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Résumé

Calcul Stochastique Covariant a Sauts
& Calcul Stochastique a Sauts Covariants

Nous proposons un calcul stochastique covariant pour des semimartingales dans le fibré tangent
TM au dessus d'une variété M. Une connexion sur M permet de définir une dérivée intrinseque
d’une courbe (Y;), C*! dans T M, la dérivée covariante. Plus précisément, c’est la dérivée de (Y;) vue
dans un repere mobile, se déplagant parallelement le long de sa courbe (x;) projetée sur M. Avec
le principe de transfert, Norris définit I'intégration covariante le long d’une semimartingale dans
T M. Nous décrivons le cas ou la semimartingale saute dans T'M, en utilisant les travaux de Norris
et les résultats de Cohen sur le calcul stochastique a sauts sur une variété. Nous comprenons, que,
selon 'ordre dans lequel on compose la fonction qui donne les sauts et la connexion, on obtient
un calcul stochastique covariant a sauts ou un calcul stochastique a sauts covariants. Tous deux
dépendent du choix de la connexion et des objets (interpolateurs et connecteurs) décrivant les
sauts au sens de Stratonovich ou d’It6. Nous étudions les choix qui rendent équivalents les deux
calculs. Sous certaines conditions, on retrouve les résultats de Norris lorsque (Y;) est continue. Le
cas continu est décrit par un calcul covariant continu d’ordre deux, formalisme défini a ’aide de
la notion de connexion d’ordre deux.

Abstract

Stochastic Covariant Calculus with jumps
& Stochastic Calculus with covariant jumps

We propose a stochastic covariant calculus for cadlag semimartingales in the tangent bundle
TM over a manifold M. A connection on M allows us to define an intrinsic derivative of a
C! curve (Y;) in TM, the covariant derivative. More precisely, it is the derivative of (Y;) seen
in a frame moving parallelly along its projection curve (z;) on M. With the transfer principle,
Norris defined the stochastic covariant integration along a continuous semimartingale in T'M. We
describe the case where the semimartingale jumps in 7'M, using Norris’s work and Cohen’s results
about stochastic calculus with jumps on manifolds. We see that, depending on the order in which
we compose the function giving the jumps and the connection, we obtain a stochastic covariant
calculus with jumps or a stochastic calculus with covariant jumps. Both depend on the choice of
the connection and of the tools (interpolation and connection rules) describing the jumps in the
meaning of Stratonovich or Ito. We study the choices that make equivalent the two calculus.
Under suitable conditions, we recover Norris’s results when (Y;) is continuous. The continuous
case is described by a covariant continuous calculus of order two, a formalism defined with the
notion of connection of order two.
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Cette these a pour objectif de définir un calcul stochastique covariant avec sauts, sur une variété
différentiable M. Les motivations de ce travail sont donc a la fois probabilistes et géométriques.
Les équations différentielles covariantes sont fréquement utilisées, en sciences physiques par exem-
ple, pour décrire de facon intrinseque l’évolution d’un processus dans un repere mobile. Cer-
tains problemes, notamment dans les théories de Jauge, nécessitent 1’étude de ces équations
différentielles covariantes dans un cadre stochastique. D’autre part, le calcul a sauts sur une
variété permet la discrétisation d’équations différentielles stochastiques (e.d.s.). Ainsi, une appli-
cation importante du formalisme que nous développons est la discrétisation d’ e.d.s. covariantes.

Nos travaux s’appuient d'une part sur les résultats de Cohen dans [1] et [2], portant sur le
calcul stochastique a sauts sur une variété, et d’autre part sur le formalisme donné par Norris
dans [8] pour un calcul stochastique continu covariant. Nous prolongeons ces travaux en suivant
deux démarches : dans la premiere partie de la these, nous étendons le calcul covariant de Norris
au cas a sauts, tandis que, dans la deuxieme partie, nous étendons le calcul a sauts de Cohen
au cas covariant. Une conclusion importante de ce travail est que, de maniere générale, ces deux
approches ne sont pas équivalentes. Une comparaison est faite dans la partie 111, entre les calculs
stochastiques covariant a sauts (partie I) et a sauts covariants (partie IT). Nous appliquons enfin ce
formalisme a ’étude d’e.d.s. dans la derniere partie. On y retrouve les deux démarches possibles,
qui permettent de définir des e.d.s covariantes a sauts ou des e.d.s a sauts covariants.

Dans cette introduction, nous commencerons par donner les rappels nécessaires pour compren-
dre les termes “calcul covariant” et “calcul stochastique a sauts ”. Ceux-ci doivent permettre de
mieux situer notre travail parmi ceux déja réalisés, et de comprendre en quoi deux démarches sont
naturelles pour étendre ces résultats. Apres ces rappels, nous présenterons les idées directrices et
les résultats principaux de chacune des quatre parties qui composent cette these.

Calcul classique Calcul covariant

Calcul Stochastique

continu Meyer, Schwartz, Emery Elworthy, Norris

lcul Stochasti ‘
gz;&ss ochaskique Cohen, Picard . Partie I
Partie 11

Noter que, s’il nous est nécéssaire de faire ces rappels et de préciser certaines hypotheses ou
notations des I'introduction, ils seront réécrits de fagon plus précise et rigoureuse dans une partie
en préambule de la these.

10
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Rappels de géométrie et de probabilités

On considere une variéte différentielle M, C'*°, sans bords, possedant un atlas dénombrable.
D’apres le théoreme de Withney, M est plongeable dans R™. Les formules que nous donnerons
en coordonnées ne dépendront pas du choix de ce plongement (sauf précision). Nous utiliserons
dans ces formules la convention de sommation d’Einstein.

Pour tout V' dans le fibré tangent TM au dessus de M, la notation V' = (z,v) signifie que z est
la projection de V' sur M et v sa partie dans la fibre T, M. Tout processus z sera noté (z;), ou

I’on suppose toujours ¢ > 0. La dérivée par rapport au temps sera notée indifférement % ou Z.

1. Rappels sur le calcul covariant, passage au cas stochastique

Connexion

Pour faire du calcul covariant sur une variété M, il faut se donner une connexion p. Celle-ci
consiste en une regle de séparation, pour chaque V = (z,v) dans le fibré tangent 7'M, de I'espace
tangent Ty, T'M en un espace vertical et un espace horizontal. Plus précisément, pour chaque V'
de T'M, py projette Ty T M sur T, T, M, espace vertical en V. IL’espace horizontal en V est le
noyau Ker p. Le déplacement horizontal est décrit par une application linéaire, appelée transport
parallele, a partir de laquelle est définie la notion de dérivée covariante.

Transport parallele

Soit (z;) une courbe C! sur M et u, € GL(R™,T,,M) donné. Le relévement horizontal de (z;),
partant de u,, est I'unique courbe (u;) telle que (zy,u;) soit 'unique solution dans GL(R™, T M)
de I’équation différentielle

p(xhut)(i‘t,ut) = O, Ug = Uy, (c’est a dire :Vz € Rm, p(xt7ut(z))(i‘t,ibt(z)) = 0) (1)
Le transport parallele 7/ le long de () est alors défini pour tous s, ¢ par I'application linéaire

TS/{ =wu, @ Ty, M — T,,M.

Dérivée covariante

Soit (Y:) = ((z¢,3¢)) une courbe C* sur TM. Nous voulons dériver sa partie (y;) dans la
fibre, mais il n’est pas satisfaisant de définir cette dérivée en utilisant des coordonnées locales en
x;. Pour dériver (y;) de fagon intrinseque, on voudrait pouvoir écrire I’accroissement infinitésimal
" Yiyn — y ", le diviser par h et prendre sa limite quand % tend vers 0. Mais y,y, € Ty,,, M n’est
pas dans le méme espace tangent que y; € T, M. 1l faut donc transporter parallelement y;,, dans

I'espace T,, M. On obtient alors ce que 'on appelle la dérivée covariante de (Y})

0"Y; i Tt/J/rh,t Yerh — Yt @)
ot h—0 h ’

11
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ol (Ts//t

): Tp.M — T,, M est le transport parallele le long de la projection (x;) de (Y;) sur M.

La dérivée covariante au point ¢ est donc la dérivée en la variable s de I'application f;(s) =

T!éys, prise en s = t. Elle appartient a Ty, (7,, M), Uespace vertical en Y;.
N.B. : Notre notation (non usuelle) pour la dérivée covariante, avec un exposant V pour “verti-

cal”, fait référence a cela.

Nous utiliserons une expression équivalente a (2), dans laquelle la dérivée covariante s’écrit
comme la projection par la connexion p de la dérivée usuelle Y;
VY,
ot

= py, (V7). (3)

Principe de transfert (Elworthy, Malliavin)

Pour passer du cas déterministe au cas stochastique sur une variété, on utilise ce que 'on ap-
pelle le principe de transfert. Celui-ci consiste a faire une analogie entre le vecteur tangent Z; d’une
courbe C? et la variation infinitésimale 0z; au sens de Stratonovich d’une semimartingale continue.

Si (z) est une semimartingale continue sur R™, on peut définir une intégrale d’It6 et une
intégrale de Stratonovich. On exprime l'une en fonction de l'autre a l'aide d’une formule de
conversion It6 / Stratonovich. Pour un processus h, prévisible et localement borné, elle s’écrit

/0 h(zs)0zs = /0 h(zs)dzs +% < h(z),z > . (4)

Si f est une fonction C? dans R™, on peut écrire la formule d’Itd, avec une intégrale de
Stratonovich, comme

[&w%w%zfua—ﬂ%» (5)

Si f est une fonction C? sur une variété U, et (z;) une courbe déterministe tracée sur U, on a

Adﬂwa@:f@»—ﬂ%» (6)

L’analogie entre les formules (5) et (6) conduit au principe de transfert. Il permet de définir le
calcul de Stratonovich sur une variété. Le calcul d’It6 résulte ensuite d’une formule de conversion
Stratonovich / It6 sur U, généralisant (4). Cette formule nécessite la donnée d’une connexion sans
torsion sur U (voir [3]).

Soit (Q, F, P, (Fi)i>0) un espace de probabilité, muni d’une filtration (F;)i>o qui vérifie les
conditions habituelles.
Rappelons qu’un processus (z;) & valeurs dans U est appelé semimartingale continue (resp. cadlag)
si, pour toute fonction f dans C?(U,R), f(2;) est une semimartingale continue (resp. cadlag) réelle.

12



0.0

(NB : “cadlag” signifie “continue a droite et ayant une limite a gauche”.)
Nous utiliserons également la notion de processus prévisible localement borné sur U, dont on peut
trouver une définition dans [3].

Calcul stochastique continu covariant (Elworthy, Norris)

Soit p une connexion sur M. Dans [8], Norris définit des intégrales covariantes de Stratonovich
et d’Ito le long d'une semimartingale continue sur 7'M, en appliquant le principe de transfert a la
formule suivante, équivalente a (2),

oy, 0

- Uta(uflyt)a (7)

o uy est le relevement horizontal de (x;) (partant d'un uy donné, mais la dérivée covariante ne
dépend pas de ce uy).

A travers cette formule, la dérivée covariante est vue comme un vecteur de 7, M. Ainsi, Norris
inteégre une forme v d’ordre un sur M, contre une semimartingale continue (Y;) = ((x4, y;)) sur TM.

On définit le relevement horizontal de la semimartingale (z;), partant de u, donné, en ap-
pliquant le principe de transfert a (1). C’est l'unique semimartingale (z;,u;) de GL(R™,TM),
solution de l'e.d.s.

D(weue) (0T, Oug) = 0, ug = U (8)

L’intégrale de Stratonovich covariante de « le long de (Y;) est alors définie par Norris comme

[ e wdta; . (9)

L’intégrale d'It6 covariante de « le long de (Y;) est définie par Norris comme
/awtutd(ut_lyt). (10)

2. Rappels sur le calcul stochastique d’ordre deux sur une variété

Les rappels suivant sont donnés sur une variété différentielle U, que 'on prendra par la suite
égale a M ou T'M.

Calcul stochastique d’ordre deux continu (Meyer, Schwartz, Emery)

Le long d'une semimartingale (z;), continue sur U, on integre ordinairement une forme «
d’ordre un (par exemple ao = df dans (6)). En ce sens, les calculs de Stratonovich et d'Ito sont des
calculs d’ordre un. Mais les variations infinitésimales 0z; (Stratonovich) et dz; (It0) n’ont pas de

13
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sens intrinseque. Puisque la formule d’Ito6 fait apparaitre non seulement la dérivée premiere mais
aussi la dérivée seconde de la fonction f a intégrer, c’est a dire son 2-jet

of , 0?f

d*f(z) = ==(z)d? ——

f(z) 62’( 2 + 020027

I’objet infinitésimal intrinseque qu’il est naturel d’integrer est assimilable a un opérateur différentiel
d’ordre deux

(z)dz'.d2,

5?2
021027

Dans [7] et [10], Meyer et Schwartz proposent ainsi un calcul stochastique d’ordre deux sur une
variété, permettant d’écrire la formule d’It6 de maniere compacte et intrinseque

dl z :dz}/% + §d< ZZ,ZJ >y

Fz) = Fz0) = / 1 (2)dl 2 (11)

L’ensemble de ces opérateurs d’ordre deux au plus, sans terme constant, au point z, est appelé
espace tangent d’ordre deux en z, et noté 7,U. Le fibré tangent d’ordre deux, 7U, est I'union de
tous ces espaces tangents d’ordre deux. Les éléments de son dual, 7*U, sont les formes © d’ordre
deux (O telle que ©, € U, par exemple © = d?f dans (11)).

Ainsi, on définit plus généralement, I'intégrale stochastique | ©dlz d’une forme d’ordre deux
© contre une semimartingale continue (z;), de maniére unique et intrinseque. Les intégrales
de Stratonovich et d’Ito sont alors vues comme des cas particuliers d’une intégrale stochastique
d’ordre deux, a I'aide d'une application (ds pour Stratonovich, G pour It6, données dans [3]),
transformant une forme d’ordre un en une forme d’ordre deux.

L’intégrale de Stratonovich est donnée par

[ao:= [dad (12)

Dans un plongement, cette expression donne

] Oy S
_ O i i
/a 0z = /(aZt)ldzt +3 557 (ze)d < 2,27 > .

L’intégrale d’It6 est donnée par

/a dz = /G(a) dl z. (13)

Dans un plongement, cette expression donne

. 1 o
/a dz = /(aZt)idzz + B /(aZt)kI‘fj(zt)d < 22 >y,

ou les symboles de Christoffel (Ff]) sont ceux de la connexion requise pour le calcul d’Ito.
N.B. : Par abus de langage, nous appellerons également G cette connexion.
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Calcul stochastique d’ordre deux a sauts (Cohen, Picard)

Dans [1], Cohen étend le formalisme de Meyer et Schwartz au cas d’'une semimartingale (z;)
cadlag sur U. 1l définit, de maniere unique et intrinseque, une intégrale stochastique d’ordre deux

A

a sauts f 0 dlI z le long de (z;). Le processus intégrant 6, au dessus de (z;-) est une fonction
—

réelle sur U, deux fois différentiable au voisinage de z;- et nulle en ce point

(par exemple 0, _(2) = f(z) — f(z-) pour f € C*(U,R)).

L’expression de cette intégrale dans un plongement est

t A t 00, 1 [t o, o e
/0 0. dl =z :/0 8,;; (25-)dzy + 5/ (2 )d < 2", 20 >y

0 02:0z1

00 ,
+ > (0. (2) = 2 (an)02).

Les sauts de l'intégrale sont décrits par 6 et les parties “diffusion” et “drift” par le 2-jet de 6.

A
L’intégrale f 0 dI z coincide donc avec f d?0dl z lorsque (z;) est supposée continue.

A
Nous appellerons 6 une fonction de saut. Retenons que Uintégrale [6 dI z est parfaitement
définie lorsque 1'on décrit un seul de ses sauts :

A
0. (z) est le saut de [0 dI z quand (z) saute du point z,- au point z .

Les intégrales de Stratonovich et d’It6 a sauts peuvent alors étre définies comme des cas par-
A A
ticuliers d’une intégrale d’ordre deux a sauts, a I’aide d’une application (J pour Stratonovich, Y

pour It6), transformant une forme d’ordre un en une fonction de sauts.

Pour l'intégrale de Stratonovich, lorsque la semimartingale (z;) saute de z;- a z;, on prolonge
la trajectoire entre ces deux points par exemple a I'aide d’une géodésique (I(s,2z-, 2¢))se[0,1] SUr
U, si celle-ci existe et est unique (plus généralement, on suppose 'existence d’un interpolateur [
sur U, notion introduite par Cohen dans [1] ). Le saut de I’ intégrale est donné par l'intégration
de « le long de cette géodésique.

Ainsi, | ’intégrale de Stratonovich a sauts est définie par

/a gz:/?(a)c?[z, (14)

ou le saut de l'intégrale quand (z;) saute de z— a z; est

A

1
I (a).,_(2) :/ .. _7Zt)l(s,zr,zt) ds. (15)
0 t
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Si la semimartingale (z;) est continue, l'intégrale ne dépend plus de l'interpolateur I et on

retrouve N
/ adz= / alz.

Pour l'intégrale d’Ito, lorsque la semimartingale (z;) saute de z;- & z;, on représente ce saut
dans T, _ M, par exemple a I'aide du vecteur vitesse en 0, v(z-,2;) = exp;i (z), a la géodésique
joignant ces deux points sur U, si celle-ci existe et est unique (plus généralement, on suppose
I'existence d’un connecteur v sur U, notion introduite par Picard dans [9]). Le saut de 'intégrale
est donné par I'application de a contre le saut de (z;).

Ainsi, 1 'intégrale d’Ito a sauts est définie par

/aﬁz:/%(a)c?[z, (16)

ou le saut de l'intégrale quand (z;) saute de z— a z; est

A
V)., (z) =a. vz, ). (17)

t—

Si la semimartingale (z;) est continue, 'intégrale ne dépend que du 2-jet du connecteur =, qui
fournit une connexion G, et on retrouve

A
/adz:/ozdz.
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Partie I : Calcul Stochastique covariant a sauts
( Part I : Covariant Stochastic calculus with jumps )

Note sur le calcul stochastique covariant continu

Comme on ’a vu dans les rappels, Norris applique le principe de tranfert a la formule (7),
équivalente a (3). En réalité, cette équivalence contient une identification. En effet, La bonne
fagon d’écrire (7) serait

oY,

ot

qui appartient a l'espace tangent Ty, (7,,M), mais Uapplication u, étant linéaire, on identifie la
différentielle du;(y;) au point y;, & u; lui-méme, ce qui donne une dérivée covariante dans l'espace
tangent T,, M. On peut décrire cette identification comme une identification de I’espace vertical
T, (T, M) avec T, M. En effet, pour chaque V' = (z,v) dans T'M, l'espace tangent T,(1, M) est
I'ensemble des dérivées 4(0) en 0, aux courbes (y(s) = v + su)yer, m passant par v, dans T, M.
En écrivant §(0) = u, ou ¥(0) € T,(T,,M) et u € T, M, on identifie les espaces tangents T, (1, M)
et T, M.

0. _
= dut(yt)a(ut lyt),

Cette identification, canonique a ’ordre un, est beaucoup plus délicate a traduire dans le cas
a sauts, ainsi qu’a 'ordre deux. Nous ne ferons donc pas cette identification dans notre travail, ce
qui a pour conséquence que nous integrerons des formes sur 7'M et non des formes sur M.

Soit p une connexion sur M. Nous appliquons le principe de transfert a (3), qui ne contient
pas l'identification. Cette expression a ’avantage de nous montrer le calcul covariant comme se
déduisant du calcul classique par projection sur I’espace vertical. Ainsi, on peut écrire I'intégrale
covariante d'une forme « sur 7'M le long d’une courbe (Y;) de T'M comme une intégrale classique,
en faisant agir p sur a par “pull-back”

0, .
/ 0, ot = / p*(a), Vadt.

Ainsi, nous définissons l'intégration covariante de « le long d’ une semimartingale continue
)
(Y) sur TM, au sens de Stratonovich ou d’Ito, comme suit.

Définition : L’ intégrale de Stratonovich covariante continue est

/a oY = /p*(a) )% (18)
(c’est a dire [ @dVY = [dp* (o) dIY).

Nous verrons dans la partie III que notre définition coincide avec celle de Norris, lorsque 'on
fait 'identification de ’espace vertical décrite ci-dessus.
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Définition : Soit G une connexion sur T'M, définissant le calcul d’Ité sur T M.
L’ intégrale d’Ito covariante continue est

/a dY = /p*(a) dY (19)

(c’est a dire [ ad’Y = [ G(p*(a)) dIY ).

Noter que l'intégrale d’'It6 covariante nécessite la donnée de deux connexions : la connexion p
sur M décrit le calcul covariant, et la connexion G sur T'M permet de définir le calcul d'It6. Dans
le formalisme proposé par Norris, une seule connexion est requise. Nous verrons dans la partie
III que notre définition coincide avec celle de Norris, lorque 1'on fait I'identification de l'espace
vertical décrite ci-dessus, et lorsque la connexion G est plate.

Calcul Stochastique covariant a sauts

Nous nous intéressons maintenant au cas ou la semimartingale (Y;) est cadlag dans T'M.
D’apres les rappels précédents, il suffit de décrire un saut de l'intégrale covariante quand (Y;)
saute. On applique pour cela les formules (15) et (17) a la forme p*a.

Définition : On suppose l'existence d’un interpolateur 1 sur T M.
L’ intégrale de Stratonovich covariante a sauts est

/a aA‘/Y:/ﬁ(p*(a)) qy,

ot le saut de l'intégrale, lorsque la semimartingale (Y;) saute de Y;- a 'Yy, est donné par

N 1 B
LGy (0= [ G (Y Y0 ds. (20)
0

Proposition : Sila semimartingale (Y;) est continue, l'intégrale ne dépend plus de l'interpolateur
et on retrouve
A
/ ad’yY = / advyY.

Définition : On suppose l’existence d’un connecteur «y sur T M.
L’ intégrale d’Ito covariante a sauts est

/aﬁyzfﬁwmnﬁx

ot le saut de lintégrale, lorsque la semimartingale (Y;) saute de Y;- a 'Yy, est donné par

Y (a), (V) =0, (0,py, (1Y, YD), (21)
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avec, pour tout U dans I'espace vertical T,(T,M),

ay(0,U) = (av)|r,@an(U). (22)

Proposition :  Si la semimartingale (Y;) est continue, l'intégrale ne dépend que du 2-jet du
connecteur 7y, qui fournit une connexion G, et on retrouve

yAN
/adVY:/adVY.

Nous venons d’étudier séparément le cas de l'intégrale de Stratonovich covariante et celui
de l'intégrale d’Ito covariante. Dans le cas non covariant, aussi bien le cas continu de Meyer et
Schwartz que le cas a sauts de Cohen, les intégrales de Stratonovich et d’It6 sont des cas particuliers
d’une intégrale stochastique d’ordre deux. Nous voulons inclure de méme les intégrales covariantes
a sauts de Stratonovich et d’Ito dans un formalisme plus général. Ce formalisme donnera, dans
le cas continu, un calcul stochastique covariant continu d’ordre deux qui n’a encore jamais, a
notre connaissance, été défini. Nous en proposons une définition, qui doit inclure les intégrales
covariantes continues (18) et (19).

Calcul Stochastique covariant continu d’ordre deux

Nous partons de la notion de connexion d’ordre deux p. Nous la définissons comme une regle
de séparation, pour chaque V' = (x,v) dans T'M, du fibré tangent d’ordre deux, T M, en un
espace vertical d’ordre deux 7,(7, M) et un espace horizontal d’ordre deux Ker p. La restriction
de p a I'ordre un est une connexion d’ordre un. Nous pouvons ensuite définir I” intégrale covariante
d’ordre deux d'une forme d’ordre deux © contre une semimartingale continue (Y;) de TM. En
faisant une analogie avec les formules (18) et (19) de l'ordre un, nous appliquons le pull-back de
la connexion p a la forme ©.

Définition : Lintégrale stochastique covariante continue d’ordre deux est
/@ d’y = /p*(@) dry.

Les intégrales de Stratonovich et d’Ito covariantes continues peuvent alors étre vues comme
des cas particuliers d’une intégrale covariante continue d’ordre deux.

Théoreme : [l existe une connexion d’ordre deuz, notée dgp, dont la restriction a [’ordre
un est p, et telle que

/ adVY = / (dsp)*(dso)dlY (23)

(c’est a dire [ adVY = [dsadl¥Y pour la connexion dgp).
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En particulier, on obtient alors une formule analogue a (12) pour le cas covariant

/ ad’Y = / d,adVY.

Dans le cas du calcul d’Ito, nous donnons un théoreme analogue lorsqu’une seule connexion
est utilisée.

Théoreme : Supposons que la connexion G décrivant le calcul d’Ité sur TM soit plate.
Alors, il existe une connexion d’ordre deux, notée p, dont la restriction a 'ordre un est p, et telle
que

/ ad’Y = / P (a)dlY (24)

(c’est a dire [ ad’Y = [adl¥YY pour la connezion p.)

Partie II : Calcul stochastique a sauts covariants
( Part II: Stochastic calculus with covariant jumps )

Nous proposons un formalisme général, appelé calcul stochastique a sauts covariant, qui permet
de retrouver le calcul stochastique covariant d’ordre deux, décrit ci-dessus, lorsque l'on integre
contre une semimartingale continue.

Transport sur M

La démarche de cette partie consiste a partir directement du saut pour rendre celui-ci “co-
variant”. Reprenons un raisonnement analogue a celui que nous avons fait pour comprendre la
notion de dérivée covariante. Soit (Y;) = ((x¢,y;)) une semimartingale cadlag sur TM. Nous
voulons décrire le saut de sa partie (y;) dans la fibre, mais il n’est pas satisfaisant de définir ce
saut en utilisant des coordonnées locales. Pour en donner une définition intrinseque, on voudrait
pouvoir écrire le saut "y, — y,~ ”. Mais y, € T, M n’est pas dans le méme espace tangent que
Y- € Tp, M. Il nous faut donc transporter y; dans I'espace T, M, par exemple parallelement
le long de la géodésique, si elle existe et est unique, qui lie les points z;- et x; sur M. Le saut
covariant de (Y;) sera alors représenté par un saut dans l'espace tangent T, M

Ta{{,mt, (yt) - Y-

Si 6 une fonction de saut sur 7'M, on définira l'intégrale stochastique a sauts covariants de 6

le long de (Y;) par
Ay A
/edl Y = /(T//)*w) dy,

ou le saut de 'intégrale, lorsque la semimartingale (Y;) saute de Y;- a Y}, sera donné par
(T (O)y,- (Vo) = by, (Tl o, (ue) — vs-).
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Nous voulons définir une notion plus générale de transport 7 sur M. Le cas ou (Y;) est continue
sera donné par l'intégrale [ d*(7*(0))d[Y. Celle-ci doit correspondre a une intégrale covariante
continue d’ordre deux, ce qui implique que le 2-jet de 7 soit une connexion d’ordre deux.

Définition :  Un transport est une application réguliere T qui fournit pour chaque V = (z,v)
de TM wune application Ty : W € TM — (W) € T, M, réguliére sur un voisinage de la diagonale
{W eTM,W =V}, et telle que son 2-jet en W =V,

py = d*ry(V), (25)

soit une connexion d’ordre deuz sur M. Ceci implique en particulier que la restriction de d*7y (V)
a l'ordre un, c’est-a-dire la différentielle de 7v en W =V,

Pv = dTv(V), (26)

est une connezion (d’ordre un) sur M.

Notons d'une part que, pour V = (z,v) et W = (y,w) dans T M, le vecteur transporté
T(zw)(Y,w) ne dépend pas d'une courbe tracée sur M entre les points x et y, mais seulement
des points eux-mémes. D’autre part, 7y est autorisé a dépendre du vecteur v basé en x. Cette
dépendance pourrait correspondre a une contrainte physique dans certains problemes, pour lesquels
cette notion de transport s’adapterait mieux que le transport parallele classique. Par exemple, si
M est une variété riemanienne munie d’'une distance ¢, 'application définie pour tout V = (z,v)
de T'M par

YW = (y,w) e TM, (W)= Ty/éw + 64z, y)v,

(on Ty/é est le transport parallele le long de la géodésique joignant x a y, dont on suppose 1’existence

et I'unicité), est un transport sur M.

