAT;=P�Cn>JNO;=K6xnM*Cn>J>pA�;

M
{  C¼k!KhX�RS<*;=C

YgM*X�Mn;=K6QSChq�QSCyN=CnX�>pCnA�;�\�C��E���2�2�Vq�\�K6X�>�A�X¦>tàc>pNO<*k�C^\�C^xnfcfg;=\TfgX�X�M*Cn>�QSfcx¯K6QiCn>nq¢>nUWRS\�C*XZNORi¹�C��
A�XTC:k�KhNO;pRSx*C�>pàcklM*NO;pRS?BA�C

n×n C�N@>pR ρ(x) Cn>tN@>=K�9�QiA�>o9,C�NOR[NOC¼¤hK6QSC*A�;}9�;=f69�;=C�¾'9�Kh;m;=K69�9�fg;pNK6A»9�;pf¢\TA�RiN¿>px¯K6QSK6RS;pC
g−1

x

Á�q�RiQ�¤cRSC*XBN �
��Rix

x(∇f,∇f) ≥ ρ(x)g−1
x (∇f,∇f).

�}A�Ri>=?BA�C
M
Cn>pN:xnf6k�9�Khx*NOChq_RSQ"C�®¢RS>tNOC^A�X%9�QiA�>�Yg;OK6XT\¦;pMnCnQ

ρ
N=CnQ"?BA�C�9�fgA�;¿NOfgA¢NOCEvwfgX�x*N=RSfgX

f
\�C C∞(M)¾w8�{��ZÁ �¿RSx

(∇f,∇f) ≥ ρΓ(f),xhU~C*>pNmQVUWRSXT¹�kGA�k�\�C
ρ(x)
>=AT;

M
{ Â X¢¹�XrqZQsKzvwfg;pkGA�QiC�\�CL�:HJ�2·4�4b�F©¾'?BA�C¿X�fgAT>@Kh\�k�C�N=N=;=fgX�>

RixnR�Á@K6>=>pA�;=C
Γ2(f) =

�¿RSx
(∇f,∇f) + ‖ � Cn>p>¿v ‖2

2. f6X�x6q,\rU¥Kh9�;=<*>�¾'8�{��ZÁ¿C*NyQ½U~RiX�MnYgK6QSR[NOMy\�C ':��)4�2·r���O]��2·�+z��F,-�qT9�fgA�;LN=fgATNOC^vwfgX�x�NORSf6X
f
\TC

C∞(M)
q

¾w8�{�	gÁ
Γ2(f) ≥ ρΓ(f) +

1

n
(∆f)2.
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O H /=(	,<_ 08/'9	. H /U.K*10324/=(	,NA@;=/ \@} ,�/ H F .K0C7LkG*�/>@/1>
7Pas/+&N(+7M.K&

2
S-T
ρ
/=(+9gi D A
0 b 1

O H /=(	,<_ −1
S
_

|2C¿QsKhX�YZK6YgC@\�C¿QsKzYgM*fgklM*NO;pRSC¼KyQiC�k�M*;=R[NOC�\�C¿>*U¥Kh�,;OKhX�x�j�RS;}\TCn>ox¯K6QixnA�Qi>J\�K6XT>mQiCn>}>tà¢>tNO<*k�C*>
\�C�xnfcfg;p\�fgX�X�M*Cn>mQSfcx¯K6QiCn>}9�ATRS>=?BArUWRSQ�vwf6A�;=X�R[NmA�X!>pCnX�>mRSXZNO;pRSX�>p<n?BA�C:K6A¢®lX�fhNORSf6X�>o\�C:QSK69�QSK6xnRiCnX
fgA»\�CENOC*X�>=C*A�;�\�C��E���2�2�V{ ° fgA�>�K6QSQifgX�>�N=fgATNOC�vwfgRS>¼C¸®¢9�QSRixnRiN=Cn;*qT9�fgA�;¿QSCyQiCnx*N=CnA�;¿x*fgA�;OKhYgCnA¢®,q
QiCn>Jvwfg;pkGA�QSC*>}?BA�R�9,C*;=klC*NpNOCnXZNm\�C¿x¯KhQSxnATQSCn;}Q½U~f69,M*;OKhN=CnA�;

Γ2
{
!yXl9�fgA�;=;=Kyfgk�C�N=N=;=C¼xnC¿?BA�R�>pA�RiN

C*X¦9�;pCnklRS<*;=CyQSC*x*N=A�;=Ch{
� fgRiN

L
A�X!fg9�Mn;=KhNOC*A�;m\�CL\�R[��AT>=RSf6X�>pA�;ÀA�XTC:¤hK6;=RiM*N=M

M
\�CL\TRSklCnX�>pRSfgX

n
{ � Q_>nUWMnx*;=RiN@\�K6XT>

A�X­>pàc>tNO<nklCE\�CExnfcfg;=\TfgX�X�M*Cn>�QSfcx¯K6QiCn> �

L =

n
∑

i,j=1

gij(x)
∂2

∂xi∂xj
+

n
∑

i=1

bi(x)
∂

∂xi
.

|"K�k�KhNO;pRSxnC�\�M*¹�X�RSCG9�fg>pRiNOR[¤gC
(gij)i,j

¾wQVUWRSXZ¤gC*;=>pCu\�C
(gij)i,j

ÁLkGA�X�R[N
R

n
¾'f6A A�XefgAT¤gC*;pNE\�C

R
n
Á�\rUWA�X�C^klM*NO;pRS?BA�CE;=RiCnk�K6X�X�RiCnX�XTC6{ �y;��6x*C���QsKGvwfg;pkGA�QiCy\�C���HJ�2·��4b_FJq�QSCEx¯KhQSxnATQ2\�C

Γ2>pC�;OKhk�<*X�C���xnCnQiA�R"\�AÏN=CnX�>pCnA�;z\TC��y���2�2��K6>=>pf¢x*RSM��
L
{ � Q4Cn>tNzxnf6X�>pN=RiNOATM�\�C�\�CnA¢®¦NOC*;=klCn>

9�;pf.¤gCnX�K6XZNL;pCn>=9�Cnx�NOR[¤gCnklCnXZN:\�Cn>¼N=Cn;=klCn>¿\�CE>pCnxnf6X�\ÏC�N:\TC^9T;=CnklRSC*;�fg;p\�;=CE\�C
L
{

� XZN=;=fc\�A�RS>pfgX�>¼NOf6ATN¿\rU~K6P,f6;=\­QSCn>¼>tàckGP,f6QSCn>¿\�C 'L·4F4��I.µ"H �_·4b_a

Γj
ki

�������
=

1

2

n
∑

p=1

gip

(

∂gpi

∂xk
+
∂gkp

∂xi
− ∂gki

∂xp

) 9�fgA�;
i, j, k = 1, . . . , n.

|}UWfg9,M*;OKhN=CnA�;
L
>*U~M*xn;pRiN:K6QSf6;=>

L = ∆ +X
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f��
∆
C*>pNuQ½U~fg9�Mn;=KhNOC*A�;�\TC ��� �_aB�2�2b¢�=�:b_anµ"F2� � �@K6>p>=fcxnRSM��ÏQsK­>pNO;pA�x*N=A�;=C¡;pRSC*k!K6XTX�RSC*X�X�C

RiX�\�A�R[NOCz9�Kh;
g
C*N
X
Cn>tNLQiCyx�j�K6kl9»\�Cy¤gC*x*NOC*A�;L\TfgX�X�ME9�K6; �

X i = bi +
n
∑

k,l=1

gklΓi
kl.

|2CzNOC*X�>=C*A�;�\�CExnfgA�;pP�A�;pC�\�C��y��b � ���4��K6>p>=fcxnRSM^�
(M, g)

Cn>tN:\TM*¹�X�R"9�Kh;

Ri
qkl

����� �
=

∂Γi
qk

∂xl
−
∂Γi

ql

∂xk
+

n
∑

p=1

Γi
plΓ

p
qk −

n
∑

p=1

Γi
pkΓ

p
ql

9�fgA�;
i, q, k, l = 1, . . . , n.

|2CzNOC*X�>=C*A�;�\�C��E���2�2�
(Rql)
9�;pf.¤gCnX�K6XZNL\�A»NOC*;=klCE\�CE>=Cnx*fgX�\­fg;=\T;=CE>nUWMnx*;=RiN:K6Qifg;=>

Rql

� � ���
=

n
∑

i=1

Ri
qil

9�fgA�;
q, l = 1, . . . , n.

� C*QSA�Rr?BA�R"9�;pf.¤¢RiCnXZN�\�A¡NOC*;=klC^\TC^\TMn;=R[¤gCE>nUWMnx*;=R[N:?BA�KhXBN:�uQSATR��

Mij

�������
=

1

2

(

∇iXj +∇jX i
)

f��
∇iXj =

∂Xj

∂xi
+

n
∑

k=1

Γj
kiX

k 9�fgA�; i, j = 1, . . . , n.

° fgA�>�K69�9�CnQiQSCn;pfgX�>¼KhQSfg;p>e9:/+&N(-/+* H >@/ �y���2�2�'>@/
L
QsKG\TRi�,Mn;=C*X�xnC

R−M
{

�¿Cnk�K6;p?cATfgX�>E9,f6A�;z¹�X�Ri;y?cA�U~RiQJXrUWCn>pN�9�K6>yN=;=<n>E\�R[ºlxnRSQiCG\�Cu¤gf6RS;y?BA�C6q2\�K6X�>EQSCuxnK6\�;=C�\�C
X�fhNO;=CyC¸®¢Cnkl9�QSCzvwfgXT\�K6klCnXZN�K6Q}¾w¤gf6RS;¼>=C*x*N=RSfgX»8�{&%T{��0Á�qTQSCzNOC*X�>=C*A�;¿\�C��E���2�2�2Cn>tN�P�RSC*X­M*YZK6Q2�
QSKGk!KhN=;=RixnCzj�C*>=>pRSCnXTX�C�\TC

Φ
{

#%$/.r$/.2$�ÅoÇ�5g-§7�+-�B-§Ç_$j� � X�C�YgMnX�M*;OK6QiRS>=KhNORifgX¦\TC�QsKl;=C*QsKhN=RSfgX�¾'8�{ 	gÁ¼¤hK!X�fgA�>L9,C*;=klC*N=N=;=C
\rU~K6>p>=fcxnRSC*;��:A�XGfg9�Mn;=KhNOC*A�;�\TRi�,Mn;=C*XZNORSC*Q¢\TCn>�XTf6NORifgX�>4\�Cy«@x*fgA�;pP�A�;=C}¬�C*N�\�CE«o\�RSklCnX�>pRSfgXz¬,{
� C�N=NOCLRS\�M*Cz9,C*;=klC*N¼\�U~A�XTRi¹�C*;�QSC*>�C�®¢Cnkl9�QiCn>�YgM*fgklM*NO;pRS?BA�C*>�C*N¿KhX�K6QiàBN=RS?BA�Cn>z¾

∆−∇Φ · ∇ Á�{v^w3x �$y:�:y 
��z��������� {l# �c.K*�(Z>
7 H .K&N(ckG*m/c0324.=,�i H A
9	/+* H
L
o
i H 7 �'/p*]&</�RSXTMnYZK6QiRiN=ML\�CExnf6A�;t�P�AT;=C���\�RSklCnXT>=RSf6X��	�

(ρ,m)
TuA
o
/=;

ρ ∈ R
/+9
m ∈ [1,∞]

T (+7j,�.K* H 9:.K*@9	/uI�.K&<;+9L7M.K& f >@/
A T
¾w8�{�
ZÁ

Γ2(f) ≥ ρΓ(f) +
1

m
(Lf)2.

|}UWRSX�M*YZK6QiRiNOM:CnX­\�RSklCnXT>=RSf6X­RiXT¹�X�RiC
¾w8�{��ZÁ

Γ2(f) ≥ ρΓ(f)C*>pN:K69�9�CnQiMnCs; H 7P9 E+H /Z>@/[;=.K* H F * H /^fgA ; H 7P9 E+H /
Γ2
{

� ����� ���
	$���������
� {l# q /=(J0rA+,�0rA@;+7M/+&N(Y(-.K&�9�08/=('(-/+*]0�( D i+&<i H A
9	/+* H (h>@/^¨©��F"�"Hrd >@/h>
7 I BI *�(+7M.K& Ofo
.K7 H >@i�� &�7P9L7M.K&��c_���_�� SQ,�.K* H 08/=(GkG*m/+0�( 0rA�>
7Pas/+&N(+7M.K&z>�A
&N(��	�
(ρ,m)

;=.��P&<;+7L>@/
A
o
/=;10rAX>
7Pas/+&N(+7M.K&|>@/Z0rAQoKA H 7Mi+9	iWO ,�.K* H 08/=( A
*@9 H /=(V.=,�i H A
9	/+* H (=TJ.K& AX9	.K*���.K* H ( m > n

S
_
� & /��u/+9PTZ.K& ,�/+*@9pas.K&�9 H / H Ofo
.K7 H ����K�� �
���rS-T1>�A
&N(Q08/�;3A�> H / D i+&<i H A
0�Te0rA , H .=, H 7Mi+9	is(+*@7PBoKA
&�9	/V~Y08/ D i+&<i H A
9:/+* H

L = ∆ − ∇Φ · ∇ o
i H 7 �'/ �	� (ρ,m)
(+7h/+9g(-/+*]08/+as/+&�9'(+7

m ≥ n/+9
( ! 7M; (∆)−∇∇Φ− ρΓ)(m− n) ≥ ∇Φ⊗∇Φ.
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� ����� ���
	$����������� {l# � & H /	, H /+&�A
&�9�08/=(J&<.K9fA
9L7M.K&N(h>@/J0rAc(-/=;+9L7M.K& �1_���_��KTl0324.=,�i H A
9	/+* H
Lo
i H 7 �'/h08/Z; H 7P9 E+H / �	� (ρ,∞)

(+7t/+9"(-/+*@08/+as/+&�9l(+7
ρ
a[7P&<. H /h08/h(	,�/=;+9 H /c>@/ � /=(=( Φ

(+* H 9	.K*@9
R

n
_
��2 A
*]9 H /",NA H 9�T 0324.=,�i H A
9	/+* H

L
i+9L* >
7Mi >�A
&N(g0rAp(-/=;+9L7M.K& �c_���_��?o
i H 7 �'/g08/U; H 7P9 E+H / �	� (ρ,∞)(+7n/+9j(-/+*@08/+as/+&�9j(+7

R−M ≥ ρg−1

/+& 9	.K*]9h,�.K7P&�9?>@/�0rA�oKA H 7Mi+9:i|Of0rA�a[7P&<. H A
9�7M.K& ;+7PB >@/=(=(+*�()i+9fA
&�9 b�, H /+&�> H /^A
* (-/+&N()>@/=(
I�. H as/=( F 7P0C7P&<i3A
7 H /=(h(+* H

R
n
S
_

#%$��2$���/�3"-K��3"-§Ç¦Çc)�1�7'É�Çc)�Ìn7'/�) 7')�3J)47'Ç¦ÇZ+!7'),1cÎm��Ë'7�+ 1cÌGË'/r5���Ë'ÇcÌ
� fgRiN

(Pt)t≥0

QiC!>=C*k�R²�³Yg;pfgA�9�C�\�C­¨©��F"�4Hrd�K6>=>pf¢x*RSM��
L
{ ° f6A�>uK69�9�CnQiQSC*;=fgX�>ERiX�MnYZKhQSRiN=M

Qif¢xnK6QSC�A�X�C�RSX�M*YZK6QiRiNOM^vwfgX�x�NORSf6X�X�CnQiQSC^¤gMn;pRi¹�M*C�9�K6;yQSC*>yk�C*>=A�;pCn>
Pt(·)(x)

A�X�R[vwfg;=klMnklCnXZNzC*X
x
{ ° fgA�>�K6QSQifgX�>À¤6fgRS;¼?BArUWCnQiQSC*>¼>=fgXZN�QSRiMnCn>¼\TCEv'Kh±nfgX»NO;p<n>¿X�KhN=A�;=C*QSQSCz� �  

(ρ,∞)
{

#%$��"$'&_$�Å¿Æi7'),1cÎm��Ë'7�+ 1­14Ç! #"}Ö³Ò¿Ü%$¼Ñ'&�Ë'/r5���Ë'Ç_$t�
( � 
 � 
N� y:�:y 
�� �����"�	� {l# q /=(1AK(=(-/ H 9�7M.K&N(u(+*@7PoKA
&�9	/=(e(-.K&�9gi3kG*@7PoKA
08/+&�9	/=(1~
¾'RsÁ �  

(ρ,∞)
/=(+9to
i H 7 �'i=/

¾wRSR�Á ∀f ∈ A, ∀t > 0, Γ(Ptf) ≤ e−2ρt
Pt(Γ(f))

¾'RSRiR�Á ∀f ∈ A, ∀t > 0, Pt(f
2)− (Ptf)2 ≤ 1− e−2ρt

ρ
Pt(Γ(f))

_

�?i+as.K&N(+9 H A
9�7M.K&�{ #� 7	!
⇒

� 7'7	!
� f6RiN

f ∈ A C*N t > 0
{ !zX­xnfgXT>=RS\T<n;=CEQSK�vwfgX�x*N=RSfgX

Ψ : [0, t] → R
\�M*¹�XTRSCy9�K6; �

Ψ(s) = Ps(Γ(Pt−sf)).

�¿Cnk�K6;=?BA�f6X�>J?BA�C¼x6UWCn>tNo9,f6A�;J?BA�C
Ψ
>=fgR[NJP�RiCnXu\�M�¹�X�RiC�C*No9�fgA�;J?BA�C¼QiCn>JxnK6QSx*A�QS>�?BA�R�>=ATRi¤gC*XZN

>pfgRSC*XBN¿QiRSx*RiNOC*>À?BA�CEX�fgAT>�XTfgA�>¼9�QSK6±nfgXT>¼>=A�;¿QVU~K6QiYg<nP�;pC A { !zX»X�f6N=Cn;=K�\�K6X�>¿QsKG>pA�RiN=C g 9�fgA�;
Pt−sf
{ !yX¦K�K6QSf6;=>nqT\rU¥Kh9�;=<*>�QSKGvwfg;=k�A�QSCz\TC^\TMn;=R[¤hKhNORifgX¡\�Cn>¼vwfgXTx*NORifgX�>¼x*fgk�9�fg>pMnCn>*q

Ψ′(s) = Ps [LΓ(g)− 2Γ(g,Lg)]

= 2PsΓ2(g) ≥ 2ρPsΓ(g) = 2ρΨ(s).

 f6X�x6qZ\rU~K69�;p<n>oQSC¼QiCnklk�CÀ\�CyDuF,HJ�,+L��aca�q
Ψ(t) ≥ Ψ(0) exp(2ρt)

qZxnC¿?BA�R�XrUWCn>tN@K6ATNO;pC¿?cATC
¾wRSR�Á¸{
� 7½7f!

⇒
� 7½7'7f!

�4fg>=fgXT>:��9�;pMn>=C*XZN
Ψ(s) = Ps[(Pt−sf)2]

C�N:C*X�xnf6;=C
g = Pt−sf

{�8LQSf6;=>

Ψ′(s) = Ps[L(g2)− 2gLg] = 2Ps(Γ(g)).
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 f6X�x

Pt(f
2)− (Ptf)2 = Ψ(t)− Ψ(0) = 2

∫ t

0

PsΓ(Pt−sf)ds

≤ 2

∫ t

0

e−2ρs
PsPt−sΓ(f)ds

¾'8�{�� �ZÁ

=

(

2

∫ t

0

e−2ρsds

)

PtΓ(f)
¾w8�{����0Á

=
1− e−2ρt

ρ
Pt(Γ(f)).

� 7½7'7	!
⇒
� 7	!

��K6;¿QsK�vwfg;pkGA�QSCL\�C��@�¢�Ja¢H�FeKh9�9�QSRi?BA�MnCE�
t 7→ Ptf

CnX �Tq�RiQ,¤cRSC*XBN �

Ptf = f + tLf +
t2

2
L(Lf) + o(t2).

� C*xnR2\�fgXTX�C
Pt(f

2)− (Ptf)2 = t
[

L(f 2)− 2fLf
]

+
t2

2

[

L
(

L(f 2)
)

− 2fL(Lf)− 2(Lf)2
]

+ o(t2).

Â X­ATNORiQSRS>=K6XZN�\�C*A¢®»vwfgRi>¼QsKG;=C*QsKhN=RSfgX
L(gh) = 2Γ(g, h) + gLh+ hLg,fgX»;pCnk�K6;=?BA�CE?BA�C

L(L(f 2)) = 2L[Γf + fLf ] = 2
[

LΓf + 2Γ(f,Lf) + (Lf)2 + fL(Lf)
]

.� Q�¤cRiCnXZN�\�fgX�x
Pt(f

2)− (Ptf)2 = 2tΓf + t2[L(Γf) + 2Γ(f,Lf)] + o(t2).
 U~K6ATN=;=CE9�K6;tN¯q

1− e−2ρt

ρ
Pt(Γ(f)) = 2tΓf + 2t2[L(Γf)− ρΓf ] + o(t2).

Â X xnf6k�9�Kh;OK6XZNyQiCn>z\�C*A¢® \TM*¤gC*QSfg9T9,C*k�C*XBN=>EYg;��6x*Cu��QVU~K6>p>=Cn;tNORifgX ¾'RiRSRsÁ�q�fgX fgP¢NORSC*XZNyC�®TK6x�NOC��
klCnXZN¼QSKG9�;=fg9T;=RSM�NOMl¾wR�Á�{ �¿Cnk�K6;=?BA�fgXT>¼?cATC^Q½U~f6X¡XrU~A¢NORSQiRS>pCLRSx*Rr?BArUWA�X»\�M*¤6CnQSf69�9,C*k�C*XZN:QiRSklRiN=M
\�C

(1− e−2ρt)/ρ
��Q½U~fg;p\�;=C

2
9�fgA�;zfgP¢NOCnXTRS;u¾wR�Á¸{�!zX 9�CnATNE\�f6X�xG;=C*k�9TQsK6x*Cn;u¾wRSRiR�Á�9�K6;zATX�C

¤6Cn;=>pRSfgX¦Kh��K6RSPTQSRSChq¢R½{~Ch{�;=C*k�9TQsK6x*Cn;
(1− e−2ρt)/ρ

9�K6;¿A�X�CyvwfgX�x�NORSf6X
φ
\TM*¹�X�RiCE>=A�;

[0, t0]
C*N

�G¤hK6QSC*A�;=>¼\�K6X�>
R

+
NOC*QSQiCz?BA�C

φ(t) = 2t− 2ρt2 + o(t2)
CnX

0.

� ����� ���
	$�������"�L{ {l# �l\NA@;+*]&</X>@/=(�AK(=(-/ H 9L7M.K&N(�>@/X0rAX, H .=,�.-(+7P9�7M.K& �1_���_�� /=(+9 /+&<;=. H /i3kG*@7PoKA
08/+&�9:/cb

∀f ∈ A, ∀t > 0, Pt(f
2)− (Ptf)2 ≥ e2ρt − 1

ρ
Γ(Ptf).
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� 0N(+*�� 9t/+&�/��u/+9$>@/ H /+aRA H kG*m/ H kG*�/=T$>@/haRA
&�7 E+H /'(+}Kasi+9 H 7LkG*�/hbÏ¾w8�{�� �ZÁ TnOf7P7�SZAK(=(+* H /hA
*�(=(+7
PsΓ(Pt−sf) ≥ e2ρs

Γ(PsPt−sf).

#%$��"$iÄ2$�Å¿Æi7'),1cÎm��Ë'7�+ 1­14Ç�� "oÛ "}ÚTÕ�� Ëw/_Îm��-§7w+	�4É£7�
r3"Ç»Ë'/25���Ë'Ç_$t� !zX»9,C*ATN�K6klMnQSRifg;=C*;
QSK!9�;=f69,fg>pRiN=RSfgX¦8�{���{/�uQifg;=>p?BA�C

(Pt)t≥0

Cn>tNEA�X >=C*k�R²�³Yg;pfgA�9�C�\�Cu\�R[��AT>=RSf6Xr{ ° fgA�>y\�f6X�X�fgX�>
QSKl\�M�¹�X�R[NORSf6X¦YgM*X�Mn;=K6QSC^?BA�R�9�Cn;pk�C�NL\TC�9�;pCnX�\�;pC�C*X%xnfgkl9TN=C�QiC�xnK6>L\�C*>L\�R[��AT>=RSf6X�>:>pA�;LQiCn>
¤hK6;pRSM*N=Mn>*{ ��fgAT;¿¹¢®TC*;¿QSCn>¿Ri\�MnC*>nq�fgX»9�fgA�;=;=Ku9,C*X�>=C*;:�uA�XTC�\�R[��AT>=RSf6X¡xnfgklk�CLA�X¦f69,M*;OKhN=CnA�;
\�R[��M*;=C*XBN=RSC*Qr\�A­>=Cnx*fgX�\¦fg;=\�;pCy>OK6XT>�N=Cn;=klCyxnf6X�>pNOK6XZN¯{

Lf(x) =
n
∑

i,j=1

aij(x)
∂2f

∂xi∂xj
(x) +

n
∑

i=1

bi(x)
∂f

∂xi
(x),

\�CEk�KhNO;pRSx*C
(aij)i,j

>pàcklM*NO;pRS?BA�CE9�fg>=R[NORi¤6C6{
v^w3x �$y:�:y 
��z�����"��� {l# %'& >
7P9RkG* 2 *@& .=,�i H A
9:/+* H

L
/=(+9 *]&</©\�R[��A�>pRSfgX (+7J,�.K* H 9	.K*]9	/I�.K&<;+9L7M.K&

Φ
T >@/Z;+0rAK(=(-/ C∞ >@/

R
n
>�A
&N(

R
TY/+9j9	.K*]9	/jI�.K&<;+9L7M.K&

f = (f1, . . . , fn)
>�A
&N( An

T
¾w8�{�� #gÁ

L(Φ(f)) =
∑

i

Φ′i(f)L(fi) +
∑

i,j

Φ′′ij(f)Γ(fi, fj).

��K6;¿C�®cNOC*X�>=RifgXrq_fgX­\�RS;=KuK6A�>p>=R"?BArU~ATXÏ>=C*k�R²�³Yg;pfgA�9�CzCn>tNL\TC^\TRi�,A�>=RifgX»QSfg;p>=?BA�CE>=fgX­YgM*X�M��
;=KhNOC*A�;¼RSXT¹�X�RiN=Mn>=Rik!KhQ,C*>pN:A�X¦f69,M*;OKhN=CnA�;¼\�CE\�R[��AT>=RSf6Xr{
|"K!9T;=fg9�;pRSM�NOM�\TCG\�Ri�,A�>pRSfgX£¾'8�{�� #gÁ¿9,C*;=klC*NL\rU~f6PTNOC*X�RS;*q,9�Kh;LA�X xnK6QSx*A�Q�\TRS;=C*x*NL?cATCGX�fgA�>
X�C»\�M�N�K6RiQSQiCn;=f6X�>G9�K6>�RixnRE¾wC*Nl?BA�C»QVUWfgX 9,fgAT;=;OK%N=;=fgAT¤6Cn;�\�K6XT> ����K�� �
����Á¸q}QSCn>uvwfg;pkGA�QiCn>G\�C
x�j�KhX�YgCnklCnXZN�\�Cy¤hK6;=RSK6P�QiCn>�>pA�Ri¤hK6XZNOC*> �
� ��� ��� �����j��� {l# ��.K7P9

Φ
*@&</uI�.K&<;+9L7M.K& >@/ ;+0rAK(=(-/ C∞ >@/

R
n
>�A
&N(

R
/+9
f
i D A
08/Qb

(f1, ..., fn)
*]&|i+08i+as/+&�9n>@/ An

_Y%'&`AWA
08. H (
¾w8�{�� %ZÁ

Γ[Φ(f)] =
∑

i,j

∂iΦ(f)∂jΦ(f)Γ(fi, fj)

/+9
Γ2[Φ(f)] =

∑

i,j

∂iΦ(f)∂jΦ(f)Γ2(fi, fj)
¾w8�{����BÁ

+2
∑

i,j,k

∂iΦ(f)∂2
jkΦ(f) � (fi)(fj, fk)

+
∑

i,j,k,l

∂2
ijΦ(f)∂2

klΦ(f)Γ(fi, fk)Γ(fj, fl)
¾w8�{�� �gÁ

.�
 �
(f)(g, h) =

1

2
[Γ(g,Γ(f, h)) + Γ(h,Γ(f, g))− Γ(f,Γ(g, h))]

_
!zX­9,C*ATN:K6QSf6;=>�M�N�K6P�QiRS;�QiCy;=M*>=A�Q[N�KhN¿>pA�Ri¤hK6XZN �

� ��� ��� �����j�
� {l# �m7 �  
(ρ,∞)

/=(+9"o
i H 7 �'i=/p/+9
L
/=(+9"*@& D i+&<i H A
9	/+* H >@/p>
7 � *�(+7M.K&NTj.K&A

¾w8�{�� �ZÁ ∀f ∈ A, 4Γ(f)[Γ2(f)− ρΓ(f)] ≥ Γ(Γ(f)).
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� H /+*]o
/�{l# Â XlATN=RSQSRi>OK6XZN}QSKzvwfg;=kGATQSC^¾'8�{/�G�BÁJ9,fgAT;}A�X�C¿vwfgX�x*N=RSfgX Φ
\TC�\TCnA¢®�¤hK6;pRsK6P�QiCn>}?BA�R

¤6Mn;=R[¹�C
∂2Φ = ∂2

11Φ = ∂2
22Φ = 0

q
∂1Φ = 1

C*N
∂2

12Φ = αK6A»9�fgRSXZN
(f(x0), g(x0))

qTQSCyxn;pRiN=<n;=C
Γ2
K69�9�QiRS?BA�ME�

Φ(f)
\�fgX�X�C

Γ2(f) + 4
�

(f)(f, g)α+ 2
[

Γ(f, g)2 + Γ(f)Γ(g)
]

α2 ≥ ρΓ(f).
!zX»Mnx*;=RiN�KhQSfg;p>¼?cATC^QiCy\�RS>pxn;pRSklRSX�K6XZN¼\TC^x*CyNO;=RiX��gklCzCn>tN�X�MnYZK§NORiv { Â X­;=C*k!Kh;=?BA�K6XZN¿?BA�C

�
(f)(f, g) =

1

2
Γ(g,Γ(f))

C�N
Γ(f, g)2 ≤ Γ(f)Γ(g),

RiQ,¤cRSC*XBN �
Γ(g,Γ(f))2 ≤ 4[Γ2(f)− ρΓ(f)]Γ(f)Γ(g).� QrXTC^;pCn>tNOC^9�QSA�>¼?BArU~��x�j�fgRS>pRS;

g
MnYZK6QiCE�

Γ(f)
9�fgA�;�K6x�j�C�¤gC*;:QSK�9T;=CnA¢¤gC6{

� C�QSC*k�klC¼xnf6X�>pN=RiNOATC�ATX�CLKhk�M*QSRSf6;OKhN=RSfgX�RSkl9,fg;tN�K6XZN=C�9�K6;o;OKh9�9,f6;pNm�EQsKy9�;=C*k�Ri<n;pC�9�K6;pN=RSC
9�ATRS>=?BArUWRSQ�CnXZNO;=K��sX�CEQiCy;=Mn>pA�QiNOKhN¿>=ATRi¤hK6XZN �
( � 
 � 
N� y:�:y 
�� �����"��� {l# �m7

L
/=(+9 *]&</V>
7 � *�(+7M.K&NTg08/=( AK(=(-/ H 9�7M.K&N(1(+*]7PoKA
&�9	/=(?(-.K&�9hi3kG*@7PBoKA
08/+&�9	/=(1~

¾'RsÁ �  
(ρ,∞)

/=(+9to
i H 7 �'i=/
¾wRSR�Á ∀f ∈ A, ∀t > 0,

√

Γ(Ptf) ≤ exp(−ρt)Pt(
√

Γf)
_

� ����� ���
	$�������"��� {l# qp2 7P&<i D A
0C7P9:i1>@/ ':��)4�2·2��*¸]��2·,+L��F,-XAK(=(+* H /ZkG*�/
(Ptf)2 ≤ Pt(f

2),
>@.K&<;U032 AK(=(-/ H 9�7M.K& Of7P7�SR;+7PB >@/=(=(+*�( H /+&�I�. H ;=/ F 7M/+&X0rAu, H .=, H 7Mi+9	i[Of7P7�S[>@/e0rAh, H .=,�.-(+7P9�7M.K& �c_���_���_
! /+aRA H kG*�.K&N(R/+&<;=. H /?kG*�/ >�A
&N(108/ ;3AK(V.�
 L

/=(+9 >@/10rAeI�. H as/ ∆ − ∇Φ · ∇ (+* H
R

n
T
Γ/=(+9n9:.K*@9t(+7Pah,�08/+as/+&�9t08/ ;3A H+H iZ>@/10rAs&<. H as/Z>
* D
H A�>
7M/+&�9J/+9'>@.K&<;c032 AK(=(-/ H 9�7M.K& Of7P7�S[(�24i=; H 7P9A
*�(=(+7

|∇Ptf | ≤ exp(−ρt)Pt|∇f |.
� H /+*]o
/c>@/c0rAc, H .=,�.-(+7P9L7M.K& �c_���_��§{l#� 7	!

⇒
� 7'7	!

