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INTRODUCTION

L'objectif de la présente recherche, darmldgextede la supergravitBl=2, consiste a proposer une
solution auproblemeposé par l'existence et la nature deSiiagularitéInitiale de I'espace-temps
propre aumodélecosmologiquestandardL'une des insuffisances (sans doute la ghtsoccupante)
dumodeletype "Big Bang" reste en effet saraptitudea fournir une approche de I'origisenguliere
del'univers.Associéea I'échelle zéro de I'espace-tempsSitegularitélnitiale ne peut étrelécrite par
lathéoriephysique(perturbativelen raison deslivergencesion renorralisablesgui la caractérisent.
En revanche, nous proposons imtammentlans l'article publié en réf[1] eitjoint en annexe [A1l],
I'existenced'unesolution dans le cadunethéorieduale, non perturbativeglevantde la théorie

topologiquedes champp2].

L'originalité decette solution réside en ce qu'elle implique, en sus de I'état physique, I'existence
possible, en deca de I'échelle de Plardtkn "état topologique"de la métrique du (pré)espace-
temps. Un tedtats'inscritlogiquementans le cadre de théorieEuclidiennedes champs proposée
parJ. Schwinger eappliquédl y alongtempsdéja parS.Hawkingen cosmologiequantique(voir la
réf[3] pour les travaux typiques de ces deux auteurs). Toutefdisterprétation purement
"topologique"descontraintegoropres a layravité quantiquerésulted'une série de résultats récents
obtenus pafs.Bogdanoff[3] etindiquantl'existence probable d#luctuations quantiques" (ou g-
superposition) de la signature derlétriquea I'échelle de Planck. En effet, il a été moné& cette
échelle(i.e. échellede supergravitéN = ...) la signaturd_orentziennede lamétrique (+++-) ne
devrait plus étreconsidéréecomme fixe mais est tréeprobablementsoumise a dedluctuations
quantiqgueg+++t) jusqu'alalimite d'échelle zéro.En outre, il a été établi, toujours efidjefqu'en
raison decontraintesalgébriquegout autantque physiques,il est égalementprobablequ'unetelle
fluctuation de signature ne peuntervenir qu'entre la formelLorentziene (3, 1) et la forme

Euclidienng(4,0),a I'exclusion de la formdtra-hyperboliqud2,2) (sur ce point, voir les chaps. 1,



3, 4 de la réf[3]). Lahéorie de fluctuation de la signature de lmétrique a étédéveloppéeou
appliquée de différentes facons depuis,notammenten réf.[4]. Ces développementsrécents

conduisent dans tous les cas a des résa#tagsblemenanalogues a ceux de rif.[3].

Du point de vue physiqueegttenotion defluctuation quantiquede la signature peut étre voemme
une conéquencdlirectede laconditionde KUBO-MARTIN-SCHWINGER (KMS) [5] daquelle
est tresprobablemensoumis le systemthermodynamiquéormé par l'espace-temps a I'échelle de
Planck.Cetteapproche a ététabliepour lapremierefois en réf[3] etdéveloppéepar nous dans la
réf[1, Al] déjecitéeainsi que, pluspécifiquementdans les réf[6,7ti-jointesen annexes [A2-A3].
Nos propositionsormaliséesdans les travaux citémdiquent en effet que,compte tenu des
importantsrésultats deDolan et Jackiw [8] puis deNeinberg[9] concernantle comportement
thermique de l'univers primordial & hautetempératurejl est raisonnablede considérer que le
(préespace-tempse trouve ergtatd'équilibrethermiquea I'échelle de Planck. Il est alanaturel
d'endéduirequ'entant que systemghermodynamiquece méme(préespace-tempsst soumis a la
conditionKMS a lamémeéchelle. Sur la base dette approche, nous établissofftammenten
termes d'algebres d'opérateurp)'a I'échelle zéro, la signature de la métrique doit donc étre
considéréecommeEuclidienne Nous présentons ngsincipalespropositions dans cgéomaineen
sectionl. Celles-cisont exposées pour l'essentiel dansattsles[1-Al] et [6-A2, 7-A3] annexés a

la présente thése.

Par ailleurs, de maniére évidente, la notioflldguationde signature de laétriqueentre I'échelle de
Planck(limite infrarouge de lahéorie de fluctuation) et I'échelle zérdlimite ultraviolette) apparait
commeune conséquenceaaturelle de la non-commutativitéde la géométriede I'espace-temps a
I'échellequantiqug10]. Dans un tetontextea d'ailleurs été construit, en termes d'algébres de Hopf

et toujours en rdf3], le "produit bicrois&ocyclique"

Uq(so(4)0PlP >4 Uqs0(3,1)) (1)



ou Ugso(4)PP représentd'algebre de Hopf (ou "groupguantique")Euclidien et Uy(so(3,1)) le
groupequantiqueLorentzien, le symbolé-4 désignant un produit bicroisé gtun 2-cocyclede
déformation(voir les réfs[11,12]) pour desdéveloppementplus précis). Le produit bicroisé (1)
suggere alors un genieattendu d"'unification” entre les algébres de Hopforentzienneet
Euclidiennea I'échelle de Planck étduit la possibilitéd'une"g-déformation"de la signature de la
forme Lorentzienne(physique) a la forméeuclidienne (topologique) [3-13]. En outre, I'équ.(1)
définit implicitementunetransformationde (semi)dualité(au sens déajid [12]) entre les groupes
guantiqued.orentzienet Euclidien(cf. equ.(27)).Nous revenons sur cebportantrésultat au

paragraphe(2.2).

Du point de vue des groupes classiqueiu¢tuationde la signature de la fornherentziennevers la

formeEuclidiennepeut étralécritepar I'espace homogésgmétriqueconstruit en réf.[3 ]:

_SO(E.1)®S0(4)

2
2h S0@) (2)
SO(3) étant plongédiagonalementlans le produit SO(3, 1® SO(4). A partir deSh, I'on peut
3 lgp g4
construire I'espactopologiquequotient Stop = T(B) espaceopologiqueséparéusceptible

de décrire la possiblesuperposition des deuxmétriquesLorentzienneet Riemanniennes. Il a été

montré dans [3] qu&top comporteun point singulier unique S pouvant correspondre a l'origine de

I'espace de superposition .

Revenons a présent aux aspects physiqueghkoidede superpositionCommenouslindiquonsau
§(5.1) de la réf [1-Al], ildevraitexister, a I'échelle de Planck, uimite a latempérature- et a la
courbure - du (pré)espace-tempsite postulée par Hagedorn, preciségarAtick et Witten [14], au
dela ddaquellel'on devraitconsidérer un sectepurementopologiquede I'espace-tempsécrit par
lathéorietopologiquedes champs d&/itten ou Donaldson. Leremierinvariantde Donaldson est une
forme algébrique"Riemannienne'dont nous suggéerons &(2.3) lisomorphisme avec l'invariant

topologiquecaractérisanselon notre approche, llmite d'éctelle O (cf. [1-Al]). A unetelle échelle, la



théoriene devraitdonc plus étreonsidéréecommesingulieremais devrait plutdt étre redéfinie sous

unenouvelleforme, Euclidienneet topologique.Cetteapproche repose sur deux idéssentielles

((i) Conformémenécertainsrésultats ethéoriedes (super)cordeaptammenteux de E. Kiritsis et
C. Kounnas danfl5], nous considérons I'hypothese selon laquelle, a trés haute co(irbuge
I'échelle de Planck T Mpjanc la gravitation classique, décrite par I'approximation ®{&{anck
n'estplus valable. Nous proposons dafimtroduire,dans leLagrangien'quantique"de la théorie,
des termes de dérivées supérieures n(Rut en considérant, efimension4, la possibilité d'un
"cut off" destermes de dérivées plus hautes sulifdte RZ, ce quiélimine les termes en & ... +

RN de lathéoriedes cordes). Ledétailsde cetteconstructiorpeuvent étrexaminésdans la réf[3].

(ii) Suite a nos résultats publiés en [1-Al] et [6-A2], noosjecturms que ces termes peuvent
autoriser la superpositidi3, 1) <= (4, 0) de la signature de taétriquedans le cadrd'unethéorie
élargissanta gravitationclassique de type Einstein. A partir diedicationsdu §(5.1) de [1-A1] selon
lesquelled'espace-temps a I'échelle de Pladekraitétre vucommesoumis a lacondition KMS,
nous reprenons l'approcBe@blieen réf[3]concernant'existence deleux potentielsgravitationnels
distincts. Nousonjecturonglorsqu'ensupergravitéR + R2 (eten N ), 'approximation
linéariséede lameétriquede Schwartzschilgpeut étreeonsidéréecommeune solutioriocale exacte de

la théorieétendue. Nous rapprochocoetteconjecturedes résultats physiques obtenug & selon
lesquels la présence de termmes-linéairesR2 dans leLagrangieneffectif de supergravitépeut

autoriser la superpositidB, 1) / (4, 0) de la signature dentgétriquea partir de I'échelle de Planck

Au §(1) de la réf [1-Al], nous précisons le contenlLagrangiemjuadratiquejui nousparaitle plus
naturellement adapté aux conditions de trés hautes courbures de la variété, lorsque
I'échelleR <<lpjaner  (i-€. pour deséchellesde longueur'inférieures"a la longueur de Planck).
Notonsqu'au sens strict, la notiotinférieur a la longueur de Plancki'a plus designification en
termes de distance, en raisn@mede laperturbationportant sur lamétrique Lorentzienne Notre

Lagrangier'étendu" est alors :



A 1 %
L supergravité=F R+?R2 +zRR ©)

avec unecomposantephysique Lorentzienne (le terme d'Einstein /3 R) et une composante
topologiqueEuclidienne(le termetopologique « RR*). L'interpolation entre ces deux composantes,
selon urmécanismejue nous suggéroms-dessoushousincite donc a considérer quesupergravité
décrit correctementes deux péles (physique tepologique)d'uneméme théorie(la superposition)

ainsi que les deuxeétriqguesassociées.

Nous indiquons aingju'alalimite d'échelle 3 = 0, la théorie, ddimensionD = 4, réduitea « RR,
dominée par des instantongravitationnelsde dimension O, peut étre vuecomme purement

topologique. Dans ce secteur, ngtrique est statiquedéfinie positive Euclidienne(+ + + +). Le

domainede validité de I'évolutionEuclidiennes'étendjusqu'al'échelle de Planck® ~lpjgne- Au
dela de I'échelle de PlanciB Ipjanct), 1 théorieest de typé.orentzienet égalemente dimension
D = 4. Enfin, dans le secteur dgavité quantique(0 < B<lpzne), 1@ théorie,définie par la
quantificationdu groupe de Lorentz, possede dimensionsupplémentairéD = 5), laquelleautorise
la superposition des deux classkesrentzienne et Euclidienne (ce qui induit une phase de
"fluctuation” des signature¢3, 1)<=(4, 0). La dynamiquedu (préespace-tempgourrait alors
correspondre a I'expansiaiun monopdle gravitationnel de dimension5 tandis que I'état de
superpositiorguantiquede lameétrique peut étre associée (apresmpactificationde la quatrieme
coordonnéepatialedu monopdéle D = 5) a ursualité monopdle-Instantow’'un genre nouveau en

dimensior4 (sur ce point, voir encoreiéf.[3]).

Enfin, lorsque B>lpone » '€Space-temps entre dans la phaseentzienneconventionnellede

I'expansion cosmologique.

En fonction de ce qui précedajn des résultats les plusiportantsprésentés en réf.[1-Al] est donc
qu'al'échelle zéro, la signature dpré)espace-tempgseut a nouveau étmnsidéréecommefixe,

mais sous une fornteuclidienne(++++). Ceciestmportantdans la mesure ou théorieEuclidienne
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peut étrenterprétéecommela plussimpledes théorie®pologiquesies champs. Nous présentons en
section 2 nos résultats propres obtenus dans le cadrethéot# topologiquedes champs. Ces
résultats sondétaillésdans l'article [1-Al] joint en annexe. Une awpplicationpossible de lahéorie

topologiqueencosmologieestégalemenproposée dans l'article [16-A4].

Nous suggérons alors ci-apres qué&itegularitéinitiale de I'espace-temps correspond aingtanton
gravitationnelsingulier detaille zéro, caractérisgpar uneconfigurationRiemanniennele lamétrique
endimensionD=4. Dangetteperspective, leroblemeposé par I&ingularitélnitiale peut trouver une
solution dans le cadre dett@orietopologiquedes champs. Plus précisément, nous suggérons que

I'échellesingulierezéro peut étrdécriteen termes d'invariant®pologiquegen particulierle premier
invariantde DonaldsonE(—l)ni ). Nous introduisons ainsi un nouviedice topologique,reliée a
i

I'échelle zéro de I'espace-temps, de la forme

Z =Tr(-1)8 (4)
B=0

gue nous appelorilwvariantde Singularité"Cetteapprochdopologiquede I'échelle zéro, fondée sur
lathéoriedes instantongravitationnelscomporteplusieurs conséquences intéressantes. Raltas-

ci, il nous a paryertinentde mettre en évidencel'existence possible, a I'échelle zéro de I'espace-
temps, d'une "amplitude topologique"(reliée a la chargegopologiquede l'instantongravitationnel
singulier detaille zéro). Nous en tirons uneonjecture inattendue, seloraquelle l'interaction
inertielle,hors de portée de théoriedes champs, pourrait @avancheétrecorrectementécritedans

le cadre de léhéorietopologiguedes champs. Nous développaesteconjecturepubliéeen réf. [16-

A4].

La présentationde notrerechercheest organiséeomme suit. En sectiorl, nous rappelons nos
résultats publiés en [5-A2, 6-A3] suggérant que le (pré)espace-temgupiore thermiquea
I'échelle de Planck, est soumis actandition KMS. En section 2, nous résumons rm#cipales
démonstrationstexemplespubliésprincipalemenien [1-Al] etindiquantque lalimite d'échelle zéro

du (prdespace-tempgdans lecontextede la supergravitéN=2) peut étredécrite par la théorie

11



topologiquedes champs. Nous proposons alors une solutauvelle au problemeposé par la
Singularitéinitiale de I'espace-temps dans le cadre dthdarie topologiquedes champs. Enfin, en
section 3, nous présentons nos résultats publiés en réf[Igdrtenlierla conjecture(4.2) suggérant
I'existenced'uneamplitudetopologiqueau voisinage de I8ingularitéinitiale de I'espace-temps. Ces

résultats sont joints en annexe [A4].
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CHAPITRE 1

ETAT KMS DE 'ESPACE-TEMPS
A L'ECHELLE DE PLANCK

Nous fondons notre approche du jpepace-tempa I'échelle quantiquesur I'une desconditions
physiques les plusaturellesprédites par I&lodéle Standard d'échelle de Planck. En accord avec
[7,8], et enparticulieravec les récents résultats de Kouneta [17,18], nous prétendons dans la
présente thése qulachelle de Planck, le (pré)espace-temps, en tant que systhé&maeodynamique,
est enétatd’équilibre thermodynamiqué3]. Nous introduisons ce point de vue 8{b.1) de notre
article publié en réf[1-Al]. Or selon des résultats plus spécifiques présentés en [6-A2, 7-A3],
'importante conséquencee cetteapproche est que [pré)espace-temps I'équilibre a I'échelle de
Planckdevraitdonc étre considé@mmesoumis a laondition de Kubo-Martin-SchwingeKMS)
[5]. De maniére inattendue, lathéorie KMS et la théorie modulaire pourraient comporter des
conséquencespectaculairesur la physique Béchellede Planck. Ceci en raison desffets KMS ”.

En effet, nous montrons dans &tclespubliés en réf. [1-Al, 6-A2, 7-A3ju’appliquéesa I'espace-
temps quantique, les propriétés KMS staiies qu’al’intérieur deslimites de la“ bandeKMS (i.e.

entrel’échelle zéro 3 = 0 eltéchellede Planck B =/pjanci), |a direction genre temps du systéme
devraitétreconsidéréeommecomplexe: t+— 7 =t, +it;. Dans ce cas, lorsque— 0, lathéorieest
projetéesur lalimite purementimaginairet — t =it; de la bande KMS.Inversement, surlitaite
infrarouge 3 /pancke ladirectiongenre tempslevientpurementréelle t — v =t, Ceci signifie qu'a
I'intérieur deslimites de la bande KMS, lemétriquesLorentzienneet Euclidienne devraientétre

considérées eétatde “ superpositionquantique "(ou couplées)geciinduisantune unification (ou

13



couplage)entrel’état physique(Lorentzien)et I'état topologique(Euclidien) du (pré)espace-temps

I’échellede Planck.

Commencons parappelerles principaux résultatsconcernantle possibleéquilibre thermiquedu

(préespace-tempal'échellede Planck.

1.1 Equilibre thermique du (pré)espacetempsa I’échelle de Planck

Il est bien connu qu'd’échelle de Planck, lI'on doits’attendre a une phase déransition
thermodynamiqueétroitementreliée (i) a I'existenced’une limite supérieure a la croissance de la
températurdlatempératurele Hagedorn) [14] et (il)état d’équilibre thermodynamiquearactérisant
globalemente (pré)espace-tempscetteéchelle[3].

Dans ce contexte, lésvestigationgléjacitéesde Dolan-Jackiw[8] et S. Weinberg[9] puis plus tard
de plusieurs autres (voir [3]) orgnouvelé'idée de Hagedorrconcernant’existence, a trés haute
température,d’'une limite restreignantla croissance dd’excitation des états du systeme.Plus
récemmentJ.J. Atik et E.Witten ont montréexistenced’une limite de Hagedorn en théorie des
cordes[15]. La raison est quegcomme rappelé par C. Kounnas erthéorie des supercordes
N = 4, atempératurdinie, la fonction departition Z(3) etI'énergie moyenneJ(R3) présententles
poles singuliers e3 = T-! , dans la mesure ou la densité des états du systéme croit

exponentiellemeraved’énergieE (cf. réf[18]) :

e 1

Z(R) =deP(E)e (R- b)(k—l)
u(n) =iInZ~ (k—l)L
Ji3 B-b

Manifestementil existe donc au voisinage déchelle de Planck ungempératurecritiqueT,, = b™,

températurdimite a laquelle le systeme(pré)espace-temppeut étre considéré egtat d’equilibre
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thermodynamique comme rappelé en réf. [3]. En fait, a(t) représentantle facteur d’échelle

cosmologique, lEempératurglobaleT du systeme obéit a la loi bieonnue :

a(t,)
Tt)=T,—= 5
t)=T, a) )
et selon leModéle CosmologiqueStandard, au voisinage d&chelle de Planck, T atteint la
1
. - E, (nCS\z ) - : .
températurdimite T zk—p ~l<5 ks'=1,4.10°K . En fait, il estcourammeniadmis enthéorie
B

des cordes que, avant la phase d'inflation, le rapport entre ledfatecactions(I') des champs

i . . r .
initiaux et I'expansion (H) du(pré)espace-tempsst q << 1, de sorte que le systeme peut

raisonnablemenétre considéré Béquilibre [3]. Ceci a ététabli d'abord dans le cadre des travaux
précurseurs déja cités Weéeinberg[9], Atick etWitten [14] et plusieurs autres. Bhéoriedes cordes,
I'on se référeraaux travaux récents de C. Kounnatal [17].Nous développonscertains des

arguments cités en réfs [1-Al, 6-A2].

Or, cette notion naturelle d’équilibre thermodynamiquejorsqu’elle est considéréecomme une
condition de jauge globalecomportedes conséquencésiportanteset inattenduesconcernah la
physique d&échellede Planck. Parmices conséquences, la plus décisive, néigelemceen ref.[3,
6-A2], est treprobablement que le(pré)espace-tempa I'échelle de Planckdevrait étre considéré
commesoumis a ld' condition KMS ”. Rappelons dans lparagrapheci-aprés ce que signifie la

conditionKMS.

1.2 Condition KMS al’échelle de Planck

Nous fournissons unédescriptiondétailléede I'application de lacondition KMS a I'espace-temps

dangl'article publié en réf6]. Rappelon$rievementa définition mathématiquel’'un étatd’équilibre.

Définition 1.2.1Soit A unélémentde la C*-algebrede von NeumanA. H étantun opérateur
autoadjoint,’équilibre ¢ de ce systéme eaficritpar la conditionde Gibbs
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oA = Tr(e " A)/ Tr(e ™)

etsatisfaitla conditionKMS.

Nous fournissons urggfinition plustechniquedansl’article publié en réf[6]. Laléfinition (1.2.1)a
étérappeléenotamment dans la réf10]. A présent, il eshabituel (et naturel) d’opposer la notion
d’équilibreacelled’évolutiond’un systeme. En fait, leélébrethéoriemodulairede Tomita-Takesaki
aétabli que ladynamique intrinsequd’un systéme cantiquecorrespond, d’'unenaniereunique, au
grouped’automorphismes unparameétrgortementcontinu o d’une ¢ - algébre de von

NeumannA [19] :

ar(A) = elHt A e-iHt (6)

Ce groupe a uparametradécrit'évolution temporelledes observables du systéme et correspond a
I'algebrede Heisenberg. Cependant, nous devons ausstoemitede laremarquabledécouvertede

Takesakiet Winnink, reliant le grouped’évolution o; (A) du systeme (pluprécisémente groupe
Tr(Ae ™)

modulaireM = At M A-it) avecl'état d'équilibre g(A) " TEe™

de cemémesysteme10]. La

conditionKMS n’est autre queetterelationentreévolution o (A) et équilibre g(A) d’'un systeme.
Plusprécisémentdans le cadre de laécaniquestatistiquequantique, laonditionKMS fournit une
formulationmathématiqueigoureuse de lacoexistencale différentsétatsd’équilibre possibles a la

mémeaempératurglonnée T.

En effet, il a ététabli [5] qu'un étatg sur une C-algébreA et le groupel’automorphismes un
paramétreo; (A) a latempérature3 = 1 / k Tvérifientla conditionKMS si, pour tout couple A, B
de la*x - sous-algebre d&, il existe une fonction f€} holomorphe dans labandeft+iRe C ,

Imtce [0, ] }Helleque :

24. f ()= (A (at B)) ,
(ii) F(t+iR)= ¢ at (B)A), YieR. (7)
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En outre, urétaty sur la C -algébreA estséparateursi lareprésentatiorlgébriquedonnée est une

algébrede von Neumann ¥Wmunie d’unvecteurcycliqueet séparateur. Les ensembles

| ={AEA ¢(A" A) =0}
et
r={AEA :¢(AA”) =0}

forment unidéala gauche et a droite daAs Pour touétatKMS, I'ona || = Iy.

La définition ci-dessusexprime la relation bijective entre état I'équilibre, état holomorphe des
parameétresle mesure atonditionKMS.
A présentcommenous le rappelons en [6-A2], si 'atdmetqu’au voisinage dééchelle de Planck

un état wdu systeme (pré)espace-tempssatisfait la condition d’équilibre d’équilibre

+0

f(u([h,ozt(A)])dt= 0, YA€U, alors, d’apre$10], 'on estamenéa admettreque ce systéme est

soumis a l@onditionKMS.

A partir de cerésultatétabli pour lapremierefois en [3] etdéveloppédepuis (quoique dans une
contextedifférent) parDerredingeretLucchesidans[20, 21], nous considérons a présent la possible

transformatiorholomorphe de la coordonnée genre temps du sygfEg)espace-tempn étatKMS.
1.3 Complexification de la coordonnéegenretempsa I’échelle de Planck

L'une des conséquences dectmditionKMS estqu’elle induit de maniérenaturellel’existenced’un

nouveau degré diberté sur le signe de ldirection genre temps @ de la métrique. En effet, a

l'intérieur de la bande KMS, I'on doit considéretdansformatiorj10-21] :

t—7 =t it 8)

De méme, laempératurgréelle) devraitégalementétre considéréecommecomplexea I'échelle de

Planck :
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Te = Tr+iTj (9)

Une telle transformatiorestliée au fait quétantdonné un systemguelconquesoumis a lacondition

KMS etconsidérantinealgébrede von Neumani sur laquellepeut étredéterminéun étate (ainsi

gue deuxélémentsA, B de M ), alors il existe une fonction f(z) holomorphe dans la
bandgdz€&C, imz € [0, #B]} telleque :

f)= (A (ct B)) (10)
etf(t +ihR) = ¢p(at (B)A), V tE R. (11)

Ici, t est leparamétraemporeldu systeme, dmémeque leparametreal’échellei JVkT' Ainsi dans
notre cas, le systéntkermodynamique I'équilibre étantl’espace-tempsui-méme, al’intérieur des
limites de la bande KMSi,e. del'échellezéro (8 = 0) diéchellede Planck (B = pjanck), 12 direction
genre temps du systeme doit &enduea lavariablecomplexetc=tr+iti€ C, Imtce [iti , t]
Naturellementselon lathéoriemodulairede Tomita [10], la condition KMS, appliguéeau systeme
(pré)espace-temps, autorise, lantérieur de la bande KMS, I existence d'un groupe

d’automorphismesgtendu (holomorphegprésentat le grouped’ "évolution quantique "du systeme

al'echelle de Planck. Celui-ci dépend de'algebre de von Neumann M, dont la forme genérale,

construiteen réf [3]est :

Mot og (Mg)=e "tM, e (12)

le parametrdd étantformellementcomplexejnterprétableeommeun tempg et / ou undempératurer
complexes, & signatureKMS ” de lamétriqueétant (+++z). Ainsi, la condition KMS suggeére
I'existenceal’échellede Planck, d’umotentieleffectif a une boucle couplé, empergravitdN=2, au

dilatoncomplexep = 9—2 +ia induisantia formedynamiquede lameétrique »,,,, = diag(1 , 1, 1 e'e).

La signature dey,,, est alord.orentzienndi.e. physique) pour6 = + wt et peut deveniEuclidienne
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(topologique)our6 = 0. Par conséquent, la signature KMS daéd&iqueest bien superposée, de la

forme(+++z). Il estintéressantle noter que dans t@ntextedifférent des supercorded,J.Atick et
E. Wittenont été les premiers a proposer des 1988telleeextension de leempératureéellevers le
domainecomplexe[14]. Récemmententhéoriedes cordesupersymmeétriquelsi=4, |I. Antoniadis,
J.P.Deredingeret C. Kounnas [17] ordégalemensuggéréd’étendrela températureéelle T vers les
valeursamaginairegures cetteextensiorrésultantdelidentification de T avec I'inverse du rayon R

du cercleS! représentarie tempsEuclidien compactifiédu systémeR = 1/ 27T). En conséquence,
I'on peut introduire une températurecomplexe dans I'espace des moduleghermique la partie
imaginaireétantreliéeau chamgntisymetriqueB,,, sousdualitésde cordes:

HA <2 typellB <> Hétérotique .

Plus précisément, datiapproched’Antoniadisetal, le champontrblantla températurgrovient du
produit des partiegellesde trois champsomplexes :s= ReS, t= ReT and u= RdJ. Dans notre
approche KMS, les partigsaginaires pures des modul&; T, U peuvent étraterprétéegn termes
detempératurduclidienne.

A présent, ilapparaitclairementque le grouped’automorphismesie Tomita—TakesakiaBC(Mq)

induit, dans le champ KMS/'existencede deux flots duaux I'un de l'autre. Tiré de I'éq2), le
premier, de la forme :

o (Mq) = €™M, e (13)

correspond dialgébredes observables du systeme et au lftoentzienen temps réel. Danette
perspective, ce couramprésenteun* flot physique ”,que nous appelonrlz?J;. Quantau deuxiéme
>

flot possible, empartanta nouveau de I'eql12), il prendnécessairemetd forme :

H

donnant suMgq le semi groupéd’opérateunon stellaire. Considérant é@ntinuationanalytiqueentre
les équations (13) et (Iéprésentain “ couranten temps imaginaire ” ou, deaniereéquivalente,

un courantopologiqueque nous appelonEf. Nous considéronmaintenania conditionKMS en
termes d’algébres de von Neumann.
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1.4 Etat KMS et facteurs. Dans les états KMS, les algébres de von Neunrapliquéessont
ce que l'orappelledes” facteurs ”,i.e. un typeparticulierd’algébrede von Neumann, dont tentre
est réduit auscalairesa€ C. Il existe trois types diacteurs. le type | et le type Il (eparticulierici

le 1) —naturellemennon commutatifsmais munis d’'unérace et que I'on peut doninterpréter
comme® commutatifs sous laace "- et le typdll, sans trace. Ungacet sur unfacteurM est une
formelinéairetelle quet(AB) = ©(BA), VA, BEM. Lorsque la mesure s n’est pagiéfinie (ce qui
est le cas du typdl), la notion detrace disparaitet estremplacéepar celle de “ poids ”, qui
représenteineapplicationlinéairedeM; surR4+ = [0, +]. Les facteurs de type Il somhportantsici
dans la mesure ou ce sont les seuls facteurs intéressants dantextedes états KMS (les états
KMS liés aux types Il et llBtanttriviaux, cettetrivialité résultantde celle du groupemodulairesous-
jacentdans ces deux cas). Nous utilisons iciles facteurs de‘tftpg ”, A €]0, 1, caractérisépar
linvariant S(M) = A7y {0} . Pour desléfinitionsplus précises, voir les réf [3] et [1-A1].A présent,
nous suggérons daliarticle publié en réf [6-A2] que laondition KMS appliquéeau (pré)espace-
temps d'échelle de Plancldéfinit trois différenteséchellessur le cone de lumiére, depuiéchelle
zéro jusqu'd’échelle de Planck. Ces trois domaines peuvent étre décrits par trois différents types de

facteurs.

L’échelle topologique zéro (B = 0, signaturg++++}) : cette échelle initiale, que nous
proposong’appeleren réf.[1-Al] “ échelleopologique "correspond agsommetimaginairedu céne
de lumiérej.e. uninstantongravitatiomel detaille zéro. Toutes les mesuresaliséesur lamétrique
Euclidienneétantp-équivalentegusqu’a l'infini, le systéme est ergodigueommemontré par A.
Connes, tout flot ergodique pour une mesavariantedans la classe de mesure de Lebesgue donne
un uniquédacteurhyperfini de type typdl ., [11]. Ceci suggéréortementquel’échelle singuliérezéro
devraitétredécrit par unfacteurde typell .., muni d’'unetracehyperfinienotée Tg. Par hyperfinie,

nous entendonsimplementque latracedu facteurll , n’est pas finie. Nous appelorMTOc',‘lj un tel

facteur‘ topologique ”,qui est un produiensorielinfini ®~ d’algébres denatrices(ITPFI) du type
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d’'Araki-WoodsR,; [10]. D’apres[3], I'état initial surMTOC’,[l), correspondant, dans l'ef2.1) de [1-
: : 1 R .
Al] aux valeurslivergentegslu chamglilaton 9—2 peut étre donngar :

- BH 0,1
01 Tr,(e M

9 (Mrop) == 5 BHT)°" (15)

etconsidérante caracterdyperfini de laraceTrs, I'on a demaniereéquivalente :

G(Mpt) = Tr., (e "Mz e™) (16)

ou ( MTOC;%,) représentain type de‘ courant ” particulier, que nous proposond’appeler” courant

tracial ” T/. Clairement/invariant hyperfianfest une puramplitudetopologique2, 22] et, en tant
que telle, s¢ propage “en tempsmaginairede I'échelle zéro & l'infini. En ce sensp(Mry) peut
étre vucommeun “ cycle topologiquezéro ” représentantine “ pseudodynamiqueEuclidienne ”
intrinseque contrélantl’éclatementde la Singularitéinitiale de I'espace-tempg3]. C’est pourquoi

nous suggérons ddécrire par (p(l\/IToc;t) I'évolution “ topologique ” du (préespace-tempsau

voisinage dééchellezéro

(i) 'échelle quantique (0 < B </pk » Signaturg+++x}) : nous abordons ldomaineKMS
[5]. Considérant ledluctuations quantiques de g, il n’existe plus de mesureviariante sur la
métriquenoncommutative Par conséquent, selontteoriedes algebres de von Neumann; eon
facteur "adressant diellescontraintesestuniquementunealgebrenon commutativesans trace,i.e.

un facteurde type 111[10] (le seul type déacteur impliqué dans des états KMS non triviaux). Plus
précisément, il s’agit d’un type jlique nous appelonsl,, muni de la périod& €] 0, 1] . Dans ce
cas, la notion dé&racedoit obligatoirementétrerempla@e parcelle de poids dd’algebre sous-jacente
(ce qui nousintroduit de maniérenaturellea la notion de flot des poids dalgebre A). Nous

considérons alors [1] que le saljet pertinentpour décrire une possible’ évolution ” a I'échelle

guantiqueest le flot des poids d&lgebrede type Il caractérisanke systéme (p)éspace-tempa

cetteéchelle. Or, il a étdémontrépar A. Connes que totdcteurde type Il peut étre décomposé de

faconcanonique selon le produit croisé suivgdio] :Ill; = Il , ><lg R*,
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C’est donc ainsju’apparaitobligatoirementians notreonstructionle R* , (dual of R) agissant de
maniérepériodiquesur lefacteurde typell ., . Alors, la périodicité (3-dépendantejlel’action de R* ,

sur Mg prend ladorme Ma= My =<l R%Z = My ><loRS

. 2 .
Larelationentrek et 3 estelle queA =—rj;, de sorte que lorsqugé — o, I'on obtientA — 0 (la

périodicité est supprimée). A présentomme la théorie est définie sur I'espace de Hilbert
R . R

£(h) :SE[LZ( %SZ)] Mgdevient Mg= Mgy ><]9§€[L2( %SZH

Lefacteur&BlLZ(Rﬁzﬂ, de type &, induitle flot modulaire(périodique)d’évolutiondu systeme.