Une part importante de cette partie Il est consacrée a I'étude des propriétés d’un transport
ainsi qu’a leurs liens éventuels. La notion de transport linéaire (pour tous V€ TM, y € M
Uapplication w — 1y (y,w) est linéaire) et idempotent (pour tout V = (x,v) € TM , Uapplication
w — Ty (x,w) est lidentité de T, M) correspond a celle proposée par Picard dans [9]. Un tel
transport est 1’équivalent d’une connexion pour les sauts, au sens ou il fournit pour chaque x de
M une projection 7, de 'espace T'M sur T, M, espace “vertical” pour les sauts. Les propriétés
de linéarité, d’inversibilité, ou encore celle qu'un transport “aller-retour” d’un point a un autre
soit Iidentité, ont des conséquences importantes pour les connexions p et p (données par (26) et
(25)). Nous proposons également une définition de la courbure d’un transport 7, qui permet de
retrouver la notion classique de courbure pour la connexion p .

Calcul stochastique a sauts covariants

Soit 7 un transport sur M. Nous définissons 'intégrale stochastique d’ordre deux a sauts co-
variants d” une fonction 6 de saut sur 7'M, le long d’une semimartingale cadlag (Y;) = (((z¢, y))
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sur TM. Quand (Y;) saute de Y;- a Y3, le saut covariant de (Y;) est un saut de y,— a 1v._ (Y7).

Définition : L’intégrale stochastique a sauts covariants est
Ay A
/Gd[ Y:/T*<¢9)d[Y,

ou le saut de 'intégrale, quand (Y;) saute de Y;- a Y}, est donné par
7'*(‘9)1/;_ (Y;g) = eyt_ o Tyt_ (Y;) (27)

Remarque : Noter que cette définition n’utilise que la partie de 0y, dans l’espace tangent au
dessus de ()

T (O)y,- (V1) = Oy (2=, 7v,_ (V2)).
Appliquons maintenant ce formalisme aux calculs de Stratonovich et d’Ito.

Pour le calcul de Stratonovich, lorsque la semimartingale (Y;) fait un saut covariant de y;-
a 7y,_(Y;), on integre « le long de I'interpolation linéaire ( s(7y,_ (Y:) — ¥i-) + Y- )sefo, de la
trajectoire dans T, M entre ces deux points.

Définition : L’ intégrale de Stratonovich a sauts covariants est

/a §VY:/T*(ﬁ(a)) ay

ot le saut de lintégrale, lorsque la semimartingale (Y;) saute de Y- a 'Y, est donné par
A 1
P = [ oy oS 075 (V) = 00 (28)
0 e

t—

Remarque : Ici, 7v._(Y;)) — y;- représente la dérivée en s de I(s) = s(1y,_(Yy) — y1-) + Y-,
c’est donc un élément de T, (T, _M), et on lui applique o en suivant (22).

Proposition :  Lorsque la semimartingale (Y;) est continue, on obtient
Ay
/a@ Y = /ﬁ*(dsa)d[Y. (29)

Pour le calcul d’It6, lorsque la semimartingale (Y;) fait un saut covariant de y,- a 7v,_(Y;), on
applique a, en suivant (22), au saut représenté dans T, (T, _)M par 7y,_(Y;) — y;-.

Définition : L’ intégrale d’It6 a sauts covariants est

Jod'y = [rG@) avy.
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ot le saut de lintégrale, lorsque la semimartingale (Y;) saute de Y- a 'Y, est donné par
A
(7 @)y, (V) =, 0,7y, (YD) —4-). (30)

Proposition :  Lorsque la semimartingale (Y;) est continue, on obtient
Ay
/ad Y = /ﬁ*(a)d[Y. (31)

Remarque : Plus généralement, on pourrait supposer l’existence d’un interpolateur I et d’un
connecteur 7y sur TM comme dans la partie I, mais seule leur partie dans T, M serait utilisée.
Autrement dit, on se donnerait une famille d’interpolateurs ou de connecteurs sur les espaces tan-
gents.

Partie III : Comparaison entre les deux calculs stochas-
tiques : covariant a sauts ou a sauts covariants.

( Part III : Comparison of the two stochastic calculus : covariant
with jumps or with covariant jumps )

A

Dans cette partie, nous comparons les définitions des intégrales de Stratonovich et d’Ito6 “co-
variantes a sauts” de la partie I et celle “a sauts covariants” de la partie II.

Un premier niveau de comparaison peut étre fait en ce qui concerne la différence entre les
objets utilisés pour décrire le caractere covariant dans chacune des 2 parties. Selon le probleme
donné, nous préfererons partir d’une connexion p sur M, comme dans la partie I, ou d’un transport
7 sur M, comme dans la partie II.

Pour comparer les deux définitions, nous supposerons dans cette partie que

e Le transport T de la partie 11 est le transport paralléle le long des géodésiques :

VW = (z,v) e TMVW = (y,w) € TM : (W)= Ty/é(w)

e La connexion p de la partie I est donnée par la différentielle de ce transport :
Pv = dT\/(V)

Afin d’étre cohérent avec la partie 11, I” interpolateur (resp. connecteur) dans 7'M, utilisé dans
la partie I, doit correspondre a I'interpolateur lineaire (resp. au connecteur linéaire) lorsque le
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point de base n’est pas interpolé. Pour cette comparaison, nous considererons donc 1’ interpolateur
et le connecteur géodésiques sur 7'M, qui sont donnés par

I(s, V,W) = ( exp,(sexp;'y) , mol[s(r{p(w) —v) +v] ),
YV, W) =1(0,V, W),

ol (TO/Q est le transport parallele le long de la géodésique (exp,(sexp;'y)) qui lie z & y.

Comparaison dans le cas d’une semimartingale générale

I1 voulons étudier les relations entre les objets sur M ou T'M (connexion, transport, interpola-
teur, connecteur) qui rendent les définitions des parties 1 et 2 équivalentes pour toute semimartin-
gale sur T'M.

La différence entre les définitions des parties 1 et 2 résulte de I'ordre dans lequel on fait agir

A A A A A
sur la forme a, I’ application J qui décrit le saut de l'intégrale ( J=I pour Stratonovich, J=-~
pour It6) avec les applications qui décrivent le calcul covariant (p ou 7/). L’équivalence entre ces
définitions se traduit donc par une commutativité entre ces applications :

N A A
a J=1 ou vy i (a)
J{connea}ion p* ltransport (/1) (32)
* ? o * ? /] \* <
p*(a) — J (@) = #)"(J (@)

Nous allons voir que cette commutativité donne bien 1’égalité des intégrales covariantes d’Ito
des parties I et II. En revanche, les intégrales covariantes de Stratonovich ne coincident pas.

Cas du calcul d’Ito

La commutativité entre la connexion et 7 s’écrit

T (@) = ) (@)

En utilisant (21) et (30), I'égalité des deux sauts se traduit par

py, (Y Vo) =7 v — g (33)

Cette condition est vérifiée lorsque -y est le connecteur géodesique. L’intégrale d’It6 covariante
a sauts coincide donc avec l'integrale d’It6 a sauts covariants.

Lorsque (Y;) est continue, les intégrales coincident également, et on montre que 1'on retrouve
la définition (10) de Norris, lorsque 1'on fait 'identification de I’espace vertical.
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Noter qu’une seule connexion est alors requise, la connexion p qui décrit le calcul covariant,
la connexion nécessaire au calcul d’Ito étant en réalité la connexion plate sur un espace vectoriel.
Dans notre cas, c’est la connexion G, donnée par le 2-jet du connecteur géodésique, qui est
plate. Dans le cas de Norris, le relevement horizontal (u;) est défini a I'aide de p, et le calcul
d’It6 s’applique & la semimartingale u; 'y, dans R™. La deuxieme connexion utilisée est donc la
connexion plate sur R™.

Cas du calcul de Stratonovich

La commutativité entre la connexion et I s’écrit

A A
I

I (p"(@) = () (I ().

Avec 'exemple du transport parallele et de U'interpolateur géodésique, le saut (20) s’écrit

1
/0 Xs,v,— ve) (O’Ta{i_,wﬂ(s)(Ta{{,mt,yt —yi-)) ds.
Le saut (28) s’écrit :

1
o ds (0,77 g —y,-).
A H(S’Yt*’(”‘t*’ﬁé{s,xﬁyt)) ( T TLTy— )

Dans la premiere définition, la forme « est intégrée le long de tout I'interpolateur I dans 7M.
Dans la deuxieme, le transport ramene tout dans I'espace de départ du saut T, M. On integre
donc a dans T, M, et seule la partie de I dans cette fibre est utilisée. Autrement dit, changer la
partie de I sur M changerait la premiere définition mais pas la deuxieme.

En conséquence, 'intégrale de Stratonovich covariante a sauts et I'intégrale de Stratonovich a
sauts covariants sont en général différentes.

On montre dans cette these que les définitions restent différentes dans le cas continu. FEn
conséquence du principe de transfert, c’est 'intégrale de Stratonovich covariante a sauts de la par-
tie I qui coincide avec la définition (9) de Norris, lorsque I'on fait Iidentification de 'espace vertical.

Egalité pour l'intégration de semimartingales particulieres

Nous avons introduit deux intégrales stochastiques dites ”covariantes”. Nous attendons de ces
intégrales , d’une part qu’elles correspondent a 'intégrale classique le long de (y;) lorsque (Y;) reste
dans un espace vectoriel, d’autre part qu’elles soient nulles lorsque (Y;) est une courbe C'! horizon-
tale dans T'M. En fait, on peut généraliser la notion de courbe horizontale aux semimartingales.
On dira qu'une semimartingale (Y;) = ((x¢,y:)) dans T'M est horizontale si elle vérifie

. v .
ytzrgg,xﬁyr, sixy #xy-, 0°Y,=0s1a =014
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Proposition :  Si (Y;) = ((x,y:)) est a valeurs dans un espace vectoriel (i.e. si (x;) est
une courbe constante), alors les intégrales stochastiques covariantes a sauts et & sauls covariants
coincident avec l'intégrale le long de la semimartingale (y;)

Ay A A
/a8 Y:/aﬁvY:/aay
Ay 4 A
/ad Y:/ad"Y:/ad Y.

Si (Y;) est une semimartingale horizontale dans T M, alors les intégrales stochastiques, covariantes
a sauts, et a sauts covariants, sont nulles.

Conclusion de la comparaison :

Les deux intégrations stochastiques covariantes définies dans les parties I et II généralisent
toutes deux l'intégration covariante d’'une courbe C'. Elles coincident lorsqu’on intégre deux
classes de semimartingales particulieres, les semimartingales verticales (a valeurs dans un espace
vectoriel) et les semimartingales horizontales. Dans le cas de semimartingales générales, elles
different.

Le calcul stochastique covariant a sauts de la partie I présente 'avantage d’étre compatible
avec le calcul de Stratonovich comme avec celui d’Ito, puisqu’il redonne le formalisme de Norris
lorsqu’on integre contre une semimartingale continue. Cependant, il n’inclut pas ces calculs de
Stratonovich et d’Ito a sauts dans un formalisme plus général.

De cette motivation nait le calcul stochastique a sauts covariants de la partie II. Il est plus
séduisant au niveau géométrique, puisqu’il donne l'expression d’un saut covariant, a partir d’un
transport, que 1’on peut voir comme une connexion “d’ordre 0”. Il s’applique tres bien au calcul
d’Ito, mais il est mal adapté au calcul de Stratonovich.

Dans le cas de I’ intégration contre une semimartingale continue, on peut, a ’aide de la notion
de connexion d’ordre deux, écrire les intégrales stochastiques covariantes des parties I et II comme
des intégrales covariantes d’ordre deux. Ceci rejoint le principe de Schwartz, par lequel toute
intégration stochastique sur une variété est en réalité une intégration d’ordre deux.

Partie IV : e.d.s. covariantes a sauts, ou a sauts covariants.
(Part IV : Covariant s.d.e. with jumps, or with covariant jumps )

Cette derniere partie est consacrée a I’étude d’e.d.s. entre variétés.
Soient N et M deux variétés différentielles. Rappelons que nous nous intéressons, dans le cas

26



0.0

covariant, a des semimartingales a valeurs dans les fibrés tangents. Ainsi, on se donne une semi-
martingale directrice (W;) cadlag sur T'N, un coefficient régulier e : TN x TM — L(T'N,TM),
et un point initial Y, sur TM . La solution (Y;) sera une semimartingale cadlag sur 7M.

En nous inspirant de ce qui précede, nous pouvons définir :

e des “e.d.s. covariantes a sauts”
de Stratonovich

AN JAN

Y, = e(Wi-, Y- ) OV Wy, Yo=Y, (34)
ou d’'Ito

JAN JAN

VY, = e( Wi, Y ) 7 W, Yo=Y, (35)

e des “e.d.s. a sauts covariants”
de Stratonovich

AV AV

0 Y, = (Wi Vi) d W, Yo=Y, (36)
ou d’'Ito

AV AV

d Y, = (Wi Yy ) d Wi, Yo=Y, (37)

Pour cela, nous écrivons chaque e.d.s. comme une e.d.s. a sauts, en suivant le formalisme de
Cohen dans [2], comme

yAN AN
dY = ¢(Y,d W).

¢ est la fonction qui donne les sauts de la solution. Plus précisement , W — ¢(W,-, Y-, W) est
une fonction deux fois différentiable au voisinage de W;- et nulle en ce point.

Lorsque (W;) saute de W;— a W, la solution (Y;) saute de Y;- a ¢(W;-, Y-, W,). La semimartin-
gale (Y;) est ensuite entierement déterminée a partir de ¢ et de son 2-jet en W-.

Les théoremes d’existence et d’unicité sont montrés dans [2].

Selon que 'on suit la démarche de la partie I ou celle de la partie II, on décrira le saut des
e.d.s. (34) et (35) en se donnant des connexions, et des interpolateurs ou connecteurs, sur les
variétés N et M, et le saut des e.d.s. (36) et (37) en se donnant des transports sur N et sur M.

Rappelons que, dans [8], Norris définit des e.d.s covariantes de Stratonovich
Y = (Wi Yi) W, Yo=Y, (38)
et des e.d.s. covariantes d’'Ito
Y, = e(W, Y, ) d"W,, Y,=Y, (39)

dirigées par une semimartingale continue (W;) = ((z4,w;)) dans T M, dont la solution (V;) =
((x¢,y;)) est une semimartingale dans T'M au dessus de (z;). Cette semimartingale (x;) est con-
nue, puisque c’est aussi la projection de (W;) sur M. Dans ce cas, (y;) est solution d'une e.d.s.
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linéaire. En particulier, il y a existence et unicité.

Ainsi, la résolution d’'une équation différentielle covariante nécessite que ’on se donne la projection
de la solution (Y;) sur la variété d’arrivée. On retrouve cela dans le cas a sauts. Le saut d'une
e.d.s. covariante de Stratonovich ou d’It6 dirigée par une semimartingale cadlag (W;) = ((z, wy))
dans T'N est donné de fagon unique si le saut de la projection (z;) de (Y;) sur M est connu. La
solution (Y;) = ((z¢,v:)), semimartingale cadlag dans T'M, est alors unique.

On suppose donc que la semimartingale (Y;) a une projection (z;) sur M qui est connue.
Ainsi, la semimartingale directrice d’une équation différentielle covariante peut étre vue comme
une semimartingale ((xy, W;)) dans M x T'N. Afin que la solution (Y;) et le processus directeur
sautent aux mémes temps, nous supposerons également que (z;) saute aux mémes temps que (W;).

D’apres la conclusion de la partie III, I'e.d.s. (36) n’est pas une e.d.s. de Stratonovich. Nous
préférerons donc étudier les trois autres e.d.s covariantes. Présentons ici les e.d.s. (34) et (37),
qui sont les mieux adaptées, la premiere au calcul de Stratonovich et la deuxieme a celui d’ Ito,
d’apres la conclusion de la partie III.

Definition :  Soient I™Y) un interpolateur sur TN, I™) un interpolateur sur M, p™ une
connezion sur N et p™) une connezion sur M. Le sens de Ue.d.s. de Stratonovich covariante
sauts (34), est donné par

A A A A
Y =e(WY )W, Yo=Y, & dY=0,Y,dW), Y,=Y,
avec
(I)s((Wt_aift_)? Wt) = (I)s(l) = (:L’t, ¢s(1))
ot (O (s)) est définie au dessus de (I'™) (s, x4~ x4)), comme la solution de 'équation différentielle

” VT(N) )
8(27‘;(8) - e(H(N)<87Wt*7Wt)7(I)s<S>> 8 : (Sa’l/Vt ’VVt)7

O,(0)=Ye.  (40)

Noter que les dérivées covariantes sont définies a 1'aide des connexions p@") et p(*).

Proposition : Quand la semimartingale (Y;) est continue, l’e.d.s (34) est équivalente a l'e.d.s.
de Stratonovich covariante continue (38).

En ce qui concerne l'e.d.s. (37), qui demande la donnée de deux transports, demander que
la solution existe et soit unique impose une condition d’inversibilité sur le transport de la variété
d’arrivée M ( 7 est dit inversible sur M si, pour tous V = (z,v) et W = (y,w) dans TM,
Uapplication 1y (y,.) : Ty,M — T, M est inversible).

Définition :  Soient 7™N) un transport sur N et T™) un transport inversible sur M. Le sens
de le.d.s. d’Ito a sauts covariants (37), est donné par

Ay ANV A A
d YZG(W7Y)d W, Yo=Y, & d[YZ(DI(KdIW)v Yo =Y,
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ot

O (Wi, Vi), W) = (20, (2, )y + e(Wee, Y ) (g (W) —wi-)] ). (41)
Proposition : Prenons pour ™) et ™M) les transports paralléles le long des géodésiques.
Alors, quand la semimartingale (Y:) est continue, ’e.d.s (37) est équivalente a l'e.d.s. d’Ité co-

variante continue (39).

Nous appliquons ensuite ce formalisme a quelques cas particuliers et exemples.
Tout d’abord, puisqu’ une intégrale stochastique est la solution d'une e.d.s. particuliere, nous
vérifions que ce formalisme redonne les intégrales des parties I et I1. Pour cela, nous considererons
M = R, munie du transport “plat” T‘(/M)(y,w) = w et de la connexion plate p™), ainsi que le
coefficient e(W,Y") = ay, ot « est une forme sur T'N.

Proposition : Sous les conditions précédentes, les e.d.s. (34), (35), et (37) ont pour solution
les intégrales stochastiques dont les sauts sont respectivement donnés par (20), (21), et (30).

Nous étudions I'exemple du relevement horizontal au dessus d'une semimartingale cadlag, solu-
tion d’'une e.d.s. covariante de Stratonovich (généralisation de (1)), qui correspond a la définition
donnée par Cohen dans [1].

La notion de semimartingale horizontale proposée dans la partie III est rigoureusement définie
A

comme la solution de I'e.d.s. & sauts 0¥ Y, = 0.
Discrétisation d’une e.d.s. covariante

Pour chaque ¢ décrivant la solution d’une des e.d.s. covariantes, le théoreme de discrétisation
proposé par Cohen dans [2] s’applique :

Soit (Y;) 'unique solution sur [0, 7] de l'e.d.s

Soit la suite (Y;") définie par
o V' =Y,

[ J }/;n = (WTr]zc’ Yn

i We) pour t € [T, T, ] et k < k(n)

(n)
pour une subdivision o™ = (T¥) qui tend vers I'identité (voir [2]).

Alors (Y;™) converge uniformément sur tout compact en probabilité vers (Y;) sur [0, 7.
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0.1. REMINDERS OF GEOMETRY 0.1

0.1 Reminders of Geometry

In this section, we specify the geometric tools needed. We introduce the definition of linear
connection on M, yielding the notions of parallel transport and covariant derivative. Then we
give the definition of geodesic, providing our simplest examples. In the end, we recall the notions
of interpolation and connection rules, used to define Stratonovich and It6 calculus with jumps on
a manifold.

0.1.1 Geometric assumptions and notations

e In all the paper, M and U are C'*° manifolds without boundary. They are assumed to have
a countable atlas, so the Withney’s imbedding theorem allows to imbed these paracompact
manifolds in R™. All the formulas given in coordinates are expressed in this imbbeding, but
never depend on it, otherwise it will be specified. Coordinates are always used in the form
described in Appendix A. The Einstein summation convention is used.

e We work on the manifold called M. However, everytime we recall general results, intended
to be applied later to M or T'M, the manifold is called U. Note that, when another manifold
is needed, it is called W'.

e Forall zin U, T,U is the tangent space to U at z. It is the set of (first order) tangent vectors
at z on U, that is differential operators of order one with no constant term. TU = U,y T.U
denotes the tangent bundle.

a is a first order form on U if, for every z in U, o, € T;U. For instance, the differential df
of a smooth function f on U is a first order form on U.

For every smooth ¢ : U — W, for every z in U, we denote by d¢(z) : T.U — Ty;)W and call
also the differential of ¢ at z, the linear tangent map defined, for all A in T,M and every
smooth f, by do(z)(A)(f) = A(¢o f). Its expression is given in coordinates in Appendix B.

e For all z in U, 7,U is the tangent space of order two to U at z. It is the set of second
order tangent vectors at z on U, that is differential operators of order at most two, with no
constant term. 7U = U,y 7. U denotes the tangent bundle of order two.

© is a second order form on U if, for every z in U, ©_ € 77U. For instance, the 2-jet d*f of
a smooth function f on U is a second order form on U.

For every smooth ¢ : U — W, for every z in U, we denote by d*¢(z) : .U — 74,y W and
call also the 2-jet of ¢ at z, the linear tangent map of order two defined, for all A in 7,M
and every smooth f, by d?¢(z)(A)(f) = A(¢ o f) (see [3] for more details). Its expression is
given in coordinates in Appendix B.
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AN

e For all z in U, 7%, U denotes the set of real functions 6, on U, twice differentiable at z and
A A A
such that 6,(z) = 0. 7* U is defined by 7" U = U,y 7, U.(see [1] for more details)

e 7 denotes the projection of T'M onto M. For every V in T M, the notation V' = (z,v) means
that z is the projection 7V of V on M and v is the part of V in the fibre T, M above z.

For every smooth ¢ : TM — W, for all x in M, the map ¢(z,.) : T,M — W denotes the
restriction of ¢ to the tangent space T, M.

e For every smooth curve (z;) on U, the derivative of z; with respect to the time ¢ will be
denoted either by %, or by 2 (%, = % :2).

0.1.2 Connection of order one on M

There are different equivalent ways to define a connection on a manifold. We specify here
our approach. We first recall the general definition of a connection in a principal fibre bundle,
following [11] and [5]. Actually, we will work in the particular case of a linear connection in the
principal fibre bundle L(M) of linear frames on M, with the linear group Gl,,(R). More precisely,
we consider a connection on the associated vector bundle T'M with standard fibre R™. Neverthe-
less, note that the results of part I could be written more generally with a linear connection in a
principal fibre bundle over M.

Our presentation of connection may slightly differ from the usual one. Hence, certain proofs
needs to be given. However, since this paragraph consists in reminders, when a proof is too long
and technical, it is written in Appendix D.

Connection in a principal fibre bundle E over M

Let E be a principal fibre bundle over M with Lie group GG and Lie algebra G.

For all V = (z,v) in F, the fibre through V' is Gy, submanifold of F isomorphic to G. Then the
tangent space to F at V', Ty, F, contains a canonical subset Vy E' = Ty Gy (rigorously di(V)(TyGy)
with the inclusion i : Gy — E) called the vertical space at V. There is no canonical way of choos-
ing for each V' a supplementary space of this vertical space. A connection on E is precisely a way
of making this choice. It defines a map py projecting Ty E onto Vy E. Its kernel kerpy, = Hy E
is called the horizontal space at V. The notion of parallel linear displacement in these horizontal
spaces comes from their right invariance under the action of the group G given by the second
point of the definition.

Definition 0.1 A connection p on the principal fibre bundle E over M with Lie group G is a
smooth map p:V € E — py such that, for allV in E

1. py projects Ty E onto the vertical space Vy E = T,G\y, .
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2. The horizontal spaces at V', Hy E = kerpy, satisfy
YV € E,Vg € G, HRng = (Rg)*HvE

where R is the right multiplication on G.

Connection in M

In the following, we consider a connection on the vector bundle T'M, with standard fibre R™,
associated to the principal bundle E = L(M) with the linear group GI,,,(R). We define here such
a connection, called a connection on M. We follow Spivak ([11]).

For all V' = (z,v) in TM, the fibre through V is T, M. The tangent space Ty TM to TM
at V' contains a canonical subset T,,(7, M) (rigorously di(V)(Tv(z,T,M)) with the inclusion i :
(x,T,M) — TM). This space is called the vertical space at V, and denoted by V,/TM. A
connection on M is a way of choosing for each V' a supplementary space HyT'M of this vertical
space, called the horizontal space at V.

Definition 0.2 A connection on M is a smooth map p : V € TM — py such that , for every
V = (x,v) in TM

1. pv projects TyT M onto the vertical space VyTM = T,(T, M).
2. VAER, pyyod\V) = Apy where (V) = (z, \.v).

Remark 0.1 By the first point of the definition, py is a projection so it is linear. This linearity
15 expressed by the properties

VU, Uy € TyT M, py(Uy + Us) = py(Ur) + py(Us) (42)

and
YU € TyTM, psy(dA(V)(U)) = Apy (U),

that is the second point of the definition. This second point expresses the right invariance of
the horizontal spaces in the vectorial case. Actually, using definition 0.1, this property should be
written on the horizontal spaces Hy E = kerpy at V' as follows

HyyTM = d\V)(HyTM). (43)

The equivalence between this formulation and those of the second point is proved in Appendix D.

Expressions in coordinates

We use the coordinates described in Appendix A.

Proposition 0.1 A smooth map p:V € TM — py is a connection on M if and only if, for all
V = (z,v) in TM,
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1. py is a linear map, such that, for every U in T,(T,M), written U = dv'(U) 8‘22.,
() = dv' (V) (44)
pv = o
2. We have 5 5
AeER,VV = TM, psy(=) =\ ).
VA€ ) (fL’,U) € ) pAV(a:L,Z) pV(aZL‘Z>
This implies that v — py(z%) is a linear map, so there exist smooth functions (T%) such
that
Vv € T,M 9y _pi v 9 45
vETM, pyl(ns) = Dl o (45)

Proof : See Appendix D.

Every vector U = dz*(U) azi + dvi(U) a?ﬂ' on Ty TM can be uniquely written as U = UY + U™

with a vertical component UY and an horizontal one U". Note that if U is a differentiable vector
field, so are UY and U™. According to (44) and (45), they are expressed as follows

UY = py(U) = [de(U) + Tiglapded (U)o (46)
H % 0 k ) k d
U™ = U = py(U) = da'(U) 7~ — da"(U)T ()" (47)

Remark 0.2 Seecing the tangent space TyTM at'V = (x,v) as a product space T, M x T,(T, M),
we will sometimes write 5

P () = pylda' (U)o o' (0) 0

oxt’
It implies, using the linearity of py and (44), that

A 0 A 0

As a consequence, if the part dwi(U)% of U on T, M and its vertical part py(U) are known, we

recover the part dv'(U)+2 of U in T,(T,M).

Torsion and curvature of p

If M is a Riemmanian manifold, the notions of torsion and curvature can be defined for a
connection p. We present here briefly the statements used in the paper, following [5].

Torsion of p
The torsion of p is represented by the torsion tensor 7' given in coordinates by
Th(@) = Ty (@) — T (@),
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Definition 0.3 p is a torsion-free connection on M if the functions (ka) are symmetric

or equivalently if p satisfies
0 0
polo5) =pa(57) (48)
Remark 0.3 For a torsion-free connection, the (ka) are called Christoffel symbols of the con-
nection p. Note that we will also call Christoffel symbols the coefficients for a non torsion-free
connection.

In the paper, we use the notion of connection for two different purposes :

e Connections are used to do covariant calculus. They are not supposed to be torsion-free.
In part III, these connections are deduced from a transport 7. We will see examples of 7
providing a torsion-free connection.

e Other connections are required to do It6 calculus on a manifold. Emery explains in [3] that
only the symmetric part of the connection is involved for the Ito calculus. Thus, without
loss of generality, these connections are assumed to be torsion-free.

We will use the following proposition, which can be found in [11].

Proposition 0.2 Let p and q be two connections on M. If the geodesics for p and for q are
the same, then the torsion-free parts of p and q equal. In particular, if p and q are torsion-free
connections, we get p = q.

Curvature of p

The curvature of a connection is a way to measure the difference between a vector and its
parallel transport along an infinitesimal loop. It is represented by the curvature tensor R given in
coordinates by

0 0 o om, o,
Oz’ dxm’ 9zl daxm or!

i () = da’ R

() + Do (@) () — Ty ()T, ().

Definition 0.4 p is said to be a flat connection if its curvature vanishes for every x in M.