 U~K69�;p<n>�QSC­QSCnklklC­8�{ �T{ �¢qmRSQ¼>pATº�N¡\�C¦k�fgXZN=;=Cn;l?BA�C�¾w8�{�� �ZÁuRSkl9�QSRi?BA�C©¾'RSRsÁ�{ �4fgA�;�xnCnQSKTq
x*fgX�>=Ri\�Mn;pfgX�>¿QsK�vwf6X�x*N=RSfgX

Ψ(s) = exp(−ρs)Ps

√

Γ(Pt−sf)
{ !zX­Mnx*;=RS;=KuCnX�x*fg;=C

g = Pt−sf
{

Ψ′(s) = −ρΨ(s) + exp(−ρs)Ps[L
√

Γ(g)]− exp(−ρs)Ps

[

Γ(g,Lg)
√

Γ(g)

]

.

 U~K69�;p<n>¿QsKGvwfg;pkGA�QiCz\�CEx�j�K6X�Y6CnklCnXZN�\�Cy¤6Kh;=RsKhP�QSC*>^¾'8�{�� #gÁ�q�fgX­K

L

√

Γ(g) =
L(Γ(g))

2
√

Γ(g)
− Γ(Γ(g))

4Γ(g)3/2
.
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 f6X�x

Ψ′(s) = exp(−ρs)Ps

[

L(Γ(g))− 2Γ(g,Lg)

2
√

Γ(g)
− Γ(Γ(g))

4(Γ(g))3/2
− ρ
√

Γ(g)

]

= exp(−ρs)Ps

[

4Γ(g)(Γ2(g)− ρΓ(g))− Γ(Γ(g))

4(Γ(g))3/2

]

≥ 0,

\�f6X�x
Ψ
C*>pN�xn;pfgRS>p>OK6XZNOCEC�N

Ψ(t) ≥ Ψ(0)
q�xnCE?BA�R"XrUWCn>tNLKhATNO;pC^?BA�C�¾wRSR�Á¸{

� 7½7f!
⇒
� 7	!

� Qr>pATº�NL\TC^;pCnk�K6;=?BA�C*;¿?cATC^QSK�vwfgX�x�NORSf6X­?BA�R"�
t
9,fg>pRiN=Riv�K6>=>pf¢x*RSC

φ(t) = exp(−ρt)Pt(
√

Γf)−
√

Γ(Ptf)
C*>pNz9�fg>pRiNOR[¤gChq�XcATQSQSC^CnX ��C*N:\�M*;=Ri¤hK6PTQSC6{ Â X%9�K6;pN=RSxnATQSRSC*;nq

φ′(0) ≥ 0
q_RV{WC6{_QVU~K6>p>=Cn;tNORifgX£¾wR�Á�Cn>tN

¤c;OKhRSC6{
° fgA�>¿>=f6k�klCn>¿��9�;=M*>=C*XBN:CnX­klCn>=AT;=CE\rU~K6k�M*QSRifg;=C*;ÀQsKu9�;pfg9�fg>=R[NORSf6X�8�{���{��g{

� � w 

� 
 ���������"��� {l# �m7
(Pt)t≥0

/=(+9"*@&W(-/+a[7PB D
H .K* ,�/u>@/u>
7 � *�(+7M.K&�/+9 ρ /=(+9l*]&X&<.Ka FGH /
H i=/+0�T 08/=(1AK(=(-/ H 9L7M.K&N(u(+*@7PoKA
&�9:/=(e(-.K&�9'i3kG*@7PoKA
08/+&�9:/=(1~
¾'RsÁ �  

(ρ,∞)
/=(+9to
i H 7 �'i=/

¾wRSR�Á�� .K* H 9	.K*]9 f ∈ A /+9t9:.K*@9
t > 0

T

Pt(f
2 log f 2)−Pt(f

2) logPt(f
2) ≤ 2

ρ
(1− e−2ρt)Pt(Γ(f))

¾'RSRiR�Á � 0l/65�78(+9	/p*@&</ I�.K&<;+9�7M.K&
c
,�.-(+7P9L7Po
/1>@i�� &�7M/u(+* H *]&^7P&�9	/ H oKA
0P08/ [0, t0]

kG*]7$(�24i=; H 7P9
4t− 4ρt2 + o(t2)

/+&
0,9:/+0P08/ckG*m/=T ,�.K* H 9:.K*@9:/ f >�A
&N( A /+9

t
>�A
&N(

[0, t0]
T

Pt(f
2 log f 2)−Pt(f

2) logPt(f
2) ≤ c(t)Pt(Γ(f)).

� H /+*]o
/�{l#� 7½7f!
⇒
� 7½7'7f!

� UWCn>tN:Rik�klMn\TRsKhNn{
� 7½7'7	!

⇒
� 7	!

!zXlATNORiQSRS>pC�RSx*R�QVU~K6;=Y6A�k�C*XZNo?cATR�9�Cn;pk�C�Nm\�C:x*fgkl9�K6;=C*;}\�K6X�>mQsKy>pCnx*N=RSfgX
1.2.6∗

QiCn>oRSX�M*YZK6QiRiNOM*>
\�CG��HJ���4�r��F"�¦C�N�\�Cl]_HJ`�HJacb�d QSfgYZKh;=RiN=j�klRS?BA�C6{  K6XT>�¾wRSRiR�Á�q¢fgX­;=Cnkl9�QSK6xnC

f
9�K6;

1 + εg
{

�4fgA�;¼NOfgA¢NOCyklCn>=AT;=CE\�CE9�;=f6P�K6P�RiQSRiN=M
ν
q�?BA�KhX�\

ε→ 0
q

Â XZN
ν(f)

(

(1 + εg)2
)

= 2ε2
Varν(g) + o(ε2).

� fgklklCz\�CE9�QSAT>
Pt(Γ(1 + εg)) = ε2

Pt(Γg)
q�RSQ�¤cRiCnXZN

Pt(g
2)− (Ptg)

2 ≤ c(t)

2
Pt(Γ(g)),

?BA�RrC*>pN¿A�XTCyRSX�M*YZK6QSR[NOM�\�C���HJ���4�r��F"�¡QSfcx¯K6QiC:?BA�RrC*>pN¿M*?cATRi¤hK6QSC*XZNOCE� �  
(ρ,∞)

\rU~K69�;p<n>¼QSK
9�;pfg9�fg>=R[NORSf6X�8�{���{��g{
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⇒
� 7'7	!

� f6RiN
Φ
A�X�C^vwfgX�x�NORSf6X¦\�C^xnQSK6>=>pC C2

{�!zX¦X�f6NOC
Ψ(s) = Ps(Φ(Pt−sf))

{ ��K6;�QsK�9�;pfg9�;=RiM*N=M^\TC
\�R[��AT>=RSf6X�¾'8�{�� #gÁ¸q

Ψ′(s) = Ps[LΦ(Pt−sf)− Φ′(Pt−sf)LPt−sf ] = Ps[Φ
′′(Pt−sf)ΓPt−sf ].

Â X­x�j�fgRS>pRS>p>OK6XZN
Φ(x) = x log x

q�fgX­fgPTN=RSCnXZNnq�Yg;��hxnC^�uQsKG9�;pfg9,f6>=RiN=RSfgX¡8�{ �T{��Tq

Ψ′(s) = Ps

[

Γ(Pt−sf)

Pt−sf

]

≤ e−2ρ(t−s)
Ps

[

[

Pt−s

√
Γf
]2

Pt−sf

]

.

 Cm9�QiA�>nq.9�Kh;4Q½U~RiX�MnYgK6QSR[NOM�\TC ':��)4�2·2��*¸]��2·�+z��F�-�q�9,f6A�;2NOfgATN=Cn>"vwfgX�x�NORSf6X�>
h
C*N
k
9,fg>pRiN=Ri¤gC*>nq

¾w8�{�� 	gÁ (Pt−sk)
2

Pt−sh
≤ Pt−s

(

k2

h

)

.

8"¤gC*x
h = f

C*N
k =

√

Γ(f)
q�fgX»fgPTNORiCnXZN

Ψ′(s) ≤ e−2ρ(t−s)
PsPt−s

(

Γ(f)

f

)

= e−2ρ(t−s)
Pt

(

Γ(f)

f

)

.

� QrXTC^;pCn>tNOC^9�QSA�>¼?BArU~��Mnxn;pRS;pC
Â XZN

Pt(·)
(f) = Ψ(t)− Ψ(0)

≤
(∫ t

0

e−2ρ(t−s)ds

)

Pt

(

Γ(f)

f

)

≤ 1

2ρ
(1− e−2ρt)Pt

(

Γ(f)

f

)

.

!zX­K69�9�QiRS?BA�CyQ½U~RiX�MnYZKhQSRiN=M:9T;=Mnx*Mn\�C*XZNOCG�
f 2
CnX­ATN=RSQSRi>OK6XZN

Γ(f 2)/f 2 = 4Γ(f)
{

� ����� ���
	$�������"� � {l# q�Ap, H .=, H 7Mi+9	iVOf7�SW/=(+9g/+&<;=. H /?i3kG*]7PoKA
08/+&�9	/1b

∀f ∈ A, ∀t > 0, Pt(f
2 log f 2)−Pt(f

2) log Pt(f
2) ≥ 1

2ρ
(e2ρt − 1)

Γ(Pt(f
2))

Pt(f 2)
.

� .K* H . F 9	/+&�7 H ;=/+9L9:/Za[7P&<. H A
9�7M.K&NTt0rAZ, H /+*]o
/?>@i F *@9:/?>@/Z0rAWasd+as/ZaRA
&�7 E+H /=T ,�*@78(V.K& i=; H 7P9;=/+9L9:/ I�.K78(+B3;+7

Ψ′(s) = Ps

[

Γ(Pt−sf)

Pt−sf

]

≥

[

Ps

√

Γ(Pt−sf)
]2

Ptf
≥ e2ρsΓ(Ptf)

PtfD
H�� ;=/1b�¾'8�{/� 	6ÁG_

�� ��� ��
 �)� {l# �c.K*�(gA
0P08.K&N( H /+9 H .K*@o
/ H 7M;+7 >@/'aRA
&�7 E+H /t9 H E ( H A+,�7L>@/'kG*m/Y0rAuas/=(+* H / D A
*�(+B(+7M/+&�&</"(+9MA
&�>�A H >e>@/

R
n
(GA
9�78(�I A
7P9 *]&</t7P&<i D A
0C7P9	iY>@/z]_HJ`�HJacb�d|08. D A H 7P9P\@a[7LkG*m/n>@/ ;=.K&N(+9MA
&�9:/

� >@.K&�9t&<.K*�(e(GA
o
.K&N(c>@i�� bWkG*j24/+0P08/[/=(+9 .=,�9L7PaRA
08/ROfo
.K7 H 9P\�i=. H E as/ 1.5.2∗
S
_

q /W0rA+,�0rA@;+7M/+& >�A
&N(
R

n
o
i H 7 �'/s08/�; H 7P9 E+H / �	� (0,∞)

_nq /�;3A
08;+*@0Y>@/=(�.=,�i H A
9	/+* H (
Γ

/+9
Γ2

/=(+9c*@& ;3AK(Z,NA H 9L7M;+*@0C7M/ H >@/X0324/65]/+ah,�08/uI�.K&�>�A
as/+&�9fA
0 >@i+9MA
7P0P08i >�A
&N(X0rA`(-/=;+9L7M.K& �c_���_���_
��2 A
*@9 H /[,NA H 9PTc08/Q(-/+a[7PB D
H .K* ,�/ AK(=(-.-;+7MiXA
* 0rA+,�0rA@;+7M/+& O:>
7P9�>pCnklR[�³Y6;=fgA�9�C¡\�C­QsKex�j�K6QiCnA�;:S
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A�>
as/+9e0rA H /	, H i=(-/+&�9MA
9�7M.K& (+*]7PoKA
&�9	/ ~ ,�.K* H 9:.K*@9	/eI�.K&<;+9�7M.K& f >@/�;+0rAK(=(-/ C∞ b|>@i H 7Po
i=/=(
F . H &<i=/=(=T

Ptf(x) =

∫

Rn

f(y)e−
|x−y|2

4t
dy

(4πt)n/2
.

! /+aRA H kG*m.K&N(XkG*m/ (Pt)t≥0

/=(+9ZA
*�(=(+78TZb|*]&</ H /+&<. H aRA
0C78(GA
9�7M.K& /+& 9:/+ah,�(Z, H=E (=Tc08/Q(-/+a[7PB
D
H .K*-,�/1>
* as.K*@o
/+as/+&�9 FGH .��j&�7M/+& (+9fA
&�>�A H > (+* H

R
n
_

�Y,�,�0C7LkG*�.K&N( b', H i=(-/+&�9 08/Y9P\�i=. H=E as/ �c_���_
	�_�q�A[;=.K&N(+9MA
&�9:/ 2(1−e−2ρt)/ρ
(-/$, H .K08.K& D / /+&

4t
,�.K* H ρ &�*]0P08/G_ � & � &NT H /+aRA H kG*m.K&N(hkG*�/ ,�.K* H t = 1/2

/+9
x = 0

Tj.K& H /+9 H .K*@o
/U032 7P&<i D A
0C7P9:i>@/�]�HJ`,HJa¢b�d 08. D A H 7P9P\@a[7LkG*�/j,�.K* H 0rA D A
*�(=(+7M/+&�&</g(+9MA
&�>�A H >KT";=/ukG*]7lA@;=\ E o
/ &<.K9 H / , H .=,�.-(G_
� ����� ���
	$�������"�	��� {l# ��.K*�(t08/=("\@}=,�.K9�\ E (-/=(Y>
*c9P\�i=. H=E as/ �1_���_
	 T .K&U,�/+*@9�/+&<;=. H / as.K&�B9 H / H kG*�/ �	� (ρ,∞)

/=(+9ei3kG*]7PoKA
08/+&�9	/Vb *@&</sA
*]9 H /R7P&<i D A
0C7P9:i[08.-;3A
08/=TU>
7P9:/R>�2 78(-.=,�i H 7Pasi+9 H 7M/
D A
*�(=(+7M/+&�&</"I�.K&<;+9L7M.K&�&</+0P08/ Ofo
.K7 H ����|�� ����S
_

#%$�
�$!(*),1cÎm��Ë'7�+ 1cÌGÊ}/,3"-�Ë���É�ÇcÌ¯3"-§ÇÏ- 1���ÇB-§Ì¯7L��ËwÇ¦ÇZ+�5g-§7w+-�B-0ÇcÌG7'),+ 1BÎ_- 1cÌ
|2fg;p>=?BA�C

ρ > 0
qhQSC@xn;=R[NO<*;=C�\�CÀxnfgA�;pP�A�;pC¼9,C*;=klC*N}\rUWfgPTN=CnX�Ri;�QiCn>JRiX�MnYZKhQSRiN=Mn>4\�C:��HJ���4�r��F"�

C�N"\�C¼]�HJ`�H�a¢b�d¡QSf6YZK6;=R[NOj�klRS?BA�C49�fgA�;2QsK�klCn>pA�;=CoRiXB¤hK6;pRsK6XZN=CJC*N4QSC�x¯K6;p;=Mo\�AEx�j�K6kl9�Kh>=>=fcxnRiMn>
�uQVUWfg9�Mn;=KhNOC*A�;

L
{ � Q�>=ATº�N:9,fgAT;¼xnCnQSKu\�CE>=A�9�9�fg>pCn;�?cATC^QiCy>=C*k�R²�³Yg;pfgA�9�CzCn>tNLC*;=Ygfc\�RS?BA�C �

v^w3x �$y:�:y 
��z���
� �	� {l# � & (-/+a[7PB D
H .K*-,�/ (Pt)t≥0

>@/eas/=(+* H /e7P&�oKA H 7LA
&�9	/ µ /=(+9t>
7P9¿Cn;pYgfh�
\�Ri?BA�CKTYA
*Q(-/+&N(

L
2(µ)

Tj(+7
lim
t→∞

Ptf = Eµ(f)
>�A
&N(

L
2(µ).

� X�Cuxnf6X�\�RiN=RSfgXÏ>=ATºl>OKhXBN=C�\rU~C*;=Ygfc\�RixnRiN=M�C*>pN^?BA�CuQVUWfg9�Mn;OK§NOCnAT;
Γ
X�Cu>*U¥KhX�XBA�QSCu?BA�Cu9�fgA�;

QiCn>@vwf6X�x*N=RSfgX�>mxnf6X�>pNOK6XZNOCn>^¾�¤gfgRi; ����K�� �
����Á¸{  KhX�>�QVUWC�®¢C*k�9�QiC�vwf6X�\�K6klCnXZN�KhQ,8�{$%T{��gqBQSC*>À>pCnklR[�
Yg;pfgA�9�Cn>EK6>p>=fcxnRiMn>EK6A¢®%fg9�Mn;OK§NOCnAT;=>E\�CuQsK!vwf6;=klC

∆ − ∇Φ · ∇ >=f6XBNEN=fgA§�pfgA�;p>yCn;pYgf¢\TRS?BA�Cn>9�ATRS>=?BArU~K6Qifg;=>
Γ(f)
Cn>pN:MnYgK6Q2� |∇f |2 {� R

(Pt)t≥0

C*>pN¦Cn;=Y6f¢\�Ri?BA�CeC*N
ρ > 0

q¼fgX 9�CnA¢N­v'KhRS;=C%N=CnX�\T;=C
t
¤gC*;=>¦QVUWRSXT¹�XTRz\�K6X�>»QSK

9�;pfg9�fg>=R[NORSf6X¡8�{���{/�^9�fgA�;¼klfgXZNO;=C*;¿?cATC
µ
¤gM*;=Ri¹�C^Q½U~RiX�MnYgK6QSR[NOML\TC���HJ���4�r��F"�»\�C�x*fgX�>tN�K6XZNOC

1/ρ
C�N�\�KhX�>�QiClN=j�Mnfg;p<nklC�8�{ �T{�
­9,fgAT;�klfgXZNO;pCn;^?cATC

µ
¤6Mn;pRi¹�C�QVUWRSX�M*YZK6QSR[NOMG\TC¦]�HJ`,HJacb�d

QifgYZK6;pRiNOjTk�Ri?cATC:\�CEx*fgX�>pNOK6XZNOC
2/ρ
{

� f6X�>=Ri\�Mn;pfgX�>z��X�fgA¢¤gC¯KhA%QVUWC�®¢Cnkl9�QiC^8�{$%¢{/�g{_|"Kl?cATCn>pN=RSfgX¦X�KhN=A�;=C*QSQSCyC*>pNzK6QSfg;p>¿\�C�\TM*NOC*;t�
klRSX�C*;o�^?BA�C*QSQiC¼xnfgX�\TRiNORifgX�QsKyklCn>=AT;=C

µ
\�C¿\�C*X�>=R[NOM

exp(−Φ)
9�Kh;m;=K69�9�fg;pN@�EQsKyklCn>=AT;=C¿\�C

�Jb_`�b_I�� )�b�¤6Mn;=R[¹�C�A�XTCÀRSXTMnYZK6QiRiN=Mm\TCL]�HJ`,HJa¢b�d¦QSfgYZKh;=RiN=j�klRS?BA�C6{ � X�C@xnfgX�\TRiNORifgX�>pATºl>OK6XZN=C
M�¤¢Ri\�CnXZN=CyCn>pN�KhQSfg;p>�\�Cy>=AT9�9,f6>=Cn;

Φ
>pN=;=Rix*NOC*k�C*XZN¼A�X�R[vwfg;=klMnklCnXZN�x*fgXZ¤gC¸®TC^x6UWCn>tNp�³�§�³\�Ri;=Cz?BA�C

QiCÀ>=9�Cnx�NO;pC¼\�C¼QsK�k!KhN=;=RixnCÀjTCn>=>pRSC*X�X�C¼\�C
Φ
Cn>tNok�RiX�fg;pM@9�Kh;JA�XuX�fgk�P�;=C�>tNO;pRSx*N=CnklCnXZN}9�fg>=R[NOR[v {

� 

��
 
 
 ��y � �����
�<�L{ {l# �m7 0rAYI�.K&<;+9�7M.K&
Φ
(+* H

R
n
(�24i=; H 7P9t;=.Ka[as/J0rA1(-.Ka[as/h>�2 *@&</lI�.K&<;+B9L7M.K&�(+9 H 7M;+9	/+as/+&�9Y*@&�7 I�. H asi+as/+&�9 ;=.K&�o
/65]/ U /+9g>�2 *@&</ I�.K&<;+9�7M.K& F . H &<i=/ B T'A
08. H (c0rAWas/+B(+* H / >@/J, H . F A F 7P0C7P9:i µ >@/ >@/+&N(+7P9	i

Z−1
Φ exp(−Φ)

o
i H 7 �'/Z*]&</Z7P&<i D A
0C7P9:i?>@/¡]_HJ`�HJacb�d 08.KB
D A H 7P9P\@a[7LkG*m/G_
� H /+*]o
/�{l# |oUWfg9�Mn;=KhNOC*A�;¼\�M*¹�X�R"9,fgAT; f \�K6X�> A 9�K6;

Lf = ∆f −∇U · ∇f
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	 � ����	 � ����	 ������� ��	 � � �
K!9�fgA�;:k�C*>=A�;pCG;=M�¤gC*;=>=RiP�QSC�QsKlk�C*>=A�;pCG\�CG9�;pfgP�K6PTRSQSR[NOM

Z−1
U exp(−U)

C*NL¤6Mn;pRi¹�CGQiC�x*;=RiN=<n;pC
�  

(ρ,∞)
9�fgA�;¼A�X­xnC*;pNOK6RSX

ρ > 0
x¯K6;

Γ2(f) = ‖ � Cn>=> f‖2
2 + (

� C*>=>
U∇f) · ∇f ≥ ρ|∇f |2 = ρΓ(f).|"KÏklCn>pA�;=C

Z−1
U exp(−U)

¤gM*;=Ri¹�C¡\�fgX�x�ATX�C�RSXTMnYZK6QiRiN=M�\�C¦]�HJ`�H�a¢b�d QifgYZK6;pRiNOjTk�Ri?cATCu\�C
x*fgX�>pNOK6XZNOC

2/ρ
{ !yX¦ATNORiQSRi>=CzC*X�>=A�R[NOC^QSCyNOjTMnfg;p<nklC^\TC�9�Cn;tNOA�;pP�KhNORifgX

3.4.3∗
9,fgAT;�x*fgX�x*QSA�;pC6{

ß4fgATN=C*vwfgRi>nq�x*C xn;pRiNO<*;=C 9�CnATN � NO;pC©K§�rK6RiP�QSR¿Qifg;=>p?cATC QVUWfgX�>nUWRSXZNOM*;=C*>=>=C�A�X�Ri?BA�CnklCnXZN¦�£QsK
klCn>pA�;=CE;=M�¤gC*;=>=RiP�QSChq�xnfgklklCzQSCyklfgXZNO;pCnXZN�QSCn>¼;pMn>pA�QiNOKhNO>¿?BA�R2>=ATRi¤gC*XZN¯{
#%$�
r$'&_$�Å¿Æi7'),1cÎm��Ë'7�+ 1»14Ç  "}Ö³Ò¿Ü%$�Ñ &�Ê}/,3"-�Ë�� É�ÇcÌ¯3"-0Ç¦- 1���ÇB-hÌn7L��Ë'Ç_$t�  K6X�>�NOf6ATNOC
QSK£>=A�R[NOCe\�A�x�j�K69�RiN=;=Chq¼X�fgA�>»X�fgAT>¦9�QSK6xnC*;=fgXT>­>pfgA�>­QVUWjZà¢9�f6N=j�<n>pC©\�Ce;pM*¤gC*;=>pRSP�RiQSRiN=M \�CeQsK
klCn>pA�;=C^RSXZ¤hK6;=RSK6XZNOCh{ ° fgAT>:;pCnYg;pfgA�9�fgX�>�\�K6X�>�QsKu;=C*k!Kh;=?BA�C^>=A�R[¤6KhXBN=CEQSCn>�xnf6X�>=M*?cATCnX�x*Cn>z\�C
x*C*N=N=CEjBàc9�f6NOjT<n>=C�K6A¢®¢?BA�C*QSQSC*>¿X�fgA�>�K6A�;pfgX�>¿;=C*xnfgAT;=>�\�CEk!K6XTRS<n;pCzRSXZN=CnX�>pRi¤gCh{
� ����� ���
	$�����
� ��� {l# �m7"0rAsas/=(+* H /e7P&�oKA H 7LA
&�9	/?/=(+9 H i+o
/ H (+7 F 08/=TY.K&)AX/+&V,NA H 9�7M;+*@0C7M/ H ~
¾w8�{�� 
ZÁ

Eµ(Γ(f, g)) = −Eµ(fLg)
/+9

Eµ(Γ2f) = −Eµ(Γ(f,Lf)) = Eµ

(

(Lf)2
)

.
( � 
 � 
N� y:�:y 
�� ���
� ��� {l# �m7

(Pt)t≥0

A�>
as/+9
µ
,�.K* H as/=(+* H / H i+o
/ H (+7 F 08/=Tn/=(+9Y/ H�D .G>
7LkG*�/Z/+9(+7

ρ > 0
T 08/=(ZAK(=(-/ H 9�7M.K&N(u(+*@7PoKA
&�9	/=(u(-.K&�9 i3kG*@7PoKA
08/+&�9	/=(c~

¾'RsÁ ∀f ∈ A, Eµ(Γ2(f)) ≥ ρEµ(Γ(f))

¾wRSR�Á ∀f ∈ A, Varµ(f) ≤ 1

ρ
Eµ(Γ(f))

_
� H /+*]o
/�{l#� 7½7f!

⇒
� 7	!

|}UWRSXZ¤hK6;=RSK6X�xnCL\�CEQsKuk�C*>=A�;pCEC*N¿QVUWRSXTMnYZK6QiRiN=ML\�C ':��)4�2·2���=]��2·�+z��F�-�K6>=>pA�;=C*XBN:?BA�C

−
∫

fLfdµ =

∫

(Eµ(f)− f)Lfdµ ≤ (Varµ(f))1/2

(
∫

(Lf)2dµ

)1/2

,

\�f6X�x6q�9�Kh;^¾'8�{�� 
ZÁÀC�N�¾'RSRsÁ�q¢RSQ,¤cRiCnXZN
∫

Γ(f)dµ ≤ 1√
ρ

(∫

Γ(f)dµ

)1/2(∫

Γ2(f)dµ

)1/2

.

� 7f!
⇒

� 7½7f!
|"KuxnQiMyCn>pN�\rUWMnx*;=Ri;=C

Varµ(f) = −
∫ ∫ ∞

0

d

ds
(Psf)2dsdµ

= −2

∫ ∞

0

∫

(Psf)LPsfdµds = 2

∫ ∞

0

∫

Γ(Psf)dµds.

�4fg>=fgXT>
Ψ(s) = Eµ(Γ(Psf))

{ !zX¦KlKhQSfg;p>

Ψ′(s) = 2

∫

Γ(Psf,LPsf)dµ

= −2

∫

Γ2(Psf)dµ ≤ −2ρ

∫

Γ(Psf)dµ = −2ρΨ(s).
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!zX­Ku\�fgX�x

Ψ(s) ≤ exp(−2ρs)Ψ(0)
q�\rU¥Kh9�;=<*>�QiCyQSC*k�klCz\�CuDGF�HJ��+z��a¢a�{ � C*xnR"\�fgXTX�C

2

∫ ∞

0

Ψ(s)ds ≤
(

2

∫ ∞

0

exp(−2ρs)ds

)
∫

Γ(f)dµ,
fgA»C*X�xnfg;pC

Varµ(f) ≤ 1

ρ

∫

Γ(f)dµ.

#%$�
r$iÄ2$�Å¿Æi7'),1cÎm��Ë'7�+ 1e14Ç � "oÛ "}Ú¢Õ ��Ë'/_Îm��-§7�+	��É�7 
r3"Ç Ê}/�34-¦Ë�� É�ÇcÌ¯34-0Ç�- 1 ��ÇB-§Ì¯7���ËwÇ_$
� ° fgA�>»¤gC*X�fgX�>­\�Ce¤gfgRi;¡A�X�x*;=R[NO<n;pCeRSXZNOM*Yg;=Me9�fgA�;¡QVUWRSXTMnYZK6QiRiN=MÏ\�C���HJ�����r��F"�r{ � fgA�>
Q½U~jZàc9,fhNOj�<*>=CE>=A�9T9�QSM*k�C*XBNOK6RS;pCz\�CE\�R[��A�>pRSfgX¡XTfgA�>�K6QSQifgX�>@M*N�KhP�QSRi;ÀA�X­xn;pRiNO<*;=Cy>pATºl>OK6XZN�k!KhRS>
X�f6X^XTMnxnC*>=>=K6RS;pC@9�fgA�;2Q½U~RiX�MnYZKhQSRiN=M�\�C¼]�H�`�HJacb�d¡QSfgYZKh;=RiN=j�klRS?BA�C6{ ° f6A�>">=A�R[¤¢;pfgX�>"RSx*RgQSC}k � klC
>px�j�Mnk�Kl?BA�CE\�KhX�>¿QsKu9�;=f69,fg>pRiN=RSfgX�8�{ �c{ �lCnX­Mnx*;=Ri¤hK6XZN �

Â XZN
µ(f) =

∫ ∫ ∞

0

Γ(Psf, logPsf)dsdµ

9�ATRS>�C*X¡x¯K6QixnA�QSK6XZN�QsK�\�Mn;pRi¤gM*Cy\�C
Γ(Psf, logPsf)

{ ° fgA�>�;=K6>=>pCnkGP�QifgX�>�\�K6X�>¼QSC:QSC*k�klCL>pA�R[�
¤hK6XZN�¾'\�fgXZN�QsK¼9�;pCnAT¤6C�9,C*ATN � NO;pCÀfgklRS>pC}CnXG9T;=CnklRS<*;=CoQSC*x*N=A�;=C¯Á"QiCn>4;=CnQSKhNORifgX�>2?BA�Rc9,C*;=klC*NpNOCnXZN
\�CE>pRSkl9�QSR[¹�Cn;@QSCn>¼C¸®¢9�;=C*>=>=RifgX�>�?BA�R"\�Mnx*fgA�QSC*XZN:\TC^x*C*NpNOCE\�Mn;pRi¤hKhN=RSfgXr{
� ��� ��� ���
�<�
� {l# �m7

L
/=(+9"*]& D i+&<i H A
9:/+* H >@/e>
7 � *�(+7M.K&NTt.K&�AKT�,�.K* H 9:.K*@9:/=($I�.K&<;+9�7M.K&N(

φ
>@/[;+0rAK(=(-/ C∞ /+9

f
>�A
&N( A T

¾w8�{�� �ZÁ
Eµ

(

φ(f)(Lf)2) = Eµ

(

φ(f)Γ2(f) +
3

2
φ′(f)Γ(f,Γ(f)) + φ′′(f)(Γ(f))2

)

/+9
¾w8�{$# �ZÁ

Eµ(φ(f)L(f)Γ(f)) = −Eµ

(

φ(f)Γ(f,Γ(f)) + φ′(f)(Γ(f))2
)

.
� &V,NA H 9L7M;+*]0C7M/ H ~
¾w8�{$# �0Á

Eµ

(

1

f
(Lf)2

)

= Eµ

(

1

f
Γ2(f)− 3

2

1

f 2
Γ(f,Γ(f)) +

2

f 3
(Γf)2

)

,

¾w8�{$#�#gÁ
Eµ

(

1

f 2
L(f)Γ(f)

)

= Eµ

(

− 1

f 2
Γ(f,Γ(f)) +

2

f 3
(Γf)2

)

.

� H /+*]o
/�{l#  MnklfgXZNO;pfgX�>"NOfgATN�\rU~K6P�fg;=\!¾'8�{/� �gÁ�{ �:Kh9�9,C*QSfgXT>4?BA�C@QVUWjZà¢9�f6N=j�<n>pCÀ\�Cm\�Ri�,A�>pRSfgX
x*fgXTvw<n;pC^�

Γ
QiCn>¼9�;pfg9�;pRSM*N=Mn>¿>=ATRi¤hK6XZNOC*> ��\�U~A�XTC^9�K6;pNnq

Γ
Cn>tN:ATX�CE\�Mn;pRi¤hKhNORifgXrq¢RV{WC6{

¾w8�{$# %ZÁ
Γ(f, gh) = gΓ(f, h) + hΓ(f, g),\rU~K6ATN=;=CE9�K6;tN¯q�QSK�vwfg;=k�A�QSCy\�CEx�j�KhX�YgCnklCnXZN�\�Cy¤hK6;=RSK6P�QiCn>E¾w8�{�� %ZÁÀ\�fgXTX�C

¾w8�{$# �BÁ
Γ(φ(f), ψ(g)) = φ′(f)ψ′(g)Γ(f, g).° fgA�>¿9,f6AT¤gfgXT>�\TfgX�xEMnx*;=RS;pC

Eµ

[

φ(f)(Lf)2] = Eµ

[

L(f)φ(f)L(f)
]

= −Eµ

[

Γ
(

f, φ(f)L(f)
)

]

= −Eµ

[

φ(f)Γ(f,L(f))
]

−Eµ

[

Γ(f, φ(f))L(f)
]
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9�Kh;z¾w8�{�� 
ZÁmC�N�QSK�9�;pfg9�;=RiM*N=MG¾w8�{$# %ZÁm\TCL\�M*;=Ri¤hKhN=RSfgXl\�C

Γ
{ Â X!ATNORiQSRS>=K6XZNmQsK�\TM*¹�X�R[NORifgX!\�C

Γ2
q

RiQ,¤cRSC*XBN

−Eµ

(

φ(f)Γ(f,Lf)
)

= Eµ

(

φ(f)Γ2(f)− 1

2
φ(f)LΓ(f)

)

= Eµ

(

φ(f)Γ2(f) +
1

2
Γ(φ(f),Γ(f))

)

= Eµ

(

φ(f)Γ2(f) +
1

2
φ′(f)Γ(f,Γ(f))

)

Yg; �6xnC»� ¾w8�{�� 
ZÁ�C�N¦¾'8�{$# �BÁ¸{  U~K6ATN=;=C»9�K6;tN¯q�N=fgA§�pfgAT;=>�K¯¤gC*x£¾w8�{�� 
ZÁ�q¿¾'8�{ # �ZÁ�C*N¦¾'8�{ #�%ZÁ�qJRiQ
¤cRSC*XZN �

−Eµ

[

Γ(f, φ(f))Lf
]

= Eµ

[

Γ
(

f,Γ(f, φ(f))
)

]

= Eµ

[

Γ(f, φ′(f)Γ(f))
]

= Eµ

[

Γ(f,Γ(f))φ′(f) + Γ(f)Γ(f, φ′(f))
]

= Eµ

[

Γ(f,Γ(f))φ′(f) + φ′′(f)(Γ(f))2
]

.

|}UWMn?BA�KhN=RSfgX©¾'8�{ #��ZÁÀCn>tN:9TQSA�>¿>=Rik�9TQSCy�uM*NOK6P�QiRS;nq¢RSQr>pATº�N�\rU~M*xn;pRS;=C �

Eµ

[

φ(f)Γ(f)Lf
]

= −Eµ

[

Γ(f, φ(f)Γ(f))
]

= −Eµ

[

φ(f)Γ(f,Γ(f)) + φ′(f)(Γ(f))2
]

.