Le facteurKMS Mg de type I}, connectele facteur” topologique " de typell MTOC',E avec le

facteur” physique "de type & que nous appelons
Mprye :Ma= M3 ><lg Mppye @)

En termes de flots, I' équ. (1Zpnnecte le flot topologiquedes poidsMTOc',t et le flot modulaie

physiqueinduit par £

LZ(R%ZH' Ceci fournit une bonnémage de l'unification entre états

]
physiques et topologiques, a rapprocher du produit bicroisé (41) Ufoad Uq(so(3,1))

unifiant les groupes guantiques Hdien et Lorentzien. Le flot
quantiquer g (Mq gow) ="M go,e " est construita lprop.(1.4.1).

(iii) I'échelle physique (B> /. Signature {+++1}) : cettederniereéchellereprésentda partie
physique(relativiste) du céne de lumiére. Par conséquent, la notion de mesure (de Lebesgue) es
pleinementdéfinie.L’algébrede von Neumannmpliquéeest donc munie d’'ungacehyperfinie et est
donnée sufespacede Hilbertinfini £(§), avech = L2®. Alors, £(L2®) est unfacteurdetype l«

indexé par le groupe re@l, que nous appelon .. Ainsi, P(L2®) = Mpnys €t le flotinduit par

Mppys €Stsimplemente flot d’évolutionen temps réel , donne par le gronpedulaire :

iHt - iHt

O-t(MPhys) =€ I\/IPhys e
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Dans ce cas, tous lesitomorphismesont intérieurs. Nous appelohfiot physique ” r's:)]; ce flot
d'évolutionen temps réeNaturellement,o,(Mpy,,) donnesimplement’algebredes observables du

systeme [19].A partir deetteconstructiondétailléedans les réfs [1-Al] et [6-A2], nous proposons

d’établirquel’état KMS “ unifie ” le flot physique et le courant topologique.

Proposition 1.4.1 A I'échelle KMS 0 < [ < Ipjanck » les deux groupes’automorphismes
0, (Mppys et oB(M%;lp) sont couplés au sein de l'unidiaeteurde type llj, dela formeMq = MTO(;%,

>y £ l'—Z(R%Z)] . Le groupeal’automorphismegtendu (complexejssociédécrivant!’évolution
a I'échelle quantiqueest dela formqu — O'B(Mq) =e HBCMq e MR Mq correspondau couplage

entre le groupe d’automorphismesa un paramétre donnant le flot physique et le semi-groupe
d’automorphismedonnante flot topologiquedu systéemePreuve Commeétablien [1] etrappeléci-

dessusl'état KMS du (pré)espace-tempgseut étre donné dmaniérecanoniquepar I'uniquefacteur

I, de laforme :
[R*
Mq= My, ><]e§5[|—2( /52)1: Mrgp > <lo Mppys (18)

qui représentece que nous proposorsappeler!’ "unification KMS ” de I'état topologique et de
I'état physique de lanétriqguedu (pré)espace-tempsl’échelle de Planck. Or, les résultats généraux

obtenus dans la réf [ermettentie considérdrexistenced’un poidsopératoriedeMqgsur son sous-

groupeMqy;, l'état d'équilibre  surMqétantdonné patétat sur Mrs;. Nous exprimons aloftat

¢ sous laouvelleforme proposée €] :

P(Mgera) = Tr.. (e "My e®) (19)

Ceci représentece que nous proposorgappelerle “ couranttracial” engendré par Iéacteur

topologiqueMTO(;E. CependantConnes-Takesakint montré [10] que le flot des poids sur fanteur

de type Ill est donné par le flot des poids surfalgeur de type Il associé. Car il existe un

homomorphism®UT lll; — OUT Il tel que la séquence (20) egacte :
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{1} —H(F)—2>0UuTM—L-0UT, (N) - { 1} (20)

L’action multiplicative de R : 7 0 65 = e >z, sER on MTOC;%) translate latracet de MTO(;rl), ce qui
engendre le flot des poids SLMTopet Mq (cf.[10]). Ainsi, ¢(Mg.gtap devientun automorphismele
semi-group@&-dépendantag (M ga) = € " Mogr, €™

L’équ. (19)décritdonc le flot des poids ddg Mais commesouligné en6], I'on peut également
interpréterl’équ.(19) commeun “ flot modulaireen temps imaginaire it, dual du flotmodulaire
iHt -HC e

usuel en temps réel donpar : (Mg evoition) = € Mpnys

Une interprétationde ce type a@&galementété proposée (quoique dans contexte différent) par

DerrendingeetLucchesien[13]. Finalement, le flot KMSonnectee flot des poidsi(M . g AU

groupemodulaire o, (My_eyolution)

Grsc(Mq flow) O'rS(MTop)@DOt(MPhys)

(B+it)H (B+it)H
=€ Mq flow

—em g e

q flow

ce qui est indexé par la variable en temps complgx&ncore une fois, un tel flot exprime l'unification

entre le flotphysiqueo, (M_evouton) = Tt (Mprys) €t le flottopologiqueos (M. ga = 0 g(M7sp) @

sein d’'un flot KMS (ou flot quanthuee)nlque0 QBf donné par le groupe d’ automorphlsméa"e.q
<[3<iP

O'[3(;(Mq flow) = UB(Mq-state) @ Ot(Mq-evolution)

La bande KMSétaléede I'échelle zéro al'échelle de Planck du (p)éspace-tempadmetdonc zéro
commeborneinférieureet 'échelle de Planckcommeborne supérieure. Entre ces deux limites, le flot
topologiqueEuclidien et le flot physiqué&orentziensont donc unifiés dmaniérenaturelleau sein du flot

“ quantique "holomorphe
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H _RH
ng — Grgc(l\/|q_f|ot)=erSC M- flof€ e,

< (P

Une autre facon derifier le couplagede Mpy, . et M%)lp au sein de 'unigutacteurde type Ilj, réside

dansl'invariantdeConnes :

AUT M
INT M

d€: R—=OUTM=

(21)

(automorphismede Mquotientégar lesautomorphismemtérieurs,nécessairemergrésents dans le
cas noncommutatif). Cetinvariantde Mreprésenteaun flot ergodique{f W(M) , W,} ou W est un

groupe ddransformationsa un paramére —i.e. un flot — quiadmetune descriptionen termes de

classes de poids et dontpiaramétrmaturelestﬂ{r*. Nous considérons a présentdeteurde type

I, Mq del'équ.(18).Partant dé’équ.(20), I'on peut construirel'extensionExt (notéeT) de OUT

Mg par INT Mydans AUT My :
AUT Mg= OUTMqT INT Mq (22)

avec X,y € OUT Mq et {X,y’} € INTMgq.Le groupe deautomorphismestérieursINTMq est un

sous-groupe normal de AUT gM Considérant alors deux poidset y de My et appliquantle

théoremale Radon-NikodyriL 0], il existe ununitairede Mytel que
af (X) = yof O

avecu, = (Dy ; Dg), et o (x) € INT Mq pour unecertaineclassed’automorphsmes modulaires.

Considérons alorque sous l@racedu facteurll ., impliqué dans le produit crois#lq = M%,lp ><lg
R*+ tous lesautomorphismesnodulairessont (nécessairementhtérieurs Il en résulte laestriction

de INTMya un sous-groupe du groupe dmstomorphismesnodulaires, sous-groupe que nous
appelons INfhod Mg Puis, nous cherchonBimage du groupemodulaireintérieur dans OUTMag.
Dans uneertaineclasse deohomologie{ K}, le groupeo,’ (x) est donné par INFodMg tandis que

les transformationsion unitaires o z(x) sont données par OUTd¢ML’on obtientalors pour le flot

“ physique " :
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o' (x) = €™My e ™ € INTmodMg

tandis que le flot topologique "des poids deMq est donngar :

og(x) =e "M, e*e ouT Mg

et de 'extensionAUT Mg= OUT Mg T INTmod Mg I'on peut tiref1] :

TRy = g’ ()T og(x) (23)

A l'intérieur du groupegénéraldes extensionsExt}, I'on obtientalors le sous-groupe holomorphe

trivial ;

T (My) =€ (Reit)H M, o BHiH _ g (Mg) =€ HBCMq o - Hic
qui correspond Bétat KMS et unifie ” au sein de la forméendueuniquer . (Mq) le flot physique

o/ (x) etle courantopologiqueo (x). Clairement)'on obtiento g (Mg) C OUT Mq T INTmod Ma.

Unenouvellefois I'on trouve lerésultat ci-dessus :

GBC(Mq—flot) = OB(Mq-état) @ Ut(Mq-évolutiobl qed

Il résulte de(1.4.1)ainsi que de plusieurs autres propositions publiéaegférence(notammentle

§(5) de (1-Al)) I'un degprincipauxrésultats de la présentecherche 'échelle zéro del’espace-
temps (ou du (p)éspace-tempspst de nature topologique. Nous apportons au8(2) de la réf[1]
plusieursexemplegie nature dlustrer ce résultat. Eparticulier,considérantoujours le (pré)espace-

temps en tant que systethermodynamiquejousmontrons :

Exemplel.4.2 Lalimite d'échellezéro du noyau dia chaleurdu systémehermique(pré)espace-
temps edtopologique
La démonstratiorde I'ex. (1.4.2) est donnée af(2.1) de la réf[1]. De méme, nous établissons la

limite ultravioletted’'une autre approclstandard :
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Exemple 1.4.3 La limite d’échelle zéro del'espace-tempsie Minkowski, donnée en termes
d’intégralesde chemins de Feynmann, est topologique.

La démonstratiorest fournie d'exemple (2.2) de la réf[1-Al]. Ensuite, nous proposons un nouvel
exemplemontrantque lalimite d’échelle zéro3 — 0 de lathéorie supersymmeétrique N=2 est
topologique. En effegonsidéranta variétéespace-tempsl I'on peut montrer [23] quiespacedes
étatsd’énergie zéro décrits pat’Hamiltonien du systéme est donné pkensemble des formes

harmoniques suM et est égal au nombre BettideM. L’on a ainsi pouf; — O :
4
Tr(-1)F = g(—l)kh = x(M)
ou b. est leith nombre deBetti et (M) la caractéristiqual’Euler-Poincaré d&. Finalement, sur la

limite d’échelle zéro, nous retrouvonsgindice topologique [2] correspondant a toutéhéorie

topologiquedes champs standard.

Pour finir, nous indiquons daneX.(2.4)de [1] qu’il est possible d’obtenir uésultatanalogue dans

le contextede lasupergravitédN = 2.
Exemple 1.4.4 Lalimite d’échellezéro du(pré)espace-tempnsupergravitédN=2 est topologique.

En fait, pour unevariété spinorielle, I'on peuexprimer H en termes déopérateurde Dirac D.

Alors, endimensionD=4, nous avons montré quditaite 3— 0 du systemdécritparl’'opérateurde

Dirac est donné pdlinvariant topologiquesuivant :
dimM 1
Ind(ID+) = 87fTI’(RA R) —8—ﬂ2fTr(F A F)

Nous retrouvons ungouvellefois lalimite topologiquede lathéoriepour3 — 0.

L’ensemblede ces résultats noasménea présent dormaliserle deuxiéme résultatprincipal de notre

recherche talimite d’échellezéro dd’espace-tempgstpurementopologique.
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CHAPITRE 2

LA LIMITE TOPOLOGIQUE DE L'ESPACE-TEMPS
A L'ECHELLE ZERO

2.1 Théorie topologique deschamps

L'on définit habituellementa partir deWitten [2], la théorie topologiquedes champgomme la
quantificationde zéro, leLagrangiende lathéorie étant (i) soit un mode 0, soitii) une classe
caractéristiques, (V) d'unfibré vectoriel V—— M construit sur I'espace-temps. Nous proposons
alors aug(2.2)unenouvellelimite topologiquede la théorie, non triviale, fondée non plus sur H = 0
mais sur 3 = 0 et dormedépendanteleH. Lalimite topologiqueordinairede lathéoriequantiquedes
champsgdécritepar l'invariant d&Vitten Z = Tr(-1)1 [24] est donnée par lamite de la fonction de

partition
Z=Tr(-1Ne—BH (24)

calculéesur le (3+1)-espace-temp#inkoskien pour les valeurs nulles (ouvariantes)de H. n
représentée nombre d'états d'énergie zéro de la théoriegxemplele nombrefermioniquedans les
théoriessupersymmeétriqug®3]. Alors, Z décrittous les étatel'énergiezéro pour les valeurs nulles

de I'HamiltonierrH.
2.2 Une nouvellelimite topologique

A présent, nous proposons ici umeuvellelimite topologiquede lathéorie quantiquedes champs,
limite nontriviale (i.e. correspondant aminimumnontrivial del'action). Construitea partir du mode

zéro de I'échelle du systéifie= 0 etindépendantedeH, cettelimite inattendue(en dimensionD=4)
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est alors donnée par lamite de température(températurede Hagedorn) du systeme physique
D=(3+1). En un certain sens, cette suggestion peut étreapprochée de la "conjecture
holographique"[24kelonlaquelleles états de Igravitéquantiqueend dimensions ont undescription

naturelledans le cadrd'unethéorie(d- 1)- dimensionnelle.

Si, conformémentaux résultats de [3] repris en réf[1-Al], noadmettos que l'espace-temps est
soumis a lacondition KMS a I'échelle de Planck, alors dans ce cas, suimlee d'échelle zéro
associée, dans la fonction gartition de I'équ.(24)a B = 0 , lathéorie estprojetéesur lalimite

imaginaire pure t — t =it; de la bande KMS. Ainsi, la fonction deartition (2) donne ['état

topologiqueconnectéau mode zéro de I'échelle
= Tr (-1)S
rséo Tr (-1) (25)

ou sreprésentée nombrenstantoniquede la théorie. Ce nouvalvarianttopologiqueconstruit pour
la premiérefois dans[3], isomorphe a l'invariant d@itten Z = Tr (-1)F, peutexplicitementétre
associé a la singularitéitiale du (pré)espace-tempatteintepour la valeur 3 = 0 de la fonction de
partitiondes état¥ = Tr (-1)Se—BH . Nous proposons d'appelénvariant de singularité"ce nouvel
invariant, associé a l'instantgmavitationnelsingulier detaille 0. Cette intéressanteelation avec la
théorieinstantonsuggérenaturellementin lien, proposé pour f@emiérefois dans la réf[3], entre le

premierinvariantde Donaldson [25] et I'échelle zéro de I'espace-temps.

2.3 Echellezéro et premier invariant de Donaldson

Rappelons apréalableunedéfinition généraledesinvariantsde Donaldson :

Définition 2.3.1 SoitM unevariété quadridimensionnellel'invariant de Donaldsongy (M) est
un polyndmeentiersymétrique deegréd danda 2-homologieH, (M;Z) de M

gg(M) : Hy(M) x ... xHy(M) — Z

Mﬁnkc),d étantl'espace des modules destantonsde degrék, l'invariant de Donaldsonest définipar

I'application
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m : Hy(M)— H* (M),

Il a été précisé en réf. [3] en quel sens l'image dgr@trie0, décritepar le groupe de jauge non
brisé du type SU(2p SU(2), peut étre donnée par peemierinvariantde Donaldson, associé ici a
I'existenced'une"amplitudetopologique"caractérisanta théorie. Lorsque ldimensiondima#/ de
I'espace des modules des instantons est non nuhviesantsde Donaldson sont donnés par la

fonction decorrélationde lathéorie;

r

Z(yy - v¢) = [DXe an \.n fWK> (Dim Mk = 0) (26)

P=1yi lyi

Or, notrerésultatformel le plus surprenant egti'al'échelle 3 = 0 associée alimite des hautes
températures, I'espace des modules des instagtmmtsiul surcettelimite, la fonction de partition,

donnée par

z = Tr(-1f e P (27)

doit redonner Ipremierinvariantde Donaldson

1= S (28)

invarianttopologiquenon polynomial, réduit a uentierpour dim#/ k = 0. Nous formalisonseci

dans lgprop.qui suit :

Proposition 2.3.2 La limite de haute température de la théorie quantique des champs,

correspondané R— 0 danda fonction departition Z = Tr (-1) S e —H donne Igremierinvariant de
Donaldson. Lamétrique sous-jacentede la variété de dimension 4eprésentantl'espace-temps a

I'échelle zéro edtuclidienne (+ + ++).

Remarque Soit la fonction departition des états de lmétriqueZ = Tr(-1)5 e -BH | La limite

3 — 0 de la fonction dpartitionZ, de la forme
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S
Z =Tr(-1
Z,= T

correspond a unsymétrie généraliséede tous les états possibles de la métrique, tous les états
instantoniquesle g,y, donnés par la chargepologiquede l'instantorgravitationnelsingulier, étant
équivalentsa I'échelle 0. Nous appelofsymétrie0" la symétriegénéraliséecaractérisantéchelle

singuliereQ.

Preuve Selon des arguments standdial) peutécrire:

Tr(-1)Se=BH = fdg(t) dy () exp- S (¢, ¢)

cépe
A la suite des travaux d&itten [26], il a été montré par LAlvarez-Gaumg27] qu'étant donnée une
théoriequantiqguedes champs supersymétriqlien peut définir l'invariantopologiquel = Tr (-1)f , f
étantle nombre fermionique. Nous suggérons d'étendrsupergravitéce résultat, afiqu'il soit
possible a partir de l'indice de l'opérateurDimac de la variété spinorielle (pré)espace-temps, de

définir l'invarianttopologique
1=Tr(-1)S

1 donne ladifférenceentre le nombral'instantonset de monopolegravitationnelsdans I'espace de
Hilbert de lathéorie a I'échelle O et s désigne le nomtbiiastantonsLes propriétés de Isupergravité
sonttelles que l'indicesupergravitationnetiépendseulementdes modes 0 des états d'énergie - les
valeurs propres de 'Hamiltonieh? paramétranténergie - , les états d'énergie non nolduisant
I'existence de paires monopdles - instantons. TPE&)invariantsous lesiéformationscontinues de

D? et constituedonc unindice topologiquede lathéorie de déformationquantiquede la signature
d'espace-temps.e calcul de l'indice de I'opérateur deirac a partir de larégularisationde latrace

donnée paféqu.(30)donne l'indica de I'opérateur dbirac:
B
2 D2 2 D2 —fdtL
i=Trre ®? =Tr(1)Se P = [IDX][Dy]e® (29)
cpl
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avec g C. Lorsque 8= 0, lalimite de la fonction d@artition Z = Tr (-1)S e " est réduitea :
Z0=Tr(-1)S (30)

Witten a montré [26] que Tr (-I) peut étre comprigomme l'indice d'un opérateuragissant sur

I'espace de Hilbei} du systéme. Partageo®sen un sous-espace monopdle et un sous-espace

instanton#H =  m+ # . # met# | définissent les états monopobles et instantons a I'échelle 0. Q
étantun générateude supersymétrie, il résulte €19)Q|y) =0, d |} = 0. CommeQ estadjoint

de § en regard de la norme de I'espace de Hilberta Tr(-1)S = Ker Q - Ker J, de sortequ'en

tant gqu'indice topologique, Tr (<1pstinvariantsous lesdéformationscontinues deparameétresle la
théorie qui ne modifient pas lecomportementasymptotiquede I'Hamiltonien a haute énergie. Le
Hamiltoniencorrespond aluaplaciensur les formes H = dd* +d*d et I'espace des états d'énergie O est
donné par I'ensemble des formes harmoniques pairessur M

Tr(-1)Se ~BH =y (M) = i(—l)kbk (31)
k=0

ou x(M) est lacaractéristigued'Euler de M eth le i eme nombre de BettiA = Tr (-1 est
indépendantle 3, les seuleontributionsa A provenant du sectetopologiqued'énegie 0 : A = nj
(E=0) - nm (E=0) A est donc umvarianttopologique. Montrons que dewariantest isomorphe au
premierinvariantde Donaldson. Laonstantede couplageg de lathéorie estdimensionnelle g —
g'(p), p étantle rayon de l'instanton. Lenite 3 = Oimpliquedoncp = 0 et correspond au secteur des

instantons deaille 0. Or, sur ldimite 3 = 0, Dim M k = 0. Lorsque lalimensionde l'espace des

modules des instantons est non nuljneariantsde Donaldson sont donnés par :

Z(yy - v¢) = [DXe l_[fWkl \n fWK> (Dim M k = 0) (32)

A présentgu'enest-il de ces mémaeavariantslorsque I'espace des modules estitieension0? La
solution est dans lerrespondancentre lesnvariantsde Donaldson sur lesriétésde dimension 4 et
les groupes d'homologie de A. Floer [28] sunasétésde dimension3. Coupons la 4 variétéM en

deux parties non ferméesmét M~ :
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M=M* U, M- (33)

ou les bords de Met M~ sont des 3-sphérethomologie. SoientSet S les sphéres d'homologie
formant les bords de Met M~. Considérons leuromologiede Floer HF (M) et HF (M~). Pour
une chargeopologiguedonnée k, nous considérons les instanmasitationnelssur les4-variétés
M* et M—. Les solutions desonditionsaux bordgpermettantie définir la connexion sur les bor&s

sont notée<C’. Dans ce casC.Nasha montré [29] que l'espace des modules des instantons sur la

variétéferméeM devient C"' N C = Mk . Lesconditionsau bordpermettentde construire deux
classes d’homologie de Floe’f[] = HF* (S¢). Donaldsonrétablit que lecouplagede ces classes
fondées sur ldualitt de Poincaré donneC[] * [C ] = gfM), ol * représentde couplagedes
cyclesd’homologie.Or, d = 0 correspond a thmension0 de I'espace des modules. Dans ce cas,

commemontré dan$29], lesinvariantsde Donaldsodeviennendes entiers. En effet, I'évaluation de
I'invariant qg(M) impliqued = dim Mk /2. La chargeéopologiquek doit doncsatisfairel’égalité de
Witten, soit dim Mk = 8 pi(E) - ; (x(M) + o(M)), ou p(E) est le premier nombre de Pontryagin du

fibré donnant la chargepologiquede la configurationy(M) la caractéristiqued'Euler eto(M) la

signature de M. Nous avons alors @& - %(X(M) + o(M)) = 0 et I'espacenodulaireMk est réduit a
un ensemblediscret de points. Pour dim = 0, lesinvariants de Donaldson se réduisent a

I'évaluation de la fonction deartition Z, expriméecommeune sommaelgébriquealternéesur les

instantons :

z= Y (-)" (34)

i désignant le PMeinstantonet rj = 0 ou 1déterminanie signe de saontributiona Z. Donaldson a
montré sur des basdéspologiques[25] que lorsque dim M= O, anrsE(—l)ni est uninvariant
i

topologiquenon polynomial, réduit & un entier. Nous retrouvonsmi&me résultat a partir de

Top = {Q : Aaﬁ}. La fonction departitionZ a latempératur®1 a la formegénéraleZq=Tr (-1 €

BH pour B =0, ;devientBZ = Tr (-1)S. Or, Tr (-1 est isomorphe éz(—l)”‘ , S et pdonnant
=0 I

dans les deux cas le nombifenstantongle la théoriehZ = Tr (1)S redonne donc lpremierinvariant
=0
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de Donaldson, girojettela théoriephysiquelorentziennesur lalimite topologiqueEudidienne pour

dim Mk = 0. Une autrenanierede parvenir a ceésultatconsiste a poser :

<p> :%;DFexp S P(F)

. R 1 .
Pour S = 0)'on obtient,d’ apres Donaldson [25] < P > =Z- EPn. Or, lorsque dmM=0, <P >
My

se réécrit :
1 . . .
<P> == E(—l)”' =k, de sorte que Z §(—1)“' , commerequis.
i i

L'essentiel de ldémonstratiorti-dessus a été repris danpiap. (3.2) de l'article [1-Al]. A laimite
des hauteempératres 31 = Oparamétrant échelle0 de la théorie, la fonction gmartition Z donne
donc lepremierinvariantde Donaldsodécritparl'équ.(28)projetantia théoriephysiquelLorentzienne

sur lalimite topologiqueeuclidienne.

Commeétablienréf.[3], ce quiprécedesuggere ainsi I'existencBuneprofonde correspondance, -
une symétrie ddualité- (voir la réf. [30]), entrethéoriephysique ethéorietopologique.En effet, la
théoriedes champsonsidérédci est unethéoriethermiquesupersymmétrige [20,21] endimension
D=4[31]. Le contenu dwsupermultipletthermiquea étédétaillé dans un autréravail [3]. Comme
précisé plus haut, lhéorieappartienta la classe deupergravitéN=2 [22], le Hamiltonien étant
donné par le carré de l'opérateur Rieac D2 [11-29]. En tant que tel, le plusimple multiplet
bosonique se réduit a un chamgztoriel et a deuxscalairesexhibantune géométrieKahlérienne
spéciale. En fait, lahéorie N=2 estparticulierementintéressantedans notre contexte, pour deux

raisons :

(i) Les champscalairescomplexesde lathéorie (parexemplele dilaton S [30] ou le champ T [27])
peuvent étre vusommedes "signatures” de tndition KMS [3] a laquelle pourrait étre soumise

I'espace-temps a I'échelle de Planck.De tels champgaienttgalemenétre considéré&sommel’'une
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desmeilleuresclés pourcomprendrda possibledualité entre observables physiques (infrarouge) et

étatsopologiquegultraviolet):

Videtopologique(R = 0, instanton) - ~9Uae

Vide physique (B £pjanck monopolg

Ceci est basé sur thialité instantons / monopoldsitialement suggérée en réf.[3] eécemment
prouvée dans leontextedes supercorde€.P. Bacchas,P. Bain etM.B. Green[32]. En outre,
toujours dans leontextedes supercordes a €tijecturéaunesymeétriedu type U=®T [3] a partir
delaquellel'on peut inférer lalualitéci-dessus entre observables (physique) et cytdpslogique)

sur uned-variétéM :

Si a présent'on associe, demaniérenaturelle, I'état "physique” de I'espace-temps a la forme
Lorentziennede lamétrique(échellede Planck) et I'étatopologiquea la formeEuclidienne(échelle
zéro), alors il estgalemennatureld'endéduire qu'entre I'échelle zéro et I'échelle de Plancleviiait
exister une superposition(++++) entre les structures métriques égébriques)Lorentzienne

(physique) andtuclidienne(topologique).

2.4 Dualité entre mode Physiqueet modetopologique

Afin d'établird'unpoint de vuealgébriqueles hypothéses de superposition etldalité évoquées ci-
dessusnous suggérons a présent d'adopteétaarchgroposée en réf[3], consistanta considérer la
meétriqued'espace-tempommesoumise a ung-déformation(i.e. déformationquantiqueau sens de

la réf[13]) a I'échelle de Planck. Céfat quantiquede la métrique donne lieu & unenouvelle
descriptionalgébriquenon plus en termes de groupes classiques majsodgesguantiques Dans ce
sens,nous utilisons ici unepplicationdu résultatgénéralobtenu en [3] sous la forme du produit

bicroisécocyclique:

¥
M (H) = HOP [« Hy (35)
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oUH est unalgébrede Hopf, > un produit bicroiséi.e. un typespécialde produit croisé, défini
en réf[12]) ety un 2-cocycleou"twist" au sens dBrinfeld [33]. Cette constructionest inspirée par
I'idée d'unifier deux groupes quantiques différents au deinestructurealgébriqueunique. Le point
intéressanést que les deux groupes quantigogsiqués sont reliés dankequ.(35)par unerelation
de dualité, pluexactemende 'semidualité”,en un senexpliqué dans la réf[3]. Poumettre en
évidencecettepropriétéqui fournit un cadrelgébriquea ladualité annoncéeentre mode physique et
mode topologique, nous proposons a présent de construiresenaualisationdes données

correspondant a

P
H 4A

La formeexactede I'objetrésultantA™ [><1H a été&onjecturéedans [3] maislemeurenon explicite &
X

certainségards,malgréles progrésffectuésdans[34]. Alors, enrapportanties conditions ci-dessus

auxélémentgle A |, nous avons :

Y
Proposition 2.4.1 Le produitbicroiséH [~ A admetla semidualisatiorsuivante :

(i) Considérantdeux bigebresX etH, X est un H-moduleogébriquea gauchei.e.
A(h>x) =hy, > Xy ® Ny > X, et e (h>X) = &(h)e(X)

(i) H est unX-modulecogébriquecocycliqueadroite dans le sens nouveau :
A(h<ax) =hy <X, ® R, < X, et e(h<ax) =e(h)e(x)

(M) < %9) Yty X2 ) = 20y Xy Yy Nzy < (X2)Yiz))

ou

XNy <Xy ¥y Z)x My X2 YiaZa) = 2 (N Xy Vi) 2Ny X2 Y20 Z2)
x(h,1,X) = x(h,x,1) = ¢(h)e(X)

(iii) les deuxalgebresde Hopf sontompatiblesians le sens
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h>1=¢(h),l lax=¢(X), x(LXY) =eXe(y)

et

(A) x(hg Xa) Yol = (X ¥e) = hy > Xy Bz 9X2) >y
(B) (hg)<x=h« (g(l) > x(l)) 92y Xz

(C) hg)> Xy ® Ry 94Xy = Py > Xy ® Ny 9%

(D) x (g, xy) =x (M) Gy > X1y (G2) < X2)) > Vi) )X Giays X3y, Vi)

Remarque Il résulte de ces données I'existedagn certaintype de double produit croisécyclique

de la forme

X[><IH, dont la structureg'abordconjecturéalans[3], a étépréciséedans[34]. A partir de (i), il
X

estclairqu'il s'agitd'uneforme dequasi-algebrale Hopf duale, ou le produit seragsociatifsous

conjugaison par urfenctionnelled construitea partir dey.

Démonstration Pourréaliserla semidualisationl'on suppose que A est akmensionfinie. Soit
X = A*. Lesconditionsrésultantesonservent leusignificationpour toutX. Le fait que A soit un H-

modulealgébriquea droite implique que X est un H-modulegébriquea gauche, en accord avec
la<h,x) ={ah>x} VXxeA

Ensuite, nous définissogssur H® X ® X

x(xy) = (x®@y, y(h)

etl'on peutvérifier que Hdevientun X-modulecogébriquea droite,commeannoncé. L'action de X

est donnée ici par actionde A selon :

h<ax = <x,h(i)>h(§) vheH
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Finalementl|'on parvienta semidualisettes conditionsde compatibilité (A) et (D). Concernan{B) et
(C), ils sont dualisés selon les formules de la réf [12] pour les produits bicroisés usuelsy¢le

n'intervientpas).Pour (A), nous considéronsXy pour obtenir

(N X1y, Vi) {X a<h,) =[x ah, X A(hy < X))
Z Ny Xy Yoy NX 2)Y(2)» @ = Xy 8 <Ny AY: 8z () <Xp))
ou encore, entilisantlesdéfinitionsci-dessus :

(h.,,X )Yh., > ( ), ay={h, > x W, < Xp) > )
XNy Xy Yo\ ey > (X)Yiz))r @) =\hgy > Xy »8) A (hzy < X2)) > Y, &)
={(hy, > X ) (N < X0) >, QY

\WNg) > X))oy <X 2)) >y, &

pour tout & A, qui est lacondition(A)- énoncée. De méme pour (D)L

A présent, appliguons laonstructiongénéraleobtenue ci-dessus et considérons les structures
algébriquesLorentzienneet Euclidienne.Alors, nous suggérons la proposition suivante (voir la

prop(4.1)de laréf[1]) :

Proposition 2.4.2 Les dgebresde Hopf Euclidienneet Lorentziennesont reliées par le produit
Y
bicroisécocycliquedela forme Uq(so(4)PP >« Uq(so(3,1))

Preuve Considérant I'approche en termes d'algébres enveloppantes, a partir de I'algébre de Ho
EuclidienneH = Ugso(4)),nous avons laécompositionbien connue H = fsu(2)) ® Uqgsu(2))

ainsi que l'algébre "opposée"oH= Ug(su(2)PP ® Ug(su(2)PP, tandis que la formkorentzienne est
A = Hy = Udsu(2)) P4 Uqgsu(2)) = Ugso(3,1)). Commeexpliqué en [3], le cocycle de

déformationesty, = % ,,. Alors, I'action et l@oactionsont :
@® b) <« (h® g)=h,aSh,® g,bSqg,
B(h® g) = (h(l) ® 9(1))- (Shs) ® 393)) ® h(z) ® 9(2)

= Ny Shs) ®94)Sq;) ® h,) ® 9, (36)
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ou I'on retrouve la structure de produénsorielde l'action et de laoaction pour chaque copie

Uq(su(2)).D'autre part, l@ocycleh,g € Ug(su(2)) est:

y(h®g) = (h, ®7u)(1®R7)(Sh, ®Sg,)1® V) ®
0y 6,)(0L7 S (Sh, © Sg, X &1

ou le produit est en H =d(ku(2))® Uq(su(2)).Cecidonne :
p(h®g) = h,Sh,,® g, 27 Sg, RV ® h, R Sh, 2™ ® g,,,Sg,)

= hyShyy ® g, RVSg RV ® h, Rsh, 2" ¥® 1 (37)

pour les structuresxplicitesde produit bicroisé.qed

Clairementja prop.(2.4.1)prouve la possibléunification" (a I'échelle de Planck dans notnedéle)

entre les algebres de Hapiorentzienneetg-Euclidienne.

Par ailleurs, leésultatci-dessus suggére wertain type dedualité entre les groupes quantiques
Lorentzienet Euclidien. Pourmettre en évidencecette dualité, I'étape suivante consiste a montrer
I'existenced'une intéressanteelation de "semidualité” (proposée dans le cgenéralpar S. Majid
[12]) entre algébres de Hopforentzienneet Euclidienne. Mieux, unetelle dualité fournit une
descriptionde latransition entre le groupguantiqueg-Euclidienet le groupeguantiqueg-Lorentzien

[3]. D'oula proposition :

Proposition 2.4.3 Le groupe quantiqgue Euclidien Ugi(su(2)) ® Uqsu(2)) =
Uq(su(2))’Pr>4Uq(su(2))est conecté par semidualitéau groupequantique Lorentzien Ug(su(2))
[><JUgsu()PP" = D(Ugsu(2))).Alors, la semidualitérelie une version dé&Jg(so(4)) Euclidien)a

une version d&lg(so(3,1)) (Lorentzier).