0.1.3 Covariant derivative of a C! curve

Let p be a connection on M and (Y;) = ((z,3:)) a curve of class C* in TM. Its covariant
derivative is the usual derivative seen in a frame moving parallelly along its projection curve (z;)
on M. This displacement is described by the notion of parallel transport along (z;), defined as
follows.
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Definition 0.5 The horizontal lift (u:) of (x:), starting from a given u, € GL(R™, T, M), is
the unique curve ((xy,uy)) in GL(R™, TM) (Vt,u, € GL(R™,T,,M)) satisfying the differential
equation

Plaeun) (e, W) = 0, Uy = U (49)
( This equation means

Vz € R™, Playun(z) (B, W(2)) = 0, ug = uo.) (50)
The parallel transport 7// along (x,) is defined, for all s,t, by the linear map
8/{ =wu, Ty M — T, M.
Remark 0.4 Note that the parallel transport satisfies in coordinates

a(rl); N i
T_( il () @ (51)

where ()i = da' (T (;2%)).
Definition 0.6 The covariant derivative of a C' curve (Y;) = (x4, y:)) on TM s defined by

/
vy, T, -
oIy — lim t+h,t (ytJrh) yt. (52>
ot h—0 h

Remark 0.5 Our notation for the covariant derivative is not the usual one. The exponent V
stands for “vertical”, since the covariant derivative is valued in the vertical space T, (T, M).

We won’t use the definition of covariant derivative in this form. The following equivalent for-
mulations are more significant. Formula (53) makes us understand the covariant derivative as the
projection of the usual derivative Y; by py,. Consequently, we shall see the covariant case as the
image by the connection p of the classical case.

The formulation (55) of the covariant derivative will be useful for many proofs. It is the most
geometrically significant formula : the process (y;) is transported along (x;) up to a given T, M
(s = 0 for instance), where it is derivated, then this derivative is transported back to T, M.

Proposition 0.3 The covariant derivative of the curve (Y;) = ((x¢,y;)) is equivalently given by

oY, - 0

ot = th(Y;f) = [ yt + F]k(xt) yt xt ] i’ (53)
8V}/t a T, tys
8t - ( 85 )|s:t7 (54>
Y, o, Y. 40
ot - Ut§<ut yt)7 or vs? ot = Tst ot (Ttsy) (55>
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Proof : (52) < (54)
(52) is written

VY, ) Tt/J/rh,t(yt—I—h) — Y . Tt/J/rh,t(yt-‘rh) - Tt/,éyt
= lim = lim
ot h—0 h h—0 h
Setting f;(s) = S/’/tys, we get
oY St +h) = filt) _ Ofi(s) 9 7llys
ot oo h (Fos Jome = (T om
(54) < (55)
The definition of parallel transport implies
2 ( s/t/y8> 9 (uug'ys) 0 (ug'ys)

= = dut(utus_lys)

0s 0s 0s

At time s =t we get
vy, 0
o - = dut(yt)a(uflyt)-

Since u; is a linear map, its differential du;(y;) at point y; is identified with w, itself, and we get

Y, 0, 4
ot :Uta(ut Yr).-

Moreover, for all s, we get

VY, o, _ e, 0
att = Ut&(ut Yye) = wpug ! ot = (wsuy ye) = s/t/ at(Tt/s/y )-

(53) < (55)

Writing 3, = usu; 'y, we have

9 T 7
Y = at<utut yt) Ut a(ut y) o uy Yy = ot + U uy yt

Then, using the linearity of py,, we have

‘ o oY, o
Py, (Y;f) = p(ﬂﬁmyt)('rt’ yt) = p(xtyyt)«) ot ) +p($t7utut_lyt)<xt7 U Uy lyt>'

Now, applying (50) to z = u; 'y, € R™, the second term in the previous equality is null. As the
first term is concerned, recall that p verifies py,(0,U) = U. Consequently, we get
VY,

ot~

pyi(Yy) =

Moreover, by (46) we can write

) 0
py;(Yy) = [Z/t + F]k@t) yt xt ] %'D
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Remark 0.6 Note the meaning of remark 0.2 with regard to the covariant derivative. If the
curve (x) on M is known, so is the part (i;) of (Y;) on Ty,M. Then (i) is deduced from the
covariant derivative of (Y;) and conversely. On account of this property, if (Y;) is solution of
a linear covariant differential equation and its projection (x;) is known, then (y;) is solution of
a linear differential equation. So unicity stands for the solution (y;) and hence for the solution (Y).

Remark 0.7 Note that, in the two following cases
1. p is the flat connection in R™,
2. (Yy) = (w4, yt)) is vertical, that is the curve (x;) is constant,

we have

ot ot

Y, o

0.1.4 Geodesics on M and T M
Geodesics and exponential map on M

In this paragraph, M is a manifold endowed with a connection p. The proofs which are not
written here, are in [5].

Definition 0.7 A curve (z;) of class C* in M is a geodesic if its tangent vector () is parallelly
transported along (x;), that is if

oV (xy, &
v, Z@nd) g
ot
It is equivalently written in coordinates
xf = - Ffj(%) xi 37%

Proposition 0.4 Let 7/ be the parallel transport along (x;). Then (x,) is a geodesic if and only
if &y = Tl i

t ot +0-
Proof : Using (55), the relation w = 0 is equivalent to ;2 (u; 'i;) = 0, where (u;) is the
horizontal lift of (z;) starting from a given uy. This equation means that, for all ¢, [u; '@, = ug ‘i,
that is @, = wug 'zo = TO/,{:'CO. 0J

The following proposition allows us to define the exponential map on M.

Proposition 0.5 The geodesic starting from x in M with initial tangent vector v in T, M ezists
and is unique.

Definition 0.8 The exponential map is defined at every point x in M as follows.
For all v in T, M, exp,(v) is the point at time t = 1 of the geodesic on M starting from x with
wnitial tangent vector v.
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The exponential map is generally only defined on a subset of T,, M for each z in M. It is thus a
local diffeomorphism from N, to a neighbourhood of x in M. Consequently, the geodesic joining
a point x to another point y in M exists and is unique for y in N,. Then, it is written with the
exponential map as

x; = exp, (texp, '),
where the initial tangent vector is
fo = exp, ' (y).

A manifold on which any two points can be joined by a unique geodesic is said to be simply

convex.

We conclude with some useful properties about the exponential map.

Proposition 0.6 The parallel transport along a geodesic (xy) with initial tangent vector o is
related to the exponential map as follows

d exp, (tio) (o) = 1) ().

Proof : According to proposition 0.4, &, = 7'0/{3’00. But i, = & (exp,(tio)) = dexp,(tio) (& (tio)) =
dexp,(tao)(Lo). U

Note that the map dexp,(v) : T, M — Texy ()M is not the parallel transport along the geodesic
from x with initial tangent vector v € T,, M. Actually, this map is related to the notion of Jacobi
fields. It will be used to provide an example of transport in part II.

Proposition 0.7 The differential and the 2-jet of the exponential map at 0 are
dexp,(0) = Tdp, & exp,(0) = Id,,u.

Consequently, we get also
dexp;!(z) = Idr,u.

Proof : The two first assertions are proved in Appendix C. Then, writing d(exp,!oexp,)(0) =
Idr,ar, we get dexp,!(exp,(0)) o dexp,(0) = Idg, . It follows dexp,'(exp,(0)) = dexp,!(x) =
dexp,(0)~t = Idg, . O

Geodesics on T M

When doing covariant calculus, we consider semimartingales on T'M. Therefore, the 1t6 cal-
culus involves torsion-free connections on T'M. Let us present here the classical example of the
horizontal lift of a torsion-free connection p, for which geodesics are parallel transports. Note that
another example is given by the complete lift of p, for which geodesics are Jacobi Fields. (see
[12]). We won’t give the definition of the horizontal lift of p, but only define the geodesics with
respect to this horizontal lift, following Yano and Ishihara in [12], where proofs are given.
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Proposition 0.8 Let p be a torsion-free connection on M. Let (Yy) = ((z4,y:)) be a curve of
class C* in TM. It is a geodesic with respect to the horizontal lift of p if its projection (x;) on
M is a geodesic with respect to p and if the covariant derivative of its tangent part is parallelly
transported along (), that is if

o) oM Y,

(a1) at(xt,xt):O and (by) at(a:t, T ) =0.
This is equivalent to
. : VY, VY,
(a2) &0 =7y &0 and (b) —* =75 (5 lico-

Proof : The expressions (a;) and (b;) comes from [12]. Let us prove the equivalence with (as)
and (by). The equivalence (a1) < (ay) is given by proposition 0.4.
Using the formulation (55) for the covariant derivative, (by) is equivalent to

Q(U_lﬁ"y}
ottt ot

where (u;) is the horizontal lift of (x;) starting from a given ug. This equality means that, for
all ¢,

) =0,

Lot 0 ot Y
that is (b9) o i
Yo _ 0%

.0
8t Tot 8t |t 0

((ay, TOt xo)) is a geodesic on

(by), that is % (:ct,iav(m“m'f)):

Example 0.1 If (x;) is a geodesic on M, the curve (Yy) = ((z4, 21))
€s ot

TM. Indeed, (ay) is satisfied since () is a geodesic and it implie
a@t (.’L‘t, O) =0.

Example 0.2 If M is simply convez, a geodesic joining two points on T'M is given as follows,
with a geodesic on M and a linear interpolation parallelly transported in the fibres above this
geodesic.

Set V = (z,v) and W = (y,w) in TM. Let (z;) = (exp,(texp,'(y))) be the geodesic from x
to y, and 7/ the parallel transport along (x;). Then the curve

(X)) = (20, 0 (r{p(w) — v)t +0))

s a geodesic with respect to the horizontal lift of p, joining V to W on TM.

Indeed, (ay) is verified since (x;) is a geodesic. For (by), computing the covariant derivative of
(X:) along (x;) with formula (55) gives

6VXt 7_// 8

ot ot

Oy oty (o) — )+ )] = 7] (i) — v}t o]
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It follows
X
0 = T (Tio(w) —v).
Consequently
0 X old
o0 5 = 5y (e 7t (o (w) = ).
But %—:(:pt,TO/{) = %—:(:pt,utual) = 0 by definition of the horizontal lift (uy) of (x4). So (by) is
verified.

0.1.5 Interpolation and connection rules
The notions of interpolation and connection rules will be used to describe the jumps for a

Stratonovich or an Ito integral.

Interpolation rule

Definition 0.9 (Cohen) A C® mapping I : [0,1] x U x U — U is an interpolation rule if it
satisfies, for all s in [0,1], for all x,y in U,

oI(s,z,y)

(1) I(s,z,z) =, (17) 1(0,z,y) ==z, I(1,2,y) =y, (141) o

|y:m = )\(s>[deU-

Example 0.3 . Linear interpolation rule
If U is a vector space, the linear interpolation

I(S,l‘,y) = l’+8(y—ﬂ?)
18 an interpolation rule on U.

Example 0.4 . Geodesic interpolation rule on M
If U = M is simply convex, the geodesic joining two points, ¢ : [0,1] x M x M — M, defined by

Vs € [0,1],Vz,y € M, c(s,z,y) = exp,(s.exp,(y)),
15 an interpolation rule on M, called the geodesic interpolation rule on M.
Indeed, (i) and (ii)are obvious. For (iii), we have
de(s,x,.)(x) = dexp, (s.exp,'(x))(s.dexp,’ (7)) =dexp, (0)(s.dexp,’ (z))
Using proposition 0.7, we get dc(s, x,.)(x) = s.Idr,y and (i) is proved.

Example 0.5 . Geodesic interpolation rule on 7'M

If U = TM is simply convex, the geodesic (X;) with respect to the horizontal lift of p, joining two
points on TM (see example 0.2), yields in the same way an interpolation rule on T'M, called the
geodesic interpolation rule on T M.
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Connection rule
Definition 0.10 (Picard) A C? mapping v : U x U — TU, is a connection rule if it satisfies,
for all xz,y in U,

o Oyl(z,
(ii7) 77(3y y) |y = Idp,y.

(i) ~(z,y) € LU, (i) ~(z,2) =0,
Note that, by the local inversion theorem, for all z, v(z,.) is a local diffeomorphism from a
neighbourhood of z in U to a neighbourhood of 0, in T,U.

Example 0.6 . Linear connection rule
If U is a vector space, the linear map y(z,y) =y — x is a connection rule on U.

Example 0.7 . Geodesic connection rule on M

If U = M 1is simply convex, the initial tangent vector to the geodesic joining the points x and y
on M, vo: M x M — TM, is defined by

Yo(z,y) = exp, ' ()

It is a connection rule on M, called the geodesic connection rule.
Indeed, (i) is obvious, (i1) comes from exp,'(z) = 0. For (ii1), we have dyo(z,.)(z) = dexp, ! (z) =
Idr,y, according to proposition 0.7.

Example 0.8 . Geodesic connection rule on T'M '
If U =TM is simply convex, the tangent vector at time 0, Xy, to the geodesic (X;) joining V' to
W on T'M, yields in the same way a connection rule on T M.

0.2 Reminders of Probability

In this section, we first summarize results about the stochastic calculus of order two on a man-
ifold. Meyer and Schwartz proposed in [7] and [10] a formalism for continuous semimartingales.
Then this formalism has been extended by Cohen in [1] to semimartingales with jumps.

Then we recall the formalism proposed by Norris in [8] for stochastic covariant calculus on mani-

folds.

0.2.1 Probabilistic assumptions and notations

o (Q,F,P) is a standard probability space, endowed with a filtration (F;):>0, satisfying the
usual hypothesis.

e Any process z on U is denoted by (z;), where the time ¢ is always assumed to be positive.
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e Recall that a process is said to be “cadlag” if it is right continuous and admits a limit on left.

A U-valued process (z;) is a continuous (resp. cadlag) semimartingale on U if, for all C?
function f on U, (f(z:)) is a real continuous (resp. cadlag) semimartingale. Note that, for
all system of coordinates (z%) at z, (z) is a semimartingale if and only if all (z}) are.

e (zf) denotes the continuous part of the cadlag semimartingale (z;)

e The notions of locally bounded and predictable processes on U will be used. We refer the
reader to [3] and [1] for the precise definitions.

0.2.2 Stochastic continuous calculus of order two ( dI )

To integrate on a manifold U, first order forms « are usually considered. If (z;) is a C' curve
on U, « is integrated against the tangent vector 2, € T,,U. If a = df, with f a C? function on U,
we get

/0 df (zs) s ds = f(z) — f(20). (%)

The It6 formula in R™ shows that the Stratonovich infinitesimal variation dz; of a semimartin-
gale (z;) integrates with the same rules as a tangent vector. Indeed, if f is a C'? function on R™,
we have

[y o= st - s (o

The analogy between the formulas (%) and (xx) is called the transfer principle, which has been
described by Elworthy and Malliavin. It is used to give meaning to a Stratonovich integral on U.
The Ito calculus on U is then deduced from a Stratonovich to It6 conversion formula, for which
we need a torsion-free connection on U. We will give these definitions in more details in part I.

The stochastic infinitesimal variations 0z; (Stratonovich) and dz; (It0) are not intrinsic. The
It6 formula rather incites us to consider a second order stochastic infinitesimal variation, similar
to a second order tangent vector on U,

82

02027

) 1 o
dlz, = dz; + §d < 22 >y

07
Therefore, the integrands are second order forms © on U.

This second order formalism was developed by Meyer and Schwartz. It provides compact and
geometrically intrinsic formulas. The stochastic integral of order two of © along (z;) is defined in
a unique way as follows (see [3]).

Definition 0.11 Let (z;) be a continuous semimartingale in U and (0;) a 7*U-valued predictable
locally bounded process above (z;). There exists a unique linear mapping © — [ Odlz, such that
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[ ©dz is a real semimartingale, called the stochastic integral of © along (2;), satisfying, for every
smooth f and for every locally bounded predictable processes K and ©,

/ () diz = f(=) — f(z0),

/K@d[z:/K d(/@d[z).
In an imbedding, we write

t taf ) 1 t an ) )
Pf(z)dlz, = | 2L (2)d2 + = (z)d < 2 >,
| ereoas = [ Shegaieg | Gapg i< >

We will see in part I in which way the Stratonovich and Ito integrals appears as particular
cases of integrals of order two.

A
0.2.3 Stochastic calculus of order two with jumps ( dl )

In [1], Cohen extends the formalism of calculus of order two to the case where the semimartin-

A
gale can jump. The integrands 6 are now in 7% U, that is, for all z in U, 6, is a real function on

U, twice differentiable at z and such that 0.(z) = 0.
The stochastic integral of order two of  along a cadlag semimartingale (z;) is defined in a unique
and intrinsic way as follows.

A
Definition 0.12 (Cohen) Let (z;) be a cadlag semimartingale on U and (6;) a 7 U-valued

A
predictable locally bounded process above (z;-). There exists a unique linear mapping 0 — f 0d z

A
such that [0 dl z is a real semimartingale, called the stochastic integral of 0 along (z;), which is
null at 0 and satisfies, for every f in C*(U) and for every real locally bounded predictable process
K,

AN
o Vt>0, 0(2) = f(2) — flzm) = [y Osdl z = f(z)— f(),
AN AN
o [Kbsdl zy= [ Kd([ 0, dl z,)s,

A
o 20, =0 = [[0,dl 2=, 0(2).

In an imbedding, we write

toA t o0, 1 [t 020, o e
/ Os dl z4 = / — (25~ )dz, + —/ (zs-)d < 2", 27 >
0 o 072 2

0 021021
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£ Y )~ )5, (56)

0<s<t

Note that we recover the change of variable formula for 0; = f(2) — f(z:_), with f € C*(V).

By the first and second points of the definition, the continuous case defined in the previous
paragraph is recovered when the semimartingale is continuous, since we get

t t ) 1 t 2 ) )
/ d*0,dl z, = / %(zs)dz; + —/ 8‘ 0 -(z5)d < 2,27 >,
0 0 07 2 )0 02021

The third point describes the case of a finite number of jumps. In particular, the jump of the

A
integral [ @ dI z when the semimartingale (z;) jumps from z; to z is given by 6;(z;).
The map 6 contains all the information : it describes the jumps of the integral and provides the
drift and diffusion parts from its first and second derivatives. In part II, our approach will consist
in starting from the jump of a semimartingale (z;) on M and making it covariant. By the forego-
ing, we will be able to define a stochastic covariant integral of order two if we find the expression
of one covariant jump € of the stochastic integral along (z;).

We will see in part I in which way the Stratonovich and It6 integrals can be seen as particular
cases of integrals of order two.

0.3 Reminders on Stratonovich and Ito continuous covari-
ant calculus

0.3.1 Norris’s formalism

In [8], Norris applies the transfer principle to the expression (55) for the covariant derivative of
(Y:) = ((z¢,y)) € TM, using the horizontal lift of the part (z;) of (Y;) on M. For a semimartingale,
it is defined as follows.

Definition 0.13 The horizontal lift of a continuous semimartingale (x), starting from a given
Uy € GL(R™, T, M), is the unique curve ((x¢,us)) (Vt,us € GL(R™,T,,M)) satisfying the stochas-
tic differential equation

D(weue) (0T, Oug) = 0, ug = U,. (57)

( This equation means
V2 €R™, Diwue(z)) (0%, 0ug(2)) = 0, o = uy.) (58)
The parallel transport 7/ along (x,) is defined, for all s,t, by the linear map

7'8/{ =wuy ' Ty, M — T, M.
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Then Norris proposes the following definitions.

Definition 0.14 (Norris) Let p be a connection on M. For every continuous semimartingale
(Y:) = ((x¢,y1)) on TM and every first order form a on M, the Stratonovich covariant integral of
a along (Yy) is defined by Norris as

/OéZt wO(u; ).

The Ité covariant integral of o along (Y;) is defined by Norris as
/amtutd(ut_lyt).

0.3.2 Identification of the vertical space

Norris applies the transfer principle to formula (55), where the covariant derivative agft is

seen as an element of the tangent space T,;, M, but this covariant derivative belongs to T, (1,, M),
according to definition (52). Actually, the equivalence between (52) and (55) contains an iden-
tification, specified in the proof of proposition 0.3 (we identified the differential du,(y;) with wu,,
using the fact that w; is a linear map). It can also be written as an identification between the
vertical space T}, (1,, M) and the tangent space T}, M. We explain this identification here, in order
to understand the consequences for the stochastic covariant calculus.

Recall that, for all V' = (z,v) in TM, the vertical space at V is T,,(T,M). Since T, M is a
vector space, the tangent space to T, M at v can be identified with T, M itself. Indeed, for every v
in T, M, T,(T, M) is the set of all the derivatives at 0 of the vertical curves {v(t) = v + tu}yer,pm-
By writing 4(0) = u, where 4(0) € T,(T,M) and u € T, M, we describe the identification iy,
depending on the point V' = (z,v) in TM, between T, (T, M) and T, M :

iv :y(0)=u € T,(T,M) ~u e T,M. (59)

Without this identification, we should integrate a form on 7'M, instead of one on M, along the
covariant derivative. Every form a in T'M yields at each V in T'M, a linear avy : TyyT'M — R, but
notice that only the part of oy acting on the vertical space is involved for the covariant integration.

Therefore, for a C* curve (Y;) on TM, we have the following.

e If o is a form on M, the covariant derivative a:;ft is identified to an element of 7T}, M. Then,

the covariant integral of a along (Y;) is given by

VY,
/a% 5 dt. (60)

46



0.3. REMINDERS ON STRATONOVICH AND ITO CONTINUOUS COVARIANT
CALCULUS 0.3

e If v is a form on TM, the covariant derivative 2 at , v (T, M), is seen as an

element of Ty, TM by writing it (O, 2 82@) (where 0 € T, M). Then the covariant integral of
« along (Y;) is given by

VY,

The Stratonovich integral for a continuous semimartingale (Y;) in T M is obtained by applying
the transfer principle to (60) and (61), as follows.

o If o is a form on M, the covariant Stratonovich integral of a along (Y;) is the one defined
by Norris, given by

/ a, 0V, (62)
e If ais a form on T'M, the covariant integral of o along (Y;) is given by

[ 0.0 (63)

Let us understand the difference of nature of these two integrals in the case where (Y;) belongs
to R?™, and p is the flat connection on R™. According to remark 0.7, we get the following.

where o; = a(5%), 32 € T, M.

The integral (63) yields

/ 0,0"Y;) = / :(0,0y;) = /(aYt)idyt + 5 / @(Yt)d <y',y >,

’81)7')’ 81)7' ETU( )

where a; = a(0

Note that the main difference between these two integrals comes from the quadratic variation
terms.

The integral (63) is the one expected for a covariant integral when the manifold is R™ with the
flat connection, since it corresponds to the Stratonovich integration of the semimartingale (y;),
part of (Y;) in the fibre. Moreover, we can’t write a canonical analoguous identification for the
jumps and at the order two. Actually, in these cases, it requires a connection.

For these two reasons, we won’t do the identification in the thesis. As a consequence, we will
integrate forms on T'M.
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Stochastic covariant calculus with jumps
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Chapter 1

Stratonovich covariant calculus with
jumps

1.1 Reminders on Stratonovich calculus

1.1.1 On Stratonovich continuous calculus ( 0 )

The Stratonovich integral along a continuous semimartingale (z;) is usually defined using the
transfer principle. For any local chart on U, the Stratonovich integrals along the coordinates (z}),
semimartingales in R, are well-defined between two stopping times 7; and T;y; (respectively the
first entrance time of (z;) in the chart and the exiting time of (z;) from the chart). Therefore, the
Stratonovich integral of a form « on U along (z;) is the sum of these integrals

Tit1 ‘
/%t 0z = E / (., )i 0%
i YT

Note that it doesn’t depend on the stopping times nor on the chosen atlas.

In [3], Emery presents the Stratonovich calculus on a manifold as a particular case of the
stochastic calculus of order 2. It has the advantage of not using local charts. A map d, is
introduced, transforming the first order form « into a second order form. Let us recall its definition.

Definition 1.1 The map d4 is the unique linear map from the set of first order forms on U to
the set of second order ones that verifies, for every function f and every first order form « on U,

dy(df) = d*f and d,(fa) = df.a + fdsa. (1.1)
In an imbedding, we write
O : .
o2 i i 7.
ds(a) = ad®z" + 977 (z)dz".dz’.

See [3] for the proof of the existence and unicity of d.
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Definition 1.2 (Emery) For every continuous semimartingale (z;) on U and every first order
form « on U, the Stratonovich integral of o along (z;) is defined by

/OéZt 0z = /(dsa)Zt dl z.
In an imbedding, we write

1 [ Doy o
— At _ v v
/o{zt 8Zt - /(ta)ldzt _'_ 2 / azj (zt)d <z 72 >t .

A
1.1.2 On Stratonovich calculus with jumps ( 9 )

In [1], Cohen defines a Stratonovich integral along a cadlag semimartingale as a two order
integral. The description of the jumps requires an interpolation rule I on U (see definition 0.9).
When (z;) jumps, its path is replaced by an interpolation curve between the points z;- and z
on M. Therefore, the jump of the integral is given by the integration of the form « along this
interpolation curve.

Definition 1.3 (Cohen) Let I be an interpolation rule on U. For every cadlag semimartingale
(z¢) on U and every first order form o on U, the Stratonovich integral of o along (z;) is defined
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by

VAN A YN
/azt_ 0z = / I (a)zt_ dl z,

where the jump of the integral, when (z;) jumps from z— to z, is

A 1
I <a>zt_ (Zt> = / o{I(s,z _,z¢) [(57 Zt77 Zt) ds (12)
0 t

A
Note the link between [ and d;.

Proposition 1.1 (Cohen) For all fized z in U, the differential and the 2-jet at point u = z, of
the map

A A 1 .
I(a),:uelU—]T (a),(u) :/ Wy 1(8,2,u) ds €R,
0

are related with a as follows :

a7 (@).(z) = a T (0):(2) = (ds0)..

z?

By the following proposition, we can recover the known continuous case from this definition.

A
Proposition 1.2 (Cohen) If (z) is continuous, [« 9 z is independent of the interpolation rule
and it recovers the continuous Stratonovich integral

A
/a 0 z:/oz(?z,
A
/a 0 Z:/(dsa)z dl z.

Proof : The continuous case is obtained by computing the 2-jet of the function describing the
jumps. This 2-jet is given by proposition 1.1. See [1] for more details.[]

that is

1.2 Stratonovich covariant calculus

1.2.1 On Stratonovich continuous covariant calculus ( 9" )

Let p be a connection on M. According to the expression (53), the covariant derivative is the
projection by py, of the tangent vector Y; to the curve (Y;). Therefore, we can consider that the
covariant case is the image of the classical one by the projection p. With regard to the integration
of a form «, it corresponds to the pull-back of o by p.

Definition 1.4 The pull-back of the first order form « by the map p is the first order form p*(«)
on T'M, defined by

YW e TM,YU € TvTM, p*(a),(U)=a,(py(U)).
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Remark 1.1 Since the projection py is T,(T,M)-valued, only the part of p*(«) acting on this
vertical space is involved. The vector py(U) € T,(T, M) is seen as an element of Ty T M (we could
have written o, (O, py(U)) (where 0 € T,M)).

We use the transfer principle to define a Stratonovich covariant integral as follows.

Definition 1.5 Letp be a connection on M. For every continuous semimartingale (Yy) = ((x¢, yt))
on TM and every first order form « on T M, the Stratonovich covariant integral of a along (V)

is defined by
/ o, VY, = / p*(a),, OV,

[0~ [aw@, av.

that is

In an imbedding, we write

/ 0, VY, = / (0 )0y} + Tia(ar) o 0l ). (1.3)

where <aYt)i = aYt(azi)'

We will see in part III that our definition recovers Norris’s definition, when doing the identifi-
cation of the vertical space.

A
1.2.2 A Stratonovich covariant calculus with jumps ( 0¥ )

On the one hand, the covariant calculus requires a connection p on M. On the other hand,
the Stratonovich calculus with jumps in T'M requires an interpolation rule on T'M.

We give meaning to a Stratonovich covariant integral with jumps, by applying the results of
paragraph 1.1.2, with the manifold U = T'M, to the form p*a.

Definition 1.6 Let p be a connection on M and 1 an interpolation rule on T'M. For every cadlag
semimartingale (Y;) = ((x,y;)) on TM and every first order form o on TM, the Stratonovich
covariant integral of a along (V) is defined by

AN A A
/O[yt av }/t :/ I[ (p*a)Y_ dlY;?

where the jump of the integral, when (Y;) jumps from Y- to Yy, is
A 1 .
Ly (%) = [ 070)y_ 1o, Yir Y0 ds. (1.4
0 t
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1.2

/

Tras,y,— yoM |/

Note that, using (53), formula (1.4) can be written

A ! o1
Ly (0 = [ @y 5o (Y YD) ds
0

s,Yt_,Yt) as

(1.5)

Example 1.1 Let 1 be the geodesic interpolation rule on TM (see example 0.5 with example 0.2).