�4fgA�;¿fgPTN=CnX�Ri;^¾'8�{$# �0ÁÀC�N�¾'8�{ #�#6Á�q�RSQ,>=ATº�N:\�CE9�;=C*X�\�;pC
φ(x) = 1/x

C*N
φ(x) = 1/x2

{
° fgA�>¿>=f6k�klCn>¿��9�;=M*>=C*XBN:CnX­klCn>=AT;=CE\rUWM*N�KhP�QSRi;�QSCy;pMn>=ATQiN�K§N�K6X�X�fgXTxnM6{

( � 
 � 
N� y:�:y 
�� ���
� ��� {l# ��.K7P9
(Pt)t≥0

*]&�(-/+a[7PB D
H .K*-,�/c>@/1>
7 � *�(+7M.K& H i+o
/ H (+7 F 08/?/+9g/ HMD .KB>
7LkG*�/Z,NA HQH A+,�,�. H 9cb µ /+9u(-.K7P9
ρ > 0

Th(GA
9L78(�I A
78(GA
&�9e032 AK(=(-/ H 9L7M.K& (+*@7PoKA
&�9	/=Tc>
7P9	/�; H 7P9 E+H /(+*-,�/ H 7P&�9:i D
H A
0�T
¾w8�{$#��gÁ ∀f ∈ A, Eµ

(

ef
Γ2(f)

)

≥ ρEµ

(

ef
Γ(f)

)

.
�h08. H (p0rAsas/=(+* H / µ o
i H 7 �'/p032 7P&<i D A
0C7P9	ic>@/�]�HJ`�H�a¢b�dz08. D A H 7P9P\@a[7LkG*�/

∀f ∈ A, � &�9
µ

(

f 2
)

≤ 2

ρ
Eµ(Γ(f)).

� H /+*]o
/�{l# !yX»M*xn;=R[N¿\�CEk!KhX�RS<*;=CEK6X�KhQSfgYgATCy�uQsKu9�;=C*AT¤gC^\�CEQsKG9T;=fg9�fg>=R[NORifgX¡8�{��¢{��
Â XZN

µ(f) = −
∫ ∫ ∞

0

d

ds
[Psf logPsf ] dsdµ

= −
∫ ∫ ∞

0

(LPsf) logPsfdsdµ

=

∫ ∫ ∞

0

Γ(Psf, logPsf)dsdµ.
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�4fg>=fgXT>

Ψ(s) = Eµ(Γ(Psf, logPsf))
{ ��K6;:QSKGvwfg;=kGATQSCy\�C^\�Mn;pRi¤hKhN=RSfgX»\�C*>�vwfgXTx*NORifgX�>¿xnf6k��

9�fg>=M*Cn>*q�C*X¦XTf6N�K6XZN
g = Psf

qTfgX¦K2�

Ψ′(s) = Eµ

(

Γ(Lg, log g) + Γ

(

g,
1

g
Lg

))

= Eµ

(

−(Lg)(L log g)− (Lg)2

g

)

.

� fgklklC
L(log g) = (Lg)/g − Γ(g)/g2

q�RSQ�¤cRSCnXZN
Ψ′(s) = −Eµ

(

2(Lg)2/g − LgΓ(g)/g2
)

.
� NORiQSRS>pfgX�>¼KhQSfg;p>^¾'8�{$# �0ÁÀC�N�¾'8�{ #�#6ÁÀ9,fgAT;�f6PTNOC*X�RS;

Ψ′(s) = −2Eµ

(

1

g
Γ2(g)−

1

g2
Γ(g,Γ(g)) +

1

g3
(Γg)2

)

.

Â XT¹�X�q�Yg;��6x*C^K6A»QSCnklklCz8�{���{��l\TC^x�j�K6X�YgC*k�C*XBN:\�Cy¤hK6;=RSK6P�QiCn>�9�fgA�;¼Q½U~fg9�Mn;=KhNOC*A�;
Γ2
q

Ψ′(s) = −2Eµ(gΓ2(log g)).|2Cyxn;pRiN=<n;=CE>pA�9,C*;¿RSXZNOM*Yg;OK6Q}¾'8�{$#��gÁ�Kh>=>=AT;=C^\�fgX�xE?BA�C
Ψ′(s) ≤ −2ρEµ(gΓ(log g))) = −2ρEµ(Γ(g, log g)) = −2ρΨ(s)C�N¿9�K6;¿>=A�R[NOC
Ψ(s) ≤ e−2ρsΨ(0)

{ � Cnx*R4C*XZNO;OK �sX�C
Â XZN

µ(f) ≤
(
∫ ∞

0

e−2ρsds

)

Eµ(Γ(f, log f)) =
1

2ρ
Eµ(Γ(f, log f)).

� QrXTC^;pCn>tNOC^9�QSA�>¼?BArU~�lK69�9�QiRS?BA�Cn;¼x*CE;=Mn>pA�QiNOKhN:�
f 2
9,fgAT;�f6PTNOC*X�RS;

Â XZN
µ

(

f 2
)

≤ 1

2ρ
Eµ

[

Γ
(

f 2, log(f 2)
)

]

=
2

ρ
Eµ(Γ(f)).

!zX©9,C*ATN�PTRSCnX©>=��;^>=C�\�Cnk�K6X�\TCn;^>=RoQVUWMn?BA�R[¤6KhQSCnXTxnClK¦QiRSCnAe\�KhX�>�QSK»9T;=fg9�fg>=R[NORifgXe9�;=M*xnM��
\�C*XZNOC6{ � b�a�����b_F�K�x*fgX�>tNO;=ATRiN�QVUWC�®¢Cnkl9�QiCz>=A�R[¤hK6XZN:f �­C*QSQiCyCn>pN�klRS>pCyCnX­\�M*v'K6A¢N¯{

�� ��� ��
 � � {l# ��.K7P9

α > 0,
/+9
a, b ∈ R

_ �n.K&N(+7L>@i H .K&N(e0rAVas/=(+* H /Z>@/', H . F A F 7P0C7P9:i
µ(dx) = Z−1e−α(x4−bx2)dx.�


Z
/=(+9�0rAZ;=.K&N(+9MA
&�9:/g>@/'&<. H aRA
0C78(GA
9L7M.K&�� .K&R&<.K9	/ H A Φ(x) = α(x4−bx2)

_ %'&V0C*@7�AK(=(-.-;+7M/
&�A
9L* H /+0P08/+as/+&�9 0324.=,�i H A
9:/+* H

Lf = f ′′ − α(4x3 − 2bx)f ′,�.K* H 08/3kG*�/+0 µ /=(+9 H i+o
/ H (+7 F 08/1Ofo
.K7 H (-/=;+9�7M.K& �c_���_��+S
_�q�A[as/=(+* H / µ o
i H 7 �'/J*]&</U7P&<i D A
0C7P9	ih>@/]�H�`�HJacb�d 08. D A H 7P9P\@a[7LkG*�/[O6;=/+0rA?(-/eo
.K7P9 D
H�� ;=/pA
*�;=. H .K0P0rA
7 H / �c_���_��GS aRA
78(c.K&�oKARas.K&�9 H / HkG*�/=T (+7
f(x) = αax2

T$A
08. H ( ∫ ef
Γ2(f)dµ

/=(+9 (+9 H 7M;+9:/+as/+&�9�&<i D A
9L7 I",�.K* H ;=/ H 9fA
7P&</=(goKA
08/+* H (>@/=(�,NA H A
a E 9 H /=(G_Nq�/J; H 7P9 E+H /n(+* ,�/ H 7P&�9:i D
H A
0�(-/ H A1A
7P&N(+7 ;+0rA
7 H /+as/+&�9 a[78(U/+&W>@i�I A
*]9M_ ��2 A+, H=E (0rA (-/=;+9L7M.K& �c_���_��KT
∫

ef
Γ2(f)dµ =

(2αa)2

Z

∫

R

[1 + α(12x4 − 2bx2)]e−α(x4−(a+b)x2)dx
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kG*@7Y/=(+9n>
* (+7 D &</1>@/

∫

R

[

1 + 12x4/α− 2bx2
]

e−
x4

α
+(a+b)x2

dx.

��.K*�(g0rA?;=.K&�>
7P9�7M.K&
a+b < 0

T�0rAc0C7Pa[7P9	/J>
*[as/+a FGH /g>@/J> H .K7P9:/=T kG* A
&�> α 9:/+&�>po
/ H (g032 7P& � &�78T/=(+9Y>
* (+7 D &</c>@/
∫

R

(1− 2bx2)e(a+b)x2

dx =

∫

R

(

1 +
b

a+ b

)

e(a+b)x2

dx.

�?.K&<;J(+7
a
/+9
b
o
i H 7 �'/+&�9$(+7Pa[*]0C9MA
&<i+as/+&�9 a+ b < 0

/+9
a+ 2b > 0

O ,NA H /65]/+ah,�08/ a = −3/+9
b = 2

S-T�,�.K* H α AK(=(-/�� D
H A
&�>KT ∫ ef
Γ2(f)dµ < 0

_<q A H /+0rA
9�7M.K& ¾w8�{$#��gÁh&</t,�/+*]9t>@.K&<;t,NAK(d+9 H /e(GA
9�78(�I A
7P9	/G_

#%$���$�ÅoÇ%5���Ì�1"Ç Ë��©147'É�Çc)�Ì¯7w/�) 3�)�7wÇ
!zX¡>pA�9�9�fg>=Cy\�KhX�>¼xnC�N=NOCL9�K6;pN=RSC:?cATC

L
¤gM*;=R[¹�C �  

(ρ,m)
K¯¤gC*x

ρ > 0
C*N
m > 1

C�N¼?BArU~RiQ
C*>pNG>tàck�M�NO;=Ri?BA�C�9�K6;�;=K69�9�fg;pN��¦QSK¦klCn>pA�;=C

µ
{ � Cnx*RÀ9�Cn;=klC*N�\rU~K6klMnQSRifg;=C*;yQSC*>�x*fgX�>pNOK6XZNOC*>

\�C*>ÀRiX�MnYZKhQSRiN=Mn>o\�CE�¼H������r��F"�!C*NL]_HJ`�HJacb�d©QifgYZK6;pRiN=j�k�Ri?BA�C^¾'9�fgA�;mQsKEk�C*>=A�;pCLRiXB¤hK6;pRsK6XZN=C.Á
\�f6X�X�MnC*>:9�K6;¼QSCyx*;=RiN=<n;pC6{
#%$��r$'&_$l(*)�1BÎm��Ë'7w+ 1�14Ç# #"}Ö³Ò¿Ü%$¼Ñ'&�$n� Â XuRSXZNOM*Yg;OK6XZN �  

(ρ,m)
C*N�CnXuATN=RSQSRi>OK6XZN4CnXTxnfg;pC

QSK�vwfg;=kGATQSCz\rUWRSXZN=MnYg;=KhNORifgX¡9�K6;¿9�K6;tNORiCn>^¾'8�{/� 
ZÁ¸q�f6X¦K
∀f ∈ A, Eµ(Γ2(f)) ≥ mρ

m− 1
Eµ(Γ(f)).

� C*xnR2klfgXZNO;=Chq�Yg;��hxnCE��QsKG9�;pfg9,f6>=RiN=RSfgX¡8�{ �c{ ��qT?cATC
µ
¤gM*;=R[¹�CEQVUWRSX�M*YZK6QSR[NOM�\�CG��HJ�����r��F"�

∀f ∈ A, Varµ(f) ≤ m− 1

mρ
Eµ(Γ(f)).

#%$��r$iÄ2$l(*)�1BÎm��Ë'7w+ 1©1"Ç � "mÛ%"oÚ¢Õ � Ë'/_Îm��-§7�+	��É�7 
r3"Ç_$ � !zXe9,C*ATN^K6;=;pRi¤6Cn;y�¡QsK�k � klC
K6klMnQiRSfg;=KhNORifgXl9,fgAT;¼xnC*NpNOC^RSX�M*YZK6QiRiNOM:CnX¦K0�pfgATNOK6XZN¿QVUWjZà¢9�f6N=j�<n>pC�\�CE\�R[��AT>=RSf6X �
� � w 

� 
 ���������m�	� {l# �m7

L
/=(+9$*@& D i+&<i H A
9	/+* H >@/u>
7 � *�(+7M.K&X>@/Uas/=(+* H / H i+o
/ H (+7 F 08/ µ /+9

o
i H 7 �'/ �	� (ρ,m)
A
o
/=;

ρ
(+9 H 7M;+9:/+as/+&�9 ,�.-(+7P9�7 IpA
08. H (

∀f ∈ A, � &�9
µ

(

f 2
)

≤ 2
m− 1

mρ
Eµ(Γ(f)).

� H /+*]o
/�{l# |4K�k�M�NOj�fc\�CzC*>pN¿QsK�k � k�C:?cATCy9,fgAT;�QVUWRSX�M*YZK6QiRiNOM¿\�C^�¼H������r��F"� �¢fgX¡k�f6XBN=;=C
?BA�C �  

(ρ,m)
Rik�9�QiRS?BA�C^¾w8�{$#��gÁ}K¯¤gCnx:QsKEP,f6X�X�C�xnfgX�>tN�K6XZN=C6{ ��fgA�;mxnC*QsKTqcK69T9�QSRi?cATfgX�>oQSC¿xn;pR[�

N=<n;=C �  
(ρ,m)

�
fβ+1
f �
f
Cn>tN}A�X�CÀvwf6X�x*N=RSfgXG9�fg>pRiN=Ri¤gCm\�C A C�N β Cn>tN}A�Xu;=M*CnQ¢?cATCnQSx*fgX�?BA�Ch{Â XlATNORiQSRS>=K6XZN}QsKLvwf6;=kGA�QiC^¾'8�{/���ZÁ�\�A!x�j�KhX�YgCnklCnXZNm\�C¿¤hK6;=RSK6P�QSC*>J9�fgA�;

Γ2
C*NmCnX�\�Ri¤cRS>=K6XZNo9�K6;

(β + 1)2
q�f6X¦fgP¢NORSC*XZN¿?cATC

f 2β
Γ2(f) + βf 2β−1

Γ(f,Γ(f)) + β2f 2β−2(Γf)2

C*>pN�>=A�9�Mn;pRSC*A�;��
ρf 2β

Γ(f) +
1

m

[

fβ
Lf + βfβ−1

Γ(f)
]2
.
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 R[¤cRS>=f6X�>zQSC*>y\�CnAc® klCnkGP�;pCn>y\�CuQ½U~RiX�MnYgK6QSR[NOME9�K6;

f 2β+1
C*NERSXZN=MnYg;pfgX�>n{,8L9�;p<n>^K¯¤gfgRi;z\�M�¤gC��

Qifg9�9�MyQSCEx¯K6;p;=Mhq�f6X¦ATN=RSQiRS>=Cu¾'8�{$# �0Á�C�Nu¾w8�{$#�#gÁ�C*N�fgX¦fgPTNORiCnXZN�CnX­;=C*Yg;=fgAT9�K6XZNLQiCn>¼NOC*;=klCn>�C*N
kGATQiNORi9�QSRSK6XZNÀ9�K6;

m/(m− 1)
�

Eµ

(

Γ2(f)

f
+

(m + 2)β + 3/2

m− 1

Γ(f,Γ(f))

f 2
+

(

β2 − 2
2β + 1

m− 1

)

(Γf)2

f 3

)

C*>pN�>=A�9�Mn;pRSC*A�;��
mρ

m− 1
Eµ

(

Γ(f)

f

)

.

� j�f6RS>=Ri>=>pfgX�>�K6QSf6;=>

β = − 2m + 1

2(m + 2)

9�fgA�;¼?BA�C (m+ 2)β + 3/2

m− 1
= −1.

� C*xnR"K6>p>=A�;pC�?BA�C

Eµ

(

Γ2(f)

f
− Γ(f,Γf)

f 2
+

(Γf)2

f 3

)

C*>pN�>=A�9�Mn;pRSC*A�;¿fgA»MnYZK6Q"�

mρ

m− 1
Eµ

(

Γ(f)

f
+

4m− 1

4(m+ 2)2

(Γf)2

f 3

)

.

!zX»k�RiX�fg;pCyK6QSf6;=>¼xnCE\�C*;=X�RiCn;¼NOC*;=klCy9�K6;
mρ

m− 1
Eµ

(

Γ(f)

f

)

.

Â XT¹�X�q�fgXÏK

Eµ

(

Γ(f)

f

)

= Eµ(fΓ(log f)),

C�N¿9�K6;¿QsK�vwfg;pkGA�QiCz\�CEx�j�K6X�Y6CnklCnXZNL\TCE¤hK6;pRsK6PTQSCn>y¾'8�{����BÁ¸q

Eµ(fΓ2(log f)) = Eµ

(

Γ2(f)

f
− Γ(f,Γ(f))

f 2
+

(Γf)2

f 3

)

.

� C*xnR2X�fgAT>�\TfgX�X�C^QSCyx*;=RiN=<n;pCy>=A�9�Cn;¿RSXZN=MnYg;=K6Qo¾'8�{ #
�gÁ�K¯¤gCnx^QsKux*fgX�>pNOK6XZNOC
mρ/(m− 1)

C�N�K6x�j�<*¤6C�QSKG9�;=C*AT¤gCh{
� ����� ���
	$�������m�L{ {l# �n/ ; H 7P9 E+H /)>@/`;=.K* H F * H /+B >
7Pas/+&N(+7M.K& /=(+9s.=,�9�7PaRA
0r_ � & /��u/+9PTZ7P0
I�.K* H &�7P9'0rA as/+7P0P08/+* H / ;=.K&N(+9fA
&�9	/ ,�.K* H 08/=(1(	,�\ E+H /=(?>@/ H A
}�.K& 1

>�A
&N(
R

n+1
_ � & /��u/+9PT ;=/=(

oKA H 7Mi+9	i=(j(GA
9�78(�I�.K&�9	�	� (n−1, n)
/+9 0rAt, H /+a[7 E+H /toKA
08/+* H , H .=, H /t&<.K&[&�*@0P08/Y>@/Y08/+* H 0rA+,�0rA@;+7M/+&/=(+9 −n Ofo
.K7 H ���ÀCn;�	 	�� .K* ��� � |�������S
_
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#%$��r$/.2$l(*)�1BÎm��Ë'7w+ 1ÃÇc),+.-0/_Ê�7'ÇgÍ 1¢)"ÇB-0Î,7wÇ�Ë'/_Îm��-§7�+	��É�7 
r3"Ç_$ � ° fgA�>�KhQSQSf6X�>l�©9�;pMn>=C*XZN
¤6fgRS;E?BA�C!QiC�x*;=R[NO<n;pC�\TC�x*fgA�;=PTA�;=C¸�³\�Rik�C*X�>=RifgX©9�Cn;pk�C�N�\�U¥K6QiQSC*;yCnX�x*fg;=C�9�QSA�>^QSf6RSXe9�A�Ri>=?BArUWRSQ
Rik�9�QiRS?BA�C¿\�C*>�RSX�M*YZK6QiRiNOM*>oCnXZNO;pfg9�RSC¸�³M*X�Cn;pYgRSC�QSfgYgK6;=R[NOj�klRS?BA�C*>n{ � CnQiQSC*>t�³x*R,f6XBNÀM*N=MzRSXZNO;pf¢\TA�RiN=Cn>
K6A»x�j�Kh9�RiN=;=C

4∗
{

� � w 

� 
 ���������m��� {l# �m7
L
/=(+9$*@& D i+&<i H A
9	/+* H >@/u>
7 � *�(+7M.K&X>@/Uas/=(+* H / H i+o
/ H (+7 F 08/ µ /+9

o
i H 7 �'/
¾w8�{$# �ZÁ ∀f ∈ A, Eµ

(

ef
Γ2(f)

)

≥ ρEµ

(

ef
Γ(f)

)

+
1

m
Eµ

(

ef(Lf)2)

A
o
/=;
ρ > 0

/+9
m > 1

TpA
08. H (V7P0"(GA
9�78(�I A
7P9ub)032 7P&<i D A
0C7P9	iQ/+&�9 H .=,�7M/+B3i+&</ H�D 7M/R08. D A H 7P9�\@a[7LkG*�/(+*@7PoKA
&�9:/c~
� &�9

µ

(

f 2
)

≤ m

2
Eµ

(

f 2
)

log

(

1 +
4

ρm

Eµ(Γ(f))

Eµ(f 2)

)

.

� H /+*]o
/�{l# Â X­x�j�K6XTYgC¯K6XZN f 2
CnX

f
q�fgX­Cn>tN�;OK6klCnX�ME��klfgXZNO;=C*;¼?BA�C

Eµ(f) = 1 ⇒ Eµ(f log f) ≤ m

2
log

(

1 +
1

ρm
Eµ

(

Γ(f)

f

))

.

�4fgA�;
f
9,fg>pRiN=Ri¤gCy\�K6X�> A q�9�fg>=fgXT>

Φ(t) = Eµ(Ptf log Ptf).° fgA�>yX�f6N=Cn;pfgX�>yCnXTxnfg;pC
g = Ptf

{��¿Cnk�K6;p?cATfgX�>z?BA�C
Φ(∞)

Cn>tN^MnYZK6Q��
0
C*Ny?BA�Chq2xnfgklk�C

X�f6A�>¿QVU~K.¤6fgX�>¼¤cA¦\�K6X�>¿QsKG9�;pCnAT¤6C�\�CEQSKG9�;=fg9�fg>pRiNORifgX¡8�{��¢{��Tq
Φ′(t) = −Eµ(Γ(g, log g)) < 0

C�N
Φ′′(t) = 2Eµ(gΓ2(log g)).

� R
f
C*>pN�\�CEk�f.à6CnX�X�C

1
qTQVUWRSX�M*YZK6QSR[NOM�\�C ':��)��2·r���=]��2·,+L��F,-GK6>p>=A�;pC�?BA�C

(Eµ(fL log f))2 ≤ Eµ

(

f(L log f)2).
 f6X�xEQVUWRSX�M*YZK6QSR[NOM�¾'8�{ # �gÁ�K69�9�QiRS?BA�MnCE�

log g
Rik�9�QiRS?BA�C:?BA�C

Eµ(gΓ2(log g)) ≥ ρEµ(gΓ(log g)) +
1

m
(Eµ(gL log g))2.

��K6;¿>=A�R[NOC6q
Φ
¤gM*;=R[¹�CEQVUWRSX�M*YZK6QSR[NOM:\�Ri�,Mn;pCnXZNORiCnQSQiCL>pA�Ri¤hK6XZNOC �

¾w8�{$# 	gÁ
Φ′′(t) ≥ −2ρΦ′(t) +

2

m
Φ′(t)2.

� XZNO;pf¢\TA�RS>pfgX�>¼QsKGvwfgXTx*NORifgX
α
\�M*¹�X�RSCy9�Kh;

α(t)
�������
=

1

2ρ
log

(

2

m
− 2ρ

Φ′(t)

)

.

� QrC*>pN:xnQSK6RS;@?cATC�¾w8�{$# 	gÁÀ>nUWMnx*;=R[N
α′(t) ≥ 1

{ � C*xnR"\�fgX�XTC

−Φ′(t) ≤ −mρΦ′(0)

(mρ− Φ′(0)) exp(2ρt) + Φ′(0)
.

� Qr;pCn>tNOC���RiXZNOMnY6;=Cn;¿x*C*N=N=CE;=CnQSKhNORifgX¡9�fgA�;¼fgPTN=CnX�Ri; �

Φ(0) = Φ(0)− Φ(∞) ≤ −m
2

Φ′(0)

∫ ∞

0

2ρdt

(mρ− Φ′(0)) exp(2ρt) + Φ′(0)
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Â X­ATNORiQSRS>=K6XZN�QSK�;pCnQSKhNORifgX

∫ ∞

0

dt

et + a
=

1

a
log(1 + a),

RiQ,¤cRSC*XBN
Φ(0) ≤ m

2
log

(

1− Φ′(0)

ρm

)

.

� QrXTC^;pCn>tNOC^9�QSA�>¼?BArU~��;=Cnk�K6;p?cATCn;¿?BA�C
Φ′(0) = −Eµ

(

Γ(f)

f

) {
 K6X�>�QsKu9�;=C*AT¤gC�\�A»NOj�M*fg;=<*k�CE8�{��T{��gq�X�fgAT>LK¯¤gf6X�>:XTf6N�K6klklCnXZN¿M*NOK6P�QSR�?cATC�9�fgA�;¼NOf6ATNOC
vwfgXTx*NORifgX

f
9,f6>=RiN=Ri¤6Cy\�K6X�> A q

Eµ(fΓ2(log f)) ≥ mρ

m− 1

(

Eµ

(

Γ(f)

f

)

+
4m− 1

4(m+ 2)2
Eµ

(

Γ(f)2

f 3

))

.

|}UWRSX�M*YZK6QSR[NOM:\�C 'L��)��2·r���O]_�2·,+L��F,-�K6>p>=A�;pC�C*X�xnf6;=C6q_9�fgA�;
f
\�CEklf.àgCnXTX�C

1
q�?BA�C

Eµ

(

Γ(f)2

f 3

)

≥
(

Eµ

(

Γ(f)

f

))2

.

 f6X�x6q¢>=fgA�>ÀQSCn>@jZà¢9�f6N=j�<n>pCn>¿\�A�NOjTMnfg;p<nklCL8�{��T{&%TqcX�fgA�>¼K¯¤6fgX�>¼M*NOK6P�QiR�Q½U~RiX�MnYgK6QSR[NOM¼CnXZN=;=fg9�RiC��
M*X�Cn;pYgRSCyQifgYZK6;pRiNOjTk�Ri?cATC �

Eµ

(

f 2
)

= 1 ⇒ Eµ

(

f 2 log f 2
)

≤ m′

2
log

(

1 +
4

αm′
Eµ(Γ(f))

)

K¯¤gC*x
m′ =

4(m + 2)2

4m− 1

C�N
α =

ρm

m− 1

{
� ����� ���
	$�������m��� {l# � /+*]9LB3.K& ;=.Kah,NA H / H 08/=(W>@/+*
5)7P&<i D A
0C7P9:i=( /+&�9 H .=,�7M/+B3i+&</ HMD 7M/R08. D A
B
H 7P9P\@a[7LkG*m/=(ukG*�/h&<.K*�(ho
/+&<.K&N(h>�24i+9fA F 0C7 H�� q�A H i	,�.K&N(-/p/=(+9"&<.K& ~ 0rAh, H /+a[7 E+H /e/=(+9n.=,�9�7PaRA
08/,�.K* H 0rA >
7Pas/+&N(+7M.K&NTc0rA >@/+*
5�7 E as/ ,�.K* H α Ofo
.K7 H H /+aRA H kG*�/ �1_��
_��GS
_ %'& ,�/+*]9?as.K&�9 H / HkG*j2 7P0�&<24/65�78(+9:/j,NAK(e/+& D i+&<i H A
0m>�2 7P&<i D A
0C7P9	ie.=,�9L7PaRA
08/",�.K* H ;=/=(h>@/+* 5V; H 7P9 E+H /=(hbZ0rAYI�.K78(1Ofo
.K7 H
����K�� �
� ��S
_ � & � &NT 0rAu, H /+a[7 E+H /u7P&<i D A
0C7P9:i1/=(+9'i+9fA F 0C7M/u(-.K*�(e0rA[(+7Pah,�08/h\@}=,�.K9�\ E (-/p>
*^; H 7P9 E+H /(+*-,�/ H 7P&�9:i D
H A
0j9MA
&�>
78(VkG*m/V&<.K*�(sA
o
.K&N(?(+*-,�,�.-(-iVkG*m/V08/Q; H 7P9 E+H /s>@/Q;=.K* H F * H /+B >
7Pas/+&N(+7M.K&i+9MA
7P9[o
i H 7 �'is,�.K* H i+9fA F 0C7 H 0rA (-/=;=.K&�>@/G_ � 0lI A
*@9 9:.K*@9:/�I�.K78( H /+aRA H kG*�/ H kG*�/^0rA ;=.K&N(+9MA
&�9:/
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����Vq4������FB��M*N=A�\�RSC�QiCuxnfgkl9,f6;pNOC*k�C*XZNE\rU~ATX�C�\�Ri�,A�>=RifgXe>=fgAT>^QSK�xnfgXT\�RiN=RSfgX

Γ2
9,fg>pRiN=Riv¿¾wfgA%XBA�QsÁ¿C�NzklfgXZNO;=C^X�f6NOK6klk�C*XBN:?BA�C�xhU~C*>pNyQSK�P�fgX�X�C�xnfgXT\�RiN=RSfgX­9,f6A�;LfgP¢NOCnXTRS;
QSKG;=CnQSKhNORifgX¡\�CExnf6k�kGA¢N�KhN=RSfgX�C*XZNO;=C

Pt

C*N √
Γ
¾w¤gf6RS;¼9�;pfg9,f6>=RiN=RSfgX!8�{���{��gÁ�{

Â X
1976
q��^b�d�b ) � ° C�¤ 	 � ��K¯¤6KhRiNo;=C�NO;pfgAT¤gM�QVUWjZàc9,C*;=xnf6XBN=;OK6x�NOR[¤¢R[NOM¿9�fgA�;oQsKyklCn>=AT;=C�YZK6A�> �

>pRSCnXTX�C�Y6;��6x*C�K6A¦x¯K6QixnA�Q"\rU � N �T{ Â XÏK6\�K69TNOK6XZNL>=K�9�;pCnAT¤6Cu��QSKl>p9�j�<*;=C6q2�����JFB� C*N ��� b_FB�
��� Â 
�����vwfgXZN�QiCLQSRiCnX�CnXZNO;pCzQSC:xn;=R[NO<*;=C �  

(ρ,∞)
RSXZN=MnYg;pMLC*N�QVUWjBàc9�Cn;pxnfgXZNO;=K6x*N=Ri¤cRiN=ML\�A!>=CnklR[�

Yg;pfgA�9�CÏ\�CÏ\�Ri�,A�>=RifgXr{ � C%;pMn>=ATQiN�K§N�Cn>tN¡Mn?BA�R[¤hK6QSC*XBN���X�f6N=;=C%9T;=fg9�fg>=R[NORifgX 8�{ �c{���\�U¥K69T;=<n>
QiC�NOj�M*fg;=<*k�C»\�CeDuF,HJI0I£¾w¤6fgRS;ux�j�K69�RiN=;=C

2.8.2∗
Á�{}ß4fgA§�pfgAT;=>�\�K6X�> ��� Â 
����½q}QSC¡xn;pRiN=<n;=C»\�C
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x*fgA�;=PTA�;=C¸�³\�Rik�C*X�>=RifgX¦C*>pN:C�®¢9�QifgRiN=M^9�fgA�;:K6klMnQiRSfg;pCn;¼QsKux*fgX�>pNOK6XZNOCG\TCl]�H�`�HJacb�d QifgYZK6;pRiNOjc�
klRS?BA�C�¾w¤6fgRS;¼N=j�Mnfg;p<nklC�8�{��¢{/�0Á¼C*N:\�C^X�fgkGPT;=CnAc®ÏC¸®¢Cnkl9�QSC*>:>pfgXZNL\�M�¤gC*QSfg9�9�Mn>*{�!zXÏ9�fgA�;p;OK
M*YZK6QSC*k�C*XZN¼xnfgXT>=A�Q[NOCn; ����K�� �
� �"C�N �&�¿f6N 
 ���½{
|"K!;pCnQSKhNORifgXÏ\�C�xnfgklkGATNOKhNORifgX¦\TA >=CnklR[��Yg;=f6A�9,C^C*Nz\�CG>=f6X x¯K6;p;=MG\�AÏx�j�K6kl9 9,fgAT;LA�X�C
x*fgA�;=PTA�;=C�?BA�C*QSx*fgX�?BA�C�?BA�C�XTfgA�>uK¯¤gf6X�>GM*NOK6P�QiRSCl\�K6X�>GQSK¦9�;pfg9�fg>=R[NORSf6X©8�{ ��{��ÏC*>pNGA¢NORSQiRS>pMnC
\�KhX�> ����K � 
 	��2C*N ����K�� 
 