Il existe dans la réf. [3] unéémonstratiorcomplétede laprop. (2.4.2),basée sur les propriétés du

"double deDrinfeld" (Uq(su(2))).Alors, utilisantla constructioren termes deocycle M, (H), nous

obtenons laelation:
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semidualisation

Uc(SU(Z))w [>dUgsu(2)) = Ugso(4)) Ugsu(2)) ><1Ugsu(2))~Ugso(3,1))
x

(38)

La "g-déformation”de l'algebre de HopfQ-Euclidiennevers l'algébre de Hopf-Lorentzienne
correspond a untansformationde dualité et induit I'existenced'un 2-cocyclede déformation. De

méme, le produit bicroisgbcyclique
¥
Ug(so(4pr [>« Uq(so(3,1)) (39)

définit implicitementla nouvelle transformatiorde (semi)dualité

semidualisation

Uq(so(4))0pw [~ Uq(so(3,1)) = Uqso(4)) SOy3,1)><1Uqso(4)pP

ol est construit a partir dg, celui-ci étantdérivé de la structuiguasitriangulairét de Uy(su(2)).

Naturellement)'on peutégalemensemidualisela partir des autres facteurs pour constrogains
types degquasi-algebrede Hopf Abxi H* , associé a Iﬁ[>< A. Cettefois, lacoactioncocyclique
de A sur H estlualiséeen unecoactioncocycliquede A sur H tandis que l'action de H sur A est
remplacéepar unecoactionde H* sur A. La constructiodevientalors générale, de la forme hxi Y
(ou Y joue le réle de H). L'on obtientainsi desexemplesdu type Uq(su(Z))Pxi Uq(su)j ,
Uqg(so(3, 1)) Pjsi SOq(4¥OP etc., par semidalisation de cette forme. Ceux-ci sont duaux des

constructions précédentes.

A présent, uneonséquencetéressantele ces résultatsoncerndes propriétés ddualité au niveau
de lag-déformatiorde I'espace-temps lui-méme. En effet, dutaiere des constructions précédentes,
I'on parvienta I'importante observation qui sadncernantatransitionde lamétriqueq-Euclidiennea

la métriqueg-Lorentzienne:
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Corollaire 3.4.4Pour g= 1, la transitiondela métriqueg-Euclidiennea la métriqueqg-Lorentzienne

au rayon unité est urgualitéde * -algébrede Hopf Uq(su(2))}> SUQq(2).

Démonstration Selon uneonstructiorintroduiteparMajid [12,13] et appliquée dans la réf[3]pn
décritle g-espace-temp&3.1 par I'algébre tressée BMq(2), Mq(2) ayant ure- structureunitaire
correspondant a SUq(2) (par- structure, nous entendons "structures réelles", au sens précisé dans
la réf[12]). Ici, BMq(2) admet undescriptionen tant quematriceshermitiennedresséesL'on écrit

alors I]%g' 1o BMq(2). Par ailleursion noteMq(2) la structurealgébriquerésultatdu twist (au sens

de la réf[13]) de Mq(2). Enfin, il a été montré [3] queka structure de]?@g' = Mq(2) est donnée par

la * - structureunitaire de Mq(2) qui, au rayop = 1, donne lex - groupequantiqueSuUq(2),

constructionduale decelle ass@iéea la*x - algebrede Hopf Uqg(su(2)). Explicitement,la * -

* ok 1
(a* bﬂ = ( d -q C) etcoincideaveccellede la * - structure
\c™ d*) \-gb a

structure de]%;1 = Mq(2) est

unitairede Mq(2) sur'identification des deux espaces vectoriels. Or, Ug(su€2)B(Uqg(su(2))) en

tant quer - algébresoustransmutatiorj12]. Cettetransformationcombinéeavec l'auto-dualité de ces

groupes de tresse, donne l'isomorphisme dealgebreUq(su(2)) = BSUQ(2) commeexpliqué ci-
dessusll en résulte (cf. [3]) que les structunesturellesde I'espaceay-Euclidien Rg etcelledu g-

Lorentzien Rz’ 1, covariantesous Uy(so(4)) et W(so(3,1)) [32] sontreliéescommesuit :

Uq(su(2)) dualité de:--algébres de Hopf SUq @ -~ [Rgl p=1
Transmutation = T g- changement de signature
BU (su(2 BSU@) =R>1/p=1
q( (2) autodualité de groupds tressés q( ) q F

(40)

etcetteconstructionrendexplicite le changementle signatureommeeéquivalenta unedualitéde * -
algébredeHopf. L]

L'on remarquerajue nous obtenons uraationdedualitéentre les q-espacﬁf‘jl et Rg' ! commeune

sorte deT-dualité [27]. Cetteinterprétationest possibleseulementorsque o= 1 -i.e. a I'échelle de
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Planck-. L'on peutétendreces résultats, obtenus a partir des groupes quantiquestzien et

Euclidien, au groupe de g-Poincaré

RS *><] Uy(so (3, 1) (41)

vu, biensﬂr,gmmedual du groupe de g-Poincdtéclidien

RG> <1 Ugy(so (4)) (42)

En revenant sur leemarqueprécédente, ldualité d'algébre de Hopf a étécemmenteliéea la T-

dualité enthéoriedes supercordes par C.Klimcik et P.Sevi@gd@]. De telles dualitésen termes de

groupes quantiques obgalemenété proposées p&. Majid [13].

De maniéreintéressante, les résultats ci-dessus fournissent c@rtainesindications sur l'origine
algébriquede lafluctuationde signature a I'échelle de Plancknsidéréecommetransformationde
dualité. Uneemargquamportanteest quecertans des isomorphismes ci-dessus sont vabdaement
lorsque g= 1, i.e. enthéorienon classique. Notonsgalemengue ladualité d'algebres de Hopf au
niveausemi-classiquest unelualitéde bigebres de Lie et a été comppbgsiquementommeune T-
dualiténonabélienngoour des modélessur G, G* [36], de sorte que ldualité mise enévidenceici

estrelieead'autredypes dedualitésen physique.

A présent, appliquons les résultaigébriguesobtenusprécédemmentdans uncontexte plus
physique. En effet, ldualitéentre les groupes quantiquesentzienetEuclidien peut étrestenduea
unedualité entre secteur "physiquélorentzien)et secteutrtopologique” (Euclidien) de la théorie.

D'oula propositiorformuléeau §(4.3) de l'article [1-Al] :

Proposition 2.4.4 1l existe, a I'échelle de Planck, une symétrieddalité entre 'anneau de
cohomologieBRST (secteurphysique dda théorie) et 'anneau de cohomologie de l'espace des

modules demstantongsecteurtopologique)

Ainsi, partantde la formegénériquedes groupes dehomologieBRST(cf. réf.[22]), soit
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(9)
(g) _ kerQgRst
H = 43
BRST ﬁ_ITimQBgR:ST (43)

nous montrons a larop.(4.3) de (1-Al) que lahéorietopologiqueréalisel'injection d'anneaux :

AU,

0 Hipsr——H*(2{,) = ® % (HO (1 ) (44)

*
HBrsT=® mod mod

I'équ. (44) fournissant urthemininjectif du mode physique dans le mode topologigque. En termes

d'observablesO; et de cycles d'homologi¢d; CM,oq dans l'espace des moduls,,q des
configurationsdu type instantongravitationnels F[¢(x)] sur les champgravitationnels¢ de la

théorie, nous relevons I'équivalence :
10,0, ... 0= #(H, NH, N ... N H)

ou le secteur physique de tlzéorie estdécrit par les observable®; et le secteur dual, de type

topologique, par les cycles d'homologid; CM,,q. L'Oscillation de signature entre secteur

physique et sectetwmpologiqueest alorsinduite par ladivergenceAUy =f(9“ju d*x du courant-
fantdme j, [22]. LorsqueAU = 0, commeil n'existe pas d'espace gngementpour I'espace des

modules, nous suggérons quethi@orieest alorgrojetéedans la branche de Coulomb, a l'origine

deMmog, Sur uninstantonsingulier detaille 0 [37] que nousdentifionsa l'espace-temps a I'échelle

0. Lathéorieestramifiéesur le secteupurementtopologique H, , la signature correspondant a ce

secteugtant Euclidienne(+ + ++).

2.5 Transition entre état topologiqueet état physique

Nous concluonsettesection par une questionportante: commentpeut-on expliquerd'un point de
vue cosmologique, l&ansition de I'étattopologiquea I'état physique dé&espace-temps®ous
suggérons une approche dans le cadre de la théorie KMS darf5.8) 8e l'article [1-Al].Cette

approche egbrmaliséedans laconjecturesuivante :
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Conjecture 2.5.1 A I'échelleinfrarouge B = /..., la brisure de I'étatKMS du (pré)espace-

tempsinduit le découplageentrele flot topologiqueet le flot physique da théorie.

Rappelons que nous avons montré en [1-Al] que l'état KMS d)egpeee-tempa I'échelle de
Planckinduit demanierenaturellele couplageentre I'état physique et I'étajpologiquede la métrique.
Par conséquent, I'hypotheseuvelledéveloppéen [1-Al] est que l&ransitionentreétattopologique
(a I'échelle zéro) étatphysique de I'espace-temps (au dela de I'échelle de Planck) pealécéteen
termes de brisure de I'état KMS. Utadle approche est d'ailleurgnforcéepar le fait que la brisure
d'état KMS au dela de I'échelle de Planck pouetitmémeétreliée a la brisure desupersymétrie
attenduea la méme échelle.Cette importanterelation est d'ailleursannoncéepar les intéressants
résultats dderedingeret Luchiesidans la réf20], résultats que noudétaillonsau 8(5.2.1)de [1-

Al].

En fait, Derrendingeret Lucchesiont clairementconfirmé I'existenced'une étroite relation entre la
supersymétrighermiqueet laconditionKM S. Cetterelationestréaliséeau niveau des coordonnées de

Grassman thermiques, en raigbnneconditiond'(anti)périodicitédécrite par les équations (45) et

(46) :
O%(t +iR) = —0%(1) (45)
Bt +iB) = —B(t) (46)

Les auteurs ont prouvé deaniéreconvaincantaqu'enl'absence de laorrélationsupersymétrie/état

KMS au niveau de lamétrigue d'espace-tempsles bosons (périodiques) et les fermions
(antipériodiqueshe peuvent pasppartenirau mémemultiplet de supersymétrie. A présent, que se
passe-t-il au dela de I'échelle de Planck, lorsque I'état KMS est brisé? Dans ce cas, un point X ¢

superespace est a nouveau muni des coordonnées de Grassmann usuelles

X=(x",0%8%)
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Cetteconditionestéquivalente lasupersymétri@températurenulle, pourlaquelleles paametresde
transformatior(i.e. les Grassmanniennés and 8 ) sont deonstantes Or précisément, Igsultat
principal des réfq20,21] établit qu'a températurdinie, il estimpossibled'utiliser des parametres
constants dans les regles td@nsformationgde supersymétrie. Lesaramétresde supersymétrie
doivent étre desariablesdépendantu temps, dnti)périodiquesn tempsamaginaire.Ainsi, d'une
maniérenaturelle, les coordonnéﬂrsarmiquesGrassmannienneﬁ= (x", éo‘(t),éd(t)) doivent étre
"translatées" en temps imaginaire et sont par conséquent soumises agrnditions
d'antipériodicité® (t +iB) = —6% (t) etH(t +iR) = —H(t) des équ.(45) d¥6). Commemontré en
[1-A1], I'application de cesonditionsimplique queglobalement]e systemespace-tempdoit étre
soumis a lacondition KMS a I'échelle de Planck. Cetportantrésultatpeut étre considé@mme

uneconfirmationde laconjecturg5.5) proposée en réf. [1-Al].
Nous concluons notre étude de I'échelle zéro de l'espace-temps neahdeched'une
possibleamplitudetopologiquecaractérisanitéchelle zéro.
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CHAPITRE 3

AMPLITUDE TOPOLOGIQUE
A L'ECHELLE ZERO

Nous avonssuggéré en [1-Al] que Bingularitélnitiale de lI'espace-temps, nogductibledans le
cadrehabituel de la théorie quantiquedes champs, peut étoécrite dans le cadre de Khéorie
topologiquedes champs (voir sectid@). De ce point de vue, I'échelle zéro de l'espace-temps peut
étreidentifiee & uninstantongravitationnelsingulier detaille zéro[3, 37]. Nous poussons idiune
des conséquences dette identification, relevantde I'existenced'une "amplitude topologique" a

I'échelle zéro de I'espace-temps.

3.1 Chargetopologiquede l'instanton singulier de taille zéro

Nos principaux résultats publiés en [16-A4] suggérent quegémmétriede l'instanton peut étre
identifiéea celle de la boule B dont le bord est la sphéré.3 'on peut alors montrer (voir encore
[16-A4]) que le bord de I'espace-temps peut @eatifié au bord 8 de l'instantongravitationnel

singulier BY. Dans un tel contexte, I'échelle zéro de I'espace-té¢nepsa Singularité Initiale) peut

étreentiérementaractériségar la chargéopologiqueQs de l'instantorgravitationnelsingulier B,

soit
Qs = fd*x R, R (47)

Par constructionQs est uninvarianttopologique,ndépendante lataille de l'instanton et qui reste

donc défini a I'échelle B = 0. De ce point de vue,plapagaton” (i.e. pseudo-dynamique
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Euclidienneau sens fixé en ([16]) de &ngularitéinitiale estinduite par I'existence de l'amplitude

topologiqueassociée &s, détectablesur le bord 8 de l'instantorgravitationnelmuni de latopologie
B4. Les pseudo-observables sont iftierprétéescomme cocyclessur l'espace des modules des
instantons et sont associées aux cyglel la4-variétéB4 (applicationde Donaldson). Considérant

un point X de B, l'amplitudetopologiqueassurant lropagationde la chargenistantoniqueQs
prend alors la forme:

{0g. 0x) = #(S* %) (48)
L'amplitude topologique de la théorie est donnée par les pseudo-observables du membre de
gauche, tandis que le membre de droite désigne le nombre d'intersectigns BésLa fonction

#(SS, X) est nulle si le point X est situé hors de la sphéretSaut 1 si X est & l'intérieur dé 8.e.

si X € B4, cas ol il existe une amplitude topologique.

3.2 Conjecture : origine topologique de l'interaction inertielle

A titre d'application nougonjecturonaune approche nouvelle, seltaguellel'interaction inertielle
pourrait étrecorrectementécritedans le cadre de théorietopologiquedes champs, proposée par
EdwardWittenen 1988[2]. Plus précisément, nous suggérons en réf. [16-A4] qoardetérenon
local de la chargpologiqueQs peut étreelié a la nature notocalede l'interactiorinertielle. Nous
conjecturonsalors quecette propriétéobservable ne peut étre expliquée th@orie quantiquedes
champs mais pourrait trouver une solution dans le cadre tthédee topologiquedes champs. En
effet, 'évaluationde lacontributioninertielle (ou potentielinertiel) totale résultantde la somme des

masses de l'univers, de laforme :

GM
Uinertieltotal = E Czr ~1 (49)

univers

s’avere étre unnvariant pour chaque masse locale. Or, la chaggmwlogiquede l'instanton

gravitationnekingulier, de la forme
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1
3212

Q-——7[d*xR, R =1 (50)

représenteégalemenun invariantde typetopologgue. L'égalité entre la massmertielle et la masse
gravitationnelleest iciexpliquéeen termes dguantificationde la chargeopologiquede l'instanton
gravitationnel singulier. Nous en tirons umodele de "pseudo-propagationde I'amplitude
topologiquelnt top, susceptibled'étre décrite par lestransformationsconformes Conf ® de la
sphére §voir, parexemplela réf. [38] pour rappel). Conf 8 peut étredécrit par le groupe de

Ma&bius Mob(3)[38], défini & partir dé' inversion de 8. D' ou :

Proposition 3.2.1 Pour toute similitude h e Sim (R3), I'application générale définissantla
chargetopologiquede l'instantonj.e. f : 3 — S3 |, définiepar f(n)=netf=glohogsur S \

n appartientau groupe de Moébiusl6b(3), groupe conforme de3S

Laprop.(3.2.1)a ététabliedans les réf.[3] et [16-A4].
L'on poursuit en suggérant dansplap. (3.2.2) que Mb(3) est le groupe conforme Conf)8e
S3. Posons que Conf € décrit l'invariance d'échelldi.e. invariance conforme) de la sphére

identifiéeici, suivant I'inclusion 8 C SL(2, C), d' espace physiquepmpactifiéde R3.

Proposition 3.2.2 Soit Mol (3) = Conft (S3). V lerayonr— 0 de $ engendrant Sf’_,o, et

Vf € Mob(3), alors 83_, appartient au faisceau # (S3)de sphéres $ Réciproquement, une
r—0

bijection de S vérifiant cette propriété appartienta Mob (3) . Le groupe Mob (résenteun
4

isomorphismaaturelavec PO¢) dela quadriqued' équation q = —E X2 + xé .

=1
Laprop.(3.2.2)a étéétablieen réf[3]. Dans un tel cadre, fincipaleconjecturede l'articleci-joint
en annexe A4 est alors que le fomaatsur lequelrepose Ie'principe de Mach" [39] (toutcomme
I'interactioninertielle) ne doit pas étreonsidéréeommeclassiquementphysique” maigelévede la
théorie topologiquedes champs. Nous tirons de notre approche cf. [16-A4], l'existdhee

"principedeMachtopologique" explicitédans la conj(3.2.3).
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Conjecture 3.2.3 Lesamplitudegopologiquesassociéesla propagationdela chargetopologique
de l'instantorgravitationnelsingulierdetaille zérocorrespondant la SingularitéInitiale de I'espace-

tempsdéterminentle comportemennertiel des masses locales.

A titre d'illustration de laconjecture3.2.3,nous considérons l'expérience du pendule de Foudqult
qui ne peut trouver d'explicatiatisfaisanteen mécaniqueclassique ouelativiste[40]. Rappelons
gue leproblemeessentielconsiste en l'invariancangulairedu plan d'oscillation der. Alors, le
"principe deMachtopologigue“énonce que l'interaction entre et I'espace-tempglobal E au sens
de Mach est de type topologique - ce pourraitexpliquerles propriétésd'invarianceglobale du

systemdormé par la plamd'oscillationde # et le reste de I'univers.

Finalement, leperspectivesonjecturalesntroduites dans la réf [16-A4L;onferentune certaine
pertinencea la proposition déprincipe de Mach topologique"et, plusgénéralementa I'approche
topologiquedu problemede lasingularitéinitiale. L'on peut espérer queetteapprochepréliminaire
permettrad’'ouvrir desperspectivesiouvelles sur l'origine de I'espace temps ainsi que sur plusieurs

autres questions non résolestammentellesconcernanta nature de l'interactianertielle).
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CONCLUSION

Nos principauxrésultats, a travensotammentla théoriedes groupes quantiqugk2], les algebres
d'opérateurs et lgéométrienon commutative[10] et, enfin, lathéorie topologiquedes champs [2]
suggerent I'existencd'une possibletransitionde phaseconcernantia métrique de l'espace-temps
depuis I'échelléopologiquezérojusqu'al'échelle physique (au dela de I'échelle dent Planck). Ces
résultats font suite a ceux obtenus @aBogdanoffdans [3]concernanta fluctuationattenduede la

signature de lenétriquea I'échelle de Planck.
A ce stade, nous résumons nos résultats les ploiicatifs :

(i) lamétriquede I'espace-temps a I'échelle zéro peutc@nsidéréeeeommeEuclidienne(++++) i.e.

topologique;

(if) la singularitéinitiale de I'espace-temps pourrait éttécrite par identification a un instanton

singulier deaille zéro ;

(iii) a partir dei() et (i), nous suggérons l'existendeinesymétriede dualité (que nous appelons
dualité), entrétatphysique(échellede Planck) eétattopologique(échellezéro) de l'espace-temps.
Une telle symétriedécouledirectemen de lacondition KMS a laquelle I'espace-tempslevrait étre

soumis a I'échelle de "Planck.

Alors, la résolution possible de &ingularitéInitiale dans le cadre de kéorie topologiquenous
amenea envisager l'existence, avant|'échelle de Pladtke premierephased'expansiorpurement
topologiquedu (pré)espace-tempparamétréepar la croissance de @imensionde l'espace des

modules diVl etdécritepar la"pseudo-dynamiqueEuclidienne

01y _ A-BH pOLl ABH
UB(MTop)_ € Mrop €
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Ainsi, lachained'événements susceptibles d'expliquetrdasitiondepuis la phastpologiquezéro
jusqu'da phase physique de I'espace-temps (au dela de I'échelle de Planck) pourrait prendre la forr

suivante :

En termes de Galgébres, les n ormationsi- d ssus sont données par :
risure upersymmetr

Flot KMS —;{brlsure de I"équilibre therm&&ﬁ@ﬂﬂ%ﬁ —’O‘B(Mmp) o BHM_lqolp RH
%ﬁa&d%@#eta@%&dﬂ% Flot physique s

— {découplage tempsimaginaire /tempgéel} -0
Enfin, nous tirons des{désoltattyeétdn torisiegtarchekexistgsizrugle trois phases au cours de

I'expansion du (p)éspace-temps

I, @R,

iHt

iHt
- O&(MPhyQ =e"M Phys®

(i) - Echellezéro(Singularitélnitiale) : étattopologiquepur
(i)- EchelledePlanck(étatkKMS): étattopologiquet étatphysique

(ii)- Echelleclassiqudbrisurede I'étatK MS) : étatphysique pur

L'existence de la phase (ii) flactuationde la signature de laétriquede I'espace-temps a I'échelle
de Planck a ététabliedans laréf.[3]. Les conclusions de [3] sont d'ailleurs renforcées par les
approchegécentesde compactificationdD — 3D de l'espace-temps a I'échefjeantique(sur ce
point, voir parexemplela réf[41]. En effet, il esgénéralementadmis qu'a haute température
(températurale Planck) unéhéoriedynamique(i.e. la théoriedes champs) perd un degrélitberté
par réductiordimensionnellede ladirectiongenre temps. Dans ce nouveau contextrivientpar
exempledereleverque lathéoriephysique de Yang Mills esttransforméeen unethéoriede Jauge a
trois dimensions. Le poinmtéressanest alors que léerme de Chern-Simonintroduit par Deser,
Templetonret Jackiw[42], devientnaturellementelevanta I'échelle correspondant aauplageentre
théorietopologiquea quatre dimensions #téoriephysique. Or, ldermede Chern-Simon étant, a
I'échelle de Planck, associé a une 3-surface genre espace, sa présencéhdaris dpparaitici
commela conditionde fluctuation de la signature de laétriqgueentre ladirectiongenre temps et la

directiongenre espace. Cesimplementparce que le systéentevenanindépendant de lquatriéme

51



coordonnéegelle-cipeut étrendifféremmentconsidéréeommegenre temps et/ou genre espace sans
que letermede Chern-Simon ne soit perturbé.

Dans untravail ultérieur, nous proposons d&velopper'idée selonlaquelle a I'éclelle zéro, la
dynamique Lorentziennedevrait étre remplacéepar une "dynamique Euclidienne" (ou pseudo-

dynamique)intrinseque.Cette pseudo-dynamiqué&uclidienne,engendréepar lesautomorphismes

non-stellairesdu facteur "topologique'M%‘Jlp implique, suivant les résultats de la g, une

"croissancepectrale'tiu diametrede I'espace des étatspd(yp) en tempuclidien (dual de l'espace

des observables en temps Lorentzi€ette pseudo-dynamiqudig¢e aux automorphismesle semi-

groupeog( M%le) peut étrelécritedemanierenaturellepar le flot des poids (dans le sens de Connes-

Takesaki43]) del'algébreMq Ceciachévede relier, a I'échelle zéro de I'espace-temps, le contenu
topologiquede laSingularitélnitiale & lapremierephased'expansiordu pré-univers, dont la source,

demaniéerenattendue, pourrait étégalementopologique.
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Abstract

We suggest here a neselution of the initial space-timesingularity.In this approach the initial singularity ofspace-
time correspondgo a zero size singular gravitational instantaharacterizecdby a Riemannian metric configuration
(++++) in dimension D = 4Connectedvith someunexpectedopologicaldatascorrespondingo the zero scale afpace-
time, theinitial singularity is thus notonsideredn terms ofdivergencef physical fields but can besolvedin the

frame of topological field theory. Then it is suggested that the "zero scale singularity” sadeogtoodin terms of
topological invariants (in particular the first Donaldson invari@t( —1)”i ). In this perspective we herentroducea

new topological indexconnectedwith 0 scale, of the formz = Tr (-1)5, which we call "singularity invariant".
=0

Interestingly, this invariant correspondsalso to the invariant topological current yield by the hyperfinite ¥bn
Neumann algebralescribing the zero scale of space-time. Then we suggest that (gh&space-timeis in
thermodynamicaequilibrium at the Planck scale state andheereforesubject to the KMS condition. This might
correspondo a unification phase between "physical state” (Planck scale) and "topologicaztedstale). Then we
conjecturehat the transition from the topological phase of the spaceféimendthe scalezero)to the physical phase
observedeyond the Planck scale shoulddeeplyconnectedo the supersymmetry breaking of the N=2 supergravity.

PACS number 0420D

INTRODUCTION
One of thdimits of the standardpace-timanodel remains itsability to provide adescriptionof the
singular origin of space-time. Here waggestjn thecontextof N=2 supergravity, that thiaitial

singularity,associatedvith zero scale of space-time, cannot be describggdryurbative)physical
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theory butmight be resolved by d&non-perturbative)dual theory oftopological type. Such an
approach is based on ouecent results [6-7] concerning the quantumfluctuations (or ¢-
superposition) of the signature of thetricat the Planck scale. We have suggested that the signature
of thespace-timemetric (+++-) is not anymore frozen at the Planck sadgleand presents quantum
fluctuations(+++zx) until zero scale where it becomEsclidean(++++). Such a suggestion appears

as anaturalconsequencef the non-commutatiity of the space-timegeometryat the Planck scale

[11]. In thisnon-commutativesetting, we haveonstructedcf. 4.1) the"cocylebicrossproduct” [6] :
4
Ugso(4PP [>d Uqso(3,1)) (1)

where Uyfso(4PP and Uy so(3,1))are Hopf algebras (or "quantugnoups"[16]),the symbol>>4 a
(bi)crossproduct angy a 2-cocycleof deformation(for morespecificdefinitions, see ref[29]). The
bicrossproduct (1) suggests anexpecteckind of "unification" between the_orentzianand the
EuclideanHopf algebras at the Planck scale and yieldspthssibility of a "g-debrmation” of the
signature from theorentzian(physical) mode to theuclidean(topological)mode[6-30]. Moreover
equ(1) definesmplicitly a (semi)dualitytransformationbetween_orentzianand Euclideanquantum
groups (seequ.(42)).This isimportantinsofar we consider that tiiiclideantheory is thesimplest

topologicalfield theory.

In other respect, it has been stated in string theory [25] that the behavior ofstplitlgdesat very
high temperature(Hagedornlimit) reveals theexistenceof a possible phasé&ansition and the
restoratiorof large-scalsymmetrief the system. In theontextof this "unbroken phasegenerally
expectedat the Planck scale, the theoryclgracterizedy ageneralcovariancepreserving theexact
symmetry of the system. Theetricg,,, is developedaround zero and there exists at ieigel neither
light cone, wave propagation, nor movement. €kplorationof this unbroken (and non-physical)
phase of the systemascessibl®nly in the framework of a new kind of field theory proposed by E.

Witten under the nam#&opologicalfield theory"[37].
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Topologicalfield theory is usually defined as thjgantizationof zero, theLagrangianof the theory
beingeither(i) a zero mode orii() acharacteristiclassc, (V) of avectorialbundleV —— M built

onspace-timg31]. Startingfrom theBianchiidentity TrR A R* = 3i0 TrF A F* , our approach of 4D

supergravity leads us to describe the enemgyentof the pre-space-timaystem by theurvatureR.
Wethereforeput £ ~ R A R*. The value of théopologicalaction S, =chlass =fcn V)=keZ is
M M

theneitherzero or corresponds to an integer. To@ologicallimit of quantum field theory, described
in particularby theWitten invariant Z = Tr (-1) [36] is then given by the usual quantstatistical

partitionfunction taken over the (3+1) Minkowskiapace-time
Z =Tr(-1)" e-RH (2)
. 1 : .
with 3= T andn being the zero energy states number of the theorgxonplethe fermion number

in supersymmetridheories[1]. Then Z describes all zero energy states for null values of the

HamiltonianH.

Now, we propose herég(1.2)) a new topological limit of quantum field theorynon-trivial (i.e.
corresponding to theon-trivial minimumof the action)Built from scale3 — 0 andindependent of
H, this unexpectedtopological limit (in 4D dimensions) is then given by themperaturelimit
(Hagedorntemperature)of the physical system (3+1)D. In a way this can be derived from the
"holographicconjecture"[42] following which the states of quantum gravitydrdimensions have a
natural descriptionin terms of a - 1)-dimensionaltheory. In agreementwith [4-34-39] and, in
particular, theecentresults of C. Kounnaandal [3-27], we argue irg(5.1.1)that on thenereabove
limit (i.e. at the Planck scale), tfispace-timesystem" is in ahermodynamicaéquilibrium state [34]
and, therefore, is subject to tKeibo-Martin-Schwinger(KMS) condition [24]. A similar point of
view has also been successfudgvelopedn thecontextof thermalsupersymmetry byerendinger
and Lucchesiin [13-28]. Surprisingly, the KMS and modular theories [Thight have dramatic
consequences onto Planck scale physics. Indeed, agmiedto quantum space-time, the KMS

properties are such that tte-like directionof the system, within thimits of the "KMS strip"(i.e.
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between the zero scale and the Planck scale) should be considmyegbesc t +— 7 =t, +it;. In this
case, on thB — O limit, the theory is projected onto the pimeginaryboundaryt - = =it; of the
KMS strip. Then theartition function (2) gives the purtopological stateconnectedwith the zero

mode of the scale
— _1)S
2, =Tr(d) 3)

wheres represents thastantonicnumber. This newsingularity invariant” [6-7]), isomorphic to the
Wittenindex Z= Tr (-1)F, can beconnectedvith theinitial singularity of space-timeteachedor 3 =

0 in thepartitionfunctionZ = Tr (-1 e-BH . Accordingto sec. 3, whefi — 0, thepartition function

Z gives the first Donaldsdnvariant

| = E(_l)ni (4)

i
anon-polynomiakopologicalinvariant, reduced to antegerfor dimMﬁ]kgd =0 (dirrmﬁ]kgd being the
dimensionof theinstantonmoduli space). This suggests that {t@pological) origin of space-time
mightbe successfullyepresentetdy a singular zero sizgavitationalinstantorf41]. A goodimageof

this euclidearpoint-like objectis the"transitivepoint”, whose orbits under tlaetionof R are dense

everywhere from zero to infinity. Then at zero scale, the obsernggbi®ould bereplacedby the
homology cyclesH; C ank(),d in the moduli space ofgravitationalinstantons. We get then a deep
correspondencea symmetryof duality- [2-19-32], between physical theory aridpological theory.

More precisely, it may exist, at the Planck scaleduality transformation (which we call
"i-duality”[6]) between the BRST cohomology ring (physical mode) and the cohomology ring of
instantormoduli spacgtopologicalmode)[19]. In the contextof quantum group§l6-17], we have
shown thatransitionfrom g-Euclideanto g-Lorentzianspaces [30-35] can also be viewed as a Hopf
algebra duality [29]. Interestingly, the Hopfalgebra duality has been recentlgonnectedto

superstringg-duality by C. Klimcik andP. Sevard26].

The presenarticle is organizedas follows. In section 1 we define thapologicalfield theory and

suggest that there exists at the shiali¢ 3 — 0 anon-trivial topologicallimit of quantum field theory,
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dual to thetopologicallimit associateavith 3 — . In section 2 wevidencethat thel3 — 0 limit of
some standard theories is topological. We give segraahpleof such aopologicallimit. In section

3, we show that the higlemperaturdimit of quantum field theory correspondingf®o— 0 should
give the first Donaldson invariant. The signature of miedric of the underlying4-dimensional
manifold is thereforeexpectedo beEuclidean(++++) at the scale zero. In section 4, we emphasize,
in the quantum groups context, tegistenceof a symmetry ofduality between the Planck scale
(physical sector of the theory) and zero scéliepological sector). In section 5, we discuss in the
framework of KMS state and von Neumanh-@lgebras a way to understand trasitionfrom the

topological(ultraviolet) phase of spaci@me to the standard physical (infrared) phase.
1. TOPOLOGICAL THEORY AT SCALE O

1.1 Preliminaries

The field theory considered herdligrmalsupersymmetri¢13-28] and in theontextof D4 manifolds
[40]. We havealetailedthecontentof the (thermal)supermultipletin a previous worK6]. The theory
belongs to the class of N=supergravitieg19], the Hamiltonian being given by the squarddirac
operatorIZ)2 [11-31] Assuch,thesimplestbosonicmultipletreduces to a vector field plus two scalars
exhibiting a specialKéhler geometry. Rightly, N=2 is here ofparticularinterest, for two main

reasons :

(i) thecomplexscalar fields of the theory (faxamplethe dilaton S-field [32] or theT-field [2]) can
be seen as "signatures” of the Kishdition[11-25] to which thespace-timemight be subject at the
Planck scale. Thegnight also be one of the best keys to understand the poskiblgy between

physical observables (infrared) aiogologicalstategultraviole) :

i —dualité

Topologicalvacuum ([ 0, instanton) Physical vacuum (& £pjanck monopole

This is based on the instantons / monopdieality initially suggested by us in [6] andcently

proved in the superstringsontextby C.P. Bacchas,P. Bain andM.B. Green[5]. Moreover, Iin
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string theory again, has beeanjectureda U=S®T-symmetry[25] from which we can infer the
hereaboveuality between (physical) observables dgtopological)cycles on dour-manifoldM :

U —dualit
(005 .. 0}« 3(y1,75.7n)

Then the maicontributionof the preserdrticlewould be toemphasizehat, as for conifolds cycles,

a zerotopologicalcyclemight control the blow up of thgpace-timénitial Singularity.