It is given by
I(s,V,W) = ( exp,(sexp;ly) , mL[s(r/L(w) —v) + ] ).

Then, we have

o 1 J/ /
L@y (00 = [ o0 ior, (e = e s
0

where (7'// ) = (T()/é) is the parallel transport along the geodesic

x,—,7l(s,Y,—,Y2)
(71(s,Yi-, Y2)) = (exp,,_(sexp,” (21))).
Indeed, using expression (55) for the covariant derivative, we get

0"l 9

g(s, }/;—, }/t) = Tos 88 (Ts/(/)]l(87 Yi—, yt))a
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that is v 5
I
Sy (5 Y0 = o (sl () =) +u-) = 75l () = o)

Then the jump (1.5) is expressed as in (1.6), where TZ/Z_JH(S,Y)&_,Y%)(TQZ,%7 Y — Y- ) 1s seen as an

element of Ty(sy, _ yo) (Trrs,y,_ vy M) (where I(s, ys-, y1) is the part of I(s, Y;-,Y;) in the fibre), since
it is a covariant derivative of I(s,Y;-,Y}).

Proposition 1.3 If (Y;) is a continuous semimartingale on TM, the covariant Stratonovich
integral is independent of the choice of the interpolation rule I and it recovers the continuous

Stratonovich covariant integral
A
/ay Y = /p*(a)y8Y

Proof : Just apply proposition 1.2 to the form p*(«). O
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Chapter 2

Ito covariant calculus with jumps

2.1 Reminders on Ito calculus

2.1.1 On It6 continuous calculus ( d )

The It6 integral along a continuous semimartingale can be defined from a Stratonovich to Ito
conversion formula. This formula requires that U is endowed with a connection, which is assumed
to be torsion-free (see the part of paragraph 0.1.2 on the torsion).

In [3], Emery presents the Ito calculus on a manifold as a particular case of the stochastic
calculus of order two. The connection induces a map G, which transforms the first order form «
into a second order form.

Remark 2.1 By abuse of language, we will also call G a connection.

Definition 2.1 G is the linear mapping from the set of first order forms on U to the set of second
order ones defined, for every first order form o on U, by

G(a) =dsa — H(Va), (2.1)
where
e d, is given by definition 1.1,

e H is the unique linear mapping from bilinear forms to second order ones such that its com-
position with the restriction to first order forms is null and that, for all forms o and 3, we
have H(a ® ) = a.f. In an imbedding, we write

V(o5 () = 90 (2) — (o )T (),

and
aOéi

0z
where (Ffj) are the Christoffel symbols of the connection G.

H(Va)(z) = (5(2) — (a )Tk (2))d="d=,
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2.1. REMINDERS ON ITO CALCULUS 2.1

In an imbedding, we write

G(a), = (a.)id®2' + (az)kfi?j(z)dzi.dzj.

z

Definition 2.2 (Emery) Let G be a connection on U. For every continuous semimartingale (z)
on U and every first order form « on U, the It6 integral of v along (2;) is defined by

/%t dz = /(G’a)Zt dl z;.

Note that formula (2.1) is the Stratonovich to It6 conversion formula. It yields

/G(a) dlz = /dsa > — /H(Va) dlz,
/athzt = /azﬁzt — %/Va(@zt,&zt). (2.2)

In [8], Norris gives another but equivalent definition for the It6 integral, using the horizontal
lift. Let us write it and verify the equivalence with the definition given by Emery.

that is

Proposition 2.1 (Norris) Let (u;) be the horizontal lift of (z;), starting from a given ugy. Define
the semimartingale (Z;) in R™ by
0z = u;'0z.

/OéthZt = /(ozZtﬂt)dZt.

Proof : In [8], Norris expresses the covariant quadratic variation Va(9z;, 0z;), with the horizontal
lift @; of (z;) and the semimartingale (Z;) in R™, as follows

Then, we have

Va(aZt, 8Zt) =d < O{Z?j, z >4 (23)

Using the Stratonovich to 1t6 conversion formula in R™, we write
o PN | o
a,, udz = aZtutﬁzt — §d < QU Z >y

By (2.3) and the definition of (z;) we get

1
/OZZtUtdZt :/OZZtaZ’t— é/VOz(azt,ﬁzt),

Then, (2.2) implies that [ o, wdz = [« dz.0
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2.1. REMINDERS ON ITO CALCULUS 2.1

A
2.1.2 On It6 calculus with jumps ( 9 )

In [1], Cohen defines an It6 integral along a cadlag semimartingale as a two order integral.
The description of the jumps requires a connection rule v on U (see definition 0.10). The vector
Y(24-, ) represents the jump of (z;) in T, _U. Therefore, the jump of the integral is given by the
application of the form « to this jump.

Definition 2.3 (Cohen) Lety be a connection rule on U. For every cadlag semimartingale (z;)
on U and every first order form « on U, the Ité integral of o along (z) is defined by

A A A
/ozzt dz = / ol (a)zf dl z,

where the jump of the integral, when (z;) jumps from z;- to z, is

Y (@) (2) = o, 0(a-, ). (2.4)

A
Note the link between 7 and G.

Proposition 2.2 (Cohen) For all fized =z in U, the differential and the 2-jet at point u = z, of
the map

% (@), :uelU —ﬁ (a).(u) =a, oy(z,u) € R,

o7



2.2. ITO COVARIANT CALCULUS 2.2

are related with o as follows :

A A
d7 (a).(z) =a,, d* 7 (a).(2) = G(a)..

z z

By the following proposition, we can recover the known continuous case from this definition.

A
Proposition 2.3 (Cohen) If (z;) is continuous, [« d z only depends on the 2-jet of the con-
nection rule vy, giwing a connection G on U, defined for every first order form a on U, by

Vz e U, G(a), = a.d®*vy(z,.)(2),

and it recovers the continuous Ito integral

/a@z:/adz,
/aﬁz:/G(a)z dl z.

Proof : The continuous case is obtained by computing the 2-jet of the function describing the
jumps. This 2-jet is given by proposition 2.2. Moreover, the expression for the connection G
comes proposition B.1 in Appendix B, with f = «. Since «, is linear, its 2-jet is also «,, and we
get

that is

Gl0). = (7 (a):)(2) = (0 01(z.))(2) = P(1(z.))(2)* (@) = 0 0 P(3(z,.))(2)
See [1] for more details.[]

2.2 1t0 covariant calculus

2.2.1 On It6 continuous covariant calculus ( d¥)

A connection p is given on M to describe the covariant calculus. This covariant calculus con-
cerns semimartingales in T'M. Therefore, a connection G on T'M is required to do Ito calculus,
with a priori no link with the connection p on M.

We define an [to covariant integral as follows.

Definition 2.4 Let p be a connection on M and G a connection on T M. For every continuous
semimartingale (Y;) = ((z4,y¢)) on TM and every first order form a on TM, the Ité covariant
integral of a along (Yy) is defined by

/ o, dY; = / P (a),, dY,,

[awdvi= [ e, av.

that is
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2.2. ITO COVARIANT CALCULUS 2.2

We will see in part III that our definition recovers Norris’s definition when doing the identifi-
cation of the vertical space, and when considering a flat connection for G on T'M.

A
2.2.2 An Itd covariant calculus with jumps ( d” )

On the one hand, the covariant calculus requires a connection p on M. On the other hand, the
[t6 calculus with jumps requires a connection rule on 7'M ( yielding a connection on 7'M, which
has a priori no link with p on M).

We give meaning to a covariant [t integral with jumps by applying the results of paragraph
2.1.2 with the manifold U = T'M, to the form p*a. Hence, we get the following definition.

Definition 2.5 Let p a connection on M and 7y a connection rule on T'M. For every cadlag
semimartingale (Y;) = ((z¢,y1)) on TM and every first order form « on TM, the covariant Ité
integral of o along (Y;) is defined by

JAN A A
/ay d” Y, = / Y (p*a)yt, dl Yy,

t

where the jump of the integral, when (Y;) jumps from Y- to Y}, is

'), (¥) = (), oa(Yi Y = o, opy,_(3(¥er ) (25)

Example 2.1 Let 7y be the geodesic connection rule on TM (see examples 0.8 and 0.2). It is
gien by .
y(V, W) =1(0,V, W),

where 1(s, V, W) is the geodesic interpolation rule on T M. Then, we have

Ypra), (V) =a, (0.7, () —u-) (26)

where (Tg{/ sy, ) = (T()/é) is the parallel transport along the geodesic
t—> =

(71(s, Yi, Y2)) = (exp,_(sexp;! (w,)))

Indeed,
: ol
Py, (v(Ye-, Y1) = pﬂ(o,Yt,,m(H(O,Y}ﬂY})) = g(S,YQ—’ths:O-

The covariant derivative has been computed in example 1.1 as

ol
Ty (5. Y =l (wl (w) — ).
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2.2. ITO COVARIANT CALCULUS 2.2

At time s = 0, we get
py, (VY V) =L () =y

Then the jump (2.5) is expressed as in (2.6), where ng,xt, Yy — Y- is seen as an element of

T, (Txﬁ M), since it is a projection by py,_-

Proposition 2.4 If (Y}) is a continuous semimartingale on T M, the covariant Ito integral only
depends on the 2-jet of the connection rule 7y, giving a connection G on T'M, defined for every
first order form a on T M, by

VY € TM, G(a)y = ayd® 3 (Y,.)(Y),

and it recovers the continuous Ito covariant integral

A
/ a, d’Y,= / a, d’Y,.

Proof : Just apply proposition 2.3 to the form p*(«).00
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Chapter 3

Stochastic covariant calculus of order
two

In this first part, we have described separately the case of the Stratonovich covariant integral
and the one of the Itd covariant integral. In the case with jumps described by Cohen as for as
in the continuous case described by Emery, the Stratonovich and the It6 integrals are particular
cases of an integral of order two. We would like to include in the same way the covariant integrals
in a covariant stochastic calculus of order two. In the continuous case, this formalism would give
a continuous stochastic covariant calculus of order two, which has never, to our knowing, yet been
defined. We propose one definition in this chapter, and explain how we recover as particular case
the continuous covariant integrals of Stratonovich and It6. For this, we need to specify a notion
of connection of order two on M.

3.1 Connection of order two on M

We introduce the notion of connection of order two on M, as a way of decomposing at each V
in T'M the tangent bundle 7,T'M of order two in a second order vertical space and an horizontal
one. In addition, we require that the restriction of a connection of order two on M to first order
vectors is a connection of order one on M.

For all V' = (z,v) in TM, the fibre through V is T, M. The tangent space of order two,
7vTM, to TM at V, contains a canonical subset 7,(T,M) (rigorously d?:(V)(ry(z,T,M)) with
the inclusion 4 : (v, T, M) — TM). This space is called the vertical space of order two at V/,

and denoted by VyT'M. A connection of order two on M is a way of choosing for each V' a
supplementary space Hy T'M of this vertical space.

Definition 3.1 A connection of order two on M is a smooth map p : V € TM — py such that
for all V = (z,v) in TM,

1. py projects TvT'M onto the vertical space of order two VwTM = T.(T, M),
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3.1. CONNECTION OF ORDER TWO ON M 3.1

2. VAER, pyy o d?A(V) = d*\(V) o py where MN(z,v) = (z, \.v),
3. the restriction of p to first order vectors is a connection p of order one on M.

Expressions in coordinates

We give an analogue of proposition 0.1 for the existence of Christofell symbols. Actually, most
of the connections of order two considered in this thesis are 2-jets of transports, for which the
components can be expressed from Christoffel symbols, except for the two following maps, denoted
with the specific symbols II' and C.

Proposition 3.1 A smooth map p : V € TM — py is a connection of order two on M if and
only if, for all V = (x,v) in TM,

+dv'.dv? (U) 52

1. py s a linear map such that, for every U in 1,T, M, written U = d%i(U) FeiguT

Ovt
82
Ovtovi”

pv(U) = dQvi(TU)i + dv'.dv’ (U)

— (3.1)

2. (a) The map v — d*v l(pV<aa;zam )) is a constant. In particular, there exist smooth functions
(C31) such that, for all V = (x,v) in TM,

Pol(py(55)) = (). (3.2

(b) The maps v — d%l(ﬁv(aggﬂ)) and v — dvldvk(ﬁv(%)) are linear. In particular
there exist smooth functions (IF%,C) such that, for all V = (z,v) in TM,

P
B (P (5-5) = (@) (33)

Note the symmetry Il“zjk( x) = Télk( x).

(¢) The map v — dv'dv® (pv(ayax])) is quadratic.
3. (a) We have
0
dv'.dv*(py(5=)) =0
o (py ()

(b) The map v — d*0'(py(5%)) is linear. In particular there exist smooth functions (I')
such that, for all V = (x v) in TM,

Pl () = Th ()" (3.4

These functions are the Christofell symbols of the restriction p of p to first order vectors.
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3.2. CONTINUOUS COVARIANT CALCULUS OF ORDER TWO ( DIV ) 3.2

Proof : See Appendix D

Remark 3.1 If (z*) and (2%) are local charts around z in a manifold U, the change of coordinates
formula, for a second order vector L in T,U is (see [3)])

0z o 0%z
2 —a — 2.1 2 J
d°z*(L) = d*z (L)—azi + dz'.dz’ (L) 92057
0z 0z°

dz*.dz°(L) = dz'.d2* (L)

0z 0z’

so that, in general, second order vectors do not have an intrinsic first order part.

If p is a connection of order two, for every L in 7vTM, p(L) is a second order vector in
To(Ty M). Let us use coordinates on M described in Appendiz A, that is deduced from coordinates
on M. Let () and (%) be local charts around x in M. Let (v%) and (v*) be local charts around
vn T, M, given by

v = dat(v), 7% = dz*(v).

Then they are related by

— axz )
=—v
ore
and so
P>
iovi
Therefore, the change of coordinates formula, for the second order vector p(IL) in 7,(T, M), becomes
o 00
d*v*(L) = d*v'(L) =
P(L) = P (L)
ov* OvP

dv™.dv? (L) = dv’.dv? (L)

vt Ovd

We conclude that, if the coordinates used on TM are deduced from coordinates on M, the
second order vector p(L) has a first order part and a second order part, which doesn’t depend on
these coordinates on M.

3.2 Continuous covariant calculus of order two ( dV )

Let p be a connection of order two on M. Doing an analogy with the order one, we define
the covariant calculus of order two as the image of the (non covariant) calculus of order two by
the projection p. With regard to the integration of a second order form O, it corresponds to the
pull-back of © by p.

Definition 3.2 If © is a second order form on T'M, the pull-back of © by the map p is the second
order form p*(©) on T M defined by

VW eTM VL erM: p(O)y(L)=0yop,(L).
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3.3. THE CONNECTION OF ORDER TWO DgP 3.3

Definition 3.3 Let p be a connection of order two on M. For every continuous semimartingale
(Y;) in TM and every second order form © on T'M, the integral

/ QdIVY = / pH(O)dIY

is called the stochastic continuous covariant integral of © along (Y3).

There are several ways to transform a connection of order one p into a connection of order 2 on
M. The following example, d,p, of a connection of order two, shows how to write the Stratonovich
covariant integral as a covariant integral of order two. The Ito covariant integral can also be
written as a covariant integral of order two, by using a connection p of order two that will be
studied in part II.

3.3 The connection of order two d.p
Let p be a connection of order one on M. For all i € {1,...,m} , consider the map
PV = pl =dv' + D (a)vtda’ : Ty TM — R

This is a first order form on T'M, which can be transformed into a second order form on T'M by
the operator d, of definition 1.1. In a way, the following definition extends this application d.

Definition 3.4 Let p be a connection of order one on M. The map dgp is a map yielding for all
V in TM a smooth map dspy : 7vI' M — 1,(T, M), defined by

2

; 0
YWV e TM, VL € nvTM, dspy(L) = (dsp)v (L) i

57 pi.dv’ (L)

(3.5)

Remark 3.2 For this definition, we use the coordinates (V) = ((z*,v")) around V = (z,v) on
TM described in appendiz A, that is coordinates deduced from coordinates (z*) around x on M :

Vi= (2, 0') = (2, da' (v)).

Proposition 3.2 We can write dsp as follows. For all'V in T M, for all L in 7,/T M,

dopy (L) = [d*'(L) + I, (z)v" d®a™ (L) + %Fxrgl (z)v" da™.dx® (L) + T¢ () do™.do™(LL) ] ?}i

82

+ [ dvt.dv? (L) + T%(z)v' da®.dv? (L) ]8 EE
V'OV

(3.6)

Proof : By the definition of ds, we have

_ _ o(p
(dsp')v = (P )ud*V* + %dvk.dvm.
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3.3. THE CONNECTION OF ORDER TWO DgP 3.3

Then we get

, , , o6i 96! AT, (x2)v') AT, (x)v')

i i g2 k ) 2 _k k k kl k m kl k m
(dsp')y = SLd®v* 4T, (x)0! dPx +a dv* .dv +8 dv®.dx +7@vm dx".dv +7@xm dz".dz™.
It follows or

dp')y = d*0' + T ()t dPa® + T8 (2)da®.dv™ + Mvlalxk.alx’”“.
kl km

ox™

Moreover, we get, for the second term,
ph.dv? = (dv' + T (2)v" da®).dv? = dv'.dv? + T (2)0! da*.dv?.0

The following proposition gives the properties that we need to write the continuous Stratonovich
covariant integral as a covariant integral of order two.

Proposition 3.3 d,p doesn’t depend on the choice of the coordinates on M. It is a connection
of order two, such that its restriction to first order vectors is p. Moreover, it satisfies, for all first
order form o on T'M,

ds(p*(a)) = (dsp)"(dsv).
Proof :

e First, we verify that ds;p doesn’t depend on the choice of the coordinates on M. Consider
other coordinates z* on M and set v* = dz®(v). The expression for dsp with new coordinates
(0%) is

0 0?
dspy = ds(dv*(pv)) m— + dv*(py).dv” .
pv (dv (pv))a@a + dv*(pv).dv 50907
Using the change of coordinates formulas
o o' 0 2 o o’ 92 _ o

v Ove Ovi T owidvi  Ovt Ovi 0v*onB dv = o' v,

we get
o 0 on* . 81}6 - 0?

dspy = ds(%dvz(pV))% + o dv'(py)- ovi ]8770‘8175'

By property (1.1) for the map ds, we have

o . D*o™ ov”
7 — _]
(a Zd (pV)) a Za ]d dU (pV) a i (dsp)

Just as in remark 3.1, there exists a linear relation between the coordinates (v*) and (0%),

so that
o’
oviovi
It follows 95 9 00 O B 92
- Ov v ov
dypy = (dgp' dv’
sPv ( Sp) ot a +pv ovt OvJ 017“8?7‘3’
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3.3. THE CONNECTION OF ORDER TWO DgP 3.3

that is
2

o
&b = d(py) g + P E

So dyp doesn’t depend on the choice of coordinates on M.

e Let us prove that dgp is a connection of order two, using proposition 3.1 and the expression
(3.6) for dgp(LL). First note that the map V' — dspy is smooth. Moreover, for all V' in TM,
(3.6) implies the following.

— dypy is linear, and, for every U = d?v*(U) 2 + dv'.dv’ (U) 5% in 7,T, M,
dspy(U) = d*v"(U)dspy (= 0 -) + dv'.dv’ (U)d (LZ)
sPv = sPv D0 sPv CREW,

52

and dspy ( awam) = av?;vi’ so we get dspy(U) = U, and the first

BUt dspV(%) = 8,02
point of proposition 3.1 is verified.

— The map v — d*v*(dypy) (520 ) corresponds to v — I, (x), so it is constant, and

2(a) of proposition 3.1 is verified.
— The map v — d*v'(dspy % corresponds to v — 81“;'21 x)vt and the map v —
P D ox™Ox P ox P

dvidv? (dyp)y (=2 )) to v — [%(x)0!6d . So they are linear maps, and 2(b) of propo-

. /Y N oahdurm
sition 3.1 is verified.

— The map v — dvidv’ (dw)ﬂ%) is quadratic since it is null, then 2(c) of proposition
3.1 is verified.

— We have dv’.dv’(dsp)v(5%) = 0, so 3(a) of proposition 3.1 is verified.

— The map v — d*v'(dsp)v(3%:) corresponds to I, (z)v*, so it is linear, and 3(b) of

proposition 3.1 is verified. Moreover, since we recover the Christofell symbols of the
connection p, the restriction of dsp to first order vectors is the connection p.
e Let us show that for all first order form o on T'M, we have
ds(p*(ev)) = (dsp)™(dscr).
On the one hand, we have, for every L in 7T M,

4,07 (@)v (L) = d(a(0, L)) (L),

Recall that p' is a first order form, so property (1.1) for the map d, implies

ds<p*<a>>(L>ﬁ(a((h%))(wp (L) + (0, 861) (dsp)v (L)
Then eu(0. 0 5
ds(p*(@))(L) = a(a;kavl)(v)dvk.pl{/(l«)+oz(0, ooV (dsp v (L), (3.7)
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On the other hand, we have

(A0 (o) (L) = (ds0)y (depy (L)) = a5 vV (dapy (L)

Oa( )

v
IVE

(V)dV™.dV(d,py (L))
According to (3.6), we have
dvl<dspV)<]L) = dvi<dspV)(L> = (dspi)‘/(L)
dV*.dVi(py)(L) = dv*.dv'(py)(L) = dv*.pi, (L).
Then we get

0
ovt

0a(0, a(zi)

ovk

(dsp)*(dsa)y (L) = (0, -~ )vdv'(dp)v (L) + (V)dv*.dv' (dsp)v (L),

that is

o 4 0a(0, %)

(d)* (0} (L) = a(0, A (dp (L) + S P V)it ). (39
Comparing (3.7) and (3.8), we get the result.[]

Theorem 1 For every connection p of order one on M, there exists a connection of order two,
dsp, such that

o the restriction of dsp to first order vectors is p,

e the Stratonovich covariant integral along a continuous semimartingale can be expressed as a
two order covariant integral

/ adVY = / (dsp)*(dsa)dIY.

In particular, we get an analogous formula than in definition 1.2

/ advyY = / dsadIVY,

where dIV is defined with the connection dgp.

Proof : Recall that, by definition 1.5, we have

/ adVY = / p (@)oY = / ds(p*a)dlY.

By proposition 3.3, dsp is a connection of order two with restriction p to first order vectors, and
we have

/ dy(p*a)dIY = / (dp)*(dsa)dIY.

Moreover, by definition 3.3, we can write

/ (dsp)*(ds)dIY = / d,adl’Y.O

An analogue of this theorem will be given in part II for the It6 covariant integral.
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Part 11

Stochastic calculus with covariant jumps
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Chapter 4

Transport on M

We propose a formalism, called stochastic calculus with covariant jumps, which corresponds to
the stochastic covariant calculus of order two described in the previous part when we integrate a
continuous semimartingale. Therefore, we want to give an expression for a covariant jump. This
requires a notion of transport. A well-known map bringing a vector from the tangent space T, M
to M at @ to the tangent space T, M to M at y is the parallel transport along a curve joining x to
y. It has many properties, in particular it is a linear invertible map. Picard defined a more general
linear transport in [9], and proposed an example constructed from a connection rule on M. We
still extend the notion of transport as a way of mapping at each x in M the tangent bundle T'M
onto the tangent space T, M. Moreover, a transport is allowed to depend on a tangent vector v
based on z. In order to recover the stochastic covariant calculus of order two in the continuous
case, the 2-jet of a transport has to yield a connection of order two on M (and so its differential
yields a connection of order one on M). Thus, the definition of transport requires properties on its
2-jet. When the transport itself verifies similar properties, we get a stronger notion of transport,
which is the one of Picard. Such a transport can be seen as an analogue to a linear connection
for the jumps.

4.0.1 Definition

Definition 4.1 A map 7 is called a transport on M if it yields, for every V. = (x,v) in TM, a
map Ty TM — T, M such that

1. (VW) — (W) is a C* map on a neighbourhood of the diagonal of TM x TM,

2. the 2-jet d*1y (V) of v at V is a connection of order two on M.

Recall that the second property means that for all V' = (x,v) in TM, 7y satisfies
(i) &1y (V) : 7vTM — 7,(T,M) is a projection onto the vertical space of order two 7,(T, M),

(ii)y YA € R, d*15y,(AV) o A (V) = d*\(V) o d?r/(V), where A(z,v) = (z, \.v),
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(ii1)y the differential dry/ (V) of 7, at V, which is the restriction of d*ry (V) to first order
vectors, is a connection of order one on M. This means that it satisfies, for all V' = (z,v) in T M,

(1) drv(V) : Ty TM — T,(T, M) is a projection onto the vertical space T,(T, M),
(i), VA € R, drsy(AV) dA(V) = X dry(V), where A(z,v) = (z, \.v).

Note that, by requiring the differential dry (V') to be T, (T, M)-valued in (i);, we impose on 7y
to verify

YW= (z,v) €eTM: mv(V)=w. (4.1)

4.0.2 Basic transport

The map 7y may depend on the pair V' = (x,v). Actually, the usual notion of transport is
such that, for every V' = (z,v) in TM, 7y only depends on the projection point = of V' on M.
Such transports are called basic transports.

Definition 4.2 A transport is said basic if
Ve e M,Yu,v e T,M, YW € T'M, T(m,v)(W) = T(x’u)(W).
For a basic transport T , we write 7,(W) instead of 7, (W).

The following lemma proposes a sufficient condition for 7 to be basic. It is not a necessary
condition and it implies much more. We see later that it yields the invertibility for the transport.

Proposition 4.1 FEvery transport T on M wverifying
YV = (lL‘,U), W = (y,U)) € TM, Tv(y,Tw(ZL', )) = IdeM, (42)

18 a basic transport.

Proof : For all R = (y,r) and U = (x,u) in TM, applying the property to 7y (R) gives

v (y, 7w (z, 7v(R))) = v (R). By the same property my (z, 77 (R))) = r, so that 7y (y, Tw(x, 7y (R))) =

Tv(y,r) = 7v(R). Hence we get VR € TM,Vv,u € T, M, Tz (R) = T(z,u)(R), that is saying that
T is basic. U
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4.0.3 Idempotent transport

Let us come back to the properties (i); for dr (V) and (i)y for d?7,(V). The part of T
which gives the projections onto T, (7, M) and 7,(T,M) is the map 1 (z,.) : T,M — T, M whose
differential and 2-jet at point v € T, M yield the identity, that is

dry(x,.)(v) = Idg, v and dQTV(:c, )W) = Id:, (m,m)-

However, although we could expect this property of a transport, the definition of transport
doesn’t imply that the map 7y (x,.) is the identity. We call this property the idempotence of the
transport. Actually, it is verified for any basic transport. Otherwise, it is often required.

Definition 4.3 A transport is said idempotent if, for all V in T M, the map v (z,.) is the identity
of T, M, that is

(i) VYV =(z,v) e TM,Yw € T,M, 1v(z,w)=w.
Remark 4.1 Note that the term idempotent comes from the equivalence of this definition with
the property Ty o Ty = Ty when Ty is an onto map. Indeed, for all V = (xz,v) € TM, since Ty is

Im(ry) = T, M-valued , we have Ty o 7y = Ty|10m © Tv = Tv(2,.) © Ty, S0 it equals T if and only
ifTv(.T, ) = [deM

Proposition 4.2 FEvery basic transport is idempotent.
Proof : For a basic transport, (4.1) is written

Ve € M,Yv € T,M, 1.(z,v) = v,
what is exactly saying that 7 is idempotent. [

The following proposition ensures that the property (i) (and so (i);))of the definition of
transport can be obtained as a consequence of the property (i) of idempotence.

Proposition 4.3 If a map f wyields, for all V in TM, a map fyv : TM — T,M verifying
fv(x,.) = Idr,y, then the maps dfv(V) : TyTM — T,(T,M) and d*fy (V) : 7vTM — 7,(T, M)
are projections.

Proof : Set V = (z,v) € TM. The property of idempotence fy o fiy = fy implies that

d(fv o fv)(V) = dfv(V), that is dfy (fi(V)) o dfv (V) = dfy (V) o dfv (V) = dfy (V) and likewise
d*fy (V) o d*fy(V) = d%fy (V). Moreover, this two maps are linear. So they are projections.[]
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4.0.4 Linear transport
Most of the examples of transports have a property of linearity, defined as follows. Such

transports yield a connection with strong properties.

Definition 4.4 A transport T is said to be linear if, for all V. = (x,v) in TM, the map Ty :
TM — T, M wverifies

(i) VAER VW = (y,w) € TM, T ) (Y, \) = ATz (¥, w). (4.3)

The following proposition ensures that the property (i7); of the definition of transport can be
obtained as a consequence of the linearity. Recall that \V = (z, \v).