��"9�fgA�;¼Q½U~M�NOA�\TC^\TCn>¼NO;=K6X�>pvwf6;=k�KhNORifgX�>�\�C��y��b_I -�{
|2C*>!RSXTMnYZK6QiRiN=Mn>GQif¢xnK6QSC*>u\�C­N=;=fgAª>=9�Cnx�NO;=K6QG¾�¤gfgRi;�9�;=fg9�fg>pRiNORifgX�8�{���{��0ÁGC*N�\�Ce]�HJ`�H�a¢b�d
QifgYZK6;pRiNOjTk�Ri?cATCG¾�¤gfgRi;�NOj�M*fg;=<*k�CE8�{���{�
ZÁÀ>=f6XBN�M�N�K6P�QiRSC*>¼\�K6X�> ����K�� � 	��½{
|2C*>:9�;pCnAT¤6Cn>�\�Cn>�RSXTMnYZK6QiRiN=Mn>ÀC*XZNO;=f69�RSC¸�³MnXTCn;=Y6RSCyQSf6YZK6;=R[NOj�klRS?BA�C*>À>pfgXZN�N=RS;pMnCn>¿\�C ����K�� �
� �½{

� 7���Ë'7w/�Î_- ��Ê ��7wÇ
����K�� 
��������������JFZ����«�ß�;=K6X�>pvwf6;=k�KhNORifgX�>­\�C �¿RSC*>	��9�fgA�;­QSC*>Ï>pCnklR[�³Y6;=fgA�9�Cn>­>pàcklM��

NO;pRS?BA�C*>n{ �	� {�
JN=A�\�C�>pfgA�>�QSK­x*fgX�\�R[NORifgX
Γ2 ≥ 0

¬,q � MnklRSX�K6RS;pCl\TC!9�;pfgP�K6P�RiQSR[NOMn>*q
�u�
� q � ��
�%���

�Tq�|2Cnx�NOA�;pC ° f6N=Cn>zRiX��ÏKhN=jr{iq�¤gfgQ½{ ��� # %Tq � 9�;=RiX�YgC*;nq �@Cn;=QiRSXrq�� � 
��¢q
9r{��G����� � 	K��{

����K�� 
 	�� q¿«�
JNOA�\�C¡\TCn>uNO;=K6X�>pvwf6;=k�KhNORifgX�>�\TC �¿RSC*>	�¡\�KhX�>uQSC*>G¤6Kh;=RSM�NOM*>u;=RSC*k!KhX¢�
X�RiCnX�X�C*>�� xnfgA�;pP�A�;pC­\TC ��RixnxnRÀk�RiX�fg;=M*C:¬,q � M*k�RiX�K6RS;pC!\�C �};pfgP�K6P�RiQSR[NOMn>*q ���u� q
|2Cnx�NOA�;pC ° f6NOC*>¿RSX��ÏKhN=jr{iq�¤6fgQV{�� # � 	¢q � 9�;=RiX�YgC*;nq �ÀC*;=QiRSXrq � � 
 	¢qT9r{�� % 	�� � 	�#¢{

����K�� 
 
�� qJ«^|"K�9�;pfg9�;=RiM*N=Mu\�Cu>=fgAT>t�³j�K6;=klfgX�RixnRiN=M�\�C*>E\�Ri�,A�>=RifgX�>z\�K6X�>EQSC*>L¤hK6;=RiM��
NOM*>}¬,q � MnklRSX�K6RS;pC�\TC �};=fgP�KhP�RSQiRiNOM*>nq ���h�3� qT|"C*x*N=A�;=C ° f6NOC*>�RSX��¦KhNOjr{[q¢¤6fgQV{ � %4#
�gq
� 9�;pRSX�Y6Cn;nq �ÀCn;pQSRSX�q�� � 
�
Tq�9r{����]� �T{

����K�� �
� � q!«l|}UWjZà¢9�Cn;pxnfgXZN=;OK6x�NORi¤cR[NOMÞC�N�>=fgX�A¢NORSQiRS>=KhNORifgX CnX NOjTMnfg;pRSC \TCn>£>pCnklR[�
Yg;pfgA�9�Cn>À¬,q�
}xnf6QSC�\rU�
JNOM�\TC �o;pfgP�K6PTRSQSR[NOM*>�\�C � K6RSXZNt����QifgA�; ���u�6� # � � �4#¢{�|"C*x��
NOAT;=Cn> ° f6NOC*>�RiX��ÏKhNOj�{iq�¤6fgQ � ��
 �6q � 9�;pRSX�YgC*;nq �@Cn;=QiRSXrq � ���
�Tq�9r{���� � ����{

����K�� � 	�� q�« !zX � f6P,fgQiC*¤�KhX�\!QifgYZK6;pRiNOjTk�Rix � fgP�fgQiC*¤GRiX�Cn?BA�KhQSRiN=RSC*>Jvwfg;��ÏK6; �hf.¤�>pC��
klRSYg;pfgA�9�>,¬,q �1/ �`9 H /+&�>K('7P& (+9	.-;=\NAK(+9L7M; A
&�A
0C}-(+78(eO �l\NA H 7P& D �Y. H 9P\�T������ �
Sy¾ �¿Ri¤6Cn;Â \�YgChq ° � Á�q�ß�K6X�RiYgA�x�j�R�>pàck�9�fg>pRSA�k­q"!©fg;=Qi\ � xnR½{ �oATP�QSRi>=j�RiX�Y�q������ 	¢q¢9r{��4%#� 	
�¢{

��� Â 
���� ���2�¿���JFZ�%$�¨&� ��� b�FZ�'�¦«  Ri�,A�>=RifgX�>ojZà¢9�Cn;pxnfgXZN=;OK6x�NORi¤6Cn>o¬�q � MnklRSX�K6Ri;=C¼\�C
9�;pfgP�K6P�RiQSR[NOMn>*q �h�
� q�� ��
�%���

�Tq � 9�;pRSX�Y6Cn;nq �ÀCn;pQSRSX�q�� � 
��cqT9r{�� 	 	�� # � �¢{

���ÀCn;�	 	�� ¨&�y��b�F �}b_F(�*)Ui=.Kasi+9 H 7M/G_,+$.K0r_ �6q � Â  h� � q ��K6;pRS>nq � � 	 	¢qJ|4Ke>=9Tj�<n;pC¦9�fgA�;CnQiQSC¸�³k � klC6qcYgMnfgklM*N=;=RiCzjZà¢9�Cn;pP,f6QSRS?BA�Chq�QVUWCn>p9�K6xnCE\�C*>¿>=9�j�<*;=C*>n{
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K6XªRSXT¹�X�RiN=C��³\TRSklCnX�>pRSfgX�KhQÀ\�R[��A�>pRSfgXªYgC*X�Cn;=KhNOfg;À¬,q � &�o
/+&�9M_43^A
9�\N_ &¢Ä . ¾ � ��� �ZÁ¸q
X�f�{ #¢q�9r{ #����#� #�
 �6{

� � j�K���%��657� 'z·"�ZdJb_a8� ! 7M/+aRA
&�&�7LA
& D /=.Kas/+9 H }-TZA|as.G>@/ H & 7P&�9 H .G>
*�;+9�7M.K&�q � K6k�P�;=Ri\�YgC
� XTRi¤gC*;=>pRiN³à �};=C*>=>*q � KhkGP�;=Ri\�YgChq�� ����%¢{

��� � |������u]9��DG��a¢acH�µ;:"��� � )�ac���2$=<>� �J� �BHJ�"µ¢������b�� ! 7M/+aRA
&�&�7LA
& D /=.Kas/+9 H }hq0>=C*xnfgXT\Cn\�{iq � 9T;=RSXTYgCn; �
?oCn;pQsK6YTq �ÀC*;=QSRiXrq��������T{
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5∗
q�K.¤6Cnx�QSC�xn;pRiNO<*;=CG\TCGxnfgAT;=P�A�;pC���\�RSklCnX�>pRSfgX�q,A�XTCuxnfgX�\TR[�

N=RSfgXe>=A¢º�>=K6XZNOChq"N=;=<*>�ATN=RSQiCuCnX�9�;OKhN=RS?BA�Chq29,fgAT;^M�N�K6PTQSRS;L\�Cn>^RSX�M*YZK6QiRiNOM*>z\�C���HJ���4�r��F"�©fgA
\�C ]�H�`�HJacb�d�QifgYZK6;pRiN=j�k�Ri?BA�Cn>*{ ° fgA�>�K6QSQifgX�>Gk�K6RSXZN=CnX�K6XZN�9�;pMn>pCnXZNOC*;!A�Xª;=M*>=A�Q[N�KhNnq}\�� �
�:H�`��"Hrd C�N�D���µ,-Bbrqr?BA�R@9�Cn;pk�C�N^\�C�xnK6;OKhx*NOM*;=Ri>=Cn;EQiCn>Ek�C*>=A�;pCn>�>=A�;

R
?BA�R}¤gMn;pRi¹�C*XZN�\�C

N=CnQSQiCn>�RiX�MnYgK6QSR[NOMn>ÀC*N¿vwfgA�;pX�RiN¼ATX¦C*X�x¯K6\T;=CnklCnXZN:\�Cn>¿x*fgX�>pNOK6XZNOC*>:fg9¢NORSk�K6QiCn>n{
° fgA�>oxnf6k�klCnX�x*Cn;pfgX�>o9�K6;}RiXBN=;=fc\�A�Ri;=C�A�XTC�RiX�MnYgK6QSR[NOMÀ\TC � ��F .,��\�K6XT>mATX�xnK6>o>=RSkl9�QiC�C*N
X�f6A�>ok�fgXZN=;=Cn;pfgX�>}x*fgk�klCnXZNoC*QSQSCÀ9,C*;=klC*No\�C¿x¯Kh;OK6x�NOMn;pRS>pCn;}QSC*>}k�C*>=A�;pCn>m>=A�;

R
?BA�R�¤6Mn;pRi¹�C*XBN

A�XTC RSX�M*YZK6QSR[NOM­\�C%NO;pfgA�>=9�Cnx�NO;=K6QV{ ° fgA�>¡;=K69�9�CnQiQSCn;pfgX�>�C*X�>=ATRiNOC >=K6X�>¡\�M*k�f6X�>pN=;OKhN=RSfgXÞQiCn>
;pMn>=ATQiN�K§NO>¼>=AT;�QiCn>¿Cn>p9�K6x*Cn>�\rU[´�F"ac����-l\�fgXZN�X�fgAT>:KhA�;=fgXT>�P�Cn>pfgRSX�{
° fgA�>:M*N�KhP�QSRi;=fgX�>¿KhQSfg;p>�QSKlx*fgX�\�R[NORifgX»X�Mnx*Cn>=>=K6RS;pC�C�NL>pATºl>OK6XZNOC�\�Cl�:H�`��"Hrd C�N�D���µ,-Bb
9�fgA�;u?BArUWA�X�C¦k�C*>=A�;pC­>pA�;

R
¤gM*;=Ri¹�C¦A�XTC­RiX�MnYgK6QSR[NOM�\�C ]�H�`�HJacb�d�QifgYZK6;pRiN=j�k�Ri?BA�C6{�|2CnA�;

9�;pCnAT¤6CzM*NOK6XZN�Kh>=>=C �zxnf6X�>=M*?cATCnXZNOChq�X�fgA�>@X�fgA�>ÀKhN=NOK6x�j�C*;=fgX�>@Cn>p>=CnXZN=RSCnQiQSC*k�C*XBN���\�M*YZK6YgC*;@QiCn>
Yg;=K6X�\�C*>¿M*N�Kh9,C*>�\TA¦;=K6RS>pfgX�X�C*k�C*XBN¿C*X¦C*X¦>pfgA�QiRSYgX�KhXBN�QSCn>¿9�fgRSXZN=>¼\�MnQiRSx¯K§NO>n{
Â XT¹�X£X�fgA�>�\�fgX�XTCn;=f6X�>�\�C*>�C¸®TC*k�9TQSCn>�xnfgXTxn;=C�NO>�\rU¥Kh9�9�QSRix¯KhN=RSfgXT>^?BA�Ro¤gf6XBNGK6A¢��\�CnQS�­\�A
x*;=RiN=<n;pCy\�CExnfgA�;pP�A�;pC��³\TRSklCnX�>pRSfgXr{

� $iÄ�$��^- 1cÌnÇc),+-�T+07w/�) 1oÆ[7½)"Î_- 1c147'Çc),+.Ìu7½)41�7'ÌnÊ}Çc)4ÌG� ��Ë'ÇcÌ
� $iÄr$'&_$l(*)�1BÎm��Ë'7w+ 1cÌ¿1"Ç�� $¼Ñ����E$t� |"C*>�N=;OK¯¤hK6A¢®�\�C:¨ )4�2�Jb_��·4H�) ��µ%¾w¤6fgRS; ���¦A�x 	 #���Á
>pA�;:QiCn>�RSX�M*YZK6QiRiNOM*>¼\�C � ��F9.,� >=fgXZNz�lQ½U~fg;pRSYgRiX�Cy\�CENOfgAT>:QiCn>�;=Mn>pA�QiNOKhNO>�\�A¦x�j�K69�R[NO;=Ch{ ° fgA�>
XrUWCnX 9T;=Mn>pCnXZNOf6X�>yRSx*R�?BA�CuQSKl¤gC*;=>pRSfgX >pRSkl9�QSR[¹�MnC^\�fgXZNyX�f6A�>yK6A�;pfgX�>:P,C*>=fgRiX \�K6X�>zQSK�>pA�RiN=C6{
° fgA�>¿\�RS;pfgX�>¿?BA�C^QSCExnfgAT9�QSC

(µ, ν)
\�C^k�C*>=A�;pCn>�>=A�;

R
+
¤gM*;=R[¹�C�ATX�C 7P&<i D A
0C7P9:iZ>@/ � ��F .,�

\�CEx*fgX�>pNOK6XZNOC
A
>=R½q�9,f6A�;�NOfgA¢NOCyvwfgX�x�NORSf6X

f
>pATºl>OK6klklCnXZN�;=MnY6A�QSRi<n;=Chq

¾ �L{/�.Á ∫ ∞

0

(
∫ x

0

f(t)dt

)2

dµ(x) ≤ A

∫ ∞

0

f(x)2 dν(x).

�¿Cnk�K6;=?BA�f6X�>u?BA�C»QVUWfgX 9,C*ATN�K6A�>=>pR¼Mnx*;=RS;pC�¾ �L{��0Á�\�C»QSK%k!K6XTRS<n;pC¡>=A�R[¤hK6XZNOC �}9�fgA�;GNOf6ATNOC
vwfgXTx*NORifgX

F
>pATºl>OK6klk�C*XZN:;pMnYgATQSRS<*;=Chq

¾ �L{ #6Á ∫ ∞

0

(F (x)− F (0))2 dµ(x) ≤ A

∫ ∞

0

F ′(x)2 dν(x).
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 KhX�>2NOfgATN=CoQsK¼>=A�R[NOChq.X�fgA�>">=AT9�9,f6>=Cn;pfgX�>�?cATC@QiCn>2klCn>=AT;=Cn>

µ
C*N
ν
>=fgXZN"¹�X�RiCn>"C*N�K6P�>pfgQSA�klCnXZN

x*fgXZNORSXBA�C*>�9�Kh;�;=K69�9�fg;pN��:QSK�klCn>pA�;=C@\�C �Jb_`�b_I�� )�br{ !zX�X�f6N=Cn;=KLCnX�x*fg;=C
µ(x)
C�N
ν(x)
QiCnA�;p>

\�C*X�>=R[NOM*>�;pCn>p9,C*x*NOR[¤gC*>n{,|"Cy;pMn>pA�QiNOKhN�9�;=RiX�xnRi9�K6Q�C*>pN�QSCy>pA�Ri¤hK6XZN �
� � w�� � 
 �����Q�L{ �	� {l# �m7

ν(x)
/=(+9t(+9 H 7M;+9	/+as/+&�9 ,�.-(+7P9�7Po
/',�.K* H 9:.K*@9 x >�A
&N(

R
TYA
08. H (p0rAas/+7P0P08/+* H /?;=.K&N(+9fA
&�9	/ A ,�.K* H 0rA�kG*�/+0P08/ (µ, ν)

o
i H 7 �'/�¾ �L{/�.Á[/=(+9 � &�7M/u(+7n/+9j(-/+*]08/+as/+&�9j(+7

B = sup
x≥0

{
∫ ∞

x

dµ(t)

∫ x

0

1

ν(t)
dt

}

/=(+9 � &�7L_ �1A
&N(?;=/Z;3AK(=T'.K&`AW>@/g,�0C*�(
B ≤ A ≤ 4B

_
� H /+*]o
/�{l# � A�9�9�fg>=f6X�>¼NOfgATN�\rU~K6P�fg;=\»?BA�CEQsKux*fgX�>pNOK6XZNOC

B
>=fgR[N¼¹�X�RiC6{ �4fg>=fgXT>

g(x) =

(
∫ x

0

1

ν(t)
dt

)1/2

.

 U~K69�;p<n>¿QVUWRSXTMnYZK6QiRiN=ML\�C ':��)4�2·2���=]��2·�+z��F�-�qZfgX¦K
(
∫ x

0

f(t) dt

)2

≤
∫ x

0

f(t)2ν(t)g(t) dt

∫ x

0

1

ν(t)g(t)
dt.

|2CzNOjTMnfg;p<nklC^\TC�� )�`,�����4K6>=>pA�;=CE\�fgXTx^?BA�C
∫ ∞

0

(
∫ x

0

f(t) dt

)2

dµ(x)

C*>pN�k!K.�pfg;=My9�Kh;
∫ ∞

0

f(t)2ν(t)g(t)

(
∫ ∞

t

µ(x)

∫ x

0

1

ν(u)g(u)
du dx

)

dt.

��K6;¿\�M*¹�XTRiNORifgX¡\�C
g
C�N�\�C

B
q�RiQ�¤cRSCnXZNnq�9,fgAT;�NOfgATN

x ≥ 0
q

∫ x

0

du

ν(u)g(u)
= 2

∫ x

0

g′(u) du = 2g(x) ≤ 2
√
B

(
∫ ∞

x

µ(u) du

)−1/2

.

!zX­Ku\�fgX�xhq�9�fgA�;�N=fgATN
t ≥ 0
q

∫ ∞

t

µ(x)

∫ x

0

1

ν(u)g(u)
du dx ≤ 2

√
B

∫ ∞

t

µ(x)

(
∫ ∞

x

µ(u) du

)−1/2

dx

= 4
√
B

(
∫ ∞

t

µ(x) dx

)1/2

≤ 4B
1

g(t)
.

Â X­xnfgX�x*QSA�>pRSfgX�q�fgX»fgPTN=RSCnXZN
∫ ∞

0

(
∫ x

0

f(t) dt

)2

dµ(x) ≤ 4B

∫ ∞

0

f(t)2ν(t) dt.

� fgklklC
A
Cn>pN�QSK�klCnRiQSQiCnA�;pCLxnf6X�>pNOK6XZNOCE9,f6>=>=RiP�QSChq�fgX¦K2�

A ≤ 4B
{
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�4fgA�;�k�fgXZN=;=Cn;^?BA�C

B ≤ A
q4RiQo>=ATº�NG\�U¥K69T9�QSRi?cATCn;!¾ �L{��0Á��­QsK¡vwfgX�x�NORSf6X

(1/ν)1I[0,r]

{ � Q
¤cRSC*XZN�K6QSfg;p>
¾ �L{$%gÁ (

∫ ∞

r

µ(x) dx

)(
∫ r

0

dt

ν(t)

)2

≤
∫ ∞

0

(
∫ x∧r

0

dt

ν(t)

)2

µ(x) dx ≤ A

∫ r

0

dx

ν(x)
.

� C*xnR"K6>p>=A�;pC�?BA�C
B
Cn>pN¿¹�XTRV{

� A�9�9�fg>=fgXT>L�u9�;pMn>=C*XZNz?BA�CEQsKuxnf6X�>pNOK6XZNOC
B
>pfgRiN¿RiXT¹�XTRSC6{���fgATN¿N=fgATN

n ∈ N
q�9�K6;¼\�M�¹�X�R[�

N=RSfgXrq¢RSQrC¸®¢RS>pN=CEA�X¦;pMnC*Q
x ≥ 0

NOC*Q2?cATC
∫ ∞

x

dµ(t)

∫ x

0

1

ν(t)
dt ≥ n.

8:RSX�>pRVq.QVUWRSXTMnYZK6QiRiN=M�¾ �L{&%ZÁ49�Cn;pk�C�N�\TCÀxnf6X�xnQiA�;=C
A ≥ n

{h|"C@x¯K6;=K6x*N=<n;pC¼K6;=PTRiNO;=K6RS;pCo\�C
n
K6x�j�<*¤6C

QSKG9�;=C*AT¤gCh{
��K69�9�CnQifgX�>¼RixnRr?BArUWA�X�CRasi3>
7LA
&</

m
\TC^QSKGk�C*>=A�;pC

µ
>pA�;

R
Cn>tN�A�X¦;pMnC*Q2?cATRr¤gMn;pRi¹�C �

µ(]−∞, m]) ≥ 1

2

C�N
µ([m,+∞[) ≥ 1

2
.

�4fgA�;uA�X�C¡klCn>pA�;=C»KhP�>=fgQiA�klCnXZNuxnf6XBN=RSXBA�C¡9�Kh;u;OK69�9�fg;tN��%QsK%klCn>pA�;=C¡\�C �Jb_`�b_I�� )4b \�C
\�C*X�>=R[NOME>pN=;=Rix*NOC*k�C*XZN¿9,fg>pRiN=Ri¤gChq�QsKuklMn\�RSK6X�CzC*>pN:A�X�Ri?cATCyC*N�Cn>tNLxnK6;OK6x�NOM*;=RS>pMnCE9�K6;

µ(]−∞, m]) = 1/2.
�4fgA�;

α
;=M*CnQVqTX�fgA�>¿\�M�¹�X�RS>p>=fgXT>:QiCn>¼?BA�K6XZNOR[NOM*>�¾wM*¤6CnXZNOA�C*QSQiCnklCnXZNLRiXT¹�X�RiCn>OÁÀ>=A�R[¤6KhXBN=Cn> �

¾ �L{ �ZÁ
B+

α = sup
x≥α

{
∫ ∞

x

dµ(y)

∫ x

α

1

µ(y)
dy

}

C�N
B−α = sup

x≤α

{
∫ x

−∞

dµ(y)

∫ α

x

1

µ(y)
dy

}

.

|2C NOj�M*fg;=<*k�C�>=ATRi¤hK6XZN­9,C*;=klC*N¦\�C©xnK6;OKhx*NOM*;=Ri>=Cn;»QiCn>­k�C*>=A�;pCn>­>=A�;
R
?cATRE¤6Mn;pRi¹�C*XBN¦A�X�C

RiX�MnYZKhQSRiN=ML\�CG��HJ���4�r��F"�r{
� � w�� � 
 �����Q�L{ �L{ {l# ��.K7P9

µ
*@&</cas/=(+* H /e(+* H

R
A F (-.K0C*@as/+&�9';=.K&�9�7P&�*�/g,NA HpH A+,�,�. H 9Yb0rAVas/=(+* H /c>@/ �Jb�`,b_I�� )4b Tn>@/1>@/+&N(+7P9	ih(+9 H 7M;+9:/+as/+&�9�,�.-(+7P9L7Po
/=T'/+9 m (GAVasi3>
7LA
&</G_ �h08. H ( µo
i H 7 �'/p*@&</c7P&<i D A
0C7P9:iZ>@/l��HJ���4�r��F"� (+7Y/+9t(-/+*@08/+as/+&�9 (+7 B+

m

/+9
B−m

(-.K&�9 � &�78(G_ �1A
&N(Z;=/
;3AK(=T 0rAQ;=.K&N(+9fA
&�9	/[.=,�9�7PaRA
08/c>@/���HJ���4�r��F"�

c
o
i H 7 �'/

1

2

(

B+
m ∨ B−m

)

≤ c ≤ 4
(

B+
m ∨B−m

)

.

� H /+*]o
/�{l# � fgk�klCnXT±nfgX�>L9�K6;LklfgXZNO;pCn;zQSK!k�K0�pfg;OK§NORSf6X¦\�C
c
{ � fgRiN

F
ATX�CGvwfgX�x�NORSf6X%>=ATvs�

¹�>=K6klk�C*XBN:;=M*YgA�QiRS<n;pC6{_|"K�vwfg;pkGA�QiCE¤hK6;pRsKhN=RSfgXTX�CnQiQSCz\�C�QsKu¤hK6;=RSK6X�xnC�K6>p>=A�;pC�?BA�C6q,9,f6A�;�N=fgATN
α
q

Varµ(F ) ≤
∫ +∞

−∞

(F (x)− F (α))2dµ

≤
∫ α

−∞

(F (x)− F (α))2dµ+

∫ +∞

α

(F (x)− F (α))2dµ.
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° f6NOfgXT>

A+
α

q};=C*>=9�Cnx*N=Ri¤6CnklCnXZN
A−α
qoQsK 9�QSAT>�9�C*N=RiNOC»x*fgX�>pNOK6XZNOC­NOCnQiQSC¡?BA�C

µ
¤6Mn;=R[¹�C6qo9�fgA�;

N=fgATNOCzvwf6X�x*N=RSfgX
F
\�CEx*QsK6>p>=C C1

q
∫ ∞

α

(F (x)− F (α))2dµ(x) ≤ A+
α

∫ ∞

α

F ′(x)2dµ(x),

;pCn>=9�Cnx�NOR[¤gCnklCnXZN
∫ α

−∞

(F (x)− F (α))2dµ(x) ≤ A−α

∫ α

−∞

F ′(x)2dµ(x).

� X x�j�K6XTYgCnklCnXZN�\�C­¤hK6;pRsK6PTQSCn>u\TfgX�X�C¦RSklk�M*\�RsKhN=CnklCnXZNG\�U¥K69T;=<n>�QSC¡NOjTMnfg;p<nklC �L{$#¢{��¦QiCn>
C*X�x¯K6\T;=CnklCnXZN=>:>pA�Ri¤hK6XZNO> �
¾ �L{ �6Á

B+
α ≤ A+

α ≤ 4B+
α

C*N
B−α ≤ A−α ≤ 4B−α

� R
c
\�Mn>pRSYgX�CEQSKGk�C*RSQSQiCnA�;pCLx*fgX�>pNOK6XZNOC^\�CG��HJ�����r��F"�­9�fgA�;

µ
qTfgX­K

c ≤ 4(B+
α ∨B−α )9�fgA�;�N=fgATN

α ∈ R
q�C*N�\�f6X�xECnX­9�K6;pN=RSx*A�QSRiCn;À9�fgA�;

α = m
{

� Q¿X�f6A�>!;pCn>pN=C%�e9�;=M*>=C*XBN¡�©M*NOK6P�QiRS;uQsK klRSX�f6;OKhN=RSfgX�\�C
c
¾'?BA�C­QVUWfgX >pA�9�9�fg>=C*;OK©¹�X�RSC¯Á�{

� AT9�9,f6>=fgX�>oNOf6ATNÀ\�U¥K6P�fg;p\�?BA�C
B+

m∨B−m
>=fgR[Nm¹�X�R_C*Nm¤6KhRSQSQiC

B+
m

{ ��fgA�;oNOf6ATN
ε > 0
qcx*fgklk�C

A+
m

Cn>tN:f69TNORik!K6QiC6qcRSQrC¸®¢RS>pN=C
fε

N=CnQSQiCy?BA�C
¾ �L{��gÁ ∫ ∞

m

(
∫ x

m

fε(t)dt

)2

dµ(x) ≥
(

A+
m − ε

)

∫ ∞

m

fε(x)
2dµ(x).

� KhX�>¿9,C*;pNOCE\�CEYgM*X�Mn;=K6QSR[NOMhqTX�fgAT>�>pA�9�9�fg>=C*;=fgXT>
fε

9,fg>pRiN=Ri¤gCh{  M�¹�X�RS>p>=fgXT>LK6Qifg;=>
Fε

>=AT;
R

�

Fε(x) =







0
>pR
x ≤ m

∫ x

m

fε(t)dt
>pR
x ≥ m.

|2C�x�j�fgR[®u\�CLQSKy¤hK6QiCnA�;o\�C
m
K6>p>=A�;pCL?BA�C

µ({Fε = 0}) ≥ µ({x ≤ m}) ≥ 1/2
{B|}UWRSX�M*YZK6QSR[NOM

\�C ':��)4�2·2���O]��2·�+z��F,-�CnXZNO;=K��sXTC^\TfgX�x
¾ �L{ 	6Á (

∫

Fε(x)dµ(x)

)2

≤
∫

Fε(x)
2dµ(x)µ(Fε > 0) ≤ 1

2

∫

Fε(x)
2dµ(x).

!zX�K:\�fgXTx6q0CnX�ATNORiQSRS>=K6XZN">=A�x*xnC*>=>=R[¤gC*k�C*XBN¿¾ �L{�	gÁ�q¢¾ �L{��gÁ�qc¾ �:{ �gÁ2C*N�QVUWRSXTMnYZK6QiRiN=M�\�C¼��HJ�����r��F"�
9�fgA�;¼QSKGk�C*>=A�;pC

µ
q

Varµ(Fε) ≥ 1

2

∫

Fε(x)
2dµ(x)

≥ 1

2

(

A+
m − ε

)

∫ ∞

m

F ′ε(x)
2dµ(x)

≥ 1

2

(

B+
m − ε

)

∫ ∞

m

F ′ε(x)
2dµ(x)

≥ 1

2

(

B+
m − ε

)1

c
Varµ(Fε).

� C*xnR2M*NOK6XZN¿¤¢;=K6R29�fgA�;�NOf6ATN
ε > 0
q�X�fgA�>¿;pC*NO;pfgAT¤6fgX�>�P�RSC*X­QiCy;=M*>=A�Q[N�KhN�K6XTX�fgX�x*M6{
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� R
B+

m

Cn>tNyRSXT¹�X�RVq_RSQ4>=A¢ºlNz\�C�v'K6Ri;=C^QSC�k � klC^;OK6Ri>=fgX�XTCnklCnXZNy?BA�CG9�;pMnx*Mn\�C*k�klCnXZNy9�fgA�;
N=fgATN

n
K¯¤gCnx^A�X�CyvwfgXTx*NORifgX

fn

N=CnQiQSCz?BA�C
∫ ∞

m

(
∫ x

m

fn(t)dt

)2

dµ(x) ≥ n

∫ ∞

m

fn(x)2dµ(x)

9�fgA�;¼M�N�K6P�QiRS;�?BA�C
c
C*>pN¯q�C*QSQiCyK6A�>p>=RVq�RiXT¹�X�RiC6{

� ����� ���
	$���Q�L{ ��� {l# %'& A
* H A H /+aRA H kG*mi^kG*j2 A
* ;=.K* H (`>@/�0rA >@i+as.K&N(+9 H A
9�7M.K&NTR.K& A
>@i+as.K&�9 H ipa[7M/+*
5WkG* 2 A
&�&<.K&<;=i1>�A
&N(e08/p9�\�i=. H E as/G_ � &|/��u/+9PT'.K&`AX. F 9	/+&�*

c ≤ 4 inf
α

(B+
α ∨B−α ).

�n.Ka[as/l,NA H A
7P0P08/+* H ( B+
m∨B−m ≥ infα(B+

α ∨B−α )
Tj.K& A?A
*�(=(+78T D
H�� ;=/Ub10rA?>@i+as.K&N(+9 H A
9�7M.K&>
*X9�\�i=. H E as/=T

1

2
inf
α

(B+
α ∨B−α ) ≤ c.