(i) From another point of view, tI®T fields are closelyelatedto the existence, in the Lagrangian,
of non-linearterms Asrecalledby A. Gregori, C. Kounnas ari®l M. Petropoulog23], in the frame
of N=2 supergravity, the theory generallyinducing some noperturbativecorrectionsand a BPS-
saturateatoupling with highederivativeterms R + ... As our model is proposed in 4D dimensions,
the developmenbf higherderivativeterms can béimited in a naturalway to the R term. Then the

Lagrangiarusually considered in supergravity is :

L= [d*x .‘/a{|2(u R R +BR%) + R+x LM} (5)

from which we pull theimplified Lagrangiandensity that we use here :
~ 1 > .
L supergravité = BR "'? R*+aRR (6)

This type ofLagrangiandensity is coupling the physicebmponenf{the EinsteintermﬁR) with the
topologicaltermRRK . This is ofcrucial interestsince, as observed in €®.1), when — 0, we are

only left with thetopologicaltermRR (decoupled, on this limit, of the axion fiedd.

Now, let'sbegin with a briefeminderof topologicalfield theory asriginally introducel by E. Witten

in 1988 [37] :

Definition 1.1 Topologicalfield theory is defined by @homologicalfield suchthat a correlation
function of n physicalbservablegO, G, ...... O,) canbeinterpretedas the number ointersections

{0105... O )= #(H N HN...NH,)
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of n cycles of homology;H- M%]kc),d, in modulispaceMﬁnkc),d of configurationsof theinstantontype

[¢(X)], on the fieldsp of the theory.

Thecontentof "cohomologicalfields” (for which thegeneralkcovariancds exac) is given by the field
variations (which induce a Fadeev-Popov ghasintribution and gauge fixing part). The point,
however, is that thiotal gauge fixedctionis a BRSTcommutatorand theenergy-momentuntensor
is BRSTinvariant[19-37]. In otherwords, the correlation functions of cohomologicalfields are
independenbf the metric.Now, the topologicalfield theory (for D = 4) is dablishedwhen the
Hamiltonian (or the Lagrangian)of the system idH=0, such as the theory imdependentof the
underlying metric. We propose to extend this definitsdatingthat a theory can also bepologicalif

it does not depend on thiamiltonian H (or theLagrangiarL ) of the system.

Definition 1.2 A theory istopologicalif (the LagrangianL beingnon-trivial) it does not depend

onL.

Def(1.2) means thdt is atopologicalinvariantof the formL = Ra R". Based on this definition,
we suggest that there existsecondopologicallimit of the theory, dual to that given by H = 0. In
this case, we can have-H0, but the theory is taken at tiveit of scalezeroassociatedvith 3 — 0.
Then theninimumof theactionis not zero (as it is in thievial case) but has aon-trivial (invariant)
value.

We consider the possibéxistenceof such a'topologicalfield " at the hightemperaturdimit of the

system.
1.2 A newtopological limit

Proposition 1.3 There existatthescalel? — 0 anon-trivial topologicallimit of the theorydual to

thetopologicallimit correspondingo 3 — cc.
Proof The(thermo)dynamicatontentof the quantum field theory can be described byptrétion

function:

62



Z=Tr(-1)Ne BH (7)
wheren is the"metricnumber” of the theory. Whd$— 0, the theory is no longelependenbn H.

On this limit, such that themperaturd — ThagHagedorn limit), eq7) becomes g = Tr(-1)), H
vanishing from thenetricstategartitionfunction. 3 plays the role of a coupling constant, such that it
exists annfinite number of states natteractingwith each other anohdependenbf H. The point is
that for3 = 0, theactionS isprojectedonto a nortrivial minimum, corresponding to theelsduality
conditionR = + R*. But in this case, the fielcbnfigurationis necessarilyEuclideanand defines a
gravitationalinstantonj.e. atopologicalconfiguration[6]. We arethereforeconfronted to a 4D pure

topologicaltheory , as described by the first Donaldsmariant[14] :
I = E(_l)ni
i
nj being theinstantonnumber. Thdimit 3 = O is here dual (in a sense precised in §(4)) to the usual

topologicallimit 3— <o given by H = 0. The density operator of the Jgpace-timesystem is written

as ;

P - efﬁH+)Lo

Ag being(classically)a factor ofre-normalizatiorof the system. Whef3 = O, the density operator is
thus reduced tp = e’ which isindependenof H = 0, characteristiof a secondopologicallimit of

the theory.

Now we propose tshow, through some vergimple examples, thatnteresting contacts with
topologicalfield theory can be made in taking the= O limit of someestablishedgtandard results. To

be asdemonstrativeas possible, we shall most often proceedhewisticway.
2. THE B — OLIMIT OF SOME STANDARD THEORIES

To warm up, we first consider tif'e— O topologicallimit of the standard (quanturthermalfield

theory.

63



Example 2.1 ThetopologicalO-scalelimit of theheatkernel

(i) One famousnathematical proof of theAtiyah-Singertheorem(given, for example, by E.Getzler
[20]) lies in the heat equatid@1-22]. Considering the heat opera®i®H acting on thedifferential

forms on a closedyrientedmanifold X, the 3 — O limit of this operator corresponds to tloeal

curvatureinvariantsof themanifold [31].

Let's consider a (quantunthermal field theory on a system defined by the first orediptic

differentialoperator P anit's adjointP*. We put thdaplacianA = PP* etA' = P*P. For anyf3 > 0,
we canevaluatethe partition functionK = Tr(e_ BA) giving the states of thmetric of the system.

Now, to get theasymptotid3 — O limit, we take the symbol o'lfr(e_ BA) (which can be expressed in

terms ofo(A) and itsderivatives)and we get :

Tr(e ™) =Tr fole Ay dxal 8)
M

For B — 0, K degeneratesn theDirac mass and the right-hand side of (8) hasaapmptotic

expansion such that
* i-n

Tr(e‘ BA)E St /ZBi
0

and as a result, we get the well knoWrindependenttopological index (in the Atiyah-Singer

sense [22]) :
Ind(P) = B,[A] - By[A"]

With this index we see inampleway that thé® — O limit of thermalfield theory is topological.

Anotherimportantargumenties in the fact that atp|5q the (préspace-timemight enter a phase of

thermodynamicakquilibrium (8(5.1.1)).Consequently§(5.1.2) it should be subject to the KMS
condition[24]. As evidencedn §(5.1.3)and in the eX5.2.1),this implies the holomorphicityof the

time-like direction, the reatime-like and the realspace-like directions given by gj, being
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compactifiedon the twocircles Sl_”ke andi_”ke [6]. But one can easily see that thnfiguration is
equivalentto thedimensionalreductionof the 4DLorentziantheory onto a 3D theory. This type of
reductionhas been described by Seiberg aWten [33]. We then are left witlithree-manifold

invariants, inparticularthe Floeninvariantof a supersymmetricon linear o-model[18]. In this case,

the threelimensioml pseudo-gravity' ., is coupled to th&, T complexscalar fields :

(1) S= 9—12 +i.0j (axion) withSand'S
)T =0utig i with T and T

Those scalar fields are propagating. Then the coupling &/£hdields with the 3D pseudo-gravity
is given by theextended>-model :

SL2, R SLER)

2 =500 555 *sow)

)

As the theory isndependenof gu4, the 2Dfieldw in theLorentziancase an L(2 1) in the
SO0(@1,1) SO(2)

Euclidean case can be viewed as equivalent. Thus the corresponding "superposition state" of tf

signature (+++z) is able to be described bysyrametrichomogeneous space

5, = SOB.L® SO@)
" s0@m)

SO(3) beingdiagonally embeddedin SO(3, 1) ® SO(4). Next step, as suggested [B], a
"monopoles+instantongonfigurationcan beassociatedo this 5Dmetric configurationat the Planck

scale. Instantons and monopoles are hemmectedoy a S-field. The form of the 5Betricinduced

by theo-model (9) andonstructedn [6] is :

2
dw 2

ds’ = a(w)*dQ ) + ks dt (10)

where the axion term ig= f(w, t), the 3-geometrybeing dQ(ZS) = f(xY,2). Clearly theexpected

values of the running coupling constéditaton) ¢ = E are giving the two 4Dmits of the 5Dmetric
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2
of equ.(10).Thus we get: Infrared : 3 — co. In this strong coupling sector we hgg‘vg- — 0 and

thew directionof I'® is cancelledSo aftedimensionaleduction(D=5 — D= 4) themetricon I'®

becomes 4horentzian:
ds = a(w)’dQ, - dt® (11)

Theo-model (9) is reduced to the usliakentziansymmetry :

SL(Z, R) B(g) infrared
SO(1,1)

SO(3)x

SO(3, 1) (12)

Likewise, when g — o, the R term cancels in the 5D Lagrangian density

~ 1 * . .
L supergravite=H R+?R2 +«RR, and, aR = R", thetopological term oaRF is alsosuppressed.
So,we get L = ﬁ R.
Let'ssee now what happens on the (duitpvioletlimit, when 3 — 0.

- Ultraviolet : B — 0. We can construct a boundary of €0), corresponding to themall

coupling constant sector of the coupled theory and weligetgentvalues for the realilaton field
Q= 9—12 Then naively, we can apply one of the results of [23] saying that the axion fielcbispled

of the theory on thimit and we are left with thdivergentdilaton field only. So, we have for the

metricon I'® the newEuclideanform :

2
d* - aw)2de?, WL‘]'gﬂ2 (13)

Therefore, in thaltraviolet,thec-model (9) is reduced to theur-dimensionatargetspace :

S L(2 , [R) B(g) ultraviolet
S0(2)

SO(3)x

SO(3)x SO(3) = SO(4) (14)

and on thissmall coupling limit, the reduced theory becontaslidean i.e. topological.. Again, it

appearseasonabléo concludethat the [5>— 0O limit has a purd@opologicalcontent.Incidentally, this

result could as well be understood in the frame ofisldimensionalinstanton-monopoleluality
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proposed by us in [6] and proved in the stingtextby Bacchasndal [5]. Indeed, we have shown

that the g-deformed 5D theory d®minatedby the (3+1)D monopoles in the infrard®l & /5.0
and by the 4D instantons in thkraviolet( 3 — 0) [6]. In this sensethe Euclideansignature (++++)
can be seen aslual to theLorentzianone (+++-). Likewise, thetopologicallimit 3 — 0 should be

viewed ag-dual to the physicaimit 3 — /.. Thismight be anunexpectedapplicationof the

Planc|

Seiberg-WitterS/T-duality [32].

At presentlet'sexplore thailtravioletlimit of another standard resule. the Feynmann Patihtegral

[39].
Example 2.2 Thetopological0-scalelimit of the Feynman(8+1) path-integralapproach

(i) It's well known that inquantizedMinkowski space-time, themplitude(g,,9,, o, | 0, ¢,0,) IS

given by :
(950, | 6,9,,0,) = J Dol exp [ S© )]

Toincludethepoint-like (0O-modeskonfigurationsof g,.,, we put Tr(-1} in theintegraland we get :

(9,950, | 6,9,,0,) = JTr(-1yD[4] exp [ SG )] (15)

So,thetrivial {t=3 — 0, S=0} Laentzianvacuum isdistinct of the"topological vacuum"connected

. . . 8° .
to theminimumof theEuclideanactionSg= —-. But it has been shown [15-37] that the zero modes
g

in the expansion about thminima of S aretangentto the instantonmoduli spaceMy, so the

topologicalvacuum should be viewed as the "true vacuum® of the theory. Theii®pnecomes for

R—0:

(990 % | Gor#0:95) = lo = J Tr(-1 Dlpo] (16)

To define §, one can assume that at zero scale, the measlafdfoncentratedn oneuniquepoint

and becomes a pure state, a positivetraceclass operator with unit trace. Concernipghe field
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contentcan be given by the ndimeartermR2, so that th&-dependantypical form of theLagrangian

density is, as seenin [6] :

L

supergravite=

~ 1, %
ﬁR+?R +aRR (17)

Now, for g= R — 0, the Einstein termR is cancelledand asR =R, the onlyremainingterm in
equ(17)is thetopologicalinvariantRR(itself decoupledrom the axion fieldx). So, equ(15) takes

the new form:
(9090, g | go’¢o’Uo)_)fTr R? :fTerc =lo (18)

and b becomes #opologicalinvariant. As

- fTr(R(A)Z) - 87°k(E)
X

and we apply the Gauss-Bontietoremto find :

1) = = [ eRR: (19

Therefore, thdd — 0 limit of the Feynmann pathtegralis giving the EulelCharacteristic i.e. the

"truevaccum"mentionechereabovend corresponding to thepologicalpole of the theory.

Next, we provide a newxampleshowing that th& — 0 limit of the N=2supersymmetri¢heory is

topological.

Example 2.3 ThetopologicalO-scalelimit of the (supersymmetric) quantum field theory

We apply here a well known quantamechanicabccountof Morse theory due t@Vitten [40]. First,
we start from the standard supersymmatgpbra{Q,Qj}= QQ, +QQ =0. Next, we express this
superalgebra terms of data provided only by tepace-timenanifoldM. To doso, let's define a set

of coboundary operators, thenjugationof d by e® beingparametrisetby R = %:
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_ ABHA A-BH
dﬁ—e de

dz —e™d e ™ (=0)

for a Morse functiomd(x). Then the spectrum of tifiedependanHamiltonianis:

H, =dd; +dyd, (21)

Now, let'ssendf onto zero. We get for tHéamiltoniantheinvariantvalue :

Ho=dd" +d"d= DA, (22)

But thisinvariantis nothing else than tHgetti numbers ofM, given byb, = dimkerA ;, which is a

discretefunction, independenof 3. Consequently, the space of zero energy statdsofjiven by the

set of even (odd)armonicforms on M and equals thBetti number ofM. So we have, foR — O :

4
T = X (1R =xM) (24)

=0
whereb, is theith Bettinumber andy (M) theEuler-Poincar&haracteristiof M. Finally, on the zero

scale limit, we recover thpologicalindex [37] corresponding to any standdogpological field

theory.

To finish, we obtain in the last followingxamplesome analog results in the frame of full (N=2)

supergravity.

Example 2.4 Thetopologicall3 — 0 limit of (N=2) supergravity
As amatterof fact, for a spin manifold, we can exprés$sn terms of theDirac operatorD. Then in

dimensionD=4, we carcalculateon the 3 — 0 limit the index of the squared Dirac operator :

Ind(D) = lim Str [(e—“@ 3)]:
[ jep2eirfe, 2 lra L, 2).8)
1 IEIT SRS ) R A Rl g
o) l Str‘e \" o) \0E " i) ded&
Tm o\

By theMehlerformula, we find thd®iracindex in function of th®irac genusA(M):
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ind(Dy )= fch(B)A(M) (25)

chbeing the Chern character, B thevatureand A(M) theDirac genus of thauxillary fiber bundle.
Since the spinors armteracting with Yang-Mills fields, the A(M) term is coming from the

B/
gravitationalpart whereas the rest of e(fb) comes from the gauge part. £h(B) = Tr(e 72 ”) ,

we get :
- K xj /2
AM) = 1:_[ inh ()g / 2) (26)

and we can express tbempleteYang-Mills + gravity index through the followinigvariant:

Ind (D, )=d'm—MfT (RAR)——ﬂszI’(FA F) 27)

Finally, in YangMills + gravity context, we obtain agairapologicalinvarianton thef3 — 0 limit.

Now, to go further, the next step consists to detect, ofd theO limit, the nature of thepological
invariantinvolved . We shall discover that Donaldsowariantsare playing a verymportantrole on

this boundary.

3. B — O SCALE AND DONALDSON INVARIANTS
From atopologicalpoint of view, Donaldsomvariantsare obtainedfrom characteristicclasses of an
infinite dimensionalbundle on themanifold equally infinite and canonically associatedwith a

4-dimensionamanifold:

Definition 3.1 LetM be a4-dimensionalmanifold . TheDonaldsoninvariant gqq(M) is a
symmetriantegerpolynomial ofdegreed in the 2-homology,(M;Z) of M
ag(M) : Hy(M) x ... xHy(M) —=Z

Enkc),d being thenstantonmodulispaceof degreek, theDonaldsonnvariantis defined by the map

m : Hy(M)— HZ(M)a {8,

Now, we suggest that on tife— 0O limit, the 4D field theory iprojectedonto the first Donaldson

invariant.
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Proposition 3.2 The hightemperaturdimit of quantum field theorgorrespondingo 3 — 0 in the
partition function Z = Tr (-1)Se—BH gives the firsDonaldsoninvariant Thesignatureof themetric

of the underlying-dimensionakeroscalemanifold isthereforeEuclidean(+ + + +).

Proof Let thepartition function Z = Tr(-1$ e -BH connectedwith a set described by the density
matrix :
Q= (-1)Se~FH (28)

Accordingto standard arguments, we can write :

Tr(-1)Se=BH = fdg(t) dy (t)exp- S (¢, ¢) (29)

cre
It has been shown [1-36] that giveauwpersymmetriQFT, one can define thevariant | = Tr (-1)f,

f being the fermionic number. We propose to extend(2uto supergravity and to define the
topologicalinvariant

1=Tr(-1)S (30)

where S is thanstantomumber.So, theregularizatiorof thetrace (30) gives the index of theDirac

operator :
K
) ) j‘dtL
i=Trre™? =T7r(-1)Se P = [IDx][Dy] e ® (31)

cpl

with . C. Then forf}. = 0, the value of theartitionfunction Z = Tr (-1)° e His
Zo=Tr(-1)S (32)

and Tr (-19 can be seen as the index of an operattingon the Hilbert spac&. Dividing # in

monopole anéhstantonsub-space8t = #y; + #j and Q being ageneratorof supersymmetry, we
get:

Q) =0, Jly)=0 (33)

So Tr (-1F = Ker Q - Ker G such that asopologicalindex, Tr (-1§ is invariantunder continuous

deformationof parametersvhich do not modify thasymptotidoehavior of thédamiltonianH at high
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energy. H is given by H = dd¥d*d, the space of zero energy states corresponding to the set of even

harmonicforms on M:

Tr(-1)SeBH =y (M)= i(—l)kbk (34)
k=0

A =Tr (-1 is independentf R, the solecontributionsto A coming from theopologicalsector of zero

E-0 _ E °. Onformal baS|sn, =0 can be seen as thaceof the operator (-

energy : A=n
1)S. ThenA is atopologicalinvariant,i.e. the first Donaldson invariant. The coupling constant g being
dimensional, the limi® = Oimpliesp = 0 and corresponds to the sector of zero size instajtps

So,Dim Mﬁch))dz 0. WherDim M%]kc),d;c 0, the Donaldsomvariantsare given by :

Z(yy - v;) = [DXe ﬂ fvvkl \ﬂ > (DI 904 0) (35)

What happens then ? The solution is indbeespondencbetween the Donaldsanvariantson 4D
manifolds and the Floer homology groups [18] on 3D manifolds. Indeed, Donatdsorants
amount to thealculusof thepartition function Z, expressed as afgebraicsum over the instantons

[15]:

mod_

i indicatingthei thinstantonand n = 0 or ldeterminingthe sign of itscontributionto Z. Donaldson

has shown otopologicalgrounds [14] that when dimfrifc),d =0, thenz(—l)ni is anon-polynomial
i

topologicalinvariant, reduced to an integer. We find the same result startingTfgns {Q , Aaﬁ}.

In fact, thepartitionfunction of the system &mperaturé®-1 has thejeneraform Z;=Tr (-15e —RH
. ForB=0, Z become{goz Tr(-1)S, which is isomorphic toE(—l)rli , s and pgiving in both
= ]

cases thanstantomnumber of the theory.

This result strongly suggests that on the héghperaturéimit 3 — O parameterizinghe 0 scale of the
theory, thepartition function (k% projects thelLorentzian physical theory onto th&uclidean
a0

mod™

topologicallimit.
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Now, starting from hereabove, we suggest ¢lestenceof a deep correspondence, of thelity
symmetry type, between physical sectar=( Planck scale) antbpological sector (0O scale) of the

(pre)space-time.

4. DUALITY SYMMETRY BETWEEN PHYSICAL AND TOPOLOGICAL STATES
. . . . 1 .
Ideally, the dulity we are looking for (which weall "i-duality” t — E[S]' of the typei = S®T)

shouldexchangeealtime in strong coupling / large radius witmaginarytime in weak coupling /
smallradius. In this sense, Planck (physical) scale shouldibal to zerdtopological)scale.

Let'sfirst outlinea few formal aspects abrentzan/Euclidearduality in terms of Hopf algebras.

4.1 Duality betweeng-Lorentzian and g-Euclidean Hopf algebras

Considering the nonommutativeconstraints at the Planck scale, it app@ateyestingto adopt an
approach in terms of "quantum groups" at this scale. So we have shown that in D=4, it should exist
superposition++++) betweerLorentzian(physical) ancEuclidean(topological)algebraicstructures.

Then we have constructed, in thavelopingalgebras setting, thg-deformationof the cocyle

bicrossproduct [6]:
¥
My (H) = HOP [>« H, (37)

whereH is a Hopf algebrd;>4 a bicrossproduci.e. aspecialtype of crossproduct, defined in [29])
and y a2-cocycleor"twist" in the Drinfeld sensg[16-17]. This is inspired by the idea to unify two

differentquantum groups within@niquealgebraicstructure So,we propose the following :

Proposition 4.1 The Euclideanand theLorentzian Hopf algebras are related by the cocycle

bicrossproduct

Yy
Ug(so(4)PP [>« Uq(so(3,1))
Proof Starting in the setting of envelopingalgebras, from theeuclidean Hopf algebraH =

Ug(so(4)),we have the well knowdecompositionH = Ugsu(2)) ® Uqgsu(2)) and the "opposite”
HOP = Ug(su(2)PP ® Uq(su(2)PP, whereas théorentzianform is A = H, = Uq(su(2)) P4
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Uq(su(2))= Uq(so(3,1)). As explainedn [6], thecocycleof deformationis ¢, = % ,,. Then theaction

and thecoactionare :

@® b) <« (h® g)=h,aSh,® g,bSq,
B(h® g) = (h(l) ® g(l))' (Shs) ® 393)) ® h(z) ® 9(2)

= NyShs) ®94)Sg:) ® I,y @9, (38)
where we find the structure of tensor product ofationand thecoactionfor each W(su(2)) copy.

On the other hand, tlcyclefor h,g € Ug(su(2)) is :

y(h®g) = (h, ®gu)(1®R7)(Sh, ®Sg,)1® V) ®
iy 6,)(0L7 O (Sh, © Sg, X &1

where the productis in H =dsu(2))® Uqg(su(2)).This gives:
p(h®g) = h,Sh,,® g, %7 Sg, RV ® h, R Sh, ™ ® g,,,Sg,)

= hyShy ® g, VSg RV ® h, R¥sh, 2" ¥® 1 (39)

for theexplicit bicrossproduct structuresged

Clearly, prop(4.1) proves the possiblaunification” between they-Lorentzianand theg-Euclidean
Hopf algebras at the Planck scale.We giveetaileddemonstratiorof this proposition in6]. But
also, thehereaboveresult suggests eertain type of "duality” betweenLorentzian (physical) and
Euclidean(topological)quantumgroups.To see this, the next step consists in showing the existence
of a veryinteresting"semidualisation"(proposed in thgeneralcase by S.Majid [29]) between
Lorentzian and EuclideanHopf algebrasBetter still, such aduality allows adescriptionof the

transition from theg-Euclideargroup to they-Lorentziangroup [30] :

Proposition 4.2 Ugl(su(2)) ® Ugqsu(2)) = Uq(su(2)’P>4Uq(su(2)) is connected by
semidualisatiorto Ug(su(2)) ><1 Ugsu(2)PP* = D(Ugsu(2))).Then thesemidualisatiorconnects a

version ofUg(so(4))to a version ofJg(so(3,1)).
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We have given in [6] aompletedemonstratiomf prop.(4.2),based on the properties of thenfeld

double=3(Ug(su(2))). Then, using ougeneralcocycle constructionM(H), we get theinteresting

relation:

semidualisation

Uq(su(2))w > Ugsu(2))= Ugso(4)) Ugsu(2)¥ I><1Uqsu(2))~Ugso(3,1))
x

(40)
The "g-deformation”from g-Euclideanto g-LorentzianHopf algebras corresponds to daality
transformationand induces thexistenceof a 2-cocycle of deformation. Likewise, the&ocycle

bicrossproduct
¥
Ug(so(4pr [>« Uq(so(3,1)) (41)

definesmplicitly the new(semi)dualitytransformation

semidualisation

Ug(so(a)pp’ >4 Ugso(3,1)) = Ug(so(4))

SO(3,1)><1 Ug(so(4) PP

wherey is constructedirom v, this one being derived from ttguasitriangularstructure % of

Udsu(2))[5].

Now, aninterestingconsequencef those results concerns sooh@lity characteristicat thelevel of
g-deformationof space-timdtself. We have shown [6] that tmaturalstructures of thej-Euclidean
space%;1 and of theq-Lorentzianspaceﬁg’ ! , covariantunder Uy(so(4)) and l4(so(3,1)) [8] are
connecteas follows :

+-Hopf algebras duality

U, (su(2)) sU,() - Ra‘/p=1
Transmutation = T q- signature change (42)
BU (su(2 BSU(2) =R>1Yp=1
q( u(2) % - braided groups autoduality q( ) q P

where we get duality relationbetweenﬂ%za1 and ﬂ?@g’ !as a kind off -duality [2]. This irterpretationis

possible only when & 1 -i.e. at the Planck scale We can extend those results to g-Poincaré

groups
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—~—

RY *><] Uy(so (3, 1) (43)
seen as duq_l\t‘o tiuclideang-Poincaré group

RG> <1 Ugy(so (4)) (44)
Interestingly, the Hopfalgebra duality has beenrecently related to superstringsT-duality by

C.Klimcik and P.Sevara [26Suchdualitiesin terms of quantum groups have also been proposed by

S. Majid [29].
Now, we apply thénereaboveesults into a more physical conte®b,we propose the following :

Proposition 4.3 Thereexists,at the Planck scale, asymmetryof dualty between thdBRST
cohomologyring (physicalsectorof the theory) and the cohomologgg of instantonmoduli space

(topologicalsector).

Proof Letbe, atthe Planck scale, BRST cohomolggyups,of which thegenericform, reviewed

in[37],is:
(9)
(9) __ kerQprst (45)
HBRST= - 1
imQksr

whereQI(S%ST is the BRST chargactingon operators of the ghost numlger From the theory of

Donaldson[14-15], we concludethe existence, at 0 scale of space-time, of cohomology groups

constructedy de Rham :

. 0]
(i), (K) kerd
HY (Mmag) = — D (46)

where d represents thexternalderivativeactingon thedifferential forms of degree on ank())d.
Topologicaltheory then brings about rimgjectionwhich follows:

* AU Lok (k d i k
HBRST=®g=ko HgrsT—>H (Mr(ngd)=®iEoH(l)(M§nc))d) (47)
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and which,accordingto conditionsgiven in[19], becomes a ring isomorphism. There exis&sefore

aninjective path from the physical mode to thepological mode. Now letO; be the physical

observables considered, such thabaelationfunction of n observables is the number given by the

matrix of intersection$d; :
{0, 0, ... 0} = #(H NHyN ... NHY) (48)

numberassociateavith n cycles of homologyH; CM ,qq, in moduli spaceMSnkc),d of configurations
of thegravitation& instantontype 3[¢(x)], on thegravitationalfields ¢ of the theory. The physical

sector of the theory is described by the left hand siegudition(48) and théopologicalsector by the
right hand side. One observes tiﬁﬁgoz On) = 0, i.e. the theory has a physicabntentif
AUy =f(9“ju d4x, with j, being the "ghost flow" of degrele AU its integral anomaly and

d; = gh[0;] the ghost number dd; . Moreover

dy = dimg ar{) (49)
is thedimensionof moduli space of degrele. Following thetheoremof Atiyah-Singer[21], one can

show thatAUy = d . From this point of view, theorrelationfunctions of a set dbcal observables
G(X1 - %) ={00%) ... 00%y)) (50)

amounts to theéntegral over moduli space of the number of cohomology classes of space. The

associateRST charg® is of the formQ =7 (-1)". When thalivergenceof the ghost flow is non-

zero,i.e.o* | M = 0, then the theorgscillatesbetween Q;) and i) - i.e. between the Coulomb

branch and the Higgs branchmetricsuperposition space - . For the 0 mode of the se#lgM = 0O,

then
{0,0, ... 0,,) =0 (51)
which suggests that on this limit, di kgd = 0. In fact, aftefunctionalintegrationover theempty

degrees oliberty of the theory, the physical observables are reduced to closed @yraisdegree g

which signifies :
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— A K
AU =dim Msnc))d

and whemAU = 0, there exists nembeddingspace formoduli space and the theory psojectedinto
the Coulomb branch, at the origin Mﬁnkgd, on a singulamnstantonof zero sizejdentified to space-
time at zero scale. The corresponding signature in this sector of the thetbwrefore Euclidean

(++++).qed

This result suggests once more that at zero scale, the theory is no longer physical but pure

topological.

Now, here is aritical question raised by this paper : how do we go frontdpelogicalstate of the
(pre)space-timaround the origin to the usual physical state ? In the last section, we shall try to answe

this question.

5. TRANSITION FROM INITIAL TOPOLOGICAL PHASE TO STANDARD
PHYSICAL PHASE

Considering all thgrecedingdevelopmentsit's of crucial interestto worry about how thenitial
(generally covariantippologicalphase possiblgharacterizinghe (pr@space-timet thevicinity of the

Initial Singularity does break down to the universe we observe to day. We then propose some

(hopefully)stimulanttracks able to be worked out within some further researches.

Ongenerabasis, weclaim hereafterthat thetransition Topologicalphase- Physicalphasemight be
deeplyrelatedto the breaking of the N = 2 supergravity at the Planck scale. In wotbads,
supersymmetry breaking, as showed by C. Kounaad al in superstringscontext [3-27], is
characterizedby the loss of théhermodynamial equilibrium of the system. To sum up, the D-
dimensionalspace-timesupersymmetry is spontaneously broken in (D-1) dimensionthdiynal
effects. For this reason, supersymmetry breakirgint bring about thelecouplingof thetopological

and the physical states of the (gpace-timesystem. How is it so ? To see azcordingto [4-27],
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let'srecallthat at the Planck scale, the (ppace-timas generallycharacterizedy two fundamental
properties : (i) thehermodynamicalequilibrium state [34] and (ii) thenon-commutativityof the
underlyinggeometry[11]. Those two properties are very often considetegetheror separately.
However,it is critical to realizethat for any system, properties (i) and (ii) are inducing the famous
"Kubo-Martin-Schwinger"(KMS)condition [24]. Therefore, we propose now to consider that, most
likely, space-time, astaermodynamicasystem, is subjectto the KM®nditionat the Planck scale
[6]. Consequently, in thmterior of the "KMS strip",i.e. from 3 = 0 to B = ¢ pjanck the fourth
coordinateysq should be considered asmplex the two real poles bein@ =0 (topologicalpole) and
3=/ planck(physical pole). This is direct(and standardjonsequencef the KMS conditionSo, we
suggest [6] that within the KMS strip, th@rentzianand theEuclideanmetric are in a "quantum
superposition state” (or coupled), tleistailinga "unification” (or coupling) between th®pological
(Euclidean)and the physicalLorentzian)states of space-time. Conversely, ttansitionfrom the
topologicalstate to the physical state of th@ace-timecan be seen in terms of "KMS breaking" (cf.

con;j.(5.2.5)).

Now, let'sbegin with the hypothesis ofdapal thermodynamicatquilibrium at the Planck scale.
5.1 Thermodynamical equilibrium and KMS state of the space-timeat the Planck

scale

5.1.1Thermodynamicalequilibrium of space-time

From athermodynamicaboint of view, it appears that the Plartekperature

. E hc? }/2 -1 2
RE =T z—Pz{—) kgl ~1,4x10%2K
planc P kB \ G
represents the uppkmit of the physicaltemperatureof the system. Indeed, it murrently admitted

that, before thénflationary phase, the ratio between tingeractionrate (') of theinitial fields and

. . . T . .
the (pre)space-timexpansion (H) 'Sﬁ >> 1, so that the system can reasonably be considered in

equilibrium state. This has beasstablisheda longtime ago within some precursor works &.
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Weinberg[34], E. Witten[4] and several others. It heecentlybeen shown by C. Kounnamdal in
the superstringsontext[27]. However,this naturalnotion of equilibrium, when viewed as global
gauge condition, hadgramaticconsequences regarding physics at the Planck scale. Which kind of

consequenceslo answerjet'ssee on formal basis what equilibriumstate is.

Definition 5.1 H being anautoadjointoperatorand §7 the Hilbert spaceof a finite systemthe

Try(e *'A
equilibrium state w of this systemis describedby the Gibbscondition ¢@(A) =%T)) and
h

satisfies thé&KMS condition.

, 1 . . o
Here, Tr is the usual trace['$=k—T is the inverse of theemperatureH the Hamiltonianj.e. the

generatoof the oneparametergroup of the system. Of coursé is a von Neumann'G algebra

(see§(5.1.4) for definitions). Theequilibrium stateimplies that 3 must be seen as eriodic

(imaginary)timeinterval[O, 3= /5 ,.]- Now, the famousTomita-Takesakmodular theory [10-11]

hasestablishedhat to each statg(A) of the systentorrespondsin a unique manner, the strongly

continuous onparameter - automorphismgroupaoy :

o (A) = elHt A g-iHt (52)

with t € R. This oneparametergroup describes théme evolution of the observables and
corresponds to the well known Heisenberg algebra. At this stage, we are brought to find the

remarkablediscovery ofTakesakiand Winnink,connecting(i) the evolutiongroup o (A) of a
Tr(Ae ™)

system(i.e. the modular groupM = At A A—it) with (i) its equilibrium state ¢(A) = Tie ™)

[11]. The famous "KMScondition” [24] is nothing else than thielation betweeno; (A) and ¢(A),

thecontentof thisrelationbeing precised in (i) and (ii) &(5.1).