Proposition 4.4 If a map [ yields for all V in TM a map fv : TM — T, M such that Y\ €
R,YW = (y,w) € TM,  fxy(AW) = Afyv(W), then the maps dfv (V) and d?fy (V) verifies the

properties (i) and (ii)y of linearity.
Proof : Just compute the 2-jet of the both sides of the equality fx, (AW) = \fi,(W). O

A transport verifying the property (4.3) is called linear, because of the following proposition.
Note that this linearity is local and is both in v and w. By assuming more regularity on 7, we can
get rid of this condition.

Proposition 4.5 Any linear transport verifies, for all x and y nearby in M, for vi,vs in T, M,
and wy, wy in TyM,

V)\a JIAS R? T($7>\Ul+ﬂv2)(y7 Awy + /,L’wg) = )\T(m,vl)(ya wl) + ,UT(:B,UQ)(ya w2)- (44>
Moreover, if the map (V,W) — 1,(W) is C?, we get this relation for all x and y in M.
Proof : For every z,y in M, consider the map f,, : T, M x T,M — T, M defined by f, ,(v,w) =
T(zw) (Y, w). From the first point of the definition of transport, f,, is differentiable at (0,0) if =
and y are nearby enough in the general case, and for all x and y if 7 is smooth enough. Moreover,

7 is a linear transport so we have f,,(A(v,w)) = Afy,(v,w). Hence, the lemma 4 implies the
property of linearity (4.4).0

Proposition 4.6 Fvery linear transport T is the sum of a basic linear transport and a linear map
with respect to v. Precisely, T is decomposed as follows

VW = (z,v),W = (y,w) e TM, 1v(W) = Tz0 W)+ 7v(y,0). (4.5)
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Proof : To get the decomposition (4.5), take v; = wy = 0 and A = p = 1 in (4.4). The
map 7(z0) (W) is clearly basic. Let show that 7,0 (W) = 7v(W) — 7v(y,0) is a linear trans-
port. It verifies 7, 0)(2,.) = 7v(2,.) — 7v(2,0) = Idp,pr — 0 = Idp,a so it is idempotent and
by proposition 4.3, the property (i), for the transport is verified. Moreover, for all A in R,
Ta20) (Y AW) = Tz a0) (s AW) = T(z20) (Y, A0) = ATy (W) — AT/ (y,0) = AT(4,0) (W), so by proposition
4.4. Then it is a linear transport on M.

Moreover, the map v — 7y (y,0) is linear since we have, by the property of linearity of 7,

T(:B,)\v)(ya O) = T(z,\v) (yv /\O)) = ATV(?/? 0) u

The definition of linear transport implies 7, )(y,0) = 0, for all ,y in M (take A = 0). But
7y doesn’t necessary verify 7y (y,0) = 0 for all V. When it does, it characterizes basic linear
transports.

Proposition 4.7 A linear transport T is basic if and only if v (y,0) = 0 for every V in T M and
yin M.

Proof : Being a basic transport is equivalent to satisfy VV' = (z,v),W € TM : 714, (W) =
T(z,0) (W) so by (4.5), it is equivalent for a linear transport to the property 7y (y,0) = 0. [

Proposition 4.8 Fvery linear transport T is idempotent.

Proof : We have VV = (z,v),W = (y,w) € TM, 7v(W) = 7,0/ (W) + 7 (y,0) ¢ defined by
ty (W) = 7(20)(W) is basic so idempotent by prop... Moreover, since 7/ (V) = v and 7(;,0)(V) = v
, we get v =T1y(V) = v+1y(2,0) and then 7 (2,0) = 0. Finally, 7(,.)(z,w) = w+7(,,(y,0) = w,
so 7 is idempotent. [J

Note that, if 7 is a basic transport such that (z,y) — 7,(z,.) is C?, by proposition 4.5, a linear
basic transport is such that for all 2,y in M, the map 7,(y, .) is linear, and also idempotent by the
foregoing. Then the notion of linear basic transport is actually Picard’s definition of transport.

4.0.5 Transport as a connection of order 0

To get a connection from 7y, some conditions are required on its 2-jet only on the diagonal, and
not expressed directly on the map 7. However, it could be interesting to understand the notion
of transport through properties on 7y, and not only by computing its 2-jet at V. By propositions
(4.3) and (4.4) , properties (i) and (éi) provide a transport. It yields a more simple way to verify
if a map is a transport on M (in fact, we have already used this in the proof of proposition 4.6.)

Proposition 4.9 Let f be a map on M yielding, for all V = (z,v) in TM, a map fy : TM —
T, M, verifying

o (VW) — fyy(W) is a C* map on a neighbourhood of the diagonal of TM x TM,
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o (i) YweT, M, fv(z,w)=w,
(”) VA€ R7 VIV = (ya w) S TM, f(m)\v)(ya )‘w) = /\T(m,v)(ya w)7

then f is a linear (idempotent) transport on M.

Proof : Just apply propositions 4.3 and 4.4. [

By these properties of idempotence and linearity, such a transport yields for all V' in TM a
projection map from 7'M onto T, M. Then , if T, M represents a vertical jump space at V', a linear
transport can be seen as a way of projecting onto this vertical space, that is an analogue for the
jumps case to a linear connection on M, which could be called a connection of order 0.

4.0.6 Examples

We now illustrate the notion of transport with some examples. To understand the properties
we have studied (basic, idempotent, and linear transport), we first give the example of the parallel
transport along a geodesic or an interpolation rule for which they are all verified. Then we present
some more general examples, constructed from the parallel transport, for which one or more of
these properties is not verified. Lastly, we see the transport defined by Picard, constructed with
a connection rule, which also satisfies all the properties.

Through these examples, we see that a transport is often only locally defined. Indeed, although
it is not defined along a curve, its construction often requires a way of joining two points on M.
If M is not simply convex, this can only be locally done.

A way of solving this problem would be to consider a smooth map which coincides with 7y on a
neighbourhood of V', and vanishes elsewhere (by using a partition of the unity).

Actually, a transport will be used to describe the jumps of a semimartingale in TM. Then a
locally defined transport would only describe the small jumps. Nevertheless, since there is a finite
number of large jumps, each one can be described separately, and there is no loss of generality
due to the local existence of a transport.

Example 4.1 . Parallel transport along a geodesic or an interpolation rule ( 7/ )

A connection is given on M, assumed to be simply convexr. Let x and y be two points on M. We
denote by Ty/é : TyM — T, M the parallel transport along the geodesic joining x to y ( or along
(I(s,9,2))sei0,1] > 4f I is an interpolation rule on M ).

The following map is a basic linear transport on M, called the parallel transport along geodesics
YV = (z,0) € TM, YW = (y,w) € TM, 7,(W) = 7/l(w)

Indeed, let us use proposition 4.9 to verify that 7 is a linear transport. For all V' = (z,v) in

TM, 7, : TM — T,M. The smoothness (C? in particular) of (V,W) — 7,(W) follows from the

smoothness of 7//. Then the property =1 dr,n gives the idempotence (i) and the linearity

of the parallel transport gives the linearity (ii). Moreover it is basic since (y,w) — i (w) only

depends on x.
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e (w)

Example 4.2 We propose more general examples, constructed with the parallel transport. Note
that it can be replaced by any linear transport on M.

Let 3 be a map on TM x T'M such that
1. 3 is smooth on a neighbourhood of the diagonal,
2NV, W)eTM xTM, 5(V,W)eT,M,
3. B(V,V) =0 and d*B(V,.)(V) = 0.
Then we get the following family of transports on M :
YV = (z,0) € TM, YW = (y,w) € TM, = (W)=71/L(w)+ BV, W). (4.6)

(8) (

Ty y’w)

w

Indeed, by property 1. for 3, we have, for all V = (z,v) in TM, 7 : TM — T,M. The
smoothness (C? in particular) of (V, W) — 7y(W) on the diagonal follows from the smoothness
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of 7//"and that of 3. Let us compute the 2-jet of T\(/ﬁ) at V.
We have

ER (V) = e (V) + 5V, (V).
By 3., d?3(V,.)(V) = 0. Moreover, since 7/ is a transport, its 2-jet d?7,(.)(V) is a connection
of order two on M. Consequently, dQT‘(/ﬁ )(V) is a connection of order two on M, then 7% is a
transport on M.

When § = 0, we get the parallel transport, which is basic, linear, and so idempotent. To
understand these properties, let us give some examples of  for which they are not all satisfied.

In the following examples, M is assumed to be a Riemmanian connected manifold with metric

g. The length of a tangent vector v, g(v, v)Z, is denoted by |v|. The map defined for all v in T, M
by w € T,M — |v — w|?® € R, vanishes for w = v. It is twice differentiable at v and satisfies

v = J*(v) =0 (4.7)

A distance 0 can be defined on M. For all z and y on M, §(z,y) is the infinimum of the lengths
of all piecewise differentiable curves of class C* joining = to y. The map defined for all x in M by
y € M — 8 (z,y) € R, vanishes for y = z. It is twice differentiable at x and satisfies

d?6*(x,.)(x) =0 (4.8)
To show property 3. for 3 in the following examples, we use the following lemma

Lemma 1 Consider two maps f: E — R and ¢ : E — E (where E is a differentiable manifold
) such that, at point z € E, we have ¢(z) = z and d*f(z) = 0. Then d*(f o ¢)(z) =0

Proof : We use proposition B.1 of Appendix B. ,
If *(f 0 ¢)(2) = 0 and ¢(2) = 2, then §5(6(2)) = 5o (6(2) = 050 &*(f 0 ¢)(2) =0 0

Example 4.3 The map 7%, defined by
YV = (z,0) € TM, YW = (y,w) € TM, 7V (W) = 7/L(w) + o — /L (w) [0,
1s a non idempotent, non basic and non linear transport on M.
Indeed, assumptions 1 and 2 are immediate for
BIV.W) = o — 7 (w)[Po.
To get assumption 3 for 31, we first see that it verifies
BV, V) = o =7, (0)Pv = Jo —vf*v = 0,

Then, for every V = (z,v) € TM, we apply lemma 1 to f:w — v — w|? and ¢ : w — 7ik(w).
For every w in T, M, we have

Bil(, ), (w,w)) = v —w|?,

which is not 0 for w # v. So 7®) is non idempotent. By proposition ??, it is also non basic.
Moreover, it is non linear since the norm is not.
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Example 4.4 The map 7%, defined by
W= (2,0) € TM, YW = (y.w) € TM, /(W) = 7/(w) + v — 7yl (w)]* exp; " (4)
18 an idempotent but non basic and non linear transport on M.
Indeed, likewise for (3;, we can show assumptions 1 and 2, and 3 for
Ba(ViW) = v = [/ yu(w) ] expy ™ (y).
For all w € T, M, we have
Ba((w,v), (v, w)) = v —w| exp;* (z) = 0,
so 7%) is idempotent. It is non basic since
Ba((,0), W) = Bal(w,w), W) = (Jo = 7L (w)|* — [u — 7/ (w)[*) exp; * (y) # 0.
Moreover, it is non linear since the norm is not.
Example 4.5 The map 7%, defined by
YV = (z,v) e TM, YW = (y,w) € TM, 7"(/63)(W) = Ty/é(w) + 83 (z,y) exp, ' (y),

18 a basic but non linear transport on M.
Indeed, likewise for (3;, we can show assumptions 1 and 2, and 3 for

Bs(V, W) = 6°(x,y) exp; ' (y).

7(3) is basic since (5 only depends on the points = and y. Moreover, it is non linear since f5 is
constant with respect to w and v.

Example 4.6 The map 7%, defined by
YV = (z,0) € TM, YW = (y,w) € TM, 72 (W) = 7/L(w) + 6*(z, y)v.

18 a linear but non basic transport on M.
Note that B4(V,W) = 1(x,0), so the expression for 70 corresponds to the decomposition (4.5).

Indeed, likewise for (3;, we can show assumptions 1 and 2, and 3 for
BV, W) = 8 (z,y)v.
784 is not basic since
Bal(w,0), W) = Ba((,u), W) = 6* (2, y) (v — u) # 0.

However, it is linear since v — (4(V, W) is linear and doesn’t depend on w.
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Example 4.7 . Transport from a connection rule ( 77 )

Let v be a connection rule on M. For all x € M, write vy, for the map vy(z,.) : M — T, M
and suppose that for all y in M, its differential at point y is invertible. In [9], Picard defined a
transport with v as follows.

The following map is a linear basic transport on M, called the transport from the connection
rule v, and denoted by 7,

YV = (xz,v) e TM, YW = (y,w) € TM, TO(W) = dv,(y)(w).

T

Indeed, we use proposition 4.9 to verify that 7() is a linear transport. For all z in M,
dve(y) : TyM — Ty TeM ~ T, M, so YV = (z,v) € TM, 7O TM — T,M. The C? property
for (VW) — T;,EV)(W) follows from that the connection rule is a C? mapping. Then the property
dry.(x) = Idg,p gives the idempotence (i) and the linearity of the differential gives the linearity
(ii). Moreover it is basic since (y,w) — dv,(y)(w) only depends on z.

If v = vy is the geodesic connection rule, we obtain a transport which corresponds to the
notion of Jacobi fields.

The transport from the geodesic connection rule vq is :

YV = (z,v) € TM, VW = (y,w) € TM, TQE'YO)(W) = dexp;l(y)(w).

Indeed, recall that the geodesic connection rule is given by (79).(y) = exp,'(y). Then
(W) = d(o)e(y)(w) = dexp; ! (y)(w).

4.0.7 Invertible and strongly invertible transport

In this paragraph, we specify what we mean by an invertible transport. We will require this
property in part IV to have unicity for the solution of a s.d.e. with covariant jumps, defined with
a transport.

Definition 4.5 A transport T is said to be invertible if for all V in T M, for all y in M, the map
v (y,.): TyM — T, M is invertible.

Actually, a local invertibility of the transport is often sufficient. The following proposition
explains that a linear transport is always locally invertible, so that in several cases we won’t need
to require the invertibility of a transport.

Proposition 4.10 If 7 is a linear transport, it exists a neighbourhood N, of x such that, for all
y in Ny, mv(y,.): T,M — T, M is invertible.
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Proof :

Set V' = (z,v) € TM. Take y in the neighbourhood U, of z in M on which the geodesic from
x to y exists and is unique, and let 7'3% be the parallel transport from y to x along this geodesic.
Note that the choice of the connection on M to define this parallel transport doesn’t matter
here. Consider the linear map f;v) =1 (y,.) o Tg{{, : T,M — T,M. Thanks to the continuity
of the determinant, the set of invertible linear maps from T,M to T,M is an open set around
fm(v) = 1v(x,.) 0 - Idp,p. But the map y — f§v) is continuous on U,, since the parallel
transport is in relation to the points on the basis, and according to the first point of the definition
of transport for the smoothness of 7/(y,.). So there is a neighbourhood N, C U, of x in M such
that for all y in N, f§v) is invertible. Now come back to the map 7y (y,.) which is written as
the composition of two invertible maps, namely for all y in N, : 7/ (y,.) = ZSV) o (Tm/?/,)*l. Finally,
v (y,.) is invertible for all y in N,.0J

Let us now come back to proposition 4.1. The hypothesis implies the invertibility of the
transport and we now get an equivalence.

Proposition 4.11 If 7 is a transport on M, the following properties are equivalent
1. YV = (z,0),W = (y,w) € TM : 1v(y,7w(z,.)) = Idr,um,
2. T is basic, invertible and verifies 7,(y,.)”" = 7,(x,.).

Proof : Since 1. implies that 7 is basic, according to proposition 4.1, we just write the property
1. with a basic transport : Vz,y € M,Vu € T, M : 7,(y, 7y(x,.)) = Idp, . This means that 7 is
invertible and such that 7,(y,.)™* = 7,(z,.).0

The two equivalent properties of proposition 4.11 will frequently be used. A transport satisfying
these properties yields a connection with interesting properties. Let us give a name to this property.

Definition 4.6 A transport T is said to be strongly invertible if T is basic, invertible and satisfies,
for every x and y in M, 1,.(y,.)"t = 7,(x,.).

We may think about a link between the property of linearity and the one of strong invertibility.
In fact, there is neither equivalence nor inclusion. Let us come back to our examples. They yield
an example of non linear but strongly invertible transport and one of linear invertible but not
strongly invertible transport.

Examples

e Example 4.1 revisited :
The parallel transport along geodesics is strongly invertible, and we get

Vao,y € M, 1.(y,.) ' = TQ{{/

Indeed, if (¢;) denotes the geodesic from x to y, the geodesic from y to x is (¢;) = (¢1_¢). Then

the parallel transport along & is 7/ = 7{/,_,. Hence, 7ih = 7 = 7/l = (£{)"' = (+/})~". So
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7 is invertible and verifies 7,(y,.)”! = (Ty/é')_l = Tag/

o Examples 4.3,4.4,4.5, and 4.6 revisited :
The transports %) and %) are invertibles. For i =3 and i = 4, we have

YV = (z,0) € TM,Yy € M,Yu € T,M, 7" (y,.) " (u) = 7/l (u— Gi(V. (y,.))-
Moreover, 7%3) provides an example of non linear but strongly invertible transport.

Indeed, for i = 3, we have 72 (y, w) = Ty/é(w) + 0%(z, y) exp, (y).

Ty, w) = u e mib(w) + 0w, y) expr (v) = v & w = my(u) = (0w, y) exy’(y)) =
oy (1) + 0% (2, y) 7y (= expy (y))- But 72y~ exp; (y)) = exp, ! (2), s0 we get w = 7iy(u) +
0°(z,y) exp, '(x) = 7/ (z,u). Then 77 is invertible and 7/%(y,.) " (u) = 7/%(x, u), so it is
strongly invertible.

For i = 4, we have 72 (y, w) = Ty/é(w) + 0%(z, y)v.

Hi(y,w) =u & Ty/é(w) + 0 (r,yv=usw= T;{{/(u — 82(z,y)v). Then 75 is invertible.

With regard to the transports 7(®1) and 7(%) | note that the maps 5 and 3, itself contains w,
so that we can’t apply a similar proof to the above ones. In general, they are non invertibles
transports.

e Example 4.7 revisited :
The transport 77 is invertible (but non necessarily strongly invertible), and we get

V(z,y) € M, )(y,.) " = (dva(y)) ™"

Indeed, the expression for the inverse follows immediately from the expression of 77. Note
that we do not have necessarily (dvy,(y)) ™ = dvy,(z). For instance, for o, we get (d(70).(y)) ™" =

(dexp,*(y))~" = dexp,(exp; ' y) which is not in general equal to dexp, ' (z) = d(y0)y(x)

Let us present an example of strongly invertible linear transport, different from the parallel
transport along geodesics.

Example 4.8 Let k: M x M — M be a smooth map such that, for every x and y in M,
k(x,y) = k(y,z) and k(x,x) = x. Then the map, defined for every V = (x,v) and W = (y,w) in
TM, by

Te(W) = Tl ookt ()

),z " y,k(z,y

1s a strongly invertible linear transport on M.
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Note that, if k(x, y) belongs to the geodesic joining z to y, then 7 the parallel transport along
geodesics. If k(z,y) doesn’t belong to the geodesic joining « to y, 7 is linear since 7/ is, and 7 is
idempotent, since k(x,z) = z, then it is a transport, by proposition 4.9. Moreover, it is strongly
invertible, since

Tx(y’ w) U= lexvy)»xTy/,/k(w,y) (w) U S W= lex,y),yT‘T/{k(rvy) (u)

Since k(x,y),= k(y, x), it follows
/

Tm(y7 w) =U S w= Tk{éyyx)vyTka(yv$

y(w) & w=7,(z,u)

4.0.8 Properties of the connection derived from a transport

Definition 4.7 For every transport T on M, define the maps p and p by :
p:VeTM—py=dry(V): TvTM — T,(T, M)
p:VeTM — py =d*ry(V): 7vTM — 7,(T, M)

Recall that, by the definition of 7, p is a connection of order one on M and p is a connection
of order two on M.

Expressions of p and p in coordinates

Using the coordinates described in appendix A and B, we express the properties of connections
of order one and two for the map 7, and its partial derivatives. Then we give an expression for p
and p in coordinates.

Proposition 4.12 Let (I',) be the Christoffel symbols of the connection p, and (%), (C3;) be
the symbols for p (see proposition 3.1).

The partial derivatives of Ty at V' are expressed as follows

8T\i/ T k aT\i/ i 827\1'/ _
(@) SE(V)=Tis(@) ", (0) SEV) =8, () 50 (V) =0,

2 2_i
o°y, oty

(@) 5onei (V) =)o, () 5o (V) = Ciy(a).

Proof : On the one hand, we apply proposition 3.1 to connection p of order two. On the other
hand, for all V' = (z,v) in T M, we write the partial derivatives of 7 with the maps p and p.
Formula (a) comes from (3.4) and

g;% (V)= dvi(Pv(%)) = dQUi(ﬁV(i))'
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Computing the partial derivatives (b) and (c) with respect to v gives

() = I ),

But py is a projection onto T, (T, M) so
0 0

pv(@) PR

then we get (b), that is %‘E(V) = 0.

Now using the expression of the 2-jet in Appendix (B), we write

0? 827'"', 0 67{, 87'"3 0?
8@18vl) — OQvign! V) vt + OvJ V) ov! ( )8vk8vi’

Py (

which is, using (b),
o N R
eyl wrwilSr il wrw

But py is a projection onto 7,(7, M) so

B 0? 0?
pV(@vjavl) ~ oviont

Then we get (c), that is Oy (V)=0.

vl Gyt
Formula (d) comes from (3.3) and

0’y 2 00~ 0
&Uﬂﬁxl(v) =dv (pv(&cﬂ'@xl))'
Formula (e) comes from (3.2) and
0’y 2,00 0
8xjavl(v) =dv (pv(ﬁxjﬁvl))ﬂ

For instance, let us compute the Christoffel symbols for the parallel transport and for the
transport from a connection rule ~.

Examples

e Example 4.1 revisited :
Let q be the connection which permits to define the parallel transport 7/ along geodesics.
Then the Christoffel symbols for p, derived from 7/, are the one of q. In other words, we
have dTl{/(V) =qy.
Indeed, we have to compute the Christoffel symbols for p, given in proposition 4.12 by

NG P,
[y () = Ay (8—yk>|y:m-
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Recall the expression (51) for the parallel transport in coordinates. Along a geodesic (zy),
satisfying &, = 7'({/ Zo, it yields (for ¢ = 0)

S

1y
WOk — (r i) (s (4.9)

where I'J, are the Christoffel symbols for g. Then, integrating (4.9) between 0 and 1 gives

(el = 6 + /<//> B, (2a) ()0 ds.

0

Note that Tl/é = Tyx if (z5) = (exp,(sexp,'(y))) is the geodesic joining x to y. Then we get

Tx r
aZ] = [ ot Taten) Gl i

r r 8.1‘7”
/ 8 J Flk(xs) (T(J/é) | ds @7’ Jr/0 (7, //) Ll (xs) (T(]/é) dSa—yZ-

The map &y = exp, ' (y) satisfies, by proposition 0.7, for y = z,

io = exp, ' (z) =0 and 68 Oj ly=2 = 07"
It follows .
8(7— :r) T m
k), = [Tt (e ds )

For y = z, we get TSO = Id, and T}, (z,) = I}, (z), then

(i)
oy’

1
e = /0 5T, (x) 8L, deo,

that is ‘ N
[ie(@) = D ().

Example 4.7 revisited :
Let 70 be the transport from a connection rule 7. Then, the Christoffel symbols for p are
gien by A
0%'(z, y)|
Oyioyk W=

In particular, we get T (x) = Ty (), so 7 yields a torsion-free connection p.
Indeed, we have to compute the Christoffel symbols for p, given in proposition 4.12 by

sz(x) =

; aAr) 9
F]k('r) = ay] (y7 3yk>|y:m
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Recall that 7.7 (y, w) = d.(y)(w), so

() ) = (a0 = S0

Then we get, for y = x,

i 0 0 _ 0% (x,y)
[ip(z) = a—yj(a—yk)\y:x = W”y:m'

By the Schwartz lemma, we get the symmetry T, (z) = T';(x).

We can now express py and py in an imbedding as follows.

Proposition 4.13 For every transport T on M, the associated connections p and p are given, for
all V= (x,v) in TM, by :

1. YW e T, TM : )
pv(W) = [ do' (W) + T (2)0* da? (W)] -~ (4.10)

ov?

2. VL € my/TM

pv(L) = [d*'(L)+T (2)o! d*a™ (L)+10 L, (x)v! da™.da® (L) + 2 CF, (x) de™.dv*(IL) ]8i
UZ

62
ovtovJ

+ [dv'.dvi (L) + Ti(x)o' T9 (2)v" da™.da®(L) + 2T (2)v' do™.dvi(L) ]

Proof : For V = (z,v) in TM, we compute the 2-jet py (L) = d*r/(V)(L) of 7 at V, using
Appendix B. For all L in 7T M, we get

o o*r o . or o 0
py (L) = [ze (V)P V™(L) + ol (V)dV™.dV ()] = Vg™ dVE(L)] =———.
B (L) [8Vm(V) v )+3Vm3Vk(V) VAV )]81)@ [anaVk Vv )]avzgfjjll)
The first term in (4.11),
iy 8T\i/ 21,m 327‘1‘/ m k
(7)) = 51 VIV (L) + 5ot (V)Av ™ dvH(L),
can be written
i\ 87_‘1/ 2. .m 87—\1/ 2. .m 627\2} m k
L(m) = 8vm(v)d o™ (L) + Py (V)d*z™(L) + TR (V)dv™.dv"(L)
0’ry, k o1y, k
. L)+2 m, L).
8xm8xk<v)dx da"(L) + &Cm@v’f(v)dx dv(L)
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Note that the factor 2" in the last term comes from the application of Schwartz’s lemma to
7 which is C? in a neighbourhood of V.
Then, by proposition 4.12, we get

L(7) = d*'(L) +T¢ ,(z)v" d?a™ (L) + I (x)v'de™.da (L) 4+ 2 C° () do™.dv*(LL).

The second term in (4.11) can be written

ori, O, X
—dz™.dv"(L).

oam ook Y (L)

ot 87'{/
ovVm gVvk

i J
B ory, 0Ty,

D

i J
Ory aid:pm.dxk(lh) +2

m k
dvV™.dv*(L) ok

dv™.dv™(IL) +
Then, by proposition 4.12, we get

i J
ory, 0ty

S gy RV AVH(L) = dv'.dv’ (L) + Diy(a)o'T,, ()0 da® da™ (L) + 2 Ty (x)o'da™ do? (L),

Adding the two terms, we find the expression of py in coordinates. That of py is obtained by
taking the part of py acting on first order vectors. Of course it recovers the expression (46) for a
connection p. [J

8T‘i/

Note that, for W # V| t.he map w — a—yi(y’ w) is not necessarily linear. Moreover, even if it

is, one hasn’t necessarily %‘?(W) = I (x)v*. Therefore, in general, the coefficients I, () and

;k(:c) can’t be expressed with the Christoffel symbols and their derivatives. In other word, p,
although it equals p when applied to first order vectors, can’t be only deduced from p but really
depends on the choice of 7. Two transports can give the same connection at the order one and
different connections of order two, and hence different covariant calculus.

We study now the particular cases where p can be only deduced from p. If 7 is assumed
to be linear or strongly invertible, we get the following interesting relations between the partial
derivatives of .

The linearity implies that the constants C7,(z) are the Christoffel symbols.
Proposition 4.14 For every basic linear transport T, we have
() = Ty (a). (4.12)
Proof : Recall that, by proposition 4.12, we have

2
o1y,

(@) = 5555 (V)

that is .
PR W)

Cila) = W|W:V- (4.13)
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If 7 is a linear basic transport, the map w — 7,(z,w) is linear, so that we have

0
It implies
ort o 0
Ik <W> - Tm<y7 0—y’“)’
and then 5 i 5 5
T _ Y i 9

Then, for y = x, by (a) of proposition 4.12, (4.13) gives
;k(x) = F;k(x)m

Remark 4.2 If7 is linear non basic, with the decomposition (4.5), we write Tv (W) = 7(z,0)(W) +
v (y,0). We deduce

ori J . d ; 0
50t V) = 5ur (o (s 500" = oo .5, 0)
%0 0 ,0ri 0 0
i % i
jk(fb’) = @(&UR)(WHW:V = a—ZJJ(T(x,O)(ya 8—y’f)>|W:V'
It follows

Cﬂg(l’) = @(Tv(:% 8—yk))‘W=V - 57|y:m-

Then we get, for a linear but non basic transport T,

j j 6JVi (y,0)
L) =1" (v) — —=—Z—|,—s.

Note that, by the above proposition, if f’ék are the Christoffel symbols of the connection derived
from the basic linear transport 7,.0)(W), we write also

The strongly invertibility permits to write the symbols ]l“ilm(x) with respect to the Christoffel
symbols, and moreover gives another way of computing these Christoffel symbols. They can be
obtained by derivation with respect to the point at which we transport.