�n/+9L9:/ H /+aRA H kG*�/t, H .K*@o
/Z/+& ,NA H 9�7M;+*@0C7M/ H kG*�/ B+
m ∨B−m

/+9
infα(B+

α ∨B−α )
(-.K&�9t>
*Qasd+as/

. H > H /1>@/ D
H A
&�>@/+* H _
� ����� ���
	$���Q�L{ ��� {l# ¨����2a¢H i+9MA F 0C7P9p>�A
&N( � �¦Rix����6K��p*@& H i=(+*@0C9fA
9h(+7Pa[7P0rA
7 H /WA
* 9P\�i=.KB
H E as/ �U_��@_��c,�.K* H 08/=(pas/=(+* H /=(u(+* H

Z
_

� $iÄr$iÄ2$ � 1cÌ¯34Ëw+��T+0Ìe��/�)�1 ��É�Çc),+���3"È�Ì¯34-�ËwÇcÌyÇ¢Ì*Êl��5gÇcÌG1oÆ�Ð¦ÑmÚ¢Ö³Ü���$n� |oUWfgPc�pC�N�\�C�xnC
9�Kh;OK6Yg;=K69�j�C@Cn>tNo\�C�9�;pMn>=C*XZNOCn;}QiCn>J;pMn>pA�QiNOKhNO>*q6C�®¢9�fg>=M*>}\�K6X�> � � � � � �Vqh?BA�RTX�f6A�>J>=C*;=fgXZNoATN=RSQiCn>
\�KhX�>¿QsKG>=C*x*N=RSfgX­>=A�R[¤hK6XZNOC6{ !zX»9�fgA�;=;=KuMnYZK6QiCnklCnXZN¿xnf6X�>=A�Q[NOC*; ���y8 
4# �V{
v^w3x �$y:�:y � � �Q�L{ �
� {l# %'& A+,�,�/+0P08/^vwfgX�x�NORifgX¦\TC��uH�)�� � 9	.K*]9	/tI�.K&<;+9�7M.K&

Φ
>@/

R
>�A
&N(

[0,∞]
;=.K&�o
/65]/=T ,NA
7 H /=Tj9:/+0P08/ZkG*�/ Φ(0) = 0

/+9
limx→∞Φ(x) = ∞ _

� R
Φ
Cn>tN�ATX�C}vwfgX�x*N=RSfgXE\�C��uH�)�� �Àq.fgXE9�CnATN4QSATRBK6>=>pf¢x*RSCn;2>=K¿N=;OK6XT>pvwfg;pk�M*Cm\TC �Jb��}b_��.�F"b

Ψ
q�?BA�R2C*>pN:\�M*¹�X�RSCy9�Kh; �

Ψ(y) = sup
x≥0

{x|y| − Φ(x)}.
!zX!\TRiN@?cATC

Ψ
Cn>tN¼QsKW;=.K& � * D *mi=/L\�C Φ C�N�fgX�;=C*k!K6;p?BA�CL?BA�CzxhU~C*>pN¼C*X�xnf6;=CLATX�CLvwfgX�x�NORifgX�\TC

�uH�)�� �À{

�� ��� ��
 ��� {l# ��.K7P9

p > 1
/+9
q
(-.K&�;=.K& � * D *�iZOf7L_L/G_ 1/p+1/q = 1

S
_ �m7
Φ(x) = |x|p/p TA
08. H ( Ψ(y) = |y|q/q _� Q"C¸®TRi>pN=C�A�XTCGK6ATN=;=Cyv'K6±*fgXÏ\�C^\�M�¹�X�RS;

Ψ
{_|"K�vwf6X�x*N=RSfgX

Φ
M*NOK6XZNLx*fgXZ¤gC¸®TC�C*N:XcATQSQSCEC*X

0
q

C*QSQSCL>nUWMnxn;pRiN�>=AT;
[0,+∞[

�

Φ(x) =

∫ x

0

φ(t)dt,

f��
φ : R

+ → [0,∞]
C*>pN�xn;pfgRS>p>OK6XZN=C^C�N�xnfgXZNORiXBA�C^�l\�;pfgRiN=C6{

!zX­\�M*¹�X�RiN�K6Qifg;=>¼Q½U~RiXZ¤gCn;p>=C�¾'Y6MnX�M*;OK6QiRS>=M*C.ÁÀ\�C
φ
q�9,f6A�;

u ≥ 0
qT9�K6;

ψ(u) = inf{t > 0, φ(t) > u}.|"KGvwfgX�x�NORSf6X
Ψ(y) =

∫ y

0

ψ(u)du
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C*>pN:K6QSf6;=>�QSK�x*fgX§�pA�Y6A�MnCE\�C

Φ
¾wA�X�CyvwfgRi>¼9�;=fgQifgX�YgM*CE�

R
9�K6;¼9�Kh;=RiN=M.Á¸{

° fgA�>¿9�fgAT¤gf6X�>:k�K6RiXBN=CnX�KhXBN¿9T;=Mn>pCnXZNOC*;:QiCn>¼C*>=9�K6x*Cn>:\rU[´�F"ac����-�{
v^w3x �$y:�:y � � �Q�L{ ��� {l# ��.K7P9

(Ω, µ)
*@& /=(	,NA@;=/)>@/V, H . F A F 7P0C7P9:i /+9

Φ
*]&</?I�.K&<;+9�7M.K& >@/

�uH�)�� �g_ qp24/+&N(-/+a F 08/
LΦ(µ) = {f : Ω → R

as/=(+* H A F 08/ ; ∃α > 0,

∫

Ω

Φ(αf)dµ <∞}
/=(+9YA+,�,�/+08i�Cn>=9�K6xnC^\rU²´GF"ac����-^AK(=(-.-;+7Mi1b

Φ
_

!zX^9,C*ATN4QSC}kGATX�RS;2\�Co\�C*A¢®^X�fg;pk�C*>2ATNORiQSC*>2CnX^9�;OKhN=RS?BA�CoC*N4?BA�RZQiA�Rgxnf6XTvw<n;pCnXZN�QSK¼>pNO;pA�x*N=A�;=C
\rUWCn>p9�K6x*C�\�CG�����"�2�2· �

¾ �L{�
gÁ
NΦ(f) = inf

{

λ > 0 �

∫

Ω

Φ(f/λ)dµ ≤ 1

}

C�N
¾ �L{ �gÁ ‖f‖Φ = sup

g

{
∫

Ω

|fg|dµ �

∫

Ω

Ψ(g)dµ ≤ 1

}

.

!zX¡9�CnATN¿klfgXZNO;pCn;E¾�¤gfgRi; �&� � � � �sÁ@?BA�CExnCn>¼\TCnA¢®»XTfg;=klCn>¼>pfgXZN¿Mn?BA�Ri¤hK6QiCnXZNOC*>¼C*N¿?BA�CEQVUWfgX¡K
¾ �L{/���ZÁ

NΦ(f) ≤ ‖f‖Φ ≤ 2NΦ(f).° fgA�>o>=f6k�klCn>o�y9�;pMn>=C*XZNÀC*X�klCn>pA�;=C¼\�C¿YgM*X�Mn;=K6QSRi>=C*;}QSCÀN=j�Mnfg;p<nklC �L{ #c{/��¾w¤6fgRS; ��� � �����sÁ �
( � �
� � � y:�:y � � �Q�L{ ��� {l# ��.K7P9

c
0rAVas/+7P0P08/+* H /?;=.K&N(+9fA
&�9	/c9	/+0P08/1kG*m/c032 7P&<i D A
0C7P9	i

¾ �L{/� �0Á ‖f 2‖Φ ≤ A

∫ ∞

0

f ′(x)2dν(x)

(-.K7P9 o
i H 7 �'i=/',�.K* H 9	.K*@9:/ I�.K&<;+9L7M.K& f (+* ��(GA
as/+&�9 H i D *@0C7 E+H /?/+9t&�*]0P08/?/+& 0
_Y%'&�(+* ,�,�.-(-/

ν>@/1>@/+&N(+7P9	iu(+9 H 7M;+9:/+as/+&�9 ,�.-(+7P9�7Po
/G_
�h08. H (=T B ≤ A ≤ 4B

A
o
/=;

B = sup
x>0

{

‖1I[x,∞[‖Φ

∫ x

0

dt

ν(t)

}

.

� H /+*]o
/�{l# 8L9�9�QiRS?BA�fgXT>¼QSCzNOjTMnfg;p<nklC �L{ #c{/��K6A¢®»klCn>pA�;=C*> µg(dx)
\�CEQSKuvwf6;=klC

µg(dx) = |g(x)|µ(dx).� Q�¤cRiCnXZN
¾ �L{/� #gÁ

Bg ≤ Ag ≤ 4Bg.
 U~K69�;p<n>¿QVUWC�®¢9�;pCn>p>=RSf6X¦\�CEQSK�XTfg;=klCl¾ �L{��ZÁÀC�N:9TA�RS>p?cATC

A
C*>pN�fg9TN=RSk�K6QSChq¢fgX­fgPTN=RSC*XBN

A = sup
g

{

Ag
�

∫ ∞

0

Ψ(g)dµ ≤ 1

}

,

C�N
B = sup

g

{

Bg
�

∫ ∞

0

Ψ(g)dµ ≤ 1

}

.

� QrXTC^;pCn>tNOC^9�QSA�>¼?BArU~��9�;=C*X�\�;=C^QSCy>pA�9�;pCnkGA�k
\�K6X�>�¾ �L{�� #gÁ�{



� � ������
���������� � �(� 	 ����� � ���������	��
 � ��� � � � � ����� 	 � ��	 ��� 	 ��� �
� $/.�$!(*),1cÎm��Ë'7�+ 1Ï1"Ç � "oÛ "}ÚTÕ�� Ëw/_Î��T-h7�+	�4É£7�
r34Ç­Ì¯3"-¡Ë���14-0/�7w+¯Ç¦- 1BÇcË½ËwÇ
 K6X�>¼xnC�N=N=C^>pCnx�NORSf6XrqTX�f6A�>¿K6QSQifgX�>mx�j�Cn;px�j�Cn;:�Gx¯Kh;OK6x�NOMn;pRS>pCn;�QiCn>�klCn>pA�;=C*>�>pA�;

R
¤gMn;pRi¹_KhXBN

A�XTC­RiX�MnYgK6QSR[NOM!\TC�]�H�`�HJacb�d�QifgYZK6;pRiN=j�k�Ri?BA�C6{���K69�9�CnQSf6X�>�QsK%\�M�¹�X�RiN=RSfgX \�C»x*CnQSQiC���xnR �}fgX
\�Ri;OK­?cA�U~A�XTC­klCn>pA�;=C

µ
>=A�;

R
>=KhNORi>pv'K6R[N�A�XTC¡RSX�M*YZK6QSR[NOM�\�CÏ]_HJ`�HJacb�d QSf6YZK6;=R[NOj�klRS?BA�Cu\TC

x*fgX�>pNOK6XZNOC
c
>=R½q�9�fgA�;�NOf6ATNOCyvwfgX�x�NORifgX

f
>=ATºl>OKhk�klCnXZN�;=M*YgA�QSRi<n;pC6q

(SL) Entµ(f 2) ≤ c

∫

f ′
2
dµ.

° fgA�>LK6QSQifgX�>¿9,f6A�;Lx*CnQsKl;=C*9�;=C*X�\�;=C�A�X�C�\TMnklfgX�>pN=;OKhN=RSfgX­\�C��:HJ`��"HrdÞC�N�D���µ,-Bb£¾w¤6fgRS;
��� � �����}Á�{ ° fgA�>zx*fgklk�C*X�±nfgXT>z9�K6;z9�K6>=>pCn;y\�CuQ½U~RiX�MnYZKhQSRiN=M

(SL)
�!A�XTCuRSX�M*YZK6QSR[NOM^\�C�N³àc9�C

]�H�`�HJacb�d C*X£RSXZNO;pf¢\TA�RS>=K6XZN�ATX�C!X�f6;=klC�\rU²´�F"a¢����-¦x*fgXZ¤gC*X�K6P�QiC�C*N�CnX£\TMnxnf6A�9�K6XZN
R
C*X

\�C*A¢®�\�C*k�R²�³\�;pfgRiN=Cn>n{ ° fgA�>^ATN=RSQSRi>=fgXT>yCnX�>pA�RiN=C�QSK»9T;=fg9�fg>=R[NORifgX �L{ #c{ 	¡9,f6A�;�x*fgX�x*QSA�;pC6{28:¹�X
\�C¡>pRSkl9�QSR[¹�Cn;�QSC*>u\�MnklfgX�>tNO;OK§NORSf6X�>nq�X�fgA�>�X�fgAT>u;=Cn>tNO;pCnRSXT\�;=fgXT>�KhAªxnK6>�f��

µ
Cn>tN!KhP�>=fgQiA¢�

klCnXZN¿xnf6XBN=RSXBA�Cy9�Kh;¼;OK69�9�fg;tN���QSKGk�C*>=A�;pCy\�C �Jb�`,b_I�� )4b­>pA�;
R
qT\�Cy\�CnXT>=RiN=ME>pNO;pRSx�NOCnklCnXZN

9�fg>=R[NOR[¤gC6qTQSCn>¼;pMn>pA�QiNOKhNO>¿;=C*>pNOK6XZN�¤c;=K6RS>¼C*X­N=fgATNOCEYgM*X�Mn;=K6QSR[NOMh{
� $/.r$'&_$ �^-§ÇcÉ£7��B-0Ç 1B+���Ê}Ç
�rÌ*Ç!- ��É�Çc)"Çc-��­3�)"Ç¡)"/_-hÉ©Ç!1oÆ�Ð¦ÑmÚ¢Ö³Ü���$n� |2C�klCnk�P�;=C
\�Cy\T;=fgR[NOCz\�CEQ½U~RiX�MnYZKhQSRiN=M

(SL)
Cn>pN�RiXB¤hK6;pRsK6XZNÀ9�K6;¼QSCyx�j�K6X�YgC*k�C*XBN�\�Czvwf6X�x*N=RSfgX

f 7→ f + a9�fgA�;�N=fgATNOCEx*fgX�>pNOK6XZNOC
a ∈ R

� K6RiX�>=R½qTxnC�N=N=C�RiX�MnYZKhQSRiN=MLC*>pN�Mn?BA�R[¤6KhQSCnXZN=C��

sup
a∈R

Entµ((f + a)2) ≤ c

∫

f ′
2
dµ.

� R�QVUWfgX»9,fg>pC^��9T;=Mn>pCnXZN
M(f) = sup

a∈R

Entµ((f + a)2)
C*N

Θ(x) = x2 log(1 + x2),

?BA�R2C*>pN�A�X�CyvwfgX�x�NORifgX»\�C ��H�)4� �ÀqTfgXÏKuQiCy;=Mn>pA�QiNOKhN¿>=ATRi¤hK6XZN �
� ��� ��� �W��� �	� {l# � .K* H 9	.K*]9	/ I�.K&<;+9�7M.K& f (+* � (GA
a[as/+&�9 H i D *@0C7 E+H /=T
¾ �L{/� %ZÁ 2

3
‖f −

∫

fdµ‖
2

Θ

≤M(f) ≤ 5

2
‖f −

∫

fdµ‖
2

Θ

.

|"K�\�M*k�f6X�>pN=;OKhN=RSfgX \�Cux*Cu;=M*>=A�Q[N�KhNl¾�¤gfgRi; ��� � � ���sÁLM*N�KhXBNLNOCnx�jTX�RS?BA�Chq2fgXeX�CuQsK!\TM*N�KhRSQSQiC
9�Kh>!RSx*RV{ Â QSQiC¦>*U¥K69T9�A�RSC¦Cn>p>=CnXZN=RSCnQiQSC*k�C*XBN�>=A�;�A�X�C K6klMnQiRSfg;=KhNORifgX�\�A�QiCnklk�C

4.7∗
qm\�A�C �

�:H�µ"·4��)4I � �¿f6N 
 � �V{ � C*QSQSC¸�³x*R�K6>=>pA�;=C:?BA�C6qB9�fgA�;}NOfgA¢NOC¼vwfgX�x�NORSf6X
f ∈ L

2(µ)
C*NmNOfgATN

a ∈ R
q

Entµ((f + a)2) ≤ Entµ(f
2) + 2Eµ

(

f 2
)

.
�y;��hxnC���xnC�N=N=Cl;pMn\�ATx*NORifgXrqrQ½U~RiX�MnYgK6QSR[NOME\�C�]�HJ`,HJacb�d�QifgYZK6;pRiN=j�k�Ri?BA�C

(SL)
Cn>tN�M*?BA�Ri¤hK§�

QiCnXZNOChq��lATX�CExnfgX�>tN�K6XZN=C�kGATQiNORi9�QSRix¯KhN=Ri¤6C:9�;p<n>*q_��Q½U~RiX�MnYgK6QSR[NOM
¾ �L{/�G�BÁ ‖f −

∫

fdµ‖
2

Θ

≤ C

∫

f ′
2
dµ.

|2CyQSRiCnX»CnXZN=;=CEQSC*>�x*fgX�>tN�K6XZNOC*>
c
C*N
C
Cn>tN�\�fgX�X�ME9�Kh;¼QsKu;=C*QsKhN=RSfgXe¾ �L{�� %ZÁ �
2

3
C ≤ c ≤ 5

2
C.
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� !zXÏRSXZN=;=fc\�A�RiN¿QSK�vwf6X�x*N=RSfgX­\�C ��H�)4� �

Φ(x) = |x| log(1 + |x|) C*N:QsK�klMn\�RSK6X�C m \�C
µ
{���fgA�;¼N=fgATNOCyvwfgXTx*NORifgX

f
q�f6X­XTf6NOC*;OK

f− = f1I]−∞,m]

C*N
f+ = f1I[m,∞[

{
�¿Cnk�K6;p?cATfgX�>¿\�CE9�QSAT>¼?cATC�>pR

f ∈ L
Θ(µ)
q_K6QSfg;p>

f 2 ∈ L
Φ(µ)

C*N
NΦ(f 2) = (NΘ(f))2.8:RSX�>pRVqT\�U¥K69T;=<n>�QVUWCnXTx¯K6\�;pCnklCnXZN�¾ �:{/� �gÁ�q�fgX­K

¾ �L{/�-�gÁ 1

4
‖f‖2

Θ ≤ ‖f 2‖Φ ≤ 2‖f‖2
Θ.|"K�9T;=fg9�fg>=R[NORifgX >pA�Ri¤hK6XZNOC¦9,C*;=klC*N!\�C%;OKhk�C*X�Cn;�QVUWM*NOAT\�CÏ\�CÏQVUWRSX�M*YZK6QSR[NOM¡\�C©]�HJ`�H�a¢b�d

QifgYZK6;pRiNOjTk�Ri?cATC
(SL)
�uQVUWM*N=A�\�CE\rUWRSX�M*YZK6QiRiNOM*>À\�CyN³àc9�Cl]�H�`�HJacb�d �

( � �
� � � y:�:y � � �Q�����L{ {l# �m* ,�,�.-(-.K&N(�kG*�/
µ
(GA
9�78(�I AK(=(-/�b *@&</ 7P&<i D A
0C7P9:i�>@/�]�HJ`�H�a¢b�d08. D A H 7P9P\@a[7LkG*m/n>@/ ;=.K&N(+9MA
&�9:/ c > 0

_ �h08. H (=T�,�.K* H 9	.K*]9	/�I�.K&<;+9�7M.K& f (+*���(GA
a[as/+&�9 H i D *]0C7 E+H /9	/+0P08/1kG*�/
f(m) = 0

T
¾ �L{/� �ZÁ ‖f 2

−‖Φ
+ ‖f 2

+‖Φ
≤ d

∫

f ′
2
dµ,

A
o
/=;
d = 75c

_
� &�o
/ H (-/+as/+&�9�T�(+7<032 7P&<i D A
0C7P9	il, H i=;=i3>@/+&�9	/�¾ �L{�� �ZÁ Ap0C7M/+*sA
o
/=;Y*@&</u;=.K&N(+9fA
&�9	/ d > 0

TlA
08. H (
µ
(GA
9�78(�I A
7P9YbV*@&</c7P&<i D A
0C7P9:i1>@/�]�HJ`,HJacb�dz08. D A H 7P9�\@a[7LkG*�/ (SL)

>@/?;=.K&N(+9MA
&�9:/
c = 180d

_
� H /+*]o
/�{l# 8LAÃxnfgAT;=>»\�C QsK£\TMnklfgX�>pN=;OKhN=RSfgX�qÀX�fgAT>¦KhA�;=fgXT>¡P,C*>=fgRiX�\TC�\TCnA¢®Ã;pMn>pA�QiNOKhNO>?BA�R¿9�;pf0¤cRiCnX�X�C*XZN�\�C���� � ��� �VqoQSC*k�klCQ��{���{m|2CnA�;l9�;=C*AT¤gCÏCn>pNlNOC*x�j�X�Ri?cATC6{ ° fgA�>l9�;=C*X�fgX�>
QiC­9�K6;pN=R¼\�C¦XTC¦9�Kh>lQSK�\TM*N�KhRSQSQiCn;GxnK6;�X�fgA�>lCn>tNORik�fgXT>l?BArUWCnQiQSC»XrUWCn>tN�9�K6>lCn>p>=C*XBN=RSC*QSQSC­�eQsK
x*fgk�9T;=MnjTCnX�>pRSfgX»\�A­x�j�K69�R[NO;pC6{ ° f6A�>¿QSCn>¼;pMn>pA�k�f6X�>¿\�K6X�>¿QSCyQiCnklk�CL>=A�R[¤6KhXBN �
� ��� ��� �W��� ��� {l# � .K* H 9	.K*]9	/ I�.K&<;+9�7M.K& f ∈ L

Θ(µ)
T

¾ �L{/� 	gÁ ‖f −
∫

fdµ‖
Θ

≤ 3‖f‖Θ.

�m7 >@/g,�0C*�(
f = 0

(+* H ]−∞, m[
O6.K* (+7

f = 0
(+* H ]m,∞[

S-T'.K&)AQA
*�(=(+7
¾ �L{/� 
ZÁ ‖f‖Θ ≤ 5‖f −

∫

fdµ‖
Θ

.

 Mn\�A�Ri>=fgXT>¦NOf6ATN­\rU¥KhP,fg;p\�Q½U~RiX�MnYZKhQSRiN=M�¾ �L{/� �ZÁ�\�C©Q½U~RiX�MnYgK6QSR[NOMÏ\TCª]�H�`�HJacb�d�QifgYZK6;pRiNOjc�
klRS?BA�Ch{ � fgR[N�9�fgA�;Ex*CnQsK»A�X�C�vwfgX�x�NORifgX

f
¤6Mn;pRi¹_K6XZN

f(m) = 0
{"|}UWRSX�M*YZK6QSR[NOMG\TC­]�H�`�HJacb�d

QifgYZK6;pRiNOjTk�Ri?cATC:C�N:QiCyQSC*k�klC �L{&%T{��^XTfgA�>¿\�fgX�XTCnXZN
2

3
‖f −

∫

fdµ‖
2

Θ

≤ c

∫

f ′
2
dµ.

|"K�k�C*>=A�;pC
µ
M*NOK6XZNzK6PT>=fgQiA�k�C*XZN:x*fgXZNORiXcATC�9�Kh;�;=K69�9�fg;pN:��QsKuklCn>=AT;=C^\�C �Jb_`�b_I�� )4b2q_fgX

9�CnATNnq"\�K6X�>^QVUWRSX�M*YZK6QiRiNOM�9�;=M*xnM*\�CnXZNOChq�>pC�x*fgXZNOCnXZN=Cn;�\�U~RiXBN=MnYg;pCn;^>=A�;
R\{m} KhA�QSRiCnAe\�C R

{
Â XefgATN=;=C6q,xnfgklklC

f(m) = 0
q�QSC*>LvwfgX�x�NORifgX�>

f−
C�N
f+

>=f6XBNE>pATºl>OK6klCnXZN^;=M*YgA�QiRS<n;pC�9�fgA�;
QiCnA�;¿K69T9�QSRi?cATCn;�QSK�\TCn;=XTRS<n;pCERSX�M*YZK6QSR[NOMhq¢fgX»fgP¢NORSC*XZN

2

3
‖f− −

∫

f−dµ‖
2

Θ

≤ c

∫ m

−∞

f ′
2
dµ,
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 � ��� � � � � ����� 	 � ��	 ��� 	 � � �
C�N

2

3
‖f+ −

∫

f+dµ‖
2

Θ

≤ c

∫ ∞

m

f ′
2
dµ.

!z;¼\rU~K69�;p<n>�¾ �L{�� 
ZÁÀC�N�QVUWRSX�M*YZK6QSR[NOM ‖f 2‖Φ ≤ 2‖f‖2
Θ

q�M�N�K6PTQSRSCLCnX�¾ �L{�� �gÁ¸q�RSQ�¤cRiCnXZN
1

75
‖f 2
−‖Φ

≤ c

∫ m

−∞

f ′
2
dµ,

C�N
1

75
‖f 2

+‖Φ
≤ c

∫ ∞

m

f ′
2
dµ.

Â X�>pfgklk!K6XZNnq4f6X�fgPTN=RSC*XBN^¹�X�KhQSCnklCnXZN^QVUWRSXTMnYZK6QiRiN=M»¾ �L{�� �ZÁEK¯¤gC*x
d = 75c

q"xhU~C*>pNp�³�§�³\TRS;=ClQSC
;pMn>=ATQiN�K§N¿Cn>=x*fgkl9TNOMh{

�¿Mnx*RS9�;pf¢?BA�C*k�C*XZN¯q_>=A�9T9,fg>pfgX�>y��9�;pMn>=C*XZNy?BA�C¡¾ �L{/� �ZÁ¿>pfgRiN¿¤6Mn;=R[¹�MnCh{ �}QSK6±nfgXT>:X�f6A�>�N=fgATN
\rU~K6P�fg;=\�>=fgA�>uQ½U~jZàc9�f6NOj�<*>=C

f(m) = 0
{ � fgk�klC

f = f− + f+

q�CnX�ATN=RSQiRS>OKhXBN�QVUWRSXTMnYZK6QiRiN=M
N=;=RsKhX�YgA�QSK6RS;pC:C�NG¾ �L{�� 	gÁ�qTfgXÏK¢q

‖f −
∫

fdµ‖
2

Θ

≤
(

‖f− −
∫

f−dµ‖
Θ

+ ‖f+ −
∫

f+dµ‖
Θ

)2

≤ (3‖f−‖Θ + 3‖f+‖Θ)2 .
|}UWRSX�M*YZK6QSR[NOM ‖f‖2

Θ ≤ 4‖f 2‖Φ

¾w¤6fgRS;^¾ �L{/�-�gÁ=ÁÀX�f6A�>�K6>=>pA�;=C�K6QSf6;=>

‖f −
∫

fdµ‖
2

Θ

≤ 72
(

‖f 2
−‖Φ

+ ‖f 2
+‖Φ

)

.

Â XT¹�X�q�QSCyQSC*k�klC �L{&%T{��EX�fgA�>¿9�Cn;=klC*N�\�CEx*fgX�xnQiA�;=Cy?BA�C

M(f) ≤ 5

2
‖f −

∫

f dµ‖
2

Θ

≤ 180d

∫ ∞

−∞

f ′
2
dµ.

� C�N=NOCÏRSX�M*YZK6QSR[NOM¡M�N�K6XZN�RiXZ¤6Kh;=RsKhXBN=C¦9�K6;�N=;OK6X�>pQsKhN=RSfgX
f 7→ f + a

q@fgXÞ9�CnATN!k!K6RiXZNOCnX�K6XZN
>*U¥K6PT>pNOC*X�RS;4\�CoQVUWjZàc9,f6N=j�<n>pC

f(m) = 0
{ � CnxnR¢K6x�j�<�¤gC@QsK¿9�;=C*AT¤gC@x¯K6;

Entµ(f
2) ≤M(f)

{
� $/.r$/.2$ � -0/�7½Ìn7L�cÉ�Ç 1Z+-��Ê}Ç �23"+.7½Ë'7½Ì*Çc-EË Æ[7½),1BÎm��Ë½7�+ 1l1"Ç � $�Ñ ���E$n� Â X�N=fgATN=C�Y6MnX�M*;OK§�
QiRiNOMhq6fgX�9,C*ATNm>=C�9�QsKhxnCn;o\�KhX�>@QiC¿x¯K6>

m = 0
{  U~K69�;p<n>ÀQSKy9�;=fg9�fg>pRiNORifgX �L{&%T{$#¢qZ9,f6A�;ok�fgXZN=;=Cn;

Q½U~RiX�MnYZKhQSRiN=Mz\�C!]_HJ`�HJacb�d QifgYZK6;pRiNOjTk�Ri?cATC
(SL)
q�RSQ">=A¢ºlNz\�C�klfgXZNO;pCn;LQiCn>:\�CnA¢®ÏRSXTMnYZK6QiRiN=Mn>

\�CyN³àc9�C � ��F .,� �

‖f 2
−‖Φ

≤ d−

∫ 0

−∞

f ′
2
dµ,

C�N
‖f 2

+‖Φ
≤ d+

∫ ∞

0

f ′
2
dµ,

9�fgA�;
f−
C*N
f+

\�CnAc®GvwfgX�x�NORifgX�>J?BA�C*QSxnf6X�?BA�Cn>}>pA�;
]−∞, 0]

C*N
[0,∞[

;=C*>=9�Cnx�NORi¤6CnklCnXZN¯qgK.¤6Cnx
f−(0) = f+(0) = 0

{ � fgRiN
µ(x)
QsKE\�CnX�>pRiN=ML\�C

µ
9�Kh;@;=K69�9�fg;pN@��QSK^klCn>pA�;=C�\�C �}b_`,b�I�� )4br{

!zX­K69�9�QiRS?BA�CyQSKG9�;=fg9�fg>pRiNORifgX �L{$#¢{�	��ux*Cn>�\�CnA¢®­RiX�MnYgK6QSR[NOMn>ÀKh¹�X­\rUWfgPTNOC*X�RS;

sup
x>0

{

‖1I[x,∞[‖Φ

∫ x

0

1

µ(t)
dt

}

≤ d+ ≤ 4 sup
x>0

{

‖1I[x,∞[‖Φ

∫ x

0

1

µ(t)
dt

}

,



� � ������
���������� � �(� 	 ����� � ���������	��
 � ��� � � � � ����� 	 � ��	 ��� 	 � � �
C�NEA�X�C�RSX�M*YZK6QiRiNOM�>=C*kGP�QsKhP�QSCG9�fgA�;

d−
>=AT;

R
−
{  C�k�K6X�Ri<n;=C�MnQSM*k�C*XZN�K6Ri;=C6q,fgX�;=Cnk�K6;p?cATC6q

K¯¤gC*x�QiCn>¼X�fhN�KhN=RSfgX�>¼\TC!¾ �L{�
ZÁ�q�?BA�C

NΦ(1I[x,∞[) =

(

Φ−1

(

1

µ([x,∞[)

))−1

.

 CE9�QiA�>nq�f6X­klfgXZNO;pCy?BA�C�9�fgA�;
t ≥ 2
q�f6XÏKuQVUWCnXTx¯K6\�;pCnklCnXZN

1

2

t

log t
≤ Φ−1(t) ≤ 2

t

log t
.

� 9�;=M*>=CnXZNnqrQSCEv'K6RiN:?BA�C
0
>=fgR[NLA�XTCGk�M*\�RsKhX�C�\TC

µ
K6>p>=A�;pCu?BA�C

1/µ([x,∞[) ≥ 2
{ � Q4¤¢RiCnXZN

\�f6X�x6q�\rU~K69�;p<n>¿QVUWCnXTx¯K6\�;pCnklCnXZN
NΦ(f) ≤ ‖f‖Φ ≤ 2NΦ(f)

¾w¤6fgRS;^¾ �L{/���ZÁ=Á¸q
1

2
µ([x,∞[) log

1

µ([x,∞[)
≤ ‖1I[x,∞[‖Φ

≤ 4µ([x,∞[) log
1

µ([x,∞[)
.

Â XT¹�X�q�fgX¦9�fg>pC

D− = sup
x<0

{

µ(]−∞, x]) log
1

µ(]−∞, x])

∫ 0

x

1

µ(t)
dt

}

,

C�N
D+ = sup

x>0

{

µ([x,∞[) log
1

µ([x,∞[)

∫ x

0

1

µ(t)
dt

}

.

!zX­K6P�fgATNOR[N¿K6Qifg;=>¿K6Ac®»CnX�xnK6\�;pCnklCnXZNO>�\�CyN³àc9,C � ��F .,�Àq
1

2
D− ≤ d− ≤ 16D− ,C�N

1

2
D+ ≤ d+ ≤ 16D+ .

 U~K69�;p<n>yQSK�9�;=fg9�fg>pRiNORifgX �:{$%T{$#¢qrQ½U~RiX�MnYgK6QSR[NOME\�C�]�HJ`,HJacb�d QSfgYZKh;=RiN=j�klRS?BA�C
(SL)
RSkl9�QiRS?BA�C

Q½U~RiX�MnYZKhQSRiN=M ‖f 2
−‖Φ

+ ‖f 2
+‖Φ

≤ d
∫

f ′2dµ
K¯¤6Cnx

d = 75c
{�!z;

d
C*>pN�MnYZK6Qo�

max(d−, d+)
q

K6RiX�>=R½q
D− ∨D+ ≤ 2 max(d−, d+) ≤ 150c.

� C�N=NOCLRSX�M*YZK6QSR[NOM¼vwfgA�;pX�RiNÀA�X�CzklRSXTfg;OKhN=RSfgXl\�CzQSK�x*fgX�>pNOK6XZNOC
c
RSXZNOC*;p¤6CnX�K6XZN¿\�KhX�>�QVUWRSXTMnYZK6QiRiN=M

\�Cu]�H�`�HJacb�d�QSfgYZKh;=RiN=j�klRS?BA�C
(SL)
{

� XZ¤6Cn;=>pCnklCnXZN¯q_NOf6A§�pfgA�;p>�\�U¥K69T;=<n>¿QSK�9T;=fg9�fg>=R[NORifgX �L{&%T{$#¢q�fgX­K
c ≤ 180d = 180 max(d−, d+)

≤ 180× 16D− ∨D+

≤ 2880D− ∨D+.Â Xux*fgX�xnQiA�>=RifgXrq§CnXu;pCnYg;pfgA�9�K6XZN}x*Cn>}xnK6QSx*A�QS>*qhfgX�fgPTNORiCnXZNJQiC@N=j�Mnfg;p<nklC�>=ATRi¤hK6XZNJ?BA�R¢\�fgX�X�C
QSKGx¯K6;=K6x*N=Mn;=Ri>OKhN=RSfgX�KhN=N=CnX�\�ATC^\TCn>¿k�C*>=A�;pCn>¿>=AT;

R
>OKhN=RS>pv'KhRS>OKhXBN¼��ATX�CyRSX�M*YZK6QiRiNOM:\�CG]�HJ`,H�*

acb�d�QSfgYZKh;=RiN=j�klRS?BA�C6{
�4fg>=f6X�>�N=fgATN¿\rU~K6P�fg;=\­\�CEk�K6X�RS<*;=CzY6MnX�M*;OK6QiC6q�>=R

m
\�M*>=RSY6X�CEA�X�C^k�M*\�RsK6XTCz\�C

µ
q

¾ �L{/���ZÁ
D− = sup

x<m

{

µ(]−∞, x]) log
1

µ(]−∞, x])

∫ m

x

1

µ(t)
dt

}

,



� � � � � � � ������� ��� ��
�� � ���
��� � ��	 � � � �
C�N
¾ �L{ #��ZÁ

D+ = sup
x>m

{

µ([x,∞[) log
1

µ([x,∞[)

∫ x

m

1

µ(t)
dt

}

.