Then weclaimin anaturalway that the space-time, @guilibriumstate at the Planck scale, tieerefore

subject to the KM&onditionat this scale.
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5.1.2 The (pre)space-timen KMS stateat the Planck scale

When viewed as a hyperfinite system at the Planck scale, thspgre-timanay be described by a
von Neumann E-algebraA (a von Neumanalgebrais hyperfiniteif it is generatedy anincreasing
sequence dinite dimensionakub-agebrasNow, let'ssee the essence of the KMS condition, given
by theHaag-Hugenholtz-Winninkheorem[23] : a statev on the C -algebraA and the continuous
oneparameteautomorphismgroup ofA at thetemperaturel3= 1/ k T verify the KMSconditionif,

for any pair A, B of the- - sub-algebras oA, it exists a f@) function holomorphic in the strip
{ftc=t+iBReC,Imtce[0,R]} such that:

@B fO=pA(atB)),
(i) f (t+iR)= g ot (B)A), vieR. (53)

Then we observe with (i) and (i), the twaucialproperties of the KM$ondition: the holomorphicity
of the KMS strip and of course, due to tyelicity of the trace, th@on commutativity((cA)B) =
¢(B(ow+j A)) characterizingany "KMS space” (in fact, the two boundaries of the strip do not

commutewith each other).

Now, if we admit that around/p3q the hyperfinite (pre)space-time system is in athermal
equilibrium state, theraccordingto [24], we are also bound tdmit that this system is in a KMS
state.Incidentally,another good reason to apply the Ketihditionto thespace-timeat /p e IS that

at such a scale, the notion cdbmmutative geometry vanishes and should beplacedby non
commutativegeometry[11]. In this new framework, the notion of "point” in the usual space collapses
and is replacedby the "algebra of functions” defined on a nomommutative manifold. Non
commutativegeometryand quantum groups theory [16-29] are addressing such non-tatnaenu
constraints. But theon-commutativityinduced by the KMS state is imaturalcorrespondencwith the

expectechoncommutativityof thespace-timegeometryat the Planck scale.

Next, let'spush forwards the consequences raised bldlmenorphicityof the KMS strip.
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5.1.3Holomorphictime flow at the Planck scale

As aconsequencef the applicationof the KMS condition to space-timeitself, we are induced to
consider that theme-like coordinateggg becomesiolomorphic within thelimits of the KMS strip. So

we should have [11-24] :

t—=1 = +it (54)

as showed if6]. In the samevay, the physical (reatemperaturéoecomes alscomplexat the Planck

scale:

T—=Tc= Ty +iTj (55)

as proposed btick andWittenin anothercontext[4]. So,the KMSconditionsuggests thexistence
at the Planck scale, of affectiveone looppotentialcoupled, in N = 2 supergravity, to themplex
dilaton+ axion fieldyp = giz+ioz andyieldingthe followingdynamicalform of themetric

My = diagt , 1, 1€'%) (56)

The signature of (56) isorentzian(physical) for6 = £ t and carbecomeEuclidean(topological)for

8 = 0. Thisunexpecteaffectis simply due to the fact that, within the boundaries ofatiaytic KMS
field -i.e. from the scale zero up to the Planck scale-"tinee-like" direction is extendedto the
complexvariabletc=tr+iti€ C, ImtcE [itj , §], the functionf (t) beinganalytic within thelimits
of the KMS field and continuous on the boundaries. What happens @n=tlddimit ? Applying the
KMS properties, we find that thiene like directiont becomes purenaginaryso that the signature is
Euclidean(++++). Conversely,t is pure real fof3 = / pjanck (+++-). So, accordingto Tomita's
modular theoryj11], the KMS condition, whemppliedto the space-time, induces, within the KMS

strip, theexistenceof the"extended'(holomorphic)automorphismgroup :
H H
Moo (Mg)=e "tM, e % (57)

with the 3 parameteibeingformally complexand able to benterpretedas acomplextimet and / or
temperaturerl. It is interestingto remark that in théotally different contextof superstrings,J.J.
Atick and E.Witten were the first to propose such an extension of theteegleraturgowards a

complexdomain[4]. Recently, in N=4supersymmetristring theory,l. Antoniadis,J.P.Deredinger
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and C. Kounnas [3] have also suggested to shift the teegperatureto imaginary one by
identification with the inverse radius of eompactifiedEuclideantime on S, with R = 1/ 2#T.

Consequently, one cantroducea complextemperaturen thethermalmoduli space, themaginary

S/T/U

part coming from the B, antisymmetric field under type IIA type 1B

—3MY . Heteroticstring-string dualities. More precisely, Amtoniadisandal approach, the field
controlling the temperaturecomes from the product of the real parts of thceeplex fields :

s= ReS, t= ReT and u= RdJ. Within our KMS approach, thienaginaryparts of thanoduli S, T,

U can banterpretedn term ofEuclideantemperaturelndeed, from our point of view, a good reason
to consider theemperatureas complexat the Planck scale is that a systemtharmodynamical
equilibriumstate must be considered as subject to the Kdi8ition[24].

Now, let's step forward a moralgebraiccomprehensiomf KMS state, in terms of von Neumann

algebras.

5.1.4KMS statein termsof von Neumannalgebras

The von Neumann algebras anajvely speaking, th@on commutativeanalogs of measure theory.
They have aritical importancein our understanding of nhaasommutativityof spacdime around the
Planck scale.

In the KMS state, the only von Neumann algebras involved are whballad "factors”, i.e. a special

type of von Neumann algebra, whose ¢hateris reduced to the scalaas= €. There exists three
types of factors : the type | and type Il fiarticularhere Ik) -which arecommutativeand endowed
with atrace- and the typé#ll, non comruatativeand traceless. &acer on a factor M is dinear form
such that(AB) = ©(BA), VA, BEM. In this case, any measure on M is invariant. When the measure
onM isill defined (which is the case of typ#), the notion oftracevanishes and iseplacedby the

one of "weight", which is &nearmap fromM. to R+ = [0, +<]. The type Il factors have ndefinite
trace. They are vernynportanthereafteras far as they are the only one involved in KMS states. We

work here with "IIy" factors, A €]0, I, characterizethy theinvariant S(M) = A7y {0}.
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Rightly, the KMS condition, wheappliedto the (prgspace-timeat the Planck scale, cuts up three
different scales on thépre)light cone, which can be described by thoeerent types of von

Neumann algebras (or "factors").
5.1.5From the topologicalscaleto the physicalscaleof the space-time

() the topologicalscale( = 0, signatur§++++}) : thisinitial "topological” scale correspond to
the imaginary vertex of thelight cone,i.e. a zero-sizegravitational instanton.All the measures
performed on th&uclideanmetricbeingp-equivalentup to infinity, the system is ergodic. As shown
by A. Connes, any ergodic flow for amvariant measure in the Lebesgue measure class gives a
unique typell ,, hyperfinite factor [11]. This strongly suggests that the singular O-scale should be
described by a typk ,, factor, endowed with yperfinitetracenoted Tk. By hyperfinite, we simply

mean that theaceof thell , factor is not finite. Weall MTOC',E such d'topological"factor, which is an

infinite tensor produc®” of matricesalgebra(ITPFI) of the R ; Araki-Woodstype[11]. Now, the

initial state onMTO(;E, corresponding in ex2.1) to thedivergentvalues of thedilaton field ? is

given by :
—-RBH, 40,1
Tr, (e~ "My,
0,1 0 Top
(p(MTop) = Tr. (e BH) (58)

and, considering theyperfinitecharacteristiof thetraceTr., we havesquivalently :

(M) = Tr.,. (e "Mz e™) (59)

whereq( M) represents a vespecialtype of "current", that we proposedall 'trace currentT”.

Clearly, thejnvarianthyperfinitellootracecurrentTf is a pure topolgical amplitude[19-37] and, as

such,"propagates” ilmaginarytime from zero to infinity. In thissenseg( MTO(;%) can be seen as a

"zero topologicalcycle” which represents antrinsic "Euclideandynamic” contrdling the blow up

of thespace-timénitial Singularity[6].

(i) the quantumscale(0 < B < /g » Signature(+++x}) : we reach the KMS domaii24].

Considering the quanturfiuctuations of g,,, there is no more invariant measure on the non
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commutative metric. Therefore, accordingto von Neumannalgebra theory, the "good factor"

addressing those constraints is uniquely a caommutativetracelessalgebraj.e. a type llIfactor [9]

(the only one able to be involved in KMS state). More precisely, it is a typeadt wecall M, with
the period A €] 0, 1[. Important, it has beedemonstratecthat any type IH factor can be

canonicallydecomposed into the following way [9] :
My =1l =<lgR*, (60)
R* , (dual ofR) actingperiodicallyonthe" Il ., factor". Then th&-dependanperiodicity of theaction

of R, on My takes the form :

Ma= W% =<l B = M8 >y (61)

The relation betweena and 3 is such thal=2—g, so that when3 — «, we getA — 0 (the

periodicity is suppressed)Now, the theory being given on thiefinite Hilbert space¥(f) =

£ lLZ(H%Z” , Mgbecomes:
Mq= My, ><lg & [LZ(R%Q)] (62)

The type & factorsE LZ(R%Z)] yields the modular flow dfperiodic) evolutionof the systemSo,

1

the KMS type Ilj, factorMq connects thétopological” type 11, factor MTO(;p

with the "physical”
type k factor Mpy, :

Ma= My ><lo Mppye (63)

In terms of"flows", Equ. (63) connects thepologicalflow of weights of MTO(;%, with the physical

modular flow raised by£ lLZ(RAZﬂ. This furnishes a goouage of the unification between

W
topological and physical states, to bemparedto the bicrossproduct (41) Uq(sofR) [~

Ug(so(3,1)) unifying Euclidean and Lorentzian q-groups. The guantum flow

05 (Mg fow)=€""Mg 10,8 " isconstructedn prop.(5.2).

q flow

(iii) the physicalscale(3> /... Signature {+++}) : this last scale represents the physical part

of thelight cone and, consequently, the notion of (Lebesgue) measure is fully defined. Therefore, the
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(commutativelgebrainvolved is endowed with layperfinitetraceand is given on thiafinite Hilbert
spacef(h), with § = L2(R). ThenZ(L2(R)) is atypels factor, indexed by the real group, which
we call Mpye. So, £(LAR)) = Mppye @and the flow raised byMp,, . is simply the (realtime

evolution, given by the modular group :
iHt - iHt
O-t(MPhys) =€ ! Ilehys € ! (64)

In this case (type.d factor) all theautomorphismsre inner automorphisms. Wall "physical flow"
rls:”; this evolution flow in real time. Of courseg;(Mpy,g) is simply giving the usualgebraof

observable§l2].

At present, we shakvidencethat the KMS state "unifies” the physical flow and thpological

current.

Proposition 5.2 At theKMSscaleO < 3 < lpjanck ; the twoautomorphismgroupss, (Mg, and

GB(M%;TO) are coupled up tdPlanckscalewithin a unique llIj, factor of the formMgq = MTO(;%, ><g

gle(Rﬁzﬂ- The correspondingextended one (complegutomorphismsggroup describingthe

guantum evolution is
M oM )=eeM e
q q q

Mq correspondgo the coupling between the oparameterautomorphismgroup giving the physical

flow and theautomorphismsemi-group giving th®pologicalflow of thesystem.

Proof The KMS state of th@re)space-times yield by the unique I} factor given by equ. (60) :

o
LZ( /SZ)]: Mrop =<0 Mpnys (65)

which represents the KMS "urtétion” of the topological state and the physical state of the

Ma= Mg ><lg £

(pre)space-timat the Planck scal&low, since it exists aoperatorialweight of Mq on its sub-group

0,1

MTO(;;, theequilibriumstatep onMgqis given by the state oNl;;,. We express the stateunder the

new formconstructedn [6] :
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P(Mggad = Tro. (& MY €™)

This represents what we hasaledin (5.1.5)the"trace current” of the"topological factor"” MTOC;E.

However,Connes-Takesakiave shown [10] that the flow of weights on a factor is given by the flow
of weights on thassociatedl . factor. For it exists ahomomorphismOUT III;, — OUT Il such

that the sequence (66)dsact:
{1}—H (F) ——OUTM éOUTQ L(N)—={1} (66)
Themultiplicativeactionof R : 7005=€ 7, sER on My translatesthetracet of My;,, which

generateghe flow of weights onMTOC',‘lJand Mg (f.[10]). So, (M g9 becomes di-dependant

automorphisn{semi)group :
OB(Mq-state) =€ rS}-i'\/l'(l')c’;t) eGH (67)
Equ. (67) describes tlilww of weightg10] of the type Ilj, factorMq But as pointed ifi6], we can

alsointerpretequ(67)as a " modular flow inmaginarytime"it, dual to the modular flow in reéime

given by :

«_ _iHt — iHt
O't(Mq-evqution) =€ MPhys , 1€ R.

An interpretatiorof this type has also been proposed (difierent context, however) byperendinger
andLucchesin [13]. Finally, the KMS flow connects the flow of weightg(M .9 t0 the modular

group 6, (Mq-evolution) :

5. (Mg fow) = 0x(Mrzp) ® 6 (Mpp,)

(B+it)H (B+it)H
€ : Mq flow € :

—em g e

q flow
which is indexed by theomplextime variable 3. Again, this flow is expressing théanification

between thephysicalflow o, (Mg evoiution) = Ft(Mppys) and thetopological flow og(Mg gad =

O'B(MTOP) within theuniqueKMS (or quantum) rowO<Qf£Pg|ven by theautomorphismgroup of

Mq:

Oﬂc(Mq flow) = OB(Mq-statQ @ Ot(Mq-evqution)
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The (prgspace-timeKMS strip has zero amfimum and the Planck scale as supremum. So between

thoseboundstheEuclideartopologicalflow and the_orentzianphysical flow are unified in aatural
way within thenolomorphic'quantum flow"0 (%fép—> (Mg fiow) = e M g fe

g flow

Anotherway to verify the coupling ofMpy, . and M%Jt, in the unique type Ijlfactor lies in the

Conne'snvariant

AUT M
INT M

0: R— OUTM=

(68)

(automorphismsof M quotientedby the inner automorphismsecessarilypresent in the non
commutativecase). This Mnvariantrepresents an ergodic flogW(M) , W,} where Wis a one

parametegroup of transformationsi-e. a flow - whichadmitsa descriptionin terms of class of

weights and whose tmaturalparameters I]Q:. We consider now the type.ltlactor My of equ(61).
Startingfrom equ.(68), we can construct the extensigxt (notedT) of OUT Mq by INT Mgin AUT

Mq:
AUT Mg= OUT Mg T INT Mq (69)

with {x,y} € OUT Mg and {x',y'} € INTMgqg. The innerautomorphismgroup INTMyis a normal
sub-group of AUT M. Considering two weightg et of Mg, and applying the Radon-Nikodym
theorem[10], it exists a unitary of M such thato,” (x) = yo(x)u;, with u,=(Dy ; D¢), and

o/ (x) €INT Mgqfor acertainclass of modular automorphisn@onsideringhe fact that under the

0,1

op ><lp R™+ all the modular

trace of the factor I}, involved in the crossprodudviq =M

automorphismsare inner automorphisms, weestrict INTMq to the sub-group of the modular
automorphisms, which weall INT ,ogMag Then we look for thenageof the inner modular group in
OUTMg Within a certainconomology classK}, the groupo,” (x)is given by INThodVig Whereas
the non-unitaryransformationsr ;(x) are given by OUT M We get then for the "physical” flow :

ol (x) = €™M, e ™ € INTmogMq (70)
whereas th&opological'flow of weights ofMqis given by :

og(x) = e "M, e"'e OUT Mg (71)

88



and the extension AUT & OUT Mg T INTmodMq yields::

IuTR) = Gtw ()T og(x) (72)
Within thegeneralgroup of extensionsExt}, we get therivial holomorphicsub-group :

Ta(Mg) =& M, &M= 60 (M) - e Mo, e M or

which corresponds to the KMS state and"unifies” within the uniendedform o (Mg the
physical flow o, (x) and thetopologicalcurrento 4(x). Clearly, we getoy (Mg C OUT Mg T
INTmodMg. Againwe find : ¢ (Mg ow) = 98(Mg.giad D 0t(Mqevolution) d€G

Now, let'sget over the last step. Our aim iseiplainthetransitionfrom thetopologicalstate to the
physical stateTP transition)of the space-time. We shall cope with this problem following two

differentways

(i) we conjecturethat such aransitioncould berelatedto the N=2 supergravity breaking beyond
fPIanck ;

(i) likewise, TP transitioncould beexplainedin terms of "decoupling”, beyond the Planck scale,

between the (&clidean)"topological current” (raised by MTO(;%) and the(Lorentzian) physical flow

(vield by Mpp,o).
5.2 TP transition, supersymmetrybreaking and flows decoupling

First of all, let's put in evidencethe link between KMS state and supersymmetry. To do this, we
proposehereaftera relevantexampleable to be seen as a good toy moebdaliciting the deep
correspondencleetweerthermalstates, supersymmetry aextendedspace-timei.e. extension of the

time-like directionin thecomplexplane).
Example 5.2.1 thermal states supersymmetrand KMS condition

In the following, we shall focus on sormeportantresultsrecentlyobtainedby J.P.Derendingerand
C. Lucchesi[13]. Interestingly, it has beestemonstratedhatthermalsupersymmetry (as opposed to

T=0 supersymmetry) must be considered irctirgextof thermal(i.e. KMS) superspace. We remark
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here that the authors apply the KM®ndition to the thermal superspace (i.e. the thermal
supersymmetrispace) in generalsetting. In our own approach, as suggested in ref. 6 and in the
present paper as well, we apply the Kbtfhditionto thethermal(pre)space-timeat the Planck scale
Considering that in the standard “hot big-bang” theory the @page-timeis generallyviewed as
supersymmetric, such adentification is natural. Namely, the authors hasstablishedthat the
thermalsupersymmetrparametersnust be bothime dependanand (anti)periodic in imaginarytime
on theinterval [0, ], wherel3= 1/T. In otherwords,focusing on fieldepresentationsf thethermal
super-Poincarélgebraand onchiral supermultipletone carstraightfully see thathermalsuperfields
arecharacterizedy theirtime/ temperaturgeriodicity properties. Taxplicit this, let's simply recall
that at zeraemperaturesupersymmetry caheuristically be representecas a set of'generalized
translations",including Grassmanrvariablesthat aretranslatedby the supersymmetry generators.

Therefore, a "pointX in superspace hasordinates
X=(x",8%8%) (73)

where 8 and 6 are the usual Grassmannian objets. Since at teemperatte the parametersof
supersymmetryransformationsare constant, theero-temperaturesuperspaceoordinatesare also
space-timeconstants. In fact, at T=0, th@nticommuting) Grassmanncoordinatessimply turn
bosoniccommutatiorrelationsinto fermionicanticommutatorand converselyNow, what happens at
finite temperaturg(i.e. the case oprimordial universeinvestigatedhere)? As amatterof fact, the
situationis not so simple, because fermion and bosaftisticsinvolve, in addition, theppropriag¢
statisticalweight in field theoryGreen'dunctions. In such a context, as pointed in refs [13] [2&),

it is naturalto require that theariableswhich aretranslatedoy theeffect of thermal supersymmetry
transformatiorexpress the same properties asthieemalsupersymmetry parameters. Therefore, the
constructiorof thermalsupersymmetry requires that the Grassmaaniablesget promoted to béme-

dependanand (andperiodicin imaginarytime. To see thidet'sprecise that ththermalaverage...) ;

of a field operato® is, as usual, given by
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0y = ﬁTr(e‘ “o) (74)

with the lowest energy state beifig = 0, so that we have on the zéemperatee limit :

(03 s —E="—{0lol0)

Now, atfinite temperaturethe Green'sfunctions arenecessarilysubject toperiodicity constraints in
imaginary time. However, as showed in[6], those constraints arexactly defining theKMS
condition To verify thisimportantpoint, we now review thoseonditionsfor bosonic andermionic

fields. Let's first begin with a free scaldr.e. bosonic) fieldp atx = (t, x) whoseevolutionis such

that :
9 (x) =" 9(0,x)e™" (75)

where thdime coordinatet is allowed to beomplex Then the n-pointhermal Green'sfunction G,

of the systemiis :
G (X, %n) ={Tcp (%) ¢ (Xn)) (76)

Tc being thepath-orderingoperator and...)ﬁ the canonicalthermalaverage. Then thermalpath-

ordered propagator takes the forBy (being thehermalpropagator of the theory) :
De (%, X2) = <9c(t1 ~t2)DE(Xq, Xo) + Oc(tz — t1) DS (X, X2)---¢'(Xn)> (77)

where 6, is the path Heaviside function. Then thermalbosonic two-point function®gZ , D¢ are
defined as :
D2 (%, %) = {0 (x1)9 (%)) ¢

(78)
DE (¥4, X2) = {#(X2)9 (%)}

At this stage, as proposed|[B], the Boltzmanweight e” BH can be seen as awolution operator in

Euclideartime, so that after@anslationn imaginarytime we get the formula (79) :
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e Pot, e = gt +iR, x) (79)
which isexactlythe KMSconditionformulatedin equ.(53). Then D& (g, X,) in equ(78) becomes :

D200 = 7o T Mo 0wp0c)] (80)

Likewise for DS(xg, X,) . S0 using theyclicity of thethermaltrace and the notion oevolution in

Euclideantime it, one can construct the "bosonic KM®ndition" [13-28]. Interestingly, such a

conditionrelatesDZ and D& by atranslationin Euclidean(imaginary)time :
DE(ty; X, 12X 2) = DS (g +iB; X4, 15X ) (81)

Of course the san@nstructiorholds for fermions. Indeed, defining tleemionic two-point function

Sgab and Séab , (witha,b = 1...4for Diracfour-components spinors) as
S, (% %2) = {p a(X) Py (%))

&, (X %2) = =T (X)W (X)) (82)

and as in the bosonic case, flrionicKMS conditiontakes the form :
S (X0, 12iX5) ==, (b +iBX1,t5X5) (83)

which differs from the bosoniconditiononly by arelative sign. From the structure of e¢81) and
equ.(83),we deduce that when themperatureof the supersymmetricsystem (here the (pre)space-
time) is not zero, then bosonic fields aperiodic in imaginarytime whereasfermionic fields are
antiperiodic Let'sremark that supersymmetigebras not sensible to thigeriodicity-antiperiodicity
distinction. If (as pointedin [13-28]) it is true that the supersymmetry breaking is "encoded" in this
difference, the breaking beconeftectiveonly when the KMS state ancelled For this reason, as
demonstratedh the hereaboverefs., the KMS condition must beappliedto the superfieldsof the
theory. In[13-28], the superfields are superspace expansions wtoakain as components the

bosonic andermionicdegrees of freedom stipermultipletsSuch superfields are usuaftyrmulated
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usingtwo-componentVeyl spinorsy , andq_)‘j‘, relatedto Dirac spinors throughy , = % Then

the KMS condition for Dirac spinors can bextendedto Weyl spinors and, in the sameay, to
Majoranaspinors.ThefermionicKMS conditionfor majoranaspinors takes the form :
%aﬁ(xl,xz) = <U’a (Xl)wﬁ(xz)>8

| | ®4)
S, 000) = (TP 0)pa (9))

Now, one carrealizethat imposing the KMSonditionto superfields componenisiplies that one
must also allow Grassmarnparameterso depend onmaginary time. In fact, in thecontext of
supersymmetry, the main question is the following : unthermal constraints, how do we
successfullyachievethe transformationof periodicbosons intantiperiodicfermions andvice-versa?
Theanswerdevelopedn [13-28], consists irconstructinghethermal superspacd,e. in introducing
time dependanaindantiperiodicspace-timecoordinates. Henceforth, a pointtimrermal superspace

has "KMS coordinates", given by a new set of Grassmanaréables:
X =(x*,6%(1), 8%(t)) (85)

where the symbol™ denotes théhermalquantitiesand é“(t), éb‘(t) are subject to thentiperiodicity

conditions
0(t +iR) = —6%(t), Bt +iR)=-B%(t) (86)

Consequently, theondition (86) induces @emperature-dependanbnstraint on théime-dependant
superspace Grassmanoordinatesé“(t) and éé‘(t). From equ.(85), we finally observe that the
KMS conditionmust beappliedto thespace-timametricitself, asformulatedin §(5.1.2).Among the
consequences, we dhereforeinduced to consider that thime-like directionmust beextendedn the

complexplan (se€s(5.1.3)).
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Now, what does these results mean indbetextof our research?As amatier of fact,Derendinger
and Lucchesi have clearly confirmed that there exists a deegelation between (thermal)
supersymmetry and KMS condition. Thiedationis implementedat thelevel of thermal Grasmann
coordinates, because of the (gariodicity conditions given byequ.(86).Indeed, it has been proved
by the authors that the only way to preserve supersymmetry theitmealcontextis to consider that
thespace-timanetricitself must be subject to the KMS condition. Otherwise pérgodic bosons and
antiperiodicfermionscould notberelatedby supersymmetryNow, let's put thissimple question :
what happens when the KMS stat#lapses?The analysis of the "KMS Grassmann coordinates”, in
particularthe equ(86), clearlyshow that supersymmetry cannotitmplementedwithout applying the
KMS conditionto space-timeoordinates. The reason of this is that whersfiaee-timesystem isnot
subject to the KMS stafe.g.non-equilibriumstate), a point X of superspace is endowed again with

the usual Grassmamoordinates
X=(x"*,8%8%)

This is equivalentto T=0 supersymmetry, for which thgarametersof transformation(i.e. the
Grassmannian® and 6) arespace-timeconstants But rightly, the main result of refs [13-28]
establishes withowmbiguitythat affinite temperaturepnecannotmake use of constaparametersn
supersymmetrytransformationsrules. The supersymmetigyarametersmust be time dependant
variables (ant)periodicin imaginarytime. So, in anaturalway, the thermalGrassmanrtoordinates
)A(=(x“,é°‘(t),§d(t)) must be"translated"in imaginarytime and areconsequentlysubject to the
antiperiodicityconditionsé‘”(t +iR) = —6° (t) and éd(t +iB) = —5""(t) of equ(86). Obviously, the
only way toimplementsuch aconditionis to consider that globally, thepace-timesystem is in KMS
state at a given scale (i.e. in our case between the scale zero and the Plandkadalatplly, the
hereabovapproach can be seen asoafirmationthat the 3~ O limit is topological. As anatterof
fact, the B— O limit of equ(79) is given by the scalar field(x), which, by construction, is a

topologicalconfigurationmarking the origin of thenaginarytime directionof the theory.
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From hereabovewe can nowconcludethat(thermal)supersymmetry and KMS states are linked in
such a manner thttebreakingof theKMS statebeyond thd’lanck scaleshould induce thereaking

of supersymmetrgt the same scalé.et's go further in theexplorationof such a breaking. In a very
stimulatingway, Derendingetand Lucchesihaveemphasizedhe fact that théhermalfield boundary
conditionscharacterizingKMS state carryinformation that is of global nature in space-time. By
construction, the supersymmetglgebra being a local structure isinsensitive to this global
information. What is the nature of this "glolr@brmation”?Indeed, theranslationof Grassmannians
variablesinto imaginary (topological) time clearly indicatesthat thenatural state of such alobal
informationis atopologicalstate correctly described bytopologicalfield theory (which ispreciselya
nonlocal theory). More exactly, the boundargnditionscharacterizinghe euclideantime dependence
of the supersymmetrparameterscan be seen asopological invariants. In this perspective,
supersymmetry breaking can then iowestigatedin terms of cancellationof such topological

invariants.Let'snow explore this occurrence.

5.2.2Supersymmetnand topologicalinvariants

In a famous precursor pad86], and in some others, BVitten hasclearly put in evidencethat if we
want supersymmetry breaking to occur, the various four-manifoidsriants (such that the
Donaldson invariant, the Euler number, Wigten index etc.) mustnecessarilywanish. Theoutline of
theargumentis that thecancelingof the supersymmetry index Tr(Fl)s cancelingthe zero energy
modes, whichconsequentlybreaks the Bose-Fermi paifd]. At this stage, if we agree with
supersymmetry theory,r@asonableonclusion is that (N=2) supergravity breaking could be viewed
asrelatedto thecancelingof topologicalconfigurationsLet's now go further : can supersymmetry
breakingexplaintheTopological— Physicalransition?In acertainsensethe answemight be yes.

In fact, since theontextof the theory is supergravity N= 2, we may precise dbeditions of

topologicalmodescancelingwithin supersymmetry breaking. So :
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Conjecture 5.2.30n a D= 4 Riemannian(prespace-timemanifold, the N= 2 supergravity
breakingat thePlanckscaleis relatedto thecancelingof theEuler characteristicand of thetopological

mode of the manifold.

Let M be the four dimensional Riemannian N=2 supersymmetric(pre)space-time. The Euler

characteristiof M is
1
X(M) =37tl‘\l/l‘guvpoRuv A Rpo

We have shown iprop. (3.2) that thisinvariantis given byTr(—l)S. Now, accordingtoWitten's
results[36], a discontinuous change Eﬁ(—l)S Is possible, due to thesymptoticbehavior of the
manifold, allowing, for large field strengths, some energy states to "move in from infinity". For
instancelet'sconsider theotential

V(9) =(mp - g9°)

One can easily observe tlabitrarily smallg = 0 induces thexistenceof extra low-energy states at
o ~ % which have nocounterpartfor the pure g = 0 value. Therefor@,r(—l)FwiII change

discontinuoushffrom g = 0 tog = 0. The same result can bretendectoTr(—l)S, when coupling the
instantonradius tog. In this case, weneetagain the conclusions of (ii) iexample(2.1) (i.e. the

instantonconfigurationis cancelledor large values of).

Next, we have segd.1.2)that the (prispace-timeshould be in KMS state @p4,q SO that theéime

like directiont becomesiolomorphicwithin the KMS strip. Thenetric configurationis described by

thesymmetrichomogeneous space

SO(3,1)®»S0O(4
5, =SOG.URS0M) @7)
SO(3)
SO(3) beingliagonallyembeddedn SO(3, 1)® SO(4)[6]. To 3 correspondsat thelevel of the
3,1 4
underlying spaces involved, ttepologicalquotientspaceX,iop = % from which, assuming

that thecompactpart of the3-geometryis a sphere % the topology of the fivedimensional

(prespace-timecan be viewed as isomorphic & ®@R™ (R+ being thespace-likedirection and
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R thetime-like direction, out of the orbit of thectionof SO(3) on e R“). We thenmeetagain
theequivalenform S3 ® R™ ® R~ of the fivedimensionaimanifold described in(2.1). The point is
thatR- allows us to define the boundargnditionsof the (pré¢space-timé-geometryl™>. Therefore,

the form of the 5Dnetricis [6] :

dw?

ds? = a(w)? dQ2, + —5 —dt’ (88)

where the axionterms= f(w, t), the3-geometryd£2(23) = f(xY,2). Then, as showed i{2.1),0n

the (infrared) strong coupling bouride. the Planck scale, in respect of {laéraviolet) zero scale),
condition(i) imply ? — 0 and thew directionof I'® is cancelledSo,we get adimensionalreduction

(D=4 — D=3) of thecompactRiemanniard-geometryembeddedn the fivedimensional(pre)space-

time manifoldI'™>. We have for thenetric:

(++++_) w compactificatioron S'—0 (+++(O)—) Dimensionalreduction (+++_)-
Obviously, the boundarycondition — oo gives rise to thasymptoticcancellationof the I'4 Euler

characteristic:

H(M) = [, R A R, = THLF = 0 (89)

Likewise, theasymptoticflatnesscondition[6] for B3 — o gives R,, » R, — 0, whichimplies that
thedimensionD of theasymptoticmanifold must beodd so that, again, we ggt= 0 for the (3+1)

usual space-time. Therefoegcordingo ref. [36], the supersymmetry is broken. Simultaneously, the
topologicalstate, given byvenvalues of the Euler numbgr vanishesimplying the "TP transition":

Topological mode—2-fansiion_, physical modk.

To finish, wemeeta novel problem : could Ttansitionbe, in somewvay, relatedto the breaking of

the KMS state described in (5.1)? This question is discussed in the last paragraph.
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5.2.4 TP transition and decouplingbetweernopologicalflow and physicalflow

In answer to thbereabovejuestion, we noweonjecturethatfor3= /., , i.e. at the(semi-classical)
scale where supersymmetry is being broken, tiopological flow (evolution in imaginary time)
corresponding to the zeropological pole of the theory iglecoupled from the physical flow
(evolutionin real time).

Accordingto most of the models, supergravity is considered as broken for gca#srthan the
Planck scal§5]. Butthermalsupersymmetry breaking is also closginnectedo thecancellationof
thethermodynamicagquilibriumstatg27-28]. Indeed, aslreadypointed in this papei, Antoniadis
andal haverecentlydemonstratedhat afive-dimensional(N = 4) supersymmetry cagffectively be
described by &ur-dimensionatheory in which supersymmetry is spontaneously brokeffiritg
thermaleffects[3]. In asimilar way, Derendingerand Lucchiesi haveoutlined the fact thathermal
supersymmetry is a globéle. topological)property of thespace-timean KMS statg[13-28]. In this
context, thecancellationof thethermodynamicakquilibrium statenecessarily}cancelsthe KMS state
and,consequemnyl, breaks the supersymmel6}. This scenario isypically the onecharacterizingour
setting. As anatterof fact, the fivedimensionasupersymmetri¢heory evokedereabovecorreponds
to the five dimensional supersymmetric(prespace-timein KMS state. Then thethermal)
supersymmetry breaking isharacterizedn Kounnas approach, by a D=5 D=4 dimensional
reduction, which corresponds exactly, in our case, taléleeuplingbetweernimaginarytime and real

time. Indeed, we could have :

3 4 . . . .
R*®C (five dimensional KMS space - time 22reaking , {R 3®R (four dlmen5|9nal topolog_lcal spaceFlm
R*®R (four dimensional physical spacdim:

So,supersymmetry breaking, KMS breaking d@ogological— physicaltransitionappear as deeply
connected. To see thigt'scome back to the KMS state. Wall "KMS breaking" the end of the
KMS state beyond thBlanck'sscale. The observezhncellationof thethermodynamicaéquilibrium
beyond the Planck scale (which gives thigationary phase and the beginning of tbesmological
expansion) is inducing KMS breaking (see €x.2.1)).Such a breaking must be seen as the inverse

of the KMS coupling betweesquilibrium state and physicavolutionof the system. And logically,
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such a breaking should bring about ttamsitionfrom the pure (nomperturbative)opological phase

around thenitial Singularity to the physical phase of the universe we can observe to day.