Proposition 4.15 For every strongly invertible transport T, we get

or! 0 ;
a—yg y:x('rv %) = _ij<x)7 (416>
and . .
1orh, ot

I (2) (@) + Dfi(@) Ty (@) + T (2) Ty (). (4.17)

n 5[ oxk (z) o'
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Proof : If 7 is strongly invertible, this property is written in coordinates

i

Tzz(yv Ty(l‘, U)) =v.
Deriving this relation with respect to / yields

or
o T T 0,0) + 77y (00) 5 ) = . (4.18)

For W = V| recall that we have 7,(z,v) = v (7 is basic so idempotent by proposition 4.2 ),

2;1 <y> >|W:V 5Z and agj m( )‘W v = F;k(az)vk It follows

4 _OTt
oot + 8] 5 2mali0) =0

So we proved (4.16), that is
or, 0 ;
sl ) = Tt (4.19)

J .
To prove (4.17), start with the partial derivative aarm’;" (z). Note that '} (x) can be seen as a map
8TZ

fzjm(xal’) where fl];n(zay) = 3y (y, Py ). Hence we write

O, _ Ofin(z2) ofpwy),  _ &*  d Pri 0
Ok (SL’) - 7‘221 Tyk‘y:x - 8.Tkayl (Tx<y7 ay—m)>|y:$ + 8ykay ( 8 )|y=r-

Recall that

» 07! 0
J
Eklm( ) aykay ( a )|y:m;
so we get ’
: orY 0? ’ 0
¥ — im _ J _ . .

Hence we need to compute the partial derivative of 74(y, .) with respect to 2* and y!. We get this
by derivating (4.18), with respect to x*,

o 0 0 0 0
J ?
axkayl (T$ <y7 axl)) Ty('ru a ) a ( <y7 8.']:2

) (i =)

or! o 0t} 3} 8 82 . 3}
Using (4.19), it yields, for y = z,

iy, 2 i T ()T 1Y () (=T I TN Y
8xkayl (Tx <y7 Ox' )) |y:$57" + Flz (x)rkir (SU) + ( sz (SU)) ( Fl?" (SU)) + 8xkayl (Ty (.’,U, ox" )) |y—réz 0
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Note that the map (z,y) — 7.(y,.) is C? for x and y nearby, so that Schwartz lemma implies

o (0 0? !
J(q) —— A T S
Oxk oy (2 (y, ayi))ly:m Dy O (T2(y, ayi))‘y_x

But %;mk(Tﬂj»“ (v, a%imy:w is equivalently written %(Tg (2, 22))|y—o. Hence the following sum is
computed
62 82

= ~[M}(@)Ty (@) + TH@T @) (4.21)

== +

/ j
dzk oy (v, 83:”) Ozl oYk 7y (2, 8xr)|y:m

To make this sum appear in (4.20), we use the symmetry of the symbols T, (z) = Y, (x). to
write I ;(z) = 3 [I1,,(x) + I, (2)], and by (4.20), we obtain

1. 0ry, ory. . * .0 ”? 0
= 5[ Ok (z) O (z) — Ok dy! (72(y, aym>)|y=m - W(Ta:(ya ay—m))‘y:v ].

I,,(x)
Now using (4.21), the result is proved.[

A consequence of the previous propositions is that the first and second partial derivatives
of a linear strongly invertible transport 7 only involve the Christoffel symbols and their partial
derivatives. In other word, every linear and strongly invertible transport yields a connection p
only resulting from p.

Proposition 4.16 For every linear and strongly invertible transport T, p is expressed as follows.
For every L in 7y/T M,

pv(L) = [d%'(L) + T2 d*a™ (L)

ori
ok

0
o’

92
vt ovI
Proof : Use the results of propositions 4.13, 4.14 and 4.15. Since we do a sum, the term

1,or  ari
5[ oxk (@) + oz

in proposition 4.15, becomes

+ ( () + Fﬁc](x)l"{m(:p)) o™ da'.da®(L) 4+ 2T (x) de™.dvF(L) ]

+ [dv'.dv/ (L) + Ti(z)o' T (z)0" da™.da™(L) + 2T (2)v' da™.dv’ (L) ]

() + sz(x)F{m(:c) + Ff](a:)l“{m(x)]vm da'dx® (L)

[GFlim
oxk
Indeed, when we do the sum, we can write %(az)dml.duﬂck (L) = %(az)dmk.dazl (L) but dz*.dz! (L) =

da'.dz*(IL) so that %[a;f;” (x) + aﬁ{” (z)]d2!.da*(L) = a;i;” (x)dx'.da®(IL). The same goes for
1

§[F}§](:c)F{m(:c) + F}j(a:)l“im(:c)] da'.dz®(L) = F};j(a:)F{m(x)d:cl.dxk(L).D

() + F};j(x)l"{m(x)]vm dat.da®(L).

88



4.0

4.0.9 Curvature of a transport - Flat transport

Recall that the curvature of a connection is a way to measure the difference between a vector
and its transport along an infinitesimal loop. We propose a notion of curvature for a basic linear
transport 7. Given three points x, y, z on M, the curvature at point x of the transport 7 represents
the difference between a vector based at z transported to z, and the same vector transported to
x by passing through y, that is from 2 to y and then from y to x.

Definition 4.8 Let 7 be a linear basic transport on M. We call curvature of T the map r yielding,
for every x in M, a map r(x) defined as follows. For ally and z in M, r(z)(y, z) is a linear map
from T, M to T, M defined by

Vw e T,M : r(z)(y, 2)(w) = 7y, Ty(2, w)) — Tu(2, w).

In coordinates, we write

o ., 0. ., 0

ri(@)(y, 2) = Ti(y, ) 0 5) e ), (4.22)
with 5
da'r(z)(y, 2 55) = ri(x)(y, 2).

Recall that the expression of the tensor of curvature R of the connection p deduced from 7 is
given by

o o o, Jr ar;,;

() = A R, = ) = S () — S () + T ()Tl () — D) (2).

gml

The following proposition ensures that the curvature for 7 recovers the one for p.

Proposition 4.17 Let 7 be a transport on M, with curvature r. Then, the curvature R of the
connection p, derived from T, can be computed by

N I o, 0 i
_]ml('r) - [ ay—m y:z@L:y - a—yl‘y:zaz—m‘z:y ] ( T](':C)(y?’z) )
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Proof : From (4.22) , we get :
or' 0 oty 0 ort 0

xT

ot WD) =1 55) 5 g) — g )

Hence, for z = y, using (a) of proposition 4.12 for the expression of the Christoffel symbols of the
connection p deduced from 7, we get

ort ; 0 s 0
j — kA _ -
92! (SL’) (y7 Z) ‘z:y Ty <y7 ayk> Fl] <y) ayl <y’ 82/] )

Then, the derivative with respect to y gives

o or ori 9 . 4 .0 oy Pt 0
&/—m(azl (xvya Z)|z:y) - aym (yv 8—3/"“) Pl](y) + Tx(y7 a—yk) ay—m(y) - aylaym (ya a—yﬂ)

Now, for y = z, using again (a) and also (d) of proposition 4.12, for the second derivative for 7 |
we get
0 or; i k oy, i
aym yiﬂ&(@(l‘agﬁzﬂziy) = ka(l‘) Flj(x) + 8y’ (y) - ]Tlm(x)
Recall that T (z) = I (x). Thus, substracting the above term and the one obtained by
changing m and [, the terms with II'(z) disappear and we get exactly the expression for the

curvature R.[

Definition 4.9 7 is called a flat transport if it is linear basic and such that
V(e y,2) € M x M x M, r(z)(y,2) =0,

that is
V(z,y,2) € M x M x M\Vw € T,M : 7,(y, 7y(2,w)) = 7, (2, w). (4.23)

Remark 4.3 Note that property (4.23) is different from the property yielding the strong invert-
wbility in proposition 4.11, which was verified by the parallel transport along geodesics for example.
(4.23) may be true along every smooth curve (x;) on M, but not for all points. For instance, the
parallel transport along a C' curve (x;) verifies

Tl (w) = 7/ (w),

that is (4.23) for all x4, x,, x, points on the curve x,. Then, the parallel transport along geodesics
verifies Ty/éTZ/é(w) = Tz/é(w) if and only if y belongs to the geodesic from z to x, and not for every

points x,y,z on M. As expected, the parallel transport is not flat in general.

Note that, according to proposition 4.17, a flat transport 7 yields a flat connection p, but the
reverse can be false.

Example 4.9 The map 7, defined in coordinates by Ty (y, w) = wia‘zi 1s a flat transport.
InR™, this flat transport gives T (W) = w since 32 = 52
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Chapter 5

Stochastic calculus OAf order two with
Y

covariant jumps ( d )

We use Cohen’s results in [1], to define a stochastic integral with covariant jumps along a
cadlag semimartingale (Y;) = ((z4,y;)). A transport 7 on M allows to describe a covariant jump
as follows. When (Y;) jumps from Y- to Y; in T'M, its corresponding covariant jump is a jump

A

in T, M, from y;- to 7y, (Y;). Therefore, the jump of the covariant integral of a 7* T'M-valued
0 along (Y};) is given by the function 6 o 7, that is the pull-back of 6 by 7.

A A
Definition 5.1 For every 7" T'M -valued form 0, the pull-back 7(0) of 0 by T is the 7 T M -valued
form defined by :
YW eTM YW e TM, 7(0)y(W)=0y(rv(W))

Remark 5.1 Since the transport 7, is T, M-valued, only the part of T*(0) acting on this space
is involved. The vector Tv(W) € T, M is seen as an element of TM (we could have written

9\/(37, Tv(W)))

A
Lemma 2 Let (Y;) = ((z4,y:)) be a cadlag semimartingale in TM and (0;) a 7 TM-valued
predictable locally bounded process above (Yy-). Let T be a transport on M.
Then the process defined by
T(0) = 0 oy, _

A
is a T T M-valued predictable locally bounded process above (Yi-).

A A
Proof : The process (7%(0);) is 7* T'M-valued since 7*(0) €7* TM. Indeed, for all V in TM,
T(0)y : TM — R, it is twice differentiable at V' and 7*(0)y (V) = 0(g,)(z, v/ (V)) = Oy (V) =0
Moreover, it has the same properties ( predictable and locally bounded above (Y;-) ) than (6;)
since 7y,_ : TM — T~ M is a smooth map . [
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Definition 5.2 Let 7 be a transport on M. For every cadlag semimartingale (Y;) = ((z¢,yt)) in

A
TM and every T T M -valued predictable locally bounded process (0;) above (Y;-), the stochastic
integral with covariant jumps of (0;) along (Y;) is defined by

Ay N
/Hd[ Y:/T*<¢9)dIY.
Using formula (56), one can write in an imbedding
2y 00, ., Oy
Y = = (Y- ) == (Ys-)dY,"
Jod" v = [ Sr) oy,

1 (.00, o1y 820, ory, om e
45 [ g (Vi) ot (Ve i (Vo) e (Ve ld < (V7 (V) >,

00, ory
0 Y,) — ==(Y,- AY™
+O<Zs<t( (v, _Y5) avz( ) 8Ym( -) ).

For instance, if 7 is the parallel transport along geodesics or any linear and strongly invertible
transport on M, since the part without jumps is given by the 2-jet p, given in proposition 4.16,
we get

Ay 90, ‘ . .
Jod" v = [ SE0, o de? + dyd

1 00 ore ; . .
45 [1 G0 (GE @) + T (o) o1

aijgw (Yo )T (2 )T (s Dy ] d < (™), (2%)° >, (5.1)

803 629 l i m\c kyc
b 100 e e ] Tl d < @ )

1 9%0 : ,
- S B i\ C J\¢
+ 2/8@28’11](}/; )d<(y)7<y) >

00, 4
+ > (07 o ye) — A (Ve )T - Aal + Ayl).

L
0<s<t a

By the following proposition, our definition extends the covariant continuous calculus of order
two, described in part 1.

Proposition 5.1 If (Y;) is a continuous semimartingale on T M, then we recover

Ay
/edl Y:/dzed[VY,

where dIV is defined with the connection p.
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Proof : If (Y}) is continuous, we get

Ay A
/edl Y = /7‘*(0) dY = /dQ(T*(Q))d[Y

We apply proposition B.1 in Appendix B, to ¢ = 7y, and f = 6y, at point W = V. It gives

d*(Oy o v ) (V) = By (d*0v (V)
It follows

/ (T (O)dY = / pH(d*0)dlY
which is, by definition 3.3,

/ d*0dIVY.

Then we get the result. [J
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Chapter 6

Application : Stratonovich and Ito6
calculus with covariant jumps

Dy
6.1 A Stratonovich calculus with covariant jumps ( 0 )
We now apply the previous results to define a Stratonovich integral with covariant jumps. On

the one hand, the covariant calculus is described by the notion of transport 7 on M. On the other
hand, the Stratonovich calculus with jumps in 7'M requires an interpolation rule on T'M.

A
To get an integral with covariant jumps, we apply 7% to the jump I («).

A first definition

Let 7 be a transport on M and I an interpolation rule on T'M. For every cadlag semimartingale
(Y:) = ((zt,y:)) on TM and every first order form « on T'M, the Stratonovich integral with
covariant jumps of o along (V) is

Ay AN Ay
/ozyt_ 5 Yt:/ﬂ(a)ytdl Y,

where the jump of the integral, when (Y;) jumps from Y- to Yy, is
L0 A 1 :
P (T @ 00 =T @y, (- 00) = [ iy o HG0 (i), G (30) )
(6.1)
It is important to notice that this definition only involves the part of I in the fibre and not the
one on M. The map I(s, (x,v), (x,u)) can be seen as a map (x,1(s,v,u)), with I(s,v,u) € T, M
(we write it with an abuse of notation since it also depends on z and y.)
Then, it would be natural to consider for I(s,v,w) the linear interpolation rule

I(s,v,w) =s(w—v)+v
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6.1. A STRATONOVICH CALCULUS WITH COVARIANT JUMPS ( OV ) 6.1

In this case, we write
H(Sv (ZL‘,U), (m,w)) = (I’, S(U} - U) + U)

and then we get

ﬂ(s, (z,v), (x,w)) = (0,w —v)

where w — v is seen as an element of T, (7, M).

For this reason, the definition of the Stratonovich integral with covariant jumps doesn’t really
involves an interpolation rule. Then we will keep the following definition.

Definition 6.1 Let 7 be a transport on M. For every cadlag semimartingale (Yy) = ((z4,y¢)) on
TM and every first order form o on TM, the Stratonovich integral with covariant jumps of «

along (V) is
Ay A Ay
/ozy 5 Yt:/ﬂ(a)ytdl Y,

—

where the jump of the integral, when (Y;) jumps from Y- to Yy, is

1
P @) = [0y oo 85 O (00 = 1) (62
0 e
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6.2. AN ITO CALCULUS WITH COVARIANT JUMPS ( D ) 6.2

Proposition 6.1 If (Y;) is a continuous semimartingale on T M, the Stratonovich integral with

covariant jumps gives
Ay
/aa Y:/dsad[VY,

where dIV is defined with the connection p.
Proof : Recall that the continuous case is obtained by computing the 2-jet of the jump of the
integral on the diagonal. This jump is given by

A A
(I (@)v (W) =T (@)v (rv(IW)).
Using proposition B.1 in Appendix B, we get, for all V = (x,v) and W in T'M,

A A
I

d*(r* (1 (a))v)(W) = d*(T () (v (W)) o d*ry(W).

For V=W, since 1,(V) = v and, by proposition 1.1, we have

(T (0)v(V)) = (dua)y (By) = 7" (ds)v-

Hence we get an integral which is by definition [ dsa dIVY, with the connection p.
Note that, if we consider the first definition, proposition 1.2 implies that the integral obtained in
the continuous case doesn’t depend on the choice of I.[]

A
6.2 An It6 calculus with covariant jumps ( dv )

We now apply the previous results to define an Ito integral with covariant jumps. On the one
hand, the covariant calculus is described by the notion of transport 7 on M. On the other hand,
the Ito calculus with jumps in T'"M requires a connection rule on 7M.

A
To get an integral with covariant jumps, we apply 7* to the jump 7 («).

A first definition
Let 7 be a transport on M and -y a connection rule on TM. For every cadlag semimartingale
(Yy) = (x4, 4)) on TM and every first order form o on T M, the Ité integral with covariant jumps

of a along (Y3) is
Ay A Ay
Jan, ivi= [Fen d v

t

where the jump of the integral, when (Y;) jumps from Y- to Yy, is
A A
(7 (@)y,- (V) =7 (@)y,_(7v,_ (V) = o, _ o y((@e-, 41-), (w1, 7, (V1)) (6.3)
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6.2. AN ITO CALCULUS WITH COVARIANT JUMPS ( D ) 6.2

It is important to notice that this definition only involves the part of  in the fibre and not
the one on M. The map y((z,v)(x,u)) can be seen as a map (0, y(v, u)), with y(v,u) € T, M (we
write it with an abuse of notation since it also depends on z and y.)

Then, it would be natural to consider for (v, w) the linear connection rule

Yy(v,w) =w — v.

In this case, we write
¥((2,0), (z,w)) = (0,w — v)

where w — v is seen as an element of T, (7, M).

For this reason, the definition of the It6 integral with covariant jumps doesn’t really involves a
connection rule. We recover the fact that it is enough to have one connection for the Ito6 covariant
calculus, as in Norris’s definition for the continuous case. One connection is p, the other one is a
flat connection on the vertical space, derived from the linear connection rule :

Va, Gla)y = d*y(Y,)(Y) (*(ay)) = ay,
Then we will keep the following definition.

Definition 6.2 Let 7 be a transport on M. For every cadlag semimartingale (Yy) = ((z¢,y¢)) on
TM and every first order form o on TM, the Ité integral with covariant jumps of o along (Y3) is

AV A AV
/%dKI/wwmﬂ'%

t

where the jump of the integral, when (Y;) jumps from Y- to Yy, is

(3 @)y, () = ay_ (0,7, (Y) = 3-): (6.4)

Proposition 6.2 If (Y;) is a continuous semimartingale on T M, the covariant Ité integral gives

A
/a de:/ozd[VY,

where dIV is defined with the connection p.

Remark 6.1 Recall that, according to remark 3.1, the connection of order two p, seen as a second
order vector, has a first order part. Then p*(a) = a0 p is the application of « to this first order
part.

Proof : Recall that the continuous case is obtained by computing the 2-jet of the jump of the
integral, on the diagonal. This jump is given by

(¥ (@) (W) =7 (@)v (rv(W)).
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6.2. AN ITO CALCULUS WITH COVARIANT JUMPS ( D ) 6.2

Using proposition B.1 in Appendix B, we get, for all V = (x,v) and W in T'M,

& (" (3(@))v) (W) == d* 7 (a)v (17v(W)) o d*7y/(W).

Since y(V, W) = (0, w — v), we get d*y(V,.)(W) = dw?. Then, for V =W, since 7y (V) = v and,
by proposition 2.2, we have

P (3 (@) (V) = by = 5 (G(a))y

Hence we get an integral which is by definition [adVY. O

An analogue to theorem 1 can now be given for the Ito integral, which is just a reformulation
of the above proposition.

Theorem 2 If G is a flat connection, for every connection p of order one on M, there exists a
connection of order two, p ,such that

e its restriction to first order vectors is p,

e the Ito covariant integral along a continuous semimartingale can be expressed as a two order

covariant integral :
/ozde: /ﬁ*(a)dIY.

In particular, we get an analogous formula than in definition 2.2

/aﬂyz/@ﬂwc

where dIV is defined with the connection p.

Proof : The map p is, by definition, a connection of order two, with restriction p to first order
vectors. The previous proposition gives

/@WY:/ﬁ@MY

Moreover, writing definition 2.2 with a flat G gives

/@WY:/MWYD
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6.2. AN ITO CALCULUS WITH COVARIANT JUMPS ( D ) 6.2

Note on the identification of the vertical space for the jumps

Recall that, when the vertical space T, (T, M) is identified with T, M, we integrate forms on
M instead of forms on TM. We could express such an identification on the jumps, and then we
should integrate a function 8 on M instead of one on T'M, as it is usual for a covariant integration.
Such an identification would correspond for the jumps to a local diffeomorphism

AN
Ev: ToM — M,

identifying T, M with a neighbourhood of x in M, and such that its differential at V' recovers an
identification

A
d&y (V) :T,(T, M) — T, M
at the order one, and its 2-jet yields an identification

A
&y (V) :1,(TuM) — 7,M

at the order two.

A
The fundamental example for £ is given by an exponential map :
A
YV = (z,v) € TM,Yw € T, M, Ey (w) = exp,(w — v).
Indeed, according to Appendix C, it satisfies

2 4 _ 72 _

which contains also the identification

VAN
d &y (v) = dexp,(0) = i,(0) = Idr,(z,m) 1M

We understand that the identifications we can do for the jump and for the order two depend

A
on a connection. In particular, d £y (V) also depends on a connection, so it is not exactly the
canonical identification 7y, described in the reminders.
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Part 111

Comparison of the two stochastic
calculus : covariant with jumps or with
covariant jumps
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Introduction

In this part, we want to compare the two different approachs of parts I and II.

To define a Stratonovich and an It6 covariant integral, we integrated a first order form «
along a cadlag semimartingale (Y;). We had to explain, on the one hand, how we transform «
into a function on M describing the jump of the integral and, on the other hand, how we use
the connection to pass to the covariant case. Actually, the two definitions correspond to the two
possible orders for these steps :

e In part I, we have defined a covariant stochastic calculus with jumps (in the particular
cases of Stratonovich and It6 calculus), using a connection p on M.
We started with the continuous covariant calculus of Stratonovich and Itd given by the
transfer principle and we derived the case with jumps from it. More precisely, we first un-
derstood that the covariant continuous case consists in integrating the form p*« instead of

a, then we defined the vertical jump of the integral as the image of p*a by a smooth map
A A A A A
J: T*TM —7* TM (J = 1 for Stratonovich, y for 1to).

e In part II, we have defined a stochastic calculus with covariant jumps, using a trans-
port 7 on M.
We started with the stochastic calculus of order two with jumps described by Cohen. Then
we composed the jump with a transport to get a stochastic covariant integral of order two

with jumps. More precisely, we first defined the jump of the integral as the image of a by
A A A

A
a smooth map J: T*TM —7* TM (J = T or %), then we applied the pull-back 7* of a
transport 7.

Link between a connection and a transport

The main difference between these two approachs results in the difference between the given
tools for the covariant calculus : the first definition uses a connection whereas a transport is
required for the second definition. They can be linked as follows.

Proposition 6.3 1. Ewvery transport T on M defines a connection p of order one on M by
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pv = dry (V). This connection yields a parallel transport 7// along geodesics, but we should
not necessarily have the equality v (W) = Tgfé(w)

72— dTV(V):pV — TG{/?’éTV

2. Fvery connection q of order one on M defines a parallel transport 7/ along geodesics. Then
we recover qy by dTg{/(V).

ow — T — dTl{/(V):qV,

Proof : The first point comes from the definition of 7. Note that several transports give the same
differential py, = dry (V) at V| so there is no unicity.

The second point has been proved when we computed the Christoffel symbols for the example 4.1
in part II.L]

Thus, in general, there is not a real equivalence between a connection and a transport, except
when we consider the parallel transport along geodesics.

We will also compare the continuous cases obtained from these integrals with jumps. For the
Stratonovich integral, it consists in a comparison between the connections of order two dysp and
p. dgp depends on p and its derivatives, whereas p can depend on the second partial derivatives
of the transport (see proposition 4.13). Recall that, when the transport is assumed to be linear
and strongly invertible, p can be deduced from p (see proposition 4.16). This is the case for the
parallel transport along geodesics.

According to the foregoing, we will do the comparison under the following assumption :

Assumption (h;)
e The transport 7 of part II is the parallel transport along geodesics :

VYV = (z,v) € TM,W = (y,w) € TM : 1v(W) =1/ (w).

e The connection p of part I is given by the differential of this transport :

Pv = dTv(V)

The interpolation and connection rules

Recall that the covariant jumps of the Stratonovich and the It6 integrals of part II only involve
the parts of the interpolation and connection rules in the tangent spaces, so we used linear inter-
polation and connection rules. Therefore, to compare these jumps to those of part I, we have to
suppose that the part of the interpolation and connection rules of part I in the tangent spaces are
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linear too. For instance, we can consider the fundamental examples of the geodesic interpolation
and connection rules.

Since the two definitions correspond to the order of composition of the covariant map (p or 7)
A
and the jumping map J, their equality corresponds to a commutativity of these maps.

7 A A
ay € T;}TM J (Oé)v e ™y TM
| |~ (6.5)
7 A A A
p*(a)y € TyTM — J(p(a)y = 7J (a)y € v TM
For the Stratonovich integral, the equality of the jumps is written
A w2
I (p"(e)) = (7)(T (@), (6.6)
that is . )
A p* (ah(s,V,W)j(Sa ‘/7 W)dS = /0 Oé]l(s,V,(x,T‘///W))ﬂ<8’ ‘/7 (LU, T‘///W>>d8 (67)
For the Ito0 integral, it is written
AL A
7 (@) = () (@), (6.8)
that is
(@ (V.W) = ax(V,(z, 7/ W) (6.9)

The given tools are the connection, represented by p or 7/, and on the interpolation and
connection rules T and =y. Let us write a commutativity on these given tools, to get the one for
the jumps.

Definition 6.3 (Commutativity between 7/ and I)
Let I be an interpolation rule on TM. We say that it commutes with 7/ if

YV = (z,v) € TMYW = (y,w) € TM, 7/ (I(s,v,w)) = I(s,V,(z,7/(w))).  (6.10)

wl(s),x » Tyx

Example 6.1 The fundamental example is the geodesic interpolation rule on TM (see examples
0.5 and 0.2).

Indeed, recall that it is given by
I(s, V,W) = ( exp,(sexp;ty)  muls(ryl(w) —v) + ] ),

I

where (1)
t—

(5. Y)) = (To/é) is the parallel transport along the geodesic
s Ly—H It

(W]I(‘S? Y;*7 YD) = (eXpmt, (S exp;tl_ (xt>)

103



6.2

Then we have
I(s, v, T{h(w)) = s(r{y(w) — v) +v = 7/)1(s,v,w)).

Since 7/ is an invertible transport, it is equivalent to
I(s, v, w) = 7,15, v, Tfo(w)),
which means that T commutes with 7/

Definition 6.4 (Commutativity between 7/ and «y)
Let  be a connection rule on TM. We say that it commutes with 1// if :

YV = (z,v) € TMYW = (y,w) € TM, py(y(V,W)) =V, (z, 7/ (w))). (6.11)

) tyx

Example 6.2 The fundamental example is the geodesic connection rule on T M (see examples 0.8
and 0.2).

Indeed, recall that it is given by
y(V, W) =1(0,V, W),
where I is the geodesic interpolation rule on T'M. By the foregoing, we have the relation

T2 (s, V.W)) = I(s, v, 7/l (w))

)’ Tyx

Taking derivatives with respect to the time s, on both sides, yields

dr!l ()(A(s, V, W)(s, V,W) = I(s, v, /. (w))

) lyx

At time s = 0, it gives . .
dr/l (Y10, V, W) = 1(0, v, 7/ (w)),

) Tyx
or equivalently
bv ’?/(V, W) = ’)/(U, Ty/éz(w)))v

which means that 4 commutes with 7/ .
According to the foregoing, we will do the comparison under the following assumption :

Assumption (hs)
e The interpolation rules I in part I and II are the geodesic interpolation rule in T'M

I(s, V, W) = ( exp,(sexp;'y) . 1glls(r{y(w) —v) +1] ).

e The connection rules 7 in part I and II are the geodesic connection rule in T'M

YV, W) =1(0,V,W).

We will see that the covariant Ito integrals of part I and Il equal and that, on the contrary,
there is a real difference of nature between the covariant Stratonovich integrals of part I and II.
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Chapter 7

Comparison of the two Stratonovich
covariant calculus

7.1 Comparison of the jumps

To compare the two definitions for the Stratonovich covariant integrals along a cadlag semi-
martingale (Y;) on T'M, it is enough to compare the jumps of the integrals.

A
In part I, we have defined a covariant Stratonovich integral with jumps [« Y.
Under assumptions (hq) and (hs), its jump, when (Y;) jumps from Y;- to Y}, is given by

o ' //
L@y (0 = [ o0 (Tl =) ds (7.1)
0

t—

(see example 1.1).