� � w�� � 
 �����Q������� {l# �n.K&N(+7L>@i H .K&N([*]&</Vas/=(+* H /W>@/e, H . F A F 7P0C7P9	i µ A F (-.K0C*]as/+&�9e;=.K&�9L7PB&�*�/Y,NA HuH A+,�,�. H 9nbR0rAVas/=(+* H /c>@/ �Jb_`�b_I�� )�b`(+* H
R
Tn>@/c>@/+&N(+7P9	i

µ(x)
(+9 H 7M;+9	/+as/+&�9�,�.-(+7PB9L7Po
/G_ ��.K7M/+&�9

D−

/+9
D+

>@i�� &�7M/=(R/+& O �U_����+S /+9pO �U_����=S
_ �h08. H (=T'0rA�;=.K&N(+9MA
&�9:/R.=,�9�7PaRA
08/ c>@/p032 7P&<i D A
0C7P9	i1>@/�]�HJ`,HJa¢b�dz08. D A H 7P9�\@a[7LkG*�/ (SL)
o
i H 7 �'/

1

150
(D− ∨D+) ≤ c ≤ 2880(D− ∨D+).

!zX©9,C*ATNG;pCnk�K6;=?BA�C*;�C*X�9�;pCnklRSCn;EQiRSCnA�?BA�C!QiCn>^xnfgXT>pN�KhXBN=Cn>^NO;=f6AT¤gM*Cn>GX�C�>=fgXZN�9�K6>�fg9¢�
N=RSk�K6QSC*>n{ !yXªK CnXªC*�,C*Nnq}K6AªxnfgAT;=>u\�C»QsK%\TMnklfgX�>pN=;OKhN=RSfgX�q�C*�,Cnx�NOA�M­A�X xnC*;pNOK6RSX X�fgk�P�;=C
\rU~K69�9T;=f¯®¢RSk�KhNORifgX�>}XBA�klMn;=Ri?BA�Cn>*{¢|}UWRSkl9,f6;pN�KhXBNoRixnR�C*>pN@?cA�U~RiQ�C¸®¢RS>pN=C:\TCn>Àx*fgX�>tN�K6XZNOC*>ÀA�XTRi¤gC*;t�
>pCnQSQiCn>:?cATRJ;=C*QSRSC*XZNLQSK!xnfgXT>pN�KhXBN=Cu\�C!]�H�`�HJacb�dÞQSfgYgK6;=R[NOj�klRS?BA�CE�!QSK!xnf6X�>pNOK6XZNOC

D− ∨ D+

{
�4fgA�;pNOK6XZN¯qc\�K6X�> � �¦Rix����hP �½q_¨����2acH�K6klMnQiRSfg;pC¼xnCz;pMn>=ATQiN�K§N¯qB\�K6X�>ÀQSC�x¯K6\�;pCL\�C*>�Cn>p9�K6x*Cn>¼\�Ri>t�
x*;=C*N=>n{ � Q�fgPTN=RSC*XBNLQVUWCnX�xnK6\�;pCnklCnXZN

(1/31)D− ∨ D+ ≤ c ≤ 20D− ∨ D+

¾'f��
D−, D+

C�N
c>pfgXZN:QiCn>¼M*?cATRi¤hK6QSC*XZNO>¿CnX­\�RS>pxn;pC*N�\�Cn>¿x*fgX�>pNOK6XZNOC*>:RiXBN=;=fc\�A�R[NOCn>¼RixnRsÁ�{

� RSYgX�KhQSfgX�>"C*XT¹�X�?BA�C@>=RcQVUWfgX^\�fgX�X�CmA�X�C@x¯K6;=K6x*N=Mn;pRS>OK§NORSf6X^\TCn>�klCn>pA�;=C*>�>pA�;
R
>=KhNORi>pv'K6Ri>OK6XZN

�lA�X�CGRiX�MnYZKhQSRiN=ME\�C�]�H�`�HJacb�dÞQSfgYgK6;=R[NOj�klRS?BA�Chq�fgX Kl;=Cn9�fg;tNOM�QiC�9�;pfgP�Qi<nklC�K6AÏx¯K6QixnA�Q4\�Cn>
x*fgX�>pNOK6XZNOC*>

D−

C�N
D+

{�|"KG>=C*x*N=RSfgX¡>pA�Ri¤hK6XZNOCL\�fgX�X�Cy\TCn>¼C�®¢C*k�9�QiCn>�f �¡QVUWfgX�9�CnATN¿k�K0�pfg;pCn;
C���C*x*NOR[¤gC*k�C*XBN�x*Cn>�xnfgX�>tN�K6XZN=Cn>n{

� $��2$�#�Ê4Ê�Ë½7'5��T+07w/�)�Ì�Ê4- �T+07�
r3"Ç¢Ì
� $��"$'&_$��l3"ÇcË 
r3"ÇcÌ�)4/�+-�¢+07'/�)4Ì6$n� !zX x*fgX�>pRS\�<*;=C­\�K6X�>�xnCÏ?BA�R¿>pA�RiN�A�X�C¦k�C*>=A�;pC¦\�C
9�;pfgP�K6PTRSQSR[NOM

µ
>=A�;

R
KhP�>=fgQiA�klCnXZN�x*fgXZNORSXBA�Chq¢\TCL\�C*X�>=R[NOM

e−Φ
9�Kh;À;OKh9�9,f6;pNÀ��QsKEk�C*>=A�;pCL\�C

�Jb_`�b_I�� )�b»C*N�\�CEklMn\�RSK6X�C
m
{ !zX­K6\�fg9TN=Cn;=KlQiCn>¼X�f6NOKhNORifgX�>¼>pA�Ri¤hK6XZNOC*> �

B− = sup
x<m

{
∫ m

x

eΦ(t)dt

∫ x

−∞

e−Φ(t)dt

}

,

B+ = sup
x>m

{∫ x

m

eΦ(t)dt

∫ +∞

x

e−Φ(t)dt

}

,

D− = sup
x<m

{

(
∫ m

x

eΦ(t)dt

)

(

log
1

∫ x

−∞
e−Φ(t)dt

)

(
∫ x

−∞

e−Φ(t)dt

)

}

,

D+ = sup
x>m

{

(
∫ x

m

eΦ(t)dt

)

(

log
1

∫ +∞

x
e−Φ(t)dt

)

(
∫ +∞

x

e−Φ(t)dt

)

}

.

� $��"$iÄ2$ �1��Ë'5Z3�ËE1oÆ�1 
r347 � ��ËwÇc),+0ÌÏ1oÆ[7½)�+ 1BÎ�- ��ËwÇcÌ6$n� �}QSK6±nfgXT>�X�fgAT>�\�K6XT>�A�X�x¯K6\�;pC!f��
X�f6A�>}9,f6A�;=;pfgX�>}Cn>tNORik�C*;JxnC*>@RiXBN=MnYg;=K6QSC*>n{6|"C¼;pMn>pA�QiNOKhNoYgMnXTMn;OKhQ"¾'\�f6XBNof6X�N=;=fgA¢¤gCn;=KyQsKz9�;pCnAT¤6C
\�KhX�> � ? � � � ��ÁÀC*>pN:QSCy>pA�Ri¤hK6XZN �
( � �
� � � y:�:y � � �Q���"�	� {l# ��.K7P9

f > 0
>@/[;+0rAK(=(-/ C1

9:/+0P08/ZkG*�/
� f ′

&</e(�2 A
&�&�*]08/Y,NAK(u(+* H *@&^o
.K78(+7P&�A D / Vf

>@/
+∞ T



� � � � � � � ������� ��� ��
�� � ���
��� � ��	 � � ���

� 0rAJI�.K&<;+9L7M.K& h = f/f ′
/=(+9'>@i H 7PoKA F 08/h(+* H Vf

T
� h′(x) = o(1)

A
*Xo
.K78(+7P&�A D /c>@/ +∞ _
�h08. H (

�6{n(+7
f ′ > 0

(+* H Vf

TYA
08. H (=T<,�.K* H 9	.K*]9 a >�A
&N(
R
T ∫ +∞

a
f(t)dt

>
7Po
/ H�D /?/+9
∫ x

a

f(t)dt ∼ f 2(x)

f ′(x)
,

#c{n(+7
f ′ < 0

(+* H Vf

TYA
08. H (=T<,�.K* H 9	.K*]9 a >�A
&N(
R
T ∫ +∞

a
f(t)dt

;=.K&�o
/ H�D /?/+9
∫ ∞

x

f(t)dt ∼ −f
2(x)

f ′(x)
,

|}U~K6\�K69¢N�KhN=RSfgX¡\�CEx*C*N=N=C�9T;=fg9�fg>=R[NORifgX¡��X�f6NO;pCyx¯K6\T;=CEX�CE9,f6>=CE9�K6>¿\�CE\�R[º�x*A�QiN=M �
� � � � 
 
 ��y � ���Q���j�L{ {l# ��.K7P9

Φ
>@/?;+0rAK(=(-/ C2

,�.K* H 0rA�kG*�/+0P08/p7P0l/65�78(+9	/ A H i=/+0�9	/+0�kG*m/
� Φ′(x)

&</u(�2 A
&�&�*@08/',NAK(',�.K* H |x| ≥ A
T

� Φ′′(x)/[Φ′(x)]2 → 0
kG*NA
&�> |x| → ∞ _

�h08. H (=T�,�.K* H 9:.K*@9 H i=/+0 a T
�6{ ∫ x

a

eΦ(t)dt ∼ eΦ(x)

Φ′(x)

T

#c{ ∫ +∞

x

e−Φ(t)dt ∼ e−Φ(x)

Φ′(x)

_

� $��"$/.2$ � 1cÌ¯34Ëw+��T+0ÌEÎ 1c),1B-K��3"È}$Y� Â X�;OK6>p>=C*kGP�QsKhXBNÀQSC*>@;pMn>=ATQiN�K§NO>À\TCLQsKE>=C*x*N=RSfgX�9�;=M*xnM��
\�C*XZNOCEC*N�QSC*>¿;OK69�9�CnQi>¼xnR²�³\�C*>=>=AT>nq�X�fgAT>LK6;p;=R[¤gfgX�>¿KhA»N=j�Mnf6;=<nklCE>=A�R[¤hK6XZN �
� � w�� � 
 �����Q���"��� {l# ��.K7P9

Φ
*@&</eI�.K&<;+9L7M.K& >@/�;+0rAK(=(-/ C2

(+* H
R

/+9
µ
0rA as/=(+* H / >@/>@/+&N(+7P9	i

exp(−Φ)
,NA HeH A+,�,�. H 9YbV0rAsas/=(+* H /1>@/��Jb_`�b_I�� )4b�_��m7 Φ

o
i H 7 �'/c~
� ,�.K* H x AK(=(-/�� D
H A
&�> O6/+&�oKA
08/+* H A F (-.K0C*�/	S |Φ′(x)| /=(+9j(+9 H 7M;+9	/+as/+&�9 ,�.-(+7P9L7 I T
� Φ′′(x)/[Φ′(x)]2 → 0

kG*NA
&�> |x| → ∞ _
�h08. H (

�6{'0rAsas/=(+* H / µ (GA
9L78(�I A
7P9gbs*@&</Z7P&<i D A
0C7P9	i?>@/c9 H .K* (	,�/=;+9 H A
0<(+7'/+9t(-/+*@08/+as/+&�9t(�2 7P0$/65�78(+9	/
A
9	/+0�kG*m/

1/Φ′(x)
(-.K7P9 F . H &<iu(+* H {|x| ≥ A} �

#c{'0rA1as/=(+* H / µ (GA
9�78(�I A
7P9$b1*@&</J7P&<i D A
0C7P9:iJ>@/�]�H�`�HJacb�d 08. D A H 7P9P\@a[7LkG*m/Y(+7$/+9 (-/+*@08/+as/+&�9(�2 7P0l/65�78(+9	/
A
9	/+0�kG*m/

Φ(x)

[Φ′(x)]2
+

log |Φ′(x)|
[Φ′(x)]2(-.K7P9 F . H &<ie(+* H {|x| ≥ A} _

� H /+*]o
/�{l# � fgRiN
m
QsKGklMn\TRsK6X�CL\�C

µ
{ ° f6A�>¿9,fgA¢¤gfgX�>�x¯KhQSxnATQSCn;ÀA�X¦M*?BA�Ri¤hK6QiCnXZN�¾½K6A¡¤6fgRS>pR[�

X�KhYgCy\�C
+∞ ÁÀ\�C B+(x)

�������
=
∫ x

m
eΦ(t)dt

∫ +∞

x
e−Φ(t)dt

�

B+(x) ∼ eΦ(x)

Φ′(x)

e−Φ(x)

Φ′(x)
=

1

[Φ′(x)]2
.
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 f6X�x»RSQ�C¸®TRi>pN=C

A > 0
C*N
M > 0

N=CnQS>�?BA�C»9�fgA�;
x ≥ A

q}fgXªK
B+(x) ≤ M

{ Â XT¹�Xrq
B+(x)

Cn>tNlA�X�C»vwfgX�x*N=RSfgX x*fgXZNORSXBA�C»>pA�;
[m,A]
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=
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limθ→∞ cθ = ∞ q¾wRSRsÁ^>=R

s = 2
q�K6QSfg;p>¼QsKGx*fgX�>pNOK6XZNOC

cθ
Cn>tN:RiX�\�M*9,C*X�\�K6XZNOCE\�A­9�K6;=K6kl<*NO;pC

θ �¾wRSRiR�Áy>=R
s > 2
q_K6Qifg;=>

limθ→∞ cθ = 0
{

� RiYgX�K6QifgX�>@?cATC^x*Cn>¿;=M*>=A�Q[N�KhN=>�>=CEYgM*X�Mn;=K6QSRi>=C*XBN��G\TCn>¼vwfgX�x�NORSf6X�>
Φ
k�fgRiX�>�>p9,M*xnRi¹�?cATCn>�¾w¤6fgRS;

��� � ��� ��Á¸{ Â X¢¹�Xrqc\�K6X�>mQSC¿9�;pfgQSfgXTYgCnklCnXZNo\�A�xnfg;pfgQSQSK6RS;pC �L{���{ �cq � � � � � %��,K6X�K6Q[àc>=C¿QSC¿x¯Kh>@f��
α
C*>pN�>pN=;=RSx�NOC*k�C*XBN�>pA�9,M*;=RiCnA�;��

2
{

� 7���Ë'7w/�Î_- ��Ê ��7wÇ
� 8 �À\ � � � 
 	��
	 � � � F"b_��� : �,�G�:H�)"µ"b�µ .�b�¨�HJ�2d�b�a�*��:b_F¢µ"·4��b_F $ � ��DGb_HJF�*

�}b_I0��) � « � K6;=\Tà N³àc9,C RiX�Cn?BA�K6QiRiN=RSCn>lvwfg;¡K6PT>pNO;=K6x*N�\�Ri�,Cn;pCnXZNORSK6QLfg9�Cn;=K§�
NOf6;=>m¬,q>3`/+aR_ �has/ H _ 3^A
9�\N_���.-;G_ �
� ¾ � ��
 	gÁ�q¢X�f�{ % 	
�¢q�9r{�R[¤
� � � �T{

��� � ����� ]9�,D,�,�:HJ`��"Hrd $ � �,D ��µ,-Bb���« Â ®T9�fgX�C*XZNORsKhQTRSXZN=CnYg;=K6P�RSQiRiN³à^K6XT\GNO;OKhX�>t�
9�fg;pNOKhNORifgXuxnfg>tNo;=C*QsKhN=Cn\uNOfyQifgYZK6;pRiNOjTk�Rix � f6P,fgQiC*¤�RSX�C*?BA�K6QSR[NORiCn>2¬�q �N_ ��*@&<;+9f_
�h&�A
0r_ & � . ¾ � �����gÁ�qTXTf�{��gq�9r{�� � #�
T{



� ��� � ������� � � � ��	 � � �
� � � � 
4#�� � �¼¨&� 'L·")4� � : � � �,� � )4�4µ $����¼]9� � )4F¢µ,-,�ª«Eß¼jTC � K6;=\Tà©|2RiNt�

NOQiC � f¢fc\»k!K0®TRik!KhQ�vwA�XTx*NORifgX¡fgX L(p, q)
>p9�K6xnC*> � R[NOj � CnRSY6jBN=>o¬,q � &�>
7LA
&�A

� &�7PoK_93)A
9P\N_ �N_ .2& ¾ � � 
4#gÁ¸q�X�f�{��gq�9r{�� � �#� � # �¢{
� � � ����� � � 'L���4�2F4���4� $ ���T¨©��Fcµ"����b_aca¢� ��« !zX^NOj�Cm>=9�Cnx�NO;OKhQ¢YZKh9�f6v �EK � K6>OK��BR\TàcX�K6klRSx*>�A�X�\�C*;!K klR[®¢RSX�Y x*fgX�\�R[NORifgX�;=C�¤¢Ri>=R[NOCn\�¬,q �N_ 3)A
9P\N_ � \@}-(G_ �4&

¾ #������ZÁ¸q2X�f�{�%Tq"9r{ � %�� � � ��� # %¢q �};=fgP�KhP�RSQiRS>pN=RSx�N=Cnx�j�XTRS?BA�Cn>�RSX�Cn?BA�RSQiRSP�;pRSA�k
K6X�\­X�fgXTCn?BA�RSQiRSP�;pRSA�k�>pNOKhNORi>pN=RSx¯KhQ�9�jZàc>=Rixn>n{

� � � � ����� � � ':�����2F"���4� : � �E¨©��Fcµ"����b_aca¢� $ ' � ��HJ`�b_F¢µ"H � « !yX NOj�C­QSfgYgK§�
;=R[NOj�klRSx � fgP,f6QSC*¤£RSX�C*?cA�K6QSR[N³à£vwfg; �EK � K6>=K��BR:\TàcX�Khk�Rixn>lA�X�\�C*;�Kek�R²®TRiX�Yxnf6X�\�RiN=RSfgX¡;pC*¤cRS>pRiN=Cn\l¬,q�9�;pMn9�ATP�QSRix¯KhN=RSfgXrq�# �����¢{

�  K¯¤ ����� � �"� � �z�ZdJ��b_I4� � /3A
9 � / H &</+0�(uA
&�>Z(	,�/=;+9 H A
0m9�\�/=. H }§q � KhkGP�;=Ri\�YgC � XTRi¤gC*;t�>=R[N³à �};=C*>=>nq � K6k�P�;=Ri\�YgC6q�� �����T{
�  K¯¤ � 
�� � � �y�Zd���b_I���«À8 ;=C�¤cRSC � f6v � K6;=\¢à�RiX�Cn?BA�KhQSRiN=RSC*>r¬,q§9�;pMn9�A�PTQSRSxnKhNORifgXrq � ����
T{
� Â � � ����� 	 � ��� � dc����I : ��� <>� � ��F"F"��I,$ � �m�����2�-��« !©CnRSY6jBN=Cn\ � K6;=\TàÏK6X�\

�}fgRSXTx¯K6;pM�RiX�Cn?BA�KhQSRiN=RSC*>JfgX�NO;=C*Cn>�¬,q��N_ q�.K&�>@.K&�3^A
9P\N_ ��.-;G_"O �GS 
_Ä ¾ � �����gÁ¸q
X�f�{��6q�9r{�� # � � � % �T{

��� � ����� 57��DGb��"µ"��a�$ ' ���:HJ`,b_F¢µ"H8� « � 9�Cnx�NO;OKhQrYZK69�>�vwf6;�>=9�RiX»>pàc>pN=Cnkl>���>=f6k�C
X�fgXc�³xnf6XB¤6C�®¦9�j�Kh>=CEC�®TK6kl9�QSC*>o¬,q_�u9�K6;=K��SN=;=CyRiX � fgA�;n{/��A�XTx6{�8LX�K6QV{[q # ��� �T{

� � C*Q � 
�� � � � b_a�����b_F ��«E8:X�K6Q[à¢>pCG>=C*k�R²�³x*QsK6>p>=RS?BA�C�C*NyklMnxnK6X�Ri?cATCG>pNOKhNORi>pNORi?BA�C�¬,q
� fgA�;p> �4fg>pNt�  zÂ 8�q � X�Ri¤6Cn;p>=RiN=M ��K6ATQ � 8LP�KhN=RSC*;¼\�CEß�fgATQSfgA�>pC6q������ 
T{

� � | � 
�� D,� � � � ��F9.,� $ <>� � � �J�sµ2µ"acb�+!H�H�.*� � &</3kG* A
0C7P9L7M/=(�q �yfg>pA�\�K6;p>pN=¤�{
� �n\�KhN¯{ � X�f6>pNO;*{_|2RiN¯{[q/�¦f6>=xnf � q,� �
� 
T{

���y8 
4#�� � � � � � ���4µ"HJF,HrdJ���2· $ D,�4� � �G�J��acHrd8� �<*]&<;+9L7M.K&�A
0 A
&�A
0C} (+78(�q #h<*k�C
Cn\�{iq ��Cn;pYZK6klfgX �};pCn>=>*q,!:®cvwfg;=\rq,� ��
4#¢q_ß�;=K6X�>pQsKhN=Cn\Ïvw;pfgk NOj�C ��AT>=>=RSK6X%PZà
� f � K6;=\Ï|}{ � RSQixnfcx �_{

��� � � ��%�� ´�� � �ZdJ�s����:�D � � b_F"�4�_�r�2·4��F"�s��� $ � � ��Hr�J�4b_µ2µ"b ��«��zA�CnQi?cATCn>�;pC��
k�K6;=?BA�C*>À>=AT;�QVUWA�QiN=;OK6x*fgXZNO;=K6x*N=Ri¤cRiN=Mo¬,q � _ �<*]&<;+9M_ �h&�A
0r_ &_&�& ¾ � ����%ZÁ¸qZX�f�{ �gq
9r{�� �
��� � � �¢{

���ÏK � 
���� � �,D,��¨©�"-�� �*� � ��. F .K08/+o'(	,NA@;=/=(�q � 9�;=RiX�YgC*;t�
?oC*;=QSK6Y�q �ÀC*;=QSRiXrq � � 
��cq§ß4;OKhX�>t�QsK§NOCn\¡vw;pfgk NOjTC ��A�>p>=RSK6X¦PZà¡ßy{ !G{ � j�K69,f6>=j�X�R��6f.¤hKT{
���¦RSx ���gK�� � �4¨����2a¢H8�%«�8LX¡C�®TK6kl9�QiCzf6v4K69�9TQSRSxnKhNORifgXlf6v4\�RS>pxn;=C�NOC � K6;=\¢à,UW>¼RSXTCn?BA�K§�

QSR[NORiCn>�¬,q 3)A H � .Ko�� H .-;=/=(=(G_ ! /+0rA
9:/3> � 7M/+0r>K( 
 ¾ � �����ZÁ¸q�9r{ % ���#� %�%��¢{
���¦RSx ���6P � q�« ��C*QsKhN=RSfgXT> CnXZNO;pC Ri>=fg9�Mn;pRSklC*NO;pRSC£C�N©N=;=fgA�>=9�Cnx�NO;=K6Q�9,fgAT;�QiCn>

x�j�K��SX�Cn>¦\�C �ÏK6; �hf.¤�¹�X�RSC*>¿¬,q � H . F A F 7P0C7P9�}���\�/=. H } A
&�> ! /+0rA
9	/3> � 7M/+0r>K(
&_& � ¾ � � ���ZÁ�qT9r{ �4% � �@� 
��¢{



� ��� � ������� � � � ��	 � � �
���¦A�x 	�#�� � �G¨ )��2�Jb_�4·�H )���µ � « � K6;p\Tà�U~>»RSXTCn?BA�K6QiRiN³à � RiNOj � CnRiYgjZNO>¿¬,q �m9L*N>
7LA

3^A
9�\N_ � � ¾ � � 	 #gÁ�qg9�{ % ��� % 
¢q6xnf6QSQSC*x*N=RSfgXuf6v�K6;tNORSx*QSC*>}j�fgX�fg;pRSX�YzN=j�C¿xnfgkl9�QiC��
NORifgX»PZà¡8LXZNOf6X�R � àcYgkGA�X�\­f6v"� �GàgCnK6;=>�f6v�>=xnRiCnXZNOR[¹�x^K6x*N=Ri¤cRiN³à6q ( {

� ��fhN 
 ��� ´��y] � ��H�µ"·4��)�I��Þ« � àc9�Cn;pxnfgXZNO;=K6x*N=Ri¤cRiN³à�K6X�\£NOjTC �ÀK��B;pàZ� Â klCn;pà�xn;pR[�
NOC*;=RifgX�vwfg;uxnfgkl9�K6x�Nl|2RSC�Yg;pfgA�9�>À¬,q �N_ �<*]&<;+9M_ �h&�A
0r_ ��
 ¾ � � 
 �ZÁ¸q�X�fT{ %Tq
9r{ %�� 
#� % � 	c{

� � � � � � ¨&��¨&� �y�rH $ � �9��� �yb_�2� ��\�/=. H }V.:I?% H 0C7M;��u(	,NA@;=/=(�q �ÏK6;=x*CnQ  C � �6C*;� X�xh{iq ° C ��� fg; �_q�� ��� �g{
� � K � 

� � � �,]_�4+!�Jb�F �l« !©CnRSY6jBN=Cn\�|2CnP�Cn>pYgA�C¼KhX�\u|2fg;=C*XZN �ÀXTfg;=k�RSX�C*?BA�K6QSR[NORiCn>rvwfg;

NOjTC � K6;p\Tà©fg9,C*;OKhN=fg;m¬,q � H A
&N(G_ �has/ H _ 3^A
9�\N_ ��.-;G_ Ä��2& ¾ � � 

�ZÁ�q"X�f�{ �gq9r{ %4#��#� %�% 	c{
� ß�KhQ ����� D,� �@��a¢b_�"µ"���ª« !z>=>pCn;t¤6K �nRSf6X�Ro>=fg9�;=K¦A�X�KÏxnQSK6>=>pC�\�Rm\�Ri>=A�YgA�K6YgQSRSK6X �*C¿¬,q

! /+&�>�_���/+aR_ 3^A
9f_�� 78(G_13�7P0rA
&<. .�� ¾ � � � �ZÁ�q¢9r{�� 	 ��� � 
��¢{
� ß�f6k ����� D,� �EH � ��I§b_aca¢� ��«L8 x*QsK6>p>:f6v�RSX�C*?BA�K6QSR[NORiCn>�¬,q �u.K0P0r_ � &�_93)A
9M_ � 9MA
0r_ Ä2&

¾ ��� ���ZÁ¸q�9r{ �4#�#7� ��% �g{
� ? � �
� � <>� �@��)"µ"·���b_F $ <>�$* <>�l��F2��µ � �n.K* H (|>�2 A
&�A
0C}-(-/`aRA
9�\�i+aRA
9L7LkG*m/`>@/

032 A D
H i D A
9�7M.K&�q #h<nklCyCn\r{[q �ÏK6>p>=fgX�q ��K6;=Ri>nq������
��{
� � àcY�� ��� �,� � � � � )��9. � � H 7 D .K&<.Kas/+9 H 7M;R(-/ H 7M/=(�q�#h<nklC¡Cn\r{[q�¤6fgQV{ � $ �3� q � K6ku�

P�;pRS\�YgC � X�Ri¤6Cn;p>=RiN³à �};pCn>=>*q ° C ��� fg; �_q�� ��� �T{





��� � �Ã��� �

����������� � ��� � � � � ������	���	����
	,��� �ª���
� �
��� ���©��� � � ��	,� ������� ��	"��� � ��� � ��� ��	,�

��������� �­� � ��� � �

� C�N=N=C¼K6X�X�C¸®¢C�Cn>tNJ;=M*9,f6X�\u�:QSK:?BA�C*>pNORifgXG>pfgA�QSC�¤gM*CÀ\�K6XT>JQSCmx�j�K69�R[NO;pCn��{ ° f6A�>�M�NOA�\�RifgX�>�QSC
x*fgk�9�fg;tNOCnklCnXZN�\�C^QsKu>=f6QSATN=RSfgX­\�C^QVUWMn?BA�KhN=RSfgX»X�fgX¦QSRiX�M¯K6Ri;=Cy\�M*xn;pRiNOC^9�K6; �ÀC*X�K6x�j�f6A�;R/+9'A
0
��� ��ß ? � 
Tq	� � ? � 
��½q�xhU~C*>pNt� �§��\�RS;pC!QVUWMn?BA�K§NORSf6X£\�Cn>�k�RiQSRSC*A¢®�Yg;=K6XBA�QsK6Ri;=C*>�YgM*X�Mn;=K6QSRi>=M*C�K¯¤gC*x
A�XTRS?BA�CnklCnXZNuATX�9,f6N=CnXZNORiCnQ@\rU~RiXZNOCn;=K6x*N=RSfgX�{ ° fgA�>uRSXZN=;=fc\�A�RS>pfgX�>�A�X�X�fgAT¤6C¯K6A >tà¢>tNO<*k�C¡\�C
9�Kh;pNORixnA�QiCn>49,f6A�;�QiCn?BA�CnQ¢X�fgA�>�M*N�KhP�QSRi>=>=f6X�>�A�X�;=Mn>pA�QiNOKhNJ\TC�9�;=f69�K6YZKhN=RSfgX�\�AGx�j�Khfg>JA�X�R[vwfg;=klC
C*XÏNOC*k�9�>*{ ° fgA�>:CnX%\TMn\�A�Ri>=fgXT>LA�X�C�¤¢R[NOC*>=>=C�C�®¢9�fgX�CnXZN=RSCnQiQSC^\�C�x*fgXZ¤gC*;=YgC*X�xnC��lQVUWMn?BA�RSQiRSP�;pC
9�fgA�;rQSK�>=fgQiATNORifgXz\�CoQ½U~M*?cA�KhNORifgXyX�fgXEQSRiX�M¯KhRS;=C4C*N4;pC*NO;pfgAT¤6fgX�>4K6RSXT>=R6ATX^;pMn>pA�QiNOKhN"\��^� � K6;=;pRSQSQif
/+9�A
0 � � � ? � ���V{ Â XT¹�XGXTfgA�>JM�N�K6P�QiRS>p>=fgX�>4\�C*>JRSXZNOC*;p¤hK6QiQSCn>"\�C@xnfgX¢¹_K6X�x*C�C�®TK6x�NO>JC�NJYZK6AT>=>=RiCnX�>
9�fgA�;^QsK»xnfgXZ¤6Cn;=Y6CnX�x*C¡\rU~ATX£>=x�j�M*k!K¦\rU Â A�QiCn;^RSkl9�QSRixnR[NOC�¤6Cn;=>�QsK»k�C*>=A�;pC!>pNOKhNORifgX�X�KhRS;=C�\�A
9�;pfgP�Qi<nklCz\rUWM*¤gf6QSATN=RSfgX»X�fgX­QSRiX�M¯KhRS;=Ch{

��$'&�$�(*),+.-0/2143�56+.7'/�)
� XENOjTRS>29�K69�Cn;*q � Cm>pNOAT\TàEK6X^RSXZNOC*;OK6x�NORiX�Y¼9�K6;tNORSx*QSCJ>tàc>pNOC*k�K6X�\^K6X^RSkl9�QSRixnRiN Â A�QiCn;">=x�j�C*k�CN=f \�Cn>pxn;=RiP,C»KhX�\ >=fgQ[¤gC»XBA�k�C*;=Rix¯K6QiQiàgq�PBà£K 9�;=fgP�K6P�RSQiRS>tNORSx � K.à6qmN=j�C�vwfgQiQSf � RSX�Y¦X�fgX�QiRSX�CnK6;C*?cA�KhNORifgX��
¾ � {/�0Á ∂u

∂t
= ∇ · [∇u+ u∇W ∗ u],

� j�C*;=C u(t, ·) RS>ÀK�NORik�C¸�³\�C*9,C*X�\�CnXZN¼9T;=fgP�KhP�RSQiRiN³àuklC¯K6>pA�;=CLfgX R
d
K6XT\

W : R
d → R

RS>�KhX
RiXBN=Cn;=K6x*N=RSfgXe9�f6NOC*XBN=RsK6Q½{�ß¼jTC�>tà¢k�P,fgQ ∇ >pNOK6X�\�>^vwfg;yNOj�ClYg;=K6\�RSC*XZN�f69,C*;OKhN=fg; � j�Cn;pC¯K6> ∇·\�C*X�f6N=Cn>¼NOj�CE\�R[¤gC*;=YgC*X�xnC^fg9�Cn;OK§NOfg;*{}8�N:QSK6>pNnq ∗ >pNOK6X�\�>¼vwfg;�N=j�CExnfgXZ¤gf6QSATN=RSfgX»fg9�Cn;=KhNOfg; �

∇W ∗ u(x) =

∫

∇W (x− y) u(dy).