Now, here is ouconjecture

Conjecture 5.2.5 In theinfrared B = 7, Scale,KMS breakingis inducing thedecoupling

between theopologicalflow and the physicdlow of the theory.

Considering the KMS state space-timeat the Planck scale, the KM®w, as shown inprop.

(5.2),is:

GBC(Mq) = UB(Mq-state) @ Gt(Mq-evqution) = eBCHqu For (90)
or

oo (M) = e (BOH g g(BHOH (91)

Now, starting fromMg= ML =<y & [LZ(R%ZH = M2 =<y L[L2(RSY)], we can say thdl >

Top Top

? oianck 1S €quivalento 3 — oo, with respect to the scale zef®o, whenf3 > /.« the period of the

system is so large that we can consider it as supressed fra@2gwhereas theircle St is
decompactifiedbn the straight line R. Moreover, tHisit corresponds ta =—g — 0. So, on this

limit R%Z — R* 4. But the suppression of the peri”§ rz Isequivalento thecancellatiorof the

equilibrium state andhereforeinduces the breaking of the KMS state. To see this, we can write the

"extended"automorphismgroup corresponding to the KMS state :

or(Mg) = e [Mp ><I, R"4]e B =e (BRI MEL =<, BY 4] elFOF (92)

Then forR> >/ we getR* + — o« so0 the corresponding weigiton Mg is such thatp — .

Planck:

But, accordingto Connes-TakesakiL0], theinfinite dominantweight on Mqis dual to thényperfinite

trace on MTO(;;. Therefore, themageof the "flow of infinite weights" onMq becomes, under the

ergodicactionof R + :

Opves Mg sad = T (€ M2 ™) (93)
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where we meet again thetopological "trace current" T of MTO(;;, independentof 3. But the

independencef T with respect t@ impliesin the same way that! is alsoindependenof R + on

0,1

this limit. So, R* + must bedecoupledof Mry,

which means that the modulavolution group

0t(Mppyq = AitMphy@_ tis itself decoupledfrom the crossed produ¢65). Moreover, since the

hyperfinitetrace(93) isindependendf 3, we are left with thé&opological”state :

e Mgt = Tro (Mpip)

which isequivalentto say that the only value & contributingto equ. (79) is B = 0. So, on this
boundary, (see edi64)), oz (M) is reduced to the real pole, so that:

iHt — iHt ~
Gﬁc(Mq) — 0;(Mg-evoution) =€ M e

q-evolution

But of course, in this cadéq, as type Ill algebra, is alsuppressedrhis is simply because, on the

infinite limit of theactionof [ on MTOE,E, theinfinite trace Tr, on MTO(;%,, dual to thedominantweight

on Maq, is left invariantApplying a result of [11] onnfinite weights, one can find that thefinite
weightg, onMgis invariantunder the inneautomorphismef Mq. Therefore,p,, is a trace, which

is asufficientconditionto cancelMgas a I}, factor. But this iquivalento say that on this limit, the

action of R is decoupledof MTO(;t. Therefore, the crossed product (65) is broken into its two

subgroupsMr;, and£(L2(R" +)). This is as it should be, since beyond the Planck siceleat the

classicakcale, the KMS state is broken and the measure space oettiteis again well defined, so
that the underlyinglgebramust be endowed with a trace. Consequently, it cannd danymore.
So,the newalgebranvolved should be a type, Isub-algebra oMq Considering thelecomposition
Mrep =< L(L2R" +)), this sub-algebra isecessarilf£(L2(R" +)) = Mpy,,.. Theno (M

q -evolution)

becomes simply :

iHt — iHt

0 (Mppyed) =€ " "Mpp,, £ (94)

This corresponds to the usual modular group giving the physioaltionof the space-time. So the

productMyys ><lo, My Shrinks ontoM g, so thatweinally get Mg = Mg, in the infrared.

B> ¢ planck
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In the samevay, applying the result gbrop.5.2,we see that the breaking of KMS stiatelies

AUT Mq= OUT Mg T INTmodMq

reduces to the well known case of a fa¢towhere all theautomorphism=f the algebraare inner
automorphisms:

AUT Mg= INT Mgq

So obviously, thigransitioncauses théecouplingbetweerOUTMg and INTmodMq, i.€. between

thetopologicalcurrento ;(x) and the physical flows,” (x) .

As a result of prog5.2.5),we finally canconcludethat the breaking of the KMS state beyond the

anck scale induces tdecouplingoetween the physical flows —e! ~H and the
Planck scale induces td lingbetween the physical flows,(Mpp,d =€ ' Mpp,& ™" and th
zerotopologicalcurrent
O (Mrsg) = Tro(e™BH MO efH):
— Tr. (e "My e
_ H 0,1 H KMS breaking
on (M) =" Ml e ® " ” (95)
| =1

—e "Mppe

At thelevel of the von Neumann algebras, starting from the Kaltjgbra Mq = MTO(;é ><lg Mpnye

the KMS breaking can be seen as tleeouplingbetween MTOI;t and Mpy,.. This decoupling

describes théransitionfrom thetopological phase (zero scale) to the physical phase ( beyond the

Planck scale).

6. CONCLUSION

Even thoughcertain of the hereaboveresults might seem mysterious, theinterestis to outline,
through quantum groups theory and mommutativeggeometry a possible phageansitionfrom the
topologicalzero scale to the physical Planck scale. We describe withdataiésin a forthcoming
paper theunexpected'algebraicblow up" of thetopological initial singularity. At this stage, we

propose to draw the following mainideas
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(i) the metric, onto the zero scateightbe considered dsuclidean(++++) i.e. topological;

(it) the Initial Singularity of space-timecould be understood as a 0-size singuyeavitational

instanton;

(iii) From {) and (i), we suggest thexistenceof a deep symmetry, of tha@uality type ( - duality),

between physical state (Planck scale)t@apdlogicalstate (zero scale).

Then the possible resolution of tingial singularityin the framework otopologicaltheory allows us
to envisage the existence, before the Planck scale, of a papelggicalfirst phase of expansion of
space-timeparameterizedby the growth of th&imensionof moduli space diivl and described by

theEuclidean'pseudo-dynamic!

01y _ a-RH MOl aRH
UB(MTop) =€ Mrop €

So,the chain of events able éxplainthetransitionfrom the zerdopologicalphase to the physical
phase of thepace-timenight be the following :

{Supersymmettyreaking} — {thermodynamical equilibrium breaking} — {KMSstate breaking} —

— {imaginary time/ real timedecoupling — {topologcal state/ physicalstate decoupling

In terms of C*-algebras, thereabovéransformationsre given by :

Topological flow f 01y _ ,—RBHpg0.1 . RBH
. KMS flow Qf e - [;I-:O — OCB(MTOQ =e MTope
I ®R, QsBsiP 5, (M) =€ © Mje Physical f i i
q q ysical low iHt —iHt
® e IELJE)_)O&(MPhys,):e Ilehyse

In aforthcomingarticle, we push forward the idea following which, that at O scaleldhentzian
dynamicis replacedoy anintrinsic "Euclideandynamic”. A first path to follow would be tavestigate

the zerolimit of the TheEuclideandynamic engenderedy the non-stellarautomorphismsof the
algebraM%,lp implies, following the results dB], a "spectralincrease'in thediametersof the space

of states df, ) in Euclideantime (dual to the space of observablesLiorentziantime). This

Euclideanpseudo-dynamic, linked with semi-groatomorphisra op( M%,lp) is described in aatural

way by the flow of weights (in th€onnes-TakesaKP] sense) oklgebraMq ; we suggesequally
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(ii) that theEuclideanmodular flowrepresentinghe evolutionof a system in imaginatyme can be
associateavith anincreasen thespectraldistanceseparatinghe states of the system. Finally, it has
been proposed by one of us [7] that Buelideandynamicraised above results from tbegistenceof

thetopologicalamplitudeyield by thetopologicalcharge Q :Qfd“x Tr R, R of the zero size

singulargravitationalinstantonconnectedo the(topological)origin of space-time.
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Abstract
Considering thexpectedhermal equilibriumchcaracterisinghe physices at the Planck scale, it is here stated, for the
first time, that, as a globatystem,the space-time at the Planck saalest be consideredas subject to the Kubo-

Martin-Schwinger (KMS) condition. Consequently, in the interior of the K&fi%p, i.e. from the scale B = 0 to the

scale R =/ p|anck the fourthcoordinategq4 mustbe consideredas complex, the two real poles being R =0 and R =

! planck This means that within thBmits of the KMS strip, the Lorentzian and the Elidean metric are in a

"quantum superposition state" (or couplethjis entailing a "unification" (or coupling) between the topological

(Euclidean)and the physicalLorentzian)states of space-time.

1. INTRODUCTION

Many descriptions have beeecently proposed in thditerature regarding the physical state of the
universe at theicinity of the Planck scale. Notcommutativegeometry, string theory, supergravity
or quantum gravity have contributeagdependenthpf each others, to establish on solid basis the data
of a"transitionphase” in the physicabntentand thegeometricstructures of th€pre)spacetimeat
such a scale. But what is the nature of dngsnaticchange?In the present paper, we propose a novel
approach, based on one of the most naturakeadstic physicalcondition predictedby the Standard
Modelfor the (pre)universe. lagreementvith somewell-establishedesults [1-2-3](recalledin [4] )

and, more recently, the approach of C. Kourauadal [5-6], we argue that at the Planck scale, the
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"spacetimesystem” is in @hermodynamicakquilibrium state[2]. This notion ofequilibrium state at
the Planck scale has bemtently stated with some newnterestingarguments in7-8-9]. As a
consequenceagccordingto [10], we suggest heafterthat the (pre)universe should be considered as
subject to th&kubo-Martin-Schwinge(KMS) condition[11] at such a scale. Surprisingly, the well
known KMS and modular theories [12] have never tagmtiedto the study of thenetric properties

in the context of quantum cosmology ; however, the KM&ndition might have dramatic
consequences onto Planck scale physics. For which reasons? Becauseppliedrio quantum
spacetime, the KMStatisticsare such that, within thHenits of the "KMS strip" {.e. between the

scale zero and the Planck scale), tihee like direction of the system should be considered as

complex: ti—=t. =t, +it;. G.Bogdanoffhas showed in [10] that at the scale zero, the theory is
projectedonto the puramaginary boundaryt —t; =it; of the KMS strip. Namely, there exists,
around 3 — 0, anon-trivial topologicallimit of quantum field theorydual to the usuatopological

limit associatedvith 3 — <o in thepartitionfunction(2). Such aopologicalstate of the (pjspacetime

can be described by the@pologicalinvariant

Zo =Tr(18 1)

given by thé? — Olimit of thepartitionfunction(2). sis here thenstantonnumber of the theory. It
has beedemonstratedi10] that thistopologicalindex is isomorphic to the first Donaldstnvariant
[13]. This suggests that at zero scale, the obsernv@plesist bereplacedoy the homology cycles
H, C ankc),d in themoduli space ofyravitationalinstantong14]. We get then a deemrrespondence
-a symmetry ofduality- [15-16], between physical theory amapologicalfield theory. Conversely,
on the(classical)infraredlimit 3 = /p e the imaginary componentcancelsand thetime like
directionbecomes pure redl—t. =t, So, within the limits of the KMS strip(i.e. for 0 <3 <
/pianck), theLorentzianand theEuclideanmetricare in a "quantum superposition state” (or coupled).
Such a superposition state, describediétail in [10], is entailing a "unification" (or coupling)
between thetopological (Euclidean) and the physicalLorentzian) states of spacetime. The

(Lorentziar/ Euclidean)states of thenetricg,,, are given by thpartitionfunction
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Z = Tr (-1 e-RH (2)
with 3 = % as usual and being the"metric number" of the theory. To avoid amlfficulty of

interpretationJet's remark that the scafmrametefd admitstwo possibleintepretations (i) either
BJ/kT can be seen as a réale parameteof a Lorentzian(3+1)-dimensionatheory [17] or (ii)

3 =it can benterpretedas the fourtlspace-lke direction of a Riemanniard-dimensional Euclidean
theory (e.g. B=/pjanc) [18]. In the second cas® is aperiodic imaginary time interval [5-6].
Considering the hypothesis dfolomorphicity formulated in section 4, we use here the two
interpretationsin such a context, the KMS state of the Jppacetimemay be considered as a
transition phase from théuclidean topological phase(3 = 0) to theLorentzian physical phase

beyond the Planck scdE0-19].

The presenarticle is organizedas follows. In section 2 weecall that at the Planck scale, the
"spacetimesystem” should mosikely be considered as being ith@rmodynamicakquilibrium state.
In section 3, we show that, asaturalconsequencef this equilibrium state, thepacetimanust be

considered as subject to the KMS condition. In section 4, we suggest that, considering the KMS

properties, théme-like directiongs4 of themetricshould be seen @@mplextc = tr + i tj within the
limits of the KMS strip. In section 5, we discuss briefly ttamsitionfrom imaginarytime tj to real

time ty in terms of KMS breaking beyond the Planck scale.

2. THERMODYNAMICAL EQUILIBRIUM OF THE SPACETIME AT THE PLANCK
SCALE

It is well known that at the Planck scale, one nagtecta thermodynamical'phase transition",
closely relatedto (i) the existenceof an upperlimit in the temperaturegrowth -the Hagedorn
temperaturgl]- and i) theequilibriumstatecharacterizingmostlikely, the(pre)spacetimat such a
scale. In such eontext theseminalinvestigationof K. Huang andS. Weinberg[2], Dolanand R.

Jackiw [3] , therater of several others, have renewed thigal idea of Hagedormoncerningthe
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existence, at very higiemperatureof alimit restricting the growth of stategcitation. Already some
time ago, J.J.Atik and E.Witten have shown tlexistenceof a Hagedorrimit around the Planck
scale in string theorpl]. The reason is that, ascentlyrecalledby C. Kounnas [6] in theontextof

N = 4 superstringsat finite temperaturethe partition function Z(3) and the mean energy(RR)
develop some power poklingularitiesin B = T-! since the density of states of a system grows

exponentiallywith the energy E :

. 1
Z(R) = [dEp(E)e T (R_pD

J 1
U(B)=%Inz~(k—1)m 3)

Clearly, equ3) exhibitsthe existence, around the Planck scale, ofitacal temperatureT,, = b,
where thdpre)spacetimeystem must be viewed as inh@rmodynamicaéquilibrium state. Indeed,
a(t) being thecosmologicakcale factor, the globsmperatureT follows the well-known law :

a(t
T(t)=T, ()
a(t)
Lo : ST E RC®\2 )
and around the Planck timé,is reachingthe critical limit T zk—p ~| G ki'=14.16°K . In
B

fact, it iscurrentlyadmittedin string theory that, before theflationary phase, the ratio between the

interactionrate (') of theinitial fields and the€pre)spacetimexpansion (H) 'Sﬁ << 1, so that the

system can reasonably be consideregguilibrium state This has beeastablisheda longtime ago

within some precursor workslreadyquoted in ref[1,2,3]. Recentlythe same approach has been
successfully considered by C. Kounresl in the superstringsontext[5]. However,this natural

notion ofequilibrium,when viewed as a global gauge condition,dramaticconsequences regarding
physics at the Planck scale. Among those consequencggstionablithe mostimportantis that the
(prespacetimeat the Planck scale must be considered as subject to the famous "KMS condition”, &

very specialandinterestingphysical state that we are now going to describe.
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3. THE (PRE)SPACETIME IN KMS STATE AT THE PLANCK SCALE

Let'sfirst recallon mathematicabasis what aequilibriumstate is.

Definition H being anautoadjoint operator and 7 the Hilbert spaceof a finite system,the
Tr (e ®A)
9

-y and

equilibrium state w of this systemis describedby the Gibbscondition w(A) = Troe
satisfy theKMS condition.

This well-knowndefinition has been proposed for the fitshe in [11]. Now, it is usual (and
natural)to oppose the notion @&quilibriumto the one okvolutionof a system. In fact, the famous
Tomita-Takesakmodular theory hagstablishedhat the"intrinsic" dynamicof a quantum system
correspondsn a unique manner, to the strongly continuous marameter - automorphisngroup

ot of some von Neumann™G algebraA [12] :

ar(A) = elHt A e-iHt (4)

This oneparametergroup describes th&me evolution of the observables of the system and
corresponds to the well-known Heisenberg algebra. Nothing mysterious at this-siager,we
are here brought to find themarkablediscovery ofTakesakiand Winnink,connectingthe evolution

groupog (A) of a system (morpreciselythe modular groupM = At M A—it) with theequilibrium
Tr(Ae™™)

stateg(A) = W

of this system [11-20]. With this more or lagsexpectedrelation between

evolutionog (A) andequilibriumg(A), we nowmeetthe famous "KMS condition”. More exactly, in
the frame of quantunstatistical mechanic, the KMScondition provides a rigorousnathematical
formulation about thecoexistenceof different possible equilibrium states at thesame given

temperaturd.

Let'srecallnow how such aelationbetweerequilibrium state ancevolutionof a system isealized

by the KMS condition. It has beetearlyestablished11] thata staten on the C -algebraA and the

continuous onparameteautomorphisngroup ofA at thetemperature3 = 1 / k T verify the KMS
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conditionif, for any pair A, B of the- - sub-algebra of\, o - invariantand of dense norm, it exists

a f(t) function holomorphicin the stripdet+iRBeC, Imtc&[0, B]} such that:

) f@®)=p(A(atB)),

(i) f t+iB)=g(at(B)A), vVtieR. (5)
Moreover a statep on the C-algebraA is separator if the givenalgebraicrepresentationis a von
NeumanralgebraW* endowed with a separator anytlic vector. The sets

| ={AE€EA ¢(A" A) =0}

and

={AEA :¢(AA*) =0}

are forming a left and rigdealin A. For any KMS state, we have ¥ I y.

The abovealefinition expresses thiijective relation betweerequilibrium state,holomorphicstate of

the measurparameterand KMS state.

Now, considering thgeneralproperties raised by the KMS condition, if vadmit that around the

Planck scale, the (pispacetime system is in d@hermalequilibrium state, then we are also bound to

admit that this system is in a KMS state. Indeed, it has been shown @nerago [11] that if a state
+®

of a systemw satisfies theequilibrium condition fw([h,at(A)])dt =0, VAeU, then, o satisfies

the KMS conditionSo,there is a biunivoqueelation betweerequilibrium state and KMS staté&o,

if we admitthat around?pjanq the (prgspacetime system is in @hermal equilibrium state, then

accordingo [11], we are also bound twimit that this system is in a KMS state.

Next, let'spush forwards the consequences raised blalmenorphicityof the KMS strip.
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4. HOLOMORPHIC TIME FLOW AT THE PLANCK SCALE

As a critical consequencef the KMS condition, we are induced to consider that ttime-like
coordinateggp becomesiolomorphicwithin thelimits of the KMS strip. Indeed, atemonstratedn
detailsin [10-19, within the KMS strip, wenecessarilyshould have :

t— tc=tr+it (6)

In the samavay, the physical (realemperatureshould also be considered@snplexat the Planck
scale:

T—=Tc= Tr+ITj (7)

as proposed bptick andWitten in anothercontext[1]. This unexpecteckffectis simply due to the

fact that, given a von NeumamigebraW* and twoelementsA, B of W', then there exists a
function f€c) holomorphicin the strip {t €C, imt, € [0, #8]} such that:

f()= (A (ot B)) andf (t +iAB) = (ot (B)A), V tER (8)

Here,t is the usualime parametepof the 3D theory, likéil3 JVkT' So in our case, within tHinits
of the KMS strip,i.e. from the scale zerd3(= 0) to the Planck scal® & /pjanck), the "time-like"

directionof the system must lextendedo thecomplexvariable

tc=tr+itieC, ImtcE|[iti , ] (9)

Of course, thé@olomorphicityof thetime like directionof thespacetimas induced in anaturalmanner
by the fact that in our approach, tiermodynamicasystem is thepacetimatself. Such asituation
has beeinvestigatedin detailsin [10] in thecontextof "quantum groups” andon-commutative

geometry.

Indeed, accordingto Tomita's modular theory20], the KMS condition, whenapplied to the
spacetimeas a system, allows, within the KMS strip, théstenceof an "extended"(holomorphic)

automorphismigroup of evolution”, which depends, in tblassificationof factors [12], on a "type

lI'A factor” M, (a factor is specialtype of von Neumann algebra, whose ¢kateris reduced to the

scalarae ). Theextendedautomorphisngroup has the following form :

Moo (Mg)=e "tM, e (10)
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with the3c = 3 +iAl3  parametebeingformally complexand able to benterpretedas acomplextime
tand / otemperaturd —Tc= Ty + iTj . So,the KMSconditionsuggests thexistenceat the Planck
scale, of arffectiveone looppotentialcoupled, in N = 2 supergravity, to tbemplexdilaton + axion
field ¢ = gi2+ia andyielding the dynamicalform »,,, = diag(1, 1, 1 ,eig) for the metric. The
signature ofr,,, is Lorentziann(i.e. physical) for 6 = + & and carbecomeEuclidean(topological)
for 8 = 0. Consequently, the "KMS signature” of the metri¢tis++). This is as it should be since,
considering the quanturfluctuations of g,,, there is no morenvariant measure on the non
commutative metric. Therefore according to von Neumanralgebratheory, the "good factor"
addressing those constraints is uniquely a caommutativetracelessalgebraj.e. the type Ik factor

Mg, of thegeneraform constructedy Connes [12] :
_ 01 Ri _ 0,1
Mg= MTop =< R7 = MTop =g RSy (11

Mo being a type W factor andR%Z the groupactingperiodicallyon Mqs;. Therelationbetween

the periodsh andR is such thati =2—g, so that wher3 — «, we getA — 0 (theperiodicity is

suppressed).
Atthe Lie group level, this "superposition state" can simply be given bgythmetrichomogeneous
space cortauctedin [10] :

S0@3, 1)® SO (4)
2h = SO (3)

(12)

to whichcorrespondsat thelevel of the underlyingnetric spaces involved, th@pological quotient

space :

RS, 1@ [RQA'
= 13
top S0@) (13)

In the non ommutative context, G. Bogdanoff has constructed, again [h0], the "cocyle

bicrossproduct” :

Ug(so(4)pp "1 Uq(so(3,1)) (14)
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where Uyso(4PP and W(so(3,1)) are Hopf algebras (or "quantum groups"[21]) gral-cocycleof
g-deformation. The bicrossproduct (7) suggestsuaexpectedkind of "unification” between the
Lorentzianand theEuclideanHopf algebras at the Planck scale and yields gbssibility of a
"g-deformation”of the signature from thieorentzian(physical) mode to thEuclidean(topological)

mode[10-19].

Now, starting from equ(10), it appearsclearly that theTomita-Takesakimodularautomorphisms
group o (Mg) corresponds to theinification” given by equ(14) and induces, within the KMS

field, theexistenceof two dualflows.

(i) On the boundan®j = /p . the first possibl@ow, of the form

o (Mg)=€"Pm, e™F (15)

corresponds to thedgebraof observables of the system and to the hizianflow in real time. In this
perspective, this flow is a "physid&dw"”, that wecall r';DJ; . This scale represents the physical part of
thelight cone and, consequently, the notion of (Lebesgue) measure is fully defined. Therefore, the
(commutativealgebrainvolved at such a scale is endowed wittyperfinitetraceand is given on the
infinite Hilbert spacef(h), with i = L2(R). Then, £(L2(R)) is atype | factor, indexed by the real

groupR}, which wecall My, .. Of course, at this scale, the theory is Lorentziantrolledby SO(3,

1).

(it) On the "zero scald¥j = 0 limit, the second flow take®cessarilfhe non unitary form :

B

H - B H

(16)
giving onMgq the semi-group of unbounded amoh-stellaroperators. Thisitial «topological»scale
corresponds to thenaginaryvertex of thdight cone,i.e. a zero-sizegravitationalinstanton[19]. All

the measures performed on theclideanmetric being p-equivalentup to infinity, the system is

ergodic. As shown by A. Connes, any ergodic flow fomaariantmeasure in the Lebesgue measure

class gives a unique typke, hyperfinite factor[12]. This strongly suggests that the singular 0-scale

114



should be described by a type factor, endowed with lyperfinitetracenoted Tk. We havecalled

MTO(;; such a'topological” factor, which is annifinite tensor produc®” of matricesalgebra(ITPFI)
of the Ry, Araki-Woodstype [22]. SinceMq= Mgy, ><lg B S, on theR j = O limit, we get
Mq= MTO(;E.With respect to thenalyticcontinuatiorbetween () an@), o;z(M,) represents a “current
in imaginarytime”. We have stated in [19] that this current is another wagteéopretthe "flow of

weights" of thealgebraMq[23]. Clearly,accordingto [23], the flow of weights of Mg is an ergodic

flow, which represents anvariantof Mq_ Then, o3 (M,) Yyieldsa puretopologicalamplitude[24]
and, assuch,"propagates” inmaginarytime from zero to infinity. oiz (M,)is not defined on the
whole algebraM g but on anideal { ¥} of Mg One candemonstratehat in this case, the theory is

Riemannian, thessometriesof themetricbeing given by SO(4). As showed [(h0, 19] this zero scale
corresponds to the first Donaldsionariant | = E(—l)ni and can be described by ttupological
i

guantum field theory proposed by Wittenin [24].

To finish, let's observe that theopologicalflow does notommutewith the physicaFlow. Again,

this is adirectandnatural consequencef the KMS condition.

5. DISCUSSION

It is interestingto remark that in thitally differentcontextof superstrings,J.J.Atick and E.Witten
were the first to propose such an extension of theteegleraturedowards acomplexdomain[1].
Recently, in N=4supersymmetristring theory,l. Antoniadis,J.P.Deredingerand C. Kounnas [5]
have also suggested to shift the tealperaturdo imaginary one byidentification with the inverse
radius of aompactifiedEuclideartime on Sl, with R = 1/ 27T. Consequently, one camtroducea
complex temperaturein the thermal moduli space, theimaginary part coming from the B,

SITY L type lIB <Y s Heterotic string-string dualities.

antisymmetricfield under typellA
More precisely, irAntoniadisandal approach, the fieldontrolling the temperaturecomes from the
product of the real parts of threemplexfields : s= ReS, t= ReT and u= RdJ. Within our KMS

approach, the imaginary parts of theduli S, T, U can beinterpretedin term of Euclidean
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temperaturelndeed, from our point of view, a good reason to considetethperatureas complexat
the Planck scale is that a systenthermodynamicaéquilibrium state must be considered as subject

to the KMScondition[11].

(if) On the other handaccordingto most of the models, supergravity is considered as broken for
scalesgreaterthan the Planck scale. But supersymmetry breaking is also clus®lgctedto the
cancellationof the thermodynamicequilibrium state. C. Kounnas hascently demonstratedhat a
five-dimensional(N=4) supersymmetry can be described byoar-dimensionaltheory in which
supersymmetry is spontaneously broketiitije thermaleffects[6]. This scenario may bappliedto

our setting. As anatterof fact, the end of théhermal equilibrium phase at the Planck scateght

bring about the breaking of KMS state and of supersymmetry N = 4. This corresponds exactly, in ou

case, to thdecouplingoetweenmaginarytime and real time.

To sum up, the chain of events ablesiplain the transitionfrom thetopological phase to the

physical phase of thepacetimamight be the following :

{themmodynamicagquilibriumbreaking — { KMSstatebreaking — {imaginarytime/ realtimedecoupling

— {topdogical state’ physicalstatedecoupling— {Supersymmetrgreaking

We have given detaileddescriptionof such atransitionin [19]. Likewise, the supersymmetry is
broken in [5-6] by thdinite temperaturewhich corresponds in our view to tdecouplingbetween
real andmaginary(topological)temperaturgthetopologicaltemperaturéeing identified, in Kounnas
model, with the inverse radius ofcampactifiedEuclideantime on S : 24T = }/R). Applying this
representation, thgartitionfunction in our case is given by tfgiper)tracever thethermalspectrum
of the theory in 4 dimensionéccording to this, supersymmetry breaking atrensition from

topologicalstate to physical stateight be deeply connected.
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Considering thexpectedhermal equilibriuntharacterizinghe physics at the Planck scale it is here stated, for the first

time, that as a system the spacetime at the Planck suaébe consideredas subject to the Kubdartin-Schwinger

(KMS) condition. Consequently in the interior of the KM8ip,i.e. from the scale B = 0 to the scale ¥ p|anck the

fourth coordinategq4 mustbe consideredis complex, the two real poles being R = 0 andf3pmnck This means that

within thelimits of the KMS strip the Lorentzian and tlkeiclideanmetric are in a "quantum superposition state" (or
coupled)this entailing a "unification" (or coupling) between the topologi@lclidean)and the physicalLorentzian)

states of spacetime.

1. INTRODUCTION

Much have beerecentlysaid regarding the physical state of the universe atitirety of the Planck

scale. String theory, nocommutativegeometry, supergravity or quantum gravity have contributed,
independentlyf each others, to establish on solid basis the dat&@rsitionphase” in the physical
contentand thegeometricstructures of thépre)spacetimat such a scale. But what is the nature of
thisdramaticchange?In the present paper, we propose a novel approach, based on one of the mos
natural and realistic physicalcondition predictedby the Standardlodel for the (pre)universe. In

agreementwith somewell-establishedesults [1-2-3] (recalledin [4] ) and, more recently, the
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approach of C. Kounnamdal [5-6], we argue that at the Planck scale,"#pacetimesystem” is in a
thermodynamicaéquilibrium state[2]. This notion ofequilibrium state at the Planck scale has been
recentlystated with some neinterestingarguments ifi7-8-9]. As a consequencagccordingto [10],

we suggeshereafterthat the (pre)universe should be considered as subject tKutheMartin-
Schwinger (KMS)condition[11] at such a scale. Surprisingly, the well known KMS and modular
theories [12] have never beappliedto the study of thenetric properties in theontextof quantum
cosmology ; however, the KM$ondition might have dramatic consequences onto Planck scale
physics. For which reasons? Because, wdpgliedto quantum spacetime, the KMsBatisticsare
such that, within thimits of the "KMS strip"(i.e. between the scale zero and the Planck scale), the
time like directionof the system should be consideredasplex t —t. =t, +it;. G.Bogdanoffhas
showed in [10] that at the scale zero, the theorprggectedonto the puremaginary boundary

t =t =it; of the KMS strip. Namely, there exists, aroufid— 0, anon-trivial topologicallimit of
guantum field theorydual to the usuatopological limit associatedwith 3 — o in the partition

function (2). Such atopological state of the(pre)spacetimecan be described by thepological

invariant
Z =Tr(-1)8 1)
R=0

given by thé? — Olimit of thepartitionfunction(2). sis here thenstantonnumber of the theory. It

has beedemonstratedi10] that thistopologicalindex is isomorphic to the first Donaldsmvariant

[13]. This suggests that at zero scale, the obsernv@plesist bereplacedoy the homology cycles

H, C ankc),d in themoduli space ofyravitationalinstanbns [14]. We get then a deemrrespondence

-a symmetry ofduality- [15-16], between physical theory amapologicalfield theory. Conversely,

on the(classical)infraredlimit B = /p; e the imaginary componentcancelsand thetime like
directionbecomes pure real—t. =t, So, within the limits of the KMS strip(i.e. for 0 <3 <

! p1anck)» theLorentzianand theEuclideanmetricare in a "quantum superposition state" (or coupled).

Such a superposition state, describediétail in [10], is entailing a "unification" (or coupling)
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between thetopological (Euclidean) and the physicalLorentzian) states of spacetime. The

(Lorentziar/ Euclidean)states of thenetricg,,, are given by thpartitionfunction

Z =Tr(-18 e-RH (2)
with 3 = % as usual and being the"metric number" of the theory. To avoid amlfficulty of

interpretation)et'sremark that the scaf@mrametefd admitstwo possiblentepretations (i) either
BJ/kT can be seen as a réiale parameteof a Lorentzian(3+1)-dimensionatheory [17] or (ii)

=it can beanterpretedas the fourtlspace-ke directionof a Riemanniard-dimensional Euclidean
theory (e.9. B=/pjancl) [18]. In the second cas® is aperiodic imaginary time interval [5-6].
Considering the hypothesis dfolomorphicity formulated in section 4, we use here the two
interpretationsln such a context, the KMS state of t{pe)spacetimemay be considered as a
transition phase from théuclidean topological phase(3 = 0) to theLorentzian physical phase

beyond the Planck scdE0-19].

The presenarticle is organizedas follows. In section 2 weecall that at the Planck scale, the
"spacetimesystem” should mosikely be considered as being ith@rmodynamicakquilibrium state.
In section 3, we show that, aaturalconsequencef this equilibium state, thespacetimenust be

considered as subject to the KMS condition. In section 4, we suggest that, considering the KMS

properties, théme-like directiongs4 of themetricshould be seen @smplextc = tr + i tj within the
limits of the KMS strip. In section 5, we discuss briefly ttamsitionfrom imaginarytime tj to real

time ty in terms of KMS breaking beyond the Planck scale.