LDy
In part II, we have defined a Stratonovich integral with covariant jumps [« d Y.
Under assumptions (hq) and (hs), its jump, when (Y;) jumps from Y;- to Y}, is given by
A
I

(Y (T (@), (Yi) = / a ds (0,7, i —yi-). (7.2)

s Y, oyl o 00)

Note that, since I and 7/ commutes, the second jump is equivalently written

A
I

(0 @y () = [ o s (0.7, v~ 1) (73

//
TR )

In the first definition, the integration of a along I simultaneously uses the part of T on M and
the one in the fibres Tyy;yM. In the second definition, (7.3) shows that the transport 7// brings
all at 71(0,Y;-,Y;) = z4-. Hence, « is integrated only along the part of I in the tangent space
T, M. If we change the part of I on M, the second definition won’t change but the first one will.
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7.2. COMPARISON OF THE CONTINUOUS STRATONOVICH INTEGRALS 7.2

As a consequence, the two Stratonovich integrals differ in general.

They can equal only if Vs, 7l(s) = 7I(0) = z;-. It means that z; = x;—. We will see in the last
chapter of this part that it corresponds to a vertical jump for (V).

Remark 7.1 Comparing (7.1) with (7.3), we can get the equality of the two jumps if the form «
satisfies the particular property :

1 1
/
o T ds = @ ds.
/0 oY= ) Ty ml(s) 0 (@ ’Tifus),xtf I(s:y,— vt))

7.2 Comparison of the continuous Stratonovich integrals

Recall that, if the semimartingale (Y;) is supposed to be continuous, we obtain, for the first
integral,

/ Wy = / (dyp)*(ds)dY

(see proposition 1.3 with definition 1.5), and, for the second one,

Ay
/a@ Y:/ﬁ*(dsoz)d[Y

(see proposition 6.1).

Then the comparison consists in a comparison between the connections of order two dyp and
p. Recall that assumption (k) allows to deduce p from p.

On the one hand, dgp is obtained by considering the differential dm, (W) at point W =V and
then applying an analogue of the differentiation ds to the application V' — py = dn/(V'), which
depends on V' in two ways.

On the other hand, py is obtained by computing the 2-jet d*7 (W) of the application 7y, with V'
fixed, and then taking it at point W = V.

Consequently, d,p is different from py, so that, in general, the covariant Stratonovich integrals of
part I and II keep on being different in the continuous case.

We will see that the definition of part I can recover Norris’s definition. With regard to the
definition of part II, it doesn’t recover Norris’s one, and moreover, it is not a Stratonovich integral.
Indeed, according to [3], a two order integral [Od[Y is a Stratonovich integral if, by applying the
application d, to the first order part RO of 0, we recover 0, that is, if we can write

/ oAy = / dy(RO)dIY.

Therefore, the integral f p*(dsa)dlY is not a Stratonovich integral, since R(p*(dsa)) = p*(a) but
ds(p*(a)) is (dsp)*(dser), and not p*(dsa).

106



7.2. COMPARISON OF THE CONTINUOUS STRATONOVICH INTEGRALS 7.2

7.2.1 Comparison with Norris formalism

The definition of part I recovers Norris’s definition. Indeed, by the transfer principle, the
Stratonovich integral obeys the same differential rules as the deterministic derivative with ¢t. Then
the equivalence between the first definition of Stratonovich covariant integral and Norris’s defini-
tion is just an analogue of proposition 0.3.

Proposition 7.1 When the semimartingale (Y;) is continuous, the Stratonovich covariant integral
with jumps of part I gives

JAN
[ vi= [, 0000 )

With the identification of the vertical space, we recover Norris’s definition

A
/aYt— Y, = /awtut(’?(ut_lyt).

Proof : The proof is the same as the proof of proposition 0.3 in the C! case, replacing % by 0
and using paragraph 0.3.2 for the identification of the vertical space. [J

7.2.2 Comparison of covariant accelerations

In [4], Emery explains that the transfer principle for Stratonovich integrals consists, at the
order two, in an analogy between the acceleration ;—;K of a C? curve (Y;) and the stochastic
second order infinitesimal variation d'Y; for a semimartingale (V7).

Let (V) = ((z4,9:)) a curve of class C? in TM. The acceleration of Y; is defined in [3]) by

d? 0>

— Y, =dY (=5 7.4
dt2 t (8t2 )7 ( )
given in coordinates by
dz ;) "
— Y, =Y —+ Y'Y ——. 7.5
a2’ = gy T gy (7:5)
Using the coordinates on Ty, T'M , we write also
d? . 0 .0 0P 0P 0P
— Y, =T — 4= + ] ——— + 20 ——— + Yy ———. 7.6
atz't = Mg T Vige T gpiger T griger TV guigy (7.6)
Remark 7.2 The notation (‘f—; expresses that the second derivative with respect to the time is not

the usual one, acting on coordinates. Formula (7.5) can be understood as follows

L= 0 00, 0 Md 0,
dtz2 ' dt ot oV ot ot 'ovi | ot dthovi'h
B aQY;i ) aY;Z 83/? 82
ot Vi Ot Ot 9ViQVIT
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7.2. COMPARISON OF THE CONTINUOUS STRATONOVICH INTEGRALS 7.2

A way of understanding the difference between the connections of order two dyp and p is
to compare the “covariant accelerations” they yield. Let us specify what we call a covariant
acceleration.

Definition 7.1 Let p be a connection of order two on M and (Y;) be a C* curve on TM.

We call
. d?
th(@Yt)

the covariant acceleration of (Y;), given by the connection p.

Remark 7.3 We could write a covariant Stratonovich transfer principle, in the spirit of [4],
consisting in an analogy between the integration of a covariant acceleration and the definition 3.3
for the covariant calculus of order two.

Proposition 7.2 Let (Y;) = ((z,4:)) be a C? curve on TM, and 7/ the parallel transport along
the projection curve (x;) of (Y;) on M.
Then, the covariant acceleration given by dgp is

d? d 0vY,
ds , 7.7
pogv = (5 (7.7
also written 22 49
— V)= —[— .
dp(5¥0) = g5l lomd] (7.9
The covariant acceleration given by p is
d? dv 9y,
sy 4 ‘
also written 22 22
(35 Y0) = [ (vl (7.10)
Proof :
o Let us explicit the term dt(aaz/t) as

d vy, d _ovY,. d o VY, . 0 Y, ,d
E< ot )_EK ot >avz] 81%( ot >avi+( ot >E[<@)yt]'

It follows
d oY, B 9 ,0VY, ; 0 Y, .. 0?

&( ot ) == E( ot )Gvi+( ot ) t@?ﬁ@?ﬂ

or equivalently, using the expression (54) for the covariant derivative,

d oy, 0.0 o 0, L0
a( at ) 8t[8 ( stys) |5:t]%+ 88( stys) |5 tyta Za'U]
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7.2. COMPARISON OF THE CONTINUOUS STRATONOVICH INTEGRALS 7.2

which is the meaning of formula (7.8). Let us write it in coordinates, to compare it with
the expression for dgp( dth}) Using the expression (53) for the covariant derivative with
Christoffel symbols, it gives

d oY, 0 i 0 % i m sl g o
a( ot )= ot (yt + Fm]('rt) " yt) D0 + (g + D) v ) o EREIE
Then we get
d 0vY, G —_— ; o ; - 0
a( att) = [ Yy + ok ( t) yg Ty ZL‘f + ij(xt) Ty yg + ka(xt) Ty yf] v
o , L o2
o g + D) v @9t ] 5oss

Comparing this expression with dgp( dt2Y;) where 4 e
dsp by (3.6), we get the first point of the proposition.

>Y, is given in coordinates by (7.6) and

Yy
ot

e We give meaning to —V(

T ), using the expression (55) for the covariant derivative, as
follows

v o, _yd 0V

Y =
S, ( 315 ) Tst dt( ts 015 )7
where 7/ is the parallel transport along (z¢), which is also the projection part of a
Using (55) again, we get
v Y, yd 0y 9y
\V/S, a( ot ) = Tst 37 dt (Tts Tst o, ot (Ttsyt)) Tst dt2 (Tts yt)
It follows oy 32
t !
dt( Ot ) (d 2 stys)\s t)
that is )
dv 0vy, 02 Ty 0 o 7y, ol ys 0?
at' 8tt> = as; oo + T e (5 M- LOvioui” (7.11)
Let us write it in coordinates, to compare it with the expression for p( dtht) We have
2 7llys MYy cm K
Oty = R i T 47 ok (712)

It follows

87 Ys 87 Ys\j . i -m -j j e
(5 52 = @+ D) & ) (@ + T, () 44 w7)

=i gl + T8 (@e) yb ag] + T () yp @b gp + T () T () yF gy a7 dl.
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7.2. COMPARISON OF THE CONTINUOUS STRATONOVICH INTEGRALS 7.2

Thus, the second term in (7.11) yields

o !y, o !/ Ys 0? o . I - 0>
( a; )|s =t ( 8;’ )\S t Qi = (yt yi+2 ka('rt) yf Ty yi—i_rmk('rt) Flr('xt) yf Yt 'rt xl)aviavj'
(7.13)
The first term in (7.11) involves the second derivative ?( 7! ys)'. Tt gives
/i
R/ z_g a(Tst> /i ke
dt2 (Tstys) - 68( s ys +( Tst )kys )
ATk - o
=5tk is given by (51). Then, we get
d? 0 . , ;
gz (T ve)' = 5 (FT(es) s + (7))
a//rr orT, . o 8Ts//i, .
= Ty o) byl (8 D) it D) i D) it 1 2
)i o OT) (4 —
= a; [Plk(xs) sys +y5 ]+( s/z{) [ o™ (:ES) .I‘ xiy§+rlk(x5) sys +Plk(x5) iyf +ys]
(7.14)
Using again (51), we deduce
8( //) -1,k -7 //\i 1n - r 1.k T
T[ Plk(xs) LslYs + Ys ] - ( )nrr](xs) T [ Flk(xs) TslYs + Ys ] (715)
Ay
Recall that, for s = ¢, we have (7/,)! = 6°. Then, by (7.14) and (7.15), we get
d -/ i i ks Ol =l ko i Dok e
a2 T ys) |, = Doy(ae) &1 D () dgyy +37 1+ B (Lt) &t AT () By +T0 () #457 +ijf -
(7.16)
It follows
E(Wt) =gy + Thu(z)yl &7 + [8xlk (1) + Dy ()T, () Jyf" iy
2 Do) #08 [iid + Tialwd T (e uf 2785+ 2 Toleul 73 | 50
m v Yt 150 t t t Ty Ty m t Lt Dviow

Comparing this expression with p( dth}) where dt2Y} is given in coordinates by (7.6) and p
by proposition 4.16, we get the second point of the proposition.l]

Remark 7.4 Note the link between the expression

_d? dv 9y,
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7.2. COMPARISON OF THE CONTINUOUS STRATONOVICH INTEGRALS 7.2

and the horizontal lift of p, for which we described the geodesics in proposition 0.8. We used for
this, a second covariant derivative

8V< 8th>

ot "t ot

which has to be understood in coordinates, that is
&, 9VY, Yoy, 9 9,0y, . OYY" 9
- Z Y= 2 ] =[—(—— e, o —— .
o ) = @l e aul e e ) It g

Actually, it corresponds to the first order part of ]5((;1—:23/}) (recall that, according to remark 3.1, a

connection of order two has a first order part which doesn’t depend on the choice of the coordinates
on M).
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Chapter 8

Comparison of the two It6 covariant
calculus

8.1 Comparison of the jumps

To compare the two definitions given for the It6 covariant integral along a cadlag semimartin-
gale (Y;) on T'M, it is enough to compare the jumps of the integrals.

A
In part I, we have defined a covariant Ité integral with jumps [« d’y.
Its jump when (Y;) jumps from Y;- to Y} is given by
A kS
3 ra)y, (V) =a,_py, (1Y, Y). (8.1)

(see formula (2.5))

In fact, under assumptions (h;) and (hs), it yields

A *
¥ (ra)y, (V) =ay, (0.7, () =) (8.2)
(see example 2.1).

Ay
In part II, we have defined an It6 integral with covariant jumps f ad Y.

Under assumptions (h1) and (hs), its jump when (Y;) jumps from Y;- to Y; is given by

(Y @)y, () =y, (0.7, (u) - ). (8.3)

Writing the equality of the two jumps (8.1) and (8.3) is exactly writing the commutativity
between 7/ and 7. Under assumptions (h;) and (hy), for which we have this commutativity, we
see that formulas (8.3) and (8.2) are the same :

T (), (Y) = () (5 @)y, (V) = an (0,7, yi— ye-)- (8.4)
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8.2. COMPARISON OF THE CONTINUOUS ITO INTEGRALS 8.2

Then, the Ito covariant integral with jumps of part I coincides with the Ito integral with
covariant jumps of part II.

A
Remark 8.1 Another way to find the jump of the Ité covariant integral [ o d¥'Y, following

Norris’s presentation with the horizontal lift, and Cohen’s description in [1] for the jump of the
horizontal lift, would be to write it as

ay, (0, u Aug 'y) = ay, (0w (ug =y ) = oy, (0, (v y—ye) = v, (0,77 _yi—ye-),

XTt, Ty

which is exactly formula (8.4).

8.2 Comparison of the continuous Ito integrals

Recall that, if the semimartingale (Y;) is supposed to be continuous, we obtain, for the first

integral,
A
/a d’Y = /G(p*a)d[Y

(see proposition 2.4 with definition 2.4), and, for the second one,

/aﬁv Y:/p*(a)dly

Under assumptions (hy) and (hs), since the case with jumps yields the equality of the two inte-
grals, they also equal in the continuous case. Let us understand the consequences of assumptions
(h1) and (hsg) in the continuous case :

(see proposition 6.2).

e Assumption (h;) has consequences on the It integral of part II. By (hy), the transport
considered in part II is the parallel transport along geodesics, what allows to deduce the
connection p from p. It is given in coordinates by proposition 4.16. Moreover, by remark
7.4, the first order part of p is related to the horizontal lift of p. Note that, according to
prop 4.16, for the continuous case, (h;) could be replaced by
(h}) : The transport 7 of part II is linear and strongly invertible.

e Assumption (hs) has consequences on the Ito integral of part I. By (hsy), we get that the
connection G is the 2-jet of the geodesic connection rule, that is

Gla)y = avd*y(V, )(V) = ay(d®exp,’ (z),d*y(v, ) (v))
where y(v,w) = w —v. We have d*y(v,.)(v) = d*v = Idr,r,m) and d*exp,*(z) = Idr, m-
Then
G(CY)V = Qy
Hence, for the continuous case, (hg) could be replaced by
(h%) : the connection rule 7 of part I and II yields a flat connection G.

Therefore, in both definitions, only one connection p is used, the one describing the covariant
calculus, whereas the connection G required for the Ito calculus is a flat connection.
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8.2.1 Comparison with Norris formalism

Just as our definitions, the definition 0.14 given by Norris only uses one connection for the
covariant and the It6 calculus : the connection p defines the horizontal lift (u;). Then, by (u,),
the semimartingale is brought in R™, where the It calculus is applied, so the second connection
is the flat connection on R™.

Proposition 8.1 Under assumption (h}), when (Y;) is continuous, the Ité integral with covariant
Jumps of part Il gives

Ay )
/ozyt_ d Y, = /aYt (0, ued(u; " ye))-

With the identification of the vertical space, we recover Norris’s definition

Ay .
/ayt d Y, = /a%utd(ut Yt).

Moreover, under assumption (h}), the Ité covariant integral of part I also recovers Norris’s defi-
nition.

Proof : On the one hand, for (Y;) continuous, we have

Ay
/ayt d Y;:/ﬁ;(a)d[Y;

If 7 is the parallel transport along geodesics, p is expressed in proposition 4.16. It yields

- i i o 1 or ; : .
[y, = [ (@ [+ T da + 55 w0 + Ty o)) o d < o2 >
' (8.5)
+ T8 (1) d < 2™yt >, ],
where a; = (0, 5%)
On the other hand, by using the Stratonovich to It6 formula in R™, we have
1
/ayt (0, wed(u; tyy)) = /ayt (0, u0(u; tyy)) — §d < ayu,u 'y >, (8.6)
Recall that
/% (0, wd(u; 'ye) = /Oéyﬁth = /(Oéyt)i(ayi + Ty ()yr o),
that is, using the Stratonovich to Ito conversion formula in R,
1 i 1 80@- i
oy (0, ud(ug ) = [ (e, )idy; + 58—yj(Yt)d <y Yy > (8.7)
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+(ovy, )il%p () yy dae + §a—yj(Yt)ij(xt)yfd <y x>
+§(Oéyt)z‘( Ol

(z)yrd < 2', 27 >, +1"§»k(:pt)d <yF 2l >y)

Now, let us study the quadratic variation term of (8.6). We have
1
d(ozytut) = da,, u + oy, dug + §d < oy, U > .

It implies
d < ayu,uly >=d < h,u 'y > ++ay,d < u,u"ty >,

where dh; = dozyt Uy
On the one hand, since du; = I'(x;)0zyu, and O(u; 'yy) = uy 0VY;, we get

. d < u,uty >= aYtl"(xt)dxt.det = (ayt)ifék(xt)(d <Pyl > 4T (2)yld < 2 2 >)).

On the other hand, we have

Do i g i i g
d < h,u™y >= doy,.d’Y; = By (Y)(d <y sy’ > +ij($t)?/fd <y ol >y).
Then we get
1 ~1 1 0o i i k i g
—§d <ayu,u Y >p= 5 Dy (Y)(d < y' 9 >0 —Tj(we)yid < y', 27 >y) (8.8)
1 . A ,
—é(ayt)ifgk(xt)(d <Pyl > 4T (2)yld < 2 2 >)).

When we do the sum of (8.7) with (8.8), the terms with the partial derivatives for a; disappear
and then we get that (8.6) is exactly (8.5). Hence we get the result. When doing the identifica-
tion of the vertical space, in the meaning of paragraph 0.3.2, we can recover Norris’s definition.
Moreover, since the Ito covariant integral with jumps equals the It integral with covariant jumps
under assumption (h]), it also recovers Norris’s definition. [
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Chapter 9

Equality for vertical or horizontal
semimartingales

We have introduced two covariant stochastic integrals along a semimartingale (Y;) = ((x¢, y¢)).
To call them “covariant”, we expect of them that they correspond to the classical stochastic in-
tegration along (y;) when (Y;) is vertical, and that they vanish when (Y;) is horizontal. Let us
specify here these notions for a C! curve, and then for a semimartingale.

9.1 Vertical semimartingales on 7'M

Let (Y;) be a C'! curve on TM and p a connection on M. We say that (Y;) is a vertical curve

if , for every ¢, &% belongs to the vertical space T}, (T, M) at Y;.

This means that

Y, Oy,
—=(0,—) T, (T, M
8t ( ’ 8t ) < yt( t )
The part (%) of (%) vanishes, so the curve (z;), projection of (¥;) on M, is constant :
Vt, x; = x.

Note that the notion of vertical curve doesn’t depend on the connection p. Nevertheless, if
(Y;) is vertical, we have
oY, N Oy
i) =
We extend naturally the notion for semimartingales in T'M.
A cadlag semimartingale (Y;) = ((x4,3;)) on T'M is said to be vertical if :

(9.1)

Vt, x; = xg
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9.2 Horizontal semimartingales on 7'M

Let (Y;) be a C' curve on TM and p a connection on M. We say that (V;) is an horizontal

curve if | for every t, % belongs to the horizontal space at Y;, that is if
oY,
—) =0. 9.2
(5 92

Note that the notion of horizontal curve depends on the connection p.

To define a cadlag horizontal semimartingale (Y;) in T'M, we write that it is solution of a
covariant s.d.e. with jumps. This formalism is defined in part IV.

In this part, we will say that (Y;) = ((x¢, y;)) is horizontal if it satisfies

_
t

Yt iz, Yt if 2y # 24—

and
Y, =0if z; = .

9.3 Covariant integrals

Let us verify if, as expected, the covariant integration of a vertical semimartingale (Y;) is the
integration of (y;) and the covariant integration of an horizontal semimartingale is null, as well as
for the covariant integrals with jumps of part I and for the integrals with covariant jumps of part
II.

Proposition 9.1 If (Y;) = ((z,y:)) is a vertical cadlag semimartingale on TM (or if M is a
vector space with a flat connection p), we get

Ay A A
/a8 Y:/aﬁvY:/aﬁ Y,
Ay A A
/ad Y:/ad"Y:/ad Y.

Proof : If (Y}) is a vertical semimartingale, then its part (z;) on M, is a constant semimartingale.
In particular we have x; = ;- for every jump of Y;.

e With regard to the Stratonovich integral of part I, z; = x;- implies 7l(s, Y;-,Y;) = x4-
for all s. It follows that the curve (I(s,Y;-,Y;)) is vertical, so that, by (9.1), its covariant
derivative satisfies

ol ol
pI[(s,Yt,,Yt) (%(87 }/;*7 Y;t)) = %(‘97 Yi—, yt)

A A
/aavY:/aﬁy.
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e With regard to the Ito integral of part I, x; = x4~ implies 7y (Y;-,Y;) = 0. Then 4(Y;-,Y;) =
(0,¥(ye—, y¢)) is vertical and so we get

Dy, (Y- Y2)) = v (ye- ve)-

It follows N N
¥ (P )y, (V) =7 (@)y, (1)

A A
/ade:/aay.

e With regard to the integrals of part II, z; = x;- implies

Consequently

Ty, - (Yy) =y

Then, for all 6 in 7" T'M,
(T (O)y,- (Vo) = by, (s).

Ay A
/ﬁﬂ Y:/Gﬂy

A
Applying this to =1 («) and 6 :'Ay (), we get :

Ay A
/a@ Y:/aa Y,
Ay A
/ad Y:/ad y.U

Proposition 9.2 Let p be a connection on M. Under assumptions (hy) and (he), if (Y;) =
(x4, y:)) ts an horizontal semimartingale on T'M, all the covariant integrals vanish

Ay A Ay A
/a@ Y:/aavY:/ad Y:/ade:O.

Proof : If (V;) is horizontal, we have 7y, _ (Y;) = y;-. The term 7y,_(Y;) — y;- is in factor in all
the expressions of the integrals under the assumptions (hy) and (hg) (see (7.1), (7.3), (8.2) and
(8.3)). Since it vanishes, the jumps and so the integrals vanish too. [

and

As a consequence, when we integrate the particular classes of vertical and horizontal semi-
martingales, the covariant integrals of parts I and II equal.
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Conclusion

The covariant stochastic calculus of part I and II both permit to recover the covariant calculus
for a C! curve in TM. Moreover, they both recovers the vectorial integration when integrating
a vertical semimartingale, and both vanish when integrating an horizontal semimartingale. The
two calculus can recover the stochastic continuous covariant calculus of order two, involving a
connection of order two, dsp for Stratonovich calculus, p for It6 calculus. This extends in a way
the Schwartz principle : like the classical stochastic calculus, the covariant stochastic calculus on
manifolds is a two order calculus.

The stochastic covariant calculus with jumps of part I is well compatible with the Stratonovich
and the Ito calculus, since it recovers Norris’s formalism when integrating a continuous semimartin-
gale. Nevertheless, it doesn’t include these covariant Stratonovich and [to calculus in a two order
covariant formalism.

This two order formalism is given by the stochastic calculus with covariant jumps of part II. It

is geometrically more significant since it describes a covariant jump on the manifold. This second
part uses the notion of transport, which can be seen as a connection of order “0”. Then we get a
larger class of connections than connections of order one, with transports non necessarily linear,
basic, idempotent, or invertible.
We saw that the calculus with covariant jumps is not well adapted to the Stratonovich calculus, but
it is to the Ito calculus. In part II, we start with describing the covariant jump of a semimartingale,
in order to describe the jump of a stochastic integral. This method is better adapted to the Ito
integral. Indeed, in the non covariant case, the jump of an It6 integral is described from the one
of the semimartingale, which is geometrically represented by a vector v(z;-, z) in T,, U. This
is not the case for the Stratonovich calculus with jumps, for which only the jump of the integral
is known, but doesn’t come from a geometrical representation of the jump of the semimartingale
itself.
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Part 1V

Covariant s.d.e. with jumps / s.d.e.
with covariant jumps

120



Chapter 10

Reminders on s.d.e with jumps

We summarize here the results of [2] about stochastic differential equations with jumps.

Let U and W be two differential manifolds. Cohen defines a s.d.e driven by a cadlag semi-
martingale (w;) in W, with solution (z;) in U, written as follows
A A
dl z = ¢(z,dl w),

where ¢(w;-, z-,w;) describes the jumps of the integral.

In the following, we will study s.d.e. with a punctual coefficient ¢, defined as follows. However,
note that our results are true with a more general ¢ (see [2]).

Definition 10.1 Let ¢ : (W x U) x W — U be a smooth map such that

1. v — ¢((w, 2),v) is twice differentiable in a neighbourhood of the diagonal {((w, z), w), (w, z) €
W x U}.

2. ¥(w,z) e WxU: o(w,z2),w)=z.

Then the map w — ¢((w-, z- ), w) is called a punctual coefficient. It is a previsible and locally
bounded process above (w;-).

Definition 10.2 Let (w;) be a cadlag semimartingale on W, ¢ a punctual coefficient above (w;-),
and z, a Fo-measurable variable in U. We say that (z;) is solution of the s.d.e with jumps

A A
dl z=¢(z,dl w), zy= 2,

A
if (z) is a semimartingale in U, such that zy = z, and, for every 0 in 7* U, predictable and locally

bounded above (z;-), we have

A A
/Gd[z:/¢(z)*(9)d[w, 20 = Zo,
1
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10.1. STRATONOVICH S.D.E. 10.1

where the process (¢(z)*(0),) is defined by
Vw e W, ¢(2)*(0)(w) = 6; 0 p((wy-, - ), w). (10.1)

Proposition 10.1 If ¢ is a punctual coefficient, of class C* on a neighbourhood of the diagonal
{((w, 2),w), (w, z) € W x U}, then there exists a unique solution (z;) of the s.d.e with jumps

N
dl z=¢(z,dl w), zy= 2,

defined up to explosion (that is defined on [0,T[, where T > 0 is the previsible stopping time of
explosion of (z;)).

Moreover, in some imbeddings for W and U, we write

L ogr R o e
2 = zg+/ ¢ ((ws-,zs-),ws—)dz;+—/ ¢ -((wy=y 25- ), we-)d < 2, 27 >y

o 07 2 )y 0210z
+ Z [ ¢s((ws*>zs*)>w8) - 07 ((ws*vzs*)vws*)Azs ]
0<s<t

The map ¢ contains all the information : it describes the jumps of the solution and provides
the drift and diffusion parts from its first and second derivatives.
Note that the second point of definition 10.1,

((wi-, 2= ), wi-) = 2-,
means that the solution (z;) jumps at the same times than (w;).

We now give the application to Stratonovich and Ito6 s.d.e with jumps.

In the two following sections, a coefficient e is given, which is smooth and such that, for every
(w,z) in W x U, e(w, z) is a linear map from 7,,W to T,U.

10.1 Stratonovich s.d.e.

We consider a Stratonovich s.d.e. with jumps, driven by (w;), with coefficient e. When the
semimartingale (w;) jumps, we interpolate it between the points w;- and wy, with an interpolation
rule I on W. Then, ¢((wy-, z- ), w;) is the solution at time s = 1 of the differential equation driven
by (I(s,w;-,w;))sefo,1], with coefficient e.
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10.2. ITO S.D.E. 10.2

Definition 10.3 Let I be an interpolation rule on W. For every cadlag semimartingale (w;) on
W, for z, in U, the Stratonovich s.d.e with jumps

A A
0z = e(w-,2-) dw, 20 =2
is defined as equivalent to
A A
dl z=¢(z,dl w), zy= 2, (10.2)

with
¢<<wt77 th)u wt) = ¢(1>7
where ¢(s) is the solution of the differential equation

<;5(s) = e(I(s,wi-,wy), d(s)) I(s,ws—,wy), ¢(0) = z-. (10.3)

By proposition 10.1, there exists a unique solution (z;) in U of the s.d.e. (10.2), defined up to
explosion.

Proposition 10.2 When the semimartingale (w;) is continuous, the s.d.e.

A A
0z = e(w-,z-) 0w

18 equivalent to the continuous s.d.e.
0z = e(wy, z;)Owy.

Proof : See [2].0

10.2 1Ito s.d.e.

We consider an It6 s.d.e. with jumps, driven by (w;), with coefficient e. When the semi-
martingale (w;) jumps from w;- to w;, we represent the jump in T, W by W) (w,—, wy), with
a connection rule v") on W, and then apply the coefficient e. We get the jump of the solution,
represented in T, _U by Yz, d((wy-, 2~ ), wy)), with a connection rule ) on U. To have an
expression for ¢((w;-, z;- ), w;), this connection rule has to satisfy that, for every z in U, the map
7 )(z,.) is invertible.