ß¼j�CyvwA�XTx*NORifgX
W
Ri>¼>=A�9�9�fg>pCn\¦N=f�P�Cy>pàcklk�C�NO;pRSx

¾w8 �0Á ∀x ∈ R
d, W (−x) = W (x),A�XTRivwfg;pk�Q[à�x*fgXZ¤gC¸®

¾w8 #gÁ ∃λ > 0, ∀x, v ∈ R
d, 〈 � C*>=> W (x)v, v〉 ≥ λ〈v, v〉,K6XT\Ï>=ATx�jÏNOj�K§N:R[NO>�Yg;OKhX�\�RSC*XZN:Ri>�K�QSfcx¯KhQSQià!|2RS9�>px�j�RiN	�^vwATX�x*N=RSfgX � RiN=j¦9�fgQiàcX�f6k�RSK6QrYg;pf � N=j��N=j�Cn;pC^C¸®¢RS>pN=>�K�9�fgQ[à¢XTfgk

P
>pA�x�j¦N=j�KhN

¾w8 %ZÁ ∀x, y ∈ R
d, |∇W (x)−∇W (y)| ≤ |x− y||P (x) + P (y)|.
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¾ � { #gÁ {

dXt =
√
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


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∞
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∫
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∫
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∫
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∫
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∞
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∞
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





∫

dν

dµ
log

dν

dµ
dµ

Riv
ν � µ

+∞ CnQi>=C
.� X � Cnx�NORSf6X � { �cq � CGCn>tN�K6PTQSRS>pj¦N=j�KhNLN=j�C�ATX�Rivwfg;pk
9�;=f69�K6YZKhN=RSfgX»f6vox�j�K6fg>LjTfgQS\�>¿vwfg;�NOj�Cx*fgXZ¤gCn;pYgCnXTxnC�fhv�N=j�CE9�;=f§�pC*x*N=Cn\Ï9�K6;pN=RSxnQiCz>pàc>tNOCnk­{

� ��� � � � � � �	����� {"# � I
W

(GA
9�78(��'/=(%¾'8 �0Á3T:¾'8 #gÁVA
&�> ¾'8 %ZÁ=T 9P\�/+&|9P\�/ H /s/65�78(+9P(RA);=.K&�B(+9MA
&�9
C
(+*�;=\X9�\NA
9PTmI�. H /+o
/ H } N ∈ N

∗
T

sup
t≥0

E

(

∣

∣

∣
Y i,N

t −X
i

t

∣

∣

∣

2
)

≤ C

N
.

8�N:NOj�Ri>:9�fgRiXBN � CuK6;pC�K6PTQSCENOf!AT>=C�N=j�C�9T;=fgYg;=K6k­{ !�C�;=C*xnf.¤gC*;zRSX � Cnx�NORifgX � {���NOjTC�C�®B�9�fgX�C*XBN=RsK6QTxnfgXZ¤gC*;=YgC*X�xnC:NOf^Cn?BA�RSQiRSP�;pRSA�k vwfg;}NOjTC:X�f6X�QSRiX�C¯K6; �  LÂ C*>pNOK6P�QSRi>=j�C*\�RiX � � � ? � ���
RiX�NOCn;pk f6v9!£Kh>=>=C*;=>tNOCnRiXÏ\�Ri>pNOK6X�xnC��

!
2(ν, µ) :=

√

inf

∫∫
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∣
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& λ _
� H .-.:I¸{�# !©CEj�K¯¤gC^K6QS;pC¯K6\¢à!X�fhNORSx*Cn\©¾'>pCnC^|2Cnklk!K � { #¢{��BÁ@N=j�KhN¼NOjTCz¤gCnx�NOfg;p>�N=j�KhN¿xnK6X»P,C
� ;pRiN=N=CnX (v, . . . , v)

K6;pC�RiX¡NOj�C �6C*;=X�C*Q�f6v
�
ÇcÌ¯Ì

U(x)
{ !�CEj�K¯¤6C�X�f � N=f�>tNOA�\Tà»N=j�C�fhNOj�C*;\�Ri;=C*x*NORifgX�>*{:|2C�NzA�>:\�Cnx*fgk�9�fg>pC�NOjTC � C*>=>pRsK6X%k�KhN=;=R[®¡f6v

U
RSXÏPTQSfcx �c>:f6v}>pR �nC

d× d
{�ß¼j�C

C*XBN=;=RiCn>¿f6v
�
ÇcÌ¯Ì

U
K6;pC^\TCnX�f6N=Cn\­PZà

(Hij)1≤i,j≤N

�

Hii =
1

N

∑

j 6=i

� C*>=>
W (xi − xj)

KhX�\
Hij = − 1

N

� C*>=>
W (xi − xj)

vwfg;
i 6= j.

ß¼j�Cy¹�;p>pN�9�fgRSXZN¿f6v4NOj�CE9�;pfg9�fg>=R[NORSf6X�RS>¼CnK6>pà¡N=flx�jTCnx �_{
|2C�N:AT>�>tNOA�\¢à¡NOj�CEf6N=j�Cn;¿CnRiYgCnXZ¤hK6QiA�Cn>*{ � X­N=j�CE>=Cn?BA�C*Q2NOj�CEk�KhNO;pR[®

A
>tN�K6XT\�>¼vwfg;

A := λ
� \ − λ

N
1I
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� j�C*;=C 1I Ri>JNOj�C¼k�KhN=;=R[® � j�fg>pC�K6QSQ¢P�QSfcx �B>}f6v�>=R �*C d×d Kh;=C¼Cn?BA�KhQ�NOf I NOj�C¿RS\TCnXZNOR[N³àGk�KhNO;pR[®fgX
R

d×d
�

1I =





I . . . I{{{ { { { {{{
I . . . I





ß¼j�C�k!K§NO;=R²®
H
x¯K6X%P�C � ;=RiNpNOC*X H(x) = A +H(x)− A

{¼ß¼j�C�>p9,C*x*N=;=A�k f6vJN=j�C�k�KhNO;pR[®
A
RS> {0, λ} � RiN=j£;=C*>=9�Cnx*N=Ri¤6C­k�A�QiN=RS9�QiRSxnR[N³à d K6XT\ d(N − 1)

K6X�\�CnRiYgCnXZ¤6Cnx*N=fg;=>GN=j�C�>pC*NO>
{ � = (v, . . . , v)} K6XT\

M =

{

�
= (v1, . . . , vN),

N
∑

i=1

vi = 0

}

.

8�N¿QSK6>pNnq�QSC�N¿A�>¿>=j�f � N=j�KhN H − A
RS>¿K�X�fgXTX�CnYZK§NORi¤6Cy>pàcklk�C�NO;=Rixyk!K§NO;=R²®,{  CnXTf6NORiX�Y�PBà

Bij =
1

N
(
� C*>=>

W (xi − xj)− λI)
vwfg;

i 6= j,

� CEj�K¯¤gC
(H − A)ii =

∑

j 6=i

Bij

K6X�\
(H − A)ij = −Bij

vwfg;
i 6= j.

�¦f6;=Cnf.¤6Cn;nq 〈Bijv, v〉 ≥ λ|v|2 K6X�\ Bij

RS>¡>tàck�klC*N=;=RSxh{�ß¼jTCnXrqLvwf6;�C*¤6Cn;pà�¤6Cnx�NOfg; �
=

(v1, . . . , vN)
q

〈(H − A)
�
,v〉 =

N
∑

i6=j
i,j=1

(〈Bijvi, vi〉 − 〈Bijvi, vj〉)

=
1

2

N
∑

i6=j
i,j=1

〈Bij(vi − vj), (vi − vj)〉 ≥ 0.

ß¼j�Ri>¿K6x�j�RiC*¤gC*>�N=j�CE9�;=fcf6v {
8¼x*xnfg;p\�RSXTYGNOf �};=fg9�fg>pRiNORifgX � {&%T{��gq¢N=j�CyX�KhN=A�;OKhQ,Ri\�C¯KGRi>@NOfu9T;=f§�pC*x*N�N=j�Cz9�K6;tNORixnQSC:>pàc>pN=Cnk
fgX¡N=j�CE>=C*N M � j�RSx�j¦RS>¼fg;tNOj�f6YgfgX�K6Q�NOf { � = (v, . . . , v)} �

M =

{

x ∈ R
N ,

N
∑

i=1

xi = 0

}

,

�};=f0�pCnx*NÀNOj�CL¤6Cnx�NOfg;
XN
fgX M RS>@X�f6NOjTRSX�YGC*QS>pCLNOj�KhX¡>=A�PTN=;OK6x�N�NOfGK6QSQ�RiN=>Àxnfcfg;p\�RSX�K§NOCn>@NOj�CklC¯K6X»f6v�RiN=>¼xnfcfg;=\TRSX�KhN=Cn>*{o|"C�N¿A�>�RSXZNO;pf¢\�ATxnCzNOjTC^9T;=fcxnCn>p>

(Y N

t )t≥0

fgX
R

dN
\�C*¹�X�Cn\¦PBà

Y i,N
t = X i,N

t − 1

N

N
∑

j=1

Xj,N
t

vwfg;¿K6QiQ
i = 1, . . . , N .

�@à�\�C*¹�XTRiNORifgX¡f6v
Y N
q

X i,N
t −Xj,N

t = Y i,N
t − Y j,N

t .
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ß¼j�C*Xrq�fgX�CEj�Kh>

Y i,N
t = X i

0 −
1

N

N
∑

j=1

Xj
0 +

√
2Bi

t −
√

2

N

N
∑

j=1

Bj
t −

1

N

N
∑

j=1

∫ t

0

∇W (Y i,N
s − Y j,N

s ) ds.
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� ��� � � � � � ���"�	� � � ���r- � Í3�yÉ�ÇB- � ! {�# � I"I�. H /+o
/ H } x ∈ R

dN
T

�
ÇcÌ¯Ì

U(x) ≥ ρId9P\�/+&NT 9P\�/cas/3AK(+* H / µ �j7P9P\ >@/+&N(+7P9L}
1

Z
e−U(x) �$\�/ H / Z =

∫

e−U(x) dx,

(GA
9L78(��'/=( A 08. D A H 7P9�\@a[7M; ��. F .K08/+o^7P&</3kG*NA
0C7P9L} �j7P9P\ ;=.K&N(+9fA
&�9
2/ρ
RV{WC6{|I�. H /+o
/ H }`(+as.-.K9P\

I *@&<;+9�7M.K&
f
T

Â XZN
µ

(

f 2
)

≤ 2

ρ

∫

|∇f |2 dµ,
�$\�/ H /

Â XZN
µ

(

f 2
)

:=

∫

f 2 log f 2 dµ−
∫

f 2 dµ log

∫

f 2 dµ.

� ����� ��� � ���j�L{ {$# � })A
& A
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08. D } �j7P9�\ ! 7M/+aRA
&�&�7LA
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0P0
ρ
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0 D /+&</ H A
9:. H ∆f −∇U · ∇f _
ß¼jTC�9�;=fcxnC*>=>

(Y N

t )t≥0

f6X M j�Kh>JK:x*A�;p¤hKhN=A�;=C@Yg;=CnKhNOC*;4N=j�K6X λ {�ß�f:Cn>pNOK6P�QiRS>=j^NOj�Ri>�9�fgRiXBNnqfgXTC�x¯KhX � ;=R[NOC�N=j�C�9T;=fcxnCn>p> (XN

t )t≥0
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λ
{�ß¼j�Ri>yRS>zXTf6NE>=A�;p9�;=Ri>=RiX�Y��:N=j�RS>:v'K6x*NyRi>zxnf6XBNOK6RSXTCn\eRSX �};=f69,fg>pRiN=RSfgX � {&%T{��g{

8:>yK�xnfgXT>=Cn?BA�C*X�xnC � CuYgC*NLNOj�KhNzRiNO>:RSXZ¤hK6;=RSK6XZNLklC¯Kh>=A�;pCG>OKhN=RS>t¹�Cn>EK!QifgYZK6;pRiN=j�k�Rix � fgP�fgQSC�¤RiX�Cn?BA�K6QiRiN³à � RiN=j­x*fgX�>tN�K6XZN 2/λ {
( � �
� � � y:�:y � � � ���"��� {l# � I

W
(GA
9L78(��'/=(©¾'8 �0ÁQA
&�>Ã¾'8 #gÁ=Tp9P\�/+&NTe9P\�/s7P&�oKA H 7LA
&�9U0rA � .:I

(Y N

t )
�$\@7M;=\ 78([/3kG*NA
0�9	.

u(N)
∞ =

1

ZN

1IM(y) exp

(

1

2N

N
∑

i,j=1

W (yi − yj)

)

dy,
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ZN =

∫

M

exp

(

1

2N

N
∑

i,j=1

W (yi − yj)

)

dy,
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2/λ
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� � � � 
 
 � � � � ���j��� {l# � I
u

(N)
t

(+9fA
&�>K(<I�. H 9�\�/ >@/+&N(+7P9�}Z.:IY9�\�/g0rA � .:I
Y N

t

T 9P\�/+&NT�I�. H /+o
/ H }
t ≥ 0

T
Â XZN (

u
(N)
t | u(N)

∞

)

≤ Â XZN
(

u
(N)
0 | u(N)

∞

)

e−2λt.

� ����� ��� � ���j�
� {$# ��\@78( H /=(+*@0C9j78(ckG*@7P9	/1;+0rAK(=(+7M;3A
0 F *@9 �Y/ H /	, H .G>
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� H .-.:IZ.:I �n. H .K0P0rA H } � _���_���{ # !�C»>tNOA�\Tà�N=j�C»NORSklC�C�¤gfgQiATNORifgX f6v:N=j�C¡vwA�X�x�NORSf6X

α
vw;pfgk

R+

NOf
R
\�C*¹�X�Cn\¦PBà �

α(t) :=
Â XBN (

u
(N)
t | u(N)

∞

)

=

∫

log
u

(N)
t

u
(N)
∞

du
(N)
t .

� >=RSXTY�N=j�Cyv'K6x*N¼N=j�KhN
u

(N)
t

RS>¼>pfgQSA¢NORSf6X¡f6v�N=j�C���f � �6Cn; � �}QsKhX�x ��Cn?BA�K§NORSf6X

∂u

∂t

(N)

= ∇ ·
[

∇u(N) + u(N)
∇U

]

,

fgXTCyYgC*N=>

α′(t) = −
∫

∣

∣

∣

∣

∣

∇u
(N)
t

u
(N)
t

− ∇u
(N)
∞

u
(N)
∞

∣

∣

∣

∣

∣

2

du
(N)
t .

�¦f6;=Cnf.¤6Cn;nq�N=j�CEQSfgYZKh;=RiN=j�klRSx � fgP�fgQSC�¤�RiX�Cn?BA�K6QiRiN³à�vwfg;
u

(N)
∞
CnX�>pA�;=C*>:N=j�KhN �

Â XZN (
u

(N)
t | u(N)

∞

)

≤ 1

2λ

∫

∣

∣

∣

∣

∣

∇u
(N)
t

u
(N)
t

− ∇u
(N)
∞

u
(N)
∞

∣

∣

∣

∣

∣

2

du
(N)
t .

� fTq
α
>OKhN=RS>t¹�Cn>:Ku\�Ri�,Cn;pCnXZNORSK6QrRSXTCn?BA�K6QiRiN³à �

α′(t) ≤ −2λα(t),

� j�Rix�jÏKhx�j�RSC�¤gCn>¿NOjTC^9T;=fcf6v {
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W
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9L78(��'/=(­¾w8 �0Á[A
&�> ¾w8 #gÁ TY9P\�/+&)9�\�/ H /R/65�78(+9�(?A ;=.K&N(+9MA
&�9 C(+*�;=\ 9P\NA
9�TmI�. H /+o
/ H } N ∈ N
∗
T

sup
t≥0

E

(

∣

∣

∣
Y i,N

t −X
i

t

∣

∣

∣

2
)

≤ C

N
.

� H .-.:I¸{�# ß¼j�CGvwf6QSQSf � RiX�Y�9T;=fcf6v}vwfgQSQif � >:NOjTCGQSRiX�Cn>:f6v}NOj�C�fgX�CGf6vmß¼j�C*fg;=C*k � {$#¢{��uCn>pNOK6P¢�
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i = 1, . . . , N
q�NOjTC^9T;=fcxnCn>p>

(Y
i,N

t )t≥0

PBà �

Y
i,N

t := X
i

t −
1

N

N
∑

j=1

X
j

t .

ß¼j�Ri>¼RS>�N=j�C
ith
x*f¢f6;=\�RiX�KhNOCyfhv�N=j�CE9�;=f§�pC*x*N=RSfgX»fgX M fhv�N=j�Cy¤gCnx�NOfg; (X1

t , . . . , X
N

t )
{

ß4flxnfgXZNO;pfgQ
E

(

∣

∣

∣
Y i,N

t −X
i

t

∣

∣

∣

2
) q � C � ;=RiN=C

¾ � {��ZÁ
√

E

(

∣

∣

∣
Y i,N

t −X
i

t

∣

∣

∣

2
)

≤
√

E

(

∣

∣

∣
Y i,N

t − Y
i,N

t

∣

∣

∣

2
)

+

√

E

(

∣

∣

∣
Y

i,N

t −X
i

t

∣

∣

∣

2
)

.
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i

t

K6X�\
X

j

t

q

E
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∣

∣

∣
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i,N

t −X
i

t

∣

∣

∣

2
)

=
1

N
E
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∣

∣

∣
X

i

t

∣

∣

∣

2
)
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K6;=C�P,fgATX�\�Cn\�q�A�X�R[vwfg;=klQià%RSXeNORSklC6q�K6>
>pf¢fgX­K6>¼N=j�C*à»Kh;=Cy¹�X�R[NOCEKhN¼N=RSklC �T{
� ��� ��� � �
� �L{ � � Ç¢) ��5��4/�3"- ��� � 
 ! {l# � I

E

(

∣

∣X0

∣

∣

2n
) 78( � &�7P9	/=Tt9�\�/+&�9�\�/ H /[/65�78(+9P(ZA

Kn

(+*�;=\X9P\NA
9
sup
t≥0

E

(

∣

∣X t

∣

∣

2n
)

≤ Kn.

� H .-.:I¸{�# |2C*N^A�>ERiXB¤6Cn>tNORSYgKhNOCuNOjTCl9T;=fcf6vÀfhv@N=j�C�x¯K6>pC n = 1
RSXefg;p\�Cn;yNOf»>pj�f � NOj�C�;pfgQSCf6v�NOjTC¦Kh>=>=ATk�9TN=RSfgXT>u8 �¦K6X�\ª8 #¢{�8 xnf6k�9�QiC*N=C¡9�;=fcf6v:f6v:N=j�RS>u;pCn>pA�QiNlRS>u9�Cn;tvwfg;=klCn\ PZà

�};=f69,fg>pRiN=RSfgX2%¢{�
�RSX ��� ��ß ? � 
��½{
�mà�NOj�C � N �lvwfg;pkGA�QSKTq � C^YgC*N

E

(

∣

∣X t

∣

∣

2
)

− E

(

∣

∣X0

∣

∣

2
)

= −2

∫ t

0

E
[

Xs · ∇W ∗ us(Xs)
]

ds+ 2t.
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 ��	 � � � ��� � � �
|2C*N

(X
′

t)t≥0

P�C�K6X¦RiX�\�C*9,C*X�\�CnXZNLxnfg9Zà­f6v
(X

′

t)t≥0

{ � RSX�x*C ∇W RS>:K6X­f¢\T\¦vwA�X�x�NORifgXrq_fgX�Cj�Kh>

E

(

∣

∣X t

∣

∣

2
)

− E

(

∣

∣X0

∣

∣

2
)

= −2

∫ t

0

E

[

Xs · ∇W (Xs −X
′

s)
]

ds+ 2t

= −
∫ t

0

E

[

(Xs −X
′

s) · ∇W (Xs −X
′

s)
]

ds+ 2t.

ß¼j�C^K6>p>=A�kl9TN=RSfgX©¾'8 #gÁÀf6v�>pN=;=RSx�N¿xnfgXZ¤6C�®¢RiN³à»vwfg;
W
9�;=f.¤cRS\�C*>

E

(

∣

∣Xt

∣

∣

2
)

− E

(

∣

∣X0

∣

∣

2
)

≤ −λ
∫ t

0

E

[

(

Xs −X
′

s

)2
]

ds+ 2t.

ß¼j�C*X � C^A�>=CyNOj�KhN
E(Xs) = E(X0)

vwfg;¼C�¤gC*;pà
s ∈ R+

NOflYgC*N

E

(

∣

∣X t

∣

∣

2
)

− E

(

∣

∣X0

∣

∣

2
)

≤ −2λ

∫ t

0

E

(

∣

∣Xs

∣

∣

2
)

ds+ 2t
(

λ
[

E(X0)
]2

+ 1
)

.

�y;=fgX � K6QSQ�QSCnklk�KGK6x�j�RiC*¤gC*>�N=j�CE9�;=fcf6v�RSX�N=j�CEx¯K6>pC n = 1
�

E

(

∣

∣Xt

∣

∣

2
)

≤
[

(

E(X0)
)2

+
1

2λ

]

(

1− e−2λt
)

+ E

(

X
2

0

)

e−2λt.

8:X¦RiX�\�A�x�NORifgX­K6x�j�RSC�¤gC*>�N=j�CE9�;=fcf6v4f6v4NOj�C^|2Cnklk!K � {��¢{$#¢{
|2C�N:AT>¿N=A�;=X»NOfuN=j�Cy¹�;=>tN�N=Cn;pk f6v4NOj�CE;=RiYgjZN¿j�K6X�\­>=Ri\�Cyf6v^¾ � {��gÁ�{

Y i,N
t − Y

i,N

t = − 1

N

∫ t

0

N
∑

j=1

[

∇W (Y i,N
s − Y j,N

s )−∇W ∗ us(X
i

s)
]

ds

− 1

N

∫ t

0

N
∑

j=1

∇W ∗ us(X
j

s) ds.

� >=RSXTY�N=j�C � N �uvwfg;pkGA�QsK¢qTfgX�CExnK6X»YgC*N
N
∑

i=1

∣

∣

∣
Y i,N

t − Y
i,N

t

∣

∣

∣

2

= −2
∑

1≤i,j≤N

∫ t

0

[

ρ(1)

ij (s) + ρ(2)

ij (s) + ρ(3)

ij (s)
]

ds,

� j�C*;=C
ρ(1)

ij (s) :=
[

∇W (Y i,N
s − Y j,N

s )−∇W (X
i

s −X
j

s)
]

·
[

Y i,N
s − Y

i,N

s

]

=
[

∇W (Y i,N
s − Y j,N

s )−∇W (Y
i,N

s − Y
j,N

s )
]

·
[

Y i,N
s − Y

i,N

s

]

,

ρ(2)

ij (s) :=
[

∇W (X
i

s −X
j

s)−∇W ∗ us(X
i

s)
]

·
[

Y i,N
s − Y

i,N

s

]

,

ρ(3)

ij (s) :=
[

∇W ∗ us(X
i

s)
]

·
[

Y i,N
s − Y

i,N

s

]

.

!©C�N=;=C¯K§NLNOjTC�NOj�;pCnC�N=Cn;pk�>:fgX�C�PZà¦fgX�Ch{zß�f!\�C¯K6Q � RiN=j ρ(1)

ij (s)
fgXTCGj�K6>LN=f!YZK§NOj�C*;LNOj�C

x*;=fg>p>=RSXTY�N=Cn;pk�> �
∑

1≤i,j≤N

ρ(1)

ij (s) =
1

2

∑

1≤i,j≤N

[

ρ(1)

ij (s) + ρ(1)

ji (s)
]

.
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ß¼j�CE>pA�k

ρ(1)

ij (s) + ρ(1)

ji (s)
RS>¼Cn?BA�KhQrNOf

[

∇W (Y i,N
s − Y j,N

s )−∇W (Y
i,N

s − Y
j,N

s )
]

·
[(

Y i,N
s − Y

i,N

s

)

−
(

Y j,N
s − Y

j,N

s

)]

� j�Rix�j¦Ri>¿K6QS>pfuCn?BA�K6Q2N=f
[

∇W (Y i,N
s − Y j,N

s )−∇W (Y
i,N

s − Y
j,N

s )
]

·
[

(

Y i,N
s − Y j,N

s

)

−
(

Y
i,N

s − Y
j,N

s

)]

.

ß¼j�C*Xrq6PZàyN=j�CoxnfgXZ¤gC¸®¢RiN³à�K6>=>pA�kl9TNORifgXrq
ρ(1)

ij (s)+ρ(1)

ji (s)
Ri>"P,fgATX�\�Cn\^P�CnQSf � PBàyN=j�Co?BA�K6XZNOR[N³à �

λ
∣

∣

∣

(

Y i,N
s − Y j,N

s

)

−
(

Y
i,N

s − Y
j,N

s

)∣

∣

∣

2

= λ
∣

∣

∣

(

Y i,N
s − Y

i,N

s

)

−
(

Y j,N
s − Y

j,N

s

)∣

∣

∣

2

.

� RiX�xnCENOjTC^¤6Cnx*N=fg;=>
Y N
K6X�\

Y
N Kh;=C^fgX M q�NOjTC�>=ATk fhv�NOjTCnRS;�xnfcfg;p\�RSX�K§NOCn>¿Ri>:C*?cA�K6Q2NOf �K6XT\»N=j�CnX�q � CEYgC*N�PZà»Ku>pN=;OK6RiYgjZN=vwfg; � Kh;=\»xnfgkl9�ATNOKhNORifgX��

∑

1≤i,j≤N

ρ(1)

ij (s) ≥ λ

2

∑

1≤i,j≤N

∣

∣

∣

(

Y i,N
s − Y

i,N

s

)

−
(

Y j,N
s − Y

j,N

s

)∣

∣

∣

2

= λN
N
∑

i=1

∣

∣

∣
Y i,N

s − Y
i,N

s

∣

∣

∣

2

−λ
∑

1≤i,j≤N

(

Y i,N
s − Y

i,N

s

)

·
(

Y j,N
s − Y

j,N

s

)

= λN

N
∑

i=1

∣

∣

∣
Y i,N

s − Y
i,N

s

∣

∣

∣

2

− λ

∣

∣

∣

∣

∣

N
∑

i=1

(

Y i,N
s − Y

i,N

s

)

∣

∣

∣

∣

∣

2

= λN
N
∑

i=1

∣

∣

∣
Y i,N

s − Y
i,N

s

∣

∣

∣

2

.

ß¼j�f6>=C�QiRSX�C*>�x*fgXZN�K6RiX©NOjTC �6C�à£9�fgRSXZN^f6v¼N=j�C!Rik�9�;pf.¤gCnklCnXZN�f6v�NOjTC!;=C*>=A�Q[NGC*>pN�KhP�QSRi>=j�C*\£RSX
��� ��ß ? � 
��½{
ß¼jTC%>=C*xnfgX�\ NOCn;pk f6vzNOjTCÏ;=RiYgjZNlj�K6X�\Þ>pRS\�C­f6vÏ¾ � {��ZÁuRS>lxnfgXZN=;=fgQiQSCn\ªPZà N=j�C � K6A�x�jZàZ�

� x�j � K6;	�^RSXTCn?BA�K6QiRiN³à �

−E

[

N
∑

j=1

ρ(2)

ij (s)

]

≤
[

E

(

∣

∣

∣
Y i,N

s − Y
i,N

s

∣

∣

∣

2
)]1/2

θi(s)
1/2,

� j�C*;=C

θi(s) = E





∣

∣

∣

∣

∣

N
∑

j=1

(

∇W (X
i

s −XJs)−∇W ∗ us(X
i

s)
)

∣

∣

∣

∣

∣

2


.

� >=RSXTY�N=j�CÏRiX�\�Cn9�CnXT\�CnX�x*CÏf6vLNOj�C­xnfg9TRSCn>�f6v
X t

q@NOjTCÏ9�fgQiàcX�fgklRsKhQÀYg;pf � N=jÞf6v ∇W K6X�\|2Cnklk�K � { �¢{$#¢q�fgXTCyx¯K6X­9�;=f.¤6C^N=j�KhN¼NOjTCn;=CEC¸®TRi>pN=>LKuxnf6X�>pNOK6XZN
c
>pA�x�j¦N=j�KhN

θi(s) ≤ cN.ß¼j�C �hC*à»RS>�N=f�X�f6NORixnCyNOj�KhN
E

[

∇W (X
i

s −X
j

s)−∇W ∗ us(X
i

s)
]

= 0.
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ß¼jTC�N=j�RS;p\�N=Cn;pk f6v�NOj�C¿;=RiYgjZNoj�K6X�\�>pRS\�C¿f6v�¾ � {��gÁ}Ri>}xnfgXZN=;=fgQiQSCn\�PZàGN=j�C¿>OK6klC � K¯à�A�>pRSX�Y

� K6ATx�jBàZ� � x�j � K6; �GRSXTCn?BA�K6QiRiN³à!K6X�\»NOj�Cyv'K6x�N¼NOj�KhN

E

[

∇W (X
i

s −X
j

s)
]

= 0.

8:>�Klx*fgX�xnQiA�>=RifgXrq � CEj�K¯¤gC^9�;=f.¤6Cn\¦N=j�KhN¼N=j�Cn;pC�C¸®TRi>pN=>:Kux*fgX�>pNOK6XZN c >=A�x�j­NOj�KhN
N
∑

i=1

E

(

∣

∣

∣
Y i,N

t − Y
i,N

t

∣

∣

∣

2
)

≤ −2λN

∫ t

0

N
∑

i=1

∣

∣

∣
Y i,N

s − Y
i,N

s

∣

∣

∣

2

ds

+c
√
N

∫ t

0

[

E

(

∣

∣

∣
Y i,N

s − Y
i,N

s

∣

∣

∣

2
)]1/2

ds.

� v
α : R+ → R

Ri>�\TC*¹�X�C*\ÏPZà
α(s) = E

(

∣

∣

∣
Y i,N

s − Y
i,N

s

∣

∣

∣

2
)

,
NOjTCnXrq � C�j�K¯¤6C�Cn>tN�K6PTQSRS>pj�Cn\

N=j�KhN
α′(s) ≤ −2λα(s) +

c√
N

√

α(s).

�y;=fgX � K6QSQ�QSCnklk�KGK6x�j�RiC*¤gC*>�N=j�CE9�;=fcf6v �
√

α(t) ≤ c

λ
√
N

(

1− e−λt
)

.
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� X­NOj�Ri>¿>=Cnx�NORifgX � C�RiXZ¤gCn>tNORiYZKhNOCyN=j�C�QifgX�YuNORik�CyP�Cnj�K.¤cRifg;¿f6v ut

NOj�K6X �c>¿NOf�NOjTC�A�XTRivwfg;pk
9�;pfg9�K6YgKhNORifgX¦fhv}x�j�K6fg>zK6X�\ÏN=j�C�x*fgXZ¤gCn;pYgCnXTxnCuNOf�C*?BA�RSQiRSP�;pRSA�k�vwfg;:N=j�C�9�;pf§�pCnx�NOC*\ 9�K6;pN=RSx*QSC
>tà¢>tNOC*k¦{ � X�>pN=C¯K6\©f6vÀ9T;=f.¤cRSX�Y­xnfgXZ¤6Cn;=Y6CnX�x*C!vwfg;zNOjTClvwA�XTx*NORifgX�K6Q

η
¾'>pCnC Â ?BA�K§NORSf6XÞ¾ � { �gÁpÁ�q

� CE9�;=f.¤gC^RiN¿RiX�NOC*;=kl>�fhv�!�K6>=>pCn;p>pNOC*RSX­\�RS>tN�K6XTxnC6{
v � x �$y:�:y � � � �����	� {l# ��\�/ � AK(=(-/ H (+9	/+7P& as/+9 H 7M; F /+9 �Y/=/+& 9	. , H . F A F 7P0C7P9L})as/3AK(+* H /=( µA
&�>

ν
�j7P9�\ � &�7P9	/u(-/=;=.K&�>Vas.Kas/+&�9P(p78(Z>@/�� &</3> F }�~

�
2(ν, µ) :=

√

inf

∫∫

1

2
|x− y|2 dπ(x, y),

�$\�/ H /[9P\�/R7P& � a[*@a 78( H *@&�&�7P& D .Ko
/ H A
0P0 , H . F A F 7P0C7P9�} as/3AK(+* H /=( π .K&
R

d × R
d
�j7P9P\ H /+B(	,�/=;+9L7Po
/paRA H�D 7P&�A
0�( ν A
&�>

µ
_

� ��� � � � � � ���m�L{ {"# ��\�/ H /Z/65�78(+9�(1AX;=.K&N(+9MA
&�9 K (+*m;=\X9P\NA
9
�

2(ut, u∞) ≤ Ke−λt.

� H .-.:I¸{�# �@à!NOj�CyNO;pRsK6XTYgA�QsKh;ÀRSXTCn?BA�K6QiRiN³àgqTfgX�CEj�K6>
!

2(ut, u∞) ≤ ! 2

(

ut, u
(1,N)

t

)

+
!

2

(

u(1,N)

t , u(1,N)

∞

)

+
!

2(u
(1,N)

∞ , u∞).
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�@à©NOj�C»\�C�¹�X�R[NORSf6X�f6v�!