2. THERMODYNAMICAL EQUILIBRIUM OF THE SPACETIME AT THE PLANCK
SCALE

It is well known that at the Planck scale, one neigiecta thermodynamical'phase transition",

closely relatedto (i) the existenceof an upperlimit in the temperaturegrowth -the Hagedorn
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temperaturgl]- and i) theequilibriumstatecharacterizingmost likely, the&pre)spacetimat such a
scale. In such eontext theseminalinvestigation®of K. Huang andS. Weinberg[2], Dolanand R.
Jackiw [3] , therlater of several others, have renewed thigal idea of Hagedorrroncerningthe
existence, at very higiemperatureof alimit restricting the growth of stategcitation. Already some
time ago, J.J.Atik and E.Witten have shown tlexistenceof a Hagedorrimit around the Planck
scale in string theorjl]. The reason is that, ascentlyrecalledby C. Kounnas [6] in theontextof

N = 4 superstringsat finite temperaturethe partition function Z(3) and the mean energy(RR)
develop some power poklingularitiesin B = T-! since the density of states of a system grows

exponentiallywith the energy E :

. 1
Z(R) = [dEp(E)e T (R_pD

J 1
U(B)=%Inz~(k—1)m 3)

Clearly, equ.(3)exhibitsthe existence, around the Planck scale, ofitacal temperatureT,, = b,
where thdpre)spacetimeystem must be viewed as inh@rmodynamicaéquilibrium state. Indeed,
a(t) being thecosmologicakcale factor, the globsmperatureT follows the well-known law :

{themnodynamicatquilibriumbreaking — { KMSstatebreaking — {imaginarytime/ realtime decoupling

— {topdogical statel physicalstatedecoupling— {Supersymmetrigreaking
1

E 5\2

) z—pz(ﬁ) k'=14.10°K . In

kB

and around the Planck tim€,is reachingthe critical limit T G

fact, it iscurrentlyadmittedin string theory that, before theflationary phase, the ratio between the

interactionrate (") of theinitial fields and th€pre)spacetimexpansion (H) 'Sﬁ << 1, so thatthe

system can reasonably be considereguilibrium state This has beeastablisheda longtime ago
within some precursor workslreadyquoted in ref[1,2,3]. Recentlythe same approach has been
successfully considered by C. Kounresl in the superstringsontext[5]. However, this natural

notion ofequilibrium,when viewed as a global gauge condition,dramaticconsequences regarding
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physics at the Planck scale. Among those consequencggstionablithe mostimportantis that the
(pre)spacetimat the Planck scale must be considered as subject to the famous "KMS condition”, &

very specialandinterestingphysical state that we are now going to describe.

3. THE (PRE)SPACETIME IN KMS STATE AT THE PLANCK SCALE

Let'sfirst recallon mathematicabasis what aequilibriumstate is.

Definition H being anautoadijoint operator and 7 the Hilbert spaceof a finite system,the
Tr (e ®A)
- 7

-y and

equilibrium state w of this systemis describedby the Gibbscondition w(A) = Troe
satisfy theKMS condition.

This well-knowndefinition has been proposed for the fitshe in [11]. Now, it is usual (and
natural)to oppose the notion @quilibriumto the one okvolutionof a system. In fact, the famous
Tomita-Takesakmodular theory hagstablishedhat the"intrinsic" dynamicof a quantum system
corresponddn a unigue manner, to the strongly continuous arameter - automorphisngroup

ot of some von Neumann™G algebraA [12] :

ai(A) = elHt A e-iHt (4)

This oneparametergroup describes théme evolution of the observables of the system and
corresponds to the well-known Heisenberg algebra. Nothing mysterious at this-siager,we
are here brought to find themarkablediscovery ofTakesakiand Winnink,connectingthe evolution

groupa (A) of a system (morpreciselythe modular group! = At M A-it) with theequilibrium
Tr(Ae ™)

statep(A) = m

of this system [11-20]. With this more or lagsexpectedrelationbetween

evolutionog (A) andequilibriumg(A), we nowmeetthe famous "KMS condition”. More exactly, in

the frame of quantunstatistical mechanic, the KMScondition provides a rigorousnathematical
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formulation about thecoexistenceof different possible equilibrium states at thesame given

temperaturd.

Let'srecallnow how such aelationbetweerequilibrium state andevolutionof a system isealized

by the KMS condition. It has beetearlyestablished11] thata staten on the C -algebraA and the

continuous onparameteautomorphisngroup ofA at thetemperature3 = 1 / k T verify the KMS

conditionif, for any pair A, B of the- - sub-algebra of\, o - invariantand of dense norm, it exists

a f(¢) function holomorphicin the stripdet+iRBeC, Imtc&[0, B]} such that:

) f@®)=pA(atB)),

(i) f t+iB)=g(at(B)A), vVtieR. (5)
Moreover, a state on the C-algebraA is separator if the givenalgebraicrepresentationis a von
NeumanralgebraW* endowed with a separator anytlic vector. The sets

| ={AEA ¢g(A" A) =0}

and

={AEA :¢(AA*) =0}

are forming a left and rigdealin A. For any KMS state, we have ¥ 1.

The abovealefinition expresses thiijective relation betweerequilibrium state,holomorphicstate of

the measurparameterand KMS state.

Now, considering thgeneralproperties raised by the KMS condition, if vadmit that around the

Planck scale, the (pre)sgetime system is in d@hermalequilibrium state, then we are also bound to

admit that this system is in a KMS state. Indeed, it has been shown @neragyo [11] that if a state
+®

of a systemn satisfies thequilibrium condition fw([h,at(A)])dt =0, VAeU, then, o satisfies

-0

the KMS conditionSo,there is a biunivoqueelation betweerequilibrium state and KMS staté&o,
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if we admitthat around’pi5ck the (pre)spacetime system is in @hermal equilibrium state, then

accordingto [11], we are also bound tammit that this system is in a KMS state.

Next, let'spush forwards the consequences raised blatmenorphicityof the KMS strip.

4. HOLOMORPHIC TIME FLOW AT THE PLANCK SCALE

As a critical consequencef the KMS condition, we are induced to consider that ttime-like
coordinateggy becomesiolomorphicwithin thelimits of the KMS strip. Indeed, atemonstratedn
detailsin [10-19, within the KMS strip, wenecessarilyshould have :

t— tc=tr+it (6)

In the sameavay, the physical (realemperatureshould also be considered@smplexat the Planck
scale:

T—=Tc= Tr+iTj (7)

as proposed bytick andWitten in anothercontext[1]. This unexpecteceffectis simply due to the

fact that, given a von NeumargebraW’ and twoelementsA, B of W, then there exists a
function fc) holomorphicin the strip {tc €C, imt, €[0, hB]} such that:

f(= @A ( B)) andf(t +inB) = ¢(at (B)A),V tER (8)

Here,t is the usualfime parameteof the 3D theory, likél3 J/kT' So in our case, within tHinits
of the KMS strip,i.e. from the scale zerd3(= 0) to the Planck scal® & /p|anci), the "time-like"

directionof the system must lextendedo thecomplexvariable

tc=tr+itieC, ImtcE|ity , t] (9)

Of course, th@olomorphicityof thetime like directionof thespacetimes induced in anaturalmanner
by the fact that in our approach, thermodynamicasystem is thepacetimatself. Such asituation
has beernvestigatedin detailsin [10] in thecontextof "quantum groups" andon-commutative

geometry.
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Indeed, accordingto Tomita's modular theory20], the KMS condition, whenapplied to the
spacetimeas a system, allows, within the KMS strip, théstenceof an "extended"(holomorphic)

automorphismigroup of evolution”, which depends, in tblassificationof factors[12], on a "type

lI'A factor” M, (a factor is specialtype of von Neumann algebra, whose ¢kateris reduced to the

scalarae ). Theextendedautomorphisngroup has the following form :

H H
Moo (Mg)=e "tM, e % (10)

with thelyc = B¢ +ial3 parametebeingformally complexand able to benterpretedas acomplextime

tand / otemperaturd —Tc= Ty + iTj . So,the KMSconditionsuggests thexistenceat the Planck
scale, of arffectiveone looppotentialcoupled, in N = 2 supergravity, to tbemplexdilaton + axion

field ¢ = g—2+|a andyielding the dynamicalform n,,, = diag(1, 1, 1 ,e'g) for the metric. The
signature ofr,,, is Lorentziann(i.e. physical) for 6 = + & and carbecomeEuclidean(topological)

for 8 = 0. Consequently, the "KMS signature” of the metri¢ts+z). This is as it should be since,
considering the quanturfiuctuations of g,,, there is no morenvariant measure on the non
commutative metric. Therefore, accordingto von Neumannalgebratheory, the "good factor”
addressing those constraints is uniquely a ecmmmutativetracelessalgebraj.e. the type Ik factor

Mg, of thegeneraform constructedy Connes [12] :
_ a0l [R?i 401
Mqg= MTop =g R7 = MTop =g RS (11)

MTOC',; being a type H factor andﬁ%z the groupactingperiodically on MTO(;%,. Therelation between

the periods. andR is such thatd =2—g, so that wher3 — «, we getA — 0 (theperiodicity is

suppressed).
Atthe Lie group level, this "superposition state" can simply be given bgythmetrichomogeneous
space cortauctedin [10] :

503, 1)® SO (4)
2h = SO (3)

(12)
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to whichcorrespondsat thelevel of the underlyingnetric spaces involved, thepological quotient

space :

R g R4
== = = 13
top R (13)

In the non ommutative context, G. Bogdanoff has constructed, again [h0], the "cocyle

bicrossproduct" :
Y
Ugiso(4PP [>+d Uqgso(3,1)) (14)

where W(so(4PP and W(so(3,1)) are Hopf algebras (or "quantum groups”[21]) @re2-cocycleof
g-deformation. The bicrossproduct (7) suggestsuaexpectedkind of "unification” between the
Lorentzianand theEuclideanHopf algebras at the Planck scale and yields gbssibility of a
"g-deformation”of the signature from thieorentzian(physical) mode to thEuclidean(topological)

mode[10-19].

Now, starting from equ(10), it appearsclearly that theTomita-Takesakimodularautomorphisms
group oz (M) corresponds to thenification” given by equ.(14) and induces, within the KMS

field, theexistenceof two dualflows.

(i) On the boundaryyj = / the first possibl@ow, of the form

Planck?

o (Mq) =€ M, e (15)

corresponds to thedgebraof observables of the system and to the hizianflow in real time. In this
perspective, this flow is a "physid&dw", that wecall [Ig; . This scale represents the physical part of
thelight cone and, consequently, the notion of (Lebesgue) measure is fully defined. Therefore, the
(commutativenlgebrainvolved at such a scale is endowed wittyperfinitetraceand is given on the
infinite Hilbert spacef(h), with § = L2(R). Then, £(L2(R)) is atype | factor, indexed by the real

groupR, which wecall My, .. Of course, at this scale, the theory is Lorentaiantrolledby SO(3,

1).
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(ii) On the "zero scalé¥j = 0 limit, the second flow take®cessarilfhe non unitary form :

g

H - B H

(16)

giving onMgq the semi-group of unbounded amoh-stellaroperators. Thigitial «topological»scale
corresponds to thenaginaryvertex of thdight cone,i.e. a zero-sizegravitationalinstanton[19]. All

the measures performed on theclideanmetric being p-equivalentup to infinity, the system is
ergodic. As shown by A. Connes, any ergodic flow fomaariantmeasure in the Lebesgue measure
class gives a unique typke, hyperfinite factor[12]. This strongly suggests that the singular 0-scale

should be described by a type factor, endowed with lyperfinitetracenoted Tk. We havecalled

MTO(;; such a'topological” factor, which is annifinite tensor produc®” of matricesalgebra(ITPFI)

of the Ry, Araki-Woodstype [22]. SinceMq= Mgy, ><lg B S;, on theR j = O limit, we get

Mqg= MTO(;E.With respect to thenalyticcontinuatiorbetween () an@), o;z(M,) represents a “current
in imaginarytime”. We have stated in [19] that this current is another wagteéopretthe "flow of

weights" of thealgebraMq[23]. Clearly,accordingto [23], the flow of weights of Mg is an ergodic

flow, which represents anvariantof Mq_ Then, o3 (M) Yyieldsa puretopologicalamplitude[24]
and, assuch,"propagates” inmaginarytime from zero to infinity. oiz (M,)is not defined on the
whole algebraM g but on anideal { ¥} of Mg One candemonstratehat in this case, the theory is

Riemannian, thessometriesof themetricbeing given by SO(4). As showed [(h0, 19] this zero scale
corresponds to the first Donaldsionariant | = E(—l)ni and can be described by ttupological

guantum field theory proposed by Wittenin [24].
To finish, let's observe that theopologicalflow does notommutewith the physicaFlow. Again,

this is adirectandnatural consequencef the KMS condition.

5. DISCUSSION
It is interestingto remark that in thitally differentcontextof superstrings,J.J.Atick and E.Witten

were the first to propose such an extension of theteegleraturedowards acomplexdomain[1].
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Recently, in N=4supersymmetristring theory,l. Antoniadis,J.P.Deredingerand C. Kounnas [5]
have also suggested to shift the tealperaturdo imaginary one byidentification with the inverse
radius of a&compactifiedEuclideartime on St, with R = 1/ 2#T. Consequently, one camtroducea
complex temperaturein the thermal moduli space, theimaginary part coming from the B,

SITY L type lIB <Y s Heterotic string-string dualities.

antisymmetricfield under typellA
More precisely, irAntoniadisandal approach, the fieldontrolling the temperaturecomes from the
product of the real parts of threemplexfields : s= ReS, t= ReT and u= RdJ. Within our KMS
approach, the imaginary parts of theduli S, T, U can beinterpretedin term of Euclidean
temperaturelndeed, from our point of view, a good reason to considetethperatureas complexat

the Planck scale is that a systenmthermodynamicaéquilibrium state must be considered as subject

to the KMScondition[11].

(if) On the other handaccordingto most of the models, supergravity is considered as broken for
scalesgreaterthan the Planck scale. But supersymmetry breaking is also clusslgctedto the
cancellationof the thermodynamicequilibrium state. C. Kounnas hascently demonstratedhat a
five-dimensional(N=4) supersymmetry can be described byoar-dimensionaltheory in which
supersymmetry is spontaneously broketiitije thermaleffects[6]. This scenario may bappliedto

our setting. As anatterof fact, the end of théhermal equilibrium phase at the Planck scateght

bring about the breaking of KMS state and of supersymmetry N = 4. This corresponds exactly, in ou

case, to thdecouplingoetweenmaginarytime and real time.

To sum up, the chain of events ablesiplain the transitionfrom thetopological phase to the

physical phase of thepacetimamight be the following :

{themmodynamicagquilibriumbreaking — { KMSstatebreaking — {imaginarytime/ realtimedecoupling

— {topdogical state’ physicalstatedecoupling— {Supersymmetrgreaking
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We have given detaileddescriptionof such atransitionin [19]. Likewise, the supersymmetry is
broken in [5-6] by thdinite temperaturewhich corresponds in our view to tdecouplingbetween
real andmaginary(topological)temperaturgthetopologicaltemperaturéeing identified, in Kounnas
model, with the inverse radius ofcampactifiedEuclideantime on S : 27T = }/R). Applying this
representation, thgartitionfunction in our case is given by tfgiper)tracever thethermalspectrum
of the theory in 4 dimensionéccording to this, supersymmetry breaking atrensition from

topologicalstate to physical stateight be deeply connected.
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The purpose of the present article, following "Mach's principle" (the main elements of whichonéteutedto

the foundations of general relativity) is to propose a new (non-local) interpretation of the inertial interaction. We
then suggest that the inertial interaction carcdmeectly describedby the topological field theorproposedby

Witten in 1988. In such a context, the instantaneous propagation and the rafiigigeof the inertial interaction

might be explainedin terms of the topological amplitudmnnectedwith the singular zero size gravitational

instantoncorrespondingo the Initial Singularityof space-time.
1. INTRODUCTION

The phenomenon afertia- or "pseudo-force’accordingto E. Mach [1] - hasrecentlybeen
presented by.P.Vigier [2] as one of the "unsolved mysteries of modern physics". Indeed, our
point of view is that thismportantquestion, which is wellormulatedin thecontextof Mach's
principle, cannot be resolved or even understood in the framewookeéntionafield theory.

Here we suggest a novel approacHijract outcome of théopologicalfield theory proposed by
EdwardWitten in 1988[3]. Accordingto this approach, beyond theerpretationproposed by
Mach, we considenertiaas atopological field, linked to thetopologicalcharge Q = 1 of the
"singular zero sizgravitationalinstanton” [4] whichaccordingto [5], can bddentifiedwith the
initial singularityof space-timen the standard model.

Evaluationof thetotal inertial (or inertial potential)contribution, resulting from the sum of the
masses in the universe may be given by:

GM
& 1 @

Uinertialtotal = E

univers
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which turns out to be anvariantfor eaclocalmass. On the other hand, tiopologicalcharge
of the singulagravitationalinstanton, of the form

1 UV
Q- 32;12'fd4XFin“ =1 @

is also aninvariant equal to unity, just as thwtal inertial contribution. Unexpectedly, the
equivalencdetween théertial mass and thgravitationalmassmightbeexplainedhere in terms
of the quantizationof thetopologicalcharge of the singulgravitationalinstanton6].

Wethereforeclaimthat thetopologicalcharge of the singularavitationalinstantonof zero size
represents thénon-local) source of theanertial interaction. Like the topological charge, the
inertial interactionis alsoinvariantand propagates itsélinstantaneously'from one point to
another in space-time. Such a property isempticablewithin the framework of field theory but
may find a solution imopologicalfield theory. In this new context, thatial singularitycan be
viewed as the source of'@pologicalamplitude”[3] corresponding to the charge of the singular
zero sizggravitationalinstanton,i.e. Q =fd4x Fﬁwli“" . Thisamplitudecan bedetectedat the

boundary 8 of the singulamgravitationalinstanton, which,accordingto [5], might have the

topology of the4-dimensionaEuclideanball B4 bounded by the spheré.SSo, the pseudo-

observables oRiemannianspace-timein the vicinity of the origin are hereterprded as co-
cycles oninstantonmoduli space and arassociateavith yj cycles on the B four-dimensional

manifold (Donaldson mapping7]). Considering a point X in 8 the topological amplitude
inducing thepropagatiorof theinstantoniccharge can take tlyeneraform :

{0g. 0x) = #(S* %)

Starting from this, the pseudo-observablesof the leftmemberare giving thetopological
amplitudesof the theory whereas the riglmemberdesignates the number iotersectionof vj
CB4. The function# (S°, X) is zero if the point X& B4 and is equal to one if X B4 (the
case for which there existgpologicalamplitude).

The presenrdrticleis organizedas follows. In paragraph 2, we briefgcall the contextin which
the problem ofinertia is formulated (in classical mechanics)[2]. Likewise, we recall the
canonicalformulationof Mach's principle, which suggestsian-local approach ofthe inertial
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interaction [1]. In paragraph 3, we consider thetdpological Mach's principle”, a new
formulationof Mach'sprinciplein thecontextof topologicalfield theory[3]. In paragraph 4, we
suggest that theropagatiorof the "causal signatonnectedvith thelnitial Singularity of space-
time [5] can convenientlybe described by th#opological amplitude related to a singular
gravitationalinstantonof size zerd4]. We completethis approach byhowing, from another
point of view, that if thétopologicalsignal” at the origin has @irac mass (aistributionwith a
support reduced to zero), then this signal is seinfitdty - i.e. onto the sphere3epresenting
the co-boundary of thepace-time&4 and of the singulagravitationalinstantorB4 [5]. Last, we
discuss these diverse results andjecturesn paragraph 6.

2. REMINDER : INERTIA AND MACH'S PRINCIPLE

It is well known in classical mechanicsthat the ingial interaction is interpreted as an
instantaneouseactionto acceleratiorof anymaterialobject :

fi=-ma

a being theacceleratiorof the system itselfAccordingthe Newtonian point of view, - and, to
some extent, ispecialrelativity - , thisreflectsaninherentproperty of matter, which does not
conflict with theconceptiorof absolute space atiche.

On the contraryaccordingto generalrelativity, althoughindependentof the observer, the
intrinsic properties ofspace-timeand its geometryare described by aetric configuration
inseparabldrom thedistributionof the matter. Thiselationshiphas been defined caxiomatic
basis in the "equivalenceprinciple” betweerinertia and gravitationalmass.However,how can
oneexplainthe instantaneougpropagation(i.e. non-physical in thestrict sense) of thenertial
interaction? How does this intaction propagateitself at"infinite speed” from one point to
another inspace-time?

The firstattemptto provide a global response wasalitatively formulatedby E. Mach [1] for
whom, on the basis of thelativity of all motion, the origin ofnertia is the"interconnection"of
all matterin the universe. We take from this tlgeneric expression of Mach'grinciple as
initially formulated:

Definition 2.1. (E. Mach): theinertial referencepoint defined byocal physicscoincideswith
the referencepoint in whichdistant objectsare at rest, where itresultsthat the mostdistant

masseslistributedin the universeetermine theinertial behaviorof local masses.
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Numerous other variants of Maclpsnciple still exist, developedotably by Brans-Dicke[8],
Bondi-Samue[9] or Brill [10] and some othergdowever,none of these approaches appears
able to explain, in a framewodompatiblewith relativistic principles, the nature of theertial
interactionas well as its mode of propagation.

We now proposehereafterto renew the approach of Machfsinciple in the context of
topologicalfield theory.

3. TOPOLOGICAL MACH'S PRINCIPLE

Our main suggestion within this paper is that the foundation on which Maatégple lies (as
the notion ofinertia) is not "physical” but falls withitopologicalfield theory, defined byVitten

in 1988[3]. As an example, we consideoucault'spendulumexperiments, which cannot be
explainedsatisfactorilyin eitherclassicalor relativistic mechanics. Weecall that the problem is
the angulainvarianceof the plane ofoscillation of the pendulumy. Then, the "topological
Mach's principle" assumes that the interaction betweand ‘global space-time 'E is itself

of the topologicaltype - which by its nature explains precisely the invariant gtabal
propertiesof the systemformed by theoscillationplane of the pendulum and the rest of the
universe.

In [5] the existenceof a zero scalémit in pre- space-time was suggested, suchlimnit
concentratingthe energy density of the "whole universe”, in Mach sense.We begin by
showing that within such an approach, the zero smalégurationhas nophysicalcontent
(there exists no stable physical length lower than the Planck length) butoisolagical
configuration, corresponding to a singugaavitationalinstantonof zero size.

3.1 Zero scale of space-time and topologicalfield theory

As Weinbergfirst stated11], one can reasonably consider trsggace-timeat the Planck scale
forms a system in globathermodynamicakquilibrium. From analgebraicpoint of view, an

equilibrium state is a state on a”€ quasi-local algebra A, generatedby a sub-algebra
corresponding to thanematicobservables of the sub-system. Such a gtateA can be given,

at thetemperatur® -1, by theGibb'sstate :
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Try(e A

¢(A) = W

On the other hand, in trentextof the Tomita-Takesakmodular theory, the famousubo-Martin-
Schwinger "(KMS) condition" [12] has establishedthat each stat@(A) of the system can be

connected, in a unique manner, to the strongly continuouysasameter - automorphismgroup o

giving thetime evolutionof the observables and corresponding to the well known Heisealgelga

Oﬂt(A) = eth A e—th

Now, starting from thexpectecequilibriumstate of the universe around the Planck scale, it has
been shown in [5] that (prepace-timeat the Planck scale can be seen as subject to the KMS
condition[12]. Therefore, within th@olomorphicKMS strip(i.e. between the scale ze® £ 0)

and the Planck scalB € /panch). it iS thereforenaturalto consider théimelike directionof the
metricasholomorphi¢ so that we should have :

t—=1 =fF+it

as showed iff5]. In the sameway, the physical (realjemperatureshould also be viewed as

complexat the Planck scale :

T—=Tc= Ty +iTj

as proposed bwtick and Witten in anothercontext[13]. Recently, in N=4supersymmetric

string theory,l. Antoniadis,J.P.Deredingerand C. Kounnas [14] have al§ttroducedat the

Planck scale aomplextemperaturén thethermalmodulispace, thénaginarypart coming from
S/T/U S/T/U

the B,y antisymmetricfield under typellA <————type lIB <———— Heterotic string-

string dualitiesSo,the KMSconditionsuggests thexistenceat the Planck scale of affective

one looppotentialcoupled, in N = 2 supergravity, to tikemplexdilaton + axion fieldyp =

gi2+ ia andyieldingthe followingdynamicalform of themetric
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. i . ig
Ny = diagL, 1, 1€'7) My = diagd, 1, 1¢'%) (3)

The signature of thmetric (3), endowed with asupplementarydegree of freedom in theyg
component, i orentzianfor 6 = £t and carbecomeEuclideanfor 6 = 0. The modular theory
of Tomita [15] suggests then th&lualisation" of the signature given by thgeneralized
automorphismsf the "quantum von Neumamigebra'Mgq, which can be wtten:

_ o HRe - Hi
My ag (M) =e "M, e (4)

Thetemporalflow associatedavith (4) isformally holomorphicin thevariablel3c = G+ i3 € C.
The group of modulaautomorphismss; generateswo dual flows. The first one, of the form
C

a(Mg)=eM e™ M | teR. (5)
corresponds to thalgebraof observables and to th@rentzianflow in real time. On the other
hand, the dual current, is :

05(Mg) = e "M, e (6)

giving on thetopologicalvon NeumanrelgebraMg a semi-group of non-bounded and non-
stellaroperators. The flonog of M is defined not throughout the whole &, but on an

ideal {¥} of M and coupled to theopologicalflow in pure = i t imaginarytime. In the

modelconstructedn [5], thealgebraof observables described by (5yéplacedat the scale zero

of space-timdoy an"algebraof states”, dual to thalgebraof Heisenberg in the forn(6). Of

course, at the singular 3 = 0 scale, it is no longer possible to conserve the notion of physical
observables; instead, we consider homology cyclesoduli space of (zero sizeravitationd
instantons. Thiatterconclusion remains true, in pureaginarytime, for allreal 3 > 0. Such an
approach allows us to distinguish thdbierent domains in thécosmologicallight cone”, each

of these domains being described bgpacificvon Neumanralgebracalleda "factor”[16]. If
we call MT%; = R® F the factor 3 1 of type llw corresponding to the singular zero scale, as all

ergodic transformationsstarting from MTOO‘; (flows associatedwith zero scale) are weakly

equivalenttherefore MT%’I}J is a hyperfinite factor of theAraki-Woodstype [17]. The factor

MT%; is then canonical. More generally, there exist thus three scales (corresponding to the three

regions of theosmologicalight cone) and described by thriferent"factors” :

(i) theclassicalscale (B »lanck, described by thiacialfactor Mp,, s of type ke;
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(ii) the quantumsuperposition scale (0 < [ pPlanck described by thdracelesstype

Il ), factor such that ] = Il ,, ><Ig R*, . Then, we writtMa= M ><lg R* . ;

(ii) the topologicalscale (zero scakssociatedvith 3 = 0) described by theacial type lloo

factor My .

To finish, we note that thedgebraic'flow of weights" [18]associatedvith the factorMT%; of

type llo at zero scale adpace-timas aninvariantof MTOC;Fl). Thus, it has also beeamown,again

in [5], that theinitial space-timesingularity, can beapproacheadot in terms ofdivergencesof
physical fields but in terms ¢dpologicalfield symmetriesandassociatednvariants(such as the
first Donaldsonnvariant[7-19]) :

=y ()"

n; being defined by Donaldson as thstantonnumber of the theory7]. i is indicatingthei th

instantonand i = 0 or 1determineghe sign of itscontributionto Z. Thecontributionof theith

instantonto Z is (-1)"™. The index ¥ (-1)"'is a non-polynomialtopological invariant,
i

reduced to amtegerwhen thedimensionof the instantonmoduli space dirm{rggd = 0[19].

Then, a possible resolution of tmitial Singularityconsists in considering that the singular zero
scale, which cannot be described by (fherturbative)physical theory, should be described by
the(non-perturbativeglual theory, of théopologicaltype.

3.2 Topological invariant of singularity

Startingfrom Witten [3], one normally definestopologicalfield theory as thejuantizéion of
zero, theLagrangiarof the theory beingither(i) a zero mode, oiii) acharacteristiclass_ of
avectorialbundleV—— M built on space-time. A newopologicallimit of the theory has
thereforebeen definefb], which is botmon-trivialand no longer based on H = 0 but/®s 0
and hencendependenof H. 3 plays the role of a coupling constant, such that it exisisfiaite
number of states natteractingwith each other anoshdependentf H. The point is that fofd =
0, theaction S is prgected onto a nontrivial minimum, corresponding to theelf-duality

conditionR = + R*. Then, theninimumof theactionis not zero (as it is in thigivial case) but
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has anon-trivial (invariant) value. But in this case, the fielcbnfigurationis necessarily

Euclideanand defines gravitationalinstantonj.e. atopologicalconfiguration.

Let's recall that the ordinary topological limit of quantum fieldeory is described by the

Witten invariant
Z, = Tr(-10 (7)

n being the zero energy states of the theoryekamplethe fermion number isupersymmetric
theorieg20]. Equ. 7 is given by thimit of thepartitionfunction Z = Tr(-10 e-RH for zero (or
invariant)values ofH. Here, Z, =Tr(—1)ne‘ BH is simply thepartition function attemperature

p 1 connectedvith a set described by the densiigitrixQ = (-1)Ne-BH.

Now, we propose to extend Witten's results intochrextof N=2 supergravity21]. In such a
context, weanalyzethe zero mode of thepace-timescale(i.e. the 3 — 0 limit). Hence, as
observedhereaboveandaccordingto the results of5], at the Planck scale, the space-time, in
thermodynamicakquilibrium, can be considered asibmittedto the "KMS condition” [12].
Therefore, within thémits of the KMS strip 4.e. between the scale ze® £ 0) and the Planck
scale (3 =¢pjancl)- thetime like directionof the metric might be viewed asholomorphic The
corresponding quantufluctuationof the signature of thmetricfrom theLorentzianform to the
Euclideanone and conversely has besthibitedin [5] and can be described by thymmetric
homogeneous space

_ SO(31)®S0(4)
- SO(3)

>h

SO(3) beingdiagonallyembeddedn SO(3, 1)® SO(4). In terms ometric field, to such a
superposition stat@ight correspond a "monopoles+instantons” configurationattien of the
superposed theory being of tpeneraform :

1
9%(p)

~ 2,—
B+ = fd4x Ry R + 9fd4x Tr R, R w, 9 W) g’) {IIRIZ +||DM¢|2}
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Accordingto the results of E. Kiritsis et C. Kounnas on a classetdéroticground states in 4[5],
equ.(11) can be true gertainclasses of N = 8upergravitiegresulting of spontaneous breakdown of
N = 4). SuchLagrangianscontaina scalarpotential representingthe kinetic terms and a Kahler
potential[21]. This type ofactionresultstypicdly from the Instanton-Monopolesymmetry ofduality
found in [5] andecentlyverified by C.P.Bacchas,P. Bain andM.B. Green in theontextof string
theory[22]. Namely, 4-instantonfEuclideanmetric) and (3+1)-monopodlef_orentzianmetric) are

connectedby a complexdilaton field (or S-field) [21] of the form giz+i9 playing the role of

coupling constant of the superposed the8&uy, on the infraredimit (3= ¢pj5ncK) COrresponding to g
1 2
R

2
— oo, theinstantoncontributionto thefunctionalintegral, given by e ¢ (p) is sugpressedThis

is a well-known resuliflemonstrate@ longtime ago[7]. On the contrary, it has been pointed in [5]
that the monopoleonfigurationis well defined on this limit.So, the "superposedction”is reduced
to:

o 0= SR [, )

corresponding to a 4Dorentzianconfigurationof themetricon the infrared limit. Conversely, on the
ultravioletlimit 3—0, it has beershowed,again in[5], that monopoleontributionis suppressed
from thefunctiond integral, just like theerturbativepart of theinstantonicaction (tunnelingeffect).
However,one can easily observe that tbpological charge Q :9fd4x T R, % *¥'is conserved in
~#m+i , so that on th& — 0 limit, the theory contains only Riemanniantopological contribution
coming from zero size instantof. Of course, for 0 € < /panck » theaction takes thegeneral

"superposed" form¥m+j mixing LorentzianandEuclideanstates of thenetricfield.