Definition 10.4 Let Y") be a connection rule on W and vV) a connection rule on U, such that,
for every z in U, the map v\Y)(2,.) is an invertible map. For every cadlag semimartingale (w,)
on W, for z, in U, the Ito s.d.e with jumps

A A
dz = e(we-,2z-) dw, 20=2 (10.4)
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1s defined as equivalent to
A

A
dl z = ¢(z,dl w), 2y = 2,
where ¢((wy-, z- ), wy) satisfies

P((wi-, 2= ), wy) = V(U)(Ztﬂ-)_l[e(wt*azt*) V(W)(wt*awt)]- (10.5)

By proposition 10.1, there exists a unique solution (z;) in U of the s.d.e. (10.4), defined up to
explosion.

Remark 10.1 For instance, we can consider the geodesic connection rule on U, given by

Y (z,y) = exp; (y),

for which v (z, )~ (u) = exp_(u). The condition on v\Y) means that the inverse of the expo-
nential map has to exist and to be invertible. Requiring this condition is more restrictive than
requiring the existence of an exponential map on U. Therefore, instead of being given a connec-
tion rule ¥\Y) with the condition of invertibility, we could require to be given an exponential map
exp on U. Then, ¢ would be defined in a unique way as

O((wi-, 2~ ), we) = exp, [ e(wi-, 2-) Y (wy-, wy) 1.

Proposition 10.3 When the semimartingale (w;) is continuous, the s.d.e.

A A
dz = e(w-,2-) dw

18 equivalent to the continuous s.d.e.
dz = e(wy, z;)dwy.

Proof : Let us give a proof for this proposition, since it is not given in [2].
Let o be a first order form in U. For every z in U, we define a first order form 3% in W, by

Yw e W, B, =a,o0e(w,z): T,W — R.

Using the notations for the It6 jumps of part I, applying « to the relation (10.5) yields

that is, using (10.1),

I
6" (7 (0))eluwr) =7 (8),_ (1), (10.6)
According to definition 10.2, if (z;) is solution of (10.4), we have

/%% il 2, = /¢ (7 () (10.7)



10.3. DISCRETISATION THEOREM 10.3

When the semimartingale (w;) is continuous, the solution (z;) is also continuous. Then, by propo-
sition 2.3, we get, on the one hand,

A A
/7 ()., dl z = /aztdzt,

and, on the other hand, using (10.6),

[olor @ @t = [ 530w = [ etz

Then (10.7) shows that, for every form « on U, we have

/aztdzt = /azte(wt,zt)dwt,

that is saying that (z;) is solution of the continuous s.d.e.

dz = e(wy, z)dwy.O

10.3 Discretisation theorem
We recall the discretisation theorem given by Cohen in [2].

Theorem 3 Consider the sequence (Y;"), defined by
o Y=Y,
o V' =d((Wpw, YT0), Wy) fort € [T}, T, ] and k < k(n),

» STk

o V" = d((Wpkew, Y ki), W) if £ 2 Ti,,

T T,

for a subdivision (0")en = ((Tr]f)kgk(n))neN converging to the Identity.

Then the process (Y") converges uniformly on compacts in probability to the unique solution
(Y1), defined on [0,T], of the s.d.e

AN JAN
dY =Y, d W), Y=Y,
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Chapter 11

On continuous covariant s.d.e

In the following chapters, we will study covariant stochastic differential equations. Therefore,
we work with two manifolds NV and M, and semimartingales on T'N and T'M.

From now on, we will consider a smooth coefficient e, such that, for every W = (r,w) in TN
and every Y = (z,y) in TM, e(W,Y) is a linear map from T,,(7,N) to T,,(T, M).

The following proposition shows that covariant s.d.e are well defined only if the projection part
(mY;) on M of the solution (Y;) in TM is known.

Proposition 11.1 Let p&) and p™) be connections of order one, respectively on N and M. Let
(W) be a continuous semimartingale in TN, (x¢) a continuous semimartingale in M, and Y, a
Fo- measurable variable in T M.

We say that (Y;) is solution of the Stratonovich covariant s.d.e
oY, = e(W, Y)OVW,, Yy=Y, (11.1)

if (V) is a continuous semimartingale in T M, such that Yy =Y, and, for every form o on TM,
we have

/O[Ytpg/]y)ay;f = /ayte(l/‘/tay;f)pg/\i)awta Yb = }/o-

There exists a unique solution (Y;) = ((xt,y:)) of the Stratonovich covariant s.d.e (11.1), de-
fined up to explosion.

We say that (Yy) is solution of the Ité covariant s.d.e
Y, = e(W,,Y,)d"W,, Yo=Y, (11.2)

if (V) is a continuous semimartingale in T M, such that Yy =Y, and, for every form o on TM,
we have

/ ay pydY, = / ay, e(We, Y)pi dW,, Yo =Y,
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There exists a unique solution (Y;) = ((z4,y¢)) of the Ité covariant s.d.e (11.2), defined up to
explosion.

To prove the unicity for the solution of a covariant s.d.e., we use the following lemma, and
remark 0.2.

Lemma 3 For every coefficient e as above and connections p™™) on N and p™) on M, define the
map f on the manifold (M x TN) x TM, as follows.
For every Z = (z,W) in M x TN and every Y = (z,y) in TM, f(Z,Y) is given by

V(Uy,Uy) € T7(M x TN) ~T,M x Ty TN, f(Z.Y)(Ur,Us) = e(W,Y)p\ (U,) — piM (U, 0).

Then, f is a smooth map such that, for every Z = (x,W) in M x TN and every Y = (z,y) in
TM, f(Z,Y) is linear from Ty(M x TN) to T,(T,M).

Proof (of lemma) : The smoothness of the map f comes from that of (WW,Y) — e(W,Y’) and that
of V' — py for every connection p. Moreover, for every Y = (z,y) in TM, the map

PM(,0): TLM x {0} € TyTM — T,(T,M) (with 0 € T,(T,M))
is linear. For every Y = (z,y) in TM and W = (r,w) in TN, the maps
pyw) : TwT'N — T,T,N

and

e(W,V): T,(T,N) — T,,(T,M)

are linear, so
e(W,V) o p\) : TwTN — T,(T,M)

is linear. Then f is linear from T, M x Ty TN to T,(T,M).00
Proof (of proposition) : Let us write (11.1) as
Py (9Y;) = e(Wi, Y)piy, (OW). (11.3)
Using the linearity of pg), we have
Py, (0Y2) = b, (04, 0) + pyy (0, Oy)-
But pg/]j)((), y;) = Oy, since Oy, € T, (T, M), so we get

pyt (83/;) th (a’fta 0) + Oy

Then (11.3) is equivalent to
Dy = e(Wy, Yo)pie (OW;) — pia (4, 0).
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Set (Z;) = ((x, W})), semimartingale in N x T'M. Then (11.3) is equivalent to the Stratonovich
s.d.e.

oy, = f(Zu Yt)azt,

where f is the coefficient given by lemma 3.

This s.d.e with linear coefficient f has a unique solution (Y;) = ((x4,%;)) in TM, defined up to
explosion, which is also the unique solution of (11.1).

In the same way, we show that (11.2) has a unique solution (Y;) = ((x,y;)) in T M, defined up to
explosion. [

Remark 11.1 When doing the identification of the vertical space, we can recover the Stratonovich
and Ité covariant differential equations described by Norris in [8]. The coefficient e is then a smooth
map yielding, for every r in N and every x in M, a linear map e(r,x) from T,.N to T,M. As a
consequence, Norris’s formalism also allows to consider covariant s.d.e. in the form

Y, = e(ry, x)0ry,

since Ory belongs to T,,N. Our formalism of covariant s.d.e. doesn’t include such s.d.e., since Ory
doesn’t belongs to T, (T, M).

In the following, we will be interrested in the case where (W;) and so (Y;) = ((z4,y)) can
jump. By the foregoing, we will also have to assume that the projection (z;) of (Y;) on M is
known, so that we can write a covariant differential equation as a classical one, with the map
f given by lemma 3. Actually, we understand that the driven semimartingale of a covariant
differential equation is not only (W;) in T'N but more precisely (Z;) = ((x¢, W;)) in M X TN. As a
consequence, for the case with jumps, we will have to assume moreover that the semimartingales
(x¢) on M and (W;) on T'N jumps at the same times.
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Chapter 12

Stratonovich covariant s.d.e with jumps

12.1 Stratonovich covariant s.d.e with jumps

Using parts I, II, and the previous reminders, we can give meaning to Stratonovich covariant
s.d.e with jumps and to Stratonovich s.d.e with covariant jumps. Following the conclusion of part
IT1, we will only study Stratonovich covariant s.d.e with jumps :

A A
Y, = e(Wi,Yy) VW, Yo=Y,

When (W;) jumps from W;,” to Wy, the solution (Y;) jumps from Y- to & ((W;-,Y;-), W;).
According to the reminders, we describe the solution (Y;) by giving the map ®,.

Following the approach of part I, connections p™ and p™) are required, respectively on N
and M, for the covariant calculus, and an interpolation rule IV is required on TN to describe
the jumps of (W,). When the semimartingale (W;) jumps, we interpolate it with I™) between
the points W;- and W;. Then, ®_((W;-,Y;-), W;) is the solution at time s = 1 of the covariant
differential equation driven by (I™) (s, W, W4))sepo], with coefficient e. To get a unique solution
of this covariant differential equation, the projection of the solution has to be known. It is given
by (I (s, -, 24))sefo.1], where I is an interpolation rule on M.

Definition 12.1 Let p®™) and p™) be connections, respectively on N and M. Let I™) be a con-
nection rule on N, and I™) a connection rule on M.

Let (W) be a cadlag semimartingale in TN, (x4) a cadlag semimartingale in M, which jumps in
M at the same times than (Wy) in TN, and Y, a Fy- measurable variable in T'M.

We say that (Y;) = ((x,y:)) is solution of the Stratonovich covariant s.d.e. with jumps

AN AN
Y, = e(Wy,Y-) OV Wy, Yo=Y, (12.1)

if (Y3) is solution of the s.d.e with jumps
A A
dY =0 (Y, d W), Y=Y, (12.2)
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with
(Wi, Yin), W) = @,(1) = (21, ¢5(1))
where (B (s)) is defined above (I™) (s, z,—,x;)), as the solution of the differential covariant equa-
tion
0¥ D (s)
Os

8VH(N)(8, Wi-, Wy)
0s ’

= e(I™M) (s, Wy, W), ®(5)) ®(0) =Y. (12.3)

Note that the covariant derivatives in (12.3) are defined with the connections p) for I(s, W,—, W)
and p™) for ®(s).

Proposition 12.1 The Stratonovich covariant s.d.e. with jumps (12.1) has a unique solution
(Yy) = (x4, y1)) in TM, defined up to explosion.

Proof : Since (12.1) is defined as equivalent to (12.2), let us show that (12.2) has a unique solution.
First, let us see that @ satisfies ,((W;-,Y;-), W-) = Y;-. It is given by & (W;-,Y-), Wi-) =
®_ (1), where 7®(s) = ™) (s, 24—, 1;). We have I™V) (s, W,—, W,-) = W,-, so its covariant deriva-
tive vanishes, and then, since the map e(W;-, ®,(s)) is linear, ®,(s) is solution of

Vb (s) 0
os
that is @, (1) is horizontal. So we get

Oy (1) = (20, 70y (ye-)),

where 7/ is the parallel transport along (IM)(s, z,—, 1,)). But () is assumed to satisfy z, = ;-
if Wy = Wy—. Then we get ®,(1) = (24, y4-), that is

O (Wi, Yi-), W) = Y3-.

Let us now verify that ®, satisfies the conditions of proposition 10.1.
The differential covariant equation (12.3) is written

Do) (Ps(5)) = e((s, Wi, W), @5 ()P, oy (U(s, Wi, W), (12.4)

S

Writing @ (s) = (I(s, x4, zt), d4(5)), it gives

Pioa o ([ (5,71, 20), 05(5)) = e(U(s, Wi, Wh), @ ()i hy,_ oy (U, We, W),

Then it is equivalent to

Gs(s) = e(U(s, Wie, Wa), @ ()P, oy (L5 Wi, W2)) = D0y (£ (5,20, 1), 0),

that is

bs(s) = f(J(s, 2, Zy), ®4(5)) (s, Zy-, Zy) (12.5)
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where

Zt = (.ﬁL‘t,Wt) € M X CZ—‘]V7
J is the interpolation rule on M x T'N given, for every Z; = (z1, W;) and every Zs = (x9, W3) in
M x TN, by

J(s, 21, Z) = (I(s,21,22),1(s, W1, Wa)) € M x T'N,

and f is the coefficient given by lemma 3.
Then we get a differential equation, similar to (10.3), which describes the jumps of the unique
solution of a Stratonovich s.d.e.. Then, this solution is also the unique solution of (12.1).0]

Proposition 12.2 When the semimartingale (W;) is continuous, the Stratonovich covariant s.d.e

A A
o Y, = €(Wt—7Y;t—) o) Wi

15 equivalent to the continuous Stratonovich covariant s.d.e
VY, = e(Wy, Y;)0VW,.

Proof : By the previous proof, we showed that the differential covariant equation (12.3) is equiv-
alent to (12.5). By definition 10.3, it implies that the s.d.e (12.1) is equivalent to the Stratonovich
s.d.e

A A
oYyt = f(Zt—7K—> d Zs.

When (W) is continuous, so are (Y;) = ((x4,y:)) and (Z;) = ((a¢, W)). By proposition 10.2, we
get the continuous Stratonovich s.d.e.

Oy = f(Z1,Y1)0Z4,
which is equivalent to

dY; = e(W,, Y;)oW,.0

Application to M =R

Assume that the manifold M is R, endowed with the flat connection p™). For every first order
form a on T'M, we consider the coefficient

YW = (r,w) € TN,VY = (z,y) € R*, e(W,Y) =a,,(0,.): T,(T,N) — R.
Then consider the particular s.d.e
A A
a Y = OéWt* (O, 3V Wt)
When (W,) jumps, the jump of the solution (y;) in R is those of the covariant integral
A

[ a,, 0¥ W, which should be the Stratonovich covariant integral of part I.
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IN M 12.2

Proposition 12.3 Let p be a connection on N and 1 an interpolation rule on T'N.
Then the solution of the Stratonovich covariant s.d.e. with jumps

A A
0y =, (0,0" W) (12.6)

is the Stratonovich covariant integral with jumps

A
/O‘wt oY W,

of definition 1.6.

Proof : It is enough to show the equality of the jumps of the solution (y;) of (12.6) and those of
the Stratonovich covariant integral.

First note that we can see (12.6) as a covariant s.d.e., since, with the flat connection p), we have
dVY; = Oy;. Then, according to definition 12.1, the jump of the solution (y;) of (12.6), when (W})
jumps from Wy to Wy, is given by ¢ ((Wi-, Yi-), Wi) — y—, with

(bs((Wt_’}/;_)v Wt) = (bs(l)

where ¢ (s) is solution of the differential covariant equation

0ps(s) N ( 8VH(5,Wt7,Wt))
Os = OI(s,W,— , W)Y Os .
Then the jump of (y;) is
! MI(s, Wi, W, .
6o = = [ ean, g 0. T 1y, (1),
0
A

which is also the jump of [« 9¥ W;, according to definition 1.6.00

12.2 Application to the horizontal lift of a cadlag semi-
martingale in M

We extend definition 0.5 for the horizontal lift of a cadlag semimartingale as follows.

Definition 12.2 Let p be a connection on M. Let (x;) be a cadlag semimartingale in M. The
horizontal lift (u) of (x4), starting from a given u, € GL(R™, T, M), is the unique curve ((x;,us))
in GL(R™,TM) (Vt,u; € GL(R™,T,,M)) satisfying the covariant s.d.e

A
O (g, u) =0, Uy = up. (12.7)
(This equation means
A
Vz e R™, 0V (zy,u(2)) =0.) (12.8)

132
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By the following proposition, we recover the description given by Cohen in [1] for the jumps
of the horizontal lift.

Proposition 12.4 Let I be an interpolation rule on M. When (z;) jumps from x,~ to x;, the
gump of the horizontal lift ((z4,w;)), solution of (12.7), is a jump from (z,-,us-) to

(xh ut) == ('rh Tg{{_ ,xtut_>7 (129>
where 7/ is the parallel transport along (I(s,x,2;))sep0.1)-

Proof : We study the covariant s.d.e. 9VU; = 0, where U; = (x4, uy).
According to definition 12.1, taking e = 0, the jump of (Uy), is given by

(I)s((Wt_v Ut—)v VVt) = (I)s(l)

where 7®(s) = I(s,z4-,x;), and P, (s) is solution of the differential covariant equation

VP (s)
T‘; =0, P,(0)=us-
By the expression (55) for the covariant derivative, writing ®,(s) = (I(s, x—, x¢), P5(s)), we get
/9T ®s () hos(s) _ 0
T0s7 5 ’

where 7/ is the parallel transport along (I(s,, z—, 1)) sefo,1-
It follows that, for all s,

mho6s(5) = 7095 0)
Then, at time s = 1, we get

= ¢,(1) = )¢5 (0) = 7y uy-.O

The notion of horizontal semimartingale has been introduced in part III. We can now give a
rigourous definition.

Definition 12.3 Let (Y;) = ((z4,y:)) be a cadlag semimartingale in TM. We say that (Y;) is
horizontal if it is solution of the covariant s.d.e.

VAN
VY, =0.

Proposition 12.5 Let I be an interpolation rule on M. When (x;) jumps from x;~ to x;, the
gump of the horizontal semimartingale (Yy) is a jump from (x4, y,-) to

th (xt7 1,/'/ xtyt )
where T//"is the parallel transport along (1(s, -, ¢))sefo,1-

Proof : The proof is the same as for the horizontal lift.[]
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12.3. DISCRETISATION OF A STRATONOVICH COVARIANT S.D.E. 12.3

12.3 Discretisation of a Stratonovich covariant s.d.e.

For a Stratonovich covariant s.d.e. with jumps, theorem 3 gives the following. Note that we
can take the same T} for the semimartingales (W) and (z;), since they are assumed to jump at
the same times.

Theorem 4 Consider the sequence (Y;"), defined by

o Y=Y,
o Forte [T, T}, ] and k < k(n),
Yt =os(1)
where (D (s)) is defined above (I™) (s, xx, 1)), as the solution of the differential covariant
equation
P (s) V(s Wrr, W) .
TZ = 6(]1(57 WTJS? Wt)v (I)s<s)> Os ) (I)s((]) = Ik
o Fort > T,f(n),
Y =w,(1)
where (U (s)) is defined above (I (s, k), 24)), as the solution of the differential covariant
equation
YV (s) oV1(s, WT:(n), W)

B = e(]I(s,WTsm),WG),‘I’S(S)) s , Us(0) = ;z’:(n)v

for a subdivision (6™)nen = ((TF)k<i(n))nen converging to the Identity.

Then the process (Y*) converges uniformly on compacts in probability to the unique solution
(Yy) = ((x4,y1)), defined on [0,T), of the Stratonovich covariant s.d.e

A A
av }/t = B(Wtfai/t*) aV Wt7 }/0 = }/o-
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Chapter 13

It6 covariant s.d.e with jumps / It6 s.d.e
with covariant jumps

Using parts I, II, and the previous reminders, we can give meaning to Ito covariant s.d.e with
jumps and to It6 s.d.e with covariant jumps.

13.1 1Ito covariant s.d.e with jumps

Consider the 1to covariant s.d.e. with jumps

AN yAN
&Y, = (Wi V) & Wi Yo=Y,

When (W;) jumps from Wy~ to W;, the solution (Y;) jumps from Y- to @, (W7, Y, , W,).
According to the reminders, we describe the solution (Y;) by giving the map D, .

Following the approach of part I, connections p™ and p®™) are required, respectively on N
and M, for the covariant calculus, and connection rules y¥) and ) are required, respectively
on T'N and T'M, to describe the jumps.

Therefore, the covariant jump of (W;) on N is given by

i) N (Wie, W) (13.1)
The covariant jump of the solution (Y;) on T'M is given, on the one hand, by
POV, @, (Wi, Vi), W),
and one the other hand, as a consequence of (13.1), by
(Wi, Yoo ) iy ™ (Wi 7).

To get an expression for @, ((W;-,Y;-), W), we have do the following assumption on the
connection rule y) :
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(A). For every Y1 = (x1,y1) and every Ys = (x9,y9) in TM,

’W(M)(Ylayz) = (V(M)(%,$2)7’?/(M)(yla?/2)),

where yM) (1, x9) € Ty, M and v ™) (yy, yo) € Ty, (Te, M) (note that it depends also on x1 and xs).
Moreover, for every y in T,M, the map y™)(y,.) : T,M — T,(T, M) is assumed to be invertible.

Under this assumption, using the linearity of pg/ , we can write

M)
Py M (Yie, by (Wi, Yir ), W) = 20 [y (@ ), v (-, 0, (Wi, Vi), Wa))]
= p;M) (’V(M) (z1-,74),0) + ’?/(M) (Y-, ¢11 (Wi-,Y-), Wh)),

—

with (Dzl ((Wt—7 }/t_)v VVt)) = (l‘ta ¢Il ((Wt_ ) Y;f_)v VVt)))
Then we get the following definition.

Definition 13.1 Let p®™), p) be connections, respectively on N and M. Let y'N) be a connec-
tion rule on TN and y™) be a connection rule on TM, satisfying assumption (A).

Let (W) be a cadlag semimartingale in TN, (x4) a cadlag semimartingale in M, which jumps in
M at the same times than (W,) in TN, and Y, a Fy- measurable variable in T M.

We say that (Y;) = ((x4,y:)) is solution of the Ité covariant s.d.e. with jumps

A A
VY, = e(Wy-,Y) & Wy, Yo=Y, (13.2)

if (Yy) is solution of the s.d.e with jumps

dl'Y = (IDIl Y, d W), Yo=Y, (13.3)
where

B, (Wi, Vi), Wa) = (s ¥ (e, )7 Wi, Yo oy (7™ (Wi, W) = 0 (7 (-, 0),0) )
(13.4)

Proposition 13.1 The Ito covariant s.d.e. with jumps (13.2) has a unique solution (Y;) =
((x¢,94)) in TM, defined up to explosion.

Proof : Since (13.2) is defined as equivalent to (13.3), let us show that (13.3) has a unique
solution. First, let us see that ®, satisfies ®, ((W;-,Y;-), W;-) = Y;-. Recall that z; = ;- when
Wi = W;—. Then we get

B, (Wi, i), Wi ) = (e, v (e, ) 7 e(Wan, Yo )iy (0) = p§7(0,0)]),
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that is
(I)zl (W=, Y ), Wi ) = (- ’?/(M)(ytﬂ -)_1(0)) =Y.

Let us now verify that @, satisfies the conditions of proposition 10.1.
Equation (13.4) can be written

¢Il<<Wt77 Y;*>7 Wt) = ( Tt ’W(M)<yt*7 ')71[.]0(2#7 Yr)y((th, Zt))] )7 (135)

where
Zt = (.Z't,Wt) e M x TN,

7 is the connection rule on M x T'N given, for every Z; = (x1, W;) and every Zy = (x5, W) in
M x TN, by
Y2y, Za) = (V™) (w1, ), "V (W1, W) € M X TN,

and f is the coefficient given by lemma 3.
Then we get an equation, similar to (10.5), which describes the jumps of the unique solution of
an Ito s.d.e. Then, this solution is also the unique solution of (13.2).0J

Proposition 13.2 When the semimartingale (W) is continuous, the Ité covariant s.d.e

AN AN
&Y, = e(W,,Yeo) d W,

1s equivalent to the continuous Ité covariant s.d.e
VY, = e(W,, Y,)d"W,.

Proof : By the previous proof, we showed that equation (13.4) is equivalent to (13.5). By
definition 10.4, it implies that the s.d.e (13.2) is equivalent to the It6 s.d.e

N N
dy= f(Z-.Y-) d Zs.

When (W,) is continuous, so are (Y;) = ((z¢, ;) and (Z;) = ((x¢, W;)). By proposition 7?7, we get
the continuous Ito s.d.e.
dye = f(Z4, Yy)dZy,

which is equivalent to

dY, = e(W,, Y;)dW,.0

Application to M =R

Assume that the manifold M is R, endowed with the flat connection p™), and the linear
connection rule ). For every first order form a on T'M, we consider the coefficient

YW = (r,w) € TN,VY = (z,y) € R?, e(W,Y) =0, (0,.): T,(T,N) — R.
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13.2

Then consider the particular s.d.e
A A
d ?/t = O[Wt_ (0, dV Wt)

When (W;) jumps, the jump of the solution (y;) in R is those of the covariant integral
A

[ a,, d” W,, which should be the It6 covariant integral of part I.

Proposition 13.3 Let p be a connection on N and v a connection rule on T'N.
Then the solution of the Ité covariant s.d.e. with jumps

A AN
d Y = O[Wt* (O, dv Wt)

15 the Ito covariant integral with jumps

A
/ a,  d" W,

of definition 2.5.

(13.6)

Proof : It is enough to show the equality of the jumps of the solution (y;) of (13.6) and those of

the Stratonovich covariant integral.

First note that we can see (13.6) as a covariant s.d.e., since, with the flat connection p), we have
dVY, = dy,. Moreover, the Christoffel symbols of p*) vanish everywhere and then, for every U in

T.R, we get p™)(U,0) = 0 (recall the expression (46) for p).
Since 4™ is the linear connection rule, we have

YUY @, (Wi, Y ), Wh)) = (20 — -, @, (Wi-, Yim), Wi) — ).

Then, according to definition 13.1, the jump of the solution (y;) of (13.6), when (W;) jumps from

W,- to Wy, is given by
¢Il (Wi 9= ), We) — yp- = O[W;pwtf’y(wtfu Wh),

A
which is also the jump of [ a d¥ Wy, according to definition 2.5.C]

t

13.2 1It6 s.d.e with covariant jumps

Consider the It6 s.d.e. with covariant jumps
Ay Ay
d' Y = eW,,Y) d Wi, Yo=Y,
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When (W;) jumps from W;~ to W;, the solution (Y;) jumps from Y- to @, ((W;-,Y;-), Wh).
According to the reminders, the solution (Y;) will be defined if the map @, is.

Following the approach of part II, transports 7V and 7(™) are required, respectively on N
and M.
Therefore, the covariant jump of (W;) on N is given by

T (W) = wy-. (13.7)
The covariant jump of the solution (Y;) on T'M is given, on the one hand, by

(@, (Wi, Yie ), W) — 4o

t

and one the other hand , as a consequence of (13.7), by

e(Wi-, Yo ) (75 (Wh) — w,-).

=

To get an expression for & ((W;-,Y;-), W:)), we have to assume that the transport M) s
invertible.

Then we get the following definition.
Definition 13.2 Let ™) be a transport on N and ™) be an invertible transport on M.
Let (W) be a cadlag semimartingale in TN, (x4) a cadlag semimartingale in M, which jumps in

M at the same times than (Wy) in TN, and Y, a Fy-measurable variable in T M.
We say that (Y;) = ((x4,y:)) is solution of the Ité s.d.e. with covariant jumps
Ay Ay
d Y, = eW-,Y-) d Wy, Yo=Y, (13.8)
if (Y3) is solution of the s.d.e with jumps
dY =0, (Y,dW), Yy=Y, (13.9)
where
S, (Wi Y ), W) = (s 1 () e + e(Wee, Yoo ) (g, (W) — i )] ) (13.10)

Proposition 13.4 The It6 covariant s.d.e. with jumps (13.8) has a unique solution (Y;) =
(x4, y;)) in TM, defined up to explosion.

Proof : Since (13.8) is defined as equivalent to (13.9), let us show that (13.9) has a unique
solution. First, let us see that ¢ satisfies &, (W=, Y-), Wi-) = Y;-. Recall that z; = 2~ when
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W, = W;-. Moreover, recall that, by the properties of a transport, we have TI%\Z z (Wi-) = wy-.

Then we get
B (Wi, Y ), W) = (e (e, ) 7 o + e(Wie, Y ) (0)),

that is
S, (W, Vi), Win) = (-, 0 (e, ) 7 i) = () = Yo

Moreover, the map V' — 7y is smooth for every transport 7, and the coefficient e is smooth, so
the map @, , defined, for every Wy = (ry,w;) and W = (r,w) in TN, and every Y, = (z1,1) in
TM, by

@, (Wi Y1), W) = (1m0, )7 o+ (Wi, V) () (W) = ) ),

is of class C® on a neighbourhood of the diagonal {((W,Y),W),(W,Y) € TN x TM}. Then, by
proposition 10.1, there exist a unique solution of (13.8). O

Application to M =R

Assume that the manifold M is R, endowed with the flat