2(·, ·)
KhX�\�NOj�C»A�X�R[vwfg;=k 9�;pfg9�K6YZK§NORSf6X�f6v�x�j�K6fg>�Cn>tN�K6PTQSRS>pj�Cn\ªRSX

ß¼j�C*fg;=C*k � {��¢{/�6q�fgX�CEj�K6> �
!

2

(

ut, u
(1,N)

t

)

+
!

2(u
(1,N)

∞ , u∞) ≤ 2

√

sup
t≥0

E

(

∣

∣

∣
Y i,N

t −X
i

t

∣

∣

∣

2
)

≤ 2C√
N
.

ß4f�\TC¯K6Q � RiN=j N=j�C¦?BA�KhXBN=RiN³à-!
2

(

u(1,N)

t , u(1,N)
∞

) q � C¦¹�;=>pN�k�K��6C­A�>=C¦f6vLN=j�C¦vwf6QSQSf � RiX�Y;pCnk�K6; �_{
� ��� ��� � ���m��� {l# q�/+9

µ
A
&�>

ν F /U9 �Y. , H . F A F 7P0C7P9�}1as/3AK(+* H /=(e.K&
R

d
_ ��\�/+&NT@I�. H /+o
/ H }, H . F A F 7P0C7P9L}Xas/3AK(+* H /=(s.K& (Rd)×N

T
µN

A
&�>
νN

�j7P9P\ H /=(	,�/=;+9�7Po
/ aRA H�D 7P&�A
0�( µ, . . . , µ A
&�>
ν, . . . , ν

T
�

2(µN , νN)2 ≥ N
�

2(µ, ν)
2.

� H .-.:I¸{�# !zX�C¡j�Kh>GNOfeA�>=C�N=j�C¡\�C�¹�X�RiN=RSfgX�fhv�N=j�C,!�K6>=>pCn;=>tNOC*RSX k�C�NO;pRSx!vwfg; !
2(µN , νN)K6XT\­x�jTf¢fg>pC^N=j�CE9�;=fc\�A�x�N¿k�CnK6>=AT;=C

µ⊗ · · ·µ⊗ ν ⊗ · · · ⊗ ν
{

ß¼j�C*X � C^YgC*N
!

2

(

u(1,N)

t , u(1,N)

∞

)

≤ 1√
N

!
2

(

u
(N)
t , u(N)

∞

)

.

8�NmNOj�Ri>À9�fgRSXZN � Czk!K �6C�A�>=Czfhv"K�;pCn>=ATQiN@Cn>pNOK6P�QiRS>=jTCn\�PZà !LN=NOf�K6X�\�?LRSQiQsK6X�RTRSX �$! ? ������K6X�\;pC*vwfg;pkGA�QsK§NOCn\¡PZà �@fgP �6f.¤ /+9YA
0 ��� �E| � � �½{
� ��� � � � � � ���m��� � �u+¯+./�Í��­7½Ë'ËL��)�7f! {<# � I

µ
78(WA F (-.K0C*@9:/+0C});=.K&�9�7P&�*�.K*�(WA
&�> (GA
9L78(��'/=(sA08. D A H 7P9P\@a[7M; ��. F .K08/+oR7P&</3kG* A
0C7P9L} �j7P9�\ ;=.K&N(+9fA
&�9
C
TJ9P\�/+&NT I�. H /+o
/ H }?, H . F A F 7P0C7P9L}Qas/3AK(+* H /

ν
A F (-.K0C*@9	/+0C} ;=.K&�9L7P&�*m.K*�(��j7P9P\ H /=(	,�/=;+9 9:. µ T

�
2(µ, ν)

2 ≤ C

2

Â XZN
(ν |µ).

ß¼jBA�>*q � C^j�K¯¤gC
!

2

(

u(1,N)

t , u(1,N)

∞

)

≤
√

C

2N

Â XZN (
u

(N)
t | u(N)

∞

)

,

K6XT\�K6>}Kzxnf6X�>=C*?cATCnX�x*CLf6v�N=j�C¼C�®¢9�fgX�CnXZN=RsK6Q�\TCnx¯K¯à�f6v_NOj�C¼;pCnQsK§NORi¤6CÀC*XBN=;=fg9ZàGvwf6;�NOj�CÀ9�K6;pN=RSx*QSC
>tà¢>tNOC*k �

!
2

(

u(1,N)

t , u(1,N)

∞

)

≤
√

C

2N

Â XZN (
u

(N)
0 | u(N)

∞

)

e−λt.

8�N¿QSK6>pNnq
u

(N)
0

RS>ÀN=j�CE9�;=f0�pCnx*N=RSfgX»f6v
u⊗N

0

fgX M K6X�\¡NOjTCnX Â XZN
(

u
(N)
0 | u(N)

∞

) RS>¼f6v4fg;p\�Cn;
N

� j�C*X u0

RS>@>=ATºlxnC*XZNOQià �BRSX�\rqcvwfg;ÀC¸®TK6k�9TQSC�Riv
u0

RS>ÀK6P�>pfgQSATN=Qià�x*fgXZNORSXBA�f6A�> � RiN=j¡K�9�fg>=R[NOR[¤gC\�C*X�>=R[N³àg{
8:>�Klx*fgX�xnQiA�>=RifgXrq � CEj�K¯¤gC^>=j�f � X­NOj�KhN¼vwf6;¼C*¤gC*;pà N q

!
2(ut, u∞) ≤ K√

N
+Ke−λt,

� j�Rix�jÏKhx�j�RSC�¤gCn>¿NOjTC^9T;=fcf6v {
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	 � � �
��$��,$ ��/�),3�1"Ç¢)45gÇ 7'),+.ÇB- � ��Ë'Ì?��/_-�+ �4Ç��z3�ËwÇB-!Ì¯5��"Ç¢É©Ç
ß4fl>=RSk�A�QsKhN=CLNOjTC^QSK � f6v4NOjTC^>pfgQSA¢NORSf6X¡f6vJKu>tNOfcx�j�K6>pN=RSxE\�R[��C*;=CnXZN=RsK6QrC*?BA�KhNORifgX��

dXt = σ(Xt) dBt + b(Xt) dt,N=j�C!klfg>pN�C*ºlx*RSCnXZN�9�;=fgP�K6P�RSQiRS>tNORSx � K¯à�RS>ENOf%A�>pC�N=j�C Â A�QiCn;^>=x�j�C*k�C � R[NOj©\�RS>pxn;=C�NORi>OKhN=RSfgX>tNOCn9
γ
\TC*¹�X�C*\ÏPZà �

Xγ
n+1 = Xγ

n + γb(Xγ
n) + σ(Xγ

n)(Bγ(n+1) − Bγn).
� XTvwfg;pN=A�X�KhN=CnQ[àgq�NOjTRS>¿K6QiYgfg;=R[NOj�k�\�fcCn>�X�f6N�X�C*xnCn>p>OK6;pRSQ[à¡xnfgXZ¤6Cn;=Y6C � j�C*X¦NOjTC�x*f¢C�º�x*RSC*XBN=> σK6XT\

b
K6;=CEX�f�QSf6X�YgCn;¼ATX�Rivwfg;pk�Q[à�|"Ri9�>=x�jTRiN �h{

8:X%K6Q[NOC*;=X�KhN=Ri¤6C � K¯à­xnfgX�>pRS>tNO>�RSX­A�>=RiX�YlN=j�C^RSkl9�QSRixnRiN Â A�QSC*;:>px�j�CnklC6{¿|2C*N:A�>�xnfgXT>pNO;pA�x*NR[N¼RSX¡NOjTC^xnK6>=C � j�C*;=C^fgX�C � K6XZNO>¿NOf�>=RikGA�QsK§NOCLN=j�CEQsK � fhv�N=j�CE\�Ri�,A�>=RifgX��
dXt =

√
2 dBt −∇U(Xt) dt,

� j�C*;=C U >OK§NORS>t¹�Cn>�¾w8 #gÁ¸{}ß¼j�CERSkl9�QSRixnRiN Â A�QSC*;¼>=x�j�C*k�C^RS>¼\TC*¹�X�C*\ÏPZà �
Xγ

n+1 = Xγ
n − γ∇U(Xγ

n+1) +
√

2(Bγ(n+1) −Bγn).ß¼j�C:9�;=RixnC�NOf�9�K.à�N=f�YgC�N¼K�x*fgXZ¤gC*;=YgC*XBN¿>px�j�CnklCzRi>mN=f�RSXZ¤6Cn;pNnq�KhN@C¯Khx�j¡\�RS>pxn;=C�NORi>OKhN=RSfgXl>pN=Cn9rq
N=j�CyvwA�X�x*N=RSfgX

F (x) = x + γ∇U(x).� X­fgA�;¼xnK6>=CyNOjTRS>¿RS>¼X�fhN¿RSkl9,fg>p>=RiP�QSC���>=RiX�xnC
� K6x

F =
� \

+ γ
� Cn>p>

U(x),N=j�CExnQsKh>=>=Rix¯K6Q�Yg;OK6\TRSCnXZN¿klC*N=j�f¢\T>¼C¯K6>pRSQià!>=fgQ[¤gCyNOjTRS>¼9�;pfgP�QSC*k C�¤gCnX¦RSX»QsKh;=YgCz\TRSklCnX�>pRSfgX�>*{
��$��,$½&�$�Åm/_Îm��-§7�+	��É�7½5��r/m�}/�Ë'Ç��»7')"Ç 
�3���Ë'7�+07'ÇcÌj��/_-¼+	�"Çc�z3�ËwÇB-¿Ì¯5 �"ÇcÉ�Ç_$n� !©C}9�;=f.¤gC
j�C*;=C¿NOj�K§N¯q � j�CnX�NOj�C�\�RS>pxn;pC*NORi>OKhN=RSfgXl>pN=Cn9 γ RS>o>=k�K6QiQSCn;JN=j�K6X 1/λ

qZNOj�C�RiN=Cn;=KhNOC*\ �6C*;=X�C*Q
Kn>=KhNORi>p¹�C*>¿KGQSfgYZKh;=RiN=j�klRSx � fgP�fgQSC�¤!RiX�Cn?BA�KhQSRiN³à � RiN=j»K6X¡C�®¢9�QiRSx*RiN�x*fgX�>tN�K6XZN�\�Cn9�CnXT\�RSX�Yuf6X λ {

� ��� � � � � � �����	� {"# � I 9P\�/e>
78(-; H /+9L78(GA
9�7M.K&R(+9:/	, γ 78(g(+aRA
0P08/ H 9�\NA
9 1/λ Tl9�\�/+&NT]I�. H /+o
/ H }
n ∈ N

T
x ∈ R

A
&�> O�(+as.-.K9P\-SpI *@&<;+9�7M.K&
f
I H .Ka

R
d
9	.

R
T
Kn

(GA
9�78(��'/=(WA�08. D A H 7P9�\@a[7M;
��. F .K08/+o17P&</3kG* A
0C7P9L} �j7P9P\^;=.K&N(+9MA
&�9
¾ � { 	gÁ

Dγ,n :=
4(1 + λγ)

λ(2 + λγ)

(

1− 1

(1 + λγ)2n

)

.

� H .-.:IZ.:I ��\�/=. H /+a � _�� _��6{�# � v
ϕ
RS>JNOjTC�RiXZ¤gCn;p>=C¿vwA�X�x�NORSf6Xlfhv

F
qZQSC�NoA�>@\TCnX�f6N=C¿PBà

K
NOj�C

Rik�9�QiRSx*RiN Â A�QSC*; �hCn;pX�CnQ"\�C�¹�X�Cn\¦PZà �
Kf(x) = E

[

(f ◦ ϕ)
(

x+
√

2γY
)]

,

� j�C*;=CyNOjTC^QSK � f6v Y K��EK6A�>p>=RSK6X»QsK � N (0,
� \

)
{ !zX�CEj�K6>¼NOf�xnf6k�9�A¢NOCyNOj�CEC*XBN=;=fg9Zà �

Â XZN
K

(

f 2
)

=
Â XZN

µx,γ

(

(f ◦ ϕ)2
)

� j�C*;=C µx,γ

RS>!N=j�C �EK6A�>p>=RsKhXÞQsK � N (x, 2γ
� \

)
{ � XÞN=j�C%>pCn?BA�CnQ � C fgklRiNlNOjTC%RSX�\TC�® f6v

µx,γ

{Jß¼j�C�k�CnK6>=AT;=C
µ
>=KhNORi>p¹�C*>ÀKEQSfgYgK6;=R[NOj�klRSx � fgP�fgQSC�¤GRSXTCn?BA�K6QiRiN³à � R[NOjlxnfgX�>tN�K6XZN 4γ ¾w>=C*C� 8 � �

+
�����sÁ�{}ß¼j�C*Xrq

Â XZN
K

(

f 2
)

≤ 4γ

∫

|∇(f ◦ ϕ)(x)|2 dµ(x).
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	 � � �
° f � q�PZà�N=j�CE\�C*¹�X�RiN=RSfgX»f6v ϕ q � C�Y6C*N

� K6x
ϕ(x) = [

� \
+ γ

� Cn>=>
U(x)]−1.

ß¼j�C*Xrq�vwfg;¼C�¤gCn;tà
v
RSX

R
d
q�fgX�CEj�K6>
〈 � K6x ϕ(x)v, v〉 ≤ (1 + γλ)−1|v|2.

8:>uK%xnfgXT>=Cn?BA�C*X�xnChq@N=j�C �6C*;=X�C*QS>
(K(·)(x))x

>OK§NORS>tv�à£K%QifgYZK6;pRiN=j�k�Rix � fgP�fgQSC�¤�RSX�C*?cA�K6QSR[N³à
� R[NOj¡NOj�CEx*fgk�klfgX¡x*fgX�>pNOK6XZN 4γ/(1 + λγ)

�

¾ � {�
ZÁ Â XZN
K

(

f 2
)

≤ 4γ

1 + λγ
K
(

|∇f |2
)

.

!zX»NOj�CEf6N=j�Cn;¼j�K6X�\rq
∇Kf(x) = E[

� K6x
ϕ(Z)∇f(ϕ(Z))].

ß¼j�C*X
K
K6X�\ ∇ >OKhN=RS>tv�à�NOj�CyvwfgQiQSf � RSXTY�xnf6k�kGA¢N�KhN=RSfgX¡;pCnQsK§NORSf6X��

¾ � { �ZÁ |∇K(f)(x)| ≤ (1 + γλ)−1K(|∇f |)(x).
ß4fz9�;pf.¤gC@N=j�CÀQifgYZK6;pRiN=j�k�Rix � f6P,fgQiC*¤ERiX�Cn?BA�K6QiRiN³àzvwf6;

Kn
q � CÀklRSklRSxJN=j�Cm9�;=fcf6v�9�Cn;tvwfg;=klCn\RiX ����K � � 	��2vwfg;�NOjTC^\TRi�,A�>=RifgX¡9�;=fcxnC*>=>pCn>��

Â XBN
K

(

f 2
)

=

n
∑

i=1

Ki−1 Â XZN
K

(

g2
n−i

)

,

� j�C*;=C gn−i

>pNOK6X�\�>2vwfg; √
Kn−i(f 2)

{�ß¼j�CoQifgYZK6;pRiNOjTk�Rix � f6P,fgQiC*¤LRSX�C*?cA�K6QSR[N³à�¾ � {�
ZÁ�9�;pf.¤¢Ri\�Cn>

Â XZN
K

(

f 2
)

≤ 4γ

1 + λγ

n
∑

i=1

Ki
(

|∇gn−i|2
)

.

° f � q � CEk!K �6CEA�>=C^f6v4NOj�CEx*fgk�k�ATN�KhN=RSfgX!;=CnQSKhNORifgX�¾ � {��ZÁ@N=flY6C*N¯q�vwf6; 1 ≤ i ≤ n
q

|∇gn−i|2 =
|∇Kn−i(f 2)|2
4Kn−i(f 2)

≤ 1

(1 + λγ)2

[K|∇Kn−i−1(f 2)|]2
4KKn−i−1(f 2)

.

ß¼j�C*Xrq�>=RiX�xnChq�vw;=fgk � K6A�x�jZàZ� � x�j � K6;	�GRiX�Cn?BA�KhQSRiN³à6q
(Kf)2

K(g)
≤ K

(

f 2

g

)

,

fgXTCyj�K6>
[K|∇Kn−i−1(f 2)|]2

4KKn−i−1(f 2)
≤ K

[

|∇Kn−i−1(f 2)|2
4Kn−i−1(f 2)

]

= K
[

|∇gn−i−1|2
]

.

8 >tNO;OKhRSYgjZN=vwf6; � K6;=\»RSXT\�A�x*N=RSfgX»>pj�f � >�N=j�KhN¯q¢vwfg; 1 ≤ i ≤ n
q

|∇gn−i|2 ≤
1

(1 + λγ)2(n−i)
Kn−i

[

|∇f |2
]

.
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	 � � �
ß¼j�C*X¦R[N¼vwfgQSQif � >ÀNOj�K§N

Â XZN
Kn

(

f 2
)

≤ 4γ

[

n−1
∑

i=0

1

(1 + λγ)2i

]

Kn
[

|∇f |2
]

=
4γ

1− 1
(1+λγ)2

(

1− 1

(1 + λγ)2n

)

Kn
[

|∇f |2
]

=
4(1 + λγ)

λ(2 + λγ)

(

1− 1

(1 + λγ)2n

)

Kn
[

|∇f |2
]

,

K6XT\»N=j�CE9�;=fcf6v�RS>¼x*fgk�9TQSC*N=Cn\r{
��$��,$SÄr$ ��/,)45gÇc),+.- �T+07w/�) 7')4Ç 
r3 ��Ë'7w+07wÇcÌ6$ � |2fgYZKh;=RiN=j�klRSx � fgP�fgQSC�¤ RiX�Cn?BA�KhQSRiN=RSC*>�9�;pfh�
¤cRS\TC �^KhA�>=>pRsK6X�x*fgX�xnC*XZNO;OK§NORSf6X�9T;=fg9�Cn;tNORSC*>�o-7LA N=j�C � C*;=P�>tN¯UW>­K6;=YgATk�C*XBNe¾'>=C*C �~|2Cn\ �����sÁ�{
!©C � RSQSQ,>OK¯à�N=j�KhN f RS> α � |2RS9�>px�j�RiN	�LvwA�X�x�NORifgX»Riv

sup
x6=y

|f(x)− f(y)|
|x− y| = α,

� j�C*;=C |·| >pNOK6X�\�>¼vwfg;�N=j�C Â ATxnQSRi\�C¯KhX­XTfg;=k­{
� ��� � � � � � �����L{ {"# � IJAZas/3AK(+* H / µ .K&

R
d
(GA
9L78(��'/=(hAZ08. D A H 7P9�\@a[7M; ��. F .K08/+ou7P&</3kG* A
0C7P9L}

�j7P9P\�;=.K&N(+9MA
&�9
C
9�\�/+&1I�. H /+o
/ H } α BMql7�,�(-;=\@7P9 �VO�I�. H 9P\�/ � *�;+0C7L>@/3A
&�&<. H ahSgI *@&<;+9�7M.K& g T

P(|g(X)− Eg(X)| ≥ r) ≤ 2e−r2/Cα2

.
8 >tNO;OKhRSYgjZN=vwf6; � K6;=\­K69�9TQSRSxnKhNORifgX�f6v4NOjTRS>¼;=C*>=A�Q[N¿RS>¿fgPTNOK6RSXTCn\¡x�j�fcfg>=RiX�Y

g(x) =
1

N

N
∑

i=1

f(xi)

� j�C*;=C f RS>@K6X �*� |2RS9T>=x�j�R[N �¿vwA�X�x�NORSf6X�fgX R
d
{Jß¼j�C:vwA�X�x*N=RSfgX

g
RS>

1/
√
N
�³|2RS9�>px�j�RiN	�:KhX�\ � CYgC�N �

( � �
� � � y:�:y � � � ������� {l# � I
(Zγ,N

n )n∈N

78(`9�\�/)7Pah,�0C7M;+7P9 � *@08/ H (-;=\�/+as/`AK(=(-.-;+7LA
9	/3> 9P\�/
, H . ��/=;+9	/3>W,NA H 9L7M;+08/s(+}-(+9:/+aZT19P\�/+&NT I�. H /+o
/ H } �
BMql7�,�(-;=\@7P9 �eI *@&<;+9L7M.K&

f
.K&

R
d
A
&�>�/+o
/ H }

r ≥ 0
T

P

(∣

∣

∣

∣

∣

1

N

N
∑

i=1

f(Zγ,i,N
t )− Ef(Zγ,i,N

t )

∣

∣

∣

∣

∣

≤ r

)

≤ 2e−Nλr2/2.

��$��,$�.r$ � Ç�����5g/�) ��Çc-0Î_Çc)�5gÇ /m��+ �4Ç��y34ËwÇc-%Ì¯5 �"ÇcÉ�Ç_$Y� ß¼j�C�9�;=C�¤cRSfgA�>^;=C*>=A�Q[N^CnX¢�
>pA�;=C*>�NOj�KhN�NOj�C­Cnkl9�RS;pRSxnK6Q�klC¯K6>pA�;=C­f6vLN=j�C Â ATQSCn;l>=x�jTCnklCÏRS>�x*fgX�xnC*XZNO;OK§NOCn\ÞK6;=fgATX�\ R[NO>
klC¯K6X£K6>uK �EK6A�>p>=RsKhX£QsK � � RiN=j�¤hK6;=RSK6X�xnC 1/λ

{ ß4f K6x�j�RiC*¤gC�N=j�C�9�;pfgYg;=K6k¦q � C¡X�C*Cn\£N=fC*>pN�KhP�QSRi>=j¡NOj�CyvwfgQiQSf � RSXTY�;=C*>=A�Q[N
( � �
� � � y:�:y � � � ������� {l# ��\�/ H /Y/65�78(+9�(YAc;=.K&N(+9MA
&�9 c (+*�;=\c9�\NA
9PT
I�. H /+o
/ H } t ≥ 0

T
N ∈ N

∗A
&�> /+o
/ H } �
BMql7�,�(-;=\@7P9 �jI *]&<;+9L7M.K& f T
∣

∣Ef(Zγ,i,N
t )− Ef(Y i,N

t )
∣

∣ ≤ c
√
γ.

ß¼jTRS>¿;=C*>=A�Q[N¿RS>¿K�xnfgX�>pCn?BA�C*X�xnC�f6v�N=j�CyvwfgQSQif � RSX�YGf6X�C � j�RSx�j­RS>¼C*>pN�KhP�QSRi>=j�C*\¦RiX �Wß�K6Q � ���½{
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919�\�/[, H .-;=/=(=( (Xt)t≥0

78(X9�\�/Q(-.K0C*@9L7M.K&
.:I ~

dXt =
√

2dBt −∇Φ(Xt) dt�$\�/ H / Φ
(GA
9L78(��'/=(u¾'8 #6ÁUA
&�>%¾w8 %ZÁ+_gq /+9�*�(J>@/+&<.K9:/ F } (Xγ

n)n∈N

78( 9P\�/hAK(=(-.-;+7LA
9:/3>p7Pah,�0C7M;+7P9
� *@08/ H (-;=\�/+as/G_ ��\�/+&NT 9P\�/ H /[/65�78(+9P(1AX;=.K&N(+9MA
&�9 c (+*�;=\X9�\NA
9PT

sup
n≥0

E
(

|Xnγ −Xγ

n|2
)

≤ c
√
γ.

� ����� ��� � ���m��� {$# %'&</V;3A
& A
0�(-.V\�.=,�/Z9	. D /+9Y(+7Pa[7P0rA HZH /=(+*@0C9�(?9:.W9�\�/V.K&</=(h, H /=(-/+&�9:/3>7P&��Wß¼ß � � �	~'9P\�/+}[. F 9MA
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0C7P9	i=(^>@/
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C*?cATRSQSRiP�;=RiA�k � Â A�QSC*;�>px�j�CnklC6{





#¡32+.Çc34- � ��Qifg;=C*XBN��¦K6QS;pRSCnA
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0Q�T+.Ç©ÇZ+%Ë'7'Çc3 14Ç�Ì*/,32+.Çc) ��)�5gÇ �2|2C � �u\�Mnx*CnkGP�;pC # ��� �l��QVUWA�X�R[¤gC*;=>=R[NOM ��K6A�Q � K6P�KhNORiCn;
¾wß�fgATQSfgA�>pC �3�6� Á�{

� 1cÌ¯3�É 1
|}UWRSXZNOC*;=9�;pM*NOKhNORifgXe\�C�QsK�>=f6QSATN=RSfgX \rUWMn?BA�K§NORSf6X�>^K6A¢®e\�M*;=R[¤gMnC*>�9�K6;pN=RSCnQiQSC*>zxnfgkl9TN=Cl9�K6;=klR
QiCn>zx�j�Khk�9�>y\�U¥K69T9�QSRix¯KhN=RSfgX¦QSCn>L9�QSA�>Lk�f6N=Ri¤hK6XZNO>:\�CuQsK!N=j�Mnf6;=RSC�\�Cn>E9�;pfgP�K6PTRSQSR[NOM*>n{ Â QSQSCGK69¢�
9�fg;pN=C!9�Kh;pvwfgRi>�A�XTC�k�C*RSQiQSCnAT;=Clxnfgkl9�;=M*j�CnXT>=RSf6X£\�C�QSK¦\TàcX�K6klRS?BA�C!\�A£>pàc>tNO<nklC¡M*N=A�\�RiM�C*N
A�XTCEv'Kh±nfgX»NO;p<n>¿RSXZNOATRiNOR[¤gCy\�CE;pMn>=f6A�\�;=C^XBA�klMn;=Ri?BA�CnklCnXZN�\�Cn>¿9�;pfgP�Qi<nklCn>¿f��»QSC*>�klM*N=j�fc\�Cn>
\�M�NOC*;=klRSX�Ri>pNOC*>:XTC�9�CnAT¤6CnXZNy9�QiA�>L>*U¥K69T9�QSRi?cATCn; �»9�;pRSX�x*RS9�K6QiCnklCnXZN�CnX%Y6;OK6X�\TCn>L\TRSklCnX�>pRSfgX�>*{
 KhX�>uxnC�N=;OK¯¤hK6RSQ½q�X�f6A�>�K¯¤gfgX�>�\�M�¤gC*QSfg9�9�M¡xnC*>�\�CnA¢® K6>=9�Cnx�NO>u9�fgA�;uQVUWM*N=A�\�C�\TC­x*Cn;tN�K6RiX�Cn>
M*?cA�KhNORifgX�>�K6A¢®©\�Mn;pRi¤6MnCn>�9�K6;pN=RSC*QSQSC*>EX�fgX£QiRSX�MnK6RS;pCn>y?BA�RÀ>*U¥Kh9�9�K6;pCnXZNOC*XBNuK6A¢®©Mn?BA�KhN=RSfgXT>�\�C
¨�� � b������ �Gac��I0Hrd@{
� Q�>nUWCn>pN�K¯¤gM*;=M�RSXZNOM*;=C*>=>OKhXBN^\�CuklC*NpNO;pCuCnXe;=C*QsKhN=RSfgX%\�U~A�XTCl9�K6;pNEQiCn>zNO;=K¯¤6KhA¢® RiX�RiN=RSMn>:9�K6;
¨�� � b���� >pA�;!QSK©9�;pfg9�K6YZK§NORSf6Xª\TAÞx�j�K6fg>!C*N�\rU¥KhATNO;pCÏ9�K6;tN�Q½U~M�NOA�\�C»¹�X�CÏ\�Cn>�9�;=fcxnC*>=>=AT>
\�CÏ¨©��F"�"H2d o-7LA©\�Cn>�RiX�MnYZKhQSRiN=Mn>^\�CÏ��HJ���4�r��F"�ªC�Nu\�C ]�HJ`,HJacb�d�QSfgYZKh;=RiN=j�klRS?BA�Cn>*{4|4K
9�;pfg9�K6YgKhNORifgX�\�A!x�j�Khfg>À9�Cn;pk�C�N@\�U¥K69T9�;=fcx�j�Cn;@QsKE>=fgQiATNORifgX�\�C�xnCn;tN�K6RiX�Cn>@Mn?BA�KhN=RSfgXT>ÀK6Ac®l\�M��
;pRi¤gM*Cn>z9�K6;pN=RSCnQiQSC*>:X�f6X%QSRiX�M¯K6Ri;=C*>:9�Kh;zQsKlk�C*>=A�;pCGCnkl9�RS;pRS?BA�C^\rUWA�Xe9�;=fcxnC*>=>=AT>y\�C�¨©��F4�"Hrd
C*X Yg;OK6XT\�CG\�Rik�C*X�>=RifgXr{�|2Cn>yRSXTMnYZK6QiRiN=Mn>�\�C���HJ���4�r��F"� fgA%\�C�]�H�`�HJacb�dÞQSfgYgK6;=R[NOj�klRS?BA�C*>
vwfgAT;=X�Ri>=>=C*XZNÀ?BA�K6XZN¿�ECnQiQSC*>@\�C*>À\�C*>=x*;=RS9¢NORSf6X�>@C*X!NOC*k�9T>ÀQSf6X�Y�C�NÀ\TCn>À9T;=fg9�;pRSM�NOMn>@\�C�xnfgX�x*CnX¢�
N=;OKhN=RSfgX¡\�CEQSKGk�C*>=A�;pC^9�fgA�;¼\TCn>�>=CnklR[��Yg;=f6A�9,C*>¼\�CG¨©��F"�"Hrd@{
° fgA�>2M�NOA�\�RifgX�>2\�C*>"Mn?BA�KhN=RSfgX�>"KhA¢®y\�M*;=R[¤gMnC*>"9�K6;pN=RSC*QSQSC*>�X�f6X^QiRSX�MnK6RS;pCn>,\�AyN³à¢9�CÀ¨�� � b������

�Gac��I0H2dm{ ° f6A�>¦QiCnA�;­K6>p>=fcxnRifgX�>»\�Cn>­>pàc>tNO<nklCn>¦\�C�9�K6;pN=RSx*A�QSC*>¡CnX�RiXZNOCn;=K6x*N=RSfgXÃ\�CeN³àc9,C
x�j�Khk�9^k�f.à6CnX^9,fgAT;4QiCn>p?cATCnQS>4X�fgAT>4M�N�K6PTQSRS>p>=fgXT>4\TCn>4RSX�M*YZK6QSR[NOM*>r\�C � fgP�fgQSC�¤yQSfgYgK6;=R[NOj�klRS?BA�C*>
��N=Cnkl9�>�¹�X�R½{ �y;��hxnCy�GA�X¡;pMn>pA�QiNOKhN¼>=AT9�9�QSM*k�C*XZN�K6Ri;=CL\TCy9�;=fg9�K6YZKhN=RSfgX�\�A¡x�j�K6fg>*q�X�fgAT>¼\�M��
\�ATRS>=f6X�>nqg\�K6X�>}xnC*;pNOK6RSX�>�x¯K6>*qZQSC�x*fgk�9�fg;tNOCnklCnXZN}C*XuNOCnkl9�>JQifgX�Yy\�C¼Q½U~M*?BA�KhNORifgXGX�f6XlQiRSX�MnK6RS;pC
C*X!vwfgX�x�NORSf6X!\�C:xnCnQiA�R�\�A�>pàc>tNO<nklCz\�C:9�K6;tNORSx*A�QSC*>n{ Â XT¹�Xrq¢X�fgA�>@M*NOK6P�QSRi>=>pfgX�>À\TCn>ÀRiXZNOCn;t¤hK6QSQiCn>
\�Clxnf6XT¹_K6X�x*C�C¸®TK6x*N=>�9�fgA�;EQsK¡xnf6XB¤6Cn;pYgCnX�x*C¡\�C�k�M�NOj�fc\�C*>�\�C¡¨�HJ�"µ"b¢� ':��F"acHÞ9,fgAT;^QiCn>
>px�j�Mnk�K6>z\rU � )�acb_F�C�®¢9�QiRSxnR[NOC*>:C�NzRSkl9�QiRSxnR[NOC*>¿K6>=>pf¢x*RSMn>L�!\�C*>L9�;pf¢x*Cn>=>pA�>y\�C�\�Ri�,A�>=RifgXr{ � Cn>
;pMn>=ATQiN�K§NO>¼>nU~K69�9TQSRS?BA�C*XZN:XTf6N�K6klklCnXZN¼9�fgA�;¿QSC*>¼>pàc>pN=<nklCn>�\�CE9�K6;pN=RSx*A�QSC*>¼xnRiN=Mn>¿9�QiA�>¼j�K6ATNn{
� /�+0Ì­5ZË 1cÌ � � X�M*YZK6QiRiNOM�\�C¡]�HJ`�H�a¢b�d�QSf6YZK6;=R[NOj�klRS?BA�Cy� � X�M*YZK6QSR[NOMG\TC¡��HJ���4�r��F4�%� � àc>t�
N=<nklCn>¿\�CE9�K6;tNORSx*A�QSC*>�CnX­RSXZN=Cn;OKhx*NORifgX�� �};=fg9�KhYZKhNORifgX¡\�A­x�j�K6fg>���
}?BA�KhN=RSfgX�>�K6Ac®¡\�M*;=Ri¤6MnC*>
9�Kh;pNORiCnQiQSCn>o� � fgXZ¤gC*;=YgC*X�xnCu�uQ½U~M*?cATRSQSRiP�;=C¿� � x�j�M*k!K6>�\rU � )�acb_F}{
0»7'Ì¯5Z7'Ê�Ë'7½)"Ç � �ÏKhN=j�Mnk�KhNORi?BA�Cn>*q �};=fgP�KhP�RSQiRiNOM*>n{
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