Now, we shall consider theartition function Z, describing thisgeneralizedsymmetry of all
possible stateglLorentzianor Euclidean)of themetricbeyond?p nek -

Z, =Tr(-1pe-fRcH 8)
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with & € € and srepresentinghe number of instantons of the theoAccording to N=2
supergravity properties, H can égequatelydescribed by the square of theac operatorIZ)z.
Now, let'sconsider the scale 3 = 0. Equ.(8) becomes:

Z, = Tr(-19

This new index, isomorphic to thWitten invariantZ = Tr(-1), can beexplicitly associated
with theinitial singularity of the pre-space-timereachedor the value 3 = 0 (zero mode of the
scale) of themetric statespartition function. One carthereforeextend theiso-dimensional
monopole /instantonduality by suggesting that such duality symmetry links the BRST
cohomology ring (physical sector of the theory) and the cohomology ring iosthatonmoduli
spacgtopologicalsector). The BRST cohomology groups [21] having#rericform

(9)
() _ kerQgRst
H(@ __ KeTQBRs 9
BRST imQég,—é)T 9)

we then consider that thepologicalfield theory allows thénjectionof rings :

AU

g=k0 HgBRST—L’H*(Mr(TIfg,d)=®q§OH(i)(M(") ) (10)

*
HarsT=® i mod

which provides arinjective path of the physical mode into thepologicalmode. In terms of
observables and homology cyclebl; C M,%kgd in modulispaceﬂlr%'f))d of configurationsof the
gravitationalinstantontype 3[¢(x)] on thegravitationalfields ¢ of the theory, we bring out the

equivalence

{0,0, ... 0y = #(H,NH, N ... N H,) (11)

where the physical sector of the theory is described by the observaindshe dual sector, of
thetopologicaltype, by the homology cycléek C Mr(nkgd. Theoscillationof the signature of the
metric between physical and topological sectors is then induced by the
divergenca U, =f(?”ju d*x of the ghost flow [16][15]. WhenAU = 0, as there exists no

embeddingspace fomodulispace, we suggest that the theory is {efectedin the Coulomb
branch, at the origin oﬁ{r%'gd, on a singulainstantonof zero size [4] which wedentify to

space-time at zero scale. The theory iamified on the purelytopological sector  , the
corresponding signature at this sector b&undidean(++++).
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From this viewpoint, thenageof Euclideanzero symmetry, described by the non-broken gauge
group of type SU(2& SU(2),is given by the first Donaldsanvariant[7] associatedvith the
existenceof a "topological amplitude” characterizingthe theory. When  diey,;, (k = 0, the

Donaldsonnvariantsare given by theorrelationfunction of the theory :

Z(y1-vr) =fDXe‘S iljlf\Mq - <i1:[1fw,q> (Dim 29, = 0)

(12)

whereW; is ak form, for O< k < 4. In particular, as observed by Witten [3], if y is ak

dimensional homology cycle on the manifold M, then theintegral I(y)=fWk is BRST
4
invariant, since(Q, | }=fWk =0
Y

Now, what happens when dimé'é)d = 0 ? The solution is in theorrespondencbetween the
Donaldsonnvariantson 4D manifolds and the Floer homology groups on 3D manifé@ils In
fact, Donaldsornvariantsamount to thealculusof the partition function Z, expressed as an

algebraicsum over the instantons :

ECOA

M(k)

Donaldson has shown d¢opologicalgrounds [7] that when dimﬁnkgd =0, thenE(—l)ni is a
]
non-polynomialtopological invariant, reduced to an integer. We find the same result starting

fl’0m Ta[j = {Q y )\.aﬁ

Now, let'sgo further into the understanding of the zero daaleof space-time. Welaim that,
even if thislimit is singular within thecontextof (perturbative)quantum field theory, it can be
resolved in thgnon-perturbative)ual theory,i.e., the topological field theory. Asnoticed
previously, when 3= 0, thepartitionfunction

Z = Tr(-15e—RH (13)
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describing the symmetry of all tileorentzian+ Euclidean)states of thenetricis reduced to

Z =Tr(-1 (14)
R=0

Whatis here thmeaningof Tr (-1)S ? In fact, at least in theontextof supersymmetric theories

[20], it can be seen as the index of an operatting on the Hilbert spac&. Dividing # in

monopole anéhstantonsub-space® = #yi + #j and Q being ageneratorof supersymmetry,

it follows from (21) that Qi) = 0and Q) = 0. Then Tr (-13 = Ker Q - Ker § so that

astopologicalindex, Tr (-1¥ is invariantunder continuoudeformationsof parametersvhich do
not modify theasymptotidoehavior of the HailtonianH at high energy. Atthe scdle= 0, H is

given by H = dd*+d*d, the space of zero energy states corresponding to the set of even

harmonicforms on M:

Tr (DS = (M) = S(-1'h, (15)
k=0

whereb, is theith Bettinumber andy (M) theEuler-Poincar&haracteristiof M. Obviously,A

= Tr (-1)S is independenotf B, the solecontributionsto A coming from thetopologicalsector of
zero energyConsequentlyA is atopologicalinvariant,i.e. the first Donaldson invariant. The
coupling constant g being dimensional, the lifhit O implies p = 0 and corresponds to the
sector of zero size instantons. Therefore, (15) i®palogical index, corresponding to the
accumulatiorpoint of the zero size instantons of the thedmt's note that alinstantonic(i.e.
Euclidean)states of gy, given by the tpologicalcharge of the singulagravitationalinstanton
areequivaleniat zero scale. Weall "symmetry zero" thgeneralizedymmetrycharacterizinghe
singular zero scale.

To concludethis part, we suggest aggaometricmodel of thenstantonthe ball B bounded by
the sphere $ Theso-called"propagation"of the solution depends then on the support of the
gravitationalinstanton: in the region of zero limit, there exists arcumulationof topological
charge above the singular poing Such that théopologicalcharge density RR— « ; in the
dual situation, corresponding to thiedamentaktate, the support of thestantonis extendedo
infinity and RR — 0. The"transition" from zero toinfinity is then described by the
conformaltransformations of the sphere (see in 8§ 4 the Mobius grctign(4.5)).
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From this point of view, th&lachianinteractionevidencedetween the pendulum and the
global universe could bexactlydescribed by thénteractionbetween4 and the zero size
instanton almostlike arenormalisatiotransformation. Wéhereforepropose a neviormulation
of the Mach'grinciplein thecontextof topologicalfield theory :

3.3 Topological Mach's principle. The topological amplitudes associated with the
propagation of the topological charge of the singular zero size gravitational instanton
correspondingo thelnitial Singularityof space-time determinegheinertial behavior of local
masses.

In the following paragraph, we put forward a numbernatural arguments to establish
topological Mach's principle. In particular, we consider that gvepagationof information
characterizingthe Initial Singularity of space-time can convenientlybe described by the
topologicalamplitudeassociatedavith the § singular zero sizgravitationalinstanton.

4. SINGULAR ZERO SIZE INSTANTON AND TOPOLOGICAL
INTERACTION

Theprincipalargumentdemonstratingheexistenceof aninteractionbetweery and the charge Q
of S lies in the fact that thpological charge of thenstantonis entirely determinedby the
asymptoticbehavior of the gauge field (Ain the Yang etMills case and @, in N = 2
supergravity). The fiel&F, non-zero in B = R4 instantonspace cancelsat the boundargE4 =
S8, the gaugeotentialbecominga pure gauge on the boundary. Hence, we suggestBthat
33 represents the curved andmpactthree-dimensionaphysical spacé?3 within which the
rotation plane 4 is inscribed. We draw from this ralation of topological type between the
topologicalcharge defined byE#4 and the fixedrientationof theoscillationplane[]2 of ¥,
also defined byoE4 = S3.

Proposition 4.1 The topological charge Q of the Yang-Millsinstanton is completely
determinecby the asymptotibehaviorof thegaugefield Ay, at the boundaryE?# represented

by thethree-dimensionasphere S where thegaugepotential becomes a pure gaugee? = S3
representshe curved andompactthree-dimensionaphysicalspace A8 in which theplane of
rotation [J2 of # is embedded.

Demonstration ThelLagrangiarof the Yang andlills theory inEuclidean space-timehas the
form :
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_ 1 4 o any
L = Efd XFMVF (16)

with fabc being the structure constants of the gauge group SU(2) :

.abc zb
FEV=HMA\/_(?VAM+fa CA)AA& (17)
Theclassicalyang andMills action can then be written :

1 4 a C a2 _8752
=a;fdxﬂﬁwiF")}+:;*? (18)

with F¥Y = %sumﬁ Fff‘,, Q being thetopological charge (or Pontryagin index) of the

instanton:
Q= 1 rdtx R Fa (19)
32n2f wy

As theactionof theconfigurationmust be finite, on spheresiafinity of radius r— oo, the field
Fq, must fall to 0 more rapidly than®:

a
F.(x=1)—0 (20)
such tha‘rAj1 must be a pure gaugeinity (r — «):
AST? = iU(x)9,U (%) (21)

T2 being the generators of the gaugeup,i.e. in the case of théundamentalrepresentation
. : . 1 S
with Paulimatricess® | T2 > o for SU(2). TheelementU € SU(2). Considering the

charge Q, itis possible to represent it byraegralover thetotal derivative:

1 4
o LR 22)

Q:

thatis tosay,accordingio the Gaussheorem
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1
Q=757 [KudS (23)

Ix|=r

where the vectoK , represents the Chern-Simons current :
K =2¢ Aaa a }.abcabc)
[ z:uvoqj( v aAﬁ + 3f AvazAYS (24)

From equ. (24) weoncludethat the tpological charge Q is thugntirely determinedby the
asymptoticbehavior of the fieIdAj‘. As establishedn [21], Q depends solely on thgobal

properties of the function)f(lxl =r). Indeed, ainfinity we have :

IXI%OO

F 0

but this is no{necessarilyjhe case for the gaugetentiaIA;;’l which becomes a pure gauge :

IXI—> 0

A(X) U(x)3,U (x) (25)

The gaugelementdJ(x) €SU(2) x eS® are such that:
U=A+ioB A?+B? =1 (26)
andU(X) represents :

U S —-suU@R)=S’ (27)

where we find theapplicationsof the sphereS3representinghe compactphysical space &
boundary of the spaceétFon theisotopic space ofSU(2), equallyisomorphic toS>. We draw
theidentificationof S3, boundary of thd-dimensionainstantonsolution to physical space, of
the doubleembeddingof SU(2) in SL(2, C) - the universal convening of tlerentz group -
and in SU(2)® SU(2), the convening of SO(4). As SU(2» S3, we thereforepropose to
interpretS3 both {) as the 3-dimensionaboundary of the&l-dimensionainstanton

Euclideansolution B* and {i) as the 3-dimensionaboundary of spaetme . From this
identification,theapplicationS3 - Sis designatedby n3(83) and is such that :
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w3(S°) =7 (28)

such that thapplicationsS3 - g areclassifiedaccordingto the homotopy classebaracterized
by integers, in our case n = 1. Thus, 2hdimensionaplane ofoscillation []2 of Foucault's
pendulum isembeddedn the 3-dimensional physical space correspongdnegiselyto s3. As
thetopologicalchargeQ of theinstantonis determinedy the behavior of the gauge field @7,
it follows from this thaf[]2 is determinedy Q, as requiredged

We haveestablishedherelationbetweerQ and []2 in the case of Yang andills instantons.
One can extend this result to supergravity, insafgrn the contextof non-linear curvature
theories, the field R is, lik&, asymptoticallyfree. Theaction of the gravitational instanton
becomes:

S==

d*xR,, R +9fd*xTr R VF{W (29)
9°(p) JEXR ) "

thetopologicalterm being :
Q=9(d*xTr R, R" (30)
In this case, the surface tekmassociateavith the Chern-Simon®pologicalflow, becomes :

0 o 2 3
Q(r,R) tr\rdr+3r)

0 2 3
Q(w, R ~ tr( wdw +§w ) (31)

I" representinghe Christophekymbols, w thespinorialconnectionsind R thecurvatureof the
4-manifold. InputtingR = d + I'2 or R = do + ®2, we thereforefind again the result of the
first part of(4.1.)in supergravity. Concerning the Chern-Simons formyaeellthatWitten has
shown [24] thagenerakelativity in dimension(2+1) isequivalentto Chern-Simonsopological
theory indimension3. The Chern-Simorisagrangians :

h( A) =fTr(A/\ dA)+§A/\ An A (32)

Hence, thactionof the theory of gravity ilimension(2+1) has the form :
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L = EabcgijkqaRﬁ(c (ou) (33)

e = 3w + o gt (j < K)
Analysis of the twd.agrangiang32) and (33) shows tleguivalencdetween gravity (2+1) and
the Chern-Simon theory at thmit of zero scale assiatedwith zero energy modes. In
dimensior4, we find then that at tHienit of zero scalel.orentzian(3+1) field theory must be

replacedby Donaldsonopologicalfield theory(4,0) [7].

One carnthereforeconsider that thgeropagationof the initial singularity is induced by the
existenceof atopologicalamplitude — the charge of the zero sigevitationalinstanton,i.e.
Q =fd4x RNR“", - detectableat the boundary 3 of the singulargravitational instanton

provided with the topology of the®BEuclideanball of dimensionD=4. Asnoticedin (1), the
pseudo-observables in ZRuclideanspace areonnectedwith cyclesyj of the B* 4-manifold
(Donaldsorapplication).

Now, we return to thenertialinteraction.In the following conjecture, we suggest that the source
of inertia is not, strictly speaking, physical but has tepological content, linked to the
topologicalcharge Q=1 of the singulgravitationalinstanton.

Conjecture 4.2. The inertial interaction may beinterpretedas atopological interaction, of
which the source is thiepologicalchargeof the zero sizeingulargravitational instanton.

Elementsof demonstration. We have shown that thetal inertial force likely to contribute
in the case where tlentire Universe would besubmittedto an acelerationa in respect to a
given object, could bebtainedoy summing the forcek;, on masses other tham itself :

GM
c’r

I:inertielle = maz

If M represents thiotality of the mass of the Universe, a good appnation of
—— gives us :

2 cZr 9

GM
Fiotale= E ~1 (35)

universC2r

Thetotalinertial interaction F ¢ is thereforeof the order of unity and representtopological

(34)

invariant -i.e. invariantof gravitationalgauge and scalavariant-. In all points of space, the
contributionof Fy;5 Of is identical. Hence, we suggest that thatal inertia Fiy5 has its

origin in thetopologicalcharge Q :
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1
Q=322
Indeed, we have seen thattbpologicalcharge Q of thenstantonis entirely determinedoby the
asymptoticoehavior of the gauge field at the bounday* representetly thethree-dimensional
sphere 8 where the gaugeotentialbecomes a pure gauge. We show then thatat the zero scale
limit, Fyotaie IS iSOmorphicto Q :

Fiotae = Q
At the zero scale limit, E CC;zr is identifiableto the Schwartzshild radiulss of space-time

univers
quotientedoy the radius r ¢ of theconfigurationin region of zero scaleg.:
GM I
> 22T @D
univers r univers

Wethereforedraw from (37) tha% represents the Gaussieurvatureof the manifold, which

fd4x R,R"=1(36)

gives:

GM

e K, (38)

K, being the Gaussiasurvatureof the geodesic surfa¢e ). Hence, at the Planck scale, we

must extend Einstein'gravitationalterm R towards amsymptoticallyfree non-lineartheory.
Our approach is that the presence of term&imRheLagrangiaris the result of a superposition
of two scales of quantum gravity i) (the gravitational scale -i.e. macroscopicscale -

characterizetby the presence of ameractionin R and {i) the quantum scalei-e. microscopic
scale characterizetby the presence of dual gravity terms, in R* = iR. €hevatureterm K

takes then the new form in supergravity :
Kry (Planck) — R, R™

|
such that D, — isidentifiable to

univers
) =fd4x RLRY (39
As the theory is auto-dual, one HhsreforeR = R', and ® becomes:
©= fd4x R.RY  (40)

which, by construction, is isomorphic to tiepologicalcharge Q of thgravitationalinstanton,
as requiredged
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From thehereaboveresults, we cartonclude that theinertial interaction might admit the

topological charge of the zero siggavitationalinstantonas source. Th@pologicalnature of
theinertialinteractioncould explains (i) its globahvarianceproperties and (ii) itenstantaneous
propagatiorbetween two points irspace-time.

Wecompletetheconjecturg4.2) in specifying why the plane afscillation []2 should be static.

Corollary 4.3.Thestatichehaviorof theplaneof oscillation [J2 of the penduluny should
be induced by th&tructureof topologicalinvariantof Q :

Elements of demonstration. Instanton theory hasstablishedthat Q is atopologrcal
invariant [6]. In our case, we have Q = 1. The resulting vacuum topotbgy and, as a
consequence, that physical space 3 boundary of B, in which [|2 is embedded is also
invariant. Indeed, thenvariance of the topological charge implies the nvariance of the
topological structure of 8, i.e. of the three-dimensionaphysical space in the course of
temporal evolution. It results from this thaf]2 < S3 is itself invariant - i.e. static -.
Furthermore, thetaticcharacteof [[2 impliesthat the underlying symmetry Buclideanand
can be described by thetionof the group :

G s=SU(Q)® SU(2) (41)

G s being, precisely, the symmetry group describingitis&antonconfigurationcharacterized
by thetopologicalcharge Q, as requireded

We now show that a good model of fiepagationof thetopologicalinteractionint top can be
given by theonformaltransformation€€onf (S3) of the sphere $

4.4 Conformal group of S3

We propose to describe thransformations<Conf (S3) by the Mobius grouf25], defined from
the inversion of 8 Recallingthat the pole inversion c, of strengthEaR”™ is theapplication

I =i ,:X \ ¢c— X\ wherec is defined, in Xvectorialisedin c by i(x)=i.x. From

IIxIP
this :
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Definition 4.5 An inversion of 8 is meaningall restriction to S3 of an inversion of R
conserving 8. The Mébius group Mob(3) of 8is the sub-group of the3Sbijection group
induced by inversions of3s

At this point, we can establish a link betweendpplicationdefining thetopologicalcharge of
theinstantonand thesimilitudesof RB4. Werecallfirst that the group GL(n k) operates on M(n,
K) by similitude:

(P,M) >P.M =P.M.P-1 (42)

The equivariantcanonicalbijection associatedwith the matrix M is then a diffeomorphism,
representinghesimilitudeclass of M :

¢(M): GL(n, R) / Z(M)— O (M) (43)
which leads us to thenportantdefinition, taken from theeductionof endomorphisms [22] :

Definition 4.6 Theapplicationy : M (n, &) — O (M) describingthe similitude class of M is
given by :

X = exp(X).M.exp(-X) (44)

From thisdefinition, we establish in the two following propositions thatapplicationdefining
thetopologicalcharge of thénstantorbelongs to theonformalgroup of S.

Proposition 4.7 For all similitude he Sim(ﬁs), the application defining thetopological
chargeof the instantoni,e. f:S3 —S3 | definedby f(nfnand f=glohogon8 \n
belongs to Mdb (3).

Demonstration Let n be the north pole and s the south pole of the spRer@&/& can then
show that ¢ o h o g, convenientlyextendedo the whole of &, is in M6b(3) if h is an inversion
or ahyperplanesymmetry. Yet, the h induce tbgistenceof the group ofsimilitudesSim (IR3).
Indeed, considerin&', it has been shown [25] that if the kernel

Ker (f - 1d 3) = {0} (45)
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then fadmitsa unique fixed point corresponding to its center. Moreovet, §im (X)\Is (X),
there exists a unigue € X such that f¢) = . The pointw is the center of theimilitude f
and one can write :

f=hog =goh, heH,, etg&ls,(X) (46)

The above assumesnvenienextensions, the moghmediateconsisting ofattachinga point at
infinity on R3 andextendingg to $ — R3 by g(n) =«. Thus, following[25], it exists in Mob
(3) theapplications

fr=0 "o Hop, 00 = e’o Hg,; © et (47)

associateavith vectorialhomothetiaof R3. If A > 1, theapplication f>» admitsthe north pole
as arattractorand the south pole as a repelias, theiterates f," (n € N) making all points of

33\ s converge towards n. The only point of &t of theattractionof n is the south pols.
ged

We show now that M6b(3) is ttenformalgroup Conf(S3) of S3. Letting Conf () describe
the scalanvariance(i.e. the conformalinvariance)of the spherédentified here (following the
inclusionS3 C SL(2, C)) to physical spacB3 compactification.

Proposition 4.8LetMdbt (3) = Conft (S3). ¥ theradiusr — 0 of $ engendering S- . o,
and V f € Mob(3),then Sf_,o belongs to théxundle/(S3) of spheres & Reciprocally,a
bijection of S3 verifying this property necessarilybelongs to Méb(3) . The group Mob(3)
presents aaturalisomorphism with P@) of thequadricof equation

4
q=-> x> + X2
=

Demonstration Leti; ., be an inversion of X oflimensionn. Let itsderivative be i '( X)
composed of theectorial hyperplanesymmetryx™ and thehomothetiaof ratio o /|x|f?. We
show then thaii '( x) in all x&X \ c is adirect similitude for «" < 0 and anindirect
similitudefor «" > 0. In fact,i '( X) conserves the right and rightientedangles. Since the

product of twoconformalapplicationsis conformal, then Mob(8) Conf(S3). Reciprocally,as
Mob(3) € Conf (S) is transitiveon 3, then f€ Conf () leaves the north pole n fixed.

Accordingto thestereographiprojectiong of n, for f(n) = n, we get:
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go fog te Conf (R3) (48)
g and f being conformaApplying Liouville's similitudestheorem, we have
gofog e Sim(R3) = f & M6b(3) (49)

It follows from the inversion properties [25] thatsf conserves the structure of the sphefe S
when the radiug — 0. Reciprocally,on putting f(n) = n,go fo gfl transforms thé3 (half)
lines into(half) lines, such tha: ., ; belongs to the bundj&(S3) of spheres &

Finally, it has beerestablishedin [25] that Mob(3) = INCORPORER"Equation.3" \*
mergeformat i.e. the Mobius group of S3 corresponds to tastrictionof the group

PO()onim).qged

We now conjecturethat the plane obscillation of F conserves thmitial singularity S for
inertial referencepoint, whatever therientationof this plane in physical space R3

Conjecture4.9 Whateverthe orientationin physical space R3 of the planeaskillation ]2 of
the pendulunfr, this 2-dimensionaplanenecessarilyintersectgheinitial singularity S, i.e. []2
is alwaysalignedon S .

Elementsof demonstrationNVe haveestablishedhe identification between physical space R3
compactificationand S3, boundary of space-time and equally boundary of the singular
gravitationalinstantonsolution. Eactorientation of the plane ofoscillation [][2 corresponds
thereforeto anorientationin S3. We have als@stablishedhat S3 can bé&lentifiedto physical
space :

B <= B3

such that théhree-dimensionahformationcoming from physicaB-geometryis concentratecn
the 3-surface $but is notdetectablein the interior of the sphere. Thay the conformal
invarianceof S3 implies that thetemporal directiorx? is necessarilyorthogonal to the¢angent
space in a point of 3 Putting this point as the south palef S3, have shown above that
there exists in Mob (3) thepplications
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fr=9 "o Hpjcg & e’o Ho, o et (50)

associateavith thevectorialhomothetiasof R3. If A > 1, theapplication f3 admitsthe north
pole asattractorand the south pole as repeliee, theiteratins f," (n € N) make all points in

33\ sconverge towards. The only point in 8 escaping thattractionof n is the south pole
s. The north pola of the 3-sphere ithereforethe fixed point of theonformaltransformation
Conf(S3) and thetemporal directionk4, orthogonal to théangentialplane of the sphere is,
intersectsiecessarilghecenterO of S3 as well as the north pofe Since, by construction, the
plane ofoscillation [[2 contains &, then :

x4 C 12

it follows that the plane afscillation [[2 is orthogonal to theangentiaplane of the sphere at the
south poles and meetshereforenecessariljthe centerO of S3 as well as the north pote the
singularattractompoint of 3. ged

The abovesonjecturesuggestshereforethat the symmetry ofotationin B3 (exhibited by the
plane ofoscillation of Foucault'spendulum) isexplicitly linked to the symmetry of the zero
instantonconfiguration, SU(2)= S3 being a sub-group of both SU(® SU(2) and SL(2, C).
Oncethe identification Initial Singularity / instanton zero isadmitted,the above approach
allows us reasonably to consider that, whateverotieatationof the plane of the pendulum in
physical space, this plane remanmesessarilyaligned with the singular origin of space-time,
identified here to the singular origim of the sphere % n being the north pole of the 3-sphére,
the unique fixed point of the system. Indeed all possibletatiensin physical space of the
plane ofoscillationof the pendulum are given by all possible orthogadiraktionsto thetangent
plane at 8. We obtain thelifferentorientationsof [J2 in R3 by making the south pok "turn"
on the 3-surface3; thisrotationconserving thalignmentbetweers, Oandn in the same plane

2.

We draw from the above that whatever the orientation, the planscofation of Foucault's

pendulum is necessarigfignedwith theinitial singularity marking the origin of physical space
S8, that of Euclideanspace B (described by théamily of instantonsg of whatever radius 13)

and, finally, that of orentzian space-time M#.

The angulainvarianceof [[2 comesthereforein fine from the fact that thelirection x4
representsquallythe fourthdirection(in R =i t imaginarytime) of the Euclideanconfiguration
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of the typeinstantonE4 bounded by 8 such that at each poistof S3, 12 cuts O and the
origin of B4 representedby the north pole. We suggest then that thisterpretationof x4 as
imaginary time explains in anon-trivial way the nature of théertial force as well as its
instantaneoupropagatiorfrom one point to another ispace-time.

5. DIRAC SIGNAL AND INITIAL SINGULARITY

We completethis paper by suggesting a subsidi@angumentconcerningthe propagationof
topologicaltype of a "causahformation"from the singular poir, the origin of the system, to
the boundary of space-time. In the following, we consider thatoffwogical signal at the
origin represents Birac shock and is sent tofinity - i.e.to S3, boundary ofspace-time.

In effect, thanitial singularitycan banterpretedas a causal signal giving rise to,retant zero,
a shock at the origin corresponding t®ieac signal[26]. The shock at the origin, or Imp(t),
distributedat the zero scale of space-time, must satisfy :

() VteER f(t)=0

) 0 si t=0
(ii) Imp(t) = {w Si t=0 (51)

(i) fimp (Yt =1
R

The unity signal at the singular origincan then be considered asidezlsignal, of causal type.

Proposition 5.1 Theinitial singularity, distribution of zero supportcan be interpretedas a

Dirac signal. Itfollowsfrom thisthattheFourier transformis a functionthat can be extended in
the complexplane under the form of aolomorphic entire function, or bilateral Laplace

transform.

Proof It has been shown in [5] that tivetial singularity can beinterpretedas a singular zero
sizegravitationalinstanton configurationbuilt by E. Wittenin [3]. The support of alhssociated
distributionso is thereforereduced to the singular poist The functiond associatedvith the

curvatureis thereforea Dirac distribution, such that, a&stablisheadn [26], its Fourier transform
is holomorphicand given by :

fo]={o(x), e ™) =[e?™F, (52)
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or, when the scalB (or thetimet) of the theory is zero :

flo] =1 (53)
becomes areal and ewdistributionwhich, insofar as f[1] ®, mustsatisfy:
fol=flo]=1 (54)

Theholomorphicfunction resulting from the Fourier transform of th&inction of zero support
canequallybe written in the form of hilateralLaplacetransform f(R3) :

f(R) = = [ f(H)e *"dH (55)

where 3 is @aomplexvariable. By decomposing into real andmaginaryparts,i.e. 3¢ = 3 +
ilj , we observe that, foRr =0 :

fiRi) = [ F(H)e "“"aH (56)
which, up to the change of variable, is the Fourier transforhirf. For a fixed 3, we have:
f&+iB) = fe " f(H) e " aH (57)
which is the FT of f(He" BH Deriving underthe sum the expression ) :

didRe f(R) = [~ Bef (H) e ""dH
(58)

or,in general :
dM/d(R)™ f(Re) = = [~(H)"F(H)e *"dH (59)

and thesummabilityabscissae of(H)™ f(H) are the same as thosefdH), such thaif () is
indefinitely derivablefor all values of g wheref (1) exists. fl3 + if3j ) is thereforeholomorphic

in all the band obummability,i.e. for all valuessituatedto the right of 0 in theomplexplane
formed by R > 0 and 3 > 0. The functior%; is thereforeanalytic in this domain of the

complexplane. As thirac signal at the origin has f@upportthe pointS, its FT describes
thereforeanimpulsionalrespons&on-decreasingt infinity. ged

To understand thaecessarilynon-compacicharacterof the impulsional response giving the
evolutionof the system, weompletethe above proposition by the followicgrollary:
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Corollary 5.2 The Fourier transform of the singular distribution ds of punctual support
describingtheimpulsionalresponse of thespace-time systentannotbe ofcompactsupport.

Demonstration Let's consider theDirac signalds € E([R) and f :53. The function f is

analyticonR, insofar as it is theaceof a holomorphicfunction onC. We suppose that f is of
compactsupport,hence fcancelsitself out on an non-empty open setlbf Thus, if ageneral
analyticalfunction onR® is zero on an non-empty open set, then itéatidally zero. It follows
from this that f cannot be obmpactsupport. ged

The above results suggest in fact thattbpological)interactionhere considered is ergodic. As
theDirac signal at the origin has for support the p&ntits FT describethereforeanimpulsion
respons@on-decreasingt infinity. Indeed, (i) the behavior 12 is scaleinvariantand (i) the

zero size singularavitationalinstantoncharacterizingaccordingto [4], theinitial singularity,
represents eritical point § in the system formed by the pspace-time manifold and 4, such

that thecorrelationlength of the systent — . From this viewpoint, thateractionint top is
subject to thactionof arenormalisatiorgroup G, assuring the scaievarianceof the system.

6. DISCUSSION

In this paper, taking thexampleof Foucault'sexperiment, we have suggested a new approach
concerningwo open problems :

(i) the problem of thmvarianceof theinertialinteractiononto all points inspace-time ;

(ii) the problem of th&éinstantaneoupropagation’of inertiafrom one point to anotherin space-
time -i.e.theMachianprincipleaccordingto which thenertial referenceframe defined byocal
physicscoincideswith thereferencérame in whichdistantobjects are at rest. It follows that the
masseslistributedmostdistantlyin the universeleterminetheinertial behavior oflocal masses.

As a result of thédnereaboveresearch, our point of view is that the problem of inertia, well
formulatedin the contextof Mach's principle, cannot be resolved by ordinary field theory.
Indeed, as suggested[B], beyond the Planck scale, quantum field theory mustniagytically
extendedowardstopologicalfield theory. In such a context, timitial singulariyy can be viewed
as a singular zero sizgravitational instanton. This point like solution, endowed with an
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R le R
SO(3)
describing the g-dermation (quantum{Lorentzian @ Euclidean}superposition) of thenetric

of the(pre)space-timbetween the scale zero and the Planck $6ale

Euclideanmetric, corresponds to the origin of ttepologicalquotientspaceXop=

Our conclusion is then that onto zero scaletdpelogicalcharge Q = 1 of the singular zero
sizeinstantonmightrepresent the source of the glotmgdologicalinertial interaction.This could
be tested by the angulavarianceof the plane obscillationof Foucault'spendulum or by the
Thirring- Lense effect.

In a subsequent paper, we will consider that this result casirifercedby the hypothesis of a
correlationbetween the singular scale,(xg) and themacroscopicscale (t,x). We begin from

the observation of theosmologicalradiationat 2.7° K and draw from this thexistenceof a
thermalGreen function - oEuclideanGreen function @ - describing thecorrelationbetween
the zero scale (3 = 0) and thacroscopicscale of space-time. Such an approach suggests
the topological nature of the intaction between zero andacroscopicscales. Indeed, the
correlationdescribed by

GeltoXo : t.%) = ¢ (to, %0)#(t, X))e “do (60)

is such that all points P o$pace-time arecorrelated- by anEuclideanpath - to the singular
pointSp. Insofar as the path betwe8g and P iuclidean which is the case since the space-
time system, considered at the non-zemmperaturel = 2.7° K is the concern ddtatistical
mechanics theinteractionbetweenSg and P depends only on the boundeosyditionsand is
thus purely topological. Following this, we specify in this paper to come the notion of
"Euclideanpropagation”of inertia, accordingto the flow of weights of thalgebraof states
describing space-timdn the region of thenitial singularity. Starting from the von Neumann
algebray describing the zero sizestantonicstate, we conjectur@ccordingto [16] that the
sole data from thalgebray impliestheexistenceof a"pseudo-dynamicassociatedvith > and
characterizedby the flow of weights of>. Such a flow assures th@opagationof the
topologicalcharge Q of the zero instanton. dagreementith the results of Conn€ld 6], the

homomorphisndefining thecanonicadynamico is such thab : R — Outy
Aut =

Int >
suggest then that thistrinsic dynamic"is based on the semi-groupaftomorphisms

, thisinvarianthaving anintrinsic descriptionin terms of flow of weights ofy. We
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2 2
ar(M) =eBP M elP (61)

corresponding to thevolutionin imaginarytimei t of the state M t.e. to the expansion of the
space of statds This expansion df is indexed byincreasingvalues of 3, the radius &f As
stated inf5], equ. (61) describes the flow of weights of the system and this flow being ergodic,
[3is necessarilyncreasingn theinterval [0, o ].

Then, weclaim that asatisfactorytest of theopologicalnature of thénteractionexisting between
the zero size singulgravitationalinstantonandlocal systems should be provided by the angular
invarianceof the plane obscillationof Foucault'pendulum. We have shown that M6b(3) is the
conformalgroup Conf (8) of 3. Conf($) describes the scalavariance (i.e. conformal
invariance)of the spheredentified here, following thenclusion S C SL(2, C), to physical

spacelR3 compactification We have then suggested that the flow of weights ofathebraM
giving the modular flow o t (M) on S3 belongs to the class similitude S3.

Finally, aninterestingconsequencef the above approach is that it allows us to establish an
explicit relation between theautomorphismsemi-group of thealgebraof states A and the
renormalisatiorsemi-group of the theof27]. Introduced by Wilson then by Kadang#8], the
renormalisatioprogram - irparticulartherenormalizatiorgroup - allows us to encompass in a
uniqueformalism the different scales of the theoryObservationshows that the behavior of
Foucault'spendulum, notably the angulamvariance of the plane ofoscillation, is scale

invariant.Everythingoccursthereforeas if thedynamicof 4 were subject to thaction of a
renormalizationgroup Gr, the group whose structure we define below. ddleulationof the

correlationlength& between twdocalized variablesat different points takes then the form,
considering theariablesy

R/
(wn’ U’m) - (wnxwm) —e MPo (62)

where thedistancel3 depends on the number of points onldttee between n et m. At zero
scale, theorrelationlength becomes, considering the coupling g

o(Qo) — @ (63)
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The correlationlength is infinite, so that at zero scale, there existstantaneousnteraction
between the poingg representinghe initial singularity of space-timeand the boundary at

infinity of the 4-manifoldepresentinghe 3-dimensionaphysical space.
Finally, all thehereaboveesults seem to confercartainrelevance(i) to theformulation of the
so-called"topological Mach's Principle” and, moregenerally(ii) to the"Singularity Principle”.

Hopefully, thispreliminary approachmight open some new andterestingperspective®n the
origin of spacdime and on some other open questions.
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